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Abstract

The electromagnetic field distribution in a class of E-plane metal insert filters, 'o,wm:.-
ingin the Ka—band; is evaluated using a novel approach based on the finite element method
(FEM). Artificial boundary conditions are inserted directly in a functional, enabling a
solution of the scalar wave equation by the FEM. T hc‘,b'éattcrin g parameters, clectromag-
netic fields and the current distribution on the thin méta! inserts are determined. Finally,
the power dissipated in the metallic septa, which is suspected to be the major limitation
for the maximum CW power that these type of filters can sustain, and the maximum ficeld
intensity, for an estimate of the maximum peak power that these structures can handle

are determined.

The scattering paramcters of the filter and the field distributions at the fromt end :

of the input septum are compared with results from mode matching technique and the

transmission-line matrix (TLM) methods. Finally, the current distributions in the septa

- are_compared with those computed with TLM. It is found that-the-results obtained by

the various methods agree fairly well.



Notes:

All underlined symbols represent phasor quantities.

a” = complex conjugate of a.
to = 47 x 1077 H/m
¢, = 8.85419 x 107" F/m.
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Chapter 1 B | .

t

Intro du’ctio\n

1.1 * Introduction. 1 | ~

Millimeter-wave filters have drawn pai‘ticular attention over the past few vears. Their
utilization at the output stage of satellite transponders or terrestrial stations is at the
stage of development. As a result, due to the relatively high power level which will exist
in the transmission medium, questions about the capability of such medium to sustain
such levels of power shopld Bc raised, as very little data is presently available. The
limitations of the maximum power that metal insert filters can sustain, follows from two

major factors:

I. breakdown phenomena that may occur in the air or dielectric.

2. over-heating of the conducting strips due to skin effect at high {requency.
Generally, clectric field breakdown does not occur simltancously with over-heating phe-
nomena. Either one may occur first, depending on the type of signals that is being
transmitted. For instance, pulsed signals which are used for radar systems have rela-
tively low average power and phenomena such as heating of conductors are most likely
to occur after breakdown phenomena since the peak power, i.e. the field strength peak
value, is very higl in this case. On the other hand, for CW signals which are used in

teleccommunication systems, onc faces the opposite situation in which the dissipations in

-



i . ) ' '

the condu'cting‘ strip, which tends to increase with the frequency because of the skin effect, -
are the most significant.

The structure of typical metallic insert filters and the definition of all relevant geo-
metrical paraxﬁeters is shown in ﬁg.li.l. It consists of single or twin ladder-type metallic
inserts centered in the E-plane of a rectangular waveguide. The metallic structures can
be obtained by etching technique for thicknesses smaller than 0.2 mm and by filing or
stamping techniques for larger values. Etching has its advantage over other methods by
the fact that it allows a mass production at very low cost. On the other hand, the rel-
atively low thickness values obtainable with this technique render the structure fragile
against m.cchanica.l stress and over-heating. The dielectrically-supported filters offer an
added advantage of being manufactured on the same substrate as a possible neighboring
finline circuit, thus easing circuit intcrconncctio-n. As an example, a millimeter-wave re-
ceiver can incorporate, on the same dielectric substrate, a pre-filtering metal-insert filter
for the front-ena, as ;:'ell as the rest of the standard finline-technology receiver.

In order to determine the power limitation, due to cither breakdown or over-heating,
one has to determine the clectromagnetic field in the structure. Among the various tech-
niques proposed for the design and optimization of such structures [17]-[25], the most
popular is the mode matching technique [17]-[23] which can account for conductor thick-
ness and groove eflects in the case of finlines. Unfortunately, the filter characteristics.
obtained by these techniques-are determined by the cascade connections of discontinuities
characterized by their S-scattering parameters. Thus, the information about the internal
field distribution, which is relevant to the above mentioned application, is lost. An alter-
native would be to de-embed the different sections and retrieve the fields. Unfurl.un:s.t::]y,
the presence of higher order modes leads to some numerical instabilitics.

The approach presented in this thesis uses the finite clement method (FEM). Its

flexibility allows one to account for the thickness of the septum, which is essential to
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Figure 1.1: E-planc insert filters: a) inside view. b) Top view of dielectrically supported
septum using ¢) bilateral finline technology d) unilateral finline technology. e) Fully

metallic metal insert.
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correctly model the structure. In addition, the new formulation presented here iincludes
mixed boundary conditions in the functional so that the geometry which is boundless can
be treated as a bounded structure. A reader, unfamiliar with FEMI, may wish to consult
Yue’s Masters thesis [9], which offers an excellent discission on FEM applicd to a simpler

static field case. -

1.2 Literature survey. J

-

To the author’s knowledge, the fiest occurrence of this specific class of filters Lo appear in
any publication was in 1972 by Konishi (sce reference by Konishi in 1974 [24]). Subscequent
publications are duc mostly to Vahldieck et al. [17]-[21] and Ttoh et al. [22,23] Both groups
used a form of mode-matching method to analyze the filters. The reported insertion losses
for such filters is typically 0.5 dB at 35 GHz [17]-['.2!].- Out-of-band insertion loss can
casily reach 50 dB for a frequency 6% out of pass-band [18]. Spurious pass-bands appear
at higher frequencies beyond the dominant mode operation of the waveguide [20,21],
Vahldieck and Hoefer [21} recently proposed a variation on the basic insert filter which
consists in placing two parallel sets of inserts in an oversized waveguide, yielding increased
stop-band attequation, and improving pass-band operation. The nore recent work on -
plane filter design is due mostly to Vahldieck ct al. [15]-[21].

Both groups (Vahldieck et al. and Itoh et al.) developed a CAD (computer assisted
design) package that can optimize a class of E-plane filters according to specifications such
as bandwidth, out-of-band rejection, cte. Both approaches required the computation of
the generalized scattering matrix {noted S) at cach discontinuity encountered. Such a
matrix differs from the regular 2 by 2 § matrix in that the latter gives information on
the fundamental propagating mode only, whi‘lc the generalized 5 matrix accounts for all
mode interactions at a junction. This is necessary, since this type of filter is essentially

a series of closely coupled cavities, all of which are coupled together only through higher



order évanescent modes. Indeed, septa split the waveguide enclosure in two waveguides,
nt:it}u:r of which can support a propagating mode in the {requency band of interest. The
inclusion of the effect of an increasing number of modes in the generalized scattering
lm:xtriccs makes the field matching more accurate, at cach discontinuity, but creates a
larger system to solve. - -

A mote of interest is the fact that, while a large number of modes is needed to match
ficlds at the junclions, a much smaller amount are needed to account for the codpling .
between c;witics: This is quite normal, since very high order modes nearly vanish before
reaching the other cnd.o[ a cavity, precluding interactions between discontinuities. The
overall scattering parameters of the complete filter are obtained by combining individual

generalized scattering matrices and retaining the terms pertaining to the fundamental

mode for the resulting generalized S matrix.

1.3 Motivation.

This work has been made in response to a growing power need at millimeter-wave frequen-
cies. As higher powerlevels arc used in Earth and satellite transponders (it is forescen
that CW power up to 100 W will be needed at 94 GHz), a method of analysis is needed to
predict the limitations of filter structures placed in the output section of such transmitters.

The method presented herein is not meant as a substitute method of analysis for
the mode-matching technique (MM), but rather as a mean of analyzing a developed and
working filter for parameters, such as field and current distribution, not yielded by MM.
A suitable method has been developed to accurately predict the pulsed power limitations,
for use with radar or any high-power pulsed communication system. Some preliminary
results were obtained for use in calculating maximum CW power limitations, and some

useful guidelines have been given.

I



1.4 Method.

The purpose of this work is to investigate the power-handling limits of E-plane metallic
insert filters. The field distribution must be knoxw;'n everywhere in order to predict the
pea.k' incident power which will cause breakdown in the dielectric (in Most cases, air).
Further, the tangential H-field must be known evergwhere on the surface of the septa to
find their current distribution. This, in turn, can yield the power dissipation distribution
on their surface by use of the small perturbations technique, which simply consists in
assuming that the fields at the surface of a conductor with low resistivity (the real case)
arc the same as those for a perfect conductor (the theoretical model usc(i herein).

Throughout this thesis, most field simulations will be done in the middle of the pass-

band, as the filter is expected to receive most incident power in that nirrow band. The

computed reflection coefficient will be used to compare accuracy between all n':nn‘vricnl
methods investigated herein. The transmission coefficient will not be used for any com-
parisons, as small changes in -reﬂection in the palss-band (where the reflection is very
small) will cause negligible changes in the transmission coefficient.

Candidates for this problem are any method that will not analyze the fields as a set
of modes, but as a total inseparable entity (in fact, only the total field exists: modes
are a mathematical artifact). Of interest, tl;cn, arc the finite clement method (FEM),
transmission-line matrix (TLM) method, and finite differences (F1)) method. The latter
will not be discussed in this thesis, but would probably yield results comp;;fablc to the
first two. In fact, one may, up to a certain p‘o{nt, consider TLM to be a variation. on
FDTD (Finite Differences, Time-Domain). The first method (FEM) will be discussed

:
in great detail. The TLM method will be used to compare results and computational

efficiency.

P .



-Chapten 2
FEM basic theory.

2.1 IntrOdl;EtiOH

The FEM can be introduced by presenting some basics in calculus of variations, since®
FEM is itself very closely related to that subject. A skeletal understanding of this branch
of mathematics is necessary in order to fully appreciate the contents of furthc_ar chapters,
although no deep notions are required. The implementation of a method. to find an
approximate solution of a variational problem (VP) is presented, before presenting the

FIEM, which is also used to solve a VP approximately.

2.2 Calculus of variations

2.2.1 Historical béckground.

One can introduce the calculus of variations by giving an example of a ty;;ical problem that
Tvas attacked by mathematicians as early as in ancient Greece: What geometrical figure of
a given perimeter will enclose .the largest possible area, the domain of the solution being
the set of all closed curves? The circle was suggested as the solution, partly by intuition,
experiments and geometry, But no formal proofs were proposed until the 19th century.
In 1696, John Bernouilli(1667-1748) published a challenge to the mathematical world:

the brachystochrone problem [6]. This classical problem is illustrated in fig. (%1),

-1



A small object
0
\ \\\\‘;\\

Three possible paths.

Figure 2.1: Illustration of the brachystochrone problem.

and is described as follows. Suppose that a small object is dropped from point A and be
forced to follow given frictionless paths down to a point B, and given that the only force
acting on the object is gravity g, what path will the mass take in order to reach the point
B with the minimum possible time? Leonhard Euler (1707-1783), in 1744, first called this
branch of mathematics ”calculus of variations”, after publishing some extensive work on
the subject. He showed that the cu'rve that will optimize an integral functional will satisfy
the so-called associated Euler-Lagrange equation, which is sometimes a lot casicr to solve
than t\l}e original problem.

-

In general, the calculus of variations evolved partly by the work of theoretical mathe-

» .
matics, and partly by the work of physicists. Indeed, some very basic and powerful physics
principles are described by the use of 2 variational principle. One example is Hamilton’s

principle of minimal action which states that the trajectory of a system of pzlrticics is the

one which minimizes the "action integral”

Jly) = /:(T(y) — U(y))dt-

where T = kinetic energy



U = potential energy

y(t) = trajectory of particle system.

2.2.2 Basic notions.

To summarize, we can usc a simple analogy: In ordinary calculus, we find a maximum
on a curve f(z) by first finding the points where the first derivative is zero. The first

derivative 1s defined as

o fEr)- @) _ &

e—0 € dzx

The extremas of a continuous function must lie on those points. In variational calculus,
to find the curve that renders 2 certain functional J extreme, we must find the curves

(there might be more than one) that make the first variation 8J zero, which is defined by

i 2+ €l = Jiy]

=0 c

= 6J

where 7 is an arbitrary function in the class of admissible functions for that problem. One

can note the similarity between the two limits.

2.3 The Rayleigh-Ritz mei:hod_

The Rayleigh-Ritz method approximates the extremum of a functional J[y] by replacing

y by an approximate expansion of the type

bt}
y =Y a4
—

- where ¢; are linearly independent basis functions. J[y], then, becomes a function of 'a;,
and the extremas can be found by simply setting the partial derivative of J with respect
to the variational parameters a; to zero. Thus, a variational calculus problem is reduced
to a regular calculus problem. This method is guaranteed to converge for increasing n if

the sct of all ¢; is complete in the set containing the class of admissible funétions for that



particular problem {6]. In other words, every curve y in the set of admissible functions

must be expressible as

o0
y= Zaié.'-
i=1
A well known example is the set
F = {1, cos{w,t), sin{w,t), cos(2uw,t), sin(2e,2), ...}

is complete in the set of all periodic functions with period 27/w, that satisfy the Dirichlet

conditions.

2.4 The finite element method.

The FEM is a variation on the Rayleigh-Ritz method, in that the functional for which we

wish to find the extremum is broken into a sum of individual terms. Mathematically, ™

Jf@dr=3 [ Jwdy
where UL, () = Q
QLGN =0, i#5

The advantage, here, over the Rayleigh-Ritz method, is that we do not need Lo expand
y into a sum of generally complicated functions. Indeed, if the sct of all ¢, used in the
Rayleigh-Ritz method were used to represent a highly irregular ficld distribution, then
the expansion functions would have to be of a complicated analytical nature. This would
ultimately imply analytiéa.l and computational difficultics. The expansion functions can

be kept to their most simplistic form. For example,
Yi =a;+ biz

can be used as a simple expansion function in one-dimensional problems? The following
hY ,

can be uséd for two-dimensional nroblems:

Az, y)=ai+bz+ay

10



Thus, ir’L'tcad of solving one large and complicated problem, we simply have to solve a
set of small simhlc problems, ;:mc in each subdomain ;. Tilis can be ecasily implemented
and automated in a digital computc;[3,4].

Several papers.on the use of variational techniques to s e clectromagnetic problems
are mentioned in the bibliography [1:2],[271-[32]. Several ?B/these are relatively easy to
understand, for a reader not familiar with variational methods [1,2]. An excellent book

on mathematical physics [5] introduces variational techniques in physical problems in a

very clear manner.

11



Cl.l;apt er 3

Theory - .

3.1 Introduction

This chapter presents the basic electromagnetic theory relating to the geonifetry of the
filter, and the procedure to obtain the functional associated with the ficld equations inside
the structure. This functional will be used to obtain a variational solution to the field
equations.

The simplest fully-metallic insert filter, which consists of 2 metallie inserts (fig. 1.1),

is analyzed. Once the method has been proved dccurate for a 2-septun filter, it can easily

be extended with the same procedure presented harein to N-septum filters.

3.2 Geometry of the problem -

The incident wave is a T £y fundamental mode type. Because all obstacles are homoge-
neous in the y-direction, all higher-order modes locally generated by the obstacles will be
of the type TE,,. All modes having n > 1 are evanescent. The fact that there are no
T Eym or T Eny modes generated considerably reduces the computational and analytical
complexity of the problem. |
An artificial boundary (since there is no discontinuity at this air-to-air interface) rep-

resenting the input of the filter is located at z = Z; and is referred to as €. For caﬁgc_)f

~



Figure 3.1: Blow-up view of simple 2-insert filter.
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computation, Z; is chosen to be zero. The éllrtiﬁcia.l boundary (again, not really a discon-
tinuity) at the output of the filter is at = = Z;, and is referred to as Ca. The output port
can be assumed to be perfectly matched. This is a fairly reasonable assumption since, in
most applications, the ouﬁput will be a reasonably well matched antenna or an amplifier

_input port.

