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Abstract

This thesis introduces a type of Markov property, called the ‘set-Markov’ property,
that can be defined for set-indexed processes, and in particular for multiparameter
processes. This property is stronger than the ‘sharp Markov’ property that has been
introduced earlier in the literature. For processes indexed by the real line, the set-
Markov property coincides with the classical Markov property.

An important class of set-Markov processes are ‘Q-Markov’ processes, where Q
is a family of transition probabilities satisfying a Chapman-Kolmogorov type rela-
tionship. Two constructions are indicated for a @-Markov process, as applications of
Kolmogorov’s extension theorem; the first construction is valid only under a certain
geometrical condition.

A Q-Markov process can be associated to a ‘suitably indexed’ coilection of classical

Markov processes; therefore, ‘the generator’ of the process is defined as the collection
of all the generators of these classical Markov processes. It is proved that under
certain conditions, one can construct a Q-Markov process knowing its generator.
" Processes with independent increments are Q-Markov; they are characterized by
‘convolution systems’ of distributions. In particular, Lévy processes have a dou-
ble characterization in terms of their characteristic functions and in terms of their
generators. Some other examples of Q-Markov processes are considered, including
empirical processes. For each of these examples, the generator provides us with a
means of constructing the process.

‘Adapted sets’ and ‘optional sets’ generalize the classical notions of stopping time
and optional time. Using these sets, the strong Markov properties associated to a

Q-Markov process, respectively a sharp Markov process, are considered.
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Chapter 1
Introduction

The Markov property is without doubt one of the most appealing notions that exists
in the theory of stochastic processes and many processes modelling physical phenom-
ena enjoy it, simply because it is the natural expression of the law under which various
systems evolve. To explain it in a few words, this law requires that the future be-
haviour of the system be completely independent of its past, given its present status,
or equivalently, in order to predict the future development of certain events, one does
not need to know anything about the past, the present being all that is needed.

The first attempt in trying to generalize the notions of ‘time’ and ‘Markov prop-
erty’ (which are intrinsically related) was made in [51] (as early as 1948): a process
(Xz)zenﬁ, indexed by the positive quadrant of the plane, is said to be ‘Markov with
respect to a set A C Ri’ if 74 and F4- are conditionally independent given Fj,,
where Fp = o(X;;z € D) for any D C R%. This definition (which is now known as
sharp Markov property) began to become popular as further steps were taken in
the study of two-parameter processes and processes such as the Brownian sheet (ap-
parently, first introduced by a statistician, in [45]) and the Poisson sheet were found
to be natural generalizations of the classical Brownian motion and Poisson process.
The big question which stayed open for quite a few decades was: what is the largest
class of sets .A for which the Brownian sheet, the Poisson sheet, or some of their
associated processes are sharp Markov?

But let us forget for the moment about the Markov property and ask ourselves a



CHAPTER 1. INTRODUCTION o 2

natural question: leaving aside the pure theoretical aspect, why would anyone go into
the study of processes indexed by the plane, by R?, or even by more general objects?
The answer to this question comes in different forms. A possible application to
statistics of the Brownian sheet was suggested in [44]. In [4] it is claimed that some
two-parameter jump processes are known to have application in reliability theory.
Cabana’s famous problem of the vibrating string is the most cited instance where one
can actually identify a concrete object (i.e. the displacement of the point z of the
string at moment ¢) with a two-parameter process. More recently, in [19] it is pointed
out that the stochastic wave equation in two spatial dimensions driven by a special
type of noise is known in the literature as having some physical [11] and geophysical
[58] applications. This is a particular case of the following general problem: suppose
one is given a physical system governed by a partial differential equation; suppose
then that the system is perturbed randomly, perhaps by some sort of white noise and
we want to find out how it evolves in time. The solution will be a multiparameter
stochastic process.

Returning to our discussion about the Markov property, a quick review of the
literature to date on this subject reveals the following.

At least four possible definitions were proposed for a Markov process in the con-
tinuous, multiparameter case.

The first one, which is the oldest one, the sharp Markov property, has produced the
most research activity and due to the constant efforts made in this area, there aren’t
too many questions waiting for an answer here. But let us proceed chronologically.

In 1976, it was proved that: 1. the Brownian sheet fails to have the sharp Markov
property with respect to a very simple region, the triangle with vertices (0, 0), (0, 1)
and (1, 0) (see [69]); and 2. a process indexed by the plane which is Euclidean invariant
and ergodic cannot satisfy the sharp Markov property for all open sets (see [18]).

This led to the conclusion that, instead of the sharp o-field 5,4 one has to consider
a larger one, called the germ o-field, which is defined as Gaa = NgFc where the
intersection is taken over all open sets G containing 0A. The new Markov property,
for which 4 and F - are conditionally independent given G34 was called the Lévy
Markov property or germ Markov property (this definition was first introduced
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in [55] and it was extensively examined in the Gaussian case, for instance in [62], [42);
some of its properties are discussed in [52]).

In 1984, it was proved that: 1. the Brownian sheet satisfies the germ Markov
property with respect to all open sets (see [59]), which, according to [53], is equivalent
to saying that the germ Markov property holds with respect to all sets; and 2. all
processes with independent increments are sharp Markov with respect to finite unions
of rectangles (see [64]).

For more than a decade it was thought that, in fact, for the Brownian sheet, the
finite unions of rectangles are the only sets for which the sharp Markov property holds.
An intuitive reason for this is given in [70], using the propagation of ‘singularities’
(points where the law of the iterated logarithm breaks down) in the sheet. The
first instance where the sharp Markov property was shown to hold for a domain
whose boundary contains no vertical or horizontal segment was the result of [21]
for domains bounded by ‘separation lines’ (continuous non-increasing curves that
meet both coordinate axes). For these sets it is actually showed that the sharp o-
field coincides with the germ field. With this, the subject was revived and pursued
with even more fervour. By now, one thing was clear: from the point of view of
the sharp Markov property, Gaussian processes behave completely differently from
point processes. Intuitively, one can compare the Poisson sheet whose discontinuities
propagate along horizontal and vertical lines and for which one can get a lot of
information just looking at the boundary of a set, with the Brownian sheet, whose
singularities criss-cross the plane horizontally and vertically in a symmetric way so
that it is impossible to say which way they are travelling looking only at the boundary
of the set.

For point processes a partial answer was given in [56]: under certain assumptions
a point process with independent increments satisfies the sharp Markov property with
respect to a certain class of bounded open sets, a class which contains the triangles
and the lower layers (a set A C R2 is a lower layer if z € A = [0,2] C A). This result
was an extension of a result of [16] (which appears also in [17]) in which it is proved
that the Poisson sheet satisfies the sharp Markov property with respect to the class

of bounded, relatively convex open sets.
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The complete answer was given in 1992 in the form of two thorbugh papers written
by Dalang and Walsh.

In [23], the result of [21] is extended to domains whose boundaries are singular
curves of bounded variation; in this paper it is also shown that the Brownian sheet
satisfies the sharp Markov property with respect to ‘almost all’ Jordan curves, where
‘almost all’ has to be understood in the sense of Baire category.

Multiparameter processes with independent increments have been in the literature
for many years, their definition being a straightforward generalization of the classical
one: they have to assume independent values over disjoint hyper-parallelpipeds. It
was proved in [1] that most of the classical properties of processes with independent
increments on the real line can be transferred to multiparameter processes, including
the Lévy-It6 path decomposition of the stochastically continuous part. However,
it was not so straightforward to identify the appropriate type of Markov property
satisfied by these processes. The main result of [22] states that for jump processes with
independent increments which have only positive jumps, the sharp Markov property
holds for all bounded open sets; in the case of a process which has negative jumps as
well, the minimal splitting field turns out to be larger than the sharp field.

The third definition for a Markov process indexed by the plane was introduced
in [61] and it was first studied in the Gaussian case. It was proved there that a
Gaussian process is Markov (in the specified sense) if and only if it is an integral
process with respect to the Brownian sheet (the stochastic integral in the plane had
been introduced and studied in [15]). The authors of [34] used the same definition
of the Markov property, which was generalized and studied thoroughly in [46]. The
basic idea in this third Markov property, which for simplicity will be called the KLM-
Markov property (‘KLM’ is an abbreviation for the names of the three authors of
[46]), is the separation of parameters, i.e. the simultaneous definition of a horizontal
Markov property and a vertical Markov property. (Clearly, the partial order z =
(s,t) £ 2/ =(s,t) defined by s < s’ and t < ¢/, induced by the cartesian coordinates
plays a crucial role.) What is interesting about this definition is the fact that it has
two equivalent formulations, in terms of the strict-sense history F. = o(X.;2' € R,)
and the wide-sense history F; = o(X,; 2’ € R}) associated to the point z in the plane
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(here R, = {2’; 2’ < z} and R} = {2’; z £ 2’}). Note that these are the two histories
with respect to which the weak martingales and respectively strong martingales are
defined in the plane.

To be precise, we say that a two-parameter process (X:z):erz is KLM-*Markov,
if for any z the o-fields F; and o(X,/; 2z’ € R:°) are conditionally independent given
o(X;2' € dR}), and moreover the predictor E[h(X,,,..., X, )|F:] for z;,...,z, €
R3¢ and h measurable and bounded, depends only on the values X, X, X, of
the process at the points obtained by projecting z;,i = 1,...,n on the boundary
of R;. The definition is analogous in the strict-sense formulation: we say that a
two-parameter process (Xz)zeni is KLM-Markov, if for any z the o-fields F, and
o(X.;2' € RS) are conditionally independent given o(X,:;2' € OR.), and more-
over the predictor E[h(X,,...,X;,)|F:] for z1,...,2, € RS and h measurable and
bounded, depends only on the values X,,, of the process at the points obtained
by projecting 2;,¢ = 1,...,7n on the boundary of R.. It is proved in [46] that in
the definition of the KLM-*Markov property we can consider n = 1 and that the
KLM-*Markov property is equivalent to the KLM-Markov property.

An easy but important exercise, not mentioned by the authors of the paper, is
to show that all processes with independent increments are KLM-Markov. (By an
‘increment’ of a two-parameter process X we understand the value A[z,zr]X of the
process over the rectangle [z, z], defined by DX = X; — X — Xot + X)) To
prove this, let 2’ € R and write X.» = A, .1 X + Xgp + Xg¢ — X,. The result follows
s_ince A[;,-1X is independent of F.

On the other hand the authors proved that any KLM-Markov process is sharp
Markov with respect to the finite unions of rectangles and gern Markov with respect
to the relatively convex bounded open sets.

Given a two-parameter homogeneous semigroup P = (P:):erz we say that the
KLM-Markov process X defined on the probability space (2, F, P;) is a realization
of the semigroup P if Xo = z a.s. and E;[h(X.)] = P,h(z) for any z and for any
measurable and bounded function h. In [54] it is proved that such a realization
exists, and moreover, it can be chosen such that its trajectories are cadlaq: i.e. right-

continuous and with quadrantale limits.



CHAPTER 1. INTRODUCTION B 6

The fourth definition of a Markov property in the plane was introduced in [72].
However, in this paper the problem is treated from a completely different point of
view since the authors consider processes parametrized by smooth curves in R2.
Such a path-parametrized process Y = (Y,), indexed over all continuous curves in
R2 that are either increasing or decreasing is said to be v Markov if for every
connected open set D with a piecewise monotone boundary the o-fields o(Y,;y C D)
and o(Y,;y C D°) are conditionally independent given o(Y,;y € D). On the other
hand, if X = (Xz)zeni is an arbitrary process indexed by points in R2 and Y is a
path-parametrized process then the process Y = (Y,), defined as Y, = (Y, X,,, X-,)
(where o, 7, are the end points of ) is said to be v +Markov if for every connected
open set D with a piecewise monotone boundary the o-fields a(f’,;'y C D) and
a(}-’.,;*y C D¢) are conditionally independent given a(fﬁ,;'y C 0D). Examples of
such path-parametrized processes are the following: let W be the planar white noise
with W ([0, z]) = W, and for each smooth curve v, let A(y), B(v) be its vertical and
horizontal shadows; set Y, := (W(A(v)), W(B(7))) and Y, := (Y,, W,,, W,,); then Y’
is ¥ Markov and Y is y+Markov.

The case of Markov processes indexed by a discrete partially ordered set was con-
sidered by various authors ({14}, [48]) for solving stochastic optimal control problems,
the Markovian nature of the model allowing us to discard any unnecessary infor-
mation when formulating such a problem. More precisely, if (S, <) is a countable
partially ordered set (with a minimal element) such that each s € S has a finite set
U(s) = {d1(s),...,d4(s)} of direct successors and finitely many predecessors (think
of it as being N?) and (F;)ses is an S-indexed filtration, then a stopping point is
a random point v in S satisfying {v = s} € F, Vs and a strategy is an increasing
sequence (o), of random points with 7 = inf{n;op = on41}, Oy € U(on) if n < 7,
on = 0y if n > 7 and on41 is F,,-measurable. We will consider only stopping points
v which are accessible by means of a strategy i.e. v =o-.

If for each s € S, the reward obtained if we stop at s is given by the random
variable Z; and there is no advantage in taking either one of the paths that lead to s,
to solve the optimal stopping problem associated to {Z,;s € S} means to determine
the accessible stopping point v* which maximizes the expected reward E[Z,]. If in
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addition, there is a running reward which is obtained any time we take the decision
of going from s to its direct successor u, reward given by the random variable Zsus
then we are facing an optimal control problem for which we will have to find the best
strategy o* which maximizes E[Y.72§ Z,, s.,1 +Zo.]- (Note that this also gives us the
best stopping point v* = ¢}..) The usefulness of the Markov property in this set-up is
the following: Let Y = (Y;)ses be a fixed S-indexed process. If Y is a Markov chain (in
the sense that the o-fields o(Y,; u < s) and o(Y,; u > s) are conditionally independent
given o(Y5) for any s € S) then for any choice of the rewards Z,, Z, ,,s € S,u € U(s)
such that Z; is o(Y;)-measurable and Z, , is 0(Y;, Y, )-measurable, the optimal control
problem associated to them is solved by a strategy o* satisfying the condition: Onyyis
o(Y,.,0;,)-measurable Vn (any strategy satisfying this condition is called a Markov
strategy). In other words, in the case when the underlying probabilistic model is a
Markov chain, it is enough to solve the optimal control problem over the restricted
class of Markov strategies. This result (whose converse is also true) is proved in [48].
In the same context, the authors of [14] considered Markov chains (Y;)ses for which
the mechanism of transition is known: P(Yj,) = y|Ya,u < 8) = Pi(Y,,y),i=1,...,d
where P, ..., P; are transition functions.

The literature is rather scarce when it comes to the strong Markov property for
processes indexed by partially ordered sets. In the case of the processes indexed by
the plane, the obvious notion of stopping point (introduced for the first time in
[67], in complete analogy with the classical case) does not prove to be fruitful for the
Markov property. Instead, various authors were considering stopping lines. A random
decreasing line L is called a stopping line with respect to the filtration (F.),, if for
any z € R we have {z < L} € F,. (A ‘decreasing’ line is the image of continuous
curve v on R2 such that v(0) belongs to the y-axis, 7(1) belongs to the z-axis and
6 < @' implies v,(0) < 11(6") and v,(0) > 72(8'); to each decreasing line [ one can
associate the set D(l) := {2;32' € |, z < 2'}.)

In [56] it is proved that every strictly simple point process N which is sharp Markov
with respect to the sets D(l) for every decreasing line /, and whose intensity is abso-
lutely continuous with respect to the Lebesgue measure, is strong Markov in the sense
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that the o-fields Fp(ry and Fp(r) are conditionally independent given F; for any stop-
ping line L, where F4 := o({N:14(2),14(2); z € R%}) for an arbitrary random set A.
They also proved that Fp) = {F € F; FN{L < l} € Fpqy for any decreasing line [},
which is similar to the definition of the stopped o-field in the classical case.

The same problem was studied in the last section of [72], but for path-parametrized
processes. The path-parametrized process Y is said to be strong Markov if for any
stopping line L, the o-fields Fbr) and Fpry- are conditionally independent given
Fi. where ]'-13(1.) = U({?rnD(L)W - R?;.}),fb([,)c = U({?ynD(L)‘?'Y C R%}) and
Fr=0({Yy7 < L}).

A different type of strong Markov property was introduced in [31] (as early as
1977), in the general context of ‘random fields’, which in this paper are increasing
collections (Fy)v of o-fields, indexed over the closed subsets V of an n-dimensional
space. Such a random field is said to be locally Markov if for any closed sets V
and W with VNW = 0, F, and Fw are conditionally independent given F3y. A
random set T whose values are closed sets is said to be a Markov random set if
{T € V} € Fy for any closed set V. Two o-fields are associated to each Markov
random set T: Ar = N50A% and Br = N oB%, where A =c({FN{T. DV} F €
Fv,V closed})Vo(T) and Bs = o ({FN{(8T)e 2 V}; F € Fv,V closed})Vo(T). The
main result is that for a locally Markov random field (Fv)v, for any Markov random
set T whose values are compact sets, if V is an arbitrary closed set and F € Fy, we
have P[F|Ar] = P[F|Br] as. (TNV =0).

In a much more recent paper [33], another type of strong Markov property is
introduced for processes indexed by a partially ordered discrete set T. Namely, a
T-indexed process X is said to be Markov if for any ¢t € T, the o-fields o(Xy;t' < t)
and o(Xy;t > t) are conditionally independent given X;,. When T is a finite or
countable set, a random element 7 in T is called a splitting element if forany t € T
we can write {7 =t} = F; N F; with F] € o(Xy;¢ < t) and F; € o(Xp;t' > t). To
each splitting element 7 one can associate the o-fields A;(7) = c({FN{r =t} F €
o(Xe;t' < t),t €T}) and A2(7) =o({FNn{r =t} F € o(Xp;t' 2 t),t €T}). It
is stipulated there that for a Markov process X, the o-fields .A;(7) and A,(7) are
conditionally independent given (7, X,) if and only if 7 is a splitting element.
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In the 1990’s several authors have begun again to be interested in the sharp or
germ Markov property, this time for processes which are solutions of stochastic partial
differential equations (PDE). In [60] it is proved that the solution of the Cauchy
problem for a quasi-linear parabolic stochastic PDE driven by a space-time white
noise is germ Markov and, if the Cauchy problem is replaced by a problem with some
periodic boundary conditions then the germ Markov property holds only in the linear
case. A similar result was proved in [24] for the elliptical equation.

Because stochastic PDE’s in more than one spatial dimension driven by white
noise do not have real-valued process solutions (see [71]), there has been little study
of Markov properties of solutions to these equations and, in particular, no study of
the sharp Markov property. However, the Markov property indicates how information
flows through space-time, so it would be interesting to study this property for equa-
tions which do have real-valued solutions. Therefore, equations driven by some other
types of noise were taken into consideration. Partially motivated by some physical
applications, the authors of [19] considered the wave equation in two spatial dimen-
sions driven by a noise which is white in time and has smooth spatial covariance.
The same wave equation in two spatial dimensions, but this time driven by a Lévy
point process, was studied in [20]. They showed that the solution is sharp Markov for
domains bounded by the plane if and only if the angle between the plane and the time
axis is at least w/4; the sharp Markov property also holds for bounded polyhedra.

The final remark which will conclude our review of the literature on this subject
is the following.

The next level of generality in the theory of stochastic processes indexed by par-
tially ordered sets was to consider the class of processes with independent increments,
indexed by a collection A of closed subsets of the d-dimensional unit cube [0, 1]%.
These processes, called ‘set-indexed processes with independent increments’, have
to be finitely additive, and to assume independent values over disjoint sets. They
were also called ‘random measures’ in the terminology of [2], or ‘ID processes’ in the
terminology of [8] (which assumed in addition the stationarity of the increments).
In [2] the (set-indexed) Lévy processes are introduced as ‘stochastically continuous’

processes with independent increments, and the set convergence is defined using the
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metric dx(A, B) := A(AAB), where ) is the Lebesgue measure; it is proved that the
distribution of such a process is completely characterized by a system of infinitely
divisible distributions on the real line. Concentrating only on the jump part of a
(stationary) Lévy process, the authors of [8] and [2] obtained in 1984 (independently
of each other), some very similar conditions under which a ‘cadlag’ version exists;
these conditions relate the undelying Lévy measure of the process, with the metric
entropy of the class A.

A completely new approach in the modern theory of stochastic processes indexed
by partially ordered sets was initiated and developed by Ivanoff and Merzbach for the
martingale case (see for example [36], [25], [37], [38], [41]), powerful results like Doob-
Meyer decomposition and martingale representations finding their analogues in this
context. In this framework, the processes that are taken into consideration are indexed
by a collection A of closed subsets of a topological space T. If we identify this class
with the class of all rectangles [0, z], 2 € R? and we denote with X, the value of the
set-indexed process at the rectangle [0, z], then (X.), will be a d-dimensional process;
hence, we can view this theory as a generalization of the theory of multiparameter
processes.

In 1998 a new paper [39] was written by Ivanoff and Merzbach, this time dealing
with a certain Markov property for processes indexed by the collection .A. This
paper motivated the beginning of the present research in the area of certain Markov
properties for set-indexed processes and led to the writing of this work.

When trying to define a Markov property for processes indexed by the collection A
of sets (which will be introduced formally in Chapter 2), there is a natural question
that comes to mind: is it possible to find an analogous sharp Markov property in
this general context? The answer to this question is positive and the analogy to the
multiparameter theory is complete in the sense that, if we identify our set-indexed
process with a multiparameter process, then the sharp Markov property defined in
the general framework becomes exactly the sharp Markov property for finite unions
of rectangles.

To make things more precise, it is said in [39] that an .A-indexed process X is
sharp Markov if Fg L Fpge | Fap for any B € A(u), where L denotes conditional
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independence (see Appendix A.1) and Fp = o({Xa; A € A}), Fge = o({Xa;A €
A,AZ B}) and Fyp = 0({Xa;A € A, AC B,A¢Z B°}). (Throughout this work we
will denote with A(u) the class of all finite unions of sets in .A; this collection is a
natural object to work with if we think that in the theory of 2-parameter processes
the increments are usually defined over the rectangles with the sides parallel to the
coordinate axes but which do not necessarily have the origin as a vertex and any such
rectangle C can be written as the difference C = A\B where A is a rectangle in A
and B is the union of two rectangles from A which are contained in A; in other words,
for an additive set-indexed process X, the value X, can be identified exactly with
the increment X4 — Xpg.)

A set-indexed process (Xa)aca is said to have independent increments if
Xcy,---,Xc, are independent whenever C; := A\B,,...,C, := A,\B, are pair-
wise disjoint increments with A; € A, B; € A(u). The authors of [39] considered
also another type of Markov property (the set-indexed analogue of the KLM-Markov
property), stonger than the sharp Markov property, and which is satisfied by all
processes with independent increments: a process X = (X 4)aca is called Markov
if VB € A(u),VA,;,...,Ar € A A; € B and for any measurable bounded function
h:R* - R we have

Eh(Xa,,.--» Xa )| Fel = ER(Xa,,---, Xa)|Fap N Fur_ a)-

It is proved there that under certain circumstances the sharp Markov property and
the Markov property are equivalent. Moreover, a sharp Markov procéss is also strong
Markov with respect to any ‘stopping set’ in a sense that will be specified later on, and
consequently, any sharp Markov point process is strong Markov (roughly speaking, a
stopping set is any random set £ which satisfies {A C £} € F4 for all A € A).

As in the case of two-parameter processes, constructing a general process which
is sharp Markov (even with respect to such a small class of sets as the class of finite
unions of rectangles) is not an easy task and the question of existence of such a process
is not a trivial matter. For planar processes the problem was solved by the author of
[54] who constructed a KLM-Markov process which, as we know (Theorem 3.7 [46])
is sharp Markov with respect to the finite unions of rectangles. The trajectories of
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the process constructed in [54] also have nice regularity properties.

The main type of Markov property that we will consider throughout this work
will be different from the ones introduced in [39] and will be called ‘set-Markov’,
to emphasize the fact that it can be defined in the general context of set-indexed
processes (in fact, the set-Markov property implies the sharp Markov property, but
not the Markov property). This definition requires that the value of the process
X 4\ g over the increment A\B be conditionally independent of the history Fg given
the present status X 5. We believe that this is a natural definition because it captures
the essence of the Markov property in terms of the increments, allowing us to have a
perfect analogy with the classical case (for which we know that for a Markov process
X, the increment X, — X, s < t is conditionally independent of the past history F,
given X;). Moreover, from the technical point of view, since the collection C of all
increments is a semialgebra (and hence C(u), the collection of all finite unions of sets in
C, is an algebra of sets, in other words it is a collection for which the usual operations
with sets are permitted) this definition will enable us to make all the computations
with objects indexed by the same family.

This work is organized as follows:

In Chapter 2 we will present the general definitions and properties that are specific
to the set-indexed framework; in particular, we will examine the additivity property
of a set-indexed process and we will formally introduce the notion of ‘low’ as an
increasing map from an interval [0, a] of the real line to the class A(u) of sets.

_ In Chapter 3 we will first define the set-Markov property and we will examine some
of its basic properties: all processes with independent increments are set-Markov; a
set-Markov process becomes Markov in the classical sense, when it is transported by
a flow (it is clear that by using different flows, time can get very easily compressed or
decompressed, without affecting in any way the ‘distance’ between the arrival sets;
so, the notion of homogeneity is meaningless for set-Markov processes). Next we will
introduce a sub-class of set-Markov processes, called @-Markov, for which there ex-
ists a ‘transition system’ Q characterizing the transitions from a state B € A(u) to a
another state of the form B’ € A(u) with B C B’'. For @-Markov processes we will in-
dicate two types of constructions as applications of Kolmogorov’s extension theorem.
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The first construction is valid only if the indexing collection A satisfies a certain geo-
metric property called SHAPE (in particular, this construction is perfectly suited for
multiparameter processes), while the second construction is valid in the general case.
For both constructions one has to impose a natural ‘consistency’ assumption on the
transition system Q, which basically requires that the finite-dimensional distributions
of the process be uniquely defined, up to a permutation.

In Chapter 4 we will define ‘the generator’ of a Q-Markov process as the collection
of all the generators of classical Markov processes obtained as ‘traces’ of the original
set-indexed process over some (suitably chosen) flows. This definition will permit us
to translate the previous ‘consistency’ assumption in terms of the generators, and
therefore to identify the necessary and sufficient conditions that have to be satisfied
by a collection of one-dimensional generators so that they become the generator of a
set-indexed Q-Markov process.

In Chapter 5 we will examine the class of set-indexed processes with independent
increments, in the light of their set-Markov property. The object that will allow
us to reconstruct such a process will no longer be the transition system Q but a
‘convolution’ family (F¢)cec of probability measures on R which will be identified
with the distributions of the process over the sets in C. The sub-class of Lévy processes
will be introduced very much in the spirit of the classical theory, and the starting
point will be the existing theory of multidimensional Lévy processes. In particular,
for these processes the consistency condition satisfied by the generators has a very
simple form.

In Chapter 6 we will examine three examples of Q-Markov processes which do not
have independent increments: the empirical process, a bivariate process and a simple
example of a ‘jump’ process. Again, for these processes, the consistency condition
satisfied by the generator is much simpler than the one we derived in the general case.

In Chapter 7 we introduce the notions of ‘adapted set’ and ‘optional set’ as natural
generalizations of the notions of ‘stopping time’ and ‘optional time’. Using these
objects we will examine the strong Markov properties that can be associated to the
sharp Markov property and Q-Markov property.

Finally, at the end of this work we have included two appendix chapters which
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contain generally known facts that have been used oecasionally for deriving certain
results: while Chapter A contains some classical results about conditioning, in Chap-

ter B we have gathered some results about stochastic processes indexed by the real

line.



Chapter 2

The Set-Indexed Framework

This chapter introduces the general definitions, properties and assumptions that are

used in the theory of set-indexed processes.

2.1 The Indexing Collection

Let T be a compact Haussdorff topological space.

Definition 2.1.1 A collection A of compact subsets of T is called an indexing col-

lection if it satisfies the following properties:
1. it contains @ and T';
2. VAL Be A;ALB#0=ANB#0;
3. it 1s closed under arbitrary intersections; and

4. (Separability from above) there ezist an increasing sequence of finite sub-semila-
ttices (An)n of A which are closed under intersections (and contain § and T)
and a sequence (gn)n of functions g, : A = A,(u) (where A,(u) is the class of
unions of sets in A, ) such that:

(@) gn preserves arbitrary intersections and finite unions i.e. if (Aa)aca 5 an

arbitrary collection of sets in A, then gn(Naerda) = Nacagn(Aa) and if

15
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Ay,...,Ax Al ..., A, € A are such that US_ | A; = U7, A}, then
Uk 19n(4;) = U}"=19n(A§-);

(b) A C g,(A)° for any A € A;

(€) 9n+1(A) C gn(A) for any A € A;

(d) A=n,g,(A) for any A € A;

(e) g.(0) =0.

Comments 2.1.2 1. The sequence (g,), will play the role of the ‘dyadic’ approx-
imations for the indexing sets. They will permit us to approximate each set in

A ‘strictly from above’.

2. If A€ Aand A # T, then there exists a rank N such that g,(A4) # T for all
n > N. Also, if A € A, A # 0 then g,(A) # 0 for all n. This is true because
A = Npgn(A).

3. Let @' :=n,_,\ (0y4 be the minimal set in A. The role played by the set @’ will
be similar to that played by 0 in the classical case of processes indexed by R.;.
Note that we can also write @' =N, N A\ {0} A: let = be such that z lies in
any set A € A,\{0} for any n; then z lies in any set B € A,(u)\{0} for any
n, in particular, z € g,(A) Vn,VA € A and hence z € N, g,(A) = A VA € A.
Denoting 4, = N, A\ {@}A, (An)n will be a decreasing sequence of compact
nonempty sets with intersection (. By the finite intersection property, @' # 0.

We will always assume that O' € A', if A’ is a finite sub-semilattice of A. (In
particular ¢ € A, for any n.)

4. Usually the finite sub-semilattices .4, and the functions g, are chosen such that
9n(A) = Npean(u), acpeD.

5. The function g, has the monotone property i.e. if A, A’ € A are such that
A C A’ then g,(A4) C ga(A").
(To see this write A’ = A U A’ and then, because g, preserves finite unions,
gn(A’) = gn(A) U gn(A) 2 gn(A).)
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Let A(u) be the class of all finite unions of sets in .A. Note that A(u) is closed
under finite intersections and finite unions. Each function g, has a unique extension
to A(u) defined by:

gn(B) := UAEA,AQBgn(A)-

Note that if B = U, A; is an arbitrary set in A(u) with A; € A then g,(B) :=
k A,
Uzzlgn( 7-)'

Lemma 2.1.3 (a) The functions g, preserve finite intersections and finite unions
on A(u).

(b) (Lemma 2.1.2, [41]) For any B € A(u) we have B = N, g,,(B), with g4 (B) C
gn(B).

(c) The functions g, have the monotone property on A(u).

Proof: (a) It is clear that g, preserves finite unions of sets in A(u). To show that
gn also preserves finite intersections, let B; U”"IA,J t=1,...,k be sets in A(u)
with A;; € A. Then NE_ B; = Nk, U]_1 A = U} UJk__l nz:lAiji and hence
9. (NE,B;) = Uity ---Uhs N lgn(AzJ.) = Uiz, gn(AtJ) = NE19n(Bs)-

(c) Let B, B' € A(u) be such that B C B' . Each set A € A which is contained in B
will also be contained in B’ and by the definition of g, it follows that g,,(B) C g.(B’).

d

A very important role in the theory of set-indexed processes will be played by the

following collection of sets:
C:={C=A\B;A€ A, Be A(u)}.

Writing an arbitrary set C in C as C = A\(A N B) we can always assume that
a set in C is of the form C = A\B with A € A,B € A(u),B C A. The value
Xc = X4 — Xp of an (additive !) set-indexed process X over such a set C will play
the role of the increment X, — X, s < t from the classical theory of processes indexed
by R,.
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Lemma 2.1.4 Every set C € C admits a representation C = .AC\BC with Ac €
A,Ac N Bc € A(u) (called ‘the mazimal representation’) such that for any other
representation C = A\B,A € A, B € A(u) we have Ac C A and B¢ D B.

Proof: Let us consider all the pairs (A;, B;), ¢ € I with the property that A; € A, B; €
A(u) and C = A;\B;. Then C = Ac\B¢ where Ac := NicrA; and Bg := Uie/Bi.
Since A is closed under arbitrary intersections, Ac € A. We will prove next that
Ac N Bc € A(u). Note that for every i € I we have C = A;\B; 2 Ac\B; 2
Ac\Bc = C. Hence C = Ac\B; = Ac\(Ac N B;) for every i € I i.e. Ac N B; is the
complement of C in Ac for every i € I. Denote B := Ac N B; (regardless of which
¢ € I we are considering). Clearly B € A(u). Since B = Ac N B; for every i € I we
also have B = Ac NU;erB; = Ac N Be.
a
In complete analogy with the class C we introduce its sub-classes

Cn:={C =A\B;A € A,,B € A,(u)}.
Note that A C C and A,, C C,.

Lemma 2.1.5 (a) Fach set in A(u) (respectively A,(u)) can be ezpressed as a union
of pairwise disjoint sets in C (respectively C, ).

(b) The collections C and C,, are semi-algebras i.e. they are closed under finite inter-
sections and the complement of every set in C (respectively C,,) can be expressed

as the finite union of some pairwise disjoint sets in C (respectively C,).

(c) The algebra generated by C (i.e. the minimal algebra containing C) is eractly

C(u), the class of finite unions of sets in C.

(d) FEach set in C(u) can be ezpressed as a finite union of pairwise disjoint sets in C.

Proof: (a) Let B = UX | A; € A(u) with A; € A. If we denote C; := A;\ Uiz} A; for
1 =1,...,k then Cy,...,C; are pairwise disjoint sets in C whose union is B.

(b) We will prove the statement only for C, the same arguments working for C,
as well. If C = A\B,C’ = A'\B' are two sets in C, with A, A’ € A and B, B’ € A(u)
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then CNC’' = (AN A")\(BU B') is again a set in C. Let C = A\B be an arbitrary
set in C with A € A,B € A(u),B C A. Then C°= A°UB and A°N B = 0. Note
that A° =T\A € C and B can be expressed as a finite union of disjoint sets in C.

(c) It is clear that C(u) is contained in any algebra which contains C, hence C(u) is
contained in the algebra generated by C. On the other hand, C(u) itself is an algebra:
clearly @ € C(u) and C(u) is closed under finite unions; to see that C(u) is also closed
under complements, let C = UL |C; be an arbitrary set in C(z) with C; € C; then,
since C is a semialgebra, C¢ = NE,,Cf = NE, UTE Cyy = UTL, - - U Nk Cy, € C(u).

(d) This is a general property of any algebra of sets.

0O

Definition 2.1.6 (a) A representation B = UX_| A; with A; € A is called extremal
if A; € Uj;ﬁAj foreachi=1,...,k.

(b) A representation C = A\B with A € A,B € A(u) is called extremal if the

representation of B is ertremal.

Note that extremal representations always exist for sets in .A(u) and C although
they might not be unique. In order to examine the uniqueness of the extremal repre-

sentations, one has to consider the following geometric assumption.

Assumption 2.1.7 (SHAPE) If A, A,,...,Ax € A and A C UL A, then there
exists an inder i = 1,...,k such that A C A;.

Comments 2.1.8 1. Note that if SHAPE holds and A € A is such that A =
Uk_| A; for some A,,..., A € A, then there exists an index i = 1,...,k such

that A = A;.

2. Without loss of generality we can assume that any finite sub-semilattice of .4
(in particular A,) satisfies SHAPE: if A C UL, A;, then Ag = UL (40 N A;);
replace Ag in the finite sub-semilattice by AN A4;;i=1,...,k.

Lemma 2.1.9 (a) If A satisfies SHAPE then any set in A(u) has a unique extremal

representation.
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(b) If A satisfies SHAPE then any set in C has a unique eztremal representation
of the form C = A\B with A € A,B € A(u) and B C A; moreover, this
representation ‘almost’ coincides with the mazimal representation in the sense
that A = Ac and B = Ac N Be.

Proof: (a) Say B = UL A; = UL, A}, A;, A} € A are two extremal representations
of the set B € A(u). By SHAPE each A; has to be contained in some A with
Ji=1,...,m and each A}i in turn, has to be contained into some A4;,. Hence A; C Ay
and because the representation B = UX_| A; is extremal, we must have i = /;. This
proves that A; = A} foreachi=1,...,k. Weget UL A, =UL A = U7, A} which
forces {ji,...,5x} = {1,...,m} since the representation B = UL A is extremal.
Hence the two representations are the same.

(b) To avoid trivialities assume that C # 0. Let C = A\B be an arbitrary
representation of C with A € A, B € A(u), B C A. By maximality B C B and
hence A\Bc C A\B = C = Ac\B¢ C A\B¢. It follows that C = A\B¢. Therefore
A= (A\Bc)U(ANBc) =CU (AN B¢c) C Ac U Be. Because SHAPE holds and A
cannot be contained in Bc (this would imply that C = A\B¢ = 0) we get A C Ac
and hence A = A by the definition of Ac. Finally B = A¢ N B as these sets are
both the complement of C in A = Ac.

a

Definition 2.1.10 Let A’ be a finite sub-semilattice of A and A € A'. The set
C = A\ UAIGAI’AZAI A'
is called the left neighbourhood of A in A'.

Lemma 2.1.11 Let A’ be a finite sub-semilattice of A and A € A'. IfC is the left
neighbourhood of A in A’ then

C = A\ UAHGAI,AIICA A"

where C denotes strict inclusion.
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Proof: It is clear that if A” C A then A € A”. On the other hand, taking an
arbitrary set A’ € A’ such that A Z A’ then A" := AN A' € A and A" C A.

4

Since the finite sub-semilattices of the indexing collection .4 will play a very im-
portant role in the theory of set-indexed Markov processes, having an ordering on
the sets of a finite sub-semilattice proves to be a very useful tool in handling these
objects. The ordering that we have in mind will be defined in such a manner that a

set is never numbered before any of its subsets.

Definition 2.1.12 Let A’ be a finite sub-semilattice of A which has n distinct sets.
The ordering {A,, Az, ..., An} of the sets in A’ is called consistent if A; C A; =

J < i. By convention, we will always assume that O’ € A’ and we set Ag :=0'.

It is clear that a consistent ordering of a finite semilattice A’ always exists, but
in general it may not be unique. (To prove the existence we proceed inductively:
assume that the sets A,;,..., A; € A’ have already been counted and choose A4;;, €
A\{A; ..., A;} such that all of its subsets that are in A’ have already been counted
i.e. if there exists a set A € A’ with A C A;y; then A = A4; for some j < 7).

Lemma 2.1.13 (a) Let A’ be a finite sub-semilattice of A and {Ay, = ¢, A,
..., An} a consistent ordering of A'. If C; is the left neighbourhood of Ai,

then Cy = Ag and for eachi=1,...,n

Ci = ANU;Z14;) and Ui C; =Ui_A;

(b) If {Ac =0, A,,...,A,}, {Ao =0, A},..., AL} are two consistent orderings of
the same finite semilattice A', C;, C] are the left neighbourhoods of A;, Al and
A; = Ay, for a permutation 7 of {1,...,n} with n(1) =1, then

C1=C,Ir(l) Vi=1,...,n.

Proof: (a) By the definition of the consistent ordering, Uj—§A; C Uaca, 4,244 and
Usea,aca; A C USZHA;j; the result follows using the two equivalent formulas for the

left neighbourhood of the set A;.
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(b) This is clear because both C; and Cr;) are the left-neighbourhoods of the
same set A; = Ay ;.

a

The following result will prove to be an extremely powerful tool when working
with finite semilattices for which we have to choose the most ‘appropriate’ consistent

ordering.

Proposition 2.1.14 (a) Let B, C --- C By, be sets in A(u). There erists a finite
sub-semilattice A’ of A and a consistent ordering {Ag = 0', A,,..., A} of A’

such that B, = U;‘zoA_,-;l =1,...,m, for some indices 0 < 1; < ... < i, = n.

(b) Let A’ C A" be finite sub-semilattices of A. For any consistent ordering {A} =
0, Al,..., A} of A’ there ezists a consistent ordering {Ao = O, A,, ..., An}
of A" such that, if Aj = A;;l =1,...,m for some indices i, < ... < i, then

Ui__.oA; = U;l=044.j;l = 1, ...,

Proof: (a) Let B, = UgL,Ax, A € A be an extremal representation and A’ be
the minimal finite sub-semilattice which contains all the sets Ay,l = 1,...,m;k =
1,...,mn. Consider first all the sets in A’ that are contained in B; and order them con-
sistently. Say these sets are 49 = @', A),..., A;,; then B, = U;1=0AJ'. Next order con-
sistently all the sets in A’ that are contained in B; and have not been numbered yet.
If we denote these sets with A;,,,..., A;,, then the ordering {Ao = @, A,,..., A;,}
will be consistent: we cannot find a set A; with i, < 7 < i, which is contained in
another set A; with j < 7, because A; is contained in B, and A; is not. We have
By = U;LOAJ-. Continue this procedure until all the sets in A’ have been ordered.
(b) In the first step, order consistently all the sets in .4” which are contained
in A]. Say these sets are Ag = @', A,;,...,A;, = A}; then A; = U§’=0A,-. Next
order consistently all the sets in A" which are contained in A and have not been
numbered yet. If we denote these sets with A; 41,...,4;, = A} then the ordering
{Ao=0,AL,A,,..., A;,} will be consistent and A;, UA4;, = U32oA;. Continue in the
same manner until at the last step all the sets in .4” have been ordered. Finally order

consistently the remaining sets in A”.
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O
The next result will be used in the proof of Theorem 2.3.3, which states that if the
indexing collection A satisfies SHAPE, then any set-indexed process can be extended

in a unique additive manner to the class C(u).

Proposition 2.1.15 Let A' be a finite sub-semilattice of A, {40 = 0, A,
---yAn} a consistent ordering of A’ and C; the left neighbourhood of A;;1=0,...,n.

Assume that there ezist some indices j, < ... < ji such that
C:=C;;U...UCj, €C.

Then we can find a consistent ordering {Ay =W, A}, ..., AL} of A’ such that, if C} is
the left neighbourhood of A}, then C;, = C},,,,Cj, = Clpps,...,Cj, = ik JOT some

indez m (i.e. Cj,,...,Cj, become consecutive left neighbourhoods).

Proof: Let C = A\B,A € A,B € A(u),B C A be a representation of C such
that A; € Aforalli=1,...,k Since AAB =C = Cj, U...UC;, it follows that
BNCj, =0foralli=1,...,k. But C; C Aj; hence A;, € B for any i. This means
that we can order the sets of the semilattice A’ that are in B before ordering the sets
Aj,...,Aj,.

We claim that for each i =1, ..., k it is impossible to find a set A4, of the semilattice
A’ such that A;, C A; C 4;,,,.

Proof of the claim: Assume that this is the case. Note that

C C A\B

(To see this remember that C; = A,\ Uarea,aga A'; let B =UR A Al € A be a
representation of B. If A; C A! forsomei = 1,...,m then Aj, C A C A] C B, which
is a contradiction. Hence A;  A; for any < = 1,...,m and therefore B = U™, A} C
Uaea,agard’)

On the other hand A,\B C A\B = C because 4; C Ajiir € A. It follows that
Ci € Cie l € {ji,-.-.,5} But because the ordering is consistent and Aj, C A C
Aj;,, we must have j; <[ < ji;; and this is a contradiction. The proof of the claim

is complete.
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Taking in account these facts we can consider the following consistent ordering
of A’: first order consistently the sets of .A’ that are not contained in B; next order
consecutively the sets A; , ..., A;; finally order consistently the remaining sets of A’

a

2.2 Examples of Indexing Collections

In this section we will discuss several examples of topological spaces T endowed with

an indexing collection A.

