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Abstract 

We delve into a couple of topics in the theory of Markov chains and stochastic net­

works. The properties of a stable Markov chain X = (Xi,X) will be investigated 

when X\ tends to infinity. We derive the distribution of X when X\ passes a threshold 

for the first time as the threshold tends to infinity. Moreover, the exact asymptotics 

of the mean time until X\ reaches the threshold is given. 

In addition, we present a new approach to determine the exact asymptotics of the 

X's steady state. The results are applied to an open modified Jackson network with 

two partially coupled processors. 

Finally, a ratio limit property is established for a Markovian kernel which has un­

bounded jumps. 
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Introduction 

What is the thesis about? 

Queueing theory and the theory of queueing networks are mathematically interesting 

branches of probability theory. However, the outstanding characteristic of this theory 

is its interaction with real world models. It is one of the mathematical theories where 

most new results are generated by applications. It is worthwhile to mention that the 

whole study of queueing theory started with the works of Erlang (1909) [Erl09, Erll7] 

and Engset (1918) [Engl8] in telephony. Erlang was a Danish engineer who worked 

for the Copenhagen Telephone Exchange and Engset was a manager of the Norwegian 

Telecommunication Authority. 

Analyzing congestion is one of the main goals of queueing theory. Congestion 

happens when the number of customers requesting a specific service exceeds the 

service provider's ability to process demands. As a result, customers join a queue 

and wait in a waiting room until their service starts. Obviously, in the real world the 

waiting room capacity is finite. The waiting room can be the buffer of a processor in 

a laptop or simply the physical capacity of a bank branch. As the queue size exceeds 

the maximum capacity threshold, the customers will be ignored by the system or they 

voluntarily leave the network. As a result, data will be lost in a network of processors, 

patients will have to wait for an unreasonable period of time or customers of a cable 

company will be disappointed, [Res03]. 

The main objective of this monograph is to shed light on some aspects of con­

gestion in a network. Specifically, we will investigate the behavior of the network 

when one specific processor overloads, i.e. its queue size tends to infinity. The ap­

proach used in this sequel is an extension of the approach first published in [MCD99]. 

The aforementioned reference establishes a new approach in studying rare events 

for Markov chains. The method was later standardized and its relations with large 

deviation techniques were looked into, [Fol05a, Fol05b]. 
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As an application, we will mainly focus on a modified Jackson network with two 

partially coupled processors. 

Outline of the monograph and contribution review 

The discussions are mostly divided into developing a general theory for Markov chains 

and subsequently applying the results to the modified Jackson network with partially 

coupled processors. 

Chapter 1 gives the general framework of the Markov chains which will be dealt 

with in the sequel. In addition, it introduces the modified Jackson network (MJN). 

The method of Foley & McDonald to find the exact asymptotics of the steady 

state is reviewed in Chapter 2. In Proposition 2.1, Condition 5 of [MCD99] is relaxed 

for this approach. 

The third chapter introduces a new approach to determine the asymptotics of 

the steady state. By results in [Fol05b], the modified Jackson network has three large 

deviation paths to overload the level classified as bridge, jitter and cascade. The 

asymptotics of the stationary distribution, it, is given in [Fol05b] for the jitter and 

the bridge cases. Chapter 3 provides the asymptotics of TT in the cascade cases. 

Chapter 4 investigates the distribution of a network of queues when the size 

of one queue tends to infinity. We will improve the results in [MCD99, FolOl] and 

provide the limiting hitting distribution of the remaining queues (phase) when the 

first queue (level) gets large for a Markov chain. The asymptotics of the corresponding 

mean hitting time is also given. Surprisingly, our results imply the existence of the 

distribution when the cheapest large deviations path of MJN is a bridge; the bridge 

cases happen when large deviations path tries to avoid the horizontal axis. 

The last chapter is an independent exposition from Chapters 2, 3 and to some 

extent from Chapter 4. We study a Markov chain on Z x Z + which is shift invari­

ant with respect to the first coordinate and deliver the hitting distribution of the 

second coordinate when the first tends to infinity. In addition, ratio limit property 
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is discussed for a class of Markovian kernels with unbounded jumps. Chapter 5 can 

be studied right after Section 1.1. We succeed in partially generalizing the results of 

[Kes74]. 

Dependence among chapters is illustrated below. 

| Chapter 3 j 

A 

Chapter 1 

Sec. 1.1 

i 
r 

Chapter 5 

• i Chaplei 2 ; 

Our approach versus others 

In order to study the asymptotic behavior of a stochastic network, the other ma­

jor approaches are Complex analysis approach and Matrix analytic approach. The 

approach used in this sequel stems from the works of Feller, Doob, Kesten and Mc­

Donald. As it is illustrated in the thesis, our method is capable of addressing a 

wide range of problems regarding rare events of Markov chains and overloading net­

works. This includes finding exact asymptotics of the steady state and determining 

the hitting distribution of some queues while other queues are overloaded. 

We provide a short explanation of other approaches, and describe how they find 

the exact asymptotics of the steady state, IT. Other rare event problems are addressed 

similarly. 

0 Complex analysis approach uses Kolmogrov equations of n(£,x), to derive a 

recursion formula for the generating function F(s,t) = X^X^ 7 1 "^ )^ )^ 1 - By virtue 

of the complex analysis techniques, it is possible to study the properties of F on the 

complex plane. As a result, the coefficients of F, which are 7r's, could be targeted. In 

3 



this method, the computations are straightforward but tedious and obviously there is 

limitation regarding the complexity of the system. [Fay79] uses this method to derive 

the decay rate of the stationary distribution for a network with two parallel coupled 

processors. 

0 Matrix analytic approach is stemmed from the celebrated work of Neuts [Neu81]. 

Focusing on networks where level is nearest neighbor, with a suitable choice of states, 

the transition matrix of the joint queue length is block partitioned. The new block par­

titioned matrix usually looks like the kernel matrix of an M/M/l queue. By using the 

properties of the block matrixes, stability conditions and the asymptotics of the steady 

state are studied. For some recent developments, refer to [Sak06, Li07, Miy04, He08]. 

The disadvantage of the Markov additive method, which is employed here, with 

respect to the other approaches is lack of power to determine the exact value of 

all involving parameters, like / in Theorem 2.3. Though, for most networks the 

parameters could be found by fast simulation. This being said, the method has at 

least the following benefits: 

1. Heuristically, the approach is more practical since we will be working with 

three associated chains and while pursuing an argument the chain that fits better is 

implemented. 

2. The calculations are simple. 

3. Higher dimensional processes (networks with more than two servers) can be 

dealt with as long as we have a clear idea about the Green function. On the other 

hand, notice that the complex method can not go past two dimensional chains. 

4 



Chapter 1 

PRELIMINARIES 

1.1 Markov Chains 

Consider a stable Markov chain X = (X\,X) in S = Z + x S with kernel K, where 

Z + — {0,1,2, • • • } and S is a countable set. The first and second coordinate will be 

referred to as level and phase of the chain, respectively. We may think of X as the 

joint queue length of a network with n processors, where X\ represents the number 

of customers waiting or in service by the first processor and X gives the joint queue 

length of the remaining processors. Another example of X is a random walk in the 

first closed orthant where the jumps out of the closed region are suppressed. Since X 

is stable, there exists an invariant probability measure or steady state n, i.e. for any 

fixed x = (xi, x) e S, we have 

^2n{y)K(y;x) = ir(x). 
yes 

If there is no ambiguity, we will use £ as the first coordinate of any x 6 S. 

Moreover, use the convention that ir(£, x) has exact asymptotics /(£) if and only if 

lim£^oo7r(^, x)/f(£) = 1. Notation f(£) ~ g(£) will be used for the functions / and g 

whenever lim^oo f(£)/g{£) = 1. 

Remark 1.1. The properties of a Markov jump process can be studied through a 

discrete time Markov chain using minimal construction method and by ignoring the 

5 



6 1. PRELIMINARIES 

intensities of the states, [Asm87]. Although, the models that will be discussed later 

deal with continuous time but we will only focus on the embedded chain with discrete 

time. Therefore, define the kernel, K, to be the matrix of the jump probabilities, i.e. 

K(x\y) is the probability that the chain after leaving x jumps to y. 

For most models in stochastic networks, the state space S can be partitioned 

into two regions, A, the boundary, and its compliment, the interior, such that X is 

shift invariant on Ac = S — A with respect to its first coordinate. Usually, we may 

think of A as 

A = {(£!,£)! 0 < x i < M A } , (1.1) 

for a fixed integer MA > 0, see Figure 1.1. However, based on the model other forms 

of A can be considered, see [FolOl] where for analyzing a network with "join the 

shortest queue" policy different boundaries are used. 

Therefore, X is limited to the cases where an MA > 0 and the set of functions 

{Pe(- ; •);£ € Z} exist such that for any Xi,y\ > MA, the transition possibility from 

(xi,x) to (yi,y) in one step is given by 

#((zi,£);(s/i>#)) =Pyi-x1(x;y). (1.2) 

The existence of the functions pe(- ; •) guaranties the level homogeneity of the 

chain after a fixed level. Obviously, this Markov chain can be embedded in a free 

Markov additive chain X°° = (Xf°, X°°) with kernel K°° and state space S°° = ZxS. 

X°° is Markov additive in the sense that for any levels X\ and y\ £ Z, 

K°°({xi,x)\ (y!,y)) = pyi^Xl(x,y), (1.3) 

hence, 

K00((x1,x);(y1,y)) = Koo((0,x);(yl - xuy)). 

We further impose the condition that one step transition probabilities of X and 

X°° agree from states on the boundary to the states in the interior, i.e. 

K°°(x; y) = K(x; y) for any x £ A and y G S - A. 
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A A 
A A 
T A 

A A 
A A 

A A 
A A 
A A 
A A 
A A 

MA 

Interior 

^ 

Figure 1.1: Boundary versus the interior 

Remark 1.2. The above assumption about jumps from the boundary to the interior 

could be relaxed by imposing assumptions on the tail of the jumps that start from 

the boundary and end up in the interior, [MCD99]. 

Remark 1.3. Notice that any Markov chain can be considered as a space-time 

Markov additive chain. Let X be a Markov Chain on S with transition kernel Q(. ; .). 

Define X°° = (Xu X) on. Z x S with kernel q as 

.. _ , .. \Q(x;y) iiyi-x1 = l, 

I 0 otherwise. 

Obviously, q((xux); (yi,y)) = q((0, x); {yx - xu y)). 

The notation • will be used for the points in S°° which are out of the interior. 

Therefore, S°° is partitioned to the sets • and S — A. 

Next, suppose that K°° has a harmonic function h(xi,x). h can be interpreted 

as a right eigenvector for the matrix [K°°(x;y))x^eSoo. For any fixed x e S°°, 

J2 K°°{x-y)h{y) = h{x). 

Further, impose the condition that the harmonic function is of the form 

h(xi,x) = exp(axi)h(x), (1.4) 

for some strictly positive a and in addition, h > 0 is not a function of the level. 
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Remark 1.4. The existence of h in the above form merits further investigation. For 

the networks and chains considered in the sequel it is straightforward to determine 

a and h. However, generally finding the above representation could be complicated. 

By the discussion in [WoeOO, Section 25], if a random walk on a graph is uniformly 

irreducible, then the minimal harmonic functions in the cone of the positive harmonic 

functions have the exponential form same as h in (1.4). 

The next step would be to amend the transition probabilities of the Markov 

additive chain, X°° by the harmonic function h. To do so, we perform the Doob's 

/i-transform (/i-twist) on the kernel, K°° to obtain the new kernel, /C, i.e. for any 

x,y ES°° 

Kl(x;y) = K°°(x;y)h(y)/h(x). (1.5) 

It is evident that /C is a kernel on S°°. Let X be the associated twisted Markov chain 

with kernel /C. 

Proposition 1.5. The above defined X is Markov additive with respect to the first 

coordinate. 

Proof. Directly check the additive property of the kernel /C, 

/C((xi,x);(y1:y)) 

= K^dxux); (j/i, y))eayih(y)/eaxih(x) by definition of K 

= K°°((0, x); (2/1 - xu y))ea(yi-Xl*>h(y)/h(x) by additive property of K°° 

= JC((0,x);(yx -X!,y)). 

D 

So far we have been dealing with three Markov chains X, X°° and X which will 

be called original, free and twisted Markov chains, respectively. 
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The next step is to shed some light on the Markovian part of the twisted chain. 

Define the marginal kernel of the second coordinate as 

/C(£;£) = ]T/C((0, £);(£,£))• 

K is well-defined by Proposition 1.5 and the Markov chain with the kernel /C is a 

chain on S. This chain also can be classified as positive, null recurrent or transient. 

Remark 1.6. Throughout this sequel, we will investigate the properties of the origi­

nal Markov chain, X, in different cases where the Markovian part of the twisted chain 

is positive, null-recurrent or transient. 

From now on, we assume that ft has an invariant measure ip which is defined on 

S and is unique up to constant multiples, i.e. for any fixed y 

x&S 

Notice that ip is not necessarily a probability distribution. 

Remark 1.7. The existence of <p is not immediate in general. In positive recurrent 

cases the invariant measure exists and it can be considered as a probability measure 

after some manipulation, i.e. J2xes ^0*0 = •'•• On ^n e ° th e r hand, for null recurrent 

case, the measure always exists but it is not a probability measure, [Der53]. Most 

of the complications arise in the transient case. Harris [Har57] gave a sufficient 

condition for the existence of the measure and six years later Veech [Vee63] proved 

the necessity of Harris' condition. However, in many cases checking the condition is 

highly demanding or impossible. On the other hand, for application problems where 

only Markov chains with bounded jumps from each state are considered the Harris 

condition applies easily and the invariant measure exists even in the transient cases. 

Another remarkable article on this topic is [Kes95] by Kesten. 

The next step is to define the time reversals of the original and the twisted chains. 

For the original chain, the time reversal is given by, 

K%(x1,x);(y1,y)) = ^4{K((y1,yy,(x1,x)). 
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In most cases it is unknown, so we prefer to work with K*'s approximation, JC, 

defined as the time reversal of K in the following way, 

fc((xi,x);(yi,y)) = f(y)fC((yi,y); (xux))/(p(x). 

The rational behind the approximation is discussed in Proposition 2.9. The next 

proposition ensures that /C is well-defined. 

Proposition 1.8. (p is an invariant measure for K. 

Proof. We must check that £(w,y) p(y)IC((yi,y); (xi,x)) = <p{x). 

Yl <p{y)K<{{yuy)i{xiix)) 
(yi,v) 

= Yl v(#)£((°»y)\ (xi - yi,x)) 
vi,y 

y vi 

= '^2(p{y)^(y;x) 

by being additive 

xi — y\ ranges over all Z 

<P(x) by definition of invariant measure. 

• 
Proposition 1.9. K is additive with respect to the first coordinate. 

Proof. Keep in mind that, by Proposition 1.5, /C is additive. For any fixed (£i, x) and 

{h,y), 

ic((ti,x);(e2,y)) 
<p(y) 
<p(x) 

<p(y) 
<p(x) 

K((£2,y)\(ii,x)) 

/C((0 ,y) ; (^ i -^ ,£)) 

= ~§f(^-£i,y);(0,x)) 



1.1. MARKOV CHAINS 

i 

11 

= }C((0,x);(£2-£1,y)). 

n 

We will use the Green function on several occasions, defined as 

G(x;y)= J i f ( n ) f e ! / ) . (1.6) 
nez+ 

G(x; y) is the expected number of visits to y starting from x by X. Analogously, 

G°°,Q and Q are defined using K°°,K and /C, respectively. 

Taboo kernels are noted by AK^(X; y), which gives the probability that starting 

from the state x, X reaches y in n steps without hitting the set A at any time k that 

0 < k < n. The corresponding taboo Green function is defined as 

AG{x-y)= j2AK{n)^y^ (L7) 
neZ + 

Likewise AG°°,AQ and AQ are defined using corresponding taboo kernels. 

Example 1.10. Consider an M/M/l queue with first come first serve policy. Suppose 

that the arrival rate of the customers is A and the service rate is n. For simplicity, 

assume that \ + fj, = 1. Let X[n] be the embedded discrete time queue size consisting 

of customers waiting for or in service at time n. Since the second coordinate is a 

single state, we are dealing with the positive recurrent case and X can be considered 

one dimensional. X is a Markov chain on S = Z+. Starting from any k > 0, X jumps 

to k + 1 and k — 1 with transition probabilities A and fj,, respectively. Away from 0, 

X has an additive behavior. Let A = {0} and • to be {0, —1, —2, • • • }, so X can be 

embedded in the free chain X°° on 5°° = Z with kernel K°°. For any k, £ £ Z, 

{ a ii£ = k-l, 

A ii£=k+l. 

