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ABSTRACT

Heat transfer and pressure drop characteristics are investigated
using finite difference technique for a laminar forced convection
fully developed flow in internally finned circular tubes, assuming
a fin shape very close to the real fin configuration. For the same
mass flow rate, the larger the number of fins, their height and
thickness the higher will be the flow friction. For a given fin
configuration, there exists an optimum fin number for maximum heat

transfer.
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NOMENCLATURE

flow area of the tube, dimensionless

flow area of the tube (ftz)

constant parameter, defined by Egn. (29)
Kf/Ks, constant parameter

specific heat at constant pressure (Btu/lbm—°F)
friction factor, dimensionless

conversion factor (lbm—ft/lbf-hrz)

heat transfer coefficient (Btu/hr—ft2—°F)
thermal conductivity of fluid (Btu/hr-ft-°F)
thermal conductivity of solid (Btu/hr-£ft-°F)
2*/r6, fin height, dimensionless

fin height (ft)

mass flow rate (lbm/hr)

number of fins

Nusselt number, defined by Eagn. (53)
pressure (lbf/ftz)

heat flux (Btu/ftz-hr)

r*/ra, radial coordinate, dimensionless

the difference (1-2)

radial coordinate (ft)

inner radius of the tube (ft)

Reynoids number, defined by Eqn. (46)
temperature defined by Egn. (25-e), dimensionless
temperature (°F)

bulk temperature defined by Egn. (56), dimensionless
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T; fluid temperature (°F)

T§ reference temperature (°F)

T§ solid temperature (°F)

u axial velocity defined by Egn. (25-e), dimensionless
u* axial velocity (ft/hr)

uy bulk velocity defined by Eqn. (50), dimensionless

x* axial coordinate (ft)

Ar,Arl grid sizes in the radial direction, dimensionless

Greek symbols:

¢ half the angle between the flanks of two adjacent fins

B half the angle subtended by one fin

Y /M, half the angle between the centre-lines of two adjacent
fins

8 angular coordinate

o fluid density (lbm/ft3)

U dynamic viscosity of the fluid (1bm/hr—ft)

o K/pcp, thermal diffusivity (ftz/hr)

§ 6*/r6, tube thickness, dimensionless

§* tube thickness (ft)

AB,AB grid sizes in the angular direction

Superscripts:

- average value

* dimensional quantity



Subscripts
b bulk value

i pertaining to the tip of the fins

w wall value



Chapter 1

INTRODUCTION

Internally finned tubes have the advéntage, compared with the
smooth tubes, of éroviding increased heat transfer area per unit
length of the tube. Accordingly they are used in the maﬁufacture
of the compact heat exchange equipment where weight and size are
of importance. The presence of fins in a tube will alter the flow
pattern and hence the flow friction.

A few experimental investigations [1,2,3,4] have been reported
in the literature concerning heat transfer and pressure drop charac-
teristics of internally finned tubes with different fin designs
during laminar and turbulent flows of different fluids. A survey
carried out showed that the available data are limited to a certain
range of the values of the independent parameters. For example, no
experimental data exist for laminar flows, for continuous straight
fins extended to about 40 percent or more of the tube radius. Since
the use of internally finned tubes is not yet widespread, the cost
of manufacturing a series of tubes according to given specifications
would be high. Thus a purely experimental approach to the study of
flow characteristics over a range of conditions would involve a
considerable expenditure of time and money. An alternative way of
tackling this problem is to solve numerically the equations which
describe the transport of momentum and heat in an internally finned
tube. The numerical procedures do not eliminate the need for expgri-

ments, but they diminish their extent and cost by highlighting the



most influential parameters governing the characteristicé under
given conditions. ‘

The general trend of the experimental data showed enhancement
in both heat transfer and pressure drop over smooth tube conditions.

A theoretical investigation of fully developed laminar forced
convective heat transfer in internally finned tubes of zero thick-
ness and with zero fin thickness, has been conducted by Hu and Chang
[5]. They considered fully developed velocity and temperature pro-
files together with a uniform heat flux over the cylindrical surface
and at each fin surface. They used a semianalytical approach to
obtain the solution for friction factor and Nusselt number.

Masliyah and Nandakumar [6] presented results for internally
finned tubes of zero thickness with fins of triangular shape (finite
thickness), considering fully developed laminar flow. They assumed
axially uniform heat flux with pefipherally uniform temperature.

The temperature along the fin was also assumed to be equal to the
wall temperature. This paper utilized finite-element technique for
the solution of the momentum and energy equations. It was shown
that for circular sectors (2=1 and B=0), the results obtained by
the finite element technique were in excellent agreement with that
of the finite-~difference method.

