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Abstract

The main result is this
The pagenumber of o series-parallel planar ordered set is at most two.

We present an O(n®) algorithm to construct a two-page embedding in the case that it
is a lattice, where n is the number of the elements of the lattice. One consequence of
independent interest, is a characterization of series-parallel planar ordered sets.

A k-edge set {(a;,0;) : 1 <7 <k}, in an ordered set PP, forms a k-twist in a linear
extension L of P, if we havein L a; < a7 < ... < ar < b < by < ... < bp. We
give necessary and sufficient conditions for the existence of a linear extension L of an
ordered set P such that k edges form a A-twist in L. We also, give lower and upper
bounds in some classes of ordered sets. We proved that the problem to determine
minimum number of pages required for a fixed linear extension of an ordered set is
NP-complete.

We conjecture that the pagenumber of planar ordered sets is unbounded. In co. -

trast, we conjecture that the pagenumber of planar lattices is at most four.
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Introduction

The theory of ordered sets is a modern branch of mathematics. It is based on the
simple idea of an order relation; that is a relation which is reflexive, transitive and
antisymmetric. Its simplicity makes it a useful tool to model and study a wide variety
of problems arising from many fields such as operations research, computer science and

social sciences.

A total ordering of the elements of an ordered set P is called a linear extension of
P, if it is consistent with the ordering of P. The theory of linear extensions is rich
and varied. For finite ordered sets, the results are mainly concerned with algorithmic

considerations.

A book embedding of a graph G consists of an embedding of its nodes along the spine
of a book, and an embedding of its edges on pages so that edges embedded on the same
page do not intersect. The pagenumber of G, puge(G), is the minimum number of pages

needed, taken over all permutations of the vertices of G.

The pagenumber of an ordered set P,page(P), is the pagenumber of the graph
cov(P) taken over only the permutations of the vertices of P which form a linear

extension.

The completion of an ordered set is the smallest lattice containing it. The concept
of completion plays a central role in proving our main result. We prove first that
the page number of a series-parallel planar lattice is at most two and give an O(n®)

algorithm to construct such linear extensions, where n is the number of the elements

vi



Introduction

of the lattice. Our main result is that the pagenumber number of series-parallel planar
ordered sets is at most two.

The idea of the proof of the main result is this. For a series-parallel planar ordered
set P, the completion P of P, is a series-parallel planar lattice. This implies that it
has a two-page linear extension L. We use I, to obtain a two-page linear extension of
P.

We also give some lower and upper bounds of the pagenumber of ordered sets and
mention important examples. We prove that the problem to determine the minimum
number of pages required for a fixed linear extension of an ordered set is NP-complete.

A set of three edges {(a1,b,), (a2, 2)(a3,b3)}, in an ordered set P, forms a fwis! in

a linear extension L of P, if we have in L

e <as<az<b < <by

We call L twist-free, if it contains no such twist.

It is easy to see that page(P, L) > 3, if L contains a twist, where page(P, L) denotes
the minimum number of pages required for L. We prove that there is a planar ordered
set P such that each linear extension of P contains a twist. Also, we give necessary
and sufficient conditions for the existence of a linear extension L of an ordered set P
such that these three edges form a twist in L. Moreover, we generalize that for k edges,
k> 4.

Chapter 1 is an introduction to ordered sets. We give the basic definitions about
ordered sets, its parameters, its operations as well as some basic concepts related to
ordered sets. Also, we introduce the class of series-parallel ordered sets, a focal point
of this thesis.

Chapter 2 is concerned about lattices — an essential class of ordered sets. We give
an idea about the geometry of planar lattices. Finally, we present the completion of

an ordered set, the concept which we will use as the bridge in proving our main result

in Chapter 6.
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In Chapter 3 we give a historical review for the pagenumber for graphs and ordered
sets. We give lower and upper bounds of the pagenumber of an ordered set in terms
of its combinatorial parameters. Also, we show that finding the minimum number of
pages required for a fixed linear extension of an ordered set is NP-complete even if the
ordered set is bipartite. We give classes of ordered sets with pagenumber two and a
characterization of the class of ordered sets of pagenumber two. Finally, we introduce
sequences of ordered sets each of them with unbounded pagenumber. The first one is
a sequence of ordered sets of dimension two and the others are sequences of spherical
ordered sets and spherical lattices.

In Chapter 4 we indicate the importance of twist-free linear extensions and construct
a planar ordered set such that each of its linear extensions contains a twist. For an
ordered set P we give necessary and sufficient conditions for the existence of a linear
extension L of P such that three edges of P form a twist. Moreover, we generalize
that for £ edges of P, £ > 4. Finally, we conjecture that the pagenumber of planar
ordered sets is unbounded and we give a candidate for such a sequence. In contrast,
we conjecture that every planar lattice has a twist-free linear extension. (This implies,
if it is true, that the pagenumber of any planar lattice is at most four.)

In Chapter 5 we give a polynomial-time algorithm which embeds any series-parallel
planar lattice in two pages.

In Chapter 6 we show that there is a two-page embedding for a series-parallel
planar ordered sets. As a consequence, we give a characterization of series-parallel

planar ordered sets!.

IThese results were just announced by M. Alzohairi and I. Rival at Graph Drawing’96. {Septem-
ber 18-20, 1996, Berkeley, California)



Chapter 1

Ordered Sets

1.1 Introduction

This chapter is an introduction to ordered sets. We give the basic definitions about
ordered sets, its parameters, its operations as well as some basic concepts related to
ordered sets. Also, we introduce the class of series-parallel ordered sets -~ a focal point

of this thesis.

1.2 What! is an Ordered Set?

An ordered set is a pair consisting of a nonempty set P and a binary relation € on P
such that the following conditions are satisfied for all a,b and ¢ in P.
(i) (Reflezivity) ¢ < a.
(ii) (Antisymmetry) If a < b and b < a, then a = b.
(i) (Transitivity) f e < band b < ¢, then ¢ < c.

If ¢ and & are elements of the ordered set P, we also write b > « in case ¢ < b.
Also, a < bif e < b and e # b and we say « s less than b. Similarly, « > b if « > b and

a # b and we say ¢ is greater than b.

1¥or basic terminology we refer the reader to [45] and [13].

1



1.3. Upward Drawing

o

On a given set several orderings may be possible. For instance, on the set N of

natural numbers 0,1,2,..., ecither of the following orderings is common
(a) (Natural ordering) For m,n € N, defnem <nifn—-meN.
(b) (Divisibility) For m,n € N, define m < n if n = ¢.m for some g € N.

With the exception of the natural ordering in N, perhaps the most frequently en-
countered order in all mathematics is the order of of set inclusion of all subsets of a

given set.

(c) (Subset ordering) For subsets S and T of N define S < T if each element of S is
an element of T'.
For @ # b in the ordered set P, we say a is comparable to b if either ¢ < b or a > b.
Otherwise, a is noncomparable to b, write a || b.
An antichain is a subset A of an ordered set P such that any two distinct elements
of A are noncomparable. A chain of P is a subset C of P for which any two elements
of C are comparable.

In this thesis every ordered set is finite.

1.3 Upward Drawing

One of the most useful and attractive features of ordered sets is that, in the finite case at
least, they can be drawn. To describe how to represent ordered sets diagrammatically,
we need the idea of covering.

We say a covers b (or b is covered by a) in the ordered set P, and write a > b (or
b < a), if, whenever a > ¢ > b, then ¢ = b. Also, we say a is an upper cover of b, or b
is a lower cover of a, or (a,b) is an edge in P.

We say a is a minimal (respectively, mazimal) element of P if a has no lower covers

(respectively, @ has no upper covers). We denote the set of all minimals (respectively,



1.3. Upward Drawing 3

1t1.2.3]

Figure 1.1: Upward drawings of 2*.

maximals) of P by min(P} (respectively, maz(P)).
The covering graph of P, cov(P), is the graph whose vertices are the clements of
P, and the pair {a,b} forms an edge in cov(P)if a > bora < b.

It is possible (by induction on |P|) to draw cov(P) in the plane such that

s the y-coordinate of a is less than the y-coordinate of b if @ < b, and

e the edge (a,b) is straight and does not pass through any other element of P.

We call such drawing is an upward drawing of P. It is common in the theory of ordered
sets to represent the vertices of P in the upward drawing by a very small empty circles.
For instance, in Figure 1.1 each of (a),(b),(¢) represents an upward drawing of the
eight-element ordered set 2%, where 2™ denotes all the subsets of any n-element set
ordered by inclusion.
An ordered set is planar if it has an upward drawing in which no arcs cross. For
example, the ordered set on Figure 1.1 is not? planar although its covering graph is

planar.

2The point is that every upward drawing of 23 has at least some crossing arcs.



1.3. Upward Drawing 4
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Figure 1.2:

For each integer ¢ > 0 we define the ith level of P,
i-1

Li = 'ITLZTI(P - U LJ)

J=0
where Ly = min(P).

It is clear that there are exactly height(P) + 1 levels for P, where

height(P) = (the size of the longest chain of P) — 1

For instance, the levels for 2% in Figure 1.1 are

Lo = {{}},

- Ly = {1}, {2}, {3} },

Ly = {{1,2},{1,3}, {2,3}},
Ly = {{1,2,3}}.

Given any ordered set P we can form a new ordered set P¢ (the dual of P) by
defining # < y to hold in P?if and only if y < z in P. We may obtain an upward
drawing for P¢ simply by ‘turning upside down’ an upward drawing for P. Figure 1.2
provides a simple illustration.

To each statement about P there corresponds a statement about P¢. For example,

we can assert that in P in Figure 1.2, there exists a unique element that covers exactly



1.4. Maps Between Ordered Sets 5

three elements in P, while in P9 there exists a unique element covered by thiree elenents,
In general, to any given statement ® about an ordered set P, we obtain the dual
statement ® by replacing each occurrence of < by > and vice versa. 1o fact, if a
statement @ is true for P, then ®¢ is true for PY. This fact can often be used to give

two theorems for the price of one or to reduce work.

1.4 Maps Between Ordered Sets

This section introduces structure-preserving maps between ordered sets. In particular,
it provides the machinery for deciding when two ordered sets are essentially the same.

Let P and @ be ordered sets. A map f: P — Q is said to be
(i) order-preserving if x <y in P implies f(z) < f(y) in Q;
(ii) order-embedding if z < y in P if and only if f(z) < f(y) in Q;
(iii) an order-isomorphism if it is an order-embedding of P onto (.

We say P can be embedded in @, if there is an order-embedding from P to . When
there is an order-isomorphism from P to @, we say P is isomorphic to Q and write
P=q.

Figure 1.3 shows some maps between ordered sets. The map f is not an order-
preserving map. Each of g and A is order-preserviag, but not order-embedding. The

map ¢ is an order-embedding but not an order-isomorphism.

1.5 Linear Extensions

An extension @ of an ordered set P is an order defined on the same underlying set (as
P) and satisfying ¢ < y in Q whenever < y in P. A linear extension L of P is an
extension which is a chain. For instance, Figure 1.4 illustrates a four-clement ordercd

set together with all of its linear extensions.
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a(d)

[{b) <

¢ d

. t f{d)
w t I{e) |

o
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N — —
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Figure 1.3:

The theory of linear extensions is rich and varied. For finite ordered sets, the results
and methods are mainly concerned with algorithmic considerations. The next Theorem

is the basic theorem in this subject and it is due to Szpilrajn[48).

Theorem 1.5.1 Every finite ordered set with elements b £ a has an extension satis-

fuing a < b.

Successive applications of the above theorem on an ordered set produce an extension
which is linear.

Actually, a linear extension

T <Te< ... <2y

of an n-element ordered set P is constructed according to an algorithm starting with
a minimal element z; of P, proceeding one element at a time, to delineate the linear
ordering z; < x2 <--- and ending with a maximal element z, of P. A permutation
Y1,¥%2:+ .- , Yn Of the elements of P determines a linear extension of P, if each y;,, is

chosen among the minimal elements of the set

Ui+1 =P~ {yl_ayZ:'” $yi}



1.6. Series-Parallel Ordered Sets

dO ¢O
c d % |
‘ cC d O
1 bO bO
|
O a®O a0
a b
L, L,
Figure 1.4

So, y1 € min(P) = min(U} and, fori = 1,2,... ,n — 1, yiy1 € min(Uip,).

For some problems a specific algorithm for a constructing a linear extension is
useful. For example, a greedy linear extension of an ordered set P is a lincar extension
% < Ty < --+ < z, of P such that z; € min(P) and, for i > 1,241, € min(P —
{z1,22,-- - ,z:}) and, if possible, ;.1 > ;. Thus, a greedy linear extension is obtained
by following the rule “climb as high as you can”. For instance, in Figure 1.4, L, L, L
are greedy linear extensions. L, Ly are not greedy linear extensions because a > b in

both, and a {| b in P while d € min(P — {b}) and d > b in P.

1.6 Series-Parallel Ordered Sets

The linear sum P & @ of the two disjoint ordered sets P, Q is an ordered set on PUQ,

where a < b if
l.a<bin P, or
2. a<bin @, or

., a€Pandbe Q.

co
4o
al
b

I3 O
ad
O

be)
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Figure 1.5: A series-parallel planar ordered set.

If we eliminate the third condition of the definition of linear sum, we will have the
disjoint sum P 4+ Q of P, Q.

An ordered set P is series-parallelif P can be constructed from singletons using only
the constructions of disjoint sum and linear sum. In other words, P can be decomposed
into singletons using only these two operations. For instance, the the series-parallel

ordered set illustrated in Figure 1.5 can be decomposed into
16(((2+6)®30 U+ (TS B+ (10011} +12+13)@9)))+ (14D (15+17) B 16)) & 5

With any series-parallel decomposition we may a associate a binary decomposition
tree according to the successive steps @ and + in its decomposition into singletons.
(This is not unique.) For instance, Figure 1.6 illustrates a binary decomposition tree
of the ordered set in Figure 1.5. (The bold face edges correspond to @ and the regular
ones to +.)

A four-element subset {a,b, ¢, d} of an ordered set P forms an N if the only com-
parabilities in P among them are ¢ < ¢, b < ¢ and b < d. The next Theorem is well

known [51] (cf. [43]).
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1t P
PiLal 15l
12,3.4,6,7,8,9,10,11,12,13} {14.15.18,17}
iR.3.6} 14.7.8.9,10,11.12,13} T8 115,145,174
17.8.8.10.11,12,13} 115,17}

1161

izl 16,9,10,11,12,13 1151/ 1l

7

18,10,11,12,134 i

18} }10,11,12,134

110,11,121 113§

12}
1o} 11}

Figure 1.6: A binary tree decomposition of the series-parallel ordered set in Figure 1.5

Theorem 1.6.1 An ordered set is a series-parallel if and only if it contains no subset

N.

Proof. Let P be a series-parallel ordered set. Suppose that P contains a subsect
N = {a < ¢ > b < d}. Consider a binary decomposition tree of P. Let Q be a minimal
node in this tree which contains N. We may assume that @ is connected® since if
Q = Q1+ Qq, then N C @y or N C @, contrary to the minimality of Q. Otherwise,
Q = Q1 $ Q2 where both @Q; and @, are proper subsets of Q.

Since al|d, either {a,d} C Q; or {a,d} C Q,. If {a,d} C @), then b € Q, because
b <d Also,asc p dand d € @, then ¢c € @;. Thus, N C @Q;. Similarly, if
{a,d} € @2, then N C @, contrary to the minimality of Q.

Let P be a finite ordered set which contains no subset N. We show by induction
on |P| that P can be decomposed into singletons using + and &.

If P is not connected, then P = P, + P,. Since neither P, nor P, contains N, the

result follows by induction.

3An ordered set P is connected if cov(P) is a connected graph.
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Let /2 be connected. Let z be a maximal element in P and let ¥ be a minimal
element in P. Then there is a shortest ‘zig-zag 2 =20 >z, < 29> - < 7y > 2, =
¥,k 2 1, connecting x and y. As P contains no subset N, £ = 1, that is ¢ > y. In
other words, every maximal element is greater than every minimal element.

For m € min(P), let U, denote the set of all elements z > m. Set

I= n U

memin( )

Now, I # @; in fact, every maximal element of P belongs to I. Also, J Nmin(P) = 9,
otherwise |[min{(P)| = 1 and P = min(P) & (P — min(P)) so we could apply the
induction hypothesis. In particular, P — 7 # @ too.

Finally, we show that

Pe(P-Nal

Suppose there is 2 € P — I and y € [ such that z £ y. Evidently, 2 ¢ min(P) so
choose a minimal element m satisfying m < z. Of course, m < y too. Morover, from
z ¢ 1, it follows that there is another minimal element m' satisfying m’ € z although

m’ < y. Then, the subset {m’,y,m,z} forms N. - [=]

The direct product of two ordered sets P and Q, is the ordered set P x Q on the
Cartesian product of the two underlying sets P and Q, such that (z1,11) < (22,99) if
7Ty £ z2in P and i < 3 in Q. Inductively, we can generalize the direct product to
any number of ordered sets?.

Informally, the upward drawing of the product P x Q is drawn by replacing each
point of an upward drawing of P by a copy of an upward drawing for Q and connecting
corresponding points; this assumes that the points are placed in such a way that the
rules for upward drawing are obeyed. Figure 1.7 shows upward drawings for some

products.

1Notice that the direct product is associative.
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The order dimension of an ordered set P is the smallest number m of linear exten-
sions Ly, Ls,..., L, whose intersection is P, that is, z < y in P if and only if, for

every t =1,2,...,m,x < yin L;. In this case, there is a mappping
fiP—LixXLyx---xL,

according to which f(r) = (z,z,... ,z), thatis, foreach i = 1,2,... ,m, proji(f(z)) =
z. This is an order-embedding of P into Ly X Ly x --- x L,,,. (Indeed, f is injective
because for z,y in P, (z,x,...,2) = f(z) = fy) = (y,9,...,y) & z = y. Also,
flz)=(z,z,... ,2) < (¥, ¥,...,y)=f(y) if and only if z < y in each L;,1 < i < m.)
Conversely, let P be a subset of a direct product C, x €y x --- x C,, of m chains,
and, for each i = 1,2,...,m, let L; be the linear extension of P satisfying x < ¥ in
L; if proji(z) < proji(y) in C; while, if proji{z) < proji(y) in Cj, then 2 < y in L; if
z < y in P. For instance, the order dimension of the ordered set N in Figure 1.4 is
two because N = L, N Ls.
The next Lemma is due to Dushnik and Miller [15].

Lemma 1.6.1 The order dimension of a series-parallel ordered set is at most two.
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Proof. Let P be a series-parallel ordered set. We show by induction on [P| that the
order dimension of P is at most two.

If |P| =1, then the order dimension of P is one.

Since P is a series-parallel ordered set, there are two nonempty subsets § and R
of P such that either P = Q@ + R or P = Q & R. By the induction hypothesis, there
are two linear extensions Lg, Ly of @ and two linear extensions Lz, L', of R such that

@=LgNLgand R=LzN L}
Case 1 P=Q+ R.

Let Ly = Lg@® Lpand Ly = L @ Lg. 1t is clear that L), and L, are linear

extensions of P.
Ifz || yin P, theneitherz || yin @ (or R)orz € Q and y € R.

fz]yin@ (or R), then z < ysayin Lg,s0 z <y in L1, and y < z in L, so
¥y <zin Ly. Thus, z || y in L; N L,.

Ifze€Qandye R, thenzx <yin L and y < 7 in L. Therefore, z || y in
Lyn L.
Case 2 P=Q & R.

Let Ly = Lo @ Lg and Ly = o ® L. It is clear that L; and L, are linear

extensions of P.
Ifz | yin P, then citherx |jyin Qorz || yin R.
2] yin @, thenz < ysay in Lg and y < z in L. Thus, z < y in Ly and

y < z in Lo. Therefore, z || y in L; N Ly.

Thus, P = L; N Ly. Therefore, the dimension of P is two. i [m]

A subdivision of a graph G is a graph that can be obtained from @ by a sequence
of edge subdivisions. An edge of a graph is said to be subdivided when it is deleted
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Figure 1.8:

and replaced by a path of length two connecting its ends. A graph is series-parallel if
it does not contain a subdivision of Kj.

It seems that series-parallel ordered sets are considerably different from series-
parallel graphs. For instance, the ordered set in Figure 1.8(a) is not series-parallel
while its covering graph is series parallel. On the other hand, the ordered set in Fig-

ure 1.8(b) is series-parallel while its covering graph is not a series-parallel graph.



Chapter 2

Lattices

2.1 Introduction

‘This chapter is concerned about lattices — an essential class of ordered sets. We will
give an idea about the geometry of planar lattices, Finally, we present the completion
of an ordered set, the concept which we will use as the bridge in proving our main

result in Chapter 6.

2.2 What is a Lattice?

An ordered set P is a lattice if every finite subset S has supremum denoted sup(S),
and infimum denoted inf(S). Thus, sup(S) is that element a of P satisfying these

properties.
(i) (Upper bound) s < a for every s € S.
(ii) (Least upper bound) If s < b, for every s € S, then a < b.