Example 2.2.1 Let T = [0,1]? and A = {[0,z];z € T} U {0} be the collection of
the hyper-parallelipipeds in T" with sides parallel to the axis and having 0 as a ver-
tex (these are called ‘rectangles’). Clearly the intersection of any two ‘rectangles’ is
non-empty and A is closed under arbitrary intersections: Maea[0, Za] = [0, infaeca Tao).
(Here infoen Zo = (infaea Tai)i=1,..a is defined with respect to the partial order in-
duced by the coordinate axis: £ < y means z; < y;,i = 1,...,d.)

To show that A is an indexing collection it remains to prove that .4 satisfies the
‘separability from above’ assumption. Take A, = {[0,z];z; = &,0 < k; < 2*,i =
1,...,d} U {0} be the ‘dyadic’ approximation semilattice. Then (A,), is an increas-
ing sequence of finite sub-semilattices which are closed under arbitrary intersections.
Define g, : A — A, by taking g,([0, z]) to be the smallest ‘rectangle’ with dyadic ver-
tices which contains [0, z] in its interior (i.e. g,([0,z]) := [0, (&, ..., )] where &; is
chosen such that 85! < z; < & ifz; < 1, or k; = 2" if ; = 1). Clearly g,([0,z]) = T.
By definition set g,(0) := 0. It can be easily checked that the functions g, have the
desired properties.

Note that ¢ = {0} and the left neighbourhoods associated to the finite sub-
semilattice A, are the ;--sided squares in [0,1]?. In the case of this example the
geometric property SHAPE holds: assume that [0,z] C U7, [0, z;]; then there must
be some index j = 1,...,m such that z € [0,z;]. But this implies z < z; and hence

[0,z] C [0, z,].
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Example 2.2.2 Let T = [—1,1]¢ and A = {[0,z];z € T} U {0, T} be the collection
of all 2¢-dimensional ‘rectangles’ with sides parallel to the axis and having 0 as a
vertex (here [0,z] := [TL,[0, z;] and we make the convention that if a,b € R then
[a,b] = [b,a] = [a Ab,aV b]). Clearly A is closed under arbitrary intersections.

Consider A, = {[0,z];z; = £&,-2" < k; < 2",i = 1,...,d} U {0,T}. In order
to have [0,z] C (gn([0, z]))° we must define the function g, in such a way that its
values will be sets in A,(u) and not in A, as in the case of the previous example.
More precisely, if |z;| < 1 for each ¢ = 1,...,d define g,([0, z]) to be the smallest
2¢-dimensional ‘rectangle’ with dyadic vertices of order n which contains [0,z] in
its interior (for example, if d = 2 and 0 < z; < 1,i = 1,2 with &3 < z; < &
we define ga([0,2]) = [0, (5, 2)] U [0, (-, ) U [0, (&, ~ )] U [0, (&, - &)]).
Clearly g,(T) =T. Set by definition g,(0) := 0.

Note that in this case we have again ¢/ = {0}, the left neighbourhoods associated
to the finite sub-semilattice .4, are the 3--sided squares in [—1,1]¢ and assumption
SHAPE holds too.

Example 2.2.3 Let T = [0, 1]¢ and .A be the collection of all compact lower layers of
T together with {0}. (Recall that a set A C R? is called a lower layer if [0,2z] C A
whenever z € A.) It is not difficult to observe that A is closed under arbitrary
intersections and that in this case A(u) = A. In order to be able to approximate
from above a lower layer we will have to consider .A,, as the collection of finite unions
of ‘rectangles’ having all the vertices with dyadic coordinates of order n. We have
An(u) = A,. Define g,(A) := Npea,.acpoB.

Again (' = {0} but in this case the assumption SHAPE does not hold: we could
very easily think of three lower layers A,, A;, A3 such that A} € A, U A; but 4; €
A, A; € Ajz. Note that in this case A is a lattice with V =U and A = .

Example 2.2.4 Let T = [—1, 1]¢ and A be the collection of all compact lower layers
contained in T', together with {@}. This example is completely similar to the Example

2.2.3.

Examples 2.2.5 Let T = B(0, %) (compact ball in R?) and A = {Ag,; R = ‘[a, b] x
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[c.d],0<a<b<2r,—m <c<d<mte€[0,t]}, where the set

Apy = {(rcosfcosT,rsinfcost,rsint);8 € [a,b],7 € [c,d],T € [0,t]}
can be interpreted as the history of the region

R :="‘[a,b] x [c,d]’ = {(cosfcosT,sinb,cosT,sinT); 0 € [a,b], T € [c,d]}

of the Earth from the beginning until time ¢ (here @ represents the longitude of a
generic point in the region R, while 7 is the latitude). Hence, the collection A can
be identified with the history of the world until time t;,.

This example is similar to Example 2.2.1.

2.3 Set-Indexed Processes

The basic definitions and properties associated with set-indexed processes are dis-

cussed in this section, with special emphasis on the additivity property.

Definition 2.3.1 A set-indezed process X := (X 4)aca has a unique additive ex-

tension to:

(a) the class A(u) if VA1, ..., An, A}, ..., Al € A with UL A; = UT, A

n
n+l -

SXa— X Xagoa, +-+ ()" Xanna. =
i=1 1<i;<i2<n

m

m+1
> Xay — 2 XA}I”A}z + -+ (1) Xaanar, @S
Jj=1 1<j1<j2<m

(by the inclusion-exclusion principle);
(b) the class C if VA, A’ € A, VB, B' € A(u) with A\B = A'\B'
Xa—XanB = Xa — Xanp a.s.
(c) the class C(u) if VC),...,Cy,Cy,...,Cy, € C with UL,C; = U, C;

n
Y Xe.— Y. Xcyne, o+ ()" Xenne, =
=1

1<i; <i2<n

m
m+1
Z Xc;_ - 2 XC}xnCJ"z + -4 (_1) XC{n...nC;,‘ a.s.
7=1 1<j1<j2<m
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A set-function = : 4 — R issaid to have a unique additive extension to A(u),C, C(u)

if the previous respective relationships hold (everywhere this time).

Lemma 2.3.2 Let X := (X4)aca be a set-indezed process.

(@) If for every A, A, ..., A, € A with A = UL A; we have

Xa= Z Xa, — Z /Y.A,-lr‘nA.v2 +-+ (=D)"" X 40 M4, a.s. (D

i=1 1<i) <iz<n

then X has a unique additive extension to A(u).

(b) If X has a unique additive ertension to C and for every C,C,,...,C, € C with
C = UL, C; we have

Xe = ZXC-' - Z Xeync, + -+ (-1)™*'Xcin.nc, as. (2)

i=1 1<i1<i2<n

then X has a unique additive ertension to C(u).

Proof: (a) Let A;,..., Ag, A},..., A, € A be such that U%_; A; = UTL, A} We want
to prove that '

n

m
Z(—l)k+l Z XAqn---ﬂA;k = g(—l)th Z XAgln---nA}, a.s.

k=1 1< << <n 1< <--<jism

Because 4;, N...NA;, = U7 (4, N...NA; NAY) (where each of the sets 4;; N...N
A;, N A} is in A because A is closed under intersections) and X is additive on A4 we

have

m

- 1+1

Xayn.na, =2 (-1) > Xayn.na,na; n.na; a.s.
= 1<f1<--<gi<m

Hence

Z(_l)k+1 Z XA“ln...ﬂA.'k =
k=1

1< << <0
n m ’
_1\k+1 1)+
Z( 1) Z( 1) . Z . z _ XA.-ln...nA.-knA;.ln...nA;' a.8.
k=1 =1 1€ << <n 1< 71 < <J1<m
and the result follows since the expression on the right hand side is symmetric in A;’s

and A;-’s.
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(b) The argument is identical to the one used for.proving (a), by replacing the

sets in .4 with sets in C.
a

Theorem 2.3.3 If the indezing collection A satisfies SHAPE, then any set-indezed
process has a unique additive extension to C(u). Moreover, in this case, the additivity

relation holds everywhere.

Proof: Let X := (X4)aca be an arbitrary set-indexed process. We will proceed in
three steps.

(a) We will prove first that relation (1) holds. By Lemma 2.3.2.(a) it will follow
that the process X has a unique additive extension to A(u).

Let A = UL, A; with A,/ A4,,..., A, € A. Since SHAPE holds, there exists an
index j such that A = A;. Reindexing the sets A;,..., A, we can assume that
A = A,. Then each A; with i < n will be contained in A,, and hence the intersection
A; N A, will be simply A;. In other words the sets A;, N...N A;, with 7; < n remain
unchanged when intersected with A,. Hence

n
+1 —
;XA.‘ - 2 XAilnAiz + -+ (=) Xn?:lAi =

1<) <i2<n
n—1 n-—1
(Z XA.' + XAn) - ( Z XA.'lﬂAiz + Z XAiﬁAn) +
i=1 1<i; <ig<n—1 i=1
( > Xagoanna, + 2 Xanagna) +-o+
1<i1<i2<iz<n~-1 1<11<12<n~—1
1 —

(1" Xan-1 4,m4, =

i=1
n-—1 n—1
Qo Xa+Xa)— (XY Xayna, +3 Xa)+
i=l1 1<1 <i2<n—1 i=1

( Z XA.-!nA.znA.-a + Z XA(INAQ) + e+

1<ij<iz<iz<n—1 1<i; <iz<n—1
(_1)n+1Xn;'=‘1‘A, = X4,-

(b) Since SHAPE holds, any set in C has a unique extremal representation of
the form C = A\B with A € A,B € A(u),B C A (according to Lemma 2.1.9,
(b)). Hence we can extend the process X to C in a unique way, namely by defining
Xec:=Xa—Xp. .
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(c) We will prove that relation (2) holds. By Lemma 2.3.2.(b) it will follow that
the process X has a unique additive extension to C(u).

Let C = UL,C; with C,C,, ..., C, € C. Without loss of generality we can assume
that C # 0. We will proceed in two sub-steps.

(c1) Assume that C;,...,C, are consecutive left neighbourhoods in a finite sub-
semilattice A’ of A. Let C = Ac\Bc be the maximal representation of C and
By = Ac N Bc. Say {Aq =0, A},..., A} is a consistent ordering of A’ such that if
C; is the left neighbourhood of the set A}, then B = UP_,C! and C; = Cpi1,C2 =

1 22-+Cn = Chp.

Then Ac = Bc UC = B UUZR, Cl = UPE'Cl = UBATA, = B uUED, AL
Clearly Ac € Bi.. Also Ac € A} for any p+ 1 < i < p+ n (if this would be the case,
then UPZ) |Cl = C = Ac\B C A\BL = (AU B.)\B. C (BL U Ui —p1 AS\Bg =
(U5=1CH)\ (U5, C)) = Ui, C}, which is a contradiction). Using SHAPE and Com-
ment 2.1.8.1 we can conclude that Ac = AL,. It follows that A C A, for every
1 <i < p+n. Using the fact that each C; = A{\ UjZ} (4;N A}) and knowing that X
has a unique additive extension to A(u) and C we get

n p+n p+n p+n -1
SXo= Y Xo= 3 Xu— 3 ¥ Xapu+
=1 i=p+1 i=p+1 i=p+1 j=1
pt+n p+n
i1
+ > > Xana 4l — ...+ > (-1)f Xain.na
t=p+1 1<j1 <j2<i i=p+1

We start processing the terms which compose the last member of the previous equality.
Write the first sum as 25’::;11 Xa+Xa, . Because A; C A, ,forl1<j<p+n

we can write the second sum as

p+n—1i—1 p+n-—1

Z EXA’nA' + Z XA,,_,_"nA;. =
i=p+1 j= _1=1
p+n—1i— p+n—1

S ZXA’DA’ + ZXA’ + D Xu
i=p+l1 j= =1 j=p+1

and the first term of the first sum gets cancelled by the last term of the second sum.
From the first sum we are left with X a, .- Next, because A; N A, C A, for any
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1 < 71 < j2 < p+ n we can write the third sum as

p+n-1

Lo Xawow, + 3 X owon, =
i=p+1 1<j;1 <j2<i~-1 1< <j2<p+n—1
p+n-—1 p+n—1j2—1
> X Xunaoa, + 2 > Xaynay =
i=p+1 1<j) <jp<i—~1 12—2 Ji=l1
p+n-—1 Jj2-1
S Y Xupmew, + 2 X Xaow, +
i=p+1 1<j1 <ja<i—1 Ja=2 =1

p+n—1 ja—1

> X X,

Je=p+1 1=1

The first term of the second sum gets cancelled by the last term of the third sum.
From the second sum we are left with Z;f:l XA;. Continuing inductively we can

conclude that ¥, X, is equal to

P
XA;H»n - Z XA;- + Z Xapoa, — ... + (—l)pXA'ln..nA;, =
=1 1<j1<525p

XAl - Xuj-’:lA; =X,1C—XB'C =XC

p+n

using the fact that X has a unique additive extension to A(u) and C.

(c2) Assume that Cy,...,C, are arbitrary, not necessarily left neighbourhoods.
Let C; = A;\B;,B; = %A1 =1,...,n be the extremal representations of C; with
Ai, Aij € A, B; C A;, A’ the minimal finite sub-semilattice of 4 which contains the
sets A, A;j and {Ay = @, A},..., AL} a consistent ordering of A’. Let C! be the left
neighbourhood of the set A!.

Then each C; = Uj¢,,C; for some J; C {1,...,m} and hence each C;,N...NC;, =
Ujess,....,, G With Jy oo =J;, N...ndy.

Fix a k-tuple 1 < 7; < ... < & < n. Using Proposition 2.1.15, we can find a
consistent ordering of A’ such that the set C;, N...NC;, € C becomes the union of
some consecutive left neighbourhoods of A'.

Hence Xc, n.nc, = Yjed,...., Xc by the previous step (c1). We have

zn:(—l)k“ > chn...nci,,=i("1)k+l > Xc
k=1

lsil <--.<ik$ﬂ k=1 Je‘,ll ..... 73
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which is the same thing as 3 ;c; Xcr with J = UL, Ji.

On the other hand, C = UL,C; = UL, Ujes; C; = U;esC; and using again
Proposition 2.1.15 we can find a consistent ordering of .4’ such that the sets C};j € J
become consecutive left neighbourhoods ; hence X¢ = ¥ ;¢ Xc; by step (cl), and
the conclusion follows.

O

Important Note: Throughout this work, all the equalities between the values
of a process which has an additive extension to C(u) should be understood as almost
sure equalities, even if this will not be usually mentioned. The only instance when
these equalities actually hold everywhere is when the indexing collection .A satisfies

assumption SHAPE.

We will introduce now three different types of equivalence relations between set-
indexed processes. The definitions are not specific to the set-indexed case, they are
encountered in the context of processes with arbitrary index set; we include them

only for the sake of completeness.

Definition 2.3.4 Let X := (Xa)aca andY := (Y4) ac4 be two set-indezed processes.
We say that

(a) X and Y are indistinguishable if P(X, =Y, VA€ A) =1.
(b) X and Y are modifications of each other if P(X4 =Y4) =1 VA€ A.

(c) X and Y are versions of each other if they have the same finite dimensional

distributions.

Indistinguishability is the strongest form of equivalence among processes, while
the fact that they are versions of each others is the weakest; the fact that they are
modifications of each others lies between the two forms of equivalence.

A sufficient condition for two processes X and Y to be versions of each other is
that they have the same finite dimensional distributions over all finite sub-semilattices
of A. To see this, note that given any finite sub-collection of .A there exists a (unique)

minimal finite sub-semilattice containing it.
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In what follows we will examine the information structure that can be associated

to a set-indexed process.

Definition 2.3.5 Let (2, F) be a measurable space. A collection (F4)sca of sub-o-
fields of F is called a filtration if ¥4 C F whenever A, A’ € A, AC A'.

We will always consider filtrations which are complete i.e. {A € F; P(A) =0} C
For.
Given a filtration (F4)4c4 we can extend it to a filtration indexed by .A(u) by

setting
Fp:= \ FaBe Au) (3)

A€A(B)
where A(B) := {A € A; A C B}. Then (Fp)gea() is also a filtration i.e. if By, B; €
A(u), B, C B; then Fp, C Fpg,. (This is true because A(B;) C A(B;).)

Definition 2.3.6 A filtration (Fp)pca) s outer-continuous if for every B €
A(u) we have Fg = Np,Fp, for any decreasing sequence (Bg)n>1 in A(u) such that
B =nN,B,.

Note that even if we assume that the original A-indexed filtration is outer-continuous
(i.e. for every A € A we have F4 = Ny, F,4, for any decreasing sequence (A,)n>1 in A
such that A = N, A,), the extended filtration to .A(u) may not be outer-continuous.

However, we do have the following result.

Lemma 2.3.7 (Lemma 1.4.1, [41]) Let (F,)ca be an outer-continuous filtration,
(FB)BeAa() the extended filtration to A(u) and define

Fg = NnFg.(B), B € A(u).
The family (Fg)pea) is an outer-continuous filtration.

Definition 2.3.8 A set-indezed process X is called adapted with respect to a filtra-
tion (Fa)aca if Xa is Fao-measurable for every A € A.

Lemma 2.3.9 If X := (X4)aca is a set-indezed process which is adapted with respect
to a filtration (Fa)aca, then Xp is Fg-measurable for any B € A(u).
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Proof: Let B = U | A; with A; € A. Since X has a unique additive extension to

A(u), we have Xp = 33 (—1)**' ¥ <i, <cip<n X4 n..na,, - The result follows since
all the variables X AiyN..nA;, are Fp-measurable.
a

At times it is useful to consider filtrations satisfying certain orthogonality prop-

erties.

Definition 2.3.10 A filtration (F4)sca
(a) satisfies condition (CI) if VB,, B, € A(u) Fp, L Fg,| Fp,na,
(b) satisfies condition (CO) if VB;, B, € A(u), Fp, L Fg,| Fg, N Fs,

((CI) and (CO) stand for ‘conditional independence’, respectively ‘conditional orthog-
onality’.)

Lemma 2.3.11 If a filtration (F4)sca satisfies condition (CI), then
fgl N fBz = fBlnt VBl, Bg c A(u)
In particular condition (CI) implies condition (CO).

Proof: Clearly Fp,np, € Fp, i = 1,2. Conversely, take F' € Fp, N Fp,; then on one
hand 1r = E[1|Fg,] since 1f is Fg,-measurable and on the other hand, by the (CI)
property, since 1r is also Fp,-measurable we have 1p = E[17|Fpg,] = E[1p|Fp,nB,);
hence 17 is Fp,np,-measurable i.e. F € Fp,np,-

a

For a fixed set-indexed process X := (X 4) ac4, the minimal filtration with respect
to which X is adapted is given by F4 := o({Xa;A" € A(A)}). Note that if we
extend this filtration to A(u) by the formula (3), then we also have Fp :=o({X4;A €
A(B)}),VB € A(u). Moreover,

FBuB, = FB, V Fp, VB1,B; € A(u).

(Clearly Fp; € Fp,uB,,t = 1,2; conversely, if A € A(B, U B;) then A = (4N B;)U
(AN By) and X4 = Xang, + Xans, — XansinB, (as.) is Fp, V Fp,-measurable.)
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In analogy with the minimal filtration (Fg)peaq) we define the following o-fields,
for an arbitrary set B € A(u):

Fos = o({Xa; A€ .AB)})
Fpe = o({Xa; A€ A(B%)})

where

A@B) = {A€ A;AC B,Ag B%
A(B?) = {Ac A;AgZ B).

In what follows we will consider two types of Markov properties for set-indexed
processes. These definitions have been first introduced in [39]; we just extend them

for arbitrary filtrations.

Definition 2.3.12 A set-indered process X := (X 4)aca is called

(a) sharp Markov with respect to a filtration (F4)aca if it is adapted and
VB € A(u)
Fp L Fp:|Fop;

(b) Markov with respect to a filtration (F4)c4 if it is adapted and VB €
A(u),YA; € A,A; € B,i=1,...,k and for every bounded measurable function
h:RF SR

Eh(X4,,-- -aXAk)lfB] = E[h(XAl, R ,XAk)IfaB n fU{-‘=lAa]'

The process X is called simply sharp Markov (respectively Markov) if it is sharp
Markov (respectively Markov) with respect to its minimal filtration.

Note that on the real line, the sharp Markov property is equivalent to the usual

Markov property.
From the definition it is clear that any Markov process with respect to a certain
filtration is sharp Markov with respect to the same filtration. Conversely, we have

the following result.
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Theorem 2.3.13 (Theorem 3.1, [39]) If the filtration (Fg)pcaw) Satisfies condi-
tion (CO), then any sharp Markov process with respect to (Fg) pea(u) is also a Markov

process with respect to (Fp)pea(u)-

The definition of a set-indexed process with independent increments is similar to
the definition of such a process on the plane; the role of the rectangles on the plane

is taken by the sets in C.

Definition 2.3.14 A set-indezed process X := (X4)sea is said to have indepen-
dent increments if X9 = Xy =0 a.s. and X¢,,..., X, are independent whenever

Ci,...,Ck € C are pairwise disjoint.

Note that if X is a process with independent increments then Xc¢,,-.., X¢, are
independent whenever Cjy,...,Ci € C(u) are pairwise disjoint. (Write each C; as the
disjoint union of some sets C;;,7 = 1,...,m; in C; hence Xc, is equal to =1 Xc,;
and we use the associativity of independence.)

We conclude this section with a two general results from the theory of set-indexed

processes.

Lemma 2.3.15 (Lemma 2.4, [39]) For any A€ A,B € A(u) with AZ B, Xans
can be expressed as a linear combination of terms of the form Xp with D € A(8B)N
A(A); hence X anp ts Fapg N F4-measurable.

Theorem 2.3.16 (Theorem 2.3, [39]) Any process with independent increments

s Markov.

2.4 Sample Path Properties. Flows

In this section we will introduce various notions of regularity for the sample paths of

a set-indexed process.

Definition 2.4.1 A set-function z : A — R is called
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(a) monotone outer-continuous if for any decreasing sequence (A,;), C A with
A = NpA,, we have lim,_,» z(A,) = z(A);

(b) monotone inner-continuous if for any increasing sequence (A,), C A with
A = UpA, € A, we have lim,,_,o, z(A,) = z(A):

A set-indezed process X = (X4)aca is called monotone outer-continuous (Tre-
spectively monotone inner-continuous) if all its sample paths are monotone outer-

continuous (respectively monotone inner-continuous).

A set-function z : A — R with a unique additive extension to C(u) is said to
be monotone outer-continuous (respectively monotone inner-continuous) ‘on C(u)’ if
for any decreasing (respectively increasing) sequence (C,), C C(u) such that C :=
NnCr € C(u) (respectively C := U,C, € C(u)), we have lim,, z(C,) = z(C).

Definition 2.4.2 A set-function z : A — R with a unique additive eztension to C(u)
is called increasing if (@) = 0 and z(C) > 0 for every C € C.

Note that a monotone outer-continuous function which has a unique additive
extension to C(u) may not be monotone outer-continuous on C(u). However, we do

have the following result.

Proposition 2.4.3 (Proposition 1.4.8, [41]) Ifz : A — R is a monotone outer-
continuous increasing set-function, then T is monotone outer-continuous on C(u)
at 0, i.e. for every decreasing sequence (Cn), C C(u) with N,C, = 0, we have
lim, oo z(C,) = 0. Hence, any increasing monotone outer-continuous set-function
z: A — R is countably additive on C(u) and therefore, it has a unique additive

extension to a measure on o(A).

Let us now formally introduce an object named ‘flow’, which will prove to be

extremely useful in exploiting the Markov property considered throughout this work.

Definition 2.4.4 Any map f : [0,a] = A(u) which is increasing with respect to the
partial order induced by the set-inclusion is called a flow. A flow f is called
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(a) right-continuous (respectively left-continuous) if for any t € [0,a] and for
any decreasing (respectively increasing) sequence (tp), with lim, ,oot, = t we
have f(t) = N f(ts) (respectively f(t) = Unf(tn));

(b) continuous if it is right-continuous and left-continuous;

(c) simple if it is continuous and there exists a partition 0 =t; <t; < ... < t, =a
and some A-valued (continuous) flows f; : [t;,t;1] = A, 1 =0,...n — 1 such
that f(0) =0’ and

f(8) = Uinofi(t5) U fi(t), t € [ti, ti1),i=0,...,n.

Comment 2.4.5 If f : [0,a] — A(u) is a right-continuous (respectively left-continu-
ous) flow and z : A — R is a set-function with a unique additive extension to
C(u) which is monotone outer-continuous (respectively monotone inner-continuous)
on C(u), then z o f is right-continuous (respectively left-continuous) on [0,a]. (In
particular, if f is a right-continuous flow and A is a finite positive measure on o(A),

then A o f becomes a distribution function on [0, q].)

The preceding comment may not be true if the set-function z is monotone outer-
continuous (respectively monotone inner-continuous) on A but not on C(u). However,
the comment is true if the flow f is simple. In order to prove this result, we need the
following lemma, whose proof relies on the separability from above of the indexing

collection A.

Lemma 2.4.6 (Lemma 5.1.6, [41]) Let A, B € A;, B C A such that B is minimal
in A (in A,). Then, there ezists a continuous flow f : [0,1] — A such that f(0) =
A, f(1) = B.

More precisely, we have the following resulit.

Proposition 2.4.7 Let £ : A — R be a set-function with a unique additive ecten-
sion to C(u). Then z is monotone outer-continuous (respectively monotone inner-
continuous) if and only if for every simple flow f : [0,a] — A(u) the function
zf := z o f is right-continuous (respectively left-continuous). (For the sufficiency

part it is enough to consider only the A-valued continuous flows.)
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Proof: For necessity, let f : [0,a] — .A(u) be a simple flow of the form f(t) =
Ui_ofi(a;) U fi(t),t € [ai,ais1] where 0 = ap < @, < ...am = a is a partition of
[0,a] and f; : [ai,ai+1] — A are some A-valued (continuous) flows. Let ¢,¢, € [0, q]
be such that ¢, — t. Suppose that t € [a;,a:41] for some i; then f(t) = BU A
for A := fi(t) € A and some B € A(u). For n large enough, t, € [a;,a;4,] and
f(tn) = BUA, for A, := f;(t,) € A.

If the sequence (t,), is decreasing, then (A,), is a decreasing sequence of sets in
A with intersection A, using the right-continuity of the flow f;. Hence z(A,) — z(A).
Using the additivity of the set-function z, we can conclude that z{n =z(BUA,) =
z(B) + z(An) — (BN Ap) = z(B) + z(A) — (BN A) = z(BU A) = z/. (Say
B = UL A}, A € A Then 2(BNA,) = T (-1 3, . s z(4, n...nA, N
An) = L (D) 5 o Z(A5, N .NAYS NA) = (BN A) because each (45n...Nn
A’ N Ap)n is a decreasing sequence of sets in A4 with intersection A;N...NALNA)

If the sequence (¢,)n is increasing we get the same conclusion using the left-
continuity of the flow f;.

For sufficiency, let (A,), be a decreasing sequence in .4 with intersection A. Let
Ag :=T. For each A1 € A, C A,_; there exists two continuous A-valued flows
fa—1; fn such that fn_i(tn-1) = An-1, fa—1(tn) = An and fi(2),) = An, fi(th,:) =
Anyy forsome t,_; < t, and £, <t ., (using Lemma 2.4.6). We can certainly find a
linear rescaling f, of the flow f such that f,(t,) = A,, that is the set A, is the image
of the same point ¢, under the two different flows. The sequence (t,), is decreasing
and let ¢, :=lim, t,. Let f : [0,tq] — .A be defined by

F(t) = { fna(t) ?ft € [tn, tny1)
g(t) ifte0,t.]

where g : [0,t,] — A is a continuous flow with g(0) = @', g(t*) = A. Clearly f is a
continuous A-valued flow. Since z/ is right-continuous it follows that z(A,) = 1:{“ —
z{ = z(A).

If the sequence (A,)n is increasing and U, 4, := A € A then we start with Ay := @'
and construct a continuous .4-valued flow f such that f(t,) = A, Vn for an increasing
sequence (t,), with t* = lim, t,. We can set f(t*) := A. The left-continuity of z/

will give us again the desired conclusion z(A4,) — z(A).
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a
The next result will be occasionally used in this work.

Lemma 2.4.8 (Lemma 5.1.7, [41]) For any finite sub-semilattice A’ of A and for
any consistent ordering {0/ = Ay, A;,...,A,} of A', there etists a simple flow f :
[0,a] — A(u) which ‘connects the sets of A’ in the sense of the ordering ord’, i.e.
flt) = U;-._._.OAJ’ Vi = 0,....,n, where tg = 0 < t; < ... < t, = a ts the partition

corresponding to f.
The previous result has the following consequence.

Lemma 2.4.9 Given B,,...,B,, € A(u) such that B, C ... C B,,, there ezists
a stimple flow f : [0,a] » A(u) and t1,...,tm € [0,a],t; < ... < tm such that
Bi=f(ti)1i=17"°1m'

Proof: Using Proposition 2.1.14.(a), there exists a finite sub-semilattice A’ of A and
a consistent ordering {4, = @', A,,..., A} of A’ such that B, = U§‘=0Aj;l =1,...,m
for some 1 < 4, < ... < i, = n. By Lemma 24.8, there exists a simple flow f
corresponding to a partition 0 =ty < ¢; < ... <t, = a such that f(¢;) = §-=0Aj for
allz=a0,...,n. Hence f(t;,) =B, forl=1,...,m.

a

The second type of regularity property for the sample paths of a set-indexed
process is introduced using the Hausdorff distance dg; for this we have to assume
that T is metrizable.

Assume that (T, d) is a compact complete separable metric space and let K be the
collection of all compact subsets of T'. For each A € K\{0},¢ > 0 let

A= {t e T;d(A,t) < e}

where d(A, t) = inf,c4 d(s,t) is the distance from A to t. The Hausdorff metric dy is
defined on K\ {0} by the formula:

du(A, B) = inf{e > 0; A C B, B C A°}.
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The following result says that monotone convergence is stronger than dg-convergence

(this result is valid only for compact spaces T').

Lemma 2.4.10 (Lemma 1.3.1, [41]) Let (Ap). be a monotone sequence of closed
subsets of T .

(a) If (An)n is decreasing with A = N, A,, then lim,_ o dg(An, A) = 0.
(b) If (An)n is increasing with A = Up, A, then lim, oo dg(An, A) = 0.

A classical result says that K\{0} is dy-compact (because T is compact). The
next result says that under certain (quite general) conditions the collection A\{0}

will be dg-compact.

Lemma 2.4.11 (Lemma 1.3.3, [41]) Assume that the functions g, are A-valued
and that they satisfy the following condition:

dH(A7 g‘n.(A)) S €n VA € .A, n 2 1

for a certain sequence (€,)n converging monotonically to 0. Then A\{Q} is dg-closed
(and hence dg-compact) in K\{0}.

Here are the regularity properties that we have mentioned.

Definition 2.4.12 A set-function z : A — R is called

(a) outer-continuous if for every sequence (Ap)n € A with lim,dyg(An, A) =
0,A€ A and A, 2 A,Vn, we have lim, z(A,) = z(A),

(b) inner-continuous if for every sequence (Ap)r C A with lim,dy(A,, A)
0,A € A and A, C A°,Vn, we have lim, z(A,) = z(A);

(c) dg-continuous if for every sequence (Ap), C A withlim, dy(A,, A) =0,A € A,

we have lim, z(A,) = z(A);

(d) cadlag if it is outer-continuous and it ‘has inner limits’ i.e. for every sequence
(An)n € A with lim, dg(An, A) = 0,A € A and A, C A° Vn, (z(Ag))n con-

verges.
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A set-indezed process X := (X 4) aca s called outer-continuous (respectively inner-
continuous, or dg-continuous, or cadlag) if all its sample paths are outer-continu-

ous (respectively inner-continuous, or dy-continuous, or cadlag).

Notation: The space of all cadlag set-functions z : A — R is denoted with D(A).

Remark: Various authors considered similar notions for cadlaguity in the d-
dimensional euclidean cube I; replacing the convergence in the Hausdorff distance
with other types of convergences. The authors of [2] considered the convergence in
the metric d, defined by d\(A, B) := A(AAB), where A denotes the Lebesgue measure
on I; and AAB := (A\B) U (B\A) is the usual symmetric difference of two sets; the
authors of [8] considered the convergence A = liminf A, = limsup A4, instead of
dy(An, A) = 0 where liminf A, := U Np>m Ay, limsup 4, := Ny, Un>m An.

Clearly any dy-continuous function is both outer-continous and inner-continuous.
On the other hand, by Lemma 2.4.10 it follows immediately that any outer-continuous
function is monotone outer-continuous. An inner-continuous function may not be
monotone-inner continuous: if (A,), is an increasing sequence of sets in A and A :=
UnA, € A we cannot conclude that A, C A%. However, if .4 satisfies the following

assumption

Assumption 2.4.13 (Separability from below) For any A € A with a non-empty
interior, for any € > 0 there ezxists a set A, € A such that Ac C A anddy(A., A) <e.

then any inner-continuous set-function z : A —+ R which vanishes over all sets A with
an empty interior, is monotone inner-continuous (Section 7.1, [41]).
An intuitive candidate for a cadlag function would be a ‘purely atomic’ set-

function, that is a linear combination of purely atomic measures,
n
z(4) = 3_ o5l eq)
i=1
for some a; € R and for some distinct points z; € T, 5 = 1, ... k. The 2;’s are called

the ‘locations of the atoms’ and the a;’s are the ‘masses of the atoms’. Any purely
3

atomic function can be extended to a unique finite signed measure on o(.A); if the
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masses of all its atoms are positive then this extension is a finite positive measure
(hence it is monotone outer-continuous on o(A)).

As observed by the author of [67], our intuition breaks down if one of the atoms
fall exactly on the boundary of our compact space T. As a counterexample consider
the case when T is the unit square, A = {[0,z];z € T} and z has a single atom of
mass 1 located on the boundary of T, say (1,1/2) is this atom. Then z does not have
an inner limit at any point z* = (1,v) with v € (1/2,1): if A, =[0, 2, = (sn, ta)] and
zp — 2* then z(A4,) =0ifs, <1 and z(A,) =1ifs, = 1. It was not noticed in [2]
or [8] that a general purely atomic function may not be cadlag.

To circumvent this difficulty we will adopt the technique introduced for the first
time by Ivanoff and Merzbach in [40].

Given D C T and € > 0, define D~ := Naea,pcacA.

Definition 2.4.14 A set A € A is proper if there ezists an ¢ > 0 such that
(A9)*=AV0<e<e¢.

We note that by definition, (A¢)~¢ C A for any A € A. It is not true that every
set in A is proper. For example, if T = [0,1]? and A = {[0,2];z € T} then [0, 2] is
proper if and only if z = (s,¢) where s #1 and t # 1.

Now, for z € T, define

A: =Nseazead
and let T* := {z € T; A, is proper}. Let P(A) be the space of all purely atomic

functions with atoms located in 7. The next result appears in [67].

Theorem 2.4.15 Any purely atomic function with atoms located in T* is cadlag i.e.
P(A) C D(A).

In what follows we will introduce a sub-class of purely-atomic functions with

positive masses of atoms and the corresponding class of set-indexed processes.

Definition 2.4.16 A set-function z : A — R is called a point measure if there
ezists a finite subset {z;,...,2,} C T such that z(A) = > i=11{z;ea) for every A € A.
A set-indezed process X := (X 4) aca s called a point process if all its sample paths

are point measures.
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In other words, a point measure is a purely atomic set-function whose atoms have
masses equal to 1. We will denote with D!(.4) the space of all point measures with
atoms located in T*. Clearly D!(A) C P(A) C D(A). '

Proposition 2.4.17 Ifz : A — R is a purely atomic set-function, then for every
flow f : [0,a] — A(u) with f(a) = T, the function = := z o f is also purely atomic.

Proof: Assume z(A) = ¥}_| a;jl{:;;ca}, A € A and let f be an arbitrary flow
which reaches T'. Set zJ[ := min{t € [0,al];2; € f(t)}. Then z; € f(t) if and only if
zf € [0,t] and hence z{ = DN a,-I{nge[O,t”.

a

Note: If z is a point measure, it might be possible that z/ = z o f is not a
point measure, for a certain flow f. To see this, consider the following example: let
z(A) = )'_,‘§=1 Ii:;ea), A € A be a point measure such that z;,z, € A for some set
A € A; let f be a flow such that f(t) = A and f(s) C A% Vs < ¢; then Azf(t) =2

and z/ is not a point measure.

The third type of regularity property for the sample paths of a set-indexed process

uses the notion of ‘flow’.

Notation: The space of all set-indexed processes X := (X 4)4c4 With the prop-
erty that for every simple flow f : [0, a] — A(u), the process X/ := (Xj(;))eefo,q] has
a cadlag modification, is denoted with D[S(A)].

The space D[S(.A)] contains many important classes of set-indexed processes. Pro-
cesses with purely atomic sample paths (in particular point processes) and proceses
which are monotone outer-continuous and monotone inner-continuous are cadlag on
every simple flow. On the other hand, the ‘strong martingales’ (defined in [41]) or the
‘Levy processes’ (which will be introduced in Chapter 5 of this work) possess cadlag

modifications on every simple flow.

We will conclude this section with a note on ‘separability’.
By the definition of the indexing collection (property ‘Separability from above’)
and Lemma 2.4.10, it follows that the indexing collection .A\{0} is separable with
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respect to the metric dy: its countable dense subset is the collection {gn(A); A €
A, A#0,n>1}.
We have the following general definition.

Definition 2.4.18 Let T be a separable metric space. An R-valued process (X¢)ier
(defined on a probability space (2, F,P)) is separable if there erists a countable
dense subset D C T and a set N € F,P(N) = 0 such thatVw ¢ N, Vt € T, 3(t,)n C
D, lim, t, =t such that lim, X;, (v) = X¢(w).

Following carefully the results given in Section 38, [10] for the case T = [0, co),
we realize that the same arguments will work for no matter what separable metric
space T, by replacing the intervals with the balls. Therefore, we have the following
analogue of Theorem 38.1, [10] which will be used in Section 5.5 of this work.

Theorem 2.4.19 Let T be a separable metric space. Any R-valued process (Xi)ter

has an R-valued separable modification end a R-valued separable version.

2.5 The Collection of Projected Flows

Let fo : [0,1] — A be a fixed continuous flow such that f3(0) = @' and fo(1) = T. For
each finite sub-semilattice A’ of A and for each consistent ordering ord of A’ we will
define a simple flow fu o which will be regarded as the ‘projection’ of the original
flow fo on the semilattice, in the sense of the prescribed ordering.

The collection of these simple flows will prove to be an useful tool in Section 4.3
where we derive an alternative version for the necessary and sufficient conditions that
are imposed on the ‘generator’ of a @-Markov process. The results of this section are

not used anywhere else in this work.

Let A’ be a finite sub-semilattice of A and ord={A4¢ =¥, A,,...,A,} a consistent
ordering of A’. Foreachi=1,...,n —1 let

7 := inf{t € [0, 1]; fo(t) N A1 € Ui, A}
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Define the following continuous .4-valued flow
fi(t) == fo(t) N A;, t € [0,1]

and note that f;,,(t) C U;-=1AJ’ for t < ;. Therefore, we will consider the flow f;,;
only on the region [r;, 1].

The simple flow f := far ora that we will construct will ‘connect’ the sets of the
semilattice A’ in the sense of the ordering ord and will have the same behaviour
between the sets Ui_, A; and Ut} A; as the flow fiy,.

For t € [0,1] let f(t) := fi(t). We have f(0) = @', f(1) = A, and the flow f is
continuous and A-valued between these values. We would like next to go from A; to
A1 U Az by means of a continuous flow which adds only sets in A to the initial set A,.
The best candidate is the flow f;(s) := A, U fa(s), s € [, 1], the only problem being
that we have to be able to paste this flow immediately after the flow f;. The solution
will be a change of scale: we shift the interval [r;, 1] by 1—7; (in other words, instead of
s € [r1, 1] we will consider s+ (1—7;)) so that 7; becomes 1 and 1 becomes 1 +(1 —-7).
Fort€[1,1+(1—-n)]let f(t) ;== A Ufo(t— (1 —71)) = AU (fot — (1 — 7)) N A,).

We can continue in the same manner until we reach the set UZ_14;. In general

we have foreach 1 =0,...,n -1

f(t) == (U1 A5) U [fo(t = J-(1 = 15)) N Auna], € [ti, tigd]
j=1
where tp =0,t; =1land t; =1 +Z§-—=11(1 —-T),i=2,...,n.
The flow f will be denoted f4r orq (since it depends on both the semilattice A’ and
the ordering ord) and will be called the projection of the flow f; on the semilattice

A', with respect to the ordering ord.

Example 2.5.1 Let T = [0, 1]?, A4 = {[0, z]; z € T}, A’ be a finite sub-semilattice of
A and ord={4, = @', A;, A2, A3, Ay = T} a consistent ordering of A’, where A, =
(0,(1/2,1/2)}, A2 = [0,(1,1/2)], As = [0, (1/2, 1)]. Suppose that fo(t) = [0, (,t?)],t €
[0,1].



CHAPTER 2. THE SET-INDEXED FRAMEWORK o 46

Then the projected flow farora has the following definition:

fo(t) N A, ift €[0,1]

A1 U [fo(s) N Ay fs:=t—(1-m) € [n,1]

(AU A2) Ulfols) N As] if s =t = (1=m) = (1= 72) € [y, 1]
(AlUA2UA3)U fo(s) ifsi=t—(1—m7)— (1=72) = (1 —73) € [13,1]

f.A'.ord(t) =

where 7; := inf{¢; fo(t) N Aira CU_1A;}i=1,2,3.
The following picture shows the path of the flow f4 oq in this case:
Ay Ay
fo
AR

fo. I

The following result says that until a certain moment, the two flows f and f have

exactly the same path and after that moment, any increment on the path of the flow
fo (which is contained in U7_, A;) can be recovered as the disjoint union of a finite

number of increments on the path of the projected flow f.

Proposition 2.5.2 Let s; := sup{t € [0,1]; fo(t) C Ui_145}% = 1,...,n. Define
u; := 8; and u; := s; + Z};ll(l —7i)i=2,...,n. Then fo(t) = f(t) foranyt < s,
and

Jo(s1+ €)\fo(s1) = U, [f(u; + )\ f(xw;))]
foranye€ (0,s; — 81),i=2,...,n.
Proof: The first assertion is clear. Let C; be the left neighbourhood of 4; in A’. Let
t=2,...,n be fixed. For any € <s; — s, fo(s1 + €) € Ui_;4; = Ui_,C; and hence
we have
Jo(s1 + €)\fo(s1) = L.J;.-=1 [(fo(s1 + €)\fo(s1)) N Cil
On the other hand

(fo(s1 + €)\fo(s1)) N C; = (fo(s1 + €) N A;)\[(UIZ1 4x) U (fo(s1) N 4;)]
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= [(UIZ1Ak) U (fo(s1 + €) N A;)N(UIZ1 Ax) U (fo(s1) N A;)]
j-1 j—1
=fs1+)Y(1—7)+€)\ flsi+ D (1 — 7))
k=1 k=1

by the definition of the projected flow f between the sets U} Ax and Ul_, Ax.
a
A consequence of the above proposition is the following: let X := (X 4)aca be
a set-indexed process which has a unique additive extension to C(u). Denote with
X? == Xpe,t € [0,1] and X, := Xjq),t € [0,%,] the projections of the process X
over the flows f;, f. Then X? = X, for any t < s; and
X0

S1+€

i
— X0 =Y (Xuj4e — X,,) for any e € (0,s; — 51),i=2,...,n.
j=1

The next proposition describes the relationship between the projections f and g
of the flow f; on the same finite semilattice A’, but with respect to two different

orderings.

