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Abstract

In recent years, significant attention has been given to a class of materials referred to as epsilon-
near-zero (ENZ) materials which possess a vanishing dielectric permittivity. This ENZ condition
occurs naturally in metals, polar dielectrics, doped semiconductors, etc. However, the wavelength
range of the ENZ behaviour is dictated by intrinsic material properties and is not necessarily
convenient for all applications. The ENZ condition may also be artificially achieved using meta-
materials composed of sub-wavelength-scale constituent materials. In this work, we designed
and fabricated a sub-wavelength periodic stack using silver (Ag) and silica (SiO2) capable of
placing the ENZ wavelength anywhere within the entire visible spectrum by adjusting the re-
spective dimensions of the constituent metal and dielectric. We characterize the nonlinearity of
this sample using the Z-scan technique and observed a pronounced enhancement of nonlinear
response at the ENZ region. The observed value of the nonlinear refractive index n2 of our
metal-dielectric multilayer sample is 1.74 cm2/GW, which is 107 times larger than that of the
n2 of fused silica and 20 times larger than that of the n2 of bulk silver. We also find that the
nonlinear absorption coefficient β is given by -2.43 ×105 cm/GW. The ability to obtain strong
nonlinearities at designated optical frequencies makes these metamaterials a flexible platform for
the nonlinear applications in the visible spectral range. The results of this work confirm that the
enhancement of nonlinear optical properties in the ENZ regime can be generalized to a broader
class of materials.
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Chapter 1

Introduction

Efficient nonlinear optical interactions are necessary for many applications in the field of modern
photonics. Recently, great emphasis has been given to the greatly enhanced nonlinear optical
responses observed in optical materials with dielectric permittivities that vanish at particular
wavelengths. These classes of materials are known as epsilon-near-zero (ENZ) materials. In this
work, we use a strongly anisotropic nonlinear metamaterial composed of alternating silver and
silica layers of subwavelength thickness that acts as an effective ENZ medium. Metamaterials
are unique in their ability to control the confinement and propagation of light. The purpose
of this thesis is to show, through theory, simulations and experiments, that a metal-dielectric
multilayer stack in its ENZ regime shows enhanced nonlinear properties. In this chapter, we give
an introduction to epsilon-near-zero media and review the main applications of these materials.

1.1 Background

In this section, we provide the reader with a general understanding by establishing some defi-
nitions about the epsilon-near-zero medium. We survey the work that has been performed on
various epsilon-near-zero materials and related plasmonic materials in observations of interesting
nonlinear phenomena and we summarize their practical implementations.

1.1.1 Epsilon-near-zero condition

Metals are known to possess a fast, extremely large, nonlinear optical response. In particular,
the third-order susceptibility of the noble metals can be as much as 106 times larger than that of
fused silica, with relaxation times in the subpicosecond range [1]. However, metals are not often
used as potential candidates for nonlinear applications due to their large attenuation constant,
that make samples that are even tens of nanometers thick essentially non-transmitting for optical
light. Dielectrics can have a minimal loss, but generally a much weaker nonlinear response. In
order to effectively access the nonlinear properties of metals, a promising approach is to use a
composite structure with metals and dielectrics in a specific geometry. Many studies have been
done in metal-dielectric composite materials [2, 3, 4]. These studies have considered the effective
medium composites either in Maxwell Garnett or Bruggeman geometry. An alternative approach
is a layered metal-dielectric geometry. This composite structure geometry enables us to modify
the propagation of light through the medium by enhancing the transmission. By redirecting the
reflected light from the surface towards the forward direction, multiple Bragg reflections can be
achieved [5]. This can enhance the transmission of light through the sample even when the total
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1.1 - Background

Figure 1.1: Schematic diagram of the electric field distribution through a metal, dielectric and
metal-dielectric multilayer stack.

metal thickness in the composite is greater than the conventional skin depth [6]. The modification
of the electric field through a metal-dielectric multilayer stack is schematically shown in Fig 1.1.
Studies show that the intrinsic nonlinearity of the bulk metals can be enhanced using layered
metal-dielectric composite structures [6, 7]. The nonlinear change in the transmission was found
to be enhanced by an order of magnitude compared to the bulk metal. Thus, the metal-dielectric
composite structures are manifested as potential candidates for various nonlinear applications.
However, this is not the only way to enhance the nonlinearity in composite structures. An
alternative approach can be explained based on the linear refractive index of the medium. The
nonlinear refractive index is related to the linear refractive index of the medium as [11],

n2 =
3

4n0n′0ε0c
χ(3), (1.1)

where n0 is the linear index (complex), n′0 is the real part of index, χ(3) is the third-order
susceptibility and ε0 is the vacuum permittivity. As we can see from the equation, the linear index
n0 is in the denominator. Thus, the intensity-dependent refractive index is a nonlinear process
of great practical importance that could be enhanced in the ENZ materials. An enhancement in
n2 when ε = 0 is schematically shown in Fig 1.2.

Now, if we examine the expression for refractive index of a medium, we can see that n is
related to ε and µ by the relation,

n0 =
√
εµ, (1.2)

where ε is the relative permittivity and µ is the relative permeability of the medium. There
are three ways to obtain a zero-index medium, either by tuning ε to zero or by tuning µ to
zero or by tuning both ε and µ to zero. In this work, we are assuming µ = 1 (non-magnetic
material), therefore we are discussing only ε = 0 cases. These class of materials that exhibit
vanishing dielectric permittivity in a particular wavelength range is known as epsilon-near-zero
(ENZ) materials [8].

In this section, we will present a literature survey of the works that have been performed
in the ENZ materials and the observation of various nonlinear phenomena. The ENZ materials
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1.1 - Background

Figure 1.2: Schematic diagram showing the enhancement of n2 in an ENZ medium.

have exhibited enhanced nonlinear optical properties, with large ultrafast nonlinear refractive
indices reported recently in doped semiconducting oxides such as tin-doped indium oxide [9],
aluminum-doped zinc oxide [10], etc.

The refractive index of a non-magnetic material (µ = 1) can be defined as the square root of
its permittivity, n =

√
ε. When the real part of ε tends to zero, the real and imaginary part of n

becomes equal and given by

n = n′ =

√
|ε′′ |
2
. (1.3)

The imaginary part of the permittivity ε
′′

plays a significant role in many materials. This is
often referred to as the loss factor, associated with damping losses in the material.. For example,
for ITO, the wavelength at which permittivity crosses zero is 1240 nm, and the corresponding
ε
′′

= 0.3 [9]. This small value of imaginary part of permittivity yields a small real part of the
refractive index of 0.4. The nonlinear refractive index can be expressed as

1.1.2 The ENZ medium

In nature, materials with near-zero permittivity are readily available as electron gases, noble
metals, doped semiconductors, polar dielectrics, etc. For metals, the classical model used to
describe the dielectric constant is the Drude model, which assumes a gas of free carriers. For
dielectrics, the model used to describe the dielectric constant is the Lorentz model [12, 13]. At
the plasma frequency, the permittivity of metals crosses zero. This frequency is the resonance
frequency of the free electron gas around the equilibrium state. For common metals, it is located
in deep UV. In homogeneous materials such as doped semiconducting oxides, the ENZ condition
occurs in the IR region. For instance, in some tin-doped indium oxide films, it has been observed
at wavelengths such as 1240 nm [9], while in aluminium-doped zinc oxide films it has been
observed at 1300 nm [14]. The dielectric function of these materials is described by a Drude-
type dispersion or sometimes combined models such as the Drude-Lorentz model depending
on the constituents [15]. The ENZ wavelength dictated by these bulk materials is not widely
tunable over the spectral range. For this reason, these ENZ materials are limited for specific
applications alone. Also, due to their large optical losses, metals are largely non-transmitting
for optical radiation and hence are not candidate materials for producing large nonlinear optical
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1.1 - Background

interactions. Unlike metals, optical losses of dielectrics are very low, however, their nonlinear
response is very small.

1.1.3 Metamaterials as ENZ media and their applications

ENZ materials may also be fabricated as metamaterials composed of constituent materials of
subwavelength dimensions. Since the plasma frequency of the metals is in the ultraviolet region,
a material with an ENZ region at visible or near-infrared frequencies can be synthesized by
embedding these metals in a dielectric host medium [16].

Recently, metamaterials have become an area of intense research due to their ability to realize
optical properties that do not occur in natural materials [17]. The advent of the ENZ metama-
terials created the opportunity to create anomalous electromagnetic features at microwave and
optical frequencies. The wavelength of radiation inside the ENZ medium is extremely large and
this allows the light wave to pass through any arbitrary shaped ENZ medium with zero reflection
losses at the bends or junctions. This suggests that the electromagnetic wave inside the ENZ
metamaterials can be used to squeeze and tunnel energy through narrow arbitrary shaped chan-
nels. Generally, coupling energy from an input parallel plate waveguide to an output parallel
plate waveguide using an intermediate channel with an arbitrary shape or a narrow cross-section
is not possible due to the large reflection from the edges of this intermediate channel, even if, the
channel is filled with the same dielectric as the waveguides. But filling the channel with an ENZ
material results in the perfect coupling between two waveguides. This phenomenon is referred to
as “super-coupling” effect [18]. This is shown in Fig 1.3 (a). There is always a huge impedance
mismatch between the ENZ material and the regular material in the waveguides and this can act
as a barrier in the coupling. However, it turns out that if at least one of the physical dimensions
of the ENZ material channel is small, the wave can tunnel through the narrow channel easily.

Another important property that is associated with the ENZ condition is the near-zero phase
variation of an electromagnetic wave inside the ENZ metamaterials over a physically long dis-
tance. In particular such important property suggests that the wavefronts in ENZ materials are
parallel to the interfaces. Thus, by controlling the shape of the interfaces of an ENZ material,
it is possible to tailor the phase radiation pattern of the outgoing radiation. For instance, an
incoming planar wavefront can be transformed into a convergent cylindrical wavefront and vice-
versa [19]. This is depicted in Fig 1.3 (b). In addition to these amazing applications, another
potential application of the ENZ materials is the design of zero-index media (ZIM), where the
values of both ε and µ are near-zero at the frequency of interest. These materials may have
applications in the realization of delay lines, in increasing the directivity of an antenna, in trans-
forming curved wavefronts into planar ones (as described above), and in enhancing the efficiency
of some waveguides with abrupt junctions or bends [20]. A ZIM can be realized using metamate-
rials that consist of resonant non-magnetic inclusions embedded in an ENZ host medium. These
inclusions can be designed in such a way that both the effective permittivity and permeability
of the composite structure are simultaneously zero [21].

Achieving invisibility or electromagnetic transparency has been the subject of extensive stud-
ies in the physics and engineering communities for decades. This has been realized using meta-
material covers with negative or low-permittivity and/or low-permeability materials. Optimal
design of these lossless metamaterial covers operating near their plasma resonance may dimin-
ish the total scattering cross-section, making these objects nearly invisible or transparent to an
outside viewer [22]. Invisible cloaking is another potential application of the ENZ metamaterials
which make use of the negative polarizability feature [23].

Another exciting property of ENZ materials is that it can greatly enhance optical nonlineari-
ties [9, 24]. An example is shown in Fig 1.3 (c). In this example of tin-doped indium oxide (ITO)
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Figure 1.3: Applications of ENZ materials. (a) Super coupling [18]. (b) Tailoring of the radiation
pattern [19]. (c) Enhanced nonlinearity [9].

films, an enhancement in nonlinear refractive index is observed in its ENZ wavelength,1240 nm.
The exceptional transmission properties of an ENZ ultra-narrow channels are used to boost
Kerr nonlinearities. Works have been reported using metamaterials based on plasmonic gratings
loaded with nonlinear optical materials to realize an effective ENZ metamaterial in the visible
range with large nonlinear optical properties [25]. Such a nonlinear ENZ metamaterial slab may
be obtained by carving narrow rectangular apertures loaded with nonlinear optical materials into
a silver screen. The working principle is based on the ENZ super coupling transmission within
each rectangular slit. This results in a strong and uniform field enhancement inside the nonlinear
ENZ slits, which can efficiently boost nonlinear effects compared with conventional resonances.
Enhanced nonlinearity is also observed in Au-based plasmonic nanorod metamaterials at their
ENZ regime [26]. They observed that the Kerr-type nonlinearity is not limited by the nonlinear
properties of the constituents in the metamaterial. The highest third-order nonlinear response
has been observed near the ENZ regime. The ENZ behaviour can also be realized by utilizing
metal-coated waveguides at the cutoff frequency [27], silver or gold nanowires array embedded
in an alumina matrix [28, 29], and the metal-dielectric multilayer structures [30, 31]. There are
many ways we can realize an ENZ medium in a metamaterial. Fig 1.4 (a) [16], Fig 1.4 (b) [29]
and Fig 1.4 (c) [32] are certain ways of achieving this. Many studies have been done in metal-
dielectric layered metamaterials in the homogenized regime. Experimental realization of this
kind of metamaterials at the visible wavelengths have been achieved in different metal-dielectric
combinations [33, 34, 35].

The novelty we are presenting in this work is, apart from enhancing the transmission and
nonlinear response of an otherwise lossy metal, we consider how a carefully designed subwave-
length structure could shift the ENZ wavelength from the UV range of a bulk metal into the
visible spectrum so that it can serve as a potential candidate for nonlinear applications in the
visible spectral range. Also, we will show here how we can change the ENZ condition by tailoring
the dimensions of the subwavelength metal and dielectric composites in the stack. This ability
to obtain strong nonlinearities at designated optical frequencies makes these metamaterials a
flexible platform for the nonlinear applications in the visible spectral range.
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Figure 1.4: Metamaterials as ENZ media. (a) Metal inclusions in a dielectric host. (b) Metal
nanorods in a dielectric host. (c) Metal-dielectric multilayer stacks.

1.2 Structure of the thesis

Including the current chapter, Chapter 1, where we present the introduction, this thesis consists
of eight chapters. Chapter 2 of the thesis describes the theory of the metal-dielectric multilayer
composites. This covers effective medium theory and the linear and nonlinear properties of the
sample in detail. Here, we derived the linear effective permittivity function of the sample. This
chapter also covers the retrieval theory which we used to make the simulation codes for retrieving
the material parameters of the multilayer sample.
In Chapter 3, we outlined the simulation procedures to extract the linear optical properties of
the sample such as anisotropy, transmission, reflection etc. We also present the detailed design
of the sample based on these simulation results.
Chapter 4 deals with the theory of experimental techniques we used in both linear and nonlinear
regime to characterize the optical properties of the sample. The working principle of the char-
acterization tools is explained in details. This Chapter also explains the fabrication procedures
for making the subwavelength sample based on the simulation results.
The experiment and methods we adopted in this work are briefly explained in chapter 5. In
particular, we describe the experimental setup, methods of data collection, analysis of data, etc.
Chapter 6 summarizes the experimental results and the linear and nonlinear characterization of
our metal-dielectric multilayer sample. Following that, the conclusions and future work are given
in Chapter 7.
Finally, in the Appendix, we show the Labview code we used for the automation of the exper-
iment setup, the Matlab code for the retrieval of permittivity of the metal-dielectric multilayer
stack and the direct inversion method we tried in order to extract the permittivity of the sample
using ellipsometry parameters.
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Chapter 2

Theory

In this chapter, we examine some of the optical properties of the metal-dielectric multilayer
stacks and their constituent materials. Following that, we briefly describe the theory behind the
effects that will be seen in the simulation and experimental results.

2.1 Linear optical properties of metal-dielectric stacks

Composite optical materials are an important class of materials that exhibit a variety of inter-
esting linear and nonlinear optical properties. They can display properties which are different
from that of their constituent materials [36, 37]. In this work, we show such a composite mate-
rial consisting of subwavelength alternating layers of metal and dielectric arranged in a periodic
fashion. First, we explain the basic linear properties of the constituents (metal and dielectric)
in the composite and later the properties of the metal-dielectric composite.

2.1.1 Optical properties of dielectric materials

A dielectric material is characterized by a wide energy bandgap, usually larger than 5 eV. As a
result, a relatively high energy is necessary to excite a valance band electron into the conduction
band. Dielectric materials are poor conductors of electricity; however, they can support an
electrostatic field to a great extent with minimum loss of energy as heat [38]. The interaction
of light waves inside a dielectric medium can be analyzed using Maxwell’s equations. Consider
the propagation of an electromagnetic wave through a uniform dielectric medium of dielectric
constant ε. The dipole moment per unit volume, or polarization P , induced in the medium by
the electric field E is given by

P = ε0(ε− 1)E (2.1)

Consider a medium with no free charges, so that

ρ = 0, (2.2)

and no free currents, so that
J = 0. (2.3)

We also assume that the medium is nonmagnetic, so that

B = µ0H. (2.4)

7



2.1 - Linear optical properties of metal-dielectric stacks

Then Maxwell’s equations become,
∇ ·D = 0, (2.5)

∇ ·B = 0, (2.6)

∇× E = −∂B
∂t
, (2.7)

∇×H =
∂D

∂t
. (2.8)

For non-magnetic materials µ is taken to be unity and this condition simplifies our description of
optical materials, especially dielectric materials by assigning a refractive index of the medium,

n =
√
ε. (2.9)

Even though all optical materials are dispersive in a strict sense, we omit the argument ω in all
permittivity and refractive index expressions to make the equations concise. Thus, electromag-
netic waves propagate through dielectric medium travel slower than in vacuum by a factor of n.
The dielectric function of such a material is described by the Lorentz model given by [39]

ε = 1 +
ω2

1

ω2
0 − ω2 − iγω

, (2.10)

where ω1 and γ are related to the density and damping of bound electrons and ω0 is the oscillation
frequency.

