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ABSTRACT

A dilatometer of exceptionally high sensitivity has been
developed and used to measure the thermal expansion of polycrystal-
line samples of copper, silver and gold and of a single crystal of
copper in the range 4.2 to 15°K. The results obtained for copper
were in excellent agreement with the work of other researchers and
the error estimateé‘were sufficiently small to show that the
theoretical calculations of Collins are not supported by measure-
ments on a polycrystalline specimen of copper. Below 15°K the data
points were well represented by the equation: |

10%% = (1.54 £ 0.04)T + (0.275 + 0.0027)T3

The resuits obtained for a single crystal of copper were
significantly diff‘erent from those obtained for a polycrystalline
sample yet they are also in disagreement with the theoretical Valué.
Below 15°K the data fitted the equation:

101% = (3.13 = 0.05)T + (0.255 + 0.003)T3

Values of Yo (the low temperature limiting value bf the
Gruneisen parameter) for silver and gold were measured to be 2.0k *
0.06 and 2.91 + .02 respectively. The agreement with the theoret-
ical values 2.22 and 2.92 is quite good. Below 6°K the thermal
expansion of silver and gold was found to be anomalous as it was no
longer proportional to the specific heat of these metals.

In order to obtain high accuracy in the values of thermal
expansioh it was necessary to measure temperature to about 0.01°K.
For this purpose a method was developed to obtain an interpolation
of the resistance versus temperature function in the range LP;Z to

10°K. This capability permitted a theoretical study of the
iii




electrical resistivity of pure platinum which indicated that'd;band
‘électrons'contribute significantly to the conductivify at low |
temperatures. ’

In the hope of obtaining better measurements of tem-
perature indium resistance thermometers were designed’and
constructed. Their reproducibilities were measured and were found

to exceed previously reported values for indium resistance

thermometers.
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Statement of Originality

As far as the author is aware the following contributions

are claimed to be original.

1.

The design and constructicn of an L-C ozcillator with a
stability better than one part per million over a period of

hours.

The application of the L-C oscillator in the development of
a dilatometer whose sensitivity exceeds previously published

values.

The use »~f, the above to measure changes in the capacitance

and inductance with very high precision.

The use of the dilatometer to measure the thermal expansion

of polycrystalline copper, silver and gold and a single

crystal of copper to high accuracy in the range 4.2 to lSoK,’
where méasurements’on gold and on single crystal of copper
have not been available. The results of these measurements
have led to unusually interesting discoveries particularly

for the case of gold.

The design, construction and calibration of indium ther-
mometers whose reproducibility was shown to be better than

0.01°K - better than previously reported.

Contributicns to platinum thermometry which include:
(a) The establishment of a method of interpolating the
resistance-versus-temperature function to an accuracy of
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about 0.01°K in the L.2 to 10°K range when calibration p01nts
above 10°K and below 4.2°K are available.

(b) An investigation into the resistivity of platinum which
indicated that the accepted expres sions for the ideal
resistivity in the Sondheimer-Wilson correction term do not
describe the experimental results satisfactorily.

(¢c) The development of a method of calculating the ratios

of the ideal and residuel restivities of band 1 to that of
band 2 and its application to several samples, the results
of which suggest thaﬁ d-band electrons contribute
significantly to conduction - contrary to what was previously

assumed.
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Chapter I

INTRODUCTICH

1.1 THE THERMAL EXPANSION OF SOLIDS

A study of the thermal expansicn of materials reveals 
information concerning various interacticn processes which
occur in solids. The dilation is a direct result of thé
anharmonicity of the motion of the atoms, énd’in metals the
electron gas also contributes to the change of dimensions with
temperature. Although a considerable amount:of work is being
done tc achieve an understanding of the processes which occur,
very little progress has been made towards the development of
a complete anharmecnic thecry of solids. 4 fair share of the
responéibility for this lack of progress can be attributed to
the paucity of accurate experimental data. Quite often a theory
will contain more parameters than can be accounted for by the
existing data. This is particularly true in the case of metals,
where the validity of the adiabatic approximation is still in
question, and dieiectric data cannot be used to cupplement
other measurements. In addition, the effects of the valence
electrons must be recognized and separated from those due to the
lattice. On the other hand we may obtain information about the
behaviour of electrons in metals by studying their effect on
the thermal expansion, The present investigation is therefore
a modest attempt to contribute some new and more accurate data
to theknow vast and intricate fields of lattice and electron

dynamics.



1a2 A BRIEF OUTLINE CF LATTICE DYNAMICS
1.2 (a) The Classical Period

The subject of lattice dynamics was initiated in 1612
in a paper by Born and von Karman [1]. They assumed that
harmonic restoring forces act cn the atoms in equilibrium in a

crystal. The differential equations which govern the motion of

these atoms can then be cbtained. By considering the pro-

pagatiOn of plane waves of a given wavelength in an arbitrary

direction it is possible to calculate the propagation velocity
and the dispérsion of these waves - and in thé long wavelength
1imit to determine the constants of the crystal in terms of the

restoring forces. The applicatiocn of suitable boundary

conditions determines the spectral distributicn of the normal

‘modes and permits the calculation of calcric quantities such

as the specific heat. DBorn and von Karman however, were able
to carry out the ccmplete analysis only fcr a simple one-
diriensional model. ‘

In the sare year Debye [2] presented his approximation
to the frequency spectrum of a three-~dimensicnal crystal.
Though his approach was less fundamental, correlating thermal
and elastic properties instead of calculating both in terms
of the more elementary interatomic ferces, it was a simple
one-parameter model yielding theoretical values of specific
heat which were in fair égreement with the experimental values
for many substances. His theory enjoyed many years of
popularity, however as rore and better data becane available

it was necessary to revert to the more complicated but more



fundamental analysis instigated by Born and von Karman.

1.2 (b) The Modern Formulation of Lattice Dynamics

In modern worl the motion of the ﬁuclei and the electrons
in crystal are describéd by the many-particle Schredinger equatioh
which, uﬁfortunately is very complicated. The problem is
simplified by assuming that the electrons follow smoothly the
motion of the nﬁclei - this is the famous adiabatic approximation.
It was given some justification by Born and Oppenheimer [ 3]
who showed that the motions of the electrons could be accounted
for by-a suitable interaction potential between nuclei. This
interaction potential can be expanded in successive ﬁowers of

the displacement of nuclei from equilibrium as follows:
N T R A N TR T (1.1>

where &.1is of the rgg order in the displacements.

An additional simplification is obtained by invoking the
harmonic approxiration - which was first introduced by Bern and
von Karman and in effect neglects all terms in (1.1) beyond @2,

The calculation of spectra on the Born-von Karman model
(employing a simple cubic’lattice and including only first and
second order interactions) was pioneered by Blackman [41. He
chose a fiﬁite mesh of points to cover a significant region of
g~space and grouped the normal frequencies for points of this
mesh in a histogram to provide an approximation to the spectrum.
His work showed that the true spectra were very different- from
the Debye approximation, but that the specific heat is rather

3



insensitive to the form of the spectrum. Many further

refinements of this model improved the agreement with'experi; ;
ment for example: 3mith [57; Kellerman [G]; Houston [7];
Montroll [8]; Leighton [9]; von Eove [10]; Montroll [Il];
Phillips [12]; Rosenstock [13]. It must be remembered however
that experimental quantities such as the specific heat
represent averages over spectra rather than the spectra them-
selves, and therefore do not provide a direct verification of
the theoretical-models,

Recent developments in experimental technique par-
ticularly in the field of neutron diffraction by single crystals
(Brockhbuse [14]) furnished direct measurements of the disper-
sion curves for longitudinal and transverse waves. The disper-
sion curves for directions of symmetry are simply connected to
the force constants and are much mcre sensitive to changes in
ther: than smoothed averages like the specific heat. The main
conclusion which emerges fror these results is that the
theoretical models using only nearest- and second—neighbouf
interactions are inadequate. In some cases the inclusion of
fourth or even fifth-neighbour interactions is insufficient to
bring theory into correspondence with experiment. At this
point the number of parameters becomes so large that it is
difficult to know whaﬁ physical significance can be attached
to the estimates of the force constants. In consequence
Cochron [157 has proposed a ‘‘shell mddel“ in which the atom is
replaced by a rigid ionic core surrounded by an electronic shell
free to undergo disnlacement relative to the core. The

adiabatic approxiuation is preserved by assuming that the



electron shells have zero mass. In this way only two

- physically meaningful parameters enter and fair agreement is

- obtained with the dispersion curves given by neutron diffraction.

With regard to metals, the theoretical position is less

satisfactory, and the problem of taking into account the proper- B

ties of conduction electrons has claimed a great deal of atten-

- tion, however no completely adequate theory has emerged. An
~attempt to calculate the force constants of copper from first

“principles (White [16]) gives results in serious disagreement

with the force constants obtained from standard lattice
dynamics. Varshni and Shukla [17] have extended the calculations

to include interactions out to any neighbour, but find that it

- gives poor results for the Debye temperature of copper.

1.2 (c) Anharmonic Effects

Under the harmonic approximation the equilibrium volume
of a solid must remain a constant function of temperature there-
by excluding calculations of thermal expansion, compressibility,
or expansion due td zero-point energy. To take these proper-
ties into account requires the inclusion of higher order terms
in the potential given by equaticn (1.1). The term @B represents
the asymmetry of the mutual repulsion of the atoms and éh
represents the general “softening’ of the vibrations at large
amplitude ~ both must be utilized to account for the thermal
quantities. Detailed calculations to include these terms are,
unfortunately, extremely formidable. A simplification is effected
by reverting to the quasi-harmonic approximation which assumes

that the vibrations remain harmonic in character but that the



vibrationél frequency varies with changes in tﬁe volume of a
solid. This ruse permits the derivation of Gruneisen’s rule
‘[18] which states that at low temperatures the coefficient bf
thermal expansion should be proportional to the specific heat at’
Constant volume, |

On the basis of the Debye model the equation of state

of a solid can be expressed in the form

pV = - VE_ (V) + v_ Ep (V)

L

where EO and ET are the non-thermal and thermal terms in the

internal energy and

where ® is the Debye equivalent temperature and y is dependent

| only on velume [19]. From thermodynamics it follows that

vy C
(;‘( = v A (1.2)

where X is the compressibility and o is the coefficient of thermal
expansion. (A complete derivation is given in Appendix II).

The relation (1.2) is essentially Graneissenvs rule
and must be obeyed by any solid having a Debye frequency
spectrum [19]. Although it has been verified eXperimentally
over a large range of temperatures, as more accurate experimen-
tal data became available it was found tc break down at tem-
peratures below one quarter of the Debye equivalent temperature
{20]. Since this discrepancy occurred at temperatures too high
for the contribution of the electrons to be significant, it was
concluded that the explanation was to be found in the vibrational

6



 spectrum of the crystal. This investigétion’was carried out
by Barron [21] in terms of the lattice dynamics of Born and
von Karman; Essentially he did for y what Blackman [4] did for
®. Defining y as a function of temperatﬁre he derived, in a
general analysis applicable to all lattices the low and high
temperature limits Yo and vy, and &also showed that the main
variation between these limits occurs at temperatures of the
order of 0.2 @. His calculations for a cubic close-packed
lattice with central forces between nearest neighbours gave a
value vy, - Yo = 0.3 and a behaviour\of y which was quan-
titatively similar to that found experimentally in monatomic
metals,

The absolute value of Y depends on the force law
assumed. For frozen noble gases Barron assumed a Mie-Lennard-

Jones potential of the form

and found y_ = 3 and y_ - y, = 0.15 .

0
The effect of widening the potential well is to reduce the
values of both v and the difference Yo = Yoo Hence measurements
of the thermal expansion of solids yield information concerning

the form of interatomic forces in solids.

1.3 ELECTRONS IN METALS

The free-electron model of a metal had in the past,
thrown a great deal of light on the properties of metals'and was
the basis of the whole theory. However modern experimental work
concerning the ordinary transport properties such as electrical

7



and thermal conductivities, thermo-electric power, Hall coef-
ficients, and magnetoresistance shows clearly that the free-
electron model is quite inadequate. The coefficients are often
of the wrong sign, show anomalies of functional behaviour with
temperature and impurity content, do not satisfy conditions

such as Matthiesen®s rule, and are seldom in quantitative

~agreement with theory. These discrepancies led to a

revisualization of the behaviour of the electrons in terms of

zones and bands. The Fermi surface is no longer a simple
sphere as for the case of a free-electron gas, but is distorted,
in some cases, to monstrous forms - defying all attempts at a
reasonably simple analysis. |

The noble metals provide an opportunity of studying the

effects of the distortion which in these cases is of manage-

able proportions. The shape of the Fermi surface was determined

by a variety of methods: the anomalous skin effect (Pippard
[22]), the de Haas - van Alphen effect (Schoenberg [231),

high field magnetoresistance (Alekseevski and Gaidvkov [24]),
cyclotron resonance (Langenberg and Moore [251), and ultra-
sonic attenuation (Gavenda and Morse [26]). All methods
indicate that the Fermi surface is approximately spherical,
bulging out to touch the Brillouin zone boundaries in the
(1,1,1) directions with an appreciable area of contact. It
is expected to deviate only slightly from a sphere in the (1,0,0)
directions. This model provides better agreement with theory
in most cases. However its application to the study of the
thermal expansion of metals in only in the preliminary stages.

In measurements of the thermal expansion of metals at

8




low temperatures a contribution ae~Whiéh is iinea? in tem~
perature has been found for a number of metals. This expansion
can be interpreted (from a naive point of view) as the change
in volume of the lattice required to maintain a constant
electron “"pressure? when the temperature changes. It is related
to the electronic heat capacity at constant volume by a
Grgneisen expression

Ce Xq

o=y
e e -

where XT is the isothermal compressibility, V. the molar volume
of the metal and Ye the electronic Grgneisen parameter. The
value of Yo can be calculated theoretically from the
logarithmic dependence on volume of the electronic density of

states N at the Fermi surface. Varley [27] gives

d 4n N )
T

and shows that Yo has the value 2/3 for a free electron gas.
Collins [28] has calculated its value for copper, silver and
gold taking into account the distortion of the Fermi surface in
the (1,1,1) direction. His calculations are based on the work
of Templeton [29] who observed the de Haas - vaa Alphen effect
in copper silver and gold under hydrostatic pressure and hence
¢calculated the volume dependence of the area of cross-section of
the necks where the Fermi surface meets the zone boundaries in
the (1,1,1) directions. The values of Yo calculated by qulins
could be compared with experiment only for the case of copper

since values for silver and gold were not available.




- Unfortunately his value was Cthiderably higher than the

experimental result.
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Chapter II

EQUIPMENT AND EXPERIMENTAL TECHNIQUE

2.1 EQUIPMENT

The apparatus used to measure the thermal expansion of

-metals was designed tc fulfill three requirements. It was

necessary to provide an envirenment in which the temperature of

“the sample could be varied from 4.2°K to 203°%K. The temperature

of the sample had to be measured to an accuracy of one-hundereth
of a degree. Finally, changes in the length of the sample had

to be measured to an accuracy of abouﬁ lO"ll cm. per. cm. The
techniques employed to meet these requirements are described in
the follewing sections under the headings, The Cryostat,

Temperature Measurements and Expansion Measurements.

2.2 THE CRYOSTAT

A cryostat was constructed to maintain the sample at
any desired temperature to within several millidegrees between
2

4.20K and 293°K. It consists of a dilatometer, a vacuum system

and a set of dewars.

2.2 (a) The Dilatometer

The dilatometer, Fig. 1, contains the sample to be
measured. It is constructed entirely of copper and is enclosed
in a copper can nine inches long and three inches in diameter,
which provides a vacuum compartment. The sample S 1s soldered

1
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FIG. 1 THE DILATOMETER
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," to a base B which rests on three copper posts PA' Agate
insulators 0.0300% thick and 1/8+ by 3/16% are attached to the
tOp surface of each support -and the bottom of each foot of the
base. A stainless steel ball bearing separates the agate
’insulators. The agate provides good electfical insulation and
the stainless steel is a good thermal insulatcr. Agate has the
property of being very hard, hence the area of contact between
~the ball bearing and the agate is extremely small and good ther-
mal insulation is obtained. The base B is anchored to the cage
by means of a clamp C which is similarly insulated from the base.
The shape of the base is such that a éhange in its dimensions
with temperature will not affect the position-of the sample.
This arrangement provides good electrical and thermal insulation
as well as a rigid and stationary mount for the sample.

A copper cap is clamped to the top of the sample and
~acts as one plate of the capacitor. The second capacitor plate
P2 is bolted to the support 82 which-is electrically insulated
from support Sl and from the guard ring both.of which are
grounded. The guard ring is set flat with P2 and surrounds it
completely leaving a gap of about ten thousandths of an inch.
Its function is to eliminate the ‘‘edge effects” of the capacitor
plates. |

Support 83 is suspended from 82 by three posts P, which

3
are accurately machined to be of equal length. Three other
posts Ph are designed to be of proper length to accomodate the
sample leaving a gap of about three thousandths of a centi-
meter. A final adjustment of the gap is made by means of .the

three adjusting screws, A. Samples of various lengths may be

13
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,measured~by using different sets of posts P

L

A high-Q coil having an inductance of about 125uh is
mounted below the vacuum chamber and is always immersed in |
liquid helium. A copper shield surrounding it ensures that the
inductance is not altered by minute vibrations of the dewar -
caused by the boiling of liquid nitrogen.

The electrical leads for the thermometer and heater
enter the pumping line through stupakoff seals and are passed
through it into the vacuum chamber. Feed~through seals are used
throughout to minimize thermal emfs. The leads are thermally
anchored by glypal cement to a post which screws into support S

1
and are finally soldered to a terminal strip which connects them

. with their proper components.

The leads from the capacitor and coil are passed through
twe co-axial cables to the variable frequency oscillator. These
cables, Fig. 2, are specially designed to prevent changes in
capacitance between the outer tube T and the lead L as the level
of the helium drops with time. The lead L is made of stainless
steel capillary tubing to ensure that the differential thernal
expansion between it and the outer tube T is zero, thereby
preventing mechanical strains on the vacuum seals.

The electrical shield S is a copper tube co-axial with
L and thermally and electrically insulated from but mechanically
fastened to T at its top end by a perspex bushing P. The bottom
end is soldered to a copper sleeve which is always in contact
with the helium bath; hence the entire tube S is always at 4.2°K
and its dimensions remain unchanged as the helium level drops.

The cables are sealed at both ends with stupakoff seals which

14




BNC connector-t050 Ohm
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Figzz Constant Capacity Co-axial Cable -
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pass the electrical leads to the capacitor and coil. These
leads are also passed through liquid helium in the chamber C
to prevent a heat leal into the dilatometer via these leads.

The heater is made by winding some manganin wire on a
cbppér rod which is cemented to a copper screw head with glyptal
varnish. A piece of cigarette paper between the rod and the
screw insures good electrical insulation. The platinum ther-
mometer is placed in a copper hclder which is similarly attached
té another coppef screw. Both are firmly screwed into the base

B.

2.2 (b) The Vacuum System

The vécuum system is used to thermally isolate the
sample from its surroundings and to decrease the temperature of
the liquid helium to about 1.7°K by pumping on it. It consists
of rotary pumps and a diffusion pump as well as a manostat, a
manometer and a high vacuum ionization gauge as shown in Fig. 3.

The high speed rotary pump is used to pump over the
helium bath decreasing the vapour pressure cf the helium, there-
by lowering its temperature. The vapour pressure and hence the
temperature is meésured by a mercury and oil manometer over the
range 1.7°%K to 4.2°K.A A manostat controls the pressure over the
helium very accurately premitting good temperature stability.

fn o0il diffusion pump backed off by a rotary pump is
used to evacuate the dilatometer chamber and the co-axial cables
to a vacuum of better than lO"smm. Hg. in about one hour. 1In

order tc cool the sample several millimeters of helium exchange

16
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gas~are‘passed into the dilatometer establishing thermal contact

between the sample and the liquid helium,

2.2 (c) The Dewars

Cooling of the dilatometer is accomplished by immersing
it in liquid helium. TFor this purpose a set of two dewars are
used - an outer'nitrogen dewar and an inner helium dewar
sufficiently large to accomodate a dilatometer 3£+ in diameter.

