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Abstract

The literature on product heterogeneity distinguishes two kinds of differen-
tiation: quality differences when there is unanimity in consumer preferences
with respect to the different types of a product, and variety when such una-
nimity is absent. The concept of vertical differentiation is used in this thesis
to denote cases characterised by quality differences and in which the una-
nimity of consumer preferences trar-lates to a unanimous choice when all
the products are priced at average cost.

In this context, a number of authors have shown that there is a limited
number of single-product firms that can have a positive market share in a
Bertrand-Nash equilibrium (finiteness property). This upper bound to the
number of firms is independent of the size of the market, depending only
on the width of the consumer income distribution. Once the maximum
number of fizms has entered into the industry, then a new firm can enter
and obtain a positive market share only by displacing one of the old firms—
- the one producing the lowest quality~—which will find itself with no sales.
The terms netural monopoly, duopoly etc. characterise markets where the
upper bound to the number of firms is one, two etc.

The situations examined in this work are all vertically differentiated
markets that can sustain two or more firms in equilibrium, and our interest
is focussed successively on market coverage, conditions of entry, and the
interaction between the two.

We first derive the optimal price-quality choice of a protected multi-
product monopolist operating in a market that could otherwise sustain two
or more firms. The main result of this analysis is that in many instances
the monopolist will choose not to serve the entire market even when the
fixed entry cost is very low and the corresponding number of qualities mar-
keted by the monopolist is very large. Whether this will happen depends
on the relation between the range of available qualities and the width of
the income distribution.
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Next, we turn our attention to nat-ral duopolies with single-product
firms and we examine the implications of entry threats when entry is se-
quential. Using a three-stage perfect equilibrium concept, we find that
neither mezimal differentiction is a general outcome of such competition
in the absence of entry threats, nor minimal differentiation is the necessary
outcome when entry is contested, two results that had been suggested in
the literature.

When the incumbent firms are facing entry threats, we show that the
nature of the fixed cost can confer first mover advantages to the incumbent
firms. This cannot be done in the same way as in the homogencous prod-
uct cases, i.e. by an incumbent’s commitment to higher output, becanse
the incumbent’s share will be reduced to zero by the finiteness property if
an entrant introduces a quality higher than that of the incumbent. This
logic has induced some researchers to think that the only way for the lower
quality incumbent! to protect its mere presence in the market is by mar-
keting a product of quality as close to the high quality as the nonnegative
profit condition would allow.

However, if exit is a costly activity, the incumbent can eredibly threat
to leave its product potentially available at a price equal to its variable
cost, even if it does not sell anything. This will imply a lower consumer’s
willingness-to-pay for the entrant’s product. In many instances, this reduc-
tion is sufficient to forestall entry at any quality between the top onc and
that of the lower quality incumbent. If entry is not blockaded this way, the
incumbent can increase its quality but not as much as to reduce his/her
profits to zero.

Next we combine our previous results to examine whether an entry
threat will induce a multiproduct monopolist to cover any parts of the
market he/she would choose to leave unserved in the absence of such threat.
We find that there are many cases where the uncovered market result is
robust to the threat of entry. This is so because, if entry is feasible, then
it will take place between the top two qualities of the incumbent. If it is
blockaded there, the incumbent’s optimal product line fully protects hin
from entry. Note that the number of incumbent qualities is endogenously

1The high quality’s position is garanteed by the Bertrand assumption and the presence
of even a slight entry cost.



determined by the level of the fixed cost, which is assumed to be common
for both the incumbent and the entrant.

Qur next concern is whether a strategic quality choice can protect the
monopolist from entry without an increase in the number of qualities as
well as whether such a choice can be superior, in terms of profits, to prod-
uct proliferation. The answer to both questions is positive and the last
issuc of this thesis is how market coverage is affected by such a strategy.
Surprisingly, we find that a larger part of the market will remain uncovered
in the presence of an entry threat unless the monopolist is forced to increase
the number of his/her qualities.

Although a full welfare treatment is beyond the scope of this research,
we note that the question of market coverage has an importance per se in
terms of public policy since, if the good is normal, it is the low-income part
of the population that most likely will be hurt by a monopolist’s uncovered
market strategy.
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1 Introduction

Product differentiation has always been recognised as a variable of para-
mount importance in studying situations involving market power. lndeed,
the very notion of market power is inseparable from the existence of some
product heterogeneity, for even a monopoly firmly protected by a patent or
any other device, confers little advantage to its owner if it sells a product
for which close substitutes exist.

Differentiation 1s itself a differentiated concept with two types of het-
erogeneity being casily identified within the relevant literature. The first
describes cases in which, when price is not an issue,! consumers are not
unanimous in their ranking of different products, and substantial differ-
ences in assessing the merits of each product type may exist among them.
According to the terminology introduced by Lancaster in [25], this kind of
differentiation is refered to as wariety, the term guality being rescrved by
the same author to describe the second case of product differentiation; here,
when equal prices apply to all the product types, consumers’ rankings of
the different products are unanimous.

Two main models can be said to dominate the literature focusing on
situations where wvariety is the main feature of differentiation. The first,
originating in the pioneering work of Chamberlin {3}, considers that the
set of products in an industry is finite? and consumers, although they each
one have their favoured product type, are all indifferent as far as their
second choice is concerned. Hence, the set of consumers can be viewed
as a collection of representative individuals, who like equally well all the
goods and have a taste for variety. This approach implies that competition,
rather than being focused between ‘close substitutes’, is gencralised among
all the goods; hence, each product faces equally intense competition by all
its competitors. This symmetry in competition implies that new entry is of
equal concern to all the incumbent firms in the industry, since it will reduce
their market shares to the same extent. The resulting market structure
could be loosely described as a bunch of monopalies whose products are
closely related, and is usually refered to as monopolistic competition.

10r, equivalently, when all the products are sold at the same price.
2As opposed to a continuum of possible goods, see [45], p. 2.



The alternative to monopolistic competition is the so-called address or
locational approach, where there is a continuum of possible product speci-
fications; every product competes directly only with its neighbours. As the
terms address, location and neighbours suggest, this approach bears a spa-
tial interpretation under which it was first presented in the pathbreaking
work of Harold Hotelling.® Although the use of circular models to describe
such markets has been said to avoid certain analytical problems,! the most
widespread spatial depiction is the one proposed by Hotelling himself in
(12]. According to this, consumers are located along a linear horizontal
segment on which firms must choose their own location (address) accord-
ing to profit maximisation criteria. The equivalent of this space metaphor
in terms of variety is obtained if one assumes that product differentiation
is due to a single characteristic, with product types differing among each
other by the amount of the characteristic each contains. Thus, at the two
endpoints of the line segment we find the product types containing the min-
imum and the maximum amounts of that characteristic, while in between
we find all intermediate cases. The location of consumers along the line
segment indicates their most prefered type of product. However, instead of
assuming that consumers are indifferent among products which do not cor-
respond to their first choice,® location models assume a complete ranking of
the product set. If, additionally, consumer preferences among locations are
assumed to be single-peaked, then this ranking is equivalent to ranking the
different products according to their distance from a consumer’s location.
Thus, having consumers located at different points along the product line
introduces diversity in their preferences, and no ‘representative individual’
can be said to exist.

On the other hand, the location of firms indicates the product types ac-
tually available in the market. Each consumer purchases—at equal prices—
the product that is ‘closer’ to his/her ideal specification. Having firms lo-
cated among consumers implies that no product can be the closest to all
the consumer locations; this is equivalent to saying that there is no single
product occupying the top position in all consumers’ preferences.

The straight line analogy has coined the term horizontal differentiation

38ee [12).
1On this issue sce the work of Salop in [33].
5As in the models of monopolistic competition.

[R)



to the address model dealing with variety; as this analogy so well illustrates,
the main features of horizontal differentiation arc ) the absence of unanim-
ity among consumers with respect to the ranking of different product types
and, &) the fact that only neighbouring products are in direct competition,
so that the system of demand curves is chain Linked.

Comparing the address models to those of monopolistic competition one
finds that, although they resemble each other in that in both models every
consumer has a product type that he/she favours, they differ with respecet.
to the consumer’s reaction over the remaining clements of the product sct:
in address models the consumer ranks them according to their distance
from his/her top product, although in ‘Chamberlinian’ models he/she is
indifferent among them.

Equally important, the way variety is developed in the two models differs
significantly. In the former there is an infinity of possible products and
tastes, although the latter can be analysed in terms of & fypical consumer
who faces a specific set of products equally well liked, but who also has a
taste for variety itself.®

Since variety is not the subject of this thesis, and given the fact that
the interested reader can find numerous good references on this topic,” we
will not explore the many interesting issues arising within the context of
the two models mentioned above. Instead, we turn now our attention to
the study of cases where quality can be unambiguously assessed.

As mentioned earlier, quality is the main feature of differentiation wlen,
in the absence of any price considerations, all the consumers agree on the
ranking of the elements of the product set. Considering again the case of
a single characteristic, we note that now, the entire consumer population
favours the presence—or absence—of it; hence, the product containing the
maximum—or minimum—amount of the characteristic can now be defined
as the highest quality, and all the other products arc ranked according
to the amount of that attribute that each contains. Examples of technical
characteristics unanimously valued by consumers are speed, durability etc.,
although attributes such as noise or the physical volume of computers or
sound equipment provide examples of characteristics that all consumers

6See [45], p. 14.
7See for instance [14], [45]} or [10], to mention but a few.



wonld like to avoid.

The presence of a unidirectional ranking makes clear that the prefer-
ences of all the consumers are single-peaked, with the peak occuring at
one endpoint of the quality spectrum. Hence, direct competition must
take place between neighbouring qualities and the demand curves must be
chain-linked, properties that ‘quality’ models share with the ones referring
to varicty. What really differentiates the former from the latter is that
firms operating in a market with products distinguished by their quality
level have a clear advantage or disadvantze over each of their neighbours.

The reader must probably have already noticed that in our discussion
price considerations have been excluded; in other words, the similarity
or not among consumer rankings which is at the basis of the distinction
between quality differences and variety, refers to preferences and not to
choices. We want to emphasise this point adequately, because, the price
considerations necessarily entering in any decision made by the consumers
may reverse the picture: strong differences in price may turn all the con-
sumers unanimously towards a single product type, even in a context chai-
acterised by variety; at the same time, those differences can divert con-
sumers’ purchases from the ‘top’ quality to some lower ones, provided they
are available at more ‘rcasonable’ prices. Thus, the price structure in dif-
ferentiated markets has a decisive influence on whether consumers will buy
one or many products. _

The above observation is of particular importance for quality models,
because quality improvements can usually be obtained at a higher average
cost. It is, therefore, of rather limited interest to discuss consumers’ choices
at equal prices, since often high quality products cannot be available at a
price equal or slightly above the average cost of lower qualities. Moreover,
if competition prevails among the producers of every single quality, the
price schedule in the industry will reflect the evolution of average cost
with quality increases. Hence, consumer reaction towards the different
qualities when the price structure reflects average cost must be of particular
importance in the study of address models of differentiation.

We define® as vertical product differeniiation—hereafter VPD —the
situation where, if all qualities are priced at average cost, consumers will

8his definition is similar to the one provided by Shaked and Sutton in [36].



be unanimous in their ranking of these qualities.

The essence of the above definition lies in that it rules out the following
case: a market characterised by quality differences which becones horizon-
tally differentiated, with cheap/low-quality products occupying one end of
the straight line segment, and expensive/high-quality ones located at the
other endpoint of the product spectrum. By contrast, in a market that
satisfies the above definition of VPD, the advantage of a higher quality
product over its lower qualities does not vanish when production cost be-
comes an issue; this in turn implies that it is at the discretion of a high
quality producer whether his/her lower guality competitors are going to
have any business at all. It should not be surprising therefore, that models
like the onec of Mussa and Rosen® do not constitute cases of VPD accord-
ing to our definition: when fixed costs are zero and competition in every
quality brings the price of all the qualities down to average cost consumer
unanimity breaks down and an infinite number of products are sold, even
if consumers were to agree in ranking the different qualities at equal prices.

Saying that consumers rank the different qualities unanimously when
all products are priced at average cost does not, however, mean that these
qualities must be actuelly sold at average cost for VPD to exist. In fact,
and unless competition takes place within the same quality, higher qualities
will never be priced at average cost since they can always find entry-limiting
prices, somewhat above their average cost. Hence, in the present notion of
vertical differentiation, entry deterrence of low qualitics is a strategy always
available to a higher quality firm, a feature that obviously affects market
structure and generates the finifeness property.!® This feature, however,
should not be taken to imply that high quality firms will necessarily ap-
ply entry limit pricing, nor that they will keep the largest market share
for themselves: accommodation of lower qualities can sometimes be more
profitable, since it allows the high quality producers to concentrate on a
smaller segment of the market, to which they can now sell at a higher price.
As Sutton observes in [44],

“..Rolex watches, like IBM computers, may be an enviable

9Sce [28]; a more detailed discussion of this paper is given in sections 2.1.2 and 2.4.1 of
the present work. ‘

10For a full presentation and references on the finiteness property, see subscction 2.2.2
of this thesis.



product, but they arcn’t noted for their shave in the watch
market. Having a “better” product presumably means that the
demand schedule faced by the firm is shifted further outwards,
than would otherwise be the casc. But the firm, so advantaged,
maght find it oplimal to take its profit (largely) in the form of o
higher price rather than in the form of am inereased volume of
sales 1!

Before closing this rather short introduction to vertical product differ-
entiation we must remind the reader of a well known difficulty that dif-
ferentiation introduces into the industry analysis. This difficulty concerns
nothing less than the definition of the industry itself: how “much” differen-
tiation between two products would justify them being considered as part of
the same industry? Although this problem was identified some sixty years
ago with the work of Chamberlin,'? no satisfactory answer has been given
to it: theoretical researchers tend to usually assume it away, although in
empirical studies common sense and rules of thumb are used to define the
boundaries of the industry under examination. Since a rigorous answer to
this problem lies beyond the scope of this thesis, we accept this caveat and
follow the tradition of considering that the industry is somehow well de-
fined. This assumption is a sine qua non for any further analysis, and also
scems to fit a bit more naturally in the context of quality differences—as
compared to that of variety-—where the concept of ‘product’ is more clearly
defined.

The plan for the rest of this thesis is as follows: hoping to have placed
in this introduction the concept of VPD within the more general concept of
differentiation, we devote the next chapter to a more extensive treatment of
the literature focusing on this topic. The target of this review will be two-
fold: on one hand we want to find the major questions that have been.posed
on the subject and analyse the answers proposed by various researchers; at
the same time, we want to introduce some key analytical concepts that will
be used extensively in the rest of the text.

In the last part of ¢chapter 2 we determine some important questions
which have not vet been addressed or adequately answered in the litera-

U Emphasis added.

12Gee [3].



ture. These questions refer to the choice of quality and the extent of market
coverage, as well as to the relation between these two issues and the condi-
tions of entry m a vertically differentiated market; they will be the subject
of our rescarch, which is presented in chapters 3 to 5.

Finally, in the last chapter we present the conclusions from our research,
we discuss its limitations and point out some guestions which constitute our
agenda for further research.

-1



2 Review of the Literature

2.1 The Model

The literature which will be reviewed in this section is rather technical in
nature, and revolves around the same basic model. We start therefore by
introducing this model, since it would allow all subsequent discussion to be
more concise while gaining in precision; moreover, this part introduces the
main framework that serves as basis for the results of our research

Rather than preserving the notation as it appears in the original works,
we try to keep it uniform throughout this rescarch in order to facilitate
comparisons between different approaches.

2.1.1 The Income-dispersion Model

It is intuitively obvious that in order to have a market with differentiated
products sold simultaneously consumers must differ with respect to some
characteristic; otherwise they would all buy the same product. In models
of horizontal product differentiation they are assumed to be located at
different points, so that the distance of each consumer from the different
selling points varies among consumers. This can be captured cither by the
dircet presence of transportation costs, or by the introduction of distance
as a ‘bad’ in the utility function,'®

In the case of vertical differentiation, the spatial interpretations have not
been very popular in the literature and, therefore, the transportation cost
approach has not received much attention.!? Taste differences are therefore
the predominant approach in VPD where almost all the results have been
derived using two main models: the income-dispersion model and the
taste dispersion model. -

The first was introduced by Jaskold Gabszewicz and Thisse in 19795
and it assumes a} that consumers differ by their level of income and b) that
quality interacts with income remaining after purchase in a multiplicative

13Gee for instanee the original article of Hotelling [12] for the first approach, or the works
of Shaked and Sutton [38] and Champsaur and Rochet {4] for the second.

11Although it has not been entirely neglected either. See Jaskold Gabszewicz and Thisse
[18].

1See [19].
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way.'® Thus, consumers endowed with different incomes have different in-
tensities of preference for quality. Further, it is assumed that quality is
a normal good; hence, as income increases consumers are willing to pay
more for a given increment in quality.’™ An individual’s demand for the
product is totally price inelastic so either he/she purchiases one unit of a
certain quality or nothing from this market; thus different qualities are
strict substitutes. The most common form of the utility function is:

Ul =wu;-z; (1

i )

where U7 is the total utility experienced by individual j after the con-
sumption of one unit of the good in question and z; units of the numérairve
good. The index u is an increasing index of quality that characterises every
unit of the good with u; € [u, &, If we define ¥ as individual j's income
endowment, and p; the price for quality u;, the utility function hecomes:

Ul = Uius, i) = i (t ~ pi) (2)

It is normal to assume that consumers participate voluntarily in this market
so they can purchase none of the qualities offered if they wish. We define:

J = g - 1 (3

as being the level of utility from non-purchase. The term ugq is the reser-
vation qualiy, i.c., a level of quality that is available to the consumers al
a zero price, so none of them would ever consider a quality lower than w,
even if it is offered for free. The presence of uy corresponds to the existence
of an outside good in Salop’s terminology.'®

Consumers are distributed uniformly with respect to their income ac-
cording to the density function:

h(t) = g if(r.StS.h
0 otherwise

(4)

An interpretation of this interaction is that quality enhances the consumption of the
numéraire good.

'"The consideration of quality as a normal good is a desirable feature rather than a
restrictive assumption of this model,

18See [33].
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Figure 1: The Indifference Curves of the Income Dispersion Model
I' and I* are typical indifference curves taken from the indifference maps of
two individuals with incomes t' and t* respectively. They both are asymp-
totic to their corresponding income level and they cross only once. The point
i represents the highest level of quality that is technologically available.

The set of preferences described by the utility function in (2) can also
be represented by indifference curves in the {p,u) space that are upwardly
sloping rectangular hyperbolas according to the expression:

p=t-Z (5)
u

As u—00, p—t?, hence, the indifference curves of any individual are
asymptotic to his/her level of income as in Figure 1. The marginal rate of
substitution is (¢ - p)/u, clearly decreasing in u; the resulting concavity of
the indifference curves indicates that the willingness to pay for increments
in quality decreases as quality increases. This happens because as quality
improves the marginal utility of income increases.

Notice that for equal (p, ©) combinations, the marginal rate of substitu-
tion depends positively on ¢, so at any intersection of two indifference curves
taken from the preference maps of two different consumers, the indifference
curve of the consumer with the higher income is steeper. Moreover, any
such pair of indifference curves can have at most one intersection, and hence
the so-called “single-crossing” property holds for the preferences expressed
in (2)." Therefore, assuming that many discrete qualities are offered at dif-

"This is the result of the marginal rate of substitution being monotonically increasing

10



ferent prices, if any two of them, say w;, and u; with wy, > w;, have positive
market shares, then:

wlt! —pi) 2 (L) wlt! - p)e=
wp(t™ = pr) > (<) w(t" ~ p). for all m > (<)j. (G)

In this framework, we introduce a price schedule p = p(n) and let the
consumer choose a quality u” such as to maximise (2) subject to this price
schedule. The introduction of such a schedule constitutes from the point
of view of the monopolist a self-selection problem®® in that every consnmer
must be induced to choose a certain quality assigned to him/her by the
seller. The result will be a tangency point between an indifference curve in
the (p, u) space and the above price schedule; at that point we have

V= —p)u, (7)

the marginal rate of substitution. Unless a corner solution prevails,*! the
above equality determines the optimal quality-price pair (u},p?) for con-
sumer j, provided that U/(uj,p}) > Us.

According to Lemma 2 in [6], the single crossing property guarantees
that both ; and p} are increasing in ¢. Thus, if & consumer purchases a
quality higher than that purchased by another consumer, his/her income
must also be greater. Hence, if by ¢4 we denote the income of the consuuner
just indifferent between w; and w;4, we note that all the consumers with
income ty > tj4; prefer product u;i; at price pj4r rather than the pair
(uj,p;). Similarly, all the consumers with income lower than t; prefer the

in ¢; see Cooper [6].

20See subsection 2.4.1.

*1As long as the number of products is finite (not a *quality interval’) while the consumers
are a continuum, there will be some consumers unable to obtain their first best; therefore
in the case where the distribution of consumers can be approximated by a conlinuous
function, the non-satisfaction of the first order condition lor all consuiners is equivalent Lo
having a finite number of products and bunching many consumers into the sanie quality. A
sufficient condition for this result is of course the existence of a fixed cost associated with
the entry of a new quality, and the resulting cconomies of scale. However, the presence of
fixed cost is not a necessary condition for the violation of (7); as shown later, the relation
between income distribution and the way variable cost changes with quality can also
produce corner solutions, bunching, and a finite number of products even in the absence
of any fixed costs (see the discussion on the finileness condilion in subsection 2.2.2).
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pair (w;_y, pj-1) over the pair (u;,p;). Hence, the single crossing property
implies that if a set of n qualities u; ... u, is offered at prices py...py,
the market shares of the qualities with positive sales will be chain-linked
rather than overlapping; as a result, the whole population of consumers
will be divided in terms of product choice in such a way that if # > ™,
r, where () denotes optimal choices. Therefore the model
at hand is an address model of differentiation since every product is in
direct competition only with its immediate neighbours, as is evident in the
following expressions for the volume of sales M™ of any product m:

then u} 2 u

M* = (b—t.)y (8a)

M™ = (tm41 —tm)g form=2,...,n—-1 (8h)
o (ta — 1y)g form=1landt; 2 a

M= { (ty — a)g form=1andt <a (Sc)

whereby #, (m = 1,...,n) denotes the level of income of the consumer
just indifferent between qualities w,, and wu,,—1. The determination of ,, is
straightforward:

'“'m(tm - pm) = “'m—l(tm - pm—]) =

tm = DPmTm — Pm—1{Tm — 1) where m=2,...,n. (9)

Also for t; we have

= F2IRN if »nr 2 a (10&)
h = a ifpim <ea (10b)

where
T, = S S— form=1,...,n. (11)

W — Um—i

2.1.2 The Taste-dispersion Model

The taste dispersion model has been used first by Mussa and Rosen in -
1978,%* and it assumes that the intensity of the desire for quality improve-
ments differs among consumers, who are distributed according to a taste

*See [28].




(u,,0) . -
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Figure 2: Indifference Curves in the Taste-Dispersion Model.

parameter. More specifically, the utility function of the individual j when
consuming product ¢ has the form:

Ui =u; 81 + 2] (12)

where #7 is the value of the taste parameter for the j-th individual and
everything else is as in page 8. Since 2] = #/ — p;, equation (12) can also be
written as: _

Ul =u;- &+t —p; (13)

In the taste-dispersion approach, income enters additively in the utility
function so marginal utility of income is constant (and equal to one) and
the income effect is zero. Since U7 /0u = 6 > 0, all the consumers
unanimously prefer a higher u in the absence of price considerations but
those with high ’s are willing to pay more for a given quality improvement;
moreover, a consumer's willingness to pay for improvements in quality is
independent of the level of quality he/she actually enjoys, so the indifference
curves from (13) in the (p, u) space are linear with slope equal to #; such a
curve is depicted in Figure 2.* The origin in this figure corresponds to the
pair (ug,0), i.e., the no-purchase option, although the vertical intercept of
any indifference curve—the distance 07 for the (I) curve—represents the
surplus consumer j derives from any combination (u, p) along that curve,”

*3Adapted from Mussa and Rosen’s Fig. 1 (sce {28]). .
2*This is so since the consumer is indifferent between any point along (1) and the
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The model is completed by a specification of the distribution of con-
suners, which is again uniform but refers now to the taste parameter,
rather than income, according to the function:

h(6) = { g if6n <6< 6 (14)
0 otherwise :

A careful examination of the income and taste dispersion models reveals
that the latter is a special case of the former, with constant marginal utility
of income as its special feature. This can be seen if we translate the sacrifice
for additional quality in terms of utility (rather than money), so that up(u)
is measured on the vertical axis of Figure 1 and Figure 2; in this case the
indifference curves will be linear for both models. Also, it is not difficult to
show that the Bertrand-Nash equilibrium prices and market shares in the
taste-dispersion model can be obtained if we substitute 8,,8, for a,b and
w; — wioy for vy, 1 = 1,2 into the corresponding expressions of the income-
dispersion model.?® Notice, however, that w;—u;_q = ryu, with v being
the ratio of the marginal utilities of income which correspond to the utility
functions (2) and (13). Thus, the price-maximising rules for the two firms,
as well as their Bertrand-Nash equilibrium prices and market shares, are
similar in the two models after the appropriate adjustment to the marginal
utilities of income has taken place.

The separability of the utility function in (12) allows for a further sim-
plification, namely setting up = 0. This simplification can be used in the
context of (1) only if we treat ¢/ as the maximum amount consumer j is
ready to spend on any guality from this market, so U,-j now represents ad-
ditional utility from the purchase of quality u; rather than total utility,?

combination (ug,—07). Notice however, that, since the no-purchase option corresponds
to having the quality ug at price 0, the above combination where ug is combined with a
‘negative price’ such as 0§, implies a positive surplus over (ug,0). Of course, points along
an indifference curve that crosses the vertical axis at a positive point are equivalent to
having o at a pesitive price, hence they compare unfavourably to the no-purchase option,
i.¢., the corresponding surplus is negative. Obviously, if market participation is free, no
consumer will ever accept to buy any combination along such a curve.

