ABSTRACT . ‘ A ' LT -,‘ “‘*"lifcfﬂﬂffVL

Thére has been increasing interest in the use bf
integral t£ansform (IT) functions fOr\ég;initio quﬁntum ﬁechanicgl
calculations and.many altérnativeﬁethoé% of employing the integrgl‘ : -
'trahsfo;maﬁioniconcept have been'devglépeak

This éhesis is éoncerned withlthé performance of
exponential IT functions (as opposed to Gausgiaﬁ IT functions) in
variational cgléulations of the energy of sﬁali{atomic and molgcular
‘systems. .The charactéristics of an IT function ;nd the reasons for
selecting the exponentlal IT‘functlon for c0nstruct1ng approx1mate
vavefunctlons are given and £he use of these functlons for H ,_He!
end Li', H," and H, is described. The results obtained in each

case are analyzed and cbmpafed with the energies calculsated from

linear combinations of exponential functions. A comparison of
1 -

)

different Gaussian end exponéntial IT funetions for each atqmié and

molecular sysfem is also made. A novel version of the IT mefhod.

wﬁiéh generali;es theiprinq%ﬁéiHQuantum nugﬁer, n, is intrdﬂucg§

and tested for.H2+. o | ; k\\
.. The caleulations confirm that exponential IT | A

functions, when used to construct approximate wavefunctions, produce,

energieslyhich are better than those obtained by using the ) \

corfesponding Gaussian IT functions, yet they contain the same ' \

number of variational parameters. "

\.\ . -

In some cases it was found that on optimization the

expohential IT function reduces to thé primitive rund@{on. That

\
I . \\
\



this can be avoi d by caréf&lly choosing the combinatiéﬁ of the

\
constituent parts of” the iT functlon (1 e. the shape functlon ‘the

generallzed parameter, and- the prim1t1ve function) is 111ustrated

ks

in the case of_H2 by using the new n-ﬁra?sform function.
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ATOMIC UNITS

1) DEFINITIONS
‘ The,atomic_uﬁits of length and energy are bohrs
and hartrees (Shull and Hall [1]). One bohr is-the first Bohr .

" radius of the hydrogen atom assuming infinite nuclear mass:

1 bohr = h /(hﬂzme ).

-

One hartree is ( 2) times the Bohr 1on1zat10n potentlal of the hydrogen

‘atom assuming inflnlte nuclear mass:

v 1 harfreé

L
hwame /hg,
where h is Planck's constant, m is the electronic mass, and e is

the eléctronic charge.

2) CONVERSION FACTORS
‘The following conversion factors are based on the

values of physical cbﬁstants-established by Taylor et al. [2]

n

1 bohr = 0.529 177.Angstr6m' =

" and : . _—
1 hartree = 27}211 652-eV
1 hartree = 219 L7h.624 cm -
1 hg?tree = 627.52 kcélfmole



GENERAL_INTRODUCTION

Y
\

‘This introductory qga' &7 serves the twofold purpose
. / N

~ ‘ . - :
of providing the backgrognd’iﬁformation required to understand the

// +
terminology used and describing those features which are common to

S all the calculations in the chapters that follow. First a brief
summary‘of the principles underlying the quantum meéhanical
caiculations will be given to show the conPection between thé
integral téansform (IT) method applied in this work and the general
-procédures used in other calculations. Second, -the characteristic
pafté of an IT function will be discussed and several examples of

IT function; will be given. Third, the publications where IT
fuﬁctiqns have been used for systems similar to those dealt with

" here will be reviewed. Fourth, the bomputational‘methods'employegfﬁ\
in the calculations of this work wgll be described. Finally, é

brief outline will be given of the contents of the thesis.
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SECTION A. QUANTUM MECHANICAL PRINCIPLES

1) THE SCHRODINGER EQUATION

e The working expression of quantum mechanical .

calculations is the Schrédinger equation
N . f

Hy = By . ; . - (1)
This equation is an eigenvalue problem; the 6perator H is known but-
both the elgenfunctlon, w, and the eigenvalue, E, are unknown
The uavefhnctlon dg is a f&nctlén of all nuclear and electronlc coi
ordinates. In the Born-Oppenheimer approximation the set of nuclear
coordiﬁé;es is kept fixed. In the 5r5ital apprdfimation P is
assumed tb'ﬁe composed of one-electron functions, the orbi%alsf
Both approximétions‘w%}l;yg_gggd:in this work.

* The Born-Oppenheimer approximation leads to an electronic-

Schrédinger eqﬁgtion similar to Eg. (1) which can be solved in a
-closedmathematicgl'form for the H-atom and for H2+. For ell other
Tcas;s, thé variational principle provides a constructive procedure

to obtain.§avefunctions with any desired degree of accuracy. An -
\aiternatiye method is given by the perturbatién theory. The ."
) variapidnai method will he employed- here. It consists of minimizing

the following expression
W o= <ypHy>/<pp> ' (2)
vhere +he Dirac brackets are used as a notation for the definite

mlti-dimeénsional integration over ail the éoordinates of a1l



-
B

T

électroné,and the variational principle states that ]

V2V, | o | - (3)
~ where Wb is the éround state enefgy.

- To achieve a systematic variation in trial functions
use is made of mathematical parametqrs.l They can be‘non—linegr,
e.g. if fhey appear in the argument of‘an expﬁnential fuﬁction,
exp(-zr), i.e. the orbital exponeﬁt, g, is theandn—linear parameter.

Or they can be linear parameters as in the case when the trial wave-

function is written as a linear combinationjwf,somé’set of known

.

basis functions, {f;}, S0 Ehgt

S N

171

e~18

C.Xs | o ' ()
i=] ’

i.e. the éogfficients,.éi, are 1inear_§ariational parameters. The .
_justification for doing this is gi%en by phe‘expansibn thedrem
which states the conditions ts be met by the set of functions. In-
practice fin;te sets of functions are uséd,and the series is then
said to be.truncateﬂ; and‘tﬁe Yariapionai principle ensures that
the energy is as clése as possiblelto the true energy for'the basis
| set chosen. For quefun;tions of the type given by Eq. (h), the
integrals for W in Eq. (2) Aréxéxpressed as sums of integrals
o§er the functions xi,-i.e. as  sums of'integrals.such as

Hij = <xinJ> . | (5) |



and .

o= < .‘. . | [
S5y T XgXy? o (6)
In b initio calcnlations all the integrals Hij and SiJ are
calculated exactly; in semi-empirical calcuiations some or all of

the integrals Hi end Sij are replaced by numbers which are -

J

estimated or deduced from experimental results. All calculations
in this work are ab initio calculations. The minimization of W
with respect to each of the coefficients, Cso leads td the following

system of linear equations:

-('l k
: ] (H,, - E S,
=M

j) cJ = 0, f?I‘ 1=1,2,3,.++5K, - (T)

. -

where k is the number of basis functions in the expansion. The
energg;which comes closest to the ground state energy'is given. by

the lowest root, Ei,‘of the secular equation

det (- E8) =0, - (8)

and the coefficients are the solutions of the system of linear

equations, Eq. {7), with E replaced b¥ E,- L /

2) BASIS FUNCTIONS
The set of functions,'{xi}, is called a basis set.
The completeness, convergence and conveniéhce of a basis set are
. * [

jimportant factors, If the basis functions do not form a complete



e
set, the va‘aﬁonal method will lead to a 'w:roﬁg llmt -'i.'ﬁi'e'f'_:'
convergence ef a basis set should be good, i.e. the first term t‘. >
should already be a. good approximatlon to th flnal functlon. ‘TheJ
conven1ence of a basis set is Judged by whet er the 1ntegrals over

such functlcns Whlch arise in the energy expre551on are methemat1cally

easy to evaluate. | S f

(a) Conventlonal Basis Functlons ‘ /

-
In conventlonally used b351s functlons a separatlon

P

inee elradia13part, which is a function Q# the electronlc coordinate -

" r, and ‘an angular part,which depenés on tAe angles © and ¢, is

carried qut. The angular parts are giﬁeJ‘by the'spherical harmonice,'J‘ '. o ﬁ§
(B ¢) and are the same for all conventional basis functions. . | ' ‘/) N

'leferent members of the set are dlstlnngshed by the 3 quantum

numbers (n, £,m) "For %, the angular momentum quantum number, the

1spectroscop1c notation s,p,d... is ‘often used, these symbols

denoting 2=0,1,2... respectively.’

By'far the most important basis sets used to-day

. are the‘Sieter type orbitals (STOs), the radisl parts of which are
given by . : ) %
. - - ' . ‘ -
PR .rn 1 exP(_cr:) ’ ’ . (9)

1

-

and the Gaussian type orbitals (GIOs), the radial parts of which
are given by '
- rn-?exp(-traﬁilﬁkg ' +{10)
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These éets of STOs and GTOs are complete. The integrafipﬁ fdrmulae
for GTOs are especia;ly coﬁven;ent but their rate of convérgeﬁce is-
réﬁher slow, The opposite is true of tﬁe STOs, since their con-
' vergenék is_usﬁally very goﬁd but their ihtegraﬁion fo?mulaé are-
somewhgt Eomplicatéd. 'About twice as manyubasis functiéns are
required to produce a given energy in a given system, if GT0s are
used instead of STOs. ‘In this work only the é-type STOs and GTOs
will be used,:for which {=m=0 ;nd the angula;tpayF ng(8,¢) = 1.

o ' fThe difficﬁlfies in quantum mechanical galculations
- are generally‘not of‘a fuhdamgntﬁi nature butoare dﬁe to computationai
problems. This.exﬁlainb ﬁﬁy‘fufther.iﬁprbvement of mathematical

methods is sought, and unconventional basis functidns;such as those

described here, are tested in calculations for small ﬁolecules.

(ﬁ) Unconventional Basis Functions

Basis functions which are more flexible than GTOs
. .

and STOs have been proposed by several authors. The basis function,

o

T X T
exp(-tr ), o C(11)
vas introduced by Carrier and Pilar [3 ], the éllipsoidal Ceussian

function,

. Lt exp(—a(x2+y2)-822), (12) -

was used by Katriel and Adam [L ], the non-integer-n-STO,
A ' * . .
r exp(-Cr), : - (13)

was employed, e.g. iﬁ‘single'centre,calculatiohs by Bishop [5 1,

-



and a non-integer—z— STO was used by Ludwig and Parr (6].

A summary of the results of various unconventional 2-paremeter

basis'functiogs for He‘ﬁesfheeq:giveg by Bishop and Leclerc [11.

L ‘ OnapimportEht grouﬁ of.unconven:ional besis functiéhshgk
ié-fhe class of integrel traesfqrﬁ'fiT) functions. Since these
j-ﬁill be the maie point of interest in this thesis, they will be . ) . . “

deait with in more detail. - - . J;L - | w

SECTION B. INTEGRAL TRANSFORMVFUNCTIONS :

1) MATHEMATICAL FORMULATION

Integral transform functions are relatively new

to the quantum chemistry scene. In order to introduce them use"

will be made of their relatlon to linear comblnatlons of other basis
functions An IT functlon can be regarded as & generallzatlon of a
llnear comblnatlon in the followlng way: Wwhereas the basis function ¢
: x(E r) remains unchanged, the discrete set {c )3 of the non—llnear
parameter [ is transformed.lnto a continuous range (A,B) of its
values, the eum over ﬁﬁterms is transformed ieto a definite.integral,
and the set of coefficients'{ci} is fransformeq into a weigﬁt factor
function c{g), i.e.
Lk ' : > .
izl'cir(ci,r) E | @ - \

becomes



: , B | '
AT ]A elex(e,raz. © (5)

Graphically one can demﬁnstrate the ﬁbove
gepera?izdfTon‘by plotting the spectrum of +the coefficiepts c; as
a fﬁnction.of the orbital exponent C.- The weight facto? c(z), or
 the "shape function" of the IT functioﬁ; is then given by the
énfélppe function {see Fig. 1).

It should be ﬁéhtioned fhat the replacement of a
set aof coefficients by & shape function, as is shdwﬁ in Fig. 1,
restricis-ihe¢flexibility offered by a 1ine;r combinat{on, in which -
" the linear parameters are varied independentiy of'each éther and

can have positive and negative signs. However, the case shown in

Fig. 1 is very common, especially with Gagssiaﬁ‘type orhitals.

1
\

2) CHARACTERISTICS OF AN IT FUNCTION
Any IT function is defined if the primitive function,

the shape function, and the domain of integration are specified.

{a) Primitive Function

Integral tf%hsforms of trigonometric functiqns are
é#lled "Fourier transforms"”,-and ITs of the exponential function -
are known as "Laplace transforms". In this work use will be made
of primitive functions, exp(fcf) and exp(TCrg),‘i.e. the 1s-STO
~-and the 1s-GT0, and the functioggfzizi;?e called exponentiel ITs

and Gaussian ITs respectively.

k!




Caption to Fig. 1; _ : " ’

§
The set of coefficients of & linear combination as a'fungtion of

the  orbital exponent f.

coefficients ci

Ceeeeseanstaveennnan envelope function
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(v) Shape Function
The problem df'finding the coefficients in a linear

combination is now replaced‘by‘tﬁat of finding an apﬁropriate shape

function. One poséibility is to choose a shape function with e

~ adjustable parameters. A small number of parameters (normally two)
'is.usually sufficient.

Several shape functions have been used in atomic

and molecular calcuiatidns. Schematic drawings of several shape

functions as functions of § are given in Fig. 2. Shape function5
can bé‘divided into two gréﬁps having a finite or an infiniteldomain
Sf integratibn. |

{1} Fini£e ﬁomain'of Intégrgﬁ%ﬁn |

The rectangular shape function,

o ,t<A
G(A,B;z) = const, A< <B)7 _ (16)
0 s & >B

T

produces the Hulthén basis function if exp{-tr) is the primitive
4 function:

E . | $(r) = N 1 [exp(kh)-exp(—Br)]- (17)

A similar expression is obtained if exp(-gr") is the primitive
function. A and B are variational parqmeﬁers, and N is a

normalization constant.
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Caption %o Fig'; 2.

Schematic drawings of several shape functions.

{(a) Delta function -S(C—me)-

(b) Hulthén type.

(e Fractional integral class, sy =1, — - m=2.
() Continuous shape functions over the integration domai.ri-

(0, =} e.g. G’lv,q;.’;) or G(n,p;%), { ..... .Z;max“

T
(e) Shape function G(A,a;z} of the rational function.

- -l

i
¢
i
H
3
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A generalizetion of the Hulthén shape function is

the 3-parameter function,

1

0, T <A
. G{A,B,m;z) = (B-C)ma A< C < By = (18)
. ' - 0’ r > B

_ vhere m is 1;2,3 ete. (m=0 is the Hulthén éhépe functionj. Wifh
both the exp(-fr) and the exp(—trg) primitive functions, the
resulting IT fuhétioné belong tg the "fractional integral class",
and A;B, and m are variational parameters. }H'*ﬂ -

C(i1) Inrinitg Domain of Integration |

The shape function,
- —(V+1) 2 . ‘ N
G{v,a38) = ¢ exp[-q“/(kz)], 0 2 £ < =, (19)

- has been used with both Gaussian and exponential primitive'functions,
sinée it'constitutes a good method of‘repfesénting the envelope of -
‘a sét of coéffiéiéhts. Tt contains two variational parameters v

and q. For a Gaussian primitive function the resulting IT function
is

Ce(r) =N k (qr), (20)

> and. for an-exponential primitive function the resulting IT function _

Cis

¢(r) = Nk (a'r); . (21)

the functions kv(x) are reduced modified Bessel functions of the

second kind.
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////' The shape function,
Gln,p;5) = ¢ exp(-pg), 0 £ g <=y, .~ (22)
is related to Eq. (19) by the transformation L -+ cnl. The IT

function which combines G(n,p;z) with the‘exponentihl primitive
function is celled a Slater tranrform function (STF) and contains

the two parameters n and p:

P

$(r) =N - - 1

The above basis functian is of striking simplicity, yet very
. . [ ] .
-effective in achiéving good approximate wavefunctions.
Another shépe function with an infinite domain of
integration is
0: ’ ' g < A .
G(A:&;C) =0 ' . . (2h)
-1 :
A exp[f_%(z-A)], A<cg<w

¢

This shape function when combined with an exponential primitive

function is the "rational function™ [8]: ®

4(r) = N (Ar + )" exp(-Ar). ©(25)
(iii) The Delta Function - |

A1l shape functions iE’ap’IT function must cﬁntain

the deltes function as a special c;;e for_é certain yalue of one of

the parﬁmeters.- This condition, the "3elta-convergence", implies

also that shape‘functidﬁs must be normalized to unity over the
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. = . B . - .
| integration domain. ‘This is a small restriction, since there are
mﬁn& ways to form'a delta-convergent'series. Al éhapé £Unotions
listed in‘the preceding paragraph meet the deita—convergence
condition. Proof of the delta-convergence of the shape function
G(v,q,c) for v+ e ig given in Appendix 1.

| In the case where a shape fUnctiOﬁ‘reduces to a

delta function 6(c—co), the IT function reduces to its primitive

function, since,e.;-,
J §(z-z ) exp(- Cr)dC exp( -z r) o (26)
0 . ‘

(c) The Resulting IT Function

{i) ' Completeness

The Gau551an as well as the exponentlal functions
fbrm a camplete set. The completeness of the sets of the corresponding
iT fuoctions, ko(qr) and ku(qJ;),was'discussed by Bishop and Loclero
[7], who showed .that both functions satisfy a Sturm-Liouville
differenti;l equation. Since the eigenfunctions ofdthe latfer are
known to form a complete set _the completeness of the sets,{k {ar}}
~and {k (q r)},with éither v ‘fixed and q varied, or q flxed and v

varied is ensured.

Pt
. aaz
(ii) Special Cases
The special cases v and v = 1/2 for both kv(qr)
T

and ku(q/;) are of interest since they satisfy the following
relationships.:
The Gaussian IT function, k (qr),is pro ortional

to the ‘exponential function for v = 1/2 and q = g, i.e. -
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.\\ Ky gler) = T2 expltx) | (21)

and \i(or v and q = JE;(\J-*-I),. it redu'ces.tblthe primitive Gaussian

lim [C{v) k (qr)] = exp(—trz), :  (28)

with

c(;)_ = [r(v)-2"" 211, - j'(29)

o The expon'ehtial IT function, ‘kv(q-/;),is' provortional
to Lézrp(-c'/l?) fol =1/2 and g=t, i.e. o L

Ky 7o (%70) = /7Z exp(-uh)s (30)

and for v and q = YBL(v+l) it reduces to.the primitive function,

i.e.,

1ml¢(v)k (a/F)] = exp(=tr), (a)
Vo .

with C(v)l'as' given in Eq. (29)f
3) ALTERNATIVE TT METHODS AND FUNCEIONS

In this work a given mé.t‘nematiéal f‘un.ction containing
ﬁariational. parameters is used to_approximate the shape f‘unct':ion.
However, there are several other wayé'df fin.da';ng shapé functions,
€.8. Somorjai' and Power‘ tlg] havé solved tl}e appropriate iritegra.l
equa‘f.ion ciirectly ma.king no & priori assﬁmbtion about the form of

the sha.ple function.

-
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* There are many functions other than exp( r) and,
L Eexp( Cr ) which can be chosen as primitive functions, e.g., 25, 33 Juis,...2p,

3d etc. functions can be used. -

There are other non-linear parameters besides the
orbltal exponent L, which can be generalized, such as the p051t10n
coc dln&te of "floating" basis functions which are not centred at
the nuclel, see Somorjai [10], or the pr1nc1pa1 quantum numberl n,
which is generalized' in the n-~transform functioqs'

introduced in this work in Section ITI E. ' -

In a scheme proposed by Somorjai [11] one integral
transform functlon is used as the primltive fUnctlon in the second

integral transformation.. Starting from a poor approximatlon,

oonvergenoe to-a good final shape function is obtained by iteration.
The integral transformation is;rof course, not
restrictéd to functions of the spherical coordinate r, but can be

.used in a completely-analogous way for functions of elliptiec or

Al

other coordinates. -

Finally, there are no restrictions to using IT funetions for .
)

excited states as well as for the .ground state.

Many test calculations with IT functions have been

reporteﬁ for several small atomic and molecular systems. In the

. next seetion a review of work in this field will be given.
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"each ?ntry the shape function, the primitive function, the name of

.the corresponding IT functicfg the systems under investigation and
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Prior to the advent of the IT basis'functioﬁs,‘fhe

iﬁteg;al transformations &ere merely ﬁsed‘as a matﬁematical method

in the evalustion of some molecular integrals. For example, the
identity

=1
12 J

'r

was proposed by Shavitt and Karplus [12] for the calculation of

‘f?o—electron integrals, and the identity

“emplotr) = A | el slem-n P (33)
2#; o ‘ ' ‘

vas used in the evaluation of molecular integrals over Slater typgwfl

orbitals. - . o

Shavitt [13] suggested that the kv(qr) furctions
could be used as the radial part of a generalized type of basis
function. He‘glgg'meétioned the réﬂ{fﬁfﬂﬁﬁxi°n7°f the kv(q/;)
function as a Laplace transform of G{v,q;z). Integréi transform
functions were proposed as basis functions ﬁy‘SomorJai [ih]}

Table 1 gives a list of publications dealing with

the use of IT functions in atomic and molecular calculations. For

X

the reference are indicated.

-1/2 2. : '
. (-s rZ.)a (32)
L) s exp(-s ry, ‘s |

-




Table 1. wmﬁmd of calculations ﬁmwnm wmn.msmdw.:mm m.nmwm functiong in several &wwmwms.« integral

dwmbmwodu mgnﬂnosm for small atomic and moleculsr systems

t
. o Shape ~ Primitive  Resulting IT- Systems Studied . . Authors and
~ Kr. Function Function ® Function- . - and Comments Reference
o : .o . B
1 | exponential T mggn . s i He,pe't,nedt.  Parr and Weare [15].
_ _ H
2 . . Gaussian Hulthén IT . o m.._pﬂosw explanation of .  Somorjai. [14].
| &Ho R - Mg result by IT method; -
5 further uses of ITs are . e
, ‘ o . discussed. "
3 exponential . Slater _ H-atom , shillady [161].
- . Transform . He . and [17].
* .‘ N \&& -
Ly ) . exponential ) J.Hw: S w-n,z.o.w.zm. . Chandler [18].
5 .. ‘ . exponential -~ _"og" and "1p" o He isoelectronic series Weare, Weber and
Parr (19].

- Lt . . i
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. Hor

1

For

¥

exponential

exponential

R

exponential

and Gaussian

mmsmm%mb

 mmcmmwmu

18-STO and
2p-STO

. W¢prv

Sleter Transform

. non-integer-n

STPX
extended STF

wwmnﬁuosmw
Integral Class:

A=

wcﬁpwu

" Hulthén

..ewmsmWOﬂBm

He »momwmoduon»n. . _ SomorJjai [20]. .
geries .
He . Billingsley end

Shillady [21]. e

- . +.
i He,lit,Be™ s Somprjai and
H, ) _ Bisfiop [22].
ml.mm.b»+.wm+w., .. wwmwow and
. ,x\ S " Somorjai [23]. ‘
Bishop and m
© A - Schneider ﬁmrun
.+ ,
mm at R=2.0 bohr . -Yue and )
Somorjai [25].
He isoelectronic Yue [26].
.mmwwmm.:mm mww state, n

open shell calculations. .
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19

20

2p-5T0" and
3d-sTO

_exponential-

mxﬂoumudump

exponential

"1p" and
ZMQ:

Slater ewmumwowsm

Hulthen

x_{a’r)

o+ 4k 3
He,Li™,Be’ ",B3",

exclited states

He; electron correlation;

H, at mnH.r bohr; elliptie

coordinates.