Its depth is 2€%" permitting a running time (without retransfer)

of about six hours. A hoist was built to facilitate elevating

and lowering the dewars and it was placed on rails so that they

could be easily rolled away from the apparatus.

2.3 TEMPERATURE MEASUREMENTS

The proper measurement of the temperature of the sample
imposed several stringent requirements on the type of ther-
mometer to be used. It was necessary to measure temperature to
an accuracy of one hundereth of a degree from 4.2°K to 293°K.
The thermal response had to be less than a fraction of a second,

It was also preferable to use only one sensing device over the

~entire temperature range. Finally it was necessary to have a

calibration accurate to one-hundereth of a degree over the
entire range.

Several systems were eonsidered and the final choice
was a rlatinum resistance therrometer which fulfilled the above

conditions from 11°K to 293°K. The task of extending its range

18



%0 4.2°K proved to be quite involved and difficult. The
proceedure‘finally adopted is discussed in Chaptér‘IIIa

The resistance of the platinum thermométer was measured
with a Guildliné Potentiometer (type 917/4) using a galvanométer
amplifier as a null detector. This equipment is capable of ’
measuring to an accuraéy of one hundereth of a microvolt. With
a current of ten milliamperes it gives a resistance sensitivity
of 10"6 ohms - sufficient to detect changes in temperature of
several millidegrees. The potentiometric method eliminates the
problemns of the resistance and the changes in the resistance of
the electrical leads. Reversing the current also permits the
elimination of thermal potentia;s which normélly become serious

at a sensitivity of one-hundereth of a microvolt.

2.4 TLEXPANSION MEASUREMENTS
2.4 {a) Method

To obtain measurements of the change in length of a

sample to an accuracy of 1071t

cm/cr: & highly levered system
must be employed. The methced adepted consists of two “levers-
used in series. The first ‘“lever' makes use of ﬁhe variation in
the capacitance of two parallel plates with a change in the
distance between them. As the sample changes in length it moves
one plate of the capacitor with respect to another fixed plate.
‘Typical values for the length of the sanple-and the gap between

the plates are 10 cm and 2 x 10—3 cm respectively, hence & change

in the length of the sample of 1072 em (i. e. a change of about

19




O:OI%) produces a 509 change in the gap ~ the leverage ratio is
therefore 2 x 107%.

| The capacitance is related to the distance between thé
plates by |

A

C = l,,TTC.O”D“ < 2 . l>

where A is the area of one of the plates.

Hence,

0 = - 3 (2.2)
Dividing (2.2) by (2.1) gives

%§,;___%g_ v (2.3)

The capacitdr C is connected in series with a coil L to make an
L-C circuit which determines the frequency of the variable
frequency oscillator (V.F.0.). 1In this way minute changes in
length are translated into frequency changes. The resonance

frequencykis given by

. T
f= 21 I.C
or (2r) 2210 = 1 | (2.4)

Differentiating (2.4) yields
278 f (2m)® Lo + (27)2F2L6C = 0

§C 26 f '

o

From equations (2.3) and (2.5) we obtain

5D = 20 ¢ (2.6)

“f

i\
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~ indicating the relationship.between changes in‘length'and
changes in frequency. In practice a’correction must be appliéd
to eq. (2.i> in order to account for the edge effécts of & real
capaciter; and in this case it amounts to about‘l%. This |
modification must be passed along to eq. (2.6) which must also
bevaltered to take into account the stray capacitances which are
present in the actuél circuit. A mathematical analysis of the
circuit including these correcticns is presented in Appendix I.
The freQuency of the V.F.0. is compared with that of é
standard frequency oscillator (S.F.0.) by nixing the two signals
and determining the beat frequency with a frequency counter
Fig.L4. The beat frequency changes by exactly the same nﬁmber
of cyéles as ‘the frequency from the.V.F.O. This arrangement
acts as another lever - the ratio of the V.F.0. frequency to the
beat frequency being equal to thé leverage. A ratio of lOlP is

quite practical, where

V.F.0. freqguency  _ L x 107 cycles _ ok
beat frequency | b ox 10° cycles ‘

Though it is advantageous to use a low beat frequency
and a high V.F.0. frequency practical considerations limit the
range of both. The frequency of the L-C circuit is limited to
1 Mcs. by the effects of stray Capacitances in the co-axial
cables and in the dilatometer., On the other hand the beat
frequency nust be sufficiently large to accomodate relatively
1arge changes in the length of the sample. In practice the range
of variation is about 2 Kecs. to 20 Kcs.

To retain the benefits of a large leverage ratio and the

2]




SOINOYL10313 40 WV YovId

SOM 02 - SOM G
Aouanbaiq pag

13}unod
fouanbauig

indino
19MO0||0} 3poyiDd
uitm - aanydwy

¥oolg b bid

1aidyiniy
Kouanbaiy

Jondiynin Jo}pulwiidsig
>u:w:~umu|._ SO Ob 8 h.mx_E SON O
. |o4u0d 10{DJ}13S0 |044U0D
opnydwp | Lw_w_%._s\ L sow | apn jidwo [—
J1jpwo}ny pa]j04juo) -1 alipwony
C 1 [

Jalyiduy
SON G

10{D||19S0
Louanbaiy

pIDPUD}S SONG

22




étability attainable at a reascnably Low LJCvfrequenCy, the

1 Mcs. signal fron the V.F.0. is frequency multipiied to LO Mbé.
’The 5 Mcs.4signal from the S.F.0. is also multiplied to 40 Mcs;'
and the two signals are mixed to give a beat frequency of about
10 Kes.

The precision attainable by this arrangement can be
calculated from eq. (2.6) and the fact that'the change in the
length of the sample is equal to the change in the spacing
between the capacitor plates. Hence

‘ 2D -11

61:6D=—f.-6f‘ =z 5 x 107

where typical values are

6f = 1 cps.
£ =40 Mcs.
D = 10"3 cm.

For a 10 cm. sample this corresponds to a thecretical detection
limit of

~-12
T = (Al) per em. = 5 x 10 cm. per.cm,

~

~ £+ 50 fermies.

2.4 (b) Electronic Equipment

The heart cf the electronics is the series L-C circuit
which SGlects the resonant frequency of the V.F.0. and determines
its stability. The stability of the L-C circuit sets the actual
limit to the maximum sensitivity attainable. Two factors govern
the stability - the quality factor (Q) of the circuit and the

effect of external influences on the circuit.

23




Theoretically the Q is given by the formula

The values of L and C must be such that their physical size is

convenient and that the proper resonance frequency is obtained.

Typical values are C =~ 200 pf. and L = 125 uh, hence\f% = 103;

while the value of R at helium temperatures 1s approximately
1074 ohms, resulting in a calculated N of about lO+7. ' However
in actual practice some energy is radiated by the coil to its

surroundings. The less in energy due to joule heating accounts

O]

for a D.C. resistance term - RD c.i whereas- the loss in energy
due to radiation can be simulated by introducing an additional

resistance -~ R Hence the proper value of R to be

radiation’
used in eq. (2.7) is given by

R = RD.C. + Roadtation®

~ which yields a Q somewhat lower than the value calculated.
Ixternal influences on the L-C circuit belong to one of
two categories. The first includes actual changes in the induc-
tance and capacitance due to mechanical changes in these
components brought about by vibrations or thermal variations.
These have been minimized by designing extremely rigid mounts
for the sample and for the inductance, by shielding the coil,
by using a guard rihg with the capacitor, and by submerging all
critical components in liquid heliwn. On the other hand changes
in stray capacitances and inductances throughout the dilatometer,
the osclllator circuit and the connecting cables produce undesir-

able changes in frequency which may be represented by

24




~Yequivalent® changes in the L-C components."These,are minimized |
by using components of high Stability -’zero température coef~
ficient mica capaciters, air-dux coils, and specially designede
co-axial cables; as well as a circuit designed such that fairly.
large changes in the stray capacitances and inductances are
' equivalent to only very small changes in L and C. A three-
terminal capacitor arrangement (Fig. 5) eliminates what would
otherwise be stray capacitances in parallel with the main
capacitor C,. |
To complete the oscillator, an electron tube is used to

provide the few db. of gain necessary to maintain oscillation,
and a pi-network was chosen as a phase shifting device to provide
the required 180° phase shift (in addition to the 180° shift
produced by the electron tube.) Fig. 6. Tyro significant advan-
tages are earned by using the pi-network as cpposed to any other
sort of phase shifting device. TFirst it is possible to plaee
all its“components Cl’CZ and Ll in liquid helium - insuring their

stability against temperature effects. Secondly, Cl and C, are

2
large (> .005 uf) and very stable, and are employed in a manner
such that they are in parallel with all the stray capacities
(except Cs) - in effect swamping variation in these. Further-
more it is known that the chief contributions to unstability in
electron tube amplifiers are due to the variability of the
effective grid input capacitances (i. e. the grid to cathode
plus the grid to screen capacitances and the Miller effect

capacitance). In the circuit used Cl and C, are in parallel

2
with the grid to cathode and the plate to cathcde capacitances

25
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Fig. 5 Three Terminal Capacitor & its Equivalent Circuit

Fig.6 Modified Version of ihe Clapp Osciilcicr
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andvbéing several thousand times as large effectively “swamp-

~ out® variations of the tube capacitances. Variations of the
Miller effect capacitancek(i. e. the product of the grid to
plate capacitance and the grid to plate voltage gain of the tube)
are minimized by stabilizing the veltage gain by means of an
automatic amplitude control circuit Tig. 7. This device also

- limits the pcwer imput into the resonant circuit to several
vmilliwatts. .

The automatic amplitude control depends con adequate
control over the transconductance of the tube by grid bias
variation. Voltages sufficient to exercise such control are
- obtained by two stages of amplification which also act as a
buffer between the output and the oscillator. Tinally a third
stage of amplificaticn provides a usable output. This combined
unit is refered to as the V.F.O. énd is a modified version of
the high stability oscillator proposed by Clapp [ 30. ] and
perfected by Felch and Isreal [31 ].

The S.F.0. is similar to the V.I.O. eXcept that it is
controlled by a 5 iics. crystal housed in’a temperature stable
oven. It is expected to provide a frequency stability of at
least one part in lO8 over a pericd of several days - far better
than actually required. £ frequency multiplier Fig. & and a
mixer, beat frequency amplifier, and cathode fbllower Fig. 9 -

all of standard design were built and used.

27
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CHAPTER IIT

THERMOMETRY

3.1 INTRODUCTION

The problem of measuring temperature accurately ih the
L.2 to 11°K region is one of long standing and one on which a
great deal of gffort has been expended by individuwal researchers
as well as by groups working at various national standards
laboratories. The maximum accuracy which could be obtained
with a platinum resistance thermometer was about 0.2°K in the
4.2 to 11°K region. This limit was essentiaily due to the fact
that standards laboratories dec not calibrate these thermometers
below 11°K - a tradition initiated in the days when resistance
measuring equipment was not sufficiently sensitive to provide
good calibrations below 11°K (where the sensitivity of the
platinum thermometer is low).

Modern potentiometric equipment however permits the use
of platinum thermometers to measure temperature down to 2°K
with an accuracy better than 0.01°K. We therefore endeavoured to
derive an interpolation of the 4.2 to 119K region in terms of
theoretical equations. A verification of the theoretical method
was attempted using a polynomial curve fit to the available
calibration below 4.2°K and above 11°K. The two methods gave
values in the “unknown region” which differed by as much as
0.03°K. |

Subsequent investigation showed that the polynomial
interpolation was aceurate to better than 0.01°K but that the

prevailing theoretical results were inadequate to give a good
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'interpolation in the required region. Appropriate modifications
of the theory are proposed, and new concepts (concerning d—bénd
conduction) are introduced in the following section.

In the early stages of our worlk on platinum thermometry‘
it appeared that a substantial advance could not be made,
therefore an alternate solution, that of constructing an indium
resistance thermometer was also attempted. It had been reported
by several invéstigators that the temperature sensitivity of an
indium filament was about ten times that of platinum below 15°K,
and that there was a possibility of representing the resistance
versus temperature relation by a simple theoretical formula which
could therefore provide the required calibration of the L.2
to 119K region. They however encountered problems in the
construction of a practical indium thermometer. It was
| necessary to make a filament which has a sufficiently high foom—
temperature resistance to provide good sensitivity and at the
same time to mount it in a strain-free, yet rugged manner to
permit good reproducibility. We approached the problem of the
design and construction of indium thermometers from a new
point of view and perfected a thermometer which is reproducible
to better than 0.01°K. A report of this project is presented

in section three.

3.2 THE ELECTRICAL RESISTIVITY OF THERMOMETRICALLY
PURE PLATINUM BELOW 11°K

This section consists of a paper reporting advances in

the field of platinum resistance thermometry.
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THE ELECTRICAL RESISTIVITY OF THERMOMETRICALLY
E - PURE PLATINUM BELOW 11 °K

J. F. Kos aNp J. L. G. LAMARCHE
Department of Physics, University of Oltawa, Oltawa 2, Canada
Received October 14, 1966

A method is developed to obtain an interpolation of the resistance versus
temperature function of pure platinum to an accuracy of about 0.01 °K in the
range 4.2 to 10 °K, when calibration points below 4.2 and above 10 °KK are
available for a given sample. A study is made of the application of the two-
band ‘model to platinum in the range 1.5 to 11 °K, It is found that the accepted
expressions for the ideal resistivity and for the Sondheimer-Wilson correction
term do not describe the experimental results satisfactorily, Calculations of the
ratio of the residual resistivity of band 2 to that of band 1, and of the ratio of
the ideal resistivity of band 2 to that of band 1 indicate that electrons in the
second band contribute significantly to the conductivity of platinum. A new
expression for the ideal resistivity is proposed to account for the conductivity
of the second band. ’

1. INTRODUCTION

The variation of resistance with temperature of thermometrically pure

platinum has been thoroughly studied in the range 10-900 °K because of its
- applications to thermometry. Platinim thermometers are commonly used as
. secondary standards and are for this reason calibrated above 10 °IC by various
standards laboratories. Between 1.5 and 4.2 °K it is possible to obtain an
accurate calibration relative to the vapor pressure of helium. The range
between 4.2 and 10 °K is more difficult to calibrate and very little data are
available in this region. Such data exist for one specimen, referred to as Pt 1,

to an accuracy of 0.03° and for another (No. 320) calibrated to an accuracy .

of 5 millidegrees. These data are used to develop a method of interpolating
the 4.2 to 10 °K range for platinum thermometers already calibrated above
10 and below 4.2 °K.

In previous studies of the resistivity of platinum below 10 °K, de Haas
and de Boer (1933), White and Woods (1957), Berry (1963), and van Dijk
(1964) have not included the Sondheimer-Wilson correction term required by
the two-band model, which has, however, been frequently applied above
10 °K,, as for instance by Schultz (1957), Sharevskaya and Strelkov (1961),
Klemens and Lowenthal (1961), Berry (1963), and Lovejoy (1963).

It has been adequately demonstrated by van Dijk (1964) that the reduced
resistance Rp/Rqy13 = Wy has the form

(1) Wp— W = pT? + T

below 4.2 °K,, where W, is the value of Wy for T = 0 °K and 2 and ¢ are
constants for a given thermometer. However p72 + gT® cannot be taken as
the reduced ideal resistance (Wy),, since the coefficients P and ¢ vary from

specimen to specimen. It was first suspected that this variation might be
due to the presence of the correction term given by the two-band model;

Wo(Wr)y
a(Wr)i + 0Wo/G) '

(2) ApWo =

Canadian Journal of Physics, Volume 45 (1067)
339
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which varies as the ideal resistance at temperatures where (Wy), & W, but
differs from specimen to specimen since b has a different value for each ther-
mometer. If this were the case, then the application of the correction in the
range from 1.5 to 11 °K should yield some cocfficient p, and ¢, of (Wp), = p, T2
-+ @iT*® applicable to all sufficiently pure samples of platinum. It will be
shown that this approach is not satisfactory, since for most thermometers
studied in this work the theoretical expression does not fit the calibration
between 4.2 and 11 °K to better than 0.05 °K. The implications of the above
equations are reexamined for this low-temperature range and evidence for
the importance of conduction by a second band is presented. Assuming that
each band has the form given by equation (1), the ideal resistance takes a
new form and the theoretical expression for W is modified accordingly. In
addition, the parameters ¢ and b of the correction terms are shown to be
temperature dependent, tending to constant values at very low and at high
temperatures. The implications of this extension to the Sondheimer-Wilson
theory are mentioned briefly, but a detailed test of 1L has to await more
experimental data.

Section 2 describes a method for intcrpolating the Wp function in the range
4.2 to 10 °K. The significant equations for the low-temperature range are
reviewed briefly in Section 3, and Section 4 is devoted to a test of these equa-
tions for a few thermometers. The ratios of the ideal and residual resistances
of band 1 to those of band 2 are given for various thermometers in Section 5,
and Section 6 contains an extension of the two-band model for the low-

" temperature range. A discussion of the thermometers studied appears in

Appendix I.
2. INTERPOLATION FORMULA FOR THE 4.2 TO 10 °K REGION

Many laboratories possess p]atinum thermometers calibrated above 10 °K
and are equipped to calibrate them in the liquid helium range. It is shown

“below that by fitting the available calibrated points below 4.2 and above 10 °K

to a fifth degree polynomial in temperature by the method of least mean
squares, the in-between range can be obtained to an accuracy of about 0.01 °K.
A polynomial of the fifth degree was indicated by curve fitting a variety of
thermometers and varying the degree of the polynomials from 1 to 10. In
each case, a polynomial of higher degree did not improve the fit significantly.

 Since graphs of resistance against temperature always show a slight bend

around 16 °K, only points below 16 °K were used to obtain the polynomial.

To verify the validity of the interpolation, it is necessary to have samples
that are already calibrated between 4.2 and 10 °K to determine whether or
not the interpolated values correspond to the actual values. Complete and
accurate data for this verification are available for only two samples: ther-
mometer 320 and Pt 1.

Thermometer 320
All the available points were used to evaluate the coefficients of a poly-
nomial

3) Wr = A + BT + CT* + DT® + ET* -+ FT*.

4
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Table. 1 contains the values of the cdefﬁcicnts for 320, the curve fitted valﬁes, N

TABLE I

- Polynomial curve fit to available points for thermometer 320

. (Coefficients . of polynomial: = A = -4-0.434 504 17 X 1073,

B = --0.715 005 08 X 10-8, C = +-0.185 523 242 X 10-3,

- D= 0,178 178 05 X 10-¢, L == 40,250 273 656 X 10-7,
Fe= 4-0.167 601 53 X 10~9)

. Reduced resistance Absolute
Temperature (°K) (curve fitted) deviation
0.000 ; - 0.434 50X 1073 0.13X10-8 -
1,000 0.434 58X 10-3 - 0,15X10-¢
1.500 0.437 12X 103 0.12X10-8
2:000 0.34946X 103 - 0.53%10~7
2,785 0.444 56102 0.50X10-7
3.000 . 0.44628X 103 0.68x10-7
3.933 0.455 65X 103 0.10X10-¢
k 4.210 0.45911X10™3 0.88x10-7
: 5.019 0.47146X10-2 0.87X10-#
6.014 0.49250x10-3 0.11X10-¢
7.125 0.52657X10 0.17X10-¢
S.101 0.56918X%10-3 0.17X10-¢
9.051 0.62580X%10-3 0.28X%10-7
) 10.00 0.70171Xx10-3 0.16Xx10~¢
‘ 10.50 0.750 55X 10-3 -0 0.39X10-7
11.00 0.807 0310~ 0.19X10~¢
11.50 0.87170X10™ 0.55X10-7
12.00 0.94543X10-3 0.98X10~-7
12,50 0.10291 %10 0.29X10-¢
13.00 0.11238X10™2 0.22X10-¢
13.50 0.12304X10-2 0.11X10-s
14.00 0.15502X102 0.17X10-¢
14.50 0.14841 X102 0.35X 106
15.00 0.16334X%10 0.31X10-8
15.50 0.17994X10°2. 0.39%10~¢

Nore: standard deviation = 0,206 6 X 10-9,

the difference between them and the experimental points, and the standard
deviation. The corresponding temperature difference between the experimental
and curve fitted values is always less than 0.01 °K.