*58ee the expressions (26a)-(26d) in subsection 2.2.4, page 29, for the Bertrand-Nash
equilibrium prices of the inome-dispersion model; substituting these prices into (8a)-(8c)
we can obtain the Bertrand-Nash equilibrium market shares of the firms in the Bertrand-
Nash equilibrium of the income-dispersion model.

*%Ireland uses this interpretation (see [14] p.71).
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Figure 3: Spatial Models of Vertical Differentiation
Consumers are located between a and b although the firms' locations are
i and (o, The point zy represents the boundary of the market shures of
the two firms: with convez transportation cost consuners between a and &,
purchase from seller {; while those between x4 and b from seller (. The
ezact location of xy depends on the cost of transportaiion.

since otherwise ug = 0 together with (1) would imply that opting out of
the market is always an inferior strategy.

Although innocuous for the determination of prices when qualities arc
given, the assumption uy = 0 entails a significant loss of generality and can
be proven misleading when the choice of qualities is considered.®”

2.1.3 Spatial Models

Although most of the results in VPD have been derived on the basis of the
“utility approach” some studies have used a “space equivalent” approach
with the appropriate specification of a cost function. Jaskold Gabszewicz
and Thisse considered in {18] the familiar straight line metaphor from hor-
izontal differentiation and required that the two firms be located at two
points that lie outside the consumers’ segment [a, b], like the selling points
¢i and (; in Figure 3. The fact that (; is closer than (; to all the customers
is equivalent to saying that (2’s product is of higher quality since, every-
body prefers it at equal prices. With a linear cost specification it can be
seen that if pp < p1 + (¢1 — (2)e, the sales of ¢; are zero, with the opposite
‘holding if the inequality is reversr~d.?®* To avoid this type of bang-bang
switch, a non-linear cost function must be introduced. Gabszewicz and

27Gee section 2.3 and chapter 4.
28In case of equality all consumers are indifferent between the two firms.
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Thissc [18,21] use the following quadratic cost function in order to discuss
ilhe stability of the Bertrand-Nash equilibrium in a duopoly game:

o) =d|¢ — x| + (¢ — ) d,!1>0 (15}

where z € [a,b] denotes consumer location and ¢ = ¢y, ¢z is the selling point.
It can casily be scen that with a cost function like the one above, which 1s
convex in distance, and with an appropriate parameter specification, there
exists o critical consumer , such that consumers in {a, 25] buy from ¢ and
thosc in [22, b] buy from (. The position of @2 can he obtained by solving
the equation in T3

p +dIC — 2| + (G~ z3) = po + d|Ge — 22| + UG — z2) (16)

As is obvious, for a given location of ((;,(z) the position of 2, depends on
the relative prices of ¢y and (2. In order to show the equivalence between
the utility models and those with transportation costs, Champsaur and
Rochet?® show that the surplus generated by the taste dispersion model can
be approximated by using a distance function and a quadratic specification
for the transportation cost.

2.2 Equilibrium Prices and Market Structure

In this, as well as in the following section, we assume that each firm pro-

duces only one quality unless it is stated otherwise; the literature on mul-
tiproduct firms will be reviewed in section 2.4.

2.2.1 Pricing Game

We consider the oligopoly game as a three stage game, with firms deciding
in the first stage whether to enter while in the second stage they select the
quality of their products; finally at the third stage they compete in prices
& la Bertrand.™

*Gee [4].

30Pe order of the stages is determined so the short run decisions of the firms—i.e.,

pricing—be taken condititional on the medium and long run decisions which correspond
to choice of quality and entry decision respectively.
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The subgame perfect concept is used to deseribe the equilibrium in this
game, requiring that “after any stage, that part of the firm's strategios
pertaining to the game consisting of [the remaining stages], form a Nash
Equilibrium in that game.” 3!

In order to find this equilibrivm one must proceed backwards solving
first for the equilibrium in the price game with qualities considered as given:
substitute next the expression for the optimal prices as functions of qualitios
in the revenue function and find the choice of qualitics assuming entry has
béen decided; and finally, compare the optimised revenue to the entry cost
in order to determine whether entry can be profitable.

Assuming for simplicity zero variable costs, the revenne function rep-
resents also operating profits; hence, the objective of the m-th firm is to
choose the price that maximises its revenue function given by one of the
equations helow:

Form=mn:

Rn = pu(b—trl)ﬁ (17)
Fori<m<n:
. Rm = pm(tm-{-] - f'm)g (18)
Form=1andt < a:
Ri=pita—ti)g (19a)
Form=1and {; > a:
Ry =pi(ty — a)g (19h)

The presence of the expression (19a) indicates the possibility of a corner
solution for the price of the lowest surviving quality. The first order condi-
tions for the system are:

Form=mn:

(1/9)8R,/0p, = b -1, — Putn = 0 (20)
Forl<m<n:

: (l/g)aRm/apm = tm+l - tm - p'rrl(Tm + i1 — 1) =0 (21)
31Gee [39], page 3.
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Figure 4: Choice of p; and Market Coverage in a Bertrand-Nash
equilibrium

The higher of the two lines holds for py < a/ry (¢ £ a), and the lower
for py 2 a/ri. Thus, the relcvant ezpression for OR,/0p, is represenied
by the solid line ABCC'; if the py azis crosses this line along the segment
AB, t, < a and consumer a has some surplus; if ABCC'N0p, € CcC' firm
1 leqves some market uncovered and if Op; crosses ABCC' along AB the
market is just covered and consumer a gets no surplus.

Form=1andt115a:
(1/9)6R;/8p1 ety —a—p(ra—1)=0 (222)

Form=1andt 2a:
(1/9)0R1/8pr =ty = ti=pa(r1 A2 — 1) =0 (22b)

The form of the dR,/8p, function is given in Figure 4, taken from Ireland.”

Because we have assumed the price of ug to be zero, 3, = p171. Therefore
when p; = a/r; the market is ‘just covered,’ i.e., the poorest consumer is
just indifferent between the lowest quality in the market at price p; and
the outside good at price zero. If p; > a/r), some consumers are left out

32Gee [14].
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of the market and in the absence of a fixed cost there is always room for
‘a lower quality. Finally, if p; < a/ry the poorest consumer is having some
positive surplus.** Depending on which segment of the 0R,/3p funetion
crosses the horizontal axis, the appropriate solution for p, applies; if the
intersection occurs within the vertical segment, then py = a/fr).

Before we derive explicit solutions for the prices in the case where 1= 2

let us discuss some important implications stemining from the system (20)-
(22).

2.2.2 The Finiteness Property

By the very definition of VPD it is obvious that a higher qualily enjoys
an absolute advantage in demand over a lower quality. Thus, as Bain
suggested,® if cost differences do not climinate this advantage there will be
no easy entry and the potential for blockaded or effectively iinpeded entry™®
suggests itself together with the possibility of a small number of firms-in
the market. The finiteness properiy—first developed by Gabszewicz aud
Thisse®® and further claborated by Shaked and Sutton®—states indeed
that “...there will exist an upper bound independent of product. qualitics.
to the number of firms which can coexist with positive market shares and
prices exceeding unit variable costs, at a Nash Equilibrinm in prices.”*
The following example adapted from Shaked and Sutton [37]* illus-
trates the case where the upper bound to the number of firms is one (nat-
ural monopoly). Consider the utility function given by (2) and a uniform
distribution of consumer incomes as in (4) with density ¢ = 1; asswuing
that there are two firms in the market, the demand for the higher quality

331t is interesting to notice that setting py < a/r; allows even the poorest custoner 1o
obtain the product at a price lower than what he is willing to pay, despite Lhe fact that
there are no customers between ¢y, and @ to be attracted by this low price. The answer
to this little paradox lies of course in the competition between product | with product. 2
the positive surplus of consumer @ is a side effect of the competition for consunters with
incomes around {a; this situation arises when qualitics are too close.

34Gee (1], page 12.

35Gee [1], pp. 21-22.

36See [19] [17].

37See [39) [36] [44] [38].

38Gee [36], page 1472.

39Gee also Ireland [14] and Waterson {46).
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Figure 5: The Demand for the High Quality Product

The position of the demand curve depends on the price of the lower quality:
the curve Dy is drawn for py = 0; en increase in py will shift the Dy curve
to a position like D). Since the width of the income distribution is b — a,
there will be no consumers between b—a and a; hence, the demand curve is
vertical at b~ a. If the marginal revenue MR crosses the azis to the right
of b —a, there will be no room for a second firm; thus, for b < 2a there is
no py > 0 leaving any market share to firm 1.

product will be: ‘ .
M?* = min(b—t;,b— a) (23)

Given the choice of qualities, #; must depend directly on p; and inversely
on py. ‘

In Figure 5 we consider the relation between p, and M?; this relation
depends of course on the price of product 1: the higher p; is, the higher
the position of the demand curve for product 2. Assume that quality u, is
priced at average cost ¢; and consider the discontinuity in the demand for
product 2 at b — a. The price p,, which is the highest price that confers
all the market to product 2, cannot be lower than the average cost of this
quality since by our definition of VPD there is no p; > ¢, such as to make
P2 £ ¢, the average cost of product 2. The question therefore is whether
the intersection of marginal revenue® with marginal cost of product 2 lies

“@Marginal revenue is defined here in the traditional way, i.e. the derivative of total
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to the left or right of the segment AB. Since we have assumed zero marginal
cost, it 1s the intersection of marginal revenue with the horizontal axis that
determines the optimal p; and A% if it oceurs to the left of AB there will
be entry accommodation, although in the case where marginal revenue and
cost meet on or to the right of AB the market will be monopolised.

It is now obvious that the width of the income distribution, b — «a, is of
paramount importance for the determination of the munber of firms i the
market. To see this, start from a situation where monopoly prevails and
keep lowering a: the segment 4B will move to the right till eventually the
situation will turn to a duopoly.

Notice that for given qualities the demand for product 2 shifts down-
wards as p; decreases. Thus, even when the lower quality ends up being
out of business, its (potential) presence is not without consequences for the
high quality: it forces p; to be as low as it is necessary to keep the low
quality out of the market, which in Modigliani’s terminology™ is the entry
limiting price. “Hence, the limit price is viewed here as an equilibrivm
strategy which endows it with a game theoretic stability content.”!”

Assuming zero costs®™ in a model similar to the above, Jaskold Gab-
szewicz and Thisse in [19] determined the width of income distribution
that could sustain one, two or more firms. They considered two firms in
the market and they found that if b < 2« only one firm serves the whole
market, if 2¢ < b < 4a the whole market is served by the two firms (with
no room for a third one) and if b > 4a the two firms will not serve the
entire market, and thus, with zero fixed cost, there is room for at least o
third firm. These results have also been presented in Shaked and Sutton in
[39]; the presentation below follows this last reference.

To determine an upper bound to the width of the income distribution
so that it can sustain at most m firs we simply solve the system of first
order conditions for the top M firms and we require that #,_ 54 < a.

revenue with respect to quantity. Since consumer distribution is assumed to be uniform
with density equal to one, the marginal revenue is dRa/OM? = —~8Ra/Ots.

NGee [27].

42Gee [19).

13The assumption of no fixed entry costs is allowed in [19] beeause entry in the industry
is assumed to be simultaneous and firms are single-product. In the present work, we relax
the zero-entry-cost assumption and allow for sequential entry and multiproduct firms.



Subtracting ¢, from (20) and (21) and adding its equivalent from the
RHS of (9}, we obtain the expressions:
Form=mn
b=2ty — (1 — 1)1 =0 (24a)

Forl<m<mn
1'"!+1 - 21"111 - (rm+l + = 1)pm—1 =0 (241))

Notice now that for any of these conditions to hold, we must have t,, > a.*

Assuming all costs being equal to zero, a necessary and sufficient con-
dition for any quality other than the top one to have a positive market
share is that the lower boundary of the market share of its higher quality
neighbour must be greater than « in a Bertrand-Nash equilibrium. Thus,
in order to get ™ > 2 qualities in the market, it must be that ¢, m42 > @,
where m = 2,...,n. From (24h) we obtain that {4, > 2t,, for all m
and from (24a) that b > 2f,. Proceeding recursively we can obtain the
condition b > 2" 'a which guarantees the existence of at least m firms in
the market. In order to guarantee that m is also the maezimum number of
products, it suffices to ensure that t, ;41 < a. Since 2™t,_n4 < b, the
above condition holds whenever b < 2™a. Thus we will have exactly
qualities in the market when 2™ 'a < b < 2™

As Shaked and Sutton state, “the mechanism that brings this result
about is price competition among the ‘surviving’ products which drives
their prices down to levels sufficiently low to make every consumer who
chooses to purchase the product to prefer one of these qualities at 1ts equi-
librium price.”*® Notice that for many of the surviving products these “suf-
ficiently low” prices may involve substantial price-cost margins and, conse-
quently, positive profits. ‘

A most striking feature of the finiteness property is that, although it
depends on the width of the income distribution, it is independent of its
density: as can be seen from (22) optimal prices and market boundaries

MIf for some m = M, 4 < a, condition (22) applies for that m (with ps and gy,
replacing py and 1o respectively) and all the qualities below 17 are left out of the market.

45This expression generalises as 27~ 'a < b+ ¢ < 2™ for the case where there is a per
unit cost ¢ > 0; see [22].

See [36].
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of all the qualities are independent of ¢, In other words, if the size of
the market increases uniformly, there will be no tendeney towards a larger
number of firms! Contrast this with the paradigm of horizontal differenti-
ation where the munber of firms depends on the relation between the size
of the market and the level of fixed cost: if the former tends to infinity
(or the latter to zero) the number of firms will tend to infinity leading to
a fragmented market structure and an infinitesimal market share for each
firm.*" By contrast, in models of VPD once the upper bound to the num-
ber of firms is reached, the market shares of the different produets remain
invariable as the size of the market tends to infinity or the fixed costs tend
to zero.

We have shown that the upper bound to the number of firms in the
market imposed by the finiteness property is independent of the relation
between market size and fixed costs, being determined by the pattern of
tastes and the income distribution. The terms natural monopoly, naturel
duopoly and natural oligopoly have been used in the context of VPD to
indicate situations where the upper bound to the number of firms allows
for at most one, two or a few firms respectively. This is not to say, however,
that the relation between fixed cost and market size has no role to play in
the determination of the actual number of firms; large increases in fixed
cost can transform a natural duopoly, for example, to a monopoly through
the usual profitability condition for entry, but this result is not symmetric;
substantial reductions in fixed cost cannot make room for a second firm in
a natural monopoly.

The question that naturally arises at this point concerns the generality
and robustness of the finiteness property.

General Conditions for Finiteness In order to examine this question
we keep the initial assumptions of the model, i.e. a uniform income distri-
bution and a utility function of the kind described in (2) and ask which are
the necessary and sufficient conditions for finiteness. Shaked and Sutton
treated this subject in their 1983 paper.” In order to present their work
we assume the variable cost function c(u) to be a nondecreasing, continu-

17Gee for instance (14}, [10] or [45).
185ee [36).
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ous and differentiable function of quality for u € [u, @] with u > g, and
we define as #(u, v) the income of the consumer who is indifferent between
qualitics v and v (v > u) when both are priced at average cost. Therefore,

£ must be given by the solution of

u(t — c(u)) = v(t — c(v))

50
ve(v) — uelu)

v —1u

t(u,v) = = c{v)ryy + c(u)(1 = 740)

where 7, = v/(v — u); next, let us define the function #(u,u) as:*
lim (v, v) = c(n) + uc'(u)

Since we have assumed c(u) to be differentiable, #(u,w) is well defined.
Let us now consider the utility maximisation problem of a consumer with
income Y: :
-
maxu(Y — c(u
axu(Y — c(u))

The first order condition for this problem is:
Y = uc'(u) + c(u) = t(u,u)

In other words, when all the qualities are priced at average cost, it is the
consumer of income #(u,u) who has his first order conditions for utility
maximisation satisfied when quality u is chosen. This implies that the
consumer t{u,u) attains either a maximum or a minimum of utility by
choosing quality «. It is precisely this type of consumer that must not be
present in the population for the finiteness property to hold. For this, it
is required that “either (a) t(u, ) & (a,b) for [Vu € [u, @]}, so that all such
consumers lie outside our range of incomes, or (b} t(u,u) < t(ug, u), so that
any such consumer prefers to make no purchase, rather than buy u.”*°. The
following condition combines the two cases:

Condition(F): t(u,u) ¢ [maz(a,t(uo,u)),d] Vu € [u, i}

WSince c(v) is differentiable this is derived easily from de I’Hospital’s rule.
508ee [36).




Shaked and Sutton prove indeed that the fulfilment of the condition (F) is
necessary and sufficient for the finiteness property to hold. In what follows,
we will not try to reproduce their rigorous proof but rather to discuss the
intuition lying behind the condition {F).

As already said, finiteness is absent whenever, by reducing the fixed
cost or by increasing the size of the market, we can make room for an
arbitrarily large number of firms. This can be done in two ways. First,
allow the existence of an arbitrarily small range of consumers (¢/,t") C (o, b)
for whom condition (F) is viclated, i.e. Vi(u;,w;) € (#,#7), #(uo,1;) < a <
t(uj,uj) < b for some u; € [u,%]. Then, for any such consumer, quality
u; can be dominated only if some other quality is sold below average cost,
which is of course unsustainable. Therefore we can say that the consumer
is “located” on his/her preferred price-quality package. Combinations to
the left or right of it are considered inferior and are ranked according to
their distance from the optimum one. This setting falls into the horizontal
differentiation context where, if fixed cost is zero, an infinite number of
firms can be introduced, each one serving a particular type of consumer in
the (t',t") interval. Therefore, the first case that condition (F) rules out
is the transformation of vertical to horizontal differentiation through cost
of quality considerations; the way we defined VPD in page 4 aimed to rule
out this possibility.

The second way in which an unbounded number of firmns can be entered
is “by introducing new products of successively lower quality at the end of
the existing range.”® Assume that there is a consumner, with income zero,
and assume that the average cost is zero as well; from the utility function
in (2) it is obvious that he/she is indifferent between any qualities priced
at average cost, hence, if any firm wants to attract this consumer, it must
price its product at average cost and make zero profits. Assume now that
after the entry of firm m, m < n, there is still some part of the market not
served by the incumbent firms, and consider the decision of the prospective
entrant: he/she has either to cover all the remaining market in which case
his/her profits will be zero, or to price above average cost and accept that
some low income customers do not purchase its product. In the latter case,
the assumptions of vertical differentiation will guarantce a positive market

SiGee {36).




share to the firm, so that its profits—no matter how small—will be positive.
Hence firm m 4+ 1 will always leave some market uncovered. In the absence
of fixed cost a new firm can enter and obtain positive profits by excluding
some consumers in the neighbourhood of the zero income consumer thus
leaving room for another firm, and so on. Since a positive market share at
a price ahove average cost can be guaranteed to any quality as long as no
higher qualities arc sold at or below average cost, and since the top quality
makes positive profits, it follows that this process will entail the entry of
an infinite number of firms in the absence of any positive fixed cost. What
destroys the finiteness property in this case is the presence of a consumer
who is locally indifferent between a certain range of goods—in our example
the consumer of income zero. ‘
In the more gencral case where variable costs are not zero, the above
example indicates that in order to preserve the finiteness, we must exclude
“the consumer who is locally indifferent between two qualities priced at
average cost. The indifference curve of that troublesome consumer must be
tangent in some section to the average variable cost schedule, since his/her
willingness to pay for additional quality increases at the same rate (locally)
as the average variable cost nc. essary to obtain the quality improvement.
Condition (F) eliminates this case as well.

2.2.3 Robustness of the Finiteness Property

Until now, all our discussion of the finiteness property has been based on
the very specific assumptions of: (1)} pure VPD, (ii) a two-stage perfect equi-
librium with Bertrand- Nash equilibrium in the second stuge, (iii) the utility
function of the income-dispersion model and a uniform income distribution.
It arises therefore naturally to ask at this point about the robustness of the
finiteness property under alternative specifications.

Finiteness ‘11 the Taste Dispersion Model Donsimoni and Hamilton
[9] examined the finiteness property in a taste (rather than income) dis-
persion model and found that a necessary and sufficient condition for the
absence of finiteness is that

((8)) = U”"(8,2(8)) > 0 (25)



where U(4, ) is the utility function, ¢ is the cost per unit of output, primes
denote derivatives with respect to u and @(8) represents the optimal-u-for
type-8 function as defined by the maximisation of (13) for different values
of 8. '

Condition (25) implies that cost must be more convex than utility with
respect to quality. If the marginal utility of quality (U < 0) 1s assumed to
be non-increasing, then the finiteness property cannot hold when marginal
cost increases with quality (¢” > 0). Thus, in the taste-dispersion model as
exemplified by (12} a necessary but not sufficient condition for the finiteness
to be present is that the average cost be a concave function of quality.

Notice that the violation of condition (25) is close in spirit to the re-
quirement that average variable cost does not rise “too fast with guality.”

Finiteness in the Presence of Horizontal Differentiation In their
1987 paper, Shaked and Sutton®? carry the generalisation a few steps fur-
ther by combining horizontal and vertical differentiation. In such a context,
however, one must be less ambitious, for it is obvious that the finiteness
condition as defined earlier cannot be maintained in the presence of hor-
izontal differentiation. Nevertheless, a modified version of the finiteness
property (MFP from now on) still holds. In this version, the number of
firms is no longer bounded from above, yet, as the size of the market in-
creases, the relation between technology and tastes can prevent the market
from becoming extremely fragmented: the market share of some firms will
remain positive, even if the size of the market tends to infinity. Sufficient
for this result is a set of two conditions on tastes and technology.

Let us assume that products differ according to a horizontal attribute
h and a vertical one, u; hence, U = U(u,d,t). Utility is strictly increasing
in u and strictly decreasing in d = |h — «|, the distance of the horizontal
attribute b from the consumer’s favoured location . In addition, it is
assumed that the marginal rate of substitution between 1 and d is positive
and finite, so that if a firm from its horizontal location jumps up “vertically”
to a higher quality it can capture some of the consumers located rather
closely to its rivals. The first of the two sufficient conditions for the MFP
to hold is that at any location, there exists an increase in quality, sufficient

33Gee [38].
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to allow the firm operating at that location to obtain any market share
at a price above average cost. For this to be possible average cost must
not rise too sharply with quality, for if it does, the advantage in terms of
market share that a higher quality could obtain would be dissipated by the
higher price necessary to cover the new (increased) average variable cost.
Restated in terms of utility and cost, this condition implies that: 8U/du
is bounded away from zero; 8U /8y, |8U /dd| are bounded from above, and
¢(u) is bounded from above by some income level which is less than b—the
maximum value of consumer income.*® This condition is analogous to the
familiar one of finiteness property in the pure VPD.

The second condition admits that quality improvement always involves
an increase in fixed costs but it stipulates that the elasticity of fixed cost
with respect to quality changes is bounded from above. The role of this
condition become clear in the following sitnation: as the size of the econ-
omy increases, given the condition on average variable cost there will be a
tendency for the maximum quality to increase. However, this tendency may
e stopped if the increase in fixed cost due to better quality is prohibitively
large. The condition bounding the elasticity of fixed cost with respect to
quality helps to prevent this from happening,.

The above mentioned conditions can be combined in a smgle sufficient
condition for the market never to become fragmented: “there is some factor
k such that, by incurring k times more fized cost than any other participant,
a firm can guarantee sales of uS at ¢ mark-up p over unit variable cost,
irrespective of the prices set by rival firms” where S is the size of the market
and p is market share.®* What really rules out the horizontal differentiation
paradigm and the resulting fragmented market is the “fendency for firms
to jump to higher levels of u in order to escape crowding by competitors at
lower levels.” 58

In {38] is also discussed the case of a Cournot (rather than Bertrand)
equilibrium in the final stage as well as sequential entry and multiproduct
firms, and it is shown that the MFP is robust to all of these generalisations.

$5Gee [38].
#3ce [38].
558ce Sutton in [44] p. 390.




2.2.4 Comparative Statics

Having dealt with the finiteness property we proceed now to the complete
solution, followed by a short analysis of comparative statics, of the pricing
stage of a Bertrand-Nash equilibrium with single-product firms; we assume
that only two firms euter the market. The analysis presented helow is taken
from Gabszewicz and Thissc {19]. We define

- Ug — U
Viug,ug) = 2 0

(25)
g — 4

where V' 1s a measure of the relative distance of wg and u, frony uy. By

straightforward solution of (20) and (22) for the case where n = 2, we

obtain:

If V < (b—a)/3e (region III):

b 21)(7'1 + g — 1)

P dr 4+ 3(rp — 1) bz ro(dr) + 3(ry — 1)) (262)

If (b—a)/3a < V< (b+ a)/3a (region II):

m= 2 P = btara = 1)/m (26))
™ 27‘2
If (b4 a)/3a <V (region I):
b—2a 2W—a
Y = 26¢
P 3(?'2 - 1) bz 37'2 ( ()
If b < 2a (monopoly):

pm=0 pe = alu;’ —uy') (26d)

The first thing to notice in the above expressions is again the absence
of g: prices are not affected by the size of the market. Thus, the short-run
gains to consumers from joining two similar (though possibly differently
sized) economies through international trade are nil.*® Bascd on the expres-
sions (26a)-(26d), Gabszewicz and Thisse examine through comparative

56See [37).




statics the impact on prices of the parameters of the income distribution
and the qualities.’” A simple calculation shows that the mean of the income
distribution is # = (b4 a)/2 and its standard deviation is ¢ = (b— a)/?,\/g.
We first notice that p} and pj arve piecewise linear functions of # .Then,
keeping qualitics constant we have:

If(b—a)/3a LV £(b+a)/3a:

a »* a *
o 2 >0
X ag=cst X o=csi
If (b4 a)/3a £ Vand b > 2a
aa"i <0 i N
& o=csi a.’L o=csi
Ifh<2a:
dp3
i 0
a"E o=cst g

This shows that at low income levels both duopolists benefit from a
policy that increases average income; beyond some level the low quality
firm will be forced to decrease its price and eventually exit the market since
the consuners are now rich enough to switch to the high quality product.

