Longitudinal data analysis using

Generalized Linear Model with missing
responses

by

Jeanseong Park

Thesis submitted to the
Faculty of Graduate and Postdoctoral Studies
In partial fulfillment of the requirements

For the Master of Science in Mathematics

Department of Mathematics and Statistics
Faculty of Sciences

University of Ottawa

(© Jeanseong Park, Ottawa, Canada, 2015



Abstract

Longitudinal studies rely on data collected at several occasions from a set of selected
individuals. The purpose of these studies is to use a regression-type model to express
a response variable as a function of explanatory variables, or covariates. In this thesis,
we use marginal models for the analysis of such data, which, coupled with the method
of estimating equations, provide estimators of the main regression parameter. When
some of the responses are missing or there is error in the recorded covariates, the original
estimating equation may be biased. We use techniques available in the literature to
modify it and regain the unbiasedness property. We prove the asymptotic normality of
the regression estimator obtained under these more realistic circumstances, and provide

theoretical and numerical examples to illustrate this approach.
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Chapter 1
Introduction

Longitudinal models are widely used in the health, social, and behavioral sciences, as
well as in biological and agricultural sciences, education, and economics. It is a type
of observational study that involves repeated observations of the same subject over an
extended period of time. As a simple illustration, consider a longitudinal study of n
individuals, on which data is collected at m distinct occasions. The variable of interest
(the response variable) is the systolic blood pressure. This response variable is continu-
ous, if its actual value is recorded, or discrete, if it is recorded for example, in one of the
three disjoint categories: low, normal, high. One could then study the evolution of the
response variable over time as a function of covariates like height, weight, salt intake,
amount of physical exercise, etc. This information is obtained on each subject at every
occasion.

Liang and Zeger introduced in [3] the generalized estimating equations (GEE), which
extend the use of generalized linear models (GLM) to longitudinal data. Generalized
estimating equations are used in regression analysis of longitudinal data, where observa-
tions on the same subject are correlated. The solutions of these GEE provide a sequence
of estimators Bn of the regression parameter y. In [3], marginal models are used to
express the mean and variance of the response variable in terms of covariates, for each
individual and on every occasion. The correlation matrix within individual 7, R;, is as-
sumed to exist but need not be modelled. The most important results of [3] are that the
estimators B\n are consistent, i.e., they converge to the true parameter gy, and they are
also asymptotically normal, even if the correlations R; are misspecified. In this disser-
tation we consider the case of “working independence”, where the covariance matrix of

marginal responses within each subject is diagonal.
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In [3], the covariates used in modelling are considered nonrandom. The extension to
random covariates is important because, in many studies, one would like to include pre-
vious responses in a set of covariates for the current occasion. In the example above, one
would like to include among covariates the values of the systolic blood pressure recorded
on previous occasions. The extension of the GEE approach to include random covariates,
which may vary over time, has proven difficult with the exception of the “working inde-
pendence” case. Many papers in the field, including [8], used the generalized method of
moments approach in [2] to represent the longitudinal correlations when marginal models
are used on each occasion.

Despite efforts to obtain accurate and complete data on all variables and at all oc-
casions, some data may still be missing in the response variable, and some covariates
may be recorded with error. Disregarding the missing data in the analysis may lead to
biased results, when the missing data depends on the response variable itself. A brief
description of possible mechanisms underlining the pattern of missing data can be found
in Chapter 6 of [5]. In our work we make the assumption that the probability of missing-
ness can depend only on variables that are observed (the missing at random assumption,
or MAR).

Some important methods for compensating for nonresponse are: likelihood methods,
imputation methods, and inverse probability weighting methods. The first two methods
have been studied in detail and are included in the classical monograph [4]. As in [8],
we adopt the third method to compensate for nonresponse in the response variable. We
also consider that the covariates could be recorded with error, and as in [8], we assume
a classical additive model to link the observed covariates to their true values.

In this dissertation we study the work of Yi et al. in [8], which discusses marginal
models with missing response data and random covariates that may have been recorded
with error. We detail the results in [8] by providing proofs for most of our statements.
For instance, in chapter 3, we give complete proofs of the asymptotic normality of the
regression estimators, based on analytical and stochastic properties of the corresponding
estimating functions. We illustrate our results with simulated data, assuming that the
response variable follows one of the three distributions: normal linear regression, Poisson
regression or logistic regression.

Our work is organized as follows. In Chapter 2, we discuss the GEE method intro-
duced by Liang and Zeger in [3]. Using simulated data, we calculate the GEE estimator of
the main regression parameter 3 in the “working independence” case, along with its bias

(mean and absolute), standard error, and the mean squared error, for the three examples
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mentioned above. In Chapter 3, we consider random covariates in the specific case where
they are recorded without error, and there is missingness among the response variables.
We use a logit model for the probability of response, which is a function of covariates
and a parameter «. This model is adapted to the situation when missingness follows an
appropriate MAR assumption. The estimator @ of « maximizes a likelihood-type func-
tion, and its asymptotic distribution is described in Lemma 3.4.4. Our main estimating
functions, which give estimators 3 for 3, differ from those in [8] in that they are generated
by the components of a “working independence” estimating function, which is simpler
to use. These initial components are then “weighted up” to compensate for nonresponse
and to ensure their unbiasedness. We illustrate our results with three theoretical exam-
ples and simulated data. In Theorem 3.4.5, we prove the asymptotic normality of B in
the general case when both o and 8 are unknown. In Chapter 4, we examine the model
for longitudinal data introduced in [7] and [8], in which the covariates are measured with
error. We first assume that there is no missingness in the response variables. Replacing
the true (latent) covariates by the observed ones creates biasedness in the estimating
equations. Following the ideas in [7], we analytically modify these equations to obtain
unbiasedness in the three cases where the response variable has the exponential distribu-
tions mentioned above. Finally, we apply this technique to the general case when some

covariates are measured with error, and there is missingness in the response variable.



Chapter 2

Generalized Estimating Equations

for Longitudinal Data

The main objective of this chapter is to review the method of Generalized Estimating
Equations (GEE) introduced by Liang and Zeger in [3]. The notations and the results
introduced in this chapter will be employed in the next chapters. In this chapter, we

assume that the covariates X;; are not random.

2.1 Marginal Models for Longitudinal Data

We start by introducing some notation that will be used throughout the thesis. We
assume that n independent subjects are measured repeatedly over time. We let Y;
denote the response variable for the 7" individual on the j** measurement occasion.
For each 1 < i < n, we consider the m-dimensional vector of responses for the ‘"
individual:
Yi= (Y, Vi)

Associated with each response Y;;, there is a p x 1 vector of covariates
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For each 1 < i < n, we consider the m x p matrix of covariates for the i** individual:
X
X, = I (2.1)
Xim
We let [ be the p-dimensional regression parameter,
B
="
By
For a p-dimensional vector = (1, ..., )", we use the Euclidean norm

lall = \fa3 - a2

We assume that there exists a continuously differentiable one-to-one function p such
that

15 (B) = Eg(Yy) = u(X;58) and vi(8) = Varg(Yy) = ¢i;h(u(X58)). (2.2)

Here ¢;; is a parameter which has to be estimated separately. We will assume for sim-
plicity that ¢;; = 1.
We denote
pir ()

pi(B) = |
Mim(ﬂ)
Note that X;8 = g(u;(B)), where g is the inverse function of p. The function g is

sometimes called the link function.
We denote ¢;;(5) = Y;; — 11i(3). This means that we consider the following model:

Yy =u(XB) +ey 1<i<n, 1<j<m. (2.3)

To simplify the notation, we omit writing the parameter § when no confusion may arise.
Note that this is a marginal model, i.e. it imposes a restriction only on the marginal
distributions of Y;;, but does not impose any assumption on the distribution of the vector
Yi=Ya,... ,Y;m)T. We assume that the random vectors Y7, Y5, ..., Y, are independent.
In this section, we present the method of Generalized Estimating Equations (GEE)

for estimating 3, which was introduced by Liang and Zeger in [3].
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This method consists in solving the following equation for f:

> DiB)TVi(B) MY — () =0, (2.4)
where

% (5),...., 2 (8)

D;(p) = gg;(@) = : is an m X p matrix, and (2.5)
B (8), - B (8)
Var(Y;;) Cov(Yi,Yn) ... Cov(Yi,Yim)
Vi(s) = Cov(Y:;l, Yio) Varngg) ) COV(}/%‘Q, Yim)
COV(Yilu zm) COV(K% Y;m) cee Var(Y;m)
= Bl(Yi — m(B))(Y: — u(B))"]
= Cov(Y;)

is the covariance matrix of the vector Y;. We will assume that V;(8) is invertible, and
we denote by V;(8)~! its inverse. We denote v; jx(8) = Cov(Yi;, Yir). Hence v;;(8) =
Var(Yj;) == vi;(53).

Note that for any 1 <7 < n and for any § € RP,

Di(B) = Ai(B)X; (2.6)
where X; is the m x p matrix given by (2.1) and A;(/) is the diagonal matrix:
W (XAEB) 0 . 0
ap=]| O HED 0

Sometimes it is assumed that h oy = i/, where i/ denotes the derivative of the function

p. In this case, A;(f) is the diagonal matrix of variances:

Uﬂ(ﬁ) 0 o 0

a@=| 0 @0

0 0 vim(ﬁ)
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We emphasize that the components of the vector Y; = (Y1, ..., Yi,) are not indepen-
dent, because they represent observations made on the same individual.

To examine the structure of the matrix V;(5), we look at the correlation between Y;;
and Yy, for 1 < g,k <m:

o Vo) Cov(Yyj, Yir) _ v; ik (B)
Tijk = COH(YWYM)_\/Var(Yij)\/Var(Y;k)_ 'Uij(/B) Uzk(ﬁ)

Hence v; jx(8) = rijk/vi;(B)/vie(5) for any 1 < j, k < m.

In matrix notation,

Vi(B) = Ai(B)? RiAi(B)?, (2.7)
where R; = (7; jk)1<jk<m is the correlation matrix for the it" individual.
From (2.6) and (2.7), we infer that (2.4) can be written as

n

ST XTAB)A(B) TR A(B) 2 (Y — mi(B)) = 0,

i=1
or equivalently,

D XTAB)ERTA(B) 2 (Y — ma(8)) = 0. (2.8)

The case when, for each 4, the variables (Y;;)1<j<n are independent, is known in the
literature under the name “working independence”. In this case, R; = I,,, the identity

matrix in R™,

v () 0 . 0
v =| 0 P "l an (29)
0 0 Uim.(6>
v ' (B) 0 0
| 0 =@ 0
0 0 ”U;,}.(ﬂ)

Now,



Generalized Estimating Equations for Longitudinal Data 8

DE(B)Vi(B)~H(Y: — u(B))

" . vyt 0 ... 0
) %(6),..:,%(5) ’ 18 o Y, .M“(ﬂ)
%Lﬁ;l(ﬁ%’agﬁl;n(ﬁ) 0 O Ul_n%(ﬂ) }/zm_,uzm(ﬁ)
B} i
= Za‘gT ()Y — 115(8)).

In the “working independence” case, equation (2.4) becomes

Z Z auw (B)(Yij — i (8)) = 0. (2.10)

=1 j=1

Note that by the chain rule, angj (B) = W'(X;;8)X;;. Therefore, if we assume that

hop=y' (ie vy(B) = p'(X[5B)), then equation (2.10) becomes:

n

; ;Xij(Yij — pii(B)) =0, (2.11)

which is an expanded version of Y1 | X/ (Y; — u;(8)) = 0.

In the general case when, for each ¢, the random variables (Y};)1<;j<m are not inde-
pendent, Liang and Zeger proposed to replace the unknown correlation matrix R; by a
correlation matrix R;(«), which depends on an unknown parameter ov. One possibility

is to consider

1l o ... «
a 1 ... «

Ri(a)=1|. . | with a e (=1,1).
a a ... 1

The matrix R;(«) is called the working correlation matriz.

Liang and Zeger suggested to use an algorithm, which iterates between the estimation
of o and the estimation of 3. The idea of this algorithm is the following. We start with
the value oy = 0, solve the GEE (2.8)(with R;(ap)) for 3, then use this value in the GEE
to solve for o again, and iterate until convergence (i.e. until the values found for o and
3 stabilize around some values @ and J3).

In [6], Xie and Yang justified the fact that the GEE estimator B is consistent and

asymptotically normal.
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Usually, observations Y;; as in model (2.3), whose mean and variance satisfy hy-
pothesis (2.2) are encountered when working with exponential families. More precisely,
suppose that Y;; has density:

f(Wij|0i;) = explyi;0i; — a(0i) + b(yi;)], (2.12)
where 0;; = X% )

Theorem 2.1.1. (Theorem 3.4.2 of [1]) Let Y be a random wvariable with probability
density function (p.d.f.) or probability mass function (p.m.f.) of the form

F(10) = h(y) exp<2wz b )

where 0 € RP, h(y) and c(0) are positive-valued functions, w;(0) and t;(y) are real-valued

functions, and c(0) and w;(0) are twice differentiable, fori=1,...,k.

Then .
By (Z 8“”(9)@(5/)) __ 9 log[c(d)]  and

00, 00,

k k
awl(Q) 62 2 .
Var L(Y) ] = log[c( ti( ., J=1,...,p.
’ (H a9, ) 002 (Z

Corollary 2.1.1.1. When p =1 and f(y|0) = h(y)c(6) exp(@y) (i.e., k=1, wi(0) =0,
and t1(y) =y ), we have

Ey(Y) = jelog[ (0)] and Varg(Y) = c;lﬁ2 log[c(8)].

To fit (2.12) within the context of Theorem 2.1.1, we identify the functions in (2.12)

as:
exp[b(yi;)] = h(y),
exp[—a(t;;)] = c(0),
explyi;0i;] = explwi(0)t:(y))-
By Theorem 2.1.1, it follows that

1ij(B) = Eo(Yy;) =
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with © = a’. Therefore, in this case ho pu = .

However, in the context of longitudinal measurements, we do not specify the full
density of the vector Y; = (Yjy, ..., Yin)T. We only specify the marginal density of each
component Yj;.

Therefore, the likelihood function of the data Yi,...,Y,, cannot be computed. So
equation (2.4) is not a likelihood equation.

We discuss three examples of exponential families. As noted above, in these examples,
hop = u'. For each of these examples, the roots of the corresponding GEE in the
working independence case will be found with R, using the function multiroot in the
library rootSolve. The R program is given in Appendix B. To simplify the writing in

these examples, we do not indicate the dependence on  in y;; and v;;.

Example 2.1.2. (Normal Linear Regression for Quantitative Responses)
Suppose that Y;; has a normal distribution with a mean p;; = X% £ and a known

variance v;; = 1. Then Y;; has the density function

1 (yij — pij)?

f(yw|:ul]) = \/%eXp |:_JT]
1 ( M?j %2]> < -

= ex iilbi; — — — — |, —00 i < 00

NeT P\ YijHij 5 9 Yij

Let 0;; = X[3. Then

1 05 v
S (wislbi) = T P (yijgij - 7] - 7;) :
Therefore, f(y;;|0;;) is of the form (2.12) with

a(0;;) = 0;/2 and  b(ys;) = —(y;; +log(2m))/2.

By Corollary 2.1.1.1, u(x) = d/(z) = x and /() = 1. The link function is g(z) = =.
Note that p;; = E(Y;;) = X%B and v;; = Var(Y;;) = 1.
Equation (2.11) becomes

n m

DD Xy, —X[p)=0. (2.13)

i=1 j=1

Example 2.1.3. (Log-Linear Regression for Count-type Responses)
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Suppose that Y;; has a Poisson distribution with mean s,;, where log(s;;) = ng? .
Hence p;; = exp(X};3). Then Y; has the p.m.f.

e Mgl

f(yijmij) = P(Yij = yij|,uij) = T‘”, vi; = 0,1,2....
ij-

Let 91‘]’ = XZB Then

exp(—eeij + Hwyzj)
y,.l
i

F(ijlpig) = = exp(yi;0i; — "7 — log(yi;!)).

Therefore, f(y;;|60;;) is of the form (2.12) with
a(fi;) =™ and  b(yy) = —log(yis!)-
In this case, u(z) = d’(x) = e* and /() = e*. Note that
wi; = E(Y,) = exp(XZ ) and w; = Var(Y;;) = exp(Xg; ).