X°° is a transient chain since X is stable and therefore /i > A. 
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• • • • • 

Figure 1.2: M/M/oo queue can not be embedded in an additive chain. 

Define 

h(£) = (%y = e'M/VA). 
A 

h is harmonic for K°° and a = ln(/i/A) > 0, as required. Notice that h = 1. Moreover, 

the twisted chain has the following transitions, 

IA if£ = k-l, 
JC(k;£)= I 

[ ^ if£ = k + l. 

Clearly, ip = 1. 

Example 1.11. Not every network can be embedded in a free Markov additive chain. 

Consider an M/M/oo system of infinite independent processors. X, the queue size, 

is defined on Z+ . Here the arrival rate is A but the rate of jumping from n to n — 1 is 

n//, where JJ, is the service rate of each processor. Since the rates are level dependent 

for any state n, X can not be analyzed through an additive chain. See Figure 1.2. 

However, it is possible to implement the /i-transform method to some extent. The 

kernel of X can be twisted by the function 

h(e) = eify'. 

Notice that £\ and (^)e are elements of the steady state distribution which is Poisson 

given by 
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\ 

• r,7 

Figure 1.3: Open Jackson network 

1.2 The Model: Modified Jackson Network 

Jackson network. 

Consider a network of two service providers, called processors. The first processor has 

its own dedicated stream of customers that arrive according to a Poisson distribution 

with rate AY Customers arriving at this processor will be served on a first come first 

serve policy (FCFS). The first processor will treat each customer's demand according 

to an exponential distribution with mean l / / i i . Upon service completion, the cus­

tomer leaves the system with probability rio or joins the queue of the second processor 

with probability r12- The routings happen with no delay. The same happens for the 

second processor which has its own dedicated stream of customers arriving accord­

ing to a Poisson process with rate A2. The second processor serves customers in an 

exponentially distributed time with mean 1///2- After service completion customers 

leave the system or join the queue of the first processor with probabilities r^o and r^i, 

respectively. The routings and rates are shown in Figure 1.3. 

We assume that all arrivals, services and routing processes are independent. So 

far this is exactly the structure of the famous Open Jackson Network. It is referred 

to as open, because of the arrivals and departures to and from the system. On the 
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contrary, the system is closed if the number of customers in the system is fixed, say 

L; henceforth arrivals in and departures out of the system are banned, [Asm87, page 

120]. In addition, semi-open is also an interesting case where the system is open but 

at each moment only L customers are present in the system, where L is fixed, [CheOl, 

page 21]. In this monograph, we focus only on an open network. 

Notice that r^ > 0 conveys that the processing time at processor i is a geometri­

cally sum of exponential random variables, which is again exponentially distributed; 

henceforth without loss of generality, we assume T\\ = r22 = 0. 

Let Aj be the total stream rate of customers at processor i. Considering the 

customers routed to processor z = 1,2 from processor j = 2,1, respectively, Aj's 

would satisfy 

Ai = Ai + A2^i 

A2 = A2 + Ai7*i2. 

The only solution to this system of equations is 

M x x /A1 + AV21 A2 + Airi2, 
(M, M) - {- , )• 

1 - r12r2i 1 - r12r2l 

Let Xi(t) and X(t) be the number of customers at processor one and two, respectively, 

at time t. Xi(t) and X(t) are non-negative for all t > 0. X(t) = (Xi(t),X(t)) is a 

Markov process on Z+ x Z + . It can be shown that X is positive recurrent if Pi < 1 
for both i = 1,2, where pi = \jp%- If X is positive recurrent then it has a stationary 
distribution, say 7r such that 

P{X[t] = x} = Tr(x), 

^n{x) = 1, 
X 

\imP{X[t] = x\ X[0} = y} = ir(x), (1.8) 
t—KX 

where y and x = (xi,x) are in Z + x Z + . [Jac57] proves that the stationary distribution 

of the joint queue length surprisingly has the following product form: 

7 r ( ^ 1 , £ ) - ( l - p 1 K 1 x ( l - p 2 ) p f , (1.9) 
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Figure 1.4: Open Jackson network rates versus modified Jackson network's. 

which in turn by (1.8) means that after a long period of time (t —» oo), the steady state 

of this system at time t behaves as if the two processors operate like two independent 

M/M/l queues with constant arrival (birth) rates Ai, A2 and service (death) rates 

Hi and /i2, respectively. We highlighted the word "as if above, since there is a 

common misconception about Jackson's result. It can be shown in sharp contrast to 

the M/M/l queue that the stream of all customers at each processor does not follow 

a Poisson distribution in general, [Dis81]. 

Modified Jackson network (MJN). 

The network considered in this monograph is a modification of the above well-known 

Jackson network. Let's generalize the above network in the sense that when processor 

two is idle and has no customers it helps processor one. Obviously, this will result 

in a better performance and shorter joint queue length. This is what is known as 

the Jackson network with partially coupled processors. The analysis of this network 

happens to be more complicated than the pure Jackson network and the stationary 

distribution is not of the product form (1.9). Intuitively, the two processors are not 

independent since there is a joint effort to process the customer demands at the first 

queue when queue two is empty. Take /1* to be the joint effort of the two processors. 
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Without loss of generality assume that 

A»* + A*2 + J ^ A< = 1. 
i 

Remark 1.12. As it was mentioned in Remark 1.1, we choose to work with the 

discrete chain embedded in X. Therefore, we regard the transition rates as jump 

probabilities. 

Let K be the kernel of the embedded Markov chain for the partially coupled 

system. Using e\ = (1,0) and e2 = (0,1), starting from the point (xi,x) where 

X\ > 0, the transition probabilities for K are 

Jump direction Probability 

ei Ai 

e2 A2 

\l\Tvi X > 0 

- e i + e2 

(jfrw x = 0 

/Liino x > 0 
-ei j 

/^*ri0 x = 0 

- e 2 £i2r20 £ > 0 
ei - e2 yu2r2i x > 0, 

where for example jumps toward t\ and —&\ + e2 are K({x\,x);{x\ + l,x)) and 

K((xi,x); (x\ — l,x + 1)), respectively; the rest of jumps have analogous interpreta­

tion. The transition rates of our modified Jackson network (MJN) versus the original 

Jackson network are given in Figure 1.4. 

A generalization of the partially coupled network, which will not be discussed 

in this thesis, is the coupled processors case where any idle processor helps the other 

one, for analysis of a special case refer to [Res03]. 

In order to embed X into a Markov additive chain, simply take MA = 0. The 

interior is the set of all states where the level is strictly positive and A is the set of 

file:///l/Tvi


1.2. THE MODEL: MODIFIED JACKSON NETWORK 17 

A2 

^2?"20 

W l 2 

fr A i 

/•*2»"21 

(0,0) 

^2^21 

fJ-2T20 

M*ri2 A2 

A2 

W 1 2 

M2?"20 

MlH2 

Mmo 

- Ax 

W2f21 

(0,0) 

- Ai 

W 2 1 
IJ.2T2Q 

/mo* Ai 

Figure 1.5: Modified Jackson network versus associated free Markov additive chain 

all states where the level is non-positive, Figure 1.5. The rest of the properties are 

immediate, we will determine the harmonic function h and the invariant measure cp 

later. Notice that ip exists and is unique up to multiple constants since there are only 

finite number of states to be reached from each state by one jump. 

Some known results. 

The necessary and sufficient conditions for the stability of MJN can be proved using 

a coupling argument, [Fol05b]. 

Proposition 1.13. The joint queue length process of the MJN is positive recurrent 

if and only if 

A2 < p2 (1.10) 

and 

Ai < p2/ii + (1 - P2)/A (1-11) 

where pi = Xi//J,i-

It is well known that the Jackson network is stable and positive recurrent if and 

only if for i = 1, 2, p{ < 1. On the contrary, for the MJN pi can be larger than 1 but 

p2 is still less than one. To see this, divide (1.11) by pi to get pi < p2 + (1 — Pi)p*/'Pi 

and the result is immediate since p*/pi > 1. 
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Lemma 1 on Page 524 of [Fol05b] is also crucial for our analysis. 

Proposition 1.14. For the stable MJN, 

y>yo 

for some constant c. 

[Fol05b] uses the flat boundary theory of [Shw95] to show that there are three 

large deviations paths to overload the first processor. 

The large deviations theory deserves an explanation. A good reference is [Shw95], 

which will be used here. Another recent book with applications in queueing theory 

is [Man07]. [Dem98] is also a standard book for the general large deviations theory. 

Define Ft = {(x\,x) € S\ X\ > £}. It is said that the rare event of overloading 

happens with large deviations rate a if and only if 

lim ^ l n P { X G Fe\ X(0) = (0,0)} = -a. 
t—>oo t 

For MJN, ignoring what happens on the axes, X is a Markovian chain where all 

of its possible jump directions are {d\ = ei,rf2 = e2,c?3 = —e\ + e2,d4 = —ex,d5 = 

—e2, dG = ei — e2}. Suppose that the rate of a jump in di direction is Jf, this notation 

will be used only in the current explanation. The probabilities of our desired rare 

event are governed by the function 

A(y)= sup \(8,y)-M+{6)l 

where (.,.) stands for dot product of two vectors and 

6 

M+{0) = Y,Ji{e(fi'di)-l)-

Let F(£) be the set of paths in S that start at the origin, (0, 0), and end at Ft. 

If we speed up jump rates by a factor £, but reduce the jumps by a factor l/£, then 

we get the scaled process Xe. From the theory in [Shw95, Chapter 5], 

l im^ lnP{X G Fe\ X(0) = (0,0) } 
t—*oot 
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= lim -lnP{X E F(£)\ X(0) = (0,0) } 
i—>oo £ 

= l im^lnP{X,eF |X, (0) = (0,0)} 
l—>oo £ 

= -inf[/(p)]> (1.12) 

where /(p) = J0 A(p(s),p'(s))ds and i7" is the set of absolutely continuous paths 

starting from the origin and hitting {(l,y) | y > 0} at some time T before returning 

to the origin. infpe^[/(p)] is called the minimum action. Moreover, it is known that 

the inf in (1.12) is attained by a path which consists of line segments with constant 

speed and changes direction only on the y-axis. This is called the cheapest path. 

For the MJN, equality (1.12) can not handle all the possible cases. Therefore, 

an extension of the above argument is required, which is the subject of [Fol05b]. It 

is worthwhile to mention that [IgnOlb] gives another characterization of the large 

deviations rate. 

The cheapest path for the MJN can be any of the following: 

• Jitter: This is the path that spends a positive proportion of time on the level 

axis while overloading it. It is a constant speed path parallel to the first axis 

until hitting (1,0). 

• Bridge: This case happens when the cheapest path moves parallel to the first 

axis but the expected time spent on the x-axis is zero until hitting (1,0), i.e. 

the trajectory mostly skims above the x-axis. 

• Cascade: This type of trajectory first jitters along the y-axis and then leaves 

the vertical axis toward the horizontal axis to overload it. After leaving the 

y-axis, it heads for the point (1,0) at constant velocity. 

To derive the above results, [Fol05b] reduces the problem to a differentiable, 

constrained nonlinear optimization problem and uses Karush-Kuhn-Tucker conditions 

to calculate the minimal action in each of the three cases. In addition, [Fol05a] 
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provides the exact asymptotics of the stationary distribution in the jitter and bridge 

cases but not for the cascade case. 

Definition 1.15. Let M+($i, 92) be the log moment generating function of the com­

pound Poisson process associated with the jumps in the interior, 

M+(91,92) =A1(e
01 - 1) + A2(e<

?2 - 1) + ^r12(e
e^ - 1) + / i ^ e " 0 1 - 1) 

+ /i2r2o(e-'2 - 1) + ^r2i{eei-92 - 1). 

Definition 1.16. Let M~(0i, #2) be the log moment generating function of the com­

pound Poisson process associated with the jumps starting from a point on the x-axis, 

AT(0!, 62) =A!(eei - 1) + A2(e
02 - 1) + /i*r12(e

9^ - 1) + / iV^e"* 1 - 1). 

Staying put rates are relaxed in M+ and M~ since their coefficient is zero. MJN 

and a pure Jackson network (where the processors are not coupled) have the same 

M+. 

Let 9b be the easternmost point on the graph of M+(9i, 92) = 0. Moreover, let #J 

be the non-zero intersection of M+(#x, 92) — 0 and M~{9Xl 92) = 0 and finally define 

9C = (ln(p^1),ln(p2
-1)). See Figure 1.6. 

The following characterizations are essential for our analysis: 

Theorem 1.17. For the MJN: 

1. Ifd{ < min{ln(p2"1),^} ; then the minimum action is Q\ and the minimal action 

path is a jitter. 

2. / / l n ^ 1 ) < min{6>2,#2}) the minimum action is 9\ = ln(p^1) and the minimal 

action path is a cascade. 

3. Ij9\ < 9\ and9\ < ln(p2
l), then the minimum action is 9\ and the minimal action 

path is a bridge. 
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Figure 1.6: A rough sketch of M+ = 0 (the egg shape) and M~ = 0 (the curve passing 
through the origin); top left to the right are possible graphs for jitter, cascade and 
bridge cases, respectively. 





Chapter 2 

EXACT ASYMPTOTICS OF THE 

STEADY STATE: MARKOV ADDITIVE 

APPROACH 

In order to derive the exact asymptotics of the steady state as the level tends to 

infinity, we will introduce the Markov additive approach stemmed from the work of 

McDonald in [MCD99]. We will apply the model to the modified Jackson network 

(MJN) and quote some of the existing results. 

Consider a stable Markov chain X — (Xi,X) with kernel K in the state space 

S = Z + x S where S is a countable space. For example, S can be Z"; so there is 

no restriction on the dimension of X. We assume that X satisfies the conditions 

described in the previous chapter, i.e. X can be embedded in a free Markov additive 

chain. 7T, K\ S™, X°° = (X^,X°°), K°°, h(xux) = exp(aa;i)ft(x), X = (XUX), /C, 

if and /C have the same definitions as before. 

There is one general approach to study all cases, as in [Fol05a], however many of 

the assumptions are unnecessary for the positive recurrent case. Therefore, we will go 

through the positive recurrent case in the next section and then discuss the approach 

in its general form. 

23 
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2.1 Positive Recurrent Case 

Suppose that K. is the kernel of a positive recurrent Markov chain. Hence, (p can be 

considered as a probability measure. We will go through the method to derive the 

asymptotics of the stationary distribution and relax one of the existing assumptions. 

To obtain the exact asymptotics via Markov additive approach, we need the 

following result about (p and h, 

Proposition 2.1. If the marginal Markov chain with kernel K. is positive recurrent 

then 

2_]f{x)hTl{x) < oo. 
X 

Proof. As in [Ney87], define 

K?((xltx); (l/i, V)) = tCdxux); (yuy)) ea<*-*i) 

for the fixed a > 0, from the harmonic function h. Notice that 

J2 K™{(Xl,x)-{yi,y))h{y) 
(vi,v)es°° 

= Yl K~{{xi,z)\{yi,y))ea{m-Xl)ky) 

= h(X) Y, K~(fa>*y>faM^M 

= h(x) ^2 JC((x1,x);(y1,y)) = h(x), 

and 

J2 (cph'^i^K^dx^xy^y^y)) 

- , «—* payih(v) 

= h-\y) Yl ^m^((xi,x);(yiM^£p{ 
(xi,x)es°° eaxiti(x) 

= ^_1(y) Yl V(x)£((xi>*:)\(yuy)) = h-1(y)(p(y). 
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Therefore, h and (ph-1 are respectively the right invariant vector and left invariant 

measure for K™. Since ft is 1-positive recurrent, we have \ip\ = J2xes ^0*0 < °°-

But since the inner product of the left and right invariant vectors of K^ is finite, i.e. 

Kiph"1) • h\ = Y_]((^/i~1)(x)/i(£) = \<p\ < oo, 
X 

K^ is 1-positive recurrent by Criterion III in [Ver67]. Being 1-positive recurrent 

implies that the invariant measure is finite, therefore J2X ¥>(£)/*(£) < oo. D 

To push forward with the approach, the following assumptions are required: 

Al. 0 < d < oo where 

d = Y,<p(*Mx1[i]\x[o] = (o,*)h 
X€S 

i.e. the first coordinate of the stationary version of the twisted chain has a 

finite, strictly positive drift. 

We point out the fact that the mean d is well defined since ip is a distribution. 

A 2- EzeA^)PA^ = oo} > 0, where 

Tk = min{n > 0| X[n] G A}. 