The objective of the present study is to investigate the fully
developed laminar flow in internally finned tubes with fin shapes
approximatiné as close as possible to the real fin configuration.
Nusselt number and friction factor values are evaluated for a wide
range of fin heights, numbers, and thickness, and the effects of

these parameters are investigated.



Statement of the Problem

The problem to be investigated is concerned with the pressure
drop and heat transfer .in laminar flow through an internally finned
tube of finite thickness as shown schematically in Fig. 1. The fin
profile in this sfudy is defined by two radial flanks encompassing
a variable angle and having a variable height. The tip of the fin
is a circular arc concentric with the tube. Fins are straight and
equally distributed around the periphery of the tube. Properties
of the fluid are assumed constant. The velocity and temperature
profiles are assumed to be fully developed. A uniform heat flux is
assumed at the outer surface of the tube. Finite-difference method

is used for the solution of the momentum and energy equations.

The results are obtained considering a constant heat flux at
the outer surface of the tube and they would be different for the

case where the surface temperature is constant.



Fig. 1 Geometry of the internally finned tube



Chapter 2

THE MATHEMATICAL FORMULATION

2.1 The domain of interest

In the regidn of the fully-developed flow, the distributions
of the velocities are independent.of the axial distance along the
tube; in other words, they are identical at every cross-section of
the tube.

With the assumption of fully-developed flow, the only force
acting on the fluid to cause a pressure drop is the viscous force.

Since the viscous force is constant along x*, we have
d*
557 = constant (1)

The term fully-developed temperature profile implies that there
exists a generalized temperature profile (T* - E*w)/(Tg - E:),

invariant with tube length, which can be expressed as

3 T* - Tk

W
5xr (g —Tw) = 0 2)
b w

By carrying through the indicated differentiation of equation

* are functions of x* only, the

(2), and noting that 53 and Tb

following is obtained

dT*  T*-T* dT*  T*-T* g

9T* - Tw _ Tw M Tw dTb

Ix* dx* T*-T* dgx* T*-T* dx*
b w b 'w

(3)

If g is.the uniform heat flux on the outer surface at every

cross~-section of the tube, then
aT*

al2m(zg + 691 = -h C = @

Consequently, if, g was assumed constant, then



aT*
dx*

= constant (5)

The convection rate equation is written as
= * _ T*) =
q h(Tb Tw) constant ' (6)
If h is constant, then
* _ Tk =
Tb Tw constant (7)
from which
ar*  dar*
b _—w
dx* dx*

(8)

Thus substituting in equation (3), we get

*
srr 9T
dx*  dx* (9)

2.2 Governing Equations

(a) Within the solid

T; = T;(r*,e), steady two-dimensional heat conduction with
uniform properties and no heat generation. The governing equation

for the heat conduction within the solid (tube and fins) will be

1 3 BT; 1 BZT;

—_ (x* ) + = 0 (10)
* %* *

r* dr or r*2 362

The axial heat conduction within the solid is neglected.

(b) Within the fluid

T% = Tg(r*,e), steady two-dimensional heat flow with uniform

properties and no heat generation. The conservation equations for

+he momentum and energy within the fluids are

Momentum:
2
1 3 5 ou* 1 37u* _ 1 dp*
r* 9r* ( Br*) + 2 2 u dx* (11)



Energy:
-2
oT* 3 * T
BUNE TG U Wl U R (12)
r* 3r* or*’ T L2 .02 @ dx*

Dissipation due to viscous effect in the fluid is neglected.

2.3 Boundary Conditions

Before stating the boundary conditions of this problem, it
should be pointed out that the lines 0=0 and 0=y are symmetry
lines, and consequently, the solution needs to be sought only within
the domain limited by these two lines.

(a) Within the solid

aT;
= =l * < * < * *) .
58 0 at 6=0, r} < r (r0 + &%) (13)
BT; .
= = * < * < * *
38 0 at 6=y, rp < rx < (r0 + §%) (14)
(b) Within the fluid
3T*
au* f
= - < rk € r*
56 5 at 0=0, 0 £ r* < r} (15)
: 9T*
*
aa% = aef at 6=y, O < r* < r* (16)
oT*
*
g‘r‘* = arf at r*=0, allé (17)
(c) At the solid-fluid interface
u*=0 & T*=T%* at r*=x*, 0£6 <8 (18)
s £ i
aT* STE
K, 57% = Kg p» a2t r*=r}, 0s86<8 (19)
u*=0 & T*=T% at 6=R, r*¥ < r* < r* (20)
s £ i
aT* aTg
— = —— = * < * < *
Ks 35 Kf 50 at 0=8, ri < r*¥ <r (21)