Similarily, inserting the value of standard deviation in (20) and (22) and
again keeping qualities constant and noting that pj and pj are piecewise
linear functions of o, we get:

f(b—a)/3a SV L (b+2)/3a:

a " »
! <0 op3 indeterminate
30‘ T=cst 30' T=csi
EV<(b-—a)or (b+a)/3a<V and b>2a
a * n
ol g 2 IO
aO' :f:cst 60' I=cst
Ifbh<2a:
a »
22l <o
ao’ z=csl

A7Gee [19].
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As expected from the finiteness property, a substantial reduction of
income inequality drives the lower quality out of the market; if the distri-
bution of income continues to shrink beyond that point, the price of the
surviving product rises since consumers now become more homogeneons.
Hence, the ideal income dispersion from the point of view of consumers is
the one that just eliminates the low quality from the market.

If -ve keep now the parameters of the distribution constant we note with
respect to the impact of quality choices on prices®™ that all the derivatives
with respect to uy are nonnegative; however, with respect to g, things are
as follows:

IfV <(b~a)
ap: *
! I indeterninate Op} <0
a“] up=cst a”'l ug=cst
If(b—a)/3a <V <(b+a)/3a:
a » B}
5 >0 —Dﬁl <0
6u1 ur=csi aul no=cst
If (b+a)/3a <V and b> 2a
O0p; 5
A <0 opi <0
aul g =cst aul ug=csl
Ifb<2a:
8 *
ﬂ < 0
aul up=cst

Surprisingly, when (b+a)/3a¢ < V holds, an improvement in the quality
of product 1 will result in a reduction in its price. On the other hand, in all
the above cases 9p;/0u] is negative implying, as expected, that the optimal
price of the high quality decreases as the quality of product 1 increases.
The lesson from this analysis is that being too close in terms of quality
can hurt both firms, and “relezing price competition through product price
differentiation” may be a profitable strategy for hoth duopolists.”

530f course qualities are ultimately determined endogenously in the previous stage of
the game, but here we consider only the comparative statics of their effect on prices.
59G¢ce Shaked and Sutton in [39)].
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Although suggestive, the above statement is not yet rigorously substan-
tiated since revenues depend not only on prices but also on sales; for this
reason we now turn our attention to the optimal choice of qualities.

2.3 Product Selection

The examination of the literature on the pricing stage of the duopoly gane
has revealed that, in situations described by the model of VPD as defined
in page 4, there will be only a limited number of firms, each one producing a
single quality.% We turn to the discussion of the attempts in the literature
to identify the specific qualities that will be chosen in the context of VPD.
We start this examination by assuming the absence of any fixed costs, and
also that variable costs do not depend on quality (it actually makes no
difference if we assume them equal to zero as well). Further, it will be
assumed that qualities can only be chosen from the set [u, @] with 1 2 uo;
hence we exclude any technical progress. The case where @ is allowed to
increase will be discussed later. Unless otherwise stated we also assume
that the market sustains only two firms, i.e., 2a £ b < 4a.

Since a higher quality has always an advantage over a lower one, it
may appear that both firms have an incentive to choose the highest quality
available, so that the market is characterised by minimel differentiation.
This is indeed the conclusion in {20].

However, a quite different conclusion can emerge upon closer exami-
nation of the revenue functions after prices have been chosen optimally.
Inserting the expressions for optimal prices from (26b)-(26¢) in (17)-(19)
we obtain:

Ifi,<a
1 b—2a\?
= : 9
R, R ( 3 ) (28a)
2 —-a\’1
= -— 28b
Ry ( 3 ) - (28b)

0By assumption.



It =a

alb —a(V 4 1)]

Ry = 5 (29a)
=
S 2
R, = [0+ a(V ~1)] (201)
4?'2

Before focussing our attention on the revenue functions let us examine
the conditions determining whether the first or the sccond set of the above
expressions hold. First notice that both the expressions (28) and (29) are
increasing in ue; this implies that the optimal choice of u, is i, which also
conforms to our intuition. We define V{(1t,) = V(u;, @) so that the terms
region I (region II)® refer to the set of values of w, for which V{a,) >
(<)(b + a)/3a; hence, the expressions (28a)-(28b) apply in region 1.

The function V() is continuous and monotonically increasing in 1, aud
as u; — %, ¥V — 400, so that the values of u; in the neighbourhood of @
belong to region 1. From (28a) and (28b) it is obvious that the revenues of
both firms are decreasing in ry; since ry is increasing in u,%? both revenmes
must also be decreasing in ;. Thus, both firms can do better by “relazing
price competition through product differentiation” as Shaked and Sutton
suggest in [39].

The intuition behind this argument indicates that as w; gets further
away from ug, the two products become less homogeneous, thus conferring
market power to the firms producing them. The question at this point is
how far this process can go on. In other words, can one suggest as Hung
and Schmitt [13] and Ireland [14] do that VPD markets are characterised
by mezimal differentiation? The answer to this question is generally neg-
ative because firm 1 trades off the additional heterogeneity at the expense
of lower quality premia for its product.®® Thus, although the Bertrand
conjectures that characterise the pricing stage of the game require some
heterogeneity for profits to be nonzero, too much differentiation may harm
the revenue of the lower quality product. To make the point more rigor-
ously, assume that u = ug, so that maximal differentiation implies 1, = wu,.

Glsee page 29.
52Gee the definition of r,, in (11).

83Recall that we have assumed zero costs so there are no cost savings by choosing a
lower quality.
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Then, py must equal 0 and R, = 0. Moreover, since V(u,) is continuous with
Bttty V(1) = 1 < (b4 @)/3a®, the expressions (28b) and (28a) must
hold for low values of u;. Also the continuity and monotonicity of V(u,)
guarantee the existence of a unique value of u;, name it #,, that belongs to
hoth sets and is determined by the relation V(it;) = (2b+a)/3a. Therefore,
maximal differentiation will be observed only when u is close enough to i,
as is the case in [13] where Hung and Schmitt consider u > 4, although
they never state this assumption.®® In the case of Ireland,*® the maximal
differentiation is due to his special assumptions that uy = 0%7 and that the
set of feasible qualities is bounded away from zero.

Thus, even if the principle of maximal differentiation does not represent
the general case in VPD, as some authors believe, it remains true that
some differentation is always profitable for both firms. However, this is
not to say that both firms benefit equally from product heterogeneity: as
Shaked and Sutton show® the revenue of the higher quality always exceeds
that of a lower quality®®. Thus, when entry is simultaneous, both producers
may be seeking the high quality although differentiation would be mutually
beneficial. This problem can be easily assumed away by requiring that the
firms enter sequentially, which is probably a more realistic assumption.

Shaked and Sutton have examined the equilibrium configuration of
products in the context of natural duopoly in the presence of a fixed cost
function that is increasing and convex in quality.”® This situation is illus-
trated in Figure 6 taken from [37], where R;(u;u;) represents the revenue
of firm ¢ as a function of its quality u for a given choice of quality u; by
the other firm. Thus, for instance, if firm 2 sets its quality equal to u,, its
revenue will be zero from the Bertrand assumption. Notice also that the
position of the lower quality’s revenue function depends on the reservation
quelity although both functions R; and R, depend on the quality level of
cach firm’s rivel product. Every firm maximises profit for a given quality

HBy the assumption b > 2a.

55 For more discussion on this point, see chapter 4.

6Gee [14] pp. 71,72.

51'his assumption is allowed by his interpretation of (2) as being additional rather than
tolal ulility from the purchase of quality u;.

3Gce [39). :

“z'l‘his result may u-t hold if the income distribution is very skewed on the right side.

"0See [37).
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Figure 6: Equilibrium Product Configuration when the Fixed Cost
Increases with Quality.

The curves gR;(u;uz) and gRy(u;uy) represent each firm's revenue as func-
tion of its quality for a given quality choice of its rival. The curve F(u)
represents the fized cost as function of the quality levels.
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of the rival product by setting OR;/Ou; = F' = OF(u)/0u, where F(u)
represents the fixed cost function. As can be seen from Figure 6, the com-
hination (11,u2) is an equilibrium configuration; Shaked and Sutton [37]
claim to have found that such an equilibrium exists.

Two things are of importance in this diagram: the first is that the high-
st quality may no longer be the most profitable choice for firm 2, because
now any increases in revenue from chosing a higher quality must be consid-
cred against increases in costs. The second is that, although the incumbent
(firm 2) has not chosen the highest feasible quality, for the depicted solu-
tion to be a Nash equilibrium firm 1 must not have any incentive to ‘jump
above’ and become the high quality producer. This may happen since the .
revenue of any ‘high’ quality depends on the position of its rival; it may be
better for firm 1 to be the low quality producer with sufficient differentia-
tion, rather than producing the higher quality in a market where qualities
are too close.™

Extending the above discussion Shaked and Sutton conclude that, in
the presence of fixed costs that depend on quality, increasing g, the size
of the market, results in higher qualities being produced.”® They use this
result to assess the welfare impact of joining two similar economies through
trade.™

2.4 Multiproduct Firms
2.4.1 Multiproduct Monopoly and Price Discrimination

All the works we have examined up to this point refer—with the exception
of [28]—to single product firms. We now turn our attention to the more
realistic case of multiproduct firms. By ‘multiproduct firms’ we mean firms
producing a number of qualities of the same product and not firms selling
in many different markets.” We start by assuming the whole market being
suppled by a protected monopolist, so that entry threat is ruled out; in
a situation like this, why would the monopolist introduce many qualities

T!'This point is also discussed in [13].

T?Provided that the fixed cost function does not have kinks al the present quality levels.

TSee [37]. _

™The old question of defining the boundaries of the market lics outside the scope of
this paper.
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competing with each other? To answer this question, consider the indif-
ference map resulting from (13);”® the indifference curves are linear with
slope 6, the taste parameter of individual j. Define I as the indifference
curve in (u,p) space with slope ¢ such that (0,0} € I/, and pi(u) such
that (u;, 7(w;)) € I, with #(u;) representing the maximum amount con-
sumer j is willing to pay for quality u;. Since we arc discussing quality
differences rather than variety, 7 is monotonically increasing V j, so that
any consumer’s willingness to pay is at a maximum at #. Thus, if average
cost ¢{u) rises slowly with quality,”” the monopolist would produce ouly #
in the absence of any price discrimination. On the other hand, assuming
that the monopolist could identify consumers by their taste parameter and
could also monitor purchases, would again imply the availability of only 4
except that now it would be offered at an interval of prices indicated by
points A and B in Figure 7, where A ¢ I*, B € I*, and the superscripts
a and b represent the consumers with taste parameter 8, and 6,."® This
solution represents the maximum maximorum for the monopolist’s profit.
However, if the monopolist, although aware of the position of I* and I*
as well as of the distribution of the taste parameter, is unable to identify
consumers or monitor their purchases, the perfectly discriminating solu-
tion becomes infeasible; nevertheless, the monopolist can still practise (im-
perfect) price discrimination if he/she offers the consumers a price-quality
schedule based on the distribution of willingness-to-pay rather than on cost
conditions. To see how this can be done, consider only two types of con-
sumers characterised by 6, < 6,™ and assume initially that only combina-
tion B is available. Consumers with 8, will not purchase the good since

"In order to simplify the diagrams, we develop the intuition related to this topic using
the taste-dispersion model since the resulting indifference curves are linear; this is a purely
simplifying assumption since the main idea of this section does ot depend on the choice
of model.

"The (u, p} combinations along I/ yield zero surplus to consumer j. Since the marginal
utility of income is one in this model, the utility level corresponding to /7 is equal to
consumer income.

T"More rigorously, it is required that Jefdu be bounded from ahove, at alevel below 8,

™Recall that f; and 8 are the low and high boundaries of the distribution of the taste
parameter.

"The intuition presented here applies for any two values of 8, say 8), and 0;, for which

0 < 0 < 6y < 0. We are using though 8, and 0y to avoid complicating Figure 7 too
much.
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Figure 7: Multiproduct Monopoly and Price Discrimination

This Figure superimposes two indifference maps similar to the one tllus-
traled in Figure 9, representing two consumers with different 6's. The su-
perscripts to the indifference curves (I) indicate consumers.

they derive a negative surplus, equal to OFE.8® If the monopolist tries to
tempt them with a combination like A, they will accept the offer but, at
the same time, the 8, customers will purchase A as well since it yields a
positive surplus equal to OF although the surplus from combination B is
%ero. '

Consider now the alternative of offering a pair of combinations like C
and D5 In this case, the §, consumers are indifferent between the two,
and an infinitessimally small reduction in pg would induce them to buy C.
On the other hand, the 8, consumers will find D more advantageous than
both C and the non-purchase option. Therefore, quality differences are
necessary in order to induce consumers to reveal their willingness-to-pay
for quality. '

How large ought this difference to be from the monopolist’s point of
view? To answer this question notice first that, if the two groups are

80Gee page 14 and in particular footnote 24 on that page.
818ee again Figure T.
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considered separately, the monopolist revenue from each group increases
monotonically with %.5? Thus the monapolist would like to offer to each
group a level of quality as high as possible. However, if C is already supplied,
the monopolist canuot combine it with any quality g > up, becanse if ug
is offered at a price above pg* nobody will buy it, while, if the price of ug is
lower than pg, nobody will buy C anymore. Nonetheless, if the combination
offered to high taste consumers is allowed to vary, a lower combination along
I* opens the possibility to extract more surplus from the high taste types,
since the price of @ can now be raised without inducing them to buy the
lower quality. There is, therefore, a trade-off between revenues from the
two groups, and the relative populations of the two groups (consumers’
distribution) is obviously important for the determination of the profit-
maximising price-quality combinations. If, for instance, the 8, group is too
small in size, or the range of technologically feasible qualities [i, i, with
ug < u < 1, is too narrow, it may be optimal for the monopolist not to
serve the low-taste customers. We examine this point in greater detail later
in this work.

As Phlips points out the above idea is not new: this practice was ob-
served already in the nineteenth century by Dupuit. The following quota-
tion from Dupuit® “... introduces the idea of a reduction in quality (of the
lower-quality goods) as a market segmentation technique”:®®

It is not because of the few thousand francs which would have to
be spent to put a roof over the third-class carriages or to uphol-
ster the third-class seats that some company or other has open
carriages with wooden benches...What the company is trying to
do is to prevent the passengers who can pay the second-class

2Notice that if differentiation is vertical in the sense we defined the concept on page 4,
not only revenue, but profit will also be increasing with u. This is so because assuming
a unanimous ranking among consumers of the qualities priced al average cost implics
that the willingness-to-pay for quality improvements always exceeds the cost increments
necessary to bring about those improvements. This point does not hold in the mode! of
Mussa and Rosen presented below, because the cost structure together with the utility
function employed in that paper do not imply VPD and the presence of the finiteness
property.

83Gee Tigure 7.

84As cited in Phlips, see [31] p. 216.

83Gee [31] p. 216.
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fare from traveling third-class; it hits the poor, not because it
wants to hurt them, but to frighten the rich...And it is again for
the same reason that the companies, having proved almost cruel
to third-class passengers and mean to second-class ones, become
lavish inn dealing with first-class passengers. Having refused the
poor what is necessary, they give the rich what is superfluous.

Three general characteristics of the solution to the above self-selection
problem must be noted: a) quality @ is always offered when cost does not
rise with quality, b) the surplus of the high-taste consumers is always pos-
itive (imperfect discrimination), and ¢) the surplus of the low-taste buyers
is always zcro.

Despite the fact that the use of many qualities for purposes of discrimi-
nation has long been noticed by economists, it received a rigorous analytic
treatment only in 1978, in the work of Mussa and Rosen {28}. Their assump-
tions include, together with a utility function as in (12) and a distribution
as in (14), a cost function that contains no fixed part, so that a contimum
of qualities is usually produced, and a per unit part that is constant in
quantity and increasing and convex in quality.5

Using the above assumptions, Mussa and Rosen conclude that, if such
an industry is monopolised, a larger interval of qualities would be produced
than in the competitive case, with every consumer other than the one char-
acterised by the highest taste parameter purchasing a lower quality than
wnder competition; hence, the extension of the quality interval occurs at
the lower end of the quality scale. Further, it is shown that some consumers
may be bunched on the same quality.

The first of these results constitutes a rigorous proof of the Dupuit
observation. In order to see how the ‘bunching’ result arises, let us consider
the ‘true’ marginal revenue from extending sales to lower 8 customers, which
is shown to be:®" '

MR(8,) = 6, — [1—“7(%55&1] . (30)

where f(8) is the deusity function of the taste parameter among consumers,

8 Recall that according to the condition (25) even under free entry we would observe an
infinite number of qualities—the finiteness condition does not hold in this model.
SiSec [28].
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gy = faa f(s)de is the cvumnulative distribution, and 8y is the taste param-
eter of the marginal consumer. Label the negative term in (30) H(#); the
term H(6)) “represents the ratio of the number of consumers whose 8 are
larger than 8y to the density of the marginal consumer[s] whose 4. .. [are]
equal to 8).”% The presence of H(6) in the expression of M R indicates the
loss in revenue from accepting to lower the price of all the qualities designed
for higher taste customers, according to the condition for scll-selection.

In this context, it would scem that the natural solution to the mo-
nopolist’s problem is to deternine the quality offered to any consumer by
equating M R(6) to C'(u(8)) for that consumer, where u(8) is the assign-
ment of customer type to product type. However, MR/(#) = 24 [1 - F(8)]-
F1(8)/ £(8), so the M R(8) function may have downward-sloping parts. This
means that lower qualities would be offered to individuals with a higher
taste for quality, a solution that is obviously not feasible since il violates
the self-selection constraints. Moreover, the monopolist cannot ignore the
consumers in the segment where A R(f) is decreasing, unless he/she de-
cides to exclude all those with lower 8 as well, a strategy that may well be
unprofitable. As it turns out, the optimal solution involves bunching of o
range of consumers into an intermediate quality.

Using assumptions similar to those of Mussa and Rosen, Itoh {15] con-
siders discrete qualitics and investigates the imp ..t . making the product
differentiation finer or coarser on the price schedule of the multiproduct
monopolist. The first result that he derives is that the introduction of a
new product affects the prices of only products of higher quality; Lhenee, the
welfare impact of introducing relatively low qualities may be substantial.
Note though that in this model the introduction of a new quality does not
imply the optimal relocation of the alrcady existing ones, as if the deci-
sion to increase the number of products is taken ofter some cost has been
commited.®® Because of this assumption, the direction of any effect on wel-
fare depends only on whether the new product raises or lowers the prices of
its higher qualities; this in its turn depends on whether the function H(8)
is respectively convex or concave at the 6 of the potential demander of the
new good.

58Gee 115] p. 93-94.

591n the example that Hoh provides the new quality is introduced after a change in its
average cost.
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Unfortunately, the otherwise interesting results of Itoh depend crucially
upon the assumption of constant marginal rate of substitution between
quality and price, and they do not hold for the utility specification of the
income-dispersion mode],?

2.4.2 Diffusion of New Products

When we examined the optimal quality configuration in a duopoly context,
we saw that qualities may change over time due to advances in technology.
In the case in which a monopolist controls the whole market he/she may find
it optimal to introduce a new high quality only gradually in the market by
fowering its price in consecutive periods. Stokey [41] considered this case as
a possibility for price discrimination since the monopolist can sell initially
to individuals with high valuation of the good and then lower the price for
those with a less urgent need for the good. In a sense, the date of purchase
becomes the attribute according to which ‘quality”’ is assessed and the ‘the
sooner the better’ principle applies.

Surprisingly, Stokey’s analysis suggests that it is never optimoal for the
monopolist to discriminate intertemporally! A striking result indeed, since,
as Salant [32] points out, it contradicts the analysis of Mussa and Rosen.®!
However, the comparative analysis of the two papers contained in [32] re-
veals that the result in [41] is due to the assumption of average cost being
independent of quality that Stokey uses together with the taste-dispersion
model”® and that once this assumption is removed, discrimination becomes
optimal in the intertemporal context as well.

On the other hand, Stokey’s cost assumption can support intertemporal
discrimination when combined with a non-additive utility function, like (2)
of the income-dispersion model, This is the case with the analysis contained

**tn that model, all the prices except p; and the price differences depend on the number
and location of all the qualities (and not only on the lower ones), as can be seen by
equations (33a) - (33c¢) below.

“'Recall that the main idea in Mussa and Rosen is that the monopolist finds it optimal
to use many gualities as a means of price discrimination. Assuminy that availability at an
carlier date is considered as better quality by all the consumers, Stokey’s analysis seems
to imply that the monopolist will never use the above device.

"Recall condition (25) together with the linearity of indifference curves in the taste-
dispersion model.



in section 6.3 of Ircland’s book™ where consumers’ expectations and the
monopolist’s ability to credibly pre-comamdt himself on the announced price
path? arc pointed as factors of fundamental importance for the determi-
nation of the price path and the speed of quality diffusion in equilibrinn.
In a recent paper, Stoneman [42] introduces vertical differentiation in a
model of diffusion so, as time goes ou, changes in technology iinprove the
quality of the product. Using the income-dispersion model with myopic
buyers, he argues that the diffusion path may involve a period of rising
product quality followed by a period of fixed quality and falling price.

2.4.3 Multiproduct Natural Monopoly

The price-quality schedule of the multiproduct monopolist has also been
analyzed by Gabszewicz, Shaked, Sutton and Thisse in {16]. In this work,
the demand stde is described by the expressions (1) and (4) so it fits into the
income-dispersion strand of the literature. On the cost side, it is assumed
that the variable cost is zero; this is a simphfying assumption in order to
preserve the finiteness property. Fixed costs are assumed to be independent,
of quality, and their presence transforms the continuum of qualitics in [28)
to a discrete sct; this implies that one must determine where the qualities
are located in the [1,%] segment.

The fact that the cost structure implies the presence of the finiteness
condition, together with an assumption limiting the width of the income
distribution to the interval [a, b], where @ > 0 and b < 2a, guarantees that
the whole market will be supplied by a single firm even in the abscuce
of legal protection or any other type of entry barrier. Since the work of
Gabszewicz ef al. is closely related to the analysis and the results of this
thesis it is worth devoting a little more space to its presentation.

Supposing that the monopolist has already decided to sell n products of

935ce [14] pp. 81-91.

*"When consumers have perfect loresight, the monopolist’s optimal sirategy is lime
inconsistent which means that profit maximisation at any future date will dictate to the
monopolist a price path different from the solution of the same problem al the present
period. This renders the opiimal path infeasible since the consumers will anticipate the
future temptations of the seller to deviate from his/her announced path and they will

react accordingly. The problem of time consistency was first introduced in the economic
analysis by R.H. Strotz [43].
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quality v, with i = 1,2,...,n and u; € [ug, @], his/her problem is to choose
D1s- oy Pu S0 s to maximise the revenue function:

R=])|(t2 ""”)+1')2(t3“t2)+"’+pn(b—tn) (31)

on 3 = {(p1,.-ypu) t pu 2 Ofore = 1,...,n — landt, < b}. The natural
monopoly assumption guarantees that, even with only one quality intro-
duced, the seller will always find it optimal to ‘cover’ the entire market
so 1o consumer opts for a non-purchase. In this situation, the optimal p,
must be such as to leave no surplus to the consumer of income «, for oth-
crwise, additional revenne could be raised by charging a higher p, since no
customer would drop out or choose a quality lower than before. Thus:** 96

n= 7'; . (32)

Once p} is given, the prices of the other qualities can be calculated as
functions of p;:*

ri1 1
=0t s [— + = +' -+ —] (P = P (33a)
S2 Sy
b—p} .
5 = Py oA —— 33b
P2 pr+ 528 ( )
. b-pi
P = b— B : » (33C)
where e o 1
oo T U .
SE T fori=1,...,n (34)

from which we obtain by using the definition of r; from (11)% and the fact
that wioy f{u — wimy) =1y = 1t ‘

si=2r;—Mori=1,...,n; (35)

%The notation continues as in pages 1% and 9.
™ Bquation (3) in {16].

Tk quations (6),(7), (S) in [16}.

"8ee page 12.
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similarly,

11 1 I ST
le+1—+1—+---+q—=1+z{‘i——ff——‘}. (36)

S9 Sa LA + Ui

Inserting the above expressions into (31), we obtain the price-maximised
revenue function:%®

1=2

2R=(b—p)p, +pi(b=2a+p7) (37)

which obviously depends on qualities through pj, pi and p, as given by
(33a), (33b), and (33c).

The monopolist’s optimal choice of qualities can be obtained by max-
imising (37) with respect to uy,...,u,. The satisfaction of the first order
conditions requires that:

wy = i, . (38a)

Uy = yJuply gy, forn=2,...,n~1 (38h)

The expression (38b) mdicates that the monopolist constrained to produce
at most n goods will produce exactly n goods'" since in no case can !, =
uy_q or uy = uy,,. Treating u; as a parameter, the optimal expressions for
all v < @ are:'®

® K=1
U, =1y q

(39)

0= (=) = (40)

w1

where

Inserting the optimal values of u, in the definition of s, and B, we

obtain:!® 1
q
= 41
=T (41)
and
B =1+ Ql_.ﬂ__:.}_) (42)

g+1

99 Equation (10) in [16].

100We ignore for the moment the constraint for the set of optimal prices to be in 3.
101Equation (12) in [16].

102Equations (13) and (14) in {16)].
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It is easy to check that if qualitics have been optimally chosen,
sp=s;, Vi, 7 =2,...,n, hence prices form an arithmetic progression, viz.,

p.=p1+ (k= D(ps—-p1), K£=3,...,n (43)

Once all the optimal qualities and prices have been expressed in terms of .,
it remains to examine whether there exists some u; € [ug, #] such that the
corresponding vector of prices belengs to ¥, and to determine the optimal
policy of the monepolist in both cases—existence or non-existence—of such
ity . .

The answer to the existence question comes from the condition that
t, > a. Substituting s, and B~ in (32)-(33b) and using the definition, of i,,

this can be rewritten as
1
B(1+—)—1]. ' (44)
q

b—a ug

> E; (*)

in which case there exists a u; capable to generate (together with (32),
(33b) and (43)) a price vector that belongs to S In this case the (unique)
solution for u; is given implicitly in'™

This condition is satistied 1f%°

¢}

b—u Up

=—[(n-1){g-1) +4d (45)

a (151

and the optimal strategy for the monopolist is to introduce as many qual-
ities uis he/she is allowed t0.!% On the other hand, if condition (*) does
not hold, it is shown in [16] that the profit-maximising policy involves the
"bunching of all consumers into the highest quality. The intuition behind
this ‘paradoxical’ result'® is that when the market is too narrow (the LHS

103Condition (*) in [16).