3.3 Boundary conditions formulation

The E-field in this structure has only y-components: 5 = (0, £,.0). This is because only

TE,, modes c.\'iét in the filter. The boundaries C ;md Ca are chosen such that the higher- .

order modes have virtually vanished there. Since all clegtromagnetic quantities can he

derived trom the y-component of the E-field, then £, is Eho'se:al as a sgalar potential
. ’ ~

function ¢. Figure (1.2) shows the value of £, at different locations Lo the left of Cy. For

clarity, the incident and reflected waves are shown separated. The total £, field at the

observation line z = Zy is the sum of incident and reflected fields at that line:
-f'—jy(xa Zg) = E, sin(k.x) (c—jk:zo 4+ .chk:z")

where £ = reflection coefficient referred to =z = Z;

(3.1)
where B = reflection coeflicient referred to z = 0.

-

14



View of. fields at left of G (input pon)

" Observation line w .
|
[ )
E H , _Jk:Zo X
: sm(lfz:z)e Eosinfiec) |
Incident wave %
| oy C \
' Transmitted” wave
l ‘
ol Reflected wave . \
- r\ < 2 TE,,Si{l(kr:I:)
o . . : ‘
T RE, sin(k,z)cl F:Zo RE,sin(k.z)
r I , -
- — L
ZI . o . | Z
. 0 1

Figure 3.2: Conceptual view of waves present at input port.
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Figure3.3: Top view of filter with axes.

~

Similarly, the potc;itial @ at any point in the waveguide to the right of boundary C, is
é(z,z) = £, sin(k.2)T el b (3.2)

where T = transmission cocliicient referred to z =0 .

In order to find the boundary. conditions of ¢ at both interfaces € and Ca, the
continuity of the tangential E-ficld and H-field must be applied. We know from c:qgntions
(3.1) and (3.2) the potential outside of the region bounded by Cy and Cy. The distribution
inside is not known. ThcA continuity of the tangential component of the E-field across €
requircs that

é(z, 2) = E, sin(kez) (¢ I5=%10 4 peikaZiny (3.3)

It is emphasized that the walls C| and C5 are placed at such a distance from the discon-

tinuities that only the fundamental propagating mode exist at the boundaries.

16



The continuity of the tangential component of the H-field requires that

—: E.  —i 96  —; s o
=L 2B 21 92 T p ik (TR D 4 pedk 2y (3
wpe Oz  wpg Jz wyg . :

The reason for choosing Z; = 0 should be obvious by now. All terms involving an expo-
nential with Z, at the exponent bccomc.cqual to one. This simplifies analysis. Combining

(1.3) and (1.4) and climinating R yiclds

9
8 kg = —2jk.E, sin(k.z). (3.5)

The boundary condition (BC) on C; then is

o6 . |

where -L,—’,; is a dircctional derivative operator with respect to 7 = (0,0, —1) (outward
normal unit vector), and A = 2jk.E, sin(k.z). Equation (1.6) is an inhomogencous
Cauchy boundary condition (also known as inhomogencous Robin boundary condition).

Similarly, u::ing (1.2) and matching the tangential components of E and H ficlds on

boundary C, yields

o

Y
a_f = —jk.3. (3.7)
Therefore, the boundary condition for Ca is
9 ..

where D:)E is a directional derivative operator with respect to 7 = (0,0, 1) (outward norma!
unit vector). Equation (1.8) is an homogeneous Cauchy boundary condition.
The other two boundary conditions are fairly simple. Since ¢ is 0 on the waveguide

walls; then
6=0 . (3.9)

on Cy and Cy. Condition (1.9) is an homogeneous Dirichlet boundarytondijon.
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Figure 3.4: Definition of boundarices.
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The structure is symmetric with respect to its median Cs (fig. 1.4), and since the
excitation is also symmetric about its median (T Ejg mode), the field ¢ will also have a
symmetrical distribution about Cs, one can take advantage of this by introducing a new
boundary at Cy (a magnetic wall) and solving only half the problem.” This reduces both .
the computer storage and CPU time. . The new boundary condition, valid.on Cs except
in regions intcrécptcd by a septum, is J

= =0. ' (3.10)

~

or cquivalently ]

- dé .

¥ —-/5? =0 : | (3.11)
where < is a directional derivative operator with réspect to i = (1,0,0) (outward normal
unit vcctor)'. A direct consequence of this is that even-order modes are not i)rcsent in the
filter lstruct,urc, except possibly in regions of the waveguide separated by a septum. In
t119 present case, this represents the areas encIoscd\ bci‘.ween z = 7.5 mm to 8.5 mm and
h/ctwccn z = 12.8 mm to 13.8 mm. But, by using the property of continuity of tangential
fields acfoss air-to-air boundaries inside the filter, even order modes are seen not to exist
in these regions, cither. The condition (1.11) is an homogeneous Newmann boundary

condition. Note that the boundary of Q in fig. 1.4 is defined as
- F=CiUCUC;UCs. (3.12)
and has a counter-clockwise orientation.

3.4 Variati?nal method formulation

To find the field insid%.: the filter, one must solve the boundary value problem

Lé=v,in (3.13)
Bé=h,onT
19



where L = —V? — 2

v=0
B = 93, +jk. ,on C, and C; :
a/an ,on Cs
1 ,on Cy
h= A ,on C,
0 , on all other boundari?s.

It is understood th.at V2 is the 2-D Laplacian operator. Equat‘ion D13 is, in fadt, the
wave equation, or Helmholtz equation, with the abovc; boundary conditions. The op;:mtor
notation is used according to the general method presented in [5] which finds a variational
formulation for any operator, .

The domain of L (noted D) is spéciﬁed as the subset of L'.!f)(Q) which contains all -
twice-differentia,)lglc fun‘ctions. ! The set L-(_f)(Q) is chosen because only functions having
finite average power are considered. The functions must also be twice differentiable in the

region 2 to satisfy the operator L.

From [5}, a functional to be made stationary about the solution of (1.13) is
Flu) =< Lu,u> ~<u,v>—-<v,u> (3.11)

where < -,- > is a complex inner product,
u = ¢ when (1.14) is stationary
Q1 is the region of definition of L : ~

and L is a symmetric operator.

The inner product is defined by:

<z, y>=<y,z>"

’Lg_f)(ﬂ) s the set of Lebesgue integrable complex functions z such that f, | 2(2) |* dQ < .

20



<ér:r,y>=a<::,y> ¢
<zTy+ T2,y >=< 21,y > + < T2,y >

<z,z>20, and <z,z>=01iff z=0

where o is a complex constant, and z and y are defined on an open set Q (z” denotes the

complex conjugate of z). The inner product chosen is:

<u,v> = [./‘; uv'dS?.

The reader can casily verify that the above satisfies the definition of an inner product.

An opéctator L is symmetric if:
<u,Lv> = <Lu,v>
for every clement u,v € Dy,
Unfortunately, L, as specified in (1.13) is not symmetric, and therefore (1.14) is not

directly applicable. To show that L is not symmetric, consider:

<Luv> = jL(—u'v?u—kguv')dQ 3
= f/n (Vu-Vv'—kguv')dQ—fi_ ua—”dr
= f/n (Vi - Vo~ — k2up) 4O -/1 (A ~ jkau) dI‘mjcz v (—jkou) dT
-[ 03 a”dr j ".0dr
and then: .
<u,Lv> = <Lvyu> = []'/Q(Vu'-Vv-k;"u'v)dQ f gzdl"]

= /./; (Vu - Vo~ = kiuv®) dQ
+ [—f w"(A — jh.v)dl — f

—/ 0dr |

/]ﬂ (Vi Vo~ —k;uu-)dn-/c u(ﬁ‘-}-jk:u')dr_-/; ik.uvr dT

1

u(=jk.v) dT — / 0- —dI‘

Cs

21
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. Thus, is general, < Lu,v > # < u,Lv >. (Note that the Green's identity

fj; (V- Vo) dQ = _ff (v V) dﬂ+}g v—d[‘

has been used in the previous demonstration). However, a functional to be made station-

ary about the solution of (1.13), using its adjoint * | is

Fluu,) =< Lu,u, > — < vyu, > — < u,v, > (3.15)
where
Lo, = v,inQ) (3.16)
B, = hy,onT

is the adjoint problem of (1.13). The difficulty is that the adjoint problem of (1.13) cannot
be found, in general, for any inhomogencous Dirichlet, Newmann, or Cauchy boundary

condition.
In order to show this, let K = =V* —k2in Q, and let Gf = 4’-,‘-;(; + Af = I3 be the
associated boundary operator on T, where A, B € C. This represents a general complex

inhomogencous Cauchy boundary condition. Then:
"< Kf,g>= f/n (VS Vg — k2fg") dO -jl{ g (B — Af)dl (3.17)
Choosing K = K, leads to:

<[ Kg> = <Kegf> | (3.18)

// Vf Vg -—Lfg dQ-[ﬁfaJn]

I

Now, choosing the adjoint boundary condition G‘z as:

LY

Gf;af+0f D

*The adjoint of L noted L, is such that < Lf,g >=< f,Lag >. A sclf-adjoint operator L is such
that L =L, and D = Dy,. Thusa sclf-a.djomt operator is symmetric.

- r

o
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- (another boundary congdition of the same type as G) yields:
L

<Kfg> - <[Kg> = -§ g(B-Af)dl+[§ f(D-Cqary
- é_(fD'—g'B)dI‘-%—}f_ fg'(A—C")dT

This is to say that the adjoint problem can be found only if D = B=0and if A = C~.
A similar analysis reveals that L, cannot be found for inhomogencous Dirichlet and
Newmann BC.

Now, define

[ta

(3.19) -

w=¢-—
where s € Dy is a fixed function and satisfies the BC’s (not necessarily the solution).
Since L s a lincar operator, and since both ¢ and s are in the domain of L, then w must
also be in the domain of L. Thus, a new equivalent problem with homogeneous BC’s can

be written as
<7 Lw = ~Ls, Q2 (3.20)

Bw = 0,onTl

and its adjoint operator L, can be found. One can now write the adjoint problem of (1.20)

as

Liw" = =Ls™,inQ (3.21)

Baw = 0,onTl

where () denotes the complex conjugate,

L,=1L,

B, =95, -k, ,on C, and Cs,
%n .on Cs,
1 ,on Cy,



or, symbolically, B, = B".
The domain of L, {noted Dy_) is again the subset of £57(9) which coutains all twice

differentiable functions. Then Dp = Dp,. Inserting {1.20) and (1.21) into (1.15) yviclds

Flu) = <Lww >+ <w,Les” >+ < Ls, 8" > : (3.22)

= < Lu,u" > = <L, s>+ <, Ly > +f(s).

This functional is stationary about the solution z = &. The term f(s) represents all terms
which are function of s only, and is therefore a constant. Evaluation of the inner products

in (1.22), using Green’s theorem, yields

Flu) = / fn (V- Vo — k) dO + Gkt dl — /C_m dU (3.23)

CLuCy
{ Ou Jds

RRCEE kﬁ'é‘;—ziai) dr

G
One must remember that the integration on the contour I must be done counter-clockwise [7).

-

.- The last member of the right of (1.23) is 0 everywhere except on C). Iis value is then

du Js
S—m— — p—1 = -_—uf = — 3 sh 3.2
Jé-(‘*an =) dr f (sA — uA) dT /C wAdl + g(s) (3.24)

]

where g(s) is a function of s only and is a constant. Inserting (1.24) into (1.23) yields the

final functional to be made stationary:

Flu) = f /ﬂ (Vu- Vi — k2u?) dQ + jhadl =2 f A db, (3.25)

(o5} uCy C;

Note that f(s) (from 1.23) and g(s) (from 1.24) can be removed from the functional, since
. two functionals that differ by only a constant are equivalent [6).

AY



Chapter 4
Solution by FEM. ~

4.1 introduction

This chapter presents the basic notions necessary to implement the mc‘thod into a ggr;q-

puter program. The emphasis is ma.dcﬁon solving the continuous problem, mathematically
e

formulated in terms of diﬁcrcnti&f’cﬁgjculus in the preceding chapter, using discretization

of the potential ficld ¢. Enough i.nforma-tion is included so that a computer program can

casily be constructed to solve the actual problem, that of a filter with two metal inserts,

using only the material given herein. Such a computer program is listed in the appendix.

\

4.2 Decomposing the functional.

In order to solve (3.25), using the FEM, one must break the region  into a finite number
of connected polygons. The most widely used polygon is the triangle [4], because of its
geometrical simplicity and the analytical simplicity which it implies. The boundary T
must also be broken into clements, namely connected segments.

The functional (3.25) can be decomposed into 3 distinctive parts, each of which can

be analyzed separately:
F(?_I_)FF1+F2+F3+F4+F5 (4.1)

F=[[ (Vs vu)an

25



F2=-/fnk_?gfdn

F3=jk:/ w?dl

Cy

F.,.—.—'Z/A_u_dI‘
Sy

Fy= k. [ o dr
4.3 Boundary linear elements.

We first wish to approximate the field function xon a segment of I' (noted 1) by an
Nth degree polynomial. We need to sample up at N + 1 different locations, so that the
resulting polynomial is uniquely determined. For simplicity, and for compaltibility with
the algorithm proposed by Silvester [3] used herein, all sampled nodes are equidistant

L3

as in fig. (4.1). The resulting discrete approximation to the function ups the column

vector UUr, described in this section. Since on C; and Cy the Z-coordinale is fixed, then

the approximation polynomial should only-be a function of X-coordinates. Therefore
ur(z) = DAT (1.2)

where & = [z9,...,2%] . A |
D =[Dy,...,Dx], D; being unknown complex cocfficients

and superscript T represents matrix transposition.

The function ur at the discrete node 7 is

ur(z:) % Do = U, . (4.3)

where 7 € {0‘,...,N}
v = [.’L?,,I'V]

'r; = discrete potential at node i

Up
and [/ = (e yUrva)-

e



Therefore

ul=xp7 (4.4)
where
Vo
X = ,
N
Also, we can write
up(z) = hDT = UL = BXDT ( (4.5)

where 8 = [Bo(z),...,Bn(z)]. B arc Nth degree interpolation polynomials (or shape

functions) defined as o

Bi(z) = By . (4.6)
with property

s o1, i=t
ﬁi(zi)—é-u“{g . jFEL

é,; is known as Kronecker’s delta. From (4.5) we identify 3 as

B=hX""

which finally yields

Bis = XGanen (4.8)
where X' is the element in matrix X~! at row 7 and column ;. Thus the distribution
of up is approximated, on each segment, by a piecewise Nth degree curve-fitting process.
One method to evaluate X~ requires the computation of the determinant of X, which
s referred to as the Vandermonde determinant [8] and..to which some special theorems
apply. -

In order to adapt this method to Silvester’s algorithm [3,4], all nodes must be equidis-

tant on any secgment. These segments are made to coincide with the segment of the
[

| 8]
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m>< x.

ah

xX X

Figure 4.1: Example of discretized segment of T for third degree approximation polyno-
mial.

corresponding triangle in § that is touching the boundary I'. The degree of approxima-
" tion used on the boundary for the 8; shape functions is made the same as the degree of
approximation used for the shape functions in Q. Use of different degree for 3; and for n.,-
has been found to yield reasonably accurate results, but not quite as good as when both
functions are of the same degree. Slight lack of continuity between fields modeled on t.]u-l
surface of a bordering triangle and fields modeled on a boundary clement explains this
discrep;.ncy. But for sufficiently smooth fields near the boundary, one can use different '
degrees of approximations on [" and Q and, yet, obtain sulliciently continuous fields on
. the segments of the boundary and on the side of the corresponding triangles in Q. All
simulations reported in graphs herein were made using 34 degree 45 and o).

