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SYNOPSIS

External boundary layer flow problems with variable physical
properties are, in general, difficult to deal with computationally.
In this study, wedge flow problems with constant wall temperature
or constant wall heat flux are investigated using the variational
method and a CSMP (Continous System Modelling Program) package.
The physical properties, i.e. the thermal conductivity a:nd the
viscosily, are assumed to be linear functions of temperature. In.
each case a varialional formulation based on the concept of local
potential is first applied to transform the two fundaz;lental coupled
nonlinear partial differential equaﬁoﬁs into two more tractable
ordinary differential equations. The equations are then solved by
CSMP technique. The study has yielded information concerning
flow performance as well as information on the sensitivity of thermal
conductivity and viscosity to the local Nusselt number and the local
friction factor. Wherever pcssible a comparison has been made
between the results from this stixdy and those obtained from thg
literature. Close agreement has been obtained in all cases. The
results show that the variable properties have substantial inﬂueﬁce

on the flow performance.
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CHAPTER 1§

INTRODUCTION

The solutions of the laminar wedgé flow are of impoAriance
to many engineering applications. As an example, solutions of
this flow can be used, as an approximation for calculating the
local heat transfer coefficient, to bodies of arbitrary cross-section
such as turbine blades [1] , cylinders [2] etc. A beller approximation

- which ulilizes the wedge flow solution is presented in reference(3].

For obvious reasons the flow has been studiéd extensively
by many investigators over the last four decades{l to 15].
Schlicting {13] and Kays [14] summarized the previous.wprl_:.-on wedge
flow aplo 1968. The exact solutions of the laminar boundary layer
equations are presented; for the wedge flow with a constant wall
temperature under constant property assumption, by Eckgrt {4].
Levy[5] calculated many cases of constant property flows for
Prandil numbers 0.7, 1.0, 5 and 10. Solutions for porous surface
were obtained by Donoughe énd Livingood [6)to estimate the effects
of transpiration cooling on heat transfer. Reshotko and Cohen(7]
further generalized these solutions for Prandil number 0.7.
Approximate solutions for the heat transfer rate with an arbitrary

distribution of main siream velocity and wall temperature were



obtained by Lighthill[g] .

Brown and Donoughe(9] obtained the solution for Prandil
ntnpber 0.7 by assuming the fluid properties varying as powers
of temperature. The solulions to the compressible laminar boundary
.la-yer equations for Prandil number 0.7 and 1.0 were presented by
Soloman [10) . The viscosity was takefx to vary linearly with.
temperature so that ¢ # = constant. A particular case was dealt
in reference [11] by assuming the linear variation of fluid properties.
The variable heat flux at the wall case assuming copstant proper-
.ties for m=0 'j/fr,a's"' given by" Kays [14] utilizing the step ftmctim:x
solution of Klein anci Tribus [12]-. This paper also prgsented a
summary of anal&tical resulls .of Lhé ger;eral problem of heat conve.c-

tion from surfaces at non-uniform temperature.

Unfortunately, most of the work conducted so far assumed
constant properties for cases having Prandll number greater than
one. In this study, the effects of variable Yiscosity and thermal
conductivity on the flow with Prm>1 are inv.estigated» by assuming
either a constant wall temperature or a constani heat flux at the
weall. The problein is solved by the varialional method with the
concept of local potential and a technique similar to the Kantorovich
approach. The concept of local potential was first introduced by

Glansdroff and Prigogine [16] . Applications of this formulation are



shown in references [17, 18, 19, 11, 15].

In each case, two coupled differential equalions are derived
by applying the variational formulation to the basic equations of the
flow. The System/360 CSMP package which has gained a degree.
of acceptance for modelling dynamic systems recently, is used lo solve
these two non-~linear, coupled equations. All the aspecis regarding
the use of S/360 CSMP in obtaining the solution of a pz;oblem are
described in the literature{20 to 23). Applications of this package
are shown in references[24, 25, 26, 27, 28]. The CSMP
program has proved to be a very convenient and effective fool in
the st;udy. A comb{nation of the Variational method and the CSMP
package to solve this type of problem is a rather new approach.

It is hoped that this combined technique can be utilized to. solve

other engineering problems of similar nature.



CHAPTER 2

BASIC EQUATIONS

The equations of conservation of momentum, energy and
mass for a two-dimensional, incompressible boundary layer flow

over a wedge neglecting heat dissipation [13] can be expressed as

u M 2 L
g(%+u%+uﬂ)=—%+%&(ﬂ%§) (1)

Al ¥ /MWy - D LAY
S’cb(&a\-u“+u§&)_ B*a(h“‘&)- (2)
E&.+§-\?‘=0 (3)
X Y

Here/.x and k are functions of T.

Although the problem under study is a steady-state case,
one must nevertheless retain the time-dependent character of the

equations when forming the local potential.
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CHAPTER 3
VARIATIONAL FORMULATION OF THE PROBLEM

The closed form solution of simultaneous Egs. (1), (2)
and (3) is, in general, very difficult to obtain because of non-
linearities involved. The variational technique can, however, be

used to transform these equations into a more tractable form.

In order to construct a local potential for the problem
for use in the variational method, a technique used by Glansdorif

and Prigogine {16] is followed. TUpon multiplying Eq. (1) ’by'%‘..;, .

(2) by %;:; and Eq. (3) by -(3..)( , summing the

'b%)

results and rearranging the terms, one obtains

2 T2 A M WM
Y=-g (X} - b@a) eu{ w TV w Ry
9.
- \ = L/‘* ]
M o X T
[ ] + S =St

™

BT _ 3 3 (g 3
+§Cb\} 3% 'B-E St ‘a\a( Y

WM .0 (4)
2% ™t

Since Egs.(1),(2) and (3) describe a two-dimensional flow, the
value of ¥ will vary in x-y plane bul will be independent of z.
From the arguments of the variational technique, ¢ is defined in

this case by integraling over the area




¢=J[ Y dxdy <o | (5)

S

where s 1is an area of interest in the x-y~ plane which is bounded

by curve c (the curve which encloses s)

. The integrand ¥ can be rearranged in the form

2
- YN} B\l
?__}l(gu “) -\-a%k? We =)

? W My au L
-s\-&(./‘* N g\ (

T3

23 M l.
suw = (350 =3¢ (L ‘a
2 B\J I
202 - £
'E'atc ) PR TS
2T 3T T
+9Qbu—§L 3t SC‘,U =t

3 (R Wy R 3
"‘bta(ht: z\a)"'z ‘b‘cL‘g)
3% W

22 2= ¢ 0 ' (6)
*'ax W7

Combining Eqs. (5) and (6) and using Stokes' Theorem, one )

U L\
ff[-gu 3{ x.)—gu 'bt( oY

9 2
_2_)_&( ) gzu(au

2 at ?‘5)
}.\_}1 ( U o+ }..S

X _ﬁi . By

P T M

obtlains

<+

P& v
o



T AT 2 3
TERYIJyR YW w1 9% 9y
2 3 - W™
-\-[(gu '{{d‘ﬁ suy 5% d
[
WM 4 3} AT 7
e R OTRE ~RENNEE

Near stationary state, the concept of local potential gives

gI [-¢ u° 32 -9u°e°35+/“‘(3“?‘

%R WY 2y
o
30 2
‘5“(»\ Y 2
200 3'\- 2
SRE-DIEE A%
. 4 ozTo cb OBTOT

.\.-2—3\1]&%:\\3

2
t = [ cew udy — ¢ Lo uan

c
o AW
+ M E—“d* b—‘s'\'diwo

(8)