Next, all the points between 4.2 and 10.0° were removed from the com-
puter program and the remaining data were processed as before. The results
of this operation are displayed in Table II. Using these new coefficients, the
interpolation was tried between 4.2 and 10 °K and gave an agreement with
the experimental points to better than 0.01 °K in all cases, thus indicating
the reliability of the interpolation proposed.

Thermometer Pt 1

The same procedure applied to Pt 1 gave similar results, as can be seen
from Tables III and IV,

It should be noted that for the above two cases the standard deviation is
about 0.2 X 10-¢,

A similar procedure was also applied to thermometers for which no cali-
bration is available between 4.2 and 10 °K. These are now discussed.

- 35
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Polynomial curve fit to thermometer 320 (points between 4.2°

TABLE 11

and 10° removed) (Cocfficients of polynomial:

A = 4-0.434 448 29 X 103, B = —0.544 540 56 X 10~
C = +0.177 319 25 X 105, D = —0.167 244 04 X 109,

E = +0.244 452 26 X 107, F = +0.177 962 32 X 10~9)

Reduced resistance Absolute
Temperature (°K) (curve fitted) deviation .
0.000 0.43444% 103 0.77X10-7
1.000 0.43553X1073 0.11X10~¢
1.500 0.43718%10-3 0.69x10~7
2.000 0.43951X10-3 0.61x10-#
2.785 0.444 57 X% 10-3 0.568X10-7
3.000 0.44628X10-2 0.63X10-7
3.933 ¢ | 0.455 57103 0.27 X107
4.210 0.45901%10-3 0.47X10~8
10.00 0.701 60X 103 0.50X10-7
10.50 0.750 46X 10-3 0.12X10-¢
11.00 0.80697X10-3 - 0.25X10-¢
11.50 0.871 67 X103 0.83X10~7
12.00 0.94543X 10~ 0.94X10~7
12.50 0.,10291X10~2 0.31X10-¢
13.00 0.11238%10™2 0.25%10-¢
13.50 0.12305X10™ 0.14X10-
14.00 0.13502X10-* 0.13X10-¢
14.50 0.14841X10~2 0.33X10-6
15.00 0,163 34X10-2 0.32X10-¢
15.50 0.17994X102 0.35X10-°

NoTE: standard deviation = 0,220 1 X 10-,

Polynomial curve fit to available points for thermometer Pt 1
(Coefficients of - polynomial:
B'= +0:107 784 88 X 10,
D = 40.634 990 41 X 10-¢,

F = +40.175 677 24 X 10~9)

TABLE I11

4 = 40351 762 14 X 10-3,
C = —0.258 68171 X 10-5,
E =—0.356 591 44 X 10-7,

Temperature (°K)

Reduced resistance

(curve fitted)

Absolute
deviation

2,490
3.000
3.360
3.500
4.250
5.280
6.750
. 7.410
. 8.510
8.820
9.070
9.960
11.01

0.371 16103
0.37549X10-3
0.37906X10-3
0.38059X10-3
0.39039X10-2

0.409 52X10-3 -

0.45253X10-3
0.479 66 X10~3
0.53887 X103
0.55925X10™%
0.57702X10~3
0.65117X10-3
0.7064 57 X10~3
0.82901X103
0.903 57 X102
0.11125X10™
0.11914X10-2
0.133 64102
0.144 97 X10-2
0.17077X10"?

0.77X10-7
0.45X10-7
0.42X10-7
0.33X10-7
0.32X10-8
0.43X10-7
-0.84X10~7
0.17X10~¢
0.40X10-7
0.90X10-?
0.21X10~7
0.33X10-¢
0.47X10-¢
0,28X10-¢
0.32X10-¢
0.39X10-¢
0.13X10-¢
0.35X10-¢
0.44X10-0
0.28X10~¢

Notg: standard deviation = 0.280 ¢ X 109,
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. TABLE 1V
Polynomial curve fit to thermometer Pt 1 (points between

. and 11 °K' removed)

A = 40.351 642 10 X 10-3,
CC= —0.2060682247 % 1078,
CE = =-(0.362 526 89 X 107,

(Cocfficients ‘of polynomial;
B = 40.109 821 83 % 104,
D = 40.645 956 08 X 10-¢,
F = 40,176 784 78 X 10™%)

Reduced resistance Absolute
Temperature (°K) (curve fitted) deviation
2.490 0.371 19%10-3 0.47 X107
3.000 0.375 50102 0.54X%10-7
3.360 0.37905X10-2 0.32X10~7
3.500 0.38057 X103 0.15X10-7
4,250 0.39033%10-3 0.64X10~7
0.960 0.651 08X10™3 0.24X10-6
1.0 -0.76452X10-3 0.42X10-8
11.50 0.82899X%10-3 0.30X10-8
12,00 0.903 57 X10-2 0.32X107¢
13.14 0.11125X10~2 0.37X10-¢
13.50 0.119 14X 102 0.11X10-¢
14.09 0.133 64X 10-2 0.37X10-s
14.50 0.144 97102 0.45X%10~
15.31 0.17076 X102 0

.30X10-e

Note: standard deviation = 0.3620 X 10-¢,

Thermometer LN 1686296

This thermometer was calibrated at the laboratories of the Nationai Research
Council of Canada at 11, 12, and every two degrees thereafter to 40 °K. Points
were then obtained in our laboratory at 4.21, 1.93, and 1.77 °K, relative to
the. 1958 helium vapor pressure scale. A check point was taken at 3.412 °K,
relative to the superconducting transition in indium. W, was obtained by
solving equation (1), using three calibrated points below 4.2 °K, These points,
when plotted on a graph (W, — Wo)/T? versus 73, fell on a straight line.
Points at 2.5, 3.0, and 4.0° were obtained from the graph. All the available
points between 0 and 16 °K were fitted, using the same computer program

as above. The data for this thermometer and the curve fitted values are given
in Table V.

TABLE Vv :
Polynomial curve fit to available points for thermometer LN 1586296 (Cocfficients
of polynomial: A = 4385 G65 18 X 1073, B = —0.94375424 X 10~¢, C =

+0.222 504 83 X 1075, D = —(.249 470 77 X 1078, E = 40,321 449 95 % 1077,
F = —0.683 797 28 X 10-10)

Reduced resistance, Reduced resistance,
We / '

o Ve Deviation

Temperature (°K) {experimental) (curve fitted) We — W,
0.000 0.385 64X10~3 0.38566x10-3 —-0.25X10-7
1.771 0.390 04X 10 0.38990x% 103 +0.13X10-¢
1,968 0.39L06X10-3 0.391 00X 103 +0.55X10~7
2,500 0.394 51 X103 0.394 56 % 10~ —0.58X10-7
3.000 0.398 55X 103 0.39871 X103 ~0.16X 10~
3.412 0.402 59%10~3 0.40276X10-2 —0.17X10-s
4.000 0.40973X10-3 0.40068% 103 +0.46X10~7
4.210 0.41271X10-2 0.41252x10~2 +0.18%10-¢
11.00 0.77200X102 0.77200%10~? —=0.91 X107
12.00 0.91330%10-2 0.01320X%10-? +0.94 X107
14,00 0.13222x10~ 0.13221x10-? —0.,20X10~7
16.00 0.19533x102 0.19532X10~2 +0.17X108

Note: standard deviation = 0,151 2 X 10-s,
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Other Thermometers : :

- Similar calculations were carried out for data given by van Dijk. The
standard deviation is given in brackets for the various specimens: A2 (0.33
X 10-%), 148 (0.24 X 10-%), 120 (0.41 X 10-%), 126 (0.12 X 1079, and LN
1137601 (0.16 X 10~%). The standard deviations for these and for LN 1586296
compare favorably with those of thermometer 320 and Pt 1. In addition, the
polynomial fitted the experimental points from 1.5 to 4.2 °K to about 0.02 °IC
and from 10 to 16 °K to about 0.01 °K. This evidence suggests that the inter-
polation procedure is as valid as in the case of 820 and Pt 1, even though no
direct verification is possible.

43. THE TWO-BAND THEORY AT LOW TEMPERATURES
The two-band theory of metals proposed by Sondheimer and Wilson (1947)
indicates that the resistivity pp at any temperature I may be expressed as

4 pr = (pr)1 + pe + Arpr,

where the subscript i stands for the jdeal part of the resistivity, i.e. that of a
pure and physically perfect metal, and where pe is the residual ‘resistivity at
0 °K due only to impurities and physical imperfections of a real metal. The
term Apps represents the deviation from Matthiessen's rule when two-band
conductivity is assumed. ,

In.this theory it was assumed that Matthiessen's rule applies separately
to each band and that the electrons in each band are independent of the
others. Writing p; = py; -+ pp1 for the first band, ps = py3 4 pp2 for the second,
p1 = pi1 -+ pi2 for the total ideal resistivity, and p, = p;; + pp2 for the total
residual part, the deviation from Matthiessen's rule is

pr = (Przpu - P.—lplz)2
" (or1 + pr2) (oun pe)(oit + pr1 + p + pr)

Furthermore if the ratios of the ideal and the residual of resistivities of the
two bands are defined as

(G)  Appr = pp — py —

6) o = pia/puand B = pp/py,
equation (5) can be written as
- Pipr
(7) >\7'Pr = ap, + bpr'
where
_(+a)°8

(,80)’ S a——-—-——(ﬁ_a)2,

| _(1+p8%
(8b) | b= 6= a) -

Expression (7) is a convenient form of the correction term when the theory
is compared with experiment. '

It is now conventional to give equation (4) in terms of the reduced resistance
Wr = pr/pas. This equation may be written as

+ 38
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- (9) ‘ C Wo = Wo MW + (WG,

where G = [1 — W1 + A21a)] = (p2r3)1/pers (Berry '1963).
Equation (7) may then be expressed as:

: _ (W)W,
a MWo = T+ WG
For T < 4.2 °I<, (W1)| < Wo and
(11) - . ' ArWo = (G/b)(Wy),,

“i.e. the correction term is proportional to the ideal part. On the other hand,

at high temperatures where (Wy),> W,,

(12) x7' =~ (l/a') high zomneu‘nurom

which can be determined experimentally at high temperatures.
For comparison with experimental data, equation (9) can be written in
full as .

| : 14 ‘
(13) | Wr= W+ a(WT)(l _I_r)b'Wo 76 Wo+ (1= Wa(l + )| (W),

~ For a given thermometer, ¢ and & are calculated by solving equation (13)
at 2 points (10 and 20 °K), where W, and (Wz), are known, Aayg is calculated
from data at 273 °K and value of W, from data below 4.2 °K. (W), should
be a universal function applicable to all pure samples of platinum.

On theoretical grounds, for sufficiently low temperatures previous authors
have used the form

(14) (W), = [)I(F + ¢, 7%,

where the 7% term is attributed to electron-phonon scattering (Bloch 1930)
and the 72 term to electron-electron scattering (Baber 1937). Using the
approximation, equation (11), equation (13) becomes

(15) Wr — Wo = G(Wp),[1 + 1/b),

which is applicable below 4.2 °I{. Thus in this range the theory predicts that
Wy — W varies as p,12 + q,T%, as found experimentally by van Dijk (1964).

4. TEST OF THE SONDHEIMER-WILSON THEORY IN THE 0-16 °K RANGE

This test consists in comparing the Wy predicted by equation (13) and
equation (14) with the experimental valuc of Wr available between 0 and
16 °K. For thermometers 320 and Pt 1, experimental values are available
over the whole range as mentioned in Section 2. For all other thermometers
discussed, it was assumed that the interpolated values obtained by curve
fitting were within 0.01 °K of the true values.

To calculate Wy from equation (13), one must know a, b, Wy, A2zs, and
(Wr)i. Assuming that the first four quantities are known for a given speci-
men, (Wy), can be evaluated at a temperature T, where Wy is known by
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-solving equations (10) and (13). In this work, however, (W), was found

numerically from the two starting equations by an iteration process using
an electronic computer. This method permitted a variation of the para-
meters a and b. The numerical value of (W), was calculated at 4.21 and 11 °K,
where Wy is known from experiment. Using these values, the constants p,
and ¢, of equation (14) were calculated and equation (14) was used to obtain
(W) at any temperature in the range of interest, (W) was finally reinserted
in equation (13) to predict Wy and compare it with the experimental or
curve fitted values. As an example, such a comparison is given in Table VI
for thermometers 320 and LN 1586296. For these thermometers and all the

TABLE VI
Theoretical curve fit for thermometers 320 and LN 1586206

Temp. W(T) W (T) Wiu(T) " TEFI'T(T) COR(T) Wu(T) Wi(T)
(°K) X102 X102 X103 X10% X10® X103 X103

() Thermometer 320

(Values of a and b used are @ = 4.40, b = 15.97. Coefficients of T2and 7% in equation (14)
are py = 1215 X 10~%and ¢; = 1.290 X 10-9).

1.00 0.43595 0.43565  0.00126 14.5 0.00760  0.00121
2.00  0.43955 0.43953  0.00507 0.38  0.03058  0.00489
3.00 .,0.44621  0.44624  0.011064 1.12°0.06090 0.01124
4.00 0.45636 0.45636  0.02142 0.26  0.12826  0.02075

5.00 - 0.47109  0.47104  0.08537 ~—1.8¢ 0.21076 0.03439
6.00 0.49218  0.49207  0.05500 —3.34  0.8254S  0.05375
7.00  0.52215  0.52204  0.08258 ~—5.09  0.48348  0.0S11§
8.00 - 0.50423  0.56428  0.12127 ~5.95  0,60822 0.11099
9.00 0.62242  0.62281  0.17528 —=5.56  0.98397 0.17453
10.0 0.70148  0.70212  0.25000 =—3.59 1.3531 0.250 43
11.0 0.80699  0.80699  0.3521¢ 0.00 1.8130 0.354 GS
12.0 0.94533  0.94238  0.48099 5.23  2.3619 0.495 83
13.0 1.1237 1.1136 0.673 34 12,0 2.0875 0.684 15
14.0 1.3502 1.3269 0.91386  20.5 3.6670 0.93174
15.0 1.6339 1.5897 1.2351 30.5 4.3710 1.2527
16.0 1.9845 1.9115 1.6227 42.0 5.0683 1.6633

(b) Thermometer LN 1586296

‘ (Values of ¢ and b used are a = 4.26, b = 6.81. Cocfficients of T2 and 7% in equation (14)
are pi = 1244 X 10~% and ¢; = 1.260 X 10-9)

1.00 - 0.38672 0.38706  0.00126 11.7 0.01825  0.001 24
2.00 - 0.30119  0.39138  0.00579 3.22  0.07310  0.00501
3.00 0.39871  0.30880 011 64 0.95  0.16588  0.01150 01142
4,000 0.40068  0.409 84 02142 1,23 0.30101  0.21204 01206 -
5.00 0.42526  0.42554 L0385 37 1.52 048705 0,350 54

0.000 95
0
0
0
0
.055 00 0.92 0.73662  0.54607  0.05439
0
0
0
0
0

.004 84

coc

6.00 0.44734 0.44758 0

7.00° 0.47854  0.47842°  0.08258 ~0.34 1.0647 0.82172 08228
§.00 0.52221  0.52139  0.12127 —1.60 1.4848 0.120 96 12170
9.00  0.58240  0.58084 0.17528 —2.922 2.0038 0.17525 176 68
10.0 0.66387 . 0.06220 0.25000 —1.78 2.6157 0.250 52 25208
11.0 0.77200  0.77209  0.35216 0.00  3.2998 0.353 62 3563 62
12.0 0.91320  0.91853  0.48999 3.33 4.0221 0.49290  0.48781
13,00  1.0940 1.1111 0.673 34 S.41 4.4727 0.67840  0.66185
14.0 1.3221 1.361 3 0.91386 15.4 5.4250 0.92194  0.88358
15.0 1.6055 1.6828 1.2251 24.5 6.0421 1.2373 1.16138

16.0 1.9532 2.0011 1.6227 35.9 6.5799 1,6404 1.5041

W(T) = reduced resistance (curve fitted).

Wp(T) = reduced resistance (theoretical fit by equation (13)).

" Wni(T) = reduced ideal resistance (Berry 1963).

TEFIT(T) = temperature fit (temperature difference Wao(T) -~ W(T)).

cO = correction term (A ppe). R

‘}}’127‘ = jdeal resistance Ethcorcucal—[rom (W)t = piT2 - q(Ts,
11

. .
T’) = ideal resistance (calculated at each point separateTy—from (W) = (W — Wo — A7) /G).
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others under study, the maximum deviations between the theoretical and the

. experimental values are given in Table VII.

TABLE VII

Maximum deviation of the theoretical values of
Wr from the experimental (interpolated) values

of Wg reduced to a temperature difference’ , R

Thermometer Maximum deviation (°K)

320 -~0.006

Pt1 -0.13

LN 1586296 +0.02

A2 : +0.05

148 ~+0.05

147 . -+0.04

LN 1137601 +0.04

120 +0.04 ‘
126 +0.04 A\

As can be seen from these tables, the agreement is not satisfactory and this
suggests that either the theory was not properly applied or that the presently
accepted formulation is a poor approximation. '

To study the first alternative, let us examine in more detail how Table VI
for resistor 320 was obtained. In this case the experimental values of Wp can
be trusted within a few millidegrees. W, is obtained to the same accuracy,
using the method of van Dijk (1964). The value of A2z is adequately determined
from high-temperature measurements. Furthermore, any error in this quantity
would introduce a very small change in equation (13), since it appears only
in a factor (1 + Aazz) multiplied by W, which for pure metal is very small
compared with unity. There remain three possibilities: the error is either in
the parameters a and b or in the form of the expression adopted for (W),
(equation (14)), or in both. . ,

Let us consider these possibilities in turn. The parameters @ and b are
derived from experimental data above 10 °K. It js not impossible that they
are temperature dependent and have different values below 10 °K. To see if
this could improve the agreement, ¢ and b were assumed to be constant in
the 4.2 to 11 °K range and hundreds of combinations of values of ¢ and b
(varying a from 0.1 to 8.0 and b from 0.1 to 21.0) were tried for 320. Notice-
able improvements were obtained. As an example, Table VIII gives the results
for the best agreement obtained when ¢ = 0.75 and b = 1.20. However ¢ and
b are related to (Wy), through equation (13) and (W), was thereby inad-
vertently varied. The values of @ and b which gave significantly better fits
changed (Wi;°); from the value previously accepted by as much as 409,
being outside the established error limits by a factor of 10. The parameters
were also varied for the eight other thermometers investigated and similar
results were obtained. A change of this magnitude from the results quoted by
other investigators was not justified. Hence this procedure did not lead to
any conclusive results.