Figure 2.1: The dielectric function of a typical dielectric material with two resonances. ω1

represents the lattice resonance and ω2 represents the electron transition resonance [39].

The dielectric function of a typical dielectric material is shown in Fig 2.1. In this example,
two resonances are included in the oscillator formula, one in the mid-IR (ω1) region due to the
phonon resonance and other in the UV region (ω2) due to the electron transition resonance. The
function has a Lorentz line shape at each resonance. The resonances at ω1 and ω2 cause a large
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2.1 - Linear optical properties of metal-dielectric stacks

change in the real part of ε. Also, this resonance is associated with a peak in the imaginary
part of ε which represents the loss. As we can see from the figure, between the two resonance
frequencies, the imaginary part is negligible . This makes it obvious why quartz, alumina and
similar dielectrics are transparent in the visible spectral range [39].

2.1.2 Optical properties of metals

Metals are known for their high reflectivity and low transmission at optical frequencies. The
energy band diagram of metals suggests that there is no gap between the empty energy levels
and the occupied ones. As a result, the photon energy from any electromagnetic radiation is
enough to excite an electron from a valence band to a conduction band. Similar to the study of
dielectric materials in the previous subsection, the light-matter interactions inside metals can be
explained by the frequency-dependent permittivity of the metals. There are free electrons inside
metals without any restoring force or spring constant. The electromagnetic wave interaction
inside the metals is dictated by the collective motion of these free electrons. Therefore, the
resonance frequency from the Lorentz model is zero. The classical model used to describe the
dielectric function of a metals is the Drude model given by [39]

ε = 1−
ω2
p

ω2 + iΓω
, (2.11)

where Γ is the damping constant, which represents the electron collision rate, and ωp is the
plasma frequency, expressed as,

ωp =

√
Ne2

mε0
(2.12)

with N - density per unit volume of the free carriers,
ε0 - permittivity of the free space,
m - mass of the electron,
ω = 2πE

h , where E is the photon energy.

The plasma frequency is the natural resonant frequency of a free electron gas around an
equilibrium state. For most metals, ωp is in the deep UV region of the spectrum.
For ω < ωp - the metal is highly absorbing and reflecting, and the refractive index is complex.
For ω > ωp- the metal is transparent, and the refractive index is real (k=0).

The Drude model is based on the assumption that all electrons inside the metal are free. It
considers only those electrons in the outer orbitals such as 4s, 5s, 6s, etc. However, we have to
take into account the contribution from the bound electron charges as well, such as interband
transitions, especially for higher frequencies. The interband contribution of bound charges εib
can be explained using the standard Lorentz model. Therefore, the overall dielectric function
of metals has both the Drude model (free electrons) and the Lorentz model (bound electrons)
contributions, expressed as,

ε = εib + 1−
ω2
p

ω2 + iΓω
. (2.13)

The permittivity plot of silver as a function of wavelength is shown in Fig 2.2 [39]. It is clear
from the figure that at optical frequencies the real part of the permittivity of metals is negative,
unlike the dielectrics which have a positive real permittivity. The negative permittivity of metals
at optical frequencies is a result of out-of-phase oscillation of the free electrons with respect to
the driving electric field in metals. As a result, most of the incident photons will get reflected
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2.1 - Linear optical properties of metal-dielectric stacks

Figure 2.2: Dielectric function of a metal (silver) [39]

at the interface. This behaviour can be illustrated using the refractive index of the metal. The
relation between the refractive index and the permittivity is given by

ε′ = n′2 − n′′2, (2.14)

ε′′ = 2n′n′′,

where n′ and ε′ represents the real part and n′′ and ε′′ represents the imaginary part. Writing
in terms of the real and imaginary part of refractive index, equation (2.14) becomes,

n′2 =
1

2
(ε′ +

√
ε′2 + ε′′2), (2.15)

n′′2 =
1

2
(−ε′ +

√
ε′2 + ε′′2).

From equation (2.13), along with equation (2.15), we can obtain the complex refractive index of
metals. At optical frequencies, the refractive index has a prominent imaginary part while the
real part of the index is only slightly larger than zero. This large n′′ of metals suggests their
lossy nature, which typically reduces the skin depth of metals in the range of tens of nanometer
at optical frequencies. The term skin depth in metals is defined as the distance below the surface
of the metal where the current density has reduced to 1/e of its surface value [40].

2.1.3 Background study of materials to use as a plasmonics device
platform

Metals are known for their extremely large nonlinear response [1]. Generally, the skin depth
of most of the metals are in the range of tens of nanometer and the thickness of the metal is
assumed to be several times the skin depth. The range of skin depth in metals explains why they
cannot transmit when the thickness is greater than approximately 50 nm. One way to access
the optical nonlinearity of metals is to use a metal-dielectric composite medium [5, 7]. Such
metamaterials are significantly thicker than the total thickness of metals present in the sample.
This overall thickness of the metamaterial therefore provides much longer effective interaction
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length for light with the large nonlinear response of metals compared to the bulk metal at these
thicknesses [41].

When choosing a material to create a metamaterial for nonlinear applications, it is usually
best to pick the one with the least amount of ohmic loss, and therefore the smallest dampening
rate. Comparing the losses of noble metals like silver, gold and copper, we can see that, silver is
the best in this regard [42] (damping rate of silver is 0.02 eV, gold is 0.07 eV, copper is 0.07 eV
and aluminium is 0.13 eV). Apart from this, another important aspect we have to consider is
the interband transition onset. We have to make sure to select a metal whose onset of interband
transition is higher than that of the energy of plasmons so that it can support plasmons of desired
energy without inducing interband transitions. By looking at the spectral range of the naturally
existing ENZ media, none possess an ENZ condition in the visible spectral range. Plasmons
that are induced by visible light will have energies ranging from 1.8 eV to 3.1 eV. The onset
of interband transitions suggests that silver can support plasmons that span the entire visible
spectrum, while gold and copper cannot. The onset of interband transition of silver is 3.9 eV,
gold is 2.3 eV, copper is 2. eV and aluminium is 1.41 eV. Based on these data, silver is the obvious
choice for nonlinear applications in the visible spectral region, since it has the lowest ohmic loss
and a high onset of interband transitions. For applications in the near-infrared spectral region,
gold or copper is generally used, but gold is usually preferred over copper since it does not oxidize
and is, therefore, more stable. If one wanted to make a device in the ultraviolet regime, aluminium
would be the best choice, since it has a higher onset of interband transitions. Other materials do
have lower losses than silver and gold, such as sodium and potassium; however, these materials
are quite unstable and would therefore not be easy to use in fabricating plasmonic devices. This
is the reason why most of the plasmonic devices are made of silver or gold.

2.1.4 Optical properties of metal-dielectric composites

Metals are used for important optical applications because of their large and fast nonlinear
response. But the large loss in metals excludes them from applications involving many nonlinear
optical interactions. On the other hand, dielectric materials are known to have a minimum
loss, but their nonlinear response is very small. In order to effectively access the nonlinear
properties of metals, a promising approach is to use a multilayer metal-dielectric structure. Such
a metamaterial in which the metal is the dominant nonlinear material can have much larger
intensity-dependent changes in the complex amplitude of the transmitted beam than a bulk
sample containing the same thickness of metal [5].

In metal-dielectric composites, components are either arranged in a disordered fashion or a
periodic fashion, and the overall optical properties of the composite can be remarkably different
from those of its constituent materials. The boundary conditions for composite structures are
complicated, unlike homogeneous structures, which makes it practically difficult to determine the
electromagnetic response by solving Maxwell’s equations. However, under certain circumstances,
this situation can be treated more simply. The plausible solution for this problem is to treat
the composite structure as an effective medium. If the inhomogeneity scale of the composite
medium is of subwavelength dimensions, the electrodynamic scattering by the metal or dielectric
constituents in the composite will be overshadowed by the effective response of the combined
system. Thus, the effective dielectric permittivity of the metal-dielectric composite can be evalu-
ated from the dielectric permittivity of the discrete constituents in the composite as well as their
respective fill fractions. Such approaches are called the effective medium approaches.

Maxwell-Garnett theory [43] and the Bruggeman effective medium theory [44] are two popular
effective medium approaches. Both the methods are based on averaging the field over a unit-cell.
These two methods are distinguished from one another based on the topology of the composite
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and the properties of the constituents in the mixture. In composites with Maxwell-Garnett
geometry, the inclusion particles embedded in the host material are dilute and have well-defined
spherical shapes as shown in Fig 2.3 a. Whereas, in composites with Bruggeman geometry,
the inclusions and host play symmetric roles making it difficult to distinguish which is the host
and which is the inclusion. This is depicted in Fig 2.3 b. For a metal-dielectric composite, we
can visualize the metal as the inclusion and the dielectric as the host. The effective medium
expressions for a metal-dielectric composite with a Maxwell-Garnett geometry and a Bruggeman
geometry are given in equations (2.16) and (2.17), respectively. These generalized effective
medium approximations are the most commonly used method for approximating the effective
permittivity of the composite medium. In Maxwell-Garnett geometry, the effective permittivity
is expressed as,

ε = εh
1 + 2f ε1−εh

ε1+2εh

1− f ε1−εh
ε1+2εh

, (2.16)

where ε1 is the permittivity of the inclusion, εh is the permittivity of the host, and f is the volume
filling fraction of the inclusion.

In Bruggemen geometry, let us consider two spherical particles with permittivities ε1 and ε2
dispersed in a host matrix with a dielectric constant of εh. The volume filling factors of the two
inclusions are f1 and f2, respectively. Since each constituent in the composite is regarded as the
inclusion, the host medium is composite itself. Therefore, ε = εh.

f1
ε1 − ε
ε1 + 2ε

+ f2
ε2 − ε
ε2 + 2ε

= 0 (2.17)

Figure 2.3: TEM images of typical metal-dielectric composites with (a) the Maxwell-Garnett
geometry and (b) the Bruggeman geometry. Metals are depicted as dark areas and dielectrics as
bright areas. Scale bar is 200 nm [39].

Another well known example of effective medium geometry is multilayer metal-dielectric
stacks. When sub-wavelength metallic and dielectric layers are periodically stacked, the coupling
of the electromagnetic field at each metal-dielectric plasmonic interface gives rise to a collective
response [35]. Each such layer in the multilayer stack can be described by a homogeneous and
isotropic permittivity parameter.
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2.1.5 Refractive index and dielectric tensor of the composite medium

When the thickness of constituent layers in the metal-dielectric composite is sufficiently thin, far
below the operating wavelength, we can treat the system as an effective medium. Such a system
can give rise to extreme anisotropy in a uniaxial permittivity tensor [45].
In general, the constitutive relations connecting the electric displacement D and electric field can
be written as: Dx

Dy

Dz

 =

εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

ExEy
Ez

 (2.18)

where x,y,z represents the arbitrary orthogonal coordinate system. Upon diagonalization, the
permittivity tensor assumes the form,

[
ε
]

=

εxx 0 0
0 εyy 0
0 0 εzz

 (2.19)

in a Cartesian frame of reference oriented along the principal axes of the crystal.
In a biaxial medium, all three dielectric constants are different, εxx 6= εyy 6= εzz.
In a uniaxial medium, two of the three are same, εxx = εyy 6= εzz.
And in an isotropic medium, all the three are same, εxx = εyy = εzz.

For light polarized along one of the principal axes, the refractive index in an anisotropic medium
is defined as, εi = n2

i . The index seen by the electromagnetic wave interacting with the medium
depends on the polarization state. For example, light entering a calcite crystal splits into two
rays, each traveling in a different direction with different speed, because the refractive index
for one wave is greater than the refractive index for the other wave. The wave with ordinary
refractive index is polarized perpendicular to the optical axis and the other with extraordinary
refractive index is polarized parallel to the optical axis [35].

Figure 2.4: Schematic illustration of wave propagation in an isotropic (a) and an anisotropic (b)
medium. S is the Poynting vector and k is the wave vector.
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The permittivity tensor determines a surface called the index ellipsoid, which illustrates the
orientation and relative magnitude of refractive indices in crystals. It is given by

x2

εxx
+
y2

εyy
+
z2

εzz
= 1 (2.20)

In terms of refractive index it is expressed as,

x2

nx2
+

y2

ny2
+

z2

nz2
= 1. (2.21)

In biaxial media, nx, ny, nz are different.
In uniaxial media, nx = ny = no, where no is the ordinary refractive index and nz = ne,

where ne is the extraordinary refractive index. The observation of two refractive indices for a
general orientation of the wavefront is known as birefringence.

For a positive uniaxial medium, ne > no and for a negative uniaxial medium ne < no. In the
isotropic case, the wave vector k and the Poynting vector S are collinear as shown in Fig 2.4 (a),
and in an anisotropic crystal the wave vector surface becomes ellipsoidal and, as a result, the angle
between k and S is non-zero. This scenario is shown in Fig 2.4 (b). If we draw a plane through
origin which is orthogonal to k-vector, the curve of intersection of this plane with the ellipsoid
is an ellipse, as shown in Fig 2.5. The semi-axes of the ellipse thus obtained will be proportional
to the reciprocals of the phase velocities and their directions represent the vibrations in D. The
ordinary vibration direction lies in the circular section of the index ellipsoid with refractive index
n0. Light travelling along the optic axis experiences just this refractive index, the ordinary
refractive index. The extraordinary vibration direction lies in the plane of the wavefront and
perpendicular to the ordinary vibration direction, and has refractive index ne. Optically isotropic
materials (e.g. cubic crystals) have one refractive index, with a spherical indicatrix.

Consider a cross-section of the index ellipsoid containing the optic axis and the extraordinary
vibration direction. The refractive index in extraordinary axis will depend on angle. For arbitrary
values of θ, it is given by [46]

1

ne(θ)
2 =

sin2(θ)

ne2
+

cos2(θ)

no2(θ)
. (2.22)

2.2 The effective medium theory

In this subsection, we will look at deriving the effective medium permittivity of a metal-dielectric
multilayer stack with uniaxial permittivity. A generalized Maxwell-Garnett approach is used to
derive the analytical expressions for the effective permittivity in parallel (ε‖) and perpendicular
(ε⊥) directions with respect to the layers of the composite material [47, 48]. Here we are taking
the limit of infinite number of metal-dielectric interfaces within the stack for homogenization
purposes. Fig 2.6 represents the schematic of a multilayer metal-dielectric stack. The individual
metal and dielectric layers possess a dielectric permittivity of εm and εd, respectively.
The fill fraction of the metal component in the multilayer stack is given by

ρ =
dm

dm + dd
, (2.23)

where dm is the thickness of each metal layers in the stack and dd is the thickness of each dielectric
layers in the stack.
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Figure 2.5: Index ellipsoid for a typical anisotropic crystal. n0 is the ordinary refractive index
and ne is the extraordinary refractive index.

Figure 2.6: Schematic diagram of a metal-dielectric multilayer stack

2.2.1 Effective parallel permittivity

We can write the relation between displacement field (D) and electric field (E) through the
following equation,

D = εeffE, (2.24)

where εeff is the effective permittivity of the medium. D and E are the fields averaged over a
region larger than the scale of inhomogeneity. When we go from one medium to another, the
boundary condition states that the tangential component of the electric field must be continuous
across the interface. This implies that, if the electric field is polarized along the plane of the
layers, the field is spatially uniform within the stack. Therefore, we can say that the electric

field in the metallic layers (E
‖
m) and the dielectric layers (E

‖
d) are equal and we can equate this

to the volume-averaged electric field (E‖) in the parallel direction. This is expressed as,

E‖m = E
‖
d = E‖. (2.25)
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Then the overall electric field in the parallel direction can be written by weighing the fields with
the corresponding volume fraction ρ as,

ρE‖ + (1− ρ)E‖ = E‖ (2.26)

And, the overall displacement field in the parallel direction can be obtained by averaging the
displacement field from the metal and the dielectric. The displacement field components for

metals (D
‖
m) and dielectrics (D

‖
d) will not be equal for the perpendicular polarization. This is

expressed as,

D‖ = ρD‖m + (1− ρ)D
‖
d. (2.27)

Written in terms of the electric field, equation (2.27) becomes,

ε
‖
effE

‖ = ρεmE
‖ + (1− ρ)εdE

‖. (2.28)

After cancelling the E‖ on both sides of the equation, equation (2.28) reduces to,

ε
‖
eff = ρεm + (1− ρ)εd. (2.29)

Equation (2.29) represents the effective parallel permittivity relation approximated using the
effective medium theory. So, when the electric field is polarized in the plane of the layers (or E
⊥ z), the optical constants of the composite turns out to be the simple average of constituent
materials in the composite.