This implies that there is a positive probability that the twisted chain starting 

from A never again hits A. 

Notice that for z G A, PZ(TA = oo) > 0 can happen if at the first step X jumps 

into the interior. Therefore, the sum in A2 only needs to be considered over 

those z's on the boundary that K{z\ S — A) > 0. 

A 3 - E , e A 7r(z)h(z)I{K(z; S - A) > 0} < oo. 

A3 restricts the trajectories that overload the level. Refer to page 51 for more 

detail. 
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Example 2.2 (Example 1.10 cont'd). Consider the M/M/l queue described in 

Example 1.10 and let's check the above assumptions. Al holds since the drift of X 

is d — \x — A and this is strictly positive. Po(Tk — oo) > 0, by the fact that X is 

transient and using Al. Therefore, A2 holds. 4̂3 is also immediate since boundary 

consists of only one point. 

Theorem 2.3 ([FolOl] page 582, Theorem 5). Let JC be positive recurrent. Sup­

pose that X\ has period p = 1. If X satisfies A1-A3 then as £ —» oo, 

where f = 52zeAn(z)h(z)Pz{TA = oo}. 

Sketch of the proof. First, notice that / > 0 by A2. The invariant probability mea­

sure at any point (£, y) can be expressed by employing the number of visits to that 

state before returning to a fixed set. Let the fixed set be the boundary. 

*(t,y)=52*(z)AG(z;{e,y)) 
ZGA 

= Y,^)^{z-^y)l (2.1) 
zgA 

definition of AC is given in (1.7) and the last equality is valid since X and X°° have 

the same transitions if the destination state is in the interior. (2.1) only involves the 

free chain, for that reason we may twist the free chain, 

e-aih-1(y)Y/Az)h(z)Ag(z-(£,y)). (2.2) 
zeA 

(2.2) will serve an essential role on several occasions. J3(z; (£,y)) is the expected 

number of visits by X to (£, y) prior to the first return to • starting from z. Condition 

this expected value on the first overshoot of level £ occurring at some state (£ + s,w), 

Ag(z;(£,y))= J2 Pzm%} = ̂  + s,w),%<Tk},g((£ + s,w);(£,y)), (2.3) 
s>o, weS 
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where 

% = min{n > 0| X[n] € Fe}, 

and 7^ is the first return time to A by A". 

In (2.3) as £ tends to infinity {% < TA} is independent from {X[%\ = (£ + s, w)}. 

By the argument in [Kes74], the latter has an invariant measure n{s,w) (note that 

this is true only under the positive recurrent property). It follows that, 

Pz{X[Te] = (£ + s, w), % < TA} -+ Pz{Tk = oo}/.(S, w). (2.4) 

Also, Ag((£+s, w); (£, y)) - • G((£+s, w); (£, y)) < £((0, y); (0, y)), applying dominated 

convergence theorem, A2 and A3, we have 

e<**(l,y) ~ fhr\y) J2 ^s,w)Q((s,w);(0,y)). 
s>o, wes 

Bringing into play Lemma 5 in [FolOl], the above sum is equal to ip(y)/d. Finally, we 

get 

e^&y) ~ f^h-^yMy). 

D 

Remark 2.4. As in [FolOl], the condition p = 1 can be relaxed, but then more 

technicalities are required. Throughout, we assume p = 1 for simplicity. 

Example 2.5 (Example 2.2 cont'd). In the M/M/l queue assume that fi + X = 1. 

So the transition rates can be looked as probabilities, h and (p are both constants, say 

equal to 1. We recognize the elements in the asymptotics of n(£) as / = n(0)P0{TA = 

oo} = /i — A, d = fi — A and ea = ///A, therefore 

7r(£)~7r(0)(-)*, 

which is the well-known result for birth and death chains. 
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Application to MJN. 

We pursue the model introduced in Section 1.2. In order to find a function that is 

harmonic for the free chain both on the x-axis and above it, choose h(£,x) to be 

exp(9{£) exp(92x), where (9{, 92) gives the coordinates of the non-zero intersection of 

M+ — 0 and M~ = 0, see Figure 1.6. h is harmonic by the definition of M+ = 0 and 

M~ = 0. Recognize a as 9{ and h(x) as exp(9J
2x). 

Following the twist of the kernel, the transitions for /C are 

Jump direction 

ei 

e2 

- e x + e2 

- e i 

- e 2 

ei - e 2 

Transition 

A ^ 

A2e^ 

I Hir^e'9!*0! x > 0 

1 /i*ri2e~6'i+6'2 £ = 0 

1 Mi rioe_ei x > 0 

1 /i*r10e_6li x = 0 

A*2»"2oe~̂  

/ U 2 r 2 i e t f i "2 

x > 0 

x > 0. 

Consequently, the Markovian part of the twisted chain has the following transitions 

if x > 0, 

/C(x; £ - 1) =/i2r20e~e2 + /u2r2ie9i~^ 

£(£;£) =Axe0i + //iri0e"ei + (fi* - /zi), 

on the other hand, if x = 0, 

£(£; £ + 1) =A2e^ + / / r ^ e " ^ 

K,{x;x) =Aie9i + ji*rwe~e^. 
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(p[x) 

Visibly, JC is positive recurrent if and only if 

\2e
e2 + /iir12e-ei+92 

P = I T T 7 ^ < l - (2"5) 

In this case, </? becomes 

f1 + T=p) r P* - 1 if ^ > 0 

where r = (A2e
e2 + p*ri2e~0^+9^ J / [p2

r2^2 + Pir-n^1 "^) • 

We now check assumptions A1-A3. Pick the parameters of the network such that 

Al is satisfied. A2 holds automatically. In order to show A3, the network parameter 

p2 needs to satisfy 

p2 < exp(-ei), (2.6) 

which is true due to part 1 of Theorem 1.17. 

Using Proposition 1.14, 

& £ 7t(z)h(z)I{K(z; S-A)>0}=Y, *(°> &)e° 
zeA z 

< c ^ p ^ <oo, (2.7) 
z 

for some constant c. Notice that the last series is convergent by (2.6). 

Therefore, Theorem 2.3 gives the asymptotics of the steady state for the MJN 

in the jitter positive recurrent cases, 

*(*,y)~/ie(-^V-^V(y). (2.8) 

2.2 A General Theory 

Throughout this section, we ease the condition that ip is a distribution. As a result, 

we may have X^esV9^) = °° a n d X can possibly be null recurrent or transient. 

This relaxation would end the existence of the invariant distribution p in the proof of 



30 2. MARKOV ADDITIVE APPROACH 

Theorem 2.3, henceforth we have to pursue a new methodology. To do so, the results 

in [Fol05a] are reviewed briefly. 

The subsequent assumptions are required. 

Dl. h is chosen such that P l l i m ^ ^ Xi[n] = oo | X[0] = z) — 1 for all z 6 S°°. 

This assumption substitutes Al in the previous section. Notice that Al can not 

be used at this point since the stationary version of the twisted chain does not 

exist in general and the mean drift may have no meaning. 

D2. There exists an a0 > a and M such that 

£{ea0(xni]-*no])| x°°[o],x°°[i]} < M, 

for any X°°[0] and X°°[l]. 

This assumption is necessary to make sure that the level jumps have exponen­

tially light tail. 

D3. )C is irreducible in the sense that the probability p((0,x);(0,y)) that X goes 

from (0, x) to (0,y) is positive for any x,y G S. Moreover, there exists an 

integer Â  and 5 > 0 fixed such that for any y there exists an integer m = m(y) 

such that 1 < m < N and /C(m)((0,£); (l,y)) > 8. 

D4. Define T?° to be the number of steps for X°° to return to some state a G S. 

We assume that the distribution of P(o,fr)(X%°[T?°] = •) is not concentrated on 

a proper subgroup of the integers. 

This assumption implies that X\ is aperiodic which turns out to be the hypoth­

esis in Theorem 2.3. 

D5. /C has spectral radius 1, i.e. for any x and y, 

Yim^iC^ix-y)]1/"^! 

or 

the radius of convergence of the series J2n &n\x\ V)zn is 1-
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D6. We assume that constant functions are the unique non-negative harmonic func­

tions for /C. 

This is the strong Liouville property; see [WoeOO, page 265] . Note that this 

condition automatically holds when K is recurrent. 

D7a. There exists a state a and a function / such that uniformly in £, 

g{(0,x);(£,a))/g((0,a);{e,a))<f(x) 

where 

^2&(z;x)f(x) < oo 
x£S 

for all states z. 

D7b. Part (a) holds for the Green function of (—X\, X) where (Xi, X) is the time 

reversal of (Xi,X) with respect to (p (see Proposition 1.8). 

A sufficient condition for the two preceding assumptions is that (X^°,X°°) has 

bounded jumps. To see this, let p(x; a) be the probability of ever going from x 

to a by X. Clearly, 

p((0, a); {£, a)) > p((0, a); (0, x))p((Q, x); {£, a)). 

Hence 
g ((0, x);(£, a)) _p((0, x);(£, a)) < 1 

g((0,a);(£,a)) p((0,a);(£,a)) ~ p((0,a); (0, x))" 

But 

^^%((o,a)!(o,*))<0° 

because starting from z, K has finite range. 

For the previous condition to hold, it therefore suffices that the range of /C((0, z)\ (•, •)) 

is finite for all z. 

The above assumptions make it feasible to prove the following theorem: 
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Theorem 2.6 ([Fol05a] page 559, Theorem 1). Under assumptions D1-D7 with 

fixed z, w, y and x, 
g(z;(£,x)) <p(x) 
G(w;(e,y)) <p(y) 

The above result will play a crucial role in obtaining the asymptotics of the 

steady state. Note that in the non-positive recurrent cases as £ —> oo, Q (z; (£,x)) 

tends to zero for any fixed z and x. Therefore, the key step (2.4) in the proof of 

Theorem 2.3 is not applicable in general. So we use the ratio of the Green functions 

in this case. 

In order to obtain the asymptotics, the following assumptions are required as 

well. 

D8. We assume that for some fixed state a, 

„ ,/n ' ' „.. is bounded uniformly in w € A for £ sufficiently large. 
g{{0,a);(£,a)) 

D9. There exists a subset C CA such that n(C) > 0 and such that, for z € C, 

PZ(TA = oo) > 0 where TA is the first return time to • by X. 

This is assumption A2 in the positive recurrent case. 

D10. X(x) = ir(x)h(x)x{x GA} is a finite measure. 

We recognize D10 as assumption A3 in the previous section. 

D10 has more implications regarding overloading trajectories of a network that 

will be discussed after the Theorem. Notice that some of the assumptions are used 

to cope with the possibility of unbounded jumps for the level and the phase. 

Theorem 2.7 ([Fol05a] page 573, Theorem 4). Assuming D1-D10, for any 

phases y and b such that <p(b) > 0, 

^«.fl~/&-teM«g((0 |5)' (< ,8)) (2.9) 
<p(b) 

where f = ^ A 7r(z)h(z)Pz(TA = oo). 
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Sketch of the proof. Notice that / is finite because of D10. The proof starts the same 

as proof of Theorem 2.3 up to the (2.2), which is equal to 

zeA 

As a result of D8, guo'yu ~\) *s bounded uniformly in I and z £ A. The dominated 

convergence theorem can be used for the series to show that 

Tn(z)h(z) &*>&*>> - f 
h{)K)m,v)\M)) h 

On the other hand, using Theorem 2.6, if </?(&) > 0 then 

G((0, y); (£, y)) ~ f(y)— ^- , 
<p(b) 

and this finishes the proof. • 

Remark 2.8. If K is positive recurrent, Theorem 2.3 and the previous theorem 

together imply that 

^ > • 4, 
S((0,b);{e,b)) 

where d is the mean drift of X\ introduced in Al. 

Theorem 2.7 brings us one step closer to determining the asymptotics of the 

steady state. The only unknown decaying term in (2.9) is the Green function. On the 

other hand, assumption D10 is restrictive. Considering a two dimensional network, 

this assumption fails for the cases where the overloading trajectories first climb the 

t/-axis and then overload the x-axis, as in Theorem 1.17 part 2. See page 51 for 

details. 

Although the next proposition will not be used later, it shows the potential of 

the current approach through the fact that fC approximates K*. 
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Proposition 2.9. Under assumptions of Theorem 2.7, for fixed phases x and y and 

fixed displacement m > 0: 

l i m £({yi,y);(xi,x)) = x 

K*((yi,y);(xux)) 
xi,yi -> oo 

\xi - y i \ = m 

Proof Begin with reversing /C using <p, 

n(^i)^,i))=^)mxif:'(m'm 

<p{y) 

= <p{x)K°°{(xi,x); (yi,y))h(yuy) 
(p(y)h(x!,x) 

= <p(x)K{{xi,x); (yi,y))h{yi,y) 
(p(y)h(xltx) 

=
 if(x)K((x1,x);(y1,y))e-aXlh-1(x) 

ip(y)e-a^h-1(y) 

For the K* we have: 

ir(x1,x)K((x1,x)](y1,y)) 

K = K°° on S - A 

K*((yi,y);(xi,x)) = 
*(yi,y) 

G((0,b);(xi,b)) v <p(x)K((x1,xy,(y1,y))e-^h-1(x) 

g((0,b);(yub)) <p{y)e-^h-\y) 

for sufficiently large x\ and yx and using representation (2.9). This leaves us with 

K ( (yi ,y) ;(xi ,g))~ £ — ~ - x K((yi,y)- {x1,x)), 

but £((0, 6); (rci, b))/£/((0, 6); (yi,b)) converges to 1 using Theorem 2.6. • 

Application to MJN. 

We will only address the non-positive recurrent cases. The positive recurrent case 

can be done analogously and it will crudely match the results in Section 2.1. 

Referring to the last part of Theorem 1.17, consider the case where the least 

action path is a bridge and the minimal action is 6\. Observe Figure 1.6 for the 
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position of 9b = (0j, 9b
2) on the graph of M+ = 0. Define 

h0(e,x) = e<*ie<%*. 

By the definition of M+ and since 9b satisfies M+ — 0, h0 is harmonic for K°° above 

the level axis, i.e. for any x = (zi, x) that £ > 0, 

^ ^00(x;?/)/io(?/) = ^o(x). 
y=(yi.y) 

However, this may not be the case on the first axis as there is no guaranty that 

M~ = 0 passes through 9b. Henceforth, the following two cases should be dealt with: 

Case I: On the a;-axis, the /i0-twist results in a killing probability, K, which is 

strictly positive. To be precise, define 

JC0(X]y) = K°°(x;y)x^\, 
h0(x) 

so the current case happens if « = 1 — ^2yJCo((£, 0);y) > 0, for any £ G Z. 

Case II: h0 is also harmonic on the level axis, i.e. the above denned K is equal to 

zero. 

The next step would be to introduce the harmonic function, h, and the invariant 

measure, ip, for the above cases. Define 

e 

Let p0 = £o(0;l) and u = JC0(x;x + 1) for x > 0. Note that u is also equal to 

d = K,o(x; x — 1) for any x > 0. This is true since 9b is exactly the easternmost point 

of M+ = 0 and furthermore, 
dM+(9b) _ 

d92 ~ °-

For the first case where K > 0, direct calculation implies that /i is harmonic for 

K°° where, 

h(£, x) =h0(£, x) x (1 + KX/PO) 
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= exp(0j^) exp(6b
2x)(l + nx/p0). (2.10) 

Similar to the aforementioned notations 

IC(x;y) = K00(x-y)xf^y 

and 

£(£;y) = ]>>((0, *);(*,$)), 
i 

hence, 

{1 if x = 0, 

(2.11) 
^ ( 1 + Kx/pof otherwise. 

Notice that ]T\ (^(x) = oo. 

For the second case, obviously h can be taken equal to h0 and (p = 1. Similar to 

the first case, </? is not summable. Moreover, AC(£; x + 1) = AC(£; £ — 1) for any x > 0 

and therefore in the second scenario AC is null recurrent. 

At this instance, we check assumptions Dl to D10. Assumption Dl is satisfied 

by a choice of parameters. 

D2 is immediate since X°° has bounded jumps both in level and phase direction. 

For D3, note that p((0,x);(0,y)) is larger than the probability of going from 

(0,x) to (0,y) along the y-axis which is strictly positive. For the second property in 

the assumption, observe that AC((0,y); (1,$)) > Aie6*1 > 0, for any y. This also proves 

D4 since a can be reached in one step. 

As for D5, observe that if we ignore staying put then /Co is a symmetric near­

est neighbor walk and therefore has spectral radius 1, [WoeOO, Lemma 1.26]. Now, 

applying the last step of the twist, we get the same spectral radius for AC. Refer to 

[IgnOla] for a detailed discussion on how our choice of 9b secures D5. 