From

(Wa)s = (Wr — Wo — \ol¥0)/G]

H S s L G 2 i o et e e e s i
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TABLE VIII

-Best theoretical curve fit for thermometer 320 (Values of @ and & used are g = 0.75,

b = 1.20. Cocfficients of 72 and 7% in cquation (14) are p; = 6.986 X 10~¢ and q =
o 8.979 X 107, Symbols as in Table VI) :

“Temp. W(T) Wa(T) Wu(T) TEFIT(T)Y  COR(T) W) Wi(T)
(°K) X103 X1 X102 X102 X10% X103 X103

1.00  0.43595

0.435656  0.00126 —15.0 0.05823  0.00069 " 0.000 86
2.00 0.43055  0.43953  0.00507 —0.35 0.23530 - 0.00282  0.00283
3.00 0.44621  0.44624  0.01164 0.34 0.53708  0.00650  0.00648
4.00 0.45636  0.45636  0.021 42 0.05 0.99081  0.01209  0.00120
5.00 0.47109  0.47104  0.03537 -0.26 1.6413 0.02027  0.00202
6.00 0.49218  0.49207  0.05500 —0.43 2.5592 0.03213 - 0.00321"
7.00 0.52215  0.52204  0.08258 -0.31 3.3377 0.04932 . 0.00493
8.00 0.56423  0.56426  0.12127 0.10 5.56822 0.07413  0.00741
, 9.00 0.62242 © 0.62281 0.175 28 0.57 7.8896 °  0.10960  0.01093
~10.0 0.70148  0.70212  0.25000 0.70  10.818 0.15965 0.01592
1.0 0.80699 0.80699  0.35216 0.00 14,360 0.22014  0.02291
12.0 0.94533  0.94238  0.489 99 —~1.87  18.416 0.32403  0.03261
13.0 1.1237 1.1136 0.673 34 —-5.01 22,806 0.45145  0.04591
14.0 1.3502 1.3269 0.913 86 -90.20  27.303 0.61985  0.06399
15.0 1.6339 1.5807 1.2251 ~14.0 3L.677 0.83905  0.087 69
16.0 1.9845 1.0115 1.6227 —18.8 35.743 1.1203 1.1185

it is possible to calculate (by a process of iteration) values of (W), at every
degree, without assuming any particular form for (Wr). This calculation
was carried out for all thermometers and the average value of (Wy), was
obtained. The deviation of (W), from the average is as high as four one-
hundredths of a degree for some specimens, indicating that the values of a
and b are to some extent responsible for the deviation of the experimental
results from that predicted by theory.

The next point to consider is the form of equation (14) which was
presumed to be valid to at least 11.0 °K, though it had been verified
experimentally to only 4.2°K. This form can be altered by an additional
conduction due to a second band in platinum. Indeed, the very existence of
the Sondheimer-Wilson correction term arises from the presence of such con-
duction. A calculation of the ratio of the resistivity of the second band to
that of the first band would then indicate whether the form of equation (14)
should be modified. This calculation is undertaken in the following section.

5. EVALUATION OF THE RESISTIVITY RATIOS a AND g

The values of @ and 8 may be obtained f{rom S(a), (b) when the experi-
mentally determined values of @ and b are substituted into these equations. An
explicit algebraic solution of « and Bintermsof e and b is cumbersome, hence
a method of successive approximation was adopted (Appendix 11). The values
of @ and 8 for the thermometers studied are given in Table IX. In some
instances two sets of values are given—corresponding to two sets of values
of @ and b, each set calciilated at different temperatures. The reduced residual
resistance W, is included as an indication of the purity of the various samples.

It will be noticed that the values of a and B8 are quite low, indicating that
a significant proportion of the conduction is due to the second band. Lovejoy
(1963) has determined the value of & to be 6 == 1 for a group of thermometers,
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, TABLE IX ,
“Values of « and # for various thermometers (@ = ratio of ideal resistivity of band 2 to that of =

band 1 and 8 = ratio of residual resistivity of band 2 to that of band 1)

349

Thermometer X108 a

b o B8 a’ v o 4
Pt1 362,1 | 1.77 5.44 2.9 14.2
PL2 484.0 (.62 7.12 6.0 92.7
320 433.0 4.11 11.34 5.2 18.4 4,40 15.07 8.8 37.8
120 689 3.33 10.97 5.8 24.3 3.84 8.65 3.3 10.7
126 043 1.78 6.87 4.1 22.8 .
147 524 4.52 7.51 2.0 5.3
148 734 3.85 7.78 2.7 8.2
LN 1586296 385.6 4.02 9.10 3.5 11.2
LN 113760 636 ) 4.23 7.95 2.5 6.1

NoOTE: a and b were ¢

letermined from 20 and 00 °K points, whereas a’ and & were determined from 10 and 20 °K

points. -

We find, however, a wider range of variation for a, and also that @ and 8 are
very sensitive functions of e and b, whose values in turn depend on the tem-
peratures at which they are calculated. Another interesting feature of these
results is the change in the values of a and 8 from thermometer Pt 1 to Pt 2,
These were made from the same material, but Pt 2 was subjected to a “‘small
mechanical deformation”. The introduction of physical defects appears to
have increased the residual resistance of the second band by more than 7009,
while the increase in the residual resistance of the first band was only about
25%. It is tempting to interpret the first band as the s band and the second
band as the d band. If this is the case, then the observed behavior can be
explained on the basis of a simple physical model. The effect of a physical

deformation on the density-of-states function would indeed be predominant

in the d band. This interpretation warrants serious consideration, since a
knowledge of the resistivitics of the s and ¢ bands in transition metals would
be quite useful in the study of the band structure of these metals.

6. APPLICATION OF THE TWO-BAND MODEL TO THE IDEAL RESISTIVITY
The form of the ideal resistivity at low temperatures (equation (14)) accounts
for single-band conduction. However, in the preceding section it has been shown
‘that a significant fraction of the conductivity of platinum may be attributed

to the existence of a second band. In this case the above form must be applied -

to cach band separately. Hence the ideal resistivity of band 1 may be written
as '

(16a) (o)1 = BI* 4 7

‘and the ideal resistivity of band 2 as

(160) (p))2 = gT* + sT%,

where %, 7, g, and s are “idcal” constants applicable to all sufficiently pure
samples of platinum. The total ideal resistivity may now be written as

= 1 ST A T
o PTG T T
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This expression reduces to the presently accepted form
(18) . py = W12 4 rT,

when the conductivity of the second band is neglected. In this case & corre-

' sponds to p, and 7 corresponds to ¢, But p, > 1 thus 13> r, and presumably
£ > s for the case where two-band conduction is assumed * hence at low

temperature, equation (17) reduces to
= __éh_ 2
(19) P A + g T .

This form is in agreement with the results of de Haas and de Boer (1933)
and van Dijk (1964) which established a 72 variation of resistance with

temperature below 4 °K.

It is now possible to write the exact expression for the ratio of the ideal
resistivities as ‘

: (20) e = (pl)'.! - [,’Tz + STE

7 (o) RTTF T

This ratio is temperature dependent, but approaches the constant value g/h
at very low temperatures and tends to another constant s/r at high tem-
peratures.” It should be noted that 8 is not a function of temperature but
varies from thermometer to thermometer with the state of strain and the
amount of impurities present. Since ¢ and b are functions of ar and B, they
vary with temperature, as well as with the state of strain and the amount
of impurities.
The ratio of the total resistivity of band 2 to that of band 1 is

£z _ ()2t (pe)2
(21) o (e + (o)1’

Invoking eq. (6) and the facts that

11 1 1 [ap+1
Pl—(Pl)2+(Pl)l_(Pl)ll_ ap ]

1__1 1 _ 1 [ﬁ+1]
pr (pe): " (oe)1 (el B J?

*Baber (1937) attributed the 72 term to interband electron scattering. One can thercfore
argue that this term may be included only in the expression for the reststivity of band 1, as
the scattering of “light' band-1 clectrons by “heavy™ band-2 electrons is considerable, while
ltJhc reverse effect is believed to be small, If, however, the T2 term is neglected, equation (166)

ecomes '

and

(pi)2 = sT® (case where g Z's),
equation (162) and the above now lead to

ST BT? 4 rT%)

AT !
which for T < 4 °K reduces to
pi = sT%,

In view of the previously quoted experimental results, this must be rejected and a T2 term
must be included in the expression for the ideal resistivity of band 2.

i
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ec.].l‘(’21) becomes ,
) pr_ (et Do+ (B+ Do
pr [(ar + 1)/az)p + [(B + 1)/5]9: '

whose high and low temperature limits are a, and B respectively,

The expression for the total resistivity as calculated from eqs. (4), (7), ;

(8a), and (8b) is

- ar 2 b
(23) or= pr o+ =7 (BT + 1T
e (B—an)’ T+ 1Ty, .~
; S B+ ar)' (W + 1T°) + (ar + 1)(B + 1) %;
To facilitate comparison with experiment, eq. (23) may be put into the same
form as eq. (13), namely

WO(B — aT)zc(WT')l
B+ ar)’G(Wz'), + ar(l + B)'W, "

where G has the same definition as in eq. (9), but where

(4) Wr=Wo+ GW), +

or N _ar (T + 1T
(25) (72, ar =41 (p21a)s

The low-temperature limit of this expression when Wp> hT® - I and
T3> rT5 is

) o - Qp hT2 [ (B — 01)2]
(26) Wr=Wot 1l o L T o 57

corresponding to eq. (15), where

< o ) GLT?
1+ ar (9273)1

is the reduced ideal resistivity and

(B - ar)z‘ — l
ar(B+1)* b

is the Sondheimer-Wilson correction term. For highly strained specimens,
B> ar > 1 and eq. (26) becomes ‘

. W _er. hTz[ i]=ZL_T_2
(Ml) Wr Wo 14 ar G (P273)l 1+ ar pars’
It now becomes possible to evaluate 7 for specimens satisfying the above
condition. Equation (20) relates g to % at low temperatures in the form
= arh; hence g may also be found. If ay is determined at two convenient
‘temperatures, then eq. (20) yields two equations in two unknowns, 7 and s,
whose values may then be obtained. An experimental verification of the pro-
posed equations requires a series of experimental measurements of the resistance
function of properly prepared samples of platinum representing a range of
variation of impurities and strains.
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CONCLUSION

- In the temperature range considered, the experimental data do not support

the theoretical expression (13) to better than 0.05 °IK when the reduced “ideal”
resistance is given by eq. (14) and constant values of @ and b are used in eq.
(7). A closer analysis of the nature of the correction term Arpr permits the
calculation of the ratios of the residual and the ideal resistivities of the second

band to those of the first band. The drastic increase of the residual resistance ,

of the second band with a slight strain suggests that actual d-band clectrons
are involved. Calculations of these ratios indicate that electrons in the second
band contribute significantly to the conductivity, justifying a two-band model,
not only for the correction term but also for the “ideal” resistivity.

A theoretical approach based entirely on the two-band model reveals that
the parameters @ and b are temperaturce dependent, and gives the form of
the ideal resistance. This expression reduces to the previously accepted form
below 4.2 °K and at higher temperatures this approach yields a qualitative
explanation of all the experimental results encountered. A guantitative veri-
fication requires measurements of properly prepared samples which will yield
the "idcal” constants in eq. (17). :

It has been demonstrated that for adequately calibrated thermometers a

* fifth-degree polynomial will fit the experimental calibration points below 16 °K

to an accuracy of better than 0.01 °IX. Where a calibration between 4.2 and
11 °K does not exist, the curve fit can be relied upon to interpolate this region
with an accuracy of about 0.01 °I. Thus relatively inexpensive modern equip-
ment* now permits the calibration and use of platinum thermometers to 2 °IC
with an accuracy of 0.01 °K. Since they are alrcady used as international
standards from 90 to 900 °K and are being seriously considered for this role
between 12 and 90 °K;, it is proposed that consideration be given to accepting
the platinum resistance thermometer as the standard from 4.2 to 90 °K.
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APPENDIX 1. EXPERIMENTAL DATA
Thermometer 820

This thermometer was calibrated by Martin and Berry of the National
Research Council of Canada with respect to a gas thermometer constructed

*The Guildline potentiometer Type 9174 used with a Fllotopcll galvanometer amplifier
type 9460 will measure to an accuracy of one hundredth of a microvolt.
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by Martin (1966) and reported to be accurate to better than 5 millidegrees
in the range 4.2 to 20 °K; it is also in agreement with the N.B.S. scale to
within 0.01°K in the 10 to 20 °K region. The experimental values of the
reduced resistance are given by Berry (1967). '
Pt1land Pt 2

The data for Pt 1 and Pt 2 were published by de Haas and de Boer (1933).
The absence of points between 10 and 16 °I for Pt 2 precluded the use of our
methods of calculation for this specimen. A curve fit through all the available
calibration points below 16 °I for Pt 1 indicated a maximum scatter corre-

sponding to =0.03 °K. Consequently the experimental points used here were -

the graphically smoothed ones (Berry 1967). Hence the standard deviation
-given in Table 111 is not an indication of experimental scatter.

 Thermomelers A2, 120, 126, 147, 148, and LN 1137601

Data below 4.2 °K may be obtained for these thermometers from van Dj ik’s
publication (1964). Data above 10 °K were obtained from a personal com-

- munication via Mr. R. J. Berry. It was found that the curve fit to the avajlable

data was in all cases improved when the 10 °K point was excluded.

* Therniometer LN 1686296

The data available on this thermometer are given in Section 2 of this paper,

PR

APPENDIX II. CALCULATION OF « AND g

The values of @ and g for a given thermometer may be found in terms of
the experimental values ¢ and b from egs. (Se¢) and (80). As the algebraic
solution of these equations is tedious, an electronic computer has been em-
ployed to obtain « and 8 in the manner indicated below. '

Equation (5) may be put into the form:

(28) )‘TPr
— . . Pripn1 . .
(A +8)A +a)')/ (B = a)}ou + {[(1 + B)’A + )1/ (B — a)%)pt
___ Pripnn
(29) - Apn + Bpn’
which may be compared with ‘
(7) : : A __ PiPr

7hr = apy + bp: *

Both (29) and (7) are exact expressions for the correction term. Equation
(7) is composed of experimentally determined terms Py pry-@ and b, whereas
eq. (29) relates e and B to 4, B, p.1and prs, which cannot be measured ditectly.

We notice, however, that if the conductivity of the second band is very
small, then p; = p;3 and p; ~ p;; and in this case a ~ 4 and b ~ B; thus to
a good approximation

o d = A48+ &)’
(30)‘ | a4 = B =)

and
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C B—a) ' RTINS It
solving eqs. (30) and (31), yields an approximate value for a and 8, namely -, '
| (B —4) b — a)? B LT
o —_ 1~ »
@2) o = B 1o 5 1 |
and

L T O VS PO G0 Y

However pia/pn = a = o' and p2/onn = 8 = B'; also

1 1 1 1 1

— e — —_—~ —

= o ;
Pr Pr2 Pr1 Bpn Pr1

therefore ' _

1 !
(34) . p,lz( j;-"—)p,.
Similarly
(35) pin o2 (1 jﬁ)px.

' Substituting‘ eqs. (34) and (35) in eq. (29) gives

PiPr

A o~ 7 7 '
TP/ B+ [ /(U + o)]Bee , SR
lience, ‘
4 ’
A=~ (Li,ﬁ.)a and B~ <1—+1£‘)1),
B @
which is a better approximation than simply setting 4 ~a and B >~ ). Sub- R

stituting 4 and B into eqs. (32) and (33) now gives more accurate values of

« and B, which are now designated as «’ and 8. The process is repeated until
convergence occurs, yielding the required values of « and 8. These may be /
substituted into (S8a) and (8b) to verify the results of this method.
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3.3 HiGH PRECISION INDIUM RESISTANCE THERMOMETERS

This section contains a paper reporting advances in the -

field of indium resistance thermometry.
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ABSTRACT

An account is given of the design, constructlon,
calibration and reprodu01b111ty of two types of indium
thermometers. The type B thermometer was found to be
reproducible to better than 0.01°K between A.ZOK and room
temperature. Howe&er thermometers employing iﬁdium from
the same spool and constructed in the same way do not shbw
the same Z-function; consequently each thermometer must be

calibrated over the range in which it is to be used.
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INTRODUCTION

The merits of employing an indium element in a
resistance thermometer designed for use between 4.2°K and room
temperature have been discussed by several authors. White and
Woods (1957) poihted out the advantages of indium over other
possible materials. The results of their measurements on
several samples indicated that the reproducibility was affected
by strains introduced in the indium filaments 5y the farmers on
which they were wound. In a following paper, White et al. (1958)
reparted that a filament wound on a mica cross and having a
nominal room temperature resistance of four ohms preved to be
reproducible "to about # 0.01°K at most temperatures®, The
effacts of cycling on the ice point resistance were found te be
small corresponding to changes of less than £ 3 m deg. Their
values were tabulated in the form Z = (R - R4.2»4R273 - RA-Z)
as a function of temperature. If Mathiessen's rule is valid,
then all sufficiently pure specimens should have the same %
functien and thermometers could be calibrated from the values
given by these authors;

Yates and Panter (1961) and James and Yates (1963)
propesed new designs which permitted the use of filaments of
higher resistance. These thermometers were reproducible te

several hundredths of a degree. Orlova et al. (1963)
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introduced other designs for bifilar windings of very small
diameter wire. They showed that although thermal cycling
produces an increase in the resistance R273, which is at first
considerable, the effect decreases to a sufficiently stable
values after five cycles. The phenomena is partly attributed

to the diffusion of helium molecules into the indium at room
temperature. They confirmed the suitability of the thermometers
for the temperature range 3.4 - 300°K - but gave no indication
of the reproducibility of their measurements.

These investigations established that good
reproducibility could be obtained if the indium filament waé
supported in a strain free arrangement and that the R273 value
could be stabilized by thermal cycling before calibration and
subsequent use of the thermometer. Unfortunately the fragility
and high ductility of thin indium filaments does not permit the
construction of mica cross thermometers sufficiently rugged to
withstand normal laboratory use. A second requirement for a
practical thermometer is that the room temperature resistance
be sufficiently high to permit accurate measurements of the

resistance even when it has been decreased by a factor of
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10% at 4.2°K. This condition is also difficult to achieve with a
mica-cross thermometer of resonable proportions. We have |
therefore investigated two designs which appeared to fulfill
the above mentioned requirements,

A series of careful measurements were taken tO'assess
the reproducibility of these thermometers. The results were
curve fitted by a method of least mean squares to provide a
continuous function of resistance against temperature., In
addition the effects of thermal cycling on thé resistance-

temperature curve (rather than just on the value R273) were

observed.
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DESIGN AND CONSTRUCTION

Six thermometers were constructed using in all cases
“indium wire 99.999% pure and one hundredth of an inch in
"diameter. Three of these were of the design described as type A
and the other three were labeled type B. The indium wire was

(1)

supplied by the Indium Corporation of America and came in

lengths of several hundred feet wound on a spbol.

Type A thermometers: These were made by winding a glyptél

insulated length of indium wire on an indium rod. The wire,
previously wound on a 5" diameter drum was slowly rewound on a
second drum of the same diameter rotating in synchronism wiﬁh
the first. Between them the wire formed a large loop - dipping
into a bowl of air drying glyptal varnish and drying out befox.
being wound on the second drum. Only one coat of glyptal was
applied to the wire used in thermometers Al and A2 whereas three
layers were applied to the wire used in thermometer A3. Several
layers of this wire were wound on a rod of high purity indium.
‘Such a unit was subsequently mounted in a copper capsule as
shown in fig. I. A four terminal feed-through stupakoff seal

was mounted on one end of the capsule. Each end of the indi-

(1)

The Indium Corporation of fAmerica, 1676 Lincoln Avenue,
Utica 4, New York.
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wire was soldered to a V-shaped copper wire whose ends were

passed through and soldered to the terminals of the seal
providing two current leads and two potential leads. Finally
the capsule was evacuated, rilled with one atmosphere of dry
helium gas and sealed. The three thermometers of this type A1,
42, and A3 had room temperature resistances of approximately 12,

27 and 4O ohms respectively.

