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Abstract

In this thesis, we construct a new optimal contractivity-preserving (CP) explicit, 2-
step, 6-stage, 6-derivative, Hermite—Birkhoff-Obrechkoff method of order 13, denoted
by HBO(13) with nonnegative coefficients, for solving nonstiff first-order initial value
problems v = f(t,v), y(to) = yo. This new method is the combination of a CP 2-step,
6-derivative, Hermite—Obrechkoff of order 9, denoted by HO(9), and a 6-stage Runge—
Kutta method of order 5, denoted by RK(6,5). The new HBO(13) method has order
13. We compare this new method, programmed in MATLAB, to Adams—Bashforth—
Moulton method of order 13 in PECE mode, denoted by ABM(13), by testing them
on several frequently used test problems, and show that HBO(13) is more efficient
with respect to the CPU time, the global error at the endpoint of integration and the
relative energy error. We show that the new HBO(13) method has a larger scaled
interval of absolute stability than ABM(13) in PECE mode. The Shu-Osher form of
the new CP HBO(13) method is given in the Appendix B .

Key words: Contractivity preserving; explicit Hermite-Birkhoff-Obrechkoff method;
Adams-Bashforth-Moulton method; comparing ODE solvers; N-body simulation.
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Chapter 1

Introduction

1.1 Overview of the new contractivity-preserving

(CP) HBO(13) method

We cast a contractivity-preserving (CP) explicit 2-step Hermite—Obrechkoff method
[21] and a 6-stage Runge-Kutta method of order 5 into an optimal CP explicit 2-
step 6-stage Hermite-Birkhoff-Obrechkoff method of order 13 named HBO(13). The
2 steps consist in the current step and 1 backstep. The name of the method was
chosen because it uses Hermite Birkhoff interpolation polynomials and ' to y© at
step points like Obrechkoff methods. The link between the two types of methods is
that values at off-step points are obtained by means of predictors which use values at
previous points.

Milne [18] was the first to have advocated the use of multiderivative, multistep
Obrechkoff formulae for the numerical solution of differential equations. More re-
cently, Huang and Innanen [11] introduced both a new form of the classical Adams—
Cowell methods and new multiderivative, multistep methods. Some of them have
larger stability interval and smaller truncation error than classical multistep meth-
ods.

HBO(13) is designed for solving nonstiff systems of first-order initial value problems
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of the form
/ ! d n
y' = f(t,y), y(to) =yo,  where '= - and yeR, (1.1.1)

in the case where ' to y(® can be calculated analytically or recursively, for instance,
in dynamical systems [2, 3, 4, 10, 23, 29].

Similar to SSP Runge-Kutta methods (RK), which can be written as a convex com-
bination of forward Euler method (FE) steps (see for example [6, 12, 27, 28]), CP
HBO(13) methods can be written as a convex combination of steps of the special 6

derivatives extension of FE, which we denote by S(6):

6

Yt = Yo + AL (B, yn) + Y 0 (DO F D (E, y) (1.1.2)
m=2
where the coefficients 7, are smaller or equal to % It n, = %, form=2,3,...,6,

then S(6) reduces to the usual Taylor method of order 6. The error in S(6) is of
order ¢ > 2 where /¢ is the smallest integer 2 < m < 6 such that 7,, < % If S(6) is
contractive (in a given norm), then HBO(13) will be contractive (in the same norm)
as a convex combination of S(6) with modified step sizes.

The region of absolute stability of HBO(13) is derived under the assumption that two

solutions, y and g, of Problem (1.1.1) are contractive:
lylt + At) — (e + ADI| < lly(t) — 5(0), VAL >0, (1.13)

We assume that there exists a maximum stepsize Atg) such that f satisfies a discrete

analog of (1.1.3) when S(6) is used with At < Atgg):

6
Yn + AL (nyyn) + Y 1o (AE)™ FOD (b, )

m=2

HynJrl - gn+1” = ’

6
= (3 A7) + 3 80" 0,7 H < llyw —dall. (114)

m=2

where y,, and g, are two numerical solutions generated by S(6) with different neigh-

bouring initial values yo = y(to) and go = 7(to).
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We are interested in a higher-order HBO(13) that maintains the contractivity-preserving
property:

Y41 = Gnaa | < max{|[yn = Gull, [yn-1 = Gn-1ll}, (1.1.5)
for 0 < At < Atyax = cAtg) whenever inequality (1.1.4) holds. Here ¢, called the
CP coefficient, depends only on the numerical integration method but not on f. This
definition of the CP coefficient of HBO(13) follows closely the definition of the SSP
coefficient for RK [6].

In [14], similar types of methods have been constructed and tested on DETEST
problems [13].
The objective of HBO(13) is to maintain the CP property (1.1.5) while achieving

higher-order accuracy, perhaps with a modified time-step restriction, measured here
with the CP coefficient ¢(HBO(13)):

At < c(HBO(13)) Atsgg). (1.1.6)

The CP coefficient describes the ratio of the maximal HBO(13) time step to the time
step Atgs), for which condition (1.1.5) holds.

1.2 Thesis objectives

The objectives of this thesis are:

e To construct a new explicit optimal CP Hermite-Birkhoff-Obrechkoff method
of order 13 with nonnegative coefficients and with the largest CP coefficient

obtained by fmincon in the MATLAB Optimization Toolbox.
e To fully derive the order conditions for the new HBO(13) method.
e To derive the canonical Shu-Osher form of HBO(13).
e To describe the region of absolute stability of HBO(13).

e To compare the performance on the basis of the CPU time and the global error
at the endpoint of integration between HBO(13) and ABM(13), by solving the
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nine nonstiff DETEST problems [13]. The Adams-Bashforth-Moulton solver
of order 13, ABM(13), is a well known and widly used method to solve nonstiff
problems.

— B1 The growth of two conflicting populations.

— B3 A nonlinear chemical reaction.

— B5 Euler equations of motion for a rigid body without external forces.

— D1 Kepler’s two body problem with eccentricity e = 0.1.

— D2 As in D1 except with eccentricity € = 0.3.

— D3 As in D1 except with eccentricity e = 0.5.

— D4 As in D1 except with eccentricity € = 0.7.

— D5 As in D1 except with eccentricity e = 0.9.

— E2 Derived from Van der Pol’s equation with € = 1.
Also, we compare the performance on the basis of the CPU time and the global
error at the endpoint of integration between HBO(13) and ABM(13), by solving
the following two problems:

— Hénon-Heiles’s problem [10].

— A problem in Galactic dynamics [3].
We present the eleven test problems considered in this thesis in the Appendix A.
These problems are accepted in the numerical ODE community as a standard

benchmark between high order ODE solvers and have been used by several

authors (see for example [13, 14]).

e To compare the performance of HBO(13) and ABM(13) after a 350-orbit inte-
gration of Kepler’s two body problem D2, D3, D4 and D5 on the basis of the

CPU time and the relative energy error.

e To compare the growth of the relative energy error of HBO(13) and ABM(13)
on 10000—orbit integration of Kepler’s two body problem D3, D4 and D5.
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1.3 Thesis organization

This thesis has five chapters. In Chapter 1, we define the new CP HBO(13) method,
the goals and contributions of the thesis. The remainder of the thesis is organized as

follows:

e In Chapter 2, we review some literature on first-order systems of ordinary dif-
ferential equations, some numerical methods and the stability of some ODE’s

solvers.

e Chapter 3 is divided in three parts. In the first part (Sections 3.1, 3.2 and 3.3),
we present the (CP) s-stage HBO methods, based on the combination of (CP)
HO methods with RK(s,5) methods. We include the formulae and the order
conditions of our new HBO(13) method. The second part (Sections 3.4, 3.5, 3.6
and 3.7) presents the transformation between the Butcher and Shu-Osher forms
as well as the canonical Shu-Osher form and the formulation of the optimization
problem to obtain the optimal HBO(13). The last part (Section 3.8) describes
the region of absolute stability of HBO(13).

e The implementation of HBO(13) and the numerical results are found in Chapter
4. In Section 4.1, we introduce the test problems used for the comparisons. We
compare the methods HBO(13) and ABM(13) using:

— In Section 4.2, the global error at the endpoint of integration as a function
of CPU time and CPU percentage efficiency gain.

— In Section 4.3, the relative energy error, (EE(t)), as a function of CPU

time.

— In Section 4.4, the growth of relative energy error (EE(%)) as a function of

time ¢.

e The conclusion of this thesis is presented in Chapter 5.
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1.4 Thesis contributions

We believe that the results presented in this thesis are new and hope that they will
contribute positively to the contractivity-preserving theory. Our contributions of this

thesis include in particular:

e The construction of the new explicit optimal CP Hermite-Birkhoff-Obrechkoff
method of order 13 with nonnegative coefficients and with the largest CP coef-

ficient obtained by fmincon in the MATLAB Optimization Toolbox.
e The derivation of the order conditions for the new HBO(13) method.

e The implementation of HBO(13) in MATLAB, and the computation of its region
of absolute stability.

e Our results show in particular that HBO(13) has a larger scaled interval of
absolute stability than ABM(13) in PECE mode. We show also that the MAT-
LAB version of HBO(13) requires fewer steps than ABM(13) on the problems

introduced in Section 1.2 which often used to test higher order ODE solvers.

e Our results show that the new method HBO(13) has lower global error at the
endpoint of integration and uses less CPU time than ABM(13) in solving the

eleven problems considered in this thesis.

e Our results show that the new HBO(13) method performs better than ABM(13)
in solving Kepler’s two-body problem D2, D3, D4 and D5 after a 350—orbit

integration.

e Our results show that the new HBO(13) method wins over ABM(13) on Kepler’s
two-body problem D3, D4 and D5 on the basis of the relative energy error as a

function of 10000 periods integration time.



Chapter 2
Background Material

Most results presented in this chapter can be found in [16].

2.1 First-order systems of ordinary differential equa-

tions

In this thesis we study first-order systems of ordinary differential equations . Let [
be an open interval of R and D be a domain of R x RY ( i.e., an open connected set).

A first-order system of ordinary differential equation is written

,od
v = fy),  where y =70

and y : I — RY with (¢,y(t)) € D and f is a function from D to RY. Let t; € I and
(to,yo) € D. To find a solution y(t) of (2.1.1), satisfying y(to) = yo is known as an

(2.1.1)

“initial value problem” that is written as
v =fty@®),  ylto) = yo. (2.1.2)
Before stating Theorem 2.1.1, let us recall the following definition

Definition 2.1.1. Let D be a domain of R x RN. A function f : D — RY is said
to satisfy a “Lipschitz condition in its second variable” if there exists a constant L,

known as a Lipschitz constant, such that for every (t,y) and (t,y*) € D, then

| fty) —fEy)ISLlly—y |- (2.1.3)

10
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Theorem 2.1.1. Let D be a domain of R x RY and f : D — RY be a continuous
function, satisfying a Lipschitz condition in its second variable, then there exists an
open interval I C R and a unique solution y : I — RN with (t,y(t)) € D of the initial
value problem (2.1.2).