Similar to D5, the same property implies D6. In detail, AC0 is a symmetric nearest 

neighbor walk and therefore its only harmonic functions are constants. Adding the 
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last linear term (1 + n:/po) to the twist does not alter the restriction on harmonic 

functions. 

Since the chain can jump only to finite number of states starting from any point, 

D7 is immediate by the argument after D7b. 

[Fol05a, page 582] gives the detailed reason for D8 using a coupling argument. 

We will not reproduce the argument here, but remark that intuitively Q (w; (£,a)) is 

less than Q ((0, a); (£, a)) for large ts, since starting from w the Markovian part of 

the twisted chain has an upward tendency. 

D9 is immediate from the fact that the level has strictly positive drift starting 

from any state. 

For D10 to hold, 

J2 ir(z)h(z)I{K(z; S - A)} = J^ «(°> ^ i 1 + "*/*>)> 
zeA z 

remembering the inequality in Proposition 1.14, this is finite if and only if 

z 

this is equivalent to having e6* < p j 1 which is true by part 3 of Theorem 1.17. 

Previous to applying Theorem 2.7, we provide the asymptotics of the Green 

function for the MJN quoting [Fol05a, Proposition 1], 

{C^-3 /2 for c a s e j m which K > o 
(2.12) 

C0£~1/2 for case II in which K = 0, 

where C+ and CQ are explicitly given. 

The asymptotics of the steady state for the non-positive recurrent cases, when 

cascade trajectories are forbidden, is 

/ C + e - e i ^ - 3 / 2 e - < ™ (1 + ny/po) if K > 0, 
*M)~{ U (2.13) 

fCoe-^r^e-^y if K = o. 
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2.3 Restriction 

A restriction of the Markov additive approach is assumption D10 (or A3 equivalently). 

This assumptions happens to fail for the cascade cases in a two dimensional network, 

where the overloading trajectories first climb the y-axis and then cascade onto the 

x-axis to overload the level. Refer to page 51 for details. We will introduce a new 

approach in the next chapter to resolve this issue and give the asymptotics of the 

steady state when D10 does not hold. 



Chapter 3 

EXACT ASYMPTOTICS: A N E W 

APPROACH 

We will introduce a new approach to investigate the asymptotics of the steady state 

when one coordinate gets large, i.e. determine lim^oo7r(A V) f° r a n y fixed V- The 

methodology is derived from the technique we use in the next chapter to determine 

the asymptotic distribution of the phase and happens to be very effective. This new 

method can be applied to a wide range of networks and in addition does not require 

condition D10 of the preceding chapter. In spite of this, we will only illustrate how 

it can be applied to the cascade case of the modified Jackson network which was 

described in Section 1.2. We will also show that the network under analysis does not 

satisfy D10, and hence the Markov additive approach does not apply. For another 

recent exposition of the approach refer to [Ada05], where the technique is applied to 

a Markov chain arising in a production context. 

3.1 The Cascade Case 

Consider the M JN. Let X — (X\, X) in Z + x Z + be the joint queue length of customers 

waiting or being served with invariant probability measure (steady state) 7r(£,x). 

Suppose the minimum action path is a cascade. Shortly, it will be shown that the 

39 
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minimum action path first jitters along the y-axis and then overloads the level. This 

circumstance happens if h^pj1) < m i n l ^ , ^ } an<^ henceforth the minimum action 

shall be d\ = ln^T/1), refer to Theorem 1.17 and Figure 1.6. 

Analysis of the parameters. 

Theorem 3.1 ([Fol05b] page 538, Theorem 3). Q\ is the minimum action if and 

only if 

pr1 > rio + ri2p2l (3.1) 

l n ^ 1 ) < 9b
2. (3.2) 

In addition to the above theorem, the following result will be required. It presents 

the necessary and sufficient conditions for the cascade case expressed only in terms 

of the system's traffic parameters: 

Theorem 3.2. The minimum action path is a cascade if and only if 

Pi1 > rw + rl2p2l 

and 

P2
l <r20 + r2iPi1. (3.3) 

Notice that the first inequality is (3.1). 

Proof. Suppose the inequalities in the Theorem hold, we show that the minimum 

action is a cascade. By Theorem 3.1, the minimum action is a cascade if p^1 < 

exp(#2)- Assume the contrary, 

exp(^) < p^1 < r20 + raipT/1. (3.4) 

Consider Q1 as a function of 02) 61 = f(62), defined by M+(f(92),82) = 0. Take 6 

to be the supremum of the values such that / is a function on [0,6]. By [Fol05b, 
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Theorem 1] and as it can be seen in Figure 1.6, 9h is the unique point that 8\ > 0 and 

df ,<*, 
d92 

A direct calculation shows that the equation M+(ln(p1"1),x) = 0 has two solutions 

x = Info"1) and x — ln(r2o + r2ip^1). But s m c e 

Info;1) = / ( I n f o 1 ) ) = / ( Infoo + r W ) ) , 

there exists another point 9* = (91, 91) on M+ = 0, such that J-(#2) = 0 a n d 

p2
 x < exp(6>2) < r20 + r2iP! - 1 

By (3.4), 9\ < 6*2 and moreover, j | de2 v
w2 

- A. 
de2 

(92) — 0 and this contradicts the 

uniqueness of 9b. The correct position of the parameters is shown below. 

l n ( r20 + r
2A" } 

Up2) 

{0\,e\) 

X = HPI ) 

Hence, e x p ^ ) < P2
l is impossible, exp (^ ) > P2

X together with the first in­

equality of the Theorem imply that the minimum action path is a cascade. 

Now, suppose the minimum action is a cascade. The first inequality is (3.1). To 

prove (3.3), repeat the above reasoning for the function / , the only possible outcomes 

are, 

, - 1 
p2 < e 2 < r20 + r21p1

L, 

P2
l = r2o + r2ip1"1. 
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To rule out the equality, notice that l n ^ 1 ) < 9\ where 9b is the eastern most point 

on M+ = 0. Therefore, the line x = ln^^1) naturally crosses M+ = 0 at two points. 

Solving M+(ln(p^1), 92) = 0, 92 can be either r20 + ^ I P I " 1 or p2
l. Hence the equality 

happens if ln(p^x) = 9\ and p j 1 = r2o + r2ip^1 = e x p ^ ) , which again contradicts 

the fact that the minimum path is a cascade. • 

Lemma 3.3. If the minimum action path is a cascade then pi < 1. 

Proof. Stability Proposition 1.13 implies that p2 < 1. Therefore, using (3.1), 

Pi"1 > ri,o + n,2p2
x 

> rifl + ri,2 = 1. 

• 

Asymptotics of 7r(Q,y) as y —• oo. 

Our objective at this point is to find the asymptotics of 7r(0, y) when horizontally the 

minimum action path is a cascade or equivalently derive a function A(y) such that 

hm = 1. 

j/^oo A{y) 

To do so, we will use the Markov additive approach developed in the previous chapter. 

The following result from [FolOl] is essential. 
Theorem 3.4. 9\ < 9\ if and only if p < 1 where 

\2e^ + / i i r i 2 e - 0 i + e 2 

P = lis— jz$- (3-5) 

We recognize p as the same parameter we encountered in (2.5), where the positive 

recurrent case was under investigation. 

Corollary 3.5. For the pure Jackson network (where p* = pi), a jitter path is better 

than a bridge (the cheapest path is a jitter rather than a bridge) if 

P21 > r2o + r21pil. (3.6) 
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Our immediate task is to show that a minimal cascade path can not consist of 

a bridge up the y-axis followed by a cascade. The rational is that such a path is 

not optimal since this would give a nonlinear large deviations path in a domain with 

constant jump rates. 

Corollary 3.6. If the minimal action path is a cascade then the first part of the path 

jitters along the y-axis and does not form a bridge. 

Proof Look at the system as if the second queue is overloading. Using index v 

for the vertical viewpoint, M+ = 0 and M~ = 0 equations are exactly the same 

as those of a pure Jackson network. Therefore, Corollary 3.5 can be used directly, 

the only alternation is to switch the parameters since we are looking at the network 

vertically. Hence, vertically system jitters along the y-axis and does not form a bridge 

if Pi > rio+r^p^1, which is inequality (3.1) and this holds since the minimum action 

path is a cascade. • 

In view of the fact that we are interested in ir(0,y) as y tends to infinity, we 

apply the Markov additive approach vertically to the network. Define the boundary 

to be 

Av = {(e,o)\eez+}u{(£,i)\eez+}. 

Removing this boundary the chain can be imbedded in a Markov additive chain, X^°, 

on Z+ x Z. The free chain is precisely that of a pure Jackson network. The harmonic 

function for this chain can be found by looking at the non-zero intersection of M+ = 0 

and M~ = 0, which is ( l n ^ 1 ) , ln(r10 + r12/9^1)). Therefore, the harmonic function is 

hvix^x) = p2£(rw + ri2P21)Xl-

We recognize h^p^"1) as a of the preceding chapters and notice that as required 

av = lr^pa-1) > 0 since by Theorem 1.13, p2 < 1 . Let Xv be the twist of X£° with 

respect to hv(x\, x). 
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Corollary 3.6 ensures that positive recurrent results discussed in Section 2.1 can 

be used. However, we need to check the conditions A1-A3. Having in mind the 

notations used on page 29, define 

Ai(r10 + r12/^1) + ^ r 2 1
r i o y 1 

». — pA 

and 

Mo) = i + 
1-rJ 

In addition, let dv be the following mean drift: 

A (n\(\ - i no + ruP^1 1 x 
dv = y«(0)(A2p2 ~ M2̂ 2i zr / ^ 2 O - = T ) 

p2 p2 
, / , / n W T - 1 , P21 Tw + rup^1 1 x 

4- (1 - ipv{0)){X2p2 + Wit ; =r - l^2T2i =7 ^2^20- r r ) -
rw + ri2p2 p2 P2 

Notice that dv > 0 by the choice of a = ln^J 1 ) > 0 and therefore Al holds. To see 

A2, having in mind the discussion after the assumption and the proof of Theorem 

2.3, we do not use the whole boundary A„ in the definition of fv, rather we take into 

account only those states that can reach the interior in one step, hence 

fv = ^7 r ( l , 5 )P ( M ){7^ B = 00}, 

where 7A„ is the first return time of Xv to A„. Automatically, A2 holds. For A3, a 

vertical reproduction of Proposition 1.14 implies that TT(£, 1) < cp{ for some constant 

c, consequently 

] T 7r(z)hv(z)I{K(z; S - Av)} = Y, <*, I M A 1) 
zeAv ££Z+ 

= ^27r(e,l)p2l(rw + r12P2lY 

^ J2 cPi(rw + rnp^Y 

and this is finite since pi(ri0 + r12p2 *) < 1 by (3.1). Thus all the assumptions hold. 

Finally, the asymptotics of 7r(0, y) is given by Theorem 2.3 as 

n(0,y) ~ fv-rM^)P2 a s V tends to 00. (3.7) 
CLf), 
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Finally t h e asymptot ics of ir(£, y) as £ —> oo. 

We are back to our horizontal analysis. Let A be the y-axis. Embed K into K°° 

which is defined on Z x Z + . Take /Co to be the twisted free kernel using 

ho(xux)=PiXlp2*. 

Note that (Pil,p2
l) is a point on M+ = 0 and therefore it shall be straightforward 

to show that ho is harmonic above the x-axis. Let f3, S and a be the rates of birth, 

death and staying put for /Co away from zero (off the x-axis), respectively. 

p=(\2 + Hirl2pi)p2l 

a = Aip]"1 + fjiiriopi + (p* - fjti). 

The same notations with index 0 will be used starting from zero. Clearly, So = 0 and 

the parameters can be chosen such that (3 + S + a = 1. Let Ko be the rate of killing 

at 0 for /C0, i.e. K0 — 1 — (f30-\- a0) where, 

A> = (A2 + ywV12pi)pJ1 

(To = ^IPI1 + p.* nop! + pi-

Although, ho is harmonic above the x-axis, but still we need to analyze its be­

havior on the level axis. 

Proposition 3.7. /Co has a killing at zero, i.e. KQ > 0. 

Proof. We simply show that P0 + a0 < 1. Knowing that (3 + a + 5 = 1, 

1 - Po - Go 

= (/?-A)) + (<7-a0) + (5 

= [(Hi - V*)rviPip2X] + [(p* ~ Pi) + Oi - P*)rwpi - p2] + (̂ 2^20 + P2r2ipi1)p2 

= [(Pi - P*)rX2plp21} + [(p* - Pl) + (P! - P*)r10Pl] + [(P2T20 + P2T21Pl1)p2 ~ P2], 
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harking back to the cascade condition (3.3) on page 40 that p2 * < r20 + r2ip1 \ the 

last bracket is 

( / ^ 2 0 + ^2T2lPll)p2 ~ P2 

= ^2(^20 + r2iPi1)p2 ~ P-2 

> P2P~21P2 - A* - 2 > 0. 

As a result K0 is strictly larger than the sum of the first two brackets 

[Oi - V*)r\2p\p2X] + [(P* ~ Pi) + (Pi - M*)riopi], 

factorizing the positive term ( / / — pi), this is equal to 

(p* - Mi)[l - Pi{p2ln2 + rio)], 

and this is strictly positive by the other cascade inequality (3.1). • 

Propos i t ion 3.8. Away from zero, K.0 has a negative drift, i.e. f3 < S. 

Proof. Use the key inequality (3.3) in the denominator at the first line, 

P_ =A2p2"1 + P-\r\2P\p2X 

o~ P2p2(r2o + r2iPi1) 

X2P21 + Pir\2p\p2l 

<-
P2 

P2 

A2 + Airi2 

A2 

A2 + I i_ r ia r31 Fl2 

_ A2 

A2 + Airi2 = 

Ao ~ • 

n 
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Theorem 3.9. If the minimal action path is a cascade that initially climbs the y-axis, 

i.e. l n ^ 1 ) < min{#2,#2}> then 

where C = fvj-(pv(0) is the constant in (3.7) and A = {8/(3 — l)/?0 — K0. 

Proof. Define h\{y) = A + «o(|)^ for any y > 0, where A = ( | — l)/?0 — «0. Notice 

that hi(y) > 0 for any y. The function 

h(£,y) = ho(e,y)hi(y) = P i ~ ^ ( ^ + «o( | ) ' ) , (3-8) 

is harmonic for the free kernel. We now /i-twist K°° to get kernel /C. We simultane­

ously prove that h is harmonic for K°° and therefore Ylu1 x)ezxz ^((^> v)'i (̂ '> ̂ )) = 1-

Notice that 

)C((e, y); (£', x)) = Ko((e, y); (£', x^h^x) / h,{y) • 

If y > 0 starting from (£, #), 

^ K{{l,y); (£',x)) 
(£',x) 

£' £' £' 

_phi(y + i) | jMy-i) , J 

^ (^ + K0(|)«) + (^ + «0(|)») 

(P + S)A+(6 + P)KO{^ 

(4 + «o(§)*) 

Moreover, initiating from (^,0), 

+ < 7 = 1 . 

E^((^0);(f,x)) = ^ o ^ + ao Mil 
'Mo) 
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( | - l ) / ? o - « o + «o(|) 

(Fi) +ao 

( ! - l ) f l , + K 0 ( i - l ) 

/?o + <5o + e>"o = 1-

From the standard results for the birth-death processes the invariant measure 

for K, is 

/?>(i) v A M ^ ) _ o /n(y) 

.(o)=i * * > o, *«> - f t t " : a : ; i ^ M (3.9) 
Mi) My) 

_A) /^ - 1 x h\{y) 
6y x /if(o) 

Take the time reversal of the twisted chain, X, with respect to <p to be X. X 

is well-defined by Proposition 1.8 and moreover X has eventually a positive vertical 

drift away from the x-axis. This is true, since the transition of an upward move 

starting from y > 0 is 

u_5 hM y(y + l ) = ( D ^ + ^ f ) ^ 1 ) 
fci(y + l) ¥>(y) (1)^1(^ + ^(1)^)' 

while for a downward jump, 

My) y(y-l) (f ) ^ + K 0 ( | ) ^ ) 
P / H ( £ - 1 ) ¥>(£) P ( |)y-l(A + «0(|)«) ' 

Consequently, for a fixed y0, 

ferr > ! for a11 £ > j/o, (3.ii) d (i4 + Ko(*)0-i) 

where the last inequality holds since by Proposition 3.8, f > 1. 
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Therefore, conditioning on starting in (£, y), X(T k) tends to oo as £ —> oo. This 

brings us to the situation where we are able to calculate TC(£, y): 

= y£n(v)AG°°(v;(£,y)) 
veA 

veA 
**p(y) \~^ 7c(v)h(v) ,\-^ „ ,<— r , *r-

viv) \~^ v ^ Tv(v)h(v) „ r<—r . < — 

^ %,){C(^[TA])}, (3.12) 
/*& v) 

where ((•) =: Tr(-)h(-)/(p(-) and it is zero on A — A. 