2.2.2 Effective perpendicular permittivity

Here we will look at deriving the effective medium permittivities when the electric field is po-
larized perpendicular to the plane of layers (E ‖ z). In this case, the electric field becomes
non-uniformly distributed between the two components in the composite and the normal com-
ponent of the electric displacement vector at an interface must be continuous. Therefore, the
displacement field in the metallic layers (D⊥m) and the dielectric layers (D⊥d ) are equal and we
can equate this to the volume-averaged displacement field (D⊥) in the parallel direction. This
is expressed as,

D⊥m = D⊥d = D⊥, (2.30)

Thus the overall displacement field becomes,

ρD⊥ + (1− ρ)D⊥ = D⊥. (2.31)

The electric field components for metals (E⊥m) and dielectrics (E⊥d ) will not be equal for perpen-
dicular polarization. So, we can express the total electric field as the superposition of constituent
fields of the components.

E⊥ = ρE⊥m + (1− ρ)E⊥d . (2.32)

Written in terms of the displacement field, equation (2.32) becomes,

D⊥

ε⊥eff

= ρ
D⊥

ε⊥m
+ (1− ρ)

D⊥

ε⊥d
. (2.33)

The common displacement term D⊥ cancels from both sides of equation (2.33). The resultant
equation will be,

1

ε⊥eff

=
ρ

ε⊥m
+

(1− ρ)

ε⊥d
. (2.34)
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Equation (2.34) represents the effective perpendicular permittivity relation approximated using
the effective medium theory.

For an arbitrary angle of incidence, we need to modify the effective medium theory equations
as a function of angle. Fig 2.7 shows the propagation of a ray through a metal-dielectric stack as
described by the effective-medium theory. The angles θin and θout are equal and the angle inside
the effective medium is given by Snell’s law [37].

Figure 2.7: Propagation of light through a metal-dielectric multilayer stack as described by the
effective medium theory.

Taking into account the angle of incidence θin and the effective refraction angle θeff into the
stack, equations (2.27) and (2.31) can be associated with the wave parameters for parallel and
perpendicular polarization [37, 49]. Assuming a monochromatic plane wave propagating through
a non-magnetic uniaxial medium, the dispersion equations are given by [37]

for TE wave:
k2
x + k2

y

ε⊥
+
k2
z

ε⊥
= k2

0, (2.35)

and for TM wave:
k2
x + k2

y

ε‖
+
k2
z

ε⊥
= k2

0, (2.36)

where k0 = ω/c. Fig 2.7 represents the propagation in xz plane. Here kx is the in-plane
wave vector and kz is the normal component of the wave vector in the multilayer stack. For
TE polarization, kx = k0 sin θin = k0n⊥ sin θeff and kz = k0n⊥ cos θeff , for TM polarization,
kx = k0n‖ sin θeff and kz = k0n⊥ cos θeff . Thus, equations (2.35) and (2.36) are associated with
the wave parameters by the relation,
for TE polarization,

1

ε⊥(θin)
=

sin2 θeff

ε⊥
+

cos2 θeff

ε⊥
, (2.37)

and for TM polarization,

1

ε‖(θin)
=

sin2 θeff

ε‖
+

cos2 θeff

ε⊥
, (2.38)

where θeff is the effective refraction angle into the slab as shown in Fig 2.7.
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Fig 2.8 depicts the permittivity of a multilayer stack consisting of alternating layers of silver
(Ag) and silica (SiO2) with a metallic fill fraction of 0.197 at normal incidence theoretically
calculated using equations (2.29) and (2.34). The data for Ag is taken from Johnson and Christy
[50] and SiO2 from Palik [51]. Only the real parts are shown here and the imaginary parts can be
calculated similarly. Here the permittivity crosses zero at around 480 nm and this happens when
the real part of εm is equal to −(1− ρ)εd/ρ. At the same time, the perpendicular permittivity
displays a resonance at a particular wavelength when the real part of εm is equal to −ρεd/(1− ρ).
The strength of this resonance is limited by the damping constant Γ, given in equation (2.13).
For wavelengths above the ENZ point and sufficiently far away from the resonance, the multilayer
stack will exhibit hyperbolic behaviour meaning that one of the principal components of their
electric effective tensor has the opposite sign to the other two principal components [52]. In
these spectral regions above ENZ , the real part of the parallel permittivity (in-plane) will
display negative values, which denotes the metallic behaviour and the real part of perpendicular
permittivity (out-of-plane) will display positive values, which denotes the dielectric behaviour
[53].

Figure 2.8: (a) Effective parallel and (b) perpendicular permittivity calculated using EMT at
normal incidence for a metal fill fraction of 0.19 in the Ag-SiO2 multilayer stack.

The effect of fill fraction of the metal in the effective permittivity of the multilayer stack is
next investigated. The fill fraction is allowed to vary among the values from ρ=0.1 to 0.9 at 0.1
intervals. The results of the effect of fill factor for both polarizations is displayed in Fig 2.9.
For parallel permittivity, there is a shift in the ENZ wavelength towards the blue side of the
spectrum as the metallic fill fraction increases. This is evident from the fact that, as metallic fill
fraction increases, the multilayer stack will behave like a metal and the plasma frequency (ENZ)
of metals is in UV region.

The generalized effective medium approximation is the most commonly used method for
approximating an effective permittivity tensor for composite structures. However, this method is
only valid for a larger number of layers in the stack, because a large number of layers corresponds
to an infinite medium. This significantly limit the regime where the effective medium theory is
appropriate as a model for physically realizable metamaterials [37].
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Figure 2.9: (a) Effective parallel and (b) perpendicular permittivities for different metallic fill
fractions (the red circle in the parallel permittivity plot (a) denotes the ENZ point for each fill
fraction calculated using EMT).

2.3 The retrieval theory

The effective response of a multilayer metal-dielectric stack is often approximated using effec-
tive medium theory (EMT), that we discussed in section (2.2). Determining the permittivity of
metal-dielectric stacks using EMT is the simplest approach. However, we have to be very careful
while using EMT in several aspects because EMT is defined under many approximations. Stud-
ies show that effective medium approximation becomes more appropriate for infinite layers [37].
Thus, the effective-medium approach has a rather poor accuracy for finite number of layers and
this will limit the regime where EMT can be used to model a realizable design of metal-dielectric
composites for specific applications.
The electromagnetic field associated with periodic stacks or photonic crystals has numerous
modes. For systems with permittivities exhibiting spatial periodicity, the solutions of Maxwell’s
equations are Bloch waves [54]. These are the normal modes of any periodic system. In most
of the cases, because of the small period, we consider only the zeroth-order mode as being
non-evanescent. However, under certain circumstances, the higher-order modes contribute sig-
nificantly to the field. In these cases, averaging or homogenization process used in EMT will not
give reasonable results [49]. Some other studies show that the EMT approximation is mostly
valid for low filling fractions, which means when metal layers are thinner [55].

In this section, we present a retrieval method to derive the effective parameters of layered
metal-dielectric structures. The first step in this procedure is to obtain the scattering param-
eters (S-parameters) for a finite-thickness, planar slab of the inhomogeneous structure to be
characterized. By inverting the analytical expressions for the S-parameters, one can solve for
the refractive index and the impedance. This data can be straightforwardly used to calculate
the effective permittivity of the stack for both polarizations. The oblique angles of incidence will
sufficiently provide both parallel and perpendicular permittivities.

In a multilayer stack, there will be multiple reflections and transmissions occurring at each
interface. They will undergo either destructive or constructive interference. If the field at the
beginning of the layer is known, then the field at the end of the layer can be calculated using a
simple matrix operation. These coherent optical reflectances and transmittances can be readily
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represented as a product of individual matrices at each interface. In other words, the multilayer
structure can be regarded as an optical system with one input and one output port and a transfer
matrix can be assigned to the system which relates the incident and reflected waves at the input
port with the incident and reflected waves at the output port. This matrix method assumes a
multilayer structure composed of optically isotropic and homogeneous layers [56].

The transfer matrix method (TMM) predicts the behaviour of multilayer thin film structures
in a given configuration. Here we emphasize on scattering matrices obtained using the transfer
matrix method for the propagation of light as plane waves through a layered system. For a
homogeneous material, the TMM has an analytical form,

[
T
]

=

[
cos (nkd) − z

k sin (nkd)
z
k sin (nkd) cos (nkd)

]
(2.39)

where n is the refractive index of the medium, k is the propagation constant, and d is the
thickness of the medium. Writing in terms of the elements,

[
T
]

=

[
T11 T12

T21 T22

]
(2.40)

The scattering parameters (S-parameters) can be found from T matrix as follows [57].

S21 =
2

T11 + T22 + (ikT12 + T21/ik)
(2.41)

S11 =
T11 − T22 + (ikT12 − T21/ik)

T11 + T22 + (ikT12 + T21/ik)
(2.42)

S22 =
T22 − T11 + (ikT12 − T21/ik)

T11 + T22 + (ikT12 + T21/ik)
(2.43)

S11 =
2 det(T)

T11 + T22 + (ikT12 + T21/ik)
(2.44)

where S11 and S21 represent the reflection coefficient and transmission coefficient when the inci-
dent wave is applied at port 1 and S22 and S12 represent the reflection coefficient and transmission
coefficient when the incident wave is applied at port 2. This is depicted in Fig 2.10.

For homogeneous materials, S21 = S12 and S11 = S22. But for inhomogeneous materials, S11

and S22 are not the same. We find the effective refractive index from the equation (2.3)9 given
by

cos(nkd) =
1− S11S22 + S2

21

2S21
(2.45)

The S-parameters of a plane wave through an arbitrary multilayer stack using the analytic
transfer matrix method is obtained using a script command in Lumerical based on the transfer-
matrix-method called “stackrt”. For the multilayer stack, the metal is chosen as silver (Ag) and
dielectric as silica (SiO2). For the refractive index and the absorption of these materials, the
data reported by Johnson and Christy [50] and Palik [51] is used. The substrate is modelled
as glass whose refractive index is approximately 1.5 for a wide range of incident wavelengths.
The purpose of the substrate, in general, to hold the material components in place, and its exact
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Figure 2.10: S-parameter measurement on a metal-dielectric multilayer stack. S11 and S22 are
the reflection coefficients and S21 and S12 are the transmission coefficients when the incident
light hits on port 1 and port 2, respectively.

physical properties may also vary [58]. Fig 2.11 shows the magnitude of Sij parameters at normal
incidence for a homogeneous 80 nm bulk silver and a inhomogeneous 5-layer Ag-SiO2 multilayer
stack with fill fraction of the metal equal to 0.19. In a Ag-SiO2 multilayer stack, S11 represents
the reflection coefficient when the light is incident on the SiO2 layer. As we mentioned earlier,
we can see from the graphs that, for bulk silver S11 = S22 and for multilayer stack S11 6= S22.
The origin of the sharp peaks in the dispersion of the S-parameters of the Ag-SiO2 multilayer
stack is not immediately understood, but we believe it will not affect our retrieved permittivity
data.

Figure 2.11: Magnitude of Sij parameters for (a) 80 nm silver (b) Ag-SiO2 multilayer stack.

Using these S-parameters, we retrieved the effective permittivity of a composite structure
consisting of 5 bilayers of metal and dielectric with a filling fraction of 0.19. Fig 2.12 shows the
retrieved dielectric permittivity of the multilayer stack using TMM. The dielectric permittivity
calculated using EMT is also shown for comparison. Although a good agreement between EMT
and TMM can be seen in the figure, the approximation for EMT is not valid for smaller number
layers. Therefore, TMM is thought to be a more accurate model.
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Figure 2.12: Comparison of the dielectric permittivity of a Ag-SiO2 multilayer stack, with a
fill fraction ρ= 0.19, calculated using transfer matrix method (solid line) and effective medium
theory (dashed line).

2.4 Nonlinear optical properties of metal-dielectric stack

2.4.1 Nonlinear Optics - A brief Introduction

Nonlinear optics is a branch of optics which deals with the study of phenomena resulting from
changes in optical properties caused by high-intensity light like laser sources. As the name
“nonlinear” suggests, unlike linear optics, the macroscopic polarization magnitude ~P (t) is no

longer linearly proportional to the applied electric field amplitude ~E(t).
In linear optics,

~P (t) = ε0χ
(1) ~E(t), (2.46)

where, ε0 is the permittivity of the free space and χ(1) is the linear susceptibility.
In nonlinear optics, ~P (t) can be expressed as the power series in ~E(t).

~P (t) = ε0[χ(1) ~E(t) + χ(2) ~E2(t) + χ(3) ~E3(t) + ...] (2.47)

= ~P (1)(t) + ~P (2)(t) + ~P (3)(t) + ... (2.48)

where, χ(2) and χ(3) are second and third order nonlinear optical susceptibilities, respectively
[11].

In 1875, John Kerr showed that by the application of a strong DC field, the refractive index
in many solids and liquids can be altered. This is the first nonlinear effect observed which is later
known as the (DC) Kerr effect. Later in 1894, Friedrich Pockels reported a related effect, where
refractive index change is proportional to the electric field. This is now known as Pockels or
electro-optic effect. Pockels effect arises only in crystalline materials that lack centro-symmetry.
Shortly after the invention of the first laser by Maiman in 1960, Peter Franken and his coworkers
carried out the first nonlinear optical experiments using a laser in 1961. They observed the
second harmonic generation(SHG) of light in a quartz crystal using a ruby laser. This marked
the new era of the nonlinear optics field.

In the next section, a brief introduction to some of the nonlinear effects, which is of interest
in this work is given.
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2.4.2 Nonlinear Refraction

At high optical intensities, there is an intensity dependent change that occurs to a material’s
refractive index. This nonlinear index change plays a crucial role in many important nonlinear
optical phenomena. The refractive index of the materials due to nonlinearity can be described
by the relation,

n = n0 + n2I, (2.49)

where n2 is the intensity-dependent refractive index and I is the intensity. This change in the
refractive index is called the Kerr effect. The nonlinear susceptibility χ(3) is related to the
nonlinear refractive index n2 by,

n2 =
3

2n0Re(n0)ε0c
χ(3), (2.50)

where n0 is the linear refractive index.
One of the mechanisms caused by the intensity-dependent refractive index is self-focussing.

The self-focusing effect is illustrated in Fig 2.13. This occurs when an intense laser beam increases
the refractive index of the medium and thus causes the beam to come to a focus within the
material. Under these conditions, the material behaves like a positive lens. This effect can even
lead to the intensity at the focal spot of the self-focused beam becoming sufficient to create
optical damage within the material.

Figure 2.13: Schematic illustration of self-focusing of light.

The power of the laser beam is crucial in determining whether self-focusing will occur. Self-
focusing occurs if the radiation power is greater than the critical power for that material.

Pcr =
π(0.61)2λ2

0

8n0n2
, (2.51)

where λ0 is the vacuum wavelength of the laser source.
For P >> Pcr, this leads to the breakup of beam into components where each beam has an
approximate power of Pcr. This process is called filamentation and this occurs as a result of the
growth of imperfections of the laser wavefront by means of the amplification associated with the
forward four-wave mixing process.

The relationship between nonlinear susceptibility and nonlinear refractive index in the context
of metal-dielectric multilayer stacks will be different from that of equation (2.50), because the
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2.4 - Nonlinear optical properties of metal-dielectric stack

latter assumes a homogeneous medium. A theoretical analysis of the nonlinear susceptibility of
a composite material was performed by Boyd et al in 1994 [59]. Assuming that each component

of the composite structure has a third-order nonlinear susceptibility given by χ
(3)
m , for metal, and

χ
(3)
d , for dielectric, we can denote the effective nonlinear susceptibility of the composite as [59],

χ
(3)
eff =

ρχ(3)
m

|εm|2εm2 +
(1−ρ)χ(3)

d

|εd|2εd2

| ρ
εm

+ (1−ρ)
εd
|
2[ ρ
εm

+ (1−ρ)
εd

]2 . (2.52)

2.4.3 Multiphoton absorption

In addition to an intensity dependent change of the refractive index, sufficiently intense beams
can also induce nonlinear changes to absorption. Linear absorption occurs in semiconductors and
insulators if the photon energy is at least larger than the bandgap energy. But if the incident
intensity of the laser beam is high enough, it is possible to bridge the bandgap by simultaneous
absorption of two or more low energy photons. This occurs when the sum of the photon energies
of low energy photons is greater than bandgap energy. This phenomenon is called multiphoton
absorption and the nonlinear absorption coefficient is denoted by β. In the linear regime, the
absorption rate is proportional to the optical intensity, while in the multiphoton absorption
processes of order n, the absorption rate is proportional to the nth power of optical intensity.
This gives insight to how the absorption rate can be small for low intensities and can become
larger for high optical intensities [11]. The schematic of a two-photon absorption process is shown
in Fig 2.14.

Figure 2.14: Schematic illustration of two-photon absorption.

