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Abstract 

Let Ik be a field of characteristic zero and let i?'"' denote the polynomial ring in n 

variables over a ring R for any n € N, n > 0. 

We present some basic theory for the study of locally nilpotent derivations as 

an effective tool in algebraic geometry. Using this tool, we examine the Cancellation 

Problem in affine algebraic geometry, which asks: 

Let A be a Ik-algebra such that A® = ktn+1l. Does it follow that A = k ^ ? 

This problem is open for n > 2. We present the solutions to the cases n = 1 and 

n = 2, in the latter case essentially following the algebraic method of Crachiola and 

Makar-Limanov [9]. 

We examine a potential counterexample, R = k[X, Y, Z, T]/(X+X2Y+Z2+T3), 

referred to as Russell's Cubic. We show that while R closely resembles a polynomial 

ring in 3 variables, we have that R ^ k'3', a result due to Makar-Limanov [25]. This 

is achieved by showing that the Derksen invariant of R is not equal to the Derksen 

invariant of k®. It is unknown if R^ is a polynomial ring in 4 variables over k, 

nonetheless, we examine some properties of i?W which highlight its similarities with 

kW. 

n 
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Conventions and Notations 

• All rings are assumed to be commutative and associative with identity. 

• The letters N, Z, Q, E and C denote the natural numbers (here, 0 G N), the 

integers, the rational numbers, the real numbers and the complex numbers, 

respectively. 

• The letter k denotes a field, k its algebraic closure. 

• If B is a ring, then B* is its set of units. 

• We abbreviate "unique factorization domain" by UFD. 

• We abbreviate "principal ideal domain" by PID. 

• If A C B are integral domains, Frac(A) is the field of fractions of A and 

trdegA(B) is the transcendence degree of Frac(S) over Frac(A). 

• If R is a ring and n G N, then R^ denotes the polynomial ring in n variables 

over R. 

• If R is a ring and x G R, then we sometimes write Rx for the localized ring 

S^R, where S = { l , x , x 2 , . . . } . 

1 



Introduction 

In this thesis, we study locally nilpotent derivations and use them to explore the 

Cancellation Problem, which asks: 

Let A be a k-algebra such that A^ = Un+l\ Does it follow that A = k ^ ? 

Here, R}n* denotes a polynomial ring in n variables over R. This question is often 

attributed to Zariski, who posed a similar question in 1949 at the Paris Colloquium 

on Algebra and the Theory of Numbers (see [32], [40]). While the answer to Zariski's 

initial question regarding simple transcendental field extensions was negative [4], the 

Cancellation Problem stated above is still open for n > 2 and is of great interest in 

the field of affine algebraic geometry. 

We begin with a concise review of some basic algebraic tools that will be re­

quired throughout the thesis. In Chapter 1, we summarize the relevant properties of 

nitrations, degree functions and graded rings. 

In Chapter 2, we discuss a very valuable tool in algebraic geometry: derivations. 

A derivation is a map D from a ring B to itself which satisfies the following for all 

elements / and g in B: 

(i) D(f + g) = D(f) + D(g) 

(ii) D(fg) = fD(g) + gD(f). 

The set of all derivations of a ring B is denoted Der(£), and the kernel of a derivation 

D of B is often referred to as the ring of constants of D and is denoted BD, or ker(.D). 



Introduction 3 

An element s in B is called a slice of D if D(s) = 1. 

Of particular importance are locally nilpotent derivations. A derivation D of 

B is called locally nilpotent if for every element f in B there exists a nonnegative 

integer n such that Dn(f) = 0. The subset of Dei(B) consisting of all locally nilpotent 

derivations of B is denoted LND(B). 

We will look at some interesting theorems about derivations which will form the 

basis of a more in-depth discussion on the Cancellation Problem. For example, sup­

pose B is a commutative k-algebra which is also an integral domain, where k is a field 

of characteristic zero. In 1981, Wright [44] proved the following (see Theorem 2.3.7): 

Let D G L N D ( 5 ) have a slice s G B. Then, B = BD[s] is a polynomial 

ring in one variable over the ring of constants of D and D = J^. 

Thus any locally nilpotent derivation of B which possesses a slice s is essentially the 

derivative with respect to s. 

We review the Makar-Limanov invariant, which was introduced by Leonid Makar-

Limanov in the mid-1990s. It is defined as the intersection of the rings of constants 

of all locally nilpotent derivations of an integral domain B of characteristic zero 

and is denoted ML(5). Note that if B = k [ X i , . . . ,Xn] is a polynomial ring, then 

ML(B) = k. So if B is a k-algebra which is also an integral domain and ML(i?) ^ k, 

then B is not a polynomial ring over k. Thus, we can use this ring invariant to 

distinguish such a B from a polynomial ring. 

The Cancellation Problem asks us to determine whether a k-algebra A is a poly­

nomial ring in n variables over k whenever A^ = k'"+1l. But this raises the question: 

what conditions on a ring B are sufficient to ensure that B is a polynomial ring? 

That is, how can we characterize polynomial rings? This is the topic of discussion in 

Chapter 3. The problem of characterizing polynomial rings is open for n > 3 and is 

vital to the Cancellation Problem. We present a well-known characterization of kW, 

and one of k ^ introduced by Miyanishi [28]. 



Introduction 4 

The Cancellation Problem is open for n > 2 and the question has an affirmative 

answer when n — 1,2. In Chapter 4, we present the solution to the n = 1 and 

n = 2 cases. The Cancellation Problem in dimension two over a field of characteristic 

zero was solved by Fujita [16] and Miyanishi and Sugie [31], while the arbitrary 

characteristic case was solved by Russell [38]. Their method is quite sophisticated, 

making heavy use of the theory of open algebraic surfaces. We present the more 

recent solution due to Crachiola and Makar-Limanov [9], which is more elementary. 

The solutions to the Cancellation Problem in dimensions one and two each require 

the characterizations of k ^ and k ^ respectively, thereby reiterating the importance 

of the problem of characterizing polynomial rings. 

In Chapter 5, we turn our attention to Russell's Cubic, R = k[X, Y, Z, T]/(X + 

X2Y + Z2 + T3) , where k is a field of characteristic zero. It originally arose as 

a potential counterexample to the Linearization Problem [37]. We examine some 

properties of R which show its resemblance to k'3', including the fact that R is a 

unique factorization domain and that R* = k*. Makar-Limanov showed that it in 

fact is not a polynomial ring in 3 variables over a field [25], thereby invalidating it 

as a counterexample to the Linearization Problem. However, in doing so, it emerges 

as a potential counterexample to the Cancellation Problem in dimension 3 since it is 

unknown if i?W = k W . 

The Derksen invariant of a ring B, denoted T>(B), which was defined by Derksen 

in his thesis [13], is the subring of B generated by the union of the rings of constants 

of all non-zero locally nilpotent derivations of B. It is clear that if B = k'n ' is a 

polynomial ring over a field, then V{B) = B. Thus, by showing that V(R) ^ R, we 

can conclude that R is not a polynomial ring. We demonstrate this to be the case 

by following primarily the proof of Makar-Limanov [26] and by incorporating some 

of Freudenburg's techniques from [15]. We encountered issues with both proofs and 

tasked ourselves with resolving them. Thus, in writing our proof we devoted great 

care to detail and accuracy. 
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We begin by showing T>(R) 7̂  R when k is an algebraically closed field of char­

acteristic zero. We can then extend the result to an arbitrary field k of characteristic 

zero (see Theorem 5.3.12): 

Let k be a field of characteristic zero. We have that T>(R) ^ R and, in 

particular, R ^ h^. 

We conclude by showing the Makar-Limanov invariant of R is k[x] (see Corollary 5.3.14). 

In the last section, we present some properties of the polynomial ring in one 

variable over R, R[w], which show that it bears a striking resemblance to k ^ . It 

is a unique factorization domain of dimension 4, which is finitely generated as a 

k-algebra. It is clear that V{R[w\) = R[w] and ML(R[w]) C k[x]. Recently [14], 

Dubouloz proved that the Makar-Limanov invariant of R[w] is in fact k. Thus neither 

the Derksen invariant, nor the Makar-Limanov invariant can distinguish R[w] from a 

polynomial ring in 4 variables over k. Since it is still unknown if R[w] = k ^ , Russell's 

Cubic remains a potential counterexample to the Cancellation Problem in dimension 

3. 



Chapter 1 

Preliminaries 

We begin by presenting a sound foundation for the commutative algebra that will be 

utilized throughout the thesis. Included in this chapter is a basic outline of nitrations, 

degree functions and graded rings (see Chapter 3, § 2 of [6] for a more comprehensive 

overview, or Chapter 1 of [15]). We also review polynomial rings and the notion of a 

coordinate system. While the information presented in this chapter is well established, 

we want to ensure that all readers have the same fundamentals. 

1.1 Filtrations 

Let B be a commutative ring and let (G, + , <) be a totally ordered abelian group. 

Definition 1.1.1 A G-filtration of B is a family {-B,},eG of subsets of B with the 

following properties: 

(i) each B^ is a subgroup of (B, +) 

(ii) Bj CBiVj<i 

(hi) B = \JieGBi 

6 
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(iv) BtB3CBt+3Vi,jeG. 

If the family {Bz}%eG also satisfies 

(v) For all / G B \ {0}, the set {i G G \ f G Bt] has a least element, 

(vi) Let B%~ = \j3<lBr For all i,j G G, if / G £ , \ B z- and g e B3 \ B3 then 

then { S , } , £ G is called a -proper G-filtration of S . 

Remark 1.1.2 If 5 admits a proper G-filtration, then B is an integral domain. 

1.2 Degree Functions 

The material in this section is well known, and can be found in Chapter 3, §2 of [6]. 

Let B b e a ring and let (M, + , <) be a totally ordered commutative monoid. 

Definition 1.2.1 A map deg : B —>• Mu{—oo} is called an M-valued degree function 

if for all / , g G B it satisfies the following: 

(i) deg(/) = - c o « / = 0 

(ii) deg(/#) = deg(/) + deg(#) 

(iii) deg(/ + #) < max(deg(/),deg(#)) 

Remark 1.2.2 If B admits a degree function, B must be an integral domain. The 

important cases in this thesis are M = N and M = G where G is a totally ordered 

abelian group. 

Remark 1.2.3 Note that if x,y G M satisfy 2x — 2y, then x = y. Indeed, if x < y 

then 2x < x + y < 2y is a contradiction, and similarly x > y is impossible. 
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Lemma 1.2.4 Any degree function deg : B - > M U {—oo} satisfies the following for 

allf,geB: 

(i) deg(g) = deg(-g) 

(ii) Ifdeg(f) ^ deg(g), then deg(/ + g) = max(deg(/),deg(#)) 

Proof: 

(i) We have 2 • deg{g) = deg(g2) = deg((-g)(-g)) = 2 • deg(-g), so by the above 

remark, deg(g) = deg(-g). 

(ii) Suppose w.l.o.g. that deg(/) > deg(g). Then deg(/ + g) < deg(f). Suppose 

deg(f + g)<deg(f). Then 

deg(/) = d e g ( ( / + ,?) + (-<?)) 

< max(deg(/ + g), deg(-g)) 

= max(deg(/ + g),deg{g)) 

< deg(/) 

contradiction. Thus, deg(/ + g) = max(deg(/),deg(g)). I 

For the remainder of this section, assume that B is an integral domain and that G is 

a totally ordered abelian group. 

Remark 1.2.5 Any degree function deg : B —> G U {-oo} induces a proper G-

filtration defined by Bt = {/ G B\deg(f) < i}. 

Lemma 1.2.6 Let B = \JieG Bt be a proper G-filtration. Then deg : B —> Gu{—oo} ; 

/ t—> infjj G G\f G Bi} for f ^ 0, 0 i—> —oo is a degree function. 

Proof: Let f,g G B. By (v) of Definition 1.1.1 we have that deg(/) = —oo ^=> 

/ = 0. It is clear that if / = 0 or g = 0 we have deg(fg) = deg(/) + deg(g) and 
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deg(/ + g) < max{deg(/),deg(5)}. Suppose f,g ^ 0 and deg(/) = i, deg(g) = j . 

Then / G Bl\Bl and g G B3\ B3~, so by Definition 1.1.1 (vi) fg G Bl+3 \ B^l+3) 

and deg{fg) = i + j . Without loss of generality, suppose % < j . Then / G B3, so 

/ + 5 G £ , and deg(/ + g) < max{deg(/), deg(g)}. I 

Proposit ion 1.2.7 (a) Let deg : B —»• G U {—oo} &e a degree function and let 

{B%}ieG be the induced filtration as defined in Remark 1.2.5. Then the degree 

function induced by the filtration as defined in Lemma 1.2.6 coincides with deg. 

(b) Let {B%}1(ZG be a proper G-filtration of B and let deg : B —> GU{—oo} be the in­

duced degree function as defined in Lemma 1.2.6. Then the filtration determined 

by deg as in Remark 1 2.5 coincides with {Bl\l&c-

Proof: We will prove (a) and leave (b) to the reader. Let deg' : B —> G U {—oo} 

be the degree function induced by the filtration. Then deg(O) = deg'(O) = —oo. Let 

fEB\ {0}. Then / G 5deg ( /) \ ^deg(/)-, so deg'(/) = deg(/). I 

Remark 1.2.8 Thus the set of G-valued degree functions of B is in bijection with 

the set of proper G-filtrations of B. 

1.3 Graded Rings 

The material in this section is well known, see Chapter 2, § 11 of [5]. 

Definition 1.3.1 Let (M, +) be a commutative monoid. A ring R is a M-graded 

ring if it admits a direct sum decomposition R = ® , e M Rz such that each R^ is an 

additive abelian group and RtR3 C Rl+3 for every i,j G M. We call the family 

{Ri}%£M a grading of R. 
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Definition 1.3.2 Let R be a M-graded ring. An element / G R is called homoge­

neous (of degree i) if / G B% for some i G M. 

Example 1.3.3 Let B = R[Xi,... ,Xn] be a polynomial ring. There is a natural 

N-grading on B defined by taking BQ = R and Bt to be the subgroup of all .R-linear 

combinations of monomials of degree i. 

Remark 1.3.4 Any N-graded ring R can be considered a Z-graded ring by setting 

Rt = 0 for all i < 0. 

Definition 1.3.5 Let R = 0 , e M R% be an M-graded ring, where (M, +) is a commu­

tative monoid. Any / G R can be written as / = ^2lGM fi where flERl and ft = 0 

for all but finitely many i G M. The / , are called the homogeneous components of f 

and the expression / = X ^ M / * ^S ^ n e homogeneous decomposition of f. 

Remark 1.3.6 Let B = k [ X 1 ; . . . ,Xn] be a polynomial ring in n variables over a 

field k of characteristic zero, and let G be a totally ordered abelian group. To define 

a G-grading on B, it is enough to declare Xi,..., Xn to be homogeneous of degrees 

ai,...,an G G respectively. In this case, B = ® l g G . 5 , where Bz is the k-span of 

monomials {AX*1 • • • X^n | A G k* , b\a\ + . . . + bnan = i}. Note that one cannot 

remove the stipulation that the generators are homogeneous, see Remark 1.3.13 below. 

Lemma 1.3.7 Let B = @i(-GBt be a G-graded ring, where G is an abelian group. 

Then 1 G BQ, and BQ IS a subring of B. 

Proof: Let 1 = YldeG9d be the homogeneous decomposition of 1. Let h G Bm for 

some m G G. Then h = 1 • h = ^2deG gafa where gdh G Bm+d for all d G G. By the 

uniqueness of the homogeneous decomposition of h. we have h = goh. So goh = h 

for all homogeneous elements h G B, and / = gof for all / G B. In particular, 

1 = g0 • 1 = go G BQ. I 
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The following is well known, see for instance Proposition 1.1.7 of [2]. 

Proposit ion 1.3.8 An abelian group G can be totally ordered if and only if it is 

torsion-free. 

Lemma 1.3.9 Let B = ^ieGBl be a G-graded integral domain, where G is torsion-

free. Then 

(i) Iff, g G 5 \ { 0 } are such that fg is homogeneous, then f andg are homogeneous. 

(ii) Every unit of B is homogeneous. 

(iii) If h. is a field contained in B, then k C 5 o . 

Proof: By Proposition 1.3.8 we can choose a total order for G. 

(i) Let G+ = {g G G\ g > 0}. Define a map u : B \ {0} —> G+ , u(f) = max{i G 

G\fi 7̂  0} — min{j G G\f3 ^ 0} where / = X^ec?/* *s the homogeneous de­

composition of / . Notice that / is homogeneous if and only if u(f) = 0. For 

all / , g G B \ {0}, we have ui{fg) = ui{f) + co(g) since B is an integral do­

main. So if fg is homogeneous, 0 = oj(fg) = uj(f) + uj(g), and we must have 

u(f) = uj(g) = 0. 

(ii) If / is a unit of B with inverse / _ 1 , then / / _ 1 = 1 is homogeneous by 

Lemma 1.3.7 so / is homogeneous by (i). 

(iii) Suppose k ^ Bo- Then we can choose A G k. A ^ BQ. Since 0 G Bo we know 

A ^ 0. Thus A is a unit and is homogeneous by (ii). Let d £ G\ {0} be such 

that A G Bd\ {0}. Then 1 + A G k is non-zero, since — 1 G So by Lemma 1.3.7. 

So 1 + A G k* but it is not homogeneous, contradicting (ii). I 
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Definition 1.3.10 Let B = @ i e G £ , be a ring graded by an abelian group G and 

denote the grading {Bt}teG by Q. If B is an integral domain and G is totally ordered 

then we may define a degree function degg : 5 - > G U {-co} by deg e ( / ) = max{j G 

G\f] ^ 0} (where 0 ^ / = ^2jeG /J> / J e B
3) and by degg(0) = - o o . Note that degg 

satisfies Definition 1.2.1. When no confusion can arise, we will write deg in place of 

dege. 