Therefore the local potential is

If[ gu° 24 —guu”‘*-*’;’(“;z

£ Y
2 *]
-iu(ﬁ*zb)_g_v(}& 30
2 W Y 2 g
K T 2 s 5T
+E.(:;3 -kgc-b\-\'}fx‘T
>

(]
T ds dxd
+gepv ,M&'r-\v W] dxdy



2 )
W uwdy - o0 u dx S g
+J(§ y - gu it
c

o 37° .

with the subsidiary conditions

o]

\L:\L
W =
=7

The line integral portion of the Eq. (9) can be simplified

by using the following boundary conditions. In this study the area

of interest is a rectangle bounded by the lines x=0, x=1, y=0 and

y=8 Note that the boundary conditions for the problem are

W=20 \a=0
U= 0 \-&:O
u_uw Y=4A
W = ua x=0
and
T= Ty Yy=0
T=T°° ‘3':&&
"I':'."T‘:‘° X= 0

Therefore, the contribution from line integral is




o ‘ o'b\&

=4
o t

Imposing the boundary conditions, one obtains

A

2 2
EQ. = (9u°ul -~ uf ) dy
ne R X=0 x= o
e e
+[(5u°u°u\)dl -i-] /‘*”“ W dx
> %:Q 5 %A
] ¢
°- d CB AT g e
f( k T| ) 1+J 5 o
o 4= 4, °
(11)

By using Eqs. (3) and (11), Eq. (9) can be further reduced to



10

ﬁ
"o
re>

] . °
+ (_JU”;% u) d**fc-k"-f;-n) dx
o e=a ° b - E7.8

R
*‘[ (hﬁ EL -Y)‘ dx
]

N 4o (12)

or, E'-'(f F(*,‘g,“.“x,“%-T.Tx:T‘a)‘“d‘l
S

B R 2
v (8wl ~euu] 4y
®a= @ *=zp

]

r? ) °
+ | gu°v°ul yox %J(-/f% “)l dx

) Y=A ) Y2a

] ]

o 37" o >T°

R T dr s T o

° ‘5 ‘3'3&* o \a \ho

(12 a)

N



11

where,

2
F(x)\ﬁ,uﬂux,u“a ,T,T-&’T\a) =‘§U.° _}_\L.
° 0
—euwet ™ oA

2 o
W o 3 3T
B‘} > (}‘) < ?Q\,\.\ T =

™R
o o 2 ©
*Ecpﬂ’o"‘% -\-—?_-(%)-\--2%\\ (12 b)

Again it can be seen thal the local potential as defined
for two-dimensional boundary layer is composed of two parts.

One part is an area integral and the other is a line integral.

In order to prove that Eq. (12) is the local potential
of the problem, the following operations must be performed.
Taking variation of local potential E (Eq. 12 a) with respect

to u and T, one obtains

SE, = (13)
(Su)uo o

3E
(E;)To

o
(@)

(14)

Eq. (13) can be rewrilten as

E XXy (X

S. (= - =0 (15)
AW ¥ kg 2y 20y

Substituting Eq. (12 b) to Eq. (15), it follows that

2
Bbo__ 2__ - o _E— - o ° OE}".\" -
= “( Iuw ) B\é( Sy v M ?‘a) 0

(16)
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Using the subsidiary conditions
W=

U

Eq. (16) becomes

D 2 2 R Y M %

oYY ™
or, g2ux 4 U 4 e = 2 (mdy 2B
% Yy LN 24 Yy ™R

Rearranging the terms, the above equation gives

M W L TP L
gu‘k"z-;i +-§\-3 Y Y 8u o & eV o -.k\z(/U.B%B
-zj
W
au S My _ 3%
or, gu"%'i “+ g»_;% = R (M “) 5o

This is the momentum boundary equation in the x-direction.

Similarly Eq. (14) gives

e\ D 2E | D (2E
e T R R R LI 1)
o
2 S 3T D D (WOIT
‘ >t T D 7T
’ — (& ) = (R=—
o S TR TR

This is the energy boundary layer equation. Thus it has been

shown that Eq. (12) is the local potential of the problem.
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In order o proceed, the following velocity and

temperature profiles are assumed :

Case (1) Constant Wall temperature (i.e. T.sconstant)
i

3
u - .3.(.\_5_)-—13—(1) otvyga
-— — 2 -~ ~
uco 278 & (18 a)
T-Te .33, L 8 0%y 54,

These satisfy the boundary conditions

w=0
Iu
S =0
3\32
at =0 T = 'Tw
T R
e -
= \,\Q
;U
—_— 0
at ba:A L)
T = T
kY
and at Y =b, -
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Case (2) Constant Wall Heat Flux (i.e. q:-k:-} = constant)

!

w - 3.4 1042
_G.w_?(-&)— ?(A) SRR SR (18 b)
T-T. & [ Y S ¢,y 3
=d(F) | 1-30) +3( ) (4
%\-\Q 3(Q) Ak)-r (A*) (At)]
X (19 b)

osY g,

These salisfy the boundary conditions

L=0
'5_‘.*'.:0
'B‘a‘
at 4=0 S
)
R
3 o
3y
u=ua°
at b= A RIS 0
'3‘-%—
and
T o= Ty
- 2T
t - RN -
2 N oe by Y
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In this study, only the case APA is considered, where

0, b, are functions of x to be determined .®

For simplicity, the viscosity and the thermal conductivity

are chosen as linear functions of temperature

Case (1) Constant Wall Temperature
Z = 1xhe . (20 a)
P
_E- = 1+B6 (21]'8,,)
R
©
where, b = T-Te
To= T
Case (2) Constant Wall Heat Flux
L = 1+Ad (20 b)
Moo
L 1+Bd (21 b)
R
o
T-T
where, 45 = =

<0

W

hco

e
5

The approach here is similar to that of Kantorovich Method.
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In this case the different temperature variable ( &

instead of ) is chosen because the wedge temperature at the

wall becomes unknown.

These expressions for veiocity, temperature, viscosity
and conductivity are substituted into Eq. (12). By imposing
certain variational arguments the following two coupled equations
are obtained. ( The rathér tedious calculation involved in
" making this step is given in the Appendices.) Notice that, unlike
the conventional method, high order termsl‘of Y*4 and Y*5 of
Eqs. (A-20), (A-21), (B-17) and (B-18) in this study are
relained for more accuraie calculation.

Case (1) Constant Wall Temperature:

! 213 ' |
ZW (1xCeW ) = ¢, + T W (Ca-\-céwms)

w3

| 2U3
t (c3+c1°\l§l ) (22)

' i3 513
T2 CteW 4o W +c7-§:+ciiw

(23)

64 3 17
where, Ci = —é_é; ( * 320 B)
[~=4
E)
C2 = —Zl_
- -3
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_ 128
.Clg'q
190
5T T A
- _ %0
CG"'_T-,‘A

(24)
C, =.352
ki ‘."w\
= - 2
C$._ =
- 1
cg—:\zo
— W
cio_'i_o"
= 3
Cii _"{A
Here,
» A
X:eRew
£-b
Ai:% (24 a)
»
*
Y o= &
N
2
zZ =8
w3
+
W = Y

the local Nusrselt number and the local friction factor can be
e 5
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calculated as follows :

From Fourier's Law :

kS
=~-R (—
% w }\a ‘a‘:o
3R, (148)
- - 2 A* LT-O- T!.D) (25)
also, Y= Nyl Ty =T, (26)
Eq. (25) and Eq. (26) lead to
N = 3 R
“x—-'z——&h (1+4+8)
3 ¥
or, Nux = 2 2 (14 (27)
R 2 A
By definition
Ry
gus
2
_ 3 M (1A
gu A
[~
3 C4+A) -
or, fR_ = % (28)