Also, we define dually inf(S). A simple induction shows that this is equivalent to the
-existence of the supremum and the infimum for each pair of elements of P.
For instance, the ordered set in Figure 2.1(a) is not a lattice because sup({a, b}) does

not exist. On the other hand the two ordered sets in Figure 2.1(b) and in Figure 1.5

14



2.2. What is a Lattice? 15

T
c d
a b

L

(a) {b)

Figure 2.1:

are lattices.

The concept of lattices goes back to R. Dedekind (1900) [10].

We say T is the top of an ordered set P if T is maximal and for every zin P, T > z.
Dually, we define the bottom L of P.

Notice that, in a lattice P, every four-cycle {¢; < ¢3 > ¢3 < ¢4 > ¢} must have
a splitting element, that is an element z satisfying ¢;,¢; < = < c3, ¢4 (for instance,
z = sup({c1, co}) or z = inf({es, ca})). Also, sup(P) =T and inf(P) = L.

This leads to the following theorem (which is folklore (see [45])), which gives the

steps to recognize whether an ordered set P is a lattice or not.

Theorem 2.2.1 A finite ordered set with T and 1 is a lattice if end only if every

four-cycle has a splitting element.

Proof. For necessity, suppose that P is an ordered set with T and 4, and yet there
is § C P without sup(S). Then S has at least two maximal elements a # b.
Let T ={zcP:x>sforeverysec S}. AsT €T, T # 0. It.is clear that S

and T are disjoint. If |minT| = 1, then S has a supremum. Thus, T has at least two
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minimal elements ¢, d. Therefore, P contains four-cycle {a,b, ¢, d} without a splitting

clement. (w]

Notice that Theorem 2.2.1 is not true for infinite lattices. For instance, take two
copies of y and € of the chain of all rational numbers Q. Let a € Q;,b € Q;. Then
e<bifa<binQ Addatop T and a bottom L. This ordered set is not a lattice
yet every four~-cycle has a splitting element.

An element o in a lattice is join irreducible if it has at most one lower cover. Dually,
a is meet irreducible if it has at most one upper cover. An element is doubly irreducible

if it is join and meet irreducible.

Lemma 2.2.1 ([13]) For every a € b in a lattice P there is a join irreducible z € P
satisfying x < a and x £ b. Moreover, for every a £ b in a lattice P there is a meet

irreducible x € P satisfyingz > b and z 2 a.

Proof. Let S={z € P:z < a and 2 £ b}. The set S is not empty since it contains
a. Let z € min(S). We claim that « is join irreducible. If not, then z has at least two
lower covers ¢ and d.

By minimality of z, neither ¢ nor d lies in §. Thus, b > ¢,d. Asc <z and b > ¢,
x # b, which implies that x || b. Thus, C = {¢,d, z, b} forms a four-cycle. As ¢ < z, C
has no splitting element, which contradicts Theorem 2.2.1. (]

2.3 Planar Lattices

Checking whether a finite lattice is planar or not is as easy as checking whether a finite
graph is planar or not. Indeed, Platt in [39] showed that a finite lattice is planar if
and only if its covering graph, with an additional edge joining its bottom to its top, is
itself a planar graph. As graph planarity testing is easy [29], lattice planarity testing is,

too_. Planarity for lattices is weH_ understood [32]. For ordered sets in general, planarity
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testing is hard: Garg and Tamassia [22] proved that checking whether an ordered set
is planar or not is NP-complete.

Here are a few elementary terms. Fix a lattice P and fix a planar upward drawing
of it. For noncomparable elements a,b € P such that a > ¢ and b > ¢, we say a is left
of b if any horizontal segment (moving from left to right) which cuts both edges, always
cuts the edge (c, a) before the edge (c, ). For arbitrary e || b in P say that a is left of
b, denoted aMb, if @' is left of V', where @ > o' = inf({a,b}) and b > ' > inf({a,b}).
An element a, which does not belong to the maximal chain C is left of C if there is
b € C such that aAb. (Of course, all of these ideas are ambidextrous. If a is left of b,
then b is right of a, etc.)

Kelly and Rival [32] showed that, if in planar lattice Ay, then z is on the left of
any maximal chain through y. Moreover, if z || ¥ and z is on the left of some maximal
chain through y, then zAy.

An immediate consequence of that is, z || ¥ implies that exactly one of zAy or yAz.

Once equipped with the equality relation, A becomes an order relation on the un-
derlying set P, denoted P,. (This result is due to J. Zilber!.)

For example, the ordered set in Figure 2.2(b) is Py where P is the planar lattice in
Figure 2.2(a).

A complement of an ordered set P, comp(P), is an ordered set on the underlying
set P such that z is comparable to y in P if and only if 2]y in comp(P). For instance,
the ordered set Py in Figure 2.2(b) is comp(P) for the lattice P in Figure 2.2(a).

1t is clear that each chain in P corresponds to an antichain in comp(P) and vice
versa. Moreover, height(comp(P)) = width(P) — 1 (width(P) is the maximum size of
an antichain in P). '

Dushnik and Miller [15] showed that a finite ordered set has a complement if and

only if has order dimension two.

lsee [4] page 32, ex. 7(c)
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(a)

Figure 2.2:

The next theorem (which is due to Baker [1]} gives a characterization for planar

lattices.
Lemma 2.3.1 A lattice is planar if and only if it has order dimension at most two.

Proof.(cf. Rival [45]} Fix a planar upward drawing of a planar lattice P. The
left greedy linear extension Li.s, of P is that greedy linear extension whose (7 + 1)th

element x;4; is the (unique) left-most element belonging to
min(P — {z1, - ,z;})

from the bottom to the top; the right greedy linear extension Lright is that greedy linear

extension whose (i + 1)th element x;,, belonging to min(P — {zy, -+ ,z;}) Then
P= Lleft n Lr'ight

in the sense that » < yin P just if z < y in Liest and © < y in Lyjgne. As P is the
intersection of theses two linear extensions it has order dimension at most two. (In

this case, P can be embedded into the direct product L, st X Lrignt, according to the



2.4. The Completion 19

functioun f(x) = (x,z) for every = € P, that is, P isomorphic to a subset of this direct
product.)

Let P be a subset of the direct product C; x C; of two chains €}, Cy. Fix a planar
embedding of the planar lattice C; x Cy. If Pisa cover-preserving subset of ) x Oy,
then, of course, P is planar. If it is not, take the drawing in which an edge (e, b) of
P follows some chains, maximal from « to b in C) x C,. If two such edges cross, say
(a,b) and (c,d), then in C; x Cq, they cross at an element which “splits” {a,c} from
{b.d}. Thus, a,c¢ < b,d and, as P is a lattice, sup({a, c}) < inf({b,d}) in P which, in

any case, violates the assumption that ¢ < b and ¢ < d. [m]}

2.4 The Completion

The completion of a finite ordered set P is the smallest lattice into which P can be em-
bedded. The completion is often easy to draw and read. In some cases the completion
is used as the bridge linking two problems or classes and uses what is known for one
to solve a problem for the other?. In this section we show existence and uniqueress of
the completion of an ordered set.

In general, there are many ways in which an ordered set can be embedded in a
lattice. For instance, any ordered set can be embedded in 2" (where n is the numbor of
elements of P) by mapping an element x of P to its down set, D(z) = {y € P:y < z}.

For instance, the lattice in Figure 2.3(b) is the completion of the ordered set in
Figure 2.3(a). So the six-element ordered set of Figure 2.3(a) can be embedded in a
7-element lattice and also a 46-element lattice 2°. (Actually, the completion is the

smallest one.)

Let X be a set and P(X) is the collection of all subsets of X . A map

¢:P(X) — P(X)

2See [31). Also, we will use this idea in Chapter 6.
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I d C d
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1 A
(a) (b)

Figure 2.3:
is a closure operator [4) on X if, for all A, B C X,
(a) ACc(A),
(b) if A C B, then c(4) C ¢(B),
(c) cle(A)) = c(A).

A subset A of X is called closed if c(A) = A. Actually, c(A) is the smallest

closed subset of X containing A. Indeed, if A C B for a closed subset B of X, then
c(A) Ce(B) = B.

Lemma 2.4.1 (Birkhoff (4, 13]) For a closure operator ¢ on u set X, the intersection

of any family of closed subsets is closed.

Proof. Let D = ,¢; Aq for a collection of closed subsets. For every e € I,D C A,
which implies ¢(D) € c(Aq) = A,. Thus, ¢(D) C D. Therefore, ¢(D) = D. [m]

Lemma 2.4.2 (Birkhoff [4, 13]) Let c be a closure operator on set X. Then the family
L={ACX:c(A)=A}

of closed subsets ordered by inclusion is a lattice.
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Proof. Let A,,a € I be a collection of closed subsets of .\'. Froni the previous lemma,

Naer Aa is closed. Thus

nf{da:ael}) =) Ao

ae]
Also,

sup({Aq s a € I}) = (| Aa)
agl

because ¢{U,er Aa) is the smallest closed subset of X containing U,e; A. Therefore,

L. is a lattice. [m]
Let P be an ordered set and 4 C P. Define A “upper” by
At ={ze P:a < zforevery a € A}

Dvually, we define A “lower”, A~ = {z € P:a > z for every a € A}.

Lemma 2.4.3 (Birkhoff [4, 13]) Let A and B be subsets of an ordered set P. Then
(i) AC (A*)” and AC (A7)
(ii) if AC B, then A* D B* and A~ D B—,-x.
(iii) A% = ((AY))* and A= = ((A~)H)-.

Proof. We have ¢ < zr for all ¢ € A4 and all z € A%, which says precisely that
A C (A*)". Dually, A C (A~)*. Thus, () holds.

If A C B, then any element of B* is an upper bound of B and so is an upper bound
of A and hence belongs to A*. Thus (i) holds.

By (i) we have A C (A*)~, whence (i) yields A* D ((A*)")*. But (4), applied
to A*, also gives A* C ((A*)7)*. Hence, AT = ((A*)")* and, by duality A~ =
((A™)*)~, which proves (#ii). [a]
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It is follows very easily from Lemma 2.4.3 that c(A4) = (A*)~ defines a closure

operator on P. By Lemma 2.4.2, the set
P={ACP: (A" = A}

ordered by inclusion is a lattice, known as the Dedekind-MacNeille [35, 13] com-
pletion of P or for short, the completion of P (as we will prove later). Figure 2.4

illustrates the ordered sets P; and their corresponding completions P for i = 1, 2,3,4.
Lemma 2.4.4 (MacNeille 35, 13]) Let P be an ordered set.

(i) For all z € P,((D(z))*)~ = D(z) and hence D(z) € P.

(ii) If AC P and inf(A) exists in P, then Naca D(a) = D(inf(A))

(1) If AC P and sup(A) exists in P, then (A*)~ = D(sup(A)).

Proof.
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(1) Let y € (D(x))*; then = < y for all z € D(x) so, in particular, < y oas

(i)

z € D(z) and hence y € U(z) (U(z) = {y € P : y > x}, which is called the
up set of z in P). Thus, D(z)* C U(z). If y € U(x), then y > x and so,
by transitivity, y > z for all z € D(z), that is, y € (D(x))*. Thus, Ulx) C
(D(z))*. Therefore, (D(z))* = U(z) and, by duality, (U(x))~ = D(x). Thus,
(D))" = UE))" = D(a).

Let A C P and assume that inf(A) exists in P. Note that,

(1Da)={zeP:(foreveryain A) z < a}= A4~
acA

Since inf(A) is a lower bound of A we have inf(A) € A~ and hence D(inf(A)) C
A~. Since inf(A) is the greatest lower bound of A we have z < inf(A) for all
y € A and hence, A~ C D(inf(A4)). Thus, A~ = D(inf(A)).

Let A C P and assume that sup(A) exists in P. Of course, sup(4) € At
Thus, = € (A*)” implies that z < sup(A) and hence 2 € D(sup(A4)). Con-
sequently, (A*)™ C D(sup(A)). Since sup(A) is the least upper bound of A
we have sup(4) < y for all y € A* and hence, sup(A) € (A*)~. This gives
D(sup(A)) C (A*)". Hence, (AT)~ = D(sup(A)), as required. [m]

Theorem 2.4.1 (MacNeille [35, 13]) Let P be an ordered set and definep: P — P
by w(z) = D(x) for allx € P. Then P = o(P).

Proof. From Lemma 2.4.4 D(z) € P for every z € P. Ifin P, D{z) C D(y), then

z € D(y), which implies z < y. Also, f z < y in P and z < z, then 2z < v, ic.

D(z) < D(y). Thus, ¢ is an order-embedding map. Therefore, P = o(P). [m]

Lemma 2.4.5 (MacNeille [35, 13]) Let P be an ordered set and A C P. Then in P

1. inf({D(z): z € A¥}) = (A*)-,
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2. sup({D(a):a € A}) = (AT)~.

Proof. For B C P, we have B~ = (.5 D(z) because
y € B™ if and only if (for every 1 € B) y < z
if and only if (for every z € B) y € D(z)
if and only if y € N.ep D(z).
With B = A* this yields, (A*)~ = M4+ D(z). From the proof of Lemma 2.4.2,
inf({D(z) : £ € A*}) = Nyea+ D(z) = (AT)".

Let ¢ € A; then a € (A¥)” as A C (4%)~. Hence D(a)} C (AT)" as (A*)~ is
the union of down sets. Hence, (A*)~ is an upper bound in P of {D(a) : a € A}.
If B € P is an upper bound of {D(a) : @ € A}, then ¢ € D(a) C Bforalla € A
and hence A € B. Thus, (A*)™ C (B*)~ = B (two applications of Lemma 2.4.3(ii)).
Consequently (AF)~ is the least upper bound of {D(a): a € A}in P. [m]

Lemma 2.4.6 (MacNeille (35, 13]) Let P be an ordered set. For everyz € P
r = sup(Dp(z)) = inf(Up(z)) where Dp(x), respectively, Up(z) is the down set,

respectively, the upper set of x in P.

Proof. In P every element z is in fact a closed subset of P and every element of P
corresponds to a down set for an element of P. Thus, the statement “for every z € P we
have x = sup(Dp(z)) = inf(Up(x))" is equivalent to the statement “for every closed

subset A of P we have A = sup({D(z) : D(z) C A}) = inf({U(a) : U(a) C A})".
sup({D(z) : D(z) C A})
= sup({D(z) : = < a for every a € A})
= sup({D(a) : a € A})
= (A*)~ (from the second part of Lemma 2.4.5)

=4 (as A € P).
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or

Also,

inf({D(z): D(z) C 4})

= inf({D(x) : a € D(z) for every a € A})
=inf({D(2) : < o for every a € A})
=inf({D(z): z € A*})

= (A*)~ (from the first part of Lemma 2.4.5)
=A(as A€ P). [m]

Theorem 2.4.2 (MacNeille (35, 13]) Let P an ordered set and P its completion. If
L is a lattice containing P, then [P| < |Ll.

Proof. Define the function f : P — L by f(z) = sup,({D(z)N P}), where D{xz) is the
down set of z taken in P and supy, is the supremum in L. The map f is well defined
because the supremum of any set exists and is unique in L. |

If z < yin P, then D(z) € D(y). Thus, f(z) = sup,(D(z)) < sup,(D(y)) = f(y),
which means that f is an order-preserving map.

It is enough to prove that f is injective. If f is not injective, then there exists
T # yin P such that f(z) = f(y) in L. Let A = D(@)n P, A = U(z)n P,
B =D(y)N P and B' = U{y) N P. According to Lemma 2.4.6, z = sup(4) = inf(4')
and y = sup(B) = inf(B') in P. Thus, A # B and A’ # B’. We have two cases to

consider.

Case 1 A C Bor B Cc A We may assume that A C B. Thus, £ = sup(4) <

sup(B) = y in P. Thus, B' C A’. If thereisa’ € A'— B’ and b € B — A such
that a || b in P, then as f is order-preserving map we have in L,

b= f(b) < fly) = flz) < f(a) =a'.
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Thus, b < ¢’ in L which implies b < ¢’ in P which contradicts our assumption
P P

that b || ¢’ in P.

Thus, we have b < o' for every b € B and o’ € A’. Hence, every element o' € A’
is an upper bound of B. Thus o' > y for every o’ € A’. Therefore, A’ — B' = {),
which contradicts that B’ C A’

Case 2 A— B # 0 and B— A # 0. In this case we claim that A' — B’ # ¢ and
B — A" # 0. Indeed, if A’ C B, then x < y which implies A C B which

contradicts our assumption that B —~ A # .

Let z€ A— B. If z < ¥ for every ¥/ € B’, then z will be a lower cover of B in P
and thus z <y as y = inf(B'). That contradicts that z € A — B. Thus, there is
w € B' — A" such that z | w in P. As f is order-preserving map we have in L
= f(2) < f(2) = {y) < flw) = w

Therefore, 2 < w in L which implies that 2 € w in P. That contradicts our

assumption that z || w in P.

Therefere, f is injective. [m]

Lemma 2.4.7 ([13]) If P is the completion of the ordered set P, then the join or meet
irreducible elements of P are in PU {T, 1} .

Proof. Let z € (P~ (PU{T,L})). Suppose z is join irreducible in P, that is z has
a unique lower cover y in P. Thus D(z) = {z} U D(y). From Lemma 2.4.6,

x = sup(D(z) N P) and y = sup(D(y) N P).

But

Dz)NnP=({z}uDy))nNnP=D(y)NPasz¢gP.

Thus,

z = sup(D(z} N P) = sup(D(y) N P) = y which contradicts the fact that y is a lower

cover of z. ]E|



Chapter 3

Pagenumber Problem

3.1 Introduction

In this chapter we define the pagenumber problem for graphs and ordered sets and
give a historical review. Also, we introduce the best known upper and lower bounds
for the pagenumber of an ordered set. A book embedding of a graph G consists of
an embedding of its nodes along the spine of a book (i.e., a linear ordering of the
nodes), and embeddings of its edges on pages so that edges embedded on the same
page do not intersect. In a book embedding for an ordered set P the vertices of P on
the spine form a linear extension. The pagenumber! (page(G), respectively page(P))
in both cases is the minimum number of pages needed (taken over all linear layouts
for graphs and all linear extensions for an ordered set). For instance, page(P) = 2
for the ordered set illustrated in Figure 3.1, while page(couv(P)) = 1. In general, it is
clear that page(cou(P)} < page(P) for any ordered set P. Notice that, if page(P) < 2,
then P is planar but the converse is not always true; for instance the planar lattice in
Figure 3.2 requires three pages. (This example is due to J. Czyzowicz [37]).

The pagenumber was first defined for graphs by Bernhart and Kainen (3], they
showed that the one-page graphs are exactly the outerplanar graphs. (A graph is

1gometimes it called the stack number or the book thickness.

27
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Figure 3.1:

Figure 3.2: Three-page planar lattice
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outerplanar® if its vertices can be placed on a circle in such a way that its edges are
noncrossing chords of the circle.) Also, they cunjectured that planar graphs may require
an arbitrarily large number of pages. In a series of attempts, it was finally established
by Yannakakis (53], that page(G) < 4 for every planar graph G, and this upper bound
is achieved. The pagenumber of any planar graph with quadrilateral faces is at most
two [19]. For series-parallel graphs the pagenumber is two [8].

"The pagenumber for ordered sets has been introduced by Nowakowski and Parker
[37], who show that page(P) = 1 if and only if cou(P) is a forest (An ordered set P
is a forest if cov(P) is a forest (as a graph)). Also, they derive a general lower bound
on the page number of ordered sets and upper bounds for special classes of ordered
sets. Hung [30] shows that there exists a 48-element planar ordered set which requives
four pages (see Figure 3.3)3. Moreover, no planar ordered set with page number five
is known. Syslo [46] provides a lower bound on the page number in terms of its bump
number. He also shows that page(P) < 2 if the jump number of P is one. Ordered sets -
with jump number two can have an arbitrarily large page number. For each positive
integer n, Heath and Pemmaraju [38] gave a 6n-vertex ordered set P with a planar
covering graph such that page(P) > n (see Figure 3.4).

Computationally, the book embedding problem for graphs is hard; it is NP-complete
to determine whether arbitrary planar graph can be embedded in two pages [8]. Re-
cently, Heath and Pemmaraju [28] showed that the problem of recognizing whether
a directed acyclic graﬁhs (dag) is 6-page is, itself NP-complete?. For ordered sets, we
show, in Section 3.3, that for a fixed linear extension on the spine, finding the minimum
number of pages is NP-complete.

According to R. Nowakowski and A. Parker([37]):

“Book embeddings for graphs occur in many contexts (see {7, 8]). In some

?Determining whether a graph is outerplanar can be done in linear time [47].
3This is the smallest known four-page pl_auar ordered set.
In their paper, their representation of a dag need not be an upward drawing.
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Figure 3.3: Four-page planar ordered set.

instances, the underlying structure may be an ordered set. For example,
the vertices of P may represent steps in a calculation and the edges directed
into a vertex represent necessary inputs for that calculation to be executed.
If the calculation is done on a machine with single processor, then each
page represents a stack, the edges indicate the order in which the partial
results are entered and removed from the stacks and the pagenumber is the
smallest number of stacks required to store data in order for the caleulation

to be carried out.”