*—= *=m* *—
u*=0 & TS Tf at r 0, B <6 < v (22)
BT; aTg
= X=y*
v Kf Py at «r ¥, B<6 <y (23)
(d) At the outer surface of the tube
BT;
—KS apx — 9 at r*=r6+6*, all © (24)
2.4 Dimensionless Equations
The following dimensionless quantities were introduced:
*
r = 5; (25~-a)
r
0
*
g = &; (25-b)
r
0
&%
§ = r* (25~c)
0 ;
*
u = ‘; (25-d)
—r* _c dp*
0 ¥ dx*
T*_T*
R
- R (25-e)
*
(qro/Kf)
. . 1
The governing equations reduce to
2
T T
L3 -5+t S (26)
r dr Jor 2 2
90
10, du . 1 3%
= —— - = = . 7
r or (r ar) MY 1 (27)
r~ 96

1 The derivation of these equations is shown in the Appendix A.




2
2T 2T
13 £ 1 £ _
T T e YT T T e (28)
00
where ¢, == Z%iligl (29)
b ‘

The boundary conditions in terms of the dimensionless quanti-

ties are as follows:

oT
s
7ﬂy'= 0 at =0, ri < r £ (1+8) (30-a)
BTS
S8 = 0 at 6=y, 1 €£r £ (1+8) (30-b)
aT
Ju £
8 = 38 - 0 at 6=0, 0<r=< r, (30-c)
T
ou £
%= 98 - 0 at 6=y, 0<sr=s<1il1 (30-4)
3T
ou £ _
3¢ - 37 - 0 at =Q, all 6 (30-e)
u=0 & Ts=Tf at r=ri, 0606 <8 (30-f)
BTS BTf
el C2 S at r=r., 0<6c=<8 (30-9g)
= = = < < -
u Q & Ts £ at 0=8, ri r 1 (30-h)
BTS 3Tf
= _ —r = < -
35 C2 7% at 6=8, r, Sr <1 (30-k)
u=0 & TS=Tf at r=l, B <H <y (30-1)
BTS an
—_— = —_— = < < -
e c2 e at r=1, B 0 Y (30-m)
oT
s

- = C at r=(1+8), all b (30-n)



Chapter 3

METHOD OF SOLUTION

It was soon realized that because of the irregular nature of
the flow boundaries it is unlikely that a closed-form solution can
be found. Hence it was necessary to resort to one of tﬁe well-known
numerical methods. One commonly used approach for such problems |
is the least-squares-matching technique. This method was success-
ful in providing accurate solutions for problems such as the laminar
flow inside ducts with triangular, sine, rhombic and trapezoidal
cross—-sections [15], and the laminar flow in polygonal shaped ducts
with circular centered cores [16]. Nandakumar and Masliyah [7]
found that this method was not successful for the values of % greater
than 0.1, for the laminar flow in internally finned tubes. Masliyah
and Nandakumar [6] investigated the fully developed laminar flow in
internally finned tubes using finite element method.

Another numerical technique applicable to the solution of
partial differential equations is the finite difference method. A
careful 1ite£ature survey did not indicate that it has ever been
employed for the calculation of the Nusselt number for the fully
developed laminar flow in internally finned tubes. It was decided

to make an attempt at adapting it to our circumstances.

3.1 Selection of Mesh Points

The accuracy of the friction factor and Nusselt number results
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is mainly affected by the number and a judicial selection of mesh
points. It is to be expectea that an increase in the number of
mesh points would increase the accuracy of the results but, in
practice, it may not be true, because a very large matrix would
suffer from computational errors outweighing the otherwise obvious
advantages. The freedom of choice of the size of grid makes it
possible to have smaller grid size in the critical region of the
flow. The solutions were obtained with different grid sizes and,
finally, a mesh with the optimum number of mesh points was selected,
considering the accuracy and cost. Due to the large gradients that
occur near the surface, more mesh points were taken in that region.
In the region near the central core and far away from the fin tip,
the variation in the velocity and temperature was very small in
the angular direction and thus, less number of mesh points were
taken in this region. Depending.upon the length of the fin, two

different arrangements were selected.

