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SUMMARY

The objective of this study is to advance the state-of-the-art in the control
of space manipulators. In the microgravity environment of space, large robots
like the Space Station Remote Manipulator System are able to manipulate enor-
mous payloads, with masses several orders of magnitude larger than the mass of
the manipulator itself. Resulting low-frequency structural oscillations give rise to
dynamic stability problem when the robot is controlled by a vision system measur-
ing the payload motion. This problem is not unique to space robotics applications
but is generic for the control of structurally flexible systems when the motion is

measured at a distance from the actuator controlling the motion.

This study develops analytical criteria for the selection of the number, type
and location of suitable sensors for robust control of mechanical systems with flex-
ible bodies. Sensors meeting these criteria are called “hyperstability sensors”. A
dynamic sensor data fusion approach is developed to integrate additional “per-
formance sensors” such as vision-based sensors, addressing the problem of using
non-collocated sensors and actuators in the active control of flexible structures.
An extended hyperstability concept is developed to enable robust control of com-
plex systems with conventional or intelligent control systems. The model-free
methodology is applicable to the broad class of non-linear and time-variant system

governed by Hamilton’s Principle which encompasses most mechanical systems.

The new methodology is applied to a flexible link robot and experimentally
validated. The tests involve the measurement and control of the end-point motion
of the flexible link using a vision system and real-time image processing. The
methodology is shown to be effective in the experiment, enabling robust control
as expected from the theory, and relatively simple to implement. Simulations
complementing the hardware tests extend the scope of the evaluation. A compar-
ison with a Kalman-filter-based control design confirms the superior robustness

properties of the proposed approach.
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CHAPTER 1

INTRODUCTION

Motivation

Robotic systems are playing an important role in the exploration of space.
They enable planetary exploration and the construction and servicing of vehicles
and platforms in space. Robotic systems increase the productivity of humans in
space and reduce hazards to astronauts. As the tasks performed by space robots
become more complex, the need for more human-like characteristics emerges. As
with humans, the sense of sight is essential to enabling efficient interaction with
the environment. More important than the sense of sight per se is the ability to
process images in such a way as to enable more efficient, accurate and autonomous

control of the robot.

The Mobile Servicing System (MSS) shown in Figure 1.1 is a state-of-the-
art robotic system presently being developed by the Canadian Space Agency for
the assembly and external maintenance of the International Space Station (ISS).
The installation of an airlock on the Space Station shown in Figure 1.2 and the
attachment of a truss segment shown in Figure 1.3 are typical assembly operation
performed by the Space Station Remote Manipulator System (SSRMS) of the
MSS.

This study is motivated by the need for very precise motion control of space
robots relative to the task environment during assembly and servicing operations.
The microgravity environment of orbiting platforms enables the manipulation of
massive payloads by large but lightweight manipulators. The SSRMS, for example,
is 17.1 m long and can move payloads up to 116,000 kg, nearly 100 times its own
mass. For such systems the motion control problem is aggravated by the effects of
structural flexibility of the manipulator. A high payload-to-mass ratio results in
very low fundamental frequencies of oscillation, affecting the stability and efficacy

of motion control and thus limiting the operational efficiency of the system.
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Objectives

The overall objective of this study is to advance the state-of-the-art in pre-
cision control of space manipulators. Motivated by the development of a Space
Vision System (SVS) by the Canadian Space Agency that is able to measure
the position of objects on the Space Station, particular problems of vision-based
sensing and automatic control for space robots are addressed in this study. Vision-
based sensing of the robot payload motion leads to the non-collocation of sensing
and control action on the robot which is known to introduce stability problems

and performance limitations when structural oscillations are a factor.

A major goal is the development of new techniques for instrumentation de-
sign and sensor fusion enabling the robust and effective control of flexible robots.
This goal encompasses both the analytical development and the experimental
demonstration of new methodologies, culminating in the hardware demonstra-
tion of vision-based real-time automatic control of a robot emulating certain the

dynamic characteristics of a space manipulator.
Relevance to Other Applications

Although this study is motivated by problems in space robotics, it is also
relevant to terrestrial robotics and many other applications where sensing and
control are key issues. The sensing technology using real-time image processing
has the potential to be applied in many domains where the position and velocity
of objects need to be measured or tracked in real time, e.g. vehicle guidance in

warehouses, factories and hospitals etc.

Although today the structural flexibility of robots is of concern primarily in
space applications, the speed and performance of terrestrial robots is also lim-
ited ultimately by flexibility effects when conventional control systems are used.
Hence the sensor fusion and control techniques developed for the solution of the
space robotics problem constitutes enabling technology for the future use of fast,

lightweight robots in terrestrial applications.

The solutions to the structural control problem have not only applications in

robotics, but also in many other domains which require high-performance control
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of systems with structurally flexible or compressible elements.

e Computer hardware: Fast and precise position control for read/write
heads of hard drives;

e Aircraft: Active vibration suppression in wing structures and reduced
bending motions in fuselage structures;

e Road/rail vehicles and aircraft: Active cabin noise reduction;

e Large satellites: Attitude and shape control for large satellites for com-

munications, solar power, and remote sensing applications.

Hence, this study contributes to generic sensing, instrumentation and control tech-
nologies with a broad spectrum of potential applications in a2 number of different

domains.
Outline of the Study
This study is organized into the following Chapters:

Chapter 2 defines the objectives of the research and highlights specific unre-

solved problems in simple examples.

Chapter 3 provides an overview of relevant characteristics of the Space Station
Remote Manipulator System (SSRMS) and an introduction to the dynamics of
space robots in order to establish the formalism necessary for the description and
analysis of the robot sensing and control problems. A simple analytical model of
a space robot is used to illustrate some of the dynamic properties of importance
to this research. This model is retained and used throughout the study as an

illustrative example.

Based on this analytical background, Chapter 4 reviews the state-of-the-art

in sensing and control for manipulators with flexible links and discusses the ad-

vantages and shortcomings of various known techniques.

A new approach for instrumentation and control design for flexible robots is
developed in Chapter 5. The concept of hyperstability is extended by a sensor

fusion process which supports the robust integration of non-collocated sensors in
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structural control problems and the introduction of purposeful “active” behaviour

into a “passive” approach.

Chapter 6 investigates hyperstability sensors for flexible robotic systems and
establishes a set of necessary and sufficient conditions for number, type and loca-

tion of hyperstability sensors.

In Chapter 7, the new concept is applied to a.~single link flexible robot. The
process of instrumentation and sensor fusion design and implementation is illus-
trated on a simple example. The theory is validated by experiments and the

properties of the design are evaluated against conventional alternatives by simu-

lation.

Chapter 8 summariZes the study. The specific contributions made by this
research are highlighted in Section 8.2

Six Appendices provide additional detail on mathematical derivations, the

Space Vision System, simulation models, and a list of symbols.
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Figure 1.1: Mobile Servicing System with Space Station Remote Manipulator System (SSRMS)
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CHAPTER 2

PROBLEM DEFINITION
2.1 Objectives
Requirements

The objective of this study is to advance the state-of-the-art in high-performance
vision-based control of space manipulators. The functional requirements support-
ing this objective are analyzed in Table 2.1.1 based on the generic characteristics of
space robotic systems. A particular and important characteristic in this context
is the structural flexibility of the lightweight manipulator accentuated by large
payload masses, which makes it difficult to control the motion of the payload.
The following requirements for sensing, sensor fusion and control are identified in

Table 2.1.1:

Sensing

e direct measurement of payload motion relative to objects in task space;
e real-time image processing to measure motion in 6 degrees of freedom;

e high sensing accuracy.

Sensor Fusion and Control

o Performance:
- precise tracking of commanded trajectory;
- active damping of structural vibrations.
e Stability robustness with respect to:
- non-collocated sensors and actuators;
- flexibility effects;
- time-variant robot dynamics;
- non-linear robot dynamics;

- unknowns in robot dynamics.

11



Systems Approach

This study touches on all subjects identified above. The focus, though, will
be on sensor selection, sensor fusion and control. The associated problems are
approached from a systems perspective. Figure 2.1.1 shows a conceptual system
block diagram of a generic robotic system and identifies the major functional ele-
ments and their interactions. The central element is the robot and payload, which
moves in response to the forces and /or torques generated by the robot actuators.
The sensors provide measurements of the motion state of the robot /payload and
the state of the environment. The sensor fusion/control function provides the in-
telligent connection between perception and action and ensures that the payload

follows some commanded trajectory.

Our focus will be on problems associated with the sensors and the sensor fu-
sion/control function. We will consider these functions not in isolation, but in the
context of the characteristics of other elements in the system such as the robot
and the actuators. The choice of number, type and location of sensors and ac-
tuators, together with the dynamics of the robot, determines the “input-output
behaviour” of the robot, which we define on the basis of Figure 2.1.1 to encom-
pass everything between the actuator commands (=input) and the measurements

=output) provided by the sensors.
Key Problems

From a systems perspective, an important factor in vision-based control of
space manipulators is that the location of sensors and actuators cannot be chosen
arbitrarily. The actuators are located at the joints of the manipulator, and for
vision-based control, the measurements made by the vision system refer to the

motion of the manipulator payload.

It is well known that a flexible structure with distributed mass and stiffness
is difficult to control when it is forced at one point and its response is measured
at another point [Spector and Flashner]. The following specific problems arising
in this situation are illustrated in Sections 2.2, 2.3 and 2.4 using a simple linear

flexible link as an example:
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e Non-minimum phase input-output behaviour resulting from non-collocation
of sensors and actuators on a flexible structure;

e Dynamic instability resulting from non-collocation of sensors and actua-
tors in flexible structure control systems;

e Dynamic instability due to model truncation in flexible structure control

based on state estimation.

Even though these problems are quite fundamental, they are, to some degree,
special cases of the wider class of problems caused by the complexity of the robot
dynamic behaviour resulting in:

e Uncertainty and limitations of robot dynamic models;
e Time-variance of robot dynamic behaviour;

e Non-linearity of robot dynamic behaviour.

A full discussion of these and related problems is presented in the state-of-

the-art review in Chapter 4.

Specific Objectives

Our goal is to investigate and resolve the above problems “from the sensor
side” of the system. Whether or not a space robot has an input-output behaviour
which enables stable robust control depends critically on the sensors chosen for

the system, and how the sensor signals are processed.
In pursuit of this goal this study will:

e Develop a framework for the systematic design of an instrumentation

architecture applicable to the space robotics problem;

e Develop an approach for sensor fusion and control of flexible manipu-
lators which supports the integration of a vision system and the use of
conventional or intelligent control strategies in a manner which is robust
with respect to the uncertainty and complexity of the robot dynamic
behaviour;

e Provide an experimental ”proof-of-principle” validation for the abstract

concepts.
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2.2 Effect of Sensor Location on Robot Behaviour

Robot Model

In this and the subsequent Sections, some well known problems arising in
the control of flexible structures are illustrated on a relatively simple example of
a single flexible link. A complete derivation of the dynamic model used here is
provided in Section 3.4 and knowledge of the modelling details and derivation is
not required for the present examples. For simplicity, linearity and absence of

damping are assumed in the model.

Figure 2.2.1 shows a flexible link of length £ with a mass attached to its tip,
moving in response to torque inputs ur(t) applied at the joint located at z, = 0.
The motion v(z,t) is defined as a circumferential coordinate dependent on the
spatial coordinate along the beam, z and time . The angular rate y(t) of the link

is measured at a sensor location s on the link:
y(t) = 9 (z., t) (2.2.1)

Overdots denote temporal derivatives, e.g. v = d—:’ig—tz and spatial derivatives are
denoted by: v@ 2 a—;’:g')-. We will now look at how changes of the sensor location
affect the input-output behaviour of that simple system which can be expressed
as a transfer function G(s) € C in the frequency domain:
_ Y(s)

Ur(s)
after applying a Laplace transformation £ < - > (Laplace operator s € C):

Y(s) =L <y(t)>
Ur(s) = L < ur(t) >

G(s) (2.2.2)

Flexible structures are inherently systems with distributed parameters. The
model of the flexible link derived in Section 3.4 is discetized by expanding the mo-
tion v(z, t) into mode shape functions ¢;(z) and modal coordinates g; (t), including

rigid-body modes:
v(z,t) = Z ¢:()q:(?) (2.2.3)

=1
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Assuming only a single angular rate sensor located at position =, as output, the
model (cf.(3.4.43), (3.4.44))reduces to:

q+9q=¢M(0)ur (2.2.4)
y =M (z,)q (2.2.5)

where q(t) = [g1(t), ¢2(t), - - -, gn(?)]T is a vector of modal coordinates, 2 = diag
{w?} is a matrix of modal frequencies, and oM(z) = [¢>§l) (z), 45%1) (z),---, ol (z)]T
is a vector of spatial derivatives of mode shape functions. These quantities will be

defined in detail in Chapter 3.

In the frequency domain the relationship (2.2.4) — (2.2.5) between input and
output results in the following transfer function G(s):

n 40 (g 1M
o) =3 & S(fl‘ig 0 (2.2.6)

=1

Pole-Zero Locations

The input/output behaviour is characterized by the poles and zeros of G(s) in
n
the s-plane. Noting that the common denominator in the sum (2.2.6) is [] (s% +
i=1

w?), the pole locations s, are obviously given by (j = +/—1):
Sp =+jw;, Vi=1l...,n.

Not surprisingly the poles of the system in the s-plane are on the imaginary axis
at values corresponding to the modal frequencies. The effect to note is that the
pole location is independent of the choice of the particular input matrix in (2.2.4)

and output matrix (2.2.5).

The determination of the zeros of (2.2.6) is not quite as simple. However,
it is obvious that the locations of the zeros sg are dependent on ¢(z;), i.e. they
are a function of the sensor location z,. If G(sg) = 0 then G(—sg) =0, i.e. the
zeros appear in pairs, and if there is a zero with R{so} < 0 there will also be one

with R{so} > 0 because G(s) in (2.2.6) is a function of s* only. As [Spector and

17



Flashner] have shown, all zeros lie on the imaginary axis if the sensor is collocated
with the actuator, i.e. s =0. When z, moves away from 0, some zeros move off
the imaginary axis with positive and negative real parts. When the sensor is at the
end of the beam (z, = £) all zeros have moved off the imaginary axis, appearing
in pairs with equal positive and negative real parts. This effect is shown in our
example in Figure 2.2.2 for n = 4 and the sensor locations z; = 0, z, = %E, and

z, = £. These numerical results corroborate [Spector and Flashner]’s more general

analysis.
Characteristics of Non-minimum Phase Systems

The significant effect here is the appearance of zeros with positive real parts
indicative for non-minimum phase systems. It is well known that control of a

non-minimum phase system is difficult due to the following characteristics:

(1) Linear control will shift the poles towards the zeros. Pole locations in
the right-half plane indicate system instability. “Cancellation” of right
half zeros by poles is not a robust procedure.

(2) Non-minimum phase systems exhibit a delayed response with a concomi-
tant phase shift in G(s). In a flexible beam, this characteristic is due to
the finite propagation speed of elastic deformation waves in the beam.

(3) Modelling inaccuracies can lead to qualitative erroneous control designs
by mis-modelling a non-minimum phase system with a minimum phase
model. _

(4) Most design approaches for adaptive, pole-placement or optimal control

systems require that the plant is of minimum phase.

These unfavourable characteristics will have to be addressed by a vision-based
control system for space manipulators. Although this example is quite simple it

has the generic properties of more complex flexible systems.
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2.3 Effect of Sensor Location on Dynamic Stability

Dynamics and Control

We will now investigate the effect of the sensor location on the closed-loop sta-
bility of the flexible link controlled by simple output feedback. We use essentially
the same flexible link model as before, with the slight generalization of allowing
the torque to be applied at a variable location z, as shown in Figure 2.3.1. The

resulting equations of motion are very similar to (2.2.4) and (2.2.5):

G+ Qq = ¢M (za)ur (2.3.1)

y = ¢ (z,)q (23.2)
These equations describe -the transverse flexible motion of a slender beam for all
boundary conditions. For greater simplicity of the following analysis we consider
only flexible-body modes (i.e. w; # 0) and make the mild assumption that z,
and z, are always chosen such that ¢§l) (zo) # 0 and ¢§l) (zs) #0Vi=1...nto
ensure controllability and observability of the system as per the conditions given

by [de Lafontaine and Stieber]. Figure 2.3.1 depicts the system with the “direct

velocity” feedback control law with a scalar feedback gain constant F

u=—Fy (2.3.3)

Stability

If we consider only a single flexible mode 1 of the closed-loop system (2.3.1)-
(2.3.3), its dynamics are governed by

G +wlq = - (za) FoM (z5) s (2.3.4)

A stability condition for the single-mode system can be readily established by the
Routh-Hurwitz criterion [Hahn]:

FéM (z4)8M (z5) > 0 (2.3.5)

If the function ¢§1) (z) is known and z, and z, are fixed, this condition can always

be fulfilled by choosing the ‘right’ sign for F. When the sensor is collocated with
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the actuator, i.e. Ty = I, condition (2.3.5) is always met by choosing F' > 0,
independent of the value of ¢§1) (zo)- The function (bgl) (z) does not need to be

known 1n this case.

If we consider n modes in the system (2.3.1), (2.3.2), its stability can be

determined using the Lyapunov function [Lasalle and Lefschetz]
P
V() =354 a+59 2920 (2.3.6)
With the feedback term (2.3.3) the derivative V can be expressed as follows:
V =q7(a+Qq) = -7 ¢ (z.)FoIT (z,)q (2.3.7)

Stability of the system requires V < 0V¢ [Lasalle and Lefschetz] which is assured
if the following matrix is positive definite [Stieber, Vukovich and Petriu]:

Fo(z,)pMT(z,) >0 (2.3.8)

This condition requires that all principal minors of the matrix are positive definite,
which is equivalent to meeting condition (2.3.5) simultaneously for all modes 7 =

1...n, with a single scalar gain factor F"

FoD(2a)¢{V(zs) >0 Vi=1...n (2.3.9)

Interpretation of Stability Conditions

If sensor and actuator are collocated, i.e. T, = z,, condition (2.3.9) is ob-
viously met with F' > 0. It is remarkable that, in this case, the stability of the
closed-loop system is guaranteed for any set of system parameters , ¢(z) which
are a function of the mass and stiffness distribution of the flexible link. We can
conclude that the control (2.3.3) is robust with respect to unknowns and varia-
tions of the mass and stiffness characteristics of the system. This is indicative of
the advantages afforded by sensor/actuator collocation on flexible structures. For
I, = z, the input-output behaviour of the system (2.3.1), (2.3.2) can be shown
to be “hyperstable” (as defined in Section 5.2). As discussed in later Chapters,
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a system with this property can be stabilized by “asymptotically hyperstable”
feedback such as (2.3.3) in our example.

On the other hand, if £, # Z,, the n simultaneous conditions (2.3.9) can
only be met in small regions along the beam, which shrink as » increases, and
they vanish in the limit m — oco. (This is shown mathematically for a similar
condition in Appendix A.4). Figure 2.3.2 shows these regions for a flexible beam
with pinned-pinned boundary conditions and n = 3. The diagram indicates that
if the actuation is applied at £, = 0, the sensor location must meet the condi-
tion z; < éﬂ to maintain stability. Obviously, for vision-based control of space
manipulators which implies £, = ¢, this condition is not met. It is interesting to
note that for an actuator located at 31-8 <z, < %Z two ranges of sensor locations
are admissible as indicated by the identical shading of the corresponding squares:
H<zy<iland 3¢<z, < %2. For a sensor in the first range, condition (2.3.9)

requires F' > 0 while for a sensor in the second range choice F' < 0 is required.

For a flexible link with pinned-free boundaries the condition (2.3.9) can be
evaluated by inspecting the first few mode shape functions of our simple model
which are plotted in Table 3.4.1, including the rigid-body mode (i = 1). The
diagrams show that condition (2.3.9) cannot be met simultaneously by mode 1 and
2 or modes 2 and 3. Hence we can conclude from this simple example that, indeed,
robust stabilization can be assured when sensors and actuators are collocated, but
falls apart for non-collocated sensors and actuators as required for vision-based
control, even when we consider a very simple system model with only a single
flexible mode. This example demonstrates one of the fundamental problems to be

addressed in this research.
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Figure 2.3.2: Admissible Sensor Locations xg as a Function of Actuator Location xg on
Flexible Beam for 3 Flexible Modes with Pinned-Pinned Boundary Conditions and scalar

Feedback of the Form of Eq. (2.3.3)
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2.4 Truncation and Spillover
Truncation and Spillover in Model-based Control Systems

The destabilizing effect of sensor non-collocation just highlighted above can,
in principle, be overcome by a model-based feedback control system which dynam-
ically estimates the internal state of the flexible link based on the time history of
the sensory data. The state estimation is based on a model of the link dynamics
including its flexibility effects. However, the very characteristics of systems with
significant structural flexibility give rise to a fundamental problem in applying this

approach to flexible structures.

While flexible structures are systems with distributed parameters in nature,
dynamic models used for state estimation are necessarily based on some form
of discretization with a finite and fixed the number of modes, n. The control in-
puts ur excite unmodelled residual dynamics in the structure by so-called “control
spillover”, and the measurements provided by the motion sensors include contribu-
tions from unmodelled modes, a phenomenon called “observation spillover”. The
combination of control and observation spillover can destabilize closed-loop feed-
back control systems for which the separation principle of control and observation

no longer holds due to the model truncation.
Illustration of Truncation and Spillover Effect

The spillover problem can be illustrated by simulation of a flexible link with
model-based end-point feedback. To illustrate the effect a model-based feedback
control system as shown in Figure 2.4.1 is designed on the basis of the model
(2.2.4) —(2.2.5) with the rigid-body mode and one flexible mode (n =2 in (2.2.3)
and z, = £ in (2.2.5)). The feedback system performs very well when applied to
the nominal system model. Figure 2.4.2 shows the tip motion and torque when
the system returns to its equilibrium position from an initial tip position of 1 m.
When a second unmodelled flexible mode is introduced into the system, tough, it

is destabilized by spillover, as evident from the response shown in Figure 2.4.3.

The detailed assumptions, parameters and models used for the simulation

are discussed in Section 7.6 and documented in Appendix E. The model-based
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control and estimation approach and the destabilizing mechanism of spillover will
be discussed in a mathematical framework in Section 4.3. Like the non-collocation
problem, the spillover problem is very fundamental to model-based control of
flexible structures and has been the subject of intensive research efforts for some

time.

Position &
Model-based Velocity Sensors
Control ),
| P
S v

Flexible Link

Torque
ur()

Figure 2.4.1: Flexible Link with Model-Based End-Point Feedback
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CHAPTER 3
CHARACTERISTICS OF SPACE ROBOTS

3.1 The Space Station Remote Manipulator System
Mission

The SSRMS shown in Figure 3.1.1 is scheduled for launch to the Interna-
tional Space Station in 1999. It is a major element of the Canadian contribution
to this international effort and represents the state-of-the-art in large space robots.
Its main mission is the in-orbit assembly of the Space Station. As discussed by
[Stieber, Trudel and Hunter], it will also support dexterous robotics operations
on the Space Station by positioning the Special Purpose Dexterous Manipulator
(SPDM) at its worksite. The success of the SSRMS mission is of critical impor-

tance for the entire Space Station.

Design

As shown in Figure 3.1.1, the SSRMS is a 7-joint symmetrical manipulator
approximately 17.1 metres in length when fully extended. A symmetrical arrange-
ment of joints and a Latching End-Effector (LEE) at each end allows either end
to attach to payloads, or to serve as a base for the SSRMS providing that an ap-
propriate Power Data Grapple Fixture (PDGF) interface is available. Power, data
and video may be passed through the SSRMS to operate the SPDM while attached
to the SSRMS LEE or to support the keep-alive power, telemetry and command
requirements of payloads attached to the LEE. Four video cameras are mounted
on the SSRMS, ore fixed camera at each end effector, and one with a pan and
tilt unit on either side of the elbow joint on the main booms. A light is provided
with each of the cameras. Although the majority of SSRMS operations will be
performed from the Mobile Base System (MBS), the symmetrical arrangement of
joints and LEEs gives the SSRMS a self-relocating capability. PDGF's mounted at
strategic locations on the Space Station allow the SSRMS to step from one PDGF
to another to access areas which cannot be reached when operating from the MBS.

The 7 joints of the SSRMS are arranged in clusters of three joints near each end
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of the manipulator to act as a “wrist” and “shoulder” respectively, with an addi-
tional joint at the midpoint “elbow” position. Starting from either end, the joint
sequence is roll, yaw, pitch, pitch, pitch, yaw, roll. All joints are identical and
have a range of travel of +/-270 degrees. Because the number of joints exceeds
the 6 degrees-of-freedom in which the manipulator tip is being controlled, the
manipulator is kinematically redundant. The kinematic redundancy increases the

operational flexibility and is used to avoid kinematically singular configurations.

Operational Characteristics

Operations using the SSRMS involve the handling and positioning of a wide
range of payloads with varying shapes and mass properties. The payloads which
can be handled by the SSRMS range from zero (i.e., no payload) up to 116,000
kg, which is representa,ti\;e of a fully loaded Shuttle Orbiter. The ability to stop
the SSRMS and its attached payload within a known distance when the manipu-
lator is commanded to stop, or when an emergency stop is initiated, is of crucial
importance to avoiding damage to the SSRMS or other equipment. The stopping
distance/angle requirements of the manipulator tip and payload set the maximum
manoeuvring rate requirements for various payload sizes and influence the sizing
of joint actuators, drive trains, emergency braking devices, etc. By manoeuvring
within the maximum rate, stopping can always be guaranteed within the specified
distance (usually 0.3 m) even in the event of failures. Assembly and berthing
operations require accurate positioning of payloads within the capture range of
berthing mechanisms. The positioning accuracy of the SSRMS based on joint
angle measurements is specified as 4.5 cm/0.7 deg at the tip relative to the base
of the arm. The resolution of motion capability is better than 1 cm and 0.1 deg.
Significant improvement of the positioning capability is therefore possible if good
visual cues or information on the payload position are available to the operator.
Further improvement of positioning accuracies and the automation of operations

could be achieved by automatic vision-based control of the SSRMS based on the
methodology developed in this study.
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Control

The MSS manipulators are controlled from a Robotics Work Station (RWS) in
the pressurized Space Station environment. A capability to control the MSS from
a ground-based command source through a radio link is discussed by [Bassett, Wo-
jeik, Zaguli and Stieber]. An important element of the RWS is the Artificial Vision
Unit (AVU) which provides the capability of photogrammetric image processing
of camera images from any of the MSS or Space Station cameras. The AVU will
provide precise measurements of the relative motion of the SSRMS payload with
respect to objects in the workspace to the MSS operator in the form of graph-
ical and textual displays. This will enable precision assembly operations on the
station in the absence of ‘boresight’ camera views, as discussed by [MacLean and
Pinkney]. The AVU provides a key capability for the implementation of automatic
vision-based control of the SSRMS based on this research.

The various control modes and features for the SSRMS are described by
[Trudel, Hunter and Stieber]. Motion commands to the manipulators can be
resolved-motion commands or joint-by-joint commands. In resolved-motion op-
eration, translational and rotational velocity inputs from an operator or automa-
tion software provide commands in a selected Point-of-Resolution (POR) reference
frame. The origin of the POR frame is typically chosen to be the arm tip or a point
of interest on a payload or tool. Inverse kinematic equations in the arm control
software resolve the POR commands into individual joint commands to the joint
servos. Although resolved motion operation is the primary means of controlling
the manipulators, joint-by-joint operation is an option in both human-in-the-loop
and automatic modes. For joint-by-joint operation, commands in the individual
joint axes are input directly to the joints. Because of the kinematic redundancy
of the 7-joint manipulators, the inverse kinematics equations (3.3.4) in the control
laws have a multiplicity of solutions resulting in an unspecified degree of freedom
in the arm configuration for a specific tip position and orientation. This problem
is handled in the control laws by providing an option to apply an additional con-
straint to control one of the joints (usually a shoulder joint) to a constant position

unless it is required to move in order to avoid a kinematic singularity.

31



Dynamic Characteristics of the SSRMS

The dynamic behaviour of the SSRMS can be completely described by equa-
tions of motion in the form of (3.2.15) discussed in Section 3.2. The derivation
of a model based on the Newton-Euler formulation was performed by [Sincarsin
and Hughes], [Sincarsin, D'Eleuterio and Hughes], [Hughes and Sincarsin] and
[D’Eleuterio.1]. A very detailed dynamics model based on those equations has

been implemented by [Spar] in a simulation used for the Space Station program.

The SSRMS has several nonlinear characteristics which are significant for
the control system design and the operation of the SSRMS. Friction and stiction
effects in the joints are important in various operational scenarios, and ultimately
limit the achievable resolution of the tip motion. Backlash in the planetary gear
boxes can be more important in space than on the ground due to the absence of
a gravity bias and the resulting undetermined joint position within the backlash
region. Due to the high gear ratio of 1878 in the SSRMS joints the backlash region
on the motor side of the gearbox is significant, even with precision machining of the
gears. Due to the large payload size, second-order dynamic effects cannot always
be neglected in the analysis of space manipulators like the SSRMS. The damping
ratio for oscillations in space manipulators is dependent on payload mass and other
factors, and is hard to predict with any accuracy. A damping ratio of 3% has
been measured in flight experiments with the Space Shuttle Remote Manipulator
System. The SSRMS is expected to display similar damping characteristics.

The overall dynamic characteristics of the SSRMS change significantly with
changes in payload and changes of the elbow joint angle which dramatically af-
fects the moment of inertia seen by the shoulder joint. Given the variability of
payload size and manipulator configuration, the complex SSRMS dynamics model
developed by [Spar] predicts a first natural frequency of the manipulator system
in the range from 0.008 Hz to 0.2 Hz. We can conclude from this review of the
actual characteristics of a space manipulator that the dynamic characteristics are

highly time-variant and that low-frequency oscillations are a significant factor.
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3.2 Dynamics of Robotic Systems

Motion of Multibody Systems

A pecessary first step in a discussion of measurement and control of the motion

of a robot is to establish a notation and description for the robot motion in precise

terms.

Robotic systems are generally composed of a number of bodies connected to
each other and to their environment by various mechanisms which constrain their
motion, as shown conceptually in Figure 3.2.1. The number of bodies in motion
and the topology of their interconnection may change during the course of a robotic
operation. During the assembly operation shown in Figure 1.2 for example, the
topology changes from an ‘open chain’ to a ‘closed chain’ as the airlock is attached

to the Space Station.