5.8t R=1.4 bohr; compar-

ison of unconventional
basis functions

Gruninger [33].

Scherr eruu

' Bishop end

Leclerc {7 1;
Chaepter IV.
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'SECTION D. COMPUTATIONAL ASPECTS

1) INTEGRATION

(a) Order of Integration

" If use is made of an integral‘transform-fﬁnction

twé kinds of integfation‘are igvolvéd in calculating the energy:
o . .

integration ofer the elecffohic coordinates and integration over

~the parameter space. There are two ways of carrying out the

integration.' If the integration over the parameﬁer space is performed'

| firsﬁ, the explicit fo?ms gf the bgsis fuqctions are used, and if"

the integratioh over the electfonic coo?ﬁinateé is carried out first,

use is made of‘thé.implicit forms?phe iﬁtegral repreéentations,of

the basis functions,

Ce(r) = Jolz)e(zr) az (34)

and_

$(r)

sele)elg'r) ag', . . (35)

so that the energy, E, is _ : '

£ E = 71£6(2)6{c") [Jo(er)Ho(z n)dr lazaz!
S 716(2)6{g") [felzrYe(z ridrldzdz’

(36)

When GTQs and S5TO0s are used as primitive'functions, use c¢agn be made

of the well known formulae for the inner integrations over dt.

(2) HNumerical Integration
It was not always possible to evaluate all integrals

analytically, and_thefefore numerical inteération techniques were
.
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‘employed. In Gaussian quadrétures the integral is approiimated by

a weighted sum of values of the integrand for & special .set of

arguments, i.e.,

. . i |
L slt) .dt = izl u, glty). . | (37)

w

Tables of the weights, u i’ and arguments, ti, are available for

different values of N, e.g., in Ahramovltz and Stegun [35]. o

Different Gaussian quadratures are distinguished by specisal integration

domains, (-1,+1) or (0 =), or by special forms of the integrand,

such as those c0nta1n1ng the factors exp(-t) or exp(-t )

A mapplng technique ‘-has been proposed by McLean
and Yoshimine [36], which enables one to apply Gauss-Legendre
quadrature tabulated weights and points to a general integration
domain {a,b), vwhere & and b can take any values including infinity.
They introduced a mapping parémeter, m, (a;ﬁ<b), which enables one
to change tﬁe distribution of pointg ti; the weights, u;, are then
changed so that the gquadrature still produces the best. possible
accuracy fér a given numﬁér of points, N. Th;s technique wds used
in this work in several instances and was found to bé vefy economic -

w .
with respect to the number of points required for a given accuracy.

»

2} MINIMIZATION

(a) Linear Parameters

a

In Sections III C and III D, linear combinations of
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basis functions are used. As was shown earliér, the minimization

of the energy expression with respect to the linear coefficients

reduces to-the solution of a system of linear equations. These

equations were solved. using & standard computer. subroutine.

(b) Non-linear Parameters

Since the IT basis functions, which are studied
in this work, contain only two non-linear parameters, the
m;nimization of the energy with respect £o fhesé.parameteré presented
no difficulty. When necessary a minimizﬁtion routine SEARCH was

used. This routine is based on a pattern search technigque and is

. deseribed by Wilde [37].

All‘necessary computer programs were written in the
programing languﬂge Fortran IV, and all comﬁuter calculations
were carried out in double precision arithmetic (i;e.,16 ﬁigitsi
on the IBM 360/65 computer system at the University 6f Ottave

Computing Centre.

SECTION E. OUTLINE

The helium isoelectronic series {Chapter Ii), the
hydroéen ﬁoleéular ion (Chapter III), and the ﬁydrogen melecule
(Chéptér TV) will be studied by using the integral £ransfo;m‘functions
kv(q/;), which combiﬁe the shape funetion G(u,q;;) and the exponential
primitive function. At the end of each chapter the results obtained

by using these functions will be compared with those obtained by

o _ | _ J "
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.other authors using exponential IT functions with different

shapé functions. The resuifs wi11 a1so be.compafed witﬁ the results

obtained whenllinear coﬁbinatiqng of 1s-STOs are used. A comparison

of the fgsults bbtainedusiﬁgdifferent shape functions in Gaussian

ITs will also be given. o | - S
In Section IIT E a novel IT funetion which géneralizes

the principal quantum'ﬁumber, n, rather thanlthe 6r§ital exponent,

L

‘ +
L, will be introduced and tested in caleulations on H, .

-
o

v
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{SECTION A. INTRODUCTION

\

i

- The atoms and ions of the He isoelectronic series,

- ' L+ C g .
H, He, Li , and Be ...y are two-electron one-centre systems.

'

‘They are important in theoretical investigations. because of their

simpliéity, whiéh makes them amenable to rather accurate ab initio
rcalculétions inciuding the stﬁdy of electron correlation. They
are often used for testing mew kinds of basis functions. The SCF
(sélf-consistent field) energies of the He isoelectronic seriés
have been calculated by Roothaan, Sachs and Weiss [38]. The most
aécurate calculations for He have ﬁeen’madé by Pekeris[39] who
included confiéu;atiop interaction terms and used an expansion
with a large number of functioné’fgfrepresent the wavefunction.
Man& different approximate wavefﬁnctioné have béen proposed, sbme
of the,onés ;hich are peftinent to this study are referred to in
Section C. | )

In thié chapter, results for Hh,~He, and Li+ using
the exponential iﬁtegrél fransform functibﬁs, kv(q/;),afe repofted.

- the
A discussion of the wavefunctions, shape functions, the 1limit for

infinite nuclear charge, and some expectation values of povers of

r ¢s also given. In Section C the results are analysed and
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compared with those obtained for Kv(qr), thd analogous' Gaussian

integral transform function.

-

SECTION B. THE EXPONENTIAL INTECRAL TRANSFORM FUNCTIONS; k (q/r)

T
1) MOTIVATION

Since exponential functions are known to be better

basis functions than Gaussian functions it 'was anticipated that the

-

exponentlal IT ~ functions should be better than the Gaussian T

functions.  The latter produced good results for the He isoelectronic

' series (Bishop and Somorjai[23]). The use of the basis functions,

. ' - + ‘ .
k (q r), was therefore explored for H , He, and Li . The functions,
kv(x), are reduced modified Bessel functions of the second kind.

They are related.to the normal modified Bessel functions of‘the

second kind, Kv(x), by the equation
k() = K ) x - (38)
However, the fact that they are related to Bessel
functions is 1éss_important than the fact that they csn be regarded

as the generalized form of & linear combination of exponential functions.

This becomes clear by using the following Laplace transformation,
+1q.
‘ (72" Ik (a/F) = r G(v,q;z) exp(-gr) 4z, -(39)
o :

where G(v,q3;z) is the shapefunction described in.Chapter I. If

o
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‘the kv(q/;) .funcfioﬁslare written in this form,.it caﬁ be seen
that they are equivalent to iﬁneﬁr combinations of an infinite
number of screeneduexppneqtial functions with orbital exponents,
g, rangipg continuously from zero to infinity. The shépcfunction

has the effect’ of appropriately weighting the orbital exponent

space.
2) MATHEMATICAL FORMULATION

- The total wavefunction, ¥ = ¢(rl) ¢(r2), is constructed

from the orbitals ¢,
o(r) = x (ar), T (bo)

ﬁhefe v and q are variational parameters. With these trial

functions and the Hamiltonian (in atomic units),

Y R A e (k1)
- L T2 T2

where Z denotes the nuclear charge, the electronic energy,

_ — C (ke
E = S/yHYdr du,/ffvvdr dr,, C (k2)

is given by_the expression
E=[25(T+V)+ vellsz, (43)

where the overlap integral is




S = for(x) glrdar = 2276 6 alr(wa))® Blavis, ), )

the kinetic energy integral is
T = Ferr) (- 3 99) slr)ar =22 g7 alr(ve2)1? B(2v41,3) (45)

the electron nuclear attraction integral‘ié "/

V= o) (0 By steas = 2 2 G sln(wa) P Blevie,2), (46)

and the two-electron integral is

1

v, = SIg%(r)) 8(r)) (;—1;)'&(;2) o(ry) ary ary q
- = 6420 (ov2) 7Y P Ep’“’f'9 Kf,(p) [(2v+3)_‘1 K?,+2(p)
+ (2v2) (2v+3)7F $§+i(p) - Kﬁ(p)]dp- | - ()

In tﬁe above expressions, B{x,y) is the é%%g function. The int?gral
Vé‘vas'derived by closely following the deécription.given by

Bishop and Somorjai [23] for. the Gaussian integral transform. The
electronic energy is thus finally given asla function of v and g,

and the nuclear charge Z.
3) ' COMPUTATIONAL DETAILS

The integral in thé expression for Ve is evaluated

numerically using Gauss-Laguerre quadrature in the same way as the
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similar integral was treated in [23]. Values for V. and g for,He -
anJ ‘
and L1 were found to be very large, special care had to be taken

to avoid loss of aCCuracy in the' evaluation of Ve. The accuracy

- of the calculation.of V was tested for half-intéger values of v

where analytlcal formulae for the k (x) exist. Agreement to at
least eight 51gn1f1cant flgures was found
0pt1m;;qt}op of the parameters v and q was reduced

41'

to a one-dimensional problem since optimization with respect to q

4

could be done analytically.

4) RESULTS AND DISCUSSION
Table 2 shows the optimum parameters and the
- +
corresponding. minimm energies for H , He and i .
{a) Energies -

The results obtained by using kv(qu) functions

o + - ‘
for H , He, and 1i are very good. In Tasble 3 the energies obtained

are comparéd with the Hartree-Fock valuéé and are found to represe?t
99.95%, 99.98%, and 99 99% of the Hartree-Fock energy for H ,‘Hg,

and L1 ’ respectlvely The Hartree-Fock energy is the best energy
that one can achleve within the orbital approxlmatlon. It can be-
seen from}fhisftablé that the energies are, as was expected; supefior

to those calculated by Somorjai and Bishop [23] using the Gaussian

integral trgnsfarm functions, kv(q:). They are not, however, as
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Table 2. Parameters and energies for H , He, apd L1 , using the

exponeﬁtial integral transform functions ku(qJ;),

Atom

or Parameters Enérgy

Ion v q {(hartree) ] Ny
H 3.261  3.27  ~0.L87 TO4

He 10.426°  8.61 ' _2.861 19b

ut 187 1418 -7.235 565

o _ +
Teble 3. Comparison of energies (hartree) for H , He, and Li .

Atod- . Fractional
Hartree- .
or kv(qf;) Fock [38] kv(qr), integral

Ion (23] class [22]

H _0.48770h  -0.48793 -0.48296 - -0.4878879°  /

He  -2.861194 -2.86168 -2.85853 -2.861450
1i¥ T-7.235565 -7.236b1 -7.23366 -7.235760
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. “ . e )
good as the energies calculated for the same iscelectronic series

by Bishop and Somorjai [22], using a_differeﬁt'shapcfunction‘(the
G(A,B,m;;)‘described.ip Chapter I) in an exponential integral

transform function, namely

_¢B '
. J (8-2)™ exp(-rrlac.
A .

This is understandable since these fractional integral class functions
contain three variational parameters.

'
i

{b) Wavefunctions

_ ¢
The customary one-electron radiel func{ions defined
by )
P(r) = r¢(r) ~(48)
. / | e

for the exponential and the Gaussian integral transform functions,

N, r-kv(q/;), - (kg)

P, (r)
" and

-

Pe(r),‘ N, r kv’(qr)', . o (50)
(for the latter see Bishop and Schneider [24]), were compared with
the Hartree-Fock radial function, Ppn, which was found by using

were

the coefficients given by Roothasn et al. [38]. Nl and N,

chosen such that ‘
hnfPo(r)dr = 1. . {51)
The top half of Fig. 3 'shows as an example the radial function,

'PHF’ for He and the bottom half shows the differgnceé between



Céption to:.Figure 3
y, .

Wavefuncpions for helium
T

indicates PHF = Hartree-Fock radial-function.

;....i.. indicates PlnpﬂFf where P; Nr kﬁ(qi;), v = 10.h26

and q = 8.61.

———— .- indicates P,-P,p, where P, Nr ky(qr), v=0.375 .

and q = 1.52167.

=
bt
17}

Lt
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Caption to Figure ly .

The shaege functions (plotted versus the ratio /Z). for optimum
. - + e
parameters for H , He, and Li , using the exponential IT -
functions kv(q/;). The arrows on the sbscissa mark Zg-, Ty and
;

. cLi+’ and the arrows in the top part Q? the'figure.mark T Tor

each case.

SRR H
/ He
+

.............. . Li
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[#9]
|
\

P, or P, end Py in enlarged scale. It is apparent that the
differences between fhg kv(q%F) .aqﬁ,Hartree—Fbck radial functions

(dotted line) are smaller than the corresponding differences for

the_kv(qr) (broken line), especially in the region of the maximm .

. o o+
of PHF' Very similar plots were obtained for H and Li . \

{(¢c) Shapefunctions

Fig. 4 shows the shape functions for optiﬁum values | . f
" of the parameters v and q. -The shape.functions are plotted versus o |
.tﬁe rafio /2 in oréer to be.able to compare éhem on.thg sane figﬁre.
It is interesting to compare the values of Coax> fOT ¥hich the

shape functions have a maximﬁm, with the values of czlthe-orbital
hY

exponents which minimize the energy if a single screened exponential
function is used as a basis function. The analytic expressions for
¢ and are-

Cmax cZ

2/ (w1) T, o (s2)

Smax

and

'z, = (2-5/16),. | (53)
gnd their values are given in Table 4. Both Cmailz and cZ/Z tend
to 1 in the limit Z -+ .

Fig. 5 shows how well the exponential IT Miction
for He succeeds in imitating the set of optimum'coefficients which

occur in & 3-term linear combination of exponential functions used

in & SCF calculation by Solomon [Lo]. - .

. ) -

T,
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Table 4. Values for Cmax and ‘g, for H , He, and L1 , using the

exponential integral transform functions k“(qv;_).
) 3

2 L. - By cmaxlz ,‘z/Z

1 0.625 0.6875 0.625 0.6875
2 1.622  1.6875  0.811 . 0.84375
3 2.622  2.6875 0.874 0.8958

T

Table $. Expéctatidn values of powers of r for He compared with

those obtained with the Hartrée-Fock function.

Function: <r1> <r2'> : <r3> <_rh> Reffrencc‘ _ . /

kv(q/;) " 0.9307 1.2064 2,038 4.299 This work.

Hartree-Fock 0.9273 1.1848 1.9406 3.8879 [38].




Caption to Figure 5.

Comﬁarison of the shape¢ function, G(v,q;c), for optimum values of
the parameters v and q for He {plotted versus the ratio z/Z) with

the set of optlmlzed coefficients calculated by Solomon [ho]

Ay

PO ~coefficients
e eneeeaenaaaas G(v,q;3%)
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(d)' Expectation values of xp;_
' o .
 Expectation values of r® are given by the

‘expression

f¢(r)rn¢(r)d1 = S;; 22(3+n+v)q-2(nf3)ﬂrz(v+3+n)B(2v+3+n,3+n).
(s%)

In Table 5 results for He for n = 1,2,3 and I are compared with
the corresponding results using the ﬁartfeg—Fock wavefunction.

The agreement between the two sets of numbers is very good.

(e) The limit for infinite nuclear charge

Using thE“kv(qJ;) functions the energies of the
He isoelectronic series with optimum values for g ma& be expressed

as & function of v aﬁd Z as:

- 1 2 2
2{hv” + 12v+5) 7 f(?) _f (U)[-V +3v+2

E=-%2 _
" uv® + 12v48] A ly2+3v+5/h'

+ (55)

_ Sinee v goes to infinity for'Z » = (see Tabie 2),.the rational
eipressions:for v in square brackets in Eq.(55) tend to 1. £{v)
is a fairly complicated_fuhgtion of v, which for 1arge.v'tends to
'5/8.. This result was found by evaluating £(v) for large v
(v = 25), and fitti;g tﬁe expressibn

. =1 R, . .
flv) =8, + 8y tagy o . (56 )

and then letting v increase towards «. Hence the limiting form

of E for 2 + = is:




—re e ——

:.--4"3 ;

a0 ._.' : 9

e,

=
i

2% +(5/8)z  -(25/256)

-7° + 0.625 Z -0.097 656 25. )y

This can be cowpared gith the result.of Linderberg [L2], who found

the Hartree—Fock energy to be

-

E = -z2 + 0. 625 7 - 0.111 003 17 - 0.001 055 25 2 1 (=3)

.In the next section the résults.of the above

calculations will be éompared'uith the results obteined by usiﬁg

other integral.transform functions. - He will be taken as & prototype

for the whole series.

SECTION C. COMPARISON OF i.T; FUNCTIONS FOR He.

In Table 6 several shage functionswhlch.have 5een
used in conjun;tlon W1th the Gau551an primitive fUnctlon are llsted.
For ease of identification schematlc draw1ngs of the shape functlons
as functlons of the orbital exponent [ are- jncluded as well
as the number of non—llnear par&meters. Some 11near comblnatlons
of ls-GTOs are given in this table,51nce they can be regarded as.
the case of a shape’ function which is a sum of delta functlons loca{ed
at different optlmum orbltal exponents,_ﬁi,_i;e”
shape(c) = Il 8(z-5.) - - (59)
i= - :

The entries in Table 6 are given in order of decreasing energy.

-
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Table 6. Different basis functions for He expressed as Gaussian

integral transfbfﬁs, L N

. Shape Energy . Number of ndn;
Basis function = ‘(hartree) linear pdarameters Reference
1s-GTO -2.300 99 1 Reeves [43].
Hulthén - ~2.697 o0k . 2 " Somorjai.and
‘ | : Bishop [22].
“ 4
Fractional S R ‘
Integral ‘ ‘ . &p;‘-7 )
" Class ~ T =2.765 787 3 : SomorJjai and
' Bishop [22].
S
Lk-term . - ' ' )
1s-GTO -2.855 160 -3 L ¢ Ruzinaga [L].

.\.l

k_(qr) -2.858 53 2 Bishop and
v ' ) Somorjai [23],
Bishop and
Schneider [2h].

SCF - -2.861 68 - Roothasn et al.
: [381. '




- 45 -

From Table 6 it is‘apparent tﬁaf, though the single
1 5~GT0 giYes a poor eneréy, the sifﬁation may be impcoved by using
a linean;dombination of'ls—GTOS'(e.g.,the L-term linear combination
given in this table} Both the Hulthen-type and the fractlonal
integral class functlons 1mprove the energy con51derably compared
with the 1s-GTO case, although they use 2 and 3 parameters to do so.
The kv(qr) function is excellent ‘exceeding even the l~term linear
combination of Huzinaga [43], ¥ dt contains only 2 ﬁerameters.
. The SCF energy is included for the sake of comparison.

In Table T, it can be seen that the single 1s—STO
which is used as 2 point of reference for all the other functions
1n this table, produces an energy whlch is lower than the first

bt

three energies in the precedlng table. Nevertheless, the 2-parameter

Slater transform function (proposed 1ndependently by Shlllady [17]

and Somorjal f20]) ag' the Hulthen—type fUnctron Jased by Somorjal

and Blshop[lzj are Eble +to give an energy improvemnent. Of the

2-parameter integral transform functions, the kv(qJP) fupetion

gives the best energy. The'3—barameter wavefunction of the

fractlonal 1ntegral class is nearly as good as the three-term -

linear combination of ls—STOs, however the latter contalns a total

of five parsmeters. It has already been pointed out (see Section B)

thaet the exponentieal integral transform functions produce energies ' ‘ 5
close to the Hartree-Fock value: giveﬁ in che 1ast line of this

] table.



T&ble.T. Diffe;ent basis functions for He expressed as exponential

integral transforms,

‘ - RBumber of
. Shape En .
Basis funczion _ (haizgie) nonlinear References )
\ T : parameters
F .
15-8T0 ‘ - -2.847 656 1 Kellner :
. -1l ;
. /
‘ ‘f
Slater _ ‘ ‘
Transform - -2.860 555  2-  shillady [17],
‘ s Somorjai [20]. ;
Hulthén | . -2.860 8 2 Somorjei end -
= : - Bishop {221,
k(oY) - -2.861 19 . 2 ~ this work, Bishop
' . : * end Schneider [29].
Fractional
Integral : .
Class . =2.861 b50 3 Somorjai and Bishop
' [e2].
3-term_1s— ) : : .
STO -2.861 679 . 3 - Solomon [40].
SCF - ~2.861 68 . Roothasn et al.

(381.
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The success of botb the Gaussian IT function,.
k (qr), a~nd the exponentia.l IT f‘u.nctmn, k (qf_), for the He /
‘~ isoelectronlc series ied to¢ the idea of test:l.ng them in molecula.r

;.systems_. While the p 3 (qr) function was used by Yue and Somorjai

.."‘h. B :; $- - . ’
7 [25}tot H, ) the use of k (a/F) for H2 and H, will be explored in

this“work (Chapters” III and IV, respectively)..

&



SECTION A. INTRODUCTION

1) IMPORTANCE OF H2+

+ The hydrogen molecular ion is encountered in theoretical
‘ingestigdtions in a number of different contexts. Experimentally

-

T+
some H2 energy -levels have been measuled by Herzberg and Jungen

u-.‘

'[hS] from the limits of the Rydberg series in H . However, the  .

spectrum of H2 has not yet been found dlrectly The.photoeleqtron ) e
' spectrum has been reported by Cornford et al. [46]. "'

For H2+gthé sméllest possible molecule, and itsisotopici
and 1soe1ectron1c series, the Schrodlnger equatlon for the motion
of the electron injzhe field of the fixed nuclei (i.e. o in- the Born
Oppenhelmer approximatlon) ‘ean be solved in dfbsed mathematlcal
form. Theorgtical‘eleCtronib energy eigenvélues and eigebfunetions
can.ﬁe determineg vefy aécura%eif:as functiqns éf thé internuclear
2

N . " + > y - ) -
separation. For this reason H, 1is useful for testing approximate

méthods.

2) THE EXACT WAVEFUNCTION

Bates [47] gives a number of references to early
4
determinations of the exact eléctronic energies, eigenfunctions
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l L] . .
and equlllbrlum 1nternuc1ear separations of H2 ' \\\

»

The Schrodinger equation in the Born—Oppenhe1mer o v
approximanion for,H2 is separable in elliptical coordinates {A,n,¢),
i.e. the vavefunction:is a Rroduet of three parts each‘depending on
one of the efliptical eoordinates only: o -

: | i ""p ='A(k) M(n) ¢(‘.¢;)- | N _ (.60). "

For the ground state of H, , ¢(¢) is a constant,.and A{}) and M{u)-’

‘vsatisfy the following equations:
d oy aM - '
2 paa2) By Cpp2iie(u) =0, (61)
.{
and ‘ !
o 1)‘”‘(”] . (mm _p2A2)A(A) = (62)
i
For a glven 1nternuclear separatlon Rythe separatlon constant,A, '

»

and the elgenﬂnarameter,p,completely define the wavefunctlon
In ell cases the task of flndlng t?e exact A and u
dependence is transformed to the task of flndlng the set of co-
; .efflclents in infinite expa\nsmns of A(A} and M(u) in terms of ®

|

some known set of polynomiels. Thus we have forJthe grpund.étate

+ - : |

My =L e R, ()
s .

even s = 0 |
| - . |
whereltﬁe Ps(u) are Legendre polynomials, and j

MAY = exp(-p(A-1)) T (e /inrg(ep(r-1)),  (6W)

£-$ ;' v .
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where the Lifx)‘gre Laguerre-?piynomials, or alternatively A(A)
may be-eXpresseﬁ as [hf]:.
' R/p-1 v b
A(A)=(A+l) o EJCP(“P)\), E Gt (;\+1) . - (65)
_ o ‘ - t=0 . <t ,

. + : .
{a) .HQ for the equilihrium‘internuciear separation

Quite accurate calculationslhave been carried out recently .
and precise‘valugs are now évailable for the ground state energy.
" and wavef#yﬁtion. The Ene%gy of the electronic éround-state has
been found to be E = —-0.602 63h 619 hértree. The equilibrium
internﬁclear separation has been fouﬁﬁ‘to be Re = 1.957,195 320
bohr. The.values are taken from Bishop [48] who used Peék's method

(L9] to evaluate the co%fficients f; and'ci of Eqs.(63) and (64).