However, in some cases, high intensities of light can have the saturation of absorption instead.
This property of materials by which absorption decreases with the intensity of the radiation is
called saturable absorption. After the absorption of a photon by the atom, it requires a certain
time to return to its initial state. During this time gap atoms no longer absorbs light. In fact, if
the intensity is high enough, the entire medium can saturate. The consequence of this is to induce
a reduction in the absorption constant which is proportional to the pump intensity. Saturable
absorbers are used for passive mode locking, Q-switching, etc. The dependence of the measured
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2.4 - Nonlinear optical properties of metal-dielectric stack

absorption coefficient α on the intensity I of the incident laser is given by the expression

α =
α0

1 + I/Is
, (2.53)

where α0 is the low-intensity absorption coefficient, and Is is the saturation intensity [11].
We have seen the optical properties of the metal-dielectric multilayer stacks and their con-

stituent materials. In the next chapter, we will see the application of these theories in simulations
and experiments.
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Chapter 3

Modeling and Simulation

To determine the potential capabilities and fundamental limitations of any optical device, it is
necessary to perform simulations before the actual fabrication of the device. This allows us to
have a systematic method to design a structure for a specific application. We performed transfer
matrix method (TMM) simulations while varying the structural parameters in order to qualify
and quantify the linear optical properties of the device. TMM simulations return the scattering
parameters of a device and we wrote a retrieval code to extract the effective refractive index
from the S-parameters [57, 60]. We wrote a second level of the retrieval code to find an optimal
design for the fabrication. In this Matlab code, we varied the thickness of the metal and dielectric
layers and thus optimized the design parameters with minimal loss and with the epsilon-near-zero
crossing at a designated wavelength.

3.1 Retrieval of the material parameters using transfer
matrix method simulations

Following the steps described in section 2.3, the retrieved material parameters for a multilayer
stack are presented below. The retrieved material parameters of a bulk silver sample (80 nm
thick) and a multilayer stack composed of 5 alternating layers of Ag (16 nm thick) and SiO2(65 nm
thick) are shown in Fig 3.1. The parallel permittivity of the bulk Ag calculated at normal
incidence shows the Drude behaviour of the metal. For the multilayer stack, the zero crossing
wavelength is shifted to the red side of the spectrum with respect to the bulk Ag. The reason for
this shift is attributed by the presence of SiO2 layers alternately placed between the Ag layers.
This is a consequence of the multiple Bragg reflections created by the periodic arrangement of
the metal and dielectric layers. We also compared our results with the parameters obtained using
the effective medium theory. As shown in Fig (3.2), the results from the retrieval method (solid
line) differ considerably from the generalized effective medium theory (dotted line) results. This
discrepancy is expected because of the weaker validity of the approximations made in the effective
medium theory. For an Ag thickness of 16 nm and a SiO2 thickness of 65 nm, the number of
bilayers are 5. A better agreement between the TMM results and the effective medium results
are expected for large number of layers in the medium.
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3.2 - Design of the sample

Figure 3.1: εparallel for (a) a bulk Ag of 80 nm thick, (b) a multilayer stack consisting of 5
alternating layers of Ag and SiO2. The zero-crossing λ0 wavelength is also shown.

Figure 3.2: Comparison of EMT results with TMM results for the Ag-SiO2 multilayer sample
with a filling fraction of 0.2 for (a) εparallel (b) εperp calculated at 10◦ incident angle. The dotted
line represents EMT and solid line represents TMM.

3.2 Design of the sample

An advanced retrieval code is written to optimize the thickness of the metal and dielectric layer of
the multilayer stack which corresponds to a minimal loss. An advantage of the metal-dielectric
multilayer stack is its ability to tune the ENZ wavelength within the entire visible spectrum.
This tunability is achieved by changing the thickness of individual layers in the composite. Fig
3.3 shows the first step in the retrieval process towards optimizing the sample parameters.

The next step is to optimize the thickness of Ag and SiO2, considering the facts that loss
(imaginary part of permittivity) should be minimum and an ENZ wavelength within the range of
our applications. The extracted values of permittivities are used to calculate the ENZ wavelength.
The ENZ wavelength and losses are plotted as a function of the thickness of Ag in the x-axis and
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3.2 - Design of the sample

Figure 3.3: Steps in the retrieval process towards optimizing the thickness of the multilayer stack.
(a) Extracting εreal and εimag of the Ag-SiO2 multilayer stack for a given thickness of Ag and
SiO2. (b) Repeating the same step by sweeping over a wide range of thicknesses of Ag and SiO2.
The arrow indicates the increasing thickness direction.

the thickness of SiO2 in the y-axis. The colour map showed in Fig 3.4 serve as a guide chart,
from where we can pick the thickness of Ag and SiO2 for the fabrication. From this design chart,
the thickness of Ag is chosen to be 16 nm and thickness of SiO2 is chosen to be 65 nm. This
gives an ENZ wavelength of 509 nm with sufficiently low loss (Im ε) 0.2 to allow for practical
transmission measurements.

The electric field distribution within a bulk Ag of thickness 80 nm and a Ag-SiO2 multilayer
stack of overall thickness 405 nm is shown in Fig 3.5. Here the electric field is normalized to the
value of the incident electric field. In Ag-SiO2 multilayer stack, 80 nm bulk Ag is split into five
16 nm sublayers and embedded between 65 nm of SiO2 in a periodic fashion. As we can see,
the field distribution inside the metal has an exponential decay. By employing multiple Bragg
reflections, the field inside the Ag-SiO2 multilayer can be modified to allow more transmission.
If we look at the dispersion relation of metals, the modes would be evanescent. But for the
combined system, it supports the propagation of modes which would normally be evanescent,
and these modes travel in a preferred direction. This can be explained based on the coupling
to surface plasmons that exist on the metal-dielectric boundaries as light travels through the
sample [48].

The electric field distribution as a function of wavelength is calculated using TMM and shown
in Fig (3.6). An enhancement in the electric field is observed at the ENZ wavelength. This can
be explained based on the boundary conditions we discussed in subsection 2.2.2. The reason
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Figure 3.4: The ENZ wavelength and loss of a 5-layer Ag-SiO2 multilayer stack as a function of
thickness of Ag and SiO2. Note the tunability of ENZ wavelength in the entire visible spectrum.

Figure 3.5: Electric field distribution in (a) 80 nm bulk Ag (b) multilayer stack with Ag and
SiO2 layer thicknesses of 16 and 65 nm, respectively, at the ENZ wavelength.

for the magnitude of the electric field going beyond 1 is the back reflection. When light is
polarized perpendicular to the layers, the normal component of the D field is continuous at the
interfaces and can be written as, D⊥Ag−SiO2

= D⊥air. This yields the following relation for the field

components normal to the interface: E⊥Ag−SiO2
= E⊥air/εeff . In the ENZ regime, εeff approaches

zero and this results in a huge enhancement in the electric field. However, this is limited by the
non-vanishing imaginary part of the dielectric constant.
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3.3 - Anisotropic behaviour of the metal-dielectric stack

Figure 3.6: Electric field distribution of the Ag-SiO2 multilayer stack as a function of wavelength.
Note the electric field enhancement at λ0.

3.3 Anisotropic behaviour of the metal-dielectric stack

An anisotropic material is a class of material in which one of the components of the dielectric
permittivity tensor has different values in different directions. A multilayer consisting of alter-
nating layers of metal and dielectric gives rise to extreme anisotropy. Even though each layer
can be described by a homogeneous and isotropic permittivity parameters, when the layers are
of sub-wavelength thickness, we can treat the whole system as a single anisotropic medium with
an effective dielectric permittivity. Since the device is anisotropic, the retrieved permittivities
also depend on the polarization of the electric field for oblique incident angles. Here we study
the cases when the electric field is polarized parallel (p) and perpendicular (s) to the z-axis of
the sample for oblique angles of incidence. At normal incidence, the permittivity in parallel
and perpendicular directions are the same but for non-normal incidences, it will change. This is
depicted in Fig (3.7). We have shown that, for the non-normal incidence of light, for different
polarizations, we have λ0(p) different from that of λ0(s) confirming the anisotropy of the sample.
In this case, λ0(p) =1.6 × λ0(s), substantiating the type of anisotropy present in the sample is
Type 1 anisotropy, where Type 1 anisotropy is defined as the condition when εp > 0 and εs <0
in the zero crossing wavelength range [61]. In s polarization, as the incident angle changes, the
zero crossing wavelength λ0 remains the same as in normal incidence case. At the same time,
for p polarization, λ0 undergoes a shift to the higher wavelength side as we increase the angle
of incidence as shown in Fig 3.8. This is another demonstration of the strong anisotropy in the
metal-dielectric multilayer sample.

The electric field distribution is calculated as a function of incident angle for both polar-
izations. Since the sample is anisotropic, the electric field distribution will be different for s
and p polarizations. In s polarization, we can see that the enhancement in the electric field is
maximum around λ0(s)= 508 nm for all angles of incidence. But for p polarization, the electric
field enhancement shifts to higher wavelength side confirming the results shown in Fig 3.8. This
is illustrated in Fig 3.9 for both s and p polarizations.
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3.4 - Transmission and reflection simulations

Figure 3.7: Permittivity of the Ag-SiO2 multilayer stack for parallel (p) and perpendicular (s)
polarizations (a) at normal incidence (b) at an oblique angle of incidence (10◦).

Figure 3.8: Shift in λ0(p) of the Ag-SiO2 multilayer stack for different angles of incidence for p
polarized light.

3.4 Transmission and reflection simulations

We study theoretically the linear transmission and reflection of the multilayer stack using TMM
simulations. Two sets of simulations are done for a plane wave that was polarized parallel
and perpendicular to the layers in the composite. Also, the simulations are done for various
angles of incidence. As a first step, a Ag-SiO2 multilayer stack is modelled based on the Ag
and SiO2 dielectric data according to Johnson and Christy [50] and Palik [51], respectively. An
illustration of the plane wave incident on a Ag-SiO2 multilayer stack is shown in Fig (3.10).
When light is coming at normal incidence, the transmission and reflection in both parallel (p)
and perpendicular (s) polarizations will remain the same. Fig 3.11 displays the transmission
and reflection of the multilayer stack at normal incidence and Fig (3.12) shows the transmission
and reflection at oblique incidence for both s and p polarizations. The sample’s reflectance and
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Figure 3.9: Electric field enhancement of the Ag-SiO2 multilayer stack as a function of angle for
(a)s polarization (b) p polarization.

Figure 3.10: An illustration of a plane wave incidence on a Ag-SiO2 multilayer stack (a) When
light is polarized perpendicular to the layers (b) when light is polarized parallel to the layers (c)
When light is coming at an oblique angle of incidence.

transmittance spectra in s and p polarization was calculated as the function of the incidence angle
is shown in Fig 3.12 (a) to (d). As we can see from the figure, the transmission goes down for
longer wavelengths while reflection goes up. This is because, at higher wavelengths the metallic
property dominates in the metal-dielectric composites. For s polarization, transmission and
reflection do not change considerably as a function of angle of incidence, while in p polarization,
a considerable change is observed. This is consistent with the simulation results for electric field
enhancement depicted in Fig 3.9.
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3.4 - Transmission and reflection simulations

Figure 3.11: Transmission and reflection of the Ag-SiO2 multilayer stack extracted from TMM
simulations at normal incidence.

Figure 3.12: Transmission and reflection spectra of the Ag-SiO2 multilayer stack calculated
using TMM simulations for various angles of incidence for both s (a and c) and p (b and d)
polarizations.
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Chapter 4

Optical characterization of
metal-dielectric composites

In this chapter, we provide a brief overview of the techniques we used to characterize our metal-
dielectric multilayer sample. The working principles and theory are explained in detail.

4.1 Fabrication of metal-dielectric multilayer stacks

The design of the metal-dielectric multilayer stack using transfer matrix method was discussed
in previous chapter. Having established a design for the Ag-SiO2 multilayer stack that has both
a desired epsilon-zero-crossing and a small amount of loss, we investigate fabricating a practical
device and designing an experiment for its characterization.

The sample was fabricated using an e-beam evaporation technique. Electron beam evapora-
tion technique is a form of physical vapour deposition method in which the target material to
be used to be deposited on the substrate is bombarded with an electron beam from a charged
tungsten filament. The electron beam evaporates and converts the target material to a gaseous
state for deposition on the material to be coated. The atoms or molecules in the gaseous state
then precipitate and form a thin film coating on the substrate. The whole process is taking place
in a high vacuum chamber. Starting with a 1.1 mm thick microscopic glass slide as the substrate,
Ag films and SiO2 films were deposited with a Angstrom Nexdep Series Thermal/Electron Beam
Evaporator. This evaporator offers automated vacuum operations and deposition rate control
and has the capability to uniformly deposit across a large target area. The deposition rates of Ag
and SiO2 layers were 1 �A/s. The Scanning electron microscopy (SEM) image of the fabricated
sample is shown in Fig 4.1. The top layer of the Ag-SiO2 multilayer stack, which is in contact
with air, is the SiO2 layer. This is done in order to prevent the oxidation that might happen to
the Ag layer when exposed to air. A close examination of the top layer of the sample is done
and ensured surface uniformity.

4.2 Linear characterization

In this section, we briefly explain different experimental techniques we used for the linear char-
acterization of our multilayer stack.
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Figure 4.1: Scanning electron microscopy image of the Ag-SiO2 multilayer stack. There are a
total of 5 bilayers of Ag (bright) and SiO2 (dark). The top layer is SiO2 to prevent the oxidation
of Ag when exposed to air.

4.2.1 Spectroscopic ellipsometry

Spectroscopic ellipsometry is a widely used optical metrology technique for determining the thin
film thickness and optical constants (n, k). The ellipsometer does not measure the refractive
index directly; instead, it measures the change in polarization of the light as it is reflected from
the surface of a film or stack of films. These data are very useful and can be used to extract
many pieces of information from the sample under investigation. The mathematical theory for
ellipsometric analysis is based on the Fresnel reflection or transmission equations for polarized
light encountering boundaries in planar multilayered materials. If the refractive index of the
film is known, we can calculate the film thickness and vice versa. The same is applicable to the
multilayer structures. If we know the thickness of each layer, we can calculate the effective index
of the stack considering it as an effective medium. The procedure for the ellipsometry method
is as follows [62].

• The ellipsometric angles Ψ and ∆ as a function of wavelength are collected.

• A model of the sample to determine the sample parameters is created.

• Once the model is built, the calculated data is fitted to the experimental data and the
best-fit is determined.

• The best-fit model is then evaluated and make sure the predictive model is physically
reasonable and whether the different parameters are unique and are not correlated.

The fundamental equation of ellipsometry is given by

ρ = tan(Ψ) exp i∆, (4.1)

where Ψ and ∆ are the measured ellipsometric parameters and ρ is the ratio of Fresnel reflection
coefficients of the p and s polarization of the incident light, respectively.

We tried to determine the permittivity of the layered metal-dielectric composite using a
Horiba JOBINYVON Spectroscopic Ellipsometer. It is necessary to create a model of the sample
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to determine the sample parameters. Since our sample contains both metal and dielectric, we
created a Drude-Lorentz model to fit the experimental results which take into account both the
metal and dielectric properties. Once the model is built, the calculated data must be fitted to
the experimental data and the best match between the two sets has to be found.

One of the potential problems that can arise when dealing with the layered metal-dielectric
composite structures is, the accuracy reduces as the number of layers increases. Since our sample
has five bilayers, this can turn out to be a problem. For a fully transparent sample, the refractive
index and thickness can be simultaneously determined, but if the sample has some absorption,
then the solution matching the change in polarization to the thickness and the refractive index
will not be unique. The Horiba Spectrometer we used for the measurement is a fixed-angle
ellipsometer. Since our metal-dielectric stack is an anisotropic sample, the need for angular
dependence measurements seems to be very crucial in this case. Taking into account of these
potential problems, a supplemental linear characterization technique is also required to arrive at
a unique solution.
Another approach: Modelling in ellipsometry becomes tricky when we have complex samples.
Knowing this fact we tried another method. We relied upon ellipsometry only to collect the
primary data Ψ and ∆. Then we used these values to extract the real and imaginary part of the
refractive index without going into the process of modelling. This method is referred to as the
direct inversion method. The details of this method are given in the appendix. The refractive
index values calculated using the direct inversion method were not in agreement with the effective
medium theory and hence this method is ruled out. This method needs a lot of computation
time and advanced simulation routine for dealing anisotropic inhomogeneous multilayer samples.

4.2.2 Transmittance and reflectance

The transmittance of the sample was measured using an Ocean optics spectrophotometer. We
used a super-continuum laser as the light source. In this method, a beam with a wavelength
ranging from UV to NIR passes through the sample. The sample absorbs this radiation. The
amount of radiation that is absorbed depends on the sample properties. When radiation is
absorbed by the sample, the energy of the atoms in the sample increases and a spectrum is
obtained. Transmission measurements were done for a few sets of incidence angles. The sample
is placed in a rotation stage. The technique we used to to derive effective parameters is based on
the simulated or measured reflection and transmission coefficients of the metal-dielectric stack.
We assumed the stack to be a homogeneous medium with complex permittivity. By inverting
the analytical expressions for R and T, one can solve for the refractive index and the impedance.
Then, this data can be used to calculate the permittivity of the multilayer stack [63]. A schematic
diagram of both linear characterizations is shown in Fig 4.2.