It is well-known from classical mechanics that the motions of a multi-body
system evolve in a manner consistent with the principles of least action described
by [Lanczos], [Meirovitch] and [Goldstein]. Hamilton's extended principle is based
on the total kinetic energy in the system, T'(t) € R, and the work done by forces
between the bodies of the system and at the boundary of the system, W(t) eR:

to

/(6T + 6W)dt =0 (3.2.1)

t1
(The operator 6 denotes variation.) This variational principle states that the actual
motion of a system renders the value of the integral stationary with respect to all
possible neighbouring paths that the systems may be imagined to take between
any two instants t; and %z, provided the initial and final configurations of the
system are prescribed. The stationary value is actually a minimum. Hamilton’s
principle does not depend on the coordinates used to describe the motion of the

system [Lanczos].

The motion of a multi-body system can be described by a set of generalized
coordinates which we denote qi,q2,---,dn. A set of generalized coordinates con-

tains the minimum number of coordinates necessary to describe the motion of a
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system and can be combined to a vector q € R™:

a(t) = (@1 (t), @), ---, ¢ O)]" -

The generalized coordinates are a function of time. They are not necessarily
Cartesian. Their number corresponds to the degrees of freedom of a system,
including those associated with the deformation of elastic bodies.
Lagrange’s Equation
A system is called holonomic if all the constraints on the motion of the bodies

introduced e.g. by joints or other interconnections, can be expressed as functions
F only of q (i.e. not of q) of the form F(q,t) = 0. In the context of space manip-
ulators it is not restrictive to assume that all constraints are holonomic, in which
case the generalized coordinates g; are all independent. Then Lagrange’s equa-
tion which governs the motion q(t) of the system can be derived from Hamilton’s
principle by integration by parts, as shown by [Meirovitch], yielding:

4 (@) _oT _

dt \ 0q

The elegant formulation (3.2.2) is independent of any particular choice of general-

(3.2.2)

ized coordinates q, and it does not explicitly contain any of the internal constraint

forces in the system.

An alternative to this formulation is the Newton-Euler formulation (‘vectorial
dynamics’) in which the motion of each individual body in the system is modelled.
Reviews and surveys of multibody dynamics modelling approaches are provided

by [Likins] and [D’Eleuterio.2).
Forces and Torques

In (3.2.2) f(t) € R™ is a vector of forces’ acting on the system, consisting
of conservative forces f.(t), dissipative forces f;(t) and generalized external forces

f.(t) which provide the external excitation of the system:
£(2) = £(t) + fa(t) + £e(2) (3.2.3)

1 The term force is used in a generalized sense throughout this document, im-

plying “force and torque”, as appropriate.
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The conservative forces are associated with the potential energy V(q), V € R

contained in the system:

fo(q) = - a‘g((lq) (3.2.4)

The dissipative forces are derived from a dissipation function R(q), R € R:

fa(q) = —a};g’) (3.2.5)

Due to the Second Law of Thermodynamics, the dissipative forces never act as a
source of mechanical energy for the system, ie. the dissipation function always

has the property:

qT—af;(.q) >0 (3.2.6)
q
The external forces are derived from the external work W, € R done on the
system:
oW,
f. =" 3.2.7

The external forces are usually caused by control system actuators and distur-
bances. The action of [ actuators and k sources of disturbances can be described by
vector functions u(t) = [ui(t), ua(t), - .- w ()T and d(t) = [di(2), d2(2), - - - dr(8)]7.
The actions of actuators and disturbances are mapped into the space of the gen-
eralized coordinates q by projection matrices B, € R™*! and By € R™**. These
matrices are implicitly defined by the equivalence of equation (3.2.7) and the fol-
lowing ‘input equation’:

£.(t) = B,u(t) + Bad(t) (3.2.8)

The projection matrices are determined from (3.2.7).
Euler-Lagrange Equation

Equations (3.2.2)—(3.2.7) can be combined into the following form of Lagrange’s

equations for the system:

d 8T\ B8R &T-V) 0W.
EE(E&) Y54 T " 8a  da (3:2.9)
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The difference of the kinetic and potential energies in the system is known as the

Lagrangian function L € R of the system:
L(q,q) =T(q,9) —V(a) (3.2.10)

The equation {3.2.9) represents a set of implicit second-order differential equa-
tions for the motion q(t) of a general robotic system in response to external forces.
In order to derive an explicit differential equation for a specific system, the kinetic
energy T, the potential energy V/, the dissipation R and the excitation W need to
be established as functions of the chosen set of coordinates q() and their deriva-

tives. We will illustrate this derivation in the example presented in Section 3.4.

A general explicit form of (3.2.8) can be established for the common case of
natural systems by recognizing that the kinetic energy T in mechanical system

can be expressed in the form [Meirovitch]:
. 1. .
T(q,4) = 574" M(@)q (32.11)

with a positive-definite mass matrix M € R™*™, M(q) > 0. Equation (3.2.11)
allows us to express the first term in (3.2.9) in the following form where the first

term of the right-hand side is familiar from Newton’s Second Law:

dM(q)
dt

%(Q) =M(q)q +

33 q (3.2.12)

We further define the vector function ¢ € R™ representing dissipative effects, Cori-
olis and centrifugal forces, as well as forces due to changes in system configuration
and mass properties from (3.2.12):

IR(q ) dM

The vector function k € R™ represents forces due to the potential energy in the

system:

k(q) = 2 (3:2.14)

0q
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with these definitions the Euler-Lagrange equation can now be expressed in the

following form often used in the robotics literature such as [Fu, Gonzales and Lee]:
M(q)d + c(q, q) + k(q) = Byu(t) + Bad(?) (3.2.15)

Equation (3.2.15) can also be expressed in the form of a 2n dimensional state-space

system where O are zero-matrices of appropriate dimensions:

)| R S IR | Y

— = +

gl | -M(@k(a) -M(@)c(a,q)] [Bul@) Ba(@] Ld()
(3.2.16)

These equations describe the dynamics of holonomic mechanical systems, including
robot manipulators, in full generality including non-linearities and flexibility effects

inherent in the system.
Linearization

Sometimes these equations are linearized about an operating point qgg by
defining
q(t) = qo + Aq(?)
and appropriate matrices Co € R™*", Ko € R™*" following standard technique,

resulting in

M(qo)Ad + Co(qo)Aq + Ko(qo)Agq

= B, (qo)Au + Bg(qo)Ad (3.2.17)
d {Aq} B [ 0 I } [AQ}
% | Aq —M~(qo)Ko(qo) —M(qo)Co(a0) | | A
0 0 Au(t)
Tl ] e
B.(q0) Ba(ao) Ad(?)
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3.3 Kinematics, Sensing and Control

Forward Kinematics

In most robotics applications, the motion ultimately of interest is not the
motion of the generalized coordinates q(t), but the trajectory of a payload or
the tip of the manipulator in the task space. This task space trajectory is usually
defined in terms of cartesian coordirates a(t) € R® with 3 translational components
and 3 rotational components. The task space trajectory a(f) is generated by

contributions from the various generalized coordinates q(%):
a(t) =T(a(%)) (3.3.1)

For rigid manipulators with joint positions chosen as generalized coordinates, the
vector function I'(q) is known as the forward kinematic relationship of the robot.
For most rigid manipulators, I'(q) can be determined as an explicit function of
joint positions and link lengths. The inverse kinematic relationship relating joint
positions to the position of a payload in the task space can be found explicitly

only in special cases.

At every point q in the joint space a particular linear relationship exists

between the velocities of the joints and the velocity of a payload in the task space:

a(t) = J(q)q(?) (3.3.2)
where
J(q) = aggq)

is the Jacobian matrix of the robot with appropriate dimensions for a and q.
Inverse Kinematics

The inverse relationship for the velocities exists for most points in joint space
if the number of joints is not less than the dimension of the task space, usually
6. If a and q are of the same dimension the matrix J is square and the inverse

kinematic relationship for the velocities is
q(t) = I~ (q)a(t) (3.3.3)
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Depending on the manipulator design, there usually are a number of singular

points in the configuration space for which J(q) is rank deficient and J~1(q) does

not exist.

For kinematically “redundant” manipulators such as the SSRMS or the hu-
man arm, the dimension of q is higher than that of a and the inverse kinematic

relationship for velocities is
a(t) =T (@a() + an(®) (3:34)

where JT is a right inverse of J and g is an arbitrary vector function in the null
space of J, representing a combination of joint motions which does not affect the

end-point motion.
Sensing

Sensing of the robot motion is a key aspect of the proposed research. Based
on the general robot model developed so far we can define 2 number of different
motion sensors. The physical motion resulting from the time history of individual
generalized coordinates, e.g. joint angles and joint velocities, as well as motions
resulting from sets of generalized coordinates, e.g. structural vibrations, can be
described as a projection of the generalized coordinates q(t) into a space spanned
by a vector of measurements yq (®):

Cq O q(t)
Valt) = (3.3.5)

0 Cq] La(®)
Matrices Cq and Cq4 are projection matrices of appropriate dimensions. More
general definitions covering sensors such as strain gauges etc. are discussed in

Section 6.3.

Sensors like the vision system measure positions and velocities in the task
space. Their output vector ya(t) can be considered a projection of the task space

motion trajectory a(t).

C, O a(t)
ya(t) = (3.3.6)
0 Cal |a@®)
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The forward kinematics equations (3.3.1), (3.3.2) establish the link from (3.3.6) to

the generalized coordinates.

Control

The control system of the robot has the task to make the robot end effector
or payload trajectory a(t) closely follow a trajectory w(t) prescribed in the task
space relative to other elements in the task space. A criterion often used to define

the term “closely follow” is that of a vanishing steady state error:
tlim (a(t) —w(tg)) =0; ¢to finite (3.3.7)

The sensor fusion and control algorithm C which we will investigate in detail
in Chapters 4, 5 and 7 can generally be described as a vector function of the

prescribed trajectory and the sensor outputs:
u(t) = C(w(t),yq(t), ya(t))- (3.3.8)

When the prescribed trajectory is defined in the task space, the control algorithm
usually has to contain some representation of the inverse kinematic equations
(3.3.3) or (3.3.4). [Fu, Gonzales and Lee] describes a number of established tech-

niques for the control of manipulators with rigid links.
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3.4 Modelling of a Flexible Link Robot

Description

We will now illustrate the use of Hamilton'’s Principle and the Euler-Lagrange
formulation in the derivation of a model for the simple flexible robot arm already
familiar from Section 2.2. The system is shown in Figure 3.4.1 and consists of a
single rotary joint applying a torque ur(t) to one end of a flexible link carrying a
point mass p at the other end. In this 2-dimensional model the motion of the link

is restricted to a plane. A sensor measures the motion of the beam at position Ts.

This system is chosen as an example because it permits the closed-form anal-
ysis of certain important characteristics of flexible-body system. In spite of its
simplicity the example has the generic properties of more complex flexible sys-
tems and can be considered a very simple model for the flexibility aspects of space
manipulator systems. Therefore this system is used as an example throughout this

study.

This simple model already has served to illustrate input-output behaviour and
stability problems in Chapter 2 and will aid in the understanding of the limitations
of state-of-the-art in sensing and control for flexible robots discussed in Chapter
4. In Chapter 7 we will discuss the experimental evaluation of a new sensing and
control strategy on a flexible link robot whose dynamics can be approximated by

the simple system shown in Figure 3.4.1.
Assumptions

The link of length £ is modelled as a beam with uniform mass density p and
uniform bending stiffness x along its length. In order to focus on the effects relevant
to this study several simplifying assumptions consistent with the Euler-Bernoulli

beam theory are made:

(1) The cross-sectional dimensions of the beam are small compared to its
length. Under this assumption, the effects of shear deformations and
rotary inertia effects associated with flexible beam deformations can be

neglected.

43



(2) Flexible deformations are small compared to the length of the beam.

(3) The angular velocity of all elements of the beam is sufficiently low to be
able to neglect certifugal and Coriolis forces.

(4) The neutral axis of the beam does not stretch under deformation and the

material has no hysteresis and damping.

(5) Gravity does not affect the motion of the beam, either because the plane

of motion is horizontal, or because the system operates in orbit.

These assumptions limit the validity of the model to “slender” beams and low to
medium vibrational frequencies. The beam theories of Raleigh and [Timoshenko]

address more general cases.
Energy Terms

As shown in Figure 3.4.1, the position of any element of the beam can be
described by the radial coordinate z defined along the beam, and a circumferential
coordinate v composed of the beam transverse flexible deformation 3 and the rigid

body joint angle 8 as follows:
v(z,t) = ¥(z,t) + z(t) (3.4.1)

In order to apply Hamilton's Principle (3.2.1) or the Euler-Lagrange formula-
tion (3.2.9) to the system, we need to determine the kinetic and potential energy

in the system, and the external work due to the torque input.

With the Assumptions (1) and (3), the kinetic energy of a2 mass element dm

of the beam is given by

Ty = -é— 2 (z, 1) (3.4.2)

The total kinetic energy T of the system hence is:
1 f 1
T(0) = 5 [ P, )iz + 5?0 (3.4.3)
0
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Under the assumptions made above the potential energy V' of the system is

given by the strain energy in the deformed beam:

14

O / W(z,t) (3.4.4)

2" oz?
0

Noting from (3.4.1) that g:—_fg’ = %’é’-, (3.4.4) can also be expressed as:

£

vio= Lo [ 2220 54
0

The external work W, generated by the joint torque ur(%) is a function of the

instantaneous angular velocity of the beam at z =0

W.(t) = — / uT(r);iT(aLg"g;—T—)lmo)dr (3.4.6)
0

Continuum Model

The expressions (3.4.3), (3.4.5) and (3.4.6) established above for T',V and W,
are functions of 'u(:z:, t), i.e. of time and space instead of only functions of time, as
a result of treating the flexible beam as a continuum with distributed mass and
stiffiness properties. Hence, the variable v(z,t) in its current form is not suitable
as a generalized coordinate required to apply the Euler-Lagrange equation (3.2.9).
However, Hamilton’s Principle (3.2.1) can be directly applied, recognizing that:

W(t) = W.(t) - V() (3.4.7)

Substituting (3.4.3), (3.4.5), (3.4.6) and (3.4.7) into (3.2.1), taking the variation,
integrating by parts with respect to ¢ and z to eliminate temporal and spatial
derivatives of §v, and restricting the solution to virtual displacements that vanish
at t; and %o leads to the following boundary value problem for the motion of the

continuum system:
v (z,t) + pii(z,t) =0, (3.4.8)
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with the boundary conditions:

v(0,t) =6 pinned (3.4.9)
kv?(0,t) = up(t) input torque (3.4.10)
v@(¢,t) =0 bending moment (3.4.11)
wkv® (4, t) = pi(€,t) shear force (3.4.12)

A complete step-by-step derivation of the boundary-value problem for a vibrating

beam based on Hamilton’s Principle is described by [Meirovitch].

Modal Expansion

A standard approach to the solution of the partial differential equation (3.4.8)
is the separation of the solution v(z, t) into functions dependent only on space and

time. To that effect we express v(z,t) as a modal expansion:

u(z,t) =) ¢i(z)q:(t) (3.4.13)

i=1

Here the ¢;(z) € R are a set of orthogonal “mode shape” functions spanning the
function space which contains all possible deformations of the beam. They must
meet the boundary conditions for v(z,t) at £ = 0 and = = £. Other properties
of the ¢;(z) and how they are generated will be discussed later. The g:(t) are
“modal coordinates” describing the time history of excitations of each mode. For
the practical reason to keep the number of coordinates finite, the infinite sum

(3.4.13) is usually truncated to a finite sum of n modal motions,

o(z, ) =) ¢:(2)a:(t)- (3.4.14)

=1
This truncation, which is equivalent to a spatial discretization of the problem,

allows us to collect the mode shape functions in a vector

¢(z) = [¢1($), ¢2($), IR ¢n($)]T
and express v(z,t) as an inner product:
v(z,t) = ¢* (z)a(t) (3.4.15)
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Euler-Lagrange Equations

The modal coordinates q(t) are a suitable choice for generalized coordinates
due to the orthogonality of the mode shape functions. Using q as defined in (3.4.15)
as generalized coordinates, we now can apply the Euler-Lagrange equation (3.2.9)
to the energy terms (3.4.3), (3.4.5) and (3.4.6).

By substituting (3.4.15) in (3.4.3) and (3.4.5) we find the following Lagrangian
function for the flexible link robot:

L(a,4%) = 5047 / #(2)¢7 (2)dz (1)

+ sp T (H)POFT (B4

£
z) d?¢T (z
~ Lea®) /dQZ_(z )L ) 4zt (3.4.16)

0

The explicit terms for the Euler-Lagrange equation (3.2.9) are given by the

following vectors:

£
2(5) =¢ [ 6@4"@iza0 +u@sT O (G417
0

Gi\3
14
ST-V) _ [ () £¢7 ()
8a ——nof & a eI (3418
W. _ do
e = el _o® (3.4.19)

From the expressions (3.4.17)—(3.4.19) we can easily identify the mass, stiff-

ness and input distribution matrices of a linear second order system:
Mg(t) +Kaq(t) = Buur(t) (3.4.20)
with
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ta

M =p [ ¢(z)¢” (z)dz + pp(O)d” () (3.4.21)
0
£
K==« / fig”:) d23:2(x)dx (3.4.22)
0
_d¢
B, = EL;O (3.4.23)

Mode Shape Functions

Obviously the choice of the mode shape functions ¢;(z) will have an effect on
the properties of the matrices M, K, B, and on the convergence of the summa-
tion (3.4.14). There are a number of different ways to find suitable mode shape
functions, as discussed by [Meirovitch|. Either “natural modes” defined by eigen-
value/eigenfunction problems or “assumed modes” found by various techniques
such as the finite element method, cubic splines or Raleigh-Ritz/Galerkin dis-
cretization can be used. They have to satisfy the boundary coordinates of the
structure and must be orthogonal in order to span the space of all possible spatial
functions v(z,t) and generate independent generalized coordinates. The infinite
sum (3.4.13) will converge for all the different mode shape functions meeting the
above requirements. However, the rate of convergence depends critically on the
particular choice of mode shape functions, and the accuracy/validity of the finite
approximation (3.4.14) used in practice depends very much on the choice of the
mode shapes and the number of modes included in the model. How many modes
really “exist” in structures and which ones are important has been a subject of

some discussion. Some insight into this question is offered by [Hughes].

Another approach to defining modes used for modelling flexible links is to
treat the rigid-body motion separately from the flexible motion. This permits the
use of other boundary conditions, such as “clamped-free”, for the definition of

flexible modes, which can be advantageous in certain respects [Piedboef].

Natural Modes
When so-called natural modes are chosen, the expansion (3.4.13)/(3.4.14)

converges uniformly and absolutely in accordance with the Expansion Theorem
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discussed by [Meirovitch]. With the use of natural modes the self-adjoint boundary
value (3.4.8) problem associated with the Euler-Bernoulli beam can be decomposed
into two sets of n ordinary differential equations, one in the space domain and one

in the time domain:
p ¢;;4) (z) — wg pp:(z) =0, i=1l...n (3.4.24)

§(t) +wla®) =0, i=1...n (3.4.25)

The last set of equations governs the temporal evolution of the modal coordinates

and has a set of harmonic functions as homogeneous solutions:
g:(t) =¥, i=1...n (3.4.26)

where the constants ¢; ensue from initial conditions and the constants w; can be
identified as natural frequencies.

The space-domain equations (3.4.24) generate a set of eigenfunctions ¢:i(x)

which are the natural mode shape functions. The mode shape functions have the

following general form for A; # O:
¢:(z) = a; sin(Mz) + b; cos(\;z) + ¢ sinh(Aiz) +d; cosh(\;x) (3.4.27)
where the eigenvalue \; associated with the modal frequency w; is defined by

M=w?f (3.4.28)
K

The eigenvalues X; and the coefficient a;, b;, ¢;, d; are determined from the

geometric and natural boundary conditions (3.4.9) — (3.4.12) associated with the

homogeneous system which must be satisfied by all mode shape functions ¢; (z)-

Homogeneous conditions, i.e. ur(t) = 0 in our case, are assumed for the eigenvalue

problem because the time history of the excitation at the boundary is unknown.

The “pinned” boundary at z = 0 then is represented by the following conditions:

$i(z =0) =0 (3.4.29)
P (z=10)=0 (3.4.30)
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The “free” end at z = £ with the point mass g is characterized by the follow-
ing torque and force balances per (3.4.11), (3.4.12) and (3.4.26). The boundary

condition associated with the force balance is dependent on the eigenvalues.

¢P(z=0)=0 (3.4.31)
k¢ (z = €) — pwldi(z =12) =0 (3.4.32)

It follows immediately from (3.4.29)—(3.4.30) that b; = 0 and d; = 0 and the

mode shape functions reduce to:

o:i(z) = a; (sin(x\ix) + 5:%—5 : Sinh(/\i$)> (3.4.33)

From the boundary condition (3.4.32) the following condition ensues for the eigen-
values:

A2(cosh(\:€) sin(A:€) — cos(A:£) sin(A:f)) + 223 % sin(A:f) sinh(\:£) =0 (3.4.34)

The solution of the eigenvalue problem (3.4.34) and the computation of the mode
shape functions with the symbolic mathematics package “Maple” is demonstrated
in Appendix E.1. The solution A2 = 0 is associated with the rigid-body mode of

the link and is characterized by the special mode shape function

o1 (z) = “71::. (3.4.35)

The normal modes ¢; satisfy the following orthonormality properties:

e
/ poi(z)dj(z)dz + nd:(€)d;(€) = b;; (3.4.36)
0
F4
/ "4’1('2) (‘1’)4’5'2) (z)dz = UJ? 05 (3.4.37)
0
where we used the definition of the Kronecker delta
0 Vi#j
65 = { (3.4.38)
1 Vi=j.
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Based on condition (3.4.36) the normalization factors a; of the mode shape func-
tions per (3.4.33) are chosen as follows and have the physical unit of kg-%:

N

e -
a; = (Q#Sin(/\i@ + / p(sin(\;z) + _—_—;ﬁz\;fz) -sinh(/\i:z:))2dz> (3.4.39)
0

The evaluation of (3.4.39) is demonstrated in Appendix E.1. Condition (3.4.37)
can be used to calculate the modal frequencies w; and thus perform an independent
check of numerical results as shown in Appendix E.1. For the special case of the

rigid-body mode the normalization factor is:

1

= —m—
p3 T H

(3.4.40)

Matrix Form of Link Model

Due to their orthonormality properties (3.4.36)—(3.4.37) the use of natural
modes decouples the set of equations (3.4.20) by diagonalizing the mass and stiff-
ness matrices as already indicated in (3.4.25):

M=1 (3.4.41)
K= (3.4.42)

where I = diag {1} is the n X n identity matrix and 2 = diag {w?},i=1...n

Equation (3.4.20) can then be expressed in the first-order form introduced in

3.2.16:
d 14 0 I q 0
= = + ur(t) (3.4.43)
q -2 0] |q »1)(0)

The output of various motion sensors for the system are defined by appropriate
temporal and spatial derivatives of the beam position v(zs,t) at a sensor location
z4; U(s,t) defines the translational velocity of the beam at z,, v (z,,t) defines

the angle of the beam at z,, and () (z,,t) the angular velocity. Based on the
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expansion (3.4.14) these four measurements are defined by the output equation:

- u(zat) 7 [ ¢7(zs) 0 7
9(Zs, t) 0 #T(zs) | [a
= (3.4.44)
v (z,, ¢) T (z,) 0 4
L9 (z,, 2) | L0 o7 (z,)

Other sensors can be defined based on higher-order spatial derivatives as discussed

in Section 6.3.

Observations

An interesting and important observation regarding the system defined by
(3.4.43) and (3.4.44) is that the mode shape functions ¢; define both the system
input matrix and the system output matrix. The action of both sensors and
actuators are defined by various spatial derivatives of the mode shape functions
evaluated at the location of the sensor or actuator. As demonstrated in Section 2.2
the selection and placement of sensors and actuators has fundamental effects on
the input/output behaviour of the system. Sensors and actuators are called ‘dual’
if they are defined by a spatial derivative of the same order evaluated at the same
location. In the above link model for instance, an angular rate sensor located at
the joint, defined by ¥(!)(z, = 0,t) is dual to the torque actuator defined as input
in (3.4.43). The effects of the selection and placement of sensors and actuators
on the controllability and observability of systems like (3.4.43)—(3.4.44) has been
investigated by [de Lafontaine and Stieber].

We also observe that with the introduction of the natural modes and their
orthogonality properties, the system matrix governing the transient behaviour now
only contains the modal frequencies as variables. Although (3.4.43)—(3.4.44) were
derived for the simple example illustrated in Figure 3.4.1, these equations exhibit
the generic structure typical for undamped linear systems transformed to natural
modal coordinates, as shown in Appendix A. Hence, our observations apply to a

much wider class of systems than the simple example.
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Model Parameters for Laboratory Robot and SSRMS

The model (3.4.43) — (3.4.44) of the flexible link is used in the study (Sec-
tions 7.5 & 7.6) for simulation of the experimental robot shown in Figure 7.2.1.
This robot has a flexible link consisting of a thin steel beam which can rotate in
the horizontal plane. The modal parameters w;, ¢;(z), d)zgl) (z) for the first few
modes of the flexible link of the laboratory robot, including the rigid-body mode,
are presented in Tables 3.4.1 and Table 3.4.2, for the unloaded case and for the
case with a 1.2 kg payload respectively. The symbolic and numerical calculations
based on (3.4.33) — (3.4.40) are presented in Appendix E.1 for four different pay-
loads. The corresponding matrices for the state-space model (3.4.43) — (3.4.44)
are documented in Appendix E.2.

The simple single-link model can also be used as a very crude first-order
approximation for the flexibility effects of the SSRMS. The range of fundamental
frequencies of the SSRMS is roughly matched by the single link model with the

following parameters:

£=17.1m

p =100 kg/m
k=1-10° Nm?
p=0...116,000 kg

These parameters are based on matching the first cantilever mode frequency 1
for the link of Figure 3.4.1, i.e., assuming that the joint is “locked”. Under this

assumption the first fundamental frequency wy, in rad/s, is

3x
“r= \/ B + 0.244p) (3.4.45)

I The ratio of the first flexible mode frequency for the “pinned-free” case and

the “clamped-free” (cantilever) case is 4.39 for a slender uniform beam without

tip mass.
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Table 3.4.1: Parameters of Laboratory Robot Flexible Link without Payload

1. Physical Parameters

u=0l4kg £=1585m p= L17kgm™ &x=35Nm

2. Modal Parameters

Normal modes for "pinned-free" boundary conditions

Frequency Shape Function

®, =05 43 = 1.153;; (rigid-body mode)

w, =948s™ ,(%) = 101-[sin(3.71%) - 2.63-107 sinh(3.71%)]
w, =313s™ @, (%) = 102 -[sin(6.74 %) + 105- 107 sinh(6.74 §)]
w, =662s™ . (%) = 1.03-[sin(9.81%) —4.11-107° sinh(5.817)]

3. Diagrams of Mede Shape Functions and their Spatial Derivatives

¢ (D i=1-4 P (3),i=1-4

1.5 - 8

0 05 1 0 05 1
x /1 x /1
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Table 3.4.2: Parameters of Laboratory Robot Flexible Link with Payload

1. Physical Parameters

u=12kg £=1585m p= 117kgm™ x=35Nm’

2. Modal Parameters

Normal modes for "pinned-free" boundary conditions

Frequency Shape Function

w, =0s" 4.(5) = 0-742-:— (rigid-body mode)
w,=762s" @, (%) = 1.02-[sin(333%) —133-107 sinh(3.33 )]
@, =281s™ ,(%) = 1.03-[sin(639%) +3.60- 10~ sinh(6.39 7)]
o, =621s™ é,(3) = 1.04-[5in(9.50%) — 112-107° sinh(9.50%)]

3. Diagrams of Mode Shape Functions and their Spatial Derivatives

4,(5), =14 40,1 =14
15 - 8

\z

0 0.5 1 0 0.5 1
x/1 x/1
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CHAPTER 4
SENSING AND CONTROL FOR FLEXIBLE ROBOTS

4.1 Overview
Active Vibration Control

Various technologies can be employed to improve the payload handling perfor-
mance of robots with flexible links. The main objective is to reduce the effects of
elastic deformations in links and joints on the position of the payload or end effec-
tor. The use of stiffer, lighter materials for example will increase the fundamental
frequencies of oscillation. Structural damping may be increased by improved ma-
terials and passive damping treatments or devices so that the vibrations “die out”
quickly. This can be achieved ‘passively’ by adding surface treatments such as
“constrained layer damping” as proposed by [Alberts, Book and Dickerson], or
by incorporating damping elements in the structural design as proposed for the
SRMS by [Alberts, Xia and Chen]. The advantages offered by these technologies
are usually accompanied by cost, weight, complexity and other penalties. The
use of the available sensors and actuators for active control is more attractive
in that regard, promising significant gains for an insignificant cost by replacing
bulky structural material with a small amount of smart silicon to achieve the
same functional objective. Motivated by this potential, a number of studies on
active vibration control and the control of flexible-link manipulators have been
carried out. As the problems of sensor selection, placement and fusion for systems
with flexible bodies is closely linked to the control of vibrations in structures, we

will review the literature on structural control as well as on the sensing aspects.

Model-based Methods

Most of the studies on flexible robots identify space manipulators as their
domain of application and many are motivated by the Shuttle Remote Manipula-
tor System (SRMS), which is a precursor to the SSRMS and has similer dynamic
characteristics. Some of the more advanced techniques proposed for flexible ma-
nipulators build on results developed for vibration control for large space struc-

tures. Most of these developments are “model-based” and assume a known linear
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time-invariant dynamic behaviour of structures. Most of the literature on sensor
selection and placement is also based on these assumptions and it is usually as-
sumed that sensors and actuators of various kinds can be placed almost arbitrarily

on the structure. The books on the subject by [Joshi], [Junkins and Kim] reflect

these assumptions.
Model-free Methods

As discussed in Chapters 2 and 3, these assumptions are generally not valid
for space manipulators, due to their strongly time-variant behaviour and their
non-linearities. Therefore methods which do not rely on the explicit knowledge of
an accurate dynamics model offer advantages over model-based methods. In this
study these approaches are generally labelled “model-free” although it is important
to make the following distinctions within that group:

e ‘Truly model-free’ methods which do not use a mathematical model of the
system in any way, for instance neural network or fuzzy logic methods;

e Methods which assume that the system behaviour is consistent with the
basic principles of physics, such as Hamilton’s Principle, the Principle
of Conservation of Energy, or Newton’s Laws, but which do not require
explicit knowledge of particular details of the system behaviour. The
methodology based on an extension of the hyperstability concept devel-
oped in this study falls into this category;

e Methods which assume that the behaviour of the system can be predicted
by a model for which however the parameters are not known and might
be subject to slow variations. The performance and robustness of these
methods are critically dependent on the correct modelling assumptions,
for instance the model order. Adaptive control methods fall into this
category.