181 quation (18) in [16].

10541 fixed costs are assumed positive they will indicate the optimal n. Of course if the
fixed cost is zero, it is oplimal to produce a whole interval of qualities.

1081,y fact not so paradoxical after the analysis of Mussa and Rosen.
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of (*) is too small), and/or the available possibilities for differentiation
rather restricted (the RHS of (*) is too large), the loss in revenne due to
sclf-sclection requirements can be more important than the one resulting
from a slight drop in the price of @ sufficient to attract everybody into thiat
quality.

Chander and Leruth [5] have presented an interesting extension to the
problem of the multiproduct monopolist, where the quality of a type of
product depends inversely on the number of this type’s purchasers. Con-
gestion problems come immediately to mind as an example of this situation
and, indeed, the example used in [5] is that of the subway in Paris, where
seats on special coaches are sold at higher prices only because they confer
to their purchaser the privilege of being less crowded. %7

In such a situation it is shown that there exists a profit maxinising
policy and that this policy always involves differentintion; henee, the possi-
bility of introducing only one quality, as suggested by Gabszewicz ¢f al[16],
does not exist in this context.

2.4.4 Multiproduct Duopolists

Price discrimination by means of product differentiation and the possibility
of bunching are also examined in [4], where Champsaur and Rochet study
these questions assuming two multiproduct sellers in the market. Their
analysis uses the taste dispersion model, but the utility function is morve
general, assuning the form

U=v(f,u)+t—p, (46)

where v(-) is increasing in both its wrguments, three times differentiable
and satisfies the single-crossing property.'*® It is easy to sce that the utility
in (13) is a special case of (46) with linear v(:), and that in this more
generalised form indifference curves need no longer be linear. Nevertheless,
income effects are again zero since income enters additively in the utility
function, and it implies no further loss of generality to ignore the term ¢ in

(46).

1070 all other aspects they are identical to the regular seats.
108Gee (6), page 11.
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Although, as explained earlier, the taste dispersion model allows one
to assume that the outside good is the numéraire, Champsawr and Rochet
consider the existence of a reservation quality wy at a price that can be
other than zero; this allows them to introduce the idea that the reservation
quality can be a higher quality than those offered by the monopolist.

On the cost side, the assumptions in [4] are similar to the ones in [28§],
but the unanimous choice of a single quality in case all qualities are priced
at unit variable cost is ruled out even as a special case;'® hence, although
their model can encompass many cases of ‘vertical differentiation’ in the
definition of Lancaster ' it does not fit into our definition of the concept.!!!

The analysis in [4] starts by examining the case of the discriminating
monopolist in the light of (46) and the aforementioned considerations of
the reservation quality. Conditions—in a spirit similar to that in 28] —for
bunching sone consumers in a single quality are deduced for both cases,
that is, in which the reservation quality is either above or below the qualities
in the market.

Assuming that the bunching conditions do not hold, and using the con-
cept of a two stage perfect equilibriuny as in [39], Champsaur and Rochet
investigate the duopoly case and show that bunching may be present even
under conditions that would exclude it under a monopolistic market struc-
ture,

More specifically, it is shown that when both firms are making positive
profits, the one producing the high qualities will bunch some consumers at
the lower quality end of its product line although the lower quality producer
will bunch some of his/her customers to the upper end of his/her product
line. This occurs because it is in the interest of both firms to relax price
competition through product line differentiation. In other words, the
firms avoid not only overlapping each other’s product line, but even having
them touch with each other. As a consequence, they bunch their customers
whose 8 would require some of the middleground qualities to the nearest
quality they produce.

1991t is not surprising then that, as shown in [4], the horizontal and ‘vertical’ differenti-
ation cases are analytically identical.

N0ge [25].

M1Gee chapter 1, page 4.

48



2.4.5 Effects of Public Policy

Although no work in the literature has formulated explicitly a call for gov-
ernment intervention, the impact of certain conunon policy measures has
been examined in the context of a multiproduct monopoly.

Kluger {23] studied the implications of a minimum quality standard
regulation for multiproduct monopoly pricing. As he observes, “(iln ro-
sponse to a minimum quality standard, the monopolist will no longer be
able to sell a full range of products. Because the profits from the sale of
each quality depend on the prices of other qualities in the product line,
a quality standard will, in many cirenmstances, affect the entive contin-
uum of consumers.”''? Thus, one must expect changes in the whole pricing
schedule as well as some consumers altering their purchase decision. With
respect to the latter, Kluger finds that “there will always be a at zone,'?
or a bunching of consumers who purchase the minimum quality,”!

With respect to consumers’ participation and their choice of quality it
ts shown that, in general, some consimers will drop out of the market and
others will purchase higher qualities than before.!'s

In what concerns price changes, it is shown that they can oceur in
either direction, since the monopolist may decide cither to lower the price
schedule in order to reduce the dropouts, or to increase it, so he/she can
extract more profits from the remaining buyers,

In the work of Krishna {24] the effect of specific and ad valorem taxes
is examined, with attention to welfare consequences of such policies when
the monopolist is a domestic or a foreign onc.

It is shown that both forms of taxes remove consumers with low valu-
ations who purchase the low quality products from the market; this tends
to raise average quality, Thus in the case of a specific tax or a quota,'!®
average quality riscs, although in the casc of an ad walorem measure the
result is ambiguous,

The welfare effect of quotas is shown to depend on the distribution of

112Gec {23] p. 6.

13{n the u(#) function, sce page 41.

1118ee [23] p. 67.

15This result may be reversed with the use of some decreasing distribution function.

"5Quotas here correspond to the sale of licences for speciflic quantities, hence they can
be considered equivalent to specific tariffs.
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B: if H'(#\) < 0''" prices rise by less than the tax, and if the monopolist’s
welfare is not taken into account (foreign firm) total surplus rises.''”® The
welfare effect of ad valorem taxes is ambiguous.

2.5 Conclusions from the Literature Review

As a conclusion to the review of research on vertically differentiated markets
we may say that most of the results in the literature have been derived from
specific models, the most popular being the income and taste dispersion
models. It can also be said that the two models have ‘exclusive territories’
in the domain of research interests, the first focusing on market structure
and the second on the problem of a multiproduct monopolist.!!?

Surprisingly, little attention has been paid to questions of entry, and
this constitutes a problem common to both strands in the hterature.

Although the finiteness property implies an entry barrier, careful ex-
amination reveals that, except for the case of natural monopoly, the entry
of new firms is not excluded by it when entry is sequential rather than si-
multaneous. On the contrary, potential entry in a vertically differentiated
market may represent a more serious threat for the incumbent firms com-
pared to the usual case of entry considered in the literature; if a new firm
finds a place in the market, one of the incumbent firms will see its market
share disappearing once the upper bound to the number of firms has been
reached.!?,

Morcover, as already mentioned, in a vertically differentiated market a
higher quality can always eliminate the market share of a lower one using
a price above average cost. Thus, when firm 1-—which from now on we
assume to be the second firm to enter into the market—decides on how
much to ‘relax competition through product differentiation,” vulnera-

"7Recall from page 41 that H(0) = [1 — F(6,)/F(0,] and that s represents the taste
parameter of the marginal consumer.

H8Recall that a) there is no deadweight loss as long as consumers do not change their
gnality choice because the demand is perfectly inelastic for participants in the market, and
b) while marginal consumers are removed by the tax, their welfare is not affected since
their surplus from the product was zero anyway.

HSWith the exceptions of [16] et [9].

120Gee [17].

121G¢ce page 33.
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bility must be added to the list of factors affecting its quality decision:
consequently, the preseuce or not of an entry threat can have a substantial
impact on the degree of differentiation.

The only attempt to explore the possibilities that can arise [rom such
a threat is the work of Hung and Schmnitt."® Unfortunately. their aualysis
covers only a small part of the possibilities becanse their resalt of reduced
differentiation rests on very specific assumptions.'* We defer the discussion
of their paper to chapter 4 so we can give it a more extensive treatinent.

On the other hand the analysis of the multiproduct firm has always
assumed the absence of an entry threat, except for the cases of natural
monopoly. In this light the robustness of some of the vesults night he
questionable, particularly the one relating to the wncovered market. As
it turns out, however, the problem of market coverage not only persists
despite the presence of entry threats but it can also he worsened by the
incumbent’s actions to impede entry.

In the present work we intend to give a more elaborate discussion to
the impact of an entry threat in a vertically differentiated market. In
particular, we focus our attention on two cases of natural duopoly: a) both
firms produce a single product and b) the incumbent is a multiproduct firm.
In the first case we study the impact that the entry threat can have on the
choice of qualities in a more general setting than the one of {13}; in the
second we focus on the question of market coverage, by first asking what
arc the precise conditions under which the monopolist would decide to serve
only part of the market in the absence of a threat, and then determining
whether under those conditions entry can he naturally blockaded.!*! This
turns out to be a possibility, implying that, insofar as cconomic policy is
concerned, one must be aware of the fact that the presence of an unserved
portion of the market is not necessarily a temporary phenomenon indicating
possibilities of further entry in the industry.

Further, when entry is not blockaded we examine the possible strategie

1225ee [13)].
*3For more details, see page T4.
129Unlike the usual case, the existence of blockaded entry in a non-natural monopoly

context with a multiproduct incumbent is not a trivial question, since an increase in fixed

cost reduces the incumbent’s number of products and makes entry easier. For a more
detailed discussion sec chapter 5.




actions of the firm; Schmalensee’s paper in 1978 [35] showed in the case
of horizontal differentiation how the incumbent can forestall entry by in-
creasing the number of his/her brands; however, the monopolist can also
deter entry by changing his/her product mix. While this research was
in progress, we found that Bonanno [2] showed that this strategy can be
superior to product proliferation for the monopolist’s profit in a horizon-
tally differentiated market. As we show, this result holds when quality
differences rather than variety characterise the market, and we examine
the consequences of such an entry-deterring strategy on market coverage.
As we already suggested, it turns out that the uncovered part of the mar-
ket increases when the monopolist decides to impede entry by relocating
his/her qualities; this counterintuitive result implies that, compared to the
situation of a protected monopoly, more consumers will be now deprived
from the surplus they could enjoy from purchasing the product. Although
we do not address general welfare questions, it is obvious that market cov-
crage is strictly related to the welfare of low income people; thus, especially
if the product is a basic one (like housing), the participation of this part of
the population can be a very sensitive issue of public policy.

The plan of the remaining chapters is as follows: in chapter 3 we anal-
yse the optimal price-quality rules for a multiproduct monopolist, operating
in a market which could sustain more than one firm but legally protected
from entry and the related question of market coverage. Then, in chapter 4,
we analyse the effects of sequential entry on the qualities produced by two
single-product firms in a natural duopoly and the role of fixed cost in confer-
ring first-mover advantages to the low quality incumbent. In chapter 5, we
combine the results from the previous chapters to examine entry conditions
and their impact on market coverage in a natural duopoly where the first
firm is allowed to introduce many qualities. Finally, in chapter 6, together
with the conclusions of this thesis, we discuss some remaining questions
which constitute plans for future research.
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3 Protected Monopoly and Uncovered Mar-
ket

In this chapter we will analyse the case of a multiproduct monopoly which
is legally protected from entry. More specifically, we will address questions
concerning the monopolist’s optimal choice of product line and of the priee
vector associated with it. As the answer to the above questions depends
crucially on whether the incumbent firm decides to serve the whole range of
consumers, the determination of the conditions that induce the monopolist
to do so occupies a central place in this chapter’s discussion. Further, the
partial coverage of the market has welfare implications analogous to those
arising from a single product monopoly since, as will be argued later, some
consumers are deprived of the surplus they could obtain by purchasing
some quality of the product. The modification of the monopolist’s optinial
strategies in the presence of entry threat will be treated in chapter b of this
research.

As we saw previously, an analysis along similar lines has been conducted
by Gabszewicz, Shaked, Sutton and Thisse in {16}, where a monopolist fac-
ing no entry threat is allowed to mtroduce a finite number of qualitios. In
that study the protection of the monopolist is due to the fact that the in-
come distribution is assumed to be narrow enough to result in a monopoly
situation even in a free-entry Bertrand-Nash equilibrium. Our analysis dif-
fers from theirs in that it relaxes the narrowness assumption and determines
the monopolist’s pricing and quality rules for the whole set of values of the
width of the income distribution. The important new clement that smfaces
from our generalisation is the possibility that a part of the market may re-
main unserved by the multiproduct monopolist. This is so because in a
case of natural monopoly, by definition, a single product firm will always
choose a price such that all the potential buyers will be served and no room
will be left for a lower quality competitor; obviously the above result hiolds
a fortior: for a multiproduct incumbent. However, when the market is wide
enough to support more than one firm, it is not clear whether the protected
monopolist will be willing to adopt a price-quality configuration that wouid
induce even the poorest consumer to buy something. We must thercfore
start our research by trying to answer the above question and to determine

53



the exact relations between the parameters that induce the monopolist to
cover the entire market.

The possibility of an uncovered market has also been noted by Mussa
and Rosen in [28]; however, a number of different assumptions, and the
fact that Mussa and Rosen do not determine the exact conditions under
which the uncovered market case occurs, make the analysis contained in this
chapter necessary for any further examination of the case of multiproduct
monopoly. The assumptions that differentiate this part of our study from
the work of Mussa and Rosen are:

a) The use of the income-dispersion model, whereas Mussa and Rosen
sase their analysis on the taste-dispersion model using the separable utility
function described in (2); as has been shown in the review of the literatuzre,
the taste-dispersion model can be considered as a special case of the incrine-
dispersion model, so our results are more general than those suggesred by
the analysis in [28].

b) The product line is not restricted to be continuous but may be repre-
sented by a finite number of qualities, the continuous case being examined
as the limit of the product line when the number of products allowed is
infinite. This approach, besides being more realistic, allows for the deter-
mination of the different qualities to be produced and for the endogenous
specification of the number of qualities when a cost structure is specified.

¢) Our cost structure'® implies vertical differentiation as defined on
page 4. Thus, if all prices are equal to average cost, all the consumers
will favour the high quality product, whereas in {28), the unanimity of
preferences disappears at average cost pricing. Moreover, the cost function
employed in this work implies the presence of the finiteness property: in a
Bertrand-Nash equilibrium among single product firms there is an upper
hound to the number of products that can find a positive market share and
this bound is independent of the level of fixed cost. The cost structure of
Mussa and Rosen does not possess the finiteness property; therefore, in a
Bertrand-Nash equilibrium among single product firms an infinite number
of products can coexist if the fixed costs is assumed to be zero. Hence,
the model of Mussa and Rosen is one of horizontal differentiation even if it
refers to quality differences.

125600 below.
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It must be noted from the outsct that the presenes of an uncovered
market segment has important implications, both positive and normative,
Concerning the former, there is a kink in the revenue function at the point
where the market is just covered, so thie monopolist’s rules about pricing
and choice of product line are substantially modified according to whether
he/she decides to serve the entire market or not.

With respect to the normative aspect we must note that almost all
the potential buyers excluded by the monopolist’s policy are strictly worse
off even if the less-than-perfect situation of oligopoly is considered as o
standard of comparison'?%; this is so because the volnntary participation
assumption guarantees that almost all the consumers'™" get o positive sur-
plus from the purchase of the product in question.

Of course, this does not constitute a full welfare analysis since the effects
of the monopolist’s policies on the surplus of those who still purehase the
product must also be considered. Although we nndertake some diseussion
on this point later on in this research, we believe that in a welfare discussion
market coverage i1s of interest per se since, when quality is a normal good,
those that tend to be excluded from the market are the poorest customers.
When distribution matters, this fact could be a problem on its own, calling
for public intervention.

We begin by stating the assumptions pertaining to the demand side of
our model. The taste dispersion model as expressed by the utility function
in (1) will be the basis of our analysis. Following the tradition in the
literature of product differentiation we will assume demand to be completely
inelastic so that each consumer either buys one unit of the good or otherwise
makes no purchase from the market in question.

The distribution of consumers according to their income is assumed
uniform over a support {a,b] with b > 2¢. The density of the distribution
will be assumed equal to one without any loss of gencrality; the # > 2
assumption is meant to rule out the case of natural monopoly. Obviously
more complicated distributions would be more realistic but since it is pos-
sible to create uncovered market situations just by skewing the lower end

126With a cost stucture that supports the finiteness property, the first besl solution im-
plies no differentiation whatsoever since all the consumers prefer nnanimously the highest
quality at a price vector that would allow the firm to break even on every quality.

127Except possibly for the poorest, sce footnote 33 on page 19
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of the distribution and climinate them by skewing the upper end, the use
of any distribution other than the uniform would tend to obscure the point
of market coverage without adding much to the intuition of the results.

The cost structure of the model consists of a fixed part that is indepen-
dent of quality but must be paid every time the monopolist introduces a
new quality, like a set-up cost; all variable costs are assumed zero.

To make the fixed cost dependent on quality would unnecessarily com-
plicate the analysis to a substantial degree since the highest quality would
not always be part of the monopolist’s product line. On the other hand,
if we accept the presence of a variable unitary cost that is independent of
the quantity and quality produced, even the detailed expressions for the
monopolist’s rules would not be altered significantly, Again, making the
viriable cost per unit a function of quality would not destroy the results
provided that average cost would not rise “too fast” with quality, as ex-
plained in pp. 23-26.

We consider the monopolist taking his/her decisions sequentially: first
hie/she decides on the qualities to be introduced and then the corresponding
prices are determined. ‘The reason for preferring this approach, instead
of assuining a simultaneous choice of prices and qualities, is that in most
relevant instances, changes in quality are less frequent than changes in price.
This is due to the presence of some irrecoverable costs associated with a
particular product type (design, advertising, selling expenses etc. ), and to
the fact that switching the production process from one type of product to
another is a costly activity. The sunk nature of these costs forces the firm
to commit itsclf to the production of a specific product line for a certain
period, within which it finds it easier to change its price vector several times
if necessary.!®®

3.1 Optimal Policies when the Market is not Covered
3.1.1 Pricing Policy
The revemie function of the monopolist is:

R=ptz =t1)+pta —t) + oo+ Puer{tn = tacy) + 2u(b— 1) (47)

1S

‘or more discussion on this point see chapter 4.
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with 4, > a.

Noting that cach price affects not only the revenue from the quality to
which it 1s related but also the revenue from the two neighbouring qualities,
the set of derivatives of (47) with respect to py...p, is:

glj’?_l =ty =ty =pi(re = 1)~ pyry o pa(ee — 1)
= 2ot —piri—p (43a)
O s = pate = prlrass - 1 | o
By sl = = Pt = Pe(Tagr = 1) F prcire + pepi{tig — 1)
L Rl R PRy T (481h)
jS = Pt (48¢)
dpy T Paln T Pu—iTa |

Adding and subtracting p,_; from (48b), & and p,_, from (48¢) and
using the definition of ¢, from (9), the above derivatives can be written as

OR
o = 2(ta—1) - {49

A = 2({-»:+l - th) + Pr—1 = Pr4 (49]))

[
OR
_é-p_n = Q(I)—f.u) — b+ {49¢)

Equating the above expressions to zero we obtain the following system
of n equations the solution of which will determine thie optimal price vector:

MY = p; (50}
2M" = pr,—-Pi fork =2,...,0 =1 (201)
QM = b - Pro1 {50¢)

where!® M =ty ~tifori=1,...,n—1, M" = b —1,, and (*) indicates
optimal values. Obviously, M® represents the width of the market for qual-
ity ©;"%° and as (50a) and (50b) indicate, for any quality except u,,, M* is
one half the difference of the prices of its neighbouring qualitics.

12945 defined on page 12.
13080 the volume of sales of u; is M- g where g is the density of the income distribmtion.
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From the definitions of M' and ¢; the system (50) can be written as
2pary = 2py (1 = 1) =2y —py = 0

2P Tl — 27’-«'(7":4'1 - 1) - 2?).-:"'1-' + 2]%’-—-1(7';; - 1) — Prtt T Pl =
b - 2]9::7':: + 21311—1(7'11—l - 1) + Pu-1 =

oo

and using the definition of s;,'*! we can rewrite the above equations as:

Pi(s2+5) = pise (51a}
'}U:;(Sr:-i-l + Sr;) = $upe, T+ S,.-+1P,',-+1 (51}))
]):1(1 + Sn) = SpPuy Tt b. (51(:)
From (51a) and (51h) we have
s
pi-p = —p (52a)
&2
S
Paigr — P —(pr—piy) fore=2,....n-1 (52b)
Sr4l
Thus )
- - - St - S] - =
Peqr =P = H — N =P (53)
i1 Si-1 k41
and the system of n — 1 equations (52a), (52b) can be expressed as
. . 51 .
Prig1 —DPh = D1 fore=1,...,n-1
K41
and since pr ., = py + T p ~pi ) for k=2,...,n—1,
s+1 81 Kt 1
Pin1 =P (1 + ;) =pis1 ). = (54)
=2 1 i=1

Obtaining from (54) the expressions for p;, and p},_, and substituting them
into (5lc) we get
L | n-1 1
Pl -1-3,1)2;- = P1818, Z = +b =

i=1 vt i=1 v

131Gee the expressions (34) and (35) on page 44.
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h - 1 1 1

'_)'='.—'—', B-_—-.l'*""""+_+'{" 80
Py B s Ny sy 1 (55)
Using (54) and (53) we obtain, for k = 1,... n:
b 71 1
= _+...+_) 56)
! B (51 Sk ( ]

which fully characterises the optimal price veetor as a funetion of qual-
ities.

Notice that the optimal prices depend on the number of gualities and
the relative distance between all the qualitics. This is in sharp contrast
with the analysis of Itoh in [15} where the additivity of the utility function
implied that the introduction of a new quality would affect only the prices
of higher qualities;™? according to equation (56) the introdnetion of a new
quality would affect all the prices since it will add a term in the parenthesis
and it will modify at least the two 57! terms, immediately below and above
the new quality. Notice also that no p depends on « since the market is
uncovered

Multiplying cach equation of the system (50a)-(50c¢) by the correspond-
ing price and adding up all the equations, we have:

2
2R = by =1 (1~ i) == (1- =) (57)
B 2 B

Again we sce that the revenue, after being optimised w.r.t. prices, is o
function of the n qualities through B. Notice that revenue is measured in
terms of the numéraire despite the presence of the b* term, since the whole
expression in (37) is multiplied by the density ¢ of the income distribution
which measures ‘number of consumers’ per level of income; of course g does
not appear in the above expression because it has been assumned constant,
and equal to one.

3.1.2 Choice of Quality

Differentiating (57) with respect to qualities and sctting the derivatives
equal to zero, we obtain a system of n equations described by:

IR »¥ 9B

du, 92B? Ou,

for k= 1,...,n (58)

132Gee also the discussion in subscction 2.4.1, page 42.



witli:

on PATI LT
= - 5 ; for '=1,...,  — 1 (59a
0“‘":; ("’h‘ + tpm )2 ('”f:+1 + “.».‘)2 . orE " ( .1)

and

a.llj _ 2'“”_]
a'”-n B (”71 + ”11—-1)2
Since 6% /232 > 0, the sign of IR/Duin (58) depends on 8B/du,. We
set the latter equal to zero in the first n-1 equations, and from straightfor-
ward calculation we obtain:

(59b)

uy = (un_, - '“:.-+1‘)% forn=2,...,n—1 (60a)
wy = (u-ug 3 (GOb)

Therefore each quality is the geometric mean of its two neighbours.
Also, since 8B /Ou,, is obviously strictly positive, we conclude that uj,=i
as expected.

This set of optimal qualities is similar to the one obtained by Gabszewicz
et al. in [16] for the natural monopoly but with one important difference:
here, uy too is the gecometric mean of the adjacent qualities u; and ug just
like the other qualities. In Gabszewicz et al., by constrast, u] was given
by a corner solution.

Solving the system of first order conditions we obtain

u, = ugh™™

fore=1,...,n—1 (61)
where
A Ji=dfug fore=1,...,n—1. (62)
Define w as the ratio of any adjacent qualities; obviously,
w = h'7, (63)
By straightforward calculation we obtain

w41
= , 64
S w—1 (64a)
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w—1

B =l4n: ——, 541
+ ——— {G4b)
w
7= — forw=1,....n {(Gede)
w—1
Using (56} and (64) we get
w — 1
pL=1"h W (65)

' win+1)—(n-1)

which describes the optimal price vector. Equations (61) - (65) are valid as
long as the ¢y implied by them is greater than e Substituting the optiniised
expressions for p; and r; from (65) and (64) in the definition of #] we get
w

win4+1)=(n-1)

so the total sales volume will be

to=b- , (G6)

" . n{w—1y4+1 _
ME=1bh- . {
;l } win+1)—-(n—-1) (67)

Therefore, the above rules hold and the market is uncovered as long as
g ME>b—a,or

t 2 as=> >n (G8)

where
k=(b-a)fa (G9)

is a measure of the relative width of the income distribution, This condition
can be rewritten as:

ty 2 aesuwin-Fk)<n-1 (70)

Equation (70) is the necessary and sufficient condition guarantecing that the
multiproduct protected monopolist will not cover the entire market with
the n available qualities. This Implies that some consumers—the poorer
ones—will be left out of the market, preferring not to buy anything rather
than to buy any of the qualities available at their corresponding optimally-
chosen prices. On the other hand. if (70) does not hold we have the case of
the covered market presented in the next section.
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The key issuc is under what sets of values of the parameters i, & and
n does (70) hold. First, note that (70) is always satisfied when n — & <0,
so the set of triples (h, k,n) that leaves the market uncovered (t; > a) is
not, empty. Also, it is immediately obvious that higher values for & make
the presence of an unserved part in the market more probable. This is
in accordance with intuition, since large differences in the willingness to
pay among consumers imply that the introduction of a low quality, priced
adequately to attract those with a low taste for quality, would require
sharp reductions in the prices of higher qualities in accordance with the self
sclection constraints. The ensuing income reduction from those qualities
may not be compensated by the extra revenue from the new quality. Since
the LHS of (70) is increasing in w and thus in h as well, larger values of /
point towards reversal of the above inequality. An increase in b implies that
the range of qualities available to the monopolist will be wider and so will
be the distance between any two of the optimally chosen qualities. This in
turn implies that the effect of any quality upon the prices of the qualities
above it will be weakened, thus making the option of offering to customers
at the lower end of the distribution a cheaper product more appealing to
the monopolist.