L}

. . - 4
They agree ‘with those oﬁ Beckel et al. [50] and Power [51]. THe

- coefficients f_ and ¢, [52] for the ground state wavefunction for

+ : : '
H, at R = Re are given in Table 8. The exact wavefunction as a

‘function of the electronic coordinate x(bohr) which 1iés‘along the - ~
internuclear.aiis?is given in Table . 9. 'The values weré calculated L\‘

using the coefficienté of*Table 8, aﬂd‘the.analﬁtical formula for

. the normalization constant given by Katriel and Adem [53].

+ .
(b) H, at R = 2.0 bohr
- e

' For the'shke;of standardizat?on most appréximate calculations

are carried out fortﬁé+ at R = 2.0 bohr. Therefore the exact results

for this internuclear separation are includedﬁhefé. B
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Table 8. boefﬁcient_s c; and f_ ‘of 'Eqs. (63) and (6L) for the
. N » .

exact H2 vavefunction at R = R_, the equilibrium

internuclear diétance. .

AA) ' . S M(ujl

%]

: J.1)) ¢€CO 000 00O ( 1)
2.122 1332 033 )3 (1)

~

! 2
J ) 2 . 0.260 054 C49 048 *( 0)
3 ~0.483 662 229 906 ( -1) 4 0.996 543 674 138 ( -2)
2. —C.356 921 348 66C ( -2) 6 0.159.359 936 532 ( ~3)
3 -2:564 J19 974772 8 0.140 447 S67 234 ( -5)
4 - 124 623 621 094 1) J.784 957 -131 799 ( -8)
5 —C.337 074 5&6 111 12 . 0.303 169 107 552 (-10)
6 ~0.104 783 136 439 14 . DeB57 T44 346 094 (-13) -
7 -0.361 168 415 E36 16 J.185 449 654 494 - (-15}
g —2.134 92¢ ES5S 134 - 18 0.316 354 391 062 (~18)
9 -0.537 916 615 118 : .20 - 0.436 834 538 651 (=21}
0 -C.226 293 502.654 ( -6) 22 0.498 109 538 772 {-24)
1 -23.695 665 .5J1 658 ( -7) 24 0.477 014 658 719  (-27)
2 -C.454 187 523 5715 ( -7} . 26 J.38% J81 330 926 {-3DJ)
k! -¢.211 811 &%t 338 ( -T7) 28 0.273 553 206 628 (-33)
4 -0.971 981 002 488 ( -8) 30 - 0.167 496 469 095 (-36)
5 -0.376 565 864 334 ( -8) 32 J.921-232 AT 496 (=42)
s S - 34 0.429 441 078 579 (-43)
36 . 0.182 505 430 483 (-46)
38 . J2.696 137 188 655 [-5)J)

< .
The numbers in brackets indicate powers of ten.
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I

. ) . . . . . + L ! ' ;
. Table 9. The exact wavefunction for H2 ‘for the equilibrium inter-

nuclear distance, R = R_, as a function of the electron

coordinate x (bohr) along the internuclear axis. .

.4

1

1

. } s ;(béhr).. wexact o
1.000 0.0 0.0 - 0.315 153 730 412
1.C00  0.025 . 0.024 964 9165 0.315 233 489 172
1.02): 24250 Je )45 929 833) . 0315 472 834 )06
1.000 0.075 - 0.074 BS% T495 " 0.315 871 970 650 -
1.C00  0.100 . ~ 0.095 859 6660 0.316 431 242 223
1.33) J.125 0.124 824 5825 . 04317 151 129 575
1.C00 0.150 0.149 789 4990 . 0.318 032 251 772
1.0C0 0.175 0«174 754 4155 © J.319 J75 366 714
1.000  0.200 04199 719 3320 ‘0.320 281 371 899
1.C000. 0.225 0.224 684 2485 "0.321 651 305 323
1.00) J.25) J.249 6491652 J.323 186 346 528
1.000° 0.275 0.274 614 (815 0.324 887 817 784
1.000  0.300 0.25% 578 9980 0.326 757 185 420
1.3)) J.325 J.324 543 G145 0.328 796 J61 300
1.000 0.350 0.349 508 8310 - 0.331 006 204 445
1.000 0.375 #3174 473 T475 0.333 389 522 801
1.9 049D 0.359 438 6640 02335 948 075 167
1.C00  0.425 0.424 403 5805 0.338 684 073 262
1.000° C.450 0.449 368 457) J.341 599 883 956
1:000  0.475 " 0.4T4 333 4135 0.34% 698 031 660
1.CC0  0.500 0.499 298 3300° 0.347 981 200 866
1.03)  0.525 Ja524 263 2465 J.351 452 233 862
1.000 0.550 0.549 228" 1630 0.355 114 158 601
1.€00 0.575 0.5 74 1583 0795 0.358 970 141 749
1.03) J.63) J.5%9 157 5562 J.363 )23 541 898
1.000 ° 0.625 T0.624 122 9125 0.367 277 887 956

©1.C00  0.650 0.649 087 8290 0.3717736 887 721
1.03) - J.615 J.6T% 052 7455 . 0.376 404 431 630
1.C0C 0.700 0.699 017 6620 0.381 284 596 704
1.C0C 0.725 _ 0.722 982 5785 J.386 381 650 676, .
1.000 0.750 0.748 947 4950 0.391 7060 056 325
"1.000. 0.775 0.773 912 4115 0.397 244 4175 999
1.C00  J.82) ~3.7$8 877 3283 J.433 J19 776 355
1.000° 0.825- 0.823 B42 2445 0.409 031 033 300
1.C00 0.850 0.848 8C7 1610 0.415 283 537 160
1.3)) }.875 J.813 172 27115 J.421 182 798 J57

~1.000 0.900 0.898 736 9940 0.428 534 551 526
1.00C 0.625 0.923 701 9105 0.435 544 764 359
1.J3)  ,0.95) J.948 666 8270 D.%442 Bl9 640 692
1.000 0.975 0.973 631 7435 0.450 365 628 338
1.0€0  1.000 0.9S8 596 6600 J.458 189 425 374
1.025 + 1.000 1.023 561 57&5 0.443 504 126 440
1.05C 1.000 1.048 526 4930 0.429 264 707 885
1.075 1.0 1.J32%451 4255 D.415 459 277 )35
1.100 1.000 1.068 456 3260 0.402 075 375 827,
1.125 1.000 1.123 421 2425 - 0.389 101 983 307
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9. (continued)'

1.153
1.175
1.200
1.250
1.275
1.300

T 1.325

1.250,

1.375
1.400
1.425
1.450
1.475
1.53)
1.525
1.550
1.575
1.60C
1.625
1.650
1.675
1.73)
1.725
1.1750
1.775"
1.800
1.825
1.85)

1.875

1.50C
1.65C
1.675

. 2.000

2.025
24252

2 - 07'5

$2.100

Z.125
2.150
2.17¢
2 ‘200
2.225
2.2523
2.2?5
2.300
2.325
2.350

2.375

2430
2.425
2.450
24415

1.3

1.000

~1.000

1.33)
1.000
1.600
1.000

*1.000 .

1.333

" 1.000

1.000

* 1433

-~

1.000

'1.000

1.33)
1.000
1. 000
1.3
1.000
1.000
1.000
1.000
1.233)

1.000

1.000
1% 000

. 1. 000
*1.000

1.000
1.00)
1.000
1.000
1.30)
1.000
1.000

"1.332

1.000
1.000
.29
1.000
1.300
1.000
1.009
1.233)
1.000"
1.000
1.03)
1.000
1.000
1.000 2
1.300 “
1.000 %y

- 5% -

1.148
1.173
1.168
1.223

"1.248

1.2173

+1.298

1.323

1.348

1.373
1.368
1.4232
L.447
1.472
1.4¢1
1.522

1.547

1.572
1.597
1.622
1.641
1.612
1. 6617
1.722

"l. 747

1.772
1.822
1,847
1.872
1.867

©1.922

1.947
1.512
1.967
2.022
2.341
2.072
2.0S7
2.122
2.146
2.171
2.196
2.221
2.246
2221l
2.256
2.321
2.371
2.3%6
2.421
2.446
2.471°

386 1593
351 0755 -

315 9920
280 9C85
245 8250
210 17415
175 6580
140 5745

135 49510 .
070 4075 .

035 3240
JJ)J 24035
965 1570
930 0735
864 991)

859 9065

824 8230
789 7395
754" 6560
716 5725
684 4890
649 4055

6l4 3220

579 2385
544 1550
536 J715
473 9880
438 G045

403 8210

368 7375
333 €540

298 5705

263 4870
228 4135
193 3200
158.2365
123 1532
088 0695
052 9860
017 6325
9382 8190
547 1355
912 6520
877 5685

842 4850 -

8C7 4015
772 3180

737 2345

7021510
66T 0675
631.6840
566 9005
561 8170
526 1335

2.376
0.364
0.352
0. 341
0.329

J.319:

0.308
0.298
00289
0.27.9
0.270

.261

0.252
0.244

. 0.236

0.228
0.221
0.213
0.206
3.229

0.193
0D.186

J.182J
0.174
0.163
0.163

0.152

. 0.147

0.142
Q0137
0.133
0.128
J.124

- 0.120

0.116
D.112
0.108
0.104
0.101
0.097

" Jed9%

0.091
0.088
J.J85
0.082
0.079
2.377
0.074
0.C71
0.C69
0.067
Jadb4

527
340
531
c87
499
257
851

710

216
549
391
521
333

618

566
771
225
920
849

)35

381
970
766
162
952
330

891

628
537
611
846
236
777
464

292
258

355
581
931
402
989
688
497
411
427
543
154
57
450
930
494
139
863

511

836

237

46C

684
526
040
518
483
591
126
998
739
000
649
768
644
713
851
T72
623
681
411
458
646

9172

604
877
288
453

‘321

674
721
694

985

124
T12
720
886

309

149
682

296

491
B71
147
129
T26
943

877

715
732
283

433
029
576

B44
490
J13
351
104
447
749
944
675
244
389
916
201
589
700
660
281
185
304
952
889
381

261

614
869
G24
306
353
453
315
295
7166
550
394
513
189
424
667
59)
535
422
721
487
460
625
446
148
C74
0e8
133

0.062 662 825 517

- -
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The qlectr&nic”energylof the H2+.groﬁndxsta£e at R = 2.6 bohr‘is [

(from Bishop [54]) E = -0.602 63k 21k k95 hartpee. The coefficients
:;?9? H2+ wavefunétipn for ﬁ‘é 2.0 bohr are givep in Table 10. They

are teken' from Bishop {52]. .The exact wavefunction for H2+ at

R = 2.0 bohr as ﬁ function of the electronic coordinate x(bohr)

which lieé along the 1p£ernuclea; axis is given in Table 25 of.

Section ﬁ of this chapter, where it'is compared with several .

approximate wavefunctions. A plot of the exact wavefunction can

be found in Fig. 12 in the same sectiocn.

| 3) APPROXIMATE WAVEFUNCTIONS - .. o :

R

Commeonly, there are two kinds of approximate wavefunction

+ : ‘
for H2 : first, wavefunctions which haeve separate A- and u-dependences,

and sécond,‘LCAO wavefunctionsrwhiéh are férmed from a,linear'

combination of at&mic_orbi%als. - .
i ) . ' f ]
- | . oo . .
(2)  A(}) M(u)-type , : . 0

3

_In the past A{}), see Eg. (65), has frequently been

~

| approximated by the simple exponential factor with a variational’

parameter «,

expl-od), g O (66)

and M(n), see Eq. (63}, has been approximated by even’ functiocns of

- ¢ such as : !

, : o
(1+8u%) - (67)
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. pable 10. Coefficients c; and £, of Eqs.(63)-and(64)Afor‘the

\ + ' '
exact,H2 wavefunction for‘R = 2.0 bohr.

.

ey T M)

0.100 000 000 000 ( 1)

0
0 0.100 000 000 000 ( 1) 2 0.260 648909 971 ( 0)
4 0.100 102 072 592 { =1}
1 ~C.483 866 1C5 774 ( -1) .
865 3 0.160 425 704 900 ( -3)
2 ~3.356 632 442.114 ( -2) . ‘
: - | | 8 3.141 695 12) 648 . { -5)
3 —C.563 022 882 484 ( -3) . . 1
" 10 0793 654 447 217 ( =-8)
4 ~0.12% 315 929 584 ( =3) -
| 12 0307 195 421 997 (-10)
5 -0.336 035 800 180 ( —4) f
. . 14 33871 326 959 953 {(-13)
€ ~0.104 402 307 081 ( —4) :
402 16 0.188 731 1C3 605 (-15)
7 —0.359 672 245 143 ( =5) bt
: 18 0.322 653 183 371 (-18)
8 -0.134 304 083 119 ( =5) | ;
22 I 446 499 975 282 (-21)
e 20.535 194 143 375 ( —=6) |
. 22 0.510 237 885 421 .(-24)
1) ~3.225 353 45) 616 ( —€)
- | 22, 24 0.489 691 854 066 (-27)
11 -C.989 809 101 734 ( =7) . e,
. | 26 0. 400 290 063 542 (=30}
12 ~C.45] 345 28S €65 ( -T) 2
| , 28 0.282 045 679 Q05 (-33)
13 ~3.210 4l€ 522 7392~ { =7)
3) 3.173 J71 871 3le (-326)
1a  =-0.965 306 847 841 ( -8) :
! 0.965 395 tu7 416 ( -8) 32 0.933 222 468 S2b6 (~-%0) .
5 : . - 34 0.445 667 259 708 (~43)
36 3.189 813 248 T1J (-46)

; - | 38 . .0.T725 48C 6%3 815 (=50

The nvmoers in brackets [ndilafte powers of ten.

-
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or

&ﬂﬂ@)_.' . .(@y.‘

with a Ga?iationél parémeter B. Calculations of this t&pé are given -
if [55] to [66]. ®But more fe;ently better approximate fuhcfions,‘
contgiqing only twaparametérs, havg been feported. Ih Taﬁle 11

ﬁhe A- and p-part, thé optimum par;metérs,'and the minimum energies

for some of these functions fdr;R = 2.0 bohr are given.

R

Included in this table is the fungtioni
V(u) = cosh(Bu) + cosh(2eu), . (69),

which Varshni and Lam [6T] introduced for.the uédepenQﬂ%ce,and the
function uqed for the A-dependence YW Weinhold and Chinen [69] . "I'he .
latter consists of the first term in the exact expansion of A(A)

(see Eq. (65», i.eq

R/ -1

W) = () exp(=ar). : (70)

How well both V(u) and ﬁ(k)pgf‘Eqs. (69) ana (70)
approximate the exagt wavefuncfion i;’demonétrated by.a short -
calculation with an'approximate funcfion, the "V-W—-function",
composed of these two: functlons The optimﬁm ﬁarameters must be
" the same as those obtained for V(H) [70] and W(l}‘ln the original
calculations. The energy(obtalned by numerical integratlon)ln fact
coincides up to flve dec1mals wlth the exact. energy of H * -at
R = 2.0 bohr (see Table 11). It also is bgtter than the energy
calculated recently by'Llugano, qutg and.Rothsteip with a 3-parameter

function [711.
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_‘Table 11. Comparison of several approxlmate functions separable

into A(M) and M(u) for Ha at R = 2. o bohr

' iy o Energy. ) '
M(ul : ' ‘A(l) : (hartree) Ref.,
cosh(Bu)+c_osh(2Bu).', exp(-ar), -0.602 451 Varshni and
2.0.57531 © @ = 1.3540 | . Lem [67].
cosh(Bu), exp(-ak){%%ﬁ%%%él ' Padé-
= 0.9192 vhere : _‘ ’ approximant,
e{a) = R/(a(3-0))
a(a) = a(3+0)/(1-6)
g = R/a-1 .
‘@ = 1.4792 ~0.602 623 5  Rothstein
. : [68].
cosh(Bu), | exp(-ax)(m)“/ -1,
B = 0.9192 o =1.1815 . -0.602 623 7  Weinhold and.:
: L : ’ . Chinen [69].
cosh(Bu) ~exp(—ak)(1+l)0
B = 0.9192 @ =1.i890 , | _
' = 0.3706 .0.602 624 2 Llugano, Gupte
i . ’ and Rothsteln
in
' l R/G—l‘ n N "
cosh{Bu)+cosh(281), exp{-02)(1+2) . V-W-function”,
B = 0.57531 a=1.4815 -0.602 631 434 This work. y
Mex(?)’ unex(x), - -0.602 634 21k Peek (L9},

Bishop (481, /
Power [s11. L
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. 'Though it is possible to study the effect of integral
tfansformationsan’the functions of the A{}), M(u)-type;it is,
however, better to do so ‘with approximate vevefunct1ons which are
linear combinations of at0m1c orbitals since molecular systems
other than H are not generally separable in elllptlcal coord;netes
The only calculatlon reported so far whlch uses an integral
transformation on elllptlcal coordinates is ‘the one by Scherr [3h],

Fho‘repleced'exp(ﬂok) and exp(+Bu) by Slater transform functions

in the wavefunction for Ha.

(b) LCAOs

Among the 'LCAQ approxlmate wavefunctlons for H2 ;those
u51ng 15-GTOs by Schwartz (721, and those using 15-ST0s by-Hoyland
[73] should be menticned 51nce they are closely related to the

integral transform functions described in this work. The molecular

" orbital ¢ for H2 is formed hy centerlng an A0 on each of the nuclei:

= Klo(r,) + olx)]. | (71)

‘The atomic orbitals, Qﬂr), are written as a sum of &

number of terms with the coeff1c1ehts and orbltal exponents G288

variational parsmeters. Thus for STOs

e r’ exp(-z; T)» . : “(12)

urvnw

¢(r) =
and for GTOs

' | 3 n; B . 2 K '
o{r) = I 5T ‘exp(-; T ). ‘ (73)
’ i=0 - o ’ ,
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4) OUTLINE OF CHAPTER TII

In the remainihé sections seﬁeral approximate wave- '
fUnct1ons for H2 ﬁill be dealt with‘in order to'assess the
applicabllity and accuracy of integral transform functions.

Sectlon B descrlbes the calculatlons using: the
exponential integral transform functions,k (q ),whlch gave good |
results. for the He—lsoelectronlc series (see Chapter II) Seetion C
contains calculations using sftype ST0s which were necessary £0
- clarify the results of Section B. 1In Section D, LCAOs of STOs

with & common orbital exponent are used  to investigate the
[ * .

possibilities of a new type of ihtégral transformation. In
Section E the n-transform function will be introduced, described,

and tested.

-
| b — . g
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‘ ‘ 5 R ., '
SECTION B. EXPONENTIAT, INTEGRAL TRANSFORM FUNCTIONS
1) MATHEMATICAL FORMULATION

In this section the exponential integral transform

function will be_used to conetruct.approximate wayefunctions for -

oduced very

¥

the hydrogen molecular ion since these functions pr

accurate energy Values for the He-llke series
The exponential 1ntegral transform function is

haracterlzed by the pr1m1t1Ve function exp( Lr), the shape functlon ,

'G(v,q,c), and the domaln of integration for T (0, m) The resulting -
functicn is k4 (qvﬂj (see Chapter 1). : A
y The wavefunction for the glectron in H . is constructed
) bY placing one atomic orbital on each nucleus a R \
= nlo(r,) + o(ry)], (74)
where . . /
¢(r) = I 6(v,q3z) exp(-tr) dz, (75)
é 0 ’ "‘/‘F‘
‘ A
.and N is the nprmallzatlon constant. '
‘The Hemiltapian for H2 is. (1n atomic units)
ol = a1/2 70 - AT, - 1/1:-,0 + 1/R. (76)
% ' "~
We write L
‘ gy
' H=H +1/R Y (17)
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P 0

and kéep R fixed at 2.0 bohr. The total energy of }'I; is then
given by . |

E = fyH'y at/fyy dt + 1/R. | " (78)

o

Introducing Eq.(75) for the stomic orbitals,¢(ra)
" and ¢(r ) and interchanging the order of integratlon (i. e.,car*‘ymg
out the 1ntegrat10n over: physical space first), we obtaln the energy i

as a function of the variational parameters v and q:

E= [ G(v,q;c)G(b,d;a') H(1,1;5,2")agazg'/
070 : B :
' - (19). S

+ 00

J 6(v,q30)G(v,q55')8(1,155,8") azdg' + 1/R
“0°0 ) '
where the rfunc'tion H(1,1;C,z') is defined by

o

H(1,138,5') = Slexp(-tr, ) + exp(~try ) IH' [expl-r L') + exp(-r z')ldt (80)

and similarly: L4
i ' 7 e
$(1,152,2') = flexp(-gr ) + exp(-try)l[exp(-r,z') + expl- Lot laT. (81)

(The oneéﬁ{m the symbol S(l,l;i;,t;') denote that -two 1s-8TOs

. are used/.

The integration over physical space 1s done analytically

(see Appendix 2) and the integration over the parameter space is

done numerically.
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2) COMPUTATIONAL ASPECTS

" (a) IntegratiOn : I '

A
The functions H(l 1;2,2') end S(l 15258 z') are symmetric

with respect to interchange of ¢ %jd c!, since the two orbital-
exnonent integ'ra.tion-\"ar’iables are equivalent. Therefore it was
sufficient to take twite the integral evaluated over half the

g
1ntegret10n domain (i.e.,0 < gt < @ and L > ). Gauss-Legendfe

_ quadrature in cohjunction with mepping’ was used (see Chapter I)

r

The lower and upper 1ntengtlon 11m1ts were kept flElelE- they
were chosen as the values’ of c for which the shape functlon ig only
10 of its maximum value. This wds necessary to ensure suff1c1ent
_ < .
accuracy for both very broad and very narrow shape.functionsm

Furthermore, prOV151ons were made for very high values of v. Here

the shape functlon was evaluated. by calculatlng 1ts logarlihm flrst'

~in order to av01d numer1cal inaccuracy.

(v) Mlnlmlzatlon h o : (
The optlmlzation of the parameters v and q was guided
by the follow1ng con51deration. The p051tion of the maxlmum of the

-

shape function, cmax’ should 11e in the range 0 5 < C < 2 o, 31nce'_

'the energy for wavefunctlons using ls-STOs with ¢ out51de th1s

range _m very hlgh. Hence very small ‘or very high orbital exponepts
should not be welghted heav11y In the (v,q)-plane with ranges

(-1, ©) foi V and (0, w) for q, “the two parabollc branches obtalned

from ‘ o
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C‘S = Do)y, T

’ T ‘i . . fi‘ : :
by inse;gdgg,gz:x = 0.5 and =.2.0 enclose the region of (v,a)

pairs for which the eneaZy is low { e‘Fig.. 6). This was ‘confirmed

: | (82)

by the calculation of energies for a grid of (v,q)'values in the
range (0(0 to 10.0) for both. v and q. The min1mum energy ve '
obtalned wlth the hlghest vﬁ@alue, v = 10 0. . _ i .

i A ‘ Further mlnlmlzatlon showed that the‘mihimuh ehergy
is'obtsined for y > o, The corresponding opalmum velde of hhe
: psrameter q for each V was found £o be ‘such that the T .. of the -

shape function approached L 1s® the orb1tal exponent which mlnlmizes

the energy for a wavefunctlon constructed from 1s—ST03. .