The “model-free” approaches discussed below do usually require the colloca-

tion of all sensors and actuators.
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4.2 Model-free Methods
Control Methods Which Ignore Flexibility Effects

Ignoring the effects of structural flexibility during the control design process
has the advantages of simplifying both control design and implementation, and
of not requiring a flexible body dynamics model for the design process. This ap-
proach represents the standard practice for industrial robots where control system
designs is usually based on kinematics and rigid-body dynamics of the robot. This
usually implies the assumption that the tip motion of the robot can be deduced
from joint sensors with sufficient accuracy. [Book, Maizza-Neto and Whitney] in-
vestigated the application of rigid body control design to flexible manipulation,
using a linearized rigid-body model of the form (3.2.17) to derive a feedback gain

matrix F € R**2” for a linear state-feedback control law of the form
q
u=F| *|. 4.2.1
[q] (4.2.1)

In his methods termed ‘Independent Joint Control’ and ‘General Rigid Control’
Book uses pole-placement techniques to derive the gain matrix F. In applying
these techniques to a 2-link flexible manipulator example, Book found, not sur-
prisingly, that the performance of the technique was limited by the manipulator
fundamental frequency.

Many present generation robots for space and terrestrial applications use de-
centralized control schemes relying on ‘tight’ joint servo mechanisms, usually with
Proportional-Integral-Derivative (PID) control of the joint velocity, to counter dy-
namic effects, as described by [Fu, Gonzales and Lee]. The velocity commands for
the joint servo mechanisms are generated from payload trajectory commands via
the inverse kinematics relationships (3.3.9) of robot. This relatively simple method
works particularly well for manipulators with rotary joints and a high gear ratio
in the joint gear train, because the dynamic coupling between the motion of the

various joints reduces with the square of the gear ratio.

When sensors and actuators are collocated, this method is also robust with

respect to flexibility effects, as will be shown in more detail later. Due to this
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favourable property, this method has been successfully applied to the design of
the control systems of the SRMS and the SSRMS as discussed by [Ravindran and
Doetsch] and [Stieber, Laurenzio and Fung]. However, the performance achievable
with this method is limited by the manipulator fundamental frequeacy of oscilla-
tion, and the desirable robustness properties are lost when non-collocated sensors

and actuators are used, as in vision-based control.
Adaptive Control

Various forms of adaptive control have been proposed to deal with the problem
of unknown or changing robot dynamic characteristics. The basic idea is to identify
unknown system parameters and adapt the control law to slowly changing system

characteristics.

The method of Model Reference Adaptive Control (MRAC) described by
[Landau] and [Narendra and Annaswamy] is based on the idea to control a system
such that its output will track those of an external ‘reference model’ which is
chosen to be a stable linear system. A difficulty in applying MRAC to flexible
robot arms is the low number of control inputs compared to that of the state
variables. To overcome this problem it is suggested by [Siciliano, Yuan and Book]
to apply MRAC to a flexible robot arm system with a nominal controiler based on
a linear model. The added adaptive control is designed to ensure global stability
of the controlled system. For a single-link robot the method has been shown by
[Siciliano, Yuan and Book| to be successful. It is not clear, however, how this

approach is extended to more complex systems.

Another adaptive control method is self-turning adaptive control (STAC) pi-
oneered by [Astrom and Wittenmark]. In this method the plant is assumed to
be linear and its unknown dynamics are usually modelled as an Autoregressive

Moving Average (ARMA) model of the form
S1G6 Ny (k) =379S2(3" M) u(k) +e(k) (4.2.2)

where u(k) is the output, y(k) is the control input at discrete sampling times k

and S1, S2 are polynomials in the shift operator 3! of the 3-Transformation, and
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e(k) represents modelling errors. The coefficients of S and S are determined
by on-line recursive least-squares estimation. Various control schemes such as
optimal control discussed in Section 4.3, Equations (4.3.5)—(4.3.14) can be applied
to the estimated model. In most robot applications, the parameter estimator must
converge more rapidly than the changes in system dynamics. Also, the control law
has to be recalculated in real-time, e.g. in the case of optimal control by solution
of (4.3.11)-(4.3.14). The application of STAC to a single flexible link robot was
investigated by [Nemir, Koivo and Kashyap].

Although adaptive control has been successfully applied to rigid robots with
success, at least in a research setting, the application of adaptive control tech-
niques to robots with significant flexibilities and nonlinearities is hampered by
the complexity of the behaviour of flexible robot systems and the fact that the
order of the system is an unknown, while most adaptive control methods require
a priori knowledge of the system order. When non-collocated sensor/actuator
configurations are introduced into the problem, like in vision-based control of the
payload motion, the theoretical basis for most stability results in adaptive control
is eroded due to the non-minimum phase characteristics of the linearized system
dynamics. Although recent results by [Suarez and Lozano] address adaptive con-
trol for non-minimum phase plants, their method is not applicable to the space

robotics problem as it requires a priori knowledge of the system order.
Rule-Based Methods

A rule-based control method for a flexible link robot was proposed by [Moud-
gal, Passino and Yurkovich]. This method is not based on any explicit dynamics
model of the system but on intuitive knowledge of flexible robot control, encoded
in fuzzy logic. Good performance of the system was achieved in laboratory tests,
providing an attractive alternative to conventional control methods. However,
[Moudgal, Passino and Yurkovich] state that there is need for investigations into
the theoretical foundation of fuzzy control approaches and rule-based supervisory
control approaches (e.g. stability analysis), and for a more systematic methodol-

ogy for constructing direct and supervisory rule-based controllers.
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Passive Control

[Benhabib, Iwens and Jackson] proposed the ‘positivity’ concept for the robust
control of large satellites with flexible appendages. The analysis is based on a linear
model of a flexible structure without damping in modal form familiar from our
example (3.4.43):

PR 0 I q 0

E = + ur. (4.2.3)
q -2 0 q ¢(1) (za)

For simplicity we have assumed that the system only has a single torque
actuator located at a position x, on the structure. A key element of the method is
to choose the system output 7 to be “dual” to the input ur, in this case by placing

an angular velocity sensor at the actuator location z, as discussed in Section 3.4:

y=10 607 [ 3] (424

Under this assumption of ‘duality’ of the system inputs and outputs, the system
(4.2.3), (4.2.4) with w? > 0 is “positive real” and can be stabilized by any positive
real feedback control system as explained by [Desoer and Vidyasagar]. [Junkins
and Kim| discuss essentially the same concept under the name ‘symmetrical output
feedback’. A simple control law suggested by [Balas] is ‘direct velocity feedback’

already familiar from the example presented in Section 2.3:
ur = —Fy (4.2.5)

with F > 0. Dynamic stability of the closed loop system (4.2.3)-(4.2.5) was
established by Lyapunov’s method in Section 2.3.

The strength of this general approach is that the dynamic stability of the
closed-loop system is independent of any particular values for the natural fre-
quencies w; and any particular function for the mode shapes ¢. Since modal
frequencies and mode shapes result from a model transformation of the mass and

stiffness properties of the system, stability can be guaranteed independently of
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any particular mass and stiffness parameters of the system. Hence, the positiv-
ity approach promises to overcome the robustness problems identified with other

approaches, as accurate knowledge of a dynamic model is not required.

These promising features have motivated a number of researchers to extend
this methodology. [McLaren and Slater| investigated the design of positive real
state-feedback control systems of the form (4.3.8)-(4.3.9) for application to large
space structures. [Kelkar, Joshi and Alberts.1&2], [Joshi, Maghami and Kelkar],
[Juang, Wu, Phan and Longman]| recently showed that the methodology can be
applied also to nonlinear flexible multibody systems.

Even though “positivity” or “passivity” control promises robust control for
nonlinear flexible multibody systems, in its present form it cannot be applied to our
vision-based control problem because of the underlying assumption of input-output
duality per (4.2.3)—(4.2.4), implying sensor/actuator collocation. This assumption
central to the approach is not compatible with the direct measurement of a robot
payload motion by a vision system and control of the robot with joint motors.
This limitation was explored in Section 2.3. A second limitation with regards to
the application of ‘positive’ control to robotics is its lack to provide a purposeful

motion control capability apart from damping vibrations.
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4.3 Model-based Methods
Feedback Methods

When flexibility effects of robots cannot be ignored in the control design
process because of the performance limitations associated with this approach, they
can, at least in principle, be accounted for by including them in the dynamic model
used for 2 model-based design. Such a model can generally be represented in the
state space form (3.2.16) with an output equation of the form (3.3.5). When
such a model contains flexibility effects, the number of states is usually much
larger than the number of inputs and outputs, even though the flexibility model
will usually be “truncated”, ie. of reduced order when compared to the actual
system. Hence, some form of state estimation is usually required in addition to
the sensor outputs in order to take flexibility effects into account in a feedback
control law. Most proposed approaches use linear control theory for the synthesis
of control laws based on a linearized robot dynamics model per (3.2.18). [Junkins
and Kim] provide a comprehensive overview of the application of linear control
theory to flexible structure control. We introduce the following abbreviations to

express the model (3.2.18) more concisely.

q

XM = (4.3.1)
q
i 0 I

Ay = (4.3.2)
| ~MH(qo)Ko —M7™"(q0)Co
[ 0

By = (4.3.3)
[Cq O

Cu= (4.3.4)
| 0 Cq

With these abbreviations the model (3.2.18) can be expressed as follows:
xp = Ayxpy +Byu+duy (4.3.5)

y =Cumxm +em (4.3.6)
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The state disturbances das(t) and measurement errors eps(t) are often modelled
as stationary Gaussian white noise processes characterized by their expectation

£(-) and covariance matrix cov(-). Assuming uncorrelated zero-mean disturbance
processes, these characteristics can be defined by
E(dp) =0, cov (dy)=V:>0,
E(epm) =0, cov(epy)=Va>0.

(4.3.7)

If the pair A, Bys is controllable and A s, Car observable, this system can
be stabilized and controlled by a linear control law of the form [Kwakernaak and

Sivan]
u = —FfCM (4-3.8)

where the state estimate X,s is provided by the estimator
% = (Apyr — BuF — KCyur)%um + Ky. (4.3.9)

Linear control theory provides a number of methods for finding a stabilizing
state-feedback gain matrix F and a stabilizing estimation gain matrix K. Most
of these methods are variants of pole-placement techniques or optimization tech-
niques. The “optimal control” approach described by [Kwakernaak and Sivan]
allows to tailor and optimize the behaviour of the closed-loop system (4.3.5)-
(4.3.9) by choosing cost weighting matrices Q > 0 and R > 0 in a performance

index

J=E& (/(XTA:,QXM +uTRu)dt> . (4.3.10)
0
This performance index is minimized by the gain matrices
F =R 'ByP; (4.3.11)
K =P,CL, VL (4.3.12)

P; =PT > 0 and P, = P] > O are the positive definite solutions of the algebraic
Riccati equations [Kwakernaak and Sivan]:

AT P, +P1Ay +Q—-P,ByR'B;P; =0 (4.3.13)
AyPo +PoAT +V, —P,CL V5 ICyP2 =0 (4.3.14)
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Although state-feedback control permits the optimization of a multivariable
design for a certain performance criterion, the methodology is mainly geared to-
wards linear time-invariant systems of finite order, and is therefore intrinsically

not well suited for non-linear and time variant robotic systems with flexible links.

A relatively simple state-feedback control law for a flexible link robot was
proposed by [Book, Maizza-Neto and Whitney]. In the approach termed “Flexible
Feedback Control” the flexibility model is of such a low order that Xp can be
reconstructed directly from y without the use of a state estimator. The feedback
gain matrix F is determined by pole placement approach. Interestingly, [Book,
Maizza-Neto and Whitney] report that the test result indicate that the perfor-
mance of the “General Rigid Control” method discussed in Section 4.2 was found
to be superior to that with “Flexible Feedback Control”, due to the sensitivity of
the method to the flexibility parameters of the model.

[Cannon and Schmitz] proposed using a reduced-order approximation of the
full-order state estimator (4.3.9) in order to overcome implementation problems
due to the complexity of the estimator. Experimental results show that, for the
robot arm considered, the reduced-order compensation provides good control in
the absence of modelling errors. However, changes in the tip mass lead to a rapid

degradation of the closed-loop performance.

[Carusone, D'Eleuterio and Buchan] and [Carusone and D'Eleuterio| analyzed
and experimentally demonstrated a state-feedback gain scheduling approach, for
a 2-link flexible manipulator. To overcome the significant time variance in the
dynamics of the manipulator system, the researchers propose to compute a series
of fixed feedback gain matrices, F, essentially following the procedure outlined in
(4.3.5)—(4.3.14), for a number of operating points throughout the joint space. As
the manipulator moves along a trajectory the gain matrix F is varied continuously
by interpolation between the points in the joint space for which F has been pre-
computed. The feedback matrices are a function of joint positions only, not their
derivatives. Therefore, changing the velocity profile for a trajectory will not require
the calculation of additional gain matrices. The approach was demonstrated on a

2-link manipulator with a 2-dimensional joint space. The implementation of this
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technique for a manipulator with 6 or 7 degrees of freedom and variable payload

would require a very substantial amount of memory.
Feed-Forward Methods

The use of flexibility models has also been proposed in feed-forward control
schemes, e.g. by [Goldenberg and Raksha] and [Bayo]. In these methods, the
joint actuator torques u(t) required to move the robot tip along a commanded
trajectory are computed from an “inverse dynamics model”. In theory this can
be achieved by computing u(t) from (3.2.15) for a given trajectory defined in
terms of joint motions. The joint motions for a given trajectory a(t), a(t) in the
work space can be obtained from the inverse kinematic relationships (3.3.1) and
(3.3.3). Explicit knowledge of the time-variant quantities M(q), c(q, q) and k(q),
as well as Bud(t) if significant, is required for this scheme to work. This is a
very challenging prerequisite for this methodology, in particular when flexibility
models form part of M, ¢ and k and payloads with unknown mass properties
are being manipulated. Moreover, when sensors and actuators are not collocated
as in the case of vision-based control, the non-minimum phase terms of a linear
robot model result in a non-causal inverse model, which indicates that the method
breaks down in this case. When the full payload trajectory is not known a priori,
e.g. in teleoperation or while tracking a moving object, the inverse dynamics/feed

forward approach cannot be applied.

For linear systems an alternative approach referred to as input shaping has
been proposed by [Singer and Seering]. In this open-loop method commands are
processed by a convolution operation such that their effect on a certain vibration
modes is cancelled. For example, an impulse input would be shaped into two
impulses with the second delayed by one-half of the period of the vibration fre-
quency to be avoided. In principle this method can also be extended for multiple
known model frequencies. [Magee and Book] extended this method to the case of
a variable frequency, which had to be measured a priori, and proposed to place the
input shaping filter inside the control loop. However, it was observed by [Zuo and
Wang] that the delays caused by the filter affect the stability of the closed-loop

system.
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Limitations of Model-Based Approaches

The efficacy of model-based approaches for the control of robots with flexible
links obviously depends on the fidelity of the model used as a basis for the design.
In some applications, such as large space manipulators, it is not possible to verify
analytical models by test before launch and deployment of the system because of
the “1-g” environment on the ground. In applications like SRMS and SSRMS, the
use of model-based approaches whose stability and performance depend critically
on the accuracy of the underlying model may represent an unacceptable technical

risk, even if the approach is ‘perfect’ in every other respect.

Another factor limiting the successful application of model-based approaches
to practical problems are the inherent shortcomings of the model description as-
sumed in (4.3.5) and (4.3.6). Besides the problems of not accounting for non-linear
and time-varying effects which we already discussed, and the limited fidelity of dy-
namics models for higher frequencies, the model can only include a limited num-
ber of degrees of freedom associated with flexibility effects in order to keep the
complexity of the resulting compensator (4.3.8), (4.3.9) finite and manageable for

real-time implementation.

Although methods such as Modal Cost Analysis developed by [Skelton and
Hughes], and Balanced Realizations by [Moore] exist to reduce the order of a
flexibility model while minimizing the effect of the reduction on its open-loop
transient response, closing the loop with a reduced-order compensator gives rise
to the “spillover” problem illustrated in Section 2.4 which we will now investigate

in more detail.

Spillover Mechanism

To demonstrate the spillover problem caused by modal truncation in the de-
sign model, we make the simplifying assumption that the system to be controlled
is linear and that a number of flexible modes are modelled perfectly by (4.3.5) -
(4.3.6), but that some residual unmodelled flexible modes exist in the real system.

These simplifying assumptions do not affect the general conclusion, because the
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situation with regard to assuring stability will just deteriorate further when non-

linearities and other modelling errors are considered on top of modal truncation.

With these assumptions the real system can be described, in modal form, as
an uncoupled combination of the system model (4.3.5) —(4.3.6) and the residual
unmodelled dynamics characterized by a state vector Xgr and state-space matrices
Ag,Bg,Cgr. We also neglect the error terms d and e which are not of consequence

to this discussion and arrive a the following description for the combined system:

f(M AM 0 XM BM
= + u(t) (4.3.15)
Xg 0 Ar XR Br
XM
y=[(Cum Cr] (4.3.16)
XR

A feedback control law (4.3.8) — (4.3.9) is designed for the combined system
based on the reduced-order design model (4.3.5) — (4.3.6). The state-space equa-
tions for the closed-loop system formed by (4.3.15) — (4.3.16) and (4.3.8) - (4.3.9)

has the following form:

5CM A.M —BMF 0 XM
% | = | KCy Ay —BuF—KCy KCr| | XM (4.3.17)
XR 0 BgrF Ar XR

The submatrix [ A —BuF of the system matrix in (4.3.17)

KCNJIV; Ay — By F—KCyuy
is guaranteed to be Hurwitz by the design approach (4.3.10) — (4.3.14) [Kwaker-
naak and Sivan]. Stability of (4.3.17) however is not ensured due to the coupling
with the residual dynamics via the “control spillover” term —BRrF and the “obser-
vation spillover” term KCpg. This coupling with the residual dynamics via spillover

can lead to instability only if both spillover terms are present (and non-zero).
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4.4 Sensor Selection and Placement

Problem Definition

The selection of suitable types and numbers of sensors and the choice of
location for the sensors is an important part of the design process for complex
controlled systems. Although engineering judgment and trial and error are often
used to determine sensor types and locations, several systematic approaches have
been proposed for this design problem, in particular in the context of control
(position/orientation, shape, vibration) of large flexible space structures which

has provided the motivation for most studies.

Sensor Location

An introductory discussion of control/structure interactions with emphasis on
the stability implications of sensor and actuator locations is provided by [Gevarter].
[Maghami and Joshi] have advocated optimizing sensor and actuator locations for
a criterion linked to the location of transmission zeros in the complex plane. This
approach reduces the problem of sensor/actuator positioning to a solution of a
non-linear programming optimization. The discrete measurements and control
forces are approximated by spatially continuous functions in order to avoid the
discontinuity problems when sensors and actuators are reconfigured within the
structure. The structure is then divided into several sections, each allocated with
a number of sensors and actuators. With the location of the sensors and actuators
as design variables, a non-linear programming problem is posed to minimize a
performance index. The performance index is chosen such that, when optimized,
the transmission zeros of the system are moved farther to the left of the imaginary
axis. In example it is shown that the sensors and actuators can be positioned
such that the transmission zeros of the system, particularly those close to the
imaginary axis, are moved considerably into the left-half plane of the complex

frequency domain.

[Chen and Seinfeld] have proposed an optimization approach in which op-
timal locations for sensors are computed from a finite set of possible locations,

using an integer programming technique. [Yang and Lee] have demonstrated the
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simultaneous optimization of sensor and actuator locations and feedback gains for
a relatively simple vibrating beam problem. Several researchers use metrics based
on system observability as a criterion to optimize sensor locations. [Lim, T] pro-
posed to position sensors such as to minimize the spectral condition number of
the Hankel matrix of the system, while [Lim, K] advocates using observability and
controllability Gramians as an optimization criterion. [Baruh and Choe] used a
measure based on the “quality of modal coordinate extraction” as a criterion for
sensor placement and proposed “modal filters” to address the problem of mod-
elling errors. [Juang and Rodriguez] used the steady-state solution of the optimal

control and estimation problem to study the actuator and sensor locations for

space structures.

[Schulz and Heimbold] proposed a method for the integrated design of sen-
sor/actuator positions and feedback gains for control of flexible structures based
on maximizing the energy dissipation by the control system. [Barker and Jaquot]
determines optimal sensor positions for output feedback control of flexible struc-

tures using the reduction of observation spillover as a criterion.

Number of Sensors

[DeLorenzo] proposed a method of successive approximations in which the
number of sensors and actuators on a flexible structure is reduced step-by-step by
dropping the least effective devices. The effectiveness of a device is assessed by a
criterion based on an optimal feedback control approach. [Sepulveda and Schmitt]
proposed to locate sensors by a ‘brute force’ multi-objective constraint optimiza-
tion approach involving mass and number of sensors in the objective function.
[Skelton and Chiu} and [Norris and Skelton] considered a system-order reduction
approaches reducing the number of sensors and actuators from a large initial set

so as to minimize the effect on a metric of the control performance.

[Wu, Rice and Juang] propose to select reduced-order models for control de-
sign and to determine the minimum number of sensors and actuators based on
observability and controllability. The observability of continuum systems as a

function of sensor type and location was analyzed by [de Lafontaine and Stieber].
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When applied to a flexible beam, the conditions require only two types of sensors
(e.g. displacement and rotation) located anywhere on the beam (where the motion
is not constrained) to ensure observability of all modes (infinite number). Only
one sensor is necessary for observability of all modes when it is located at the

boundary, e.g. a displacement sensor at a free boundary.

Shortcomings

A shortcoming common to most of the techniques discussed above is that
they are based on the assumption that the structure can be modelled as a time-
invariant linear system. It is further commonly assumed that an accurate explicit

model is known on which the analytical techniques can be based.

The majority of the methods discussed treat the sensor selection and place-
ment problem “open-loop” i.e. they do not consider that the sensors are integral
part of a closed-loop system, and that, ultimately, the closed-loop system per-
formance matters. The methods which do consider this important aspect are all
based on model-based control and therefore do not necessarily result in sensor

configurations suitable for stable robust control.

Most of the methods assume that the sensor positions and the number of
sensors can be chosen arbitrarily on a large flexible structure. None considers
the constraints on sensor locations inherent in the robotics problem which add

considerable challenges over the “spacecraft” problem.
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CHAPTER 5

INSTRUMENTATION DESIGN AND
SENSOR FUSION CONCEPT

5.1 Overview

In this Section we will develop a theoretical concept for the systematic selec-
tion and placement of sensors suitable for the robust control of complex systems,
and a sensor data fusion concept for the integration of other sensors necessary to

achieve required performance levels.

The theoretical concept is quite general and its application is not limited to
the space robotics problem, or mechanical systems in general. Throughout this
Section, the development of the concept is carried out for both continuous-time

and discrete-time (or sampled-data) systems in parallel.

The proposed concept is based on the theory of hyperstability which is intro-
duced in Section 5.2. On that foundation, the instrumentation design concept is
developed in Section 5.3, and the sensor fusion concept in Section 5.4 The overall

methodology is summarized in a step-by-step procedural manner in Section 5.5.
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5.2 The Concept of Hyperstability

Background

The concept of hyperstability was introduced by [Popov.l] in 1963 as a gen-
eralization of absolute stability. As an introduction to this concept we will briefly
review the definition of absolute stability which uses the well-known property of
global asymptotic stability as defined in [Hahn].

Definition 5.2.1. Absolute Stability: A scalar closed-loop system as shown in Fig-
ure 5.2.1 is called absolutely stable in a sector [0, K], if the system is globally
asymptotically stable for all feedback functions F(y) lying within the sector [0, K ]-

For this definition it is assumed that the function F(y) € R is a single-valued
function defined for —oo < y < co with the property F(y = 0) = 0. As a result
of the sector condition on F(y) per Definition 5.2.1, which is also illustrated in
Figure 5.2.1, F'(y) satisfies the conditions:

0<F(y)<Ky ify=>0 (5.2.1)
0>F(y)> Ky if y<O.

These two conditions can be combined to:
0< Fy)y < Ky (52.2)

After introducing the variable b = F(y) per Figure 5.2.1, (5.2.2) can also be

expressed in the form
0 < by < Ky? (5.2.3)

A first step in generalizing the concept of absolute stability is to consider
operations in the feedback path which satisfy (5.2.3) only in the mean. When
“averaging” is performed by temporal integration, and the sector condition is
extended to the limit X — oo, the following condition ensues from (5.2.3):

ty

/ bRyt >0 ¥t > to (5.2.4)

to
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This form of integral inequality condition plays a central role in the theory of
hyperstability and has been called the Popov Integral Inequality in [Landau].

Definition of Hyperstability
We will now review a definition of hyperstability of a system given by [Popov.2],

which is no longer tied to the feedback system structure of the introductory ex-
ample shown in Figure 5.2.1. Continuous and discrete-time systems are covered
at the same time. The equations pertaining to continuous systems are identified
by suffix ‘¢’ in the equation number, and equations for discrete-time systems by
suffix ‘d’. The system S under consideration is assumed to admit a state-space
representation. The evolution of its state vector x then can be described by the

following differential equations, or difference equations, respectively:
x(t) = g(x(2), u(®), ), (5.2.5¢)
x(k + 1) = g(x(k), u(k), k), (5.2.5d)
Here u denotes the input vector and g is a vector function. This system description
covers non-linear and time variant systems, such as (3.2.16). It is assumed that x

and u exist V ¢ > to or k > ko and, in the continuous case, that g and u(t) are

piecewise continuous functions V £ > %p.

We associate the following functions with the system S:
ty

n(to, 1) = [p(x(t), ]2 + / v (x(e), u(t))dt (5.2.6¢)
to .
n(ko, k1) = [o(xe, D) + D vk, ue) (5.2.6d)
k=ko

It is assumed that the scalar functions ¢ and v exist ¥V t > tg or k > ko.

Definition 5.2.2 Hyperstability: The system (5.2.5¢c/d) with the associated function
(5.2.6¢c/d) is called hyperstable if there exist positive constantst a > 0, By > 0,

1 This definition can be further generalized by defining «, 80,81, and § as
elements of a class of functions of generalized norms, as described by [Popov.2],
i.e. a(x) instead of af|x|l. For our purposes this generalization is not necessary

and we assume the use of the Euclidean norm throughout.
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By >0, v>0, £ >0 such that the following two properties are satisfied:
(1) For every interval [to,t1], (t1 > to), or [ko, k1], (k1 > ko) and for every
constant Bo > 0 satisfying

n(to,t) < BE VT € [to, 1] (5.2.7¢)
n(ko, k) < B2V k € [ko, k1], (5.2.7d)

the following inequality also holds:

allx@)]] < Bo+ Brilx(to)ll V¥ t € [to, 1] (5.2.8¢c)
allx(k)l| < Bo + Billx(ko)ll ¥ & € [ko, k1] (5.2.8d)

(2) For every interval [to,t1], (t1 > to), or [ko, k1], (k1 > ko) the following
inequality is satisfied V t € [to,t1] or ¥V k € [ko, k1}:

n(to,t) = —(72lIx(t)l)? — Ellx(to)ll sup alix()|l  (5-29¢)

to <7<t

1(ko, k) = —7*lix(ko)l| — €llx(koll kgrg_-ékaIIX(i)H (5.2.9d)

It follows immediately from (5.2.8c/d) that hyperstability does not imply
asymptotic stability. However, (5.2.8¢/d) implies that the norm of the state vector
of a hyperstable system is bounded throughout its trajectory by the norm of the
initial conditions and a constant. Based on (5.2.8c/d) the following condition for

hyperstability can be derived as shown in Appendix C.1:

2| x(®)I? < n(to,t) + BElIx(to)|? V ¢ > to (5.2.10¢)
o?||x(k)|I? < nko, k) + B2|x(ko)|I2 ¥V k& > ko (5.2.10d)

Illustration of the Hyperstability Concept

We will now illustrate the application of the hyperstability concept for the sta-
bility analysis in a simple example using a continuous-time linear system described

by state-space equations similar to (4.3.5), (4.3.6):
x(t) = Ax(t) + Bu(t) (5.2.11)
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We associate the following integral relation, which is similar in form to (4.3.10),

with the system:

ty
n(to ty) = / (xTQx + uTRu)dt (5.2.12)
to

with positive definite matrices Q > 0 and R > 0.

If the system and the associated integral satisfy (5.2.7¢) we have
ty
/ (xTQx +uTRu)dt < B3 V t1 > to (5.2.13)
to

Based on these conditions we can draw conclusions about the stability of the
system (5.2.11) without direct reference to the properties of matrices A,B using
the following arguments: It follows from (5.2.12) that 57 > 0 V¢; > fo. Hence
(5.2.13) implies
lim (xTQx +u’Ru) =0. (5.2.14)

With Q > 0, R > 0 we can further conclude:

tlim x(t) =0 V x(to)

e (5.2.15)
lim u(t) =0
t—ro0

Hence (5.2.8¢) is also satisfied, as is (5.2.9¢c) due to 7 > 0V £ > o per (5.2.13). A
system with these properties is termed “asymptotically hyperstable” by [Popov.2],
and is also globally asymptotically stable in the sense of Lyapunov [Hahn].

Hyperstable Blocks

In order to focus our analysis towards sensors we will now consider systems

described by (5.2.5¢/d) which are augmented by an output equation of the form

y(t) = h(x(t),u(?),?) (5.2.16¢)
y(k) = h(x(k), u(k), k). (5.2.16d)

The vector function h(-) describes the function of sensors which map the system

states and inputs into an output vector y. The function h is assumed to be
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piecewise continuous in the continuous-time case. Based on the output vector y
we can now define “hyperstable blocks” following [Popov.2] when the system S

can be associated with a special form of the function (5.2.6c/d).

Definition 5.2.83 Hyperstable Block: The system (5.2.5¢/d) forms a hyperstable
block if it is hyperstable with the associated function

ty

n(to,t1) = / o7 (8)y (t)d (5.2.17c)
tokl

(ko ki) = Y ul (k)y (k). (5.2.17d)
=ko

From the definition of the associated integral/sum based on the inner product
of the input and output vectors u and y, it is obvious that a hyperstable block has
to have the same number of inputs and outputs. In the remainder of this Section

we will assume that the number of inputs and outputs are identical.