2.2 Solvers for nonstiff ordinary differential

equations

2.2.1 Different types of methods

Several types of numerical methods to find solutions of ODE’s have been developed.
They can be divided in one-step and in multi-steps methods. One-step methods
contain a number of stages (A s-stage method has (s — 1) predictors to compute f at
intermediary points (called off-step points) and one integration formula to compute f
at the end of the step). One-step methods use only the information from one previous
point and off-step points to get the approximation solution at the next point. Euler
and Runge-Kutta methods are examples of one-step methods. In contrast, multistep
methods, for instance Adams-Bashforth methods and Adams-Moulton methods, use
the information from several previous points to get the approximation solution at the

next point.

2.2.2 Rung-Kutta methods

Runge-Kutta methods were primarily developed around 1900 by C. Runge and M.
W. Kutta. Runge-Kutta methods use multiple evaluations of the function f at each
step by extending Euler’s method. They are one-step methods. They use only one
initial point, denoted by (xg, %), to compute the next point denoted by (z1,¥y;) or
more generally, y; is used to compute y;,1. Usually, the step size h is variable. Using
this method, we get the approximation y,1 for y(z,41) from the previously given
approximation y,. The coefficients of this method are free parameters which satisfy

a Taylor series expansion through some order in the time step h. The general s-stage
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Runge-Kutta method is defined by

Ynt+1 = Yn + I Z bif(z, + c;h,Y;)

=1

s (2.2.1)
where Y; =y, and Y= yn—i—hZaijf(xn—l—cjh,Yj), 1=2,3,...,8.
j=1
We always assume that the following condition holds:
=Y ay, i=12 s (2.2.2)
j=1

It is convenient to display the coefficients occurring in (2.2.1) in the following form,

known as a Butcher array:

1| Q11 Qiz2 -+ Qs

Co | Q21 Q22 -+ (QAzg
(2.2.3)

Cs | Qg1 Qg2 - Ag5

bl b2 e bs

We define the s-dimensional vectors ¢ and b and the (s x s)-matrix A by

]T, b= [bl,bz,"‘ 7bs]Ta A= [aij}'

Cc= [017627"' » Cs

If in (2.2.1) we have that a;; = 0 for j > ¢ and 1 < i < s, then each of Y] is given
explicitly in terms of previously computed Y}, for 1 < j <+¢—1, and the corresponding
method is called an explicit Runge-Kutta method. Since there is one evaluation of f
per stage, there will be s evaluations of f per step.

The explicit s-stage Runge-Kutta methods also can be written as

Ynt1 =Yn T h Z biki, (2.2.4)

i=1

i-1 i1
where k; = f (xn +cih,yn + hZaiij) and ¢; = Za"j’ for1 <i<s.

J=1 Jj=1
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The coefficients of this method are free parameters which satisfy a Taylor series

expansion through some order in the time step h. To determine the coefficients

of s-stage Runge-Kutta methods (2.2.4) in order that they have order p, we match

the Taylor expansion of the solution generated by the Runge-Kutta method with

the Taylor expansion of the exact solution. As an example, we consider the 3-stage

Runge-Kutta method
Ynt1 = Yn + h(b1k1 + boky 4 bsks),

kl = f(‘r’ruyn)?
ky = f(xn + c2h, yn + hasky),
k‘g = f(l’n + Cgh, Yn + h(lglk’l + h&ng’Q).

We expand y(z,41) about z,, as a Taylor series, then we get

1 1
y($n+1) = y(:cn) + hy(1)<xn) + §h2y(2) (mn) + ghgy(g) (xn) + O<h4)>

where
yD(z,) = f,
YO (2n) = fo+ [y

y(s)(xn) - f:c;r + 2ffzy + foyy + fy(fz + ffy)’
0 0? 0?
and f:f(x;y)a fx: f(ama;y)7 fx:c:%a fxy:fy:c:%;y).

To short the notation, we define

F:fx+ffy, G:fzx+2ffIy+f2fyy7

then (2.2.6) becomes

1 1
Y(Tnyi1) = y(x,) + hf + §h2F + gh?’(ny +G) 4+ O(hY).

We expand now the 3-stage Runge-Kutta method (2.2.5), as follows:

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

Firstly, we expand ks, defined in (2.2.5), about the point (x,,y,) as a Taylor series,

we obtain

1
ky = f+ hea(fo + kofy) + 5h?cg(fm + 2k1 fuy + K3 fyy) + O(RP).
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Using the notation in (2.2.7), then we write the expansion of ks as
1
ky=f+hcF + 5h2c§G + O(R?). (2.2.9)
Secondly, we use a similar strategy for ks, we get
1
ks = f + hesEF + h2(02a32ny + gCgG) + O(hg) (2210)
Finally, we substitute equations (2.2.9) and (2.2.10) into (2.2.5), we get
Yni1 = Y(Tn) + h(br + bo + b3) f 4+ h*(baca + bscs) F
] (2.2.11)
+§h3 [2[9302@32ny + (bgC% + bgC%)G] + O(hg)

The coeflicients must satisfy the following constraints in order to match the expansions
(2.2.6) and (2.2.11):

bl + bQ + b3 - ]-7
1

bacy + bzcs = BTk
9 1
b202 + b363 = g,
1

bzcaasy = 57

which are called order conditions for third-order explicit Rung-Kutta methods.

2.2.3 Adams—Bashforth—-Moulton (ABM) methods

The methods of Adams are another improvement of Euler’s method which were con-
sidered even earlier than Runge-Kutta methods. These were devised by John Couch
Adams in order to solve a problem of F. Bashforth (see [9], pages 356-358). Adams
methods are either explicit methods, known as Adams—Bashforth methods or implicit
methods, known as Adams—Moulton methods. Adams—Bashforth methods have the

following form

Ynt1 = Yn + h(Brfo + -+ Bofak1), (2.2.12)
where k is the number of steps, 3;, for i = 0,1, ..., k, are constants and
fi=flxy,y), fori=n—k+1, n—k+2,...,n

The first examples of explicit Adams methods are
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k=1: Ynt1 = Yn + hfn. ( explicit Euler method)

k=21 Yoy =Y +h(5fa— 5 a):

k=3 Yn1=Yn+h( 0 — 1 fu1+ 5 a2).

k=4: Yni1 = Yn + M52 fo — 3 fao1 + 35 faa — i fums)-
The Adams—Moulton methods have the following form

Ynt1 = Yn + (B fos1 + -+ Bofuri1)- (2.2.13)

The first examples of implicit Adams methods are
k=0:  Ynt1 =Y+ hfor1 = Yo+ hf(@ns1, Ynt1)-
k=1: Yn+1 = Yn + h(%fn+1 + %fn)
k=2: Ynt1 = Yn + W5 or1 + 35S0 — 15Fn1)-
k=3: Yn+l = Yn + h(%fn—&-l + %fn — 25—4fn—1 + ifnq)-

As shown in [9], the methods (2.2.13) give in general more accurate approximations to
the exact solution than (2.2.12). Adams methods of order 1 to 13 or 14 are frequently
used; beyond order 14, they lack stability. The region of absolute stability shrinks as
the order increases. The Adams methods are usually implemented in a “predictor—
corrector” form. That is, a preliminary calculation is carried out using the Bashforth
form of the method. The approximate solution at a new step value is then used to
evaluate an approximation of the derivative value at the new point. This derivative
approximation is then used in the Moulton formula in place of the derivative at the
new point. There are many alternatives for the next step, and we will describe just
one of them. Let vy denote the approximation to y(z,) found during the Bashforth
part of the step calculation and y,, the improved approximation found in the Moulton
part of the step. Temporarily denote by 3 the value of /3; in the Bashforth formula
so that 3; will denote only the Moulton coefficient. The value of k corresponding to
the Bashforth formula will be denoted here by k*. Usually k£ and k* are related by
k* = k + 1 so that both formulae have the same order p = k + 1.

In the Bashforth stage of the calculation we compute

"
Yo=Y +h Y B (s Yni), (2.2.14)

=1
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and in the Moulton stage we compute

k
Yn = Y1 + B0 (@n y) + B Y Bif (Tnis Yni)- (2.2.15)

i=1
Methods of this type are referred to as “predictor—corrector” methods because the
overall computation in a step consists of a preliminary prediction of the answer fol-
lowed by a correction of this first predicted value. The use of (2.2.14) and (2.2.15)
requires two calculations of the function f in each step of the computation. Such
a scheme is referred to as being in “predict—evaluate—correct—evaluate” or “PECE”

mode.

2.2.4 Contractivity preserving methods and the growth of

error

When solving numerically an initial value problem (2.1.2), it is desirable to ensure
that errors in the initial conditions or numerical errors at a given step do not grow
excessively as they are propagated in subsequent steps. A sufficient condition for a k-

step numerical method to have this property is the notion of contractivity preserving.

Definition 2.2.1. A k-step numerical method is contractivity preserving if

Hyn+1 - gn+1” < maX{Hyn - gn” ) Hynfl - gnfl” Y Hynflwl - é/vnfl%ll‘}v (22'16)

where forn —k+1 < j <n+1, y; and y; denote the approximate solutions at time
t; of the initial value problem (2.1.2) and y;;; and y;41 denote the corresponding

numerical solutions at the next time step ;4 of the initial value problem (2.1.2).

By interpreting v, as a perturbation of y, due to numerical errors, we see that con-

tractivity implies that these errors do not grow as they are propagated [15].

2.2.5 Contractivity-preserving explicit Hermite-Obrechkoff
ODE solver

Since HBO(13) will be based on the combination of contractivity-preserving (CP)
Hermite—Obrechkoff of order 9, HO(9), and RK(6,5), we present briefly CP, explicit,
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2-step, HO ODE solvers (see [21] for details). To construct HO methods, we replace
the forward Euler (FE) method,

Ynt1 = Yn + Atf (s Yn), (2.2.17)

used by Gottlieb et al [6] and Huang [12] in establishing strong stability preserving
(SSP) Runge-Kutta (RK) methods as convex combinations of FE methods. We
rewrite HO as a convex combination of the special d derivative extension of FE,

which we denote by S(d):

d
Yot = Yn + AL (b yn) + D 1 (AL £ (b, ), (2.2.18)

m=2
where the coefficients 7, satisfy the inequality n,, < % If the equality holds, then
S(d) reduces to the Taylor method of order d. The error in S(6) is of order ¢ > 2 where
¢ is the smallest integer 2 < m < d such that n,, < # If S(d) is contractive in a given
norm, then HO will be contractive as a convex combination of S(d) with modified
step sizes. HO methods require one formula to perform the integration step from ¢,
to tp41. To construct an HO method, we use a Hermite interpolation polynomial as

a 2-step integration formula with d derivative of y to obtain y,.; up to order p > d

1

d
Yny1 = Z [7@,0 Yn—t + Z(At)m Yem yﬁ"_”‘)g} ) (2.2.19)
m=1

=0
with step size At and consistency condition: vy + 710 = 1. The 2-step HO meth-
ods seek to achieve a higher order HO that maintains the contractivity-preserving
property:
[Yn+1 = Ynrall < max {{|yn = Gall lyn-1 = Gnll} - (2.2.20)

The aim of CP HO, in general, is to maintain the CP property (2.2.20) while achieving
a higher order accuracy than the special d derivative extension of FE, S(d) (2.2.18).
An example of this kind of methods is HO(13) [21] which usually requires significantly
fewer function evaluations and significantly less CPU time than the Taylor method of
order 13 and the Runge-Kutta method DP(8,7)13M to achieve the same global error
when solving standard N-body problems.
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2.3 Contractivity-Preserving (CP) methods and

introduction of Shu-Osher form

2.3.1 Contractivity-preserving Hermite-Obrechkoff of

order 8, HO(8)

By using the same idea as in Section 2.2.4, we can construct HO(8). We use a Hermite

interpolation polynomial as a 2-step integration formula with 6 derivatives of y to

obtain y,, 1 to order 8,

1 6
Yn+1 = Z [W,o Yn—t + Z(At)m Yem y,(lm)g:| )

=0

m=1

with the consistency condition

Yo,0 + 710 = 1.