Inserting (4.5) into (4.1) yields
Fy = jkUe( [ 678 drLT ‘ (4.9)

F,=-2 ABUT dT

1 ~/C1 --B.._[‘

1'5 =5k dlYLr.
J -._r(/:ﬁ BdU)L

It is worth pointing out that (4.9) is only a function of x-coordinates () and the un-

known function at the discrete nodes ({/-). !91 integrals involved in (4.9) arc analytically



casy to cvalufte. Morecover, the first and third integral need only be evaluated once, as

explained later.

The variational parameter being the unknown discrete value of the field at cach node,

it is required, for stationarity [6], that X

OF(l) _ .
F [0] (410)

where [0] is a null column vector, and UV is Uq in Q, and Uy on I'. References for matrix
differentiation, for which some readers may not be familiar with, can be found in [10,

pagesi4-48]. The derivatives of Fy, Fy and Fs with respect to UL are

9F; . T T
— o= 25k, dl')lL 4.11
L Y ([ (678 an)i (4.11)
S em :
o = oA

an — R T T
57T = 2k [, (578 DT,

This is valid for every segment on C; and Ch.
Both integrals involving (873) can be quickly evaluated, keeping in mind that all
nodes on all segments of\('1 and C; are equidistant. Integrating a single term (row 2,

column j) of the preceding\matrix over a segment yields, using (4.8),

N T N+1 N41 . ; IE-{-m—l - Ig-i-n.—l :
idr = X-ix-t 4.12
[ome-EEeaiizE o

It can be shown-that the integration of the complete matrix system vields

[ (68)dr = By

4]

zy is the last node on the segment, while z4 is the first one (following the direction of
integration). Remember that an integration on C; or Cs is only part of the integration

over the contour I',which must be performed in a counter-clockwise direction. Integration
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on Cy is thus performed from highest value of x-coordinate to lowest value-(from top to
bottom, in our case), and conversely for Cy. Specifically, for a segment on.Ch Ty is the
x-coordinate of the segment of the segment having the highest value. Matrix By is a
square symmt-:trical matrix of size ¥ 4+ 1. Further, all of its diagonals are symmetrical.
The following gives these B matrices for N ranging from 1 to 4.

Bl=(meS_xo)ﬁ é]

B, = (IN _IU) i 1
4 - 30 _|‘1’

B Oh o

128 99 =36 19
B = (zn — z0) 99 648 -—-81 =36
37 71680 ~36 —81 648 99
/ 19 -36 99 128

146 148 ~8T 28 —I4
(ex—zp) | 1B 896 -192 128 38
By= o | -87 -192 936 -192 -7
.t 228 128 -192 896 143

—14 28 =87 148 146

Thus, only the coordinates of the extremitics of each segment are used to compute the
contributions of F3 and fj. Note that [4] describes an even more general procedure for
computing the B matrices using the so-called simplex coordinate system.

We can now describe each sub-region 7 on I by a system

Allp; = B; {1.13)
using (4.10) and (4.11). On' C}, (4.10) becomes (4.13),

where 4; = ij:(fc,(ﬁrﬂ) dl’)
Upi = Usr

B; =2 fs, ABT T

30
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On C,, (4.10) becomes (4.13),

where A; = 2jk:(fcz(ﬁT5) drl’)

Upi = Upr
B; = 0]

3
. These sub-systems will be assembled into the global system of equations, as described in

the last section of this chapter. Note that all A; matrices are symmetric.

4.4 Internal triangular elements.

-

We now turn to the modeling of the interior region . Let us refer to fig. 4.é for a typ.icql
example of a triangular division in . The nodes are numbered in the order indicated
by [4]. The example shown is for a 3rd degree approximation polynomial of the function
1 in the region of the triangle. Note that there are M nodes per triangle (see below), and
N +1 nodes on cvery side of a triangle. All nodes are equally spaced, as in the 1-D case.

For the general 2-D case, the approximation of u is given by

IR

ug Talll (4.14)

where 1q = function u inside £
[/q = discrete version of g

= [Uqyy .- -2 Laar]

Uq; = potential at naode 2
a = [ao{z, :),’...\,c;(:r,:)]
M = (N F1}N +2)/2, in general

and iz, =) are the 2-D shape functions.

The shape functions «; have the same property as their 1-D counterparts, i.e.:
j
& ai(z;,25) = &;

31



Figure 4.2: Example of triangular element in region Q, for a) first b)second ¢)third degree
polynomial approximation.



The shape functions are, in general, polynomials in J variables and degree N, where J is -
the number of dimensions of the region to be modeled (in our case, J = 2). Examples for
a;(z,z) are

ai(z,2) = a; + 0T + o2

for N =1,

ai(zT,z) = ai + @i2x + oz + o 422 + agprz + a.g-

for N =2, a.nd

aifz,2) = @y + QaT + QT+ @zt + oI+ gt (4.15)

Q-2 + ot s + @iz + aip02°
for N =3. TEE: terms F and [ of (4.1) are approximated by

Fi=1io([ [ (Ve - Va) AL (4.16)

where !_ig La,- '-1.(-£Qf\f]

Uq: = discrete potential at node :.

Again, for stationarity, it is required that

9F(Ua)

N GQ{Q = [0]

The derivatives {f F} and F; with respect to Qg are

(,%- = -zfjn(vaf . Va) dQ UYL = 28UT (4.17)
OF;

- — _9 T T _ _o2 T
T ] ]Q (aTe) dQ UL = 22 TU%

Actual computation of T and S becomes rather lengthy and involved for N > 1. Rather

than attempting to compute these matrices, the author used results published in [4]. A

R
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practical table is given in the above reference which uses a different procedure than the
onc presented herein to compute the § and T matrices, for any A'. These matrices are
given below, for ¥ = 1 (which is very often used with the FEM) and N = 3 (presently

used).

For N = 1: S
211
A .
T=E 1 21
112
3
S=3"Q:cot())
i=1
where _ N
‘1‘ 0 0 o0
CQI = '; 0 I -1
10 -1 1]
1- 1 0 -1
Qe=z| 00 0
“L-10 1
1 1 =1 0]
Qs-...3 -1 1 0
= 0 0 0|

and §; is the angle at vertex 7, as seen in figure 4.2. A-is the arca of the triangle, and can

be evaluated as:
1 1 Iy
A = absolute value of 5 det | 1 zo

-

t: t1
[ 2] —_

]

1(_, I3

where z; and z; are the coordinates of vertex 7, corresponding to angles 4,.

For N =3, the T and S matrices are as follows.

18 18 0 -3 0 IL 27 27 1]
1§ 540 270 —189 162 —135 4 —135 —51 27

18 270 540 —135 162 —18027 —54 —135 0

0 —189 —135 540 162 =—51 18 270 —135 27

po B |36 162 162 162 1944 162 36 162 162 36
T6T20| 0 —135 -189 —54 162 540 27 —135 270 18

11 0 27 18 36 27T 76 18 0 11

27 =135 =34 270 162 -135 1§ 540, —189 0
T -b4 —-135 -135 162 270 0 -189 540 18

L 11 27 0 27 36 18 11 0 18 76
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where

Q1

The matrix T of (4.17

B

[ S0 e

I

| —

Ll

COoOCCoOO0O oo oo Oo

-3
0

0 0
135 =135
-135 135
27 27
0 o0 -
27T =27
3 -3
0 0
0 0
-3 3
3 -5
135 0
0 135
=27 0
-162 0
0 -108
0 0
27
27
-3 2
—54 3
135 0
0 135
—-108 0
0 -162
0 =27
27 -3
0 27
0 27
0 0
)

S = i Q: cot(4;)

[
D D Lo b D
S diadoe

=1

— -

O O

6 0 0 0 o0 o
0 21 3 0 0 -3
0 -27 -3 0 0 3
162 21 3 0 0 =3
324° =162 0 0 0 0
162 135 -3 0 0 3
0 -3 34 —5¢ 27 7
0 0 —54 135 —108 o7
0 0 27 —108 135 —54
0 3 =T 27 -3¢ 34|
0 210, -3 =3 ~7]
162 00 27 27 =3
0 —1080 0 0 oF
0 00 -135 27 -3
324 00 0 —-162 0
0 1850 0 0 —5
0 00 0 0 o0
0 00 135 =27 3
162 00 —27 135 3
0 -5 0 3 3 34]
0 3 -7 3 -3 0]
0 0 27 Yo 0 0
~162 =27 -3 27 927 ¢
0 0 -5¢ 0 0 0
324 0 0 -162 0 0|
0 135 -3 27 —135 0
0 -3 3¢ 3 30
-162 21 3 135 27 O
0 —-135 3 —27 135 @
0 0 0 0 00|

s, similarly to matrix B in the previous section, a simple

function of the coordinates of the 3 vertices of the triangle multiplied by a constant

matrix.

Figure 4.3 shows the mesh modeling the filter, divided into trian-gular regions, as used

in the FEM program included in the appendix.
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Figure 4.3: (2)Model of filter used by FEM program in appendix,.witl (b} close-up view
near septum. . .

-
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4.5 Final system of equations.

Assgzmbling the final system is quite systematic. A mathematical way of connect.ing all
clements together is described in [4]. The author presents here an algorithm, rather than
a mathematical formula, to connect all elements in a simple and easily understandable
wiy.

Each triangular region ; has M nodes. A system A;Uq; = B; has been described for
cach of these sub-regions. Note that a node on the side of a triangle is usually shar wﬁh
an adjacent triangle. Hence, there are much less than M x K free nodes in the ,t.frudcturc,
where K is the total number of triangles. |

The following describes the procedure used to reduce a system of size M Lo one of size
M -1, when one of t. nodes in a sub-region is of Dirichlet type (the node no longer
corresponds to an unknown of the system of eciuations). An example fully illustrates the

complete procedure. Let M = 3. Then the sub-system A;l/ = B; can be written as:

ann a2 4 U b
Aoy G2 dn us | = | b
a3y az2 das Uy b3

Now let node 2 be of Dirichlet type: us = ¢» = constant (Note that all Dirichlet nodes in

the model presently studied are forced to a null value. See equation (3.9)). The system

-

a1; Q13 u | & —ajzc
@31 Qa3 Uz by = azaca

Note that the square matrix is still symmetric. The process may be repeated if there are

is now reduced to:

any other Dirichlet nodes in this sub-region. In the limit, if all nodes are of Dirichlet type
in any sub-region, then the resul£ing system of equations will be of size 0. Although this
sounds trivial, it is ncx't;rthelcss useful in a corﬁputer algorithm, where the automatic (or
manual) meshing algorithm may subdivide a region that is completely inside a conductor.

Since a conductor will force the electric field to zero, then all nodes inside a conductor
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are of Dirichlet type (at least-for the problem studied here), and none of these nodes
c§ntribute to the final system of equations.

The final syst;:m is assembled sequentially. Start by a system AU = B, where A, {7
and B contain all zeros. The size of this system 1s cqual to the number of free nodes in
the modeled structure, including all nodes in Q and on T'. B and { are column vectors,
while A: is a square matrix. Now, all A;, I/n; and B; are sequentially added to the system
Al = B as follows. Let node j of the sub-region €; correspond to node & of the global

structurc::. Then:
Ak,m) — A(k,m) + Ai(j,m),V possible m
B(k) e B(k) + B:(})
U(k) = L(R) + Uai(J)
where M (k,m) = clement at row k, column m of matrix M

V(k) = kth clement of column vector V. N

Similarly, the same procedure is applied for all nodes j in all sub-regions T (on the
boundary) corresponding to node & of the global structure. And note that since all A;’s
are symmetric matrices, then A is also a symmetric matrix. This is 2 useful observation
since some software packages are available to solve such systems, using time-saving and
core-saving algorithms.
The final matrix system

All=D (4.18)
to be solved can be visualized as follows. Matrix A contains the geometrical properties of
the system, only. That is to say, it describes the natural response of the system. Vector
B contains all fox:cing functions, that is the terms resulting from /9y (inpui wave) and
from the Dirichlet nodes (forced boundaries). N;ote that A is unique for 2 given geometry,

regardlé;ss of all forcing functions.



Chapter 5
Comparison with the TLM method.

. 5.1 Introduction.

This section is introduced as an atte\rﬁbt to compare the results obtained from the FEM
_ with those obtained from another method since no such informa.tic;n is available anywhere
in the literature. The TLM method is used more to confirm the accuracy of results
from FEM th‘zln to try to substitutc'i}:, since the weak spatial resolution problems of this
method (in its basic form) make it a less ideal candidate than the FEM for filters with

thin inserts.

5.2 Introduction to the TLM method.

An excellent overview of the TLM method is giver in [11]. Several papers are available to
the interested reader, mcludmg thc first papers introducing the TLM method by Johns
and Beurle [12]-[14]. The TLM method simulates the propagation of waves in space in
the time domain. It is therefore an extremely general approach for solving Maxwell’s
cq'ua.tions. |

The basic idea of the 2-D TLM method is that 2-D space is modeled by 2 mesh of
Tntersecting open 2-wire t;'ar;smission lines parallel to Cartesian coordinates. The distance

between consecutive nodes along a Cartesian axis is Ad. Voltage and current equations
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¥

Figure 5.1: Schematic equivalent of 2 TLM shunt node: aj diagram. b)standard directions,
¢) axis. ' ”

on the lines will be shown to be of the same form as Mach]l’ycquations. Thus, by
identifying terms properly, one can get a one-to-one equivalence between lumped-circuit
parameters of the mesh and electromagnetic quantities in space. Voltage impulse functions

-7

are Jaunched in the mesh and scatter according to the same principle of wave dispersion
< .
described by Huygens. Thus, waves are accurately modeled by impulscs travelling through

~
!

the mesh of transmission lines since they behave as a wave-front in space [14].

5.2.1 Full-wave analysis, and TLM network equations.

Figure 5.1 shows the equivalent lumped-element equivalence of the shunt interconnection
of two open transmission lines used in the TLM grid. Letting the constitutive parameters
of the lines be that of free space (¢ = g, = 1), the velocity of propagation in the lines
becomes 1/v/LC = 1/\/&Fs = c. These 2-conductor lines support a TEM mode. The
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" voltages and currents are thus uniquely defined, 4nd for infinitesimal spatial increments

are given by

=_[Z= (5.1)

Oz ot
where [p = oy — Iy and I, = Io — I.4. A full-wave analysis of the fields inside the filter
yields, directly from both Maxwell’s curl equations:

9E,  OH. (
Y -

' OE,  OH.
oz " ot T -
oH. JH. JE,

—_ =¢

dz dz ot

Thus, there is a one-to-one relationship between all relevant quantities in the TLM grid

o
[ Ew]
—

analysis and the full-wave analysis, as fcliows: 4

-

n=L (5.3)
c=2C
= L=V, - :
i H.=1, ‘
1;{: = -1, p -

We see that ¢ = 2C, implying that the structure simulated by the TLM network is

< ' . .
actually a structure having ¢, = 2. Therefore, the dimensions must be reduced by a
factor of v/2, thus simulating a real structure having ¢, = 2. Equivalently, one can keep

the actual dimensions and reduce the operating frequency by a factor of v/2.
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From [12] and {14], the following relations describe the simulation of a wave scattering

in a TLM mesh:

Vilz,2) ) -1 1 1 1 Va(z0) 1

Va(z, 3) _1 I -1 1 1 Vi, 7) .
Vo) | T3] 1 1 -1 1] W(ee 54
Vi(z, ) it 1 1 -1 Va(z,x) 1,

Vi(z,z) 1 001 03[ WViset!)Y

Va(z,7) |0 001 Va(z +1,0)

Vi(z,z) L1000 0| Va(z,x 1)

Vi(z,2) 4, 0 10 0 Viz=1a) ],

where superscript ¢ and = respectively refer to incident and reflected voltages uln cach line,
(z.z) refers to the coordinate of a particﬁ[ar node, V; is the voltage {vither incident or
reflected) at branch ¢ (see Fig. 5.1) of a node, and the subseript refers 1o the iteration
number. Thus it is only necessary to store Lhc: incident voltages for cach node and each of
their 4 braqchcs at every iteration. A practical FORTRAN implementation requires two
3-dimensional arrays of size 4 by X by Z to store all incident voltages in all 1 directions,
for given iterations & and & + 1. Note that the TLM method is completely terative, and
requires no matrix inversion, making it very stable. Increasing the number of ferations
simply models the wave evolving in time.