Remark 1.3.11 It follows from Remark 1.2.5 that every G-grading of B induces a 

proper G-filtration {Bl}l&G defined by Bz = {/ G B\ deg(/) < i}, where deg is the 

degree function induced by the grading. In other words, Bz = 0 <t B3 for each i G G. 

Remark 1.3.12 It should be noted that two distinct G-gradings on a ring B may 

determine the same degree function. Indeed, let B = k[A] be a polynomial ring in one 

variable over a field k of characteristic zero. Define a Z-grading Qi of B by declaring 

X to be ^-homogeneous of degree 1. Note that B = h[X + 1], and define another 

Z-grading of B by declaring X + 1 to be ^-homogeneous of degree 1. Explicitly: 

Qx = {B z} z e Z where Bt = 

G2 = {Sl}izz where St = 

{0}, if i < 0; 

{XX1 | A G k} if i > 0 

{0}, i f i < 0 ; 

{X(X + iy | A G k } if z > 0. 

Let dege i , dege2 : B —» Z U {-oo} be as defined in Definition 1.3.10. We know 

degei(0) = degg2(0) = —oo. Let p G k[A] be non-zero and write p = a0 + a\X + 

• • • + anX
n where an ^ 0. Then deg^ (p) = maxj j G Z | a3 ^ 0} = n. If we write p 

as a sum of ^-homogeneous elements, we see that its highest homogeneous term is 

an(X + l ) n . Thus degg2(p) = n. It follows that the distinct gradings Q\, Qi determine 

the same degree function on h[X]. 
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Remark 1.3.13 Note that two distinct degree functions on a k-algebra B may agree 

on the generators of B. Indeed, let B = k[A, Y] be a polynomial ring in two variables 

over a field k of characteristic zero. Define a Z-grading Q\ of B by declaring X, Y 

to be ^-homogeneous of degrees 1 and 2 respectively. Note that B = h[X, Y — X2], 

and define another Z-grading Qi of B by declaring both X and Y — X2 to be Qi-

homogeneous of degree 1. Let deg5l,degg2 : k[X, Y] —> Z(J{—oo} be the degree 

functions determined by the gradings Qi,Qi. Then 

deg0i (A) = 0 = degg2 (A) for all A G k* 

deg6lPO = l = degg2pO 

deg g i (y) = 2 = degg 2(F). 

However, deg5i ^ degg2 since degSl(Y — X2) = 2, whereas degg2{Y — X2) = 1. 

Lemma 1.3.14 Let (B, Q) be a G-graded integral domain, and let S be a multiplica­

tive set of B. If each element of S is homogeneous, then there exists a G-grading Q' 

of S~XB satisfying: 

IfbEB is homogeneous and s G S, then ^ G S~1B is homogeneous and 

dege, f - j = degg(6) - degg(s). 

Proof: Given x G S~1B, let 'H{x) be the set of pairs (6, s) such that b G B is 

homogeneous, s G S and x = K Note that H(x) could be empty, but H(0) ^ 0. 

Let x G 5 _ 1 B \ {0} be such that H(x) ^ 0. We claim that if (6,5), (b',s') G 7i(x), 

then degg(6) — degg(s) = degg(b') — degg(s'). Since | = cc = p- and 5 is an integral 

domain, we know s'b = s6' ^ 0, so degg(b) — dege(s) = degg(fe') — degg(s'). Thus for 

such an x, we can define deg(x) = degg(b) — degg(s). Also define deg(0) = —00. So 

we have a well-defined map 

deg : {x G S~lB \ H{x) ^ 0} -> G U {-00} 
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satisfying deg(x) = —oo if and only if x = 0. 

For each g G G, define Ag = {x G S~lB \ H{x) ^ 0 and deg(x) G {y, -oo}} . The 

reader can verify that {Ag} G is a G-grading of S~XB. I 

Definit ion 1.3.15 Let B be an integral domain, G a totally ordered abelian group 

and {Bz}ieG a proper G-filtration of B. The associated graded ring Gr(B) is defined 

as Gr(£) = ($ieGBl/Bl- where Bt- = {J3<lB3. Let deg : B -» G U {-oo} be the 

degree function associated with the proper G-filtration as defined in Lemma 1.2.6. 

We can define the map gr : B —*• Gr(B) by gr(0) = 0 and gr(/) = f + 5deg(/)- G 

B<ieg(f)/Bdeg(f)-- Note that gr is not necessarily a homomorphism, but does preserve 

multiplication since deg(fg) = deg(/) + deg(g) for all f,gEB. 

R e m a r k 1.3.16 Let B be a ring, G a totally ordered abelian group and {B%}ieG a 

proper G-filtration of B. Then i? and Gv(B) are integral domains. 

R e m a r k 1.3.17 Suppose that B = ® , e G A is a G-graded integral domain and 

consider the proper G-filtration Bt = @3<tA3. Then Gr(£?) = B. 

1.4 Polynomial Rings 

Let R be a commutative ring. 

Definit ion 1.4.1 For an i?-algebra A, we write A = R^ to indicate that A is iso­

morphic (as an i?-algebra) to the polynomial ring R[X\,... ,Xn]. When this is the 

case, we often say that A is a polynomial ring in n indetermmates over R. 

R e m a r k 1.4.2 Note that if A = R^ and B — RM then we do not necessarily have 

A = B. 
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Proposit ion 1.4.3 (Universal Property of Polynomial Rings) Let 

B = R[Xi,...,Xn] where 0 < n E N, let ips '• R —>• B be the inclusion homo­

morphism, let ifA '• R —> A be a ring homomorphism and view A as an R-algebra (via 

(PA)- For every n-tuple of elements ( a i , . . . , a„) G An there exists a unique R-algebra 

homomorphism (p : B —+ A such that if o ipB = ipA and <p(Xi) = aj for all 1 < i < n. 

The following statements are well known, see Proposition 4.29, Corollary 8.21 and 

Theorem 8.32 in [21]: 

Proposit ion 1.4.4 Let B = Rjnl where n E N. Then: 

(i) R is an integral domain if and only if B is an integral domain. 

(ii) R is a unique factorization domain (UFD) if and only if B is a UFD. 

(iii) R is Noetherian if and only if B is Noetherian. 

(iv) Let A be a ring over which R is an algebra. Then R is finitely generated as an 

A-algebra if and only if B is finitely generated as an A-algebra. 

1.5 Coordinates 

Let B = kW, where k is a field and n E N, n > 1. 

Definition 1.5.1 An element f E Bis called a coordinate of B if there exist elements 

f2,...,fn E B such that B = k [ / , / 2 , . . . , /„] . An ordered n-tuple (/i, • • •, /„) G Bn 

is called a coordinate system of B if B = k [ / 1 ; / 2 , . . . , /„]. 

Definition 1.5.2 Let Aut^(B) denote the group of all k-automorphisms of B, i.e. 

the automorphisms of B as a k-algebra. 
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Remark 1.5.3 If ( / i , . . . , /„) is a coordinate system of B, then the family ( / i , . . . , /„) 

is algrebraically independent over k. Indeed, if ( / i , . . . , /„) were algebraically depen­

dent over k it would follow that the transcendence degree of B over k is less than 

n, which is absurd since B = k ^ . Thus, ( / i , . . . , /„) has the universal property of 

the polynomial ring, that is. given elements a\,...,an of a k-algebra A there exists a 

unique k-homomorphism ip : B —»• A satisfying <p(fz) = az for all i = 1 , . . . , n. 

Proposit ion 1.5.4 If ji = ( / i , . . . , / n ) and 72 = (gi,...,gn) are two coordinate 

systems of B, then there exists a unique 9 E Aut^f?) such that 9(ft) = g% for all 

\<i<n. 

Proof: By Remark 1.5.3, there exists a unique k-algebra homomorphism 9 : B —> B 

such that 9(fl) = g% for all 1 < i < n. This homomorphism is clearly surjective and 

injectivity follows from Remark 1.5.3 applied to the gz's. I 



Chapter 2 

Derivations 

In this chapter, we outline some basic definitions and properties related to deriva­

tions. Derivations, and in particular locally nilpotent derivations, are an effective 

tool employed in modern algebraic geometry. We discuss at length the properties 

of derivations, locally nilpotent derivations and their kernels. We then define a slice 

of a derivation, and we will see in Chapter 4 how the cancellation problem can be 

reformulated in terms of the kernel of a locally nilpotent derivation with a slice. Also, 

we cover homogenization of derivations with respect to both gradings and filtrations. 

Finally, we define the Makar-Limanov invariant of a ring and state some of its ele­

mentary properties. This invariant is a principal component that will be used to solve 

the Cancellation problem in dimension two (see Chapter 4, Section 2) and to show 

that Russell's Cubic is not k'3' (see Chapter 5, Section 3). 

Most of the material covered in this chapter is well known. Notable references 

include Freudenburg's book [15], the lecture notes of Daigle [10], [12] and Makar-

Limanov [24]. In the case of sections 2.2, 2.5 and 2.6, however, the material is well 

known in the special case G = Z but we don't know a suitable reference for the 

general case. 

17 
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2.1 Basic Properties 

Let B be a commutative ring. 

Definit ion 2.1.1 A map D : B —> B is called a derivation if the following conditions 

are satisfied for all / , g G B: 

(i) D(f + g) = D(f) + D{g) 

(ii) D(fg) = fD(g) + gD(f) 

The set of all derivations D : 5 —> B is denoted Der(5). It is well known that Der(B) 

is a 5-module. 

R e m a r k 2.1.2 Condition (ii) is called Leibniz's law. 

L e m m a 2.1.3 Let D E Der(B), f E B and n G N, n > 1. Then D(fn) = 

nf^Dif). 

L e m m a 2.1.4 Let D E Dev(B), f,gEB,nEN. Dn(fg) = J2l+J=n (»)D>(f)D>(g). 

We are often working with the kernel of a derivation, i.e. ker(D) = {/ G 

B\ D(f) = 0}, sometimes called the ring of constants of D. We will use the common 

notation BD = ker(D). Note that BD is a subring of B. 

Definit ion 2.1.5 Let D E Der(B). We say that D is nilpotent if there exists n G N 

such that Dn(f) = 0 for all f E B. If for some f E B there exists n G N such that 

Dn{f) = 0, then D is called nilpotent at f We denote by Nil(D) the set of all f E B 

such that D is nilpotent at / . Ii D is nilpotent at every / G B we call D locally 

nilpotent. The set of all locally nilpotent derivations of B is denoted L N D ( S ) . 

Let A be a subring of B. The set of all derivations D E Der(-B) such that A C B-° 

is denoted Der^-B). The set of all locally nilpotent derivations D E LND(B) such 

that A C BD is denoted L N D A ( 5 ) . Note that LNDA(S) = L N D ( 5 ) D BexA(B). 
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Lemma 2.1.6 For any D G Der(5) ; Nil(D) is a subring of B. 

Proof: It is clear that 1 G Nil(£>): D( l ) = D{1 • 1) = 2£»(1), so D(l) = 0. Let 

a,b E Nil(D) and let n,m E N \ {0} be such that Dn(a) = 0 and Dm(b) = 0. Then 

Dn+m-\ab) = Ei+i^+m-i {n+TX)Di(a)D3(P)- F o r e a c h *» J s u c h t h a t i+3 = n+m~ 

1, we have either i > n and D'(a) = 0 or j > m and Dj(b) = 0. So D" 4 "" 1 - 1 ^) = 0 

and ab E Nil(D). Let r = max{n,m}. Then Dr(a - b) = DT(a) - Dr(b) = 0, so 

a-bE Nil(D). It follows that Nil(D) is a subring of 5 . I 

Remark 2.1.7 A derivation D E Der(B) is locally nilpotent if and only if Nil(D) = 

B. 

Proposition 2.1.8 Let D G Der(jE?) and let I C B be an ideal of B such that 

D(I) C / . Then the induced derivation D/I is a well-defined derivation of B/I. 

Furthermore, if D E L N D ( 5 ) , then D/I G L N D ( 5 / 7 ) . 

Proof: For any b E B, let b denote its congruence class modulo / . Then D/I : 

B/I -> B/I is defined in the obvious way: D/I(b) = D(b). If b' E B is such 

that V = b, then b' = b + a for some a E I. So D/l(V) = D{V) = D(b + a) = 

D(b) + D(a) = D(b) since D(a) E I. So D/I is well-defined and clearly a derivation. 

It is also clear that if D E LND(Z?), then D/I E L N D ( £ / / ) . I 

Proposition 2.1.9 Let D E Der^(i?) where A is any subring of B and let S be any 

multiplicatively closed subset of B. Then D induces an A-derivation S~lD of S~lB 

given by S^D^) = sDW~bD^ for any b E B and s E S. 

Proof: We will check that S~lD is well-defined. Let b,b' E B, s,s' E S be such 

that f = 7 , i-e. there exists a t G S such that t(bs' — b's) = 0 in B. To show 
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S^D^) = S^D^), we must find a t' E S such that t'(s'2{sD{b) - bD{s)) -

s2{s'D(b') - b'D(s'))) = 0 in B. Since tbs' = tb's, we have D(tbs') = D(tb's) and 

after expanding, ts'D{b) - tb'D{s) - tsD{b') + tbD{s') = D(t)(b's - bs'). Take t' = t2. 

Then 

t'(s'2(sL>(6) - bD(s)) - s2(s'D(b') - b'D{s'))) = tss'(ts'D(b) - tb'D(s) 

- tsD(b') + tbD(s')) 

= tss'D(t)(b's - bs') 

= 0 

So S~lD is well-defined. Using the definition, it is easy to check that it is a derivation. 

If a G A, then S~lD{\) = ^ = 0, so S~lD is an A-derivation. I 

Corollary 2.1.10 Suppose B is an integral domain, D E LND(B) and S C BD is a 

multiplicatively closed subset. ThenS~lD E LND(S~1B) and S'1 B^'1 D^> = S-X(BD). 

Proof: Since S C BD, we have that for any b G B, s E S, 5 _ 1 D(f ) = ^ and 

S-iDn{±) = ^& for any n E N so S^D G LND(S-1B). Furthermore, S^Dty = 0 

if and only if D(b) = 0, so S^B^'1^ = S " 1 ^ ) . I 

Remark 2.1.11 In the case 5 = {fl}ien for some f E B, we write £>/ in place of 

5"1L>. 

2.1.12. Let k, k' be fields of characteristic zero such that k C k' is a field extension. 

Let B be a k-algebra and let B' = B <g)k k'. Note that B C B'\ 

Since 5 is a flat k-module, the functor 5(8>k(—) is exact. If we apply this functor to the 

injective k-linear map k <—> k', we see that the resulting map B®\\&. —> B^h' = B' 

is injective. Then, composing this map with the canonical isomorphism B —> B (gî  k, 
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x i—> x ® 1, we have a ring homomorphism 

B^B' 

which is injective. 

Since any D E Dert(S) is a k-linear map, there is a canonical extension of D to a 

k'-linear map: 

D <g> 1 : B ' -> 5 ' 

6 <g) c i-> £>(b) ® c. 

A routine verification shows that the k'-linear map D <g> 1 is a k'-derivation of £ ' . 

Furthermore, we have the following: 

L e m m a 2.1.13 Let B, B', k, k' be as above. Then, D E L N D ( B ) \ {0} if and only if 

D ® 1 G L N D ( B ' ) \ { 0 } -

For further properties of the extension of a derivation, see section 5.1 of [33]. 

Definition 2.1.14 Let B be an integral domain and let A be a subring of B. We 

say that A is factorially closed in B if for all a, b G B \ {0} such that ab E Awe have 

a, b E A. We say that A is algebraically closed in B if for all b E B such that there 

exists a non-zero polynomial f E A[T]\ {0} satisfying f(b) = 0 we have b E A. 

R e m a r k 2.1.15 Let B be an integral domain and let A be a factorially closed subring 

of B. It is clear that ii fi • • • fn E A where / i , . . . , /„ are all non-zero, then / i , . . . , /„ G 

A. 

L e m m a 2.1.16 Let B be an integral domain of characteristic zero. If D E Dex(B), 

then BD is algebraically closed in B. 
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Proof: Let b E B be algebraic over BD and let f(T) E BD[T] be a non-zero poly­

nomial of minimal T-degree satisfying f(b) = 0. Write f(T) = bnT
n + ... + bxT + b0. 

Then f(b) = bnb
n + ... + b1b + bo = 0and0 = D{f{b)) = 6Jl6"-1£>(6) + . . . + bxD(b) = 

L>(6)(6n6n_1 -t- . . . + bi). Since B is an integral domain, we must have D(b) = 0 

or fe„6n_1 + . . . + b\ = 0. However, f(T) was chosen to be of minimal T-degree so 

6n6n-1 + . . . + 6 i ^ O a n d 6 e B I J . I 

Lemma 2.1.17 Let B be an integral domain and let A be a factorially closed subring 

of B. Then A is algebraically closed in B. 

Proof: Let b E B be algebraic over A and let f(T) G A[T] be a non-zero polyno­

mial of minimal T-degree such that f(b) = 0. Write f(T) = anT
n + . . . + axT + a0. 

Then f(b) = anb
n +.. . + ai& + a0 = 0 and {anb

n~l + .. . + ax)b = -a0 E A. Since/(T) 

was of minimal T-degree such that f(b) = 0, we know anb
n~x + ... + ax ^ 0 . Since A 

is factorially closed in B, it follows that b E A and thus A is algebraically closed in B. I 

Lemma 2.1.18 Let B be an integral domain and let A be a factorially closed subring 

of B. Then the following hold: 

(i) A* = B*. 

(ii) An element of A is irreducible in A if and only if it is irreducible in B. 

(iii) If B is a UFD then so is A. 

Proof: 

(i) Let / G B*. Then ff'1 = 1 G A, so / , / - 1 G A and A* = B*. 
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(ii) Let f E Abe irreducible in A. Suppose / = bg where b,g E B. Then b,g E A 

since A is factorial in B. Since / is irreducible in A, either b E A* or g E A*. 