We also have to satisfy the order conditions

J i -
0)i—m 1)y o1
Z{%,m(,)—ﬂl,m%} =—, j=12...,6

(j —m)! m)!

m=0

6 . .
0) =™ o 1 .

§ [WO,m—((. z )l + 71,m—g. ) ] = ] =18,

m—0 ] m). i m

where 0° = 1 by convention.

2.3.2 Shu-Osher form of Runge-Kutta methods

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

Explicit strong stability preserving (SSP) or contractivity-preserving (CP) Runge—

Kutta methods have been introduced by Shu and Osher in [7] to guarantee that spatial

discretizations that are total variation diminishing (TVD) and total variation bounded
(TVB) when coupled with forward Euler will still generate TVD and TVB solutions
when coupled with these high order Runge-Kutta methods. The key observation in

the development of (CP) methods was that specific Runge-Kutta methods can be
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written as a convex combination of Euler’s methods, so that any convex functional
properties of Euler’s method will carry over to these Runge-Kutta methods.

An explicit Runge-Kutta method is frequently written in Butcher form

Y;:yn+AtZaiijy 2<1<s,
o (2.3.5)
Ynt+1 = Yn + AthJJTP
=1

where Y1 = yn, Fy=f, and F;:= f(t,+cALY;), j=2,3,...,s.

It can also be written in Shu-Osher form as follows
i—1

Yi=) ay¥ + At F,  i=23,...5+1,
o (2.3.6)
Ynt1 = Ysi1,

with consistency conditions Z;;ll a;; = 1. Shu-Osher form is convenient because, if
all the coefficents «;; and 3;; are non-negative, each stage of RK method in Shu-Osher
form can be rewritten as convex combinations of forward Euler steps, with a modified
time step. The 6-stages Rung-Kutta method of order 5 in Shu-Osher form is written
as follows

i1

Y=Y ayV;+ At F;,  i=23,....7,
=1 (2.3.7)
Ynt1 = Y7.

It has been noticed in [24] that there is no s-stage CP Runge-Kutta method with
a;; >0, 3,; >0, forj=0,1,...,—1 and i=2,3,...,s+ 1 with order p > 4.

2.4 Stability of the ODE solvers

We present briefly linear k—step methods before introducing the stability of ODE

solvers. As in [16], linear k—step methods are of the form

k k
Z ajyn+j = At Z 6jfn+j7 (241)
7=0 J=0
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where a; and ; are constants subject to the conditions oy, = 1 and |ap| + [Bo] # 0 .

The difference equation (2.4.3) associated with a numerical method for ODEs is ob-

tained by applying the linear k-step method (2.4.1) to the test equation
v =N\y where A € R. (2.4.2)

By (2.4.1) and (2.4.2), the difference equation takes the form

k
Z(aj - Atﬁj)‘)yrﬂrj =0, (2.4.3)

Jj=0
and the characteristic equation is
k

> (o — hB;j)ri =0, (2.4.4)

=0
with h = AAt. The stability of the linear k-step method (2.4.1) requires that the

roots of the characteristic equation (2.4.4) must satisfy the root condition defined as

follows

Definition 2.4.1. [16] The method (2.4.1) is said to satisfy the root condition if
all of the roots of the characteristic equation (2.4.4) have modulus less or equal to

one, and those of modulus one are simple.
We then have

Definition 2.4.2. [16] The linear k-step method (2.4.1) is said to be absolutely
stable for a given h if for that h all the roots of the characteristic equation (2.4.4)

satisfy the root condition and to be absolutely unstable for that h otherwise .

Definition 2.4.3. [16] The linear k-step method (2.4.1) is said to have region of
absolute stability R 4 where R 4 is a region of the complex E-plane, if it s absolutely
stable for allh € R4 . The intersection of R 4 with the real axis is called the interval

of absolute stability.

For a fair comparison of the performance of different ODE solvers, the interval of
absolute stability ( defined in Definition 2.4.3) is divided by the number of evaluations
of f per step, thus giving the scaled interval of absolute stability.
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2.5 Regions of absolute stability of RK(6,5), HO(8)
and ABM(13)

2.5.1 Region of absolute stability of RK(6,5)

Recall (as in Subsection 2.2.2) that the general explicit 6-stage Runge-Kutta method
of order 5, RK(6,5), is defined by

6
Y1 = Yn +h Y _bif (@0 + ¢, Vi), (2.5.1)
i=1
5
where Y; =y, and Y; =y, + hZaijf(:En +¢;h,Y;), for 2 <i<6.
j=1

To obtain the (unscaled) region of absolute stability, R, of RK(6,5), we apply RK(6,5)
formula (2.5.1) with constant step h = At to the test equation (2.4.2), that is

f(t,y) = Ay. Thus, we obtain, with h= AAE;

6
Yntl = Yn + h Z bz)/;a
=1

5 (2.5.2)
where Y;:yn—i—ﬁ Zain}, 1=2,3,...,6,

j=1
Since RK(6,5) is an explicit numerical method, the (6 x 6)-matrix A = [a;;] is strictly
lower triangular. For convenience, we define Y, b and e € R® by Y := [V}, Y5, ..., Y§]7,
b:=[b1,ba,...,bs]7 and e :=[1,1,...,1]7; then (2.5.2) can be written:

Y =yne + hAY,  yoi1 = yn + hb'Y. (2.5.3)

Using the first equation of (2.5.3), we get (I—/ﬁA)Y = ype. As A is nilpotent, (]—ﬁA)
is invertible, we have

Y = (I —hA) ye. (2.5.4)
Using the second equation of (2.5.3) and (2.5.4), we get
Yns1 = [L+h 0T (I —hA) €] yn, (2.5.5)

where I is the (6 x 6) identity matrix.
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As in Section 2.4, using the equation (2.5.5), we get the difference equation

Co Yn + C1 Ynt1 =0, (2.5.6)

and the associated linear characteristic equation:
Co + 01 r= O, (257)

where Cy = 1, Cy = 1+ h bT(I — hA)"'e. A complex number £ is in R if the root
of the characteristic equation (2.5.7) satisfies the root condition which was defined
in Defintion 2.4.1. This root depends on the order conditions of RK(6,5) which
can be obtained as in Subsection 2.2.2 . RK(6,5) has 17 conditions (equations)
in 21 parameters (unknowns) to be satisfied, so there exists an infinite family of
explicit RK(6,5). We will consider one member of the family of explicit RK(6,5)
to give an idea about the region of absolute stability of RK(6,5). DOPRI(5,4)
[16, page 204] is one member of the family of explicit RK(6,5) which has the root
r =1+ h+ h2/2+ h3/6 + h*/24 + h5/120 + h®/600. By applying the scanning
technique (see [16, pp. 70 and 204]) we can find the region of absolute stability of
DOPRI(5,4) which is indicated in Fig. 1. The grey regions in Fig. 1 are symmetric

~

about the real axis, and Fig. 1 shows only the grey regions in the half-plane Im(h)> 0.

DOPRI(5,4)

0 _
4 -3 -2 -1 0 1

Figure 1: The grey regions depict the unscaled region of absolute stability of DO-
PRI(5,4) with the unscaled stability interval (—3.3,0).
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2.5.2 Region of absolute stability of HO(8)

The integration formula of HO(8) is given by
1

6
o1 =Y {W,o Yoot + D (A" Y yfﬁ)@] (2.5.8)
m=1

=0
To obtain the (unscaled) region of absolute stability, R, of HO(8), we apply the
integration formula (2.5.8) with constant step At to the test equation (2.4.2) as above

Thus, we obtain
1

6
Yn+1 = Z [W,o Yn—t + Z()\At)m Vem yn—€:| - (2.5.9)
m=1

=0
If we let h = AA? and rewrite (2.5.8) as a function of Y41, ¥, and y,,—1 only, we then
get

6 6
Ynt1 = {70,0 + ) () vo,m} Yn + |:'71,0 + () vl,m] Yot (2.5.10)
m=1 m=1

As in Subsection 2.5.1, we get the difference equation

2
> Citms-1) =0, (2.5.11)
j=0

and the associated linear characteristic equation:

2
> Cpl =0, (2.5.12)
§=0
where Co =1, C = — [7070 + anzl(ﬁ)m ’Vo,m] and Cy = — {%’0 + an:l(ﬁ)m Yim |-

A complex number R is in R if the two roots of the characteristic equation (2.5.12)
satisfy the root condition defined in Defintion 2.4.1. The region of absolute stability
of HO(8) is indicated in Fig. 2 . As in Subsection 2.5.1, the grey region in Fig. 2 is
symmetric about the real axis, and Fig. 2 shows only the grey region in the half-plane

~

Im(h)> 0.
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3.5
3l
2.5
ol
1.5¢
1l
0.5
ol
0.5

HO®)

-3 -2 -1 0
Figure 2: The grey region depicts the unscaled region of absolute stability of HO(8)
with the unscaled stability interval (—2.905,0).

2.5.3 Region of absolute stability of ABM(13)

L. F. Shampine, M. K. Gordon, have plotted stability regions for several variants
of the Adams methods for orders k = 1,2,...,12 [25, pp. 135-140]. They plotted
the stability region of PECE method with Adams-Bashforth (predictor) formula of
order 12 and Adams-Moulton (corrector) formula of order 13. This PECE method
is actually ABM(13). It is found that the (unscaled) stability interval of ABM(13) is
(—0.062,0).



Chapter 3

Contractivity-preserving HBO
Methods

In 2002, Ruuth and Spiteri [24] showed that an s-stage CP RK method with non-
negative coefficients and order p > 4 does not exist. In this thesis, we construct an
optimal CP HBO(13) method with nonnegative coefficients, which has order condi-

tions analogous to the order conditions of RK(s,5).

3.1 CP s-stage HBO methods based on combining
CP HO methods with RK(s,5) methods

3.1.1 General HBO formulation and notation
The following notation will be used in this chapter:

Notation 3.1.1.

