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Abstract

We consider the class of generalised Toeplitz algebras; those C'*-algebras that can be
expressed as an extension of C'(X) by the compact operators I, for some compact
metrizable space X. We show that one can generalise the result of Brake and Winter,
that the nuclear dimension of the Toeplitz algebra is 1, to show that for any generalised
Toeplitz algebra its nuclear dimension must be equal to dimy,.C'(X). This shows that
Brake and Winter’s dimension reduction phenomenon is applicable to a much wider
class of algebras. We also introduce our definition for the relative nuclear dimension
of a C*-algebra. This is a modification to the definition of nuclear dimension that
requires us to factor through algebras of the form F'® B for F finite dimensional and B
some fixed algebra we are working relative to. We explore various properties satisfied
by the relative nuclear dimension with a particular eye to its being a modification of
nuclear dimension.

i



Acknowledgements

I wish to thank my supervisor Aaron Tikuisis, whose patience, guidance, and support
have been invaluable in getting me to where I am today. Thank you also for bringing
me to Canada.

I wish also to thank the faculty and support staff of the Department of Mathe-
matics and Statistics of the University of Ottawa and also the faculty of the Depart-
ment of Mathematics of the University of Aberdeen where I first started this journey.
Many wonderful people have helped me to grow both professionally and personally
throughout the years.

I am grateful for the financial support provided to me by the University of Ot-
tawa.

il



Dedications

This thesis is dedicated to my father, Brian Gardner, who sadly could not be here
to see the finished product. To my mother, Elizabeth, and to my all my friends and
family who have been so supporting over the years. I could not have done this without
you, thank you.

iv



Contents

(1 _Introduction|

B Nud Di =l
(2.1 Order O Maps| . . . ..

[2.3 Villadsen Algebras| . .

[3 Generalised Toeplitz Algebras|

[3.1 'T'he Definition and Required Results| . . . .. ... ... ... ..

(4.2 Properties of the Relative Dimension| . . . . ... ... ... ...

4.4 On the Comparison Property|. . . ... ... ... ... ......

32
32
36
44
61
65



Chapter 1

Introduction

The nuclear dimension of a C*-algebra, as defined by Winter and Zacharias [50], is
a non-commutative generalisation of topological covering dimension that had been
introduced to improve upon an earlier non-commutative generalisation that is the
decomposition rank [30]. There have been many different non-commutative general-
isations besides these, such as the stable rank [40], and real rank [I4]; individually
these prior notions have been highly useful though their applications are restricted
somewhat. In particular decomposition rank has had great applications to the classi-
fication of stably finite, separable, simple, nuclear C'*-algebras, but it limited by the
fact that an algebra has finite decomposition rank only if it is quasidiagonal |30, Thm.
4.4]. Thus the nuclear dimension was introduced as a particular notion that would
be applicable to a larger class of nuclear C*-algebras, while having strong relations
to many other important regularity properties of non-commutative spaces.

For the following definition we recall that a completely positive, or cp, map
¢ : A — B is one that sends positive elements of A to positive elements of B and such
that each amplification map ¢, : M,,(A) - M, (B) is positive in the same sense for
all n e N. If a cp map is, in addition, contractive we refer to it as a cpc map. A cpc
map is order 0 if it sends orthogonal elements to orthogonal elements.

Definition 1.0.1. [50, Def. 2.1] A C*-algebra A has nuclear dimension at most n,
written dimp,A < n, if there exists a net (Fy, ¥z, px)a, with Fy finite dimensional,
Uy A— F) cpe, and @), : F\ - A cp such that

i) @athr(a) = a uniformly on finite subsets of A,

ii) F) decomposes into n+1 ideals F)\ = FA(O) EB~~-EBFA(”) such that forall2=0,...,n

the restriction tpf\i) =@a [ s cpe order 0.
A

Then dimy,.A = n if n is the least such number for which this is true.
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The intuitive picture we consider with this definition is to fit the system of
approximations into diagrams of the form

A id 4 A

Fy

This definition differs from that of the decomposition rank, [30, Def. 3.1], in
quite a mild fashion. Decomposition rank is defined the same as above except for the
fact the maps up, the ), need to be contractive. A small change but one which opens
up the class of nuclear algebras for which finite dimension makes sense; for example
the Toeplitz algebra T is known to have infinite decomposition rank, since it is not
quasidiagonal [30, Ex. 6.1 iv)|, but its nuclear dimension was originally known to be
1 or 2 [50, Ex. 6.3].

By now the most well known relation for nuclear dimension is between finite
nuclear dimension and Z-stability, that is A 2 A® Z, where Z is the Jiang-Su algebra
[26]. This is represented by the Toms-Winter conjecture, [50, Conj. 9.3|, that states
that Z-stability, finite nuclear dimension, and strict comparison of positive elements
are equivalent for simple, separable, unital, nuclear C'*-algebras. While this is not yet
known to be true in complete generality, particularly it is not known that strict com-
parison should imply Z-stability, we do at least now know that for simple, separable,
nuclear algebras finite nuclear dimension is equivalent to Z-stability, [16, Thm. A].
Moreover this comes with the consequence that for simple, unital C*-algebras there
are only three possible values for the nuclear dimension, 0,1, or oo, [16, Cor. C].
Then for such Z-stable algebras the distinction between nuclear dimension 0 and 1
depends on whether the algebra is AF, since dim,,cA = 0 if and only if A is an AF
algebra [50, Rem. 2.2 iii)]. When we are dealing with non-simple algebras then it is
possible that the nuclear dimension stores more information about an algebra.

One particular example for us to consider is the Toeplitz algebra, whose precise
value for nuclear dimension has only recently been determined to be 1 by Brake and
Winter [I0]. This is a well understood algebra, to the point that determining its
nuclear dimension was less about gleaning any insight into the algebra and more
about presenting a "new instance of dimension reduction phenomenon" in their own
words; but the proof they present, their dimension reduction, ends up being applicable
to a larger class of algebras that the Toeplitz algebra sits inside. The Toeplitz algebra
T can be realised as the extension of C'(S') by the compact operators K(H) over a
separable infinite dimensional Hilbert space, that is we have a short exact sequence

0-K->T-=C(S") - 0.

As such it is quite immediately possible to obtain a fairly narrow estimate for the
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nuclear dimension of 7 by [50, Prop 2.9] which states that for an extension
0O-J—->FE->A-0
we obtain the following estimate for the nuclear dimensions of the algebras involved
max {dimpycJ, dimy,c A} < dimy, B < dimyyeJ + dimgc A + 1.

Since K is AF, thus dim,, /K = 0 it is quite immediate to see that 1 < dim,, 7 < 2
but Winter and Zacharias were unable to determine which specific value the nuclear
dimension must satisfy, indeed this was left as one of their problems [50, Prob 9.2|. If
we are given a compact metrizable space X then we can certainly consider extensions
of C(X) by K(H) which describes a class of extension algebras first discussed by
Brown, Douglas, and Fillmore [12] and which, for our purposes, we have elected to
describe as generalised Toeplitz algebras. Then for any algebra Ty that exists as an
extension of C'(X) by the compact operators IC(H), see definition we will have
a similar estimate to that of the Toeplitz algebra by [50, Prop 2.9]; specifically we
will have
dim, . C(X) < dimpu Tx < dimp,C(X) + 1.

A natural question to consider with this class of algebras is if we are able to employ
a similar argument to Brake and Winter’s to be able to find the exact value of the
nuclear dimension. This is the content of our chapter |3/ on these generalised Toeplitz
algebras, to show that we can in fact generalise, with some work, the proof in [10] to
be applicable to every single algebra in this class.

If dimy,,cA = n < oo then the maps up, the ¢,, are not necessarily contractive but
are n-decomposable, thus each ¢, exists as the sum of n + 1 cpc maps <p(;). We can
thus see that we have a bound [, | < n+1, by which it is still possible to show that A
must satisfy the completely positive approximation property, and so be nuclear |50,
Rem. 2.2 i)]. Conversely though, nuclearity of A is not enough to show dimy,.A < oco.
This can be seen to be an issue with the nuclear dimension in the sense that we
cannot use it to glean any information about certain algebras that otherwise might
be particularly nice; algebras that are simple, separable, and nuclear might not have
finite nuclear dimension. An example of nuclear algebras that have infinite nuclear
dimension is a particular class of Villadsen algebras, defined first by Villadsen [46]
and expanded upon by Toms and Winter [45], where it is the latter paper that our
own understanding comes from. Given a compact Hausdorff space X, and sequences
(n;)n, (m;)n of natural numbers with n; = 1 then a unital algebra A is a Villadsen
algebra of the first type (a VI algebra), [45, Def 3.2], if it is an inductive limit of the
form

Az hm(Mmz ® C(Xxnz)7 gbl)?

where the ¢; are VI maps. We refer to our section [2.3|for a more thorough understand-
ing of these algebras. It is possible however, by choosing X to be a finite dimensional
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CW-complex and by making certain requirements of the connecting maps, to con-
struct a class of these VI algebras that are simple, unital, nuclear, but have infinite
nuclear dimension. Inspired by the fact nuclear dimension is a modification to de-
composition rank that is applicable to a wider range of algebras we seek to define a
notion of relative nuclear dimension that is a modification to the nuclear dimension
that will hopefully deal with algebras such as these Villadsen algebras that are nuclear
with finite nuclear dimension. We consider nuclear dimension of A relative to some
C*-algebra B by factoring instead through algebras of the form F) ® B for F) finite
dimensional. We also make a slight modification to the notion of decomposability in
the definition of nuclear dimension, where instead of relying on the restrictions <p§f)
being order 0 we relax this so that they need to only be approximately order 0. Our
chapter {|is devoted to providing a rigorous definition to our notion of relative nuclear
dimension, and to exploring the various properties satisfied by it.



Chapter 2

Nuclear Dimension

In this section we present more explicitly some of the results for nuclear dimension
and order 0 maps that we make use of or generalise in some fashion. We also look
at the class of Villadsen algebras that are unital, simple, nuclear, but which do not
have finite nuclear dimension.

2.1 Order 0 Maps

First recall that a map ¢ : A - B is completely positive, or cp, if for all n € N the
map ¢, : M,(A) - M,(B) defined by ¢, ([a;;]) = [¢(a;;)] is positive in the sense
that positive matrices are mapped to positive matrices. If a cp map is in addition
contractive we refer to it as a cpc map.

Two elements a,b of a C*-algebra A are said to be orthogonal, a L b if ab =
ba = a*b = ab* = 0. Note that if a and b are self-adjoint then a 1 b if and only if
ab = 0. We now present some relevant facts about order 0 maps, which are those
maps that preserve orthogonality. Such maps are very much the building blocks of
nuclear dimension, and indeed decomposition rank before it and exist as a special,
much more useful case, of the notion of the strict order of a cpc map, see [47, Def
3.1 b)]. We refer to [49] as giving the most important structural theorems of order 0
maps.

Definition 2.1.1. [49] Def. 1.3| Let A, B be C*-algebras and let ¢ : A - B be a cpc
map. We say ¢ has order 0 if, for a,be A

alb = p(a) L ).

Trivially any *-homomorphism ¢ : A — B must be order 0 since for a 1L b we
have p(a)@(b) = p(ab) = 0. For an example of a cpc order 0 map that is not itself a
*-homomorphism consider a compact space X with a finite open cover (Uj)?zl. Let
(h;)7-, be a partition of unity subordinate to this cover. Choose a collection (Y%);_,

3



2. NUCLEAR DIMENSION 6

of sets from this open cover that are pairwise disjoint and let k) be the corresponding
functions from the partition. Then one may define a cpc order 0 map ¢ : C* - C(X)
by setting ¢((ax);_,) = Xhoy axhy .

We then come to the main structure theorem of [49]. Recall that M(C') is the
multiplier algebra of C' and C" the commutant.

Theorem 2.1.2. [49, Thm. 2.3| Let A and B be C*-algebras and ¢ : A - B a cpc
order 0 map. Set C' := C*(p(A)) c B. There are a positive element h € M(C) n C’
with |h] = |¢| and a *-homomorphism

7ot A M(C)n {I}

such that
me(a)h = ¢(a)
for all a € A. If A is unital then h = ¢(14).

For a unital C'*-algebra A one can then easily check if an order 0 map ¢: A - B
is in fact a *-homomorphism, since if p(14) is a projection in B then ¢ must be a
*-homomorphism. To see this assume ¢(1,4) is a projection, then we have

p(ab) = mp(ab)p(1a) = mp(a)me(b)(1a) = my(a)p(1a)me (0)p(1a) = (a)p(b)

for all a,b e A. In particular any ucp, that is completely positive and unital, order 0
map A - B is automatically a *-homomorphism.

While there are many important corollaries to this theorem the two in particular
that are the most applicable to us in our context are the following.

Corollary 2.1.3. [49, Cor. 3.1] Let A, B be C*-algebras and ¢ : A - B a cpc
order 0 map. Then the map given by w(id1) ® a) = ¢(a) for a € A induces a
*-homomorphism 7 : C'((0,1]) ® A - B.

Conversely a *-homomorphism 7 : C'((0,1]) ® A - B induces a cpc order 0 map
¢ A— Bvia ¢(a):=m(id1 ® a).

Recall that an algebra A is said to be projective if for every *-homomorphism
A- %, for J < B an ideal, there exists a lift A - B that is a *-homomorphism. By
[34, Thm 10.1.11] and 34, Thm. 10.2.1] we have that C'((0,1]) ® F' is projective for
all finite dimensional F'. By combining this with the above corollary we get that any
cpc order 0 map ¢ : F — %, for J < A an ideal, is able to be lifted to a cpc order 0
map ¢: F — A.

We shall also be making use of the following result regarding the tensors or cpc
order 0 maps.
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Corollary 2.1.4. [49, Cor. 3.3] Let A, B,C,D be C*-algebras and ¢ : A - B,
1 : C' - D be cpc order 0 maps. Then the induced cpc map

0®,Y:A®,C >B®,D

has order 0, where y denotes the minimal or maximal tensor product. In particular
for any k € N the amplification

©®) : My (A) > My(B)

has order 0.

2.2 Relevant Results for Nuclear Dimension

First let us restate the definition for the nuclear dimension.

Definition 2.2.1. [50, Def. 2.1] A C*-algebra A has nuclear dimension at most n,
written dimy, A < n, if there exists a net (Fy, ¥y, ¥x)a, with F\ a finite dimensional
Cr-algebra, ¥y : A - F)\ cpc, and ¢, : F\ - A cp such that

i) @atr(a) - a uniformly on finite subsets of A,

ii) F\ decomposes into n+1 ideals F) = FA(O) EB---@F)E") such that for all2=0,...,n

the restriction tpf\i) = x [ is cpe order 0.
A

Then dim,,.A = n if n is the least such number for which this is true.

In [50] the triples (F\, ¥, ¢y ) are referred to as piecewise contractive n-decomposable
cp approximations and the net (Fy,v¥y, ¢x)a a system of piecewise contractive n-
decomposable cp approximations for A. For brevity we choose not to use this full
name instead referring to such objects as n-decomposable c¢p approximations and sys-
tems of n-decomposable c¢p approximations with the understanding that when we say
a map p : F' - A is n-decomposable we specifically mean that it satisfies condition
i1) of the above definition.

It will often be useful for us to refer to the decomposition rank, so we present its
definition.

Definition 2.2.2. [30, Def 3.1] A C*-algebra has decomposition rank at most n,
written drA < n, if there exists a net (F\, 1y, px)a with F) a finite dimensional C*-
algebra, ¥ : A - F\ cpc and ¢, : F), - A cpc such that

i) @atr(a) - a uniformly on finite subsets of A,
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ii) F\ decomposes into n+1 ideals F) = FA(O) EB---EBF)E") such that for all2=0,...,n

the restriction tpf\i) = x [ is cpe order 0.
A

Then drA =n if n is the least such number for which this is true.

Note that the only difference between decomposition rank and nuclear dimension
is that decomposition rank requires that the ¢, must be contractive itself, whereas
they only need to be completely positive for nuclear dimension. This immediately
shows that dimp,.A < drA for all C*-algebras A since any system of approximations
for the decomposition rank of A necessarily satisfy the conditions to be a system of
approximations for the nuclear dimension of A. In general this is not an equality; for
example the Toeplitz algebra has nuclear dimension 1 [10] but its decomposition rank
is infinite [30, Ex. 6.1 iv)].

In practice in order to make use of the nuclear dimension rather than considering
a general net of such approximations we rather focus on the equivalent definition using
an (.Z,¢) net.

Proposition 2.2.3. Let A be a C*-algebra. Then dimy,.A < n if for all .# c A finite
and € > 0 there exists an n-decomposable cp approximation (F,,¢) for % within
e. That is a triple with F' finite dimensional, v : A - F cpc, and ¢ : F' - A is
completely positive and n-decomposable in the sense of condition iz) of , such
that | (a) —al < e for all a € Z.

Proof: Assume dimy,cA <n and (Fy, ¥y, pa)a is a system of n-decomposable cp
approximations for A from definition Let .# c A finite and € > 0 be given.
Since @ 1y(a) = a uniformly on finite sets of A we must be able to find some \ € A
such that [ ta(a) —all < e for all a € . Then (F\, 1y, ) is an n-decomposable
cp approximation that works for (% ,¢). Conversely we may create a net A indexed
by finite sets .# c A and € > 0 with an order defined by (#,¢e) < (¢4,n) if F c ¥4
and € > 7. Then if (Fiz.),Y(#z),9(7¢)) is the n-decomposable c¢p approximation
for # c A within € > 0 we can see that (F(z.),V(7.), P(7,))a IS a system of n-
decomposable cp approximations for A. Thus dim,,.A < n. |

Remark 2.2.4. While each ¢, in a system of approximations for the nuclear di-
mension of A are not contractive we are still able to get a uniform bound for each
of them. If dimy,cA = n < oo and (F), ¥y, ©x)a is a system of n-decomposable cp
approximations, then since each ¢, is n-decomposable it can be written as a sum of
n+1 cpc maps gogl), so we can see that for each ¢, we have |p,| <n+ 1. With this
in mind it can still be shown that A satisfies the completely positive approximation
property so that A is nuclear. Thus finite nuclear dimension implies nuclearity, see
[50, Rem. 2.2 i)].
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Remark 2.2.5. It is the case that we have dim,,.A = 0 if and only if A is AF,
[50, Rem. 2.2 iii)]. If A is AF then it exists as an inductive limit A 2 lim, . F),
for finite dimensional C*-algebras F,,. Then for any finite set .# c A one can find
an approximation .#’ c F,, within a given € > 0 for some n. Set ) : A - F}, to be
the extension of id : F,, — F,, by Arveson’s extension theorem and let ¢ : F,, > A
be the induced *-homomorphism from the inductive system. Then (F,, 1, ¢) would
be a 0-decomposable c¢p approximation for .% within €. Conversely if dim,,cA = 0
there exists a system (F), 1y, px)a of 0-decomposable cp approximations for A. In
particular this means the ) are necessarily cpc order 0. If we know each of the ¢,
are unital then by they are in fact *-homomorphisms. If they are not unital
then it is harder to do, but still possible to show that one may find a system of 0-
decomposable approximations where the ¢, are *-homomorphisms. Since they are
part of a system of approximations it can be seen that for all finite sets .# c A and
e > 0 there exists some \ such that dist(a,pr(F\)) < € for all a € .Z; thus A is AF
through Bratteli’s characterisation of AF algebras [11].

A particular result of note is the relation between the nuclear dimension of Cy(X)
and the topological covering dimension of a locally compact Hausdorff space.

Proposition 2.2.6. [50, Prop. 2.4] Let X be a locally compact Hausdorff space.
Then
dimy,.Co(X) = drCo(X).

In particular if X is second countable we have
dimy . Co(X) = dim X.

The definition for topological covering dimension of X is given by [38, Def. 3.1.1].
We won’t be using this specific definition though, opting instead to use an equivalent
condition of n-decomposability given by [30, Prop 1.6].