IA

L

IA
IA

Mesh 1 for 0.2 0.5, 8 <M 32, 1.5° s B £ 3.0°

I
A
w
.
(@]
o

L

IA

Mesh 2 for 0.6 0.9, 8 <M< 32, 1.5° < 8

Let Ar and Ar. represent the grid sizes in the radial direction

1
and AR and A6 represent the grid sizes in the angular direction.
Mesh 1
In this mesh, 73 points were selected in the flow region, out

of the total 115 mesh points as shown in Fig. 2. The grid sizes
are describéd as follows:

Ar = /5

Arl = ri/8

AB = B/4



Fig. 2 Finite Difference Grid for Mesh 1
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i3

AB = ¢/5

Mesh 2

Out of the total 123 points in the mesh, 72 points were taken
in the flow region. This mesh is shown in Fig. 3. The grid sizes

were selected as follows:

Ar = 2/8
Arl = ri/4
AB = R/4
AO = ¢/5

3.2 The Finite~Difference Equations and their Solutions

The governing equations and boundary conditions were repre-

sented at each mesh point by difference equations which were obtained

by using finite-difference techniques. These equations were formu- -

lated as follows:

Momentum equation

The momentum equation in the dimensionless form is written as:

or 2

. 2
_l_._a_(r_..)+L3_H._._l (27)
r 9r 2
r 0

Q

This equation can be expressed in the finite difference form
by using Taylor's expansion.

Points within the flow domain:

By employing Taylor series expansion, we can write

2 2
u(r+Ar,8) = u(r,0) + % ar + 28 (80 4 53 (31)
or 2
or .
du 92u (Ar) 3
u(r-Ar,06) = u(r,0) - 5—~A R § (Ar”) (32)
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Finite Difference Grid for Mesh 2
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The notation §(Ar3) is used to indicate that subéequent terms
are of the order of (Ar3) aﬁd higher. If terms of the order of
(Arz), and greater, are neglected, the following central finite
difference equations for the first and second derivatives were
obtained.

ou u(r+Ar,0) - u(r-Ar,9)

3r 2Ar ' (33)
2
d u _ u(r+dr,8) + u(r-Ar,8) - 2u(r,0)
5 = > (34)
or (Ax)
A simjilar development yields
2
3 u _ u(r,0+A8) + u(r,6-A8) - 2u(r,0)
> = 5 (35)
26 (A8)

If the derivatives in Egn. (27) are replaced by the finite
difference equations, the following expression results, which

expresses the momentum equation in the finite difference form:

Ar Ar Ar 2
(14—r—)u(I+1,J) + (l-—;—)u(I-l,J) + (—r—A—e) u(I,J+1)

Ar , 2 Ar 2 _ 2
+ () w(I,I-1) - [242(5) TTu(IL,I) = - (407 (36)

Linear interpolation was used wherever found necessary.

Points on the symmetry lines:

The following boundary conditions were imposed on the momentum

equation for the points on the symmetry lines.

3u

= = = <r<
38 0 at 0=0, 0 r r,
W _5 a6 0<r<1
36 Yo =rs

The Egn. (36) was used together with the following relation-

ship for writing finite difference equations at points on symmetry
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lines:

o
S

S

u(I,J+1) = u(I,J-1)

At the axis of the tube:

Because of symmetry,

i==0 at 1r=0 (37)

The forward finite difference expression for the first deriva-

5 RIS TN

tive is given by
4u(I+1,J) - u(I+2,J) - 3u(I,J) =0 (38)

The momentum equation was represented at each mesh point by
finite-difference equation. The resulting system of linear algebraic
equations was solved on a digital computer using a subroutine
employing Gauss-Jordan reduction. Thus the dimensionless axial
velocities at the mesh points were obtained.

The following values for the various constants were used in

this study.

K

0.074 Btu/hr-£ft-°F

£

Ks = 220 Btu/hr-£ft-°F
* = *

§ 0.1 3

Energy equation:

The energy equation was expressed in the finite difference
form in a manner as discussed below.

Points within the fluid:

The finite difference equations for energy equation were
developed in the similar way as for the momentum equation in the

region of flow.
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Points at the solid-fluid interface:

For points at 6=8 and fi < r <1, the following finite difference
equation was developed
-4(A8)T(1,3-1) + (A6)T(I,J-2) - 8C2(AB)T(I,J+1)
+ 2C2(AB)T(I,J+2) + [3(40) + 6(AB)C2]T(I,J) =0 (39)
For points at r=r, and 0 £ 6 < B, the finite difference is

as follows

o (Ar) _ )
AT (I+1,3) T(I+2,J) + 8—(Ar1) C2 T(I-1,J) 2—(Arl) C2
P(1-2,3) - (3 + 625 ¢y m(1,3) =0 (40)
! (Arl) 2 !

For points at r=1 and B < 6 < vy, the finite difference equa-
tion can be written as
4(Ar)T(I+1,J) - (Ar)T(I+2,J) + 4C26T(I—1,J) -
C,8T(I-2,3) - [3(Ar) + 3C,8]T(I,J) =0 (41)

The derivation of Egn. (39) is shown in the Appendix B and

Egn. (40) and (41) were derived in the same fashion.

| At two corner points, T(ri,B) and T(1,B), the energy equation
represented by Eqn. (26) were written in the finite difference form.
The derivation for Egn. (42) is shown in the Appendix B.

