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Abstract

All far-field optical imaging is limited by diffraction from optical elements, a
phenomenon called Rayleigh’s curse. It has been shown that through the use
of the spatial mode demultiplexing technique (SPADE), an arbitrarily small
separation between two point sources can be resolved, given a sufficiently
large total number of photons N. This quantum metrology approach to
super-resolution has since then been demonstrated and generalized to more
complex situations. We propose a variant of SPADE, that we call biphoton
SPADE, applied to imaging systems with spatially entangled photon pairs
generated through spontaneous parametric downconversion. Our method can
achieve a higher precision than SPADE, given any non-zero level of entangle-
ment. We furthermore demonstrate our technique in a coincidence imaging
setup and show super-resolution while only projecting on a select few of the
total optimal modes in the 2D joint basis. Since the method uses quantum
light and provides even further sensitivity to SPADE, it can potentially be
used in the future for various light-sensitive imaging applications and in com-
bination with neural networks.

In nature, one often finds structures that have only been replicated by hu-
mans through years of precise, state-of-the-art engineering. Polymer spherulites,
naturally occurring birefringent crystals that grow around defects in a radial
pattern, are an example of this. We show through the example of ascor-
bic acid, commonly referred to as Vitamin C, that spherulites are capable

of creating beams with orbital angular momentum (OAM) through a pro-
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cess called spin-to-orbit coupling. This action of the ascorbic acid crystals is
analogous to the one of spatially structured waveplates called g-plates, which
are built to have an azimuthally dependant optic axis. This opens the door
for potentially cheaper fabrication of g-plates, and possibilities of tuning the
growth of the molecules for arbitrary wavefront shaping with natural crystals.
Finally, because of the wide range of crystals in the spherulite class, further
investigation into different spherulites could shed light on the relationship

between crystal symmetry and structure, and the shaping of light.
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1 Introduction

This thesis is a compilation of the work that I undertook throughout my Mas-
ter’s. It appears as two sections, defined by two separate projects. Section 2
consists of work on a biphoton super-resolution project, using spatial correla-
tions in an entangled photon pair to achieve results that surpass conventional
mode sorting super-resolution. Section 3 discusses the potential for naturally
occuring crystals, in particular ascorbic acid, to be used as waveplates that
generate vector vortex beams through spin-to-orbit coupling. These two
projects are quite different in nature, however; they both offer novel insight
related to structured light which will be shown in their respective sections.

In this introductory section, we present the basic concepts on which both
projects are based, namely: birefringence, notations around wavefunctions,

entanglement, and projective measurements.

1.1 Introduction to Waveplates

A light field E normally incident on a medium of length d and of uniform

refractive index n acquires a phase upon propagation of 6 = 2”%!, which is
expressed as a phase retardation in the light field of Ee?®. At the microscopic
level, this phase is due to electrons being excited by the field passing through
the material. In regions with high electron density, such as in axes where

molecules have double bonds, the phase retardation is higher as more elec-

trons absorb energy.
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Figure 1: Left. Schematic of a birefringent element with extra-ordinary and
ordinary optical axes aligned with the horizontal and vertical components
of the electric field, respectively. Each electric field component of the red
light depicted interacting with the sample acquires a different phase shift,
as shown in Eq.(1). Right. Simple graph depicting local optic axis angles
a(r;, ¢;)] in the transverse plane.

In a birefringent medium like some crystals, unless propagating in the di-
rection of the optic axis, the refractive index experienced by the light field
is dependent on its direction of oscillation: the polarization component os-
cillating along the plane of the optic axis of the medium will experience an
“extraordinary refractive index” n., while the polarization component per-
pendicular to that axis will experience an “ordinary refractive index” n,.
In the simplest case, the optic axis is chosen to be along the plane of the
crystal, perpendicular to the field’s propagation direction. The phase re-
tardation between both polarization directions will then be em"d%ﬂ, where
An = |n. — n,l.

To keep track of the changes of different polarization components of E, it is

useful to adopt the Jones formalism for representing amplitude and phase of

electric fields in the transverse plane, see Table[1].



H-V polarization Basis Circular Polarization Basis

m=() v=(1) | w=5()m-n(1)
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Table 1: Jones vector notations for two different polarization bases. Equa-
tions in the paper are written in the circular basis, but will be derived here
in the H-V basis. One can obtain one from the other with the transition

matrix P = \/g(% _12)

So, a general EM field’s transverse amplitude and phase can be represented
as E = E,x+ By = (EZ ) If the extraordinary and ordinary local axes
are respectively aligned with the horizontal and vertical polarization compo-
nents Fig.(1) then the EM field components are modified by the birefringent

element in the following way:



1 0\ [E
=T ) (1)
0 e E;

d(no—me) < 1 is the phase retardation and I' = e*X % is a

where —1 <1 = '
constant phase factor acquired through the birefringent element. The matrix
((1) e(i)n> represents the action of a waveplate with fast/slow axes aligned
with the H-V basis. More generally, we can consider a birefringent element
with fast/slow axes angles that vary with (r,¢) in the transverse plane of
propagation (see Fig.(1)). It then makes more sense to refer to the axis
angle o between the fast axis and the horizontal direction as a local axis

a(r, @), since the angle is free to vary point by point across the element. At a

localized point, the orthogonal polarization components that will experience



the phase shifts of e"QTﬂd”E, et X dno are aligned with the fast/slow axes:

E E
= R(a)
E Ei
cos(a) sin(a) | [ EX

= : (2)

—sin(a) cos(a) | \ Ej,

After passing through the element, those polarization components have ac-

quired the phase shift expressed in Eq.(1):

E? 10 cos(a)  sin(a) | [ E: 3)
E? 0 e\ —sin(a) cos(a)| \ E}

So, rotating back to the H-V basis we get the expression for the action

W Pyen () of a general waveplate with a fast/slow axis local angle a(r, ¢):

E3 E,
= WPen(a) 4
e Ei
1 0 cos(a)  sin(a E!
- (@) sin(a)) [ E:
0 e\ —sin(a) cos(a)/ \ E}
. cos(a) —sin(a) (1 O cos(a)  sin(a) | [ E:
sin(a)  cos(a) 0 e ]\ —sin(a) cos(a) | \ E,



T cos*(a) + sinQ(a)e"'" cos(a)sin(a)(1 — e™) E; W
cos(a)sin(a)(l — €M) sin*(a) + cos* ()™ | \ E}

Half-Wave Retardation Quarter-Wave Retardation

HWP(0) =T <cos(2a) sin(2a) ) QWP() =T (cosQ(a) +isin®(a)  sin(a)cos(a)(1 — z’))

sin(2a)  —cos(2a) sin(a)cos(a)(1 —i)  sin?(a) + icos®(a)

HWP(0) =T (é f)l) QWP(0) =T ((1) S)

Table 2: Expressions for waveplates with two different values of phase retar-
dation. The expressions for a(r, ¢) = ¢, where ¢ is a constant, are those of the
common half waveplates (HWPs) and quarter waveplates (QWPs) with the
fast/slow axis at an angle of o with respect to the H-V basis. The matrices
for a = 0 in particular are shown.

We can distinguish different categories of waveplates, in particular those with
half-wave retardation (I' = ™) and those with quarter-wave retardation

(I' = ™/2) - see Table [2].

1.1.1 Wavefront shaping with PBOESs

The type of waveplates seen in the previous section, with local optic axis
angles a(r,¢) that vary along the transverse plane, are also called Pan-
charatnam Berry Optical Elements (PBOEs). This appellation refers to the
Pancharatnam Berry phase that the polarization states acquire through prop-

agation across the sample that allow for an arbitrary shaping of the field’s
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Figure 2: Local optic axes plotted for different expressions of a(r, ¢). A.
alr,g) = 0. B. a(r,g) =r. C. a(r,¢) =r+ ¢. D. a(r,¢) = r*. E
a(r, @) % F. a(r,¢) = ¢. G. a(r,¢) = 2¢. H. a(r,¢) = ¢ + 7/2
wavefront as a function of input polarization [1].

We can find the output field expression by taking Eq.(1) and choosing condi-
tions of phase retardation and input polarization. At half-wave retardation

and horizontal input polarization:

cos(2a)  sin(2a) 1 Tei2e [ 1 Ce—i2e [ 1
out +

sin(2a) —cos(2a) | \ 0
At half-wave retardation and with circular input polarizations:

cos(2a)  sin(2a) 1 Cetize [ 1

sin(2a) —cos(2a) | \ ti i



The waveplate introduces a phase factor e*?® where « is again dependent on

the beam’s transverse coordinates, thus introducing a shape onto the beam’s
wavefront. For example, if cocr? the waveplate can act as a sort of localized
lens, and if aocg the wavefront introduces an azimuthal phase factor e??
typical of vector vortex beams carrying orbital angular momentum(OAM)
[3]. Note that I' is simply a complex coefficient so the wavefront shaping is
determined entirely by the phase factor in a. The results can be similarly

found for other input polarizations, and other phase retardations.

Waveplates dubbed “g-plates” have a local axis distribution described as
above, where a(r, ¢) = qp+ag. The value of q is called the topological charge,
it is determined by the orientation of the molecules in the transverse plane
and can take integer or half-integer values. These g-plates impart a phase
factor 2?22 to the output field, thus generating vector vortex beams with
an angular momentum of twice the topological charge (OAM= 2¢q), through
a process called spin-to-orbit coupling. Indeed, we can see from Eq.(6) that
such a g-plate inverts the polarization handedness of the input beam and
introduces a factor e??: there is conversion of input spin angular momentum

to orbital angular momentum.