We will denote by

e L the number of steps of a given method,
e s the number of stages of a given method per time step,

e d the number of derivatives of y as in Subsection (2.2.4),

25
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e HO(k,d,p) the k-step, d-derivative, (CP) Hermite—Obrechkoff method of order
b,
o HBO(k,s,d,p) the k-step, s-stage, d-derivative, (CP) Hermite—Birkhoff-Obrechkoff
method of order p.
Hence, the method we study in this thesis is: (CP) HBO(2,6,6,13). To simpilfy
notation, we will denote it by HBO(13). Moreover, as the HBO and HO methods are

contractivity-preserving, we will omit (CP).

In the formula (3.1.1) and (3.1.2), we will use the following notation
e The abscissa vector [c1,ca,¢3,...,¢57, 0 < ¢; < 1, defines the off-step points
tn +c;At, j=1,2,...,5. In all cases ¢; = 0.
e For 1 < j < s, F; denotes the jth-stage derivative f(t, + ¢;At,Y;), where
Y: = vy, and Yj is the jth-stage value.
A HBO(k,s,d,p) method to perform integration from ¢, to t,.; is defined by the

following s formulae:

e Hermite-Birkhoff (HB) polynomials are used as predictors to obtain the stage

values Y;,
i—1 d
Y; = vy iy + Al {Z aiij} + 3 (D)™ 0yl
j=1 m=2
k-1 k—1 k—1p d
+ Z ApuijYn—j + At [Z BBU,ijfn—j] + [Z(At)mvmmyff”z} ;
j=1 j=1 j=1 bm=2

i=2,3,...,s (3.1.1)

e A HB polynomial is used as an integration formula to obtain v, ; to order p,

s d
Yn+1 = UBUs+1¥n + Al {Z bij} + ) (A)™ 004 1my"
7=1 m=2
k-1 k-1 k—1p d
+ ) ApUesrynj + At {Z BBU,s+1,jfn—j:| +> [Z(At)m%,sﬂ,m%gm; ;
j=1 j=1 7j=1 tm=2

(3.1.2)
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in the above formulae, the coefficients
1. wgui, ABU,ijs BBU,ijs Y0,im and Yjim, for 2<i<s+land 1<j<k-—1,
2. a5, for2<i<sand1<j<i-—1,
3. b, for 1 <j<s

are the coefficients that we compute to obtain a good approximation y,,; of the
solution y(t,+1).
The subscript BU refers to the Butcher form, while the subscript SO will be used

later for Shu-Osher form and canonical Shu-Osher form.

3.1.2 Construction of the order conditions

To derive the order conditions of HBO(k, s,d, p), we use the following expressions

coming from the backsteps of the methods:

k—1 § k—1 J m
Bz-(j)=ZABw(_jf)+ By Ej@ +7011+Z{Z%zmﬁ}»

=1 =1
k-1 k-1 (—0)i1 (=0
B(]):ZABUerl] +Z BUsHLI (7)1 +705+1J+Z{271s+1m( )1
=1
for 1<j5j<d, 2<i<s
1p d

T S S
B;i(j) _ZABUJJ i + 2 Bgu i G-1) +;Lz:2’71,z,m (j—m)!}

j=d+1,d+2,....p, i=2,3,...,s,

k-1 j g j—1 k—1 m
B(j):ZABU,erIJ . +ZBBUS+1J ._ +Z|ﬁzfyls+lmﬁ:|,
(=1 !

for d+1<j<p+1, 2<i<s.
(3.1.3)
Forcing an expansion of the numerical solution produced by formulae (3.1.1)—(3.1.2)
to agree with the Taylor expansion of the true solution, we obtain multistep- and

several RK-type order conditions that must be satisfied by HBO(k, s, d, p) methods.
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First, we need to satisfy the set of consistency conditions:

k—1
UBU,ﬁZABU,U =1, i=23,...,s+1. (3.1.4)

j=1

Second, to reduce the large number of RK-type order conditions (see [19]), we impose

the following simplifying assumptions:

i-1 :
1 1=2,3,...,s,
aijck + K B(k+1) = —— (3.1.5)
7 k+1"
= k=0,1,....p—5

where ¢? = 1 by convention. Thus, in the case of order p > 5, twelve remaining sets

of equations have to be solved,

- 1
ok ! _ _ _
;bzcz FRBE1) =g, k=01.p-1, (3.1.6)
s 7—1 cp—4 1
P {Z%ﬁJrBi(p—i%)] +B(p—2)= =2 (3.1.7)
i=2  Lj=1 : !
ib - {i i + By( 3)} +B(p—1) ! (3.1.8)
‘p—2 RCA—] ‘ N o = ) 1.
2| &M p o T P =1
s i—1 cp73 ]
b2 gt B _Q]JFB —-1)= : 3.1.9
> L;m(p_?,)! p-2)|+Bp-1)= (31.9)
s i—1 Jj—1 0274 .
b; ij j +Bip—3)| +Bi(p—2)| +B(p—-1) = ’
> {Z S g+ B8]+ Blp =) 51 =
(3.1.10)
= p-2p-1 = (p-4) ilP p)=p 1.
s i—1 -3
C; Cp 1
b= i v + Bilp =2 } + B(p) = . 3.1.12
> p_l[;aj(p_g)! (v =2)| +Br) = (3.112)
s i—1 j—1 4
C P 1
; p— 1 |:j:1 a J |:k:1 a]k (p _ 4), J(p ) (p ) (p) p|

(3.1.13)
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S ri—1 cpr
20 Z%‘ (pj_g)! +Bilp — 1)} +B(p) = ]%, (3.1.14)
;b; — 2{ ]kﬁ+3j(p_3):| +Bi(p—1)} + B( ):%,
(3.1.15)
s ri—1 j—1 cz,g .
sz- Z“U {Z“ik -3 + Bj(p — 2)] + Bi(p — 1)1 + B(p) = o (3.1.16)
;bi{ . @i L=1 ajk(gzl e (pc§_4)! + Bi(p — 3)) + Bj(p — 2)1 + Bi(p — 1)}
+ B(p) = %. (3.1.17)

These order conditions are simply RK order conditions with backstep parts B;(-)
and B(-).

3.2 Construction of the HBO(13) method

We construct 6-stage Hermite—Birkhoff-Obrechkoff methods, as a subclass of multi-
derivative, multistep, multistage, methods, by the formulae (3.2.1) to (3.2.6).

Let At denote the step size. The abscissa vector [cy, ca,c3,...,cs]" defines the six
off-step points ¢, + ¢;At, for 1 < j < 6. In order to perform integration step from ¢,
to tn11, the predictors P, for 2 < j < 6 and the integration formulae IF are computed
as follows:

(P2) A Hermite-Birkhoff polynomial is used as predictor P to obtain Y, to order 9,

i—1 6
Y2 = UBU,2Yn + At {Z CLQjF}':| + Z(At>m70,2,my7(1m)

j=1 m=2

6
+ ApuoYn—1 + AtBpuafr-1 + Z(At)m%,z,myﬁ)p (3.2.1)
m=2

where for 1 < j <6, Fj := f(t, + ¢;At,Y;), denotes the stage derivatives, Fy = f,

and Y; = y,,. In all cases ¢; = 0.
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(P3) A Hermite-Birkhoff polynomial is used as predictor P3 to obtain Y3 to order 9,

i—1 6
Y3 = vpusyn + Al [Z a3ij} + Z(At)m%,s,mygm)

j=1 m=2

6
+ Apu syn—1 + AtBpusfu-1 + Z(At)m%,&myy_ﬂp (3.2.2)

m=2
(P4) A Hermite-Birkhoff polynomial is used as predictor P4 to obtain Y to order 9,

i—1

6
Yy = vpuay, + At {Z Ay } + Z "0 4myn ™)
m=2

=1
6
+ AguaYn—1 + AtBpuafn-1 + Z(At)m%,&myfﬁ)p (3.2.3)
m=2

(P5) A Hermite-Birkhoff polynomial is used as predictor P5 to obtain Y5 to order 9,

i—1 6
Y5 = UBU5Yn + At {Z a5ij} + Z(At>m70,5,my7(1m)

j=1 m=2

6
+ ApusYn—1 + AtBpus frn-1 + Z(At)m%s,myﬁ)p (3.2.4)

m=2
(Ps) A Hermite-Birkhoff polynomial is used as predictor Pg to obtain Yy to order 9,

i—1 6
Y6 = vpu,eyn + Al {Z U } + Z "Y0,6,mY"
j=1 m=2
6
+ Apu,6Yn—1 + AtBpuefo-1 + Z(At)m%,cs,my?(ﬁ)p (3.2.5)
m=2
(IF) A Hermite-Birkhoff polynomial is used as integration formula IF to obtain y,,1

to order 13,

6 6
Ynt1 = VBU,7Yn + AL [Z bng} + Z ", 7myn ™)
j=1 m=2
6
+ ABU,7yn_1 + AtBBUjfn_l + Z(At)m%;,mngnf)l. (326)

m=2
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Here the subscript BU refers to the Butcher form, while the subscript SO will be used
later for the Shu—Osher form.

Formulae (3.2.1)—(3.2.6) are the Butcher form of HBO(13).

Note that the set of derivatives yflm), m =2,3,...,6, is computed only once per step
at t = t,,. The defining formulae of 2-step HBO(13) involve the usual RK parameters
¢, a;; and b; and the Taylor expansion parameters 7,;; and v;;;. Then, we can
represent a HBO(13) method by its coefficient scheme (A, b,7,,7,) where A denotes
the (6 x 6) matrix A = (a;;), b the 6-vector b = (b1, ba, ..., bs)", v, and v, the (7 x5)
matrices vy, = (70,i,;) and v, = (71,;;) of Taylor expansion parameters vy ; and 1,
respectively. We can display the coefficient scheme (A,b,7,,7;) and the ¢; in the

Butcher tableau and the (7 x 5) matrices ;, i = 0, 1, as follows.

C1 - -
0 0 - 0

Co | Q21

Yi2,2 V23 0 Yi26
C3 | Aasi1 asp2

Yi= | 732 733 o 7Vi3e | - (3.2.7)

Co | Gg,1 Gg2 " 0Gg5

Y72 Vi3 oo V476

by by - b5 b6 - -

3.3 Order conditions for HBO(13) method

To derive the order conditions of 6-stage HBO(13), we use the following expressions

coming from the backsteps of the method:
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T S

BZ(]) = ABUZ j' + BBUZ ( 1) +’702j +Tr§:2’yl,im ( - m)'7
(-1 (-1 j 1)

B(j) = Agur il + BU7( 1)!+707J+2717m( —m)!’

. (1) (-1t (—1)im
Bl J) = ABU,i A + BBUz + Y1,im 5
) i G- 2 e Gy
for 7<57<13, 2<i<6,
. —1)/ —1)i—m
B(j) = Apur ( j!) —|—BBU7 + Z% 7,m )l
J=178,...,14

where Y0,i,1 = O,Z = 2, 3, oy 7.