Proposition 2.5.3 If ord1={A4, = 0, Ay,...,An} and ord2={A, = W, A},..., AL}
are two consistent orderings of the same finite semilattice A', with A; = Al Vi,
where 7 is a permutation of {1,...,n} with w(1) = 1 and we denote f := fu ora1,9 =

faoraz with f(t;) = Ui_ 1 A, g(u:) = Ui_ A}, then
(a) ti=uy =1 and t; — tio) = Un(s) — Un(i)—1 fOT evEry i =2,...,n;
"(b) f(t) =g(t) for any t € [0,t,] and
Fltict + O\ f(tic1) = 9(Un(iy—1 + €)\g(Un(i)—1)
for every e € (0,t; — t;_;) and for everyi=2,...,n.

Proof: (a) From the definition of the projected flow we have t;, = u; = 1 and
t;=1+221(1—7),us =1+ T2V (1 — 7)) fori = 2,...,n, where

7; := inf{t € [0,1]; Aip1 N fo(t) € Ui, Aj}

71 := inf{t € [0, 1]; Ajy, N fo(t) € U, A%}
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Hence t; —t;_; =1 — 71 and Ux() — Up)—1 = 1 — 1',',(,-)_1. We will prove that
Timl = Ty forany i =2,...,n.

Note that 7,_; is the first instance when A; N fo(t) € UiZ]1A;. But A; N fo(t) <
UjZ14; if and only if A; N fo(t) € UiZi(A; N A;) = Uscaaca,A. Similarly Tyt IS
the first instance when A7,y N fo(t) € uTe- 1A' but A7, N fo(t) CU "(’) lA’ if and
only if A7,y N fo(t) € Uaea,ac AL 4. The equality follows since A; = ,,(,-).
(b) Clearly f(t) = g(t) = fo(t) N A, for any t € [0,¢;]. By the definition of f we
have that foreachi=2,...,n

F(timt + N Fltit) = [(UZEA) U (fotior + € — 3-(1 — 7)) N AJN(UIZL4;)

=1

= (fo(Ti-1 +€) N AIN(U;Z145) = fo(rimi +€) N C.

Similarly
9(Ur(i)—1 + f)\g(uﬂ(i)—l) = fo(T;r(i)-l +€)N C-:,r(i)'

The result follows since 7, = 7,(;)_, and C; = C ;-

a

A consequence of the above proposition is the following: let X := (X4)4eca be
a set-indexed process which has a unique additive extension to C(u). Denote with
X; == Xy, t € [0,t,] and X{' := Xy, t € [0,u,] the projections of the process X
over the flows f,g. Then X| = X}’ for any t < ¢, and

Xt"«_l.(..e - Xt'x ) X” _ X"

Up(i)—1TE€ Ugp(i)—1

for any € € (0,t; —t;_1),i = 2,...,n. In other words, the trajectory of the process X’
can be constructed from the trajectory of the process X” by permuting (according to
the permutation 7) the n — 1 pieces determined by the partition u; < us < ... < u,



Chapter 3
Set-Markov Processes

Defining a Markov property for processes indexed by a partially ordered set is not
a problem that can be tackled very easily when someone has the declared goal of
proving that processes with such a property actually exist.

For processes indexed by the plane, different types of definitions were proposed,
the only one for which a constructive result exists being Lévy’s sharp Markov property
(see the introductory Chapter 1). For A-indexed processes, where A is an indexing
collection, there are already in the literature (see [41]) two possible definitions for
the Markov property called ‘sharp Markov property’ (analogous to the sharp Markov
property on the plane) and ‘Markov property’ (analogous to the Markov property
introduced by the authors of [46] on the plane). Having the merit of being as general as
possible, these definitions have also overcome the difficulty of working with processes
indexed by one class of objects (the points) and with a Markov property considered
with respect to another class of objects (the sets), because in their case everything is
defined in terms of the sets of the indexing collection. However, an existence result is
not yet available for these types of Markov properties in their full generality, although
we know that any process with independent increments is Markov (in the specified
sense).

Here we will consider a different type of definition for a set-indexed Markov pro-
cess, such a process being called ‘set-Markov’. The biggest advantage of this definition
is, in our opinion, the fact that, not only it is completely analogous to the Markov

49
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property on the line, but we can also very easily make use of the rich theory of Markov
processes on the line. In particular, exploiting this definition we will develop without
any difficulty a transition system theory paralleling the classical one and we will be
able to prove the desired existence result. The key ingredient to this promising theory
is the object named ‘How’, introduced in Section 2.4, which will transport a closed
interval of the real line into our indexing class A(u).

In this chapter we will introduce the formal definition of set-Markov processes and
we will prove some of their properties. In particular we will prove that all processes
with independent increments are set-Markov and that the class of set-Markov pro-
cesses is a sub-class of the class of sharp Markov processes. Given a transition system
Q we will restrict our attention to those set-Markov processes for which the transition
from one state to another is dictated by Q. We will call these processes Q-Markov
and we will construct them in two cases: when the geometrical property SHAPE
holds and when it does not. Finally, we will see that to each transition system Q one
can associate a transition semigroup of bounded linear operators, very much in the
spirit of the classical theory.

Most of the results of Section 3.1 and Section 3.3 appear in [7].

3.1 Set-Markov Processes. General Properties

In this section we will give the definition of a set-Markov process and we will discuss

its properties.

If ,G,H are three sub-o-fields of the same probability space, we will use the
notation F L H | G if F and H are conditionally independent given G i.e, for every
bounded H-measurable random variable Y, we have E[Y|F v G] = E[Y|G]. (Basic
properties of conditional independence are discussed in Appendix A.1)

Definition 3.1.1 A set-indered process X := (X 4)aeca is called set-Markov with
respect to a filtration (F4)aca if it is adapted and VA € A,VB € A(u)

Fp L o(X n\pg) | 0(XB) (4)
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The process X is called simply set-Markov if it is set-Markov with respect to its

minimal filtration.

Comments 3.1.2 1. In the above definition we can assume without loss of gen-
erality that A Z B : if A C B, then Xa\g=0as

2. It is easy to see that in the classical case (i.e. for the processes indexed by the
real line) the set-Markov property is equivalent to the usual Markov property:
a process X := (Xi):e[o,q] is Markov if and only if Vs,t € [0,1],s < t we have
Fo Lo(Xe— X.) | o(X,)-

We have the following immediate consequence of the definition.
Proposition 3.1.3 Any process with independent increments is set-Markov.

Proof: Let X := (X4)aca be a process with independent increments and (Fg)g¢ Alu)
its minimal filtration. Using a monotone class argument, it is not difficult to see that
for every A € A,B € A(u), X\ is independent of F5 (and hence X a\ g Is also
independent of Xp).

a

The next result gives some equivalent definitions for the set-Markov property.

Proposition 3.1.4 (Characterization Properties) Let (F4)aca be a set-indezed
filtration and X := (X 4)aca an adapted set-indezed process. The following statements

are equivalent:
1. the process X is set-Markov with respect to (F4)aca;
2. VA€ A, B € A(u), Fg L 0(Xaug) | 0(XB);

3. VB,B' € A(u),BC B, Fg L 0(Xp) | o(XB).

Proof: The fact that 1 is equivalent to 2 follows from Lemma A.1.3, Appendix A.1
since Xaup = X, \p + Xp a.s. and Xp is Fp-measurable. Clearly 3 implies 2; it
remains to check that 2 implies 3. Let B, B’ € A(u) be such that B C B'. Say
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B’ = UL, A;, A; € A is an arbitrary representation. Then B'= BU B’ = BUUL_, 4;
and the result follows by induction on k: assume that the statement is true for k.
Then

E[A(X pyuees 1)1 FB] = E[ER(X poess )| Foue 4] Fal =
E[E[A(X ot a)l X puk_,a )1 FB] = Bl (Xpuuse_ 4,)1 Fs]

i=1

which is o(Xpg)-measurable, by the induction hypothesis.
a

Comment 3.1.5 Using a monotone class argument it is not difficult to see that
a set-indexed process X := (X4)a4c4 is set-Markov if and only if VA € 4,VB €
A(u),VA; € A,A;,CB;i=1,...,m

U(XAn'--aXAm) ‘LU(XA\B) I O'(XB).

(According to the above characterization, we can replace A\B with A U B, or with
B' € A(u), B C B'.) This property virtually says that we can ‘discretize’ the past

history of a set-Markov process, exactly as in the classical case.

The following result says that a set-Markov process becomes Markov in the usual
sense along any flow (i.e. along any increasing collection of sets in .A(u), indexed
by a closed interval of the real line). Moreover when we restrict our attention only
to the ‘simple’ flows, i.e. to those flows which are piecewise .4-valued, this becomes
in fact a sufficient condition for the set-Markov nature of the process. This result,
while simple, is crucial since it provides us with the means to define the generator of

a set-Markov process; this will be done in Chapter 4.

Proposition 3.1.6 Let (Fa)aca be a set-indezed filtration and X := (Xa)aca @
set-indezed process. Then X is set-Markov with respect to the filtration (Fa)aca if
and only if for every simple flow f : [0,a] — A(u) the process X7 := (Xj())icio,q)
1s Markov with respect to the filtration (Fy))ecio,a)- (For the necessity part we can

consider any flow, not only the simple ones.)
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Comment 3.1.7 The filtration (F, £(t))te[0,a} is DOt the minimal filtration associated
to the process X/ even if the set-indexed filtration (F4)aea is the minimal filtration

associated to the process X.

Proof: From the classical theory of Markov processes, the process X/ is Markov with
respect to the filtration (Fjy,). if and only if it is adapted and for every s < t we

have
Frsy L o(Xgey) | 0(Xgs))-

This is equivalent to the characterization property 3, Proposition 3.1.4, since we know
that whenever the sets B, B’ € A(u) are such that B C B’ there exists a simple flow
f and some s <t such that f(s) = B and f(t) = B’ (Lemma 2.4.9).

|

Comment 3.1.8 To emphasize the importance of the above result, let us record that
a similar phenomenon happens in the martingale case. More precisely, a set-indexed
process X := (X4)aca is a ‘strong martingale’ with respect to the filtration (F,)aca
if and only if for every simple flow f : [0,a] — .A(u) the process X/ := (X £(t))te[0.a]
is a martingale with respect to the filtration (Fj())ico,q (see Lemma 5.1.2, [41]).
A ‘strong martingale’ is an adapted set-indexed process X with a unique additive
extension to C(u) which satisfies the condition E[X¢|GE] = 0 for all C € C, where

G¢ = VBeA(u),Bnc=0FB-

The next lemma shows that we can consider more than one set in the definition of
the set-Markov property. In particular, this will imply that the set-Markov property
is stronger that the sharp Markov property.

Lemma 3.1.9 Let X be a set-Markov process with respect to the filtration (Fa)ca-
Then VB € A(u), VA,,... A € A

.7:3 1 G(XAl\B’ .- "XA,,\B) I O’(XB).

Proof: Without loss of generality we can assume that A; Z B Vi. Let h: RF 5 R

be an arbitrary bounded measurable function.
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Say B = UjL;,Aj, Aj € A. Let A’ be the minimal finite semilattice which
contains the sets A,, ... A, {Ay =@, A}, ..., A} a consistent ordering of A’ and C!
the left neighborhood of A, in A" fori=1,...,n.

Say A; = A;; for j =1...k; then A;\B = A; \B = Ui, C;] with I; C {1,...,4;}
and X, \p = Yier; Xci-

Therefore we can say that h(XAl\B, ... ’XA,,\B) = hl(XC,’l eens Xc;_), for a cer-
tain bounded measurable function A, : R* =+ R and some {; < ... < l,Ci. € B.
In order to simplify the notation, let us denote D; := Ci,i=1,...,s. Let B; =
BUU;_ D for i = 1,...,s. Then D; = B;\B;_; and Xp, = Xp, — Xp,_,; hence
Xpy,---,Xp,_, are Fp,_,-measurable. Because each D; is the left neighbourhood of
A}, we also have B; = BuUU =1A;k and therefore D; = (4] U B;_)\B;_, = AI\B;_;.-
Using Proposition 3.1.4 (property 3), we have E[f(Xp,)|Fs,_,] = E[f(Xp,)|Xs,_,]
for any bounded measurable function f. At this point we may apply Lemma A.1.3,
Appendix A.1 to get

E[hI(XDU s 7XD.)I-7:B.—1] = E[hl(XDl’ o ’XD:)IXBs—l" XDU .. '7XD.-—1]

So
E[h(XA,\BV - 7XA,:\B)I}.B] = E[E[hI(XDn---7XDa)|st—1“}-B] =

E[E[hl(XDu .. ',XDJ)IXBJ—I’XDI’ . '1XD;-1]IfB]'

Writing Xg,_, = Xp + Si=} Xp, we get
ER(X,\p+---» XA,,\B),]:B] = E[h2{Xp,,...,Xp,_,» XB)|Fs]
Continuing in the same manner, reducing at each step another set D;, we finally get
E[h(XAl\B, e ,XAk\B)lfg] = E[h(XAl\B, e XAk\B)IXB]'
a

Proposition 3.1.10 If X := (X4)aca is a set-Markov process with respect to the
filtration (Fa)aca, then it also sharp Markov with respect to the filtration (F)aca-
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Proof: Let B € A(u), A; € A(B°);i =1,...,k and h : R* - R a bounded and
measurable function. Then, writing X4, = X AanB + X 4;\p and using Lemma A.1.3,
Appendix A.1, we get

E[h(XAl, - 1XA,;)|?B] = E[h(XAl, . -zXAn)IXB7XA.'ﬂBxi = 1, . ..n]

which is Fsg-measurable, by Lemma 2.3.15.
O
In what follows we will give an important characterization of the set-Markov

processes that will be instrumental for the construction of these processes.

Proposition 3.1.11 A set-indezed process X := (X ) aca is set-Markov if and only
if for every finite semilattice A', for every consistent ordering {Ac=0,A,,... A}
of A" and for everyi=1,...,n—1

0(Xag, Xaguays---» ‘Yu;;t‘,Aj) L U(Xu;';},Aj) | U(Xu;i:oAJ-)' (5)

Proof: We will use the characterization of the set-Markov property given by Propo-
sition 3.1.4 (property 3). Necessity follows immediately.

For sufficiency note first that equation (5) implies a similar equation where the
union of the first 7 + 1 sets is replaced by the union of the first ¢ + p sets. In fact it
is easily shown by induction on p that for every i < n —p

U(XAO’ XAOUAl IR Xu;_sAJ) 1 U(Xu;';'éAj’ k=1,... ,P) l U(XU;-=0A]')' (6)

(The statement for p = 1 is true by hypothesis. Assume next that the statement
is true for p. The result for p + 1 follows by Lemma A.1.4, Appendix A.1 since for
each fixed i <n—p—1, 0(Xa,, Xagua,:--- ,XU;-_;éAj) L U(Xu;'.‘;},Aj) | O'(XU;1=°AJ.) and
(X g Xaouars- -+ Xus_yay) L oXsssn k=20, +1) | 0(Xyine)-)

Consider now arbitrary sets B, B' € A(u) with B C B’. Using Comment 3.1.5,
it is enough to show that VA} € 4,4 C B;l = 1,...,m, o(Xap,---  Xa) L
o(Xp) | o(Xp). Without loss of generality we can assume that the sets A}, ..., A,
form a finite semilattice (if not, there exists a finite semilattice A’ which contains
them) and the ordering {Ay = @, A},..., A!.} is consistent.
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There exists a bijective map 3 such that (Xa;, Xag,--.,Xa;,) = ¥(Xay, Xajuay,
---»Xup a) as. Consequently, we have

o(Xay, Xays-- - Xay,) = 0(Xay, Xaguay, - Xup a1)-

By Proposition 2.1.14.(a), there exists there exists a finite semilattice .4’ and a
consistent ordering {4y = @', A;,..., A} of A’ such that A] = U;;OAJ-, AlUA, =
Uod;, ..., UR Al = UZ0A;, B = UZH' A; and B' = U;Z§%A; for some i) < i <
... L imyo. Using (6), it follows that o(Xar, Xauay, - - -  Xup ap) L o(Xg) | 0(XB):
take 7 ;= 4,41 and p :=imq0 — Tnys-

a

3.2 Q-Markov Processes. The Construction under
SHAPE

In this section we will introduce a special class of set-Markov processes, called Q-
Markov processes, for which the mechanism of transition from one state to another is
completely known. This theory should be viewed as a generalization of the classical
theory of Markov processes corresponding to a certain transition system.

We will assume that the indezing collection A satisfies SHAPE and we will prove
that, under a certain consistency assumption, there exists a probability measure P
on the product space (R4, B(R)#) under which the coordinate-variable process X :=
(X ) aca defined by X 4(z) := x4 is @-Markov. In particular, this proves the existence
of a multiparameter process, which is sharp Markov with respect to the class of all

finite unions of rectangles of type [0, z].

We recall that by a transition probability on R we mean a function Q(z;T’),z €
R,T" € B(R) which is measurable in z and a probability measure in I'. Given two
random variables X and Y, a transition probability @Q is said to be a version of the
conditional distribution of Y given X the if P[Y € I'|X = z] = Q(z; ") for almost
all z (with respect to the distribution of X). Such a version always exists, but it is
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clearly not unique. (Properties of conditional distributions are discussed in Appendix
A2)

Note that if X := (X;):e[0,q} is a classical Markov process with initial distribution
p and for each s < t, Qg is a version of the conditional distribution of X, given X,
then the finite dimensional distribution of X (over an ordered n + 1-tuple of the form

0<t <t <...<t,)is given by

P(XO € FO?th € Fhth €F27-'~7X¢n er‘n) =

[ Tra@0) TT 1,5 Qs (it ) .. Qe (215 i2) Qo (s ey s{dizo)

i=1
for every Iy, Iy, ..., € B(R).

Using this observation, it would seem that all we need to construct a Markov
process is the initial distribution i and the conditional distributions @,;. However,
for any s < t < u the conditional distribution of X, given X, has two versions:
Qsu(z;T) and Qs¢Qeu(z: T) == Jg Quu(y; I)Qse(z; dy) (by Proposition A.2.3, Appendix
A.2); hence, for each I' € B(R) fixed, these versions will coincide for almost all = (with
respect to the distribution of X;), the negligible set depending on the set I".

In theory, one is confronted with the problem of constructing a Markov. process
X := (Xt)e[0,q) (and implicitly the probability space (2, F, P) on which it is defined)
knowing the initial distribution x and a system Q of transition probabilities Q. (each
Qs: will be later identified as a version of the conditional distribution of X, given Xj).
However, because the probability measure P is not defined yet, we have to require

that for s <t < u, the versions @Q;, and Q,;Q:. coincide everywhere, i.e.

Quu(z;T) = /R Quu (¥ T)Qu(z; dy) ¥z € R, T € B(R).

In this case, the family Q is called a (one-parameter) transition system. A Markov
process X := (X¢)c,q) for which Qg is a version of the conditional distribution of

X, given X, for every s < t, is called Q-Markov.
In what follows we will indicate how we can transfer these ideas to the set-indexed

case.
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Definition 3.2.1 (a) For each B,B' € A(u),B C B’ let Qgp be a transition prob-
ability on R. The family Q = (QBB’)B,B’EA(u);BQB’ is called a transition
system if VB € A(u),Qgg(z;-) =6z and VB,B',B" € A(u),BC B'C B"

Qs5+(@iT) = [ Qoon(yi1)Qss (z:dy) ¥z € R,T € B(R)

(b) Let Q := (@Bp')B.Bcan):Bce be a transition system. A set-indexed process
X = (X4a)aea is called Q-Markov with respect to a filtration (Fj4)ac4 if
it is adapted and VB, B’ € A(u), B C B’

P[Xp € I'|Fp] = Qpp(Xp;T) as. VT € B(R).

The process X is called simply Q-Markov if it is Q-Markov with respect to its

minimal filtration.

Note that a Q-Markov process is a set-Markov process for which Qgpg' is a version
of the conditional distribution of X g given Xp, for every B, B' € A(u), B C B': from
the definition of the Q-Markov property, VB, B’ € A(u),B C B', P[Xpg € I'|Fg] =
P[Xp €T'|Xg], i.e. Fg L o(Xp) | o(XB).

According to the preceding discussion, if X is set-Markov and Qpp' is an arbitrary
version of the conditional distribution of Xz given Xp for every B, B’ € A(u), B C
B’, then X is not necessarily @-Markov, simply because the family Q of all Qgg:’s
may not be a transition system.

Let Q := (@Bs')B,p'cAm);Bcp be a fixed transition system.

Comment 3.2.2 Using a monotone class argument, it is not difficult to see that a
set-indexed process X := (X4)aea is Q-Markov if and only if VA € A,VB € A(u)
and for every partition B = Ul_,C;,C; € C

P[XAuB € FIXC“ .o ,ch] = QB,AUB(XB;F) as. VI € B(R)

This property will be used in Chapter 6 in order to show that certain processes are
Q-Markov.
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The next result follows exactly as Proposition 3.1.6 and gives the expected corre-

spondence via flows.

Proposition 3.2.3 A set-indezed process X := (X 4)aeca is @Q-Markov with respect
to a filtration (Fa)aca if and only if for every simple flow f : [0,a] — A(u) the
process X7 := (X()ee0,a) is @ -Markov with respect to the filtration (F))ic.a)»
where th := Qf(s),5(t)- (For the necessity part we can consider any flow, not only the

simple ones.)

The following result is the counterpart of Proposition 3.1.11; in particular, this
result will allow us to write down the finite dimensional distributions of a set-indexed

©-Markov process in a close form that is very similar to the classical case.

Proposition 3.2.4 A set-indezed process X := (X 4)aca is Q-Markov if and only if
for every finite semilattice A’, for every consistent ordering {Ag =0, A,,...,An} of
A’ and for everyi=1,...,n—1

U(XAM ‘YAOUAl 1o Xu;j__éAj) 1 U(Xu;:éAj) I U(Xu;'.___OAJ-) and

Qu;.=1Aj,U;§‘1A,- is a version of the c.d. of Xu;'.;‘lAj given Xy:i_ a,

(c.d. stands for ‘conditional distribution’).

Proof: Necessity follows immediately by the definition of a Q-Markov process. For
sufficiency, note first that the process X is set-Markov by Proposition 3.1.11. Consider
now arbitrary sets B, B’ € A(u) with B C B’. We want to prove that Qgp’ is a version
of the c.d. of Xp given Xp.

By Proposition 2.1.14.(a), there exists a finite semilattice A’ and a consistent
ordering {Ag = @', 4,,...,A,} of A’ such that B = U;;OAJ- and B' = U;2=0Aj for
some ; < 19.

We can easily prove by induction on p that for every i <n —p

QU;-_=°-Aj Jitza, 1 a version of the c.d. of XU;-:% a; 8iven XU;=0 A

(The statement for p = 1 is true by hypothesis. Assume next that the statement is
true for p. The result for p + 1 follows by Proposition A.2.3, Appendix A.2, since
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for each fixed i <n -p—1, Qu;’-=° A5 UtE A is a version of the c.d. of XU;;,‘; A given
XU}:o A QU;:,‘; A5 R A is a version of the c.d. of XU;*;’B“ a, Biven XU;*;E A and
U(Xu_;:oA,-) 1 O'(Xu;;g*'lAj) , U(Xu;';{;Aj)°)

In particular, this implies that Qgp is a version of the conditional distribution of
Xpr given Xp: take i := i, and p := i, — 7;.

a

The consequence of the previous proposition is that we can characterize a set-
indexed Q-Markov process in terms of its finite dimensional distributions. More

precisely, we have the following result.

Proposition 3.2.5 A set-indered process X := (X A)aca s @-Markov with initial
distribution p if and only for every finite semilattice A’ and for every consistent
ordering {Ao = 0", Ay,..., A} of A

P(X4, €To,Xa, €T, X404, €Ty, ... y Xur_ 4, €T0) = (7)

Jrnes Fro@0) TT I (2@t a4y (Bt ) ..

=1

Qa,.4,04, (T1; dZ2)Qp 4, (zo; dz ) u(dxo)
for every Ty, Iy, ..., T, € B(R).

Proof: We will use the characterization of the Q-Markov property given by Propo-
sition 3.2.4.
For necessity, we have

P(XAO € F01 X.41 € FhXAlUAz € F21 ce- ,XU;‘=1AJ' € Fn) =
[ PIXa, €T, Xaoa, € Ty, Xp_ s, € TulXa = zolps(dzo) =
o

/r /;, P[Xaua, € T2, ., Xun_ 4; € Tu|Xa, = £1]Qu 4, (zo; dz1) u(dzo)
0 1

because Qg 4, is a version of the c.d. of X4, given Xy and

P[Xaua, €T2, .., Xup_ a; €TalXa, =21, X4y = 30] =
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P[XA1UA2 €l,,... ,Xu;.;lA,- € FnIXAl = -""1]

(since U(XAO) L U(X-‘hUAzr M XU?___lAj) I U(XAx))'
Continuing inductively in the same manner, at the last step we get the desired

relationship.
For sufficiency, we note first that u is the distribution of Xg (take I'; = R;: =
1,...,nin (7)). Taking', =...=T, =R in (7) we obtain

P(X4 € To, Xa, €T1) = [ [ Quay(z0idz1)u(dzo) VTo,T: € B(R)
[+} 1

which proves that Qg 4, is a version of the c.d. of X, given Xy .
For every 'y, I'},I'> € B(R)

. [ PlXawas € TalXa, = 21, Xap = 20]Qu a, (z0; dz ) (o) =
1] 1

P(XAO € ].‘0,)(_41 c FhXAlUAz S Fz) =

[, . @avas (@1 T2) Qo (i dz1 u(dzo)
1] 1
using equation (7) with[3 =... =T, =R

This implies that

P[XA1UA2 € P2|XA1 = Iy, XAQ = xO] = QAL,A1UA2(II;F2)
(depends only on z,) = P[Xa,ua, € [2|X4, = )

for P o (X4, X4,) '-almost all (zo,z;) and for every I';, € B(R). Consequently,
0(X4,) L 0(Xa,ua,) | 6(Xa,) and Q4,,4,u4, is a version of the c.d. of X 4,4, given

Xa,-
Finally, using an inductive argument, we can conclude that for every i < n — 1,
0(Xaqg> Xaguays---» Xu;'.;},A,-) 4 a(/\u;z“’_) | O’(Xu;l=oA,-) and Qu;l=,A,- it 4, isa version

of the c.d. of XU}*:"; 4, Biven X i Az i.e. X is a Q-Markov process, according to
Proposition 3.2.4.

a

The next result says that the Q-Markov property of a set-indexed process depends
only on the finite-dimensional distributions of the process. Consequently, any version

of a Q-Markov process will automatically be Q-Markov.
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Proposition 3.2.6 A set-indezed process X := (X4)aeca is Q-Markov with initial
distribution p if and only for every finite semilattice A' and for every consistent
ordering {Ag = V', A1,..., A} of A, if we suppose that A; = U;er,Cj;i = 2,...,n
for some subset I; C {1,...,1}, where C; the left neighbourhood of A; for each i =

1,...,n, then

P(XAO € FOaXAx S Fl,XAz € Fz,...,XA“ € Fn) =

/Rm Iy (zo)Ir, (1) [T Ir.(3_ (5 - Zj-1))Quazt a0z, 4, (Tn-1:4Zn) . ..

=2 JEI;
Qa1,4104,(T1; dZ2)Qu 4, (To; dz1) p(dxo)
for every Iy, 'y, ...,y € B(R).

Proof: For each i = 2,...,n, 4; = Ujer,.C; = Ujer, [(U_, A)\(UIZ] A))] and

XA'. = Z ch = Z(XU{=1A1 - XU{;:A;) a.s.
j€l Jel;

O

If the indexing collection A satisfies SHAPE, the construction of a set-indexed
Q-Markov process will be made using only the sets in A.

The following assumption requires that the distribution of the process over the
sets Ag, Ai,..., A, of a finite semilattice, does not depend on the consistent ordering

of the semilattice.

Assumption 3.2.7 If ord1={Ao = W', A,,..., A} and ord2={A) = V', A},..., AL}
are two consistent orderings of the same finite semilattice A', with A; = A;,(i),Vi,
where m is a permutation of {1,...,n} with (1) = 1, and we suppose that A; =
Ujer,C; for some subset I; C {1,...,1}, where C; is the left neighbourhood of A; for

eachi=1,...,n, then

/Rn+1 Iro(zo) I, (z1) f[ IP:‘(Z (z; - zj—l))Qu;;}Aj,u;!:lAj (Tn-1;d%a) - .. (8)

=2 jEl;

QAlyAlUAz (1‘1; d-’b’z)Qwa (l’o; dxl)#(dxo) =
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/l;l."“ IPo(yO)IFL (yl) H IP;(Z(y‘r(j) - y1r(j)—l.))Qu’.“‘A'.,U'l LA (yn—l; dyn) ..

i—2 jel J=1°7r" =
Q 4y, 4,04, (V15 dy2) Qo 4, (Yo; 2y1) x(dyo)
for every [y, I'1,..., T, € B(R).

Proposition 3.2.8 Assumption 3.2.7 is a necessary condition for the ezistence of a

Q-Markov process (with initial distribution p).

Proof: Suppose that there exists a set-indexed Q-Markov process X = (Xa)aca
(with initial distribution u). Let I'y,T'y,..., ', € B(R) be arbitrary. Then

P(Xa, €0, X4, €T, X4, €T,..., X4, €T,) =

P(XA:J € rvaA'l € Flv XA’2 € Fx—l(z), . -,XA;' € Pw-l(n))

By Proposition 3.2.6, the left-hand side of the previous equation is equal to the left-
hand side of equation (8); its right-hand side is equal to

Juor rot@) o) IL i, (3 s = 95-0)Qusst gy, i ) -
Q4,404 (Y15 dy2) Qo 4, (Yo; dy1) w(dyo)
where A; = U;epC} for some subset I; C {1,...,4}, and Cj is the left neighbourhood
of A foreachi=1,...,n.
Finally Uje,;(‘_)CJ’- = ALy = Ai = Ujer,Cj = Ujer,Cyy;), using Lemma 2.1.13.(b).
Consequently, we have I;,, = {7 (j); j € I;}; hence

InI Ir (3 (w5 —y5-1)) = fI In( Y (yi—yi-1)) = f[ Ir, (3 (yx() — Ynii)-1))

i=2 jert i=2 JEI =2 JEl;

and the result follows.
a

We are now ready to prove the main result of this section which says that, if
the indezing collection satisfies SHAPE, then Assumption 3.2.7 is also sufficient to

construct a @-Markov process.
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Theorem 3.2.9 Suppose that the indexing collection A satisfies SHAPE.

If p is a probability measure on R and Q := (Qpp)ecp is a transition sys-
tem which satisfies Assumption 3.2.7, then there ezists a probability measure P on
the product space (RA, B(R)*) under which the coordinate-variable process X :=

(Xa)aeca defined on this space is Q-Markov with initial distribution p.

Proof: For each k-tuple (A4, ..., A;) of distinct sets in A we will define a probability
measure p4, 4, on (R*, B(R)F) such that the system of all these probability measures
satisfy the following two consistency conditions:

!

(C1) If (A]...A;) is another ordering of the k-tuple (A, ... Ax), say A; = AL,

where 7 is a permutation of {1,..., k}, then
Bar.ac(Trx oo xT) = pag. ag (Tr-1) X - .. X Tr-1ry)
for every I'y, ..., ['x € B(R).
(C2) If A,,..., Ak, Axy1 are k + 1 distinct sets in A, then
Bay..ae(Ty X oo X Te) = pay. aea,, (T X ... X T X R)
for every I'y, ..., I'x € B(R).

By Kolmogorov’s extension theorem (Theorem 36.1, [10]) there exists a probability
measure P on (R#, R4) under which the coordinate-variable process X := (X 4)aca
defined by X4(z) := z4 has the measures p14,.4, as its finite dimensional distri-
butions. The process X will have a unique additive extension to C(u) by Theorem
2.3.3 (and the additivity relationships will hold everywhere). Finally, the Q-Markov
property of this process will follow from the way we choose its finite dimensional dis-
tributions p4,4,...4, over the consistently ordered sets of a finite semilattice, according
to Proposition 3.2.6.

Step 1 (Construction of the finite dimensional distributions)

Let (Ai,...,A:) be a k-tuple of distinct sets in A. Let A’ be the minimal finite
sub-semilattice of A which contains the sets A;,..., A, {By = ¢, B,,...,B,} a
consistent ordering of A’ and suppose that B; = Uyes;Dy;j = 2,...,n for some
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subset J; C {1,...,5}, where D; is the left neighbourhood of the set B, for each
j=1,...,n. Define

KBoB,..B, (Lo x Ty x ... x[p) := Iro (zo)Ir, (z1) [] Ir, (D (20 — 7u—1))
Rn+!l j=2 ved;

Qu;;; B,.Un_,B; (Tn-1:dzy) . . . @B, ,BiUB, (T1; dZ2)Qu B, (To; dz1 ) p(dzo)

foreveryrﬂvrl""vrneB(R).
Say A; = Bj, for some j; € {1,...,n};i = 1,...,k, let a : R**! 5 Rk,

a(Zo, T1,. .., Ta) == (zj,,- - ., Zj,) and define

BAy..Ac = IBoBy..B, OO .
The fact that p,4, 4, does not depend on the ordering of the semilattice A’ is a
consequence of Assumption 3.2.7.
Step 2 (Consistency condition (C1))

Let (A]...A}L) be another ordering of the k-tuple (4;...A), with 4; = Ary ™
being a permutation of {1,...,k}. Let A’ be the minimal finite sub-semilattice of
A which contains the sets Ay,..., Ax, {By = @, B,,...,B,} a consistent ordering
of A’ and suppose that B; = U, J; Dy for some subset J; C {1,...,5}, where D; is
the left neighbourhood of the set B; for each j = 1,...,n. Say A; = B;,, A} = B;;
and let a(zo, 1, ..., z,) = (zj,,-.-,Z5.), B(To, Z1, ..., Tp) := (Zjis-- s zj: ). We have

ji == j‘;r(z)’ Hence

a My x...xTx) = {(z0,Z1,.--,Z0);Zj, € Ty,...,zj €Tk}

{(1,‘(),.’1,‘1,....,.’L’",);:L‘J"l € Fw“(l):-- -y Tt S F,,—l(k)}

= B (Ta-1q) X - - Trmrqay)
and

pay.ac(T1 x ... xTk) = pgop,.p.(@ ([ x...T))
= 18oB1..B. (B (Ca-101) X ... Tr-1(sy))

= /‘LA'l...AL(Fr—l(l) X ... X F,r—l(k))



CHAPTER 3. SET-MARKOV PROCESSES S 66

for every I'y, ..., Tx € B(R).

Step 3 (Consistency Condition (C2))
Let A,,..., Ak, Ax+1 be k + 1 distinct sets in A. Let A’, A” be the minimal finite
sub-semilattice of .A which contain the sets A;, ..., Ag, respectively A;,..., A, Agq1-
Clearly A" € A”". Using Proposition 2.1.14.(b), there exist a consistent ordering
{Bo = @', By,...,B,} of A" and a consistent ordering {B} = ¢, B},..., B! } of A’

such that, if B] = B;;l = 1,...,m for some indices i; < i3 < ... < %, then
U, B, = ;‘=1BJ— forall i =1,...,m. Let v(zo,z1,--.,2Zn) = (Z0,%;,,.--,Ti,) and

suppose for the moment that
LB,B,. B, = [BoBy..B, O (9)
Say A; = Bj;t = 1,...,k + 1 for some j; € {1,...,n} and define a(zq,z,...,
Zn) = (Zj,,- -5 Tj.,,)- On the other hand, if we say that foreach i = 1,..., k we have
A; = B, forsomel; € {1,...,m}, then j; =4,,...,jx = #,; define B(vo,y1,...,Ym) =
(yllv LRI} ylk)' Then
BUCyx...xTk) = {o:¥1,--->Yym)i¥y € L1yennyyy, € T}
Y HBTH Ty x ... x %)) = {(Z0,%1...,Zn); Ty, €T1,... 25 €Tk}
= {(z0,Z1,...,Tn);zj; €T1,...,zj, € Tk}

= a1 x...xTexR)
and

pay.a(Tyx...xTy) ¥ pye;..B, (67 (T x ... x k)
EBoBy..B. (Y H(BTHTL % ... x %))
/.Lgogl_"gn(a_l(r\l X ... X Fk X R))

def
= KAy Aga, (T X ... x T x R)

for every I'y,...,I'x € B(R).

In order to prove (9) let I'(,I'1,...,['y € B(R) be arbitrary. Suppose that
Bj = Uyes;Dy;j = 2,...,n for some subset J; C {1,...,j}, where D; is the left
neighbourhood of the set B; for each j =1,...,n. Then

BBoBy..B. (T M (Lo X Ty X ... x [p)) = (10)
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/l:{n-&'l Ir‘oxr’l x...x[‘m(')'(l'o,.'l,'l, Z (zj - xj—l): ey z (1'1' _ zj—l)))

JEJ2 J€Jn
Qurzig;ur_, B; (Tn-1:@n) - - - @By, B1UB, (Z1; d22)Qu B, (To; dZ1) (dZo).
Note that ¥(zo, 1, Zjes, (T — Tj-1), - - - » Tjesn (T — Zj-1)) = (T0, Zjeu,, (zj — Tj-1),
-+1 2jed;,, (z; —zj-1))- On the other hand, suppose that Bf = Uyer, D,;l =1,...,m
for some subset L; C {1,...,l}, where Dj is the left neighbourhood of the set Bj for
each [ = 1,...,m. Note that D} = (U, _,B.)\(U2,B.) = (U’.-‘=IBJ-)\(U"-';{BJ-) =

it _
Uj=i,_,+1D; and hence we have

Uyes,, Dy = B;, = By = Uyer, Dy, = UueL, Uiz +1 Dy
This implies that
Jil=Uw€L,{iw—l+11iw—l+2a---7iw} Vl=1,,m

a‘nd Zje.l,-l (IJ - Ij_l) = ZwGL, Z;'wziw-l-f-l(zj —xj—l) = Zwebx (ziw - 2:iw—l )’ Therefore
the integrand of (10) does not depend on the variables z;, j & {i0,%1,-..,%m}. By the
definition of the transition system, the integral of (10) collapses to

S @ @) T (@i = 20 )@t 5, 5,5, i i) -

weL;

QU;;IBJ' 'U;2=l Bj (xil 1 dxiz )Q@',U;l:l B; (1:0; dxil )”’(dzO)

which is exactly the definition of KB B, ...B,, (To x '} x ... xTI'y,) because U;-'=IBj =
U._, B’ for every [ = 1,...,m. This concludes the proof of (9).
a

Finally we will translate the preceding result in terms of flows. Let u be an

arbitrary probability measure on R.

Definition 3.2.10 For each finite sub-semilattice A’ and for each consistent ordering
ord= {Ag =0, Ay, ..., An} of A’ pick one simple flow f := far ora which ‘connects the
sets of A' in the sense of the ordering ord’ (see Lemmma 2.4.8). Let S be the collection
of all flows fa ord-
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The next assumption will provide a necessary and sufficient condition which will
allow us to reconstruct a transition system Q := (Qpp’) cp from a class of transition
systems {Qf := (Qf)s<e; f € S}, if the indexing collection A satisfies SHAPE. It
basically says that whenever we have two simple flows f,g € S such that f(s) =
g(u), f(t) = g(v) for some s < t,u < v we must have Q/, = Q7.

Assumption 3.2.11 Ifordi={A¢ =0, Ay, ..., A} and ord2={A, = @', A},..., A}
are two consistent orderings of the same finite semilattice A’, such that A,, ..., A is
a permutation of A, ..., A, and we denote f := fu ora1, 9 = farorae with f(t;) =
Uis1 4, 9(uw;) = Ui A}, then

Qb = Qbu, and QL. = QL.
The following assumption is easily seen to be equivalent to Assumption 3.2.7.

Assumption 3.2.12 Ifordi={Ac =0, A\,..., An} and ord2={A, =¥, A}, ..., AL}
are two consistent orderings of the same finite semilattice A’ with A; = A;(i), where
is a permutation of {1,...,n} with (1) = 1, we suppose that A; = U;c[,C; for some
subset I; C {1,...,i}, where C; is the left neighbourhood of A; for eachi =1,...,n,
and we denote f := fuaora1, 9= faroraz with f(t;) = Ui_ A, 9(u;) = Ui, A}, then

/Rn-H IFo(a:O)Irx (121) InI IF.‘(Z(IJ' - zj—l))Qtfn—xtn(zﬂ—l;dxn) R (11)

=2 JEl
Qiea (15 d22) @1, (0; dz1)p(dTo) =
/R.m Ity (yo)Ir, (y1) i=f[21r.~ (J%%(yw(j) = Yn(j)~1)) QY un Un—1:dyn) - . .
g1z (V15 8Y2) Q5w (Yo; dyr) (dyo)
for every 'y, ', ..., ' € B(R).

The following result is immediate.

Corollary 3.2.13 Suppose that the indering collection A satisfies SHAPE.
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If 4 is a probability measure on R and {Qf = (QL)scs; f € S} is a collection
of transition systems which satisfies Assumption 3.2.11 and Assumption 3.2.12, then
there ezist a transition system Q := (Qpp)pcp and a probability measure P on the
product space (R4, B(R)#) under which:

1. the coordinate-variable process X := (X 4) aca defined on this space is Q-Markov

with initial distribution pu; and
2.VfeS, X = (Xpy)e is @ -Markov.

Proof: Let B, B’ € A(u) be such that B C B'. Let B = UL, A}, B' = Ul A
be their unique extremal representations, A’ the minimal finite sub-semilattice of 4
which contains the sets A}, A]' and ord={4; = @', A;,..., An} a consistent ordering of
A’ such that B = U¥_, A; and B’ = U} A;. Denote f := fu ora With f(t;) = Ui_ A;.
We define Qgpr := Q{ktn.

The definition of Qgp does not depend on the ordering of the semilattice A’,
because of Assumption 3.2.11.

The family Q := (Qpp')pcp of all these transition probabilities is a transition
system: if B C B' C B” € A(u) are such that B C B’ C B”, then there exists a finite
semilattice A’ and a consistent ordering ord={Aq = @', A;,..., A} of A’, such that
B =U_A;,B' =U._|A;, B" = UTL | A; for some k < | < m; if we denote f := fu g
with f(t;) = Uj_, A;, then

QeeQp s = QLQL = Qf, = Qpp»

because Q/ is a one-dimensional transition system.

Finally, it is not hard to see that the transition system Q satisfies Assumption
3.2.7 and the conclusion follows by Theorem 3.2.9.

a
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3.3 Q-Markov Processes. The General Construc-
tion

If the indexing collection A does not satisfy SHAPE, then the process that we con-
structed in the previous section may not have a unique additive extension to C(u);
therefore this construction is not valid in general. In this section we will give the
construction of a Q-Markov process in the general case, when assumption SHAPE
does not necessarily hold. The construction will be made using increments (i.e. sets
in C) instead of sets in A; more precisely, we will prove that there exists a probability
measure P on the space (RS, B(R)C) under which the coordinate-variable process
X = (Xc)cec defined by Xc(z) := z¢,C € C is Q-Markov. The (almost sure)
additivity of this process will follow from the way we choose its finite dimensional

distributions.

Let u be a probability measure on R and Q := (Qgp')B,p'cau);Bcp’ 2 fixed tran-
sition system.
We begin by giving another characterization of a Q-Markov process in terms of

its finite dimensional distributions over the sets in C.

Proposition 3.3.1 A set-indezed process X := (X4)aeca ts Q-Markov with initial
distreibution p if and only for every finite semilattice A’ and for every consistent
ordering {Ag = 0, A1,..., A} of A, if we denote with C; the left neighbourhood of

A; for each1=0,...,n, then

P(X¢, €To, X, €, X, €Ta,...,Xc, €Ty) = (12)

/Rm Iro(zo)Ir, (1) ‘_=IIZIr.» (Z: = 2:-1)Qunztay.0n, 4, (Tn—15 dZn) - ..

Q 41,4104, (Z1; dZ2) Qo a, (To; dTy) (dzo)
for every Iy, Ty,..., ', € B(R).