L,R
E = Fnew

out 2

In nature, we expect to find birefringent crystal structures with low topo-
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Figure 3: A-G: Intensity of EX, after projection onto vertical polarization
state, for different values of a( ,®). Simulates image seen through cross
polarizers. A. a(r,¢) = 0. B. a(r,¢) = r. C. a(r,¢) = r>. D. a(r,¢) =
r+¢. E.a(re) =2 F.a(rg¢) = ¢ G.alr,¢) = 2¢. H. Image of
an ascorbic acid crystal defect through the crossed polarizers of a polarizing

microscope. The cross like pattern typical of polymer spherulites is called a
“Maltese pattern”.

logical charges as their configuration is more energetically favorable. (It is
however possible with liquid crystal technology to engineer g-plates impart-
ing high values of OAM [2].) As seen Fig.(3) polymer spherulites such as
ascorbic acid crystals, under cross-polarizers, manifest the same intensity
patterns as g-plates with ¢ = 1. In our publication 2.3, we study the optical
properties of ascorbic acid crystals as half-wave retardation PBOEs and con-
firm their ability to generate vector vortex beams. Perhaps by influencing the

crystallization process of spherulite crystals it would be possible to engineer



different topological charges or completely different optic axis distributions

across the sample.

1.1.2 Biaxial Birefringence

In a biaxial birefringent crystal, all three crystallographic axes have different
refractive indices. By convention the largest, intermediate and smallest re-
fractive indices are n.,, ng and n, respectively, and can be represented by an
indicatrix ellipsoid unit (see Fig.(4)). In the previous sections, Jones matri-
ces of waveplates were obtained assuming a uniaxial crystal structure with
one optic axis. The results are identical with biaxial crystals if the N; and
N, axis are constrained to the plane of incidence of the EM field.

More particularly, Eq.(1) in section 1.1 was obtained considering an optic axis
N1 in the x-y plane rotated about the z axis (also the N3 axis) at an angle a.
In nature however, crystals are not necessarily built with the condition that
the optic axis remains in the x-y plane. There can be two additional rotations
of the indicatrix about the N; or Ny axes. We can thus find a more general
expression for the action of a unixial or biaxial waveplate, considering these
additional rotations. (Note that uniaxial crystals are symmetrical about the
optic axis N, so rotations about that axis of the indicatrix will not change
the expression found previously.)

In a similar derivation as above, we find that the EM field components trav-
elling through a biaxial waveplate that has not been rotated with respect to

the x, y, z axes is:

10
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Figure 4: Representation of a local indicatrix ellipsoid, with three axes
N1, Ny, N3 rotated by angles «, 3, v with respect to the x, y, z axes of the
input field E;,. In the case of a uniaxial crystal, two of the three refractive
indices along the indicatrix axes are equal.
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Applying rotations about 3 axes:

r, 0 0
ngen(a7 67 P)/) = RZ(_O{)RI(_/B)RZ/(_V) 0 Fg 0 Ry(V)qug)Rz(a)a
0 0 Ty,

(8)

where R, R,, R, are the 3D rotation matrices with rotation around the x;, y,
z axes, respectively. Assuming again an EM field travelling in the z direction,
the general waveplate expression becomes a more complex matrix, written

out element by element as:

W Pyen[11] = T,C2C2 — T0.5,(SaSs — CaCS,) + T3C,8u(CpSa + CaSsS,),

W Pyen[12] = —T,CaC2S, — TaSy(CaSs + C550S,) + T5CySa(CaCl — SaSsS,),
W Pyen[21] = TaC485(SaSs — CaCsS,) + Ty CaCy(—CpSa + CaSsSy)
+T5(CpSa + CaSpS,)(CaCls + SaS5S,), (9)

W Pyen[22] = TaC,85(CaSs + C5SaS,) — Ty CSa(—CsSa + CaSsS,)

+ F5(0a05 — SQSBS,Y)(CQC/g + Sa»ggs,y),

where C; = Cosli], S; = Sin[j]. Note that for § = 0, v = 0 the matrix
reduces to Eq.(6) where the slowest axis and the intermediate axis are in
the x-y plane. An EM field passing through such a waveplate, between cross

polarizers (H, then V), has an output intensity described as the modulus

12



square of Eq.(9). Note that the equations in Eq.(9) are derived considering
polarization components only, which are valid inside the crystal. The output
field is affected by additional refraction effects which have not been described

by Jones polarization matrices here.

—

(((((((l“'-'-"wmlll)

Figure 5: Left. Simulation of intensity seen through cross polarizers, assum-
ing the crystals grow with a slight twist about the slow axis. Right. Image
of Ascorbic acid between cross polarizers, exhibiting double banded Maltese
cross patterns.

For a = ¢, B = 0.157, vocr and similar birefringence values as in ascorbic
acid crystals, the output intensity pattern becomes Maltese patterns with
double banded concentric rings - see Fig.(5). At higher temperatures during
crystal growth, the ascorbic acid crystals exhibited these concentric patterns.
However for thin, mostly planar crystals, the expression derived previously
Eq.(1) remains a good approximation. Indeed, the condition of thin crystals
assures that the molecules mostly grow along the plane of incidence, assuring

that rotations of the molecules along N, or N3 are minor.

13



1.1.3 Motivation

After reviewing the previous literature, to the best of our knowledge, the
light structuring ability of polymer spherulites such as ascorbic acid has not
yet been explored. We will confirm by means of polarization tomography and
interferometry in Section 3, the wavefront shaping induced by the ascorbic
acid crystal and the OAM acquisition of light passing through the natural

spherulite waveplate.

1.2 Relevant Quantum Mechanics Notations

In Section 2, we deal with wavefunctions of photons in order to make sense
of the physics of imaging systems. This subsection serves as a reminder of

basic definitions and operations concerning wavefunctions [3, 1, 5].

Spatial wavefunctions are descriptions of the quantum state of a quantum
system in the transverse plane of propagation that satisfy the Schrodinger
wave equation. They exist as vectors in a Hilbert space of infinite dimension
that is spanned by orthogonal bases of spatial modes (e.g. Hermite-Gauss
modes and Laguerre-Gauss modes). As such any spatial wavefunction ¥ (x, 1)
represented in the bra-ket notation as the state |¥), can be expressed as a

linear combination of a particular basis {B;,7 € N} of spatial modes:
0) = 4|8y, (10)

14



where a; = 4/P; are the complex probability amplitudes that the system be
in the state |B). The scalar product defined on the Hilbert space, like any
other scalar product, determines the projection of two vectors in that space.

It is defined in Eq.(11), where ¥*(z,y) is the complex conjugate of ¥(z,y):

vy = [ Wi wie oy (1)

Wavefunctions representing physical states are normalized, meaning that
they satisfy (¥|W) = 1. There exist pure and mixed states in quantum
mechanics. Pure states can be represented by a single wavefunction, ex-
pressed as linear combination of modes such as in Eq.(10). Mixed states
are a probabilistic mixture of pure states. They cannot be represented as a
single wavefunction, as the state is either entirely in one mode or another,
with a certain probability associated to the uncertainty. It is thus easier to

represent all states with density matrices:

ENAL ST (12)

where ¢? are the probabilities that the state is in the pure state |¥;). The
general expression for the probability that upon measurement, a state (pure

or mixed) with density matrix p projects onto an arbitrary state |¢) is:

Py =Wl ple) (13)
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A wavefunction can also represent the state of two or more distinguishable
photons, as a separable product of wavefunctions in their own Hilbert space,

Uy n=Y,8..0W¥,, which we can write out as in Eq.(10):

gooey

Voo =D 0B, ®...® Y n; |B),.

Wavefunctions representing entangled multiphoton states cannot be sepa-
rated in the same way and can generally be written out as in Eq.(14). Note
that the formalism here only describes entangled photons that are otherwise

distinguishable in another degree of freedom.

Uin =D Y Aa B ® .. ® By, . (14)
o n

Density matrices p,, of multiphoton states are obtained as in Eq.(12), where
U, are the multiphoton wavefunctions composing the state. The single pho-
ton density matrix can be calculated from the multiphoton one in the fol-

lowing way:

pé:TTl ,,,,, i—1,0+1,..., n[pm] (15>

= Y (Bl ®..® (Byilpm |By1), ® .. ® B, - (16)

a,...,m—1
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For example, an entangled two particle system Wy o = >, ; Aap[Ba); ® |By),

has a density matrix p,, = |¥;12){¥; 5| and a single photon density matrix

py = Za,ﬁ,'y Aap AL, ‘Ba>j j<Ba‘> LF .

1.3 Spontaneous Parametric Down Conversion

SPDC is a nonlinear process in which an incident pump photon of higher
energy is converted into a pair of lower energy photons called signal and
idler photons, via a non-linear crystal [0, 7].

In a non-linear dielectric material such as the type I BBO crystal which
used in our experiment, an incident pump field will generate a polarization
P that has nonlinear components. Assuming the pump field is relatively
weak, only the linear P* = ¢y F; and bilinear components PNt = v, E; Ey
will dominate. This nonlinear contribution adds a term in the interaction
Hamiltonian inside the crystal, which results in the creation of two photons,
and the annihilation of the pump photon.

Only specific polarizations of the pump, idler and signal modes satisfy the
phase matching conditions inside the crystal. For type I phase matching,
idler and signal share the same polarization state orthogonal to the pump
photon’s polarization. The expression of the biphoton state generated by
the SPDC process with a Gaussian pump shape, where ¢; ; are the trans-
verse wavevectors of signal and idler, Ak is the phase mismatch in the phase

matching process, L is the dimension of the crystal, w, the width of the pump
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A. Momentum Conservation B. Energy Conservation

A

ki ks ).p v

405 nm As

Figure 6: A. The momentum conservation of the photons implies that the
wave vectors obey ks + k; = k,. B. Energy conservation implies % = %s + )\i

i

beam and N, ® are constants [3]:

2
LAE,
(g, qs) = Nexp( — %\qs + qi\z) SMC( 5 T ‘P) (17)

The so called Schmidt decomposition of the spatial entanglement can be
found from Eq.(17): Wyp = >, v/Ai|wi) [vi), where |u;), |v;) are pure single

particle states called Schmidt modes. Their derivation can be found in [9].

Hermite-Gauss HG(z, y) modes |m,ny = |m)®|n) are an orthonormal basis of
spatial modes for the 2D transverse plane that have the following normalized

expression:

1
r,ylm,n) = ———
@yl % V2m2nmlnlr

oS

Hon(@)e™ s @ Haly)e s, (18)

where H;(zy) is the Hermite polynomial of the i** order for the variable .
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Figure 7: Hermite-Gauss (HG) modes are solutions to the paraxial wave
equation. They form an orthonormal basis of the spatial functions in the
Hilbert space. At any given transverse plane, the light from any beam can
be decomposed into a linear combination of one of these modes. Our imaging
system makes use of orthogonality of HG modes.

