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Abstract

We delve into a couple of topics in the theory of Markov chains and stochastic net-
works. The properties of a stable Markov chain X = (X, X) will be investigated
when X; tends to infinity. We derive the distribution of X when X, passes a threshold
for the first time as the threshold tends to infinity. Moreover, the exact asymptotics
of the mean time until X; reaches the threshold is given.

In addition, we present a new approach to determine the exact asymptotics of the
X'’s steady state. The results are applied to an open modified Jackson network with
two partially coupled processors.

Finally, a ratio limit property is established for a Markovian kernel which has un-

bounded jumps.
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Introduction

What is the thesis about?

Queueing theory and the theory of queueing networks are mathematically interesting
branches of probability theory. However, the outstanding characteristic of this theory
is its interaction with real world models. It is one of the mathematical theories where
most new results are generated by applications. It is worthwhile to mention that the
whole study of queueing theory started with the works of Erlang (1909) [Erl09, Erl17]
and Engset (1918) [Engl8] in telephony. Erlang was a Danish engineer who worked
for the Copenhagen Telephone Exchange and Engset was a manager of the Norwegian
Telecommunication Authority.

Analyzing congestion is one of the main goals of queueing theory. Congestion
happens when the number of customers requesting a specific service exceeds the
service provider’s ability to process demands. As a result, customers join a queue
and wait in a waiting room until their service starts. Obviously, in the real world the
waiting room capacity is finite. The waiting room can be the buffer of a processor in
a laptop or simply the physical capacity of a bank branch. As the queue size exceeds
the maximum capacity threshold, the customers will be ignored by the system or they
voluntarily leave the network. As a result, data will be lost in a network of processors,
patients will have to wait for an unreasonable period of time or customers of a cable
company will be disappointed, [Res03].

The main objective of this monograph is to shed light on some aspects of con-
gestion in a network. Specifically, we will investigate the behavior of the network
when one specific processor overloads, i.e. its queue size tends to infinity. The ap-
proach used in this sequel is an extension of the approach first published in [MCD99].
The aforementioned reference establishes a new approach in studying rare events
for Markov chains. The method was later standardized and its relations with large

deviation techniques were looked into, [Fol05a, Fol05b).



As an application, we will mainly focus on a modified Jackson network with two

partially coupled processors.

Outline of the monograph and contribution review

The discussions are mostly divided into developing a general theory for Markov chains
and subsequently applying the results to the modified Jackson network with partially
coupled processors.

Chapter 1 gives the general framework of the Markov chains which will be dealt
with in the sequel. In addition, it introduces the modified Jackson network (MJN).

The method of Foley & McDonald to find the exact asymptotics of the steady
state is reviewed in Chapter 2. In Proposition 2.1, Condition 5 of [MCD99] is relaxed
for this approach.

The third chapter introduces a new approach to determine the asymptotics of
the steady state. By results in [Fol05b], the modified Jackson network has three large
deviation paths to overload the level classified as bridge, jitter and cascade. The
asymptotics of the stationary distribution, «, is given in [Fol05b] for the jitter and
the b}idge cases. Chapter 3 provides the asymptotics of ® in the cascade cases.

Chapter 4 investigates the distribution of a network of queues when the size
of one queue tends to infinity. We will improve the results in [MCD99, Fol01] and
provide the limiting hitting distribution of the remaining queues (phase) when the
first queue (level) gets large for a Markov chain. The asymptotics of the corresponding
mean hitting time is also given. Surprisingly, our results imply the existence of the
distribution when the cheapest large deviations path of MJN is a bridge; the bridge
cases happen when large deviations path tries to avoid the horizontal axis.

The last chapter is an independent exposition from Chapters 2, 3 and to some
extent from Chapter 4. We study a Markov chain on Z x Z, which is shift invari-
ant with respect to the first coordinate and deliver the hitting distribution of the

second coordinate when the first tends to infinity. In addition, ratio limit property



is discussed for a class of Markovian kernels with unbounded jumps. Chapter 5 can
be studied right after Section 1.1. We succeed in partially generalizing the results of
[Kes74].

Dependence among chapters is illustrated below.

v

Chapter 1

Chapter2 {—» Chapter 4

Sec. 1.1

Y
Chapter 5

Our approach versus others

In order to study the asymptotic behavior of a stochastic network, the other ma-
jor approaches are Complex analysis approach and Matrix analytic approach. The
approach used in this sequel stems from the works of Feller, Doob, Kesten and Mc-
Donald. As it is illustrated in the thesis, our method is capable of addressing a
wide range of problems regarding rare events of Markov chains and overloading net-
works. This includes finding exact asymptotics of the steady state and determining
the hitting distribution of some queues while other queues are overloaded.

We provide a short explanation of other approaches, and describe how they find
the exact asymptotics of the steady state, 7. Other rare event problems are addressed
similarly.

O Complex analysis approach uses Kolmogrov equations of 7(¢,Z), to derive a
recursion formula for the generating function F(s,t) = >, . n (¢, £)s‘?. By virtue
of the complex analysis techniques, it is possible to study the properties of F' on the
complex plane. As a result, the coeflicients of F', which are 7’s, could be targeted. In

3



this method, the computations are straightforward but tedious and obviously there is
limitation regarding the complexity of the system. [Fay79] uses this method to derive
the decay rate of the stationary distribution for a network with two parallel coupled
Processors.

O Matriz analytic approach is stemmed from the celebrated work of Neuts [Neu81).
Focusing on networks where level is nearest neighbor, with a suitable choice of states,
the transition matrix of the joint queue length is block partitioned. The new block par-
titioned matrix usually looks like the kernel matrix of an M/M/1 queue. By using the
properties of the block matrixes, stability conditions and the asymptotics of the steady

state are studied. For some recent developments, refer to [Sak06, Li07, Miy04, He08].

The disadvantage of the Markov additive method, which is employed here, with
respect to the other approaches is lack of power to determine the exact value of
all involving parameters, like f in Theorem 2.3. Though, for most networks the
parameters could be found by fast simulation. This being said, the method has at
least the following benefits:

1. Heuristically, the approach is more practical since we will be working with
three associated chains and while pursuing an argument the chain that fits better is
implemented.

2. The calculations are simple.

3. Higher dimensional processes (networks with more than two servers) can be
dealt with as long as we have a clear idea about the Green function. On the other

hand, notice that the complex method can not go past two dimensional chains.



Chapter 1

PRELIMINARIES

1.1 Markov Chains

Consider a stable Markov chain X = (X1, X) in S = Z, x S with kernel K, where
Z, ={0,1,2,---} and S is a countable set. The first and second coordinate will be
referred to as level and phase of the chain, respectively. We may think of X as the
joint queue length of a network with n processors, where X represents the number
of customers waiting or in service by the first processor and X gives the joint queue
length of the remaining processors. Another example of X is a random walk in the
first closed orthant where the jumps out of the closed region are suppressed. Since X
is stable, there exists an invariant probability measure or steady state m, i.e. for any
fixed z = (z1,%) € S, we have

Z m(y) K (y;z) = n(z).

yes
If there is no ambiguity, we will use £ as the first coordinate of any z € S.

Moreover, use the convention that 7(¢,Z) has exact asymptotics f(¢) if and only if
limyoo (€, %)/ f(£) = 1. Notation f(£) ~ g(£) will be used for the functions f and g
whenever limy_,, f(£)/g(£) = 1.

Remark 1.1. The properties of a Markov jump process can be studied through a

discrete time Markov chain using minimal construction method and by ignoring the

5



6 1. PRELIMINARIES

intensities of the states, [Asm87]. Although, the models that will be discussed later
deal with continuous time but we will only focus on the embedded chain with discrete
time. Therefore, define the kernel, K, to be the matrix of the jump probabilities, i.e.

K (z;y) is the probability that the chain after leaving 2 jumps to y.

For most models in stochastic networks, the state space S can be partitioned
into two regions, A, the boundary, and its compliment, the interior, such that X is
shift invariant on A® = S — A with respect to its first coordinate. Usually, we may
think of A as

A ={(z1,2)] 0 <z < Ma}, (1.1)
for a fixed integer Ma > 0, see Figure 1.1. However, based on the model other forms
of A can be considered, see [Fol01] where for analyzing a network with “join the
shortest queue” policy different boundaries are used.

Therefore, X is limited to the cases where an Ma > 0 and the set of functions
{pe(-; );€ € Z} exist such that for any x;,y; > Ma, the transition possibility from
(z1,2) to (y1,9) in one step is given by

K((21,2); (41,9)) = Dyr—2 (&5 9)- (1.2)

The existence of the functions pe(- ; -) guaranties the level homogeneity of the
chain after a fixed level. Obviously, this Markov chain can be embedded in a free
Markov additive chain X% = (X2, X*) with kernel K and state space S® = Zx S.
X% is Markov additive in the sense that for any levels z; and 1y € Z,

K=((z1,2); (1,9)) = pyi—a: (2,9), (1.3)
hence,
K=((z1,2); (11,9)) = K=((0,2); (11 — 21, 9))-

We further impose the condition that one step transition probabilities of X and

X agree from states on the boundary to the states in the interior, i.e.

K®(z;y) = K(z;y) foranyx € Aandye€ S— A.
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Interior

> D> DD D
> D> D> DD

X

Figure 1.1: Boundary versus the interior

Remark 1.2. The above assumption about jumps from the boundary to the interior
could be relaxed by imposing assumptions on the tail of the jumps that start from

the boundary and end up in the interior, [MCD99].

Remark 1.3. Notice that any Markov chain can be considered as a space-time
Markov additive chain. Let X be a Markov Chain on S with transition kernel Q(. ; .).
Define X = (X;, X) on Z x S with kernel ¢ as

Q(@;@) if y1 — 1 =1,
0 otherwise.
Obviously, ¢((z1,2); (y1,9)) = ¢((0, 2); (41 — £1,7))-

The notation A will be used for the points in S which are out of the interior.
Therefore, S is partitioned to the sets A and S — A.
Next, suppose that K> has a harmonic function A(z;,Z). h can be interpreted

as a right eigenvector for the matrix [K*°(z;y)]; yes~. For any fixed z € S,

> K*(z;)h(y) = h(z).

yeS™
Further, impose the condition that the harmonic function is of the form

h(z1, %) = exp(az;)h(2), (1.4)

for some strictly positive & and in addition, A > 0 is not a function of the level.
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Remark 1.4. The existence of & in the above form merits further investigation. For
the networks and chains considered in the sequel it is straightforward to determine
« and h. However, generally finding the above representation could be complicated.
By the discussion in [Woe00, Section 25|, if a random walk on a graph is uniformly
irreducible, then the minimal harmonic functions in the cone of the positive harmonic

functions have the exponential form same as h in (1.4).

The next step would be to amend the transition probabilities of the Markov
additive chain, X by the harmonic function h. To do so, we perform the Doob’s
h-transform (h-twist) on the kernel, K*® to obtain the new kernel, X, i.e. for any

T,y € 5%
K(z;y) = K=(z;9)h(y)/M(z). (1.5)

It is evident that X is a kernel on 5. Let X be the associated twisted Markov chain
with kernel K.

Proposition 1.5. The above defined X is Markov additive with respect to the first

coordinate.

Proof. Directly check the additive property of the kernel K,

K((z1,2); (11, 9))

= K*((z1,2); (41, @))eaylib(ﬁ)/eazlﬁ(:%) by definition of X

= K=((0,2); (y1 — z1, @))Ba(yl"zl)ﬁ(g))/ﬁ(i) by additive property of K*°
= K((0,2); (51 — 21, 9))-

O

So far we have been dealing with three Markov chains X, X* and X which will

be called original, free and twisted Markov chains, respectively.
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The next step is to shed some light on the Markovian part of the twisted chain.

Define the marginal kernel of the second coordinate as

K(29) =D _K((0,); (£,9)).

[4<y/

K is well-defined by Proposition 1.5 and the Markov chain with the kernel K is a

chain on S. This chain also can be classified as positive, null recurrent or transient.

Remark 1.6. Throughout this sequel, we will investigate the properties of the origi-
nal Markov chain, X, in different cases where the Markovian part of the twisted chain

is positive, null-recurrent or transient.

From now on, we assume that X has an invariant measure ¢ which is defined on

S and is unique up to constant multiples, i.e. for any fixed ¢
Y@K (:9) = v ().
Notice that ¢ is not necessarily a probability distribution.

Remark 1.7. The existence of ¢ is not immediate in general. In positive recurrent
cases the invariant measure exists and it can be considered as a probability measure
after some manipulation, i.e. >, 5¢(Z) = 1. On the other hand, for null recurrent
case, the measure always exists but it is not a probability measure, [Der53]. Most
of the complications arise in the transient case. Harris [Har57] gave a sufficient
condition for the existence of the measure and six years later Veech [Vee63] proved
the necessity of Harris’ condition. However, in many cases checking the condition is
highly demanding or impossible. On the other hand, for application problems where
only Markov chains with bounded jumps from each state are considered the Harris
condition applies easily and the invariant measure exists even in the transient cases.

Another remarkable article on this topic is [Kes95] by Kesten.

The next step is to define the time reversals of the original and the twisted chains.
For the original chain, the time reversal is given by,

K*((31,8); (91,9)) = %K«yh@); (e1,5))
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(_
In most cases 7 is unknown, so we prefer to work with K*’s approximation, K,

defined as the time reversal of X in the following way,

K ((21,); (11,9)) = 0@, ); (21,8))/0(2)-

The rational behind the approximation is discussed in Proposition 2.9. The next

6—
proposition ensures that K is well-defined.

Proposition 1.8. ¢ is an invariant measure for K.

Proof. We must check that 37 - o(§)K((y1,9); (z1,2)) = ¢(2).

= Z e(9)K((0,9); (1 — w1, 1)) by being additive

= Z 0(H)K(3; 2) T — y1 ranges over all Z

= (%) by definition of invariant measure.

6—
Proposition 1.9. K is additive with respect to the first coordinate.

Proof. Keep in mind that, by Proposition 1.5, K is additive. For any fixed (41, £) and
(EZa g)v

(6, 2); (2, 7)) = jﬁwz,@); (,2))
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= K((0,2); (&2 — £1,9))-

We will use the Green function on several occasions, defined as

Glzy) = Y K" (z;y). (1.6)

neZy
G(z;y) is the expected number of visits to y starting from z by X. Analogously,
G, G and E are defined using K, K and (IE, respectively.
Taboo kernels are noted by 4K (z;y), which gives the probability that starting
from the state z, X reaches y in n steps without hitting the set A at any time k that
0 < k < n. The corresponding taboo Green function is defined as

AG(ziy) = Y 4K (). (1.7)

neZy

Likewise 4G'*°, 4G and AE are defined using corresponding taboo kernels.

Example 1.10. Consider an M/M/1 queue with first come first serve policy. Suppose
that the arrival rate of the customers is A and the service rate is u. For simplicity,
assume that A+ p = 1. Let X[n] be the embedded discrete time queue size consisting
of customers waiting for or in service at time n. Since the second coordinate is a
single state, we are dealing with the positive recurrent case and X can be considered
one dimensional. X is a Markov chain on § = Z,. Starting from any £ > 0, X jumps
to k+ 1 and k — 1 with transition probabilities A and pu, respectively. Away from 0,
X has an additive behavior. Let A = {0} and A to be {0,—1,—2,---}, so X can be
embedded in the free chain X*° on S*° = Z with kernel K*°. For any k,¢ € Z,
p ifl=k-—1,

K*(k;£) =
A ifl=Fk+ 1

X is a transient chain since X is stable and therefore > .
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v

Figure 1.2: M/M /oo queue can not be embedded in an additive chain.

Define

K n
(O) = () = e,

h is harmonic for K and o = In(u/)) > 0, as required. Notice that k = 1. Moreover,
the twisted chain has the following transitions,
A ifl=k-1,

K(k; £) =
p o itl=k+1.

Clearly, ¢ = 1.

Example 1.11. Not every network can be embedded in a free Markov additive chain.
Consider an M/M /oo system of infinite independent processors. X, the queue size,
is defined on Z,. Here the arrival rate is A but the rate of jumping from n to n — 1 is
nu, where p is the service rate of each processor. Since the rates are level dependent
for any state n, X can not be analyzed through an additive chain. See Figure 1.2.
However, it is possible to implement the h-transform method to some extent. The

kernel of X can be twisted by the function
He
h(€) = 01(%)".
0 =)

Notice that £! and (4)¢ are elements of the steady state distribution which is Poisson

given by
¢
w(t) = e AL
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Figure 1.3: Open Jackson network

1.2 The Model: Modified Jackson Network

Jackson network.