‘It is important to note that we are simulating vollage impulses, so that enerents are
obtained by dividing the voltages by the impedance of the lines, whichis Z =\/L/C: = 7.,
the irtrinsic impedance of vacuum. Another note of import-;!.ncc is that the eurregt thus

obtained is cquivalent to the H-field in the corresponding structure having constitutive

parameter ¢ = 2. Thus, the true H-field value is obtained by dividing the currents in the

TLM mesh by /2. - . ’
5.2.2 Boundary models.

Boundaries in the TLM network are obtained by examining the cquivalences {5.3). The

boundary condition at a2 metal wall is given by (3.9} as £, = 0. From (5.3) this translates



intoV;, = 0 for the TLM network. In other words, tklle line must be short-circuited.
Alternatively, a magnetic wall becomes an open-circuit, in the TLM model. Note that
all such discontinuitics must be placed midway between two adjacent nodes, in order to
conserve synchronism [12]. For an absorbing wall, consider a TE) wave traveling in the

positive z-direction. The wave impedance is found to be [33]:

where Z, = frec-space intrinsic impedance (2 377Q)
A, = guided wavelength
A= l’rcc-spu;'/\v:ivclcn gth

a3, = pt"op@;ution factor in the guide.

l{.unu.-ml)criw scaling factor refating the real and TLM structures, the terminating

resistor for the TLAM network is, from the equivalence (5.3),

Whs =

where w is the actual frequency. Note that although the wave is completely absorbed by

the \\'.'Lll.,ﬂi.hcrt.‘ will still be local reflections, d-1'1c to the fact that the terminating resistor
I does not match the impedance of the lines given by Z = Z,. Also, onc must keep in
mind that this analysis is only valid if only the fundamental mode Qf propagation cxists
at the boundary. This tmplies that all discontinuities must be located at a reasonable
distance (a minimum oi' one wavelength) from the absorbing walls, where all higher order
modes vanish.

Thus, magnetic wall Cs is modeled by open-circuited lines, electric wall C,a.s well as
all sides of each septum are modeled by shorted lines, and absorbing walls C'l and C, af;:
modeled by terminating resistors of value R (5.6). Note that R must be calculated for

every simulation at a different frequency.
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Figure 32: Simulation of sinusoidal wave with impulses, as used in TLM method,
5.3 Simulation of continuous waves with TLM.

Since the TLM algorithm simulates scattering of an impulse through discretized spice, a
sinusoidal signal is modeled as a series of weighted impulses, as shown in figure 5.2, Fach

impulse travels at the speed of light through the lines, as is the case with all TEM air-filled

lines. The TLM method is an iterative algorithm, where cach iteration represents i step

At in time, making one iteration correspond to the time taken tor an impulse to reach o
| neighboring node. Thus, Al = Ad/e, where ¢ is the speed of light. Since all nodes are
cquidistant, all impulses are synchronized together.

One common usc of the TLM method s to find an approximation of the frequency
response of a structure. To do so, one has to inject a single unit impulse at an arbitrary

input node qf the mesh and let it propagate. The propagation from one node to another
M‘-‘.‘_-' i . . -

is discrete and represents one iteration in the TLM method. One can then compute

the discrete Fourier transform of the impulse stream sampled at an arbitrary node in

the mesh to obtain the frequency spectrum of the TLM model, which approximates the

real structure. This method yields very accurate resnlts {or finding cutoff frequencies of

arbitrary cross-section waveguides.
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Figure 5.3: Excitation of waveguide with continuous wave, for TLM.
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A modification on the above, used to compute the field distribution inside the insert

_+_

filters, 1s Lo inject a continuous set of impulses at the input boundary of the filter, rep-
resenting a discrete sinusoidal excitation, as shown in Fig. 5.2. All nodes at the input
boundary C, are excited as such, to correctly represent an incident T Fyg-mode wave. The
impulses must b’c weighted according to the fundamental mode E-field distribution across
the cross-section of the guide. The following example illustrates this procedure.

Figure (5.3) represents the TLM model of a half-waveguide structure similar to the
one used for the metal insert filter. The waveguide half-width (a/2) is 6Ad. The nodes-
numbered [ to 6 receive the incident excitation at their branch number 2 (sce Fig. 5.1)

at every iteration. The incident TE,; mode has field distribution

~ S
E,(z,z,t) = E,sin(—) sin(wt) /
a

where 2 = 0 on nodes 1 to 6, without loss of generality. Since the TLM algorithm works

-



in discrete time and space, the previous expression becomes

2N =1)

Ey(x,2,t) = E, sin(x 51

ysin(whkAt)
where k& = iteration number

N = node number, on input boundary (as shown in Fig. 5.3).

E, is the input wave amplitude, sin(whkAt) is the term representing the time variation, as

{2V =1}

A

shown in figure 5.2, and sin(x ) is the weight factor added to each node to effectively
simulate a T Ejp wave at the input of the waveguide.

Choosing a proper time step At is discussed in a later section. It is not done arbitrarily,

since it is directly tied to the choice of node spacing Ad.

5.4 Sources of errors.

Several sources of errors have been reported by authors [11]. These all play o role in
limiting the accuracy of the TLM method. Thdse will all be discussed, with ctpliasis on
the most relevant error sources, for the present case, which are the velocity error and the
COArseness Crror. _

The author has first examined another possible source of error: truncation of real
numbers due to’limited compter resolution. The analysis being too analytically complex
to perform, the author simply compared outputs from 2 different, versions of the final pro-
gram, one using simple precision arithmetic (4-byte real numbers), the other using rluu];éir
precis'ion arithmetic. Since no differences were observed down to 4 digits of acenracy,
this source of error was deemed insignificant. This ultimately helped to build a faster
- program with lower memory requirements, as simple precision arithmetic is slightly faster
and uses half the memory as double precision. This also implies that the TLM algorithm

—~N
is extremely stable. It does not suffer from ill-conditioning of systems of linear equations
)

encotntered in most other methods, including the-FEM. ;o
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Figure 5.4: Dispersion of the velocity of waves in 2-D TLM network (after Hoefer [11]).

One type of error, the truncation ;:>f impulse response error [11], does not come into
consideration as we do not Fourier-transform the time-response gf the system, as will be
discussed later.

The velocity error was first reported in [12]. This is due to the fact that the propagation
constant in the mesh depends on the direction of propagation relative to the axis of
ortentation of the branches. The propagation velocity in a 45 degree direction is the same
for all frequencies (no dispersion), while for a direction parallel to one of the main axes
it is a function of frequency. Figure 5.4 shows this dispersion characteristic. In the limit,
as the parameter Ad/A tends to zero, the propagation velocity tends to the same value
as in the 45 degree case. Hence, as a rule of thumb, the parameter Ad/A must be kept
smaller than 0.05. Using the center frequency of the filter (32.5 GHz) with the minimum
Ad possible, namely the half-thickness of a septum (50 gm), yields Ad/) = 0.0034. This
s clearly much lower than the highest allowable value, hence no practical velocity error
15 expected. o |

Coarseness crror is due to a lack of spatial resolution in regions where the modeled
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field 1s highly nonuniform, as near edges. The reported cures include refining the mesh
constderably (which in our case would require a prohibitive amount of memory and time),
or using a variable mesh size [15], which would involve programming implementation
diff;culty. Another method is to compute results using different conrseness, and then
extrapolate for Ad — 0 [11]. Again, the results obtained are extremely close to those
obtained via FEM and mode matching. Coarseness error is therelore neglected.

Hence, very little errors are expected b_\'_l:sing the TLM method. Of course, lack of

spatial resolution of the current is expected on the front (narrow) face of eack septum,
LY ‘ V

5.5 Implementation of the TLM method.

The TLM grid used for the present problem is a regularly sp:;cvd gridd, Thus the grid
density throughout the structure depends directly on the spatial resolution of the smallest,
object that we wish to model. This, of course, implies terrific computer storage waste
in the regions where not much resolution is nccd‘cd. The same region is modeled with
the TLM as with the FEM method. That is only one half of the structure is modeled
(Fig. 5.3).

The smallest resolution needed in this casc is the septa hall-thickness, 50um. One
must remember that all dimensions must be an integer multiple of this minimum spatial
resolution Ad which is the smallest distance between consccutive nodes. This implies
that the structure can no longer be exactly modeled, as with FEM. For instance, the
waveguide half-width cannot be 3.356 mm, but 3.55 mm (the closest integer nmltiple of
30um). Since the septa are "reasonably” far from the walls (most of the disturbance
happens in the middle of the guide), we expect that this small change in dimensions does
not affect the final field distribution. This will be confirmed later by the results.

The TLM method will directly yield the time-domain ficld distribution. In order

" to obtain the amplitude of the ficld distribution, one must observe all nodes of interest
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Figure 5.5: View of the filter simulation for use with the TLM method.

for a duration of at least one half-cycle of the incident wave, and find their maximum

instantancous field. A disadvantage (for other applications, since we are not concerned

-
-

with phase response) is obvious: here, the ;-)ha.se information at cach node is lost. Having
obtained this, we can directly compare results between TLM and FEM. On the other
hand, the reflection coeflicient is not dircctly calculated from the ficld at the boundary
(as with FEM), but {rom a more fundamc_ntaluand physically related mcthod, that of the
slotted transmission line. In fact, the TLM method being a time-domain method that
vields the ﬁcld at any point and at any time, we may insert a "software detector diode”
in a line oriented in the longitudinal direction of the median of the guide. Then, the peak
amplitude is found everywhere on that line, and, thus, a typical VSWR pattern for the
input of the filter can be obtained. From the position of a minimum, we may casily get
the phase of the reflection coefficient (referred to the first septum), and from the ratio
of the maximum to the minimum, the amplitude of the reflection coefficient. One must

remember that the maximum and minimum must be located in a region where only the
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fundamental mode exists. Consequently, the boundary at the front of the filter is further

located than for FEM which requires only that the absorbing walls not be put in contact

with higher-order modes.



Chapter 6

Results.

6.1 Introduction.

In previous chapters, the FENM and TLM method were described, and the former was
discussed in detail. Here, the final results obtained from the FEM and the TLM method
will be shown, and some difficuitics encountered while deriving them discussed. All graphs
shiowing field and current distribution in the filter are normalized to 1 W of incident po.wer.
Most graphs show, simultancously, results obtained from FEM and TLM. Some graphs

also include results from mode matching (MM).

6.2 Results from. FEM.

6.2.1 System size, and CPU time.

The FEM yields a system of N by N linear equations (chap. 4), N being the number of free

- )

(unknown) node field values. The system is always sparse (4], so that special techniques
may eventually be implemented in order to solve the system in 2 minimal amount of time,
or to minimize storage requirements. Indeed, an entry indexed A;; of the final symmetric
matrix is non-zero oni_\" if#iodes 7 and j are from the same element, or if they are from
adjacent triangles. Since most triangles in a large mesh are not adjacent, then it follows

that the matrix A must be sparse. The matrix reduction technique used is Gauss-Jordan



;
elimination, using pivots, available as a standard LINPACK program from Argonne Na-
tional Lab (node address NETLIB@ANL-MCS, on' ARPANET network). This subroutine
takes advantage of the fact that the system is symmetric by storing only the upper trian-
gular part of the matrix A, thus reducing memory requirements by a half. IEEE double
precision (8-byte REAL™S, or 16-byte COMPLEX*16) representation is used evervwhere
in the FEM program, included as an appendix. Preliminary simulations by the author re-
vealed that single precision was insufficient. The total number of COMPLEN unknowns is
628. This represents a total minimum storage of 3.17 Mbytes for the lnear system alone,
not including the program or other related variables. The szhapc [unctions used are of the
3rd degree. The gridding algorithm is fairly simple. First, the x and z coordinates of the
vertices of rectangles in a rectangular grid is introduced. Then, the program generites
vertical and horizontal lines passing by all (x,z} coordinates previously cutered., !"in:x]hl_y,
all resulting rectangles are automatically cut with a diagonal line, forming a grid of tri-
angles. A total of 144 triangles were hence generated and used for all computations, The
region in the front of the septa is particularly dense in triangles, so, that the highly ireeg-
ular field near those discontinuities can be correctly modeled. The x and z coordinates
used are included in the computer program listing.

The CPU time, using 2 micro-VAX (VAXsLaLion—‘ZOE)O), required to solve the field dis-
tribution e the 2-septum filter was typically in the order of 25 minutes. It"was observed
that 1 mlte of that time was spént setting up the matrix system, while the rest of the
time was“used to solve the system of linear cquations using LINPACK .double precision
COMPLEX Gaussian climination routines. The same program was run on the Univer-
sity of Toronto Cray XM-P supercomputer. The total CPU time used was 2.2 scconds.
This represents a drastic improvement of nearly 3 orders of magnitude. Future larger
simulations (for 3 septa and above) will be made possi.blc by the use of such caleulating

machines.

n
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An interesting note comes from [26], which states that the accuracy obtained using
the FEEM will be increased if the triangles describing the region € have one side which
follows the constant values of the field to be computed. Although the field values are
complex, [26] claims that it is sufficient, in most cases, to have onc side of the triangles
follow the curves of constant modulus, even though the real and imaginary part may be
radically different. This would require a rather complicated automatic mesh generating

program, or that all coordinates of all triangles be interactively generated.

6.2.2 Plotting FEM results: some considerations.

Accurately plotting the field values at arbitra.?' points between the nodes may not be
trivial. There are two cases that we can consider, the first being relatively casy to solve.
If we wiiqh to plot the field along the edges of any triang'e that is aligned with onec of
the Cartesian axes, a simple 374 degree curve-fitting process must be made with the field
vilues at the 4 nodes on the edge. This process is known to pro.uce a unique Isoly'nomial.
" Stnce the field on the edges has also bc:tn mq{glcd by a 3Td degrez polynomial, then this
polynomial must represent exactly the solution obtained by FEM. If the line on which we
want to plot the values of the field does not follow the edge of a triangle, then we must
find the 2-dimensional 3rd degree polynomial which models the field evervwhere inside
the'triangle (equation 4.15). This process is analytically similar to the preceding method,
with the added difficulty that we must do a 2-D curve-fitting process. Note that u(z, z)

is defined everywhere within a triangle as:

u(x.2) = a; + asr + agz + a4z + sz + ags’ (6.1)

. 3, 2 ) 2 3
TasIT + AgT I + QeTz” + A1p2

where a; are complex coefficients. Since the value of 1 and the coordinates of all 10 nodes

are known, the cocflicients @) to aj can be identified by solving a 10 by 10 lincar system



of equations. But beware! Double precision arithinetic must absolutely be used, as the
matrix is Vandermonde-type, and is usually ill-conditioned. The author has verified that
a typical estimate of the condition number of such a matrix svstem s in the vicinity of
10151

~ Finding an accurate representation of the derivative of the field values is also im-
portant, since H. and I, are found by differentiating the E-ficld, using Maxwells curl

equation:

—j 9E
\ ==
Wi Oz
. 5 OF ;
=3 28
—  wp Or

Using the same method, as previously discussed to obtain the 2-1) approximation polyno-
mial, an analytical derivative is casily done with respect to cither Cartesian coordinates
vielding components of the H field at any interpolated poinL.l Note that, for reasons ex-
plained in the next subscction, the continuity of the /£ field from one triangle to the next

is not guaranteed, while the £, field is always continuous.