By (i), A* = B* so either b E B* or g E B*. 

Let f E Abe irreducible in B. Suppose f = ag where a,g E A. Then f = ag 

in B, so a E B* or g E B*. By (i), A* = B* so either a E A* or g E A*. 

(iii) Let / G A\A* be non-zero. We first show uniqueness of factorization up to order 

and associates. Suppose / = /x • • • /„ = gx ••• gm where fu ..., fn, gi,...,gm E 

A are irreducible. Then fi, • • •, fn,gi, • • • -,9m a r e irreducible in B by (ii). Since 

B is a UFD, it follows that n = m and / ; ,# , are associates for 1 < i < n (after 

re-ordering if necessary). 

For existence of factorization, write / = / i • • • fn as a product of irreducible ele­

ments of B. Since B is a UFD, fi,...,fn are unique up to order and associates. 

By Remark 2.1.15, we have / i , . . . , / „ G A and fi,..., fn are irreducible by (ii). 

Since A* = B*, gi is an associate of fi (for some 1 < i < n) in A if and only 

if gi is an associate of / , in B. Thus / = f\ • • • fn is a product of irreducible 

elements of A, unique up to order and associates. 

I 

Lemma 2.1.19 If deg : B - » N U {—oo} is a degree function, then B is an integral 

domain and A = {/ G B\ deg(f) < 0} is a factorially closed subring of B. 

Proposit ion 2.1.20 Assume that B is an integral domain of characteristic zero. 

Every D E L N D ( 5 ) defines a degree function deg^ : B —> N U {—oo} given by 

degD(f) = min{n G N| Dn+1(f) = 0} for f EB\ {0} and dego(0) = - o o . 

Proof: The function is well-defined since for every f E B \ {0} there exists a 

unique minimal n G N such that Dn+1(f) = 0. We must now verify the con-
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ditions in Definition 1.2.1. Clearly. degD(f) = —oo <̂ =>- / = 0. To show 

degD(fg) = deg£,(/) + degD(g), let f,g E B \ {0} and let n = degD( /) and 

m = degD{g). By Lemma 2.1.4, D™+^{fg) = £ l + J = r i + m + 1 ( n + 7 + 1 ) ^ ( / ) ^ ( 5 ) = 0 

since for any summand either i > n + 1 or j > m + 1. Consider Dm+n(fg) = 

E,+J=„+m ( n r ) ^ ( / ) ^ (3 ) - Since £«+*(/) = Dm+\g) = 0, we have 

Dm+n{fg)= ]T ( r i ^ m ) ^ ( / ) ^ ( 5 ) = ( n ^ m ) ^ ( / ) J D m ( 5 ) 

where (™+m) ^ 0 because S has characteristic zero; as B is an integral domain and 

£>"(/), Dm(g) ^ 0 it follows that Dm+n(fg) + 0. Thus degD ( /s) = deg c ( / ) + 

deg£)(^). It remains to show deg D ( / + g) < max(degD(f),degD{g)). Let r = 

max(degD(/) ,deg r )(^)). If r = -oo , we must have / = g = 0, so deg D ( / + g) < 

max(degD(f),degD(g)). Else, £> r + 1 ( /+s ) = Dr+1 ( / )+TT+ 1 (g) = 0, so d e g z ) ( / + 5 ) < 

max(degL)(/),deg /3(g)) as required. I 

Corollary 2.1.21 Assume that B is an integral domain of characteristic zero. If 

D G L N D ( 5 ) , then BD is a factorially closed subring of B. In particular, if B is a 

k-algebra then k C BD and L N D ( S ) = LNDk(-B). 

Proof: Notice that BD = {/ G B\ degD{f) < 0}, so is factorially closed by 

Lemma 2.1.19. It follows from 22 2.1.18 that k C BD. I 

2.2 The Degree of a Derivation 

Let B be an integral domain and let G be a totally ordered abelian group. 
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Definition 2.2.1 Let deg : B —• GU {—oo} be a degree function and D E Der(B) a 

derivation. Consider the non-empty subset 

C/ = { d e g ( £ ; ( / ) ) - d e g ( / ) | / G 5 \ { 0 } } 

of the totally ordered set G U {—oo}. If U has a greatest element, then we say that 

deg(D) exists and we define deg(-D) to be that element. 

Note that deg(£>) = —oo if and only if D = 0, and that if deg(£>) is defined then 

deg(£>(/)) < deg(/) + deg(D) for all f E B. 

Also note that if deg(D) is defined and D ^ O . then there exists an / G B \ BD such 

that deg(D) = deg(/J(/)) - deg(/) G G. 

Definition 2.2.2 Let deg : B —>• GU{—oo} be a degree function and let D E Der(B). 

The defect function of D is the map 

def^ : fi-+GU{-oo} 

/ ^ d e g ( D ( / ) ) - d e g ( / ) f o r / ^ 0 

0 i—> —oo 

Note that the defect function depends both on the degree function of B and the 

derivation. When no confusion can arise, we will write def in place of def^. 

Lemma 2.2.3 Let deg : B —>• G U {—oo} be a degree function, D E Der(B) and 

deio • B —> G U {—oo} be the defect function of D. 

(i) deiD(fg) < max{defZ)(/),defr,(5)} for all f,g EB. 

(ii) If fi,...,fm S B are such that deg(£™ 1 /,) = maxi<,<mdeg(/ t), then 

deiD(Y^Lifi) < maxi< l<mdefD(/ J). 

Proof: 
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(i) We may assume / ^ 0 and g ^ 0. Then: 

deiD(fg)=deg(D(fg))-deg(fg) 

= deg(fD(g) + gD(f)) - (deg(f) + deg(g)) 

< max{deg(fD(g)), deg(gD(f))} - (deg(f) + deg(g)) 

< max{deg(/) + deg(D(g)),deg(g) + deg(D(/))} - (deg(/) + deg(g)) 

In the case that 

max{deg(/) + deg(D(g)), deg(g) + deg(D(f))} = deg(f) + deg(D(g)) 

we have deiD{fg) < deg(D(g)) - deg(g) = deiD(g). 

Otherwise, 

max{deg(/) + deg(D(g)), deg(<,) + deg(D(/))} = deg(g) + deg(£>(/)), 

so deiD(fg) < deg(D(f)) - deg(/) = deiD(f). 

Either way, deii)(fg) < max{defo(/),def£>(#)}, as desired. 

(ii) Observe that 

m m m 

deiD(J2 fi) = deg(D(]T fi)) - deg(J] fi) 
i=l i=l i~\ 

m 

= deg( ]T D(fi)) - max{deg(/ i)| 1 < i < m} 
i = l 

< max{deg(D(/j))| 1 < i < m} — max{deg(/j)| 1 < i < m} 

< max{deg(D(/ i)) - deg(/ i) | 1 < i < m} 

< max{def£)(/j)| 1 < i < m}. 

I 
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Lemma 2.2.4 Let S be a multiplicative set of B and let deg : S~1B - > G U {—oo} 

and deg : B —>• GU{—oo} be degree functions, were the latter is the restriction of 

the former. Let D E Der(S) and let S_1D : S^B —> S~lB be the localization of D 

as defined in Proposition 2.1.9. Then deg(D) is defined if and only ifdeg(S~1D) is 

defined. Furthermore, if they are defined then deg(D) = deg(S~lD). 

Proof: Consider the sets 

C/ = { d e g ( D ( / ) ) - d e g ( / ) | / G i ? \ { 0 } } , 

U' = {deg(5- 1 D(/) ) - deg(/) | / G S~lB \ {0}} . 

It is clear that U C U'. To prove the lemma, it suffices to show that for each 

u' E U' there exists u E U such that u' < u. Let 5 : S~lB —> G U {—oo} denote 

the defect function of S~1D. Then 5(xy) < max.{5(x),5(y)} for all x,y E S_1B by 

Lemma 2.2.3. Let u' E U'. Then u' = 5 (f) for some x G J5, s G S. We have 

S (f) < max{5(x),6 (I)}, where 8(x) E U and 

, ( I ) - ^ (I))-*.(!) 

= deg (^D(s)) - deg Q ) 

= deg(D(s))-deg(s) 

= <5(s) G [/, 

so there exists u E U such that u' <u. I 

Proposition 2.2.5 Lei B be a G-graded integral domain and a finitely generated 

h-algebra, where k is a field and G is a totally ordered abelian group. Let deg : 

B —> GU {—oo} 6e t/ie corresponding degree function as defined in Definition 1.3.10. 

Then deg(£>) is defined for every D G Derik(.B). More precisely, if h\,... ,hn are 
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homogeneous elements of B which generate B as a h-algebra, then 

deg(D) = max{deg(T)(/jl)) - deg{ht)\ 1 < i < n}. 

Proof: Let def = def^ : B —-> G U {-oo} be the defect function of D. Let 

K — max{def(/ii),... ,def(/in)}. To prove the proposition, we have to show that 

def(/) < K for all f E B. 

From Lemma 2.2.3 (i) we know that if / i , . . . , fs E B then def(/i • • • / « ) < maxi<,<s def(/,). 

In particular, de f^ 1 • • • h^1) < K for any e i , . . . , en G N. 

Claim 1: def(A/^ • • • hfr) < K for any A G k* and e 1 , . . . , e „ G N . 

Proof: First notice that since A G k* we have def (A) = — oo since D is a k-derivation 

by assumption. Thus dei(\h\l • • • he
n") < max{def(A),def(n^ •••hfr)}<K. 

Claim 2: If h E B is homogeneous, then def(n) < K. 

Proof: If h = 0 then dei(h) = — oo < K, so suppose h ^ 0 and h is homogeneous of 

degree r. We can write h = YlT=i /» where fi = \he{1 • • • h%n and X^=i eijdeg(h3) = r 

for all 1 < i < m. So deg(/j) = deg(/i) for all 1 < i < m and h = Yl^Li U satisfies 

the condition in Lemma 2.2.3 (ii). Then def(/i) < max{def(/ i) , . . . ,def(/m)}. But 

def(/,) < K for all 1 < i < m by claim 1 so dei(h) < K. 

Claim 3: If / G B\ {0}, then def(/) < K. 

Proof: Let / = fi + -.. + fm where / , are homogeneous elements of B of distinct 

degrees. Then deg(/) = deg(J^™1 / ,) = max{deg(/j)| 1 < i < m} so by Lemma 2.2.3 

(ii) def(/) < max{def( / !) , . . . , def(/m)}. But by claim 2, def(/,) < K for all 1 < i < m 

so def(/) < K. I 

2.3 Slices 

Let B be a commutative k-algebra which is also an integral domain, where k is a 

field of characteristic zero. 
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Definition 2.3.1 Let D E Der(£), s E B. Ii D(s) = 1, then s is called a slice of D. 

If D(s) ^ 0 and D2(s) = 0, then s is called a preslice. 

Remark 2.3.2 Some authors use local slice in place of preslice (e.g. [15]). 

Proposit ion 2.3.3 Every D E L N D ( S ) \ {0} has a preslice. 

Proof: Since D ^ 0 there is some / G B \ {0} such that D(f) ^ 0. As T> is locally 

nilpotent, there exists minimal n E N, n > 2 such that Dn(f) = 0. Set 5 = Dn~2(f). 

Then £>(s) = D""^/) + 0 and £>2(s) = Dn(f) = 0. I 

Definition 2.3.4 For any a E B, define a map eva : B[T] —> 5 called evaluation at a 

which maps a polynomial f(T) G 5[T] to / ( a ) G 5 . Note that eva is a homomorphism 

of 5-algebras. 

Definition 2.3.5 For any D E L N D ( 5 ) define a map called the exponential map 

associated to D: 

ZD:B-^ B[T] 

b - E ̂ "(^" 
Proposit ion 2.3.6 Let D E LND(B). T/je exponential map associated to D is an 

injective homomorphism of BD-algebras. 

Proof: If 6 G BD, then D\b) = 0 for all z > 1 so &,(&) = b. In particular, 

&(1) = I-

Let 61,62 e -B- Then, 

ZD(b1 + b2) = Y/^Dn(bi + b2)Tn 

= y ^ r £ > n ( 6 i ) r n + y — n n ( b 2 ) T n 

„T n ! •<—-' n ! 
n£N neN 
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= £u(&l)+£l>(&2) 

so £D preserves addition. 

Also, 

Ubi)Ub2)= ( £ ^ D I ( M r ) (E^^(^i)^) 

= E ( E ^ W ^ ) V 

^—' n! 

neN 

= ^ ( 6 1 6 2 ) 

where the second last equality follows from Lemma 2.1.4. Thus, £D is an jB^-algebra 

homomorphism. 

Now notice that the map evo o £D : B —> B is the identity map, so £p is injective. I 

Theorem 2.3.7 (Proposition 2.1 of [44]) Let D E L N D ( B ) have a slice s E B. 

Then, B = BD[s] is a polynomial ring in one variable over the ring of constants of 

D andD= £ . 
as 

Proof: Note that BD is algebraically closed in B by Lemma 2.1.16 and s ^ BD, 

so s is transcendental over BD and SD[s] is a polynomial ring over BD. 

Since S-°[s] C B it remains to show that B C BD[s]. Define a map £ : B —• B, 

£ = ev-s o £D. Since both ev-a and £# are homomorphisms of .B^-algebras, so is £. 

If x G B, then 

= E^)(-*)1 
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and 

D(ax)) = D(£^(x)(-Sy) 

= E ~D^(x)(-sy + J2 ̂ (X)D((-Sy) 

= E^+1(z)(-*)l+ E T^TV^W^-^"1 

ieN ' zeN\{0} v '' 

= 0 

so we have that f (£) C 5 D Also, if a G 5 1 3 , then f (a) = X),eN 7 ^ ( a ) ( - s ) ' = a s o 

£(5) = fi". 

To show that for all x E B we have x E BD[s\, we proceed by induction on 

degree) (defined in Proposition 2.1.20). 

If degD(x) < 0, then x E BD[s] is clear. 

Let x G B be such that deg£)(x) > 0. We can write x = £(x) + (x — £(x)) and note 

that 

KEN 

= -s E ^w-s)1-1 
V. 

i6N\{0} 

so x — £(x) G sB. So x = a + sy for some a E BD and y E B. 

Then degI)(x) = degD(x — a) = degjD(sy) = 1 + deg£,(y). It follows that degD(y) < 

degzp(x). By induction y E BD[s], so x G BD[s]. I 

Corollary 2.3.8 For any D E L N D ( 5 ) \ {0}, S^B = (Frac(A))W where A = BD 

and S = A \ {0}. In particular, t rdegA(5) = 1. 

Proof: By Corollary 2.1.10, S~lD E L N D ^ B ) and S~lBs^D = 5 " M = 

Frac(A). Let s E B be a preslice of D, and write a = D(s). Then a E S, so 
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f G S^B and § is a slice of S"1 /) So by Theorem 2 3 7 5 = Frac(A)W I 

2.4 Derivations of Polynomial Rings 

For this section, let B = k ^ where n G N and n > 1 

The following proposition is well known, see for instance Section 3 2 2 of [15] For a 

generalization to R}n1 where R is any commutative ring, see Proposition 1 2 5 of [42] 

Proposit ion 2.4.1 Let B = k[Xx, ,Xn] Then Der^(B) is a free B-module with 

basis \ g^l 1 < i < n > In particular, D = Yl™=i D(Xt)j^- for every D G Der^i?) 

Definition 2.4.2 Let 7 = (Xi, ,Xn) be a coordinate system of B A deriva­

tion D E Der^B) is called 7-triangular if D(Xt) E k[Xi, ,Xt 1] for 1 > 1 and 

D(Xi) E k We call a derivation D E Der^(B) triangular if it is 7-triangular for 

some coordinate system 7 We will denote the set of 7-tnangular derivations of B by 

Tnan(B,7) , and the set of all triangular derivations of B by Trian(5) 

Lemma 2.4.3 If D E Tnan(5 ,7 ) for some coordinate system 7 = (Xi, ,Xn), 

then D = Y^=i f*~Sr where fi E k[Xi, , X,_i] for 1 > 1 and fi E k 

Proof: Follows from the definition of triangular and Proposition 2 4 1 I 

Lemma 2.4.4 Let D G Trian(5,7n) where 7„ = (X±, ,Xn) Then for any 1 < 

m < n, D restricts to a ^m-tnangular derivation D' h[Xi, , Xm] —> k[Xi, , Xm] 

where j m = (Xi, ,Xm) 

Proof: Define D' h[X1: ,Xm] -> k[X1; ,Xm] by D'(f) = D(f) for all 

/ G k[Xi, ,Xm] Then D' satisfies the conditions in Definition 2 11 and for all 
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2 < i < m D'{Xi) = D(Xi) E k[Xu . . . , X^} and D'(Xi) = D{XX) G k. I 

Proposit ion 2.4.5 If D is a triangular derivation of B, then D is locally nilpotent. 

Proof: Suppose D is 7„-triangular with j n = (Xi,...,Xn), n > 1. We prove 

by induction. If n = 1, then D(X\) E k and D is locally nilpotent. Suppose 

that any 7„_i-triangular derivation of k [ X l 5 . . . ,Xn_x] is locally nilpotent. Let D : 

k[A"i,. . . , Xn] —> k [ X i , . . . , Xn] be a 7„-triangular derivation. By Lemma 2.4.4 and 

the induction hypothesis, h[Xi,..., X n _ J C Nil(Z)). Since Nil(D) is a subring of 

k [ X i , . . . , Xn] (Lemma 2.1.6) it remains to show Xn E Nil(Z)). But this is clear since 

D(Xn) E k [ X i , . . . , Xn_i] by definition of 7„-triangular. I 

Proposit ion 2.4.6 Ifn>2 and D E Trian(S), then there exists a coordinate g E B 

such that D(g) = 0. 