Consider a network of two service providers, called processors. The first processor has
its own dedicated stream of customers that arrive according to a Poisson distribution
with rate A;. Customers arriving at this processor will be served on a first come first
serve policy (FCFS). The first processor will treat each customer’s demand according
to an exponential distribution with mean 1/u;. Upon service completion, the cus-
tomer leaves the system with probability 714 or joins the queue of the second processor
with probability r12. The routings happen with no delay. The same happens for the
second processor which has its own dedicated stream of customers arriving accord-
ing to a Poisson process with rate A,. The second processor serves customers in an
exponentially distributed time with mean 1/u,. After service completion customers
leave the system or join the queue of the first processor with probabilities 799 and 791,
respectively. The routings and rates are shown in Figure 1.3.

We assume that all arrivals, services and routing processes are independent. So
far this is exactly the structure of the famous Open Jackson Network. It is referred

to as open, because of the arrivals and departures to and from the system. On the
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contrary, the system is closed if the number of customers in the system is fixed, say
L; henceforth arrivals in and departures out of the system are banned, [Asm87, page
120]. In addition, semi-open is also an interesting case where the system is open but
at each moment only L customers are present in the system, where L is fixed, [Che01,
page 21]. In this monograph, we focus only on an open network.

Notice that r; > 0 conveys that the processing time at processor ¢ is a geometri-
cally sum of exponential random variables, which is again exponentially distributed,
henceforth without loss of generality, we assume ry; = 795 = 0.

Let A; be the total stream rate of customers at processor i. Considering the
customers routed to processor ¢ = 1,2 from processor j = 2,1, respectively, \;’s
would satisfy

A=A+ Aoy
Az = A+ Mirig.
The only solution to this system of equations is

A+ Aarar Ao+ Ai7io
1 —r9ry T1-— 12721 .

(A1, A2) = (

Let X;(t) and X (t) be the number of customers at processor one and two, respectively,
at time ¢. X;(t) and X(t) are non-negative for all ¢t > 0. X(t) = (X1(t), X(¢)) is a
Markov process on Z; x Zy. It can be shown that X is positive recurrent if p; < 1
for both i = 1,2, where p; = \;/p;. If X is positive recurrent then it has a stationary

distribution, say = such that
P{X[l] = z} = n(z),

Z n(z) =1,

x

Jim P{X[t) = 2| X[0) = y} = (o), (18)

where y and z = (z1, &) are in Z; XZ,.. [Jac57] proves that the stationary distribution

of the joint queue length surprisingly has the following product form:

m(21, &) = (1 — p1)pt* % (1 — p2)ph, (1.9)
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Figure 1.4: Open Jackson network rates versus modified Jackson network’s.

which in turn by (1.8) means that after a long period of time (¢ — 00), the steady state
of this system at time ¢ behaves as if the two processors operate like two independent
M/M/1 queues with constant arrival (birth) rates A;, Ay and service (death) rates
i1 and po, respectively. We highlighted the word “as if” above, since there is a
common misconception about Jackson’s result. It can be shown in sharp contrast to
the M/M/1 queue that the stream of all customers at each processor does not follow

a Poisson distribution in general, [Dis81].

Modified Jackson network (MJN).

The network considered in this monograph is a modification of the above well-known
Jackson network. Let’s generalize the above network in the sense that when processor
two is idle and has no customers it helps processor one. Obviously, this will result
in a better performance and shorter joint queue length. This is what is known as
the Jackson network with partially coupled processors. The analysis of this network
happens to be more complicated than the pure Jackson network and the stationary
distribution is not of the product form (1.9). Intuitively, the two processors are not
independent since there is a joint effort to process the customer demands at the first

queue when queue two is empty. Take u* to be the joint effort of the two processors.
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Without loss of generality assume that
W pg ) Ai=1
i

Remark 1.12. As it was mentioned in Remark 1.1, we choose to work with the
discrete chain embedded in X. Therefore, we regard the transition rates as jump

probabilities.

Let K be the kernel of the embedded Markov chain for the partially coupled
system. Using e; = (1,0) and e; = (0,1), starting from the point (zi,%) where

x1 > 0, the transition probabilities for K are

Jump direction Probability

€1 5\1
€9 Xg
4
iriy >0
—€1 -+ €9

prpy =0

™ 7~

pirie >0
—e1 4
pre =0
\
—€2 2720 z>0
€; — €3 HaTa1 z >0,

where for example jumps toward e; and —e; + ey are K((z1,%);(z1 + 1,%)) and
K((x1,%); (z1 — 1,% + 1)), respectively; the rest of jumps have analogous interpreta-
tion. The transition rates of our modified Jackson network (MJN) versus the original
Jackson network are given in Figure 1.4.

A generalization of the partially coupled network, which will not be discussed
in this thesis, is the coupled processors case where any idle processor helps the other
one, for analysis of a special case refer to [Res03].

In order to embed X into a Markov additive chain, simply take M = 0. The

interior is the set of all states where the level is strictly positive and A is the set of
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Figure 1.5: Modified Jackson network versus associated free Markov additive chain

all states where the level is non-positive, Figure 1.5. The rest of the properties are
immediate, we will determine the harmonic function h and the invariant measure ¢
later. Notice that ¢ exists and is unique up to multiple constants since there are only

finite number of states to be reached from each state by one jump.

Some known results.

The necessary and sufficient conditions for the stability of MJN can be proved using

a coupling argument, [Fol05b].

Proposition 1.13. The joint queue length process of the MJN is positive recurrent
of and only if
Ao < g (1.10)

and

A1 < papur + (1 — p2)u”, (L.11)

where p; = N/ .

It is well known that the Jackson network is stable and positive recurrent if and
only if for i = 1,2, p; < 1. On the contrary, for the MJN p; can be larger than 1 but
p2 is still less than one. To see this, divide (1.11) by p; to get p; < pa+ (1 — p2)u*/ 1

and the result is immediate since p*/pu; > 1.
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Lemma 1 on Page 524 of [Fol05b] is also crucial for our analysis.

Proposition 1.14. For the stable MJN,
> w(0,) < cp,
>0

for some constant c.

[Fol05b] uses the flat boundary theory of [Shw95] to show that there are three
large deviations paths to overload the first processor.

The large deviations theory deserves an explanation. A good reference is [Shw95],
which will be used here. Another recent book with applications in queueing theory
is [Man07]. [Dem98] is also a standard book for the general large deviations theory.

Define F; = {(z1,2) € S| 1 > £}. It is said that the rare event of overloading

happens with large deviations rate « if and only if

lim %InP{X € B X(0) = (0,0)} = —a

=00
For MJN, ignoring what happens on the axes, X is a Markovian chain where all
of its possible jump directions are {d; = e1,d2 = e3,d3 = —e; + €2,dy = —e;,ds =
—e3,dg = €1 —e2}. Suppose that the rate of a jump in d; direction is J;; this notation
will be used only in the current explanation. The probabilities of our desired rare
event are governed by the function
Aly)= sup [(0,y) — M7(9)),
0=(61,02)
where (.,.) stands for dot product of two vectors and
6
MY(0) =Y J; (¥4 — 1) .
i=1
Let F'(¢) be the set of paths in S that start at the origin, (0,0), and end at F.
If we speed up jump rates by a factor £, but reduce the jumps by a factor 1/¢, then
we get the scaled process X,. From the theory in [Shw95, Chapter 5],

1
Jim 510 P{X € | X(0) = (0,0) }
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_ lim %m P{X € F(¢)| X(0) = (0,0) }

-0

1
= elim zln P{X, € F| X,(0)=(0,0) }

= — inf [I(p)], (1.12)

peEF

where I(p) = fOTA(p(s),p’(s))ds and F is the set of absolutely continuous paths
starting from the origin and hitting {(1,9) | § > 0} at some time T before returning
to the origin. inf,ep[I(p)] is called the minimum action. Moreover, it is known that
the inf in (1.12) is attained by a path which consists of line segments with constant
speed and changes direction only on the y-axis. This is called the cheapest path.

For the MJN, equality (1.12) can not handle all the possible cases. Therefore,
an extension of the above argument is required, which is the subject of [FolO5b]. It
is worthwhile to mention that [Ign01b| gives another characterization of the large
deviations rate.

The cheapest path for the MJN can be any of the following:

e Jitter: This is the path that spends a positive proportion of time on the level
axis while overloading it. It is a constant speed path parallel to the first axis

until hitting (1, 0).

e Bridge: This case happens when the cheapest path moves parallel to the first
axis but the expected time spent on the z-axis is zero until hitting (1,0), i.e.

the trajectory mostly skims above the z-axis.

e Cascade: This type of trajectory first jitters along the y-axis and then leaves
the vertical axis toward the horizontal axis to overload it. After leaving the

y-axis, it heads for the point (1,0) at constant velocity.

To derive the above results, [FolO5b] reduces the problem to a differentiable,
constrained nonlinear optimization problem and uses Karush-Kuhn-Tucker conditions

to calculate the minimal action in each of the three cases. In addition, [Fol05al
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provides the exact asymptotics of the stationary distribution in the jitter and bridge

cases but not for the cascade case.

Definition 1.15. Let M*(6,, 6;) be the log moment generating function of the com-

pound Poisson process associated with the jumps in the interior,

M7*(61,05) =M1 (e — 1) + Ap(€” — 1) + prip(€™7% — 1) + prio(e™™ = 1)

—+ ,u2r20(6_92 — 1) + ,u27“21(e‘91_‘92 - 1)

Definition 1.16. Let M~ (61, 6,) be the log moment generating function of the com-

pound Poisson process associated with the jumps starting from a point on the z-axis,

M™(01,09) =% — 1) + Ao — 1) + p*rip(e®7% — 1) + p*rip(e™® — 1).

Staying put rates are relaxed in M ™ and M~ since their coefficient is zero. MJN
and a pure Jackson network (where the processors are not coupled) have the same
M.

Let 6 be the easternmost point on the graph of M*(6,,6,) = 0. Moreover, let 67
be the non-zero intersection of M*(6;,6;) = 0 and M~ (6;,63) = 0 and finally define
6¢ = (In(p7 1), 1n(p5")). See Figure 1.6.

The following characterizations are essential for our analysis:

Theorem 1.17. For the MJN:

1. If 8 < min{ln(p; '), 65}, then the minimum action is 6! and the minimal action
path s a jitter.

2. If In(py') < min{65,05}, the minimum action is 65 = In(p7") and the minimal
action path is a cascade.

8. If65 < 6 and 0% < In(py "), then the minimum action is 8% and the minimal action

path is a bridge.
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Figure 1.6: A rough sketch of M* = 0 (the egg shape) and M~ = 0 (the curve passing
through the origin); top left to the right are possible graphs for jitter, cascade and

bridge cases, respectively.






Chapter 2

ExXACcT ASYMPTOTICS OF THE
STEADY STATE: MARKOV ADDITIVE

APPROACH

In order to derive the exact asymptotics of the steady state as the level tends to
infinity, we will introduce the Markov additive approach stemmed from the work of
McDonald in [MCD99]. We will apply the model to the modified Jackson network
(MJN) and quote some of the existing results.

Consider a stable Markov chain X = (X1, X) with kernel K in the state space
S =7 x S where S is a countable space. For example, S can be Z7; so there is
no restriction on the dimension of X. We assume that X satisfies the conditions
described in the previous chapter, i.e. X can be embedded in a free Markov additive
chain. 7, K* S®, X® = (X{°, X®) K®, h(z,,#) = exp(az,)h(2), X = (X, X), K,
¢ and C have the same definitions as before.

There is one general approach to study all cases, as in [FolO5a], however many of
the assumptions are unnecessary for the positive recurrent case. Therefore, we will go

through the positive recurrent case in the next section and then discuss the approach

in its general form.

23



24 2. MARKOV ADDITIVE APPROACH

2.1 Positive Recurrent Case

Suppose that K is the kernel of a positive recurrent Markov chain. Hence, ¢ can be
considered as a probability measure. We will go through the method to derive the
asymptotics of the stationary distribution and relax one of the existing assumptions.

To obtain the exact asymptotics via Markov additive approach, we need the

following result about ¢ and B,

Proposition 2.1. If the marginal Markov chain with kernel K is positive recurrent

then

> (@A (z) < 0.
Proof. As in [Ney87|, define

K2((21,2); (41,9)) = K ((z1,2); (31,9)) e*® 20

for the fixed o > 0, from the harmonic function h. Notice that

S KPR ((z1,2); (1, 9)h()

(y1,5)€S>®
= Y K®((z1,2); (y1,9))e @A)
(y1,9)€8>
N . eaylil Z‘/)
ShE) Y K () 8) D)
(y1,5)€S> € h(i)
=h(z) > Kl(z1,2); w1,9) = h(z),
(1, 9)eS>
and
> (eh @)K ((21,2); (11,9))
(CEle)ESOO
eV ()
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Therefore, h and goiAfl are respectively the right invariant vector and left invariant
measure for K. Since K is 1-positive recurrent, we have |p| = 3", 5 ¢(%) < oo,

But since the inner product of the left and right invariant vectors of K3° is finite, i.e.
(ph™) - Bl = > (ph™)(@)(2) = || < oo,

K¢ is 1-positive recurrent by Criterion III in [Ver67]. Being l-positive recurrent

«

implies that the invariant measure is finite, therefore 3. p(2)h~1(2) < oo. O

To push forward with the approach, the following assumptions are required:

Al. 0 < d < oo where

d="Y @ E{X1] |X[0] = (0,4)},

el
i.e. the first coordinate of the stationary version of the twisted chain has a

finite, strictly positive drift.

We point out the fact that the mean d is well defined since ¢ is a distribution.
A2. Y A 7(2)P{Ty = oo} > 0, where
7. = min{n > 0| X[n] € A}

This implies that there is a positive probability that the twisted chain starting

from A never again hits A.

Notice that for z € A, P,(7, = c0) > 0 can happen if at the first step X jumps
into the interior. Therefore, the sum in A2 only needs to be considered over

those z’s on the boundary that K(z;.5 — A) > 0.

A3. YA T(2)h(2)I{K (2 S — A) > 0} < .

A3 restricts the trajectories that overload the level. Refer to page 51 for more

detail.
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Example 2.2 (Example 1.10 cont’d). Consider the M/M/1 queue described in
Example 1.10 and let’s check the above assumptions. Al holds since the drift of A
is d = p — A and this is strictly positive. Fy(7a = oo) > 0, by the fact that X is
transient and using Al. Therefore, A2 holds. A3 is also immediate since boundary

consists of only one point.

Theorem 2.3 ([Fol01] page 582, Theorem 5). Let K be positive recurrent. Sup-
pose that Xy has period p = 1. If X satisfies A1-A3 then as £ — oo,

. L o onie1/mn n
(€, 9) ~f36( OR1(9)e(9),

where f = ¥, 7(2)h(z) P.{Ta = o}.
Sketch of the proof. First, notice that f > 0 by A2. The invariant probability mea-
sure at any point (¢,¢) can be expressed by employing the number of visits to that
state before returning to a fixed set. Let the fixed set be the boundary.

(6,9) =) 7(2)aG(z (€, 9))

zZEA

= " m(2).G% (2 (£,9)), (2.1)

zZEA
definition of AG is given in (1.7) and the last equality is valid since X and X* have
the same transitions if the destination state is in the interior. (2.1) only involves the

free chain, for that reason we may twist the free chain,

e h(§) Yo w()h(2).9 (5 (€, 9). (2:2)

z€EA
(2.2) will serve an essential role on several occasions. ,G(z;(4,9)) is the expected
number of visits by X to (£,9) prior to the first return to A starting from 2. Condition

this expected value on the first overshoot of level £ occurring at some state (£+ s, W),

G = Y PAXT = (C+5,9), T < THG((L+5,9); (6,9),  (23)

s>0, wes
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where
Ty = min{n > 0| X[n] € F,},

and 7, is the first return time to A by X.
In (2.3) as ¢ tends to infinity {7, < 7,} is independent from {X[7;] = ({+s,W)}.
By the argument in [Kes74], the latter has an invariant measure u(s,w) (note that

this is true only under the positive recurrent property). It follows that,
PAX[T) = £+ s,w), T < Ta} — PATy = oo}u(s,w). (2.4)

Also, (G ((£+s, D) (6,9)) — G((¢+s,9); (€,5)) < G((0,); (0, 7)), applying dominated

convergence theorem, A2 and A3, we have

m(l,§) ~ FRTHG) D wls,@)G((s,9);(0,9)).
520, wes
Bringing into play Lemma 5 in [Fol01], the above sum is equal to ©(¢)/d. Finally, we
get
al ~ 1. —1/A ~
e*n(L,§) ~ fhT (§)e(9)-

O

Remark 2.4. As in [Fol01], the condition p = 1 can be relaxed, but then more

technicalities are required. Throughout, we assume p = 1 for simplicity.

Example 2.5 (Example 2.2 cont’d). In the M/M/1 queue assume that u+ X = 1.
So the transition rates can be looked as probabilities. h and @ are both constants, say
equal to 1. We recognize the elements in the asymptotics of 7(¢) as f = 7(0) Bp{74 =
oo} =p—A d=p—Xand e* = p/\, therefore

m(€) ~w(0)(=)",

7

which is the well-known result for birth and death chains.
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Application to MJN.