TYpe B thermometers: These were constructed uéing indium wire
insulated with surgical grade teflon spaghetti having an outside
diameter of 0.055" and an inside diameter of 0.015%. Piano wire
was pushed through a length of spaghetti and suspended vertically.
The top end was soldered to the indium wire and the teflon
spaghetti was clamped at this end. The plano wire was pulled
from the bottom end, slowly drawing into the teflon tubing

indium wire which was carefully unrolled off a spool. In this
manner 35 foot lengths of the indium wire were easily insulated.
The room temperature resistance of each length was about 18 ohms.
fifter one layer of teflon covered indium wire was wound on a
copper former, the teflon was cut away along the length of the
former (except for Bl)* exposing about one mm of indium wire from

each loop. This procedure insured good thermal contact between

*In order to determine the effect of the teflon insulation on
thermal response, the teflon cover was not cut in the case of
thermometer Bl.
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the indium element and the exchange gas. & copper sleeve

(about two thousandths of an inch thick) was slipped“ovér~the
first layer and soldered to the base of the former prdviding a
thermally anchored support for the second layer. In this way

four successive layers were wound as shown in fig. 2. The

~ capsules were now sealed following the same procedure as

descfibed for the type A thermometers. These.three thermometers
Bl, B2 and B3 were laged’ for a period of about eight months.
Thermometer B3’ was then cycled between room temperature and the
temperature of liquid nitrogen 24 times a day for several days,
beihg immersed in liquid nitrogen for about 15 minutes, then
removed for about 45 minutes by a motor driven mechanical

device.
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CALIBRATION AND REPRODUCIBILITY MEASUREMENTS

All calibrations were done with respect to a platinum
thermometer (LN 1586296) which was calibrated above 11%K at the
laboratories of the National Research Council of Canada to better
than 0.01°K. Below 4.2°K it was calibrated in our laboratory
with respect to the 1958 helium vapour pressure scale. The |
resistance-temperature relation between 4.2 and 11°K was
obtained by a method of interpolation, discussed by Kos and
Lamarche (1967), and is believed to be accurate to about * 0.01°K.
A Guildline tybe 9174 potentiometer and a type 9460 photocell
galvanometer amplifier were used to measure the values of

6

-resistance to an accuracy of about # 107 ohms for the type B
design. However the galvanometer-amplifier detector was not
available during calibration of the type 4 design and a simple
galvanometer and scale (at a distance of about . 45 feet) were
used. The expected accuracy was about * 3 x 10"6 ohms
corresponding to a maximum error of about = .03°K in temperature
below 20°K,

Two sets of measurements were taken, the first set for
Al, A2 and A3 thermometers, the second set for Bl, B2 and B3
- thermometers. Three indium thermometers and the platinum standard

were coated with vacuum grease and inserted into wells drilled

in a copper block 13" in diameter and 4% long. The block was
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cOated with vacuum gréaée and fitﬁed into a copper chamber. A
heater of manganin wire was previously wound on and cemented to
this chamber. The thermometer leads were passed from the chamber
»through a ten tgrminal feed-through stupakoff seal and were wound
around and cemented to the chamber to minimize heat leaks into |
the thermometer filaments via the leads. The chamber was then
vacuum sealed with an indium-o-ring,evacuated, filled with one
atmosphere of helium gas and mounted in a cryostat as shown in
fig. 3.

The temperature of the chamber was easily controlled to
within a few millidegrees’by manually varying the current through

‘the heater.

Measurements on type 4 thermometers:

For 4l a total of eighty calibration points were tak-.
in three separate runs covering a range~fr6m 4.2 to 80°K. The
data obtained for /42 indicated that short circuits occurred
‘intermittently between adjacent loops in the coil during the
méasurements. Eventually a short between two layers occurred at
about 120°K changing the resistance by about 15%. A3 was
calibrated between A.ZOK and room temperature and this calibration
was followed up by two more reproducibility runs - yielding a

total of 140 points.
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Measurements on type B thermometers:

These measurements were carefully designed to
facilitate on accurate least squares fit of the data. Points
~were taken at intervals of 0.2°K from L.2 to lZOK; of O.SOK
from 12 to 15%K; of 1.0°K from 15 to 20°K; of 2.5°K from 20 to
, 80°K; of 5°K from 80 to BOOOK, yielding a total of 140 points
for each thermometer. These thermometers were then cycled
between room temperature and nitrogen temperature four times
and between room temperature and liquid helium temperature an
additional six times over a period of about two weeks., A

reproducibility run was then carried out.
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ANALYSIS OF RESULTS

The data obtained from the calibration runs were curve
fitted by the method of least mean squares to polynomials of the

B n .
form R = ¢ AiTl. To obtain good fits it was necessary to divide
i=o

the 4.2 to 29OOK regioh into seven parts and to represent each
by a different‘polynomial. For example, table I'gives the
coefficients of the polynomials fitted to B3 and the range of
the applicability of each polynomial. The degree of each
polynomial as well as the most appropriate range were found by
trial and error.

To determine the reproducibility, experimental points

-from the reproducibility run for each thermometer were compared

with the values given by the polynomial expressions obtained
from the previous run. The difference between the two sets of
values is an indication of the reproducibility of a given

thermometer.

Type A thermometers:

For xl, calibration data was obtained between 4.2 and
80°K and was curve fitted to four polynomials with an accuracy
of about = 0.02°K. is previously noted, the measurements for iR
were unreliable., The data for A3 was fitted to about = O.OZOK
between 4.3 and 50°K and to better than = 0.03°K between 3.7
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and 290°K. The reproducibility runs for Al and 43 yielded |

resuits which were within =# 0.0BQK of the &alues obtained in the

initial runs, 2
The method used for insulating the filaments of the

type A thermometers does not produce dependable results as

indicated by thé breakdown of A2. However A3, which was covered

with three layers of glyptal, has been handled over a period of

two years during which no shorts had been detected. The

differential thermal expansion between the glybtal and the

indium probablf‘introduces strains in the indium and gives rise

to a poorer reproducibility. Yét, if a tolerance of two or

three hundredths of a degree is permissible, a small, compact

thermometer, or one of very high initial resistance, may be

constructed.

Iype B thermometers:

These thermometers were calibrated to better than
0.01°K and the polynomial curve fits passed through the
experimental points wiﬁh an average deviation of about 5
millidegrees. When the experimental points from the
reproducibility runs were compared with the values given by the
appropriate polynomials, they were found to agree to bettep than
0.0loK, for most points, for thermometers B2 and B3. The results
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for B3 are given in table II which indicates that the
reproducibility at most temperatures is several millidegrees.
Four bad points occur around 90°K and may be attributed to a
lack of good thermal equilibrium.

Lis previously noted, the teflon insulation was not
cut for Bl, henee the thermal contact was expected to be.poor,
To obtain an indicatioh ef the temperature leg for this deSign,
readings were taken just after B3, B2 and the platinum
thermometer reached equilibrium. It was foune that B3 and B2
reach equilibrium in about the same time or sooner than the
platinum thermometer, however it took about twice as long for
Bl;  The lag was more pronounced at higher temperatures and
" resulted in a maximum error of O.OAOK above 190°K, whereas the
error between 4O and 190°K was only 0.02°K and that between
L.2 and AOOK was less than 0.01%K. ‘e mey conclude that unless
~ the teflon cover is opened to allow a direct contact of indium
with the helium exchange gas, one must be prepared to wait

somewhat longer to attain thermal equilibrium.
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CONCLUSION

The reproducibility of the type’B indium thermometer
over the entire 4.2 to 290°K range was found to be about =* 0.0loK,
- which is better than previously reported for other designs.
Since the measurement of reproducibility was probably limited
by the accuracy‘of our measurements, rather than by the actual
reproducibility of the resistance values, further studies
(employing a better quality potentiometer and a primary
thermometer of high reliability) would probabl& yield better
values than qudted here.

Unfortunately the resistance function differs from
one thermometer to another by a considerable amount though the
thermometers were constructed of indium wire from the same
spool. The smallest deviation (between B2 and B3) expressed in
terms of temperature was as high as 0.1°K. This confirms the
conclusion of Orlova et al. (1963) that the Z-function proposed
by White and Voods (1957) is not sufficiently accurate for
thermometric purposes. .S a consequence each thermometer has
to be calibrated at a number of points. This, however, is also
the case for platinum thermometers.

Throughout the entire range the thermal response of
B2 and B3 is as good as, or better, than that of the platinum

thermometer - but Bl is inferior in this respect.
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The type B design compares favourably w1th platinum
thermometers as concerns ruggedness of constructlon. Moreover
1nd1um thermometers have an advantage over the latter in the

L.2 to 15 K region where their inherent temperature sensitivity

- 1s about ten times that of platinum thermometers. If the larger

mass and hence the larger heat capacity of these thermometers is
of no consequence, they may with advantage replace platinum
thermometers particularly in applications where the equipment
available for resistance measurements is not of the highest
quality. Indeed, in these applications, the very magnitude of
the heat capac1ty permits the employment of much higher measuring

currents, swamping the effects of thermal e.m.f."s, and providing

high sensitivity.
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FIGURE CAPTIONS

Figure 1 Type i Indium Resistance Thermometer.
Figure 2 Type B Indium Resistance Thermometer.

“Figure 3 Schematic Diagram of the Cryostat used in the
calibration of thermometers. 4 - Line for pumping and for

the electrical 1eads; B - Thermal anchor for the electrical
leads; C - woods metal seal; D - ten terminal Stupakoff seal;
E - indium #0%-ring seal; F - helium exchange gas;

G - thermometer leads thermal anchoring; H - exchange gas or
vacuum; I - copper block containing the thermometers; J - one
of the three structural posts holding the base assembly;

K - copper chamber for the block I; L - heater windings;

M - Outer copper vacuum chamber; N - thermal insulation
consisting of a stainless steel ball bearing between two thin
slices of agate. There are three such supports. A4t the center
a similar arrangement holds the thermally isolated part firmly
in place.
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Temperature

Range in

deg. K

4.200 to
8.379 to
17.160 to
41,880 to
83.600 to

145.900 to

1199.650 to

8.379
17.160
41.880
83.600
145,900
199.650
291..000

TABLE I

Coefficients of Polynomial Fits to B3

Coefficients
L 6 7 | 8

>o x 10 bH x 10 >m x 10 bw x 10 »b x 10 bm x 10
-0.30965868 +2.2031785 -51.637333 +519.14462 —146.51399
+0,908L7677 —2.7538375 +25,207304 —21.766816
+3.6349013 -8.3613779 +69.06141L -179.87007 +25.288211 -1.4900336
~5.3466200 +3.1833092 +7.3975316  —7.7089118 -+0.30011848
-10.706581  +6.5480378 -0.39466911 +0,22557409
—-3.8089032 +5.1358625 +0.57778732
~1.9960068  +4.94853L9 +0.62615188
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TABLE IT

Reproducibility of e:mdswamdo& B3
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Temperature Resistance Resistance Difference Difference
(Second Run) (From Curve Fits (Second Run) in Resistance in Temperature
(%) to HMMH.md Run) (ohms) (%)
ohms)
4.802 0.0054531 0.0054765 +0,0000235 ~0.012
5.250. 0.0063679 0.0063468 +0.0000211 +0.009
5.636 0.0073399 0.0073313 +0, 0000086 +0,003
6.306 0.0096392 0.0096359 +0.0000032 . +0,000
7.227 0. QL4547 0.0L4555 +0, 000008 -0.001
8.142 0.021924, 0.021873 +0. 000051 +0.005
8.229 0.022768 0.022748 +0, 000020 +0,002
10.114 0.047658 0.C47701 +0, 00004, +0,003
12.107 0.088309 0.088245 +0,000061, +0.003
©14.270 0.1479R 0.14795 -0, 00003 ~0.00L
16.1.09 0.21040 0.21042 -0.00002 -0,001L
18.616 0.31028 0.31039 -0.00010 -0,002
20.202 0.38094 0.38084 +0.00010 +0,002
25,506 0.64850 0.64838 +0,00012 +0,002
3L.473 0.98637 0.98634 +0.00000 +0.000
35.391 1.2211 1.2212 -0.0001 ~0,002
- 40.168 1.5155 1.5155 +0.0000 +0..000
47,101 1.9480 1.9480 -0, 0000 +0,000
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Temperature
(Second Run)

(°k)

Resistance
(From Curve Fits
to First Run)
(ohms)

58.411
69,604
78.848
87.35%
87.433
89.461
100.69%
109.395
118.777
127.267
134.643
i42.842
155.065
161.242
167.550
175.575
184.753
191.116
198.059

2.6618
3.3698
3.9559
L.4978
L.,6302
L .6319
5.3519
5.9146
6.5271
7.0876
7.5793
8.1338
8.9723
9.4025
9.8456
10.4175
11.080
11.547
12.057

N

Table II (contic)

Resistance Difference
(Second Run) in Resistance
(ohms) (ohms)
2.6619 ~0.000L
3.3697 +0.0002
3.9557 —-0.0002
L .1,969 +0,0009
4.6322 —0.0020
4.6313 -0.0023
5.3527 -0, 0003
5.9143 +0.0003
6.5267 +0,000%
7.0876 -0.0000
7.5799 —-0.0000
8.1335 +0, 0003
8.9721 +0.0003
. 9.4023 +0.0002
© 9.8452 +0, 0904
10,4179 +0,0003
11.079 +0.00C5
11547 +0, 0008
12.057 +0,0002

Difference in
Temperature

(°k)

-0.002
+0,003
-0.003
+0.01L
-0.032
-0.037
-0,012
+0,004
+0.006
-0.00L
-0.00&
+0.005
+0., 004
+0.002
+0.005
+0.005
+0.003
+0,010
+0.003

73




20 -

Temperature
(Second Run)

(°k)

208.151
215,560
222,147
228. 511
256 k5
261, .1.58
272.605
282,535
289.851

Resistance
(From Curve Fits

~ to First Run)

12.814
13.377
13.883
14.378
16.608
17.266
17.943
18.380
19.404

Table II  (cont!d)

Resistance
(Second Run)
(ohms)

12.814
13.377
13.883
1L.377
16.608
17.266
17.943
18.781
19.405

Difference
in Resistance
(ohms)

-0,0001
-0.0000
+0. 0006
+0.0006
+0.0002
+0.0008
+0.0002
-0,0008
-0.0010

Difference in
Temperature

(°k)

-0.002
-0.000
+0.007
+C.008
+0,003
+0.010
+0.002
~0.009
-0,011
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~ Chapter IV

DATA ANALYSIS

4.1 CURVE FITTING BY THE METHOD OF LEAST-MEAN~SQUARES

Measurements are always accompanied by errors,
systamatic errors and random errors. The former are due to
inherent limits of sensitivity and defects in the calibration
of equipment. It is often possible to discover the causes of
these errors and, to some extent, to correct for them. Random
errors are due to unknown causes but may be treated by statis-
tical methods if they satisfy certain requiréments. For the
data with which we are concerned the requirement is that tﬁe

distribution be Gauésian; that is, it must approximate the

equation %2
wix) = e 20
g Rm
or
22 ;
N =8 o-h"x , (4.1
n
where w(x) = N, h? = —15 , 0 is the standard deviation,
R0

N is the frequency of a value occurring in a given interval and
x = (Xi - X) where X are the true values and X, are the
measured values,

In this work we make considerable use of the method of
least-mean-séuares to fit an equation to a set of data points
determined by two variables. Curve fitting gives a smooth and
continuous representation of physical quantities which had been

determined at discrete intervals and the principle of least-mean-
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squares provides a criterion for obtaining .the most probable
values of the measured quantities. Consider for example the
simple case where n measurements have been taken, the i-th one
having the error Xy The probability thgt Xy lies Dbetween X3
and X; + dxi is determined from (4.l) to be

2.2 '
h ""h X- :
Pi = e i dxi (L.2)

Since each measurement is an independent event the probability of
the occurance of n errors Xys XpeonoX is the product of n terms

n
- like (4.2). Hence,

. |
21,2 2 . 2

_ I _ hyn ~h*(xS + x5 + ..... x%) :

P=szg Py= () 1 2 n' dx; dx,..dx

which is a maximium when the‘exponent of e is a minimum. We must
therefore set

xi + xg +....x§ = a minimum,to obtain the most probable
value of the quantity measured.

A method of doing the least-mean~squares fit of a poly-
nomial to a set of discrete data is discussed by Hildebrand [30].
The goodness of fit is determined by the standard deviation

R, %

( )

E

™Mz

RMS .

i=1

where Ri is the residual at the i-th point, N is the number of
points, and k is the number of coefficients. The standard error

- in each coefficient a; is estimated by

1
- z :
(0 a;)pms = A%y Epys.

where Aii is the i-th diagonal element of the inverse of the

matrix of normal equations. A computer program based on the
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- above method was used extensively in the prosent work.

l.2 MEASUREMENTS OF THE STABILITY OF THE OSCTLLATOR

The stability of the variable-frequency oscillator was
determined by observing the variations in frequency when the

sample was held at a constant temperature of 8°K. To simulate

actual operating conditions these measurements were taken one
every minute for two and a half hours. When the helium level
was too high (near the top of the dewar) or too low (near the top
of the expansion cell) a drift in frequency was observed. How-
ever in the intermediate range - permitting é running time of
about two hou;s the drift was negligible. The data points
(frequency versus time) from the intermediate region were fitted
to a straight line by the method of least-mean-squares yielding

an equation

F = FO + Bt (4.3)

The standard deviation of points from this line was calculated

to be 11.09 cps., and the maximum deviation was 20 cps. when the
oscillator was operating at a frequency of about 40 mcs. The
actual value of FO in (4.3) was 39,966,010 + 2.5 cps., and the
value of B (the drift coefficient) was (1.05 + 5.17) x 10~% cps. -
indicating a drift iﬁ frequency of only 1 + 5 cps. over a period
of about two hours. The data was further analyzed to determine
whether the distribution of points about the average value given
by (4.3) was Gaussian. For this purpose it was represented in
the form of a histogram with an interval of one cycle pef second.,

A normal curve was fitted to the histogram and Pearsonts Chi-~
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square test indicated that the distribution was indeed Gaussian.

In practice several stability runs were made and in
general the results were the same as for the above case. How-
ever, occasionally, the stability was about three to five times
asvbad as that stated above. It was also noticed that one set of
measurements was much worse than the others. We are still uncer-
tain as to the cause of this erratic behaviour.

Mechanical vibrations from within the building, and
from the traffic outside are probably the main scurse of noise.
Measurements of the level of vibrational noise in the laboratory
have not been made and it is therefore not possible to establish
if the occurance of instability is due to vibrational noise. It
has been observed that when the humidity is exceptionally high
a considerable amount of snow gathers around the top of the
nitrcgen dewar and that some of it falls through the nitrogen
to the bottom of the dewar. Hence it may be possible to attribute
the unusually low stability to the effects of humidity. In

any case a poor run is easily recognized and discarded.
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4.3 TEMPERATURE DATA

Temperature measurements were made with a platinum
resistance thermometer which was calibrated as described in

Chapter III Section 3 - hence an equation

R = £(T) (b

‘was‘available. _Readings of the potential drop across ﬁhe
thermometer and across a standard one ohm resistor were taken and
converted by computer to values of resistance. From these it was
necessary to determine the temperature, conéequently an equation

of the form ‘
T = f£(R)

would have been preferable. In practice this difficulty was
overcome by a method of iteration by computer. A “trial
temperature® T was set to be 13.000°K and inserted into (4..4),
the resulting value of R was compared with the measured value RM.
If it was smaller than RM the “trial temperature was increased
in steps of one degree until R became larger than RM. DNow T was
decreased in steps of 0.10%K - and so on, until the agreement
between R and RM corresponded to a difference in temperature of
0.001°%K or less. The values of temperature obtained in this way
were punched on cards (by computer) and used for further
calculations.