Proof: For each i = 2,...,n, C; = (Ui_; A;)\(UiZ} 4;) and



CHAPTER 3. SET-MARKOV PROCESSES B 71

The result follows by Proposition 3.2.5.

a

In order to be able to construct a @-Markov process in the general case we must
impose another consistency assumption on the transition system Q, which requires
that the distribution of the process over the left neighbourhoods Cy,C;,...,C, of a

finite sub-semilattice does not depend on the consistent ordering of the semilattice.

Assumption 3.3.2 If ordi={Ay = 0, A,,..., A} and ord2={A, = ¥, A},..., AL}

are two consistent orderings of the same finite semilattice A' with A; = A’ ., V4,
(i)

where w is a permutation of {1,...,n} with (1) = 1, then
/m+1 Irg (zo) I, (z1) [] Ir, (z: — Zi-1)Qurzi a0z, 4, (Tr-154Za) - .. (13)
=2

Q41,4104 (715 dZ2) Qo 4, (To: dz1 ) pu(dzo) =
/an+1 Iro (yo) I, (1) I] I (ymesy — Yr()-1)Qurztar un, a4 (Yn-150Yn) - -
i=2

Qay,aua, (Y15 dy2) Qu 4, (Yo; dy1) u(dyo)
for every 'y, T'y,...,. T, € B(R).

Note: In Section 3.2, we have seen that Assumption 3.2.7 (which involves only

the finite dimensional distributions over the sets in .A) is a necessary condition for
the existence of a Q-Markov process, and we have proved that, if SHAPE holds, then
this assumption is also sufficient. In this section, we will prove that Assumption 3.3.2
is also a necessary and sufficient condition for the existence of a @-Markov process.
Therefore, in general Assumption 3.3.2 is stronger than Assumption 3.2.7, but if
SHAPE holds, then the two assumptions are equivalent.
The technical difference between these two assumptions is that they rely on the two
different bijections which relate the vector (X 4,, Xaqua;s- - -» XU;_:O 4,) with the vector
(X 40, XA4,,---,Xa,) on one hand, for Assumption 3.2.7, respectively with the vector
(Xce» Xy - - -1 Xc,) on the other hand, for Assumption 3.3.2.

Proposition 3.3.3 Assumption 3.3.2 is a necessary condition for the ezxistence of a

Q-Markov process (with initial distribution p).
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Proof: Suppose that there exists a set-indexed Q-Markov process X := (X4)aca
(with initial distribution u). Let [y, [,...,T, € B(R) be arbitrary. By Lemma
2.1.13 we have C; = C;(;). Then

P(XCo €F07XC1 EF[,XC.‘. €F21---1XCn eI‘ﬂ.) =

P(Xca € F01XC{ € FhXCé € Fﬂ-l(g), ee ,)(c;l € F,r-l(n)).

By Proposition 3.3.1, the left-hand side of the previous equation is equal to the left-
hand side of equation (13); its right-hand side is equal to

n
/}‘vu»l Il'o (yO)IF1 (yl) H I[’,,-L(i) (yi - yi—l)Qu;.‘;I‘A;,u;?___lA; (yn—l; dyn) s

i=2
Qa;,a,04, (Y15 dy2) Qo 4, (yo; dy1) 1(dyo)-
Finally [T7_, Ir__, o @i = Yi—1) = ITiz2 Ir:(Yri) — Y=(i)-1) and the result follows.
O
The finite dimensional distributions of a @-Markov process over the sets in C
have to be defined so that they ensure the (almost sure) additivity of the process.
The next result gives the definition of the finite dimensional distribution (of a Q-
Markov process) over an arbitrary k-tuple of sets in C and shows that, if the transition

system satisfies Assumption 3.3.2, then the definition will not depend on the extremal

representations of these sets.

Lemma 3.3.4 Let Q := (Qpp')pcs be a transition system satisfying Assumption
3.3.2. Let (C1,...,Cy) be a k-tuple of distinct sets in C and suppose that each set C;
admits two eztremal representations C; = A\ UTL, Ay = A\ U7, Aj;. Let A', A”
be the minimal finite sub-semilattices of A which contain the sets A;, A;j, respectively
AL Ai, {Bo = 0,By,...,Bp},{By = V,By,...,B,,} two consistent orderings of
A', A" and Dj, D] the left neighbourhoods of the sets B;,B{ for j = 1,...,n;l =
1,...,m. If each set C;;i = 1,...,k can be written as C; = Ujeys,D; = Uier, D) for

some J; C{1,...,n},L; C {1,...,m}, then

k
S (S @5 = 2500010, 0,8, (et o) - (14)

;=1 JEJ;
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@B,,B1UB, (Z1; dZ2)Qu B, (z; dz:) u(dz) =

k
«/E-l'"*" II II‘.-(Z (yl - yl‘l))QUf;';xB{,U{';lB{ (ym—l; dym) .o

i=l1 lel;
Qs ,8,uB; (Y15 dY2) Qu B: (v dy1) u(dy)
for every I'y, ...,y € B(R), with the convention o = yg = 0.

Proof: Let A be the minimal finite sub-semilattice of .4 determined by the sets
in A’ and A"; clearly A’ C A, A" C A Let ord'! = {E; = @,E,,...,Ex} and
ord> = {E} = 0",E},..., Eiy} be two consistent orderings of A such that, if B; =
E;;j=1,....,nand B = !l = 1,...,m for some indices 7, < iz < ... < i,

respectively k; < k; < ... < kp,, then

B, = U;:,1=1Ep, B,uU B, = U;;z:lEp, ceny _;'l=lBj = U;';IEP

Bi - U§l=1E¢,]’ B;_ U Bé = U$2=IE¢’,7 ce ey UlnélBl' = U::],E;'

Let m be the permutation of {1,...,N} such that E, = ,’,(p);p =1,...,N.
Denote by Hp, H, the left neighbourhoods of E,, E, with respect to the orderings
ord!, ord?; clearly H,=H, ., Vp=1,...,N. Note that D; = (U_B,)\(UZ!B,) =

(U;’=1Ep)\(ub-llEp) = U:;i=ij—l+1Hp;j = 1, N a.nd Simila.rly D; = U:‘=kl-l+1H¢;;l =

p:
1,...,m. Hence
_ o ) iJ' _ ) ij 1
Ci = UjerDj =VUjes, Upy,_ 11 Hp = Ujes, Upei,_, 41 Hygy)

— - ki ’
- UIEL;DI - U[ELI Uq=k1_1+1 Hq

and we can conclude that
{r(p)ip € Ujes {tjm1 + 1,351+ 2,...,i;}} = Uer, {kis1 + L ko1 + 2, ..., k).

Assumption 3.3.2 combined with the previous relationship implies that

Jawen

k i;
(Y 3 (- Tp-1))Quii 0t B, (EN-13dTN) . .
1

JjeJip=tj_1+1

i=

QE,,E1UE: (T1; dT2)Qu g, (z; dz1 ) p(dz) =
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k 2]
/RN“ . X (e — yx(p)—l))QU:';llE{va'V:lE{l (yv-15dyn) - -

i=l  jE€J; p=ij_1+1
Qe ejuE, (1: dy2) Qo g; (¥ dy1) (dy) =
k k
fonan (X 3 e ve-)Quie g ow-ssdun) -
Qe gjuE, (Y15 4Y2) Qo er (v dy1) u(dy)
with the convention zo = yo¢ = 0. This gives us the desired relationship, because
Z;j:i,-_l +1(ZTp = Tp_1) = T;; — z;;_,, the left-hand side integral collapses to an integral
with respect to Qun_ g, un=1 B, (Tin_1i 4%5,) - - - @B1,810B, (%115 4T, ) Qo B, (73 dz, ) u(dz),
and a similar phenomenon happens in the right-hand side.
O
We are now ready to prove the main result of this section which says that As-

sumption 3.3.2 is also sufficient to construct a @-Markov process.

Theorem 3.3.5 If u is a probability measure on R and Q := (Qpp’) Bcp 15 a tran-
sition system which satisfies Assumption 3.8.2, then there erists a probability mea-
sure P on the product space (RS, B(R)®) under which the coordinate-variable process

X := (Xc)cec defined on this space is Q-Markov with initial distribution p.

Proof: For each k-tuple (Cy,...,C;) of distinct sets in C we will define a probability
measure /c,..c, on (R¥, B(R)*) such that the system of all these probability measures

satisfy the following two consistency conditions:

(C1) If (C}...Cy) is another ordering of the k-tuple (C,...Ck), say C; = Creiys

where 7 is a permutation of {1,...,k}, then
tcy...co (T x ... x Tk) = per.ct (Camrqay X ... X Tro1(y)
for every I'y,...,I['x € B(R).
(C2) If Cy,...,Ck,Ciy are k + 1 distinct sets in C, then
pey..co(Tr x ... xTk) = pey..crcey, (T X ... x Tk x R)

forevery I'),...,'x € B(R).
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By Kolmogorov’s extension theorem (Theorem 36.1, [10]), there exists a probabil-
ity measure P on (R, R€) under which the coordinate-variable process X := (X¢)cec
defined by X¢(z) := z¢ has the measures pc,..c, as its finite dimensional distribu-
tions. We will prove that the process X has an (almost surely) unique additive
extension to C(u). The Q-Markov property of this process will follow from the way
we choose its finite dimensional distributions pc,c,..c, over the left neighbourhoods
of a finite sub-semilattice, according to Proposition 3.3.1.

Step 1 (Construction of the finite dimensional distributions)

Let (Ci,...,Cy) be a k-tuple of distinct sets in C and C; = A;\ i Agii=1,...,k
some extremal representations. Let A’ be the minimal finite sub-semilattice of A
which contains the sets A;, A;;, {By = @', By, ..., B,} a consistent ordering of A’ and
D; the left neighbourhood of the set B; for j =1,...,n. Define

HDoD,...D, (FO xTpx...x Pn) = /l;_n+l If”o(xo)lﬁ (.’121) H IF,' (xJ' - zj-l)
j=2

Qurzi;ur_, B, (Tn-15dZa) - . . @By, BB, (T1; dT2)Qu B, (To; dT1) p(dTo)

for every I'y,I'y,..., ' € B(R).
Say C; = Ujey,Dj for some J; C {1,...,n};i = 1,...,k, let a : R*! o
R*, a(zo, Z1, . . ., Tn) == (Zjes, Tjs - - - » Ljes, Tj) and define

—— -1
HC,..C, = HD¢D,..D, P CQ .

The fact that uc,. ¢, does not depend on the ordering of the semilattice 4’ is a
consequence of Assumption 3.3.2. The fact that pc, o, does not depend on the
extremal representations of the sets C; is also a consequence of Assumption 3.3.2,
using Lemma 3.3.4. Finally, we observe that the finite dimensional distributions are
additive.
Step 2 (Consistency condition (C1))

Let (C]...CL) be another ordering of the k-tuple (Ci...Cy), with C; = Cj,),
being a permutation of {1,...,k}. Let C; = A;\ UL, Aijsi = 1,..., k be extremal
representations, A’ the minimal finite sub-semilattice of .4 which contains the sets
A;, Aij, {Bo =0, By, ..., By} a consistent ordering of A’ and D; the left neighbour-
hood of the set B; for each j = 1,...,n. Say C; = Uje;,D;,C! = UjesD;j and
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let’ a(-'EOrIlv'--yxn) = (Zje.h zjv"’ijeJk x])’ ﬂ(:rO’Ila--'yxn) = (EJEJ; 1:]',...,

ZJ'GJ,: I])' We ha've ']1 = J'),r(z)' Hence

a” 'y x...xTk) = {(zo,Z1,...,Ta); Y_z; €T1,..., Y z; € T4}

j€N i€Tk
= {(zo,Z1,-.-,Za); X Z; € Trrqry, ..., O T; € Dpmiiy }
jed Jj€J;

= 6"1(1",,-1(1) X .. .F,r-l(k))
and

per..co(Ti x ... xTk) = ppop,..pu(a (T x ... xTk))
= WUDoD;...Dn (ﬂ_l(I’,,-l(l) X ... % Croigy))

= pcy..cy(Tarqy X ... X Trm1(iy)

for every I'}, ...,y € B(R).
Step 3 (Consistency Condition (C2))

Let Ci,...,Ck, Ci41 be k+1 distinct sets in C and C; = 4,\UjL, Ayt =1,...,k+1
some extremal representations. Let A’, A" be the minimal finite sub-semilattices of
A which contain the sets A;, Ai;;i = 1,...,k;j = 1,...,n;, respectively A;, A;;;1 =
1,...,k+ 135 =1,...,n;. Clearly A" C A”. Using Proposition 2.1.14.(b), there
exist a consistent ordering {By = @', B,,...,Bp} of A” and a consistent ordering
{By=0,By,...,B..} of A such that, if B = B;;;l =1,...,m for some indices i; <
G2 < ...<im, then U_ B, =UXL B;foralll=1,...,m. Foreachj=1,...,n;l =
1,...,m, let D;, D; be the left neighbourhoods of B; in A", respectively of B] in

A’ and recall that D} = §‘=,-‘_1+1DJ- foreach [ = 1,...,m. Let v(zo,z1,...,Zn) :=
(zo, Z:;-‘:I zj, Z;?:il $1Zjr ey E;-';,-m_l +1 Z;) and for the moment suppose that
IDyD;,...04 = BDoDy..Dx © Y (15)

Say C; = Ujes, Dj;i=1,...,k+1forsome J; C {1,...,n} and define a(zo, zy, ..., z,) :
(Zjen Tjs- -1 Ljese, Ti)- On the other hand, if we say that for each i =1,...,k we
have C; = Uigr, Dj for some L; C {1,...,m}, then J; = Uier, {i1-1+ 1,51 +2,...,4};
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define 5(!/0, Yiy---: ym) = (ZIGLI Yi,---y ZleLk yl)' Then

BMCix...xTe) = {(Ho,¥1,---:Um); I w€E€lL,.... Y w €T}
lel, leL
i
YU BTy x...x ) = {(Io,-’lfl,---,-’tn);z > =z;€T; Vi<k}

leL; j=ii—+1

= {(@021,....7a); Lz €L, 3 x; € Th}

jeh J€Jx
= a (' x...xT« xR)

and

pe,..cTix...xTe) € pppr pr (BT x ... x T%))
LDoD,..0. (VB THTL x ... x %))

l‘DoDl...Dn(a-l(Pl X ... X Fk x R))

def
= HCy...CLCrit (Fl X...X Fk x R)

for every I'1, ..., Iy € B(R).
In order to prove (15) let 'y, Ty, ..., € B(R) be arbitrary. Then

l‘DoDx...Dn('y-l(Fo X P]_ X ... X Fm)) =

/};,n+l Il"oxl"l X...Xmn (‘Y(x(h T1,Z2 — Tiy---3Tn — zn—l))
Qur=ig;un_ B, (Tn-1:dZn) . .. @By BB, (T1; dT2) Qo 5, (To; dT1) u(dZ0).

m

Note that '7(1:0,171,1'2 —ZT1,---3Tn — xn-l) = (x()’zil,xiz R’ 2 TR

7

—z;,_,) and

hence the integrand does not depend on the variables z;,j & {4,1,...,%m}. By the

definition of the transition system, the above integral collapses to

m
Jamas Tro(zo) ey (@) I I (25 = 32 )Q it , i , (Bimes € -

=2

Quit, .0z, B, (Tiri 4% )Qg v | p, (To; €T3, )u(dzo)

which is exactly the definition of pgyg,. g, (o X I'1 X ... x [',) because U;;IBJ- =

Ui_,B;, for every s =1,...,m. This concludes the proof of (15).
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Step 4 (Almost Sure Additivity of the Canonical Process)
We will show that the canonical process X on the space (R, R€) has an (almost
surely) unique additive extension to C(u) (with respect to the probability measure P
given by Kolmogorov’s extension theorem). Let C,Cy,...,Ci € C be such that C =
Uk, C;, and suppose that C; = A;\ UjL; Aijsé =1,. .., k are extremal representations.
Let A’ be the minimal finite sub-semilattice of .4 which contains the sets A, Aij,
{Bo = 0,B,,...,B,} a consistent ordering of A’ and D; the left neighbourhood
of B;. Assume that each C; = U;ecs,D; for some J; C {1,...,n}. Because the
finite dimensional distributions of X were chosen in an additive way, we have X¢, =

2jes, Xp; as., Xc, nc,, = Yjedyns, Xp; a5, ..., Xw ¢ = Tjene s, Xp; s,

— k k —_
XC = Zjeuf=1-,i XD_,’ a.s. Hence 21::1 XC'- - Zi[(iz XCixﬂCiz + ... + (-1) an:lci -_—
Z:jGU:-;lJi XD,- = XC a.s.

o

Finally we will translate the preceding result in terms of flows. Let S be a collec-
tion of simple flows as in Definition 3.2.10.

The next assumption will provide a necessary and sufficient condition which will
allow us to reconstruct a transition system Q := (@Bs') Bcp from a class of transition
systems {Q/ := (QL,)s<:; f € 8}. It requires that whenever we have two simple flows
f.g € S such that f(s) = g(u), f(t) = g(v) for some s < t,u < v, we must have

Q.{t = zv N

Assumption 3.3.6 If ordI={A, =0/, A,,..., A} and ord2={A, = 0/, - AL}
are two consistent orderings of some finite semilattices A', A" such that Uro14; =
Um, AL, UE Ay = Uil A for some k < n,l < m, and we denote f = farordls
9 = faroraz with f(t:) = Ui A, g(us) = Ui_| A}, then

Q. = Q% and Qf, =Q%.. .

The following assumption is easily seen to be equivalent to Assumption 3.3.2.
In general, this assumption is stronger than the former Assumption 3.2.12 (which
involves only the finite dimensional distributions over the sets in A), but if SHAPE

holds, then the two assumptions are equivalent.
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Assumption 3.3.7 If ordl1={Aq =0, Ay, ..., A} and ord2={4, =W, A},..., AL}
are two consistent orderings of the same finite semilattice A’ with A; = ALy Vi,
where m 1s a permutation of {1,...,n} with #(1) = 1, and we denote f := fu ora1,
9 = faoraz with f(t;) = Ui 4;, g(u;) = Ui_ A}, then

/Rn“ Ity (zo) I, (1) ﬁ Ir (% — 2i1) QL0 (Tn-1;dT0) - .. (16)

=2
Qe (z1; dz2) Qf,, (z0; dz1) p(do) =
-/R,H_l Iro (yO)IFL (yl) H II'. (y‘ir(i) - yw(i)—l)Qi,,-lun (yn—l; dyn) ...
=2
Q@3 u, (V15 dy2) Q3. (wo; dyr) u(dyo)
for every 'y, I'y,..., Iy, € B(R).

The following result is immediate.

Corollary 3.3.8 If p is a probability measure on R and {Q := (Qf,)s<s; f € S} is
a collection of transition systems which satisfyies Assumption 3.3.6 and Assumption
3.3.7, then there exist a transition system Q := (Qpp')pcp and a probability measure
P on the product space (R, B(R)) under which:

1. the coordinate-variable process X := (X¢)cec defined on this space is Q-Markov

with initial distribution u; and
2.VfeS, X=Xy is Q/-Markov.

Proof: Let B,B’ € A(u) be such that B C B'. Let B = UL, 4},B' = U, A/
be some extremal representations, .4’ the minimal finite sub-semilattice of .4 which
contains the sets A}, A} and ord={A, = @', A;,..., A} a consistent ordering of A’
such that B = Uj_,4; and B' = U?_; A;. Denote f := faora With f(t;) = Ui_,A;.
We define Qpp := Qf,,..

The definition of Qg does not depend on the extremal representations of B, B’,
because of Assumption 3.3.6. Using the same argument as in the proof of Corollary
3.2.13, it follows that the family Q := (Qpp')pcp’ is a transition system.
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Finally, it is not hard to see that the transition system Q satisfies Assumption
3.3.2 and the conclusion follows by Theorem 3.3.5.
O

3.4 Transition Semigroups

Let B(R) be the Banach space of all bounded measurable functions ~ : R — R, with
the supremum norm || A [|:= sup_cg h(z). Let L be a fixed closed subspace of B(R)
and I the identity operator on L.

We recall that a bounded linear operator on L is a linear function T : L — L which
has the property that || T ||:= supe; nzo ””T—,:‘”u < 00. One example of a bounded
linear operator on the whole space B(R) is the operator associated to a transition
probability Q(z;dy) on R, defined by

(Th)(@) = [ h(y)Q(z;dy), z€R.

A family T := (Ts)s,te0,a];s<¢ Of bounded linear operators on L is called a (one-
parameter) semigroup on L if T,;, = I Vs and TyT,, = Ty Vs < t < u. Clearly,
if @ := (Qst)s<: is a transition system on R and we denote with T, the operator
associated to Q, then the family (T},);<. will be an example of a semigroup on the
whole space B(R).

Given a semigroup 7 on L, a classical Markov process (Xt)te[o,a) With respect to
a filtration (F); is called T-Markov with respect to the filtration (F,)s if Vs < t

E[h(X)|F,) = (Toh)(X,) Vhe L.

This notion clearly generalizes the notion of Q-Markov process on R...

In this section we will take the same approach as above but for set-indexed pro-
cesses. More precisely, we will introduce a more general class of set-Markov processes,
called 7-Markov and we will do some investigation to see if this class is indeed non-
empty. In other words, we will give an answer to the following question: what are

the conditions that have to be imposed on the semigroup 7" which will ensure the
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existence of a set-indexed 7-Markov process? We will discover that the existence of
a T-Markov process forces the semigroup 7 to be almost surely the one associated to

a transition system, and therefore we will be in the position to invoke the results of
Sections 3.2 and 3.3.

We begin with a definition.

Definition 3.4.1 (a) For each B, B' € A(u) with B C B’ let Tgp be a bounded lin-
ear operator on L. The family T := (Tgp')p,prca);Bc B S called a semigroup
on L ifVB € A(u), Tgp =1 and VB,B',B" € A(u), BC B'C B"

TBBI TBI BII = TBB" -

(b) Let T := (Tgp')s,5'cAm):BcB be a semigroup on L. A set-Markou process X :=
(Xa)aca with respect to a filtration (Fa)aca is called T-Markov with respect
to the filtration (F4)aca if VB,B' € A(u),BC B’

E[h(Xp)|F] = (Tep-h)(Xp) Vh € L.

The process X is called simply T-Markov if it is T -Markov with respect to its

minimal filtration.

In what follows we will obtain the finite-dimensional distribution of a 7-Markov
process X, over an arbitrary finite semilattice A’ = {4y = @, 4,,.. .+ An} ordered
consistently. Because of the additivity property of the process, it is enough to specify
its finite-dimensional distribution over the collection of first i-th unions of sets in A’,
t = 1,...,n. This distribution will be obtained inductively. Assume that the initial
distribution of the process is X. At the first step, we get: Vhy € B(R)

Elho(Xa,)] = /R hodp.
At the second step, we get: Vhg € B(R),Vh;, € L

Elho(X a0)h1(Xaoua, )] = E[ho(Xo ) E[hy (X a,)| Fo]] =
Elho(Xu)(To 4, h1)(Xo)] = /R ho - Ty a, hudp.
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In general, we get: Vhy € B(R),Yh,...,hn € L

Efho(X a0) 1 (X agua,) - - - ha(Xup_oa,)] =
-/R. h‘O ° TWA[ (hl ° TAl,Alqu(' i (hn—l. ° Tu;};‘)lAj,U;}=oAj h’ﬂ) . '))dﬂ'

The next result says that, if the subspace L is large enough, then the transition
semigroup 7 and the initial distribution p determine uniquely a 7-Markov process.
We say that a closed subspace L of B(R) is separating if for any probability measures
P,Qon R

/thPz_/thQVheL:P:Q.

An example of a separating subspace of the space B(R) is the space Cy(R) of all
continuous functions h : R — R which vanish at infinity.

Proposition 3.4.2 Assume that L is a separating subspace of B(R). Let T :=
(Tep')BcE be a transition semigroup on L and p a probability measure on R. Any
T -Markov processes with initial distribution p have the same finite dimensional dis-

tributions.

Proof: Let X := (X4)aca and Y := (Y4) sca be two T-Markov processes with initial
distribution p. It is enough to prove that they have the same finite-dimensional
distributions over any finite semilattice, or even over the collection of the first i-
th unions of the sets of any finite semilattice (by the additivity property of the two
processes). Let A’ = {49 = @', A, ..., A,} be a finite semilattice ordered consistently.

According to the previous formula we have
Elho(X a0)h1(X agua,) - - - bn(Xup_y4,)] = Efho(Yao) 1 (Yagua,) - - - hn(Yun_oa;)]

for any hg € B(R), hy, ..., hn € L. Since L is separating, this implies that the distri-

bution of (X4,, Xa,u4;s---» Xun_ a;) coincides with the distribution of (Y4,, Yacua,,
el Yu;':o 4,), by Proposition II1.4.6, [30].
O

The following result gives us the desired correspondence in terms of flows.
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Proposition 3.4.3 A set-indered process X := (X )aeca is T-Markov with respect
to a filtration (Fa)aca if and only if for every simple flow f : [0,a] — A(u) the
process X! = (X £(6))telo,a] 1S T7-Markov with respect to the filtration (Ffe))eefo.a)
where TS, := Ty(s),f(t)- (For the necessity part we can consider any flow, not only the

stmple ones.)

Note that if Q := (Qpp')Bcp is a transition system on R and Tgp is the operator
associated to Qgpr, then the family 7 := (Tgp') pcp' of these operators is a semigroup
on the whole space B(R). It is clear that any Q-Markov process will be 7T-Markov
and vice-versa.

The next result says that in fact any transition semigroup has to be almost surely

of this form, if there exists a 7-Markov process associated to it.

Proposition 3.4.4 Let T := (Tgp')scp be a semigroup on a closed subspace L and
assume that there ezxists a T-Markov process X := (X 4) aca associated to it. Then
each operator Tgp: is ‘almost surely’ the restriction to L of the operator associated to

a transition probability Qgp on B(R), in the sense that Vh € L
(Tesh)(z) = /R h(y)Qpp(zidy) PoXg' as.(z).

Proof: For each B, B' € A(u), B C B’ let Qpp:(z;dy) be a version of the conditional
distribution of X5 given Xp. By the definition of the 7-Markov property, for each
h € L we have

(Teph)(z) = E[R(Xp)|Xp=1z]| = /Rh(y)QBB'(I; dy) PoXg'as.(z).

(]

The preceding proposition gives us a necessary condition that has to be satisfied
by a transition semigroup 7 in order to ensure the existence of a 7-Markov process.
This condition clearly cannot be sufficient since it involves an ‘almost sure’ statement,
which refers in fact to the probability distribution of X g, which is not constructed
yet. To be able to construct a 7-Markov process we have in fact to assume that each
Tpp’ is the operator associated to a transition probability on R. The next result
(which is an immediate consequence of Theorem 3.3.5) gives sufficient conditions for

the existence of a 7-Markov process.
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Theorem 3.4.5 Let p be a probability measure on R and T := (Tpp')pcp a semi-
group on B(R) such that each Tgp: is the operator associated to a transition probability
®@sp on R.

If the transition system Q := (Qpp')pcp satisfies Assumption 3.3.2, then there
ezists a probability measure P on the product space (RS, B(R)C) under which the
coordinate-variable process X := (X¢)cec defined on this space is T-Markov with

initial distribution u.

For the sake of completeness we will also include the corresponding result in terms

of flows. Let S be a collection of simple flows as in Definition 3.2.10.

Corollary 3.4.6 Let u be a probability measure on R and {7/ := (T4),. ; f € S}
a collection of semigroups on B(R) such that each T, is the operator associated to a
transition probability th on R.

If the collection {Qf := (Qf,)s<t; f € S } of transition systems satisfies Assumption
3.3.6 and Assumption 3.3.7, then there ezist a semigroup T := (Tgp')pcp on B(R)
and a probability measure P on the product space (RS, B(R)€) under which:

1. the coordinate-variable process X := (X¢)cec defined on this space is T -Markov

with initial distribution p; and

2.Vf eS8, X! :=(Xyu)e is T!-Markov.



Chapter 4
The Generator

In this chapter we will make use of flows to introduce the generator of a set-indexed
Q-Markov process. Corollary 3.3.8 allows us to characterize a set-indexed ©O-Markov
process by a class {Q/ := (Qf,; f € S} of transition systems, where S is a collection
of simple flows as in Definition 3.2.10. These transition systems in turn are char-
acterized by their corresponding generators. This observation permits us to define
a generator for a set-indexed Q-Markov process as a class of generators indexed by
the suitable class S of flows. There are two main results in this chapter. The first is
that the generator defined in this way allows us to reconstruct the finite dimensional
distributions of the process. The second gives a sufficient condition for an arbitrary

class of generators be the generator of a set-indexed Q-Markov process.

4.1 The Definition of the Generator

In this section we will introduce the formal definition of ‘the generator’ of a set-
indexed Q-Markov process. Let S be a collection of simple flows as in Definition

3.2.10.

Let B(R) be the Banach space of all bounded measurable functions & : R — R,
with the supremum norm || A [|:= sup,cg h(z).
Let Q := (@Bp')pcp be a transition system and X := (X4)aca a @-Markov

85
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process (with respect to a filtration (F4)4c4) with initial distribution u.

For each flow f € S, the process X/ is Q/-Markov (with respect to the filtration
(Frey)e); let TV .= (T%)s<: be its corresponding semigroup.

The backward generator of the process X/ at time s is a linear operator G/ on
the Banach space B(R), defined by '

TL . .h—h o~
I = Li 5—¢€,8 —
Gsh: ll\r.% € or "
whose domain is the subspace D(G{) of those functions A for which the limit exists in
the supremum norm topology. It is not difficult to verify that Kolmogorov’s backward
equation holds:

_a_;T,{h =GI{Thh, if Thh e D(G!).

If the function T'4h is strongly continuously differentiable in s, then Kolmogorov’s

backward equation has the following integral form:
t
Tih—h= / GI T hdu, if Thh € D(G!) Vu € [s, 1.

The forward generator of the process X/ at time s is defined by

T/ och—h 8*
Sfp o iy LSste _9 s
G:'h = lim - = o7 Lthle=s

whose domain is the subspace D(G:/) of those functions k for which the limit exists

in the supremum norm topology. Kolmogorov’s forward equation is:

+
O Tih=TiG/h, if h e D(G).

If the function T4h is strongly continuously differentiable in ¢, then Kolmogorov’s

forward equation has the following integral form:
t
Tih—h = / TLG: hdu, if h € D(G) Vu € [s, ).

We will make the usual assumption that all the domains D(G{) and D(G:/) have
a common subspace D, which is dense in B(R), such that for every s < ¢, TH(D)C D
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and for every h € D, the function TLh is strongly continuously differentiable with

respect to s and ¢ with
o0~ g+
-\ f g — f — .
(ar Trsh)|r=3 ( a I;th)h—s Vs

The operator G/ = G/ defined on D, is called the generator of the process X/ at

time s. A consequence of Kolmogorov’s equations is that

—%T,{h = %T,{h =ThGIh = GITLh Yhe D.
Hence
t 9 t ¢
Y AL - frf = raf
Tih — h / (5-T4,h)dv / GITL hdv / T!G!/hdv Vhe D
and

t 9 t t
I N . ity 7 — fof —_ frf
Tih—h = / (5;Thh)dv = / ThG! hdv = / G!TLhdv Vh e D.

For each h € D we have
Eh(Xfs+e) — M X)) Frs)] = (T pis+0h) (X)) — h(Xp(s)) =

e(G1h)(Xy(s) + o(e)-

The generator on the simple flow f appears as a means of describing how the process
moves along the flow from one set to another set, which is ‘infinitesimally close’.

The fact that each set in A(u) can be approached from different directions, ac-
cording to the flow that we are looking at, which passes through that set, makes
us think about the possibility defining “the” generator of a set-indexed Q-Markov
process as the collection of all generators of the process along a large enough collec-
tion of simple flows. (Intuitively, we can identify the set-indexed generator at the
set B € A(u) with the collection of the ‘directional’ derivatives of the Banach-valued
map A(u) 3 B' — Tgprh.) More precisely, we have the following definition.

Definition 4.1.1 Let Q := (QBp')cp be a transition system. The generator of a
Q-Markov process X := (X a)aeca is the collection {G' := (Gf),; f € S}, where Gf is
the generator of the process X/ := (Xyq)): at time s.
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Note that if we know the generator G/ := (G/), of a set-indexed Q-Markov process
on a certain flow f, we can in fact write down the generator of the process over any
flow g which has the same path as f. More precisely, if two flows f : [0, al - A(u)
and g : [0,b] — A(u) are such that f(t) = g(a(t)) Vt € [0, a] for a certain continuous
one-to-one map « : [0,a] — [0,b] which has a non-vanishing derivative denoted o',
then

G! = a(5)G%,, and D(G!) = D(GY,,).

This is a consequence of the following lemma.

Lemma 4.1.2 Let X' := (X})sp0,q] and X? := (X?)se(0,5 be two real-valued processes
such that X? := X, for all't € [0, a], where a : [0,a] — [0, b] is a continuous one-to-
one map. Let Q' := (Q},), tef0.a;s<t be a transition system end define Q?, := Qa(,),a(,)
Then @2 := (Q%,)s<: is also a transition system and X! is Q' -Markov if and only if X?
is Q%-Markov. In this case, if in addition the map a has a non-vanishing derivative
o', and we denote with G2, g;(s) the generators of X2, X! at times s, respectively a(s),
and with D(G?), D(GL,)) their respective domains, then

gs2 = o/(s) clx(s) and D(gf) =D(g¢1.(s))-
Proof: Clearly Q? is a transition system: for any s < t < u we have
?:qu = clk(s),a(t)cht(t),a(u) = chx(s),a(u) = qu-
Assume that X' is Q'-Markov and let s < t,z € R,I" € B(R) be arbitrary. Then
P[th € F|st = z] [ at) € I'X, (s) =z]= a(s),a(z)(-’r; r) = sz(-'lf; I)

i.,e. X2 is Q@%-Markov.
Suppose next that a has a non-vanishing derivative o’. We will prove that D(G?) C
D(Ggs)): if h € D(G?), then h € D(GL(,,) since the limit

fun(h(¥) = @) Qb u(®:dY) _ | fn(h(y) = h(2))Qhian (@ dy) _

(Gagyh)(@) = lim_ ——s s a(t) — a(s)
. t—s cdy) = —— .
i e s J () — A)QA () = - (G2
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exists, uniformly in z € R. Similarly D(GL,)) € D(G?).

a

The general problem of finding the conditions that have to be imposed on a family
(Gs)s of linear operators on B(R) so that each G, becomes the generator at time s of a
classical Q-Markov process is not straightforward. In the homogeneous case, the Hille-
Yosida theorem (Theorem 1.2.6. [30]) gives the necessary and sufficient conditions for
a linear operator ¢ on B(R) to be the generator of a (strongly continuous positive
contraction) semigroup 7 := (T}),; however, there is no guarantee that each 7, is the
operator associated to some transition probability @;. In the inhomogeneous case,
things become even more complicated.

Therefore, in trying to determine when a given collection {Gf := (G/),; f € S}
of families of linear operators on B(R) actually form the generator of a set-indexed
Q-Markov process, for ease of exposition we will assume that each operator g{ is
the generator at time s of a semigroup 77/ := (T4).<:, each T/ being the operator
associated to a transition probability Q7.

The main result of this section is an immediate consequence of Corollary 3.3.8.
It basically says that the generator allows us to reconstruct the distribution of a set-
indexed Q-Markov process (or, equivalently, its finite dimensional distributions) if

certain consistency assumptions hold.

Theorem 4.1.3 Let p be a probability measure on R and {G/ := (G{), ; f € S}
a collection of families of linear operators on B(R) such that each operator GI is
defined on a dense subspace D of B(R) and is the generator at time s of a semigroup
T/ := (T)s<t, each TY being the operator associated to a transition probability QY.

If the collection {Qf := (Qf)sct; f € S } of transition systems satisfies Assumption
3.3.6 and Assumption 3.3.7, then there ezist a transition system Q := (Qpp')BcsH
and a probability measure P on the product space (R, B(R)€) under which:

1. the coordinate-variable process X := (Xc¢)cec defined on this space is Q-Markov

with initial distribution u; and
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2. Vf € S, the generator of the process X' := (X;)), at time s is an eztension of
the operator GI.

In Chapter 5 and Chapter 6 we will focus on some particular examples of set-
indexed Q-Markov processes (processes with independent increments, respectively
empirical processes) and we will see that in their case, the consistency assumptions

in terms of generators become much more simple.

4.2 The Construction using the Generator

In this section, we will find equivalent formulations in terms of the generators G!
for Assumption 3.3.6 and Assumption 3.3.7, in the case of a general set-indexed Q-
Markov process. These new assumptions, even if notationally complex, will provide
us with a set of necessary and sufficient conditions that have to be imposed on a
collection of generators so that they become the generator of a set-indexed Q-Markov

process. Most of the results of this section appear as the last section of [7].

Let u be a probability measure on R and {Gf := (Gf),; f € S} a collection of
families of linear operators on B(R) such that each operator G/ is defined on a dense
subspace D of B(R) and is the generator at time s of a semigroup 7/ := (T),<:,
each T being the operator associated to a transition probability Q{,.

Recall from the previous section that, in this case, the functions T4{h with h € D

-are assumed to be strongly continuously differentiable with respect to s and ¢; conse-
quently, we have a set of four integral equations from which we retain the following:

4
Tih—h= [ GITihdv VheD. (17)

The goal is to find the conditions that have to be satisfied by the collection {6/ =
(G{)s; f € S} such that the collection {Q/ := (Qf,).<; f € S}) of transition systems
satisfies Assumption 3.3.6 and Assumption 3.3.7. By invoking Theorem 4.1.3 we
will be able to conclude next that there exist a set-indexed transition system Q :=
(@Bp')Bcp and a probability measure P on the product space (RS, B(R)) under
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which the coordinate-variable process X := (X¢)cec (defined on this space) is Q-
Markov with generator {G/; f € S} and initial distribution .

Using the integral equation (17), we will first give the equivalent form in terms of
generators of Assumption 3.3.6.

Assumption 4.2.1 If ord1={A; =W, A, ..., As} and ord2={A; = 0", 4}, ..., AL}
are two consistent orderings of some finite semilattices A', A", such that UT_ | A; =

U;"=1A;-,U§=1Aj = U5-=1A;- for some k < n,l < m, and we denote f := fa ordts

9 = faoraz with f(t;) = Ui, Aj, g(us) = Ui, A), then for every h € D
t uy tn Um
/0 GIT/, hdv = / GTY, hdv and / GIT), hdy = / GITS, hdv.
0 t u

We will prove next that the condition of Assumption 3.3.7 can also be written in
a certain form which admits an expression in terms of generators.

Let us introduce the following notational convention.

If Qi(z1;dz2), Q2(z2; dz3), . . ., Qno1(Tp_1; dz,) are transition probabilities on R,
T\,T5,...,T,_, are their associated bounded linear operators, and h : R®* - R is a

bounded measurable function, then
Tsz .. -Tn—l [h(l‘l,.’l?z, ey .'Bn)](.’l,'l) :‘!-gf

/Ru_l h(z1, 2, - . ., Zn)Qn-1(Tn-1; dZ4) - . . Q2(T2; dZ3) Q1 (15 d2).
If in addition, G is a linear operator on B(R) with domain D(G), and the function A
is chosen such that for every z;,...,z; € R, the function ,

/Rn_k A1, T2, . Ta)Qn-1(Ta—13dTn) - - - Qet1(Ths1; ATh42) Qi (- dTir1)

is in D(G), then

TlT2 T Tk-lng c Tn—l [h(xh Z2,... 7xn)]($1) Igf

/Rk_l (G /R..-k h(z1, T2, -, Tn)Qn-1(ZTn—1;dTn) . . . Qis1(Tht1; dTis2)
Qk(*; dZrs1) ) (Th ) Qr—1(Tk—1; dTk) - . . Q2(Z2; dz3) Q1 (z1; dT3).
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Let u{l be the probability measure defined by p{l ) = Jr Q{,l (z;T)ue(dz). The
following result is crucial. It shows that condition (16) of the consistency Assumption
3.3.7 has an equivalent form in which both the left-hand side and the right-hand side
are integrated with respect to the same transition probabilities QF_ Grmtrlieg) and more-
over, this equivalent form can be translated in terms of the generators (Gf)wefe;_; 4]

and (gg)ue[u,,(,-)- 1oUn(i)]*

Lemma 4.2.2 Let ord1={A; = @', Ay, ..., A} and ord2={A4, = ', A],..., AL} be
two consistent orderings of the same finite semilattice A' with A; = Ay,), Vi, where
T s a permutation of {1,...,n} with w(1) = 1, and denote f := fa ora1, 9 := fa' oraz
with f(t:;) = Ui, 4, g(u) = Ui Al

Suppose that Q{,'tl = Qfu,- The following statements are eguivalent:

(a) For everyIy,T'y,...,Tn € B(R)

[ NCOTNENY | E N CTRP o A O S ¢

i=2
Q{ltz(xl; d-’rz)ngl (zo; dz1)u(dzo) =

/aw It (yo)Ir, (1) [T I (yrtiy — Ym()-1) Q% i (Yn—15d4n) - - -
=2

9 1wz (Y15 AY2) Qhu, (vo; dy1) (dyo);

(b) for each i = 2,...,n, if we denote with I, < I < ... < lpy-y) the increasing
ordering of the values w(2) —1,7(2),7(3)—1,7(3),...,m(2) = 1,7(z), and withp
the indez for which w(i) — 1 = l,_1, (i) = I, then for every h,, ..., h; € B(R)
and for ,u{l -almost all x,
g g 9 9 g g
T"l"lx T“‘x“‘z c T“‘p—sulp—zT"‘p—2“‘p+l T"’p+1“‘p+2 T T“‘z(.'—l)—l"‘z(.'—l) (19)

i-1 izl
[IT RiCyriy) — Yai)—1) (T eihi) (31 + Zz(yw(j) — Yr()-1))](z1) =
j =2 j=

’ TS . T9 ... T3

ULy W U, Ylg(im1y)—1Y%2(i—1)

-1 b3
[1_12 hi(Yx() — Yr()—1)hi(z + _Zz(yw(j) — Yr(i)-1)](Z1);
j= i=
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(c) for each i = 2,...,n, if we denote with |, < I, < ... < lyii—1) the increasing
ordering of the values w(2) — 1,7(2),7(3) — 1,7(3),...,7(z) — 1, 7(2), and with
p the index for which w(i) — 1 = ,_y,7(i) = l,, then for every hy,...,h; € D

and for uf -almost all z,

(c1) if p=2(i — 1) we have

T
/t:_ u;u;l u,lulz ulp_su,p_z

-1

[E h’j(yﬂ’(_]) Yn(i)— 1)(gf wg‘h )(.’L'l -+ Z(y,,m - y1r(J) 1))](-’1?1)dw =

u,’
9 q 9 g 99
-/u[ Tu1 uy, Tuzl u,z MR Tu‘p—su‘p—z Tu‘p-z ulp-l g‘u Ttm,p
p—

[T1 25 (w=iy = Yri=1)Bi(zi + 3 (¥n(i) — Y(i)—1))1(z1) dv;

(c2) if p < 2(i — 1) we have

/ ... 9 Te L.T9
tiey """1 ‘p—s"‘p—z Yy oUipyy ™ Blpyp1Blpyr Bl _py—1 Blogi-1)
i— i—1
[H hj(yn(]) Yx(5)— 1)(gf wt; )(1'1 + Z(.%r(j) - yw(j)—l))](zl)dw =
=2 j=2
Mp g g 9 979
‘/1;1,, Tulugl Tu[l u12 M Tulp_sulp_z 7-"15(’,_21111,_l gv Tvu[p

i—1
Tg Tg o Tg h . o — N 1)
Yot UL, U, Wi 1y Blagio1) {_1—1-I2 J(yﬂ(J) Yw(5) 1)

1 —1
[hi(zy + Y (yn) — Yn(i)-1)) — hi(z1 + Zz(ym') = Yn()-1))1}(z1)dv.
i=2 i=

Proof: (a) = (b): Let X be a Qf-Markov process and Y a Q9-Markov process
with the same initial distribution x. Then (a) is equivalent to saying that the dis-

tribution of (Xo, X¢,, X:, — X4,,...,Xt, — Xi,_,) coincide with the distribution of
(Yo, Yy, Y, ,, — Y2 Y, - Y,

Un(2) Un(2)—1? " * ") L Un(n) uw(n)-l)'
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Since Q{h = QQu,, both X, and Y, have the same distribution l‘tfr Hence
(a) is equivalent to saying that for u{l—almost all z,, the conditional distribution of
(Xe, = X4y, --., X, — X4,_,) given X,, = z, coincide with the conditional distribution
of (}/uw(2) - Y"vr(?)-l 1oy K‘r(n) - Yuw(n)—l

For 7« = 2 we will use the following relationship: for every ', € B(R) and for

) given Y, =z,.

p -almost all z,
P[ng - th S Fngtl = :Cl] = P[}fu,(z) - K‘”(z)_l € FQIY,“ = :L'I].