4.3 Nonlinear characterization: Z-scan technique

4.3.1 An overview of the technique

Z-scan technique is a single beam spectroscopic technique used to measure both the two-photon
absorption coefficient and the nonlinear refractive index in samples [64]. The transmittance of
the beam through the sample before and after the focal position is recorded in the far-field as
a function of the position z. There are two types of measurement techniques, one is the open-
aperture method and other is the closed-aperture method. In the open-aperture method, the
entire transmitted beam is collected. This method is only sensitive to the nonlinear absorption
and is used to obtain the nonlinear absorption coefficient, β. This can be used to extract the
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Figure 4.2: Linear characterization techniques (a) Ellipsometry (b) Spectroscopy

imaginary part of χ(3). The closed-aperture method is sensitive to both nonlinear refraction
and nonlinear absorption. Hence it is necessary to first extract the imaginary part of the phase
shift from the open-aperture scan for calculating the real phase shift from the closed-aperture
scan. Before the actual nonlinear characterization of our metal-dielectric multilayer stack, the
experimental setup need to be calibrated with known samples such as carbon-disulphide (CS2)
or fused silica. The configuration of the Z-scan setup is shown in Fig 4.3.

Figure 4.3: Schematic diagram of a Z-scan technique. BS is a beamsplitter, L is a focusing lens,
D1 is a reference detector and D2 is a probe detector. The sample moves between -z to +z
position in a translation stage. A is an aperture for the closed-aperture measurements.

The nonlinear absorption coefficient β can be determined directly from the open-aperture
measurements. In the open-aperture measurements, the aperture is removed and the total trans-
mittance is collected using a lens. By measuring the whole signal, the beam small distortions
become insignificant which makes the measurement insensitive to beam size variations due to
nonlinear refraction. Thus, the measured transmittance is then independent of the nonlinear re-
fraction and only dependent on the nonlinear absorption. For a Gaussian beam, the normalized
transmittance is given by

TOA(z) = 1− ∆Ψ

1 + x2
, (4.2)

where x = z/z0 and z0 is the Rayleigh length, and ∆Ψ = 1
2
√

2
βI0Leff .
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The transmission data collected from the open-aperture detector when plotted against the
position depicts a valley or peak symmetric around the focus. The multi-photon absorption
suppresses the peak and enhances the valley, while saturation produces the opposite effect [64].

In the closed-aperture measurement, only a small part of the intensity transmitted through
the sample is collected. Thus, the variations in the transmission correspond to both nonlinear
absorption and self-focusing or defocusing caused by the nonlinear refraction. When the sample
is moved along the z-axis, the sample acts as a lens of variable focal length. The shape of the
graph for a closed-aperture scan is different for material with negative and positive nonlinear
refractive index. Let us consider a sample with negative nonlinear refractive index. When the
sample is far from the focus, the laser intensity will be low and the sample exhibits a very small
nonlinear refractive index. As the sample comes closer to the focus, it acts as a negative lens
and starts collimating the beam. Thus, it has a smaller spot size at the aperture which results
in higher transmittance through the aperture. This effect increases as we move closer and closer
to the focus and maximum transmittance will occur just in front of the focus. As we continue
to move the sample forward past the focus, the beam starts diverging because of the negative
lensing and hence, the transmittance keeps on decreasing as we move farther and farther from
the focus. Thus the overall graph looks like a peak followed by a valley for negative refractive
index materials. For a positive refractive index materials, the graph is inverted, valley followed
by a peak. The direct impact of this is, by looking at the shape of the graph we know the sign
of the nonlinear refractive index. Fig 4.4 shows the closed-aperture signal for a sample with a
positive and negative nonlinear refractive index [65].

Figure 4.4: A representative closed-aperture Z-scan signal showing both positive (dotted line)
and negative (solid line) nonlinear refractive index.

In most cases the closed-aperture Z-scan signal is actually a combination of the nonlinear
refraction and nonlinear absorption. This implies that the nonlinear refraction will not occur on
its own, but along with the nonlinear absorption. Therefore, we need both closed- and open-
aperture signals to extract the nonlinear refraction. However, the open-aperture signal, which
measures the total transmittance of the sample, is independent of the nonlinear refraction and is
only dependent on the nonlinear absorption. There is a common practice of dividing the closed-
aperture signal with the open-aperture signal to obtain the nonlinear refraction. This is primarily
based on the approximation discussed by Sheik Bahae et al. that Z-scan is not dominated by the
nonlinear absorption. Fig 4.5 is an example of this division process [65]. This simple division
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gives a curve that closely approximates what would be obtained with a closed-aperture Z-scan
signal on a material having the same nonlinear refractive index but no nonlinear absorption. For
a Gaussian beam, the normalized change in transmittance is given by

TCA = 1 +
4(z/z0)∆Φ

(1 + (z/z0)2)(9 + (z/z0)2)
(4.3)

where ∆Φ is defined as the real part of nonlinear phase shift given by ∆Φ= (1-S)0.25 k n2I0Leff .
These equations are explained in detail in the next section.

Figure 4.5: Representative Z-scan signals (A) a closed-aperture signal, (B) an open-aperture
signal, (C) division of a closed-aperture signal with an open-aperture signal.

4.3.2 Z-scan theory

In this section, we will discuss the theory of the Z-scan technique. Any assumptions and sim-
plifications we used in deriving the Z-scan equations are taken from the pioneer work by Sheik
Bahae et al. [64, 66].

Nonlinear refraction: The primary assumption for explaining the Z-scan theory is, the
incident beam interacting with the matter is described as a linearly polarized Gaussian electric
field. Then the equation for finding the nonlinear refraction from the Z-scan data will be derived
from the properties of Gaussian beam as a function of sample position, the phase shift introduced
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by the sample, the propagation of Gaussian beam through free space up to the aperture, and the
transmittance of the beam through the aperture. The electric field of the Gaussian beam can be
expressed as

E(r, t, z) = E0(t)
w0

w(z)
exp(− r2

w2(z)
− ikr2

2R(z)
)e−iφ(z,t), (4.4)

where z is the distance from the waist and w0 is the beam waist radius in the focal plane. E0(t)
contains the temporal envelope of the laser pulse and denotes the electric field at the waist.
The beam radius w(z) can be expressed as a function of position through the relation,

w(z) =

√
w2

0

(
1 +

z2

z2
0

)
, (4.5)

and the radius of curvature R(z) can be explained as

R(z) = z

(
1 +

z2

z2
0

)
. (4.6)

The Rayleigh length or the diffraction length of the beam is given by

z0 = kw2
0/2, (4.7)

where k = 2π/λ.
The term e−iφ(z,t) in equation (4.4) contains all the radially uniform phase variations. As we

are only concerned about radial phase variations ∆Φ(r), the slowly varying envelope approxima-
tion (SVEA) applies, and all other phase changes that are uniform in r are ignored. Therefore,
e−iφ(z,t) is omitted from following analysis of the Z-scan theory. The SVEA assumes that the
magnitude and phase of the forward travelling wave amplitude vary slowly in space and time
compared to the entire optical wavelength and period respectively. If the sample length is small
enough such that changes in the beam diameter within the sample due to either diffraction or
nonlinear refraction can be neglected, the medium is regarded as thin. In the thin film approxi-
mation, the sample thickness is regarded as smaller than the diffraction length (L < z0). These
approximations allow one to neglect the changes in the beam diameter within the sample due
to the linear diffraction and nonlinear refraction. So this allows the laser-sample interaction to
happen only at one position rather than spreading through the entire interaction region. By
satisfying these conditions we can treat the self refraction effect as ‘external self action’. For
linear diffraction, this condition is shown as L << z0, while for nonlinear refraction, it will be
L << z0/∆Φ0. In most Z-scan experiments, the condition for nonlinear refraction is found to be
automatically satisfied since the value of ∆Φ is small. Under these assumptions, the amplitude
and nonlinear phase change ∆Φ of the electric field within the sample are now governed by
equations,

d∆Φ

dz′
= ∆n(I)k (4.8)

dI

dz′
= −α(I)I, (4.9)

where z′ is the propagation depth in the sample and α(I) includes linear and nonlinear absorption
terms. If we are considering only the cubic nonlinearity and if the nonlinear absorption is
negligible, the solution of the differential equations (4.8) and (4.9) gives us the phase shift ∆Φ
at the exit surface of the sample. It follows the radial variation of the incident radiation as a
function of the position z of the sample, given by

∆Φ(z, r, t) = ∆Φ0(z, t) exp

(
− 2r2

w2(z)

)
, (4.10)
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where

∆Φ0(z, t) =
∆Φ0(t)

1 + z2

z20

, (4.11)

where ∆Φ0(t) is the on-axis phase shift at the focus, given by

∆Φ0(t) = k∆n0(t)Leff , (4.12)

where Leff is the effective length and ∆n0 = n2I0(t) with I0(t) as the on-axis intensity at the
focus (z=0) since we ignored the fresnel reflection losses. The electric field distribution exiting
from the sample including the nonlinear phase distortion is given by

Ee(r, z, t) = E(z, r, t)e−αL/2ei∆Φ(z,r,t). (4.13)

By using this complex electric field exiting from the sample, we can deduce the far-field pattern
of the beam at the aperture using Huygen’s principle by performing a zeroth-order Hankel trans-
formation of Ee. Rather than performing this complicated procedure, a simpler approach to
this is the Gaussian decomposition (GD) method. In the GD method, the complex electric field
at the exit plane of the sample is decomposed into a summation of Gaussian beams through a
Taylor series expansion of the nonlinear phase term. In this approach, only small phase changes
are considered, which implies that only the first few terms of the Taylor expansion need to be
considered. The Taylor series expansion of the nonlinear phase shift, ei∆Φ(z,r,t), is given by

ei∆Φ(z,r,t) =

∞∑
m=0

i∆Φ0(z, t)
m

m!
e−2mr2/w2(z). (4.14)

Here, each Gaussian beam is propagated individually to the aperture plane and there they
resummed to reconstruct the beam. By taking into account the initial beam curvature for the
focussed beam, the resultant field pattern at the aperture is given by

Ea(r, t) = E(z, r = 0, t)e−αL/2
∞∑
m=0

[i∆Φ0(z, t)]m

m!

wm0

wm
. exp

(
− r2

w2
m

− ikr2

2Rm
+ iθm

)
. (4.15)

If we are considering d as the propagation distance in the free space from the sample to the
aperture, terms in equation (4.15) can be expressed as the following.

w2
m0 =

w2(z)

2m+ 1
(4.16)

w2
m = w2

m0

[
g2 +

d2

d2
m

]
, (4.17)

where g = 1 + d/R(z), and R(z) is the radius of curvature.

Rm = d

[
1− g

g2 + d2/d2
m

]−1

(4.18)

θm = tan−1

[
d/dm
g

]
(4.19)

dm =
kw2

m0

2
(4.20)
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By spatially integrating equation (4.15) up to the aperture radius, we can calculate the power
through the aperture. By including a temporal variation of the pulse, the normalized closed-
aperture Z-scan transmittance can be obtained as,

T (z) =

∫∞
−∞ PT (∆Φ0(t))dt

S
∫∞
−∞ Pi(t)dt

, (4.21)

where Pi(t) is the instantaneous input power given by

Pi(t) = πw2
0I0(t)/2 (4.22)

and S is the linear transmittance through the aperture given by

S = 1− exp(−2r2
a/w

2
a) (4.23)

An important thing to consider here is that unless the far field condition for the aperture
plane is satisfied, i.e., d >> z0, for a given ∆Φ0, the magnitude and shape of T(z) does not
depend on the wavelength or geometry. The S term in equation (4.23) plays an important role
since large aperture reduces the variations in T(z). For very large aperture or no aperture (i.e,
S=1), the variations in T(z) disappear and the value of T(z) becomes 1 independent of the z
position or ∆Φ0. There is an easily measurable quantity called ∆Tp−v, which is the difference
between the peak and valley in the transmittance curve of the closed-aperture Z-scan signal as
shown in Fig 4.6. The variation of ∆Tp−v as a function of |∆Φ0|, for different aperture sizes
are done by Sheik Bahae etal, and found that dependence is almost linear. Also this value is
not dependent on the laser wavelength or geometry. This dependence is described within a 2%
accuracy as

∆Tp−v ≈ 0.406(1− S)
0.25|∆Φ0|, (4.24)

for |∆Φ0| ≤ π.
In terms of the z position, this can be denoted as ∆Zp−v ≈ 1.7z0. This equation (4.24) can
directly be used to calculate the nonlinear refractive index with good accuracy. We can deduce
similar equations for higher order nonlinearities also. For example, for the fifth order nonlinearity,
the equation for ∆Tp−v is given by

∆Tp−v ≈ 0.21(1− S)
0.25|∆Φ0|, (4.25)

or in terms of the z-position ∆Zp−v ≈ 0.21z0.

Nonlinear absorption : All we discussed above is the closed-aperture Z-scan measurements
for extracting the nonlinear refractive index. Now for the open-aperture measurements, we
removed the aperture and the whole transmitted light is collected. By doing so, the Z-scan
signal will become insensitive to the nonlinear refraction and now it is only a function of the
nonlinear absorption. We gets an open-aperture signal that is symmetric around the focus,
where there is a minimum transmittance in case of the multi-photon absorption and a maximum
transmittance in case of the saturation of absorption. Here we are taking into account of the two-
photon absorption. This gives an insight that it is still the third-order nonlinear susceptibility
which governs the nonlinear absorption. The complex third order susceptibility is given by

χ(3) = χ
(3)
R + iχ

(3)
i , (4.26)

where the imaginary part of susceptibility χ
(3)
i is related to the absorption coefficient β by the

relation,

χ
(3)
i =

n2
0ε0c

2

ω
β, (4.27)
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Figure 4.6: An example of peak to valley ∆Tp−v calculation in a closed-aperture Z-scan signal

where ω is the optical frequency.

Similarly the real part of susceptibility χ
(3)
R is related to the nonlinear refractive index n2 by the

relation,

χ
(3)
R = 2n2

0ε0cn2 (4.28)

Here we are concerned only with the low excitation effects where the free carrier effects (refractive
and absorptive) are neglected. In light of these approximations equations (4.8) and (4.9) can be
reexamined with following substitution,

α(I) = α+ βI (4.29)

This leads to the irradiance distribution and phase shift at the exit surface of the sample given
by

Ie(z, r, t) =
I(z, r, t)e−αL

1 + q(z, r, t)
(4.30)

∆Φ(z, r, t) =
kγ

β
ln[1 + q(z, r, t)], (4.31)

where q(z, r, t) = βI(z, r, t)Leff and Leff is the effective length of the sample. After solving a
series of equations and assuming a Gaussian pulse, we will arrive at the final equation for the
normalized transmittance of the sample from the open-aperture Z-scan measurement. This is
given by

T (z) =

∞∑
m=0

[−q0(z)]
m

(m+ 1)
3/2

, (4.32)

where q0 is defined as,

q0 =
βI0Leff

1 + z2

z20

. (4.33)

The nonlinear absorption coefficient, β, can be determined by fitting this function in equation
(4.32) to the transmittance data obtained from the Z-scan signal in the open-aperture mode.
After obtaining β, n2 can be determined from the closed-aperture Z-scan signal.
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Chapter 5

Experiment and methods

An accurate technique for determining the film thickness and optical constants is important for
the complete characterization of the sample. In this chapter, we will explain the linear and
nonlinear experimental characterization techniques we adopted for the characterization of the
metal-dielectric multilayer stack.

5.1 Linear measurements

The effective medium approximation (EMA) has been widely applied to model the effect of a
solid sample with surface roughness in spectroscopic ellipsometry (SE). There are two specific
cases to utilize the EMA model. One is utilizing the EMA model to perform the inversion of
the optical constants of solid samples from the SE measurements. Another is utilizing the EMA
model to estimate the thickness of the rough layer at the solid surface from the SE measurements
under the condition in which the optical constants of the samples are known.

5.1.1 Ellipsometric measurements

The linear permittivities of the samples were measured by spectroscopic ellipsometry using a
Horiba Spectroscopic ellipsometer. First, we measured the refractive index of a single 16 nm
thick Ag film. To avoid the oxidationof Ag layers, we deposited a 40 nm thick layer of SiO2 on
top of the 16 nm Ag. Generally, if the thickness of the thin film is known, ellipsometry can be
used to calculate the refractive index as a function of wavelength. If the sample is completely
transparent, the refractive index is purely real. However, if the sample has some absorption,
the refractive index becomes complex and it could be difficult to calculate the refractive index
and thickness simultaneously [67]. In our case, the silver sample is only 16 nm thick, which is
thin enough to be transparent. So we have to take into account the precise thickness of the
sample. If the thickness of the thin layer is not precisely known, this introduces two additional
unknowns into the analysis. For samples with a thickness much greater than the skin depth, the
light does not pass through the back interface of the film since the sample is thick enough to
be opaque. This will make things simpler because now we only have to take into account the
top surface reflections and thus the sample can be considered as infinitely thick. The substrate
used for depositing all samples intended for nonlinear characterization is a standard microscopic
glass slide. However, ellipsometric measurements using transparent substrates are less accurate
compared to those deposited on silicon wafer substrates. So we made some additional samples
with the substrate as silicon wafer for ellipsometric analysis.
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5.1 - Linear measurements

The permittivity of the 16 nm silver film was fitted to the Drude model. For the capping
layer of 40 nm SiO2, a Lorentz model is used. The permittivity data of silver extracted from
ellipsometry is shown in Fig 5.1. A comparison of the ellipsometry data with the simulation is

Figure 5.1: Measured permittivity of 16 nm of Ag using the ellipsometer (blue). Simulation
using TMM is also plotted (red).

also shown in Fig 5.1. The measured permittivity matches with the permittivity extracted by
TMM simulations at smaller wavelengths and shows some discrepancy at the higher wavelength
region. This variation in the permittivity values could be attributed in part to varying densities
of the Ag films from that of the literature values [50].