Therefore, 

In the last term, A is replaced with A since for the network under investigation 

starting from any state in the interior it is not possible that X hits A for the first 

time at A — A. 

Now, let's show that the integrand in (3.13) is bounded. For a typical hitting point 

(0,5), 

(p(z) tp(z) 

<M0, Z)OjZ) X : -5 , 

the first parenthesis is bounded by the same argument as in (2.7) and additionally as 

the denominator of the fraction tends to a constant since by Proposition 3.8, z —> oo 
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4 > 1 

On the other hand, as £ —> oo, X[T&] hits the boundary at a typical point 7r(0, i) 

where z is a large phase. Therefore, given that we start at (£, y), as £ —> oo, we can 

use (3.7) and the values of h and </? to prove the following limit 

~/^(o)(|-i)2M«o|]_1 

Since the integrand is bounded and convergent, the dominated convergence the­

orem can be used to obtain the following limit. As £ tends to infinity and taking 

{ ip{X[TA\)) P P 

which is free of y. 

Finally, employing the vital equality (3.13), 

ffi -\ *W V \ fcfc n ^ [ ^ ] ) 

~ Clno^]-1 A A [M^)'-1 + "ojj], (3-14) 

and this completes the proof. D 

Specific parameters. 

It is note worthy to give at least one modified Jackson network where the large 

deviations path overloading the first node is a cascade. The following transition rates 

provide the case in which the overloading path is a cascade: 

Ht = 0.4, fi2 = 0.3, fj* = 0.5 

Ai = 0.1, A2 = 0.1, n 2 = 0.75 

r10 = 0.25, r21 = 0.25, r20 = 0.75. 
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D10 in the cascade case. 

As was mentioned before the Markov additive approach developed in the previous 

chapter does not apply to the cascade case of the modified Jackson network. We will 

show that this case does not comply with D10. 

D10 stated that X ^ s ^ O , ?/)/i_1(y) < °°- To prove that the series diverges, it is 

sufficient to show that 

y->oo 

Using (3.7) and (3.8), 

TT(0, y)h-\y) ~ UJ^MPI x P?(A + «o(|)«) 

= / « ^ ( 0 ) ( ^ + «o(|)*), 

as y —• oo this does not converge to zero since by Proposition 3.8, 6/(3 > 1. 

3.2 Revisiting the Ji t ter and Bridge Cases 

The above method can be applied to the jitter and bridge cases. We will not gen­

erate all the details, however illustrate how the new approach would work in these 

situations. 

The jitter (positive recurrent) case. 

If the Markovian part of the twisted chain is positive recurrent with the stationary 

distribution ip and cascade case is impossible by D10 then starting from any point 

(£, y), X drifts to the left and hits • for the first time at some state in A. Employing 

[Kes74, Theorem 1], as £ tends to infinity 

P(e,y){X[TA} = z}^ ±<p(z)f(z), (3.15) 
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for some finite measure fi*(z) on Z + and where d* is the mean horizontal drift of X. 

Consequently, 

lim Em L(X[TA])Ht[ZA]) 

^°° I V(*[TA]). 

v.—>nci '̂•i ' ^ o o — - ' - ' tp(z) 

= '^2i:'P(z)fJ'*(z)n^ 
zeA d* <p(z) 

= ^£/**(*M*)M*) 
zEA 

Use representation (3.13) to obtain 

z<=A 

zeA 

which gives the same decay rate as our previous finding (2.8) in Section 2.1. Moreover, 

<F X]2GA l^*(z)7r(z)h(z) can be interpreted as ^/ . 

The bridge case. 

In this case cp is not a distribution and equivalently the Markovian part of the twisted 

chain is not positive recurrent, the limiting result (3.15) does not hold and hence we 

are back at the same situation as the cascade case. Unfortunately, the problem turns 

out to be tricky and our new approach is not better than the Markov additive method 

discussed previously. The reason is that as z in (0, z) tends to infinity the function 

C(0, z) tends to zero. Therefore to obtain an asymptotic result, the distribution of 

the hitting point at A will be required and this takes us to the similar difficulties as 

in the Markov additive method. 
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3.3 Future Work 

The new method seems to be applicable to higher dimensional networks. In addition, 

it is capable to generate a unified theory addressing asymptotic problems of networks. 

A further application would be deriving the asymptotics of n(£, y) by simulation. 

The current approaches are based on tracking trajectories that eventually hit (£,y). 

However, simulation by means of the technique introduced in the current chapter 

has the benefit of following trajectories starting at ir(£, y) and hitting the boundary. 

Intuitively, the new simulation seems to be faster and more efficient for large ts. 





Chapter 4 

LIMITING HITTING DISTRIBUTION OF 

THE PHASE AND MEAN HITTING TIME 

In this chapter, the limiting distribution of the phase when the level for the first time 

passes a large threshold is derived. The results are established for a Markov chain 

X = (Xi,X) in a closed orthant that satisfies assumptions D1-D10 from Chapter 2. 

X is typically defined on S = Z + x S; we may think of S as Z". Our findings extend 

the results in [MCD99] and [FolOl]. The restriction that the Markovian part of the 

twisted chain is positive recurrent is relaxed and the theory will be able to analyze 

the non-positive recurrent cases. Subsequently, the theory is applied to the modified 

Jackson network with partially coupled servers introduced in Section 1.2. 

More precisely, we will investigate the exact asymptotics of the following hitting 

distribution of the set Fi = {(x\,x)\ X\ > £}, Figure 4.1. For an initial state a 6 S, 

define Ta to be the first return time to a by X and Tg the first time X\ reaches a 

level > £, i.e. 

T£ = inf{n> 0| X^n] > £}, 

Ta = inf{n > 0| X[n] = a}. 

55 
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; Ft 

e. 

Figure 4.1: View of Fi and the level tending to infinity. 

As £ tends to infinity, the limit of 

Pa{X![Te} - £ = s,X[Tt] = x\Te< Ta} (4.1) 

for fixed s > 0 and fixed phase x G S is established. Notice that in (4.1), X reaches 

Fi for the first time at {£ + s, x). Moreover, the exact asymptotics of the mean time 

to reach F^ Ea{T() is given. 

4.1 Literature Review 

Matrix analytic results. 

[Kro04] addresses a similar problem in the context of a general QBD with possibly 

infinitely many phases. Let kernel Q(x,y) to be probability that X starting at (l,x) 

hits level 2 at y before exiting the system from level 0. It can be shown that Q satisfies 

the usual recursion equalities in matrix geometric approach and hence the usual tools 

can be used. They also state their results in the context of two M/M/l queues in 

tandem. They manage to prove that in some cases, Q^(x,y) decays at a rate which 

is not necessarily the same as the decay rate for the stationary distribution. 

Their technique compared to the method that will be developed here is very com­

plicated and obviously can not address the situations where the chain has unbounded 

overshoots over level £ to hit Fi for the first time. Moreover, it is not clear to us if it 

can handle networks with coupled processors. For further references consult [Kro04]. 
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Foley - McDonald results: Positive recurrent case. 

[MCD99] and subsequently [FolOl] consider the same problem and obtain the limit 

of the hitting distribution (4.1) and mean time asymptotics for the cases where the 

Markovian part of the twisted chain is positive recurrent, though their results include 

the cases in which unbounded jumps are possible for the level and the phase. These 

results were achieved through the following technical lemma. 

Lemma 4.1 ([MCD99] page 120, Lemma 1.8 (Comparison Lemma)). If the 

Markovian part of the twisted chain is positive recurrent and moreover, suppose as­

sumptions A1-A3 in Section 2.1 hold, then for any fixed state a E A, 

n(a)Pa{Te < Ta} ~ ^ ( ^ { T , < TA}. 
zeA 

Sketch of the proof. The above asymptotic result is equivalent to 

Um Z^)nTt<Tt}-*{.)P{Tt<T.} = 

<-°° £ « A T ( Z ) ^ { 7 < < T A } ^ ' 

Using the positive recurrent criteria, the decay rate of the denominator is canceled 

with that of the numerator. Hence by the existence of a strictly positive limit for 

the remaining terms in the denominator, it only remains to show that the numerator 

approaches zero as £ tends to infinity. To do so, we use the following realities which 

are guaranteed by [BacOO], 

zeA yeFe 

ir(a)Pa{Te < Ta} = £ n(y)Py{Ta < Te}. 
y£Fe 

Therefore, the numerator in (4.2) shall become 

J2<y)Py{TA<Te <Ta}, 

conditioning on where X hits A for the first time and using the existence of the 

overshoot distribution discussed on page 27 the sum tends to zero and the lemma is 

established. • 
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Remark 4.2. Notice that this proof is not valid when the Markovian part of the 

twisted chain is non-positive recurrent since the decay factors in the denominator 

of (4.2) do not cancel with those of the numerator unless we have some restricting 

assumptions. In addition, the overshoot distribution does not exist. However, it can 

be proved that in general the numerator tends to zero. 

Observe that starting from any state a ^ Fe, in order to hit Fa for the first time, 

X can overshoot level £ and reach Fi in (£ + s, y) for any 5 > 0 and y G S. 

It is now time to quote the Hitting distribution theorem from [MCD99] and 

[FolOlj. 

Theorem 4.3 ([MCD99] page 121, Lemma 1.11). Let K, be positive recurrent. 

Suppose that Xx has period 1. If X satisfies A1-A3, of Section 2.1, then for any fixed 

state a e A with Pa{TA = oo} > 0, s > 0 and as t —> oo; 

PalX^Tt] -£ = s,X[Te] =x\Te< Ta} - C e ^ / T ^ M s , x ) , 

where C is the normalization constant 

^2^e-ath-\yMt,y) 
v *>o 

and /i is the overshoot distribution of the twisted chain (see page 27). 

Clearly, the theorem and its proof do not apply to the cases where the Markovian 

part of the twisted chain is not positive recurrent and hence the overshoot distribution 

fi does not exist. 

Having Theorem 4.3, it is possible to obtain the asymptotics of the mean hitting 

time. 

4.2 An Extension 

In this section, we relax the restriction that ft is positive recurrent and through the 

theory of Markov chains, derive the limit of (4.1) as I tends to infinity. 
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Throughout, we assume that we are in the same situation as in Section 2.2. 

Therefore, X, X°°, X have the same meanings as before and in addition, they satisfy 

D1-D10. 

Specifically, h is chosen such that 

P{ lim X^n] = oo | X[0] = z} = 1, (4.3) 
n—>oo 

for all z 6 S°°. Also, there is no restriction that <p is summable, i.e. it is possible to 

have J2x V3(̂ ) = °°-

To handle all the possible cases, we introduce a function of the level called a sub-

rate function. Suppose that a sub-rate function r{£) exists such that the asymptotics 

of the steady state for any fixed y is given by 

T r ^ - C e - ^ X ^ - 1 ) ^ ) , (4.4) 

for some constant C (independent from y) and in a way that for any fixed non-negative 

s and t, 

lim r4±H = ,, (4.5) 

and moreover, for any fixed non-negative s, and all except finite number of £'s, 

yy°'4^4<oo. (4.6) 

The sub-rate function as viewed in Theorem 2.3 is 1 when the Markovian part of the 

twisted chain is positive recurrent. However, for the modified Jackson network, it can 

also be the inverse of a polynomial as in (2.13) where r(£) is either £ -1/2 or £~3/2. 

In general non-cascade cases, by (2.9), r(£) — <7((0, b); (£, b))/ip(b) for any b with 

<p(b) > 0. In either case, r satisfies (4.5), see Theorem 2.6. On the other hand, (4.6) 

is necessary to tackle Markov chains with possible unbounded jumps. If r = 1, this 

property is obvious. In the cases where r{£) = Q((0,b);(£,b))/(p(b), without loss of 

generality take b to be the fixed phase, a, introduced in assumption D8. Remembering 
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that Q is shift invariant with respect to the first coordinate, 

g((0, a); (I + t, a)) = G((s - t, a); (I + s, a)) 

g((0,a);{e + s,a)) £((0, a); (* + s,a)) 

For all, except finitely many, non-negative i's, w = (s — t, a) is a point in • . Hence, 

by D8 the fraction on the right is bounded for large ^'s, and the series in (4.6) is finite 

for large choices of £, i.e. 

E e ' a t r l l n ' a ] ; ^ t , a l ! < °°> for £ sufficiently large. j ^ g((0,a);{£ + s,a)) 

Notice that (4.4) provides the asymptotics of 7r(£ + t, y)/ir(£ + s, x) for the non-

negative s and t and any fixed phases x and y. Precisely, as I —> oo, 

ir(£ + t,x) ~ e - Q V ( i ) H ( ^ ) ' 

Unfortunately, to obtain the limiting hitting distribution of the phase the aforemen­

tioned asymptotics is not sufficient and further assumptions are required. 

The following notion is one of the parameters used to establish the limiting hitting 

distribution. The definition stems from the work of H. Kesten in [Kes74]. 

Definition 4.4. For any fixed (yi,y) E S (where yi > 0), define k*(yi,y) to be the 

probability that the time reversed free chain (with respect to </?), A", starting from 

(yi,y) leaves F0 forever at the first step and its level drifts toward minus infinity. 

In view of (4.3), k* is not zero everywhere on its domain. In case k*(y\,y) = 0 

for any y\ > 0 and should there not be any ambiguity, we will drop the first variable 

in the notation and use k*(y) rather than k*(0,y). 

The main theorem of this section is 

Theorem 4.5 (Hitt ing distribution) . Let X be a Markov chain in S satisfying 

assumptions D1-D10. Furthermore, suppose the following assumptions hold, 
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H2. For some fixed x0, the sequence of measures 

ir(£ + s,y) 

7r(«,aj0) 

on S is a tight sequence. 

Then for any fixed a G S, 

lim Pa{Xl[Te] - £ =s, X[Te] = x\ Te < Ta} 
i—*oo 

e-M^{x)hr1{x)k*{s,x) 
(4.8) 

T«>oT.yV{v)h-1{v)e-atk*{t,y) 

Notice that k* can be obtained by fast simulation. 

HI is immediate in the positive recurrent cases as was proved in Proposition 2.1 

and it appears to be a necessary condition. The next example describes a situation 

where HI does not hold and the limit in (4.8) does not exist. 

Example 4.6. Consider the Flatto-Hahn model as in [Fla84] where two processors 

with service rates \x\ at processor one and \i<i at the second processor, serve stream of 

Poisson arrivals with rate A. This model exhibits the case where jobs arrive according 

to A and immediately require two different classes of services each provided by one 

of the processors. This is similar to couples' arrival at a shopping center and their 

immediate visit to the ladies' and men's room, and in addition, the stream of singles 

is suppressed. For the sake of regularity, take /iX + /x2 + A = 1. X, the joint queue size 

of the customers either in line or in service is a Markov chain in Z + x Z+ . Starting 

from any (xi,x) where x\ > 0 and x > 0 the transitions are, 

+-JL 

M2 

Taking A to be the y-axis, and considering the homogenous behavior of the 

system for positive levels, X can be embedded in X°°. X is stable if and only if 
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A < min(/i1,/i2)- A harmonic function for X°° is h(£,x) = (/ii/\)e. Obviously, 

a = ln(/i!/A) > 0 and h = 1. Applying the twist to X°° will lead us to X, with the 

following transitions. Starting from any (x\, x) where X\ > 0 and x > 0, 

Ignoring the transitions that stay put, the Markovian part of the twisted chain 

behaves like an M/M/l queue and therefore its invariant measure <p(x) is a constant 

multiple of (/ii/' HzY- Clearly, if 

A*i > A*2, (4.9) 

then 

^(p(x)h~l{x) = oo, 

and HI does not hold. 

We show that assuming (4.9) the limiting hitting distribution of the phase does 

not exist as level overloads. Intuitively, under (4.9), it is more probable that the 

trajectories of X follow a north eastern route and hence as £ becomes large X[T(] 

tends to infinity. Interestingly, this matches with the results in [Fla84], under (4.9) 

and as £ —» oo, 

implying that the limit in (4.8) is out of question. 