Remark 2.2.7. This result is useful to consider in the context of generalised Toeplitz
algebras since the goal is to show that dimyu.7x = dim,,C(X). Particularly we are
concerned with the direction dimp,.Co(X) < dim X which can be shown by making
use of partitions of unity. We know by [30, Prop. 1.6] that dim X < n if and only if
every finite open cover of X has an open refinement that is n-decomposable. A family
of subsets (Uy)x of X is n-decomposable, [30, Def 1.4|, if there is a decomposition
A =1, A, such that for all 7 =0,...,n and A\, N € A; we have Uy nUy = @. Assume
dim X =n and let .% c C(X) finite and € > 0 be given. We may find a finite cover
(U;)5., of X for which [f(z) - f(y)| < % for all z,y € U; for any f €.% and any j. Let
(Uk.j)o<ken,jejr, be an n-decomposable refinement of this cover, thus Uy ; n Uy, j» = & for
all £ and any j, " € Ji, and choose a collection of points {zy ;} such that xy ; € Uy ;.
Let (hk;)osk<n,jes, be a partition of unity subordinate to this refinement, and set
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x(k) = |Ji|; we then define, for each k, a cpc order 0 map p®*) : C*(k) - C(X)
by setting o*)((a;)jes,) = Xjes, @5hr,;- Taking the sum of these maps ¢ = Y1, we
obtain an n-decomposable c¢p map. Set F = @}_, C**) and define ¢ : C(X) — F by
Y(f) = (f(@k,;))ocken,jes,; by construction one can see |p(f) - f| <e for all fe Z.
Hence (F, 1, ) is an n-decomposable cp approximation for . within ¢ and so it can
be seen that dim,,.C(X) < dim X. Our goal in using this viewpoint with generalised
Toeplitz algebras will be to find a particularly good n-decomposable cover of X that
allows us to define a useful system of n-decomposable ¢p approximations for C'(X).

The following permanence properties have some importance to us for the purpose
of defining relative nuclear dimension.

Proposition 2.2.8. [50, Prop 2.3] Let A, B,C, D, E be C*-algebras. Suppose C =
lim;_ ., C; is an inductive limit of C'*-algebras and D a quotient of E. Then

(i) dimpu(A @ B) = max(dimy,. A, dimp,.B),

(i) dimpu(A® B) < (dimpucA+1)(dimy,B+1)-1; if B is AF then dim,.(A® B) <
dimpyc A,

(iii) dimyuC < liminf;, . (dimy,.C;),
(iv) dimpu.D < dimp E.

The importance of these properties for us comes from the fact that they can
all be derived in the same way one can derive them for the decomposition rank [30,
Sec. 3|, and indeed for the completely positive rank before it [47, Sec. 3|. Then as
nuclear dimension is itself a mild alteration to the decomposition rank these properties
provide for us some level of measuring stick by which we can consider our proposed
notion of relative nuclear dimension. Since we present our relative nuclear dimension
as itself a mild and reasonable alteration to the nuclear dimension we seek to ensure
that these properties are satisfied to at least some degree.

In a similar vein we consider the following proposition, that is not one we use
directly but which we take as reference in order to make a similar statement true for
the relative nuclear dimension. Note that [, F) is the algebra of bounded functions
(fx)a such that fy € F), and @, F) those bounded functions that go to 0 at infinity.

Proposition 2.2.9. [50, Prop. 3.2|] Let A be a C*-algebra with dimy,cA = n < .

Then there is a system (F), ¥y, ¢a)a of n-decomposable c¢p approximations for A such
that the map

DA [1a F

@D

induced by the ¥, has order 0.
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Moreover we wish to be able to show a relative nuclear dimension version of the
following.

Proposition 2.2.10. [30, Prop 4.2] Let A be a separable C*-algebra, then drA =
n < oo if and only if there exists a system (F), ¥y, px)a of n-decomposable cpc ap-
proximations (Fy, ¥y, ¢x)a for A in terms of the decomposition rank such that the
map

IV

D )

VA

induced by the v, is multiplicative.

While this is in terms of the decomposition rank this is still applicable to the
nuclear dimension case, at least when dim,,,A = 0 since then one gets a system
(F\, Yz, oa)a of 0-decomposable ¢p approximations for A where in particular the ¢,
are all necessarily cpc order 0. Thus we seek to obtain a result not dissimilar to this
for the relative nuclear dimension when it is 0.

As we have already noted extension algebras have particularly nice estimates in
relation to their short exact sequence.

Proposition 2.2.11. [50, Prop 2.9] Let 0 > J - F - A - 0 be an exact sequence of
C*-algebras. Then,

max {dimpuc A, dimpyeJ} < dimy, F < dimpycA + dimgyeJ + 1.

Thus for all generalised Toeplitz algebras T, that is the class of algebras for
which we have a short exact sequence 0 - K - Tx - C(X) — 0 for compact
metrizable X, we immediately know that dim,,.C'(X) < dimp,.Tx < dimy,.C'(X) + 1.
Thus our goal with these generalised Toeplitz algebras is to show that dim,..7x
dim,,C'(X) so that this above proposition immediately tells us that dimp,.7Tx
dimy,,.C'(X) for all such algebras.

We also wish to bring to attention Robert’s result of the relation between the
nuclear dimension of A and comparison of the Cuntz semigroup of A. The stabilised
Cuntz semigroup of A, Cu(A) originally introduced by Coward, Elliott, and Ivanescu,
is a positively ordered abelian monoid defined as a quotient of M. (A ® K), by the
Cuntz equivalence. For a,be M. (A®K), we say a is Cuntz subequivalent to b, a 3 b
if there exists a sequence (v,)y in Mo (A ® K) such that |v,bv: —al| > 0. Ifa3b
and b 3 a then a and b are said to be Cuntz equivalent, a ~ b. The partial order on
Cu(A) is the Cuntz subequivalence, written [a] < [b] <= a $b. The n-comparison
property is able to be defined for any ordered abelian semigroup W and requires a
further relation <, defined on W by z <, y if there exists k € N such that (k+1)z < ky.
Then W has the n-comparison property if for x,yq,...,y, € W with x <, y; for all ¢
then < Y7, ;. We refer to section for a more complete treatment.

[IVAN
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Theorem 2.2.12. [41l Thm. 1] If A has nuclear dimension n then Cu(A) has the
n-comparison property.

This is an important instance, for the realms of classification, of nuclear dimen-
sion having nice relations to other regularity properties of non-commutative spaces.
We would expect a similar property to this for an appropriately defined notion of
relative nuclear dimension.

In terms of the relation between the nuclear dimension and other nice regularity
properties of non-commutative spaces the most well known, and important in terms
of classification, is the Toms-Winter conjecture.

Conjecture 2.2.13. [50, Conj. 9.3] For a separable, simple, unital, infinite, and
nuclear C*-algebra A, the following are equivalent:

i) A has finite nuclear dimension.
ii) Ais Z-stable.

iii) A has strict comparison of positive elements.

(
(
(
(iv) A has almost unperforated Cuntz semigroup.

Here Z is the Jiang-Su algebra [26], which is unital, simple, separable, nuclear
C~-algebra that is infinite dimensional with unique tracial state, and whose K-theory
coincides with the K-theory of C. Moreover Z is the unique algebra among all induc-
tive limits of dimension drop algebras that satisfies all of these conditions. The notion
of strict comparison is equivalent to that of 0-comparison in the Cuntz semigroup,
and it is known that strict comparison of A is equivalent to the almost unperforation
of the Cuntz semigroup Cu(A), see [1I, Prop. 5.2.20|. Tt has been shown by Winter
that (i) = (i7), [48], and more recently it has been shown by Castillejos, Evington,
Tikuisis, Winter, and White that (i) = (i) so that we know Z-stability and finite
nuclear dimension are equivalent in this setting, [I6, Thm. A]. That (ii) = (i)
has been shown by Rgrdam in the finite case [42]. The main thing missing for this
to be a theorem however is a general result that (i7i) == (i7). It has been shown
though in the case where A has only one tracial state [35], and further has been gener-
alised where the tracial state space of A has compact and finite dimensional extreme
boundary [29], [44]. Notably this equivalence between finite nuclear dimension and
Z-stability show that for all simple unital C'*-algebras the possible values for nuclear
dimension are 0,1, or oo, [16, Cor. C|. Thus it is the non-simple case that we are
concerned with finding precise values of the nuclear dimension since in that setting
it may well hold more information, as is the case for the class of generalised Toeplitz
algebras.



2. NUCLEAR DIMENSION 13

2.3 Villadsen Algebras

While we know by [I6, Cor. C] that all simple unital algebras must have nuclear
dimension 0,1 or oo it does still lead to the possibility of unital, simple, nuclear
algebras that have infinite nuclear dimension. Indeed one may see there is an entire
class of Villadsen algebras that are unital, simple, and even nuclear, but which do
not have finite nuclear dimension. Originally this class was shown to not be Z-stable
through use of an early version of the Toms-Winter conjecture [45, Thm. 3.4]. To
be able to say much on this we should first fully define the class of algebras we are
talking about. This class of algebras was originally defined by Villadsen [46], but for
our purposes we refer to the paper of Toms and Winter [45] in which they expanded
upon the work of Villadsen and provided simpler criteria to obtain a larger class of
Villadsen algebras that would not be Z-stable.

Definition 2.3.1. [45, Def. 3.2] Let X be a compact Hausdorff space, let (n;);en and
(m;)ien be sequences of natural numbers with n; = 1, and set X; = X>™. A unital
C*-algebra A is said to be a Villadsen algebra of the first type (a VI algebra) if it can
be written as an inductive limit algebra

Az lim(M,,, ® C(X;),¢:),

where each ¢; is a VI map.

The inductive system of the above definition is referred to as a standard decom-
position for A with seed space X.
A VI map is defined as follows.

Definition 2.3.2. [45, Def. 3.1] Let X be a compact Hausdorff space and n,m, k € N.
A unital diagonal *-homomorphism

¢ M,®C(X) > My®C(X*™)

is said to be a Villadsen map of the first type (a VI map) if each eigenvalue map is
either a co-ordinate projection or has range equal to a point.

Recall that a *-homomorphism ¢ : C(X) - M, ® C(Y) is said to be diagonal
if it has the form f — diag(fo\y,...,fo A,) where each \; : Y - X is continuous.
These \; are the eigenvalue maps of ¢. Note also that if a *-homomorphism is an
amplification of a diagonal map then it is itself a diagonal map; in particular in
the above definition note that the given map is an amplification of a diagonal x-
homomorphism C(X) - M ® C(X*™), and that & must be divisible by n for this
to make sense. "

Let N;; be the number of co-ordinate projections from X*" to X*" appearing
as eigenvalue maps in ¢; ; and let M, ; be the number of eigenvalue maps in ¢, ;, and



2. NUCLEAR DIMENSION 14

it can certainly be seen that the ratio of these values must satisfy 0 < ]]E] <1. Of
i3

particular importance here is the ratio AA;IIJ since by constructing a VI algebra such
sJ

, one is

able to create an entire class of VI algebras that are simple, unital, and nuclear but
that are not Z-stable, see [45, Sec. §].

This relies on the main result of their paper, that can be seen to be an earlier
version of the Toms-Winter conjecture above.

Theorem 2.3.3. [45, Thm. 3.4| Let A be a simple VI algebra admitting a standard
decomposition with seed space a finite dimensional CW complex, the following are
equivalent

1. Ais Z-stable.
2. A has finite decomposition rank.
3. A has strict comparison of positive elements.

If A is a VI algebra that is simple with seed space X a finite, but not zero,
dimensional CW- complex and the limit over j of N” does not vanish then this is

equivalent to saying JJ — 1, [45, Lemma 5.1]. Thus by [45, Lemma 4.1] this means
that the Cuntz semigroup of A does not have the n-comparison property for any n,
and in particular A cannot have strict comparison. Thus A is not Z-stable and so
certainly does not have finite nuclear dimension by the Toms-Winter conjecture. An
alternative way to show that A does not have finite nuclear dimension is to appeal
to Robert’s result since if Cu(A) does not have the n-comparison property for
any n certainly A cannot have finite nuclear dimension.

Thus when we discuss Villadsen algebras or reference the particular class of
Villadsen algebras we are interested in we mean this class where the seed space X
is a finite, non-zero, dimensional CW-complex that is simple and the ratio ]\]\;

not vanish. Such algebras are important as a motivating example for us in deﬁnmg
our notion of relative nuclear dimension.

It is an important point to say that the seed space is non-zero dimensional as
zero-dimensional CW complexes include the single point space or indeed any finite set
X. If one starts with X the single point space then by the definition of VI algebras
we would be able to obtain the entire class of UHF algebras, and if X is a finite set
then we instead obtain a good range of AF algebras. Certainly these algebras have
finite nuclear dimension, so we need to make the distinction that we are dealing with
non-zero dimensional CW-complexes.



Chapter 3

(Generalised Toeplitz Algebras

In this section we present our work on generalising the work of Brake and Winter
[10] that showed the nuclear dimension of the Toeplitz algebra 7 is 1. Their work
can be generalised to the entire class of algebras that exist as extensions of C'(X)
for compact metrizable X by the compact operators K, a class of algebras we have
elected to name generalised Toeplitz algebras

3.1 The Definition and Required Results

Definition 3.1.1. Let X be a compact metrizable space, H a separable infinite
dimensional Hilbert space. A unital C'*-algebra Tx is said to be a generalised Toeplitz
algebra if it exists as an extension:

0—K(H) > Tx > C(X) 0.

By proposition [2.2.11] it is clear that for any generalised Toeplitz algebra Tx its
nuclear dimension must satisfy

dim,,C'(X) < dimp, Ty < dimy,,.C(X) + 1

so it is natural to ask if one may apply the reasoning of Brake and Winter [I0] to be
able to find a specific value for the nuclear dimension of all algebras in this class. This
is the content of our main theorem that for all such possible extensions the nuclear
dimension is the nicest value it can be.

Theorem 3.1.2. Let Tx be a generalised Toeplitz algebra for X a compact metrizable
space, then dimy,.Tx = dimp,C(X).

We very much follow the same lines of reasoning as in the proof in [I0] which
is to use some of the inherent space in Tx in order to fit cpc order 0 maps together

15
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in such a way that we create a net of cp approximations corresponding to the lower
bound for the nuclear dimension.

To give some of the history of this class of algebras, the first to study this par-
ticular class of extensions were Brown, Douglas, and Fillmore in [I2]. Any extension
0> J—->FE —> A - 0is naturally associated with a *-homomorphism 7: A —» Mﬁj),
where M(J) is the multiplier algebra of J. This *-homomorphism 7 is the Busby
invariant of the extension, see [4, Sec. 15.2]. In the context of generalised Toeplitz
algebras this means an extension 0 - K - Tx — C(X) — 0 corresponds to a unital
*-homomorphism 7 : C'(X) > Q where Q = %H) is the Calkin Algebra. Brown, Dou-
glas, and Fillmore defined the functor Ext, where the object Ext(X) is defined as
the equivalence classes of the corresponding *-homomorphisms under unitary equiv-
alence. For two extensions @1, ps : C(X) - Q one can define a binary operation by

setting ¢, + 9 as the unital *-homomorphism into the Calkin algebra on H & H. We
define this by setting (@1 +w2)(f) = e11 ® Y1(f) + €22 ® po(f) where €17 = ((1) 8) and

€99 = (8 (1)) This binary operation makes Ext(X) into a commutative semigroup,

and in fact Brown, Douglas, and Fillmore [12] show that it is an abelian group. The
trivial element for this group is the class of trivial extensions, these are the exten-
sions that correspond to *-monomorphisms o : C(X) — B(#H). The inverse elements
of the group are not relevant to our work so we shall not be defining them here, of
note however is that Arveson [2] provided a much simpler proof of the existence of

the inverses. Particularly the existence of inverses was implied by the ability to lift
extensions ¢ : C'(X) - Q to ucp maps ¢ : C'(X) - B(H) that satisfy

L. ¢(fg) - o(f)d(g) € K for all f,geC(X),
2. ¢(f) e K if and only if f = 0.

For such a map ¢ one can define a C*-algebra A = ¢(C (X)) +K which is a generalised
Toeplitz algebra in the sense of [3.1.1] While the existence of such liftings seems
obvious now through the Choi-Effros lifting theorem |17, Thm. 3.10], Arveson’s lifting
property here was proven roughly two years before Choi-Effros and was a motivating
example for their lifting theorem. This lifting of Arveson’s then is our preferred way
to talk about extensions of C'(X), and so we shall need to set some notation.

Definition 3.1.3. Let ¢ : C(X) - B(H) be an extension, that is a ucp map which
is a *-homomorphism modulo K, then we shall denote by 7, the generalised Toeplitz
algebra defined by ¢.

See also the later paper of Brown, Douglas, and Fillmore [I3] for a more complete
look on the topic, including weaker notions of equivalence of extensions, utilising par-
tial isometries in place of unitary equivalence. Importantly from this paper is that
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they make more explicitly the point that the correspondence we have between unital
+-homomorphisms ¢ : C'(X) — Q and extensions of C'(X) by K in the short exact se-
quence sense means that if we have two unitarily equivalent unital *-homomorphisms
1,2 : C(X) - Q then the corresponding extension algebras are isomorphic, see [13]
Rem. 1.6]. In particular what this means in our context is that if we have two exten-
sions ¢, ¢y : C'(X) - B(H), in the sense of [3.1.3] that are in the same equivalence
class then 7y, 2 Ty,. Thus if ¢ : C(X) - B(H) is an extension and ¢ : C(X) - B(H)
is a trivial extension then we have that 7, = 7,.y since any trivial extension is the
trivial element of the group Ext(X).

Returning then to the question of nuclear dimension for a generalised Toeplitz
algebra 7, this can be answered positively quite easily in the case where ¢ is a triv-
ial extension. In this case we can use [30, Prop. 5.2] that states dr7; = drC(X)
in the case that there exists a quasicentral approximate unit for K in 7; comprised
of projections, in other words if 74 is quasidiagonal. This would then necessitate
dimp,. 75 = dimp,.C(X) since dimy,,C(X) = drC(X), by proposition and
dimp,. Ty < di7,. If ¢ is a trivial extension then it will be unitarily equivalent to
a trivial extension that has diagonal image, which would easily commute with any
approximate unit for K formed of projections, so that 7T is quasidiagonal giving a
positive answer to our question for the trivial case.

To answer our question in general we take our cue from the proof in [I0]. The
proof can be seen to rely on two crucial points, the first being able to provide a cpc
order 0 lift of an important cpc order 0 map, then being able to define maps relating
to this lift that behave well with regards to the nuclear dimension of C'(S!) and of
T. The latter point ends up being relatively simple to generalise once one is able to
find the lift so it is this first point that can be considered the crux of generalising the
result of Brake and Winter to the entirety of this extension class. In their paper, they
rely on Lin’s theorem on almost commuting normal matrices [31], which allows one
to find for a matrix that is close to being normal a normal matrix that is close to
it. This is used by Brake and Winter on the image of the unitary generator of C'(S?)
under a certain sequence of maps in order to find their cpc order 0 lift. In order to
generalise we make use of another theorem of Lin’s that allows us to give an answer
to a more general form of this lifting problem.

To state Lin’s theorem we shall first need to introduce the notion of total K-
theory of a C*-algebra. The total K-theory of A, denoted K (A), was first defined by
Dadarlat and Loring in [21] to be the direct sum of the K-theory of A and its K-theory
with coefficients. That is K(A) = @;2g K«(A,Z,) where K.(A,Z,) = Ko(A;Z,) &
K1(A;Z,). The K-theory with coefficients is defined by K;(A;Z,) = K;(A®C,,) for i =
0,1 where C,, is a commutative algebra such that K(C),) = Z,, and K(C,) = 0. This
definition for the K-theory with coefficients is independent of the choice of algebra
C,, but when it was introduced by Schochet in [43] the algebra C,, was specifically
taken to be the mapping cone of the canonical n degree map Cy(R) - Co(R). Also
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in this paper he defines the Bockstein operations which allow one to connect these
groups with exact sequences. In particular as a consequence one has the following six
term exact sequence regarding the K-theory with coefficients,

(0] 0
Ko(A) —2 Ko(A:iZ,) 2 Ki(A)

XﬁT lfn

Ko(4) AT Ki(A;Z,) o K1(A).