T
Wlth the. help of the delta-convergence property of - "

.

Glv,q3g) for v > = {see Appendlx 1) it was shown (see Cha.pter I) \f E -
hat the k (qf?? functlon (1 e. the exponentlal 1ntegral transfb
functlon wlth G(v,q,c) as Shape function) reduces to the 15-5TO for

v +-m:‘ Therefore the mlnlmum energy ob 1ned for-v + must be

P

equal to El . Table]jzdemonstrates thls fact Some . energles
’

obtalned for high valnes of v and values of q such that t Cls

. X,
he“half—wldths of the shape functlon are glveh in

Ty

together widh | t

this table. Plots X the shepe functlon versus c/cl' are shown in o

" Fig. T- < ' S R o § ,
.o . b - . . -~
"'I.. " ) . " , l-. ! '. : ‘- " '- N ' . . " ] -

£
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‘ " Table 12. H2 energies and half-widths of the shape functions for .
. . L T con:st- = By gt ag =g, - t,h -wr_iere‘_ 6{v,q3%,) =
_ .G(v,_q;i;l)'= 0-5 Gpax: R o | \ b
. ' ' Half-width  Energy
: q Y4 . (har'jtree) ‘
©10.00- .7.38h2&5' 3.0840  -0.572-Tu8
20.00 10.202855 - 1.9258 ~6.580 189
40.00  14.256208 fi.éThS, Z0.583 77
80.00 20.038010  0.8709 0,585 218
- 160.00° “28.250k28 ' 0.6052 -0.585 863 ' J

320.00  39.800052  0.h22 . -0.586 199

64%0.00 56.369100  0.2986 = -0.586 35k T

11280.00  79.6868k9 - 0.2107 - 0,586 430
'.2'5'60.0,0 112.672227 0.11;_,85 © -0.586 468

5120.00 159.327036 'o.los(a_ | -0.586 L8T
-10240.00 225.311k5k-  0.0TWk . -0.586 Lg6

e . oo -0.586 505
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Caption to Fig. T

Convergence of the set of shape fuhctions to the delta function

N '
‘ v o

G(v,q;c)/Gmax is plottéd as a function‘of the ratio C/Fmax for q

for v = = -

such that g ! = const. =&y V= 1, 2, 55 10, .20, Lo, 8o, »1.60,~

320, 640, 1280, 2560, and\5120. For ease of identification some ¥

" values are'ﬁarked: _ ,,f .
| ‘ . .
L v = . 1 '
! ' oo
ST U ‘? v= 10
‘------.o-----.--:.--o v = 160’,’
. . ‘ Ly
ecrEsreesE V= 5120
. . ,“f
KT - . /
‘ di- /
’f‘
fi |
‘I t
\
!
\\ .’;
R
l"’ .\
4 ‘I o ,r . &
1 /," " l
4 j ' \
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3) RESULTS

‘ Using the exponentlal 1ntegra1 transform functlon-
for H2+ the min;mum'energy, E = —0.586,505 hartree = E15
iobtained for v = = and ¢ having the value such that the ‘shape
‘functlon reduces to the delta—functlon at 7= Cmax’ where
Cnax = 1. 239265 = Gy g For this case tlie integral transform

functlon, when optlmlzed reduces to the prlmltlve 1s fUnctlon. ' ) JZ

4) DISCUSSION ' - L ~ _ -
(a).sGenerai 7 . |
| The results of thls sectlon are. surpflsdng since
:the shape functlon used, G(v,q,c), proéghed good results in the’ |
calculatlon for H, * with the Gaussian. prlmltlve functlon, [25],

and the prlmltlve ‘function used the exponentlal functlon, produced

[

very gocd results for the HE—SEIIES when used w1th the sane shepe
. funetion [eg]. S S - ' e

‘In order to clarify thls 51tuat10n the avealdble . '
caiculations'on H2 “using Gaussian and exponentlal 1ntegra1 transform Co
functions will be described briefly.

. - . X X - +
(b) Gaussian integral. transform functions for H, - ,

¥ - ' ' - -
TEble 13 shows a comparlson of Gau551an 1ntegral '

_transforms for various: shape fUnctlons. Schematlc drav1ngs oﬂ the

‘ shape furictions as well as the number of non-llnear parameters 1n
: ’
; ; Co :

' . . . - ! T
- . . . , .
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Ko ' . . ; . %
TabYe 13. Comparison of several Caussian integral transform functions ~
for H,' at R = 2.0 bohr.
o "%  Shape . . Energy 1 Nﬁmbe_r of
" Basis function - (hartree) non-linear ., - Reference . §
. . parameters S : ‘
o0 1  v_o.530b09 ,  1° . Schwartz amd ..
| - | schebd (72].
GTO, B & ‘ o o Schwa.rtz and
3-termy{ | } - -0.588 379 .3 g Schaad [72]
| Tl A
Vo N ' _ T Yue ‘and
k:;\(_qr') ‘ ) . -0.589 5° 2 ) o Somorjai [25].
_ _ _ _ Schwartz and
GTO l I -o 590 891 n . §¢haaa [r2] ,
" CAdam [1)e
exnct - -0.602. 634 Peek [ug 7,
' e - - . Bishop ks 3.
+ "
z 1 ?
— ‘
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the trial wavefunct\'iﬁs are included.— e 'entries in this tanie
are in order of decreasing energy . _ | .

It is remarkable that the Gaussian integralk traneform ‘
function, k (qr) used by Yue and Somorjal [25] is’ better tha.n the
3-term i\mctlon using, ls—GTOS. when one considers that it contains

14

only two non-linear and no linear variatlone.l parameters., A
- R
'I'he energy a.ttalna‘ble in t'ne 1imit of plac:ngn lS-GTOS

on each nucleus ¥as ~determined bY: Schwa.rtz [72] and :{atrlel and. Ada}n [Th]

(¢) Exponential integre.l transforms : C.

Tablelh shows a comparison of varieus ‘exponentiel -

Sk

mtegral transfoms. The energy for g ls-STO centered on each

,nucleus has been known for a 1ong time- Hovever, ca.lcu‘latlons with L N

[

. severael ls—STOs centered on the nucle:l. have not been— reported in’
t@lterature. Konowalow and Barker’ [75} reported that the mlnimum
H2 energy for wavefunctlons of the Hulthen ‘type is obtalned for a | \:!
'delt.a-—type shape functlon {(i. e.,for t'ne case that both 1ntegre.t10n
limits comc:n.de); Jakab and Rand:tc (28] have used the Slater transform

(see Chapter I) as a trial functlon for H They could not complete

©

the mlnlmlzatlon due to the high parameter values encountered whlch‘

iy led.ilzo,numerical d:.fflcultles. If one determines 'the position,

" ’- ‘E-

= + / - )
L ax (n 3)/p..., ‘ £83)
of ‘the maximum of Jakab and Band,ié‘s. shape fﬁnction, ?thich was .

C
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7 | ™
Table 14, Comparison of several r-.fxponentia.l integral transform
i . « o '
functions for H, &t R-="£.0 bohr.
D = :
- e ' Number of
‘ Shape . Energy . . .
Basis | function (hartree) non-linear Reference
B ' parameters =,
» s ) -
N ! a
1s-STO | | -0.586 505 1 Finkelstein :
o C s and Horowitz v
: 761, thiswerk.
r [ * ’
' megrasaraees | '
R : (/. - .
P e
CHulthén [ ] i -0.586 505. -2 | Konowalow and
' " ‘ . | Barker [75].
’ ._.-{ ' . . - ~ N oy
- > R B o KR E 5 '
Slater- | ", , ‘ | Z;a.k&b and
trans- ' . , 2 . :
B . el - . o Rand 28]. R
orm i u_“o.586 505 2 Beodié fe8l. .
o | |
L
3 4 1 A
. ' ! . . - ’ -‘. . . W ' !
k“(q'VE) ! ... ~0.586 505 2. Segtion III B.-
) ~ . . . . . - .
‘ i
NI
2-term — _ . A > R
- 8TO | - -0.590 L50 Y Section III C., - . -~
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(n 3)/2

G(n, ,c) = c exp( CPIE),

for the optfhiéed parameter values ‘quoted, a trend of n + @,
Coox ~ ©1s and p, -~ (n+3)lcl becomes clear (Jak&b and Randié noted that, if
ptlmlzed the two parameters n and p are ne longer 1ndependent

put relate& in an almost constant ratio n/p) It can be ‘assumed
that the mlnlmum energy is obtained at n = ‘and c01ncides with El
and that the shape functlon ‘reduces to the delta funetion G(c—cls).

. . "Thus in: the calculatlons carried out by Konowalow
and Barkef, J&kdb and Randié and in thls -work, the exponentlal
&

: 1ntegral transform functlons with three different shape functions

reduce to the, prlmltlve;functlon when optlmlzatlon is performed

0
L

This effect has Been reported in the 11terature for systems other

+ ;
than-H s C.8. ,by Yue [30] for the He 21P exclted state u51ng a
Hulthén transform ‘and. by Scherr [3h] for the "open shell" calculatlon

&

“of the ground—states of‘ﬁhe He .series (except H ) using Slate?
N o . ' : ) S

transforms. o

Flnally, for the sake’ of ccmparlson the 1ast line

of Teble 1h contains “the result of & calculatlon descrlbed 1n the

next eegtion.
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_ SECTTON C. LINEAR COMBINATIONS OF s—TYPE STOs.

. In order to expla1n the flndings of Section B 1t was,
decided to study linear comblnatlons of 1s—ST05, since’ the exponent1al
1ntegra1 transform function.is a generallzatlon of the latter to

- an 1nf1n1te number of terms (see Chapter I) -In the ‘course of the
'calhulations it was necessary to deal with 1s and 2s linear
comblnatlons and this will be dlscussed brlefly in the second part l“
of thié’sectiop.» Tﬁe discussion will concern malnly the resulting \\\
sets‘of optiﬁizédrcoefflcients. : , . . L

1) LINEAR COMBINATIONS-OF. 1s~STOs .

(&) 1s-5T0 . ' -

The energy for the wavefunction using‘dne 1séSTO on

each nucleus: L '

’

N[exp cl a) + exp(- clsr )] - (85)

.has been recalculated. The first caléulation of this kind was

carried out in 1928 by Flnkelsteln and Horowltz [7161.

For R = 2.0 bohr the mlnlmum enersY’.Els-= 0. 586 505 hartree, ‘was . ;;;—J;///’
obtalned W1th the orbltal exponent Lys. = 1.239° 265 oL ] | B ‘ -
. . . | | o o |
(b) - 15(;1s)+}s(cé) L ‘T\‘ ’ : - B
~\\7 © ‘In an,integral transform function, such as k (qJF3

the orbital exponent is treated as a c0nt1nuous ;ntegratlog variasble, .
[ I ) o @ oy

F
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and each orbital exponent is represented with a differeﬁt we%ght ' ‘e o
factor. Among the orbltal exponents in the range (0,=) one 15,
equal to Cls u

*

- Let us therefore con51der a two - term 1ineer

comblnatlon of 1§-5T0s where one of the orb1te1 exponents is Els

The‘wevefunctlon for this case is obtalned by centerlng two 1s—STOs

on each nucleus:‘
= Wla(r,) + 8(m)l s R {
with.

e(ra);: clexp(-'cl r )+ cy - exp(- c21‘ ) S (BT.)

and a 51m11ar expres51on for ¢(r Yo . " oo
. ‘!" )
The coefflclents c1 and ¢, are ohtalned by solv1ng

ﬁereecular equetion,detl_ -§_§J 0, where e. g. ,the symmetrlc \\

H-matrix is ' . : . ' - N

H(1.152; ¢ 0y) ER PN AT} S

: O | LA )]

. ‘ . o . g

'y>(see‘5ection"B_for the definition. of the H and S matrix elements).
A, ‘ . 7

/ . ;
Lo Vi T ? e K
et : . -

. n T

* The mlnlmum energy, E —_—0 587 876 hartree was

3

obtained for T, = 3,6h, c)q = 0 992 837 and c2 1§-0*119 hTB
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On calculating the coeffiéients which optimized the

s

energy as functlons of C2 it was- found that thex.have opp051te

signs f;r all cé Value;. This is’ 1mportant since shape functlons
an not;in.géneral,reiresent a set of coefficzents-wlth p051t1VE and_
‘negativp signs; | R : f |
‘ ) it was'alSQ found‘that Eositive goéfficignts.pfoduce-
an energy hlgher than El for all 52 In Appeﬁaix 3 it'is shown - e
that for 8 palr of positive coefflcients the wavefunct1on of Eqs. |

- (86) &Ua(BT)produces an energy higher thanuEls for &Il-cé.

(©) ls(Cl)+ls(C2)

The vavefﬂnctlon of Egs. (86)vand (87) is used but now

both orbltal exponants are ncn~11near varlatlonal parameters.

S T
' o The energy, E = -0. 590 396 haftree, was found for
£, = 1.601, ¢ =-1.599, e, = -325. 016 and cp = .+ 326.050 sfter ‘
calculatlng the optlmum ‘ coeff1c1ents for a large number oﬁ-cl h

|

5 ;
and c2 values, Thls was nopﬂthe minimum, .and the results indicated f

that the nii:iimum energy would begpiglfiined. for the case r;l-- £, with

”»

1im (e ).z - =, 11m ! (c, ) = 4 e, ‘and  lim ’(c ? = -1
= - ' - C . : .
5170 - 1 7;2 S (89)
. ) - - o~ 3 - - . , . L}
The question of_what,wavefunCtidn corresponds- to the.limit & =%, will
be discussed later. 2 . - SRR R -
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The important fact here is that in the (cl,cz) space

\\'

the regions for whlch the optimized coefflcients are p\eitive

'coinclde wlth the regions for which the energy E > E L

——

e 2stey sty aslgd

———

-The closest approxlmatlon to an envelope function

Tl

" of optimized llnear coeff1c1ents is given by 8 k—term linear

combination of 1s5~-5T0s where k‘is large and therefore calcuwlations

of thlS type were %a:rled out Here the wavefunctlon

= Blo(x,) + o(r,)] B .

.

is constructed from the k-term atomic orbitals

~
.

8(x) = Z < ey exp(-g¥). S e
£ ] : RN

The optimum coefficients are found by _solving the usual secular .
equation for the symmetric (kxk) H- and S-matrlces

The energies obtained for sets of k equally spaced

orbital exponents (Ar =, .-, = 1 0) in' &’ k-term linear combination

i+l 71 _
of 1s-5T0s are given -in Table 15. Wlth increasing number of terms

'/‘ !
v’/

the enefgy;decreases_as expected.

The optimum coeffieient sets for k-term LC-STOs

: withrthe above sets [;i] are given in Table 16 and Fig; 8 is a
graphical fepresenta£ion of the coefficients el...cll_aé fﬁnctions
of g.

[ "/




. i .| - \‘\‘ X ' . ' . ‘ . .'\ "
- Table 15. -Energ:_i.es obtained yith‘ dinear combinations of 1s-STOs
for equelly spaced orbital exponents (Az = 1.0).
Number " Energy 'Or’bi-tallExponent Set
. of{ terms (hartree) : {ci}
) 3.  -0.583596 - = 1.0,2.0,3.0
T TI0I588 610 . 1.0,...,4.0
5  -0.590 310 + - 1.0,...,5:0 oo
6 -0.590 811 1.0,...,6.0
T ~0.590 913 _ 1.04344..57.0 ]
8§ . -0.590 934 : 1.0,...,8.0 . , -
9  -0.590 935 8 1.05...59.0
- 10 -0.590 935 990 1.0,...,10.0
".“f\n\_“_-\ on ~0.590 936 157 1.0,...,11.0
B -‘\--‘-\-7“—.
It -
.
~
S
‘\‘\
e
\““‘n
~ .
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Tabie‘lb. Sets of-optimized linedr coefficients for k-term linear
. combinations of 1s-STOs for equally spaced sets

of orbital exPonlénts',,{ci} = {1.0;..'.-k'Ar.}, AT = 1.0.

b, x i e T i .
3 1 o0.hoo023 | 8 1 0.182 -
.2 1.5417s8 2 6.6u1
3 -1.0670b1 3 -28.973
‘ h 18.87T
5 -133.LL3
6 135.876
T -76.000
S 8 17.897
'} "1 0.361100 |. 9 1 0.178
2 2.857032 e 68
3 -k.257126 3 -31.500.
b 2.16uM5 4 95.121
5 1 0.27555h 2 oot
_ 247,087
2 4.20160L
. T -201.975
3 -9.85692L 8 93.815
L 10.677078 9 -18.860
. 5 -4.275953 .
6 1 o.225101 | *° é 2:%;3
2 5.37992h 3 . -32.690
"3 -17.100851 4 10L4.703"
k 28.831291 5  -232.130
5 <24.197806 6 358.995
6 7.943002 T  -381.227
7 1 0.194513 8 ~265.092 -
. 2 6.19033h 9 .-108.552 -
3 -23.971684 10 19.791 -
L 5h.023492 ' 0.175
5 -69.383536 H é 7:025
6 146.945269 | 3 -34.985
1 -12.95993541u -k 127.215
‘ 5 = =355.902
| 6 773.218
5 ~ T -1257.088
f\\\m\\ 8  1hLo.h76
T 9 -1078.755
T 10 468.892
e 11 -89.192
T
- ‘\\
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Caption to Fig. 8

Plot-of cdéffic1ents cl -versus Ci for the eleven-term linear
combination of ls—STOS with equally spaced orbital exﬁbnents [El] =

[1.0, 2_.0,....11.0].

I
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ALY the calculetions with different seta’of ofbital exponents pro—

duced sets of optimized coefficients with repeating changes of \i-

sign. No ranges, for Cwerefound for which the signs of neighbouring
- i

coeff1c1ents werethe same,and on increasing tée nurber of ¢s the

number of sign alternations 1ncreased This is 1mportant since

for a shape function the neighbouring points have similar values.

(e) _ﬂ -
. Finally Tablechompares the results of all 1inearpqh
combinations of 1s-STOs discussed in this section. Schematic

drawings of the coefficients as functions of ¢ are 1nc1uded.

The findings of this part make it clear why the

wavefunction using exponential 1ntegral transforms produces &

minimum energy at v = =,i.e. the shape function reduces to the
delta function 5(;—{15): the sets of optimized coefficients for
k-term linear combinations of STOs cannot be approximated by shape

functions such as that used in Section B and those used by ‘Konowalow

and Barker or Jakab and Rendié.

'2) LINEAR COMBINATIONS OF 1s AND 2s STOs.

(a) The Limit Problem

Let us return to the question of the ITimiting -

(Cl+c2) form of a[ls(cl)'+ Is(;eﬂ linesr combination. 1t is shown
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‘_TdblélT._ Comparison of some linear-combinafiéqs of 1s-STOs for -

"m,' st R = 2.0 hohr. I o SN |

2 R
: \ :
. ' . Number of non- . Energy
' Ba51s: ‘ Shape functi?n © 1inear parameters (hartree)
1 -0.586 505
ls(Cls) ‘ ]
155 )Ms(zy) b 4 ! -0.5&;\:76
]
1s{z. )+1s(zc,) 2 +=0.590 L50,
1 2 e
£y
- o - - '
1s(gl)+1s(te)+ I | é
...+1s(;k) ' k = }} -0.590 936

/

§non-—optimized [;i}, optimized [ci].'[
: /

Fd



in Appendix 4 that in the limit,a7 = (;2—c1) = 0ythe wavefunction
is a linear combination of a 1s-STO'and its derivative with respect .

to ., We have

2/3t(explotr)) = -r expl-tr), (92)

and therefore the limiting form of the wavefunction is given by &

15-STO and a 2s-STO for the same C: 1s(g) +2s(z).

’ \ . . .
1t might be mentioned that the corresponding case

for GTOs is the combinatioﬁ of a 1s-GTO plus a 3s5-GTO of the same

Ty sioce
 a/ag(exp(-Tr)) = 2 exp(-zr2). - - (93):

Cases of cointidental orbital exponents
produc1ng a mlnlmum energy have been reported in the literature.

For example Solomon [ho] found this for a 5 parameter 1LC of 1s-STOs

L

for the Be segquence. A similar effect has been described by Pandres
and Matsen [77] on mlnlmlzzng the Weinbaum [TB] hydrogen molecule.
wavefunction for the llmlt R = 0. Coulson [79] has noted that the
di%ference befweeh two 1s8-5T0 orbitals on slightiy separeted centers

has the form of & ip orbital.

(b) 1s(z)+es(z).

In order to replace the energy given in part 1{e) by
, " ) —
~the true minimum energy, optimization of" the nOn-linea: variational

parameter g and the coefficients_cl and Cy was‘carried out using a

»

e



fu.nrc'biﬁn of the form [c 1s{g)+e,., 2s(z )] on each nucleus.
T ls 2s
Here the symmetric 2x2 H-maprix:

Co

H(1,1; g,z)  H(,2; ?t;c)"

g - . (9h)

H{2,1; ,t)  H(2,2; tz,z) )

«
had to be constructed. .
' For the H(1,2; ¢,z), H(2,2; t,4), (1,25 %,¢) end
s(2,2; C,C)*elements the formulae werejfpund with“the help of those
" given bylﬂulliken et al. [80] for the oveflap mairix,S, and by Coulsoﬁ'
[81] for the integrals occurring in the H-matrix. . The‘required
auxiliary:funpﬁions for higher indices (up to n=h in An(p) and
‘Bn(pt)) were obtained by recursion.

. .The minimum energy, E = -0.590 450 hartree, was

found for L= 1.62#5, g = 0.409 458, and Ch = 0.28s é35. The

optimized coefficients are both positive. This fact gives rise to’
the question whether & linear combination using 1s and 2s STOs with
two or more orBital exponents would also produce a set of positive

coefficients.

. 4

PN

(c). 1s and 2s STOs with different orbital exponembg.
In this part several linear combinations with
different orbital exponents in ls and 2s STOs were used to construct

the wavefunction. Amoné these were the_followihg:



les-
v, = 121 [ails(ci)_f b, 2s(z;)], end . (95)
by = } ot is’(c)+b 2z, . (96)

N\

i=l
where all the a;, bi, and gy were variational parameférs, and

‘ ¢y = izl la; Is{ci) +'v, 2s(z;)] for k=U,5...8 (97)
where the 8y and b vere optimized for a fixed set of k orbital
exponents {C }. The H end $ matrices requlred for the solutlon of
the secular equation in each case were establlshed easily since they
contained oﬂly matrlx elements whose formulae had been derived

. _ : » o -
earlier. g . _ , _ S b\Eh

The wavefunction obtalned by placlng ¢2 on each nucleus

was found to produce the minimum energy for Zy # Zy» but for the wave{unctmn
" using Yé’ although several local minima for cl # §2 # 53 were found,
the minimizgtion could not be completed since the true minimm
occurs fér Cl ;2 = 53. .
Tn the calculations with w2, ¢3, and,¢k no ranges of

[ were found for wh1ch the ;optimiZed were p051t1ve and the energies

. o ‘
low. This is 1mport:if:jfffgr}tzxmplles that the 1ntegral transform ‘

of tnercombination;o a 1s and 2s STO is presumably not advantageous.-

- | ' N | . WA
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(a). 1s aﬂd 25 STOs wlth c01nc1dental orbltal exponents.

