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Abstract

We consider the class of generalised Toeplitz algebras ; those C∗-algebras that can be
expressed as an extension of C(X) by the compact operators K, for some compact
metrizable space X. We show that one can generalise the result of Brake and Winter,
that the nuclear dimension of the Toeplitz algebra is 1, to show that for any generalised
Toeplitz algebra its nuclear dimension must be equal to dimnucC(X). This shows that
Brake and Winter's dimension reduction phenomenon is applicable to a much wider
class of algebras. We also introduce our de�nition for the relative nuclear dimension
of a C∗-algebra. This is a modi�cation to the de�nition of nuclear dimension that
requires us to factor through algebras of the form F⊗B for F �nite dimensional and B
some �xed algebra we are working relative to. We explore various properties satis�ed
by the relative nuclear dimension with a particular eye to its being a modi�cation of
nuclear dimension.
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Chapter 1

Introduction

The nuclear dimension of a C∗-algebra, as de�ned by Winter and Zacharias [50], is
a non-commutative generalisation of topological covering dimension that had been
introduced to improve upon an earlier non-commutative generalisation that is the
decomposition rank [30]. There have been many di�erent non-commutative general-
isations besides these, such as the stable rank [40], and real rank [14]; individually
these prior notions have been highly useful though their applications are restricted
somewhat. In particular decomposition rank has had great applications to the classi-
�cation of stably �nite, separable, simple, nuclear C∗-algebras, but it limited by the
fact that an algebra has �nite decomposition rank only if it is quasidiagonal [30, Thm.
4.4]. Thus the nuclear dimension was introduced as a particular notion that would
be applicable to a larger class of nuclear C∗-algebras, while having strong relations
to many other important regularity properties of non-commutative spaces.

For the following de�nition we recall that a completely positive, or cp, map
ϕ ∶ A→ B is one that sends positive elements of A to positive elements of B and such
that each ampli�cation map ϕn ∶ Mn(A) → Mn(B) is positive in the same sense for
all n ∈ N. If a cp map is, in addition, contractive we refer to it as a cpc map. A cpc
map is order 0 if it sends orthogonal elements to orthogonal elements.

De�nition 1.0.1. [50, Def. 2.1] A C∗-algebra A has nuclear dimension at most n,
written dimnucA ≤ n, if there exists a net (Fλ, ψλ, φλ)Λ, with Fλ �nite dimensional,
ψλ ∶ A→ Fλ cpc, and φλ ∶ Fλ → A cp such that

i) φλψλ(a) → a uniformly on �nite subsets of A,

ii) Fλ decomposes into n+1 ideals Fλ = F (0)λ ⊕⋅ ⋅ ⋅⊕F
(n)
λ such that for all i = 0, . . . , n

the restriction φ(i)λ ∶= φλ ↾F (i)
λ

is cpc order 0.

Then dimnucA = n if n is the least such number for which this is true.

1



1. INTRODUCTION 2

The intuitive picture we consider with this de�nition is to �t the system of
approximations into diagrams of the form

A A

Fλ

ψλ

idA

φλ

This de�nition di�ers from that of the decomposition rank, [30, Def. 3.1], in
quite a mild fashion. Decomposition rank is de�ned the same as above except for the
fact the maps up, the φλ, need to be contractive. A small change but one which opens
up the class of nuclear algebras for which �nite dimension makes sense; for example
the Toeplitz algebra T is known to have in�nite decomposition rank, since it is not
quasidiagonal [30, Ex. 6.1 iv)], but its nuclear dimension was originally known to be
1 or 2 [50, Ex. 6.3].

By now the most well known relation for nuclear dimension is between �nite
nuclear dimension and Z-stability, that is A ≅ A⊗Z, where Z is the Jiang-Su algebra
[26]. This is represented by the Toms-Winter conjecture, [50, Conj. 9.3], that states
that Z-stability, �nite nuclear dimension, and strict comparison of positive elements
are equivalent for simple, separable, unital, nuclear C∗-algebras. While this is not yet
known to be true in complete generality, particularly it is not known that strict com-
parison should imply Z-stability, we do at least now know that for simple, separable,
nuclear algebras �nite nuclear dimension is equivalent to Z-stability, [16, Thm. A].
Moreover this comes with the consequence that for simple, unital C∗-algebras there
are only three possible values for the nuclear dimension, 0,1, or ∞, [16, Cor. C].
Then for such Z-stable algebras the distinction between nuclear dimension 0 and 1
depends on whether the algebra is AF, since dimnucA = 0 if and only if A is an AF
algebra [50, Rem. 2.2 iii)]. When we are dealing with non-simple algebras then it is
possible that the nuclear dimension stores more information about an algebra.

One particular example for us to consider is the Toeplitz algebra, whose precise
value for nuclear dimension has only recently been determined to be 1 by Brake and
Winter [10]. This is a well understood algebra, to the point that determining its
nuclear dimension was less about gleaning any insight into the algebra and more
about presenting a "new instance of dimension reduction phenomenon" in their own
words; but the proof they present, their dimension reduction, ends up being applicable
to a larger class of algebras that the Toeplitz algebra sits inside. The Toeplitz algebra
T can be realised as the extension of C(S1) by the compact operators K(H) over a
separable in�nite dimensional Hilbert space, that is we have a short exact sequence

0→ K → T → C(S1) → 0.

As such it is quite immediately possible to obtain a fairly narrow estimate for the
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nuclear dimension of T by [50, Prop 2.9] which states that for an extension

0→ J → E → A→ 0

we obtain the following estimate for the nuclear dimensions of the algebras involved

max{dimnucJ,dimnucA} ≤ dimnucE ≤ dimnucJ + dimnucA + 1.

Since K is AF, thus dimnucK = 0 it is quite immediate to see that 1 ≤ dimnucT ≤ 2
but Winter and Zacharias were unable to determine which speci�c value the nuclear
dimension must satisfy, indeed this was left as one of their problems [50, Prob 9.2]. If
we are given a compact metrizable space X then we can certainly consider extensions
of C(X) by K(H) which describes a class of extension algebras �rst discussed by
Brown, Douglas, and Fillmore [12] and which, for our purposes, we have elected to
describe as generalised Toeplitz algebras. Then for any algebra TX that exists as an
extension of C(X) by the compact operators K(H), see de�nition 3.1.1, we will have
a similar estimate to that of the Toeplitz algebra by [50, Prop 2.9]; speci�cally we
will have

dimnucC(X) ≤ dimnucTX ≤ dimnucC(X) + 1.
A natural question to consider with this class of algebras is if we are able to employ
a similar argument to Brake and Winter's to be able to �nd the exact value of the
nuclear dimension. This is the content of our chapter 3 on these generalised Toeplitz
algebras, to show that we can in fact generalise, with some work, the proof in [10] to
be applicable to every single algebra in this class.

If dimnucA = n < ∞ then the maps up, the φλ, are not necessarily contractive but
are n-decomposable, thus each φλ exists as the sum of n + 1 cpc maps φ(i)λ . We can
thus see that we have a bound ∥φλ∥ ≤ n+1, by which it is still possible to show that A
must satisfy the completely positive approximation property, and so be nuclear [50,
Rem. 2.2 i)]. Conversely though, nuclearity of A is not enough to show dimnucA < ∞.
This can be seen to be an issue with the nuclear dimension in the sense that we
cannot use it to glean any information about certain algebras that otherwise might
be particularly nice; algebras that are simple, separable, and nuclear might not have
�nite nuclear dimension. An example of nuclear algebras that have in�nite nuclear
dimension is a particular class of Villadsen algebras, de�ned �rst by Villadsen [46]
and expanded upon by Toms and Winter [45], where it is the latter paper that our
own understanding comes from. Given a compact Hausdor� space X, and sequences
(ni)N, (mi)N of natural numbers with n1 = 1 then a unital algebra A is a Villadsen
algebra of the �rst type (a VI algebra), [45, Def 3.2], if it is an inductive limit of the
form

A ≅ lim
i→∞
(Mmi

⊗C(X×ni), ϕi),

where the ϕi are VI maps. We refer to our section 2.3 for a more thorough understand-
ing of these algebras. It is possible however, by choosing X to be a �nite dimensional
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CW-complex and by making certain requirements of the connecting maps, to con-
struct a class of these VI algebras that are simple, unital, nuclear, but have in�nite
nuclear dimension. Inspired by the fact nuclear dimension is a modi�cation to de-
composition rank that is applicable to a wider range of algebras we seek to de�ne a
notion of relative nuclear dimension that is a modi�cation to the nuclear dimension
that will hopefully deal with algebras such as these Villadsen algebras that are nuclear
with �nite nuclear dimension. We consider nuclear dimension of A relative to some
C∗-algebra B by factoring instead through algebras of the form Fλ ⊗B for Fλ �nite
dimensional. We also make a slight modi�cation to the notion of decomposability in
the de�nition of nuclear dimension, where instead of relying on the restrictions φ(i)λ
being order 0 we relax this so that they need to only be approximately order 0. Our
chapter 4 is devoted to providing a rigorous de�nition to our notion of relative nuclear
dimension, and to exploring the various properties satis�ed by it.



Chapter 2

Nuclear Dimension

In this section we present more explicitly some of the results for nuclear dimension
and order 0 maps that we make use of or generalise in some fashion. We also look
at the class of Villadsen algebras that are unital, simple, nuclear, but which do not
have �nite nuclear dimension.

2.1 Order 0 Maps

First recall that a map ϕ ∶ A → B is completely positive, or cp, if for all n ∈ N the
map ϕn ∶ Mn(A) → Mn(B) de�ned by ϕn ([ai,j]) = [ϕ(ai,j)] is positive in the sense
that positive matrices are mapped to positive matrices. If a cp map is in addition
contractive we refer to it as a cpc map.

Two elements a, b of a C∗-algebra A are said to be orthogonal, a ⊥ b if ab =
ba = a∗b = ab∗ = 0. Note that if a and b are self-adjoint then a ⊥ b if and only if
ab = 0. We now present some relevant facts about order 0 maps, which are those
maps that preserve orthogonality. Such maps are very much the building blocks of
nuclear dimension, and indeed decomposition rank before it and exist as a special,
much more useful case, of the notion of the strict order of a cpc map, see [47, Def
3.1 b)]. We refer to [49] as giving the most important structural theorems of order 0
maps.

De�nition 2.1.1. [49, Def. 1.3] Let A,B be C∗-algebras and let φ ∶ A→ B be a cpc
map. We say φ has order 0 if, for a, b ∈ A

a ⊥ b Ô⇒ φ(a) ⊥ φ(b).

Trivially any ∗-homomorphism φ ∶ A → B must be order 0 since for a ⊥ b we
have φ(a)φ(b) = φ(ab) = 0. For an example of a cpc order 0 map that is not itself a
∗-homomorphism consider a compact space X with a �nite open cover (Uj)nj=1. Let
(hj)nj=1 be a partition of unity subordinate to this cover. Choose a collection (Yk)sk=1

5



2. NUCLEAR DIMENSION 6

of sets from this open cover that are pairwise disjoint and let hYk be the corresponding
functions from the partition. Then one may de�ne a cpc order 0 map φ ∶ Cs → C(X)
by setting φ((ak)sk=1) = ∑

s
k=1 akh

Y
k .

We then come to the main structure theorem of [49]. Recall that M(C) is the
multiplier algebra of C and C ′ the commutant.

Theorem 2.1.2. [49, Thm. 2.3] Let A and B be C∗-algebras and φ ∶ A → B a cpc
order 0 map. Set C ∶= C∗(φ(A)) ⊂ B. There are a positive element h ∈ M(C) ∩ C ′
with ∥h∥ = ∥φ∥ and a ∗-homomorphism

πφ ∶ A→M(C) ∩ {h′}

such that
πφ(a)h = φ(a)

for all a ∈ A. If A is unital then h = φ(1A).

For a unital C∗-algebra A one can then easily check if an order 0 map φ ∶ A→ B
is in fact a ∗-homomorphism, since if φ(1A) is a projection in B then φ must be a
∗-homomorphism. To see this assume φ(1A) is a projection, then we have

φ(ab) = πφ(ab)φ(1A) = πφ(a)πφ(b)φ(1A) = πφ(a)φ(1A)πφ(b)φ(1A) = φ(a)φ(b)

for all a, b ∈ A. In particular any ucp, that is completely positive and unital, order 0
map A→ B is automatically a ∗-homomorphism.

While there are many important corollaries to this theorem the two in particular
that are the most applicable to us in our context are the following.

Corollary 2.1.3. [49, Cor. 3.1] Let A,B be C∗-algebras and φ ∶ A → B a cpc
order 0 map. Then the map given by π(id(0,1] ⊗ a) ∶= φ(a) for a ∈ A induces a
∗-homomorphism π ∶ C((0,1]) ⊗A→ B.

Conversely a ∗-homomorphism π ∶ C((0,1]) ⊗A→ B induces a cpc order 0 map
φ ∶ A→ B via φ(a) ∶= π(id(0,1] ⊗ a).

Recall that an algebra A is said to be projective if for every ∗-homomorphism
A → B

J , for J ⊲ B an ideal, there exists a lift A → B that is a ∗-homomorphism. By
[34, Thm 10.1.11] and [34, Thm. 10.2.1] we have that C((0,1]) ⊗ F is projective for
all �nite dimensional F . By combining this with the above corollary we get that any
cpc order 0 map φ ∶ F → A

J , for J ⊲ A an ideal, is able to be lifted to a cpc order 0
map ϕ ∶ F → A.

We shall also be making use of the following result regarding the tensors or cpc
order 0 maps.
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Corollary 2.1.4. [49, Cor. 3.3] Let A,B,C,D be C∗-algebras and φ ∶ A → B,
ψ ∶ C →D be cpc order 0 maps. Then the induced cpc map

φ⊗µ ψ ∶ A⊗µ C → B ⊗µD

has order 0, where µ denotes the minimal or maximal tensor product. In particular
for any k ∈ N the ampli�cation

φ(k) ∶Mk(A) →Mk(B)

has order 0.

2.2 Relevant Results for Nuclear Dimension

First let us restate the de�nition for the nuclear dimension.

De�nition 2.2.1. [50, Def. 2.1] A C∗-algebra A has nuclear dimension at most n,
written dimnucA ≤ n, if there exists a net (Fλ, ψλ, φλ)Λ, with Fλ a �nite dimensional
C∗-algebra, ψλ ∶ A→ Fλ cpc, and φλ ∶ Fλ → A cp such that

i) φλψλ(a) → a uniformly on �nite subsets of A,

ii) Fλ decomposes into n+1 ideals Fλ = F (0)λ ⊕⋅ ⋅ ⋅⊕F
(n)
λ such that for all i = 0, . . . , n

the restriction φ(i)λ ∶= φλ ↾F (i)
λ

is cpc order 0.

Then dimnucA = n if n is the least such number for which this is true.

In [50] the triples (Fλ, ψλ, φλ) are referred to as piecewise contractive n-decomposable
cp approximations and the net (Fλ, ψλ, φλ)Λ a system of piecewise contractive n-
decomposable cp approximations for A. For brevity we choose not to use this full
name instead referring to such objects as n-decomposable cp approximations and sys-
tems of n-decomposable cp approximations with the understanding that when we say
a map φ ∶ F → A is n-decomposable we speci�cally mean that it satis�es condition
ii) of the above de�nition.

It will often be useful for us to refer to the decomposition rank, so we present its
de�nition.

De�nition 2.2.2. [30, Def 3.1] A C∗-algebra has decomposition rank at most n,
written drA ≤ n, if there exists a net (Fλ, ψλ, φλ)Λ with Fλ a �nite dimensional C∗-
algebra, ψλ ∶ A→ Fλ cpc and φλ ∶ Fλ → A cpc such that

i) φλψλ(a) → a uniformly on �nite subsets of A,
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ii) Fλ decomposes into n+1 ideals Fλ = F (0)λ ⊕⋅ ⋅ ⋅⊕F
(n)
λ such that for all i = 0, . . . , n

the restriction φ(i)λ ∶= φλ ↾F (i)
λ

is cpc order 0.

Then drA = n if n is the least such number for which this is true.

Note that the only di�erence between decomposition rank and nuclear dimension
is that decomposition rank requires that the φλ must be contractive itself, whereas
they only need to be completely positive for nuclear dimension. This immediately
shows that dimnucA ≤ drA for all C∗-algebras A since any system of approximations
for the decomposition rank of A necessarily satisfy the conditions to be a system of
approximations for the nuclear dimension of A. In general this is not an equality; for
example the Toeplitz algebra has nuclear dimension 1 [10] but its decomposition rank
is in�nite [30, Ex. 6.1 iv)].

In practice in order to make use of the nuclear dimension rather than considering
a general net of such approximations we rather focus on the equivalent de�nition using
an (F , ε) net.

Proposition 2.2.3. Let A be a C∗-algebra. Then dimnucA ≤ n if for all F ⊂ A �nite
and ε > 0 there exists an n-decomposable cp approximation (F,ψ,φ) for F within
ε. That is a triple with F �nite dimensional, ψ ∶ A → F cpc, and φ ∶ F → A is
completely positive and n-decomposable in the sense of condition ii) of 2.2.1, such
that ∥φψ(a) − a∥ < ε for all a ∈F .

Proof: Assume dimnucA ≤ n and (Fλ, ψλ, φλ)Λ is a system of n-decomposable cp
approximations for A from de�nition 2.2.1. Let F ⊂ A �nite and ε > 0 be given.
Since φλψλ(a) → a uniformly on �nite sets of A we must be able to �nd some λ ∈ Λ
such that ∥φλψλ(a) − a∥ < ε for all a ∈ F . Then (Fλ, ψλ, φ) is an n-decomposable
cp approximation that works for (F , ε). Conversely we may create a net Λ indexed
by �nite sets F ⊂ A and ε > 0 with an order de�ned by (F , ε) ≤ (G , η) if F ⊂ G
and ε > η. Then if (F(F ,ε), ψ(F ,ε), φ(F ,ε)) is the n-decomposable cp approximation
for F ⊂ A within ε > 0 we can see that (F(F ,ε), ψ(F ,ε), φ(F ,ε))Λ is a system of n-
decomposable cp approximations for A. Thus dimnucA ≤ n.

Remark 2.2.4. While each φλ in a system of approximations for the nuclear di-
mension of A are not contractive we are still able to get a uniform bound for each
of them. If dimnucA = n < ∞ and (Fλ, ψλ, φλ)Λ is a system of n-decomposable cp
approximations, then since each φλ is n-decomposable it can be written as a sum of
n + 1 cpc maps φ(i)λ , so we can see that for each φλ we have ∥φλ∥ ≤ n + 1. With this
in mind it can still be shown that A satis�es the completely positive approximation
property so that A is nuclear. Thus �nite nuclear dimension implies nuclearity, see
[50, Rem. 2.2 i)].
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Remark 2.2.5. It is the case that we have dimnucA = 0 if and only if A is AF,
[50, Rem. 2.2 iii)]. If A is AF then it exists as an inductive limit A ≅ limn→∞Fn
for �nite dimensional C∗-algebras Fn. Then for any �nite set F ⊂ A one can �nd
an approximation F ′ ⊂ Fn within a given ε > 0 for some n. Set ψ ∶ A → Fn to be
the extension of id ∶ Fn → Fn by Arveson's extension theorem and let φ ∶ Fn → A
be the induced ∗-homomorphism from the inductive system. Then (Fn, ψ,φ) would
be a 0-decomposable cp approximation for F within ε. Conversely if dimnucA = 0
there exists a system (Fλ, ψλ, φλ)Λ of 0-decomposable cp approximations for A. In
particular this means the φλ are necessarily cpc order 0. If we know each of the φλ
are unital then by 2.1.2 they are in fact ∗-homomorphisms. If they are not unital
then it is harder to do, but still possible to show that one may �nd a system of 0-
decomposable approximations where the φλ are ∗-homomorphisms. Since they are
part of a system of approximations it can be seen that for all �nite sets F ⊂ A and
ε > 0 there exists some λ such that dist(a,φλ(Fλ)) < ε for all a ∈ F ; thus A is AF
through Bratteli's characterisation of AF algebras [11].

A particular result of note is the relation between the nuclear dimension of C0(X)
and the topological covering dimension of a locally compact Hausdor� space.

Proposition 2.2.6. [50, Prop. 2.4] Let X be a locally compact Hausdor� space.
Then

dimnucC0(X) = drC0(X).
In particular if X is second countable we have

dimnucC0(X) = dimX.

The de�nition for topological covering dimension of X is given by [38, Def. 3.1.1].
We won't be using this speci�c de�nition though, opting instead to use an equivalent
condition of n-decomposability given by [30, Prop 1.6].

Remark 2.2.7. This result is useful to consider in the context of generalised Toeplitz
algebras since the goal is to show that dimnucTX = dimnucC(X). Particularly we are
concerned with the direction dimnucC0(X) ≤ dimX which can be shown by making
use of partitions of unity. We know by [30, Prop. 1.6] that dimX ≤ n if and only if
every �nite open cover of X has an open re�nement that is n-decomposable. A family
of subsets (Uλ)Λ of X is n-decomposable, [30, Def 1.4], if there is a decomposition
Λ = ⊔ni=oΛj such that for all i = 0, . . . , n and λ,λ′ ∈ Λi we have Uλ ∩ Uλ′ = ∅. Assume
dimX = n and let F ⊂ C(X) �nite and ε > 0 be given. We may �nd a �nite cover
(Uj)rj=1 of X for which ∣f(x)−f(y)∣ < 2ε

3 for all x, y ∈ Uj for any f ∈F and any j. Let
(Uk,j)0≤k≤n,j∈jk be an n-decomposable re�nement of this cover, thus Uk,j ∩Uk,j′ = ∅ for
all k and any j, j′ ∈ Jk, and choose a collection of points {xk,j} such that xk,j ∈ Uk,j.
Let (hk,j)0≤k≤n,j∈Jk be a partition of unity subordinate to this re�nement, and set
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x(k) = ∣Jk∣; we then de�ne, for each k, a cpc order 0 map φ(k) ∶ Cx(k) → C(X)
by setting φ(k)((aj)j∈Jk) = ∑j∈Jk ajhk,j. Taking the sum of these maps φ = ∑nk=0 we
obtain an n-decomposable cp map. Set F = ⊕n

k=0Cx(k) and de�ne ψ ∶ C(X) → F by
ψ(f) = (f(xk,j))0≤k≤n,j∈Jk ; by construction one can see ∥φψ(f) − f∥ < ε for all f ∈F .
Hence (F,ψ,φ) is an n-decomposable cp approximation for F within ε and so it can
be seen that dimnucC(X) ≤ dimX. Our goal in using this viewpoint with generalised
Toeplitz algebras will be to �nd a particularly good n-decomposable cover of X that
allows us to de�ne a useful system of n-decomposable cp approximations for C(X).

The following permanence properties have some importance to us for the purpose
of de�ning relative nuclear dimension.

Proposition 2.2.8. [50, Prop 2.3] Let A,B,C,D,E be C∗-algebras. Suppose C =
limi→∞Ci is an inductive limit of C∗-algebras and D a quotient of E. Then

(i) dimnuc(A⊕B) =max(dimnucA,dimnucB),

(ii) dimnuc(A⊗B) ≤ (dimnucA+1)(dimnucB+1)−1; if B is AF then dimnuc(A⊗B) ≤
dimnucA,

(iii) dimnucC ≤ lim infi→∞(dimnucCi),

(iv) dimnucD ≤ dimnucE.

The importance of these properties for us comes from the fact that they can
all be derived in the same way one can derive them for the decomposition rank [30,
Sec. 3], and indeed for the completely positive rank before it [47, Sec. 3]. Then as
nuclear dimension is itself a mild alteration to the decomposition rank these properties
provide for us some level of measuring stick by which we can consider our proposed
notion of relative nuclear dimension. Since we present our relative nuclear dimension
as itself a mild and reasonable alteration to the nuclear dimension we seek to ensure
that these properties are satis�ed to at least some degree.

In a similar vein we consider the following proposition, that is not one we use
directly but which we take as reference in order to make a similar statement true for
the relative nuclear dimension. Note that ∏ΛFλ is the algebra of bounded functions
(fλ)Λ such that fλ ∈ Fλ, and ⊕ΛFλ those bounded functions that go to 0 at in�nity.

Proposition 2.2.9. [50, Prop. 3.2] Let A be a C∗-algebra with dimnucA = n < ∞.
Then there is a system (Fλ, ψλ, φλ)Λ of n-decomposable cp approximations for A such
that the map

ψ̃ ∶ A→ ∏ΛFλ

⊕ΛFλ

induced by the ψλ has order 0.
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Moreover we wish to be able to show a relative nuclear dimension version of the
following.