Hyperstable blocks as defined by (5.2.5¢/d), (5.2.16¢c/d) and (5.2.17c/d) have
certain properties related to other stability concepts. It follows from (5.2.8¢c/d)
that hyperstable blocks have bounded output, provided that the input remains
bounded, in accordance with (5.2.7c/d) and (5.2.9c/d). Hence, a hyperstable
block is stable in the bounded-input bounded-output (BIBO) sense. In the special
case of an autonomous system with u = 0, 7 = 0 follows from (5.2.17¢/d), and
condition (5.2.7c/d) is satisfied with By = 0. It then follows from (5.2.8c/d) that
the norm of the trajectory x of the system (5.2.5¢/d) is bounded by the initial
conditions. Hence, a hyperstable block with u = 0 is always stable in the sense of

Lyapunov [Hahn].
Combination of Hyperstable Blocks

A key element of the hyperstability concept is the possibility of determining
stability properties of systems composed of a combination of subsystems, based
on the hyperstability properties of the individual subsystems. It is fairly easy to
recognize that the parallel combination of two hyperstable blocks S; and Sz with
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common inputs u and combined outputs y = ys1 + ¥s2 as shown in figure 5.2.2,

results in a hyperstable overall system with the associated integral /sum

ty
n(to, 1) = /UT(Y$1 +ys2)dt =nsi1(to, t1) +ns2(to, t1)  (5.2.18¢)

to
ky

n(ko, k1) = Y _ ul(ysi +ys2) = nsi(ko. k1) + ns2(ko, k1) (5.2.18d)

=kg

It is quite remarkable, though, that also the feedback connection of two hyper-
stable blocks S; and Sp as shown in Figure 5.2.3, results in a hyperstable overall
system. The feedback connection is defined for both continuous and discrete-time

by the relations
us1 =u — ys2

us2 =Ys1 (5.2.19)
Y =Ysi-
In the continuous-time case the integral relationship associated with the overall
system is given by:

ty

7(to,t1) =/yTudt
to
ty

= / ygludt
to

t
= /Ygl(u& + ys2)dt
to

ty

= /(y?S:luSl +ul,ys0)dt
to
= ns1(to, t1) +ns2(to,t) (5.2.20c)

Remarkably, this is the same result as for the parallel connection, (5.2.18¢c) which
implies that the overall closed-loop system per Figure 5.2.3 is hyperstable if both
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subsystems are hyperstable. The relationship for the discrete-time case can be
derived in a similar manner, resulting the same conclusion based on the following

expression associated with the closed-loop feedback system which is identical to

(5.2.18(1):
1(ko, kl) = ns1(ko, k],) + 7s2 (ko, k1) (5.2.20(1)

Properties

We will now summarize some of the properties of hyperstable systems and
blocks. These properties hold equally for continuous and discrete-time systems.
The term “hyperstability in the large” (i.t.l.) will be defined in Section 5.3.
Property 1: Any hyperstable system is bounded-input-bounded-output (BIBO)

stable.

Property 2: Any hyperstable system with zero input (u = 0) is globally stable

in the sense of Lyapunov.

Property 3: Hyperstable blocks have the same number of inputs and outputs.

Property 4: The parallel combination (see Figure 5.2.2) of two blocks which are
hyperstable (i.t.1.) forms a block which is hyperstable (i.t.l.).(Modifications

in brackets apply jointly.)
Property 5: The feedback combination (see Figure 5.2.3) of a hyperstable block
and another block which is hyperstable (i.t.l) forms a hyperstable system.

Property 6: The feedback combination of two blocks which are hyperstable in

the large forms a system which is hyperstable in the large.

Property 7: Linear time-invariant finite-order systems are (asymptotically) hy-
perstable if and only if they have a (strictly) positive real transfer matrix.
(Modifications in brackets apply jointly.)

Property 8: Linear time-invariant finite-order hyperstable systems are minimum

phase.
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Figure 5.2.1: Feedback System for Definition of Absolute Stability
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Figure 5.2.2: Parallel Connection of two Systems
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Figure 5.2.3: Feedback Connection of two Systems
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5.3 Instrumentation Design Concept

Objective

Our objective is to establish criteria for the selection of sensors for com-
plex systems such that they collectively enable control of the system by relatively
simple, model-free control algorithms. We specifically include the possibility of

intelligent control, such as rule-based and fuzzy logic control.

The starting point for our considerations is the system of Figure 5.3.1, showing
a robotic system with associated sensors and actuators, in a closed loop system
configuration with a control function C and the interconnection u = —b. The
discussion in this Section applies equally to many other systems, and the reference
to a robotic system in Figure 5.3.1 is intended as an example relevant to this study,

rather than to restrict the generality of our development.

The robotic system and its sensor and actuators can be combined to a system
S as indicated in Figure 5.3.1. Our goal is to find a set of sensors which will make
S “easy to control”. The development of the instrumentation design concept
proceeds in two stages: First, a preliminary concept is developed under certain
assumptions. Then, the concept is generalized and the initial assumptions are

relaxed in order to extend the practical applicability of the concept.

Initial Assumptions

We assume, for the moment, that both C and S are “square” systems, i.e.
that their input and output vectors are of the same dimension: b e R ueR,
y € R!L Later, in Section 5.4, this restrictive assumption will be relaxed. We
further assume that C is a hyperstable block admitting a state-space description

of the general form

xc(t) = ge(xc(t), ¥ (t),1) (5.3.1c)
b(t) = he(xc(t), y(8),t) (5.3.2¢)
xc(k + 1) = gc(xc(k), y(k), k) (5.3.1d)
b(k) = he(xc(k), y(k), k), (5.3.2d)
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with an associated integral relation

ne(to, t1) = / b7 (t)y(t)dt (5.3.3¢)
l:c)k:1

nc(ko ki) = >, BT (K)y(k). (5.3.3d)
k=ko

Assuming that C is a hyperstable block, implies that (5.3.1)—(5.3.3) are subject to
the conditions (5.2.7)—(5.2.10) arising from Definition 5.2.2.

These conditions are not very restrictive as C is not fixed or given but is
chosen as part of the overall design process. In fact, it is proposed to make the
above conditions the basis of the instrumentation design for S, in the sense that
we consider S “easy to control”, if all that is required to stabilize it, in the BIBO
sense, is hyperstable feedback C. In other words, we are looking to find a set of
sensors for S such that the system will be stabilized by any hyperstable control
function C.

Hyperstable Feedback Systems

Adaptive control algorithms often are hyperstable by design, and construc-
tive methods exist for hyperstability design of various conventional and intelligent
control algorithms. We will investigate a general framework for hyperstable sensor

fusion and control in Section 5.4.

A number of approaches for the synthesis of hyperstable feedback systems
have been published over the past decade. T'wo very recent papers by [Geromel and
Gapski] and [Turan, Safonov and Huang] indicate a continuing interest in this topic
by the controls community. Appendix B describes a methodology for the synthesis
of hyperstable feedback algorithms which was developed during this study. This
method is based on the design approach outlined in Section 4.3 equations (4.3.1) —
(4.3.9) and constructs a state estimator with the property of rendering the feedback

system hyperstable.

Feedback algorithms not specifically designed for hyperstability can be tested
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for this property. The hyperstability analysis of fuzzy logic-based control functions
is discussed by [Marin and Titli] and [Bretthauer and Opitz].

Definition of Hyperstability Sensors

Based on the earlier discussion on feedback connection of hyperstable blocks
in Section 5.2, we may conclude that sufficient conditions for the sensor selection
are given by the conditions for hyperstability of S, because hyperstability of S in
conjunction with a hyperstable block C per the assumptions would ensure BIBO
stability of the closed loop system.

However, hyperstability of S is an unnecessarily strict condition as it requires
that the state-vectors of both blocks S and C remain bounded. The condition can
be relaxed and, at the same time, extended to a more general class of systems S
by not requiring the boundedness of a state-vector, but only the boundedness of

the inputs u and outputs y of system S.

For this case, the block S may be described by an input/output relation

y(t) =S <u(t) > (5.3.4c)
y(k) =S8 <u(k) > (5.3.4d)

where u and y are piecewise continuous vector functions defined for t > tg (k > ko),
and S < - > is an operator acting on the input u. Reference to a state vector of

the system is no longer required.

We will now determine conditions on the block S which will ensure the hyper-
stability of the overall system of Figure 5.3.1. According to Definition 5.2.2 and

condition (5.2.10c/d) the state vector X¢ is bounded by the following expression:

2l|xc )12 < nelto, ) + B2lixc(to)li? < B3 + BElixc(to)||* V t > to (5.3.5¢)
o?|lxc (k)12 < ne(ko, k) + B2lIxc (ko)l|? < B3 + BEllxc(ko)l|I>Vk > kd(5.3.5d)

For the bound to exist, ¢ must be finite. Based on (5.3.3c/d) and the interconnec-

tion u = —b per Figure 5.3.1 the following sufficient condition on block S arises
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for the bound to exist, and hence for hyperstability of the closed-loop system:

ty

/ o ()y(t)dt > —B3 Ve > to (5.3.6¢)
to
k1
> uT(k)y(k) = B3 VE1 2 ko (5.3.6d)
=ko

where (2 is a finite, non-negative constant.

Based on this condition we can now formally define the concept of “hypersta-
bility sensors” introduced by [Stieber, Vukovich and Petriu] and [Stieber, Petriu
and Vukovich.2].

Definition 5.8.1 Hyperstability Sensors: A set of sensors providing a set of
measurements y of the outputs of a system S described by the input/output relation
(5.8.4¢/d) and ezxcited by inputs u is called a set of hyperstablility sensors iff the
measurements y satisfy condition (5.3.6¢/d).

Condition (5.3.6¢/d) is a function of the input-output inner product (I0P)
uTy of block S, which in turn is a function of the sensors chosen to generate the
output vector y. When y represents hyperstability sensors, the block S as defined
in (5.3.4c/d) is “hyperstable in the large” as defined by [Popov.2]. This implies
that it has a certain quality of “passivity” or “positivity” in the semnse that the
integral over the IOP has a lower bound. Electrical circuits and mechanical systems
can satisfy the condition if there is limited energy stored in them initially (t =to),
provided the “right” outputs are selected. Quantities related to internal energy
are often a good choice for 83 in (5.3.6c/d) when dealing with electromechanical

systems.
Role of Actuators

A concept similar to the hyperstability sensors can also be established for
actuators and applied to the simultaneous selection/design of a sensor/actuator
configuration for a system per Figure 5.3.1. This is discussed in [Stieber], [Stieber,
Petriu and Vukovich.1] and leads to a “dual” problem in terms of the associated

mathematical formulations.
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We will not further pursue this possibility and consider the actuators given
or fixed by the constraints imposed by the system design process. We will rather
aim at achieving the required input/output behaviour for the system purely by

judicious selection of the sensors.
Hyperstability Sensors for Linear Systems

The sufficient conditions (5.3.6¢/d) are valid for general nonlinear systems,
and some insight into the physics of the problem is usually required to use them
for the selection of hyperstability sensors as they do not, by themselves, offer
much guidance in that regard. In the case, though, in which the system can be
meaningfully linearized, e.g. for flexible structures with small elastic deformations,
it is possible to find explicit conditions for hyperstability sensors. The linearization
of the system S can be expressed in the form of state-space equations (5.3.7¢c/d)
and (5.3.8c/d) with constant system, input, output, and throughput matrices

A B, C and D. In many cases of practical interest we have D = 0.

xs(t) = Axs(t) + Bu(?) (5.3.7¢)
y(t) = Cxs(t) + Du(t) (5.3.8¢)
xs(k+ 1) = Axs(k) + Bu(k) (5.3.7d)
y(k) = Cxs(k) + Du(k) (5.3.8d)

For the following analysis it is required that the linearized system (5.3.7¢/d)
and (5.3.8¢c/d) be time-invariant and completely controllable and observable. A
necessary and sufficient condition for hyperstability of the linearized system (5.3.7¢/d)
and (5.3.8¢/d) is the existence of a symmetric positive definite matrix S=S8T>0
satisfying the Lyapunov equation and other algebraic relations (5.3.9¢/d)—(5.3.11c/d),

with matrices L and N arbitrary and of appropriate dimensions:

SA +ATS = —LLT (5.3.9¢)
BTS +NTLT =C (5.3.10c)
D +DT =NTN (5.3.11c)

87



ATSA -S=-LLT (5.3.9d)
BTSA - C=-NTLT (5.3.10d)
BTSB — (DT +D) = -NTN (5.3.11d)

These conditions are known as the Kalman-Yakubovich-Lemma [Popov.2] or the
Positive-Real-Lemma [Anderson.2]. A derivation based on Definition 5.2.2 of hy-
perstability is provided in Appendix C.2.

Explicit conditions for hyperstability sensors as a function of the system char-
acteristics and known constraints are obtained by solving (5.3.9¢/d)—(5.3.11c/d)
for the “free” parameters of B, C and D. This can sometimes be done symbolically

as demonstrated in Appendix A, but numerical solutions are often required.

The “linear” conditions (5.3.9c/d) — (5.3.11c/d) and the “nonlinear” condi-
tions (5.3.6¢c/d) are to some extent complementary. When the system can be
linearized, conditions (5.3.9¢c/d) — (5.3.11c/d) provide explicit necessary condi-
tions for hyperstability sensors and consequently for assuring asymptotic stability
of the closed-loop system under feedback C. But even when a linearization exists,
the sufficient condition (5.3.6¢/d) is still useful to gain physical insight and to
provide the comfort of BIBO stability beyond the range of validity of assumptions

on linearity and time-invariance.
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5.4 Sensor Fusion Concept
Performance Sensors

While hyperstability sensors play a key role in our instrumentation concept,
its applicability would be quite limited if all sensors were required to be hypersta-
bility sensors per condition (5.3.6c/d). Therefore we now consider the integration
of “other” sensors into the system. As these sensors are usually needed to achieve
the performance requirements for the closed-loop system, we call them “perfor-
mance sensors” to distinguish them from the hyperstability sensors. There are no
conditions placed on the choice of the performance sensors and they are selected
by standard principles of systems engineering. The measurements of the set of

m > 0 performance sensors are combined to a measurement vector
— T m
z=1|[21...2n)", ZER™.

This definition also applies to sampled-data measurements. In the continuous-time
case, the z;(t) are piecewise continuous functions defined for ¢ 2> %o. The system

S to be controlled now has an output vector o € R'*™ defined by:

o(t) = [i’g))] (5.4.1c)
o (k) = [Zgg] (5.4.1d)

Our earlier definition (5.3.4c/d) of the system S is amended to generate this vector

by the general input/output relation

o(t) =S <u(t) > (5.4.2c)
o(k)=S8 <u(k) >. (5.4.2d)
The system S is no longer required to be “square” with an equal number of inputs
and outputs, but has [ inputs and ! +m outputs (I >0, m > 0).
Sensor Fusion Concept

All sensors may be used for feedback control as indicated in the block diagram

Figure 5.4.1, which reflects the classification of sensors into performance sensors
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and hyperstability sensors. The measurements of the performance sensors are
integrated with those of the hyperstability sensors and system input commands w

by a data fusion and control vector function C € R:
u(t) = C{w(¢), y(¢), z(t)} (5.4.3c)

u(k) = c{w(k), y(k), z(k)} (5.4.3d)

C may be composed of algebraic, integral, differential or fuzzy logic operations on
w,y,z. C will stabilize any system S with properties (5.4.2c/d) and (5.3.6c/d)
in the BIBO sense, if C satisfies the following condition for an arbitrary finite

constant 4 > 0:
t1

/ yTC{w,y,2}dt <7V &1 2 to (5.4.4¢)

to

ky
> yT(k)c{w(k),y(k),2(k)} <7 V¥ k1 2> ko (5.4.4d)
k=ko

To demonstrate convergence we consider the continuous-time system of Fligure
5.4.2. In this modified system it is assumed for the command input that w = 0,
and the effect of the command input w on u per (5.4.3 c¢/d) is replaced by a test
signal w* € R! defined by:

w*=u-—-u"* (5.4.5)

where we used the definition u* =C{w =0,y,z}.
Closed-loop stability of the system per Figgure 5.4.2 can be determined based
on the response of y to the test signal w*. The following bounds on the IOP

integral can be established from the above assumptions:

t1 ty 131

/yTw*dt= /yTu dt - /yTu"dt

to to to
——— N — (5.4.6)
>—fB32 per (5.3.6C) <% per (5.4.4)
>—(f3+9) YV >t
e’

>0
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With this result hyperstability and hence BIBO stability of the system with inputs
w* and outputs y can be inferred from condition (5.3.6¢). Convergence for the

discrete-time case can be demonstrated in an analogous manner.

Although the very geperal but implicit condition (5.4.4c/d) guarantees sta-
bility of the system of Figure 5.4.1, it is not constructive in the sense that it does
not offer much guidance for the development of an actual sensor fusion algorithm.
We will therefore now investigate three explicit algorithms which satisfy condition
(5.4.4c/d). Other suitable algorithms exist.

Sensor Fusion Algorithm 1

A class of stable operators C can be defined as follows:

CB {W1 Yy, Z} ifA
C{w,y,z} = (5.4.7)
Cp{w} if not A

with the fusion logic A € (true, false):
A=[y"Cs{w,y,z} <0]. (5.4.8)

This definition can be applied both to continuous-time and discrete-time systems.
Figure 5.4.3 represents (5.4.7) and (5.4.8) in a conceptual block diagram. The
functions Cg and Cp can be considered feedback and feedforward control algo-
rithms, respectively, in conventional control systems terminology. It is required
that the feedforward term Cg is stable in the BIBO sense in order not to introduce
dynamic stability problems into the system. Under this assumption, the dynamic
stability of the system of Figure 5.4.1 can be assessed on the basis of the modified
system per Figure 5.4.4 by considering the response of y to inputs w*.

For the stability analysis the following real-valued function ¢ can be defined
based on the binary logic variable A:

1 ifA
(=
0 ifnot A
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For continuous-time systems BIBO stability can be established as follows based

on condition (5.3.6c) and the above definition.

t t1

1 t1
/yTW*dt=/yTu dt—/yTu"dt
to

to to
£y

ty
= / ylu dt — / yrC{w,y,z}dt (5.4.9)
to

to

t1 ty
= / yTudt— / ¢yTCr{w,y,z}dt
to to

~ - o’

Vam

Z:ﬁg <0 per(5.4.8)
>—-B2 Vi >t

The demonstration of convergence for discrete-time systems parallels (5.4.9).

With the mild restriction of BIBO stability of Cp, the functions Cp and Cp
can be chosen freely, e.g. based on conventional control engineering principles, as
stability is guaranteed by the fusion logic (5.4.8). Of course, the performance of
the closed-loop system will depend on the design of Cg and Cp.

Sensor Fusion Algorithm 2

Another class of stable operators C = [Cy...C;. .. C])T can be defined on an

element-by element basis (Vi =1...1) as follows:

Cpi{w,y,z} if A;
C‘i = (5.4.10)
CFi{W} if not A;
with the associated fusion logic A; € (true, false):
Ai = [yicBi{W, Y, Z} < 0] (5’411)

The above definition again covers both the continuous and the discrete-time case.

As before, it is assumed that all functions Cp; are BIBO stable. With this as-

1 i A;
Ci={
0 if not A;

sumption and the definition
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closed-loop stability can be demonstrated for continuous-time systems in a similar

manner as before, based on the system block diagram 5.4.4:

t t; ty
/yTw*dt=/yTudt—/yTu*dt
to to to
ty tr
= [ yTudt— / (Zy,-CBi)dt (5.4.12)
to to =1
t1 ;] u
— / yTudt— S / yiCpidt
to =l
t 1 b
=/yTudt—Z/§,;inBidt
to =1,
R — N, e’
>—pB2 <0 per(5.4.11)

> —f V>t

The demonstration of convergence for discrete-time systems parallels (5.4.12).
Sensor Errors

The measurement process performed by the hyperstability sensors can be
described by a mapping of physical quantities y per (5.3.6¢c/d) and (5.4.1c/d),
(5.4.2¢/d) onto a vector of measurements §¥ = [§1...¥; - -- #1)T of the same dimen-

sion, [, as y:

y = m(y) (5.4.13).

wherem =[m;...m;... ml]T is a vector function characterizing the measurement

process for the set of [ sensors.

If the absolute measurement errors are bounded per Figure 5.4.5, the individ-

wal measurement processes m; can be characterized by mapping functions

7: = m;(yi, &) (5.4.14)
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where the mapping function m; (¥, €:) is defined as follows:
¥ > & Yoy > 2
Ti2yi—e VO0Ly =2
U<y +e VYO0Ly: <2
¥ < —€; Vy: < —2¢

Here &; > 0 is a constant describing bounds on the measurement error for hy-

Vi=1...1 (5.4.15)

perstability sensor 7 in a region around the origin of the g; — y;-plane, as shown
in Figure 5.4.5. The actual characteristic %;(y:) of the sensor does not need to
be known and may lie in any area of the §; — y;-plane permitted by (5.4.15), as
depicted in Figure 5.4.5. Areas which are not permissible are shaded in the Figure.

Sensor Fusion Algorithm 3

Figure 5.4.6 shows the extended hyperstability concept incorporating the mea-

surement errors. We will now extend ‘Algorithm 2’ to include the measurement

process (5.4.14).
As shown in Appendix C.3, the condition
7:Cpi{w,y,2} +&ilCpi{w,y,2}| <0 (5.4.16)
with ¢; per (5.4.15) always implies
yiCri{w,y,z} <0. (5.4.17)
It follows then from (5.4.12) that the sensor fusion and control operator (5.4.10)
is also stable with the following fusion logic A; € (true, false) based on the hyper-
stability measurement §; with error characteristics per (5.4.15):
A; = [§:Cpi{w,y,2} +e&:ilCri{w,y,2}| < 0] (5.4.18)
As condition (5.4.17) does not necessarily imply (5.4.16), the logic (5.4.18) is
different from (5.4.11), although it still guarantees stability.

We further may replace y by ¥ in (5.4.10) and (5.4.18) without jeopardizing
stability. We can now restate (5.4.10) and (5.4.18) based on hyperstability sensors
subject to measurement errors, ¥, as our third sensor fusion algorithm:

Cpi{w,¥,2} if A;
C; = Vi=1...1 (5.4.19)
CF-,:{W} if not Ai
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with A; € (true, false):

A: = [5:Cpi{w,¥,2} + &:lCp:i{w,¥,2}| <0] Vi=1...1 (5-4.20)

Key Features of the Extended Hyperstability Concept

The introduction of the sensor fusion process into the hyperstability frame-
work breaks the symmetry between inputs and outputs required in [Popov.2]'’s
hyperstability concept as applied to robotic systems per Figure 5.3.1, and thus
gives rise to a new concept captured in Figure 5.4.6 which we call “extended hy-
perstability”. While its key feature is the capability to integrate performance
sensors into the hyperstability concept, without restriction on the number, type
and locations of the sensors, it also introduces other new features which we will

highlight now.

As discussed, the sensor fusion process can tolerate static errors in the hy-
perstability sensors, per Figure 5.4.5. This may appear to be a detail, but it is
actually an important advance considering that, without sensor fusion, the hyper-
stability concept is limited to sensors which meet a ‘sector condition’ in terms of
accuracy, according to [Joshi]. This sector condition is in essence a special case of
the condition depicted in Figure 5.4.5 for error parameter €; = 0. The significance
of allowing non-zero errors is that, to the knowledge of this author, no sensors ex-
ist which meet the sector condition as it requires infinite sensor precision around
the zero-point. Hence the standard hyperstability concept is not on a practical
footing in terms of its requirements on the sensors. In Section 6.2 we will further
extend the allowable error characteristics of hyperstability sensors to also include

dynamic errors such as low-pass characteristics.

Another important consequence of introducing the performance sensors is
that the hyperstability sensors are no longer the sole source of measurements
required to achieve the performance objectives of the closed-loop control system.
Although a dual collocated hyperstability sensor is still required for each actuator
to feed the fusion logic, the sensor accuracy requirements can be relaxed and the

implementation cost reduced. The hyperstability sensors only need to provide the
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“correct sign”, with tolerances, i.e. their resolution could be reduced to 1 bit in
the limit.

A further subtle yet profound effect of introducing the sensor fusion concept
is the ability to introduce ‘active’ behaviour into the hyperstability concept which
is also known as a ‘passive’ concept (yin) and hence not well suited as a framework
for endowing a robot with a ‘purposeful’ behaviour. The fusion process allows the
injection of energy (yang) into the system when necessary, via the command input.
As known from Chinese philosophy, only the proper interaction of yin and yang

can result in the purposeful behaviour required for robotic systems.
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5.5 Design Procedure
Objective

This Section outlines how the various concepts developed above are applied
to a general instrumentation and control design problem in a systematic step-by-
step procedure. Based on the system architecture developed in Section 5.4 the

following steps are required in the design process as summarized in Figure 5.5.1:

e Determine the set of hyperstability sensors;
e Determine the set of performance sensors;

e Design sensor fusion and control algorithm.
We will now describe each step of the process.
Step 1: Determine the Complement of Hyperstability Sensors

For each actuator or input of the system, u;, one “matching” hyperstability
sensor y; is required. The match must result in 2 “meaningful” 10P uly with
a bounded integral as required by condition (5.3.6¢c/d). How this process is per-
formed depends somewhat on the application domain and will be discussed at
length in Chapter 6 for the the specific domain of mechanical systems with non-
linear and flexible elements. When the system can be meaningfully linearized,
conditions (5.3.9c/d)—(5.3.11¢/d) provide explicit requirements for hyperstability
sensors. These conditions can be solved for free parameters, such as sensor lo-
cation, in sets of candidate sensors. Once the hyperstability sensors have been
determined and measurement errors are a significant factor, the error parameter
g; > 0 is estimated for each hyperstability sensor, in accordance with the mapping

function (5.4.15).

An important advantage of this methodology over standard passivity or hy-
perstability approaches discussed in Section 4.2 is that the hyperstability sensors
are required to feed the fusion logic, but may not be needed in the feedback control

loop. In this case hyperstability sensors with very low resolution may suffice.
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Step 2: Determine the Complement of Performance Sensors

The performance sensors are selected such as to achieve closed-loop system
performance requirements. Standard instrumentation and control engineering
methodology is used for the selection/design process. The overall methodology
proposed in this research does not impose any restrictions with regard to the

number, type, location or other characteristics of the performance sensors.
Step 3: Design of Sensor Fusion and Control Algorithms

An algorithm C for sensor fusion and control is suitable within the context
of this approach, if and only if it satisfies condition (5.4.4c/d). We identified 3
explicit algorithms, (5.4.7) — (5.4.8), (5.4.10) — (5.4.11) and (5.4.19) — (5.4.20)
which meet the criteria and may all be used. These three algorithms use two
types of control functions: a feedforward control function Cr and a feedback con-
trol function Cg. With some mild restrictions such as the BIBO stability of Cp,
essentially “arbitrary” algorithms may be chosen. Although closed-loop stability
is not compromised by a “poor choice”, the proper functioning and performance
of the system is dependent on using suitable control algorithms. The feedforward
control function is required in many applications to inject energy into the system

and to drive it towards the commanded state.

Various types of algorithms based on different design philosophies may be
used. In conjunction with intelligent control, e.g. fuzzy logic, the proposed
methodology offers the very significant advantage of guaranteed closed-loop sta-
bility in the BIBO sense. In conjunction with simple conventional techniques, the
proposed approach supports the application of single-input single-output (SISO)
techniques, such as PID control, in multi-input multi-output (MIMO) problem
settings. In conjunction with more complex model-based techniques, the pro-
posed method assures stability robustness in the event of a model mismatch due
to model truncation, uncertainties, or time variance in the system behaviour. Once
the control functions are chosen, the sensor fusion algorithm is fully determined

by (5.4.8), (5.4.11) or (5.4.20), ensuring closed-loop stability of the system.
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CHAPTER 6
HYPERSTABILITY SENSORS FOR FLEXIBLE ROBOTS

6.1 Overview

The instrumentation design and sensor fusion concept developed in Chapter 5
is completely general and may, in principle, be applied to “any” system. A critical
step of the 3-step design procedure outlined in Section 5.5 is the identification and
implementation of suitable hyperstability sensors. The usefulness of the abstract
concept of hyperstability sensors per Definition 5.3.1 depends on the application
domain. In this Chapter we will focus on the application to robotic systems with
flexible links and other flexible structures. Our objective is to establish the most
general conditions, both necessary and suf.ﬁcient, for hyperstability sensors for

robotic systems and provide a physical interpretation of those conditions.

In Section 6.2 we will establish sufficient conditions for the hyperstability
sensors for general non-linear mechanical systems. Necessary conditions, though,
are difficult to establish directly for the general case. Therefore, to complement
the general sufficient conditions, we look at necessary conditions for hyperstability
sensors on linear flexible structures in Section 6.3 and perform a comparison and
synthesis of the results for the linear and non-linear case. In Section 6.4 the
conditions are reviewed in the context of the design of a real robot, exemplified
by the SSRMS, to determine the impact of including hyperstability sensors into a
robot design.
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6.2 Hyperstability Sensors for General Robotic Systems

Link between Hyperstability and Robot Dynamics

As discussed in Section 3.2, the dynamics of robot manipulators can be de-
scribed, in their most general form, by the Euler-Lagrange equation (3.2.15) which

is re-stated below:
M(q)d + c(q, §) + k(q) = B,u(t) + Bad(2)- (6.2.1)

This equation derived in Section 3.2 describes the dynamics of holonomic mechan-
ical systems which may have non-linearities and flexibility effects, and are excited

by [ control inputs u(t) and k disturbances d(%).

A link between the robot dynamics (6.2.1) and the definition of hyperstability
sensors can be established by considering that the actuators do work on the system
per (3.2.1) and (3.2.7), and that the power P4 € R transferred to the system (6.2.1)
by the actuators u(t) at any time is given by

Pa(t) = 7 (t)Byu(t). (6.2.2)

P4 > 0 indicates energy flowing into the robotic system.

Similarly, the instantaneous power transferred by external disturbances is
Pp(t) = 47 (t)Bad(2)- (6.2.3)

For typical space manipulators such as the SSRMS, the level of environmental dis-
turbance forces is negligible in comparison to the torques provided by joint motors
sized for the inertial loads resulting from the accelerating and decelerations during
manipulation tasks. This holds also true for most other robotic applications. For
applications in a gravity environment, the gravitational forces are not considered
disturbances in (6.2.1), but are included in the term k(q) describing conservative
forces per (3.2.4) and (3.2.14). Hence we assume in the following that the lasting

net effect of disturbances on the internal energy of the system is bounded, since
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they are usually relatively small and tend to “average out”. This assumption can

be expressed mathematically by

<EpVvit 2t (6.2.4)

€1
/ Pp(£)d
to

where Ep > 0 is finite.