They represent the Schmidt modes |u;), |v;) of the Schmidt decomposition of
the biphoton SPDC state, when it is derived in Cartesian coordinates. The

decomposition can be written explicitly as:

[U) = D Coun [m, ), @ |m, m), (19)

m,n

where the C,, , coefficients have the following expression:

by 11—y
Con = (min) 20
(1+’y)2|1~|—’y| (20)

and where ~ is a constant that is determined by source parameters such as
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Figure 8: Plot of coefficients C),,, of the Schmidt decomposition of SPDC,
with v = 0.15. Columns m represent horizontal mode indices and rows n
represent vertical mode indices.

crystal length L and pump beam waist w, as v = 1p é The decomposition
for v = 0.15 is shown in Fig.(8).

The Schmidt decomposition has the particularity that is provides a quan-
tification of entanglement. Indeed, the Schmidt number K = (v + y71)?
corresponds to the number of significant modes in the schmidt decomposition,
or, the number of modes of one photon that are exactly correlated to another
mode of the other photon. A biphoton state is separable when K = 1 and is

entangled for K > 1. The level of entanglement increases asymptotically (in

theory, but there are experimental constraints) as v approaches 0.
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1.4 Projection Method

As the choice of projection method is crucial in a mode sorting experiment;
we elaborate on it briefly here. In the super-resolution setup, we chose to
use the intensity flattening technique, first developed in [10], to perform the
projective measurements on spatial modes. The technique has the potential
to measure arbitrary spatial modes with the help of a spatial light modulator
(SLM), and a single mode fiber (SMF).

SLMs are liquid crystal devices that can imprint any phase and amplitude
onto an incident light beam through a screen (hologram) of precisely con-
trolled liquid crystal pixels [11]. The orientation of the birefringent liquid
crystals determines the local phase that will be added onto beam’s wave-
front.

Holograms are built assuming an incident plane wave beam F, tilted at an
angle with respect to the z direction of propagation. The total electric field E;
at the plane of the hologram with a desired field E, is then: E, = F,+FEze~**.
Thus, the diffraction pattern P represented on the hologram is the modulus
squared of Ey: P = |E,|? + |Ey)* + E.E%e*™ + E*Eze~*. Any light Ej,

incident on the hologram without grating is approximately modulated as:

Eouw = PE;, (21)

If a grating is applied to the hologram such that the pattern is modulated

by an additional cyclical phase, then the modulated beam FE,,; is split into
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Desired beam (amplitude and phase)

Reference beam (amplitude and phase)

Figure 9: Diffraction pattern of a desired beam and a reference beam, used
to create a hologram. The inset shows a blazed hologram generated using
beam shaping technique.

orders of diffraction corresponding to different k-vectors. The desired portion
of the beam is in the first order of diffraction and can be selected in the far
field of the SLM or at the focus of a lens. There exist different kinds of
diffraction gratings (see Fig.(10)) - the blazed grating, which uses a phase
ramp, can send up to 100% of the input power to the first order of diffraction
[12]. With amplitude masking however, which annuls many pixels of the

hologram, the output power decreases, especially in higher modes.
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1 order

Ramp normal Grating normal

0t order

Figure 10: Generating and selecting the first order of diffraction. Left.
Diagram of a blazed grating, and how different orders diffract off of it. Right.
Schematics of experimental method to select the desired order of diffraction.
Four optical elements are shown: from left to right hologram, lens, iris, lens.

An SLM itself cannot project onto a certain spatial mode. The intensity
flattening technique relies on a SMF which couples only modes matching
its fundamental mode - a Gaussian of waist 0. Recalling the orthogonality

relations of HG modes:

f f’Hgmn(x, YV HG (2, y)drdy = 0k (22)

The action of the SLM is given by Eq.(21). Assuming an arbitrary wavefunc-
tion (for simplicity let us consider a single photon wavefunction) ¥(z,y) =
me ApinHGn(z,y) we can write the expression of the field after selecting
the first order of diffraction: ¥,y = Zmn ApinHG i P, where in the case of a
projection onto a particular HGy,(z,y) mode P = HG}(x,y) = HGu(x,y).
So the field collected by the SMF is:

+Tm +Ym

> A | HG a2, VG (0, ) dudy # A (23)

—Tm —Ym

23



IQ 2
The idea of the intensity flattening technique is to make the e~ 2~ S 1to

retrieve the orthogonality relations. This is done by demagnifying the beam
size from the SLM to the SMF, such that when considering the backwards
propagating beam originating from the SMF, o will be so large that the beam
will appear flat over the hologram.

We chose a demagnification factor such that the visibility (percentage of
counts attributed to diagonal elements of the crosstalk matrix with respect
to total counts) should be 98%. The downside of this technique is that
the losses are quite high, especially for higher order modes, and smaller
projection waists on the SLM. Note that other successful super-resolution
experiments have performed heterodyne detection [13, 14] instead of true

projection measurements, which is much more robust to losses.
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2 Super-resolution

This chapter is based on the following paper:
Grenapin, F., Paneru, D., D’Errico, A., Grillo, V., Leuchs, G., & Karimi,
E. (2022). Super-resolution enhancement in bi-photon spatial mode demul-

tiplexin. arXiv preprint arXiv:2212.10468.

2.1 Introduction to Super-resolution
2.1.1 Rayleigh’s Curse

Direct imaging systems (also called image plane counting (IPC) systems), or
imaging systems where the intensity is collected in the image plane of the
object, are intrinsically limited in resolution due to diffraction effects [15]. In
fact, any point-like source in the object plane is mapped to a larger surface
in the image plane, through a function called the point spread function. The
width of that point spread function (PSF) is then related to the resolution
of the imaging system: if one considers two point-like sources close together
in the object plane, their corresponding surfaces will overlap in the image
plane, affecting the ability to resolve one point object from the other. Let us
consider an imaging system consisting of a single positive lens with a circular
aperture. This type of optical element is the most common in direct imaging
systems. Light from a point-like source will diffract off of the lens and in the
far field will exhibit Fraunhofer diffraction pattern for circular apertures. As

opposed to Fresnel diffraction, the diffraction pattern observed far from an
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Figure 11: Top. Half of the total (blue) and separate (green, orange) intensi-
ties of two point sources modulated by a Gaussian PSF, for 3 different values
of separation, in 1D. Rayleigh’s criterion is obtained in B, where the max-
imal intensity of the combined field is about 75% of the individual peaks’
maximum. Bottom. Total intensity of the combined field for 3 different
values of separation, in 2D.

object or in the focal plane of a positive lens is given by Fraunhofer equations

[16].

For circular apertures the solutions to the EM field are sinc functions, whose

intensities correspond to Airy diffraction patterns with a central disk char-

acterized by sin(6) = 1%2’\, where D is the diameter of the lens and A is the

wavelength of light. Since these equations apply to the far field, the beams
are treated as parallel and the angle # is such that the small angle approxi-

mation applies: sin(6) ~tan(f) ~ 1222, So, with f the focal length of the lens,

 1.22)

and d the radius of the brightest disk of the diffraction pattern: $ ~ =5=.

~la
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Figure 12: Conditions for Fraunhofer diffraction in far field region of the lens.
The electric field in the image plane is a sinc function, which gives an Airy
intensity pattern.

The width of the PSF is then related to the following equation, where R is

a constant criterion (1.21 for Rayleigh or 1 for Abbe) and N A = % is the

numerical aperture of the lens:

(24)

The maximal value of resolution of an imaging system has thus been defined
by Rayleigh’s criterion, in terms of levels of distinguishability between two
overlapping disks in the image plane. Imaging systems with multiple lens
systems also have sinc PSFs. These are often approximated to Gaussian

profiles as the central disk’s intensity is mainly of importance.
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2.1.2 Increasing resolution

Looking at Eq.(24) there seem to be straightforward ways to increase the
resolution of a far field imaging system. Current imaging methods work
around this criterion. For example. some imaging methods operate at small
wavelengths, using UV or X-rays, with the drawback that for light-sensitive
objects, these wavelengths pack too much energy and risk damaging the sam-
ple. Alternatively, some methods focus on increasing N A, such as confocal
imaging [17, 18] or structured illumination microscopy [19, 20]. These tech-
niques offer modest improvements as they remain within the constraints of

Rayleigh’s criterion.

For that reason, near field imaging has gathered a lot of interest in past super-
resolution efforts, as diffraction effects do not apply similarly in that regime.
Great progress has also been made in the field of fluorescence imaging, using
light-activated fluorescent molecules at precise points on the sample [21, 22].
Combined with post processing methods the resolution enhancement is signif-
icant. Additionally, imaging methods outside of optical imaging altogether
such as scanning tunneling microscopes (STMs) for conductors [23], scan-
ning electron microscopes (SEMs) [21] and atomic force microscopes (AFM)
[25] have achieved resolutions exceeding the optical diffraction limit. Until
Tsang’s proposal [26] though, no simple far field optical imaging scheme has

broken the diffraction limit. We will discuss it in detail in 2.1.4.
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2.1.3 Increasing resolution in low photon regime

The ability to distinguish between two point sources is equally limited by
the number of photons N collected; indeed, the signal-to-noise ratio (SNR),
related to the resolution achieved during an imaging experiment, scales as
\%N. In low photon regimes, this criteria is the limiting factor affecting the
resolution of the image.