Importantly this diagram informs us that if A is a contractible C*-algebra then the
K-theory with coefficients will similarly be 0 so that the total K-theory of A will
vanish.

We also require the following notation; let i, be the probability Borel measure
induced by a state s on C'(X). For all n € N we use 7 to denote the tracial state on
M,,. In particular given any cpc map ¢ : C'(X) — M, the composition 7¢ will be a
state on C'(X) and p., will be its induced probability Borel measure.

Theorem 3.1.4. 33 Theorem 2.10] Let X be a compact metric space, let € >0 and
let F c C'(X) be a finite subset. There exists n > 0 satisfying the following: for any
o > 0 there exist v >0, § >0, a finite subset G c C(X), a finite subset H c C(X)s.a,,
and a finite subset P ¢ K(C(X)) satisfying the following:

For any unital §-G-multiplicative cpc linear maps ¢, v : C(X) - M, (for some
integer n > 1) for which

[p]lp = [L]lps trp(Or) 2 @

for all open balls O, of radius r > 7 and
ITp(a) —Tip(a)| < v for all a € H,
where 7 is the tracial state of M, there is a unitary u in M,, such that

[o(f) = Adutp(f) ] < € for all feF.

We shall now consider what is meant by the symbol [ L] |p for finite P ¢ K (A) and
L: A - B a é-G-multiplicative map. We refer to Lin’s paper [32] for the definition.
Denote by P(A) the set of projections in M, (A") UUps1 Moo ((A® C,)") where A
is the smallest unital algebra containing A. For simplicity also use L to mean the
maps L®idy,ec,, for all m, k. Then for a given p e P(A) it will be the case that L(p)
is close to a projection within 3 for suitable § and G, this shall be denoted by [L(p)]
with the understanding that if two such projections are within % of L(p) then they are
equivalent. This allows us to consider the corresponding map [L]: K(A) - K(B),
however we need to be careful to check where this is well defined. We can find a
finite set Q;g ¢ P(A) such that [L](z) is well defined for all x € Qs¢, which is the
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image of Qs ¢ in K(A). Here well defined means that for p;, ps € Qsg with [p1] = [p2]
then [L(p1)] = [L(p2)], and that for p;,pe,p1 & p2 € Qsg we have [L(p @ p2)] =
[L(p1)]+[L(p2)]. We use [L]|p to denote the usual notion of restricting the map on
total K-theory to a subset P c K (A), though this is only well defined when P c Qs ¢.
It is this context being used in Lin’s theorem [3.1.4]

As noted, for a contractible C*-algebra A we will have that K(A) =0 and it is
not too hard to see that for the unitisation A* we will have that K(A") 2 K(C).
So that for a d-G-multiplicative map L : A® - B its image in terms of the total K-
theory would depend only on the image of the unit (0,1) in A* under L. Thus for
any two unital 6-G-multiplicative maps L, Ly : A* = B we will have [L1]|p = [L2] |p
whenever this is well defined. For our purposes we are going to be applying Lin’s
theorem to the cone algebra C'((0,1] x X)) for compact Hausdorff metrizable X.
More correctly, since Lin’s theorem [3.1.4] only applies to maps to compact spaces,
we will be working with the unitisation C'((0,1] x X)* since this corresponds to the
continuous functions on the one-point compactification of (0,1] x X. Then since the
cone C'((0,1] x X) is a contractible C*-algebra we know that [¢]|p = [¢]|p for any
two unital 0-G-multiplicative maps ¢, ¢ : C((0,1]x X)* - B. The consequence of this
being that we can ignore the total K-theory conditions of Lin’s theorem [3.1.4] since
the maps will always agree on the total K-theory in our particular context.

Ignoring the total K-theory condition Lin’s theorem then boils down to two
major hypotheses, the tracial condition between the two maps, and a condition on
the measures generated by the maps. What follows is a series of lemmas that shall
allow us to satisfy these conditions and use Lin’s theorem to create a cpc order
0 lift of a cpc order 0 map. In order to actually do this, rather than being concerned
with looking at two given maps, the goal will be to construct a *-homomorphism
that by Lin’s theorem will be close to a map we care about, and then by the
correspondence of maps on the cone this will give us a cpc order 0 map that is a lift of
what we started with. Note in particular lemma [3.1.6|shows that it is always possible
to construct a *-homomorphism that will be tracially close to any map in the desired
sense so that the main difficulty of applying Lin’s theorem is showing when the
measure condition is satisfied.

For all of the following results we denote by 7 the tracial state on M, for all
n e N.

Lemma 3.1.5. Let w=Y7" %595 be a convex combination of point mass measures

on a compact space X for a given n € N. Then there exists a *-homomorphism
¢ : C(X) - M, such that 7¢(f) = [y f(z)dw(z) for all feC(X).

Proof: Let e, : C(X) — C be the *-homomorphism that is evaluation at the
point x € X. Since w is a convex combination of point mass measures we set a x*-
homomorphism ¢ to be the diagonal matrix in M, comprised of e, , appearing ks
times for all s.



3. GENERALISED TOEPLITZ ALGEBRAS 20

Lemma 3.1.6. Let X be a compact metric space. Given finite H c C(X),,. and
~v > 0, then there exists an N € N such that for all n > N we have that for all cpc
maps ¢ : C(X) - M, there exists a *-homomorphism ¢ : C'(X) — M,, such that

ITp(a) = T1p(a)| < v for all a € H.

Proof: For each a € H we we may find a J-net {Al,... A5} of the interval

[~|la,|al]. We then consider the finite collection of tuples M = (A )sep that de-
scribes all possible combinations of these \i. Then for any n € N and any cpc map
¢ : C(X) - M, there exists a j such that ¢ is close to A/ in the sense that 7¢(a) »y ¥
for all a € H. It may be the case that some A will not have a c¢pc map close to it
in this sense. We shall denote by I the index set of those j for which A\? does have a
cpc map close to it. For each j € I we arbitrarily pick a cpc map ¢; : C(X) - M,
which is close to A in this sense. Using the weak density of the convex hull of point
mass measures in the space of regular Borel measures we may find, for each j € I, a
measure w} = 5% 5,6, such that

[ a@)dprg, (2) =5 [ a(w)des (@)

for all a € H. Let J = maxjes {S;} and H = max,ey [|a], and set N to be the smallest

natural number for which % < 175 Then we claim that for all n > N and for all j € I

. . . S
we may find a convex combination of point mass measures wg;,) = >’ ks §s,. such

s=1 n
that
fXa(x)dw(jm)(x) m%v/);a(x)dwj'-(x)

for all a € H. To see why this is true fix n> N and j € I and consider se {1,...,5;}.
Let g, be the largest natural number so that % < oy, hence ¢, + 1 is the smallest

natural number such that % > 0,. Note that o, is necessarily within ﬁ of both
& and ©*. If we do this for all s € {1,...,5;} then we will have natural numbers

such that ij

ks = qs or kg = gs + 1 such that Zfil ks =n so that w(;n) = Zfﬁl %5% will be a convex
combination of point mass measures. By construction either choice for kg for each
s will satisfy k—ns N1 O SO that w; ) satisfies the required integral condition. Let
Yiny + C(X) = M, be the *-homomorphism that corresponds to w;,) as according
to lemma Thus for all n > N and all cpc maps ¢ : C(X) - M, we can find
a j € I such that ¢ is within 7 of A and so that ;) is a *-homomorphism that

4
satisfies

1qs < n and ijl(qS +1) > n. For each s we are able to choose either

Tgp(a) Ry T@D(j,n)(a) for all a € H

as required. |
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Remark 3.1.7. In the above proof, that we are dealing with cpc maps ¢ : C(X) -
M, has very little impact. Particularly we are more concerned with the state 7¢
we obtain by composing with the tracial state 7 of M,, than the map ¢ itself. Thus
lemma can be made more general by replacing cpc maps ¢ : C(X) - M,, with
states s: C(X) — C. In particular the statement can be changed to read:

Given finite H ¢ C(X)s.q and v > 0, then there exists an N € N such that for
all n > N we have that for all states s : C(X) — C there exists a *-homomorphism
Y :C(X) > M, such that

|s(a) = T(a)| <~y for all a € H.
The proof would follow the same lines, replacing instances of 7y with s.

The proof of our main theorem relies heavily on ucp maps into the product of
matrix algebras as in the following lemma. This lemma then gives us a condition for
which the measure hypothesis of Lin’s theorem is satisfied in this particular context.

Lemma 3.1.8. Let X be a compact metrizable space and ¢ : C(X) - [Iy My, a ucp
map. If for all positive f € C(X) we have liminf,_ . 7¢,(f) > 0 then for all n > 0
there exists an N € N and o > 0 such that for all n > N we have

for all open balls B of radius at least 7.

Proof: By compactness we may find a finite number of points x; such that
the balls B(x;,3) of radius 7 cover X. Then for each ball B of radius at least 7
there must be an i such that B(x;,7) ¢ B. For each i we may find a positive func-

tion h; which is 1 on the ball B(z;, 2 - 51w ) and 0 outside the ball B(xz;, 2). Let

o' = min; liminf,,_ 7¢,(h;) > 0 and set o = % so that there exists an N € N such

that for all n > N we have inf,,5, 7¢,,(h;) > 0. Then for any ball B of radius at least
n let i be such that B(z;,7) c B then certainly fir¢,(B) > 7¢,(h;) for all n, hence
inf >N firg, (B) > 0 as required. i

Remark 3.1.9. Similar to lemma[3.1.6/the above proof does not rely on the structure
of the ucp map ¢ : C(X) — [Iy My, outside of the fact we can compose the component
maps with the respective tracial states 7 for each Mj,_ . If we start with a sequence
of states (s,)y on C'(X) we can change the statement of lemma to read:

If for all positive f e C(X) we have liminf,,_ . s,(f) >0 then for all n >0 there
exists an N € N and o >0 such that for all n > N we have

ws, (B) >0

for all open balls B of radius at least 1. Again the proof is the same, requiring the
replacement of instances of 7¢,, with s,.
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With these two lemmas we are then able to use Lin’s theorem to get the
following result that we will use in the proof of theorem [3.2.1]

Theorem 3.1.10. Let Y be a locally compact Hausdorff second countable con-
tractible space and ¢ : Co(Y) = [Iy Mg, a cpe lift of a *-homomorphism Cy(Y) —
QNN—%Z:. If for all positive f € Cy(Y) we have that liminf, .., 7¢,(f) > 0 then there
exists a *-homomorphism ¢ : Co(Y) - [Ty My, such that q¢é = qu.

Proof:  Let X be the one point compactification of Y so that C'(X) is isomorphic
to the unitisation of C'(Y'), and let ® be the ucp map obtained from ¢. Since YV
is locally compact, Hausdorff, and second countable it is metrizable by Urysohn’s
metrization theorem, so C'(Y) is separable.

Let %, be the first n elements of a countable dense sequence of C(Y') and set
€= %, which gives us an 7, > 0 from Lin’s theorem We obtain an N/ € N and
o, >0 from lemma such that for all m > N} we have pi_5 (O) > 0, for all open
balls O of radius at most 7,. Then Lin’s theorem [3.1.4] gives us v, >0, 4, > 0, a
finite set G,, c C'(X) and a finite subset H,, ¢ C(X)s,. By lemma there is an
N’ € N such that for all m > N/ there exists a *-homomorphism v, : C(X) - M,
such that 7¢,, (a) ~., 70, (a) for all a € H,,.

Since ¢ is a lift of a *-homomorphism there exists an N/” € N such that for
all m > N} we have that ¢,, is d,-G,-multiplicative, and thus so is ém Set N,, =
max { N/, N/, N/} and for all N,, <m < N1 set ¥,,, = {b where {pm is as defined
above.

Then by Lin’s theorem [3.1.4] for all N,, < m < N, there exists a unitary
Up, € My, such that ¢, (f) ~1 ad(uy)V,, for all f € .%,. Then certainly ¢, (f) ~1
ad(up, )V, ty for all f e ﬁ’n c Y. By increasing n we may then define a ‘-
homomorphism ® : C(Y') - [Iy My, by setting its component maps ®,, = ad(u,,)V,, Iy-
® is the map required. i

m

For the proof of our main theorem in this section, we want to apply theorem
to Y 2 (0,1] x X for X a compact metrizable space. Given the correspondence
between cpc order 0 maps on A and *-homomorphisms on the cone C'((0,1], A) this
theorem can be seen to be a way to obtain cpc order 0 lifts of a cpc order 0 map
in this particular context. We now move onto some results surrounding the liminf
hypothesis of theorem

For an extension ¢ : C(X) — B(H) we are concerned with finding an idempotent
quasicentral approximate unit for £ in 7,. This is an approximate unit (h, )y for £
such that hy.1h, = h, for all n € N, which is the idempotent condition, and ||h,¢(f) -
d(f)hn| = 0 for all f e C(X), which is the quasicentral condition. It is known, due
to Arveson [3, Thm. 1], that a quasicentral approximate unit always exists for any
ideal I in a C*-algebra A. Moreover for any approximate unit for / in A there exists
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a quasicentral approximate unit in its convex hull. For the compact operators I the
idempotent condition is equivalent to saying that h,.q is just the identity matrix for
the part that covers h,. Then we know that an idempotent quasicentral approximate
unit for K in 7, will always exist. Note also that for such an approximate unit we
will have that (hns1 —fn)2 B(H) (Aps1 —he)2 = M, for some k, € N. We shall use 7 to
refer to the tracial state on (Aps1 —hn)2 B(H)(hnst — ha)? under this correspondence.

For the following we denote by ¢ € C((0,1]) the canonical inclusion id( ). Thus
elements of the form (*® f for a € N and f € C(X) represent the elementary tensors
of C((0,1]) ® C(X) 2 C((0,1] x X).

Lemma 3.1.11. Let X be a compact metric space and let y be a probability mea-
sure on (0,1] x X. Then there exists a trivial extension ¢ : C(X) - B(H) and an
idempotent quasicentral approximate unit (A, )y such that the cpc maps

¢n : C((O, 1] X X) — (hn+1 — hn)%B(H)(hnH _hn)%

defined by
¢n(5a ® f) = (hn+1 - hn)§¢(f)(hn+1 - hn)5
satisfy iminf,, .. 70, (f) > %f(O,l]xX f(x)du(x) for all positive f e C((0,1] x X).

Proof:  Let.%, be the set of the first n elements of a dense sequence in C'((0,1]xX).
We may find a convex combination of point mass measures w/, = Y5 AsO(p,,z,) Such

that
oo T (2) » Jo o F@()

for all f €.Z,. Let H =maxyez, |f] and so for all m € N such that L < — we may
find a convex combination of point mass measures wy, ,, = >3 Es §(pe 2y such that

s=1 m
[ @ @) [ f@)de (@)
(0,1]xX = J(0,1]xX

for all f e #,. Let {y1,...,u} be a finite set of elements which cover X within
7 and let {y;},.; be the subset of this containing those points for which none

2n

. Ci1 e 2n

of the z, represented in w/, are within 5. c {—’“ } be the
n 2n ) r=1

1<j<J
1

set of points that are not within 5- of any of the points p, represented in wj,. Let

K =max{/,J} and consider the set of pairs {(qk,,y1,)} 1< Where we set gy, = qi,
for J<i<Iif J<Tory, =y, for I <i<Jif [ <J. Then for 1 <7< K we pick a
point (ps,,x;,) represented in w!,. Let m, be the smallest natural number such that
ﬁ, m} and m,, > m,_;. We may then define a new measure which is a
convex combination of point mass measures by

Similarly let {qkj }

L < min
Mp,

51

_ _ /
Wn = (5(Qk7 7yli) 5(psi »Ts; ) ) + wn,mn .
i=1 Mn
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Consider the set of pairs {(qr,, y1,) }1cici Y {(Ps Ts) }1cscq that are represented in this
measure w, then relabel them and place them into a multiset {(ps,,7s,)}c,, SUch
that p,, > ps,,, for all ¢, where a pair (p,, ) is represented in this multiset g, times
where ;- is the coefficient of §(,, .,y in w,. We then rewrite w, according to this
multiset, so we write w,, = > ;"1 ancS(pS“mSt). This measure w,, satisfies

f(o,l]xxf ()den(@) s [ f(@)du(x)

(0,1]xX

for all f € .7,

If we isolate the points coming from X to obtain Q, = ¥/ - w0z, We may use
lemma to obtain a *-homomorphism &,, : C(X) - M,,, corresponding to €2,,.
Then for each f e C'(X) we may define a block diagonal matrix in B(H) by setting
the first block to be the matrix to be ¢ (f), the second block to be ¢o( f) and so on for
increasing n. We may then define a *-homomorphism ¢ : C(X) - B(H) by setting
each image ¢(f) to be this block diagonal matrix. Note that due to our inclusion of
the covering points for X the map ¢ will be a *-monomorphism, and thus is a trivial
extension.

To define the appropriate approximate unit we set h,, to be the diagonal matrix
whose first Z?;ll m,; entries are 1, the next m,, entries are the p,, that are represented
in w, in the decreasing order we have given them, and all subsequent entries are 0.
By our construction this is a rough approximation of the diagonal matrix with entries
{1,...,1,22L . L 0...}. Thus it can be seen that our h, define an idempotent
quasicentral approx1mate unit as required.

Set ¢ = (hpy1— hn)%gzﬁ(-)(hml - hn)% and note that by construction we have that

Mn 1 n mn Mn+1 1 n n
Ton(f) = ——— > — F(((1-p§?), 2 N ) FO@E, 2 y)
My, + My t=1 my My + Mpiq t=1 Mp+1

for all feC((0,1] x X). If we assume that f is positive we will have

my, 1

Z—f(((l MY, 2M)) > 0

My + Myt t= 1

and since by construction we have m,,; > m, we have #ﬂ;ﬂ % Thus for positive
f we have

"t 1 (n+1) _ (n+1)

Tou(f) 2 5 Z —f((ps, sz, 7))
t=1 Mn+1
1
=Z dw,, ().
5 Jopex f(z)dw, ()

Since the w, have been defined to approximate the measure p we can see that

lim inf 76, (f) > E f(x)du(z)
n—oc0 2 J(0,1]xXx
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for all positive f e C((0,1] x X) as required. i

Note that if we let u be a probability measure on (0,1] x X with full support
then this will give us a trivial extension ¢ and idempotent quasicentral approximate
unit (h, )y such that liminf, . 7¢(f) > 0 for all positive f € C'((0,1] x X), since if
the measure has full support then p(Q) >0 for all open balls O c (0,1] x X meaning
that [ 13,x f(2)dp(x) > 0 for all positive f e C((0,1] x X).

Corollary 3.1.12. Let X be a compact metric space, and ¢ : C(X) - B(H) an
extension. Then there exists a trivial extension @ and an idempotent quasicentral
approximate unit (H,)y for K in 7.4 such that the maps

(W +0)n:C((0,1] x X) - (Hpsr - Hp)2 B(H ® 1) (Hpsy - H,)?
defined by
(0 +O)n(t* ®g) = (Hnar = Hp) % (¥ + 9)(9) (Hpir = Hy)?
satisfy liminf,,_.. 7(¢ + @), (f) > 0 for all positive f e C((0,1] x X).