A great deal of effort was devoted to improving the

accuracy in the measurements of temperature and the expected error
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may now be quoted as about + 0.01°K. The justification for this
work becomes evident when we investigate the effect of an error
in the temperature - er(T) -on the required results. For example,

consider the effect of er(T) on the ordinate AL when equation

2
LT
{(4.8) of section 4.5 is plotted in the form

AL - p 4 BT?

LT*

If Px is the probable errcr in a quantity X and Py is the probable
error in a quantity Y, then the probable errors in the values

XY and % are given by Margenau and Murphy [33] as

P(XY)

ﬁ:’\/(xpy)2 (YR )2

and

1~ /v2p 2
2 Xy

P (%)

il

]

25 2
+ Y Px

respectively. We may set ~A%~ = X and T2 = Y. For copper at

10%€ X~ 8 x 107 and ¥ = 104, P_= 10710 ana P _=v27107"

L. 10 128 x 10710 10716
-11 LT
0.15 x 10~ which corresponds closely with the value of the

(for er(T) = 0.01°K) then F

standard deviation of —A% calculated from the fit of -A— against
T2, The first term unggr the square root sign is the Egntrlbutloni‘f
from er(T), whereas the second term is the contribution from the
error in the expansion measurements. We notice that both con-

tribute equally to the total error. If however er(T) was 0.10°K

the equivalent expression would be

~ 10~k \/1 28 x 104 4+ 10710 L 0.11 x 10"lO

( LT?
and the error is due mainly to er(T). At 15°K where %L is much

larger, then the error Pl—A—Ii
| |72

is due mainly to er(T) even for
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' er(T) as low as 0.01%K. At 429K however, where the thermal

expansion coefficient is very small

[aLy o 1.7 -20 ", =207
P ‘~ﬁE§’ ~ 535\’18 x 10 + 256 x 10

for er(T) = 0.01°K and,

.
= _l-“/&s x 10718 | 2,56 x 10°18

p(_A.]_;'_ .
2561

LT?

for er(T) = 0.01°K. Hence, in our case the total error is due
mainly to the limitation in sensitivity of the dilatometer. Is
however er(T) was greater than 0.03%K its contribution would be
significant. : |
The above considerations emphasize that a statement of the
sensitivity of a dilatometer alone does not indicate its quality.
It is equally important to state the accuracy to which the tem-
perature can be measured. Only if the above information is
available is it possible to calculate the accuracy of the

instrument for a given sample at a given temperature.

hode EXPANSION DATA

Values of frequency F were read directly from a frequency

counter and related to the capacitance C by the equation

LC (Clcs + CC_ + C,0C)

s 1

1 { CiC2 + 002 + ClCS + CCS + ClC
2

-

which is derived in Appendix I and there designated as (A 1.16).
The value of C however is not a simple function of the spacing
between the two plates and a correction for edge effects must be

made even when a guard ring is employed. A formula due to Maxwell
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“and discussed by Hartshorn [34] gives

2 /
= L + I'w W_
=D L(DF 0.z (1 + gr) | (he5)

where r is the radius of the central electrode P2, w is the spacing
between the guard ring and plate P2 and D is the gap between the
capacitor plates Pl and P2. The constants Cl, 02 and CS were
measured with a capacitance bridge to an accuracy of about 0.0l%,
The constants r and w were measured with a traveling midrosCope
to an accuracy of 0.001 cm., that is to about 0.03% in r. To
obtain the value of L, C was measured at 4.2°K with a capacitance
bridge and the corresponding value of frequency was recorded -
permitting the calculation of L from (A 1.16); Substituting (4.5)
into (A 1.16) gives F as a function of D. In practice D is
required as a function of F and this calculation was done to
twelve figures in D by an iteration of the same type as described
in the previous section. The values of the gap D along with the
associated valﬁes of the temperature T were punched on cards

(by computer) and are hereafter refered to as T.D. data.

4.5 ANALYSIS OF RESULTS

The T.D. data may be analized in several ways. It is
possible to calculate- the average linear thermal expansion

coefficient q directly from the equation

a = "%%T— (L4.6)

where AT is a discrete temperature change, Al is the related chrnge
in length and L is the total length of the samrle. For metals

at low temperatures we expect on theoretical grounds that
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o= al + bT3 | | ’ (4.7

whére the térms aT and bT3 are due to the ¥“pressure® of the
electron gas and to the anharmonicity of the lattice vibrations
respectively. This relation may be tested and the values of a
and b determined by ploting % against T2; The total expansion
per cm. from O%K to a temperature T is given by %L and is simply
the summation of all terms %L. From (4.6) |

L /T L ogr - _[T o dT

Jo - Jo

If (4.7) is valid then

~§%L- = AT? + prk (4.8

where 2A = a and 4B = b. Alternately if (L.7) is valid we may
measure %L and plot AL§ against 2 to determine A and B. Now g
‘may be calculated frgg equation (4.7) | ’

In practice measurements are restricted to the range above
4.2°K and the curve (4.&) must be extrapolated to 0°%K to give the
correct value of pAL. Another difficulty arises if the relation
(4.7) is not strictly valid - then the values of & cannot be
determined as indicated above. This method however has several
advantages. It lends itself easily to determining values of
o, A and B from T.D. data and the values of ¢ are not average
values as in the case of equation (4.6). The 1atter'consideration
is important at the lower temperatures where the expansion
coefficients are usually small and vary rapidly. From (4.7) the

‘ratio of the electronic to the lattice term is

aT I - 2A - A
bT3 HT2 LBT? 2BT?
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" whereas the corresponding ratio from (4.8) is

ATE A
BT BT

- twice the above value.

'Consequently the second method gives the electronic term to
greater accuracy.

In practice a, b, A and B in equations (4.7) and (L. 8)
are not determined graphically but numerically by the previously—‘
discussed least-mean-squares program which also provides error
estimates of these coefficients. This method has the advantage‘
of speed and accuracy in computationﬂ‘ The values obtained,
expecially of the error estimates are unbiased for they do not
rely on judgements of the eye as do graphical methods.

It is also important to determine whether the relation
(L.7) is valid over the range where measurements were taken. The
usual method is to fit the data (either graphically or by computer
to a curve and to decide from the scatter of points and from the
standard deviation if the fit is good. A more reliable indication
of the validity of (4.7) is obtained in the following way:
Points between 4.2 and 8%k areyused to obtain the first fit to

equation (4.7) and to obtain the coefficients Al and B Then

lﬂ
points between 4.2 and 9°K yield a second fit and the coef-
ficients A2 and B2, and so on, until all the points up to 15°K

have been used. If A.

3 and Bi are approximately equal to Al and Bl

up to a temperature T and deviate from these values abcve T, then
we may conclude that (4.7) is valid only to temperature T.
Furthermore the variations between the values of Ai and Bi (in
the region where (4.7) is valid) provide another indication of
the accuracy to which A and B can be calculated from a given set

of data.
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Chapter V

BESULTS AND DISCUSSION

5.1 SPECIMENS

Measurements were done on three polycrystalline samples;
namely, copper, silver and gold, and on one single crystal of
‘copper. The first three were supplied by Johnson, Matthey and
Co. and were quoted as being 99.999% pure, 99.999% pure and
99.997% pure respectively. The following impgrities were found
in the copper sample: iron ~ 2 ppm.; silver ~ 4 ppm.; silicon ~
1l ppm.; cadmium < 1 ppm.; lead < 1 ppm.; and magnesium < 1 ppm.
The impurities present in the silver were: iron ~ 5 ppm.;
copper ~ 2 ppm.; cadmium < 1 ppm.; calcium < 1 ppm.; magnesium <
1 ppm.; and tin < 1 ppm. The impurities present in the gold
were copper and sllver with possible traces of selenium and
tellurium.

The single crystal of copper was supplied by Semi-
Elements, Inc. and was quoted as being 99.995% pure and oriented
along the (1, 1, 1) axis. X-ray photographs taken in this
laboratory verified that the sample was indeed a single crystal
and confirmed the orientation to within several degrees of arc.
All specimens were in the form of a rod about 7 mm. in diameter

and 10 cm. long.

2.2 MEASUREMENTS ON POLYCRYSTALLINE COPPER BETWEEN 4.2 AND 15°K
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5.2 (&) Purpose

There were two reasons for doing measurements on poly~
crystalline copper. First, it has been investigated by all
workers doing measurements of thermal expansion between 4.2 and
15°K and is generally accepted as a reference. The measurements
on copper could therefore be used to test the apparatus which we
constructed. Secondly, theoretical calculations relating the
electronic and lattice terms in the thermal expansion to the
~electronic and lattice terms in the specific heat were carried
out by Collins [28] and [34], for copper, silver, and gold.
Although excellent values of the electronic and lattice com-
ponents of the specifié heats of copper, silver and gold were
obtained by Martin [35], no good measurements of the thermal
expansion were available for gold in the low temperature range.
The electronic component of the thermal expansion of silver
- Was not avallable and the experimental results for the electronic
component of copper appear to be in disagreement with the
theoretical values. The table below (taken from Collins [28]
and [34] gives the currently available information for copper,
silver and gold, where Y, is the high temperature limiting value
of v, Yo is the low temperature limit of vy, and Yo is the value

associated with the electronic contributior.,

Specimen Y Y.

® Y
Theor. Exp. Theor. oExp. Theor. © Exp.
Copper ~ 1.98  2.00  1.77 1.69 £.05 1.01 .1 0.70% 0.20
Silver 2.40 2.4 2.22 2.2 £ .1 0.94 -
Gold 3.04 3.0£.06 2.92 - 1.23 -
TABLE I '

A gomparison of theoretical and experimental values of
Gruneisgen gammas for copper, silver and gold.
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| There appears to be some uncertaint& concerning the
values for copper since White's [36] most recent ﬁeasurements
on this element were published in 1964 yielding Y, = 1.72 « 0.03
and v, = 0.63 + 0.06, whereas the values given in Table I were
published by Collins in 1966. In any case it is of interest to
determine with certainty whether the experimental values do,

or do not support the theoretical work.

5.2 (b) Results for Polycrystalline Copper

The T.D. values obtained from measurements on copper

were fitted to & polynomial of the form
D= A+ BT + CT® + DT2 + ET¥ + Fp?

The standard deviation in D was found to be about 1.2 x 10-9.
Tﬁe change in the length of the ten centimeter sample was there-
fore known with an accuracy of about 1.2 x 10-10 cm./cm. for each
point. Since 125 measurements were taken over the range
investigated, the accuracy on the basis of statistical analvss -
is about 1071 cm./cm.

The T.D. data were further analyized according to the
'procedures outlined in section 4.4 and the results are presen-~
ted in Table II for Run 1 and in Table III for Run 2. Table IV
contains values which ére the averages of those obtained for
Runs 1 and 2. The values of a, b, and a were calculated from
a fit of equation (4.8) to the T.D. data. That is, points from

L.2 to 8%K were fitted to equation (4.8) to yield the values of
q .

& and b given in row 4, columns 1 and 3. The value of o given in

row 4, column 5 was derived from (4.7) using the above values of
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a and b. When data‘to 99K were included in the fit, theznéw
values of a, b and ¢ appearing in row 5, columns 1, 3 and 5 were
obtained - and so forth. Equation (4.7) provided values of @y
when the a, and b in that equation were found by simply averaging
the eight values of a and b given in columns 1 and 3. Hence for

Run 1 (4.7) is
1010 6, = 1.516 T + 0.2788 T3 ‘ (5.1)
and for Run 2 it is

1010 oy = 1.580 T + 0.2713 T3 (5.2)

The values ag were obtained by graphical intefpolation of the

values of o calculated from equation (4.6).

Terp. a ETY:| b +ADb o TA oG
in Kk (x10'%) (:10%0) (x10'%) (x10M) (x108) (x108) (x108)

5 424,520
6 688  ,670
7 - 1.G62 1.140
8  1.460  ,042 2.812 .019  1.592 1.549 1.520
9  1.479  .028 2.802 010 2.193 2.169 2.160
10 1.48S 022 2,797 .007 2.970 2.940 2.9.40
11 1.507 .017 .2.790  .005 3.850 3.878 3.830
12 1.529 016  2.782 .004  5.055 5.000 4.900
13 1.550 0L, 2.775 .003  6.327 6.322 6.090
1,  1.556 Ly 2,774 .003  7.64L6 7.86L 7.710
15 1.551 012 2,775 .002  9.136 9.637 -

TABLE IT

Experimental results for polycrystalline copper - Run -
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Temp ‘iaa b +AD o ap a

;2.._~_133910) (x10%%) (0™ (a10Y) (:108) (x108) (x108)

5 418  .510
6 675 .690
7 1.041 1.010
8 1.528 .028  2.7L6 022  1.568 1.515 1.4L00
9 1.616 .033  2.699 012 2.137 2.119 2.020
10 1.619 .027  2.698 .009 2.891 2.870 2.830
11 1.602 .019  2.705 005 3.820 3.784 3.760
12 1.594 .017  2.708 {004 4.942 4.876 4.760
13  1.582 01lL 2,712 .003  6.202 6.164L 6.270
14 1.560 .013  2.719 002  7.761 7.663 7.590
15  1.543 011 2.724 .002  9.678 9.390 9..490
TABLE ITI
Experimental results for polycrystalline'copper - Run 2
1Eemp. a Zi o 73—__{) o E,—A Aa A o c
in °k  (x10%0) (x10%0) (xlOll) (x101) (x108) (x108)_(x108) (x10%)
5 0.421 0.006 0.51
6 0.681L 0.013 0.68&
7 1.052 0.021 1.08
8 1.494 0.068 2.779 0.066 1.580 1.532 0.034 1.46
9 1.547 0.137 2.751 0.103 2.165 2.14, 0.050 2.09
10 1.554  0.130 2.748 0.099 2.930 2.905 0.070 2.8,
11 1.555 0.095 2.748 0.085 3.835 3.831 0.09, 3.80
1z 1.562  0.065 2.745 0.074  4.998 4.939 0.124 4.83
13 1.566 0.032 2.744 0.063%“'6.264. 6.2, 0.158 6.18
14, 1.558 0.004 2.746 0.055 7.703 7.764 0.201 7.65
15 1.547 0.00€ 2.749 0.051  9.407 9.515 0.247 9.49
TABLE IV

Averages of the values of a, b, ~, oy @ and «; given in Tables II
and III. The values of Aa 55 and AQA are not averages of aa,ab
& Aoy but represent the differences between the values of a,b,

and o, taken from Run 1 and the corresponding values from Run 2.



The differences between the values ey and o are sufficien-
tly small to be accounted for.entirely by the experimental errors
in a and b. We may therefore conclude that equation (4.7) is
valid to at least 15°K. The a, are also in good agreement with
ap and o above 9°K, but tend to deviate from these values at

lower temperatures where the accuracy of graphical methods is

(,
"A
in fair agreement. As may be expected the standard errors pa and

lower. 1In this region however the average values EE and are
Ab in a and b decrease as more and more data points are included
in the calculations. It must be realized that these error limits
take into account only the effects of random efrors. They are
properly used to intercompare values of a and b derived from the
same run; howevér these error limits do not include the effects
of systematic errors which can be best estimated by comparing
values of a and b calculated from different runs. Hence in Table
IV we find the error estimates aa, ab and E;K obtained from the
difference between the corresponding values of Run 1, and Run 2;
for example, the difference between the a appearing in row 4,
column 1, of Table II and the a given in row L, column 1 of Table
IIT is 1.528 x 10710 _ 1.460 x 10710 _ 0.068 = Eg which appears
in row 4, column 2 of Table IV. This sort of simple calculation
is of course only an indication of the systematic errors present
and is in general a minimum value. A more realistic estimate
would be about two or three times as high, while a truly reliable
value can only be obtained by taking into account the work of
several investigators using different techniques to perform_the

- required measurements.

Calculations including all data points between 4.2 and
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15% yield
101% = (1.551 & 0.012)T + (0.2775 + 0.0002)T3 (5.3)

for Run‘l, and

10%% = (1.543 + 0.011)T + (0.2724 & 0.0002)73 (5.4)
for Run 2, where the error limits take into account only random
errors. In comparison, when the average values from row ll of
Table IV are used we have

10%%=(1.547 £ 0.008)T + (0.2749 « 0.005)1° (5.5)

However the most reliable values of the coefficients are obtained
by taking an average of the eight values 3@ an@ b of Table IV to
give

10%% = 1.547T 4+ 0.275173 (5.6)

In this case the selection of error limits for a and b
is rather difficult. From Tables IT and IIT the maximum
deviations pa are 3% and 2% respectively, and the deviations Ab
are 0.7% and 0.7% respectively. When all the data points are
used in the analysis the pa are not at most 1% and 0.8%, and the
Ab are at most 0.1% and 0.1%. From Table IV the maximum
deviations E% and E% are 9% and L%, whereas when points up to
15%K are included in the analysis the maximum deviations are only
0.5% and 0.2%. Choosing error limits of 3% and 1% we may use
the values a = 1.547 + 3% and b = 0.2751 + 1% with considerable
confidence. |

- The relation (5.6) is used in the following Table to

generate values of q

92



~ Temp. « x 107 ¢ x 103 Y ap x 107 ¢, x 10 Yy
P

in %6 %k ca1.%% & atom) °k~1 a1, %k g atom)
3 1.21 0.803 0.99  0.74 0.304 1
I 2.38 1.385 1.23  1.76 0.720 1.75
5 421 2.240 1.35  3.44 1.408 1.75
6 6.87 3. 440 1.42 5,94 2. 442 1.7
7 10.52 5.063 1.49 943 3.899 1.73
8 15.32 7.181 1.53 14.08 5,851 1.72
9 21 41, 9.878 1.56  20.05 g.385 1.71
10 29.05 1.324 1.57  27.51 1.157 1.70
11 38.31 1.738 1.56  36.61 1.555 1.69
12 49.39 2.238 1.58  47.53 2,038 1.69
13 62. L 2. 841 1.58  60.43 - 2.624 1.65

1y 77.64 3.555 1.57  75.47 3.322 1.63
15 95.15 4.398 1.55 92.83 L.148 1.60

TABLE V

Calculation of vy and Y1,

The specific heat data used in the above Table were taken
from Martin [36]. The values of Yy are calculated from

3 « VK
C

‘Y:

where V = 7.04 cm3 and K = 14.20 x lOll dyn./cm2 as given by
Overton and Gaffney (37]. CL is obtained by subtracting from C
the electronic specific heat C, = 1.663 x 10747 cal k71 (g atonﬂ*%
and g, is obtained by subtracting from q the electronic component

of' the thermal expansion Mg = 1.54L7T K-l; finally
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From Table V the

and from

Ye
we obtain

Ye

low temperature 1imiting value of YL is

St

1.7, = 0.02

3@8 VK

C
e

0.67 £ 0.02

Table VI presents a comparison of the relevant quantitiés

as given by various investigators.

Source

Shapiro et al
[38] {Ayrton
strip and
optical lever}

(1964)

Carr and Swenson
[39] {Differen~

R

-

tial transformer}

(1964)

White et al. [36]
{Capacitance
bridge} (1964)

(1) differential
cell graphical
analysis

(ii) differential
cell least-mean-
squares analysis

(iii) Absolute
cell graphical
analysis

This work

Collins [28) and
[34] Theoretical
calculations (1966)

A comparison of the values of &, b, Yo and Yo
work by several investigators.

a x lOlO

b x 1011

Yo ' Ye

-7€£0.25 0.310 0.008 1.95%0.05 1.2140.13

7 £ 0.5 0.29 + 0.2
,34:&0,15 0.280 %
0.014
1.47 0.26¢8
.5 +£0.03 0.284 =+
0.008
<547 + 0.275 =«
0.046 0.0027
TABLE VI

1.76 ‘ 0.7

'1.72 £0.03 0.63 £0.06

1.74 £0.02 0.67 £0.02

1.77 1.01 £0.10

resulting from recent
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5.2 (c) Discussion

It is evident that the experimental work'is.in good |
agreement with the exceptien of the values given by Shapiro et al,
- Their method of calibration could however, have introduced large
systematic errors into the measurements taken at low temperature.
The present work is in excellent agreement with that of White et
al. Both groups present values which are sufficiently accurate
for us to conclude that the theoretical work of Collins is not
supported by experiment. In fact the value Yo = 0.67 is exactly
that predicted on the basis of the free-electron theory.