Unlike a single Ag film, the data analysis become more complicated when we measure the
multilayer sample. Accuracy will be lost as the number of layers increases. Also, the Horiba
Spectrometer is a fixed-angle ellipsometer. Variable angle spectroscopic ellipsometry (VASE)
performs the above measurement as a function of both wavelength and angle of incidence. Adding
multiple angles to spectroscopic capability provides new information because of the different
optical path lengths traversed, and it optimizes sensitivity to the unknown parameters. Using a
fixed-angle ellipsometer makes it difficult to find the unique solution of an anisotropic sample.
VASE is mostly preferred for optically anisotropic samples. In our case, we have overall 10
layers of metals and dielectrics periodically stacked over a glass substrate and the sample is
highly anisotropic. All these factors combine to make the analysis of ellipsometric measurements
impractical to use as a linear characterization technique. If the model does not adequately
represent the true sample structure, then the parameters extracted from the model will not be
physically reasonable [68].
In this case, supplemental data such as transmittance or reflectance would be needed to arrive
at a unique solution. The measured ellipsometric parameters ψ and ∆ are plotted in Fig 5.2
(a) for an incident angle of 70◦ (which is the default angle in the ellipsometer we used for the
measurement), and the extracted permittivity plots are shown in Fig 5.2 (b). The permittivity
of the Ag-SiO2 multilayer sample is modelled using a Drude-Lorentz model with additional
anisotropic features. Fig 5.2 (a) shows that the ψ and ∆ fit are almost in good agreement
with experimental data; however, the dispersion model we obtained from the fit gives unrealistic
values like negative values for imaginary permittivity. What this means is that even if a good
fit is obtained with sensitivity to all fit parameters, not all the parameters will necessarily have
been uniquely determined with physically reasonable values.
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Figure 5.2: (a) The measured ellipsometric parameters ψ and ∆ of the Ag-SiO2 multilayer sample
for 70◦ incident angle as a function of the photon energy. (b) The extracted permittivity of the
multilayer sample using a Drude-Lorentz model (these results are unphysical and thus cannot be
used).

Fig 5.2 (a) shows that the ψ and ∆ fits are agreeing well with the collected data, but Fig 5.2
(b) shows that the derived permittivity from the Drude-Lorentz model shows some unrealistic
values like a negative loss. Even though the real part of permittivity crosses zero at 550 nm, it
may not be the actual zero-crossing wavelength because the imaginary part is not in agreement
with the model. What this means is that even if a good fit is obtained with sensitivity to all fit
parameters, not all the parameters will necessarily have been uniquely determined. For isotropic
samples with only a few layers, this fixed angle ellipsometry can be a very reliable tool. Metal-
dielectric multilayer samples are a complex scenario which can only be modelled using a variable
angle spectroscopic ellipsometry. Variable angle spectroscopic ellipsometry has the advantage
over fixed angle measurements in that, it acquires large amounts of data and can be optimized
for particular film thicknesses or optical parameters. So we ruled out the ellipsometry method
as a linear characterization technique for the metal-dielectric stack and hence we turned to a
different procedure.

5.1.2 Determination of permittivity of the metal-dielectric stack from
transmission measurements

To characterize the linear properties of the metal-dielectric stack we built a simple setup for the
measurement of the transmission. A super-continuum source covering the visible-NIR spectrum
was collimated with an objective lens, with controlled polarization. The transmitted beam from
the sample were then focused on the tip of a multimode fibre and analyzed with a Ocean Optics
spectrometer. The measurements were done for various angles of incidence for both polariza-
tions. A reference signal is recorded by collecting the spectra from the super-continuum source
without any sample. The normalized transmittance is then calculated by dividing the measured
transmittance from the sample by the reference signal. The data were then used to retrieve the
effective complex permittivity of the multilayer sample. The experimental transmission spectrum
were compared with those calculated with the TMM simulation. The results are shown in the
next chapter.
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5.2 Nonlinear measurements

5.2.1 Experimental setup

We have explained in section 4.3 about the Z-scan theory and derived the equations used for
fitting the Z-scan signals. Now we discuss the experimental setup and the functionalities of the
major components in the setup. Fig 5.3 shows the schematic diagram of the complete experiment
setup.

Figure 5.3: Schematic diagram for the Z-scan experimental setup.

The Z-scan measurements were done using laser pulses with a repetition rate of 50 Hz and a
pulse duration of 28 ps from an EKSPLA optical parametric generator (OPG). A PL2230 Series
picosecond EKSPLA laser is used to provide the 355 nm pump beam for the pulse generation
inside the OPG. The pulse from the OPG is first sent through a half-wave plate. Half-wave plates
are typically used as polarization rotators. We are using achromatic half-wave plates with AR
coatings. The half-wave plate is mounted on a motorized rotation stage so that it can be used
as a continuously adjustable polarization rotator. Then the beam passes through a polarizer.
Here we are using a Glan Taylor polarizer, that is known for producing extremely pure linear
polarization with an extinction ratio greater than 100,000:1. When we use a half-wave plate in
conjunction with a polarizer, the combination act as a power controller for the total setup. The
theory of the operation is based on Malus law [69]. The intensity of the linearly polarized light
passes through a polarizer given by

I = I0 cos(2θ), (5.1)

where I0 is the input intensity and θ is the angle between the direction of polarization and the
axis of the polarizer. Since the half-wave plate is mounted on a rotation stage, it enables the
continuous rotation of the polarization direction of the linearly polarized light. If we are rotating
the half-wave plate by an angle φ, the polarization will rotate by an angle 2φ, where φ is known
as the azimuth of the half-wave plate. By a 45◦ rotation, we can achieve a complete attenuation
range.

Next, the beam is spatially filtered using a lens-pinhole combination. Spatial filtering, also
known as mode cleaning, is an important part of the laser experiments that rely on Gaussian
optics. As the name suggests, it is used to clean up the beam. The necessity of this arises
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from the fact that lasers will not produce pure Gaussian beams as output all the time. The
spatial filter part consists of a lens or a microscopic objective and a pinhole aperture with a
positioning mechanism with precision in x-, y-, and z-axes. A pinhole is placed at the focal point
of the lens after careful calculation of the beam spot size and the pinhole aperture size. The
precise adjustments can be done using a positioning mechanism along with the pinhole. Now
the “unclean” (multimode) Gaussian beam passes through the filtering part and only the central
maximum of diffraction pattern will come out on the other side. Thus the unwanted multiple
order energy peaks, the scattered light produced either by dust or other imperfections on the
optical components, will all get removed and we will get a beam without any spatial distortion.

In the next step, this spatially filtered Gaussian beam is focused on the sample by a lens.
Here we used a diffraction-limited, high precision aspheric lens of focal length 100 mm. This
provides us with diffraction-limited performance for on-axis beam focusing and collimation. The
spot size of the focused beam and Rayleigh range is calculated and made sure that the sample
is satisfying the thin-film approximation as per our theory ( L < z0).

The most important part of the Z-scan setup is the translation stage. The sample is translated
along the z-direction (optical axis) across the focal point. We used a 25 mm automated translation
stage to serve this purpose. By using an automated translation stage, the sample movement can
be done with precision and we can eliminate the conventional problems such as misalignment and
vibrations while moving the sample. After the translation stage, we used a beam splitter to split
the beam into two. The reflected beam from beam splitter is sent to the open-aperture detector
and transmitted beam is sent to the closed-aperture detector, respectively. The beam splitters
we used in this experiment are Pellicle beamsplitters which are especially good for minimizing
chromatic dispersion and good at eliminating ghosting. A lens is placed before the open-aperture
detector to collect all the transmitted light from the sample to measure the nonlinear absorption
and a pinhole is placed in front of the closed-aperture detector to collect only the central part of
the beam in order to obtain the small distortions in the beam and thereby calculating nonlinear
refraction. Positioning the aperture for the closed-aperture signal is very important because the
measurements are very sensitive. So we placed the aperture in a two-axis stage mount with the
possibility of precise x and y movement.

There is a third detector we used to collect the reference beam before the sample. We
normalized our open- and closed-aperture Z-scan signals by dividing them with the reference
signal. This will reduce the impact of inbuilt power fluctuations of the laser. So this allows
us to get a comparatively noise-free Z-scan signal. We also performed a signal averaging in all
the three detectors to reduce the noise factor. We implemented this by iterating every single
measurement over 100 times and averaged them to get a signal with reduced noise. The lowest
bound of our tunable laser is 410 nm and when approaching the lower wavelength limit, large
power fluctuations are observed, necessitating these measurements.

5.2.2 Beam profile

In most laser applications, it is necessary to understand the beam profile and propagation char-
acteristics of the laser beam. Most lasers can be made to operate on its fundamental transverse
mode (TEM00 mode) with a Gaussian profile. When refracted by a lens, the Gaussian beam
is transformed into another Gaussian beam( parameters will change). The reason is that the
Fourier transform of the Gaussian electric field distribution is again Fourier. This implies that
along the propagation path, the Gaussian source distribution will remain unchanged and makes
it easy to picture the electric field distribution at any point of propagation length. The electric
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field distribution is given by

Es = E0 exp
(
− r2

w2

)
,

(5.2)
where is the radial coordinate and w is the beam radius. Because of this self-Fourier transform

Figure 5.4: Propagation of the Gaussian beam

characteristic of the Gaussian beam, the transverse distribution of the intensity remains Gaussian
at every point along the propagation length and only the radius of the Gaussian beam and the
radius of curvature R(z) of the wavefront change during the propagation. At a position z along
the beam (measured from the focus), the spot size parameter w is given by

w(z) = w0

√
1 +

(
z

z0

)2

(5.3)

where w0 is the beam waist and z0 is the Rayleigh range given by z0 =
πw2

o

λ .
The Z-scan theory is based on the assumption that the incident beam is Gaussian (TEM00).

Because of the lowest-order self-consistent field distribution of the Gaussian beam, chances of
beam distortions caused by the intra-cavity elements are very small. Therefore, the output
beam profile of many lasers are Gaussian. However, this is not always the case. Sometimes,
the diffraction effects in the laser resonator cavity induces a change in the beam mode as it
propagates outside the laser resulting in a non-Gaussian beam profile. So, it is critical to analyze
the output beam from the laser. Our beam profile is visualized using a Gentec beam profiling
camera. The picosecond laser pulse used in our experiment is shown in Fig 5.5 (a), which is
clearly a non-Gaussian beam. This exemplified the need for a method to improve the beam
quality, to produce a Gaussian beam. We adopted a spatial filtering technique to polish the
beam profile. The spatial filter set-up consists of a lens and a pinhole aperture attached to
a positioning mechanism. The positioning mechanism has a precision X-Y-Z movements that
allows us to precisely centre the pinhole at the focal point of the lens. The spatial filter removes
the higher order spatial modes coexist inside the laser pulse. Since different modes have different
spot sizes at the focus and the desired TEM00 Gaussian mode has the smallest spot size at the
focus, only this mode gets through through the pinhole, while all other modes are blocked. In
simple words, only the maximum of the diffraction pattern pass through the pinhole removing
all the higher order peaks. For getting the optimal results, we need to wisely choose the perfect
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combination of pinhole and lens. The pinhole we are using is a diamond aperture of 75 µm
diameter and the lens has a focal length of 100 mm. Fig 5.5 (b) shows the laser beam profile
after the spatial filter, demonstrating the importance of spatial filtering in laser experiments.

Figure 5.5: Intensity profile of the beam (a) before spatial filter (b) after spatial filter. A nearly
Gaussian beam is obtained after the spatial filtering.

The beam profile for the entire focal plane is measured as a function of z position. Fig (5.6)
shows the visual representation of Eq (5.3) using the beam profiling camera. As we can see in
figure, at the focal point, beam size is the smallest and the intensity is maximum.

Figure 5.6: Beam propagation as a function of z position.

Beam ellipticity is another parameter which is of great importance in the Z-scan measure-
ments. The various beam shapes are described by an ellipticity parameter e, which is defined as
the ratio of the semimajor axis to the semiminor axes (or vertical diameter to horizontal diameter
of the Gaussian beam). Large ellipticity values of the beam can badly affect the signal shape
in Z-scan measurements. Wicksted et al [70] studied the effects of beam ellipticity on Z-scan
measurements and noticed that with an increase in ellipticity, both the peak and valley reduce
from their symmetric maxima and minima that were attained in the circular limit (e = 1). It can
also lead to an additional peak and valley in the signal. Fig 5.8 shows an example of a Z-scan
signal with e = 5.5 [70]. A Z-scan signal with e = 1 is shown in the inset for comparison.
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Figure 5.7: Ellipticity measurement of the Gaussian beam.

Figure 5.8: Closed-aperture Z-scan signal of a beam with an ellipticity e = 5.5. Beam with
ellipticity close to 1 is shown in the inset for comparison [70].

The beam ellipticity is measured at different positions along the propagation length. For
some measurements the e parameter is high and that can happen due to many reasons. One
among the reasons is that if the laser beam is not passing through the centre of the lens, it
can make the beam elliptical. So the idea is to measure the beam ellipticity at every point and
based on how much it is deviating from the circular case, we can realign the system till we get a
reasonable e parameter. Fig (5.9) shows the vertical and horizontal beam profile with different
ellipticity values.

Fig 5.9 (a) shows the input beam profile of the beam and (b) and (c) shows the Gaussian fit
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Figure 5.9: Input beam profile measured at 520 nm before the focussing lens. Gaussian fit of the
experimental beam profile in the (b) x direction, (c) y direction.

of the experimental beam profile. In the x-direction, the gaussian fit to the experimental beam
profile is 90.15% and in the y-direction it is 91.98%. The 1/e2 diameter of the input beam is
2959 µm in the x-direction and 2909 µm in the y-direction, which gives an ellipticity of 1.01. We
measured the beam parameters for all the operating wavelengths and given in table (5.1). The

focussed spot size is related to the intensity of the beam by the relation,

I0 =
P

πw2
0

, (5.4)

where w0 is the focussed spot diameter (1/e2). This square dependence of w0 to I0 indicates
that, a small error in the value of beam parameter measurement affects the peak intensity value
greatly. This will approximately produce an uncertainty of 10% in the final value of n2 and β.

5.2.3 Calibration of the Z-scan experimental setup

After building an experimental setup, we should evaluate the functioning of the components of
the setup. By doing so, we can determine how these components will affect the overall quality of
the measurements. So the first thing we need to do once the setup is build is to calibrate it with
a known material. Carbon disulfide (CS2) is widely used as a reference standard for nonlinear
measurements [71]. The nonlinear response in CS2 can be attributed to the intramolecular
interactions, the orientational Kerr effect and the electronic Kerr effect. All these processes
results in a change in the refractive index of CS2. The response time of the orientational Kerr
effect is 1.5 ps and other two processes are 200 fs. Our experiments are mainly performed using
picosecond pulses and for such short laser pulses, the Kerr nonlinearities seem to dominate. In
certain cases, the thermal lens effect also contributes to the nonlinear refraction. There are two
main reasons for the thermal lens effect. One is due to the propagation of the acoustic wave,
which is produced as a result of the absorption of radiation in the medium. The other is due
to the change in the medium density that can occur as a result of the accumulation of thermal
energy in the absorbing region [72]. Numerous nonlinear measurements were performed on CS2.
The values reported for nonlinear refractive index is in the order 10−5 cm2/GW [73, 74]. Other
studies were also done to find the dependence of the nonlinear refractive index on the pulse
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Beam parameters

Wavelength
(nm)

Input beam
diameter-
1/e2 (µm)

Focused spot
diameter-
1/e2 (µm)

Focused spot
diameter
-FWHM
(µm)

410 2417 21.59 18.36

420 2425 22.05 18.74

430 2444 22.40 19.04

440 2527 22.17 18.84

450 2587 22.15 18.82

460 2598 22.54 19.16

470 2648 22.59 19.21

480 2752 22.21 18.87

490 2793 22.34 18.98

500 2857 22.28 18.94

510 2981 21.78 18.51

520 2934 22.56 19.18

530 3058 22.07 18.75

540 3170 21.69 18.43

550 3239 21.62 18.38

560 3382 21.08 17.92

570 3400 20.97 17.82

Table 5.1: Beam parameters
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Figure 5.10: The open-aperture (a) and closed-aperture (b) Z-scan signal of CS2. The dashed
line represents a theoretical fit to the experimental points.

duration. We performed the Z-scan measurement of CS2 in order to calibrate our experimental
setup using a 28 picosecond pulse with a repetition rate of 50 Hz. We presume a nearly Gaussian
spatial distribution for the measurements. The operating wavelength was 600 nm. The beam
waist radius w0 (FWHM) was 8.1 µm and intensity of the beam at the focus was 5.4 GW/cm2.
All measurements on CS2 (Sigma-Aldrich, 270660, 99.9%) were conducted using 0.05 mm path
length, UV quartz cuvettes. The open-aperture and closed-aperture signals were collected. The
pulse width of the beam used in all our measurements was 28 picosecond. Fig 5.10 (a) and (b)
and are the open- and closed-aperture Z-scan signals of CS2, respectively. The measured values
of the refractive index n2 is 9.2 ×10−4cm2/GW and the nonlinear absorption coefficient β is
43.47 cm/GW with an uncertainty of 35% in both measurements. The source of uncertainty is
the power fluctuations that occurred in the laser signal.