Proposition 2.2.10. [30, Prop 4.2] Let A be a separable C∗-algebra, then drA =
n < ∞ if and only if there exists a system (Fλ, ψλ, φλ)Λ of n-decomposable cpc ap-
proximations (Fλ, ψλ, φλ)Λ for A in terms of the decomposition rank such that the
map

ψ̃ ∶ A→ ∏ΛFλ

⊕ΛFλ

induced by the ψλ is multiplicative.

While this is in terms of the decomposition rank this is still applicable to the
nuclear dimension case, at least when dimnucA = 0 since then one gets a system
(Fλ, ψλ, φλ)Λ of 0-decomposable cp approximations for A where in particular the φλ
are all necessarily cpc order 0. Thus we seek to obtain a result not dissimilar to this
for the relative nuclear dimension when it is 0.

As we have already noted extension algebras have particularly nice estimates in
relation to their short exact sequence.

Proposition 2.2.11. [50, Prop 2.9] Let 0→ J → E → A→ 0 be an exact sequence of
C∗-algebras. Then,

max{dimnucA,dimnucJ} ≤ dimnucE ≤ dimnucA + dimnucJ + 1.

Thus for all generalised Toeplitz algebras TX , that is the class of algebras for
which we have a short exact sequence 0 → K → TX → C(X) → 0 for compact
metrizable X, we immediately know that dimnucC(X) ≤ dimnucTX ≤ dimnucC(X) + 1.
Thus our goal with these generalised Toeplitz algebras is to show that dimnucTX ≤
dimnucC(X) so that this above proposition immediately tells us that dimnucTX =
dimnucC(X) for all such algebras.

We also wish to bring to attention Robert's result of the relation between the
nuclear dimension of A and comparison of the Cuntz semigroup of A. The stabilised
Cuntz semigroup of A, Cu(A) originally introduced by Coward, Elliott, and Ivanescu,
is a positively ordered abelian monoid de�ned as a quotient of M∞(A ⊗ K)+ by the
Cuntz equivalence. For a, b ∈M∞(A⊗K)+ we say a is Cuntz subequivalent to b, a ≾ b
if there exists a sequence (vn)N in M∞(A ⊗ K) such that ∥vnbv∗n − a∥ → 0. If a ≾ b
and b ≾ a then a and b are said to be Cuntz equivalent, a ∼ b. The partial order on
Cu(A) is the Cuntz subequivalence, written [a] ≤ [b] ⇐⇒ a ≾ b. The n-comparison
property is able to be de�ned for any ordered abelian semigroup W and requires a
further relation ≤s de�ned onW by x ≤s y if there exists k ∈ N such that (k+1)x ≤ ky.
Then W has the n-comparison property if for x, y0, . . . , yn ∈ W with x ≤s yi for all i
then x ≤ ∑ni=0 yi. We refer to section 4.4 for a more complete treatment.
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Theorem 2.2.12. [41, Thm. 1] If A has nuclear dimension n then Cu(A) has the
n-comparison property.

This is an important instance, for the realms of classi�cation, of nuclear dimen-
sion having nice relations to other regularity properties of non-commutative spaces.
We would expect a similar property to this for an appropriately de�ned notion of
relative nuclear dimension.

In terms of the relation between the nuclear dimension and other nice regularity
properties of non-commutative spaces the most well known, and important in terms
of classi�cation, is the Toms-Winter conjecture.

Conjecture 2.2.13. [50, Conj. 9.3] For a separable, simple, unital, in�nite, and
nuclear C∗-algebra A, the following are equivalent:

(i) A has �nite nuclear dimension.

(ii) A is Z-stable.
(iii) A has strict comparison of positive elements.

(iv) A has almost unperforated Cuntz semigroup.

Here Z is the Jiang-Su algebra [26], which is unital, simple, separable, nuclear
C∗-algebra that is in�nite dimensional with unique tracial state, and whose K-theory
coincides with the K-theory of C. Moreover Z is the unique algebra among all induc-
tive limits of dimension drop algebras that satis�es all of these conditions. The notion
of strict comparison is equivalent to that of 0-comparison in the Cuntz semigroup,
and it is known that strict comparison of A is equivalent to the almost unperforation
of the Cuntz semigroup Cu(A), see [1, Prop. 5.2.20]. It has been shown by Winter
that (i) Ô⇒ (ii), [48], and more recently it has been shown by Castillejos, Evington,
Tikuisis, Winter, and White that (ii) Ô⇒ (i) so that we know Z-stability and �nite
nuclear dimension are equivalent in this setting, [16, Thm. A]. That (ii) Ô⇒ (iii)
has been shown by Rørdam in the �nite case [42]. The main thing missing for this
to be a theorem however is a general result that (iii) Ô⇒ (ii). It has been shown
though in the case where A has only one tracial state [35], and further has been gener-
alised where the tracial state space of A has compact and �nite dimensional extreme
boundary [29], [44]. Notably this equivalence between �nite nuclear dimension and
Z-stability show that for all simple unital C∗-algebras the possible values for nuclear
dimension are 0,1, or ∞, [16, Cor. C]. Thus it is the non-simple case that we are
concerned with �nding precise values of the nuclear dimension since in that setting
it may well hold more information, as is the case for the class of generalised Toeplitz
algebras.
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2.3 Villadsen Algebras

While we know by [16, Cor. C] that all simple unital algebras must have nuclear
dimension 0,1 or ∞ it does still lead to the possibility of unital, simple, nuclear
algebras that have in�nite nuclear dimension. Indeed one may see there is an entire
class of Villadsen algebras that are unital, simple, and even nuclear, but which do
not have �nite nuclear dimension. Originally this class was shown to not be Z-stable
through use of an early version of the Toms-Winter conjecture [45, Thm. 3.4]. To
be able to say much on this we should �rst fully de�ne the class of algebras we are
talking about. This class of algebras was originally de�ned by Villadsen [46], but for
our purposes we refer to the paper of Toms and Winter [45] in which they expanded
upon the work of Villadsen and provided simpler criteria to obtain a larger class of
Villadsen algebras that would not be Z-stable.

De�nition 2.3.1. [45, Def. 3.2] Let X be a compact Hausdor� space, let (ni)i∈N and
(mi)i∈N be sequences of natural numbers with n1 = 1, and set Xi = X×ni . A unital
C∗-algebra A is said to be a Villadsen algebra of the �rst type (a VI algebra) if it can
be written as an inductive limit algebra

A ≅ lim
i→∞
(Mmi

⊗C(Xi), ϕi),

where each ϕi is a VI map.

The inductive system of the above de�nition is referred to as a standard decom-
position for A with seed space X.

A VI map is de�ned as follows.

De�nition 2.3.2. [45, Def. 3.1] Let X be a compact Hausdor� space and n,m, k ∈ N.
A unital diagonal ∗-homomorphism

ϕ ∶ Mn ⊗C(X) →Mk ⊗C(X×m)

is said to be a Villadsen map of the �rst type (a VI map) if each eigenvalue map is
either a co-ordinate projection or has range equal to a point.

Recall that a ∗-homomorphism ϕ ∶ C(X) → Mn ⊗ C(Y ) is said to be diagonal
if it has the form f ↦ diag(f ○ λ1, . . . , f ○ λn) where each λi ∶ Y → X is continuous.
These λi are the eigenvalue maps of ϕ. Note also that if a ∗-homomorphism is an
ampli�cation of a diagonal map then it is itself a diagonal map; in particular in
the above de�nition note that the given map is an ampli�cation of a diagonal ∗-
homomorphism C(X) → M k

n
⊗ C(X×m), and that k must be divisible by n for this

to make sense.
Let Ni,j be the number of co-ordinate projections from X×nj to X×ni appearing

as eigenvalue maps in ϕi,j and let Mi,j be the number of eigenvalue maps in ϕi,j, and
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it can certainly be seen that the ratio of these values must satisfy 0 ≤ Ni,j

Mi,j
≤ 1. Of

particular importance here is the ratio N1,j

M1,j
since by constructing a VI algebra such

that the limit over j of N1,j

M1,j
does not vanish, alongside some other hypotheses, one is

able to create an entire class of VI algebras that are simple, unital, and nuclear but
that are not Z-stable, see [45, Sec. 8].

This relies on the main result of their paper, that can be seen to be an earlier
version of the Toms-Winter conjecture above.

Theorem 2.3.3. [45, Thm. 3.4] Let A be a simple VI algebra admitting a standard
decomposition with seed space a �nite dimensional CW complex, the following are
equivalent

1. A is Z-stable.

2. A has �nite decomposition rank.

3. A has strict comparison of positive elements.

If A is a VI algebra that is simple with seed space X a �nite, but not zero,
dimensional CW-complex and the limit over j of N1,j

M1,j
does not vanish then this is

equivalent to saying Ni,j

Mi,j
→ 1, [45, Lemma 5.1]. Thus by [45, Lemma 4.1] this means

that the Cuntz semigroup of A does not have the n-comparison property for any n,
and in particular A cannot have strict comparison. Thus A is not Z-stable and so
certainly does not have �nite nuclear dimension by the Toms-Winter conjecture. An
alternative way to show that A does not have �nite nuclear dimension is to appeal
to Robert's result 2.2.12 since if Cu(A) does not have the n-comparison property for
any n certainly A cannot have �nite nuclear dimension.

Thus when we discuss Villadsen algebras or reference the particular class of
Villadsen algebras we are interested in we mean this class where the seed space X
is a �nite, non-zero, dimensional CW-complex that is simple and the ratio N1,j

M1,j
does

not vanish. Such algebras are important as a motivating example for us in de�ning
our notion of relative nuclear dimension.

It is an important point to say that the seed space is non-zero dimensional as
zero-dimensional CW complexes include the single point space or indeed any �nite set
X. If one starts with X the single point space then by the de�nition of VI algebras
we would be able to obtain the entire class of UHF algebras, and if X is a �nite set
then we instead obtain a good range of AF algebras. Certainly these algebras have
�nite nuclear dimension, so we need to make the distinction that we are dealing with
non-zero dimensional CW-complexes.



Chapter 3

Generalised Toeplitz Algebras

In this section we present our work on generalising the work of Brake and Winter
[10] that showed the nuclear dimension of the Toeplitz algebra T is 1. Their work
can be generalised to the entire class of algebras that exist as extensions of C(X)
for compact metrizable X by the compact operators K, a class of algebras we have
elected to name generalised Toeplitz algebras

3.1 The De�nition and Required Results

De�nition 3.1.1. Let X be a compact metrizable space, H a separable in�nite
dimensional Hilbert space. A unital C∗-algebra TX is said to be a generalised Toeplitz
algebra if it exists as an extension:

0→ K(H) → TX
πÐ→ C(X) → 0.

By proposition 2.2.11 it is clear that for any generalised Toeplitz algebra TX its
nuclear dimension must satisfy

dimnucC(X) ≤ dimnucTX ≤ dimnucC(X) + 1

so it is natural to ask if one may apply the reasoning of Brake and Winter [10] to be
able to �nd a speci�c value for the nuclear dimension of all algebras in this class. This
is the content of our main theorem that for all such possible extensions the nuclear
dimension is the nicest value it can be.

Theorem 3.1.2. Let TX be a generalised Toeplitz algebra forX a compact metrizable
space, then dimnucTX = dimnucC(X).

We very much follow the same lines of reasoning as in the proof in [10] which
is to use some of the inherent space in TX in order to �t cpc order 0 maps together

15
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in such a way that we create a net of cp approximations corresponding to the lower
bound for the nuclear dimension.

To give some of the history of this class of algebras, the �rst to study this par-
ticular class of extensions were Brown, Douglas, and Fillmore in [12]. Any extension
0 → J → E → A → 0 is naturally associated with a ∗-homomorphism τ ∶ A → M(J)

J ,
where M(J) is the multiplier algebra of J . This ∗-homomorphism τ is the Busby
invariant of the extension, see [4, Sec. 15.2]. In the context of generalised Toeplitz
algebras this means an extension 0 → K → TX → C(X) → 0 corresponds to a unital
∗-homomorphism τ ∶ C(X) → Q where Q = B(H)

K is the Calkin Algebra. Brown, Dou-
glas, and Fillmore de�ned the functor Ext, where the object Ext(X) is de�ned as
the equivalence classes of the corresponding ∗-homomorphisms under unitary equiv-
alence. For two extensions φ1, φ2 ∶ C(X) → Q one can de�ne a binary operation by
setting φ1 +φ2 as the unital ∗-homomorphism into the Calkin algebra on H⊕H. We

de�ne this by setting (φ1 +φ2)(f) = e11 ⊗φ1(f) + e22 ⊗φ2(f) where e11 = (
1 0
0 0
) and

e22 = (
0 0
0 1
). This binary operation makes Ext(X) into a commutative semigroup,

and in fact Brown, Douglas, and Fillmore [12] show that it is an abelian group. The
trivial element for this group is the class of trivial extensions, these are the exten-
sions that correspond to ∗-monomorphisms σ ∶ C(X) → B(H). The inverse elements
of the group are not relevant to our work so we shall not be de�ning them here, of
note however is that Arveson [2] provided a much simpler proof of the existence of
the inverses. Particularly the existence of inverses was implied by the ability to lift
extensions φ ∶ C(X) → Q to ucp maps ϕ ∶ C(X) → B(H) that satisfy

1. ϕ(fg) − ϕ(f)ϕ(g) ∈ K for all f, g ∈ C(X),

2. ϕ(f) ∈ K if and only if f = 0.

For such a map ϕ one can de�ne a C∗-algebra A = ϕ(C(X))+K which is a generalised
Toeplitz algebra in the sense of 3.1.1. While the existence of such liftings seems
obvious now through the Choi-E�ros lifting theorem [17, Thm. 3.10], Arveson's lifting
property here was proven roughly two years before Choi-E�ros and was a motivating
example for their lifting theorem. This lifting of Arveson's then is our preferred way
to talk about extensions of C(X), and so we shall need to set some notation.

De�nition 3.1.3. Let ϕ ∶ C(X) → B(H) be an extension, that is a ucp map which
is a ∗-homomorphism modulo K, then we shall denote by Tϕ the generalised Toeplitz
algebra de�ned by ϕ.

See also the later paper of Brown, Douglas, and Fillmore [13] for a more complete
look on the topic, including weaker notions of equivalence of extensions, utilising par-
tial isometries in place of unitary equivalence. Importantly from this paper is that
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they make more explicitly the point that the correspondence we have between unital
∗-homomorphisms φ ∶ C(X) → Q and extensions of C(X) by K in the short exact se-
quence sense means that if we have two unitarily equivalent unital ∗-homomorphisms
φ1, φ2 ∶ C(X) → Q then the corresponding extension algebras are isomorphic, see [13,
Rem. 1.6]. In particular what this means in our context is that if we have two exten-
sions ϕ1, ϕ2 ∶ C(X) → B(H), in the sense of 3.1.3, that are in the same equivalence
class then Tϕ1 ≅ Tϕ2 . Thus if ϕ ∶ C(X) → B(H) is an extension and ψ ∶ C(X) → B(H)
is a trivial extension then we have that Tϕ ≅ Tϕ+ψ since any trivial extension is the
trivial element of the group Ext(X).

Returning then to the question of nuclear dimension for a generalised Toeplitz
algebra Tϕ, this can be answered positively quite easily in the case where ϕ is a triv-
ial extension. In this case we can use [30, Prop. 5.2] that states drTϕ = drC(X)
in the case that there exists a quasicentral approximate unit for K in Tϕ comprised
of projections, in other words if Tϕ is quasidiagonal. This would then necessitate
dimnucTϕ = dimnucC(X) since dimnucC(X) = drC(X), by proposition 2.2.6, and
dimnucTϕ ≤ drTϕ. If ϕ is a trivial extension then it will be unitarily equivalent to
a trivial extension that has diagonal image, which would easily commute with any
approximate unit for K formed of projections, so that Tϕ is quasidiagonal giving a
positive answer to our question for the trivial case.

To answer our question in general we take our cue from the proof in [10]. The
proof can be seen to rely on two crucial points, the �rst being able to provide a cpc
order 0 lift of an important cpc order 0 map, then being able to de�ne maps relating
to this lift that behave well with regards to the nuclear dimension of C(S1) and of
T . The latter point ends up being relatively simple to generalise once one is able to
�nd the lift so it is this �rst point that can be considered the crux of generalising the
result of Brake and Winter to the entirety of this extension class. In their paper, they
rely on Lin's theorem on almost commuting normal matrices [31], which allows one
to �nd for a matrix that is close to being normal a normal matrix that is close to
it. This is used by Brake and Winter on the image of the unitary generator of C(S1)
under a certain sequence of maps in order to �nd their cpc order 0 lift. In order to
generalise we make use of another theorem of Lin's that allows us to give an answer
to a more general form of this lifting problem.

To state Lin's theorem we shall �rst need to introduce the notion of total K-
theory of a C∗-algebra. The total K-theory of A, denoted K(A), was �rst de�ned by
Dadarlat and Loring in [21] to be the direct sum of theK-theory of A and itsK-theory
with coe�cients. That is K(A) = ⊕∞n=0K∗(A,Zn) where K∗(A,Zn) = K0(A;Zn) ⊕
K1(A;Zn). TheK-theory with coe�cients is de�ned byKi(A;Zn) =Ki(A⊗Cn) for i =
0,1 where Cn is a commutative algebra such that K0(Cn) = Zn and K1(Cn) = 0. This
de�nition for the K-theory with coe�cients is independent of the choice of algebra
Cn but when it was introduced by Schochet in [43] the algebra Cn was speci�cally
taken to be the mapping cone of the canonical n degree map C0(R) → C0(R). Also
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in this paper he de�nes the Bockstein operations which allow one to connect these
groups with exact sequences. In particular as a consequence one has the following six
term exact sequence regarding the K-theory with coe�cients,

K0(A) K0(A;Zn) K1(A)

K0(A) K1(A;Zn) K1(A).

ρ0n β0
n

×n×n

β1
n ρ0n

Importantly this diagram informs us that if A is a contractible C∗-algebra then the
K-theory with coe�cients will similarly be 0 so that the total K-theory of A will
vanish.

We also require the following notation; let µs be the probability Borel measure
induced by a state s on C(X). For all n ∈ N we use τ to denote the tracial state on
Mn. In particular given any cpc map φ ∶ C(X) → Mn the composition τφ will be a
state on C(X) and µτφ will be its induced probability Borel measure.

Theorem 3.1.4. [33, Theorem 2.10] Let X be a compact metric space, let ε > 0 and
let F ⊂ C(X) be a �nite subset. There exists η > 0 satisfying the following: for any
σ > 0 there exist γ > 0, δ > 0, a �nite subset G ⊂ C(X), a �nite subset H ⊂ C(X)s.a.,
and a �nite subset P ⊂K(C(X)) satisfying the following:

For any unital δ-G-multiplicative cpc linear maps φ,ψ ∶ C(X) →Mn (for some
integer n ≥ 1) for which

[φ] ∣P = [ψ] ∣P , µτφ(Or) ≥ σ
for all open balls Or of radius r ≥ η and

∣τφ(a) − τψ(a)∣ < γ for all a ∈ H,

where τ is the tracial state of Mn, there is a unitary u in Mn such that

∥φ(f) −Aduψ(f)∥ < ε for all f ∈ F .

We shall now consider what is meant by the symbol [L] ∣P for �nite P ⊂K(A) and
L ∶ A → B a δ-G-multiplicative map. We refer to Lin's paper [32] for the de�nition.
Denote by P(A) the set of projections in M∞(A∧) ∪⋃m≥1M∞((A⊗Cm)∧) where A∧
is the smallest unital algebra containing A. For simplicity also use L to mean the
maps L⊗ idMk⊗Cm for all m,k. Then for a given p ∈ P(A) it will be the case that L(p)
is close to a projection within 1

2 for suitable δ and G, this shall be denoted by [L(p)]
with the understanding that if two such projections are within 1

2 of L(p) then they are
equivalent. This allows us to consider the corresponding map [L] ∶ K(A) → K(B),
however we need to be careful to check where this is well de�ned. We can �nd a
�nite set Qδ,G ⊂ P(A) such that [L] (x) is well de�ned for all x ∈ Qδ,G, which is the
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image of Qδ,G in K(A). Here well de�ned means that for p1, p2 ∈ Qδ,G with [p1] = [p2]
then [L(p1)] = [L(p2)], and that for p1, p2, p1 ⊕ p2 ∈ Qδ,G we have [L(p1 ⊕ p2)] =
[L(p1)] + [L(p2)]. We use [L] ∣P to denote the usual notion of restricting the map on
total K-theory to a subset P ⊂K(A), though this is only well de�ned when P ⊂ Qδ,G.
It is this context being used in Lin's theorem 3.1.4.

As noted, for a contractible C∗-algebra A we will have that K(A) = 0 and it is
not too hard to see that for the unitisation A∧ we will have that K(A∧) ≅ K(C).
So that for a δ-G-multiplicative map L ∶ A∧ → B its image in terms of the total K-
theory would depend only on the image of the unit (0,1) in A∧ under L. Thus for
any two unital δ-G-multiplicative maps L1, L2 ∶ A∧ → B we will have [L1] ∣P = [L2] ∣P
whenever this is well de�ned. For our purposes we are going to be applying Lin's
theorem 3.1.4 to the cone algebra C((0,1]×X) for compact Hausdor� metrizable X.
More correctly, since Lin's theorem 3.1.4 only applies to maps to compact spaces,
we will be working with the unitisation C((0,1] ×X)∧ since this corresponds to the
continuous functions on the one-point compacti�cation of (0,1] ×X. Then since the
cone C((0,1] ×X) is a contractible C∗-algebra we know that [ψ] ∣P = [ϕ] ∣P for any
two unital δ-G-multiplicative maps ψ,ϕ ∶ C((0,1]×X)∧ → B. The consequence of this
being that we can ignore the total K-theory conditions of Lin's theorem 3.1.4 since
the maps will always agree on the total K-theory in our particular context.

Ignoring the total K-theory condition Lin's theorem 3.1.4 then boils down to two
major hypotheses, the tracial condition between the two maps, and a condition on
the measures generated by the maps. What follows is a series of lemmas that shall
allow us to satisfy these conditions and use Lin's theorem 3.1.4 to create a cpc order
0 lift of a cpc order 0 map. In order to actually do this, rather than being concerned
with looking at two given maps, the goal will be to construct a ∗-homomorphism
that by Lin's theorem 3.1.4 will be close to a map we care about, and then by the
correspondence of maps on the cone this will give us a cpc order 0 map that is a lift of
what we started with. Note in particular lemma 3.1.6 shows that it is always possible
to construct a ∗-homomorphism that will be tracially close to any map in the desired
sense so that the main di�culty of applying Lin's theorem 3.1.4 is showing when the
measure condition is satis�ed.

For all of the following results we denote by τ the tracial state on Mn for all
n ∈ N.

Lemma 3.1.5. Let ω = ∑Ss=1 ksn δxs be a convex combination of point mass measures
on a compact space X for a given n ∈ N. Then there exists a ∗-homomorphism
ψ ∶ C(X) →Mn such that τψ(f) = ∫X f(x)dω(x) for all f ∈ C(X).