The consequences of these results are not immediately
evident. The possibility exists that a theofy derived entirely
on the assumpiion of a single-crystal model does not apply to a
polycrystalline specimen. Certainly we cannot speak of a Fermi-
surface in connection with a polycrystalline sample, yet
calculations done on the assumption of a single~crystal model have

often been verified by experiments on polycrystalline materials.

5.3 MEASUREMENTS ON A SINGLE CRYSTAL OF CCPPER
5.3 (a) Purpose

The results of the previous section suggest that measure-
ments on a single crystal of copper might resolve the discrepancy
between theory and experiment. One could of course argue that
each minute crystal of a polycrystalline metal has its own Fermi-
surface and that measurements on a large sample simply reflect
properties of the crystalettes and that these should be ﬁha aa..

as for a large single crystal. Although this may be true at high
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- crystal of copper were analized in exactly the same way as before

-~ temperature where the mean free path of electrons is small, it

maf not neceSQarlly be valld at low temperatures where the mean
free path in single crystals of'high purity is known to be of the
order of several millimeters. fgain, it is difficult to under-
stand the significance of the concept of a Fermi-surface for
crystals sufficiently small that the mean free path of the
electrons is longer than the dimensions of the crystals,
expecially since the electrons leave and enter them from a

varity of difections. - Thus it appears that measurements on a

single crystal could be valuable in answering the above queries.

5.3 (b) Results for a Single Crystal of Copper

The T.D. values obtained from measurements on a single

bl
and the accuracy was determined to be the same as for measure-

ments on polycrystalline copper. In this case however, four

separate runs are presented in the following tables.

96




Temp. a -5 b AD a " €y ag
Deg- K x 100 k200 xagtl 101 L 108 4108 4 308

5 167 2
6 726 736
7 1.075  1.064
8 3.074 - ,051 2.520 2023 1.536  1.530  1.475
9 3.128 . 034 2.450 .013  2.097 2.105 2.01&
10 3.15¢ 026 2,478 009 2.794, 2.216. 2.780
11 3.14L 020 2,484 006 3.652  3.677  3.690
12 3.114 019 2. 494 .005  4.686  4.70L  4.710
13 3.066 019 2.510 004 5.913 5.911 5,975
14 2.99,, .022 2.532 004 7.367  7.315  7.54,0
15 2.878 035 2.565 006 9.089  8.929  9.23¢
TABLE VIT

Results of Measurements on a Single Crystal of Copper Run 1
Temp. a Aa b ab a A ‘“G
Deg. K x 100  x10%0 1101l L 101l 4108 o 108 x 108
5 L1482 480
6 <750 . 715
7 | 1.111  1.luo
8 3.102 .039 2.628 .018 1.584 1.581 1.455
9 3.142 - .025 2.606 .009 2.183 2.175 2.125
10 3.18) 021 2.5€E8 .007 2.876 2.609 2.815
11 3.224 .017 2.571 .005 3.777 3.799 3.71z
12 3.222 015"  2.572 .00, L.831 4.860  L.805
13 3.196 L0lL  2.580 ,003 6.08, 6.108 6.304
14 3.164 . 014, 2.590 .003 7.550 7.558 7,612
15 3.108 .016 2.606 .003 9.262 9,22 9.345

TABLE VIII

Results of Measurements cn a Single Crystal of Copper Run 2.
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Temp.

-9

p

a X! ‘ Ab o oq
Deg. K x 1070 x 1010 1011 10l L 10 x 108 x 108
5 479 480
6 RINS .719
7 | 1.101  1.075
8 3.148 .031 2.600 .004  1.583 1.566  1.510
G 3.242 .02l 2.550 .009  2.151 2.153  2.095
10 3.256 019 2.543 006 2,869 2.879 2.855
11 3.256 015 2. 54 004 3.74L 3.758 3,785
12 3.236 014 2.550 003 4.795 L.807  4.822
13 3.196 .01l 2,514 .003  5.639 6.039  6.070
14 3.146 016 2. 580 003  7.520. 7.471  7.600
15 3.072 .019 2.601 -003  9.23%  9.119  9..420
TABLE IX
- Results of Measurements on a Single crystal of Copper Run 3.

Temp. a ) b Ab a g Qg
Deg. K x 1080 %1010 x 1081 101l 10 x 108 x 109
5 472 4.75
6 734 6.85
7 : 1.088 10.10
8 2.86% .071 2.667 .033  1.595 1.54,8  14.20

3.180 061 2,509 .022 2,115 2.131  20.75
10 3.204 046 2.4,98 015 2.818  2.851  27.85
11 3.202 .035 2.499 .010  3.678 3.723  37.80
12 3.178 .031 2.508 .008 4,715 L.763  47.39
13 3.122 028 2.526 006 5.956 5,986  60.30
14 3.04k .028 2.550 .005  7.423 7.L08 76,00
15 2.954 .030 2.575 .005  9.134 9.043  93.75

TABLE X
Results of Measurements on a Single Crystal of Copper Run L
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We notice that agaih o. and o, are in good, agreement with
each other, hence equation (4.7) is again valid to at least 15°K o

Table XI below'gives the average values a, b, &, EZ and
EE of the corresponding quantities presented in the previous
four Tables. However, the values of pa, ab, and EEX are now the

maximum deviations from the average of the four runs.

L. — St stnacs
———s — —— — o —— ————

Temp. a A& b b a a,. A a
Deg. K x 10%0 x 1010 x 10%1 4 foll x 108 x 10% x f08 x Sob
5 .€75 0.008 46
6 .738 0.012 .71
7 1.094 0.018 1.06
& 3.0L7  .185 2.604  .OEL 1.577 1.556 0.026 1.4L6
9 3.173 .06 2.53¢  ,067 2.137 2.141 0.0356 2.06
10 3.200  .056 2.527 .c61 2.83¢ 2,864 0.048 2.80
11 3.207  .053 2.525  ,0L6 3.713 3.739 0.062 3.74
12 3.18¢8 074, 2.531 .04l L. 757 L.78L 0.079 L.76
13 3.145  .079 2.533  .047 5.973 6.011 0.099 6.09
1y 3.087 .093 2.563 .031 7.465 7.4,38 0.123 7.58
15 3.003  .125 2.587  .022 9.181 9.079 0.150 ¢.34

TABLE XTI

Averages of the values a, b, q, _a, 8n and g glven in Tables VII,
VITI, IX and X. The values of Aa Ab and /“A represent the

maximun deviations from the average values a, b and aA

Comparing the values in Table XI with those in the

corresponding columns of Table IV it is evident that the a

values are considerably larger than, and that the b values are
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somewhat smaller than those given in Table IV. The'maximum
deviations fron the mean i§; f% and ii are of about the same
magnitude as in Table IV.

| In the following Table we give the values y'and Y1,

for a single crystal of copper

Temp. o X 108 C x 10° Y c&.L'x.lO8 'CL x 107 Yy,
in °k  in %1 a1, 9l in %71 a1, ox-L
(g atom) L g atom) ™t
3 0.163 0.080 1.46  0.069 0.030 1.63
4 0.289 0.139 1.50  0.163 0.072 1.63
5 0.475 0.224 1.52  0.319 0.141 1.63
6 0.738 0.344 1.5,  0.551 0.244 1.62
7 1.004 0.506 1.55 0.875 0.390 1.61
g 1.556 0.718 1.55 1.306 0.585 1.60
9 2.141 0.988 1.55  1.860 0.838 1.59
10 2. 86l 1.324 1.55 2.551 1.158 1.58
11 3.739 1.738 1.54  3.395 1.555 1.57
12 L.78l 2.738 1.53  4.408 2,038 1.55
13 6.011 2.841 1.52  5.605 2.625 1.53
1k 7.438 3.555 1.50  7.000 3.322 1.51
15 9.079 l,.398 1.48  8.610 4.149 1.49
TABLE XIT

Values oi y and Y1, calculated from measurements of the
thermal expansion of a single crystal of copper.
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Proceeding as in section 5.2 (b) we have

10%% = (3.13 4 0.045)T + (0.2551 « 0.0025)T3
| Vo = 1.63 & 0.02
and
Y. = 1.34 % 0.02

5.3 (c) Discussion

The results obtained from measurements on a single 7
cfystal of cdpper were most unexpected. The electronic component
appears to be about twice as large és for polyéryStalline copper
resulting in a y which is now larger than the theoretical value
and is again far outside the calculated error limits. Furthermore
the value of Yo has decreased so that it is no longer in agree-
méht with the theoretical result. These observations are
difficult to reconcile with plausible arguments, however the
following considerations will be further discussed:

1. The possibility of experimental error. |

2. The effect of the orientation of the crystal in the

(1,1,1) direction.

3. The effects of impurities.

L. The possibility of an inadequate interpretation of

the linear term observed in the measurements of the

thermal expansions and the specific heats of metals.

1. The possibility of a serious experimental error can of course,
never be completely eliminated, however the greatest care and

effort has been exercised in the design and use of the dilatometen
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Furthermore the excellent agreement of our méasurements on
polycrystalline copper and silver with the work of'other invéS—
tigatdrs confirms the reliability of the apparatus used. Never-
theless independent measurements on a sihgle crystal of coppef
(preferably employing'é different method) would certainly do

much to dispell any doubts concerning the validity of the results

obtained.

2. The measurements were taken on a single crystal which was
oriented’along the (1,1,1) direction. Since the crystal lattice
of copper is strictly cubic the thermal expansion, described by

a second-rank tensor must necessarily be isotropic even though
the Fermi-surface is somewhat distorted in certain directions.
Consequently, it is very doubtful that the observed results could

be due to the particular orientation chosen.

3. Certain impurities, in particular dilute solutions of about
0.56% and 0.23% manganese in copper have shown a measurable
effect on the linear term in copper [40]. The purity of the
single crystal was however quoted as 99.995% and it is very
doubtful if 50 parts per million of any impurity could produce

the drastic effect observed.

L. The interpretation of the linear term observed in measure-

ments of the thermal expansions and the specific heats of metals
has enjoyed considerable discussion. Theoretically difficulties
arise when an attempt is made to include the possible influence

of inter-electronic interactions. Daunt [41] writes :Theoretical
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computations of Ce in the presence of exchange interaction have
successfully been carried out by Bardeen [42], Wohlfarth (431,
and Lidlard [44]; and Wohlfarth has shown, for example, that:

C T 7T
e
(a ~ban T)

where a and b are positive constants and I' is the coefficient of
~the T term in the specific heat. TFor Na at liquid helium tem-
perature, Wohlfarth estimated that marked deviations from the
linear function of T should occur and that Ce should be about nine
times smaller than the Sommerfeld value. Similar results were
obtained by the other works, all'stressing the great reduction in
the absolute value of Ce due to the exchange forces-.

On the other hand, the experimental I' values for the
metals of Group 1 to 4 all lie relagively near (within about a
factor of 2) the Sommerfled values and even the transition métals,
which yield very high rather than very low I values in general,
show no indication of deviations from the linear law of temper~
ature dependence. Daunt further states, “The suggestion has been
put forward by Wigner [45] that the inclusion of the effects of
correlation forces would result in an increase in the density of
states and so increases the value of Ce' Furthermore, he suggested
that this increase was sufficient to compensate approximately for
the decrease due to exchange interaction. Pines [46] has found
that at least for the alkali metals the effects of exchange terms
and correlation terms do cancel approximstely as far as the
specific heat evaluation is concerned, leaving the values of the
coefficients of the linear term approximately the same as the

elcctron values.
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However he discovered L47] that there is not a sinilar |
~ Cancelation,when similar corrections are made to the free
electron evaluation of the electfonic paramagnetic susceptibility,
It now appears that experimental observatidns of the linear term
defy a rigorous theoretical explaination, and that a value of Yo
for a single crystal of copper may indeed be different from that
obtained for a polycrystalline sample.

We must again consider the value Yo = 0.67 obtained for
polycrystaliine copper. On theoretical grounds the electronic

specific heat may be written L41] as

N N R S
Co =TT = 2/3n%k N(EF) T (5.7)

where  N" (p)'s 2T (30,173 (5.8)
1
I8

and m" and Nm(EF) become m and N(Ep) for a free electron gas.

For copper I is obtained experimentally and ~%%-is calsulated to
be about 1.40. For the thermal expansion Varley [27] gives

' ' (1 |
Vv Vv T r

e e

Substituting for Ce from (5.7) we have

i~ s & 4n N(E)
—L2. - £ 32 NT(E_) T / L+ | — 2 L
F } T
i

One would expect that for copper the N(EF) in expression (5.9)
would be the same as the N*(EF) appearing in (5.7) for the
specific heat. However e = 2/3 (experimental value for poly-

crystalline copper) is the case for a free electron gas, that is
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1.

for m' = m. Hence there is a contradiction betwqen*the~results
obtained from specific heat and that obtained from thermal
expansion. This is another indication that the experimental
valuos obtained for a polycrystalline sample may not be |

eccquatcly described by a single crystal model.
5.4 MEASUREMENTS ON SILVER AND GOLD

5.4 (a) Purpbse

No reliable values of the thermal expansion of gold,

below 15°K have yet been reperted, and the only data available

fOr silver in‘this range is the value Yo = Y, = 2.2 % .1

(for T < 5% ) published by White [48]. It is therefore interes-
ting to obtain more information abdut these noble metals, for
example, Martin [35] states, "Accurate measurements on the thermél
expansion of gold in the region below 10°K might reflect the

anomalous specific heat (observed by him).

5.4 (b) Results for Polycrystalline Silver and Gold

The same type of data enelvsis wasyattempted for measure-
ments on silver and gold as done on copper. However it was found
that the equation

3
a = aT + bT”

was not valid even to 6°K. Consequently the electronic component
could not be separated ocut from the lattice contribution. The

thermal expansion coefficient was therefore caiculated from
di '

i ot

L dt

=
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and is given in Table YXIIT for two sete of meéasurements on

silver.

- 1ol G - _.8 — ¢
Temp. n x 10 2 x 10 , n x 10 Ag. x 10
Deg. K Run 1 Run 2 SRR 4

5 1.77 - 1.77 -

6 2,50 2.60 2.55 0.05

7 3.86 3.69 2.78 .09

& 5.81 5.4 5.63 0.19

9 §.22 7.85 8.04 0.19

10 11.27 11.00 11.14 0.14

11 15.08 ©14.90 14.99 0.09

12 19.88 - 19.68 19,78 0.10

13 25.75 25.45 25.60 0.15

14 ©32.60 2. 40 32.50 0.10

0.18

15 40. 8L 41.19 41.02

TABLE XIII

Results of Measurements on Silver Runs 1 and 2.

Since the total contraction from room temperature to

4.2%K of a rod of silver 10 cm. long is about 0.8 x 10™° om.
greater than that of copper supports of equal length, it was
necessary to use a gap of about 1.1 x 1072 ci. between the
capacitor plates as cémpared to the usual gap size of about
2.9 x 1072 cnm. This resulted in a decrease in the accuracy
by a factor‘of about three as can be seen by comparing the
Eg values of silver with those of copper.

Since it was not possible to derive the electronic

components for silver and gold it was also impossible to
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calculate the true values of 1,

electronic contribution

lattice component that,

temperatures.

A better

(a) that the electronic

using the free electron

is sufficiently small compared to the

to a good approximation y ¥y, at low

However in these cases the

value of Y1 can be obtalned by agsum1n0~'

contribution can be accounted for by

value of Yoo yielding

that the theoleblcal value of Yo

assumed to hoid, in this

values are presented in Table XIV below

Temp.

o
o
x 10°

CV x 10

cal. "l

Deg. K in 9k~ (g aton)™+

1.77
2.55
3.78
5.63
§.04

11.14

14.99
19.7¢&
25.60
32.50
41.02

Calculations of vy and Yy, for w

silver.

L0568
.06
- 149
221
.316
438
- 590
778
1.007
1.279
1.601

NN NN NN N

NN

circumstance yielding vy, (T).

28
Y xLlO8

oK—l
L6 1,58
A4 2.32
.03 3.51
NoIS 5.32
<04 7.69
.04 10.76
O 1h.56
04 19.32
.04 25.10
04 31.96
<05 LO.L4
TABLE XIV

vy (F.E.)

given by Collins can be

These

(

g

050
086
.138
.20¢
302
422
573

= = El
ES ° %9)

A

(S

1 (Ko

~ W
~J

CL x 10
o
cal. “K

aton )'l

o

NNV N

NN

v
(F.E.
.53
.16
.0l
.0l
0L
.04
.0l
.04
.G
Ol
.05

(b)

X lO8
)in KT

.50
c22
40
.20
55
.60
-39
.13
.89
<Th
.20

easurements on polycrystalline

YL(T)

A

NN NN

NN

.3¢

-

07
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It is obv1ous from the above Table that thore is very
llttlc dlfferencc between y and YL(” E.) and YL(l) |

For measurements on gold it was p0531ble to adjust the

~ size of the capacitor gap to the Cesired vaiue hence the accuracy

of the results in the following Table is of the same mapnltuae as

for copper.

Cy x %0—1 J vy (FLE.) C; x %0_1 mL(T% Yy,

Temp. o ,cal. KTy x 10 cal. K Yy, x 107 (T)

~Deg. K x 10° (g atom)™t ox-1 (g atom)™ T (F.E ) : o
5 2.55  ,136 246 2.42 126 .52 2.31  2.41
6 L.62  .228 2.66 L.46 217 2.70  4.33  2.62
7 7.53  .356 2.78 7.34 INN 2.88 7.19  2.82
&  1l.42  .527 2.85 11.21 . 513 2.87 11.03  2.82
¢ 16.45 747 2.89 16.21 -732 2,91 16.01 2.87
10 22.75 1.030  2.92 22.,8 1.013 .91 22.26 2.88
11 30.62  1.382 2.91 30.33 1.363  2.92 30.08 2.90
12 39,71 1.806 = 2.89 39,39 1.775  2.91 39.12 2.g0
13 50.02  2.303 2.85 4,S.67 2.280 2.86 49.38 2.8,
i 61.80  2.377 2.82 61.43 2.853 2.83 60.74L, 2.80
15 77.38  3.523 2.85 76.98 3.497 2.8¢ 76.65 2.8

TABLE XV

Results and calculations of Yy and Y1, for polycrystalline gold

The yL(F.E ) calculated above was obtained by as sumlng that Yo
has the free electron value for gold, and the value yL(T) was
obtained by again assuming the theoretical value of Ye given by
Collins. The values of vy, YI(FLE ) and vy (T) are agaln very

similar, we may therefore use any one of the three as Yy and we
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chose YL(F.E;) = Yy for silver and gold. It is clear from the
pfeceeding Tables that YL(F.E.) is approximately cénStant from
lSoK down to about SOK, it then increases rapidly for silver and

decreases rapidly(for %old« This variation can best be observed
Yy (B,
in a graph of —~;Lw§~ versus T as given in Fig. 12.
T
If the constant part of YT(F.E.) is chosen as . then

we have yo = 2,04 + 0.06 for silver apd Yo = 2.91 + 0.02 for
gold, which compare favourably with the theoretical values.
Yo = 2.22 for silver and Yo = .92 for gold, and with the

experimental result Yo = 2.2 0.1 obtained by White for silver.

