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ABSTRACT

Previous experimental studies have reported wave-like transport of heat in a small number
of material systems, such as superfluids like helium Il [1] and crystal solids like bismuth [2]. This
phenomenon was henceforth referred to as ‘second sound’. These rare observations of second
sound are partly due to the challenge of obtaining accurate theoretical predictions. In this work,
we use an ab-initio framework to study phonon hydrodynamics in 3D crystal fluorides and alkali
hydrides, including sodium fluoride (NaF), lithium fluoride (LiF), lithium hydride (LiH), and
sodium hydride (NaH). Moreover, we predict the existence of phonon hydrodynamics regime in

bilayer graphene systems, including AA-bilayer graphene and AB-bilayer graphene.

First, we obtain the second and third-order interatomic force constants using first-principles
calculations, which are based on density functional theory (DFT). Secondly, we calculate the
lattice thermal conductivity and phonon scattering rates by solving the Boltzmann transport
equation (BTE). Thirdly, we apply Guyer’s condition to show the phonon hydrodynamics regime
based on the average Normal, Umklapp, and Boundary scattering rates. Finally, we examine the
effect of different pseudopotentials on the thermal, electronic, and mechanical properties as well
as the phonon hydrodynamics regime. In addition, we report the effect of isotopes on the lattice

thermal conductivity and phonon hydrodynamics regime.

Our calculations predict the existence of the second sound in NaF at 15 K and 8.3 mm
characteristic length, consistent with previous experimental work [3]. Based on Guyer’s condition,
the hydrodynamic window was determined in terms of characteristic lengths (~10% — ~108 nm) and
temperatures (up to ~80 K) for fluorides and alkali hydrides. On the other hand, second sound in
2D materials has been predicted to exist at much higher temperatures relative to 3D materials. We
report the existence of a second sound for AA-bilayer graphene and AB-bilayer graphene above

room temperature at a characteristic length of ~100 nm.
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SOMMAIRE

Des études expérimentales antérieures ont signalé un transport ondulatoire de la chaleur
dans un petit nombre de systemes matériels, tels que les superfluides comme I'hélium 11 [1] et les
solides cristallins comme le bismuth [2]. Ce phénomeéne est désormais appelé "second son". Ces
rares observations du second son sont en partie dues a la difficulté d'obtenir des prédictions
théoriques précises. Dans ce travail, nous utilisons un cadre ab-initio pour étudier
I'nydrodynamique des phonons dans les fluorures cristallins 3D et les hydrures alcalins,
notamment le fluorure de sodium (NaF), le fluorure de lithium (LiF), I'nydrure de lithium (LiH) et
I'nydrure de sodium (NaH). De plus, nous prédisons I'existence d'un régime d'hydrodynamique des
phonons dans les systemes de graphene bicouche, y compris le graphéne bicouche AA et le

graphene bicouche AB.

Tout d'abord, nous obtenons les constantes de force interatomique de deuxiéme et troisieme
ordre a l'aide de calculs de premiers principes, basés sur la théorie fonctionnelle de la densité
(DFT). Deuxiémement, nous calculons la conductivité thermique du réseau et les taux de diffusion
des phonons en résolvant I'équation de transport de Boltzmann (BTE). Troisiemement, nous
appliquons la condition de Guyer pour montrer le régime hydrodynamique des phonons basé sur
les taux de diffusion normaux, Umklapp et limites moyens. Enfin, nous examinons l'effet de
différents pseudopotentiels sur les propriétés thermiques, électroniques et mécaniques ainsi que
sur le régime hydrodynamique des phonons. En outre, nous rapportons I'effet des isotopes sur la
conductivité thermique du réseau et le régime d'hydrodynamique des phonons.

Nos calculs prédisent I'existence du second son dans le NaF a 15 K et a une longueur
caractéristique de 8.3 mm, ce qui est conforme aux travaux expérimentaux précédents [3]. Sur la
base de la condition de Guyer, la fenétre hydrodynamique a été déterminée en termes de longueurs
caractéristiques (~102 — ~108 nm) et de températures (jusqu'a ~80 K) pour les fluorures et les
hydrures alcalins. D'autre part, on a prédit que le second son dans les matériaux 2D existe a des
températures beaucoup plus élevées que dans les materiaux 3D. Nous rapportons I'existence d'un
second son pour le graphene bicouche AA et le graphene bicouche AB au-dessus de la température

ambiante a une longueur caractéristique de ~100 nm.
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NOMENCLATURE

a Lattice constant

a1, az, a3 Spring constants (ai: harmonic spring constant; a; and as: anharmonic spring
constants)

A Wave amplitude

B Bulk modulus

Cv Specific heat at constant volume

Cp Specific heat at constant pressure

C Heat capacity

C Elastic constant

e Strain component

E Energy

= Fermi energy

Eq Bandgap

Ex Kinetic energy

g(w) Phonon density of states function

G Reciprocal lattice vector

G Shear modulus

h Modified Planck’s constant, 1.05457 x 104 J.s

H Hamiltonian

i Imaginary number
k Thermal conductivity

kg Boltzmann’s constant, 1.38065 x 10 J/K
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kL Lattice thermal conductivity
K Spring constant (Hooke’s law)
L Characteristic length

m Mass

n Number of atoms in a unit cell
N Total number of unit cells

p Momentum

P Pressure

q Heat flux

r Position

t Time

T Temperature

u Displacement position

Vg Phonon group velocity

Vv Interatomic potential energy
\ Volume

A Unit cell volume

X Position

w Rate transition

zZ* Born effective charge

() Average
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Greek Symbols

a, Nonlinear force coefficients
o Thermal expansion coefficient
d Dirac-function

A Difference

€ Strain

% Average Griineisen parameter
C) Debye temperature

K Phonon wavevector

A Mean free path

T Pi constant, 3.14159

p Density

p(r) Electron density

o Stress

T Lifetime

® Interatomic force constant

% Wave function

¥ Quantum state

® Phonon frequency
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Abbreviations

BPSR

BTE

DFT

IPSR

LDA

NPSR

PBE

PBESOL

PDOS

RTA

UPSR

Boundary Phonon Scattering Rate
Boltzmann Transport Equation
Density Functional Theory

Isotope Phonon Scattering Rate
Local Density Approximation
Normal Phonon Scattering Rate
Perdew-Burke-Ernzerhof
Perdew-Burke-Ernzerhof for Solids
Phonon Density of States
Relaxation Time Approximation

Umklapp Phonon Scattering Rate
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Chapter 1: Introduction

CHAPTER 1

INTRODUCTION

1.1 Overview

It is known that heat transfer is the movement of thermal energy resulting from a
temperature difference (gradient). Heat can transfer through three mechanisms: conduction,
convection, and radiation [4]. Conduction is caused by interactions between particles, which
results in the transfer of energy from higher energetic particles to less energetic particles.
Convection happens because of the molecular movement of fluids. Radiation is the thermal energy
transmitted by electromagnetic waves. In solids, heat conduction is the dominant of these
mechanisms. Joseph Fourier (1768-1830) proposed a mathematical relationship between the heat
flux and temperature gradient, known as Fourier's law of conduction [5]. This relationship

originates back to Newton's law of cooling in 1701 [6].

From a microscopic point of view, however, heat conduction occurs when particles in a
system move randomly, transferring thermal energy from one place to another. The simplest
example of microscopic heat conduction is the random collision among gaseous molecules, where
the average distance traveled between the molecular collisions is referred to as the mean free path
‘A’ [7]. In fact, there must be a heat carrier for heat transfer to occur. Various heat carriers

contribute to heat transfer processes, including molecules, electrons, photons, and phonons [8].
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Besides real particles, quasiparticles can also be viewed as carriers of heat. Phonons are
quanta of lattice vibrational energy that can behave like waves and particles [9]. From the
perspective of quantum mechanics, phonons are wave packets [10]. While molecules, electrons,
and photons can propagate in a vacuum or media (e.g., solids), phonons can propagate in media
only. Phonons, like photons have an energy of %®, but their positions are not localized. Instead, a
wave packet can be constructed of phonon modes with varied frequencies and wavelengths to
effectively represent a particle. Statistically, phonons, photons, and molecules can be treated using
Bose-Einstein statistics and so-called bosons (includes integral spins), while electrons follow

Fermi-Dirac statics and so-called fermions (includes half-integral spins) [8].

Following the proposal of Fourier's law, the diffusive limit has traditionally been used to
describe the transport of phonons. However, heat transfer at micro and nanoscales is expected to
deviate from Fourier's law due to the comparable characteristic dimension (scale of a physical
system) of the structures with the mean free path of energy carriers in phonons. As shown in Figure
1.1, there are at least three types of phonon transport regimes: ballistic, hydrodynamic, and
diffusive.

Ballistic Hydrodynamic Diffusive

L<< A L=A L>A

Figure 1.1: Phonon transport regimes.
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The diffusive regime is shown when the characteristic length of the sample is longer than
the mean free path, whereas the ballistic regime can be observed at low temperatures, where the
characteristic length of the sample is shorter than the mean free path. In this thesis, we will focus
on the hydrodynamics regime, which occurs between the ballistic and diffusive regimes. The
evolution of the flow and population of phonons in this regime is collective. Previous analytical
and experimental studies have examined the hydrodynamics phonon transport in different
materials [11]-[15]. By solving the BTE, one can effectively determine the regime of phonon
transport [16]. This thesis sets out the answer the following questions: How BTE was derived?
How BTE can be solved? What computational methods can be employed to examine phonon

hydrodynamics in materials?

1.2 Organization of Thesis

This thesis aims to provide accurate predictions of phonon hydrodynamics for various
materials using first-principles calculations. The organization of the thesis, as shown in Figure 1.2,

is as follows
Chapter 2:
It consists of two main sections:

1) Theory: we present some theoretical foundations on which this work is based. Boltzmann
transport equation (BTE) and its solution are discussed.
2) Computational methods: connections between different ab-initio computational methods

are presented to introduce the calculations of phonon hydrodynamics.
Chapter 3:

This chapter shows phonon hydrodynamics windows and numerous results for the
properties of three different material systems (Fluorides, Alkali Hydrides, and Bilayer Graphene).

The properties include:

1) Mechanical properties: bulk modulus and elastic constants.
2) Thermal properties: thermal conductivity, heat capacity, and Griineisen parameter.

3) Electronic properties: band structure, band gap, and dispersion relation.
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The second section of this chapter discusses the results.
Chapter 4:

This chapter summarizes the conclusions and future work.
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Chapters
' |
Chapter 2 Chapter 3 Chapter 4
1
I ]
— Theor Phonon Discussions —  Conclusions
y Hydrodynamics
|
[ [ ]
| | Computational Phonon Phonon Phonon ||
Methods Hyd rodynamics Hyd rog\ﬁ?aimlcs quroqynamics Future Research
in Fluorides In Alkall in Bilayer
Hydrides Graphene
Phonon Phonon Phonon
|| Hydrodynamics ||| Hydrodynamics || Hydrodynamics
in Sodium in Lithium in AA-bilayer
Fluoride (NaF) Hydride (LiH) graphene
Phonon Phonon Phonon
Hydrodynamics ||| Hydrodynamics |[_| Hydrodynamics
—| in Lithium in Sodium in AB-bilayer
Fluoride (LiF) Hydride (NaH) graphene

Figure 1.2: Thesis Structure.
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CHAPTER 2

THEORETICAL AND COMPUTATIONAL
METHODS

2.1 Theory

In this section, the theory of phonons is reviewed. First, two examples of one-dimensional
chains are presented to introduce important general concepts that will be used throughout this
work. Anharmonic effects are essential for capturing phonon interactions, and the Boltzmann
transport equation (BTE) are presented. The connection between the properties of phonons and
macroscopic physical properties is established. Finally, the theory of phonon hydrodynamics is

discussed.

2.1.1 Harmonic Lattice Vibrations

The history of lattice dynamics started in 1908 when Jean Perrin - a physical chemist-
confirmed the existence of real atoms by studying the Brownian motion as described by Einstein
[17]. Later in 1912, the model of lattice dynamics was developed by Born and von Karman, who
introduced a model to describe the atomic movements in a crystal lattice [18]. In this model, it was

assumed that the equations of motions of the atoms follow Hooke’s force law. The first crystal
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structure examined on the basis of Born-von Karman model was the diamond [19]. We start with

a linear chain of atoms to describe lattice dynamics in the harmonic approximation.

2.1.1.1 One-dimensional Monatomic Chain

Consider an infinite 1D chain of identical atoms (equal masses ‘m’) separated by a distance
of ‘a’, as shown in Figure 2.1, and assume the interaction force between atoms follows Hooke’s
law with a spring constant ‘K’. Also, for simplicity, only the nearest neighbor’s interaction is

considered in this case. The displacement of atom ‘n’ is
u, =X; —x° (2.1)

where x¢ is the displaced position and x° is the equilibrium position

| | I 1 |
| | | | I 1 | | |
| | | | I | | | |
' Un'z’- IE»I .U_n». 1 Un+’l'. 1

Figure 2.1: 1D linear monoatomic chain.

Applying Newton’s second law of motion on the n' atom

ou,
m atz = K(un+l _un) - K(un _un—l) (22)
2
m aatlin =K (un+1 - 2un + un—1) (23)

The displacement of the n™ atom follows a plane wave form

u, = Aei(xna—a}t) (2_4)
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where A is the wave amplitude, « is the wave number (wavevector), na is the discrete equilibrium
position of atom ‘n’, and ® is the vibrational frequency. Plugging in Eq. (2.4) into Eq. (2.2), Eq.

(2.3) becomes

_ma)ZAei(Kna—wt) — K (Aei(lc(n+1)a—a)t) _ 2Aei(l(na—a)t) + Aei(lc(n—l)a—wt)) (25)

—me’® = K(Ae™ -2+ Ae ™) (2.6)

a):2\/K
m

The maximum frequency in the range of (-n/a < k < m/a) is

o = 2\/K (2.8)
m

Solving for ®

. Kka
sin— 2.7
5 (2.7)

-t/a 0 w/a

Figure 2.2: Phonon dispersion curve of 1D identical masses chain in the first Brillouin zone. The
red dashed line represents a linear relationship between frequency and wavevector.
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Figure 2.2 shows a nonlinear relationship between frequency and wavevector, called the
‘dispersion relation’. Each wavevector corresponds to a mode as described by Eq. (2.4). Several
quantities can be obtained from the dispersion relation. One such example is the group velocity,
which is determined by the slope of the dispersion curve

0w
v =@ 29
0= (2.9)

2.1.1.2 One-dimensional Diatomic Chain

Novel properties are exhibited when two different atom types are present, as in an ionic
crystal like NaCl. As shown in Figure 2.3, two various types of atom masses ‘m¢’ and ‘my’ are
connected by identical springs in a one-dimensional chain with a spring constant of ‘K’ and a

constant distance of ‘a/2’ between atoms.

Figure 2.3: 1D linear diatomic chain.

Following the same approach as in Section (2.1.1.1), the application of Newton’s second law of

motion on atoms my, n" and mz, (n-1)"yields

o
rn1 atzn = K(un+l _un) - K(un _unfl) = K(un+1 - 2Un + un—l) (210)
azun—l
M - K(u, -u,,) - K, -u,,) =K(u,-2u,, +u,,) (2.11)
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Eq. (2.10) and Eq. (2.11) can be converted to the determinantal equation as

2K —m,e’ ~Kl+e™)

_ =0 (2.12)
-K@+e"?) 2K -m,

The solution of Eq. (2.12) contains two roots

2 . o
: :K[i+iji|< [[i+ij _dsin{na/2) (”alz)} (2.13)
B ml m2 ml m2 mlmZ
Eq. (2.13) can be reduced if n = £ n/a

fzK(i+iji K(i—ij (2.14)

ml m2 mZ ml

N

The positive sign is called the optical mode

o = 2% (2.15)
m2
The negative sign is called the acoustic mode
o = 2K (2.16)
ml

2.1.1.3 Real Crystals

To connect the previous discussion to real crystals, the introduction of crystallographic
terminology is necessary. Any crystal structure consists of a lattice (regular points in space) and a
basis (group of atoms arranged in space) [20]. A vector connecting any two lattice points is known
as a lattice vector. Crystals are ordered structures, where the repeating atoms arrangement of
crystals is referred to as unit cells. The simplest unit cell is the primitive cell with one atom per
unit, as illustrated in Figure 2.4 (a). There are other unit cell structures, such as face-centered and
body-centered unit cells. Figure 2.4 (b) shows the unit cell of crystal silicon, which is visualized
as two piercing face-centered cubic lattices (FCC). The structure of FCC is a cube having an atom

on the center of each face, as well as on each of its four corners. The lines connecting the silicon
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atoms represent nearest-neighbor bonds (blue line), where the edge length (black line) is called the
lattice constant. The calculated lattice constant of silicon is 5.43 A, as confirmed in the experiment
[21].

(@) (b)

Figure 2.4: (a) Primitive crystal. (b) The unit cell of silicon.

For a real crystal, the dispersion relations can be obtained following a procedure analogous
to the previously presented one-dimensional problems. Acoustic modes signify the movement of
mechanical waves ‘sound waves’ through an elastic medium (in-phase), whereas optical modes
indicate the movement of atoms that are out-of-phase. Atoms may vibrate longitudinally in the
direction of wave propagation and transversely ‘perpendicular’ to the direction of waves. In the
three-dimensional lattice with N atoms per unit cell, there are 3N phonon branches: 3 acoustic and
3N-3 optical modes [20]. Recall for a monoatomic chain, there are 3 branches (acoustical branches
only). On the other hand, there are 6 branches for three-dimensional diatomic lattice: 3 acoustical
branches (1 longitudinal acoustical ‘LA’ and 2 transverse acoustical ‘TA’ modes) and 3 optical
branches (1 longitudinal optical ‘LO’ and 2 transverse optical ‘TO’ modes). Figure 2.5 (a)
illustrates an example of calculated phonon dispersion for crystal silicon (the relation between
momentum and energy). As the wavevector approaches zero (i.e., Kk — 0), the energy of acoustic
modes vanishes (no gaps). The path of the dispersion curve (I'—->X—K—I'—L) is restricted by the

first Brillouin zone, which is the nearest reciprocal lattice region to the original node (i.e., kx, Ky,
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Kz = 0,0,0) [22]. While real space contains points that can be single atoms or unit cells, reciprocal
space contains points that represent a particular set of lattice planes. A similar concept to this
region in real space is called the Wigner-Seitz cell [22]. Figure 2.5 (b) shows the first Brillouin
zone of the FCC lattice, which is followed by silicon as well.