Proof: Let ex ∶ C(X) → C be the ∗-homomorphism that is evaluation at the
point x ∈ X. Since ω is a convex combination of point mass measures we set a ∗-
homomorphism ψ to be the diagonal matrix in Mn comprised of exs appearing ks
times for all s.
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Lemma 3.1.6. Let X be a compact metric space. Given �nite H ⊂ C(X)s.a. and
γ > 0, then there exists an N ∈ N such that for all n ≥ N we have that for all cpc
maps φ ∶ C(X) →Mn there exists a ∗-homomorphism ψ ∶ C(X) →Mn such that

∣τφ(a) − τψ(a)∣ < γ for all a ∈ H.
Proof: For each a ∈ H we we may �nd a γ

4 -net {λ1a, . . . , λsa} of the interval
[−∥a∥, ∥a∥]. We then consider the �nite collection of tuples λj = (λija )a∈H that de-
scribes all possible combinations of these λia. Then for any n ∈ N and any cpc map
φ ∶ C(X) →Mn there exists a j such that φ is close to λj in the sense that τφ(a) ≈ γ

4
λ
ij
a

for all a ∈ H. It may be the case that some λj will not have a cpc map close to it
in this sense. We shall denote by I the index set of those j for which λi does have a
cpc map close to it. For each j ∈ I we arbitrarily pick a cpc map φj ∶ C(X) → Mnj

which is close to λj in this sense. Using the weak density of the convex hull of point
mass measures in the space of regular Borel measures we may �nd, for each j ∈ I, a
measure ω′j = ∑

Sj

s=1 σsδxs such that

∫
X
a(x)dµτφj

(x) ≈ γ
4 ∫X a(x)dω

′
j(x)

for all a ∈ H. Let J = maxj∈I {Sj} and H = maxa∈H ∥a∥, and set N to be the smallest
natural number for which 1

N <
γ

4JH . Then we claim that for all n ≥ N and for all j ∈ I
we may �nd a convex combination of point mass measures ω(j,n) = ∑Sj

s=1
ks
n δxs such

that

∫
X
a(x)dω(j,n)(x) ≈ γ

4 ∫X a(x)dω
′
j(x)

for all a ∈ H. To see why this is true �x n ≥ N and j ∈ I and consider s ∈ {1, . . . , Sj}.
Let qs be the largest natural number so that qs

n ≤ σs, hence qs + 1 is the smallest
natural number such that qs+1

n ≥ σs. Note that σs is necessarily within γ
4JH of both

qs
n and qs+1

n . If we do this for all s ∈ {1, . . . , Sj} then we will have natural numbers

such that ∑Sj

s=1 qs ≤ n and ∑Sj

s=1(qs + 1) ≥ n. For each s we are able to choose either
ks = qs or ks = qs + 1 such that ∑Sj

s=1 ks = n so that ω(j,n) = ∑Sj

s=1
ks
n δxs will be a convex

combination of point mass measures. By construction either choice for ks for each
s will satisfy ks

n ≈ γ
4JH

σs so that ω(j,n) satis�es the required integral condition. Let
ψ(j,n) ∶ C(X) →Mn be the ∗-homomorphism that corresponds to ω(j,n) as according
to lemma 3.1.5. Thus for all n ≥ N and all cpc maps φ ∶ C(X) → Mn we can �nd
a j ∈ I such that φ is within γ

4 of λj and so that ψ(j,n) is a ∗-homomorphism that
satis�es

τφ(a) ≈γ τψ(j,n)(a) for all a ∈ H
as required.
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Remark 3.1.7. In the above proof, that we are dealing with cpc maps φ ∶ C(X) →
Mn has very little impact. Particularly we are more concerned with the state τφ
we obtain by composing with the tracial state τ of Mn than the map φ itself. Thus
lemma 3.1.6 can be made more general by replacing cpc maps φ ∶ C(X) →Mn with
states s ∶ C(X) → C. In particular the statement can be changed to read:

Given �nite H ⊂ C(X)s.a. and γ > 0, then there exists an N ∈ N such that for
all n ≥ N we have that for all states s ∶ C(X) → C there exists a ∗-homomorphism
ψ ∶ C(X) →Mn such that

∣s(a) − τψ(a)∣ < γ for all a ∈ H.
The proof would follow the same lines, replacing instances of τφ with s.

The proof of our main theorem relies heavily on ucp maps into the product of
matrix algebras as in the following lemma. This lemma then gives us a condition for
which the measure hypothesis of Lin's theorem is satis�ed in this particular context.

Lemma 3.1.8. Let X be a compact metrizable space and ϕ ∶ C(X) → ∏NMkn a ucp
map. If for all positive f ∈ C(X) we have lim infn→∞ τϕn(f) > 0 then for all η > 0
there exists an N ∈ N and σ > 0 such that for all n ≥ N we have

µτϕn(B) > σ
for all open balls B of radius at least η.

Proof: By compactness we may �nd a �nite number of points xi such that
the balls B(xi, η3) of radius

η
3 cover X. Then for each ball B of radius at least η

there must be an i such that B(xi, η3) ⊂ B. For each i we may �nd a positive func-
tion hi which is 1 on the ball B(xi, η3 −

η
31000 ) and 0 outside the ball B(xi, η3). Let

σ′ = mini lim infn→∞ τϕn(hi) > 0 and set σ = σ′

2 so that there exists an N ∈ N such
that for all n ≥ N we have infm≥n τϕm(hi) > σ. Then for any ball B of radius at least
η let i be such that B(xi, η3) ⊂ B then certainly µτϕn(B) ≥ τϕn(hi) for all n, hence
infm≥N µτϕm(B) > σ as required.

Remark 3.1.9. Similar to lemma 3.1.6 the above proof does not rely on the structure
of the ucp map ϕ ∶ C(X) → ∏NMkn outside of the fact we can compose the component
maps with the respective tracial states τ for each Mkn . If we start with a sequence
of states (sn)N on C(X) we can change the statement of lemma 3.1.8 to read:

If for all positive f ∈ C(X) we have lim infn→∞ sn(f) > 0 then for all η > 0 there
exists an N ∈ N and σ > 0 such that for all n ≥ N we have

µsn(B) > σ
for all open balls B of radius at least η. Again the proof is the same, requiring the
replacement of instances of τϕn with sn.
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With these two lemmas we are then able to use Lin's theorem 3.1.4 to get the
following result that we will use in the proof of theorem 3.2.1

Theorem 3.1.10. Let Y be a locally compact Hausdor� second countable con-
tractible space and ϕ ∶ C0(Y ) → ∏NMkn a cpc lift of a ∗-homomorphism C0(Y ) →
∏NMkn

⊕NMkn
. If for all positive f ∈ C0(Y ) we have that lim infn→∞ τϕn(f) > 0 then there

exists a ∗-homomorphism ψ ∶ C0(Y ) → ∏NMkn such that qϕ = qψ.

Proof: Let X be the one point compacti�cation of Y so that C(X) is isomorphic
to the unitisation of C(Y ), and let ϕ̃ be the ucp map obtained from ϕ. Since Y
is locally compact, Hausdor�, and second countable it is metrizable by Urysohn's
metrization theorem, so C(Y ) is separable.

Let Fn be the �rst n elements of a countable dense sequence of C(Y ) and set
ε = 1

n , which gives us an ηn > 0 from Lin's theorem 3.1.4. We obtain an N ′n ∈ N and
σn > 0 from lemma 3.1.8 such that for all m ≥ N ′n we have µτϕ̃m(O) > σn for all open
balls O of radius at most ηn. Then Lin's theorem 3.1.4 gives us γn > 0 , δn > 0, a
�nite set Gn ⊂ C(X) and a �nite subset Hn ⊂ C(X)s.a. By lemma 3.1.6 there is an
N ′′n ∈ N such that for all m ≥ N ′′n there exists a ∗-homomorphism ψ̃m ∶ C(X) →Mkm

such that τ ϕ̃m(a) ≈γn τ ψ̃m(a) for all a ∈ Hn.
Since ϕ is a lift of a ∗-homomorphism there exists an N ′′′n ∈ N such that for

all m ≥ N ′′′n we have that ϕm is δn-Gn-multiplicative, and thus so is ϕ̃m. Set Nn =
max{N ′n,N ′′n ,N ′′′n } and for all Nn ≤ m < Nn+1 set Ψm = ψ̃m where ψ̃m is as de�ned
above.

Then by Lin's theorem 3.1.4, for all Nn ≤ m < Nn+1 there exists a unitary
um ∈ Mkm such that ϕ̃m(f) ≈ 1

n
ad(um)Ψm for all f ∈ Fn. Then certainly ϕm(f) ≈ 1

n

ad(um)Ψm ↾Y for all f ∈ Fn ⊂ Y . By increasing n we may then de�ne a ∗-
homomorphism Φ ∶ C(Y ) → ∏NMkm by setting its component maps Φm = ad(um)Ψm ↾Y .
Φ is the map required.

For the proof of our main theorem in this section, we want to apply theorem
3.1.10 to Y ≅ (0,1] ×X for X a compact metrizable space. Given the correspondence
between cpc order 0 maps on A and ∗-homomorphisms on the cone C((0,1],A) this
theorem can be seen to be a way to obtain cpc order 0 lifts of a cpc order 0 map
in this particular context. We now move onto some results surrounding the liminf
hypothesis of theorem 3.1.10.

For an extension ϕ ∶ C(X) → B(H) we are concerned with �nding an idempotent
quasicentral approximate unit for K in Tϕ. This is an approximate unit (hn)N for K
such that hn+1hn = hn for all n ∈ N, which is the idempotent condition, and ∥hnϕ(f)−
ϕ(f)hn∥ → 0 for all f ∈ C(X), which is the quasicentral condition. It is known, due
to Arveson [3, Thm. 1], that a quasicentral approximate unit always exists for any
ideal I in a C∗-algebra A. Moreover for any approximate unit for I in A there exists
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a quasicentral approximate unit in its convex hull. For the compact operators K the
idempotent condition is equivalent to saying that hn+1 is just the identity matrix for
the part that covers hn. Then we know that an idempotent quasicentral approximate
unit for K in Tϕ will always exist. Note also that for such an approximate unit we
will have that (hn+1−hn)

1
2B(H)(hn+1−hn)

1
2 ≅Mkn for some kn ∈ N. We shall use τ to

refer to the tracial state on (hn+1−hn)
1
2B(H)(hn+1−hn)

1
2 under this correspondence.

For the following we denote by ι ∈ C((0,1]) the canonical inclusion id(0,1]. Thus
elements of the form ιa ⊗ f for a ∈ N and f ∈ C(X) represent the elementary tensors
of C((0,1]) ⊗C(X) ≅ C((0,1] ×X).

Lemma 3.1.11. Let X be a compact metric space and let µ be a probability mea-
sure on (0,1] ×X. Then there exists a trivial extension ϕ ∶ C(X) → B(H) and an
idempotent quasicentral approximate unit (hn)N such that the cpc maps

ϕn ∶ C((0,1] ×X) → (hn+1 − hn)
1
2B(H)(hn+1 − hn)

1
2

de�ned by
ϕn(ιa ⊗ f) ∶= (hn+1 − hn)

a
2ϕ(f)(hn+1 − hn)

a
2

satisfy lim infn→∞ τϕn(f) ≥ 1
2 ∫(0,1]×X f(x)dµ(x) for all positive f ∈ C((0,1] ×X).

Proof: Let Fn be the set of the �rst n elements of a dense sequence in C((0,1]×X).
We may �nd a convex combination of point mass measures ω′n = ∑Ss=1 λsδ(ps,xs) such
that

∫
(0,1]×X

f(x)dω′n(x) ≈1
4n

∫
(0,1]×X

f(x)dµ(x)

for all f ∈Fn. Let H =maxf∈Fn ∥f∥ and so for all m ∈ N such that 1
m < 1

4nSH we may
�nd a convex combination of point mass measures ω′n,m = ∑Ss=1 ksm δ(ps,xs) such that

∫
(0,1]×X

f(x)dω′n,m(x) ≈1
4n

∫
(0,1]×X

f(x)dω′n(x)

for all f ∈ Fn. Let {y1, . . . , yl} be a �nite set of elements which cover X within
1
2n and let {yli}1≤i≤I be the subset of this containing those points for which none

of the xs represented in ω′n are within 1
2n . Similarly let {qkj}1≤j≤J ⊂ {

r
2n
}2n
r=1 be the

set of points that are not within 1
2n of any of the points ps represented in ω′n. Let

K = max{I, J} and consider the set of pairs {(qki , yli)}1≤i≤K where we set qki = qkJ
for J < i ≤ I if J < I or yli = ylI for I < i ≤ J if I < J . Then for 1 ≤ i ≤ K we pick a
point (psi , xli) represented in ω′n. Let mn be the smallest natural number such that
1
mn
<min{ 1

4nK ,
1

4nSH
} and mn ≥mn−1. We may then de�ne a new measure which is a

convex combination of point mass measures by

ωn =
K

∑
i=1

1

mn

(δ(qki ,yli) − δ(psi ,xsi)) + ω
′
n,mn

.
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Consider the set of pairs {(qki , yli)}1≤i≤K ∪ {(ps, xs)}1≤s≤S that are represented in this
measure ωn then relabel them and place them into a multiset {(pst , xst)}1≤t≤mn

such
that pst ≥ pst+1 for all t, where a pair (ps, xs) is represented in this multiset qs times
where qs

mn
is the coe�cient of δ(ps,xs) in ωn. We then rewrite ωn according to this

multiset, so we write ωn = ∑mn
t=1

1
mn
δ(pst ,xst). This measure ωn satis�es

∫
(0,1]×X

f(x)dωn(x) ≈ 1
n
∫
(0,1]×X

f(x)dµ(x)

for all f ∈Fn.
If we isolate the points coming from X to obtain Ωn = ∑mn

t=1
1
mn
δxst we may use

lemma 3.1.5 to obtain a ∗-homomorphism Φn ∶ C(X) → Mmn corresponding to Ωn.
Then for each f ∈ C(X) we may de�ne a block diagonal matrix in B(H) by setting
the �rst block to be the matrix to be ϕ1(f), the second block to be ϕ2(f) and so on for
increasing n. We may then de�ne a ∗-homomorphism ϕ ∶ C(X) → B(H) by setting
each image ϕ(f) to be this block diagonal matrix. Note that due to our inclusion of
the covering points for X the map ϕ will be a ∗-monomorphism, and thus is a trivial
extension.

To de�ne the appropriate approximate unit we set hn to be the diagonal matrix
whose �rst ∑n−1i=1 mi entries are 1, the next mn entries are the pst that are represented
in ωn in the decreasing order we have given them, and all subsequent entries are 0.
By our construction this is a rough approximation of the diagonal matrix with entries
{1, . . . ,1, 2n−12n , . . . , 1

2n ,0 . . .}. Thus it can be seen that our hn de�ne an idempotent
quasicentral approximate unit as required.

Set ϕn = (hn+1−hn)
1
2ϕ(⋅)(hn+1−hn)

1
2 and note that by construction we have that

τϕn(f) =
mn

mn +mn+1

mn

∑
t=1

1

mn

f(((1−p(n)st ), x(n)st ))+
mn+1

mn +mn+1

mn+1

∑
t=1

1

mn+1
f((p(n+1)st , x

(n+1)
st ))

for all f ∈ C((0,1] ×X). If we assume that f is positive we will have

mn

mn +mn+1

mn

∑
t=1

1

mn

f(((1 − p(n)st ), x(n)st )) ≥ 0

and since by construction we have mn+1 ≥mn we have
mn+1

mn+mn+1
≥ 1

2 . Thus for positive
f we have

τϕn(f) ≥
1

2

mn+1

∑
t=1

1

mn+1
f((p(n+1)st , x

(n+1)
st ))

= 1

2 ∫(0,1]×X f(x)dωn(x).

Since the ωn have been de�ned to approximate the measure µ we can see that

lim inf
n→∞

τϕn(f) ≥
1

2 ∫(0,1]×X f(x)dµ(x)
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for all positive f ∈ C((0,1] ×X) as required.

Note that if we let µ be a probability measure on (0,1] ×X with full support
then this will give us a trivial extension ϕ and idempotent quasicentral approximate
unit (hn)N such that lim infn→∞ τϕ(f) > 0 for all positive f ∈ C((0,1] ×X), since if
the measure has full support then µ(O) > 0 for all open balls O ⊂ (0,1] ×X meaning
that ∫(0,1]×X f(x)dµ(x) > 0 for all positive f ∈ C((0,1] ×X).

Corollary 3.1.12. Let X be a compact metric space, and ϕ ∶ C(X) → B(H) an
extension. Then there exists a trivial extension ψ and an idempotent quasicentral
approximate unit (Hn)N for K in Tψ+ϕ such that the maps

(ψ + ϕ)n ∶ C((0,1] ×X) → (Hn+1 −Hn)
1
2B(H ⊕H)(Hn+1 −Hn)

1
2

de�ned by

(ψ + ϕ)n(ιa ⊗ g) = (Hn+1 −Hn)
a
2 (ψ + ϕ)(g)(Hn+1 −Hn)

a
2

satisfy lim infn→∞ τ(ψ + ϕ)n(f) > 0 for all positive f ∈ C((0,1] ×X).

Proof: Let (h′n)N be an idempotent quasicentral approximate unit for K in Tϕ
and for n ∈ N let

ϕn ∶ C((0,1] ×X) → (h′n+1 − h′n)
1
2B(H)(h′n+1 − h′n)

1
2

be the cpc maps de�ned by

ϕn(ιa ⊗ f) = (h′n+1 − h′n)
a
2ϕ(f)(h′n+1 − h′n)

a
2 .

Let µ be a probability measure on (0,1] ×X that has full support and let ψ be the
trivial extension, (hn)N the idempotent quasicentral approximate unit, and

ψn ∶ C((0,1] ×X) → (hn+1 − hn)
1
2B(H)(hn+1 − hn)

1
2

the cpc maps obtained from lemma 3.1.11. We then de�ne an idempotent quasi-
central approximate unit (Hn)N for K in Tψ+ϕ by setting Hn ∶= hn ⊗ e11 + h′n ⊗ e22
where e11 and e22 are the standard main diagonal basis vectors in M2. Recall that
we de�ne (ψ + ϕ)(g) = ψ(g) ⊗ e11 + ϕ(g) ⊗ e22 for g ∈ C(X). We can see that
τ(ψ + ϕ)n(f) = 1

2τψn(f) + 1
2τϕn(f) for all f ∈ C(0,1] × X), and since the maps

ϕn are all completely positive we have τϕn(f) ≥ 0 for all positive f we have that
lim infn→∞ τ(ψ + ϕ)n(f) ≥ 1

2 lim infn→∞ τψn(f) > 0 for all positive f ∈ C((0,1] ×X).
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What we wish to do now is to delve a little deeper into the nuclear dimension of
C(X) for compact metrizable Hausdor� X and in particular we shall need to de�ne
a particular net of approximations for the nuclear dimension that we will be making
use of for the main theorem. To begin with, we will need the following lemma which
will help us to de�ne the net of approximations we desire.

Lemma 3.1.13. Let X be a compact metrizable space. For ε > 0 there exists a �nite
cover of X by Borel sets {Xi} that are pairwise disjoint with the diameter of each
being at most ε and each has a non-empty interior.

This lemma is a paraphrasing of a statement made in the proof of [51, Lemma
2.4].

Let us discuss how this will relate to the nuclear dimension for C(X) for com-
pact metrizable X. Recall that we are able to �nd a system of n -decomposable cp
approximations (Fλ, ψλ, φλ)Λ for C(X) by taking partitions of unity subordinate to
good n-decomposable �nite open covers of X where n = dimX, see remark 2.2.7. In
particular recall that a family of subsets (Uλ)Λ of X is n-decomposable, [30, Def 1.4],
if there exists a decomposition Λ = ⊔ni=0Λj such that for all i − 0, . . . , n and λ,λ′ ∈ Λi
we have Uλ ∩ Uλ′ = ∅. Recall also that by [30, Prop. 1.6] we have dimX = n if
and only if n is the least integer for which every �nite open cover of X has an n-
decomposable re�nement. Given any n-decomposable �nite open cover (Uk,j)0≤k≤n,j∈Jk
of X, where we have Uk,j ∩ Uk,j′ = ∅ for all k and all j, j′ ∈ Jk, we may de�ne an n-
decomposable cp map φ ∶ ⊕n

k=0C∣Jk ∣ → C(X). If (hk,j)0≤k≤n,j∈Jk is a partition of
unity subordinate to this open cover we may de�ne cpc maps φ(k) ∶ C∣Jk ∣ → C(X) by
φ(k)((aj)j∈Jk) = ∑j∈Jk ajhk,j. These maps can all be seen to be order 0 since for each
k the hk,j correspond to pairwise disjoint subsets, and so their sum φ = ∑nk=0φ(k) is
n-decomposable. For a collection {xk,j}0≤k≤n,j∈Jk of points of X such that xk,j ∈ Uk,j
we may de�ne a cpc map ψ ∶ C(X) → ⊕n

k=0C∣Jk ∣ by ψ(f) = (f(xk,j))0≤k≤n,j∈Jk .
This is possible for any given n-decomposable �nite open cover of X, but we need

some requirements of the component subsets Uk,j to ensure that (⊕n
k=0C∣Jk ∣, ψ,φ) is an

n-decomposable cp approximation for a given �nite F ⊂ C(X) within a given ε > 0.
The condition we require is that for all k and j ∈ Jk we have ∣f(x) − f(y)∣ < 2ε

3 for all
x, y ∈ Uk,j and all f ∈F . This is possible by �rst taking a �nite cover of X by open
balls (Bj)rj=1 satisfying this condition, then taking an n-decomposable re�nement of
this cover that we know exists by [30, Prop. 1.6]. Though this need not be the
only such n-decomposable �nite open cover that would de�ne an approximation for
F within ε. In particular if we set η = maxj(diam(Bj)) then by uniform continuity
we know that all subsets U ⊂ X such that diam(U) ≤ η will satisfy ∣f(x) − f(y)∣ <
2ε
3 for all x, y ∈ U and for all f ∈ F . Thus for any n-decomposable �nite open
cover (Uk,j)0≤k≤n,j∈Jk of X such that maxk,j(diam(Uk,j)) ≤ η we may de�ne an n-
decomposable cp approximation (F,ψ,φ) for F within ε through partitions of unity.
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Corollary 3.1.14. Let X be a compact metrizable space and let n = dimnucC(X).
Then there exists a sequence of n-decomposable cp approximations (Fs, ψs, φs)s∈N for
C(X) such that the 0th map φ(0) ∶ Cxs(0) → C(X) such that for each s the collection
(φ(0)s (ei)−1(0,∞))1≤i≤xs(0) exists as the interiors of a collection of pairwise disjoint

Borel sets (Y s
i )1≤i≤xs(0) such that ⋃x(0)i=1 Y s

i =X. Moreover these can be chosen so that

max1≤i≤xs(0) diam(φ
(0)
s (ei)−1(0,∞)) ↘ 0 as s increases.

Proof: As X is metrizable C(X) is separable, so let Fs be the �rst s elements
of a dense sequence for C(X) and set ε = 1

s . Take a �nite open cover (V s
j )1≤j≤rs of

X such that ∣f(x) − f(y)∣ < 2ε
3 for x, y ∈ V s

j for all f ∈Fs and j ∈ {1, . . . , rs}, and let
(V s

k,j)0≤k≤n,j∈J ′
k

be an n-decomposable open re�nement of this cover. Set V s
0 = ⋃j∈J ′0 V

s
0,j

and set Y s = X/V s
0 . Let δs = maxj∈J ′0 diam(V s

0,j). By lemma 3.1.13 we may �nd a
�nite cover of Y s by pairwise disjoint Borel sets {Y s

i }1≤i≤gs with the diameter of each
being at most δs and each having nonempty interior. Let Isi = Int (Y s

i ) be this interior
for each i, and de�ne a collection of sets

(U s
0,j)0≤k≤n,j∈J0 = (V

s
0,j)0≤k≤n,j∈J ′

k

∪ (Isi )1≤i≤gs .

By construction this will be a collection of pairwise disjoint open sets, and that for
all 1 ≤ i ≤ gs we will have ∣f(x)−f(y)∣ < 2ε

3 for all f ∈Fs. If we then set U s
k,j = V s

k,j for

1 ≤ k ≤ n and j ∈ J ′k then we have an n-decomposable cover (U s
k,j)0≤k≤n,j∈Jk of X and

this cover will allow us to de�ne an n-decomposable cp approximation (Fs, ψs, φs)
for Fs within 1

s by taking a partition of unity subordinate to this cover. Since the
diameters of the sets contained in this collection are bounded above by all σ for which
d(x, y) < σ implies ∣f(x)− f(y)∣ < 2

3s for all f ∈Fs we necessarily have that the diam-
eters of all the sets in the diameter must decrease to 0 as s increases. In particular
max1≤i≤xs(0) diam(φ

(0)
s (ei)−1(0,∞)) ↘ 0 as required.

3.2 The Main Theorem

We now have all the pieces required to prove our main theorem.

Theorem 3.2.1. Let X be a compact metric space and ϕ ∶ C(X) → B(H) an exten-
sion. Then dimnucTϕ = dimnucC(X).

Proof: Let ψ be the trivial extension and H = (Hn)N the idempotent quasicentral
approximate unit for K in Tψ+ϕ obtained from corollary 3.1.12. De�ne H̃ = (Hn+1) to
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be the same approximate unit as H but with the index shifted by 1. Set Φ ∶= ψ + ϕ
and note that TΦ ≅ Tϕ since ψ is a trivial extension. De�ne

An =HnTΦHn,Bn = (Hn+1 −Hn)TΦ(Hn+1 −Hn),Cn = (1 −Hn+1)TΦ(1 −Hn+1)

and de�ne the corresponding maps

α(x) = (H
1
2
n xH

1
2
n )N

β(f) = ((Hn+1 −Hn)
1
2Φ(f)(Hn+1 −Hn)

1
2 )N

γ(f) = ((1 −Hn+1)
1
2Φ(f)(1 −Hn+1)

1
2 )N

for x ∈ TΦ and f ∈ C(X). We consider the following diagram which is a generalisation
of the motivating diagram in the proof of the Toeplitz case by Brake and Winter [10].