Using Lemma A.2.4, Appendix A.2, the left-hand side is Jr Iryvz, ($2)Q{lt2 (z1;dz,),
whereas on the right-hand side we have

/1;.2 If'z (yu*(z) - yu,-(z)...; )Qiﬂ,(z)_lu,(z) (yﬂ'(z)—l; dyﬂ’(2))Qilu*(2)-l (xl; dyW(Z)—l)-

By a monotone class argument we can conclude that for every i, € B(R) and for

pf -almost all z;

/!;. h2(z2)Q{1 t2 (xl; dz?) = Az h‘2 (xl + yu,..(z) - yu,r(z)_x) (20)
z1r(2)-1u’r(2) (yﬂ'(2)-1; dyw(2))Q31 Un(2)—1 (-7:1; dyﬂ'(2)—1)

which is the desired relationship for i = 2.
For ¢ = 3 we will use the following relationship: for every I';, s € B(R) and for

u{l -almost all z;

P[ng - Xll € FQ,Xt3 - ’tz € F3IX¢1 =.’L’1] =
P[Yur(2) - Yur(2)—l € Iy, K‘r(a) - Yuw(S)-l € F3|Yu1 = .’121].

Using Lemma A.2.4, Appendix A.2, the left-hand side can be written as
Joa Trater (22 st ns (23) Qs (32 da) @ (21 i)
which becomes
/R3 Ity (Yn(2) — Yn(@)-1) Irstz1+veay—vmay—r (T3) @byt (T1 + Yr(2) — Yn(2)=1; d2Z3)

. (Yr(2)-1; AYn(2))° Q% 1, -, (T15 AYr(2)-1)

Ux(2)-1U8n(2)
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using equation (20).
Using also Lemma A.2.4, Appendix A.2, the right-hand side can be written as

/m It (Yn(2) = Ya@-1)Irs (Yr@) = Ym@)-1) Q% 1y, Wi ) QY (Y123 DY)

QZH R (ylx ) dylz)Qzl,u,l (.’81; dyll)

where [; < I, < I3 < l4 is the increasing ordering of the values 7(2) — 1, 7(2), 7(3) —
1,7(3).
By a monotone class argument we can conclude that for every hy, h; € B(R) and

for pf -almost all z,

/1;3 h2(y1r(2) - yﬂ(2)—l)h3($3)Q{zt3 (-771 + Yr(2) = Yn(2)-1; dz3) (21)
Zw(2)-luw(2) (yﬂ’(2)—1; dyvr(z))Qﬂlu,(,,_, (1:1; dyvr(z)—l) =

/114 h2(y1r(2) - y1r(2)—1)h3 (z, + Yr(2) — Yn(2)-1 + Yn(3) — Z,hr(:s)—l)Qi,3 g (w135 dyi,)
19112 KT (ylz; dyls)Qle K7 (yll ) dytz)Qﬂl sy (zl; dylx )

which is the desired relationship for 7 = 3.
The inductive argument will be omitted since it is identical, but notationally

complex.
(b) = (a): Let o, I'y,...,T € B(R) be arbitrary. Using the fact that Qf, =
Q3j., and equation (20), the left-hand side of (18) becomes

/1;,n+2 IFo (yO)Irl (yl)If'z (yﬂ'(2) - y1r(2)—1)II'3+y1+y,,(2)—y,,(2)_1 (3:3)Ir4+23 (:1:4) aee
Itz (Tn) QL _ oo (Tno1;dTn) . .. QL (23:d2) QL. (1 + Yr(2) — Ym(e)—1; d3)

&4 (Yr(2)-15 GYr(2)) Q21w o), (V15 AYr(2)—1) QBu, (Y05 AY1) 12(dy0)

Un(2)—1Un(2)

which in turn can be written as
/;tn+3 Iro (yo) Ir, (y1) I, (Yr2) — Yr2)-1)1rs (y1r(3) — Yn(3)-1)

Ir4+yl+z::=2(y1r(j)-y1r(j)—l)(z4) -+ Aratza-, (xn)Q{"‘”" (ZTn—1;dzs) ...
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s .
Q{;u (y1 + Z(yﬁ’(j) - yw(j)—l) dx‘i)Qu,S g (yls’ dyl‘c)Qu,2 R (ylz; dyla)
j=2

Q. wuay (V03 BYL) Q5w (15 Y1, ) QBu, (Yoi By1) (o)
using equation (21), where |; < I, < I3 <[4 is the increasing ordering of the values
w(2) —1,7(2),7(3) — 1,7(3).

Continuing in the same manner at the last step we will get exactly the de-
sired right-hand side of (18), since the increasing ordering of the values 7(2) —
1,7(2),...,m(n) —1,7(n) isexactly 1 <2< ... < n.

(b) & (c): The basic ingredient will be equation (17), which gives the integral
expression of a semigroup in terms of its generator.

Since D is dense we can assume that the functions hs,...,h; are in D in the

expression given by (b). Subtract

T8 TS o --- TS TS W TS . ...TZ

ULUpy ~ By By Uy 3l p” Bl oWl ™ Yip, By, y Yloim1y—1 Blagio1)

i—1

[ﬁ hi(Yn(i) = Yriy-1)Ri(T1 + D (Yn() — Ymiiy—1))](z1)

j=2
from both sides of this expression.
On the left-hand side we will have

T9 g . T9 g 9 ... TS
uLuy U U, Uy 3Ulp_p " Blp oWlpyy ™ Ylpy ) Ylpyr Blyim1)—1 Hlagia1)

-1

I-Izh i(Ya() — Yuh)- 1)(Tz,_1t. — hij(z, + Z(.%r(;) = Yr(j)-1))](z1)

which can be written as

g g g g
/_ "1“11 "‘1“'2 By 3l o Ylp_oWlpy ™ Hlpy Blpy2 Blyti—1)—1%l2gi~1)

th i (Wnt) — Ynti)-1) (G TS i) (21 + Z(yro) — Yr(i)-1))|(z1)dw
J= j=

using the integral expression (17) and Fubini’s theorem.
On the right-hand side we have
7,1 . ... T2 g

Vruy, T U U, p—-3%ip_2 p—2W¥lp_y
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{1.21‘ g g

p—t¥ip T BlpUip ) ~ My By

9

Uly(im1)—

1 %31y

[f[ hi(yrt) — Yn()-1)Ba(Z1 + i(ywu) = ¥=()-1) (W ) —

_Tg Tg

9

o1 Blpy1 ™ Ylpy1 Hpya Bloimr)—1 Bloia1)

i—-1 i—1
[T1 25 (yxi) = Yngiy—1) hi(z1 + > (y=ii)
j=2

—
If we denote

— Yr(i)-

hl(xly Yiyso-os yl,,_l 3 yl,,) =

-1

1))](ylp—l)}($l)'

/Rm-u . Hh (Yr(s) — Ynti)-1) iz +Z(y7r(_7) Yn(i)-1))

9
Blai—1)—1 Ylagi-1)

(ylz(;‘-x)—l ’ dyl2(i—l)) -

Q%

j=2

ul ug p+1 (y[pi dy[p-{—l)

and

h(Ilvyln ... 7ylp—1) =

p+ 1 ¥ p+2

(ylp-H ’ dylp+2)

i-1 i—1
/;‘z(i_”_p I 2i(uniy = yngy=1) (1 + D (nis) — Yn(g)—1))
j=2 j=2
15112(‘-_1)_1u12(‘._1) (ylz(.—l) 1? dy‘z(.-x)) u, o1 Blpa2 (ylp+l; dylp+2)
‘lgllp_l u"p+l (ylp—l; dylp-{»-l)
then the right-hand side becomes
Tuglul Tli’ll U, "7 Tii’x,,_;,utp_g 3{,_21‘1,_1
[(thp_lu‘ph,(zla Ys - -y ylp_“ '))(yl,,_l) - h(zly Yi5---, ylﬁ_l)](zl) =
g
Tglull szlulg " T!i’l,, 3Blp_o Wy oW,
[h,(xli Yy oo ylp-p ylp_1) - h(zl'r Yiys---) yl,,_l)+

(ggT{:’u, h (Ila Yy,---, ylp._u '))(ylp—l)dvl(xl)

u,.

since A'(z1,y1,,---,Y,_,,) € D for every z1,y,,---

yYlp_y-

We have two cases:

97
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Case 1) If p = 2(i — 1), then all the integrals with respect to QY DUty

g g disappear in the preceding expressions. Hence

Wpp1™Mpe2’ W77 UGy M)
P (z1 9, -, yz,,-nyz,_l) = h(z1,Ytyy---» yz,,-;)
and the result follows.
Case 2) If p < 2(z — 1), then
R(ZL Y, Yo Yipy) = ( T w et H(zy, Y, -2 Yip_ys ) (W,-y)

h(zlryln-- 7yl,,_1) u‘ H(zlryln'-°1ylp_1s'))(ylp—l)

p—1%p 4y
where
H(.'Bl, Yiyy- - ,y’p—l’ ylp+1) =

i—-1 i—1
-/R.z(i-l)—p—x H hj(y’r(j) - y”(j)‘l)hi(Il + Z(yﬂ'(j) - y"(j)—l))
j=2 j=2

1) .
Qu’z(:‘—l)—l Ury,_ (ylz(;-x) 1? dylz(;-n) u,p+lu1p+2 (ylp-{'-l’ dylp+2)'

To simplify the notation we will omit the arguments of the function H. Hence

h',(xlvylu .. ’ayl,,..nylp-l) - h(zla Y, - - '1ylp—l) =

th,pulp+l (ylp—l) [ ‘U(pug )] (ylp-

- (GZT&., (T, ))(yz,_l)dv

ul

since H(z1,y1,,---,y1,_,,°) € ’D, for every =1, y1,, ..., y1,_, -
Using Fubini’s theorem, the right-hand side becomes

Tg 9
u u u u, u u, u
_/,:‘ LUy T U Uy T lp—3Wp_z™ Wp_2%lp

[(gngu, U(zh Yuse -y Ylpys '))(ylp_l)](xl)dv

where
U(Ila Y-y Yyys ylp) =

h,(zlayln--'yylp_uylp) ( uw lH(xlvylnylzv"')yl,,-n'))(ylp) =
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i—1

/R,(,._l,_,, I1 7 (¥=) — =iy 21)
j=2

[hi(z1 + i(yw(j) — Yr()-1)) — hi(z1 + E:(yw(j) — Yr(5)-1))]
j=2

j=2
% Ytagiory-1s Wizsyy) - - - Qf (Y5 @Yty )-

Hla(im1)—1 ¥l2gi-1) TV BIp iy
This concludes the proof.
a
The following assumption is the equivalent form in terms of generators of Assump-
tion 3.3.7.

Assumption 4.2.3 [f ord1={Ag =¥, Ay,..., A} and ord2={Ao = V', A},..., AL}
are two consistent orderings of the same finite semilattice A’ with A; = Ay ;y, where
1s a permutation of {1,...,n} with w(1) = 1, and we denote f := far ora1, 9 = far ord2
with f(t:;) = Uio14;, g(u;) = Ui, A}, then the generators G/ and G9 satisfy condition
(c) stated in Lemma 4.2.2.

Clearly Assumptions 4.2.1 and 4.2.3 are necessary conditions satisfied by the gen-
erator of any set-indexed Q-Markov process. The following result says that in fact,

these two assumptions are also sufficient for the construction of the process.

Theorem 4.2.4 Let p be a probability measure on R and {G/ := (G{),; f € S}
a collection of families of linear operators on B(R) such that each operator GI is
defined on a dense subspace D of B(R) and is the generator at time s of a semigroup
T/ = (T,{)Kt, each Ty, being the operator associated to a transition probability Qi:-

If the collection {Gf := (Gf),; f € S} satisfies Assumption 4.2.1 and Assumption
4.2.3, then there ezist a transition system Q := (Qpp )pcp and a probability measure
P on the product space (R¢, B(R)) under which:

1. the coordinate-variable process X := (Xc¢)cec defined on this space is Q-Markov

with initial distribution u; and

2. Vf € S, the generator of the process X := (X 7(¢))e at time s is an extension of
the operator Gf.
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Proof: The collection {Q/ := (Qf)sce; f € S} of transition systems satisfies As-
sumption 3.3.6 and Assumption 3.3.7 (using Lemma 4.2.2). The proof is immediate
using Theorem 4.1.3.

a

4.3 The Construction using the Generator along

the Projected Flows

In this section we will develop a new set of consistency conditions for the generator of a
set-indexed Q-Markov process (which are stronger than those of the previous section)
which will allow us to reconstruct the process, if S is the collection of projected flows
introduced in Section 2.5. The new consistency conditions become even more complex
than in the previous section. However, we are able to prove that in this case, (the
distributions of ) the projections of the constructed process over a semilattice ordered
consistently in two different ways can be obtained from each other, via a permutation.

The results of this section are not required anywhere else in this work.

Let fo : [0,1] — A be a fixed continuous flow with fo(0) = @’ and fo(1) = T.
For each finite sub-semilattice A’ of 4 and for each consistent ordering ord={A4, =
0, Ay, ..., An} of A, let far ora be the projection of the flow f on the semilattice A’
with respect to the ordering ord. Let S be the collection of all simple flows f ord-

Let 1 be a probability measure on R and {G/ := (G{),; f € S8} a collection of
families of linear operators on B(R), such that each operator G/ is defined on a dense
subspace D of B(R) and is the generator at time s of a semigroup 7/ := (T%)s<:,
each T/, being the operator associated to a transition probability Q7,.

The first step is to find the relationship between the transition probabilites
Q{‘._hti_lﬁ and Q3 _ . _, u.i)-.+e and then to write down the new relationship between
the generators (g,{,)we[,,._htt._lﬁ] and (gg),,e[%.)_hum_)_IM, forevery 0 <e<t; —ti_,;

Let u{l be the probability measure defined by u{l T) =/ chm (z; T)p(dz).

Lemma 4.3.1 Let ord1={Aq = W', Ay,...,A,} and ord2={A; = W', A},..., AL} be
two consistent orderings of the same finite semilattice A', with A; = A;;),Vi, where
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7 is a permutation of {1,...,n} with m(1) =1, and denote f := fa ordr, 9 := farora2
with f(t;) = Ui_ Aj, g(u:) = Ui, Aj.
Suppose that Q{tl = Qf.,- The following statements are equivalent:
(a) for eachi = 2,...,n, if we denote with |, < I < ... < la(i-1) the increasing
ordering of the values w(2) — 1,7(2),7(3) — 1,7(3),...,7(2) — 1,#(3), and with
p the indez for which w(i) — 1 = lp_;,m(2) = lp, then for every0 < e < t; —t;_,,
and for every 'y, I'1,...,I; € B(R)

i—1

Jroous Tro (@), (@) TT Iy (25 = w51 Iy — 7i1) (22)

=2
Qf .t ive(@ic1;dZi_ QL e (Tim2idTiny) ... Q. 4, (z1; d2)
Qofu (zo; dz1 ) pu(dzo) =

i—-1
/Rm_lm It (yo) Ir, (y1) J_],;I2 Ir; (Yr() = Y- (Yrgy—1 — Ynti)-1)

o 1 (ylz(i-x)-l ; dylz(i-l)) Qg (ylp-{—l; dylp+2)

Ylpgi—1)—1 M- Uty Blpyg

. (yl’,,_ . dylp+l )Qﬂxp_l e,y +e (ylp— 1 dy;,,_l )

u‘p_ 1 +€'u‘p+l

tgt:,,_zu;p_l (Ytp—23 QY1) - - - i,lu,z (yzl;dyz,)Qiml (y1; dy,)
Q8. (yo; dy1) (dyo);

(b) for each i = 2,...,n, if we denote with I, < l; < ... < lpi—1) the increasing
ordering of the values w(2) — 1,7(2),7(3) — 1,7(3),...,n(¢) — 1, n(3), and with
p the indez for which w(i) — 1 = l,_;,w(i) = l,, then for every 0 < e < t; —t;_,,
for every h,, ..., h; € B(R) and for u{l -almost all x,

T3 9 ... TS TS Ts ... T3 2
“1"’1T“11“'2 T“'p-s"‘p-z Vg oUlpyy ™ Blpp Wlpyo Ylyi—1)—1Bl2@i-1) ( 3)
i-1 ’ i—-1
T R (yni) — riiy=1) (T iy wehi) (@1 + D (Ung) — Yni)-1)))(21) =

y=2 j=2

g 9 9
Tulull Tuxl ug, " Tuz,_gu(,,_l
9 g Tg 9
Tu'p-l ’u‘p—1+‘Tu’p—1+"u‘ﬁ+l Ulpyp Blpp 77 T Bl gy Blgi-y)

i—1 t—1
(T 2i(xi) — riy-1)Ri(zr + D (Wnt) = Yn()-1) + Yngiy=1 — Yri)-1)](1);
=2 j=2
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(c) for eachi = 2,...,n, if we denote with l; < l, < ... < la(i—1) the increasing
ordering of the values w(2) — 1,7(2),7(3) — 1,7(3),...,n(i) — 1,n(3), and with
p the indez for which w(i) — 1 =1,_;,7(2) = l,, then for every 0 < e < t; — t;_,,
for every hy, ..., h; € D and for l‘{; -almost all x,

(c1) ifp=2(i — 1) we have

Fi-ite g g 9
/t:—l Tuxuzl Tutl Uy ° 7" Tulp_s"lp_z
i~-1 ; i—1
[H h’j(yw(j) - yw(j)—l)(gz{;Tw,t,»_1+ehi)(xl + Z(yw(j) - yﬂ(j)—l))](xl)dw =
Jj=2 j=2

7] +e€
p—1
T3 . T9 ...T8 T3 GgIT?
[‘lp_l uyuy, U Uy, ulp—sulp-z u‘p—zulp-l v 'u,ulp_l-f—e

-1 t—-1
[H hj(Yri) = Yny—1)hi(z1 + Z(yﬂ'(j) ~ Yr()-1) + (y,'r(i)_l - yw(i)—l))](xl)dv;
j=2 i=2

(c2) if p < 2(i — 1) we have
ti—1+e
' .Y g T? ...TS
¢ vy By aWlp o Wy _o¥lpyy T Wip g Wpy, Ulyi_1y—1 Hagi-1)

i—1

i—-1 t—1
(IT s (yriy = ¥ 1) (GETS 4, s ehi) (1 + 3 (Unti) — Yn(sy—1))](21)dw =
j=2

Jj=2
U1 ¥ g g g g 99
./ul Tulull Tull u, " Tu;p_sulp_z 71‘!‘[,’._211‘”_1 gu 1-1!),‘11[,,_l +€
p—1
i—1
TS T9 . .T9 Bi(Umeis — Uncir—1)-
Wiy el g " Bl 1 Ylpyn Ulpim1)—1 Blagi-1) 11:-[2 J(yw(]) Yx(4) 1)

i—1
[hi(z1 + D_(Yz() — Unti)—1) + (Wagy—1 = Yn(i)=1))—
.=2

hi(z, + lz_:(yw(j) — Yr(5)-1)) ]} (z1)dv.
1=2

Proof: The proof is identical to the proof of Lemma 4.2.2; the only difference is that
we are replacing ¢; by t;_, + €.
a
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Note: We will give below the explicit form of the rela.tiohship given at (b) for

1 =2,3. For i =2 we have

/l;'h2(x,1)Q{;,t1+c(zl;dzll) =

/Rz ha(z1 + y"‘r(z)-l - yu"(z)—l)ng‘r(z)—luw(z)_x+€(y7r(2)—l; dy;r(Z)—l)
zlu,(g)_, (Il; dy‘ll’(2)—l)'

For ¢ = 3 we have two cases: if 7(2) < m(3), then
/1;3 ha(Ym(2) = Yn(2)=1) R3(Z2) QL p-+¢(T1 + Yn(2) = Yn(2)—1; dZh)

. (Yyr2)-1; dy-rr(Z))Qzlu,,(z)_l (z1; dYx(2)-1) =

Up(2)—1Ln(2)

/m ha(Yr(2) — Yr2)-1)ha(z1 + Yn(2) — Yn(2)-1 + y,',(;;)_l = Yn(3)-1)

z"(-’l)- 1 Un(3)—1 +e (y1l’(3) —1 dy;r(a)— 1 ) Qz,’(z) W (3)~1 (yﬂ'(z) ' dyﬂ'(3)— 1 )

o (Yr(2)-1; dYn(2)) Q5 iz, (T15 QY(2)-1);

u’r(2)— 1:8%x(2)

if m(3) < 7(2), then
/Ra h2(y1r(2) - y1r(2)—1)h3(II2)Qtfg,tg+e(zl + Yr2) ~ Yn(2)-1; dz'z)

. (Yr(2)-1; QYn(2)) QY u, o, (T3 Y2y -1) =

Up(2)~ 1 Un(2)
/m h2(y7r(2) - y1r(2)—1)h3(xl + Yn(2) — Yn(2)-1 + y;,(;,)_l - y1r(3)-—l)
g (yﬂ’('Z)—l ? dy‘lf(2))Q‘lgl,r(3)_1+€,u,,(2)_1 (dy;r(3)—1; y‘fl'(2)—1)

Ug(2)-11Ux(2)

zw(:;)- 1Un(3)—1+€ (yﬂ'(3)— 13 dy;r(s)- 1 )Qﬂl U (3)—1 (-7"1 ’ dyw(s)—l ) .

(24)

(25)

(26)

The second step will be to find the relationship between the transition probabilites
Q{;_ tetite A0d QY L 1+ and then to write down the relationship between

the generators (Gf)ueft_,+eti_1+¢] A0 (GF)vefuyqy—i+eusq_1+e] fOr arbitrary 0 < e <

€ S t; — ti—1-
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Lemma 4.3.2 Let ord1={Ap = W', A,,..., A} and ord2={A) = 0, A},..., A"} be
two consistent orderings of the same finite semilattice A', with A; = Ariy, where T
s a permutation of {1,...,n} with 7(1) = 1, and denote f := fu ora1, 9 := faroraz
with f(t:;) = Ui_A;, g(u,) = Ui Al

Suppose that le = Qf.,- The following statements are equivalent:

(a) for eachi = 2,...,n, if we denote with [, < I, < ... < laii—1) the increasing
ordering of the values m(2) —1,7(2),m(3) —1,7(3),...,n(i) — 1,7(3), and with p
the indez for which w(i)—1 = l,_,, 7 (z) = I, then for every0 < e < € < t;—t;_,,
and for every [y, I'y,...,I;,T € B(R)

i—-1
Josoa Frol@o) ey 20) T I, (25 = 250) (27)
Ri+2 j=2

Iri(x;—l —xi-—l)ll"ﬁ(xg-l z;_ l)QL, 1+e, t,_1+g'($1_11 dI” 1)Qt,-1,t'-1+e(xz—17dxz 1)

Qtf-—zti—x (-’L‘i-z; d-'L‘i-L) ce Qm, (-’51; dzz)Qou (xo; dl'l)ll(dl'o) =
i-1
_/Rz(l__”+3 Ir, (yo)Ir, (y1) H Ir; (Yx() = Yn) - (Yniy—1 — Yn(i)-1)
J:

n -
II": (y‘)r(i)—l - y;r(i)—l )Qilz(i—l)-l LT 1 (ylg(._” 11 dylz(,_l)) p+l lp+2 (ylp.(.l y d’!/l,,+z)

lg“p—l +€l'ulp+l (yl,:,_l ’ dylp+1 )QZ[ +e,ul 1 +e (ylp—l H dyl,,_ )
ﬂ,p_l W,y +e (ylp—l; dy[,,,_l )Qz, (ylp—27 dylp-l) ul uy, (ylu dylz)

Qﬁ,u, (yl; dyll) Ou; (yO: dyl)/-‘(dyO)
1

(b) for each i = 2,...,n, if we denote with |; < I, < ... < lai—1) the increasing
ordering of the values m(2) —1,7(2),7(3) —1,7(3),...,7(d) — 1, n(7), and with p
the index for which w(i)—1 = l,_,, w(i) = l,, then for every0 < e < € < t;—t;_4,
for every ho, ..., h;, h. € B(R) and for p,{l -almost all x,

(28)

g g £ q 9 g
T, Ty -+ T8y, Loy 4T e T vy

Urty T U U, p=2tip_ " Wipy

T“‘z(x 1)—1 "Bl x)[H yﬁb) y“(j)—l)hi(y;(i)_l _y“(i)_l)
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i—1
(T st rrehd) (@ + D (Yni) = Yr(id-1) + Ye(i)—1 — Yr@-1)](z1) =
j=2
T'fl"ll Té"l Uy T T'f’p-z"‘p—l T'f'v—l Hlp_g e

q 'l g ‘l 'q ’l g
' ’ - e o
Uiy reuy, b Tu, e Tur G up Blpi—1y—1"Yl2gi—1)

-1
(TT 7(Y=) — Ymiy—1) s (Wlegiy—1 — Ymiy—1)

j=2
i—1
!
hi(z1 + D _(Un(s) — Yn(i)—1) + Yigy—1 — Yn-1)}(Z1);
j=2

(c) for each i = 2,...,n, if we denote with I, < I, < ... < lyi-1) the increasing
ordering of the values w(2) — 1,7(2),7(3) — 1,7(3),...,m(Z) — 1,7(:) and with p
the indez for which w(i)—1 = l,_,n(i) = l,, then for every0 < e < € < t;—t;_1,
for every h,, ..., hi, Al € D and for u{l -almost all z,

(cl) ifp=2(i — 1) we have

ti—1+¢€
9 E) g g
A-1+e Tu;u,l Tullulz A T"'p—z"lp-l 11131’,_l "“p-l +€

i—1
[TT 2i(ynt) = Yniy—1) Pi(Yiegay—1 — Ymiiy—1)
L

w

i-1
(gt{:Tf,ti_1+e’h:')(zl + E(yw(j) — Yr()-1) + y;r(i)—l — Yr(i)—-1)](z1)dw =
=

Uy T g 9 g g 99
/u TS, TS . ...T TS iy 48T 00 4o

. . +e ulull ull u‘z - "‘p-—z"'p-x p—1 ,u,p
p—

i—1
[TT 25 (¥xiy — Yntiy—1) Pi(Yieiy—1 — Ym(i)—1)
1
t—1
hi(z1 + Y (Ynts) = Yni)-1) + Yngy—1 — Yr(i)—1)](z1)d;

i=2

(c2) if p < 2(i — 1) we have

/ " e e T9 T2 TS T9
tiy+e VLU, UL U, T UL, _oUl,_ ) ulp_,,ulp_l+c u;p_l+e,uz,{,_,,l LR S M
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i—-1
T [H hj(yR(j) - y"r(j)—l)hi(y;r(i)-l - yvr(i)—l)

Blp(i—1)—1%l2(i-1) 2

i—1

(GLTY . seh) (@ + X (Yn(s) — Yn()—1) + Yrti)—1 — Yn(i)-1)](z1)dw =
&

uy +€
p—1
TS  T? ... T2 TS GIT? /
-/u(p_l +e upuy, UL U, u;p_zu,p_l u'p-—l 'u‘p—l+c v v,u,p_l +€

g . 9 ... T9
Uty FEBL, ) TR UL Yly(im1)—1"2(i—1)

-1
{II 7iriy = Ym()—1) Bi(Wlegiy—1 — Ymiiy—1)
=2

i—1
[Ri(z1 + 3~ (Yni) = Yn(i)—1) + Vo)1 — Yn(i)—1)—
o

i1
—hi(z1 + z;(yw(j) — Yn(i)—1) + Yn@)—1 — Yn(i)—1)] Hz1)dv.

i=
Proof: (a) = (b): Let X be a @/-Markov process and Y a Q9-Markov process with
the same initial distribution x. Then (a) is equivalent to saying that the distribution
of (Xo, X, Xey — Xeys - - » Xtaoy — Xtiogr Xtim e — Xty Xto_,+e — Xi,_, +¢) coincides
with the distribution of (Yo, Yy, Yu, 0, — Yurpoir---s Yuricyy = Yumaoiyor Yupqy1+e —
Yot Yunyorter = Yurqyoi+e)-

Since Q{tl = Qf.,,» both X, and Y, have the same distribution u{l. Hence
(a) is equivalent to saying that for u{l-almost all z;, the conditional distribution of
(Xep=Xtys ooy Xeooy = Xt gy Xei_yve—Xtiy» X+ — Xt +¢) given X,, = x; coincide
with the conditional distribution of (Ya, ;) = Yu,0_10-- -+ Yuraot) = Yergory—1r Yarq—1+e—
) RPN ) I Yu,,(,-)_,+e) given Yy, = z,.

For i = 2 we will use the following relationship: for every 0 < € < ¢ < t; — ¢; and

for every Borel sets I'p, Iy
P[Xt1+c — X, €02, X 4o — Xty 4e € F’gIXz, = 1'1] =

4 —
P[Yu,r(z)-rf'e - Yu«(z)—l € Iy, Yuw(z)—ﬁ-é' - Yu,(z)_;-f-e € F2|Yux = Il]'
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Using relationship (24) (which can be derived from equation (27) for i = 2, e = ¢'),
the left-hand side can be written as

oo e @0 I (B Qe (855 420)QY, gy el d) =

/1;'3 IFz (y;r(Z)—l - y‘n’(z)—l)II"2-§-11+3,,;(2)_l..y,r(z)_l (.'L"l’

Q{l +etie (TL+ y‘:"(z)"l = Yr(2)-1 dz’l,)sz(z)—huw(z)—ﬁ-t (Yr@)-15 dywlr(2)-l)
ilu,,(z)_l (zl; dyﬂ"(2)—l)’

The right-hand side is

./R:" Ir, (y;(g)_l - y1r(2)—l)IF’2 (y:(z)q - y;r(2)—1)

ig(z)..l +e.u,,(2)_ 1+€ (y;r(2)— 1 3 dy:(2)—l )in(2)—l yUp(2)—1+E€ (yﬂ'(2)— 1; dy‘),'r(2)— l)

lg‘l g (2)=1 (Il; dyﬂ'(2)_1).

By a monotone class argument we can conclude that or every 0 < e <€ < t, —
and for every h,, b}, € B(R)

/Ra ha(Yr2)-1 = Ur@)-1) P (T Q] te 1o (T1 + Yizy—1 = Yn(2)—1; dz7)

Igl,,(g)_l ,u,,(z)-1+e (yr(2)--1 ; dy‘;l'(Z)—l)thl[ Up(2)~1 (zl; dyﬂ'(2)—l ) =

/R3 h2(1%’r(2)-1 - y1r(2)—l)h£(xl + 3/;:(2)-1 - y:r(2)—l)
g’r(2)—l‘*"Ev“’r(2)—1'*'f' (y’,"(2)-1; dy:@)—l)in(z)-l-u'(z)_1+e(y1r(2)—l; dy;r(2)-1)
g[,u,(z)_l (xl; dyﬂ’(2)—l)

which is the desired relationship for z = 2.
To prove the relationship for i = 3 we will use the following relationship: for every
0 < e <€ <t3—t, and for every Borel sets I',, '3, [}

P[Xy, — X1, € T2, Xtz4e — Xo, € U3, Xtpe — Xigre € T3 Xy, = 1] = (29)

P[I/un(z) - Yuw(z)-—x €Iy, K‘r(3)—l+f - Yu,(g)_x €,

1]
Yuw(s)—l'*'f' - Yuw(:&)—x‘f'é € Iﬁ3|Yu1 = Il]-
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The left-hand side is
. Ls IF2+11 ($2)IP3+::2 (I;)IFQ-FI& (IZ)Q{;-{—QQ-{-{' (xl2; dz’zl

Q{z,tz-i-e (z2; d--’f"'z)Q{1 t (z1; dz2).

Using equation (20) (which can be derived from equation (27) fori =2,¢ = 0,¢ =
ta — t;), this can be written as

-/R.2 Ir, (yﬂ’(2) - yﬁ’(2)-1)I['3+zx+y«(z)—yr(2)—1 (-’5'2)11‘34»:'2 (1'2’) (30)

Qlrretrre (2242 QL, 114e(T1 + Yn(d) = Yx2-1:dZH) QS o (Yn(2)-1; dYmia))

ﬁlu,r(z)_.l (II; dy‘ll’(z)—l ) hd

At this point we may apply equation (27) for i = 3.
Case 1 Suppose that m(2) < w(3). Using equation (25) (which can be derived
from equation (27) for i = 3,e = ¢, if 7(2) < m(3)), integral (30) can be written as

/Rs Ir, (Yn2) — Yr@)-1 s (Ym@y—1 — Ym(3)-1)

IFQ+=1 +yr(2)_yr(2)—l+y:r(3)-[_yr(3)—1 (z'2'
Q'{;_{_e,tﬁ_el (z: + Yn(2) — Yr(2)-1 + y,’..(3)_1 = Yx(3)-1; dx;’)Qz,(g)-l,u,(s)_l-i-e (y1r(3)—1§ dy;r(:i)—l)

. L (Yn(2)3 Yr(3)-1) Q1 (5, tniay Ur(@)-15 WY(2)) QF, oy, (U1 BYmi2)—1)-

Uw(2) U (3)—

The right-hand side of (29) can be written as
/n s I, (y=(2) — Y=2)-1)1rs (yw,r(3)—1 - yﬂ'(:i)-l)[l‘g (yﬁ(s)_l - y;r(s)—l)

. (y7,l'(3)—l; dy;:(3)—l)Qi,,(g)_l,u,(3)_1+6(y1|’(3)—1; dy;r(:i)—],)

Uy (3)—1FEUg(3)—1+€

9 (Yn(2); BYn(3)-1) QL o) sty Ur(2)-13 W)} QY oy, (V15 BY(2)—1)-

Un(2)Un(3)—1
By a monotone class argument we can conclude that for every 0 < e < ¢ < t; — ¢,
and for every h,, h;, h; € B(R) we have

/n s h2(y1r(2) - yx(2)—l)h3(y;r(3)—1 - yn(a)—t)h§($'2')
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Q{z +e,ta+e (Il + Yr(2) — Yn(2)-1 + y1’r(3) —1 —Yx(3)-11 d:rg) Qﬂ,m_ 1+8x(3)—1F€ (yw(.'i)— 13 dy;.(;;)_ 1 )
Z1r(2) yug(a)-[ (y1r(2) ; dy‘lr(S)— 1 )Qigl.,r(g)._l ,u,(z) (y1r(2)—1 ; dy"l’(2) )Qﬂl 1“*(2)—1 (yl; dyw(2)— 1 ) =

/n s ha(yr2) — y1r(2)—l)h3(y:r(3)—1 - yx(3)—1)

hg (z1 + Yx(2) — Yn(2)-1 + y,'r'(g)_l - y1r(3)—1)

Z,(;)_l +€,Up(3)—1+€ (y;l'(3)-1 3 dy;:(3)—-l)Qz,r(3)_ 1/Ux(3)—1F€ (yﬂ’(3)—1; dy‘;r(3)— 1)

z*(g) ,u,,(;;)_l (y1l’(2) ; dyﬂ'(a)— 1 ) Qi*(2)_ 1 ,u,,(z) (y1r(2)— 1 ; dyﬂ'(Z) )ngu ,u,,(z)_ 1 (yl ; dy?l’(Z)—l )

which is the desired relationship for i = 3, if 7(2) < #(3).
Case 2 Suppose that m(3) < 7(2). Using equation (26) (which can be derived
from equation (27) for i = 3,e =€, if 7(3) < w(2)), integral (30) can be written as

/ns I, (Yr2) — Yr@) =113 (Yrn(zy—1 — Yr(3)-1)

"
Irs +I +y1r(2) ~Yx(2)—1 +y;(3)- 1 ~VUx(3)-1 (1:2

Q{2+e,t2+e’ (z1 + Yx(2) — Yn(2)-1 + y;r(3)—-l — Yn(3)-1; dx'z')Qﬂ,,(z,_,,u,,(z) (%(2)-1; dyrr(z))

1’;’r(:i)- 1HEUx(2)—1 (dy;f(:‘)—l + Ym(2)—1 )Qix(a)- 1)Ur(3)-1+€ (y1r(3)-1 ; dy;r(s)— 1)

Z! W (3)—1 (y1; dyw(s)_l).

The right-hand side of (29) can be written as

/Rs Ir, (Yx(2) = Yn(@)-1 )13 (Yra)-1 = ¥e@)-1) Iy (W (ay—1 — Yaa)-1)

zr(2)—!uw(2) (y"(2)_1; dy’r(2)Q‘l’;,r(3)_1+c',u”(2)_l (y;:(S)—]_; dy1l’(2)—l)

'g‘w(s)—l +€,ur(z)—1+€ (y‘:l’(3)—1; dy:(ii)-l)Qz*(a)-l,u,(g)-l-(»e (y1r(3)—1; dyﬁ,(a)_l)
‘!gl.l‘u,,(a)_l (zl; dy?l’(3)—1)'

By a monotone class argument we can conclude that for every 0 < e < € < t3—t,
and for every hy, h3, h € B(R) we have

[y B2(Une) = Ys@1-1)ha(ag-1 — Yecar-1) 5 ()

Q{zﬂ,;zﬂ: (z,+ Yn(2) — Yn(2)-1 + y;r(s)-1 = Yn(3)-1; dzg)Qﬂ,(z)_l,u,,(z, (%(2)-1; dyr(2))
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ir(:!)— 1 H€Ur(2)~1 (dy‘;l’(3)—l 3 y7|'(2)- 1 )Qz,(g)_ 182 (3)—1H€ (y‘ll’(3)—l ) dy;r(;’.)—l )

Zl U (3)—1 (yl; dyﬂ»(3)_1) =

/R s h2(y1r(2) - y7r(2)—1)h3(y;r(3)-1 - y1r(3)—1)

hy(z, + Yx(2) — Yn(2)-1 + y,':(g)_l ~ Yr(3)-1)

z1:(2)— 1%n(2) (yﬂ'(z)—l ' dyr(z)Qi,(s,_l € U (2)~1 (y;{(a)—l 3 dyw(2)— 1)

zw(s)—l Feun(z)~1+€ (y;r(3)— 1 dy:(ii)— 1 ) sz(a)-l Jn(3)—1F€ (yvr(3)- 1 dy;,(a)_ 1 )

itngayo1 (T15 @Yr(3)-1)
which is the desired relationship for ¢ = 3, if 7(3) < 7(2).
The general argument will be omitted since it is identical to the argument for the
case ¢ = 3, but notationally more complex.
(b) = (a): Let 'y, T'y,...,T;, T} € B(R) be arbitrary. Using the fact that Q{;tl =
Q3. and equation (20) (which ca be derived from equation (28) for i = 2,e¢ = 0,¢' =
t2 — t1), the left-hand side of (27) becomes

./RH-S Iro (yO)Irl (yl)ITz (yw(2) - y1r(2)—1)II‘3+y1+y,,(2)—y,(z)-l ($3)IF4+1-‘3 (34) s

Ir, 4z, (zi-l)IF;+zi-1 (I:'—I)IF§+::§_1 (x;,—l)Qf-_l-{-e,ti_;-{-e’ (-’13:'-1; dx:’-1)
Qriytio+e(Tizy; d$§_1)Q{.-_2z.-_, (Tieg; dTio1) - . - QL. (z3; dzy)
QL (U1 + Ym2) — Ymi2)-1; dz3) Q% ;) tniey Ur(2)-13 QYn(2)) Qi 1wy, (Y15 DYm(2)-1)
Q3. (Yo; dy1)u(dyo)

(we have formally replaced z; by y; + yx(2) — Yn(2)-1)-

We continue in the same manner and we use successively equation (28) first for
t=3,e =0,€ =13 —t,, then for i = 4,¢ = 0,¢ = t; — t3, and so on until we reach
i — 1, taking € = 0,€' = t;_; — t;_5. The left-hand side of (27) becomes

i-1
N ’
/Rm_”+3 Iro (yo)Ir, (1) J_I=Iz(y1r(j) - yw(j)—1)I[‘i+y1+2;;;(y*(j)_y*u)_l)(xi—l)
i-1

IF;+x£—l(x:"'l)Q{;—l+€yti-l+€'(z:-l; dx?—l)Q{i-x,li-1+e(y1 + Z(yw(j) - Yn(j)-1); 4Z;_;)
j=2
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g . g .
Ylyi 1)1 Blagiot) (ylz(i—l)—l ' dy‘?(i—l)) T U, U, (y‘p+l’ dy’p+2)
g . g . 9 .
UL, B (ylp—l s dylp+1 )Qulp—zu‘p—l (ylp—z : dylp—l) TRy g, (y11 1 dylz)

fnu,l (13 dylx)qu1 (yo; dy1) u(dyo)-

We use next equation (28) for i taking ¢ = ¢ and we ‘eliminate’ the operator
Q{i_h,'.__l_H by inserting the operator Qzl,,-p“t,,_ﬁ"f at the appropriate place (formally
we replace &{_, by y1 + £52h(Unt) — Yn()-1) + (Way—1 — Yn—1))- Finally, by using
equation (28) for i,¢, €/, we ‘eliminate’ the operator Q{‘,_l +eti_+¢ and we get exactly
the desired right-hand side of (27) (formally we replace zi_, by y1 + Z:;;fq(y,r(j) -
Yn(i)-1) + (Yng)—1 — Yr()—1))-

(b) & (c): The basic ingredient will be equation (17), which gives the integral
expression of a semigroup in terms of its generator.