Proof: Let (h],)y be an idempotent quasicentral approximate unit for K in Ty
and for n e N let

Gt C((0,1] % X) = (hfyyy = h3) 2 B(H) (i = )2

n+1

be the cpc maps defined by

Ou (18 ® f) = (W = ) 20(f) My = )2

Let u be a probability measure on (0,1] x X that has full support and let i) be the
trivial extension, (h, )y the idempotent quasicentral approximate unit, and

S]]

Py C((O, 1] X X) — (hn+1 — hn)%B(fH)(hn+1 _ hn)%

the cpc maps obtained from lemma [3.1.1T] We then define an idempotent quasi-
central approximate unit (H, )y for K in Ty, by setting H,, = h, ® e11 + h!, ® ea
where ej; and egs are the standard main diagonal basis vectors in M,. Recall that
we define (¢ + ¢)(g) = ¥(g) ® e11 + ¢(g) ® eay for g € C(X). We can see that
(Y + 0)n(f) = 370a(f) + 370n(f) for all f € C(0,1] x X), and since the maps
¢n, are all completely positive we have 7¢,(f) > 0 for all positive f we have that
liminf, e 7(¢ + @), (f) > 3 liminf,_ 74, (f) > 0 for all positive f e C((0,1] x X). 11
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What we wish to do now is to delve a little deeper into the nuclear dimension of
C'(X) for compact metrizable Hausdorff X and in particular we shall need to define
a particular net of approximations for the nuclear dimension that we will be making
use of for the main theorem. To begin with, we will need the following lemma which
will help us to define the net of approximations we desire.

Lemma 3.1.13. Let X be a compact metrizable space. For € > 0 there exists a finite
cover of X by Borel sets {X;} that are pairwise disjoint with the diameter of each
being at most € and each has a non-empty interior.

This lemma is a paraphrasing of a statement made in the proof of [51, Lemma
2.4].

Let us discuss how this will relate to the nuclear dimension for C'(X) for com-
pact metrizable X. Recall that we are able to find a system of n -decomposable cp
approximations (F), ¥y, px)a for C(X) by taking partitions of unity subordinate to
good n-decomposable finite open covers of X where n = dim X, see remark In
particular recall that a family of subsets (Uy)a of X is n-decomposable, [30, Def 1.4,
if there exists a decomposition A = [ [i_;A; such that for all i = 0,...,n and A\, N € A;
we have Uy n Uy = @. Recall also that by [30, Prop. 1.6] we have dimX = n if
and only if n is the least integer for which every finite open cover of X has an n-
decomposable refinement. Given any n-decomposable finite open cover (Uy,;)ocksn, jes
of X, where we have Uy ; n Uy ;s = @ for all k and all j,j’" € Ji, we may define an n-
decomposable ¢p map ¢ : ®F_oCVxl - C(X). If (hij)oskenjes, 1 a partition of
unity subordinate to this open cover we may define cpc maps ¢(¥) : CVil - C'(X) by
0" ((a5)jes,) = Tjes, @i These maps can all be seen to be order 0 since for each
k the hy; correspond to pairwise disjoint subsets, and so their sum ¢ = ¥} o*) is
n-decomposable. For a collection {z,;} e, ;o5 Of points of X such that zy; € Uy
we may define a cpe map : C(X) — @ C4l by $(f) = (F(71))ozken s

This is possible for any given n-decomposable finite open cover of X, but we need
some requirements of the component subsets Uy, ; to ensure that (@}_, Cl’+l 1), ¢) is an
n-decomposable cp approximation for a given finite % c C'(X) within a given ¢ > 0.
The condition we require is that for all k and j € J, we have |f(z) - f(y)| < % for all
x,y € Uy; and all f e.%#. This is possible by first taking a finite cover of X by open
balls (Bj)gz1 satisfying this condition, then taking an n-decomposable refinement of
this cover that we know exists by [30, Prop. 1.6]. Though this need not be the
only such n-decomposable finite open cover that would define an approximation for
Z within e. In particular if we set 7 = max;(diam(B;)) then by uniform continuity
we know that all subsets U ¢ X such that diam(U) < n will satisfy |f(z) — f(y)| <
% for all z,y € U and for all f € #. Thus for any n-decomposable finite open
cover (Uy.;)osksnjes, of X such that maxy ;j(diam(Uy;)) < n we may define an n-
decomposable cp approximation (F,1),¢) for .% within e through partitions of unity.
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Corollary 3.1.14. Let X be a compact metrizable space and let n = dimy,.C'(X).
Then there exists a sequence of n-decomposable c¢p approximations (F, s, ps)sen for
C(X) such that the 0*" map ©(® : C*(0) - C'(X) such that for each s the collection
(gogo)(ei)‘l((),oo))lgigxs(o) exists as the interiors of a collection of pairwise disjoint

Borel sets (Y;S)m‘ga;s(o) such that Uf:(f) Y;? = X. Moreover these can be chosen so that

MAaX1 <<z, (0) diam (0% (e;)1(0,00)) N 0 as s increases.

Proof: As X is metrizable C(X) is separable, so let .%, be the first s elements

1 ;
of a dense sequence for C'(X) and set € = ;. Take a finite open cover (Vjs)m'grs

X such that |f(x) - f(y)| < & for z,y € V¥ for all fe.Z, and je{1,...,7,}, and let

] : s — . S
(Vk’j)ogkm’je% be an n-decomposable open refinement of this cover. Set Vi’ = Ujess Vi,

and set Y* = X\Vy. Let d, = maxjey diam(Vy,). By lemma [3.1.13| we may find a
finite cover of Y'* by pairwise disjoint Borel sets {Y;"},_,_ ~with the diameter of each
being at most d, and each having nonempty interior. Let If = Int (Y;*) be this interior
for each ¢, and define a collection of sets

S _ S S
(UOJ)nggn,jeJo B (‘/OJ)OSkSn,jeJ,’C u (/] )1sisgs :

By construction this will be a collection of pairwise disjoint open sets, and that for
all 1 <i < g, we will have |f(2) - f(y)| < % for all f e Z,. If we then set U; . = V7. for

1<k <nand jeJ, then we have an n-decomposable cover (U,j].)()<k<n i of X and
’ SREN, k

this cover will allow us to define an n-decomposable c¢p approximation (Fj, s, ¢s)
for .%#, within % by taking a partition of unity subordinate to this cover. Since the
diameters of the sets contained in this collection are bounded above by all ¢ for which
d(z,y) < o implies |f(z) - f(y)| < & for all f € .%, we necessarily have that the diam-
eters of all the sets in the diameter must decrease to 0 as s increases. In particular
MaX <<z, (0) diam(gogo)(ei)‘l(o, 00)) N 0 as required. i

3.2 The Main Theorem

We now have all the pieces required to prove our main theorem.

Theorem 3.2.1. Let X be a compact metric space and ¢ : C(X) - B(H) an exten-
sion. Then dimy, 7y = dimp,.C'(X).

Proof:  Let ¢ be the trivial extension and H = (H,,)y the idempotent quasicentral
approximate unit for K in 7.4 obtained from corollary 3.1.12L Define H = (H,41) to
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be the same approximate unit as H but with the index shifted by 1. Set ® := ¢ + ¢
and note that 73 = 7T since 1 is a trivial extension. Define

An = HnBHna Bn = (Hn+1 - Hn)7:I>(Hn+1 - Hn)a Cn = (1 - Hn+1)771>(1 - Hn+1)
and define the corresponding maps
a(r) = (HémHé)N
B(f) = (Hpir = Ho)2®(f) (Hyar = Hy)? )
V() = (1= Hypar)2®(f)(1 = Ho) )i

for x € T3 and f € C(X). We consider the following diagram which is a generalisation
of the motivating diagram in the proof of the Toeplitz case by Brake and Winter [10].

The dotted arrows in this diagram represent arrows that will be used to create an
approximate path through this diagram, and in particular the maps will be coming
from a d-decomposable cp approximation (Fy, Y, ¢r) of C(X) where dim,,.C(X) =
d. The maps § and p; will be defined later in this proof. Here 7 is the quotient
map from the short exact sequence defining the extension, ¢ is the inclusion map

To — gz%, t1 is the inclusion map [[y A, = [Iy 7o and ¢4 the inclusion map [[y C,, -

[Iy 7o. The maps 5 and ¢3 are the inclusion maps from InBr apd duln respectively

N ZN Bn ZN Cn

. nTa : : [y7e [yBn

1;{1t(; ﬁ The ¢,qp, and g are the natural quotient maps into ZiTi’ Z§3n7 and
N Cn

Son respectively. Importantly from the definitions we have

1(x) = quua(x) + 1agpfBr(x) + t3qeym(x)
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for all € T3. Our first goal is to define c¢pc order 0 maps § and p;, that will allow us
to approximate ¢ using this identity.

Note that in particular ggf is a c¢pc order 0 map so let w: C((0,1] x X) —» HN—B”
be the corresponding *-homomorphism that satisfies w(: ® g) = ggf(g). We then set
Q:C((0,1] x X) = [Iy Bn to be the cpc lift of w defined by Q,(t*® g) = (Hpi1 -
H,)2®(g)(Hpe1 - H,)?, which can be seen to satisfy liminf,,_. 7Q,(f) > 0 for all
positive f € C((0,1] x X) since this is the map described in corollary [3.1.12] Thus by
theorem there exists a *-homomorphism 3 : C'((0,1] x X') - [y B, such that
qBf = qsf) = w, and so the corresponding cpc order 0 map §: C(X) — [y B, defined
by 8(g) = B(+ ® g) satisfies gpf = qpf3.

Let d = dim,,.C'(X) and let (Fy, 1, ¢x) be a d-decomposable cp approximation
for #, ¢ C(X), the first k elements of a dense sequence for C'((X), within  as
obtained in the proof of lemma That is this is an approximation defined by a

partition of unity subordinate to an open cover (Ulkj)0<l<dj J that is n-decomposable

and such that the (U(’fj)je are the interiors of pairwise disjoint Borel sets (Yk)JeJ
’ Jo 0

such that Uje , Y;k = X and such that maxje s, diam (Y]"“) N 0 as k increases. Denote
F,=C*® g...@C* and for each 0 <[ < d and for each j € J; let xfj € Ul’fj such that
Ue(f) = (f(@;))osicd jes, for f € C(X). Let xy+ be the characteristic function on the

Borel set Y;k and so define a cpc order 0 map py, : C*(0) - B, by

z(0)

pk,n((aj)jeJo) = Bn( ; anij)

We have implicitly extended Bn here to the bounded Borel functions. This can be
done by considering the corresponding *-homomorphism S : C'((0,1] x X) - Iy Bx
and extending this to a *-homomorphism on the enveloping von Neumann algebra
[22, 12.5.11]. The enveloping von Neumann algebra for any C'(X) is the bounded
Borel functions on X. Then for all f € C(X) we have the following

lokn ™ (F) = Bu( )]
() _
= B2 fl@oixg,) = Bulh)]

k—>_oo>
This is relying on the fact that the Yolfj cover X and that they are specifically con-
structed so that |g(z) - g(y)| < 32 for z,y € Y} for all g e F; and for all j. With this
construction one can see that Z f(xOJ)XYk — f as k increases for all f e C'(X)
which gives us our limit above. Note in partlcular that the convergence here does not



3. GENERALISED TOEPLITZ ALGEBRAS 30

rely on n at all. This allows us to define py : C*() — [Ty B, by pr(a) = (pen(a))nen
so that pkzﬂ,(co) converges to  pointwise and so that the following is true

|e(x) = (qua(r) + L2CJBPk¢;iO)7T(I) + 13qcy Rt ()| Lty (3.2.1)

for all x € Ts.

Our next step is to show that toqppr + qu(;w( ) is an order 0 map, though
given that each piece of the sum is an order 0 map we only need to show taqppr(e;) -
qucwk )(es) = 0 for i # i’ where ¢; is the i*" canonical generator of C*(®). We pick
a sequence of functions (d,,)y that are 1 on Uj; and such that d,, - ho; uniformly
converges to 0. In particular we note that xr, < d, for all m and so pr(e;) < B(dm)
Further we can say qgpi(e;) < qzB(dn) = qzB(d,,) for all m so that

HL2C]BIOI<:(61) L3C_IC790 (ez)H

< 12a88(dm) - 130076 ()|

= |(H = H)2(:®(dy))(H - H)% - (1= H)2:®(ho ) (1 - H)3 |
= (1= H)(H - H)®(dy,) - D (ho )|

< [®(dy - o)

m—00
_—

The equality in the second last line is coming from the fact that H and H are qua-
sicentral approximate units for K in 73 and thus will commute with the image of ®
into the quotient algebra like this. Thus indeed t2qppy + qucvgp,(co) is a cpc order 0
map.

We define a cpc order 0 lift gb(o) C=(0) - [y To of LQqukJrqucfygo(

) and cpc order

0 lifts g”o( D @) > Iy Cy of qcmp( D respectively for 1 <i < d, this is doable since, as
noted in [30, Remark 2.4, a cpc order 0 map F - 4 from finite dimensional algebra
F' is always able to be lifted to a cpc order 0 map F — A, due to the correspondence
described by proposition 2.1.3]and the fact that cones over finite dimensional algebras
are projective, [34, Thm 10.1.11], [34, Thm. 10.2.1]. Putting this into the context of
[3.2.1l we see that we have

lim [o(x) - q(na(e) + § v (2) + Z(a DN ()| =

for all € T3 which when we expand the quotient norm as a limit we see that for all

z€Te
hm hm [z - ta(x) +g0(0) (0)71'(:15) Z(L )@Z)kl Yyr(z)|| =
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We may then use the separability of 7¢ alongside a diagonal argument to find for
every k an index ny, such that

d
. ~(0 0 ~ (7 0
Bim [l = 03, 00, (2) + G0, 07 (@) + 2 (4 o, )T ()]| = 0.
i=1

It is important to note that the cpc map t1,, ® tan, gb,(:r)% 1 A, @ C*(M) - Tg is in fact
order 0 since the constituent parts are and their images A,,, C,, are orthogonal. We
now define, for each k,

FliO) - (Cac(O)’
Y= a,, e,
=C*® for 2<i<d,

(%)
Fk’:®ij y

=0
1l)k3=¢k7T+Oé:7:1>—>Fk,

. (0 d
SOIE:):ZSOk,nk:Fk _>7:I>7

, i (1)
90](61) = Ll,nk @ L47nkgpl(€}7)l,k : Fk - 771)’
gpl(:) - Cpl(:) . F,(;) - T for 2<i <d,

on =PV P~ Ta.

-

S
Il
o

It can then be seen that (Fk,¢k,¢k)N is a sequence of d-decomposable cpc ap-
proximations for Tp, so that dimp, 7o = dimp,.C(X). Since T = T, we have that
dimye 75 = dimy,.C(X). |



Chapter 4

Relative Nuclear Dimension

In this section we present our definition for relative nuclear dimension of C'*-algebras.
This is a relatively mild modification of the nuclear dimension introduced with the in-
tention of allowing all nuclear C'*-algebras a notion of finite nuclear dimension relative
to some interesting algebra. We start by presenting the definition and notable equiv-
alences, and then prove various properties of relative nuclear dimension. Particularly
we focus on the case of relative nuclear dimension being 0.

4.1 The Definition

To be able to define the relative nuclear dimension of a C'*-algebra we shall first need
to more concretely define the notion of an approximately order 0 map.

Definition 4.1.1. Let A, B be C*- algebras, K c A a compact set of contractions,
n>0and ¢ : A - B a cpc map. We say that ¢ is approximately order 0 on K
within 7, written n-K-order 0, if for a,b € K such that |ab| < § with orthogonal

elements a’,b’ € A within 2 of a,b respectively we have [¢(a’)¢(b')| < n and thus

[¢(a)p ()] <n +9. i

And so we present our definition for relative nuclear dimension.

Definition 4.1.2. Let A, B be two C*-algebras. We say A has nuclear dimension
relative to B at most n, written ndg A < n, if for every finite set .% c A and ¢ > 0 there
exists a triple (F ® B,1,~p) with F finite dimensional, ¢ : A - F'® B completely
positive contractive, and ~p a nonempty set of completely positive maps p: F®B — A
such that

(i) For all ¢ € ~p we have |pip(a) —a| < for all a e Z.

(ii) F decomposes into n+1 ideals F' = FO @--.@ F(") such that for any i =0,...,n,
for any compact set K; ¢ () ® B of contractions and 7; > 0 there is a ¢ € ~p
such that the restrictions @ : F() ® B - A are n;-K-order 0.

32
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Remark 4.1.3. This definition can be presented in a manner closer to that of the
definition of nuclear dimension. That is ndg A < n if there exists a net (FA\®B, ¥z, px)a
with each F) finite dimensional, ¢, : A > F\ ® B cpc, and ~p, a nonempty set of cp
maps ¢, : F\ ® B - A such that ¢ ¥,(a) — a uniformly on finite sets of A. This
latter point must be true regardless of choice of ) at each step, and the net must
satisfy condition (ii) of the above definition for all A.

It is then reasonable to say ndgA = n if n is the least such number satisfying
the above definition, and the relative dimension shall be infinite if no such n exists.
We shall refer to a triple (F' ® B,v,~p) as a relatively n-decomposable c¢p approx-
imation and a net (F) ® B,y ~p))a as a system of relatively n-decomposable c¢p
approximations.

Note that if ¢ : B - Ais a cpc order 0 map then certainly it is - K-order 0 for any
n and any compact K c B. Thus if one is able to find a system (F\ ® B, 1y, ~px)a for
A such that for each \, ~p, contains a map that is n-decomposable in the traditional
sense then certainly ndgA < n. Trivially this shows that ndcA < dimg, A for any
C~-algebra A. Tt is in fact the case that nuclear dimension relative to C is equivalent
to nuclear dimension, as one might anticipate. The reverse direction that dim,. A <
ndcA is shown later using proposition but to be able to get to that point we
first need to be able to construct an order 0 map from an appropriate collection of
approximately order 0 maps.

Recall that for a C'x-algebra A we denote by A, its sequence algebra. Often this
will also be denoted by A, = v that is bounded sequences on A quotiented by

OnA?
those sequences on A that tend to 0.

Lemma 4.1.4. Let A, B be C*-algebras with B separable such that for every com-
pact set K c B of contractions and 1 > 0 there is a cpc n-K-order 0 map ¢ : B - A.
Then one may find a sequence (p,)y of these maps such that ¢(-) = (¢,())n defines
a cpc order O map ¢: B - A..

Proof: Assume that for every K c B compact and n > 0 there exists a cpc n-K-
order 0 map B - A. Let F,, be the first n elements of a dense sequence of B and let
v, : B—> A be a cpc %—Fn—order 0 map. This lets us define a cpc map ¢ : B - A,
by setting ¢(b) = (¢n(b))n. Pick € >0, and let a,b € B be orthogonal. We can find

an N’ e N such that there exists a’ € Fjys such that |a —a’| < 1777~ Then we may find

N" €N so that there is an element b’ € Fiy» such that [[b—V'| < z57. Then let N e N
be such that a/,b’ € Fy and % < 5 so that oy is 5-Fiy-order 0. Hence for all n > N

2
we have

[on(a)en ()] < ll@n(a)en(b) = enla)pn(b)] + [on(a’)n(b) = pn(a’)n(b)]

+ [ en(a)n ()]
<€



4. RELATIVE NUCLEAR DIMENSION 34

so that (¢, (a)e,(b))n tends to 0. That is p(a)p(b) = 0 and hence ¢ is a c¢pc order 0
map. |

Furthermore if B is nuclear then Choi-Effros [I7] quite easily allows us to show
the converse of this statement.

Lemma 4.1.5. Let A, B be C*-algebras with B nuclear and separable. If there is a
cpc order 0 map ¢ : B - A, then for any compact set K c B of contractions and n > 0
we may find a cpc n-K-order 0 map ¢ : B - A. Moreover we may take a sequence

(¢n)n of these maps such that (,(b))y = ¢(b) € Ao, for all be B.

Proof: Let ¢ : B > A be cpc order 0. By Choi-Effros [17] we may find a cpc
lift ®: B - [[yA of ¢. Let K c¢ B compact and 7 >0 be given. Let a,b e K be such
that |lab| < & and there are orthogonal ’,b" within & of a,b respectively. Since ¢ is
order 0 we have w(®(a")®(V')) = ¢(a’')p(b') = 0 where 7 : [[y A - As is the quotient
map. Thus ®,,(a)®,(b) is a sequence that tends to 0 and so there exists some N, € N
such that for all n > Ny, we have ||®,(a’)®,(b')| <n. Let N = max Ny, for all such
pairs in K, and set ¢ = ®y which is cpc n-K-order 0. By construction ® = (¢, )y is
a sequence such that (¢, (b))n = ¢(b) € Ao, for all be B. i

These lemmas give an equivalence between order 0 maps B - A, and collections of
approximately order 0 maps B — A, at least in the case B is nuclear and separable
which is not an unreasonable assumption to make given our context. For such B then
one can reformulate the definition of the relative dimension somewhat to be closer to
that of nuclear dimension by making use of n-decomposable maps, in the traditional
sense, that map into A..