Combining Eqs. (27) and (28) one obtains the correlationship
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between the various flow parameters

Nu, 1 (1+B) 1 , (29)
_— - < : 2
.;Rew 2 (1+A) Y '
Case (2) Constant: Wall Heat Flux Case
Similarly,
) : 213 i3 4
ZW (1+d3W ) = d, + d,W
2{3
+2'WLd3+ de )
Z 3
+\%;' Cdy+ 4, W™ ) (3
A3 49 41z e
! . 2
T g AWz e dgW R k42
2 2
* dio W 2 (31)
where,
R
4 - 2033 B
2~ 6 &
[~~]
a, = - T ‘
3 16
: (31 az}
R '
12¢
ds - '—-;,""‘
4 = Lo A




20

d,, :-%%A
%=_§M
dy = - 1L
dyy = '1%'“
dyy = ‘;—“G‘
dpy = %A

Lbcal Nusselt number and Local friction factor are

3T
= -k (X
= _ [Te=Tw) 3k (32)
Ay
also q = kx('\'w-‘\'w) (33)
N ¥ +
so R“* = 1: (1*8%5) (34)
Q &
’_;__L_S
and $ = (_/t:_?:a_) Y=o
2
u
2
3 Mot A)

- (35)
gu_Aa
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3L1i+A)
A¥

or, '§ Re‘” = (35)

While choosing viscosity coefficients A and conductivity
coefficients B , it must be kept in mind that, in general, for
incompressible fluids, the thermal conductivily is slightly dependent
o'n temperature and the viscosity is always rapidly decreasing

with temperature.

The computer solution is discussed in the next chapter.
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CHAPTER 4

COMPUTER SOLUTION OF THE PROBLEMS

Before proceeding to the actual solution of the problems
one has to consider the various types of computing facilities
available and feasibility of each of them. At present three types
of computer hardware are available: the digital computer, the
analog computer and a combination of both known as the

hybrid computer.

Analog Computer [29, 30, 31, 32]:

This consists of hardware components which are capable
of performing certain mathematical operations:

~ Integration

- Summation

~ Multiplication

- Arbitrary function generator of the form y = £ (x)

-~ Certain fixed functions such as y = Sin(x); y ¥ Log(x)

~ Compare

~ Swiltches

- Simple logic operations, AND, OR, NOT

~ Single bit memories

~ Counters, shift registers
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Problem solution by the Analog computer is accomplished by
analogy; that is, the computer’is programmed so that the circuit
equations have the same mathematical form as the equations of

the problem. 1In this lype of computer, voltages repre;sent various
physical quantities, such as velocity, force, temperature, and

so on. The magnitudes of the voltages are related to the
numerical values of the physical quantities by the use of 'Scale
factors!. The analog computer performs its operation in a

'continous process' with respect to time,

The analog simulation combines fast run time and good
man~machine interaction but involves the tedious amplitude and
time scaling. This can be used advantageously where the number
of anlicipated runs justifies expensive development costs and

skilled staif is available.

Example: Consider the mass - spring - damper system shown

in Fig. (1) which is described by the equation

M% =-(cx+kx)

where,
M = mass of the body = 10.2 Kg.
¢ = damping coefficient = 6.8 N~Sec./M
k = spring constant = 100 N/M

and initial conditions are
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YNSRI IIVY,

DAMPER SPRING
c . k

MAsSs

DISPLACEMENT x

Fig. 1 MODEL OF A MASS . 3PRING - DAMPER

SYSTEM
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As this computer is a fixed point device, so introducing

the magnitude scaling to the mathematical equation of the model.

3

X

’ e

im rd
. H—x)

-t -

><=|s .
2=

1 ¢

= (

M M

zin

where, subscript 'M' is for maximum value of the parameter.

The analog circuit is shown in Fig. (2).

The generated signals for acceleration, velocity, and

displacement are continuous because the process, summation,

integration etc. , are coniinuous.
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0.0
0 +1
(=2 (- X
™M | 5<M
(J'c_ )
M
c x
M
~ (""--:'-_)
P
N\
N —0 ’
k x
(—22
M x
M
A4

Fig. 2 ANALOG CIRCUIT DIAGRAM FOR THE
EXAMPLE
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Digital Computer[22,-32, 337:

This contains simple discrete logical and. arithmetic
operations that can be executed in sequence to solve the equations,
Five basic components are employed: 1. the INPUT unit,
which is used to provide data and instructions to the computer;

2. the MEMORY or STORAGE unit, in which data and
instructions are stored; 3. the ARITHMETIC -~ LOGIC unit,
which performs the arithmetic operations and provides the
"decision - making' ability, or logic, of the computer; 4. the
CONTROL unit, which controls the computer operations; and
5. the OUTPUT unit, from which the computer results are.

obtained.

The digital computer is programmed by defining the
sequence of operations necessary to solvg the equations of the
system, and by coding these operations into one of the languages
understood by the computer. In general, the computing languages
can be grouped into three main categories - machine (or assembly)

languages, procedural languages and problem oriented languages.

For wriling the program in the machine language the
problem must be broken into a sequence of simple tasks that the
hardware of the compuler can perform. This makes ine

programming unnecessarily tedious, although it is only at this level
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that the full power and flexibilily of the computer can be exercised.

We will make no attempt to write a machine language program

for our example.

The procedural languages, Fortran, Cobol, PL/1 etc.,
allow the user to define a computational procedure in a form
‘which resembles the equivalent statement of the procedure of
the problem. The programming language is considered procedural
because the user must exercise the control over the sequencing
of these operations in order to secure th? maximum approximation
of computer operalions to the real problem, Using one of these

languages, the example would take the form{Fortran):

FORTRAN IV G LEVEL 19 MALN
' C SOLUTION OF MASC~CPPING=NAMPZR QYSTEY
c JAN. 1972
c ASHOK KUMAR
C
0601 DIMENSIGN X(101),X2GT(101)
0002 REAL M,K
C SETTING GF CANSTANTS
0003 M=10,2
0004 C=608
Q005 K=1{(0.0
0006 DELT=0,1
0607 J=100
C INITTA T7ATTAON
0003 N=1
0005 X(1)==340

0010 XDAT(11=0.0
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. C =
o C COMPUTATIONAL LOQP
0011 2 X200T = (-C*XDOTAN) - K& X(N))/M
0012 XODTIN+1)=XDCT (N} +[:ELT*#X200T
0013 X(N+1)=X (N)+DELT#XDOT (N)
: c LOOP_TERMINATION TESTING
0014 IF(N-J) 20,21,21
C
c CONTINUATION OF THE TIME
0015 20 N=N+1
0016 GO TO 2
c
c STOP AND RESULTS
0017 21 DO 22 I=1,i01
0018 R=]-1
0019 T=DELT*R
0020 22 WRITE(3,100) T,X(I),X0OT (I
0021 100 FORMAT(3F15,5)
70022 SToP
" 0023 END

It is noted that the numerical aéproximation and a
discretization process involving a step = size DELT are introduced
during programming. ) The later is certainly irrelevant as far
as the original problem is concerned and is due to the use of the

digital computer to solve the equation.

~

On the other hand the problem oriented languages :are
designed in such a fashion so that the computer handles the
complications which are unrelated to the problem. The languages
essentially consists of a collection of predefined procedures which
are calledinto thé computer. For using these procedures the

the information must be fed into the computer in a prescribed format,
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Such languages are tabulated in Table ~ 1.