Back to the Theorem's assumptions; H2 is hard to check and we had no luck 

checking it for the Markov chains of dimension three or more. This being said, we 

were able to use H2 for 2-dimensional cases and specifically verify it for the modified 

Jackson network. 

/ft 
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Notice that we used fixed state (£, XQ) in the denominator of the measure V£. 

However, by Lemma 4.7, H2 can be stated using any other fixed state (£ + s0, x0). 

In order to prove the Hitting Distribution Theorem, the natural steps are 

PAXiiTe] -£ = s,X[T£} = x\Te< Ta} 

_ Pa{Xi[Ti] ~ I = s,X[Te] = x,Te< Ta} 

Pa{Te < Ta} 

Tv(a)Pa{X1[Te} -e = s,X[Te] = x,Tt< Ta} 

Zy=MeFt <<y)Pa{Xl[Tl] = yi,X[Te] =y,T,< Ta} 

7r(£ + s,x)P(i+St£){T:<Te*} 
= •== ; ir—;—-—r= =—- time reversal with respect to n, 

where T*A is the first time that X* returns to the set A. Dividing the numerator and 

denominator by TT(£ + s, x), 

P{i+s,x){T* < T;} 
V^ Trfai.y) p -AT* < T*\ ' 

H2 is needed to ensure that ]C7r(2/i>2/)/7r(^' + s,x) can be summed to the limit, 

moreover, we have to prove that P^+S^){T* < T/} has a positive limit. We shall 

address these issues in the coming subsection entitled Technicalities. 

Technicalities. 

Part I. 

Notice that by H2, the following notion is a well-defined and non-empty set. For the 

fixed x0, let (3e := (3e(0,x0) C S be the set such that 

1. (3c
e = S — P£ is a finite set, and 

2. for all £ > 0, E(s,y)e/3e ^ 0 , v) < e-

In H2, we assumed that *"/•,-'? is tight for fixed XQ, the next lemma shows that 

this choice can be replaced by any other fixed state. 
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Lemma 4.7. If H2 holds, then for any s > 0 and x, the sequence of measures 

n(e + s,x)Je>0 

is a tight sequence on S. 

Proof. Fix s and x and let xQ be as in H2. By (4.7), the sequence VL^X\ is convergent 

and therefore it has an upper bound, say M. For e > 0, choose the set (3e C S, which 

is independent of £, such that j3^ is finite and 

£ JM- < £/M. 

Hence, 

X 

yepe
 n(£ + S ' ^ y&e

 n(£' ^ *(£ + S ' ^ 

< M S ^ ) < M ( £ / M H £ -
Therefore, the sequence < n{e.+s'l\ f ^s tight. ^ 

Corollary 4.8. Fix x and s > 0. Assuming H1-H2, we have 

lim y v ^+*'^ - v v v̂̂ )̂ '1 )̂ 

Proof. Under assumption H2 which implies the previous Lemma, and using (4.7) the 

series on the left can be summed to the limit. In addition, the double series on the 

right hand side is finite by HI. • 

Par t II. 

In this part we deal with the term P(i+S^{T* < T/} in (4.10). 

Lemma 4.9. Assuming D1-D10, for any phase y, s > 0 and a G A, 

\P(i+s,y){T& < T/} - P^+S^{T* < T /} | —• 0 as £ tends to infinity. 
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The proof does not work for the cascade cases of the MJN, where ^ z g A 7r(z)h(z) = 

oo and therefore D10 does not hold. Notice that P(e+s,y){TA < T/} involves trajec­

tories that leave Fg on the first step and do not return before hitting A. By Lemma 

4.10, for some y's as £ increases this probability does not tend to zero. 

Proof. Notice that asymptotically 7r can be represented as in (2.9). 

By the results of [Fol05a, Lemma 6], if D8 holds, for any y and for £ sufficiently 

large, then 

G (z;(£,y)) 
is bounded uniformly in z £ A. (4.11) 

Notice that P{e+s,y){TA < T/} > P^+a,P){T^ < T/}, hence 

\P(i+a,y){TL < T?} - P(e+s,y){T* < T/} | 

= p(e+s,y){TA <Te} ~ P{t+s,y){T* < T/} 

= J2 pa+s,y){n < T;,X*[T*A] = V}PV{T; < T ;} (4.12) 
D G A 

±-—Y,*(v)Pv{Tt < TA,X{Te] = (£ + s,y)}Pv{Te* < Ta*} (4.13) 
iv(£ + s,y) 

v<aA 

—l-—'£1r(v)Pv{Tr < Tr,X°°[T?>] = (£ + s,y)}Pv{T; < T;} 

• X 

iv(£ + s,y)h(y)ea(£+s) 

J2^V)HV)PV{% < rk)x{%) = (£ + s,y)}pv{T; < T;> 
veA 

< fPM ^hr,aie+s) E*(*Mv)Mv,it + *,y))Pv{i7 < T:} 
7r{£ + s,y)h(y)ea(e+s> ~ 

1 
n(£ + s, y)h(y)e^+°){g((0, y);(£ + s, y))}'1 x 

S^O^ <414) 

(4.12) is obtained by conditioning on the first state that X* hits A. Time reversal of 

the chain in the first probability gives (4.13). For the next equalities, notice that the 
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trajectories in the first probability avoid the boundary so they are the same as the 

trajectories of the free chain; once we have the free chain, we can twist the kernel. 

In (4.14) 
£{v;{l + s,y)) < g(v-(£ + s,y)) 

g((0,y);(£ + s,y)) " 0((O, y); {£ + s,y)) 

is bounded uniformly in v £ A for I sufficiently large by (4.11), Pv{Tl < T*} < 1 

and J2ve/\^(v)h(v) < oo by (D10). By (2.9) the fraction before the series in (4.14) 

converges to 1 / / which is positive by (D9). Moreover, using the argument in the 

proof of Theorem 4 in [Fol05a], J2veAK{v)h{v)kg{v] (£,y))/Q((0,y); (£,y)) tends to 

/ . Finally, 

hm PV{T; < T;} = o, 
l—»oo 

due to the fact that X* is positive recurrent and therefore intuitively starting from 

v £ A the chain first hits the fixed state a and then drives away to level £ = oo. 

The result of the lemma follows by applying the dominated convergence theorem 

to the series in (4.14). • 

Lemma 4.10. Assuming D1-D10 and H1-H2, for a fixed phase y and s > 0, 

\P(£+S,V){TA < ^7} ~~ k*(s,y)\ —> 0 as £ tends to infinity. (4.15) 

Proof. First, 

\P(e+s,y){T*A < Te*} - k*(s,y)\ = \P{i+s,y){Te < W - (1 - k*(s,y))l (4-16) 

Notice that FiH A — 0 and there is no chance for T/ to be equal to T£. Therefore, 

we may replace P(l+S^{T^ <T*A} with P{i+Sty}{T; < T^} 

Investigating the terms on the right hand side of (4.16), 

P(e+s,y){Ti <T^} 

= E P(i+s,y){T;<n,X1[Ti*}~£ = x1,X*[T;} = x} 
(xltx)es 

= E % +
+^SP(^MTt < TA,X[Tt] = (£ + s,y)} 

(xi,x)£S 
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By definition k*(s,y) = P(s,y){7'o = 00} = P(j+ai$){T< = 00}. Hence, 

1 - k*(s, y) = P(e+Sty){Te < 00} 

= Yl P(i+s,y)0:t<oo>*%fi:i] = (t + xi,x)} 
(x!,x)es 

= E ^UP(i+x1,x){^<oo,X[%] = (£ + s,y)} 
(xux)es Lp^V' 

= E ^ ^ ^ ^ p ^ M T r <oo,x~[7r] = (i+8,y)}. 

Pick Pe to be the infinite set associated with s and y such that 

E w!(f++s1) P(e+x^{TrKT?'x°°[Tr] = {£+s>m<e/2 

and since ^2& <^(£)/i_1(x) < 00, 

E ^ - ^ T ^ T ^ ^ . * ) ^ < r - X 0 ° [ T ^ = ^ + s<*» < £/2 

As a result, 

|P (* + . 1 < ? ){77<^}- ( l -A; ' ( a > y) ) | 

= 1 E %\7,t) p«+*^{7r < ^ ^ " P r i = (* + *.*)}-

Remember M& as the level specifying the boundary on page 6 and take k-t := 

A — MA — I to be the horizontal translation of A to the left by MA + £, i.e. k-t = 

{(zi - MA -£,z)\ (zi,z) e A}. Starting from any point (xi,x) G F0, T™_( < 00. This 

is true since the free chain, starting from level > 0, behaves the same as the original 
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chain before hitting A_£ and the original chain is positive recurrent. 

However, starting from level > 0 as t tends to infinity, T^_ | oo. Hence 

{ Too < roo J T { Too < ^ 

SO 

{Too < Too^ tX°°[Tg°] = (s,y)} T {T0°° < oo,X°°[T0~] = (s,y)}-

Translating back the expressions to the right again, we get 
P{e+XlM

Tt < T?, X°°[Tf ] = {£ + 8, y)} -* 

P(e+XlMTr < oo, X°°[T?} = (£ + a, y)} 

as £ -> oo. By (4.7), (4.17) implies that 

}im \P{e+s,y){T*A<T?}-k*(s,y)\<e 

where e is arbitrary and the result of the lemma follows. • 

Proof of the Hitting Distribution Theorem. 

Proof of Theorem 4-5. Without loss of generality, let a to be a state in A. Pursue 

the representation (4.10). We deal with the rest of the proof in two steps. 

Firstly, in (4.10), for any fixed t and y, 

\P(i+t,y)(T:<Te*)-k*(t,y)\ 

< \P(m,y)(T; < n) - P{t+t,y){Tl < 1?)\ + \P{t+m(Tl < T/) - k*(t,y)\, 

therefore, by Lemma 4.9 and Lemma 4.10, 

lim P(e+m(T;<Te*) = k*(t,y). (4.18) 
l—>oo 

Secondly, using Lemma 4.8 and the fact that P^+t^(T* < T/) < 1, the denominator 

can be summed to the limit. Hence, 

Pa{Xi[Tz\ -e = s, X[Tt] =x\Tt< Ta) 
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e as(f(x)h 1(x)k*(s,x) 

Et>oEyVm-Hy)e-atk*(t,y)^ 

However, by (4.5), 

r(* + t) 
r(£ + s) 

Having (4.6) and knowing that e~atk*(t,y) < 1, dominated convergence theorem can 

be used to establish the result of the theorem. • 

Asymptot ics of t h e Mean Hi t t ing t ime. 

Theorem 4.11. Under assumptions D1-D10 and H1-H2, the asymptotics of the mean 

hitting time for any fixed a is given by: 

(yuy)es 

where r is the sub-rate function defined on page 59 and C is the constant in (4.4). 

Proof. By Theorem 1 in [BacOO], 

{Ea(Te)}-1 ~ K{a)Pa{Tt < Ta}. 

We have, 

7r(a)Pa{Te < Ta} 

= TT(<7) £ PATt<Ta,X[Ti] = (£ + y1,y)} 

= J2 ^ + yi,y)P(t+yuy){T:<Te*}, (4.19) 
(yi,y)es 

the first equality is obtained by conditioning on the state that X hits Fg for the first 

time and the second equality is attained by time reversing X with respect to the 

steady state IT. (4.19) can be written as 
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for some b that (p(b) > 0. 

Having HI and H2, the results in the Technicalities apply and therefore (4.19) is 

asymptotic to 

ce-^r{^{b)h-\b) Y: ̂ Wr^-^yi^ (4-2°) 

simplifying the similar terms provides the result of the theorem. • 

One more interesting issue is the decay rate of Pa{Ti < Ta}, which can be 

addressed similarly to the previous proof. 

Corollary 4.12. Under assumptions D1-D10 and H1-H2, Pa{Te < Ta} has the same 

decay rate as ir(£, •) when £ —> oo. 

Proof. Suppose that the decay rate of n(£, •) is e~air(£). Partition Pa{T^ < Ta} on the 

point X hits Ft for the first time to obtain an expression similar to (4.19). Following 

the previous proof will lead us to (4.20) with decay rate e~atr(£). • 

How to verify H2? 

A vital ingredient in the Hitting Distribution proof is the fact that the series 

2-*> ir(£ + s,x) 

in the denominator of (4.10) can be summed to the limit. This stage in the proof 

was achieved by assumption H2. Nonetheless, the question remains on how to check 

and verify H2 for a specific Markov chain or a stochastic network. We develop a 

coupling argument which works for the MJN and similar 2-dimensional networks. 

The argument also leads us to a new technique to find the asymptotics of the steady 

state, discussed in Chapter 3. 

Bearing in mind the goal of applying the theory to 2-dimensional networks like 

the MJN, hereafter, we limit our results to the cases where the level chain is nearest 



4.3. APPLICATION 71 

neighbor. Hence in H2 the excess beyond level £ is not necessary and there is no 

chance to hit Ft for the first time at levels higher than I. 

We have found H2' to be checkable for 2-dimensional chains. 

H2'. Define ((z) := ^r-(z). Assume that for a fixed XQ, there exists a function g and 

a set (5 C S such that, f3e is finite and 

(<,g){CC C A)J> < /£x y £ G /? and for I sufficiently large, 
E{tAt){C(X(TA))} 

where Yly Qi^'Piv)^1(y) < oo and X is the time reversal of X with respect to 

0. 

Notice that in view of representation (3.13), 

(pixojh-ijxo) x ir(£,y) = Em{£(X(TA))} < 

<p{y)h-\y) *(*,*„) E^o){((X(TA))} -

where by H2' the last inequality holds for y G f3 and £ \ 9{y)(t){y)h~l\y) < oo. 

The existence of g and the fact that j3c is finite imply that the sequence of 

functions 
=_ ^ ^ ( g o ) x TT(£,£) 

<p{y)h-l{y) TT(^^O) 

is uniformly integrable with respect to the finite measure ,v\i ,,,',. For e > 0, 
J (p(x0)h-1(xQ) 

/3t C S can be chosen such that /3° is finite and for all £, 

The above argument shows that H2' implies H2. The appearance of H2' seems to be 

strange, but it is more applicable since its terms can be analyzed through trajectories 

starting at level £ and eventually hitting the boundary. 

4.3 Application 

We now apply the results in the previous Section to the modified Jackson network 

with partially coupled processors introduced in Section 1.2. 
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Ji t ter case. 

Consider the MJN as in Section 2.1. By Proposition 2.1, assumption HI automat­

ically holds. On the other hand, assumption H2 holds since the Foley-McDonald 

results discussed in Section 4.1 apply. Therefore, the following result is automatic by 

comparing Theorems 4.3 and 4.5. 

Corollary 4.13. Consider the modified Jackson network. If the least action path to 

overload the level is a jitter path, i.e. Q\ < min{ln(p^"1), 6\}, then for any fixed a, 

lim PAXIT,] = i\Tt< T„} = »(*>"-**•(*) , 

' -» E,ao*>(y)e-«**te) 
where ip is given on page 29. 

In addition for any fixed a, the decay rate of {^(T^)} - 1 and Pa{Te < Ta} is 

Notice that for the MJN, X hits Fe for the first time only at level I. Consequently, 

the first coordinate of k* is always zero and moreover the term e~a of (4.8) is not 

present. 

Bridge case. 

Suppose that the least action path to overload the level is a bridge. In this case by 

Theorem 1.17, Q\ < Q\ and Q\ < l n ^ 1 ) . Moreover, the asymptotics of the steady 

state was given in (2.13). To show the existence of the limiting hitting distribution 

of the phase, we check the assumptions. 

For HI to hold, from (2.11) and (2.10), <p(x) = *&(1 + Kx/p0)
2 and h{x) = 

exp(6>2x)(l + KX/PO). Hence, HI holds if and only if 

2jv?(£)/i 1(x) = —yjexp(—0\x){l + KX/PO) < oo, 
xes * 

and this happens if B\ is strictly positive. 
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To verify H2, we use a coupling argument to prove H2'. For this reason, some 

information is required on how X hits the boundary for the first time, given that it 

starts in Fg. We are again in the situation of Chapter 3 dealing with (. Using (3.7), 

we proved that if 

PT1>no + r12P21, (4.22) 

then strictly positive D exists such that 

lim p-K(0,y) = D. (4.23) 
y—>oo 

But remarkably, (4.22) resembles the properties of the bridge. [Fol05b, Theorem 3] 

states that if either one of the following holds, 

Pi1 < rm + Tup? (4.24) 

p2
l > eeK (4.25) 

then the minimum action is a bridge. Gathering all this information, in order to 

have (4.23) and to ensure the bridge phenomena, we may keep (4.25) but switch the 

inequality in (4.24). 