Quantum ghost-imaging (QGI) uses the correlations between two entangled
photons generated by a process called Spontaneous Parametric Down Conver-
sion (SPDC) to produce a low noise image [27, 28]. The generated photons,
conventionally named signal and idler photons, are split into two different
paths. In one of the paths, the photon interacts with the object and is col-
lected by a non-spatially resolving detector, while in the other the photon
passes through a delay line and is imaged into a camera. The camera is
triggered to open its shutters only when a signal photon is registered by the
detector. Since the photon pair is correlated in position and momentum de-
grees of freedom, even though the idler photons never interacted with the
object, they form an image of the object on the camera. This provides a
better SNR over classical imaging as most of the ambient background light is
discarded by the triggering process. Combined with interaction-free measure-
ment [29], even higher SNR values can be attained, allowing the formation of
images with on average fewer than one detected photon per pixel [30]. How-
ever, since ghost-imaging is a far field IPC method, it is limited by Rayleigh’s

criterion. Additionally, the maximum attainable resolution is limited by the
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strength of the spatial correlations in the photon pair [31].

Source

MMF L2 L1
(1) BS
Ghost

Object

M2

; M1
N DN
N
h Camera
Detector

Figure 13: Experimental setup for QGI. Only key components on the set-up
are shown. The entangled photon pairs are down converted at the non-
linear crystal. They are split at a 50:50 beamsplitter (BS) and one photon
is sent to interrogate the ghost object, the other passes through a delay
line before reaching the camera - (an Intensified CCD camera that has an
external triggering mechanism). The detector receives counts from the signal
beam, which triggers the camera externally. MMF': multimode fibers; L1, L2:
lenses; M1, M2: mirrors.

This technique also distinguishes itself by the ability to illuminate the sam-
ple with light of a different wavelength than the one sensed by the camera.
Indeed, the phase matching of the SPDC process can be made so that two
non-degenerate (of different wavelengths) entangled photons are produced.
This is useful in situations where one wavelength is needed to illuminate the
object (e.g., sensitive biological tissues) and another to obtain the spatial

information (e.g., wavelength at which the detector is more sensitive).
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2.1.4 Mode sorting super-resolution (SPADE)

In 2016, a finding by Tsang [20] based in quantum metrology proposed a
super-resolution imaging method applicable to far-field optical imaging. The
method was subsequently demonstrated and further efforts to generalize it
to higher dimensions and 2D imaging applications have been investigated
(32, 33, 34, 35, 36, 37]. The idea is to view the resolution of two point
sources as a parameter estimation problem. Let us come back to the two
point-like sources that were used to define maximal resolution criteria of far
field imaging systems. Assuming a PSF W(r) and point sources of equal
strength, we can write the EM field in the image plane as a function of the
separation 6 between them, and W*(r,0), ¥~ (r,0) the two fields generated
by the point sources. If U+ and U~ are incoherent with each other, then the
field in the image plane is a mixed state of both fields Eq.(25). In the coherent

case, the field in the image plane is a superposition of the two Eq.(26).
Lo+ w2 g -
pine = 5 [V (W[ + 5 [w7) (W] (25)

[Wegr) = ([T + [07)). -

Pcoh = ‘\choh> <\choh| .

In his initial proposal, Tsang considers an incoherent separation, although
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later work has considered the coherent case as well [38, 39, 10, 41]. In this
proposal, Rayleigh’s curse is explained as a loss of information about 6, the
distance separating the two point sources, in the intensity pattern collected in
the image plane. A different kind of measurement which consists of projecting
the far-field onto a spatial basis of modes is proposed, which maximizes the
available information about 6.

The measure indicating how precisely the parameter 6 can be extracted from
a set of measurements M on a system of state p is given by the Fisher

Information (FI):

FI = Tr[%Lp(M)], (27)

where L,(M) is the symmetric logarithmic operator defined as {L,p} = 2%
[12]. The lower bound on the unbiased estimation of §, or the minimum pos-
sible variance on the value of # extracted from the measurements, is called
the Cramer Rao Lower Bound (CRLB). It goes as the inverse square root of
the FI of the system: the higher the FI gathered, the more precise the esti-
mation of € and the more distinguishable the two point sources can be made
out to be. Intensity measurement in the image plane is linked to projective
measurements carried out on the 2D delta function basis |z,y)(x,y|. This
means that the FI about € in typical far field imaging systems takes the form

in Eq.(28), with the intensity measurement outcomes for each infinitely small
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pixel Py, = 21U (z + 6/2,y)* + 3|¥(z — 0/2,y)]* obtained from Egs.(25,13):

FI(9) = f f Piy () daay. (28)

It is easy to show, numerically (see Fig.(14)) that the FI in Eq.(28) drops to 0
as # approaches 0. The solution proposed by Tsang is to perform spatial mode
demultiplexing (SPADE), i.e. to instead sort the light in a basis of spatial
modes, chosen optimally for the PSF of the imaging system. For Gaussian
PSF's, the optimal basis is the 2D Hermite-Gauss (HG) spatial mode basis.
Their definition is given in section 1.3. The FI collected in SPADE is given
by:

FIO) =), %(a;;i)z, (29)

with probability P; the projection outcomes of the state p;,. onto the spatial
mode HG,;. With the correct normalization, it can be shown that the total
FI collected in SPADE is a constant value FZ = % across all separations.
For small values of 6, most of the FI is contained in the first derivative
modes, which has made possible schemes like binary SPADE, where only two
projective measurements (onto the ground PSF state and first optimal state)
are performed. In the supplemental of the manuscript, we show in a simple
proof that for any PSEF W the optimal projection in the small separation

regime is a normalized mode proportional to the derivative W', which also

gives a total of FZ = % The result is groundbreaking since it means that an
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arbitrarily small separation can be estimated up to a precision of \/+Tv with

N the total number of photons.

0.5 A

0.4 1

0.3 1

0.2 1

— IPC

—— Binary SPADE
3rd mode

— 4th mode

0.1 1

Fisher Information (N/o"™2)

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
Separation (8/0)

Figure 14: Fisher Information of the separation 6 as a function of #, in the
IPC and SPADE methods. The curve in black is the FI curve representing
Eq.(28) for direct intensity measurements. In orange, the FI curve for binary
SPADE - obtained with the first two optimal measurements of SPADE. FI
curves obtained by collecting information in higher modes are also shown.
It is easily seen that most of the FI is captured by binary SPADE for small
separations.

Calculating the fisher information for more than two point sources of arbi-
trary brightness and coherence quickly becomes a complex quantity to de-
termine. Recent theoretical proofs have made progress in that direction [13].
However, generalized super-resolution with SPADE can be achieved experi-

mentally without an explicit underlying model for the FI: 2D mode sorting
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experiments using deconvolution algorithms and machine learning to recom-

bine images from different modal outputs, have achieved super-resolution

[44, 49].

2.1.5 In the presence of noise

Another limitation of the SPADE technique is its sensitivity to noise. In
fact, it has been shown that for noise manifesting as crosstalk within the
demultiplexing system, the resolvable distance scales as N i, as opposed to
V/N as before [16, 47], where N is the total number of photons sorted across
all modes. For small values of crosstalk the advantage of SPADE remains
major. To understand this effect, let us consider the projection intensities
collected in the presence of noise (e.g., background noise). They take on
the form P = o; + P! where « represents counts collected due to noise.

Hence, the FI becomes:

FI(6) =), +1 5 (a@‘; Pi)) . (30)

i

For |m){m| an optimal measurement, P varies as 6% (see supplemental
material of the manuscript). Taking the limit of Eq.(30) with 6 — 0 we
find once again that FZ(6 = 0) = 0. Notice though that in Fig.(15), even
while the FI is degraded in the presence of noise, there remains a range for

which the information collected by SPADE is superior to the IPC method’s
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FI. This means that there is a number of photons N such that in that range,

the separation can be super-resolved.
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Figure 15: Fisher Information of the separation € as a function of 6, with
varying amounts of noise present in the counts. In black is the reference for
the direct imaging (IPC) method, with no noise considered.

Progress has been made to considerably reduce the effect of noise by improv-

ing the detection within the demultiplexing system [13].

2.1.6 Motivation

After reviewing the previous literature, to the best of our knowledge, a far-
field super-resolution technique has not been developed with entangled pho-
ton pairs. We aim to show that high-dimensional entanglement provides

additional advantages to single photon mode sorting methods. Considering
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the biphoton state as the imaging system’s PSF, we perform the first proof of
principle super-resolution experiment with SPDC light, in a modified coinci-

dence imaging setup equipped with two separate projective measurements.

2.2 Methods

In this section, we hope to clarify the decisions that were made in the process
of perfecting the technique described in the paper. We will walk through
the choice of projection basis, experimental projection technique, separation

tunability, and model used for the estimation.

2.2.1 Fisher Information in an entangled imaging setup

The Fisher Information associated to different available projection methods
were evaluated before opting for the joint basis of HG modes, which we
will show contains optimal information for SPDC with a diagonal Schmidt
decomposition. Some of the explanations will overlap with the derivations in
the supplemental materials of the manuscript.

The biphoton SPDC state can be decomposed as a tensor product of two
linear combinations of Hermite-Gauss modes, as shown in Eq.(19).

In the conventional SPADE technique, only the light that has directly inter-
acted with the object is sorted into a basis of HG modes, with a waist of the
size of the PSF waist. In the biphoton imaging system at our disposition,
we can equally perform this kind of SPADE technique, considering only the

density matrix of a single signal photon Eq.(12) out of the pair. Instead
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of choosing a projection beam waist of the size of the PSF induced by the
apertures in the imaging system, we choose the beam waist of the Schmidt
modes of the SPDC decomposition.

So, considering a displacement in the signal arm creating a mixed state of
two paths as in Eq.(25), the single photon density matrix can be written out

as:

o = 5 DI M P | G m ) (31)

And the probability outcomes P;, of projecting the signal photon of the
entangled pair onto an element |k, [){k,[| of the HG Schmidt basis can be

found with Eq.(13):

Pi = 5 D Ch{ 1 m*) P+ 161 ) 2} (32

In the small separation limit, we can approximate a displaced HG,, state
by [m*) = |m) £ 4 \m>(1). We use that approximation in Eq.(32) to get an
idea of the behaviour of the probability outcome and FZ in the sub-rayleigh

limit:

2

)
P ~ O/?,z + 5{(]{ + 1)O/§+1,z + kc}?—u}- (33)

Notice that the expression does not have a straightforward 62 dependence
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as in the optimal SPADE method. The FZ associated to this method is
thus not constant, and succumbs to a similar effect as with direct imaging

methods.