As a consequence of the principle of conservation of energy implied in (3.2.1)
and the Second Law of Thermodynamics expressed in condition (3.2.6) the follow-

ing inequality holds for the system (6.2.1) with the assumption (6.2.4):
ty
/ Pa(t)dt > —Elto) — Ep ¥ t1 2 to (6.2.5)
to ’

Here E(to) denotes the total energy stored in the system at o which can be

expressed as the sum of the kinetic and potential energy:
E(t)) =T(t=1t)+V(t=1t) =0 (6.2.6)

E(to) is non-negative and finite.
Expanded with (6.2.2), (6.2.5) can be written as

t
/ oT ()BT 4(t)dt > —E(to) — Ep ¥ 1 > to (6.2.7)

to

This expression formally matches the general condition for hyperstability sensors

(5.3.6c) when we introduce the following formal equalities:

B3 = E(to) + Ep (6.2.8)
and

y(t) = BLq(®). (6.2.9)

(3% is a constant which may be chosen arbitrarily in (5.3.6¢), with the only restric-

tion that it be finite and non-negative (> 0). Hence, the choice implied by (6.2.8)
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is unconditionally ‘valid’ in the sense that no contradictions arise. Other choices
for B2 are possible. Equation (6.2.9) can be compared to (3.3.5) and represents
a sufficient condition for hyperstability sensors for the general system (6.2.1) in
the following sense: if sensors are chosen such that they produce measurements
y in accordance with (6.2.9), they are hyperstability sensors per Definition 5.3.1.
Condition (6.2.9) provides a general mathematical definition for duality of sensors

with respect to actuators.
Sensor Location

B, in (6.2.9) is the input matrix of system (6.2.1) which projects the actuator
inputs onto the space defined by the generalized coordinates as discussed in con-
junction with (3.2.7) and (3.2.8). In our linear modelling example of Section 3.4,
B, was composed of a set of mode shape functions ¢ and their spatial derivatives,
evaluated at the actuator locations (see (3.4.6), (3.4.19) and (3.4.23)). The mode
shape functions ¢ in turn are related to the mass and stiffness distribution per
(3.4.21) and (3.4.22), and the number of modes is equal to the number of modal
coordinates q. Even though “modes” are not defined for the general non-linear
system (6.2.1), we can expect in analogy to the linear case that B, generally is
a function of the mass and stiffness distribution, the choice of generalized coordi-
nates, and the actuator location. However, it is not necessary that B. is known
explicitly in order to select a complement of sensors in accordance with (6.2.9).
Since B, is defined by the complement of actuators, it is sufficient to collocate
suitable sensors with the actuators as further explored below, in order to find a

set of hyperstability sensors.

This procedure establishes a set of hyperstability sensors without requiring
explicit system modelling information. If we take a robot driven by electrical
motors in the joints as an example, tachometers mounted on the shaft of each
joint motor would fulfill the location requirement for hyperstability sensors. No
modelling or mathematical analysis for the particular case is required to reach

that conclusion.

In conjunction with the sensor fusion and control concept discussed in Sec-
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tion 5.4, these hyperstability sensors enable the robust control of any mechanical
system of the rather general form (6.2.1), regardless of system order, mass and
stiffness distribution, including time-variance of these parameters, which is quite

remarkable.

Sensor Types

We will now discuss the implications of the sufficient conditions (6.2.8) and
(6.2.9) on the choice of sensor types for hyperstability sensors. The “output equa-
tion” (6.2.9) implies that the sensor signals y are a mapping q+— Y of the gener-
alized velocities % only, and do not include functions dependent on displacement

2
q or accelerations %F?'

Translational and angular velocities are typical functions of the generalized
velocities, but there are also other possibilities as we will see in Section 6.3. The

choice (6.2.8) implies the following sufficient condition for hyperstability sensors:
u” (t)y(t) = Pa(t) (6.2.10)

This condition indicates that it is sufficient to choose hyperstability sensors ¥y
such that their inner product with the system inputs provides a measure of the
instantaneous power P4 transferred to the system by the actuators. Equation
(6.2.10) can be broken down into components by defining the power transferred

by each actuator u;:
Pai(t) = Z ¢ (t)(Bu)ywi(t) Vi=1...1 (6.2.11)
j=1

where (B.):; denotes element ¢, j of matrix B,. With this definition (6.2.10) can

be written as

z z
S wit)y(t) =Y Pas(t) (6.2.12)
=1

=1

A sufficient condition for y to satisfy (6.2.12) is obviously

ui(t)yi(t) = PAi(t) Vei=1...1l. (6.2.13)
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This condition implies that it is sufficient for the selection of hyperstability sensors
to match one sensor with each actuator such that the instantaneous power Py

transferred by that actuator can be determined from the associated hyperstability
sensor.

The example of a tachometer on a motor shaft discussed above in the context

of sensor location also meets the sufficient condition (6.2.13) for sensor type.

Dynamic Sensor Errors

The sufficient condition (6.2.13) can be further generalized and relaxed by
incorporating a first-order lag term, with a finite time constant 7; > 0, which
can be thought of as enveloping the dynamics of the hyperstability sensor and

actuator:
ui(t)ys(t) = Pas(t) Vi=1...1 (6.2.14)
7. P as(t) + Pas(t) = Pa:(t) Vi=1...1 (6.2.15)

It can be demonstrated as follows that sensors y; as defined by (6.2.14) and (6.2.15)
are acceptable hyperstability sensors:

ty t1 l

/ ulydt = / ZPAidt per (6.2.14)
J g

to o i=1

t1 i ty l

=/ZPA1dt—/Z7}ﬁAzdt per (6.2.15)
to :: to =1

=1

ty 1 t1
= / Padt—» / P yidt per (6.2.11)
to

=1 to

4
> —E(to) — Ep — >_ 7e(Pai(t1) ~ Pas(to))  per (6:2:5)

i—l i
finite
A
-~ —

finite

> B2 Vig>th

The last equation appears to be contradicting (6.2.8). However the choice B2 =
E(to) + Ep for the constant 3 was made somewhat arbitrarily to formally match
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(6.2.7) with (5.3.6c). It is quite acceptable to amend this choice to cover the

situation of dynamic sensor errors by defining
83 > E(to) + Ep + AE (6.2.16)

where AFE is an arbitrary finite constant. The particular choice of B3 per (6.2.8)
is a special case of (6.2.16)for AE = 0.

Properties of Hyperstability Sensors for Non-Linear Mechanical Sys-

tems

We will now summarize the properties of hyperstability sensors for the general
mechanical system (6.2.1). The following sufficient conditions for hyperstability

sensors y were developed in this Section:

(6.2.9):  y(t) =Bia(t)

(6.2.10):  yT(t)u(t) = Pa(t)

(6.2.13) : g (H)us(t) = Pai(t) Vi=1...1

(6.2.14) 1 yi(t)wi(t) = Pas(t) Vi=1...] with Ps; per (6.2.15)

While conditions (6.2.9), (6.2.10) and (6.2.13) have been known, (6.2.14) appears
to be a ‘new’ development. All four conditions are sufficient conditions and a set
of sensors y satisfying any one of the conditions is a set of hyperstability sensors
per Definition 5.3.1. The above conditions, together with the more general con-
ditions of Chapter 5, imply the following characteristics for hyperstability sensors
of systems governed by the Euler-Lagrange equation (6.2.1) such as flexible space

robots:

e Number of hyperstability sensors:

- One hyperstability sensor is required for each actuator.

e Location of hyperstability sensors:
- Collocation of hyperstability sensors with their associated actuator sat-

isfies the sufficient condition.
- No explicit system modelling information is required when sensors are

collocated with actuators.
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e Type of hyperstability sensors:

- Hyperstability sensors measure quantities derived from the general ve-
locities q.

- Hyperstability sensors must be matched to the type of the associated
actuator such that the product of actuation input and measurement out-
put provides an approximate measure of the power transformed by the
actuator.

- Examples: An angular rate sensor is a matching sensor for a torque
actuator, a translational velocity sensor matches a force actuator. (This

set of examples is not exhaustive; other suitable pairs exist.)

e Errors of hyperstability sensors
- Significant measurement errors characterized by (5.4.15) and (6.2.14)/(6.2.15)

are permissible for hyperstability sensors in the sensor fusion and control

concept per Figure (5.4.1) applied to general robotic systems.
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6.3 Hyperstability Sensors for Linear Flexible Robots

Qutline

Having established sufficient conditions for hyperstability sensors of general
non-linear systems we will now examine linear fexible structures and establish
necessary and sufficient conditions for hyperstability sensors, based on (5.3.9¢)-
(5.3.11c). The detailed analysis required to apply these conditions is presented in
Appendix A. In this Section we will summarize the modelling assumptions and the
results obtained with them. The model used emphasizes the structural flexibility

aspects which are important to the space robotics application.
Linear Model

Based on a continuum modelling approach, a dynamic model for a one-
dimensional vibrating structure excited by a spatial/temporal forcing function
f(z,t) is developed in Appendix A. The model is linear and neglects structural
damping and gyroscopic effect. Similar to the model developed in Section 3.4, and
in analogy to (3.4.14), the spatial/temporal displacement v(z,t) is expanded into:

v(z,t) = Z oi(z)a:(t) (6.3.1)

t=1
As in Section 3.4, z is the spatial co-ordinate, ¢; are mode shapes and the g¢;
are modal coordinates associated with the individual modes of vibration, and n
is the number of vibration modes included in the model. The modal coordinates

are governed by the following set of decoupled harmonic equations familiar from
(3.4.25) or (3.4.20) with (3.4.41) and (3.4.42):

Gi(t) +wiqi(t) = fi(t), i=12,...,n (6.3.2)

where the w; are the modal frequencies. The modal excitations fi(t) are the com-

ponents of the spatial/temporal forcing function f (z,t) along the basis functions
¢:(t):
5(6) = [ ¥ (@) (1) (6.3.3)
D
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Sensors

Different type of sensors are defined by forming temporal and spatial deriva-
tives of the displacement, at certain positions. The order of the stiffness operator
in the model is denoted! p (p = 2 for string equation, p = 4 for beam). As dis-
cussed in Appendix A the first p spatial derivatives (0*® to (p—1)°*) are significant.
Here we will consider the possibility of having ‘point’? sensors for all significant
spatial derivatives of the displacement. Further, we will consider sensors for the
first three time derivatives (0™ to 2°¢) because there are devices for the direct
measurement of displacement, rate and acceleration. After these considerations

we arrive at 3p possible sensor types derived from the displacement, v, as shown

in Table 6.3.1.

2= j=0 j=1 j=2
J—%} Interpretation || Displacement | Rate Acceleration
1=0 Translation v j D
i=1 Rotation v 7 Hb)
i=2 Strain v %) §2)
; =3 Shear v o) H)
i=p—1 ? v(P—1) pP—1) (P—1)

Table 6.3.1: 3p types of Sensors Based on Displacement v(z, t).

We consider sensors at [ locations, T, and define a sensor displacement
vector, Vs(t), with Ip elements describing the displacement with all its p significant

spatial derivatives, at all / sensor locations:

ve(t) = ['v(:nsl,t) 0(To2, L) - . V(Tats £) - - -

5.5 G),

<8P“lv(t)) (BP‘lv(t)) _ 6?—1v(t)) ]T‘ (6.3.4)

ozrpr—1 g1 T\ fgp-l

1 This order is always even, and usually denoted by 2p in the literature [Meirovitch].

Here we digress from the standard notation for brevity and clarity of the equations.
2 a point sensors measures a quantity at one point in space as opposed to

averaging it over a region.
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We allow for the possibility that any one of the sensors measures either dis-
placement, rate, or acceleration, by defining the system output vector, y € R as

follows:

y(2) = C1v,(t) + C29s(t) + C33,(1) (6.3.5)

where C;,Cs and C3 are matrices with [2p? constant coefficients which can be

used to select displacement, rate or acceleration output from any of the Ip sensors.

Actuators

A basic requirement for hyperstable blocks per Definition 5.2.3 is to have an
equal number of system inputs and outputs. Thus we have to define lp inputs in

order to match the outputs defined above.

As discussed in Appendix A, we assume a force distribution generated by p
‘types’ of point actuators, that can each excite one of the first p spatial derivatives
of a vibrating structure at any one of { points Zax. This yields the following modal

excitations:
! p-1

F@®) =35 62 (zar) £ (zak, 1) (63.6)
k=1 j=0 X
where f(9) is a ‘j*B-order force’ term as discussed in Appendix A. FO (zak, t)
corresponds to a point force at £ = z,, and FA) (z ok, t) corresponds to a point
torque acting at £ = T,. There is no immediately obvious interpretation for
the higher-order force terms or ‘higher-order actuators’. Introducing temporal
derivatives in f(9) to generate additional types of actuators, in analogy to the
definition of rate and acceleration sensors, is not justified because this appears to

lack any physical meaning.
Condition on Types of Hyperstability Sensors

The application of the ‘positive real lemma’ (5.3.9¢)—(5.3.11c) to the linear
structural model with sensors and actuators defined above results in necessary and
sufficient conditions for hyperstability sensors, which are derived step-by-step in
Appendix A. The following condition is obtained for the coefficients of the output

equation (6.3.5) and constitutes a necessary condition for the types of sensors
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required:
C,=C3=0. (6.3.7)

This condition can be interpreted as follows:
: . 2,63
e No displacement (v(?)) or acceleration (%;—) measurements are allowed

as hyperstability sensors.
e Rate (‘9%3(:1) sensors are required, and all spatial derivatives are allowed

(j=01...p—1).
Condition on the Placement of Hyperstability Sensors
As shown in Appendix A, the following necessary and sufficient condition for

the location of hyperstability sensors ensues from the Kalman-Yakubovich lemma:
sign ¢ (zo) = sign ¢ (Tak) Vi=1...n, k=1...1, j=0...p— 1. (6.3.8)

It is interesting to note that condition (2.3.9) encountered in Section 2.3 during
the stability analysis of a flexible beam with non-collocated feedback has some
similarity with (6.3.8), as discussed in more detail in Appendix A.4. The above

condition has the following interpretation:

e It is sufficient to collocate hyperstability sensors with corresponding 1
actuators (Tsk = Tak V k)

e It is necessary to place hyperstability sensors and corresponding’ actua-
tors at such locations where each one of the mode shapes (or, if higher-
order devices are used, the corresponding derivatives) has the same sign.

e For structures with an ‘infinite number’ of vibration modes, the last
condition is, in general, only fulfilled by collocation of sensors and actu-
ators. (This condition can be relaxed for devices located on rigid sub-
structures.)

Although the interpretation of these conditions is similar to that of the known
sufficient conditions and points again towards collocated dual sensors, the author
is not aware that necessary conditions for hyperstability sensors have been previ-

ously established.

1 «Corresponding” sensors and actuators are defined as having the same indices

for location, and acting on the same spatial derivative
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Necessary vs. Sufficient Conditions

We will now compare the necessary conditions for hyperstability sensors for
the linear model with the sufficient conditions for general non-linear systems. At
first, the conditions (6.3.7)—(6.3.8) and (6.2.9)-(6.2.10) and (6.2.13)—(6.2.14) ap-
pear to be of different nature. However there exist certain relationships between
the IOP and the energy contained in linear structures. When the necessary con-
ditions on the types and placement of hyperstability sensors are satisfled, the
simplified linear system has an IOP of the following form, as derived in Appendix
A4

uT (t)y(t) =D s:fi(®)d:(t); s:>0, (6.3.9)

=1

where the s;’s are positive but otherwise arbitrary factors without any associated
physical units. On the other hand, the change of energy contained in the system

is given by:

n
BE) =3 £@)a®)- (6.3.10)
i=1

Based on the similarity of their right-hand sides we can draw the following

conclusions from a comparison of the above equations:

e It is a necessary condition for hyperstability sensors of the linear system
that the IOP represents physical power (work).

e It is a necessary condition for hyperstability sensors of the linear system
that the IOP qualitatively reflects the power exchanged with each mode
of the system; i.e. if the power f;§; exchanged with any one mode ¢ grows

above all bounds, it must show in u”y with the correct sign.

Ifs; =1V i1l,2,...,n we can obviously equate the left-hand sides of (6.3.9)
and (6.3.10), and obtain the following expression which is identical to condition

(6.2.10) for the general non-linear system:
uly=E. (6.3.11)

(Here P4 = E because all inputs to the linear simplified structure were assumed

to be control inputs.) It is shown in Appendix A.4 that the special case s; = 1
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VY 7 is synonymous with the collocation of sensors and actuators (ZTsk = Tak ¥ k)-
This in turn was shown to be a sufficient condition for hyperstability of the linear

system, becoming a necessary condition when n — oo (cf. (6.3.8)).

Hence, we can conclude that the sufficient conditions found in Section 6.2
for hyperstability sensors of general mechanical systems are actually quite sharply
focused as they are identical with the necessary condition for hyperstability sen-
sors for a simplified linear structure with an infinite number of vibration modes.
Further, the necessary conditions for linear structures were shown to have an in-
terpretation closely related to the sufficient condition for the general system. This
is remarkable because the systems considered in Section 6.2 are so much more

general than the simplified, one-dimensional linear structure.

We can further conclude from (6.3.11) that the ‘higher-order’ sensors and
actuators which were defined for the linear analysis are also admissible for the
general system. Conversely, sensors and actuators with distributed action are
admissible for linear hyperstable structures as long as the devices fulfill any of the
sufficient conditions for the general case. An interesting example for ‘higher-order
distributed-action’ devices involving the second derivative, v®) are piezoelectric
films which can sense and generate strain in a structure. Piezoelectric devices for

vibration damping in flexible structures were investigated by [Bailey and Hubbard].
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6.4 Application to SSRMS
Objective

The hard requirement imposed on the system design by the proposed method
as summarized in Section 5.5, is the need for suitable hyperstability sensors. After
identifying their properties in Sections 6.2 — 6.3 it is in order to perform a reality
check and determine to what extent the requirement for hyperstability sensors can

be met in an actual robotic system. The SSRMS is used as a reference system for

this assessment.
SSRMS Joint Instrumentation

In the case of the SSRMS which is discussed in some detail in Section 3.1, the
actuators for the motion of the manipulators are the motors in each of the 7 ma-
nipulator joints. Each joint provides a precisely controlled joint rate in response
to a rate command from a central computer. To control the joint rates, each joint
has a servomechanism which uses measurements of the motor speed and the joint
rate. These measurements are provided by high-accuracy resolvers and associated
resolver-to-digital-converters (RDC) which convert the raw resolver signals to an-
gular position and rate measurements. The motor resolvers are mounted directly
on the motor shafts. These devices meet all the criteria (number, location, type)
established above for hyperstability sensors. This favourable situation where a full
complement of suitable hyperstability sensors is already designed into a system is
‘not uncommon and, indeed, typical for cases where the actuators form part of

servomechanisms.
Conclusion

For robotic systems one can indeed expect that, in most cases, suitable hyper-
stability sensors are already incorporated into the design to enable precise control
of the joints, and that the requirement for hyperstability sensors arising from the
proposed method has little negative impact on the robot design, if any. Therefore,

the proposed concept is on a realistic footing for its practical implementation.
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CHAPTER 7

APPLICATION TO VISION-BASED CONTROL
OF FLEXIBLE ROBOT

7.1 Overview

In this Chapter we will focus again on vision-based control of filexible robots,
the original problem motivating this study. We will apply the instrumentation
and sensor fusion design concept developed in Chapter 5 and the conditions for
hyperstability sensors developed in Chapter 6 to a concrete design example and

validate the proposed methodology by experiment and simulations.

The main objective of the experimental work is to provide a proof-of-principle
demonstration for the concept and to evaluate its robustness and performance
characteristics in a setting representative of robotic assembly tasks in space such

as the Space Station assembly tasks shown in Figures 1.2 and 1.3.

A robotic reference task and the experimental facility are discussed in Section
7.2. The application of the 3-step procedure for instrumentation design and sensor
fusion to the experimental robotic system and the implementation of the sensor

fusion and control algorithms are described in Section 7.3.

Experimental results validating the concept are presented in Section 7.4. Per-
formance and robustness properties of the concept are further explored by sim-
ulations in Section 7.5, and compared to those of 2 model-based control system,

based on a Kalman filter, in Section 7.6.
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7.2 Experimental Apparatus
Robotic Reference Task

As part of this research project the apparatus shown in Figure 7.2.1 was
developed for the experimental validation of the methodology. Its design is inspired
by space robotics assembly tasks like those shown in Figures 1.1 and 1.2. The use of
a Space Vision System (SVS) for the measurement of payload position is described
by [MacLean and Pinkney]. A prototype system was tested on the Space Shuttle
as an operator aid for manual SRMS operations (i.e. pot for automatic control)
in preparation of the use of an operational system during the assembly of the
Space Station. A critical aspect during robotic assembly operations in space is the
precise positioning of the manipulator payload within the capture envelope of the

latching mechanisms used to connect the elements.

A related laboratory experiment is the precise positioning of payloads relative
to objects in the workspace. To capture those aspects of assembly operations in
space which are most relevant to this research, the laboratory experiment must
display the dynamic and vibration characteristics typical of space manipulators.
Another objective is to use sensors and sensor data processing representative of
those used in space. Hence the experimental apparatus developed for this study

includes a flexible link and the SVS as a measurement system for payload motion.

A simple test sufficient for a proof-of-principle demonstration can be accom-
plished by the planar motion of the flexible link with varying payloads as shown
conceptually in Figure 7.2.2. This set-up isin principle similar to the example dis-
cussed in Section 3.4. The vision system is used to measure the motion v(¥,%) of
a payload mounted at the tip of a flexible beam as it is positioned at, or tracking,
a reference position w(t). With a single link / single joint configuration and small
elastic deformations 9 < ¢, the motion v(¢,t) is obviously constrained to a circle
around the joint, and the reference position w(t) must also lie on this circle to
be meaningful. Therefore both v and w are scalar circumferential coordinates as
indicated in Figure 7.2.2. In the experiment the reference position w can be either

externally specified as an absolute position, or it can be determined “on line” by

123



the SVS using a visual reference target in the workspace.

Although the planar single-link configuration is simple, it is not trivial because
of the non-collocated arrangement of sensors and actuators on the flexible beam. It
permits the assessment of the performance achieved by the proposed methodology
in terms of speed and accuracy of payload manipulation. To be meaningful, the
tests must be set up such that flexible motions in the beam are sufficiently excited.
A sudden change of the reference position, typically achieved by a step function,
leads to a strong excitement of the flexible motions. Variation of the payload mass
allows to validate the robustness of the proposed methodology against changes and
unknowns in the flexible system dynamics - a key feature of the proposed model-

free method.
Overview of Experimental Apparatus

Figure 7.2.3 provides an overview of the experimental apparatus. The central
element is a robot with three revolute joints and a flexible link. In analogy to an
assembly task in space, the tip motion of the flexible link is measured relative to a
reference in the \;vorkspa.ce by a vision system. Visual targets are mounted at the
tip of the robot arm and at the reference point. These targets are imaged by a
video camera and the image is processed in real-time by the SVS processor to de-
termine the position of the targets in the workspace. The design and operational
characteristics of the SVS and the targets used are discussed in more detail in
Appendix D. The SVS processor communicates via a serial link with the control
computer. This 486 PC running DOS hosts the sensor fusion and control algo-
rithm. Even though the SVS internally processes images at the video frame rate of
30 Hz, the interface to the control computer provides only a sampling rate of 6 Hz
due to limitations of the SVS software. Besides the measurements from the vision
system the control computer receives analog inputs from various sensors on the
robot which are processed at a sampling rate of 50 Hz. The computer controls the
robot by providing analog input signals to a set of servo-power-amplifiers (SPA)

driving the robot joint motors.
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Robot Joint Characteristics

The three joints of the robot are of almost identical design. A joint and its
various major components are shown in Figure 7.2.4. The actuators are DC servo
motors with harmonic drives providing a 120:1 speed reduction. At the output
side, the joints are capable of providing a maximum continuous torque of about
50 Nm and a maximum velocity of about 3 rad/s. Static friction of bearings and
gearing is in the order of 4 Nm at the joint output. Each joint is instrumented

with an encoder and a tachometer on the output side.

The planar motion of the proof-of-principle test case only requires motion of
joint 3 while joints 1 and 2 can remain stationary. Joint 3 is configured as a torque
servomechanism to reduce the effects of joint friction. Two strain gauges mounted
at the root of the flexible beam are configured as a half-bridge to measure the
torque applied at the root of the flexible beam by the joint. A torque control
loop based on the strain gauge measurements is closed via the control computer
at a sampling rate of 50 Hz, cancelling the effects of friction. The SPA driving the
motor is configured in “torque mode”, i.e. producing a motor current proportional

to the SPA input voltage.
Flexible Link -

The flexible link of the robot consists of a thin steel beam with a length of
1.585 m. Other dimensions and characteristics are listed in Tables 3.4.1 and 3.4.2.
The visual target assembly which is further described in Appendix D, has a mass
of 0.14 kg. Various weights up to a total of 1.2 kg can be attached to the tip of
the beam to simulate payloads. With the maximum payload the static load in
the beam approaches the buckling limit. When the fully loaded beam is moved
vigorously, slow non-linear flexible motions in the buckling regime can be observed.
Although difficult to model analytically, these motions are a welcome addition to

the repertoire of “complex” behaviour of the system.

Moeodelling Assumptions

The modelling example presented in Section 3.4 provides an analytical de-

scription of the key characteristics of the experimental set-up and is used as a
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model for the design of the sensor fusion and control algorithm in Section 7.3
and for simulations in Section 7.5 and 7.6. Since we are advocating a robust
“model-free” methodology we are not too concerned about the obvious limitations
of this model arising from the “usual” simplifying assumptions with regard to: one-
dimensionality, linearity, slender beam, no friction or damping, modal truncation

and ideal actuator characteristics.
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Figure 7.2.1: Laboratory Robot with Visual Targets and Camera
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7.3 Instrumentation Design and Sensor Fusion Algorithm

Design Procedure

In this Section we will demonstrate how the 3-step design procedure outlined
in Section 5.5 is applied to be flexible link robot of the experimental set-up. The
simple robot configuration results in a fairly simple scalar design problem suitable
for a clear demonstration of the principle. The three steps of the design process

are:

1) Determine the complement of hyperstability sensors;
2) Determine the complement of performance sensors;

3) Design of sensor fusion and control algorithms.

We will also discuss the digital implementation of the sensor fusion and control

algorithm.
Hyperstability Sensor

Sections 6.2 and 6.3 prepared us for Step 1 by identifying necessary and
sufficient conditions for hyperstability sensors on flexible mechanical systems. Ac-
cording to the conditions developed in 5.3 and 6.2, only a single hyperstability
sensor is required and allowed because the system only has one actuator. Since an
explicit system model is given in Section 3.4 we can apply the sufficient condition

(6.2.9) to determine the hyperstability sensor based on (3.4.23):

y(t) =B 4(t)

_do
= |._,a®
=9 (z =0,1t) (7.3.1)

This equation defines a tachometer located at the joint (z = 0) already familiar
from earlier examples such as (2.2.1). This choice for the hyperstability sensor is
not only sufficient but also necessary, according to conditions (6.3.7) and (6.3.8)

for linear systems.
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While (7.3.1) defines the physical quantity measured by the hyperstability
sensor, its output in the presence of measurement errors, ¥, is characterized by a

scalar mapping function m defined per (5.4.14) and (5.4.15) with the error param-

eter &:
§(t) = m(y(t),€) (7.3.2)

When measurement errors are not considered, the sensor output can simply be

defined by
§(t) = y(?)- (7.3.3)

Performance Sensor

For the simple system shown in Figure 7.2.2, Step 2 of the procedure described
in Section 5.5 is straightforward. The vision system measuring the motion of the
payload is not a hyperstability sensor as it violates the necessary conditions (6.3.7)
and (6.3.8), i.e. because it is not associated with an actuator, and because it
measures position and not a rate variable. The measurement of the vision system
is required to achieve the performance objective of tracking a variable set point
w(t) by the arm tip or payload position v(¢,t). Hence we designate the vision

system as the performance sensor:

2(t) = v(4, ) (7.3.4)

With these simple definitions, the physical system shown in Figures 7.2.2 can
be readily mapped into the extended hyperstability concept of Figure 5.4.6, as
shown in Figure 7.3.1.

Reference Input

The reference position w(t) can either be measured by the SVS, as indicated
in Figure 7.3.1, or it can be entered as an absolute position at the keyboard of the
Control Computer during the test. Although physically combined, the function
of measuring the reference position by the SVS is logically independent of the
measurement of the payload position. The connection between the SVS and w

shown in Figure 7.3.1 does not constitute a feedback loop.
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Sensor Fusion and Control Algorithm

For sensor fusion and control we may apply any of the algorithms identified in
Section 5.4. In the case of our simple scalar example, ‘Algorithm 1’ and ‘Algorithm
2’ are identical, and ‘Algorithm 3’ is essentially identical to ‘Algorithm 2’ under

the assumption that the hyperstability sensor has no measurement errors.

We will apply ‘Algorithm 3’ per (5.4.19), (5.4.20) to the example problem. It
is restated below in a scalar version (I = 1) sufficient for our scalar example:
Cs {w1 v, z} if A
c= i (7.3.5)
Cr{w} if not A

with A € (true, false):

A =[jCp{w,y,2} +elCa{w,7, 2} <O]. (7.3.6)

The control functions Cp{w,7,z} and Cp{w} of (5.4.19) which are scalar
functions of scalar inputs in our example, can be freely chosen, e.g. based on
conventional control principles. We will use fairly simple control functions to il-
lustrate the principle and demonstrate that it is not required to use particularly
sophisticated functions, although they might improve the performance. A simple,
conventional feedback control approach is PID control which we now apply, some-
what naively, to the end point tracking problem, ignoring the destabilizing effect of
the link flexibility. In the Laplace domain the PID control law (with band-limited
differentiator) is defined as follows (s is the Laplace operator, Fp, Fp, F7, Fy are
gain constants):

Ca (W (s), Z(5)} = (Fp + L + 122 ) (W(s) = Z(s)) (7.3.7)

For feed-forward control of robots, several methods to determine torque pro-
files from trajectory commands have been proposed in the robotics literature, such
as [Fu, Gonzales and Lee]. As one of our objectives is to demonstrate that our

method does not rely on accurate system models we will use a simple lead filter as
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feed-forward, which incorporates only very rudimentary knowledge of the system,
such as “which way” to move the joint, but not “how far” or “how fast”. For the
simple single-joint case, the lead feed-forward control term, with gain and time

constants F3, Fy, is defined in the frequency domain as follows:

Co (W (5)} = T (W(s) = =(t = 0)). (7.38)

While feedforward is an optional feature in most control systems, it is an
essential part in this concept since it is the vehicle for injecting energy into the
system, a necessary condition for making it do anything useful. With this choice
of control functions the design of the sensor fusion and control algorithm is fully
defined. The following set of parameters for the above algorithms were established

by hardware experimentation:
Fp =3.4 Nm™!