Proposition 4.1.6. Let A, B be C'*-algebras with B nuclear and separable. Then
ndgA < n if and only if there exists a net (F)\® B, ¥y, px)a with F) finite dimensional
algebras, cpc maps ¥, : A - F)\ ® B and completely positive maps ¢, : F) ® B - A,
such that

(i) wata(a) = t(a) in norm for all a € A, where ¢ : A - A, is the natural inclusion.

(ii) For each A\, F)\ decomposes into n + 1 ideals F) = F/\(O) O D F/E") such that for
each ¢ the restriction gp(;) : F)EZ) ® B - A, of ¢, is a cpc order 0 map.
Proof:  Assume ndgA <n, let # c A finite and € > 0 be given. Let (F ® B,v, ~p)
be a relatively n-decomposable cp approximation for .%# within e. For each ¢ =0,...,n
let £ be the first m elements of a dense sequence of F() ® B and so pick ¢,, € ~p

such that each restriction gog,? is %—F,Sf)—order 0. For each i we may then define a cpc

order 0 map ¢@ : F® @ B - Ay, by ¢O(f) = (o2 (f))x by lemma and note
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that by construction ¢ := Y1, ¢ will satisfy ¢(f) = (@m(f))y for all f € F ® B.
Since for each ¢ € ~¢ we have | (a) —a| < for all a € F this necessitates that we
have ||¢pu(a) - t(a)| <€ for all a € Z.

Conversely let .# and € > 0 be given and let (F ® B,v,¢) be such that F' is
finite dimensional, ¥ : A - F® B cpc and ¢ : FF® B - A, n-decomposable with
lp(a) = v(a)| < § for all a € F. For each i = 0,...,n we lift the cpc order 0 map
¢ :FO® B A, toacpcmap 0 : FO® B > [[yA. Set ®:= Y7 ® and note
that this lifts ¢, so that if 7 : [[y A - A is the quotient map we have that 7® = ¢.
Thus |7®1P(a) - i(a)| < § for all a € F and so we may find some N € N such that for
all m > N we have |®,,1(a) - a| <e. Then for all K; c F®) @ B compact and 7; > 0
we may find, as in lemma h an M > N such that the restrictions @5\? are each
n;-K;-order 0. If we set ~ @5 to be the set of those maps ®,, for all m > N we see

that (F'® B,1,~ ®y) is a relatively n-decomposable cp approximation for .% within
E. |

While we won’t be making explicit use of this reformulated definition, the two
lemmas that precede it will be very important.

To be able to justify why it should be the case that dim,,.A < ndcA comes down
to being able to define an order 0 map ¢ : ' - A, where F' is finite dimensional,
given a colection of approximately order 0 maps F' — A. If one is able to make that
statement then it is not difficult to see that we could make a similar statement that
dimpu,.A < ndgA for any finite dimensional G since we are still factoring through a
finite dimensional algebras F'® GG. In fact then one could generalise this idea further
to consider ndg A where B has finite nuclear dimension since then if we factor through
F'® B and B is able to factor through finite dimensional G then A can be factored
through F'® GG. All of these cases rely on being able to obtain order 0 maps into A
from approximately order 0 maps. This is able to be answered by the stability of
order 0 maps on finite dimensional algebras. It is known, by [34, Thm 10.1.11] and
[34, Thm. 10.2.1], that cones on finite dimensional algebras are projective, that is any
+-homomorphism C((0,1], F) - 4 is liftable to a *-homomorphism C((0,1], F) - A
for finite dimensional F' and J < A an ideal. Combining this with the fact we have a
one-to-one correspondence between cpc order 0 maps B - C' and *-homomorphisms
C((0,1],B) = C by , easily shows us that any cpc order 0 map I’ — § is liftable
to a cpc order 0 map F - A for F finite dimensional and J < A an ideal. Thus if
we start with an appropriate collection of approximately order 0 maps it stands to
reason we would be able to find cpc order 0 maps that are close in some fashion.

Lemma 4.1.7. Let A, F' be C*-algebras with F finite dimensional. If for all n e N
we have a cpc map ¢, : ' > A that is %—Fn—order 0 where F), is the set of the first n
elements of a dense sequence of F' then there exist cpc order 0 maps ¢, : F' - A such

that ¢, (f) —pn(f)] = 0 for all feF.
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Proof: By lemma we may define a cpc order 0 map ¢ : F' - A, by @(:) =
(¢n(-))n. This can be lifted to a cpc order 0 map ¢ : F' - [[y A by the projectivity
of cones on finite dimensional algebras, and since this is a lift we easily have that

[¢n(f) = en(f)| =0 for all feF. |

It is not too difficult to see from this how one might show that indeed dim,,c A < ndgA
when G is a finite dimensional algebra, we shall not prove it here though since it is
an easy corollary of proposition to come.

4.2 Properties of the Relative Dimension

In this section we present some of the general properties satisfied by the relative
nuclear dimension, beginning with a general relationship between relative nuclear
dimension and nuclear dimension. We are concerned as well with how well various
properties of the nuclear dimension translate to the relative setting, since if the relative
definition is supposed to only be a slight modification of nuclear dimension then how
well it achieves this can be viewed in some way by how well it generalises properties
of the nuclear dimension.

Proposition 4.2.1. Let A and B be C'*-algebras with dim,,.B < co. Suppose also
that ndgA < oo, then A has finite nuclear dimension. Moreover

dimycA < (ndgA + 1) (dimy,.B +1) - 1.

Proof: Let ndgA = m and dim,,.B = n. Let % c A finite and € > 0 be given.
We may pick a relatively m-decomposable cp approximation (F'® B, 14, ~p4) for &
within £. Consider the finite set 94(.%) and note that since F' is finite dimensional
F ® B is an algebraic tensor product, thus we may find M € N such that for all a € F
we may write 14(a) = XM, fa, ® by, for some f, € F and b,, € B. From this we may
define the set #p c B as the finite set containing the b,, for all a €  and for all i and
so obtain an n-decomposable cp approximation (G, v g, pp) for Fp within m
Our intention from here is to create an approximation for A factoring through F®G.
Consider the ideals F®) of F for i = 0,...,m that come from the relative dimension
of A, and the ideals G of G for j = 0,...,n coming from the nuclear dimension
of B. Then decompose F' ® G into ideals (F ® G)(9) := F() @ GU) for i = 0,...,m
and j = 0,...,n. Denote by By, the unlt ball of (F ® G)(%) and note that the

images of each of these balls idp) ® @B (B(w)) will be compact in the unit ball of
F®)®B. For any n > 0 we may ﬁnd a 4 € ~p4 such that each of the restrictions go( D
F® @B - A are cpe 1-(idp @ 0V )(B(”)) order 0. Necessarily then the composition
goA)(ldF( ) ® <p(‘7)) will be a cpc n-By; jy-order 0 map In particular for each d € N we

may find ¢4 € ~p4 such that each restriction <p (1dF() ® ga(j)) is 2-By; jy-order 0.
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In terms of the composition we shall denote this choice by (v4(idr ® ¢5))q and the
corresponding restrictions by ((p(Ai)(id ri) ® gog)))d. Thus by lemma this allows
us to define a cpe order 0 map ¢ : (F@G) D) by ¢ (-) = ((% (idpo @09))) o)
For each 7,5 we may lift ¢(+9) to a cpc order 0 map @09 : (F® G)() - [[y A as in
lemma We may then find D € N such that for all d > D we have

D ()~ (0D (id oy @ 0P < €

” d (f) (()OA (1 F() SOB ))d(f)H 3(n+1)(m+1)

for all f € (idpw @) (W) (F). Set pd) = 817 and define ¢ == X7 ¥ (). Set

also ¥ = (idp®1p)1a and let (49 = (id pg) ®wg))¢ﬁ) be the respective components.
We then require to show that the composition @i approximates the identity

map on A. In the following we suppress the notation for neatness but we are working

relative to the ¢4 that corresponds to (¢4(idr ® wg))p. For all a € # we have

le(a) —al < |y (a) - palidr @ p)i(a)| + [@alidr ® wp)¥(a) - af

<SS @D (@) = 0§ (idpey ® 980D (a) |

=0 j=0
+ [pa(idr ® ¢B)Y(a) - al
< % + |pa(idr ® pp)(idp ® Yp)Ya(a) —al

< % + pa(idr ® ppp)ala) = paa(a)| + |patbala) - al

2e
+_
3

¢ 5210 ® (ortnltn) )
=0
< E.

Thus (F ® G,9, ) is an ((n+1)(m + 1) — 1)-decomposable c¢p approximation for .#
within ¢ in terms of nuclear dimension. i

Corollary 4.2.2. Let A, B be C*-algebras with B AF. Then dimp,.A < ndgA.

Proof: Immediate since B is AF so dim,,.B = 0. |

This shows us that for all C'*-algebras A we have dim,,cA < ndcA. It is also quite
easy to see ndcA < dimy, A since all systems for approximations for A in terms of
nuclear dimension are automatically systems of relative approximations for A relative
to C. Thus we have for all C*-algebras A that ndcA = A, though it is notable that
it is only relative to C that we get a general equivalence of the definitions. Even for
finite dimensional B we do not get ndgA < dimy, A in full generality, for example it
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can be seen that ndy;,C = co since to obtain a finite relative dimension in this case
would necessitate the existence of a non-zero cpc order 0 map M, - C,, when no
such map exists.

Since finite nuclear dimension implies nuclearity, as per we can similarly
say that if A has finite nuclear dimension relative to B and B has finite nuclear
dimension then A is nuclear. Moreover it is easy to show that the statement A has
finite nuclear dimension relative to some C*-algebra B is not by itself enough to imply
nuclearity of A. Consider that for any C*-algebra A it is trivially true that nd4A =0
since the triple (C® A,id 4,1d 4) will be a relatively 0-decomposable c¢p approximation
for any finite set .% c A and for any € > 0. Thus if A is non-nuclear its finite nuclear
dimension relative to itself does not somehow imply nuclearity of A. Though B being
of finite nuclear dimension isn’t the only way that finite relative dimension can imply
nuclearity; if B is nuclear then this will still imply nuclearity of A.

Proposition 4.2.3. Let A and B be C*-algebras with B nuclear. If ndgA < oo then
A is nuclear.

Proof: Assume ndgA = n Let (F)\ ® B,¥y,~px\)a be a system of relatively n-
decomposable cp approximations for A. By the nuclearity of B we may find finite
dimensional G, and cpc maps ¥, : B - Gy, ¢, : G, - B such that ®,V, — idp
uniformly on finite sets of B. For each ¢ the map go(;)(idFAm ® ®,) is cpe so that the

compositions (py(idp, ® ®,))(idp, ® ¥,,)15) are uniformly bounded by n+1 and can
be seen to approximate id4. Then A can be seen to have the completely positive
approximation property and thus be nuclear, similar to |

These results quite immediately set some limits on when one can have finite
relative nuclear dimension. If A is non-nuclear then it may only have finite dimension
relative to algebras that are similarly non-nuclear, and if A is nuclear but does not have
finite nuclear dimension, as in the case of the class of Villadsen algebras previously
mentioned, then it will only be possible for it to have finite dimension relative to
objects that themselves do not have finite nuclear dimension. This would raise the
suggestion that to be able to show the Villadsen algebras have finite nuclear dimension
relative to something, that something might well have to be another in the class of
Villadsen algebras.

Remark 4.2.4. Here are some easy to show relations for the relative nuclear dimen-
sion.

(i) Consider an extension 0 - J - E > A — 0 that is split in the sense that
there exists a cpc map o : A - E such that mo = id4, then it can be quite
easily seen that ndgA = 0. To see this note that (C ® E,o,7) would be a
relatively 0-decomposable cp approximation for any finite set in A for any . In
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particular this can be put into the context of generalised Toeplitz algebras, if
¢:C(X)— B(H) is an extension it will be a split extension in the sense above
so that we have nd7,C'(X) =0 for any such extension.

(ii) It is also quite easy to see that we have ndp A® B < dim,,. A for any C*-algebras
A, B, where we suppress the norm for the tensor since this statement only has
content when dimg,.A < oo thus A is nuclear. So if we assume dim,,.A = n,
let (F, %5, px)a be a system of n-decomposable cp approximations of A. Then
for i =0,...,n the maps ga&i) ®idg : F/fi) ® B - A® B are cpc order 0 by [49]
Cor. 3.3] and thus (F\ ® B,1) ® idg, v, ® idg)a form a system of relatively
n-decomposable cp approximations for A ® B. To see this is not an equality
consider the example of C'([0,1]*), since [0,1]* = [0,1]* x [0,1]* we can
see that Ildc([ovl]oo)C([O,l]oo) ® C([O,l]oo) = Hdc([oyl]w)C([O,l]‘x’) =0< o0 =
dimy,C'([0,1]%).

With this remark we can say that for a stable algebra A, that is A2 AQ K, we
have ndg A < dim,,.A. Combining this with proposition we can easily see that
for a stable algebra A we have dimy,.A = ndgA.

We can also make a statement on Z-stable algebras, those for which A2 A® Z,
that in general for Z-stable algebras A we have ndzA < dim,,.A. Of particular note
are those algebras A which fall under the Toms-Winter conjecture, that is simple,
separable, unital, nuclear algebras A. In such a case it is known that if A is Z-stable
its nuclear dimension is either 0 or 1, depending of course on whether it is AF or not,
[16, Cor. C|. If A is AF then immediately we have ndzA = dimy,.A = 0, but if A is
not AF the best we can say is ndz A < dimp,.A = 1. By rearranging proposition [4.2.1]

we get that
dimp,.A+1

dimy,.Z + 1 L
but in this context it merely shows us that ndzA > 0. So the best we can say for such
a Z-stable algebra is that its dimension relative to Z is either 0 or 1, but it not clear
if there should be a general value for the dimension overall. It shall be seen later in
this work the meaning of relative dimension 0, which will give at least some insight
into when we can say the dimension is 0 or 1 for such a Z-stable algebra.

Otherwise this lower bound on ndg A given by proposition can give us some
concrete examples of some non-zero relative dimensions. Consider the torus T? and

note that C'(T?) 2 C'(T) ® C(T). By proposition we get

IldzA >

dimg, C(T2) +1 1

dim,,.C(T)+1 2

ndC(T)C(T2) 2

Since relative dimension must be an integer value we get that nderyC(T?) > 1. Our
remark above shows then that nderyC(T?) = ndeC(T) ® C(T) < dimy,,.C(T) = 1.
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Hence necessarily nde(ryC(T?) = 1. Similar statements can be made for any locally
compact product space X =Y x D. Since Cp(X) 2 Co(Y) ® Cy(D) we can obtain
similar estimates. In particular we will have

dimnu(;CO(X) +1

d X -
ndey(v) Co(X) 2 dimyecCo(Y) + 1

and ndgy(yvyCo(X) < dimy,,.Co(D). So long as D is not the single point space this
gives a finite relative dimension that is non-zero.

As a particular sanity check for our definition of relative dimension we would like
to say that it satisfies, to some level, the various properties that nuclear dimension
satisfies, see proposition [2.2.8 since it should stand that if we are trying to make
a small modification to nuclear dimension the same properties, with slight modifi-
cation themselves should be able to hold. The main difficulty inherent in proving
these properties is the approximately order 0 condition, but had we chosen the more
traditional notion for n-decomposability some of these properties could not be made
to work. For the following properties we attempt to prove them in full generality;
however, occasionally we shall need to make restrictions to those algebras they will
work for. Particularly we need to make use of algebras being nuclear and separable
at points so that we may use Choi-Effros [17]. It is not known if one might be able
to prove the affected properties without making such an assumption, however it does
not feel particularly unreasonable given that most of the algebras we are interested
in dealing with are nuclear and separable.

Proposition 4.2.5. Let A, B, C be C*-algebras. Then ndc A®B = max{nd¢cA,ndcB}.

Proof: We may assume that dimensions in questions are all finite so let ndg A =n
and ndgB = m, we shall also assume n >m. Let % c A® B finite and € > 0 be given.
Define

Fa:={acA|(a,b)eF for some be B}

and similarly define %5 ¢ B. We then find a relatively n-decomposable ¢p approx-
imation (F' ® C,94,~pa) for F#4 and a relatively m-decomposable c¢p approxima-
tion (G ® C,¢¥p,~pp) for Fp, both within . We may then decompose F & G
into n ideals using the decompositions coming from these approximations by setting
(FoG)WC = (FOaG®)®C fori=0,...,n where we set G 2 0 fori=m+1,...,n.
Note that for all ¢ we have (Fe G)) @ C = (F) ® C) @ (G® @ C'). Hence for any
compact set K; ¢ (F @ G)® @ C of contractions and 7; > 0 we are able to define
Ky, ={aec FO®C|(a,b) € K for some be G ® C}, and define Kp. c G @ C sim-
ilarly.

We then have that K4, is a compact set in the unit ball of () ® C' and Kp, is
compact in the unit ball of G() ® C. By the relative dimension of A we may find
a @4 € ~p4 such that the restriction to each F() ® C' is a cpe n;-K 4,-order 0 map
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cpg) : F(D ® C - A and such that @414 ~.ids on .#4. In the same vein we may find

a @p € ~pp such that each restriction is a cpc 7;-Kp,-order 0 map gpg) :GOWeC > B
and such that pp1p ~,. idg on F5. We may then define a cp map

p:(FeG)eC - Ao B

by setting ¢ = ¢4 ® pp, and we can see that the restrictions ¢ to the ideals
(FoG)®MeC will satisfy (i) = <p( )€B<p( . Then for each i we require to show that the
restriction ¢(*) is 7;- K;-order 0. Note that K; ¢ K4, @ Kp,. Then for (a,b), (a’,V') € K;
such that |(a,b) - (a/,V')| < 6 and such that we have (z,y),(z',y') € (F® G)® & C
orthogonal within % of these elements respectively we will have

I (@)D (2,5 = 17 (@), 05 )P (@), 05 ()]
= 1 (@) (@), 05 () (v)]
= max { [} () D ()] 105 ()2 ()1 }
<n

as required. Let ~p be the collection of maps defined by ¢ = p4 ® pp for pa € ~pa
and g € ~pp. Thus defining the cpc map v := Y4 ® Vg we have, for all p € ~p,

[ ((a,b)) = (a, )] = [(pavala) - a, oppp(b) - b)|
=max {|patpa(a) - al, [ess(b) - b[}
<&

for all (a,b) € .#. Hence ((F & G) ® C,¢,~p) is a relatively n-decomposable cp
approximation for .# Within £.