We pursue the model introduced in Section 1.2. In order to find a function that is
harmonic for the free chain both on the z-axis and above it, choose h({, %) to be
exp(#1€) exp(B5%), where (6],62) gives the coordinates of the non-zero intersection of
M* =0and M~ =0, see Figure 1.6. h is harmonic by the definition of M* = 0 and
M~ = 0. Recognize a as 6] and h(Z) as exp(6%).

Following the twist of the kernel, the transitions for K are

Jump direction Transition
5 g
(5] )\1 661
T J
e Aqe?2

YWY ~
Hi1r12€ i+t 2 >0

—e1 + e o
—67 J ~
wrrige it 2 =0
— j A
prge™ >0
Y
,u*’f'me 1 z=0
— j o
—€ WaT g€ b2 z>0
0j—9j N
€1 — €y HoTo1e71 72 z > 0.

Consequently, the Markovian part of the twisted chain has the following transitions
if z >0,

J

K2 +1) =Xpe® + ,LL1T12€_0{+02

_ai 0 _gi
— 1) =paraee b2 fhoro €170

=

K(z;

I@(:fs;:fs) =X el 4 ulrloe_ai + (1" — ),

on the other hand, if Z = 0,

~

}C(i, T+ 1) ZXQEH% + ,LL*T'12€_~0{+0%

A

A _gd
K(2;2) =A1e® + pu*rioe ™.
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Visibly, K is positive recurrent if and only if

67 +6}

- 0] _
A€ + prize <1 (2.5)

p 7 Y
por20€e™% + poro;ef17%

In this case, ¢ becomes
—1 N

e E) et a0
p(Z) = 1
(1 + 1_15) if =0,
where r = (/_\geeg + /,L*T126_0{+9%) / (/,Lz'f'go@ag + ,ngrgleai—og) .

We now check assumptions A1-A3. Pick the parameters of the network such that
Al is satisfied. A2 holds automatically. In order to show A3, the network parameter

p2 needs to satisfy

pa < exp(—62), (2.6)
which is true due to part 1 of Theorem 1.17.
Using Proposition 1.14,

ZW(Z)h(Z)I{K(z;S ~A)>0} = ZW(O’ 2)6052

ZEA

< chéeagé < 00, (2.7)

z
for some constant c. Notice that the last series is convergent by (2.6).
Therefore, Theorem 2.3 gives the asymptotics of the steady state for the MJN

in the jitter positive recurrent cases,

. 1 pip (ain .
(4, 9) Nfge( 19600 p(p). (2.8)

2.2 A General Theory

Throughout this section, we ease the condition that ¢ is a distribution. As a result,
we may have Y . ¢ ¢(Z) = oo and X can possibly be null recurrent or transient.

This relaxation would end the existence of the invariant distribution x in the proof of
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Theorem 2.3, henceforth we have to pursue a new methodology. To do so, the results

in [FolO5a] are reviewed briefly.

D1.

D2.

D3.

D4.

Db.

The subsequent assumptions are required.

h is chosen such that P{lim,_. Xi[n] = oo | X[0] = 2z} =1 for all z € S,

This assumption substitutes A1l in the previous section. Notice that Al can not
be used at this point since the stationary version of the twisted chain does not

exist in general and the mean drift may have no meaning.

There exists an oy > a and M such that
B{e ST XT00] <o), R==[1]} < M,

for any X°°[0] and X*°[1].
This assumption is necessary to make sure that the level jumps have exponen-

tially light tail.

K is irreducible in the sense that the probability p((0,%);(0,9)) that X goes
from (0,%) to (0,4) is positive for any #,9 € 5. Moreover, there exists an
integer N and & > 0 fixed such that for any ¢ there exists an integer m = m(9)
such that 1 <m < N and K™ ((0,9); (1,9)) > 6.

Define T2° to be the number of steps for X* to return to some state & € S.
We assume that the distribution of P s)(X{°[T8°] = -) is not concentrated on

a proper subgroup of the integers.

This assumption implies that X; is aperiodic which turns out to be the hypoth-

esis in Theorem 2.3.

K has spectral radius 1, i.e. for any Z and ,

limy, oo [ (25 )]V = 1
or

the radius of convergence of the series 3 K (d;9)2" is 1.
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D6. We assume that constant functions are the unique non-negative harmonic func-

tions for K.

This is the strong Liouville property; see [Woe00, page 265] . Note that this

condition automatically holds when K is recurrent.

D7a. There exists a state ¢ and a function f such that uniformly in ¢,
G ((0,2); (£,)) /G ((0,a); (£,4)) < f(2)

where
> K(54)[(2) < 0o
€S

for all states 2.

«—

“—
D7b. Part (a) holds for the Green function of (—%1, X') where (%1, A') is the time

A~

reversal of (X, X') with respect to ¢ (see Proposition 1.8).

A sufficient condition for the two preceding assumptions is that (X7°, X) has
bounded jumps. To see this, let p(z;a) be the probability of ever going from z
to a by &X. Clearly,

p((0,a); (¢,a)) > p((0,4a); (0,2))p((0, 2); (¢, a)).

Hence

But

because starting from 2, K has finite range.

For the previous condition to hold, it therefore suffices that the range of K£((0, 2); (,))

is finite for all 2.

The above assumptions make it feasible to prove the following theorem:
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Theorem 2.6 ([FolO5a] page 559, Theorem 1). Under assumptions DI1-D7 with

fized z,w, ) and I,
G(=(6,8)  p(@)
G(w; (4,9) (@)

The above result will play a crucial role in obtaining the asymptotics of the

steady state. Note that in the non-positive recurrent cases as £ — oo, G (z; (¢, ))
tends to zero for any fixed z and . Therefore, the key step (2.4) in the proof of
Theorem 2.3 is not applicable in general. So we use the ratio of the Green functions
in this case.

In order to obtain the asymptotics, the following assumptions are required as

well.

D8. We assume that for some fixed state a,

G (w; (4, a))
G ((0,a); (¢,a))

is bounded uniformly in w € A for ¢ sufficiently large.

D9. There exists a subset C CA such that 7#(C) > 0 and such that, for z € C,
P,(T) = 00) > 0 where 7, is the first return time to A by X.

This is assumption A2 in the positive recurrent case.
D10. A(z) = n(x)h(z)x{z €A} is a finite measure.
We recognize D10 as assumption A3 in the previous section.
D10 has more implications regarding overloading trajectories of a network that

will be discussed after the Theorem. Notice that some of the assumptions are used

to cope with the possibility of unbounded jumps for the level and the phase.

Theorem 2.7 ([Fol05a] page 573, Theorem 4). Assuming D1-D10, for any
phases § and b such that ¢(b) > 0,

e*“n(€,9) ~ Fh7H(9)p(§) =" (2.9)
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Sketch of the proof. Notice that f is finite because of D10. The proof starts the same
as proof of Theorem 2.3 up to the (2.2), which is equal to

ot (9) S () h(2).9( (6,9))

ZEA

= @T0,9) (6. 9) 3o r () gEo 552)) |

ZEA

As a result of D8, Eﬁﬁ(y_)(!% is bounded uniformly in £ and z € A. The dominated

convergence theorem can be used for the series to show that

w(2Vh(z W9l (¢
2 "M

ZEA

)
ray)

On the other hand, using Theorem 2.6, if () > 0 then

and this finishes the proof. (]

Remark 2.8. If K is positive recurrent, Theorem 2.3 and the previous theorem

together imply that

A

pld)
G((0,0); (¢£,0))
where d is the mean drift of A} introduced in Al.

Theorem 2.7 brings us one step closer to determining the asymptotics of the
steady state. The only unknown decaying term in (2.9) is the Green function. On the
other hand, assumption D10 is restrictive. Considering a two dimensional network,
this assumption fails for the cases where the overloading trajectories first climb the
y-axis and then overload the z-axis, as in Theorem 1.17 part 2. See page 51 for
details.

Although the next proposition will not be used later, it shows the potential of
the current approach through the fact that <I€ approximates K*.
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Proposition 2.9. Under assumptions of Theorem 2.7, for fixed phases  and y and
fized displacement m > 0:

K (11, 9); (21, 2))

K*((y1,9); (%1, £)) =1

lim
T1,Y1 — OO

|1 — 1l =m

(_
Proof. Begin with reversing K using ¢,

o @) (0,9)
K((ylay)7( 1, )) QD(:&)
_ @)K ((z1,2); (11, 9))~ly1, )
@(y h(xb )

)
_ Qp(i)K((mh ) (yl;y))h(ylag) K=K%onS—A
h
K

©(9)h(z1, 2) )
((mla ) (yhy)) azlh_l(i).
p()e— v h=1(7)

p(2)

For the K* we have:

W(mlv £>K(($17 ) (y17 y))

K*((y1,9); (21, %)) =

) m(y1,4) )
. 9((0,b); (x1,b)) o PE)K (21, 2); (yl,y)) ()
G((0,8); (1,0)) p(§)e v h1(3) ’

for sufficiently large z; and y; and using representation (2.9). This leaves us with

. 9); (z1,% Ng((o’i))"(ml’a))x(_ 0); (21,2
K ((ylay)’( 1, )) g((o,@);(yl,é)) K((ylay)v( 1 ))7

but G((0,b); (x1,))/G((0,b); (311, b)) converges to 1 using Theorem 2.6. d

Application to MJN.

We will only address the non-positive recurrent cases. The positive recurrent case
can be done analogously and it will crudely match the results in Section 2.1.
Referring to the last part of Theorem 1.17, consider the case where the least

action path is a bridge and the minimal action is #%. Observe Figure 1.6 for the
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position of 6% = (6%, 65) on the graph of M+ = 0. Define
1, V2
ho(£,%) = efilefs?

By the definition of M* and since §° satisfies M+ = 0, hy is harmonic for K* above

the level axis, i.e. for any z = (1, %) that Z > 0,

S K®(z;y)holy) = ho(x).

y=(v1,9)
However, this may not be the case on the first axis as there is no guaranty that
M~ = 0 passes through #°. Henceforth, the following two cases should be dealt with:
Case I: On the z-axis, the hg-twist results in a killing probability, x, which is

strictly positive. To be precise, define

Ko(z;y) = K*(z;y) x

so the current case happens if K =1 -3 Ko((£,0);y) > 0, for any £ € Z.

Case II: hg is also harmonic on the level axis, i.e. the above defined & is equal to
Z€ero.

The next step would be to introduce the harmonic function, h, and the invariant

measure, ¢, for the above cases. Define
Ko(#;9) = D Ko((0,2); (£,9)).
¢

Let py = I@O(O;l) and u = I@O(ﬁs;i + 1) for £ > 0. Note that u is also equal to
d= I@O(i; % — 1) for any £ > 0. This is true since € is exactly the easternmost point

of M*™ = 0 and furthermore,
OM*(6°)
004

For the first case where k > 0, direct calculation implies that A is harmonic for

K> where,

=0.

h(¢, %) =ho(¢, %) x (1 + k% /Do)
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= exp(054) exp(052)(1 + K& /po)- (2.10)

Similar to the aforementioned notations

K(z;y) = K=(z;y) X %
and
K(#9) =Y _K(0,2); (¢,9)),
hence, f
p(2) = : He=0 (2.11)

B(1 + ki/po)® otherwise.

Notice that )", ¢(&) = oco.

For the second case, obviously h can be taken equal to hg and ¢ = 1. Similar to
the first case, ¢ is not summable. Moreover, K(&;% + 1) = K(&;4 — 1) for any & > 0
and therefore in the second scenario K is null recurrent.

At this instance, we check assumptions D1 to D10. Assumption D1 is satisfied
by a choice of parameters.

D2 is immediate since X has bounded jumps both in level and phase direction.

For D3, note that p((0,%);(0,9)) is larger than the probability of going from
(0,%) to (0,9) along the y-axis which is strictly positive. For the second property in
the assumption, observe that IC((0,9); (1,9)) > Xie?l > 0, for any §. This also proves
D4 since ¢ can be reached in one step.

As for D5, observe that if we ignore staying put then K is a symmetric near-
est neighbor walk and therefore has spectral radius 1, [Woe00, Lemma 1.26]. Now,
applying the last step of the twist, we get the same spectral radius for K. Refer to
[Ign01a] for a detailed discussion on how our choice of 6° secures D5.

Similar to D5, the same property implies D6. In detail, Ko is a symmetric nearest

neighbor walk and therefore its only harmonic functions are constants. Adding the
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last linear term (1 + k%/pg) to the twist does not alter the restriction on harmonic
functions.

Since the chain can jump only to finite number of states starting from any point,
D7 is immediate by the argument after D7b.

[Fol05a, page 582] gives the detailed reason for D8 using a coupling argument.
We will not reproduce the argument here, but remark that intuitively G (w; (¢,4a)) is
less than G ((0,a); (¢, a)) for large £’s, since starting from w the Markovian part of
the twisted chain has an upward tendency.

D9 is immediate from the fact that the level has strictly positive drift starting
from any state.

For D10 to hold,
Y w (@)K (S - A)} = w(0,2)e% (1 + k/po),
ZEA 2

remembering the inequality in Proposition 1.14, this is finite if and only if
s 082
Z pye 2 < 0o,
B

this is equivalent to having e < p5! which is true by part 3 of Theorem 1.17.
Previous to applying Theorem 2.7, we provide the asymptotics of the Green

function for the MJN quoting [FolO5a, Proposition 1],

C 4732  for case I in which x > 0,
G((0,0); (¢,0)) ~ (2.12)

Cot™'/?  for case II in which k = 0,
where C, and Cj are explicitly given.
The asymptotics of the steady state for the non-positive recurrent cases, when
cascade trajectories are forbidden, is
fCLem 032700 (1 4 ki /py)  if & > 0,

m(€, ) ~ (2.13)
fCoe0tg=1/2¢—033 if k= 0.
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2.3 Restriction

A restriction of the Markov additive approach is assumption D10 (or A3 equivalently).
This assumptions happens to fail for the cascade cases in a two dimensional network,
where the overloading trajectories first climb the y-axis and then cascade onto the
z-axis to overload the level. Refer to page 51 for details. We will introduce a new
approach in the next chapter to resolve this issue and give the asymptotics of the

steady state when D10 does not hold.



Chapter 3

ExAacT ASYMPTOTICS: A NEW

APPROACH

We will introduce a new approach to investigate the asymptotics of the steady state
when one coordinate gets large, i.e. determine limy o, 7(¢,§) for any fixed §. The
methodology is derived from the technique we use in the next chapter to determine
the asymptotic distribution of the phase and happens to be very effective. This new
method can be applied to a wide range of networks and in addition does not require
condition D10 of the preceding chapter. In spite of this, we will only illustrate how
it can be applied to the cascade case of the modified Jackson network which was
described in Section 1.2. We will also show that the network under analysis does not
satisfy D10, and hence the Markov additive approach does not apply. For another
recent exposition of the approach refer to [Ada05], where the technique is applied to

a Markov chain arising in a production context.

3.1 The Cascade Case

A

Consider the MJN. Let X = (X}, X) in Z xZ, be the joint queue length of customers
waiting or being served with invariant probability measure (steady state) (¢, ).

Suppose the minimum action path is a cascade. Shortly, it will be shown that the

39
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minimum action path first jitters along the y-axis and then overloads the level. This
circumstance happens if In(p;?) < min{#J,63} and henceforth the minimum action

shall be 05 = In(p; '), refer to Theorem 1.17 and Figure 1.6.

Analysis of the parameters.

Theorem 3.1 ([Fol05b] page 538, Theorem 3). 6 is the minimum action if and

only if

pit > T0+ r1apy (3.1)
In(p;t) < 65. (3.2)

In addition to the above theorem, the following result will be required. It presents
the necessary and sufficient conditions for the cascade case expressed only in terms

of the system’s traffic parameters:
Theorem 3.2. The minimum action path is a cascade if and only of
prt > o+ 1203
and
Pyt < oo+ Torpr (3.3)

Notice that the first inequality is (3.1).

Proof. Suppose the inequalities in the Theorem hold, we show that the minimum
action is a cascade. By Theorem 3.1, the minimum action is a cascade if p;' <

exp(#5). Assume the contrary,
exp(85) < pgt < Top + Tarpr (3.4)

Consider 6; as a function of 62, 8; = f(6,), defined by M*(f(6,),603) = 0. Take ©
to be the supremum of the values such that f is a function on [0, ©]. By [Fol05b,
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Theorem 1] and as it can be seen in Figure 1.6, §° is the unique point that §; > 0 and

daf

5) = 0.
d02 ( 2)

A direct calculation shows that the equation M*(In{p;'),z) = 0 has two solutions

z=1In(p;") and = = In(ryy + ra1py ). But since
In(p1') = f(n(pz ")) = fn(rzo + rapit)),
there exists another point 6* = (07,63) on M™* = 0, such that d—d(%(%) = 0 and
pyt < exp(03) < roo + ra1p7l.