Having established methods for characterizing the linear and nonlinear optical response of
the samples experimentally, we next proceed with the characterization of our multilayer metal-
dielectric stack with the zero-crossing at our designated wavelength.
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Chapter 6

Measurements and
interpretations of the linear and
nonlinear optical response of the
Ag-SiO2 multilayer stack

In this chapter, we present the results of the experiments we described in chapter 5 and we present
a discussion of these results by applying the analysis described in chapters 2, 3, and 4. We also
discuss briefly the scientific impact of these results from the perspective of the motivations of
this research work.

6.1 Transmission measurements of the Ag-SiO2 multilayer
stack

The linear response of the Ag-SiO2 multilayer stack is characterized by the transmission mea-
surement. In this section, we demonstrate that the traditional procedure of obtaining material
parameters from transmission or reflection data can be successfully applied to metamaterials.

A super-continuum laser was used as the source, and the transmission spectrum was collected
using an Ocean Optics spectrometer. The measured transmission spectrum of the sample was
normalized to that obtained from the super-continuum source without the sample. Fig 6.1 shows
the transmission spectra of the Ag-SiO2 multilayer stack taken at different angles of incidence
for p polarization. The transmission curves shift towards shorter wavelength as the angle of
incidence increases. In the inset to Fig 6.1, we also show the zoomed-in view of the region
around 450 nm. We compared the measured transmission spectra to those expected from the
TMM simulations for several thicknesses of metal and dielectric layers in the stack. We found
that for a metal-dielectric multilayer stack with thickness of 16 nm of silver and 56 nm of SiO2

the TMM simulations are consistent with the experimental data as shown in Fig 6.1. In the next
step, we analyzed the reflection and transmission calculated from the TMM simulations for this
metal-dielectric multilayer stack of 16 nm of silver and 56 nm of SiO2 to determine the effective
permittivity.

The permittivity extracted using the transmission data is shown in Fig 6.2. The zero-crossing
wavelength occurs at 484 nm, which is close to the predicted zero-crossing wavelength in our de-
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6.1 - Transmission measurements of the Ag-SiO2 multilayer stack

Figure 6.1: Transmission spectra of the Ag-SiO2 multilayer stack . The inset shows a zoomed-
in view of the simulation spectra around 450 nm. The solid lines are taken from the TMM
simulation data and the dashed lines are the measurements. Colours represent different angles
of incidence.

vice design (509 nm). The 5% deviation is likely due to experimental errors during measurement.
The cause of the sharp peak in permittivity near 460 nm is not immediately understood, but we
believe it will not affect our results since it is removed from the zero-crossing wavelength.

Figure 6.2: Dielectric permittivity of Ag-SiO2 multilayer stack calculated using the transmission
and reflection data.
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

6.2 Nonlinear optical properties of the Ag-SiO2 multilayer
stack

The nonlinear optical properties of the Ag-SiO2 multilayer stack were investigated by a Z-scan
technique using picosecond laser pulses with tunable wavelength. Both open- and closed-aperture
measurements were performed in the spectral range from 410 nm to 580 nm, including the ENZ
regime of the metamaterial’s dispersion. Similar Z-scan measurements were performed under the
same conditions for a 16 nm thick Ag single layer for comparison. The open- and closed-aperture
signals were normalized by dividing the signal measured by a reference detector. The reference
detector was used to compensate for the fluctuations that occurred in the laser signal.

In the open-aperture measurement, shown in Fig 6.3 (a), all the transmitted intensity through
the sample was collected. This gives an unambiguous measurement of the nonlinear absorption.
The variations in the transmission are strongest at the focus and smallest away from it. A
positive peak-shaped dependence as seen in Fig 6.3 (a) corresponds to a negative value of β
(saturable absorption). In the closed-aperture measurement ((6.3) (b)), only a small part of
the intensity (≈ 10%) transmitted through the sample was collected. Thus, variations in the
transmission correspond to both nonlinear absorption and nonlinear refraction. Therefore, the
closed-aperture signal depends also upon the open-aperture results. The dependence solely on
nonlinear refraction can be obtained by dividing the close aperture curve with the open-aperture
curve as seen in Fig (6.3) (c). The curves in Fig (6.3) (b) and (c) correspond to a positive value
of the nonlinear refractive index (focusing nonlinearity). However, this method for finding the
purely refractive effect by the division of closed-aperture signal by open-aperture signal results
in an uncertainty of 10% [64]. Apart from the uncertainty of this method, this division approach
will not work for samples with large nonlinear absorption. As we can see from Fig 6.3 (b),
the shape of the closed-aperture signal is similar in shape to the open-aperture signal. For a
beam with small ellipticity and waist separation the area decreases, reaches its minimum, and
then increases parabolically in a symmetric manner as a function of sample position z. This
severe asymmetry in the closed-aperture signal is due to the large change in the absorption and
thus it differs from the normally symmetric closed-aperture Z-scan curve . So, it is evident
that the sample has large nonlinear absorption and hence division process will result in larger
uncertainty. We first extracted the imaginary part of the nonlinear phase shift Ψ from the open-
aperture measurement. We used this value of ∆Ψ from the open-aperture data to find the real
part of the phase shift ∆Φ from the closed-aperture data. The extracted values of the nonlinear
phase shift were used in the standard expression to calculate n2 and β. Assuming a beam with
a Gaussian spatial profile, the transmission in the case of open aperture is given by [64]

TOA = 1− ∆Ψ

1 + (z/z0)2
, (6.1)

where z0 is the Rayleigh range and ∆Ψ is defined as the imaginary part of nonlinear phase shift
given by

∆Ψ =
βI0Leff

2
√

2
, (6.2)

where β is the nonlinear absorption coefficient, I0 is the peak intensity and Leff is the effective
sample thickness. In the case of closed-aperture, the transmission after the aperture is given by
[75]

TCA = 1 +
4(z/z0)∆Φ

(1 + (z/z0)2)(9 + (z/z0)2)
− 2((z/z0)2 + 3)∆Ψ

(1 + (z/z0)2)(9 + (z/z0)2)
, (6.3)
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

Figure 6.3: Z-scan signal of the Ag-SiO2 multilayer stack at the ENZ wavelength. (a) the open-
aperture signal, (b) the closed-aperture signal, (c) division of the closed-aperture signal by the
open-aperture signal.

where ∆Φ is defined as the real part of nonlinear phase shift given by

∆Φ = (1− S)0.25kn2I0Leff , (6.4)

where k = 2π/λ, n2 is the nonlinear refractive index, and S is the transmission through the

aperture given by S = 1 − exp
−2r2a
w2

a
, with ra is the radius of the aperture and wa is the radius

of the beam at the aperture. The beam radius at the aperture is 6 mm and aperture radius is
0.5 mm. This gives a value of S = 0.003. The term (1− S)0.25 in equation (6.4) becomes 0.999
≈ 1. Fig 6.4 shows representative closed and open-aperture signals near the ENZ wavelength
(500 nm). The β calculated from Fig 6.4 (a) is 1.81× 105 and n2 from Fig 6.4 (b) is 1.41. This
calculated value of n2 is 107 times larger than the n2 of fused silica (3.2× 10−7cm2/GW).

Figure 6.4: A theoretical fit (dotted lines) to the Z-scan signal of the Ag-SiO2 multilayer stack
at the ENZ wavelength using equations (6.1) and (6.3). (a) The open-aperture signal and (b)
the closed-aperture signal.

The main source of uncertainty in the value of n2 is the absolute measurement of the irra-
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

diance. A plot of nonlinear phase shift ∆Φ versus peak laser irradiance I0 as measured from
various Z-scans on the same sample at the same wavelength is shown in Fig (6.5). The nonlinear
phase-shift increases linearly with the irradiance on the sample as per equation (6.4). This in
turn can also be used to find the damage threshold of the sample. The slope of the linear fit gives
the nonlinear refractive index. From Fig (6.5), we calculated the slope of the linear fit m equal
to 0.006 and the nonlinear refractive index n2 is determined using the equation m = k ∗n2 ∗Leff

and found to be 1.3 cm2/MW at 500 nm. The experimental data is represented by the circle
points with each point has an error bar. The error bars have been evaluated by calculating the
standard error over 3 measurements.

A deviation from the linear behaviour could be the result of either higher-order nonlinearities
or the laser damage of the sample. In most cases, the laser damage to the sample can be visually
determined. In this experiment, we determined that the sample undergoes laser damage if the
intensity goes above 300 MW/cm2. So for all the experimental measurements, we set the intensity
of the laser beam below 300 MW/cm2 to avoid the laser-induced damage.

Figure 6.5: Nonlinear phase shift ∆Φ of the Ag-SiO2 multilayer stack as a function of the peak
irradiance at 500 nm. The dashed line is a linear fit to the experimental data passing through
the origin.

Fig (6.6) shows the closed-aperture Z-scan signal measured at different wavelengths at and
away from the ENZ region. As we can see from Fig 6.6 (a), at shorter wavelength, the closed
aperture Z-scan signal is symmetric with respect to the focus ( i.e, at z = 0). As we moves to
higher wavelength region, the closed-aperture signal differs entirely from those obtained at lower
wavelength region and they are asymmetric. This happens as a result of the large change in the
absorption at higher wavelengths. With increase in absorption, the valley of the transmittance
is severely suppressed and the peak is greatly enhanced, as shown in Fig 6.6 (b) and (c). The
larger distortions in the Z-scan signals in the smaller wavelength region is because of fluctuations
in the OPG output in the lower wavelength limit.

Another interesting thing we noted is the switching in the sign of the nonlinear absorption
as a function of wavelength. The change from reverse saturable absorption (RSA) to saturable
absorption (SA) is observed between 445 nm and 450 nm. This is shown in Fig 6.7. Below
450 nm RSA is observed and above 450 nm SA is observed. The physical mechanism behind
these processes is still to be fully investigated.

The change in nonlinear transmittance as a function of the incidence angle is shown in Fig
(6.8). As we can see from the figure, the transmission goes down as we increase the angle of
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

Figure 6.6: The closed-aperture signal of the Ag-SiO2 multilayer stack at different wavelengths
(a) at 430 nm (away from the ENZ wavelength towards the blue side of the spectrum), (b) at
506 nm(the ENZ wavelength) and (c) at 530 nm (away from the ENZ wavelength towards the
red side of the spectrum)

Figure 6.7: The open-aperture signal of the Ag-SiO2 multilayer stack showing a transition from
reverse-saturable absorption (RSA) to saturable absorption (SA) as a function of excitation
wavelength. (a) and (b) shows RSA and (c) and (d) shows SA.

incidence. This is presumably is a result of the increase in Fresnel reflection for oblique angles
of incidence, which reduces the intensity of light coupling into the stack and experiencing a
reduced nonlinear response. To confirm this we calculated the Fresnel transmission coefficient for
difference incident angles and plotted them against the peak height of nonlinear transmittance in
Fig 6.8. We used the linear refractive index n0 extracted from transfer matrix method to calculate
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

Figure 6.8: The nonlinear transmittance of the Ag-SiO2 multilayer stack as a function of angle
of incidence measured at 500 nm. Colours represent different angles of incidence.

the Fresnel coefficients. The peak height and the Fresnel transmission coefficients show a linear
dependence. The peak height of nonlinear transmittance reduces with decrease in transmission
coefficient or increase in reflection coefficient. This justifies our assumption that the reduction
in nonlinear transmittance may due to the Fresnel losses at oblique angles of incidences. This is
depicted in Fig 6.9.

Figure 6.9: The peak height of the nonlinear transmission for different angles of incidence as a
function of the Fresnel transmission coefficient. This explains the behaviour seen in Fig (6.8)
and is presumably is a result of the Fresnel losses for oblique angles of incidence.

Comparison of nonlinearity of bulk Ag with Ag-SiO2 multilayer stack

Metals are known to possess a fast, extremely large, nonlinear optical response. Noble metal
nanoparticles possess closely spaced energy bands which allow conduction electrons to move
almost freely. When excited with light, the oscillation of the free electrons in the s–p conduction

61



6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

band gives rise to surface plasmon resonance. These surface plasmon resonances can lead to the
enhancement of the third-order susceptibility when they are pumped by lasers operating at the
UV-visible-infrared range [76, 77]. The third-order susceptibility of the noble metals is almost
106 times larger than that of fused silica, with relaxation times in the subpicosecond range [1].
Fig 6.10 shows the open- and the closed-aperture Z-scan signal of a bulk silver film of thickness
16 nm. A thin layer of SiO2 is deposited on top of the silver layer to its prevent oxidation.
(The thickness of SiO2 is 40 nm, and thus the contribution of nonlinearity from the deposited
SiO2 layer is persumed negligible). The comparison of normalized transmittance from a bulk

Figure 6.10: Z-scan traces showing the normalized transmission of the bulk silver sample at
500 nm (a) open-aperture signal (b) closed-aperture signal. The intensity at the focus was
500 MW/cm2. The dashed lines represent a theoretical fit.

Figure 6.11: (a) The open aperture and (b) the closed aperture Z-scan traces showing the
normalized transmission of the bulk Ag and the Ag-SiO2 multilayer stack at 500 nm. The
intensity at the focus was 200 MW/cm2. The solid lines represent a theoretical fit.

Ag (16 nm) and a Ag-SiO2 sample at 500 nm is shown in the Fig 6.11. At 500 nm (the ENZ
regime), the nonlinear response of the bulk silver film is much smaller than that the Ag-SiO2
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6.2 - Nonlinear optical properties of the Ag-SiO2 multilayer stack

Figure 6.12: The nonlinear refractive index n2 of the Ag-SiO2 multilayer stack as a function
of wavelength. Note the strong enhancement of n2 at the ENZ wavelength λ0. The dashed
line represents the enhancement factor calculated using equation (2.50). The error bars indicate
the deviations of the nonlinear refractive indices caused by the power fluctuations of the laser,
evaluated as the standard error over 3 measurements.

multilayer stack. The nonlinear refractive index n2 and absorption coefficient β extracted from
the Z-scan signal are 0.07 cm2/GW and -6844 cm/GW respectively. The n2 of the Ag-SiO2

multilayer stack is approximately 20 times larger than the n2 of the bulk Ag sample. The source
of optical nonlinearity in noble metals is normally due to the Fermi smearing mechanism [78].
By comparing the multilayer sample and the bulk metal sample containing 16 nm thickness of
silver, an enhancement in the nonlinearity is observed as shown in Fig (6.11).

The nonlinear refractive index n2 and nonlinear absorption coefficient β extracted from the
open-aperture and closed-aperture Z-scan signals for various wavelengths are tabulated in table
(6.1). The largest value of n2 and β is observed at 506 nm. This is approximately 7 times larger
than the n2 value observed away from the ENZ wavelength.

The variation of the nonlinear refractive index n2 as a function of wavelength is shown in Fig
6.12. The experimental data is represented by the circle points with each point has an error bar.
The error bars have been evaluated as the standard error over 3 measurements. The Ag-SiO2

multilayer stack clearly shows a large enhancement of the nonlinear Kerr index close to the ENZ
wavelength. An enhancement factor is also plotted in the same figure using the equation (2.50).
The linear refractive index n0 value used here is the one we calculated using TMM simulations
and χ(3) value is assumed to be a constant across the spectrum. The experimental plot is in
good agreement with the theoretical results. The variation of the nonlinear absorption constant
β is shown in Fig 6.13. The experimental data is represented by the circle points with each point
has an error bar. The error bars represent the experimental uncertainty mainly caused by the
power fluctuations in laser. The error bars have been evaluated as the standard error over 3
measurements. The presence of an ENZ wavelength significantly modifies the behaviour of the
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Nonlinear coefficients

Wavelength (nm) n2(cm2/GW) β(cm/GW)

410 0.27 5.59 ×103

420 0.31 1.04×104

430 0.41 9.9×103

440 0.52 ±0.05 -(3.4 ±0.1)× 104

450 0.49 ±0.06 -(3.3 ±0.1)× 104

470 0.87 ±0.03 -(1.06 ±0.02)× 105

480 0.899 ±0.002 -(1.15 ±0.03)× 105

488 1.01 ±0.05 -(1.66 ±0.09)× 105

490 1.06 -(1.81 ×105

494 1.4 ±0.1 -(1.5 ±0.2)× 105

497 1.5 ±0.1 -(1.6 ±0.1)× 105

500 1.4 ±0.1 -(1.9 ±0.1)× 105

503 1.4 ±0.2 -(2.18 ±.09)× 105

506 1.7 ±0.2 -(2.3 ±0.2)× 105

509 1.65 ±0.05 -(1.66 ±0.02)× 105

512 1.51 ±0.03 -(1.23 ±0.02)× 105

515 1.49 -1.45 ×105

520 0.75 ±0.05 -1.2 ×105

530 0.69 -1.16 ×105

550 0.70 -(1.3 ±0.2)× 105

560 0.60 ±0.05 -(1.06 ±.05)× 105

Table 6.1: Nonlinear coefficients of the Ag-SiO2 multilayer stack extracted from the Z-scan
signals.
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Figure 6.13: The nonlinear absorption coefficient β of the Ag-SiO2 multilayer stack as a function
of wavelength. Note the strong enhancement of β at the ENZ wavelength λ0. The error bars
indicate the deviations of the nonlinear absorption coefficient caused by the power fluctuations
of the laser, evaluated as the standard error over 3 measurements. Where the error bars are not
visible, they are smaller than the size of the markers.