Fr =0 Nm~!s™!
Fp =15 Nsm™}

F,=0s
F; =0.475 Nsm™*
F2 =0.25s

Digital Implementation of Algorithm

For implementation on the control computer the algorithms (7.3.7) - (7.3.8)
must be discretized for the sampling interval AT. For the discrete-time approxi-
mation of the integral term of the PID control law (7.3.7) we use Tustin’s approx-
imation % = —AQ—T—:{—}, corresponding to the trapeze rule for integration, and for the
conversion of the differential term the approximation s = -2——7:15, corresponding to

the differential operator in the Euler integration scheme. This results in:

Bo + 91371 + 92372
1-3"H(1+x1571)

Ce{W(),Z()} = (W) — Z(3)) (7.3.9)
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with
1 AT + Fy Fp + FvFp

bo=txm arlrt—s Lt —=ar )
_ 1 AT Fp+ FyFp
h=trr ar TPt T Ry )
(7.3.10)
. 1 Fp+F/Fp 1
"92_1+FV/AT( AT 5 v Ei)
Fy

X1 == AT + Fv

z—=1

The lead term in (7.3.10) is approxmated using s = AT resulting in:

F 1—3 1

AT (1+ Fi/AT) — Fo/AT3 ! W) (7.3.11)

Cr{W()} =

The resulting overall discrete-time algorithm is obtained by inverse z-Transform
from (7.3.9) and (7.3.11):

e(k) = w(k) — 2(k) (7.3.12)

C (k) = Boe(k) + Dre(k — 1) + Dae(k — 2) + (1 — x1)Ca(k — 1) + x:Ca(k — 2)

(7.3.13)
Cr(k) = 7 S Cr(k = 1)+ e (w(k) — w(k = 1)) (7.3.14)
R(k) = [g(k)Ca (k) +elCa (k)] < 0] (7.3.15)
{cBUc) if (k)
ur(k) = (7.3.16)
Cp(k) if not A(k)

This algorithm was programmed in C++, in slightly modified form to account
for the various sampling rates in the system, and implemented as part of a quasi-

real-time program running under DOS on the control computer.
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7.4 Experimental Validation

Overview

A number of tests were performed with the experimental apparatus. The
most relevant tests in terms of the overall objectives are responses to step changes
in the setpoint which tend to strongly excite flexible motions in the link and thus
allow to study the effects of link flexibility. The results for two test cases, with
and without payload, are discussed in detail below.

Additional tests were performed to investigate other aspects of the sensor
fusion and control algorithm (7.3.5) — (7.3.8). For example, the stabilizing effect
of the sensor fusion logic was examined by setting the fusion logic variable to
‘A = true’ for one test, and thus running the PID feedback control law (7.3.7)
on its own. Violent dynamic instability was observed during this particular test,
confirming that PID control with the chosen parameters is unstable on a flexible
link with non-collocated sensor/actuator configuration, and, more importantly,
that the fusion logic (7.3.6) guarantees the stability of the closed-loop system even
if the feedback function Cg on its own induces closed-loop instability.

Performance

Figure 7.4.1 shows the experimental results obtained for a test with only
the visual target (0.14 kg) attached to the tip of the link and the step motion
command:

: —0.739 mfort<O
w(t) = {

—1.310 mfort>0
This command requires a tip motion of 0.571 m. The diagram shows the time
history of the tip position z(t), the commanded torque ur(t), the joint angle 0(t)
and the joint rate (¢). The response of the tip position as measured by the
SVS indicates a smooth transient converging to the new set-point within about
5 s. The motion of the joint angle measured by the encoder is not used in the
sensor fusion and control algorithm. It is interesting to note that the joint angle
completes about 30% of its overall travel before the tip of the flexible link even
begins to move, roughly at ¢t = 0.6 s, indicating significant bending in the flexible
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link, equivalent to a tip deflection of about 0.12 m. The joint motion exhibits
“pauses” when the feedback is active and the fusion logic variable A = true which
is indicated by switching in the torque command. During those periods the joint
actually creeps slowly and strain energy is removed from the flexible link, leaving
only relative small residual vibrations at the completion of the joint motion. This
“pausing” is also evident from the joint rate measured by the tachometer which is

the hyperstability sensor in this system and actually controls this behaviour.

This experimental result confirms the stability of the closed loop system with
vision-based end-point control of the flexible link as expected from the theoretical
development. The result also indicates good dynamic performance, with small
overshoot and almost no residual vibration, in conjunction with a fairly simple

control strategy and implémenta.tion.
Robustness to Changes in System Dynamics

The next test is intended to validate the robustness properties of the proposed
approach. The test is performed with the maximum payload mass of 1.2 kg which
significantly changes the dynamic characteristics of the flexible link. The same
sensor fusion and control algorithm as before is used with identical parameters.
The motion command is slightly different from before and produces a total payload
motion of 0.737 m:

—0.651 mfort<o0
w(t) = {

—1.388 mfort>0
The test results for the same variables z(t),ur(t)8(t),7(t) as before are shown
in Figure 7.4.2. The convergence of the tip position is somewhat slower than
in the unloaded case, as expected, and a little more oscillatory. As before, the
strain energy is removed from the flexible beam by the sensor fusion and control
algorithm at opportune moments during the motion as indicated by “pausing” or

“creeping” of the joint motion.

The experimental results validate the expected robustness of the approach
to major unknown changes in the dynamic characteristics of the flexible beam

introduced here by the addition of the payload at the tip of the beam.
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Figure 7.4.1: Test Results for Unloaded Arm
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Figure 7.4.2: Test Results with 1.2 kg Payload

140



7.5 Evaluation by Simulation
Pupose of Simulations

While hardware tests are essential for a credible validation and assessment
of the sensor fusion and control concept, numerical simulations are a useful and
efficient tool to further explore the concept. Simulations allow to evaluate the
concept for a larger range of payloads and investigate effects like “varying the

number of modes in the system” which can not be easily done in a physical system.

The objective in constructing a simulation model is to find a simple model
which ‘adequately’ represent the behaviour of the real system. What is ‘adequate’
depends on the time frame or frequency range considered in the response and is
somewhat of a judgment call. In our case however, the availability of experimental
data allows the validation of simulations and thus considerably raises the level of

confidence in and relevance of simulation results.
Model Description

The model used for the simulations is shown in Figure 7.5.1. The flexible link
is modelled by the linear state-space equation (3.4.43). The payload mass is varied
from 0.14 kg (mass of the visual targets) to 120 kg, and up to three flexible modes
are included in the model in addition to the rigid-body mode, i.e. n =2...4. The
modal parameters for the various models are listed in Tables 3.4.1 and 3.4.2. and
Appendix E.1. The state-space matrices of the model with various payloads and
flexible modes used in the simulations are listed in Appendix E.2.

The torque servomechanism providing the actuation for the system is assumed
to be “perfect”, i.e. having a unity transfer function, over the range of torque levels

and frequencies considered in this evaluation.

The sensors measuring joint angular rate and payload position are assumed
to be ideal and are represented by equations (7.3.1) and (7.3.4) in conjunction
with (3.4.15). The 50 Hz sampling process is approximated by a continuous-time
representation in the simulation while the relatively slow data interface between

the SVS and the Control Computer is modelled as a 6 Hz sample-and-hold process.
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The sensor fusion and control algorithm is implemented in the simulation
largely in the continuous-time form given by (7.3.5) — (7.3.8), as the effects of
sampling at 50 Hz are not significant for the responses analyzed. An exception
is the differentiation in the PD algorithm which is implemented in discrete time
consistent with the sampling rate of the SVS interface. The implementation of the
sensor fusion and control algorithm (7.3.5) — (7.3.8) in the simulation is further
simplified by the following parameter selection consistent with parameters used in

the experiment: F;y =0, Fy =0and ¢ =0.

The setpoint is generated in the simulation by a combination of function
generators. Consistent with the reference task described in Section 7.4, a simple
step function is used to generate the setpoint function for the simulation runs

discussed below.
Validation of Simulation

The simulation model of Figure 7.5.1 is validated by comparing simulations of
the experiments against experimental results. Complete agreement between sim-
ulation and experiment is not expected due to the many simplifying assumptions
and abstractions used in the construction of the model, as well as uncertainties in
some of the model parameters. However, a “valid” simulation is expected to ex-
hibit, and predict, the characteristic behaviour of the real system. The validation

of complex dynamic simulations is a somewhat subjective process.

Figure 7.5.2 shows the response of the simulation of the unloaded robot with
two flexible modes (see Appendix E.2.2 for detailed model information) under the
initial conditions and external stimuli of the experiment shown in Figure 7.4.1. The
time histories of the tip position, the joint angle, joint rate and the commanded
torque of the simulated response are very similar to those measured during the
experiment. The simulation reproduces the characteristic step-wise motion of the
joint which pauses at an angle of about —33°, —45° and —51°. Differences can be
seen in the initial response 0 < t < 0.5s. In the simulation the joint rate shows
sudden acceleration and a double peak instead of the rounded single peak apparent

in the experimental results, and the tip position shows an initial transient in the
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positive direction. These effects are mainly due to modelling the flexibility effects
by a limited number of “pinned-free” modes. The low number of modes leads to
the “inverse” initial response characteristic of non-minimum phase systems, while
the real system has a delayed response due to the finite speed of wave propagation
in the flexible link. The choice of modes based on pinned-free boundary condi-
tions initially presents less moment of inertia to the joint than modes chosen on
clamped-free boundary conditions which are therefore advocated for the purpose
of simulation by some researchers such as [Piedboef]. Another factor affecting the
initial response is the assumption of an “ideal” torque servo, while the real torque
servo has a limited bandwidth and limited acceleration capabilities. In spite of
these simplifications the model shows good overall agreement with the experi-
mental data for the unloaded case. The real system performs somewhat “better”
that the simulation, most likely due to residual friction in the joint, unmodelled

damping effects, and unmodelled low-pass characteristics of the torque servo.

Figure 7.5.3 shows the results of simulating the loaded test case for which the
experimental results are shown in Figure 7.4.2. The flexible link model used in
this case is described in Appendix E.2.4. As in the experiment, the parameters
of the sensor fusion and control algorithm are the same as for the unloaded case.
The simulation reproduces the characteristic behaviour of the experiment, with
the joint angle “pausing” during its motion at approximately —32° and —53°.
The simulation exhibits the same initial response as in the unloaded case, lie.
a very rapid acceleration of the joint. A discussion of this initial transient was
presented above for the unloaded case. While the simulation closely matches
the experimental results until about ¢ = 2s, the simulation lags a little behind
the experiment for the rest of the response, and displays less damping than the
experimental results. The slower response is likely due to a parameter mismatch,
while the reduced damping can be attributed to simplified modelling assumptions
which ignore residual friction in the joint and other damping effects. Overall the

relatively simple simulation model is quite representative of the behaviour of the

experimental system.
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Effects of Model Order

We will now briefly investigate what effects a variation of the model order
has on the model fidelity. The simulation of the unloaded experiment is used as a
reference. Two flexible modes were included in the model per Appendix E.2.2 used
in the reference simulation shown in Figure 7.5.2. Figure 7.5.4 shows the result of
including only a single flexible mode in the model of the flexible link per Appendix
E.2.1. Although the overall response is still representative of the experimental
results, it misses the “detail”, in particular in the joint motion, which makes the
response 7.5.2 look “realistic” when compared to the experimental results of Figure

7.4.1.

The response of the simulation with three flexible modes in the link model
per Appendix E.2.3 is shown in Figure 7.5.5. A comparison with the experimental
data indicates that the addition of the third flexible mode does not improve the
model, in the sense that the response obtained is not closer to the experimental
results. It is suspected that the modal frequency of the third mode is beyond the
frequency range over which the simplified model is valid. For higher frequencies the
model validity is affected by the assumptions of an ideal torque servomechanism,

no damping, and the ‘slender beam’ assumption.

The comparison of simulations with different numbers of flexible modes and
the experimental data confirms that the inclusion of two flexible modes is a good

choice for the type of response analyzed.
Evaluation of Robustness and Performance

The comparison of responses with one, two and three flexible modes per Fig-
ures 7.5.2, 7.5.3 and 7.5.4, respectively, also corroborates the claim of robustness
of the sensor fusion and control concept to variations in the system dynamics. The
performance as indicated by the transient of the tip position is virtually identical

in all three cases.

The simulation allows to investigate the robustness and performance of the
sensor fusion and control concept for a range of robot payloads beyond the ca-

pability of the hardware experiment where the payload mass is limited to about
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1.2 kg due to buckling of the flexible beam under gravitational forces. In the
simple planar simulation model the payload mass can be increased several orders
of magnitude without regard to gravitational effects, just like in a robotic system

operating in Earth Orbit.

To investigate the effect of increased payloads, the behaviour of the experi-
mental system is simulated for payloads of 12 kg and 120 kg (model parameters per
Appendix E.2.5 and E.2.6) using the simulation of Figure 7.5.1 and the “loaded”
test case familiar from Figure 7.4.2. The simulation results are presented in Figures
7.5.6 and 7.5.7, respectively. As expected from the theoretical properties of the
sensor fusion and control concept, the system remains stable in both cases. The
response obviously slows down as the payload mass increases, and the damping
of the tip motion reduces somewhat. Nevertheless the original algorithm which
was not tuned in any way for the larger payloads, produces a fairly consistent

behaviour even though the payload mass is varied over four orders of magnitude.
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7.6 Comparison to Model-Based Sensor-Fusion and Control

Objectives

As part of evaluating the instrumentation design and sensor fusion concept it
is of interest to compare its performance and robustness to alternate methodologies
such as model-based approaches. The generic differences between the various
approaches were discussed in various places throughout the study. We will now
look how they manifest themselves in the particular test case of the flexible link.

Model-based Design

The design of a model-based control system using a Kalman-Bucy filter for
state estimation and sensor fusion is described in Section 4.3 by equations (4.3.1)
— (4.3.14). We will now apply this design methodology to the flexible link. A
model of the link in the state-space form (4.3.5) necessary for the design process
is given by (3.3.43). The robot tip position and velocity are assumed as available
system outputs, described by the following output matrix for equation (4.3.6):

¢T() O
Cum= (7.6.1)
0 ¢7(¢

A first design is based on a model with one flexible mode. The design parame-
ters V1, Vg, Q and R are chosen such that the nominal response of the closed-loop
system is comparable, in terms of the fundamental time constants, to the response
obtained with the algorithm developed in Section 7.3. The full model description,

the design parameters and the resulting gain matrices are listed in Appendix E.3.1.
Simulation

The nominal response of the system obtained by simulation per Figure 7.6.1
is shown in Figure 7.6.2. Since the simulated system is completely linear, the
transient behaviour is independent of particular initial conditions or excitation
levels. Therefore the test case chosen is simply a transient from an initial tip
position of 1 m to the state of rest at 0 m and does not match the initial and

final conditions of the hardware tests. The transient behaviour per Figure 7.6.2
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is comparable to the experimental results of Figure 7.4.1 and simulation results
of Figure 7.5.2 in terms of the overall convergence. The smooth and well damped
response is a typical characteristic of of the “optimal control” design approach
used. The nominal response is based on using the same flexible link model for the

design process and the evaluation of the design, i.e. in this case a model with one

flexible mode per Appendix E.2.1.

Evaluation of Robustness

Figure 7.6.3 shows the simulated response of the system when a second flexible
mode is added to the simulation of the flexible link, per Appendix E.2.2. This
change obviously renders the system dynamically unstabie due to “spillover” as

discussed in Sections 2.4 and 4.3, indicating a lack of robustness to unmodelled

system dynamics.

If the modal parameters of the second flexible mode are known and included
in the design model, an updated design per Appendix E.3.2 will stabilize the
system with two flexible modes as shown in Figure 7.6.4. However, if a third
flexible mode is added to the flexible link model in the simulation (per Appendix
E.2.3) instability results again due to truncation and spillover as indicated by
the response shown in Figure 7.6.5. We conclude that the truncation/spillover

problem is quite serious not only in theory but even in a very simple application.

Another system parameter which varies and may be unknown is the robot
payload. Figure 7.6.6 shows the response when the payload is increased to 120
kg. Although the response is not dynamically unstable, the performance is clearly
much worse than the performance for the proposed sensor fusion and control con-
cept indicated in Figure 7.5.7 due to virtually undamped persistent vibrations in

the joint motion and a very slow convergence of the tip motion with large over-

shoots.

Comparison

The comparison of the model-based system with the model-free hyperstability-

based instrumentation and sensor fusion concept illustrates and corroborates the
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superior robustness for the latter with respect to uncertainties and changes in sys-
tem behaviour vis-a-vis a standard ‘optimal control’ design. (Extensions to the
optimal control design methodology presented in Section 4.3, aiming at improving

its robustness characteristics, have been proposed.)
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CHAPTER 8
CONCLUSIONS
8.1 Summary
Problem

In the microgravity environment of space, large robots like the Space Sta-
tion Remote Manipulator System are able to manipulate enormous payloads, with
masses several orders of magnitude larger than the mass of the manipulator it-
self. Resulting low-frequency structural oscillations give rise to dynamic stability
problem when the robot is controlled by a vision system measuring the payload
motion. This problem is not unique to space robotics applications but is generic
for the control of structurally flexible systems when the motion is measured at a

distance from the actuator controlling the motion.
Approcach

This study develops analytical criteria for the selection of the number, type
and location of suitable sensors for robust control of mechanical systems with flex-
ible bodies. Sensors meeting these criteria are called “hyperstability sensors”. A
dynamic sensor data fusion approach is developed to integrate additional “per-
formance sensors” such as vision-based sensors, addressing the problem of using
non-collocated sensors and actuators in the active control of flexible structures.
An extended hyperstability concept is developed to enable robust control of com-
plex systems with conventional or intelligent control systems. The model-free
methodology is applicable to the broad class of non-linear and time-variant system

governed by Hamilton’s Principle which encompasses most mechanical systems.
Validation

The very general methodology is applied to a flexible link robot and experi-
mentally validated. The benchmark tests involve the measurement and control of
the end-point motion of the flexible link using a vision system and real-time image
processing. The methodology is shown to be effective in the experiment, enabling

robust control as expected from the theory, and relatively simple to implement.
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Simulations complementing the hardware tests extend the scope of the evaluation.
A comparison with a Kalman-filter-based control design demonstrates the superior

robustness properties of the proposed approach.
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8.2 Contributions

This study makes several contributions in the area of instrumentation, sensing,
sensor fusion and control applicable to robotic systems with flexible links, such as

large space robots. These contributions are summarized below:
Systematic Design of Instrumentation Architecture

A systematic procedure for the design of the instrumentation architecture for
control of complex systems is developed. For this purpose the known concept of
hyperstability is extended by the introduction of a sensor fusion process. This
new “extended hyperstability” concept overcomes the limitations imposed by the
previously required symmetry between sensors and actuators. The sensor fusion
process dynamically combines measurements from “hyperstability sensors” and
“performance sensors” such that robust stable control of complex systems can be
assured, even in the presence of significant errors of various types in the mea-
surement of the hyperstability sensors [Stieber, Petriu and Vukovich.1], [Stieber,
Petriu and Vukovich.2]. This new theoretical development was carried out both

for continuous-time and sampled-data systems.
Hyperstability Sensors for Mechanical Systems

A set of analytical conditions for hyperstability sensors for complex mechan-
ical systems with time-variant, non-linear and flexible-body dynamic effects is
developed. Although the resulting conditions largely reflect previously known re-
quirements for sensor/actuator duality and collocation on flexible structures, the

state-of-the art was advanced in the following areas:

e Necessary conditions were developed and correlated with known suffi-

cient conditions;

¢ Sufficient conditions were generalized to allow the use of realistic sensors

with static and dynamic errors.
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Application of New Methodology to Vision-based Control of Flexible
Robot

The application of the proposed new methodology and design procedure is
demonstrated for vision-based control of a flexible robot. The experimental im-
plementation and test demonstrates the feasibility of using the new methodology
in practical applications [Stieber, Petriu and Vukovich.2]. The experimental re-
sults also validate the stability and robustness properties of the approach expected

from theoretical considerations.

Solution of Robust Stabilization Problem for Flexible Structures with

partially non-collocated Sensors and Actuators

It was shown analytically and verified experimentally that the new sensor
fusion and control problem overcomes long standing problems associated with
robust control of flexible structures with partially non-collocated sensors and ac-
tuators [Stieber, Vukovich and Petriu]. While most of the prior analysis of this
problem reported in the literature was performed for linear time-invariant flexible
body systems, the new methodology represents a solution also for non-linear and
time-variant flexible body systems, and it does not require accurate models of the
system dynamics.” While sensor/actuator duality and collocation is still required
for a subset of the sensors, they are no longer required to be in the “main control
loop” and can be implemented by crude and cheap devices, providing, in the limit,
only binary output. A comparison with a conventional model-based approach us-
ing a Kalman filter for the control of a flexible link confirms the superior robustness

properties of the new methodology in this particular applications example.

Demonstration of Closed-locp Control of Flexible Robot Arm using the

Space Vision System

A contribution of particular interest to the present and future development
of robotic flight systems by the Canadian Space Agency is the proof-of-principle
hardware demonstration of the use of the Space Vision System for automatic
control of a very flexible manipulator with variable payloads [Stieber, McKay,

Vukovich and Petriu].
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8.3 Future Work

Theoretical Work

This study opens the door to a number of areas which merit further investi-

gation. On the theoretical side, several topics appear promising:

e Based on the fact that passive electrical circuits are governed by an equiv-
alent to Hamilton’s Principle, electrical actuators such as DC motors
could be included into the definition of complex systems. Hence the the-
ory developed in this study could be extended to cover a wide class of
electromechanical systems, with electrical as well as mechanical inputs
and outputs. This would strengthen the theory for applications to other

robotics problenls.

e The development of alternative sensor fusion algorithms, e.g. based on

fuzzy logic, might lead to a “smoother” behaviour of the sensor fusion
logic.

e Investigating the concept of “degree of stability” for the sensor fusion
and control algorithm could make the performance of the system more
predictable and aid in the definition or selection of suitable fusion algo-

rithms.

e Investigating / integrating the sensor fusion and control concept together
with other types of control algorithms such as intelligent control or more
elaborate conventional methods may lead to improved performance and

stability robustness in control applications.

Experimental Work

The following possibilities to improve the experimental development and val-

idation of the new concepts merit consideration:

e The testbed as described in this study could be improved considerably by

the use of higher-speed computer hardware and other hardware/software

upgrades.
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e The capabilities of the existing testbed could be greatly extended by
a suspension system which would support the use of larger payloads,

additional joints and links, and 3-D translational motions.

e The experimental investigation of using “higher-order” devices covered
by the theory developed in this study, such as sensors for strain and
shear force in a flexible link, as part of the sensor complement for sensor
fusion and control in robotics would appear to be a novel and promising

endeavour.

e Ultimately, development tests of the new concept for vision-based control

should be carried out in orbit, either on the Space Shuttle or on the Space

Station.
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APPENDIX A

CONDITIONS FOR HYPERSTABILITY OF
LINEAR FLEXIBLE STRUCTURES

A.1 Introduction

In this appendix, we will derive a necessary and sufficient conditions for the
hyperstability of linear flexible structures. The modelling of the flexible structure,
discussed in Section A.2, proceeds from a continuum modelling approach following
[Meirovitch]. An important step is the definition of a set of potentially applicable
sensors and actuators in Section A.3. The conditions on type and location of
sensors and actuators are found by applying the positive real lemma to the system
model, in Section A.4. The solution of the related Lyapunov equation is presented

in Section A.5. The hyperstability conditions are summarized in Section A.6.

A.2 Model of Flexible Structures

Assumptions

An elastic body contained in a spatial domain D spanned by the position.vec-
tor r is modelled by assuming a continuous distribution of its mass and stiffness
properties over D. A static force distribution fp(r) on the body will induce de-
formations v(r) that we assume small. Stress in linearly related to strain through

the linear, positive semi-definite, self-adjoint stiffness operator K:
Kv(r) =f(r) (A.2.1.)

KC contains differentials with respect to r up to order p'. For example, a vibrating
string has p = 2 while p = 4 for a slender flexible beam. Over the boundary of D,

these deformations are constrained by conditions of the form

Bjv=0, j=12...,% (A-2.2)

1 This order is always even, and usually denoted by 2p in the literature [Meirovitch].
In this appendix we digress from the standard notation in order to make the equa-

tions more readable.
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where the B; are also linear differential operators of order through p—1. Structural
damping and gyroscopic effects are neglected. Further simplifying assumptions will

be introduced in Section A.3.
Equations of Motion

When a dynamic force distribution fp(r, t) is applied on the flexible body, the

dynamics of its vibrations are governed by the following equations [Meirovitch]:

M (r,t) + Kv(r,t) = fp(r, t), (A.2.3)
Biv(r,t) =0, j=1,2,..., 123. (A.2.4)

The mass operator M is a linear, positive-definite, self-adjoint operator of

order less than p.
Solution for Homogeneous System

Under homogeneous condition, the force distribution fp(r, t) in equation (A.2.3)
is set to zero. The spatial and temporal coordinates can be separated by substitu-
tion of the harmonic solution v(r,t) = ¢(r)e’™* into the boundary-value problem

(A.2.4) and the following eigenvalue problem results:
(WM — K)¢(r) = 0. (A.2.5)

This last differential equation, of order p, together with the boundary conditions,
define the infinite-dimensional set of mode shapes ¢;(r) that characterize the vi-
brations at frequencies w;. From the self-adjoint property of operators M and K,

the following orthonormality conditions can be derived:

/ ¢T Mordr = 6; (A.2.6)
D

/ ¢T Kordr = wiwib; &,
D

where §; 5 is the Kronecker delta. These conditions allow the expansion of the

forced response into an infinite series of uncoupled modes.
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Solution for Forced System

When an external force distribution fp(r,t) is exerted on the body, equations
(A.2.3)-(A.2.4) apply. From their linearity, the expansion theorem tells us that
the response of the system can be represented as a linear combination of admissible
functions that form a complete basis in the domain of the operators. The natural

modes ¢;(r) can be used in this expansion:
vr,t) = 3 eule)aslt (a2.7)
=L

where the modal coordinates ¢;(t) represent the time-varying condition of mode ¢
to the total response. After substitution of solution (A.2.7) into equation (A.2.3),
the orthonormality conditions of equations (A.2.6) are invoked to arrive at a set

of uncoupled equations:
G:(t) +wiai(t) = f:(1), i=12,... (A.2.8)

the modal excitations f;(t) are the components of the forcing function along the

basis function ¢;(r):

£:0) = [ 6T o, )ar. (A.2.9)
D
By defining the infinite-dimensional matrices

a(t) = [q1(8)g2(2) - 17,
Q= diag{w%,wg, - '}1
£(¢) = () f2(6) - T,
the harmonic equations (A.2.8) can be condensed into the familiar form:

a(t) + Q2q(t) = £(2). (A.2.10)

The physical coordinates that describe the vibrations can be recovered from the

modal coordinates through the matrix equivalent of (A.2.7):

v(r,t) = ¢ (r)q(t) (A.2.11)
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where the infinite-dimensional (co X 6) matrix of mode shapes ¢(r) is defined as

B(r) £ [¢1(r) $a2(r) .. IT. (A.2.12)

Although we are starting from a continuum model with a theoretically infinite

number of modes, we will later consider models in which the summation (A.2.7)
is carried out only over a finite number of modes, n.
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A.3 Sensors and Actuators

Sensor Types

In order to keep the mathematics more tractable we will consider a one-
dimensional structure from now on. The vibrations v(z,t) are assumed to occur
in an orthogonal direction to the spatial coordinate z. The domain D of = is
0 < £ < ¢. In the one-dimensional case the expansion of the displacement, v(z,1),
yields in analogy to (A.2.7) and (A.2.11):

v(z,t) =Y ¢i(@)a:(t) = 7 (z)a(?) (A3.1)

=1
Here ¢(z) = [¢1(z) ¢2(x)-..]T is now of dimension oo x 1. q is still governed by
(A.2.10).

Different type of sensors are defined by forming temporal and spatial deriva-
tives of the displacement, v, at certain positions. It is shown by [de Lafontaine
and Stieber]| that the first p spatial derivatives (0 to (p — 1)) are significant
for the observability of the system, even though higher-order derivatives are lack-
ing an immediately obvious physical interpretation. Here we will consider the
possibility of having ‘point’! sensors for all significant spatial derivatives of the
displacement. Only two temporal derivatives of the displacement are significant,
because (A.2.10) is of second order. However, we will consider sensors for the
first three time derivatives (0'® to 2°¢) because there are devices for the direct
measurement of displacement, rate and acceleration. Hence we have 3p possible

sensor types derived from v(z,t) as shown in Table A.3.1.

A j=0_ [j=1] j=2
-é,a—;; Interpretation || Displacement | Rate | Acceleration
=0 Translation v v ]
i=1 Rotation v(L) (1) H(1)
i=p—1 ? pP=1) oP—1) yP—1)

Table A.3.1: 3p types of Sensors Based on Displacement v(z,t).

1 A point sensors measures a quantity at one point in space as opposed to

averaging it over a region.
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Output Equations

We consider sensors at ! locations, T4x, which can be combined to the vector

of sensor locations, X,:
Xg = [37313:32 .. xsl]T- (A.3.2)
We can now define a sensor displacement vector, vs(t), which has lp elements
describing the displacement with all its p significant spatial derivatives, at all !

sensor locations:

v() = [p(@o,t) v@e2st) ..o v(Ea?)
%) D G

The sensor displacement vector can be represented in the form of (A.3.1) by:
v, = BT (x,)a(?)- (A.3.4)

Here we have used the definition

B(x,) = [6(zs1) #ze) .- ¢(za) (A3.5)
2w @~ @
p—1 -1 -1
) (D). (Z2).]

and extended the definition (A.2.12) as follows:

(£9).. 2[58)... ()., Ts-vnowm w9

We allows for the possibility that any one of the sensors measures either

displacement, rate, or acceleration, by defining the system output vector, y € R

as follows:
y(t) = Cyv,(t) + Cavs(t) + Cav(t) (A.3.7)
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where C;, C2 and C3 are matrices with I2p? constant coefficients which can be
used to select displacement, rate or acceleration outputs from any of the /p sensors.
We already noticed earlier that there are only two independent time derivatives

in the system, and recalling (A.2.10) and (A.2.16) we can represent V, by:
V,(t) = BT (%) [£(t) — 2q(2)]- (A.3.8)

Thus, the output equation expressed in terms of modal coordinates, q,q and

system inputs, f, takes the form
y(t) = [CiBT — C3BTQ]q(t) + C2BT4(t) + C3BTf(2). (A.3.9)

Actuators

A basic requirement for a hyperstable block is to have an equal number of
system inputs and outputs. Thus we have to define Ip inputs in order to match

the outputs defined above.