(a) (b)

14 -
\_,L(_)’/__
10 4 \/

TA2

5 N

Frequency (THz)

Figure 2.5: (a) Calculated phonon dispersions of silicon. (b) First Brillouin zone of the FCC lattice.

A related concept of the phonon dispersion is the phonon density of states (PDOS) ‘g(w)’.
Density of states is defined as the number of quantum states per unit volume per unit wavevector
interval. The quantity g(o)A® measures the number of phonon states with frequencies in the range
[0, (o + Aw)], regardless of which wavevectors ‘k’ or modes ‘S’ these frequencies refer to [23]. In
three-dimensional oscillation with N atoms, there are 3N phonon states in total. It is required for
the PDOS to be normalized per atom, or per lattice primitive cell. In contrast, g(w) does not relate
to a specific atom in a material having multiple types of atoms but rather to the average of overall

vibration modes, defined as

Y
(27)’

9(w) = %Z [, 5) o) 2.17)
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where V is the volume of crystal and 6 is the Dirac-function. In k-space, one phonon state has a

volume of (2m)/V. PDOS for crystal silicon is shown in Figure 2.6.

0.40 + | | | | | | | | -
0.35 — M —
0.30 — _
0.25 — B

0.20 -

PDOS

0.15 4 -

0.10 B

0.05 + -

0.00 ' T T T T T T T T T T T T T T
0 2 4 6 8 10 12 14 16

Frequency (THz)

Figure 2.6: Calculated phonon density of states for silicon.

2.1.1.4 Elastic Constants of Crystals

When describing elastic properties, a crystal is seen as a homogenous medium according
to the classical continuum mechanics. The study of mechanical properties provides useful
information of the impact of temperature, pressure, etc. It is known that elastic strain is related to
stress by Hooke's law. The fourth rank of the elastic constant tensor ‘Cij’, consisting of 81

independent components, associates the stress and strain tensors as

oy = Cijuéi (2.18)

ij
where i, J, k, and | are vector components.

Because of the symmetry of stress and strain tensors, the number of independent
components may reduce to 21 [24]. Voigt notation, which replaces pairs of indices with single
indices, is commonly used for convenience (e.g., 11—1, 31—-5). In 1964, Nye [24] tabulated the
elastic constant tensor for each crystal symmetry. For a cubic crystal, there are only three

independent components (C11, C12, and Cas). The elastic constants matrix is given as
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C, C, C, 0 0 0
C, C, C, 0 0 0
C, C, C, 0 0 0
C.o—| "2 vz ~u
iYlo 0 o0 c, 0 0 (2.19)
0 0 0 0 C, O
0 0 0 0 0 C,

The equation of motion of an elastic medium in the x-direction can be written in terms of elastic

constants as

2 oe oe
pa—uzxzcllae—xx+c12 Py, %y +C,, | =X + % (2.20)
ot OoX oX  OX oy oz

where e is the strain component

€ = E,r €, =6 8, =& (2.21)

XX XX Cyy yy? vz 2z

For phonons, there exists a relationship between the elastic constants ‘Ci;” and the
interatomic force constants “ @ ’ since the frequencies of all phonon modes are determined by atom
masses and interatomic force constants. The mathematical expression that represents this relation
is

C,= i*ZcDaﬂuau 5 (2.22)
where @ is the interatomic force constants of the harmonic approximation, V* is the volume of
the unit cell, and a, B are Cartesian coordinates.

Interatomic force constants can be related to elastic constants based on the structure of the

unit cell, where @, and @, are the interatomic force constants between nearest and next-nearest

neighbors with a constant lattice of ‘a’. For FCC structure

() 40
j:CM, TZZC“—CH—CM (2.23)
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For BCC structure
—=C,, ?ZZCM_CH (2.24)

The bulk modulus ‘B’ is defined as

0P
B=V— 2.25
avZ ( )
where P is the pressure. Bulk modulus for a cubic crystal can be expressed in terms of elastic

constants as
B:%(C11+2C12) (2.26)

Elastic constants can be used to determine the stability of the crystal. For instance, the
crystal is unstable when one of the transverse modes causes shear [25]. In this scenario, the charge
of Cas is negative in the case of a cubic crystal. Elastic constants for some crystals are given in
Table 2.1.

Table 2.1: Elastic constants Cj; for common crystals in unit of 102 dyn/cm? at room temperature.

Crystal Lattice Cu Crp Cis Cus Cas Cus Css Ref.
structure

Silicon Cubic 1.6578 0.6394 - - - 0.7962 - [26]

Sodium Cubic 0.0739 0.0622 - - - 0.0419 - [27]

Cobalt Hexagonal 3.071 1.650 1.027 - 3.581 - 0.755 [28]

Magnesium Hexagonal 0.5950 0.2612 0.2180 - 0.6155 - 0.1635 [29]

Bismuth Trigonal 0.637 0.249 0.247 0.072 0.382 0.112 - [30]
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2.1.2 Anharmonicity

Phonons are independent of one another in the harmonic approximation. However, the
vibrations of real crystals are not quite harmonic. For a monoatomic anharmonic linear chain with

nearest-neighbor interactions, the equation of motion by using the Taylor series is

o%u
m ath = a1[(un+1 - un) - (un - un—l)]

1
-'-EaZ[(um—l_un)2 _(un _un—l)z] (227)
1
+§a3[(un+1 - un)3 - (un - un—1)3] t..
For the harmonic oscillator (a2 = az = an+3 = 0), the previously discussed one-dimensional problem

is recovered. Higher-order terms are commonly referred to as anharmonic terms. In a nonlinear

system, the difficulty in solving Eq. (2.27) arises when anharmonicity effect is strong.

In 1955, a nonlinear dynamical system were studied by Fermi, Pasta, Ulam, and Tsingou,
known as FPUT problem [31]. For a monoatomic chain, the equation of motion of FPUT on the

n™ atom can be written as

o°u

m 6t2n = K (un+1 - 2un + l'In—l) + a[(uml - un)2 - (un - un—l)z] (228)
82Un 3 3
m 8t2 = K(un+1_2un +un—1)+ﬂ[(un+l_un) _(un _un—l) ] (229)

where o, f represent quadratic and cubic coefficients of the nonlinear force, respectively. Egs.
(2.28) and (2.29) are also known as FPUT a- and -models, respectively. The theories of Solitons
and Chaos place a great deal of emphasis on the FPUT problem [32]. The quadratic FPUT problem
was connected to the Korteweg—de Vries equation (KdV equation [33]) by Zabusky and Kruskal
in 1965, considering the continuum limit [34]. In this numerical study, Solitons were observed as
‘solitary-wave pulses’ rather than summing together to form a linear-wave superposition [34]. By
modeling a monoatomic chain, FPUT has been used to investigate the dynamics of a crystal as it
approaches thermal equilibrium, linked by a quadratic interaction potential [35]. The Hamiltonian

of a monoatomic chain is expressed by
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1 N 2 1 N 2 a N 3
H =22 P 45 2 U =) 5D (U =) (2.30)
n=0 n=0

n=0
where pn is the momentum of atom n.

For three-dimensional real crystals, the interatomic potential energy ‘V’ of the

displacement atom can be written by using the Taylor series as

vvz

iw ou ('J)

—ZZ P u, (i, ()

“ij,i ap 6u (Ij)auﬁ(lr ’)

_zz oV

i OU, (11)0U, (I7)ou, (1) |
=V, +V,+V, +V,; +...

(2.31)

u,, (iu, (7)u, (57) +..

where i and j are vector positions in a unit cell and a, B, and y are Cartesian coordinates. The first

derivative can be set to zero at the equilibrium, thus

V=V, s Y T 0,110, (i, ()

'J'J af

(2.32)
Z 2P (1717, (), (1), () + ..
3 i7" afy
where ®_, and @, are the second and third-order interatomic forces, respectively
_— AN |
@ _(ij,i']) = — — (2.33)
’ au, (ij)au, (7))
oV |
D, (1, 17',17)") = ———— (2.34)
" au, (ij)ou, (i1)au, (")
Thus, the Hamiltonian ‘A’ of a real crystal can be expressed as
H=E+V (2.35)

where E is the kinetic energy.
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As a result, it is shown that phonons can exchange energy with one another and are not
independent. Time-dependent perturbation theory is one approach used to treat non-separable
dynamical systems and represents the transition probabilities. Application of time-dependent
perturbation theory provides a straightforward approach to describe the transition rates due to a

weak perturbation, summarized by Fermi's Golden rule [36].
W(l-2) =27”\ | ‘P;H"{’ld?’rr&(Ez—El) (2.36)

where W is the transition rate from a momentum pz with a quantum state ¥ 1 to another (p2, ¥ 2)
and d®r = dx dy dz.

The integral term is called the scattering matrix, can be written using Dirac notations as

W Hwdr = (H"

2) (2.37)

The statement of energy conservation is expressed by the delta-function. If E1 = E», delta-function

= 1; otherwise, delta-function = 0.

Due to its straightforward mathematical expression, Fermi's golden rule has become
standard for calculating phonon scattering rates ‘™. By implementing Fermi's golden rule,

scattering rates of emission ‘7, * and absorption ‘z_. > processes from the initial state ‘i’ to final

state “f’ can be described as

ok = (iR S(E, ~E, +ho) (2.38)

emi

abs —

T —%’”\(HH'U)\Z&@ ~E, —hw) (2.39)

Phonon scattering may enable an electron to either absorb energy (phonon absorption) or
allow some of its own energy to be lost (phonon emission). The most important questions now are:
What are the types of phonon scattering rates? What factors does it depend on? What techniques

do we need to compute scattering rates?
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2.1.2.1 Phonon Scattering Rates

When it comes to modeling heat transport in materials, understanding scattering
mechanisms is crucial. In fact, the source of phonon scattering is the anharmonic force interaction
as described in Eq. (2.32). The second-order term, Eq. (2.33), represents the harmonic oscillator
model while Eq. (2.34) and higher-orders represent the anharmonic oscillator model. The
scattering of gas atoms considers an example of phonon scattering. Figure 2.7 illustrates three-
phonon creation-annihilation processes. (a) Combination of two phonons into one (merging or

annihilation process), where both momentum and energy must be conserved
hx, +hk, =hx, (2.40)
ho, +ho, =ha, (2.41)

Since the total momentum of the phonon is conserved, this type has a minor effect on the heat flux
[37]. (b) Breaking up a phonon into two (splitting or creation process). This type of scattering

shown in Figures 2.7 (a) and (b) is called the Normal process (N-process) or Normal scattering.

(c) Another type of phonon scattering is called the Umklapp process (U-process) or
Umklapp scattering. U-process does not conserve the momentum because the momentum that
results from the combination of two photons is located outside the first Brillouin zone, causing
thermal resistance. Therefore, the reciprocal lattice vector ‘G’ must be added to the total

momentum equation balance
hx, +hx, = hi, + hG (2.42)

This type was proposed by Peierls [38]. If the product of merging two phonons or splitting a

phonon lies in the first Brillouin zone, G = 0 (N-process); otherwise, G # 0 (U-process).
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Figure 2.7: Three-phonon scattering processes: (a) Phonon annihilation process (N-process).
(b) Phonon creation process (N-process). (c) Phonon annihilation process (U-process).

Callaway [39] derived N- and U-scattering rates relations, as given respectively
= BT 0’ (2.43)

-0

) =B,T’0" = e(bTTJT 3w? (2.44)

where Biand b2 are constants and ® is the Debye temperature. Bz is independent of temperature,
whereas B> does. Eq. (2.43) and Eq. (2.44) are also referred to as relaxation time expressions; it
will be discussed in the next section. Ward and Broido [40] derived N- and U-scattering rates

relations using the first-principles approach

=BT [1— e[g)] (2.45)
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= B,0'T {1— e(_@Tj:l (2.46)

where B3 and B4 are constants.

Phonons may scatter also from electrons, isotopes, and boundaries. Phonon-electron
scattering is a significant process in semiconductors. Zou and Balandin [41] showed the relaxation
time for acoustic phonon-electron at low doping levels. The conservation of energy for this type

of scattering is written as

E —-E :iha):—(lqz—lcfz) (2.47)

where me is the effective mass of the electron, subscripts xi and xf are the wavevectors of initial
and final states, respectively. The positive sign (+) represents the emission process while the

negative sign (-) represents the absorption process.

One way to include the effects of a physical boundary is to introduce a source of boundary
scattering rate which can be done by relating the group velocity ‘vg’ and the characteristic length
‘L’ [39]

\")
= (2.48)

Another important scattering process is scattering from isotopes. The scattering by point
defects, which includes isotopes, impurities, and vacancies, is proportional to the fourth-order of

the phonon frequency according to Rayleigh law [39]
7t = Ao’ (2.49)

The value of A = 2.57 x 10" s for normal germanium was computed numerically [39]. Eq. (2.48)
and Eq. (2.49) show that boundary and isotope scattering rates are independent of temperature.
One may ask, how can these different scattering rates be calculated and how do they contribute to
thermal transport? To answer this question, the machinery of statistical mechanics and the

Boltzmann Transport Equation (BTE) will be used.

© 2022 — Jamal Abou Haibeh 21



Chapter 2: Theoretical and Computational Methods

2.1.2.2 Boltzmann Transport Equation (BTE)

The phonon Boltzmann transport equation (BTE) has emerged as a powerful equation for
describing phonon transport in crystals. It was first used to describe the behavior of a dilute gas
system and has since been used in a wide range of other applications, including the transport of
electrons in semiconductors, quantum fluids, and neutrons transport [42]. Before stating the BTE,

it is worth understanding its origin, the Liouville equation

(N)

of {
0 of (i) -
r r(') E p 0 (2.50)

i=1 i=1

Eq. (2.50) is based on distribution function (r, «, t), which is the probability of locating a
particle (e.g., atom) at a position ‘r’, wavevector ‘k’, and occupied at time ‘t’. The Liouville
equation has a massive number of variables, making it practically impossible to solve analytically
or numerically. To demonstrate the intricacy of the Liouville equation, we first consider a collision
process for two particles, where the distribution functions for these particles before the collision
are f (r, 1, t), f (r, k2, t), and after the collision are f (r, k7, t), f (r, k3, t). The scattering for two

particles at state ‘k’ is

(%j =— Z f(r, &, )f(r,x,, t\W(x,x, > & ,k,)
c Ky Ky K (251)
+ > (e O (e, OW (K, &5 — K, k)

BTE was derived from the Liouville equation (Eq. 50) by performing an average over the

momentum and space coordinates of the other (N-1) particles [8], which can be written as [43]

%+Vg.%=[%j| (2.52)

The phonon dispersion relations and phonon scattering rates are required as inputs to the
BTE. While the complexity of the BTE is reduced relative to the Liouville equation, solving the
BTE is not trivial due to the integral nature of the collision term and the multi-dimensions of the
distribution function (i.e., f (X, Y, Z, kx, Ky, Kz, t)). The rate of change the distribution function is a
result of two mechanisms, including diffusion and scattering. At steady-state, BTE is expressed by
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a a =0 (2.53)
at diffusion at scattering
where
a =—v, VT a (2.54)
at diffusion 8T

Transport occurs due to the presence of the temperature gradient (VT). To simplify the collision

term, one can use relaxation time approximation (RTA)

0
Eg—ftj 1 ;f (2.55)

where 7 is the relaxation time, measures the time taken to return to the equilibrium. f° is the

equilibrium distribution function (i.e., Bose-Einstein distribution)

1

R p— (2.56)

gkel —1

where kg is the Boltzmann’s constant and 7 is the modified Planck’s constant. The total relaxation

time ‘t¢’ can be calculated based on Matthiessen's rule [22]

1 1
i ‘i 2.57
1 1 1 (2.57)
= _+__|__
Ty T T
The relaxation time according to RTA is
1 1 1
—=—+— (2.58)
T Ty Ty
Under the RTA, BTE becomes
AN (2.59)
or T '
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There are many approaches to solving the BTE under the RTA, but for brevity, a few are
mentioned here. Monte-Carlo methods are the most common numerical methods to solve BTE. It
may be used in other applications, such as charge transport [44] and gas dynamics [45]. Klistner
et al. [46] applied Monte-Carlo to study heat transport in the ballistic limit. The first detailed
algorithm to solve BTE via the Monte-Carlo approach to study phonon transport in solid thin films
was proposed by Mazumder and Majumdar [47]. This approach accounts for the frequency-
dependent phonon lifetimes as well as phonon transitions between polarisation branches [47]. It is
beneficial to implement the Monte-Carlo technique to solve BTE because it can consider the

phonon dispersion relation and treat each phonon scattering event separately.

In contrast, the relaxation time approximation (RTA) method is the simplest analytical
approach to solve BTE, where the transport is spatially and temporally independent [48]. The
variational method is an effective method to solve the linearized Boltzmann equation [49].
According to the fundamentals of the variational method, the trial function takes the place of the
exact solution. Chiloyan et al. [50] developed the variational approach to solve BTE in transient
thermal grating (TTG) for thin films.