By (3.4), 65 < 63 and moreover, %(0‘2’) = %(0;) = 0 and this contradicts the

uniqueness of #°. The correct position of the parameters is shown below.

)
A

1

1n(r20+r21p1 ) 17

@°,60)

In(oy )

A'HI

x=1n(pl_l)

Hence, exp(63) < p,' is impossible. exp(8}) > p;! together with the first in-
equality of the Theorem imply that the minimum action path is a cascade.

Now, suppose the minimum action is a cascade. The first inequality is (3.1). To
prove (3.3), repeat the above reasoning for the function f, the only possible outcomes

are,

-1 05 -1
Py < €2 <10+ TPy,

-1 _ -1
Py =T+ T21p1 .
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To rule out the equality, notice that In(p;') < 65 where 6° is the eastern most point
on M+ = 0. Therefore, the line z = In(p;') naturally crosses M* = 0 at two points.
Solving M*(In(p;'), 62) = 0, 6, can be either 75 + 75107 or p, . Hence the equality
happens if In(p;") = 6% and p3' = 1o + 79107 = exp(6h), which again contradicts

the fact that the minimum path is a cascade. O
Lemma 3.3. If the minimum action path is a cascade then p; < 1.
Proof. Stability Proposition 1.13 implies that py < 1. Therefore, using (3.1),

-1 1
P >T10 T T120

>rig+rie=1

Asymptotics of 7(0,7) as § — co.

Our objective at this point is to find the asymptotics of 7(0, §) when horizontally the

minimum action path is a cascade or equivalently derive a function A(§) such that

. 7(0,9)
lim —- =1
g—o0 A(9)

'To do so, we will use the Markov additive approach developed in the previous chapter.

The following result from [Fol01] is essential.

Theorem 3.4. 6 < 83 if and only if p < 1 where

< g Y

Aoe?2 + pyripehit?

P = Y o _pi" (3.5)
H2T20€™ "2 + HoTo1€71

2

We recognize p as the same parameter we encountered in (2.5), where the positive

recurrent case was under investigation.

Corollary 3.5. For the pure Jackson network (where u* = u ), a jitter path is better
than a bridge (the cheapest path is a jitter rather than a bridge) if

,051 > To0 + 7'21,01-1. (3.6)
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Our immediate task is to show that a minimal cascade path can not consist of
a bridge up the y-axis followed by a cascade. The rational is that such a path is
not optimal since this would give a nonlinear large deviations path in a domain with

constant jump rates.

Corollary 3.6. If the minimal action path is a cascade then the first part of the path

jitters along the y-azis and does not form a bridge.

Proof. Look at the system as if the second queue is overloading. Using index v
for the vertical viewpoint, M} = 0 and M, = 0 equations are exactly the same
as those of a pure Jackson network. Therefore, Corollary 3.5 can be used directly,
the only alternation is to switch the parameters since we are looking at the network
vertically. Hence, vertically system jitters along the y-axis and does not form a bridge
if p71 > r104+7r12p5 !, which is inequality (3.1) and this holds since the minimum action

path is a cascade. O

In view of the fact that we are interested in 7(0,4) as § tends to infinity, we
apply the Markov additive approach vertically to the network. Define the boundary
to be

Ay ={(6,0)] LeZi}U{((,1)] L€ Zy}.

Removing this boundary the chain can be imbedded in a Markov additive chain, X°,
on Z4 x Z. The free chain is precisely that of a pure Jackson network. The harmonic
function for this chain can be found by looking at the non-zero intersection of M =0

and M, = 0, which is (In(p; '), In(r10 + 71205 ')). Therefore, the harmonic function is
ho(z1, &) = p3*(r10 + r12p7 )™

We recognize In(p;') as a of the preceding chapters and notice that as required
o, = In(p;') > 0 since by Theorem 1.13, p, < 1. Let X, be the twist of X with

respect to h,(z1, Z).
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Corollary 3.6 ensures that positive recurrent results discussed in Section 2.1 can
be used. However, we need to check the conditions A1-A3. Having in mind the
notations used on page 29, define

/‘\ -1 ri0+r1205 *
1(T10 + T12p3 ) + porn —'—Lp_l
2

Ty = =)

-1 p3 '
T10(r10 + 7 T =
p1r10(T10 + 11203 ) + b E——

0o(0) = (1+ 117«)_1'

In addition, let d, be the following mean drift:

and

- o0+ 7T p_l 1
d, = %(0)(/\2021 - M27‘21—9# — K2T20 _1)
P2 P
~1 -1
< _ o+ 7T 1
+ (1= 9u(0))(A2p3 " + ,U17"12—~"p2—_1 - M2T2110—_12p2— — MaT20—T)-
r10 + r12P5 Pa P2

Notice that d, > 0 by the choice of & = In(p;') > 0 and therefore Al holds. To see
A2, having in mind the discussion after the assumption and the proof of Theorem
2.3, we do not use the whole boundary A, in the definition of f,, rather we take into
account only those states that can reach the interior in one step, hence
fo= ZW(L 2)Pa,s{7a, = oo},
E

where 7a, is the first return time of X, to A,. Automatically, A2 holds. For A3, a
vertical reproduction of Proposition 1.14 implies that 7 (¢, 1) < cpf for some constant
¢, consequently

> w(@2)ho(2){K (28 = Ay} = Y (£, 1)hy(4,1)

zZEA, (€l y

= Z w6, 1)p5*(r10 + r12p3 ")
ZEZ+

< Z cpl(rio + riapyt)*
e€Z+

and this is finite since p1(rig + r12p; ") < 1 by (3.1). Thus all the assumptions hold.
Finally, the asymptotics of 7(0, %) is given by Theorem 2.3 as

1 A
7(0,9) ~ fvd—gpv(O)pg as ¢ tends to oo. (3.7)
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Finally the asymptotics of (¢, 7)) as £ — oc.

We are back to our horizontal analysis. Let A be the y-axis. Embed K into K
which is defined on Z x Z,. Take Ky to be the twisted free kernel using

ho(z1, &) = py ™ p3 .

Note that (p;', p;') is a point on M* = 0 and therefore it shall be straightforward
to show that hg is harmonic above the z-axis. Let 3, 6 and ¢ be the rates of birth,

death and staying put for Ko away from zero (off the x-axis), respectively.

B = (A2 + parizp)ps’
6 = (arao + par2107 ) P2
o =Xpit 4 mropn + (B — ).
The same notations with index 0 will be used starting from zero. Clearly, o = 0 and

the parameters can be chosen such that §+ § + 0 = 1. Let kg be the rate of killing
at 0 for Ko, i.e. kg =1— (Bo + 09) where,

Bo = Az + p*riapr)ps’
0o = Mpy + [ Ti0p1 + pa.

Although, h¢ is harmonic above the z-axis, but still we need to analyze its be-

havior on the level axis.

Proposition 3.7. Ky has a killing at zero, i.e. Ko > 0.

Proof. We simply show that Gy + 09 < 1. Knowing that 3+ o+ 6 =1,
1— 00— 0o
= (8 —0o) + (0 —00) +

= [(p1 — p*)rizp1ps ]+ [(1F — ) + (u1 — p*)riopr — pa)] + (pareo + paraipy ) ps

= [(1 — p)r12ppa ') + (1" — pa) + (1 — p*)ri0p1] + [(pareo + porapr ) pe — pa),



46 3. EXACT ASYMPTOTICS: A NEW APPROACH

harking back to the cascade condition (3.3) on page 40 that p;' < 7y + 7917, the

last bracket is

(12720 + para1pr ) p2 — 12
= pa(ra0 + r21py " )p2 — phe

> pgpytps — p—2>0.

As a result kg is strictly larger than the sum of the first two brackets

[(p1 — M*)T1201051] +[(0" = ) + (1 — p")r1001],

factorizing the positive term (u* — uq), this is equal to

(" = )1 = pr(pz ' 112 + 710)),
and this is strictly positive by the other cascade inequality (3.1). O
Proposition 3.8. Away from zero, Ky has a negative drift, i.e. 3 < 9.

Proof. Use the key inequality (3.3) in the denominator at the first line,

B =/—\2,051 + pr120105
0 popa(rao + Ta1py’)
<;\2051 + parizp oz
2
/_\2‘;—; + At b2

1 A2

H2
_/_\2 + Air1g
___...—/\2
_/_\2 + ()il—_t%ff—ll-)ru
= N
_:\2 + A7 _
_T =
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Theorem 3.9. If the minimal action path is a cascade that initially climbs the y-azxis,

i.e. In(py 1) < min{6), 63}, then
§,_ 5o Ba )
“B] ' o1 [AGG) + ko],

where C = fu3-0,(0) is the constant in (3.7) and A= (§/8 — 1)8o ~ ro.

ﬂ-(& Q) ~ C[’%O

3 _ 1)By — ko. Notice

Proof. Define h1(§) = A+ Iio(%)g for any § > 0, where A = (3

that hy(9) > 0 for any §. The function

0 (]
3" (3:8)

is harmonic for the free kernel. We now h-twist K to get kernel K. We simultane-

h(£,9) = ho(€, 9)hn (§) = P73 (A + kol

ously prove that & is harmonic for K and therefore } -, 3505, K((¢,9); (¢, 2)) = 1.
Notice that

K((€,9); (£, 2)) = Ko((€,9); (¢, £))ha () /b1 (9).-

If g > 0 starting from (¢,9),

Z K((6,9); (¢, £))
= ZK((& 9); (¢, 5+ 1)+ > K((&9); (€ a-1)+ > K&, ) (¢, 9))

o
h@+1) (@ —1)

=0 ha (D) +6 () +o
_ (A4 Ko(S )y+1)+ (A—i—/a;o(%)@“) )

(A + ro(3)9) (A+ Ko(5)7)
_(BHOA+ (5 + B)ro(5)? o
- (A ro(3)9) o=1

Moreover, initiating from (¢,0),
(P AN hi(1)
;K((E,O),(Z,x)) _BOWJF .
Ko( 2

A—FK,()
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(§ = 1)Bo — ko + Ko(5)

- E-1) I
_ (%“Dﬁo-l—fio(%—l)
= (%_1) + 0o

= o+ +00=1.

From the standard results for the birth-death processes the invariant measure

for K is

5h11)xﬂ X f hl(_y_)
p(0) =1 if §>0, o@) = 52150 hl(l) — 52@( )li;l(y ) (3.9)
1 1 y
BB x hQ(A)
~ &9 x h3(0)
1 ) 5.
—(_ — 1)20o6 (g)y—l x (A+ Ho(g)y)hl(@}). (3.10)

—
Take the time reversal of the twisted chain, X', with respect to ¢ to be X'. X
(_
is well-defined by Proposition 1.8 and moreover X’ has eventually a positive vertical
drift away from the z-axis. This is true, since the transition of an upward move

starting from ¢ > 0 is

u=27

Mm@ e@+1) _ 5(%)9(14%0(%)“1)
m(i+1) (@) (9)71(A+ ko(5)7)

while for a downward jump,

g g @ eG-1) [3<§§*2<A+m<-§>@—l>

h@—1)  @@) )IL(A + ko(5)9)

Consequently, for a fixed yo,

Q(A_{_H (é)y+1)

U 5 0\ N

- = >1 forall §> vy, 3.11
4~ A+ (3 ) . 310

where the last inequality holds since by Proposition 3.8, > 1.
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—
Therefore, conditioning on starting in (¢, ), X (7 .) tends to oo as £ — oo. This

brings us to the situation where we are able to calculate (£, 4):
m(6,g) =) _m(v)aG(v; (£,9))

=Y 7). G=(v; (£, 1))

= 20, FIT), (3.12)

where () =: w(-}h(") (-
Therefore,

R4, 9) B ) — — _ e — h(%[?A])
(¢, 9) o) Eegp{S(X[T L))} = Eug) { (X[TAD———cp(:?[?A])} . (313)

In the last term, A is replaced with A since for the network under investigation
starting from any state in the interior it is not possible that E hits A for the first
time at A — A.

Now, let’s show that the integrand in (3.13) is bounded. For a typical hitting point
(0,2),

0. —57 /»
=7r(0, 2)p1p2 }fl(z>
v(2)

<(7(0,2)p7%) x

1

T < AR + ko

)’

the first parenthesis is bounded by the same argument as in (2.7) and additionally as

Wl

Z — oo the denominator of the fraction tends to a constant since by Proposition 3.8,
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5

5> 1. L
On the other hand, as £ — 0o, X[T A] hits the boundary at a typical point 7(0, 2)
where % is a large phase. Therefore, given that we start at (£,9), as £ — 0o, we can

use (3.7) and the values of h and ¢ to prove the following limit

MX[Ta) 1 5

T 2z —z 5 2 /8 z—1 -1
W(X[TA])m ~ fu&;%(o) P2 P2 (E - 1) 505[14(3) + KOE]
1 ) 9 d._4
~ fvd_v%(o) (B —1) 505[%3]

Since the integrand is bounded and convergent, the dominated convergence the-

orem can be used to obtain the following limit. As £ tends to infinity and taking

C= fvjlqj‘»ov(o)a

— —
S AT A]) 0 2 0.4
Euyn s 7(X [T Al) ——=== 7 ~ C(= — 1)*Bod[ko=]"",
(ly){ (X[T Al W(("?[?A]) (ﬂ )" 06| Oﬁ]
which is free of 4.
Finally, employing the vital equality (3.13),
(9 M [T )
N 14 e A
w(l, ) = —F (X [T
(4,9) h(l,9) €9 { ( [ A])w(%[?A])}
~ Clro 2] ot o [AE)1 4 k02, (314)
g 4 g
and this completes the proof. d

Specific parameters.

It is note worthy to give at least one modified Jackson network where the large
deviations path overloading the first node is a cascade. The following transition rates

provide the case in which the overloading path is a cascade:

Tio = 025, To1 = 025, Top = 0.75.



3.2. REVISITING THE JITTER AND BRIDGE CASES 51

D10 in the cascade case.

As was mentioned before the Markov additive approach developed in the previous
chapter does not apply to the cascade case of the modified Jackson network. We will
show that this case does not comply with D10.

D10 stated that ), 5 7(0, )h~1()) < 0. To prove that the series diverges, it is
sufficient to show that

lim 7(0,5)h7 (§) # 0.

g—o0
Using (3.7) and (3.8),

- . N o
70,97 (3) ~ fogoia 006 % 937(A + ()7

v

T4 + ol 50,

as § — oo this does not converge to zero since by Proposition 3.8, /5 > 1.

:fv

3.2 Revisiting the Jitter and Bridge Cases

The above method can be applied to the jitter and bridge cases. We will not gen-
erate all the details, however illustrate how the new approach would work in these

situations.

The jitter (positive recurrent) case.

If the Markovian part of the twisted chain is positive recurrent with the stationary
distribution ¢ and cascade case is impossible by D10 then starting from any point
4,9, X drifts to the left and hits A for the first time at some state in A. Employing

[Kes74, Theorem 1], as £ tends to infinity

Pep{X[T al = 2} — —-p(2) (2), (3.15)
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(—
for some finite measure p*(z) on Z, and where d* is the mean horizontal drift of &'.

Consequently,
lim X[T ARl
oo ¢ ){ (X(T al) (X[TA])}
B zlirizp(e,m{?f[TA] = z}w(z)ZEz;
= 1 * h(z)
= 2 e EmETg
- %ZM*(Z)W(z)h(Z)

Use representation (3.13) to obtain

which gives the same decay rate as our previous finding (2.8) in Section 2.1. Moreover,

+ 3 .ca 1*(2)m(2)h(z) can be interpreted as % f.

The bridge case.

In this case ¢ is not a distribution and equivalently the Markovian part of the twisted
chain is not positive recurrent, the limiting result (3.15) does not hold and hence we
are back at the same situation as the cascade case. Unfortunately, the problem turns
out to be tricky and our new approach is not better than the Markov additive method
discussed previously. The reason is that as Z in (0, 2) tends to infinity the function
€(0, %) tends to zero. Therefore to obtain an asymptotic result, the distribution of
the hitting point at A will be required and this takes us to the similar difficulties as
in the Markov additive method.
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3.3 Future Work

The new method seems to be applicable to higher dimensional networks. In addition,
it is capable to generate a unified theory addressing asymptotic problems of networks.

A further application would be deriving the asymptotics of (¢, §) by simulation.
The current approaches are based on tracking trajectories that eventually hit (£, g).
However, simulation by means of the technique introduced in the current chapter
has the benefit of following trajectories starting at 7(¢, ) and hitting the boundary.

Intuitively, the new simulation seems to be faster and more efficient for large £’s.