Fk ∏NCn
∏NCn

∑NCn

TΦ C(X) Cx(0) ∏TΦ ∏TΦ
∑TΦ

∏NBn
∏NBn

∑NBn

∏NAn

φk

qC

ι4 ι3

π

ι

α

Φ

ψk
γ

φ
(0)
k

β

β

ρk

q

qB

ι2

ι1

The dotted arrows in this diagram represent arrows that will be used to create an
approximate path through this diagram, and in particular the maps will be coming
from a d-decomposable cp approximation (Fk, ψk, φk) of C(X) where dimnucC(X) =
d. The maps β and ρk will be de�ned later in this proof. Here π is the quotient
map from the short exact sequence de�ning the extension, ι is the inclusion map
TΦ → ∏N TΦ

∑N TΦ
, ι1 is the inclusion map ∏NAn →∏N TΦ and ι4 the inclusion map ∏NCn →

∏N TΦ. The maps ι2 and ι3 are the inclusion maps from ∏NBn

∑NBn
and ∏NCn

∑NCn
respectively

into ∏N TΦ
∑N TΦ

. The q, qB, and qC are the natural quotient maps into ∏N TΦ
∑N TΦ

, ∏NBn

∑NBn
, and

∏NCn

∑NCn
respectively. Importantly from the de�nitions we have

ι(x) = qι1α(x) + ι2qBβπ(x) + ι3qCγπ(x)
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for all x ∈ TΦ. Our �rst goal is to de�ne cpc order 0 maps β and ρk that will allow us
to approximate ι using this identity.

Note that in particular qBβ is a cpc order 0 map so let ω ∶ C((0,1] ×X) → ∏NBn

⊕NBn

be the corresponding ∗-homomorphism that satis�es ω(ι⊗ g) = qBβ(g). We then set
Ω ∶ C((0,1] ×X) → ∏NBn to be the cpc lift of ω de�ned by Ωn(ιa ⊗ g) = (Hn+1 −
Hn)

a
2Φ(g)(Hn+1 −Hn)

a
2 , which can be seen to satisfy lim infn→∞ τΩn(f) > 0 for all

positive f ∈ C((0,1]×X) since this is the map described in corollary 3.1.12. Thus by
theorem 3.1.10 there exists a ∗-homomorphism β ∶ C((0,1] ×X) → ∏NBn such that

qBβ = qBΩ = ω, and so the corresponding cpc order 0 map β ∶ C(X) → ∏NBn de�ned

by β(g) = β(ι⊗ g) satis�es qBβ = qBβ.
Let d = dimnucC(X) and let (Fk, ψk, φk) be a d-decomposable cp approximation

for Fk ⊂ C(X), the �rst k elements of a dense sequence for C(X), within 1
k as

obtained in the proof of lemma 3.1.14. That is this is an approximation de�ned by a
partition of unity subordinate to an open cover (Uk

l,j)0≤l≤d,j∈Jl that is n-decomposable

and such that the (Uk
0,j)j∈J0 are the interiors of pairwise disjoint Borel sets (Y k

j )j∈J0
such that ⋃j∈J0 Y k

j = X and such that maxj∈J0 diam (Y k
j ) ↘ 0 as k increases. Denote

Fk = Cx(0) ⊕ ⋅ ⋅ ⋅ ⊕Cx(d) and for each 0 ≤ l ≤ d and for each j ∈ Jl let xklj ∈ Uk
l,j such that

ψk(f) = (f(xkl,j))0≤l≤d,j∈Jl for f ∈ C(X). Let χY k
j
be the characteristic function on the

Borel set Y k
j and so de�ne a cpc order 0 map ρk,n ∶ Cx(0) → Bn by

ρk,n((aj)j∈J0) = βn(
x(0)
∑
j=1

ajχY k
j
)

We have implicitly extended βn here to the bounded Borel functions. This can be
done by considering the corresponding ∗-homomorphism β ∶ C((0,1] ×X) → ∏NBn

and extending this to a ∗-homomorphism on the enveloping von Neumann algebra
[22, 12.5.11]. The enveloping von Neumann algebra for any C(X) is the bounded
Borel functions on X. Then for all f ∈ C(X) we have the following

∥ρk,nψ(0)k (f) − βn(f)∥

= ∥βn(
x(0)
∑
j=1

f(x0,j)χY k
0,j
) − βn(f)∥

k→∞ÐÐ→ 0.

This is relying on the fact that the Y k
0,j cover X and that they are speci�cally con-

structed so that ∣g(x) − g(y)∣ < 2
3k for x, y ∈ Y k

j for all g ∈Fk and for all j. With this

construction one can see that ∑x(0)j=1 f(x0,j)χY k
0,j
→ f as k increases for all f ∈ C(X)

which gives us our limit above. Note in particular that the convergence here does not
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rely on n at all. This allows us to de�ne ρk ∶ Cx(0) → ∏NBn by ρk(a) = (ρk,n(a))n∈N
so that ρkψ

(0)
k converges to β pointwise and so that the following is true

∥ι(x) − (qι1α(x) + ι2qBρkψ(0)k π(x) + ι3qCγφkψkπ(x))∥
k→∞ÐÐ→ 0 (3.2.1)

for all x ∈ TΦ.
Our next step is to show that ι2qBρk + ι3qCγφ(0)k is an order 0 map, though

given that each piece of the sum is an order 0 map we only need to show ι2qBρk(ei) ⋅
ι3qCγφ

(0)
k (ei′) = 0 for i ≠ i′ where ei is the ith canonical generator of Cx(0). We pick

a sequence of functions (dm)N that are 1 on U0,i and such that dm ⋅ h0,i′ uniformly
converges to 0. In particular we note that χU0,i

≤ dm for all m and so ρk(ei) ≤ β(dm).
Further we can say qBρk(ei) ≤ qBβ(dm) = qBβ(dm) for all m so that

∥ι2qBρk(ei) ⋅ ι3qCγφ(0)k (ei′)∥
≤ ∥ι2qBβ(dm) ⋅ ι3qCγφ(0)k (ei′)∥
= ∥(H̃ −H) 12 (ιΦ(dm))(H̃ −H)

1
2 ⋅ (1 − H̃) 12 ιΦ(h0,i′)(1 − H̃)

1
2 ∥

= ∥(1 − H̃)(H̃ −H)ιΦ(dm) ⋅ ιΦ(h0,i′)∥
≤ ∥ιΦ(dm ⋅ h0,i′)∥
m→∞ÐÐÐ→ 0.

The equality in the second last line is coming from the fact that H and H̃ are qua-
sicentral approximate units for K in TΦ and thus will commute with the image of Φ
into the quotient algebra like this. Thus indeed ι2qBρk + ι3qCγφ(0)k is a cpc order 0
map.

We de�ne a cpc order 0 lift φ̃(0)k ∶ Cx(0) →∏N TΦ of ι2qBρk+ι3qCγφ(0)k and cpc order
0 lifts φ̃(i)k ∶ Cx(i) →∏NCn of qCγφ

(i)
k respectively for 1 ≤ i ≤ d, this is doable since, as

noted in [30, Remark 2.4], a cpc order 0 map F → A
J from �nite dimensional algebra

F is always able to be lifted to a cpc order 0 map F → A, due to the correspondence
described by proposition 2.1.3 and the fact that cones over �nite dimensional algebras
are projective, [34, Thm 10.1.11], [34, Thm. 10.2.1]. Putting this into the context of
3.2.1 we see that we have

lim
k→∞
∥ι(x) − q(ι1α(x) + φ̃(0)k ψ

(0)
k π(x) +

d

∑
i=1
(ι4φ̃(i)k ψ

(i)
k )π(x)∥ = 0

for all x ∈ TΦ which when we expand the quotient norm as a limit we see that for all
x ∈ TΦ

lim
k→∞

lim
n→∞
∥x − ια(x) + φ̃(0)k ψ

(0)
k π(x) +

d

∑
i=1
(ι4φ̃(i)k ψ

(i)
k )π(x)∥ = 0.
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We may then use the separability of TΦ alongside a diagonal argument to �nd for
every k an index nk such that

lim
k→∞
∥x − ι1,nk

αnk
(x) + φ̃(0)k,nk

ψ
(0)
k π(x) +

d

∑
i=1
(ι4,nk

φ̃
(i)
k,nk

ψ
(0)
k )π(x)∥ = 0.

It is important to note that the cpc map ι1,nk
⊕ ι4,nk

φ̃
(1)
k,nk
∶ Ank

⊕Cx(1) → TΦ is in fact
order 0 since the constituent parts are and their images Ank

, Cnk
are orthogonal. We

now de�ne, for each k,

Ḟ
(0)
k ∶= Cx(0),

Ḟ
(1)
k ∶= Ank

⊕Cx(1),

Ḟ
(i)
k ∶= Cx(i) for 2 ≤ i ≤ d,

Ḟ k ∶=
d

⊕
i=0
Ḟ
(i)
k ,

ψ̇k ∶= ψkπ + α ∶ TΦ → Ḟ k,

φ̇
(0)
k ∶= φ̃

(0)
k,nk
∶ Ḟ (0)k → TΦ,

φ̇
(1)
k ∶= ι1,nk

⊕ ι4,nk
φ̃
(1)
k,nk
∶ Ḟ (1)k → TΦ,

φ̇
(i)
k ∶= φ̃

(i)
k ∶ Ḟ

(i)
k → TΦ for 2 ≤ i ≤ d,

φ̇k ∶=
d

⊕
i=0
φ̇
(i)
k ∶ Ḟ k → TΦ.

It can then be seen that (Ḟ k, ψ̇k, φ̇k)N is a sequence of d-decomposable cpc ap-
proximations for TΦ, so that dimnucTΦ = dimnucC(X). Since TΦ ≅ Tϕ we have that
dimnucTϕ = dimnucC(X).



Chapter 4

Relative Nuclear Dimension

In this section we present our de�nition for relative nuclear dimension of C∗-algebras.
This is a relatively mild modi�cation of the nuclear dimension introduced with the in-
tention of allowing all nuclear C∗-algebras a notion of �nite nuclear dimension relative
to some interesting algebra. We start by presenting the de�nition and notable equiv-
alences, and then prove various properties of relative nuclear dimension. Particularly
we focus on the case of relative nuclear dimension being 0.

4.1 The De�nition

To be able to de�ne the relative nuclear dimension of a C∗-algebra we shall �rst need
to more concretely de�ne the notion of an approximately order 0 map.

De�nition 4.1.1. Let A,B be C∗- algebras, K ⊂ A a compact set of contractions,
η > 0 and ϕ ∶ A → B a cpc map. We say that ϕ is approximately order 0 on K
within η, written η-K-order 0, if for a, b ∈ K such that ∥ab∥ < δ with orthogonal
elements a′, b′ ∈ A within δ

2 of a, b respectively we have ∥ϕ(a′)ϕ(b′)∥ < η and thus
∥ϕ(a)ϕ(b)∥ < η + δ.

And so we present our de�nition for relative nuclear dimension.

De�nition 4.1.2. Let A,B be two C∗-algebras. We say A has nuclear dimension
relative to B at most n, written ndBA ≤ n, if for every �nite set F ⊂ A and ε > 0 there
exists a triple (F ⊗ B,ψ,∼φ) with F �nite dimensional, ψ ∶ A → F ⊗ B completely
positive contractive, and ∼φ a nonempty set of completely positive maps φ ∶ F⊗B → A
such that

(i) For all φ ∈ ∼φ we have ∥φψ(a) − a∥ < ε for all a ∈F .

(ii) F decomposes into n+1 ideals F = F (0)⊕⋅ ⋅ ⋅⊕F (n) such that for any i = 0, . . . , n,
for any compact set Ki ⊂ F (i) ⊗B of contractions and ηi > 0 there is a φ ∈ ∼φ
such that the restrictions φ(i) ∶ F (i) ⊗B → A are ηi-Ki-order 0.

32
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Remark 4.1.3. This de�nition can be presented in a manner closer to that of the
de�nition of nuclear dimension. That is ndBA ≤ n if there exists a net (Fλ⊗B,ψλ, φλ)Λ
with each Fλ �nite dimensional, ψλ ∶ A → Fλ ⊗B cpc, and ∼φλ a nonempty set of cp
maps φλ ∶ Fλ ⊗ B → A such that φλψλ(a) → a uniformly on �nite sets of A. This
latter point must be true regardless of choice of φλ at each step, and the net must
satisfy condition (ii) of the above de�nition for all λ.

It is then reasonable to say ndBA = n if n is the least such number satisfying
the above de�nition, and the relative dimension shall be in�nite if no such n exists.
We shall refer to a triple (F ⊗ B,ψ,∼φ) as a relatively n-decomposable cp approx-
imation and a net (Fλ ⊗ B,ψλ,∼φλ)Λ as a system of relatively n-decomposable cp
approximations.

Note that if ϕ ∶ B → A is a cpc order 0 map then certainly it is η-K-order 0 for any
η and any compact K ⊂ B. Thus if one is able to �nd a system (Fλ⊗B,ψλ,∼φλ)Λ for
A such that for each λ, ∼φλ contains a map that is n-decomposable in the traditional
sense then certainly ndBA ≤ n. Trivially this shows that ndCA ≤ dimnucA for any
C∗-algebra A. It is in fact the case that nuclear dimension relative to C is equivalent
to nuclear dimension, as one might anticipate. The reverse direction that dimnucA ≤
ndCA is shown later using proposition 4.2.1 but to be able to get to that point we
�rst need to be able to construct an order 0 map from an appropriate collection of
approximately order 0 maps.

Recall that for a C∗-algebra A we denote by A∞ its sequence algebra. Often this
will also be denoted by A∞ = ∏NA

⊕NA
, that is bounded sequences on A quotiented by

those sequences on A that tend to 0.

Lemma 4.1.4. Let A, B be C∗-algebras with B separable such that for every com-
pact set K ⊂ B of contractions and η > 0 there is a cpc η-K-order 0 map φ ∶ B → A.
Then one may �nd a sequence (φn)N of these maps such that ϕ(⋅) = (φn(⋅))N de�nes
a cpc order 0 map ϕ ∶ B → A∞.

Proof: Assume that for every K ⊂ B compact and η > 0 there exists a cpc η-K-
order 0 map B → A. Let Fn be the �rst n elements of a dense sequence of B and let
φn ∶ B → A be a cpc 1

n -Fn-order 0 map. This lets us de�ne a cpc map φ ∶ B → A∞
by setting φ(b) = (φn(b))N. Pick ε > 0, and let a, b ∈ B be orthogonal. We can �nd
an N ′ ∈ N such that there exists a′ ∈ FN ′ such that ∥a − a′∥ < ε

4∥b∥ . Then we may �nd
N ′′ ∈ N so that there is an element b′ ∈ FN ′′ such that ∥b − b′∥ < ε

4∥a′∥ . Then let N ∈ N
be such that a′, b′ ∈ FN and 1

N < ε
2 so that φN is ε

2 -FN -order 0. Hence for all n ≥ N
we have

∥φn(a)φn(b)∥ ≤ ∥φn(a)φn(b) − φn(a′)φn(b)∥ + ∥φn(a′)φn(b) − φn(a′)φn(b′)∥
+ ∥φn(a′)φn(b′)∥
< ε
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so that (φn(a)φn(b))N tends to 0. That is φ(a)φ(b) = 0 and hence φ is a cpc order 0
map.

Furthermore if B is nuclear then Choi-E�ros [17] quite easily allows us to show
the converse of this statement.

Lemma 4.1.5. Let A,B be C∗-algebras with B nuclear and separable. If there is a
cpc order 0 map ϕ ∶ B → A∞ then for any compact set K ⊂ B of contractions and η > 0
we may �nd a cpc η-K-order 0 map φ ∶ B → A. Moreover we may take a sequence
(φn)N of these maps such that (φn(b))N = ϕ(b) ∈ A∞ for all b ∈ B.

Proof: Let ϕ ∶ B → A∞ be cpc order 0. By Choi-E�ros [17] we may �nd a cpc
lift Φ ∶ B → ∏NA of ϕ. Let K ⊂ B compact and η > 0 be given. Let a, b ∈ K be such
that ∥ab∥ < δ and there are orthogonal a′, b′ within δ

2 of a, b respectively. Since ϕ is
order 0 we have π(Φ(a′)Φ(b′)) = ϕ(a′)ϕ(b′) = 0 where π ∶ ∏NA → A∞ is the quotient
map. Thus Φn(a)Φn(b) is a sequence that tends to 0 and so there exists some Nab ∈ N
such that for all n ≥ Nab we have ∥Φn(a′)Φn(b′)∥ < η. Let N = maxNab for all such
pairs in K, and set φ = ΦN which is cpc η-K-order 0. By construction Φ = (φn)N is
a sequence such that (φn(b))N = ϕ(b) ∈ A∞ for all b ∈ B.

These lemmas give an equivalence between order 0 maps B → A∞ and collections of
approximately order 0 maps B → A, at least in the case B is nuclear and separable
which is not an unreasonable assumption to make given our context. For such B then
one can reformulate the de�nition of the relative dimension somewhat to be closer to
that of nuclear dimension by making use of n-decomposable maps, in the traditional
sense, that map into A∞.

Proposition 4.1.6. Let A,B be C∗-algebras with B nuclear and separable. Then
ndBA ≤ n if and only if there exists a net (Fλ⊗B,ψλ, φλ)Λ with Fλ �nite dimensional
algebras, cpc maps ψλ ∶ A → Fλ ⊗B and completely positive maps φλ ∶ Fλ ⊗B → A∞
such that

(i) φλψλ(a) → ι(a) in norm for all a ∈ A, where ι ∶ A→ A∞ is the natural inclusion.

(ii) For each λ, Fλ decomposes into n + 1 ideals Fλ = F (0)λ ⊕ ⋅ ⋅ ⋅ ⊕ F
(n)
λ such that for

each i the restriction φ(i)λ ∶ F
(i)
λ ⊗B → A∞ of φλ is a cpc order 0 map.

Proof: Assume ndBA ≤ n, let F ⊂ A �nite and ε > 0 be given. Let (F ⊗B,ψ,∼φ)
be a relatively n-decomposable cp approximation for F within ε. For each i = 0, . . . , n
let F (i)m be the �rst m elements of a dense sequence of F (i) ⊗B and so pick φm ∈ ∼φ
such that each restriction φ(i)m is 1

m -F
(i)
m -order 0. For each i we may then de�ne a cpc

order 0 map ϕ(i) ∶ F (i) ⊗ B → A∞ by ϕ(i)(f) = (φ(i)m (f))N by lemma 4.1.4 and note
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that by construction ϕ ∶= ∑ni=0 ϕ(i) will satisfy ϕ(f) = (φm(f))N for all f ∈ F ⊗ B.
Since for each φ ∈ ∼φ we have ∥φψ(a) − a∥ < ε for all a ∈F this necessitates that we
have ∥ϕψ(a) − ι(a)∥ < ε for all a ∈F .

Conversely let F and ε > 0 be given and let (F ⊗ B,ψ,ϕ) be such that F is
�nite dimensional, ψ ∶ A → F ⊗ B cpc and ϕ ∶ F ⊗ B → A∞ n-decomposable with
∥ϕψ(a) − ι(a)∥ < ε

2 for all a ∈ F . For each i = 0, . . . , n we lift the cpc order 0 map
ϕ(i) ∶ F (i) ⊗B → A∞ to a cpc map Φ(i) ∶ F (i) ⊗B →∏NA. Set Φ ∶= ∑ni=0Φ(i) and note
that this lifts ϕ, so that if π ∶ ∏NA → A∞ is the quotient map we have that πΦ = ϕ.
Thus ∥πΦψ(a) − ι(a)∥ < ε

2 for all a ∈F and so we may �nd some N ∈ N such that for
all m ≥ N we have ∥Φmψ(a) − a∥ < ε. Then for all Ki ⊂ F (i) ⊗B compact and ηi > 0
we may �nd, as in lemma 4.1.5, an M ≥ N such that the restrictions Φ

(i)
M are each

ηi-Ki-order 0. If we set ∼ ΦN to be the set of those maps Φm for all m ≥ N we see
that (F ⊗B,ψ,∼ ΦN) is a relatively n-decomposable cp approximation for F within
ε.

While we won't be making explicit use of this reformulated de�nition, the two
lemmas that precede it will be very important.

To be able to justify why it should be the case that dimnucA ≤ ndCA comes down
to being able to de�ne an order 0 map ϕ ∶ F → A, where F is �nite dimensional,
given a colection of approximately order 0 maps F → A. If one is able to make that
statement then it is not di�cult to see that we could make a similar statement that
dimnucA ≤ ndGA for any �nite dimensional G since we are still factoring through a
�nite dimensional algebras F ⊗G. In fact then one could generalise this idea further
to consider ndBA where B has �nite nuclear dimension since then if we factor through
F ⊗B and B is able to factor through �nite dimensional G then A can be factored
through F ⊗G. All of these cases rely on being able to obtain order 0 maps into A
from approximately order 0 maps. This is able to be answered by the stability of
order 0 maps on �nite dimensional algebras. It is known, by [34, Thm 10.1.11] and
[34, Thm. 10.2.1], that cones on �nite dimensional algebras are projective, that is any
∗-homomorphism C((0,1], F ) → A

J is liftable to a ∗-homomorphism C((0,1], F ) → A
for �nite dimensional F and J ⊲ A an ideal. Combining this with the fact we have a
one-to-one correspondence between cpc order 0 maps B → C and ∗-homomorphisms
C((0,1],B) → C by 2.1.3, easily shows us that any cpc order 0 map F → A

J is liftable
to a cpc order 0 map F → A for F �nite dimensional and J ⊲ A an ideal. Thus if
we start with an appropriate collection of approximately order 0 maps it stands to
reason we would be able to �nd cpc order 0 maps that are close in some fashion.

Lemma 4.1.7. Let A,F be C∗-algebras with F �nite dimensional. If for all n ∈ N
we have a cpc map φn ∶ F → A that is 1

n -Fn-order 0 where Fn is the set of the �rst n
elements of a dense sequence of F then there exist cpc order 0 maps ϕn ∶ F → A such
that ∥ϕn(f) − φn(f)∥ → 0 for all f ∈ F .



4. RELATIVE NUCLEAR DIMENSION 36

Proof: By lemma 4.1.4 we may de�ne a cpc order 0 map Φ ∶ F → A∞ by Φ(⋅) =
(φn(⋅))N. This can be lifted to a cpc order 0 map ϕ ∶ F → ∏NA by the projectivity
of cones on �nite dimensional algebras, and since this is a lift we easily have that
∥ϕn(f) − φn(f)∥ → 0 for all f ∈ F .

It is not too di�cult to see from this how one might show that indeed dimnucA ≤ ndGA
when G is a �nite dimensional algebra, we shall not prove it here though since it is
an easy corollary of proposition 4.2.1 to come.

4.2 Properties of the Relative Dimension

In this section we present some of the general properties satis�ed by the relative
nuclear dimension, beginning with a general relationship between relative nuclear
dimension and nuclear dimension. We are concerned as well with how well various
properties of the nuclear dimension translate to the relative setting, since if the relative
de�nition is supposed to only be a slight modi�cation of nuclear dimension then how
well it achieves this can be viewed in some way by how well it generalises properties
of the nuclear dimension.

Proposition 4.2.1. Let A and B be C∗-algebras with dimnucB < ∞. Suppose also
that ndBA < ∞, then A has �nite nuclear dimension. Moreover

dimnucA ≤ (ndBA + 1)(dimnucB + 1) − 1.

Proof: Let ndBA = m and dimnucB = n. Let F ⊂ A �nite and ε > 0 be given.
We may pick a relatively m-decomposable cp approximation (F ⊗B,ψA,∼φA) for F
within ε

3 . Consider the �nite set ψA(F ) and note that since F is �nite dimensional
F ⊗B is an algebraic tensor product, thus we may �nd M ∈ N such that for all a ∈F
we may write ψA(a) = ∑Mi=1 fai ⊗ bai for some fai ∈ F and bai ∈ B. From this we may
de�ne the set FB ⊂ B as the �nite set containing the bai for all a ∈F and for all i and
so obtain an n-decomposable cp approximation (G,ψB, φB) for FB within ε

3(m+1)M .
Our intention from here is to create an approximation for A factoring through F ⊗G.
Consider the ideals F (i) of F for i = 0, . . . ,m that come from the relative dimension
of A, and the ideals G(j) of G for j = 0, . . . , n coming from the nuclear dimension
of B. Then decompose F ⊗G into ideals (F ⊗G)(i,j) ∶= F (i) ⊗G(j) for i = 0, . . . ,m
and j = 0, . . . , n. Denote by B(i,j) the unit ball of (F ⊗ G)(i,j) and note that the

images of each of these balls idF (i) ⊗ φ
(j)
B (B(i,j)) will be compact in the unit ball of

F (i)⊗B. For any η > 0 we may �nd a φA ∈ ∼φA such that each of the restrictions φ(i)A ∶
F (i)⊗B → A are cpc η-(idF ⊗φ(j)B )(B(i,j))-order 0. Necessarily then the composition

φ
(i)
A (idF (i) ⊗ φ

(j)
B ) will be a cpc η-B(i,j)-order 0 map. In particular for each d ∈ N we

may �nd φA ∈ ∼φA such that each restriction φ
(i)
A (idF (i) ⊗ φ

(j)
B ) is 1

d -B(i,j)-order 0.
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In terms of the composition we shall denote this choice by (φA(idF ⊗ φB))d and the
corresponding restrictions by (φ(i)A (idF (i) ⊗ φ

(j)
B ))d. Thus by lemma 4.1.4 this allows

us to de�ne a cpc order 0 map ϕ(i,j) ∶ (F ⊗G)(i,j) by ϕ(i,j)(⋅) = ((φ(i)A (idF (i)⊗φ
(j)
B ))d)N.