The following proposition, which constitutes the main result of this
chapter, establishes the exact relation between &,/ and n that determines
whether the market is covered or not.

Proposition 1 «) If k > 1+1nh the market will remain uncovered (t, > a)
for any given fintlen. b) If k < 1+1nh then there exists ¢ mazimum inieger
ny satisfying (70) strictly. The monopolist will cover the market if n > no,
and will leave it uncovered for n < ng.

Proof: We first show that ¢, is always decreasing in n, i.e. the introduction
of a new quality followed by a re-arrangement of the already existing quali-
ties according to {61) increases market coverage. From (66), the derivative
of t; with respect to n is .

ot w4+ —(n-1)-ww'(n+1)+w-— 1]

= 71
on [win+1)~(n~1))? (71)
where 5 . )
) ":__t__(l__,_____ 1/n — D)
w = = ~ R Inh U Inw (72)



and since the denominator is positive, (71} is < 0 if s only if its tmumeraior
15 negative, which is shown to be the ease in what follows. First notice that

ww(n +1) = (1 - D) —wlw'(n+ 1)+ w - 1] =
—w'{n—1)~w{w-1) =

-1

w (L-— lw —w 1) < 0 (73)
n
It can easily be seen that the LHS of (73} 15 monotonically increasing sinee
7 L —2) 1n - -2
OLHS(73) - _("n ,',) Inw + lw I — Inw (w _n ) - 0. Ve > |
aﬂ- = n Hr n

(74)

On the other hand, as n— + co. w~—1 and the LHS of (74) goes 1o
zero. Thus, the LHS of (73) can never be positive which proves that 1, is a
monotonically decreasing function of n: it also is obviously continons. In
order to see whether the market will be covered for some n it remains to
check the limit of #] as n approaches infinity; for this purpose, we rewrie

(6G) as

where L1
w n
N = , and D= w-
n—1 n—1
From the above expressions it is easy to sce that as n—s00, both A and

D tend to zero so, by applying I’Hospital’s rule, we can obtain

lim &7 = b k ON /oD
n—toa ! oo dn on
w'(n—1)—w
_ . (n—1)2 .
= n—l-ll-i]co [w'(n+1)+w](n—1)=win+1)
(n—1)*
) hin, g [IW(n — 1) — 1] .
1 =10 il TH
: n— b0 1 Iy [Wi(n + 1)(n — 1) = 2 (75)
where W = w'/w = —n""lnw = —n~2In h. Therefore, as n—s + 0o,
1
Win-1)~-1=-= (1 - l) Inh—1w— —1
n n
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and

W(n+1)n-1)—2=- (1 - l) (1 + l) Ik —2—s — (24 1nh)
n n
Lience . E
lim 47 =10- - — 76
"—l-l-ﬂw ! ! 24Inh “ 24+ Inh (76)

since b = a(k + 1) from the definition of k. Obviously lim#; > « as long as
(k+1)/(2+Ink) > 1 and ¢; will be greater than « for any n, Q.E.D. If
on the other hand, £ < 1+ Inh, there will be some finite value of n, name
it 11, for which ¢} = a and the market will be covered for any number of
qualitics > 71, while for n. < 7, the market remains uncovered. Q.E.D.

Proposition 1 implies the surprising result that if £ > 1 4 Inh then
there is no finite number of qualities that will cover the entire market.
The monopolist will introduce a nmunber of qualities that depends on the
fixed costs, but it will always leave some consumers (the poorest ones),
who will prefer not to purchase any product at the optimally-chosen price-
quality combination. When & < 1+ In A, on the other hand, the coverage
of the market in its entirety will depend on the number of qualities that
the monopolist may introduce. This number is given as a parameter here,-
but its ultimate choice will be a function of the fixed costs of introducing
new qualities; it is determined in a subsequent section. In either case the
results are considerably at variance with those of the natural monopoly in
[16] where it is never optimal to leave consumers outside the market.

3.2 Optimal Policies when Market is Covered

This case will be outlined briefly since it is essentially similar to Gabszewicz
et al., [16].

3.2.1 Pricing Policy

It is casy to sec here that the monopolist will never chioose a price-quality
configuration that yields ¢, < a, the reason being that, if #; < a, the mo-
nopolist can increase the price of 1, and increase his/her revenue without
losing any customers, since there are none between t, and a. If the market
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is covered we have, therefore, for every choice of u;:

i a —
m=— (77)
"
and
R= 1},(12 - ”) Fopalts—ta) 4+ .. Pu(b -1, ). (TS)

Differentiating It with respeet to prices we get a system of # — 1 equa-
tions. The pricing rules in this case are similar to the ones for the natural
monopolist as determined in [16], namely:

. Ml 1 1 -
pr = P +——(-—+—+---+-) (792
B S-l .‘\'_-3 S

b — "
po= b2 B”‘ (79b)

where p} is given by (77) and B = B — 1/s, as in (30).
The maximised revenue can be written as

2R = (b—p)ph + pilb = 2a + p7) (80)

which is equation (10) in [16].

3.2.2 Choice of Quality

Maximising (80) with respect to uq,...,u, we get the optimal quality choice
of the multiproduct monopolist. Since this case is similar to the one pre-
- sented by Gabszewicz et al. we will only give the results, i.c., the solutions

e g™ =
for u3, ... ul.

ur= ujg"! forx=2,...,n-1 (80a)
u, = %, (equation [12] in Gabszewicz ¢t al.) (801)

because R is monotonically increasing in w,. The solution for »} is given
implicitly in

k= u_g [(m—1)(¢g — 1)+ ¢] (equation [12] in Gabszewicz ef ol.)  (80c)



where 1

g=[— .
(131

Furthermore, for this system to be valid we must have ¢ 2 @, implying:

L:zf"—“-[B(Hl)—l} (81)
WUy q

which is equation (16) in Gabszewicz et ol. We will discuss this condition
in the next section.

3.3 The Optimal Number of Qualities

The previous analysis was conducted under the assumption that n was
given. We now turn to the determination of the optimal number of qualities.
Evidently, the crucial parameter in tlis analysis will be the value of the
fixed cost. Nevertheless, in order to bridge this discussion with the previous
scctions, as well as with the work of Gabszewicz, Shaked, Sutton and Thisse,
we will start from the case of a zero fixed cost of introducing an additional
quality. In the Gabszewicz et el. analysis for k < 1, (b < 2a) it was shown
that the monopolist will introduce an infinite number of qualities as long as
(81) is satisfied. Further, they show that (81) will be satisfied if and only if

b—a ug

— > (Condition (*) in Gabszewicz et al.) (82)

This condition (82) is independent of n. Therefore, if it holds, it does
so for any number of qualities, and as Gabszewicz, Shaked, Sutton and
Thisse show, the optimal n will be infinite. On the other hand, if (82) does
not hold, only @ will have a positive market share. This means that when
the market is quite narrow and so is the available quality variation, it may
be profitable for the monopolist to bunch all the consumers in the highest
quality. The reason for this is that, when the monopolist introduces a lower
quality, if this quality is to have some positive market share it will decrease
the revenue of the immediately higher quality; moreover, if the market
is too narrow and the available qualities are too close, this reduction of
the revenue from & may not be compensated from the extra revenue any
lower quality would bring. In our case, since & > 1 > h™!, condition
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(82) is always fulfilled but, of course, it is relevant only when the market
is covered. The examination of the uncovered market case, leads to the
following proposition:

Proposition 2 If & is larger than 1 and the fized cost of introducing an
additional guality s zevo then the optimnal number of qualitics that the mo-
nopolist wowld want 1o introduce 15 always infinite.

Proof: If & > 1 4 Inh, Proposition 1 implies that condition {70} will be
satisfied for any finite n, and the maximised revenue function will always
be determined by (57) if we substitute in it the optimal value for B from
(64Db). Taking the derivative of the resulting expression with respect to an,
we obtain: ' '

OR" ) A

— ) . - g

on An + D — (n—1)°
where A = w? — 2wlnw — 1. Obviously, the sign of AR*/On depends on

the sign of 4. It is easy to prove that 4 > 0 if w > 1 independently of the
value of n. We have

(83)

0A
o = 20w —-2Inw—-2= 20w —Inw — 1) (84)
54 1
—_— = 2(]~-— since . 5
5? (1 w) >0 since w > 1 (89)
. o , : 0A .
Since it is casily verified that £ = 0, it follows that d4/dw > 0 for
wi _

w > 1. Also, A = 0 for w = 1. Consequently, 4 starts from ¢ and rises as
w increases, therefore it can never be negative. Q.E.D.

Hence, if & 2 1+ In/ and fixed costs are zero the optimal number of
qualities is infinite. Similarly, with & < 1 4+ Inh and as long as n < ny
the market is uncovered and the analysis is the same as when £ > 1+ 1Inh,
while for n > ng the market is covered and the fulfilment of (82) guarantees
a monotonically increasing revenue function, G.E.D.

Thus, when & > 1 and there are no fixed costs the possibility of a finite
number of qualities disappears, unlike the case in [16]. This is perhaps not
surprising. If the natural monopoly of Gabszewicz et ol finds it optimal
to introduce an infinite number of qualities when the income distribution
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is wide cnough one expeets that a similar result would obtain when that
distribution gets even wider.

We now turn vour attention to the calculation of the optimal munber of
qualitics when fixed costs are present. We will aszime for simplicity that
there is o fixed fee F for the introduction of any new quality and that F
is like a leence, i.c. independent of the level of quality; in such a case the
total cost is cqual to nF, which means that the cost function is a linear
funclion of total output units.

The first order condition for profit maximisation requires that the deriva-
tive of the revenue function'® as expressed in (83) must be set equal to the
marginal cost of introducing a new quality, which in our case is F. In order
to establish that the thus determined value for n, call it n*, represents in-
deed the optimal number of products, we must also show that the revenue
function is concave around n* and that 27 > ng such that R*(7) > R*(n™).
The concavity of R*(n) is shown to hold in Lemma 1 although the fact that
n* is a global optimum is established as part of the proof of Proposition 3
below.

It is casy to see that, by Proposition 1, the optimal number n® of
qualities when F > 0 will always leave the market uncovered when & >
1+Inh. Similarly, the market may alsc remain uncovered when k < 1+1In £,
provided F' is sufficiently large to produce an optimal choice of qualities
n* < ng. In what follows we shall derive conditions that determine under
what circumstances this happens. We first prove the following auxiliary
results.

Lemma 1 When the market 1s uncovered the monopolist’s optimal revenue
R*(n}is a concave function of n.

Proof: We treat 1 as a continuous variable and examine the second deriva-
tive *R*/On® From (83) we know that OR"/On = b*A/2D? where D =
(n 4+ Dw —~ (n—1) > 0, and A was defined in the proof of Proposition 2.
Hence, for the concavity of R*(n) we need to show that

dA aD

5 _ 04 <
b dn 4 on — 0 (86)

A Iready maximised for prices and qualities.
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Substituting and simplifying, we find that the left-hand side {LHS) of
(86) is proportional to the expression 4(w - D inw — winw — w* In* w —
win®w(w — 1)/n, Sinee the last term is obviously negative. it suflices to
show that tlic expression

L{w) = 4(w - heluw — win=w(w + 1)
is negative for w € [1,h]. We note that L(1) = 0 and
L'(w) = 3(w — Dilnw — (w ~ D] + Inw[3(w — 1) = 2w lnw — In w)
For w > 1, both expressions in brackets in the above equation ean be shown
to be negative, implying that L'(w) < 0 for w > 1 and L{w) < 0, which in
turn implies that (86} holds, Q.E.D.

The next auxiliary result is somewhat obvious, but will be used exten-
sively in the proof of Proposition 3 that follows.

Lemma 2 Suppose that the nwmber of qualities n 1s fired cxogenonsly. and
that the upper limit b of consumer income is fired. Then the optimnal revenue
R*(n) 1s @ non-decreasing funciion of the widih of the income disiribuiion,
i.e. ¢ mon-increasing function of the lower limit  of conswmer ncome.
Proof: If the optimal R*(n) leaves the market nncovered then deereasing
a would clearly leave the optimal revenue unaffected '™ If the market is
covered then the previous optimal price and quality choices would still be
available when a decreascs, implying that the new optimal revenne is at
least as large, Q.E.D.

The two lemmas allow us now to prove the last result of this section.

Proposition 3 If F' > 0 and k < 14 Inh the monopolisi will leave the
market uncovered if the following relation holds:

2F _ wy? = 2wglntwy — 1
¥ 7 (ng 4 Dwg — 1))?
where wy = hY™ provided F is greeter than'™ (P /D)[(h = 1)/h]. On the

(87)

134Notice that, since the densily of consumer disiribution is unaffected, lowering a imnplics
increasing the size of the market. However, if the market is initially uncovered consumer
a is not purchasing anything and therefore no new consumer with income { < o will do
so either. If on the other hand, instead of expanding the market size by lowering « we
do so by increasing the density of consumer distribution, the [irm’s revenue will incrense
proportionately.

135Gince R (1) = %2— A=l
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other hand, if (87) is wiolated the market is cither covered, or the optimal
numher of qualtiies 1s 0™ = ny,.

Proof: Define as R (m, a) the expression of the revenue of the monopolist
after prices and qualities have been chosen optimally and the whole market
is covered, and let R7(n) be the same function in the presence of an uncov-
ered market. Notice that the RHS of (87) corresponds to (2/ VYOR(n)/ O
evaluated at np. This, in conjunction with the fact that QR (n)/n is de-
creasing in n, implies that if condition (87) holds, there exists an n™ < nqg
which equates the marginal revenue from introducing an extra quality to
the marginal cost of that quality. The concavity of R’ (n) in n implies that
the profit function with uncovered market has a unique maximum at n=.'%
For Proposition 3 to hold we must show that there is no n* 2 ng + 1 such
as Ir(n*,a) = R*(n”, a).

Define as INb, h,n) = #1(b, h,n) — a the uncovered part of the market.
For the market to be ‘just’ covered I' must be equal to 0. For every value
of n, we can define as a(n) that value of a that guarantees I' = 0.

Notice that R*(-) is independent of ¢, as indicated by the expression
(57), although f?"() is decreasing in ¢'¥ as indicated by Lemma 2. Hence,
the R*(n,a) reaches a maximum when a = @ so R'(n,¢) < R*(n,a(n))
for all .- However, R*(n,a(n)) = R*(n) for any n. Hence, R*(n,a) <
I (n) for any n. Also, since n* represents the unique maximum of R4,
R(n) = nF.< R*(n") = n*F. Combining the above inequalities, we obtain

R*(n,0) —nF < R"(n*) =n’F, Vn,

which implics that if @ < @(n*), the uncovered market strategy with n~
v tities dominates the whole set of strategies with covered market. Q.E.D.

Proposition 3 provides thercfore a sufficient condition for the market to
remain uncovered even when it is sufficiently “narrow” to allow coverage
given an adequate number of qualities. ‘This condition guarantees that the
monopolist will leave the poorest customers unsatisfied, in the sense that
the optimal prices even for the cheapest produced qualities would be high
enough to make them prefer not to purchase the product.

For convenience we treat n as continnous. If »° happens not to he an integer the
optimal vaiae of n will be represented by one of its neighbouring integers.
Wi Recali that when e increases the market becomes more narrow.

1386
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3.4 Conclusions from Chapter 3

The analysis presented in this chapter showed that, once we relax ihe as-
sumption of natural monopoly market, a single firm may decide not to serve
the entire spectrum of consumers even if the fixed cost is so low as to allow
a very large nunber of qualities.

The intuition behind the appearance of an uncovered market is linked
to the presence of self-selection constraints in the chioices of the monopolist.
Since the seller does not know the exact amount cach consnmer is willing
to pay for quality, an mcentive must be provided for high taste consumers
to reveal their identities. Improving market coverage hy reducing the low
quality prices interferes with this incentive, unless the high qualily prices
arc lowered as well; this, however, reduces profits. Note also that optimal
market coverage tends to be lower when the range of available qualities
is narrow (1 1s small). In such a case the optimal distance 47 hetween
qualities is also small, implying a high degree of interdependence hetween
quality prices.

Obviously. in order to motivate the analysis of a monopoly firm in o
nonnatural monopoly setting, one must assume that the monopolist is pro-
tected against entry by a patent, licence or any other type of entry barrier;
this of course is far from being an unrealistic possibility. However, although
the results of Proposition 2 and Proposition 3 hold only if the monopolist
is protected, they are very important for the analysis of entry beeause they
constitute the unconstrained optimal decisions of the firm which will he
used as a benchmark in discussing how the behaviour of the ineumbent
monopolist is affected by the presence of an entry threat. This discussion
will be resumed in chapter 5 after some additional insights into the nature
of competition between two firms are presented in the next chapter.



4 Entry Threat and Quality Determination
in a Natural Duopoly

Having completed the analysis of the pretected monopoly we move now to
the examination of situations in which more than one firms are present,
cither as actual or as potential competitors. Our first step in this direction
will be to examine the competition between single product firms. Also, in
order to keep things manageable we will deal with naturel duopolics, 1.c.,
markets that can sustain only two firms with positive market shares in a
Bertrand-Nash equilibrium.

As is discussed in chapter 2, many aspects of the natural duopoly case
have already been studied in {39]. More specifically, Shaked and Sutton
have examined the optimal pricing policies of the two firms and implicitly
considered their quality choices. Concerning the latter point their interest
was focussed on showing that one firm in the market will choose the highest
quality (i) and that its rival will prefer to choose a lower quality rather
than face stiff competition on the top quality product. In order to prove this
point, they provided expressions that contain the solution for the optimal
wy, name it w7, implicitly.

However, Shaked and Sutton did not provide any further analysis of
the aforementioned solution since this was neither part of their objectives
nor a necessary step for their conclusions.

Most important, their analysis considers entry to be simulteneous rather
than sequential. After two firms enter, the finiteness property indicates to
all the other potential competitors that, if they enter, they would loose
their entry cest, which in Shaked and Sutton is assumed to be sunk.

This approach can be interpreted as assuming the fixed cost to be firm
specific rather than quality specific. In other words, the firm cannot recover
its entry cost in the case of exit, but, while in the market, it can change its
(quality at no penalty.

The problem with this line of argument is that it deprives the choice of
quality from any petential strategic importance: the first two firms to enter
will get the whole market no matter which quality they decide to
produce. This is so since, any further entrant knows that, if it enters with
a quality between the two incumbent qualities and tries to scize the market



share of the lower quality incumbent, the latter will react by increasing
the quality of its product. The final equilibrinm will involve all three firms
producing the highest quality and making a loss equal to their entry cost,
according to the Bertrand-Nash assumption. However, althougl such an
outcome can be acceptable for the incumbent firms sinee they have already
sunk their entry cost, it will completely disconrage any prospective enirants.
Tlierefore, once in, the first two firms can decide their quality levels on the
basis of profit maximisation, without considering any constraints related to
protection from further entry.

The assumption of a sunk fixed cost related to entry rather than to the
choice of quality 15 In many instances a reasonable one. However, it is also
reasonable to assume that changes in quality are not costless. This is espe-
cially true when the postulated concept of equilibrium is that of mulfzstege
perfect, with entry, qualities and prices decided successively rather than ali
three of them being determined at ouce. For. all the arguments justifying
the use of a multistage perfect equilibrivm— namely the presence of design
costs, costs related to switching production from one type to the other
or advertising expenditures to introduce a new quality—represent quality
specific costs that are sunk, at least in the short run.

Once the fixed cost—or just a large part of it-—is considered quality-
specific, the first two firms in the market, and more specifically the one
producing the lower quality, can no louger ignore the threat coming from
potential entrants. This is so because, a large percentage of the sunk cost
bemg quality-specific, the lower-quality incumbent’s threat of increasing
his/her quality becomes non-credible. Thus, even if the number of firms
with positive market shares is to be no greater than two, thie lower quality
producer may find itself in serious trouble if some entrant decides to market
a new quality that lies between the two already existing ones. In this
case, entry will not simply reduce the market share of the lower quality
incumbent, but will bring it down to zero.

Hung and Schmitt!3® correctly noticed this point and modified the anal-
ysis of Shaked and Sutton by considering entry to be sequential vather tha
simultaneous and assuming the presence of a large nmber of potential en-
trants ready to enter and displace the lower quality incumbent, if this can

138Gee {13].




he a profitable move.

In such o setting Hung and Schmitt concluded a) that potential entry
would have the cffect. of narrowing product differentiaiion helow the levels
identified by Shaked and Sutton, and b) that the ratio of high to low quali-
ties produced by the two firms in the market would be constant, depending
only on cost parameters and the width of the income distribution.

However, the analysis in [13] relies heavily on two specific assumptions
that arc both arbitrary and unstated. It is therefore necessary to remove
them and re-examine the optimal choice of quality of the duopolists that
arises under general conditions; the present chapter of this thesis will be
devoted to this end.

The first of these assumptions states that the lower boundary of the
technologically-feasible range of qualities is sufficiently high to induce a
corner solution to the problem of quality choice of the lower-quality firm;
here, this assumption 1s removed and we determine this choice without
any restrictions. The immediate implications of relaxing the restrictions
on the choice sct are that the principle of mazimal differentiation’? i
implied by the analysis of Shaked and Sutton, as Hung and Schmitt scem to
believe, and that the ratio of high to low qualities becomes now a function
of consumer utility parameters, especially of the wtility of the “reservation
qualily”, the lowest quality potentially available in the market. It turns
out that this more general solution also has crucial implications for the
subsequent entry game.

The second assumption relates to the logic that governs the rules of
that game. Hung and Schimtt adopt a zero-profit condition for the lower
quality fivm, arguing that if the lower quality is making a positive profit,
then a subsequent entrant can choose a slightly higher quality level and
capture all of its market share. In their words,™?

5 nofk

[the entrant] . .. can safely adopt this price strategy because ..
firm [1—the lower quality] w-forced to exit whatever its (ratio-
nal) price strategy. Hence, in order to stay in the market, firm
[1] must choose ...[its quality level] from its zero-profit condition.
Thir condition deters any further entry.

13%Gee the discussion on page 33.
H0Gea [13], p. 290.



Tlhis reasoning scems to imply that in « vertically differentioted oligopoly,
the irrecoverability of the fized cost docs not confer any first-mover adven-
teges. Indecd, if anything, it creates a problem to the incwmbent, sinee it
forbids the leap-frogging in qualitics, & necessary element of defenee against
new entry,

As we hope to be able to show here, this conclusion is not robust:
although a subscquent entrant may capture all the market share of firm 1,
the latter’s decision to stay or exit will depend on the nature of the fized cost,
If this cost is recoverable upon exit, firm 1 will quit the market; if it 1s sunk
into the production of a specific quality, the optimal decision concerning
the exit of firm 1 is indeterminate without any further cost considerations.
If there are some pure exit costs, like cleaning up the site,'""! finn 1 may
choose not to exit even if its sales are zero; this decision may have serious
consequences for the revenue of any prospective entrant thus ereating an
entry barrier.

In our analysis we examine the hmplications of the entry cost heiug
quality specific and totally 1rrecoverable, so that the lower quality entrant
has no incentive to liquidate its fixed investment. Its product may then
remain in the market as potentially available to consumers, even though its
market share may fall to zero. In such a case, the lower quality incumbent
product would provide the new reservation quality, which will affect the
profits of any subsequent enirant. The ultimate result then is that this new
(higher) reservation quality will have a depressing effect on these profits.
It may then happen that such an effect would be sufficient to drive these
profits down to zcro, thus ensuring that no entry would take place, even
if firm 1 realises positive profits. Potential entry in such cases would not
reduce product differentiation, in contrast to the Hung and Schunitt results.
At the end of this chapter we provide a numerical example that illustrates
this pomt.

M Another, and polentially more interesting, example of exit eost can be given when
there is uncertainty over future realisations ol &, the relative width of the income distri-
buticn. In that case, a possible large realisation of & could give again sutie markel share
o the lower guality incumbent, turning the market to a natural triopoly for al least some
time. No matter how small the expected revenues can be, they make exit an inferior stral-
egy lor the displaced incumbent, since, by staying in, hefshe can now expeet 1o recover
nart ol the otherwise lost fixed cost.

=1
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It is important to notice that the entry deterrence mechanism describec
just above differs significantly from the one through which entry can be im-
peded in the case of homogeneous products,'™? despite the importance of
cost irrecoverability being common to both cases. When products are ho-
mogeneous, it is the threat of producing a sufficiently large quantity that
convinees the entrant to stay out. In the case of vertically differentiated
products the post-entry level of output of the incumbent is of no impor-
tance, being always equal to zero. The entrant’s profit is now curtailed
through the reduction of the price that consumers are willing to pay for
the entrant’s product. This reduction occurs because even the potential
availahility of an alternative better than opting out of the market reduces
the distance between any available quality and the consumer’s reservation
quality.

Because of its implications on entry deterrence and product selection,
the above discussion constitutes a serious warning that the simplifying as-
sumption which equates the reservation quality to zero' may not be always
innocuous, the case depending on the specific purposes of each study.

4.1 The Duopolists’ Choice of Qualities

We continue, in line with the previous parts of this research, to consider that
the demand side is represented by the income dispersion model as described
in subsection 2.1.2 while the cost structure is as in the previous chapter.'?
Entry is scquential so firm 2, the incumbent, enters first followed by the
first entrant, firm 1. We also assume that & € [1,3]'*® which, as said earlier,
implies that at any moment at most two firms will have positive sales in a
Bertrand-Nash equilibrium and that the whole market will be covered as
long as the fixed cost allows the entry of two firms. At this point we ignore
any threats of further entry, assuming that the duopoly equilibrium takes
place under the belief that no other firm will enter the market; hence we are
hack to the model of Shaked and Sutton. We limit the scope of this section

M28ce for instance the work of Dixit in [7,8] as well as that of Schinalensee [35] and
Perrakis and Warskett [29,30].

I3Gee the discussion in page 14.

HMG00 page 506.