The link function is g(x) = log .
Equation (2.11) becomes

D> XY, — exp(XB)) = 0. (2.14)

i=1 j=1

Example 2.1.4. (Logistic Regression for Binary Responses)
Suppose that each response Y;; has a Bernoulli distribution with mean p;;, where
logit(p;;) = Xg B. Recall that the logit function is given by:

logit(x) = log 1 ’ , x€(0,1),
—x

and its inverse function is logit™ (y) = e¥/(1 + e¥).
Then p5(3) = exp(X[55)/(1+exp(X[3)), and Yj; has the probability mass function

FWislpig) = P(Yig = wijlps) = piy (1= i) 7%, i = 0, 1.
Let 92-]- = Xg;ﬁ Then
0

e’

Yij
m) (14 )t = exp(yi;bi; — log(1 + e™)).

f(Wiglpiz) = (



Generalized Estimating Equations for Longitudinal Data 12

Therefore, f(y;;|pi;) is of the form (2.12) with
a(0;;) =log(1 +¢€%) and b(y;;) = 0.
In this case, u(r) = d'(x) = €*/(1 + €*) and p/(x) = €*/(1 + €*)?. Note that

exp(X;;5) exp (X, B)
d vy, = Var(Yi) = J )
Trep(xgg) 0 0=V S

pij = E(Yy) =

The link function is g(x) = logit(x). Equation (2.11) becomes

& exp(X78) |

i=1 j=1

2.2 Simulations

In this section, we consider separately the three examples mentioned above and we find
the root of the corresponding GEE in the working independence case using the multiroot
function in the library rootSolve of R. In these simulations, the covariates will be ran-
dom, and we assume that p = 2 and m = 3. The true value of the regression parameter
is denoted by .

2.2.1 Normal Linear Regression

In this section, we assume that the conditional distribution of Yj; given Xj;; is normal
with mean p;; = Xg and variance 1. In this case, we have seen that u(r) = = and

equation (2.11) becomes (2.13). This equation has a unique solution given by

03) TGRS 959

i=1 j=1 i=1 j=1

In the case when p = 2 and m = 3, equation (2.13) is a system of p = 2 equations given

by:

(X (Y - 5 Xﬁm

+2LXQMZ Qﬁl @)

+ Z?:l stzl)(YzS - 23 ﬁl 13 52)
S XS (Y~ 6 Xﬁm

+ 30 Xy (Ve ng Bi - X 6)

L+ 300 XS (Vis — X581 — X33 Ba)

(2.16)

0
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Recall that

Xa = (Xz'(ll ), Xz(f ))T are the covariates of individual ¢ at time j =1
Xio = (Xi(Q1 ), XZ(; NT are the covariates of individual i at time j = 2

Xis = (XZ-(;), Xi(32))T are the covariates of individual 7 at time j = 3,

and Y;; is the response of individual ¢ at time j, for j = 1,2, 3.
In our R program, the covariates are generated separately from the standard normal
distribution. Below is the explanation of the R program given in Appendix A.1.

1. a) We generate the covariates for the n individuals at time j = 1:

XS ),z’ =1,...,n, are independent and identically distributed N (0, 1)
Xff ),i =1,...,n, are independent and identically distributed N (0, 1).

b) We generate the covariates for the n individuals at time j = 2:

XZ-(QI),i =1,...,n, are independent and identically distributed N (0, 1)
Xg )i=1,..,n, are independent and identically distributed N (0,1).

c) We generate the covariates for the n individuals at time 7 = 3:

XZ-(?} ),i =1,...,n, are independent and identically distributed N (0, 1)
Xg ),z’ =1,...,n, are independent and identically distributed N (0, 1).

2. a) We generate the responses for the n individuals at time j = 1: we generate
Yi1, i = 1,...,m, such that the distribution of Y;; given (Xi(ll), Xi(f)) is N(us,1) with

i1 = Xgﬁo = Xi(f)ﬁol + X,'(f)ﬁozy

where (Xi(l),Xg)) have been generated in Step 1. a) above and Sy = (Bo1, Boz) is the
true parameter. We take y; = 0.2 and [y = 0.5.

b) Similarly to a), we generate the responses for the n individuals at time j = 2; we
generate Yjs, ¢ = 1,...,n, such that the distribution of Y;, given (Xi(gl), Xg)) is N (2, 1)
with

piz = X500 = Xi(;)ﬁol + XZ-(22)5027
(1)

where (X] , X2} have been generated in Step 1. b) above and we keep B = 0.2 and
Boz = 0.5 the same as above.
c¢) Similarly, we generate the responses for the n individuals at time j = 3; we generate

Yis, @ = 1,...,n, such that the distribution of Y3 given (Xlg), X(2)) is N(u43,1) with

2

piz = X580 = XZ'(;)BOI + Xg)ﬁoz,
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where (Xg) ,Xg )) have been generated in Step 1. c) above and we keep [y; = 0.2 and

Bo2 = 0.5 as same as above.
3. We solve the system (2.16). The root B=

working independence case.

4. We calculate the bias of §: Bias(3;) = B,

(31, B\Q) is the GEE estimator of 3 in the

- 601 and BiaS(BQ)

5. We repeat Steps 1 - 4 above for N = 1000 times.

Now we compute the mean bias for the N = 1000 simulations:

N

Bias; =

==

k=1

1N
Biasy, = — Z
k=1

=

BiaSk(Bﬂ

la,S]€

= By — Boo.

where Biask(gl) and Biask(gz) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

>
@
—_

)=
el

Qo

=
@)

N
1 s
AB, = ~ ; | Biasy(532)].

We compute the standard error for the N simulations:

SE; =

SE2 —

N
N1 Z (Bias, 61 — Bias;)?
k=1

1 N

k=1

m Z(Bl&Sk(B\Q) — %2)2.

Finally, we compute the mean squared error (MSE) for the N simulations:

MSE; = (Bias;)* +

MSE2 = (Biasz)2 +

We report these values in the following table:

(SE,)?
(SE,)2.

Mean Bias

Absolute Bias

Standard Error

Mean Squared Error

Covariatel

Covariate2

0.0000788074
0.003399301

0.04636471
0.04646929

0.05862726
0.05773746

0.003437162
0.00334517
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2.2.2 Poisson Regression

In this section, we assume that the conditional distribution of Y;; given X;; is Poisson
with mean p; = exp(X[;3), ie. log(p;) = XJ[A. In this case, we have seen that
p(x) = e® and equation (2.11) becomes (2.14). There is no explicit formula for the root
of this equation.
In the case when p = 2 and m = 3, equation (2.14) is a system of p = 2 equations

given by:
(T X0 (Yo~ ep(X0 6+ X1'6)

+ 300 Xy (Yo — exp(X B + X5 )

+ 300, XY (Vi — exp(XY) B+ X5 By)) =

Y XD (Vi — exp(X 8+ X))

+ Xy X (¥ — exp(Xg B+ X1 '55)

[ + 30 X5 (Vis — exp(X 3 B1 + X33 62) =

(2.17)

Recall that
Xi = (Xi(ll ), Xl(f ))T are the covariates of individual 7 at time j =1
Xig = (Xz'(21 ), Xg ))T are the covariates of individual ¢ at time j = 2
X3 = (Xi(31 ), Xg ))T are the covariates of individual 7 at time j = 3,
and Y;; is the response of individual ¢ at time j, for j = 1,2, 3.
In our R program, the covariates are generated separately from the standard normal

distribution. Below is the explanation of the R program given in Appendix A.2.

1. a) We generate the covariates for the n individuals at time j = 1:

XS ),z’ =1,...,n, are independent and identically distributed N (0, 1)
Xff ),i =1,...,n, are independent and identically distributed N (0, 1).

b) We generate the covariates for the n individuals at time j = 2:

Xz(zl ),z' =1,...,n, are independent and identically distributed N (0, 1)
Xg ), i=1,...,n, areindependent and identically distributed N (0, 1).

c) We generate the covariates for the n individuals at time 7 = 3:

Xi(g1 ),i =1,...,n, are independent and identically distributed N (0, 1)
Xg ),i =1,...,n, are independent and identically distributed N(0,1).

2. a) We generate the responses for the n individuals at time j = 1: we generate
Yi1, i =1,...,n, such that the distribution of Y;; given (Xi(ll), Xg)) is Poisson with mean
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i1, Where
- XT3) = xW x®@
i1 exp( 1150) exp( il BOl + il 502)7
(X}f),Xff)) have been generated in Step 1. a) above, and Sy = (o1, So2) is the true
parameter. We take 5y, = 0.2 and [go = 0.5.
b) Similarly to a), we generate the responses for the n individuals at time j = 2; we
generate Yy, i = 1,...,n, such that the distribution of Y, given (Xi(21 ), XZ-(QQ)) is Poisson

with mean i;5, where
iz = eXP(XiTzﬁo) = eXP(XZ'(zl)ﬁm + Xg)ﬁoz);

and (Xf?,XS’) have been generated in Step 1. b) above. We keep Sy = 0.2 and
Bo2 = 0.5 the same as above.

c¢) Similarly, we generate the responses for the n individuals at time j = 3; we generate
Yis, i = 1,...,n, such that the distribution of Y3 given (Xi(gl), X2 is Poisson with mean
i3, Where

Hiz = eXP(Xg/Bo) = eXp(XZ-(;gl)ﬁol + X¢(§)602):

and (Xg),Xi(;)) have been generated in Step 1. c¢) above. We keep fp; = 0.2 and
Bo2 = 0.5 the same as above.
3. We solve the system (2.17). The root B= (El, Bg) is the GEE estimator of § in the
working independence case.
4. We calculate the bias of Bz Bias(al) = Bl — Bo1 and Bias(gz) = 32 — Boa.
5. We repeat Steps 1 - 4 above for N = 1000 times.

Now we compute the mean bias for the N = 1000 simulations:

N

1 N

Bias; = N E Biasg(51)
k=1

N

1 ~

Biasy = N E Biasg(52),
k=1

where Bias;(B;) and Bias;(B3;) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

N
1 . ~
AB, = N kg 1 |Biask(51)]

AB, =

==

N
Z |Biask(32)|.
k=1
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We compute the standard error for the N simulations:

N
1 ) ~ _
S = \| 7= 2o Biese(Br) B
- .
SE; = N1 kEZI(BiaSk(Bg) — Biass)?.

Finally, we compute the mean squared error (MSE) for the N simulations:

MSE; = (Bias;)? + (SE;)?

MSE, = (Biasy)? + (SEy)*.

We report these values in the following table:

17

Mean Bias | Absolute Bias | Standard Error | Mean Squared Error

Covariatel | 0.0004880474 | 0.04261351 0.05293236 0.002802073
Covariate2 | -0.002170054 | 0.04012984 0.04998254 0.002502964

2.2.3 Logistic Regression

In this section, we assume that the conditional distribution of Yj; given X;; is Bernoulli
with mean p;; = exp(X}58)/(1+exp(X[;3)), i.e. logit(u;;) = X;4. In this case, we have
seen that p(z) = e*/(1 + e) and equation (2.11) becomes (2.15). This equation cannot

be solved explicitly.

In the case when p = 2 and m = 3, equation (2.14) is a system of p = 2 equations

given by:

(S 1Xﬂ<u—exp<xfl>ﬁ +xP8 >/<1+exp<x @1+X<2>5 )
+30 XY (Ve — exp(X. ﬁ VB +Xz2 @)/(1 +exp(X 12 VB +X12>@ )
+ 30 Xl (Vis — exp(XY) B + X5 80) /(1 + exp(X5) By + X5 B2)))
S XD (Vi — exp(X ) bt Xff)ﬁz) (1 +exp(X % +X78:)))
+ 30 XS (Yo — exp(X ) By + X5 B2) /(1 + exp(X. 22 ) B1 + Xﬂ% )
[+ 300 X (Vi — exp(X) 81 + X3 @)/(1 +exp(X5 B + X3 B2)))

Recall that

(2.18)

Xa = (X, X"
Xig = (Xi(zl)’Xi(QQ))T
Xi3 = (Xz(?})7Xz(:5’2))T

are the covariates of individual ¢ at time j = 1

are the covariates of individual ¢ at time j = 2

are the covariates of individual ¢ at time j = 3,
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and Yj; is the response of individual ¢ at time j, for j = 1,2, 3.
In our R program, the covariates are generated separately from the standard normal
distribution. Below is the explanation of the R program given in Appendix A.3.

1. a) We generate the covariates for the n individuals at time j = 1:

1

X(f),i =1,...,n, are independent and identically distributed N (0, 1).

7

{ X(I),i =1,...,n, are independent and identically distributed N (0, 1)

b) We generate the covariates for the n individuals at time j = 2:

Xz‘(21 ),i =1,...,n, are independent and identically distributed N (0, 1)
Xi(22 ),i =1,...,n, are independent and identically distributed N(0,1).

c) We generate the covariates for the n individuals at time j = 3:

Xi(sl ),i =1,...,n, are independent and identically distributed N (0, 1)
XZ-(32 )i=1,..,n, areindependent and identically distributed N (0,1).

2. a) We generate the responses for the n individuals at time j = 1: we generate
Yi1,7 = 1,...,n, such that the distribution of Yj; given (Xgl),XZ(QQ)) is Bernoulli with

7

probability of success p;1, where
pir = exp(X15o) /(1+exp(X{ o)) = exp(XL Bor + XI5 Bon) / (1+exp (XS Bon + X5 Bon)),

(Xi(ll),Xg)) have been generated in Step 1. a) above, and 5y = (Bo1, fo2) is the true
parameter. We take fp; = 0.2 and By = 0.5.

b) Similarly to a), we generate the responses for the n individuals at time j = 2; we
generate Yo, © = 1,...,n, such that the distribution of Y, given (Xi(Zl ), ij )) is Bernoulli

with probability of success p;2, where
iz = exp(X500)/ (1+exp(X550)) = exp(Xiy Bor + X5 Bon) / (1+exp (X5 Bon + X5 Bon)),

and (X3, X)) have been generated in Step 1. b) above. We keep By; = 0.2 and
Bo2 = 0.5 the same as above.

c¢) Similarly, we generate the responses for the n individuals at time j = 3; we
generate Y3, © = 1,...,n, such that the distribution of Y;3 given (XZ-(?} ), Xg )) is Bernoulli

with probability of success p;3, where

i3 = exp(X 5 60)/ (1+exp(XE5o)) = exp(XY o1 + X33 Boz)/ (1+exp(Xy Bor+ X5 Bos))s
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and (Xi(;),XZ?, ) have been generated in Step 1. c¢) above. We keep Sy = 0.2 and
Bo2 = 0.5 the same as above.

3. We solve the system (2.18). The root B = (51, B\Q) is the GEE estimator of 3 in the
working independence case.

4. We calculate the bias of Bz Bias(B\l) = B\l — Bo1 and Bias(BQ) = 32 — Boa.

5. We repeat the steps from 1 to 4 above for N = 1000 times.

Now we compute the mean bias for the N = 1000 simulations:

N
1 N
Bias; = N E Biasg(51)
k=1

N
- 1 ~
Biasz = N E Biask(BQ),

k=1
where Biask(gl) and Biask(@) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

N
AB; = Z Blask
k:

N
1 ) ~
AB2 = N kgl |B1ask(ﬁ2)|.

We compute the standard error for the N simulations:

N
SEl = 1 Z B1ask ﬁl Bia81)2
k=1
1 & -
SE» = | 77— D " (Biasy(5) — Bias)?.

i

1

Finally, we compute the mean squared error (MSE) for the N simulations:
MSE, = (Bias;)? + (SE;)?
MSE, = (Biasy)? + (SE;)*.

We report these values in the following table:

Mean Bias | Absolute Bias | Standard Error | Mean Squared Error
Covariatel | 0.004727172 | 0.09930893 0.1257461 0.01583442
Covariate2 | 0.01805998 0.103723 0.1307979 0.01743426




Chapter 3

Longitudinal Studies with Missing

Responses

A longitudinal study is an observational study in which the individuals are measured
repeatedly throughout the duration of the study. During the study period, missing data
can be encountered in many situations. For such a study, we can introduce a new random

variable R;;, which is the missingness indicator for the i"* individual at time j, i.e.

Ry = { 1 if Y; is observed

0 if Y;; is missing.

Note that we observe Y;; only if R;; = 1.

In this chapter, we assume that the covariates X;; are p-dimensional random vectors.
We also assume that all covariates are observed exactly without measurement error. The
data consists of:

(R

ij;XijaRij) for 1 S 1 S n and 1 S j S m.