The finite difference equation for point T(ri,B) is

(-2+ 2(Ar[)T(I+l,J) + (1-é£)T(I+2,J) " [-2(12L)2]T(I,J-1)
r 2r rAB
| Ar 2 3Ar Ar 2 _
+ (;A_B') T(I,J-2) + [1-? + (;—A—-B-) 1T(1,3) =0 (42)

For péint T(1,B8), the difference equation is as follows:
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é 8 _, 2o T(I+1,J) + 8 __2 . T(I-1,J)
} L§(Ar+6) 6 (Ar+8) ! Ar (Ar+8) rAr (Ax+§) !
»i + —3~——2——————— T(I,J+1) + —5———2—————— T(I,J-1)
[ x°46 (A8+2AB) r“AB (AB+2AR)
(8 . 2( x-8) 1
- +, + T(I,J) =0 (43)
AréS rAr$ rzAB Aé}

Points within the solid:

The energy equation was represented by finite difference equa-
tions, developed in a manner similar to the one previously shown
for the momentum equation.

Points at the outer surface of the tube:

The boundary condition to be satisfied for points at the outer

surface of the tube is ;

Substituting the value of the first derivative in terms of the back

ward finite difference expression, we get

47(I1-1,J) - T(I-2,J3) - 3T(I,J) = &C, (44)
As described above, the finite-difference equation was written at
each mesh point. This resulted in a system of linear algebraic
equations which was solved by means of Gauss-Jordan reduction on a
digital computer to determine the dimensionless temperature at each

mesh point.

3.3 Friction Factor

The friction factor is defined as follows:

Hzpr*sg
0 "¢
£ = - (-
m dx*

) (45)
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This definition was adopted because it provides valueé for f that
could be taken as a dimensiénless measure of the pressure gradient
dp*/dx* inside different finned tubes with the same radius rs, for
the same density p, and the same mass flow rate m. Accordingly,
the value of f would reflect the effect of the number of fins M,
their height %, and their half-angle B on the pressure drop.

In order to agree with its definition for a finless tube, the

Reynolds number is herein described as

2m
= T (46)
*
e Hrou
From Egns. (45) and (46), and knowing that
- = * *
m pAf w (47)

* is the flow area, we

where ug is the overall bulk velocity, and A¥

could write
2 'Hr62
fR = (48)

e u; W A;
_.9_ r*z (_ép_*_)J

H 0 dx*

2 2
Substituting, A* = ra [H-MB(l—ri)], we get

— n__ (ilo (49)

= - _
T-MB (1-x)) Y%

e

The dimensionless bulk velocity W, is defined as

L o
u =—-—[£é ur dr 48 +fdf ur dr do] (50)
b A
£ 8
where Af is the dimensionless flow area given by
2
= * *
Ae = BY/TS

The integral for dimensionless bulk velocity was evaluated

by means of a two-dimensional extension of Simpson's rule.
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3.4 Heat Transfer Coefficients

The heat transfer coefficient is defined as
*18k) = * (mk_m*
q2H(rO+6 ) hZHrO(Tb Tw) (51)

leading to
Q(r6+6*)
h = — (52)
* * Tk
ro(Tb Tw)

The Nusselt number is then given by

2 *
hr0

_— (53)
u Kf

Substituting the value of h, we get
2q(r6+6*)
Nu = —_— (54)
*
Kf(Tb w)
and in terms of the dimensionless quantities, Nusselt number is

expressed as

N

_2(1+8) '
= 20 (55)

Tb-EQ

This method of presentation was employed because it indicates
the improvement to be expected on the inner side of an existing
tubular heat exchanger if the smooth tubes originally in the exchanger
are replaced by finned tubes. Such improvement is indicative of
the compactness of a heat exchanger. For a given rate of heat
transfer it determines the average temperature difference between
the fluid and the solid surface, an important factor in the design
of heat exéhanger.

The dimensionless bulk temperature Tb used in Egn. (55) is

defined as
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Br, Y o1
OJUI uTrdrdo + fa{ uTrdr dd
T = 8 (56)

b ubAf

The integrations in the above equations were evaluated by employing

two-dimensional extension of the Simpson's rule.