2.1.3 Thermal Properties
To determine the temperature distribution on the macroscopic scale, one typically studies
thermal transport within a continuum framework. The macroscopic expression gives the heat

energy flow per unit area g (heat flux) to the temperature gradient VT as
q=-kVT (2.60)

where k is the thermal conductivity. On an atomic scale, however, thermal transport within a
quantum framework must be considered in order to obtain an expression for thermal conductivity
[51]. Thermal conductivity is infinite in harmonic approximation due to the absence of phonon
interactions. In an anharmonic system, phonons collide with each other and lead to a limitation of
thermal conductivity. The process that eventually limits the thermal conductivity in a perfect
crystal is resistive scattering. This is because of the ability of the reciprocal wavevector ‘G’ to
change the net direction propagation, and hence it will resist the heat flow [38]. Several analytical

models based on BTE have been presented to determine thermal conductivity. Callaway [39]
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proposed a model to calculate the lattice thermal conductivity ‘k.’, which is valid in the range of
(2.0 K to 100 K) for germanium. However, it was assumed that there is no difference between
longitudinal and transverse phonons and that the branches of phonons are non-dispersive [39].
Holland [52] improved Callaway's model by considering phonon dispersion effects. According to
statistical mechanics, heat carriers produced by thermal sources randomly walk in all directions.
Therefore, some sort of averaging is required for macroscopic descriptions of the motion of the
heat carrier (i.e., Fourier's law for heat transfer and Fick’s law for mass diffusion) [8]. To derive
the thermal conductivity from Fourier’s law based on kinetic theory, we consider a 1D model, as
shown in Figure 2.8. The net heat flux in X-direction ‘gx’ that crosses the vertical dashed line is the

difference between the heat fluxes flowing in positive and negative directions

(2.61)

1
X + E(nEvg,X)

1
qx = _E(nEVg,x)

X+Vz X—VTy

where n is the number of particles per unit volume, vgx is the group velocity in the x-direction, and
E is the energy of a particle. The factor (1/2) means that half of the particles flow in the positive
direction, whereas the other half particles flow in the negative direction. Eq. (2.61) can be
expressed using the Taylor series as

d(nEv,,)

0= _Vg,xz— dx (262)
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1

Figure 2.8: Particles movement in one-dimension.

Hot
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We assume that Vg,x® = Vg,y? = Vg,> = (1/3)vg?

_ VT dE, dT

= — 2.63
ST ox (263)

where En = nE is the energy density per unit volume and (dE«/dT= cy) is the volumetric specific
heat at constant volume. Eq. (2.63) leads to Fourier’s law

__GVrdT _ dT

=—K— 2.64
X 3 dx dx (264)

The parameters of Eqg. (2.64) can be obtained by solving the BTE. Thermal conductivity is
expressed as

2
_GVeT CV A
3 3

k

(2.65)

where A = vgt is the mean free path, which is the average traveling distance of a heat carrier before
scattering causes energy loss. Figure 2.9 shows the calculated thermal conductivity of silicon up
to room temperature by using RTA approach

10* T T T T T T

10°

Thermal Conducticity (W.m™ . K™)

~

10° T T T T T T T T T T T
50 100 150 200 250 300

Temperature (K)

Figure 2.9: Calculated thermal conductivity of silicon using RTA approach.

© 2022 — Jamal Abou Haibeh 26



Chapter 2: Theoretical and Computational Methods

The volumetric specific heat at constant volume ‘c,’ also can be described in terms of equilibrium

distribution function ¢ f°’ as

2
k how
c=—2_Y | — | fo+f° 2.66
VVNZ[kBTJ L+ 1) (2.66)

where N is the total number of g-points (phonon wave vectors) grid. For solids, specific heat at
constant volume ‘cy’ and specific heat at constant pressure are almost identical ‘cp’
c,~C (2.67)

This is because the change in the volume is negligible due to very small interparticle spaces in

solids. To understand this assumption, we define the linear thermal expansion coefficient ‘o’

a:i(ﬁJ (2.68)
3vier ),

In harmonic approximation, the effect of the thermal expansion coefficient vanishes, thus

(avj __(@praT), _, (269

or (6P 0V),
Specific heat relation is

2
¢, =c,- L\ PIT)y (2.70)
V (6P /oV),
In an anharmonicity case, however, we use a dimensionless called Griineisen parameter ‘y’, which

describes the thermal systems and the impact of changing a crystal lattice volume

Vow,  d(na)
o N o(nV)

Vi = (2.71)

where subscript i represents a phonon mode. The average Griineisen parameter ‘y” is related to the

heat capacity ‘C’

Z%Ci _ Z?/ici
>C. C

y= (2.72)
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Thermal expansion coefficient is given by

ks

(2.73)

The heat capacity at mode ‘i’ can be calculated by differentiating the internal energy with respect

to temperature

-~

a)iiozha)i e
dT hay
T? e[kﬂTJ -1

c 4y, _

i _F_ 2 (274)

2.1.4 Phonon Hydrodynamics

In the case of strong normal scattering, the thermal conductivity increases significantly,
and the flow of phonons can become collective, giving rise to phonon hydrodynamics. One
signature of phonon hydrodynamics is second sound, which was observed experimentally in a
handful of materials in the past several decades [1]-[3], [13], [53]. This phenomenon establishes
the existence of wavelike propagation of thermal energy, which was interpreted first by Landau
[54] based on the superfluidity theory of Helium Il. The earliest second sound observation was in
liquid helium at a low temperature of below 2.17 K [1]. For solids, the second sound was observed
in Bi in the range of (1.2 - 4.0 K) [2] and NaF at ~ 15 K [3]. Recent studies reported the second
sound in graphite above 100 K using a transient thermal grating technique [55] and above 200 K

using a sub-picosecond transient grating technique [56].

Theoretical conditions for the existence phonon hydrodynamics was attempted by Guyer

and Krumhansl, henceforth referred to as Guyer's condition [14]. This condition states that phonon

hydrodynamics can be observed if the average boundary scattering rate <rgl> is greater than the

average Umklapp scattering rate <rgl> but less than the average Normal scattering rate <r,;l> at

a given temperature and a characteristic length [14]

<r,§1> > <rgl> > <2'le> (2.75)
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In other words, phonon hydrodynamics can be observed if Normal scattering dominates

over Umklapp scattering. This condition is also valid for Poiseuille’s flow (Poiseuille
hydrodynamic). The average resistive scattering rate <r;1> (sum of Umklapp and isotope

scattering rates) can also be used instead of the average Umklapp scattering rate

<r§1> > <Tgl> > <T§1> (2.76)

where < >represents the average. At a given temperature, each phonon mode has several phonon

scattering rates (Normal, Umklapp, Boundary, and Isotopes). Therefore, for each type of phonon
scattering rate, the average scattering rate is calculated, representing all phonon modes at a single

temperature

<z"l> = X7 C _ 275G

SC c (2.77)

As discussed in the introduction, the ballistic regime occurs when mean free path is greater
than the characteristic length. In this regime, the Normal and Umklapp phonon scattering rates are
much weaker (effectively zero) than the boundary phonon scattering rate. The diffusive regime

occurs when the characteristic length is much greater than all the mean free paths.
Ballistic: (z5') > (1), (z5") > (7" (2.78)
Diffusive : <rle> > <r,§1>,<rljl> > <r,;1> (2.79)

Therefore, the hydrodynamics regime, if it exists, should occur between the ballistic and
diffusive regimes. There are two types of second sound; drifting and driftless [57], [58]. N-
scattering must predominate to have a ‘drifting’ second sound. Hardy [58] stated that the presence
of the second sound is not necessarily dependent upon the dominance of N-scattering. The
‘driftless’ second sound happens when all the scattering operator's eigenstates have the same
amount of time to relax, which does not need strong N-scattering [59]. So far, experimentalists
have not observed a driftless type of second sound.
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2.2 Computational Methods

A bottom-up framework has been developed for studying thermal transport in the phonon
hydrodynamics regime. In solids, microscopic methods rely on solving the equations of motion,
such as Newton's laws of motion, which can be accomplished using Molecular Dynamics (MD).
However, MD traditionally relies on empirical potentials and is therefore of limited use in
accurately predicting real material properties. To obtain physically accurate properties, the
quantum mechanics of atoms must be considered, which involves attempting to solving the many-

body Schrodinger equation.
d
|ha|yx(t)> =Hly () (2.80)

The first-principles method based on density functional theory (DFT) bypasses the
challenge of solving the many-body Schrédinger equation through a sequence of approximations.

Kohn—Sham equations deal with a single electron approximation in an effective potential ‘Ve(r)’
[60].

2
{_Zh_mevf +Ve(r)}//i(r) =&y, (r) (2.81)

By solving the Kohn—Sham equations, one can obtain a description of the interatomic force
constants. However, the bypassing of the original many-body problem comes at a cost. An
approximation technique for the exchange-correlation energy functional, called a pseudopotential,
is required to determine the energies and wave functions of a many-body system. In this work, we
examine the effect of various pseudopotentials on the material properties and phonon
hydrodynamics regime. Local density approximation (LDA) is the oldest pseudopotential
technique used, which was first proposed by Kohn and Sham in 1965 [60]. In LDA, the exchange-
correlation energy of an inhomogeneous system can be determined based on the exchange-

correlation energy for each particle in a homogeneous electron gas [60]

E [p(n)]= [ p(VER" (p(r))dr (2.82)
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Another type of exchange-correlation energy is based on the generalized gradient
approximations (GGA). Since the exchange-correlation energy is dependent on the electron
density ‘p(r)’ and its gradient ‘Vp(r)’, It is expected to perform more effectively with finite systems
[61]

Es*[p(1)]= [ p(NER (o(r), Vp(r)dr (2.:83)

Many GGA functions have been suggested since there are several ways to characterize the
gradient of electron density ‘Vp(r)’ [61]-[63]. We use two common GGA functions in this work,
which are the Perdew -Burke -Ernzerhof generalized gradient approximation (PBE) [61] and the

modified Perdew-Burke-Ernzerhof generalized gradient approximation (PBESOL) [63].
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In our workflow, as shown in Figure 2.10, we use several computational software packages
to predict thermal phonon hydrodynamics based on Guyer's condition. Visualizing crystal
structures is a crucial step for obtaining the initial structural data of the unit cell, including the
atomic positions and unit cell dimensions. Many sophisticated software packages can visualize
crystal structures (i.e., VESTA [64]). For first-principles calculations, Quantum ESPRESSO [65]
is used to obtain second-order interatomic force constants, whereas thirdorder.py [66] is used to
obtain third-order interatomic force constants. It should be noticed that structures of materials must
be relaxed first, and some parameters (i.e., Monkhorst-Pack k-points grid) must be converged for
accuracy of calculations. There are two stages for relaxation: first, relaxation of atomic positions
up to zero force (relax), and then optimization of atomic positions as well as crystal cell shape “cell
parameters’ by variable cell-relaxation (vc-relax). The self-consistent field method is required to
determine the energy of a many-body system. In this step, a pseudopotential must be selected to

minimize the numerical effort.

Along with the interatomic force constants, the Born effective charges ‘Z” and dielectric
tensor of the solid ‘¢’ are used as additional inputs in the BTE solver for calculating the vibrational
spectrum [66], [67]. For three-phonon scattering, ShengBTE is used to solve BTE [66]; in contrast,
Fourphonon is used to solve BTE for four-phonon scattering [68]. Using the Python code we
developed (Appendix A-5), the average scattering rates are computed to show the phonon

hydrodynamics window based on Guyer’s condition at a given characteristic length.
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CHAPTER 3

RESULTS AND DISCUSSIONS

3.1 Phonon Hydrodynamics in Fluorides and Alkali Hydrides

3.1.1 DFT Calculations

Density-functional theory (DFT) calculations provide valuable information necessary for
the first-principles modeling of materials in the fields of material science, physics, chemistry, and
engineering. DFT has been used to compute electronic structures of solids for more than five
decades [69]. Due to significant technical and computational advancements, modeling the heat
transfer of materials has become more manageable, especially for nanomaterials at low
temperatures where the classical laws (e.g., Fourier's law) do not hold. The first-principles (ab
initio) approach, based on DFT, has developed to become a state of the art technique to model heat
transfer. However, there are always deviations of the theoretical data from experimental data. In
the case of thermal conductivity of semiconductors, it is usually less than 20 % [70]. However,
this error may be considered unacceptable if we seek accurate results. The goal of this chapter is
to understand the impact of pseudopotential on the accuracy of the results according to the

workflow (Figure 2.10) described in chapter 2.

Fluorides (NaF, LiF) and alkali hydrides (LiH, NaH) are diatomic inorganic compounds,
and their applications have been studied for many years, including water treatment [71], hydrogen
storage [72], [73], medical imaging [74], [75], optics [76], nuclear reactors [77], batteries [78], and
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many others. Several studies focused on NaF and selected it for the experiments of second sound
[3], [15], [79] since there is only one naturally stable isotope of each sodium and fluorine [59],
[80]. Thus, it is considered a pure crystal. Our reference is a value reported in NaF from a previous
experiment in 1970 [3]. In this experiment, the heat pulse technique was used as described in
Ref.[15]. By propagating the heat pulses in a NaF sample, it was found that there is a second sound
at a temperature of 15 K with a characteristic length of 8.3 mm [3], as illustrated in Figure 3.1. We
examine phonon hydrodynamics in NaF at the same characteristic length and different
characteristic lengths based on Guyer’s condition (Eq. 2.75). Average scattering rates (Normal,
Umklapp, Boundary, and Isotopes) are computed depending on Eg. (2.77). Phonon thermal
transport regimes are shown as a function of temperature and characteristic length. We also obtain
phonon hydrodynamics of LiF, LiH, and NaH. We show the three phonon thermal transport
regimes (ballistic, hydrodynamic, and diffusive) for each of these four materials. Moreover, we

discuss the effect of isotopes on phonon hydrodynamics windows of these materials
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Figure 3.1: Observation of the second sound in NaF at 15 K with L = 8.3 mm (adapted from
Ref.[3])

In addition, our study provides a comprehensive set of properties of fluorides (NaF, LiF)
and alkali hydrides (LiH, NaH), including phonon dispersion, band gap, lattice thermal
conductivity, heat capacity, bulk modulus, elastic constants, and other properties. The calculations
were done using PBE, PBESOL, and LDA pseudopotentials. The structures of NaF, LiF, LiH, and

NaH adopt the NaCl face-centered cubic (FCC) crystal structure. For first-principles calculations,
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a 14 x 14 x 14 x-points mesh of Monkhorst-Pack with a convergence threshold of 1.0E-16 Ry is

used. The number of supercells of harmonic force constants (second-order) and anharmonic force

constants (third-order), cutoff, and g mesh are converged for each type of pseudopotential. Table

3.1 lists the supercells and g meshes that were obtained.

Table 3.1: The selected supercells and g meshes for BTE.

Material Pseudopotential Second-order  Third-order  Cutoff g mesh
supercell supercell

NaF PBE 6x6x6 3x3x3 -2 30 x 30 x30
PBESOL 3x3x3 3x3x3 -5 35 x 35 x35
LDA 3x3x3 3x3x3 -4 40 x 40 x40
LiF PBE 8x8x8 3x3x3 -2 40 x 40 x40
PBESOL 6X%X6x6 3x3x%x3 -2 45 x 45 x45
LDA 6x6x6 3x3x3 -5 30 x 30 x30
LiH PBE 2%x2x2 4x4x4 -5 45 x 45 x45
PBESOL 6X%X6x6 3x3x%x3 -2 40 x 40 x40
LDA 8x8x8 3x3x3 -2 35 x 35 x35
NaH PBE 3x3x3 4x4x4 -4 40 x 40 x40
PBESOL 4x4x4 3x3x%x3 -2 45 x 45 x45
LDA 8x8x8 3x3x3 -2 35 x 35 x35
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3.1.2 Phonon Hydrodynamics in Sodium Fluoride (NaF)

The calculated phonon dispersion and phonon density of states are shown in Figure 3.2.
Phonon dispersion relations for NaF are determined in the crystallographic of {100}, {101}, and
{111} symmetry directions; the path in the Brillouin zone is (' - X — K — I" — L). There are
six modes for NaF, LiF, LiH, and NaH: three acoustic (TA1, TA2, LA) and three optical (TO1, TOg,
LO) modes, corresponding to the two atoms per primitive cell. The optical modes are located at a
non-zero frequency. In the left figure, we compare the calculated and the measured phonon
dispersion relations [81]. We notice that the PBE method is in excellent agreement with the
measured values [81]. The agreement of calculated phonon dispersion with experiment verifies the
accuracy of the calculations of the second-order interatomic force constants. The frequencies of

the longitudinal and transverse optical phonon (LO-TO) at the gamma point are listed in Table 3.2.
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Figure 3.2: Calculated phonon dispersion (left) and phonon density of states (right) for NaF.
Calculations were done with PBE (black solid lines), PBESOL (red solid lines), and LDA (blue
solid lines). Black circles are the measured data from Ref.[81].
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Table 3.2 compares our results with other theoretical and experimental data. The calculated
equilibrium lattice constants from PBE, PBESOL, and LDA methods are 4.72, 4.65, and 4.52 A,
respectively, well-consistent with the experimental value a(exp) = 4.6295 A that was measured at
0 °C by Pathak et al.[82]. The percentage errors (jexperimental value — theoretical value|
[theoretical value x100 %) are 1.92, 0.44, and 2.42 %, respectively. The dielectric-constant tensor
‘e> and Born effective charges ‘Z" are calculated based on the density functional perturbation
theory (DFPT) to capture the longitudinal and transverse optical phonon (LO-TO) splitting at the
gamma point [83]. For fluorides and alkali hydrides (NaF, LiF, LiH, and NaH), the underlying
Bravais lattice is cubic (FCC crystal); hence there is only one independent component in the Born
effective charge tensor. Our calculations for the Born effective charge using PBE are identical to
the experimental value (Z'exp = 1.02) [84]. In contrast, we notice that these methods (PBE,
PBESOL, and LDA) are not accurate in computing the electrical band gap. It was found that other
methods, such as the modified Becke—-Johnson (mBJ) exchange potential, can be used to obtain a
more accurate estimate of the band gap [85]-[87]. The electrical band structures of fluoride and
alkali hydride materials can be found in Appendix A-4, where the Fermi energy (Es) is shifted to
zero eV.