The example here is solved by CSMP language. In this
language the sequence of procedures are automatically adjusted
in order to give a liberty to the user to use the statements as if
they are actually occuring in his problem. Thus an attempthas
‘been made fowards hiding the digital computers true nature of
being discrete s:quential device. CSMP program for the example -

is shown below:

#%¥%CONTINUSUS SYSTEM MODELING PROGRAME* &%

*#%PROBLEM INPUT STATEMENTS%%%

%

* CSMP CODING QF THE PROBLEM
* MASS-SPRINS-DAMPER SYSTEM
*ASHOK KUMAR

3

CONSTANT M=1002,C=6.8,K=1000
INCON XDOTJ=0.0, X0=-3,0

%

DYN&AMIC
X2D0T={~-C*XDOT-K*X) /M
XDOT=INTGRL (XDOT0, X2D0OT)
X=INTGRL{ X3, XD3T)

%

TIMER __ DUTDEL=0.1, FINTIM=10.0
b3

PRTPLT X

LABEL  MASS DISPLACEMENT
PRTPLT  X00T

LABEL  MASS VELOCITY

PRTPLT __ X200T

LABEL  MASS ACCELERATICN

END

STOP
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TABLE I

EXAMPLES OF PROBLEM - ORIENTED LANGUAGES

#

LANGUAGE NAME

AREA OF APPLICATION

CSMP
(Continuous System
Modeling Program)

GPS&SsSs
(General Purpose
System Simulator)

ICES
(Integrated Civil
Engineering System)

ASKA
(Automatic System for
Kinematic Analysis)

APT
(Automatically .
Programmed Tools)

ADAM
(A Generalized Data

Management System) .

Modeling continuous dynamic
systems

Modeling discrete dynamic systems

Modeling of various types of
Civil engineering design
situations

Modeling structural dynamics

Preparation of data for numerically
controlled machine tools

File management and informalion
retrieval
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Hybrid Computer {34, 35]:

This computer combines the analog computer and the
digital computer with a data and control linkage. Thus hybrid
simulation inevitably represent an effort o combine the fealures
of both ftypes of computers. At the present time, virlually all
hybrid-computer systems employ so called " stand-alone " analog
and digital computers which can function independenily as well
as in the inter-connected mode. The uses of the resultin-g
unigu:e capabiliies of the system are mainly dependent on the nature

of the problem under consideration.

Effective utiliz:ation of a hybrid computer is made easier

by supporting procedural coding languages and packaged procedures

which ease the communication problem and activate the detailed
manipulations .necessary for inter~computer transfer of data.

Since the majority of people engaged in research work have
familiarity with the Fortran coding ianguage, this language is
supporied in most systems, with extensions to include certain.
hybrid-type operations. Since Fortran is a complier language,

and the coding used during problem execution is not the coding used
to communicate the problem to thg computer, run-time dialogue

for debugging and inieractive running of the digital compuler is .

awkward. This is overcome to some extent in modern hybrid
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systems by on-line interactive coding languages similar to those

used with typewriler terminals used in lime shared systems.
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Computing Technique:

Each p;oblem in question (represemted by Eqs. (22) & (23) and
Eqs. (30) & (31) ) is a highly nonlinear initial value problem which
has certain ill-conditioned features arising from division by zero at the
. initial portion of the wedge. So the mathematical capability of CSMP
package* is used to solve the initial value problem while its logical
capability makes it possible to circumvent the difficulties of division

by zero occuring in the solution. These matters are, now discussed.

Fig. (3) and Fig. (4) represent the block diagrams for solving
the problém represented by Eqs. (22) & (23) and Eqs. (30) & (31) in
each case. These diagrams are however only.conceptual in nature; the
introduction of suitable logic control signals will be dealt later on.
Inasmuch as the CSMP package functions in a non-fixed point environment
(unlike the analog computer), there is no need for magnitude scaling.
Hence the number displayed on the diagrams are actual imput data to

the machine.

Initial Conditions: The solutions of the problems are interactable
becausg the leading edge of the wedge is a singular point, i. e. at

xk =0, Y*=0/0 (i.e. W =0/0) and hence undefined. To avoid this
difficulty an unheated starting length x% 1s assumed. In the unheated

L)
reglon, Ogx*gx}, A=0 (i.e. W= 0), upon one integration, Egs. (23)

* The computation was performed on IBM 360/65 of Computing Centre,

University of Ottawa, Ottawa.
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-»
and (31) reduces to Z ={eyX)fg-cpand zz(dsf!!n-as\respectively. Thus at

» x«
xk _ xx p2SuXe. oo » . ds*o -
Te? @-cq) 0 and @ dy) & W = 0 for each case.

Integration: CSMP offers a choice of seven numerical integration
techniques [20]; the one used was fourth order RKS (Runge-Kutta Subroutine)
with a fixed (as opposed to a variable) step size. In order to make sure
that step is correct, a number of step sizes are selected to find a stable

range for the parameters and then the appropriate step size is chosen.

The above initial conditions if used on the simple INTEGRATORS
will not gemerate the actual results because the computation will start
at x*=0 and not at x* = x%¥ . In order to avoid this difficulty
MODE-CONTROLLED INTEGRATIORS are used. Use of ;;his functional block will
put the integrators in IC mode over a period of 0 &x* g x%¥ and beyond
x_;‘; the actual integration procedure will start. The logical signals I
and Ly for this block are generated by a COMPARATOR Cl and a

LOGICAL INVERTER 1IR-1., (Figs. (6) and (7) ).

Problem of Division by Zero: ‘The division by zero must be prevented on

the DIVIDERS D1, D2 and D3 because the computation starts at x* - 0.

This; is achieved by using the INPUT SWITCH (RELAY) 1IS-1 _operated by

the logical signal Lj. Thus the so produced signal L3 will prevent the
division by zero in the interval of 0 ¢ x* & xg‘g. During computation it
has been observed that each divider requires the signal L3 which is to

be generated by seperate Switches and not by ome s.ingle Switch. The figures

like 1.0, 0.001 on the Input Switches IS-1, IS-2 etc., are quite

arbitrary and work as a dummy variable during the interval 0 ¢ x* g x¥%
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Control Statements: The execution run control statement FINISH YO=1 is
used to terminate the run when Y* =1 (i.e., AF A ). The statement
RENAME TIME=x is desired to use x as the symbol for the problem

independent variable.

CSMP execution sequence and block diagrams upon implementing the

logic and modifications are shown in Figs. (5), (6) & (7).
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Set all parameters under
PARAM, INCON and
CONST in Main Speci~
fication Field

Set TIME= 0

Evaluation of
INITIAL Section

A,,g)

Evaluate RHS of differential equations
as per statements in DYNAMIC and
use selected Integration Routine to
establish new 'lintegrator outputs"

Increment P y
TIME by k
DELT

FINISH
. .condition

"another Valué
to "active" multivalued

Make necessary
parameter
assignments

“gnother condition~ '

STOP

Fig. 5 CSMP EXECUTION SEQUENCE

{ similar to - [21] by Birta)
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Logical Circuit for Mapping:

There is implicit in the CSMP package a convenient mechanism for
requesting a line-printer plot of system variables (the PRIPLT stage-
ment of the program listing). This mechanism, however, does not provide
a full degree of flexibility and some special steps were taken in the
program to obtain more meaningful output plots. So it is difficult
to observe the behaviour of various.parameters on the flow performance
from the graphs obtained. For the ease, the dotted loops on Figs. (6)
and (7) are replaced by the iogical circuit shown in Fig. (8). This
is a suitable combination of Comparators and Imput Switches (Relays).
These are logically controlled in such a fashion so as to produce the

graphs with. the ranges of various parameters as

0 ¢ Nu_/Re, < 8.0x107>

0 ¢ x* < 2.1x1072

4000 < £ Re_ < 0
Now it is much easler to study the sensitivity of the variables on
the local Nusselt number and the local friction factor. (see Figs. (28)
‘to (75) - given at the end of the next chapter)
(A Study to circumvent these types of difficulties in the solution
of other problems is currently under jinvestigation by Birta [23])

Note: The complete program is given on pages 44 to 48?
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£ CONTINCUS SYSTEM MCDELING PROGRAMF#%#

v

XA PONE) EY TNEHT QT ATEMENTSR#A

TTLE FLOW CVER WZDG=

WH = Wed.ge Constavt (wn)
X0 = uM\\ea\-,_d \gv\ca'{t ot Weé.ae

CONSTANT wWALL TEMO,
MAY 197)

T
¥
4
%
* PR = Pveo
b4
&
+ ASHAK _KIUMA®R

ALTG2RE UL.P. TNDTA

RENAME TIME =X

MEMORY MODINT

b

DARAM WM= (50,0 111,0,222404322)

a2

INTTT A

XC=6¢0E-OQ
4=1,%
O==N, 2

prR=15,0

b4

CR==3, 0%WM/2, 0

C4=128.c/7¢
CE=180NFA/T L0
CA:—FP,F*A/?,ﬂ

CT==52,03W% /7,0 - Pogram | Actual
C8=‘2-0/1506
£C=1,0/120. 0 Qe L,

Cl0= WM/10.0
C11=C,0%A/T7 0 Ql Ly

¥ N
. : N 3

NYNAMIC

7IN=CE* XD/ 1.0-C7)
P=CCHDAR(X,y XD )=2.5
01=NAT(N)=0,5

XX=INSW(Qy1a0 o X)
70204 4054 (M4 (1,0 3,7 ) JeCE+0TEZ /XN 4011 W( 5,073, 0))
I=VODINT(ZIN40,07,17)
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PRS2 0/ 3,00

AT =1 DHC8%ATC
A2=C2+Ca*aN
A3=C+C1I0*A(C
XN=INSW(0Q, 1.2 ,X}

WO=(CTHA2FWAZNHAZRMY X7 /XN ) /{20 1)
W=NODINT(0 0,047 ,UC)

* Brogvam Qﬂu&
MPL=Z#%0 5
YN=Wk#{1,0/%,0) ‘MBL g
TRL=YNHMRL *
TB=INSK (Q42,001,TRL) 8L &,
N2=COMPAR{ X, 2, 11E~-(5)-N, & Yo v¥
NUSINSW (02, (165%X)/TR=( 1,048 ),8,05-03)
. a2 Ly
Q3=CCMPAR[X,JaNE=CAY L, 5 Q3 Le
MB=INSW (03, 2.0¥( 1,044} /400N MBL) - N Nuy | Re
FRE=ZINSH(C2 4240% (1 40+4)/ VR, 0 0) g
METHCD RKSFX
TImce EINTIM=? 3E~rE, NE| T=4,NC=q, MJTDEL=], OE-08
FINISH Y0=1,9
*
PRTOLT NI (FRE)
Fd
LAREL NIJSQEL T NMORD /PEYNPI NS MUMARFR
PRTPLT  FRE (AU)
LAREL - FRICTICN FACTCR*REYMILDS NU¥MBRR
¥
MDD
sToP
CLIFLT _VARTAR|FE SEQUFENCE
XN pa B C1 c?2 c3 Cé4 A C5 s
c7 ce co cin ci: 4] XX AD Al XN
A2 n Nt 7TN 770072 7 4?2 R 770007 W
MBL yo TRL 8 Q7 NU 23 M8 FRE
CLIELTS TNDUTS, FARAMGS  INTEGS 4+ NP4 PLKS FADTIAN  DATA C0S
LS(ECC)  48(1400) 4(epn) 24 2= 4{2OD) 44 (ANG) 17
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5o #xCONTINUOUS SYSTEM MNDEL ING PROGRAN# ks

%+%FRAPLEN TNPUT ST AT EMENT S

TITLE FLOW QOVER WEDGE

WM= WECCE CONSTANT (M)
XN=UNHFATED LENGTH OF WSDGE
PR=PQ ANCTL NUMBEP (P )

Wl & ®ls

®*CONSTANT HEAT FLUX CASE
RENAME TIME =X

NEMDPRY ¥COINT

- ASHOK KUMAR }
* AL IGARF,1,P oy INDTA |
% , .

PARAM WM=(0.0,0,111,0,222,0,333)

*
INIT AL i
XC=5.,0E-0¢ Prograwm | Bctual
A=, 0
R==N,2 Q Ly
:R'=15.0 | L Ly
% :
* ‘ . X Ly '
N1=49./PR XN .
N2=2C3S, /6. ¥B/PR MBL NS :
D3=-17./16. N :
T i
D4==T o/ B o*WV BL ﬁi ?
D5=128s /Te NoO X -
NE=LD L,/ T ER :
D7=-32,/21.%A a2 | by
DA=-52, 0/ 7. C¥F WM a3 Lg
DO==-11,/216. JUR'—'—N"*x'ngw
N1€=5, /144, ERE ‘Q-Rew
D11=WM/26.0
N12=464,0/16T,%2

*

DYNAMIC

Z1A=D5%X0/ (1.M=D3)

0=COMPAR[X, XC = 1=0s5

C1=NNT (21-=1,5

XY=INSH(Q,1 o0y X) ,
ZD=DS+(D6;(M*;(Z,C/?.0))+D?*V**(4.?/3°ﬂ)+(DIZEMVN))*(Z*”H.S)+D8*Z/XX
7=MODINT (ZTN,0,01,7C)

A
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AD=W%#( 240/ %
A =1 N+#N9XAC
A2=D2+D10*ACL
A2=D44N11¥AN

o)

XA=TNSH(Q,1.
WA=D 1+D 2% (W%
UE=WA/T/M

04X}
(16 0/30 MV ELLXENSV+HA2RID¥WHAZHUFZ/ XN

W=NCRINT (G, 0

L)

1Q+01 4 4C)

MBL=Z%#0,5
Y0=W¥x(1,0/2
TRL=YN*MBL

o)

&

TB=INSW(Q,s 0.
Q2=CrMPAR (X,

€21, 78L)
2,11E6-25)-0,5

NUR =2,0%X*{
NURE=INSW(Q?Z
*

1.0+0/2,0%TRL)/TB
1NUR [] 80 CE-O? )

Q3=CCMPAR(X,
MB=INSH{Q3,:
FR=3,0*(1,04

1,0E-04)-N,5
o 0F{ 1,4 C+A) /4000, 0, MRL)
£)/MR

FRE=INSK(Q? ,

o

FR,I.N)

TINER FIA
*

TINM=2,2E-05,CELT=8,3E-09, QUTDEL=1.3E-06

EINTSH yn=1_0

ol

METHOD RKSF

»

X

PRTPLT MJRE (FRE)

TABFL MIISSEL T MUMRER /REYNAL NS N{IMRER
:RTPLT FRE (NURE)

ZAEEL FRICT ICN FACTOREREYNALDS NUM3ER
enn

STCP

e OUTPUT ARTRBIE SEQUENCE o

X0 PP "M B 22 D3 N& ng A D&
£7 R ne ri? DRRS N1z n XX AQ A
XM A2 n AD o1 7IN 770002 7 uh Wi
eeeT o MBL Yo TAaL T8 nyR 02 NUPZ 03
“8 FP FRE

OLTPUTS TMPUTS CADAMS  INTERS + MEM ALKS FORTRAN  CATA CDS
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A Word about Cost:

Cost of operalion for the different computational techniques
are varied. None of these techniques can be explicitly said to
be the cheapest. However, an idea can be drawn by the studies
made by Chubb [27) for two dynamic problems: the first a 5 loop,
‘5th order non-linear control system, and the other a seat-ejection
system with 4th order dynamics and a coordinate transformation.
The comparisons are shown in Fig.‘ (9) . The cost analysis

used the following datas:

Cost of labour $ 18/hour
IBM 360/50 Digital Computer $ 200/hour
AD 256 Analog Cozﬁputer '$ 18/hour

EAI 680/CDC 1700 Hybrid Computer $ 80/hour

Conclusions of the study can be summgrized as follows:

1. Fortran requires a long time to get the first solution while
CSMP ‘greally reduces this time. Analog. or hybrid falls
between the two.