Proof: Choose a coordinate system j n = (Xi,...,Xn) for B such that D is 

7„-triangular. Then by Lemma 2.4.4, D restricts to a triangular derivation D' of 

k[X1 ;X2] where D'(f) = D(f) for all / G h[X1,X2]. Write D' = 6 ^ + h ^ ) - ^ 

where b E k and f2(X1) E k[Xi]. If b = 0, then D{XX) = £>'(Xi) = 0 so D 

annihilates the coordinate Xi of k[Xi,...,Xn]. Suppose b E k*, and f2{Xi) = 

bn(Xx)
n + ... + bxXx + b0. Let / = ^ ( X i ) " + 1 + ... + biX2 + boX,, so D'(f) = 

6/2(Xi). Set g = 6" 1 / - X2 and notice D(g) = D'(g) = f2{Xx) - f2{Xx) = 0 and 

k[A"i, X2] = k[gf, Xi] so g is a coordinate of h[Xx, X2]. It follows that g is a coordinate 

of B which is annihilated by D. I 
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2.5 Homogeneous Derivations 

In this section, fix an integral domain B and a G-grading Q of B where G is a totally 

ordered abelian group. Let deg denote the degree function induced by Q as defined 

in Definition 1.3.10. 

Definition 2.5.1 Let D E Der(S), D ^ 0. If there exists d E G such that D{Bl) C 

Bl+d for all i E G we say D is Q-homogeneous of degree d. When no confusion 

can arise with the G-grading of B, we will write D is homogeneous. The set of all 

^-homogeneous derivations on B is denoted Dev(B,Q). 

L e m m a 2.5.2 If D E Der(5, Q) andD ^ 0 then D is homogeneous of degree deg{D), 

where deg(D) is defined as in Definition 2.2.1. 

Proof: It is clear that d E U = {deg(D(/)) - deg(/) \ f E B\ {0}}. We must 

show that d is the greatest element of U. Let f E B\{0} and write / = ftl +... + fir 

where fis E Bls \ {0} for all 1 < s < r and i3 < ik for j < k. Then deg(/) = ir. 

Since D is homogeneous D(fis) E Bl3+d, say D(fis) = gls+d for all 1 < s < r. Then 

D(f) = D(fn + .. . + flr) = D(fn) + .. .+D(fir) = gn+d+.. .+glr+d. Since deg(/) = ir 

and deg(D(/)) < ir + d, we must have deg(T>(/)) — deg(/) < d and we are done. I 

Definit ion 2.5.3 Let D E Der(5) be such that deg(D) exists. Define the homoge-

nization of D. D : B —> B, as follows 

If D = 0, let D = 0. 

If D ^ 0 let d = deg(T>) (so dEG), and for all i G G define 

D% '• B% —* Bl+d 

fi i-* Pi+d(D(fA) 
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where p3 : B —> B3 is the canonical projection for all j E G. Now given f E B, write 

/ = E l G G / I where /j G B% for all i E G, and define 

5(/) = £A(/.)-

teG 

Remark 2.5.4 If D E Der(B) is homogeneous, then D = D. 

Proposition 2.5.5 Let D E Der(B). If deg(D) exists then 

(i) £>EDer(B,Q) 

(ii) D = 0 <(=> D = 0 

(iii) deg(5) = deg(£>). 

Proof: Let d = deg(D). 

(i) We must check that for all f,g E B D(f + g) = D(f) + D(g) and D(fg) = 

fD{g) + gD{f). For f,g G B write / = 52%eG ft and g = £ , eG& where 

/ j , ^ G Bz for all i. Then 

D{f + g) = b(YJ{h + gl)\ 
\iEG ) 

ieG 

= Y,Pl+d(D(fi + gt)) 
ieG 

= Y.P^D{fi) + D{9l)) 
ieG 

= ^2(pl+d(D(fi))+pl+d(D(gi))) 
lEG 

= J2pt+d(D(fi)) + Y,pt+d(D(gt)) 
ieG ieG 

D(f) + D(g) 
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And, 

= D ( E E f,») 
\iEG j+k=i J 

= E A ( E / ^ ) 
ieG \j+k=i J 

i€G \ \j+k=i J J 

= z~2pi+d ( J2 D(fj9k)) 
iEG \j+k=i J 

= 5 > + * ( E fjD(9k) + gkD(f3)) 
iEG \j+k=i / 

= E E (Pj+k+d(fjD(gk))+p3+k+d{gkD(f3))) 
iEG j+k=i 

= E E (fjPk+d{D(gk)) + gkp3+d{D(f3))) 
iEG j+k=i 

= E E fjPk+d{D{gk)) + E E 9kPJ+d{D(f3)) 
i£G j+k=i iEG j+k=i 

= E E fjDk(gk) + Yl E ^ ( / ^ ) 
i£G j+k=i iEG j+k=i 

= fD(g) + gD(f) 

So D E D e r ( S ) . As D(B%) = Dl{Bl) C £?,+d for all i, D is homogeneous of 

degree d. 

(ii) If D = 0, then 5 = 0 by definition. Suppose D ^ 0. Then deg(D) G G, so there 

exists f E B\ {0} such t h a t d = deg( .D(/)) — d e g ( / ) . Suppose deg ( / ) = n and 

write / = /n + X^<n /» where / „ ^ 0 and / j G B3 for all j . Note tha t we must 

have pn+d(D(fn)) ^ 0. Then D(fn) = Dn(fn) = pn+d(D(fn)) ± 0, so 5 ^ 0. 
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(iii) Note that 

deg(D) = - o o <^> D = 0 <(=> D = 0 <^> deg(D) = - o o 

So suppose deg(-D) G G. By the proof of (i) we have that D is homogeneous of 

degree d. Then by Lemma 2.5.2, deg(D) = d so deg(r)) = deg(T>). 

I 

Lemma 2.5.6 Let D G Der(I?) 6e such that deg(D) exists. Let d = deg(D). 

(i) D(p3+nd(D
n(f))) = p3Hn+l)d{Dn+\f)) for allfEB,n G N and a//j > deg(/) . 

(ii) IfhEB3 for some j , then for allnEN Dn(h) = p3+nd(D
n(h)). 

Proof: 

(i) Let n = 0 and let / = J2t<j /»• Recall D° = IdB. Then 

5(pJ(/))=5(/J) 

= A(/,) 
= p J + d (D(/ , ) ) 

= P3+d{D{f)) 

Let n G N, g = £>"(/) and i = j + nd. Then z > deg(g) and 

5(pJ+nd(D"(/))) = 5(p,((/)) 

= Pi+d(D(g)) 

= p3Hn+1)d(D
n+1(f)) 
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(ii) Let h E B3 for some j E G. We prove by induction on n: If n = 0, then 

Dn(h) = h and p3+nd(D
n(h)) = p3(h) = h. 

Suppose Dn(h) = p3+nd(D
n(h)) for some n E N. Then 

Dn+1(h) = D(Dn{h)) 

= D(p3+nd(D
n(h))) 

= p3+{n+l)d{Dn+\h)) 

Thus Dn(h) = p3+nd(D
n(h)) for all n E N. 

P r o p o s i t i o n 2.5.7 Let D E Der(£?) be such that deg(D) exists. If D E LND(B), 

then D E L N D ( 5 ) . 

Proof: If D = 0, then 5 = 0 6 L N D ( S ) . SO suppose deg(D) G G and d = deg(D). 

Let f3 be homogeneous of degree j , n E N such that Dn(f3) — 0. By Lemma 2.5.6(h), 

Dn(f3) = p3+nd(Dn(f3)) = 0 and so f3 E Nil(Z)). Then every homogeneous element 

of B is contained in Nil(r)), and since Nil(r)) is a subring of B by Lemma 2.1.6 we 

must have Nil(Z)) = B. I 

P r o p o s i t i o n 2.5.8 Let D E Der(S) be such that deg(D) exists. If f — J2l<n fi S 

BD, then fnEB5. 

Proof: Let d = deg(Z)). If d = —oo it is clear, so suppose d EG. Then 

D(fn)=Pn+d(D(fn)) 

= Pn+d(D(fn) + J2D(fi)) 
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= Pn+d(D(f)) 

= 0. 

I 

Definition 2.5.9 A subring A of B is called a graded subring if A = © Z 6 G ( ^ 4 D 5,). 

Lemma 2.5.10 If D E Der(B,Q), then BD is a graded subring of B, so BD is 

generated by homogeneous elements. 

Proof: Let d E G be such that D is homogeneous of degree d. Suppose / G BD. 

Write / = Y^tEG fi where fi E B% and only finitely many fi ^ 0. Then D(f) = 

^2ieG D(fi) = 0, where each D(fi) E Bl+d. So we must have D(fi) = 0 for all iEG, 

and fi E BD n B{. I 

Lemma 2.5.11 Let B be a finitely generated k-algebra which is also an integral do­

main, where k is a field of characteristic zero. Let G be a totally ordered abelian 

group and suppose B is endowed with two G-gradings: 

Gi-B = ®ieGBl 

Q2:B = 0 l £ G 5, 

such that B = ®u3\eGxGBl D S3. If we homogenize a non-zero derivation D E 

DeTk(B,Qi) with respect to the grading Q2, the resulting derivation D belongs to 

DerkCB^nDerktB,^)-

Proof: By Proposition 2.2.5, degei(Z)),degg2(.D) are defined. Let degSl(D) = 

t,degg2(D) = d. Let 5 = D E Der(B,Q2) be the homogenization of D with respect 

to Qi. By Proposition 2.5.5, degg2{5) = d. 

We want to show that 5(BZ) C Bl+t for all i', E G. 
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Fix an i E G and let / G Bt. Noting that the assumption on Gi, G2 implies that 

Bi = 0 j e G ( ^ n -Sj))w e m a y w r i t e 

/ = E & g3eB%nS3 

Then 

W = 5>-H*(I>(fc)) 
jeG 

where pk : B —> Sk is the canonical projection. 

Since ^ G B% and D is Q\-homogeneous of degree t, we have that D(g3) G Bl+t = 

e f c e G(5 l + tn5 f c). 

Write £>(#,) = £ f c e G ^ w h e r e ^ f c G s»+t n ^ - T h e n f o r a11 J e G 

Pi+d{D(g3)) = h]+d 

is an element of Bl+t. Thus 5(f) = Y^3EGPj+d(D(9j)) = E j £ G ^ + d G 5«+«- There­

fore, 8 is ^-homogeneous. I 

2.6 Homogenization of Derivations 

In Definition 2.5.3 we defined the homogenization of a derivation with respect to 

a grading. We now discuss the homogenization of derivations in the more general 

situation where we are given a degree function. 

Let B be an integral domain, G a totally ordered abelian group and deg : B —> 

G U {—00} a degree function. 

Recall from Remark 1.2.5 that the degree function determines a proper G-

filtration {Bt}ieG of B. By Definition 1.3.15, this filtration determines an associated 

G-graded ring Gr(5) , where Gr(B) is in fact an integral domain by Remark 1.3.16. 
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Definition 2.6.1 Let D E Der(£?) be a derivation such that deg(D) exists, where 

deg(-D) is as defined in Definition 2.2.1. We define the associated homogeneous deriva­

tion gr(D) : Gr(B) -»• Gr(B) as follows: 

If D = 0, let gr(D) = 0. 

Otherwise, let t = deg(D) G G and note that D(BA C Bl+t for all iEG. For each 

iEG, define 

gr(£>) : Bt/Bt- -> Bl+t/B{l+t)-

f + Bt-» D(f) + B{l+ty 

and extend to Gr(£?) linearly. 

Lemma 2.6.2 If D E Der(B) is such that deg(D) exists, then the following hold: 

(i) gr(Z)) is a homogeneous derivation of Gr(S) 

(ii) gr(D) = 0 if and only if D = 0 

(iii) gv(BD) C Gr(S)gr(D) (Wiere g r ( £ ° ) is the image of BD via gr : B -> Gr (£ ) j 

(iv) / / D e L N D ( £ ) , tfien gr(D) G LND(Gr(£)). 

Proof: The proofs are similar to the ones given in 2.5. We prove assertion (iv) as 

an example. Suppose D E LND(5). If D = 0, then gr(D) = 0 so we suppose D ^ 0. 

Since Gr(B) = © , e G Bl/Bl- it is enough to show gx(D) is locally nilpotent on Bl/Bl-

for all iEG. Let t = deg(D). Let a E B \ {0}, let i = deg(a) s o o e B , \ Bt-. Then 

D(a) E Bl+t and deg(D(a)) < i + t. If deg(£>(a)) < i + t, then gr(£>)(gr(a)) = 

D(a) + B{l+t)- = 0. Else, deg(D(a)) = i + 1 and gr(D)(gr(a)) = gr(D(a)). By iterat­

ing, we see that for any n E N, gr(Z))n(gr(a)) = 0 or gr(£>)"(gr(a)) = gr(£)"(a)). In 

particular, if n G N is such that Dn(a) = 0, then gr(Z))"(gr(a)) = 0. I 
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Remark 2.6.3 Of special note is the case where B is a G-graded integral domain and 

deg : B —» G U {—oo} is the induced degree function as defined in Definition 1.3.10. 

By Remark 1.3.17, there exists an isomorphism ip : Gi(B) —> B identifying Gv(B) 

and B. Let D E Der(B) and consider the homogenization of D, D, as defined in 

Definition 2.5.3 and the associated homogeneous derivation of D, gr(D), as defined in 

Definition 2.6.1. Then D and gr(D) are equivalent in the sense that <p~lDp = gr(D). 

2.7 The Makar-Limanov Invariant 

Let B be an integral domain of characteristic zero. 

Definition 2.7.1 The Makar-Limanov invariant of B is ML(B) = QD6LND(.B) BD• It 

is also called the ring of absolute constants and is sometimes denoted AK(£?). 

Lemma 2.7.2 The Makar-Limanov invariant of B has the following properties: 

(i) ML(£?) is a factorially closed subring of B. 

(ii) B* = ML(B)* 

(iii) If h is a field included in B, then k C M L ( J B ) . 

(iv) If B is a UFD, then so is ML(B). 

Proof: Part (i) follows from the fact that an intersection of factorially closed sub-

rings is again factorially closed. Then parts (ii), (iii) and (iv) follow from Lemma 

2.1.18. I 

Definition 2.7.3 ML(£) = B if and only if the only locally nilpotent derivation of 

B is the zero derivation. These integral domains are called rigid. 
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Lemma 2.7.4 If B = k [ X i ; . . . , Xn] is a polynomial ring, then ML(J5) = k. 

Proof: It is clear that for all 1 < i < n, Dt = ^ G LND(J5) and BDi = 

h[Xu ...,Xi,...,Xn]. So ML(B) C Hi<i<n R D i = k- T h e r e v e r s e inclusion fol­

lows from Lemma 2.7.2(iii). I 

The following is well known, see for instance Lemma 2.3 of [7]: 

Proposit ion 2.7.5 Let k be an algebraically closed field of characteristic zero and 

let B be an integral domain such that k C B and t rdegk(5) = 1. If B is not rigid, 

thenB = U1l 

Proof: Choose a non-zero D E LND(B). By Lemma 2.1.16, BD is algebraically 

closed in B and by Corollary 2.3.8, trdegBz>i? = 1. Since k C BD C B by Corol­

lary 2.1.21, it follows that BD = k. 

By Proposition 2.3.3, there exists a preslice r of D. Let D(r) = c and note that 

c G k*. Then D(c"lr) = c~lD(r) = 1 and s = c~1r is a slice of D. So by Theo­

rem 2.3.7, B = BD[s] = (BD)W = kW. I 

Lemma 2.7.6 Let B be an integral domain of characteristic zero and let B[T] = B^. 

ThenML(B[T}) CML(B) . 

Proof: Since ^ G LND(B[T]) and B[T}WT = B we have ML{B[T}) C B. 

Note that each D E LND(B) extends to a D E L N D ( 5 [ T ] ) by 

( n \ n 

J2biTi)=J2D(bi)Ti 

i=0 ) i=0 

and D(T) = 5 ( 1 -T) = D(l)T = 0. For any b E ML(B[T]) we have 0 = 5(6) = D(b), 

sobEML(B). I 



Chapter 3 

Characterization of Polynomial 

Rings 

The problem of characterizing k'n ' for n G N is important in its own right. In this 

chapter we examine certain characterizations of polynomial rings in dimensions one 

and two. The dimension one case is proved using valuation rings of h(x). Using 

locally nilpotent derivations and a characterization of k'1!, we prove one of the three 

characterizations of k'2' presented by Miyanishi in [28]. 

The last section briefly looks at characterizations of k'"l for n > 2. 

3.1 Dimension One 

Let k be a field. 

The following is well known, though no suitable reference could be found: 

Lemma 3.1.1 Let A be a PID. If B is a ring such that A C B C Frac^4, then 

B = S~lA where S = B* n A. In particular, if B* = A* then B = A. 

Proof: Let a G S^A. Then s E B* and a E B. So 2 = s - i a e B and S^A C B. 
s s — 

Let b E B. Since B C FracA we can write b = — where ai, a2 E A. Furthermore, we 

44 



3.1. Dimension One 45 

may assume gcd(ai, a2) = 1 since A is a PID. It follows that there exist c\,c2 E A such 

that c\a\ + c2a2 = 1 in A. Thus in Frac^4 we have c\— + c2 = —. Since —, Ci, Ci E B 

we must have ±- E B. Consequently, a2 E B* and a2 G S = B* n A. So 6 G S - 1 ^ 

and 5 C S ^ A I 

Recall that a valuation ring of a field K is a subring R oi K with the property that 

each x E K* satisfies x E R or x~x E R. Given a field extension L/K, a valuation 

ring of L/K is a valuation ring R oi L such that K C R C L. 

The following result is due to Krull [22]. For a proof, see Theorem 6 in Chapter VI, 

§4 of [46]. 

Lemma 3.1.2 Let A be a subring of a field k. The integral closure A of A ink is 

the intersection of all the valuation rings of la which contain A. 