To obtain the order conditions for HBO(13) method, we do the following:

Firstly, we match Taylor expansions of the exact solution and numerical solution
produced by formulae (3.2.1)—(3.2.6) up to order 13. This will produce a very large
number of RK-type order conditions of order 13. These RK-type order conditions

include the set of consistency conditions which are
UBU,i + ABU,Z’ = 1, 1= 2, 3, ceey 7. (332)

Secondly, to reduce the very large number of RK-type order conditions of order 13
(see [19]), we impose the following simplifying assumptions:
Zawc PR+ 1) = b ' - (3.3.3)
k+1 k=0,1,...,8
where ¢! = 1 by convention. The set of equations (3.3.3) is derived from the Taylor
expansions of each stage Y; up to order 9. We use the set of simplifying assumptions

(3.3.3) to reduce the very large number of RK-type order conditions of order 13 to
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twelve remaining sets of equations of order 13 to be solved. These order conditions

are comparable to the set of order conditions of RK of order 5:

Zibz‘Cerk!B(kJrl):%H, k=0,1,...,12, (3.3.4)
Zb {Z ij o < T+ Bi (10)} + B(11) = % (3.3.5)
ibf—l {: as; 99, +B, (10)} +B(12) = % (3.3.6)
Zb {Z aij 1;0' Bi(ll)} + B(12) = % (3.3.7)
; b Li: ai) L: aji ;—% + Bj(10)} + Bi(ll)} + B(12) = % (3.3.8)
ib"n C: = [Zl ai; ;9' + B, (10)} + B(13) = 1i3| (3.3.9)
Z {Z ai; To1 T )] +B(13) = 1%, (3.3.10)
gb {i ai; {Z @i o )] + Bi(ll)} + B(13) = 1i3' (3.3.11)
ibi Z ay L T + Bi(12)} +B(13) = %3, (3.3.12)
gbi ; a7 {g aji gy + B, (10)} + Bi(m)} + B(13) = 1i3' (3.3.13)
gbi ; i Ezj O %0, " Bj(n)} + Bi(12)] +B(3) = o (3.3.14)
z:b{; a; {g ajh Czj ae 9—? + Bk(m)) + Bj(u)} + B,-(u)}

+ B(13) = (3.3.15)

1_3!.
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These order conditions are the RK order conditions with backstep parts B;(-) and
B(:).

3.4 Shu-Osher and modified Shu-Osher forms of
HBO(13) method for deriving the CP prop-
erty

In this section, we determine the Shu-Osher and modified Shu-Osher forms of a sub-
class of Butcher form of HBO(13) method (see conditions (3.4.3) and (3.4.4)). And
we use them to express the method HBO(13) as convex combinations of S(6), defined
n (1.1.2). Therefore, it will perserve the contractivity-perserving property (1.1.5).

For convenience, we rewrite HBO(13) formulae (3.2.1)—(3.2.6) as follows:

i—1 6
Y; = UBU.,iYn + At |:Z Q5 :| + Z At 0,i myw(v, ™)

j=1 =2

+ ApUiYn—1 + At Bgu,i faor + Z(At)%,i7myfffi, i=23,...,6 (341)

m=2

6 6
Yn+1 = UBU,7Yn + Al [Z bij} + Z ™Yo, 7mYs
m=2

j=1

6
+ Apu,7Yn-1 + AtBguzfo-1 + Z(At)m71,7,my7(1nj)1- (3.4.2)

m=2

We let
vgy,; # 0,for 2 <4 <7, (3.4.3)

and similar to the generalization to HB methods [20] of the Shu-Osher form of RK
methods [27], we present how to write HBO(13) in its Shu-Osher form.

Firstly, let
1—1
Xie>0, Y Ng=1, for 3<i<T. (3.4.4)
(=1
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Then, formulae (3.4.1) and (3.4.2) become

6
|:Z )\zZ:| UBU iUn + At |:Z az] 1 Z At) '70 % mygm)
m=2

6
+ AUln-1 + AtBpuifa-1 + Y (A 1imys’), for 3<i <6, (3.4.5)

m=2

Ynt1 = [Z A?é} VBU,7Yn + At {Z b F] Z )" 70,77my7(1m)
m=2

6
+ Apu,rYn—1 + AtBguzfa-1 + Z(At)m%,zmy?(ﬁ)l- (3.4.6)

m=2

Secondly, we express the term y,, in formulae (3.4.1) as a function of Y;, for 2 <i <6

(m)

6
et s S

6
— Apu,iYn—1 — AtBpu,ifa-1 — Z(At)m%,i,myém)l}- (3.4.7)

m=2

We do not want to be confused with the index ¢ so we replace the index i by ¢ in
formulae (3.4.7) to obtain

6
Ye— AN a (A ™06 ™
A L

6
_ ABU,{ yn71 - AtBBU,g fnfl . Z(At)m'yl,g’mygm)l}?

m=2

for2 <& <6. (34.8)

Thirdly, for 3 <i <6 and ¢ =1,2,...,i — 1, we replace y, in (3.4.1) by the right
hand side of (3.4.8) with £ = ¢. Similarly, we replace ¥, in (3.4.2) by the right hand

side of (3.4.8) with £ = (. If we set

AijUBU i . . .
ayy = “9UBUL gy j =923, i—1land 3<i<T, (3.4.9)

UBU,j
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hence, after some calculations, formulae (3.4.1) with ¢ = 2, (3.4.5) and (3.4.6) become

6

1—1
Vim [y AtaE] + (A i
j=1

m=2

: (m) . (3.4.10)
+ |AiYn—1 + AtBifr1| + Z(At)mélyi,myn_l, for 2<i<7,
m=2
yn+1 == }/77
where the coefficients are
i—1
Qi1 = UBU,i — ZOM vguy, for 3<i<T, (3.4.11)
=2
Q21 = VBU,2; (3.4.12)

i—1

Bij=a;— Y agag, for 3<i<6 and j=1,23... i-1, (3.4.13)

l=j+1
Ba1 = an, (3.4.14)
6
57]' - bj - Z (6% (Mj, fOI' 1 S ] S 67 (3415)
(=j+1
i—1
Ai = ABU,i - ZO{M ABUla for 3 S 1 S 7, (3416)
=2
Ay = Apu o, (3.4.17)
i—1
Bz’ = BBU,i — ZO{M BBU,Z; for 3 S 1 S 7, (3418)
=2
BQ - BBU,Q; (3419)
i1
00i,m = Yoim — ZOZZ‘( Yo,6,m» for 3<:<7 and 2<m <6, (3.4.20)
=2
50,2,m = 70,2,m; for 2 S m S 6, (3421)
i1
Oim = Viim — ZO‘M Y1,8,ms for 3<i<7 and 2<m <6, (3.4.22)
(=2

0M.2m = Y1.2m) for 2 <m <6, (3.4.23)
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with consistency conditions:
i—1
ay+Ai=1  i=23...7T (3.4.24)
j=1
In fact, for i = 2,3,...,7, we have:
i1 i—1
Zaij+Ai = Q41 +Zaij + Ai
j=1 Jj=2
i—1 i—1
= VUBU,i — Z Qg VBU ¢ t+ Z Qg + A (by (3.4.11))
=2 j=2

i—1 i—1 i—1
= VUi — Y e vpue + P 0ij + Apui — Yy Aguy  (by (34.16))
(=2 7=2 (=2

i—1 i—1

= vpu; + Apu, — Z ay (vpuy + Apuy) + Z Qj
(=2

=2
i—1 i—1
= vpv,i + Apu; — Z Qg + Z Qi (by (3.3.2))
=2 =2
i1 i1
=1-> ap+ Yy ay=1 (by (3.3.2))
(=2 =2

Form (3.4.10) is called the Shu-Osher form of HBO(13).

Now, we set

v; = a4, for 2<i<7, (3.4.25)
and
in (3.4.10), then we have the modified Shu—Osher form of HBO(13):

6
Y; = |:viyn + At w; fn + Z(At)mfso,i,mygm)} + |:Aiyn—1 + AtB; fn-1

m=2
6 1—1
" , 3.4.27
m=2 j=2

Yn+1 = YT?
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This form generalizes the modified Shu-Osher form for RK methods (see [27, 7]).
From (3.4.3), (3.4.4), (3.4.11) and (3.4.12), we note that

a;; #0, for 2<4i<7 and j=1,2,...,i—1. (3.4.28)

If we assume that
A 40, for 2<i<7T, (3.4.29)

then we can rearrange the stage values Y;, for 2 <i < 7, in (3.4.27) as follows:

)

6
+ Z(At)’”élgﬂ } +Za23 (Y L atPip ) , (3.4.30)
m=2 4

j=2 i

6
w; 8o, B,
Y; = v; |y, + At — f,, A2 Ay 4+ A=
v{y+ ot +mz2( )"y }+ {y 1 AT f

with consistency conditions:

i—1

vit A+ =1, for 2<i<T. (3.4.31)

=2
Clearly, (3.4.30) is the convex combination of S(6) (1.1.2) with the step sizes At 3,
At% and At% whenever v;, A;, a;; are strictly positive. Note that (3.4.30) is a
subclass of modified Shu-Osher form of HBO(13) (3.4.27) (see conditions (3.4.28)
and (3.4.29)).
From (3.4.30), we obtain the difference Y; — }7;, for 2 <17 <7, as follows:

6
~ w; d0.i

Yi—Y: = v, W+ At— [, Ag)m 2bm o, (m)

vathv'f—l—E() vy”)

)

(yn+At_fn+ZAtm Ozm~ >:|

)

(yn 1+At fn 1+Z (At)™ )}

+Ai[(yn 1+At—fn 1+Z (Af)™
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i—1

+) KYﬁAt%Fj) - (%+At%fj)}, (3.4.32)
=2 17 )

where Y; defined in Section 2.6. Provided all the coefficients of (3.4.30) are nonnega-

tive, the following straightforward extension of a result presented in [8, 12] holds.

Theorem 3.4.1. If f satisfies condition (1.1.4) of the S(6) method, then the 2-
step, 6-stage, 6-derivative, HBO(13) method (3.4.30), under the assumption that all
coefficients of (3.4.30) are nonnegative, satisfies the CP property

Yns1 = G| < Imax Yn—j — Injll,

provided
At < Creasible At s76),

where

o the feasible CP coefficient, Creasivle 1S the minimum of the following numbers:

Tio = —, 222,3, ,77
%
in (Yl o347
j=2g13.r.l,z‘71 Bz‘j » PESHnh (3.4.33)
A,
il = & 122,3, ,7,

e For ¢ = 0,1, 1 =23,....,7 and 2 < m < 7, the following conditions are

imposed on Oy m,

50,i,m
V4

AN

—
| —

|
3

|~

=

:

IA

—
| —

|
3

|~

—
©w

=

w0

Nai?

with the convention that a/0 = 400.