M50 that 2a € b < 4a.
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to the discussion of the expressions (28) and (299" originally derived by
them in [39]. The equilibrium concept adopted is that of subgame perfect
which is described on page 17, Thue, the duopoly game consists of three
sequential stages: entry, choice of quality and choice of price; decisicn-
making at cach stage is conditional on the decisions made at the previous
stages. Both entry and quality choices are assuned irreversible. Qualitios
are chosen from within a technologically-lfeasible interval f{u, «], where o is
some lower quality level.

After prices have been chosen optimally, the revenue functions of the
two firms are thus given by the expressions (28) and (29); in their analysis
Hung and Schmitt consider only oue of these expressions, asswning that the
parameters will determine an optimal pair (wy,) that justifies this choice,
It will be shown that thenr assaumption is in general incorreet. While this
has no effect on the derivation of the optimal quality w,, which turns out
to be # in either case, it changes fundamentally the optimal w; which we
name uj.

As mentioned on page 33, the appropriate expressions to use in firm rev-
enues depend on the quality chioices of the two firms according to whether

b—a < a+ b

Vg — 88a
3a 7 T 3a (83a)

in which case the price p] is always determined in such a way as to seb £ = a
and the expressions (29) represent the price-maximised revenue functions
for the two firms, or
a—+b
3a
with ¢], the optimal ¢;, being < @ and the revenue functions giveu by (28);
V is as defined on page 33.117
Hung and Schmitt assumed that (88b) holds always when they cousid-
ered the expression for firm revenues. This is justifiable only if cither the
optimally-chosen u; and u2'® happen to satisfy (88Dh), or if this optimnal u,
is not achievable because it lics below the lowest available quality u. [t will
be shown here that, in the absence of this last technological constraint, the

<V (s8h)

15Gee page 32.
MY = (= up)/ (@t — uy).
148Which is of course equal to @ when fixed cost is independent of yuality.

-
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optimal u; will always satisfy (88a). Hence, the Hung and Schmitt results
are only tenable if and only if the lowest available quality u is sufficiently
high in order to foree (88bh) to hold. Winle this is possible, the imposition
of such a structure to the solution constitutes, in owr opinion, an arbitrary
assunption whose relaxation should be mvestigated. Hereafter, therefore,
we shall asswme that 2 1s at (or slightiy above) the reservation quality ug.

In order to simplify the exposition we introduce some defimtions and
notation: first, we define the parameter . as the critical value of u; that
salisfies the relation

Vi{ue) = (a + b)/3a; (89)

in other words, the solution (@,u,) is the borderline case between the ex-
pressions (88a) and (88b). Also, we define as y(w,) = u;/ug the relative
‘distance’ of the lower quality product from the reservation quality, and we
denote as b, the value of by when u;, = u.; obviously h, is a monotonically
increasing function of u for a given g, so we can carry our analysis in terms
of hy rather than 1y, and we find convenient to rewrite the expressions (29a)
and {28a) as functions of h, h; and &

a(k=VY) hy=1
2 h.]

e 2
R = h—hy (a(k 1)) (90b)

R} =

(90a)

aned

hl 3

Dividing the numerator and the denominator in the definition of V1%
by wug ,we obtain that V= (h — 1)/(h — 2y); on the other hand, the use of
the definition of & allows us to write the RHS of (89) as (k + 2)/3. Since
the optimal ws will always be equal to &, the expression (89) can be written
as :

h - 1 k42
h—h, 2
from which we can solve to obtain the value of L as
h(k—=1)+3
he = T — (91)

M9 gz (b - a)/a as defined in (69); see page 61.
1See footnote 147.

7S



Equation (91) shows that u,., the critical value of uy, is a weighted aver-
age between @ and uy, the weights being (& —~ 1)/(k + 2) and 3/(k + 2)
respectively:'™ thus, u, is completely independent of the choice of the op-
timal 1w,

Since the eritical value for b, is a paranieter, it is important to determine
the position of ] relative to N, where as Ity we define the ratio v /uy. The
following lemma deals with this issue.

Lemma 3 The unconstrained optimal u] is always less than or cqual to ..

Proof: It is casy to see that for u; = «, the expressions (90a) and (90b)
coincide. Also, the RHS of (90b) is clearly a decreasing function of by,
implying that R} is maximised at w,. On the other hand, in (90a) the
derivative of R} with respect to by is either negative or nounegative at
hy = h; (ie. vy = w;). If it is nonnegative then w, is the optimal quality
for firm 1, while if it is negative, u; < u., Q.E.D.

Thus, if there is no constraint on the width of the set of techuolog-
1wcally feasible qualities, it suffices to maximise (90a) with respect to .

Proposition 4 describes the unconstrained optimal choice of quality for irm
1.

Proposition 4 If u} denotes the unconstrained optimal volue of uy, then
ure have:

(a) Ifhk < h+3 then v} = u,.
{b) If hk > 1+ 3 then uy < ug; in such a case, if b 2> (<) -1

then by = u}/ug 1s the smallest (largest) root of the following cquation in
h.].'

H(hy)=k(h =) = (h =D (h+ h*=2h) =0 {(92)

Proof: Replacing V" by the ratio (h — 1)/(h — 1) in (90a) we obtain

. at h—1 1
1"‘?(“”11.-111)(1“E)

51Note that the two weights add up to one.
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the derivative of which with respect to hy is

oy & h—1 ”"“1+L 1 h—1
Bhy — 2| (h=m)P hy A\ h=hj]

Setting the above expression equal to zero, we obtain

i (kh = khy —h+1) - (hy =D —1)
h — Il]

h] - 0

D2k — 1) = 2khhy + Mk + 1)+ 0 =20 — kb P £ 200 =0 +=
E(h =) = (h=1)h+ 0% =2h0)=0
where this last expression is equation (92). For uy = ug (b, = 1) we get
HU=Mh-1*k-1>0.

Hencee, uy = u, if H(hy) is positive for all iy < h; otherwise, the optimal u,
is found at the roots of {92). It is easy to sce that H is convex (concave) if
k> (<)h—1 and that @H/dh, is proportional to k{(hy —h) —{(h=1)(h; =1),
which is always negative for hy € (1, h). Obviously, H() will be positive
for all by < K. if and only if H(h.) > 0. Substituting &, from (91) into the
LHS of (92) we find

H(h) = k(h=ho)? = (h-1)[h=he+ he(he—1)]

[%i%%(k—nw—mk~nh (93)

recalling that I is strictly greater than one, it is clear that H(h,) > 0 is
strictly equivalent to kh < b + 3, thus proving (a).

If on the other hand H(h;) < 0 then (92) has a unique root in the
interval (1,7). This is the largest (smallest) root of (92) depending on
H(h.) being concave (convex) and this proves part (b), QED.

Thus, Proposition 4 substantiates the intuition that mazimal differen-
fiation is not a general characteristic of vertically differentiated markets.!®?

1%2G¢e the discussion on page 33
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Most important though, it implies that the choice of the lower quality prod-
uct is more complex than Hung and Schimitt have assunied, being a function
of the reservation guality.'™ This has very important consequences for the
entry game, as argued in the next section, and it shows that simplifving
assumptions on the reservation quality,'™ far from being innocuows, aflect
directly the determination of the lower quality product.

4.2 Sunk Costs and Entry Deterrence

According to Proposition 4, the optimal revenue of firm 1 in the absence of
an entry threat will be given by (90a) with u} replacing wy, provided that
u < u.. It is easy to see that this optimal revenue, denoted by B3, is a
function of the reservation quality ug. In fact, we can prove the following
result:

Proposition 5 If v < w,, the oplimal revenne of firm 1 15 o decreasing
function of the reservation quality wu,.

Proof: We need to show that R} /Ous < 0 and for this, it suffices to show
that &R, /8uy < 0, for all u,.

Differentiating (90a) with respect to up, we find that

R, «*

Oug 2wy (@ —uq)

Alwy) (94)

where A(ty) = (F + 1)u; — 2up — (k — 1)i. Obviously, the sign of OR, /éhy
depends on the sign of A(:), which is clearly an increasing function of ;.

However, we know that the optimal w, is at most equal to 1. Substi-
tuting the value of u. from (91), we find that A(w,.) is proportional to the
quantity (k—1)(ug—uy), which is negative. Thus, A(w;) is always negative,
implying 8R,/0ug < 0, QED.

Suppose now that there is i number of potential entrants ready to en-
ter the market. Recall that the presence of a fixed cost, combined with
Bertrand conjectures, rules out the possibility that a new firm enters pro-
ducing an already existing quality. On the other hand, the natural duopoly

153Fxcept of course in case of a corner solution, i.c. if the lowest feasible qualily i is
greater than u..

154Gee reference to Ireland on page 33.
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assumption malkes it impossible to have more than two firms with positive
market shares in a Bertrand-Nash equilibrium. Henee, the entry of a new
firm must be accompanied by the exit of the lower quality ineumbent, thus
resulting in an increase in the lower quality.

in such a situation, the assnmptions about the fixed costs ineurred upon
entry become crucial in determining the nature of the pre-entry game. Hung
and Schmift assume that firm 2, the first to enter the market and the one
who produces the high quality, has ne fixed entry costs, while all subsequent.
entrants must pay the same fixed fee, denoted by F. They then conclude
that firm 1, the first entrant, will deter subsequent entry siniply by inereas-
ing its quality level above u, to the point where the optimal revenue is
harely sufficient to cover F.

The cost structure we have adopted in this work is similar to that of
Hung and Schmitt except for the fact that we consider F being sunk aflter
entry and paid by ellthe firms. Notice thai the difference in our conclusions
does not come from the fact that we require firm 2 to pay the fixed cost,!®
but from that we asswme any other firm’s cost to be sunk after entry as
well, even if that firm may eventually end up having no market : harc.

We then show that an increase in the quality level u; above «] may not
be necessary in order to deter entry. The mere fact that firm 1 is located at
u; and realises positive profits does not necessarily imply that a subsequenl,
entrant can choose a higher quality and force it out of business. Given that
the entry fee F' is sunk, and that no other costs are incurred by firm 1,
there is nothing to be gained by that firm in withdrawing from the market.

Thus, the decision of the firm whether to exit or not is indeterminate
without further assumptions on the nature of the fixed cost. If, for instance,
F is sunk and there is a positive exit cost (disposal of inventories, clearing
of the site, etc.) then the firm will stay in the market with zero market
share. This will affect the revenue of the firm that displaced it, as expressed
by the following result:

Proposition 6 If ¢ displaced lower quality incumbent (firm 1) decides to
stey in the market and dispose of its product a? zero price then it will have

155The fact that Hung and Schmitt do not consider the first firtn in the maarkel paying

the fixed cost can be interpreted as assuming that firm 2 has already paid its sunk entry
cost.
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o negative vnpact on the revenue of the firm that displaced it cven of its
markel share is zero.

Proof: If the displaced firm, with quality level u,, disposes its product
at zero price then no consumer will accept a quality lower than u, even
for frec. Hence, u; will now take the place of the reservation ruality wg.
now feasible. It follows that with the new reservation quality, the price-
maximised revenue of the new entrant (firm ¢) is given by (90a), with
the subscript 1 replaced by €. Since this revenue is, by Proposition 3, a
decreasing funetion of ug, Re(uy) < Ba(uy), Vi, € [ur, ue(uo = u)], Q.E.D.

The importance of Proposition 6 lies in the fact that, whenever the
nature of costs makes exit an inferior strategy, it also confers to firm 1 a
first mover advantage. At any quality level, subsequent entrants obtain
lower revenues than firm 1 would have obtained at that same quality, as
can be seen in Figure 8.

The entry-deterring choice of quality can now be expressed as follows.

Also, since w; 2 u, all qualities from (the new) reservation quality to @ are

Proposition 7 Lot uj(uo) denote the optimal quality choice of firm 1,
which is eilher w or 18 given by Proposition 4 as a function of the reserve-
tion quality uo. Let elso Ri{uj(ug), up) be the revenue Ry, given by (90a) or
(90b) when wy 1s replaced by ui{ug). Then, if the nature of costs makes exit
an inferior strateqy al zero market shave, either further eniry is blockaded
at ui(ug), or the entry-deterring choice of uy will be given by the unique
solutton of the equatlion in y:

Ri(ui(y),y) = F | (95)

At that quality level firm 1 will enjoy positive profits if it did so when the
duopoly foced no eniry threat.

Proof: By Proposition & the function R is decreasing in up and lim,,—q R} >
F, for otherwise the fixed cost would be prohibitively high for a second firm
to enter; hence (95) has a unique solution y*. Clearly, if y* < ul(up) the
profits of any further entrant will be negative or zero if u;(ug) becomes
the new reservation quality, and entry is blockaded, Q.E.D. A situation of
blockaded entry is depicted in Figure 8.
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Figure 8: The First Mover Advantages of Firm 2

This figure shows the revenue of the lower quality firm as a function of
the quality of its product. The curve R, corresponds to the revenuve of the
incumbent; it takes the value of 0 for uy = ug and 1uy = i, and i3 mazimised
at uy = u. (1t is assumed that hk < h + 3). The curve R, corresponds to
the revenue of the entrant if the tncumbent leaves the quality u, potentially
available; it 1s equal to 0 for u, = u, and u, = i, it 18 mazimised when
U = u; and it lies below R, for any u, < @. If the fized cost is F') entry s
blockaded with uy = u.; compare this solution to the one adopted by Hung
and Schmitt where ) = uy, in terms of product differentiation and the
profits of the incumbent. Fized cost must be below F for entry to be feasible
when u; = u,.
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Figure 9: Entry Deterrence in a Natural Duopoly

This figure is identical to Figure & except for the fact that the incumbent
produces the quality y* instead of u,, where y* is the solution of equation
(95). The distance Ry(u]) — Ry(y")indicates the reduction in incumbent’s
profit necessary for entry to be deterred. With the reservation quality af y*,
the entrant cannot find o quality level that makes positive profits. Notice
again the difference between uy = y* and the solution of Hung and Schmitt
where uy = uy, in terms of differentiation and the profit of the incumbent

firm.

If y* exceeds uj(uo) then firm 2 must choose a quality level correspond-
ing to y" to deter entry; with such a choice, if exit is an inferior strategy,
then y* becomes the new reservation quality. The best any subsequent en-
trant can do is to choose uj(y*) which yields zero profits by (95), Q.E.D.
" A situation of entry deterrence is depicted in Figure 9.

By assumption firm 1 has positive profits in the absence of entry, equal
to Rj(ui(uo), uo)—F. It remains to show that R;(y*, ug)—F > 0, given that
y" solves (95) and that uj(u¢) < y*. From the proof of Proposition 7 we
know that uj(uo) is always greater than uo. Hence, ul(y) > y~. Similarly,
R3(ui(uo), uo) = F > 0 implies, together with (95) and the fact that R} is
decreasing in ug, that y* > up. Recall, however, that Rj(u;,uq) was shown
in Proposition 5 to be decreasing in ug, Vu;. Set u; = u}(y*) and consider

85



the finction Rj(ui(y™),1up) —~ F, which becomes § by (99) for wy = y~. It
follows that Ry (uj{y™), te) = F > 0, for ug < y.

We have, therefore, established that if entry is not blockaded then uy <
u; < y* < uj(y”). Recall, however, that in Proposition 4 we showed that
RS (uy,up)/Our < 0, Yy > ui(ug).'* Henee, Ri(y™,wg) > Ry(ui(y™ ), ug);
since the RHS of this inequality is greater than F, we also have that
Ri(y™,uy) — F > 0, QE.D.

From this last exnression it is deduced that for By (37, 1) to be positive
it is sufficient to show that OR(uy,up)/du; < 0, Vu, > y*. Since however
we have excluded the case of blockaded entry'™” and because the fune-
tion Rj(u, o) is single peaked,'® the above derivative is always negative,
Q.E.D.

The significance of Proposition 7 is that it shows the nature of fixed
cost as being very important even in the context of vertical product differ-
entiation, whereas one would be inclined to think that it is not. Its impact
may be felt on the revenue of subsequent entrants, not through its effect on
the quantities that the incumbents will produce, but through the price the
consumers will be willing to pay for the different qualities. This of course
implies that the zero profit result in Hung and Schmitt must be qualificd
by some further assumptions on cost recoverahbility.

An illustration The dramatic impact of Proposition 7 upon the extent
of vertical differentiation in a duopoly can be illustrated by the following
numerical example. Suppose that in a market the wealthiest consumars
have three times the income of the poorest ones, or b = 3a and & = 2, and
that the ratio of the highest available to the reservation quality h = @/u, =
3. Then, we have by Proposition 4 that in the absence of an entry threat,
u} = u, and that h, = 1.5.'% This yields from (90a) a profit for firm 2
equal to (a®/9) — F.

Suppose, however, that F' is totally sunk and firm 1's product remains
potentially available even if its market share goes to zero. Then, any quality

156Since a unique maximum always exists.

157 e. we assume y* > u}(ug).

158 Remember that for u; € [uq,u], f1(-) is single-peaked although it decreases mono-
Lonically for uy > u,.

1598y (91).

86



level «y introduced by this firm forms the new reservation quality, implying
that for any subsequent entry the ratio h will become Fz.(u]) = @ /wy; since
the post-entry value of u, = @, is a function of u, rather than wug, we can
define as fig( 1) = (1) )/u; where ~ represents the values of the quality-
related parameters after entry, in the duopoly game between the entrant
and firmn 2

Let us first assume that firm 1 sets vy = u] = u, aud determine the
vilues of F for which entry is blockaded. According to the above definitions,
hue) = hfhe = 2 and he(w,) = 1.25 from (91). It is easy to confirm that
if the condition hk < h + 3 holds for some value of %, it also holds for any
h smalier than that value. Thus, hk < A + 3 and the profit maximising
quality for ihe entrant is v} = %, while his/her maximised revenue is given
by R; = a*/13, where the subscript ¢ denotes the entrant. Hence, if F €

%, "(.") there will be no possibility of further entry and the initial amount

of product differentiation is unchanged

If on the other hand F < 4, then entry deterrence is achieved by an
increase in the quality level of firm 1, from u, to y, sufficient to set the
entrant’s profits equal to zero, Vu,. Since in the event of entry u} = t.(y)
(the new ), we may use expression (90b) and the fact that he = (h +3)/4,
according to (91), to find the value for }, which makes the entrant’s profits
zero. This entry deterring value, h{ {y), can be found by solving the following

equation in A
2
Z [—ﬁi—l— - 1] —F
9 {3+h

which yields

v 9F 9F +a* a®

h(y) = 55
This is the ratio of high to low qua.htles that will deter any further entry.
It can be shown that this ratio is less than 2 if F < ‘1‘—:, thus reducing
differentiation. Nonetheless, it can be easily seen that firm 1's profits are’
unequivocally positive.

As hinted earlier, the analysis of Hung and Schmitt must be qualified by

further assumptions on the nature of the fixed cost before their zero-profit-
under-entry-threat conclusion is accepted. This does not mean that their

analysis is wrong, but rather that they have examined only a special case. If
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for instance a sufficient portion of the fixed cost is recoverable to offset any
possible exit costs and if & is sufficiently high to impose a corner solution
as the choice of w;, then the results of Hung and Schmitt will continne to
hold.

Robustness Let us now discuss how Proposition 7 is affected if we assmne
a) the presence of variable cost, b) the existence of a restart cost NEeCeSSUry
for the firm in order to produce something after shutting down its operation
for a while and ¢) the possibility of a trensfer payment between the lower
quality incumbent and the entrant.

With respect to variable cost one might reason as follows: since they
are always recoverable, it will be in the interest of firm 1, whether exiting
the market or not, to shut down its plant so its produet will no longer he
available and it will have no effect on the reservation quality.

However, upon second reflection one realises that, even in the absence of
any variable cost, the low quality product would never actually be produced
in a post-entry Bertrand-Nash cquilibrium. Even more, not even the initial
reservation quality need cver be produced since no consumer purchases it
at a Bertrand-Nash equilibrium. The effect of any reservation quality—u,
or the displaced lower quality product—owes to the potential rather than
the actual availability of that quality.

The above observation sheds a different light on the case where part of
the production cost is variable; for simplicity, we assume average variable
cost to be constant. Since it is potential availability of the displaced prod-
uct that matters in determining whether that product becomes the new
reservation quality, the entry deterrence mechanism described in this chayp-
ter will be robust in the presence of variable costs because consumers are
- aware that the displaced quality may become available at any moment at
price equal to variable cost. The potential availability of quality 1, depends
of course on reentry conditions and the length of the depreciation period
of the sunk cost. Although the harmful consequences of the new reserva-
tion quality on the entrant’s profit will be reduced as the price at which
this quality is offered—actually or potentially-—increases towards covering
variable costs, our conclusions with respect to the asymetry between the
second firm and potential entrants need not be altered. First notice that
since there is a fixed component in the total cost, entry at zero profit im-
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plies that the price of the new firm is above variable cost. This timplies that
the incumbent—who cannot recover the fixed cost—can always find prices
strictly lower than the price of the entrant that allow him/her to cover the
variable cost, thus keeping the product potentially available at such prices.
On the other hand, all that matters for the asymmetry between the two
firms to exist is that the entry-blocking quality v, = y, available at a pos-
itive price uo less than average variable cost, is preferred to ug offered for
free; after considering the consumers’ choice at the pre-entry game there
should be no doubt that this is indeed the case.

When a restart cost is required for the firm to produce after an interrup-
tion in its production process, then the product can be potentially available
to consumers provided that variable plus restart cost can be covered by the
price. This case can be considered as a variant of the previous one, with
the difference that now the fixed cost must be spread over a number of con-
sumers. Thus every single consumer must consider the product potentially
available at average variable plus average fixed cost. The question that
arises from the individual consumer’s point of view is the following: how
many other consumers would eventually be willing to buy the product at
any given situation and share the restart cost with him/her. The answer to
this question is simply that, since consumers with the same income level are
identical in all meaningful aspects and exhibit identical behaviour, when-
ever one of them is willing to purchase a unit of u;, everybody “will do so.
Hence the density of the income distribution will indicate to each individ-
ual consumer at what minimum price the displaced quality could become
again available. Thus, knowledge of the density of the income distribution,
together with information on the nature of fixed cost, is sufficient to al-
low consumers an evaluation of the potential availability of the displaced
product. This discussion applies also to cases where some part of the fixed
cost is recoverable and must be paid again if the firm decides to restart.
Finally, a similar case exists when, instead of a restart cost, one considers
that average variable cost falls with the quantity produced; again, the den-
sity of the consumer income distribution will be of crucial importance for
the validity of Proposition 7.

The other way that the first mover advantage of the firm 1 could be
reduced or climinated is the possibility of a post-entry transfer payment.
More specifically, after entry has taken place the entrant can propose to
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buy and destroy the plant and any inventories of the displaced firm. T
this way, it will be made clear to his/her customers that product i, will
no longer be available. If costs are only sunk without any pure exit cost
clement and this option is available, it will be indeed in the interest of
firm 1 to accept any small amount of money and leave the market:"™ this
in turn will dissipate all the credibility of the incumbent’s threat through
the reservation quality.

However, if exit entails some extra costs, the transfer paynient must
equal the amount of these costs or, alternatively, the entrant must assume
them after they purchase the incumbent’s plant. Thus, although the pos-
sibility of ex-post transfer payments may eliminate the asymmetry bhetween
incumbent and entrant on the revenue side, it creates a new one on the cost
side. This means that the inewmbent can enjoy profits up to the amonnt
of exit costs without fear of further entry.

4.3 Conclusions from Chapter 4

This part of the research dealt with the choice of quality in a natural
duopoly situation. This question was implicitly considered in the work
of Shaked and Sutton,'®? but the framework of these two authors did not.
allow for the threat of further entry—accompanied by the replacement of an
incumbent—to be present. Hung and Schmitt improved this situation by
using sequential entry and a large number of potential entrants; based on
these assumptions they concluded that (i) the ratio of qualities will depend
only on cost parameters; (ii) differentiation will be reduced relative to the
case of no entry threat.

Unfortunately, although these results have an intuitive appeal, this part
of our research has shown that they were the product of two very specific
assumptions: the lowest technologically available quality u exceeds the erit-
ical quality u.; a firm must leave the market if its market share is captured
by a higher quality.

160Note, however, that the incumbent can inflict losses to the entrant by refusing this
option. This implies that there is an amount of transfer payments up to which the entrant
is willing to negotiate. flence, the transfer payment can be far from trivial, depending on
the relative bargaining strength,

1615¢e [39].
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The first assumption cannot obviously be substantiated on any grounds
of intuition or empirical relevance; section 4.1 revealed its constraining
uature and extended the discussion on the choice of the lower quality to
cover all the possibilities.

As argued in section 4.2, the validity of the second assumption depends
on the nature of costs. There are empirically relevant cases in which the
product remains potentially available to the consumers even if the firm’s
market share goes down to zero.'® In such cases the lower quality firm in
the daopoly enjoys first mover advantages relative to subsequent entrants;
these advantages come through a change in the reservation quality. The
interesting feature of this situation is the relation between the nature of
cost and the reservation quality.

The role of the irrecoverability of the fixed entry costs in deterring
coupetitors’ entry in an oligopoly is well-known in markets with homoge-
ncous commodities.'® In this chapter we hope to have shown the role that
this irrecoverability plays in vertically differentiated markets, in which it
can also create entry barrers and/or reduce product differentiation while
maintaining positive incumbent profits. It is important to realise the differ-
ence between our case and the role of sunk costs in homogeneous markets.
In the latter, it is the threat of the incumbent that he/she will produce

""*The casc of oil transporting tankers remaining unused for long periods illustrates this

point, The oil tankers are vertically differentiated since more modern versions of the
product are faster and betier equipped. On the other hand, their cost is sunk since they
cannot. be used for anything elsc but oil transportation. If the market share of such a
tanker becomes zero, its owner will keep it available because of exit costs taking two
forms: the first is high cost of disposal, the second is related to future opportunities; the
latter cannot be understood unless we introduce time and uncertainty considerations into
our model. More specifically, business cycles affect the willingness to pay of the users of
oil tankers, thus creating variability in a and b and ultimately in k. Now consider the
lollowing situation: with a value of & € [1,3] the market is a natural duopoly and entry
with a quality higher than w; reduces the market share of the incumbent low quality to
zero. However, if the value of k increases later on beyond 3 at least for a certain time some
room will be created again for ;. Although the fult analysis of the effects of uncertainty
in a multi-period game rests beyond the scope of this work, it is intuitively obvious that
a prospect of some positive market share in the future—which in turn implies a positive
expected revenue, will act as a strong barrier to exit. for the low quality firm, thus reducing
the profit opportunitics of the higher qualities according to the analysis of this chapter.