To see equality let .# c A and € > 0 be given and assume ndcA @ B = n. Let
ta: A > A® B be the natural inclusion, that is t4(a) = (a,0) for a € A. Let
(F®C,1¢,~p) be a relatively n-decomposable ¢p approximation for ¢4 (%) within e.
Let 74 : A® B — A be the natural projection map, which is a *-homomorphism, and
note that for any n-K-order 0 () : F) ® C' - A® B the composition 740" will still
be n-K-order 0, since for any orthogonal f,g € F() ® C' appropriately close to K we
will have |mae®(f)mae@(g)| < @ (f)e®(g)| < n. Certainly also 14 will be cpe.
Let ~m4¢ be the set of those maps 7y for all ¢ € ~p, then (F'® C, 114, ~mp) can be
seen to be a relatively n-decomposable c¢p approximation for .# within . A similar
argument may be made for B also. |

Proposition 4.2.6. Let A, B,C, D be C*-algebras, with C, D nuclear and separable.
Then

ndecepA® B < (Ilch + 1)(HdDB + 1) -1.
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Note that we may suppress the norm we are using for A ® B here since we are

assuming C' and D are both nuclear. Then since we may assume both ndgA and
ndp B are finite we get that A and B are both nuclear by proposition [4.2.3]
Proof: Assume ndcA = n and ndpB = m for n,m € N. Let .% be a finite
set in A® B and € > 0 be given. For each element x € % we can find an alge-
braic tensor ' € A ® B that is within m of z, and denote by .#’ the finite
set of these x’. We may find an M € N such that each 2’ € %’ may be repre-
sented as the sum of M elementary tensors, x’ = ZZ 1a; ® b;, and so define finite
sets #, c A and #], c B as the collection of the a; € A and b, € B represented in
these sums. Let P = max {sup,, .z, a:|,sup,,cz, [b:|}. Then we may find a relatively
n-decomposable cp approximation (F'®C, vy, ~p4) for . within m and a rel-
atively m-decomposable cp approximation (G ® D, g, ~pp) for Z within m.
Note that (F®G)® (C® D)z (Fe(C)® (G® D), and thus we can decompose the
finite dimensional algebras into ideals in the following way:

(Fe @) e (CeoD):=(FYeC)e(GY D).

Fori=0,...,n and for j =0,...,m we may find, by lemma and by the relative
dimension, cpc order 0 maps qbfj) : FO) @ C - A, and gzﬁg : GU) ® D - B, such
that ¢ 94 ~ 14 and ¢ ~ 1g where 14 and 1p are the respective inclusions into the
sequence algebras. Then the tensor maps

We¢?: (FoG) i e (CeD)—> Aw® By

will be cpe order 0 for all 4,5 by 2.1.4] Let m: A ® Boo > (A® B)o be the natural
*-homomorphism, that is the map defined by 7((a,)y ® (b,)n) = (a, ® b,)y and
extended to all of A, ® B, by [I5, Prop. 3.3.7]. Thus the composition W(qﬁg) (]))
is a cpc order 0 map into (A ® B)w. Then by lemma we may find, for all
compact K ¢ (F® G)(") ® (C® D) and all n > 0, some N € N such that we have
(1) = W(qﬁg) ® gzﬁg))N is a cpc n-K-order 0 map. We then define a ¢p map ¢ :
(FeG)e(Co®D) > A®B by ¢:=Y1 Y70, and so let ~p be the collection
of those ¢ such that the restrictions (49 are all é—Kéi’j)—order 0 where chi’j) is the
set of the first d elements of a dense sequence of (F® G)() @ (C ® D) over d € N.
We thus require to show that such ¢ give us an approximation for .. Note that
for an elementary tensor fi ® ¢ e (FDeC)e (GY ® D) we have o) (fi ® ¢g7) =

S)(f")N ® ¢g)(gj)N = )(f ) ® go(])(gj) for appropriate ¢4, @p. Recall that for
each z € .% we have chosen an algebraic tensor x’ = Zi\fl as @ bg, with each ay, b, in
F and .Z respectively. Define ¢ : A9 B - (F®G)®(C®D) by ¢ =14 ®1p. We
thus have

[ (z) -z < v (x) - e (@) + [0 (2") - 2'] + 2" - ]
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2 M
<37 Y leata(as) ® eptp(bs) —as @ b
s=1

2 Y
< 3 + Z;(HQOA’QDA(OJS) ® (,OBwB(bs) - (pAwA(as) ® bs”

+ HSOA@Z)A(CLS) ®bs—as® bSH)

2 ¢
< — + —
3 3
=c

for all x € .7 So (F® G)® (C ® D),1,~p) is a relatively ((n+1)(m +1) - 1)-
decomposable cp approximation for .# within e. |

Proposition 4.2.7. Let A, B,C be (C*-algebras with B nuclear and separable. If
there exists a surjective *-homomorphism 7 : A - B then nd¢B < ndcA.

Proof: By Choi-Effros [I7] we may find a cpc lift 0 : B - A of the identity map
on B such that wo = idg. Let finite # c B and € be given and assume nd¢A = n.
Pick a relatively n-decomposable cp approximation (F ® C,1,~p) for o(F) c A
within €. Note that the composition ¥ is certainly cpe. Consider that since 7 is a
*-homomorphism then for any n-K-order 0 map ¢ : F() @ C' - A the composition
7o) will still be n-K-order 0, since for any appropriate orthogonal elements f, g near
K we will have 1@ (f)me®(g)] < @ (f)e®(g)|| <n. Then for all p € ~p we will
have

[meva(b) = bl = [wevpo(b) - ma(b)]
< [prpo(b) - a(b)]

<€

for all b e .#. Thus if we denote by ~mp the set of maps wp for all ¢ € ~p we can see

that (F ® C, 10, ~mp) is a relatively n-decomposable cp approximation for .% within
E. |

Proposition 4.2.8. Let A, B be C*-algebras with A nuclear and separable, and
A =1lim_ A, an inductive limit C*-algebra. Then ndgA < liminf(ndgA,).

Proof: Let u, : A, - A be the induced map, and note that by we have
that ndgpu,(A,) <ndgA, for all n. Thus for simplicity we shall assume that A is the

closure of the increasing union of the A, that is A = Uy A,,, rather than the closure
of the union of u,(A,). Let liminf, ., ndgA, = M < co. By definition for any 0 there
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exists an IV € N such that for all n > N there exists an m > n such that ndgA,, < M +9,
so that in particular ndgA,, = M for small enough . We can find some finite set
Fn c Ay for N € N that is within m of .Z. For each n > N choose a relative
approximation (F, ® B,v,,~py,) of A, for Zy within 5. In particular for all n € N
there exists m,, > n such that ndgA,,, = M. Let .# c A finite and € > 0 be given. We
may find N € N and a finite set .#’ c Ay that is within m of .%#. Then for each
n> N let (F,, ® B, ¥, ,~¢pm,) be a relatively M-decomposable cp approximation of

Ay, for F'c A, within £. This allows us to define a cpc map

N Fm, ®B
w : U Amn - Hn_N = ®
n>N ®TL2N an ® B

by setting 1(a) = (¢, (a))n where we consider ¥, (a) =0 for a ¢ A,,,. This can be
continuously extended to a cpc map ¢’ : A — %, and by Choi-Effros [17] we
may lift this to a cpc map " : A - [,,sn Fim, ® B. If 7 is the natural quotient map on
[T,sn Fm, ® B we have that 7" = 7" and so 7" = 7w on Upsn A, , thus for all a € F
there exists an o’ € #' such that |7¢"”(a) - ¢(a')| < g757y- Thus by definition of the
quotient we are able to find a sequence (%, )nsn i [T,sn Fin, ® B that tends to 0
such that " (a)m, = ¥m, (') + Tm, | < 7557y so that we have [0 (a)m, = ¥m, (a')] <
|Zm.. | + 55777y- Thus there exists k > N such that [¢"(a)m, = ¥m,(a')| < 5557

Set ) = " (), : A > Fy,, ® B and take the @, : F,, ® B - A from the relative
dimension of A,,,. Thus for all a € % we have

[@mt(a) = al < |9, 1(a) = G m (@) + [0 Yy (@) = @[ + 0’ - a

E € €
<—4+-+-

2 4 4
= €.

Hence (£, ® B,{Dmgpmk) is a relatively M-decomposable cp approximation for .#
within e. ]

4.3 Relative Dimension 0

An important question to consider for our relative dimension is the meaning of relative
dimension 0. Specifically if ndgA = 0 can we then make some statement about
the structure of A relative to B, in a similar vein to the fact that dim,,.A = 0
if and only if A is AF. The proof of this latter fact provides some inspiration as
to what we might expect such a statement to say, and indeed how we might go
around proving it. Certainly we know that if A exists as an inductive limit of the
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form (F, ® B,¢,) for finite dimensional F, it is easy to see that ndgA = 0 since we
know by that ndgA < liminfndgF,, ® B < liminf dim,,.F, = 0. To show the
other direction is a bit more tricky. If dim,,.A = 0 then one obtains a system of
O-dimensional approximations (Fy, %y, @x)a such that each of the ) are cpc order 0
maps. Under the correct hypotheses it is known that a cpc order 0 map from a finite
dimensional algebra is in fact a *-homomorphism, [47, Thm. 4.1.1], and so you are
able to show that A is able to be approximated by finite dimensional algebras so is
AF in the sense of Bratteli [I1]. It is this style of statement we should like to make
as a consequence of ndgA = 0, but since we only get a system (F)\ ® B, ¥y, ~px)a
of relatively O-decomposable cp approximations the maps up are cpc approximately
order 0. Since the maps are approximately order 0 we won’t be able to show that
they are in general s-homomorphisms, though we can in fact show that they can
be assumed to be approximately multiplicative in some sense. Thus it makes sense
that we will need some other notion than the usual inductive limit in order to make
any statements regarding the structure of A. Particularly we are led to the notion of
generalised inductive limit introduced by Blackadar and Kirchberg [5] which is similar
to the more usual notion but crucially does not rely on the connecting maps being
*-homomorphisms, rather only requiring that they are asymptotically so.
First we present the definition of a generalised inductive system.

Definition 4.3.1. [5, Def 2.1.1] A generalised inductive system of C*-algebras is a
sequence (A,,) of C*-algebras, with coherent maps ¢, : A, - A,, for n < m, such
that for all k e N and all 2,y € Ap, A € C, and all € > 0, there is an M such that for all
M<m<Ek,

Hgbmk(/\qbnm(x)) - A¢nk(x) “ <€

(1)
(2)
(3) [ Gmr(dnm(2)*) = Pk (x)*[ <2
(4)
(5)

2

5) sup, |r ()] < oo.

Remark 4.3.2. The particular notion we are considering here for coherence of maps
is an asymptotic version. That is for all n € N, for all z € A,, and € > 0 there exists
M € N such that for all M <m <k we have | i () = Gmrdnm ()] < €.

For our purposes we are only really interested in dealing with generalised systems
for which the connecting maps ¢,,, are all cpc. For a collection of cpc maps ¢, that
satisfy the above asymptotic coherence condition it can be seen that the ¢, will
trivially satisfy all conditions from the above definition aside from (4)
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In order to define the limit algebra A of a generalised system (A,,, ¢, ) one takes
the set theoretic limit L of the A,,, which is the disjoint union of the A, quotiented
by the relation of identifying an x € A, with ¢,,,,(x) for all m > n. We then use
¢n(x) to denote this class for z € A,. Then one defines a pseudometric d on L by
setting d(dn (), n(y)) = SuPpen | Onm () = dnm(y)|. The limit algebra A then is the
completion of L with respect to d, and this is a C*-algebra, see [5, 2.1.2].

An alternative construction, and one that we make more ready use of, of the
limit algebra, [5, 2.1.3|, is that it can be embedded in the sequence algebra gg’—ﬁ: as
the closure of the set of elements of the form ¢,(x) = (¢nm(T))msn for z € A,. In
general with no assumptions on the connecting maps there’s not much that can be
said regarding these connecting maps, since each condition of is only true for
a finite set at a time there’s no guarantee they force linearity or even boundedness
onto the induced map. However for example, [5, Prop. 2.3.1], if all maps ¢,,, are
linear and bounded then the induced maps will be bounded through application of
Banach-Steinhaus. Necessarily it can be seen that these induced maps will be cpc
when the connecting maps are all cpc, but condition (4) of does not by itself
imply that the induced map will be a *-homomorphism, for that we would need to
make a statement on the multiplicativity of ¢,,, for increasing m.

We are unable to show a precise equivalence between ndgA = 0 and A being
a generalised inductive limit A = (F, ® B, ¢p,,) for F, finite dimensional with the
connecting maps all cpc; however, we are still able to obtain implications in both
directions, just with restrictions to their hypotheses that does not allow for an equiv-
alence. We present these results now.

Proposition 4.3.3. Let A, B be C'*-algebras with A nuclear and separable. Assume
A exists as a generalised inductive limit A 2 lim(F,, ® B, ¢,,,) where the F), are finite
dimensional algebras and the connecting maps ¢,,, are all cpc. If for all n € N the
induced map ¢, : F,, ® B - A is a *-homomorphism, then ndgA = 0.

Proof: Let # c A and € > 0 be given. We may find N € N such that for all
a € F there exists o’ € Fiy ® B such that ||a — ¢ny(a’)| < 5, and let F' c Fy ® B
be the corresponding finite set. By Choi-Effros [I7] we may lift the embedding ¢ :
Ao gi%gg to a cpc map 7 : A - [[yF, ® B. Since 7 lifts the embedding ¢ we
can also see that moy lifts ¢n. Thus we may find some M’ € N such that for all
m > M’ we have |¢pm(a’) — 7 (dn(a’))| < § for all o’ € F'. We may also find, by
the coherence of the maps, some M € N such that for all M < m < k we have that
|pnk(a’) = Gmr(Pnm(a’)| < § for all a’ € F'. This implies that for all m > M” we have
that [on(a’) = dm(dnm(a’))| < § for all @’ € F' Let M = max{M’,M"} so that for

all a € % we have

|prpmar(a) = al < [pumar(Pn(a’)) - on(a’)| +2]a - dn(a)|
<oumm(on(a’)) = o (Pna(a’))|
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lar(@xar(a) - on (@) + 5

<E.

Then since ¢y is a *-homomorphism, by assumption, it is certainly cpc order 0, thus
(Far ® B, T, ¢ar) is a relatively O-decomposable cp approximation for % within . I

The hypothesis that the induced maps ¢, are *-homomorphisms is necessary
for the proof in order to find cpc order 0 maps up for our approximations; how-
ever, it is unclear what, if any, weakenings of this condition would provide the same
conclusion. Certainly we cannot merely assume that the connecting maps are cpc
with no additional information as there exist algebras A that are a generalised induc-
tive limit A 2 lim(F),, ¢n,) where the F), are finite dimensional and the connecting
maps cpc but A is not AF. This is the class of NF algebras, see [5, Sec. 5|, that
are defined as generalised limits of finite dimensional algebras with cpc connecting
maps, and while certainly the AF algebras sit inside this class not all NF algebras
are themselves AF. If our assumption for proposition was merely that the con-
necting maps are cpc then any NF algebra A would satisfy ndcA = 0 but since we
know ndcA = dim,,.A this would mean we could find an algebra that isn’t AF but
dimy,.A = 0. If A 2 lim(F,, ¢nm) is an NF algebra with the additional assumption
that each of the induced maps ¢, are *-homomorphisms it can be seen that A is
necessarily AF. To see this consider for a finite set % c A and ¢ > 0 we may find
some N € N such that for all a € .# there exists a’ € F,, such |a —¢n(a’)| <. Since
¢n is a *-homomorphism from a finite dimensional Fyy satisfying this A immediately
satisfies Bratteli’s local characterisation of AF algebras [11].

To show the reverse direction we are going to need to make use of an asymptotic
intertwining that is defined as follows.

Definition 4.3.4. [0, Def. 2.4.1| Let (A, ¢m.n) and (By, ¥m.n) be generalised induc-
tive systems of C*-algebras. An asymptotic map from (A,, ¢mn) to (Bn,¥mn) is a
pair of increasing sequences (r,) and (s,) and maps «, : A;, - B, , such that

(1) forevery k, every x € Ay, and € > 0 there exists an M such that for all M <m < n,
Vs 50 Cm Py, (T) = Qnper, ()] < €.

(2) The induced map from U ¢,,(A,) to U, (B,) extends to a bounded *-homomorphism
a from A =lim(A,, ¢yn) to B =1Hm(B,, Ymn)-

An asymptotic intertwining between (A, @) and (B, ¥m.,) is a pair of in-
creasing sequences (r,) and (s, ) and asymptotic maps «, : A,, - B, and 3, : B, —
A, ., such that for every k, every x € A,y € B, and € > 0 there is an M such that for
all M <m <n,
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(3) ‘|/6n¢57n75nam¢k77”'m,(x) - ¢k,rn+1(x)H <eg
(4) londrysrn Brntn,s, (2) = Yps, ()] < e

It is noted in [5] that the two x-homomorphisms described in condition (2)
induced by an asymptotic intertwining will automatically be mutually inverse x-
isomorphisms.

For our purposes, since we are considering only cases where the connecting maps
are cpc, and we shall in fact also be requiring the asymptotic maps are cpc then by
[5, Prop 5.1.6] we only need to show that conditions (1), (3), and (4) are satisfied in
order to have an asymptotic intertwining.

The basic idea of our proof to show that ndg A = 0 is to take a system (Fy,, ¥n, ~0n )N
of relatively O-decomposable cp approximations for A, where we shall be assuming A is
separable. From such a system we create a generalised inductive system (F,, ® B, ¢ )
be defining maps ¢, = ¥Ump,. While there are a few assumptions to be made here
so that the coherence of these is satisfied it is notable that we still would require the
asymptotic multiplicativity condition to be satisfied for this to actually be a gener-
alised system. The result that cpc order 0 maps from finite dimensional algebras are
*-homomorphisms in the right setting [47, Thm 4.1.1] has since been improved to
a general structure theorem on cpc order 0 maps that gives us a condition on
when any cpc order 0 map can be seen to be a *-homomorphism. It is this result that
allows us to say that for ndg A = 0 we may find a system of relatively O-decomposable
cp approximations for A such that the maps up can be taken to be approximately
multiplicative. We also take inspiration from in order to show that the maps
down can be taken to be approximately multiplicative. With these results together
we are able to create a generalised inductive system (F, ® B,1,,,) and show that
there is an asymptotic intertwining between this and the trivial inductive system on
Az lim(A, ldA)

While is a result in terms of the decomposition rank it is still relevant to
us here. Recall that dim,,cA =0 <= drA =0 so that if we have nuclear dimension 0
we may still use this result to obtain a system of O-decomposable approximations for
A such that the maps down are approximately multiplicative. Similarly here it can
be seen that ndg A = 0 is equivalent to a notion of relative decomposition rank being 0
so it stands to reason we may show the maps down can be taken to be approximately
multiplicative. However our result to show this is restricted somewhat, it comes with
the caveat that B is a continuous C'(X)-algebra with simple fibres. Let us explore
what we mean by such an object.

C'(X)-algebras are an object first defined by Kasparov [27] though of course has
been elaborated upon over the years, in particular by Blanchard [6]. We refer to
Dadarlat [20] as to where we learnt most of the material presented here. Note that
while the notion of a C'(X)-algebra can be defined for any locally compact Hausdorff
X we still refer to these objects as C'( X )-algebras rather than Cy( X)-algebras. This is
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the notational convention in the above sources that we choose to maintain. Let X be a
locally compact Hausdorff space, a C'(X)- algebra is a C*-algebra A with a structure
+-homomorphism 0 : Co(X) - ZM(A) into the centre of the multiplier algebra on A
and such that Cy(X)A is dense in A, where it is understood that we write fa in place
of 0(f)a for f e Cy(X) and a € A. For a closed subset Y ¢ X we denote by Cy(X,Y")
the continuous functions vanishing on Y. Then Cy(X,Y)A is a closed two sided ideal
of A and we denote by A(Y") the quotient m. It can be seen that regarding this
notation A = A(X), and so we shall denote by 7y : A(X) - A(Y") the quotient map.
For a point = € X we denote by A(z) the quotient algebra A({z}), similarly =, for
the quotient map, and for a € A the image 7,(a) is denoted by a(z). These algebras
A(x) for x € X are what we call the fibres of A. It is known, [20, Lemma 2.1|, that for
all a € A the map x — |la(z)| is upper semi-continuous. A continuous C'(X )-algebra
A then is one for which this map x ~ |a(x)| is continuous for all a € A.

It is the continuous C(X)-algebras that we concerned with, since they have a
particularly valuable equivalence to a continuous field of C*-algebras. It is the case,
see [6] [8] [36], that A is a continuous C'(X)-algebra if and only if it is the C*-algebra
of continuous sections of a continuous field of C'*-algebras over X in the sense of
Dixmier |22 Def. 10.3.1], the definition for which we shall now go over.