The completion of an ordered set is the bridge to proving our main result. There are
well-known order-theoretic combinatorial parameters which are invariant with respect
to the completion (for instance, the order dimension). The pagenumber of the comple-
tion need not equal the pagenumber of the original order. In fact, we show that the

pagenumber of an ordered set may be larger than the pagenumber of its completion.

There are quite simple ordered sets with large pagenumber. We introduce three
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such sequences of ordered sets each with unbounded pagenumber. The first one is a
sequence of ordered sets of dimension two and the others are sequences of spherical

ordered sets and spherical lattices.

3.2 Lower and Upper Bounds

In this section we give lower and upper bounds for the pagenumber of an ordered set

P in terms of combinatorial parameters of P.

For a linear extension L of an ordered set P, let page(P, L) stand for the minimum

number of pages required for L.

Lemma 3.2.1 Let C, and C; be two nonsingleton disjoint chains in an ordered set P.
If inf(C1) < inf(Cs) < sup(Ci) < sup(Cs) in a linear extension L, then
page(P, L) > 2.

Proof. Let C1 = {21 <23 < --- < an}and Co = {y1 < 9o < -+ < Ym}, 0,1 > 2.

Suppose that z; < ¥, < Zn < ¥m in a linear extension L of P. Let
i=min{l<k<m:z, <yin L}

Of course, ¢ > 1 because ¢ < z, in L. Thus g, < Yi1 < Tp < ¥;in L. Also, let
j=min{l<k<n:y_; <z in L}

Of course, j > 1 because #; < y;—; in L. Thus ZTj1 < Y1 < 77 < y; in L. Hence

the two edges (x;-1,%;) and (y1,%:) can not be drawn in the same page. Therefore,

page(P, L) > 2. [m]

Theorem 3.2.1 Let x belong to an ordered set P such that x is adjacent to a unique

vertez in cov(P) end P ~ {z} is not an antichain. Then page(P) = page(P — {z}).
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n+1 n+2 2n-1 2n

Figure 3.5:

Proof. Since z is adjacent to a unique element in cov(P), either x is maximal or
minimal. Let L be a linear extension of P suéh that page(P, L) = page(P). We may
assume that z is maximal and y is the unique lower cover of z in P. We obtain the
linear extension L' of P— {z} from L by removing z and deleting the edge (¥, z). Thus,
page(P) > page(P — {a}).

Suppose L’ is a linear extension of P — {z} such that page(P —~ {2}, L) = page(P —
{z}). We obtain the linear extension L of P from L’ by adding = right after y (i.e.

x > yin L). Draw the edge (z, y) in the first page (the first page exists because P— {z}
is not an antichain). Thus, page(P — {z}) > page(P). [m]

Notice that, in Theorem 3.2.1, the condition that z is adjacent to a unique element
in P is necessary. For instance, for each positive integer n, there is an ordered set
P, on n elements such that page(P, — {z}) = n > 1 = page(P,) (see Figure 3.5).
In contrast, we will see in Section 3.5 an example of an ordered set P such that

page(P) > 3 > page(P — {z}) = 2.

We call the subset C of an ordered set P a cycle if C is a cycle in the graph cov(P).
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The next Theorem is due to Nowakowski and Parker [37].

Theorem 3.2.2 Let P be an ordered set. Then page(P) = 1 if and only if cov(P) is

a forest.

Proof. Assume first that cov(P) is a tree. We show, by induction on [P], that
page(P) = 1. As cov(P) is a tree, there is an element z adjacent® to a unique element.
Thus, either z is a maximal or a minimal in P; we may assume it is maximal.
Since cov(P — {z}) is a tree, by the induction hypothesis, there is a one-page linear
extension L’ of P — {z}. Let y be the unique element adjacent to x in cov(P).
Obtain L by adding z right above yin L' (ie. y <xin L). It is clear that L is
a linear extension of P. Draw the edge (y,2) in the first page, there will be no edge

crossing because z >~ y in L.

For the converse, let cov(P) contain a cycle C. We may assume ihat C is of
a minimum length which implies that ¢ has no chords. Note that the number of
maximals equals the number of minimals of C (because by minimality of C, each

element of C is adjacent in cov(P) to exactly two elements of C).
Case 1 C contains a unique maximal and & unique minimal.

Let L and T be, respectively, the minimum and the maximum of C. Let z,y
be the only two lower covers of T in €. Let [, be a linear extension of P. We
may assume that © < y in L. Thus, the chain C from L to ¥ and the edge
(z, T) are two disjoint chains such that I <z <y<TinL ByLemma3.2.1,
page(P, L) > 2.

- Case 2 C contains exactly £ maximals and exactly k& minimals, k > 2.

Let C contain the minimals {a1,8s,- -+, a;} and the maximals {b1, 0, b}k >

2 such that

3Two vertices a and b are adjacent in a graph G if {a, b} is an edge in G.
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Figure 3.6:

o a1 < bls bku

o a; <bi_1,b; for 2 < i <k (see Figure 3.6).

Let C;; be the chain from a; to b; in C.

Suppose there is a linear extension L of P such that page(P, L) = 1. We may
assume that by < by in L. As a; < by in P, then ap; < by < Uy in
L Ifar < ain L, then ap; = inf(Crojpo1) < ar = inf(Cr) < byy =
sup(Cr-14-1) < by = sup(Crx) in L which implies, according to Lemma 3.2.1,

that page(P, L) > 2. Thus a; < ap_; < by_; < by, in L.
'"Also, if br_a > br_y in L, then by Lemma 3.2.1, page(P, L) > 2.

By a similar argument we finally have
ey < Qg2 < - - < ay < by <by <--- <y in L. Therefore,
inf(Ca2) = an < inf(Crx) = a1 < sup(Cap) = by < sup(Cyx) = by in L which

contradicts Lemma 3.2.1.

Therefore, page(P, L) > 2. [m]
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Let z be an element in an ordered set P. We define the cone of z,cone(z) =

D(z) U U(z).

Lemma 3.2.2 Let a < b in the ordered set P. Then cone(a) = cone(b), if and only if
Ua) = {a} UU(b) and D(b) = {b} U D(a). |

Proof. We suppose cone(a) = cone(b) and show first that U(a) = {a} U U(b). Since
a < b, U(b) C U(a). Suppose a < z in P. Since cone(a) = cone(b), either £ < b or
b<z. As (a,b) is an edge in P, x £ b. Thus, z € U(b) and hence U(a) — {a} = U(b).
Therefore, U(a) = {a} UU(b). Dually, D(b) = {b} U D(a).

For sufficiency, if cone(a) # cone(b), then either there exists z € P such that z < b
and z # @ or z > a and = # b which contradicts the fact that U(a) = {a} U U(}) and

D(b) = {0} U D(a). O
Lemma 3.2.3 Let P be an an ordered set such that a < b. If cone(a) = cone(b), then
page(P) < page(P — {a})

Proof. Let L be a linear extension of P — {a} such that page(P —{a}, L) = page(P —
{a}). Suppose z < b < yin L.

Notice that we can get an upward drawing of P — {a} from an upward drawing of
P just by identifying a and b in P to b. Indeed, if not, then without loss of generality,
there are ¢ and d in P such that (c,a) is an edge and b > d > ¢. That implies
d € (D(d) — D(a)). Thus, D(b) # {b} U D(a) which contradicts Lemma 3.2.2.

To transform L to a linear extension L' of P add a to L such that 2 < a < b < y.
Draw the edge (a,bd) in the first page. Draw the edge (=2, a) for each lower cover z of a
in the page where the edge (z,b) was drawn in L. Draw the other edges in the same
page drawn for L.

First, the edge (a,b) will not intersect any edge in L' because a < b in L'. If
the edges (z,a) and (c, d) intersect in the same page, then the edges (z, ) and (c,d)

_ intersect in L in the same page. [w]
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In fact, the inequality in the above lemma may be strict, for instance for the ordered

set illustrated in Figure 3.7 page(P) = 2 while page(P ~ {z}) = 3.

Lemma 3.2.4 Let P be an ordered set such that a < b < c is the unique chain from

a to cin P. If a is the unique lower cover of b and ¢ is the unique upper cover of b in

P, then page(P) < page(P — {b}).

Proof. As a < b < cis the unique chain from a to ¢, so we can obtain an upward
drawing of P — {b} from an upward drawing of P by deleting & and the two edges
(a,b), (b, c) and adding the edge (a, c).

Let L' be a linear extension of P — {b} such that page(P — {b}, L') = page(P - {b}).
We obtain L from L' by adding b right below cin L' (i.e b < cin L). It is clear that L
is a linear extension of P.

Draw the edge (b, c) in the first page and draw the edge (a,b) in the page where

the edge (a,c) was drawn in I/. Draw the other edges as drawn in-L'.
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The edge (b, ¢) will not intersect any other edge in the first page of P because b < ¢
in L. Also, if the edge (a,b) intersects an edge (z,y) in the page where it is drawn,
then (o, c) will intersect the edge (x,y) in the same page in L.

Therefore, page(P) < page(P —~ {b}). [m]

A subset C of the set of vertices of a graph G is a vertex coverin G if for each edge
{z,y} in G either z or y is in C. The next result, which is due to Syslo [46], uses this

vertex covering idea to give an upper bound for the pagenumber.

Lemma 3.2.5 Let P be an ordered set. Then
page(P) < min{|C| : C is a vertez cover in cov(P)}

Proof. Let L be a linear extension of P and let C be a minimal vertex cover in cov(P).
For each vertex = of C draw all edges incident to z in a separate page. Thus, no two
edges intersect in the same page. Notice that, all the edges of P have been drawn

because C is a vertex cover. El

A k-twist for L is a set of edges {(w;,:):1 <4 < k} in P such that we have in L
<< <<y <Y< ..o < Yy

A linear extension L of an ordered set P is k-twist-free if there is no k-twist in L.

In fact, page(P, L) > k, where k is the size of the maximum twist, because no two
edges of the twist can be drawn in the same page. In contrast, the size of the maximum
twist in the linear extension may be strictly less than the minimum number of pages
required for this linear extension. For example, page(P, L) = 3 for the linear extension
L of the ordered set P in Figure 3.8(b); in spite of that the maximum twist in I is
two.

For the positive integers m, n, the complete bipartite ordered set K r is an ordered
set with m minimals and n maximals such that each maximal covers each minimal.

The next Corollary is due to Systo [46).
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Figure 3.8: (a) The smallest size of a three-page planar ordered set. (b) The layout of the graph
cov(P) with respect to L.

Corollary 3.2.1 The pagenumber for the complete bipartite® ordered set K, is

min{m,n}.

Proof. Assume that min{m,n} = m. The inequality page(Kma) < m follows from
Lemma 3.2.5. On the other hand, one can see easily that cvery linear extension of

Knn contains an m-twist, hence page(K,, ) > m. [m]

Lemma 3.2.6 Let P be an ordered set containing the set {z; : 1 < i < n}. If the
set of upper covers of each x; equals {b} and the set of lower covers equels {a}, then

page(P) < page(P — {z;: 1 <i<n})+1.

Proof. Let L be an optimal linear extension for P — {2i:1 <4< n}such that y < b
in L. Obtain L’ from L by adding the elements z; < Xy < -+ <z, right below b in L
(ie.in L'wehavey <2y <2y < -+ < a2, < b).

It is clear that L' is a linear extension of P. In L', for 1 < ¢ £ n draw the edge
(z:,b) in the first page and draw the edge (a, ;) in a new additional page.

Since the vertices {z;:1 <i < n} are between b and y in L', no two edges intersect

in the first page. Also, the edges in the new page have the same tail; thus there are no

SFor the complete bipartite graph K, ., page(Kmn) < [(m + 2n)/4] [36].
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intersecting edges. Therefore, page(P) < page(P — ({z;: 1 <i < n})) + 1. [m]

Nowakowski and Parker [37] proved that e(P) < 2|P| — 2 ~ height(P) for any
planar ordered set P, where e(P) is the number of edges of P. As a consequence of

that they showed that

Corollary 3.2.2 If page(P) > 1, then

P . . .
o p)-lf;(mi)gm( Fiz if height(P) is even;

e P)—20(P)+2+height( P) . . .
P i-GaighitPz Y height(P) is odd.

page(P) >

-

Let P be an ordered set on n elements and m edges. Each linear extension of P can

be expressed as a linear sum of chains of P, i.e.
L=CadCid  -aC

where C;(0 <4 £ k) is a chain in P. The number of breaks (i.e. noncomparabilities)
between consecutive elements in L is denoted by jump(P, L) and the jump number of

P, jump(P), is the minimum such number, that is

Jump(P) = min{jump(P, L) : L is a linear extension of P}
The bump number of P, bump(P), is

bump(P) = maz{jump(P, L) : L is a linear extension of P}

The problem of finding jump(P} is NP-complete for ordered sets[6}], whereas the bump
number can be calculated in polynomial time[24].

One of the classes of ordered sets for which the jump number is known is the class
of series-parallel ordered sets (see {9]). Indeed, jump(P) = jump(P, L) for any greedy
linear extension L of a series-parallel ordered set P.

Let us consider a book embedding of P according to L. An edge (z,y) is a spine

edge if @ < yin Lie =,y € C;for0 <7< k. A spine edge can be drawn in any
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page. It is clear that for every two chains C; and Cj,i < j, no page contains more than
one edge between elements of C; and Cj. Otherwise, let (x,v) and (z, ) be two edges
in P, where v,z € C;, v,y € C; and u < 2. If v < y, then (2,¥) is a nonessential®
edge and if ¥ < v, then the edges (v, y) and (u,v) cross. In general, we can not have
a cycle on one page formed by some spine edges and nonspine edges placed on that
page. Therefore, if L consists of & + 1 chains, then a page in any book embedding of
P according to L, may contain at most & nonspine edges of P. The number of spine
edges is equal to n — 1 — %, hence,

m—(n—-1-k
k

[ )1 < page(P, L)

Thus, we obtain the next lemma, which is due to Systo [46).

Lemma 3.2.7 Let P be an ordered set. Then

m-n+1

[W-I + 1 < page(P)

A subset C of an ordered set P is convexif b € C whenever ¢« < b < cand a,c € C,
it is a cutset if every path in cov(P) from any minimal vertex to any maximal vertex

contains a vertex of C. A decomposition of
P—_-O]_UCQU"'UCk

into convex cutsets is called a layered decomposition if every vertex of C; covers only
vertices of C;—; and C; is covered only by vertices of C; and Ci,;. Every ordered set
has such a decomposition, in particular one we call the canonical decomposition; take
Ci as the minimals of P; successively take C; as all the vertices less or equal to the
upper covers of C;_y in P — U;.; C;. The next Theorem and Corollary are due to

Nowakowski and Parker {37].

"An edge (a,b) is nonessential or not essential in an ordered set if there is ¢ such that a < ¢ < b.
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Theorem 3.2.3 Let P=C1UCU---UC)y, be a layered decomposition of an ordered
set P. Then

page(P) < maz{page(C;) : 1 < i < k} + 2maz{|C;|: 1 < j < k}

Proof. Take the following linear extension of P. For each i, take an optimal linear

extension L; of C;. Let

L=Li®L,®d-- &L

For each i, the nth vertex of C; taken in this order of L has its upper edges embedded
on page 2i — 1 and its lower edges on page 2i. Thus,

page(P) < maz{page(C;) : 1 < i < k} + 2maz{|Cyy] : 1 < 5 < k/2}. 0
In fact, we can modify the above theorem to
page(P) < maz{page(C;): 1< i< k}+2min{maz{|Cy;|}, maz{|Coi1|} : 1 < j < k}

because the edges are only between the consecutive layers.

An ordered set P is graded if, for edge (z,y) in P such that z belongs to the level

L;, then y belongs to the level L;(;. As a consequence of the previous theorem we have

Corollary 3.2.3 If P is a graded ordered set and P =C,UCU---UCy is a layered

decomposition of P, then

page(P) < 2min{maz{|Cy;|}, maz{|Coj—1|} : 1 < 7 < k}

For two ordered sets P and Q it is clear that page(P+Q) = maz{page(P), page(Q) }.
The next lemma concerns page(P & Q).

Lemma 3.2.8 For ordered sets P and Q
page(P & Q) < maz{page(P), page(Q)} + min{|mazP|, jminQ|}.
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Proof. We can obtain an upward drawing of P& Q from an upward drawing of P and
upward drawing of @ by drawing @ over P and drawing an edge from each maximal
of P to each minimal of Q.

Let Lp and Lg, respectively, be linear extensions of P and Q, respectively, such
that page(P, Lp) = page(P) and page(Q, Lg) = page(Q). It is clear that L = Lp & Lo
is a linear extension of P & Q.

As the edges connecting mazP to min@ forms a complete bipartite ordered set

requires, according to Corollary 3.2.1, at least min{{maxP|, |minQ|} pages, then

page(P® Q) < page(P®Q,L)

< maz{page(P), page(Q)} + min{|maxP|, |minQ|}. [w]

Nowakowski and Parker [37] showed® that %ﬂ—l < page(k™) < 2n — 2 and they
asked whether page(2") = n and whether it is true that page(2") < page(3")? In
general, it is not known whether there is a lower bound of the pagenumber of the

ordered set P x () greater than maz{page(P), page(Q)}.

3.3 The Complexity

In this section we show that finding the minimum number of pages required for a fixed
linear extension of an ordered set is NP-complete even if it is a bipartite ordered set?.

Let P be an ordered set and L be a linear extension of P. A natural question is
What is the complexity of finding page(P, L)?

Given a graph G = (V, E) and a permutation ¢ of the vertices of G, a layoul of

G with respect to o, is a drawing of G on a page in which vertices are listed on a line

8k™ is the direct product of n chains each of height & — 1.
9An ordered set P is bipartite if height{P) = 1.
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Figure 3.9:

segment at unit intervals according to ¢ and edges as concave arcs in such a way that
two edges intersect only if necessary. Figure 3.8(b} illustrates a layout of the graph
cov(P} of the ordered set P.

The intersection graph of the layout graph of G with respect to o is a new graph
whose vertices are the edges of G, and two edges correspond to an edge in the inter-
section graph if they intersect in the layout graph of G with respect to o. Figure 3.9
illustrates the intersection graph of the layout graph cov(P) with respect to L (P and
L are in Figure 3.8).

The chromatic number of a graph G is the minimum number of colours needed to
colour the vertices of G such that no adjacent vertices receive the same colour.

The next theorem (which is due to Even and Itai [16]) connects the pagenumber

problem to the chromatic number problem.

Theorem 3.3.1 Let P be an ordered set and L a linear extension of P. Then page(P, L)
is equal to the chromatic number of the intersection graph of the layout graph of cov(P)

with respect to L.

Proof. Suppose.that the chromatic number of the intersection graph of the layout of

cov(P) with respect to L is equal to m.
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(i) page(P, L) > m. Suppose page(P, L) = n and let E; be the set of edges in the
ith page, 1 < ¢ < n. Since there are no intersecting edges in any page, there are
no two adjacent vertices of the intersection graph of the layout graph of cov(P)

with respect to L, in the set E;. Hence we can color E; by the color i, for each

i. Thus, m < n = page(P, L).

(ii) page(P, L) < m. Let E; be the set of edges coloured by the ith color, 1 < i < ¢.
We can draw the set of edges E; in the ith page for each i = 1,... ,m because in

the layout graph of cov(P) with respect to L, no two edges of the set E; intersect
if they are drawn in the same page. Hence, page(P,L) < m. [w]

Corollary 3.3.1 Let k > 3 be an integer. The decision question whether, for a given
ordered set P and an arbitrary linear extension L of P, page(P, L) < k, is NP-complete.

In fact, this decision question is NP-complete even if P is bipartite.

Proof. Let P be an ordered set and L be a linear extension of P. Let H be the
intersection graph of the layout of cov(P) with respect to L. In H consider each edge
(z,y) as an interval in the real line. Thus H is an overlap graph, where a graph K is
called an overlap graph if its vertices may put into one-to-one correspondence with a
collection of i.rﬁﬁ'ervals on a line such that two vertices are adjacent in K if and only if
their corresponding intervals overlap (not just intersect).

It is known that an undirected graph is an overlap graph if and only if it is a circle
graph!®, where a circle graph is a graph whose vertices are the chords of a cycle in
which two vertices form an edge if the two chords are intersect. An example of a circle
graph and its representation by a set of chords is given in Figure 3.10.

According to Theorem 3.3.1, the problem of minimizing number of pages that L

required is equivalent to colouring circle graphs, hence is NP-complete [21].

10see [23] page 242. - b
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Figure 3.10: A circle graph.