In the linear combinations of Egs. (95) and (96) the-.

spec1a1 cases Ly = %, OF ;i =L, =lﬁ3 should not be excluded, since. -

the mlnlmum energy might well occur for these cases. 'Theréfofe the

‘_analytic forms of w2 and ¢3 for c01nc1dental orblg\l exponents were

de.ermined. Since
3 - +
'a_E‘[rn exp(-gr)] = - expl-zr) | (98)

we cén derive the generalizatidn Of,the_limit problem, which deall
with two 1s-STOs with coincidental orbitel exponents, to two

ns-STOs:

1im [c ns(cl) + o, ns(cz)] c| ns(g) + c; ms(z), where m = n+l.
£,=0, | - '
(99).

On applying repeatedly the rule given in this equation we obtain

.[w ]

ls(c) + c ES(C) + ... * cL.hs(t)‘ (100)

™ - cl 2

and

1}

lim [w3] c; 1s(z) + c;.QS(C) bt éé gs{z). (101)
cl=c2=c3 - : o

- This result led to the consideratiOn of & 1ihear-combinatipn of —

r,

D

s—STOs with a common value for C and different values for n. This.

will be dlscussed in the next sectlon Furthermore, these linear
combinations open up the possibility that, if sets of positive
coefficients are obtained, ﬁhey’caﬁ be generalized into-ancther

kind of integral transforms. >

\\;




SECTION D. COMMON-Z-1525. ..ns-STO CALCULATTONS -

1) INTRODUCTION

1

There are several,.reasons why c0mmpnf§—1525..:ns—STO

+ o ‘ . ‘
calculatlons for ﬁe were carried out. First* these orbitals arose,

gu.te naturally in the calculations of Sectlon C, since the 5pec1al '
~ gase 'of a common exponent was encountered on mlnlmlzatlon. Second,

they'are‘interesting in their own right_since a generallzation'to

I .

new- type of 1ntegral transform function is p0551b1e if they
produce sets of optimum coefficients with only p051tive signs.

Third, LCAOs .of s—type STOs wlth a common orbltal exponent but

with different princzgggfzhﬁntum numbers have not been reporteq in

the litersture. Usually all orbital exponents are either set

according 'to Slater's rules or are optimized variationally,_and

STOs other than the s-type are normally included.

o) MATHEMATICAL FORMULATION 7

In this section the atomic orbi%al centred on.each-
. i \ - '
micleus has the following form

e, T, o (102)
o * .

I~
'_l

#(r) = exp(gr) - )
1

where the eoefficients,ci,and the orbital exponent,f,are variational
parameters.

The molecular‘orbital ié then ' ' -



. - N

V= ¢(;a1 + ¢(rb), . -, a;(103)_" | f

where r_ and T ade the distances bgfween’thg,electron‘and;each>

nucleus;'ﬁ can be written as

T

\b:

. ci[rai exp(-;ra)-+ r.bi exp(-cfb)]. (104)

0

Il or-15%

For k = 0, ¢(r) = ¢_ exp(-zr) = 1s-8T0, and for k = 1, o(r) =
éo exp(-Cr) + N r exp(-gr) = 1s2s-5TO,

These two cases have been dealt with in Section C.
For k = 2:

0

$p(r) = exp(—zr)(c0.+ ey fA+ ¢y rej = 152535~STO, (105)

kS

and for k =3:

ool + 63r3) - 1234s-ST0, * (106)

() = expl-zr)eg * egF + <y

These two cases are discussed now. No calculations were carried
out for values of k greater than 3 since all the pertinent

information could be gained from-a comparisog of the k = 0,1,2,3
cases. : ' ' - {

o
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3) CQMPUTATIONAL.bETAILS;'

(a) ntegratlon

In order to solve the secular equation det\H - sEl=o0,
togégnd the coeff101ents,pi,we requlre the integrals over the

molecular orbltals. They can be expressed a:ﬁip/the prgﬁﬂous "

section,as & sum of 1ntegrals over productsepf These integrals

were arranged in symmetric 3 * 3 H- and S-matrlces for the 152535-STG
and in b4 X h matrlces for the 123hs—STO case; €.8. the h‘x L

H-matrix-is: . -

H(l 1:z,z) B{1,23%,5) H(1, 3 % z) H{1,b3z, c)
X . H(2,2;¢, z) H(2,332,8) H(2,b; 2,2) "

2 : | | (107)
Rt | , ‘B(3,33%,8) H(3,532,%) '
| ‘H(%,b52,8)

and 51m11ar1y for. the S—matrlx Here the first palir: of 1ntegers

indicates which STOs are used, e. g. H(3 Liz,z) is def1ned by:

~r!

B(3,435T,8) = o - ' (108)

_I[r exp(ﬁnr ) +r exp( cr YIHIr exp( cr ) +r exp( -Try )lat.

These matrlx elements were then expressed 1n terms of the auxlllary

functlons A (p) and B (pt) The formulae obtalne&\were checked
¥

wlth the etp11c1t formulae given by Coulson [B1] and by comparleon _

with the values given by Rosen.[B?]
i . ' '
i ‘ ) !



(&
W

)

Minimization

by solving the secularlequation.

¢

+ N
H2 energy for verioug 7 values

The linear parameters ¢, in Egs. (105) and (106) were obtained

!

with the computer routine SECEQN.

The non-linear parameter § was optimized by .simply caleulating the

and. determining the valué of ¢ which

gave the lowest energﬂ. The acchuracy of the optimum exponent is
‘ .

reflected by the nuber of “ecimals givaq.

§) RESULTS

(&) The 1s52s535-STO_Function

The minimum energy,y
for the following values of the

efficients:

b

(v) The 1234s-8TO Function
The minimum energy,

for the following values of the

. efficienfs:

-=0.000

) )
~0.590 450 hartree,was obtained

E .

orbital exponent and linear co-

1-6275: h

~

0.409 L58,

0.258 235,

0.0.
&

-0.590 502 hartree, was

E obtained

orbital exponent and linear co-

Ry

1.59,
0.411

0.260°

246,
336,
1k3,
~0.002 2U8.
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5) DISCUSSION

.The opﬁimum coefficiehts, the oftiﬁum orbital exponentﬁ
and the minimum energies fpr the'ls—, ls2s;,.1s2535-,‘and 123hks-STO
functiong are listed in Tab;eIS..ﬁMe H2+ enefgieé for @hesp foﬁr
common-zeta;STd function; are plotted as fun;tions of the orbitﬁl
‘exponent in Fig. 9. Table]f?gives a summary of the distributions
of positive ﬁnd negative signs of the optimized coefficients

It can be seen from T&blel& that  the 1s2s-STO function
gives & considerable 1mprovement over the energy of the ' o
1s-5T0 function. It should be noted that both the coefflcients are
positive. The energy curve for the case where lszs-STOs are used
(fine continuous line in Fig. 9) shows a local minimum at ¢ = 0 978
a tangential point with tﬁe 1s-ST0 curve &t Z=Z, - 1.239265 and an
absolute minimm at C=1.6275. . - .. :

Inépection of TahlélB further shows that the optimum
energy for the functlon which places a 15253S-STO on each nucleus
is no better than the optlmum energy obtalned when 1st—STOs are
used. This is vwhy c2 = Q.. Fig. 9 shows that the energy obtained
with 1s52s3s-8T0s (broken 1ine) is léés than-thé energy obtained

with ls2s-ST05 {fine continuous line) for all orbital exponents

except for the tangential pdints‘at z=0.98 and ;=1.6275¢(the opfﬂmnﬁ

z). This finding is in sgreement with the vgriatipnal principle.

Samast



TablelBL The optihum coefficjents, optimum orbital exponents and
. minimum energies.for common=-L~ 132s...ns5-STO functions

+ : b .

for H2 . Internuclear separation R-='2.0 bohr.

Function . Optimum Parameters . Minimum

Name Orbitel Exponent Coefficients  Energy (hartree)
© 1s-8TO | 1.239265 o, = 0.kshogs2 -0.586 505
1ézs-s§o : furl.GQTg’_;_ ¢, = 0.h0g 458
e = o'_.asa 235 -0.59 450
1s2535-ST0 - .1.6275. ¢y = 0.h09 LS8

¢, = 0.258 235 -0.590 450

c2 =. 0.0 .
123L4s-STO 1.59 ¢y = 0.h11 2L6
: ci = 0.260 336
c3 = -0.000 1k3 |
c, = ~0.002 480 . -0.590 502
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Caption to Fig. 9 The energy (hartree) of H2 for various common-3-
\ ' .
-1s...ns=STO0 functions as & function of the orbital exponentd. \

"1s-8TO

1825-STO - S - .
e -~ 1s2s3s-ST0 | '
........... 12345-8T0 _ (
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The wavefunction using'the 123hs¥éT65 p%oduces a
minimum energy which is 1Ts§_than the mlnimum energy vhen the
1s2s3s-STO0s are used (see Table 18). The energy curve for the
"1234s5-STO function (@otted line in Fig 9) shows a local ‘minimum

a.t = 0.88. The ahsolute minlmum occurs at ;=la._59,

| ‘The most imﬁortant result of thie?section, however,
‘15 the fact that thetre is a range of orbital eioooents for which

the optimﬁzed ooefflczents are all positlve and for which the energy

is less than that when the 1s—STO is used. This fact is {1lustrated
by Tab1e19'where the signs of the optimized coeff1c1ents are given
' for wavefunctions u51ng the common—C—STO discussed in this section.
For increasing values of c in this table the set of coefflcients changes
in A continuous_way:' if one coefficient changes its sign there is

one special value‘of r for uhich the coefflcient is_exactly zZero

(thls then corresponds to one of the tangent1a1 points in Fig. 9).

The bottom 11ne of Table 19 shows that an optimized set of four positive
coeffic1ents exists for £>l. 655 For these Values of c Fls 9. shows
that the - -energy obtalned when 123hs—STOs are used (dotted line) is less
'than El ) the minimum energy Obtained when 1s-5T0s are used, for values _
of £ up to 2.0. The main conc1u51on of this section is therefore
that & generalizatien of common—c-STOS'to an integral transform | jf

function could be advantageous. 2

o~
fm
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Table 19. Distribtution of éigns of coefficients for common-Z-ns-STO

functions - : - - Q'. S . ‘ e

-

Function Signs of coefficients Range of orbital exponént

1s- 2s ‘3s Ls

- 18-8T0 + . 0 <r<w

- 1s2s-8TO + - ) 0 < g < 1.239265
¢ = 1.239265
1.239265 < -

+

- ~ 5 <0.97T5

- o ¢ = 0.975

- - 0.975 < T < 1.195
0 - = 1.19% '
+ - 1.195 < £ < 1.6275
. |
+

152535—8&0

r = 1.6275
+ - - 1.6275 < ¢

+ 4+ ¥ + + + +

- g < 0.59
0 £ = 0.59

+ 0.59 < ¢ < 0.875
+ .= 0.875
+
0

1234s-STO -,

t
o + + +

+

+

+

+

N 0.875 < ¢ < 1.025
+ ;= 1.025

§ - - - 1.025 < g < 1.175
+ - - g = 1.175

¥ - - 1.175 < ¢ < 1.595
+ £ 20 = 1.595

+ 7L 1,595 < 7 < 1.655
+ 0 g = 1.655

+ 1.655 < ¢

+ 0+ 4+ + + ©
+ + + ©
1




SECTION E
SECTION B

1-TRANSFORM FUNCTIONS FOR H2+

1) INTRODUCTION

Theré-éré/;everal.non—linear parameters in conventionallj'
used basis functioﬁs, whiéh can be generalized. For'example SomorJai
(10] has proposed the generalization of positioﬁ,coordinates in
"flqatiné",GTOS or STOs. However, no calculations have yet been rep&rted.
A1l the integral trensform functions referred to in
Chapter I, as well as those used in Sections IiB and IiIB,are

\

",eta—transform” functions, where zeta is the orbital exponent.

In this section an alternative integral transformation

- .

ﬁhich generalizes n, the principal quantum.number, from & non-linear
pérameter to aﬁ‘integration'variable.gill be propos;d\ghd tested.
The resultlng orbitals will be called "n-transform” functions.

The mathematical background w111 be discussed first. A
ﬁlausible form of the shape function will be chosen, and the propertles
of the resulting wavernction'wili be describéd. The energy‘of H2+ will-
be calculated using two n-transform functions which diffeflin their
range of .integration. The results obtained on minimiiing the energy

will be discussed by comparing themlvith the results of the preceding

section.
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2) MATHEMATICAL FORMULATTON

_.The,n-transform function proposed is of the following

general form
b(r) = r shape(n) r" exp(-tr) dn, . (109)
o . : i

where n is no longer restricted *o integer values but is a continuous

jntegration variable.

In the previous cases of {-transform fpnctions the
mathematical formulation was established ﬁy séverél authors {see ;
Chapﬁer I).. Since n—tranéform functions @re used iﬁ‘tﬂis work for
‘the first‘time, the mathematical concept must b; considered in detail

vefore actual calculations are performéd. T

~ Co T ™
The primitivé function, the shape function and its range

of integration,as well as the resulting wavéfunption.will be discussed.

(a) The Primitive Function

A

The primitive function in Eq. (109) is the ns-STO,.
r exp(-2r), ' - (110)

but exp(-zr) is a constant with respect to the integration over m,
and therefore. only the properties of the function r are of intgrest.
The following identity,

2 =exp{(tnrin); S (1)
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T

can be used to demonstrate the analcgy between the primitlve function ;

of the n-transforms and the primitive functions exp(-rc) or

-

exp{~ (r )C) of the Z-transforms which were treated earller.

-

-

(b) The Domain of Integration

One restrlction must be made in order to ensure

convergence of the "integral

l M;hhpe(n) exP((Enr’n) dn. - (112i A :
o _ . ,9

for arbitrary r, (O <r < w); this is that the shape functio must |

'
be such that the integration is carried out over

\

(c) The Shape Function

a flnite domain

Any shape function whlch is defined on a finite range

-

A < n < B can be chosen &5 long as normalization and delta—convergence

are .guaranteed. *~

The family of shhpe functions (see Chapter I, EqQS. -

(16) and (18)) which produced in conjunctlon with STOs-and GTOs,

wavefunctions of the fractional 1ntegral class [22] will be, applicable.

In Appendix 5 the normalizatlon and delta-convergence [83] of the

1inear member (i.e., m = 1.in Eq. (18) of Chapter 1),

' Gpplhs B3 n) 2 (B—A) 2(B-n), (113)

is proven. The graphical representations of the cases (A,B) = (0,B).

and (A,B) = (1,B) are shown in Fig. 10.
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Ception to Fig. 10

The shape functions used for n-transforms.,

-

-
-
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(a) The Wavefunctlon

The integral representation of the natransfofm functioﬁ

" 4ith the shape function of Eq. (113) is as follows:

-

§ (r) = exp(-tr) = £,5(A,B5 x), o (aw)
where
. B L L n- . .
fAB(A’B.; r),z J GKB(A’B.’ n) r dn, (115)
. ‘ dp - .
In Appendix 5 the explicit formuls for ¢{r) is derived.
The result is: -
hl ]
exp(-zr) 2 (Bﬁgjpgl(rBJrA)in-zr rA(B-A)ln—lf]'
Pt ] .
¢(T) = ', ) A o for A # B A .2. 0 B >0 (116)
- explir) vty ¥| 0 for A= B, A>0
‘expt-zr), - for A=B=0.
The above funct1onal dependences for ¢(r) show clearly how the general

(A, B)—n~transform functlon reduces to a p

non—lnteger-n—STO type in a natural way

correspondlng shape functlon is a delta b

be used as a wavefunction W

hey

In order that the resultln

Therefore we must ensure ©

i} it vanishes at r = @,

ii) it has no discontinuity.(e.g., at T

by zero in eéquation (116)), and

1ii) it is finite at. r =0 (1 e., at the

-

rlmitlve functlon of the . -
if B approaches A -The
unctlon §{n-A).for A = B.

g n-trensform function can

e must confirm that 1t is "well behaved".

hat
=1 we aﬁparently divide

site of the nuclel)

&y

e
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Thq,mathematical‘details of these investigations are

found in.A?pendix‘S. There, either the integrél representation or

*.

.;he direct formula of ¢{r), whichever was moré‘conven{ent, was uséd' | . '
to investigate the behaviour of ¢{r) fof r=wo, r=1, and v = O.
The results are as follows:
0 A#B,A20,B>0 ° o
o(=) ={ 0 A=B,A>0 (am) v
0 A=B=0 '

and _<- L : . - o N
exP('C) A ?! B: A_i’__O, B > 0

$(1) = ¢ exp(-g) A-=B, A>0 | (118)
. _ exp(-) A=B=0 ' '

but
| 0 A#B,A20,B>0
$(0)={ 0 A=B,a>0 | (119)
- 1 A=B=0.

For both r = = and r = 1, the priﬁitive fﬁnctioﬁ;,
rA éxp(-crj, and their nftransforﬁ;functions'h&v; the same behaviou;.
‘ o “ . .

' In-Eq. (119),.£he‘(A =B, A> Q) end (A.= B = 0)
cases give thé_behaviqur of the primitive functions at r ; 0. The
n—transfofm for_the general'caselh # B,”A > 0 vanishes, since ;t :

contains an infinite number of primitive functions which all vanish

‘ o o, . | .
at r = 0. It is, however, surprising that $(0) = 0 for the case

Here the case A # B, & > 0, 'B > O corresponds to the general n-
transform function, the case A =B, A > 0. corresponds to the '

 primitive functions (except the 1s-STO),and the case A =B =0

corresponds to the 1s-STO. ‘ - . ' ~
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A ﬁ A=0 smnce thls n—tr#nsform function. places the maximum
welght factor on the 1s-STO primitlve function whieh is finite at.
r = 0. ‘ o

A minimization of the H2+ energ; for an n—tfansform
with G (0 Bin) as a shape function would certainly produce an
optimum value of B equal to zero, s1nce thls value would provide the
only possibility to ensure a finite value of ¢(0). The minimum
energy then would be that of the 1s-STO [761.

There is, however, a poésibility of afoidiné this
artifact by siﬁﬁiy adding in a 6§(n) term (i;e., a delta function at

= 0) into the shape function.; Thus we form a neﬁ versioe_of the

shape function, namelyr:

i

,G(nj + a GOB(O’B;H)3 . o (120}

-

Copln)

or in general

Cyp(m)

G(n).+'a G,g(A,Bsn). | f(121)

Here a 1inear parametér 8, is added in to-allow the delta function

%%part and the G {n) part to have different welghts

In vhat follows two n-transform functlons which dlffer
in their range of integrat10n,_w1ll be applied to the hydrogen molecular

ion: /

1) the "fO,B)—n-transform"'fuhétion‘which conteins the shape

function-COB(n) (see Eq..(iEO)), and
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2)- the "(1 B)—n-transforﬂ? functlon, vhlch contains the shape- . N
function ClB(n) {see Eg. (121) with A = 1).
The integral representat;ons of both trial functions are as follows
b . '
I,¢0'B(r) = j: [Cop(m) ") an‘exp(-cr)  (122) b
and-

glr) =¥ Io [ClB(n)‘rn] dn explr). o (223)

"The explicit formulae of both types of trial Tunction are the following:

I¢O B(r) =N exp(fCr) {1+ a°2;B—2((rB;1)ln_2r -B-1n tr)] .(12h)‘ '
and

8, 5lr) = N eip(-zz) K1+ a2+ (8-1)2((eB-r)1n 2r-r(3-1)10 7)1, (125)

It is easily verified that for both the (0,B)-n-trensform -

and the (1 B)-n—transform, we have ¢OB(0) N and ¢1B(0)‘= N,

i.e., both are flnlte at the nucleus on which they are centred (W

is a normalization ‘constant}.

-
-

3) ,COMPUTATIONAL DETAILS

(a) Integration
i
. +
If the energy expression for H2 with n-transform

, functions is evaluated by integrating over the physical space. first,

e, s
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© rro(n)c{n') Hn,n') dn a ‘ : N
E= ffc(n) C{n') S(n,n’ ) dn dz ’ - (226). (::

where

H(n,n') = f[ranexp(-cra) + rbnfexp(PCrb)]H[r exp( -Tr, ) + 1y " exp(-zr)lat,

- {127)

and similarly
d’ .
s(n n') = f[r exp( -Ir, )+r exp(-Zr, )][r exp( ~Lr, )+r exp( -y ) lar

' | v | (128)
for real n and n' > 0, then we would have analytlcal expre551ons

for the H and 8 1ntegrals 1nvolv1ng incomplete gamma—functlons vhlch

themselves are deflned by an integral representation: It is doubtful,

whether the analytlcal expressions for the n and n‘ integrations over

1ncomp1ete gamma-functlons would be 51mp1e.

Tt was therefore declded to integrate over the parameter
/ . ﬂ
space first (i.€., n and n'),/ The rema1n1ng integration over the
/'
physical space was done by a 2—d1men51onal numerical qnadrature in

elliptical coordinates: S

o

o +1 3 -
E = J [\' sy B 02 ) au dk/fm
: P C LT R . A=

The Gauss—Legendre quadrature formula in conjunction with the McLean-

I+ b “E— (l ~u ) du dx.
p=-1 - .
(129)

1

Yoshimine [36] mapping parameter {see Chapter I) was used after

setting the upper integratlon 11m1t for far (i.e. replaclng the .
[

infinite limit with an approx1mate finite 11m1t) the number of K



points, and the value of the mapping parameter. The oﬁtimum set of -
these 1ntegratlon specifications (i €. the one which produced the

h1ghest accuracy for the least number of p01nts) was obtained with

~ the help of test caloulations on 18+STO functions (see Tables 20a-c)

The resultis wire as fq}lows.

upper integration limit - .20
number of points 16°x 16

mapping parameter . 0.3,

The accuracy obtained for the 1s-5TO calculEEiohs was 1L valid decimels

in the overlap'aﬁd'energj'integrals.

(b} Minimization

j%ﬁé pattern search concept (see Chapter I) was used for
the mlnlmlzation of the energy with respect to the non-linear parameters
¢ and B. The linear parameter, &, was found by solving the usual secular
egquation. |
The non-linear parameters were optimized up to the
number of decimals with which their values are quoted in the tables.
Minimization was not carried eut further than changes’in the ninth

decimal of the energy value.

4) RESULTS

(a) General Remarks

o

In order to give the résults of n-transform calculations

+ : s
of the energy of HE- jn a convenient way, and to make comparison with

. A
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Table 20. . Overlap integrals for the 1s-STO function. .~

a. Mépping parameter = 0.5, number of points = 16 f 16.

Upper integration limit Oierlap integral
5.0 L.827 ... ... .;. .
10.0 4.831 36 ... eee--.
. 200 4.831 364 ... ... .
50.0 - 4.829 ... ... ee e

anelytical [ L.831 36h 257 370 2

" b, 'Upper integration limit = 20.0, mapping parameter = 0.5.

-
Number of points

16 x 16 . 5.831 363 ... ... .
.20 x 20 L.831 36h7é57.... .
2l x 2k L.831 364 25T 370 -
32 x 32 L.831 364 257 370 2
o x L0 - 14.831 364 257 370 2

64 x 64 4.831 364 257 370 > .
2

80 x BO . 4.831 364 257 370

c. Number of points = 16 x 16, upper integration limit = 20.0.

Mapping'parameter Overlap integfal
. .
0.5 _ L.831 363 c.v oev -
0.4 L.831 364 257 3T -
0.3 ' %.831 364 257 370 2
0.2 4.831 364 257 370 .

0.1 - h.83 364 257 ...
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T

~the results‘of the preceding section eesier, the functiens under‘
discussion are 115ted by name and number in Table 21. .