Chapter 4

LiMiTING HITTING DISTRIBUTION OF

THE PHASE AND MEAN HITTING TIME

In this chapter, the limiting distribution of the phase when the level for the first time
passes a large threshold is derived. The results are established for a Markov chain
X = (X1,X) in a closed orthant that satisfies assumptions D1-D10 from Chapter 2.
X is typically defined on S = Z, X S we may think of S as Z% . Our findings extend
the results in [MCD99] and [Fol01]. The restriction that the Markovian part of the
twisted chain is positive recurrent is relaxed and the theory will be able to analyze

the non-positive recurrent cases. Subsequently, the theory is applied to the modified

Jackson network with partially coupled servers introduced in Section 1.2.

More precisely, we will investigate the exact asymptotics of the following hitting
distribution of the set Fy = {(z1,2)| z1 > ¢}, Figure 4.1. For an initial state o € S,
define T, to be the first return time to ¢ by X and Ty the first time X, reaches a

level >/, i.e.

Ty = 1nf{n > OI Xl[n] > E},
T, = inf{n > 0| X[n] = o}.

95
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4

Figure 4.1: View of Fy and the level tending to infinity.

As / tends to infinity, the limit of
PAX\T)) — ¢ =5X[T)) = % Ty < T,} (4.1)

for fixed s > 0 and fixed phase & € S is established. Notice that in (4.1), X reaches
Fy for the first time at (¢ + s,Z). Moreover, the exact asymptotics of the mean time

to reach Fy, E,(Ty) is given.

4.1 Literature Review

Matrix analytic results.

[Kro04] addresses a similar problem in the context of a general QBD with possibly
infinitely many phases. Let kernel Q(Z,9) to be probability that X starting at (1, %)
hits level 2 at ¢ before exiting the system from level 0. It can be shown that () satisfies
the usual recursion equalities in matrix geometric approach and hence the usual tools
can be used. They also state their results in the context of two M/M/1 queues in
tandem. They manage to prove that in some cases, Q™ (%, ) decays at a rate which
is not necessarily the same as the decay rate for the stationary distribution.

Their technique compared to the method that will be developed here is very com-
plicated and obviously can not address the situations where the chain has unbounded
overshoots over level £ to hit F; for the first time. Moreover, it is not clear to us if it

can handle networks with coupled processors. For further references consult [Kro04].
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Foley - McDonald results: Positive recurrent case.

[MCD99] and subsequently [Fol01] consider the same problem and obtain the limit
of the hitting distribution (4.1) and mean time asymptotics for the cases where the
Markovian part of the twisted chain is positive recurrent, though their results include
the cases in which unbounded jumps are possible for the level and the phase. These

results were achieved through the following technical lemma.

Lemma 4.1 ([MCD99] page 120, Lemma 1.8 (Comparison Lemma)). If the
Markovian part of the twisted chain is positive recurrent and moreover, suppose as-
sumptions A1-A8 in Section 2.1 hold, then for any fized state o € A,

W(J)Pg{Tg < Tg} ~ ZW(Z)PZ{Tg < TA}.

zEA
Sketch of the proof. The above asymptotic result is equivalent to

lim Y aen T(2)PAT, < Ta} — w(0) Po{T, < T,} —0
{—00 ZzeA W(Z)Pz{Tg < TA}

Using the positive recurrent criteria, the decay rate of the denominator is canceled

(4.2)

with that of the numerator. Hence by the existence of a strictly positive limit for
the remaining terms in the denominator, it only remains to show that the numerator
approaches zero as £ tends to infinity. To do so, we use the following realities which
are guaranteed by [Bac00],

> w(z)PAT, < Tal =Y w(y)P{Ta < T},

z€A yEF:

1(0)Poef{Te < To} = > _ w(y) PAT, < T},

Therefore, the numerator in (4.2) shall become

> w)PATs < To < To},

yEF,
conditioning on where X hits A for the first time and using the existence of the
overshoot distribution discussed on page 27 the sum tends to zero and the lemma. is

established. 0
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Remark 4.2. Notice that this proof is not valid when the Markovian part of the
twisted chain is non-positive recurrent since the decay factors in the denominator
of (4.2) do not cancel with those of the numerator unless we have some restricting
assumptions. In addition, the overshoot distribution does not exist. However, it can

be proved that in general the numerator tends to zero.

Observe that starting from any state o ¢ Fy, in order to hit Fy for the first time,
X can overshoot level £ and reach Fy in (£ + s,9) for any s > 0 and § € S.

It is now time to quote the Hitting distribution theorem from [MCD99] and
[Fol01].

Theorem 4.3 ([MCD99] page 121, Lemma 1.11). Let K be positive recurrent.
Suppose that Xy has period 1. If X satisfies A1-A3, of Section 2.1, then for any fixed

state 0 € A with P,{T, =00} >0, s> 0 and as £ — o0,
PA{X\[T) — =5 X[T)) = &| T; < T,} ~ Ce™h™ (&) u(s, 2),

where C is the normalization constant
YO e R (G)ult, )
§ 20

and 1 is the overshoot distribution of the twisted chain (see page 27).

Clearly, the theorem and its proof do not apply to the cases where the Markovian
part of the twisted chain is not positive recurrent and hence the overshoot distribution
1 does not exist.

Having Theorem 4.3, it is possible to obtain the asymptotics of the mean hitting

time.

4.2 An Extension

In this section, we relax the restriction that K is positive recurrent and through the

theory of Markov chains, derive the limit of (4.1) as £ tends to infinity.
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Throughout, we assume that we are in the same situation as in Section 2.2.
Therefore, X, X*°, X have the same meanings as before and in addition, they satisfy
D1-D10.

Specifically, h is chosen such that

P{JirgoXl[n] =00 | X[0] =2} =1, (4.3)

for all z € S*. Also, there is no restriction that ¢ is summable, i.e. it is possible to
have >, ¢(Z) = oo.

To handle all the possible cases, we introduce a function of the level called a sub-
rate function. Suppose that a sub-rate function r(£) exists such that the asymptotics

of the steady state for any fixed ¢ is given by

~

m(€,§) ~ Ce™*r(£)(ph™) (@), (4.4)

for some constant C' (independent from ) and in a way that for any fixed non-negative

s and t,
£+t
im TEED (4.5)
{—c0 T‘(f + S)
and moreover, for any fixed non-negative s, and all except finite number of £’s,
£+t
Z e_"tz—(—j—l < 00. (4.6)

= r(f+s)

The sub-rate function as viewed in Theorem 2.3 is 1 when the Markovian part of the
twisted chain is positive recurrent. However, for the modified Jackson network, it can
also be the inverse of a polynomial as in (2.13) where 7(£) is either £~1/2 or £=3/2,
In general non-cascade cases, by (2.9), r(£) = G((0,b); (¢,0))/@(b) for any b with
@(b) > 0. In either case, r satisfies (4.5), see Theorem 2.6. On the other hand, (4.6)
is necessary to tackle Markov chains with possible unbounded jumps. If » = 1, this

property is obvious. In the cases where r(£) = G((0, b); (£, b))/¢(b), without loss of

generality take b to be the fixed phase, a, introduced in assumption D8. Remembering
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that G is shift invariant with respect to the first coordinate,

g((0,a);(£+t,a) G((s—ta)(£+s,a))
g((0,a); (L +s,a))  G((0,a); (£ +s,a))

For all, except finitely many, non-negative t’s, w = (s — ¢, a) is a point in A. Hence,
by D8 the fraction on the right is bounded for large £’s, and the series in (4.6) is finite
for large choices of Z, i.e.

_t90(0,a); (£ +t,a
§ - 0.3 (44,

— —~ < 00, for £ sufficiently large.
G((0,a); (£ + s,4)) ylatg

t>0

Notice that (4.4) provides the asymptotics of 7(¢ + ¢, ) /7 (¢ + s,2) for the non-

negative s and ¢ and any fixed phases £ and 9. Precisely, as £ — oo,

T(l+s,9) e p@h @) (4.7)

~
~

T+ 1,8)  e—etp(z)h1(E)
Unfortunately, to obtain the limiting hitting distribution of the phase the aforemen-
tioned asymptotics is not sufficient and further assumptions are required.

The following notion is one of the parameters used to establish the limiting hitting
distribution. The definition stems from the work of H. Kesten in [Kes74].
Definition 4.4. For any fixed (y1,9) € S (where y; > 0), define k*(y1,9) to be the
probability that the time reversed free chain (with respect to ¢), (.?, starting from

(y1,7) leaves Fy forever at the first step and its level drifts toward minus infinity.

In view of (4.3), k* is not zero everywhere on its domain. In case k*(y1,9) =0
for any ¢; > 0 and should there not be any ambiguity, we will drop the first variable
in the notation and use k*(g) rather than £*(0,7).

The main theorem of this section is

Theorem 4.5 (Hitting distribution). Let X be a Markov chain in S satisfying

assumptions D1-D10. Furthermore, suppose the following assumptions hold,

Hi. 3, c00(2)h™1(2) < co.
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H2. For some fixed g, the sequence of measures

R w(l+s,9
vi(s, §) == ——;( . £0)>

on S is a tight sequence.

Then for any fized o € S,

Jim Po{X,[Ty) — ¢ =5, X[Ty) = 2| Ty < Ty}

CUp@ @RS
Zt>02 o(g ) “1(9)e~*k*(t,9)

Notice that k£* can be obtained by fast simulation.

H1 is immediate in the positive recurrent cases as was proved in Proposition 2.1
and it appears to be a necessary condition. The next example describes a situation

where H1 does not hold and the limit in (4.8) does not exist.

Example 4.6. Consider the Flatto-Hahn model as in [Fla84] where two processors
with service rates i, at processor one and ps at the second processor, serve stream of
Poisson arrivals with rate A\. This model exhibits the case where jobs arrive according
to A and immediately require two different classes of services each provided by one
of the processors. This is similar to couples’ arrival at a shopping center and their
immediate visit to the ladies’ and men’s room, and in addition, the stream of singles
is suppressed. For the sake of regularity, take py + po+ X = 1. X, the joint queue size
of the customers either in line or in service is a Markov chain in Z, x Z_. Starting

from any (x;, %) where z; > 0 and & > 0 the transitions are,

H A

o

Taking A to be the y-axis, and considering the homogenous behavior of the

system for positive levels, X can be embedded in X*°. X is stable if and only if
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A < min(p, pg). A harmonic function for X is h(£,2) = (u1/\)*. Obviously,
a =In(pu/A) > 0 and h=1. Applying the twist to X will lead us to X', with the

following transitions. Starting from any (x,Z) where z; > 0 and & > 0,

Hy

Ignoring the transitions that stay put, the Markovian part of the twisted chain
behaves like an M/M /1 queue and therefore its invariant measure ¢(%) is a constant
multiple of (u;/p9)%. Clearly, if

My > Ha, (4.9)

then

Zso(i")ﬁ‘l(i") = 00,

and H1 does not hold.

We show that assuming (4.9) the limiting hitting distribution of the phase does
not exist as level overloads. Intuitively, under (4.9), it is more probable that the
trajectories of X follow a north eastern route and hence as £ becomes large X [T
tends to infinity. Interestingly, this matches with the results in [Fla84], under (4.9)

and as £ — oo,

(G5

implying that the limit in (4.8) is out of question.

Back to the Theorem’s assumptions; H2 is hard to check and we had no luck
checking it for the Markov chains of dimension three or more. This being said, we
were able to use H2 for 2-dimensional cases and specifically verify it for the modified

Jackson network.
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Notice that we used fixed state (£,Z) in the denominator of the measure v,.

However, by Lemma 4.7, H2 can be stated using any other fixed state (£ + sg, Zg).
In order to prove the Hitting Distribution Theorem, the natural steps are

PoAXy[T)) — =5, X[T)) = 3| T, < T,}
_ PAXT] -t =5, X[T]=2T, < T,}
PU{TE < To}
(o) PoA X\ [Ty — £ = S,X[Tg] =2,T, < T,}
2y G 7(0) Po{ Xa[T2] = 31, X|Td) = 9, Ty < Ty}
T+ 5,2) Pupsay{Ty < T/}

= . — time reversal with respect to ,
Zyng (Y1, y)P(yl,ﬂ){T; <Ty }

where T} is the first time that X* returns to the set A. Dividing the numerator and

denominator by 7(¢ + s, &),
Puvsa){Tr < T}}
Yyer me B Py {T; < T¢)

H2 is needed to ensure that Y 7w(y;,9)/#x(£ + s,%) can be summed to the limit,

(4.10)

moreover, we have to prove that Pyis: {7, < T;} has a positive limit. We shall

address these issues in the coming subsection entitled Technicalities.

Technicalities.
Part 1.

Notice that by H2, the following notion is a well-defined and non-empty set. For the
fixed &g, let Be := B(0,Z9) C .S be the set such that

1. B¢ =8 — [ is a finite set, and

2. forall £> 0, 37, syep vels,9) <e

In H2, we assumed that :(ég(’)')) is tight for fixed g, the next lemma shows that

this choice can be replaced by any other fixed state.
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Lemma 4.7. If H2 holds, then for any s > 0 and &, the sequence of measures
{ Tl +-,-) }
T(l+8,2) | s
w(€+s,2)

Proof. Fix s and & and let &, be as in H2. By (4.7), the sequence (i) is convergent

s a tight sequence on S.

and therefore it has an upper bound, say M. For € > 0, choose the set 8, C S, which
is independent of £, such that 3¢ is finite and

Z—ﬁg—/—)— < e/M.

YESe (£, &o)
Hence,
T my) T (y) 7l )
et T+ s,T) = (£, :ﬁo) Tl + s, %)
<M Z 7 < M(e/M) = e.
Therefore, the sequence {:((f_:rs;)} is tight. O
) ) 10

Corollary 4.8. Fix & and s > 0. Assuming H1-H2, we have

) (¢ -1
3> el -y y i

t>0 ¢ l(j)

<

Proof. Under assumption H2 which implies the previous Lemma, and using (4.7) the
series on the left can be summed to the limit. In addition, the double series on the
right hand side is finite by H1. O
Part IIT.

In this part we deal with the term Py, {7 < T;} in (4.10).

Lemma 4.9. Assuming D1-D10, for any phase §, s > 0 and o € A,

|Pevs){TA < T3} — Pugsp{Ts <T;} — 0 as £ tends to infinity.
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The proof does not work for the cascade cases of the MIN, where >, _, 7(2)h(z) =
oo and therefore D10 does not hold. Notice that Py, 5{TA < T} involves trajec-
tories that leave Fp on the first step and do not return before hitting A. By Lemma

4.10, for some ¢’s as £ increases this probability does not tend to zero.

Proof. Notice that asymptotically 7 can be represented as in (2.9).
By the results of [Fol05a, Lemma 6], if D8 holds, for any ¢ and for £ sufficiently

large, then

g (z(4,9)
G ((0,9); (¢,9))
Notice that Pyispn{TA < T;} > Peysg{Ty < T,}, hence

is bounded uniformly in z € A. (4.11)

|Pevsa{Ta < T7'} = Pessg{T; < T} 3|
= Plersgp{TA < T7} = Persp{T5 <T7}

= Pursg{TA < T}, X*[TA] = v} PAT; < T}} (4.12)
veEA
1
S P{Ty < Ta, X[Ty] = NI PAT) < T 1
e o TP < To X = (E 0 AT < T} (413)
1
— PvTOO<TOO,XOOT00:€ ,A PvT*<T*
A o) 2y TR < TR XV = (s DYPATE < T5)
1
== = X
(L +s, A)h@)eaw
Zw OPATe < Ta, X(T)) = (£ + 5,9)} PAT; < T3}
€A
1
< - V)h(v)aG(v; (£ +s,9)PAT, < T
e )h@)ea<e+s>2 T(0)h(©).G(v; (£ + 5,9)P{T; < T2}
1

€+ 5 D) R@)e D {G((0,9); (€ + 5, )}

(v 3G(v; (L +5,7)) *
> w(w)h( )g((o,@) s ))P{Te < T} (4.14)

vEA

(4.12) is obtained by conditioning on the first state that X* hits A. Time reversal of
the chain in the first probability gives (4.13). For the next equalities, notice that the
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trajectories in the first probability avoid the boundary so they are the same as the
trajectories of the free chain; once we have the free chain, we can twist the kernel.