2
202{ (k + 1)\, + KCE_y, |

Cﬁ,l + 52{(1{5 + 1)013“,1 + kcigq,l}
Another possibility in the biphoton imaging setup is to use exploit both
photons in the mode sorting process. In coincidence imaging, the signal
photon is projected onto an element of the HG basis, and the correlated
idler photon is imaged with a camera that opens its shutters only when
triggered by the detection of a photon in the signal arm. The intensity
pattern on the camera thus contains a certain amount of FZ about the object
(or separation, in our case) on the signal side. The density matrix of this
particular configuration can be written as in Eq.(12), composed of two pure
states |W;) = |UT) that are the biphoton wavefunctions with, respectively, a
positively and negatively displaced signal photon.

An intensity measurement is equivalent to a projection onto the 2D-delta
function basis {|z;, y;){x;,y;|} (assuming pixels are infinitely small) where
(@, yi| [¥) = W(a],y;). Thus, the joint basis of projection {|m,n), (m,n|, ®
|\zi, yiy{x:i,ys|} gives projection outcomes Pri¥i for each position (x;,y;) on

the camera:

P =k @i, yil par |k, Dy @ |2, yi)

39



1 1
= Z Cm7l02,7l{ (k| m+><m +‘ k)

+ CRIm™ (k) VUG (4 HG a1, ). (35)

In the small separation limit, obtained similarly as above we have the be-
haviours of the probability outcome and FZ in the sub-rayleigh range, where

SPADE should outperform direct imaging:

Plfli’yi = Olg,l%gi,l(xiv Yi) + 52{-'411 + A%1 - 2A+1A_1}, (36)

Ap = \/@CHLIHGMU(%%)'

A= \/gok_l,lHGk—Ll (i, yi)-

Again, notice that the expression does not have a straightforward % depen-
dence as in the optimal SPADE method. The FZ is not constant and has a

similar behaviour as the single photon case above, i.e.,

2
1P { A + A2, - 2404}

FIv = '
O MG i) + 3 A2y + A2, 24004

(37)

In both methods considered above, the FZ falls to 0 as the separation ap-
proaches 0. There may still be a range in which these methods surpass direct
imaging, but not with the same strength as conventional SPADE does for

conventional far field imaging systems.
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Instead of performing an intensity measurement on the idler side, we choose
to perform another projective measurement onto the HG mode basis and
consider only the joint outcomes from this process; this method is also called
collecting coincidence counts. The density matrix considered is the same as
for coincidence imaging, but the basis elements are different: |k, [) (k, |, ®

K", U), (K, l'|,. Many terms are thus eliminated from the summations:
P = 05,7,{|<k; K+ Kk ) 1 o (38)
The behaviour for small separations is given by:

17/
Phl ~ C2,

k' K +1
Sew{l — 2k’ +1)} + 5/3,;«_15 + 61— ](5, "

-

P~ C2,(1— 22k +1)).

J Pk+1 N/ s2C2,, kL (39)

+1Ll 2 -

k=11 _ 2,72 k
\,Pkl ~ S qu,li-

For modes on the diagonal (k = k') the FZ again does not have the straight-
forward 6% dependence. However, for slightly off-diagonal modes (k = k' +1)

the projection outcome has the same form as for optimal measurements,
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where P; is proportional to §2,

( N [C,f,l(2k+1)s]2

FIy(s) ~ “to5emrm- — 0-

VFI M~ ez (40)

k=101 __ k2
\

The FZ does not vanish for off-diagonal modes of the joint basis of projection.
In fact, the sum of the FZ contained in all the off-diagonal modes is equal
to %\/F (see supplemental materials of the manuscript). This indicates that
for any level of entanglement (K < 1), the biphoton SPADE technique just
described surpasses conventional SPADE. For this reason, and because mode
sorting super-resolution with entangled photons has not been yet explored,
we opted for this method and carried out a proof of principle experiment,

detailed in the manuscript.

2.2.2 Introducing a separation

For the sake of clarity about the experimental setup, in this subsection we
go over the method chosen to achieve a mixed state of separated beams.
There are a couple ways of introducing a transverse incoherent separation
in a beam. In this experiment it is important to have very precise control
over the separation, for a range of separations varying from 0 to a couple
beam waists. The incoherent separation is introduced between H and V

polarization components of the signal beam via an unbalanced Mach-Zender
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4= Translation stages

" l

PBS2 PBS1

Figure 16: Unbalanced MZI used to produce a symmetric incoherent sepa-
ration to test the biphoton SPADE technique. The mirror on the right of
the MZI M1 can be shifted vertically, which shifts the position of both H
and V polarization components exiting the MZI. To compensate, M2 in the
unbalanced arm is also placed on a translation stage to control the V polar-
ization component, which re-establishes a symmetry about the center of the
undisplaced beam.

interferometer (MZI), of which two mirrors are placed on translation stages.
Both stages are shifted by values that have been previously calibrated to
generate a tunable separation that is symmetric with respect to the center
of the undisplaced signal beam (see Fig.(16)).

A half waveplate at 22.5° is placed before the MZI to rotate the horizontal
polarization of the downconverted light into equal parts of H and V. Since the
SLM only converts H input polarization components into V polarization in
the first order of diffraction, another half waveplate at 22.5° is placed between

the interferometer and the SLM. That way, half of both separated beams
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SPDC source

Separation “object”

Intensity flattening

Coincidence detector

Figure 17: Experimental setup for the biphoton SPADE technique. Only key
components on the set-up are shown, and the specific functions of different
sections of the setup are labeled. The entangled photon pairs are generated
at the SPDC crystal source, and are split at a 50:50 beamsplitter. The sig-
nal photon is sent to an interferometer where an incoherent separation is
introduced into the beam. It is then projected onto a HG mode via the
intensity flattening technique. The idler photon goes through another inten-
sity flattening technique in the opposite arm of the setup. Counts collected
on both ends are sent to a coincidence box which registers the simultaneous
detections.

will undergo the projection onto HG modes. The second half is discarded,
which is another source of loss in this technique. Furthermore, the MZI is
unbalanced to ensure that the path difference between both separated beams

is much larger than the coherence length of the downconverted light. This
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insures that in the section of the setup between the SLM and the SMF when

both separated beams have vertical polarization, the EM field remains a

mixed state of the two.

2.2.3 Estimation
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Figure 18: Experimental data versus no-noise model probabilities, for projec-
tions onto optimal modes. n;, m4 in the legend represent the joint projection
measurement of idler photon onto HG,, and signal photon onto HG,,. The
experimental data is offset by some noise, most likely modal cross-talk, at-

tenuation, and dark counts.

In this subsection we elaborate on the choice of model for the final estimation

of the separation. Data was collected in the form of 7x7 crosstalk matrices

(with n,n’ = 0 and m, m’ varying from 0 to 6) of coincidence counts accu-
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mulated for 60s for each lateral separation applied to the signal beam. The
separation ranged from 0 to 1.350, in increments of 0.04650,, and in total

N = 37000 photons were collected. Recall that the lower bound of the error

on the unbiased estimation of the separation goes as 1\}]-‘2‘ For the esti-
mation, we applied a Maximum Likelihood Estimation procedure (MLE) for
each separation recorded experimentally, which consists of maximizing the

likelihood function L(s) := <%> [1,; Pij(s)™, where n;; are the experi-
mental counts for joint projections onto HG;o(x,y) on the signal photon and
HG jo(x,y) on the idler photon, and P;;(s) is the model’s theoretical value for
a separation s. The function is maximized when the value of s most closely
matches the experimental counts. Using the theoretical model in which the
SPDC light is perfectly diagonal, the MLE method did not yield accurate
estimation outcomes, as the experimental counts suffered from cross-talk due
to noise in the optimal modes, which makes the estimation biased, and the
error on the estimation much higher than the CRLB. The results of this
estimation are shown in the manuscript.

At first we tried to explain the noise with a non-diagonal Schmidt decom-
position model of SPDC. Instead of assuming a biphoton wavefunction as in

Eq.(19), we have a decomposition in a different basis of spatial HG modes

Ioa? .
where the C]'™" coeflicients are not nul for m,n # m'n”:

|\IJ>BI = 2 2 C:;:Z;l@’ |m7 n>s ® |m/’n/>z" (41>

m,nm’,n’
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The idea is that perhaps the projection was performed onto a HG basis with
a waist slightly different from the Schmidt waist. The resulting cross-talk
matrix would be distributed a bit more across the non-diagonal modes. The
density matrix for such a state is represented as pg; = |¥){¥|. Introducing
a separation J to the signal arm, the state becomes mixed as seen previously

in Eq.(25):

ppr = Z D0 22 G Gt L m > ot [+ m ) o[ Iyl (42)

mnm n' pq pg

® |m/7 n/> <p/’ q/|

Projecting on an element |k,{), (k,I| ® |K',I"), (K',l'| of the joint basis of

projection, P,'jl'l' takes the new form:

,Pkl’__ZCfnl/k/C]lgl’;/{<k’ m (pt k) + k| m ><p’|k>}

= —|Zcifk, HmOP + 3 3O kI m)P (43)

The non-diagonal theoretical model, see Fig.(19), is not better suited to
explain the discrepancies between the model and experimental counts, which
would indicate that the noise is generated through a different mechanism.
As a result, we chose to fit the counts linearly as a function of the theoretical
probabilities. We can think of this fitting as a calibration of the imaging

system, which would be performed before taking sets of data. Note that
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the CRLB, or error on the estimation itself, was not calculated as part of
the experiment since only one set of 7x7 cross-talk matrices were collected
for each separation. From the FI obtained and the total number of photon
counts N collected, we were able to simulate the precision attained by this
technique in the conditions of noise of this experiment, which is roughly one
order of magnitude higher than direct imaging with a Gaussian of Schmidt

waist.