Table 22 gives the explicit formulee of all atomic
orbitals, ¢(r),which are 1nvolved .and Table?23 glves the same set
of functlons in their integral representetions. J

.Table 23 shows tlearly the close resemblance between
the n-transform functions and the group of common-L-ns Slater type
orbitals. '

The latter can be regarded-as n-transform functions;
wherelthe shape functions are composed of .&a mumber of eelra funetions
at various integer n values. For example the "Commone;—123hsésT0ﬁ

is obtained, if the shape function,

shape (n) = 23 ciﬁ(n -1i), - (130)
i=0

" and the primitive function,rn exp{-tr),are combined in an n-trans—

formation (see function' 5 in Table 23).

(b) Parameters '
The optimum- values of the non-linear paranﬁ%ers z
7 an& B, the 1inear parameter &, &8s well as the normallzetlon constant
N for the (O,E)-netramsform function (function 2) and for the

! : _ . ] ) :
(1,B)-n-transform function (function 6) are given in Table 2h.

(¢) Wavefunctions

' The wavefunction correspondlng to the (1 B)-n-transform

is given,in Table 25 as a funct1on of the electronlc coordinate along
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Teble 21. List of common-£-ns=STO and n-transform functions by
name and number . : .

Function Number - . Neme
1. " 1s Slater type orbital
S (sTO)
2 (0,B)-n-transform '
function - ,

-3 . Common-£-1825-ST0 o | e
4 Commonfc-ISEQSSJSTO : S e
5 Common-C-lsEs3shs-STO

:6 (1,B)~n-transform

function

Table 22. -Explicit formulae for the functions of Tsble 21

'Function number - " Explicit form
I Neexp(-gr)
2 '-N°exp(—Cr)(1 + 8 fOB(B;r)), where

fOB(B;r) = 252 ((rB -1) 4n~2r — B o 'r)

3 Neexp(-zr) (1 + a r)
b . Neexp(-zr) (R +ar +\b’r2) N
. A , N
5 Neexp(-zr) (1 +ar+dr +cr )
6 . . N-éxp(—Cr) (1 +a le(B;r)),‘where

le(B;r) = 2(3-1)'2((rB - r) gn’zyl-:f(nii)znf?r)‘
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~ Table 23. Integral representations of the functicns of Table 21.

Function//(/ Range of ' ‘Shape o ' Primitive

number integration °~ A function . function
1 n=20 68(n) : | T rnexp(;Cr)
2 " n=0,0% n<B &n)+sa GOB(B;n) . -_- _ rnexp(—cr)l
3 " n=0,1 §(n) + a 8{n-1) rexp(-tr)
L n = 0,‘1, 2 . 8(n) + a 8(n-1) + b S(n—E)_ A rnéxP(—Cr)
5 n=0,1, 2, 3. 5(n)+ad(n-1)+b8{n-2)+cd(n-3) 'rPexp(-Cr)
6 " n=0,1<n%<B 8(n)+ta GlB(B;n) . r"exp(-tr)

Tablé 2L, Normallzatlon constants and optlmum parameters for the
' functlons of Table 21.
|

Function Normalization Optimum parameters

numnber - constant - linear non-linear
1 N = 0.h5k 952 cem 7 g=1.239265
2 N = 0.302 225 a = +1.915 583 £ = 1.87h
B = 2.992
3 N = 0.409 458 a = +0.696 616 ¢ = 1.6275
4 N = 0.%090 458  a = +0.696 616 g = 1.627T5
- b= 0.0 |
5 N = 0.411 246 & = +0.633 042 © = 1.59 -
b = -0.000 349
c = -0.006 032
6 N = 0.430 845  a = +0.952 997 ¢ = 1.81608
| B = 1.8402

e
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the internuclear axis. This table contains also the exact wave-
" function which was calewlated as outlined in Section A, the 123L4s-STO

anF the 1s-STO for the sake of comparison.

' . e
(d) Energies

o, The minimum energy obtained for the (0,B)-n-transform
fpnctionlgs: EOB = -0.589Ih99 h;rtree; and the energy for the

(1;B)—p-transform function is E1B = -0.590 802 hartree (see Table 26).

5) DISCUSSION

{a) General Remarks

Table 26 gives a summary of the minimum energies

obtainéd for the'ié—STd,.thg (O,B)—n-tfansform function, the 1s2s-,
the 1s2s3s-, and the 1s2s§shs-STO-functions, as well as that of the
(1, B)—n—transform function in ordef”of decreasing energy. Inciuded o C
in this table, .in the same manner as in previous-chapters, are the

schematic drawings of the shape functions belonglng to the dlfferent

wavefunctions. The number of nonﬁllnear parameters necessary to

achieve these energy values are also given.

{b) The (0,B)-n-transform

For B = 0 the shape function reduces to
§(n) +a 8(n) (131)

and the resultihg n-transform orbital reduces to
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Table 25.. The exacty (1,B)_—n—tra.risfom; 1234s-STO and 1s-STO. wave-
_ : functions for Hpt as functions of the electronic coordinate

along the internuclear axis. ' Internuclear distance
R = 2.0 bohr. C

‘ - : (i$B)-n" . |
X(bohr) Exact transform 1234s-STO 18-STO
. . ¥ . N
. ' | : .

Jed 0.314 €S2 J.273 141 0.272 835 . 0.263 505

€c.025 - 0.314 772 0.273 845 0.272 947 - 0.263 632

C.C50 0.315 Cl2 0.274 159 + 0.273 28) Je264 J11
“ 0.075 = -0.3 0.274% 683 0.273 837 - 0.264 644

€.100 0.315 9 0.275 4lé& 0.274 615 0.265 531
0.125 J.316 | J.276 359 3.275 617 J.266 673
0.150 0.317 573 512 0.276 840 0.268 071
C.175 . 0.318 €17 877 °© 0.278 287 0.269 727,
0220 ©J.319 825 2.28 ' 956 J.2T1 641

 0.225 0.321 196  0.282
€.250 0.322 732 .

J.2175 Je324 435 0.

0.300 0.326 307 C.

C.325 0.328 347 O

0.350 0.330 560 0.29

C.3175 0.332 945 0.297 414

0.42) J.335 527 .33 7178 3.3J1 334  2.296 549
0.425 0.338 245  0.304 306 0.305 009 0.300 906
Ce 450 0.341 164  0.308 060 0.308 906 0.305 553
415 Jo344 265 3.312 J44 . D.313 326 J.310 493
C.500 - 0.347 552 0.316 261 0.317 363 0.315 731
C. 525 0.351 027 0.320 715 0.321 931 ~  0.321 271
0.55) 0.354 693 0.325 412 0.326 T16  0.327 121

. C.575 0.358 553 _ 0.330 356 0.331 721 0.333 284
C.600 0.362 611 J.335:556 J.336 946 ).339 768
0.625 0.366 870  -0.341 017 0.342 390 0.346 577

(. 650 0.371 334  0.346 748 0.348 052 0.353 719
0.675 0.376 307 J.352 162 J.353 931 Je361 2217
0.700 0.380 892 €.359 068 0.360 025 0.369 029
€. 725 0-385 S$S5 0.365 682 0.366 333 0.377 212

_ Ca752 3.391 22) . J.372 €2) J.372 854 0.385 757

- 0.715 0.396 871 0.379 904 0.379 585. 0.394 672
€. 800 0.402 €54 0.387 557 0.386 523  0.4233 966

- D.825 0.408 672 0.355 609 0.393 668 0.%413 647
€. 850" 0.414 933 = 0.404 097 0.401 015 0.423 726
C.815 0.421 44l Ja413 267 3.408 561..  J.434 212
€.900. . 0.428 201 0.422 580 0.416 304 0.445 114
0.925 0.435 221 0.432 719 0.424 239 0455 444
0950+ Jeb42 535 J.443 637 J.432 362 J.468 211
0.975 0.450 062 0.455 451 0.440 668 0.480 429
1.000 . 0.457 8S6 0.468 884 0.449 151 0.493 107

14225 Je.uth3 235 J.452 868" 3.438 132 - 0.478 064
1.050 0.428 961 0.438 438 0.427 288 0.4063 480
1.C75 0.415 150 - 0.424 961 0.416 623 0.449 341
1512) 0.401 762 ~ 02412 225 0.406 138 0.435 633

1.125 0.388 786 . 0.400 106  0.395 837 0.422 343




0.376
0.36%
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'0.288
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0.270
0.261
0.252
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T 0.236

0.228
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Je.213
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0.186
J.181
D.174
0.168
Jelb3
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0.152
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D.142
0.137
0.132
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0.120

0.116
J.112
0.108
0.104
Jeldl
0.097
0.094
0.091
0.088
J.85
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0.079
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0.074
0.071
JeJ69
0.066
0.064
0.062

208

019
207
162

674

531
524
444
680
224
066
159
612
298

249

456
913

61,

542
7Cl
080
673
472
471
€ES5
d47
611
352
265
343
582
ST6
521
212

044
014

116
346
700
174
765
469
281
200

22)

339
554
£62
259
143
312
959
686
490
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Jel9)
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0.180
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0.155
Ge 152

. 0.146

C.141
Je137
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0.129

. 04125
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0.110
2.127

C.100
23517
0.094
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0.086 "

0.083

0.080 ¢

Je.385

0.375
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).286
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0.185
0.180
0.175
0.169
J. 164
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0.155
J.152
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O0.l41
J.137
0.133
0.129
U.125
0.121
J3.117
D.113
0.110
J.126
0.103
0.100
J. 297

0.094

0.091
0.C88
0.085

" 0.080

719
788
043
484
113
928
93)
117

490.

046
786
Ti6
806

o083

537
164
964

069
371

835

459
241
178
267
5J5
891
422
094

. 905
852

933
144
484
950
538
246
072
012
066
223
499
873
351
528
602
372
234
187
228
356
567
862

232

933




. N exp(-zr) (1 % a). o (132)

=H—4' EEy,

N This means thﬁt'thé~ls;STO is contained in the {O,B)—n-transforﬁs
as the special.case of B = 0. | | '

Thefefore the minimum‘energy‘for an optimized.value
of the parameter B must be equal to or better than the energy of the
15-ST0. A look at Table 26 shows that the minimum energy for &

{0, B)—n—transform functlon is in fact lower than ‘that of the 1s-STO'

© for H2 . The value found E = - 589 L99 hartree, lies actually very
cloée to that found using a unssian integral transform functlon

(5], E = - 589 5 hartree. '

. _ From the results of Sectlon D it was expected that

the optimum orbltal exponent Zopt? should be in the range z > 1. 65,
since in this range all four coefficients of the h?term LCAO have

positife sigﬁé. Table 24 gives Ly ot = 1.BTh.fbr function 2% - Similarly
it was expected that the optlmnm parameter B pt should be cloée t6

3.0, since-higher n values gave ‘only 1nszgn1f1cant improvements

e
(see Sectlon D) in ns-STO linear comblnatlons.

However, & plot of the atomic orbital,¢(r), for the i
{0, B)—n—traﬁsforﬁ{&vnctlon shovs. (see Fig. llY‘that desplte its good
energy, it is not @& wavefunctlon suit;ble for descrlblng the” phjslcal
reality|of H2 since it has no pesk at the site of the nuclei (1 €.y

. . ' ‘ x
for r = 0). - : i - ) .
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- Table 26. _.N—transfgrm'functions for H;:. Internuclear distance
R = 2.07bohr. : .o
Shape (n) .Function Number of Energy -Rgference‘
non-linear  (hartree) -
parameters
» 15-5T0 -0.586 506 . Finkelstein,
O 1 2.3 "o P : Horowitz {76
thiswerk.
b
) » (0,B)-n- 2 -0,589 499 Section E
01 2 3 _ transform - : &
' : > ISZS—STO 1 -0.590 450 Section C
0 1 2 3 R -
[
, . _ 1s253s-STO 1 ~0.590 450  Section D
01 2 3 " | |
. _ 1234s-sT0_ .. 17 -0.590 502 Section D
T | v ’ ‘
01 2 3 oo
\ .
.'""‘\‘
s 8 ) )
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Caption to Fig. 11.

Ihé (0,B)-n-transform atomic orbital ¢(r) as a

' S
function of the electron-
nucleus distance T (bohr)r- ‘ N
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¢« . In this context the cusp value, vy, for & molecular

wavefunction must be discussed. A negative finite cusp-value ensures

the existence of a wavefunction peak at the p051tion of the nuclei.

The cusp value for the exact wavefunctlon of H is vy = -1.0. In
Appendix 6 a derivation of the cusp value for vavefppcﬁibns consfructed
from the general (A,BS—n—transform'is given. It is found that, in
fact, the wavefunction using the (0,B)-n-transform has the improper

cusp velue y = +=,

(e) The (1, B)—n—transform

For B = 1, the sh#pe function reduces to G(n) +a G(n—l)
| and the resultlng n-transform function reduces to N exp(- zr)+{(1 + a r).

| This means that the 1525-ST0 is contalned 1n the set
of (i,B);n—transforms as the special case of B=1,a = 0. 696 616.
Table 27 clearly demonstrates this fact. In this table the optimum
values of L, N a, and E for a prescrlbed value of B are compared.
For B approachlng the value 1.0, all other parameters approach the
_values that correspond to the: 1523-STO glven in the last llne of
Table 27.' Therefore, the minimum energy for an optlmized parameter
B must be equal to or better than that for a 1525—STO placed on each
nucleys. In Table 26, it is in fact found that the minimum energy
for the (1, B)-n—transform function is lower than that of the 1525—STO
for H2 . Moreoyer, it is found that 1t is even better than that of
the 1234s-5STO.

From the resuits of Section D, it was expected that

fhejoptimum orbital exponent, z, should be in the range [ > 1.65.
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Table 2T. Comparison of the. (1, B)—n—transform energies of H
i several prescribed values of B and optimized values of the-

o121 -

remaining parameters with the energy of the 1s2s-STO.

B 4 N a Energy (hartree)

"1.8h02 1.81608 +0.430 84S -+0.952 997 -0.590 801 6028

1.6 1.75648 +0.42L 695 +0.865 509 -0.590 T68 025k

1.4 1.71030 - +0. hig 634 +0.801 639" -0.590 69k 0798

'1.2 'i.567é7 +0.414 581 +0.T45 357 -0.590 586 0997

i.l 1.64696 +0. h12 036 +0.720 012 -0.590 521 4822
1.05. 1.63711 +0.4107k5 +o.708 034 -0.590 486 8679
ises—STo 1.6275 - +0.h09 458 +0.696 616 -0.590 L50 856k

Table 28. The (1,B)-n-transform energy of H2+ for a = 1.0.

Normalization constant

Parameters

N

linear

non-linear

= 0.419 859

8 =

1.0

™
i

.uj'
l

;.81608

~0.590 689

= 1.8Lk02 _

for .

Energy (hartree)
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The optimum C‘= 1.81608 (see Table 2h-fqr fﬁnétﬁon 6) is ‘indeed in
this range. | |
- The optlmum value of a is 0. 952 99T and indlcates
that this parameter adds littlie to the flexlbllity of ¢(r) since
even on forcing & = 1 0, we flnd for ¢ = Copt’ and B = opt that
_the energy is -0.590 689 hartree (see Table ?8); The optimum energy a
for a (1,B)-n~transform withoﬁt ﬁny linear parameter must therefore
be equal toldr'betfgr than this valué. We thus conclude that the
main improrement of the (1,B)-n¥tr§nsforﬁ over the common-;-ns-STO

isrdue to the integral transform concepﬁ'rather than to the additipnall
linear parameter 8.
Flg 12 shows a comparison of the exact wavefunction
(vold 11ne) the 1s—s'r0 (dotted 1me), the 123hs-s'r0 (broken line),
and the (1, B)-n—transform functlon (fine contlnuous line) A1 -
functions are plotted as functions of the electronlc coordlnate_x'
for p01nts along the ijnternuclear axis. DBecause of the sympetry of
—\\‘bnly one nalf (x> 0) is shown.. The coordinate origin is at
the molecular mldp01nt, and x = 1. 0 bohr correspond to. the p051t10ns
of the protons, since the‘internuclear-distance is taken as R = 2.0 bohr.
Taﬁle 29 lists the x = d, x = 1.0.and x = 2.0 values
of the four wavefunctlons glven in Flg 12. Table 30 lists the
differences between the three approxlmate wavefﬂnctlons and the exact
wavefunctlon again for x = 0 x = 1. 0 and x = 2.0. From 1nspect10n
of Tables 29 and 30, we see that the 1mprovement of the (1,B)-n-

transform and the 123hs-STO over the simple 1s- STO is due to a
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~Caption to Fig. 12. o '

. : ok . ' . X
. Comparison of several H, wavefunctions as functions of the coordinate
- x (bohr) 3&§ig the internuclear axis. Interatomic distance R = 2.0 bohr.

T 15-STO )

mmemos=s 1234s-8TO
fl,B)—n—transform

) - exact
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Table 29.

The x = 0.0, x = 1.0 and i =

125 -~ -

2.0 vélues of the four wave-
. functions for H2+ given in Fig. 12 |
Function y(0) $(1.0) p(2.0)
'1s-ST0 +0.236:505  +0.493 107  +0.1k2 802
. 1234s-STO  +0.272 835  +0.LL49 151 . +0.1k45 9k9
(1,B)-n- . ' .
tromsform  FO-2T3 740 +0.468 883  +0.1Lk6 115
exact +0.314 692  +0.45T 896  +0.120 Obb
Table 30. The differences betweén the three approximate WEvefuncﬁions

and the exact wavefunction for Hp* given in Fig. 12 at

x =0, x=1.0 and x = 2.0, Internucleer distance Py
R = 2.0 bohr. :

Function w(o)-wex(o) w(l.o)-wex(l.o)' w(e.o)-wéx(z.o)

+.022 758

15-STO -.051 187 +,035 211
1234s-STO  -.0b1 85T -.008 745 +.025 905

(LBlm- g gse +.01§ 987 +.026 OT1 i
transform ) g

: exact 0.0 o 0.0 0.0
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bettef approxiﬁetion of the.exact wavefunctiqu,in the region of the‘f
molecuiar midpoint and ;ﬁ the peak at x = 1.0 tohr: The wavefunctioﬁs
constructed from the (1,B)-n—traﬁsform-and'the 1234s-STO slmost |
coincide within an accuracy of about 10-3 (see Table 29) exceﬁt fot

the region around x = 1.0 bohr, where the (1,B)-n-transform has &~

higher, and the 123Ls-STO has a lower peak than the exact wavefunction.

[

A1l four functions in Fig. 12 show e cusp. Table 31 ‘,\‘
1ists the cusp values, ¥, for the functions given_ip this fiéure |
in order of decreasing energy. It is found that sn approximate
wavefunctlon which produced a rather good energy does not necessarlly
have an egqually gpod cusp value. For example the wavefunctlons
using = 1234s-5T0 or a (1, B)-n—transform.on each nucleus are not
' better than wl in terms of their cusp value. The property of 'y
less than -1.0.0r Y greater than -1.0 goes parallel with the property

'Iof P(1. 0& hlgher than or lower than ¥ (1.0) in Fig. 12.

Table 32 contains values of r , the positicn of

the maximum of the atomic orbitals, after removal of the exp(-gr)
term, for the n~transforms and the common—c-ns;STOS (see Fig. 13).
Except for the {0, B)-n—transform, which has already been rejected
because of its irregular cusp value, all values of rmax are close
to each other. For the 1s2s-STO and the 1s2s53s-STO, rm;x is given
by the‘quotient n/g. For the 123hs—ST0land both n-transforms,
T oax was obtalned numerlcally.. |

The wavefunctlons constructed from the atomic
orbltals 3 to 6 in thls table glve a lower energy than the wave-

functlon constructed from a 1s-5T0 on each nucleus because they
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Table 31. e cusp value for the wavefuﬁctioﬁs'giveﬁ in. Fig. 12.

Cusp Value
ction —— ‘ .
' Formula = Value

1s-5T0 —tN/¥y -1.143
123Us-ST0 (-g+a) N/p, *  [0,37'
(1,B)-n- N

transform “CN/WA : | -1.668
exact . -ZA - "21.0

Table 32. The values of T (bohr); the position of the maximm -

max

of .the atomic orbitals after removal of the exp(-~zr)

- teym.

.Function number ' Name rmax(boh;)
1 _ ’ isfSTO —— .
> . (0,B)m- 0.30
transform
3 - © 1s2s5-STO - o 0.61kk
i 152s53s~-STO | 0.61Lk
5 | 123h5-STO 0.625
6 - (1,B)-n- | . 0.T70

transform




Caption to Fig. 13 A
Plot of the atomic orbitals aftér removel of the exp(-Zr) term as
funptioﬁs of the elediron—nucléus distance r {(bohr). The scale

on the ordinaté in arbitrary units.

EmrhGcemsesTwems  (1,B)-n-transform orbital

N 1234s-STO

' : 1s2s- and 1s2s3s-STO
e aaaveans g_\ - (0,B)-n-transform-orbital

.
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. enhance‘the‘iéﬁier in'ﬁhé mid;boqd.région.and reduce it-a£ the
 positions of the nuclei and this brinés.them.ciﬁse;‘to-the_e#act {
wavefunction ' Th;s is possible because the ﬁbs contain the flexigility‘ i
of 1ncrea51ng thelr value con51derab1y over a range of r values though
not at r=0 and only to a-small extent at r=2.0 (at the" p051t10n of
one nucleus'the molecular wavefunction adds thé r=0 value of the AO .

centred on it and the r=2.0 value of the AC centred on the other

pucleus; at the molecular midpoint it adds the r=1.0 contributions

of both AOs).

The success of the (1,B)-n-transform function seems

{

to 1fe in the fact that its AOs are enhanced for a rather broad

range of r and have a rﬁther high value of r .
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' THE_HYDROGEN. MOLECULE.