Table 3.2: Lattice constant a (A), dielectric constant &, Born effective charge Z*, phonon

frequencies at gamma o (THz), and band gap E4 (V) of calculated, other theoretical data, and
experimental data for NaF.

PBE PBESOL LDA Other theoretical data ~ Experiments

a 4.72 4.65 452 4,672, 4.69°, 4.63°, 4.6295

4.809 4.695%, 4.693% 4.63429

€ 1.86 1.89 1.93 1.85¢ 1.74"

Z 1.02 1.01 0.99 1.019¢, 0.956' 1.02
oLo 11.67 12.01 12.81 11.90¢ 12.65K
©TO 6.78 7.24 8.32 6.95¢ 7.385K

Eq 6.02 6.11 6.34 12.0%, 6.12%3, 7.11%, 11.50'

11.69%

Ref.[88]. PRef.[89]. ‘Ref.[90]. 9Ref.[91]. ®Ref.[87]. *'Ref.[87], calculated using full-potential
linearized augmented plane wave (FP-LAPW) method. °©?Ref.[87], calculated using
pseudopotential. ®Ref.[87], calculated using generalized gradient approximation (GGA).
®*Ref.[87], calculated using Engel-Vosko (EV) approximation. ®Ref.[87], calculated using the
modified Becke—Johnson (mBJ) exchange potential. 'Ref.[82], measured at 0 °C. 9Ref.[92].
"Ref.[93]. 'Ref.[94].'Ref.[84]. “Ref.[95]. 'Ref.[96].
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Figure 3.3: Calculated lattice thermal conductivity for NaF. Calculations were done with PBE
(black circles), PBESOL (red circles), and LDA (blue circles). Experimental data: Ref.[97]
(orange circles), Ref.[98] (gray triangles), Ref.[99] (pink squares). Theoretical data: Ref.[100]
(purple stars).

The lattice thermal conductivity is calculated at different temperatures ranging from 100 K
to 1000 K and compared with values from the literature [97]-[100], as shown in Figure 3.3.
Experimental values of thermal conductivity were measured below 400 K [97]-[99]. Most
experimental values are close to the PBE curve but distant from the LDA curve. Table 3.3 lists the
thermal conductivity, specific heat, average Grlineisen parameter, and density values at room
temperature. It shows that PBE is an accurate choice to calculate the thermal conductivity for NaF
with a percentage error of 0.86 %. For the three-phonon scattering processes, the accurate
Grineisen parameter value reflects the reliability of the third-order interatomic force constants
calculations (anharmonic term). All values obtained in Table 3.3 using the PBE method agree well
with experimental data [97], [101]-[104].
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Table 3.3: Thermal conductivity k (W.m1.K™?), specific heat ¢, (kJ.kgt.K?), average Griineisen
parameter 7, and density p (g.cm™) of calculated, other theoretical data, and experimental data for
NaF at room temperature.

PBE PBESOL LDA Other theoretical data Experiments
k 18.54 22.26 31.48 - 18.72
Cp 1.09 1.08 1.06 - 1.09°
Y 1.78 1.61 1.59 1.79° 1.83¢
p 2.66 2.78 3.01 2.80¢ 2.769°, 2.804f

aRef.[97]. PRef.[101], measured at 276.20 K. °Ref.[102]. “Ref.[105]. ®Ref.[103]. 'Ref.[104].

The mechanical properties for NaF, including the bulk modulus and elastic constants, are
given in Table 3.4. As discussed in Chapter 2, the three independent components of a cubic crystal
are Ci1, Ci2, and Cas. We calculated bulk modulus ‘B’ and elastic constants ‘Cj;> at 0 K of
temperature. Some researchers have looked into how single-crystal elastic constants vary with
temperature. Lewis et al. measured elastic constants of NaF at 4.2 K [103], which differ slightly
from the calculated values at 0 K. Our calculated bulk modulus and elastic constants for NaF with
different pseudopotential methods are in good agreement with the experimental results [103],
[104], [106].

Table 3.4: Bulk modulus B (GPa) and elastic constants Cj; (Gpa) of calculated, other theoretical
data, and experimental data for NaF.

PBE PBESOL LDA Other theoretical data ~ Experiments
B 46.79 48.46 61.14 40.8? 61.6 45.7°

Cu 95.68 101.86 133.97 97.19, 145.14¢ 97.0%, 108.5,
96.90¢

Cr 22.84 21.75 24.73 24.34, 33.83° 24.3¢, 22,90,
24.50°

Cus 26.35 26.59 28.31 28.09, 33.83¢ 28.1¢, 28.99",
28.01°

aRef.[91]. PRef.[107], calculated using LDA pseudopotential. °Ref .[104]. 9Ref.[105]. *Ref.[108].
'Ref.[103]. 9Ref.[106].
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Figure 3.4: Normal scattering rates for NaF as a function of phonon frequency at T = 20 K using:
(a) PBE, (b) PBESOL, and (c) LDA methods. Colorful circles denote phonon branches. The green,
blue, and red circles are the acoustic phonons modes (TA1, TA2, LA), whereas the black, purple,
and yellow circles are the optical modes (TO1, TO», LO).

We present in Appendix A-3 the convergence tests for lattice thermal conductivity and
average scattering rates for NaF, LiF, LiH, and NaH at 50 and 300 K, respectively, to obtain an
appropriate g-points mesh for BTE calculation. From the calculations of thermal properties, one
can extend these calculations to determine the phonon hydrodynamics window at a particular
characteristic length by applying Eq. (2.75) (Guyer’s condition). Figure 3.4 shows the Normal
scattering rates at a temperature of 20 K with different phonon branches. According to Table 3.1,
the convergence test of the g-points mesh for NaF produces 27,000, 42,875, and 64,000 g-points
for PBE, PBESOL, and LDA, respectively. For all phonon modes at a given temperature, we
calculate the average Normal scattering rate (ANSR). As given in Table 3.5, ANSRs at T = 20 K
for PBE, PBESOL, and LDA are 3.48 x 10#, 5.76 x 10*, and 3.75 x 10*ps™. Table 3.5 also lists
the average Umklapp scattering rate (AUSR) and average isotope scattering rate (AISR) at the
same temperature. We select this temperature as an example since it can display the phonon
hydrodynamics regime clearly at an extended range of characteristic lengths (>10° — ~108 nm).
ANSR is much higher than AUSR for all three pseudopotentials, which indicates that phonon
hydrodynamic can exist at this temperature. The average phonon scattering rate (APSR) is the sum

of ANSR and AUSR. As we discussed, both sodium and fluorine elements have naturally unique
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isotopes; therefore, the AISR for NaF at any temperature equals zero. For each temperature, the

average boundary scattering rate (ABSR) can be calculated at a given characteristic length.

Table 3.5: Average Phonon Scattering Rate — APSR (ps™), Average Normal Scattering Rate —
ANSR (ps?), Average Umklapp Scattering Rate — AUSR (ps™), and Average Isotope Scattering
Rate — AISR (ps?) for NaF at T = 20 K.

PBE PBESOL LDA
APSR 3.58 x 10 5.83 x 10 3.78 x 10
ANSR 3.48 x 10™ 5.76 x 10 3.75 x 10
AUSR 0.10 x 10 0.07 x 10 0.03 x 10
AISR 0.00 0.00 0.00

Calculations at different temperatures and characteristic lengths were performed to probe
the three different transport regimes. From Figure 3.5 (a), the hydrodynamics window is located
between 2 K and 15.5 K for PBE, between 2 K and 16 K for PBESOL, and between 2 K and 17.2
K for LDA at L = 8.3 mm, which satisfies the experimental value [3]. Figures 3.5 (b) and (c) show
the hydrodynamics windows at L = 10 um and L = 10 nm, respectively. Figure 3.5 (d) shows the
three phonon thermal transport regimes (ballistic, hydrodynamics, and diffusive) in a temperature
range of (10 — 80 K) and a characteristic length of (10 — 108 nm). In these ranges, we expect to

observe the phonon hydrodynamics regime.
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Figure 3.5: Phonon hydrodynamics windows for NaF. Calculations were done with PBE (black
dashed lines), PBESOL (red dashed lines), and LDA (blue dashed lines). Double arrow lines show
the hydrodynamics range for each pseudopotential. (a) At L = 8.3 mm. The experimental value [3]
is shown as a dashed vertical orange line. The vertical green solid line means that the
hydrodynamics range for all three pseudopotentials starts at the same temperature, which is at 2 K
in this case. (b) At L =10 um. (c) At L = 10 nm. (d) Thermal transport regimes: hydrodynamics
regime (pink), ballistic regime (yellow), and diffusive regime (green).
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3.1.3 Phonon Hydrodynamics in Lithium Fluoride (LiF)

As LiF shares the same crystal symmetry as NaF, the presented phonon dispersion relations
of LiF follow the symmetry directions as NaF. The calculated longitudinal optical mode (LO)
values using LDA functional match almost with Ref.[109], while the calculated transverse optical
modes (TO) values using PBESOL functional are in good agreement with the measured value of
the same reference. From the dispersion relations of LiF, the transverse optical modes (TO1, TO2)
are doubly degenerate at the gamma point due to high- symmetry in the Brillouin zone. From the
LDA functional dispersion curves, the longitudinal optical mode (LO) of LiF reaches a frequency
of ~ 20 THz at the gamma point, a greater value than the LO mode’s frequency of NaF (~ 11.7
THz) using the PBE functional. For a given frequency, there are a number of phonon modes that
may share that frequency, which is described by the phonon density of states (PDOS), as shown
in Figure 3.6.
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Figure 3.6: Calculated phonon dispersion (left) and phonon density of states (right) for LiF.
Calculations were done with PBE (black solid lines), PBESOL (red solid lines), and LDA (blue
solid lines). Black circles are the measured data from Ref.[109].

© 2022 — Jamal Abou Haibeh 44



Chapter 3: Results and Discussions

Table 3.6: Lattice constant a (A), dielectric constant &, Born effective charge Z*, phonon
frequencies at gamma o (THz), and band gap Eq (V) of calculated, other theoretical data, and
experimental data for LiF.

PBE PBESOL LDA Other theoretical data Experiments
a 4.07 4.01 391  3.886%, 4.005%, 4.002P1, 4.1032,  4.02¢, 3.99
4.02¢, 4.07¢
g 2.04 2.08 2.11 2.04°, 2.199 1.93"
Z" 1.05 1.05 1.04 1.03°, 1.069, 0.998 -
®LO 18.63  19.18 20.09 19.89°, 19.929 19.70/
®TO 8.09 9.06 10.28 10.61°, 10.299 9.15)
Eq 8.82 9.04 9.64 8.7279, 7.64%*, 9.15%? 8.7' 13.6™, 14.2"

31Ref.[110], calculated using LDA. #Ref.[110], calculated using GGA. Ref.[83]. P'Ref.[83],
calculated using LDA. "’Ref.[83], calculated using GGA. °Ref.[90]. “Ref.[111]. °Ref.[112].
'Ref.[113]. 9Ref.[114]. "Ref.[93]. 'Ref.[94]. 'Ref.[109]. 'Ref.[115], calculated using LDA.
k?Ref.[115], calculated using PBE. 'Ref.[116], calculated using LDA. ™Ref.[117]. "Ref.[118].

In order to obtain the lowest calculated electronic energy for PBE, PBESOL, and LDA, the
lattice constant (a) was adjusted by relaxing the LiF structure. The calculated lattice constant for
PBE (arse = 4.07 A) is greater than the experimental value (aexp = 4.02 A) that was found from the
typical incident angular scan in the {100} direction [112], while the calculated lattice constants for
PBESOL (apgesoL = 4.01 A) and LDA (aLpa = 3.91 A) are smaller compared to the experimental
value. Like in the case of NaF, the LO-TO splitting value is determined based on the Born effective
charge (Z”) calculation. The calculated Z” for PBE and PBESOL was computed to be 1.05 and -
1.05 for Li and F elements, respectively, in the atomic unit, and using LDA was found to be 1.04
and -1.04 for Li and F elements, respectively. From Table 3.6, the frequencies for the LO-TO
splitting (oLo— wT0) at the gamma point are 10.53, 10.12, and 9.81 THz for PBE, PBESOL, and
LDA, respectively, which are in good agreement with the experimental value (wexp = 10.55 THz)
[109]. The greatest band gap value of LiF was obtained by LDA method (Eq = 9.64 eV,) yet it is
less than the experimental values with an error of ~ 41% [117], [118]. However, the calculated
value for the valence bandwidth using LDA is 3.5 eV, which is identical to the measured bandwidth
of 3.5eV in Ref.[119].
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Figure 3.7: Calculated lattice thermal conductivity for LiF. Calculations were done with PBE
(black solid line), PBESOL (red solid line), and LDA (blue solid line). Calculations show the effect
of the isotopes on the thermal conductivity: PBE (black circles), PBESOL (red circles), and LDA
(blue circles). Experimental data: Ref.[120] (orange triangles). Theoretical data: Ref.[110] (pink
diamonds), Ref.[83] (green pentagons), Ref.[121] (purple stars).

The effect of isotopes on the thermal conductivity calculations for LiF is seen in Figure
3.7. It shows that the difference between the thermal conductivity values of pure LiF and impure
LiF (with isotopes) is quite small (< 3 %). The calculated thermal conductivity for pure LiF using
LDA method (k = 13.91 W.m.K? ) at room temperature is close to the measurable value (Kexp =
14.09 W.m.K1) by Petrov et al.[120] with an error of 1.28 %, whereas the calculated thermal
conductivity, including the isotopes, is 13.56 W.m™.K* with an error of 3.76 %. Furthermore, the
percentage errors of calculated specific heat (cp = 1.55 kJ.kg™t.K™?), average Griineisen parameter
(¥ = 1.54), and density (p = 2.88 g.cm™) at room temperature using LDA method for pure LiF are
0.65, 3.14, and 10.77 %, respectively, compared to experimental results [101], [122], [123].
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Table 3.7: Thermal conductivity k (W.m1.K™?), specific heat ¢, (kJ.kgt.K), average Griineisen
parameter 7, and density p (g.cm™) of calculated, other theoretical data, and experimental data for
LiF at room temperature.

PBE PBESOL LDA Other theoretical data  Experiments
k 8.88 11.07 13.91 14.5921 22 .42% 14.09¢
13.89%1, 13.48",
14.80°, 13.60¢

Cp 1.62 1.59 1.55 1.62 1.54f
v 2.08 1.88 1.54 1.24P 1,362 1.599
P 2.56 2.67 2.88 - 2.60"

31Ref.[110], calculated using ao = 3.894 A. @Ref.[110], calculated using a(300 K) = 4.004 A.
bIRef.[83], calculated using ao = 4.002 A. P?Ref.[83], calculated using a(300 K) = 4.03 A.
°Ref.[124]. YRef.[121]. ®Ref.[120]. Ref.[101]. 9Ref.[122], given at T = 323.15 K. "Ref.[123].

The calculated bulk modulus and elastic constants of LiF are shown in Table 3.8. There
are four conditions for the mechanical stability of the elastic constants in cubic crystals, which are:
C11>0,C44>0,C11—C12>0, and C11 + 2C12 > 0 [111]. Our elastic constants values for fluoride
materials (NaF and LiF) satisfy all these conditions. In contrast, comparing theoretical elastic
constants with experiments is challenging because of the uncertainties in measuring C12, where its
value is a linear combination of elastic constants with the crystal in the {110} direction, whereas
Cu1 and Ca4 values can be measured directly by ultrasonic techniques [125]. Nevertheless, our C12
value (C12 = 50.61 GPA) with LDA agrees with the experimental value of 47.4 GPa [106], with
an error of 6.75 %.

Table 3.8: Bulk modulus B (GPa) and elastic constants Cj; (GPa) of calculated, other theoretical
data, and experimental data for LiF.

PBE PBESOL LDA Other theoretical data ~ Experiments

B 67.17 72.55 86.78 67.7181 73.50 @2 76.9¢
72.99°1 70532
87.1125°, 76.1¢

Cu 109.45 126.71 143.12 153.15P, 129.1¢ 135.8¢
Cw 46.03 45.48 50.61 45.62° 49 5¢ 47 4¢
Cu 60.32 61.91 68.07 55.08P, 49.5¢ 68.7¢

31Ref.[83], calculated using GGA, #?Ref.[83], calculated using LDA. PRef.[111]. P'Ref.[111],
calculated using Birch-Murnaghan EOS. "?Ref.[111], calculated using Vinet EOS. ‘Ref.[107].
9Ref.[125]. °Ref.[106].
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Figures 3.9 (a), (b), and (c), respectively. In comparison to NaF, LiF has a broader phonon

hydrodynamics range, as illustrated in Figure 3.9 (d).

Table 3.9: Average Phonon Scattering Rate — APSR (ps™), Average Normal Scattering Rate —
ANSR (ps?), Average Umklapp Scattering Rate — AUSR (ps™), and Average Isotope Scattering

Rate — AISR (ps™) for LiF at T = 20 K.