For each i, j we may lift ϕ(i,j) to a cpc order 0 map Φ(i,j) ∶ (F ⊗G)(i,j) → ∏NA as in
lemma 4.1.7. We may then �nd D ∈ N such that for all d ≥D we have

∥Φ(i,j)d (f) − (φ(i)A (idF (i) ⊗ φ
(j)
B ))d(f)∥ <

ε

3(n + 1)(m + 1)

for all f ∈ (idF (i)⊗ψ
(j)
B )(ψ

(i)
A )(F ). Set φ(i,j) = Φ

(i,j)
D and de�ne φ ∶= ∑mi=0∑nj=0φ(i,j). Set

also ψ = (idF ⊗ψB)ψA and let ψ(i,j) ∶= (idF (i)⊗ψ
(j)
B )ψ

(i)
A be the respective components.

We then require to show that the composition φψ approximates the identity
map on A. In the following we suppress the notation for neatness but we are working
relative to the φA that corresponds to (φA(idF ⊗ φB))D. For all a ∈F we have

∥φψ(a) − a∥ ≤ ∥φψ(a) − φA(idF ⊗ φB)ψ(a)∥ + ∥φA(idF ⊗ φB)ψ(a) − a∥

≤
m

∑
i=0

n

∑
j=0
∥φ(i,j)ψ(i,j)(a) − φ(i)A (idF (i) ⊗ φ

(i)
B )ψ(i,j)(a)∥

+ ∥φA(idF ⊗ φB)ψ(a) − a∥
≤ ε
3
+ ∥φA(idF ⊗ φB)(idF ⊗ ψB)ψA(a) − a∥

≤ ε
3
+ ∥φA(idF ⊗ φBψB)ψA(a) − φAψA(a)∥ + ∥φAψA(a) − a∥

≤
M

∑
k=0
∥(fak ⊗ (φBψB(bai) − bai)∥ +

2ε

3

< ε.

Thus (F ⊗G,ψ,φ) is an ((n + 1)(m + 1) − 1)-decomposable cp approximation for F
within ε in terms of nuclear dimension.

Corollary 4.2.2. Let A,B be C∗-algebras with B AF. Then dimnucA ≤ ndBA.

Proof: Immediate since B is AF so dimnucB = 0.

This shows us that for all C∗-algebras A we have dimnucA ≤ ndCA. It is also quite
easy to see ndCA ≤ dimnucA since all systems for approximations for A in terms of
nuclear dimension are automatically systems of relative approximations for A relative
to C. Thus we have for all C∗-algebras A that ndCA = A, though it is notable that
it is only relative to C that we get a general equivalence of the de�nitions. Even for
�nite dimensional B we do not get ndBA ≤ dimnucA in full generality, for example it
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can be seen that ndM2C = ∞ since to obtain a �nite relative dimension in this case
would necessitate the existence of a non-zero cpc order 0 map M2 → C∞ when no
such map exists.

Since �nite nuclear dimension implies nuclearity, as per 2.2.4, we can similarly
say that if A has �nite nuclear dimension relative to B and B has �nite nuclear
dimension then A is nuclear. Moreover it is easy to show that the statement A has
�nite nuclear dimension relative to some C∗-algebra B is not by itself enough to imply
nuclearity of A. Consider that for any C∗-algebra A it is trivially true that ndAA = 0
since the triple (C⊗A, idA, idA) will be a relatively 0-decomposable cp approximation
for any �nite set F ⊂ A and for any ε > 0. Thus if A is non-nuclear its �nite nuclear
dimension relative to itself does not somehow imply nuclearity of A. Though B being
of �nite nuclear dimension isn't the only way that �nite relative dimension can imply
nuclearity; if B is nuclear then this will still imply nuclearity of A.

Proposition 4.2.3. Let A and B be C∗-algebras with B nuclear. If ndBA < ∞ then
A is nuclear.

Proof: Assume ndBA = n Let (Fλ ⊗ B,ψλ,∼φλ)Λ be a system of relatively n-
decomposable cp approximations for A. By the nuclearity of B we may �nd �nite
dimensional Gµ and cpc maps Ψµ ∶ B → Gλ, Φµ ∶ Gµ → B such that ΦµΨµ → idB
uniformly on �nite sets of B. For each i the map φ(i)λ (idF (i)

λ

⊗Φµ) is cpc so that the

compositions (φλ(idFλ
⊗Φµ))(idFλ

⊗Ψµ)ψλ) are uniformly bounded by n+ 1 and can
be seen to approximate idA. Then A can be seen to have the completely positive
approximation property and thus be nuclear, similar to 2.2.4.

These results quite immediately set some limits on when one can have �nite
relative nuclear dimension. If A is non-nuclear then it may only have �nite dimension
relative to algebras that are similarly non-nuclear, and ifA is nuclear but does not have
�nite nuclear dimension, as in the case of the class of Villadsen algebras previously
mentioned, then it will only be possible for it to have �nite dimension relative to
objects that themselves do not have �nite nuclear dimension. This would raise the
suggestion that to be able to show the Villadsen algebras have �nite nuclear dimension
relative to something, that something might well have to be another in the class of
Villadsen algebras.

Remark 4.2.4. Here are some easy to show relations for the relative nuclear dimen-
sion.

(i) Consider an extension 0 → J → E
πÐ→ A → 0 that is split in the sense that

there exists a cpc map σ ∶ A → E such that πσ = idA, then it can be quite
easily seen that ndEA = 0. To see this note that (C ⊗ E,σ, π) would be a
relatively 0-decomposable cp approximation for any �nite set in A for any ε. In
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particular this can be put into the context of generalised Toeplitz algebras, if
ϕ ∶ C(X) → B(H) is an extension it will be a split extension in the sense above
so that we have ndTϕC(X) = 0 for any such extension.

(ii) It is also quite easy to see that we have ndBA⊗B ≤ dimnucA for any C∗-algebras
A,B, where we suppress the norm for the tensor since this statement only has
content when dimnucA < ∞ thus A is nuclear. So if we assume dimnucA = n,
let (Fλ, ψλ, φλ)Λ be a system of n-decomposable cp approximations of A. Then
for i = 0, . . . , n the maps φ(i)λ ⊗ idB ∶ F

(i)
λ ⊗B → A ⊗B are cpc order 0 by [49,

Cor. 3.3] and thus (Fλ ⊗ B,ψλ ⊗ idB, φλ ⊗ idB)Λ form a system of relatively
n-decomposable cp approximations for A ⊗ B. To see this is not an equality
consider the example of C([0,1]∞), since [0,1]∞ ≅ [0,1]∞ × [0,1]∞ we can
see that ndC([0,1]∞)C([0,1]∞) ⊗ C([0,1]∞) = ndC([0,1]∞)C([0,1]∞) = 0 < ∞ =
dimnucC([0,1]∞).

With this remark we can say that for a stable algebra A, that is A ≅ A⊗K, we
have ndKA ≤ dimnucA. Combining this with proposition 4.2.1 we can easily see that
for a stable algebra A we have dimnucA = ndKA.

We can also make a statement on Z-stable algebras, those for which A ≅ A⊗Z,
that in general for Z-stable algebras A we have ndZA ≤ dimnucA. Of particular note
are those algebras A which fall under the Toms-Winter conjecture, that is simple,
separable, unital, nuclear algebras A. In such a case it is known that if A is Z-stable
its nuclear dimension is either 0 or 1, depending of course on whether it is AF or not,
[16, Cor. C]. If A is AF then immediately we have ndZA = dimnucA = 0, but if A is
not AF the best we can say is ndZA ≤ dimnucA = 1. By rearranging proposition 4.2.1
we get that

ndZA ≥
dimnucA + 1
dimnucZ + 1

− 1,

but in this context it merely shows us that ndZA ≥ 0. So the best we can say for such
a Z-stable algebra is that its dimension relative to Z is either 0 or 1, but it not clear
if there should be a general value for the dimension overall. It shall be seen later in
this work the meaning of relative dimension 0, which will give at least some insight
into when we can say the dimension is 0 or 1 for such a Z-stable algebra.

Otherwise this lower bound on ndBA given by proposition 4.2.1 can give us some
concrete examples of some non-zero relative dimensions. Consider the torus T2 and
note that C(T2) ≅ C(T) ⊗C(T). By proposition 4.2.1 we get

ndC(T)C(T2) ≥ dimnucC(T2) + 1
dimnucC(T) + 1

− 1 = 1

2
.

Since relative dimension must be an integer value we get that ndC(T)C(T2) ≥ 1. Our
remark above shows then that ndC(T)C(T2) = ndC(T)C(T) ⊗C(T) ≤ dimnucC(T) = 1.
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Hence necessarily ndC(T)C(T2) = 1. Similar statements can be made for any locally
compact product space X = Y ×D. Since C0(X) ≅ C0(Y ) ⊗ C0(D) we can obtain
similar estimates. In particular we will have

ndC0(Y )C0(X) ≥
dimnucC0(X) + 1
dimnucC0(Y ) + 1

− 1

and ndC0(Y )C0(X) ≤ dimnucC0(D). So long as D is not the single point space this
gives a �nite relative dimension that is non-zero.

As a particular sanity check for our de�nition of relative dimension we would like
to say that it satis�es, to some level, the various properties that nuclear dimension
satis�es, see proposition 2.2.8, since it should stand that if we are trying to make
a small modi�cation to nuclear dimension the same properties, with slight modi�-
cation themselves should be able to hold. The main di�culty inherent in proving
these properties is the approximately order 0 condition, but had we chosen the more
traditional notion for n-decomposability some of these properties could not be made
to work. For the following properties we attempt to prove them in full generality;
however, occasionally we shall need to make restrictions to those algebras they will
work for. Particularly we need to make use of algebras being nuclear and separable
at points so that we may use Choi-E�ros [17]. It is not known if one might be able
to prove the a�ected properties without making such an assumption, however it does
not feel particularly unreasonable given that most of the algebras we are interested
in dealing with are nuclear and separable.

Proposition 4.2.5. LetA,B,C be C∗-algebras. Then ndCA⊕B =max{ndCA,ndCB}.

Proof: We may assume that dimensions in questions are all �nite so let ndCA = n
and ndCB =m, we shall also assume n ≥m. Let F ⊂ A⊕B �nite and ε > 0 be given.
De�ne

FA ∶= {a ∈ A ∣ (a, b) ∈F for some b ∈ B}
and similarly de�ne FB ⊂ B. We then �nd a relatively n-decomposable cp approx-
imation (F ⊗ C,ψA,∼φA) for FA and a relatively m-decomposable cp approxima-
tion (G ⊗ C,ψB,∼φB) for FB, both within ε. We may then decompose F ⊕ G
into n ideals using the decompositions coming from these approximations by setting
(F⊕G)(i)⊗C = (F (i)⊕G(i))⊗C for i = 0, . . . , n where we set G(i) ≅ 0 for i =m+1, . . . , n.
Note that for all i we have (F ⊕G)(i) ⊗ C ≅ (F (i) ⊗ C) ⊕ (G(i) ⊗ C). Hence for any
compact set Ki ⊂ (F ⊕ G)(i) ⊗ C of contractions and ηi > 0 we are able to de�ne
KAi
∶= {a ∈ F (i) ⊗C ∣ (a, b) ∈K for some b ∈ G(i) ⊗C}, and de�ne KBi

⊂ G(i)⊗C sim-
ilarly.

We then have that KAi
is a compact set in the unit ball of F (i) ⊗C and KBi

is
compact in the unit ball of G(i) ⊗ C. By the relative dimension of A we may �nd
a φA ∈ ∼φA such that the restriction to each F (i) ⊗ C is a cpc ηi-KAi

-order 0 map
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φ
(i)
A ∶ F (i) ⊗C → A and such that φAψA ≈ε idA on FA. In the same vein we may �nd

a φB ∈ ∼φB such that each restriction is a cpc ηi-KBi
-order 0 map φ(i)B ∶ G(i) ⊗C → B

and such that φBψB ≈ε idB on FB. We may then de�ne a cp map

φ ∶ (F ⊕G) ⊗C → A⊕B

by setting φ ∶= φA ⊕ φB, and we can see that the restrictions φ(i) to the ideals
(F ⊕G)(i)⊗C will satisfy φ(i) = φ(i)A ⊕φ

(i)
B . Then for each i we require to show that the

restriction φ(i) is ηi-Ki-order 0. Note that Ki ⊂KAi
⊕KBi

. Then for (a, b), (a′, b′) ∈Ki

such that ∥(a, b) ⋅ (a′, b′)∥ ≤ δ and such that we have (x, y), (x′, y′) ∈ (F ⊕G)(i) ⊗ C
orthogonal within δ

2 of these elements respectively we will have

∥φ(i)(x, y)φ(i)(x′, y′)∥ = ∥(φ(i)A (x), φ
(i)
B (y))(φ

(i)
A (x′), φ

(i)
B (y′))∥

= ∥(φ(i)A (x)φ
(i)
A (x′), φ

(i)
B (y)φ

(i)
B (y′))∥

=max{∥φ(i)A (x)φ
(i)
A (x′)∥, ∥φ

(i)
B (y)φ

(i)
B (y′)∥}

< η

as required. Let ∼φ be the collection of maps de�ned by φ = φA ⊕ φB for φA ∈ ∼φA
and φB ∈ ∼φB. Thus de�ning the cpc map ψ ∶= ψA ⊕ ψB we have, for all φ ∈ ∼φ,

∥φψ((a, b)) − (a, b)∥ = ∥(φAψA(a) − a,φBψB(b) − b)∥
=max{∥φAψA(a) − a∥, ∥φBψB(b) − b∥}
< ε

for all (a, b) ∈ F . Hence ((F ⊕ G) ⊗ C,ψ,∼φ) is a relatively n-decomposable cp
approximation for F within ε.

To see equality let F ⊂ A and ε > 0 be given and assume ndCA ⊕ B = n. Let
ιA ∶ A → A ⊕ B be the natural inclusion, that is ιA(a) = (a,0) for a ∈ A. Let
(F ⊗C,ψ,∼φ) be a relatively n-decomposable cp approximation for ιA(F ) within ε.
Let πA ∶ A⊕B → A be the natural projection map, which is a ∗-homomorphism, and
note that for any η-K-order 0 φ(i) ∶ F (i)⊗C → A⊕B the composition πAφ(i) will still
be η-K-order 0, since for any orthogonal f, g ∈ F (i) ⊗C appropriately close to K we
will have ∥πAφ(i)(f)πAφ(i)(g)∥ ≤ ∥φ(i)(f)φ(i)(g)∥ < η. Certainly also ψιA will be cpc.
Let ∼πAφ be the set of those maps πφ for all φ ∈ ∼φ, then (F ⊗C,ψιA,∼πφ) can be
seen to be a relatively n-decomposable cp approximation for F within ε. A similar
argument may be made for B also.

Proposition 4.2.6. Let A,B,C,D be C∗-algebras, with C,D nuclear and separable.
Then

ndC⊗DA⊗B ≤ (ndCA + 1)(ndDB + 1) − 1.
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Note that we may suppress the norm we are using for A ⊗B here since we are
assuming C and D are both nuclear. Then since we may assume both ndCA and
ndDB are �nite we get that A and B are both nuclear by proposition 4.2.3.
Proof: Assume ndCA = n and ndDB = m for n,m ∈ N. Let F be a �nite
set in A ⊗ B and ε > 0 be given. For each element x ∈ F we can �nd an alge-
braic tensor x′ ∈ A ⊗ B that is within ε

3(n+1)(m+1) of x, and denote by F ′ the �nite
set of these x′. We may �nd an M ∈ N such that each x′ ∈ F ′ may be repre-
sented as the sum of M elementary tensors, x′ = ∑Mi=1 ai ⊗ bi, and so de�ne �nite
sets F ′

A ⊂ A and F ′
B ⊂ B as the collection of the ai ∈ A and bi ∈ B represented in

these sums. Let P =max{supai∈FA
∥ai∥, supbi∈FB

∥bi∥}. Then we may �nd a relatively
n-decomposable cp approximation (F⊗C,ψA,∼φA) for F ′

A within ε
6MP (m+1) and a rel-

atively m-decomposable cp approximation (G⊗D,ψB,∼φB) for F ′
B within ε

6MP (n+1) .
Note that (F ⊗G) ⊗ (C ⊗D) ≅ (F ⊗C) ⊗ (G⊗D), and thus we can decompose the
�nite dimensional algebras into ideals in the following way:

(F ⊗G)(i,j) ⊗ (C ⊗D) ∶= (F (i) ⊗C) ⊗ (G(j) ⊗D).

For i = 0, . . . , n and for j = 0, . . . ,m we may �nd, by lemma 4.1.4 and by the relative
dimension, cpc order 0 maps ϕ(i)A ∶ F (i) ⊗ C → A∞ and ϕ

(j)
B ∶ G(j) ⊗ D → B∞ such

that ϕAψA ≈ ιA and ϕBψB ≈ ιB where ιA and ιB are the respective inclusions into the
sequence algebras. Then the tensor maps

ϕ
(i)
A ⊗ ϕ

(j)
B ∶ (F ⊗G)(i,j) ⊗ (C ⊗D) → A∞ ⊗B∞

will be cpc order 0 for all i, j by 2.1.4. Let π ∶ A∞ ⊗B∞ → (A⊗B)∞ be the natural
∗-homomorphism, that is the map de�ned by π((an)N ⊗ (bn)N) = (an ⊗ bn)N and
extended to all of A∞ ⊗B∞ by [15, Prop. 3.3.7]. Thus the composition π(ϕ(i)A ⊗ϕ

(j)
B )

is a cpc order 0 map into (A ⊗ B)∞. Then by lemma 4.1.5 we may �nd, for all
compact K ⊂ (F ⊗ G)(i,j) ⊗ (C ⊗D) and all η > 0, some N ∈ N such that we have
φ(i,j) ∶= π(ϕ(i)A ⊗ ϕ

(j)
B )N is a cpc η-K-order 0 map. We then de�ne a cp map φ ∶

(F ⊗G) ⊗ (C ⊗D) → A ⊗B by φ ∶= ∑ni=0∑mj=0φ(i,j), and so let ∼φ be the collection

of those φ such that the restrictions φ(i,j) are all 1
d -K

(i,j)
d -order 0 where K(i,j)d is the

set of the �rst d elements of a dense sequence of (F ⊗G)(i,j) ⊗ (C ⊗D) over d ∈ N.
We thus require to show that such φ give us an approximation for F . Note that
for an elementary tensor f i ⊗ gj ∈ (F (i) ⊗ C) ⊗ (G(j) ⊗D) we have φ(i,j)(f i ⊗ gj) =
ϕ
(i)
A (f i)N ⊗ ϕ

(j)
B (gj)N = φ

(i)
A (f i) ⊗ φ

(j)
B (gj) for appropriate φA, φB. Recall that for

each x ∈ F we have chosen an algebraic tensor x′ = ∑Ms=1 as ⊗ bs, with each as, bs in
F ′
A and F ′

B respectively. De�ne ψ ∶ A⊗B → (F ⊗G)⊗(C ⊗D) by ψ ∶= ψA⊗ψB. We
thus have

∥φψ(x) − x∥ ≤ ∥φψ(x) − φψ(x′)∥ + ∥φψ(x′) − x′∥ + ∥x′ − x∥
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< 2ε

3
+

M

∑
s=1
∥φAψA(as) ⊗ φBψB(bs) − as ⊗ bs∥

≤ 2ε

3
+

M

∑
s=1
(∥φAψA(as) ⊗ φBψB(bs) − φAψA(as) ⊗ bs∥

+ ∥φAψA(as) ⊗ bs − as ⊗ bs∥)

< 2ε

3
+ ε
3

= ε

for all x ∈ F So ((F ⊗ G) ⊗ (C ⊗ D), ψ,∼φ) is a relatively ((n + 1)(m + 1) − 1)-
decomposable cp approximation for F within ε.

Proposition 4.2.7. Let A,B,C be C∗-algebras with B nuclear and separable. If
there exists a surjective ∗-homomorphism π ∶ A→ B then ndCB ≤ ndCA.

Proof: By Choi-E�ros [17] we may �nd a cpc lift σ ∶ B → A of the identity map
on B such that πσ = idB. Let �nite F ⊂ B and ε be given and assume ndCA = n.
Pick a relatively n-decomposable cp approximation (F ⊗ C,ψ,∼φ) for σ(F ) ⊂ A
within ε. Note that the composition ψσ is certainly cpc. Consider that since π is a
∗-homomorphism then for any η-K-order 0 map φ(i) ∶ F (i) ⊗C → A the composition
πφ(i) will still be η-K-order 0, since for any appropriate orthogonal elements f, g near
K we will have ∥πφ(i)(f)πφ(i)(g)∥ ≤ ∥φ(i)(f)φ(i)(g)∥ < η. Then for all φ ∈ ∼φ we will
have

∥πφψσ(b) − b∥ = ∥πφψσ(b) − πσ(b)∥
≤ ∥φψσ(b) − σ(b)∥
< ε

for all b ∈F . Thus if we denote by ∼πφ the set of maps πφ for all φ ∈ ∼φ we can see
that (F ⊗C,ψσ,∼πφ) is a relatively n-decomposable cp approximation for F within
ε.

Proposition 4.2.8. Let A,B be C∗-algebras with A nuclear and separable, and
A = lim→An an inductive limit C*-algebra. Then ndBA ≤ lim inf(ndBAn).

Proof: Let µn ∶ An → A be the induced map, and note that by 4.2.7 we have
that ndBµn(An) ≤ ndBAn for all n. Thus for simplicity we shall assume that A is the
closure of the increasing union of the An, that is A = ⋃NAn, rather than the closure
of the union of µn(An). Let lim infn→∞ ndBAn =M < ∞. By de�nition for any δ there



4. RELATIVE NUCLEAR DIMENSION 44

exists an N ∈ N such that for all n ≥ N there exists anm ≥ n such that ndBAm <M+δ,
so that in particular ndBAm = M for small enough δ. We can �nd some �nite set
FN ⊂ AN for N ∈ N that is within ε

12(M+1) of F . For each n ≥ N choose a relative
approximation (Fn ⊗B,ψn,∼φn) of An for FN within ε

12 . In particular for all n ∈ N
there exists mn ≥ n such that ndBAmn =M . Let F ⊂ A �nite and ε > 0 be given. We
may �nd N ∈ N and a �nite set F ′ ⊂ AN that is within ε

4(M+1) of F . Then for each
n ≥ N let (Fmn ⊗B,ψmn ,∼φmn) be a relatively M -decomposable cp approximation of
Amn for F ′ ⊂ Amn within ε

4 . This allows us to de�ne a cpc map

ψ ∶ ⋃
n≥N

Amn →
∏n≥N Fmn ⊗B
⊕n≥N Fmn ⊗B

by setting ψ(a) = (ψmn(a))N where we consider ψmn(a) = 0 for a /∈ Amn . This can be
continuously extended to a cpc map ψ′ ∶ A→ ∏n≥N Fmn⊗B

⊕n≥N Fmn⊗B
, and by Choi-E�ros [17] we

may lift this to a cpc map ψ′′ ∶ A→∏n≥N Fmn⊗B. If π is the natural quotient map on
∏n≥N Fmn ⊗B we have that πψ′′ = π′ and so πψ′′ = π on ⋃n≥N Amn , thus for all a ∈F
there exists an a′ ∈F ′ such that ∥πψ′′(a)−ψ(a′)∥ < ε

4(M+1) . Thus by de�nition of the
quotient we are able to �nd a sequence (xmn)n≥N in ∏n≥N Fmn ⊗ B that tends to 0
such that ∥ψ′′(a)mn −ψmn(a′) +xmn∥ < ε

4(M+1) so that we have ∥ψ′′(a)mn −ψmn(a′)∥ <
∥xmn∥ + ε

4(M+1) . Thus there exists k ≥ N such that ∥ψ′′(a)mk
− ψmk

(a′)∥ < ε
2(M+1) .

Set ψ̃ ∶= ψ′′(⋅)mk
∶ A → Fmk

⊗ B and take the φmk
∶ Fmk

⊗ B → A from the relative
dimension of Amk

. Thus for all a ∈F we have

∥φmk
ψ̃(a) − a∥ ≤ ∥φmk

ψ̃(a) − φmk
ψmk
(a′)∥ + ∥φmk

ψmk
(a′) − a′∥ + ∥a′ − a∥

< ε
2
+ ε
4
+ ε
4

= ε.