2.3 Publication
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Imaging systems measuring intensity in the far field succumb to Rayleigh’s curse, a resolution lim-
itation dictated by the finite aperture of the optical system. Many proof-of-principle and some two-
dimensional imaging experiments have shown that, by using spatial mode demultiplexing (SPADE),
the field information collected is maximal, and thus, the resolution increases beyond the Rayleigh
criterion. Hitherto, the SPADE approaches are based on resolving the lateral splitting of a Gaussian
wavefunction. Here, we consider the case in which the light field originates from a bi-photon source,
i.e. spontaneous parametric down-conversion, and a horizontal separation is introduced in one of
the two photons. We show that a separation induced in the signal photon arm can be super-resolved
using coincidence measurements after projecting both photons on Hermite-Gauss modes. Remark-
ably the Fisher information associated with the measurement is enhanced compared to the ordinary
SPADE techniques by VK, where K is the Schmidt number of the two-photon state that quantifies
the amount of spatial entanglement between the two photons.

INTRODUCTION

The resolution of far-field optical imaging systems
based on direct intensity measurements is limited by the
Point Spread Function (PSF), a diffraction phenomenon
dictated by light wavelength and aperture width of the
optics involved [1]. The accuracy of this measurement
diverges for small separations of two-point sources; an
effect also referred to as “Rayleigh’s curse”. The discov-
ery of this phenomenon has encouraged research efforts
in other fields of imaging, such as near field imaging |2, 3|
or imaging based on electronic effects [4, 5], which goes
beyond the optical Rayleigh limit. In 2016, Tsang and his
colleagues proposed a simple spatial mode demultiplex-
ing (SPADE) scheme, which is robust to the resolution
curse [6]. It shows that our ability to estimate a separa-
tion between two incoherent point sources collapses as the
separation approaches zero when using conventional in-
tensity measurements, thus assimilating Rayleigh’s curse
to an intrinsic loss of Fisher information at small sepa-
rations. The SPADE scheme proposed uses spatial mode
sorting, with mode projections tailored to the PSF of
the imaging system, which collects maximal Fisher in-
formation regardless of the separation magnitude. This
has prompted many further theoretical and experimental
findings in recent years, exploring applications and mod-
ifications of SPADE for different imaging systems [7—10],
coherent point sources |1 1-13], limitations in the presence
of cross-talk or other noise sources [11-16], and even ex-
tensions to higher-dimensional objects [17, 18]. Although
the explicit model estimating all points of an arbitrary
two-dimensional (2D) object is vastly complicated to de-
rive in terms of Fisher information, 2D imaging simula-
tions [19] and experiments [20] using post-processing al-
gorithms (deconvolution, Machine Learning) have shown
an increase in resolution beyond the Rayleigh limit. This
solidifies the intuition relating the distinguishability of
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two-point sources to the overall resolution of a 2D imag-
ing system.

The main idea behind SPADE is to estimate the separa-
tion between two-point sources by looking at the alter-
ation of the field’s phase, in particular, at the change in
phase symmetry, which can be efficiently probed by the
Hermite-Gauss (HG) decomposition for the usual Gaus-
sian PSF. In this work, we address the following ques-
tion: Can the spatial correlations emerging from two-
photon sources enhance the resolution sensitivity? We
show that it is possible to super-resolve a separation
using mode-sorting in coincidence measurements with a
PSF that is itself entangled in the form of SPDC light.
More specifically, we consider a two-photon wavefunc-
tion which allows a Schmidt decomposition in HG modes,
with Schmidt number K. An incoherent displacement,
which mimics the effect of a transmitting sample, is ap-
plied on one of the two photons, and the displacement
is estimated by projecting the resulting state on direct
products of HG modes. We note that the somewhat re-
lated inverse problem of generating a spatially or tempo-
rally shaped pure photon state in one beam of an entan-
gled pair (ghost interference) likewise requires the pro-
jection on pure states in the other beam of the entangled
pair [21]. Our main result shows that the Fisher infor-
mation, whose inverse gives a lower bound on the estima-
tion error, scales as VK /2, where K = 1 corresponds to
the separable case of a Gaussian point spread function.
Hence any spatially entangled two-photon source pro-
vides an advantage with respect to the ordinary SPADE.
Here, we derive this result and present a first proof-of-
principle experimental implementation. We will conclude
by discussing the possible settings in which the two-
photon SPADE can give a practical advantage.



THEORY

To understand the resolution limits of a given exper-
imental technique, one must evaluate the lower bound
on the achievable uncertainty of the estimator § (which,
in our case, is the lateral displacement). This limit is
given by the Cramer-Rao bound [6, 22]: the estimator’s
standard error is lower bounded by the inverse of the
Fisher information Ad > 1/v/n FZ [23, 24|, where n cor-
responds to the number of repeated measurements and
the Fisher information, FZ, can be calculated from the
probabilities P; of a given measurement outcome j as

p 2
FI = Zj 7,%_ (067;]) . In the following, we consider the
problem of resolving an incoherent transverse displace-
ment of a photon which is in a spatially correlated state
with another idler photon. We will calculate the Fisher
information for a bi-photon spatial mode demultiplexing
scheme and compare the result with the classical SPADE,
which emerges from the uncorrelated limit of our sce-
nario.

In a typical imaging setup, the image plane of a
point source is described by a two-dimensional PSF
U(r) (with r = (2,9)). In the case of two incoherent
point sources separated horizontally by a distance s, the
wavefunction in the image plane can be described by
the mixed state: p = 3 (JUF) (UF| + |¥~) (U~|), where
(x| UF) := U(2£$,y). An intensity measurement, which
corresponds to a projective measurement in the posi-
tion bases, results in the outcomes with a distribution,
I(z,y) = 3 (J¥*|? 4+ |¥~|?). The Fisher information for
the direct imaging method is known to rapidly fall to zero
for separations smaller than the width of the point spread
function [6]. However, by mode sorting using modes that
form orthogonal bases for the space containing the PSF
(SPADE), the total FI remains constant across all values
of s [6]. Optimal bases are ones in which most of the
FI for small s is captured in the first couple of measure-
ments, making schemes like binary SPADE [10] simple
and attractive. We show in the Supplementary Mate-
rial Section S1 how a projection on the derivative of the
PSF with respect to the coordinate associated with the
direction of the displacement is an optimal projection
for the small separation regime. More rigorous ways to
determine optimal measurement bases have been devel-
oped [7].

In a coincidence imaging setup with entangled SPDC
photon pairs, there is no pure wavefunction describing
one of the single photons’ quantum states. The single
particle state is maximally mixed, which can mimic a
Gaussian in its intensity pattern when viewed on the
camera. The pure state describing the entangled par-
ticles is a bi-photon state of signal and idler which can
be expressed in the Schmidt basis of Hermite-Gauss (HG)
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modes [25]:

[¥) = Con Im, ), ® [m, m), 1)

m,n

where the C,,, coefficients are the Schmidt coeffi-
cients of the HG decomposition and |m,n) states
are the 2D HG modes of order (m,n) with a beam
waist parameter os: (z,y|m,n) = HG,, ,(z,y) =
Nexp(—(2? + y?)/02) B, (V22 /05) Ha(vV2y/0s), where
H,,(z) are Hermite polynomials and N a normal-
ization constant. In this basis, the correlations are
diagonal: a signal photon in a particular |i,j) mode
is entangled with an idler photon in that exact mode
(see the Supplementary Material Section S2). In prac-
tice, any action occurring on one photon, such as the
typical diffraction causing PSFs, is also reflected in
the bi-photon wavefunction. The Schmidt coefficients

can be given an analytical expression (see [26, 27]):

Con = (v + /(v + )™ 4y/(1 + 7)?, where

v = (% Lz);rp is a parameter defined by crystal length
P

L, pump beam waist 0, and wavelength \,. Here,
we investigate how two-photon SPADE allows us to
super-resolve separation introduced in one of the photon
paths as if the PSF was of the form of the source (just
as in [9, 10]) — which is the bi-photon wavefunction
described above.

Finding the optimal basis of projection for SPADE is
not as straightforward as in the single photon PSF cases.
Although the derivative of the bi-photon PSF with re-
spect to the signal photon’s coordinates can be calcu-
lated directly (Supplementary Material Section S2), this
is a nonseparable state for which it is challenging to de-
vise a single-shot projector experimentally. However, we
note that interesting progress is being made in that di-
rection [28]). Instead, as in ordinary SPADE, we con-
sider the projection on the basis of direct products of
HG modes {|m,n) (m,n| ® |m,n),(m,n|}. The expres-
sion for a projection onto mode HGy, ;(2;,y;) in idler and
HGy 1 (x5, ys) in signal can be derived as,

’ g 1
2 Peoine = 5013/,151,1' DIk R (2)
+
With s = 0 the correlations are diagonal: only pro-
jections where & = k' have non-zero outcomes. As

s increases, contributions from the first off-diagonal
modes appear. Equation (2) can be given an an-
alytical expression using the result: (m|n*) =

€2 3 .
%2 (is)"*me*‘T[,Z;m(g), where £ is the gen-
eralized Laguerre polynomial of order i, &, n > m (see
Supplementary Material Section S3 for the derivation).

For small values of s, we consider the expansion of

m—mn
2

kl,;l;Pwmc to the order of s? by substituting |m*) =
|m) £ 5 |m)" + O(%) into Eq. (2). The result 73,’;;[/ ~
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Figure 1. Classical SPADE measurements (lower bounded by
K = 1) attain the SQL precision. Higher values of entangle-
ment provide an advantage over classical SPADE.

C2 o[ (1= 5 (2 + D)} +8po 15+ s S5 o0
implies that for each mode k considered in the signal
beam, only the neighbouring &’ modes give nonzero co-
incidence counts: P} ~ CZ,(1 — %(Qk + 1)), P}fl'*'l"l R~
520)3+1,l%7 77}:[1’[ B~ 520,3711%. Of these terms, only
the k = k', k' + 1 modes varying quadratically with the
separation will translate to a nonzero FI in the small
separation regime, s — 0 (see Supplementary Material

Section S4):

. o2, (2k11)s]”
il ~ (Gl

M FLeoine = (k+ 1)CE,

ki}};]:Icoinc = %kclg_l’l

Since the FI in these particular projections is indepen-
dent of the separation s, the variance of our separation
estimates does not suffer from the so-called Rayleigh’s
curse, similar to the SPADE technique for a single pho-
ton.