For a topological space X, a continuous field of C'*-algebras over X is a family of
C*-algebras (A;)zcx and a *-algebra © c [],.x A, of vector fields, functions a defined
on X such that a(z) € A, for all x € X, such that

1) For every x € X the set of a(x) for a € © is dense in A,,
2) For every a € O the function x ~ |a(z)| is continuous,

3) Let a € [I,ex Az be a vector field. If for every z € X and every £ > 0 there is
a’ € © such that ||a(y) —a’(y)| < & on some neighbourhood of z, then a € ©.

For a locally compact space X and a continuous field &/ = (A,,©) over X, take the
set A ¢ © of elements a such that |a(t)| vanishes at infinity on X. A will be a
C*-algebra when equipped with the norm |la| = sup,.x |a(z)|. This is the C*-algebra
generated by the continuous field.

If A is a continuous C(X)-algebra we may use the fibres of A to define a family
of C*-algebras over X by A, = A(z). Each a € A can thus be viewed as a vector
field by setting a(x) = m,(a) as above. Then A shall satisfy the definition to be a
continuous field algebra. This viewpoint of seeing a continuous C'(X)-algebra as a
continuous field over its fibres in this sense will be particularly useful to us.

It is trivial to see that every C*-algebra A is a continuous C'(X)-algebra when
X is the one point space, and under this the only fibre will be A itself, A(x) = A.
Thus any simple A can be trivially viewed as a continuous C'(X)-algebra with simple
fibres, so that all of our following results shall work if B is simple. There are a
number of non-simple examples of note to consider also. Trivially for any locally
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compact Hausdorft space X then Cy(X) is easily a continuous C'(X)-algebra. For
each x € X we can see the corresponding fibre must satisfy Co(X)(z) = C, and the
quotient map 7, is just the evaluation map at x. Thus for f € Co(X) f(x) = m.(f)
has the typical meaning. That is to say for any locally compact Hausdorff X we have
that Co(X) is a continuous C'(X)-algebra with simple fibres. This is an easy example
of a wider class, see [9, Ex. 2.2.2|, of algebras that are C'(X)-algebras in terms of their
primitive ideal space. Let Prim(A) be the primitive ideal space of a C*-algebra A
which is a Ty-space when given the Jacobson topology. If Prim(A) is a Hausdorff space
then it will be locally compact and for all a € A the map K € Prim(A) » |a + K|
is continuous, [22] Cor. 3.3.9]. Then by the Dauns-Hofmann theorem, [39, Cor.
4.4.8], C*-algebras A with Hausdorff primitive ideal spaces will in fact be continuous
C(Prim(A))-algebras with fibres A(K) = 4 for K € Prim(A), which in particular are
simple. This result had similarly been shown earlier through a result of Fell [24] that
showed if Prim(A) is Hausdorff then A exists as the continuous sections vanishing at
infinity over a continuous field of simple C*-algebras over Prim(A). That we require
continuous C'(X)-algebras with simple fibres for the following work then can be seen
to not be too restrictive a condition. At the very least most examples of note we have
considered thus far will satisfy this.

A result that we will need to make use of is how C(X)-algebras behave regarding
tensor products. The following is a result of Hirshberg, Rordam, and Winter [25]
Prop. 1.6] but exists as a simple generalisation of the same result of Blanchard’s [7]
that was only for the compact case. Note that we are using ® to refer to the minimal
tensor product.

Proposition 4.3.5. Let X, Y be locally compact spaces, A a C'(X)-algebra and B
a C(Y)-algebra. Suppose A or B are exact. Then A® B is a C'(X xY')-algebra with
fibres

(A ® B)(a:,y) ~ A, ® By

for x € X, y € Y with structure map p given by
=140 pip: Co(X)® Co(Y) > M(A® B).

Remark 4.3.6. It is important to note that if A is a continuous C'(X)-algebra and
B is a continuous C'(Y)-algebra then the tensor product A ® B will be a continuous
C(X x Y)-algebra. With the isomorphism (A ® B)«,) & A, ® B, it stands that
for the quotient maps we have 7, ,) = m, ® m,. Thus the continuity of the map
(z,y) = | f(2,9)] = | 7@y (f)] for f e A® B is implied by the continuity of the maps
v~ fa()] = [7z(a)| and y = [6(y)[ = |7, (b)] for a € A, be B.

Our first step in being able to talk about the meaning of relative dimension 0
is to show the relative version of that we are able to find a relative system of
approximations with the maps down being approximately order 0.
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Proposition 4.3.7. Let A, B be C*-algebras with B a separable continuous C'(X)-
algebra with simple fibres for some locally compact Hausdorff X. If ndgA = n < oo
then there exists a system of relatively n-decomposable cp approximations (F), ¥y, ~©x)a
such that the 1, are approximately order 0 in the sense the induced map

H/\(F)\ ®B)

U:A-—
@®\r(Fr® B)

is order 0.

Proof:  Let .# c A finite and € > 0 be given. We may assume that .% is comprised
of positive normalised elements, and we shall also assume that .# contains at least
one pair of elements ¢, ¢’ such that |cc/| < m since if we do not the maps in
question shall remain unaltered. Pick a relatively n-decomposable cp approximation
(F ® B,1,~p) for .Z within m Let F 2 M, @@ M, and take v, ¢,
to be the respective components of the maps. As noted each Mg, is a continuous
C(Z)-algebra, where Z is the single point space, with a single fibre of M, . Since
M, is exact then by proposition the tensor product M, ® B is a continuous
C(X)-algebra with fibres (M, ® B), = M,, ® B, which are in particular simple. We
shall thus define for j € {1,...,s} the closed set Wgc, c X as being those x € X such
that [¢;(c)y;(¢")(x)| <e. From this define the closed set

G = N W

8
. e T /< —01£&"
{palrs c,c'eZ such that |cc |\,3‘256(n+1)4

Define also the closed sets D7, = {z e X | |¢;(c)v;(c)(x)] > €+ 35 } and so define

]\/vG"7 = U DZCI'
{pairs c,c'eZ such that Hcc’”éﬁ}
We are then able to define a continuous function p; : X — [0,1] that is 1 on GV and
0 on NG/ by Urysohn’s lemma. Thus we define a new cpc map ¢, : A - M, ® B by

setting %(a) = p;1;(a). This then satisfies

[0;()d () = 5 (e)wi ()]

<et 21000

for all pairs ¢, ¢’ € & such that |ec/| < We shall define @; := ¢; specifically

88
3:256(n+1)7" ¥
for the purposes of notational neatness. Taking ¢) and ¢ as the respective sums of
these maps over j we have

|29 (a) ~al < @¥(a) = wi(a)] + @y (a) - al
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<(n+ 1) max [29,(a) - p5(a) | + 5

----- s}
9
=(n+1) max [o;((1-p)v(a))]+5
Je{l,....s} 2

for a € #. So we need to show that

[ ((1 = pj)(a)] <

IO (4.3.1)

for each j for these maps 1},@ to appear as part of a relatively n-decomposable cp
approximation. Define ¢; : M,, ® B - A, to be the cpc order 0 map obtained from
the maps ¢; by lemma Specifically let ¢; be the map which is %—Fm—order
0 where F}, is the set of the first m terms of dense sequence of M, ® B. Denote
by ¢ the sum of these maps over j. Take m; : M,, ® B - A, to be the canonical
supporting *-homomorphism for ¢; such that there is a positive element h; € A’ such
that ¢;(a) = h;m;(a) for all a € M,, ® B (see [49, Thm. 2.3]). Then

|¢v(a)gu(a’)]

> |54 (a);9;(a")|* (by [50, Prop. 3.1])
= Hhiﬂj%(a)ﬂj%(a’w

> |5 (45 (@) (")) P3m; (45 (@) (a')) |

= 16;(d;(a)i;(a))]*

for all j and positive normalised elements a,a’ € A. What we then get from this is
the following

[¢v(a)py(a)] < [ov(a)py(a’) = pip(a)d’| + ¢ (a)a’ - aa’| + [ad’|

g8 g8 g8
S 3.256(n+ 1)1 3-256(n+ 1)1 3-256(n+ 1)
58

< -
256(n + 1)*
for all a,a’ € # with |aa’| < %, and so in particular we have

e2

[¢;(¥;(a)¥;(a))] < i) (4.3.2)
for all such a,a’. Since each ¢; : M,, ® B - A, is a cpc order 0 map we have a
*-homomorphism II; : C((0,1], M,, ® B) - A, such that ¢;(a) = II;(¢ ® a) where ¢ =
id(,1]- Since we can view Cy((0,1]) as a continuous C((0, 1])-algebra with all fibres

being C then by proposition we know that Cy((0,1], M, ® B) is a continuous
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C((0,1] x X)-algebra. We shall denote Cy((0,1], M,, ® B) =I" and note for the fibres
we have [,y 2 M, ® B,. If we consider the kernel of the map II; then for each
(s,7) € (0,1]x X the corresponding fibre I'(, ;) is either represented fully in the kernel
or not at all by simplicity, thus we may find a Y c (0,1] x X such that the kernel of
I1; is those functions that vanish on Y. Then if we define I'” := ker(H ) this can be seen

to be a continuous C(Y)-algebra (see [25, 1.5]), and this gives us a *-homomorphism
I : T" - A such that IT5(f 1y) = IL;(f), which is injective and thus isometric. Thus
we have

105 ((1 = 1) (@) | = |11 (e ® (1 = p15) b ()]

= M5 ((e @ (1= p;)v5(a)) ty)]

=[(e® (1= p;)pi(a)) ty |

= Sup [((1 = p)(a)(@))s]-
If we assume that [¢;((1 - p;)v;(a))| > Irys then there is (s,t) € Y such that
1((1 = pj)i(a)(t))s| > 1ry- Because of how we defined y; this would necessitate
that ¢t € X N\ G7, and since a is of norm at most 1 we have that s >
we would have

m. From this
[6(t0;(a)db; (@) = 1T (e ® (5 (a)i;(a")))]

= [(c® (¢;(a)d;(a))) v |

> [[(¢;(a);(a")(t)]s

>E-

4(n+1)

for at least one pair a,a’ € # with |aa’| < W. This contradicts 4.3.2] and
hence [¢;((1-p)1;(a))| < 7557y for all a € #. Given we are working with respect to

the sequence algebra A, by this inequality in norm there must exist a sequence (i,,)
in A that tends to 0 such that |, ((1 - p;)¥;(a) +in| < for all m € N. Thus
there is an N € N such that for all m > N we have

= 8(n+1)

[0 (L= 1) 05 (a) | < N1, (L = 1)1 (@) + i | + i | (4.3.3)
ey (4.3.4)

for all a € .%. This gives us the required inequality-for those maps goj form > N.

approximation we started Wlth Then necessarily by the separability of F'() ® B for
each set K ¢ F() ® B of contractions and 1 we must be able to find M > N such that
% < 7 and that for each a € K there exists an a’ € Fj; that is within 7 of a, where Fj,
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is the set of first M elements of dense sequence in F'() ® B. 905&) would then necessar-
ily be a n-K-order 0 map, satisfying our final condition for relative dimension. If we
denote by ~@, the collection of maps F'® B — A defined by all the <p,(fl) for m> N we
can then say that (F' ® B,{b, ~py) is a relatively n-decomposable ¢p approximation
for .# within e and for which the downwards map ¢ is e-.Z-order 0. The system of
these n-decomposable approximations (Fy® B, 1), ~py, ) indexed over the net (&, ¢)
can then be easily seen to be a system of approximations for which the map induced
by the v, is order 0. |

We now wish to be able to make similar statements in which we replace approx-
imately order 0 with approximately multiplicative. As noted before thanks to the
structure theorem on cpc order 0 maps, theorem [2.1.2) when the nuclear dimension is
0 the maps up are cpc order 0, and can be shown to be *-homomorphisms depending
on the image of the identity. When the relative dimension is 0 then the maps up
will be cpc approximately order 0 and our goal is to show we may assume these are
approximately multiplicative. Afterwards we shall need to show that relative dimen-
sion 0 implies that the maps down can be taken to be approximately multiplicative
in the sense the induced maps are multiplicative. This is based on the idea that
dim,.A =0 < drA =0 and that one may take the maps for decomposition rank
to be approximately mutliplicative, proposition [2.2.10}

Lemma 4.3.8. Let A, B be unital C*-algebras with B separable. Suppose ndgA =0,
then there exists a system of relatively 0-decomposable c¢p approximations (F) ®
B, 1y, ~px)a such that for each A, for each finite set # c F\ ® B and n > 0 one can
find a ¢, that is n-# -multiplicative.

Proof: Let .% c A a finite set of contractions and £ > 0 be given. Pick a relatively
[

0-decomposable approximation (F ® B,v,~¢p) for F u {14} within 32. We have

(14) < 1p,so0 that pi(14) < (1) < 14, and this (1) #2 14. Let ¢: F® B — A,
9
be the cpc order 0 map obtained from lemma [4.1.4) which will satisfy ¢)(a) ».2 a for
9

all a € #. From this we define a new cpc order 0 map ¢ : FF® B - A, by setting
() = o(1s) 26()o(1s) 2,

which can be seen to satisfy ®¢(a) ~z a for all a € F. Since this is a unital order

0 map it must be a *-homomorphism by theorem Thus for any # c F® B

and 17 >0 we may find an N € N such that ¢ is n-2#-multiplicative and will satisfy

dnip(a) ». a for all a € .F. The triple (F ® B,¢,~(®y)) is then a relatively 0-

decomposable cp approximation for .# within . so that we can say (F'® B,1,~®y)
is a 0-decomposable approximation for .# within ¢ satisfying the required condition. Hl
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Proposition 4.3.9. Let A, B be unital C*-algebras with B a separable C'( X )-algebra
with simple fibres for some locally compact Hausdorff X. Suppose ndgA =0 and X
is totally disconnected, then there exists a system of relatively 0-decomposable cp
approximations (F ® B, 1y, ~px)a such that the map

U Ao [I\(Fy® B)
@ (Fr @ B)
induced by the v, is multiplicative.
Proof:  Let .# c A a finite subset of positive contractions and ¢ > 0 be given. Note

that by a consequence of Stinespring’s theorem, see |28, Lemma 7.11|, [30, Lemma
3.5], we have that for a cpc map ¢: A - B,

[6(2y) = 6(2)d()| < |(zz*) = 6(x)d(z*) ]2yl

Hence to show e-.Z-multiplicativity we need only show

[(2?) - ¥ (2)?] < &

For all x € #. Denote the elements of .Z by b;...,b,, and let (F' ® B,y ,~p") be
an approximation for {by,..., by, b3, ...,b2 } within i—; For each j e {1,...,s} and for
each b; € & define the set

Wi = {o e X | (w5(02) - (b)) (2)] < €%},

and so define '
G7 = () W
bié.ﬁ '

Similarly define closed sets

. / / €
Dj = fr e X [ 15() ~ 5001 2 2+ g )

and thus define '

. j

NG - bgﬁ Dy .

As X is locally compact, Hausdorff, and totally disconnected it is therefore totally
separated and has a basis of clopen sets. As G and NGJ are closed they must
be expressible as an intersection of clopen sets. Thus we may find a clopen set
UJ ¢ X containing GJ that is disjoint with NG7. In the case where NGJ = @ this is
trivially true by setting U7 = X. If NG7 is nonempty then such a U’/ must exist as
otherwise every clopen set containing NG’ must also contain the complement of G7,
contradicting the fact that NG7 is expressible as an intersection of clopen sets. We
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may then define a continuous function p; : X - {0,1} that is 1 on U7 and 0 otherwise.
From this we define a new cpc map ¢; : A > M,; ® B by setting 1;(a) = p;¢j(a).
This satisfies

45 (BF) = 5 ()| = 112 (25(B7) = 45(8:)?) |

<&+

21000

for all b; € F. We shall set p; = ¢} for notational neatness. Taking ¢ and ¢ to be the
respective sums over the j we have

77777

for all b; € F. Let ¢; : F' ® B - A be the cpc order 0 map obtained from the ¢; by
lemma [4.1.4] For each b; € % we have the following inequality

[6515(67) = ¢ (w5 (bi)*) | < )" (7)) = o (4" (0:)?)] (4.3.5)
< [’ (7) = b7 | + 16 = bid)" (bi) | (4.3.6)

+ bige" (bi) = 0" ()| (4.3.7)

< % (4.3.8)

We now argue as in proposition We define the *-homomorphism IL; : C((0,1], M,,®
B) — Ay such that ¢;(a) = II;(« ® a) and consider I' := C((0,1], M,, ® B) as a con-
tinuous C((0,1] x X) algebra with simple fibres I'¢; ;y & M, ® B,. The kernel of this
+-homomorphism will then consist of those functions vanishing on some Y c (0, 1]x X.
Then the quotient [ := ﬁnj) is a continuous C'(Y')-algebra and we will have an iso-
metric *-homomorphism II} : IV - A such that II'(f Iy) = II;(f). Thus

165 (1 = g3 )b (0)) | = ITL5 (e ® (1 = pa5) 005 (3)) |
= sup (1= p;);(bi) (1)s].
(s,t)eY
If one assumes that [¢;((1 - p;)¥j(b;)| > § there must be some (s,t) € Y such that
I((L = p5)¥5(a)(t))s| > 5. This necessitates that ¢ € X\G7 and s > £ which would
mean that for at least one b; € . % we would have

65405 (b7) = 65 (0)*) | 2 (W5 (B7) = w5(0:)*) (D) s
€
>e- Z,

contradicting (4.3.8].
Recall that the map ¢; is defined using the maps ¢;, which are %—Fm—order 0

for the sets F}, of the first m elements of dense sequence of M, ® B. Since we have
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|95 ((1 = 12;)95(b;)| < § then there exists a sequence (i,,) in A such that there exists
an N € N such that for all m > N we have

05, ((L = 115) @5 (bi) | < 5 ((1 = p25) 805 (05) + i | + [

<<

2
for all B; € #. Let ~pyn be the collection of maps ¢, defined to be the sum of the
©;,. where m > N. As in the proof of proposition it can be seen that this col-
lection of maps are such that we have one which is n-K-order 0 for any compact set
K c F’'® B of contractions and 7 > 0. Hence we have that (F’ ® B,9,~px) is a rela-
tively O-decomposable cp approximation for .# within . The system (FY, ¥z, ~¢n,)
of 0-decomposable approximations indexed over the (%, ¢) is easily seen to be a sys-
tem such that the map W induced by the 1, is multiplicative. |

Remark 4.3.10. The preceding result is designed to follow very similar logic to
proposition [£.3.7], though comes with the caveat that X, in addition to being a locally
compact Hausdorff space, must be totally disconnected. While more restrictive a
condition, importantly, it still holds for the case that B is itself simple. It was
originally believed that the result would work with the same hypotheses as proposition
[4.3.7] except for the requirement that ndg A = 0, though the proof had a minor mistake
which led to finding a counter example.

Let A be a unital simple separable C*-algebra and set B = C'((0,1], A), so that
B is a continuous C'((0, 1])-algebra with simple fibers I'y 2 A for all s € (0,1]. Then
nde(,1],4)A = 0 which can be seen by taking maps ¢ : A - C((0,1],A) and ¢ :
C((0,1],A) - A defined by 1 (a) = id1] ® a and ¢(id@1] ® a) = a. The latter
map of which is the *-homomorphism that corresponds to the identity map on A by
corollary Then for the maps down to be approximately multiplicative in the
correct sense requires us to be able to find a net of maps ¢, : A > F) ® C((0,1], A)
such that in particular the unit is asymptotically mapped to a projection. This can
be seen not to be possible since C'((0,1], A) does not contain any projections, and
certainly would none of the F\ ® C((0,1], A) since any projection can be seen to be
unitarily equivalent to a diagonal projection. Since these algebras do not contain any
projections they cannot contain any elements that are arbitrarily close to projections
due to the stability of projections. Thus our proposition can fail when X is not totally
disconnected.