SECTION A. /ﬁmonucmon

The hydrogen molecule plays en importaht-fble in.
theoretlcal 1nvestlgat10ns since it 1s complex enough to display
many of the features which occur in larger molecular systems, e.g. "
electron cqrrelatlon, yet smell enough to be handled quite'
accucately.ln;gg initio celculations. Also highly accurate
spectroscopic data are available. Unllke the H2 ‘case, the
Schrodinger equation for H2 cannot be solved in a closed mathematlcal
form. Theoretical calculations, therefore, rely on approx1mate '
methode. Calculatlons were flrst made by Wﬁng [84], Rosen [85], end
Weinbaum [TB]a The SCF energy was calculated by Koos and Roothaan
(86]. Also KoZos. and Wolniewicz [87] have calculated the energy of
.H2 at/% g% the Born-Oppenhelmer and adlabatlc levels of approximation.
For the sake of standardization, most approximate calculat1ons are
carried out at the interouclear seperation R = l.h bohr which is
_close>to the equilibrium Yeld; of R.' Wavef -ctions_which are a

'simple product of two ideﬁtical functions for the two electrons,

¢(l)¢(2), are called closed shell wavefunc?1ons, and’ those of

the ¥ = ¢(1)¢(2) type are called open shell typ . Both one—cegter
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‘and two-center uavgfunétions have been used. In the course of

! o

"calcuiatipns'carried”out by ‘a member of this‘éépartmént (see
Bishop and Leclerc {71}, an opportunity presented itself to test -
the-applidability of the exponential integral t;ansform function,
k (a/F), to Hy.  The results obtdined will be discussed in this
chapter. A comparison of the aﬁailablé Gaﬁésiau and eiponentia; -
integral transform functions will also be given. |

Al

SECTION B. EXPONENTIAL INTEGRAL TRANSFORMS k (q¥T)

1) MATEEMATICAL FORMULATION

In the Born-Oppenhéimer approximation the Hamiltonian

in atomic units for Hg is:

H:-;.%('v§+vg) e e +-]§» (133)
- Tsl vy Ta2 Tv2e 12 -

where Tl etc. are the electron-nucleus distances, and R is fixed

Y

st 1.4 bohr. The total wavefunction, ¥, is

w=Man,' (134)

vhere the molecular orbital ¢(1) is
T e) = x (1) + 1), - 63)

and a similar expression”for ¢(2). The atomic orbitals, X, are
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the exponentlal integral transform functionS'
-Xﬁ(}) - X (qJ ) (136)

and similarly for xb(l), xa(2),'and xb(2). The total energy is

{ _
=IIWHWdrldr2/£fwvarldf2. ‘ (137)

2) COMPUTATIONAL DETAILS AND RESULTS

Leclerc's computer program (7] wae‘written in order
to compare a series}of\unconventional basis funetions, X5 within'
"the common framework of'Hz‘ The formulae required for the one-
electron and two~-electron 1ntegrals vere expressed in elliptical
coordinates. The mein idea of this concept was to perform all
the 1ntegrat10ns over phy51ca1 space numerlcally,_ g0 that basis
functions of several kinds could be used wlthout changlng the
integration procedure on going from one basis functlon to another.
Only the basis functlon, 1ts first, and its second derlvatlve with
respect to the elllptlcal coordlnates hed to be supplled The
actual calculations used Gauss—Legendre quadratures and the mapplng
technlque of McLean and Yoshlmlne [36] The optimum values Tor the
'1ntegrat10n limits and the mapplng parameter, and the most economic

number of points were cbtained by u51ng the 1s-STO basis for whlch

all the integrals could be evaluated.enalyticelly.
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‘The kv(qJ;? fun;;?g; was ‘one of the test functions
Bishop end Leclerc inve_stigatgd; As in .the\ He calculations with this
function-fsge Chapter II), the values for.tﬁe kb(qJ;) function werej
obtained fy an analytical fo;ﬁula if v was a half-integer, aﬂd by
an extenﬁed trapezoidal rule in conjunction with recurrence rglatidns

if v was not. In order to express the Laplacian operator iﬁ :

elliptical coordinates use was made of the'relationship;‘

t

sk e)/on = k() (38)

ﬁue to the additional integration for-the evgluation of eachlfunction,
" Bishop and Leclerc. found tﬁat'the calculating time for a single
energy value was much longer fqr‘the-kv(gf;)'functions than for the
-other basis functions studied. Thefeforé the optimizationiof the
parametefé v and q could not be completed due to the lack of.cémputer
time, and alsonbecaﬁse'nﬁmerieal difficulties were encéuntered ;ﬁ
' hlgh values of v during the m;nlmlzatlon of the energy.

| What follows is an analy51s of the values E(v,q) they
found and an attempt to explaln their results, in the light of the
findings of the preceding chapter on H . Thls w111 be done with
the help of Figs. lh to 16, and Table 33.

Let us start the discussion with Flg lh Thé circles
in this figufe indicate.v,q values for which energies were qalculated
in‘the course of minimizatiaﬁ, The arrows indicate the direction
of the steepest descent of the energy as a function of v and q.

It can be seen from thls figure that the arrovs are close and parallel




B - 135 -

Caption to Fig. 1h

v and g values for H2 with exponential integral transform functions’

(see text). - —_ ‘ "
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to the parabollc
. have their maxima

towards v > =.

137 -

curve for which the shapcfunctions, G(V,Qaﬁ)

at a constant value, cmax and that they p01nt

Here Cmax cls = 1.1895; the orbital ex?ohent which

minimizes the H2

The equation of this curve is

energy if the 1s-STO is used as a basis function.

q = [u(v) g 1" (139)

Fig.15 shows sheptfunction plots for constant

—_— ='§1
with' increasing v

In order fo clarl

v,q peirs'such th

. comparison of the

minimization with

for several velues of v. The decrease in ﬁelf-vidth

1eads to the delta-type shapefunctlon 6(c—gls)
fy the situation, the energy values for seVeral
at L .y~ Pis vere calculated. Table 33 glves 2
se energies w1th those'obtelned from a rough

respect to q for a glven value of v. Both sets

of energies are plotted as functions of v in Fig.16, where the

energy E is als

o indicated. Tﬁe:eﬁergies for which 3E/8q = O

{shaded circles in thls flgure) are, 1n all cases considered, below.

""those for whlch 5 ax

(blenk c1rc1es) but stlll above El

The flnﬁlngs derlved from Figs.1lh-16 together with the results for

.the kv(q/;) fun

the'kv(qJF) fun

ction for H2 R strongly‘support the conc1u51on that

ction, when optimized, reduces to the 1s primitive -

function. Therefore the minimum energy, E = E1S = -1.128 190 hartree,

is obtained for Vv

§(C—Cmax),.and fo

= @, where the shape function is a delta function,

r q such that Cmax = clé

y

= 1.1895.
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Caption to Fig. 15

The shapé Tunctions G(v,q;;)lgﬁax versus.tﬁé rgtio C/Cmax for q

such that cmax.= AP and for a set of v valugs,‘

T §e-g, ) -
v o= 075 '
< 5.00
v=E T.50
v = 10,00 ST .

v = 15.00
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Table 33. Energy values for §_ 'S I, and 3E/dq = O

Cmax = f1s ‘ .3E/Bq =0

f1f> C oy q . E(hartree) . @ E(hartree)

3.75 L.753 998 :—1.086 385

4.50 - ‘5.0 -1.109
5.00 5.343 032 ~1.090 B67 . -
7.50 6.359 481 -1.097 824 :
8.4%0 , - 6.5 -1.112
9.50 . 6.8 -1.117
10.00 T7.234 500 -1.102 792 R
12.20 ' 7.7 -1.119
1L.50 8.5 ~1.121
15.00 B8.725 136 -1.107 97 o
16.25 - 8.8 ~1.123
vVE® E, = -1.128 190

1s
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Caption to Fig, 16.

.
i
L2 20k Y B

ﬁ{ ‘Hé”with exponential integral transform funcfions.

o
The energies
{in hartrees) encountered on minimizafibn Plotted against the

parameter v.

N
»

et J— ‘ ey c = =
| E for q such that % ax ;13 1.1895.
—— E such that 3E/3g = 0 for v.= const.
___________ ' » the minimum energy if 1s-STOs are used ‘
: .1s - .
to construck,the wavefunction.
-~
\
--rJ".If\
- J.-,V
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In the.next section this result will be brought into

t contert with the results of‘availdble exponential and Gaussian integral .

transform functions.

SECTION C. COMPARISON OF T.T. FUNCTIONS FOR H,

' N ‘ ! o

Table 3L contains the exponential integral transform ' ‘

functions for H2 in ordtr-bf-decreasing energy. The schematic
diagraMQ of tﬂe respective shape functions aré included. It will
be seen from this.table that‘Bishop and Leclerc'fouﬁd 2 minimum
energy for the Huithén—type'shape fuhction {(with a finite width { | ﬁ
= 0. 523) which is below the E, . ThiS'result is different from-

1s
+
what was found for He where the Hulthén shape function as well as

. f
v

the shape function of kv(q/;) reduced to a delta-function on minlmlzation;

and did not produce an energy lower than Els'
B ' Table 35 shows several Gaussian integral transform
functjons fériﬁa in order of‘decreasing enérgy. The sing;e is—GTO' f/
‘basis is a much poorer approximation'than the single 1s-STO. A
rather hlgh number of terms (e.g. .the 5-term linear combination ;/
by David and Mely [88] in thlS table) must be- taken if GTOs are to
be successful. The 1ntegral transform function of the fractlonal
1ntegral class used as basis fUnctlons by Somorjal and Blshop [22]

is better than the -2-term GI® basis. The integral transform fugctlon

using G(v,Q;C) es a shape function together with a'Gaussign primitive
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function, i.e.,the k v(qr) function, is not availasble for H

o*

However, since it contains thge' 1s-STO as a speciall case (i.e.,

= =1,128 190 hartree.

= 4t , <
v =1/2) s it must give‘an energy, E < Els—STO




v

transform functions for H, st R = 1.4 bohr

Shape function ™ Parameters

Energy

Refer;ﬁﬁe

Basis
(hartree) &
e
' Gordon and
15-STO £y4-1-1895  ©-1.128 190  Secrest [88]
. .. .
. *e ) Bishop -and
o 3 v o Leclerce {71,
kv(Q/;) _; "- 1 =h(y+l)cls -1'1?8-190 this work
~ v A
b S
' cl=0.962 ‘ . Bishop and- \\ {
Hulthén £,=1.485 -1.128 236 Leclere (7]
e - Kozos and
SCF ~1.133 63 Roothaan [86]
. Kozos and .
Exact® © -1.174 4699 Wolniewicz-[87] :

‘BJ..‘
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Table 35. leferent basis functions ‘expressed as Gau331an Jintegral

- transform functions for H, at R = 1.4 bohr.
. ; . K Non-linear = Energy .
Basis c Shape funetion parameters (hartree) Reference
-3
. | - S Katriel and
15-GTO = 0.397 -0.976 172 Adam (90T
2-term ;lz 0.259 97 : " David and Mely
1s-GTO &= 1.178'90  ~1.098 78, [88] .
. fractional T,= 0.06, | Bishop and
integral z,= 4.330 -1.109 03] - Somorjai [22]
class 2 ‘ r| -
o C1= 0.120 558 I
Cz= 0.382 161 1
L £3= 1.364 69 ]
S-term’ Ch= 6.018 97 { David and Mely
1s-GTD r,s=ho,,o36 8 © -l.127 99:0 [88]
kq(qr) £-1.128 190 none
|
SCF ~1.133 63 KoXos "and
Roothaan [86]
Exact -1.17h 4699 -KoZos and

Wolniewicz IST]




_ CHAPTER V., _CONCLU

The results of-the'celculationslon‘the He-isoelectronic
' 3 N ‘ "
series, 07 and H2 iq“this~thesis'are important in several respects.

(a) The Integral Transformation Method -
1

It was shown that the failure of the c—transform

* ~

(with the exponential primitive functlon)'to produce an energy )

. ' + -
" better than that of the 1s-8TO for H2 or H2 is an exceptional case
which‘ddesrnpt affect the applicability of the integral transformation

. L 2
concept in general.

(b) The Generallzed Parameter

The calculatlons, supported with methematlcel proofs

and numerlcal ev1dence from actual examples, showed that the non-

11neer parameter n, of ns-ST0s can be generallzed successfully w1th1n'

the scope of an 1ntegral transformetlon.

¢

{(c) The Prlmltlve Functlon R g - : |
. ' :’*"‘Q, A

o

The results dbtalned conf1rmed the fact that Slater

f——————

type orbitals are better than Gau551en type orb;tals, whether they

ed -in 1inear combinations of atomlc orbitals or in 1ntegrel

are used™ .
: S - o S e '
transform funetions. - - . ' e
' : o | L\ « .
- . L >
(d) The: Shape Functlon - o

/

The 1mportance of constructlng shape functlons .

. . %
which mimic the set of thimlzed coefflclents obtalned for the

correspondingllinear cembihation of primltlve functlons was.demonstrated.

‘
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(e) fhe Combination | . o o ) -
o The results of the H2+ éalculatioqs stregs furthermore
the fact that the copbination of cbﬁstituent parts of an I'F‘ function
(i.e.,fhe gepéralized pafaméfer, the Bet‘of-primitive functions, ané
the éhape f?nction) must be chosen fo prOduce'an.integral transfofm

‘function which does not reduce to one of the primitive functions on

optimization.
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: S TO ORTGINAL R .

Exponential integral transform functions were studied for the

L

He-1soelectron1f sefies; the hydrogen molecular ion, aﬁd the

hydrogen molecule.

~

The minimum energies and the corresponding optimum parameters

I

- e '
for the H , He, and L1 ground states were determined.

The energy limit for infinite nuclear charge as well as the

expectatlon values for powers of r were calculated for ;0 ,-He,

and L1 . The results obtalned were better than the corresponding

results for the Gaussian integral transform functions and

very clese to the Hartree-Fock values.

S

:

b, 4® e minimum energies ‘and the optimum parameters for the

. + '
hydrogen molecular ion, H2 , were determined using an exponential
integral transform function. The minimum energy was obtained

for v = «, for which the function becomes a 1s-STO wavefunction.

These H2 results were discussed by comparison with r95ults -

obtained with’ n-term LCAO of ls-STOS. The propertles of ‘the

sets of optlmum coefficients of the ls-STOS made 1t clear

that’this set cannot be approximated by the given 1nt¢grg;‘

transform function. i -

Various n-term LCAO calculations with 1s2s~STO functions vere
performed for Hé+ in order to investigate the pbssibilitigs

of their generalization “into an (ntegral transform function.




' T!I‘

0.

.Thg‘propgrties-of the sets of optimm coefficients obtained

‘a

"indicated that such an'integrql tfansformétioﬁ Qduld not be -

likely to give an improvement.

LY

. Subsequently several n-term 1,2,3,...ns-STO LCAO functions

with 8 common orbital exponent vere studied to investigate
their generalization into an iﬁtegral transform function.\

The properties of the ‘sets of optimum coefficients obtained

indicated that such a generalization could be advantageous.

-

A novél-integral tfansformatiqn, which generalizes n, the
principal quantumAnumber; rather than g, the.orbitél eiponent,
was propdsed. It was shown that|§uch n-transforn functioﬁs
;atisfy all the necessafy mﬁthematiéal requirements,‘vhich

must be met by any integral transform function if it is to

be used as'a gavefuhction.‘ The minimum energy and the
corresponding optimum parameters for H2+ were determined.

The result obtained cﬁnf;rmgd that tﬁeln—traﬂsform function
can éroduée an energy impfovement over the,miniﬁum engrgy
obtalned when the primitive function alone is used, even in
cases where the c-transform falls to do so. The energy found
by employlng the n—transform was better than the energles
obtalned when elther a h-term llnear combination of ns-ST0s

with a common orbital exponent or the Gaussian c—transform were

O

used.

¥
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o

For the hydrogen molecule,'Hz; the minimhm?energy‘and the

optimum parameters fpr the kv(q/;) function were determined. .
The minimﬁm eﬁergy was obtained for v = o, where-'it is' equal

to that of an:ls—STOlwavefuhctidn; This result #gs‘explained

by arguments analogous. to those which explained the results

: +
for H2 .




2152 -

" APPENDIX 1 -

DELTA-CONVERGENCE OF G(v,q;z)

(a) . . The délta-cbnvergence criteriaffof.l-pérameter
functions have been described by Gel!fand and_Shildv.[83]. The
. l1-paremeter subset; of the set of G(v,q3;%) functions for which the.

maximum occurs at a constant value, Cmax’ is given by

6() = 6lv,a= AT TV 5 e . (1k0)
: ]
The explicit formula of Gv(C) is .
o0 = [ el 01 o

The normalization bonstant, N, is
| N=] mG (cidtj'l = [z _(v1)1V/T(v). (1k2)
‘ 'O\) I max’' - .
The deit&—convergence of F?Gv(cl for v + = to G(C-Fmax) will be
shown,

(b) Proof that . - - . '

w

Sim Do (9] =8(eg ). ()

The first requirement given by‘Gel'fand‘and Shilov [83] 1%+
"Ffor any M>0 and for ]a‘ s M aﬁd |b1 5;@, the -quantity

|fb N-G (z)dz| must be.bounded by & constant independent of &, b, or v".
g v be.t ’

L .3
‘o

el
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Since
I{a N-Gv(c)dC| < N {3 Gv(;)d;, = 1.0, (14%)

the first requi}émént is met.

The second-requirement is:

"For 'any fixed non-vanishing a and b, we must have ) | \
0 <
b ? a<b< ®max '
. . - 1
Lm L4 NG()aE] = ( 0, g e <d N (1)
. l 1’ a < cma_x < b}
A :

This will be shown in three separate steﬁs}
(1) For a<b<g ., we gust haye
F -4

 1im [{f N:6 (g)az] = o. . ‘ (146)
v '

It is sufficient to show this for the integration domain (0,b):

1im [{f N-Gv(c)dc}'= 0.

Voo
On substitufing s = c_1,.we ocbtain o o
“1im [S7 ‘ﬁ-exp[-c | (v+1)s]svglds]. | (1b47) |
e | 1/P max’ : -

Use will be made of the general formula -

RS

-_f: t? exp(~t) at = r(atl) -y(a+1, x), (148)

vhere T and ¥ are the gamﬁa function and the incomplete gemma function

respectively (as defined by Gradsteyn and Ryshnik [91])." Therefore,
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for the limit in Eq. (17) ve cbtain

- ® . . C (\H‘l) e

lim = [r{v) -y{v, -EEE%;———-)] (149) -

v e ()] :

" ;!‘.{'r‘ . . - "
and, with the explicit expression for N,
‘ Emax(v+l) e
. Y(\’, b ) °
lm (1 == r(v) T (50

A a

Since the‘sécond term is eﬁual to 1 for we, i.e.,

y(v,z___(v¥1}/v) ‘
ma =2 =1, (151)

Ln ‘
the limit Eq.{150) is zero, g.e.d.

[

(ii) For L < a. < b we have to show that
i max N

-

_ _1im [if ¥ G (z) ac} = 0. (152) :
Ve ' ‘ -
p A X o .
Opn substituting s =% ~, W€ obtain for' the left hand side
1/a _ : -
1im {! N e exp[—cmax(v+l)s] s}, (153)
v 71/ : _ ' » B o
I

j3

and on substituting t =t _(vl)s, we dptain < 



s . e L

. - .
ree e .

’w.a )
. v “max(V11)/e v-1
112 {N[cmax(v+})] . exp(-t) t datd. (154)
‘ cm(vtl)/‘o

Use will be made of the general) formula

| N . fi . .
£C% e at = y(avl, x). C o (155) .
'Hence we obtain

1am (T (V) v(v, o TL/a)-F L (v)evlv,e  (w2)/0)), (156)

Yo

Since, analogous to Eq. (151), both

I w)evlv,z <v+1>/a)
and . .
. r’lig)-j(v,cmax(vfi)/b)

are equal to unity for v, the limit in Eg. (156) is zero, q.e.d.}

(iii) For a < z. < b; we have to show that

]

Linf7) N-G;(c) arl = 1. | (157)
e

To do thls we make use of the fact that G (z) is normallzed and

-that the 1ntegrat10n domaln (0 m) can be d1v1ded 1nto three parts

(0,a), (a,b), and (b, m) ' L | 'ﬂ;f:

~
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nisb ¥ 6 (0)as] = 178 G (s)ac - [T W G (elac - £ ¢, (v)at],

| (158)
The integral from O to © is unity and the remaining two integrals
on the rigﬂt h;nd side'are-ﬁero, since they be1ong to the cases
© dealt with in s£eps (i) and (ii) above. Heﬁce

&

‘1im[£r N G (g)ag] = 1, q.e.d. (159)

Thus the first and second requirements are met by the function

N Gv(c), and therefore

Lin(N 6 ()] = 8(z-g ), q.ede (160)
Ve I .
b _/\ | ]
N ', - e
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APPENDIX 2 |
- 3
HAND S INTEGRALS OVER 1s-STOs FOR H,'.
.}l‘. ) . . ‘T’
(a) z#z'. | o . ~ B
Using the notation
p = (R/2){(z+z') | | (161)
and N ,/‘ . ; :
= (cfE*W//(c+a'), S (162)

'thg overlap integral may gﬁﬁgr)tten aS

$(1,132,8") = (Bon/4)2(A,(p) (B, ()48 (5t) 1-A (p) [By(p)+B,(pt)]). o
' ' ' - (163) \\%’/Jf//
. . ‘ ‘ - . : 3 ”
In Eq.(163)use has been made of the auxiliary functions An(p).and R :
Bn(pt) which are defined as some special definite integrals (gée -
" e.g. Eyring et al. [92] or Mulliken et al. [80]). The functions '

Bn(pt) are somebimes called Kotani functions. The definitions of

the auiiliary fungtions are:

A = £ emp) e i\
. end .
Bn(ﬁt) = {:ﬁ u® expl~ ptu) du. ‘ (165)

H(l;l;cqc') is the integral

f[(eip(-rat)+exﬁ(-rb6)](—(1/é)V2—1/ra-1/rb)[(exp(-rgc')+éxp(— L5 JaT.
| | | | (166)



Swse. S

Using a more convenient form of the operator, either:

\\
/P, ¢ ey Ay, v 6D
or: o
' -(1/2)\?2 ~g/r, #(g-1)/ry -1/r;; T - (168)
.and méking use of the fact thét i
. | ‘ 4 o . - .
[—(i/Q)Ve —C/ra]exp(—cra) ='(C2/2)'éxp(-cra); h (169).
we_éaniwrite . ?ii';%:
H(1,2;Z,5') = T[exp(-r;_c)ﬂxp(— b'!;)1(-'c'2/2+(c'-l)/ra-1/rh)-°
exp(~Fr)at + flexp(-r 0 vexp(-ryt) N-E2/24 (1) /ey r Dexpl- Lot
' | (170)
Hence: ‘ -~
H(1,138,8") = -8/2rlexp(-tr, Mrexp(-tr, ) Jexp(-2 T, Jrexp(-2'ry ) JaT =
- | (171)

+ 2flex(-gr  Jrexp(-try ) 1L (5'-1)/ry1/my ]-exp(-2 rar.

.The'factor 2 in frbnt of the second integral in Eg. (171}

3

is due to the fact that T, and r.b are equlvalent. The first integral

1n the same equation is the same &as S(l 1;z,%') and the. second

" integral can be expressed in terms of the auxiliary .

function An(p)'and Bn(pt). We have, finally,
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4

B(1,135,6') = (R3/0[(-02/2) + s(1,52,20).+
+ (et /R) (A (R)IB (p)+B (o). -A (p) [B,(p)-B, (2E)]) +

+ (8/R) A (p) [B_(9) + B_(pt)]. (a72) ___

™
u

As 2 check the above formulae wé}e.developed“furtﬁer, and the

explicit formulae® were obtained and these could be compared with

* ’

those givegily Coulson [81]. ‘Some valugs,could also be checked

numerically with.yhe’values given'by Mullikeﬁ et al. [80].
. .. P : .
(v) ¢z =71'.

-

For this case p = Rz and t =.0,and for zero argument

o

the Kotani auxiliary finctions satisfy the following relations:
C e 0 for n= odd '%g
‘B (0) = : , (1713) o
ey for n = even

>

() t=c'. |

In actusl computations the cdse T = ' has to be

-
~

considered separately. -We then have pt 0 and it 'is advisable to

use the Taylor expansion for the Kotani auxiliary functions (see -

for example Dedeu [93) and Guillemin and Zenér ok}

©{pt) \ - .
- . ‘2k=0 g \ ETTEIE:IT , for ? even
RO R S $ STy
¢ _(pt) -
_2k=123 SETTE:H:E_ , for n = odd
L 1Js w .