Since D is dense we can assume that the functions ho,...,h; are in D in the

expression given by (b). Subtract

9 g g 9 g 9
Tulugl U U, Tt “lp-zu‘p—l ul,,_l.u(x,_l+eT'u¢’,_l+e,u.[p_{__l T“lp+1u1p+z b
t—1
9 R o — . (1 .. —_— .
Tul RTTS [H h‘] (yﬂ’(J) yﬂ'(_7)—1)ht(y1r(z)—-1 yw(z)—l)
2(:—-1)-1 2(i—1) J_2

t=—1
hi(@1 + D (Un(i) = Uni-1) + Yigy—1 — Yni)-1)]
<

in both members of this expression.
On the left hand-side we will have

9 9 9 g g g
Tu1 up, Tullulz i T"‘,,-z“lp_l v, ,u,p_l+eTu1p_l+e,u,p+1Tu1P+lulp+2 et
i—1
g ; 3 . (1 —_ .
T3 e I Rty = yry—1)hi(Yleiy—1 — Yn(iy—1)
2(i-1)=1"""2(i~-1) =2

i-1
(T ten et = B (@1 + 3 Uiy — Y1) + Yr(iy—1 ~ Ya(i)—1)]
—~
which can be written as

tiwy+€
T Te T TS TS TS T9
tiide | SVEN T UGB T T U, pupy T, U, g hetun, g heu, Tug v,
.
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i—1
T [H hi(yri) — yx(j)-1)hi(y1'r(i)-1 = yﬂ'(i)—l)
j=2

Wgtim1)—1 Blgi—1)

t-1
(GLTS . vt (@1 + 3 (nti) — Ynti—1) + Vii)—1 — Yn()—1)]dv
i=2

using the integral expression (17) and Fubini’s theorem.
On the right-hand side we have

T80 T2 o -T2 T?

uvrup T U U, p-2Ulp_y ~ Wp_ystp_FE
9 Tg g Tg
4 ! - o =
o P U L N T SO S Blyim1y—1"%l2(i—1)
i—1

[TI Ri(yxiy — Ymtiy-1)PiWingy—1 — Yn(iy=1)
j=2

i—1
hi(z1 + D (Yn(5) — Yni)—1) + Ymeiy—1 — Y11, _, ) —
o

9

-T9
Ul FEUL, ) T UL W, Ylatim1y-1%23i—1)

-1
[TI Ri(yxiy — Yniiy—1)Pi(Yiegiy—1 — Yn(i)—1)
j=2
t—1
1 4 !
hi(zy + D (Yr(i) — Yn(i)-1) + Ynciy—1 — Ymi-1)1 () }-
o

If we denote

(] " ——
he’(xlv Yys---» ylp_u yl,-;’ ylp_l) L

i~1
/Rm_l)_p ]I=Iz hi (Yx(i) — Yn(i)—1) Pi (Wriy=1 = Yn(i)-1)

i—1
hi(@1 + 3 (e ) — Yet)-1) + Uniyor — Ye)=0) Q| wnge ) Wl ros Wiy
i=2
Z‘p+l ,u(P+2 (y[p-q—l ? dylp+2)thL[P_l +€ .u;p_H (yl,,',-l ) dylp+l )

and

he(zla Yy -3 Ylp_v> y;p—l) =
i—1

/nz(-'—x)—p ,_1:12 hi (Yn() = Ynt)=1) P (Yn(iy—1 — Yn(i)—1)
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t—1
h:'(zl + Z(yﬂ’(j) - yﬂ’(j)—l) + y:r(i)—l - y"(i)—l)Qg‘z(i—x)—l By (ylz(i—l)—l ’ dy‘z(i-l))
j=2

4 (Yprss BYtpa) QU +emr,y, (Wlpors DY)

Ylp i1 lppn

then the right-hand side becomes

g 9 9 £
Tulu(l Tugl u, * - T"‘p_zulp-l Tu(,,_x Wi,y te

[(T'flp_x'*"v“l,,_x'*'f'h"(xl’ Yys---» ylp—nyl,,-u '))(y;,,_;) - he(zlr Ytys -« s Yty yl’,,-l)] =

g 9 g g
Tu;ugl Tull u, " Tul,,_gul,,_l Tu‘P_1 B, e

[h't’(xlr Yiy-- -, Yip_1» yllp_l ’ yl’p-l) - he(zl <Yus---» Yip_1» yll,,_l)_*_

u(p_1+e’ 99 , ,

+ (gvTv,u, +s'h€' (zlv Yuse o s Ylpa1r Y s '))(ylp_l)dv] (xl)
u, ,+e p—t

since he (1, Yy Ytz -+ -1 Yip_ys y{p_l, *) € D for every Zi,¥y,---,Yi,_y> yl,,,_r We have

two cases:

Case 1) If p = 2(z — 1), then all the integrals with respect to QZ:,,_l e, e

g 9 g disappear in the preceding expressions.
Yoy ULy Q“’p+1""p+2 o Qu‘2(i—l)—l Blagi-1) Sapp p g

Hence ho(zi,y1,,---2 41,4, y,’p_l , yl,p—l) = he(z1, Y1y - - -» y,p_l,y{p_l) and the result fol-

lows.
Case 2) If p < 2(¢ — 1), then
he' (zla ! ylp_u yg’,,_l, y[,p_l) = (thlp—l-*-(l’ulp-f-l H(Ila Yy -y ylp—x H y;p_l ’ '))(yl,p_l)

he(xla Ytiys-- - ylp_[,yz,,,_,) = (Tglp_l+c,u[p+lH($11 Yiys--- s Ylp—1s y;p_la .))(y;p—l)

where
H(.'L'],, Y, Ytay - - - Yip_1»s yl,p_la ylp+l) =
i—1
’
-/1;.2(1‘—1)—11—1 _1=II2 h; (y""(i) - yﬂ(j)—l)h'i(yﬂ(i)—l - y"’(i)—l)
-1
hi(zy + Z(yﬂ’(j) = Yr(i)-1) + y;r(i)—l - y«(i)—x)Qﬂ,z(‘._l)_l,u,m_” (ylz(.'—l)—x; dylz(i—x))
i=2

: (Ytpsrs Wipya)-

Ylpy1¥lper
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To simplify the notation we will omit the arguments of the function H. Hence

he’(xlv Ytys---53Ylp_ys yl,p_l’yl,,,-l) - hf(xlv Yius-- s Yy yl,,,_l) =

!Zp_ 1 +"v“1p+1 H) (yl',,_.l ) - [T’flp—l -41»-(,1;(,,_l +€ (T'i]lp-l +"’u‘p+1 H)] (y;,_l ) =
UL,y +¢€
— 979 g ’
w,_, +e (gv Tv,u,p_ L+ (’Tu,’,_1 +"’“lp+1 H)) (yl,,_l )d’U

since H(.’L’l, Ytys- -1 Ylp_ys y;,_lr ') € D for every Iy, ¥Y,,---, Yiy_1s yll,,_l'
Using Fubini theorem’s, the right-hand side becomes

$ 7
uuw UL U, """ u ur,_ 1, H€E
U, +e h th i lp—2¥lp—1 " Mp—1"Tp—1

[(ggTiulp_l-{-e’Ud (1:1, Yiys-- -3 Ylp_ys yl’,,-l 3 '))(yl,,_l)](xl)dv
where

’ ” ——
U(’(xly Yis - - -2 Yy s ylp_l’ylp_l) -

h‘e’(zlv Ytys o oo s Yty y;,,_l, yl,:,_l) - (T'flp—l"’el'u‘p-{»l H(.’L’l, Yiys---» yl,,..uyz',,_l, '))(y” 1) =

Ip—
i—1

/thi-u-r H hi(y=(jy — yr(_j)—l)hi(y;(i)—-l — Yr(i)—1)
i=2

i—1
[hi(z1 + X (Ur() — Unt)—1) + Yigiy—1 — Yn(i)—1)—

j=2
i—1
!
—hi(z1 + D (Yn) — Yr()=1) + Yatiy—1 — Ymi)—1)]
j=2
zng(‘._”_l By (ylz(a-x)-x : dylz(u‘-x)) .- ﬁ,w T (ylp+1 ) dyly-i-z)

g "o
up,_ e u, (ylp—x ’ dy‘p+1 ).

The concludes the proof.
a

We have the following assumption.
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Assumption 4.3.3 If ord1={Ay = 0, A,,..., A} and ord2={A, = V', A},..., A}}
are two consistent orderings of the same finite semilattice A" with A; = A;(i),Vi,
where  is a permutation of {1,...,n} with (1) = 1, and we denote f := fu ora1,
9 = faoraz with f(t;) = Uj_A;, g(w;) = Ui_ A}, then the generators G/ and G9
satisfy condition (c) stated in Lemma 4.38.2.

Here is the main result of this section.

Theorem 4.3.4 Let p be a probability measure on R and {G/ := (Gf),; f € S}
a collection of families of linear operators on B(R) such that each operator Gf is
defined on a dense subspace D of B(R) and is the generator at time s of a semigroup
T/ = (Tsft)s«, each Tsf, being the operator associated to a transition probability Q{t.

If the collection {G'; f € S} satisfies Assumption 4.2.1 and Assumption {.3.3,
then there ezist a transition system Q := (Qpp')scp and a probability measure P on
the product space (RS, B(R)C) under which:

1. the coordinate-variable process X := (X¢c)cec defined on this space is Q-Markov

with initial distribution u;

2. Vf € S, the generator of the process X := (X f(¢))¢ at time s is an eztension of
the operator G{;

3. if ord1={Ag =W, Ay,..., A} and ord2={A), =0, A,,..., AL} are two consis-
tent orderings of the same finite semilattice A', with A; = A;(i),Vi, where w is
a permutation of {1,...,n} with #(1) = 1, and we denote f := far ora1,9 =
farorae with f(t:) = Ui Aj, g(u;) = Ui A}, then

-1 -1
Po(X! ,o—-Xl_ i) '=Po (XZ o rve — X& o yve)
foreveryi=2,...,n and for every 0 <e<e€ <t; —ti_;.

Proof: The collection {Q/ := (Q),)s<:; f € S} of transition systems satisfies As-
sumption 3.3.6 and Assumption 3.3.7 (using Lemma 4.3.2). The proof is immediate
using Theorem 4.1.3.

d



Chapter 5

Processes with Independent

Increments

On the real line, processes with independent increments constitute a fundamental
class of stochastic processes; typical examples include Brownian motion, compound
Poisson processes, and stable processes. Historically, their systematic study began
in 1934, with the characterization of the infinitely divisible distributions given by
Lévy’s impressive paper [49]. It turned out that any such process can be written as
the sum of a non-random function, a discrete process, and a stochastically continuous
process. Moreover, any Lévy process (i.e. a stochastically continuous process with
independent increments) has a cadlag version, which can be constructed as the sum
of a continuous Gaussian process and an independent jump process, obtained as a
limit of a sequence of independent compound Poisson processes.

On the other hand, processes with independent increments are prototypes of im-
portant classes of processes, like Markov processes and semimartingales. An immense
amount of literature has been dedicated to them, including two excellent (and quite
recent) monographs [9], [65]; a good all-time reference remains Chapter IV, [32].

In the present chapter, we will take the first step in the study of set-indexed
processes with independent increments and we will show that these processes can
also be described by means of convolution systems of distributions on the real line.
We want to emphasize that for most of the chapter, the underlying space 7" need not
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be metrizable.
Most of the results of this chapter appear in [6].

5.1 General Properties

In this section we will give some general properties of processes with independent
increments, with special emphasis on the set-Markov property. We will also intro-
duce the two fundamental examples of such processes: the Brownian motion and the

Poisson process.

We begin by recalling that a set-indexed process X := (X4)aec4 is said to have
independent increments if X = Xo = 0 as., and X¢,,. .., Xc, are independent
whenever C, ..., Ck € C are pairwise disjoint (Definition 2.3.14).

Comment 5.1.1 Since each set in C(u) can be written as the finite union of some
pairwise disjoint sets in C, by the associativity of independence, it follows that the
above property can be extended to the sets in C(u); namely, if X is a process with
independent increments, then X¢,,..., X¢, are independent whenever C;,...,Ci €

C(u) are pairwise disjoint.

Let X := (X4)aca be a set-indexed process with independent increments. If we
denote with F the distribution of X¢ for each C € C(u), then the family (Fc)ceciw)
of these probability measures satisfies the following conditions:

1. Fq) = F@: = 50; and

2. Feyx...x Fc, = Fgr % ...+ Fr whenever Cy,...,Cp,CY,...,C! € C are such
that U2, C; = UL, C!. (Here * denotes the convolution operator and U denotes

a pairwise disjoint union.)
Any such family of distributions will be called a convolution system.

Proposition 5.1.2 Any process with independent increments is Q-Markov, with the

transition system Q given by

Qep (z;T) := Fg\g(I' —z) Vz € R,VI € B(R)



CHAPTER 5. PROCESSES WITH INDEPENDENT INCREMENTS - 118

for every B,B' € A(u), B C B’, where (Fc)cec(u) is the convolution system of the

process.

Proof: We will prove first that the family Q := (Qpp/) Bcp is a transition system:
let B, B', B" € A(u) be such that B C B’ C B” and z € R, T € B(R) arbitrary; then
/RQB'B" (v:D@pr (z;:dy) = LF A\ (L' = y)Fg g(dy — z)

= /R Fpn\g(T = 7 — 2)Fy 5(dz)
= (Fgn\g * Fpn\p)(T —1z)
Fans(T ~2)
= Qsp~(z;T)

because (B'\B) U (B"\B') = B"\B.

Let X := (X4)aea be a process with independent increments. We recall that the
process is automatically set-Markov (Proposition 3.1.3). We will prove that QBp isa
version of the conditional distribution of Xp: given X, for every B, B' € A(u),B C
B’ (see Definition A.2.1, Appendix A.2). Let z € R, € B(R) be arbitrary; then

PXp €T|Xp=2z] = P[Xp\z€T —z|Xp=1]
= P(Xg\g €Tl —1)
= Fgn\p(T —2)
_ = Qpp(z;T)
by the independence of X B\B and Xp.

a
We have the following conjecture.

Conjecture 5.1.3 If X := (X 4)aca is a Q-Markov process with the transition Sys-
tem Q given by the relationship Qpp (z;T) := Fgn\g(l' —z);B,B' € A(u),B C B’
where (FC)CEC(u) is a convolution system, then X has independent increments.

Attempt of proof: First note that the distribution of X s\g 18 Fg\g, VB,B' €
A(u),BC B'":

PXp\p €TIXg=z] = Qpp(z;T +1)
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=FB

= P(Xg\z€D).

Ag(l') (does not depend onz)

We suppose that X¢,, ..., Xc, are independent for any pairwise disjoint sets Cj,
..., Cy € C such that UL, C; = B'\B for some B C B’ in A(u). Note that this is not
clear even if we know that P o XGa ¢ = Fun ¢ = *&,Fc, =+, (P o XG!); this is
where the conjecture lies.

Finally, if Cy,...C, are arbitrary pairwise disjoint sets in C, C; = A4;\ UGL, Aij
are some extremal representations, 4’ is the minimal finite sub-semilattice of A de-
termined by the sets A;, A;;, {By = @, By,..., By} is a consistent ordering of A’
and we denote with D; the left neighbourhood of B; in A’, then C; = U;¢s,D; and
Xc: = 2jes; Xp; a.s. If the previous conjectured fact is true then the variables
Xbp,,---,Xp,, will be independent since we can write U2, D; = U7 B; = B'\B with
B =@ and B' = U7z B;j. By the associativity of the independence, the variables
Xc,,---,Xc, will be independent.

g

Comment 5.1.4 The semigroup associated to a process with independent incre-

ments with convolution system (Fc¢)cecq) is given by
(Tep h)(z) = /R h(z +y)Fgr5(dy), h€ B(R),z € R
for every B, B’ € A(u), B C B'.
Let A be a finite positive measure on o(.4). Here are the two basic examples of

set-indexed processes with independent increments.

Examples 5.1.5 1. A process X := (X4)aca with independent increments for
which the distribution F¢ of each increment X¢,C € C is normal with mean 0
and variance Ac, is called a Brownian motion (with variance measure A).
Each probability measure Qgp:(z;-) is also normal with mean z and variance

A g\ g- The associated semigroup 7 is given by:

(Tep h)(z) = —1—-/Rh(y)exp {—(y - z)z}dy, z€R, he B(R).

\ [2wA B\B 2A13'\15)
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2. A process X := (Xa4)aeca with independent inerements for which the distri-
bution F¢ of each increment Xo,C € C is Poisson with mean Ac is called a
Poisson process with variance measure A.

Each probability measure Qpgp:(k;-) is Poisson:
AR
Qop(k:)=e '=\s 3 BNBg, k=0,1,2...

n>0

The semigroup 7 is given by

An
—A '
(Toph)(k) = e *o\s 3™ h(k + n)BT!\B:, k=0,1,2,...

n>0

for every bounded function 4 : {0,1,2,...} = R.

Note: Alternatively, a Brownian motion with variance measure A is a centered
Gaussian process X := (X4)aca (with an additive extension to C(u)), whose covari-

ance function is given by
COV(XAI,XA._,) = AAlﬁAzy VAl,Az € A.

The covariance function can be extended to C(u) by a similar relation.

In what follows we will show that our main tool from the previous chapters, the

flow, becomes also extremely useful in this set-up.

Proposition 5.1.6 A set-indezed process X := (X 4)ac A(u) has independent incre-
ments if and only if for for every simple flow f : [0,a] = A(u) the process X/ :=
(Xf(t))telo.a) has independent increments. (For the necessity part we can consider any

flow, not only the simple ones.)

Proof: For necessity, let f : [0,a] — A(u) be an arbitrary flow (not necessarily
simple) and s,t € [0,a],s <t. Then X/ — X/ =X ft)\s(s) 1S independent of Fy() :=
o({Xa;A € A A C f(s)}) and therefore it is independent of o({Xw);u < s})
(which is contained in Fj(,)). This is enough to conclude that the process X/ has

independent increments.
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For sufficiency, let C, ..., Cr € C be pairwise disjoint and C; = A;\ Ui, Ayjsi =
1,..., k some extremal representations. Let A’ be the minimal finite sub-semilattice
of A which contains the sets A;, A;j, {By = ¢, B,,...,B,} a consistent ordering of
A’ and D; the left neighbourhood of B; foreach j =1,...,n.

Say C; = Uje,,D; for a subset J; of {1,...,n}. By Lemma 2.4.8, there exists a
simple flow f : [0,a] — A(u) such that f(t;) = Ui_(Bj, where tp =0 <t; < ... <
tp < a is the partition corresponding to f. Hence, for every i = 1,...,k

Xc, =Y Xp; = E(Xt{ - Xé—l) a-S.
i€ j€J;
These variables are independent by the associativity of independence.
0
Let us consider our two basic examples, the Brownian motion and the Poisson

process in the light of the previous proposition. Let A be a finite positive measure on

o(A).

1. A set-indexed process X := (X4)acaq) is a Brownian motion with variance
measure A if and only if for every simple flow f : [0,a] — .A(u) the process
X7 := (X;()tcf0.q] is 2 Brownian motion with variance function A/ := Ao f. If
the function A’ is differentiable, then the generator of the process X/ at time
s is given by

Gh@) = 5(A)H(@), zeR
whose domain D(Gf) contains the space CZ(R) of all twice continuously dif-
ferentiable functions A : R — R which have the property that h,h’, h” are
bounded (see Example B.1.4.1, Appendix B.1).

2. A set-indexed process X := (X4)acaq) is Poisson with variance measure A if
and only if for every simple flow f : [0, a] — A(u) the process X/ := (X () )eeo,q]
is Poisson with variance function A/ := Ao f. If the function A/ is differentiable,

then the generator of the process X7/ at time s is given by

(Gsh) (k) = (AL) - (h(k + 1) — h(k)), k=0,1,2,...
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whose domain D(Gf) is the space B({0,1,2,...}) of all bounded functions  :
{0,1,2,...} - R (see Example B.1.4.2, Appendix B.1).

For the remainder of this section we will concentrate on the variance function A of
an arbitrary set-indexed process with independent increments. We need the following

definition.
Definition 5.1.7 A process X := (X s)aeca is square-integrable if
E(X%) <oco VA€ A

We prove that the variance function A has a unique finite additive extension to C(u)

(although, in general, we may not be able to extend it to a measure on o(A)).

Proposition 5.1.8 Let X := (X4)aca be a square-integrable process with indepen-
dent increments end let Ay := Var(X4),A € A. Then A has a unigque additive
extension to C(u) and A¢c = Var(X¢),VC € C(u).

Proof: We will show first that A has a unique additive extension to A(u) by proving
inductively that for every A,,..., A, € A we have

Va.r(XU;;lA'.) = ZV&I(XA‘) ot Z Va.l'(XA'-nAj) +...+ (—1)"+1Va.r(Xn?=1A‘.)
i=1 i<y
The case n = 1 is trivial. Assume that the statement is true for n — 1. Let
Ai, ..., A, be some arbitrary sets in . A. We have Var(){,“,?=l 4;) = Var(X Ao, A‘_) +
Var(Xyr_,4,) = Var(Xa,) — Var(Xyn_,(4,na,)) + Var(Xus , 4,), by independence. Now

=2

we use the induction hypothesis for Var(XU;- ,(A1n4;)) and Var(Xuyr_,4;)- We set

AUE‘=1A.- déf Z AA,' - Z AA,-nAj + ...+ (—l)n-H'An?:lAi.
=1 i<y
Trivially, this definition does not depend on the representation of B = UL, A;.
To show that A has a unique additive extension to C we will use again the inde-
pendence: let A, B € A(u); then Var(X ,\ z) = Var(X,) — Var(Xang) A a\g- The
existence of the unique additive extension of A to C(u) is proved exactly as for A(u).

O
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Comment 5.1.9 Note that if the variance function A is monotone outer-continuous,

then it can be extended to a measure on o(A) by Proposition 2.4.3.

We will conclude this section with a few remarks about the ‘homogeneity’ of the
projections of a process with independent increments over a suitable class of flows.

If X := (X 4) e is a square integrable process with independent increments whose
variance function A is monotone outer-continuous and monotone inner-continuous
and f : [0,a] — A(u) is a simple flow, then by Proposition 2.4.7, the function Ao f :
[0,a] — [0,8] is continuous (where b = A(f(a))). Therefore, for each s € [0, 5], there
exists some t; € [0, a] such that (A o f)(t;) = s. The function

9(s) = f(ts), s €[0,9]

is clearly a flow. What is important is that the variance function Aog of the projected
process X9 is equal to the identity map, i.e. Var(X?) = s, Vs € [0,b]. If the
distribution of each increment X¢,C € C is completely determined by its variance
Ac (as it is the case of the Brownian motion and Poisson process), then we can
conclude that the projected process X9 is ‘homogenous’, i.e. the distribution of each
increment X7 — X¢,s < t depends on s, t only through t — s.

If in addition, the function A o f is strictly increasing, then it is one-to-one and

g=fo(Aof)™h
In this case, the flow g is simple too: say f(t) = Ui_gAjUfi(t),t € [ti, tisa],i=0,...,n
for some tp = 0 < t; < ... < t, = a and some .A-valued flows f; : [ti, tiv1] = A;

denote A(U§=0Aj) :=s; and g; := fio (Ao f)7! : [s;, 5i41] = A; for each s € [s;, 5i41]
we have g(s) = f((Ao f)7(s)) = Uj=04; U fi((A o f)71(s)) = Ui_oA; U gi(s).
Note also that the flow g follows exactly the same path as f.

5.2 The Compound Poisson Process

In this section we will introduce an important class of set-indexed processes with
independent increments, the compound Poisson processes (see Appendix B.1 for the

definition of the classical compound Poisson process).
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We begin with the definition of a set-indexed compound Poisson process.

Definition 5.2.1 Let I1(dz;dz) be a finite positive measure on (T x R, o(A) x B(R))
and let I14(T') := II(A x T),A € o(A),I’ € B(R). A process X := (X4)aca with
independent increments, for which the distribution F¢ of each increment X¢,C € C

has the log-characteristic function

ve() = [ (€ - )llcdy), ueR
is called a compound Poisson process (corresponding to the measure I1 )-

Note: If the measure IT can be written as a product of measures II(dz;dz) =
A(dz) x G(dz) for some probability measure G on R, then the process X is said to
have stationary increments (with respect to A), i.e. the distribution of each increment
Xc,C € C depends on C only through Ac. In particular, if G = 41, then X is a

Poisson process with variance measure A.

Comments 5.2.2 1. If X := (X4)4c4 is a compound Poisson process (corre-
sponding to a measure II), then each increment Xs,C € C has a compound

Poisson distribution (corresponding to the measure II¢).

2. A set-indexed process X := (X4)ae4 is compound Poisson (corresponding to
a measure II) if and only if for every simple flow f : [0,a] — A(u) the process
X! = (X f(t))tefo,a] iS compound Poisson (corresponding to the measure IT/
defined by I/([0, t]; ') := II(f(¢) x T)).

In this case, if the collection S can be chosen such that for every flow f € S
the function IT/ (T') is differentiable with respect to t (for every fixed Borel set
' € R), then the generator of the process X/ at time s is given by

GI0)@) = [ (hz +3) - A=) ) (dy), z € R

whose domain D(G{) is equal to the space B(R) (see Example B.1.4.2, Appendix
B.1).
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We will conclude this section with the simultaneous construction of a compound
Poisson process, corresponding to a measure II(dz; dz), and a Poisson process, whose

variance measure A is the first marginal of II.

Theorem 5.2.3 Let II(dz; dz) be a finite positive measure on (T x R, 0(A) x B(R))
and let Ay :=II(A x R),A € 0(A). If N is a Poisson random variable with mean
At and (Zj, X;)j>1 is an independent sequence of independent identically distributed

random variables on T x R with distribution rI(TlxlT) -II(dz; dz), then the processes
N
Xa4 = ZXJ'I{Z,-GA}’ Ac A
=1
N
W,u = ZI{ZJ‘GA}1 Ac A
Jj=1

are a compound Poisson process (corresponding to the measure I1), respectively a

Poisson process with variance measure A.

Proof: Clearly both X and W have unique countably additive extensions to o(.A).
In other words, for each fixed w the set-functions A — X4(w) and A — W,(w) are a
finite signed measure, respectively a finite positive measure on o(A).

The simplest way to show that X is a compound Poisson process is by proving
that the joint characteristic function corresponding to a finite number of increments
Xecy---,Xc,, over disjoint sets C,,...C,, € C is the product of the m characteristic

functions corresponding to C;,...,Cn, i.e.

Blexp (i 3 weXo,}] = I exp { [ (%% ~ 1)l (do)}.
k=1

k=1
The argument is classical and the extension to the set-indexed case poses no
particular problems (see for instance the argument on page 14-15 of [1] for the planar
case). The argument for the Poisson process is identical.
O

Comment 5.2.4 In the construction described above, both processes X and W have
purely atomic sample paths, if A({z}) = 0,Vz € T. As noted in Section 2.4 not all
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purely atomic set-functions are cadlag, and a counterexample can be given even in
the case of processes indexed by the unit square. Fortunately, we know that if the

atoms of a purely atomic function fall in the ‘well-behaved’ part
T* :={z €T; A, is proper}

of the space T (introduced in Section 2.4), then the function will be cadlag. In the
case of our previous construction is suffices to require that the measure I1(dz; dz) is
concentrated on T* x R in order to obtain the cadlaguity of the processes X and W.

5.3 Construction of a Process with Independent
Increments

In this section we will give two ways of constructing a process with independent in-
crements: 1. using Kolomogorov’s extension theorem; 2. using the property that
any set-indexed process with independent increments can be associated with a ‘large
enough’ and ‘suitably indexed’ collection of classical processes with independent in-
crements (i.e processes indexed by the real line).

The finite dimensional distributions of a process with independent increments over
the sets in C have to be defined so that they ensure the (almost sure) additivity of
the process. Our first result gives the definition of the finite dimensional distribution
(of a process with independent increments) over an arbitrary k-tuple of sets in C and
shows that, if the family (Fg)cec is a convolution system, then the definition will
not depend on the extremal representations of these sets. This result is a version of

Lemma 3.3.4, in the case of processes with independent increments.

Lemma 5.3.1 Let (Fc)cec be a convolution system. Let (C,...,Cyk) be a k-tuple of
distinct sets in C and suppose that each set C; admits two extremal representations
Ci = A\ UL, A = AN\ UTE, Aj;. Let A', A" be the minimal finite sub-semilattices
of A which contain the sets A;, A;, respectively A}, Aj;, {Bo =0, By,...,B,},{B}) =
o, By,...,B],} two consistent orderings of A', A" and D;, D} the left neighbourhoods
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of the sets B;,B] for j = 1,...,n;l = 1,...,m. If each set C;;i = 1,...,k can be
written as C; = Uje s, Dj = Uer, D; for some J; C{1,...,n},L; C {1,...,m}, then

k k
S LA 2) P () Foy @) = [ TT (3 ) For, (um) - Fiy () (31)

JeT: R™i=1 el

for every T'y,... 'y € B(R).

Proof: Let A be the minimal finite sub-semilattice of A determined by the sets
in A’ and A”; clearly A’ C A, 4" C A. Let ord! = {E, = @, E,,...,EyN} and
ord? = {E} = ¢, El,..., E\} be two consistent orderings of A such that, if B; =
E;;j=1,...,n and B] = E;;l =1,...,m for some indices i; < iy < ... < iy,

respectively k; < ks < ... < ky,, then

B) = UL E,, BlUBy = U E;, .. UR B = Ukm B!

Let 7 be the permutation of {1,..., N} such that E, = E p=1,...,N.
Denote by Hj, H; the left neighbourhoods of E,, E! with respect to the orderings
ord', ord?; clearly H, = H, ., Yp=1,...,N. Note that D; = (U)_, B,)\(U/Z!B,) =

(Upmi B)\(USSLEy) = ULy 1 Hpij = 1,...,n and similarly D] = Ur i H L=

1,...,m. Hence

.= . = i —1]. I '
Cl - UJG-’:'DJ - U]GJ,» Up:ij_l-H. HD - UJGJi Up:tj_1+l =(p)

Uter, D] = Urer, Usty,_ 41 H,
and we can conclude that

{m(P)ip € Ujes {tim1 + 1,500+ 2,.. .45} } = Uer, (ki + L ki + 2, .., ki)
This relationship, combined with the fact that

/RN h(l‘l,.’Bg, N ,In)FHN(d.'IIN) .o .Fyz(dxg)FHl (d.’BI) =

/RN h(yn(1), Yr2): - - - » Yu(v)) Fry, (QYn) - - . Fry (dy2) F (dy))
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for any bounded measurable function £, implies that

k ij
/RN].:IIF-'(Z Z Tp)Fay(dzN) . . . Fy,(dz2) Fy, (dz)) =

JEJ; p=tj_1+1

k ij
/RN_I:III‘.»(E D Yn(e) Fuy, (dyn) - .. Fas (dy2) Fyry (dyy) =

JjE€Ji p=ij~1+1
k ki
/N (3" 3> w)Fu,(dyn) ... Fay(dyz) e (dyr1).
RY i1 l€L; g=ki_;+1

This gives us the desired relationship, because
Fp, = *;’=i,~_1+1FHp;j =1,...,n

— b —
FD; = *q=k1_1+1FH¢';’k = 1,...,m

and for every probability measures F,G on R and for every h € B(R)

/R _h(z +y)F(dz)G(dy) = /R h(z)(F * G)(dz).

O

Here is the main result of this section, which says that the only ingredient that
is needed for the construction of a set-indexed process with independent increments
is a convolution system. This result is a simplified version of Theorem 3.3.5, in the

case of processes with independent increments.

Theorem 5.3.2 If (Fc)cec is a convolution system, then there exists a probability
measure P on the product space (RS, B(R)C) under which the coordinate-variable
process X := (X¢c)cec defined on this space is a process with independent increments

and the distribution of each increment Xc,C € C is Fg.

Proof: As expected, the proof will be an application of Kolmogorov’s extension
theorem. The proof in the classical case can be found on pages 35-36 of [65]; in the
d-dimensional case, a straightforward proof is mentioned on page 12 of [1].

For each k-tuple (Cy,...,Ck) of distinct sets in C we will define a probability

measure pc,..c, On (R*, R*) in the following manner: let C; = A;\ UGl Ayt =
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1,..., k be extremal representations of these sets, A’ the minimal finite sub-semilattice
of A which contains the sets A;, A;;, {Byp = W, B,..., B,} a consistent ordering of
A’, and D; the left neighbourhood of B; for j = 1,...,n; if C; = Uj¢;,D; for some
Ji € {1,...,n};i=1,...,k, then define

te,..c, = (Fp, X ... x Fp )oa™
where a(z1,...,Zn) == (Zjes, Zjs - - -1» Ljes Tj)-

It is clear that Hc,..c, does not depend on the ordering of the semilattice A’; on
the other hand, Lemma 5.3.1 shows that Kc,...c, does not depend on the extremal
representations of the sets C;.

The fact that the family of all probability measures Wc,..c, satisfies the two con-
sistency conditions of Kolmogorov’s extension theorem, follows exactly as in the proof
of Theorem 3.3.5. Therefore, there exists a probability measure P on (RS, R€) such
that the coordinate-variable process X := (Xc)cec defined by X¢(z) := z¢ has
the measures uc,. ., as its finite dimensional distributions. Moreover, this process
has an (almost surely) unique additive extension to C(u), since its finite dimensional
distributions were chosen in an additive way.

Finally, it is not difficult to see that the process X has independent increments:
if Cy,..., Ci are arbitrary pairwise disjoint sets in C, then each C; can be written as
C: = Ujes, Dj, where {Dy =@, D,,...,D,} is the collection of all left neighbourhoods
associated to a certain finite sub-semilattice A’; hence X¢, = Y X pj,i=1,...,k
are independent, by the associativity of independence (the variables X pj;jj=1...,mn
are independent since they are defined as projections under the product measure
Fp, x...x Fp,).

O

Note: The requirement that the family (Fc)cec be a convolution system is more
than sufficient for the proof of the previous theorem! All we need for the construction
of a process with independent increments is a family (Fc)cec which satisfies property
2 (from the definition of a convolution system) in a very particular instance only. More
precisely, it is enough to assume that for any finite sub-semilattices A’ C A, and for

any consistent orderings ord = {By = @', By,...,B,}, ord' = {E; = @', Ey,...,En}
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of A', respectively A which are chosen such that, if B; = E;;j =1,...,n then
W_,B, = UQ;IEp;j =1,...,n, we have

ij .
FD_-,' = *pJ=ij_l+1FHpa v] = la"'vn

where D;, H, are the left neighbourhoods of Bj, E, in A’, respectively A.

We will conclude this section by giving the second construction of a process with
independent increments which is suggested by the fact that the projection of such
process on any simple flow is also a process with independent increments (indexed by
the real line).

Before giving this second construction, we should mention that a family (Fst)s<t of
probability measures on R is called a convolution system if Fi, = 8o Vt and FyxF,, =
F, for every s <t < u.

Let S be a collection of simple flows as in Definition 3.2.10.

The next assumption will provide a necessary and sufficient condition which will
allow us to reconstruct a convolution system (F¢)cec from a collection {(F)s<t; f €
S} of convolution systems. It requires that whenever we have two flows f.g € S such
that f(t)\f(s) = g(v)\g(u) for some s < t,u < v, we must have F/ = F3,. This
assumption is a version of Assumption 3.3.6 in the case of processes with independent

increments.

Assumption 5.3.3 If ordi={A; =0, Ay,..., A} and ord2={A) = @', A},..., A"}
are two consistent orderings of some finite semilattices A’', A" such that (U1 45\
(Us=14;) = (U A \(USZy A)) for some k < n,l < m, and we denote f := far ordls
9 = faroraz with f(t;) = U;':lAjvg(Ui) = U;_, 4}, then

Ff = FY9

titn UUm

The following result is immediate. This result is a simplified version of Corollary

3.3.8 in the case of processes with independent increments.

Corollary 5.3.4 If {(Fl)s<t; f € S} is a collection of convolution systems which
satisfies Assumption 5.3.3, then there exists a probability measure P on the product
space (RS, B(R)®) under which:
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1. the coordinate-variable process X := (X¢)cec defined on this space is a process

with independent increments; and

2. Vf € 8, the distribution of each increment X! — X!, s<tis Fj.

Proof: Let C be an arbitrary set in C and C = A\B,A € A, B = UL A € A(u)
one of its extremal representations. Let A’ be the minimal finite sub-semilattice of A
which contains the sets A4, A},..., A, and ord = {A4g = @', Ay, ..., A,} a consistent
ordering of A’ such that B = Uf_4A;, AUB = U"_,A; for some k < n; let f := farora
with f(t;) = U7_; A;. Define

Fc = F,,

Note that this definition does not depend on the extremal representation of the set
C, because of Assumption 5.3.3.

Clearly Fp = Fy = do. Finally, it is not difficult to see that the family (F¢)cec
satisfies property 2 (from the definition of a convolution system) in the particular
instance mentioned in the note following Theorem 5.3.2: denote f := f Aord1 § =
farora With f(t:) = U, Ep;i=1,...,N and g(u;) = W _B,;j = 1,...,n; then

— I9 — S — WY f Y
Fp; =Fj_.; = F‘*j-x"'j = *pmij 1 F i, = ¥y 1 FH,

(using Assumption 5.3.3).
a

5.4 Lévy Processes

In this section, we will define a set-indexed Lévy process as a process with independent
increments, which is monotone outer-continuous in probability and monotone inner
continuous in probability (see Appendix B.1 for the definition and some properties of
the classical Lévy process).

We will first show that the distribution of such a process is completely determined
by a system of infinitely divisible distributions. Then, using the construction given

by Corollary 5.3.4 for a process with independent increments, we will be able to
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show that a Lévy process is also characterized by a ‘consistent’ collection of Lévy

generators.

We begin with the definition of a set-indexed Lévy process. We want to emphasize
that this definition does not require the existence of a metric on the underlying space
T.

Definition 5.4.1 A process X := (X a)aca with independent increments is called a
Lévy process if X 4, B X4 whenever the sequence (An)n C A is chosen such that
either A, D Apy1 Vn and A =Ny A, or A, C Apyr VN and A = U, A, € A.

Note that this definition coincides with the definition of a Lévy process on the real
line, but as soon as we get to higher dimensions, we obtain a more general concept
than the one that exists in the literature. For instance, in [1] a Lévy (multiparameter)
process is defined as a process with independent increments which is continuous in
probability when a point z is approached from any direction, not only from the ‘upper-
right’ or ‘lower-left’ quadrants. Similarly, the set-indexed Lévy process considered
in [2] is continuous in probability when a Borel set A is approached by an arbitrary
sequence (A,)n, using the distance d,(A4, B) := A\(AAB) () is the Lebesgue measure).

In our general case, by considering the monotone convergence of sets, we avoid
having to introduce either a metric or a measure on the space T (that would play the
role of the Lebesgue measure on the Euclidean space [0, 1]¢). The good news is that
we are still able to obtain infinitely divisible distributions for the increments of our
.Lévy process. (In [8], the stochastic continuity aspect is simply ignored and a set-
indexed Lévy process is defined as a process with independent and infinitely divisible
increments.) The difference between our approach and that of other authors is that we
will obtain monotone continuity properties of the generating triplets (v, A4, I14); in
(1], the usual continuity properties (i.e. a point is approached from all the quadrants)
have been obtained; in [2], the continuity properties are obtained in terms of the
metric d,.

The following result gives the expected correspondence via flows.

Proposition 5.4.2 A set-indezed process X := (X4)aca ts a Lévy process if and
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only if for every simple flow f the process X/ := (X)) is Lévy. (For the sufficiency
part it s enough to consider only A-valued continuous flows.)

Proof: By Proposition 5.1.6, a necessary and sufficient condition for a set-indexed
process to have independent increments is that it also has independent increments on
every simple flow.

The same argument that we used for proving Proposition 2.4.7 can be used here for
showing that the set-indexed process X is monotone outer-continuous in probability
and monotone inner-continuous in probability if and only if for every simple flow f,
the process X/ is continuous in probability. The only difference is that now we are
dealing with the convergence in probability, instead of pointwise convergence. We do
not repeat this argument here.

[

Remark: Although it might not have been clear until now why we need our
indexing collection A to be separable from above, it is necessary to point out that it is
exactly on this property that the proof of Lemma 2.4.6 (that is used in the argument

of the previous proof) relies.
Here is the main result of this section.
Theorem 5.4.3 (Characterization) (i) If X := (X a)aca is a Lévy process, then the

distribution of each X¢c,C € C(u) is infinitely divisible.
The generating triplet (vc, Ac,IIc) has the following properties:

(a) 7o = 0; the function C — ¢ is additive on C(u), monotone outer-continuous

and monotone inner-continuous;

(b) Ao = 0; the function C — Ac has a unique additive eztension to a measure on
o(A);
(c) Iy = 0; for any fized Borel set T' contained in some set {y; |y| > €},€ > 0, the

function C — Mg (T) has a unique extension to a measure on o(.A).

(iz) Conversely, given any system (Fc)cec of infinitely divisible distributions on
R with generating triplets (e, Ac,Ilc) satisfying the conditions (a), (b), (c), there
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erists a probability measure P on the product space (R¢, B(R)C) under which the
coordinate-variable process X := (Xc)cec defined on this space is a Lévy process and

the distribution of each increment Xc,C € C is Fc.

Proof: (i) Instead of trying to prove directly that the distribution of each increment
Xc,C € C is infinitely divisible, we will cheat a little bit and we will bring in the
heavy machinery of simple flows (which makes use of the additional structure that
we have for our indexing collection .4).

Let C € C be arbitrary, say C = A\B with A € A, B € A(u). By Lemma 2.4.9,
there exists a simple flow f such that f(s) = B, f(t) = AU B for some s < t; the
process X/ := (X 7))t is Lévy, and hence the distribution of X¢ = X{ - X! is
infinitely divisible (see Appendix B.1). If C € C(u), the distribution of X is also
infinitely divisible, using the fact that the process X has independent increments.

Clearly, the functions A +— 74,4 — A4, A — II4(T) (for any Borel set ' C R)
are additive on C(u). Moreover, these functions are continuous over any simple flow
f, i.e. the functions t — v/ = Yree), t > Al = Ape), t — /() = Iy (T) are
continuous, where the set I is contained in some set {y;|y| > €}, e > 0 (see Appendix
B.1). Therefore, by Proposition 2.4.7, these functions are monotone outer-continuous
and monotone inner-continuous.

The functions A, II are also increasing, i.e. Ac > 0,II¢(T) > 0, VC € C; us-
ing Proposition 2.4.3, it follows that they have unique additive extensions to some
measures on o(A).

(ii) Conversely, let (Fc)cec be system of infinitely divisible distributions on R
with generating triplets (¢, Ac,Il¢) satisfying the conditions (a), (b), (c). By the
additivity of the functions v, A, I1, it follows that the family (F¢)cec is a convolution
system. Using Theorem 5.3.2, there exists a probability measure P on the product
space (RS, B(R)¢) under which the coordinate-variable process X := (X¢)cec defined
on this space is a process with independent increments and the distribution of each
increment X-,C € C is Fc.

This process will automatically be a Lévy process: let (A,), be a decreasing
sequence of sets in A with intersection A; then (A,\A), is a decreasing sequence

of sets in C with empty intersection and by the monotone outer-continuity of the
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functions v, A, IT it follows that X A.\A B 0ie X A A X A- (A similar argument
may be used for an increasing sequence (A,), using the monotone inner-continuity
of the functions v, A, I1.)

a

Corollary 5.4.4 A process X := (Xa)aca with independent increments is Lévy if
and only if the distribution F¢ of each increment X¢,C € C is infinitely divisible and
its characterizing triplet (yc, Ac,Ilc) satisfies properties (a), (b) and (c) stated in
Theorem 5.4.3.

Fundamental examples of Lévy processes are the Brownian motion and the com-
pound Poisson process.

Note: If the probability measure F defined by F(A) := 7\11—_ -Aa, A € 0(A) satisfies
Ya = F(A) -y, I14 = F(A)-IIr,VA € A then the process X is said to have stationary
increments (with respect to A), i.e. the distribution of each increment Xo,C € C

depends on C only through Ac.

The construction of a general Q-Markov process, knowing the generators of the
process along a suitable class of simple flows, is given by Theorem 4.2.4. In what
follows, we will give the simplified version of this result, in the case of processes with
independent increments.

Let S be a collection of simple flows as in Definition 3.2.10, and denote by f4 the
simple flow in the class S which connects the sets of the semilattice A’ := {4, =
0', A, = A} with f(ta) = A.

The generator of a set-indexed Lévy process, which is weakly differentiable on any
simple flow f € S, has a known form (see Appendix B.1). The next result says that
conversely, given a collection {G := (G{)s; f € S} of families of Lévy generators, it
is possible to reconstruct a set-indexed Lévy process, providing certain consistency
conditions hold.