10 15

The normal scattering rates for LiF using different pseudopotentials at T = 20 K is shown
in Figure 3.8. As listed in Table 3.9, AUSR has a negligible value compared to ANSR at T = 20

K. The phonon hydrodynamics windows of LiF at various characteristic lengths are shown in

PBE PBESOL LDA
4.87 x 10 1.66 x 10 6.77 x 10
4,82 x 10 1.65 x 10 6.76 x 10
0.05 x 10 0.01 x 10* 0.01 x 10*
1.36 x 10* 0.75 x 10* 0.48 x 10
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Figure 3.9: Phonon hydrodynamics windows for LiF. Calculations were done with PBE (black
dashed lines), PBESOL (red dashed lines), and LDA (blue dashed lines). Double arrow lines show
the hydrodynamics range for each pseudopotential. (a) At L = 10 mm. The vertical green solid line
means that the hydrodynamics range for all three pseudopotentials starts at the same temperature,
which is at 2 K in this case. (b) At L = 10 pm. (c) At L = 10 nm. (d) Thermal transport regimes:
hydrodynamics regime (pink), ballistic regime (yellow), and diffusive regime (green).
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3.1.4 Phonon Hydrodynamics in Lithium Hydride (LiH)

The calculated phonon dispersion of LiH along the high-symmetry directions is plotted in
Figure 3.10. The phonon dispersion curves of alkali hydrides (LiH, NaH) are characterized by a
gap existing between the acoustic and optical modes. The acoustic — optical (a-0) gap happens
because of the mass variation between the component elements [110], [126]. The three-phonon
scattering processes play a role in understanding the interactions between the acoustic and optical
modes. The three-optical scattering processes (0oo) in LiH is forbidden due to energy
conservation. The bunching of the acoustic branches can be calculated at the X point through
(oLa — oTA)) ®LA. This mathematical relation gives values of 0.24, 0.25, and 0.26 for PBE,
PBESOL, and LDA, respectively, which is in good accordance with the calculated value of 0.23
[110]. Also, this results in values of 0.26 and 0.24 for LiF, and NaH, respectively, but NaF has a
greater value of 0.43, indicating an effect of (aaa) scattering. For LiH, the dispersion data using
PBE functional is well-consistent with Ref.[127]. It is noted that TO> breaks up from TO: and
degenerates with LO at the K wave vector.
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Figure 3.10: Calculated phonon dispersion (left) and phonon density of states (right) for LiH.
Calculations were done with PBE (black solid lines), PBESOL (red solid lines), and LDA (blue
solid lines). Black circles are the measured data from Ref.[127].
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For LiH, the calculated lattice constants using PBE, PBESOL, and LDA methods (arge =
4.01 A, apgesoL = 3.98 A, and aipa = 3.91 A) are all in close agreement with the experimental
values (aexp1 = 4.069 A [127] and aexpz = 4.083 A [128]) with an error of less than 5 %. The
experimental born effective charge of LiH (Z exp1 = 0.991) was computed by Shukla [94] using
experimental values of the Szigeti charge ‘Zs’ and the high-frequency dielectric constant ‘e..” from
Ref.[129] and applying the mathematical relation of Z* = [(e~+2)/3]Zs, which is described in
Ref.[130]. This computed value and the other experimental value (Z"exp2 = 1.11 [131]) agree with
our results. From Table 3.10, the frequency of LO is much higher than TO due to the strong
depolarization field in LiH. The LO frequency at the gamma point can also be obtained from the
Lyddane-Sachs-Teller (LST) relation (w0 / ®*r0 = &0 /&x) [132], which gives a value of 32.40
THz. ¢ refers to the static-frequency dielectric constant. Both values from first-principles
calculations and LST relation agree the experimental values [127], [129], [131], [133].
Table 3.10: Lattice constant a (A), dielectric constant &, Born effective charge Z*, phonon

frequencies at gamma o (THz), and band gap Eq (V) of calculated, other theoretical data, and
experimental data for LiH.

PBE PBESOL LDA Other theoretical data ~ Experiments
a 4.01 3.98 3.91 3.94731 3.89432 4.02°, 4.0699
3.997¢ 4.083¢,

4.083f 4.0839
g 4.39 4.70 4.99 4.34° 481" 3.61¢

Z" 1.02 1.02 1.03 1.020¢, 1.03", 1.046' 0.991 1.11"
OLO 32.43 32.37 32.96 28.3" 32.219
33.50",

33.604, 33.15¥
®TO 17.56 18.52 19.41 18.1" 17.86' 18.149
18.40M,

17.76), 17.70%

Eq 2.98 2.73 2.54 3.00°, 2,61, 4,75, 5.00™, 4.92"

2.53

31Ref.[110], calculated using GGA. #Ref.[110], calculated using LDA. PRef.[134]. P'Ref.[134],
calculated using GGA. "?Ref.[134], calculated using LDA. "®Ref.[134] , calculated using GW.
‘Ref.[135]. YRef.[127]. °Ref.[128]. 'Ref.[136]. YRef.[137]. "Ref.[131]. 'Ref.[94]. 'Ref.[129].
kRef.[133]. 'Ref.[138]. ™Ref.[139]. "Ref.[140].
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Figure 3.11: Calculated lattice thermal conductivity for LiH. Calculations were done with PBE
(black solid line), PBESOL (red solid line), and LDA (blue solid line). Calculations show the effect
of the isotopes on the thermal conductivity: PBE (black circles), PBESOL (red circles), and LDA
(blue circles). Experimental data: Ref.[141] (pink up triangles), Ref.[142] (orange down triangles).
Theoretical data: Ref.[135] (purple stars).

Several experiments and theoretical calculations have been performed to determine the
thermal conductivity of LiH [110], [135], [141], [142], as shown in Figure 3.11. Vetrano [141]
measured the thermal conductivity of LiH at T = 327 K (kexp = 12.47 W.m1.K'). Referring to
Table 3.11, previous theoretical studies yielded higher thermal conductivity values at the same
temperature [110], [135]. Our calculations using PBE are in good agreement with Vatrano’s value
if the effect of isotopes is excluded. Including isotopes in our calculations leads to an increase in
the error percentage to 6 %. Specific heat value (¢, = 3.69 kJ.kgt.K™1) with PBE is also in good
agreement with the experiment value (c, = 3.64 kJ.kg™*.K™) [143]. LiH has relatively a low density
(p = 0.775 g.cm™ by experiments [128], [129], [136]) and, again, our calculated density values

using PBE agree with these experiments.
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Table 3.11: Thermal conductivity k (W.m™.K™), specific heat ¢, (kJ.kg™.K), average Griineisen
parameter 7, and density p (g.cm™) of calculated, other theoretical data, and experimental data for
LiH at room temperature.

PBE PBESOL LDA Other theoretical data ~ Experiments
k* 12.47 13.76 16.98 25.51%1, 23.00%, 12.47°
12.98°
Cp 3.69 3.57 3.45 - 3.64¢
7 1.64 1.57 1.42 1.64° 1.28
p 0.81 0.84 0.88 - 0.775¢, 0.775",
0.7754

“Thermal conductivity values were obtained at T = 327 K. 2Ref.[110], calculated using ao = 3.894
A. %2Ref.[110], calculated using a(300 K) = 4.004 A. PRef.[135]. ‘Ref.[141]. ‘Ref.[143].
®Ref.[144]. 'Ref.[145]. 9Ref.[128]. "Ref.[136]. 'Ref.[129].

The experimental and first-principles data for the elastic constants of LiH is shown in Table
3.12. An important mechanical parameter of elastic properties for alkali hydrides (LiH, NaH) is
the elastic anisotropy factor ‘AF’. The degree of anisotropy is based on the magnitude of the
directional dependence of the properties [146]. AF = 2C44/(C11-C12), where AF = 1 for an elastic
isotropic medium [147]. AF values of LiH with PBE, PBESOL, and LDA are 1.65, 1.29, and 1.21,
respectively. Like LiH, LiF also has a large AF value (AF = 1.90 using PBE). These values indicate
a strong elastic anisotropy in these materials. One of the effects of elastic anisotropy is the
phenomenon of long-wavelength phonon focusing [148]. At high AF, it is expected a strong
phonon focusing will takes place even at the long-wavelength elastic limit. It has been suggested
that phonon focusing is connected to the phonon hydrodynamics in fluorides and alkali hydrides
because all crystals may exhibit phonon focusing at the same low temperatures where phonon
hydrodynamics is observed [149].

Table 3.12: Bulk modulus B (GPa) and elastic constants Cij (GPa) of calculated, other theoretical
data, and experimental data for LiH.

PBE PBESOL LDA Other theoretical data Experiments

B 3424 37.06 40.60 34.03% 41.33% 36.6°, 34.24° 31.7¢
36.07¢

Cu 73.06 85.34 95.36 78.9¢, 79.87 65.829 74.10%, 67.20"

Ci2 14.03 10.42 10.22 44,38 45.97 15.449 14.20f, 14.93"

Cu 48.62 48.31 51.48 4418, 45.7% 42.919 48.407 46.37"

31Ref.[150], calculated using PBE. ®Ref.[150], calculated using LDA. PRef.[151]. ‘Ref.[152].
9Ref.[153]. °Ref.[154]. 'Ref.[155] . 9Ref.[156]. "Ref.[145]
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Figure 3.12: Normal scattering rates for LiH as a function of phonon frequency at T = 20 K using:
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(a) PBE, (b) PBESOL, and (c) LDA methods. Colorful circles denote phonon branches. The green,
blue, and red circles are the acoustic phonons modes (TA1, TA2, LA), whereas the black, purple,
and yellow circles are the optical modes (TO1, TO», LO).

In Figure 3.12, the Normal scattering rates for LiH show the variations between the

acoustic and optical branches. As seen in Table 3.13, the value of AUSR at T = 20 K is less than

1 x 107 ps, which is much less than ANSR. The phonon hydrodynamics windows of LiH, as

shown in Figures 3.13 (a), (b), and (c), emergesat T <30 KforL=10mm, 30<T<50 KforL =

10 um, and 110 < T < 160 K for L = 10 nm. These figures produce the phonon thermal transports

(Figure 3.13 (d)).

Table 3.13: Average Phonon Scattering Rate — APSR (ps™), Average Normal Scattering Rate —

ANSR (ps™), Average Umklapp Scattering Rate — AUSR (ps™), and Average Isotope Scattering
Rate — AISR (ps™) for LiH at T = 20 K.

PBE PBESOL LDA
APSR 3.06 x 107 6.24 x 107 4.61 x 107
ANSR 3.05 x 107 6.23 x 10 4.60 x 10
AUSR 0.01 x 107 0.01 x 10 0.01 x 10
AISR 5.00 x 10 4.01 x 104 2.89 x 104

© 2022 — Jamal Abou Haibeh

54



Chapter 3: Results and Discussions

(a)
107 T T T A T
. [ 7
, d : ’ ’ \l\/‘
’
—~ 107 4 J\ / 4
o0 - ;“Q\ . N
5‘ -7, # , N-Scattering o U-Scattering
- Py ;
*g L~ /7 / / /
& 0% /A7 4
[=11) - / /
& e e e s mm=== e (| = = P
- /
E M T
© ! .
S L B-Scatterin,
B 107 3 ’,.’ N 2 .
& 1
=D /
= If /
g o
2 10° ! 1
it
1y - — PBE
,rf , - — PBESOL
o - — LDA
9 —_
10 T T T ¥ T T T T T
0 5 10 15 20 25 30 35 40 45 50
Temperature (K)
(©
101 T T T T N T T T
i N-Scattering
~ |- _ -
w100 J e
& 1w 147 ST
‘L; == = - - I 1~ ”: -
= i e i 1 el LAY
A - e | B
= B-Scattering o o o ke
R N sz b
5 100 4 25 |7 - i
] 2N Pe
Ei 7770 27
U‘% /f// ‘s,
w
gh N
= YAvars
L1074 / R E
é 7+ 7 s U-Scattering
A - —BE |]
o/ 1
Y - — PBESOL
'4" st - - 1pA ]
107 -t T T T T T T
40 60 80 100 120 140 160 180 200
Temperature (K)

Length (nm)

Average Scattering Rate (ps™)

107

10

10°

107

—_

(=]
o
|

—
<
|

—

<
.
1

_.
<,

10°

T T
/.
)
! s 7
- o /
/A
/
s
Yy
7 f
7!
v i
B-Scattering x4 /
/ !,
b 7
- == =T =A==z ¢ - 4
g 71/ —TT= ==
Y/ ! ‘
7 If f’,
N-Scattering, ",” RV - — PBE
‘\" ’ ‘1 - — PBESOL
’ Yy — —
f LDA
T T 'I"I T T
10 20 30 40 50 60

Temperature (K)

70

Ballistic regime

Diffusive regime

Temperature (K)

70

80

Figure 3.13: Phonon hydrodynamics windows for LiH. Calculations were done with PBE (black
dashed lines), PBESOL (red dashed lines), and LDA (blue dashed lines). Double arrow lines show
the hydrodynamics range for each pseudopotential. (a) At L = 10 mm. The vertical green solid line
means that the hydrodynamics range for all three pseudopotentials starts at the same temperature,
which is at 4 K in this case. (b) At L = 10 pm. (c) At L = 10 nm. (d) Thermal transport regimes:
hydrodynamics regime (pink), ballistic regime (yellow), and diffusive regime (green).
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3.1.5 Phonon Hydrodynamics in Sodium Hydride (NaH)

As shown in Figure 3.14, the calculated phonon dispersion of NaH exhibits disparately
from LiH in terms of the (a-0) gap. The (a-0) gap in NaH is greater than the (a-0) gap in LiH
because of the large mass difference between ‘Na’ and ‘H’ atoms in contrast to ‘Li’ and ‘H’ atoms.
This gap is clearly visible in the PDOS. The calculated (a-0) gap is about 7.83, 8.27, and 9.43 THz
using PBE, PBESOL, and LDA, respectively. Zhao et al. [157] calculated the gap value for NaH,
(a-0) gap = 49.3 rad/ps = 7.85 THz, close to the PBE value. The PDOS reveals that the sodium
atoms provide practically all of the acoustic vibrations, whilst the hydrogen atoms are the source
of the majority of the optical modes [157]. According to the PDOS diagram, the highest frequency
for hydrogen atom vibrations is 26.7 THz using PBE, exactly what was found in Ref.[158].
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Figure 3.14: Calculated phonon dispersion (left) and phonon density of states (right) for NaH.
Calculations were done with PBE (black solid lines), PBESOL (red solid lines), and LDA (blue
solid lines).
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Table 3.14: Lattice constant a (A), dielectric constant &, Born effective charge Z”, phonon
frequencies at gamma o (THz), and band gap Eq (V) of calculated, other theoretical data, and
experimental data for NaH.

PBE PBESOL LDA Other theoretical data  Experiments
a 4.84 4.79 4.69 4.82%,4.83% 4.83°, 4.88°
4.862¢
€ 3.13 3.26 3.36 3.09%, 3.06° -
z 0.97 0.96 0.95 0.96% 0.97° -
®LO 26.75 26.65 27.52 ~27.06° -
®T0 14.97 15.44 16.83 16.6™, 13.9" -
Eq 3.76 3.61 3.55 4.90% 3.79%, 3.42%, -

5.87%, 5.689, 3.399

aRef.[158]. PRef.[157]. °Ref.[134]. “*Ref.[134], calculated using GGA. °Ref.[134], calculated
using LDA. ©Ref.[134], calculated using GW. 9Ref.[159]. °Ref.[160]. “Ref.[161], calculated using
clamped-nucleus (CN) approximation. ™Ref.[161], calculated using quasiharmonic (QH)
approximation. 9'Ref.[162], calculated using GW. 9°Ref.[162], calculated using LDA.

The calculated lattice constant with PBE (apse = 4.84 A), from Table 3.14, is the closest to
the experimental value (aexp = 4.88 A) [160], where the error is < 1 %. Compared to LiH, NaH has
a larger lattice parameter because bandwidths in LiH are larger than those in NaH due to the near
distance of the hydrogen atoms [134]. Moreover, the two materials have different types of
electronic band gaps. The gap in LiH is direct since the minimum energy gap edges between the
conduction and valence are at the same k-point in the Brillouin zone. As shown in Figure 3.15 (a),
the minimum energy gap edges between the conduction and valence are at the X point (circled in
red). However, the gap in NaH is indirect because the minimum energy gap edges between the
conduction and valence are at different k-point in the Brillouin zone. As seen in Figure 3.15 (b),
the minimum energy gap edge is between the conduction band at L point and the valence band at
X point (red double arrow). It is noted that the LO-TO splitting frequencies value of NaH (oLo-to
=11.78 THz using PBE) and LiH (®wLo-to = 14.87 THz using PBE) are greater than the LO-TO
splitting frequencies value of NaF (oLo-to = 4.89 THz using PBE) and LiF (oLo-to = 9.81 THz
using LDA) at the gamma point. The large LO-TO splitting frequency values are due to strong
polar phonon (creation of an oscillating electric field inside a crystal caused by phonons due to
local charge polarization [48]) frequencies of hydride materials (LiH, NaH) compared to fluoride
materials (NaF, LiF).
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Figure 3.16: Calculated lattice thermal conductivity for NaH. Calculations were done with PBE
(black circles), PBESOL (red circles), and LDA (blue circles).

The thermal conductivity of NaH at room temperature is compared with the experiment
[163] (Appendix A-2) to select the appropriate second and third-order supercells and cutoff
parameters. The calculated thermal conductivity values of NaH, shown in Figure 3.16, are less
than LiH, NaF, and LiF. The values are between 1 and 40 W.m™. K for temperature ranges

between 100 and 1000 K. At T = 300 K, the calculated thermal conductivity equals 5.16, 5.23, and
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7.30 W.mL.K? (Table 3.15) for PBE, PBESOL, and LDA, respectively, close enough to the
experimental value [163]. The difference between the thermal conductivity values of PBE and
PBESOL is nearly negligible.

Table 3.15: Thermal conductivity k (W.m™.K™), specific heat ¢, (kJ.kg™.K), average Griineisen

parameter 7, and density p (g.cm™) of calculated, other theoretical data, and experimental data for
NaH at room temperature.

PBE PBESOL LDA Other theoretical data Experiments
k 5.16 5.23 7.30 15.412 5.00°
Cp 1.51 1.52 1.46 - 1.52¢
7 1.68 1.77 1.65 1.891 2,292 1.76° -
p 1.41 1.44 1.54 - 1.391, 1.379

*Ref.[157]. PRef.[163]. °Ref.[164]. 9Ref.[161], calculated using clamped-nucleus (CN)
approximation. %Ref.[161], calculated using quasiharmonic (QH) approximation. °Ref.[144].
'Ref.[165]. 9Ref.[166].