Here ¢ denotes the index of the individual and 7 is the time of the measurement. As
in the previous chapter, we denote R; = (R, ..., Rim), Yi = (Yi1, ..., Yin)T, and X; is the
m X p matrix of covariates given by (2.1). We assume that (Y;, X;, R;), i = 1,...,n are
independent and identically distributed.

It is important to emphasize the distinction between full data, observed data, and
complete data, as these terminologies are often used with missing data. Full data are the
data that we would want to have collected on all the individuals in the sample. Observed

data are the data that are actually observed on the individuals in the study, some of

20
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which are missing. Complete data are the data from only the subset of individuals with
no missing data.

As in the previous chapter, we consider the (conditional) marginal model:
1i; (8) = E(Yij| Xy5) = p(X8) and  v;(8) = Var(Yy;]X;;) = h(u(X7;5)).

Note that p;; and v;; are random variables, which depend also on 8. Recall that the

model is given in (2.3).

3.1 Missing at Random for Classical Regression

In this section we review some standard techniques used for treating missing data in the

case of classical regression (i.e. when m = 1). In this case, the observed data consists of:
(Rz}/za Xi7 R1>7 1= 17 ey T,

where Y; is the response of the i** individual, X; is the covariate of this individual, and

R; is the missingness indicator:

R, — { 1 if Y; is observed

0 if Y; is missing.

In many practical situations, it is natural to assume that the reason for missingness of
the i response depends on the covariate X;, and Y; has no additional effect on the

probability of missingness. Formally, we have the following definition:

Definition 3.1.1. We say that the responses Y;, i = 1,...,n are missing at random
(MAR), if each Y; is conditionally independent of the missingness indicator variable R;,

given the covariate X;. In this case, we write
(MAR) R, L Y| X;.
Under assumption (MAR), we have

E(Yi’Ri,Xi) = E(Y;‘Xz) (3-1)
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3.1.1 Likelihood Methods

We review briefly the likelihood method under the MAR assumption as presented in
Section 6.2 of [5]. This method will not be used in the present work.

We consider a parametric model of the form

fyvixi Wi i) = frix, (Wilze, 1) fx, (@il ), (3.2)

where fy, x, denotes the joint density of (Y;, X;), fy,x, is the conditional density of Y;
given X;, and fx, is the density of X;. We assume that v; and 2 are unknown parameters.
The density function of (R;Y;, X;, R;) is:

in,Xi,Ri (y27 Ti, 1) if r, =1
invRi(xi7 0) if r; = O7
where fy, x, g, is the joint density of (Y;, X;, R;) and fx, g, is the joint density of (X;, R;).

Note that we can write

fRiY—i,Xi,Ri(riyhxhri) - {

Srvixor, (riis @iors) = fvoxor, Wi i)™ fxmy (s, ms) T (3.3)
for r; € {0, 1}.
The joint density of (Y;, X;, R;) can be calculated as:
froxor Wi zir) = fyiee,r) Wilwi 1) fxo (@0, 70)
= fvixr) Wilze, mi) fropx (rilea) fx, (@l2),
where fy;|(x, r,) is the conditional density of Y; given (X;, R;), fx, g, is the joint density
of (X;, R;), and fg,|x, is the conditional density of R; given X;. For the second equality,
we used:
fxior (@i, 1) = frox, (riles) fx, (i) (3.4)
Under the MAR assumption and the parametric model (3.2),

fmxz-,Ri(yz'mﬂ“z‘) = inlXi(yi|J7i7'71)a

and therefore

Tyvixor Wi, iy i) = fyox, Wil@a, 1) Fraxa (ril @) Fx, (2] v2). (3.5)
Substituting (3.5) and (3.4) into (3.3), we obtain that the density function of (R;Y;, X;, R;)
is
me,Xi,Ri (n—yi, Zi, Ti) = [in\Xi (yz'|$i> 71)fR¢\X¢ (ri|xi)in (33¢|’72)]” : [fRi|Xi(Ti|xi)in(xi|72)]l_”
= fYZ-|XZ-(?Ji|$z‘,71)”fRi|Xi(7”i|$z‘)in($i|72).
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We now impose an additional parametric model on the missingness mechanism:

and  fr,x,(0lz;) = P(R; = 01X; = x;) = 1 — m(xi|y3).
In a compact notation, we have:

1—'!’7;

frax (rilzs) = m(@i]ys)" (1 = w(2i]73)) for r; € {0,1}.

Hence

1—7'2'

TRy xom: (Tilis iy 15) = fyvapxa (Wl 2o, 7)™ fxa (@il ye) - m(@a]ys)™ - (1 — w(2i]ys))

Therefore, the likelihood function of the data (i.e. the joint density of (R;Y;, X, R;),

i=1,..,n)is:

L<’717727/73) = HfRiYi,Xi,Ri(Tiyhxiari)

= Hf}/L‘XL(yZ‘xZ7fyl)r2 . Hsz(xlh/?) . H[Tr(l‘z|73)m(1 _ W($i|73))1_ri]
= filvi)fa(r2) f3(73)- (3.6)

The maximum likelihood estimators 7y, 72, 73 of 1, Y2, 73 respectively are found by
maximizing separately the three functions fi, f2, f3 above. Note that 7; uses only the

complete cases (i.e. those y;’s for which r; = 1), while 75 uses all the data.

3.1.2 Logit Model for the Missing Probability

We consider the random variable

Under assumption (MAR), 7; depends only on X:
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To summarize, under assumption (MAR),
P(R; =mn|Y;, X;) = P(R; =mi| X;) = 7' (1 — ;)" for r; € {0,1}.

Under (MAR), conditionally on X;, R; is a Bernoulli random variable with probability
of success m;. A commonly used technique is to use a logit model for the distribution of
R; given X;, namely

logit(m;) = X' a, (3.7)
where X; = X;; in (2.1) and o = (ay, ..., ;)7 is a p-dimensional parameter. Hence
m; = exp(X{ a) /(1 + exp(X] ).

In this case, one possibility for estimating « is to use a “likelihood-type” method.
We explain this method below.
We consider the following “likelihood-type” function:

:ﬁp( —7“@|Y—yz, z—l'z H’]TTZ 1_71-117“1
=1

The estimator & of « is obtained by maximizing the function L(«). Note that L is
not the likelihood function of the data (R;Y;, X;, R;), i = 1,...,n. (See (3.6) above)
The logarithm of this function is:

l(a) =log L(a) = Z(n logm; + (1 —r;) log(1 —m;))

=1
n

= Z [ri log ]

=1

ﬂ'A
‘ log(1 — m;
LA

- Z[rixfa — log(1 + exp(z] ))].

i=1

The derivative of I(a) is:
ol RS T 1 T T
@) = [ T el

n T
=3 fn- _oxp(xia) | o
1 + exp(z] @)
The estimator & of « is found as root of the system of p-equations:
ZXi |:Ri_ exp( lorfp) }:O.
— 1 4+ exp(X )

Recall that X; is a p-dimensional vector when m = 1 in (2.1).
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3.2 Missing at Random for Longitudinal Data

3.2.1 Various Missing Mechanisms

In this section, we introduce several missing mechanisms, which are used in the literature,
in the case of longitudinal data. We write the response vector Y; as Y; = (Y;(O), Y;(m)),

(™) represents the

where Yi(o) contains the observed response measurements of Y; and Y;
missing responses. For any 2 < j < m, we let éij = (Rik)1<k<j—1 be the history of the
missing data indicator at time j. Similarly, we define )A(Cij = (Xik)1<k<j—1, and we let
zgo) be the vector which contains all the observed responses Y, with 1 < k <75 — 1.
In the longitudinal case, there are several models for the missing mechanism:
1) For any i = 1, ...,n, R; is conditionally independent of Y; given (Y;(O),Xi), ie.
(MAR1) R, LY, | v\ X))

7

2) For any i = 1,...,n and for any j = 2,...,m, R;; is conditionally independent of Y;
given (Eija Y;(O), X2>7 ie

(MAR2) Ry LY; | (RyY, X)),

3) For anyi =1,...,nand for any j = 2, ..., m, R;; is conditionally independent of (V;, X;)
given (R; Y X ), ie.

l]’ z] )

(MAR3) R, L (V;, X)) | (Ry,Y.\”, Xy).

’Lj) 1]
In this chapter, we assume that (MAR3) holds. Hence
mij = P(Rij = 1| Ry, Y;, X;) = P(Ry; = 1| Ry, YO Xp),
and 1-— T = P(RU = O|EZ],Y;,XZ) = P( ij = 0|Rl]7 z] XZ])
To summarize,
P(Ry; = ryj|Rij, Vi, X;) = 7 (1 — my) ™™, for 1y € {0,1}.
Note that
mij = B(Ry|Rij, Yi, Xi) = B(Ry|Ryj, Y, Xy5).

Zj? 1]
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In addition, we assume that (R;;);=1,. . are conditionally independent given Y; and
X;. Then the conditional density function of R; given Y; = y; and X; = z; is:

fRi\Y,-,X,-(Tz'|yi7$i) = P(Ril =Ty ey Rigy = T’im|Yi =y, X; = Iz)

= HP(Rij = 1i|Yi = yi, Xi = x;)
=1

m

= [ PRy = rijl Ry = 733, Yi = i, Xi = )
j=1

m

= ||7r (1 — )",

where we used the conditional independence in the second and third equality.

Similarly to the case m = 1 (see Section 3.1.1), we consider a “likelihood-type”
function: i -
L= HfRﬂYi:Xi (Ti|yia xz) = H Hﬁgj(l — Wij)l_rij.
=1 i=1j=1

Note that L is not the actual likelihood function of the data (R;;Yi;, Xij, Rij), 1 <i < n,
1 < j < m (see relation (3.6)).

3.2.2 Logit Model for the Missingness Mechanism

Under (MAR3), a commonly used method for modelling the missingness mechanism is

to consider a logistic regression model for the missing probability:
logit(m;) = UL, 2<j<m, (3.8)

where UiT = (RU,YlgO ,)~(Z~j) and o’ = (a,...,q,) is a ¢-dimensional parameter, whose
dimension ¢ coincides with the dimension of the vector U;;. Given U;;, the variable R;;

has a Bernoulli distribution with probability of success m;; given by

exp(Ufa)

————  forany 2< 7 <m.
1+ exp(Ufa) yesl=

7Tij =

We assume that R;; has a Bernoulli distribution with probability of success m;; = 0.5.

To estimate «, we compute the logarithm of the “likelihood-type” function, denoted now
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L(«) since it depends on

l(a) =log L(a) = Y [rijlog(m;) + (1 = ri;) log(1 — 7))

i=1 j 1
= ZZ {ru log (1 — ) + log(1 — m-j)] + nlog(0.5)
=1 j=2
= [riUss o0 — log (1 + exp (U a))] + nlog(0.5).
i=1 j=2

The estimator of « is the value of @ for which the function L(«) attains its maximum.

Usually, @ is the root of the equation

o= () =0

which can be written as the system of ¢-equations:

& exp(Uf;)
Z Z Uij (Rij - #@M) =0. (3.9)

i=1 j=2

exp(Ug;a)
1+exp(U5a)

We denote Si(a) = > 7, Ui (Rz-j — ) Hence equation (3.9) becomes

n

> " Sia) =0. (3.10)

3.3 Methodology

Now we let G;;(Yi;, Xij, 5) be estimating functions for § when there are no missing
observations. Motivated by the “working independence” case (see equation (2.10)), for

each 1 <i<nand 1< j<m, we consider the function

Gy (Vigs Xops 8) = 20 (804 (8)(Ysy — 1y (8)).

opT
By a double conditioning argument, since ;;(5) and v;;() depend only on X;;, we have:
[gl]( ijs Z]’/6>] = [ [gw( ijs 1175)|XZJ]]
O N
= b 8;7{ (B)Uijl(ﬁ)E(Yzj - Mij(ﬁ”Xij)
) (3.11)

since p;;(8) = E(Yi;|Xi;). Therefore, G;;(Yi;, Xij, 5) is an unbiased estimating function.
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3.3.1 Inverse Probability Weights Adjusting for Missingness
Effects

For each i =1,....,n and j = 1,...,m, we define

R;:
@Z(ﬁ) = #gij(nquij76)
ij

R;; Opij _
— - 82T (B)v;;"(8) (Y — p45(B))

Lemma 3.3.1. For eachi=1,...n and j=1,....m,
E[q):j(ﬁ”y;’Xi] = G;;(Yij, Xij, B) (3.12)
and ®;(B) is an unbiased estimating function of 3, i.e. E[®};(8)] = 0.

Proof: This is a simplified version of the argument given on page 157 of [8]. We fix

1=1,...,nand j =1,...,m. First note that by a conditioning argument,

E{%Yi,&} _ B E{%Rj,m,&} rYi,Xi]
7Tij L 7Tij

3 ]
_ B —E[Rij\Rij,m,Xi]m,Xi}

Tij

1
= L _'7Tij|Y;7Xi:|
L i

S (3.13)

where for the second equality we used the fact that m; = P(R;; = 1@”,}@,)(1-) is
measurable with respect to (Eij, Y;, X;), and for the third equality we used the fact that
Ty = E[Rij|§iju}/i7Xi]-

Therefore,

Ry
E[@:,(8)|V, X)) = E[ 7gij<Y;j,Xij,ﬂ>|Y;,Xi}

ﬂ-i]
Ri]’
ij

where for the second equality above, we used the fact that G;;(Y;;, X;;, 5) is measurable
with respect to (Y;, X;). This concludes the proof of (3.12).
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Finally, to show that ®;;(3) is an unbiased estimating function, we observe that by
a conditioning argument and relation (3.12),
E[®5(8)] = EIE[®;(8)]Yi, Xi]]
= 0,
where the last equality is due to (3.11). Il

We will use the following estimating function:

3,(8) = G (@YU,X@ 5)

Uryi
0 ij _ RZ
= T (22 - o))

Lemma 3.3.2. For any i =1,...,n and j = 1,....,m, ®;;(B) is an unbiased estimating
function, i.e.

ij

E[®;;(8)] = 0.
Proof: We first calculate the difference between ®;;(8) and ®7;(53):

Ottij v 1y Ry, iy o
24(0) = ¥(8) = O (B) Yy — 5 ) (B)pa(f)
ij
_ Rij O Rij O

me gt B B0y + U o2 (803! (B (8)
8 (] —1 Rl]
— P o) (22 1)),

ij

Hence
~ Ois o R.. ~
BI0y(9) ~ #(DI R, Y X1 = B | 5205 g9 (22~ 1) IR i
0 ij _ Rij ~
= agT (B)vy;' (B)1is (B) {E Ln'j ’Rm'?YmXi} - 1}

= 0,

where for the second equality we used the fact that p;;(8) and v;;(5) are functions of
Xij, hence they are measurable with respect to (Y;, X;), and for the last equality we used
(3.13). From here, we obtain that

E[®i;(8) = 5(8)] = ElE[®;(8) — 5;(8)[Y;, Xi]
= 0.



Generalized Estimating Equations for Longitudinal Data 30

Hence, by Lemma 3.3.1
E[®;(8)] = E[®};(8)]=0. O

We will be interested in solving the following estimating equation:
i=1 j=1
Note that g,(5) = >, ¥;(5), where
= SO Ry
W) = S gEen ) (1% o)
= Di(ﬁ)TVi(ﬁ> HT(B) — milB)),

where D;() is given by (2.5), V;(83) is given by (2.9), and T} = (T}, ..., Timm)" with

R;; _
T = ]Y;J, forall 1 <j<m.
ij

Due to Lemma 3.3.2, g,(/) is an unbiased estimating function:

n

=30 El@y(B)] =0

3.3.2 Examples

In this section, we consider again the three examples introduced in Section 2.1. In these

examples,
VJij(/B) = M(XZ )a and v;; = /L,(Xgﬂ)
Hence,
Oti 1 1T 1
(B (B) = X' (XI) - —— = X,

gpr )t O = Rl b)) =X

and equation (3.14) becomes:
DO Xy(Ty — () = 0. (3.15)

Note that equation (3.15) has the same form as (2.11) in which the response Y;; is

replaced by T;;.
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Example 3.3.3. (Normal Linear Regression)
We assume that the conditional distribution of Y;; given Xj; is normal with mean

pi;(5) and variance 1. In this case, equation (3.15) becomes:

DY Xy(Ty - X[B) =0, (3.16)
i=1 j=1
and the solution is
B=0" > XX QoD XuTy).
i=1 j=1 i=1 j=1

Example 3.3.4. (Poisson Regression)
We assume that the conditional distribution of Y;; given Xj; is Poisson with mean

1i(B) = exp(X[5B). In this case, equation (3.15) becomes:

n m

DD Xi(Ty —exp(X[5) =0 (3.17)

i=1 j=1
The solution of this equation cannot be written down explicitly. The root of equation

(3.17) can be found using R.