Chapter 4

DISCUSSION AND CONCLUSION

There are three independent parameters thé length of the fin,
the number of fins and the thickness of the fin. They were varied

within the following ranges in this investigation

A
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4.1 Velocity Distribution

The dimensionless equi-velocity lines are shown in Fig. 4 for
M=8 and 2=0.2, and in Fig. 5 for M=8 and 2=0.8 with B=1.5°. From
these figures it is clear that the velocity gradient in both the
radial and angular directions becomes steeper as we approach solid
boundaries. For M=8 and 1=0.8, two types of loops occur: one at
the centre and the other in the region formed by any two adjacent
fins. Hu énd Chang [5] also obtained such types of loops for long
fins and called these loops primary and secondary loops, respectively.
They noted that for short fins (2<0.32) such secondary loops did
not exist. Fin height was the only parameter reported by Hu and
Chang [5] affecting secondary loops. It was found in the pfesent
study that the formation of secondary loops is affected by all the
three parameters M, % and B. For every combination of M and 8,

there is a critical value of % above which secondary loops are



23

Fig. 4 Equi-velocity lines u/ub for M=8, 1=0.2 and B=1.5°
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Equi-velocity lines u/ub for M=8, 1=0.8 and 8=1.5°
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formed. The critical value of % is affected by B only at high
values of M. An increase of B tends to decrease the critical value
of £ for high values of M. If B is kept constant, the increase of
M decreases the critical value of . For instance, with B=3°, the
secondary loop; started to occur at a fin height within the range
0.5<2<0.6 when M=8, while they would form at a fin height as low
as 0.2<2<0.3 when M=28. As shown in Fig. 5, for M=8 ;nd 2=0.8, v ;
the highest velocity occurs in the eyes of the secondary loops.

For 2=0.8, the increase of M tends to shift secondary-loop eyes
towards the tube wall, but the highest velocity is shifted from

the secondary to the primary loop. Secondary loops are one of the
important features of the flow in internally finned tubes because
their existence would affect the temperature distribution, and con-
sequently the rate of heat transfer from these tubes.

It can be seen that the axial velocity varies in the angular
direction in region near the fin and the variation is very small
in the region near the central core of tube and far away from the
fin tip.

Dimen;ionless velocity distributions for B=3° at O<r<ri and
6=0° are shown in Fig. 6 for various values of M and £. It was
found that for all values of M and %, the dimensionless velocity
at any location within the tube decreased as B increased. This is

due to the increase in pressure drop accompanying the increase in B.

4.2 Temperature Distribution

Loops of isotherms (T-EQ)/(Tb—EQ) over the cross-section of
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Fig. 6 Dimensionless velocity distributions at 0 < r < r, and 6=0°

for various values of M and 1 with B=1.5°
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the tube are shown in Fig. 7 for M=8 and 2£=0.2, and in Fig. 8 for
M=8 and 2=0.8 with B=1.5°. Aé in the case of equi-velocity lines,
secondary loops were also formed for isotherms. Also there exists
a critical value of % for every combination of M and B above which
secondary loops are formed. It was found that this critical fin
height decreased as the number of fins increased, keeping the value
of B constant. For example, with 8=3°, secondary loops were formed
at a fin height within the range 0.6<2<0.7 when M=8 and this range
becomes 0.5<2<0.6 for M=28. At high values of M, the value of B
had an effect on the critical value of 2. In these cases, an
increase of B causes the secondary loops to appear at higher values
of %.

The variation of the dimensionless temperature (T—E@)/(Tb—a;)
with radial position along 6=y, for various number of fins, is
shown in Figs. 9 and 10 for %=0.4 and 2=0.8 respectively. Fig. 9
shows that for 2=0.4 the dimensionless temperature decreases with
the increase of the number of fins, within the fin region as well
as in the region near the tube centre. However, for 2=0.8 the
dimensionless.temperature first increases with an increase in M
but decreases with further increase in the number of fins, in both

regions.

4.3 Effect of fin-parameter on friction factor

Friction factor results based on Egn. (49) are shown in Fig. 1l
for B=1.5° and a wide range of fin numbers and fin heights. Similar

results, but for B=3°, are shown in Fig. 12. Por a given combina-



Fig. 7

Isotherms (T—E@)/(Tb—f;) for M=8, £=0.2 andB =1.5°
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Fig. 8 Isotherms (T-—"i‘_w)/(Tb-Ew) for M=8, 2=0.8 and B=1.5°
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Fig. 9 Dimensionless temperature variation in radial direction

for 1=0.4 and B=1.5° along 6=y
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Fig. 10 Dimensionless temperature variation in radial direction

for 1=0.8 and A=1.5° along 8=y
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tion of B and M, the value of fRe increases with the increase in
the value of £. Similarly, if B and % are kept constant, an increase
of M would increase the value of fRe. It was also found that the
value of fRe increased consistently with - the inérease in B8 for any
value of M and 2. However, it was observed that the effect of B
is much more appreciable for longer fins than it is for: shorter
fins. This is attributed to the‘fact that for long fins, the value

of B has a strong effect on the flow area of the tube.