6.2.3 E and H field.

The-factor £,, discussed in chapters 3 and 4, which represents the amplitude of the
incident E-ficld, is normalized so that the incident power is 1 W. This value is used in all

analysis discussed throughout this thesis. It is given by [33]

)4:.;.‘;10 -
[ = 12
- k.ab (6.2)

where @ and b are the waveguide width and height, respectively, and k. is the propagation

factor described in chapter 3. Changing the phase of the complex quantity f2, would

simply yield a corresponding phase shift on all output quantities, but would not affect the



amplitude. The output from the FEM program, for which the algorithm was described
in chapter 4, directly yields the value of the electric field component [z, E;.f. 2ll nodes.
Figures 6.1 and 6.2 show a longitudinal view of the amplitude of Ey.in the median
of the v.';;vcguidt':, while figures 6.3 and 6.4 show a lateral view of the same field at pl;c
front, of‘t]u: first septum. The maximum E,-field amplitude occurs along the median of

fHaJ.‘w;m:guidc. Several longitudinal views of the ficld along different x-coordinates reveal

that the peak occurs on the median of the guide. Thus, only views at this coordinate are

reported. From figure 6.1, the peak amplitude of £, in the middle of pass-band, is in the

vicinity of 32.1 ‘l\'\//m, while the peak amplitude of the field before the filter is near 8.8

KV/m. This implies that a filter can only sustain a maximum input power of
- L

- S-S‘ - .
Pmsr—fil!cr = (_ ).'qux-no—jiltcr .
3.1 }

Thus, the filter structure can sustain 13.3 times less pc}\ver than the empty waveguide be-
fore air breakdown occurs (assuming matched output conditions, as stated in section 3.2).
The filter analyzed uses WR-28 housing (7.112 mm by 3.556 mm). The peak power hin-
dling of such an empty guide is in the vicinity of 60 kW [34]. Peak power handling of the
filter is thus reduced to apprl)x. 1.5 kW, Grap-hs of longituainal E-field distri.buyion are
shown for 2 different fr-cqucncics; in pass-band (3'2..5665 GHz), and vut of pass-band (30.0
GHz). Note the typical VSWR pattern appearing at the input port of the out-of-band
simulations, As expected, the peak E-field for out-of-band behavior occurs at theinput
port, before the filter, and is due to a' near-periect standing wave. The maximum field
:unplituldc 15 then twice the peak value of the incident wave.

Figures 6.5, 6.6, 6.9 and 6.10 show the H_ field in longitudinal and lateral cuts, at band-
pass and out of bm(L-pzu,b frequencies. Note that the magnetic field is not continuoﬁs, from
one finite clement to another. The continuity of the E-field across 2 finite clemcnt"inté:face

is guaranteedTanalytically and numerically, whereas it is only guaranteed analytically for

\ ' - | _
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the H-freld. A condition of continuity of the derivative of the E-ficld from one triangular
gcxion to the next is not imposed. nor does it appear naturally, for the numerical solution,
as the E-field’s expansion functions do not correspond exactly to the tiffe solution. Sudl
discontinuities in the H-fleld occur, for example, in Fig. 6.9. One must always remember
that any numerical method applied to a problem is an approrimution to the original
problem, and is, in fact, a different problem that merely E‘oscmhlvs the original. As shown
by figures 6.7 and 6.8, _ is zero everywhere on the median bechuse of the magnetic wall
- Cs. From these gmpils, one can observe the high_amplitude of the magnetic field at the

surface of the septa, vielding large surface currents. These will be discussed later,
6.2.4 Reflection coeflicient.

The reflection coefficient is computed by using cquation (3.1). Isolating £2 vields the

reflection coefficient anywhere to the left of Cy:
—c_jk‘:)r.'_-]'k:: , (6.:3)

On boundary C; (z=0), the reflection coeflicient is computed as

e . o

L R=( -1) (G.1)

L, sin(kex)

-Thus, a crude test to see if the simulation is correct is to compute the reflection cocfficient
on every point on the boundary C,, tllat{-is for 0 €z € af2. It is scen from figure 611 ~
that the computed reflection coefficient is fairly stable, except sometimes near the edge

of the waveguide, and at frequencies where the reflection cocfficient is very low. This can

be explained by examining the following:

on 1
96 E,sin(k.z)
AR A
— = =
R RE sin(k.z)
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Consider ¢ to be the computational error, W;: can assume this error not to vary very
widely within the range of frequencies of interest. Then AR/ R, the Fclati\'c cbfnputational
error in the reflected coefficient, becomes more important as. B — 0, or as £, sin{kzz) —
0 {near the waveguide wall). Thus, to minimize crrors, all refiection cocflicients are i
- computed at x=3.556 mm on € (along the median of the guide). |

Figure 6.12 compares reflection coefficients obtained by FEM, MM and TLM, as a
Tunetion of frequency. The middle of pass-band obtained by FEM is scen to be 0.8%
higher than results obtained by MM. This error is relatively small, but might be consid-
ered excessively large for the design of precision filters. But it is stated again that FEM
is not meant, by the author, as a means of replacing existing CAD packages, such as
EPLANFIL2, but as a method to analyze ficld distribution in a filter with given geom-
etry. The field distribution at the pass-band {réquency obtained by FEM is assumed to
correspond Lo the ﬁcid distribution at the pass-band obtained by MAI, which was found

to agree very closely with measurements [18].
6.2.5 Current on septa.

The surlace current density on all metallic structures of the filter is given by

-

J,=1x

=

[z

(6.5)

L]
where 77 1s a unit outward normal to the metal surface, and # is the H-field at the surface
~of the conductor. As all clectromagnetic field quantities in the problem investigated are
constant with respect to y, current densitics are also constant along that direction. Using

I=,-ficld data obtained from the FEM program, the H-field is computed as discussed in

Fig. 0.14, for pass-band and out of pass-band frequencies, respectively. Note the increase

in current density near the edges of the septum.
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6.2.6 Evaluation of power dissipated on a septum.

Consider the currenf. on all faces of the septums to be approximated by a series of strips

of width Ad, one of which is shown in Fig. 6.15. The power dissipated on Lhat.'gt.rip is

AP = | L R = |ﬁ$<_}r_|‘-’ Ri(Ad)? (6.6)

o] —

| L, P R{(Ad) =

b | —

| —

where 77 is a unit normal vector, directed out of the septum, His the magnetic field at the

| surface of the septum, and R; is the resistance of the strip of length b shown in figure 6.15.
From Ohm’s law,
l;
=%
_where R; = resistance of strip ¢
[ = lengfh of strip = b = 3.5356mm
A; = cross-section area through which the current flows

o = conductivity of material.

A 1s found to be

A=6,Ad=Ad

2
wuo

L)



where 8, is the skin depth. The total power dissipated on the septum is:

o lAxIP b _
P_fL——z——a&'dL (6.7)

where L is the 2-D contour of the septum. '

| Using the data given in part in figures 6.13 and 6.14, the total power dissipated on each
septum as a function of frc'qucncy ts given in Fig. 6.16. The maximum power dissipated by
any single septum is 2.4 mW (-26.2 dbW), at 32.2 GHz (below pass-band), by the input
septum. In the middle of pass-band, exactly the same power is dissipated by each septum
(approximately 2.0 mW, or -27.0 dbW). This is expected, since the field distribution in
the middle of pass-band is nearly perfectly symmetrically distributed, with respect to the
center of the filter.

The maximum admissible CW pow'c_r'for an empty WR-28 guide is rated at approx.
250 W [34], implying that dissipation on the input septum will not exceed 600 mW,
while the output septum will dissipate a maximum of 490 mW. This is a relatively small
power, except for pﬁ.pcr-thin metallic septa. But at maximum CW input power, the
inner waveguide walls will become relatively hot, which will further limit the maximum
power dissipati.on from the septa. They will not melt, but will deform through thermal
expansion, causing degradation in performances. Reduction of skin depth ‘is also an
unportant factor, as power dissipz'xtioél increases as a function of the square root of the
frequency. As frequency is increased toward 94 GHz and above, a.nomalous skin effect
increases this power by as much as 1.5 times {34]. The exact CW power limit has yet to

) ¥ e
be determined.

’ 5
6.3 Results from TLM.

It should be pointed out that, while the system to be solved by the TLM method was

relatively large (568 by 73 nodes, sce Fig. 5.5, single precision IEEE REAL format (4

73 . L]
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hy\r"’u:s) calculation was sufficient. Indeed, the use of double precision IIéEE REAL format
(|r bytes) did riot change the results within 4 decimal digits of accuracy. This is due to
the inherently good numerical stability of the TLM method, which is a purely physical
and iterative model that does not require any matrix inversions.

Two programming schemes were tried out. The first, used in Y. C. Shih’s M.A.Sc.
thesis [16], implements.a clever scheme in which only one matrix of node currents is
used” (see section 5.2.1). The matrix is updatc(j at ‘every iteration without using an
intermediate matrix. Since TLM matrices tend to be large, thisis a ﬁotablc improvement
over the author’s aitcmpt, which required the use of 2 matrices, one for iteration k (the
old iteration), and another for iteration & + 1 (the new iteration). But the clementary
operations on cach node could not be readily transformed into a matrix equation, as
was presented in section 5.2.1. Thirs is a pitfall if the program is to be exccuted on a-
veclorizing supercomputer, as will be discussed shortly. The author’s method is much
simpler to program, as the entries into the new matrix (iteration k + 1) is strictly a
matrix function of the V';xlucs of the old matrix (iteration k). Shih’s algorithm turned
out to be nearly twice as efficient, both in terms of CPU time and memory storage, on a
non-vectorizing computer (si:ch as the VAX 750, and the microVAX). -

In order to reach the steady-state, 5000 iterations were first used. After this, 150 iter-
ations were needed to determine the peak amplitude for 2ll nodes of interest. Figure 6.17
shows the peak E, distribution .t‘hus obtaiﬁed for different frequencies, at z = af9, al‘ong
the longitudinal section of the filter, using the TLM method. Note that the VSWR pat-
tern at the input side of the filter never vanishes, even in the middle of the pass-band

°
(near 32.5 GHz). Computations using 10000 iterations at the same frequency show a
drastic decrease in input VSWR level, as illustrated by the same figure. Thus, the initial
number of iterations has an impact on the computed field distribution (and thus on the

determination of the reflection coefficient), mostly in the region of the input port. On
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the other hand, residual transient response has little effect at f_rcqm-'n(‘ics out of pass.
band where the VSWR value is very high. This is illustrated by Fig. 6.19, which shows
the reflection coeflicient as a function of frequency, obtained with 5000 6r L0000 initial
iterations. |

The TLM method is scen to suffer from the same ailment as all other iterative tech-
niques: it is sometimes impossible tor very difficult) to predict how many iterations are
nceded to obtain a required accuracy. One possibility is to stop iterating when there
is no significant change in the magnitude of the output quantity for a given number of
iterations. This scheme is only valid for steady-state analysis, as used in this thesis.

Another problem encountered is the limited spatial resolution. Detatled information of
the field-at the input of the first scptum 1s impossible, with the proposced minimum spatinl
resolution of Ad = 50pm. The only information obtained Is a rough average of the current,
on the front side of the septum. No idea as to t,hc's\hapc of the current distribution can he
gained, whereas the FEM can clearly disp]ay it. In order to obtain enough resolution and,
therefore, see the irregularities of the current distribution as clearly as with the FISM, wee
would have to use Ad at least three times a.s :::mall. This implies three times as much
computer storage, and 9 times as much CPU time. The actual problem takes as much as
4 hours (for frequencies out of pass-band) and 8 hou.rs in pass-band (because of ncreased
number of iterations needed in pass-band). Thus this method becomes much less efficient,
than the FEM, for the computation of current distributions. However, if one wishes to
compute the reflection coefficient and E, field distribution only, the simplicity of the
method makes it more attractive than the FEM. Indeed, a wo-rking TLM program can be
developed and debugged in as little as 2 days (or even less for experienced programiuers).
In order to increase the efficiency of the TLM method, one would have to use an irregular
mesh proposed by Saguet and Pic [15],which can be refined as much as needed near

discontinuities, yet be kept coarse far from them. The authors have reported a reduction
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of processing time by approximately 4 times.

Of modern consideration is the availability of inexpensive CPU time on vectorizing
supercomputers. A system of lincar equations, such as that encountered in the FEM, can
be solved using a CRAY. Indeed, those machines are adapted to solve matrix equation
problems by vector processing, resulting in a rcduction‘ of several orders of magnitude in
CPU time. Algorithms expressible as matrix operations are well suited for implementation
on a vector computer. This'ts where the author’s TLM implementation may have great
advantages over [16]. Indeed, as shown in (5.4), all iterative steps can be represented as
matrix operations. No such form could be found in Shih’s approach.

Figures 6.3 and 6.4 show the E-field distri.but.ion at the tnput of the ﬁrsthsc_-;.)tum.
The field does not e:Vactl}' vanish on the region of the septum because of a fundamental
property of the TLM method: ;;hc nodes are not modeled on a boundary, as in the FEM,
but at a distance Ad/2 from all boundaries. Although sccond degree interpolation was
used to interpolate the value of the field at the metallic boundary using the ficld values at
the nearest 3 points, the computed field value is not exactly 0, duc to the strong V‘-'Ll‘i:'!.t.i()ll
of the fields near this obstacle.

Figure 6.9 and 6.10 show H-field distribution as a function of X, a lntcrz.r.l view of
the field, at the input to the first septum. The results obtained from TLM and FEM are
nearly identical, although there is a distinct lack of resolution around the septum region
which causes the current distribution on the laieral side of the septum to be difficult to
obtain with any accuracy. One may argue that the contribution of the lateral sides of the
septum to the total power dissipation by the septa is relatively small, and that Tack of
resolution is irrelevant if the value of interest is total power dissipation, not local current

h‘l—"
. 1
distribution and local power dissipation.
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6.4 Conclusion.

The E-field and H-field distribution inside the filter were determined using FEM and
TLM. From these, the peak power handling was directly calculated, and the current
-distribution on cach septum was found, yielding the total power dissipation on each of
these, as a function of frequency. The maximum peak power handling capability of the
filter was well defined, butlthc.maximum CW handling is st;II an open problem.

The FEM has had two distinctnadvan‘tagcs over the TLM method, in the present
thesis.. The first technique is much faster, and offers arbitrary re.solut.ion of any part of
the problem’s geogetry. This last advantage maly_be diminished by the use of Saguet’s
adaptive-mesh algorithm. The main advantage of the basic TLM method over the FEM
- method, in the present case, is algorithmic simplicity. The FEM would seem like the
method to be used for future work on larger filter structures, as the TLM model would
require an increasingly large number of initial iterations for increasing fiiter size, as well
as an increasc in time per itfé@l. Note that botil methods yield very similar results:
one is not more accurate than the other. Other methods, such as the method of moments,
FDTD and various other old and new methods could be studied to solve this problem.

An exhaustive study of all possibilities would be prohibitive.
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Chapter 7 - -

Conclusion

A description of the FEM method was given, as aj.plied to the particular class of E-
plane metal-insert filters described herein. The reflection cocfficient, computed both by

FEM and TLM, was shown to agree closely with results from the mode matching (MM)
N .

. . ) . W~
“technique, which has been shown by measurements to be accurate. Since results obtained

‘ by MM (reflection coefficient as a function of frequency, and ficld values at the input of

the input septum) agreed closely with those obtained by FEM and TLM, it was assumed

“that all other field values t%.\s obtained, but not given by MM, were also correct. This

includes distribution of E- and H-ficld inside the filters, as well as _t:i:c current distribution
on the septum’s surface. The 2-insert filter is shown to sustain 13 times less power than
a corresponding empty waveguide before diclectric (air) breakdown.