2. Time reqired to generate the number of solutions is markedly
less for the hybrid or analog as compared to Fortran and CSMP,

3. For dynamic simulation Fortran is n;:t recommanded because

of coslt considerations.

Thus CSMP is the least expensive when only a few runs
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a large
are required and analog or hybrid is advantageous when/number
of runs are needed. Our study is of the same type as of the

first mentioned above (solution of coupled differential equations).
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CHAPTER 5§

RESULTS AND DISCUSSIONS

A number of ru‘ns were obtained for the combinations of
of various parameters. Some of these results for local Nusselt
number and local friction factor using A, B, m and Pr_ as
parameters are shown in Fig. (10) to (75) .A comparision, for
constant properties case (i,e. A= 0.0, B = 0.0), between the
results from this study and the exact soluiion[4, 14] is shown in
Figs. (10}, (12), (14), (15),I'Fj(18), (19), ¢20), (2i),
(25)and(26). For this case, .the local Nusseltl number is in error
by approximately 8% to 10% and the local iriction factor is in error

by approximately 6% to 8% relative to the exact solution.

For the case of variable properiies, there are no suitable
solutions available in the literature for comparison; Howevér,
the results from this study agree qualitatively with the work for
flow through a pipe by Yang {36] , flow over a flate plate by Su [1ﬂ,
flow through parallel plates by Schade and McEligot [37 etc. Notice

here that the flow properties are evaluated at free stream conditions.

Some remarks from this study can be summarized as

follows:
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1. Constant Wall Temperature Case:

a) TFor constant B, m, Pr

The local Nusselt number decreases with increasing
values of ‘A while the local friction factor increases
Wif.il increasing values of "A {for all x¥, This is
due to the fact that positive A indicates the cooling
of the liquid in the flow, thus corresponding increase
in viscosity near the wall slows down the flow, resulis
in a lower rate of heal transfer relative to the constant

properties case.

b) For constant Pr_; A, m

The local Nussell number increases with the increase
in B while the effect on the local friction facior is

negligible for all x*.

2. -Constant Wéll Heat Flux Case:

a) TFor constant B, m, Pr

Tue localANusselb number is insensitive to the change

of A while the local friction factor decreases with

with decreasing values of A for all x¥. The reason.
is that the thermal boundary layer thickness for various

values of A is approximately equal to the constant
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(Also, see Eqs. (34) & (35))

properties case.

.b) For constant Pr_, A, m
The effect of B = on the local Nusselt number and the
local friction factor is negligible for all x*.

3. Constant Wall Temperature and Constant Wall Heat Flux Cases:

For constant A, B, m

a)

The eifect on the local friclion factor with increasing
the Prandil number is less prominent than on the local
Nusselt number for all x*. The reason for this is

that the momentum. boundary layer is less affected as

compared to the thermal boundary layer with increasing

the Prandil number.

b) For constant A, B, Pr_

The local Nusselt number and the local friction factor
as in the

increase with the increasing value of m
ES
x*.

case of constant properties for all

For constant A, B, m, Pr”

c)
The ralio of boundary layer thicknesses is found to be

approximately constant except at the initial portion of

the development.
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d) The conductance hx in constant wall heat flux case
is higher than at the comparable point on a wedge
- with constant wall temperature case for constant

properties case. The resulls are shown in Table-2.

e) Computer Work:

(i) By using CSMP technique the higher order terms

can be retained without any difficulty for more accurate

analysis.

(ii) Attention must be paid while using a Input Switch
, ‘ (Relay) for the like signals required at different |
) : . “functional blocks. (see Chapter 4) |
(iii) The graphic techniqu.e available on the computer
can be modified to plot the results with same Y-axis
scale for comparison purpose (shown in Figs. (28)

to (75)) by implementing an additional logical-circuit

as explained' in the last chapter.

The results from this study indicate that the variations of
thermal conductivity and viscosity to the local Nusselt number and
local friction factor are quite significant. Care must be taken in

using the constant properties solution.

It is believed that the results can be improved by assuming
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& higher order velocity profile and a higher order temperature
profile in the calculation process. Similarly, more useful
conclusions can be drawn by using more realistic expressions of

viscosity and thermal conductivity.

The Variational method combined with a CSMP solution
technique has been found to be Ifruitful in the solution of these
complex problems. Particularly, it was found that the CSMP
program in solving this type of problems is very simple and

straightforward.

The procedure utilized 'in the present siudy can be used
to solve the external and internal heat {ransfer problems, especially
those witﬁ nonlinear characteristics. These problems with more
general boun.dary conditions such as wall temperature variations
or wall heat flux vari?.tions or conveclion and radiation at wall
can now be easily dealt with. Other examples iﬁclude flows in
which all physical properties vary with temperature (linear or
ﬁonlinear variation), combined free and forced convection problems,.
flow over oscillaling or rotating surfaces and unsteady heal transfer

problems.
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TABLE - 2

CONDUCTANCE hx RESULTS

[ hx (Case 2) =~ hx (Case 1)

h ({Case 1)
x

# m
Present Study Available
Solution [14]
1. 0.0 39% to 43% about 36%
2. 0.111 35% to 39% -
3. 0.222 33% to 35% -

4. 0.333 ‘ 30% to 32% -
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APPENDIX 'A!

DERIVATION OF THE COUPLED EQUATIONS

FOR CONSTANT WALL TEMPERATURE

First, one rewrites Eq. (12)

((: 02.- | . | | M 2
ET=JJ["3\L%—?“V“*- (‘3)
S.

+ e ET —-+3 u-r—-;&—r )
b
1\:.] Axd&a
2 2
+j(3’\f“\ - a0y ey
0 Xz *x=0
'}
5 w’
+J(gu°\3-u‘ )dx-rj(- ?57}“)\ dx
o 4-p 0 %=
] ]
s [CRET D [CEFTT) e
o By e & (12)
Since .
w o _?3.(3.) ....1_(};.)3
w - 2°a 2 A
[ -]
it follows that
' ! 3
3 40 3 YWa
1‘;‘;=“w[“z"2( T2 "-F]
, 3
+Wal 28y -5 (4)) (4-1)

-
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Y 2
d = - 3 1:._3
an 3‘3 - U‘a[ 2 & 2 3;; ] (A-2)
From the continuitly equation
/W™
Yy T M
therefore
¢
v = ™
[owsm
° 4
= _3 a3y
= Wl q @ 8 A 1
_3_“2[3..33_L.‘§i] | (A-3)
N 4 4 3 &
From Eq. (194, one obtains
. 3 :
=(V,_ ~ 3 l ..._1... l T, -
and so
i —~(T-f)[.’i£ _é.iz]
Yy o= 28 28 (A-5)
Similarly,
T -_-_(T—T)[-—Z’.L}_il.)_\_}_(gzél)] (A-6)
2% > © 2 I 2.