The modal excitation generated by a forcing function vector fp(r,t) which is
spatially distributed over the domain of the structure, is given by (A.2.9). In the

one-dimensional case with a force distribution fp(z,t) we have

fi(®) =/¢i($)f1>($,t)dﬂ?- (A.3.10)
D

We assume that the actuators are ‘point’ devices located at { locations, T %, which

are combined to an actuator location vector, X,:
— T
Xag = [:Bal T2 .-.- :I:az] - (A.3.11)

The types of ‘reasonable’ actuators seems to be more restricted than the
types of sensors. Only forces and torques immediately come to mind. However,
it has been shown by [de Lafontaine and Stieber] that the force distributions,
fo(z,t), which can not be readily interpreted as ‘point forces’ and ‘point torques’

are significant for the controllability of the system. We therefore assume a force
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distribution generated by p ‘types’ of point actuators, that can each excite one of

the first p spatial derivatives of a vibrating structure at any one of [ points:

p—1

fo(z,t) = Zzﬂﬁ(t)«s(x — Tar) (A.3.12)

k=1 7=0
where & is the Dirac delta function, and f@ is a ‘j*P-order force’ term.

Given the force distribution (A.3.12) the modal excitations follow from (A.3.10):

! p—-1
£ =33 6 (@) £§ (Tak, t) (A.3.13)
k=1 7=0

The modal forcing vector, f(¢), thus can be represented in the form
£{t) = B(xa)u(?) (A.3.14)
after recalling (A.3.5), and defining the system input vector
u(t) = [fO(za1) ... fOzat) - - fH(zar) --. fO D (zar) .. T (A.3.15)

Obviously f(®(zek,t) corresponds to a point force at £ = Zqk, and fU) (zax, t)
corresponds to a point torque acting at £ = Z,k, i.e. the first | elements of u
are forces and the second ! elements of u are torques. There is no immediately
obvious interpretation for the higher-order force terms or ‘higher-order actuators’.
Introducing time derivatives to generate additional types of actuators, in analogy
to the rate and acceleration sensors, is not justified because this appears to lack

any physical meaning.
State-Space System Model

We will now present a summary of the flexible structure model developed
above in first-order state-space form, which can be easily derived from the modal

form (A.2.10) and the input/output equations (A.3.14) and (A.3.9), respectively:

z =Az + B,u (A.3.16)
y = Cz +Du (A.3.17)
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with state vector

=9 A.3.18
2= 2] (4.3.18)
system matrix i
A= 0 I (A.3.19)
-Q 0 )
input matrix _
0
B, = [B (xa) | (A.3.20)
output matrix
C = [C;BT(x,) - CQBT(xs)Q2C2BT(x3)] (A.3.21)
throughput matrix _
D = C3BT (x,)B(x.). (A.3.22)

The system has Ip inputs and lp outputs, and matrices, B, C and D have appro-

priate dimensions.

In the subsequent analysis we will consider an approximation of the above
infinite-dimensional system by a system with an arbitrarily high but finite number
of modes, n. The state vector z, then has 2n elements, and matrices A, B, and

C, have corresponding dimensions.

We will further require complete controllability and observability of the sys-
tem. This can® be guaranteed by our choice of sensors and actuators as shown by
[de Lafontaine and Stieber] under the additional assumption that the system has

no rigid body modes:
Q>0 (A.3.23)

3 ie. as long as the choice of the matrices C;, Cs, C3 is not pathologic, such as

C;,=Cy=C3=0
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A.4 Hyperstability Conditions
Positive Real Lemma

Hyperstability, or ‘positivity’, of linear systems can be determined from the
‘Kalman-Yakubovich Lemma’ derived in Appendix C.2:

Lemma A.4.1 (Hyperstability) A linear time- invariant multivariable (LTIM)
system as described by (A.3.16) and (A.3.17), which is completely controllable and
observable, is hyperstable if and only if there exist a symmetric positive definite
matriz S, (S = ST > 0), and matrices L and N such that:

SA+ATS = -LL7, (A.4.1)
BTS + NTLT =C, (A.4.9)
D +DT =NTN. (A.4.3)

Lemma A.4.2 (Asymptotic Hyperstability) A LTIM system is asymptotically
hyperstable if and only if the system is hyperstable according to Lemma A.4.1 and
the matriz LLT is positive definite (LLT > 0).

The above lemmas provide necessary and sufficient conditions for (asymp-
totic) hyperstability. As proved in Section A.5, a system (A.3.16) (A.3.17) witha
system matrix of the form of (A.3.19) can fulfill condition (A.4.1) only with a di-
agonal S matrix, and L = 0. Consequently the system can not be asymptotically
hyperstable. Further, after inserting (A.3.20), (A.3.21) into (A.4.2), this condition

can be separated into the following two equations:

0 = C;BT(x,) — C3BT (x,)0? (A-4.4)
BT(xa)diag{si} = CQBT(XS); s;>0Vi=1...n (A.4.5)

Equation (A.4.5) constitutes conditions for the relative positioning of sensors and
actuators and will be analyzed later. Equation (A.4.4) represents conditions for
the types of sensors allowed in a hyperstable flexible structure. As shown below
we have C3 = 0, which conveniently takes care of condition (A.4.3), with D =0
(see (A.3.22)) and N =0.
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Conditions for Sensor Types

We will now investigate the solutions C; and Cs for (A.4.4). By inspection of
the output equation (A.3.8) we see that condition (A.4.4) implies that there can
be no ‘net’ displacement feedback in a hyperstable structure, i.e. the contributions
of displacement sensors and accelerating sensors are not independent, and must
exactly cancel each other. We will see shortly that, in general, condition (A.3.21)
implies that one cannot have displacement or acceleration sensors as outputs of a

hyperstable structure.

The matrix equation (A.4.4) is equivalent to nlp linear equations of the fol-

lowing form (n = number of modes [p = number of sensors):

lp
> (B)kl(Cr)ik —wF(Ca)ik] =0V i=1,2,...0p; j=1,2...7, (A.4.6)
k=1
where (-)ix denotes the element 7, k of the matrix in brackets. We have, in general,
to assume that all wf- are different. The maximum multiplicity of eigenvalues of
(A.2.5) is p. Therefore the only matrices C; and C3 which are independent of B
and € and fulfill condition (A.4.6) are:

C, =0, (A4.7)
C; =0. (A.4.8)

In fact these are the only solutions to (A.4.6) for n > 2Ip, i.e if the number of
modes exceeds twice the number of sensors, because (A.4.6) represents inp linear

equations with 2lp free parameters in C; and Cs.

The characteristics of solutions other than (A.4.7), (A.4.8) for n < 2lp are
not further investigated because these solutions would be functions of B(xs) and
Q which is not desirable in the context of robust control, and in general, we have
many more modes than sensors. It has been shown by [de Lafontaine and Stieber]
that at most p sensors are necessary to render the system (A.3.16)-(A.3.22) com-

pletely observable.
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Conditions for Sensor/Actuator Placement

With C; = C3 = 0 the output equation (A.3.7) degenerates to:
y(t) = C2v,(2)- (A-4.9)

There is no need to keep the coefficient matrix Co completely general since
C;,C, and C3 were introduced mainly to select/deselect certain contributions to

the output. We therefore may choose

C, =1, (A.4.10)

and obtain the following simplified output equation from (A.4.9) and (A.3.4),

which reflects the necessary conditions on the sensor types:
y(t) = BT (x,)a(t)- (A.4.11)
With (A.4.10) condition (A.4.5) simplifies to:
BT (x,)diag{s:} = BT (xs)- (A.4.12)

This matrix equation is equivalent to nlp scalar equations. Using definition (A.3.5)
and s; > 0V i=1...n we obtain the following condition which is equivalent to
(A.4.12):

sign¢1(-j)(:z:sk) = sign¢§j)(:vak)\'/i=l...n, k=1...1, 7=0...p—1. (A4.13)

Condition (A.4.13) can roughly be interpreted as follows: Corresponding sensors
and actuators (i.e. those with the same position index k& and acting on the same
derivative j) must be placed at locations, T4k and Zar respectively, at which each

one of the n corresponding mode shape derivatives q&z(j ) has the same sign.

Figure A.4.1 shows an example for the above conditions as applied to a beam
model. The top graph displays the first 3 mode shapes of a pinned-pinned slender
beam of length ! which are [Blevins]:

ITT

¢i(z) = aisin Wi (A.4.14)
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and the admissible position range, T, of (0t®-order) displacement sensors for an
arbitrarily selected force actuator location, z,. The second graph shows the first
spatial derivatives of the first 3 mode shapes,

8 (z) = Z cos = (A.4.15)
and the admissible range, z,, for a ‘slope’ (first order displacement) sensor, given
a torque actuator at z,. Figure A.4.2 presents the results for this example in a
more general form and identifies the admissible location of a ‘slope’ sensor for any
given location of a torque actuator on the beam. The sensor has to be located
in “the same square” as the actuator. It is interesting to note that the same
pattern is also produced by the stability condition (2.3.9), as shown in Figure
2.3.2. (The Figures have a slightly different interpretation, though, as indicated
by the different shading of the squares.)

The permitted range =, of sensor locations shrinks as the number of modes
goes up. It is proved below that the admissible range collapses to the actuator
location if the number of modes tends toward infinity. Condition (A.4.13) is always
fulfilled for Z, = Zaxr V k= 1,2,...1, and, in general, this is the only solution for

systems with an infinite number of vibration modes.

This can be shown for the above example as follows. The equality
¢ (zok) =0 (A.4.16)

defines the 7 zeros of ¢El) (z), denoted zok, kK =1...%, which can also be expressed

as a function of the mode number i:

:z:o,c(i)=2k2;1£ i=1l..m k=1... (A.4.17)

We assume a single torque actuator at a location z, on the beam which is not a
zero for modesior i+ 1: 0 < zo < ¥, o # Tor(i), Ta # Tok(i+ 1). For any
given mode i, the number k_ of the zero just ‘left’ of the actuator location (i-e.

Tok_ < Te) is an integer function of ¢ and z,:

b (@ad) = L(Z2i 4 5)) (A4.18)



The number k4 of the closest zero ‘right’ of the actuator location is simply:
ki(za,?) = k—(zq,%) +1 (A.4.19)

For any given actuator location z, condition (A.4.13) can be satisfied for 2 modes
i and i+ 1 if the location of a corresponding sensor z, is constrained by the zeros
of ¢(l) and ¢(1) as follows:

zok_ (i + 1) < z5 < zok, (7) (A.4.20)

The range of permitted sensor locations can be expressed as a function of the mode

number z:

Zaq Zg (4 1y —
$0k+(i) -—:L‘Qk_(i'i- 1) 2L( -;' )J + 1£ 2L( £ ( 2-!(-?,];3--]*.-)2)J 1£ (A.4.21)

Based on the following property of the “foor” function:
lz] <z < [(z+1)] (A.4.22)

the range of the sensor position is bounded by:

(A.4.23)

N.lm

Zok, (3) —zor_(t+1) <

As the mode number 7 increases, the range shrinks to a point as claimed above:

hm ($0k+ (3) —zok_(z+1)) £ lim { =0 (A.4.24)

—bwz

Interpretation Based on Energy Considerations

For an interpretation of the conditions on the types and placement of sensors
required for hyperstable structures, we will now analyze the relationships between
the energy of the structural system, and its input/output inner product (IOP).
The total energy, E, of the system (A.2.10) is given by the sum of its elastic
potential energy and its kinetic energy:

E(t) = 597 (t)q(t) + 54" (@)a(e)- (A.4.25)
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The change of energy is obtained by differentiating (A.4.25):
E(t) = (a+9Q9)7 4 (A.4.26)

Recalling (A.2.10) we can also express (A.4.26) by:

E@) =fT@)at) = fu (A.4.27)

=1
Combining the input equation (A.3.14), the output equation (A.4.11), and the nec-
essary condition (A.4.12) for sensor placement, we obtain the following expression

for the system IOP:

uT (t)y(t) = £7Sa(t) = Y _ fisiGs; s:>0 (A.4.28)

=1
By comparing (A.4.27) and (A.4.28) and recalling that S is a diagonal ma-
trix of positive factors without physical dimensions, we can draw the following

conclusions:

e It is a necessary condition for hyperstability of the system that the IOP
has the physical dimension of power (work), e.g. Nms™!. Besides ‘stan-
dard’ sensors and actuators also the higher-order sensors and actuators
are admissible.

e It is a necessary condition for hyperstability of the system that the IOP
qualitatively reflects the power exchanged with each mode of the system;
ie. if the power f;¢; exchanged with any one mode 7 grows above all

bounds, it must show in uTy with the correct sign.

When we introduce into (A.4.28) the sufficient condition for hyperstability

X, = X, from which follows S = I, we obtain:
r. g
uy=EFE. (A.4.29)

This means that it is sufficient for hyperstability of the system (A.2.10) that the
TIOP is identical with the power exchanged with the system. Condition (A.4.25) is
obviously identical with the sufficient condition (6.2.10) for hyperstability.
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Figure A.4.1: Admissible Sensor Position on Pinned-Pinned Beam
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Figure A.4.2: Admissible Sensor Location xg as a Function of Actuator Location x, on
Flexible Beam (Pinned-Pinned Boundary Conditions) per Condition (A.4.13) for first
Derivative (j=1) and 3 Flexible Modes (7=3).
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A.5 Solution of Lyapunov Equation

In Section A.4 we have used the fact that the only positive definite solution
S of the Lyapunov equation (A.4.1)

SA +ATs =-LLT

is diagonal and that the matrix L = 0 if the matrix A has the form of (A.3.19).
We now will sketch out a proof for this claim:

We first define
P=LL". (A.5.1)

P obviously has the properties P > 0, P = PT.

Matrices S and P are partitioned into four square submatrices each:

Su S12]

S= , A5.2
[521 S22 ( )
Py P

P= , AS53
[le Pzz} ( )

It follows from the condition S > 0 and S = ST in Lemma A.4.1 and from
(A.5.2) that:

S11 =87, >0, (A.5.4)
Soo =8I, >0, (A.5.5)
S12 = ST, (A.5.6)
S;; =ST, >0, (A.5.7)

Similarly, we obtain from (A.5.1) and (A.5.3):

P,; =P7 >0, (A.5.8)
Py =P, > 0, (A.5.9)
P, =P7. (A.5.10)
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With the definition (A.5.2) and (A.5.3), substitution a in (A.4.1) by (A-3.19)

results in the following set of equations:

S120 + QST =Py, (A-5.11)
S9o02 — ST, = Py, (A.5.12)
—So; — 8%, =Pos. (A.5.13)

It follows from (A.5.12) and (A.5.9) that

S21 <0, (A.5.14)

and, together with (A.5.6), that

Sip <O0. (A.5.15)

(A.5.11) has to hold for any diagonal positive definite matrix £2. By assuming
temporarily £ = I it is easy to see from (A.5.8), (A.5.11), (A.5.14) and (A.5.15)

that we must have:
S12 =891 =0, (A.5.16)

and

P, =Py =0. (A.5.17)

in order to avoid a contradiction between equations (A.5.8) and (A.5.11), (A.5.14),
and (A.5.15) (or between (A.5.11) and (A.5.13)). It follows from (A.5.17) and
(A.5.1) that:

P=0, (A.5.18)

and
L=0. (A.5.19)

We know from Lemma. (A.4.2) and equation (A.5.19) that our system is not asymp-
totically hyperstable. It is hyperstable if we can show that the matrix S > 0 exists,

which we will do now.
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With (A.5.18), equation (A.5.12) reduces to:
S11 = S0 2. (A.5.20)

With (A.5.20), (A.5.5) and poting that £ is diagonal, we also find:

S11 = ST, = (2)7S3, = Sz, (A.5.21)
and hence
S22 = QSs,. (A.5.22)

Because S99 commutes in (A.5.22) while, in general, all wf are different, we can
infer that Soo must be a diagonal matrix. Because of (A.5.20) S;; must be diag-
onal, too. One of the (sub-) matrices S;1,S22 can be picked (diagonal, positive
definite) and the other matrix will be determined by (A.5.20).

We choose to pick
S;; = diag{s;}; >0 t=1l...n (A.5.23)
and with (A.5.20) we obtain
Sgp = diag{siw?}- (A.5.24)

By establishing the results (A.5.19), (A.5.23) and (A.5.24) we provided that

L = 0 and S diagonal, as was claimed in Section A.4.
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A.6 Summary of Results

We have developed a model for flexible structures based on a continuum
modelling approach and standard assumptions such as linearity, no damping, etc.
Almost all ‘reasonable’ point sensors and actuators are considered as potential can-
didates in the input/output equations. By application of the positive real lemma

we found necessary and sufficient conditions for hyperstability of this system.

The conditions (A.4.7), (A.4.8) for the types of sensors required can be inter-

preted as follows:

e No displacement or acceleration measurements are allowed as outputs of
a hyperstable structural (sub)system.
) . . o
e Rate (%) sensors are required, and all spatial derivatives are allowed

(G=01...p~1).

The condition for the location of sensors and actuators is given by (A.4.13),

and has the following interpretations:

e It is sufficient to collocate corresponding ! sensors and actuators (Tsx =
Tak V)

e It is necessary to place corresponding sensors and actuators at such loca-
tions where each of the mode shapes (or if higher-order devices are used,
the corresponding derivatives) has the same sign.

e For structures with an ‘infinite number’ of vibration modes, the last
condition can, in general, only be fulfilled by collocation of sensors and
actuators. (This conditions can be relaxed for devices located on rigid

substructures.)

1 «Corresponding” sensors and actuators are defined as having the same indices

for location, and acting on the same spatial derivative
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Appendix B
A Synthesis Method for Hyperstable Control Systems

Assumptions

We will consider the design of hyperstable feedback compensators for multi-
variable linear systems. We assume a time-invariant system model with a state-

space realization with matrices A, B, C of appropriate dimensions:

x = Ax + Bu. (B.1)
y =Cx. (B.2)

It assumed that the system (B.1), (B.2) has an equal number of inputs and outputs
and that it is completely controllable and observable [Kwakernaak and Sivan]:

{A,B} controllable, {A,C} observable. (B.3)

Although not a necessary condition or assumption, hyperstability of the system
(B.1), (B.2) is a sufficient condition for the stability of the closed-loop system
resulting from the synthesis procedure outlined below. If the system (B.1), (B.2)
is not hyperstable, additional conditions or tests have to be applied to ensure

closed-loop system stability.

The output-feedback compensator considered has the structure of a state-
feedback controller (gain matrix F) driven by a full-order state-estimator (gain

matrix X). This compensator has the following state-space realization [Kwaker-

naak and Sivan]:

%= (A +BF +KC)x + Kv, (B.4)
w = Fx, (B.5)

and the feedback connection with the plant (model) (B.1), (B.2) is:

v=y (B.6)
u=-—w. (B.7)



After introducing the estimation error
e=x—X, (B.8)

the closed-loop system can be represented in the form

% A+BF -BF x
- (B.9)
NE -y

Synthesis Procedure

Assumption (B.3) guarantees that gain matrices F and K exist such that
(A + BF) and (A + KC) are Hurwitz, i.e R[\(-)] < 0 for all eigenvalues A of
matrix (-). Finding suitable matrices F and K is the output feedback synthesis
problem which we will address here.

A stabilizing state-feedback gain matrix, F can be determined by soiving the
pole-placement or the linear-optimal regulator problem [Kwakernaak and Sivan].
This is in fact the first step of the control synthesis procedure outlined below:
Step 1: Determine suitable stabilizing state-feedback matrix F, e.g. by pole-

placement or linear-quadratic-optimal procedure.

Step 2: Choose a positive definite matrix T > 0 as design parameter such that:
U=T+CTF+FTC>o0. (B.10)

The choice of T determines the location of the observer poles. Qualitatively,
choosing a ‘small’ T will result in a ‘fast’ observer. T = «I, with a scalary >0

and I = identify, has been found to be a suitable choice in most instances.

Step 3: Determine matrix S > O from Lyapunov equation (B.11):

S(A+BF) + (A +BF)TS = -U. (B.11)

Step 4: Compute observer gain matrix K from:

K =SFT. (B.12)
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The feedback compensator system (B.4), (B.5) with F,K from Step 1 and
Step 4 will be asymptotically hyperstable, which implies that it will be asymp-
totically stable. A sufficient condition for the closed-loop system (B.9) to be
asymptotically stable is that the plant (model) is hyperstable. If the closed-loop
system is asymptotically stable the observer gain matrix K determined in Step 4
is a stabilizing gain matrix, because the eigenvalues of the system matrix of (B.9)
are identical to the eigenvalues of (A + BF) and (A + KC).

Derivation of Synthesis Procedure

We will now show that the feedback compensator (B.4), (B.5) designed with
the above procedure is indeed hyperstable, and that a unique positive definite

solution S of the Lyapunov equation (B.11) always exists.

We can conclude from the Kalman-Yakubovich Lemma that the linear time-
invariant system (B.4), (B.5) is hyperstable (and that its transfer function matrix
is strictly positive real), if there exist a symmetric positive definite matrix S and
a symmetric positive-definite matrix T such that

S(A + BF +KC) + (A + BF +KC)TS = -T, (B.13)
K7S =F. (B.14)

While the design of controllers and observers can usually be performed in-

dependently (separation principle [Kwakernaak and Sivan]), in this case the gain

matrices F and K are directly related by (B.14). This equation is used in synthesis
Step 4.

We will now show that matrices S = ST > 0 and T = TT > 0 consistent
with (B.13), (B.14) co-exist with any stabilizing gain matrix F.

Choose any S =ST > 0. Then S~ =(S~1)T > 03
It follows from (B.14) that

KC =S~'FT (B.15)
(B.13) yields with (B.15):
(CTF + FTC) + S(A +BF) + (A+BF)'S = -T (B.16)
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With the definition
U=T+CTF+FTC (B.17)

(B.16) can be written as a Lyapunov equation
S(A +BF) + (A +BF)TS = -U. (B.18)

The Lyapunov criterion (Theorem 2.6-1 of [Kailath| states that: “(A + BF)
is Hurwitz if and only if for any given positive-definite symmetric matrix U there
exists a positive-definite symmetric matrix S that satisfies (B.18).”

Thus, for every Hurwitz matrix (A + BF) there exists a matrix S = sT>0
that satisfied (B.18) for any U = U7 > 0. It remains to be shown that there also
exists a matrix T =TT > 0 such that U = UT > 0. This can be done as follows:

It follows from (B.17) that

—_ T _Teo_wT
U=T +\(C + F)V(C + Fl C'C-F'F (B.19)
>0 20 20

It follows from (B.19) that if we choose
F =T + CTC+FTF, with matrix " > 0, (B.20)

then U>0and T > 0. q.ed.

This particular choice of T was used here to show that this matrix always
exists. For an actual design, however, (B.20) has been found to be conservative,
usually resulting in very slow observers. Therefore, the choice of T for design
purposes should be based on (B.17), with the added requirement U > 0, T > 0,

as indicated in the outline of the synthesis procedure.
Special Case: LQG Balancing

[Opdenacker and Jonckheere] investigate LQG control systems in a ‘LQG-
balanced’ state-space setting where by definition the solutions to the algebraic
control and observation Riccati equations are equal and diagonal. It is shown by
[Opdenacker and Jonckheere] that LQG controllers for passive, symmetric LQG-
balanced plants are hyperstable. This appears to be a special case of the problem

discussed above when S =L
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C.1 Proof of Statement (5.2.10c)

Taking the square of both sides of (5.2.8¢) yields:

2l|lx(t)[|? < B2 + 2BaBrlix(to) ]
+ B2||x(to)I? (C.1.1)

Because Bof1|[x(to)|| = O per assumptions made in Definition 5.2.2, (C.1.1) will

always be satisfied if
o?[[x(8)|I* < B5 + BElIx(ta)lI>- (C.1.2)

With (5.2.7¢c) we find

lx(@)* < nlto, t) + Bilix(to)[> Vt>to, aqed. (C.1.3)

The proof for the discrete-time case is analogous.
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C.2 Derivation of the Kalman-Yakubovich Lemma

We consider a linear time-invariant system governed by the continuous-time

state-space equations

x(t) = Ax(t) +Bu(t) (C.2.1)
y(t) = Cx(t) +Du(t) (C.2.2)

and the associated integral function:

133

n(to,t1) = / o (6)y (£)dt. (C.2.3)

to

It is assumed that conditions (5.2.7c) and (5.2.9¢) of Definition 5.2.2 are met.
We will derive conditions on the system matrices A, B, C, D required to meet also
condition (5.2.8c) which is restated here in simplified form (a = 1):

%@l < Bo + Brlx(to)ll ¥ ¢ € [to,t1],  Fo >0, A1 > 0. (C.2.4)

As shown in an example in equations (5.2.12) - (5.2.15), conclusions about the evo-
lution of x(¢) can be drawn from (C.2.3) if the integrand is a positive semidefinite
function of x and u. (C.2.3) becomes a function of x and u only if we substitute
(C.2.2) into (C.2.3), resulting in:
ty
n(to, t1) = é / uT (D + DT )u + uTCx +xTCTu)dt. (C.2.5)

to

With the introduction of the following abbreviations

2zl =[xT uT xT] (C.2.6)

F=[I —-B —A] (C.2.7)
0 0 0

M= |0 D+DT C (C.2.8)
0 CcT 0
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(C.2.1) and (C.2.5) can be expressed in the form:

Fz=0 (C.2.9)

n(tot1) = / 2T (£)Mz(2)d. (C.2.10)

to
With (C.2.9) we can formally expand the integrand of (C.2.10) as follows without
affecting the value of the integral 7:

zTMz =2 Mz + 2  TTFz + z ' FI Tz = 2" M*z (C.2.11)

where T is a transformation matrix of a system invariant transformation defining

the matrix:
M* =M+ FIT + TTF (C.2.12)
Based on (C.2.11), (C.2.10) can be expressed as follows:

t1

n(to, t1) = % / 2T (£)M*z(t) dt. (C.2.13)

to

A hyperstable system should admit a positive semi-definite matrix M* > 0 which
can be defined as follows:

0 o0 S
M*={0 NTN NTLT| with S=ST>0 (C.2.14)
S LN LLT

When T is also partitioned into three submatrices, T =[T; T2 T3]}, equation
(C.2.12) can be expressed as:

0 O S T, +TT T, - TTB T; —TTA

0 NN NTLT|=|T7-BTT, D+DT-T{B-BTT, C-T{A-BTT;

s LN LLT T — ATT, CT-TIB-ATT, —~TTA - ATT;
(C.2.15)
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(C.2.15) yields the following submatrices of the transformation matrix T:

Tl =0
T, =0 (C.2.16)
T3 =S

With (C.2.16) the relations of the Kalman-Yakubovich Lemma ensue directly from
(C.2.15):

SA +ATS = -LLT (C.2.17)
BTS + NTLT =C (C.2.18)
D+DT =NTN (C.2.19)

(C.2.17) — (C.2.19) represent necessary and sufficient conditions for the hypersta-
bility of the system (C.2.1) — (C.2.2). The matrices L and N can be choosen
arbitrarily, and a positive semi-definite matrix S > 0 per (C.2.14) must exist to
satisfy the conditions. (C.2.17) is a Lyapunov equation which will always have a
positive definite solution S > O if the matrix A is Hurwitzian. Hence, in the case
of linear time-invariant systems hyperstability implies also stability in the sense

of Lyapunov.

Based on (C.2.12) - (C.2.14), the integral function (C.2.3) can now be ex-

pressed as follows, which allows the derivation of additional stability results.

t1
n(to, 1) = % TSx + % / [Nu + LTx||2d¢. (C.2.20)
to
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C.3 Proof for (5.4.17)

Given is the logic condition (5.4.16) restated below:
7:.C:i{w,y,z} + &{Cp:{w,y,2}| <O (C.3.1)

This condition is true only in the following two cases:
Case 1: Cg; <0, and U >e&;
Case 2: Cg; >0, and % <—¢&;

The value of the logic condition (5.4.17) restated here
¥iCpi{w,y,z} <0 (C.3.2)

can be readily determined for these two cases by considering the inverse of the

mapping function (5.4.15) restated below:

b > & Yy > 2

Fi>yi—e& VO0O<Ly >2;

<y +e VO0<y < -2 (C.3.3)
Y < —& Vi < -2

By evaluating (C.3.2) for these cases we find:
Case 1: Yi > &€ =>UY; >2e20=yCp;i <0
Case 2: §; < —€; =y; £ —26; L 0=y Cp; <0

Hence the logic condition (C.3.1) always implies the logic condition (C.3.2), q.e.d.

The inverse is generally not true.
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APPENDIX D
VISION SYSTEM

Space Vision System

The vision system used in the laboratory is functionally equivalent to the
Space Vision System (SVS) successfully tested by [MacLean and Pinkney] on
the Space Shuttle in 1992 and used by Hadfield on the Shuttle in 1995. The
setup in the laboratory is in principle similar to that for a space mission [Stieber,
McKay, Vukovich and Petriu]. A single video camera is used to image the robot
workspace, which includes dedicated visual targets. The relative position, orien-
tation and velocity between the robot “Payload” and its “Berth” to which it is to

be manoeuvred, is determined by image processing.
Measurement of Position and Orientation by Vision System

The various points and associated coordinate frames used by the vision sys-
tem are identified in Figure D.1, which also defines abbreviations for long names.
The relative position and orientation of the various reference frames can be conve-
niently described by homogeneous coordinate transformations, defined by trans-
formation matrices T € R*** (see [Fu, Gonzales and Lee]). The transformation
AT transforms the coordinates of a point expressed in reference frame A into the
coordinates in frame B. The inverse transformation for going from B to A is

BT = 4T"! and always exists.