The determination of maximum CW power that an insert filter can handle involves
several disciplines, including a thermodynamic analysis for the temperature distribution,
the determination of the mechanical deformation of the septa under thermal stress, as well

as a field distribution analysis, as presented in-previous chapters. Furthermore, mechanical

deformations necessitate the use of more complicated and time consumning 3-1 analysis.

Lr—¥hile the peak power limitation is sel by.the maximum field before an arc occurs, the

limit on CW power is not very clearly defined. Changes, while the structure is heating

. )
up, occur gradually, and do not cause an abrupt ‘catastrophic failure of the device, as in

e



L}.u: previous case. The first phenomena that is expected to occur is the deformation of
the septa due to thermal cxpansior}. If the process continues, the septa might even reach
the melting point (for "extremely high” power levels). After the septum is dcforrr;ed,
the characteristics of the filter mat c}:ange. For instance, the center frequency can be
shifted, causing high reflections, and possibly severe damage to the~source. What, then
is the CW limit criterion? A few éuggestions are: septa not exceeding a given critical
u:-n]pcraturc; band-rcjection characteristics not falling below a determined transmission
loss; bandwidth and center frequency not deviating b]-,'/ more than a given tolerance; or a
combination of the above.

r

The use of supercomputers will make feasible the analysis of multi-septa filters us-

ing the FEM. The final goal of these studies is to obtain empirical formulas giving the NG

maximum peak and CW power limitations within a given tolerance, given the geometric. k_/_,_
parameters of the filter. The maximum CW power capability of the insert filters remains

an open problem.

e
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Appendix.

The following computer program was used throughout this thesis for
simulations with FEM using 3'd degree apprdximation polynomials. The
subroutines have been built so that they can relatively easily be modified

by
to any degree of approximation.
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Main'progrém for FEM iﬁp}ementation.
;.

This FORTRAN program runs on VAX/VMS 4.7 . -
Link with LINPACK routines ZSPCO and ZSPSL. »

PROGRAM filter - 3 .
CHARACTER*35 - nom fichier . .
INTEGER optlion . " .

DOUBLE PRECISION cote_a, cote _b, frequen e

This grid is speczally made for 3rd\degree a proxlmatlon shape
functions. Only ‘the bottom half of the guzde is modeled.

. s~
PARAMETER dimX = q

PARAMETER dimZ = 18
PARAMETER debut septuml = 6
PARAMETER fin_septuml = = 7
"PARAMETER debut _septum2 = 13
PARAMETER fin septum2 = 14
' PARAMETER septum_bas = 2
PARAMETER degre approximation = 3
. PARAMETER da = degre_approximation
PARAMETER noptl tr = (da+l)*(da+2)/2
PARAMETER noptl=(3*dimX+1)*(3*dimz+1)
PARAMETER notr=2*dimX*dim2
PARAMETER ndir=3*dimZ+1 +
& {3*septum_bas-2)*(3*(fin_septuml- debut _septuml)+1 +
& -3%(fin_ septum2-debut _septum2)+1) :
PARAMETER nn=noptl-ndir
PARAMETER a_size=(nn*(nn+l))/2

DOUBLE COMPLEX pot(noptl), work(nn), a{a size), b(nn)
DOUBLE PRECISION d, ls, x(noptl), x grid(2%)},
& z(noptl), 2z grid(100)

INTEGER*2' index(noRtl), iv(notr,noptl_tr)>
INTEGER i, j, pivot(nn), templ, tempz )
LOGICAL*1 . lelchlet(noptl) . '

i mem e ok mm e k mm m mo e e mes

. *- -
Metallic septum (half-thickness is 50 microns). \\“\\\

3.556D~3 T
3.506D~3 ~

x_grid ( 1)
x_grid ( 2)

Air in guide.

3.300D-3
1.900D-3

© x_grid ( 3)
“Ux_grid ( 4)

i

Metallic wall (C4) at bottom of model of guide.

x_grid ( 5] =  0.000D-3 N .

Input port (boundary C1). ~ N\

Vi
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z grid ( 1) =  0.000D-3
d = z grid(1l)

z grid ( 2) =  2.500D-3
z_grid { 3) = 4.580D-3
z_grid ( 4) = 6.500D-3
z_grid { 5) = 7.400D-3

- . Cd

Beginning of first septum (lmq;long).

debut_septuml = 6 '
z_grid ( 6) = 7.500D-3
z_grid ( 7). 8.500D-3
fin_septuml = 7

1

End of-first septum.

b

z_grid ( 8) = 8.600D~-3 .

z grld ( 9) = 8.600D-3 o

z grid (10) = 10.650D-3 : -
2 grid (11) = 11.700D-3 .

z grid (12) = 12.700D-3

Beginning of seconf septum (lmm long).

debut’septum2 = 13 B
2z gr1 (13) = 12.800D-3 - ~
z_grid (14) = 13.80QD-3

fin septum2 = 14 .

End of second septum. ¢
z_grid (15) = 13.900D-3
z_grid (16) = 14.800D-3
z_grid (17) = 16.800D-3

z_grid (18) = 18.800D-3
Output port (boundary C2).
© z_grid (18) =. 21.300D-3

1ls. =z grld(lQ) P e

Definition of coe;dinates.

]
templ = 3*dimZ + 1
Definition of Z-coordinates a vertex of triangles, on first row.
DO i = 0, dimzZ
z(1*3+1) =- 2 gr1d(1+l)
END DO

‘Definition of interpolated Z-coordinates, on first row.

DO i = 0, dimz-1
Z(i*3+2) = (z(i*3+1)*2.0D0+z((i+1)*3+1))/3.0D0
Z(i*343) = (Z(i*3+1)+2.0D0*z((i+1)*3+1))/3.0D0
END DO
Definition of other Z-coordinates in the mesh.
DO i = 1, 3*3dimX
DO j = 1, templ

o

ra



z(j+1*temp1) = 2(3) _ ]
END DO ) .
END DC ’ t
C Definition of x—coordlnates a vertex of trlangles, on first column.
.DO 1 = 1, dimX+1l
x(1+(1 =1)*3*templ) = x gfld(l)
END DO T
C Definition of 1nterpolated X—coordlnates, on first columm’,
DO i = 1, dimX
temp2 = (i-1)*3*templ + 1 ’
x(temp2+templ) = (x(temp2+3*templ)+2.0D0*x(temp2}),/3.0D0
x(temp2+2*templ) = (2.0D0*x(temp2+3*templ)+x(temp2))},/3.0D0
END DO
¥ Definition of other X-coordinates in the mesh.
DO 1 = 2, templ
PO § = 0, (3*dimX+1l)-
x(i+j*templ) = x{l+j*templ)
END DO,
END DO

/

7 .
'C Initialization -0f variables "dirichlet" and "pot".

DO 1 = 1, noptl .
dirichlet(i) = .FALSE.
pot(i) = (0.0D0,0.0D0)

END DO - .

LY

C Definition of potentials on Dirichlet-ty?e boundaries.

C Metallic wall at base of guide. .
PO i = l+3*dimX*templ, (3*dimX+1)*templ
dirichiet(i}) = .TRUE.
END DO ’
C Metallic septums.
DO i = 1, 1+3*(septum bas 1)
DO j = 1+3*(debut septumi-1), l+3*(:1n septuml 1)
e o dirichlét((i-1Y*templ+j) = .TRUE.
END DO
DO j = 1+3*(debut_septum2-1), 1l+3*(fin septum2-1)
dirichlet({i-17*templ+j) = .TRUE.
END DO
END DO .

WRITE(*,*) 'Size of system to be solved = '.,.nn
WRITE(*,*) 'Total number of nodes = ’,noptl

WRITE(*,*) 'Number of triangles = ’,notr

;;;’,/ WRITE(*,*) ‘Number of Dirichlet- type nedes = ‘,ndir

CALL estimer _pages (nn, noptl, notr, a_size, noptl_tr)

C Definition of some parameters used in this algorithm.
cote a = 7.112D-3
cote b = cote a / 2.0D0
nom fichier = rfilter.out’
option = 1
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Generate mesh. ,
CALL filter_grid (dimX, dimZ, iv, notr, option)

The simulation frequency is entered 1nteract1vely-
WRITE (*,’'(1X,A,$)’) 'Frequency: '
READ (*,*) frequence

CALL filter_main (a, b, work, pivoet, pot, index, dirichlet, x,

& z, iv, nn, notr, noptl, x_grid, z_grid,

& frequence, cote a, cote b, dimX, dimz, ls, d,
& ndir, nom flChlef, degre approxlmatlon)

STOP

END

B ALSEEEEEEEEEEEREEEREEEERELEEREEEEREEREEREREEEEEEREESEEEER SRS RS SE]

This is the automatic gridding algorithm for 3rd degree shépe functions.

The grid is symmetrical about the middle of the gulde
Hence, "dimZ" must be even.

Parameters: ‘ .
"option" : 1 or 2 (see text).

SUBROUTINE filter grid (dimX, dimZ, iv,‘notr, option)

INTEGER notr . '
INTEGER*2 iv(notr,l) ~
INTEGER degre grllle, dinX, dlmz i, indice, j, k, m,

& option

Definition of triangles.
"i" = actual column (i[max] is the number of columns per row).
"j" = 0: left triangle of the square is being defined.
1: right triangle is being defined.
"k + 1" = actual row (k[max] is the number of rows minus 1).

- Note: the node order is such that nodel, node2, node3

forms a counter-clockwise set, which is necessary for
Silvester’s algorithm. (Ref: International journal of
Engineering Science, vol 7, pp 849-861, Permagon press, 1969)

Triangle node order, for option 1 (left side of medlan),
and option 2 (right side of median}.

j=0 _ jml
3 6
1 = * * * 10 1 = .
l / /| '
I 5 / /] ¢
2 % * * 9 2 % * 3
I / / |
| 7/ / l
4 = * B 4 x * * 5
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| / /5
|/ /o |
7 * 7 % TxT o TTx 10
8 9

Triangle node order, for optlon 2 (left sxde of median)
and option 1 (right side of median).

3=0 =1
3 6 *

1 % 1 * % * * 10
I\ N
l \7{ N5 ]

2 * w13 2 *x * % g
| N \ |
| AN \ !

4 * * * g 4 * % 8
| 5 N\ N\
AN N

7 * % % % 10 * 7

8 9

IF (MOD(dimZ,2) .NE. 0) THEN
WRITE (*,*) 'Error in FILTGRID3: '

WRITE (*,*) * Parameter dim2z should be an even number, ’

STOP 'Execution’ aborted.’
END IF

Left half of guide.
DO i = X, dimZ/2
bo j = 0, 1
DO k = 0, dimxX-1
IF {(option .EQ. 1} THEN
CALL filter grid_methodl (dimX, dimz, i, iv, notr,

ELSE —-
CALL filter grld method2 (dimX, dimz, i, iv, notr,
- - END. IP~.. i - e e = e e e e e e
END DO
END DO

END DO p

Right half of guide.
DO i = dimZ/2+1, dimZ
DO § =0, 1
PO k = 0, dimX-1 :
IF (option .EQ. 1) THEN
CALL filter grid method2 (dimX, dimZ, i, iv, notr,
ELSE
CALL filter_grid_methodl (dimX, d&imz, i, iv, notr,
END IF
END DO
END DO
END DO

RETURN : *

i
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END

C***********'*******************************************************.*****

SUBROUTINE filter grid_methodl (dimX, dimz,

INTEGER*2 iv(notr,1)

temp2 = 3*dimZ+1
templ = i*3-2 + k*3*temp2

i, iv, notr, j, k)

INTEGER dimxX, dimz, i, indice, notr, j, k, templ, temp2

indice = i + j*dimZ + kX2*dim2z

iviindice,l) = templ + ;&g

iv(indice,2) = templ + teémp2 + 2*j

iv{indice,3) = templ + 1 + j*(temp2+2)

iv{indice,4) = templ + 2*temp2 + jJ

iv{indice,5) = templ + temp2 + 1 + j*(temp2+l)
“. iv(indice,6) = templ + 2 + j*(2*temp2+l)

iv(indice,7) = templ + 3*temp2

iv(indice,8) = templ + 2*temp2 + 1 + J*temp2

iv(indice,9) = templ + temp2 + 2 + 2*j*temp2

iv(indice,10) = templ + 3 + j*3*temp2
RE?URN

END

c***************************************.********************************

SUBROUTINE - filter grid method2 (dimX, dimz, i, iv, notr, j, k)

_INTEGER dimX, dimz, i, indice, notr, js k, templ, temp2

INTEGER*2 iv{notr,1l)

temp2 = 3*dimZ+1

templ = i*3-2 + k*3*temp2
indice = i + J*dimZ + k*2*dimz

iv(indice,l) = templ

iv(indice,2) = templ + temp2 + j

iv(indice,3) = templ + 1 + (l-j)*temp2

iv(iindice,4) = templ + 2*temp2 + 2+*j

iv(indice,5) = templ + 1 + j + (2-j)*temp2
iv(indice,6) = templ + 2 + (l-j)*2%temp2
iv(indice,7) = templ + 3*j + 3*temp2

iv(indice,8) = templ + 3 + 2*temp2 + (1-3j)*(temp2-2")
iv(indice,9) = templ +

iv(indice,10) = templ + 3 + (l1-j)*3*temp2
- RETURN

END P

3 + temp2 + (1-j)*(2*temp2-1)

(C ¥ e e e e e e ok o ok e e ok ok e ok ok e e ok ok ok gk % % 3k ok ok o ok ok 9k ok ok e ok sk %k g Sk ok J e e o Y e et ok o 9k %k o ok % ok % e ok ok v e %

C This is the main routine of the FEM program.

It contains the majority



"of the FEH“algogithm.

SUBROUTINE filter main (a, b, work, pivot, pot, index,

& ‘dirichlet, x, 2, iv, nan, notr,

& noptl, x grld z grid, frequente,

& cote a, cote'b, dimx, dimz, ls, d,

& ndir, nom flchler, degre grxlle) —_

INTEGER ' nn .

DOUBLE COMPLEX  a(l), b(l), pot(l), work(il) -

DOUBLE PRECISION x(1), z({l) -

INTEGER dimX, dimZ, ndir, noptl, notr,

& ' -info, pivot(l)

INTEGER*2 index(1l), iv{notr,l)

LOGICAL*]1 -~ dirichlet(l)

CHARACTER*35 nom_fichier

DOUBLE COMPLEX djay, el . :

DOUBLE PRECISION cote_a, cote_b, d, epsilon zero, frequence,
& : k_carre, klx, klz, ls, mu zero, omega, pi,
& rcond, surface, tl, x_grid(l), z grid(1l)

INTEGER degre_grille, i, j, k, i1, i2, i3, job,

& position :

COMMON /constantes/ pi, djay’
COMMON /parametres/ omega, k carre, klx, klz, surface,
& tl, el :

Definition of physical and mathematicdl constants.
— - L
pi = DACOS(-1.0D0) .
epsilon zero = 8.854187818D-12
mu zero = 4.0D-07 * pi
djay. = (0 0D0,—-%.-0D0) . - T ' = T e

Deflnltlon of parameters describing the pxoblem.

omega = 2,000 * pi * frequence

k carre * = omega * omega * mu_zero * epsilon_zero
kTx = pi / cote a

klz - DSQRT(k_carre —- klx*x*2)

surface = cote_a * cote b

el = DSQRT (4.0D0 * omega * mu_zero /
& (klz # surface))

CALL ordonner noeuds (dirichlet, index, noptl} .
CALL effacer_a et b (&, b, nn) .
WRITE(*,*) ’Initialization completed.’