The total Fisher Information can then be obtained by
summing the individual contributions from all of the de-
tected modes. Interestingly, for small values of s, the
total has an upper bound dictated by the strength of
the spatial correlation between the photon pair. More
precisely,

1

étgfIcoinc =7 + 77 2

; (4)

e

N =

where K = §(v + ) is the Schmidt rank often used to
quantify the strength of bipartite entanglement (see Sup-
plementary Material Section S2 for the derivation). This

o1

leads to a corresponding lower bound in the achievable
precision as,

A2 > 2

\/E’
where A3? is the variance in the separation estimates.
The result suggests that the precision in the measurement
of near-zero separations is limited only by the strength of
the spatial correlations, thereby suggesting high dimen-
sional entanglement as a promising resource for super-
resolution measurements. Not only does the method cir-
cumvent the so-called “Rayleigh curse” like the ordinary
SPADE (which is bounded by the special case of K =1,
see Fig. 1), but it also offers further enhancement pro-
portionate to the correlations in the system. In what
follows, we describe in detail an experimental implemen-
tation and results of the method outlined above, along
with some simulation results.

()

METHODS

For the purpose of a simpler experimental imple-
mentation in the laboratory, we considered a smaller
subspace spanned by modes with [ = 0, (ie.
HGoo, HGo1,HGoa, ..., HGq,) for both the signal and
idler photons. The total Fisher information associated
with this set of joint projective measurements can be
written as (see Supplementary Material Section S4),

2

fog]:Icoinc = % + %(1 +3> .

(6)

Experimentally, we reconstructed the correlation matri-
ces in the Hermite Gauss (HG) basis, for a bi-photon
state generated via spontaneous parametric downconver-
sion (SPDC), for different traverse separations. The sep-
aration was then inferred from the observed correlation
matrices using Maximum Likelihood Estimation.

Experimental Realization: The downconverted
photon pairs are generated by pumping a 0.5-mm-thick
type-I Barium Borate crystal (BBO) with a 200-mW
405-nm pump beam obtained from the Second Harmonic
Generation (SHG) of a 1-GHz 100-fs laser beam. The
pump beam is focused to a waist of o, = 40 pm at the
BBO crystal, which sets a value of v = 0.15. The value
of v determines the waist of the Schmidt modes, the
Schmidt coefficients in the Hermite Gauss basis, and the
Schmidt rank K [27, 29]. The generated photon pairs are
then split into two paths by a 50:50 beamsplitter (BS),
and the signal photon travels through an asymmetrical
Mach-Zender Interferometer (MZI), which introduces
a transverse separation between the Horizontal (H),
and the Vertical (V) polarization components of the
beam. Two mirrors are placed on translation stages,
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Figure 2. a) A 405 nm laser shines a 1-mm type I BBO crystal generating degenerate downconverted photon pairs.
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(b) Theoretical (top) and Experimental (bottom) correlation matrices

Idler

and signal photon are separated by a 50:50 beam splitter (BS). An unbalanced MZI interferometer implements an incoherent
lateral displacement on the signal photon. The two photons are then projected on HG modes by coupling to single mode fibers
(SMF) after being spatially modified by holograms displayed on spatial light modulators (SLM1 and SLM2). The photons
are then detected by a pair of single photon avalanche diode (SPAD) detectors then the coincidence events are detected via
a coincidence counting module. Legend: BS = Beam Splitter; PBS = Polarizing Beam Splitter; M = Mirror; SLM = Spatial
Light Modulator; L= Lens; SMF = Single Mode Fiber. b)Theoretical (top) and Experimental (bottom) cross-talk matrices
showing coincidence counts for first the 7x7 joint projections on signal and idler photons, for 5 different values of separation s
between 0 and 0.930,. We can see the off-diagonal coefficients becoming more prominent as the separation increases.

specific combinations of which allow us to generate a
tunable symmetric separation about the centre of the
undisplaced beam. The MZI also ensures that a path
difference of ~ 20cm exists between the horizontal (H)
and the vertical (V) polarization components, which
ensures that we have two incoherent point sources.
In each of the signal and the idler arms, projections
onto the spatial Schmidt modes are realized via the
amplitude flattening technique [30, 31|, whereby a
combination of appropriate holograms displayed in
Spatial Light Modulators (SLM) along with suitable
demagnification to the fibre plane approximates the ideal
projective measurement for a particular spatial mode.
The first order of the diffracted light is selected with
a pinhole and coupled into a single mode fibre (SMF)
after being filtered by bandpass filters (810 £+ 5) nm to
ensure the collection of degenerate pairs. Each SMF
is then connected to a Single Photon Avalanche Diode
(SPAD) detectors (Excelitas SPCM-AQRH-14-FC), and
coincidence counts are registered via a time-correlated
single photon counting system. Further details on the
experimental setup with the essential components are
illustrated in Fig. 2.

To determine the experimental Schmidt waist, multiple
sets of data for differing waists of projection were taken
for a zero displacement, and the experimental projection
waist was chosen so as to have as close to a diagonal den-
sity matrix as possible. For each applied separation, the
setup was realigned so that the centre of the displaced
beam was coupled to the fibre. The coincidence counts
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in the diagonal modes for zero separation account for
at least 82% of the total counts in the 7 x 7 cross-talk
matrix. The deviation from a perfectly diagonal decom-
position can be attributed to several factors, including a
deviation of the pump beam shape from a Gaussian mode
and modal cross-talk in the detection scheme. These fac-
tors can be tackled, in principle, by improved control of
the pump shape (e.g. through spatial filtering or the use
of SLMs) and the use of other detection schemes, respec-
tively. Indeed, the recent advances in spatial mode sort-
ing through multi-plane converters allow, in principle, a
lossless and low cross-talk detection scheme [32].

Results

We applied evenly spaced lateral displacements at
increments of 0.04650,, from s = 0 to s = 1.350,,
and recorded the outcomes of the joint measurements
onto modes HG,,, ,,, in the idler arm and HG,, ,,, in
the signal arm for n;;, = 0, and m;;, = 0,1,...,6.
Each set of data is then a 7 x 7 matrix containing 49
joint projection outcomes, the coincidence counts for
each of which were accumulated for up to 60s. The
7 X 7 matrix sums were normalized to account for laser
intensity fluctuations. For such small separations, to
a very good approximation, it can be safely assumed
that almost all of the generated photons are in the 7 x 7
Hilbert space. In total, for each separation, ~ 37,000
photons were collected. The results for a few sets of
displacements, along with the corresponding theoretical
predicted outcomes (Eq. (2)), are illustrated in the



form of correlation matrices (see Fig. 2b)). The figure
shows that the experimental outcomes closely match the
corresponding theoretical predictions. We also see the
modes just outside the diagonal starting to increase in
significance symmetrically with the increasing separa-

tion. In order to obtain the estimates of the separation
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Figure 3. Estimates from the data vs the Actual Separation.
The estimation was first performed assuming an ideal theo-
retical model, i.e. a perfectly diagonal mode decomposition
(red) where probabilities are defined by Eqn. (2). We see a
significant deviation from the ideal sest = s estimates, most
likely due to modal cross-talk, attenuation, and dark counts.
Therefore, in order to account for these effects, a linear fitting
of the counts, as functions of the theoretical probabilities, was
performed before the estimation, the results of which closely
match the ideal curve (green).

parameter s, first, we perform the least squares fitting
for the normalized counts (or equivalently probabilities)
to the expression. Pj; = oy;P;; + Bij, where Py s are
the theoretical probabilities given by Eq. (2), a;; is a
scaling factor to account for attenuation for different
modes, and an additive factor §;; to account for the
spurious photon counts. For each separation, we then
applied a Maximum Likelihood Estimation procedure
(MLE), maximizing the likelihood function defined as
L(s) == (N!/[Ini;H IL;; Pij(s)™, where n;;’s are the
photon counts for the joint projection onto HGg,; for
signal and HGg; for the idler, and N is the total photon
counts in all of the modes for that particular separation.
The results of the estimation are shown in Fig. (3).

In order to compare the precision in the estimates ob-
tained from this method with direct imaging, we also
performed simulation runs of the experimental outcomes
for the direct imaging of the SPDC point sources whose
mode decomposition is characterized by v = 0.15. The
simulation results are plotted in Fig (4). We see that
the biphoton SPADE outperforms the direct imaging of
the SPDC and also the direct imaging of the Gaussian
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Figure 4. Simulation results for Biphoton SPADE compared
with Direct Imaging of both Gaussian and SPDC PSFs for
N = 37,000 photons. A 50-pixel array was used for direct
imaging simulation, corresponding to intensity measurements
at 50 different points. Similarly, for the biphoton SPADE
(K = 11.6), the simulation was done for 49 mode projec-
tions with combinations of Hermite Gauss modes with indices
n =0,m = 0,...,6 for each signal and idler. A maximum
likelihood estimation was performed on generated samples,
and the standard error in the separation estimates was plot-
ted.

with the same waist as the Schmidt’s waist, especially
offering an order of magnitude advantage for near zero
separation.