Example 3.3.5. (Logistic Regression)
We assume that the conditional distribution of Y;; given X;; is Bernoulli with mean
1i5(B) = exp(X[56)/(1 4 exp(X[;3)). In this case, equation (3.15) becomes:

" xp(XE
ZZXU (Tz — 1‘7‘5}51)(}%)5)) =0, (3.18)

i=1 j=1

This equation can be solved with R.

3.4 Asymptotic Normality

3.4.1 The case when « is known

We consider the unbiased estimating function g, (5) given by

n m

g(B) =YD ®i(B).

i=1 j=1



Generalized Estimating Equations for Longitudinal Data 32

Then gn(ﬂ) = Z:-L:l \Dl(ﬁ), Where \Ifz(ﬁ> = Z;nzl (D”(ﬁ) Note that {‘Ijz(ﬁ)}zzl are
independent and identically distributed (i.i.d.) p-dimensional random vectors of zero

mean.

We let 5y be the true value of the parameter 3. We consider the p X p matrix

oV,
I'y=F {W(ﬁo)} 7

and we assume that I'y is invertible.

We denote Xy by the covariance matrix of W;(5), i.e.
Sy = Cov(¥(6y)) = E[T:(Bo)Vi(Bo)"]-

Definition 3.4.1. Consider a family of functions f, : R' — R, where [ > 0 and the
index v lies in a set F, and let 79 € R' be fixed. The family {f, },c7 is equicontinuous
at ny € R if, for any € > 0, there exists r. > 0, such that for all v € F:

(EQ%) |f7(77) - f’Y(UO)' S 2P for all 7, H77 - 770|| S Te.

Definition 3.4.2. The family {a;;:- (B)i>1,1<j<m,1<k< p} is almost surely
equicontinuous at By € R, if, for € > 0 fixed, there exists r. > 0, such that, for all i > 1,

1<j5<m,1<k<p, wehave on a set of probability 1:

IPr

9P

EQw) |52 - S

‘Ss for all g, ||B— Bol| < 7e.

Theorem 3.4.3. Let Bn be a solution of the equation
Z \112(6) =0.
i=1

Assume that Bn — By almost surely, and the family

O (3)i>1,1<j<m1<k<p
0Bs

s almost surely equicontinuous at By. Then

V(B — Bo) % Np(0,T5 S (Ig 1)),
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Proof: We work on the event of probability 1 where the equicontinuous property
given by definition 3.4.2 holds and (8,),>1 converges to . Using Taylor’s formula,
there exists 3, with ||3, — Bol| < ||B, — So|, such that

09, 5
- OpT

Since Bn is the root of the equation g,(8) = 0, we have gn(gn) = 0, and the previous

relation becomes

(Ba) (Ba — Bo)- (3.19)

Since {

(50)} oy , are i.i.d. random matrices, the strong law of large numbers can

98T
be applied, and we have the following:
1
o 86T Z 85T [(BWT (50)] =Ty almost surely, (3.20)

where o(1) stands for a random variable y,, that converges to 0 as n — 0.

We now prove that

1 1 Jdg,
n aﬁT(B") n 08T

(Bo) = o(1), almost surely. (3.21)

To see this, let ¢ > 0 be arbitrary and r. > 0 be given by definition 3.4.2. Then there
exists V. > 0 such that ||B\n — Bol| < 7. for all n > N..

In particular, ||3, — Bo|| < re, for all n > N.. Using property (EQpg,) it follows that,
for any n > N, and for any 1 < k < p, we have

Since € > 0 was arbitrary, this proves (3.21).
Now, from (3.19), combined with (3.20) and (3.21) we can write:

1 0gn,», 1 6’gn

35k 0B

1
< —nme = me.
n

(Bo)

1 0¢n 5 ~
B 1 6gn = 1 agn 1 agn )

= nfo(1) + [y (B\n — Bo) almost surely.
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We multiply to the left both sides of this equality by I'y" - \/iﬁ We obtain:

Tt —=gn(Bo) = Tg'lo(1) + Fo]\/ﬁ(gn — o)

= [o(1) + Ip]\/ﬁ(ﬁn — Bo) almost surely. (3.22)

Si-

Since {W;(Bo)}i>1 are i.i.d. random vectors of mean 0 and covariance matrix Xy, the

central limit theorem holds and we infer that

T 9n(Bo) = \/—Z‘P (Bo) = Np(0, Zw).

Consequently,

Tt () 5 N (0I5 a5, (3.23)

The conclusion follows from (3.22) and (3.23), since (o(1) + I,)~! = o(1) + I,, and
the left hand side of (3.22) is bounded, by (3.23). O

3.4.2 The case when o is unknown

In this section, we let @&, be a solution of equation (3.10). Note that {S;(c)};>1 are i.i.d.
g-dimensional random vectors of mean 0. Let o be the true value of the parameter a.
We denote by Xg the covariance matrix of S;(ayp), i.e.

ZS = COV(Si(OéO)> = E[Sz<Oéo>SZ(Oéo)T]

We denote

0S;
oaT

M=F [ (ao)] , and we write S;(a) = ZSij(a), where

Jj=2

exp(Uf o)
Sij(ar) = Uy (Rij - W(UTQ) :
ij

We assume M is invertible.

Lemma 3.4.4. Let @, be a solution of equation (3.10). Assume that a, — o al-
most surely, and the family {(%ilj (a)) 1>1,2<7<m,1<I< q} is almost surely
equicontinuous at ag.

Then

V(@ — ag) & N,(0, M'Sg(M~HT).
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Proof: We apply Taylor’s formula to the function h,(a) = > S;(a). The proof is
identical to that of Theorem 3.4.3, where we replace 5 by a and ¥; by S;, ¢ > 1. m

The following result gives the asymptotic distribution of the estimator of the main
parameter [y, when « is unknown. In this case, g, is a function of n = (5,a) € RPTY,
since m;; = mi(a), 1 <j<m, i>1.

We assume that the p x p matrix

ov;

F:E[W

(5o, ao)] is invertible.

Theorem 3.4.5. Let (En, Q) be a solution of the system

{ S W(B,a) =0
Z?:l Si(a) 0.

Assume that the following conditions hold:

a) &, — o almost surely, and Bn — By almost surely;

b) the family {%i; ();1>1,2<j<m,1<I< q} is almost surely equicontinuous
at gy

c) the family {%(n);z’ >1,1<j<m,1<k<p+ q} is almost surely equicontin-
uous at ny = (Bo, ap)-

Then

V(B — Bo) % Np(0, 7107,

where

Q= E[Qi(Bo, 20)Q} (o, a0)], Qi(B.a) :=W;(B,0) — KM ™' S;(a),

and .
K =F [W(ﬁmao)}
Proof: The proof is similar to that of Theorem 3.4.3, and uses the results of Lemma
3.4.4.
We denote

Gl 0) = [g”(ﬁ ’a)] ,

hn(cx)

where g,(8,a) = >, ¥;(8,a) and h,(a) = > | Si(e). We apply Taylor’s formula to
the (p+ g)-dimensional function G, (5, «). Continuing with the fact that Gn(gn, a,) =0,
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we obtain:

~Ga(Bo,a0) = GulBa, @) — GulBo, )
_ g,BLTTL(B"’@”) gg'} (Bmdn)] [B\n - ﬁO]

L 0 gz% (an) Qp — Qp
— -%(57“ O_5n>(ﬁn - BO) + 55771‘ (Bnu @n>(an - a())
L 32? (an)(@n — o) '

This leads to the following two relations:

n(os0) = 5 Bas @) B = ) + 25 ) @ —00) (320
~hf0) = S (5,) @ — ). (3.25)

Relation (3.25) can be written as follows:

1 0oh, 1 0h, 1 0h, -
() = (3 S @) = - G ) + = ) = M M ) (@ ).

We multiply to the left both sides by \/iﬁM_l. Then we have: —\%M‘lhn(ao) =

(1 Oh,, _ 1 0h, 1 0Oh, ~
M 1(—'W(an)——'W(O&o)‘l-ﬁ'w(ao)—MﬂLM) Vn(a, — ag)

n n 0ol

By the equicontinuity assumption b) and the fact that @, — ag almost surely, we

have:
1 0Oh, , 1 oh,

n ool (o) = n 0ol

By the strong law of large numbers,

(ag) — 0 almost surely.

1 0h, 1 ¢~ 95,
—. = = =M al ly.
- a&T(Oéo) 0 2~ T () = FE {&ﬂ (040)] almost surely

=My fon) = (0(1) + 1)V (@, — on). (326)
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We now rewrite relation (3.24) as follows:

1 89n 5 = = 1 agn ~
o) = n | G| (B )+ |3 S )] @, - a)
1 0 n = _ 1 0 n 1 0 n )
= |5 S ) = e g faa) + 1 % G| (B )
1 0gn,- _ 1 Jgn 1 Jg, N
+n [E : W(ﬁn;an) o W(ﬁo,ﬁo) + o W(ﬁo;%)} (Qn — ap),
where [|(B, @) = (5o, @0)l| < [/(Bas @n) = (o, a0)l.
By the strong law of large numbers, we have:
1 ng
. a7 (Bo, ) = Z GBT (Bo, ap) — ' almost surely. (3.27)
1 99, oV,
~3 J (BO, ap) = . 9 ——= (o, ag) = K almost surely. (3.28)

As in the proof of Theorem 3.4.3, using the equicontinuity assumptions a) and c), we

have:

1 8gn 1 8gn

n 0BT = o7 (Bns ) — n 0BT o7 (Bo, ) = o(1) almost surely,
1 agn 5 = 1 Ogn .

n W(ﬁm Qn) — o W(ﬂo, o) = o(1) almost surely.

Combining these relations with (3.27) and (3.28), we obtain:
—gn(Bo, @) = nfo(1) + T)(B, — Bo) + nlo(1) + K](@n — av).
Multiplying to the left both sides of the equation by \/LEI‘*I, we obtain:

1
%gn

In deducing the equation above, we used the fact that

It (60’a0):[0(1)+[p]\/_<6 —Bo)+[o(1)+I" 1K]\/—( n—Qp) almost surely.

I'o(1) =0o(1) and o(l)+ K — K almost surely.

From relation (3.26), we know that

V@, —ag) = —M~- %g&(ag) +o(1). (3.29)
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Therefore, we have:

(0(1) + L)Vn(Bn — Bo) = _%F_lgn(ﬁo, ap) = (o(1) + I K)v/n(@, — ao)
N _%Flgn(ﬁ(h ag) = T K /n(@, — ag) +o(1)
Ly (Ba. v -1 b Y (o 0
= T ;\Ifz(ﬁo, o) + T KM \/ﬁ;&( 0) +o(1)

- _P_I% ii(‘yi(ﬁo, ap) — KM™'Si(ao)) + o(1)

1 n
—F’lﬁ Z Qi(Bo, ) +0(1) almost surely, (3.30)
i=1

where we used Lemma 3.4.4 for the second equality and relation (3.29) for the third
equality.
Since {Q;(5o, ) }i>1 are i.d.d. p-dimensional random vectors of mean 0 and covari-

ance matrix €2, by the central limit theorem,
1 « d
7n ; Qi(Bo, ) = Np(0,92).
Therefore, we have
1 < d
P —> Qi(Bo, ) = N(0, 71T HT).
Vi :

The conclusion follows from (3.30) since (o(1) + I,)~' — I, almost surely. O

3.5 Simulations

In this section, we consider again the three examples of Section 2.2. We assume that
p =2, and m = 3. To introduce the missingness mechanism, we use the logit model (3.8)
with U;; = (Y; -1, Xij—1). Given U;;, R;; has a Bernoulli distribution with probability
of success m;; given by:

lOglt(’ﬂ'U) = al}/i,j—l + OéQXZ-(;-)_l + 043X~(2)

&, for 2<j<3.
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3.5.1 Normal Linear Regression

In our R program, the covariates are generated separately from the standard normal

distribution. Below is the explanation of the R program given in Appendix B.1.

1. For each j = 1,2, 3, we generate variables (XZ(JI),X” ,Y;;) with 1 <7 < n as in Steps

1 - 2 of the algorithm mentioned in Section 2.2.1.
2. We take ap; = 0.5, apge = 0.2, and a3 = 0.3.

a) For j = 1, we generate the missingness indicators R;, ¢ = 1,...,n, which are
independent and identically distributed Bernoulli random variables with probability of
success m;; = 0.5.

b) For j = 2, we generate the missingness indicators Ry, ¢ = 1,...,n such that the

distribution of R;y given Uy = (Y, Xi(ll ), XZ(1 ) is Bernoulli with probablhty of success

exp(an Ya + Oéoin(ll) + 0403X¢(12))
1+ exp(ap Y + 0402X¢(11) + 0403X1(12))

Ti2 =
c) For j = 3, we generate the missingness indicators R;3, ¢ = 1,...,n such that the
distribution of R;3 given Uz = (Y2, Xi(Zl ), XZ(2 ) is Bernoulli with probablhty of success

exp(ag1Yie + 0402X¢(21) + 0403X¢(22))
1 + exp(ap Yo + 0402X¢(21) + 0403X1(22))

T3 =

3. We now solve for a = (a1, a2, a3) in the system (3.9), which in our case becomes a

system of three equations:

+o¢2X( ) +as X( )

4
n 3 exp(qu, Jj—1 i,j—1 i, — 1) —
Dic1 ey Yig-1 <Rz‘j w5 ) =0

14exp(a1Y; j— 1+oc2X( ) _1tas X” 1

exp(a1Yj j— 1+a2X(]) 1tas x® )

1
xY (R, - Lol ) =
ZZ 1 ZJ 2751 & 1+exp(a1Yi - 1+a2X( ) 1tas Xz(2g) 0
(1 ) (2 )
3 2 exp(a1Yj_1toeX; /) +asX;[ ;)
ZﬂﬂZ‘ QX()l Ri; — o ()1 =G = 0.
= J= ©J 1+exp(a1Y;,;— 1+ae X tazX )

\ i,7—1
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This system can be written as

.
Zn Y <R42 — exp(a1 Yii+aa X +az X)) >
i=1 11 7

1+exp(a1Yi1 +a2X(l> +(X3X(2))

(1) (2)
n exp(a1Yia+ao X5 +asz X;5”)
£ Vo [ Ris — ~0
i=1 712 i3 1+exp(a1Y12+a2X( )+a X(Q))

(1) (2)
n (1) exp(a1Yi+oae X +azX;]")
£, x4 (-

1+exp(o¢1Y11+a2X< )+043X<2>)

1) (2)
n (1) exp(a1Yip+ao X5 +aszX;5") —
2 i Xy | Ris — . @ oy ) =0
14exp(a1Yie+a2 X;5 +a3 X;57)

(1) (2)
n (2) exp(a1Yi+oae X, +a3zX;]’)
>ic1 X (Riz -

1+exp(o¢1§G1+a2X< )+o¢5X<2>)

1) (2)
n (2) exp(a1Yip+ae X5 +aszX;5") —
+ i Xio | Ris — : D =y ) =0
14exp(a1Yiot+ao X5 +a3X,5”)

\

We solve this system in R using the multiroot function (the program is given in
Appendix B.1).

We denote by & = (ay, ap, ai3) the root of this system.

4. For j = 1,2, 3, we compute

R;; ,
T = ]Yw: i=1,..,n.

T

5. We solve equation (3.16), which in this case is a system of two equations:

(S, X (T - X b - XD B2)
+E@ 1 Xz(zl)(TQ - 12 5 XzQ)B )
+> i Xi?) (Tiz — 13 51 5 )
S XUT —Xf )ﬁ Xf%)
+zz X3 (T — ﬁl 6 )
0 XS (T — XG5 — X5 62)

We denote the root by E = (B\l, B\Q)

0

6. We compute the bias of //B\ :
Bias(gl) = B\l — Por, Bias(@) = 32 — Doz,
and we also compute the bias of a:

Bias(é?l) = Z)?l — Qp1, Bias(fig) = 66\2 — (p2, BiaS(ag) = 6{\3 — (Qp3.