For the following, see for instance Theorem 1.2.2 in [41] (note that the definition of a 

valuation ring used in [41] is slightly different): 

Theorem 3.1.3 The valuation rings o / k (x ) /k are h(x), 

B(P(X)) '•= \ 4f) \f(x),g{x) E h[x],p(x) \ g(x) > where p(x) E h[x] is an irreducible 

polynomial and Rx := ^^\f(x),g(x) G h[x],degf(x) < degg(x)j. 

Remark 3.1.4 If p(x) and q(x) are associates in k[x], then R(p(x)) = R(g(x))- Thus, 

the distinct valuation rings of k (x ) /k are k(x), Roo and R(p(x)) where p(x) is a monic 

irreducible polynomial. 

The following theorem is well known, although a suitable reference could not be found. 

We reproduce, up to minor changes, a proof provided by Daigle. 

Theorem 3.1.5 Let B be a k-algebra. Then B = k ^ if and only if B is finitely 

generated as a k-algebra, B is a UFD, B* = k* and FracB = k ^ . 
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Proof: The forward implication is clear. For the reverse implication let Fracf? = 

k(x) = k ^ and let V = {Roc} U {R^x^\ p(x) E k[x] is monic and irreducible}. By 

Theorem 3.1.3, V U {k(x)} is the set of all distinct valuation rings of k(x) /k . Let 

P = {RE V\B C R} and note that since every UFD is integrally closed in its field 

of fractions, B = f] P by Lemma 3.1.2. 

Suppose R^ <£ P. Then P C V \ {R^} and B = f]P D f](V \ {R^}). But 

f)(V \ {i?oo}) = k[x] by Lemma 3.1.2. So we have k[x] CBC k(x) and B* = k* and 

by Lemma 3.1.1 we get B = k[x]. 

So suppose i?oo G P. Since B 7̂  k, P ^ V. Since B is finitely generated as 

a k-algebra, and for any non-zero b E B, there are only finitely many valuation 

rings which do not contain b (see 1.3 in [41]) we must have that V \ P is finite. 

So V \ P = {R(pi(x)), - • •, R(Pn(x))} for some n E N, n > 0, p\(x),... ,pn(x) distinct 

monic irreducible polynomials. Let p(x) = Y[™=iPi(x) a n d Mx]p(x) = i(xp I f(x) ^ 

k[x], j G N}. Let 4 ^ - G k[x]p(x). Since k[x] is a UFD, for any R(q(x)) E P we have 

that q(x) \p{Xy so ^ G P(<?(x)) and k[x]p(x) C f | ( P \ {i?oo})- Thus P ^ D k[x]p(x) C 

HP = P. 
Since P ^ G P , to show B = f]P = P ^ n k[x]p(x) it remains to show P C k[x]p(x). 

Let b E B. Then 6 = 4|y where deg/(x) < deg^(x) and q(x) \ g[x) for any monic 

irreducible q(x) E k[x], q(x) ^ Pi{x) for 1 < i < n. Write g(x) = u • r\(x) • • • rm(x) as 

a product of a unit u E k* and monic irreducible polynomials r-y(x),..., rm(x) E k[x}. 

Since q(x) \ g(x) for all q(x) such that R(q(x)) S P , we must have that P(r,,(x)) ^ P 

for all 1 < j < m. Consequently, for each j we have that r3(x) = pz(x) for some 

1 < i < n. Thus we may write g(x) = u • pb\{x) • • -pb^(x) where 6 1 , . . . , bn E N. Let 

s = m a x K K j y . Then b = u-lfi(x) • ^ " ^ j f ^ G %]P(*)- So 5 C k[x]p{x) and 

s = n P = i?oonk[x]p(x). 

Next we show n = 1, so V \ P = {R(p(x))}- Suppose n > 1. Let m\ = deg(pi(x)), 

- 2 = deg(p2(z)). Let a = g | f j £ . We can write a = g g j ^ = " M " 1 + ^ g f f ».(«))"' 

so a G k[x]p(x). Furthermore, deg^^x)7712) = m,im2 = deg(p2(x)mi) so a G P ^ H 
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k[x]p(x) = B. For the same reason, o _ 1 G B. Then a G B* but a ^ k*, contradiction. 

So n = 1 and p(x) is irreducible in k[x]. 

We have: 

B = R^ nk[x] p ( x ) = | ^ I f(x) E k[x], j E N, deg(/(x)) < deg(p(x)^)| 

Let g = -hr, m = deg(p(x)). Then q is an irreducible element of P : Suppose q — ab 

for some a,b E B. Write a = j ^ , b = £j& and assume p{x) \ fa(x), p(x) \ fb(x) 

in k[x]. If j a = 0, then deg(/a(x)) < deg(p(x)°) = 0, so fa(x) E k* and o is a 

unit of B. Similarly, if j b = 0, then b is a unit of P . Suppose ja,jb > 1- Then 

1 = pi) = p ^ r • $ $ , so p ( x ) ^ ^ - 1 = /„(*)/*(*) and j 0 + j 6 - 1 > 1. Since p(x) 

is prime in P and p(x)\fa(x)fb(x), it follows that p(x)\fa(x) or p(x)|/f,(x) in k[x], a 

contradiction. Hence g is an irreducible element of P . 

Suppose m > 1. Then y = xg G P is such that g|y2 and q \ y. This yields a 

contradiction since B is a UFD and thus irreducible elements of P are prime. Then 

m = 1 and FracP = k(p(x)) = k(g). 

We have k[g] C P C k(g) and P* = k*, so by Lemma 3.1.1 P = k[g] = k™. I 

The following is well known (see for instance Chapter 2, Lemma 2.8 of [15]) although 

the proof is outside of the scope of this thesis: 

Theorem 3.1.6 Let k be an algebraically closed field and let B be a finitely generated 

k-algebra. If B is a UFD, B* = k* and t rdegk(P) = 1, then B = k™. 

3.2 Dimension Two 

The following lemma is a straightforward consequence of Theorem 2.3.1 in [39]: 

Lemma 3.2.1 Let A C B be integral domains, where B is finitely generated as an A-

algebra. Suppose that S~lB = (S~1A)^ where S is a multiplicative set of A satisfying 
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the following condition: each element of S is a product of units of A and of prime 

elements p of A such that 

(i) p is a prime element of B 

(ii) AnpB =pA 

(ni) A/pA is algebraically closed in B/pB. 

Then B = AW. 

For the following, see for instance Lemma 1.39 in [30]' 

Proposit ion 3.2.2 Let A be an integral domain containing afieldk such ^/iaitrdegk(A) = 

1. If A is contained in an integral domain which is finitely generated as a k-algebra, 

then A is finitely generated as a k-algebra. 

Theorem 3.2.3 (Theorem 1 in [28]) Letk be an algebraically closed field of char­

acteristic zero and let B be a finitely generated k-algebra which is also an integral 

domain such that t rdegk(P) = 2. If B is a UFD, P* = k* and B is not rigid, then 

P = kl2l. 

Proof: Since P is not rigid, there exists a D E L N D ( P ) \ {0} Let A = BD and note 

that A is factorially closed in P by Corollary 2.1.21. We will show that P = A1 ' and 

A = kM. By Corollary 2.3.8 we know that trdegk(A) = 1, so by Proposition 3.2.2 we 

have that A is finitely generated as a k-algebra. Since P is a UFD, B* = k* and A 

is factorially closed in P , we have that A* = k* and A is a UFD by Lemma 2.1.18. 

It follows from Theorem 3.1.6 that A = kW. 

Let S = A \ {0}. From Corollary 2.3.8 we have that 5 _ 1 B = (S^A)® Now it 

is enough to show that each prime element p E A satisfies conditions (i) - (iii) of 

Lemma 3.2.1. 

Part (i) is clear by Lemma 2.1.18, since in a UFD prime is equivalent to irreducible. 
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It is also clear that pA C AnpB. For the reverse inclusion, let a E AnpB, o ^ O . 

Then a = pb for some b E B. Since A is factorially closed in P and a G A \ {0}, we 

must have b E A and therefore a G pA. 

Since k is algebraically closed and A = kM; we have A/pA = k is algebraically closed 

in B/pB. 

Thus P = A1! by Lemma 3.2.1, and P = k ^ . I 

3.3 Higher Dimension 

A few characterizations of k'3' are known, most notably Miyanishi's characterization 

in [29]. Here we will only mention the following, which is a corollary of a result due 

to Kaliman [19]: 

Theorem 3.3.1 Let B be an integral domain and a finitely generated C-algebra, and 

suppose that f is an element of B satisfying: 

(i) P / ( / - a) ^ C® for infinitely many a E C. 

Then the condition B = C'3' is equivalent to 

(ii) P / ( / - a) =* CM for all a E C. 

Note that, so far, none of the known characterizations of k'3' have made it possible 

to solve the Cancellation Problem in dimension 3. 

Essentially nothing is known about characterizations of k ^ when n > 3. In 2000, 

Kaliman and Zaidenberg showed that Miyanishi's characterization of k ^ (which ap­

peared in 1984) does not hold for k[nl for n > 3. In their proof [18], Kaliman and 

Zaidenberg gave an example of a C-algebra of dimension 4 which satisfies the condi­

tions of Miyanishi's characterization, but is not a polynomial ring in four variables 

over C. 



Chapter 4 

The Cancellation Problem in 

Dimensions One and Two 

First, let us state the Cancellation Problem (CP(n) ) over a field k of characteristic 

zero: 

Let A be a k-algebra such that A[1] = k [n+1]. Does it follow that A = k[n]? (4.0.1) 

This problem is open for n > 2. 

The purpose of this chapter is to present the solution to the Cancellation Problem 

in dimensions one and two. The Cancellation Problem in dimension one is based on 

the Generalized Liiroth Theorem and the characterization of the polynomial ring kM 

given in Theorem 3.1.6. In 1972, Abyankar, Heinzer and Eakin [1] obtained results 

which imply as a corollary that question (4.0.1) has an affirmative answer when 

n = 1. The Cancellation Problem in dimension two over a field of characteristic zero 

was solved by Fujita [16] using results from Miyanishi and Sugie [28], [31]. We present 

an adaptation of the more elementary method of Crachiola and Makar-Limanov [9]. 

We first present the case where k is algebraically closed (and of characteristic zero), 

using the characterization of k ^ given in Theorem 3.2.3 and properties of the Makar-

Limanov invariant; then we use Kambayashi's Theorem [20] to generalize the result to 
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all fields of characteristic zero. Note that the method used by Crachiola and Makar-

Limanov [9] is valid for fields of arbitrary characteristic. Originally, the arbitrary 

characteristic case was solved by Russell [38]. 

4.1 Formulations of the Cancellation Problem 

There are several well-known equivalent statements of the Cancellation Problem, 

some of which we state below. These equivalent statements are thoroughly discussed 

in [43], along with some of their generalizations. 

Let k be a field of characteristic zero. 

4.1.1. Slice Problem Let A = k [n+ l1 and let D E LND(A) have a slice. Is it true 

that AD = kW? 

Proposit ion 4.1.2 The Cancellation Problem is equivalent to the Slice Problem. 

Proof: Suppose the Cancellation Problem holds. Let A = kf-n+1^ and let D E 

LND(A) have a slice s E A. Then by Theorem 2.3.7, A = AD[s] = (AD)^ and by the 

Cancellation Problem, AD = k^. Conversely, suppose the Slice Problem holds. Let 

A be a k-algebra such that A[T] = k^n+1l The Aderivation D = ^ of A[T] is locally 

nilpotent and has a slice s — T. Since A[T]-° = A and the Slice Problem holds, we 

have that A = k K | 

Remark 4.1.3 The geometric equivalent of the Cancellation Problem is: Let n > 1 

and let V be an affine variety over k such that 7 x A ' = A"+ 1 as algebraic varieties. 

Does it follow that V = An as algebraic varieties? 
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4.2 The Cancellation Problem in Dimension One 

Let k be a field, and let k "̂̂  denote the field of fractions of k'n '. 

Theorem 4.2.1 (Generalized Liiroth Theorem) Let k C F C K be field exten­

sions where K = k ^ and trdegkF = 1. Then F = k(T) for some element T G K 

which is transcendental over k. 

For an elegant proof of the Generalized Liiroth Theorem see [34] or Chapter 1 of [30]. 

Theorem 4.2.2 (CP(1)) Let B be a k-algebra satisfying B^ = klm+1l for some 

wiGN. T/ ienP = kW. 

Proof: Let F = FracP. Then k C F C k(m+1> and trdegkF = 1 so by Theo­

rem 4.2.1 we have F = k ^ . Since P H = k[m+1l, it is clear by Proposition 1.4.4 that 

P is finitely generated as a k-algebra. P is a UFD and P* = k*. So by Theorem 3.1.5, 

P = kW. I 

4.3 The Cancellation Problem in Dimension Two 

For the following, see for instance Lemma 5.2 of [10]: 

Lemma 4.3.1 Let B be an integral domain of characteristic zero and letD E LND(P). 

If D(B) C aB for some a E B, then a G BD and D = aD' for some D' E LND(P). 

Proof: If D = 0, then D(B) C aB for all a E B. We have P C BD and D = aD. 

So suppose D ^ O and note that we must have a ^ O . Define D' : B —» P to be the 

unique set map such that D(x) = aD'(x) for all x E B. 

D' is a derivation of P : if f,g E B then 
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(i) aD'(f + g) = D(f + g) = D(f) + D(g) = aD'(f) + aD'(g) = a(D'(f) + D'(g)) 

so D'(f + g) = D'(f) + D'(g) 

(ii) aD'(fg) = D(fg) = fD(g) + D(f)g = faD'(g) + aD'(f)g = a(fD'(g) + D'(f)g) 

so D'(fg) = fD'(g) + D'(f)g. 

So D' E Der(P), and it is clear that BD = BD'. Since D E L N D ( P ) \ {0} there exists 

a preslice s of D. By definition, D(s) E BD \ {0} and D(s) = aD'(s). But BD is 

factorially closed in P (Corollary 2.1.21), so a E BD. 

Claim: Dn(x) = anD'n(x) for all x E B and all n E N. We prove by induction. Let 

x E B. If n = 0 or n = 1 it is clear. Suppose Dk(x) = akD'k(x) for some A; G N. 

Then Dk+1(x) = D(akD'k(x)) = aP'(a fcP / fc(x)) = afc+1P'fc+1(x). 

Thus, since D is locally nilpotent, P ' must be locally nilpotent. I 

The following proposition was known to Makar-Limanov in the mid 1990s, around 

the time of the introduction of the Makar-Limanov invariant. It is mentioned in [17] 

without proof. For a proof in the case k = C, see Lemma 2 in [3]. For the general 

case of a field of any characteristic, see Theorem 3.1 in [9]. 

Proposit ion 4.3.2 Suppose B is an integral domain and a finitely generated algebra 

over a field of characteristic zero. IfML(B) = B, then ML(P[T]) = P where B[T] = 

pw. 

Proof: By Lemma 2.7.6 we have ML(P[T]) C P . Suppose D E L N D ( P [ T ] ) \ {0}. 

We must show P C B[T]D. 

Give B[T] the standard Z-grading B[T] = 0 . G Z P [ T ] ; , where B[T]i = 0 if i < 0 and 

B[T]i = BT for i > 0. Let deg : B[T] -> Z U {-oo} be the degree function induced 

by the grading as defined in Definition 1.3.10. Since B[T] is a Z-graded finitely gen­

erated k-algebra, by Proposition 2.2.5 deg(P) exists and d = deg(P) G Z. 

Suppose d < 0. Let a G B[T]0 \ {0}. Then deg(D(a)) < deg(a) + deg(P) so 

deg(P(a)) < 0 + d < 0 and D(a) E B[T]0. Since B[T]0 = P , P ( P ) C P and we 
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can consider the derivation D' = D\B E L N D ( P ) . But P is rigid, so D' = 0 and 

P C B[T]D. 

Suppose d > 0. Since deg(P) exists, by Definition 2.5.3 we can consider the homoge­

nization D of D. By Proposition 2.5.7, D E L N D ( P [ T ] ) and by Proposition 2.5.5 

D is non-zero and homogeneous of degree d. Then for all i G N, D{B\T\/) C 

B[T]l+d = BTl+d C TdB[T\. So by Lemma 4.3.1, Td G B[T]5 and D = TdD' 

for some D' G L N D ( P [ T ] ) . Since d > 0 and £ [ T ] 5 is factorially closed in B[T] by 

Corollary 2.1.21, T G B[T]D. It is clear that D' is homogeneous of degree 0, so 

D'(B) C P and D' | f l G L N D ( P ) . But since P is rigid, D'\B = 0. Then P C B[T]5 

and T G B[T]D thus we must have D = 0, a contradiction. Thus we must have d < 0 

and ML(P[T]) = P . I 

Corollary 4.3.3 Let B be a k-algebra, where k is a field of characteristic zero. If 

B^ = k\n+1] for some n > 1, then B is not rigid. 

Proof: Suppose B[T] 2* k[Xu . . . , Xn+1] = k^n+1\ Then 

ML(P[T]) = ML(k[X 1 ; . . . ,Xn+1}) = k ^ P 

and by Proposition 4.3.2 ML(P) ^ P . I 

We can now present the solution to the Cancellation Problem in dimension two for 

an algebraically closed field of characteristic zero: 

Proposit ion 4.3.4 Let k be an algebraically closed field of characteristic zero. If B 

is a k-algebra satisfying PM = k'3], then B = k ^ . 

Proof: Since PW is a finitely generated k-algebra and a UFD with trivial units, 

so is P . Clearly. trdegk(P) = 2 and by Corollary 4.3.3 P is not rigid. Then by 

Theorem 3.2.3 P = k ^ . I 
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The following is a well-known result of Kambayashi: 

Theorem 4.3.5 (Theorem 3 in [20]) Let K/k be a separable field extension. If B 

is a k-algebra such that K (g)k P = K^, then B = k ^ . 