In (4.14)

WG (l+s9) o G(v(+s,9))
G((0,9); (£ +5,9)) ~ G((0,9); (£ + 5,9))
is bounded uniformly in v € A for £ sufficiently large by (4.11), P,{T; < Tx} <1

and >, A m(v)h(v) < oo by (D10). By (2.9) the fraction before the series in (4.14)
converges to 1/f which is positive by (D9). Moreover, using the argument in the
proof of Theorem 4 in [Fol05a}, >~ A 7(v)h(v)aG(v; (£,9))/G((0,9); (£,9)) tends to
f. Finally,

lim PAT; <T;} =0,
due to the fact that X* is positive recurrent and therefore intuitively starting from
v € A the chain first hits the fixed state ¢ and then drives away to level £ = oo. |

The result of the lemma follows by applying the dominated convergence theorem

to the series in (4.14). O

Lemma 4.10. Assuming D1-D10 and H1-H2, for a fixed phase § and s > 0,
|Persgp{Ta <T;} — k*(5,9)] — 0 as £ tends to infinity. (4.15)
Proof. First,
|Plevsg{TA <Ti'} — k7 (s,9)| = |[Plegsg{Ty <TR}—(1—k"(s,9))|.  (4.16)

Notice that F; N A = @ and there is no chance for 7 to be equal to TX. Therefore,
we may replace Pts {1, < TA} with Py {7y < T}
Investigating the terms on the right hand side of (4.16),

= Y Perey{T; <TA,Xi[T}] - £ = 21, X*[T}] = &}

(1‘1 ,i‘)ES

7T(€+.’E1,.’f) N
—————— L Pura, {Ty < Ta, X[Ty] = (£ + s,
(zl,zi):es (€ +s,9) (erar. ) {Te a X[l = +s,9) }
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(zl,:f?)GS

By definition £*(s,9) = P, y){To =00} = Plutsy) {Tg oo}. Hence,

1 —k*(s,9) = Peysgp{ T ¢ < 00}

— — — R
= Z Plrsgy{T ¢ < 00, X[T ] = ({ + 21,2)}
(1131 i)GS

§: N
=y il ) P@m o{To < 00, X[T) = (L +5,9)}

(z1 a:)GS

e (3 h~1 -
S i . 1( ) Presan s (T3 < 00, X¥[T%] = (£ + 5,5)).
(z1,2)€S ems (y)h ( )

Pick (. to be the infinite set associated with s and ¢ such that

£+$ ) o o] 0 lo o]
> LI D b T < T2 X = (45,00} < /2
(zlii)eﬁe

and since 3. ¢(#)h () < oo,

e ¥z Bt o o0 (00
Z e—as ((f/))il 1(( )) P(Z-i-zl z) {T'Z < TA ’X [TZ ] - (£+ S y)} < 6/2
(wlyi)eﬁc

As a result,

|Persp{Ti < TA} = (1 - k*(s,9))]

{4+ x,2 o voo X
S Y TR T < T XTE] = (€4 8,9))—
wrmepe Tt ST

s @@

wrdyese € “p(Gh(D)

Piesmn (T3 < 00, X¥[T7] = (45,9} +¢  (417)

Remember Ma as the level specifying the boundary on page 6 and take A_;, :=
A — M — £ to be the horizontal translation of A to the left by Ma + /£, i.e. A_; =
{(z1—=Ma—£,2)| (21,2) € A}. Starting from any point (z1,%) € Fo, T°, < oo. This

is true since the free chain, starting from level > 0, behaves the same as the original
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chain before hitting A_, and the original chain is positive recurrent.

However, starting from level > 0 as £ tends to infinity, 73°, T oco. Hence
{T5° < T2} T{T5° < oo},

S50

{T5° < T3, , X*II5°] = (s,9)} T{T5° < 00, X*[T5°] = (s,9)}.
Translating back the expressions to the right again, we get

P(€+z1,§:){T£oo < TAOO’XOO[TZOO] = (E + s, g)} -

Pletay, ) {177 < 00, XPIF°] = (£ + 5, 9)}
as £ — oco. By (4.7), (4.17) implies that
Jm | Persg{TA <T7} =K (s,9)[ < e

where € is arbitrary and the result of the lemma follows. O

Proof of the Hitting Distribution Theorem.

Proof of Theorem 4.5. Without loss of generality, let o to be a state in A. Pursue
the representation (4.10). We deal with the rest of the proof in two steps.
Firstly, in (4.10), for any fixed ¢ and ¢,

| Plesegy(Ty <Ty)—K*(t,9)]

< | Pugeg(T; <T;) — Ployeg)(Ta < T))| + | Pegegy(Ta < T)) — k*(t,9)

)

therefore, by Lemma 4.9 and Lemma 4.10,
1 Pvs (T < T7) = k(1,9). (4.18)

Secondly, using Lemma 4.8 and the fact that Py (Tx < T}) < 1, the denominator

can be summed to the limit. Hence,

P (X\[T)] — £ =s,X[T)) = 2| T, < T,)
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P im0 g PR (@) (8, ) Hrrd
However, by (4.5),

r(f+1t)

1
r(f+s) -

?

Having (4.6) and knowing that e=**k*(¢,9) < 1, dominated convergence theorem can

be used to establish the result of the theorem. O

Asymptotics of the Mean Hitting time.

Theorem 4.11. Under assumptions D1-D10 and H1-H2, the asymptotics of the mean
hitting time for any fized o is given by:
{Bo(To)} ™ ~ Ce™™r(l) D e ™p(@)h™ ()K" (y1,9),
(y1,y)€S

where 1 1s the sub-rate function defined on page 59 and C is the constant in (4.4).

Proof. By Theorem 1 in [Bac00],
{E,(T)}Y ! ~ n(0) P, {T, < T, }.
We have,

(o) Pp{Ty < Ty}

= 7(0) Z PAT, < T5, X[Ty] = (£ + 41,9)}
(yl,Q)ES

= Z (€ + yl)@)P(f-i-yl:Q){T; <717}, (4-19)
(y1,9)€S

the first equality is obtained by conditioning on the state that X hits F} for the first
time and the second equality is attained by time reversing X with respect to the
steady state w. (4.19) can be written as

7 ’/T(é—l-yh@ * *
71-(5, b) E = )P(Z+y1717){Ta < Té }v
g m(£,0)
y1,9)€S
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for some b that ¢(b) > 0.
Having H1 and H2, the results in the Technicalities apply and therefore (4.19) is

asymptotic to

eV p()h7(9) y

Ce™r(Dp®)h™(b) > E*(y1,9), (4.20)

wores  ORT(D)

simplifying the similar terms provides the result of the theorem. (]

One more interesting issue is the decay rate of P,{T;, < T,}, which can be

addressed similarly to the previous proof.

Corollary 4.12. Under assumptions D1-D10 and H1-H2, P,{T; < T,} has the same

decay rate as w(£, ) when £ — oo.

Proof. Suppose that the decay rate of 7(£, ) is e~**r(£). Partition P,{7; < T,} on the
point X hits F} for the first time to obtain an expression similar to (4.19). Following

the previous proof will lead us to (4.20) with decay rate e=*r(£). O

How to verify H2?

A vital ingredient in the Hitting Distribution proof is the fact that the series

) m(y1, 9)

et (€ + s, )

in the denominator of (4.10) can be summed to the limit. This stage in the proof

was achieved by assumption H2. Nonetheless, the question remains on how to check

and verify H2 for a specific Markov chain or a stochastic network. We develop a

coupling argument which works for the MJN and similar 2-dimensional networks.
The argument also leads us to a new technique to find the asymptotics of the steady
state, discussed in Chapter 3.

Bearing in mind the goal of applying the theory to 2-dimensional networks like

the MJN, hereafter, we limit our results to the cases where the level chain is nearest
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neighbor. Hence in H2 the excess beyond level £ is not necessary and there is no
chance to hit Fy for the first time at levels higher than 4.

We have found H2' to be checkable for 2-dimensional chains.

H2'. Define ((z) := Z(z). Assume that for a fixed 2, there exists a function g and

¢
a set 8 C S such that, 8¢ is finite and
B {C(X (T a))}
(£9) — <__A <g(g) V g€ and for ¢ sufficiently large,
Eu s {¢(X (T a))}

where gD (A () < oo and X is the time reversal of X with respect to
o.
Notice that in view of representation (3.13),

e(80)h~ (#0) | 7(6,3) _ Beg{(X(Ta))}
e@h (@) 7o) T

VRNt 4.21
Bea(c(@Tan) 20

where by H2' the last inequality holds for § € 8 and gD d(H)h1(H) < 0.
The existence of ¢ and the fact that §¢ is finite imply that the sequence of

functions

L PlE)h T (@) w(6,9)
(

is uniformly integrable with respect to the finite measure ;‘%%ﬂ%. For ¢ > 0,

Be C S can be chosen such that B¢ is finite and for all ¢,

<P$0 m(69) ., @ ()
B " Z (5’ B0)  (20)h1(d0)

The above argument shows that H2' implies H2. The appearance of H2' seems to be

strange, but it is more applicable since its terms can be analyzed through trajectories
starting at level £ and eventually hitting the boundary.

4.3 Application

We now apply the results in the previous Section to the modified Jackson network

with partially coupled processors introduced in Section 1.2.
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Jitter case.

Consider the MJN as in Section 2.1. By Proposition 2.1, assumption H1 automat-
ically holds. On the other hand, assumption H2 holds since the Foley-McDonald
results discussed in Section 4.1 apply. Therefore, the following result is automatic by

comparing Theorems 4.3 and 4.5.

Corollary 4.13. Consider the modified Jackson network. If the least action path to
overload the level is a jitter path, i.e. 6} < min{ln(p;1), 85}, then for any fived o,

p(3)e= %k (3)
D0 9(9)e 0k (9)

Lim PAX[T) =% T, < T,} =

where @ 15 given on page 29.
In addition for any fized o, the decay rate of {F.(Ty)}~! and P,{T, < T,} is

e~0it,

Notice that for the MJN, X hits F; for the first time only at level £. Consequently,
the first coordinate of k* is always zero and moreover the term e™* of (4.8) is not

present.

Bridge case.

Suppose that the least action path to overload the level is a bridge. In this case by
Theorem 1.17, 8% < ) and 6% < In(p;'). Moreover, the asymptotics of the steady
state was given in (2.13). To show the existence of the limiting hitting distribution
of the phase, we check the assumptions.

For H1 to hold, from (2.11) and (2.10), ¢(z) = B(1 + x£/po)* and h(z) =
exp(052)(1 + x2/po). Hence, H1 holds if and only if

Zcp:f:ﬁ (%) pOZeXp ~052) (1 + ki /po) <

ze$

and this happens if 83 is strictly positive.
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To verify H2, we use a coupling argument to prove H2'. For this reason, some
information is required on how % hits the boundary for the first time, given that it
starts in F,. We are again in the situation of Chapter 3 dealing with ¢. Using (3.7),
we proved that if

pl—l > T+ 7.12p517 (422)
then strictly positive D exists such that

lim p;%x(0,9) = D. (4.23)

§—00
But remarkably, (4.22) resembles the properties of the bridge. [Fol05b, Theorem 3]
states that if either one of the following holds,

pl_l < T+ T12p2_1 (424)
pyt > e, (4.25)

then the minimum action is a bridge. Gathering all this information, in order to
have (4.23) and to ensure the bridge phenomena, we may keep (4.25) but switch the
inequality in (4.24).

Proposition 4.14. For the modified Jackson network, assume that H1 holds. If

(4.22) holds then
— —
Eeg{¢(X(T a))}
=
Ee0{¢(X(T a))}
is bounded by a constant uniformly in ¢ and §, i.e. g(-) from HZ is a constant

function. Hence the network satisfies HZ and equivalently H2.

Proof. From (4.25), pee® < 1. Pick € > 0 such that r := pgeogg—fz < 1. Using (4.23),
choose /V > 0 such that

(D —€) < p3"m(0,9) < (D +¢)

for § > N. Hence,

D
§p§D+E fort > 0and g > N.
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Also notice that ¢(§)h~1(9) = B0 exp(—059)(1 + k§/po). As a result, for any ¢ > 0
and § > N,

C0.9+1) _7(0.9+8) _ $@h(@)
¢(0,9) m0,9)  Pg+t)h (G +t)
tD‘l‘EX Hgt 1+h‘,37/p0

=P e T T R+ 6)/po
C<r<n, (4.26)

For § < N and any non-negative ¢,

0.9+ _ 0N 09+1)

¢(0,9) ¢(0,9) — <((O,N) -
However, for all but a finite number of §+¢’s the second fraction satisfies (4.26). More-
over, there are only finite number of possible terms in the first fraction. Therefore,

for some constant D1,

~ g

C(g (+ Y<p, foralt>o, (4.27)

where D; is uniform in g.

Now consider the product space of all paths w of :”?, which start from (4, §) times
paths w' which start from (£,0). On this product space we can define a coupled path
starting from (¢, 0), which follows w' until w' hits the path w and then follows w.
Define H, to be {w' : L"_(.’l[n] < 4, forall n > 0}. Let C(E?—A(w)) be the value of
the function ¢ at the first state that X hits the boundary following the trajectory w.

Hence,

B ¢(X s, (w))} % Egeoy L, (w)}
= Eg) ® Euo{¢(Xs () xam, ()}

< D1 Egg) ® B {¢(Fs, (W) xm (W)} (4.28)

where (4.28) is obtained using (4.27) and the fact that if the path w starting from
(¢,4) does not couple, it will hit the boundary at a higher phase. Also, notice that
any member of H, starting from (Z,0) is trapped between the level axis and a path

starting from (£, ¢), since there are no northeast and southwest jumps for the MJN.
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This implies that

—

Feo{CXr, @)} FuaglC(®
Eeol¢(X5 ()}~ Eeol¢(Xs (

7. (W)}
w'))Xm, (W)}

Ta
D,
<
P(&O)(’w' S Hg)
R (0)

It is obvious that £*(0) is non-zero for the modified Jackson network and this finishes

the proof. (]

Theorem 4.15. Suppose the least action path for the modified Jackson network is a
bridge. As the number of customers in the first queue tends to infinity, the limiting
hitting distribution of the phase exists if the following inequalities hold:

(1) 6;>0,

(2) o' >0+ 0y

Moreover,

(1+ ni:/po)e_ogjk*(iz)
> gl + k§/po)e %9k ()

In addition for any fized o, the decay rate of {F,(Tp)} ! and P,{T; < T,} is

Jim PAX[T) =% T, < T,} =

given by
e 32 if g >0,
e k=0
where K is the same parameter as in (2.13).

Proof. (1) is the property that ensured H1 and (2) is the inequality that led us to
(4.23), which in turn was used in the proof of Proposition 4.14. Due to the fact that
the network satisfies H1 and H2, the limiting hitting distribution of the phase exists
and it can be explicitly given by the values of ¢ and A in (2.11) and (2.10). O
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Cascades.

Suppose the cheapest path to overload the level is a cascade for the modified Jackson
network. It was shown on page 51, that D10 does not hold in this case. Therefore,
the proof of Lemma 4.9 is not valid and we can not apply Theorems 4.5 and 4.11
to the cascade cases. However, H1 and H2' hold. To verify H1, remember the tools
developed in Theorem 3.9,

) 5
h(0,9) = p1* x p; V(A + f@o(E)y)

- s

(@)
. 1 Bg-1 O\gh2 g s
= Eyi-1 % (A Y2 if § > 0.
©(9) (%_1)%5(5) ( +ﬁo(ﬁ>> if §
For H1 to hold, 3" ¢h™1(§) < oo if and only if

7 5@—1 g
D AAGT + ()] < oo,

but this is true since by Theorem 1.13, p, < 1. Moreover, by Proposition 3.8, 3/§ < 1.
To verify H2', notice that by the argument in the proof of Corollary 3.6, (4.22)
holds. Therefore, if we replace % with p3 ', which is the analogous parameter in the

cascade case, Proposition 4.14 is in effect .

4.4 Future Work

The nature of assumption H2, which ensured our limiting results, is still unclear and
a more general criterion for checking the assumption is needed. This is particularly
necessary for high dimensional networks.

We conjecture that Lemma 4.9 is valid even if D10 fails. Finding a proof of the
Lemma while D10 is relaxed will enable us to apply the asymptotic results of this
chapter to cascade cases of the MJN.

As aforementioned, the Matrix Analytic Method can solve problems close to

the ones in this chapter, [Kro04]. However, the method can not match our Hitting
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Distribution and Mean Hitting time results. Addressing these issues remains an

interesting unanswered topic.






Chapter 5

RATIO LIMIT PROPERTY FOR A
MARKOVIAN KERNEL WITH

UNBOUNDED JUMPS

Consider an irreducible additive Markov chain W = (V, Z) on S = Z x § with
kernel J. As was observed in Section 1.1, being additive means that for any (z1, %)

and (y1,7) in S,
J((z1,2); (y1,9)) = J((0,2); (y1 — 21,,9)).

Our approach is capable of addressing any countable S, however we will limit
S to be equal to Z to be able to compare our findings with those in the literature.
We shall call the elements of S the phase. We will call the first coordinate the level,
assume that V is a nearest neighbor chain and furthermore presuppose that starting

from any point (x1,%) € S, the level drifts to —oo, i.e.

P{ lim V[n] = —oo| W[0] = (:vl,:f:)} =1 (5.1)

n—o0
Obviously, W is a transient chain.
We shall reserve the hatted letters for the phase and as usual use £, m, ... for the

level when there is no ambiguity.