Suppose H is a circle graph. Then H is an overlap graph. Without loss of generality
we may assume that the intervals are either open or closed and that no two intervals
have a common end point. All of these constructions can be done in polynomial
time. Now we want to construct a bipartite ordered set P and linear extension L of
P, such that the intersection graph of the layout of cov(P) with respect to L is H.
Let the elements of P be endpoints of the intervals, ordered, for each interval I, by
sup(I) = inf(I). Then order the elements in L as they are ordered in the real line.

The proof is still valid if we restrict it to the class of bipartite ordered sets. [m]

3.4 Ordered Sets with Pagenumber Two

In this section we give classes of ordered sets each member of which has pagenumber
two. Next, we use the characterization of the graphs of pagenumber two to give a
characterization of ordered sets of pagenumber two.
Kelly in [33] considered upward drawing using monotonic edges. A monotonic edge
for a covering pair a < b is any arc from @ to & monotonic with respect to y-axis.
Kelly in [33] showed that if an ordered set P has a planar upward drawing in which

each edge is a monotonic arc, then there is a planar upward drawing in which each
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Figure 3.11: A snake linear extension

edge is straight.!!

If page(P) = 2 for an ordered set P, then using the Kelly's result, P is planar.
In contrast, there are planar ordered sets which require more than two pages. For
instance, page(P) = 4 for the planar ordered set illustrated in Figure 3.3.

Figure 3.8(a) illustrates a three page plé.nar ordered set of smallest size (i.e., every
planar ordered on seven elements or less has pagenumber two)!2.

The next theorem is due to Nowakowski and Parker [37).
Theorem 3.4.1 The pagenumber of a planar graded lattice is at most two.

Proof. Let P be a planar graded lattice. Fix a planar embedding of P. Let L =
Lo@ Li® Ly ® - - D Lpeighypy be such that the elements of L; are ordered according to
A if 4 is odd and the opposite of the order of X if 7 is even. It is clear that L is a linear
extension of P. Draw the edges from level L; to level L;y, in the left page if i is odd
and in the right page if ¢ is even (See Figure 3.11). Call the linear extension obtained
a snake linear extension.

Suppose the two edges (a,b) and (¢, d) intersect in the same page. Thus we have

11This result is analogous to the result for planar graphs [18].
12The author has enumerated all 7-elements planar ordered sets. Each has pagenumber at most

two.
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Figure 3.13:

a < ¢<b<dinlL and there is an 7 such {a,c} C L; and {b,d} C L;y; which
contradicts the fact that we started with a planar embedding of P. [w]

Notice that, for non-graded planar lattices, a snake linear extension may be far from
optimal. For instance any snake linear extension of the planar lattice P illustrated in
Figure 3.12 has a 3-twist, while page(P) = 2 (see Figure 3.13). In fact, for each positive
integer n we can generalize this example to a planar lattice P, such that any snake

linear extensions has an n-twist and page(P,) = 2.
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The next Corollary is due to Hung [46).

Corollary 3.4.1 Let P be an ordered set. If jump(P) = 1, then page(P) < 2.

Proof. According to Theorem 3.2.1 we may assume that every vertex in 2 is adjacent
to at least to two vertices in cou(P).

Let L be a linear extension of P with a single jump. Thus, L = €} & C,, which
means that for any edge (,y) either 2 and y are both in C) or both in C; or z € C,
and y € C,.

Let z € C) be such that z has no upper covers in C» and y > 2 in C,. Thus, = has a
unique upper cover y in P. Hence U(z) = {z} UU(y). If 2 < z in P, then, z € C, and
hence z < y. Thus, D(y) = {y}UD(a). According to Lemma 3.2.2, cone(z) = cone(y).
By Lemma 3.2.3, page(P} < page(P — {z}).

Dually, we can show that page(P) < page(P — {z}) for = € C; such that z has no
lower covers in C;. By deleting such elements we will end up with a direct product
@ of two chains such that page(P) < page(@). But Q is a graded lattice; thus by
Theorem 3.4.1, page(@) < 2. Thus, page(P) < 2. [w]

Notice that, for each positive integer n, there is an ordered set P, such that
jump(P,) = 2 while page(P,) = n (see Figure 3.20)'3.

Notice that every lattice of width two is planar.

Corollary 3.4.2 The pagenumber of a lattice of width two is at most two.

Proof. Let P be a planar lattice of width two. Fix a planar upward drawing of P.
As P, is the complement of P, height(P)) = width(P) — 1 =1. Thus, P, has only
two levels which means that if C; is the left boundary chain of P, then Cy, = P —{C,}

is a chain too. Figure 3.14(a) illustrates the general structure of P.

13%We will talk about this sequence in detail in Section 3.7.
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According to Lemma 3.2.3 we may assume that P contains no two elements @ < b
such that cone(a) = cone(b). We claim that P is a graded planar lattice (Figure 3.15
shows a two-page embedding of a non-graded planar lattice of width two using Theo-

rem 3.4.1 and Lemma 3.2.3).

If not, suppose &£ > 2 is the maximal integer such that P is graded up to the level
Ly (e, if (z,y) isan edge in P and y € L;,i < k, then = € L;_;).

By maximality of k, there exists an edge (z,y), ¥ € L4y, and z € L;, 7 < k. Thus,
¥ has two lower covers x and z and hence z || z. We may assume that z € C; and

z € C, (see Figure 3.14(b)).

Let z > win Cy. Ask > 2, w # L. By planarity of P, z does not cover any eleme:t
of Li_1NC}. On the other hand, z does not cover any element of L; N C)y,7 < j because

P is graded up to the level k. Also, (z,2) is not an edge because z || z. Therefore, z
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1 1

Figure 3.15: Two-page embedding for non-graded planar lattice of width two

has a unique lower cover w.
By planarity of P and since w # L, w has no upper cover in C;. Thus, w has a
unique upper cover in P.

Therefore, z > w in P such that cone(z) = cone(w), which contradicts our assump-

tion. E

Nowakowski and Parker in [37] asked for a characterization of the ordered scts
with pagenumber two. We will use the next result to describe the ordered sets of
pagenumber two. The next theorem, which is due to Bernhart and Kainen in [3)],
characterizes the two-page graphs. This proof is due to Chung, Leighton and Rosen-

berg [8].

Theorem 3.4.2 For a graph G, page(G) < 2 if and only if G is a subgraph of a planar

Hamiltonian graph.

Proof. A graph is a subgraph of a planar Hamiltonian graph just if its embeddable in

the plane so that
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(i) its vertices lie on a circle,
(i) each of its edges lies either totally within the circle or totally outside it,

(iii) no edges cross in the layout.

Given such “circular” embedding of a subgraph of a planar Hamiltonian graph G,
cutting the circle between any two of G’s vertices yields a planar embedding of G in a
line, with each edge lying either totally above the line (i.e., in page 1) or totally below
it (i.e., in page 2).

Conversely, given a two-page embedding of the graph G, we view this embedding
as placing G in a line with each edge laying totally above the line (page 1) or totally
below it (page 2), and with no edges crossing. Pasting together the ends of the line
containing G’s vertices yields a “circular” embedding of G that witnesses that @ is

subgraph of a planar Hamiltonian graph. [m]

Corollary 3.4.3 The pagenumber of a planar ordered set P is two if and only if cov(P)
is a subgraph of a planar Hamiltonian greph and cov(P) has o “circular” embedding
and a minimal element ¢ of P such that the permutation starting from x using the

order of the circle (in either direction) is a linear extension of P.

The following corollary, which is due to Chung, Leighton, and Rosenberg (8], is a
direct consequence of Wigderson’s [52] result that the problem of deciding whether

or not a maximal planar graph is Hamiltonian is NP-complete.

Corollary 3.4.4 The problem of deciding whether a planar graph can be embedded in

two pages is NP-complete.

3.5 Is page(P) < page(P)?

In many examples we found that the pagenumber of the com‘iaietion is less than or equal

the pagenumber of the original ordered set. For instance in Figure 3.16, page(P,) =
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n+! n+2 2n—1 2n

~Ul

Figure 3.16:

3 > page(Py) = 2 (the ordered set P, is due to Nowakowski and Parker in [37]). In
general, for each positive integer n, page(P}) = n > page(Py) = 2.

One may ask

Is the pagenumber of the completion of an ordered set a lower bound of its

pagenumber?

‘The answer is not always yes. For instance, in Figure 3.16, page(P;) = 2 while
page(P;) = 3. In this case the completion is not planar. It seems the problem arises
from the addition of T and .L.

On the other hand, the ordered set P in Figure 3.17 needs only two pages, while

its completion in Figure 3.18 (without adding top and bottom) is not planar, and
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Figure 3.17:

Figure 3.18:

o4
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Figure 3.19: 2% is a spherical ordered set.

therefore, needs more.

3.6 The Pagenumber and Order Dimension

Is the pagenumber for an ordered set related to the its order dimension? Specifically,

is the pagenumber of an ordered set of dimension two bounded? The answer is no.

In this section we construct a sequence of two dimensional ordered sets with un-

bounded pagenumber.

For each positive integer n, page(P}) = n, by Corollary 3.2.1, for the ordered sct
P§ in Figure 3.16 while its order dimension is two. (P} = Ly N Ly where L; = {1 <
2<...<n—-l<n<n+l<...<2n-1<2n}and hy={n<n-1<...<2<

l<2n<2n—-1<...<n—-1<n}).

The question may have a positive answer if we restrict attention to planar ordered

sets of dimernsion two. Planar lattices are such examples.
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Figure 3.20:

3.7 Spherical Ordered Sets

In this section we give sequences of spherical ordered sets and spherical lattices each
of which has unbounded pagenumber. The covering graph for each member of these
sequences is planar. The importance of these two examples comes from the fact that
a spherical ordered set is “almost” planar.

An ordered set is spherical if it has an upward drawing on the surface of the sphere
such that all arcs are strictly increasing northward on the sphere, and no pair of arcs
cross. (See [44].) Figure 3.19 illustrates a spherical ordered set.

The pagenumber for general ordered sets is uubounded. Figure 3.20 illustrates a
spherical ordered set P, on 4n vertices. Figure 3.21 shows that cov(P,) is planar and
page(cov(Py,)) < 2. The next theorem shows that page(P,} > n. (The sequences {P,}
and {L,} below are due to Kostochka [34]).

Theorem 3.7.1 For each positive integer n, page(P,) > n where P, is the ordered set

illustrated in Figure 3.20.

Proof. Let L be a linear extension of P. Since ay, || by in P, either a, < byy; or
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Figure 3.21:

bpy1 < a, in L.

Suppose tn < bpyy in L. As ay < ay < ... <y and byyy < bugs < ... < by, in P,

thus we have in L

CL1<a2<...<an<bn+1<bn+2<...<bgu

which means that L contains the n-twist {{a;, bn4:) : 1 <4 < n}. Thus, page(P,, L) >
n.

Thus, we may assume #,11 < @, in L. As @, < tny1 and by, < bpgy in P, by <t
in L. Therefore, L contains the n-twist {{b;, a,4:) : 1 <7 < n}. Thus, page(P,, L) > n.

Therefore, page(P,) > n. (]

Theorem 3.7.2 For each positive integer n, page(L,) > n where L, s the (spherical)

lattice illustrated in Figure 3.22.

Proof. Let L be a linear extension of the lattice L,. Since a, || bnyy in L, cither

An < bn+1 or bn+1 < an in L.
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Suppose @, < bpypin L. As a; < ap < ... < ap and bpgy < bpgo < ... < by in L,
we have in L

) <ty < ... < Gp < bpyy < bpus < .0 < by,

which means that L contains the n-twist {(a;,bn1:) 11 < i < n}.
Hence, page(L,, L) > n.

Thus, we may assume bny; < G, in L. We may assume that c,., < b, (Indeed,
if not, then by a similar argument to the case a, < b,,, above, L contains the n-
twist {(bi,cien) 1 1 <4 < n}). AS ansg > tny bugr > by and Cayy > ¢y in Ly, we
have in L ¢, < ¢hp1 < by < bpys < @y < @nyt. As Onal < Quyo < ... < a9, and

< <...<cy,in Ly, we havein L
€ <C < ... <6y C8py1 < Apyo < ..o < Aog,

which means that L contains the n-twist {(c;, ai4n) : 1 < i < n}. Therefore,

page(L,) > n. [m]
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Chapter 4

Twist-Free Linear Extensions

4.1 Introduction

In this chapter, we give necessary and sufficient conditions for the existence of a linear
extension L of an ordered set P such that three edges form a 3-twist in L. Moreover,
we generalize that for & edges, & > 4.

At the end, we conjecture that the pagenumber of planar ordered sets is unbounded
and we give a candidate for such a sequence. In contrast, we conjecture that the

pagenumber of planar lattices is at most four.

4.2 Why Twist-Free?

Recall that a k-twist for L is a set of edges {(z;,7:):1 <1 < k} in P such that we have
in L

NN<T < < <y <Pp<... <Y

Evidently the only ordered sets with a 1-twist-free linear extension are antichains.
Also, according to Theorem 3.2.2, there exists a linear extension L of the ordered
set P without 2-twist if and only if cov(P) is tree. We are primarily concerned with

3-twist-free linear extensions which, for brevity, we call twist-free.

60
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&

Figure 4.1: Every linear extension has a twist.

In other words, L is twist-free if the intersection graph of the layout of cov(P) with
respect to L contains no triangle.

The importance of twist-free linear extensions comes from this result in graph the-
ory, due to Unger {50], that a circle graph which contains no triangle can be coloured

with four colours!. As a consequence and by Theorem 3.3.1

Theorem 4.2.1 Let L be a lincar estension of an ordered set P. If L is « twist-free,

then page(P, L) < 4.

One may ask here whether there exist a linear extension of a planar ordered set

which is twist-free? The next theorem shows that this, in general, not true.

Theorem 4.2.2 Every linear extension of the ordered set P illustrated in Figure 4.1

contains a twist.

In fact, the result in [50] is more general than that. It states that every circle graph that contains

no complete graph K, can be coloured with 2(n — 1} colours.



4.2. Why Twist-Free? 62

Proof. Suppose there exists a twist-free linear extension L of P. As 4 and 6 are
symimetric in the upward drawing of P, then we i..7e three cases to consider 4 < 5 < 6,

b<4<bandd<6<b5in L,

Casel 4<5<6in L.

Asl<dand6<9in P,wehavel <4 <5< 6<9in L. Since 6 < 8in P, either
9<8or6<8<9in L. If9 <8, then L contains the twist {(1,6), (4,9)(5,8)}.
Dually, 1 < 2 <4 in L. Thus, we have in L

1<2<4<5<6<8<9

Since 4,5 < 7in P, either 9 < Tor6<7<9or5<7<6in L. f9< 7in L,
then L contains the twist {(1,6),(4,9),(5,7)}. Also,if6 < 7 < 9in L, then L
contaius the twist {(1,8),(4,7),(5,9)}. Thus, we have in L

1<2<4<5<7<6<8<9

If 3 <1lin L, then L contains the twist {(3,5), (1,6), (4,9)}. Also, if 1 < 3 < 4,
then L contains the twist {(1,5),(3,6),(4,9)}. Finally, if 4 < 3 < 5in L, then
{(4,7),(3,6),(5,9)}. Thus, this case cannot happen.

Case 2 5 <4< 6in L.

Since ]l <5and 6 <9in P, wehave l < 5<4<6<9inl. As2 < 5in
P,ecither 2 <lorl<2<4inL. If2 < 1in L, then L contains the twist
{(2,4),(1,6),(5,9)}. Thus, wehave 1 < 2 <5< 4 <6 < 9in L. Also, since
6<8in Peither6<8<90r9<8inL. If6<8<9in L, then L contains
the twist {(1,6), (5,8),(4,9)}. Thus, we have in L

1<2<5<4<6<9<8
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Since 3 < 5in P,either 1 <3 <B5o0r3 < linl. If1 <3 < 5in L, then L contains
the twist {(1,4),(3,6),(5,8)}. Thus, wehave 3<1<2<5<4<6<9<8in
L.

Since 4 < Tin P,either 6 < 7Tord < 7<6inL. f6<7<9in L, then L
contains the twist {(1,6),(5,7),(4,9)} and if 9 < 7 < 8 in L, then L contains

the twist {(5,9),(4.7),(6,8)}. Also, if 8 < 7 in L, then L contains the twist
{(1,6),(5,8),(4,7)}. Therefore, we have in L

3I<l<2<h<cd<cT<i<9<s

Since z < 4in P, x < 4in L. If5 < 2 < 4 in L, then L contains the
twist {(5,7),(z,6),(4,9)}. Also, if 1 < & < 5 in L, then L contains the twist
{(1,4),(2,6),(5,9)}. lf z < Lin L, then L contains the twist {(x, 4), (1, 6), (5,9)}.

Hence this case cannot happen.
Case 3 4<6<5in L.

Since P is self-dual?, this case is just a dual of case 2. Thus, also this case can

not happen.

That contradicts our assumption. Therefore, every linear extension of P has a

twist. [E]

4.3 Subsets with Twist-Free Linear Extensions

In this section we find, for an ordered set P, a subset of P such that / has a twist-free
linear extension whenever @ has a twist-free linear extension.

Lemma 4.3.1 Let a,b be two elements in an ordered set P such that ¢ < b and
cone(a) = cone(b). If P—{a} has a twist-free linear extension, then P has a twist-free

linear extension.
2An ordered set P is self-dual if P = P%.
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Figure 4.2: (a) cone(a) = cone(b), (b) cone(a)-{a} = cone(b)—{b}, (c) cone(a}—{a} = cone(b)—{b}
and a, b are doubly irreducible.

Proof. Let L' be a twist-free linear extension of P — {a}. We obtain L from L/ by
adding « right below bin L' (i.e. a < b in L).
Suppose L contains a twist T = {(ay,b), (as, ), (a3,b3)}. We may assume that

a) < ay < a3 < by < by < b3 in L. Thus, we have
(i) (a,b) € T because a < b in L.

(i) @ € T because L' has no twist. We may assume that b, = « (because a has a

unique upper cover d).

(iii) b € T because if not, then 77 = {(ay,d), (as, bs), (as, b3)} is a twist in L', Thus,

bz = b which contradicts the fact that b has a unique lower cover.

Therefore, L is twist-free linear extension. [m]

What if @ || b and cone(a) — {a} = cone(b) — {b}? Can the existence of a twist-free
linear extension be inferred from its existence for a proper subset? No, for example
cone(a) — {a} = cone(b) ~ {b} for the ordered set P in Figure 4.2(b) and P — {a}
contains a twist-free linear extension but P does not. However if @ and b are doubly

irreducible, then it is true (see Figure 4.2(c)).
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Theorem 4.3.1 Let u,v belong to an ordered set P such that the set of the lower covers
of v equals the set of the upper covers of u equals {a; 11 < i < n},n > 1. Suppose each
a; has a unique lower cover u and a unique upper cover v. IfP—{a;: 1 <i<n} has

a twist-free linear extension, then P has a twist-free linear extension.

Proof. The set of the edges of P — {¢; : 1 < i < n} can be obtained from the set of
the edges of P by deleting all a;’s and the 2n edges connecting to them and adding the
edge (u,v). Indeed, this is true because the set of the lower covers of v cquals the set
of the upper covers of u equals {a;: 1 <i < n}).

Let L' be a twist-free linear extension of P — {a; - 1 <4 < n}. Obtain the
linear extension L of P by adding a permutation of a;'s right above w in L (i.c. say
U <G <a<...<a,in L)

Suppose that L contains the twist 7. Since L' is twist-free, there is at least one
a; € T. If there are two vertices a; and a;, i < j, in 7, then (e, v) and (1, a;) are in
T. Thus, ap ¢ T for every k & {i,7} because » < a; < v in L. Therclore, there are

two cases to consider.

Case 1 a; € T and ay, € T for k #1.

No edge of T intersects the edge (u, a;) because the only elements between « and
a; in L are ay, ay,...,a;-; and none of them are in T'. Thus, (a;,v) € T
Let T = {(ai,v), (2, ), (¢, ¥)}. As T is a twist in L, there are three possibilities
for the order of the elements of T in L.

) r'<y <ai<z<y<uw.

(i) Y¥y<a<z<y<uv<a.

(i) <o’ <y <v<z<y.

In every case replacing a; by u yields a twist in L'.
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Case 2 a;,a4; € T,i < j, and gT fork#14,j.

As a; < ¢; in L and a;,q; in T, then (u,a;) and {a;,v) are in T'. Let (', z) be
the third edge in T. Since u < a; < a; < v in L and (u,a;) and (a;,v) are in
T, there are only three possibilities for where z and 2’ can go. Thus we must
have one of the orderings 2’ < u < a; < z < a6 <v,u<z < <a <<V
a.ndu<a,~<:r:’<aj <wv <uzin L. Fortheﬁrstcase:czak,'i<k<j.
Since a; has a unique lower cover u, 2’ = u, a contradiction. For the second
one u < 2z’ < ¢; in L and 2’ ¢ {ay,a,,... ., } which contradicts the fact that
u=<ay <ay=<...<a;in L. For the last one 2’/ = a4, i < k < 7. Since a; has a

unique upper cover v, T = v, a contradiction.