5.4 (c) Discussion

The data for the thermal'expansion of gold presented in

‘the form of Fig. 13 yield the extremely interésting result that

tha anomalous increase of ~% below 6°K in gold is accompinied by
an anomalous decrease in §§ « The anomaldus inérease in ;% for
silver is just as surprising. It is now easy to understand why
the data for silver and gold could not be represented by the sum
of a linear and a cubic term in temperature. However the analysis
resulting in Fig. 12 assumes that a linear electronic term can be
subtract-’, attributing the anomalous effect to the lattice alone.
This may not be the case at all, indeed the anomalous behaviour

might possibly he explained in terms of electron-phonon inter-

actions.

Martin [35] has fitted his specific heat data to the
equation

—9~;:?E-~ = A+ BT% 4 oT* ..

and pointed out that the lattice specific heat can usually be

approximated by the first two terms in the expansion at low
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| températures; He applied this method tb'silver and gold and’_
found that the value of B might be negative fér silvef and that
is is certainly negative for gold. For copper the method yields
a positive value for B. He further sugzested that B could be
negative for copper if higher order terms such as CTH are
included, and then points out that the copper results in

, particular, do not fit too well into the above method of analysis.
He further states, “This equation assumes that the electronic and
lattice specific heats may be treated separately but the electron-
phonon interaction in a metal might alter the picture. De Launay
showed that the free electrons probably‘participate completely

in the motion of the ions for low-frequency vibrations but at
higher frequencies the participation is negligiblew.

The negative values of 3 imply that at low temperatures
the number of frequency modes inbrease with temperature more
~slowly than that predicted by Debye®s theory. This in itself is
uhusuala In addition the results obtained herein for the thermal
expansion of gold imply that the value of B must be positive,
éontradicting the specific heat data. Thé only alternative it
seems, is to admit the presence of another term in either the
expression for specific heat or in thre expression for the thermal
expansion or in both. The observed anomalous behaviour of the
thermal expansion of silver would appear to support the above
argument.

The experimental results obtained for the low temperature
thermal expansions of silver and gold suggest that either inter-
electronic or electron-phonon interactions, or both contribute

significantly to the observed behaviour, and perhaps provide some

114



data on the basis of Wthh further Lheorctlcal wor} can be

initiated.

5.5 CONCLUSION

The measﬁrements on & polycrystalline sample of copper
verified the’results of White and proved the reliability of the
apparatus constructed. It was also shown that measurcments on a
polycrystalllne sampie of copper do not support the theoretlcal
work of Colllns°

Measurements on a single crystal of copper give significana
tly different values of the coefficients in equatlon (h.7) than
were obtained for a polycrystaillne sample. They therefore cast
some doubt on the interpretation of the coefficient of the linear
term in (L.7) suggesting that’other interactions are involved.

| Measurements on silver and gold suggest even more strongly

that a considerable revision of the existing theory is required,
and can perhaps guide the development of models taking into account

the various interaction processes which occur in metals.
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APPENDIX T

ANALYSIS OF THE OSCILLATOR CIRCUIT

The oscillator circuit of Fig. 6'may be represented by 
the four-terminal network Fig. Al. All stray capacitances
except CS are in parallel with either Cl or 02 and are included‘
~in the values of these capacitors. The oscillator tube is a
constant-current generator, driven by a voltage;VG and producing'
a current Ip = 8, Vg , where gm’is thg transconductance of the‘

tube. Hence

_ v oo
g = ip - ip XD = 24— 2 (A 1.1)
o g p g T g |
v Lo 7
where Vp = ICO'Z
g 1 1
T, I, + I,
(Jo _ (IS (Jl
T = T
. c
21 1
Ix 7
. Lo SR
anda T = 7
C. S
1
therefore: . -
b 7 Zo *+ Iy
VT g 1+—5
g 1 5]

- (A 1.2)
Z1 ZL3
We may now use the relations
1 1 1
7 + = (A 1.3)



FIG. Al FOUR TERMINAL REPRESENTATION
g OF THE OSCILLATOR CIRCUIT



where

Z, =
and
1
W=
Z
wh erye
o 1
2¢ = jwC

ZL + Z
1 1
- -+
és ZC + Zl
~ —-— l (23 - l ~
I T ijl » by F ijS S

Substituting fron (& 1.6) int (i 1L.5) vields.

JjwCC

1. 1
;7T UG ¥ (C; + CJ
_ Ju (0,0 +C,C + CCy)
. (Cl + C)
~ Jwg
- ‘Cl + C)
where £ = (CSCl + 00+ CCl)
From (A 1.4)
0 . j(Cl +C)
Z = R + juwlL - —TOE
RWE + ju“Lg - jlcy + ¢)
From (A 1.3)
g = dul, ¢ — -3
T Rwg + j [w*LE - (C1 + C)]
WE -~ wC [w2L§ - (Cy + C)] + jRC wzg
2 1 J1a

CA 1.4

(A 1.5)

R+ juwl (4 1.6)

(A 1.7)

(A 1.8)

(A 1.9)

Rwg + j[w2LE - (c; + €)]




wg - wCyn + jRCowzg

- 2
Rwg + j=
where ~ = [w?Lg - (Cl + C)] : (A 1.10)
therefore
2 Re? L ipRa 3:2 COE -+ Au 2
1 Rw“E“ +jR Cow g™ - jug ;meczﬂ (A 1.11)
Zep R2W2E2S 4+ w?

Substituting (A 1.9) into (A 1.2) and making use of (A 1.8) and
making use of (A 1.8) and (A 1.10) yields

. 2 . . ~
VP ] [Rwg + jw*LE ~ J(Cl + C)] (CCl + CC  + Clbs)
Vv N .
g TS LN Ry jwC . CO.
i chs} \ JwCy s 1
)i'-- 2 e ] | }'\‘ 1
) lgwng - [wLg - (Ll + C)]( (CCl + CC + ClCS)
gC
- 1 Tl .

Substituting (A 1.11) and (A 1.12) into (A 1.1) gives
I

[joRg - =1 [Rw®e? + jRPC,wle? - jugr + J0C%) (4 1 19y
. -2 .

oo

R2m2§2 +

This is the loop equation for the circuit of Fig. 6. The
transconductance of the oscillator tube is real and positivey it
is therefore found by taking the real part of (A 1.13). To

obtain the condition for resonance Barkhousen's phase shift




criterion must be satisfied, that is the total phase shift
around the oscillating loop must be zero and the gain must be
unity. This criterion permits us to calculate the resonant

frequency of the circuit from equation (A 1.13) by setting

Imaginary part
Real part

Hence from (A 1.13)

= tan 8 = 0 (or 360°)

2

[R2w2§3 - chzwzézn + En° - 02n3] =0

therefore
w?R*® [g - Cyn] + n°[g - Cynl = O
therefore
[5 - Cynllw®R%E® + 1?1 = O
One possible mode of osciliation occurs when
[w*R%e% + 1°1 = 0

that is when

WweR%E2 & [WPLE - (¢, + ¢)1* =0
i.e. w*LRe? . wz[ng(c:L +C) - R%E%] + (Cq + C)% = 0
therefore
| 2
L 2(Cp +C) R (¢, + C)
ot o e B o0 (a1l
, LE L2 L2§2 ,

[ . I3 laPall] . Y 2 la) .
Comparing the magnitudes of the coefficients of «~ for typical

values of Cl’ C, L, € and R we find

2(c, + C) )
L ~ 10tk

Le




R2 2

while 5=~ 10™ and may therefore be neglected With respect to
- L® ‘
the other term. Solving (A 1.14) for w? yields )
(c, + ¢ [ alc, + 02 e, +0)?  ]°
2 _ 1 1 1 1 _
s 2 2.2 - 2.2
Lg =1 L*g~ - L*g
i (Cl + C)
Lg
Cl + C

= — (A 1.15)

The physical significance of this equation becomes evident when
we make the approximation that C; > C and G << C. In this

case

LCC1

which is clearly the case for a series connection of the L - C
- circuit to the tube.

A second possible mode of oscillation occurs when

that is when

o]
wLg - (Cy + C) = —1- ¢
2
(c. +¢) + 0o
C, + C + C, €
hence w2 = L - 2
Lg
C.C, + CC. + C.C_+ CC + C.C :
= 12 2 1l°s S l____ <Al.16>
ch (clcS + CCy + clc)

This is the mode which corresponds to a parallel resonan-

ce connection of the L - C circuit to the tube. In practice this




is the mode employed to do the required measurements.




APPENDIX II

DERIVATION OF THE GRUNEISEN RELATIONS

T . '
The Gruneisen relations

By, 71, Cr
= (A 2.1)

and

w
<
(@]

= T (A 2.2)

representing the lattice and electronic components respectively,
may be derived as follows:
The coefficient of volume expansion 8 and the compres-

sibility X of a solid are defined as

-+ 13H e
and ,
1 _a_V__J \
X = -5 (A 2.4,
hence
B _ _JV | 3V

From the “Table of Thermodynamics Relations® given by Slater [19]

J

. 35 ) =(aP‘ - . (BV (....___BV (A 2.6)
It follows from (A 2.6) and (A 2.5) that
8 _ [3s]) .
= v, (A 2.7)




The total entropy may be divided into two parts, Se,

the entropy contribution from the valence electrons, and SL,
the contributions from the thermal vibrations of the atoms of‘the

crystal. Thus

2 e
X = laV

!aSe) ,
+ (A 2.8)
. \5v .

The Helmholtz free energy is defined as

hence

dFF = dU - TdSL ~ SLdT

For a reversible process

dw = TdS -~ dU
therefore
dF = -~ dw - SLdT
and
{
aF)
S0 = .8
PR
consequently
B [ 3S5; } 2
L _ . °°1L _ 3°F (v, T)
RS -y A B oV 37T (A 2.9
';\ /
where
~hv j
i W N =l
F(v, T) = U, + % 5 huw, (V) + kT = 4n |1 - e
i=1 i=1 /

The above expression for the Helmholtz free energy is obtained

from Statistical Mechanics as follows:
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BY STUDENTS AIUMNI ARD CITIZERS.

- -

Bo. B-Juns 5th.1933

READ TO TKE BOARD OF DIRECTORS BY REQUEST JUKE 5

This committee appointed by the Clarion group appreciates the opportunity to
come before you today to rovicw in part its point of view of the ™" School
quostion.

It iz almost needlces to state again that this group has the utmost respect
for this Board of Dircctore, both individually and collectively., % recognisce
fully that this Board, likc members of our own grouwp, is giving ite time gon-
eroutly end unsclfishly to the Y M C 4, and liks members of our cwn group, is
sincerely devoted to the best interssts of this great institution.

We hnve never cloimod that the Board of Directors was not qualified to decide
school matters, but we havo maintained from ths outsct that it is not apparont
that ths Board has received all tho information that it should have receiveod
bearing on tho achool quostion boforo it took this action.

¥hon thosc many kundrede of us immonsoly interecsted in *YF work learned of the
inkention to closc tho schoolt, we wero nstonished at the action of the Board.

first improssion wo gotsfrom that ection was that the Board wos misinformed
or 18 would not have takwn action.

Cur first astsp planned was to investigate and prepare statements for this Board
20 that they ocould see tho great valuse that come from the School's programs

80 that in discussion ond voting they could do so intelligontly. Bowover, in
¢ur invwwotigations, which have bBeon mony, we found 8o many underlying curreats,
all hinging on echool mattere, that after comsuliing a great numbor of people,
educators, supporters sad friends of the "I", we degan to find, in our opinion,
what wo think was a delidberate attompt to abolieh the schools. ®o believe thare
ic a=mple proof of the idea that lr. McKim hos entertainod idoas, and bhns ex~
pressed thom, for 6 yoars past to abolish the ®Y®" achools just us soon as he
oovld ¢o so. That ke has done prectically nothing for 6 years or so to aid in
their growth and dovolopmesnt., What dusinese reprosentod by members of this
Board would grow and prosper if the Ezxecutivoe bead was dotormined or willing to
8ee it die, With the findin; of these facts, 4t 1c no wonder the Board, whom
we fesl havo beon s30ld by Mr, HeKim on the closing of the Bchools,has cloeed the
sohools,

The Board must, out of necessity, dopend on its Gensral Becretary to Mwep them
sdvised of the "T" sdtivities, Is it any wonder then if the Genernl Secreotary
doos not liks the echools, that ho would recommend thair discontinuance, With
such a viewpoint he would sincerely sell the Board to close the schools,

We have never protended that students, or faculty, members or tho Educational
Director, should be consulted fcr advics, but we have and do contend thnt they
and the Notional Office ehould be conmsulted for information, The students were
consultsd for information o year ngfo by o committee ~oreisting ¢ Wosura,
Horrisgn, Marx and Hicks, % guetoe from the report which *hey made n yeor A00
lost &;!‘1,}., {See page #9)




Taking the logarithm

. h\)_'\,

1 , i PG I
I (Eh\)jJrUO) - T.in (l~ekT )

kT J kT 3"
- therefore hv
3N 3N kT : ;
F(v, T) = U, + % %hvj + Z kT 2nll - e (A 2,12)
J : J

Taking the partial derivatives with respect to T and V we obtain

/ hv, (v) ~hvi
: 3N T 3N
aF(g% T) =k % 4n Ll - e KT kT % - ﬁg
' j=1 \ - J=1 / i )
\e kT o1
and .
1 h h
3F(v, T) _ ;. % - iT 3N KT?
=<k ¥ + kT ¢
aVaT hv hv
' J=1 ( .“i,uj j=1 i )
[ o kT_l o k -1
hv . h
3 T T2 X = 1; f
, <
+ kT Ty kT kT e S g¥
i=1 hy .
. ) 5 J
e kT - 1
therefore hy
3°TF (v, T) o1 3§ k’ hvj 2 o KT d 4n v
3VaT Ty 521 kT hvi‘ 5 d 4n V
o KT l)
3N 8
-3 RARPCA — (A 2.13)
= ) |
hv
f [hv 2 KT
where Cj = k\ (A 2.14)




h

is the contribution of the jt mode to the specific heat c V(L)

and ,
v.(V
3 4n YJ( )

Y., = (A 2.15)
J‘ d 4n V :

The relationship (A 2.15) may be obtained from the
variation of the vibrational frequencies of the lattice with
volume. It is reasonable to assume that, as the volume .of a

solid is decreased the vibrational frequencies will increase

H

since both changes are related to an increase in the energy of the

system. Thus the v; vary as some function of V. Assuming that

Vi = VYi

where Ci is some constant, we have
)oo=2n Co - v, 4n V
in Vs n Gy Y; 4n

therefore

d 4n Vi
din V =Yy

Now if all the Y; are equal (as in the Debye theory), it follows
from (A 2.13) that |

X
L7 Cp
which is the first Grﬁneisen relation (A 2.1).
Let us now consider the effect of the electrons.
Slater [19] has shown that the entropy contribution Se, arising

from the electrons is given by

2
Se = ~I— X*T V 5 (cp) (A 2.16)




where » (e F) is the total denalty of stateo per unit volume of
crystal over all partially fllled bands evaluated at the
Ferml energy €n. Differentiating (A 2.16) with respect to

volume at constant temperature gives

aS 52 i 3 in = (ey) § |
e | ——_F \ (A 2.17)
oV T 3 2n V T ,

= —— kT ~(ep) jl +

|

Furthermore, the electronic specific heat at a constant volume

| 3 S
C £33 T ..——'--—g-_.
e ( oT )V
Substituting into (A 2.17) gives

3S ¢ f3an () ]
("a“‘v‘e"‘)T= T ildf(aLnVF)Tf

is given by

¥ . ‘
- which is the second Gruneisen relation (4 2.2), when

Ye = '{_1 + (ifi_el".\, }

L 3 An V } T

In general however, x(eF) is an explicit function of the Fermi
energy and of the Volume, hence

[2nleg) | [aamle)y (aey +(a'f(€F> |
. 7] |

B

For this case Varley [27] shows that
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& aow quote from statensnts modo frem ¥ N ¢ A sources cutside of Oimcinnagis ,

? Gne of the cutstanding aodnoators of tho counmtry said respatly to oms of ths
iarger foundations that they cught o support the Y M ( A Bchools (he was speak-
ing porticularly of liberal avrts cud cocondary echools) beosmuss thsy werc fres to
sEperimont and pionser in &svelsping new progrome amd usiasg mew methods, end in
pointing the way for othor educational imstitutions, s t%1ld thé foundation that
what 4t put into Y M C A Bchools would bkave & larger effect upon pudlic and
collegiate education than if they put the same amount in a pudlic school or a
teashars' colloge, or in endowment of a cortain group of public educators.®

"Where the Y ¥ C .\ hos modo a systematic effort to develop diatinctive and worthe
while educational programs and, at the same time, to propsrly interpret its
program to tha community, particularly the educational leeders, there is prac-
tically no criticism from the standpoint of compotition or duplication. A good

Y ¥ C A school does more than offer stondard codrsos in subjoct matter, It helps
young men and adults gain the technical knowledze and skills that they need for
their occupations or their seneral educational advance. But it goes further. It
helps young men undorstand themselves, It holpe thom gnin a bettor understanding
of the world in which they live. It helps thom learn how to get along with each
others It sensitizes them to social and ethical values beyond ths limits of
technical subjoct matter, It holpe them dovelop ah open-minded philosophy of
1ife in the 1li.ht of Christian idenls, Tho outcomesof o good school are compar-
able to the ocutcomes of an all-round Association progrom, In fact, recent studies
show that the extraclass activities of o Y M C A school are as broad and varied
a8 is the total program of o typical central branch, 4&n Association, then, noeds
to think of ‘its school not simply as tochnical or academic subjects accredited

by educators in which youn,: men pay the fees, ths Association should remard the
school as it does any other Association program, except that young men come into
4¢ with primary intereates in educntion rather than prinary intereste irn recreation,
a8 thay do now into an JAssociation built arcund a gyrwoeivm,  Acschool is a door
through which men cooos Ths progrex in tho school on the surface moy look some-
vhat differont from: the progran of o poro typical branch built around a gymmasium,
bat 18 should not be any loes varieds It should be no lees broad and it should
&goomplish no lees worthy outcooes 4n ths lives of tha persons enrolled.®

S0ns can find in the Associantion an occneional secretary or an occasional layman
who 8till thinks that the Jssociatisn should practically give up ite formnl educa-
ticnal works The arpument cannot bs based upon the subsidy requirenmsnt cost, for
the cost is smnller than any other pro;ram that the Association conducts. The
argunent cannct be intellijently based upon the outcomes not deing worthwhile for
a study of vhnt happond to students attending Y M C .i achools shows that the
charges in the lives of persons ere quite typical of what happens in other jgood
Asociation prograns. The argucent cannot be based upon the lack of denand, for
8oedors of oducatiolf today are denanding more adult sducation. The nost recent
prorouncement of the rost distinguishod educators of thie country point to adult
aducation as the greatest need of the coming yoors. Perhaps the next ten years
vil)l sec n larger dennnd for adult eGucation than nny other period of Amsrican
History., The Associntion with its long experience in this field stands in a poei-
tion to render a distinctive sorvice and to point the way to othor agencies. The
field 18 not overcrovded with outstanding and well equipped adult education in-
stitutions, Some Association schools, as well as some other adult educntion
agsusies, ooy (0 out of existence in ths next few years bacause of their lack of
undsretanding of the situntion, or because of thsir inability to meet thess needs,
or parhaps becaunsc of their desire to give attention to some other things. They
need not ;¢ out of uxistence bocauvse of the dack of opportunity, But these same
thinge might be sald about sny phass of the Association progrrm. Io soua places
boys! work is being iven up, partly bocause the cost is too rmch, in othor places
whoere the Association thinke thore is no dsmnnd for it, On the basis of what the
dssoclation is dolng in ths field of religious educntion one misht assumo there le
no more need for reli;lon. And thore ars those who would say that recroation and
bealth has been taken over by other ngencies. An Aseociafdon may rationnlise 1t-
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