Generalized Estimating Equations for Longitudinal Data 41

7. We repeat Steps 1 to 6 above for N = 1000 times.
Now we compute the mean bias for the N = 1000 simulations for a;, as, @z, and for

B\l, BQ. We omit the calculations for @, which is identical to the following calculations for

B:

| N
Bias; = N Z 1as;c
k=1

Biasy = 1ask

Mz

k;:
where Biasy,(j31) and Bias,(f2) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

N
1 -
ABl = N kgl |B1&Sk(ﬁ1>|

N
1 ) ~
AB2 = N kEZI |B1a8k<ﬁ2)‘.
We compute the standard error for the N simulations:

1 N

SE, = N1 (Biask(gl) — Bias;)?
k=1
(R =
SE, = N1 ;(Biask(@) — Biasy)?2.

Finally, we compute the mean squared error (MSE) for the NV simulations:
MSE; = (Bias;)? + (SE;)?
MSE, = (Biasy)? + (SE)*.

We report these values in the following table:

Mean Bias | Absolute Bias | Standard Error | Mean Squared Error

Covariatel | 0.004721387 0.07449093 0.09496964 0.009041525
Covariate2 | -0.0007333361 | 0.08371885 0.1072105 0.01149463
Mean Bias | Absolute Bias | Standard Error | Mean Squared Error

ay | 0.003791433 0.1318648 0.1642152 0.02698099

as | 0.006468194 0.1292527 0.1637577 0.02685842

asz | 0.01346578 0.1413862 0.1802378 0.03266698
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3.5.2 Poisson Regression

In our R program, the covariates are generated separately from the standard normal

distribution. Below is the explanation of the R program given in Appendix B.2.

1. For each j = 1,2, 3, we generate variables (XZ(JI),X” ,Y;;) with 1 <7 < n as in Steps

1 - 2 of the algorithm mentioned in Section 2.2.2.
2. We take ap; = 0.5, apge = 0.2, and a3 = 0.3.

a) For j = 1, we generate the missingness indicators R;, ¢ = 1,...,n, which are
independent and identically distributed Bernoulli random variables with probability of
success m;; = 0.5.

b) For j = 2, we generate the missingness indicators Ry, ¢ = 1,...,n such that the

distribution of R;y given Uy = (Y, Xi(ll ), XZ(1 ) is Bernoulli with probablhty of success

exp(an Ya + Oéoin(ll) + 0403X¢(12))
1+ exp(ap Y + 0402X¢(11) + 0403X1(12))

Ti2 =
c) For j = 3, we generate the missingness indicators R;3, ¢ = 1,...,n such that the
distribution of R;3 given Uz = (Y2, Xi(Zl ), XZ(2 ) is Bernoulli with probablhty of success

exp(ag1Yie + 0402X¢(21) + 0403X¢(22))
1 + exp(ap Yo + 0402X¢(21) + 0403X1(22))

T3 =

3. We now solve for a = (a1, a2, a3) in the system (3.9), which in our case becomes a

system of three equations:

+o¢2X( ) +as X( )

4
n 3 exp(qu, Jj—1 i,j—1 i, — 1) —
Dic1 ey Yig-1 <Rz‘j w5 ) =0

14exp(a1Y; j— 1+oc2X( ) _1tas X” 1

exp(a1Yj j— 1+a2X(]) 1tas x® )

1
xY (R, - Lol ) =
ZZ 1 ZJ 2751 & 1+exp(a1Yi - 1+a2X( ) 1tas Xz(2g) 0
(1 ) (2 )
3 2 exp(a1Yj_1toeX; /) +asX;[ ;)
ZﬂﬂZ‘ QX()l Ri; — o ()1 =G = 0.
= J= ©J 1+exp(a1Y;,;— 1+ae X tazX )

\ i,7—1
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This system can be written as

( ) @)
n exp(a1 Y+ X +asX;”)
Zi:l Yil (Ri2 - ! ! 2))

1+exp(ay Vi1 +042Xi(11) +043X¢(1

(1) (2)
exp(a1Yiatao X5 +a3 X57)
+ E :” Y. R..— i2 i2 =0
i=1 712 i3 1+exp(a1Yiz+o¢2Xi(21)+043X1-(22))

(1) (2)
n (1) exp(a1Yi+ae X +aszX;])
>im1 Xin (Rﬂ -

1+exp(cx1Yz'1+012Xi(11)+a3Xi(12))

1+exp(0¢1Y¢2+a2Xi(21)+a3Xz‘(22)

1 2
+ Z?:l XZ-(Ql) (Ri?) __exp(onYiztao Xy tasX(3)) )) =0
(1) (2)
n (2) exp(a1Yi+ae X, +a3X;]")
Zi:l Xz’l (Ri2 -

1+exp(o¢1Yi1+a2Xi(11)+0‘3Xi<12>)

(1) (2)
n (2) exp(a1Yio+ao X;5 a3 X;5) .
+2 i Xy | Ris — — 5y | = 0.
14exp(a1Yia+ao X,y +a3X;5”)

\

We solve this system in R using the multiroot function (the program is given in
Appendix B.2).

We denote by & = (ay, i, a3) the root of this system, and we compute the bias of a:

Bias(@k) = ak — 0o, for k= 1, 2, 3.

4. For j = 1,2,3, we compute

Rij .
,I‘ij = —]Y;‘j, 1= 1, o n.

T

5. We solve equation (3.17), which in this case is a system of two equations:

(S X (T — exp(XY 81+ X5 B))

+ 300 X (T — exp(X )1+ X5 5a))

+ Z:’Lzl Xi(sl) <Ti3 - eXp(Xz‘(gl)ﬁl + Xi(32)62)) =0
S XD (T — exp(XY 8+ X))

+ Z?:l Xi(22) <Tz’2 - eXp(Xi(Ql)Bl + Xi(22)62))

|+ 300 X5 (T — exp(Xy) 81+ X5 B2)) = 0

We denote the root by 3 = (Bl, 32)

6. We compute the bias of B :

Bias(gl) = B — Bo1, BiaS(gz) = B2 — Boa,
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and we also compute the bias of a:

Bias(&l) = al — (1, Bias(&\g) = 6(\2 — (p2, BiaS(ag) = @3 — (Qp3.

7. We repeat Steps 1 to 6 above for N = 1000 times.
Now we compute the mean bias for the N = 1000 simulations for a;, as, @3, and for

Bl, BQ. We omit the calculations for &, which is identical to the following calculations for
B:

|
Bias; = N Z Blask
k=1

Biasy = 1ask

wMZ

where Bias;(B;) and Biask(gz) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

N
1 -
AB; = N kE_l |Biasg(51)]

N
1 -
AB2 = N kgl |B1ask(ﬂ2)|.

We compute the standard error for the N simulations:

N
1 PO

1 N

k=1

Finally, we compute the mean squared error (MSE) for the N simulations:
MSE; = (Bias;)? + (SE;)?

MSE, = (Biasy)? + (SEy)*.

We report these values in the following table:
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Mean Bias

Absolute Bias

Standard Error

Mean Squared Error

Covariatel | -0.005004944 | 0.07176339 0.09033914 0.008186209
Covariate2 | -0.002429365 | 0.07138262 0.08909096 0.007943101
Mean Bias | Absolute Bias | Standard Error | Mean Squared Error

a1 | 0.01670716 0.09973295 0.1253048 0.01598042

as | 0.007270752 0.130634 0.1622003 0.02636181

ag | 0.007996393 0.1339124 0.171383 0.02943609

3.5.3 Logistic Regression

In our R program, the covariates are generated separately from the standard normal

distribution. Below is the explanation of the R program given in Appendix B.3.

1. For each j = 1,2, 3, we generate variables (XZ-(;),XZ-(]-Q), Yi;) with 1 <4 <n as in Steps

1 - 2 of the algorithm mentioned in Section 2.2.3.
2. We take ag; = 0.5, age = 0.2, and ag3 = 0.3.

a) For j = 1, we generate the missingness indicators R;;, ¢ = 1,...,n, which are
independent and identically distributed Bernoulli random variables with probability of
success m;; = 0.5.

b) For j = 2, we generate the missingness indicators R;s, ¢ = 1,...,n such that the

distribution of R;y given Uy = (Y1, Xi(l1 ), Xi(12 ) ) is Bernoulli with probability of success

exp(ag1Yir + aOQXi(ll) + aOSX‘(2))

]

1+ exp(amYﬂ + OZOQXZ'(ll) + a03Xi(12)) '

T2 =

c) For j = 3, we generate the missingness indicators R;3, ¢ = 1,...,n such that the

distribution of R;3 given Uz = (Y2, Xi(21 ), Xi(22 ) ) is Bernoulli with probability of success

exp(ag1Yiz + aOQXi(Ql) + aOSX‘(2))

]

1+ exp(oszig + OZOQXZ'(QI) + a03Xi(22)) '

T3 =

3. We now solve for a = (aq, ag, ar3) in the system (3.9), which in our case becomes a

system of three equations:
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( ¢ ) (2)
n 3 exp(a1Y; j_1+tae X,/ +azX; - 1) o
Zizl Zj:Z Yiﬁj—l (Rij @) 0

14exp(a1Y; j— 1+oe2X( ) _1tas X” 1
exp(a1Yj j— 1+a2X(]) 1tas x® )

1) i,
Zz 12] 2Xz(] 1 Rij_ J(2)1 =0

14exp(a1Y; j— 1+a2X(J) 1o X )
exp(a1Y; j— 1+02X<) 1+a3X(2> )

n 3 2 i
Zizl Zj 2X1(j) | B — ]<2)1 = 0.

14exp(a1Y; j— 1+a2X( )71+a XH 1)

\

This system can be written as

(
Zn Yi1 <R2 — eXP(CYlel-FOth(l)-FCYSX@)) )
i=1 1i i

1+exp(a1Yi1 +a2X( >+O¢3X(2))

(1) (2)
n exp(a1Yia+ao X5 +as X;5”)
+ i Yo <Ri3 - 2 2 )= 0

1+exp(a1Yia —l—agX(l) +oz3Xi(22)

n (1) exp(a1Y11+a2X(l>+o¢3X(2))
Zizl Xil (Ri? -

1+exp(o¢1Yll+a2X( )+a3X<2>)

N\

(1) (2)
n (1) exp(a1Yip+ae X5 +a3 X)) .
+ i Xin | Ris — _ ) o, ) =0
1+exp(a1Yio+oao X,y +a3zX;5’)

(1) (2)
n (2) exp(a1Yi+ae X +asX;1)
Zi:1 Xil (Rz‘Z -

1+exp(a1Y11+a2X( )+a3X<2))

W4 00 x @
+ Y, X (Ri?; — plarTiatas Xy booX, ) ) =0.

1+exp(o¢1Y,2+a2X< )+oz3X<2))

\

We solve this system in R using the multiroot function (the program is given in
Appendix B.3).

We denote by & = (ay, i, ai3) the root of this system.

4. For j = 1,2,3, we compute

15 .
T = Yw, i=1,...,n.

5. We solve equation (3.18), which in this case is a system of two equations:

S X (T — exp(X 81+ X T B2) /(1 + expl ﬂ,ﬁ1+—ﬁalxﬁ>»

+z;IX“RTQ—emxxgﬁr+Xﬁﬁam1+emx X581+ X5 B)))

+aﬂwaamﬁ%+%@mummﬁ&+%ﬁm
( )
) )
) )

zgpdﬁaa—am<ﬂtﬁ+xaﬂg/r+wm ﬂﬁr+&1 2))
F 0 X (T — exp(X Y B+ X5 B2)/ (1 + exp(X Yy B + X5 B2)))
\+ZLMﬂ%—mﬂw&+%ﬂﬂﬂﬂm(wﬁﬂ%ﬁﬁ

We denote the root by B\ = (Bl, B\Q)



Generalized Estimating Equations for Longitudinal Data 47

6. We compute the bias of B :
Bias(gl) = Bl — Bot, Bias(gz) = Bz — Doz,
and we also compute the bias of a:
Bias(&l) = al — (1, Bias(&g) = &2 — (p2, BiaS(a3> = &3 — (Qp3.
7. We repeat Steps 1 to 6 above for N = 1000 times.

Now we compute the mean bias for the N = 1000 simulations for @y, as, a3, and for

Bl, Bg. We omit the calculations for @, which is identical to the following calculations for
B:

| N
Bias; = N E 1ask
k=1

Biasy = 1ask

wMZ

where Biask(gl) and Biask(gz) denote the values determined at the k-th iteration. We

can also compute the absolute Bias:

N
1 . ~
AB, = ~ ]; |Biasy,(31)]

N
1 ) ~
AB2 = N kgl |B1ask(52)|.

We compute the standard error for the N simulations:

N
SE; = N1 Z Blask — Bias;)?
k=1
[ ~
SE2 = m ;(Blask(ﬁz) - Biasg)Z.

Finally, we compute the mean squared error (MSE) for the N simulations:
MSE; = (Bias;)? + (SE;)?

MSE, = (Biasy)? + (SE,)*.

We report these values in the following table:
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Mean Bias | Absolute Bias | Standard Error | Mean Squared Error
Covariatel | 0.01350436 0.1705404 0.2158289 0.0467645
Covariate2 | 0.01274661 0.1844335 0.2377458 0.05668553
Mean Bias | Absolute Bias | Standard Error | Mean Squared Error
a1 | -0.0069865 0.1790168 0.2258149 0.05104117
as | 0.003313798 0.1202162 0.149739 0.02243275
asz | 0.01888227 0.126332 0.1583981 0.0254465
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Chapter 4

Measurement Error in the

Covariates

In this chapter, we examine the regression model for longitudinal data introduced in [8], in
which the covariates are measured with error. As before, the response variables follow the
marginal model (2.3). We partition the covariates into two groups: covariates X;, which
are recorded with error, and covariates Z;, which are observed and recorded without
error. The covariates X; are latent, in the sense that they are not observable, and they
are represented in the analysis by surrogate variables W;. Asin [7] and [8], the connection
between the latent and the surrogate variables is assumed to follow an additive error
model. The unbiased estimating functions used so far were built on correctly specified
covariates, and replacing some of these by surrogates will destroy the unbiasedness of
these functions. The main purpose of this chapter is to “restore” unbiasedness, by
building new unbiased estimating functions, which represent the old ones but use the

observed, surrogate variables, in lieu of the unobserved, latent variables.

4.1 Measurement Error without Missing Response

In this section, we consider a regression model in which the covariates are measured with

error and there are no missing data among the responses.

4.1.1 Methodology

As in Chapter 3, we denote by Y;; the response of the individual ¢ at time j. We let X,

be the unobservable (or latent) covariate, and Z;; the covariate observed exactly (without

49
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error). We assume that X;; has dimension p; and Z;; has dimention py, with p; +ps = p.
We let Y; = (Y;l, ...,Y;;m)T, Xz = (Xih ,sz) s and Z,L = (Zﬂ, ey Zlm)T

We consider the model:

(4.1)

Y;j = M(XE;/BI + ZT/BZ) + Eij
Wiy = Xij + eij,

where W;; is the observed value of the covariate X;; and e;; is an error term. We define
gi = (&i1s s €im) Ty Wi = Wity oo, Wir) T, €5 = (€41, .y eim) T, and 8 = (8L, BT)T. Note
that [ is a parameter of dimension p. The first equality in (4.1) is the marginal model
for the response variables, whereas the second is the link between the surrogates W;, and
the true, but unobserved covariates Xj.

We assume that:

{ iy (B) = B(Yy| Xy, > — w(X58, + ZLB.)
vy (B) = Varw s Zig) = (g (8))

for a certain function h. We impose the following conditions on the model:
a) {(X;, Z;,Y;,e;);1 <i < n} are independent and identically distributed,;
b) e;; is independent of (X;, Z;,Y;) forany 1 < j<mand 1 <i<m;
c) e;; has a N, (0,%;) distribution for any 1 < j <m and 1 <1i <n.

Note that by assumption b) and the fact that W;; = X;; + e;;, it follows that W;; is
conditionally independent of (Y;;, Z;;) given X;;. Therefore, for any measurable function
h,

ETh(Wi)IYey, Xij, Zis] = E[R(Wi5)| Xi5]. (4.2)

Relation (4.2) will be used frequently in what follows.
We remark that, since W;; = X;; + e;; and e;; has a N, (0,%;) distribution, W;; has
a Ny, (Xi;,%;) distribution given X;;.

Lemma 4.1.1. We have

E[le‘ylez]aZ] = Xz'j (43)
E[VVZJW ‘Y;jaszZ] = XZ]X£+E]

Proof: From the form of the error model (4.1), we have:

EU/VUD/WXU»Z] = Xij+E[el]|Y;]7Xl]7Z]
- X,

iJ9
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since Ele;;|Y;j, Xij, Zi;] = 0, by assumptions b) and c).