Therefore, L is a twist-free linear extension of P. [m]

4.4 Twist and Matching

In this section we give necessary and sufficient conditions for the existence of a linear
extension L of an ordered set P such that a set of three edges forms a twist in L.

For a graph G, a subset M of the edges of G is a matching if, for each pair of edges
of M, there is no common vertex.

Let L be a lincar extension of an ordered set P. Suppose L contains the twist
T = {(a1, 1), (ay, b3), (a3,b3)}-"'such that a; < a2 < a3 < b < by < by in L. Evidently,
{{a1, 01}, {a2, 02}, {a3,b3}} is a matching in the graph cov(P) and no two edges of T
lie in the same chain in P (i.e., there is no a; > b; in P). In fact, these are sufficient

conditions too.

Theorem 4.4.1 Let P an ordered set. Then M = {{a1,01}, {2, b2}, {as,03}} is @
matching in cov(P) such that no two edges of M lie in the same chain in P if and only

if there is a linear extension L which contains the edges of M as a twist in L.
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Proof. Let M = {{a;, b1}, {as, b, }, {as, b3} } be a mateching in covr(P) such that no two
edges of M lie in the same chain in P. We may assume that a; <6 in 21 << 3.

Let A = {a),a2,a3} and B = {b1,0s,b3}. We will construct an extension Qo P
such that every linear extension of @, which is a linear extension of P, contains the
twist T = {(a;,0:) 1 1 <@ < 3}.

Suppose that {i;,4s,43} = {1, 2,3}, We claim that there exists a;, € minA such
that b;, € minB. If not, then for each ai, € minA, by € minB (mind = {a € A : for
every € A,a < z}).

Suppose that for each a;, € mind, biy  minB in P. Let «;, € minA. Thus,
b:, € minB which implies the existence of bi, € minB such that b;, < b, in P. As
bi, € minB, a;, € minA. Thus, either @iy > gy O Uy > Ujy.

If a;, > a;,, then b;, > a;, > a;, which contradicts that (a;,, b;,) is an essential edge.
Thus, ai, > a;;. If a;; > a;;, then the edge (@i, by ) is not essential. Hence, a;, € minA.

As a;; € minA, b, ¢ minB. Thus, b;, > b;, which contradicts the fact that the
edge (ai,, bi,) is an essential edge.

Therefore, there is a;; € minA such that b;, € minB.

By an analogous argument, there exists a;, € min(A — {@iy}) such that b;, €
min(B — {b,}).

Let Q@ = P U {a;; < ai, < @iy < by < by, < by, }. In fact, we proved above that Q is

an extension of P. [E]

A matching M in a graph G is perfect if for every vertex = € G there is an edge e
in M with 2 as an end point of e. An ordered set P is an orientation of a graph G if
cov(P) = G (as graphs). Evidently, a graph with a triangle has no orientation. In fact,
a drawing of cou(P) such that every edge is drawn monotonically is an orientation if

there are no nonessential edges.

Corollary 4.4.1 Any triangle-free graph G on 6 vertices with perfect matching M
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has an orientation P and a linear estension L of P in which the edges of M form a
tunst in L. Moreover, any such orientation in which no two matched edges lie in the

sarne chain generate o twist.

Proof. Let G be a triangle-free graph on the set V = {a1, a2, a3, b1, bq, b3} of 6 vertices
such that G contains the perfect matching M = {{a;,b,}, {a,, ba}, {as, b3}}. Either G

is bipartite or not.
Case 1 The graph G is bipartite.

A graph G is bipartite if the set of vertices V' of G equals V; UV, such that V,

and V; are two disjoint sets and the set of edges of G is a subset of V| x V.

We may assume that V) = {ay, as, a3}. We want now to construct an ordered set
P such that cov(P) = G. We will construct P of two levels L; = V; and Ly =V,
This drawing is an orientation of G because no two vertices of the same level are

adjacent and there is no nonessential edge.

Notice that P bipartite implies that no two edges of M are in the same chain
in P. Thus, no two edges of the perfect matching M lie in the same chain.
Therefore, by Theorem 4.4.1, there exists a linear extension £ of P so the edges

{((Ll, bl), (ag, bz), (a3, 03)} form a twist.
Case 2 The graph G is not bipartite.

A graph G is bipartite if and only if G has no cycle of odd length. As G contains
no triangle, it contains a cycle C of length 5. No non-consecutive vertices in C
are adjacent (i.e., no chords in C) because G contains no triangle. Therefore,

without loss of generality let C' = {ay, by, az, 92,53} (see Figure 4.3(a)).

Since {as, b3} is an edge in G, the set of the edges of G may contain, at most,
one extra edge specifically either, {1, a3} or {a;,a3}. Construct P on four levels

as follows
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Figure 4.3:
. Ll = {b3}1
bt L2 ={b2:a31a1},
L4 L3 = {bl}
. L4 = {CLZ}.

See an upward drawing of P in Figure 4.3(b) if {a3,6,} is an edge in cov(P),
in Figure 4.3(c) if {as, a2} is an edge in cov(P) and in Figure 4.3(d) if neither
{as, b1} nor {as, a2} is an edge of cov(P).

As no two matched edges lie in the same chain, then by Theorem 4.4.1, there

exists a linear extension of P such that the edges {(a, b1), (¢2, bs), (ay, b3)} form

a twist. (=]



4.4. Twist and Matching 70

In the next result, the bold face edges in Figure 4.4 and Figure 4.5 are the edges of

the matching M (and edges in P)

Corollary 4.4.2 Let P be an ordered set such that cov(P) contains o matching M of
size three and no two edges of M lie in the same chain in P. Figure 4.4 and Figure 4.5
ilustrate all the possible comparabilities between the sit elements. These are classified

according to their covering graph.

We call a set of disjoint edges {(a;, ), (¢2,b2), (¢3,83)} in an ordered set P a ladder

if a1 < ay < az and by < by < b3 in P.

Lemma 4.4.1 Let P be an ordered set such that the set of edges {(a1,b;), (az, by), (a3, b3)}

forms a ladder in P. Then ag > by in any twist-free linear extension of P.

Proof. Let L be a linear extension of P such that az < by, Thus, we have a; < ay <
a3 < by < by < b3 in L because ¢; < ay < a3 and b; < by < by in P.
Therefore, L contains the twist {(ay,b,), (42, b2), (a3, bs)}. [a]

Lemma 4.4.2 Let P be an ordered set P. If cov(P) contains a unique matching M
of size 3 in which no two maiched edges of M lie in the same chain in P, then P has

o twist-free linear extension.

Proof. Let M = {{a1,b1}, {as, b2}, {a3,b3}} be the unique matching in cov{P) such
that no two edges lie in the same chain in P. We may assume that a; < b; in P for
1 <t < 3. Thus, there is no 1 <4 # j < 3 such that a; > b;.

If there is 1 <4 % j < 3 such that a; || b; in P, then by Theorem 1.5.1, there is a
linear extension L of P such that a; > bj in L. Thus, L is twist-free because the two
edges (a;, b;) and (a;,b;) do not intersect.

Suppose that a; < b; in P for every 1 < 4 # j < 3. Thus, there are c, d such that
by 2 c>azand by 2 d > a) in P. Since (a;,b,) is an edge in P, ¢ # d. Also, d % ¢
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because (as, b;) is an edge in P. Hence, ¢ || d. Thus, A’ = {{ar,d}, {az, ¢}, {ag, b1} } is
a matching in cov(P).

In fact, a; # c as then by > a; > ay and ay # d as then b; > a > a,. Also, g 7
because by > a3 and (as,b3) is an edge in P. Similarly a3 2 ¢. Therefore, no two edges

of M’ lie in the same chain in P which contradicts the uniqueness of M. [m]

4.5 k-Twist-Free Linear Extensions

This section contains a generalization of Theorem 4.4.1. Indeed, we give necessary and
sufficient conditions for the existence of a linear extension L of an ordered set such
that a set of k edges, k > 4, is a k-twist in L. However, this generalization has more
conditions.

Recall a linear extension L of an ordered set P is k-twist-free if there is no k-twist
in L.

Does an ordered set P with a 4-edge matching in cou(P) with no two edges in the
same chain of P have a linear extension L with these 4 edges as a 4-twist?

This generalization of Theorem 4.4.1 is not always true; for example Figure 4.6
illustrates an ordered set P such that cov(P) has a matching M = {{e;,0;} : 1 <i < 4}
of size four in which no two matched edges lie in the same chain in P, but there is no
linear extension L of P such that the matched edges form a 4-twist in L.

Indeed, suppose there exists a linear extension L of P such that the edges {(a;, b;) :
1< i< 4} form a 4-twist in L. Thus, foreach 1 <4,5 <4, ¢; < by in L. Also, a1 < ay
and a3 < a4 in L because a; < a; and ¢3 < a4 in P. Similarly, by < b3 and by < b, in
L.

As the upward drawing of P is symmetric then either a; < 4y < a3 < a5 < 0; <
by <bg<bioray <a3<ay <ay<b <bg<by<biora <as<a<a<a <

az < a4 < ag in L. In the all three cases, L is not linear extension of P because by < 0,
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in P.

We call the set of edges X = {(a;,0;) : 1 <4 < k},k > 4 in an ordered set PP an

alternating cover cycle® if
® ay > any,l <i<k/2,
o by > by, 1 <1< k/2,
® (i > aj,

¢ and of course, a; < b;, 1 < i < k (see Figure 4.7, the bold face edges are covering

relations in P).

Let us call these comparabilities the essential relations in the alternating cover cycle -

K.

3This should be distinguished from a similar concept defined in (42].
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Notice that the number of edges in an alternating cover cycle may be odd (see
Figure 4.8(a), an example due to Richter[40]). An alternating cover cycle K is a
minimal alternating cover cycle if there is no proper subset A of K sucl-that H is
an alternating cover cycle. Notice that the number of edges in a minimal alternating
cover cycle is even. (Indeed, if K = {(u;,4;) : 1 <i < 2k + 1} is a minimal alternating
cover cycle, then & > 2. Thus /' = {(a;,5;) : 1 < i < 2k} is an alternating cover cycle
(because ay: > iy for 1 <4< k and by > by; for 1 < i < k and ay > Qg > @)
which contradicts the minimality of K.)

The set of edges {(a:, ;) : 1 < i < 6} forms a minimal alternating cover cycle in
the ordered set P illustrated in Figure 4.8(b) although there are more comparabilitics

than the essential relations for an alternating cover cycle.

Lemma 4.5.1 Let K = {(a;,0:) : 1 < @ < k} be an dlternaling cover cycle in an
ordered set P. If K is a minimal alternating cover cycle, then a nonessential relution
z <yin K, 2,y are end points of edges in K, implies x € {a; : 1 < i < k} and
ye{bh:1<i<k}

Proof. Let K = {(a;,t:) : 1 £ 4 < k} be a minimal alternating cover cycle in an
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Figure 4.8;

ordered set P (see Figure 4.7). Suppose, for some m < n, b,, > b, in P. There three

possibilities; 7, n are both even or odd or exactly one of them is even.

Case 1 Both m,n are even.

Notice that it is impossible that m = 2 and n = k simultaneously else
by > by > by > a;, which contradicts that (@1,01) is an essential edge.
Let XK' = {(a1,b1), (a2,82), (@15 bm—1); (@ny bn), (@ntt, Bugt), - - - (e, bi) 3
Hence {(ay, b1), (ag, b3), (@kw1, br_1), (ax, bi)} € K’ which implies |K'| > 4. Thus,
K is an alternating cover cycle and K’ C K which contradicts the fact that K

is a minimal alternating cover cycle (see Figure 4.9).
Case 2 Both m,n are odd.

We may assume that b, = b;. Thus, n # & — 1 because (@21,b1) is an edge in P
and hence n < k — 3. Let K’ = {(a1,01), (@n41, bns1)s (@ngz, brgr ), -+ - y (G, bi) }.
Thus {(al,bl), (ak_g,bk_z),(ak_l,bk_l),(ak,bk)} g K' which implies |I{’I 2 4,

Thus K' is an alternating cover cycle and K’ C K which contradicts tke fact
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that /C is a minimal alternating cover cycle (see Figure 4.10).

Case 3 Exactly one of m,n is even.

If m is odd, we may assume that m = 1. Since (a1,b1) is an edge, n # &k and
hence n £ & — 2. Let K’ = {(ay,b1), (an,bn), (Gng1sbns1), - - y(@r,br)}. Thus
{(a1,b1), (ax—2, bg—2), (@r—1,be—1), (@, b))} C K’ which implies [K'| > 4. Thus,
K' is an alternating cover cycle and K’ C K which contradicts the fact that K

is a minimal alternating cover cycle.

Also, if m is even, we may assume that nt = 2. Since (a1,b1) isanedge, n # k—1
and hence n < k — 3. Let K" = {(a1,b1), (¢ns1, bns1), (@nrzs buga), - -, (ax, b))}
Hence {(a1,b1), (ar-2,be—2), (@r-1,bs1), (ax, br)} C K’ which implies |K’| > 4.
Thus K’ is an alternating cover cycle and X’ < K which contradicts the fact

that /X is a minimal alternating cover cycle.

These comparabilities between elements {b; : 1 < k} are the essential relations, and,

similarly, for the elements of {e; : 1 < k}. [m]

Theorem 4.5.1 Let M be a matching in cov(P) of an ordered set P such that |M| > 4
and no two edges of M lie in the same chain of P. Then there is a linear extension I
of P such that the edges of M form and m-twist in L where m = |M| if and only if

there is no minimal alternating cover cycle I of P such that K C M.

Proof. Let X' = {(a;,0;) : 1 < i < k} be a subset of edges of M which form a
minimal alternating cover cycle in P. Of course, k& > 4. Let A = {g::1<i<k}and
B={b;:1<i<k} Ifa; € minA, then i odd, so b; € minB (see Figure 4.7). Thus,
there is no linear extension L of P such that a;, < a;, <-+- <aj, <by < by <--- < b,
in L. Therefore, there is no linear extension L of P such that the edges of M form a

k-twist in L.
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Suppose that there is no linear extension L of P such that the edges of M form an
m-twist in L. Let K = {(a;,8;) : 1 <4 < &} be the minimal subset of M such that
there exist no linear extension L of P such that A" forms a &-twist in L. According to
Theorem 4.4.1, |K| > 4. We want to show that K is an alternating cover cycle. Let
A={ai:1<i<k}and B={h;:1<i<k}

We claim that if a; € minA, then b; € minB. If not, then there is «; € mind such
that b; € minB. Thus, either there is a linear extension L of P such that K — {{u;, )}

forms a (kK — 1)-twist in L or not. Let a;;, = a; and b;, = b;.

o If there is such linear extension L, then we have ¢;, < ¢;y < ... < i, < by <
biy < ... < b; in L. Thus, any linear extension of the extension of P obtained
by adding a;; < a;, < @5, <... <y <b, < by < by < ... < b, will have the
k-twist {(a:,0i) : 1 <4 < k}, which contradicts the fact that there is no such

linear extension.

¢ Existence of no such linear extension contradicts the fact that & is a minimal

subset of M such that no linear extension, with all of the edges of I, is a k-twist.

Let a; € minA. Since b; € minB, there exists by € minB such that b, > b in
P. As by € minB, ay € minA. Thus, there exists a3 € minA such that ay > aq.
(Evidently a3 # a; because (e1,b1) is an edge in P.)

Using a similar argument leads to the existence of by € minB such that b3 > by.
(by # b) because (a3, b3) is an edge in P).

As ay € minA, there is a; € minA such that a4 > a5 in P. If &k > 5, then by
minimality of K, a5 # a1. Also a5 # a3 because (a3, b3) is an edge in P.

As bs € minB, then there is by € minB such that bs > ag in P. If £ > 6, then
by minimality of K, bg # bo. Also bg # a4 because {as, bs) is an edge in P. Using the
same argument, we end up with either a; € minA and there is b; € min3 such that

b; > by, 7 < tif ¢ is odd or b; € minB, b;_; > b; and there is a; € minA such that
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a; > a;, § <iifiis even. By minimality of K, i = k in both cases.

For the first case, by # by, and by ¥ br_a because (ar, by) is an edge in P. Also,
by minimality of K, b # b; for § < k —2. Thus, this case cannot happen and hence %
is even.

For the second case, j < k -4 because (ax_;,br—1) is an edge. By minimality of A,
J=1. Also, 7 £k — 4 implies that |K| > 4. Thus, K is an alternating cover cycle.

Therefore, P contains a minimal alternating cover cycle. [w]

4.6 Two Conjectures

In this section we give two conjectures. We first conjecture that there is a sequence
of unbounded pagenumber planar ordered sets and we give a candidate for such a
sequence. In contrast, we conjecture that every planar lattice P has a twist-free linear
extension. (If this true, then by Theorem 4.2.1, page(P) < 4.) We finally give examples

of complex planar lattices with twist-free linear extensions.

Conjecture 1 For each positive integer n, page(P,) > n for each ordered set in the

following sequence {P,} of planar ordered sets.

Let P, be a two-element chain and P, and P; be the ordered sets illustrated in

Figure 4.11. For n > 3 we obtain P, by following the three steps

Step 1 Take two copies of P,

=11

Step 2 Identify the left most element z on the outer cycle (which is not maximal

or minimal in P,_,) on each copy (see Figure 4.12)(P,., is symmetric),
Let y, = be, respectively, the right most elements of those two copies of P,_;.

Step 3 Add a lower cover and upper cover of the three elements {z,y,z} (see

Figure 4.12).
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Figure 4.13 illustrates P;. In fact P has 17, 824, 869, 000 lincar extensions;? cach
of them, by Theorem 4.2.2, has a twist which implics that page(Py) > 3. In
contrast, Figure 4.14 shows that page(P,) < 4.

Conjecture 2 FEach planar lattice has a twist-free linear extension.

Planar lattices have easier structure than planar ordered sets, in the sense that lattices
do not contain four-cycles without splitting element. Each of the following examples
illustrated in Figure 4.15 to Figure 4.19 has a twist-free lincar extension. Que of the

twist-free linear extensions is obtained by just following the order 1 <2 < --. < |P).

4This number is obtained by a program counting the number of linear extensions of an ordered set
written by K. Ewacha[17].
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Figure 4.14:

Figure 4.15:
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Chapter 5

Series-Parallel Planar Lattices

5.1 Introduction

It is unknown whether there is a constant & such that every planar ordered set can be
embedded in at most & pages. It is even unknown for planar lattices.

The purpose of this chapter is to give a polynomial-time algorithm which cuibeds

any series-parallel planar lattice in two pages.

5.2 Two Pages are Enough

In this section we will show the ezistence of a two-page embedding for a series-parallel
planar lattice. Let P be a series-parallel planar lattice. Fix a planar embedding of P,
and let C = {z; < z; < ... < 2, } be the left boundary chain. For cach x € £2 = C

define the interval I(z) = (x;,z;), where
i=maz{l <k <n:z>}

j=min{l <k<n:z<z)

Of course, j > i+ 1. Notice that, j > i +1 because if j = i + 1 then the edge (zit, z;)

will not be an essential edge.

86
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Figure 5.1:

For y, z € P~ C, say y ~ z if I(y) = I(z). It is clear that this relation is an
equivalence relation on P — C; we call the equivalence classes components.

Recall, Kelly and Rival in [32] define a “component” as any connected subgraph
of any open interval of a planar embedding, In fact, our components are unions of such
connected subgraphs.

For example, the components of the series-parallel order in Figure 5.1 are:

C, ={7,8,9,10,11,12, 13} which corresponds to the interval (3,5);

C> = {6} which corresponds to the interval (1,3);

Cy = {14,15,16,17} which corresponds to the interval (1,5).

The ordered set obtained by ordering the intervals by inclusion is shown in Figure 5.2.

For a component A of P, call the element £; € C, which covers the maximals of A4,
the upper connection of A and the element 2; € C which is covered by the minimals of

A, the lower connection of A.

Lemma 5.2.1 Let P be a series-parallel planar lattice. Then any two intervals, ob-
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tained according to e planar embedding, are either disjoint or one conlains the other.
In other words, the set of intervals ordered by inclusion is a forest. Also, there is no

edge joining elements from two different components.

Proof. Fix a planar embedding of P, and let C = {z; < 23 < ... < z,,} be the left
boundary chain. For each x € P — C define the interval I(z) = (z;, ;).

Suppose there are two intervals I(y) and I(z) such that I{y}NI(z) # 8, I(y) € 1(2)
and I(2) € I(y). We may assume that I(y) = (x:,z;;) and I(z) = (i;,,z;,) where

Ty < Tj, < Iy < Ty in the chain C (see Figure 5.3). Since C' is the left boundary,
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y and = lie to the right of ¢ Since P is planar, there is w € P ~ € such that
w > r,w > oy <oy and wo < z0 Since 1y, < w o< Ty, there is x;, € €' such
that @, > 2, > @y, and w || @i Sinee I(z) = (zy,2;,) and I{y) = (a5, x4),
I(w) = (i), 23,), 2 F 2y and @y, || =,

Therefore, the set {w;, 1, w, =} forms an N which contradicts the fact that P is
series-parallel. Hence ¢he set of intervals ordered by inclusion is a forest.