Proposition 4.14. For the modified Jackson network, assume that HI holds. If 

(4.22) holds then 

Em{c(x{TA))} 
Em{((X(TA))} 

is bounded by a constant uniformly in £ and y, i.e. g(-) from H£ is a constant 

function. Hence the network satisfies H£ and equivalently H2. 

Proof. From (4.25), p^S < 1. Pick e > 0 such that r := p2e
e*%^e < 1. Using (4.23), 

choose N > 0 such that 

(D-e)<p,M0,y)<(D + e) 

for y > N. Hence, 

^ £ 4 ^ < A ^ 1 ^ * > 0 aid y > N. 
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Also notice tha t <f)(y)h 1(y) = ^exp(—6\y){ l + ny/po). As a result, for any t > 0 

and y > N, 

C(0,y + t) _7r(0,y + t) <f>(y)h - 1 / 

C(0,y) n(0,y) 0(£ + t)h-\y + t) 

D-e l + K(y + t)/po 

,e^tD + e 
< ( p 2 e ^ ^ — < r < 1, (4.26) 

For y < N and any non-negative t, 

C(Q,y + t) C(Q,N) C(o,ii + t) 

CM) CM) C{o,N) " 

However, for all but a finite number of y+tfs the second fraction satisfies (4.26). More­

over, there are only finite number of possible terms in the first fraction. Therefore, 

for some constant D\, 

^tV^ < Di f o r a l l i > 0 , (4.27) 
Civ) 

where D\ is uniform in y. 

Now consider the product space of all paths w of X, which start from (£, y) times 

paths w' which start from (£, 0). On this product space we can define a coupled path 

starting from (£,0), which follows w' until w' hits the path w and then follows w. 

Define He to be {w' : Xi[n] < £, for all n > 0}. Let C{X? (w)) be the value of 

the function ( at the first state that X hits the boundary following the trajectory w. 

Hence, 

Em{c(x^A{w))} x Em{xHtW)} 

= Em®Em{(;(Xtr^w)).XHe(w')} 

< D1 Em <g> Em{^(x^^w')).XHt{^)} (4-28) 

where (4.28) is obtained using (4.27) and the fact that if the path w starting from 

(£, y) does not couple, it will hit the boundary at a higher phase. Also, notice that 

any member of Hi starting from (£, 0) is trapped between the level axis and a path 

starting from (£,y), since there are no northeast and southwest jumps for the MJN. 
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This implies that 

% S ) { C ( < * » ) ) } < Eim{C(X^A(w))} 

E(tMC(X^(W))} Em{C(X^A(w'))xHe(w')} 

< * 

A 
fc*(0)" 

It is obvious that k*(0) is non-zero for the modified Jackson network and this finishes 

the proof. • 

Theorem 4.15. Suppose the least action path for the modified Jackson network is a 

bridge. As the number of customers in the first queue tends to infinity, the limiting 

hitting distribution of the phase exists if the following inequalities hold: 

(1) 0>>O, 

(2) Pi1 > rlfi + rh2 P21 • 

Moreover, 

(1 + Kx/p0)e~e2£k*(x) 
lim Pa{X[Te] = x\Te< Ta) 

e^°° I2y>o(l + Ky/Po)e e*yk*{y) 

In addition for any fixed a, the decay rate of {^(T^)} - 1 and Pa{Ti < Ta} is 

given by 

V*ty-3/2 ifK>0> 

where K is the same parameter as in (2.13). 

Proof. (1) is the property that ensured HI and (2) is the inequality that led us to 

(4.23), which in turn was used in the proof of Proposition 4.14. Due to the fact that 

the network satisfies HI and H2, the limiting hitting distribution of the phase exists 

and it can be explicitly given by the values of ip and h in (2.11) and (2.10). • 
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Cascades. 

Suppose the cheapest path to overload the level is a cascade for the modified Jackson 

network. It was shown on page 51, that D10 does not hold in this case. Therefore, 

the proof of Lemma 4.9 is not valid and we can not apply Theorems 4.5 and 4.11 

to the cascade cases. However, HI and H2' hold. To verify HI, remember the tools 

developed in Theorem 3.9, 

h(£,y) = p^xp^(A + K0(ty) 
v v / 

kv) 

<p(<&) = _ , — \ A ^ - 1
 x (A + Kody)2 if y > 0. 

For Hi to hold, Ylf^^iv) < oo if and only if 

but this is true since by Theorem 1.13, p2 < 1- Moreover, by Proposition 3.8, (3/6 < 1. 

To verify H2', notice that by the argument in the proof of Corollary 3.6, (4.22) 

holds. Therefore, if we replace e®2 with p^1, which is the analogous parameter in the 

cascade case, Proposition 4.14 is in effect . 

4.4 Future Work 

The nature of assumption H2, which ensured our limiting results, is still unclear and 

a more general criterion for checking the assumption is needed. This is particularly 

necessary for high dimensional networks. 

We conjecture that Lemma 4.9 is valid even if D10 fails. Finding a proof of the 

Lemma while D10 is relaxed will enable us to apply the asymptotic results of this 

chapter to cascade cases of the MJN. 

As aforementioned, the Matrix Analytic Method can solve problems close to 

the ones in this chapter, [Kro04]. However, the method can not match our Hitting 
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Distribution and Mean Hitting time results. Addressing these issues remains an 

interesting unanswered topic. 





Chapter 5 

RATIO LIMIT PROPERTY F O R A 

MARKOVIAN KERNEL WITH 

UNBOUNDED JUMPS 

Consider an irreducible additive Markov chain W — (V, Z) on S°° = Z x S with 

kernel J. As was observed in Section 1.1, being additive means that for any [x\,x) 

and (yi,y) in S°°, 

J((xi,x);(yi,y)) = J((0,x); (yt - xu ,y)). 

Our approach is capable of addressing any countable S, however we will limit 

S to be equal to Z + to be able to compare our findings with those in the literature. 

We shall call the elements of S the phase. We will call the first coordinate the level, 

assume that V is a nearest neighbor chain and furthermore presuppose that starting 

from any point (xi, x) G S°°, the level drifts to — oo, i.e. 

P{ lim V[n] = -oo | W[0] = (xux)\ = 1. (5.1) 

Obviously, W is a transient chain. 

We shall reserve the hatted letters for the phase and as usual use £, m,... for the 

level when there is no ambiguity. 

79 
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Our primary goal is to provide the limiting hitting distribution of Z when V for 

the first time passes a threshold which is tending to infinity. In particular, we will 

establish the following limit: 

lim Pa{Z[Rm] = x | Rm < oo}, (5.2) 

where i?m — inf{n > 0 | V[n] — m}, a is a fixed state and x is a fixed phase. 

Comparing with the material discussed in preceding chapters, W and J are the 

same as the free chain X°° and its kernel K°°, respectively, on page 6. Moreover, (5.2) 

is closely related to (4.1). Let Ra be the first return time to a. Clearly, Rm < Ra 

is replaced with Rm < oo, since in the context of our Markov additive chain W may 

leave a, never reach level m and drift to — oo. 

Taking into account that W starting from any phase on level m may never reach 

level m + 1, illustrates that the problem under investigation is connected with the 

existence of a quasi-stationary measure. To make the problem tangible, define the 

Markovian kernel D on S as, 

D(x;y) = P(0)S){Z[fli] = y ,R1<oo}. 

D has possible unbounded jumps since it is possible to hit the next level at any phase. 

In addition, it is a defective kernel, i.e. for any fixed x, 

Y,D(x;y)<l. 
ii 

Due to unbounded jumps, D does not satisfy condition (1.4) in [Kes95], therefore 

there is no guarantee that the ratio limit property holds or the Yaglom limit exists. 

However, we will prove that under some assumptions the ratio limit property holds. 

Explicitly, Corollary 5.7 shows that as n tends to infinity the limit of 

D^m\x;y) 
D(m)(u-zy 

exists for any fixed phases x, y, u and z. 
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5.1 Some Background 

[Kes74] considers the same problem and establishes (5.2). In the context of that 

reference, let ZQ, ZI, Zi, • • • be a Markov chain with separable metric state space, and 

V at time n to be the partial sum of identically distributed random variables {Mj}i>o, 

in the sense that, 

V[n]= Yl u>- (5-3) 
0 < i < n - l 

Further, the distribution of un only depends on the state of Z at times n and n + 1. 

Assume that Z is a positive recurrent Markov chain, so there exists a finite invari­

ant distribution ip for Z. Moreover, the following condition is in effect, limn^oo V[n]/n 

exists a.e. with respect to Px for any x in the state space and the limit is strictly 

positive and finite. Theorem 1 on page 359 of [Kes74] shows the existence of (5.2) 

and considering some regularities provides the limit. Afterwards in Section 4, the case 

of negative drift is considered when n_1V[n] has a limit a.s. but the limit is strictly 

negative. This case is converted to the previous situation with positive drift using the 

method of Chapter XI.6 in [Fel71]. The method basically uses a harmonic function 

and the Doob's transform to change the kernel of the chain in the desired way. We 

previously employed this approach in (1.5). We will extend the results of [Kes74] to 

cover the cases where unique if exists but it is not necessarily a finite measure. Thus, 

Z could also be null recurrent or transient. 

From another viewpoint, our problem is close to the material in [Kes95]. There is 

always a chance that W starting from any level drifts to —oo and never hits an upper 

level. To situate the discussion in the framework of the reference, consider drifting 

to —oo as a new state, 8. Clearly, the kernel D can be extended to the state space 

S$ = {8} U S to be a stochastic kernel, i.e. for any phase x, 

Y, D(x- y) = D(x; 8) + J^ D{x; y) = 1. 
y£Ss yeS 
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We may think of 5 as the absorbing state. 

We will state some of the results in [Kes95]. However, to avoid the intricacies 

only a simplified version of the assumptions are presented. 

Theorem 5.1. Assume that 

1. for any x G S, D(x; y) is non-zero only for a finite number of y's. 

2. there exists some strictly positive constant c such that D(x; x) > c for all x G S. 

Let the spectral radius of D to be r, i.e. 

lim(D{n\x;y))1/n r~\ 

then D has r-invariant measure \i and r-harmonic function f, which are unique up 

to a constant multiple and D satisfies the ratio limit property, that is to say 

D^(x;y) f(x)fi(y) 
r^So DW(u;z) f(u)ti(z)' 

In addition, if we assume that L < oo exists such that 

YtD(x;y) = l forx>L, (5.4) 
yes 

and starting from some fixed phase the chain underlined by D eventually hits S and 

r > 1, then \i can be normalized as a probability measure and 

D^(x;y) fix) ... ,c c. 
™Zz&sD^(u;z) f(u) 

Notice that our level crossing kernel D does not satisfy assumption 1 of the 

theorem. This is true since W starting from state (0, x) can hit level 1 for the first 

time at any phase y, and therefore D(x;y) is strictly positive for infinite number of 

y's. 

Remark 5.2. Despite the fact that D does not comply with assumption 1, there is 

still some connection. Only for this remark, let Z to be a nearest neighbor chain 
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(we already assumed this property for the level). Suppose that the chain starts from 

(0,x), the conditional probability that W hits level 1 given that after n steps it has 

not hit level 1 decreases as n becomes large. This is true since W has a negative drift 

in the first coordinate. Therefore, starting from (0, x) if R\ < oo, then W should hit 

level 1 at a phase not far from x. 

D does not satisfy (5.4) either. Therefore, it is not clear if the Yaglom limit, 

(5.5), exists or not. The assumption states that only finitely many states can reach 

the absorbing point in one step, however in our situation the chain can leave level 

zero from any phase and never again hit level 1. Hence, the absorbing state can be 

reached in one step from infinitely many states. Observe that (5.2) can be written as 

l i m Pa{Z[Rm] = x , Rm < oo} = H m D^\a-x) 

m^L Pa{Rm < Oo} m^o J2ies D{m){°\ *) ' 

therefore, our results are closely related to the Yaglom limit and the existence of 

quasi-stationary measures. For further references consult [Fer95]. 

One more interesting issue is the resemblance between (5.2) and the hitting 

distribution of the phase discussed in Chapter 4. To be precise, compare (4.1) with the 

questions currently under investigation. One way to explore the hitting distribution 

problems for X is to remove the boundary A and work with X°° and then prove that 

the two chains give the same results. Although we did some research in this direction 

but it appeared to be a difficult task. 

5.2 Theory and Results 

Our approach stems from the techniques used in the previous chapters. 

Suppose a > 0 exists such that h(m, x) = eamh(x) and take W = (V, Z) to be 

the twisted chain with kernel J as in (1.5), that is 

J(x;y) = J(x;y)h(y)/h(x), (5.6) 

for any x,y G S°°. 
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As in (1.6), for any x,y € S°° define the Green function 

oo 

n=0 

of J. Moreover, throughout 

J (^ ;x ) = J ] j ( ( 0 , l ) ; ( m , x ) ) , 

the kernel of the Markovian part of the twisted chain will be used. To avoid compli­

cations consider j to be irreducible. 

The existence of an invariant measure for J is in question. We can not be sure 

it exists since we are not out ruling unbounded jumps for the phase. Therefore, to 

push through the approach we limit W to the cases where the Markovian part of the 

twisted chain has an invariant measure <p, 

^2<p(x)J(x;y) = <p(y). 
xes 

This brings us to the same setting as in Proposition 1.8. The time reversal of J can 

be obtained with respect to <p, i.e. for any (s,x) and (m,y) in S°°, we can define 

J{(s, x); (m, y)) = J((m, y); {s, x)) x ^ | | | . 

Take Q to be the Green function associated with this reversed kernel, 

oo 

*g {z;x) = Y^J{n){z\x), fo r &nyx,zeS°°. 
n=0 

The assumptions we require to establish the main results are stated below. 

Fl . h is chosen such that P l l i m ^ ^ V[n] = oo | W[0] = z} = 1 for all z e S™. 

F2. The probability that W reaches (0, y) starting from (0,x) is positive for any x 

and y in S. Moreover, there exists an integer N and u> > 0 such that for any 

x E S, there exists m — m(x) < N such that j(m\(0,x); (1,^)) > u. 
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F3. Let Rx be the first return time of Z to x. Assume that P(o,x){V[Rx] — •} is not 

concentrated on a subgroup of the integers. 

F4. j has spectral radius one. 

F5. The only harmonic functions for J are the constant functions. 

F6a. For a fixed x0, consider the sequence of functions gs as 

9s(x) = <?((0, x); (s, x0))/g((0, xQ); (S, X0)) 

We assume that dominated convergence theorem can be applied to the following 

series: 

^J(y;x)ga{x) 
xes 

for any y. That is to say, 

lim V " J(y;x)gs(x) = V] j (y;x) lim gs(x). 
s—»oo •'—' *—;' s—+oo 

xeS xeS 

F6b. (—V, Z) satisfies the condition in part (a). 

F7. There exists a phase a such that, 

£((0,z);(-m,<7)) 

is bounded uniformly in z for any positive m sufficiently large. 

It is easy to show that (— V, Z) satisfies F1-F4. Let's compare these assumptions 

with the assumptions in Section 2.2. Note that D2 is not required since V is considered 

to be a nearest neighbor chain and therefore its one step jumps are bounded. Fl , 

F2, F3, F4 , F5 and F6 are the same as Dl, D3, D4, D5, D6 and D7, respectively. 

We only restate the fact that if the chain has bounded jumps in the phase direction 

then it would satisfy F6. F7 looks the same as D8, however it is stated for the time 

reversal. 
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Example 5.3. A Markov additive chain satisfying the above assumptions is the free 

chain associated with the modified Jackson network. All the assumptions were verified 

in Section 2.2 except F7. 

We pursue a coupling argument to show F7. Take a = 0. We will show that 

Q ((0, z); (—m, 0))/ Q ((0,0); (—m, 0)) is bounded uniformly in z as m tends to oo. Let 

w and w' show trajectories starting from (0, z) and (0,0), respectively. Define N(w) = 

N(-mfl)(w) to be the number of visits to (—m, 0) by X following the trajectory w. A 

similar notion can be defined for w'. Let H = {w' \ Xi[n] < 0, for all n}. 

Form the product space of all paths w and w'. On the product space, define the 

following coupling: stay on w' until it hits the path w and then follow w. Notice that 

if w hits (—m, 0) and w' € H, then w' must hit w since w' is fenced in by w and the 

level axis. In fact, there is no way for w' to jump over w since there are no northeast 

or southwest jump directions for the reversed MJN. 

Let N(w, w') to be the number of visits to (—m, 0) by the coupled path. For any 

w' G H, w can miss (—m, 0) while w' may hit the target, therefore, 

N{W)XH(W') < N{W,W')XH{W'), 

where x is the characteristic function. 