Table 3.16 presents the elastic constants of NaH. One also can take advantage of the elastic
constants data to see whether the material is brittle or ductile. According to Cauchy pressure (C12
— Cua), if the difference is positive, the material is ductile; otherwise, it is brittle [167]. All materials
(NaF, LiF, and LiH) were discussed so far are brittle (negative difference). Another criterion for
checking the ductility/brittleness of materials is Pugh's modulus ratio (B/G), where G is the shear
modulus [168]. The critical value of Pugh's modulus ratio is 1.75. If the ratio > 1.75, the material
is ductile; otherwise, it is brittle [169]. This ratio gives 1.18, 1.17, and 1.20 for PBE, PBESOL,
and LDA, respectively, indicating that LiH is brittle. Other materials, such as silicon and
germanium, are brittle as well [170].

Table 3.16: Bulk modulus B (GPa) and elastic constants Cij (GPa) of calculated, other theoretical
data, and experimental data for NaH.

PBE PBESOL LDA Other theoretical data  Experiments
B 22.16 23.92 27.43 22.90% 22.93°, 23.7¢, 19.40¢
2791, 20%2 14.30"
Cu 43.69 47.19 55.25 42.12° 47.3¢ -
Ci 12.89 12.29 13.52 13.06", 22.59 -
Cu 22.35 22.31 24.19 22.02° 2259 -

aRef.[171]. PRef.[159]. C°Ref.[172]. %Ref.[161], calculated using clamped-nucleus (CN)
approximation. %?Ref.[161], calculated using quasiharmonic (QH) approximation. °Ref.[173].
'Ref.[174]. 9Ref.[154].

© 2022 — Jamal Abou Haibeh 59



Chapter 3: Results and Discussions

(a) PBE

(b) PBESOL

(c) LDA

,_‘
=
n

,_.
c--
=

=
L1 ]

Normal Scattering Rate (S 1y
* o

=)
_
L

10°4

TAIL
TA2
LA
TO!
TO2
LO

30 0

10

20

30 0

Phonon Frequency (THZ)V

10

20 30

Figure 3.17: Normal scattering rates for NaH as a function of phonon frequency at T = 20 K using:
(a) PBE, (b) PBESOL, and (c) LDA methods. Colorful circles denote phonon branches. The green,
blue, and red circles are the acoustic phonons modes (TA1, TA2, LA), whereas the black, purple,
and yellow circles are the optical modes (TO1, TO», LO).

The large gap between the acoustic and optical branches is visible in the Normal scattering
rates plot at T = 20 K (Figure 3.17). ANSR, AUSR, and AISR at T =20 K (Table 3.17) using PBE
equal 1.72x103, 0.26x1073, and 6.97x108 ps?, respectively. The difference in magnitude between

N-scattering and U-scattering curves is not as significant as compared to NaF, LiF, and LiH, as

demonstrated in Figures 3.18 (a), (b), and (c), and consequently, the phonon hydrodynamics

window is narrower as shown in Figure 3.18 (d).

Table 3.17: Average Phonon Scattering Rate — APSR (ps™), Average Normal Scattering Rate —
ANSR (ps?), Average Umklapp Scattering Rate — AUSR (ps™), and Average Isotope Scattering
Rate — AISR (ps™) for NaH at T = 20 K.

PBE PBESOL LDA
APSR 1.98 x 10°° 1.62 x 10°° 1.79 x 10’
ANSR 1.72 x 10’3 1.42 x 10’3 1.69 x 10’
AUSR 0.26 x 10°° 0.20 x 10°® 0.10 x 10°®
AISR 6.97 x 108 1.12 x 10”7 9.55 x 108
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Figure 3.18: Phonon hydrodynamics windows for NaH. Calculations were done with PBE (black
dashed lines), PBESOL (red dashed lines), and LDA (blue dashed lines). Double arrow lines show
the hydrodynamics range for each pseudopotential. (a) At L = 10 mm. The vertical green solid line
means that the hydrodynamics range for all three pseudopotentials starts at the same temperature,
which is at 4 K in this case. (b) At L = 10 pm. (c) At L = 10 nm. (d) Thermal transport regimes:
hydrodynamics regime (pink), ballistic regime (yellow), and diffusive regime (green).
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3.1.6 Discussion — Project (1)

We selected three properties (thermal conductivity, specific heat, and bulk modulus) for
which experimental values are available to show the effect of pseudopotentials (PBE, PBESOL,
and LDA) on these properties, as illustrated in Figure 3.19. Each quarter represents the properties
of one out of the four materials that we studied. The radius of each circle denotes the percentage
error; our results do not exceed an error of 50 %. As the accuracy of the prediction increases, the
marker moves closer to the center of the circle. Figure 3.19 (right plot) shows that most of our
results are between 0 and 10 %. We analyzed the results and found that 75 % of the PBE results
were in the range of (0 — 10 %) error, 66.67 % for PBESOL, and 41.67 % for LDA, as listed in
Table 3.18. Almost 92 % of PBE results were in the range of (0 — 20 %) error. We examined the
PBE also with other materials, such as silicon, germanium, and bilayer system, and found it to be
the optimal pseudopotential choice. Since there is no rule for selecting an appropriate
pseudopotential, we recommend comparing first-principles calculations using common
pseudopotentials with the experimental works from the literature. On the other hand, the selection
is to be made on a case-by-case basis. For instance, the inclusion of the spin-orbit effect
(coupling/interaction) may be necessary if the knowledge of the material, particularly its magnetic

nature, is scarce.

LiF NaF
k ] i

c
LiH NaH
@® PBE

® PBESOL i
® LDA ©

k

Figure 3.19: Effect of pseudopotentials on calculations of material properties (thermal
conductivity, heat capacity, and bulk modulus). PBE (black circles), PBESOL (red circles), and
LDA (blue circles).
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Table 3.18: Percentage error of PBE, PBESOL, and LDA.

% Error PBE PBESOL LDA
0-10 75.00 % 66.67 % 41.67 %
10-20 16.67 % 16.67 % 25.00 %
20-30 0.00 % 16.67 % 0.00 %
30-40 8.33 % 0.00 % 8.33%
40 - 50 0.00 % 0.00 % 25.00 %

Excluding differences due to pseudopotential choice, differences in the hydrodynamic
windows for fluorides (NaF, LiF) and alkali hydrides (LiH, NaF) are observed. This can be
partially explained by examining the combined scattering rates (N-scattering + U-scattering) as a
function of phonon frequency for these materials at various temperatures, as shown in Figures 3.20
(a) and (b). At T = 50 K, scattering rates for all materials are almost located between 108 and 10
st and between 10° and 10*® st at T = 300 K. Here, we chose the appropriate pseudopotential for
each material based on the agreement of the thermal properties of the material (e.g., thermal

conductivity, specific heat, etc.) with experiments.
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Figure 3.20: Phonon scattering rate at: (a) T =50 K. (b) T =300 K. NaF (green spheres), LiF (pink
spheres), LiH (brown spheres), NaH (purple spheres).
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We performed additional calculations to obtain the phonon hydrodynamic windows in pure
silicon and germanium crystals based on Guyer’s condition. Below a characteristic length of 10°
nm, the hydrodynamics in both silicon and germanium are nonexistent. Figure 3.21 shows a
comparison between phonon hydrodynamics regimes of silicon, germanium, fluorides (NaF, LiF),
and alkali hydrides (LiH, NaH) in the ranges of (10° — 10'° nm) for the characteristic length and
(0 — 40 K) for the temperature. The hydrodynamics windows are impractically small for silicon (T
~ 29.5 K) and germanium (T = 19.5 K) at L = 10° nm, whereas for fluorides and alkali hydrides,
the hydrodynamic windows are significantly wider at the same characteristic length. At this
characteristic length, phonon hydrodynamics in LiH may occur up to a temperature of 34 K; in
contrast, phonon hydrodynamics in NaH may occur up to a temperature of 15.5 K. As the
characteristic length increases and the temperature decreases, the hydrodynamics regimes of

silicon and germanium become wider.

1010

10°

Length (nm)

108

10°

Temperature (K)

Figure 3.21: Phonon hydrodynamics in silicon (Si), germanium (Ge), sodium fluoride (NaF),
lithium fluoride (LiF), lithium hydride (LiH), and sodium hydride (NaF). Thermal transport
regimes: hydrodynamics regime (pink) and diffusive regime (green). The hydrodynamics regimes
are denoted by colors; Si (black dashed lines), Ge (red dashed lines), NaF (blue dashed lines), LiF
(green dashed lines), LiH (yellow dashed lines), and NaH (cyan dashed lines). The hydrodynamics
regime of each material is between two dashed lines of the same color.
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Furthermore, we examine the impact of naturally abundant isotopes on the phonon
hydrodynamics windows in LiF, LiH, and NaH and contrast them with Si and Ge at L = 1 mm
[175]. For LiF (Figure 3.22 (a)), the resistive scattering rate (R-scattering) can be used instead of
U-scattering to predict phonon hydrodynamics (applying Eq. 2.76). Using R-scattering, the
hydrodynamics window range of LiF narrows to 2 K and 9 K (shaded red region), compared with
U-scattering, which extends from 2 K and 24.5 K (shaded transparent red region). On the other
hand, for NaH (Figure 3.22 (c)), the curves of U-scattering and R-scattering remain close to each
other, and consequently, the hydrodynamics windows are nearly the same. Finally, the
hydrodynamics windows disappear for LiH, Si, and Ge if isotope scattering is included, as
illustrated in Figures 3.22 (b), (d), and (e).
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Figure 3.22: Phonon hydrodynamics windows for pure materials (shaded transparent red region)
and with impurity (shaded red region) at L = 1 mm for: (a) LiF. (b) LiH. (c) NaH. (d) Ge (adapted
from Ref.[175]). (e) Si. The scattering rates are denoted by colors: N-scattering (black dashed
lines), U-scattering (red dashed lines), B-scattering (blue dashed lines), and R-scattering (orange
dashed lines).

3.2 Phonon Hydrodynamics in Bilayer Graphene

Scientific interest in two-dimensional (2D) materials have greatly increased because of
their unique features and sophisticated applications [176]-[178]. Numerous scientific publications
focused heavily on graphene and its bilayer over the last decades with extensive investigations of
the electrical [179]-[182], optical [183]-[187], and mechanical [188]-[191] properties. Chemical
stability, excellent electrical mobility, high mechanical strength, and flexible structure are the some
of the properties of interest in bilayer graphene [179], [188]. Bilayer graphene has been developed
to adjust the bandgap of graphene from zero to a few electron volts by using various doping
materials and electrical fields [192], which is promising for transistor applications. Bilayer
graphene exists in two forms known as AA and AB-bilayer graphene. Another type of bilayer
graphene is called twisted bilayer graphene, where the top monolayer of graphene is displaced at

an angle (~ 1.1°, also referred to as a ‘magic’ angle [193], [194]).
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Recently, phonon hydrodynamics research has come to focus on two-dimensional
materials. Previous studies showed that phonon hydrodynamics windows in two-dimensional
materials have been predicted to exist at higher temperatures than three-dimensional materials,
which may reach room temperature [195], [196]. For a range of characteristic lengths, phonon
hydrodynamics was predicted to occur between 50 and 300 K for graphene [195] and between 100
and 300 K for boron nitride (BN) [196]. According to first-principles calculations in Ref.[197],
phonon hydrodynamics in graphite can be observed in a range of 50 K and 90 K, which have been
confirmed experimentally but at a higher range of 85 K < T < 125 K using thermal grating
measurement with a grating period of 10 um [55]. However, a recent experiment [56] captured the
second sound in graphite at 200 K and 225 K using a sub-picosecond transient grating approach,

which was validated in the same study by ab-initio simulations.

Following the procedure outlined in Sec. 2.2, we performed the necessary convergence
tests for first-principles calculations. Appendix A-1 gives two examples of k-points mesh of
Monkhorst-Pack and kinetic energy cutoff convergence tests for bilayer graphene system. A 16 x
16 x 1 of k-points mesh and 100 Ry of kinetic energy cutoff were selected with a convergence
threshold of 1.0E-14 Ry. For supercells calculations, an 8 x 8 x 1 second-order supercell, 4 x 4 x
1 third-order supercell, and up to the fifth-nearest neighbor were used. For BTE calculations,
interpolation was done on a 100 x 100 x1 g mesh for AA-bilayer graphene and a 120 x 120 x1 q
mesh for AB-bilayer graphene. The PBE pseudopotential was selected due to its accuracy
compared to previous experimental results. In comparison to previous DFT studies, a 13 x 13 x 1
of k-points mesh was employed to calculate the thermal conductivity of graphene [198]. Also, a
50 x 50 x8 g mesh was selected to study phonon hydrodynamics in graphite [197]. In a recent
study [199], a 14 x 14 x 1 of k-points mesh, 5 x 5 x 1 supercells, and 57 x 57 x 1 q mesh were

used to investigate thermal transport in bilayer graphene.

Figure 3.23 presents the unit cells of bilayer graphene systems (AA-bilayer graphene and
AB-bilayer graphene) after relaxing the structures with a lattice constant of 2.467 A and an
interlayer distance of 3.40 A, in good agreement with the literature [200]-[202]. For AA-bilayer
graphene (left plot), one layer is stacked directly on top of another layer, while for AB-bilayer
graphene (right plot), one layer is rotated relative to the other layer by an angle, which is 67.27°

based on our calculations.
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Figure 3.23: Bilayer graphene unit cells with dimensions of (2.467x2.467x10 A), 3.40 A interlayer
distance, and 1.42 A bond length (a) AA-bilayer graphene unit cell (b) AB-bilayer graphene unit
cell with 67.27° angle between the top and bottom hexagons. The figure also shows the atomic
positions of each unit cell.

A comparison between the calculated phonon dispersions of graphene, graphite, and
bilayer graphene systems along the high-symmetry directions in the Brillouin zone is shown in
Figure 3.24. There are six phonon branches for graphene, while there are twelve phonon branches
for graphite and bilayer systems (three acoustic and nine optical phonon branches). The
calculations determine a crossing of the longitudinal and transverse optical branches along the I'-
K and I'-M directions. The phonon branches are denoted by two letters; the first letters L, T, and
Z, for in-plane longitudinal, in-plane transverse, and out-of-plane atomic displacement,
respectively. The second letters A and O, refer to optical and acoustic branches, respectively. A
special mode with a finite frequency at the zone center can be observed in graphite and bilayer
graphene systems called out-of-plane layer-breathing mode (ZO'"), which is related to interlayer
coupling [203], [204]. In the small wave vector limit, the TA and LA modes exhibit linear

dispersions.
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Figure 3.24: Calculated phonon dispersions for AA-bilayer graphene (blue solid line), AB- bilayer
graphene (red solid line), graphene (red circles), and graphite (black circles).

For graphite, a small band-gap exists between LO and LA at the M point (o = 35 cm™),
which is in agreement with experiments (wexp = 33 cm™) [205], but larger band-gaps result from
bilayer systems (maa = 54 cm™, wag = 58 cm™). At the gamma point, LA mode is doubly-
degenerate with a frequency of zero; in contrast, TA mode has a low frequency of 38 cm™ (~1.14
THz) for bilayer systems, in agreement with Ref.[206]. Table 3.19 compares frequencies of
different phonon modes for graphene, graphite, and bilayer graphene systems at the gamma point.
The frequency of ZO' mode for bilayer systems is notably lower than that of graphite. Our
calculations for the ZO' mode frequency of the AB-bilayer agree with the experimental value (mexp
=80 + 2 cm™) [204]. After relaxing the AA-bilayer graphene structure, we observed imaginary
frequencies around the gamma point in the acoustic modes (~ i 1.1 THz) when a PBE ultrasoft
pseudopotential (USPP) was used. However, these imaginary frequencies disappear when a PBE
projector augmented-wave (PAW) pseudopotential and a dense second-order supercell is used. If
the structure relaxed well, the imaginary frequencies indicate the presence of a phonon instability,
as observed in Ref.[207] where the imaginary frequencies in the TA mode (~ i 1.04 THz) were
found at the gamma point of the AA-bilayer graphene. It is noticed from Table 3.19 that AA-
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bilayer has a larger LO/TO splitting compared to AB-bilayer but less LO/TO frequencies, as found
in Ref.[207]. In any case, since graphene systems are nonpolar, LO/TO splitting is negligible.

Table 3.19: Phonon frequencies (cm™) of graphene, graphite, and bilayer graphene systems at the
gamma point.

I zo I' zo I' Lo I' 1o
Graphene Present work - 875 1582 1582
Theoretical data - 890!, 896%, 15953 15972, 15953 1597%2

89301 8842 159701 1569P2 15971 1569°2
881°, 8699, 1554° 15789 1554°, 1578,

87042 155292 155292
Graphite Present work 119 876 1570 1574
Theoretical data 135, 879, 1559¢, 1593, 1567¢,
113¢ 899¢,867¢ 15759 1604, 15874
Experiments 126,957 861, 8689 1590F, 1590, 15879,
15879",1575' 1575
AA- Present work 118 874 1560 1557
bilayer
Theoretical data 72 895/ 1591 1572
AB- Present work 90 873 1564 1566
bilayer
Theoretical data 75 8709891 15789 16020 15789 1596/

a1Ref.[208], calculated using LDA — Soft PAW. 22Ref.[208], calculated using LDA — Hard PAW.
bIRef.[209], calculated using LDA. P?Ref.[209], calculated using GGA. “'Ref.[210], calculated
using GGA. °?Ref.[210], calculated using LDA. 9Ref.[211]. “Ref.[211], calculated using
C_pbevan_bm_UPF pseudopotential. 9°Ref.[211], calculated using C.blyp_van.ak.UPF
pseudopotential. °Ref.[212], taken from Ref.[210]. 'Ref[213], taken from Ref.[210].
9Ref.[214]."Ref.[215] .'Ref.[216]. IRef.[207], values have been converted to cm™.

Figure 3.25 shows the calculated thermal conductivity for bilayer systems in a temperature
range of T = 100 — 1000 K. Thermal conductivity of AA-bilayer exhibits small differences from

AB-bilayer at high temperatures (T > 500 K) with growing differences at lower temperatures (T <
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500 K). Thermal conductivity values of AB-bilayer are in good agreement with the data from
Ref.[217] between 300 K and 425 K.