Proof. The difference Y; — Y; of HBO(13) can be rewritten as a convex combination
of the three terms on the right-hand side of (3.4.32). Thus, by convexity of the norm
| - |, we have, for 2 <i <7,

6
w; S
nt A= fo ) (A =y
<y + Uif + ) (A" ="y )

1

IYi=Yi| < v

m=2
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5 ’Lm ~
(yn+At—fn+Z (Ap)™ 2m )H
m=2
~ z' 3 m l,i,m ~(m)
(e aig f“ﬂ;(“) A y) |

(588 E) - (namBE)| @

ij

+ A;

(yn 1+At fn 1+Z At

i—1

+2

j=2

The first two terms on the right-hand side of (3.4.35) have the following upper

bounds:

<yn+At—fn+ > (A 50’my1gm)>

m=2 i

52m~
(yn+At—fn+ZAt 204m )H

m=2

(yn 1+At fn 1+Z At )
(yn 1+At_fn 1+Z Atm llm N(m >H

Svi”yn—yn”—l—AiHyn 1= Un— 1H by (1.1.4) and (3.4.34)

+ A;

< (vi+ Ai) max e = Goell, i=2,3,....7,

since A A
1 t 1 t
—At S S Ats((;) and —A¢ S
Ti0 Cfeasible i1 Cfeasible

< Atge).
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The third term on the right-hand side of (3.4.35) has the following upper bound:
! Bi; - Bii ~
> ay <Yj +AtiFj> - (}Q+Ata—“1«';-)H
= ij ij

Qij
i1
< E Qi
i=2

At ~ At ~
(reen) (52 257)
Cfeasible Cfeasible

—1
< . — 7 ) = .. .
_Z;a”orggéllyn_z Gnell, i=2,3,...,7, by (1.1.4),
J:

. At
since &At < < Atgg)-
Qi Cfeasible

Because v;, A; and «;; are strictly positive and v; + A; + 23;12 a;; = 1, we have the

inequality

Y; - Y,

—1
< (v + Ai) max [lyn-e = Gnel + z; g 22X [[yn—e = G|
J:

< max || Yn—j — Gn—jll, 1=2,3,...,7.

0<j<1
We thus obtain ‘ Y, — )N/ZH < maxo<j<i ||Yn—j — Un—j|| for i =2,3,...,7. In particular,
this yields ||yn+1 — U] < maxo<j<i |Yn—j — Gn—jl| for i = 7. O

Note that the coefficients v;, w;, aj, Bij, Ai, Bi, 60im of HBO(13) (3.4.30) that sat-
isfy conditions (3.4.34), with their corresponding Butcher form coefficients satisfying
order conditions (3.3.2) to (3.3.15), will produce a feasible CP coefficient, cfeasible,
defined in Theorem 3.4.1 and a feasible HBO(13) in Shu-Osher form (3.4.30). What
we really want is not merely a feasible method HBO(13) in Shu-Osher form but the
best HBO(13) that has the largest possible CP coefficient.
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3.5 Butcher form and modified Shu-Osher form in

compact vector notation

In this section, we recall that Gottlieb, Ketcheson and Shu presented canonical Shu—
Osher forms in compact vector notation for RK methods (see [7, Sections 3.1-3.4] for
details). Our construction of canonical Shu-Osher form of HBO(13) proceeds in this
section and in Section 3.6.

A. Vector notation

Vector and matrix notations help to represent a HBO method in canonical Shu—Osher

form. Let us denote:

e vy, wy, Agy and Bgy, the vectors of R” given by

Y

v = [0, VBU2, UBU 3, - - -, UBUT) ,  Wo = [0,a91, 31, . ., 61, b1]"
Apy = [07 ABU,2a ABU,37 - >ABU,7]T and Bgy = [07 BBU,Qa BBU,Ba e >BBU,7]T-
e 7, and 7, the rectangular (7 x 5)-matrices, defined in (3.2.27).

e B, € R™7 the strictly lower triangular matrix

0 0 0 0 0
asn 0 0 0 0
az1  as2 0 0 0
Bo=| ann a2 asz 0 0 01, (3.5.1)
ag1 g2 a3 -+ ags 0 0
| b1 by by - by bg O

whose coefficients come from the Butcher form (3.4.1) and (3.4.2) of HBO(13).

Moreover, set also the (7 x N)-matrices

Y =1[0,Ys,....Y7]"and F=[0,F,...,F]", (3.5.2)
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and the (5 x N)-matrices
©, = [(At)*y (At)‘°’ B (AT and
P = [(A1)?yD,. <At>3yff’>1, (AT

defined by the N-vectors: Y}, Fj for j = 2,...,7, y;, f; for j = n—1,n, Y] = y,,
Fiy = fn, Y7 = Yns1 and Fr = fryq.

(3.5.3)

B. Butcher form in compact vector notation

With the above notation, the Butcher form (3.4.1) and (3.4.2) of HBO(13) can be

written in vector notation as:

Y = woy, + Atwof, + Yo,
+ Apuyl | + AtBgufl |+, 1 + AtB,F, (3.5.4)
Ynt1 = Y77

with the consistency conditions:
v + Apy = e, (3.5.5)
where ey is the 7-vector
e;=1[0,1,1,...,1]F ¢ R". (3.5.6)
C. Modified Shu-Osher form in compact vector notation

Using the equations and notations (3.4.11) to (3.4.23), and (3.4.25) and (3.4.26), we

set

e the vectors v, w, Ago, Bso € R

v = [O7U27v37 s av7]Ta w = [07 w2, W3, . . - aw7]T7
ASO = [O, AQ,Ag, e ,A7]T and BSO = [0, BQ, Bg, Ce ,B7]T.

e the strictly lower triangular (7 x 7)-matrices

a=(a;) and B = (By).
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e the rectangular (7 x 5)-matrices with zero first row,

(50 = (50,i,m) and 61 = (51,i,m)~

where the components v;, w;, aj, Bij, Ai, Bi, 0¢4m come from the modified Shu-Osher
form (3.4.27) of HBO(13).
Using the equations (3.4.11) to (3.4.23), we have

v=I—-a)vy, w=I—-a)wy, Jd =I—a),, (3.5.7)
ASO = (I — Of) ABU, BSO = (I - a) BBU; (358)
b=UI-a)y, B=U-a)b,. (3.5.9)

Therefore, the modified Shu-Osher form (3.4.27) of HBO(13) can be written in vector

notation as:
Y =y + Atwfy + 8o, + Asoy,  + AtBsofr  + 610,
+aY + AtpBF, (3.5.10)
Ynt1 = Y7,
with the consistency conditions (3.4.24) in vector form,

v+ Aso + ae; = e, (3511)

where e7, defined in (3.5.6). Note that, as the first row of matrices Y, F' are equal to
zero, oy and [y, for 2 <4 < 7, are not used in formulae (3.5.10) and are replaced

by v; and w;, for 2 <17 <7, respectively.

3.6 Canonical Shu-Osher form of HBO(13) method
written solely in terms of vectors and matrices

of Butcher form for deriving the CP property

In this section, we consider a subclass of HBO(13) methods, for which we will optimize

the CP coefficients in Section 3.7. This subclass is defined by the following extra
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condition:

Condition (r): The matrices o and 3 of the modified Shu-Osher form of HBO(13)
(see 3.5.10) are proportional, i.e. a =3, for r > 0.

Then by (3.5.9), we have: 3= (I —r3)3, and therefore

B (I +1By) = Bo. (3.6.1)
As B, is strictly lower triangular, (I + r8,) is invertible and
B=B8,I+rB) " =T +rBy)" By (3.6.2)

By Condition (r), we have:

(I —o)(I+rBy) =T —rB)I+rB)
=I+rBy—rB(I+1rBy)

=I+rBy—rB
=1.
Hence,
(I-—a)=(T+rB8,)". (3.6.3)

Using the equations (3.5.7) to (3.5.9) and (3.6.3), the modified Shu-Osher form of
HBO(13) (3.5.10) becomes under Condition (r):

Y =(I+ 7’/80)71 [ong + Atwo f + Yo,
+ Apuyl_ |+ AtBpufl +¥1¢,_1 + By (1Y + AtF)], (3.6.4)
with the consistency relations
(I+7By) 'vo+ (T +1By) " Apy +7 (I +78,) " Boer = e, (3.6.5)

which is equivalent to the consistency conditions (3.5.5). The modified Shu-Osher
form of HBO(13) (3.5.10) under Condition (r), shown in (3.6.4), is called the Canoni-
cal Shu-Osher form of HBO(13) method written solely in terms of vectors and matrices
of Butcher form.
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Let f be a function satisfying the assumptions of Theorem 2.1.1 and the condition
(1.1.4) of the S(6) method. Let us denote the coefficients of the modified Shu-Osher
form of HBO(13) (3.6.4) as

v, =1+ rﬁo)fl Vo, w, = (I + rﬁo)fl wy,

(3.6.6)

So.r =T +1B) vy S1r=T+7B) "7, (3.6.7)
Aso,r = (I +78y) " Apuy, Bso,r = (I +r83,)"" Bgu, (3.6.8)
(3.6.9)

B, = (I +78) " Bo.
Under Condition (r), Theorem 3.4.1 can be rewritten as follows:

Theorem 3.6.1. Let [ be as above. Then the 2-step, 6-stage, 6-derivatives HBO(13)
method (3.6.4) satisfies the CP property

||yn+1 - gn+1” < ()Igjagxl Hyn*j - gn*j”v fOT At < TAtS(@’

if the following conditions are satisfied:

e the coefficients (3.6.6) to (3.6.9) are component-wise positive ( see Remark

3.6.1),
°
; A; .
TSTZ-O:U—, T’ST’“ = —, fOT 2§7/§77 (361())
°
(5 Az .
O0im < oy Otim < o, Jor 2<i <7 and 2<m <6, (3.6.11)
m om! w m ml

with the convention that a/0 = +o0.

Remark 3.6.1. We noticed from the numerical computations that we can have a
feasible HBO(13) method with v;, w; are both 0, for 2 <i <7 or A;, B; are both 0,
for 2<i<T.
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3.7 Formulation of the optimization problem to

obtain the optimal HBO(13)

Theorem 3.6.1 indicates sufficient conditions on the parameter r of Condition (r)
should satisfy for the 2-step, 6-stage, 6-derivatives HBO(13) method (3.6.4) to be
contractivity-preserving. Hence each representation (v,., w,, 8¢, Aso,r, Bsor; 01, Qr, 3,.),
of HBO(13) (3.6.4), produces a feasible CP coefficient r if the following conditions

are satisfied:

v, = (T +rBy) vy >0 ( )

w, =T +7r8,) wy>0 ( )

8o, = (I +78y) " 79 >0 (3.7.3)

81, =T +71B) v, =0 (3.7.4)
Asor = (T +1By)" Ay >0 (3.7.5)
Bso, = (I+718,)" Bpy >0 (3.7.6)
B, =B+ Tﬁoyl >0 ( )

together with
e conditions (3.6.10), (3.6.11), and
e order conditions (3.3.2)—(3.3.15) for order 13.