Hence (Fmk
⊗ B, ψ̃,∼φmk

) is a relatively M -decomposable cp approximation for F
within ε.

4.3 Relative Dimension 0

An important question to consider for our relative dimension is the meaning of relative
dimension 0. Speci�cally if ndBA = 0 can we then make some statement about
the structure of A relative to B, in a similar vein to the fact that dimnucA = 0
if and only if A is AF. The proof of this latter fact provides some inspiration as
to what we might expect such a statement to say, and indeed how we might go
around proving it. Certainly we know that if A exists as an inductive limit of the
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form (Fn ⊗B,ϕn) for �nite dimensional Fn it is easy to see that ndBA = 0 since we
know by 4.2.8 that ndBA ≤ lim inf ndBFn ⊗ B ≤ lim inf dimnucFn = 0. To show the
other direction is a bit more tricky. If dimnucA = 0 then one obtains a system of
0-dimensional approximations (Fλ, ψλ, φλ)Λ such that each of the φλ are cpc order 0
maps. Under the correct hypotheses it is known that a cpc order 0 map from a �nite
dimensional algebra is in fact a ∗-homomorphism, [47, Thm. 4.1.1], and so you are
able to show that A is able to be approximated by �nite dimensional algebras so is
AF in the sense of Bratteli [11]. It is this style of statement we should like to make
as a consequence of ndBA = 0, but since we only get a system (Fλ ⊗ B,ψλ,∼φλ)Λ
of relatively 0-decomposable cp approximations the maps up are cpc approximately
order 0. Since the maps are approximately order 0 we won't be able to show that
they are in general ∗-homomorphisms, though we can in fact show that they can
be assumed to be approximately multiplicative in some sense. Thus it makes sense
that we will need some other notion than the usual inductive limit in order to make
any statements regarding the structure of A. Particularly we are led to the notion of
generalised inductive limit introduced by Blackadar and Kirchberg [5] which is similar
to the more usual notion but crucially does not rely on the connecting maps being
∗-homomorphisms, rather only requiring that they are asymptotically so.

First we present the de�nition of a generalised inductive system.

De�nition 4.3.1. [5, Def 2.1.1] A generalised inductive system of C∗-algebras is a
sequence (An) of C∗-algebras, with coherent maps ϕnm ∶ An → Am for n < m, such
that for all k ∈ N and all x, y ∈ Ak, λ ∈ C, and all ε > 0, there is an M such that for all
M ≤m < k,

(1) ∥ϕmk(ϕnm(x) + ϕnm(y)) − (ϕnk(x) + ϕnk(y))∥ < ε

(2) ∥ϕmk(λϕnm(x)) − λϕnk(x)∥ < ε

(3) ∥ϕmk(ϕnm(x)∗) − ϕnk(x)∗∥ < ε

(4) ∥ϕmk(ϕnm(x)ϕnm(y)) − ϕnk(x)ϕnk(y)∥ < ε

(5) supr ∥ϕk,r(x)∥ < ∞.

Remark 4.3.2. The particular notion we are considering here for coherence of maps
is an asymptotic version. That is for all n ∈ N, for all x ∈ An and ε > 0 there exists
M ∈ N such that for all M ≤m < k we have ∥ϕnk(x) − ϕmkϕnm(x)∥ < ε.

For our purposes we are only really interested in dealing with generalised systems
for which the connecting maps ϕnm are all cpc. For a collection of cpc maps ϕnm that
satisfy the above asymptotic coherence condition it can be seen that the ϕnm will
trivially satisfy all conditions from the above de�nition aside from (4)
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In order to de�ne the limit algebra A of a generalised system (An, ϕn,m) one takes
the set theoretic limit L of the An, which is the disjoint union of the An quotiented
by the relation of identifying an x ∈ An with ϕn,m(x) for all m ≥ n. We then use
ϕn(x) to denote this class for x ∈ An. Then one de�nes a pseudometric d on L by
setting d(ϕn(x), ϕn(y)) = supm∈N ∥ϕn,m(x)−ϕn.m(y)∥. The limit algebra A then is the
completion of L with respect to d, and this is a C∗-algebra, see [5, 2.1.2].

An alternative construction, and one that we make more ready use of, of the
limit algebra, [5, 2.1.3], is that it can be embedded in the sequence algebra ∏NAn

⊕NAn
as

the closure of the set of elements of the form ϕn(x) = (ϕnm(x))m≥n for x ∈ An. In
general with no assumptions on the connecting maps there's not much that can be
said regarding these connecting maps, since each condition of 4.3.1 is only true for
a �nite set at a time there's no guarantee they force linearity or even boundedness
onto the induced map. However for example, [5, Prop. 2.3.1], if all maps ϕnm are
linear and bounded then the induced maps will be bounded through application of
Banach-Steinhaus. Necessarily it can be seen that these induced maps will be cpc
when the connecting maps are all cpc, but condition (4) of 4.3.1 does not by itself
imply that the induced map will be a ∗-homomorphism, for that we would need to
make a statement on the multiplicativity of ϕnm for increasing m.

We are unable to show a precise equivalence between ndBA = 0 and A being
a generalised inductive limit A ≅ (Fn ⊗ B,ϕnm) for Fn �nite dimensional with the
connecting maps all cpc; however, we are still able to obtain implications in both
directions, just with restrictions to their hypotheses that does not allow for an equiv-
alence. We present these results now.

Proposition 4.3.3. Let A,B be C∗-algebras with A nuclear and separable. Assume
A exists as a generalised inductive limit A ≅ lim(Fn⊗B,ϕnm) where the Fn are �nite
dimensional algebras and the connecting maps ϕnm are all cpc. If for all n ∈ N the
induced map ϕn ∶ Fn ⊗B → A is a ∗-homomorphism, then ndBA = 0.

Proof: Let F ⊂ A and ε > 0 be given. We may �nd N ∈ N such that for all
a ∈ F there exists a′ ∈ FN ⊗ B such that ∥a − ϕN(a′)∥ < ε

4 , and let F ′ ⊂ FN ⊗ B
be the corresponding �nite set. By Choi-E�ros [17] we may lift the embedding ι ∶
A ↪ ∏N Fn⊗B

⊕N Fn⊗B to a cpc map π ∶ A → ∏NFn ⊗ B. Since π lifts the embedding ι we
can also see that πϕN lifts ϕN . Thus we may �nd some M ′ ∈ N such that for all
m ≥ M ′ we have ∥ϕnm(a′) − πm(ϕN(a′))∥ < ε

4 for all a′ ∈ F ′. We may also �nd, by
the coherence of the maps, some M ′′ ∈ N such that for all M ′′ ≤ m < k we have that
∥ϕnk(a′) −ϕmk(ϕnm(a′)∥ < ε

4 for all a′ ∈F ′. This implies that for all m ≥M ′′ we have
that ∥ϕN(a′) − ϕm(ϕNm(a′))∥ < ε

4 for all a′ ∈ F ′ Let M = max{M ′,M ′′} so that for
all a ∈F we have

∥ϕMπM(a) − a∥ ≤ ∥ϕMπM(ϕN(a′)) − ϕN(a′)∥ + 2∥a − ϕN(a′)∥
≤ ϕMπM(ϕN(a′)) − ϕM(ϕNM(a′))∥
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+ ∥ϕM(ϕNM(a′)) − ϕN(a′)∥ +
ε

2
< ε.

Then since ϕM is a ∗-homomorphism, by assumption, it is certainly cpc order 0, thus
(FM ⊗B,πM , ϕM) is a relatively 0-decomposable cp approximation for F within ε.

The hypothesis that the induced maps ϕn are ∗-homomorphisms is necessary
for the proof in order to �nd cpc order 0 maps up for our approximations; how-
ever, it is unclear what, if any, weakenings of this condition would provide the same
conclusion. Certainly we cannot merely assume that the connecting maps are cpc
with no additional information as there exist algebras A that are a generalised induc-
tive limit A ≅ lim(Fn, ϕnm) where the Fn are �nite dimensional and the connecting
maps cpc but A is not AF. This is the class of NF algebras, see [5, Sec. 5], that
are de�ned as generalised limits of �nite dimensional algebras with cpc connecting
maps, and while certainly the AF algebras sit inside this class not all NF algebras
are themselves AF. If our assumption for proposition 4.3.3 was merely that the con-
necting maps are cpc then any NF algebra A would satisfy ndCA = 0 but since we
know ndCA = dimnucA this would mean we could �nd an algebra that isn't AF but
dimnucA = 0. If A ≅ lim(Fn, ϕnm) is an NF algebra with the additional assumption
that each of the induced maps ϕn are ∗-homomorphisms it can be seen that A is
necessarily AF. To see this consider for a �nite set F ⊂ A and ε > 0 we may �nd
some N ∈ N such that for all a ∈ F there exists a′ ∈ Fn such ∥a − ϕN(a′)∥ < ε. Since
ϕN is a ∗-homomorphism from a �nite dimensional FN satisfying this A immediately
satis�es Bratteli's local characterisation of AF algebras [11].

To show the reverse direction we are going to need to make use of an asymptotic
intertwining that is de�ned as follows.

De�nition 4.3.4. [5, Def. 2.4.1] Let (An, ϕm,n) and (Bn, ψm,n) be generalised induc-
tive systems of C∗-algebras. An asymptotic map from (An, ϕm,n) to (Bn, ψm,n) is a
pair of increasing sequences (rn) and (sn) and maps αn ∶ Asn → Brn , such that

(1) for every k, every x ∈ Ak, and ε > 0 there exists anM such that for allM ≤m < n,

∥ψsm,snαmϕk,rm(x) − αnϕk,rn(x)∥ < ε.

(2) The induced map from⋃ϕn(An) to⋃ψn(Bn) extends to a bounded *-homomorphism
α from A = lim(An, ϕm,n) to B = lim(Bn, ψm,n).

An asymptotic intertwining between (An, ϕm,n) and (Bn, ψm,n) is a pair of in-
creasing sequences (rn) and (sn) and asymptotic maps αn ∶ Arn → Bsn and βn ∶ Bsn →
Arn+1 such that for every k, every x ∈ Ak, y ∈ Bk and ε > 0 there is an M such that for
all M ≤m < n,
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(3) ∥βnψsm,snαmϕk,rm(x) − ϕk,rn+1(x)∥ < ε

(4) ∥αnϕrm+1,rnβmψk,sm(x) − ψk,sn(x)∥ < ε.

It is noted in [5] that the two ∗-homomorphisms described in condition (2)
induced by an asymptotic intertwining will automatically be mutually inverse ∗-
isomorphisms.

For our purposes, since we are considering only cases where the connecting maps
are cpc, and we shall in fact also be requiring the asymptotic maps are cpc then by
[5, Prop 5.1.6] we only need to show that conditions (1), (3), and (4) are satis�ed in
order to have an asymptotic intertwining.

The basic idea of our proof to show that ndBA = 0 is to take a system (Fn, ψn,∼φn)N
of relatively 0-decomposable cp approximations for A, where we shall be assuming A is
separable. From such a system we create a generalised inductive system (Fn⊗B,ϕnm)
be de�ning maps ϕnm = ψmφn. While there are a few assumptions to be made here
so that the coherence of these is satis�ed it is notable that we still would require the
asymptotic multiplicativity condition to be satis�ed for this to actually be a gener-
alised system. The result that cpc order 0 maps from �nite dimensional algebras are
∗-homomorphisms in the right setting [47, Thm 4.1.1] has since been improved to
a general structure theorem on cpc order 0 maps 2.1.2 that gives us a condition on
when any cpc order 0 map can be seen to be a ∗-homomorphism. It is this result that
allows us to say that for ndBA = 0 we may �nd a system of relatively 0-decomposable
cp approximations for A such that the maps up can be taken to be approximately
multiplicative. We also take inspiration from 2.2.10 in order to show that the maps
down can be taken to be approximately multiplicative. With these results together
we are able to create a generalised inductive system (Fn ⊗B,ψmφn) and show that
there is an asymptotic intertwining between this and the trivial inductive system on
A ≅ lim(A, idA).

While 2.2.10 is a result in terms of the decomposition rank it is still relevant to
us here. Recall that dimnucA = 0 ⇐⇒ drA = 0 so that if we have nuclear dimension 0
we may still use this result to obtain a system of 0-decomposable approximations for
A such that the maps down are approximately multiplicative. Similarly here it can
be seen that ndBA = 0 is equivalent to a notion of relative decomposition rank being 0
so it stands to reason we may show the maps down can be taken to be approximately
multiplicative. However our result to show this is restricted somewhat, it comes with
the caveat that B is a continuous C(X)-algebra with simple �bres. Let us explore
what we mean by such an object.

C(X)-algebras are an object �rst de�ned by Kasparov [27] though of course has
been elaborated upon over the years, in particular by Blanchard [6]. We refer to
Dadarlat [20] as to where we learnt most of the material presented here. Note that
while the notion of a C(X)-algebra can be de�ned for any locally compact Hausdor�
X we still refer to these objects as C(X)-algebras rather than C0(X)-algebras. This is
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the notational convention in the above sources that we choose to maintain. LetX be a
locally compact Hausdor� space, a C(X)- algebra is a C∗-algebra A with a structure
∗-homomorphism θ ∶ C0(X) → ZM(A) into the centre of the multiplier algebra on A
and such that C0(X)A is dense in A, where it is understood that we write fa in place
of θ(f)a for f ∈ C0(X) and a ∈ A. For a closed subset Y ⊂X we denote by C0(X,Y )
the continuous functions vanishing on Y . Then C0(X,Y )A is a closed two sided ideal
of A and we denote by A(Y ) the quotient A

C0(X,Y )A . It can be seen that regarding this
notation A = A(X), and so we shall denote by πY ∶ A(X) → A(Y ) the quotient map.
For a point x ∈ X we denote by A(x) the quotient algebra A({x}), similarly πx for
the quotient map, and for a ∈ A the image πx(a) is denoted by a(x). These algebras
A(x) for x ∈X are what we call the �bres of A. It is known, [20, Lemma 2.1], that for
all a ∈ A the map x ↦ ∥a(x)∥ is upper semi-continuous. A continuous C(X)-algebra
A then is one for which this map x↦ ∥a(x)∥ is continuous for all a ∈ A.

It is the continuous C(X)-algebras that we concerned with, since they have a
particularly valuable equivalence to a continuous �eld of C∗-algebras. It is the case,
see [6] [8] [36], that A is a continuous C(X)-algebra if and only if it is the C∗-algebra
of continuous sections of a continuous �eld of C∗-algebras over X in the sense of
Dixmier [22, Def. 10.3.1], the de�nition for which we shall now go over.

For a topological space X, a continuous �eld of C∗-algebras over X is a family of
C∗-algebras (Ax)x∈X and a ∗-algebra Θ ⊂ ∏x∈X Ax of vector �elds, functions a de�ned
on X such that a(x) ∈ Ax for all x ∈X, such that

1) For every x ∈X the set of a(x) for a ∈ Θ is dense in Ax,

2) For every a ∈ Θ the function x↦ ∥a(x)∥ is continuous,

3) Let a ∈ ∏x∈X Ax be a vector �eld. If for every x ∈ X and every ε > 0 there is
a′ ∈ Θ such that ∥a(y) − a′(y)∥ < ε on some neighbourhood of x, then a ∈ Θ.

For a locally compact space X and a continuous �eld A = (Ax,Θ) over X, take the
set A ⊂ Θ of elements a such that ∥a(t)∥ vanishes at in�nity on X. A will be a
C∗-algebra when equipped with the norm ∥a∥ = supx∈X ∥a(x)∥. This is the C∗-algebra
generated by the continuous �eld.

If A is a continuous C(X)-algebra we may use the �bres of A to de�ne a family
of C∗-algebras over X by Ax = A(x). Each a ∈ A can thus be viewed as a vector
�eld by setting a(x) = πx(a) as above. Then A shall satisfy the de�nition to be a
continuous �eld algebra. This viewpoint of seeing a continuous C(X)-algebra as a
continuous �eld over its �bres in this sense will be particularly useful to us.

It is trivial to see that every C∗-algebra A is a continuous C(X)-algebra when
X is the one point space, and under this the only �bre will be A itself, A(x) = A.
Thus any simple A can be trivially viewed as a continuous C(X)-algebra with simple
�bres, so that all of our following results shall work if B is simple. There are a
number of non-simple examples of note to consider also. Trivially for any locally
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compact Hausdor� space X then C0(X) is easily a continuous C(X)-algebra. For
each x ∈ X we can see the corresponding �bre must satisfy C0(X)(x) ≅ C, and the
quotient map πx is just the evaluation map at x. Thus for f ∈ C0(X) f(x) = πx(f)
has the typical meaning. That is to say for any locally compact Hausdor� X we have
that C0(X) is a continuous C(X)-algebra with simple �bres. This is an easy example
of a wider class, see [9, Ex. 2.2.2], of algebras that are C(X)-algebras in terms of their
primitive ideal space. Let Prim(A) be the primitive ideal space of a C∗-algebra A
which is a T0-space when given the Jacobson topology. If Prim(A) is a Hausdor� space
then it will be locally compact and for all a ∈ A the map K ∈ Prim(A) ↦ ∥a +K∥
is continuous, [22, Cor. 3.3.9]. Then by the Dauns-Hofmann theorem, [39, Cor.
4.4.8], C∗-algebras A with Hausdor� primitive ideal spaces will in fact be continuous
C(Prim(A))-algebras with �bres A(K) = A

K for K ∈ Prim(A), which in particular are
simple. This result had similarly been shown earlier through a result of Fell [24] that
showed if Prim(A) is Hausdor� then A exists as the continuous sections vanishing at
in�nity over a continuous �eld of simple C∗-algebras over Prim(A). That we require
continuous C(X)-algebras with simple �bres for the following work then can be seen
to not be too restrictive a condition. At the very least most examples of note we have
considered thus far will satisfy this.

A result that we will need to make use of is how C(X)-algebras behave regarding
tensor products. The following is a result of Hirshberg, Rørdam, and Winter [25,
Prop. 1.6] but exists as a simple generalisation of the same result of Blanchard's [7]
that was only for the compact case. Note that we are using ⊗ to refer to the minimal
tensor product.

Proposition 4.3.5. Let X, Y be locally compact spaces, A a C(X)-algebra and B
a C(Y )-algebra. Suppose A or B are exact. Then A⊗B is a C(X ×Y )-algebra with
�bres

(A⊗B)(x,y) ≅ Ax ⊗By

for x ∈X, y ∈ Y with structure map µ given by

µ = µA ⊗ µB ∶ C0(X) ⊗C0(Y ) →M(A⊗B).

Remark 4.3.6. It is important to note that if A is a continuous C(X)-algebra and
B is a continuous C(Y )-algebra then the tensor product A⊗B will be a continuous
C(X × Y )-algebra. With the isomorphism (A ⊗ B)(x,y) ≅ Ax ⊗ Bx it stands that
for the quotient maps we have π(x,y) = πx ⊗ πy. Thus the continuity of the map
(x, y) ↦ ∥f(x, y)∥ = ∥π(x,y)(f)∥ for f ∈ A⊗B is implied by the continuity of the maps
x↦ ∥a(x)∥ = ∥πx(a)∥ and y ↦ ∥b(y)∥ = ∥πy(b)∥ for a ∈ A, b ∈ B.

Our �rst step in being able to talk about the meaning of relative dimension 0
is to show the relative version of 2.2.9 that we are able to �nd a relative system of
approximations with the maps down being approximately order 0.
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Proposition 4.3.7. Let A,B be C∗-algebras with B a separable continuous C(X)-
algebra with simple �bres for some locally compact Hausdor� X. If ndBA = n < ∞
then there exists a system of relatively n-decomposable cp approximations (Fλ, ψλ,∼φλ)Λ
such that the ψλ are approximately order 0 in the sense the induced map

Ψ ∶ A→ ∏λ(Fλ ⊗B)
⊕λ(Fλ ⊗B)

is order 0.

Proof: Let F ⊂ A �nite and ε > 0 be given. We may assume that F is comprised
of positive normalised elements, and we shall also assume that F contains at least
one pair of elements c, c′ such that ∥cc′∥ < ε8

3⋅256(n+1)4 since if we do not the maps in
question shall remain unaltered. Pick a relatively n-decomposable cp approximation
(F ⊗ B,ψ,∼φ) for F within ε8

3⋅256(n+1)4 . Let F ≅ Mr1 ⊕ ⋅ ⋅ ⋅ ⊕Mrs and take ψj, φj
to be the respective components of the maps. As noted each MRj

is a continuous
C(Z)-algebra, where Z is the single point space, with a single �bre of Mrj . Since
Mrj is exact then by proposition 4.3.5 the tensor product Mrj ⊗ B is a continuous
C(X)-algebra with �bres (Mrj ⊗B)x ≅Mrj ⊗Bx which are in particular simple. We
shall thus de�ne for j ∈ {1, . . . , s} the closed set W j

cc′ ⊂ X as being those x ∈ X such
that ∥ψj(c)ψj(c′)(x)∥ ≤ ε. From this de�ne the closed set

Gj ∶= ⋂
{pairs c,c′∈F such that ∥cc′∥≤ ε8

3⋅256(n+1)4
}

W j
cc′ .

De�ne also the closed sets Dj
cc′ ∶= {x ∈X ∣ ∥ψj(c)ψj(c′)(x)∥ ≥ ε + ε

21000
} and so de�ne

NGj ∶= ⋃
{pairs c,c′∈F such that ∥cc′∥≤ ε8

3⋅256(n+1)4
}

Dj
cc′ .

We are then able to de�ne a continuous function µj ∶ X → [0,1] that is 1 on Gj and
0 on NGj by Urysohn's lemma. Thus we de�ne a new cpc map ψ̃j ∶ A→Mrj ⊗B by
setting ψ̃j(a) = µjψj(a). This then satis�es

∥ψ̃j(c)ψ̃j(c′)∥ = ∥µ2
jψj(c)ψj(c′)∥

< ε + ε

21000

for all pairs c, c′ ∈F such that ∥cc′∥ < ε8

3⋅256(n+1)4 . We shall de�ne φj̃ ∶= φj speci�cally
for the purposes of notational neatness. Taking ψ̃ and φ̃ as the respective sums of
these maps over j we have

∥φ̃ψ̃(a) − a∥ ≤ ∥φ̃ψ̃(a) − φψ(a)∥ + ∥φψ(a) − a∥
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≤ (n + 1) max
j∈{1,...,s}

∥φ̃jψ̃j(a) − φjψj(a)∥ +
ε

2

= (n + 1) max
j∈{1,...,s}

∥φj((1 − µj)ψj(a))∥ +
ε

2

for a ∈F . So we need to show that

∥φj((1 − µj)ψj(a)∥ <
ε

2(n + 1) (4.3.1)

for each j for these maps ψ̃, φ̃ to appear as part of a relatively n-decomposable cp
approximation. De�ne ϕj ∶Mrj ⊗B → A∞ to be the cpc order 0 map obtained from
the maps φj by lemma 4.1.4. Speci�cally let φjm be the map which is 1

m -Fm-order
0 where Fm is the set of the �rst m terms of dense sequence of Mrj ⊗ B. Denote
by ϕ the sum of these maps over j. Take πj ∶ Mrj ⊗ B → A′′∞ to be the canonical
supporting *-homomorphism for ϕj such that there is a positive element hj ∈ A′′∞ such
that ϕj(a) = hjπj(a) for all a ∈Mrj ⊗B (see [49, Thm. 2.3]). Then

∥ϕψ(a)ϕψ(a′)∥
≥ ∥ϕjψ̃j(a)ϕjψ̃j(a′)∥2 (by [50,Prop. 3.1])
= ∥h2jπjψ̃j(a)πjψ̃j(a′)∥2

≥ ∥πj(ψ̃j(a)ψ̃j(a′))h2jπj(ψ̃j(a)ψ̃j(a′))∥2

= ∥ϕj(ψ̃j(a)ψ̃j(a′))∥4

for all j and positive normalised elements a, a′ ∈ A. What we then get from this is
the following

∥ϕψ(a)ϕψ(a′)∥ ≤ ∥ϕψ(a)ϕψ(a′) − ϕψ(a)a′∥ + ∥ϕψ(a)a′ − aa′∥ + ∥aa′∥

< ε8

3 ⋅ 256(n + 1)4 +
ε8

3 ⋅ 256(n + 1)4 +
ε8

3 ⋅ 256(n + 1)4

< ε8

256(n + 1)4

for all a, a′ ∈F with ∥aa′∥ < ε8

3⋅256(n+1)4 , and so in particular we have

∥ϕj(ψ̃j(a)ψ̃j(a′))∥ <
ε2

4(n + 1) (4.3.2)

for all such a, a′. Since each ϕj ∶ Mrj ⊗ B → A∞ is a cpc order 0 map we have a
*-homomorphism Πj ∶ C((0,1],Mrj ⊗B) → A∞ such that ϕj(a) = Πj(ι⊗ a) where ι =
id(0,1]. Since we can view C0((0,1]) as a continuous C((0,1])-algebra with all �bres
being C then by proposition 4.3.5 we know that C0((0,1],Mrj ⊗B) is a continuous
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C((0,1]×X)-algebra. We shall denote C0((0,1],Mrj ⊗B) = Γ and note for the �bres
we have Γ(s,x) ≅ Mrj ⊗ Bx. If we consider the kernel of the map Πj then for each
(s, j) ∈ (0,1]×X the corresponding �bre Γ(s,x) is either represented fully in the kernel
or not at all by simplicity, thus we may �nd a Y ⊂ (0,1] ×X such that the kernel of
Πj is those functions that vanish on Y . Then if we de�ne Γ′ ∶= Γ

ker(Πj) this can be seen
to be a continuous C(Y )-algebra (see [25, 1.5]), and this gives us a *-homomorphism
Π′j ∶ Γ′ → A∞ such that Π′j(f ↾Y ) = Πj(f), which is injective and thus isometric. Thus
we have

∥ϕj((1 − µj)ψj(a)∥ = ∥Πj(ι⊗ (1 − µj)ψj(a))∥
= ∥Π′j((ι⊗ (1 − µj)ψj(a)) ↾Y )∥
= ∥(ι⊗ (1 − µj)ψj(a)) ↾Y ∥
= sup
(s,t)∈Y

∥((1 − µ)ψj(a)(t))s∥.