4.4 Effect of fin-parameter on Nusselt number

The variation of the Nusselt number with the number of fins
is shown in Fig. 13 for B=1.5° and 3°. The Nusselt number is a
strong function of the fin length, fin thickness and the number
of fins. For a given value of % and B, the maximum Nusselt number
occurs at a certain value of M. For a given value of 8<M<16 and
B=1.5°, the Nusselt number first increases and then decreases with
the increase in the value . However for 16<M<32, the Nusselt
number increases with the increase in %. For a given value of M,
the Nusselt number increases with decrease in B up to certain value
of 2, after which the effect of B on the Nusselt number depends
upon the value of M aiso. The Nusselt number increases with increase
in B up to certain value of M for a given value of £ and then the
Nusselt numbe¥ increases with decrease in B. However, after the
maximum value of Nusselt number for a given value of ¢, the Nusselt

number always increases with decrease in B.

wvon ey
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Fig; 13 Nusselt number variation with fin number
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4.5 Comparison with other data

A typical comparison of the predicted friction factor with the
available experimental data of Watkinson [3] is shown in Fig. 14
for M=10, 2=0.222 and B= 4.42°. The present prediction agreed with
the experimental data within 6.5 percent. Another comparison was
made for M=6, 2=0.296 and B8=2.56° and is shon in Fig. 15. While
the experimental data are under-pfedicted by nearly 18 percent,
their qualitative trend is in agreement with the predicted values.

Masliyah and Nandakumar [6] assumed temperature along the fin
to be equal to the uniform wall temperature of the tube. With the
use of highly conductive material for the tube and fins in this
work, the temperature variation within the solid is very small and
thus the Nusselt number values of this study can be compared with
that of Masliyah and Nandakumar [6]. They used finite element
method to obtain the Nusselt number values and employed triangular
fins rather than the trapezoidal fins in this work and thus some
deviations in the results can be expected. The variation of the
Nusselt number with the fin number for B8=1.5° and 3° is shown in
Figs. 16 and 17 respectively. 1In general, the agreement is fairly
good especially for M<16, except for %=0.7. The discrepancy in the
results for £=0.7 is due to the fact that the variation of Nusselt
number with M was different from the general trend in the work of

Masliyah and Nandakumar.

4.6 Conclusions

An analysis of fully developed laminar flow in internally
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finned tubes with fin shapes very close to real fin configuration
was performed, using finite éifference technigue. The analysis
indicates that the larger the number of fins, their height and
thickness, the higher is the flow friction for the same rate of
mass flow. The Nusselt number is a strong function of fin length,
fin thickness and the number of fins. Also, it was found that for
maximum Nusselt number, there exists an optimum fin number for a
given fin configuration. A similar conclusion was reported by Hu
and Chang [5] and Masliyah and Nandakumar [6]. As in fully
developed velocity and temperature fields of a laminar flow, the
Nusselt number becomes independent of Reynolds number, the con-
stant power criterion to compare finned and finless tubes cannot

be utilized.
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APPENDIX A

Derivation of the governing equations in terms of the dimension-
less quantities.

1. Energy equation in solid:

Differentiating Eqn. (25-e) w.r.t. r, we get
oT T*
s _ s , K

*
or or qro

* *
or BTS = aTS . %o (A-1)
or or K

In similar fashion, the second differentiation of Egn. (25-e)

w.r.t. 0 yields

* *
9 Ts B 9 Ts qro
2, .2 X (a-2)
370 06

Substituting the above derivatives in Egn. (10) and knowing that

r*=r r* , we get

0
3T qr¥* 32T
LI L. g 0 S =0
rr# dx 0K 93r r2r62 X 862
2
1l 9 BTs 1 o Ts
or == (r ) + = =0
r dor ar 2 2
r 96

2. Momentum Equation:

Differentiating Egn. (25-d) w.r.t. r, we get

du _ 1 Ju*
dor- g * oxr
(_r*z Zc dp*,
0 p ax*
g
or du* - -r*2 “c dp* du
or 0 ¢ 4ax* or
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Similarly, the second differentiation of Egn. (25-4) w.r.t. gives

2 2
9 u* - —r*2 2? dE: g u
362 0 dx ae2

Substituting the above derivatives in Eqn. (11) and knowing that

r*=rr6, we get .