Furthermore,

EWyWEIYy, X5, Zis)

159 <Y1

— Xing—i—E[eU]Y Xijy Zij ]XT+X Ele

i Y. X, Zz]]—i—E[eije”D/ X; Z ]

U| ijy “Xig 15y “Xij

where we used assumptions b) and c) for the last equality. ]
We need the following result.

Lemma 4.1.2. Let W be a p-dimensional random vector with Ny(p, ) distribution,
where u € RP and X is a symmetric and non-negative definite p X p matriz. Then, for
any a € RP, we have

a) B ) = exp(uTa + 1a"Ya);

b) EWeV' @) = (u+ Sa) exp(pFa + 1a"Za).

The goal of this section is to construct an unbiased estimating function, which depends
only on the observed data {(Y;;, W;;, Z;;);1 <i <n, 1 <j <m} and the parameter 3.

Similarly to Chapter 3, we consider the following estimating function:

Opij
Gis (Vi Xig» 25, 6) = 5 (B)o (B) (Y = s (B).

Example 4.1.3. (Normal Linear Regression,)
Suppose that the conditional distribution of Y;; given (X;;, Z;;) is normal with mean
1 (B) = X5 B + Z;8. and variance vy;(f) = 1. In this case,

Gij(Yig, Xij, Zij, B) = (Xig, Zig)" (Vij — X380 — Zi2). (4.4)

Example 4.1.4. (Poisson Regression)
We assume that Y;; is a count variable such that the conditional distribution of Y;;
given (Xj;, Z;;) is Poisson with mean y;;(8) = exp(X[; 8.+ Z];5.). Hence, vi;(B) = pi;(5).

In this case,

Gij(Yij, Xijy Zij, B) = (ngzT) 1Y _eXp(X5Bx+ZTBZ)} (4.5)

Example 4.1.5. (Logistic Regression)
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We assume that Yj; is a binary variable such that the conditional distribution of Y;;

given (X,;, Z;;) is Bernoulli with probability of success

exp(X 8. + Z5-)
1+exp(X£5x Zgﬁz)

In this case, v;;(8) = i (8)(1 — pi;(5)), and

/Mj(ﬁ) =

T T
Gi(Yij, Xij, Zij, ) = <X£’ZT) (Y;j B 1?_2;(;?}%51—5”2%;9) (46)
We have the following preliminary result.
Lemma 4.1.6. Forany 1 <i<nandl1l <j<m,
[gzy( (K wa ZJ76)| i) ] = 0. (4‘7)

Hence, G;;(Yij, Xij, Zij, B) is an unbiased estimating function, i.e.

[gz]( R z]7 Z]’ﬁ)]

Proof: We have

I (Vi Xags Zi, ) Xoj Zi) = S (D)o DBV Xis Zi) — pis(5)] =0,

where we used the fact that p,;;(5) and v;;(5) are functions of (X;;, Z;;). The fact that

ij
Gi;(Yi;, Xij, Zi;, B) is unbiased follows since

[gm< Uaxijvzi%ﬁ)] [ [glj< ZJ7XZJ7ZZJ76>| ijs H =0. L

Note that the estimating function G;;(Y;;, Xij, Zi;, 8) depends on the unobservable
variable X;;. If we replace X;; by its observed value W;; in the expression of G;;, the
resulting estimating function will no longer be unbiased. To avoid this problem, we
proceed as in Section 3.2 of [8]. The idea is to construct another estimating function
G;i;(Yij, Wij, Zij, B) such that

[gz*]( zj;I/Vi]» Z]?ﬁ)’}/;j7XZ]7Z] gzg( i l]a zpﬁ) (48>

Lemma 4.1.7. If (4.8) holds, then G5(Yij, Wij, Zij, B) is an unbiased estimating func-
tion, i.e.

[g;;( zgaWi]a zjaﬁ)]
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Proof: By a conditioning argument,

[gz*]( K ZJ7Zij7B>] = [ [gz*]( K ZJ>Zij?B>’KJ’XZJ7Z H
= [gw( (B ZJ: waﬁﬂ

where we used relation (4.8) for the second equality, and Lemma 4.1.6 for the third
equality. O

In the case of Examples 4.1.3 and 4.1.4, one can find an expression for G;; such that
(4.8) holds (see [7]. However, in the case of Example 4.1.5, there is no estimating function
G;; for which relation (4.8) holds. Therefore, the authors of [8] introduced a new method
which works for the logistic regression. We explain this method below.

We define a weighted estimating function

gun]( K z]7 zyaﬁ)—n( i 1376)9,1]( i 1]7 Z]?B) (49)

for a certain weight function n(X;;, Z;;, 8), which depends only on X;;, Z;;, and 5. We

construct another estimating function Gy, (Yi;, Wij, Z;, ) such that

[g:;l]( U;I/Vij» z]aﬁ)’Y;sz]vZ] ng]( i z]a zy>5) (41())

Lemma 4.1.8. If (4.10) holds, then G

wii(Yij, Wij, Zij, B) is an unbiased estimating func-

tion 1.e.

[g:;zj( R Wi]’ ij> ﬁ)]

Proof: By a conditioning argument,

[g:;n]( ZJ7Wij7Zij7ﬁ>] = E[E[g:;)z]( ii» Wij, %J?ﬁ)|Y1J7XUvZ 1l
= BElGui;(Yij, Xij, Zij, )]
= E(Xy, Zij, 8)G:;(Yyy, Zij, B)]
= En(Xy, Zij, B)ElGy (Yij, Xig, Zij, B)| Xy, Zij]

where we used relation (4.10) for the second equality, (4.9) for the third equality, and
(4.7) for the last equality. O
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4.1.2 Normal Linear Regression: Expression of G}
For Example 4.1.3, we define:
gl*]( K lj? z]a ﬂ) (Wga ZT) [ iy Wgﬁw - ZZ;BZ] + (Zjﬂl“? OPQ)' (4'11)

Proposition 4.1.9. The estimating function defined by (4.11) satisfies (4.7) (hence it
is unbiased, by Lemma 4.1.7).

Proof: Note that G (Y;;, Wi;, Zij, B) is a vector of dimension p = p; + p», as we have

zy 1(}/1]7Wi]7 %]7/6)
7, Q(Y;]vWiw Zj)/B)

where G | (Yij, Wij, Zij, B) and G5 ,(Yij, Wiy, Zij, ) are random vectors of dimensions p;

g (Y;jyvvim zgaﬁ)

and po, respectively, given by:
zjl(Y;mVVijy 1]75) = V[/zj}/z]_WWT/Bx W ZTﬁz"_Z 6:1:
ij, Q(Y;jy ijs z]a 6) = ZZ]Y Z WTﬁx Z ZTﬂz
On the other hand, G;;(Yi;, Xij, Zi;, 8) in (4.4) can also be written as

gzyl( 7R 137 z]aﬁ)
gz]2( 7R Z]? z]aﬁ)

where G;;1(Yi;, Xij, Zij, B) and Gi;2(Yij, Xij, Zij, 5) are random vectors of dimensions p;

gzj( z]a 237 lj?ﬁ)

and po, respectively, given by:

gzgl( Z]aXijazij76) = Xijifzj ngX Bx X ZTﬁz
gz]Q( zg,Xij,Zijyﬁ) = Zin — 7 XTﬁx Z; ZTﬂz
We prove (4.8) on components, i.e.
EG1(Yij, Wiy, Zij, B)Yij, Xij, Zi) = Gijn (Yij, Xij, Zij, B) (4.12)
E[ 1]2(}/;]7‘/1/177 2]a6>|Y;j7levz] 92]2( ij 7,]7 zgvﬁ) (413>
We start with (4.12):
E[ 1]1(1/1]7M/ij’ 1376)|Y;]’XU7Z]
= Yy E[WilYsy, Xij, Zij) — EWyuWik Yy, Xig, Zij) Be — EIWi5|Ysg, Xig, Zij) Z158. + S584
XijYij — X X5:Be — 580 + 58 — Xij 258,
— gz]l( 7R zg7 z]uﬁ)
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where we used Lemma 4.1.1 in the second equality.

Similarly,
E1G52(Yijs Wij, Zigs B)Yij, Xij, Zig]

= Zin;j _ZijE[WTD/;j;XUvZ ]5 —Z”ZTBZ

— Z~Y--—Z~X7Iﬂx— i Z,]ﬂz
gng( ij Z]? z]:ﬁ)

where we used Lemma 4.1.1 in the second equality. This completes the proof of Propo-
sition 4.1.9. O

4.1.3 Poisson Regression: Expression of G,

We use the notation m;(83,) := exp(38L%;43,) introduced in [7]. From Lemma 4.1.2 with

= Be, W =Wy, n = X,j, and X = X;, we have:
E(eVife| X)) = eXifrmy(B,) (4.14)
E(Wye"o|Xy) = (X +2;8:)e 5% m;(8,). (4.15)

For Example 4.1.4, we define:

G (Y. Wiy, Zig, B) = (Wi, Zip)" (Vi — mj " (B,) exp(W By + Z];5.)]
+([m;1(ﬁx)2jﬁxexp(WTﬁx+ZTBZ)] , m)T. (4.16)

Note that G;;(Yij, Wij, Zij, B) is a vector of dimension p; + p; and we have:

i, 1(KJ7Wi]’ 1]76)

G (Yig, Wiy, Zij, B) =
! ! ’ 1]2(}/;]7Wi]’ 1]75)

where Gj; 1 (Yij, Wij, Zij, 8) and G5 5(Yij, Wij, Zij, B) are random vectors of dimensions p,

and po, respectively, given by:

1 Yi, Wiy, Zig, B) = WiYij —m; N (B) Wiy — 558, exp(W B + Z5.)  (4.17)
ij, 2(Y;J7 ij> Uv ﬁ) = Zij [YZJ o m;l(ﬁz> eXp(VVgﬁw + ZgﬁZ)] (4'18)

Proposition 4.1.10. The estimating function defined by (4.16) satisfies (4.8) with
Gi;(Yij, Xij, Zij, B) giwven by (4.5) (and hence it is unbiased, by Lemma 4.1.8).
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Proof: We can write G;;(Y;;, Xij, Zij, 5) in (4.5) as the following:

gz]l( R z]a zpﬁ)

Gij(Yij, Xij, Zij, B
g( J Jo “ij ) {glﬂ( ”, U, z]vﬁ)

where G;;1(Yi;, Xij, Zij, B) and G;j2(Yij, Xij, Zij, B) are random vectors of dimensions p;

and po, respectively, given by:

gz] 1( ijy l]a zg;ﬁ) == Xz]D/zj_eXp<X£5:p+Zz;ﬂz)]
gz]?( ij5 zga zyaﬁ) = ZZ][Y;] _exp<X£/Bx+Z£ﬂz)]

To prove (4.7), it suffices to prove that

B zyl(wiWiw ZJaB)D/w’XUvZ] = Xij[Y”_eXp( ‘Tﬁx‘i‘ZTﬁz)] (4.19)
B zyz(YwaWiw wvﬁ)|Yzvaw7Z] = Zij[y exp(X Be + z;ﬁz)] (4.20)

We start by proving (4.19) from (4.17).
E[ ij, 1(YzJ=WiJa 2375)|Y2J7XZJ=Z ]

= Xy —my (B)e 5% B[(Wiyeio — Ejﬁxewi?ﬂfﬂXiﬂ

= XiYi; — my (Ba)e [(Xij + 5580) 5% my(Be) — miH(Be) B Bee™ 57 m;(8,)]
= X;Y; — exp(XTﬁx + ZTBZ)[XU + 3,8 — X;6.]

= Gijn(Yey, Xij, Zij, ),

where we used Lemma 4.1.1 for the first equality, and (4.14) and (4.15) for the second
equality.
We now prove (4.20) from (4.18).

_ T L
E[ Z]2<Y1]7M/i]7 Zij, B)Yis, Xij, Zij] = Zz’j{Y;j_mj1(6:13)62”62E[6W”B$‘Xij]}
= Zi{Yy —m; (B, 5 Py (8,)}
= gz]( iJ9 1]7 1]7/8)

where we used (4.14) for the second equality. This completes the proof of Proposition
4.1.10. ]
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4.1.4 Logistic Regression: Expression of G*

wij
We now use Lemma 4.1.2 with a = —f(, to obtain
_ 1
E(e WT,Bz|X ;) = exp (—Xgﬁm + 565&@;) , and (4.21)
_wT 1

We define the weight function n(X;;, Z;;, 5) as follows:

( i Z]aﬁ) = 1+exp[_(Xz’I;B$+sz;ﬁz)]
1

exp(X3; 6. + Z;8.)
1+ exp(X[58. + Z];8.)
exp(X B + Z82)

= 1+

and we observe that )

( g z];ﬁ) (X£6x+23]“/6z)7

where pu(x) = e /(1 + €*).
Hence, using (4.9) and (4.6),

1+ exp(XF ﬁﬁz B r exp(X{; 8, + Z;5.)
ngg( i zga 1]76) - exp( ﬁaz /Bz> (Xz]7Z) <}/;J_ 1+€‘Xp( ijﬂﬂ? Zg;ﬁz)

1+ exp(X[ 8. + Z;8.)
N (X£7 ZT) < exp( ijﬁx ZJBJZ) Yii - 1)
= (X3, Zi) Y[ + exp[—(X ;8. + Z6.)]] — 1} (4.23)

Now we replace X;; by W;; in the previous expression, and we introduce a correction

term for unbiasedness. More precisely, we define
. 1
gww( zgaVVija 1376) = (Wz?7ZT) {}/1] [1+exp |:_ <W5BCC+Z£B’Z+§BZEJ6$):|:| _1}

(587057 {exp - (WE5. + 200+ go7en ) ||
(4.24)

We have the following result.
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defined by (4.23), (4.24),

respectively, satisfy (4.10). Consequently, Gy, is an unbiased estimating function.

Theorem 4.1.11. The estimating functions G,;; and G

wij

Proof: Note that G*

ww( ii» Wi, Zij, B) is a vector of dimension p; +p,. More precisely,

we write
un]l(Y;J? ijy 2]75)

wzj2(Y;J7WZJ7 Zﬁﬁ)

where Gy 1 (Yij, Wij, Zij, 8) and Gy 5(Yij, Wiy, Zij, ) are random vectors of dimensions

g:m]( i 2]7ZZ_]7/B> [

p1 and po, respectively, given by:
1
wiin (Yig, Wi, Zig, ) = WYy + WiYijexp|—(W B + Z58. + 55;{2]'&)]
1
_Wij + E]/BQJ}/”LJ exp [_ (szjﬂﬁz + sz;ﬁz + éﬁgzjﬁm)}
(4.25)
1

un] 2<sz]7 R zga 6) = Zin;j + Zij}/;j €xp |i_ (vaﬁx + Zgﬂz + §5§zjﬁx)} - Zz]

(4.26)

On the other hand, G,;;(Y;;, Xi;, Zij, B) is also a vector of dimension p; + po, which

can be written as

ngyl( 7R Zj7 zjuﬁ)

ng K z ’ z aﬁ
]( 7 g 7 ) [gunj?( zga 137 zyaﬁ)

where Gyii1(Yis, Xij, Zij, B) and Guj2(Yij, Xij, Zij, B) are random variables of dimension

p1 and po, respectively, given by:
ng] 1( z]axiﬁZij?ﬁ) - Xl]{Y;J[l +€Xp[—( Tﬁx—i_ZT )]] - ]'}
= X;;Y;; + X;;Y5; exp[—(X] Bz + Z Bz)] — Xijs
gwu 2( i 2]7 z]»ﬁ) = ZZJ{Y;J[I + exp[—( ijﬁx + ZTBZ)H - }
= ZijYi; + ZiY5 eXP[—(Xgﬁz +Z Bz)] — Zij.