Now we show that there are no edges hetween two different components. Let a be
an clement in a compouent A, I{a) = (@i, 2;) and let b be an element in a component

B # A, I(b) = (zi,2,). Suppose that a > b in . There are three cases to consider.
Case 1 I{a) C I(b)

Thus, z» < &; < z; < xp. Since 25 > a > b and I(b) = (T, xp0), 23 = 2; (see
Figure 5.4(a). Suppose z;.; > z; in the left boundary chain.

As I(a} = (i, 2;), ¢ # 2iy1. Since 244y > x; and @ > =, Tiz1 # a. Thus, 244 {| @

in P.

Since I(b) = (zs,%;), Tiyy # b. Also, b # x4 because I{a) = {zi,z;) and @ > b.
Thus z;4, || bin P.

Since I(d) = (xi,2;),b || ;. Therefore, the set {b,a,z;y1,2;} forms N, which

contradicts the fact that P is series-parallel.
Case 2 .I(b) C I(a)

Thus, z; < vy < 2; < zj;. Sincea > b > zy > 2; and I{a) = (zi,2;), z0 = z; (see
Figure 5.4(b)). Suppose zj > z;_; in the left boundary chain. By an analogous
argument to the one in the Case 1 we can show that {zji_1,z4,b,a} forms an N,

which contradicts the fact that P is series-parallel.

Case 3 I{a)NI(b) =0
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Figure 5.4:

Since a > b,2; > 2. On the other hand, ¢ > z; > xp > b implies (b a) is a

nonessential edge. Thus, this case cannot happen. [m]

Theorem 5.2.1 If P is a series-parallel planar lattice, then page(P) < 2.

Proof. Fix a planar embedding of P, and let C = {1 < 2 < ... < x,} be the left
boundary chain.

If the series-parallel planar lattice P is of height one, then P is a single edge and
page(P) = 1.

Now we will construct the linear extension of P, component by component, using

induction. Our induction hypothesis is

for each series-parallel planar lattice of size less than |P| and height more
than one, there is a two-page linear extension in which the edges from the

top lie on the left page and the edges to the bottom lie on the right page.

For the basis step, if P is a series-parallel planar lattice of height two, then P is

just an antichain with T and L (ie, P (LS (1 +1+---+1)® T)) and for any
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Imear extension of £ draw the edges from the top in the left page aud the edges to the
bottom in the right page.

For the general case, we construct our linear extension step by step:

1. Start from the elements of the left boundary chain. Draw the minimum edge on

the right page and all other edges on the left page.

2. Since the set of intervals we obtained according to Lemma 5.2.1, when ordered
by inclusion forms a forest, we choose a leaf interval (Licp,2:),p = 2 and let A
he the component corresponding to this interval. Thus, Q = AU {zicp,xi} isa
planar series-parallel lattice and {Q| < |P| (because p > 2). By the induction
hypothesis there is a two-page linear extension of Q in which the edges from z;
to the maximals of A lie on the left page and the edges from the minimals of 4 to
T;-, lie on the right page. Thus, we can insert the linear extension of A between

x;-1 and z; and still preserve the two-page linear extension.

3. Remove the interval corresponding to the component A from the set of intervals,

then go to step 2.

Notice that, if the interval corresponding to B covers the interval corresponding
to A (with respect to the inclusion) in the forest of intervals, and B shares the same
upper connection x;, then there exists a place between z; and the top of A in the linear
extension in which we can insert the linear extension of B, such that the edges from
the minimals of B to the lower connection of the interval lie on the right page and the

edges from x; to the maximals of B lie on the left page. [w]

Recall that the complexity of planarity testing of an n-element lattice is O(n)[39,
29]. For an n-element planar lattice with a fixed planar embedding we need at most
n — 1 comparisons to find the intervals for an element not on the left boundary. Thus,

the the complexity of finding all components is O(n2). However, we shall prove that
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there is an O(n®) algorithm to draw a series-parallel planar lattice on two pages. We

do not presently know whether this is the best possible,

Corollary 5.2.1 For any maximal chain C in a series-parellel planar lattice P, there

is a planar upward drawing of P in which C is the left boundary.

Proof. Fix a planar upward drawing of P and let € be a maximal chain, Although
we define the interval for an element of P with respect to the left boundary chain, wo
can generalize it to any maximal chain.

For each # € P — C define the interval for x in €. We can use the same argutunent
in Lemma 5.2.1 to show that the set of the components with respect to ¢ ordered by
inclusion forms a forest and there are no edges joining elements in differcut components.
Thus, we can move all the components which lie to the left of ¢ to the right of C" in
the planar upward drawing of P. We do this, one by one, starting from the component

corresponding to the maximal interval in the forest. This has no effect on the planarity

of P. [w]

5.3 Structure of Series-Parallel Planar Lattices

In this section we will study the structure of series-parallel planar lattices. We use this
as a tool in the construction of a two-page algorithm.
For a series-parallel planar lattice P, fix a planar upward drawing of P, and define

the sequence of peels of P as follows:
Lo = {x € P : z belongs to the left boundary }.
Inductively, for i > 1
Li={z e P— (Ui L;) : if y lies to the left of z, then y € U§™! L;}.

We call any L; a peel of P. Notice that the left boundary of P — Lo may not even

exist, in the sense that P — Lg (even with top and bottom) need not be a lattice (here
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Figure 5.5:

Ly ={1,1,4,5,T}) (see Figure 5.5).

Actually, the peels of a planar lattice P are the levels of Py, where P, is the
underlying set P ordered by A. (Recall z)Ay in the planar lattice if z lies to the left of
yin P.)

If P hast+1 peels {L;: 0 <4 < t}, then

L; = min(Py — (U L;))

=0
Of course, ¢ is equal to the height of P,. Thus,
height(Py) = (number of peels of P) - 1.

For example, in the series-parallel ordered set P with respect to the upward drawing
shown in Figure 5.1

Ly ={1,2,3,4,5}

L, ={6,7,8,9}

L, ={10,11}

Ly = {12}
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Ls = {14,15,16}
L = {17}

Lemma 5.3.1 Let P be a series-parallel plarar lattice with peels {L, ¢ = 0. ... N2y

IfO<i<t, then:
1. foranyw € Li,i > 0, there exists y € Li_y such that r lies to the rght of u:
2. the peel L; forms a chain:
3. the number of peels equals width(P).

Proof.

1. Since P, is an ordered set and the peels are the levels of Py, there is y € L,

such that yAz.

v

Notice that, Py is a complement of P. Since each peel L; is an antichain in Py,

L; forms a chain in P.

3. Since P, is the complement of P,
width(P) = height(Py) + 1. Thus, the number of pecls in P = height(Py) + 1 =
width(P). (m]

Call a chain C in P saturated if all of its covering relations are covering relations in
P. Each chain decomposes into its (maximal) saturated chains.

In a series-parallel planar lattice P each peel L; can be decomposed into maximal
saturated chains Cjy, Gy, ... , Ciy, called the clamped chains for P.

For a clamped chain Cij € L;,i > 1 define:

=1
UCyy={yve U L;:inf(Cy) > y}
0
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i-1

u(Cyj) = {y € lBJ L;:sup(Cy) <y}

For example the table below shows the clamped chains in the series-parallel planar

lattice in Figure 5.1.

Clamped chain Cj; | {(Cy) | u(Cy)
Ch={1,2,3,4,5} - -
Cn = {6} 1 3
Cp = {7,8,9} 3 5
Cy = {10,11} 7 9
Cy = {12} 7 9
Cu = {13} 7 9
Csi = {14,15,16} | 1 5
Cer = {17} 14 | 16

Lemma 5.3.2 Let C;; be a clamped chain in a series-parallel planer lattice P.

1.

2.

Each I(Cy;) and w(C;;) is unique.

Bach x € Cy; — {inf(Cy), sup(Ci;)} has neither lower covers nor upper covers
n LoULyU---ULiy. Also, if inf(Cy;) # sup(Cy;) then inf(Ci;) (respectively,
sup(Ci;)) has no upper (respectively, lower) covers in LyU Ly U+ U L;_y,

If ’EL(C,'_.;) € Cknu then l(C,J) € Ckm v {I(C&m)} and dually Zf I(CIJ) = Ckm, then
u(C,v,-) € Crm U {u(C&m)}

inf(Cy;) (respectively, sup(Cy;)) has a unigue lower (respectively, upper) cover in
P.

Proof,
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Figure 5.6:

1. Notice, that Cy is a chain, also CyUC; has a right chain boundary and inductively
Pl=CiuChU---UC, U---UCU---U Cij-1 has a right chain boundary.
Since P’ is planar and contains the top and the bottom of P, therc exists a unique

element u(Cy;) in P’ which covers sup(Cy;). Similarly, {(Cy;) is unique, too.

2. Suppose that there exists x € Cj; — {inf(Cy), sup(Cy;)} such that = z and
z€ LyULiU---UL;_;. Planarity of P implies that z belongs to the right
boundary chain of LyU Ly U-+-.UL;_,. Since z > 2z > I(C;;), there exists p € Cj;
such that & > p > inf(Cy;). Similarly, since u(Ci;) > z > z, there is ¢ which
belongs to the right boundary chain LyUL,;U---UL;_;, such that w(Cy) > g > 2
(see Figure 5.6).

Since ¢ and x are upper covers of z, ¢ | 2. Also z and p are lower covers of z,

z || p. By planarity of P, ¢ # p. Thus, ¢ || p.

Therefore, the set {g,z,z,p} forms an N, which contradicts the fact that P is

series-parallel.
Dually, if x € Cj; — {sup(C;;)} has an upper bound, then P is not series-parallel.

Also, we can use a similar argument to show that inf(C;;) (respectively, sup(C;;))
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has no lower (respectively, upper) covers in Lo U Ly U--- U L;; if inf(Cy;) #
sup(Cj;j).

3. Suppose that u(Cy;) € Crn and I(Cyj) € Cyp, where Crp # Cyp. Since Cy,, and

Cnp are not both Cy, we may assume that Cp,, # Cj.

Let y = I(Cym)- By part 2 of this Lemma, sup(Cy) ¥ y. If sup(Cy;) > y, then
there is s € Lo U Ly U --- U L;_; such that sup(Cy;) = s > y which contradicts
part 2 of this Lemma. Also, y # sup(Cj;) because u(Cy;) = sup(Ci;). Thus,
y |l sup(Cy).

Since y = l{Cym) and km # 0, there exist £ = y and z belongs to the right
boundary chain of Lo U Ly U--- U Ly (see Figure 5.7).

By part 2 of this Lemma, 4(Cj;) # z. Also since z = y and u(Cy;) > v, z ¥
u{Cy;). Thus, z || ©w(Cy).

If z > sup(C;;), then by part 2 of this Lemma, z = u(Cy;) contradicts the fact
that = > y. Also, sup(Cy;) # = because sup(Cy;} # y. Thus, z || sup(Cy;).

Therefore, the set {z,y, u(Cy;), sup(C;;}) forms an N, which contradicts the fact



5.4. Two-Page Algorithm 98

that P is series-parallel.

4. Suppose that (y,inf(Cj;)) is an edge in P and y # [{Cy;). Since {(Cy;) and y are
lower covers of inf(Cy;), y || I(Ci;). Thus, {(C;;) lies to the left of y in P. Let Cyo,
be the clamped chain containing y. Thus, y = sup(Cim) and inf(Cy) = w(Cim).

Therefore, according to part 3 of this Lemma, {(C,,) = 1(Ci;), which contradicts

the fact that Yy ” l(C,J) [E

5.4 Two-Page Algorithm

In this section we will give an O(n®) two-page algorithm for a series-parallel planar

lattice P, where n is the number of elements of P.
(i) Fix a planar' upward drawing for P.

(ii) List the clamped chains of P in the following order
CO? 011?012! s ?Clnaa C?l: C22: s }C2n21 e scwI: Cw?: ey Cwnw

We will process chain by chain according to the above order. (Within a given

peel the sequence in which the clamped chains is considered is arbitrary.)

(iii) Put Cp on the spine of the book. Draw the bottom edge on the right page and
draw all other edges on the left page.

(iv) Suppose two pages are enough up to Cyjr and Cj; is the next in the list
from (é4). For C;; put all the elements of Cy; right below u(Cj;). braw the
edge (inf(Ci;),1(Cy;)) on the right page and draw all C;; edges and the edge
(u(Cy), sup(Ci;)) on the left page. 7

We call this algorithm the two-page algorithm.

1There is a linear time algorithm to produce an upward drawing of a planar lattice [2].
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In Figure 5.8 we see the steps of the two-page algorithm applied to the series-paraliel

planar lattice P in Figure 5.1.

Lemma 5.4.1 Let P be a series-parallel planar lattice. If L is the permutation obtained

by the two-page algorithm, then

1. L is a linear extension of P,

2. iz | yin P, and y lies to the left of z, then y<wxinlL (ie, Lis the left grecdy

linear extension).
Proof.

1. We will show that after each step in the algorithm we have a linear extension for

what we processed.
First Cjy is a chain.

Suppose that the layout we obtained by processing Cp, C1y,Clia, ... s Cligy ey
Ci1, Cia, ... ,Cjj-1 is a linear extension for CoUC U- - UCi—1 . We want to prove
that adding C;; does not violate the order of P. By part 2 of Lemma 5.3.2, every
element in Cj; — {sup(Cy;), inf(Ci;)} is doubly irreducible in LoU L, U- - UL, U
CaUCiU---UC;; and every comparability of Cy; is induced by sup(Cy;) < «(C; ;)
and inf(C;;) = I(Cy). In the layout we have w(Cy) > sup(Cy) > inf(Cy) >

{(Ci;). Thus, L is a linear extension.
2. Suppose z belongs to the peel L; and y € L;,i < j. We will prove that 2 < y in
L by induction on the index of the peel.

Since z lies to the left of y, i < j. Let y belong to the clamped chain Cj,. As
z || y, so z ¥ w(Cyp) and I(Cp) # z.
If z < u(Cjp) in P, then z < y < u(C;,) in L. Else, z || u(Cy,). Since z lies to

the left of 4(C;,) and the index of the peel of z and u(Cj,) are less than j, by
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induction hypothesis 2 < %{Cj,) in L. According to our algorithm = and u(Cp)

appear in L before y. Therefore, £ < y < »(C;,) in L. [u]
Corollary 5.4.1 If P is series-parallel planar lattice, then
Jump(P) = the number of clamped chains -1.

Proof. Let L be the linear extension obtained by the two-page algorithm for P.
According to Lemma 5.4.1, L is a greedy linear extension. Thus, Jjump(P) equals the
number of jumps in L(cf. page 40).

We will count the number of jumps in L inductively on the number of steps in the
two-page algorithm. At the first step when we start with the clamped chain C, there
is no jump. After adding Cy; there is only a jump between inf(Cy;) and the element
covered by u{C},) in Cy. For the same reason adding a clamped chain will increase the

number of jumps by exactly one. Thus,

Jjump(P, L) = number of clamped chains — 1
= jump(F). [m]

For example, jump(P) = 7 for the series-parallel planar lattice P in Figure 5.2 and
P has eight clamped chains.

Notice that, a greedy (not necessarily left greedy) linear extension of a series-parallel
planar lattice may need more than two pages. For example, the linear extension I of

the series-parallel planar lattice P in Figure 5.9 needs at least three pages.

Corollary 5.4.2 The number of clamped chains for a series-parallel planar lattice is

independent of the planar embedding.

Proof. The jump number of an ordered set is independent of its drawing. [m]

Lemma 5.4.2 I[fa < b < ¢ in a greedy linear extension L of an ordered set P and

a < cin P, then eithera < b orb < ¢ in P.
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Figure 5.9:

Proof. Suppose that a §| b and b || c. Thus, there are &’ and ¥ in P such that
czd>b>a">aimLandc>¢ > d >ain Pwhered || band b || ¢. Therefore, L

is not greedy. (]

Theorem 5.4.1 The two-page algorithm for an n-element series-parallel planar latlice

produces a two-page linear extension in O(n®) time.

Proof.

First, from Lemma 5.4.1 the layout is a linear extension. Suppose the algorithm has
correctly produced a two-page layout for Cy, Cyy, Cha, .. . , Clngre -2 City Cigy o, Clijmy.
We will show that we can add Cj; to the layout and distribute the edges on the two

pages such that there are no crossing edges on the same page.

1. Drawing the edge (sup(Ci;), u(C;;)) on the left page does not create any problem
because u(Cj;) > sup(Cy;) in the layout.

2. Drawing the edges of C;; on the left page does not create any problem because

up to this stage of the algorithm no element not in Cj; separates the chain C;; in

L.
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3. Drawing the edge (1(C,,), in f{C};)) may create a problew in one of the following

twa cases.

Case 1 There is an edge (z,y) such that inf(Cy) > = > {{C;) in the linear
extension and the edge (x, y) lies on the right page where y > w(C;) in the
linear extension.

Ify # sup(Cij) in P, then y || sup(Cy;). Thus, by part 2 of Lemma 5.4.1, Y
lies to the right of u(C;;), which contradicts the fact that we follow a left to
right order in processing the clamped chains. Thus, y > u(Cy) in P.

Since (r,y) is an edge and y > u(Cy;), u(Cy} # x. Thus, || u(Cy).
Let y belong to the clamped chain Chp- Since (2, ) lies on the right page,
y = nf(Chp) and 2 = I(C,). Since z || w(C;;), y has at least two lower

covers in P. But y = inf{C),) which contradicts part 4 of Lemma 5.3.2.

Case 2 There is = and y such {(Cy) < = < inf (Ci;) in the linear extension
and there is an edge (y, ) on the right page where y < [{C};) in the linear
extension.

Since I(Ci;) < z < inf(Cy) in L and I(Cy;) < inf(C;;) in P, then by
Lemma 5.4.2, either I(Cy;) < z or z < inf(Cy;) in P. Since inf(Cy;) has
only one lower cover in P, inf(Cy;) # z. Thus, z > {(Cy) in P.

Since (y,2) is an edge in P and 1 > 1(Ci), v |l {{Cy). Thus, z has at least
two lower covers. Let Chp be the clamped chain containing x. Since the
edge (y,) lies on the right page, z = inf (Chp). That contradicts part 4 of

Lemma 5.3.2.

For the complexity, we can find the peel C, by checking for each 2 € P if there
is y € P — {z} such that y || z and y lies to the left of z. Thus, we need at most
n® comparison operations to obtain the peels of P. To obtain the clamped chains of

a certain peel we need first to sort it in O(nlogn) comparisons, then determine the
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covering relations in this peel and that can be done in O(n— 1) comparisons. Thereforo,
we can find all clamped chains in O(n? logn) comparisons. For cach clamped chain ¢,
we can find u(C;) by finding the element in UiZh L which covers sup(Cy) and this
can be done in O(n) comparisons. Thus, we can find w(Ciy} and 1{C5) for adl clampsed
chains C;; in O(n?) comparisons. For the distribution of the edges amnong the two pages
we process each edge just one time; thus, we can decide the page for each edge in O(n*)

comparisons. Therefore, the whole algorithm can be done in O(n*) comparisons. [m]



Chapter 6

Series-Parallel Planar Ordered Sets

6.1 Introduction

In this chapter we use the fact that there is a two-page embedding for a series-parallel
planar lattice to show that there is a two-page embedding for a series-parallel planar
ordered set. The idea is to transfer the two-page linear extension of the completion of
a series-parallel ordered set to a two-page linear extension of the ordered set itself,
One consequence of this result is a characterization of series-parallel planar ordered

sets.

6.2 The Completion

The completion of a planar ordered set P may not be planar even if P contains a
top and bottom. For instance, the ordered set P and its completion P illustrated in
Figure 6.1; P is not planar while P is a planar.

Nevertheless, we show that the completion of a series-parallel ordered set is a series-

parallel planar lattice.

Lemma 6.2.1 If the ordered set P has the cycle {a < c>b=<d = a} such that there

are u and v in P satisfyv < a,b, and u > ¢, d (see Figure 6.2(a)), then P is not planar.

105
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Figure 6.1:

Notice that, although c, d both cover « and b, u need not cover ¢, d nor v need not be

covered by a,b.

Proof. We may assume that v is a maximal element of the set {x € P : x < «,b}
and v is a minimal element of the set {z € P:z > ¢, d}.

We can draw the cycle T = {v < @ < ¢ > b > v} in a planar way in one way up to
symmetry as it appears in Figure 6.2(b). Let C and D be chains from ¢ to # and from
d to u, respectively.

Since u > ¢, the y—coordinate of u is greater than the y—coordinate of ¢ and u
must be outside T. Now, either d is inside or is outside T'.

If d is inside T', then, since the y—coordinate of d must be greater than the maximum
y—coordinate of ¢ and b, the chain D will intersect either the edge (e, c) or the edge
(b, ¢) which violates planarity.