Let {G/ := (G{), ; f € S} be a collection of families of Lévy generators with do-
mains D(G{) = C?(R) and generating triplets (v/, A/, ITf). The following assumption

is an equivalent form in terms of generators of Assumption 5.3.3.
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Assumption 5.4.5 If ordi={Aq =0, A,,..., An} and ord2={A, =W, A},..., AL}
are two consistent orderings of some finite semilattices A', A" such that (U?_,A;)\
(U;-‘=1AJ-) = (U_’,-"zlA;-)\(Ug-ﬂA;) for some k < n,l < m, and we denote f := fu ora1,
9 = far orae with f(t;) = U§=1Aj,g(u,-) = Ui-=1A_'7-, then

Teta = Voums Mytn = Ay M, =TI,
where vl ;=4 — L, AL :=A] — AL T, =11 - T

Clearly Assumption 5.4.5 is a necessary condition satisfied by any process with
independent increments which has Lévy generators over the class S of simple flows.
The following result is an immediate consequence of Corrolary 5.3.4 which says that
in fact, this assumption is also sufficient for the construction of such a process.

Theorem 5.4.6 If {G/ := (G/), ; f € 8} is a collection of families of Lévy generators
with domains D(G!) = CZ(R) and generating triplets (v, Al,I1f), which satisfies
Assumption 5.4.5, then there ezists a probability measure P on the product space
(RS, B(R)¢) under which:

1. the coordinate-variable process X := (Xc)cec defined on this space is a process

with independent increments; and

2. Vf € S, the generator of the process X! := (Xj()): at time s is an eztension of
the operator Gf.

The process X is Lévy if the following additional condition holds: for any decreasing
(respectively increasing) sequence (Ap)n C A with A := N, A, (respectively A =
UpA, € A) we have

v =, Al - A, If(T) - T{(D) (32)
where t, =ta,, fn = fa,..Vnandt =t,, f = fa.

Proof: For each flow f € S, f : [0,a] — A(u) and for each s,t € [0,a],s < t, let Ff,
be the infinitely divisible distribution with generating triplet (’y,ft, AL, Hft). Note that
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each family (F1),, is a convolution system. Let Qf := (Q),)s<: be the associated
transition system, defined by Qf,(z;T) := Fir-z),zeR,Te B(R), and denote
with Tsft the operator associated to st,. Then the generator at time s of the semigroup
T := (T4).<: is an extension of the operator Gl

Moreover, by Assumption 5.4.5, the collection {(F%).<:; f € S} of convolution sys-
tems satisfies Assumption 5.3.3; hence, by Corollary 5.3.4, there exists a probability
measure P on the product space (RS, B(R)€) under which: 1. the coordinate-variable
process X := (X¢)cec defined on this space is a process with independent increments;
and 2. for every flow f € S the distribution of each increment X r) — Xf(s), s < tis
exactly F;';.

Hence we can define some set-indexed functions (v4) e, (Aa) aca, (IT4) aca (With
unique additive extensions to C(u)) such that the distribution of each increment
Xc, C € C is infinitely divisible with generating triplet (y¢, Ac, [Ic). These functions
will be monotone outer-continuous and monotone inner-continuous on .4 (which is
equivalent to saying that the process X is Lévy) if (32) holds.

a

Our final remark is that set-indexed Lévy processes belong to the class D[S(A)]
(introduced in Section 2.4) since for every simple flow f, the (Lévy) process X/ :=
(Xf(t)e has a cadlag modification (see Appendix B.1).

5.5 Existence of a Cadlag Version of a Lévy pro-

Cess

In this section we will include several remarks about the existence of a cadlag version
of a set-indexed Lévy process. These results are not new; rather it is an attempt
to incorporate all the existing results from the literature into our context. We also
include a slight extension of Theorem 3.1, [8] about the existence of a cadlag version
of a jump Lévy process, with two minor corrections (one to the statement, the other
to the proof) of this result. We will make use of the notions of ‘metric entropy’ and

‘Vapnik-Cervonenkis class’, which are treated in Appendix B.3.
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We recall that out notion of ‘cadlag’ is defined using the Hausdorff metric. There-
fore, in this section we assume that T is a metric space.

Given a system (F¢)cec of infinitely divisible distributions on R with generating
triplets (vc, Ac,II¢) satisfying the conditions (a), (b), (c) stated in Theorem 5.4.3,
we want to construct an (almost surely) cadlag Lévy process X := (X 4)4c4 such the
distribution of each increment X¢,C € C is Fg.

We will consider separately the Gaussian and the jump part. The building blocks
for the two constructions will be the Brownian motion and the compound Poisson

process.

1. The Gaussian Case

Theorem 5.5.1 Let X := (X4)aca be a Lévy process with Gaussian increments (i.e
14 =0,YA € A, where (y4,Aa,11,) denotes its generating triplet). If

1. all the approzimation functions g, are A-valued and dy(A, ga(A)) < €,,Vn for

some €, \, 0;

2. the collection A is totally bounded with respect to the pseudo-metric da defined by
da(A, B) :== Asap and the metric entropy Hy, of A with respect to da satisfies

/ol(HdA (€))/?de < oo;and (33)

3. the functions v and A are dy-continuous on A\{0}
then the process X has a dy-continuous (and hence cadlag) version.

Proof: Since the function « is dy-continuous, we can assume without loss of gener-
ality that v¢ = 0,VC € C, i.e. X is a Brownian motion with variance measure A.
Moreover, we know that any set-indexed process has a separable version (Theorem
2.4.19); hence, without loss of generality, we will suppose that X is separable.

On one hand, because condition (33) holds, the process X is ds-continuous, using

Theorem 1.1, [3]. On the other hand, using the argument on page 3 of [3], this is
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equivalent to saying that the process X is also dgy-continuous, because its variance
measure A is dy-continuous (this argument requires that the indexing space A\{0}
be dy-compact; this condition is satisfied by Lemma 2.4.11).

O
Note: The fact that A is a Vapnik-Cervonenkis class in o(A) is:

e a sufficient condition for the existence of a dg-continuous version of a Brownian
motion indexed by A, with dg-continuous variance measure A (condition (33)
is satisfied if A is a Vapnik-Cervonenkis class in o(.A), according to Theorem

1.10, [3]); and

e a necessary condition for the existence of a dy-bounded and uniformly con-
tinuous version of a Brownian motion indexed by .4, with arbitrary variance

measure A (according to the argument on page 125 of [29]).

2. The Non-Gaussian Case

The following result extends and gives a minor correction to Theorem 3.1, [8]. Our
generalization has to be understood in two directions: in the first place, our indexing
sets lie in an arbitrary metric space T'; in the second place the stationarity condition
is replaced by a more general condition which requires that the Lévy measure of the
process be bounded by a stationary measure (so that it does not need to be stationary
itself). One correction is that we require that the measure Il be concentrated on
the well-behaved part T* of the space T (introduced in Section 2.4); without this
requirement, the constructed process may fail to be cadlag. The second correction is

a minor technical point encountered in the proof.

Theorem 5.5.2 Let X := (X4)aca be a Lévy process with no Gaussian part (i.e.
Yec = 0,A¢c = 0,VC € C), whose Lévy measure II(dz;dzx) is concentrated on T* x R,
its first marginal A(A) := I[I(A x R) has no atoms (i.e. A({z}) =0,Vz € T) and
suppose that I1 is bounded from above by a stationary Lévy measure II'(dz;dz) =
F'(dz) x [I}L(dz) i.e.

I1(dz; dz) < [T'(dz; dr) = F'(dz) x IT}(dx)
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where F' is a probability measure on o(A). Denote M'(z) := l'L.}.((—oo, —z)U(z, 00))
and G'(y) := y - inf{z > 0; M(y) < z}.
Suppose that the Lévy measure I} satisfies the following conditions:

(B1) limsup,_,¢z?|Inz|°*M!(z) < oo
(B2) for some T > 0,z" M!(z) increases as z \, 0

and
z|l1L(dz) = oo.
/{MSI}I Iy(dx)

Assume that the indexing collection A is totally bounded with inclusion (in o(A))
with Tespect to the probability measure F', and that its metric entropy with inclusion

H(¢€) satisfies the following condition:

(A1) Hi(e) = e L(e) for some constant cy > 1, where L is a slowly varying function

near 0 such that el°+)/2H (¢) increases as € \, 0.

If
/ l Gl(H’T(e))de < oo (34)

then the process X possesses a cadlag version on A.

Proof: For the sake of completeness we include the proof, even if the arguments are
essentially the same as those used to prove Theorem 3.1, [8].

For each n > 0, let X™ := (X7%)aeca be a cadlag compound Poisson process with
Lévy measure [I"(A xT) := (A x (TN {y;an < |y| < an-1})),n > 1;11°(A x T) :=
(A% (TN {y; ly| > 1})), using Comment 5.2.4. (Here (an)n>1 is a decreasing sequence
of positive constants converging to 0, ag = 1.) We assume that the processes (X™),>o
are independent (by redefining them on a product space, if necessary).

Note that each I1*(dz; dz) is a finite Lévy measure concentrated on 7* x R:

1
n = [I'Y(T = Ir(dy) < — Mr(dy) <oo; n>1
7 (T xR) /{quylsh_l} r(dy) < ) /ng T(dy) < oo; n >
=M%T x R) = I+ (dy) < oo.
Ho ( ) /{y:lyl>1} T( y) o
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Let Z} := X3 — E[X3],n > 1 and || Z" [|a:= supye4|Z%|- Note that the log-
characteristic function of X9 is
W = [ (€~ 1)idy)
{lyl>1}
whereas the log-characteristic function of Z% is
i = [ (™ — 1 — iuy)TLa(dy)-
{vian<|yl<an-1}
Therefore, if we can define
Xa:=X3+)D_Z% uniformly in 4 € A
n>1
then the process X := (X4)4c4 will be a cadlag Lévy process with no Gaussian part
and Lévy measure II.
In order to show that 3°,5; || Z" [l4 converges a.s. it is enough to prove that
there exists a summable sequence (o), of positive real numbers such that
P (1 Z" a2 an) < o0
n>l1
using an extension of Borel-Cantelli Lemma (P* denotes the outer measure induced
by the underlying probability measure P; we use this measure because || Z" |4 may
not be measurable). Our constants a, will be of the form a, := 47,, where 7, will

be chosen later such that
2 1 < 0o. (35)

n>1
Let 8 € (0,1) (its value will be chosen later) and set 6, := f",n > 1. For
each n > 1 let A, := A;, denote a collection of measurable sets from o(.A4) such
that for any A € A there exist two sets A;, A} € A, with the following properties:
A; C AC A} and F(A\A4;]) < .. Without loss of generality we can assume that
F(A;AA,;_|) < 6, for every n. Recall that the collection .A,, can be chosen such
that it has at most exp(2H;(d,)) elements.
Let (;);>1 be a sequence (to be chosen later) such that

> v=1 (36)

jz1
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Let 7n; = 7ny;. Let M} := M'(a,) and Q._, := Jan<izi<an_, T3 (dz). Clearly
Qn—l _<_ aﬁ—an-
Let (kn)n>1 be an increasing sequence of positive integers (to be chosen later) such

that lim,_,. k, = co. For each A € A we may write

n

kn
Zi =32k - 75 ) + (22~ 7)) (37)

where we considered A; := 0.
Hence P*(|| Z" ||a> 4n,) = P*(3A € A : |Z}| > 4n,) < Py + Py where

kn
P([) = Z P‘(EAJ_ € Aj, A;—l € Aj-[, F(AJ_AAJ__l) <d;_: IZ"J- - Z:j-ll > 277nj)

i=1
and
Py = z P*(JA e A, A, CAC A;c"" : IZZ\A; | > 2n,).
Ap AF €A, F(AY, \A;n )<k, ”
Note that
kn
Py < 3" exp(2H (8;))ry; and Py < exp(2H(8x, )Tn
j=1
where
ni T= max P(|Z%_\ .. | >mai) + P27 | > Dns
T Y] Aj-eAijj-_lGAJ—l)F(AJ'_A'4j-_1)$JJ—l{ (I Aj \Aj—ll nﬂJ) (l j—l\Aj I 7711.7)}
and

Tni= _ max = P*( sup |ZZ\A_ | > 2n,).
Apn AL, €Ak FAL \AD <6, Acaiag cACA} kn

In order to find an upper bound for r,; we will use an inequality specific to
infinitely divisible distributions. This inequality is given by Lemma 2.3, [8], except
that we will use it for Lévy measures whose domain is {z;a’ < |z| < a}. (This is
in fact the inequality that the authors of [8] are using too, even if they preferred to
prove it only in the case when a’ = 0; the same proof works for arbitrary a’ > 0.)
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In our case each Z} is a random variable with an-infinitely divisible distribution
whose log-characteristic function is
viw) = [ (€% — 1 — uz)[L4(dz)
an<|z{<an-1
Then 6, := [, \z<q._, 22 11a(dz) < F(A)QL_, and, according to the previous lemma,

.’132

P(IZZI > :L') < 2exp{—2(F(A)Q1 L+ M)}
n— 3

for every £ > 0. Using this inequality for both A7\A;_| and A7 |\A; we get r,; <

2pn; where

2
Tnj
oy = 2O o on, + )

Suppose that for j =1,..., kg,

2
1’ .
) < nJ —_—
2O S Q) ) (38)
and 9
771;]'
— > ky.
Bmax(6;, QL =) 2 2logn + log (39)
Then
exp(2H(d;))pnj < 2exp(—2logn — log k,,)
and

kn
> exp(2H(3;))pnj < 2knexp(—2logn — logk,) = 2n~2

e
which is summable.
We will find now a summable upper bound for the second term Pyy.
Note first that for any set A € o(.A) we have

Zz1 < 1X31+ [

where (W3})4c4 is the set-indexed Poisson process with mean E(WZ%) = I4(T,.).
We begin by taking a closer look at r,. Fix Ap, A;fn € A, such that A, C A;{n
and F(A{ \A; ) < &,. Foreach A€ 4,A4; CAC Ay we have

|z|a(dz) < an_ W} + an_1 F(A) M}
1

<lz|<en-

IZ:;\A: | < an W) + @16, M,

+ -
kn \Akn
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Suppose that
T > €2an_16;, M} (40)

Then sup 4 A7 CACATL 127\ A’;I < a"‘IWX:""\ Az, + 7, and hence

P*( sup |Z%\a- | > 202) S P(W3i\ i > Tn/Gn-1)
A€A AL gAgA:u kn kn kn
At this point we will use an inequality which gives a bound on the tail of a Poisson
distribution. This inequality is given by Lemma 2.2, [8].
In our case W;‘z,n\ Az,
F(AF \AL YIIF(T,) < &, M}. Using the previous lemma with s = 7,/an_; >
€28k, M} we get

is a Poisson random variable with mean II A+ \az (Tn) <

Tn < exp(—Nn/dn-1).

Suppose that

H(6k,) < 42’ ) (41)
and
Tn
> log n. 42
1o, =g (42)

Then exp(2H/;(k,))rn < exp(—7n/28n-1) < exp(—2logn) = n~2 which is summable.

It remains to choose the constants a,, 7, 3, 7v;, kn such that conditions (35), (36),
(38), (39), (40), (41), (42) hold. But this follows exactly as in the proof of Theorem
3.1, [8].

a

Comment 5.5.3 The preceding proof contains also a correction to the original proof
of Theorem 3.1, [8]. In this paper it is proved that P*(|| Z" ||4> 6m.) < Py + Py
where P(’, n has exactly the same definition as our Py with the constant 27, replaced

by 47n. An unnecessarily large upper bound for F(;;y is used, namely
Py < exp(2H () - (2g)
where

G i= max == P*( sup |ZF] > 2n,).
Arw AL €A F(AE \AL V<8, A7 cBCAT
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On page 168 of [8] it is claimed that

sup  [ZB] S an Wi\ ,- + an- 1 Ma| A \AL |
A cBcAl kn 2 7kn

which may not be true. Our approach makes use of the upper bound r, (instead of

gr) and circumvents this difficulty.



Chapter 6
Examples

In this chapter we will see some examples of Q-Markov processes which do not have

independent increments.

6.1 The Empirical Process

In this section we will examine the set-indexed empirical process as a @-Markov pro-
cess. In particular, we will prove that in this case the consistency condition imposed

on the generator has a very simple form.

Let S be a collection of simple flows as in Definition 3.2.10.

Proposition 6.1.1 Let (Z;);=1,..n be a sequence of independent identically distributed

random variables on T with distribution F. Let
n
Xa:=) Iizcay, A€ A.
j=1

Then:

(i) the process X := (Xa)aca is Q-Markov with the transition system Q given by

n—k ) (F(B’\B) )"‘"‘ (1 _ F(B'\B) )"‘"‘

Qs (k; {m}) = ( m— k 1— F(B) 1 - F(B)

for every k,m € {0,1,...,n},k < m and for every B,B' € A(u), B C B’;

146
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(ii) for every right-continuous flow f : [0,a] — A(u) with f(a) = T, the process
X7 := (Xf9)teo,q) can be written as

n
X/ = > Iizrcy t€[0.a]
=l

where (Zf)jzl _____
variables on [0, a] with distribution Ff := F o f; and

n 15 a sequence of independent identically distributed random

(iii) if the collection S can be chosen such that for every flow f € S the function F/
is differentiable, then the generator of the process X/ at time s is

; | A(R) - (R(k+1) = h(k)) fk=0,1,...,n—1

with
(F1)'(s)

1 — Ff(s)
and domain D(Gf) equal to B({0,1,...,n}), the space of all functions h :
{0,1,...,n} - R.

As(k) :=(n— k)

Comments 6.1.2 1. The process X is called the empirical process (of size n)
associated to the measure F'; this process can be extended uniquely to a finite

positive measure on o(A), called the empirical measure.

2. According to (ii), each process X/, f € S is a one-parameter empirical process

(of size n) associated to the measure F/.

3. If F({z}) =0,Vz € T then X is a point process since P(Z; = Z;) = 0,Vi # j.

Proof: (i) It is not difficult to see that the family Q := (@pp')pcp is a transition
system. According to Comment 3.2.2, it is enough to prove that for every A € A4, B €
A(u), for every partition B = Ul_,C;, C; € C and for every k;,m € {0,1,...,n} with
k=3l 1ki<m

P[Xaup =m|Xe, =k1,...,Xc, = k] = @p,aus(k; {m}).
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We have
P(Xc, = k1,---,X¢c, = kp, Xaup =m) =
n! P ) — I
T (m — k)(n —m)! g(F(Ci))k‘(F(A\B)) *(1- F(Au B))
and
P(Xe, = ki, Xo, = ky) = g TI(F (G2~ FB)™™

By dividing these two relationships we get

P[Xaup =m|Xc, =ki,..., X, = ky] =
(n—k)!  (F(A\B))™*(1 - F(Au B))*™
(m — k)(n —m)! (1 — F(B))*

which concludes the proof of (i).
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(ii) For each right-continuous flow f : [0,a] — A(u) with f(a) = T, the function

F/ is right-continuous and increasing with F/(a) = F(T) = 1; let
Z{ := min{t € [0,q]; Z; € f(t)}.

Note that ij < tif and only if Z; € f(t). Hence

n n
X,f = Xy = Z[{zjef(t)} = Zl I{zjfsz}
J=1 j=

where the random variables (ZJ[ )j>1 are independent identically distributed with dis-

tribution FV.

(iii) For each f € S, let Qﬁt = Qps)feey and T,ft the bounded linear operator

associated to Q{,. We have

n

(Thh) (k) — h(k) = 3 (h(m) — h(k))Qh(k; {m}) =

m=k+1

n n—k mek (L =FI@)H™
> (h(m) = h(k)) - ( . ) (FI(&) = FI )™ - i Fr s

m=k+1 -
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for every function h € B({0,1,...,n}). By definition, the generator of the process
X7 at time s is

(Thh) (k) — h(k)

t—s

(G1R)(k) = lim

uniformly in k.

The result follows since

i FL®) = FI(s)m* _ [ (F/)(s) ifm=k+1
t=s t—s 0 ifm>k+1
a
The next theorem shows that the finite dimensional distributions of a set-indexed
empirical process are completely characterized by its generator, provided that a cer-

tain consistency assumption holds.

Theorem 6.1.3 For each f € S, f : [0,a] = A(u), let Ff be a differentiable proba-
bility distribution function on [0, a].

If {Gf := (Gf)s ; f € S} is a collection of families of linear operators on B({0, 1,
...,n}) given by

fovers [ k) - (h(k+1) — h(K)) ifk=0,1,...,n—1
(@h)(k)-{ ) r
with Fry
As(k) == (n — k) —————1(_ }v(fi)

and domain D(G{) equal to the space B({0, 1, ...,n}), and we assume that there ezists
a probability measure F on (T,0(A)) such that

Fof=Ff VvfesS

then there ezists a probability measure P on the product space {0,1,...,n}¢ under
which:

1. the coordinate-variable process X := (Xc)cec defined on this space is a version

of the empirical process (of size n) associated to the measure F'; and
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2. Vf € S, the generator of the process X/ := (X 7(v))e at time s is Gf.

Proof: For each f € S, the operator G/ is the generator at time s of the semigroup
T! := (T,),<: associated to the transition system Q7 := (QY,),<. defined by

—k ) (o Ff<s>)'"-* (1- £ Ff<s))"‘"'

1- FI(s) 1— Fi(s)

f L. o n
Qst(k1 {m}) [ ( m — k

for every k,m € {0,1,...,n},k < m. The result will follow by Theorem 4.1.3,
provided that the conditions of this theorem are satisfied.

We will prove first that the collection {Q/; f € S} satisfies Assumption 3.3.6: let
f,g9 € & be such that f(s) = g(u) and f(t) = g(v); we have

FI(s) = F(f(s)) = F(g(x)) = FS(u)

FI(t) - FI(s) = F(£(2)) = F(f(s)) = F(g(v)) = F(g(u)) = F?(v) — F?(u)

and hence Qst =QJ,.

We will prove next that the collection {Q/; f € S} satisfies Assumption 3.3.7
with g := §. Let ordl={A¢ = @', A;,..., A} and ord2={A4y = @', A},..., AL} be
two consistent orderings of the same finite semilattice A’ with A; = Ar), Vi, where
7 is a permutation of {1,...,n} with m(1) = 1, and denote f := fa ora1, 9 := far 0rd2
with f(£;) = Uj_; A;, g(u:) = Uj_; A} and to = ug = 0. We want to prove that

/ Itg,y (1) HI{k.}(& —2;.)QL 1 (Tac1;dzy) ... QY (0 dzy) = (43)

=2

/ I{h} (yl H I{k }(yw(t) = Yx(i)- I)Qu,. 1Un (yn—la dyn) QOu; (0; dy,)

=2
for every k; € {0,1,...,n} with 3%, k; < n.
The left-hand side of (43) is equal to

"'(”n-!- v k)!H(Ff(t)—F’(tz-x))"‘(l—F’(t ) Zimk (44)

since
n!

Q. (05 {k1}) = W(Ff(tl))kl(l — FI(t))™ "y
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: __ (n—k)! (F!(ty) — FI(t,))2(1 — F(t,))k1—k2
Qi (ks + o)) = kal(n — ky — kp)! 2 (1 _IFf(tl))n_h ;

etc. On the right-hand side of (43) we write

n n
I Tk} Wiy — ymiiy—1) = [ Ly (wi — wie1)

=2 =2

with [; := ky-1(;), and therefore this side becomes

o z.)!ﬁ<F”(w)—Fg(u,-_l))'f(l—F9<un))"-21‘=x'f. (45)

?:l ll!(n -
Finally, we observe that (44) is equal to (45) since
FI(t;) — FI(t;_1) = F(Ci) = F(Crpy) = F9(un(s)) — F¥(tn(iy-1)
(where C;, C] are the left neighbourhoods of A;, A!) and hence
(FI(t:) — FI(t:i21) = (F9(tny) — FO(Uniy-1))"@

foreveryi=1,...,n.
a

6.2 A Bivariate Process

In this section we will examine a bivariate @-Markov process, whose construction is

based on the empirical process.

Let S be a collection of simple flows as in Definition 3.2.10.

Proposition 6.2.1 Let (Z;, X;);=1,..n be a sequence of independent identically dis-
tributed random variables on T x R with distribution F x G. Let

X4 = I{Z,-eA}: Ae A
1

=

Ya

Xiliz;eay, A€ A.
L

2

Then:
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(i) the process (X,Y) := (Xa,Ya)aca is Q-Markov with the transition system Q

given by
Qs ((k,y); {m} xT) = Qpp (k; {m} xT) :=

’ m—k ’ n—m

n—k (F(B \B)) (1 _ F(B'\B) G (T
m—k ) \1—- F(B) 1-F(B))

for every k,m € {0,1,...,n},k < m, for everyy € R, € B(R) and for every

B,B' € A(u),BC B’ (here G*™ denotes G *...*G):

m times
(i) for every right-continuous flow f : [0,a] = A(u) with f(a) = T, the processes
X1 = (Xf)eewal, Y7 = (Yr(t))tefo,a) can be written as

v/ = z XJ'I{Z_/<¢}1 t € [0, q]
i=1 7=

where (Zf )i=l,..n 18 a sequence of independent tdentically distributed random

variables on [0, a] with distribution F/ := Fo f; and

(iii) if the collection S can be chosen such that for every flow f € S the function F/
is differentiable, then the generator of the process (X/,Y7') at time s is

(GIR)(k,y) = A (k) - [ (h(k+1,2) - h(k, 1)) G"**1)(dz)
fork=0,1,...,n—-1;y € R, with
PN (20(0
As(k) :==(n k)m

and domain D(G{) equal to B({0,1,...,n} x R), the space of all bounded func-
tions h: {0,1,...,n} x R > R.

Comment 6.2.2 The process Y may not be set-Markov, as it can be seen from
the following example: let T = [0, 1], A = {[0,¢];t € T}, X, X> some independent
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random variables with common distribution 16, + 30, and Z,, Z, some i.i.d. random
variables on T, independent of X, X,; the process Y := (V;),cr defined by

2
Y, := szI{Zje[O,t]}7 te [0, 1]
j=1

is not Markov: P[Y; > 2[|Yj;2 =2] >0 but P[Y; > 2|V, = 2,Y1a=1]=0.

Proof: (i) It is not difficult to see that the family Q := (Qpg')pscp is a transition
system. According to Comment 3.2.2, it is enough to prove that for every A €
A, B € A(u), for every partition B = Uj_,C;,C; € C, for every k;,m € {0,1,...,n}
with k := 37_, k; < m, for every y; € R and for every I';,T € B(R)

P[Xaug=m,Yaup €T|Xc, =k, Yo, =91,.... X¢, =kp, Yo, = 1) =

P
@B,auB((k, Y _u:); {m} xT)
=1
or, equivalently

P(Xaup=m,Yaup €T, Xc, =k,Yc, €T1,..., X¢, =kp, Y, €Tp) = (46)

P
/ P QB,AUB((kv Z yt); {m} X F)I)(Xc1 Yo, ,...,ch,ch)(kh dyla IR ] kp'l dyp)

i=1""* i=1
for every I'y,...,T', € B(R) (here Pix., vs,...Xc,.Yc,) denotes the distribution of the
random vector (X¢,, Y¢,,..., Xc,, Yg,))-
The result follows since the left-hand side of (46) is equal to

[Ti<: kil(m f!k)!(n —m)! [[(F(C))5(F(A\B))™ *(1 - F(AUB))*™  (47)

G**(T;)...G"*#(T,) - G™(T)

the right-hand side is equal to

i LLF () - ey (48)

[ - @eaus((h, 3 u)i {m} x TIG™ (dys) ... G™ (dp)

i=1""t
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and (47) and (48) are easily seen to be equal, using the deﬁnitibn of @p, aus-
(ii) The variables Zf are the same as in the proof of Proposition 6.1.1.
(iii) For each f € S, let Qf, := Q f(s)fy and T/, the bounded linear operator

associated to Qf,. We have

(TR (k,9) — h(k,5) = 3= [ (hlm, 2) = bk, ) @L((E, v); {m} x dz) =

m=k

n _ —_f n—-m
> ( . l;c ) (F/(2) = F/(s))™* - 8 - ?fits))))n_k [ (h(m. 2) — h(k,¥))G™(dz)

m=k -

for every function h € B({0, 1,...,n} xR). By definition, the generator of the process

X7 at time s is

(Tsjt.h)(kv y) — h(ks y)

uniformly in £, y.
t—s

f — -
(GS h‘) (k’ y) L %1_13
The result follows since

(FI(t) — FI(s)m* [ (FIY(s) ifm=k+1
“lo ifm>k+1

lim
t-—s t—s

0O
The next theorem shows that the finite dimensional distributions of the set-

indexed process constructed in the previous proposition are completely characterized

by its generator, provided that a certain consistency assumption holds.

Theorem 6.2.3 For each f € S, f : [0,a] = A(u), let F/ be a differentiable proba-
bility distribution function on [0, a].
If {Gf == (G])s ; f € S} is a collection of families of linear operators on B({0, 1,

...,n} x R) given by
(GIh)(k,y) = As(k) - [ (h(k+1,2) = h(k,))G"*+D(dz)

fork=0,1,...,n—1;y € R, with

(FT)'(s)

/\3(’6) = (n - k)-l——F‘f(Sj
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and domain D(G!) equal to the space B({0,1,...,n} x R), and we assume that there

ezists a probability measure F on (T, oc(A)) such that
Fof=F/ vYfes§

then there ezists a probability measure P on the product space ({0,1,...,n} x R)¢

under which:

1. the coordinate-variable process (X,Y) := (X¢, Yc)cec defined on this space is a

version of the process constructed in Proposition 6.2.1; and

2. Vf € S, the generator of the process (X!,Y7) := (Xju), Ys)): at time s is Gf.

Proof: For each f € S, the operator G/ is the generator at time s of the semigroup
T/ := (TY),<. associated to the transition system Qf := (QY,).<. defined by

QL((k,y); {m} x T) = QJ,(k; {m} xT) :=

( n—k ) (Ff(t)—Ff(s))"‘"‘ (1_ F(z) -F’(s))"_mc""(r‘)

m—k 1—FI(s) 1—FI(s)

for every k,m € {0,1,...,n},k < m and for every y € R,I" € B(R). The result will
follow by Theorem 4.1.3, provided that the conditions of this theorem are satisfied.

The fact that the collection {Q/; f € S} satisfies Assumption 3.3.6 follows as for
the empirical process (see the proof of Theorem 6.1.3) since Qf, depends only on f.s,t
only through Ff(s) and F/(t).

It remains to prove that the collection {Q’; f € S} satisfies Assumption 3.3.7
with p := §(g,0). Let ord1l={A4¢ =@, A;,...,A,} and ord2={A, = ¥, A',..., A"} be
two consistent orderings of the same finite semilattice A’ with A4; = A;(i),Vi, where
7 is a permutation of {1,...,n} with m(1) = 1, and denote f := fuar ord1, 9 := fa’ ord2
with f(t;) = Ui, A, 9(u) = Ui_; A} and o = up = 0. We want to prove that

n
/R.zn Itk yxr, (21, 1) H Iikyxri(2i — Timy, T — T5_4) (49)
i=2

Q{n_lz,‘ ((zn—lv z;l—l);dxn x dx;;) b 'Qét;((oa 0);d$1 x dx,l) =
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iyyxr (Y1, 91) H Tikyxr: (Yni) = Ym(i)=15 Yne(s) — Yn(i)-1)
i=2

un_,un((yn-uyn_l) @Yn X AYy) .. Qfu, ((0, 0); dyr x dyy)
for every k; € {0,1,...,n} with 3-%, k; < n and for every I'y,...,[, € B(R).
The left-hand side of (49) is equal to .

_lk'(nn—! k) H(Ff(t)-F’(tx D)1 = Fl(ta))" "2k (50)

S I @) T (2 = 2 )G ) ... G ()

i=2
since

Qe (03 {kn} x ) = e (P () (1 = FY (8)) - G (da);

' , (n—k)! (FI(ty) — F!(t1))2(1 — Ff(t,))n—*1—*2
Qla b -+ ko) x day) = P P o MOVt ilt

-G**2(dz));

etc. On the right-hand side of (49) we write
n n
H I{k.-}x[‘,- (y1r(i) = Yn(i)-1» y;(i) - y;(,-)_l) = H I(l,-}xz:.- (¥ — yi-l,y:" - y£—1)
1=2 =2

with I; := ky-1(;y, X; := T'r-1(;), and therefore this side becomes

n!

L5 Ll (n — X3

o f[(F 9(u;) — F9(ui1))5(1 — F9(up))" Lim b (51)

S T @) T e = v )G (a4 .. G ).

1=2
In order to prove that (50) is equal to (51) we recall that

(FI(t:) = FI(t:-1))% = (F¥ () — FO(tn(z)-1))"®

for every ¢ = 1,...,n (see the proof of Theorem 6.1.3).
Finally, let s; := ¥5_  kj, 7 := £5, 05 = 1,...,n and so = 1y := 0. We have

si=ni=kand s,=r, =k =30k
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We consider the permutation p of {1,2,...,k} defined by
p(Sx-1(i)-1 +a) =Ti_1 +a

forevery a=1,2,... k15t = 1,...,n (p is indeed a bijective map since ky-1(;) =
l; = Sz-1(3) — Sx—1(i)=1 = Ti — Ti—1)-

Knowing that in general [g h(z)(F * G)(dz) = [g2 h(z + y) F(dz)G(dy) and using
the change of variable u; := v,(;), we have

[ @) T i, (@) — 20 )G™ (da) .. G (daf) =

=2

Si—1

/Ir1 qu)HIr,( Z ui— Y u;)G(du)...G(du) =

=2 j=si-1+1 j=Si-2+1
Si Si-1
Jo T Z%m Il X v - X 0)Gdue)...Cldw) =
=2 J=Ssi—1+1 J=Si—2+1
sy  Seml) Se—1(i)-1
[ v I S = 3 50)Cldu) .. Gldw) =
j=1 =2 J=Se-1py—+1 IJ=S e —105-2+1
/I&(Zu,)nfz,( S u- Y w)Gdw)...G(dw) =
=2 l=r;_1+1 I=ri_a+1
[ 1) TT Fo (ol — 4-)G7 () - 6™ ()
=2
This concludes the proof that (50) is equal to (51).
0

6.3 A Jump Process

In this section we will construct a simple @-Markov process with ‘jumps’ and we will
see what consistency condition has to be imposed on the generator of this process.

Let S be a collection of simple flows as in Definition 3.2.10.

Proposition 6.3.1 Let (Z;);>1 be a sequence of independent identically distributed
random variables on T with distribution F, A an independent random variable with

density fp : (0,00) =+ R, and N a random variable such that:
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e N is conditionally independent of (Z;)j>1 given A; and

e the conditional distribution of N given A is Poisson with mean A.

Let .
XA = ZI{Z]‘GA}? A € .A.

7=1
Then:
(i) the process X := (Xa)aea is Q-Markov with the transition system Q given by

(F(BAB)™*  [5° e 2FEN™ 4 (A)d
Qs (k; {m}) = (m — k)! s -AF(B))‘kaA(,\)d/\

for every k,m € {0,1,2,...},k <m and for every B,B’' € A(u),B C B’;

(ii) for every right-continuous flow f : [0,a] — A(u) with f(a) = T, the process
X7 := (Xj))tep0,0) can be written as

z Zf<t}, te O a]

where (ZJ-f )i>1 is a sequence of independent identically distributed random vari-
ables on [0, a] with distribution F/ := F o f; and

(iii) if the collection S can be chosen such that for every flow f € S the function F/
1s differentiable, then the generator of the process X! at time s is

(GLR) (k) = As(k) - (h(k+1) — h(k)), k=0,1,2,...

with
f(;:o e_’\F,(")/\k'*'lfA (A)dA
S e FTONE o (V) dA
and domain D(Gf) equal to the space B({0,1,2...}) of all bounded functions
h:{0,1,2,...} - R.

As(k) == (FT)'(s) -
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Proof: (i) We know that for any disjoint sets Ci, ...,C, € C, the variables X¢,, ...,
Xc, are conditionally independent given A, and the distribution of each X¢,C € C

given A = A is Poisson with mean AF(C).
From here we can conclude that VA € 4,VB € A(u)

.7:3 1 U(XA\B) I G‘(A)

where (Fg)pea) is the minimal filtration of the process X.
(In order to show that E[h(X ,\ 5)-Y|A] = E[h(X ,\ g)IA]E[Y|A] for any Fp-measurable
function Y, it is enough to assume that Y = []_, h;(Xc,) for some disjoint C; €
C,C; C B and some h; € B(R).)

Let h € B(R) be arbitrary. Then VA € A,VB € A(u)

E[h(XA\B)I-FB] = E[E[h(XA\B)IfB \' U(A)]IfB]
= E[E[R(X \g)lo(A)]|FB]
— E[}(A)|Fs].

In order to prove the process X is set-Markov, it is enough to show that Fg L
o(A) | o(Xg) or, equivalently, for any partition B = U?_,C;,C; € C

E[W (M) Xc,, - .-, Xc,] = E[R'(A)| X 5]

Since A has an absolutely continuous distribution (with density fa(\)), the dis-
tribution of A given X¢, for C € C(u) is also absolutely continuous; we denote with
faixe (Al X ) its density function.

Using Bayes theorem, if £ = 3°7_, k; we have

Fxe,nxc, iA(kL, - -« kp|A) Fa(A)
Akiy ... k) = —ocimXo
fA|XC1 ,,,,, ch( | 1 P) fo fxcl ..... XCpIA(k]_, . k |A)fA(A)

T [eF ). (/\F (C:))%]- fa(N)
I [e P - L - (AF(C)*] - Fa(NdA

e—AF(B) (z\Fkg!Bn" - Fa(N)
J° emAF(B) . K"_’%‘ZIL" - Fa(A)dA

Fxain(klA) fa(R)

157 Fxpia(klA) fa(A)dA
= faixs(Alk).
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Hence

= /R h'(A) faixs (Al XB)dA = E[h'(A)| Xg].

It is not diffcult to see that the family Q := (Qpp')pcp is a transition system. We
prove now that VA € A, B € A(u), Qp,aup is a version of the conditional distribution
of X4up given Xg: for0<k<m

P(Xp=k,X \g=m—k)

P(Xp =k)

_ 0" P[Xp=k|A=)]-P[X,\g=m—k|A= )] fa(A)dA

= Ie° P[Xg = kA = Al - fa(V)dx
[EeE) - L (AF(B))H] - [eTFANE) L L (AF(A\B))™*] - f(\)dA

Jo°[e B - & - (AF(B))¥] - fa(A)dA

_ (F(A\B))™F  [5° e AF(AUBI\m £, (X)dA
T m=R e X (A)dA
(ii) The argument is the same as for the empirical process (see the proof of

P[XAug =m|XB =k] =

Proposition 6.1.1).
(iii) For each f € S, let Qf, == Q f(s)f(e) and T/ the bounded linear operator
associated to stt. We have

(TLh) (k) — h(k) = 3 (h(m) — h(k))QL(k; {m}) =

m2>k+1
(FI(t) = FI(s))™*  [52 e 2F/OX™ fr (A)d)
m§+l(h(m) — h(k)) - . : f}o TN (A) X

for every function A € B({0,1,2,...}). By definition, the generator of the process
X/ at time s is
(Tkh) (k) — h(k)

uniformly in k.
t—s

(GIh) (k) = lim
The result follows since

ligg (F1(0) = F7(s)™* _ { (FIY(s) ifm=k+1

t—s t—s 0 ifm>k+1
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O

The next theorem shows that the finite dimensional distributions of the process
constructed in the previous proposition are completely characterized by its generator,
provided that a certain consistency assumption holds. This assumption is the same

as for the empirical process.

Theorem 6.3.2 For each f € S, f : [0,a] = A(u), let F/ be a differentiable proba-
bility distribution function on [0, a].
If{G! .= (G{);s ; f € S} is a collection of families of linear operators on B({0,1,2,

...}) given by

(GIh)(k) = As(k) - (h(k +1) —h(k)), k=0,1,2,...

with ,
. fooo e—AF (3)/\k+1f/\(/\)d/\

JS e FTENE fr (N)dA
and domain D(Gf) equal to the space B({0,1,2,...}), and we assume that there ezists
a probability measure F on (T,0(A)) such that

Xs(k) = (F7)'(s)

Fof=F/, vfesS

then there ezists a probability measure P on the product space ({0,1,2,...}¢ under
which:

1. the coordinate-variable process X := (X¢)cec defined on this space is a version

of the process constructed in Proposition 6.3.1; and
2. Vf € S, the generator of the process X/ := (Xy)). at time s is Gf.

Proof: For each f € S, the operator G/ is the generator at time s of the semigroup
T/ = (T,{)K, associated to the transition system Qf := (Qf,) s<t defined by

(FI(t) = FI(s)™™*  [5° e 2P OAm fy (A)dA
Q{t(kv {m}) = (m _ k)' ) ‘IZOO e—;\F!(s)Akf:(/\)dA

for every k,m € {0,1,2,...},k < m. The result will follow by Theorem 4.1.3, pro-

vided that the conditions of this theorem are satisfied.
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The fact that the collection {Q/; f € S} satisfies Assumption 3.3.6 follows as for
the empirical process (see the proof of Theorem 6.1.3) since Qf, depends only on f, s,t
only through F/(s) and F/(t).

It remains to prove that the collection {Qf; f € S} satisfies Assumption 3.3.7
with p := . Let ordl={A4y = @', A;,..., A} and ord2={4, = @, A},..., A"} be
two consistent orderings of the same finite semilattice A’ with 4; = A;(i),‘v’i, where
7 is a permutation of {1,...,n} with (1) = 1, and denote f := fu ora1, 9 = fa ord2
with f(t;) = Ui_; A;, 9(w;) = Ui, 4 and ty = up = 0. We want to prove that

/Rn Ty (1) TT Tiey (26 — 2:-1) @, (%15 dTn) - - - Qfy, (05 dzy) = (52)

=2

n
/Rn Ly () 1T ey ety — Yn(iy=1) @5, u, (Yn—15GYn) - - - Qfy, (0; dy1)
=2

for every k; € {0,1,2,...}.
The left-hand side of (52) is equal to

S I )~ Py [T e Tt yyda (59)
i=1 M1° 4=1

since
Fl(t, ) o
Qe (05 (k) = L 1™ enernyi gy

: 00 ,~AFS(t2) \k1+k2
f . _ (Fi(t) = FI(t1))* g2 e 2T\ fa(A)dA
Qtye, (ks {k1 + k2}) = ol T e FTEINE fr (A)dh

-etc. On the right-hand side of (52) we write
n n
I 2tk Wty = wmcy=1) = I Loy (9 — i)
=2 =2

with {; := kx-1(;), and therefore this side becomes

n

.__an H(Fg(ui) - Fg(ui_l))" i /:0 e—AF(un) \ 377 i Fa(A)dA. (54)
i=1

it =1
Finally, we observe that (53) is equal to (54) by the same argument used in the proof

of Theorem 6.1.3 for the empirical process.
(W]



Chapter 7
Strong Markov Properties

In this chapter we will introduce two different types of strong Markov properties
for set-indexed processes, which can be associated to the sharp Markov property,
respectively the Q-Markov property. In the first section, we will introduce the notions
of ‘adapted set’ and ‘optional set’ and we will define their associated o-fields.

Most of the results of this chapter (except Section 7.3) appear in [5].

7.1 Adapted Sets and Optional Sets

In this section we will introduce adapted sets and optional sets. The ‘adapted set’
is a generalization of the classical notion of ‘stopping time’, the total ordering of the
real line being replaced by set-inclusion; we are not using the term ‘stopping set’ for
this notion, since this term has already been introduced in the literature ( [38], [39])
for a different object. The ‘optional set’ is a generalization of the classical notion
of ‘optional time’. (See Appendix B.2 for the definition and some properties of the

stopping times and optional times.)
We will assume that the approximating functions g, have the following definition:
gn(B) = nDeAn(u);BQDOD, VB € A(u)

This is the case of many examples of indexing collections, including the lower layers
of [0,1]¢ (or [—1,1]%) and the rectangles [0, z], z € [0, 1]¢ (or z € [-1,1]%).

163
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From the separability from above of the indexing collection .4 we have
VD,B € A(u),D C B® = 3n such that g,(D) C B° (55)

since D C B? if and only if (B°)¢ C D® = U,(g,(D))¢ and (B%)¢ is a compact set.
Let (FB) Bea(u) be the extension to A(u) of a set-indexed filtration and (Fg)sea(w)
its minimal outer-continuous filtration, defined by F}, := N, F,,(p), D € A(u). Then

Fp = Npeaw),pceeFp, D € A(u). (56)
The following assumption gives the approximation from below for a set in A(u).