So to prove (4.10), it suffices to show that:

B2 (Yij, Wij, Zig, B)Yig, Xij, Zig] = Guiga (Yig, Xij, Zij, B), (427)
E[ wUQ(Y;jaI/VmaZij?B)’Y;]aXzy:Z ] = nggQ( zg;Xi]}Zijﬁﬁ)- (428)

We prove (4.27) and (4.28) separately. We start with (4.27).
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Using (4.25), we have:
E[ wz]l(Y;ﬁ > 1]75)‘}/ Xi Z ]

159 <31y

= YijE[WwD/;J?vaZ] E(I/VZ]D/;J?XZ]’Z)

1
+}/ij exp |:— (Zgﬁz + 555&&)] E(Wi]e WUBID/;],XU,Z )

1
+2,8.Y; exp{ (Zgﬁz%—ﬁﬁgiljﬂx)] E(G*W£ Yii, Xij, Zij)
=YXy — Xy

+)/ij exXp |:_ ( 62 + BTE 6z>:| ( — 2 63:) exp |: (ij;ﬁx - %ﬁgzﬂﬁx)}

+E BTy | - (ZZ;@ #5058, ) | exw |- (x5, - 7m0 )|

= Y3 X + Y5 X exp[— (X[ o + Z55.)] — Yy X5 B0 exp|— (X[ 8. + Z6.)]
—Xij + 5508, Yy exp|— (X[ 8. + Z3;8:)]
= Guiji (Yij, Xij, Zij),

where we used (4.21), (4.22), and (4.2) for the second equality.
To prove (4.28), using (4.26), we have:

E[ wng(Y;J?Wi]a Zjaﬁ)‘Y;]?XZWZ]
1
= ZijYij + ZijYijexp {— <Z£Bz+§ﬁgzjﬁx):| Ele Wi ﬁz‘YZj’szZ) Zij

ZijYi; + ZijYij exp {— (Zg}ﬁz + lﬁijﬁx)} exp [— (ijﬁx - 5TE &)] — Zij
= ZiYy + ZiYij expl—(X [ Be + Z[8.)] — Z
Guij2(Yij, Xijs Zij),
where we used (4.21), (4.22), and (4.2) for the second equality. This finishes the proof. [

4.2 Measurement Error with Missing Responses

In this case, the data consists of
(Rij}/z'pWij;Zij,Rij) for 1 S 1 S n and 1 S] S m,

where Yj; is the response of individual 7 at measurement time j, W;; is the observed value
of the covariate X;;, Z;; is the covariate observed exactly, and R;; is the missingness indi-
cator. We denote by Y; = (Yi1, ..., Yip)T, Wi = (Wi, ..., Wir)T, and R; = (Ry, ..., Rim) T
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We consider the following missing at random assumption: for each 1 < i < n and

2<j<m
(MAR)  (Y;, Wi, Z) L Ryj|(Ri, Y.\ Wiy, Ziy),

where the variables R, vyl W

Z]? 7,] 7 Z]?
We define the missingness probability:

and Zm are defined as in Chapter 3.

Ty = PRy = 1|Ezj,Y§7VV¢,Z')
= P( iy — 1|RZ]7 2] 7WZJ’Z1J)
Furthermore, T = E[Rz]|1£él], }/i) VVz', Zz]
We consider the estimating function

R;;

(4]

(b;k](ﬁ) = g:;;z]( zyaWija Zj)/B)

where G*

wij

Similarly to Lemma 3.3.1, we have the following result:

(Y, Wi, Zi;, B) is a weighted estimating function, which satisfies (4.10).

Lemma 4.2.1. Forany1 <i<n and1 <j<m,

E[CI)Z}(B)D/“W“Z] g:;ng( ljvwija ZJ7B) (429)

and ®7;(B) is an unbiased estimating function, i.e.
E[®5(8)] = 0.

Proof: Fixi=1,...,n and j = 1,..,m. First note that

E{R"jm,m,zi} = E E[Riﬂﬁij,n,wi,zi} m,Wi,Zz}
g Tij
1 B
L 7tig
1
= K fmj!Yi,Wi,Z@-]

| Tij

Therefore,
R;;

tj

E[CD:](B)D/MVVZ,ZJ - E[ QZ,U( ’L]?WiJ7 zj75)|)/zawzaz:|

- ng]( z]aWiju ”Lj?/B) |:7TJ|)/7,7W17Z2:|
ij
= g:;zg( Yij, Wi, %mﬁ)

(4.30)
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This concludes the proof of (4.29).
Finally,

E[®;(8)] = EIE[®;(8)Yi, Wi, Zi]| = ElG,:;(Yij, Wiy, Zij, B)] =

where we used (4.29) for the second equality and the fact that Gy, (Yi;, Wij, Zi;, 8) is an
unbiased estimating function (by Lemma 4.1.8). O

We assume that Gy, (Yij, Wij, Zij, 8) is a linear function of Yj;, i.e

g:;zj( lJJWijﬂ Uvﬁ) (WiJ7 137ﬁ)ylj B(WU? Zjvﬁ) (4'31)

for certain functions A(W;;, Z;;, ) and B(W;j, Z;;, 3), which depend only on W;;, Z,;,
and . This assumption is satisfied in the case of the logistic regression, if we use the
estimating function Gy .. (Yi;, Wij, Zij, 8) given by (4.24).

As in Chapter 3, our analysis will be based on the estimating function ®;;(5) given
by:

R;;
(I)”(ﬁ) = g:ul] ( ]}/197 Wi]7 ’Lj?/B) (432)

Lemma 4.2.2. If the estimating function G;,;(Yij, Wij, Zij, B) satisfies (4.10) and (4.31),
then @;;(5) is unbiased.

Proof: Note that

* Rl
(I)Z](B) - ng’j(ﬂ_]Y;pI/Vija zg»ﬁ)
ij

= A(VVija z]aﬂ) UY;] B(VVU,Z”,B>

Tij

Ri: R;;
- W][A(VVZJ’ z]aﬁ)}/zj B(VVU? 1376)] (VVU7 z]aﬁ) (Wi]7 Zj7/8)
1) ij
R;; R;;

= — Goni zg7Wij7Zz‘j7ﬁ>+(

ij

- 1) B(W,y. Z,1.5).

7Tij

where we used (4.31) for the second equality and for the last equality. Hence, by the
definition of ®;(3), we see that

7'('1']'

0(5) = 0) + (2 1) By 2. ).
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Hence,

7Tij

Blos() = Elwye)+ | (22 1) vy, 2,.0)
R

ij

_ E[@Q}(@HE[B(WW’ 2y P)E (
— 0,

where for the last equality we used (4.30) and the fact that ®7;(f3) is unbiased (by Lemma
42.1). O

For the remaining part of this section, we deviate from the method of [8].

We are interested in solving the equation:

n

= Z Z ®;;(8) =0, (4.33)

where ®;;(3) is given by (4.32).
By Lemma 4.2.2, g, () is an unbiased estimating function. As in Chapter 3, denoting
\Ijz(ﬁ) = Z;nzl (I)l](ﬁ), we have

As in Chapter 3, we consider that conditionally on U;; = (RU,Y”O), Wi;, Zi;), Rij is a
Bernoulli random variable with probability of success 7;; given by (3.8).

The analogues of Theorem 3.4.3 and Theorem 3.4.5 continue to hold in the case when
« is known, and « is unknown, respectively. We omit the proofs of these results since

they are identical to the proofs in Chapter 3.
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R programs for Chapter 2

A.1 Normal Linear Regression
Below is the R program, which is used for solving equation (2.13).

#Normal Linear Regression with p=2 and m=3

library(rootSolve)

N=1000

Biasl=rep(NA, N)

Bias2=rep(NA, N)

for (k in (1:N))

{

n=100; b01=0.2; b02=0.5; bO=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)
covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)

covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1) #Generate covariates

responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)
response2=rep(NA,n); mu2=rep(NA,n); g2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); gq3=rep(NA,n)

for (i in(1:n))
{

63
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ql[i]=covariatell[i]*bOl+covariate21[i]*b02;
mul[i]=q1[i];
responsel[i]=rnorm(1,mul[i],1);
g2[i]=covariatel2[i]*bOl+covariate22[i]*b02;
mu2[i]=q2[i];
response2[i]=rnorm(1,mu2[i],1);
g3[il=covariatel3[i]*b0Ol+covariate23[i]*b02;
mu3[i]=q3[i];

response3[i]=rnorm(1,mu3[i], 1)

} #Generate responses

normal . function23=function(x11,x12,x13,x21,x22,x23,y1,y2,y3,b)
{
prodl=x11xb[1]+x21*b[2];
prod2=x12*b [1]+x22xb[2] ;
prod3=x13*b[1]+x23*b[2] ;
meanl=prodl;
mean2=prod2;
mean3=prod3;
residuall=yl-meanl;
residual2=y2-mean2;
residual3=y3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual?)+sum(x13*residuall3),
F2=sum(x21*residuall) +sum(x22*residual?)+sum(x23*residuall))

} #Define estimating function

bhat=multiroot (f=normal.function23,xll=covariatell,xl12=covariatel?,
x13=covariatel3,x21=covariate?l,x22=covariate?2,x23=covariate23,
yl=responsel,y2=response2,y3=response3,start=c(0,0))$root

#Find roots

bias=bhat-b0; #Compute bias
Biasl[k]=bias[1]
Bias2[k]=bias[2]
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mean.biasl=mean(Biasl)
mean.bias2=mean(Bias2)
AB1=mean(abs(Bias1))

AB2=mean (abs(Bias2))
se.biasl=sqrt(var(Biasl))
se.bias2=sqrt(var(Bias2))
MSEl=(mean.biasl) "2 + (se.biasl)"2
MSE2=(mean.bias2) "2 + (se.bias2)"2
print (mean.biasl)

print (mean.bias?2)

print (AB1)

print (AB2)

print(se.biasl)

print(se.bias2)

print (MSE1)

print (MSE2)

A.2 Poisson Regression
Below is the R program, which is used for solving equation (2.14).

#Poisson Regression with p=2 and m=3

library(rootSolve)

N=1000

Biasl=rep(NA, N)

Bias2=rep(NA, N)

for (k in (1:N))

{

n=100; b01=0.2; b02=0.5; bO=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)

covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)
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covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1) #Generate Covariates

responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)
response2=rep(NA,n); mu2=rep(NA,n); g2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); g3=rep(NA,n)

for (i in(1:n))

{
qll[i]=covariatell[i]*bOl+covariate21[i]*b02;
mul[i]=exp(q1[il]);
responsel[i]=rpois(1,mul[i]);
g2[il=covariatel2[i]*b0l+covariate22[i]*b02;
mu2[il=exp(q2[il);
response2[i]=rpois(1,mu2[i]);
g3[il=covariatel3[i]*b0Ol+covariate23[i]*b02;
mu3[il=exp(q3[il);
response3[i]l=rpois(1,mu3[i])

+ #Generate Responses

poisson.function23=function(x11,x12,x13,x21,x22,x23,y1,y2,y3,b)
{
prodl=x11xb[1]+x21*b[2];
prod2=x12*b[1]+x22xb[2] ;
prod3=x13*b[1]+x23*b[2] ;
meanl=exp(prodl);
mean2=exp (prod2) ;
mean3=exp (prod3) ;
residuall=yl-meanl;
residual2=y2-mean2;
residual3=y3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual?2)+sum(x13*residual3),
F2=sum(x21*residuall)+sum(x22*residual2)+sum(x23*residual3))

} #Define estimating function

bhat=multiroot (f=poisson.function23,xl1=covariatell,x12=covariatel?2,
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x13=covariatel3,x21=covariate2l,x22=covariate?22,x23=covariate2?3,
yl=responsel,y2=response2,y3=response3,start=c(0,5))$root
#Find roots
bias=bhat-b0; #Compute bias
Biasl[k]=bias[1]
Bias2[k]=bias[2]
+

mean.biasl=mean(Biasl)
mean.bias2=mean(Bias?2)

AB1=mean (abs(Biasl))

AB2=mean (abs(Bias2))
se.biasl=sqrt(var(Biasl))
se.bias2=sqrt(var(Bias2))
MSEl=(mean.biasl1) "2 + (se.biasl)"2
MSE2=(mean.bias2) "2 + (se.bias2)"2
print (mean.biasl)

print (mean.bias?2)

print (AB1)

print (AB2)

print(se.biasl)

print(se.bias2)

print (MSE1)

print (MSE2)

A.3 Logistic Regression

Below is the R program, which is used for solving equation (2.15).

#Logistic Regression with p=2 and m=3

library(rootSolve)
N=1000
Biasl=rep(NA, N)
Bias2=rep(NA, N)
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for (k in (1:N))

{
n=100; b01=0.2; b02=0.5; b0=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)
covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)

covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1)

responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)
response2=rep(NA,n); mu2=rep(NA,n); g2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); g3=rep(NA,n)

for (i in(1:n))

{
ql[il=covariatell[i]*bOl+covariate21[i]*b02;
mul [i]=exp(q1[i])/(1+exp(q1[il));
responsel[i]l=rbinom(1,1,mul[i]);
g2[il=covariatel2[i]*bOl+covariate22[i] *b02;
mu2 [i]=exp(q2[i])/ (1+exp(q2[il));
response2[i]=rbinom(1,1,mu2[i]);
g3[il=covariatel3[i]*b0Ol+covariate23[i]*b02;
mu3 [i]=exp(q3[i])/(1+exp(q3[il));
response3[i]=rbinom(1,1,mu3[i])

68

#Generate covariates

#Generate responses

logistic.function23=function(x11,x12,x13,x21,x22,x23,y1,y2,y3,b)

{

prodl=x11xb[1]+x21*b[2];
prod2=x12*b [1]+x22xb[2] ;
prod3=x13*b[1]+x23*b[2] ;
meanl=exp(prodl)/(1l+exp(prodl));
mean2=exp (prod2)/(1+exp(prod2));
mean3=exp (prod3) /(1+exp(prod3));
residuall=yl-meanl;

residual2=y2-mean2;
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residual3=y3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual?2) +sum(x13*residuall3),
F2=sum(x21*residuall)+sum(x22*residual?2) +sum(x23*residual3))

} #Define estimating function

bhat=multiroot (f=logistic.function23,xll=covariatell,x12=covariatel2,
x13=covariatel3,x21=covariate2l,x22=covariate?2,x23=covariate2?3,
yl=responsel,y2=response2,y3=response3,start=c(0,0))3$root

#Find roots

bias=bhat-bO0; #Compute bias
Biasl[k]=bias[1]

Bias2[k]=bias[2]

}

mean.biasl=mean(Biasl)
mean.bias2=mean(Bias2)
ABl1=mean(abs(Biasl))

AB2=mean (abs(Bias2))
se.biasl=sqrt(var(Biasl))
se.bias2=sqrt(var(Bias2))
MSE1=(mean.biasl1) "2 + (se.biasl)"2
MSE2=(mean.bias2) "2 + (se.bias2)"2
print (mean.biasl)

print (mean.bias?2)

print (AB1)

print (AB2)

print(se.biasl)

print(se.bias2)

print (MSE1)

print (MSE2)
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R programs for Chapter 3

B.1 Normal Linear Regression

#Normal Linear Regression with p=2 and m=3

library(rootSolve)

N=1000

bBiasl=rep(NA, N)
bBias2=rep(NA, N)
aBiasl=rep(NA, N)
aBias2=rep(NA, N)
aBias3=rep(NA, N)

for (k in (1:N))

{

n=100; a01=0.5; a02=0.2; a03=0.3; a0=c(a01,a02,a03)
b01=0.2; b02=0.5; b0=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)
covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)

covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1) #Generate covariates
responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)

response2=rep(NA,n); mu2=rep(NA,n); g2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); g3=rep(NA,n)
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pil=rep(NA,n); missingl=rep(NA,n); sl=rep(NA,n)
pi2=rep(NA,n); missing2=rep(NA,n); s2=rep(NA,n)
pi3=rep(NA,n); missing3=rep(NA,n); s3=rep(NA,n)
wl=rep(NA,n);
w2=rep(NA,n) ;
w3=rep(NA,n)

for (i in(1:n))

{
ql[i]=covariatell[i]*bOl+covariate21[i]*b02;
mul[i]=q1[i];
responsel[i]=rnorm(1,mul[i],1);
g2[i]=covariatel2[i]*bOl+covariate22[i]*b02;
mu2[i]=q2[i];
response2[i]=rnorm(1,mu2[i],1);
g3[il=covariatel3[i]*b0Ol+covariate23[i]*b02;
mu3[i]=q3[i];
response3[i]=rnorm(1,mu3[i], 1)

} #Generate responses

for (i in (1:n))

pil[i]=0.5;
missingl[i]=rbinom(1,1,pil[i]);

s2[i]=responsel[i]*al0l+covariatell[i]*a02+covariate21[i]*a03;
pi2[il=exp(s2[il)/(1+exp(s2[il));
missing2[i]=rbinom(1,1,pi2[i]);

s3[il=response2[i]*alOl+covariatel2[i]*a02+covariate22[i]*a03;
pi3[il=exp(s3[il)/(1+exp(s3[il));
missing3[i]=rbinom(1,1,pi3[i]);