1%%Gce for instance Dixit [7,8], Eaton and Lipsey [11], Schmalensee [34], Perrakis and
Warskett. [20,30] and Spulber [40].
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large enough quantities to inflict losses on entrants that deters entry (when
credible). In the former, the threat consists of simply leaving the prod-
uct available and thus making the consumers willing to pay less for higher
qualities. In this case, the sunkness of cost guarantees only that the firm
does not losc anything by staying, leaving its final decision indeterminate:
therefore some explicit exit cost must be introduced in order to solve the
indeterminacy of the decision.

It may appear that the existence of variable costs would provide an
incentive for the firm to leave the market, but this doesn’t need to he so.
By producing nothing, the displaced firm can avoid all variable costs ad,
at the same time, be ready to produce if anybody is willing to pay a price
at least equal to variable cost. On the other hand, if consumers are aware
of this potential availability of the displaced firm's quality, the willingness
to pay for higher qualities will be reduced at least for some consumers.
Finally, we must say that the introduction of exit costs is not the only
solution to the indeterminacy of the firm’s decision whether to stay or exit.
The entrant may also attempt to buy the existing lower quality by paying
some part of its sunk cost, in which ease bargaining strength will determine
the final outcome. But even in that case, the part of the sunk cost that
the entrant will pay to convince the incumbent to leave creates o cost

asymmetry allowing the incumbent to shield some profits from subsequent
entry threats.



5 Multiproduct Monopoly, Entry threat and
Market Coverage

In chapter 3 we allowed one firm to introduce many qualitics but we as-
sumed that no entry was possible although in chapter 4 we allowed for
the presence of entry threat while restricting the analysis to single-product
firms; time has come now to combine some of the results of these two
chapters in an attempt to examine the situation of an unprotected multi-
product non-natural monopoly. The focus of our attention will again be on
the important question of market coverage as we try to examine how the
presence of entry threat affects this issue. Two main points arise out of the
possibility of having a second firm share the market.

The first is whether entry can be blockaded while the market is uncov-
cred. In other words, does the monopolist have fo serve the entire market
in order to prevent entry once the protection is removed? If this is the
case, then the importance of the results in chapter 3 will be substantially
weakened because the uncovered market will be a temporary phenomenon,
lasting only for the time it takes for new entry to occur. However, if for
some parameter configurations the monopolist can keep the other firms out
of the market while depriving the poorest consumers'®* from the surplus
they could obtain from purchasing the product, then there may be a need
for public action other than simply removing all the legal entry barriers.
Section 5.1 is devoted to the question of the existence of situations where
entry is blockaded while the monopolist leaves part of the market unserved.

The second point relates to situations in which entry is not blockaded at
the monopolist’s unconstrained quality-price policy described in chapter 3
and, therefore, strategic action is needed to keep other firms from entering.
Provided that accommodation is not the optimal strategy, the multiprod-
uct incumbent has two means of impeding entry: to increase the number of
qualities (product proliferation) or to rearrange the spacing betwecen them
(product relocation). In this context one may ask how the issue of mar-
ket coverage is affected by those strategies. Although the answer is quite
straightforward in the case of product proliferation, the case of relocation

1648¢e subsection 2.4.1 for an explanation of why selling to some consumers may be
unprofitable even when variable production costs are zero.
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requires a more careful exanination and we will devote section 5.2 to its
analysis.

5.1 Uncovered Market and Blockaded Entry

Suppose that a monopoly firm operating in a vertically-differentiated mar-
ket has determined an optimal number 1= of qualitics that leaves the market
uncovered. Suppose also that the market is not a natural monopoly and
the incumbent firm is not protected from competitive entry by legal en-
try restrictions, patents or any other typical entry barriers. Is competitive
entry possible under all circumstances? Alternatively, are there sels of pa-
rameter values that result in both an uncovered market and unprofitable
entry under monopolistically-chosen n* and quality levels? If the answer to
this question is yes then a monopoly can be established and maintained in
a vertically-differentiated market even in the absence of protection against
entry, simply by virtue of first-mover advantages.

This question is trivial when the incumbent is imited to o single quality
and a fixed cost is present. For in such a case one can always find a level
of fixed cost F' between the maximum revemie of the entrant and that
of the incumbent, thus rendering entry infeasible. However, the issue is
more complex when the incumbent is allowed to introduce more than one
quality. The fixed cost now has a double effect: on the one hand, mncreasing
the fixed cost makes entry more difficult by requiring a higher post-entry
revenue; on the other hand, this increased cost induces the incumbent to
introduce fewer qualities and leave more space between them, thus making
entry easier. Thus, it is not immediately obvious that blockaded entry is
feasible in the case of a multiproduct firm.

The issue will be examined here under the assumption that the market
can sustain at most two firms so 2a < b <4aork € (1,3).!% If, in addition,
the fixed costs are sufficiently low to allow the profitable existence of two
such firms under free entry, then the market would be comnpletely covered.

As we already know, if the incumbent is limited to only one quality

1% This assumption should not be considered as restrictive since in mosh instances in this
chapter we are trying to prove the ezistence of certain cases; on the other hand of course

it simplifies the analysis greatly since it allows us to use the results from the previous
chapter. ' :
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he/she will choose the highest available one, namely . Since the numbers
1...n as subscripts will be reserved to denote the qualities of the multiprod-
et incumbent, we will use the subsceripl ¢ to denote the other duopolist,
the prospective entrant. The choice of . is made according to the rules
deseribed in Proposition 7.1%¢

Supposc now that the monopolist has already chosen the optimal num-
ber of qualities n = 1™ by Proposition 3, and the quality levels uy, ..., u,
according to the expression (61), as if entry were infeasible. The entrant is
now considering the choice of a quality level v, somewhere between the op-
ponent’s qualities. We assume that the entry cost F' is sunk once a quality
level is chosen and that F is the same for both incumbent and entrant, as in
the previous chapter. The incumbent may, however, withdraw an existing
quality from the market if it is more profitable to do so.'®”

Within such a setup the entry game can be simplified according to the
following result.

Proposition 8 In a natural duopoly if eniry between the top two opiimally
chosen incumbent qualitics 1s infeasible because F' exceeds RE as given by
(906 ), it will alse be infeasible in all other locations in quality space.

Proof: Let h, = u./ug and suppose that v,y < v, < u, = 4. After
entry the incumbent withdraws all the qualities u; < wu, from the market
since on one hand their market share will be zero'®® and at the same time
their potential availability will affect the reservation quality and the rev-
enue of both the incumbent and the entrant, according to the discussion in
scction 4.2, Thus, if entry takes place between the top two incumbent qual-
ities, all the qualities u; < t,—; will be withdrawn. Then, entry between

1

Sec page T9.
16

Contrary Lo the case discussed in chapicr 4, where the low gualily incurabent might
leave his/her quality available even after its market share was reduced to zero, in the
present conlext the incumbent has an incentive to withdraw all the qualities that entry
deprives from sales. This is so because, although in both cases even the potential presence
of the lower qualities will affect directly or indirectly the revenue from the higher qualities,
in the present analysis all the incumbent. qualities are introduced by the same producer.
Thus, the incumbent now has an incentive to eliminate all the qualities with no market
share, since their presence will affect not only the revenue of the eirtrant, but that of
his/lier remaining higher qualities as well, '

188 Because of the natural duopely assumption.

6
7
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the top two qualities is profitable if and only if a1, € (uy,y,u,) exists such
that R, > F.

Concerning the expression for -R., it could be given cither by (90a) or
(901),'® depending on whether u, is greater or smaller than w,. Nokice
however that, for any u, < u,, the RHS of (90b) is always smaller than
that of (90a). Thus, to prove the Proposition it suffices to show that if #
exceeds the RHS of (90b) Yu € (uy—1, @), then entry is also unprofitable
Ve € (ugq,ug), for e =1,...,n—1.

It is clear that the RHS of (90b) increases when wu, decreases; also, by
virtue of (64c),’™ (& — unp—1)/tn_1 = w — 1. Hence, if

l(b — 2a)2uf:]— = 1(b - 2a)*(w—-1) < F (96)
9 Up_q 9>
then R is less than F for all u, € (1, @) and entry is always infeasible
between the top two qualities.

Suppose now that the entrant locates between qualitics 1~ 1 and & <
n. Then incumbent qualities 1,...,x — 1 are withdrawn, and the price
game takes place between the entrant and the incumbent’s lowest remaining
quality u,. The entrant’s price is p,, and the correspouding revenme R, =
pe(ts — @), given that the market is completely covered in a Bertrand-Nash
equilibrium; the incumbent revenue is

n—1}

RJ = pn(b - tn) + Z pj(tj-i-] - ti)'
R

Setting ree = ./ (us — u) we have t, = pree + (1 — ).
Maximising IR, with respect to p. yields
Pe=(ti—a)/(re.—1) (97}
and
R; = (tx — a)*/ (7. = 1). (98)
On the other hand, maximising R, with respect to p,,...,p, and taking

into account that ¢; = p;»; + p;o1(1 —r;), for j = &+ 1,...,n, we get

b—t, = r,Dp, (99a)

169With the subscript ¢ replacing the subscript. 1.
1708¢e page 61.
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timn—t; = 1;Dp; — (rjp1 — 1)Dpig (99h)
bep1 — e = TrePn — (7';~;+1 - 1)DP;;+1 (99(,)

with Dp; = p; — pj-1, and 7 = £+ 1,...,n — 1. Adding the relations
(99a)-(99¢) together, we find the total incumbent market share

h— i, = TeePs + Z Dpj' (100)
J=r+1
However, from the definition of ¢, and the optimal p, it is easy to see that
Puee = 28; — @, Implying that 3t, —a = b— T8, | Dp; < b, from which
t, —a < (b—2a)/3. Thus,

(b=2a)*  (b—2a)*(uy—u.)
I ree —1) O, )

R; < (101}
For u. € (ux-1,ux) the RHS of (101) is no greater than (b — 2a)?(u, —
U,;_1)/ 9.1 by the same argument that establishes (96). However, as es-
tablished by {64c), the ratio of the relative distances between any two op-
timally set qualities of the incumbent is constant; thus, (uy — g1 )/ tte—1 =
(1 = wpe1)/Un-1 and R < (b - 2a)}(w - 1)/9 < F, Q.E.D. _

We note that the presence of condition (96) for u, = u,_; is necessary
and sufficient for entry to be infeasible only if u,_; > u.. It is only a
sufficient condition otherwise, since for u, € [uu_1,u.) the entrant revenue
IR} is less than the LHS of (96). It turns out, however, that most observable
cases of blockaded entry oceur almost always for parameter values such that
Upyey > U, as will become clear from the next set of results.

It suffices, therefore, to consider entry between the top two qualities i
order to determine if a monopolist’s optimal quality choices are robust in
the face of entry. Hence, we shall consider values of k € (1,3), h and F such
that the market stays uncovered at the optimal n. We shall then examine
whether such values exist that render entry infeasible between the top two
qualitics. This is expressed by the following result.

Proposition 9 In a natural duopoly, for all h less than a certain value
approzimately equal to 4.916 there exist values k, F such that the market
is uncovcred with at least two optimally chosen incumbent qualities in the
absence of an entry threat, and entry is infeasible.
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Proof: It must be shown that for & € (1,3) there exist values of & and F
such that 2 < n™ < ny, and for u, = Upy = MY the expression (96)
holds. This last condition can be rewritten as a*(k — 1)%(w — 1) /9 < K,
where w = A" The optimal n, however, can be chosen by sctting
9B (n)/dn = F or, according to (83), by solving in w the equation below
a?(k+1)? w?—2wlhw-~-1

2 (41w — (n = 1)}

Setting n = Inh/Inw and substituting the LHS of (102) for F in the

blockaded entry condition we find that entry is blockaded if there exist
admissible values of &, k and w € (1, A% such that

=F (102)

N\ 2

41 (w? — 2w lnw — 1) In*w
#(53) |

> 1. :
w = D[Inh(w - 1) + Inw(w + 1)) = 1 (103)

On the other hand, these same values must satisfy the uncovered market
condition (70).""? The latter can be rewritten as

{(w—1)Inh 4+ Inw

wlnw

k2

k(w). (104)

It is clear from the proof of Proposition 1 that k(w) is a decreasing function,
with k() = 1and limy— k(w) = 14+In k1™ Setting the LHS of (103) equal
to 4.5[(k +1)/(k = 1)J*Z(w) and replacing k by k(w) we can rewrite (103)
as

b(w) ~ 117

—_| =k . 105
k(w) + 1] ’l“l('w) ( ‘J)

For w € (1,%) the RHS of (105) is a decreasing function, and k,(w) €
2

(O, [(?14%] ) On the other hand, it can be shown that lim,._, Z(w) =
0.174

?

171Gee page 60.

172Gec page 61.

'73For w——1, both the numerator and denominator of (104) tend to zero so, by taking

the corresponding derivatives with respect to w and applying {'Hospital’s rule, we find
that lmy— k(w) = liny—, B0 g g0

In 10

4.55(w) >

"4 Define
M = w-2whw-1 Ns = Inw
D = (w-1) Dy = [Inh{w=1}+ Inwlw+ 1)
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Figure 10: . Blockaded Entry inm a Multiproduct Nonnatural
Monopoly ‘
This Figure shows the existence of a solution for (105) .

while Z(2) = [h* — 2hInh ~ 1]/4(h ~ 1), which is positive for all h.
Hence, the expression (105), if treated as an equation, has at least one
solution W in the interval w € (1, k), as shown in Figure 10.

To prove the Proposition it suffices to show that there exist values of
h > 1 for which @ € (1,~?®). For in such cases a value of k slightly higher
than &(w) would satisfy (103) as a strict inequality for w = 1w, while from
(102) values of F can be found for that % such that ng > n* > bt >2 In
turn, a sufficient condition for & € (1,4) is that 4.55(h®) > k(%) for
some h > 1.

This last condition boils down to 4.5[k — A*Inh ~ 1] > (A® — 1); the

It is clear that, as w~+1, all the expressions above tend to zero and therefore we need to
apply the I' Hospital rule. Using ’ and ” to indicate first and second order derivatives, we
have :

N = 2lw-lhw-1)-1 D =1

Ny = (2/w)lhw Dy = Inh+hw+(1+1/w)
NI o= 9(1-1/u) D" = 0

N = (@i - 1) DY = (1/uw)1- 1w

It is casy to verify that all the expressions above tend to zero as w tends to 1 with the
only exception of limy—i Dy = 2 4 In k. Thus, the first derivatives of the numerator and
denominator of Z(w) tend to zero and as far as the second derivatives are concerned, that
of the numerator tends to zero although that of the denominator tends to 2D% > 0 with
w tending to one; hence, the corresponding limit of Z(w) is zero. '
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h ko [(Fx100/ai t/a

401500 | 2.845 1.0004
3.5 1 1.47 2.241 1.0018
3.511.48 2.259 1.0059
3.0 | 1.45 1.663 1.0134
2.5 | 1.40 1.061 1.0179
2.0 |1.33 0.510 1.0162
1.5 | 1.21 0.169 1.0144
1.4 1.18 0.0688 1.0117
1.3 | 1.14 0.0336 1.0080
1.2 | 1.10 0.0117 1.0086

Table 1: Blockaded Entry and Uncovered Market.

This Table shows sample values of {h,k, F} resulting to situations of block-
aded entry with wncovered market (¢, > a).

unique value of & that equates the two sides of this last inequality is ap-
proximately 4.316, implying that the inequality holds for ' < 4.316 and is
violated otherwise, Q.E.D.

Table 1 shows some examples of values of h, k and F, as well as the
corresponding %1, for which entry is blockaded and the market is uncovered
(ie. t; > a). In all entries we have taken « = 1 and n* = 2, with F
calculated exactly from (102). It is clear that, given the discrete nature
of n*, the indicated values of F define only the lower end of an open sct,
within which #; remains unchanged and entry continues to be blockaded.

It follows, therefore, that a monopoly can be establishéd and maintained
under free entry conditions in a vertically differentiated market even when
that market is sufficiently wide and the fixed cost sufficiently low to ac-
commodate two firms. Thus, product proliferation not ounly increases the
incumbent monopolist’s profit by allowing him/her to price discriminate,
but it also protects these profits from the entry of new firins. Further,
for some parameter values such a monopoly can coexist with an uncovered
market, in which the poorest consumers would prefer not to buy a unit of
product. The next section examnines what happens when blockaded entry
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is not possible under uncovered market conditions. Surprisingly, it turns
out that in many such cases the threat of entry actually worsens the extent
of market coverage when compared to a protected monopolist.

5.2 Uncovered Market under Entry Deterrence

As we saw i1 the previous section there are many instances in which entry
can he blockaded without a need for the monopolist to alter its uncon-
strained optimal price-quality decision, even if this decision involves fore-
ing some consumers to leave the market. However, in many other cases
the protected monopolist’s optimal choices are not able to protect him/her
from new entry; in these circumstances the incumbent firm has the choice
between eniry deterrence and accommodation. If the latter is chosen, the
market will be completely covered, given that we continue assuming an
income distribution leading to a natural duopoly, i.e., k& € (1,3). Entry de-
terrence, on the other hand, can take place either by increasing the number
of optimally-located qualities beyond n*, or by relecafing the n™ qualities
till entry is infeasible. Thus, if entry is to be impeded by relocation, the
first question we should ask is what must be the rule guiding the incum-
bent’s decision on his/her product line? To answer this question we first
prove an auxiliary result, similar to Proposition 8:

Proposition 10 ¢) In a netural duopely market with n oplimally chosen
incumbent qualities, if entry s possible between quality levels k — 1 and &,
where 1 £ k < n—1, then it i3 also possible between any pair of qualities j
and j + 1, where j 2 k. b) The enirant’s opitmal market share, t, — a, is
an inereasing function of the quality index k.

Proof: As shown in the proof of Proposition 8, the entrant’s revenue R, is
at most equal to (¢, — a)?(u, — u,)/u., which must be above F for entry to
be possible. The term (u, — u.)/ue is an increasing function of u,/u.; the
latter can take all values less than wu,/u._1, which is equal to hi® Wk, To
vrove both (a) and (b) it suffices, therefore, to show that ¢, increases with
& for any given ratio u,/u,.

In the proof of Proposition 8 we showed after maximising the incumbent
and entrant’s revenues with respect to their price levels p,,...,p, and p.
respectively, that (50b) and (50c) hold for 7 > &, and similarly (51b) and
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(31c) hold, the latter for indices greater than or equal to & + 1. We can
rewrite (51bh) under the form

sipiDpiyr=sDp;, fori=x4+1,....n-1. (106)
Similarly, we have from {97) and the definition of ¢, that
Pulre = @+ 2p (1 ~ 1), (107)
Combining (107) and (99¢) we obtain'™
S 1 Dpugr + ps = (@ 4+ Ipere)/2

or
Sxpt Dpeyyr = puL + af2, (108)
where L = (35, — 1)/4. Solving the system (106) recursively we find

i1 ’
Pi = Prg1 + Sug1 Dprga z — fori=rn+2,...,n (109)
j=nt2 5J

On the other hand, from (108) we obtain that

1 a
- HL —)
Sn+1 (P + 2

Prt1 = Pu +

which substituted into (109) yields

i1
P5=Px+(P&L+§) Y = fori=r+1,...,n. (110)

7=r+1 S

15ysing the expression (9)—sce page 12—to replace io4; and {,, the LHS of (94¢)
becomes

bog1 — e = 7's+1DPr:+1 - Px("a'. - 1) + Pe("'n - ])
which allows us to write (99¢) as
Pelrs — 1) = pesy — Dprgiseyr.

Substituting the LHS of the above cxpression into the RHS of (107) and using the relation
s; = 2r; — 1, ¥, we obtain the expression which follows in the text.
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Finally, substituting the value of (110) for i = n into (51¢), we find:

o b—a(B +1)/2
P T BF L
4+ TrePu
B
where By = 31, 1/s;. It is clear that p, is a decreasing function of B,
which, in turn, 1s a decreasing function of . Hence, both p, and t, increase
with & since s, (and, hence, L) depends only on w,/u., which is constant
in &, Q.E.D.

Proposition 10 implies that if strategic action is necessary to deter entry,
the multiproduct monopolist, starting from an optimal quality configura-
tion, must first reduce the space between the top two qualities till entry
is infeasible there. A pure relocation strategy would, thercfore, displace
quality w,e_; till entry is deterred at the top, and would then choose op-
timally the locations of the remaining n* — 2 qualities given the choice of
t,o—1. If this deters entry cverywhere then it is clearly the optimal reloca-
tion strategy; otherwise, quality wu,._, must also be displaced; etc. Since
from (111) and {112) the entrant’s market share and revenue decline with
the level of the incumbent quality that the entrant faces, pure relocation
may be sufficient to deter entry everywhere.

A pure proliferation, on the other hand, would find a number % > n*
of qualities such that the ratio 2!/* between optimally located successive
quality levels be insufficient to allow profitable entry. Lastly, pure entry
eccomnodation here simply implies that the incumbent has only one qual-
ity level located at %, in which case the market will be completely covered.
There are also many possible combinations of these pure strategies. For
instance, increasing the number of qualities to #* 4+ 1 may be insufficient to
deter entry, unless the top two qualities are also relocated. On the other
hand, recent work by Martinez-Giralt [26] suggests that when accommoda-
tion is decided the incumbent firm will wish to withdraw ell its qualities but
one, the argument being that, in order to relax competition, the two firms
will try to be as far apart as possible. However, this result has been devel-
oped usiug a spatial model of vertical differentiation 4 lo Gabszewicz and
Thisse!™ and for specific values of the parameters, so one must examine its

(111)

t, = (112)

176Gee subsection 2.1.3, page 15.
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robustness before transplanting it into the income dispersion model. The
determination of the optimal incumbent strategy under generad conditions
depends on the parameters of the problem and will not be attempted here
since the focus in this thesis is on market coverage.

The next two results strengthen the practical unportance of an uncov-
ered market in a natural duopoly. It is shown first that a pure relocation
strategy is optimal under some conditions, and then that such s strategy
always reduces market coverage.

Let f(u.) denote the entrant’s revenue R, as given by the LHS of (96).
By Proposition 9 there exist values (%, &, F') such that entry is blockaded
and the market is uncovered with n* > 2. This implics, as shown in the
proof of that proposition, that for some values of (I, &) we have

fy<F= 20
dn .
By Lemma 17 the concavity of L7 (n7) in an uncovered market guarantees
that F' € (Fy, Fy), where F} = R +1)~R(n"), Fy = R*(n")=R*(n"—1),
with (F}, F3) representing the range of fixed costs for which n” is optinl.
Suppose that n* is the highest number of qualities for whicl entry is block-
aded for the given (%,k). Then there exists an F' ¢ (Fy, F] such that
f(uney) = F', with entry being feasible for all FF € (Fy, F').

For any such F let @.(F) denote the unique solution of the cquation
flus) = F. A pure relocation strategy must set Upey = ft.. Let R,(d)
denote the corresponding incumbent revenue, and define g(it.) = RY(n* +
1) ~ Rt ), the difference in revenue between an increase in the number of
qualities by one and relocation.'”® We may now prove the following result:

Proposition 11 a) In a natural duopoly, suppose that for some (hk, F)
entry is blockaded and the market is uncovered with »* > 2 qualitics as in
Proposition 9. Then, if entry is possible for some ™ . (Fy, Fy), there caisis
an open set (F",F') C (F\,F) such that entry deterrence by relocation is
an optimel policy for the same values of (h,k) and any F € (F FY.

177
TR

See page 68.
'"Note that g(&.) > 0 does not imply that proliferalion is a superior stralegy since

introducing a new quality increases total cost by F; see also the proof of Proposilion 11
below,
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h) Relocation may sidl be an optimal strateqy for some (h.k, F') cven
uhen eniry 18 not blockaded for any F at some (I, k).

Proof: Relocation dominates proliferation if R, (i) + F > R(n® 4+ 1)
or g(tt,) < F. It dominates accommodation if 12,(i.) — «F > R}, where
& 2 1 is the number of incumbent qualities displaced by the entrant and
It} denotes the incumbent firm's revenne in the duopoly game that results
under such an accommodation. It is clear from (59) and (61) that R, (i) =
R*(n™) as long as @, < wye_y (le. FF 2 F'), and that dR, /du, = (<)0 for
ugfug = ()W'. Similarly, (96) implies that ,(F) is a continuously
decreasing function, Hence, g(di,) is a strictly increasing and piecewise
continuous function of u,, with possible discontinuities arising whenever
there is a need to relocate a lower quality; the function g(1,) is depicted in
Figure 11.

At F' = F' we have by definition g(#.) = Fy < F' = f(#%.), and ¢
is continuous'™ for F' in an open neighbourhood to the right of F’. At
F=F, g(i) > F| = f(&,). Hence, as shown in Figure 11, there exists
some F" € (F, F') such that, depending on the continuity of g at @.(F"),
cither g(i.(F")) = F" or g(it.(F" —¢)) < F" < g(tt.(F" + ¢)) Ve > 0.
Hence, for any F' € (F, F') we have g(i,) < F, implying that relocation
dominates proliferation, Q.E.D.

On the other hand, let R*(n* —x) denote the optlmcd incumbent revenue
with n* — & qualities. This revenue obviously exceeds the incumbent’s
total revenue R} under accommodation with the same total number of
qualities. However, R*(n*) — &F > R*(n* — &) by the optimality of n* for
all F € (B, F2). It follows that R, (%) — sf(%) > R} for some F < F',
thus proving that relocation dominates accommodation, Q.E.D.