If d is outside T, then, since u > d > b, d must lie to the right of the chain {htuc.
Hence, the chain D or the edge (a, d) will intersect either the chain C or the edge (b, ¢),
which violates planarity.

Thus, P is not planar. [m]
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Figure 6.2:

Notice that, the above Lemma is still correct if instead of fa<e>b=<d>da}, we
have {¢ < ¢ > b < d > a} such that the chains from « to ¢, from a to d, from b to ¢

and [rom b to d are pairwise disjoint, except for common ends from «, b, ¢, d.

Lemma 6.2.2 If P is a series-parailel ordered set and P its completion, then P is q

series-parallel planar lattice.

Proof. We first show that P is series-parallel. Suppose P contains N = {a < ¢>b <
d}. Since {a,d} is an antichain, by Lemma 2.2.1 there exists a join irreducible element
' satisfying ¢’ < a and @’ £ d. Also, {a, b} is an antichain, so by Lemma 2.2.1 there
exists a join irreducible element &' satisfying 4 < b and ¥ £ «.

Similarly, {c,d} is an antichain, so by Lemma 2.2.1, there is a meet irreducible ¢
satisfying ¢’ > c and ¢’ # d. Also, {a’,d} is an antichain, so by Lemma 2.2.1 there is a
meet irreducible element d’ satisfying @’ > d and &' # o'.

Since ¥’ £ a, ¥’ € a'. Also, V' ¥ o because o/ £ d. Thus, o || V'.

Since d £ ¢!, ¢ # d'. Also, d' ¥ ¢ because d’ £ a'. Thus, ¢’ || d'.

Therefore, the set {a',}'.¢',d’} forms an N. By Lemma 2.4.7, {a'.¥,d,d} C P

which contradicts the fact that P is a series-parallel ordered set.
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Figure 6.3: I\,,.,

Now we show P is planar. Since P is sevies-parallel, by the Hrst part of this Lemma

F is series-parallel. According to Lemma 1.6.1 the order dimension of P is it most

two. Therefore, by Lemma 2.3.1, P is a planar lattice. (m]

In Lemma 6.2.2 we proved that if the completion of an ordercd set /7 contains N,
then P contains N too. Actually, this is just one case of the complete characterization

of separable subsets of a finite lattice given by Duffus and Rival (cf. {14]).

6.3 Neither K2,3 nor Kg’g

In this section we will show that there is a two-page lincar extension for any series-
parallel ordered set which contains neither Nog nor Ry,'.

Although this result is a special case of the result in the next section. we inehide it
here as motivation and to develop machinery that we shall use in the general case,

A four-cycle {a < ¢ > b < d > ¢} in an ordered set P is a covering four-cycle if
we have {a¢ < ¢ > b < d > a} in P. Notice that a covering four-cycle has no splitting

element,.

Lemma 6.3.1 If a sertes-parallel ordered set P has « Jour-cycle without e splitting

element, then P contains a covering four-cycle fa<ec>b=<d>a}.

‘'Here, Kn » is an ordered set {cf. page 111).
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Figure 6.4:

Proof. We say the four-cycle C={a<c>b<d > a} without splitting element
is less than the four-cycle C' = {¢' < ¢ > ¥’ < d' > a'} without splitting element if
d>e¢d >da <aand b <b We denote this relation by <. It is an order relation
over all four-cycles without splitting elements. For instance, {a,b,¢,d} < {d'\¥',¢,d'}
in the eight-element ordered set illustrated in Figure 6.4.

Let C = {a < ¢ > b < d > a} be a minimal four-cycle without splitting element.
Since there is no splitting element, @ || b and ¢ || d. Suppose that ¢ > z > ¢ in P. We

have two cases

Case 1l d % a.

Since ¢ || d, z # d. Thus, d || z. Also, b ¥ = because a || &. If £ > b, then
D ={a<z>b<d>a}is another four-cycle. D has no splitting element
because C has none. Also, D < C contradicts the minimality of C. Thus, b # z
and hence b || 2. Therefore, the set {z,c,b, d} forms an N which contradicts the

Tact that P is a series-parallel ordered set.

Case 2 d > z.

Since the four-cycle C' has no splitting element, = ¥ b. Also, since a || b, b ¥ z.
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Thus, = || &. Therefore, we have another four-cycle D = {ft<d>b<e>ur}
without splitting element and D < C, which contradicts the fact that C is a

minimal four-cycle.

Therefore, all the relations in C are covering relations. [w]

Lemma 6.3.2 IfC = {a <c>b<d > a} is a covering four-cycle in « series-purallel
ordered set P, then the set of upper covers of a is equal to the set of upper covers of b.

Dually, the set of lower covers of ¢ is equal to ihe set of lower covers of d.

Proof. Suppose that z >— a. Since z,¢ and d are upper covers of a, x | ¢, x| d and
c|l d. Also, a || b because @ and b are lower covers of ¢. Since a |0, 0% x. 1IEx % b,
then the set {z,a,c,b} forms an N which contradicts the fact that P is a series-parallel
ordered set. Thus, z > b.

We want to show that = > & Suppose that z > y > b. Since z || c and z > v,
y # c. Also, ¢ # y because ¢ > b and y > b. Thus, y || c. Also, @ || y because they are
lower covers of . Therefore, the set {y, 2, q, c} forms an N which contradicts the fact
that P is a series-parallel ordered set. Hence, z » b.

By the same argument we can show the set of lower covers of ¢ is equal to the set

of lower covers of d. E'

Lemma 6.3.3 If a series-parallel planar ordered set P contains a covering four-cycle
C={a<c>b=<d>a} and an edge (t,y) in P such that b > t and a ¥ t, theny < ¢
and y < d in P.

Proof. If we prove that ¥ < ¢ then according to Lemma 6.3.2, y < d.

Suppose that, y £ ¢ . Since y > t and ¢ > ¢, y ¥ ¢. Thus, c|| ¥.

Since a || band b >t, ¢t % a. Thus, a | ¢.

If y > a, then by Lemma 6.3.2, y > b which contradicts the fact that b > ¢ and
t < y. Hence, y # a. Also, ¢ # y because ¢ > a and ¢ # y. Thus, a || .
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Therefore, the set {y,¢,c,a} forms an N which contradicts the fact that P is series-

parallel ordered set. Thus, y < c. [m]
By duality,

Lemma 6.3.4 If a series-parallel planar ordered set P contains a covering four-cycle
C={a<c>b=<d>a} and an edge (y,t) in P such that t > ¢ andt # d, theny > a

andy > b in P,

Lemma 6.3.5 If L is a greedy linear extension of the completion P of an ordered set
P, then the linear order L obtained from T by removing the elements of P—P is a

greedy linear extension of P.

Proof. If L is not a linear extension of P then there are ¢ and b in P such that a < b
in L where @ > b in P. This implies e < bin Z and a > b in P. That contradicts the
fact that L is a linear extension of P.

If L is not a greedy linear extension, then there are a,b and ¢ in P such that
@ <b<cinL where a <c,afl bandb] cin P. This implies a < b < ¢ in L where

a<cal bandb| cin P. That contradicts the fact that T is a greedy linear extension

of P. [m]

We say the ordered set P contains Knn, myn > 2 if it contains a subset
{ar,a9,-++ ,@m, by, bg, - »bn} satisfying a; < b; fori=1,2,... ymandj=1,2,... ,n.

Also, we write Ky = {a1,a9,+-+ ,am, by,, by« -+ ,bn}(see Figure 6.3).

Notice that, if P contains K., ,,m,n > 2 then, the sets {a1,a2, -+ ;am} and

{b1, by, -+ ,b,} are antichains.

We say Kpn = {a1,82, ,am, by, , by, -+ ,bn} is mazimal in P if there is neither

am+1 # @i, 1 € ¢ < m satisfying Am41 =< b; for every 1 < § < m, nor b,y # b;,1 <



6.3. Neither K, 3 nor K3, 112

J < n satistying a; < b,y for every 1 <4 < m. If a planar ordered set contains

Kpn,m,n > 2, then either m=2o0rn=2.

Theorem 6.3.1 If a series-parallel planar ordered set P contains neither Kag nor

K32, then page(P) < 2.

Proof. Let P be the completion of P. By Lemma 6.2.2, P is a series-parallel planar
lattice. Thus, by Theorem 5.4.1, there exists a two-page lincar extension T of P. We
will transfer it to a two-page linear extension L for P.

According to Lemma 6.3.1 and Theorem 2.2.1, if P contains no covering four-cycles,
then the two-page linear extension Z is a two-page linear extension L after the deletion
of the top or the bottom, which ever is not in P.

Let C = {a < ¢ > b < d >~ a} be a covering four-cycle in P. Since P contains
neither X33 nor I3, both a and b have exactly two upper covers ¢ and d. Also, ¢ and
d have exactly two lower covers a and b. Thus, if z € P is the splitting element of the
cycle C in P, then z in P has exactly two lower covers a and b and exactly two upper
covers ¢ and d.

Suppose that in our planar upward drawing of P a lies to the left of b and ¢ lies to
the left of d. According to the two-page algorithm we should have a < b <z < ¢ < ¢

in L and the edges distributed as follows:
o The edges (a,z), (b, ) and (z, c) lie on the left page (see Figure 6.5).
o The edge (z, d) lies on the right page.

If {a,b} has a lower bound in P and {c,d} has an upper bound in P, then by

Lemma 6.2.1, P is not planar.

To obtain a two-page linear extension L of P from L

o Remove the set P - P from L and all edges connected to them.



6.3. Neither 1\/2’3 1nor 1(3‘2 113

Figure 6.5:

{a) (6)

Figure 6.6:
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For each covering four-cycle C
o If {a,b} has a lower bound in P draw the edges (a,¢), (a,d) on the left page and
the edges (b, c), (b, d} on the right page (see Figure 6.6(a)).

o If {¢,d} has an upper bound in P draw the edges (a, é), (b, c) on the left page
and the edges (@, d), (b, d) on the right page (see Figure 6.6(1)).

Notice that, by Lemma 6.3.5, L is a greedy linear extension of P.
We will now show that adding the edges of the covering four-cycles €' does not

create edge crossing on the same page. We shall use the following three facts.

Fact 1 ¢>bin L.

Proof. Suppose there is t in P such that b < t < cin . Since b < ¢ in P and L
is greedy, by Lemma 5.4.2, either b < ¢t or t < ¢ in P. Since b has only two upper
covers ¢,d and t <c<din L, t ¥ bin P. Also, ¢ ¥ t in P because ¢ has only

two lower covers ¢,bandt >0 > ¢ in L. Thus, we have always ¢ > b in L.

Fact 2 If there is t in P such that a <t < bin L, then ¢ < b in P.

Proof. Since a <t <cin L, a < cin P and L is greedy linear extension, then by

Lemma 5.4.2, either t >aore >t in P.

Since the set of the upper covers of ¢ in P is {e,d}and t<c<din L, t$ain
P. Thus,t < cin P.

Since the set of the lower covers of ¢ in P is {e,b} and ¢ >ain L, t < bin P.

Fact 3 If thereis ¢ in P such that c <t < d in L, then £ > ¢ in P.

Proof. Dual of Fact 2.

The edges of C may intersect one of the edges of P in one of the following cases.



6.3. Neither ;3 nor K, 115

Figure 6.7:

aO/ > b
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Figure 6.8:

Case 1 There are y and ¢ in P such that y<a<t<bin L and (y,t) is an edge in
P.

By Fact 2,t < b. Since y < a < tin L and y < tin P, by Lemma 5.4.2, either
y<eora<iinP. Sincea|ld t#ain P. Thus, a > yin P (see Figure 6.7).

Therefore, {a, b} has a lower bound in P.

If (y,t) is an edge in P, then (v, t) lies on the right page because (b, ) was in the
left page. Thus, there are crossing edges in P.

If (4,t) is not an edge in P, then there is a covering four-cycle D = {y < ¢ »

p <t >y} Since a > y and the set of upper covers of y is {p, ¢}, either a > t or
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a>pin P. Sincet >ain L, a > pin P (sce Figure 6.8). Henee, the sot {p.t}
has a lower bound in P. Since ¢ > p in L, p lies to the left of ¢ in 7. Therefore,

the edge (y,?) according to our drawing of the edges of D is on the right page

and there is no crossing.

Case 2 There are t and y in Psuchthat a <t <b< e < y < d.

From Fact 2, b >t and y > c from Fact 3, y > ¢ > 0 > t in P. Therelore, (¢, y)

is not an edge in P,

Case 3 There are t and y in Psuchthat a <t <b<d <y in L and (t.y} is an edge
in P.

Thus, we have in P:
e covering four-cycle C = {a < ¢ > b < d > a} and the edge (¢, ).
o b >t (from Fact 1).

e t£a,yLcandy £ dbhecause wehave a <t <b<d < yin L.
That contradicts Lemma 6.3.3. Thus, this situation cannot happeun.

Case 4 (The dual of case 3) There are y and #in Psuch that y < e <c<t<din L
and (y,t) is an edge in P.

Thus, we have in P:

e covering four-cycle C = {a < ¢ > b < d > a} and the edge (y, t).

¢ t > ¢ (from Fact 3).

e t/tdyFaandyfbbecause wehavey<a<c<t<din L.

That contradicts Lemma 6.3.4. Thus, this situation cannot héippen.
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Figure 6.10:

Case 5 There are t and y in P such that (¢,y) is an edgein Pande<t<d<yin
L.

From Fact 3, > cin P. Sincet <d <y in L and d # tin P, by Lemma 5.4.2,

y > din P. Thus, the set {c,d} has an upper bound in P (see Figure 6.9).

“If the edge (t,y) € P, then the edge (t,y) will be in the left page because the
edge (z,d) was in the right page. Thus, there is no edge crossing in this case.
If the edge (2, y) & F. then there is a covering four-cycle D = {t<y>=p~<qg>t}
Since y > d and the only lower covers of y are ¢ and p, either t > dor p > d in p.

Since ¢t < din L, p > ¢ in P (see Figure 6.10). Thus, the set {p,t} has a lower
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e

Figure 6.11:

bound in P.

Since p >t in L and p || t in P, ¢ lies to the left of p. Therefore, the edge (£, y)
will be in the left page. (=]

6.4 Structure of Series-Parallel Planar Orders

Can we use the same algorithm as used in Theorem 6.3.1, to prove that two pages arc
enough for any series-parallel planar ordered set?
~ For example, we consider the series-parallel planar ordered set P and its comnpletion
P in Figure 6.11. In Figure 6.12 L is the two-page lincar extension of P obtaincd by
the two-page algorithm for series-parallel planar lattice and L is the lincar extension
obtained from L by removing the elements in P-P.

In Figure 6.13 the intersection graph of the layout graph of cou(P) with respect to
L contains a cycle of length five. Thus, according to Theorem 3.3.1 the linear extension
L needs at least three pages.

But if we redraw P in a different planar embedding as it is in Figure 6.14, then
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Figure 6.12:
(c.f)
(b.d) {a,d)
O — Cc O
(d.f) (a.c) (b,e) {o,e)(b.c)

Figure 6.13:
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using the two-page algorithin for series-parallel lattices we will obtain the two-page
embedding L as in Figure 6.15.

In Figure 6.15, we see that the linear extension L of P induced by L is a two-page
linear extension.

This leads us to the question, whether we can always find a planar embedding of the
completion of the series-parallel planar ordered set which can lead finally to a two-page
linear extension?

The answer is yes; the details will be in the next section.

Lemma 6.4.1 If P contains Ky, = {a,b,d,, ... Jdm}ym > 2, and if P satisfies one

of the following conditions, then P is not planar.
i) There is an upper bound of some three-element subset of {dv,... . dn}.

it) « andb have a common lower bound and some two-element subset of {dy, ..., dn}

has a common upper bound.

i) There are two different two-element subsets of {di,...,d..} each of which has

an upper bound.

Proof.

1} Suppose the set {d;, ds, d3} has the upper bound d. We may assume that d is a

minimal upper bound. There are three cases to consider.

Case 1 d is minimal upper bound for each two-element subset of {dy,dy, ds} (see

Figure 6.16)

In this case cov(P) contains the subset {a,?, dy, da, d3,d} which forms a
subdivision of the graph K33. Thus, cov(P) is not planar, Therefore, P is

not planar.
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Figure 6.16:

Figure 6.17:
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i

Figure 6.18:

Case 2 d is a minimal upper bound of {d1,d3,d3} and s is a minimal upper

bound of {d;,ds} and s < d (See Figure 6.17).

In this case cou(P) contains the subset {a,b, dy, d2, ds, s} which forms a

subdivision of the graph K3 3. cov(P) is not planar, thus, P is not planar.

Case 3 d is a minimal upper bound of {d1,ds,d3}, s and ¢ are minimal upper
covers of {d;,dp} and {ds, d3}, respectively, such that s and ¢ are both less
than d (see Figure 6.18).

We can reduce this case to Case 2 by removing the chain from ¢ to d,.

ii) Let the set {d),dy} have a minimal upper bound d, and let [ be the maximal
lower bound of {a,b}. By Lemma 6.2.1, P is not planar.

ii} Suppose the subsets {d;,d;}, {d3,ds} have the minimal upper bounds z,y, re-
spectively, and z || y. We will show that there is no planar upward drawing for

{a,b,dy, dy, d3,dyg, 2,9} (see Figure 6.19),

Notice that, for the cycle R = {a,d;,ds, z} there is (up to symmetry) a unique

planar upward drawing. Thus, we may draw R as it is illustrated in Figure 6.20.
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Figure 6.19:

Figure 6.20:
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Figure 6.21:

Since b is a lower cover of d; and d;, we can draw it either inside R or outside R.
Since @ and b are symmetric with respect to d; and ds we may assume that b is

inside R (see Figure 6.20).

Let S be the interior region of the cycle {a <dy = b=<d; » a}. To obtain a
planar upward drawing dj should lie on S. Hence, we may draw it as it appears

in Figure 6.22.

Let T be the interior of the cycle {a < dy > b < dy > a}. To preserve the planar

drawing y should lie on T (see Figure 6.23).

Let C be the chain from y to ds. Since d; < Y, dq should lie on T. Also, d3 || d4
and y is a minimal upper bound so d, is noncomparable to every element in C.

Thus, either d4 lies to the right or to the left of C.

If dy lies to the left of C, then the edge (b, dy) will intersect the edge (b,ds) or
the chain C. The same problem will happen if d; lies to the right of C. Thus, P

is not planar.

Now, let us consider the case dy = d, for the two subsets {d1,da} and {ds,ds}
such that {d;,dz} has the upper bound z and {da, d3} has the upper bound y.
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Figure 6.22:

Figure 6.23:
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We may assume z || y because if > y, then z is an upper bound of {d;, d, d3}

and, by the first part of this lemma, P is not planar.

For this case, we can use a similar argument as used to reach Figure 6.21. If y is
inside S then the chain from 4 to d> will intersect the edge (b,d,). If y is outside
S, then one edge of the chain from ¥ to d; will intersect an edge from the cycle

{a < d; > b < dy > a}. Therefore, P is not planar. [m]
Dually, we have the following.

Lemma 6.4.2 If P contains Ky = {dy,... ,dn,q, b},m > 2, and P satisfies one of

the following conditions, then P is not planar.
i} There is a lower bound of some three-element subset of {di1,... ,dn}.

it) a and b have a common upper bound and some two-element subset of {di,...,dn}

has a common lower bound.

i41) There are two different two-element subsets of {d1,... ,dn} each of which has

a lower bound.

Lemma 6.4.3

i) If the set {a,b,ds,... ,dn} forms a mazimal Ksm,m > 3, in a series-parallel
planar ordered set P such that the set {d1, dz} has a minimal upper bound d, then
there is o planar upward drawing of the completion lattice P of P in which d lies

to the right of d3,dy,... ,dm.

ii) If the set {dy,... ,dm,a, b} forms a mazimal Kma,m > 3, in a series-parallel
planar ordered set P such that the set {d1,d2} has a minimal lower bound d, then
there is a planar upward drawing of the completion lattice P of P in which d lies

to the left of ds,dy,. .. ,dm.
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[v/4]

Proof. By duality, it is enough to prove the first part.

Since P is a series-parallel ordered set, by Lemma 6.2.2, P is a series-parallel planar
lattice. Since P is planar, by the third part of Lemma 6.4.1,d | d;fori=3,...,m.

Fix a planar upward drawing for the lattice P and suppose that ds lies to right of
d; in the drawing. Let C be a maximal chain which contains {a <z < dy < d}, where
z is the splitting element of K, in P.

If there is no d; € {ds,ds,. .. ,dsn} which lies to the right of ¢, then we are done.
Else, for each element of P — (C U {y : y lies to the right of C}) define the interval of
it with respect to C as we did in section 5.2 {(Lemma 5.2.1). As we have shown there,
the set of intervals ordered by inclusion forms a forest and there is no edge between
two different components.