For the following, see for instance Proposition 1.5 in [23]: 

Proposition 4.3.6 Let A be a commutative ring with identity and let B be an A 

algebra. Then A™1 <g>A B = P w . 

Corollary 4.3.7 Let k be a field, k its algebraic closure and let B be a k-algebra. 

Then for all n G N: 

(i) kN ®k k = k H 

(ii) P ® k ( k W ) = p M ® k k 

Proof: 

(i) Apply Proposition 4.3.6 with A = k, P = k, 

(ii) Apply (i) and Proposition 4.3.6: 

P ®k ( k N ) = P ®k (kM 0k k) = (P ®k kH) ®k k = P [" ] ®k k 

I 

We can now strengthen Proposition 4.3.4 by dropping the condition that k is alge­

braically closed: 

Theorem 4.3.8 (CP(2) , [16]) Let k be a field of characteristic zero. If B is a 

k-algebra satisfying pM = k ^ , then B = k ^ . 
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Proof: Let k the algebraic closure of k and let P = P(g)kk. Since P is a k-algebra, 

B[1] = P 0 k kW by Proposition 4.3.6. Then 

P[1] = ( P ® k k ) ® k k W 

= JB<g>k(k<8>kkM) 

= P ®k k[1] by Corollary 4.3.7 (i) 

= P [1 ] <g)k k by Corollary 4.3.7 (ii) 

= k[3] ®k k 

= k[3] by Corollary 4.3.7 (i) 

[2] [2] 

Therefore, by Proposition 4.3.4 we have P = k , so P ®k k = k and by Kam-

bayashi's Theorem 4.3.5 P = k ^ . I 

%-



Chapter 5 

Russell's Cubic 

Throughout this chapter, let k be a field of characteristic zero, and let 

R = k[X, Y, Z, T}/(X + X2Y + Z2 + T3) = k[x, y, z, t], 

where k[X, Y, Z, T] is the polynomial ring in 4 variables over k and x, y, z, t are the 

images of X, Y, Z, T via the canonical epimorphism k[X, Y, Z, T] —> P. The k-algebra 

R was first defined in [37] and is known as Russell's cubic. Makar-Limanov proved 

in [25] that R ^ k® when k = C, while the arbitrary characteristic case was proved 

by Crachiola in [8]. 

We begin this chapter by presenting some properties of Russell's Cubic that 

demonstrate its similarity with k'3'. We review the Derksen invariant of a ring which 

was first defined by Derksen in his thesis [13]. Like the Makar-Limanov invariant, 

it is derived from the kernels of locally nilpotent derivations. Using this invariant, 

we show that R ^ k ^ and ML(P) ^ k following mainly the proof presented in [26] 

with some adjustments for rigour. Whether pM [s a polynomial ring in four variables 

over k is an open question, so Russell's Cubic is a potential counter-example to the 

Cancellation Problem in dimension three. We will see that the Derksen and Makar-

Limanov invariants do not differentiate PM and kW. 
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5.1 Propert ies of Russell's Cubic 

Definition 5.1.1 Let P be a finitely generated k-algebra, p a prime ideal of P The 

height of p, denoted ht(p), is the supremum of all n G N such that there exists a chain 

of distinct prime ideals po C pi C . . . C pn = p. The Krull dimension of P is defined 

as dim(P) = sup{ht(p) | p is a prime ideal of B}. 

The following is well known, see for instance Lemma 6.39 in [36]: 

Lemma 5.1.2 Let B be a UFD. 

(l) If p is an irreducible element of B then the principal ideal (p) is a prime ideal 

of height 1. 

(ii) Every height 1 prime ideal of B is a principal ideal generated by an irreducible 

element. 

For the following, see for instance Theorem 23 in [27]: 

Theorem 5.1.3 Let B be a finitely generated k-algebra which is also an integral 

domain. Then dim(P) = trdegk(P) and for any prime ideal p of B, dim(P) = 

dim(P/p) + ht(p). 

Proposit ion 5.1.4 (i) R is an integral domain 

(ii) dim R = 3 

(iii) FracP = k(3) 

Proof: 

(i) This is because X+X2Y+Z2+T3 is irreducible, hence prime since k[X, Y, Z, T] 

is a UFD. 
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(ii) By Lemma 5.1.2 and Theorem 5.1.3, dim(P) = dim{k[X, Y,Z,T]) - ht(X + 

X2Y + Z2 + T3) = 4 - 1 = 3. 

(iii) We know by Theorem 5.1.3 that trdegk(FracP) = dim(P) = 3. We have 

FracP = k(x,y,z, t), but y = x~2(—x — z2 — t3) so FracP = k(x,z,t) = k(3>. 

I 

Lemma 5.1.5 Rx = k[x]x[z,t] is a localization of a polynomial ring in 3 variables. 

Proof: Note Rx = k[x, y, z, t]x C k(x, y, z, t). In Rx, we can write y = ~z ~\ ~x so 

Rx = k[x, z, t]x. We know x, z, t are algebraically independent because trdegk(P) = 3. 

I 

The following is well known, see for instance Theorem 7.53 in [35]: 

Lemma 5.1.6 If B is a UFD and S C P a multiplicatively closed set, then S~1B is 

a UFD. 

Lemma 5.1.7 Let B be an integral domain and let q±,..., qn E B be prime elements. 

If Qi"'" Qn | xy for some x,y E B, then there exist subproducts Q\,Q2 ofq\- • • qn such 

that Qi | x, Qi | y and <ji • • • g« = Q\Q2-

Proof: We prove this by induction. If n = 1 it is clear. Let n E N, n > 2 and 

suppose the lemma holds for any prime elements q\,..., gn_i G P . Let qn E B be a 

prime element, and let x, y E B be such that q\- • • qn \ xy. Since qn \ xy, we must 

have that qn \ x or qn \ y. WLOG, suppose qn \ x. Then q\- • • qn-i \ —y and we 
Qn 

can apply the inductive hypothesis: there exist subproducts Q[, Q'2 of q\ • • • qn-\ such 

that q\ • • -qn-i = Q[Q2 and Q[ | ^ , Q2 | y. Let Q1 = Q[qn and Q2 = Q2. Then 

Pi •' • Qn | Q1Q2 where Qi \ x and Q2 \ y and we are done. I 
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Lemma 5.1.8 (Nagata) Let B be an integral domain and S a multiplicatively closed 

subset of B generated by prime elements of B. Then B is a UFD if and only if B 

satisfies the ascending chain condition on principal ideals (ACCP) and S~lB is a 

UFD. 

Proof: The forward implication follows from Lemma 5.1.6. For the converse, it is 

enough to show every irreducible element of P is prime. Let p E B be irreducible. We 

will first show that p is irreducible or a unit in S~1B. Write p = j - - ^- where ai, b\ E P , 

Si,ti E S, so we must show ^ or j - is a unit in S~1B. Write stfi = uq\ • • - qr where 

r > 0, u E B* and q\,... ,qr E S are prime elements of P . Then puqx • • • qr = axbi in 

P . 

If r = 0, then q\ • • • qr = 1 and si^i = u. So p = u~1aib\ and s\,t\ E B*. Since p is 

irreducible in P , we must have that a\ or bi is a unit. Then either ^ or f1 is a unit 

in P , hence in S^1B, and therefore p is irreducible or a unit in S~1B. 

If r > 0, then by Lemma 5.1.7 there exist subproducts Q\,Q2 of q\ • • • qr such that 

?i • • • Qr = Q1Q2 and Qx \ ax. Q2 \ bx. So p = u'1^^ where u G B ' . ^ | e P . 

Since p is irreducible, we must have that either ^ - or ^- is a unit in P . WLOG, 

suppose ^7- is a unit in P . Then ^- is a unit in S~lB and it follows that j - is a unit 

in S r _ 1P, because Qi G S. Thus, p is either irreducible or a unit in S~XB. 

If p is a unit in S~1B, then there exists some j E 5~ 1 P (w E B, s E S) such that 

Pj = 1. So pw = s in P . Write s = u'q[ • • • q'n where n > 0, u' E B* and g'1;... q'n E S 

are prime elements of P . So pwu'~l = q[ • • • q'n in P . 

If there exists an 1 such that q[ \ p, then q[ and p are associates and therefore p is a 

prime element of P . 

If not, then q[ • • • q'n \ w and p is a unit in P , which is absurd. 

So if p is a unit of S~1B, it is a prime element of P . 

If p is an irreducible element of S~lB, then p is prime in S~XB since S~lB is a UFD. 
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Suppose p | oh in P . We must show that p \ a or p \ b in P . Since p | ab in 5 _ 1 P , 

it follows that p | a or p | b in S r _ 1P. WLOG, suppose p | a. Then a = p- for some 

c E B, s E S. Write s = u'q[ • • • q'n where n > 0, u' E B* and q[,... q'n E S are prime 

elements of P . Then pc = au'q[ • • • q'n in P . 

If there exists an i such that q[ \ p, then g£ and p are associates and therefore p is a 

prime element of P . 

If not, s | c and therefore f G P . It follows that p | a in P , p is a prime element of P 

and therefore P is a UFD. I 

Proposit ion 5.1.9 R is a UFD. 

Proof: Since P is finitely generated as a k-algebra, P satisfies ACCP. By Lemma 

5.1.8 it is enough to show that x is a prime element of P and that Rx is a UFD. 

The latter is clear from Lemma 5.1.5 and Lemma 5.1.6. We will show R/xR is an 

integral domain. Notice that R/xR = k[X,Y, Z,T]/(X,X + X2Y + Z2 + T3) and 

(X, X + X2Y + Z2 + T3) = (X, Z2 + T3). Then R/xR ^ k[Y, Z, T]/(Z2 + T3). Since 

k[Y, Z, T] is a UFD and Z2 + T 3 is irreducible (hence prime), k[Y, Z, T]/(Z2 + T3) is 

an integral domain. It follows that x G R is prime. I 

Lemma 5.1.10 Let A C P be integral domains and let x E ^4\{0}. If xBC\A = xA, 

then Ax n P = A (where the last intersection is taken in Frac(B)). 

Proof: It is clear that A C Ax n P . Let b E B D Ax. Write b = -^ where a G A 

and n G N is minimal. Suppose n > 0. Then a = xn6 in P and a G x P n 4̂ = xA. 

So there exists a! E A such that a = xa'. Then 6 = -2- = -2—. contradicting the 

assumption that n is minimal. So n = 0 and b E A I 
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In [26], Makar-Limanov defined the following two k-derivations of k[X, Y, Z,T]: 

Dl:k[X,Y,Z,T]^k[X,Y,Z,T} (5.1.1) 

X^O 

Y^3T2 

Z^O 

T^-X2 

and 

D2 : k[X, Y, Z, T] - k[X, Y, Z, T] (5.1.2) 

X^O 

Y^2Z 

Z^-X2 

T^O 

Note that these are 7-triangular where 7 = (X,Z,T,Y), hence locally nilpotent by 

Proposition 2.4.5. Since DX{X + X2Y + Z2 + T3) = P 2 ( X + X2Y + Z2 + T3) = 0, 

we have induced locally nilpotent derivations P i and Di on R by Proposition 2.1.8. 

Our goal is to show ML(P) = k[x]. We begin with the easy inclusion ML(P) C k[x] 

and later (Corollary 5.3.14) we will show the reverse. 

Proposit ion 5.1.11 ML(P) C k[x] 

Proof: Since ML(P) = C\DELND(R) BD•> ^ ls e n o u g h to find two locally nilpotent 

derivations P i , D2 of R such that RDl D RD2 C k[x]. Let P i , D2 be the derivations 

on R induced by (5.1.1) and (5.1.2) respectively. We will show RDl = k[x,z] and 

note that the same method can be used to show R°2 = k[x,t]. Let Ax = RDl. 

Since x E Ax we have P i x G L N D ( P X ) and P f l x = (Ai)x by Corollary 2.1.10. Write 

Alx = Pf1* and write E = k[x]x, so Rx = E[z,t] = P [2 ] . Then E[z] C Alx C 
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E[z,t]. By Corollary 2.3.8, the transcendence degree of E[z, t] over A\x is 1. Since 

the transcendence degree of E[z,t] over E[z] is also 1 and E[z] is algebraically closed 

in P[z,i] we must have AXx = E[z\. Since the following diagram commutes: 

E[z,t]-^E[z,t] 

we have RDl = R n E[z, t]Dlx, that is, Ax = RC\ AXx. 

Let S = k[x,z]. If we can show xR D S = xS, then by Lemma 5.1.10 we have 

S = Sx D P . Since 5X = A x , it follows that Ax = S, that is, P D l = k[x,z]. It 

is clear that xS C x P D 5 so suppose / G x P n S. Write f = xr for some r E R 

and let G G k[X, y, Z, T] be such that TT(G) = r where TT : k[X, Y, Z,T] -» R is the 

canonical epimorphism. Also consider F(X, Z) E k[X, Z] such that ir(F) = f. Then 

F(X, Z) - XG{X, Y, Z, T)E{X + X2Y + Z2 + T3) and F(X, Z) G (X, X + X2Y + 

Z2+T3) = (X, Z2 + T3). Write F{X, Z) = XH + {Z2 + T3)L for H,LE k[X, Y, Z,T\. 

Since the degree of F with respect to T is 0 and P(0, Z) = {Z2 + T3)P(0, Y, Z, T) we 

must have 1,(0, Y, Z, T) = 0. But this means P(0, Z) = 0, i.e. X \ F in k[X, Z] so 

/ G xS. Thus xR fl 5 = xS" as required. 

Similarly, P ^ 2 = k[x,t] and finally ML(P) C P B l n P S l = k[x,z] n k[x,t] = k[x], 

where the intersection is taken in k[x, z, t] = k'3]. I 

Corollary 5.1.12 R* = k* 

Proof: By Lemma 2.7.2, R* = ML(P)* and by Proposition 5.1.11 ML(P)* C 

k[x]* = k*. Since k* C P*, we have equality. I 
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5.2 The Derksen Invariant 

In his Ph.D. thesis [13], Derksen introduced the following ring invariant: 

Definition 5.2.1 The Derksen invariant of a ring P , denoted T>(B), is the subring 

of P generated by \JDeS BD where 2) = {D E L N D ( P ) | D ^ 0}. 

Remark 5.2.2 If P = k[Xx,...,Xn] = k ^ and n > 2, then X{ E V{B) for all 

1 < i < n and k C V(B), so V(B) = B. If P = k ^ , then V(B) = k. 

We continue to consider Russell's Cubic: 

P = k[X, Y, Z, T]/(X + X2Y + Z2 + T3) = k[x, y, z, t}. 

Our goal is to show T>(R) = k[x, z,t] . We begin with the easy inclusion k[x, z, t] C 

D(R) and later (Theorem 5.3.12) we will show the reverse. 

Proposit ion 5.2.3 k[x,z,t] C V(R). 

Proof: Recall DX,D2 E LND(k[X,F, Z,T\) \ {0} as defined in (5.1.1) and (5.1.2): 

P i : k[X, Y, Z, T] -» k[X, Y, Z, T] 

X ^0 

Y ^3T2 

Z^O 

T^ -X2 

and 

D2 : k[X, Y, Z, T] -> k[X, Y, Z, T] 

I H O 

Y ^2Z 
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Z^-X2 

r^o 

These derivations induce non-zero locally nilpotent derivations DX,D2 E LND(P)\{0}. 

In Proposition 5.1.11 we showed RDl = k[x, z] and R°2 = k[x,t], so we must have 

k[x,z,t] QV(R). I 

5.3 Russell's Cubic is not k@ 

We show that the Derksen invariant of Russell's Cubic P is not equal to P and in 

particular, P is not a polynomial ring in three variables over k. This was first proved 

by Makar-Limanov in [25] with k = C, and he refined his argument in [26]. Other 

proofs appeared, among which is the one given by Freudenburg in [15] (Theorem 9.6, 

page 201). 

Our approach is based on Makar-Limanov's method in [26], with some ideas borrowed 

from Freudenburg's proof in [15]. There are some concerns with each of these proofs, 

as we shall now explain, and writing this section required us to resolve these issues. 

One of the main results of [26] is Lemma 5, which shows that RD C C[x, z, t] for any 

D E L N D ( P ) \ {0}. Consider the first two sentences of the proof of this lemma: 

Let G = Z x Z which is ordered lexicographically. Define a degree function 

on P into G by deg(x) = (—1,6), deg(y) = (2, —6), deg(z) = (0,3), and 

deg(t) = (0,2). 

The problem here is that one cannot define a degree function by giving its values 

on the generators. Indeed, Remark 1.3.13 gives an example of two Z-valued degree 

functions on C[X, Y] which agree on the generators X and Y and map every element 

of C* to zero. In Setup 5.3.2, below, we give the correct procedure for defining the 
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desired degree function on P . 

The following sentence in the proof is an unsupported claim: 

The corresponding graded ring Gr(P) is isomorphic to 

C[x,y,z,t]/(x2y + z2 + t3). 

Our proof of this assertion is given in Lemma 5.3.4 - Corollary 5.3.6, and is an 

elaboration of the argument given in [15], page 202. 

The next line in the proof is the claim (in a different notation) that deg(P) is defined 

for every D E L N D ( P ) . While this is true, the reasoning given in [26] is flawed: on 

the preceding page, one finds the assertion that if A is a finitely generated C-algebra, 

then deg(P) is defined for any D E LND(A) and any degree function "deg"' on A. 

This is not correct, as [11] gives an example of a degree function deg : C[X, Y, Z] —> 

Nu{—oo} with respect to which deg ( ^ ) is not defined. In our proof that T>(R) ^ R 

(Proposition 5.3.10, below), we use Lemma 2.2.4 and Proposition 2.2.5 to show that 

deg(P) is indeed defined for every D G LND(P). 

There are also some concerns with the proof given in [15], though to a lesser extent. 

The author begins by defining a Z-valued degree function on k[x]x[z, t] by stipulating 

its values on x, z, t. The restriction of this degree function to R determines a proper 

Z-filtration {Rt}iez on P and an associated graded algebra Gr(P) = ® j £ Z P 4 / P l _ i . 