79
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Our primary goal is to provide the limiting hitting distribution of Z when V for
the first time passes a threshold which is tending to infinity. In particular, we will

establish the following limit:
lim P{Z[Rn] =% | Rm < o0}, (5.2)

where R,, = inf{n > 0 | V[n] = m}, o is a fixed state and & is a fixed phase.

Comparing with the material discussed in preceding chapters, W and J are the
same as the free chain X* and its kernel K*, respectively, on page 6. Moreover, (5.2)
is closely related to (4.1). Let R, be the first return time to o. Clearly, R, < R,
is replaced with R,, < oo, since in the context of our Markov additive chain W may
leave o, never reach level m and drift to —oo.

Taking into account that W starting from any phase on level m may never reach
level m + 1, illustrates that the problem under investigation is connected with the
existence of a quasi-stationary measure. To make the problem tangible, define the

Markovian kernel D on S as,
D(2;9) = Poa{Z[R] = § , Ry < oo},

D has possible unbounded jumps since it is possible to hit the next level at any phase.

In addition, it is a defective kernel, i.e. for any fixed z,
> D(#9) < 1.
7

Due to unbounded jumps, D does not satisfy condition (1.4) in [Kes95], therefore
there is no guarantee that the ratio limit property holds or the Yaglom limit exists.
However, we will prove that under some assumptions the ratio limit property holds.

Explicitly, Corollary 5.7 shows that as n tends to infinity the limit of

exists for any fixed phases Z, 9,4 and 2.
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5.1 Some Background

[Kes74] considers the same problem and establishes (5.2). In the context of that
reference, let Zy, Z1, Zs, - - - be a Markov chain with separable metric state space, and
V at time n to be the partial sum of identically distributed random variables {u; }i>o,

in the sense that,
Vin] = Z Uy (5.3)

0<i<n—1

Further, the distribution of u, only depends on the state of Z at times n and n + 1.
Assume that Z is a positive recurrent Markov chain, so there exists a finite invari-
ant distribution ¢ for Z. Moreover, the following condition is in effect, lim,, .., V[n]/n
exists a.e. with respect to P, for any z in the state space and the limit is strictly
positive and finite. Theorem 1 on page 359 of [Kes74] shows the existence of (5.2)
and considering some regularities provides the limit. Afterwards in Section 4, the case
of negative drift is considered when n™'V[n] has a limit a.s. but the limit is strictly
negative. This case is converted to the previous situation with positive drift using the
method of Chapter XI.6 in [Fel71]. The method basically uses a harmonic function
and the Doob’s transform to change the kernel of the chain in the desired way. We
previously employed this approach in (1.5). We will extend the results of [Kes74] to
cover the cases where unique ¢ exists but it is not necessarily a finite measure. Thus,

Z could also be null recurrent or transient.

From another viewpoint, our problem is close to the material in [Kes95]. There is
always a chance that W starting from any level drifts to —oo and never hits an upper
level. To situate the discussion in the framework of the reference, consider drifting
to —oo as a new state, §. Clearly, the kernel D can be extended to the state space

Ss = {6} U S to be a stochastic kernel, i.e. for any phase Z,

> D(#;9) = D(#;6) + Y D(#;9) = 1.
pes

g€8s
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We may think of § as the absorbing state.
We will state some of the results in [Kes95]. However, to avoid the intricacies

only a simplified version of the assumptions are presented.
Theorem 5.1. Assume that
1. for any & € S, D(%;9) is non-zero only for a finite number of §’s.
2. there exists some strictly positive constant ¢ such that D(&;%) > ¢ for all % € S,

Let the spectral radius of D to be r, i.e.

lim (D™(&; )" =7,

n—eo

then D has r-invariant measure y and r-harmonic function f, which are unique up

to a constant multiple and D satisfies the ratio limit property, that is to say

D™(z;9) _ f(@)u(@)

In addition, if we assume that L < oo exists such that

> D(&9) =1 forz > 1L, (5.4)

and starting from some fized phase the chain underlined by D eventually hits 6 and
r > 1, then p can be normalized as a probability measure and
L DM@ f(@)
m—oo 3 seg DIM(0;2) - f(d)

Notice that our level crossing kernel D does not satisfy assumption 1 of the

w(@)- (5.5)

theorem. This is true since W starting from state (0,%) can hit level 1 for the first
time at any phase g, and therefore D(Z;9) is strictly positive for infinite number of

Y

y’s.

Remark 5.2. Despite the fact that D does not comply with assumption 1, there is

still some connection. Only for this remark, let Z to be a nearest neighbor chain
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(we already assumed this property for the level). Suppose that the chain starts from
(0,Z), the conditional probability that W hits level 1 given that after n steps it has
not hit level 1 decreases as n becomes large. This is true since W has a negative drift
in the first coordinate. Therefore, starting from (0, %) if R; < oo, then W should hit

level 1 at a phase not far from Z.

D does not satisfy (5.4) either. Therefore, it is not clear if the Yaglom limit,
(5.5), exists or not. The assumption states that only finitely many states can reach
the absorbing point in one step, however in our situation the chain can leave level
zero from any phase and never again hit level 1. Hence, the absorbing state can be
reached in one step from infinitely many states. Observe that (5.2) can be written as

PAZ[Ry] =%, Ryn <00} D™)(5: %)

li = li
oo Po{Rm < 00} meco 3.2 D) (573 3)

therefore, our results are closely related to the Yaglom limit and the existence of
quasi-stationary measures. For further references consult [Fer95].

One more interesting issue is the resemblance between (5.2) and the hitting
distribution of the phase discussed in Chapter 4. To be precise, compare (4.1) with the
questions currently under investigation. One way to explore the hitting distribution
problems for X is to remove the boundary A and work with X* and then prove that
the two chains give the same results. Although we did some research in this direction

but it appeared to be a difficult task.

5.2 Theory and Results

Our approach stems from the techniques used in the previous chapters.
Suppose o > 0 exists such that A(m, &) = e*™h(%) and take W = (V, Z) to be
the twisted chain with kernel J as in (1.5), that is

J(z;y) = J(z; 9)h(y)/h(z), (5.6)

for any z,y € 5.
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As in (1.6), for any z,y € S* define the Green function

the kernel of the Markovian part of the twisted chain will be used. To avoid compli-
cations consider J to be irreducible.

The existence of an invariant measure for J is in question. We can not be sure
it exists since we are not out ruling unbounded jumps for the phase. Therefore, to
push through the approach we limit W to the cases where the Markovian part of the

twisted chain has an invariant measure ¢,
> 0(8)J(39) = e(i).

This brings us to the same setting as in Proposition 1.8. The time reversal of J can

be obtained with respect to ¢, i.e. for any (s, &) and (m,¢) in S°°, we can define

Hsf.m“: m“sf @(?D
T ((s,2); (m, ) = T ((m, 9); (s, ))XWE)-

(—
Take G to be the Green function associated with this reversed kernel,

g(z;m) = 27(")(z;x), for any x,z € S*.

n=0

The assumptions we require to establish the main results are stated below.
F1. h is chosen such that P{lim,_. V[n] = co | W[0] = z} =1 for all z € §*.

F2. The probability that W reaches (0, ¢) starting from (0, ) is positive for any &
and ¢ in S. Moreover, there exists an integer N and w > 0 such that for any

# € S, there exists m = m(&) < N such that J™((0,%); (1,2)) > w.
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F3. Let R; be the first return time of Z to £. Assume that Pz {V[R;] = -} is not

concentrated on a subgroup of the integers.
F4. 7 has spectral radius one.
F5. The only harmonic functions for J are the constant functions.

F6a. For a fixed %, consider the sequence of functions gs as

9:(2) = G((0,2); (5,20))/G((0, Z0); (s, £0))

We assume that dominated convergence theorem can be applied to the following
series:
Z J(9;2)gs(2)
ze§
for any g. That is to say,
lim " F(3:8)9:(2) = ) T (5:2) lim g,(%).
zeS zel

«—

F6b. (—(17, Z) satisfies the condition in part (a).

F7. There exists a phase ¢ such that,
—
g ((07 Z), (—ma 0))
—
g ((0) 0)7 (_m7 0))

is bounded uniformly in Z for any positive m sufficiently large.

It is easy to show that (—(17, E) satisfies F1-F4. Let’s compare these assumptions
with the assumptions in Section 2.2. Note that D2 is not required since V' is considered
to be a nearest neighbor chain and therefore its one step jumps are bounded. F1,
F2, F3, F4 , F5 and F6 are the same as D1, D3, D4, D5, D6 and D7, respectively.
We only restate the fact that if the chain has bounded jumps in the phase direction
then it would satisfy F6. F7 looks the same as D8, however it is stated for the time

reversal.
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Example 5.3. A Markov additive chain satisfying the above assumptions is the free
chain associated with the modified Jackson network. All the assumptions were verified
in Section 2.2 except F7.

We pursue a coupling argument to show F7. Take & = 0. We will show that
E((O, 2); (—m, 0))/(5((0, 0); (—m, 0)) is bounded uniformly in 2 as m tends to co. Let
w and w’ show trajectories starting from (0, 2) and (0, 0), respectively. Define N(w) =
N(—m,0)(w) to be the number of visits to (—m, 0) by X following the trajectory w. A
similar notion can be defined for w'. Let H = {w' | El[n] <0, for all n}.

Form the product space of all paths w and w’. On the product space, define the
following coupling: stay on w’ until it hits the path w and then follow w. Notice that
if w hits (—m,0) and w’ € H, then w' must hit w since w' is fenced in by w and the
level axis. In fact, there is no way for w’ to jump over w since there are no northeast
or southwest jump directions for the reversed MJN.

Let N(w,w") to be the number of visits to (—m,0) by the coupled path. For any

w' € H, w can miss (—m, 0) while w' may hit the target, therefore,
N(w)xr(w') < N(w,w)xa(w),
where Y is the characteristic function.

G((0,2); (=m,0)) - Pogy{w' € H} = o5 {N(w)} - Pogy{u' € H}
= E(o,é){N(w)} : E(o,o){XH(wl)}
= Ez) ® Eoo{N(w)xa(w)}
< Eo,5) ® Eoo{N(w,w)xm(w)}
< Epz) ® Epo{N(w,v')}
= B0 {N(w)}
= G((0,0); (=m, 0).

This implies that E((O,é); (—m, 0))/?((0,0); (—m,0)) is less than or equal to the

inverse of Pog{w € H}, which is uniform in terms of the phase % and the level m.

Therefore, F7 holds for this model.
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Similar to Definition 4.4, we need the following notion. Notice that the first

variable of k£* is omitted since the level chain is limited to be nearest neighbor.

Definition 5.4. Let £*(%) be the probability that W starting from (0, Z), leaves level

(—
zero and V stays negative forever.

Clearly, the definition would have the same implication if defined as starting from
(¢, %) and tracking the trajectories that never return to level £ afterwards.

Our main result is the following theorem.

Theorem 5.5. Suppose the chain W = (V, Z) satisfies F1-F7. If

> (@) (&) < oo, (5.7)

lim PAZ[Ru] = &| B < 00} = — £ “3 @) (5.8)
m—oo e (
We defer the proof of the theorem until later.
By Proposition 2.1, (5.7) is fulfilled whenever the Markovian part of the twisted

chain is positive recurrent, i.e. if >~ s (&) < oo, then the condition holds.

Comparing (5.8) with (4.8) delivers an interesting result for the Markov chains
in the first orthant. Suppose the positive recurrent, irreducible Markov chain X =
(X1, X) is defined on the state space S = Z, x 5. Using our usual embedding
techniques X can be embedded in S® = Z x §. Call the new free chain X® =
(X$°, X ®). X and X play the role of V and Z, respectively. We have,

Corollary 5.6. If the Markov chain X satisfies conditions of Theorems 4.5 and 5.5,
then using the notation of the preceding chapters, for any fized state 0 € S* and fized
phase T € S’,

lim P {X[T)] = 2|Tn < T} = lim P,{X®[T®] = 2|T < oo}.
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This is not a clear-cut conclusion since starting from state o the trajectories of
X and X could be very different. While X7° is allowed to travel to any negative
level before reaching level m, X; is sandwiched between levels 0 and m and has no

access to negative levels.

In addition, it can be shown that the ratio limit property holds for the level

crossing kernel and the Yaglom limit exists.

Corollary 5.7. Under the assumptions of Theorem 5.5,

and

9 _ so(@)iz*(@zk*@) | (5.10)

In order to prove the results, the following lemma is required.

Lemma 5.8. Under assumptions F1-F6, for fized states (n, ), (s,4) € S and fized

phases §, % € S,

Proof.
G ((n,2); (m, )
G ((s,a); (m, 2))
o) [el@)  G(m.9)im)) )
") {so@) " g<<m,z>,<s,a>>} o2) "
as m tends to infinity. The limit is obtained by Theorem 2.6. O

In particular, we shall require

. GL0,2): (m,9))

=1 5.11
"7 G (s, ); (m, ) -
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Proof of Theorem 5.5. For simplicity let o to be (0,d).

P,{Z[Ry] = | Ry < 00}

_ P{Z[R,] =12, Ry < oo}
P,{R, < oo}

_ FP{Z[Rn] =1, Ry < oo}

- deﬁ PAZ[Ry] =1, Bm < o0}

_ W (@) PAZ[RM] = §, Ry < 00} h-transform.  (5.12)

~

deg h_l(@)Po{Z[Rm] =1, Rm < OO}

For the probability in the last term,

W first reaches £ in ¢

PAZ[Ry) =12, Ry < oo}

= Z PoAW[p] = (m, 2), Ry = p} condition on the values of R,
p>1
= (p(iU) P(m,j){W[p] =0, (ﬁm > p} reverse time w.r.t. ¢
~ ©(0)
=329 G0 (m,2);0)
~ 0(0)
= 4D G (m, 20,
©(5)

A —
where & is ¢’s coordinate in S and ,,J is the taboo kernel avoiding level m. In
H
addition, similar to (1.7), define ,, G as the Green function which stays away from

level m.

(5.13)

— —
Now, we investigate ,, G . First, observe that by Proposition 1.9, ,, G is shift invariant

with respect to the first coordinate. Hence,
— R R — N “
m G ((m, £);(0,6)) = 0G ((0,2); (-m, 5)),

so without loss of generality translate the level by —m in the arguments, i.e. we start

at level 0 and end up at the point (—m, &) while avoiding level 0.
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Fix level n between levels —m and 0, i.e. —m < n < 0. In order to reach level
—m starting from level 0, the chain should cross level n at some time. Let x to be

— —
the characteristic function and R, the first return time to level m by W. Compare

= B {x(‘ﬁn < Ro) 23 XOW[p] = <—m,&>>} /G ((0,6); (-m,5))  (5.14)
and
o) {x(‘ﬁn <Ro)Y_xWp] = (-m, &))} /G ((0,8);(=m,8)),  (5.15)

where in the latter term, the trajectories are allowed to hit level 0 prior to hitting

level —m. The difference of the two terms does not exceed

- =P Z (ﬁ_lgp)(/:c)P(O,;c) {R, < Ry < o0} . (5.16)

In (5.16), the series is finite by (5.7). Moreover, by (5.1) when W leaves level 0 and

hits level n, as n becomes smaller it gets harder for the chain to get back to level 0.
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In detail, {R, < Ry < oo} is a decreasing sequence of events converging to the null

set, therefore for any (0,k) and n — —o0,

Hence, by the dominated convergence theorem, (5.16) approaches zero as n tends

to —oo. Therefore, for any choice of € > 0, n can be found such that

F%@ Z (il_lgo)(l%)P(o,ic) {Rn < Ry < oo} <e.

As a consequence, we shall replace (5.14) with (5.15) in the rest of the proof. In

(5.15) condition on the phase that we reach level n for the first time

>~ Foa { (R < Ro), Z[Ral = k. ) x(Wp] = <—m,&>>} /G ((0,6); (~m, )
Using strong Markov property, this is equal to
S = e 2 G0 k) (-m, )
Eos i X(Ra < Ro), Z[Ry] =kt =
; ( >{X }g<<0,&>;<—m,6>>
o o e 2 G((0,k);(-m—n,8))
=Y Fonix(Rn < Rg), Z[Rn] =kt === 5.17
2 Foa {x(Ro < o) 2Rl =Ry 2 Sy O

as m — oc. In addition,

(—m —n,d))

6); (=m, 6))

G ((0,k)
0

((0’ E);(—m_n’a’)) X g((O,c’});(—m—n,c’J’)).
G ((0, 0

{_
The first fraction is bounded uniformly in k for large m’s by F7 and for the second

fraction we have
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§ G(0.0)(=m=n5)
{probability of reaching (n, &) starting from (0,5)} x G ((n,8);(—m,d))
_ 1 L G(0,6)(=m=n,5))
probability of reaching (n, o) starting from (0, 5) ?((0, &); (—m —n,6))
1

probability of reaching (n, &) starting from (0,5)’

and this does not involve k£ or m. Using dominated convergence theorem, as m — oo,

(5.17) tends to
— — e — .
S o {x(Ra < Ro), Z[R0) = i},
k
which in turn is identical to
— —
P(O,i){Rn < Ro} (518)
— —

Notice that {R, < R} for n = —1,—-2,-3,--- is a decreasing sequence of events.