THE ENERGY 01‘7 THE ;S(Clé)'Fls(Cé) "LINEAR COMBINATION -
"(&) " . The formula for the energy of H fof the “ ki
"[;s(gl )+1s(§25]llnear comblnation is . . . :
: ‘ 2., e ' Coay
) c H(cls,clg)wc ¢ H(cls,ce)fceﬂ(cg,tg) :
E(g, ,cz) QS( 5 ©(ATs)
Here H(cl ,ge) is used as a notatlon for the 1ntegral H(1,1; ;1 ,CE)
. and 51m11arly for, thé rémainlng 1ntegrals U51ng the mbbreviations
w i - "b);ﬂ‘
lw ’ _ - . . T - A
as= B(cls,cz)/ﬁ(cls,cls), c.ex S(cls,ce)/s(alssals), | v

b= ﬁ(cé,ae)/n(cls,gls'), &= 5(52’52)/5(’;15";;.5

and P= ‘ : -
CBE T ) (1agapinpd) | g
. = S(C z Y . .‘ 5 . (176)
1s°"1s (1+2cp+ap”) - o
We write N.os ' ’ L ' .
0 . . ‘ k . ‘ © -
' vl — 3 . a . . ) .
S By = BlEy o0y /800000 (7).

w~

The expression Eq;$lT6)can-be transformed algebraically into:

R S eeplu(n L) /s(Ey HEn) Bl T
© BTy n0p), = By * T T e A
. 5 - . B (l+2cp+dp ) - \\' ' . o
o T T (178}
: | ‘ | Sl
'l" 8 ‘dP2rH( Ce 1C2) /S( C21C2) -ElS] <—‘-—"""_—"" T e
- . \ + — - - — . .‘ ) . .
- . (l#20p+dp2) . | . )
‘ : ; ! AN ) . 5 . .
} f : |
’ . . l
l’ . . ‘ . h ' @- d.
_'M S L
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1]
- -

(p) Proof: that for a podytive ratio of éoeffiéienﬁs; p;
3 . “\I“. . . o - v ) h
E(cls,cz) 2 B for el z,. . (179)
In Eq. (178) the quantltles c and d‘;;é p051t1ve by thelr definltlon

as the quotlents of two overla 1ntegrals* P is p051t1ve by the

assumption, and [H(C2,§2)/S(C2,C2)—E 1 is p051t1ve by the definition

of El belng thé\%lnlmum energy ‘among all H(cz,ce)/s(ce,cz) energ1es

: '4
.Numer1cal results show (see Fig. 17). that.

-
1

H(cl ,ﬁz)/s(cls,r ) 2 ",13 ;for all Z.- (180),'

-k

L T b
_ Therefore only-2951t1ve“term§ are added to'?is in Eq..(}TB)PWh{%¥i

" Jeads to the iqequality'Eqﬁ (L$9),_q.e.d.

- “;

| _ : .

(c) For the 1s—GT05 the oppoélte is true. Numerical results show -

: . . : : i

_ (see Plg 1T) o - . : o o

and. hence f@;'positiv@ D,
: _ ) -5y .

o e ORI b X. 7~
E(fyg gr0o%2) < Bysagro T S P20 (182)

W
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,pappion to Fig. 1T.

-l“
.
N

A . Co. ‘ " ‘ i ) . .
The ratios‘H(cls,cz)/S(cls,cej in pgrtrees.f?r GTOs and ?TOs as. |
functions’of‘cé. optimun orbital exponents Z, and minimm - -

'energies Els for .both cases are ihdibéted by broken lines.

' PR

‘w‘_s&o I N J

]
L
1
.
3 .
-
L ':‘\I
!
N "
Lo
— . )
< . I—
. -
Y
. ’ \
L) » -
1A , )
¢
r N
< r
- ) lle v
: -
’
\‘ B . ' - ~
- . T, : ¥
[
. “
< f o
~
8
L -
i ; g .
. , s
) .
r ) N
A P2 .



_-..o%i —
T He s
~ Es-610

hartree|

| —163 .a-...'j :




- 164 -

" APPENDIX L™

. THE LIMIT PROBLEM

‘Let Wl be'the following one—parameter wavefunctlon
and E the corresponding energy and let Wa be the followlng two-

paraneter wavefunctlon with two glmost equal orbital exponents and

1Y

E, the corresponding energy: C - . '
4"‘ ‘ ’ : . ’ R \ . R
¥, = ¥(g) and ¥, = o) 9(gH+a) + c, w(z-a). (183) )
¥~can be written as "
CE : R
v Y, = c' +'c‘ "!. | (iéhj
v - Yo T 0¥y T epXy - |
. o | : g
with x = [v(z+a) #¥(z-2)1/2,
o xy = [e(z) —‘w(c—b)]/ 28),
1
c, = A(ol + CE)’ and
' - “- .
02 = A(Cl - c2)o ‘:‘f,." .
For A = 0 we have . ! )
) - _ R )
11m YE = cl¢ + e ¢ where w —”3¢(ﬁ)735- - (185)
=0 4 : | ‘
N o ‘ : "f . - - ) )
. Assuming w'-# (const. ¢) we see that , ’ -
o /) | 7 e . o
i 1im ¥, # w and lim ¥, # 0u. . " 2(;86) o
. !f- A=0 - /-\\A-O -
(b)' If.t =';6 ta/the orbltal exponent whlch minimizes El,then ' o
’ b '{@ﬂH-Ei)¢>f= o .o sty

| - ¥ S REEEE LT ‘
[ ‘j R o 0



- '165!__...
SR S
. . ’
" by definition of E » and |
<y' (H-E) J¥>'= 0 (188)
by definid.;ign 'of copt'- - )
The secular equations with L= C0pt are . | ' |
. \ . Ir ' . ' ' “ - .
> (E~Epley + <bp >(E)-Eyle, = 0 and . (189)
L . “1 LT ' T 1 ' L N | ] ' - T'( ‘ )l
) - - : = y
| <P >(El E2)°1 + [<p HY > E2<1p P >]c2 0 o 190 |
There- are two roots: ‘ S oL L
I»‘ ' ~ . .A . ‘ - . .
L . - = ¢ = (191)
o i) 'El. @2 cy 0, ¢,=0, ¥, f”(';opt) .
(ii) - El # Ea, o . o )
' o Vo .H P '6’} ' . | ,
. : c . v E < > = < >
‘ oA e L Y HY (192)
™ ’ , L] <\plp>- | I . .
. o] - .
\ | LG P v >(2)-Ey) |
M, "
4
¢ * -
&
- T.
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APPENDIX 5 |
n-TRANSFORM FUNCTIONS =~ - . . '

(a) Norﬁali;atidn\bf the shape function Cpp

©

_ 0.0 ;; - "for'nm < A ’ e C
Gpp(AsB; n) = 2(B-A)T"(B~n),  forA<n<B) (193) S« .
0.0 , ¢+ for B <n ' ' :

\kis normalized such that: ™ o :

= B . o N
< b [ Gy dn = 1.0 - for all (A,B), __ﬂ':) (19%)
- A ) . . _ .- : ' ‘ | ' . ' N ‘

since- - o .

(B B | B '

. J Gg dn = 2 (B—A)-?‘J (B-n) én =‘2(B-A)'2-(Bn;n2(2)i =
.-'A ‘ ] ) T". A . .

2 (B-A)'Q-(B-A)?/é = l.O.forldll'(A,B). E f(195)‘

o *

{v) -Deltafcon#ergence of the‘éhépe-funéfion GAB(A’B;H)‘

"

-

.~ < If for,a fixed pair (a,b) and B=A+d, . . e !

b 0.0, for m<b <A o (196a) . =
lim ([; Gy dn) =( 1.0, for a < A <D , . (1g6p) 1
=0 -a '0.0; for A < a.<b ' (1960?';
then
. [

". C 1: o i’z 6(n - AYe ; f'ﬂ' - (197)
dig ABT : o L



Condition (196a) holds, since for a < b« A,
Gpg 0. . T ;(1.98“)‘

*" Condition (196b) holds, sirce for.a'< A < b, we ha.veé

B A+ '- = ~
_[cmdnaj(. Gpdn=1"" " " . (199) -
.8 SOA

for any d(including d = 0) because of. the norﬁalizaiion'condition.

- Condition (196¢) holds, since for A ¥.a < b,

. oo L sy
i a- .. ‘I ' ! . - o
'~ for any d such that (A+d) < a including d = 0.~
. o , _ ) LI . -
{c)} Derivation of the explicit form of the n-transform orbital
N o - — : . .
The integral.representation of the n-transform : ot
orbital is as follﬁ#s;
¢(r) = exp(-zr) 'fAB('A,‘B; r), .. - (201) .o
- - . . : o
: ‘ \
where , ) ) i '
- . - . —,, ~ B . ‘ 0 E - ; )
£y5(A,B; 1) =J G g(A.B; n) r an. (202)
. - A o S
. - . - . > : _ : ’ ’ . -
In order to give ‘the explicit form of the n-transform orbita;-use
o ST . _ S . : . ° 0 4
"is made of the following relationships:. - ‘ - .
. 3 . ‘ _'a . ) . ] . »
'r;. exp((/n r) n), o (203) .
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r dn =_rpfn_lr, : B -(204)
' and N p
ln r dn = rn {n~ir (n'- én-}r).~ | (e0s) -
'We obtain for the n-transform orbitel . v

$(r) - exp(- ar) fp (A B; r), N (206)"

vhere - c - B »

. , . B - . T . .::.
f,plA,85 T) = 2(B-A)"2 [ "(B-n) exg(({nr)n) dn -
.

= oa(aa)2 Lol ((BorM) a7 - oh(B-a)). o (207)
e - - P . :

#(x) = exp(-:r) (o) 2. fn r((‘r ) A - Ap-n)) (208)
is the explicit form for ¢(r) for the general case of (A B)

(1) For the special case (A,B) = (O.B),~we-h§ve

$(r) = exp(=zr) 2 B ,fn r((r P1) In L B) | (209)
(iij'be the special_@ase (A}B) =”(1.B),“we have. .o  ;P$
¢(r) = GXP(-Kr)E(.ﬁ—l') fn r((r r),[n r - I‘(B—-l)) (5210')

(iii) For the spec1al case A = B A > 0 we have the shape funé;iop
Gpp (A,A; n) = 8{n-A) - . (211}

S
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which leads to-
, fM(A,A; r) =r R . ' . (212)
since e . ‘_~, 4 o) .
’ IS(n-A) r"dn =r" at n = A: . (213)
Thrrefore - . . o ' ) , -\'ﬂ?'
. L ] - A N .{‘\ }l “n
${r) = r exp(-zr) . ) (21L4)
which is of the non;integer—n-STO ty'pe; 0 :
‘ (‘i_v) For‘ the spécial,case A= B'"= O,ﬁave the shape function e
. f . . ' | s ' i ‘ . . . .
m ; 'Goo(ofc.’; n) = t\S(n)-l (2%5)
which leads“to - : - : -7
- ';,,ﬂ. . . - : P '
¥ : L 0 y
£,5(0,05 1) =20 T - (216)
.and + .
£ e 2 Bl (of%
, . . I3 : " . . ' i ' -
which is the 1s-85T0.
: L - : B
(d) The behaviour of the n-transform functionl‘for r = o
The_'idh’iéhing.bf,ﬂr)_f‘cnj' r £ ! can bést be shewn ,
- - o by ! AT ?
if use is made .of the explicit formula given Egs. (206) and (207). | -
. . . . e . - . . . + ‘J: ":,.I-'.. ;,.'
) ~ 1lim ¢(r) = lim[exp{~Lr) LN H r)] = (R R
R r‘=°=‘ _ " _ o o ,
" - X -2 B A
= 2(B-A) 2(1im[exp(-i;r)‘- tn r (r- -1 )]+ )
) h o] ' n . ’ : .
' ) 207l A (218)
4 limfexp(-zr) 2n "r.r7)]. - (=:a8) -
rEo . T L
.-l’ a ' lﬁ) h
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1

Due to thé presence of the exponential and logarithmic'factors,

it is found that both limits for r'= = in Eq.(218) are zero, hence,

irrespective of the values of (A,B), we have

(i) mfa%?-

r==m
'y .‘ : 4 .

{ii) .for A.= B,¢{r) = e exp(~g¢r) which vanishes at r = =,

(e) The behaviour of the n-transform orbitel for r = 1

The explicit formula in Eq.(207) contains apparently
& division by zero, since fnr = 0 for r =.1. But inspection of -
the integral representation (see Eq.(202)) reveels that r =1 is a_

‘regular point of o(r):

n.

(1) o “¢(r) = exp(-g) for r=1 _ . (220) .
N ° ! . N - . . .
~for any (A,B);_sipce we have - _ - ©
- ) -
: f,5(A,B; r) = 1.0 for /¥ = 1. (221)
b | o o :
This can be shown as-follows: ' o STy,
RN \ ’ ” r B , . - " n Sl
- : 1im fAB(A;B; r) = J GAB(A,B; n) [112 r Jdn =1 (?22)
orsl . =

A .

for all'(A;B) becaise of the normalization of the"shapefunction. '’

(ii})  For A

tl.

. forr

Jo Tl o, e - (ag)

B, G(ﬁs = G(ﬁ-A), t(r) = r#, $(r) =-rAexp(5;ri - %?C

-y
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(f) The behaviour of the n-transform orbital at r = 0

(i.e. at the position of the nuclei)

. ) /"’\.‘ 4‘ - e
. Distinction must be made between the following cases. . e

i
!
K4

of parameter values: | . l;/

1) ' the general cases with A #3B, A 3_6, B > p; {:

_2)’. -the special cases‘. A = B, A.>‘0; and | ‘) L )
3) £he singié'casé; where A = B = O, | . |

} On-inspéction of the'integrallrepresentation of the

n-transform orbital ¢(r) it is found that

L}

0 forallA#B,A20,-B>0

- . ! » . )
forr = 0;¢{r) =¢( 0 for all A.=B, A >0 AL (223)
| B 1 for A =B = 0. :
- This will be showr séparatgly for each of the three. -
CBSE.S .

1) For A¥B,A20, B>0, we have
.

'2~(B;A)'2 (B-ﬁ) . .' L - - T

4

1.

. B : : : . ‘
‘and } o fAB(A,B; r) é‘f, GAB(A,ﬁ; n) * iig(rn)dn- L ‘§22h) .
. . =y _

Since- ' ‘ * N\ ,fc
‘ . - ' ,0'?or n > L -
-1im [rﬂ ={ 1 forn= ’ (225)
r+0 : : : | |
”, wifor n < 0 ), . :
?‘{" e ) ; ’ B . ‘\\.
" . we have ' ' ’ o | : -
. | ) Vo
) lim fyp (A,B; T) = 0, L (226)
! =0 S LT . o &
. °
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because. the integrend in eé;uation (224) vanishes i(i-enti_cé;lly throughout -

: -
the range (A,B).
Therefoi‘e:“ ST
4’(1') = O‘af. r=0. . i o 6527) :
- 2) For A = B and A > 0, we have the n-transform of 'a delta-
shape functionat n = A, and¢ ther.eforﬂe
b | : ) 4
GAB(A,B; n) = G(n-A‘).' ~ A- . '(228-).
and 7
. i . A - n.. '_ '
f.AB(A,B; r)=r, (229)
which leads to . . - . N
. N . . . A " - . . . .. .E‘
- . o d{r) =1 expl~tr) _ e (230) - - A
and finally ‘ ’
Yosoy=o0.0 L - —{(231)
. ‘ AN
SR t o . - SR N _
3) For A X B =0, we have the n-transform of a-delta-shape funot\l\o.n‘l .
at n = 0, and 'theréf'ore \\ -
| CpplABs m)i=6(m) v (232) K) '
(233)
&} - | ’
-which leads-to -
Lo /o o L .
and finall - /A T
i Ho é{/ (235) :
e ' C
- ‘
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(g) First and second derivatives of the (A;B)—n;transfdrm.. o ¥ \

The Laplacien in thg-kihetic energy integral makes
it necgssary to eva;ﬁate the first and second derivativesof the ,
(Azg)—pétrans m drbipal. %Q;
(i) Integral representations. : - ' ™~

-

Derivatlves of the integral representatlons are

‘.dbtalned by differentlating with respeet to r in the 1ntegrand for | .

fhe orbltal ' ) - " .
' o I . . ' ' [ _‘ Lt
o(r) = N’[{ CAB(Q) " dn exp(~tr), ¢ . (236)
L e B . :
the Tirst derivative 'is : ﬂ . ' L%
. : - G T . .

a/ar(¢(r)) = ¥ I GCAB(n)[n g lan ¢ exp(-zr),  (237)
- T o C - : _

and the second derivative is

dz/drz(é(r))-= N J CAB(n)[n(nfl) " g—ECnr? 1+C-rn]dn . exp(-cr).
o . o . :
(238)
(11) Exp11c1t formulae. . ' ‘L
" For the orbltal, ,
(r) N (1 + a fAB(:))'exp( —zr), _ ‘(233)
C - ' ! g .
. P . b ' S . ( o L
' L5 - VIR | L ]
CEN() = 2%3;\) 2. 1By 1 Pr - T (B-A)n T T],  (200) B
- -/‘; e N
/ - *
I :
2 ’ . l(’. ]
; | ; . _
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where Tor r

.and for r #

g

the flrst ?:lerwative is

~
T . . -

afar(s(e)) = - i et bt (o) 3
uhe‘::;\‘t‘-c's}__;:_ _;.o‘_ N |
' f (1) (B + %2 - BB)l)/(3(B—A)2)_, ' | (2h2)

-

et Iq:lr . [Q(TA-rB')/En_ar‘

. Coe e (243)
+ (B0 +‘rA'(B-eg))£n“1r - A(B-A) A, el
and for r = 0.0 — -
; R B _ n——l ,
i fAB(O) = 2(B-A)" \(B-n)n hm rodn
YA . r=0
. - \\":\.‘ ' .
' fo.0  forAz1l)’ e
= » B#A, : . (2u4h)
@ for A <1 — :
Lo : '

The second derivative is

2/ar(o(x)) = 1 [ ='a € £jg(r) + & Typlr)] expl-zx), (2h5)

1.0 - _ ' o o

f:ﬁ(l) =

N

=

.0

(r) 2 (B-A)"° 72 I Tr [(er’(2-28) +

21-A(3A—B—1))fn e+ 6B + (e PEet (EA/B-?,A 2_pr2n))-

zn'lr + Ar(A% - ‘-BA A+ B)]. / (2h'r)

‘6 : P

(B-A)'E[BQ(Befle-B/G). + A?(Azlh - (B+1)A/3+B/2)],(2h6)* '




e N “AT5 - N

' THE CUSP_CONDITION f\ R S

(a)f Introduction

e -

———— e " For a system of charged particles the ﬁamiltoniahf

conteins Coulomb potential tefms which.give rise to singularities
y e o sEAERe
. whzn any two particles coalesce (i.e. whgﬁ the cbrresponding iﬁEé%l'“'

‘

particle distance is equal to zero.). The nature of theéé
singulariﬁies were Aescfibed by kato[gsj; who'a1§o shoved that the
partial derivatives of the eigenfunctioné are bounded. Tﬁese -
cbalescence conditions are called cﬁsp condifions ﬁhen the.wavefunction

has a finite non-zero value at the singularity. There are electron-

V\EIectrgn and electron-nucleus cuép conditions.

(b) Definitién "o T

N et X
If the wavefunctioﬁ‘@:ié“expggssed'as°_
¢ = ¢(r,, = 0) [1 by, 4 A +'.o(r;\2)kl"""--\ | (ahaf ‘
12 T2 " Ti2 Y12 12 /1 e lE .
where ¢ (r12 = ‘ article distance .‘ *‘f;

0) is the wayefuﬁctibﬁ,for'an int

o - > ) - ‘ -
of~zero, and the vector U, depends on the othef particles in the

system, theq\the cderficient.y is called.the cuysp value.
.o 3 A\\\\\ ' -

.

(¢) Atoms ' g

.

=~

An alternative way to define the cusp is

\\\\

- " (28 = y(r,=0 ). (249)
N ) (a¢./ar12)r12=0 w(rle\pj‘

B
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\In Eq"{2&9)¢ is ¢ averageg over a Small sphere about. the singularity,

\

Vd —

The cusp vg}ue vy 1is given by the formﬁIa . : ’ : R

! 0
Y=l o (2s0)
where Uy, is the reduced mass of the particles. For exsmple, we

have (in atomlc units of . mass and charge)for electron-electron

;oalescence Zl=22=flian§uu12 mlm /(m1+m ) 1/2,and therefore

=1m,“~¢j : (251)

and for electron-nucleus coalescesce we have charges Z and uiﬁshd‘*m\

the reduced mass is (1+1/M) where M is the mass of the nucléus,

and therefore'
y = —z/Qaam) (252)
whiech reduces tp

-

y=-2 | (253)

if infinite nuclear mass is assumed.

(@) Diatomic Molecules

The electron 1—nucléﬁs A cusp condition for diatomic

Hmoledules has been discussed by Pack and Byers-Brown [96]. In @his

_\"‘-.\

cass we‘E\VE\Elg=r1a and y = —Z 4in Egs. (2h8) and (2&9) Pack and
e

Byers-Brown showed thaﬁ ‘the spherical average $ in Eq (249) can be
. Sy

- pay

. replaced by‘a cylindrieal 3YGF&§93 ¢, in view of the cyllndrlcal

“-..
syrmetry of diatomiocs around the molecu;sr axis, andrhense.

v
/}//
;
3
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(,r\.i
_
o
o - ‘
[98/0r) JAB,, = /)= [-2y8,),  ° (25%)
where Bla.=in/2 indicates that the derivative of ¢ w.r.t. Tyg for
constant R and iy has to be taken at A in a direction perpendicular
to the molecular axis. )
. _ . - _
The equivalent equation to Eq. (248) for diatomics is
T=e 01z, *0(x, D1 (259)
A A" la Mla Tt '
If.a wavefunction is given in ellipticai codrdinateé pgther‘than
A ‘ S S : o N ,
two-centef coordinates T, and r,, the cusp condition assumes the .
folloﬁing form:
S . : - ‘ v
L -.— Tra = - . ) & . 2 6
[GF/a0), + (BF/aw), /R = 2y (256
Since, if A = (ry + rlb)/R and b = (ry, - rlb)/R we have ‘
a/or,, = (3/33+3/3u)/R,
(e) Testing Approximate Functions o
The exact'wavefunction‘of course, satisfies the cusp . ﬁ
condition Approxlma wavefunctlons generally have a cusp value /
dlfferent from _ZA’ or @ey are constra.:l.ned to have Y equal to "ZA’ : /
(this often results in a sacrlflce of. energy)
On solving Eq. (254) for y we obtain
y= um {(a/ar(&e(®)). (e57)

rlafo



) . ' . ) ' .
This form has been useq,‘for exgmple:\by Somorjai [20] for atomie
systems. Eqs.{254)to (257), whichevér‘is most convenient, can be
. . \ .
used for the determination of the cusp'vﬁ}ue-for a diatomic molécule.
. \\

-

(f) The cusp velue for approximate wavefunctions of the LCAO type.”
P N .

‘ . Y ‘
In a LCAO type wa.efunction ¢ is constructed by

placing one AO,¥(r), on eéch‘hucleus:
6 = Np(r ) + b)), (258)

and ¥ is the normalization constant.

¢ at nucleus A is given by

1 4

| 85 = NIW(0) + w(R)],

where R is the internuclear separation. -

' By evaluating the left hand side of Eq. (254) we obtein, sincef@he

—

symmetry of the ground state wavefunction is such that ¢ is ¢;\
* \ * . . . \.‘V‘.
$39/3r ), = N (3w(r,)/or ], = N+ (0), _ (.\\?
. . y

- and setting this result equal to-the right hand side of Eq.(25L) \ ,

we.obéain o _ ‘ _ | \
Ny' (0} = v¢,, | N | .
and solving for y we find . ;-- f\-}
. - _- ' g ] | \ _ (261)
n ~




\

(g) . e cusp value y for common-Z _and n-transform functions.

. . A . ;
(1) For the common-Z- ST0 we have )
= ‘ T e 2
¥(r,) = exP(-Crg) (1L +a Tatdr T L)
and e - - |
¢'(ra)’#'éx§(-tra)[—C(l‘f_a rg * D ra? * ..
‘ +ra-+ 2br + 3c“r 2y ]
- - . a‘ . . a .‘I L ’
which reduces at ry =0 to
W' (0) = -g+a .
(ii) For the (A,B}-n-transform orbital we have
tb(ra)_ = exp(-gr ) (1 + £,(r )
~-Aand
V' ir,) = expl-tr M-l ) +a £,0 ]

AB

which reduces at r, = 0'to
'(0). = - for A21, B#F A,

since,

and

(T 0 Ax21
i- AB i o A<1 .
-The last two equations are derived in Appendix. S,

L 3

(2699
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