Thus, we can move any component which lies to the right of C' and contains one ele-
ment of the set {d3,ds,... ,dm}, One component at a time starting with the component
with the smallest interval.

Notice that, the interval for dy, I(d,) = (z,y) where y = sup({d;,d2}),y < d
because d is an upper bound in a lattice. (y = d if there is exactly one minimal upper
cover of {d;,dz}.)

If I(d;) = (z,t),m = j = 3, then, I(d;) C I(d;), else, d > d; contradicts the fact
that d || d; for i = 3,...,m. Thus, after moving all such components to the left of C
we have a new planar upward drawing of P such that all d; € {ds,d4,... ,dn} lie to
the left of d.

Notice that, in the component move we do not change the left relationship of its

elements. E}

Lemma 6.4.4 Let P be a series-parallel planar ordered set. Then there is a pla-
riar upward drawing of the completion lattice P of P in which d lies to the right
of dz,dy, -+ ,dy, and d' lies to the left of es,eq, - ,e, for each mazimal Ky, =

{a,b,d1,--- ,dm},m 2 3 and each mazimal K, 3 = {e), -+ ,en, f, g}, = 3 such that
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Figure 6.24:

{d\,d2} has a minimal upper bound d and {e1,e2} has a mazimal lower bound d',

Proof. Let {a,b,dy,...,dn} be a maximal Ky m in P such that the set {d;,d,}
has a minimal upper bound d. We may assume that d; lies to the left of d; in P if
1<i<j<m.

It is enough to show that the component move in the proof of Lemma 6.4.3, nei-

ther has any effect on the left relationship of the elements of the maximal K, =

{a',¥',d},... ,d,} nor any effect on the left relationship of the elements of the maximal
I{;;,z = {d?" L ,d;,’,a”, b”}, n,p > 2.

Let 2,2’ and z" be the splitting elements of K5 ,,, K5, and K n2 0 P, respectively,
and suppose that d lies to the right of d in P.

Let Com(ds) be the component containing dj in P — (C' U {y : y lies to the left of
C}) with respect C, where C is a maximal chain containing {a < z < dy < d} (see
Figure 6.24). As we showed in the proof of Lemma 6.4.3, I (d3) = (z, ).

If K3,,NCom(dy) = 0 and K, N Com(ds) = 0, then the moving of Com(ds) to the
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left of C' will have no effect on the left relationship of the elements of Ly, and K

p

Moving Com(d3) may effect this left relation if one of the following four cases happens.

Case 1 o' € Com(d;) .

Since {a,2') is an edge in P, 2' € Com(dy) U {y}. Since the set of the upper
covers of z in P is {dy,...,dn}, there is d; € Com{dy),3 < j < m, such that
a > dj.

If 2’ =y, then 2' > dy. Since d{ > 2/, d| > d,. Hence, d| is an upper bound of

{d2, d3} in P. Thus, according to the third part of Lemma 6.4.1, P is not planar.
Therefore, z' € Com(ds).

Since I{ds) = (z,y) and the set of the upper covers of x is {da, ..., dn}, V' €
Com(ds).

Suppose there is d; € Com(d;),1 < j < n. Since (z',d}) is an edge in P and
z' € Com(ds), d; = y. For any d} & Com(ds),i # j because d! || d;. Since
d; & Com(ds) and d} = y, (2/,d}) is not an edge in P. Thus, d; € Com{dy) for
each 1 € 5 < n.

Therefore, K3, C Com(ds) and the moving of Com(ds) will not effect K.

Case 2 d| € Com(ds) .
Since d) has a unique lower cover 2’ and z’ # z, 2' € Com(ds).

If di ¢ Com(ds),2 < i < m, then since ' € Com(ds) and (z,ds) is an edge in
P, dy = y. That implies dj > d, which contradicts the fact that di || 4. Thus,
d; € Com(ds) for each 1 < i < m. Also, o',V € Com(ds) because o', b’ are the

lower covers of z'.

Therefore, K3, C Com(ds).

Case 3 ¢" € C'om(dg) X
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Since (2", 0”) is an edge in P and 2" # z, 2" € Com(ds).

Since (z,z") is not an edge in P, 2" is not a minimal in Com(d,). Thus, d; €

Com(ds) for each 1 < i < p.

If &' ¢ Com(ds) and since (z”,5") is an edge in P, b" = y. Thus, &’ > a”, which
contradicts the fact that a” || b”. Hence, b € Com(ds).

Therefore, K, C Com/(ds).

Case 4 df € Com(d;) .

Since (d,z") is an edge in P, z” € Com(ds) U {y}. Since the set of the upper
covers of x in P is {dy,... ,dn}, there is d; € Com(ds),3 < § < m, such that
dy > d;.

If " = y, then a” will be an upper bound of the set {d1,ds,d;} in P. Thus,

according to Lemma 6.4.1, P is not planar. Therefore, z” € Com/(ds).

Since (z,2") is not an edge and (df,z") is an edge in P, d! € Com(d;) for each
1<i<p

If " ¢ Com(ds) and since (z”,a") is an edge in P and z” € Com(ds) then
a” = y. Thus, a” will be an upper bound of {d1,ds,d;} in P. Thus, according
to Lemma 6.4.1 P is not planar. Hence, a” € Com(ds). For the same reason

b € Com(dy).

Therefore, K, C Com(ds). [m]

Lemma 6.4.5 If the ordered set P contains the mazimal Ks3 = {a,b,dy,ds,d3} and
the mazimal K3, = {d},d}, d}, a',b'} such that dy > d; and df, > dy (see Figure 6.25),

then P is not a series-parallel planar ordered set.

Proof. Let P be a series-parallel planar ordered set.
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Figure 6.25:

If df > d; for some 1 < 7 < 3, then ¢ will be a lower bound of {d},d},d}}. Thus,

according to Lemma 6.4.1, dy # d; for any 1 < i < 3. If d3 > d}, then by Lemma 6.3.2,
d3 > dj which contradicts the fact that dy || d3. Thus, d3 || dj.

If d3 > b, then b will be a lower bound of the set {d},d}, d5} which contradicts
Lemma 6.4.1. Thus, dy # b. Also, if b > dj then according to Lemma 6.3.2 b > d}
which contradicts that a || b. Thus, d || b.

If ¥ > ds, then & will be an upper bound of the set {d;,dp,d3}. Thus, by
Lemma 6.4.1, ¥’ # d3. Also, d3 # ¥ because d, || d;.

Thus, the set {dj, 4, ¥, d3} forms an N which contradicts the fact that P is a series-
parallel ordered set. (m]
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6.5 Two Pages are Enough

In this section we prove the main results of this chapter. We will first prove that two
Pages are enough for a series-parallel planar ordered set. Then, as consequence of that,

we will give a characterization of series-parallel planar ordered sets.
Theorem 6.5.1 If P is series-parallel planar ordered set, then page(P) < 2.

Proof. Let P be the completion of P. By Lemma 6.2.2, P is a series-parallel planar

lattice. Fix a planar embedding of P satisfying:

* Whenever P contains a maximal Kj ,, = {a,b,dy,. .. ydm},mm > 3, such that d is

an upper bound of {d,,_;,dn}, then d lies to the right of {di,... ,dmn_s}.

o Whenever P contains a maximal K, 5 = {d1,... ,dm,a,b},m > 3, such that d is

a lower bound of {d;,ds} then d lies to the left of {ds,... ,dn}.

This is possible according to Lemma 6.4.4,

If P contains either a maximal K3 m or a maximal Ky, 9, m > 2, we may assume
that a lies to the left of b and d; lies to the left of dyyy for 1 < i< m—1,in P.

Notice that, if P contains a maximal K m, then the set of the upper covers of a is
{di,...,dm} which also is the set of the upper covers of b. Also, the set of the lower
covers of d; is {a,b} foreach i=1,... ,m.

Similarly, if P contains a maximal K2, then the set of the upper covers of a is
{di,...,d;,} which also is the set of the upper covers of b. Also, the set of the upper
covers of d; is {a,b} foreach i =1,... ,m.

Since P is a series-parallel parallel planar lattice, by Theorem 5.4.1, there exists a

two-page linear extension L of P. We will transfer it to a two-page linear extension L

for P.
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Figure 6.26:

If P contains a maximal K,, = {a,b,d;,... ydm},m > 2, such that « is the

splitting element of K5, in P, then we have

a<b<z<d <dy<...<d,inL

with the edges distributed as illustrated in Figure 6.26.

Also, if P has a maximal Knp = {di,... ,dm,a,b},m > 2 such that z is the

splitting element of K, in P, then we have

hh<d<...<dn<z<a<binl

with the edges distributed as illustrated in Figure 6.27.

Since P is planar, by Lemma 6.4.1 (respectively, Lemma 6.4.2) if {a, b} has a lower
(respectively, an upper) bound of K5, (respectively, K, 2) in P, then there is no subset
of two elements or more of the set {d,,...,d,} which has an upper (respectively, a
lower} bound.

To obtain a two-page linear extension L of P from L
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Figure 6.28:
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a

Figure 6.29:
» Remove the set P — P from L and all edges connected to its vertices.
» For each maximal Ky, = {a,b,dy,... ,d,},m>2,in P

1) If {a,b} has a lower bound in P draw the edges (,d;) on the left page and

the edges (b, d:) on the right page (see Figure 6.28).

ii) If{dm-1,dm-1} has an upper bound in P draw the edges {(b,d)), (¢, d)) : 1 <
i < m—1} on the left page and draw the edges {(a,dy), (b, i) : 2 < i < m}

on the right page for each 1 < ¢ < m (see Figure 6.29).

e For each maximal Ky = {ds,... ,dpn,a,b},m>2,in P

i) If {di,d2} has a lower bound in P draw the edges {(d,b),(di,a): 1 <4 <
m — 1} on the left page and draw the edges {(dm,a), (d;,b): 2 < < m} on
the right page (see Figure 6.30).
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Figure 6.31:
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ii) If {a,b} has an upper bound in P draw the cdges {(d;,a) : 1 < i < m)
on the left page and the edges {(d;,0) : 1 < i < m} on the right page (see
Figure 6.31).

By Lemma 6.3.5, L is greedy linear extension of P. We will show that adding the
edges of the maximal Ky, ’s and K, 2 's, m > 2, will not create a crossing in the

same page. We will prove that first for /5, then for K, ..

Case A P contains a maximal K, = {a,,d;,... ,d,},m > 2.

We shall use these three facts

Fact 1 Thereisnotin Psuchthatb<t < d;, in L.

Proof: Since b < d; in P, by Lemma 5.4.2, either b < t or ¢t < d, in P.
If t < d; and since the set of the lower covers of d; is {«,b}, then cither
t < a ort < b which contradicts the fact that ¢ > 0 > « in L. Thus, ¢t > 0.
Since ¢t > b and the set of the upper covers of b is {d),...,d}, t > d; in
P for some 1 < ¢ < m which contradicts the fact that ¢ < d; in £ for each

1 < i < m. Therefore, b < d; in L.

Fact 2 If there is ¢ in P such that e« <t < bin L, then ¢t < bin P,

Proof: Since e <t < dyin L and ¢ < d, in P, by Lemma 5.4.2, cither o </
or t < d; in P. Since the set of the upper covers of a in P is {d;,... ,du}
and d; >tin Lforeachi=1,...,m,a £ tin P. Thus, { <d; in P. Since

the set of the lower covers of d; is {«,b} and ¢ > e« in L, t < b

Fact 3 If thereistin Psuch thatd; <t <djyyin L,1 <i<m-—1, then d; < {.

Proof: Since b <t < d;4y and b < d;yy in P, by Lemma 5.4.2, cither b < ¢
ort < d;in P. Since d; < t in L, according to Lemma 6.3.2, t £ diyy in P.
Thus, ¢t > b in P.
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Figure 6.32:

Since the set of the upper covers of bis {d1,... ,dn} and t £ d;y; in P,
t>d;in P1<j<i. Ifdi;{tinP,thenwehavedj <d;<tin L
and d; < tin P where d; || d; and d; || t. That contradicts Lemma 5.4.2.
Therefore, d; < t.

The edges of the maximal K, ,, may intersect one of the edges of P if one of the

following cases happen:

Case A.1 There are y and ¢ in P such that y < a <t < bin L and (y,t) is an
edge in P.
From Fact 2, ¢ < b. Sincey < e <tin L and y < ¢ in P, by Lemma 5.4.2,
either y <eora <tin P. If ¢t > g in P, then by Lemma 6.3.2, t > b which
contradicts the fact that & > ¢ in L. Thus, ¢ > 3. Therefore, the set {a, b}
has a lower bound in P (see Figure 6.32).

If (y,t) is an edge in P then (y,t) lies on the right page because (¢, z) was
on the left page. Thus, there are no edge crossings.
If (y,t) is not an edge in P, then P contains a maximal Knp =

{y1f1:‘° , ’fﬂ—l’gll”' :gp—-lat}:n Z 2:1’ _>... 2.
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Figure 6.33:

Since P is planar, either p=2 orn = 2.

Case A.1.1 p=2.
In this case P contains a maximal K, 5 = {y, fi,... , fu_1, 0.t} 0 > 2.
Since e >y in Pand @ $ t,a > g in P (see Figure 6.33). Since a lies
to the left of b, g lies to the left of ¢ in P. Suppose that f; lies to the

left of fi;) for 1 <4< n—2and f,_, lies to the left of y in P. Thus,

we have in L

<. . <fam<y<g<a<t<bcd <...<d,

and the edges distributed as illustrated in Figure 6.34.
Thus, the edge (y,t) will be on the right page. Therefore, there are no
edge crossings in this case.
Case A.1.2 n=2.
In this case P contains a maximal K2 = {1, f, 91, - » Gp—1,£}, p > 2.

Since a > y and a ¥ ¢, there is ¢ € {1,...,p — 1} such that ¢ > g;.



6.5. Two Pages are Enough 141

Figure 6.35:
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Figure 6.36:

We may assume that i = 1 (see Figure 6.35). Thus, the set {g,¢} has
an upper bound d; in P. According to Lemma 6.4.1, g; || « for each
2 <1< p-1. Also, according to Lemma 6.4.4, ¢; lies to the left of ,
foreach2<i<p-1.

Suppose y lies to the left of f and gi lies to the left of g;4; if2 < i < p-1
in P. Since a lies to the left of b, so g; lies to the left of ¢ in P.

Thus, we have in L

yY<f<@m<p<..<gpi<gq<a<t<h
and the edges are distributed as illustrated in Figure 6.36. Thus, the
edge (y, t) will be in the right page. Therefore, there is no edge crossing.
Case A.2 There are t and y in P such that ¢ < t < b < d; < y < diy, for
ie{l,... m—1}L
From Fact 2, ¢ < b in P and from Fact 3, y > d; in P. Thus, we have
Yy >d; > b >tin P. Therefore, there is no edge (¢,7) in P.
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Case A.3 There are t and y in P such that ¢ <t < b < d,, <y and (t,y) is an

edge in P.
From Fact 2, ¢ <b. Since y > dy > dyin L, d; $ y and dy % y in P. Thus,
a # t. Therefore, we have in P

e covering four-cycle {a < d; > b < dy > a},

e t <band (¢t,y) is an edge in P,

o di Ay, dyFyand e} tin P.
That contradicts Lemma 6.3.3. Thus, this situation can not happen.

Case A.4 There are y and ¢ in P such that y<a<d <t <dy inlL for

i€ {l,...,m—1} and (y,t) is an edge in P.
From Fact 3, t > d;. Since y < a < b < d; <t < di4y in L, then y A d;,
Y # diqr, and t $ diyy in P. Thus, y # a and y # b. Therefore, we have in
P

e covering four-cycle {a < d; = b < d;y; > a},

e ¢ > d; and (¢,y) is an edge in P,

e tFdiy,yfaandy¥bin P.
That contradicts Lemma 6.3.4. Thus, this situation can not happen.

Case A.5 There are y and ¢ in P such that d; < y < diy1 < tin L for i €

{1,...,m—1} and (y,¢) is an edge in P.
From Fact 3, y > d; in P. Since d; || diy and y # digy in P, y || diy.
Since we have y < diyy < tin L,y <tin P and y || diyy, 50 by Lemma 5.4.2,
t > dix1. Therefore, £ is an upper bound of {d;,d;1,1}. According to
Lemma 6.4.1, there is a unique subset of two elements of {dy, ... , dn} which

has an upper bound in P. Thus, ¢ = m —1 and the subset will be {dm-1,dn}
(see Figure 6.37).
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Figure 6.38:

If (y,t) is 'a.'n edge in P, then the edge (y,t) will be on the left page because
the edge".(:r:, dm) was on the right page. Thus, there is no crossing in the
same_page.

If ;('Zl, t) is not an edge in P, then there is a maximal Ko, =
{yvfla'-- yIne1: 91500 s Gp1,t}, 0 > 2

. Since P is planar, so either p=2 or n = 2.

Case A5.1 p=2

In this case F contains a maximal K, = {y, f1,... , fa=1, 9, t}, 7 > 2.
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)
4
@,
a
Figure 6.39:

Since t > dmy in P and y # d,,, there is i € {1,...,n — 1} such that
fi > d. 'We may assume that i = 1 (see Figure 6.38). |
According to Lemma 6.4.4, b lies to the left of f; in P for eacl; 1<i<
1 — 1. Suppose that f; Hes to left of f;,; if 1 <i<n—2and ¢ lies to
the left of g in P.

Thus, we have in L
a<b<di<..<dp1<yY<dn<fi<...<foa<t<y

and the edges are distributed as illustrated in Figure 6.39. Thus, the
edge (y,t) lies on the left page. Thus, there are no edge crossings.

Notice that, according to Lemma 6.4.5, min{m,n} = 2.

Case A.5.2 n=2
In this case P contains 2 maximal K, 2 = {y, f,91,... , gp-1,2}, P > 2.

Since ¢ > dr and ¥ # dr,, f > d., (see Figure 6.40).
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Figure 6.40:

Since di-1 lies to the left of dy,, y lies to the left of f in P. Suppose
that g; lies to the left g; 14 fori =1,...,p — 2 and ¢ lies to the right of
gp—1 in -P-

Thus, we have in L
a<b<d1<...<dm_1<y<dm<f<g1<...<gp_1<t

and the edges are distributed as illustrated in Figure 6.41. Hence, the
edge (y,t) lies on the left page. Thus, there are no edge crossings.

Case B P contains a maximal K9 = {d),... ,dm,a,b},m > 2. In fact, it is just a

dual of case A. @

A simple castle is a covering four-cycle with the top or bottom. (The top, or bottom,
need not be in a cover relation with the covering four-cycle.)(See Figure 6.42) A castle
is any union of simple castles, which preserves the covering relations of each simple

castle. An ordered set P contains a castle C if C is a subset of P and P preserves the
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Figure 6.41:

Figure 6.42: Simple castles.
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(a) (b) (e)

Figure 6.43: Minimal nonplanar castles.

covering relations of its simple castles.(see Figure 6.43)

Theorem 6.5.2 Let P be a series-parallel ordered set. Then P is planar if and only

P contains no K33 and P contains no nonplanar castle.

Proof. Evidently, if P contains a K33 or a nonplanar castle, then P is not planar.

For sufficiency, suppose P is a series-parallel ordered set that contains neither a - 3.4
nor a nonplanar castle. Then by Lemma 6.2.2 the completion P of P is a series-parallel
planar lattice. So by Theorem 5.4.1, P has a two-page linear extension L.

Notice that the conditions we use in the proof of Lemmas 6.4.1 and 6.4.2 leading

up to Theorem 6.5.1 are
e P is a series-parallel,
e P contains no Kj3,

e P contains no covering four-cycle with top and bottom(Lemma 6.2.1)(nonplanar

castle),
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Figure 6.44:

¢ P contains no /(5 3 with top or K35 with bottom (Lemma 6.4.1(i) and Lemma 6.4.2(i))

(nonplanar castle),

¢ P contains no Kp4 = {a,b, di,dp,d3,dq} such that each of {d;,d,} and {ds,ds}

has an upper bound(Lemma 6.4.1(iii))(nonplanar castle),

¢ Dually, P contains no K42 = {d,ds,ds, ds, a, b} such that each of {d;,d,} and

{ds, ds} has a lower bound(Lemma 6.4.2(iii))(nonplanar castle).

Since P satisfies the three conditions above, by Theorem 6.5.1, page(P) < 2. There-
fore, P is planar. [m]

Figure 6.44 illustrates nonplanar ordered sets each of which contains neither Ki3

nor a nonplanar castle. In fact, none is series-parallel.

6.6 Open Questions

1. What is the pagenumber for spherical series-parallel ordered sets?
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2. What is an upper bound for the pagenumber of (nonplanar) series-parallel ordered

set P, depending on the maximal Ky, 'sin P,

3. For positive integers m,n is there a function f(m,n) such that for any series-

parallel ordered set P

page(P) < maz {f(m,n) : K, is maximal in P,m,n > 2}.

In particular, is there a positive integer & such that
fmyn) < min{m,n} + &

for every maximal X, ,, in P?
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