He shows Gr(P) = k[gr(x),gr(y),gr(z),gr(t)] and defines a Z-valued degree function 

on Gr(P) by assigning values on the generators gr(x), gr(y), gr(z), gr(t). We have 

already mentioned that a degree function cannot be defined by simply giving its values 

on the generators. The author claims this degree function induces a second grading 

Gr(P) = 0 l G Z St. However, as we show in Remark 1.3.12, distinct gradings on a ring 

S may determine the same degree function on S, so giving a degree function on S 

does not induce a grading on S. 

The question as to whether gr(P) is defined for every D E L N D ( P ) seems to have 

been overlooked: the author makes use of Principle 15 (page 30) without checking 
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that its hypothesis is satisfied, i.e. if deg(P) is defined. 

Further in the proof, he implicitly uses a critical lemma without reference. We are 

in the situation where we have a D E L N D ( P ) , its associated homogeneous derivation 

gr(P) G LND(Gr(P)) and the homogenization gr(P) of gr(P) with respect to the 

second Z-grading on Gr(P). He claims that Gr(P)gr(-°) is generated by elements 

which are homogeneous with respect to both Z-gradings. The missing step involves 

showing that Gr(P) = ® - J)EZXZ (•% ^ Rj/Rj-i) a n ^ aPPlymg Lemma 2.5.11. 

We begin the proof that P ^ k'3l with a useful lemma: 

Lemma 5.3.1 (Lemma 9.3 of [15], Lemma 2 of [26]) Let m, n E N, m, n > 1. 

Let B be a finitely generated k-algebra which is also an integral domain, D G L N D ( P ) \ 

{0}. / / P ( c i a m + c2b
n) = 0, where a,b E B, cx,c2 E BD \ {0} and cxa

m + c2b
n ^ 0, 

then D(a) = D(b) = 0. 

Proof: If one of a, b belongs to BD, say a E BD then 0 = D(cxa
m + c2b

n) = 

nc2b
n-lD(b), so D(b) = 0. Suppose a,b $ BD. By Corollary 2.5.11, S~lB = 

Frac(A)[T] = (¥rac{A))^ where A = BD and S = A \ {0}. Consider a, b as elements 

of Frac(A)[T]. Then a and b must be relatively prime non-constant polynomials, 

otherwise Ciam + c2b
n £ Frac(A)*. Since CiOm + c2b

n E Frac(^4) we must have 0 = 

atda^+eah") = m C i Q m - l ^ + ^ ^ n - 1 ^ T h e n fl|^ & n d ft|^ & n d fo^ < fe^ _ ^ 

degTb < degTa — 1 where deg r is the standard T-degree, contradiction. I 

Setup 5.3.2 Recall from Lemma 5.1.5 that Rx = k[x]x[z,t] is a localization of a 

polynomial ring in three variables and note that B = {xlzHk\i E Z, j,k G N} is a 

basis of Rx as a k-vector space. Let G = Z x Z, where G is totally ordered by the 

lexicographic order. Define a map 

deg : B -> G 
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X h-> ( — 1 , 6 ) 

z ^ (0,3) 

t i-> (0, 2) 

xlz3tk i-> ideg(x) + jdeg(z) + kdeg(t) 

and define a G-grading P x = ®„ G G S9 by letting S^ be the k-span of the monomials 

xlz3tk E B oi degree g. Then the grading and the ordering determine a degree function 

on Rx by Definition 1.3.10: 

deg : Rx -» G U {-oo} (5.3.1) 

This degree function restricts to a degree function on R: 

deg : P -> G U {-oo} (5.3.2) 

which, by Remark 1.2.5, induces a proper G-filtration {Rg}geG of P . where 

P a = {/ G P | deg(/) < g} . 

By Definition 1.3.15, this filtration determines an associated graded ring Gr(P) = 

©oeG-^s/^s" w n e r e Rg- = [Jh<gPh- Note that since {Rg}g(zG is a proper filtration, 

it follows from Remark 1.3.16 that Gr(P) is an integral domain. 

We will later show that Gr(P) is generated by the elements gr(x),gr(y),gr(z) and 

gr(*)-

First note that there is a natural way to embed Gr(P) in Rx: Since the degree 

function (5.3.2) is a restriction of (5.3.1), it follows that for each g E G, Rg C Sg and 

Rg fl Sg- = Rg-. Thus we have an injection Rg/Rg- <—> Sg/Sg- for each g E G, hence 

Gr(P) <- Gr(P x) . 

Recall that since Rx is a graded ring, we can identify Gr(Rx) and Rx by Remark 1.3.17. 

Define the embedding n : Gr(P) —» Rx as the composition Gr(P) c—> Gr(Px) = Rx 
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and consider the following commutative diagram: 

P - P.T 

gr 

(5.3.3) 

Gv(R)^^Rx 

where i : P —> Rx is the inclusion map and given an element / G Rx, 9(f) is 

the highest homogeneous component of / . From (5.3.3) we know the images of 

gr(x),gr(y),gr(z) and gr(t) under p, are: 

(5.3.4) (x: Gr(P) - Rx 

gr(x) H-> x 

-t3 -
&(y) i ' x2 

gr(z) i-> z 

gr(t) >- t. 

z2 

Since p, is injective, we must have 

gr(x)2gr(y) + gr(z)2 + gr(t)3 = 0 

in Gr(P). Note that 

deg(gr(x)) = (-1,6) 

deg(gr(y)) = (2 , -6 ) 

deg(gr(z)) = (0,3) 

deg(gr(*)) = (0,2). 

We will leave the notations of Setup 5.3.2 in effect until Setup 5.3.13. 

Lemma 5.3.3 Let u,v,w be distinct elements of {x,y,z,t}. Then the elements 

gr(u),gr(v),gv(w) ofGr(R) are algebraically independent over k. Moreover, consider 
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the G-grading of the polynomial ring k[U, V, W] obtained by stipulating that the vari­

ables U,V,W are homogeneous of degrees deg(u),deg(i>),deg(u;) respectively. Then, 

for any P{U, V, W) E k[U, V, W], the following hold: 

(i) deg(P(u, v, w)) = deg(P(P, V, W)), 

(ii) gv(P(u,v,w)) = P(gr(u),gr(v),gr(w)), where P is the highest homogeneous 

component of P in the graded ring k[U, V, W]. 

Proof: Since Gr(P) -̂> Rx C k(x,z,t) and trdegk(k(x, z, t)) = 3, to show alge­

braic independence of gr(u),gr(v),gr(w), it is enough to note that the field extension 

k(x, z, t)/k(u, v, w) is algebraic when u, v, w are distinct elements of {x, ~l 1Z , z, i). 

The assertions (i) and (ii) follow from the algebraic independence of gr(u), gr(i>), gr(w). 

I 

Lemma 5.3.4 ^4ny element r E R can be written in the form 

r = p(x, z,t) + y v(y, z, t) + xy • w(y, z, t) . 

Moreover, the following hold: 

(i) Ifp(x,z,t) 7̂  0, then deg(p(x, z, t)) = (ip,jp) is such that ip < 0. 

(ii) If v(y,z,t) ^ 0, then deg(y • v(y,z,t)) = (iv,jv) is such that iv > 0 is even. 

(iii) / / w(y, z, t) ^ 0, then deg(xy • w(y, z,t)) = (iw,jw) is such that iw > 0 is odd. 

Proof: Let N2 be well-ordered by the lexicographic order and define a map 

5 : k[X, Y, Z, T] -»• N2 
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as follows: Given F G k[X,Y,Z,T], write F = £ t J cl3X
lYJ with cl3 E k[Z,T] and 

let SF = {(i,j) G N2 | cl3 ^ 0 and i < 2j}. Set 

5(F) = ^ 
maxSV, if Sp ^ 0; 

(0,0), i f S F = 0. 

Let r E R. Let ir : k[X, Y, Z, T] —> R be the canonical epimorphism and pick 

F E 7r_1(r). We claim: 

If (a,b) = S(F) satisfies a > 1, then there exists F' E 7r_1(r) such (5.3.5) 

that 5{F') < 6(F). 

Indeed, suppose that a > 1 and write a = 2n + e where n E N and e G {0,1}. Note 

that 1 < n < 6 because a < 26 by definition of 5(F). Consider the term cab(Z, T)XaYb 

oi F and evaluate at z, t, x, y, using the abbreviation c = ca(,(z, t): 

cab(z,t)xayb = cxeyb-n(x2y)n 

= cx e y 6 - n ( -x - z2 - t 3 ) n 

= c f - i r ^ u 6 " " I V ^ - xklz2k2t3kA 

= c(- l ) n a; e y 6 - n ( J ^ c,xl J where ct E k[t, z] 

n 

= ^(-irC C jx
e +y 

, i = 0 

= G(z,y,z,£) 

where G G k[X,F ,Z ,T] is such that 6(G) < (a,b). Thus, the polynomial F' = 

F - cab(Z,T)XaYb + G also belongs to 7r_1(r) and satisfies £(F') < 5(F), proving 

(5.3.5). It follows that the least element (a,j3) of {5(F)\F G 7r_1(r)} satisfies a < 1. 

Consequently, r can be written as: 

i>2] ]>l 3>1 
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where c%3 E k\z,i\ for all i,j. 

Note that 

^2cl3xY = J2cvxl~2j(x2y)J 

i>2j i>2] 

= ^ c y x J - 2 j ( - x - z 2 - t 3 ) J Ek[x,z,t}. 
i>23 

So r = p(x, z, t)+yv(y, z, t)+xy-w(y, z, *), where p(x, z, t) = £ , > 2 j ^ V , v(Vi z,l) = 

J2 3>xco3y
:>~~1 and w(y,z,t) = 5Zj>i cijyjl- It remains to show assertions (i) - (iii): 

(i) Suppose that p(x,z,t) ^ 0 and let deg(p(z,z,£)) = (ip,jp). Note that (ip,Jp) = 

max"=1{deg(p,)} where p(x,z,t) = E"= 1p» and px,...,pn are monomials in 

x,z,t. Let p m G {Pi|l < i < n} be such that deg(pm) = max"=1{deg(p,)} and 

write pm = axkxzkztkt where a E k* and kx,kz,kt G N. Then 

(ip,jp) = kxdeg(x) + kzdeg(z) + ktdeg(t) 

= kx(-l,6) + kz(0,3) + kt(0,2) 

= (-kx, 6kx + 3kz + 3kt) 

and ip = —fcx < 0. 

(ii) Suppose that v(y,z,t) 7̂  0 and let deg(y • v(y,z,t)) = (iv,jv). Note that 

(iv,jv) = max"=1{deg(y • v%)} where v(y,z,t) = Y^=ivi a n d vx,...,vn are 

monomials in y,z,t. Let vm G {w2|l < i < n} be such that deg(y • vm) = 

max"=1{deg(y • vz)} and write vm = aykyzkztkt where a E k* and ky, kz, kt G N. 

Then 

(iv,jv) = (ky + l)deg(y) + kzdeg(z) + ktdeg(t) 

= (ky + 1)(2, - 6 ) + kz(0,3) + kt(0, 2) 

= (2ky + 2, -6ky + 3kz + 3kt - 6) 

and iv = 2ky + 2 > 0 is even. 
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(iii) Suppose that w(y,z,t) ^ 0 and let deg(xy • w(y,z,t)) = (iw,jw). Note that 

(iw,Jw) = max"=1{deg(xy • wl)} where w(y,z,t) = ]T™=1 wz and wx,...,wn are 

monomials in y,z,t. Let wm E {w^l < i < n} be such that deg(xy • wm) = 

max"= 1{deg(xy-^)} and write wm = aykyzkztkt where a E k* and ky, kz, kt E N. 

Then 

(iw,jw) = deg(x) + (ky + l)deg(y) + kzdeg(z) 4- ktdeg(t) 

= ( -1 ,6) + (ky + 1)(2, - 6 ) + kz(0,3) + kt(0,2) 

= (2ky + 1, -6ky + 3kz + 3kt) 

and iw = 2ky + 1 > 0 is odd. 

I 

Corol la ry 5.3.5 Gr(P) = k[gr(x),gr(y),gr(z),gr(£)]. 

Proof: It is clear that k[gr(x),gr(y),gr(z),gr(t)] C Gr(P). Let r G P. By 

Lemma 5.3.4, we can write r = p(x,z,t) + y-v(y, z,t) + xy-w(y,z,t) where p(x, z, t) E 

k[x, z,t] and v(y,z,t),w(y,z,t) E k[y, z,t]. We also know that the non-zero ele­

ments of the set {p(x, z,t),y • v(y, z, t),xy • w(y, z, t)} have distinct degrees. In any 

case, gr(r) G {gr(p(x, z, t)),gr(y • v(y, z, t)), gr(xy • w(y, z, t))}. By Lemma 5.3.3 (ii), 

gr(p(x,z,t)) = p(gr(x),gr(z),gr(t)). gr(y • v(y, z,t)) = gr(y) • v(gr(y),gr(z),gr(t)) 

and gr(xy • w(y,z,t)) = gr(x) • gr(y) • w(gr(y),gr(z),gr(t)), where p,v,w denote the 

highest deg-homogeneous terms of p, v and w respectively. Consequently, gr(r) G 

k[gr(x),gr(y),gr(z),gr(£)] and Gr(P) = k[gr(x),gr(y),gr(z),gr(£)]. I 

Coro l la ry 5.3.6 The k-algebra homomorphism <p : k[X, Y, Z, T] —> Gr(P) defined 
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by 

X*-+gr(x), F ^ g r ( y ) , Z i-> gr(z), T i-> gr(i) 

is surjective, and ker(<^) = (X2Y + Z2 + T3) . Consequently, 

Gr(R) 9* k[X, Y~, Z, T ] / ( X 2 y + Z2 + T3). 

Proof: Note that gr(x)2gr(y) + gr(z)2 + gr(t)3 = 0 in Gr(P). Let / = (X2Y + Z2+ 

T3). Then <p(X2Y + Z2 + T3) = gr(x)2gr(y) + gr(t)3 + gr(z)2 = 0 and thus / C kerip. 

By Lemma 5.3.3, gr(x),gr(z) and gr(t) are algebraically independent in Gr(P). Thus 

we have trdegk(Gr(P)) > 3, so 

ht(ker^) = t rdeg k (k [X,F ,Z ,T] ) - trdegk(Im(^)) < 1. 

But / C ker<£, I is prime and ht(J) = 1, so we must have I = kertp. It follows from 

Corollary 5.3.5 that ip is surjective, so Gr(P) 9* k[X, Y, Z, T]/(X2Y + Z2 + T3). I 

Corollary 5.3.7 Let h E R\ {0} and deg(h) = (i,j). Then the following hold. 

(i) h £ k[x, z, t] if and only ifi>0, 

(n) if hi k[x,z,t], then gv(h) (£ k[gr(x),gr(z),gr(t)]. 

Proof: If h G k[x, z, t] then, by Lemma 5.3.3, deg(h) = deg(M) for some monomial 

M occurring in h Write M = axkxzkztkt where a E k* and kx, kz, kt G N. Now 

deg(M) = £;x(- l ,6) + £;2(0,3) + £;t(0,2) = (-kx,6kx + 3kz + 2kt). so deg(h) = (i,j) 

where i = —kx < 0. Thus i > 0 implies h £ k[x, z, t\. 

Conversely, assume that h ^ k[x, z, t]. By Lemma 5.3.4, we can write 

h = p(x,z,t) + y- v(y,z,t) + xy • w(y,z,t) 
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where p(x, z, t) E k[x, z, t] and v(y, z, t),w(y, z, t) E k[y, z, t], and where v(y, z, t) ^ 0 

or w(y,z,t) ^ 0. Since deg(p(x,z,t)) < max{deg(y • v(y, z,t)),deg(xy • w(y,z,t))} 

and deg(y • v(y,z,t)) ^ dcg(xy • w(y,z,t)), we must have (i,j) = max{deg(y • 

v(y, z,t)),deg(xy • w(y,z,t))} and i > 0 by Lemma 5.3.4 (ii) and (iii). Note that 

gr(h) E {gr(y-v(y, z,t)),gr(xy-w(y, z,t))} and deg(gr(h)) = (i,j). Since deg(gr(a;)) = 

( -1 ,6) , deg(gr(z)) = (0,3) and deg(gr(t)) = (0,2), any g E k[gr(x),gr(z),gr(i)] \ {0} 

where deg(y) = (ig,Jg) is such that ig < 0. Thus gr(h) ^ k[gr(x),gr(z),gr(t)]. I 

Lemma 5.3.8 Assume that k is algebraically closed. Any non-zero homogeneous 

element of Gr(P) can be written as Agr(xaybzctd) YlieI (gr(z)2 4- ̂ gr( i ) 3 ) for some 

A G k*; \i% E k \ {0,1}, a, 6, c, d E N and some finite set I. 

Proof: Let S = {gr(x)lgr(y)Jgr(z)fcgr(i)'|z, j , k, I G N} and note that S is a multi­

plicative subset of Gr(P). Since each element of 5* is homogeneous, it follows from 

Lemma 1.3.14 that the localization S'_1Gr(P) is a G-graded integral domain. 

Consider the subset S' = {gr(x)lgr(y)Jgr(z)kgr(t)l\i,j,k,l G Z} of 5'"1Gr(P), and 

the elements M = gr(z)2gr(t)~3 and N = gr(x)2gr(y)gr(z)~2 of S' and note that 

N = — 1 — M _ 1 . It can be verified that < I 2 I J ( -2 ) f is a basis of the kernel of 

the Z-linear map Z4 —> Z2, I 3
k j H-• (~6 -6 3 2) ( l /! consequently, any element of 

degree (0,0) in S' is of the form MaNh for some a, b E Z. 