Our goal is to determine the relative position and orientation between Berth
and Payload in order to provide a guidance command to the robot. This transfor-

mation can be expressed in terms of a chain of homogeneous transformations:

Berth _. Berth Cam Ptarget
PayloadT — Cam T- PTargetT ’ PayloadT (D'l)
: Bert fe o) .
The transformation &5 T is given by:
Berthem __ 0 -1 0 CamB PTU CamHA
Cam T = BerthT - Ca.mBT ° PTU T- CamHT ° Cam T (D'2)

The transformation gg;’:getT in (D.1) is determined by photogrammetric image

processing as discussed in detail below, while the other transformations on the
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right-hand side of (D.1) must be “knmown” a priori in order to determine the
left-hand side. Transformations ﬁf;;iggg'r, BTargely GamHT can be accurately
measured “before flight” and are not subject to significant variations “in flight”
because of the relatively small translations typically associated with these transfor-
mations. Although the transformations OCa.m g T and %e,.thT can also be measured
“before flight”, thermal deformations and other effects can lead to variations “in
flight” which can be significant in comparison to the accuracy of the SVS. Cameras
are often mounted on pan-and-tilt units (PTUs) which provide a read-out of pan
and tilt angles, but with insufficient accuracy for our purposes. Hence one has to
assume that there is significant uncertainty associated with ETU,T. The effect
of all these errors can be reduced considerably by calibration using a stationary
auxiliary Berthing Target. After photogrammetric measurement of g%’:rget'l‘ we
can use the following relationship to calibrate the estimate for gg’;fl"T in (D.2):

Berthm __ Cam —1 BTarget m—1
Cam T= BTargetT ‘Berth T . (D'3)

Photogrammetric Image Processing

Figure D.2 shows the basic relations between the position of a target in the
real world and its image on the CCD of an ideal camera with focal length fe- It
is well known [Fu, Gonzales and Lee] that the X,Y, Z coordinates of a particular
target element j in real world (W frame) and its y, z photo-coordinates in the

image plane (P frame) are related as follows:

CamPy (J) _ CamWY (_7)

fe B CamWX (.7) (D'4)
C’a.sz(j) _ Camwz(j) )
L = ) (D.5)

Based on the a-priori knowledge of the location of target elements in the Payload
Target reference frame, the 6 unknown parameters of the transformation 5.?9;;‘,95;1?
can be uniquely determined from (D.4) and (D.5) iff the target array has 3 or more
elements, i.e. j =1...k, k > 3. The solution of these non-linear equations requires

iterative numerical methods in most cases. The SVS applies small corrections to
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(D.4) and (D.5) in order to compensate for optical imperfections of the camera/lens

assembly which are determined in a one-time camera calibration process.

The centroid position of the target elements are interpolated to sub-pixel level
to further increase the accuracy of the photogrammetric solution. Due to their
symmetries, circular target elements permit very accurate and robust centroid
determination and are therefore preferred target elements. However, the SVS is

also able to track other target elements such as corners, intersections of lines and

ends of lines.

As an example for photogrammetric image processing Figure D.3 shows the
motion of one of the Payload Target elements in the camera image as the Payload
moves through the workspace. For the same case Figure D.4 shows the time history
of the Payload motion in the Berth frame, computed by solving (D.4), (D.5) and
performing the transformation (D.1), (D.2).

Performance Characteristics of the Vision System

Very fast image processing is required in order to support the real-time con-
trol of a robotic system. The SVS as currently hosted on a 486 PC computer
with C40 DSP boards is capable of processing, at a video frame rate of 30 Hz,
the photogrammetric solutions and coordinate transformations for 2 target arrays
with up to 10 elements each, using one or 2 cameras. The measurement accura-
cies achieved vary considerably with the distance between camera and target, the
size and the accuracy of the targets, and the accuracy of the various calibration
schemes. During preliminary tests in the laboratory the distance Camera-Berth
was 1.83 m and planar target arrays with 4 circular dots of 42 mm diameter were
used in ambient lighting conditions (Figure D.1). Figure D.5 shows the measure-
ment of the an open-loop transient response of the robot with a flexible link of
1.28 m length. (The flexible link used during those tests had different physical
parameters than the one used for the experiments described in Section 7.5.) The
results confirm the ability of the SVS to track the Payload motion in spite of
relatively high velocities and accelerations, and to resolve the small components

of the motion along the Z-axis and about the Roll axis. When the Payload is
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moved through the workspace in a single-joint robot motion, joint-angle encoder
measurements can be compared with SVS measurements to estimate the absolute
measurement accuracy achieved. Although the geared encoders are considered
very accurate, small residual vibrations in the robot flexible structure, which have
been identified in the power spectrum of the SVS measurements, introduce some
“errors” into this comparison. Figure D.6 shows the difference of the Payload-
Berth range measurements by the SVS and the encoder for 70 data points spread
over the range of roughly —0.4 m to +0.5 m, and a least-squares fit to the data. All
measurement differences are less than 10 mm over the entire range. A “systematic
error” of about 10 mm/m is observed and attributed to imprecise calibration of the
SVS during the preliminary test. The “random errors”, which have a standard
deviation of 2.3 mm from the regression line, are attributed in part to residual
vibrations of the robot and partly to measurement noise in the SVS. The lat-
ter could be reduced by filtering the SVS measurements taken at 30 Hz. The
robot oscillations could be reduced by more careful experimentation. In spite of
their preliminary nature, these results provide confidence in the accuracy of the

photogrammetric technique and its suitability for real-time robotics applications.

Target Design for Control Experiments

During the development of the laboratory facility the flexible link and the
visual targets were updated from the original design discussed above. The target
design used in the experiments discussed in Section 7.5 is shown in Figure C.7.
The relatively large dark areas surrounding the circular target markings permit
the tracking of fast motions and avoids that SVS tracking windows lock on to

features in the image background during rapid repositioning of the target.
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E.1.1 Computation of Modal Parameters for Flexible Link without Payload

System parameters:

> MU:=.14; L:=1.585; RHO:=1.17; KAPPA:=3.5;

p=.14
L =1.585
p =117
k=35

Definition of mode shape function phi(x) per Equation (3.4.33)

> PHI:=X ->A*(SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA));

N . sin(A L) sinh(x A)
¢-_x_)a(sm(x?\.)‘*" ~ sinh(A L) J

Definition of mode shape function Y(x) without normalization factor, per Equation (3.4.33)

> Y:=X -> SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA);
sin(A L) sinh(x 1)
sinh(A L)

Y=x->sin(xA)+

Eigenvalue Problem per Equation (3.4.34)

> LAMBDA:='LAMBDA’;
> COSH(LAMBDA*L)*SIN(LAMBDA*L)-COS(LAMBDA*L)*SINH(LAMBDA*L ) +2*LAMBDA*MU /RHO*SIN(L
> AMBDA*L)*sSINH(LAMBDA*L)=0;

A=A
cosh(1.585 1) sin(1.585 A) — cos(1.585 1) sinh(1.585 1)
+.2393162394 A sin(1.585 A.) sinh(1.585A1)=0

Numerical solution of eigenvalue problem for the first 4 flexible modes
> LAMBDA:=FSOLVE(” ,LAMBDA=2..3);
A =2.341441385
A =4.254403148
A = 6.187973946
A =8.134719526
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Computation of modal frequencies per Equation (3.4.28), and their squared values for matrix
(3.4.42)

> OMEGA:=EVALF(LAMBDA ~2*SQRT(KAPPA/RHO));
o =9.482168571

o =31.30533634
o = 66.22745166
®

= 114.4527570

> 72;
89.91152081

$80.0240834
4386.075353
13099.43358

Computation of normalization factor a per Equation (3.4.39), based on function Y(x)
> A:=sQRT(1/(MU*(Y(L)"2)+EVALF(INT (RHO*Y (X)"2, Xx=0..L))));
=1.016764355
a =1.023384698
a =1.027714851
a = 1.030499335

Check of modal frequency based on orthogonality condition (3.4.37)
> EVALF(SQRT(INT(KAPPA*DIFF(DIFF(PHI(X),X),X) "2, X=0..L)));
9.482168568
31.30533632
66.22745166
114.4527569

Computation of output matrix coefficients for tip sensors at by evaluation of mode shape
function and its derivative at x= L per Equation (3.4.44)

> pHI(L);
-1.096658564
9087395126

-.7684303737
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.6623118346

> D(pHI)(L);
-3.290249406

5.834308034
-8.275845763
10.63204910

Computation of input and output matrix coefficients for joint sensors and actuators by evaluation
of the derivative of the mode shape function at x= 0 per Equations (3.4.43) and (3.4.44)

> D(pH1)(0);
2.317878556
4.358448631
6.359211133
8.382836608

Normalization factor al for the rigid-body mode per Equation (3.4.40) and derivative d1 per
Equation (3.4.35)

> Al:=1/sQRT(RHO*L/3+MU);

al =1.148477339
> Dl:=Al/L;

dl = 7245913811

Plot the rigid-body mode for 0<x<L

> PLOT(Al*x/L,x=0..L,TITLE=‘RIGID-BODY MODE SHAPE‘);pLOT(A1/L,x=0..L,
> TITLE='DERIVATIVE OF RIGID-BoDY MODE SHAPE‘);

Plot the flexible mode shape function and its derivative for the first 4 flexible modes for 0<x<L

> PLOT(PHI(X),X=0..L, TITLE=*MODE SHAPE‘);PLOT(DIFF(PHI(X),X),X=0..L, TITLE=‘DERIVATIVE
> OF MODE SHAPE®);

>
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E.1.2 Computation of Modal Parameters for Flexible Link with 1.2 kg Payload

System parameters:

> MU:=1.2; L:=1.585; RHO:=1.17; KAPPA:==3.5;

u=12
L =1.585
p =117
k=35

Definition of mode shape function phi(x) per Equation (3.4.33)

> PHI:=X ->A™*(SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA) );

_ . sin{A L) sinh(x A)
¢-—x-—)a(sm(xl)+ sinh(A L) )

Definition of mode shape function Y(x) without normalization factor, per Equation (3.4.33)

> Y:=X -> SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA);
sin(A L) sinh(x )
sinh(A L)

Y=x-—>sin(xA)+

Eigenvalue Problem per Equation (3.4.34)

> LAMBDA:=’LAMBDA’;
> COSH(LAMBDA*L)*SIN(LAMBDA*L)-COS(LAMBDA*L)*SINH(LAMBDA*L)+42*LAMBDA*MU /RHO*SIN(L
> AMBDA*L)*SINH(LAMBDA*L)=0;

A=A
cosh(1.585 1) sin(1.585 A) — cos(1.585 A) sinh(1.585 A)
+2.051282052 A sin(1.585 1) sinh(1.585A) =0

Numerical solution of eigenvalue problem for the first 4 flexible modes
> LAMBDA:=FSOLVE(”,LAMBDA=2..3);
A :=2.099533121
A =4.031947601
A :==5.993599558
A =7.964658899
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Computation of modal frequencies per Equation (3.4.28), and their squared values for matrix
(3.4.42)

> OMEGA:=EVALF(LAMBDA ~2*¥SQRT(KAPPA/RHO));
® = 7.624064323

® =28.11712102
® =62.13217240
® =109.7173864

>
58.12635680

790.5724945
3860.406847
12037.90488

Computation of normalization factor a per Equation (3 4.39), based on function Y(x)
> A:=sQRT(1/(MU*(Y(L)"2)+EVALF(INT (RHO*Y(X)"2, x=0..L))));
a =1.016303865
a :=1.030858450
a =1.034742027
a:=1.036281223

Check of modal frequency based on orthogonality condition (3.4.3 7
> EVALF(SQRT(INT(KAPPA*DIFF (DIFF(PHI(X),X),X) "2, x=0..L)));
7.624064325
28.11712103
62.13217244
109.7173864

Computation of output matrix coefficients for tip sensors at by evaluation of mode shape
function and its derivative at x= L per Equation (3.4.44)

> pHI(L);
-.3762231539
2211088083

-.1552254342
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.1193420165
> D(pH1)(L);
-2.492858317

4.578147997
-6.649538480
8.715191173

Computation of input and output matrix coefficients for joint sensors and actuators by evaluation
of the derivative of the mode shape function at x= 0 per Equations (3.4.43) and (3.4.44)
> D(pHI)(0);
2.105390989
4.157862470
6.201759706
8.253629594

Normalization factor al for the rigid-body mode per Equation (3.4.40) and derivative d1 per
Equation (3.4.35)

> Al:=1/sQRT(RHO*L/3+Mu);

al =.7416263382
> pl:=Al/L;

dl = 4679030525

Plot the rigid-body mode for 0<x<L

> PLOT(A1*X/L,x=0..L,TITLE=‘RIGID-BODY MODE SHAPE‘);pLOT(Al/L,x=0..L,
> TITLE='DERIVATIVE OF RIGID-BoDY MODE SHAPE‘);

Plot the flexible mode shape function and its derivative for the first 4 flexible modes for O<x<L

> PLOT(PHI(X),X=0..L,TITLE=*MODE SHAPE*);PLOT(DIFF(PHI(X),X),X=0..L, TITLE='DERIVATIVE
> OF MODE SHAPE');
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Diagram of 2nd Flexible Mode
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Diagram of 3rd Flexible Mode

>
1 .
0.5
0.2 0.4 .

-0.57

Msade Shape

=)

Derivative of Mode Shape

0.2\ 0.4 0.6 08 1 1.2 \1.4

226



Diagram of 4th Flexible Mode
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E.1.3 Computation of Modal Parameters for Flexible Link with 12 kg Payload

System parameters:

> MU:=12; L:=1.585; RHO:=1.17; KAPPA:=3.5;

u=12
L =1.585
p =117
k=35

Definition of mode shape function phi(x) per Equation (3.4.33)

> PHI:=X ->A*(SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA));

¢ =x—>a (sin(x A+ Sin(};iﬁg(;ngx l))

Definition of mode shape function Y(x) without normalization factor, per Equation (3.4.33)

> Y:=X -> SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBD A*L) *SINH (X*LAMBDA);
sin(A L) sinh(x 1)
sinh(A L)

Y=x—>sin(xA)+

Eigenvalue Problem per Equation (3.4.34)

> LAMBDA:='LAMBDA';
> cOosH(LAMBDA*L *SIN(LAMBDA*L)-CcOS(LAMBDA*L)*SINH(LAMBDA*L)+2*¥LAMBDA*MU/RHO*SIN(L

> AMBDA*L)*SINH(LAMBDA*L)=0;
A=A
cosh(1.585 1) sin(1.585 3) — cos(1.585 1) sinh(1.585 1)
+20.51282052 A sin(1.585 1) sinh(1.585 1) =0

Numerical solution of eigenvalue problem for the first 4 flexible modes
> LAMBDA:=FSOLVE(” ,LAMBDA=1..3);
A =1.997107107
A :=3.971804357
A =5951358130
A =7.932163320
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Computation of modal frequencies per Equation (3.4.28), and their squared values for matrix
(3.4.42)

> OMEGA:=EVALF(LAMBDA~2*SQRT(KAPPA/RHO));
o =6.898327451
=27.28454948
=61.25947377

o = 108.8239252
>""2;
47.58692162

744.4466403
3752.723127
11842.64670

Computation of normalization factor a per Equation (3.4.39), based on function Y(x)
> A:=SQRT(1/(MU*(Y(L)"2)+EVALF(INT (RHO*Y(X)"2, X=0..L))));
=1.034712315
a = 1.037515798
a = 1.038058930
a = 1.038251595

Check of modal frequency based on orthogonality condition (3.4.37)
> EVALF(SQRT(INT(KAPPA*DIFF(DIFF(PHI(X),X),X) "2, x=0..L)));
6.898327449
27.28454948
61.25947373
108.8239253

Computation of output matrix coefficients for tip sensors at by evaluation of mode shape
function and its derivative at x= L per Equation (3.4.44)

> pHI(L);
-.04929340151
.02515830923

-.01686759778
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.01268371269

> D(pH1)(L);
-2.115242703

4.170469160
-6.227849110
8.285732222

Computation of input and output matrix coefficients for joint sensors and actuators by evaluation
of the derivative of the mode shape function at x= 0 per Equations (3 4.43) and (3.4.44)

> D(pHI)(0);
2.062269894
4.120994121
6.177852417
8.235581568

Normalization factor al for the rigid-body mode per Equation (3.4.40) and derivative d1 per
Equation (3.4.35)

> Al:=1/sQRT(RHO*L /34-MU);

al == 2815153998

i

> pl:=aAl/L;

dl = 1776122396

- Plot the rigid-body mode for O<x<L

> PLOT(A1*X/L,Xx=0..L,TITLE=‘RIGID-BODY MODE SHAPE‘);PLOT(A1/L,X=0..L,
> TITLE=‘DERIVATIVE OF RIGID-BODY MODE SHAPE®);

Plot the flexible mode shape function and its derivative for the first 4 flexible modes for 0<x<L

> PLOT(PHI(X),X=0..L,TITLE=‘MODE SHAPE‘);PLOT(DIFF(PHI(X),X),Xx=0..L, TITLE=‘DERIVATIVE
> OF MODE SHAPE®);
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Diagram of Rigid-Body Mode
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Diagram of 1st Flexible Mode
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Diagram of 2nd Flexible Mode
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Diagram of 3rd Flexible Mode
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Diagram of 4th Flexible Mode
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E.1.4 Computation of Modal Parameters for Flexible Link with 120 kg Payload

System parameters:

> MU:==120; L:=1.585; RHO:=1.17; KAPPA:=3.5;

w =120
L :=1.585
p =117
k=35

Definition of mode shape function phi(x) per Equation (3.4.33)
> PHI:=X ->A*(SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA));
i sin(A L) sinh(xk))
sinh(A L)

) :=x—)a(sin(x A)+

Definition of mode shape function Y(x) without normalization factor, per Equation (3.4.33)

> Y:=X -> SIN(X*LAMBDA)+SIN(LAMBDA*L) /SINH(LAMBDA*L)*SINH(X*LAMBDA );
sin{A L) sinh(x A)
sinh(A L)

Y=x—>sin(xA)+

Eigenvalue Problem per Equation (3.4.34)

> LAMBDA:=’LAMBDA’;
> cosH(LAMBDA*L *SIN(LAMBDA*L)-cos(LAMBDA*L)*stH(LAMBDA*L)+2*LAMBDA*MU/RHO*SIN(L
> AMBDA*L)*SINH(LAMBDA*L)=0;

A=A
cosh(1.585 1) sin(1.585 1) — cos(1.585 ) sinh(1.585 )
+205.1282052 A sin(1.585 &) sinh(1.585 &) = 0

Numerical solution of eigenvalue problem for the first 4 flexible modes

> LAMBDA:=FSOLVE(”,LAMBDA=1..3);
A =1.983624116

A :=3.964929544
A =15.946748937
A =7.928697219
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Computation of modal frequencies per Equation (3.4.28), and their squared values for matrix
(3.4.42)
> OMEGA:=EVALF(LAMBDA ~2¥SQRT(KAPPA/RHO));
o = 6.805497058
o =27.19017734
o =61.16462234
o = 108.7288408
>7"2;
46.31479021
739.3057438
3741.111026

11821.96082

Computation of normalization factor a per Equation (3.4.39), based on function Y(x)
> A:=sQRT(1/(MU*(Y(L)"2)+EVALF(INT (RHO*Y(X)"2, Xx=0..L))));
a =1.038098601
a = 1.038400905
a =1.038457146
a =1.038476858

Check of modal frequency based on orthogonality condition (3.4.37)
> EVALF(SQRT(INT(KAPPA*DIFF(DIFF(PHI(X),X),X) "2, x=0..L)));
: 6.805497059
27.19017734
61.16462231
108.7288408

Computation of output matrix coefficients for tip sensors at by evaluation of mode shape
function and its derivative at x= L per Equation (3.4.44)

> pHI(L);
-.005089938527
.002550353145

-.001701209093
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.001276237385
> D(pHI)(L);
-2.064258292

4.122239343
-6.180500189
8.238826471

Computation of input and output matrix coefficients for joint sensors and actuators by evaluation
of the derivative of the mode shape function at x= 0 per Equations (3.4.43) and (3.4.44)

> D(pH1)(0);
2.058761367
4.117205287
6.175443113
8.233768611

Normalization factor al for the rigid-body mode per Equation (3.4.40) and derivative d1 per
Equation (3.4.35)

> Al:=1/sQrT(RHO*L/3+MU);

fi

al = 09105287607
> Dl:=aAl/L;

di = .05744660951

Plot the rigid-body mode for 0<x<L

> PLOT(Al1*Xx/L,x=0..L,TITLE=‘RIGID-BODY MODE SHAPE‘);pLOoT(Al/L,x=0..L,
> TITLE=‘'DERIVATIVE OF RIGID-BODY MODE SHAPE*);

Plot the flexible mode shape function and its derivative for the first 4 flexible modes for 0<x<L

> PLOT(PHI(X),X=0..L,TITLE=*MODE SHAPE‘);PLOT(DIFF(PHI(X),X),X=0..L, TITLE=‘DERIVATIVE
> OF MODE SHAPE‘);
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Diagram of 1st Flexible Mode
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Diagram of 2nd Flexible Mode
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Diagram of 3rd Flexible Mode
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Diagram of 4th Flexible Mode
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E.2 State-Space Matrices of Flexible Link
E.2.1 Model for Payload: 0.14 kg, 1 Flexible Mode

A linear state-space model of the flexible link per (3.2.18) with state vector

x =[q |7 can be expressed as follows:
x=Ax+ Bu
y=Cx

For a payload mass of p = 0.14 kg and one flexible mode included in the

model, the state-space matrices have the following coefficients:

O 0 10
0 o0 o0 1
A=10 o0 o0 o0
0 —89.911 0 0
0
B= ( 0
0.725
| 2.318
F1148 —1.097 0 0
c_| o 0 1148 —1.007
=lo72s 92318 o0 0
|0 0 0725 2.318
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E.2.2 Model for Payload: 0.14 kg, 2 Flexible Modes

A linear state-space model of the flexible link per (3.2.18) with state vector

x =[q q]% can be expressed as follows:

x=Ax+Bu
y=Cx

For a payload mass of 1 = 0.14 kg and two flexible modes included in the

model, the state-space matrices have the following coefficients:

0 0 0 1 0 07
0 0 0 010
0 0 0 0 0 1
A= 0 0 0 0 00
0 -—-89.911 0 0 60
L 0 0 —980.02 0 0 0l
- 0 -
0
0
B = 0.725
2.318
| 4.358 ]
r1.148 —1.097 0.909 0 0 0
C= 0 0 0 1.148 -1.097 0.909
T 10725 2318 4.358 0 0
L 0 0 0 0.725 2.318 4.358
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E.2.3 Model for Payload: 0.14 kg, 3 Flexible Modes

A linear state-space model of the flexible link per (3.2.18) with state vector

x=[q ¢ can be expressed as follows:

x = Ax+Bu
y =Cx

For a payload mass of 4 = 0.14 kg and three flexible modes included in the

model, the state-space matrices have the following coefficients:

0 0 0 1 0 0 0
0 0 0 0 100
0 0 0 0 010
0 o 0 0 00 1
A=1o o 0 0 00 0
0 —89.911 0 0 000
0 0  —980.02 0 000
0 o0 0 —438.1 0 0 0.
-0 -
0
0
0
B=10725
2.318
4.358
| 6.359 ]
1148 ~1.097 0.909 —0.768 0 0 0 0
c—| 0 0 0 0 1148 —1.097 0.909 —0.768
0.725 2.318 4.358 6.359 0 0 0
L0 0 0 0 0725 2318 4.358 6.359
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E.2.4 Model for Payload: 1.2 kg, 2 Flexible Modes

A linear state-space model of the flexible link per (3.2.18) with state vector
x=[q T can be expressed as follows:

x=Ax+Bu

y =Cx

For a payload mass of 4 = 1.2 kg and two flexible modes included in the

model, the state-space matrices have the following coefficients:

0 0 0 1 0 0
0 0 0 010
0 0 0O 00 1
A=1y o O 00 0
0 —58127 0 0 0 0
0 0  —79057 0 0 0.
- O -
0
B=| o
0.468
2.105
[ 4.158 ]

-0.742 —0.376 0221 O 0 0
c_| o 0 0 0742 —0.376 0221
= 0468 2105 4.158 0 0

0 0 0 0468 2105 4.158
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E.2.5 Model for Payload: 12 kg, 2 Flexible Modes

A linear state-space model of the flexible link per (3.2.18) with state vector
x=[q |7 can be expressed as follows:

x=Ax+ Bu
y=Cx

For a payload mass of p = 12 kg and two flexible modes included in the

model, the state-space matrices have the following coefficients:

r0 0 0 1 0 07
0 0 0 010
0 0 0 0 0 1
A= 0 0 0 0 0 O
0 —47.587 0 0 0O
L0 0 —74445 0 0 O
F 0
0
B = 0
0.178
2.062
1 4.121
70.2820 —0.0493 0.0252 0 0 0
C= 0 0 0 0.2820 -—0.0493 0.0252
T 10.1776  2.0622 4.121 0 0
. O 0 0 0.1776 2.0622 4.121
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E.2.6 Model for Payload: 120 kg, 2 Flexible Modes

A linear state-space model of the flexible link per (3.2.18) with state vector
x=[q ¢]T can be expressed as follows:

x = Ax+ Bu
y=Cx

For a payload mass of 4 = 120 kg and two flexible modes included in the

model, the state-space matrices have the following coefficients:

0 0 0 1 0 07
0 0 0 010
_lo o 0 00 1
A=lo o 0 000
0 —4631 0 0 0 0
0 0 -7393 0 0 O]
— O -
0
B=| 0
0.0574
2.0588
| 4.1172]
0.09105 —0.00509 0.00255 0 0 0
c_| o 0 0  0.09105 —0.00509 0.00255
= | 0.05744 2.05876 4.11721 0 0
0 0 0  0.05744 2.05876 4.11721
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E.3 Parameters for Model-based Control
E.3.1 Model-based Control Design with one Flexible Mcde

The design process for model-based control design is outlined in Section 4.3.
The matrices listed below are defined by equations (4.3.1) — (4.3.14). The design

for the flexible link based on one flexible mode uses the following parameters:

0 0 10 0
0 0 0 1 0
Am =, 0 0 0f° By = | 4795
0 —89911 0 O 2.318
C. — [1-148 —1.097 0 0
M= 9 0 1.148  —1.097
5 0 0 0
0 500
Q=1y 0 5 0| R=1
0 0 05
5 0 0 0
0 500 10
Vl‘ooso’v2[01J
0 00 5

F=[2236 5274 3.465 2.179]

2541  0.942
K= —-0.332 1.609

1.018 1.991

1.688 —14.46
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E.3.2 Model-based Control Design with two Flexible Modes

The design process for model-based control design is outlined in Section 4.3.
The matrices listed below are defined by equations (4.3.1) — (4.3.14). The design

for the flexible link based on two flexible modes uses the following parameters:

ro 0 0 1 0 07 -0
0 0 0 01 0 0
0 0 0 0 0 1 0
AM=1, ¢ 0 0 0 0| BM=]g705
0 -—89.911 0 00O 2.318
0 0 —98002 0 0 O. | 4.358
Cnr — | 1148 —1.097 0909 O 0 0
M=1 o 0 0 1.148 —1.097 0.909
5 0 0 0 0 O0-
05000 0
005 000
Q=10 00 5 0 o' R=IL
0 00 0 5 0
0 00 0 0 51
5 0 0 0 0 O]
050 00 0
oo 5 000 < _J1 0
V1“000500’V2‘[01]
000 0 50
0 0 0 0 0 5

F=[2236 3.214" 17.30 3.486 2.223 2.168]

[ 2.566 1.128 1
—0.548 0.682
K= 0.0857 —1.861
1.139 1.924
2.035 —19.53

| —0.242  38.77
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APPENDIX F: LIST OF SYMBOLS

Lowercase Symbols

ai

(3

d;

constants of general mode shape function for beam

a task space coordinate or trajectory

b feedback variable

b feedback signal vector

¢ vector function of Coriolis, centrifugal and damping forces
d disturbances

e error vector or disturbance vector

f force vector

f force

g system state propagation function

h system output function

1 integer index

j +/—1, or integer index

k index for discrete time, or integer index

k vector function of forces due to potential energy

¢ length of flexible link

[ number of system inputs and hyperstability sensors
m function associated with measurement process
m vector function associated with measurement process

n number of modes included in system

p order of stiffness operator of flexible system

q vector of generalized coordinates

g; generalized coordinate

r general spatial coordinate vector

s Laplace operator/complex frequency
t time
(7

system input (scalar)
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@ W< X g &8 <4 e g

N

z

3—1

system input vector

physical motion coordinate

vector of physical motion; local abbreviation used in App. B.
commanded motion/set point

vector of commanded motion

spatial position coordinate

state vector; in App. A: vector of sensor/actuator locations.
system output vector or vector of hyperstability sensor outputs
vector of hyperstability sensor outputs with measurement errors
system output or output of hyperstability sensor; in App. D: photo
coordinate

performance sensor output; in App. D: photo coordinate
vector of performance sensor output; in App. A and C.2: state vector

shift operator of 3-transform

Upper Case Symbols

A
B

D
E
F
F
f‘
G
J
J

system matrix

system input matrix

. operator defining constraints on boundary of distributed parameter sys-

tem

system output matrix

sensor fusion and control operator
damping matrix of linearized system
system throughput matrix

domain of distributed parameter system
energy

scalar feedback gain/function

feedback gain matrix; local definition in App. C.2
function describing kinematic constraints
transfer function (frequency domain)
performance index

Jacoblan matrix
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K stiffness matrix

stiffness operator

Lagrangian function

matrix in Kalman-Yakubovich Lemma
mass matrix; local definition in App. C.2
mass operator

matrix in Kalman-Yakubovich Lemma

mechanical power

Hw 2 £ 8 + & &

solution of Riccati equation; local definition in App. D
Q state weighting matrix
R input weighting ﬁatrix
S solution of Lyapunov equation
S(-) polynomial
S system, system operator
T kinetic energy
T local definitions in App. B, C.2 and D
U matrix defined in equation (B.17)
Ur(s) =L <up(t) >
V' Lyapunov function
V' covariance matrix
W mechanical work
W ‘world’ reference frame in App. D
W(s) =L<w(t) >
Y(s) =L <y(t) >
Z(s) =L < 2(t) >

Y  ‘world’ coordinates in App. D
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Greek Symbols

S
Y

T E

r

constants used in definition of hyperstability

integral relationship associated with hyperstable system

error parameter for hyperstability sensor

; shape function of mode z

vector of mode shape functions

stiffness distribution

; eigenvalue

tip mass
function appearing in 7

function appearing in 77

. coefficient in digital sensor fusion and control algorithm

; coefficient in digital sensor fusion and control algorithm

elastic deformation

mass distribution

combined system output vector
natural frequency

time

lag time constant

robot forward kinematics

f joint angle

A

¢
Q

binary fusion logic variable
real function based on logic variable A

matrix of natural frequencies
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Other Symbols and Notation

8 partial derivative
6§ < - > variation of < - >
6;; Kronecker delta
<->0) = %21 spatial derivative of <->
£ < -> Laplace transform of < ->
E(-) expectation of (-)
cov(-) covariance of (-}
0 zero matrix
I identity matrix
R set of real numbers
C set of complex numbers
R{-} real part
AT homogeneous transformation from frame A to frame B
< - >T transpose of matrix or vector < - >
<->f generalized right inverse of < - >

|-] foor function (rounding down to nearest integer)
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