Remark 4.3.11. It is important to note that since the two prior results allow us to
obtain approximately multiplicative maps up or down without fundamentally chang-
ing the maps down or up, respectively, we should be able to apply both results simul-
taneously. That is if we have ndg A = 0 then we may find a system (F) ® B, ¥y, ~@x)a
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of relatively 0-decomposable cp approximations for A for which the maps up and
down may both be taken to be approximately multiplicative in their respective senses.
Moreover if A is separable then we may find a countable system (F,, ® B, 1, ~on)n
with the maps up and down are approximately multiplicative.

Theorem 4.3.12. Let A and B be separable unital C'*-algebras with B a continuous
C'(X)-algebra with simple fibres. Suppose ndgA =0 and X is totally disconnected,
then A exists as the limit of a generalised inductive system (F,, ® B, ¢, ) where each
of the F,, are finite dimensional algebras.

Proof: By propositions [4.3.8 and |4.3.9] we may find a system (F), ¥y, ~py) of
relatively 0-decomposable cp approximations for A such that the maps up and the
maps down are both multiplicative in their respective senses. Let .%, c A be the first
n elements of a dense sequence and so from the multiplicative system we may find a
relatively O-decomposable ¢p approximation (F; ® B,vq,~p;) for .Z; within § such
that 1 is %—ﬁl—multiplicative. Let K, be the first n elements of a dense sequence of
Fy ® B and so pick ¢1 1 € ~p; that is %—KlJ—order 0. We may then find a relatively 0O-
decomposable cp approximation (Fo® B, g, ~p9) for % := FyUpy 191 (F2)upr1(K12)
within 2% such that v, is %—%Q—multiplicative. Let K, be the first n-elements of a
dense sequence of Fy ® B and so define a new set Hoo := Koo Uthopr1(K;2). Pick
P22 € ~po that is g5-Ha o-multiplicative.

We continue in this way to obtain for all n € N a relatively 0-decomposable cp
approximation (F, ® B,1,, ~p,) for the finite set

n—1 n—1
G, = F,ulJoi(F)ulJei(Kin)u U wj000(Kin)
i=1 i=1 1<i<j<n-1
within 2% such that that 1, is %—gn—multiplicative where K;, c F; ® B is the set of
the first n elements of a dense sequence of F; ® B. We also define the set

n—-1
Hn,n = Kn,n u U wngpz,z(Kz,n)
=1

and so pick ¢, , € ~p, that is %—Hn,n—multiplicative.

For n,m € N,n < m we then define a cpc map ¢, : F,, ® B - F,, ® B by
Gnm = Umnn and claim that (F, ® B, ¢,,,) is a generalised inductive system. First
note that for any n € N, any x € F,, ® B and any € > 0 we may find n < M € N such
that 557 < £ and such that there exists 2’ € K, 5 such that |z — 2’| < £, then for all
M <m < k we have
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, , 2e
< ||wk90n,n($ ) - wkgpm,mwm@n,n(l‘ )” + g

<E.

Thus the maps are coherent. Note also that for n < m the maps ¢, are (— + 5 )-
H, ,-multiplicative, since for any z,y € H,,,, we will have

|Gnm (2Y) = Prm(2) Prn (Y) || < [V onn(2Y) = Y (Onn(2)Pnn(¥))]
+ me(gon,n(x)(;pn,n(y)) - wm(:on,n(x)wmgon,n(y)”
1 1
<—+ —.

2n  2m
In particular since H,, contains all finite sets of the form ,¢;;(kK;,) for all i <n
we can happily see that in fact ¢ny, is (37 + 337 )-@m (K )-multiplicative. This also
allows us to satisfy condition (4) of the definition for a generalised system. Given
neN, x,ye F,® B, and € we may find 2’ in the dense sequence for F,, ® B such that
|z = 2’| < 75 and so find y’ in the dense sequence of I}, ® B such that [[y—y'| < 757
We may then find M € N such that 2/,y’ € K, u, (2M + 2M+1) < £, and such that for

all M <m <k we have ”gbnk(m ) ¢mk¢nm(9€')\| < m and “ank(y,) - ¢mk¢nm(y,)|| <

7” - .Thus we have for all M <m <k

| it (D (2) P (y)) = Pt () P (y) |
+ | Gk (Drm (27) Prim () = Pk (Drun () P (¥) |
+ ||k (P (2") Prim (Y")) = Pk Pruan (27) Pk P (Y1) |
+ || Pk i (") P Prim (') = Pt (") Prrake i (Y
+ @i (") Pk (Y') = Dk (2) bk ()
+ [ Gnr(2) Pnr(Y') = Pur (") i (y) |
+ |Gk (") Dk (Y) = k() Prr (v)

<eg,

so that condition (4) of the definition is satisfied. The fact that the maps are
coherent and all of the maps in question are cpc it is quite easy to see the rest of
the estimates for the definition are satisfied, thus (F, ® B, ¢,,,) is indeed a
generalised inductive system.

Our next goal is to show that there is an asymptotic intertwining between this
system (F,,® B, ¢nn) and the trivial generalised system for A, (A,,id4, ) where each
A, = Aandidy,,, is the obvious identity map on A notated this way for consistency.
For each n € N let o, = ¢, and 8, = ¢,,. Since the connecting maps for both
generalised systems are cpc and these «,,, 5, are cpc also then by [5, Prop. 5.1.6] we
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only need to satisfy conditions (1), (3), and (4) of definition in order to see that
they form an asymptotic intertwining.

First let x € A, € >0 be given. We may find 2’ in the dense sequence of A such
that [z - 2’| < £ and let M €N be such that 2’ € %), and such that 57 < §. Thus for
all M <m <k we have

|omramida,, (2) - axida, ()] = [Prpmmm(@) = Pr(2)]
< [ ommtpm (") = 2| + 2] - 2’|
<e.

Thus the («,) satisfy condition (1) of [4.3.4]
Next let n € N, y € F,, ® B, and € > 0 be given. We may find y’ in the dense
sequence of F,, ® B such that |y —y'| < £, then let M € N be such that y’ € K, ); and

2% < i. Thus for all M <m < k we have

HidAm,kﬁmenm(y) - Bk(bnk(y) H = ”Spm,mwm@n,n(y) - @k,kkan,n(y) H
< HSOm,mmeDn,n(y,) - @n,n(y/)H
+ ok ktrpnn(y') = Enn(y)]
+2[y -y
<E.

Thus the (3,) satisfy condition (1) of |4.3.4
Let x € A and € > 0 be given. We may find x’ in the dense sequence of A such

that [z - 2’| < £ and let M €N be such that 2’ € %), and such that 5 < $. Thus for
all M <m <k we have

H6k¢mk‘amld14nm (':E) - 1dAnk (l‘) H = H(pk,kwk(pm,mwm(x) - Q?”
< H‘Pk,kwkwm,mwm(x,) - @m,mwm(x/)u
+ ||Q0m,mwm($,) - xI”
+2||x - 2|

<E.

Thus condition (3) of [£.3.4]is satisfied.

Let neN, ye F,, ® B, and € > 0 be given. We may find 3’ in the dense sequence
of F,, ® B such that |y —y'| < £, then let M € N be such that y’ € K, 5, and 2% <5
Thus for all M <m <k we have

< lemm¥m@nn(¥') = nn(y) | + 2]y - /']
<E.
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Thus condition (4) of is satisfied.
Since all the necessary conditions have been satisfied then by [5, Prop. 5.1.6] the
(o) and (f,,) form an asymptotic intertwining. Thus we have an isomorphism

A21lim(F, ® B, $nm)-

Remark 4.3.13. Unfortunately we do not manage to show that proposition [.3.3|
and theorem are in fact equivalent. The hypothesis of that the induced
maps are *-homomorphisms is equivalent to the statement that for all n € N, for
all x,y € F,, ® B, and € > 0 there exists a K € N such that for all £k > K we have
| nk(xy) = Guk () dur(y) | < €. This is not a condition that our construction of [4.3.12]
is able to satisfy, the best we are able to show is that ¢,k is (55 + 57 )-multiplicative
on the set of the first n elements of a dense sequence of F,, ® B.

An earlier attempt at proving attempted to remedy this by taking maps
Onk : Iy ® B - A that are %—multiphcative on the set of the first k elements of a
dense sequence of F),, ® B. By defining ¢, = ¥, this would have shown that for

k—o0

any z,y € F, ® B we would have ||¢,x(2y) — ¢nr()nk(y)| —— 0. This runs into the
problem that coherence relies on showing |@,m () —@ne(x)| = 0 for increasing m < k,
for any x € F,, ® B, for which there appears to be no obvious reason this should be
true.

Thus the system constructed for is not enough to obtain dimension 0

through

4.4 On the Comparison Property

In [41] Robert was able to show that if a C*-algebra has nuclear dimension n then its
stabilised Cuntz semigroup Cu(A) will have n-comparison. This came as a less re-
strictive version of a similar result by Toms and Winter in terms of the decomposition
rank [45, Lemma 6.1] and they were the first to consider this n-comparison property,
though with the context of using dimension functions to define the property. The
version of the n-comparison property we use for our purposes here, and with which
Robert proves his statement, is due to Ortega, Perera, and Rgrdam [37]. TLet us
recall some of the relevant definitions. For a,b € M, (A), we say that a is Cuntz
subequivalent to b, written a 3 b, if there exists a sequence (v, )y in Mo (A) such that
|vabvi —al| = 0. Then a and b are said to be Cuntz equivalent, written a ~ b, if a 30
and b 5 a. This gives us an equivalence relation on M., (A), and we shall use [a] to
denote the equivalence class of a € M, (A),. By taking the quotient W (A) := Meo(A)s

b
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equipping this with the binary operation [a] + [b] = [a ® b], and equipping it with
the partial order [a] < [b] <= a 3 b we get that W(A) is a positively ordered
abelian monoid. This object W (A) is the Cuntz semigroup of A. The object Cu(A)
is the stabilised Cuntz semigroup of A, originally introduced by Coward, Elliott, and
Ivanescu [19], shown to be order isomorphic to W(A®K). For a € M (A), and € >0
we denote by (a—¢), the element of C*(a) corresponding to the function defined by
f(t) =max{0,t -} for t € o(a).

In order to define the n-comparison property there is another relation we must
consider. For elements x,y in an ordered abelian semigroup S we say z is stably
dominated by y, written x <, y if there exists some k € N for which (k+ 1)x < ky
[37, Def. 2.2]. Then an ordered abelian semigroup W has the n-comparison property
if whenever z,vo,...,y, € W are such that x <, y; for all i then = < ¥ yy; [37, Def
2.8]. Tt can be seen that such a semigroup W having the 0-comparison property is
equivalent to W being almost unperforated. As noted, Toms and Winter in [45] gave
their version of the n-comparison property in terms of dimension functions induced
by lower semicontinuous 2-quasitraces, see [23, Sec. 4|, though this ends up being
equivalent to the property as defined in [37] as shown by Robert [41, Lemma 1].

The idea of Robert’s proof, see [41, Sec. 2|, is to factor through the finite
dimensional algebras coming from the nuclear dimension in a particular way. In
particular it relies on [50, Prop 3.2| that allows one to pick a system of approximations
for the nuclear dimension such that the maps down are asymptotically order 0, and it
also relies on the fact that Cu(F’) is unperforated, thus has O-comparison, for any finite
dimensional F'. Thus to be able to make a similar statement in terms of our relative
dimension largely depends on being able to generalise these ideas to our own setting.
We've already shown in proposition that we are able to generalise Winter and
Zacharias’ result so we need to consider the comparison property of Cu(F ® B) in
relation to that of Cu(B) for finite dimensional F. Certainly for any m € N we have
Mo (M, (B)) 2 Mo (B) thus we have Cu(M,,(B)) = Cu(B) so that if Cu(B) has
the n-comparison property then so will Cu(M,,(B)) for all m € N. Then for a finite
dimensional algebra F' we can see that Cu(F ® B) = Cu(@®j_; M, (B)) which can be
seen to have the n-comparison property also. To see why let (ax);_,, (b{c)iﬂ be positive
elements in (@;_, M, (B))®K = @®;_, (M, (B)®K) such that [(ak)zzl] <s [(52)2:1]
for 7 = 0,...,n. Then for each k& we have [ay] <, [bi] for y = 0,...,n and thus
[ar] < Yo [b{g] Then for each k let (vg,)rn be the sequence coming from the

definition of the Cuntz subequivalence which gives us a sequence ((vp,)5_;)ren in
(D1 My, (B)) ® K that shows [(ar);_o] < ¥7 [(b,i)zzo]. This is a simpler version
of lemma to come. Thus if Cu(B) has the n-comparison property then so does
Cu(F ® B) for any finite dimensional F'.

We shall still require a number of results given by Robert [41] in order to prove
our own version of a dimensional comparison result. The following results and proofs

come as generalisations of those present in [41].
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Proposition 4.4.1. Let A, B be C*-algebras with B a separable continuous C'(X)-
algebra with simple fibres. If ndgA = n then there exists a net A and cpc order 0
maps

M FY e B

v A :
@, F" o B

and

W FeB

el 2 A"
D\ FA(’) ®B

= (Ao

such that
L=y O (4.4.1)
=0

where ¢ : A > A, is the diagonal embedding.

Proof: By proposition we can find a system of n-decomposable c¢p approx-

(i)
imations (Fy ® B, ¥y, ~px)a for A such that the induced map ¥ : A — % i
ALy

cpe order 0, so certainly the component maps U are. By lemma for each A
and for each ¢ we are able to find a cpc order 0 map ¢E\Z : Ffl) ® B > As. The

induced maps " . [To = (As)a can then be seen to be order 0. That the maps
Pl m B

&, F{eB
of [41] that is if £ : C' — D is cpc order 0 and I < C' an ideal such that I c ker(€)
then the induced map & : % — D is also order 0. This comes from the correspondence
between cpc order 0 maps and *-homomorphisms on the cone. Then by construction
t(a) =0, @OW0q for all a € A. i

— (A )a are order 0 is due to a fact shown in the proof of lemma 2

This lemma in particular is a generalisation of Robert’s in which he shows the
same result for specifically unperforated semigroups.

Lemma 4.4.2. Let A and (A))x be C*-algebras.

(i) If Cu(A) has the m-comparison property then so does C’u(?) for all closed two
sided ideals I < A.

(ii) If for each A € A, Cu(Ay) has the m-comparison property then so do Cu(I], Ax)

and C’u(gi—’:‘;).
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Proof: i) Let [a],[b;j] € Cu(4) be such that [a] <, [b;] for j = 0,...,m. Let
[a],[b;] € Cu(A) be lifts of these elements for j = 0,...,m, so that by [I8 Prop. 1]
we have [a] <, [b;] + [4;] for some i; € [ ® # for j =0,...,m. Since Cu(A) has the
m-comparison property we have [a] < ¥ 7o([b;] + [i;]). Passing back to the quotient
gives us [a] < Zj"lo[i)j].

ii) Let (ax)a, (brj)a € (ITa Ax) ® A c T[Ta(A\ ® £7) be positive elements such
that [(ax)a] <s [(baj)a] for j =0,...,m. Let € >0, by [37, Lemma 2.6] there exists

some 0 such that
[((ax =) )a] <5 [((br; = 0))al,

for all j. Certainly [(ay —€)s] <5 [(brj — 9)+] for j = 0,...,m and for all \. To
see this consider (cx)a, (dy)x € (ITa Ax) ® £ such that [(ca)a] < [dr]. Then there
exists a sequence ((vx,)a)n such that |(vy,)r(da)a(van)s = (ex)a] = 0, then we have
(supy [vandrvy, = cxl) — 0. Since each Cu(Ay) has the m-comparison property we
have [(ay-¢),] < Yitol(brj = 0)+] = [((®74br;) —6)+]. By the definition of the Cuntz
subequivalence we may find z) € Ay ® K such that

(ax—2¢), = x3z) and )7} € her(((®15bx;) —0)+).

As 23] < lax]| we have that (zx)a € [Ty(Ax ® ), we also have z x5 < $(@7by;).
Thus

((ax=2¢))a = (3)a(za)a and (2x)a(23)a € her(((@729h;))a)-

Since ([Ty Ax) ® K is a hereditary subalgebra of []y(A\ ® K) and (zx)a(z})a €
her(((®7bx;))a) we have that (zx)a € (ITy Ax) ® K. This gives us [((ax —2¢),)a] <
[((®]2br;))x], and since ¢ can be taken to be arbitrarily small we have [(ax)] <

S (baj)a): [

With all these we are now prepared to make our own statement on comparison
in the context of relative nuclear dimension.

Theorem 4.4.3. Let A, B be C*-algebras with B a separable continuous C'(X)-
algebra with simple fibres. If ndgA = n and Cu(B) has the m-comparison property,
then Cu(A) has the ((n+1)(m+ 1) — 1)-comparison property.

Proof:  Assume that we have [a] <, [b;;] for i=0,...,n, j=0,...,m, and let 0
and U be the cpc order 0 maps defined in proposition By [49, corollary 3.5]
cp order 0 maps preserve Cuntz comparison, and so we have [U(®)(a)] < [W®)(b;;)]
fori=0,...,nand j =0,...,m. Since Cu(B) has m-comparison, so must Cu(F\® B)
for each . Thus [W®)(a)] < £7%[W(i)(bi;)] by lemma[4.4.2] The maps ®@ are order
0 and so will also preserve Cuntz comparison so we have

[2ORO@] < 0w )] < 3 00w0(,)] - o))

7=0 =0 7=0



4. RELATIVE NUCLEAR DIMENSION 65

Hence,
@) - [ £ 00000 < S [e0w0 @] < S5 1
i=0 i=0 =0 5=0
By [41, Lemma 3] we get [a] < iy X0 [bi]- i

4.5 Further Considerations

Remark 4.5.1. As the Jiang-Su algebra Z is simple and separable we can view it as
a separable C'({x})-algebra with simple fibres, where {z} is the single point space. As
such it satisfies the hypothesis of theorem to allow us to make some statements
surrounding the nuclear dimension relative to Z. Let A be a simple, separable, unital,
nuclear, and Z-stable algebra. We have already seen that if A is AF then nd =0 so
that any such algebra must exist as a generalised inductive limit A 2 lim(F,,® Z, ¢, )-
However if A is not AF we have only been able to show that ndzA =0 or 1. Trivially
we know that ndzZ = 0 and ideally this would be the only non-AF example for A such
that ndzA = 0. We would like to be able to say that ndzA = dim,,.A for all simple,
separable, unital, nuclear A such that A ¢ Z. We certainly know that ndzA = 1 if
A does not exist as a generalised inductive limit of the form (F, ® Z, ¢,,,) for F,
finite dimensional, though we do not know if this must be the case when A is not
AF or if there are some examples of non-AF Z-stable algebras that can be written
as such a generalised inductive limit. Even if there are examples of non-AF A that
can be written as such a generalised inductive limit it is not clear that should itself
imply ndzA = 0 since the condition that the induced maps ¢, : F,, ® Z — A are
*-homomorphisms is not immediate.

Remark 4.5.2. Despite being a motivating example leading to defining our notion
of relative nuclear dimension we did not manage to obtain any precise value for the
relative nuclear dimension for those Villadsen algebras that are nuclear but with
infinite nuclear dimension, outside of obvious trivial examples. We know that if A
is such a Villadsen algebra then to have ndgA < oo we must have that B itself has
infinite nuclear dimension. Moreover theorem would imply that B must be
such that its Cuntz semigroup does not have the n-comparison property for any n,
at least for simple and separable B. As such we were most interested in the case
that both A and B are these Villadsen algebras with infinite nuclear dimension.
Particularly we had first considered the case that A 2 lim;_, e (M,,, ® C(X ™), ¢;) and
B 2 lim;_, o (M,,, ® C(X*"),4;), that is the component algebras at each stage being
the same but changing in particular the eigenvalue maps at each stage to see what
effect that might have on the relative nuclear dimension. In this scenario even we
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did not find any interesting estimates for the finite relative dimension between these
algebras. We do still believe though that it should be possible to show the relative
nuclear dimension here must be finite, and further work will hopefully be able to show
this.
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