Let / G Gr(P) \ {0} be a homogeneous element. By Corollary 5.3.5, we have that 

Gr(P) = k[gr(x),gr(y),gr(z),gr(t)] so we may write / = a iMi + . . . + asMs where 

at E k*, Mj G S for all i and Mx,... Ms are all of the same degree. Then for all i, 

H- G S' has degree (0,0), so we can write ^ = Ma*Nb' for some at,bt E Z; thus 

Mt = MxM
a*Nb*. Then 

/ = axMx + a2MxM
a2Nb2 + ... + asMxM

a"Nbs 
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= Mx (ax + a2M
a2(-l - M^f2 + ... + asM

a'(-l - M~l)b*) 

and we can write / = MxM
eP(M) where e G Z and P(W) E k[W] is a polynomial 

with non-zero constant term. Then for some n G N. A G k* and pt E k* for all 

1 < i < n we have: 

n 

/ = AMiMeJ](M4-/iz) 
i = i 

= A(gr(t)-3"MiMe) (gr(t)3n f[(M + p,) j 
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= A(gr(i)"3"MiMe) J ] (gr(z)2 4- ^gr(*)3) • 
i = i 

Now rewrite gr(t)_3nMiMe = gr(x)agr(y)6gr(z)cgr(t)d where a, b,c,d E Z. By replac­

ing gr(z)2 4- gr(t)3 by —gr(x)2gr(y) we may assume p% ^ 1 for all i. Thus 

n 

f = Xgr(xrgr(y)bgr(z)cgr(t)dH(gv(z)2 + plgr(t)3) 
i = i 

where A G k*, p,t E k \ {0,1} and a, b,c,d E Z. 

It remains to show a, b,c,d> 0. First, we note that the principal ideals 

(gr(x)), (gr(y)), (gr(z)), (gr(t)> 

are prime ideals of Gr(P). Indeed, (gr(x)) is prime because 

Gr(fl)/(gr(x)> ^ k[X, Y, Z, T\/{X, X2Y + Z2 + T3} ^ k[Y, Z, T]/(Z2 + T3), 

is an integral domain. The other ideals are prime by a similar argument. Next, we 

claim: 

If u E {gr(x), gr(y), gr(z), gr(i)} and (5.3.6) 

v E {gr(x), gr(y), gr(z), gr(t), gr(z)2 4- pgr(t)3}\{u} where p E k\{0,1}, 

then v ^ (u). 
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We will show that none of gr(y), gr(z), gr(t), gr(z)24-gr(i)3 belong to (gr(x)) and leave 

the other cases to the reader. 

By Corollary 5.3.6 we know 

Gr(P) ^ k[X, y, Z, T]/(X2Y + Z2 4- T3). 

So if one of gr(y),gr(z),gr(t),gr(z)2 4- pgr(t)3 belongs to (gr(x)) then one of the 

polynomials Y, Z, T, Z2 + \iT3 belongs to the ideal (X, X2Y 4- Z2 4-T3) of k[X, Y, Z, T] 

and this is not the case. The other cases of (5.3.6) are proved similarly. 

Consider the equality: 

gr(x)l a lgr(y)IV(z)Hgr( t) l d l /= 
n 

A g r ( x ) a + | a | g r ( y ) 6+| f e | g r ( z ) c + | c | g r ( t ) d + | d | J J ( g r ( z ) 2 + M . g r ( i ) 3 ) _ ( 5 - 3 7 ) 

i = l 

If a < 0 (resp. b < 0, c < 0,d < 0) then the left hand side of (5.3.7) belongs to 

(gr(x)} (resp. (gr(y)), (gr(z)), (gr(£))), while the right hand side does not, by (5.3.6). 

So a, b, c, d E N and we are done. I 

Lemma 5.3.9 Assume thatk is algebraically closed. If D E LND(Gr(P)) is non-zero 

and homogeneous, then Gr(R)D E {k[gr(x),gr(z)],k[gr(x),gr(t)]}. 

Proof: By Corollary 5.3.6, we know Gr(P) ^ k[X, Y, Z, T}/(X2Y + Z2 + T3) , so 

trdegkGr(P) i 3 = 2. Recall that Gr(R)D is generated by homogeneous elements by 

Lemma 2.5.10. Choose two algebraically independent homogeneous elements f,g E 

Gr(R)D. By Lemma 5.3.8, we can write: 

/ = A / g r (xVz c * d ) [ J (gr(*)2 + ^(t)3) 
iei 

g = \ggr(xay0zn&) ]J (gr(z)2 4- ^gr(i)3) 
3^J 
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for some Ay, Ag Ek*, pi,u3 G k \ {0,1}, a,b, c, d, a, (3,7,5 E N and some finite sets / , 

J. 

If / ^ 0 then gr(z),gr(£) G Gr(R)D by Lemma 5.3.1. Recall: 

gr(x)2gr(y) + gr(z)2 + gr(t)3 = 0. (5.3.8) 

So gr(x)2gr(y) G Gr(R)D and since Gr(R)D is factorially closed gr(x), gr(y) G Gr(R)D 

contradicting the fact that t rdegkGr(P) i 3 = 2. So / = 0 and similarly J = 0. Hence 

we can write: 

/ = Xfgr(xaybzctd) 

g = \ggr(xayPzn5). 

As any three of gr(x),gr(y),gr(z),gr(i) are algebraically independent, we obtain as 

an immediate consequence: 

Exactly two of gr(x), gr(y), gr(z),gr(t) are elements of Gr(R)D. (5.3.9) 

Consider the following cases: 

. {gr(x),gr(y)}CGr(R)D 

Then gr(z)2 + gr(t)3 G Gr(R)D by (5.3.8) and gr(z),gr(t) G Gr(R)D by Lemma 

5.3.1, contradicting (5.3.9). 

. {gr (y) ,g r (z )}CGr(P)^ 

Then gr(x)2gr(y) 4- gr(t)3 E Gr(R)D by (5.3.8) and gr(x)gr(t) E Gr(R)D by 

Lemma 5.3.1, contradicting (5.3.9). 

. {gr(y) ,gr(£)}CGr(P)^ 

Then gr(x)2gr(y) 4- gr(z)2 G Gr(R)D by (5.3.8) and gr(x),gr(z) G Gr(R)D by 

Lemma 5.3.1, contradicting (5.3.9). 
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. {gv(z),gr(t)}CGr(R)D 

Then gr(x)2gr(y) G Gr(R)D by (5.3.8) and gr(x),gr(y) G Gr(R)D since Gr(R)D 

is factorially closed, contradicting (5.3.9). 

The only other two possibilities are {gr(x),gr(z)} C Gr(R)D and {gr(x),gr(z)} C 

Gv(R)D. Thus k[gr(x),gr(z)] C Gr(R)D or k[gr(x),gr(t)] C Gr(R)D. To show the 

reverse inclusions, it is enough to note that any homogeneous element of Gr(R)D 

must be of the form 

h = Xhgr(xa'yb'zc,td'). 

In the case k[gr(x), gr(z)] C Gr(R)D we must have 0 = 6' = d', otherwise gr(y) or gr(t) 

is an element of Gr(R)D, contradicting (5.3.9). So h = Xhgr(xa'zc') E k[gr(x),gr(z)] 

and Gr(R)D = k[gr(x),gr(z)]. Similarly, if k[gr(x),gr(£)] C Gr(R)D, then Gv(R)D = 

k[gv(x),gr(t)]. 

Thus Gr(P)^ G {k[gr(x),gr(z)],k[gr(x),gr(t)]}. I 

Proposit ion 5.3.10 Suppose that k is algebraically closed. Then T>(R) = k[x, z,t). 

Proof: By Proposition 5.2.3 we have k[x, z,t] C T>(R). 

By way of contradiction, suppose that T>(R) C k[x, z, t] is false. Then there ex­

ists D E LND(P) \ {0} satisfying RD <£ k[x,z,t\. Choose an / G RD such that 

/ ^ k[x,z , t ] . Note that D extends to a k-derivation Dx of Rx by Proposition 2.1.9. 

Since Rx is graded, it follows from Proposition 2.2.5 that deg(Px) is defined and 

thus Lemma 2.2.4 implies that deg(P) is defined. Hence, gr(P) is defined and 

gr(P) G LND(Gr(P)) is non-zero and homogeneous. By Lemma 5.3.9, Gr(R)gv(-D^ E 

{k[gr(x),gr(z)],k[gr(x),gr(t)]} and by Lemma 2.6.2(iii) gr(/) G Gr(R)^D\ But 

/ <£ k[x,z,£] implies that gr( / ) ^ k[gr(x),gr(z),gr(t)] by Corollary 5.3.7, leading to 

a contradiction. Consequently, V(R) = k[x,z,t]. I 
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The following is a corollary of Theorem 35 in Chapter III §14 of [45]: 

Lemma 5.3.11 Let k[Xx,... ,Xn] be a polynomial ring in n variables, let k be the 

algebraic closure ofk and let I be an ideal ofk[Xx,... ,Xn}. Write I = (p i , . . . ,pm) 

where px,... ,pm E k[Xx,..., Xn] and let I be the ideal in k[Xx,..., Xn] generated by 

Pi,...,pm- Then 

k ®k k[Xx,..., Xn]/I = k[Xx,..., Xn\/1. 

We can now strengthen Proposition 5.3.10 by no longer assuming k is algebraically 

closed: 

Theorem 5.3.12 V(R) = k[x,z , i ] . In particular, R ^ k'3'. 

Proof: By Proposition 5.2.3 we have k[x, z, t] C V(R). 

Let k be the algebraic closure of k and define P = P ®k k. By Lemma 5.3.11, 

P = k[X,Y,Z,T]/(X + X2Y + Z2 4- T3). Let P G L N D ( P ) \ {0} and consider 

D <g) 1, the unique extension of P . By 2.1.13, P <g> 1 G L N D ( P ) \ {0}. By way of 

contradiction, suppose that RD <£. k[x,z, t \ . Choose / G RD such that / ^ k[x,z,t] 

and let (i, j) = deg(f). By Corollary 5.3.7 (i) we have that i > 0. If we consider 

/ as an element of P , it follows again from Corollary 5.3.7 (i) that / ^ k[x,z, t] . 

Since f E R we have R ^ k[x, z,t] contradicting Proposition 5.3.10. So 

RD C k[x, z, t] and V(R) C k[x, z, t). Consequently, V(R) = k[x, z, t] and P ^ k ^ . I 

We will now show ML(P) = k[x]. This result is due to Makar-Limanov [26], but we 

follow Freudenburg's proof, Corollary 9.7 in [15]. 

Setup 5.3.13 Using the same method as in Setup 5.3.2, we define a degree function 

deg: P ^ Z U { - c o } . 
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First, consider the Z-grading of Rx = k[x]a;[z, t] obtained by declaring x, z, t to be ho­

mogeneous of degrees —1, 0,0 respectively. This grading determines a degree function 

deg : Rx —>ZU{—oo}. We then define deg : R —>Zu{-oo} to be the restriction 

of deg : Rx —> Z U {—oo}. Let Gr(P) = ® „ 6 Z P S / P S - be the associated graded 

ring as defined in Definition 1.3.15 and note that Gr(P) is an integral domain by 

Remark 1.3.16. It is clear that (5.3.3) and (5.3.4) continue to hold true, and again 

we have 

gr(x)2gr(y) 4- gr(z)2 4- gr(t)3 = 0. 

Note that: 

deg(gr(x)) = - 1 

deg(gr(y)) = 2 

deg(gr(z)) = 0 

deg(gr(*)) = 0. 

Since deg : P —> Z U { —oo} is identically zero on k[z,t], the map 

gr | k M : k[z,t] -> k[gr(z),gr(i)] (5.3.10) 

(i.e. the restriction of gr : P —> Gr(P)) is a k-algebra isomorphism. 

Corollary 5.3.14 ([26]) ML(P) = k[x]. 

Proof: We already know ML(P) C k[x] by Proposition 5.1.11. 

Let D E L N D ( P ) \ {0} and suppose by way of contradiction that P(x) 7̂  0. We have 

RD C k[x, z,t] by Theorem 5.3.12, and we know that trdegj^P^5 = 2. 

Choose algebraically independent f,g E RD and write / = xfx(x,z,t) + f2(z,t), 

g = xyi(x, z, t) 4- g2(z, t). We must have that f2,g2 are algebraically independent (so 

in particular f2, g2 7̂  0) for otherwise there would exist H E k[Xx,X2\ \{0} satisfying 

H(f2,g2) = 0; then x | H(f,g) and H(f,g) E RD \ {0} would imply x G RD, a 
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contradiction. 

Consider gr(P) G LND(Gr(P)) \ {0}. Since deg(xfx(x,z,t)) < deg(f2(z,t)) and 

deg(xgx(x,z,t)) < deg(g2(z,t)) we must have 

gr( / ) = gr(/2(z,i)) 

= /2(gr(z),gr(t)) by (5.3.10) 

and 

gr(g) =gr(g2(z,t)) 

= g2(gr(z),gr(t)) by (5.3.10) 

Note that gr( / ) = f2(gr(z),gr(t)) and gr(g) = g2(gr(z), gr(t)) are algebraically in­

dependent since /2,y2 €E k[z,i] are algebraically independent and gr \k[z,t]' k[z,£] —• 

k[gr(z),gr(£)] is a k-algebra isomorphism. Consequently, k[gr(z),gr(£)] is algebraic 

over k[gr(/),gr(y)]. 

We have k[gr(/),gr(y)] C Gr(R)sr^ by Lemma 2.6.2 (iii). Since k[gr(z),gr(t)] is al­

gebraic over k[gr(/),gr(g)] and Gr(P)gr(D) is algebraically closed in Gr(P), it follows 

that k[gr(z),gr(i)] C Gr(R)^Dl 

Now recall that gr(x)2gr(y) 4- gr(z)2 + gr(i)3 = 0 in Gr(P), and note that gr(z)2 + 

gr(i)3 ^ 0. Consequently, gr(x)2gr(y) G Gr(R)^D^ \ {0} , so gr(x),gr(y),gr(z),gr(£) G 

Gr(R)^D\ which is absurd. I 

5.4 The Cylinder Over Russell's Cubic 

Consider the polynomial ring in one variable over Russell's Cubic: 

R[w] = k[X, y, Z, T, W]/{X + X2Y + Z2 + T3) = k[x, y, z, *, w\. 
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The following question is open: 

Question 5.4.1 Is R[w] a polynomial ring in four variables over k? 

If the answer to Question 5.4.1 is affirmative, then P is a counterexample to the 

Cancellation Problem in dimension three since P 7̂  k ^ by Theorem 5.3.12. 

Lemma 5.4.2 The ring R[w] has the following properties: 

(i) R[w] is an integral domain. 

(ii) R[w] is a UFD. 

(iii) R[w] is finitely generated as a k-algebra. 

(iv) dim(P[u;]) = 4. 

(v) F r a c ( P H ) = k ^ . 

Recall P i , P 2 G LND(k[X, Y, Z,T]) \ {0} as defined in (5.1.1) and (5.1.2): 

P i : k[X, y, Z, T] -> k[X, Y, Z, T] 

X ^ 0 

y ^ 3 T 2 

Z^Q 

T H -X2 

and 

p 2 : k[x, y, z, T] -+ k[x, y, z, T] 

Y^2Z 

Z^-X2 

T ^ O 
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These derivations induce non-zero locally nilpotent derivations DX,D2 E LND(P)\{0}. 

Extend DX,D2 to non-zero locally nilpotent derivations DX,D2 of R[w] = PW by 

setting Dx(w) = D2(w) = 0. Then 

R[w]31 =k[x,z,w] (5.4.1) 

and 

R[wf2 =k[x,t,w]. (5.4.2) 

We can now show T>(R[w\) = R[w\. It follows that the Derksen invariant does not 

distinguish between R[w] and k'4l. 

Lemma 5.4.3 V(R[w\) = R[w}. 

Proof: By (5.4.1) we have k[x,z, w] C V(R[w]). Let P = -^, and note that P is 

a non-zero locally nilpotent derivation of R[w]. It is clear that R[w]D = k[x,y,z,t], 

so k[x,y, z, t] C V(R[w]). It follows that V(R[w]) = R[w]. I 

Remark 5.4.4 By Lemma 2.7.6 and Corollary 5.3.14, the Makar-Limanov invariant 

ML(R[w]) of R[w] is a subset of k[x]. 

Let k = C. In [14], Dubouloz shows the following: 

Theorem 5.4.5 ML(R[w]) = C. 

That is, he shows that there exists a locally nilpotent derivation of R[w] not containing 

x in its kernel. Consequently, the Makar-Limanov invariant does not differentiate 

between R[w] and k'4l 

Here is a sketch of Dubouloz' proof in [14]. He shows there exists an isomorphism 

<p : C[X, y, Z, T ± 1 , W]/{-XY + Z2 + T)-+ C[X, Y, Z, T ± x , W]/(X + X2Y + Z2 + P3) 
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which restricts to the identity on C[x, t±x]. The process of finding this isomorphism is 

quite intricate, but from this point the proof goes as follows. He considers the locally 

nilpotent derivation 

d d 
6 = 2'Z8X+iY8Z 

on C[X,Y, Z,T±l, W]. Note that C[T±l] C ker(5). Since 5(-XY + Z2 4- T) = 0, <5 

induces a locally nilpotent derivation 

5 E L N D ( C [ X , y, Z, T*1, W]/(-XY + Z2 + T)). 

It follows that 

D = <p o 5 o ip-1 G L N D ( C [ X , y, Z, T±x, W]/(X + X2Y + Z2 + T3)). 

Since <p fixes C[x, t*1] and 5(x) ^ O w e have P(x) ^ 0 and C ^ 1 ] C ker(P). Since t E 

ker(P), there exists a k E N such that tkD restricts to a locally nilpotent derivation 

on C[X, y, Z, T, W]/(X + X2Y + Z2 + T3) = C[x, y, z, t, w]. It remains to observe 

that tkD(x) ^ 0, thus ML(R[w}) = C. 
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