A T T I T I T T T I
10000 — A _

[y A
. A

g

g A

z &,

=

2 s

2 1000 4 ';i‘rﬁ -2 ]
E : A :

Q 1 A 1
= A

E -

w

ﬁ A AA-bilayer graphene

A AB-bilayer graphene
* AB-bilayer graphene, Nika and Balandin
100 T T T T T T T I r T
0 200 400 600 800 1000

Temperature (K)

Figure 3.25: Calculated lattice thermal conductivity for bilayer systems. AA-bilayer (blue
triangles), AB-bilayer (red triangles), and AB-bilayer from Ref.[217] (black stars).

We applied Guyer’s condition to show phonon hydrodynamics windows in bilayer
systems. For bilayer systems, as illustrated in Figures 3.26 (d) and 3.27 (d), the hydrodynamics
regime appears above room temperature at a characteristic length of 100 nm. Broadly speaking,
the differences in phonon hydrodynamics windows of the AA and AB bilayer systems are
insignificant. The ranges of hydrodynamics windows for pure bilayer systems are the following:
(i) Figures 3.26 (a) and 3.27 (a), below 60 and 50 K for AA-bilayer and AB-bilayer, respectively,
at L = 10 mm. (ii) Figures 3.26 (b) and 3.27 (b), 4 < T < 110 K for AA-bilayer and 6 < T <105 K
for AB-bilayer at L = 10 um. (iii) Figures 3.26 (c) and 3.27 (c), 4 < T < 325 K for AA-bilayer and
190 < T < 332 K for AB-bilayer at L = 100 nm. The figures also demonstrate the impact of R-
scattering on the hydrodynamics windows with temperature ranges of 6 < T <53 K for AA-bilayer
and 6 < T <47 K for AB-bilayer at L =10 mm, 80 < T < 110 K for AA-bilayer and 90 < T < 105

© 2022 — Jamal Abou Haibeh 71



Chapter 3: Results and Discussions

K for AB-bilayer at L = 10 um, and 305 < T < 325 K for AA-bilayer and 308 < T < 332 K for AB-
bilayer at L = 100 nm.

3.2.1 Phonon Hydrodynamics in AA-bilayer graphene
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Figure 3.26: Phonon hydrodynamics windows for AA-bilayer graphene. The transparent blue color
represents the hydrodynamics range. (a) At L = 10 mm. (b) At L =10 pum. (c) At L =100 nm. (d)
Thermal transport regimes: hydrodynamics regime (pink) and diffusive regime (green). The
scattering rates are denoted by colors: N-scattering (black dashed lines), U-scattering (red dashed
lines), B-scattering (blue dashed lines), and R-scattering (orange dashed lines).
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3.2.2 Phonon Hydrodynamics in AB-bilayer graphene
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Figure 3.27: Phonon hydrodynamics windows for AB-bilayer graphene. The transparent red color
represents the hydrodynamics range. (a) At L =10 mm. (b) At L =10 um. (c) At L = 100 nm. (d)
Thermal transport regimes: hydrodynamics regime (pink), ballistic regime (yellow), and diffusive
regime (green). The scattering rates are denoted by colors: N-scattering (black dashed lines), U-
scattering (red dashed lines), B-scattering (blue dashed lines), and R-scattering (orange dashed
lines).

© 2022 — Jamal Abou Haibeh

73



Chapter 3: Results and Discussions

3.2.3 Discussion — Project (2)

To comprehend the differences and similarities between the phonon hydrodynamic regimes
of AA and AB, we first compare phonon scattering rates (Normal, Umklapp) of AA-bilayer and
AB-bilayer up to 15 THz at room temperature, as illustrated in Figure 3.28 (a). It shows that the
scattering rates of bilayer systems are close to each other, with the exception of the ZO' mode
(Figure 3.28 (b)).
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Figure 3.28: (a) Phonon scattering rates up to 15 THz at T = 300 K. (b) Phonon scattering rates of
the ZO’ mode at T = 300 K. AA-bilayer graphene: Normal (blue circles) and Umklapp (green
circles). AB-bilayer graphene: Normal (red circles) and Umklapp (orange circles).

A previous study hypothesized that including four-phonon interactions [218] may be
responsible for the differences between the theoretical predictions and experimental observations
of phonon hydrodynamics in graphite. To begin to address this question, we study the impact of
four-phonon interactions on phonon hydrodynamics in bilayer systems. According to EQ.2.32
described in Sec 2.1.2, the fourth-order interatomic forces term (@, ,) is written as

O (1,17,1"1"") = —— — oo o
11,3}'9(] IRy J ) aua(Ij)auﬁ(Iljf)auy(lnju)aue(Imjm)‘

finite-difference method [68]. It showed that for a single temperature point with a g mesh of 16

, Which can be calculated using a real-space
0

x16 %16, the scattering rate calculations of BAs require roughly 1680 CPU hours [68]. Because

© 2022 — Jamal Abou Haibeh 74



Chapter 3: Results and Discussions

the calculations of four-phonon are computationally expensive compared with standard three-
phonon calculations for a dense q mesh, we are currently restricted to a g mesh (21 x 21 x 1) for
four-phonon calculations (4ph). To check that this small mesh was sufficient to provide a
qualitative picture of the impact of 4ph, we inspected the scattering rates to obtain phonon
hydrodynamic windows at dense (100 x 100 x 1 for AA bilayer and 120 x 120 x 1 for AB bilayer)
and small (21 x 21 x 1 for both bilayer systems) g meshes for the three-phonon calculations (3ph),
and we compared them with four-phonon calculations (4ph) at a g mesh of 21 x 21 x 1, as shown
in Figures 3.29 (a) and (b). Using four-phonon calculations only, the temperature may reach a
value of 375 K for AA-bilayer graphene and 400 K for AB-bilayer graphene at a characteristic
length of 100 nm, but lower temperatures of 350 K for AA-bilayer graphene and 332 K for AB-
bilayer graphene were obtained using three-phonon calculations at the same characteristic length
and g mesh. However, an insignificant four-phonon effect was observed when it was added to the
three-phonon term, meaning 4ph shrinks the window. Our preliminary calculations indicate that
AB-bilayer graphene would be a suitable candidate for near-term experiments owing to its greater

stability over the AA system.

(@) (b)

1010 . v T T T T T T T T T 10"

—— 3ph (grid:21x21x1)
—— dph (grid:21x21x1)

T T T T T T
—— 3ph (grid:21x21x1)

——4ph (grid:21x21x1) =
— 3ph+t4ph (gnd:21x21x1)
— 3ph (grid:120x120x1)

—— 3ph+4ph (grid:21x21x1)
10° ——— 3ph (grid:120x120x1) 10°

Length (nm)
2
Length (nm)
2

10 10

Ballistic regime

50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400
Temperature (K) Temperature (K)

Figure 3.29: Phonon hydrodynamics in bilayer graphene systems using three-phonon (3ph) and
four-phonon (4ph) calculations. (a) AA-bilayer (b) AB-bilayer. The hydrodynamics range for AB-
bilayer graphene is between two lines from the same color. 3ph with a grid of 21 x 21 x 1 (black
lines), 4ph with a grid of 21 x 21 x 1 (red lines), 3ph+4ph with a grid of 21 x 21 x 1 (blue lines),
and 3ph with a grid of 120 x 120 x 1 (green lines). Thermal transport regimes: hydrodynamics
regime (pink), ballistic regime (yellow), and diffusive regime (green).
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CHAPTER 4

CONCLUSIONS AND FUTURE RESEARCH

4.1 Conclusions

First-principles calculations have been shown to be capable of computing the electrical,
optical, mechanical, and thermal properties of NaF, NaH, LiH, LiF and bilayer graphene. Phonon
scattering rates (BTE outputs) were used to predict phonon hydrodynamics based on Guyer's
condition. At a characteristic length of 100 nm, phonon hydrodynamics were reported above room
temperature for bilayer systems but below 100 K for fluorides and alkali hydrides materials. On
the other hand, we showed that when isotopes were included, the phonon hydrodynamics windows
in LiH disappeared, LiF’s phonon hydrodynamics window narrowed, and NaH’s phonon
hydrodynamics window was unaffected. For bilayer graphene systems, we discussed the instability
of AA-bilayer graphene. Various pseudopotentials (PBE, PBESOL, and LDA) were employed in
first-principles calculations. We illustrated through the analysis of the results that GGA
pseudopotentials (PBE and PBESOL) provide reasonable predictions of the studied materials’

properties.

© 2022 — Jamal Abou Haibeh 76



Chapter 4: Conclusions and Future Research

4.2 Future Research

The followings are some potential projects for future work.

e Building robust software packages to predict phonon hydrodynamics. In this thesis, we
focused on Guyer's condition only. However, there are other approaches, such as solving
the linearized BTE with the full scattering matrix.

e Reducing the computational cost of 4ph calculations.

e Studying phonon hydrodynamics in other systems (i.e., crystalline polymers, hBN, MoS,
etc.).

e Focusing on micro-nano applications of the second sound. To find potential applications,
it is required to first understand how to control and engineer second sound. To date, second
sound has been used in limited applications, such as a thermometer with helium mixtures

(®He-*He) at low temperatures [219] and oscillating superleak transducers (OST) [220].
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APPENDICES

Appendix A-1: Convergence tests for Quantum ESPRESSO parameters (AA-

bilayer graphene)

A-1.1: Kinetic energy cutoff (ecutwfc)

Total Energy (Ry)

A-1.2: K-points
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Figure A-1.1.1: Total energy vs Kinetic energy cutoff.
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Figure A-1.2.1: Total energy vs k-points.
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Appendix A-2: The effect of selecting second-order supercell, third-order

supercell, and cutoff parameter on thermal conductivity

Table A-2: Calculated lattice thermal conductivity at room temperature for NaH with scalebroad
= 1.0 and 30x30x30 g-points grid at different second and third-order supercells and cutoff
parameters. The selected thermal conductivity for each pseudopotential is in red.

Second-order Third-order  Cutoff Thermal conductivity (W.m1.K?)
supercell supercell PBE PBESOL LDA
2%2x%2 3x3x%3 -2 6.18 6.86 10.94
2X2x%2 3x3%3 -3 6.30 7.02 11.17
2X2x%2 3x3x3 -4 6.22 7.12 11.73
2%2x%2 3x3x%3 -5 6.12 7.13 11.61
2%2x%2 4x4x4 -3 6.48 7.18 11.26
2X2x%2 4x4x4 -4 6.75 7.45 11.81
2%2%2 4x4x4 -5 6.96 7.71 12.30
3x3x%3 3x3x3 -2 4,74 7.19 10.87
3x3x%3 3x3x%3 -3 4.82 7.38 11.13
3%3x3 3%3x3 -4 4.76 7.48 11.68
3%3x3 3%3x3 -5 4.66 7.49 11.62
3x3x%3 4x4x4 -3 4,78 7.54 11.24
3x3x%3 4x4x4 -4 5.16 7.83 11.76
3%3x3 4x4x4 -5 5.22 8.02 12.18
4x4x4 3x3%x3 -2 4.68 5.23 9.12
4x4x4 3x3x%3 -3 4.75 5.34 9.30
4x4x4 3x3x3 -4 4.70 5.41 9.74
4x4x4 3x3x3 -5 4.61 5.42 9.65
4x4x4 4x4x4 -3 4.81 5.46 9.38
4x4x4 4x4x4 -4 5.20 5.66 9.81
4x4x4 4x4x4 -5 5.24 5.83 10.14
6X6x6 3%3x3 -2 4.41 3.63 8.01
6X6x6 3%3x3 -3 4.46 3.62 8.11
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6x6x6
6x6x%6
6X6x6
6X6x6
6x6x6
8x8x8
8x8x8
8x8x8
8x8x8
8x8x8
8x8x8
8x8x8

3x3x3
3x3x3
4x4x4
4x4x4
4x4x4
3x3x3
3x3x3
3x3x3
3x3x3
4x4x4
4x4x4
4x4x4

4.40
4.32
4.58
4.76
4.85
4.77
4.87
4.82
4.73
4.88
5.19
5.30

3.65
3.63
3.68
3.79
3.94
2.75
2.67
2.68
2.66
2.71
2.78
2.89

8.50
8.43
8.18
8.56
8.86
7.30
7.37
7.72
7.70
7.42
7.76
8.05
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Appendix A-3: Convergence for average scattering rate (Normal + Umklapp)

and lattice thermal conductivity values
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Figure A-3.1.1: Average scattering rate for different g-points numbers at T = 50 K for NaF. The
selected grid for each pseudopotential is shown as a dashed vertical line.
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Figure A-3.1.2: Lattice thermal conductivity for different g-points numbers at T = 300 K for
NaF. The experimental value [97] is shown as a dashed horizontal orange line. The selected
grid for each pseudopotential is shown as a dashed vertical line.
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A-3.2: LiF
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Figure A-3.2.1: Average scattering rate for different g-points numbers at T = 50 K for LiF. The
selected grid for each pseudopotential is shown as a dashed vertical line.
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Figure A-3.2.2: Lattice thermal conductivity for different g-points numbers at T = 300 K for
LiF. The experimental value [120] is shown as a dashed horizontal orange line. The selected
grid for each pseudopotential is shown as a dashed vertical line.
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A-3.3: LiH
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Figure A-3.3.1: Average scattering rate for different g-points numbers at T = 50 K for LiH. The

selected grid for each pseudopotential is shown as a dashed vertical line.
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Figure A-3.3.2: Lattice thermal conductivity for different g-points numbers at T = 327 K for
LiH. The experimental value [141] is shown as a dashed horizontal orange line. The selected
grid for each pseudopotential is shown as a dashed vertical line.
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A-3.4: NaH
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Figure A-3.4.1: Average scattering rate for different g-points numbers at T = 50 K for NaH. The

selected grid for each pseudopotential is shown as a dashed vertical line.
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Figure A-3.4.2: Lattice thermal conductivity for different g-points numbers at T = 300 K for

NaH. The experimental value [163] is shown as a dashed horizontal orange line. The selected
grid for each pseudopotential is shown as a dashed vertical line.
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Appendix A-4: Band structures
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Figure A-4.1.1: Band structure of NaF.
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A-4.2: LiF
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Figure A-4.2.1: Band structure of LiF.
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A-4.3: LiH
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Figure A-4.3.1: Band structure of LiH.
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A-4.4: NaH
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Figure A-4.4.1: Band structure of NaH.
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Appendix A-5: Phonon hydrodynamics (Python code)

# Phonon hydrodynamics

This python code is an extension to FourPhonon software to compute the average three-phonon
scattering rates and show phonon hydrodynamics window by applying Guyer's condition. It requires to
set convergence=.false. and four_phonon=.true.

a) Average phonon scattering rates for a single temperature
1) Main folder path is the path that includes BTE.omega, BTE.w_isotopic, etc...
2) Secondary folder path is the path that includes BTE.w_3ph, BTE.w_3ph_normal, etc...

import numpy as np
import pandas as pd

# load the data:
datadir 1 = input("Enter the main folder path: ")
datadir 2 = input ("Enter the secondary folder path: ")

:rx::xxx:.rx:x:x:xs:::xnxzxxnx&xznnxxzzx:rxxzzxnx
OWFGA =np.loadtxt (datadir 1+'\BTE.omega')
Ii = np. 1oadeL(daLad1r717‘\PTP w_isotopic'
Vi = np.loadtxt (datadir_ 1+'\BTE.v') # g
Pi = np.loadtxt (datadir 2+'\BTE.w_3ph")

Ni = np.loadtxt (datadir 2+'\BT Bwh normal'
Ui = np 1cadeL(daLad1r 7-'\%TF W 3ph Unkl;p

rows = len (OMEGA)
columns = len(OMEGA[O0])

W

VL70 = Vl[:,‘ﬂ
Vi 0 = np.array(Vi_0)

Vi 0O.resize((columns, rows)
df = pd.DataFrame (Vi_0)
df t = df.T

Vi 0 = df_t

Vi 1l = Vil[:,1]

Vi_1 = np.array(Vi_1)

Vi _1l.resize((columns, rows))
df = pd.DataFrame (Vi_1)
df_t = df.T

Vi 1l =df t

Vi 2 = Vi[:,2]

Vi 2 = np.array(Vi 2)

Vi 2.resize((columns, rows)
df = pd.DataFrame(Vi_2)
df t = df.T

Vi 2 = df_t

Vi = np.concatenate((Vi 0, Vi 1, Vi 2), axis=l

Vi = Vi**2

w

magl = (Vil:, [0]11+Vi[:, [111+Vi[:, [2]1])**0.
Vi[:,[0]] = magl

mag2 = (Vi[:, [3]1]+Vi[:,[4]1]+Vi[:,[5]])**0.5
Vil[:, [1]] = mag2

mag3 = (Vil[:, [6]]1+Vi[:, [7]]1+Vi[:, [8]])**0.5
if:,[2]] = mag3

mag4 = (Vil:, [911+Vil[:, [10]]1+Vil[:, [11]])**0.5
Vi[:,[3]] = mag4
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magb = (Vi[:, [12]]1+Vi[:, [13]]+Vi[:,[14]])**0.5
Vi[:,[4]] = magb

magé = (Vil[:, [15]1+Vi[:, [16]]1+Vi[:,[17]])**0.5
Vi[:,[5]] = magé

df = pd.DataFrame (Vi)
df = df.drop (df.columns([6,7,8,9,10,11,12,13,14,15,16,171]1, axis = 1)
Vi = df

lfdassdassassssasastatassatessatastatassasastssassasdspasapasagssasssasssssspasassssassatadasissis
OMEGA = OMEGA*1.elZ2 # convert from rad/ps to rad/s

KB = 1.380649*1.e-23 # Boltzmann cons
h_bar = 1.05457*1.e-34 # Planck's constant [J.s]
T = float (input ("Enter the temperature in [K]: ")) # temperature [K]

# Heat capacity
e = np.exXp(h_bar*OMEGA/ (KB*T) ) # exponential part
Ci = ((h_bar**2)* (OMEGA**2) /((T**2)*KB))* (e/(e-1)**2) # heat capacity [J/K]

df = pd.DataFrame (Ci)
Ci = df.replace([np.NaN, -np.NaN], 0) # replace NaN with 0