— —
Partition the sample space to {Ro < 0o} and { Ry = oo}. We have

— — — —

[ {Ra<Ro}=[){Rn< Ro=o0},

n<—1 n<~1
bearing in mind that W has a negative drift for the level, the above intersection is
equal to {%o = co}. Therefore, as n — —oo, (5.18) converges to k*(Z).

So it is proved that as m — oo

nG(m8):(0,0) _9G(0.8):(=m8) .o

= == (5.19)
G((m,6);(0,6))  G((0,6); (—m,0))
We are currently in a position to evaluate (5.13) as m — oo,
(" 0)(#) m G ((m, 2):0)
S5 (h10) (@) 7 G (m,9);0)
_ _(h0)(@) G ((m,9); (0,8))/ G (m,6):0.6) (5.20)
>5(R10)(@) m G ((m,9);(0,6))/ G ((m,6); (0,6))
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which by F7 is uniformly bounded in ¢ for large m. Using the dominated convergence

theorem one more time as m — oo, (5.20) converges to

and this ends the proof.

Proof of Corollary 5.7. Observe that
D™ (&;9) = Pog{Z[Ra] = §, Rn < 00},

and
D™ (;9)

Zéeé‘ D™ (ﬂ; 73)

therefore the results are immediate by Theorem 5.5.

= Fos{Z[Ra] = § | Rn < 00},

Invariant vectors of D.

Define the twisted kernel associated with DD as

A A

. e*h(9)
— = Pon{Z|R] =79, R < oo} X —
R (2) 0 {Z[R] =7, Ry } W)

= P(()’j:){Z[Rl] = 'g,Rl < OO}

(5.21)

So it is clear that D(Z;¢) is the probability that the twisted chain W with kernel J

leaves (£, &) and hits level £ + 1 for the first time at .
Theorem 5.9. ¢ = pk* on S is an invariant measure for D.

Proof. For y fixed,

Z p(2)k"(2)D(2;9)
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=) E@D, > 0(&)T Go;91) T (=13 ) |
z n2t yo=(m,i),y1,~-- ,yn—1,yn=(m+1,ﬁ)

Vp<n—1; level(yp) <m

=Y "B @) > () T (Gn; Gn-1) -+ T (91;%0) ]
z n2l yﬂ:(m_i'l:g)vyn—la"'7y17y0:(m7:i)

Vp<n-—1; level(yp) <m

=@ 1) ST T(mA L,9)Gner) - T (s (m, )R (@) ]

z n>l - .
- yﬂ:(m+1vy)!yﬂ—1!’“’ylyyoz(miz)

Vp<n—1; level(yp) <m

= p(@)F"(9).

To justify the last equality, notice that the expression in the bracket represents the
probability that the time reversed Markov chain leaves level m + 1 from ¢ forever,
visits level m for the last time at Z and leaves it from this point. Therefore the

summation of the expression in the bracket over & gives k*(9). O

Corollary 5.10. If 3, p(2)h~'(&) < oo, then pu = a~'pk*h™" is an e~*-invariant

distribution for D, where a = 3, (0k*h™1)(2). To be precise, for any fired 9,

Proof. The normalization factor, a, is finite since using the assumption,
a <) p@)h (&) < oo
&

Therefore, u is a probability distribution.
For any 9 € S ,
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=e*h7(§) > _(ok")(#)D(#;9) by (5.21)
ze8
= e *h () (k*)(9) using Theorem 5.9.
U

In accordance with Corollary 5.10, h is an e~®-invariant vector for D. For any

fixed z,
> D@ 9h(g) = e*h7(2) ) D(#;9) by (5.21)
= e *h (%) x 1, using F1.

We prompt the following definitions,

(i) D is e”*recurrent or transient if 3 -, e~ D™ (% §) is divergent or conver-
gent, respectively for any £ and 3.

(ii) The e~®-recurrent D is null or positive if e D™ (%; ) converges or does

not converge to zero, respectively for any choice of £ and ¢.

Proposition 5.11. Assume that
1. the probability k* can be bounded away from zero, i.e. € > 0 and a phase Ty exist

such that for any T > Iy,
k*(£) > € > 0. (5.22)

2. Y (ph™1)(E) < o0,
8. (@) = oo,
then the matriz D is not e~ *-positive recurrent, though it has an e~ ®-invariant finite

measure.

An example where condition (5.22) holds is the Markov additive chain X* as-
sociated with X which was the joint queue length of the modified Jackson network;

refer to Section 1.2.
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Proof of Proposition 5.11. Corollary 5.10 shows that under the second assumption of
the proposition y = a~‘¢k*h~! is a finite e~*invariant measure. Also, we proved
that & is a right e”*-invariant vector.

By the well-known Theorem D in [Ver67], D is not e~*-positive recurrent if and

only if |uh| = 32, (uh)(2) = co. But

>a7le ) @(E) = oo, by (5.22)

where the last equality is obtained by the third assumption and is valid for all but

possibly a finite number of &’s. O

This is a fascinating result illustrating the complexity of the topic under investi-
gation. Being 1-positive recurrent is equivalent to having a finite invariant measure
which is unique up to constant multiples. However, the above Proposition shows that

this may not be true for e™*-positive recurrent chains where e™* < 1.

5.3 Final Remarks

The results of this chapter prove that there is room left to improve H. Kesten’s findings
in [Kes95] more than a decade ago. However, this happens to be a knotty problem
and even some published results, like [Kij92], have failed to tackle the obstacles; see
also [Kij93].

From another scene, the true nature of conditions under which the Markovian
part of W has a unique invariant measure, ¢, remain unexplained. The necessary
and sufficient conditions for such an existence can be found in [Har57, Vee63, YanT71]

and [Pru64].
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One more issue to talk about is the existence of a quasi-stationary measure for
D. The current conditions to ensure the existence of the measure do not apply to D.
For example D does not satisfy condition (1.4) in Theorem 1.1 of [Fer95]. In detail
and in accordance with the notation used in this section, take U,, to be Z[R,;] and

let £ be the hitting time that U hits the absorbing state, d, then

lim P;(§ <t)#0 foranyt>0.

E—00

However, we know that there is a chance that the quasi-stationary measure exists

even though the known sufficient conditions do not hold, [Hog97, Pak95].







Bibliography

[Ada05]

[Asm87]

[Bac00]

[Che01]

[Dem9g]

[Der53]

[Dis81]

[Engl8]

Apan, 1., ForLEy, R. D. AND McDoONALD, D. R., Rare events and
exact asymptotics for the stationary distribution of a production system,

unpublished manuscript.

ASMUSSEN, S. (1987). Applied probability and queues, Second edition,
Springer.

BacceLLl, F. AND McDoNALD, D. R. (2000). Rare events for stationary

processes, Stochastic Process. Appl., 89 , no. 1, 141-173.

CHEN, H. AND YAO, D. D. (2001). Fundamentals of queueing networks,

Springer.

DEMBO, A. AND ZEITOUNI, O. (1998). Large deviations techniques and

applications, Second edition, Springer-Verlag.

DERMAN, C. (1953). A solution to a set of fundamentals equations in

Markov chains, Proc. Amer. Math. Soc., 5, 332-334.

DisNEY, R. L. (1981). Queueing networks, Proceedings of Symposia in
Applied Mathematics, 25, American Mathematical Society.

ENGSET, T. (1918). The probability theory for computing the number of
switching equipments in automatic telephone exchange, £.7T.Z., 31, 304~

305. (In German.)

99



100

BIBLIOGRAPHY

[Erl09]

[Erl17]

[Fay79]

[Fel71]

[Fer95)

[Flag4]

[Fol01]

[Fol05al

[Fol05b]

[Har57]

ErLaANG, A. K. (1909). The theory of probabilities and telephone con-
versations, Nyt Tidsskrift for Matematik B.

ErLANG, A. K. (1917). Solutions of some problems in the theory of prob-
abilities of significance in automatic telephone exchanges, Post Office Elec-

trical Engineer’s Journal, 10, 189-197.

FAYOLLE, G. AND IASNOGORODSKI, R. (1979). Two coupled processors:
the reduction to a Riemann-Hilbert problem, Z. Wahrsch. Verw. Gebiete,
47, no. 3, 325-351.

FELLER, W. (1971). An introduction to probability theory and its applica-
tions, 2, 2nd ed. Wiley, New York.

FERRARI, P. A., KESTEN, H., MARTINEZ, S. AND Pico, P. (1995).

Existence of quasi-stationary distributions. A renewal dynamical approach,

Ann. Probab., 23 , 501-521.

Frarro, L. AND HAHN, S. (1984). Two parallel queues created by ar-
rivales with two demands I, STAM J. Appl. Math., 44, 1041-1053.

FoLEY, R. D. AND McDoNALD, D. R. (2001). Join the shortest queue:
Stability and exact asymptotics, Ann. Appl. Probab., 11 , 569-607.

FoLEY, R. D. aAND McDoNALD, D. R. (2005). Bridges and networks:
exact asymptotics, Ann. Appl. Probab., 15 , 542-586.

ForLEy, R. D. aAND McDoNALD, D. R. (2005). Large deviations of a
modified Jackson network: stability and rough asymptotics, Ann. Appl.
Probab., 15, 519-b41.

HARRIS, T. E. (1957). Transient Markov chains with stationary measures,

Proc. Amer. Math. Soc., 8, 937-942.



BIBLIOGRAPHY 101

[HeO8]

[Hog97|

[Ign0lal

[IgnO1b]

[JachT7]

[Kes74]

[Kes95]

Kij92]

[Kijo3]

[Kro04]

[Li07]

HE, Q.-M., L1, H. AND ZHAO, Y. Q. (2008). Light-tailed behaviour in
QBD processes with countably many phases, Stoch. Models, to appear.

HoaGNaAs, G. (1997). On the quasi-stationary distribution of a stochastic
Ricker model, Stochastic Process. Appl., 70, 243-263.

IGNATIOUK-ROBERT, IRINA (2001). Transient Markov chains with sta-

tionary measures, Ann. Appl. Probab., 18, 4, 1292-1329.

IGNATIOUK-ROBERT, IRINA (2001). Sample path large deviations and

convergence parameters, Ann. Appl. Probab., 11, 4, 1292-1329.

JACKSON, J. R. (1957). Networks of waiting lines, Operations Research,
5 4, 518-521.

KESTEN, H. (1974). Renewal theory for functionals of a Markov chain

with general state space, Ann. Probab., 2 , 355-386.

KESTEN, H. (1995). A ratio limit theorem for (sub) Markov chains on
{1,2,---} with bounded jumps, Adv. Appl. Prob., 27, 652-691.

Kuima, M. (1992). On the existence of quasi-stationary distributions in

denumerable R-transient Markov chains, J. Appl. Prob., 29, 21-36.

Knma, M. (1993). Correction to M. Kijima (1992), J. Appl. Prob., 30,
496.

KROESE, D. P., SCHEINHARDT, W. R. W. AND TAYLOR, P. G. (2004).
Spectral properties of the tandem Jackson network, seen as a quasi-birth-

and-death process, Ann. Appl. Probab., 14, 2057-2089.

L1, Hui, MIYAZAWA, M. AND ZHAO, Y. Q. (2007). Geometric decay in
a QBD process with countable background states with applications to a

join-the-shortest-queue model, Stoch. Models, 23, 3, 413-438.



102

BIBLIOGRAPHY

[Miy04]

[Ney87]

[Pak9s)

[Res03]

[Man07]

[MCD99]

[Neu81]

[Pru64]

[Sak06]

[Shw95]

MIYAZAWA, M. AND ZHAO, Y. Q. (2004). The stationary tail asymptotics
in the GI/G/1 type queue with countably many background states, Adv.
in Appl. Probab., 36, 4, 1231-1251.

NEY, P. AND NUMMELIN, E. (1987). Markov Additive Processes 1. Eigen-
value Properties and Limit Theorems, Ann. Probab., 15, 561-592.

PAkEs, A. G. (1995). Quasi-stationary laws for Markov processes: ex-
ample of an always proximate absorbing state, Adv. Appl. Prob., 27 ,
120-145.

REsING, J. AND OrMEcI, L. (2003). A tandem queueing model with

coupled processors, Oper. Res. Lett., 31, 5, 383—-389.

MANDJES, M. (2007). Large deviations for Gaussian queues. Modelling

communication networks, John Wiley & Souns.

McDoNALD, D. R. (1999). Asymptotics of first passage times for random
walk in a quadrant, Annal. Appl. Probab., 9, 110-145.

NeuTs, M. F. (1981). Matriz-geometric solutions in stochastic models.

An algorithmic approach, John Hopkins University Press.

PruiTT, WiLLIAM E. (1964). Eigenvalues of non-negative matrices, Ann.

Math. Statist., 35, 1797-1800.

SAKUMA, Y., MIYAZAWA, M. AND ZHAO, Y. Q. (2006). Decay rate for

a PH/M/2 queue with shortest queue discipline, Queueing Syst., 53, 4,
189-201.

SHWARTZ, A. AND WEISs, A. (1995). Large deviations for performance

analysis, Chapman & Hall.



BIBLIOGRAPHY 103

[Vee63]  VEECH, W. (1963). The necessity of Harris’ condition for the existence of
a stationary measure, Proc. Amer. Math. Soc., 14, 856-860.

[Ver67]  VERE-JONES, D. (1967). Ergodic properties of nonnegative matrices - I,
Pacific J. Math., 22, 361-386.

[Woe00] WoEss, W. (2000). Random walks on infinite graphs and groups, Cam-
bridge Univ. Press.

[Yan71l]  YANG, Y. S. (1971). Invariant measures on some Markov processes, Ann.

Math. Statist., 42 | 1686-1696.






Index

assumption, for jitter, 72
Al, 25; A2, 25; A3, 25 for positive recurrent, 58
D1, 30; D2, 30; D3, 30; D4, 30; D5, in general, 60
30; D6, 31; D7, 31; D8, 31; D9, proof of theorem, 68
32; D10, 32, 51 interior, 6
H1, 60; H2, 61, 70, 73; H2', 71, 73 invariant probability measure, 5
F1, 84; F2, 84, F3, 85; F4, 85; F5, Jackson network, 13
85, F6, 85, F7, 85 jitter, 19, 20, 51, 72
boundary, 6 large deviation theory, 18
bridge, 19, 20, 52, 72, 75 large deviation rate, 18
cascade, 19, 20, 76 level, 5
cheapest path, 19 Liouville property, 31
comparison lemma, 57 M/M/1, 11, 26, 27
Doob’s transform, 8 M/M/oco, 12
exact asymptotics, b Markov additive, 6, 79
flat boundary theory, 18 Markovian part of the twisted chain, 9
Flatto-Hahn model, 61 mean hitting time, 69
free chain, 8 for bridge, 75
Green function, 11 for jitter, 72
h-transform, 8 proof of theorem, 69
harmonic function, 7 minimum action, 19
hitting distribution, 56, modified Jackson (MJN), 13, 15
for bridge, 75 null recurrent case, 9, 34

105



106

INDEX

positive recurrent case, 9, 28, 51
transient case, 9, 34

null recurrent case, 9

original chain, 8

phase, 5

positive recurrent case, 9, 57

ratio limit property, 79, 82, 88

spectral radius, 30

steady state, 5

sub-rate function, 59

taboo kernel, 11

transient case, 9

twist, 8

twisted chain, 8

Yaglom limit, 80, 82, 88

Notations.

«, harmonic function parameter, 7
AT

Be, 63

d, mean drift, 25

D, level crossing kernel, 80
A, boundary, 6

A, interior, 6

0, in Chapter 5, 81

f, 26

Fy, 18

G,G*, G, E, Green function, 11
AG, AGOO,Ag,AE, 11

h, harmonic function, 7

il, as part of h, 7

ho, 35,

J, 79

T, 84

J, 83

J, 84

K, Kernel of X, 5

4K, 11

KC, Kernel of A, 8

K,9

K*, 6

K*, 10

K, 39,

Ko, 45



INDEX 107
?, 10 X = (X, X), twisted Markov chain, 8
k*, 60 X® = (X2, X%), 6

A, 14 X, 10

Ai, 13 Zy,5

Ma, 6 W =(V,2), 79

iy, 13 W= (V,2), 83

M™, 20 ¢, 49

M=, 20

w15

p(z;y), prob. of reaching, 30

7, b, 14
Tij, 13
pi, 14
R, 80
S, 5
S 6
S5
S, 81
~, b
Te, 27
Ta, 25
Ty, 55
6, large deviation rate, 18
6%, 20
6°, 20
67, 20
v, 9

N

X = (X1, X), Markov chain, 5