For part (&) we first note that the proof in part (a) can still be applied
even if conditions (103)-(105) in the proof of Proposition 9 are violated:
entry may be feasible at F' = F but infeasible for some F' € (F1, ).
The question is whether entry-deterring relocation can still be the optimal
incumbent policy when entry between the top two qualities is feasible for
F > Fy. Insuch a case 4,(F;) > u,+-y and correspondingly ¢(%,) > F.
However, relocation would still dominate proliferation for some set of values
of F < Fy if at @,(F3) < f(a,) = Fy, i.e., if the vertical intercept of the

"™ This is a dircct consequence of Proposition 10.
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Figure 11: Entry Deterrence with a Multiproduct Incumbent.
This Figure lustrates the proof of Proposition 11.

function f lies above that of g in Figure 11. Similarly, relocation would
dominate accommodation if at i, (F), R,(&.) — &Fy > R;. The numerical
examples af the end of this section show several such instances of optimal
relocation even when blockaded entry is infeasible, Q.E.D,

Since several instances of blockaded entry for n* = 2 were found in the
previous section, the optimality of relocation when the fixed cost decrenses
sufficiently to allow profitable entry has heen established for at least these
cases.

The last result of this paper underlines the importance of relocation
with respect to market coverage. We first prove an auxiliary result.

Lemma 4 Suppose that in a pure relocation strategy with n* qualities the
last n* — & qualities have been relocated to deter entry, while the first &
qualities have been aligned optimally on the (x + 1)st quality. Then for any
quality tndez j > 2 we have ul > ujyu; ;.

Proof: From (60a) the result obviously holds with equality for the opti-
mally aligned qualities 1,...x. Any quality j € [x + 1,n" — 1] has been
determined from the relation F = (t; — a)?[(uj41/%;) — 1], where ¢, is given
by (111). By Proposition 10 t; is an increasing function of j, implying that
for a fixed F the ratio wjy,/u; must be decreasing in j, Q.E.D.

Since the last n”—x qualities have been relocated successsively by equat-
ing the entrant’s revenue to the fixed cost F, it follows that for any given F
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cach quality level becomes an increasing function of its immediately higher
one. Hence, 1,4 18 ultimately a function of w,-_;, while the optimally
aligned qualities 1,. .., £ are functions of v,y through (60a). Of particular
interest to us is the increase in u; and its effect on the market coverage
paramcter ;. From (10)'? we have #; = p;7,, and we examince the effect
on 1y of the relocation strategy. Given the monotonicity of the functions
determining the quality levels, we can consider all such levels as functions
of w;. We can then prove the following result.

Proposition 12 If the market ts uncovered at the aptimally-chosen loca-
ttons and number of qualities, and if pure relocation is the opiimal eniry
deterrence strategy, then such relocation would elways decrease the cxient
of market coverage.

Proof: It suffices to show that ¢} increases. Fromn (10) and (50) it is easy
to sce that

t_]_[k-t-l] 1+ 57!
a ‘2 T4sT o+ s2t

A pure relocation strategy would increase u,. Differentiating ¢; with respect
to u, we get

(1t|_k+1 ;, 1 n .'3:'- -
e ()R (E)] /e e

=1 1

o

and noting that s; decreases with w«;, we find that a sufficient condition for
Oty /Ou, to be positive is

n Sf-
S -L>0, (114)

where &) = 0s;/8u,. Using the definitions of the s;’s and noting that
Ou;j/Ou, > 0 for all j (since all qualities have been displaced upwards), we
find that the above sum is positive if w1 /(41540 ) 2wy /(u;+u;-)2
This, however, boils down to u? > wjyiu;_1, which holds by Lemma 4,
Q.E.D.

Hence, a pure relocation strategy, which is the optimal strategy for at
least some parameter configurations, would always reduce market coverage.

180S0 page 12,
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h- I\' % 102 f‘l

4.0 | 1.501 | 2.00 1.0521
3.511.48 |1.60 1.0559
251140 |0.80 1.0479
1.5 1.21 |0.09 10277
1.3 11.14 |0.024 1.0206
5.0 | 1.60 | 3.20 1.0885
4.5 (1.60 |2.90 1.0980
20170 |1.80 1.2074
151145 |0.30 1.1613
141140 |0.19 1.1479

Table 2: Entry Deterrence and Uncovered Market.

This Table shows values of t, for selected {h,k, F} triples, after entry de-
terrence.

Such a reduction can be very substantial. Table 2 shows some values of #,
carresponding to the indicated values of h, k and F; in all cases we have
n* =2 and e = 1, with relocation being the optimal strategy.

Several of the (%, k) values in Table 2 arc the same as in Table 1 but
the reduced value of F' makes hlockaded entry infeasible and relocation
necessary in order to deter entry. In other cases, though, the (1, k) values
do not satisfy the blockaded entry condition (103) for any w € (1,47,
even though relocation continues to be optimal. In all instances the extent
of market coverage has been significantly reduced as a result of relocation.

It should be noted that a raduced market coverage as a result of reloca-
tion stemming from an entry threat has certain implications for consumer
welfare. For n® = 2 this welfare, compared to the one existing under a pro-
tected monopolist, has been reduced for all but the wealthiest consumers
(the ones purchasing the top quality). Indeed, not only are those consumers
who now don’t make any purchase worse off, but the price p; of the lowest
quality level has risen,’® reducing the utility of some of those who pur-

'31Notice that after relocation, the level of the lowest quality is increased, and yet, some
consumers refuse to buy this higher quality. It is therefore obvious that the price of the
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chased it before and continue to purchase it now. On the other hand, this
surprising welfare effect of an entry threat is not necessarily true when relo-
cation is not the optimal strategy. Consider, for instance, the (h, k) values
corresponding to the first entry of Table 2, but suppose that F = .0109.
This value is still larger than Fy = 01608, implying that n* = 2, Here,
however, relocation sufficient to deter entry must set u; = 2.3792, which
results in an ineumbent revenue R = 1.24598. It can be easily verified that
Ry + F < I7(3) = 1.26708, implying that relocation is inferior to prolifera-
tion 1f the latter can deter entry; this turns out to be the case, since for u,
located at h¥? we have R, = .01638 < F. Hence, the optimal strategy here
is to mntroduce three optimally located qualities. It can be easily verified
that for n = 3 (70) is violated and the market will be completely covered,
thus improving welfare when compared to the protected monopolist.

5.3 Conclusions from Chapter 5

The main purpose of this chapter was to substantiate the conclusions of
chapter 3 by showing that uncovered market can be a persistent phe-
nomenon even in situations where there is no legal entry barrier. Our
first question was to examine whether the monopolist’s multiproduct pol-
icy can be entry-proof without need for any modification. As we showed
in section 5.1, there exist cases where entry is naturally blockaded by the
incumbent firm’s unconstrained optimal decisions. This enliances the im-
portance of the optimal decisions of the monopolist concerning his/her price
and quality schedules as derived in section 3.1, since it shows that they can
be robust in the presence of an entry threat.

What protects the monopolist in this case is not the sunkness of cost
as in the case of homogeneous product markets but the fact that there
is not enough room for entry between any two incumbent qualities. This
result is in the spirit of Schmalensee [35}; however, two points substantially
differentiate our analysis from that in [35]. The first is that the product
proliferation in our case results from the unconstrained optimal choice of the
monopolist rather than from being a deliberate entry impediment policy;
this relates to the endogeneity of the number of products as discussed in the

lowest quality must be higher than what it was bLefore relocation took place.
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next paragraph. The second point is that we deal with vertical rather than
horizontal differentiation; this is important because in onr context every
firm—including the entrant—has an advantage over any lower qualitios
even if these qualities belong to the incumbent.

We cannot iusist too much on the fact that our blockaded-entry result,
altough rather trivial when the incumbent is limited to introducing only one
quality, is not obvious at all in the case of multiproduct firms. Wiih only
one quality, and since there is an asymmetry in revenue hetween high and
low qualities, it is always possible to find values for the fixed cost that will
make entry of a second firm unprofitable. This result is due to the fact that
the number of qualities of the incumbent is in this case treated as exogenous,
whereas in our analysis it was determined by the parnmeters (1, k, F) of the
model. Having the number of incumbent products endogenons implies that
the level of fixed cost imposes—for given values of (h, k)—u restriction on
the space between qualities that is available for the entrant, thus aflecting
to a large extent the profitability of entry. Hence, varying the level of fixed
cost has two effects of opposite direction on the cond;tions for entry. For
instance, if fixed cost is increased, it is not e priori obvions that enbry
has become more difficult since the incumbent’s optimal choice now results
in more space between qualities, thus giving the entrant the opportunity
to increase his/her revenue by further relaxing price competition through
product differentiation.

The second question examined in this chapter concerns the persistence
of an uncovered market when entry cannot be blockaded but the incimbent
chooses the optimal strategy in anticipation of such entry. Threc possible
strategies were examined: a) to allow entry, b) to prevent entry by product
proliferation in the spirit of Schmalensee,'® ¢) to prevent entry by product,
relocation, as Bonanno'? has shown to be possible in the context of hori-
zontal differentiation. It was shown that this last strategy may emerge as
the optimal response and that, if it does so, it will always reduce market
coverage and diminish welfare of all but the wealthicst consumers as com-
pared to the protected monopolist. On the other hand, a change in fixed
costs may render product proliferation optimal, in which case the uncovered

182Gee [35).
1835ce [2).
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market may disappear and consumer welfare increase unambiguously.
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6 Conclusions

The study of differentiation has been based on two different approaches,
one represented by the model of monopolistic competition and the other by
the address model. Although these models assume in common that many
types of a product are available in the market and that cach consmmer
favours only one type, they differ by their assumptions on how consumers
view the rest of the product set: in the former, consumers are indifferent.
when facing a choice that does not involve their favoured type, while in the
latter they establish a non-trivial ranking on the whole product set. The
differentiation of the product set is characterised as variety when there is
no unanimity in consumers’ rankings of the different types of the product;
in the opposite case one can meaningfully talk about quality differences,
since the unanimity in consumers’ ranking can unambignously determine
between any two products which one is of higher quality.

In many instances, to produce a higher quality requires a higher average
variable cost; therefore better product types can be available at substan-
tially higher prices, even if there is sufficient competition among firms to
bring the prices of all the qualities down to their average variable cost.
In those cases, there may not be a set of feasible prices—i.c. prices af
which some firms will accept to produce the various qualitics—resulting
in a unanimous choice of quality among consumers, despite the absence of
disagreement in assessing the merits of each product; some consumers will
decide to buy the lower qualities because they are not ready to pay the ex-
tra cost that a higher quality entails. Cases like the above can be handled
very well by the acidress models of variety and for this reason we will con-
sider them as horizontal differentiation even if the market is characterised
by quality differences rather than variety.

There are, however, cases where increases in quality do not require
substantial increments in variable cost in order to be made available to
consumers. This is particulaily true in situations where the burden of
increasing quality falls primarily on fixed cost. When this is the case, an
average-cost pricing structure will translate the unanimity of preferences to
an identical choice by all the consumers, which in turn implies that only the
top quality product will be produced. Under these circumstances, the high
quality product can deviate from average cost pricing while maintaining a
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significant market share. Thus, in situations of wertical differentiation, the
unanimity in consumers’ choices at average cost implies that, if a set of
qualities is produced, all but possibly the last quality arc making positive
profits.

The literature studying this type of situation is focussed on two issues:
market structure, and the possibility of a single firm using many qualities
in order to price discriminate when no perfect information on consumers’
willingness to pay is available. Surprisingly, little has been done to bring
these two issues together. The works focussing on market structure almost
always assume single-product firms, while those on price discrimination
assume that the monopolistic structure is determined either exogenously or
by the characteristics of the income distribution, i.e. totally independently
from the introduction and positioning of many qualities.

In this thesis we have attempted to bring these two issues closer to-
gether by studying the implications of the nature of the fixed cost on the
natural duopoly solution, and then by investigating the implications that
the number of products can have on entry conditions. At the same time, we
examined the extent of market coverage in situations of protected and un-
protected monopoly in order to detect the impact that potential entry may
have upon this question. In what follows, we summarise the major findings
of our work and place them into the context of the relevant literature.

Market structure and choice of quality The main result in the liter-
ature on market structure in VPD is the finiteness property; it states thaf
in a Bertrand-Nash equilibrium there will be an upper bound to the number
of firms present in the market, this bound being independent of the fixed
cost and the choice of qualities of the different firms. This surprising result
comes from the fact that, once a certain number of single-product firms has
entered into the market, competition will drive the prices of all the qualities
so low as to make every consumer prefer some of the available products to
any lower quality even if that quality is offered at a zero price. Thus, con-
sidering a three-stage perfect equilibrium where firms decide entry, quality,
and price of their product in three successive rounds, the finiteness prop-
erty is an outcome of the pricing stage and as such it is only affected by
the width of the willingness-to-pay for quality.

When the finiteness property protects up to two incumbents from fur-
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ther entry, Shaked and Sutton showed that, if the fixed cost allows the
profitable existence of exactly two firms, these firms will decide io differ-
entiate their products rather than both produce the top quality; they also
implicitly determined the optimal quality level for the low quality produet
in the market. The analysis of Shaked and Sutton is based on entry being
simultaneous, which implies that entry, rather than choice of quality, canses
the irrecoverability of the fixed cost. If; on the contrary, the fixed cost is
not only entry specific but also quality specific, then the industry nust
be analysed assuming that the entry of firms is sequentinl. The impor-
tant implication of the asswinption of sequential entry is thal the finiteness
property is no longer sufficient to protect the lower quality firm from a new
entrant who decides to produce a higher quality. This consideration in-
duced Hung and Schmitt to claim that the lower quality incumbent would
try to choose a quality level sufficiently high in order to protect itself from
entry and replacement. As explained in chapter 4, the result of Hung and
Schmitt rests on two specific assumptions: that the range of qualitics is too
narrow and that the nature of the fixed cost camot affect the decision of
a firm on whether to stay in business or not. The arbitrariness of the first
assumption is rather obvious; this assumption results in the revenue of the
lower quality firm being independent of the level of the reservation qunlity.
In other words, the consumers’ willingness to pay for the low quality is in-
dependent of the desirability of the non-purchase option, which constitutes
a rather unattractive feature of the model.

The second assumption of Hung and Schmitt constitutes a more subtle
case, since a low quality product may indeed find itself with no sales in a
Bertrand-Nash equilibrium. However, to say that a firm, once its sales arc
reduced to zero, will quit the market implies that the fixed cost is sunk
with respect to changes in quality but not with respect to exit. If, on the
contrary, the fixed cost is totally sunk in relation to exit, the decision of
the firm concerning its continued presence in the market is indeterminate.
To cope with this indeterminacy, one needs more information on the nature
of the fixed cost; if there is a cost component purely associated with exit,
like cleaning up the site or the expectation of future revenues, the firm may
decide to stay in the market. On the other hand, if a major part of the
fixed cost can be salvageable upon exit and this part excceds any pure exit
«cost component, then the firm will decide to go, as Hung and Schmitt have
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assumed. :

Can the decision of the displaced incumbent to stay or not be impor-
tant? Our conclusion from the analysis contained in chapter 4 is that if
the displaced quality remains potentially available, then it will become the
new reservation quality and through this it will affect the willingness of
consumers to pay for the other qualities, This is reflected by the fact that,
in general, the revenue of the lower quality firm depends negatively on the
level of the reservation quality. Thus, a major result from our analysis is
that a costly exit can become a crucial weapon in the hands of the lower
quality incumbent firm against new entry. This in turn implies that, in a
vertically differentiated natural duopoly, the two procducts will not be as
close as possible'® unless the nature of the fixed cost makes permanent exit
a superior strategy for the displaced incumbent. This is in sharp contrast
with the analysis of Hung and Schmitt where the choice of the lower qual-
ity must always be determined by the zero profit condition for the lower
quality and, as a consequence, the market is characterised by minimal dif-
ferentiation. As this thesis showed, the extent of product differentiation in
a natural duopoly can vary from ihe level suggested by the simultaneous
entry model to that dictated by the zero-profit condition, depending on the
nature and the amount of the fixed cost.

Multiproduct firms, market coverage and market structure Turn-
ing to the question of multiproduct firms, we found that there may be an
upper bound to the extent of market coverage, this bound being indepen-
dent of the level of the fixed cost. In other words, there are instances where
cven the elimination of the cost of introducing a new quality is not suffi-
cient to induce the monopolist to cover the market. In chapter 3, we derived
the monopolist’s optimal rules concerning prices, qualities and number of
products in general instances where the market is uncovered either because
of high fixed costs or because of pure demand conditions. Surprisingly, as
the analysis of chapter 5 showed, these rules can be robust in the face of
an entry threat despite the presence of a number of consumers ignored by
the monopolist. This is so because entry must be disputed at high quality

189 Recall that the two qualitics cannot be so close so that the lower quality sustains
losses.
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levels rather than at the level which could bring the excluded constners
back to the market; at the same time, the introduetion of many ¢ualities
by the incumbent leaves little space for entry hetween the high qualities.
Hence, the presence of an uncovered market is not an indication of chsy
entry; neither can it be considered as a short run phenomenon. This con-
clusion is directly related to the welfare of the poorest consumers and it
can be important for policy purpeses in situations where distribution is an
issue.

On the other hand, the possibility of entry being blockaded by the
monopolist’s optimal number of products has severe implications for market
structure: there ave instances in a natural duopoly in which the fixed cost
would allow the presence of two single-product firms completely covering,
the market; yet the upper bound to the nwunber of firmms may not be reached
if the first firm in the market introduces many qualitics. This result is not
trivial since the number of qualities is endogenously determined by the
level of the fixed cost. Thus, increasing the level of fixed cost may, to some
extent, irelp the entrant, since it reduces the number of and therefore the
spacing between qualities.

When entry is not blockaded at the monopolist’s unconstrained choice
of product line, the incumbent firm can impede entry cither by product
proliferation or by relocation of its qualities. As we showed, the latter
can dominate the former from the monopolist’s point of view in a number
of instances. Surprisingly, when the monopolist relocates his /her qualitics
in order to avoid entry, the segment of unserved consumers will become
larger. This is a consequence of the fact that entry between high qualitics
is easier because the distance between any two qualities increases with the
quality index, while at the same time the entrant’s revenue increases with
the quality he/she introduces. Thus, the incumbent must first reduce the
space between the top two qualities and align all the lower qualities with
respect to u,_;. If entry is now feasible between w,,_, and w,_; he /she must
upgrade the quality u,_, until entry is blockaded and align the n — 3 lower
qualities according to u,_p and so on. Thus, entry deterrence causes an
upgrading of the lower qualities as well, and it is this fact that decreases
market coverage.
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Remaining questions As it happens, few—if any—thcoretical works
give a definite answer to all the interesting questions related to their topic;
time limitations and increasing complexity leading to a lack of tractability,
leave alinost always a number of issues unexamined and the present work
constitutes no exception in this respect. We would like therefore to devote
this last part to the description of some issues which did not rececive an
adequate treatment in this thesis and which will constitute, as we hope,
the agenda for our future research.

The first such question concerns changes in the overall welfare, as mea-
sured by total consumer surplus,'®® when one moves from one of the situ-
ations exanuned in this work to another. Since most of the results of this
thesis have been rigorously proven for cases where & € (1, 3), in the discus-
sion that follows we will consider that the width of the income distribution
determines a natural duopoly. .

Before proceeding any further we would like to mention the fact that in
VPD models, differentiation 7s not to the advantage of the consumers. In-
deed, by our cost assumptions, the optimal situation involves only the top
quality produced and priced at average cost.!®3" If more than one quali-
ties are introduced, their purpose will be either to relax competition among
firms or to allow the monopolist to extract consumer surplus, rather than
better accommodate the differentiated needs of individual consumers, as is

185G rictly speaking, the icks-Kaldor criterion requires us to include firms’ profits in the
measurement of welfare. This however - would complicate the analysis to a considerable
extent. Moreover, consumer protection often constitutes on its own a goal for public policy.
Thus, welfare comparisons based only on consumer surplus can be of substantial value for
policy decisions.

186Gince cach individual consumer’s demand is completely price inelastic, if profits are
taken into account when making welfare assessments then the price of the top quality in
the optimal situation can be anything between average cost and the price which would
Just induce the poorest consumer to stay in the market.

18"Notice that, ideally, the determination of the optimal price of the only quality to
be produced should be based on marginal rather than on average cost. However, the
presence of a fixed cost together with constant average variable cost—equal to zero—
create cconomies of scale at any level of output of a given product type. Hence, the
market of any single quality taken separately is a natural monopoly: therefore, as is well
known, marginal cost pricing results to losses for the firm. Ignoring the possibility of a
tax subsidy covering any such losses, we consider as optimal a situation where only one
firm produces the high quality product and prices it at average cost.
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the case in horizontal differentiation. Thus, unless a surprising outcome re-
sults from the detailed study of the situation, the conclusion concerning, the
number of products should be unambiguous. What therefore is of interest
in the context of VPD is to compare consumer welfare between different
situations involving the same nunber of products but different price-quality
decision rules or between situations involving the sanie amount. of fxed cost
but where the number of products can be different according to whether
entry i1s impeded or not. Thus, the welfare analysis should not be condnetedt
n terms of comparisons of different situations against an ideal, but instead
as a comparison between imperfect alternatives.

One such comparison should seek to assess the impact on consumer wel-
fare of entry being sequential rather than simultanecous. As the analysis in
chapter 4 made clear, if entry is sequential in a natural duopoly with single
product firms, the choice of the lower quality will depend ou the nature
and the amount of the fixed cost, ranging between the solution of Hung
and Schmitt at the one extreme where exit is the superior strategy, and
the blockaded entry solution in which the incumbent lower-quality firm can
safely adhere to the rules for quality choice determined in chapter 4 for
the absence of entry threat.'® Thus, the situation reduces to the examinn.
tion of how consumer surplus changes as the lower quality increases. The
first thing one must observe is how consumers’ choices are affected by an
upgrading of the lower quality, which corresponds to studying the impact
of the choice of u; on £;.'"% Substituting the optimal pricing rules as given
by (26c) and (26b) into the definition of #,'®" one can casily obtain the ex-
pressions for ¢; in a Bertrand-Nash equilibrium as a function of the choice
of qualities, which are

th = , (115a)

185Gee Proposition 4, page 79.

'**Note that this solution is similar to the one asswining simultancous entty.

90T he value of ¢ is not. important as far as the consumers’ choice of guality is concerned
since the market is always covered. However, as already said in footnote 33 (page 19), the
surplus of the consumer with income ¢, depends on whether ¢ is < 0 or = 0.

191G¢e (9), page 12.
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1 ] 1 *>u1

Figure 12: The lower boundary of the market of @ as function of
Uj. -

This figure shows t» in a Bertrand-Nash equilibrium as function of the
choice of the lower quality, uy. For u, < u,, improvements in the lower
quality product ectually reduce its market share because they are accornpa-
nied by increases in py end reductions in p2. For uy 2 u,, as uy rises, both
P1 and py fall leaving the market shares of the two products unaffected.

f= %[b —a(V - 1), (115b)

the first expression corresponding to ¢, < a and therefore u; 2 u. and the
second to ¢; = a and thus u; < u.. Figure 12 shows t7 as function of u,

As can be seen from Figure 12, if hk < A +3 so Uy = U, any increase in
the lower quality to protect the incumbent firm from entry, leaves the con-
surners’ chojces unaffected. Moreover, as the expressions (26¢) in page 20
indicate, both prices are decreasing in u,, Vu; € [uc, @) (region I). Thus,
when an entry threat forces the low quality incumbent firm to increase its
quality beyond u., all the consumers will be better off, since those with in-
comes between t; and b will purchase the same quality as before at a lower
price, although those with income between a and t, will get a higher quality
at a lower price. Unfortunately, things are not so obvious when uy < U,
which implies also that the price of the lower quality is always adjusted as
to set {; = a. Suppose again that entry deterrence forces the lower quality
incumbent firm to increase its quality but say that the entry deterring level
of uy remains below u.. As shown in Figure 12, the new value of #,, call
it £a, will be lower. We can then divide the consumers into three groups:
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«) those with income between ty and b who always buy the highest quality,
b) those with income between a and #, who always buy the lower quality,
and ¢) those with income between £, and #,, who in the absence of entry
threat were buying the low quality but after the increase of u, switeh to
ii. Straightforward calculations, along with intuition, show that the price
of @ falls as u; increases, and this implies that the presence of an entry
threat that forces the lower quality firmn to increase its quality level is heu-
eficial for the first group. But this is all that we can say with any degree
of certainty at this point. The change in the welfare of the group with
incomes between ; and 1, cannot be easily assessed. To see this, consider
the following relations revealed by the choices of those consumers, where
is used to denote the values of different variables after entry and the synibol
> reads as ‘preferred to*:

(i, ) = (i, pa)
(i,52) > (i, 1)

Since (@, P2) > (i, p2), no conclusion can be obtained from the above concli-
tions. Similarly, the poorest group of consumers are paying a higher price
after entry deterrence takes place but they also enjoy a higher quality. Is
the increase in quality sufficient to compensate for the higher price? Noth-
ing can be said without further research, except of course for the fact that
those with income @ get no surplus in any situation.

Another interesting welfare comparison would involve two situations
with similar fixed cost and parameter values determining natural duopoly,
but where a multiproduct incumbent could blockade entry by producing
his/her optimal number of qualities. Although the intuition suggests that
welfare would be probably reduced under the monopoly regime, it will be
interesting to observe the redistributional aspects of disallowing multiprod-
uct firms, i.e., if there are consumers who may benefit from that change.
Equally important, in situations where a multiproduct incumbent relocates
his/her qualities to deter entry, are consumers any better off in the presence
of an entry threat? Here we know already that all the consumers left out
of the market'"? and the new marginal consumer will be strictly worse off,
since the entry threat will reduce their otherwise positive surplus to zero,

192Except for a.
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Besides welfare questions, an important direction for future research
would be the introduction of uncertainty in vertically differentiated mar-
kets. Uncertainty may concern the cost conditions, the density or the width
of consumer income distribution. Out of these three cases we think that
the most interesting is the one in which, in a multiperiod game, the fu-
ture realisations of the width of the income distribution cannot be known
with certainty when a firm must decide on entry, exit and choice of qual-
ity (qualities). The importance of this situation stems from the fact that
changes in the width of the income distribution may reflect business cycles
which is an unportant element of a firm’s plenning. Moreover, if k becomes
temporarily narrow, some qualities may be totally deprived from sales for
a certain time, which can possibly explain why idle capacity in times of
recession is a phenomenon usually associated with the production of lower
quality products. :
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