Insert contributions of § and T matrix into final system.
CALL contrlbutzon S et T (iv, notr, x, z, dirichlet,
& a, b, k carre, pot,
& . ¥ degre grille, ndir, 1ndex)
WRITE(*,*) ’Contribution from S and T completed.’



C Insert contributions from 1nput boundary Cl into final system of equatio
CALL limite Cl (dimZ, dimX, ndir, index,
& dirichlet, x, pot, a, b, d, degre grllle)
WRITE{*,*) ’'Contribution from boundary cl completed

C Insert conpributions from output boundary C2 into final system of equati
CALL limite C2 (dimZ, dimX, ndir, index, :

. . & dlrlchlet, x, pot, a, b, degre grllle)
WRITE(*,*) 'Contribution from boundary C2 completed.’

WRITE(*,*) ‘Final ;§Stem of equations completed
WRITE(*,*) 'Working hard on solutlon, now.
s

C Solve system of equations.

C At this point, any program can be used, including direct

c techniques (Gaussian reduction), and iterative technlques {conjugate
C gradlent)

C Factor packed matrix "a" by Gaussian elimination. .

C 2ZSPCO is a LINPACK progmam '

CALL zspco (a, nn, pivot, rcond, work)
IF {(rcond .EQ. 0.0D0) THEN
WRITE (*,*) ’System is singular.’
STOP .
ELSE
rcond = 1.0D0/rcond
WRITE (*, 1001) rcond
1001 FORMAT ("' Estlmated condition number of matrix A is ’,1PE13.5)
END IF }

S
€ Solve packed system [a]l[x] = [b].
C ZISPSE 4s a LINPACR program. >
CALL zspsl (a, 'nn, pivot, b}

C. Array. "b" now contains the result. Insert these into "pot", the value
C of the Ey-field at the discrete nodes. '

DO i = 1, nn
pot(lndex(l + ndlr)) = h{i)
END DO .

C Create output file with results.
CALL sortie (pot, nn, ndir, nom fichier, _
& . cote_a, cote b, frequence, d, ls, dimX,
& dimZ, rcond, noptl dirichlet, z, x) b

RETURN
END

C********************.***************************************************

C This routine estimates the number of pages of memory used by
C the arrays of the program.
C A page is 512 bytes.

-



SUBROUTINE estimer_pages (nn, noptl,gnotr, ia_size, nopti_tr)

INTEGER nn, noptl, pages, notr, ia_size, noptl tr

pages = lé*(noptl + ia size + 2*nn)

pages = pages + 8*{2*noptl + 125}

pages = pages + 4*{nn)

pages = pages + 2*(noptl + notr*noptl tr)

pages = pages + l*(noptl)

WRITE(*,*) 'Number of pages required for arrays = ’,
& 1 + pages / 512

RETURN

END

C************************************;****************************fﬂ**h*

C This function returns the position of "element" in the list "liste".
C Note that "element" MUST be in "liste", or else the calling program -
c will crash. ' -

FUNCTION position (liste, element)

INTEGER*2 .element, liste(1l)

INTEGER pointeur, position, i .
DO 1 =1, 10000
pointeur = i N b J
IF (liste{pointeur) .EQ. element) GOTO 2
END DO
2 CONTINUE
position = pointeur
. RETURN
’ END

ChAhhhrkhrdhhhkdhhdhkh kA hkhhk ko k ks ko dr e ddrde s deod de A deoe v s s b 7 ok oo v ok v ok v o

C This function transforms a COMPLEX number Z = (X + jY) into another
c one W.= (R + jTHETA), where R is the modulus of Z, and THETA is
*C the argument of Z, in degrees.

FUNCTION rect_a_polaire (valeur)

DOUBLE COMPLEX valeur, rect_a polaire, buffc, djay
DOUBLE PRECISION buffr(2), pi
EQUIVALENCE (buffr, buffc)

COMMON ~/constantes/ pi, djay

IF(valeur .EQ. (0.0D0,0.0D0)) THEN
rect a polaire = (0.0D0,0.0D0)

ELSE

buffc = valeur

"rect_a polaire = DCMPLX(CDABS(valeur), i
& DATANZ2(buffr(2),buffr(1)) = 180.0D0 / pi} /
END IF
RETURN —
END ‘



-

C*i*************l********************************************************

C
C
C

Initialize matry

Order is re-a

{
- \
SUBROUTINE ordonner_noeuds (dirichlet, index, ndptﬁ)

INTEGER*2

index(1l), temporaire
INTEGER i, pointeur, noptl
LOGICAL*1

dirichlet(1l)

DO i = 1, noptl
index(i) = i
END DO .

pointeur = ]
DO i = 1, noptl
IF (dirichlet(i)) THEN
temporaire = index{(i)
index{i) = index(pointeur)
index(pointeur) = temporaire
pointeur = pointeur + 1
END IF )
END DO <
RETURN
END

*************************;******
"a" and vector "b".
SUBRQUTINE effa

INTEGER
DOUBLE COMPLEX a 7

nn

b(1)
DO i = 1, nn
b(i) = (0.0D0,

END DO
A S5ize =

0.0D0)
(nn*{nn+1)}/2

DO i = 1, a_size o
“a(i) = (0T0DO, 0.0DO)

END DO

RETURN

END

-

Node order is re—arranged so that Dirichlet nodes appear first
on the list of nodes.
pointer variable "index".

rranged through
!

'l
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-

er_a_et b (a, b, nn)

c************************************‘************'******@**************

C This routine creates. the outpht file with results. =

AY
N
\W_J/

SUBROUTINE sortie (pot, nn, ndir,

& cote a, cote b,

nom_£fichier,
frequence, d, ls, dimX,

& dimZz, rcond, noptl, dirichlet, z, x)

LR}



CHAﬁACTER*35 nom fichier

DOUBLE COMPLEX pot{l), rect_a polaire

INTEGER nn, ndir, dimX, dimZ, noptl, i

LOGICAL*1 dirichlet(1l)

DOUBLE PRECISION cote_a, cote b, frequence, 4, ls, rcond,
& z{1l), x(1}

QPEN (1, FILE = nom_fichier, STATUS = 'NEW’,
& CARRIAGECONTROL = 'LIST’)

C Give list of variable parameters.

WRITE (1,1) cote_a, cote_b, {(frequence / 1.0D9), d

r 1ls,
& dimX, dimZ, rcond’
€ All Dirichlet nodes have "**x" written at the end of the line. .

DO i = 1, noptl
IF (dirichlet{i)) THEN
WRITE(L1,4) z(i), x(i},

& rect a polaire(pot(i))
ELSE -7
WRITE(1,3) =z(i), x(i), -
& rect _a polaire(pot(i)) ‘
END IF =~
v . END DO
CLOSE (1)
RETURN
1 FORMAT('Vvariable parameter list:’// .
& ' a = waveguide width = ’, 3PF8.3, ' mm’/
- & " b = waveguide thickness = *, 3PF8.3, " mm'/
& ' freguency = ', 0PF10.4, ' Ghz'’/
& *d=", 3PF8.3,’ mm’'/’" ls = ', 3PF8.3, ' mm’'/
& ' dimX = ', 0PI3/" dimZ2 = ', 13//
& ' Estimated matrix condition number = *, 1PE10.3//
& ' X and Y coordinates are in mm.’//
& rg X .reconstructed phi’/)
3 FORMAT(3PF7.3, 1X, F7.3, 1X, 1PD11.4, 1X, 0PF7.2)
4 FORMAT(3PF7.3, 1X, F7.3, 1X, 1PD11.4, 1X, 0PF7.2, '  %w&r)
END

Chhdekhhkdhddhhhkhkhhdhhhkhkhhkhhhdhhhkhkh kAR kR kR kA A ke ok hdk &k ok odd ko

C This function returns the value of the cotangent of the angle

c formed by the segments 1-3 and 2-3, where i-j indicates

C  the segment between coordinates (zi,xi) and (zj,xj).
FUNCTION cotan (zl, x1, z2,.x2, z3, x3)
DOUBLE PRECISION x1, zl1, x2, 22, x3, z3, cotan, a2, b2, c2, M2
a2 = (x2-x3)**2 + (22-23;**2

« b2 & (x1-x3)**2 + (zl-z3)**2
€2 = (x1-x2)%*2 + (zl-z2)**2



L3

"M2 = (b2+c2-aZg**2 / (4.0D0*b2*c2)
IF (M2 .LT. 1.75D-7) THEN:
cotan = 0.0D0 '
ELSE . :
cotan = 1.0D0 / DSQRT{(1.0DQ/M2) -~ 1.0D0)
END IF .
RETURN
END

C****************************************-***********’********************
C Function used in-  INTERIEUR
FUNCTION ordre_S (ptrl, ptr2, n, dimens%g:_s)
INTEGER dimension_S, ordre_S
. INTEGER  n, ptrl(3,dimension_S), ptr2(3,dimension_S), i

DO i = 1, dimension_$§
IF (ptrl(l,i).EQ.ptr2(1l,n) .AND.

& ptrl(2,1i).EQ.ptr2(2,n) .AND.

& ptrl(3,i).EQ.ptr2(3,n)) THEN
ordre_S = i .
RETURN

. END IF *

END DO ' ‘ h

STOP ’'Error in "ordre_S".'

END 3

C ¥ Je v o e e de vl A v v o dr e ok e de e ok ok ok Y v o ok e e dke vk ke g v e gk g v S e ke e o e Y e d vk o e ok e dke vl o Yk ok e de ke o ok Yk ke ok ke ok e ke ke ke
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C Indefinite integral of sin(klx*x)
FUNCTION x0sin (x)

DOUBLE COMPLEX el -
DOUBLE PRECISION omega, k_carre, klx, klz, surface, tl, x0sin, x
COMMON /parametres/ omega, k_carre, klx, klz, surface, tl, e0

x0sin = -DCOS(klx*x)/klx
RETURN
END -

-
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C 1Indefinite integral of x*sin(klx*x)
FUNCTION xlsin (x)

DOUBLE COMPLEX el

DOUBLE PRECISION omega, k_carre, klx, klz, surface, tl, xlsin, x
COMMON /parametres/ omega, k_carre, klx, klz, surface, tl, e0

x1sin = (DSIN(klx*x)/klx - x*DCOS({klx*x))/kix
RETURN _
END



C******m**************************{************************************
C Ipdefinite integral of {x**2)*sin{klx*x)
FUNCTION x2sin (x)

DOUBLE COMPLEX = eO _ > :
DOUBLE PRECISION omega, k_carre, klx, klz, surface, tl, x2sin, x
COMMON /parametres/ omega, k_carre, klx, klz, surface, tl, e0

x2sin = (2.0D0*x*DSIN(klx*x) + (2.0D0/klx-x*x*klx)*
& DCOS(klx*x))/klx/klx

RETURN

END

C***************?**************************************************t***i
C Indefinite "integral of {(x**3)*sin(klx*x)
FUNCTION x3sin {x)

DOUBLE COMPLEX el . .
DOUBLE PRECISION omega, k carre, klx, klz, surface, tl, x3sin, x
COMMON /parametres/ omega, k_carre, klx, klz, surface, tl, e0

x3sin = (6.0D0/klx/klx—x*x)*x/klx*DCOS(klx*x) +
C & 3.0D0/k1lx/k1x*DSIN(klx*x)*(x*x-2.0D0/klx/klx)

RETURN

END
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C Contributions from triangles, 3rd degree shape func®™ons.

SUBROUTINE contribution_$ et T (iv, notr, x, z, dirichlet,
& a, b, k_carre, pot,
& - da, ndir, index)’

INTEGER notr’
DOUBLE COMPLEX a(l), b(l), pot(l) 3
DOUBLE PRECISION aire_triangle, cotan, det, det3, diviseur _S.

& diviseur T, k_carre, matrice S, matrice T, -
& Q1(10,10%, ©2710,10), Q3(10, TO), T{1l0, lﬁ),
& 7 x{1), =2(1}, =21, z2, 23, x1, %2, x3
INTEGER*2 iv{notr,1l}), lndex(l), noeud
INTEGER da, degre_approximation, dimensien_S, i, il,
& . i2, i3, indexl, index2, inx, i, k, 1tr, 1,
& lc, n, ndir, ordre _S, p051t10n,
& . peinteur S§(3,10), poznteur S 2(3,10), temp -
LOGICAL*1 dirichleE(l)

C Data for matrices Ql and T is input column by column, fzrst from top
C to bottom, then from left to right.

DATA Q1 /ll*0.0DO, 135.000,,-135.0D0, -27.0D0, 0.0DO, 27.0DO,
& 3.0D0, 2%0.0D0, -3.0D0, 0.0DO, -135.0D0, 135.0D0, 27.0DO,



3.0D0,
2*0.0D0,
27.0D0,

~3.0p0, 2%0.0DO,
27.0p0, 3.0D0,

-162.0D00, 5*0.0DO0,
135.0p0, -3.0D0, 2*0..0D0, 3.0DO,
-3.0D00, 34.0D0, -54.0D0, 27.0D0,
-54.0D0, 135.000, -108:0p0, 27.0DC, 6*0.0DO,
135.0p0, -54.000, 0.0D0, -3.0D0, 3.0D0, -3.0DO
-7.000, 27.0D0, -54.0D0, 34.0D0/,

diviseur § /80.0D0/,

T /76.000, 2*18.0D0C,
11.0D0, 18. ODO 540.0DC, 270.0DO,
0.0DO0, —135.0D0, -54.000, 27.0D0,
—135.000, 162.0D00, -189.0D0, 27.0DOC,
0.0D0, -189.0p0, -135.0D0, 540 0oo,
270.0p0, -135.000, 27.0DO0, 36 opo,
36.0D0, 2*162.0D0, 36.0D0, 0.0DO,
162.0D0, 540.0D0, 27.0D0C, -135.0D0, 270.0D0, 1
¢.0p0, 27.0p0, 18.0D0, 36.0D0, 27.0D0, 76.0D0,
11.0p0, 27.0D0, -135.0D0, -54.0D0, 270 0po, 16
18.0D0, 540.0D0, -189.0D0, 0.0DO, 27.0DO0, —54.
162.0p00, 270.0D0, 0.0D0, -189.0D0 540. DDO,
27.0p0, 0.0D0, 27.0D0, 36.0D0, 18.000, 11.0p0,
76. ODO/,

diviseur T /6720. ODO/,

degre_approximation /3/,

pointeur § /3,0,0,2,1,0,2,0,1,1,2,0,1,1,1,
i,0,2,0,3,0,0,2,1,0,1,2,0,0, 3/

0.0D0,
135.0D0,
-162.0D0,
-162.0D0,
3.0D0, 0.0DO0,

-27.0D0,
-162.0D0,
324.0D0,

0.0D0, 36.0D0, 0.0DO,
-189.0D0, 16
18.0D0, 270.
~54.0D0,
162.0D0,
3%162.0D0,

-135.000, -1

RO R DR RR DRI YD

IF (da .NE. degre approximation) THEN '
WRITE (*,*) 'Message from CONTRIBUTION_S_ET T:
WRITE (*,1000)

FORMAT (” Degree of approximation does not ¢,

'match calling routine.’)

STQP ©

END IF

1000
&

-

-

dimension_S = (degre_approximation + 1) *

& (degre _approximation + 2) / 2

C Preparation of matrices S and T.

- b0 i1 = 1, dimension_§S
DO j = 1, dimension S

T{i,j) = T(i,j) / diviseur T
Ql{i,j) = Qil(i,j) / diviseur_s
END DO
END DO
DO i = 1, dimension_S
DO j = 1, 3
p01nteur §_2(j,i) = pointeur_S(j, 1)
END DO
END DO

k = dimension_S

0.0D0,
-3.
-27.0D00,
0.0D0,

27.0D0,

i8.