# Sum of heat capacity
Sum Ci = Ci.sum().sum() # sum all values

FE#FFFFFFFFEFFERFHFEREFRHF R RA R F R SRR AR H R A 44 dd #adddd da#ad Fd 4 a4 FdH S ##FH4# 44
# Phonon Scattering Rate (3ph)

Bi = Bii= 00

Pi = np.array(Pi)
Pi.resize((columns, rows))
df = pd.DataFrame (Pi)
df t = df.T

Pi =df t

# Ci*Pi
Ci_Pi = Ci*Pi

# Sum of (Ci#*Pi)
Sum _Ci Pi = Ci_Pi.sum().sum() # sum all values

# Average Phonon Scattering Rate (APSR)
APSR = Sum_Ci_Pi/Sum_Ci

print ('Average Phonon Scattering Rate (APSR) =', APSR) # Print Average Phonon Scattering Rate

FHEF R R A R R R R A R R A R R R A
# Lifetime (3ph)

Ti=1/Pi

df = pd.DataFrame (Ti)
Ti = df.replace([np.NaN, -np.NaN], 0) # replace NaN with 0

# Ci*Ti
Ci_Ti = Ci*Ti

# Sum of (Ci#*Ti)
Sum Ci Ti = Ci Ti.sum().sum() # sum all values

# Average Lifetime (ALT)
ALT = Sum_Ci_Ti/Sum_Ci

print ('Average Lifetime (ALT) =', ALT) # Print Average Lifetime

ligagasssasassasassaassssasddsdstsatattatasnasasssssssasstaseasassasaasssssssassstsstastataatasisd
# Normal Scattering Rate (ANSR)

# Normal scattering:
Ni = Ni[:,3]

Ni = np.array(Ni)
Ni.resize((columns, rows))
= pd.DataFrame (Ni)
df_t = df.T
=df t

# Ci*Ni
Ci Ni = Ci*Ni
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# Sum of (Ci*Ni)
Sum Ci Ni = Ci Ni.sum().sum() # sum all values

# Average Normal Scattering Rate (ANSR)
ANSR = Sum Ci_ Ni/Sum Ci

print ("Average Normal Scattering Rate (ANSR) =', ANSR) # Print Average Normal Scattering Rate

#4ad ARt ## 4 #HA#SLEFRHS S AR AAAS SR RRA R A SRR EES SRR S S SR A AAA R EE SR RH SR AR RS ERRRA A SRR E S LSS
# Umklapp Scattering Rate (USR)

Ui =Ui[:, 3]

Ui = np.array(Ui)
Ui.resize((columns, rows))
df pd.DataFrame (Ui)
df t = df.T

Ui df t

et

# CitUi
ci Ui = ci*ui

# Sum of (Ci*Ui)
Sum Ci Ui = Ci Ui.sum().sum() # sum all values

# Average Umklapp Scattering Rate (AUSR)
AUSR = Sum Ci Ui/Sum Ci
print ('Average Umklapp Scattering Rate (AUSR) =', AUSR) # Print Average Umklapp Scattering Rate

#HFHHRERHFE LS SIS FRFHESSIF RS S SIS S SRR E AR A SRS AHA SRS RRRA AR R RRARAAAS RS SRS SR FAAS S
# Isotope Scattering Rate (ISR)

Ii Tif:,1]

Ii = np.array(Ii)
Ii.resize((columns, rows))
= pd.DataFrame (Ii)
df_t = df.T
=df t

# Ci*Ii
Ci Ti = Ci*Ii

# Sum of (Ci*Ii)

Sum Ci Ji = Ci Ii.sum().sum() # sum all values

# Average Isotope Scattering Rate (AISR)
AISR = Sum Ci Ti/Sum Ci

print ("Average Isotope Scattering Rate (AISR) =', AISR) # Print Average Isotope Scattering Rate (AISR)

fiddasaadddssaanidttanapattttasasssdsdosassddsppsaataddsppassddddasassddddasaddddddssadidissssdiss
# Boundary Scattering Rate (BSR)

Li = float (input ("Enter the characteristic length in [nm]: ")) # characteristic length [nm]
Bi = (Vi/Li) # boundary scattering rate for L
# Ci*Bi

Ci Bi = Ci*Bi

Sum Ci Bi = Ci_Bi.sum().sum() # sum all values

# Average Boundary Scattering Rate (ABSR)

ABSR = Sum Ci Bi/Sum Ci

print ("Average Boundary Scattering Rate (ABSR) at L =', ABSR)

Enter the main path: C:\Users\LENOVO\Desktop\Current_data\FourPhonon\LDA\ngrid=35x35x35\T50K

Enter the secondary path: C:\Users\LENOVO\Desktop\Current data\FourPhonon\LDA\ngrid=35x35x35\T50K\T50K

Enter the temperature in [K]: 50

Average Phonon Scattering Rate (APSR) 3ph = 0.03822470281444255
Average Lifetime (ALT) 3ph = ©9.32752543140303

Average Normal Scattering Rate (ANSR) = 0.030285702966311733
Average Umklapp Scattering Rate (AUSR) = 0.007938999848241644
Average Isotope Scattering Rate (AISR) = 1.662629557191522e-06
Enter the characteristic length in [mm]: 1

Average Boundary Scattering Rate (BBSR) at L = 1.963799344167654
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b) Average phonon scattering rates for multiple temperatures

1) Comprehensive folder path is the path that includes both main folders and secondary folders for
different temperatures.

2) Main folder must be named in the same way as the secondary folder (i.e, main folder name: T70K,
secondary folder name: T70K).

3) The characteristic length is by default = 500 nm; it can be changed from the same code.

4) Temperature range is set up to 2000 K; it can be changed from the same code.

from numpy import array, concatenate , atleast 1ld
import numpy as np

import pandas as pd

from pathlib import Path

import os

from pylab import *

import pickle

import sys

import itertools

from colorama import init

from termcolor import cprint

from pyfiglet import figlet format

from PIL import Image, Imangont, ImageDraw

lidsitatasastateaassassdsaasagtadasdatassaddsdadadidissdadsdatiatasnasattatasnatattatasaatdssdsd
# main folder

datadir = input ("Enter the comprehensive folder path: ")

results = []

Ladddadadd i d it aatadiaiassdinsadaaiadadaasdaddaadadtosadiddissadisassssabasasassdeadtiaattdd

for i in range(1l,2000):
# load the data
files 1 = Path(datadir+'\T'+str(i)+'K")
files 2 = Path(datadir+'\T'+str(i)+'K'+"\T'+str(i)+'K")

if os.path.exists(files_1):

al0=1
a 0 = np.array([a_0])
files_1= str(Path(files_1))

files 2= str(Path(files_2))

(gadadddsadsdddiasddeadassasadadasdtotansdsastasddoatassdagtsssatatasaeasasstoassatatasddaadissssd
# Required files:

OMEGA = np.loadtxt (files_ 1+'\BTE.omega') # angular frequency [rac

Pi = np.loadtxt(files 2+'\BTE.w_3ph') # phonon scattering rate [1/ps]

Ni = np.loadtxt (files_Z2+'\BTE.w_3ph normal') # normal scattering rate [1/ps]
Ui = np.loadtxt (files_ 2+'\BTE.w_3ph Umklapp') # umklapp scattering rate [1/ps]
Ii = np.loadtxt (files_1+'\BTE.w_isotopic') # isotope scattering rate [1/ps]
Vi = np.loadtxt(files_1+'\BTE.v') # group velocity [km/s]

FEAFHHFFEEF R R R R R R R R R R A R
rows = len(OMEGA) # number of rows [OMEGA]
columns = len(OMEGA[0]) # number of columns [OMEGA]

# Group velocity:

Vi 0 =vi[:,0]

Vi_0 = np.array(Vi_0)

Vi O.resize((columns, rows)
df = pd.DataFrame (Vi_0)
df_t = df.T

Vi 0 =df_t

Vi 1l =Vi[:,1]

Vi 1 = np.array(Vi_1)

Vi l.resize((columns, rows))
df = pd.DataFrame (Vi_1)
df t = df.T

Vi l=df t

Vi 2 =vi[:,2]
Vi_2 = np.array(Vi_2)
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Vi 2.resize((columns, rows))
df = pd.DataFrame (Vi_2)

df t = df.T

Vi 2 =df t

Vi = np.concatenate((Vi 0, Vi_1, Vi_2), axis=l)

Vi = Vi**2

o

magl = (Vi[:, [011+Vi[z, [1]]+Vi[:,[2]])**0.
Vi[:,[0]] = magl

mag2 = (Vi[:, [3]1]+Vi[:, [4]]+Vi[:, [5]])**0.5
Vi[:,[1]] = mag2

mag3 = (Vi[:, [6]11+Vi[:, [7]]+Vi[:,[8]])**0.5
Vi[:,[2]] = mag3

magd = (Vi[:, [9]]1+Vi[:, [10]]+Vi[:, [11]])**0.5
Vi[:, [3]] = mag4

mag5 = (Vi[:, [12]]1+Vi[:, [13]]+Vi[:, [14]])**0.5
Vi[:,[4]] = mag5

magé = (Vi[:, [15]]14+Vi[:, [16]1+Vi[:,[17]1])**0.5

Vi[:, [5]] = mag6

df = pd.DataFrame (Vi)

df = df.drop(df.columns([6,7,8,9,10,11,12,13,14,15,16,17]], axis = 1)
Vi = df

#fdHE A FAEE SRR EREF SRR R AR S A SRR E S A RS A R AR F AR AR AR EARE RS AR E SR ER R AR EF A AR R R SRR R FEAES

OMEGA = OMEGA*1.e12 # convert from rad/ps to rad/s
KB = 1.380649*1.e-23 # Boltzmann constant [J/K]
h_bar = 1.05457*1.e-34 # Planck's constant [J.s]

T = int (i) # temperature [K]

# Heat capacity
e = np.exp(h_bar*OMEGA/ (KB*T)) # exponential part
Ci = ((h_bar**2)* (OMEGA**2)/((T**2)*KB))* (e/ (e-1)**2) # heat capacity [J/K]

df = pd.DataFrame (Ci)
Ci = df.replace([np.NaN, -np.NaN], 0) # replace NaN with 0

# Sum of heat capacity
Sum Ci = Ci.sum().sum() # sum all values

#HFHHE A FEEFARRERSF SRS F SRS SRS A RS SRS F AR AR AR ERRERSARAF SR SRS RS REF ISR AR RS RS A AL

# Phonon Scattering Rate (3ph)

Pi = Pi[:,1]

Pi = np.array(Pi)
Pi.resize((columns, rows))
df = pd.DataFrame (Pi)
df_t = df.T

Pi = df_t

# Ci*Pi
Ci_Pi = Ci*Pi
# Sum of (Ci*Pi)

Sum Ci Pi = Ci_Pi.sum().sum() # sum all values

# Average Phonon Scattering Rate (APSR)
APSR = Sum Ci_Pi/Sum Ci

= APSR

al
a_ 1 = np.array([a_1])

lidadsdadadisddasatistdsnntadtatattataatataatatiabastatasassastapdassaaspasadasdsdadaadiddadssdssd
# Lifetime (3ph)
Ti=1/Pi

df = pd.DataFrame (Ti)
Ti = df.replace([np.NaN, -np.NaN], 0) # replace NaN with 0

# Ci*Ti
Ci_Ti = Ci*Ti
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# Sum of (Ci*Ti)
Sum Ci Ti = Ci_Ti.sum().sum() # sum all values

# Average Lifetime (ALT)
ALT = Sum_Ci_Ti/Sum_Ci

= ALT

a_
a_2 = np.array([a_2])

(SRS}

#E## 4R AAEFAEREF S SSF S EA R E R AR AR F SR RS RS REFSAASR S SRS AR SRS R EF A SRS F SRR AR IS

# Normal Scattering Rate (NSR)

Ni = Ni[:,3]

Ni = np.array (Ni)
Ni.resize((columns, rows))
df = pd.DataFrame (Ni)
df t = df.T

Ni =df t

# Ci*Ni
Ci Wi = Ci*Ni

# Sum of (Ci*Ni)
Sum _Ci_ Ni = Ci_Ni.sum().sum() # sum all values

# Average Normal Scattering Rate (ANSR)
ANSR = Sum Ci Ni/Sum Ci

oo

3 = ANSR
3 = np.array([a_3])

#E#F 4R EAERAAREF S SSESEA R EEARSSF R TSR R H LRSS REH S SIS SRS G S AR EFRIEF SR REF B A RS FSAH SR RARIHE
# Umklapp Scattering Rate (USR)

Ui = Ui[:, 3]

Ui = np.array(Ui)
Ui.resize((columns, rows))
df = pd.DataFrame (Ui)

df t = df.T

Ui = df t

# ci*Ui
Ci Ui = Ci*ui

# Sum of (Ci*Ui)
Sum Ci Ui = Ci Ui.sum().sum() # sum all values

# Average Umklapp Scattering Rate (AUSR)
AUSR = Sum_Ci_Ui/Sum Ci

AUSR

a 4
a_ 4 = np.array([a_4])

lidadadddaddddds i ddddd et R d R R h Rk bk ik h ik ki ki ki ki ik ki ik ik ki
# Isotope Scattering Rate (ISR)

Ii Tif[:,1]

Ii = np.array(Ii)
Ii.resize((columns, rows))
df pd.DataFrame (Ii)

df_t = df.T

Ii df t

Wt ol

# Ci*Ti
Ci_Ti = Ci*Ti

# Sum of (Ci*Ii)
Sum Ci Ji = Ci_Ti.sum().sum() # sum all values

# Average Isotope Scattering Rate (AISR)
AISR = Sum _Ci_Ti/Sum Ci

AISR

5
5 = np.array([a 5])

a
a

#r#d##dddndddddddFdd AR AR R A AR AR R A AR SRR AR R AR AP SRR P AR AR H R R HF R HFH R HF SRR HF I F
# Boundary Scattering Rate (ABSR)

Li = 500 # characteristic length [nm]
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Bi = (Vi/Li) # boundary scattering rate
# Ci*Bi

Ci Bi = Ci*Bi

Sum Ci Bi = Ci_Bi.sum().sum() #

# Average Boundary Scatte
ABSR = Sum_Ci_Bi/Sum Ci

a_6 = ABSR
a 6 = np.array([a_6])

fadad s daadadiasdaaddiadaadstadddasaditadasadiaadadisnddaddaadoaastadinddadatasdsadisiiaaiitadal

file = []
df = pd.DataFrame(file)
file = [a_0, a_1, a_2, a_3, a_4, a_5, a_6]

file = np.array(file)
file = concatenate([atleast_ld(a) for a in [file]])
df = pd.DataFrame(file)

file = df

rows_2 = len(file)
columns_2 = len(file[0])
file = np.array(file)
file.resize( (1, rows_2))

df = pd.DataFrame (file)
file =np.array(file)
results.append(file)

results=np.concatenate ( (results))

df = pd.DataFrame (results)

results = df

df.columns =['T(K)', 'APSR_3p (1l/ps)', '"ALT 3p (ps)', 'ANSR (l/ps)','AUSR(l/ps) ', 'AISR (1/ps)', 'ABSR
(1/ps) ']

df.to_excel (input ("Enter the path where you would like to save the results in an excel file")+'/result
00nm.xlsx')

W
w

ShowText = 'DONE!'

font = ImageFont.truetype('arialbd.ttf', 15)

size = font.getsize(ShowText)
image = Image.new('l', size, 1)
draw = ImageDraw.Draw (image)

draw.text ((0, 0), ShowText, font=font)
for rownum in range(size[l]):

line = []

for colnum in range (size[0]):
if image.getpixel((colnum, rownum)): line.append(' '),
else: line.append('$#'),

print (''.join(line)

Enter the comprehensive folder path: C:\Users\LENOVO\Desktop\LiF_ 2\LiF\LiF\LiH\third\new\AB-bilayer\AB\Fou
rPhonon_8x8x1\FourPhonon_4x4xl -5\isotopes=.true\ngrid=150 150 1

Enter the path where you would like to save the results in an excel fileC:\Users\LENOVO\Desktop\LiF 2\LiF\
LiF\LiBE\third\new\AB-bilayer\AB\FourPhonon 8x8xl\FourPhonon 4x4xl -5\isotopes=.true\ngrid=150 150 1

dHERHE i LA # #EAEHEEE #4
#HEHEEEE FhEEFEEE #4 B HEHEREER
## i +H ## fd# L = #
## # ## ## HEE# #+  ## ##
## # ## #OFF FH B+ HEREEERE O #4
## LA = ##E #F #E HEREREEE R
## LA = # O # #E R H #
## LA = #H#f #i#d  ## i

## i #H ## ## #i#d  ##
#EERERRE #ERREEEE ## #H4 H44EEEEE B
#EEAEE #Hid ## #4 HEHEREEE #
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¢) Example: Phonon hydrodynamics window for AB-bilayer graphene at [.=500
nm

import numpy as np
import pandas as pd
import matplotlib.pyplot as plt

results = np.array(results)
plt.figure()

plt.plot (results[:,0],results[:, 3], color='black', label='Normal')
plt.plot(results[:,0],results[:,4], color="'red', label='Umklapp')

plt.plot (results[:,0],results[:, 6], color="'blue', label='Boundary at L=500 nm")
plt.axvspan (15, 200,color="grey')

plt.xlabel ("Temperature (K)")

plt.ylabel ("Average Scattering Rates (l/ps)")

axes = plt.gcal()

axes.set x1im([0,300])

axes.set_ylim([le-5,1e0])

plt.yscale('log')

plt.legend(facecolor="cyan', framealpha=1l, loc=0)

plt.savefig(input ("Enter the path where you would like to save the plot")+"/AB 500nm.png", dpi=300)
Enter the path where you would like to save the plotC:\Users\LENOVO\Desktop\3Ph
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