Let ¢(HBO(13)) denotes the supremum of the CP coefficients r and consider the

following definition

Definition 3.7.1. The effective CP coefficient of CP HBO(13) method is denoted by

HBO(13))

cop( HBO(13)) = d : , (3.7.8)

where 1 is the number of function evaluations of HBO(13) method per time step and
c¢(HBO(13)), defined above.
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Gottlieb et al [8] pointed out that the coefficients ceg provide a fair comparison be-
tween methods of the same order. Since HBO(13) method contains many free pa-
rameters, the Matlab Optimization Toolbox was used to search for the methods with
largest ¢(HBO(13)) under the tolerance 107'% on the objective function ¢(HBO(13))
provided all the constraints are satisfied to the tolerance 8 x 1074

We have not found any CP general linear 2-step multistage methods of order 13 with
nonnegative coefficients in the literature. Our study indicates that HBO(13) exists
and has fairly good CP coefficients. Our best method of order 13 has

c¢(HBO(13)) = 0.540.

The formula of the new HBO(13) is listed in Appendix B with its ¢(HBO(13)),
cef(HBO(13)) and abscissa vector.

3.8 Region of absolute stability of HBO(13)

To obtain the region of absolute stability, R, of HBO(13), we apply the predictor P;,
for 2 < i <6 (3.4.1) and the integration formula (3.4.2) with constant step h = At

to the linear test equation
y =X, =L

Thus we obtain
1—1 6
j=1 m=2

6
+ AU Yn-1 + hBpu 1 + D (W) " Nimlno1, i =2,3,...,6, (3.8.1)

m=2

and

6
> b

j=1

Yn+1 = VBU,7Yn + N

6
+ Z (h>m70,7,myn

m=2

6
+ Apu7Yn—1 + hBpu 7Yn—1 + Z(h)m%,zmyn—l, (3.8.2)

m=2



CHAPTER 3. CONTRACTIVITY-PRESERVING HBO METHODS 49

where h = AAt. We can see that Y; in (3.8.1) is expressed only in terms of ,_y,
¢ = 0,1, since ¢; = 0. Then, y,,1 in (3.8.2) is expressed only in terms of y,_,,
¢ =0, 1; thus we obtain the following second-order difference equation and associated

linear characteristic equation:

2 2
> Cithmr-n =0, > Cyrl =0. (3.8.3)
j=0 j=0

The coefficients C; in the above characteristic equation can be found by symbolic
computation. A complex number % is in R if the two roots of the characteristic
equation satisfy the root condition which is defined in Definition 2.4.1. The scanning
method used to find R is similar to the one used for Runge-Kutta methods (see [16,
pp. 70 and 204]). The grey region in Fig. 3 depicts R for HBO(13) with the unscaled
interval of stability (—2.79,0). As in Subsections 2.5.1 and 2.5.2; the grey region
in Fig. 3 is symmetric about the real axis, and Fig. 3 shows only the grey region
in the half-plane Im(%)> 0. It is seen that HBO(13) has a larger scaled interval of
absolute stability (—0.253,0) than the Adams-Bashforth-Moulton method of order

13 (—0.03,0) in PECE mode [25, pp. 139-140].

5

: HBO(13):

4 2 0

Figure 3: The grey region depicts the unscaled region of absolute stability of HBO(13)
with the unscaled stability interval (—2.79,0).
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Numerical Results

4.1 Implementation and problems used for com-

parison

We compare the numerical performances of HBO(13) and ABM(13) on each of the
test problems listed below. We give in Appendix A, a short description of this list of

problems.

e B1 The growth of two conflicting populations.

e B3 A nonlinear chemical reaction.

e B5 Euler equations of motion for a rigid body without external forces.
e D1 Kepler’s two body problem with eccentricity e = 0.1.

e D2 As in D1 except with eccentricity e = 0.3.

e D3 As in D1 except with eccentricity € = 0.5.

e D4 As in D1 except with eccentricity e = 0.7.

e D5 As in D1 except with eccentricity e = 0.9.

e E2 Derived from Van der Pol’s equation with € = 1.

20
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e Hénon—Heiles’s problem [10].

e A problem in Galactic dynamics [3].

The starting value for HBO(13) is calculated by MATLAB’s ode113 under the strin-
gent tolerance 5 x 107, The higher order derivatives ¢ to y(® of Taylor series are
calculated at each integration step by known recurrence formulae (see, for example, [9,
pp. 46-49], [17, 1, 2]). Deprit and Zahar [5] showed that such recursive computation
is very effective in achieving high accuracy, even with little computing time and large
step sizes. Our comparison of the performances of HBO(13) and ABM(13) proceeds
in four steps. Firstly, we implement both HBO(13) and ABM(13) in MATLAB. Sec-
ondly, we collect the CPU time, the global error at the endpoint of integration and
the relative energy error. Thirdly, we compute the CPU percentage efficiency gain
(here, the CPU time estimates are obtained by using MATLAB’s polyfit). Lastly,
we draw figures and tables according to the data collected through previous steps and
compare the results.

Computations were performed in MATLAB Version 8.3.0.532 (R2014a) on a Mac Lap-

top with the following characteristics:
[0 Processor: 2.6GHz quad-core Intel Core i7.
O Memory: 8GB 1600MHz DDR3.

[0 Operating system: Mac OS X Version 10.9.5.

4.2 CPU time of HBO(13) and ABM(13)

Firstly, we compute the global error at the endpoint of integration interval as a
function of the CPU time of HBO(13) and ABM(13). If v = [vy,va,...,vn]T € RY,
recall that ||v||cc = max{|v;|;1 < j < N}. The global error at the endpoint ¢; of

integration interval, denoted by GE, is taken in the infinity norm,

GE = [|lyy — 2fl[co;
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where y¢ is the numerical value obtained by HBO(13) and z; is the “exact solution”
obtained by MATLAB’s ode113 with stringent tolerance 5 x 107'4. The numerical
tests have been repeated 20 times to obtain a better estimation of the CPU time
data. In Fig. 4 and Fig. 5, the performance of HBO(13) and ABM(13) is compared
on the eleven problems of Section 4.1, on the basis of log,,(GE) (vertical axis) as
a function of CPU time in seconds (horizontal axis). It is seen, from Fig. 4 and
Fig. 5, that HBO(13) compares favorably with ABM(13) at stringent tolerance, on
the basis of log,,(GE) (vertical axis) as a function of CPU time (horizontal axis) for

these eleven problems (listed in Section 4.1).

The CPU percentage efficiency gain (CPU PEG) is defined by the formula (cf. Sharp
[26]),

(4.2.1)

(CPU PEG), = 100 [Zj OP Ui 1] ,

>, CPU;

where CPU, ;; and CPU,;; are the estimates of CPU time of methods 1 and 2, respec-
tively, associated with problem ¢, and j = —log;, (GE estimate). To compute CPU, ;
and CPU, ; appearing in (4.2.1), we approximate the data (log;, (GE),log;, (CPU))
in a least-squares sense by MATLAB’s polyfit. Then, for chosen integer values of the
summation index j, we take — log;, (GE estimate) = j and obtain log,,(CPU estimate)

from the approximating curve, and finally the estimate of CPU time.

The CPU PEG listed in Table 1 shows that HBO(13) wins on the basis of log;,(GE)

as a function of CPU time for the listed problems on the time interval [0, ¢y].
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Figure 4: Log;, (GE) (vertical axis) as a function of CPU time (horizontal axis) for
the problems on hand.
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Figure 5: Log;, (GE) (vertical axis) as a function of CPU time (horizontal axis) for
the problems on hand.

CPU PEG of HBO(13)
Problem over ABM(13)
BI (i; = 20) 50 %
B3 (t; = 20) 27 %
B5 (; = 20) 118 %
D1 (t; = 16m) 190 %
D2 (t; = 16m) 52 %
D3 (t; = 167) 31 %
D4 (t; = 16m) 27 %
D5 (t; = 16m) 23 %
E2 (t; = 20) 41 %
Hénon-Heiles (ty = 70) 275 %
Galactic dynamics (t; = 500) 62 %

Table 1: CPU PEG of HBO(13) over ABM(13) for the listed problems.
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4.3 CPU time of HBO(13) and ABM(13) after
a 350-orbit integration of Kepler’s two-body

problem

Secondly, we compute the relative energy error (EE(t)) as a function of CPU time of
HBO(13) and ABM(13) after a 350-orbit integration of a Hamiltonian system as in
[11]. The Hamiltonian for Kepler’s two-body problem is

1 _
HKepler = 5(3/% + yi) - (y% + yg) 1/2'

The relative energy error (EE(t)) at time ¢ is defined as

where E(t) is the energy at time ¢. For this comparison, we used Kepler’s two-body
problem with eccentricities of 0.3, 0.5, 0.7 and 0.9 and an interval of integration of
[0,7007]. Fig. 6 is the graph of log;,(EE) as a function of CPU time in seconds for
HBO(13) and ABM(13) after a 350-orbit integration of Kepler’s two-body problem
with eccentricities of 0.3, 0.5, 0.7 and 0.9. It is seen, from Fig. 6, that HBO(13)
compares favorably with ABM(13).

The CPU PEGs of HBO(13) over ABM(13) after a 350-orbit integration of Kepler’s
two-body problem with eccentricities of 0.3, 0.5, 0.7 and 0.9 respectively are listed in
Table 2. From Table 2, we see that HBO(13) wins on the basis of the relative energy
error (EE) and CPU time.
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Figure 6: Log;, (EE) (vertical axis) as a function of CPU time (horizontal axis) on
Kepler’s two-body problem with e = 0.3 (Top left), e = 0.5 (Top right), e = 0.7
(Bottom left) and e = 0.9 (Bottom right) respectively. The interval of integration is
[0, 7007].

CPU PEG for
Kepler’s two-body problem with:
e=0.3 32%
e=0.5 25 %
e=0.7 28 %
e=0.9 27 %

Table 2: CPU PEG of HBO(13) over ABM(13) on a 350-orbit integration of
Kepler’s two-body problem with e = 0.3, e = 0.5, e = 0.7 and e = 0.9 respectively.
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4.4 Relative energy error of HBO(13) and ABM(13)
on a 10000-orbit integration of Kepler’s two-

body problem

In our last comparison, we compare the relative energy error (EE(t)) on a 10000-orbit
integration of Kepler’s two-body problem with eccentricities of e = 0.5, e = 0.7 and
e = 0.9. Fig. 7 gives the graph of relative energy error EE(t) as a function of time
t for e = 0.5, e = 0.7 and e = 0.9 over an interval of 10000 periods. Fig. 7 shows
that the contractivity-preserving property reduces the growth of error. Fig. 8 gives
the smoothed graph of logarithmic scaled EE(¢) as a function of logarithmic scaled ¢
for e = 0.5, e = 0.7 and e = 0.9 over an interval of 10000 periods. The smoothing
removed the small amplitude high frequency oscillations in the original data and was
done by using the MATLAB’s filter command with the window size of 20. The
initial stepsize was chosen so that ABM(13) and HBO(13) used the same CPU time.

For e = 0.5, ¢ = 0.7 and e = 0.9, the relative energy error of ABM(13) is about 25,
25 and 34 times the relative energy error of HBO(13), respectively, across the interval
of integration. These results are consistent with the CPU PEGs listed in Table 2 for
two-body problem with e = 0.5, e = 0.7 and e = 0.9.