If we assume that ∥ϕj((1 − µj)ψj(a))∥ > ε
4(n+1) , then there is (s, t) ∈ Y such that

∥((1 − µj)ψj(a)(t))s∥ > ε
4(n+1) . Because of how we de�ned µj this would necessitate

that t ∈ X ∖Gj, and since a is of norm at most 1 we have that s > ε
4(n+1) . From this

we would have

∥ϕj(ψ̃j(a)ψ̃j(a′))∥ = ∥Πj(ι⊗ (ψ̃j(a)ψ̃j(a′)))∥
= ∥(ι⊗ (ψ̃j(a)ψ̃j(a′))) ↾Y ∥
≥ ∥(ψ̃j(a)ψ̃j(a′))(t)∥s
> ε ⋅ ε

4(n + 1)

for at least one pair a, a′ ∈ F with ∥aa′∥ < ε8

3⋅256(n+1)4 . This contradicts 4.3.2, and
hence ∥ϕj((1−µ)ψj(a))∥ ≤ ε

4(n+1) for all a ∈F . Given we are working with respect to
the sequence algebra A∞ by this inequality in norm there must exist a sequence (im)
in A that tends to 0 such that ∥φjm((1 − µj)ψj(a) + im∥ ≤ 3ε

8(n+1) for all m ∈ N. Thus
there is an N ∈ N such that for all m ≥ N we have

∥φjm((1 − µj)ψj(a)∥ ≤ ∥φjm((1 − µj)ψj(a) + im∥ + ∥im∥ (4.3.3)

< ε

2(n + 1) (4.3.4)

for all a ∈F . This gives us the required inequality 4.3.1 for those maps φjm form ≥ N .
Let φ(i)m = ∑j∈{1,...,s}s.t.Mrj⊂F (i) φjm where we split F = F (0)⊕ ⋅ ⋅ ⋅⊕F (n) coming from the

approximation we started with. Then necessarily by the separability of F (i) ⊗B for
each set K ⊂ F (i)⊗B of contractions and η we must be able to �nd M ≥ N such that
1
M <

η
3 and that for each a ∈K there exists an a′ ∈ FM that is within η

3 of a, where FM



4. RELATIVE NUCLEAR DIMENSION 54

is the set of �rst M elements of dense sequence in F (i)⊗B. φ(i)M would then necessar-
ily be a η-K-order 0 map, satisfying our �nal condition for relative dimension. If we
denote by ∼φ̃N the collection of maps F ⊗B → A de�ned by all the φ(i)m for m ≥ N we
can then say that (F ⊗B, ψ̃,∼φ̃N) is a relatively n-decomposable cp approximation
for F within ε and for which the downwards map ψ̃ is ε-F -order 0. The system of
these n-decomposable approximations (Fλ⊗B, ψ̃λ,∼φ̃Nλ

) indexed over the net (F , ε)
can then be easily seen to be a system of approximations for which the map induced
by the ψ̃λ is order 0.

We now wish to be able to make similar statements in which we replace approx-
imately order 0 with approximately multiplicative. As noted before thanks to the
structure theorem on cpc order 0 maps, theorem 2.1.2, when the nuclear dimension is
0 the maps up are cpc order 0, and can be shown to be ∗-homomorphisms depending
on the image of the identity. When the relative dimension is 0 then the maps up
will be cpc approximately order 0 and our goal is to show we may assume these are
approximately multiplicative. Afterwards we shall need to show that relative dimen-
sion 0 implies that the maps down can be taken to be approximately multiplicative
in the sense the induced maps are multiplicative. This is based on the idea that
dimnucA = 0 ⇐⇒ drA = 0 and that one may take the maps for decomposition rank
to be approximately mutliplicative, proposition 2.2.10.

Lemma 4.3.8. Let A, B be unital C∗-algebras with B separable. Suppose ndBA = 0,
then there exists a system of relatively 0-decomposable cp approximations (Fλ ⊗
B,ψλ,∼φλ)Λ such that for each λ, for each �nite set K ⊂ Fλ ⊗B and η > 0 one can
�nd a φλ that is η-K -multiplicative.

Proof: Let F ⊂ A a �nite set of contractions and ε > 0 be given. Pick a relatively
0-decomposable approximation (F ⊗ B,ψ,∼φ) for F ∪ {1A} within ε2

9 . We have
ψ(1A) ≤ 1B, so that φψ(1A) ≤ φ(1B) ≤ 1A, and this φ(1B) ≈ ε2

9

1A. Let ϕ ∶ F ⊗B → A∞

be the cpc order 0 map obtained from lemma 4.1.4, which will satisfy ϕψ(a) ≈ ε2

9

a for

all a ∈F . From this we de�ne a new cpc order 0 map Φ ∶ F ⊗B → A∞ by setting

Φ(⋅) = ϕ(1B)−
1
2ϕ(⋅)ϕ(1B)−

1
2 ,

which can be seen to satisfy Φψ(a) ≈ ε
3
a for all a ∈ F . Since this is a unital order

0 map it must be a ∗-homomorphism by theorem 2.1.2. Thus for any K ⊂ F ⊗ B
and η > 0 we may �nd an N ∈ N such that ΦN is η-K -multiplicative and will satisfy
ΦNψ(a) ≈ε a for all a ∈ F . The triple (F ⊗ B,ψ,∼(ΦN)) is then a relatively 0-
decomposable cp approximation for F within ε. so that we can say (F ⊗B,ψ,∼ΦN)
is a 0-decomposable approximation for F within ε satisfying the required condition.
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Proposition 4.3.9. Let A,B be unital C∗-algebras with B a separable C(X)-algebra
with simple �bres for some locally compact Hausdor� X. Suppose ndBA = 0 and X
is totally disconnected, then there exists a system of relatively 0-decomposable cp
approximations (Fλ ⊗B,ψλ,∼φλ)Λ such that the map

Ψ ∶ A→ ∏λ(Fλ ⊗B)
⊕λ(Fλ ⊗B)

induced by the ψλ is multiplicative.

Proof: Let F ⊂ A a �nite subset of positive contractions and ε > 0 be given. Note
that by a consequence of Stinespring's theorem, see [28, Lemma 7.11], [30, Lemma
3.5], we have that for a cpc map ϕ ∶ A→ B,

∥ϕ(xy) − ϕ(x)ϕ(y)∥ ≤ ∥ϕ(xx∗) − ϕ(x)ϕ(x∗)∥ 12 ∥y∥.

Hence to show ε-F -multiplicativity we need only show

∥ψ(x2) − ψ(x)2∥ < ε2

For all x ∈ F . Denote the elements of F by b1 . . . , bm and let (F ′ ⊗ B,ψ′,∼φ′) be
an approximation for {b1, . . . , bm, b21, . . . , b2m} within ε2

12 . For each j ∈ {1, . . . , s} and for
each bi ∈F de�ne the set

W j
bi
∶= {x ∈X ∣ ∥(ψ′j(b2i ) − ψ′j(bi)2)(x)∥ ≤ ε2} ,

and so de�ne
Gj ∶= ⋂

bi∈F
W j
bi
.

Similarly de�ne closed sets

Dj
bi
∶= {x ∈X ∣ ∥ψ′j(b2i ) − ψ′j(bi)2∥ ≥ ε2 +

ε

21000
}

and thus de�ne
NGj ∶= ⋃

bi∈F
Dj
bi
.

As X is locally compact, Hausdor�, and totally disconnected it is therefore totally
separated and has a basis of clopen sets. As Gj and NGj are closed they must
be expressible as an intersection of clopen sets. Thus we may �nd a clopen set
U j ⊂ X containing Gj that is disjoint with NGj. In the case where NGj = ∅ this is
trivially true by setting U j = X. If NGj is nonempty then such a U j must exist as
otherwise every clopen set containing NGj must also contain the complement of Gj,
contradicting the fact that NGj is expressible as an intersection of clopen sets. We
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may then de�ne a continuous function µj ∶X → {0,1} that is 1 on U j and 0 otherwise.
From this we de�ne a new cpc map ψj ∶ A → Mrj ⊗ B by setting ψj(a) = µjψ′j(a).
This satis�es

∥ψj(b2i ) − ψj(bi)2∥ = ∥µj(ψ′j(b2i ) − ψ′j(bi)2)∥
≤ ε2 + ε

21000

for all bi ∈F . We shall set φj = φ′j for notational neatness. Taking ψ and φ to be the
respective sums over the j we have

∥φψ(bi) − bi∥ ≤ max
j∈{1,...,s}

∥φ′j((1 − µj)ψ′j(bi)∥ +
ε

2

for all bi ∈F . Let ϕj ∶ F ′ ⊗B → A∞ be the cpc order 0 map obtained from the φj by
lemma 4.1.4. For each bi ∈F we have the following inequality

∥ϕjψ′j(b2i ) − ϕj(ψj(bi)2)∥ ≤ ∥ϕψ′(b2i ) − ϕ(ψ′(bi)2)∥ (4.3.5)

≤ ∥ϕψ′(b2i ) − b2i ∥ + ∥b2i − biϕψ′(bi)∥ (4.3.6)

+ ∥biϕψ′(bi) − ϕψ′(bi)2∥ (4.3.7)

< ε
2

4
. (4.3.8)

We now argue as in proposition 4.3.7. We de�ne the ∗-homomorphismΠj ∶ C((0,1],Mrj⊗
B) → A∞ such that ϕj(a) = Πj(ι ⊗ a) and consider Γ ∶= C((0,1],Mrj ⊗B) as a con-
tinuous C((0,1] ×X) algebra with simple �bres Γ(s,x) ≅Mrj ⊗Bx. The kernel of this
∗-homomorphism will then consist of those functions vanishing on some Y ⊂ (0,1]×X.
Then the quotient Γ′ ∶= Γ

ker(Πj) is a continuous C(Y )-algebra and we will have an iso-
metric ∗-homomorphism Π′j ∶ Γ′ → A∞ such that Π′(f ↾Y ) = Πj(f). Thus

∥ϕj((1 − µj)ψ′j(bi))∥ = ∥Π′j(ι⊗ (1 − µj)ψ′j(bi))∥
= sup
(s,t)∈Y

∥(1 − µj)ψj(bi)(t)s∥.

If one assumes that ∥ϕj((1 − µj)ψ′j(bi)∥ > ε
4 there must be some (s, t) ∈ Y such that

∥((1 − µj)ψj(a)(t))s∥ > ε
2 . This necessitates that t ∈ X/Gj and s > ε

4 which would
mean that for at least one bi ∈F we would have

∥ϕjψj(b2i ) − ϕj(ψj(bi)2)∥ ≥ ∥(ψ′j(b2i ) − ψ′j(bi)2)(t)∥s
> ε ⋅ ε

4
,

contradicting 4.3.8.
Recall that the map ϕj is de�ned using the maps φjm which are 1

m -Fm-order 0
for the sets Fm of the �rst m elements of dense sequence of Mrj ⊗B. Since we have
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∥ϕj((1 − µj)ψ′j(bj)∥ < ε
4 then there exists a sequence (im) in A such that there exists

an N ∈ N such that for all m ≥ N we have

∥φjm((1 − µj)ϕ′j(bi)∥ ≤ ∥φjm((1 − µj)ψ′j(bj) + im∥ + ∥im∥
< ε
2

for all Bi ∈ F . Let ∼φN be the collection of maps φm de�ned to be the sum of the
φjm where m ≥ N . As in the proof of proposition 4.3.7 it can be seen that this col-
lection of maps are such that we have one which is η-K-order 0 for any compact set
K ⊂ F ′ ⊗B of contractions and η > 0. Hence we have that (F ′ ⊗B,ψ,∼φN) is a rela-
tively 0-decomposable cp approximation for F within ε. The system (F ′λ, ψλ,∼φNλ

)
of 0-decomposable approximations indexed over the (F , ε) is easily seen to be a sys-
tem such that the map Ψ induced by the ψλ is multiplicative.

Remark 4.3.10. The preceding result is designed to follow very similar logic to
proposition 4.3.7, though comes with the caveat that X, in addition to being a locally
compact Hausdor� space, must be totally disconnected. While more restrictive a
condition, importantly, it still holds for the case that B is itself simple. It was
originally believed that the result would work with the same hypotheses as proposition
4.3.7, except for the requirement that ndBA = 0, though the proof had a minor mistake
which led to �nding a counter example.

Let A be a unital simple separable C∗-algebra and set B = C((0,1],A), so that
B is a continuous C((0,1])-algebra with simple �bers Γs ≅ A for all s ∈ (0,1]. Then
ndC((0,1],A)A = 0 which can be seen by taking maps ψ ∶ A → C((0,1],A) and φ ∶
C((0,1],A) → A de�ned by ψ(a) = id(0,1] ⊗ a and φ(id(0,1] ⊗ a) = a. The latter
map of which is the ∗-homomorphism that corresponds to the identity map on A by
corollary 2.1.3. Then for the maps down to be approximately multiplicative in the
correct sense requires us to be able to �nd a net of maps ψλ ∶ A → Fλ ⊗C((0,1],A)
such that in particular the unit is asymptotically mapped to a projection. This can
be seen not to be possible since C((0,1],A) does not contain any projections, and
certainly would none of the Fλ ⊗C((0,1],A) since any projection can be seen to be
unitarily equivalent to a diagonal projection. Since these algebras do not contain any
projections they cannot contain any elements that are arbitrarily close to projections
due to the stability of projections. Thus our proposition can fail when X is not totally
disconnected.

Remark 4.3.11. It is important to note that since the two prior results allow us to
obtain approximately multiplicative maps up or down without fundamentally chang-
ing the maps down or up, respectively, we should be able to apply both results simul-
taneously. That is if we have ndBA = 0 then we may �nd a system (Fλ⊗B,ψλ,∼φλ)Λ
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of relatively 0-decomposable cp approximations for A for which the maps up and
down may both be taken to be approximately multiplicative in their respective senses.
Moreover if A is separable then we may �nd a countable system (Fn ⊗B,ψn,∼φn)N
with the maps up and down are approximately multiplicative.

Theorem 4.3.12. Let A and B be separable unital C∗-algebras with B a continuous
C(X)-algebra with simple �bres. Suppose ndBA = 0 and X is totally disconnected,
then A exists as the limit of a generalised inductive system (Fn⊗B,ϕn,m) where each
of the Fn are �nite dimensional algebras.

Proof: By propositions 4.3.8 and 4.3.9 we may �nd a system (Fλ, ψλ,∼φλ) of
relatively 0-decomposable cp approximations for A such that the maps up and the
maps down are both multiplicative in their respective senses. Let Fn ⊂ A be the �rst
n elements of a dense sequence and so from the multiplicative system we may �nd a
relatively 0-decomposable cp approximation (F1 ⊗ B,ψ1,∼φ1) for F1 within 1

2 such
that ψ1 is 1

2 -F1-multiplicative. Let K1,n be the �rst n elements of a dense sequence of
F1⊗B and so pick φ1,1 ∈ ∼φ1 that is 1

2 -K1,1-order 0. We may then �nd a relatively 0-
decomposable cp approximation (F2⊗B,ψ2,∼φ2) for G2 ∶=F2∪φ1,1ψ1(F2)∪φ1,1(K1,2)
within 1

22 such that ψ2 is 1
22 -G2-multiplicative. Let K2,n be the �rst n-elements of a

dense sequence of F2 ⊗ B and so de�ne a new set H2,2 ∶= K2,2 ∪ ψ2φ1,1(K1,2). Pick
φ2,2 ∈ ∼φ2 that is 1

22 -H2,2-multiplicative.
We continue in this way to obtain for all n ∈ N a relatively 0-decomposable cp

approximation (Fn ⊗B,ψn,∼φn) for the �nite set

Gn ∶=Fn ∪
n−1
⋃
i=1
φi,iψi(Fn) ∪

n−1
⋃
i=1
φi,i(Ki,n) ∪ ⋃

1≤i<j≤n−1
φj,jψjφi,i(Ki,n)

within 1
2n such that that ψn is 1

2n -Gn-multiplicative where Ki,n ⊂ Fi ⊗B is the set of
the �rst n elements of a dense sequence of Fi ⊗B. We also de�ne the set

Hn,n ∶=Kn,n ∪
n−1
⋃
i=1
ψnφi,i(Ki,n)

and so pick φn,n ∈ ∼φn that is 1
2n -Hn,n-multiplicative.

For n,m ∈ N, n < m we then de�ne a cpc map ϕnm ∶ Fn ⊗ B → Fm ⊗ B by
ϕnm ∶= ψmφn,n and claim that (Fn ⊗B,ϕnm) is a generalised inductive system. First
note that for any n ∈ N, any x ∈ Fn ⊗B and any ε > 0 we may �nd n < M ∈ N such
that 1

2M
< ε

3 and such that there exists x′ ∈ Kn,M such that ∥x − x′∥ < ε
3 , then for all

M ≤m < k we have

∥ϕnk(x) − ϕmkϕnm(x)∥ ≤ ∥ϕnk(x) − ϕnk(x′)∥
+ ∥ϕnk(x′) − ϕmkϕnm(x′)∥ + ∥ϕmkϕnm(x′) − ϕmkϕnm(x)∥
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< ∥ψkφn,n(x′) − ψkφm,mψmφn,n(x′)∥ +
2ε

3
< ε.

Thus the maps are coherent. Note also that for n < m the maps ϕnm are ( 1
2n + 1

2m )-
Hn,n-multiplicative, since for any x, y ∈Hn,n we will have

∥ϕnm(xy) − ϕnm(x)ϕnm(y)∥ ≤ ∥ψmφn,n(xy) − ψm(φn,n(x)φn,n(y))∥
+ ∥ψm(φn,n(x)φn,n(y)) − ψmφn,n(x)ψmφn,n(y)∥

< 1

2n
+ 1

2m
.

In particular since Hn,n contains all �nite sets of the form ψnφi,i(Ki,n) for all i < n
we can happily see that in fact ϕnm is ( 1

2n + 1
2m )-ϕin(Ki,n)-multiplicative. This also

allows us to satisfy condition (4) of the de�nition 4.3.1 for a generalised system. Given
n ∈ N, x, y ∈ Fn ⊗B, and ε we may �nd x′ in the dense sequence for Fn ⊗B such that
∥x−x′∥ < ε

7∥y∥ and so �nd y′ in the dense sequence of Fn⊗B such that ∥y − y′∥ < ε
7∥x′∥ .

We may then �nd M ∈ N such that x′, y′ ∈ Kn,M , ( 1
2M
+ 1

2M+1
) < ε

7 , and such that for
all M ≤ m < k we have ∥ϕnk(x′) − ϕmkϕnm(x′)∥ < ε

7∥y′∥ and ∥ϕnk(y′) − ϕmkϕnm(y′)∥ <
ε

7∥x′∥ .Thus we have for all M ≤m < k

∥ϕmk(ϕnm(x)ϕnm(y)) − ϕnk(x)ϕnk(y)∥
≤ ∥ϕmk(ϕnm(x)ϕnm(y)) − ϕmk(ϕnm(x′)ϕnm(y))∥
+ ∥ϕmk(ϕnm(x′)ϕnm(y)) − ϕmk(ϕnm(x′)ϕnm(y′)∥
+ ∥ϕmk(ϕnm(x′)ϕnm(y′)) − ϕmkϕnm(x′)ϕmkϕnm(y′)∥
+ ∥ϕmkϕnm(x′)ϕmkϕnm(y′) − ϕnk(x′)ϕmkϕnm(y′)∥
+ ∥ϕnk(x′)ϕmk(y′) − ϕnk(x′)ϕnk(y′)∥
+ ∥ϕnk(x′)ϕnk(y′) − ϕnk(x′)ϕnk(y)∥
+ ∥ϕnk(x′)ϕnk(y) − ϕnk(x)ϕnk(y)∥
< ε,

so that condition (4) of the de�nition 4.3.1 is satis�ed. The fact that the maps are
coherent and all of the maps in question are cpc it is quite easy to see the rest of
the estimates for the de�nition 4.3.1 are satis�ed, thus (Fn ⊗ B,ϕnm) is indeed a
generalised inductive system.

Our next goal is to show that there is an asymptotic intertwining between this
system (Fn⊗B,ϕnm) and the trivial generalised system for A, (An, idAn,m) where each
An ≅ A and idAn,m is the obvious identity map on A notated this way for consistency.
For each n ∈ N let αn = ψn and βn = φn,n. Since the connecting maps for both
generalised systems are cpc and these αn, βn are cpc also then by [5, Prop. 5.1.6] we



4. RELATIVE NUCLEAR DIMENSION 60

only need to satisfy conditions (1), (3), and (4) of de�nition 4.3.4 in order to see that
they form an asymptotic intertwining.

First let x ∈ A, ε > 0 be given. We may �nd x′ in the dense sequence of A such
that ∥x− x′∥ < ε

3 and let M ∈ N be such that x′ ∈FM and such that 1
2M
< ε

3 . Thus for
all M ≤m < k we have

∥ϕmkαmidAnm(x) − αkidAn,k
(x)∥ = ∥ψkφm,mψm(x) − ψk(x)∥

≤ ∥φm,mψm(x′) − x′∥ + 2∥x − x′∥
< ε.

Thus the (αn) satisfy condition (1) of 4.3.4.
Next let n ∈ N, y ∈ Fn ⊗ B, and ε > 0 be given. We may �nd y′ in the dense

sequence of Fn ⊗B such that ∥y − y′∥ < ε
4 , then let M ∈ N be such that y′ ∈Kn,M and

1
2M
≤ ε

4 . Thus for all M ≤m < k we have

∥idAm,k
βmϕnm(y) − βkϕnk(y)∥ = ∥φm,mψmφn,n(y) − φk,kψkφn,n(y)∥

≤ ∥φm,mψmφn,n(y′) − φn,n(y′)∥
+ ∥φk,kψkφn,n(y′) − φn,n(y′)∥
+ 2∥y − y′∥
< ε.

Thus the (βn) satisfy condition (1) of 4.3.4.
Let x ∈ A and ε > 0 be given. We may �nd x′ in the dense sequence of A such

that ∥x− x′∥ < ε
4 and let M ∈ N be such that x′ ∈FM and such that 1

2M
< ε

4 . Thus for
all M ≤m < k we have

∥βkϕmkαmidAn,m(x) − idAn,k
(x)∥ = ∥φk,kψkφm,mψm(x) − x∥

≤ ∥φk,kψkφm,mψm(x′) − φm,mψm(x′)∥
+ ∥φm,mψm(x′) − x′∥
+ 2∥x − x′∥
< ε.

Thus condition (3) of 4.3.4 is satis�ed.
Let n ∈ N, y ∈ Fn ⊗B, and ε > 0 be given. We may �nd y′ in the dense sequence

of Fn ⊗B such that ∥y − y′∥ < ε
3 , then let M ∈ N be such that y′ ∈ Kn,M and 1

2M
≤ ε

3 .
Thus for all M ≤m < k we have

∥αkidAm,k
βmϕnm(y) − ϕnk(y)∥ = ∥ψkφm,mψmφn,n(y) − ψkφn,n(y)∥

≤ ∥φm,mψmφn,n(y′) − φn,n(y′)∥ + 2∥y − y′∥
< ε.
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Thus condition (4) of 4.3.4 is satis�ed.
Since all the necessary conditions have been satis�ed then by [5, Prop. 5.1.6] the

(αn) and (βn) form an asymptotic intertwining. Thus we have an isomorphism

A ≅ lim(Fn ⊗B,ϕn,m).