g
1 9 c dp*, du
o * (—pk S SP7y OU
2 ’}ro(r “dx*) J

rpxl 9r 0 or
b px? Jodny 2% 1 apr
L2on2 0 M ax*’ g2 U dx*

0

The above equation can be written as

3. Energy equation in fluid:

The energy equation in fluid is

2
T * *
AN T N B SO WG 12)
r* or* dr*’ r*2 362 « ox* :

As shown in section 2.1, for fully developed laminar flow

* *
3Tf ) dTb

ox* dx*

Thus, Egn. (1l2) can be written as

2
* * T
L2 s an) L1 2TE or o (a-3)
r* 3r* dr* r*2 362 @ ax*

The Egns. (A~l) and (A-2) are rewritten as

* *
9T aT ary

f = f .
or ar K
2 * 2 *
3 Tf ] Tf qrO
and = .
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From Egn. (4), and knowing that

r&=pA§u;

where u.k’; is the overall bulk velocity, and A% is the flow area,

we could write

dT* -2 q(r*+6%) u*
‘ q(ro ) u DCP

1., b
—u 3
* dx* * * C K
pAfub p £
ol q ok (146) u (ork2 € dp*,
_ R ui=ry T ax+
g
2 2 "¢ dg*
* -y —
ry Rew Ty SR Ke
_ -2Mg (148)
——"
Ty Bey Ke

The dimensionless bulk velocity ub, and the dimensionless flow area
Af are defined in section 3.3.

Substituting the above values in Eqn. (A-3), we get

2
* *
A M T R i Bl S PTLES )
*
rrE“)2 or Kf or r2r*2 Kf 862 r0 Afube

The above equation can be written as

2

SR T N A S
r 9r or 2 2 1
. r 296
where ¢, = 21UL8)

Af ub
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APPENDIX B

Derivation of the finite-difference equations

1. Points at the so0lid-fluid interface: .

For points at 6=f and ri<r<l, the Eqn. (39) was derived as

follows:

The boundary condition to be satisfied is

BTS BTf
EY C2 EYN (B-1)
T(r,8-2AB8) T(r,0+A0)
T(r,0-4ARB) T(r,9) T(r,8+2A8)

By employing Taylor series expansion, we can write

2 2
T(r,0+08) = T(r,0) + % np + 2L 88 4 5pg)3
36 2 2
30
3T 321 (200) 2 3
T(r,0+200) = T(r,0) + o= 200 + 2L £289)  5(pe)
56 o2 2

Neglecting terms of the order of (Ae)2 and greater, the forward

finite difference expression for the first derivative is given by

3T _ 4T (r,0+A8) - T(r,6+248) -~ 3T(r,0)

8 2(A9)

[+

In like fashion, backward finite difference expression was obtained

9T _ -4T(r,8-2A8) + T(r,0-448) + 3T(r,6)
- 4A8

(s3]

Substituting above expressions in Eqn. (B~1l), we get
-4(A8)T(xr,0-2A8) + (A®)T(r,6-44B) - 8C2(AB)T(r,e+A6)
+ 2C2(AB)T(r.6+2A6) + [3(A6)+6(AB)C2]T(r,6) =0

The above equation can be written as



46
-4 (AB)T(1,J-1) + (AB)T(I,T-2) - 8C2(AB)T(I,J+1)

+ 2C2(AB)T(I,;I+2) + [3(88)+6(AB)C,IT(I,d) = 0

2. Point at r=r; and 0=

The energy equation at this point is

2
aT o T
1 o s 1 ]
T or (r Br)+_2- 2 -0 (B-2)
r d6 '
T (r+24r,8)
1T (x+Ax,8)
o T(r,0-AB)
T(r,6-208) T{x.8)

By employing Taylor series expansion, we can write

2 2
T(r+dr,0) = T(r,8) + 2% (Ar) + LT D7 | 57 y3
or 3r2 2

2 2
T(r + 20r,8) = T(r,0) + g_z (287) + T (201)

3
+ §
> > (Ar)
or

Neglecting terms of the order of (Ar)2 and greater, the following
forward finite difference expressions for the first and second

derivatives were obtained.

oT _ 4T (r+Ar,0) - T(r+2Ar,0) - 3T(r,0)

or 2Ar
32T _ —2T(x+Ar,0) + T(r+2Ar,6) + T(r,6)
3r2 (Ar)2

A similar development yields

32T - —27(r,6-4B) + T(r,6-2AB) + T(r,0)

592 (A8) 2

Replacing the derivatives in Eqn. (B-2) by the finite difference



47

expressions, the following equation was obtained.

(-2 2(ir) T(r+Ar,0) + (1-—)T(r+2Ar) + [~ 2( B) ]T(r 8-AB)
3Ax Ar .2 _
+ ( B) T(r 8-248) + [l-g + (TB') 1T(r,8) =0

The above equation can be written as

-2+ 285y p141,5) + - 25y T(re2,9) + [ 2(%)21'1'(1 3-1)

Ar 2 3Ar Ar 2
+ (—A—B) T(I,J3-2) + [1—'—? + (TB) 1T(1I,J3) =
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