Ag-SiO2 multilayer stack. A peak is observed at 506 nm, thus indicating an enhancement of
n2 at the wavelength, just as our design predicted. From simulations, we found that the ENZ
wavelength is located at 509 nm. This huge enhancement at the ENZ wavelength is approximately
7 times larger than the n2 value away from the ENZ region (410 nm). The nonlinear absorption
shows a more complex behaviour and even changes its sign. The transition from positive to
negative nonlinear absorption occurs at 445 nm.

Thus, we have shown that an enhanced nonlinearity of the metal-dielectric multilayer stack
arises from the specific dispersion of the plasmonic metamaterial that results in vanishingly small
permittivity at some particular wavelength. Also, the wavelength at which permittivity crosses
zero can be tuned as desired by engineering the metamaterial’s geometrical structure with the
same constituent materials, and therefore a strong nonlinear response can be achieved at the
wavelength needed for any specific application. This result suggests that the nonlinear optical
response is only a perturbation to the linear response. These metal-dielectric stacks can be
used as a promising candidate for nonlinear applications, especially in the visible spectral range.
This open new windows to nonlinear applications in nano-photonics, plasmonics, and nonlinear
nano-optics in the visible spectrum.
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Chapter 7

Conclusion and Future work

7.1 Conclusion

The ENZ materials possess exotic electromagnetic properties. But, those advantages have been
restricted to the wavelengths where existing materials provided such an enhancement. We
designed an optical metamaterial composed of alternating layers of metal and dielectric at
nanometer- scale thickness such that its epsilon-near-zero wavelength lies in the visible spectrum.
We have shown that the ENZ metamaterials realized using periodic metal-dielectric multilayer
stacks have interesting properties in nonlinear optics, due to their potential to alter and access
novel nonlinear propagation regimes. We observed a giant nonlinear phase shift in the multilayer
stack at their ENZ regime which is not achievable in the constituent materials alone. This ENZ
condition can be tuned over the entire visible spectrum by varying the layer thickness of the
device.

The sample was fabricated onto a standard glass substrate by e-beam evaporation. The third-
order nonlinearity of the Ag-SiO2 multilayer stack was studied at different angles of incidence
and different wavelengths using a picosecond Z-scan technique. A 28-picosecond pulsed laser
with a repetition rate of 50 Hz pumps an optical parametric amplifier to produce light pulses
spanning the wavelength range 410 nm to 560 nm. In the samples different nonlinear effects
such as saturable absorption, two photon absorption and self-focusing were observed. Nonlinear
refraction and absorption coefficients were measured using closed-aperture and open-aperture Z-
scan methods, respectively. The nonlinear absorption coefficient β and the nonlinear refractive
index n2 of the Ag-SiO2 multilayer stack extracted from the Z-scan fitting at the ENZ wavelength
are 2.6±0.5×105 cm/GW and 2.3±0.5 cm2/GW, respectively. This is 107 times larger than the
nonlinear refractive index of fused silica (3.2×10−7 cm2/GW) and 20 times higher than the bulk
silver. The ability to obtain strong nonlinearities at designated optical frequencies makes these
metamaterials a flexible platform for the nonlinear applications in the visible spectral range.
Also, the results of this work confirm that the enhancement of nonlinear optical properties at
the ENZ regime can be generalized to a broader class of materials.

7.2 Scope for future work

Some major exciting results we observed during the completion of this thesis were left for future
consideration. In this thesis, we presented the nonlinear optical properties of metal-dielectric
stacks in their ENZ regime. We reported third order nonlinearity (χ(3)) we observed using a Z-
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scan experimental setup. We extracted the nonlinear refractive index n2 and nonlinear absorption
coefficient β by fitting the open-aperture and closed-aperture Z-scan signals to the theoretical
Z-scan equations (6.1) and (6.3). However, here we report measurements of higher-order nonlin-
earity by cranking up the intensity of the laser beam at the focus. At higher intensities, the χ(3)

effect get dominated by higher order nonlinearities like χ(5), χ(7) etc. This has been reported
in chalcogenide glasses also. This suggests that materials appropriate to applications requiring
higher-order nonlinearities in visible spectral range can also be realized using similar samples
and methods.This seems to be really exciting for the future work. Figure 7.1 shows some traces
of higher order nonlinearities at 440 nm at higher intensities.

Figure 7.1: Normalized transmittance of the Ag-SiO2 measured at 450 nm at intensities (a)
150 MW/cm2 (b) 235 MW/cm2 (c) 300 MW/cm2 (d) 350 MW/cm2 (e) 500 MW/cm2 (f)
550 MW/cm2. The change in sign of the nonlinear absorption coefficient as a function of intensity
indicates the presence of higher-order nonlinear responses.

We have seen that how the nonlinear optical properties of metal-dielectric multilayer stack is
enhanced at their ENZ regime. The applications for the ENZ nonlinear media, especially in the
visible spectral range, are exciting and offer great potential to impact various fields of nonlinear
optics and plasmonics. Based on the exciting research activity of this field, it is anticipated that
research on the nonlinear properties in the ENZ materials will keep producing amazing results
in the coming years.
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Chapter 8

Appendix

8.1 Direct inversion method

Another approach we tried to extract the n and k of metal-dielectric multilayer stack is the
direct inversion method. This is a semi-analytical method for n-k inversion of ellipsometry data
ψ and ∆. The measured parameters from ellipsometer ψ and ∆ are called ellipsometric angles.
In this method, we performed an inversion of the ellipsometric spectra for the determination of
optical constants without requiring particular assumptions about the shape of a model dielectric
function like in the traditional method of data fitting. They are related to the ratio of the
complex Fresnel reflection coefficients rs and rp. This is expressed by the fundamental equation
of ellipsometry as,

rp
rs

= tan Ψe(i∆) (8.1)

From Fresnel reflection coefficients we can calculate the effective refractive index of the sample.
Fig 8.1 shows the method of extracting the refractive index from ellipsometric angles ψ and ∆.
This method works by refashioning the ellipsometric equations under a parametric polynomial
form and finding the polynomial solutions of the obtained parametric curves. The intersections
of the curves define solutions of the ellipsometry problem. The black cross marks in Fig (8.1)
represents the solution of the method which in fact depends mostly on the initial guess. Mean-
while, a good initial guess can essentially reduce the computational eort and leads to a solution.
The extracted values were not in agreement with the effective medium theory and hence were
ruled out. This method needs a lot of computation time for anisotropic inhomogeneous multi-
layer samples. For simpler samples like ZnO, this method was able to extract all the solutions
in a given range of n and k values without requiring guess values; overcoming the ambiguous
determination by standard least-squares methods [79].

8.2 Automation of the setup

Collecting the data from Z-scan manually is a very tedious and time consuming process. The
movement of translation stage is typically about step size of 50 to100 micron which takes not
less than 200 steps for each measurement. Also at each steps, we should acquire data from
three detectors (reference detector, open-aperture detector and closed-aperture detector). All
these step has to repeated for every wavelength range of choice and also for different power,
which is achieved by rotating the half-wave plate. Considering all these facts, automating the
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Figure 8.1: Direct inversion method to extract the refractive index from ellipsometric angles ψ
and ∆. The first figure shows the solution curves and the second figure represents the n and k
extracted.

setup seems to be very essential. Automation of the experiment setup is done using the software
Labview. Labview can synchronize and control the processes such as movement of translational
stage, rotation of half-wave plate for power control, rotation of the sample (if required) etc. It is
inclusive of tools for acquiring, analyzing, displaying and saving data. It not only save the time,
but also can eliminate the human errors for such a large set of measurements.
To take in account of the power fluctuations from laser, we adopted another method while col-
lecting data. Using labview, power is collected 50 times for every single step. It is programmed in
such a way that a ’for loop’ with 50 iterations is created and the average of that 50 measurements
is calculated for every step. Even though it is bit time consuming than the normal way, this will
help to improve the shape and quality of the Z-scan signal.
The block diagram of labview code made for automating the whole experiment is shown in Fig
(8.2).
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Figure 8.2: Block diagram of the labview code

8.3 Matlab code for permittivity calculation

In this section, we present a retrieval Matlab code we used to extract the effective parameters
of layered metal-dielectric stack structures. The first step in this procedure is to obtain the
scattering parameters (S-parameters) for a finite-thickness, planar slab of the inhomogeneous
structure to be characterized. This is done using Lumerical simulation. We used a function
called “stackrt” which gives us the scattering parameters of the multilayer stack using the transfer
matrix method. By inverting the analytical expressions for the S-parameters, one can solve for
the refractive index and the impedance. this data can be straightforwardly used to calculate the
effective permittivity of the stack for both polarizations. The scattering parameters are used as
the initial data for the retrieval matlab code for the retrieval process.

Matlab Code

1 f unc t i on r e t r i e v a l
2 c l o s e a l l
3

4 % This Matlab code c a l c u l a t e s the e f f e c t i v e r e f r a c t i v e index and
impedance . We use Eq . (9 ) from :

5 % D. R. Smith et a l . , ” Electromagnet ic parameter r e t r i e v a l from
inhomogeneous metamater ia l s ” , Phys Rev E 71 , 036617 (2005)

6 % More d e t a i l s here : https : // kb . l u m e r i c a l . com/en/
m e t a m a t e r i a l s b u l k e f f e c t i v e p r o p e r t i e s . html

7
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8 % Here we load the data we obta ined from the Lumerical s imu la t i on
us ing the p r i n c i p l e o f Trans fe r Matrix Method

9 f = load ( ’ SiO2 Ag 65 16 sample ) ;
10

11 t o t a l t h i c k n e s s = f . t o t a l t h i c k n e s s ;
12 b i l a y e r t h i c k n e s s = f . b i l a y e r t h i c k n e s s ;
13 w = f .w;
14 k = f . k ;
15

16 E f i e l d = f . f i e l d . Es ;
17 E f i e l d = E f i e l d ( : , 2 , : ) ; % Cons ider ing normal i n c i d e n c e Ex and Ez

are a l l ze ro
18 z = f . f i e l d . z ;
19

20 % s c a t t e r i n g parameters
21 S11 = f . S11 ;
22 S12 = f . S12 ;
23 S21 = f . S21 ;
24 S22 = f . S22 ;
25

26 % Trans fer Matrix parameters :
27 T11 = ( 1 . / ( 2∗ S21 ) ) .∗ ((1+S11 ) .∗ (1−S22 ) + S21 .∗ S12 ) ;
28 T22 = ( 1 . / ( 2∗ S21 ) ) .∗ ((1−S11 ) .∗ (1+S22 ) + S21 .∗ S12 ) ;
29 T12 = ( 1 . / ( 2∗ S21 ) ) .∗ ((1+S11 ) .∗ (1+S22 ) − S21 .∗ S12 ) ;
30 T21 = ( 1 . / ( 2∗ S21 ) ) .∗ ((1−S11 ) .∗ (1−S22 ) − S21 .∗ S12 ) ;
31

32 % Impedances from Trans fe r Matrixes :
33 Z e f f 1 = ( ( T22 − T11) + s q r t ( ( T22−T11) .ˆ2 + 4∗T12 .∗T21) ) . / ( 2∗T21) ;
34 Z e f f 2 = ( ( T22 − T11) − s q r t ( ( T22−T11) .ˆ2 + 4∗T12 .∗T21) ) . / ( 2∗T21) ;
35

36 % F i r s t s tep i s to use the phases from the ac tua l f i e l d to he lp
dec ide which branch to pick

37

38 % Finding the edges o f the b i l a y e r s
39 num bi layers = round (max( z ) / b i l a y e r t h i c k n e s s ) ;
40

41 b i l a y e r e d g e s = ze ro s (1 , num bi layers ) ;
42 f o r i = 0 : num bi layers
43 b i l a y e r e d g e s ( i +1) = f i n d s m a l l e s t ( z−b i l a y e r t h i c k n e s s ∗ i ) ;
44 end
45

46 % Keep the data at the l o n g e s t wavelength only :
47 E f i e l d = squeeze ( E f i e l d ( : , : , end ) ) ;
48

49 % The E f i e l d at the edges o f the b i l a y e r s :
50 E f i e l d e d g e s = E f i e l d ( b i l a y e r e d g e s ) ;
51

52 % The change in magnitude o f E at these l o c a t i o n s ( imag n)
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53 p = p o l y f i t ( [ 1 : num bi layers −1] ’ ∗ b i l a y e r t h i c k n e s s , l og ( abs (
E f i e l d e d g e s ( 2 : end−1) ) ) , 1 ) ∗ w( end ) / (2∗ pi ) ;

54 n imag guess = −p (1) ;
55

56 % The change in the average amount the phase ( r e a l n )
57 p = p o l y f i t ( [ 1 : num bi layers −1] ’∗ b i l a y e r t h i c k n e s s , ang le (

E f i e l d e d g e s ( 2 : end−1) ) ,1 ) ∗ w( end ) / (2∗ pi ) ;
58 n r e a l g u e s s = p (1) ;
59

60 n guess = n r e a l g u e s s + 1 i ∗ n imag guess
61

62 % Fina l ly , plug in the s c a t t e r i n g e lements in to Eq . (9 ) from our
r e f e r e n c e :

63 cosnkd = (1−S11 .∗ S22 + S21 . ˆ 2 ) . / ( 2∗ S21 ) ;
64

65 % i n i t i a l guess :
66 n e f f = acos ( cosnkd ) . / ( k∗ t o t a l t h i c k n e s s ) ;
67

68 % advanced guess :
69 n e f f ( l ength (w) ) = n guess ;
70 phases = −10∗pi : 2∗ pi :10∗ pi ;
71

72 f o r i = length (w)−1:−1:1
73 temp = acos ( cosnkd ( i ) ) ;
74 temp = [ temp+phases −temp+phases ] . / ( k ( i ) ∗ t o t a l t h i c k n e s s ) ;
75

76 % We want the s o l u t i o n we choose to be c l o s e s t to the most r e c ent
77 % point :
78 d i f f e r e n c e s = ( r e a l ( temp ) − r e a l ( n e f f ( i +1) ) ) .∗ ( imag ( temp ) −

imag ( n e f f ( i +1) ) ) ;
79

80 % We a l s o want the s o l u t i o n to have a s i m i l a r s l ope to what we
a l ready

81 % have ( to get ”smooth” curves ) . ( Only works a f t e r the second
po int . )

82 i f i<l ength (w)−1
83 s l o p e s = abs ( r e a l ( temp ) − r e a l ( n e f f ( i +1) ) ) − abs ( r e a l ( n e f f (

i +1) ) − r e a l ( n e f f ( i +2) ) ) ;
84 e l s e
85 s l o p e s = 1 ;
86 end
87

88 th i s one = f i n d s m a l l e s t ( d i f f e r e n c e s .∗ s l o p e s ) ;
89 % f i n d which s o l u t i o n i s c l o s e s t to the prev ious one :
90

91 n e f f ( i ) = temp ( th i s one ) ;
92 end
93

94 % Once the loop i s over , r e p l a c e our ” guess po int ” :
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95 temp = acos ( cosnkd ( end ) ) ;
96 temp = [ temp+phases −temp+phases ] . / ( k ( end ) ∗ t o t a l t h i c k n e s s ) ;
97 temp = [ temp −temp ] ; %#ok<AGROW>
98

99 d i f f e r e n c e s = ( r e a l ( temp ) − r e a l ( n e f f ( end−1) ) ) .∗ ( imag ( temp ) −
imag ( n e f f ( end−1) ) ) ;

100 s l o p e s = abs ( r e a l ( temp ) − r e a l ( n e f f ( end−1) ) ) − abs ( r e a l ( n e f f (
end−1) ) − r e a l ( n e f f ( end−2) ) ) ;

101

102 n e f f ( end ) = temp ( f i n d s m a l l e s t ( d i f f e r e n c e s .∗ s l o p e s ) ) ;
103 p lo t (w∗1e9 , r e a l ( n e f f . ˆ 2 ) ) ;
104 hold on
105 p lo t (w∗1e9 , imag ( n e f f . ˆ 2 ) ) ;
106 p lo t (w∗1e9 , z e r o s ( s i z e (w) ) , ’−−k ’ ) ;
107 % Returns the index where the s m a l l e s t va lue appears . Good f o r

opt imiz ing !
108 f unc t i on out = f i n d s m a l l e s t ( a )
109 out = f i n d ( min ( abs ( a ) ) == abs ( a ) ) ;
110 i f l ength ( out )>1
111 out = out (1 ) ;
112 end
113 end
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