Remark 4.3.13. Unfortunately we do not manage to show that proposition 4.3.3
and theorem 4.3.12 are in fact equivalent. The hypothesis of 4.3.3 that the induced
maps are ∗-homomorphisms is equivalent to the statement that for all n ∈ N, for
all x, y ∈ Fn ⊗ B, and ε > 0 there exists a K ∈ N such that for all k ≥ K we have
∥ϕnk(xy) − ϕnk(x)ϕnk(y)∥ < ε. This is not a condition that our construction of 4.3.12
is able to satisfy, the best we are able to show is that ϕnk is ( 1

2n + 1
2k
)-multiplicative

on the set of the �rst n elements of a dense sequence of Fn ⊗B.
An earlier attempt at proving 4.3.12 attempted to remedy this by taking maps

φn,k ∶ Fn ⊗ B → A that are 1
2k
-multiplicative on the set of the �rst k elements of a

dense sequence of Fn ⊗B. By de�ning ϕnk = ψkφn,k this would have shown that for

any x, y ∈ Fn⊗B we would have ∥ϕnk(xy)−ϕnk(x)ϕnk(y)∥
k→∞ÐÐ→ 0. This runs into the

problem that coherence relies on showing ∥φnm(x)−φnk(x)∥ → 0 for increasing m < k,
for any x ∈ Fn ⊗B, for which there appears to be no obvious reason this should be
true.

Thus the system constructed for 4.3.12 is not enough to obtain dimension 0
through 4.3.3.

4.4 On the Comparison Property

In [41] Robert was able to show that if a C∗-algebra has nuclear dimension n then its
stabilised Cuntz semigroup Cu(A) will have n-comparison. This came as a less re-
strictive version of a similar result by Toms and Winter in terms of the decomposition
rank [45, Lemma 6.1] and they were the �rst to consider this n-comparison property,
though with the context of using dimension functions to de�ne the property. The
version of the n-comparison property we use for our purposes here, and with which
Robert proves his statement, is due to Ortega, Perera, and Rørdam [37]. Let us
recall some of the relevant de�nitions. For a, b ∈ M∞(A)+ we say that a is Cuntz
subequivalent to b, written a ≾ b, if there exists a sequence (vn)N in M∞(A) such that
∥vnbv∗n − a∥ → 0. Then a and b are said to be Cuntz equivalent, written a ∼ b, if a ≾ b
and b ≾ a. This gives us an equivalence relation on M∞(A)+ and we shall use [a] to
denote the equivalence class of a ∈M∞(A)+. By taking the quotient W (A) ∶= M∞(A)+

∼ ,
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equipping this with the binary operation [a] + [b] = [a⊕ b], and equipping it with
the partial order [a] ≤ [b] ⇐⇒ a ≾ b we get that W (A) is a positively ordered
abelian monoid. This object W (A) is the Cuntz semigroup of A. The object Cu(A)
is the stabilised Cuntz semigroup of A, originally introduced by Coward, Elliott, and
Ivanescu [19], shown to be order isomorphic to W (A⊗K). For a ∈M∞(A)+ and ε > 0
we denote by (a− ε)+ the element of C∗(a) corresponding to the function de�ned by
f(t) =max{0, t − ε} for t ∈ σ(a).

In order to de�ne the n-comparison property there is another relation we must
consider. For elements x, y in an ordered abelian semigroup S we say x is stably
dominated by y, written x ≤s y if there exists some k ∈ N for which (k + 1)x ≤ ky
[37, Def. 2.2]. Then an ordered abelian semigroup W has the n-comparison property
if whenever x, y0, . . . , yn ∈ W are such that x ≤s yi for all i then x ≤ ∑ni=0 yi [37, Def
2.8]. It can be seen that such a semigroup W having the 0-comparison property is
equivalent to W being almost unperforated. As noted, Toms and Winter in [45] gave
their version of the n-comparison property in terms of dimension functions induced
by lower semicontinuous 2-quasitraces, see [23, Sec. 4], though this ends up being
equivalent to the property as de�ned in [37] as shown by Robert [41, Lemma 1].

The idea of Robert's proof, see [41, Sec. 2], is to factor through the �nite
dimensional algebras coming from the nuclear dimension in a particular way. In
particular it relies on [50, Prop 3.2] that allows one to pick a system of approximations
for the nuclear dimension such that the maps down are asymptotically order 0, and it
also relies on the fact that Cu(F ) is unperforated, thus has 0-comparison, for any �nite
dimensional F . Thus to be able to make a similar statement in terms of our relative
dimension largely depends on being able to generalise these ideas to our own setting.
We've already shown in proposition 4.3.7 that we are able to generalise Winter and
Zacharias' result so we need to consider the comparison property of Cu(F ⊗ B) in
relation to that of Cu(B) for �nite dimensional F . Certainly for any m ∈ N we have
M∞(Mm(B)) ≅ M∞(B) thus we have Cu(Mm(B)) ≅ Cu(B) so that if Cu(B) has
the n-comparison property then so will Cu(Mm(B)) for all m ∈ N. Then for a �nite
dimensional algebra F we can see that Cu(F ⊗B) ≅ Cu(⊕s

k=1Mmk
(B)) which can be

seen to have the n-comparison property also. To see why let (ak)sk=1, (b
j
k)sk=1 be positive

elements in (⊕s
k=1Mmk

(B))⊗K ≅ ⊕s
k=1(Mmk

(B)⊗K) such that [(ak)sk=1] ≤s [(b
j
k)sk=1]

for j = 0, . . . , n. Then for each k we have [ak] ≤s [bjk] for j = 0, . . . , n and thus
[ak] ≤ ∑nj=0 [bjk]. Then for each k let (vk,r)r∈N be the sequence coming from the
de�nition of the Cuntz subequivalence which gives us a sequence ((vk,r)sk=1)r∈N in
(⊕s

k=1Mmk
(B)) ⊗ K that shows [(ak)sk=0] ≤ ∑

n
j=0 [(bjk)sk=0]. This is a simpler version

of lemma 4.4.2 to come. Thus if Cu(B) has the n-comparison property then so does
Cu(F ⊗B) for any �nite dimensional F .

We shall still require a number of results given by Robert [41] in order to prove
our own version of a dimensional comparison result. The following results and proofs
come as generalisations of those present in [41].
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Proposition 4.4.1. Let A,B be C∗-algebras with B a separable continuous C(X)-
algebra with simple �bres. If ndBA = n then there exists a net Λ and cpc order 0
maps

Ψ(i) ∶ A→ ∏ΛF
(i)
λ ⊗B

⊕ΛF
(i)
λ ⊗B

and

Φ(i) ∶ ∏ΛF
(i)
λ ⊗B

⊕ΛF
(i)
λ ⊗B

→ (A∞)Λ

such that

ι =
n

∑
i=0

ΦiΨi (4.4.1)

where ι ∶ A→ AΛ is the diagonal embedding.

Proof: By proposition 4.3.7 we can �nd a system of n-decomposable cp approx-

imations (Fλ ⊗ B,ψλ,∼φλ)Λ for A such that the induced map Ψ ∶ A → ∏Λ F
(i)
λ
⊗B

⊕Λ F
(i)
λ

is

cpc order 0, so certainly the component maps Ψ(i) are. By lemma 4.1.4 for each λ
and for each i we are able to �nd a cpc order 0 map ϕ

(i)
λ ∶ F

(i)
λ ⊗ B → A∞. The

induced maps Φ̃
(i) ∶ ∏Λ → (A∞)Λ can then be seen to be order 0. That the maps

Φ(i) ∶ ∏λ F
(i)
λ
⊗B

⊕λ F
(i)
λ
⊗B
→ (A∞)Λ are order 0 is due to a fact shown in the proof of lemma 2

of [41] that is if ξ̃ ∶ C → D is cpc order 0 and I ⊴ C an ideal such that I ⊂ ker(ξ̃)
then the induced map ξ ∶ CI →D is also order 0. This comes from the correspondence
between cpc order 0 maps and ∗-homomorphisms on the cone. Then by construction
ι(a) = ∑ni=0Φ(i)Ψ(i)a for all a ∈ A.

This lemma in particular is a generalisation of Robert's in which he shows the
same result for speci�cally unperforated semigroups.

Lemma 4.4.2. Let A and (Aλ)Λ be C∗-algebras.

(i) If Cu(A) has the m-comparison property then so does Cu(AI ) for all closed two
sided ideals I ⊴ A.

(ii) If for each λ ∈ Λ, Cu(Aλ) has them-comparison property then so do Cu(∏ΛAλ)
and Cu(∏λAΛ

⊕ΛAλ
).
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Proof: i) Let [ã], [b̃j] ∈ Cu(AI ) be such that [ã] ≤s [b̃j] for j = 0, . . . ,m. Let
[a], [bj] ∈ Cu(A) be lifts of these elements for j = 0, . . . ,m, so that by [18, Prop. 1]
we have [a] ≤s [bj] + [ij] for some ij ∈ I ⊗K for j = 0, . . . ,m. Since Cu(A) has the
m-comparison property we have [a] ≤ ∑mj=0([bj] + [ij]). Passing back to the quotient
gives us [ã] ≤ ∑mj=0[b̃j].

ii) Let (aλ)Λ, (bλj)Λ ∈ (∏ΛAλ) ⊗K ⊂ ∏Λ(Aλ ⊗K ) be positive elements such
that [(aλ)Λ] ≤s [(bλj)Λ] for j = 0, . . . ,m. Let ε > 0, by [37, Lemma 2.6] there exists
some δ such that

[((aλ − ε)+)λ] ≤s [((bλj − δ)+)λ],
for all j. Certainly [(aλ − ε)+] ≤s [(bλj − δ)+] for j = 0, . . . ,m and for all λ. To
see this consider (cλ)λ, (dλ)λ ∈ (∏ΛAλ) ⊗K such that [(cλ)λ] ≤ [dλ]. Then there
exists a sequence ((vλ,n)λ)N such that ∥(vλ,n)λ(dλ)λ(vλ,n)∗λ−(cλ)λ∥ → 0, then we have
(supλ ∥vλ,ndλv∗λ,n − cλ∥) → 0. Since each Cu(Aλ) has the m-comparison property we
have [(aλ − ε)+] ≤ ∑mj=0[(bλj − δ)+] = [((⊕mj=0bλj) − δ)+]. By the de�nition of the Cuntz
subequivalence we may �nd xλ ∈ Aλ ⊗K such that

(aλ − 2ε)+ = x∗λxλ and xλx∗λ ∈ her(((⊕mj=0bλj) − δ)+).
As ∥xλ∥2 ≤ ∥aλ∥ we have that (xλ)Λ ∈ ∏λ(Aλ ⊗K ), we also have xλx∗λ ≤ 1

δ (⊕mj=0bλj).
Thus

((aλ − 2ε)+)Λ = (x∗λ)Λ(xλ)Λ and (xλ)Λ(x∗λ)Λ ∈ her(((⊕mj=0bλj))Λ).
Since (∏ΛAλ) ⊗ K is a hereditary subalgebra of ∏Λ(Aλ ⊗ K) and (xλ)Λ(x∗λ)Λ ∈
her(((⊕mj=0bλj))Λ) we have that (xλ)Λ ∈ (∏ΛAλ) ⊗ K. This gives us [((aλ − 2ε)+)λ] ≤
[((⊕mj=0bλj))λ], and since ε can be taken to be arbitrarily small we have [(aλ)λ] ≤
∑mj=0[(bλj)λ].

With all these we are now prepared to make our own statement on comparison
in the context of relative nuclear dimension.

Theorem 4.4.3. Let A,B be C∗-algebras with B a separable continuous C(X)-
algebra with simple �bres. If ndBA = n and Cu(B) has the m-comparison property,
then Cu(A) has the ((n + 1)(m + 1) − 1)-comparison property.

Proof: Assume that we have [a] ≤s [bij] for i = 0, . . . , n, j = 0, . . . ,m, and let Φ(i)

and Ψ(i) be the cpc order 0 maps de�ned in proposition 4.4.1. By [49, corollary 3.5]
cp order 0 maps preserve Cuntz comparison, and so we have [Ψ(i)(a)] ≤ [Ψ(i)(bij)]
for i = 0, . . . , n and j = 0, . . . ,m. Since Cu(B) has m-comparison, so must Cu(Fλ⊗B)
for each λ. Thus [Ψ(i)(a)] ≤ ∑mj=0[Ψ(i)(bij)] by lemma 4.4.2. The maps Φ(i) are order
0 and so will also preserve Cuntz comparison so we have

[Φ(i)Ψ(i)(a)] ≤
m

∑
j=0
[Φ(i)Ψ(i)(bij)] ≤

m

∑
j=0
[
n

∑
i=0

Φ(i)Ψ(i)(bij)] =
m

∑
j=0
[ι(bij)] .
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Hence,

[ι(a)] = [
n

∑
i=0

Φ(i)Ψ(i)(a)] ≤
n

∑
i=0
[Φ(i)Ψ(i)(a)] ≤

n

∑
i=0

m

∑
j=0
[ι(bij)] .

By [41, Lemma 3] we get [a] ≤ ∑ni=0∑mj=0 [bij].

4.5 Further Considerations

Remark 4.5.1. As the Jiang-Su algebra Z is simple and separable we can view it as
a separable C({x})-algebra with simple �bres, where {x} is the single point space. As
such it satis�es the hypothesis of theorem 4.3.12 to allow us to make some statements
surrounding the nuclear dimension relative to Z. Let A be a simple, separable, unital,
nuclear, and Z-stable algebra. We have already seen that if A is AF then ndA = 0 so
that any such algebra must exist as a generalised inductive limit A ≅ lim(Fn⊗Z, ϕnm).
However if A is not AF we have only been able to show that ndZA = 0 or 1. Trivially
we know that ndZZ = 0 and ideally this would be the only non-AF example for A such
that ndZA = 0. We would like to be able to say that ndZA = dimnucA for all simple,
separable, unital, nuclear A such that A /≅ Z. We certainly know that ndZA = 1 if
A does not exist as a generalised inductive limit of the form (Fn ⊗ Z, ϕnm) for Fn
�nite dimensional, though we do not know if this must be the case when A is not
AF or if there are some examples of non-AF Z-stable algebras that can be written
as such a generalised inductive limit. Even if there are examples of non-AF A that
can be written as such a generalised inductive limit it is not clear that should itself
imply ndZA = 0 since the condition that the induced maps ϕn ∶ Fn ⊗ Z → A are
∗-homomorphisms is not immediate.

Remark 4.5.2. Despite being a motivating example leading to de�ning our notion
of relative nuclear dimension we did not manage to obtain any precise value for the
relative nuclear dimension for those Villadsen algebras that are nuclear but with
in�nite nuclear dimension, outside of obvious trivial examples. We know that if A
is such a Villadsen algebra then to have ndBA < ∞ we must have that B itself has
in�nite nuclear dimension. Moreover theorem 4.4.3 would imply that B must be
such that its Cuntz semigroup does not have the n-comparison property for any n,
at least for simple and separable B. As such we were most interested in the case
that both A and B are these Villadsen algebras with in�nite nuclear dimension.
Particularly we had �rst considered the case that A ≅ limi→∞(Mmi

⊗C(X×ni), ϕi) and
B ≅ limi→∞(Mmi

⊗C(X×ni), ψi), that is the component algebras at each stage being
the same but changing in particular the eigenvalue maps at each stage to see what
e�ect that might have on the relative nuclear dimension. In this scenario even we
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did not �nd any interesting estimates for the �nite relative dimension between these
algebras. We do still believe though that it should be possible to show the relative
nuclear dimension here must be �nite, and further work will hopefully be able to show
this.



Bibliography

[1] Ramon Antoine, Francesc Perera, and Hannes Thiel. Tensor products
and regularity properties of Cuntz semigroups. Mem. Amer. Math. Soc.,
251(1199):viii+191, 2018.

[2] W. Arveson. A note on essentially normal operators. Proc. Roy. Irish Acad.
Sect. A, 74:143�146, 1974. Spectral Theory Symposium (Trinity College, Dublin,
1974).

[3] William Arveson. Notes on extensions of C∗-algebras. Duke Math. J., 44(2):329�
355, 1977.

[4] Bruce Blackadar. K-theory for operator algebras, volume 5 of Mathematical Sci-
ences Research Institute Publications. Cambridge University Press, Cambridge,
second edition, 1998.

[5] Bruce Blackadar and Eberhard Kirchberg. Generalized inductive limits of �nite-
dimensional C∗-algebras. Math. Ann., 307(3):343�380, 1997.

[6] Étienne Blanchard. Déformations de C∗-algèbres de Hopf. Bull. Soc. Math.
France, 124(1):141�215, 1996.

[7] Étienne Blanchard. A few remarks on exact C(X)-algebras. Rev. Roumaine
Math. Pures Appl., 45(4):565�576 (2001), 2000.

[8] Étienne Blanchard and Eberhard Kirchberg. Global Glimm halving for C∗-
bundles. J. Operator Theory, 52(2):385�420, 2004.

[9] Étienne Blanchard and Eberhard Kirchberg. Non-simple purely in�nite C∗-
algebras: the Hausdor� case. J. Funct. Anal., 207(2):461�513, 2004.

[10] Laura Brake and Wilhelm Winter. The Toeplitz algebra has nuclear dimension
one. Bull. Lond. Math. Soc., 51(3):554�562, 2019.

[11] Ola Bratteli. Inductive limits of �nite dimensional C∗-algebras. Trans. Amer.
Math. Soc., 171:195�234, 1972.

67



BIBLIOGRAPHY 68

[12] L. G. Brown, R. G. Douglas, and P. A. Fillmore. Extensions of C∗-algebras,
operators with compact self-commutators, and K-homology. Bull. Amer. Math.
Soc., 79:973�978, 1973.

[13] L. G. Brown, R. G. Douglas, and P. A. Fillmore. Extensions of C∗-algebras and
K-homology. Ann. of Math. (2), 105(2):265�324, 1977.

[14] Lawrence G. Brown and Gert K. Pedersen. C∗-algebras of real rank zero. J.
Funct. Anal., 99(1):131�149, 1991.

[15] Nathanial P. Brown and Narutaka Ozawa. C∗-algebras and �nite-dimensional
approximations, volume 88 of Graduate Studies in Mathematics. American Math-
ematical Society, Providence, RI, 2008.

[16] Jorge Castillejos, Sam Evington, Aaron Tikuisis, Stuart White, and Wilhelm
Winter. Nuclear dimension of simple c∗-algebras. ArXiv:1901.05853.

[17] Man Duen Choi and Edward G. E�ros. The completely positive lifting problem
for C∗-algebras. Ann. of Math. (2), 104(3):585�609, 1976.

[18] Alin Ciuperca, Leonel Robert, and Luis Santiago. The Cuntz semigroup of ideals
and quotients and a generalized Kasparov stabilization theorem. J. Operator
Theory, 64(1):155�169, 2010.

[19] Kristofer T. Coward, George A. Elliott, and Cristian Ivanescu. The Cuntz semi-
group as an invariant for C∗-algebras. J. Reine Angew. Math., 623:161�193,
2008.

[20] Marius Dadarlat. Continuous �elds of C∗-algebras over �nite dimensional spaces.
Adv. Math., 222(5):1850�1881, 2009.

[21] Marius Dadarlat and Terry A. Loring. A universal multicoe�cient theorem for
the Kasparov groups. Duke Math. J., 84(2):355�377, 1996.

[22] Jacques Dixmier. C∗-algebras. North-Holland Publishing Co., Amsterdam-New
York-Oxford, 1977. Translated from the French by Francis Jellett, North-Holland
Mathematical Library, Vol. 15.

[23] George A. Elliott, Leonel Robert, and Luis Santiago. The cone of lower semi-
continuous traces on a C∗-algebra. Amer. J. Math., 133(4):969�1005, 2011.

[24] J. M. G. Fell. The structure of algebras of operator �elds. Acta Math., 106:233�
280, 1961.

[25] Ilan Hirshberg, Mikael Rørdam, and Wilhelm Winter. C0(X)-algebras, stability
and strongly self-absorbing C∗-algebras. Math. Ann., 339(3):695�732, 2007.



BIBLIOGRAPHY 69

[26] Xinhui Jiang and Hongbing Su. On a simple unital projectionless C∗-algebra.
Amer. J. Math., 121(2):359�413, 1999.

[27] G. G. Kasparov. Equivariant KK-theory and the Novikov conjecture. Invent.
Math., 91(1):147�201, 1988.

[28] Eberhard Kirchberg and Mikael Rørdam. In�nite non-simple C∗-algebras: ab-
sorbing the Cuntz algebras O∞. Adv. Math., 167(2):195�264, 2002.

[29] Eberhard Kirchberg and Mikael Rørdam. Central sequence C∗-algebras and
tensorial absorption of the Jiang-Su algebra. J. Reine Angew. Math., 695:175�
214, 2014.

[30] Eberhard Kirchberg and Wilhelm Winter. Covering dimension and quasidiago-
nality. Internat. J. Math., 15(1):63�85, 2004.

[31] Huaxin Lin. Almost commuting selfadjoint matrices and applications. In Op-
erator algebras and their applications (Waterloo, ON, 1994/1995), volume 13 of
Fields Inst. Commun., pages 193�233. Amer. Math. Soc., Providence, RI, 1997.

[32] Huaxin Lin. Approximate homotopy of homomorphisms from C(X) into a simple
C∗-algebra. Mem. Amer. Math. Soc., 205(963):vi+131, 2010.

[33] Huaxin Lin. Homomorphisms from AH-algebras. J. Topol. Anal., 9(1):67�125,
2017.

[34] Terry A. Loring. Lifting solutions to perturbing problems in C∗-algebras, volume 8
of Fields Institute Monographs. American Mathematical Society, Providence, RI,
1997.

[35] Hiroki Matui and Yasuhiko Sato. Strict comparison and Z-absorption of nuclear
C∗-algebras. Acta Math., 209(1):179�196, 2012.

[36] May Nilsen. C∗-bundles and C0(X)-algebras. Indiana Univ. Math. J., 45(2):463�
477, 1996.

[37] Eduard Ortega, Francesc Perera, and Mikael Rørdam. The corona factorization
property, stability, and the Cuntz semigroup of a C∗-algebra. Int. Math. Res.
Not. IMRN, (1):34�66, 2012.

[38] A. R. Pears. Dimension theory of general spaces. Cambridge University Press,
Cambridge, England-New York-Melbourne, 1975.

[39] Gert K. Pedersen. C∗-algebras and their automorphism groups, volume 14 of
London Mathematical Society Monographs. Academic Press, Inc. [Harcourt Brace
Jovanovich, Publishers], London-New York, 1979.



BIBLIOGRAPHY 70

[40] Marc A. Rie�el. Dimension and stable rank in the K-theory of C∗-algebras.
Proc. London Math. Soc. (3), 46(2):301�333, 1983.

[41] Leonel Robert. Nuclear dimension and n-comparison. Münster J. Math., 4:65�71,
2011.

[42] Mikael Rørdam. The stable and the real rank of Z-absorbing C∗-algebras. In-
ternat. J. Math., 15(10):1065�1084, 2004.

[43] Claude Schochet. Topological methods for C∗-algebras. IV. Mod p homology.
Paci�c J. Math., 114(2):447�468, 1984.

[44] Andrew S. Toms, Stuart White, and Wilhelm Winter. Z-stability and �nite-
dimensional tracial boundaries. Int. Math. Res. Not. IMRN, (10):2702�2727,
2015.

[45] Andrew S. Toms and Wilhelm Winter. The Elliott conjecture for Villadsen
algebras of the �rst type. J. Funct. Anal., 256(5):1311�1340, 2009.

[46] Jesper Villadsen. Simple C∗-algebras with perforation. J. Funct. Anal.,
154(1):110�116, 1998.

[47] Wilhelm Winter. Covering dimension for nuclear C∗-algebras. J. Funct. Anal.,
199(2):535�556, 2003.

[48] Wilhelm Winter. Nuclear dimension and Z-stability of pure C∗-algebras. Invent.
Math., 187(2):259�342, 2012.

[49] Wilhelm Winter and Joachim Zacharias. Completely positive maps of order zero.
Münster J. Math., 2:311�324, 2009.

[50] Wilhelm Winter and Joachim Zacharias. The nuclear dimension of C∗-algebras.
Adv. Math., 224(2):461�498, 2010.

[51] Guoliang Yu. Localization algebras and the coarse baum-connes conjecture. K-
Theory, 11:307�318, 05 1997.


	Introduction
	Nuclear Dimension
	Order 0 Maps
	Relevant Results for Nuclear Dimension
	Villadsen Algebras

	Generalised Toeplitz Algebras
	The Definition and Required Results
	The Main Theorem

	Relative Nuclear Dimension
	The Definition
	Properties of the Relative Dimension
	Relative Dimension 0
	On the Comparison Property
	Further Considerations