For wedge flow, the main stream velocily variation is given by

W .=c x'm (A-7)

[
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and differenliating gives

dL\“ ™o ' (A 7)
—_— = — o . -
dx *
Applying Bernoulli's Eq. yields
* dus _ _ 2 db (A-8)
™ER, dx 2w dx

Eqgs. (20a): and (21a) are -

/(L = /.l” (1+ AD)

h = ha C14+80)

Substituting all the above expressions into Eq. (12), one obtains

02. y 3
Esz[[‘fua'{%L%)“%(E }
: S

] U
A 3 ()

Yy 2
aup 3 8 13 3439
";{(i » '_T sﬁ)}{uﬂ(zA 2-63)




126

) \326‘,' #Bo'
+$’cb{u,‘,Lq = = % o )
AR S
- 3 .Il‘ © ? Ao3
3
308 L%
' 2
o s 3 __}_ 9 )}
{ Cn-Tg ) (TAI ) 'Zf
o I S L
k»"‘Bk»('ﬁ' b: 2&13 1) .
+] } )
2



127

2 3
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0 & S
(- {.3__ 3 s 3}
@) 28 2&;‘("&;’:)
39 i 4
{(TQ-TQ) (5% " %2 E)V\b}‘:"‘
(A-9)

Taking the variation of E4(Eq. (A-9)) with respect tob,, one obtains

L . A
SE. = 6,0 (3 9 1, 4.3
T - o - = <
JJ[gcbu‘”{z(&) ANl
o "o _
f(r-m) (-3 2 <330
» @ _‘2—1—1 2 B
o \535°"
{LT:-T:)(—E%A: “r% A@‘\)}
A’l ¥
2 0 4 po'
ye s 3 [}
s fuciig my )
e, 3 ¥ _..Ll*;ﬁ)
EYs 4 8 L
y 3 43
T-T — e e —— e
(Q LD)( zbi*abi)
2
[ ) 3 __3:3;_
(T%—TL.))(E_LO 'E' A?)
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xR 3 4 3 4
(-\' TQ) {( D) 'z; "'i' —A})
(_3 _ 9 3;2_

78 ) S ) } $B, d““a (A-10)

There is no longér any need to distinguish between the
varied (8,) and unvaried (Ai) versions of thermal boundary layer

thickness. Drcpping the superscript and integraling y from 0 to
At’ one obtains ]

' 2
2 (9 B 3 Dby
)

T 160 a3
209 Nob_ 9 &N
+ g Cb L\u C TQ—TQD) {Eo "'_"'Aq - i—zg—'—bz}

2 g D 3 A-f
-~ g cb&@ (T~ TQ) {- 290
Mk

111
2 3
Since SErmust vanish for all 8b,, therefore

r 2
1 2.
160 A3

A2l

4o MY
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_gcbﬂ_x{_s _A_g‘+3 &}

AR 129 A 640 o3
' 23 R 497 ) k
—— — —-— — -i - o _
585 320 & ° (A-12)

Rearranging, introducing Y=%‘and substituting the expression

for %ﬁa, Eq. (A-12) becomes
%

3 _ 4% u { 2\{‘
-3 320“3'* 12%(2
N q\{ Y'-\-\(SAA')}

m _9 IR LA A
Tu“( %YA+6%Y A)= 0 (a-13)

Similarly, taking the variation of E(Eq. (A-9)) with respect to &

0

gives

A

¢ 2
[ rep- 28]

U
348 3% 3 %yse
“m&t IS )SA+(--,E§ '!"i -—A-‘;)Ség
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3 4 9 X gSAd
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- Asu°z 3(3—)—i(l)”}2
°°{'i' S 2N
[+]
o3 0N 1043 -
u, C Eg,ﬁ?g)lsaa\a (A-14)
=0 ‘

As before, there is no longer any need to distinguish
between the varied (A) and unvaried (£ ) versions of the momentum
. A . 1 3Ll
boundary layer thickness. "By using the fact 88 ==33—, the

term involving A on the right-hand side of Eq. (A-14) can be

written as

2 M

A

2
3,4 1,48
=- | s {3 -7
o ‘32 R=Q
3\ 3 2
{"7-5.*2 A}I 35 4y
p TN
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QR 4
d. 303 4 443
* J J slse (3o
.34 -
-35 +3 -E‘)ESAd:.d%

(A-15)
The first term of this integral cancels out with the last
two terms of Eq. (A-14). Finally, integrating y in Eq. (A-14)

from O to A, one obtains

]
3
19 o 3 139  SUgw
SE. = =2 = ouw® o
T J 320 & S Ve 220 *
° .
U W 57 o 3
o L3 o L o2
2390 © R 320

2
21 2Uim T
5 Iy

3 [
v , 21 & 3 by 21 B¢
"A}"‘»“w(a?. » g As*szo &')

3
*%M]Sﬁdx

-y {A-~16)
Since 8% must vanish for all oA, therefore,
g A L3 _ 1 sudw 51 A .3
290 & *® 320 * 290 A =
91 gudm _3/“‘_*13 A u?-(‘ﬂbg
W S 2R T~
5 3
g s W
T S« R S = 0 (A-17)
? As 220 A7 ?
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L3

“Introducing the ratio Y=-e', Eq. (A-17) becomes

21 2
— Qu, ad «+ 18 Suno

320 320 Y = -35-/%.

' 29 3 U2 21 5, .
—A/Ja(ﬁ\(——i\(*%—z'c\()*o (A-18)

Introducing the dimensionless quantities

o
TR
o0
N o= A
e
»
b, = %— : | (A-19)
¥ A:
voe7
also,
2
Z =N
o)

W =Y
and rearranging the terms of Eqs. (A~13) and (A-18) one
obtains,
! 213 . 23
ZW (14 CW y= C+ZW(C +CqW ™)
% 1 2 9
' 213

+\%§ Ceygt W ) (a-20)
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where,

o2
Iy

n
~

[}

1

S L 1]
3

0O
W

n

!

(2]
L
1
B
fad
@

|

L o4
o

N
[
1}
s
>

ot petad et WLIATA S AR §

(A-22)

N
1
]
o 3
>

nNo

]
1

o
3

n

o
0
i

virehen A aareta e S0
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"
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o

&
4w glg’
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APPENDIX 'B!

FRNSSQU

DERIVATION OF THE COUPLED EQUATIONS

FOR CONSTANT WALL HEAT FLUX

b ered ks

First, one rewrites Eq. (12)
. “i

- a /AO z“ 2
- 0 0 aw o | —
; o
: S o o co U'DT §l
; +§cp T + 8¢y Yy
il o
j Bf_(}i_"_ 57' Wy T dx dy
i 2 'y M
g
? A 2 2 |
! + (guPu‘ - _gu°u\ y dy
% Jo x.:e *r=D .
é !‘Q Q B\xo
-]
‘ + (3u°v°u\ ydx +[(-/‘*. ;;a“)‘d*
‘o Y=p o ‘3:;
r! o 0 . ¢ [ 31'0
+|-R LT v‘*f[tk e Tl dax (12)
o . | ‘a-zA_b o ‘él:.o
Since . 3
| N A N Y A
| T "2"(1&) 2( 53
[~ -]
it follows that
! 3.
3 88 3 ¥h
1_%. = \kdo L-—-é- 'E + 2 P ] (B—l)
3
' MW 309y 2 R
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and
MW 31 3 42 .
Ba“uw{-z?"i'@] (B-2)

2 L2
k) M
therefore
y

4
3 YA 3
=\ 2D e S —
”[‘l N 8 A"]
L Wy 3 y? ¢yl A
el i (B-3)

From Eq. (18b).’9ne obtains

U Ot 2
el PP LIS 162 —\%)3]”.»