Assumption 7.1.1 For any B € A(u) there erists a monotone increasing sequence
(dn(B))n>1 € A(u) such that B® = Upd,(B),dn(B) C dnt1(B)° Vn.

Consequently,
VD, B € A(u),D € B® = 3n such that D C d,(B)°. (57)

A random set « is a function with values in A(u), defined on a measurable space
(2, F).

Definition 7.1.2 A random set « is called an adapted set of a filtration (Fg) pea(u)
if {a C B} € Fg for every B € A(u); it is called an optional set of a filtration
(FB)Beaw) if {a € B} € Fp for every B € A(u).

To any adapted set a we can associate the o-field:
Fo ¥ {FeF:Fn{aC B} e Fg VB € A(u)}.
To any optional set a we can associate the o-field:
Fr¥{FeF:Fn{aC B € Fp VB € A(u)}.
The following facts are completely analogoﬁs to the classical case.

Lemma 7.1.3 (a) If a = B € A(u), then a is an adapted set and F, = Fp, F. =
Fg-
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(b) A random set is an optional set of the filtration (Fg)pecaw) if and only if it is
an adapted set of the filtration (Fg)peaw)- In particular, any adapted set is an

optional set.

(c) If a is an optional set, then F, ={F € F: FN{a C B} € F3 VB € A(u)}. In
particular, if a is an adapted set then F, C FL.

d) If a is an optional set and B is an adapted set such that a C 3°, then F. C F3.
a B

(e) If @ and B are adapted sets (respectively optional sets) such that a C (3, then
Fao C Fp (respectively F, C F3).

Proof: (a) Clear.

(b) If a is an optional set of the filtration (Fg)pea), then {& C B} = Np>m{a C
gn(B)°} € Fy,.(5)Vm > 1 and hence {a C B} € N, F,..(8) = Fg- Conversely, if « is
an adapted set of the filtration (Fp)pea), then {a C B°} = U, {a C d.(B)} € Fp,
because {a C d.(B)} € F 5y C Fp (using property (56) and the fact that d,(B) C
BY%).

(c) Same type as argument as (b).

(d) For each F € ¥, we have FN{f C B} = (FN{a C B°})Nn{B C B} €
Fp VB € A(u) i.e. F € Fp.

(e) Suppose that both  and S are adapted sets. For each F € F, we have
FNn{BC B}=(FNn{aCB})N{BC B} € Fg VB € A(u) i.e. F € Fz. The case
when both o and § are optional sets is similar.

(]

Comment 7.1.4 If a is a discrete random set i.e., it takes on only countably many
configurations, then {a = B} = {a@ € B}\Uperange(a),pcB {a € D} (where C denotes
strict inclusion) and {& C B} = Uperange(a),oca{a = D}.

Hence a discrete random set a is an adapted set (respectively an optional set) if
and only if {a = B} € Fg VB € A(u) (respectively {a = B} € ¥; VB € A(u)). In
this case
' Fa={FeF:FNn{a=B}e€ Fg VB € A(u)}

(respectively FT = {F € F: FN{a =B} € F; VB € A(u)} ).
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The next result allows us to get around the difficulty of defining ‘progressive

measurability’ in the set-indexed case.

Proposition 7.1.5 If X := (X ) aca is an adapted monotone outer-continuous pro-

cess, then

(a) X, is F,-measurable for any discrete adapted set a; and

(b) X, is FL-measurable for any optional set a.

Proof: (a) For any arbitrarya € R, {X, <a}N{a =B} ={Xp<a}n{a=B}¢€
Fg,VB € A(u) i.e., {X, < a} € F,.
(b) By the monotone outer-continuity of the process, X, = lim, X, (o) and

{XQ < a} = UnN>m Mn>N {Xg,,(a) < a} € fgm(a)y Vvm>1

using (a), since g,() is a discrete adapted set. Hence {X, < a} € N, F,,.(a) = Fr
[

Proposition 7.1.6 If a is an optional set then g,(a) is a (discrete) adapted set and
f; = nn‘rgn(a) -

Proof: We claim that the following relation holds:

{gn(@)=B}={ac B\ | {acD°} VBeA(u) (58)
D€ An(u),DCB
where C denotes strict inclusion.

To see this, suppose that g,(a) = B. Clearly a C g,(a)® = B If there were
some D € A,(u),D C B such that a C DY, then by the definition of g, we would
have g,(a) C D, which is impossible. Conversely, suppose that « C B? and a €
D° VD € A(u),D C B. Since a C B, there exists n such that g,(a«) € B. Since
gn(a) € A(u) and a C g,(e)?, we cannot have g,(a) C B; hence g,(a) = B.

From (58) it follows that {g.(a) = B} € Fg VB € A(u) i.e., g,(a) is an adapted

set.
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Let us prove now that F, = N, F, (a)- Since a C ga(a)°, we have F. C F, (a) by
Lemma 7.1.3, (d). Conversely, let F' € N,F, (a). For each B € A(u)

Fn {a Cc B} = nan(Fn {gn(a) Cc gn(B)}) € fym(B)a Vm > 1.

Hence F' N {a C B} € nmfgm(g) = Fpie F e F].
O
We conclude this section with some additional properties of adapted sets and

optional sets.

Proposition 7.1.7 (a) If a is an adapted set (respectively an optional set), then for
every B € A(u), {a C B} € F, (respectively {a C B} € F.).

(b) If a is a discrete adapted set, then for every B € A(u), {a = B} € F, and

Falta=B} = FBl{a=8}-

(¢) If @ s an optional set, then for every B € A(u), {a = B} € g, FN{a= B} €
Fg,VF € F. and
Falta=8) = Fplia=8}-

Proof: (a) Let a be an adapted set and let B € A(u) be arbitrary. Then {a C B}N
{a € B'} = {a C BNB'} € Fpnp C Fp for every B' € A(u) i.e. {a C B} € Fa,.
The case when « is an optional set is similar.

(b) Recall the definition of a conditional o-field Fls := {F N S;F € F}; note
that Fls={F e F;FC S}ifSeF.

Let B, B’ € A(u) be arbitrary. The set {&¢ = B}N{a C B’} coincides with the set
{a = B} if B C B’ and it is @ otherwise; in both cases it belongs to Fpg.. Since this
happens for any B’ € A(u), by the definition of F, it follows that {a@ = B} € F,.

As for the second equality, consider first F € F,; then FN {a = B} € Fp.
Conversely, take F € Fp, F C {a = B} (this is the general form of an element of
FB8l{a=8) since {& = B} € Fp). Because {o = B} € F, too, it is enough to show
that F € F,: let B’ € A(u) be arbitrary and note that the set FN{a C B’} coincides
with F if B C B’ and it is @ otherwise; in both cases it belongs to Fg.
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(c) For arbitrary m > 1 we have {a = B} = nan{gn(a). = gn(B)} € Fg.(B)-
Hence {a = B} € NpFy,.(5) = Fp-

If F € 7, then FN{a = B} = Nu>m(F N {ga(a) = ga(B)}) € F,..c;yVm = 1.
Hence F N {a = B} € NwF,.(8) = Fp-

Finally, to prove the last equality, consider first F € F}. Clearly F N {a = B} €
Fg- Since {a = B} € Fp an arbitrary element of Fp|{a=5)} is of the form F € Fp
with F' C {a = B}. Let us consider such an F. Note that F € F, since for arbitrary
B’ € A(u) wehave FN{a C B'} = FN{a = B}N{a C B'} whichis @ if B € B’ and
F if B C B’ and in either case it is in Fp,. Finally F = F N {a = B} € F.|{a=8}-

O

7.2 The Strong Sharp Markov Property

In this section we will consider a strong Markov property for set-indexed processes
which can be associated to the sharp Markov property, using the optional sets. Our
approach is very similar to the one considered in [39] for stopping sets, the advantage
of our method being that we do not need to assume outer-continuity of either the

filtration or the process.

Let X := (X4)aeca be a set-indexed process and (F4)ac4 its minimal filtration.

The following o-fields have been introduced in [39] for any random set a:

ff 3 o({Xaliaca}, I{aca); A € A})
Fr ¥ o({Xaliacaagas) I{aca,agac); A € A})
FE ¥ o({Xaliagay I{aga); A € A}).

Note: We have {B C a} € FX N FX,VB € A(u): if B = UE_ | A;, A; € A, then
{BCa}=nL{4:Ca}

Lemma 7.2.1 (Lemma 4.1, [39]) (a) If @« = B € A(u) then F¥X = Fp, Fg, =
Fop, Fl = Fpe. '
(b) For any random set a we have Fg, C FX.
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Lemma 7.2.2 (Lemma 4.6, [39]) If a is a discrete random set, then {a = B} €
F8 VB € A(u) and F¥|(a=py C FX.

Lemma 7.2.3 (a) For any discrete adapted set o we have FX = F,.
(b) For any optional set o we have FJ, = ﬂnfg’:(a),fx C .7-';5(0) Vn.

gni1{a) =

(c) For any optional set o we have F¥ C FL.

Proof: (a) To prove that {A C a} € F,, note that {4 C a} N {a = B} is 0 if
A & B and it is exactly {a@ = B} otherwise; in either case this intersection lies in
Fg. Similarly {X, € T} N {A C a} € F, for every I' € B(R). Conversely, let
F € F,. Using Lemma 7.2.2, F N {a = B} € Fal(a=s} = FX|(a=p} T FX since
{a =B} € FX C FX. Finally F = UBerange(a) (F N {a = B}) € FX.

(b) Using (a), .\ (4) = Fnta) and hence F7, = NuFy,a) = MaFX (-

(c) For each A € A we have I{aco} = limn I{acg,(a)} and Xal{aca) = lim, X4
I{acgn(a)}- Since Ifacg.(a)) and Xal{acg.(a)} are F,i ,-measurable and the o-fields
(.7-';". (a))n are decreasing, it follows that the limits J{sca) and X 4J{ac,} are measurable
with respect to the intersection N, FX ,, = F7.

|

The following theorem generalizes a classical result (see Proposition 4.1.3, [30]).

Theorem 7.2.4 (Theorem 4.7, [39]) If X := (X4) aca s a sharp Markov process,
then
FXLFE P

for any discrete adapted set a.

Ideally, we would like to say that a sharp Markov process X := (X 4) sc4 is strong

Markov if for any optional set c, we have
Fol Foo | Faa (59)

which would imply that FX L FX | ¥, using Lemma 7.2.3.(c). However, we would
rather not introduce a new terminology, since we could not find an example of a

process satisfying this property.
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In what follows we will see how close we can get of the desired conditional inde-
pendence (59) for an arbitrary sharp Markov process. The following o-field has been
introduced in [39] for any random set a:

f
Fiagnta) *= 0({Xal{acsn(a) 420 L{ACon(@).aga0); A € A}).

Lemma 7.2.5 Suppose that g,(A) € A,, VA€ A, Vn > 1. Then for every optional

X X X
set a, ‘Fagn(a) g '7:[0v9n(0)] < fgn(a)'

Proof: The first inclusion is valid for any random set a. To prove it, it will be
enough to show that the generators of fg_f,u(a, are in ]:'[{."gn(a)]. Note that the set
{A C gn(a)} N {A € g.(a)°} can be written as the difference

({AC g (@}n{AZa’H\ ({AC g(x)’} N {A Z )

and the first set {A C g,(a)} N {4 € a°} lies in Fla,gn(a)]- As for the second set
{4 C gn(a@)?} N {4 € o}, (using (55) and the fact that A C gx(A)%) it can be

written as
Ur({9x(A) € gn(a)} N {A Z 0®}) = Uk Nk ({gm(A4) € gn(@)} N {gm(A) Z °})

which belongs to .7-'[{.",9"(0)] since gm(A) € A. A similar argument shows that {X, €
F}N{AC gn(a)}N{A Z ga(a)®} € Fla.gn(a)) for any ' € B(R).

To prove the second inclusion we will assume that « is an optional set and we will
show that the generators of FX ) are in FX (o) Notethat {A € a®} = Ny {ge(A) Z
a} € FX C Fr C F(a) by Lemma 7.2.3. Hence {AZ a®} N {A C gn(a)} € FXia)
Finally, a similar argument shows that {X4 € I'}N{AZ a®}N{A C gn(a)} € FX o)
for any I' € B(R).

a

Note that the proof of the first inclusion in the above lemma works only for those
of our examples for which we have g, : A — A, for every n > 1. For one of our
2¢-dimensional examples, this inclusion is still valid. More precisely, we have the

following result.



CHAPTER 7. STRONG MARKOV PROPERTIES - 171

Lemma 7.2.6 If T = [-1,1]% and A = {[0,z];z € T}, then for every optional set

X X X
@ Faguta) € Fiagn@)] € Fonta)-

Proof: We will prove only the first inclusion. Using the same argument as in the
proof of the previous lemma, it is enough to show that

ann{gm(A) € [O!, gn(a)]} € fi'l:,gn(a)]

forevery A A,n>1.

Let A € A,n > 1 be fixed. Assume that A is in the first quadrant. Then, if we
write gm(A) = UZ'A™ where AT € A is the component of g, (A) that is in the i-th
quadrant, we have A C AT

We claim that the following relation holds:

Omzn{gm(A) € [@, gn(@)]} = {4 € [@, gn(a)]} N Nm2a {AT € [e, gn(a)]}-

Assume that g,,(A) € [a,gn(a)] for every m > n. Then A € a° and A C
gm(A) C gn(a). For each m > n we have AT Z o since A C AT and A € o°. Also
AT C gm(A) C gn(a). Hence AT € [o, gn()]-

Conversely, let m > n be fixed. Since A € o and A C g,,(A) we have g,(A4) €
a®.Because AT C g,(a) we must have g,,(A) C g.(c). Hence gn(A) € [@, gn(a)] and
the proof is complete.

a

Since the o-fields (.ﬁﬁ'gn(a)])n may not necessarily be monotonically decreasing,

we let

X, o X X ._ X,
}.[0,;::(0)] T N\! .ﬁanN(Q)] and faa - nﬂf’[a,;:(a)]’
>n

Note that FZ C .7-'[’:,‘;":(0)] since {A C a,A € a®} = M>n{A C gi(a),A £ o°} €
.7:'[’;';';(0)], and similarly {X, €[ AC o, A Z o’} € .7-'[{:,’;';(&)] for any I’ € B(R); hence
F¥, € FX . Then, for every optional set a

X X, X
Fagnt@) € Fagn@)] € Fonta) (60)

Theorem 7.2.7 Suppose that either gn(A) € Ap, VA€ A, Vn>10or T =[-1,1}¢
and A= {[0,z];z € T}. If X := (X4)aea S a sharp Markov process, then for every
optional set o, F, L FX | FX.
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Proof: The argument is similar to the one used in the proof of Theorem 4.19, [39].
Let Y be a bounded, FX-measurable random variable. By a monotone class argument
it is enough to assume that
k
Y= II hi(XaIa.gay, Itaigay)
i=1
where A; € A, h; : R? - R continuous and bounded.

Let Y, = [I%, hi(XaIta;ggn(e)}> Igaigon(a)})- Note that Y, is f;ﬁ(a)c-measurable
and bounded. Moreover, since {A; C gn(a) }n>1 is a decreasing sequence with
Nn{Ai C gn(a)} = {A; Ca} we have Y =lim, Y,

Using Theorem 7.2.4 and (60), E[YalF(o)] = E[YalFZ (o) = EYalFm ol
Since F} = ﬂnfgxn (a) and f_£ = ﬁnf'[‘:';‘.(a)] we get

E[Y|F] = im E[Y,|F )] = lim E[Y|FXT ] = E[Y|FE]
using a generalized form of the Martingale Convergence Theorem.

O

Corollary 7.2.8 Suppose that either g,(A) € A,, VA€ A, Yn>1 or T = [-1,1)¢
and A = {[0,z];z € T}. If X := (X4)aca is a sharp Markov process, then for every
optional set a, FX L FX | FX.

Comment 7.2.9 The applicability of the preceding results extends to all sharp
Markov processes, without any requirement for regularity of sample paths or filtra-
tions. Therefore, this holds for all processes with independent increments, including
the Brownian motion on the lower layers, which is known to be a.s. unbounded, and

therefore a.s. discontinuous.

7.3 The Strong 9-Markov Property

In this section we will introduce the strong Q-Markov property in the set-indexed
case. See Appendix B.2 for the strong Q-Markov property for processes indexed by
the real line.

We begin with the definition of a set-indexed strong Q-Markov process.
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Definition 7.3.1 (a) A transition system Q := (Qpp') Bcp 1s called measurable
if for every flow f, the transition system Qf := (th),q is measurable, where

QL = Q. 500-

(b) A transition system Q := (Qpp)pcp is called weakly monotone outer-
continuous in B’ if VB,B' € A(u),B C B, V(B.), C A(u) such that
B ., C B,,Vn and N, B, = B’

@se, (z;-) S Qpp (z; -)-

(c) Let Q := (Qpp')pcp be a measurable transition system, which is weakly mono-
tone outer-continuous in B’. A set-indezed process X := (Xa)aca is called
strong Q-Markov with respect to a filtration (Fg)gcaw) if it is adapted
and monotone outer-continuous and for every adapted set a = f(7) with values
on the path of a strictly increasing flow f, for every random set o' = f(7') with
values on the path of the same flow f, such that o C o and 7' is F,-measurable,

and for every bounded continuous function h: R — R
E[h(Xa)|Fa] = [ A(Y)Qaw (Xai dy).

The process X is called simply strong Q-Markov if it is strong Q-Markov with

respect to its minimal filtration.

The next result gives us the form of an adapted set which takes values on the path

of a strictly increasing flow f.

Lemma 7.3.2 A random set a := f(7) with values on the path of a strictly increasing
flow f, is an adapted set with respect to a filtration (Fp)peaw) if and only if T is a
stopping time with respect to the filtration (Fyy)).. In this case, Fo = F{.

Proof: For necessity, we have {7 < t} = {f(r) C f(t)} € Fy(, for every t € [0,q]
(using the fact that f is strictly increasing). For sufficiency, let B € A(u) be arbitrary
and tg := inf{t € [0,a]; f(t) € B}; note that t < tg if and only if f(t) C B. Hence
{a C B} = {f(r) C B} = {7 < ts} € Fyup) C Fs-
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The equality of the two stopped o-fields is proved similarly.
a
The next result gives the expected correspondence via flows.

Proposition 7.3.3 Let X := (X.i)aca be a momnotone outer-continuous process,
adapted with respect to a filtration (Fa)aca-

The process X is strong Q-Markov with respect to the filtration (Fa)aca if and
only if for every strictly increasing right-continuous flow f, the process X/ := (X (o)t
is strong Qf -Markov with respect to the filtration (Fy))e, where QL := Q £(s).£(8) -

Proof: For every flow f, the transition system Q7 is measurable and weakly right-
continuous in ¢ and the process X/ is right-continuous and adapted with respect to
the filtration (Fy(;):- The result follows using Lemma 7.3.2 and Proposition B.2.5,
Appendix B.2.

O
Here are some consequences of the previous proposition.

Examples 7.3.4 1. A monotone outer-continuous Brownian motion with vari-
ance measure A is strong Q-Markov, where Qppr(z; -) is the normal distribution

with mean 0 and variance Ag,\ , (see Proposition B.2.3.(a), Appendix B.2).

2. A monotone outer-continuous stationary compound Poisson process correspond-
ing to the product measure II(dz; dz) = A(dz) x G(dz) (where A is a finite pos-
itive measure on T and G is a probability measure on R) is strong Q-Markov,

where An
QRpe (z;T):= Y ‘#\BG"‘(F ~-I)
=0 !
where G*™ denotes G * ... * G (see Proposition B.2.3.(b), Appendix B.2).

n times

We will conclude this section with another type of strong Q-Markov property
which is satisfied by the Brownian motion and the stationary compound Poisson

process.
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A random set « is called an A-valued stopping set if a(w) € A,Vw and {2 A} €
Fa,VA € A; the associated o-field is defined by

Fo¥ {FeF:Fn{aC B} e Fg VB € A(u)}.

Proposition 7.3.5 If X := (X 4)aca is either a monotone outer-continuous Brown-
ian motion with variance measure A or a monotone outer-continuous stationary com-
pound Poisson process corresponding to a measure [I(dz; dz) := A(dz) x G(dz), then
for all A-valued stopping sets a and o' such that a C o' and Ay is F,-measurable,
and for every h € B(R)

E[h(Xu)|Fa] = [, h(¥)Qaw (Xai dy)

Proof: The idea is essentially the same as in the classical case (see Proposition B.2.3,
Appendix B.2).

(a) Let X := (Xa)aeca be a monotone outer-continuous Brownian motion with
variance measure A.
For each u € R fixed, the process

My = Xa+3¥?ha A e g
is a martingale on A: let A, A’ € A be such that A C A’; then

E[MalFa] = My E[eiuXA,\A'*'iuzAA/\AlFA]
= M,- E[eiux"'\"] ™M a\a
= M,
(Note that the extension of the process M to A(u) is not of exponential type.)
Using the Optional Sampling Theorem for martingales indexed by directed sets

(Theorem 2.15, [47]) we can conclude that for any .A-valued stopping sets a and o'
with a@ C o' we have E[My|F,] = M,; because A, is F,-measurable

. iuXe—fu? fu
E[e'"x°'|.7"a]=e Xa—73 A\ =/l;'e YQao (Xa; dy).

and the result follows using Lemma 2.6.13, [43].



CHAPTER 7. STRONG MARKOV PROPERTIES - 176

(b) Let X := (X4)aeca be a monotone outer-continuous stationary compound
Poisson process corresponding to a measure I1(dz; dz) := A(dz) x G(dz), where A is
a positive measure on T and G is a probability measure on R. Denote with ¢ the
characteristic function of G.

For each u € R fixed, the process

My = eiuXA—AA(WG(u)-l)’ Aec A

is a martingale on A: if A, A’ € A are such that 4 C A’, then

E[Ma|Fa] = My - E[e™ a\a ™ a\a®™D £
= M,- E[eiuxa'\A] . e—AA,\A(cpc;(u)—-l)
= MA.

For any A-valued stopping sets a and o/ with o C o/, we have E[My|F,] = M,;

because A, is F,-measurable
E[eiuxﬂ’ |Fa] = eiuX°+A°,\a(‘Pc:(u)—l) - /l"eiqu‘m, (Xa; dy)

and the result follows.
a



Appendix A
Conditioning

In this appendix chapter we will discuss the notions of conditional independence and
conditional distribution, which are essential in the study of any Markov property.
These will rely on the notion of conditional expectation, as it is defined in the classical
literature (Section 34, [10]; Section 15-1, [12], etc.).

A.1 Conditional Independence

In this section we will discuss the notion of ‘conditional independence’ which is es-

sential in the study of any type of Markov property.

We begin with a definition.

Definition A.1.1 Let F,G,H be sub-o-fields of a probabiliy space (Q, K, P). We say
that F and H are conditionally independent given G, and we write F L. H | G if

E[Y|F V] = E[Y|G]
for every bounded H-measurable random variable Y.

The next result gives an equivalent definition of the conditional independence; it

says that the o-fields F and H are symmetric.

177
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Lemma A.1.2 (Lemma 1.1, [53]) F and H are conditionally independent given G
if and only if

E[XY|G] = E[X|G]|E[Y|G]
for every bounded F-measurable random variable X and for every bounded H-measurable

random variable Y.

The next result proved to be extremely useful in exploiting the properties of the

set-Markov processes.

Lemma A.1.3 Let G' C G be two sub-o-fields in a certain probability space (S, F, P)
and X,Y two random variables on this space such that Y is G-measurable. If G L
o(X)| G, thenG L o(X,Y) | G Vo(Y). (Here X,Y are allowed to be multidimen-
sional, that is X : @ - R4Y : Q — RF.)

Proof: By a monotone class argument it is enough to assume that h(z,y) = f(z)g(y)

where f and g are bounded and measurable. Then
E[f(X)g(Y)IG] = 9(Y)E[f(X)|G] = g(Y)E[f(X)|G']

which is G' vV o (Y')-measurable.
O
The following result has been occasionally used in this work.

Lemma A.1.4 Let F,G,H, K be four o-fields in the same probability space. If F L
H|Gand (FVG) LK |H, then F L(HVK)|G.

Proof: Let Z be a bounded H V K-measurable random variable. By a monotone
class argument we can suppose that Z = XY where X is a bounded H-measurable

random variable and Y is a bounded K-measurable random variable. We have
E[XY|FvG] = E[X-E[Y|FVGVH||FVG

= E[X-E[Y|H)|F V]
= E[X-E[Y|H]|G)
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which is G-measurable.
a
Here is a list of other properties of the conditional independence.

Comments A.1.5 1. HfFLH|Gand FCF,H CH,then FF L H |G.
22 fFLH|G then (FVG)L(HVG)]|G.

3 UFLH|GandGC G CFVG then F1LH|G.

A.2 Conditional Distribution

In this section we will introduce the notion of conditional distribution and we will

discuss some of its properties.

Definition A.2.1 (a) A4 function Q(z;T),z € R, € B(R) is called a transition
probability if Q(-; ') is a measurable function for every I' € B(R) and Q(z; )

1s a probability measure for every z € R.

(b) Let X,Y be random variables. A transition probability Q is called a version of
the conditional distribution of Y given X, if for every T’ € B(R)

PlY eT|X =z] = Q(z;T) Px as.(z)
where Px is the distribution of X.

Note: By a monotone class argument, if Q is a version of the conditional distribution

of Y given X, then for every h € B(R)
E[h(Y)|X =] = [ h(u)Q(zidy) Px as.(). (61)

Remark: A version of the conditional distribution always exists, for any random

variables X and Y (page 396, [12]).
The following property allows us to calculate the joint distribution of (X, Y) know-

ing a version of a conditional distribution.
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Theorem A.2.2 (Theorem 15-3C, [12]) If Px is the distribution of X and Q is
a version of the conditional distribution of Y given X, then VI';,T'; € B(R)

P(X €T,Y €T3) = [ Q(z;T2) Px(da).

The following result is related to the Markov property and has been used several

times in this work.
Proposition A.2.3 Let X,Y,Z be some random variables such that
o(X) L o(2) | o(¥). (62)

If Q1 is a version of the conditional distribution of Y given X and Q2 is a version of
the conditional distribution of Z given Y, then the transition probability Q defined by

Q(z;T) := /RQz(y; Qi (z;dy), z € R,T € B(R)
is a version of the conditional distribution of Z given X.
Proof: Using equations (61) and (62) we have

P[Z €T|X] = P[P[Z eT|X,Y]|X] = P[P|Z € I'|Y]|X]
= PQ(Y:D)IX] = [ Qu(YiD)Qu(X;dy).

O
The following result was also used in this work.

Lemma A.2.4 Let X,Y, Z be three random variables such that o(X) L o(Z) | o(Y).
If we denote by Qv|x a version of the conditional distribution of Y given X, then for

every bounded measurable function h : R®? 5> R
E[h(Y,2)|X =z] = [ Elh(y, 2)IY = y]Qvix(z:dy) PoX'as(z).  (63)

Proof: Recall that by definition (see page 390 of [12]), E[h(Y, Z)|X = z] := a(z) is
the unique (P o X~! almost surely) measurable function a : R — R which satisfies

/F a(z)(P o X™)(dz) = /x vy Y- Z)dP VT, € BR).
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By a monotone class argument, it is enough to consider the case when h(y,z) =
Ir,(y)Ir,(2) for some Borel sets I';,I';. We will prove that the right-hand side of
equation (63) verifies the definition of E[h(Y, Z)|X = z]. Let I'; € B(R) be arbitrary.
Denote Px := Po X! and let Q z|y be a version of the conditional distribution of Z

given Y . We have

/rl /n E[Ir,(4)Irs(2)IY = y]Qvyx (z; dy) Px(dz) =
-/I:x /rz E[Il's(Z)IY = y]Qy,x(.'B; dy)Px(dI) =

/1*1 ,/1‘2 /ra Qz|v (v; dz)Qv x (z; dy) Px (dz).

This in turn is equal to

P(XeT,Y €Ty, Z€ly) = /x e (V) I, (2)dP

—Y

using the fact that o(X) L o(2) | o(Y).
a



Appendix B

Stochastic Processes on the Real

Line

In this appendix chapter we have gathered some classical results related to the theory

of stochastic processes indexed by the real line.

B.1 Lévy Processes

In this section we will introduce the Lévy processes indexed by the real line and we

will discuss some of their properties.

We begin by recalling the classical Lévy-Khintchine formula (Theorem 2.8.1, [65]):
if F' is an infinitely divisible distribution on R, then its log-characteristic function
Y(u) := log fg €Y F(dy),u € R can be written uniquely as

1 . i
u) = iyu — —=Au? + eV — DII(dy) + e — 1 — juy)II(d
Wlu) = ivu - 3 /{Iyl>1}( Mi(dy) + [ y)TI(dy)

where v € R,A > 0, and Il is a Lévy measure on R, i.e. [I({0}) = 0 and Jg(y%2 A
1)II(dy) < oo. (7,A,1l) is called the generating triplet of F.
In particular, an infinitely divisible distribution on R, whose log-characteristic

function is given by

) = [ (e - 1)II(dy)

182
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where II is a finite positive measure on R, is called a compound-Poisson distribution

(corresponding to the measure IT).

Definition B.1.1 A process (Xt)te(o,a) with independent increments, which is contin-
uous in probability (i.e. X,, 5 X, whenever lim, t, =t) is called a Lévy process.

If (Xt)tejo,q) is a Lévy process, then:

1. the distribution F}; of each increment X, — X,, s < t is infinitely divisible (The-
orem 2.9.1, [65]); in particular, if each F,, is a compound Poisson distribution,

then X is called a compound Poisson process;

2. if we denote with (v, A, II;) the generating triplet of the distribution Fp,, then
the functions v, A,, II,(I") (for every fixed Borel set I' contained in some set
{y; lyl > €}, € > 0) are continuous with respect to ¢t (Theorem 2.9.8, [63]);

3. the process X has a cadlag modification (Theorem 19.2, [65]).

Note: If the probability distribution function F defined by F'(t) := 3= - A,,t € [0,q]
satisfies v, = F'(t) - vq, I, = F(t) - II,,Vt € [0,a], then the Lévy process (Xt)eepo,q] is
said to have stationary increments (with respect to F), i.e. the distribution of each

increment X, — X, s < t depends on s,t only through the value F(t) — F(s).

Definition B.1.2 A Lévy process (Xt)te[o,a] for which the log-characteristic function
Ye(u) := log E[e™Xt],u € R is differentiable in t, uniformly in u on compact intervals,
15 called weakly differentiable.

Proposition B.1.3 The generator of a weakly differentiable Lévy process with char-

acterizing triplet (., A, I1;) is

(Goh)(z) = 7K' (z) + %A’sh”(z) + /{ o, (Bl + ) = ()L, (a)+

[ (@ +y) = h(z) — yk'(2))TL (dy)

{lvl<1}

where v, A}, IT,(T') denote the derivatives at t of the functions v, A, I1,(T) (for any
fized Borel set T' contained in some set {y;|y| > €},e > 0). The domain D(G,)

contains the space CZ(R) of all twice continuously differentiable functions h:R — R
which have the property that h, h', h" are bounded.
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Proof: The homogeneous version of this result is treated in many standard textbooks
(e.g on pages 291-292 of [32], or on pages 285-286 of [63]). For the inhomogeneous
version we could not find a proof anywhere in the literature and therefore, for com-
pleteness, we include this proof here.

Let F;; be the distribution of X, — X, and (Tyh)(z) := Jg h(z + y)Fu(dy) the
associated operator.

Let h € CZ(R) be arbitrary. Without loss of generality we can assume that A

can be represented as h(z) = [p e**h(u)du for a certain integrable function A with
Jr w?|R(u)|du < oo. (The space of functions which admit this kind of representation
is dense in CZ(R); the operator G; is closed.) If we denote with Pse(u) the log-

characteristic function of X, — X, then

(Tseh)(z) =ALeiu(z+y)ﬁ(u)dqut(dy) =L6iuﬁ(u)ew"(“)du

(Tueh)(z) — h(z) = /R R (u) (e ™ — 1)du.
By definition (G,;h)(z) = lim,, M%ﬂd-’l uniformly in z; hence
. - ewst(u) — 1 R - a+
— L iur . — fuz N pvse(u) _ —
(G:h)(z) = lim /R eh(u) - ———du /R % (u) ( e ) s du
. o+
fo b (Gt e

since e¥st(®)|,_; = 1. The result follows since

—a:w t(u)e=s = Yi(u) = iylu — lA’u2 +/ (e™¥ — 1)IT,(dy)+
gt T Es T s o2 {lv>1} ’

e™¥ — 1 — juy)II(d
S )1, (dy)

and h'(z) = [g iue™h(u)du, h"(z) = — g u2e™*h(u)du.
a
Here are some consequences of the previous result.
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Examples B.1.4 1. If X is a Brownian motion ‘whose variance function A is
differentiable, then the generator of the process X at time s is

(G.h)(z) = SAH"(), z € R,

whose domain D(G) contains the space CZ(R).

2. If X is a compound Poisson process corresponding to the measure II such that
the function II(T') is differentiable with respect to ¢ (for any fixed Borel set
I' € R), then the generator of the process X at time s is

(G:h)() = [ (h(z +y) — h(z))IL;(dy), z € R.

whose domain D(GY) is equal to the space B(R).

In particular, if X is a Poisson process whose variance measure A is differen-

tiable, then the generator of the process X at time s is
(Gah)() = AL - (h(k +1) — h(K)), k=0,1,2,...

whose domain D(G/) is the space B({0,1,2,...,}) of all bounded functions
h:{0,1,2,...} > R.

B.2 The Strong Q-Markov Property

In this section we will introduce the notions of stopping time and optional time and

the strong Q-Markov property for processes indexed by the real line.

Definition B.2.1 A random time 7 : Q — [0,q] is called a stopping time of a
filtration (Fi)icpo,a) of {7 < t} € Fi,Vt € [0,4a]; it is called an optional time of a
filtration (F¢)ecpo,q) if {T <t} € F,,Vt € [0,4q].

To any stopping time 7 one can associate the o-field

Fr={F:Fn{r<t}eFVte|0,dq]}.
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To any optional time 7T one can associate the o-field

Fre ={F:Fn{r <t} € F, Vt €[0,ad]}.

Here are some basic properties of stopping times and optional times.

T is an optional time of the filtration (Ft)eepo,q) if and only if it is a stopping time
of the filtration (F;4):ej0,q), defined by F;, := N,5.F, (Corollary 1.2.4, [43]);

if T is a stopping time of the filtration (Ft)tefo.a]; then T is F.-measurable (Prob-
lem 1.2.13, [43]);

if 7 is an optional time, then F,, = {F : Fn {r < t} € F, Vt € [0,d]}
(Problem 1.2.21, [43]);

if (Xi)ief0,q] is a progressively measurable process, then X, is F,-measurable
for any stopping time 7 (Proposition 1.2.18, [43]); consequently X, is F,,-

measurable for any optional time 7;

for any optional time 7, there exists a decreasing sequence (Tn)n of discrete
stopping times with lim; 7, = 7, such that F,, = N,F, (Problems 1.2.23,
1.2.24, [43]).

Definition B.2.2 (a) A transition system Q := (Qst)s<: is called measurable if

for every Borel set ', the function (s,t, ) — Qg (z;T) is measurable.

(b) Let Q = (Qs) s.te(0,a);s<t be a measurable transition system. A process (Xt)eefo,a)

ts called strong Q-Markov with respect to a filtration (Ft)eelo,q) if it is pro-
gressively measurable and Vt € [0,a], for every stopping time T < a — t and
Vh € B(R)

E[h(Xerd)| ] = [ h(5)Qrrse(Xridy).

We recall that an adapted right-continuous process is progressively measurable
(Proposition 1.1.13, [43]). Here are some examples of strong Q-Markov processes.
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Proposition B.2.3 (a) A right-continuous Brownian motion with variance measure
A is strong Q-Markov, where Qg (z;-) is the normal distribution with mean 0

and variance A((s, t]).

(b) A right-continuous stationary compound Poisson process corresponding to the
product measure Il(dz; dz) = A(dz)xG(dz) (where A is a finite positive measure

on [0,a] and G is a probability measure on R) is strong Q-Markov, where

Qse(z; T) = Z L(sn’!t—])—nG’"‘(l" —I)

n>0 .

and G*" denotes G *...*xG.

n times

Proof: (a) The homogeneous version of this result is Proposition 2.6.15, [43]. For
the inhomogeneous version we could not find a proof anywhere in the literature and
and therefore, for completeness, we include this proof here.

Let (X¢)te[o,q] be a right-continuous Brownian motion with variance measure A.
Denote A(t) := A((0,¢]). For each u € R fixed, the process

M, = eiux‘+'§'“2A('), t €[0,q]
is a martingale: for each s < ¢

EM|F,| = M, - E[e®Xe=Xs)+3u*Alst])| £, ]
= M,- E[eiu(xa—x.)] . e2¥3A((s:])

= M,.

Using the Optional Sampling Theorem (Theorem 1.3.22, [43]) we can conclude
that for any ¢ € [0, a] and for any stopping time 7 < a —t, we have E[M,.,|F,;] = M,;

because A(T + t) is F,-measurable
E[ei“X'+‘|fr] —_ eiuxf—%uzA((r,ri-t]) — / eiqu'r,r-H(Xr; dy).
R

and the result follows using Lemma 2.6.13, [43].
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(b) Let (X¢)ce(0,q) be a stationary compound Poisson process corresponding to the
product measure II(dz;dz) := A(dz) x G(dz), where A is a positive measure on T
and G is a probability measure on R. Denote by ¢¢ the characteristic function of G.
Denote A(t) := A((0,¢]). For each u € R fixed, the process

Mt = eiqu—A(t)'(tpa(u)—l)’ te [0’ a]
is a martingale: for each s < ¢t

E[M|F,] = M,-E[e“Xe-X)-Alst)(ect)-1)| F,]
= M, E[e™Xe=X)] . g~MG)(patw-1)

= M,

For any ¢ € [0, a] and for any stopping time 7 < a — t, we have E[M,,,|F,] = M,;

because A(T + t) is F,-measurable
Ble X[, = XA hivob = [ gy, (X, 1dy)

and the result follows.
a

Definition B.2.4 A transition system Q := (Qst)s<; is called weakly right-
continuous in t if Vz € R,Vs < t,Vt, \, t, we have Qq, (z;') 3 Qu(z;-).

Proposition B.2.5 Let Q := (Qst)s<: @ measurable transition system, which is
weakly right-continuous in t and (X,)icjo,q) @ right-continuous process, adapted with
respect to a filtration (F;)ec(o,q)-

The process (X¢)ico,q) s strong Q-Markov with respect to the filtration (Fe)eefo,q) if
and only if for every stopping time T, for every random time v < a such that 7 < 7’
and 7' is F.-measurable, and for every bounded continuous function h : R - R

E[h(X)|F] = [ h@)Qer (Xridy).

Proof: The homogeneous version of this result is Proposition 2.6.17, [43].
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Define 7, :==1 + -2"7 on the set A; := {'r-i-% <7 <‘r+%}; note that 7., \, 7.
By the strong Q-Markov property, for every bounded continuous function 4 : R - R
Elh(X,, g\ Fr] = [ h(@)Qrrs(Xri dy).

Since X,: = X, & on the set Ax € F;, we have (using Problem 2.6.9, [43])

T

E[h(Xr)|F] = E[h(Xr+§'ﬁ-)l]'-r] on Ag.
Also Jg A(y)Qrr (Xr;dy) = fr h(y)Q. ., . (Xr;dy) on Ax and therefore
Eh(X)I7] = [ h(y)Qrr (Xridy) on Ay,
Since (Ag)x forms a partition of the whole space 2, we have
E[h(X)IF) = [ hy)Qrs (X dy).

Take the limit as n — oo in this equality. The result follows using the Bounded
Convergence Theorem for Conditional Expectations (Theorem 15-1D, [12]), the right-
continuity of X and the weak right-continuity in ¢ of Q.

O

B.3 Metric Entropy of Classes of Sets

In this appendix section we will introduce the notions of metric entropy and metric

entropy with inclusion.

Definition B.3.1 Let (E,7) be a pseudo-metric space.
For any € > 0 we say that E, C E is an e-net if any point in E is within e-distance

of a point in E, (i.e. E C U.cg, Bc(e), where B.(e) denotes the closed ball of radius €
centered at e.) The space E is totally bounded with respect to T if for every e > 0

there exists a finite e-net.

Denote by N.(¢) the cardinality of the smallest e-net i.e. N,(¢) is the smallest
number of closed balls of radius € that cover E. The function

H:(¢) := log N-(¢)
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is called the metric entropy of E with respect to the metric 7.

Note that H.(e€) takes on only positive values and it increases as € gets small; also,
if € > diam(T') then NV, (¢) = 1 and H,(¢) = 0. It is therefore only the behaviour of
H_(€) for small € that will be of interest.

The second notion of metric entropy is defined in the following context:

Definition B.3.2 Let (T, B, ) be a finite measure space and A C B be an arbitrary
class of measurable sets. The class A is totally bounded with inclusion (in
B) with respect to the measure u if for every ¢ > O there erists a finite collection
A. C B such that for any A € A there ezists A7, A} € A, with A7 C AC Af and
HAPNAD) < e.

Denote by N;(e) the cardinality of the smallest collection A,. The function
Hy(e) = log Ny(€)

is called the metric entropy with inclusion of A (in B) with respect to p.
If A is totally bounded with inclusion with respect to the measure y, then it is
also totally bounded with respect to the pseudo-metric d,, defined by

d.(A,B) := (u(AAB))?, A,Be A

(where AAB := (A\B) U (B\A) denotes the symmetric difference of the two sets).
The collection A, becomes an e-net in the pseudo-metric space (A,d,). Therefore,
the cardinality V4, (e) of the smallest e-net (with respect to d,) cannot exceed the
cardinality of the smallest A,. We have

Na,(€) < Ni(e) and Hy, (€) < Hy(e).

We conclude this section with two examples of classes of sets for which we can

place some bounds on the metric entropy with inclusion.

The first example is Dudley’s class I(d, a, M) of sets in I; (the d-dimensional unit
cube) whose boundaries are given by functions from the sphere S¥! into R? with
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derivatives of order < a. (For a precise definition of I(d, a, M) see [27].) For this
class of sets, the metric entropy with inclusion (in the class of all Borel sets of I;)

with respect to the Lebesgue measure is
H(e) = O(1/e)d- Ve,

(Note that I(d, 2, M) give us the class of all closed convex subsets of I.)

The second example is introduced using the following notation. Let T be an
arbitrary set and A a collection of subsets of T'. For any finite subset F C T let

AA(F) = card{ANF;A € A}
m*(n) := max{A*(F); card(F) = n}.
Note that if F' has n elements then A4(F) < 2"; hence m#(n) < 2". Set
V(A) = inf{n; m*(n) < 2°} (inf® = o).

The number V(A) is called the Vapnik-Cervonenkis (VC) index of the class .A. The
class A is called a Vapnik-Cervonenkis class if its VC index is finite.

An example of such a class is the class A = {[a,b]; @ < b} of rectangles in R for
which V(A) = 2¢ + 1.

Lemma B.3.3 (Lemma 7.13, [28]) Let (T, B, F) be a probability space and A C B
a class of sets which is totally bounded with inclusion (in B) with respect to the
probability measure F; let H(e) be its metric entropy with inclusion. If A is a Vapnik-
Cervonenkis class in B with VC indez v, then there ezists a constant K = K(v) (not

depending on F) such that for every 0 < € < 3,
Hi(e) < K —vloge — vlog|loge|.
Hence for a Vapnik-Cervonenkis class we have

H;(e) = O(logl/e).
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