? ( (0 , z); ( -m, 0)) • Pm{w' £ f f } = Em{N(w)} • Pm{w' € H} 

= E(0!z){N(w)}-Em{XH(w')} 

= Em®Em{N{w)XH('u>')} 

< £((M) (8) Em{N(w, W')XH(W')} 

<E{0i£)®Em{N(w,w')} 

- Em{N(w')} 

= ^( (0 ,0 ) ; ( -m,0) ) . 

This implies that Q ((0, z); (—m, 0))/ Q ((0, 0); (—m,0)) is less than or equal to the 

inverse of P(o,o){^' € H}, which is uniform in terms of the phase z and the level m. 

Therefore, F7 holds for this model. 
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Similar to Definition 4.4, we need the following notion. Notice that the first 

variable of k* is omitted since the level chain is limited to be nearest neighbor. 

Definition 5.4. Let k*(x) be the probability that W starting from (0, x), leaves level 

zero and V stays negative forever. 

Clearly, the definition would have the same implication if defined as starting from 

(£, x) and tracking the trajectories that never return to level I afterwards. 

Our main result is the following theorem. 

Theorem 5.5. Suppose the chain W = (V, Z) satisfies F1-F7. If 

'Y^ip(x)h~1(x) < oo, (5.7) 
xes 

then for any fixed state a G S°° and fixed phase x G S, 

lim Pa{Z[Rm) = x\Rm < oo} = y O ^ ' H * ) * ^ ) , (5.8) 

We defer the proof of the theorem until later. 

By Proposition 2.1, (5.7) is fulfilled whenever the Markovian part of the twisted 

chain is positive recurrent, i.e. if Ylxes^i^) < °°> then the condition holds. 

Comparing (5.8) with (4.8) delivers an interesting result for the Markov chains 

in the first orthant. Suppose the positive recurrent, irreducible Markov chain X = 

(Xi,X) is defined on the state space S = Z + x S. Using our usual embedding 

techniques X can be embedded in S°° = Z x S. Call the new free chain X°° = 

(Xf 3 ,^ 0 0 ) . Xf° and X°° play the role of V and Z, respectively. We have, 

Corollary 5.6. If the Markov chain X satisfies conditions of Theorems 4-5 and 5.5, 

then using the notation of the preceding chapters, for any fixed state o G S°° and fixed 

phase x G S, 

lim Pa{X[Tm) = x\Tm < Ta] = lim Pa{X°°[T™] = x\T™ < oo}. 
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This is not a clear-cut conclusion since starting from state a the trajectories of 

X and X°° could be very different. While X^° is allowed to travel to any negative 

level before reaching level m, X\ is sandwiched between levels 0 and m and has no 

access to negative levels. 

In addition, it can be shown that the ratio limit property holds for the level 

crossing kernel and the Yaglom limit exists. 

Corollary 5.7. Under the assumptions of Theorem 5.5, 

U m Z?(™>(x;y) = y{y)h-\y)k*{y) 

and 

l i m Dim)(x;y) = y{y)h-\y)k*{y) 

^ooJ2ieSD^)(u;z) £ ^ ^z)h^{z)k* {z) ' 

In order to prove the results, the following lemma is required. 

Lemma 5.8. Under assumptions F1-F6, for fixed states (n,x), (s,u) € S°° and fixed 

phases y,z G S, 

lim £ ( ( n > £ ) ; ( m > £ ) ) _ V(V) 
g((s,u);(m,z)) V{z) 

Proof. 

G((n,x);(m,y)) 

G((s,u);(m,z)) 

<p(z) \<p(x) g((m,z);(s,u)) ) <p(z) 

as m tends to infinity. The limit is obtained by Theorem 2.6. • 

In particular, we shall require 

lim E ( ( n ' £ ) ; ( m ^ ) } = 1. (5.11) 
" ™ g((s,u);(m,y)) 
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Proof of Theorem 5.5. For simplicity let a to be (0, a). 

Pa{Z[Rm] = x\ Rm < oo} 

Pa{Rm < oo} 
= PAZ[Rm] = X, Rm< OO} 
~ EyespAZ[Rm] = y, i?m<oo} 
_ /i~1(x)Pff{^[^m] = x, TZm < oo} 

~ Y,yesh-l(y)pAz[Km] = y,nm< 00} 

For the probability in the last term, 

W first reaches £ in y 

/i-transform. (5-12) 

Pa{Z[Km] = x, Um< 00} 

= 2_] pa{yV\p] = (m> x),TZm = p} condition on the values of R„ 
P>I 

cp{a 
J ^ —7 \̂P(m,x){yV\p] = v,Km> p} reverse time w.r.t. (p 

p 

= -TXT mG((m,x);a), 

where a is a's coordinate in S and mJ is the taboo kernel avoiding level m. In 

addition, similar to (1.7), define m Q as the Green function which stays away from 

level m. 

Plug in the above representation into (5.12) to get 

(fe~V)(f) mG((m,x);a) 

Now, we investigate m Q . First, observe that by Proposition 1.9, mQ is shift invariant 

with respect to the first coordinate. Hence, 

m g ((m, x); (0, a)) = oQ ((0, x)\ ( -m, a)), 

so without loss of generality translate the level by — m in the arguments, i.e. we start 

at level 0 and end up at the point (—m, a) while avoiding level 0. 
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Fix level n between levels — m and 0, i.e. — m < n < 0. In order to reach level 

—m starting from level 0, the chain should cross level n at some time. Let x to be 

the characteristic function and 7£m the first return time to level m by W. Compare 

oG{{0,x);(-m,&)) 

g((0,a);(-m,a)) 

E(o,x) \ J2 x(>V[p] = (-m, a) 
p=0 

W n - l 

= Ei0,&) { x(nn < n0) J2 x(wbl = (-m,&)) 
p=0 

}/g((0,a);(-m,a)) 

l/£((0,*);(-m,a)) (5.14) 

and 

E{0,x) \ X{nn < UQ) J2 x(W\p) = ( -m, a)) \ / £ ( ( 0 , a); ( -m, a)), 
p=0 

(5.15) 

where in the latter term, the trajectories are allowed to hit level 0 prior to hitting 

level —m. The difference of the two terms does not exceed 

£(o,x) < X(% < ^ o < oo) ^ X(W\p} = (~m,a)) \ /t((0,a);(-m,a)) 

p>K0 

g((0,k);(-m,a)) 

k ^ J g((0,a);(-m,a)) 

< C ^ £7(0,4) [x{Kn <nQ < oo)Z[ft0] = £} by F7 

C 

< 

(h-^)(x) 

C_ 

(h-i<p)(x) 

c 
(FvKf) 

Y^ (h-lv){k)E{oM {x(Rn <Ro< oo)Z[R0] = x} 
k 

] T (h-lv)(k)E{o:k) {X(Rn <Ro< oo)} 

k 

5 ^ ( A - V ) ( f c ) i 5
( 0 , J t ) { i 2 n < J R o < O o } . 

(5.16) 

In (5.16), the series is finite by (5.7). Moreover, by (5.1) when W leaves level 0 and 

hits level n, as n becomes smaller it gets harder for the chain to get back to level 0. 
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In detail, {Rn < R0 < 00} is a decreasing sequence of events converging to the null 

set, therefore for any (0, k) and n —* —00, 

P(o,k) iRn < i?o < 00} -> 0. 

Hence, by the dominated convergence theorem, (5.16) approaches zero as n tends 

to — 00. Therefore, for any choice of e > 0, n can be found such that 

C 
lt 1 W M Y, (^~V)(*0^(o,fc) {Rn < Ro < 00} < e. 
( h - V ) W Y 

As a consequence, we shall replace (5.14) with (5.15) in the rest of the proof. In 

(5.15) condition on the phase that we reach level n for the first time 

] T £(„,*) J x(Kn < K0), *Z[Kn] = k,f^X(VVM = h™, a)) I / ? ( ( 0 , a); ( -m,a) ) . 

Using strong Markov property, this is equal to 

g((n,k)](-m,a)) 

k t((0,a);{-m,a)) 

*g((0,k);{-m-n,a)) 

k 

By (5.11) 

k 

= E^> {A < ^ ^ = rtg«°^'-"'-"f. (5.17) 
t £((0,cr);(-m,a)) 

g((o,fc);(-m-n,o-)) _̂  l 

as m —• 00. In addition, 

(f((0, fc); ( -m - w, £)) = g"((0, fc); ( -m - n, a)) „ g"((0, a); ( - m - n,<r)) 

<f((0,a);(-m,<7)) £(((), a); ( -m - n, a)) ^"((0, a); ( -m,a) ) 

The first fraction is bounded uniformly in k for large m's by F7 and for the second 

fraction we have 
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< g((0,£);(-m-n,fr)) 
{probability of reaching (n, a) starting from (0, a)} x Q ((n, a); (—m, a)) 

1 Q((0,a);(-m-n,a)) 

probability of reaching (n, a) starting from (0, a) g (YQ fr\. ( _ m _ n (J-)) 

1 
probability of reaching (n, a) starting from (0, a)' 

and this does not involve k or m. Using dominated convergence theorem, as m —> oo, 

(5.17) tends to 

J ] £(o,*) {%fe < ̂ o), *Z[Kn] = ^} , 

which in turn is identical to 

P(o,x){Kn < K0}. (5.18) 

Notice that {7Zn < 1Z0} for n = —1, —2, —3, • • • is a decreasing sequence of events. 

Partition the sample space to {1Z0 < oo} and {1Z0 — oo}. We have 

p| {% <n0}= fl {nn <n0 = oo}, 
n<-l n<-l 

bearing in mind that W has a negative drift for the level, the above intersection is 

equal to {7\!.o = oo}. Therefore, as n —*• —oo, (5.18) converges to k*(x). 

So it is proved that as m —> oo 

n ,g((m,g);(0,g)) = oj7((0,s);(-m,g)) _^ _ , ,g i g . 

? ( (m,a ) ; (0 ,a ) ) £"((0,<J); ( -m, <r)) 

We are currently in a position to evaluate (5.13) as m —> oo, 

(fe~V)(g) mg((m,£);cr) 

Eg(^~V)(^) m^((m,y);a) 

(fe~V)Qr) m ? ( ( m , x); (0, a ) ) / ? ( (m , a); (0, a)) 

Ey(^"V)(J/) mS"((m, y); (0, a ) ) / ? ( (m , a); (0, a)) 

By (5.7), X)«(^-V)(2/) < °° an<^ m o r e o v e r , 

m^(("i,y);(0,6-)) < ^((m,y);(0,a)) 

(5.20) 

g((m,a);(0,a)) Q ((m, CT); (0, a))' 
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which by F7 is uniformly bounded in y for large m. Using the dominated convergence 

theorem one more time as m —> oo, (5.20) converges to 

Lp{x)h~l(x)k*(x) 

Zyes<P(y)h-^y)k*(yy 

and this ends the proof. • 

Proof of Corollary 5.7. Observe that 

D^(x;y) = Pm^ZiRn] = y,Rn< oo}, 

and 
D^nXx-y) 

therefore the results are immediate by Theorem 5.5. • 

Invariant vectors of D. 

Define the twisted kernel associated with D as 

2)(i;») = / ) ( i ; y ) x * (5.21) 
h[x) 

V is well-defined since, 

D(x;y) x S ^ f = Pm{Z[Rx] =ytR1<oo}x C ^ 
n{x) h(x) 

= P{0,£){Z[K1} = y,K1 <oo} . 

So it is clear that V(x; y) is the probability that the twisted chain W with kernel J 

leaves (£, x) and hits level £ + 1 for the first time at y. 

Theorem 5.9. i — ipk* on S is an invariant measure for V. 

Proof. For y fixed, 

Y,<P(*)k*(£)V(x;y) 
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= Sfc*(£)E X (p(x)J(yo;yi)---J(yn-i;yn) 
m,x),yi,--- ,3/n-i,J/n = (m-

Vp < n — 1 ; level(yp) < m 

- y0- (m,x),yi,--- ,3 /„_i , j / n = (m + 1,3/) 

= 5^fc*(£)E X <p(y)J(yn;yn-i)---J{yi,yo) 
m + l,y),yn-i,--- , I /I ,J/O = 

Vp < n — 1 ; level(yp) < m 

- yn = (m + l ,3/),3/n-l,--- ,3/i,3/o = (m,s ) 

" i + l,3/),3/n-l,--- ,1/1,3/0 = 

Vp < n — 1 ; level(yp) < m 

n~ Vn = (m + 1,y),3/n-l,--- ,3/1,3/0 = (m,x) 

= Ay)k*{y)-

To justify the last equality, notice that the expression in the bracket represents the 

probability that the time reversed Markov chain leaves level m + 1 from y forever, 

visits level m for the last time at x and leaves it from this point. Therefore the 

summation of the expression in the bracket over x gives k* (y). • 

Corollary 5.10. / / J2x ^p(x)h~1(x) < oo, then /i = a_1yjfc*/i_1 is an e'a-invariant 

distribution for D, where a = Ylxes(vk*h )(x). To be precise, for any fixed y, 

^2v(x)D(x;y) = e-aii(y). 
x<=S 

Proof The normalization factor, a, is finite since using the assumption, 

a < 2 <p{x)h (x) < oo. 

Therefore, n is a probability distribution. 

For any y € S, 

Y,{^h-l){x)D{x;y) = £>*;*)(*) (hrl(x)D(x;yj) 

xcs xes 
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= e - ^ " 1 ^ ) J](<^*)(z)P(x; y) by (5.21) 
x&S 

= e~ah~l(y)((pk*)(y) using Theorem 5.9. 

D 

In accordance with Corollary 5.10, h is an e~a-invariant vector for D. For any 

fixed x, 

J2 D(x; y)h(y) = e^h^x) £ V(x; y) by (5.21) 
yes yes 

= e~atrl{x) x 1, using Fl . 

We prompt the following definitions, 

(i) D is e~a-recurrent or transient if J2n>0 e~an-D^(£; y) is divergent or conver­

gent, respectively for any x and y. 

(ii) The e~Q-recurrent D is null or positive if e~anD^(x; y) converges or does 

not converge to zero, respectively for any choice of x and y. 

Proposition 5.11. Assume that 

1. the probability k* can be bounded away from zero, i.e. e > 0 and a phase XQ exist 

such that for any x > x0, 

k*(x) >e>0. (5.22) 

2- E * ( ^ _ 1 ) ( * ) < oo, 

3- Ex VO*) = oo, 

then the matrix D is not e~a -positive recurrent, though it has an e~a -invariant finite 

measure. 

An example where condition (5.22) holds is the Markov additive chain X°° as­

sociated with X which was the joint queue length of the modified Jackson network; 

refer to Section 1.2. 
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Proof of Proposition 5.11. Corollary 5.10 shows that under the second assumption of 

the proposition \i = a~V^*^_1 is a finite e~a-invariant measure. Also, we proved 

that h is a right e~a-invariant vector. 

By the well-known Theorem D in [Ver67], D is not e~a-positive recurrent if and 

only if \jih\ — ̂ 3x(/i^)(^) ~ °°- But 

X X 

X 

> a_1e Y^ ^(£) = °°» b y (5-22) 
X 

where the last equality is obtained by the third assumption and is valid for all but 

possibly a finite number of x's. • 

This is a fascinating result illustrating the complexity of the topic under investi­

gation. Being 1-positive recurrent is equivalent to having a finite invariant measure 

which is unique up to constant multiples. However, the above Proposition shows that 

this may not be true for e~a-positive recurrent chains where e~a < 1. 

5.3 Final Remarks 

The results of this chapter prove that there is room left to improve H. Kesten's findings 

in [Kes95] more than a decade ago. However, this happens to be a knotty problem 

and even some published results, like [Kij92], have failed to tackle the obstacles; see 

also [Kij93]. 

From another scene, the true nature of conditions under which the Markovian 

part of W has a unique invariant measure, (p, remain unexplained. The necessary 

and sufficient conditions for such an existence can be found in [Har57, Vee63, Yan71] 

and [Pru64]. 
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One more issue to talk about is the existence of a quasi-stationary measure for 

D, The current conditions to ensure the existence of the measure do not apply to D. 

For example D does not satisfy condition (1.4) in Theorem 1.1 of [Fer95]. In detail 

and in accordance with the notation used in this section, take Um to be Z[Rm] and 

let £ be the hitting time that U hits the absorbing state, 6, then 

lim P£(£ <t)^0 for any t > 0. 
x—»oo 

However, we know that there is a chance that the quasi-stationary measure exists 

even though the known sufficient conditions do not hold, [Hog97, Pak95]. 
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