T = —
R 3 A
and so x
wo [-1+2 3 ¥ ]
% A b & (B-5)
Similarly,
) 2 % L
b, o b
w2 d 21 e
M R -3 B 3 by
[--4
For wedge flow, the main stream velocity variation is
given by ™
w = CX (B—G)

o
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and differentiating gives

dUg, _ ™M " _
d X = -;.— © (B~7)
Applying Bernoullits Eq. yields
o X dug, _ * db

Eqs. (20b) and (21b) are

/~L=/A°°(1+A<\>)
R '::\'Q”Ll*BeP)

Substituting all the above expressions into Eq. (12), one obtains

3 3 YO 3‘3_2')
{ua&-g';z‘ 2 &
%]
y _ 4N }
+§“—:(—3.‘.—-& A
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0
/4 -\-A,‘A,, = [ 1- 3L-)+3(~)-\b)]

+1 - . !

RELRER

reqw {3 (3 -5 &y }

NI A & }
O‘Ju Ay - _‘i '\52__\.}_3
{-—'%‘(1 3 3"'3(—&') (%)1
2
+Tm}{j‘_“_‘_ ('-1+&-.\a_2\}

R+ BK, 35 {1- sciws( V-0
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N A
i ]
el (-G
° 3
30 0L 3] 4y
L\oo(?.ﬁ P L.':Q
A
9 3 42
(3 8, _ L X }
‘J“&i’z“&) 2 )
° 3
3_‘;___1.3;_)\ d
Wiz 3 -2 8¢
¢
3
Yy, oL 8
+J3uw{-§-(—&;) 2(&)}
[+
1
°-3_E_‘i°.'__3_‘_3f_’—§3)
{uwt-l: Ao?- -8 A°l|
Ve _3.5:.__3__‘?:')}
-;_): y ° 8 &;5
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RS GS
Q 0
+j-€{1+8—[1 3( )'\'3£)
) -2 }{3’%(-1-&-215;
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n}{ Ty b*(l -33)

3
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R

3]

4\ 4,3
*3(‘&:3;\*(?3]}

q'“..' i_lz.
{h°(1+2& ‘ °2)I

U By ) 4
—_— — 1 B (- =
{ Rw’ﬂ[ tA{)H(A&
—L'\é‘\ l'\'Ta.g\ dx

Dy
Y=o

]
+S ‘2“{1+B-§’ﬁ;[1-3(%§c)

Taking the variation of E, (Eq. (B-9)) with- respect to B, one

obtains
ot 3 4
- o] [} ES S i
SE,, [ J [ gcpusi3iy) > 5
o o

2 u?

(b-% 350

h@ 3 A* A-E

! !

{%H(A'l WwE o o
—— —-—_T — ——
hao 3 A-E E Ai
2 o 4
o (0 3 $& _3 4N

v e {73

{3’.&(3_,.\91*2.\2
(3§ TR
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+ (R, +Bham {1- -5(__&)_‘_3(%32
- %1)’11 {-?Q—:‘aa—n—f;- \—:::*)ﬁ
%qﬁ(_% + EZ\*% )}]sz;*dxdxa
et
x Lli k.+ Bk, 32 } ¢ %)
(% rse o0

There is no longer any need to distinguish between the
varied (&) and unvaried (A%) versions of thermal boundary

layer thickness. Dropping the superscript and integrating y

from O top,, one finds

¢
2
8t =j[3c o, 1A
" bWy — B -—__...___é_t.
o "R A% sw'S)
2 1,3
4 g ug L2 E_A.ic.‘..'é._i_.é'ﬁi}
h: 5040 A2 4o 139 A
2 3
% A
Lecu Ml 1 X
ble 2 XL 240 &
= 2
= 2 5‘33 LTS
1¢y 450 8 10 R
2
al | 33 By ke
+Bl=z“k2( 420 Q)skz

7.

A
-8 k_ —\;;(—%——Q") 1sa,dx (B-11)

@o
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Since 8, must vanish for all 38, , therefore

] )
L Acd 11 1 Ay A,
13
J2 AA 3 1 e
5040 A2 40 183 S

o (B-12)

Similarly, taking the variation of E, (Eq. (B-9)) with respect to

A gives

t.a
2 g .2
5 3 3_ __{_i
e [[ie e thpr - 237
° 2
35 3% 3 4 !
W _ {( 3 )SA-\-L‘--Z--Z; -\-EE)SA}
2
2 03,3 1.8
EETSE 13- 3.‘3‘&)}
u 308 L3
Bzx (—2& ZA">
\53
SRS N IR A2
I

e ey - ey
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e 8¢
+ [ {/U:+A/A° t(1_3(\5
® 3¢ Ao)
o 0
LIRS S
) -GN
9 %
(3 -34%)
® 2 A 2 p3
_z L L2
( 2—6—2.\-2 ~ }Sﬁd%
o2 (3L _3%
_‘_[{/Aﬂo ua(—i N ? A%)
by
(_21 + ‘éz
2 N :)Sﬁdﬂ]dx
U ™ 3 0% 3 9
- $ ) “oo("—'—' -3-3-
h %o P 2 9 Ab
Stsdxd\a
A
2

2 8
(]
3
7 4 s
K 2 A ?B 13)
distinguish.

As before, there is no longer any need to
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between the varied (A) and unvaried () versions of the
momentum boundary layer thickness. By proceeding in the same

manner as of Appendix 'A! , one obtains

R | 3
7% b 3 1239 QVUa™
SE“ = { —_— A gueo

320 320 *
(o]
¢z guaw 57 8 .3 24 SUiw
t o - 5o p Ve v 0
320 . 320 b go *
\\?;. 2 D, 3 B
"~ 5 Matg —hP=B= 7 (%3
1 B-i ii ég )
~ 90 —E 1120 a3
3 S\:iw
4 =~ === 7 sAdx (B-14)
2 8
Since $E,must vanish for all 8, therefore
! 139 3 (3 gudw
78 L oy’ - QU wm 63 SUo
320 & SO 20 X 320 *
2
3 us
57 & o3 2t 3¥em 3 %
2 6 3 B L o u .‘E?.)
AU, Tl A T 2 e 1 A
3
v 3 e oo (B-15)
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Introducing the dimensionless quantities

* X
= T
N
e
s A
sy (B-16)
\{*_.9;_ .
N
also,
2
2 =&
3
. »*
W=Y

and rearranging the terms of Egs. (B-12) and (B-15), One

obtains

A1z 12

2
EW (14 dg W P) = d v W E

) 2i%
FEWLdzv 4, W )

(B-17)
213,
2
n \'%‘;' Cdy+ dgy W 7))
' U _12
2 = dgrd W T (B-18)
uiz _ &2 2
2 _42
+ dy, Wz
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where,

- 43
4 =48
Yoo
4. = 2038 B
2T T R,
==Y
dy =~ 1¢
|
dy = —% ™
d. - 128 e
s
_ ko
de--;,‘A
32
Sy =-5r A
52
dg = - 2w
11
9 = -3
= 5
d“’—'fﬁq
dyy = N
w3
Ly
diz}‘-‘-——-—A

(=Y
P
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