} #Generate missingness indicators

for(i in (1:n))
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{

wl[il=(missingl1[i]/pi1[i])*responsel[i];
w2[i]l=(missing2[i]/pi2[i])*response2[i];
w3[i]=(missing3[i]/pi3[i])*response3[i];

} #Generate W variables

missing.function=function(x11,x12,x21,x22,y1,y2,r2,r3,a)
{

.prodl=yl*a[1]+x11xa[2]+x21*a[3];
.prod2=y2*a[1]+x12*a[2]+x22*a[3];
.meanl=exp(m.prodl)/(1l+exp(m.prodl));

.mean2=exp (m.prod2)/(1l+exp(m.prod2));
.residuall=r2-m.meani;

.residual2=r3-m.mean?2;

o B B B B B B

(Fl=sum(yl*m.residuall)+sum(y2*m.residual2),
F2=sum(x11*m.residuall)+sum(x12*m.residual?2),
F3=sum(x21*m.residuall)+sum(x22*m.residual?2))

+ #Define estimating function

ahat=multiroot(f=missing.function,xll=covariatell,x12=covariatel?2,
x21=covariate2l,x22=covariate22,yl=responsel,y2=response2,
r2=missing?,r3=missing3,start=c(0,0,0))$root

#Find roots

normal . function23=function(x11,x12,x13,x21,x22,x23,wl,w2,w3,b)

{
prodl=x11*b[1]+x21*b[2]; prod2=x12*b[1]+x22*b[2]; prod3=x13*b[1]+x23*b[2];
meanl=prodl; mean2=prod2; mean3=prod3;
residuall=wl-meanl; residual2=w2-mean2; residual3=w3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual?2)+sum(x13*residual3l),

F2=sum(x21*residuall) +sum(x22*residual?)+sum(x23*residuall))

} #Define estimating function

bhat=multiroot (f=normal.function23,xll=covariatell,xl12=covariatel?,
x13=covariatel3,x21=covariate2l,x22=covariate?22,x23=covariate23,
wl=wl,w2=w2,w3=w3,start=c(0,0))$root
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#Find roots

bbias=bhat-bO0; #Compute bias
abias=ahat-al;

bBias1[k]=bbias[1]

bBias2[k]=bbias[2]

aBiasl[k]=abias[1]

aBias2[k]=abias[2]

aBias3[k]=abias[3]

}

print (ahat)

print (bhat)

mean.bbiasl=mean(bBiasl)
mean.bbias2=mean(bBias2)
bABl=mean(abs(bBiasl))
bAB2=mean (abs (bBias2))
se.bbiasl=sqrt(var(bBiasl))
se.bbias2=sqrt(var(bBias2))
bMSE1=(mean.bbiasl) "2 + (se.bbiasl)"2
bMSE2=(mean.bbias2) "2 + (se.bbias2)"2
print (mean.bbiasl)

print (mean.bbias?2)

print (bAB1)

print (bAB2)

print(se.bbiasl)

print(se.bbias2)

print (bMSE1)

print (bMSE2) #Calculation for Beta

mean.abiasl=mean(aBiasl)
mean.abias2=mean(aBias2)
mean.abias3=mean(aBias3)
aABl=mean (abs(aBias1))
aAB2=mean (abs(aBias2))
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aAB3=mean(abs(aBias3))
se.abiasl=sqrt(var(aBiasl))
se.abias2=sqrt(var(aBias2))
se.abias3=sqrt(var(aBias3))
aMSEl1=(mean.abiasl1) "2 + (se.abiasl)"2
aMSE2=(mean.abias2) "2 + (se.abias2)"2
aMSE3=(mean.abias3) "2 + (se.abias3)"2
print (mean.abiasl)

print(mean.abias?2)

print (mean.abias3)

print (aAB1)

print (aAB2)

print (aAB3)

print(se.abiasl)

print(se.abias?2)

print(se.abias3)

print (aMSE1)

print (aMSE2)

print (aMSE3) #Calculation for Alpha

B.2 Poisson Regression

#Poisson Regression with p=2 and m=3

library(rootSolve)
N=1000
bBiasl=rep(NA, N)
bBias2=rep(NA, N)
aBiasl=rep(NA, N)
aBias2=rep(NA, N)
aBias3=rep(NA, N)
for (k in (1:N))

{
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n=100; a01=0.5; a02=0.2; a03=0.3; al0=c(al01,a02,a03)
b01=0.2; b02=0.5; bO=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)
covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)

covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1) #Generate covariates

responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)
response2=rep(NA,n); mu2=rep(NA,n); qg2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); g3=rep(NA,n)
pil=rep(NA,n); missingl=rep(NA,n); sl=rep(NA,n)
pi2=rep(NA,n); missing2=rep(NA,n); s2=rep(NA,n)
pi3=rep(NA,n); missing3=rep(NA,n); s3=rep(NA,n)
wl=rep(NA,n);
w2=rep(NA,n);
w3=rep(NA,n)

for (i in(1:n))

{
ql[il=covariatell[i]*bOl+covariate21[i]*b02;
mul[i]=exp(ql[il);
responsel[i]=rpois(1,mul[i]);
g2[il=covariatel2[i]*b0Ol+covariate22[i] *b02;
mu2[il=exp(q2[il);
response2[i]l=rpois(1,mu2[i]);
g3[i]=covariatel3[i]*bO1+covariate23[i]*b02;
mu3[i]=exp(q3[i]);
response3[i]=rpois(1,mu3[i])

+ #Generate Responses
for (i in (1:n))

pil[i]=0.5;
missingl[i]=rbinom(1,1,pil[i]);
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s2[i]=responsel[i]*alOl+covariatell[i]*a02+covariate21[i]*a03;
pi2[il=exp(s2[il)/(1+exp(s2[il));
missing2[i]=rbinom(1,1,pi2[i]);

s3[i]l=response2[i]*alOl+covariatel2[i]*a02+covariate22[i]*a03;
pi3[il=exp(s3[il)/(1+exp(s3[il));
missing3[i]=rbinom(1,1,pi3[i]);

} #Generate missingness indicators

for(i in (1:n))

{
wl[il=(missingl1[i]/pil[i])*responsel[i];
w2[i]l=(missing2[i] /pi2[i])*response2[i];
w3[i]l=(missing3[i]/pi3[i])*response3[i];

} #Generate W variables

missing.function=function(x11,x12,x21,x22,y1,y2,r2,r3,a)
{

.prodl=yl*a[1]+x11xa[2]+x21*a[3];
.prod2=y2*a[1]+x12xa[2]+x22*a[3];
.meanl=exp(m.prodl)/(1l+exp(m.prodl));

.mean2=exp (m.prod2)/(1l+exp(m.prod2));
.residuall=r2-m.meani;

.residual2=r3-m.mean?2;

o B B B B B B

(Fl=sum(yl*m.residuall)+sum(y2*m.residual2),
F2=sum(x11*m.residuall)+sum(x12*m.residual?2),
F3=sum(x21*m.residuall)+sum(x22*m.residual2))

} #Define estimating function

ahat=multiroot(f=missing.function,xll=covariatell,x12=covariatel?2,
x21=covariate2l,x22=covariate22,yl=responsel,y2=response2,
r2=missing?,r3=missing3,start=c(0,0,0))3$root

#Find roots
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poisson.function23=function(x11,x12,x13,x21,x22,x23,wl,w2,w3,b)

{

prodl=x11*xb[1]+x21*b[2];

prod2=x12*b[1]+x22xb[2] ;

prod3=x13*b[1]+x23*b[2];

meanl=exp(prodl);

mean2=exp (prod2) ;

mean3=exp (prod3) ;

residuall=wl-meani;

residual2=w2-mean2;

residual3=w3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual2)+sum(x13*residual3),

F2=sum(x21*residuall) +sum(x22*residual?)+sum(x23*residuall))

+ #Define estimating function

bhat=multiroot (f=poisson.function23,xl1=covariatell,x12=covariatel?2,
x13=covariatel3d,x21=covariate?l,x22=covariate22,x23=covariate23,
wi=wl,w2=w2,w3=w3,start=c(0,5))$root

bbias=bhat-b0; #Compute bias
abias=ahat-a0;

bBias1[k]=bbias[1]

bBias2[k]=bbias[2]

aBiasl[k]=abias[1]

aBias2[k]=abias[2]

aBias3[k]=abias[3]

}

print (ahat)

print (bhat)
mean.bbiasl=mean(bBiasl)
mean.bbias2=mean(bBias2)
bABl1=mean(abs(bBiasl))
bAB2=mean (abs (bBias2))
se.bbiasl=sqrt(var(bBiasl))
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se.bbias2=sqrt(var(bBias2))
bMSE1=(mean.bbiasl) "2 + (se.bbiasl)"2
bMSE2=(mean.bbias2) "2 + (se.bbias2)"2
print (mean.bbiasl)

print (mean.bbias?2)

print (bAB1)

print (bAB2)

print(se.bbiasl)

print(se.bbias2)

print (bMSE1)

print (bMSE2) #Calculation for Beta

mean.abiasl=mean(aBiasl)
mean.abias2=mean(aBias2)
mean.abias3=mean(aBias3)

aABl=mean (abs(aBias1))

aAB2=mean (abs(aBias2))

aAB3=mean (abs(aBias3))
se.abiasl=sqrt(var(aBiasl))
se.abias2=sqrt(var(aBias?2))
se.abias3=sqrt(var(aBias3))
aMSEl1=(mean.abias1) "2 + (se.abiasl)"2
aMSE2=(mean.abias2) "2 + (se.abias2)"2
aMSE3=(mean.abias3) "2 + (se.abias3)"2
print (mean.abiasl)

print (mean.abias?2)

print (mean.abias3)

print (aAB1)

print (aAB2)

print (aAB3)

print(se.abiasl)

print(se.abias?2)

print(se.abias3)

print (aMSE1)

print (aMSE2)
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print (aMSE3) #Calculation for Alpha

B.3 Logistic Regression

#Logistic Regression with p=2 and m=3

library(rootSolve)

N=1000

bBiasl=rep(NA, N)
bBias2=rep(NA, N)
aBiasl=rep(NA, N)
aBias2=rep(NA, N)
aBias3=rep(NA, N)

for (k in (1:N))

{

n=100; a01=0.5; a02=0.2; a03=0.3; al0=c(al01,a02,a03)
b01=0.2; b02=0.5; b0O=c(b01,b02)

covariatell=rnorm(n,0,1); covariate2l=rnorm(n,0,1)
covariatel2=rnorm(n,0,1); covariate22=rnorm(n,0,1)

covariatel3=rnorm(n,0,1); covariate23=rnorm(n,0,1) #Generate covariates

responsel=rep(NA,n); mul=rep(NA,n); ql=rep(NA,n)
response2=rep(NA,n); mu2=rep(NA,n); gq2=rep(NA,n)
response3=rep(NA,n); mu3=rep(NA,n); g3=rep(NA,n)
pil=rep(NA,n); missingl=rep(NA,n); sl=rep(NA,n)
pi2=rep(NA,n); missing2=rep(NA,n); s2=rep(NA,n)
pi3=rep(NA,n); missing3=rep(NA,n); s3=rep(NA,n)
wl=rep(NA,n);
w2=rep(NA,n);
w3=rep(NA,n)
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for (i in(1:n))

{
ql[il=covariatell[i]*bOl+covariate21[i]*b02;
mul[i]=exp(q1[i])/(1+exp(ql[il));
responsel[i]=rbinom(1,1,mul[i]);
q2[i]=covariatel2[i]*bO1+covariate22[i] *b02;
mu2[i]=exp(q2[i])/(1+exp(q2[il));
response2[i]=rbinom(1,1,mu2[i]);
g3[il=covariatel3[i]*b0l+covariate23[i]*b02;
mu3[i]=exp(q3[i])/(1+exp(q3[il));
response3[i]=rbinom(1,1,mu3[i])

} #Generate responses

for (i in (1:n))

pil[i]=0.5;
missingl[i]=rbinom(1,1,pil[i]);

s2[i]=responsel[i]*al0l+covariatell[i]*a02+covariate21[i]*a03;
pi2[il=exp(s2[i])/(1+exp(s2[il));
missing2[i]=rbinom(1,1,pi2[i]);

s3[i]=response2[i]*al0l+covariatel2[i]*a02+covariate22[i]*a03;
pi3[il=exp(s3[i])/(1+exp(s3[il));
missing3[i]=rbinom(1,1,pi3[i]);

} #Generate missingness indicators

for(i in (1:n))

{
wil[i]l=(missing1[i]/pi1[i])*responsel[i];
w2[i]=(missing2[i]/pi2[i])*response2[i];
w3[i]=(missing3[i]/pi3[i])*response3[i];

+ #Generate W variables

missing.function=function(x11,x12,x21,x22,y1,y2,r2,r3,a)
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.prodl=yl*a[1]+x11*a[2]+x21*a[3];
.prod2=y2*a[1]+x12*a[2]+x22*a[3];
.meanl=exp(m.prodl)/(l+exp(m.prodl));
.mean2=exp (m.prod2)/(1+exp(m.prod2));
.residuall=r2-m.meanl;

.residual2=r3-m.mean2;

o B B B B B B

(Fl=sum(yl*m.residuall)+sum(y2*m.residual2),
F2=sum(x11*m.residuall)+sum(x12*m.residual?2),
F3=sum(x21#*m.residuall)+sum(x22*m.residual2))

+ #Define estimating function

ahat=multiroot(f=missing.function,xll=covariatell,x12=covariatel?2,
x21=covariate2l,x22=covariate22,yl=responsel,y2=response2,
r2=missing2,r3=missing3,start=c(0,0,0))3$root
#Find roots
logistic.function23=function(x11,x12,x13,x21,x22,x23,wl,w2,w3,b)
{
prodl=x11xb[1]+x21xb[2];
prod2=x12*b [1]+x22xb[2] ;
prod3=x13*b[1]+x23*b[2] ;
meanl=exp(prodl)/(1+exp(prodl));
mean2=exp (prod2)/(1+exp(prod2));
mean3=exp (prod3) /(1+exp(prod3));
residuall=wl-meani;
residual2=w2-mean?2;
residual3=w3-mean3
c(Fl=sum(xll*residuall)+sum(x12*residual?2)+sum(x13*residuall3),
F2=sum(x21*residuall) +sum(x22*residual?2)+sum(x23*residuall))

} #Define estimating function

bhat=multiroot (f=logistic.function23,xll=covariatell,x12=covariatel2,
x13=covariatel3,x21=covariate2l,x22=covariate22,x23=covariate23,
wl=wl,w2=w2,w3=w3,start=c(0,0))$root

#Find roots
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bbias=bhat-b0; #Compute bias
abias=ahat-a0;

bBias1[k]=bbias[1]

bBias2[k]=bbias[2]

aBiasl[k]=abias[1]

aBias2[k]=abias[2]

aBias3[k]=abias[3]

}

print (ahat)

print (bhat)

mean.bbiasl=mean(bBiasl)
mean.bbias2=mean(bBias2)
bABl=mean(abs(bBias1))
bAB2=mean (abs (bBias2))
se.bbiasl=sqrt(var(bBiasl))
se.bbias2=sqrt(var(bBias2))
bMSE1=(mean.bbiasl) "2 + (se.bbiasl)"2
bMSE2=(mean.bbias2) "2 + (se.bbias2)"2
print (mean.bbiasl)

print (mean.bbias?2)

print (bAB1)

print (bAB2)

print(se.bbiasl)

print(se.bbias?2)

print (bMSE1)

print (bMSE2) #Calculation for Beta

mean.abiasl=mean(aBiasl)
mean.abias2=mean(aBias2)
mean.abias3=mean(aBias3)
aABl=mean (abs(aBias1))
aAB2=mean (abs(aBias2))
aAB3=mean (abs(aBias3))
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se.abiasl=sqrt(var(aBiasl))
se.abias2=sqrt(var(aBias2))
se.abias3=sqrt(var(aBias3))
aMSEl1=(mean.abiasl) "2 + (se.abiasl)"2
aMSE2=(mean.abias2) "2 + (se.abias2)"2
aMSE3=(mean.abias3) "2 + (se.abias3)"2
print (mean.abiasl)

print (mean.abias?2)

print (mean.abias3)

print (aAB1)

print (aAB2)

print (aAB3)

print(se.abiasl)

print(se.abias?2)

print(se.abias3)

print (aMSE1)

print (aMSE2)

print (aMSE3) #Calculation for Alpha
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