Moreover, we used linear least-squares to fit the power law C;t? to the graphs of
Fig 8. The values of Cy are listed in Table 3 and are in good agreement with the

expected asymptotic value of one for non-symplectic methods.

C5 of C1t%2 for
Kepler’s two-body problem with:
Method | e=0.5|e=0.7 e=209
HBO(13) | 1.017 1.028 1.040
ABM(13) | 0.995 0.994 0.993

Table 3: Exponent C, of power law C;t¢? fitted to the error graphs of Fig. 8 for
Kepler’s two-body problem with e = 0.5, e = 0.7 and e = 0.9 respectively.
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right) and e = 0.9 (Bottom) respectively. The interval of integration is [0, 200007]
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Chapter 5
Conclusion

A new contractivity-preserving (CP) explicit, 2-step, 6-stage, 6-derivative Hermite—
Birkhoff-Obrechkoff method, HBO(13), of order 13 with nonnegative coefficients was
constructed for solving nonstiff first-order initial value problems v = f(t, ),

y(to) = yo, where f satisfies some smoothness conditions (see Section 2.1). This
new method is the combination of a CP, 2-step, 6-derivative, Hermite—Obrechkoff
method of order 9 and a 6-stage Runge-Kutta method of order 5. The new HBO(13)
method has order 13. This new method was tested on the following nonstifft DETEST
problems [13]:

e B1 The growth of two conflicting populations.

e B3 A nonlinear chemical reaction.

e B5 Euler equations of motion for a rigid body without external forces.
e D1 Kepler’s two body problem with eccentricity e = 0.1.

e D2 As in D1 except with eccentricity e = 0.3.

e D3 As in D1 except with eccentricity € = 0.5.

e D4 As in D1 except with eccentricity e = 0.7.

e D5 As in D1 except with eccentricity e = 0.9.

60
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e E2 Derived from Van der Pol’s equation with € = 1.
and on the following two problems:

e HénonHeiles’s problem [10].

e A problem in Galactic dynamics [3].

The new method HBO(13) has lower global error at the endpoint of integration inter-
val and uses less CPU time than Adams—Bashforth—-Moulton method of order 13 in
PECE mode, denoted by ABM(13), in solving the eleven problems listed above. Also,
HBO(13) was compared with ABM(13) after a 350-orbit integration of Kepler’s two-
body problem D2, D3, D4 and D5. We showed that HBO(13) performed better than
ABM(13) on the basis of the CPU time and the relative energy error. Furthermore,
we showed that HBO(13) is better than ABM(13) on Kepler’s two-body problem D3,
D4 and D5 on the basis of the relative energy error as a function of 10000 periods

integration time.
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Appendix A

TEST problems

In 1979, T. E. Hull et al. [13] presented a bank of test problems called DETEST
for comparing different numerical solvers of ODE’s. Since then, DETEST problems
have been used by several authors (see for example [13, 14, 20, 21]). In this thesis,
we utilize 9 of the DETEST problems and we describe them briefly below [13]:

1. B1: The growth of two conflicting populations:
y1 = 2(y1 — 1Y), y1(0) =1,
Yo = —(y2 — Y132), y2(0) = 3.

2. B3: A nonlinear chemical reaction:

Y= =1, y1(0) =1,
Yy = Y1 — Y3, 2(0) = 0,
y:/z, = y%, y3(0) =0.

3. B5: Euler equations of motion for a rigid body without external forces:

YL = Y2 s, y1(0) =0,
Z/é = —U1 Ys, yz(O) =1,
yé = 051 3/1 yg, yg(O) = 1

63
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4. D1: Kepler’s two body problem:

Y1 = Y3, y1(0) =1 —¢,
Yo = Ya, y2(0) =0,
Y3 = ﬁ y3(0) =0,
o — ya(0) = -,

(43 +43)
where € = (.1 is the eccentricity of the orbit.

5. D2: As in D1 except with eccentricity € = 0.3.

6. D3: As in D1 except with eccentricity € = 0.5.

7. D4: As in D1 except with eccentricity € = 0.7.

8. D5: As in D1 except with eccentricity € = 0.9.
All D1, D2, D3, D4 and D5 problems are derived from the orbit equations:

= — z(0)=1—¢, 2'(0) = 0,

//___y . / o [1+5
Y _7"3’ y(O)—(), y(0>_ 1_67

2 2 2
re=x"+y°,

with solution

, —sin u
T =CoS U —E€, e P
—Ecosu

/1 — g2
y:~/1—52sinu, y’:ﬂ

l—eccosu ’
where u — e sin u — t = 0.
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y1(0) =2,
y2(0) = 0.

This is an ODE system derived from Van der Pol’s equation:

yi = Y2,

vy = (1 —y3)yo — u1,

y//_(l_y2>y/+y:0

65

Also, we campare HBO(13) to ABM(13) by testing them on the following two prob-

lems:

1. Hénon—Heiles’s problem:

Y1 = Y3, y1(0) =0,

Yo = Ya, y2(0) = 0.20,
Ys = —y1 — 2 Y1 Y2, y3(0) = 0.42,
Yo = —Yo — Y + 3, ya(0) = 0.20,

more details about this problem can be found in [10].
2. A problem in Galactic dynamics:
Y = ya+0.25 ys,

vy =1y5—0.25 yy,

yé = Yo,
2
vy = 0.25 ys — .
(1.25)? <(1.215)2 Ty T+ (0.735)2)

2

vh =025 gy
((1.215)2 Ty + (0.7?5)2>
y/ _ 2 Y3
L=

2 2 )
0.75) (7 + 93 + o)

more details about this problem can be found in [3].

y1(0) = 2.5,
y2(0) =0,
y3(0) =0,
y4(0) =0,
y5(0) = 1.68,
y6(0) = 0.20,



Appendix B

The formula of the new HBO(13)

The appendix lists the canonical Shu-Osher form of the new HBO(13) method with
its c(HBO(13)), cea(HBO(13)), abscissa vector o and unscaled stability interval.

HBO(13) ¢(HBO(13)) = 0.54051153051649181, coe(HBO(13)) = 0.0491,
o = [0,0.71555502095573598, 0.74591974875879885, 0.82060696020132418,
0.93986892931739696, 0.68209546216033279]” and unscaled stability interval (—2.79, 0).

Y, = 6.6070574215939470 e-01y,,_; + 3.3929425784060535 e-01y,,
+ 7.4853269685835921 e-01A¢ f,_1 + 6.2772806625677147 e-01AL f,,
+4.2401720048232616 e-01 A%y | + 2.5017211930381755 e-01A¢%y>)
+1.4432681394236077 e-01A#%y )| + 7.6604621420481925 e-02A¢%y?)
+ 2.8735270366287514 e-02A¢4y ™Y | + 1.1732463724989753 e-02A %y
+3.1216853637924848 ¢-03At7y Y| + 0.0ALy®)

+ 1.4125015828714865 e-04At5y'% | + 5.0644552089026875 e-04 A%y
Y; = 5.0725452174769037 e-01y,,_; + 4.1725297510951104 e-01y,,

+ 2.8752717032024577 e-01At f,_y + 7.7195943389181787 e-01At f,,

+ 5.2644020984180064 e-02A%y'> | + 1.4018663967318618 e-01A¢%y >
+ 2.3488860620683224 ¢-03A 1%y )| + 1.9878841136844256 e-02A¢%y?)
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+0.0AtW |+ 6.3582790269573856 e-03 Aty Y
+1.2702937328522049 e-04A %y | + 0.0A7y®)
+2.3367443959533051 e-05A¢%y Y, + 0.0A5y(©)

+ 7.5492503142798581 e-02Y3 + 1.3966862662607935 e-01 AL F.

Y, = 6.5967243474242121 e-011,,_; + 2.2656639463279032 e-011,

+ 7.7478290355532309 e-01AL f,_1 + 4.1917032633196977 e-01At f,,

+ 3.1264654754690491 e-01A1%y )| + 2.8778251959722112 e-01A¢%y?)
+ 6.3041812403468079 e-02A¢3yY.| + 0.0A3y®)
+7.1017470318959072 e-03A ¢y, + 5.8719690361103182 e-03A ¢y (Y
+ 3.5996438430403006 e-04A 7y %), + 4.3428622677961292 e-04At%y?)
+ 0.0A8Y O+ 0.0AEY O + 0.0Y; + 0.0ALF,

+ 1.1376117062478852 e-01Y5 + 2.1046946124550345 e-01At F.

Y; = 5.8102799690388296 e-01y,,_1 + 2.7356614581491429 e-01,

+ 6.2512740861375393 e-01AL f,_1 + 5.0612453272459346 e-01At f,,
+2.2321916144997420 e-01 A%y | + 2.7985648342544800 -01A¢%y )
+ 3.9454464482277268 e-02A %y | + 0.0A3y®)

+ 3.6738799318486535 e-03A ¢y Y, + 8.1924449985334817 e-03 Aty (Y
+ 1.4903338638699046 e-04 A7y | + 1.2164623626872834 e-04 A%y ")
+0.0A%9 |+ 0.0A%©) +0.0Y; + 0.0ALF, + 0.0Y; + 0.0AtF

+ 1.4540585728120278 e-01Y + 2.6901527362840638 e-01 At F).

Ys = 5.1340348144918235 e-01y,,_ + 4.6351217028272523 e-01,

+ 2.7818804157848459 e-01At f,,_1 + 8.5754353813657036 e-01AL f,,

+ 4.8744453549424173 e-02A¢%y %), + 1.6750298064583885 e-01 Aty
+2.9112290425571579 e-03A LYY | + 3.1978703560973341 e-02A¢%y )
+0.0A¢ W |+ 9.3686202649562369 e-03AL Y
+1.1899229090206578 e-05A %y | + 0.0A7y®)
+2.1808084717690859 e-06At%y'") | + 1.2504381244475798 c-04 A%y
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+5.2707126899719991 -03Y; + 9.7513418167703304 e-03AL F,
+1.7813635578120598 e-02Y; + 3.2956994573452636 e-02A F
+0.0Y; + 0.0AtFy 4 0.0Y; + 0.0AtF5.

Yni1 = 4.4785731431519327 e-01y,,_; + 3.0620658750636298 e-01y,,
+2.3774953886124439 e-01At f,_y + 5.6651259079295457 e-01 AL f,,
+5.5214853206717298 e-02A¢%y %) | + 3.5588913205343700 ¢-02A¢%y?)
+7.0738306097583139 e-03A %y )| + 1.3550346563864980 e-02A¢%y %)
+5.0532250141140838 e-04At*y ) | 1 6.2682487139903084 e-04A ¢4y (Y
+1.6325730539221063 e-05A%5 ") | 4+ 0.0A5D) + 0.0A159'Y, + 0.0A5y®
+ 3.0376207957774675 e-04Y; + 5.6199000840460053 e-04 At F
+0.0Y3 + 0.0ALF; 4 0.0Y; + 0.0AtF,
+8.0795449764181029 e-02Y5 + 1.4947960441653491 e-01 AL F
+1.6483688633468502 ¢-01Y; + 3.0496460672573128 e-01 AL Fy.
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