-27.0D0,
0D0,3*0.0D0,

27.0D0,
3.0D0,
-7.0D0,
~108.0D0,

» 0.0D0, 3.0DO0,

11.0D0,°
2.0p0, -135.0D0,
0D0, 540.0DO0,
-135.0D0, 0.0DO,
54.0D00, 18.0D0,
1544.0D0,
89.0D0, -54.0D0,
8.0D0, 11.0DO,

18.0D00, 0.0D0,
2.0p0, -135.0D0,
0po, 2%*-135.0D0,
opo, 11.0DO0,
0.0D0, 18.0D0,

-3.0D0,
6*0.0D0,

27.0D0,

2*27.0D0,

162.000,

Y



DO i = 1, dimension_§ g\ :
temp = pointeur S —2(1,1)
pointeur S 2(1,I) = pointeur_§ 2(2,i)
pointeur s 2(2,1i) = pointeur S 2(3,i)
pointeur S 2(3,i) = temp
END DO
DO i = 1, dimension S
indexl = ordre_S({pointeur_s, pointeur_ S 2, i, k)
DO j = 1/ dimension § -
index2 = ordre S(pointeur §, pointeur § 2, j, k)
Q2(i,j) ="Qlfindexl,index?) -
END DO .
END DO . ) ~

-~

PO i = 1, dimension_S
temp = pointeur s_2(1,1)
pointeur_S_2(1,3) = pointeur_S_2(2,1i)
pointeur_S_2(2,i) = pointeur S 2(3,i)
pointeur S 2(3,i) = temp . -
END DO
DO i = 1, dimension §
indexl = ordre S(p01nteur S, pointeur_ S 2, i, k)
DO j = 1, dimension § -
index2 = ordre_S{pointeur S, pointeur § 2, j, k)
Q3(i,3j) = Ql(indexl, index2) -
END DO
END DO . ;

n = degre_approximation -~
C Main loop. , N
DO itr = 1, notr

il = iv(itr,1)_-

12 = iv(itr,(n+l)*(n+2)/2-n)

i3 = iv(itr,(n+l)*(n+2)/2)

'zl = z(il)

z2 = 2(1i2)

z3 = z(i3)

x1l = x{(il) -
%2 = x(i2)

x3 = x{(i3)

det = det3(l.0D0,zl,x1,l.ODO,z%,xZ,l.0D0,z3,x3)

IF(det’ -.EQ. 0.0D0) THEN ’

" WRITE(1,5) itr

- WRITE(*,5) itr
STOP

END IF

aire_triangle = DABS(det) / 2.0DC

C Construction of sub-matrix of dimension dimension_S by did@nsi%n_s.



C "i" = column number.

DO i.= 1, dimension_§
noeud = iv(itr,i)” -
IF (.NOT. dirichlet(noeud)) "THEN _
1 = position (index, noeud) - ndir ' _ -

C Construction of a row of‘the.sub—matrix.

-

DO k = 1, dimension_$ .
matrzce T = - k karre * aire triangle *

& - : 2.0p0 * T(k,i)
" matrice_S = (Ql(k,i)*cotan(xl,zl,x2,22,x3,23) +
& Q2(k,i}*cotan(x2,z2,x3,2z3,x1,z1) +
& ‘ Q3(k,i}*cotan(x3,zd,x1,2z1,x2,22)) * 2.0D0

noeud = iv{itr, k)
IF (.NOT. dirichlet(noeud)) THEN
lc = position(index,noeud) - ndir
IF (1 .LE. lc) THEN
. inx = 1 + (lc*(lc-1))/2 '
a(inx) = a(inx) + (matrice_S + matrice_T)

END IF _ —~c
. ELSE - .
. b(l) = b{l) - pot(noeud) *
& - (matrice S + matrice T)
‘ END IF ,
END DO
END IF
END DO
END DO .
RETURN
5 FORMAT(' Determinant of a triangular element is zero.’/
: & ' ITteration = *, I3)
- END

"C**********************************************;’r***************************

C This routine inserts contributions to matrix "a" and vector "b", %
c from boundary linear elements on Cl (input port).

C Integration is performed counter-clockwise, therefore,

C from top to bottom of Cl. : i

SUBROUTINE limite_Cl (dimZ, dimX, ndir, index,

& dirichlet, x, pet, a, b, 4, da)
DOUBLE COMPLEX a(l), b(l), const_alpha, const_beta,
& ' djay, e0, matrice beta, pot(l)™

DOUBLE PRECISION beta(4,4), 4, det, det3, det4d, diviseur beta,

& factx0, factxl factxz,.factx3,

& k carre,’ klx, klz, omegas pi, surface, tl,

& x(1), xi, xi2, xi3, xj, x3j2, xj3, xm, xm2, xm3,

& xn, xn2, xn3°‘x051n, xlsin, x2sin, x3sin
INTEGER da, degre_approximation, dimz, dimX,

& g, i, inx, itr, k, 1, lec, ndir, noeud, position

-

INTEGER*2 index(1)



LOGICAL*1 dirichlet(l)

DA@A betas/128.0p00, 99.0D0, -36.0D0, 19.0D0, 99.0DO,

& 648.0D0, -81.0D0, 2*-36.0D0, -B1. ODO ~ 648.0D0, 99.0D0,
& 19.0p0, -36.0D0, 99.0D0, 128 gpo/,
& diviseur_ betas/1680.0D0/,
& degre_approximation/3/

COMMON /constantes/ pi, djay

COMMON /parametres/ omega, k_carre, klx, klz, surface,

& ™ tl, el

IF (da .NE. degre_approximation) THEN
WRITE (*,*) ’'Message from LIMITE_Cl:
WRITE (*,1000)
1000 FORMAT (' Degree of approximation does not '
& 'match calling routine.’)
STo®R ' !
END IF

r

g = degre approximation
DO itr = I, l+(g*dimX-g )*(g*dlmz+1), g*(g*dlmz+l)
Xj = x(ltr+g*(g*d1mz+l)) .
xn = x(itr+(g-1)*(g*dimz+1))
, ‘xXm o= x(1tr+(g~2)*(g*d1mz+l))
xi = x{(itr) ‘
C x3 is the lowest X, while#xi is the highest X.
C The integral is from top to bottom, on C1. :
C Therefore, the integral is performed counter—-clockwise.
xi2 = xi*xi

»XM2 = XmM*Xm
xn2 = xn*xn
xj2 = xj*xj
xi3 = xiZ*xi
Xxm3 = xm2*xm
xn3 = xn2*xn
Xj3 = xj2*xj
’ det = det4(1.0p0,xi,xi2,xi3,1.0D0,xm,xm2,xm3,

& 1.0D0,xn,xn2,xn3,1.0D0,x3j,x32,x%33)
const_alpha = djay*klz*4 ODO*eO*CDEXP( ~-djay*klz*d)/det
const_beta = -djay*2.0D0*klz*(xj- xi)/diviseur beta

C i = 1: contribution of derivative w/r to phi(i)

C i = 2: contribution of derivative w/r to phi(m)

C 1 = 3: contribution of derivative w/r to phi(n)

"C 1 = 4: contribution of derivative w/r to phi(j)
DO i =1, g+l

noeud = itr + (i-1)*(g*dimZ+1)
IF (.NOT. dirichlet(noeud)) THEN
l = positign {index, noeud) - ndir-’

C Prepare contribution to vector "b".

IF (i .EQ. 1) THEN y
C factx0 = A, in-the following expression:
C factxl = B, "
C factx2 =¢C, "
C factx3 = D, "
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beta(i) = A + Bx + Cx**2 + Dx**3
factx0 = det3(xm,xm2,xm3,xn,xn2,xn3,xj,xj2,xj3)
factxl = -det3{(1.0D0,xm2,xm3,1.0D0,xn2,xn3,1.0D0,xj2,
& x3j3)
factxZJ- det3(1.0D0,xm,xm3,1.0D0,xn,xn3,1.0D0,x3j,x33)
factx3 = -det3(1. ODO xm, xm2 1.0D0,xn, xn2 1. ODO x3,x32)
ELSE IF (i .EQ. 2) THEN
factx0 = E, in the following expre551on-
factxl = F, "
factx2 = G, "
factx3 = H, "
beta{m) = E + FXx + Gx**2 + Hx**3 .
factx0 = -det3(xi,xi2,xi3,xn,xn2,xn3,xj,xj2,x3j3)
factxl = det3(1.0D0,xi2Z2, x13 1. ODO xn2 xn3,1.000,x32,
& xj3) .
factx2 = -det3(1.0D0,x1,x13,1.0D0,xn,xn3,1.0D0,x3,x33)
factx3 = det3(1.0D0,xi,xi2,1.0D0,xn,xn2,1.0D0,x3,x32)
ELSE IF (i .EQ. 3} THEN

factx0 = K, in the following expression: . ,

factxl] = L, " -
factx2 = M, "

factx3 = N, "

beta{n) = X + Lx + Mx**2 + Nx**3
factx0 = det3(xi,xi2,xi3,xm,xm2,xm3,xj,xj2,xj3)
factxl = -det3(1.0D0, x12 x13 1. ODO xm2 xm3,1.0D0,x32,
& xj3)
factx2 = det3(1.0D0,xi,x13,1.0D0,xm,xm3,1.0D0,x5,x33)
factx3 = -det3(1.0D0,xi,x12,2.0D0,xm,xm2,1.0D0,x3,x3j2)

ELSE
factx0 = P, in the following expression:
factxl = Q, " \
factx2 = R, "
factx3 = v, " -

beta(j) = P + Qx + RX**2 4 Vx*=*3
factx0 = —-det3(xi,xi2,xi3,xm,xm2,xm3,xn,xn2,xn3)
factxl = det3(l.ODO,xi2,xi3,l.0D0,xm2,xm3,l.ODO,an,
& xn3)
factx2 = -det3(1.0D0,x1,xi3,1.0D0,xm,xm3,1.0D0,xn,xn3)
factx3 = det3(1.0D00,xi,xi2,1.0D00,xm,xm2,1.0D0,xn,xn2)
END IF

This line inserts contribution to vector "b".

b(l) = b(l) - const_alphax(
factx0*(x0sin{xj)-x0sin(xi))
factxl*(xlsin(xj)-xlsin(xi))
factx2*(x2sin(xj)-x2sin(xi))
factx3*(x3sin(xj)-x3sin(xi))

+
+
+

)

This next block inserts contribution to matrix "a"

o

contribution of coefficient of phi(i)

contribution of coefficient of phi(m)

contribution of coefficient of phi(n)

contribution of coefficient of phi(j)
DO k = 1, g+l

R s



matrice _beta = const beta*beta(i,k)
noeud = itr + (k~1)*{g*dimZ+1)
IF (.NOT. dirichlet(noeud)) THEN
lc = position (index, noeud) - ndir
IF (1 .LE. lc) THEN
inx = 1 + (lc*(lec-1)),/2
a(inx) = a(inx) + matrice beta
END IF -
ELSE _
b(l) = b(l} - pot(noeud) * matrice beta
END IF -
- END DO
END IF
END DO “\)

END DO

RETURN
END

C**************************************************************k*******‘***h

C This routine inserts contributions to matrix "a" and vector "bh",
from boundary linear elements on C2 (input port).

C
C Integration is performed counter-clockwise, therefore,
C from bottem to top of C2.

SUBROUTINE limite C2 (dimZ, dimX, ndir, index,

& dirichlet, x, pot, a, b, da)

DOUBLE COMPLEX a(l), b(l), const beta, djay, e0,
& matrice beta, potT{l)

DOUBLE PRECISION beta(4,d), det2, diviseur_beta, k_carre,
& ‘ klz, klx, omega, pi, surface, tl, xi, xj, x(1)
INTEGER da, degre approxlmaglon, dimzZ, dlmx g, itr,
& i, inx, k, 1, le, ndir, noeud, position
INTEGER*2 index(1) )

LOGICAL*] dirichlet(l) ' -

DATA beta,/128.000, 99.0D0, -36.0D0, 19.0DC, 99.0DO,
648.0D0, -81.0D0, 2*-36.0D0, -81.0D0, 648.0D0, 99.0D0,
19.0D0, -36.0D0, 99.0D0, 128.0D0/, ~

lelseur _betas1680. ODO/,
degre approxlmatlon/3/

COMMON /constantes/ pi, djay

COMMON /parametres/ omega, k_carre, klx, klz, surface,

& tl, el

MR

IF (da .NE. degre_approximation) THEN
WRITE {(~,*) ’Message from LIMITE _C2:¢

WRITE (*,1000} 4
1000 FORMAT .(°* Degree of approximation does not ',
& 'match calling routine.’)
STOP * :
END IF

g = degre_ approxlmatlon



DO itr = (g*dimX+1l- g)*(g*dlmz+l), g*dimZ+1, -g*(g*dimZ+1l)
xi is the lowest X, while xj is the highest.X.
The integral is from bottom to top, on C2.
Therefore, the integral is performed counter- clockw1se

xj = xn(itr)
xi = x(1tr+g*(g*d1mz+l))
const beta = ‘djay*2.0D0*klz*(xj-xi)/diviseur_beta
l: contributjon of derivative w/r to phi(i)
2: contribu:?En of derivative w/r to phi(m) .
3 t
4

naao

contribu n of derivative w/r to phi(n)
contributfién of derivative w/r to phi(j) ' . _ \
DO i = 1, g+l
noeud = itr, + (g+l-i)*(g*dimZ+1)’
IF {.NOT. dirichlet(noeud)) THEN
1l = position (index, noeud) - ndir
contribution of coefficient of phi(i)
contribution of coefficient of phi(m)
contribution of coefficient of phi(n)
contribution of coefficient of phi(j)
DO k = 1, g+l
matrice beta = const_beta*beta(i, k)
noeud' = itr + (g+l-k)*(g*dimZ+1)
.IF (.NOT. dirichlet(noeud)) THEN
lc = position {(index, noeud) - ndzr
IF (1 .LE. lc) THEN
inx = 1 + (le*(lc-1))/2
alinx) = af{inx) + matrice beta
- END IF -
, ELSE
- b(l) = b(l) - pot{noeud)*matrice_beta
END IF
END DO
EMD IF
END DO
END DO

OO0
| I A |

v, Fv e e b

RSN KSR
xER R
oo L B

EETENTY

‘

RETURN
END
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C Determinant of a 3 by 3 matrix

- FUNCTION det3(all,al2, a13 a2l,a22,a23,a3l,al32,a33)

- IMPLICIT DOUBLE PRECISION (A-2)
DOUBLE PRECISION det3 ¢

det3 = all*(a22*a33-a32*a23) .
& - azl*(al2*a33-a32*al3)
& + a3l*x(al2*a23-a22*all3)

RETURN
END .

C**************************************1\-'********************************
|

-



C Determinant of a 4 by 4 matrix.
C Uses DET3. ' \ _ ’

FUNCTION detd(all,al2,al3,ald,a2l,a22,a23,a24, a31,a32
& - a3s, a34 adl,ad2,ad3,ad4q)

IMPLICIT DOQUBLE PRECISION (A—Z)
- DOUBLE PRECISION detd -

detd
&

. &
&

all*det3(a22,a23,a24,a32,a33,a34,a42,ad3,adq)
a2l*det3(al2,al3,ald,a32,a33,a34,ad42,a43,a44)
a3l*det3(al2,all3,ald,a22,a23,a24,a42,a4d43,ad4)
a41*det3(a12,a13,a14,a22,a23,a24,a32,a33,334)qb

F+ 18

RETURN X -
END