DISCUSSION AND CONCLUSION

We have theoretically derived optimal projective mea-
surements for separation estimation using a biphoton
wavefunction generated via the SPDC process. The
Fisher information for projection onto these modes re-
mains constant even for near zero separation, which
shows that the measurement scheme is not plagued by the
so-called “Rayleigh’s curse” inherent in Direct Imaging.
Moreover, the precision in the proposed method is lim-
ited only by the strength of the spatial correlations inher-
ent in the photon pairs. In particular, we show that the
total Fisher information of the separation estimation is
proportional to the square root of the Schmidt rank (K)
of the system. Therefore, depending upon the strength
of the correlations in the system, the method even offers
further enhancement that scales with K compared to or-
dinary SPADE, which corresponds to the trivial case of
K = 1. As a proof of concept, we also experimentally im-
plemented the scheme using down-converted photon pairs
and obtained results that are in good agreement with the
theoretical predictions. We also performed simulations
comparing the precision in our estimates with the case of
Direct Imaging, where we indeed observe at least an or-



der of magnitude improvements, especially for near zero
separations, where the errors start to diverge. Our the-
oretical and experimental results suggest the potential
of using high-dimensional entanglement for further en-
hancing super-resolution measurements. Combined with
neural networks (see, e.g. Ref. [20]), this technique can
provide a new tool for high-resolution imaging in low-
light conditions of passive samples with variable trans-
missivity. As a perspective, we believe that these ideas
may have an appeal also in electron microscopy where
the resolution problem is very relevant especially when
trying to separate two close point-like objects like atoms.
Optimal measurements (to which SPADE belongs) in the
single electron framework have been already studied [33
but the recent advances in controlling entangled electrons
[34, 35] could pave the way to increase the resolution be-
low 10 pm, which would be the highest spatial resolution
achieved so far. More generally, the Schmidt decompo-
sition of electron pair could provide a new framework
for advanced metrology in quantum transmission elec-
tron microscopy.
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Supplementary Information for:
Super-resolution enhancement in bi-photon spatial mode demultiplexing

Section S1. OPTIMAL PROJECTION

Fisher information describes the amount of information a measurement contains about a certain parameter being
estimated. The Cramer-Rao Lower Bound, which is the minimum possible variance on the unbiased estimation of the
parameter, is given by the inverse of the Fisher Information|23],

1 1

Oerlh 2 =z 2 ——— (1)
F1 o\ JTr%L)

where p is the state of the system, ¢ is the parameter to be estimated and L is the so called symmetric logarithmetic
operator defined as pL + Lp = Qg—g‘ Higher the Fisher Information associated with a particular set of measurement,
better the precision in the estimates.

In the super resolution schemes for separation estimation with the so called Spatial Mode Demultixplexing (SPADE),
a projective measurement is carried out in spatial modes (most commonly in the Hermite Gauss basis). The Fisher
Information of a parameter 4, in the basis of such set of spatial modes {|j) (j|} is given by,

1 (0P
FI = J S2
5 (%) 2
where P; is probability associated with the successful projection in the corresponding mode |5).
In the small separation regime, where errors from direct imaging start to diverge, one can find an optimal basis of
projective measurements for which the Fisher information remains constant. For a general point spread function(PSF)

|W(x)), the “optimal” mode of projection is proportional to its derivative which can be seen as follows,

The displaced PSFs (x| ¥)* = (2| ¥(z £ 5)), where § = 2s, can be expanded in terms of the derivatives of the
original PSF as,

(n)
(x| BYE Z ﬁ (S3)

n
where (x| ¥)(™ is the n** derivative in x4 of (x| ¥). For small separations, we can consider only upto the first order
term in the separation,
(2] OYE 2 (2| ) £ 5 (2| UYD + O(s?) (S4)

If the two displaced PSFs are incoherent then the resulting state is characterized by a completely mixed state,

)]+ [2) (| (S5)

l\)\»—l

where |\Il)i refer to the wavefunctions displaced by £s in the x axis.
If we plug 5S4 into S5 we find the density matrix approximated for small separations,

P [0 (0| + 52 [0) D) (w| ) ¢ (|¢J><2><\P|+|W><\P| ) (S6)
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The probability of successful projection onto the normalized first derivative mode is,

1
Pier = /T/- <lII|(1) PBI ‘\IJ>(1)
1 1
(W |( ) ‘\IJ>( )|2

_ (87)

where N is the normalization factor. The Fisher information can be calculated as,

1 (0Pa )
Fru =5 (2 -

We see that in the small separation regime, the Fisher Information in the derivative mode is a constant regardless of
the separation.

Section S2. SCHMIDT DECOMPOSITION OF SPDC

The bi-photon state generated in Spontaneous Parametric Down Conversion (SPDC) process can be decomposed into
a superposition of tensor product of two linear combinations of Hermite-Gauss modes S9,

=35 e imyn), @ [ ), (89)

m,nm’,n’

Hermite-Gauss HG modes |m,n) = |m) @ |n) form an orthonormal basis of spatial modes for the transverse plane and
have the following expressions (2D and 1D respectively) in adimensional coordinates:

1 o3 va
(Tor Yol M, 1) = —ee= Hon (20)e ™ @ H(yo)e™ ¥ (S10)
V2m2rminle
1 =3
Tolm) = ——=Hm(zo)e™ 2 S11
(o] m) NN (o) (S11)
where H;(zy) is the Hermite polynomial of the i order for the variable xy, and z, = ULJ} Yo = Ly as defined in

the main text. When expressed in the Schmidt basis of Hermite Gauss HG modes the orlglnal SPDC state can be
simplified to 25, 27, 29],

U) = ZC"”L |m,n), ® |m,n), (S12)

where Cp,, = 7|(m+7) and where v is a constant determined by source parameters such as crystal length and

(1+’Y)2 = T+y
pump beam waist. When performing any sort of joint measurement (i-e coincidence counts or coincidence imaging)
on the entangled state, we consider the PSF of the form of the biphoton expression given in S12. If a separation is

introduced in the signal beam, it becomes a mixed state of two separated beams with the signal photon displaced in the

zs+s)2
x4 axis. The two-photon density matrix pg; resembles equation S5, with (z,|m*), = \/% m(zs £s)e SR
ppr =YY CounCiym,n), (u,0 @ | [m* n) | (ub o]+ |m™ n), S<u‘,v|} (S13)

m,n u,v

o7
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The derivative of the PSF (S12) in 2, has the following form:

1)V =37 Cp [m) Y [0}, @ [, m),

m,n

where we can find from the recurrence relations of the Hermite Polynomials, that:

) =[5 =1, =" ), an

So, the derivative becomes a maximally entangled state with the expression:

1
0 =3 <, /% Im— 1), — ,/m; Im. + 1>5> In), ® |m,n), (S15)

Projecting onto such a state is not trivial and is outside the scope of this experiment. We instead chose to use
measurements readily available to us experimentally in a setup with entangled photon pairs. A variety of measurements
(either categorized as joint or single-photon measurements) are possible which will determine the projection outcomes
P;. Using a joint basis of HG modes as the mode sorting basis, with elements |k, 1), (k,1|, ® |K',I), (K',I'|,, the
projection outcomes ’P,’fl/ ! can be expressed as:

Phl = Tullk, 1), (ko1 @ K1), (KU, pai)
= (k, l‘s ® <kl7 ll‘i per |k, l)s ® |k,7 ll)i

= 2R )P 4 Lk [K) P Foe ($16)

Section S3. ANALYTICAL EXPANSION OF (m| ni)
The inner product between an ‘HG function of mode m and a displaced ‘HG function of mode n can be written out as:

+o0

<m‘ ni> = Hgm( )HGn(Z + 9)d

Applying a change of variables u = x £ § and inserting the expressions in S11:

() = gt [ OO % S
m|n e m(UuF =) Hp(ut =)du
oamInmInlr 2 2
+o0 2 S
2m+"m'n'7r/ m(uF 2)’;'-[ (ut §)du (S17)
The integral in S17 is given in a table of integrals [36], where for n > m:
+oo 5
/ e Hpm(x +y)Hn(z + 2)de = 2"mm!z" "Ly ™ (—2yz) (S18)

where £ is the generalized Laguerre polynomial of order i,a.. So, the analytical expression for the inner product is

found to be, for n > m:
fm! m—n n—m =2 pn-m s2
<m| nt) = F 2 (:ts) ) ) T ‘CHL ( ) ) (Slg)
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Section S4. BIPHOTON SPADE BASED ON PROJECTION ONTO HG-MODES

Here, we derive the main result showing the relation between the Fisher information and the Schmidt rank (K) in
biphoton SPADE. In the small separation limit (using S4, S14) only three terms in S16 are non-zero:

'y k k./
PhY ~CLy |67 {1 — 421@41 )} + O - + 01— 5”,

P~ C2(1- 5 (2k+1))
kaH T 32013“,1%1 (520)

k=10 212 k
P ~ S Ck—l,l§

For k = k' the FZ about the parameter § = 2s tends to 0. For k = k’ + 1 the projection outcome has the same form
as for optimal measurements, where P; is proportional to §2.

[c2,eh+1)s]”

Kl o\
FIhi(s) ® gwmamrn

k41,0 k 21
FIy ~%IC;3+1,1 (521)

1%

k—1,1 k2
FIy 5Ck_1,

For example, projecting signal photon onto [1,0), and coupling idler photon into a single mode fiber (projection
onto [0,0),) would give a constant Fisher Information, for small separations, of %C&O. The total FZ is obtained by
summing the non-vanishing FZ across all HG mode measurements. Writing out the coeflicients explicitly:

]‘—Ik+1’l~ k+102 1—y 2(k+1) 1—v 2
kl ~ 1+~ 14+~

2(k—1) 21
k—1,0 1— 1—
FLy, &= %kcg,o(u::) (1+~z>

2k 2 2k 2
and using >, k 1+:Y/ % SOk (%) = % we can calculate the sum over k for the 1D case S22

or the sum over all k,[ S23.

S FIu = 3122 = 027
(S22)
zk FIk 1,0 _

NI

S FInH = 42k ”) ~ 0.60
2 (S23)
k—1,1 1+9)?
ZkA,l]:Zkl =¢ 8'::) ~1.10
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The numerical values correspond to the FI value for a v = 0.15, as in the experiment. Note that for strong spatial
—1y2
correlations, the value of v gets closer to 0 and the total FI increases. In fact, the schmidt number K = w

which is often used as a measure to describe the strength of spatial entanglement in the SPDC pair, can be found in
the total FI sum:

)

(477 = (524)

N
8
]

Section S5. GAUSSIAN CASE (y=1)

Note that v = 1, corresponds to a simple separable product state of a two gaussian wavefunctions for signal and idler.
In that case, the total Fisher Information according to Eq. 524 reduces to %(%) which can be briefly seen as follows:
The state after displacement can be represented by a density matrix p = []070) (070| + [070) (070|]. At the
small separation regime the optimal mode of projection is the first order Hermite Gauss mode HG1, for which the
probability for a successful projection is given by,

Py = (10]p[10) = S [| (1] 0F)[* + [ (1] 07)[*]

1
2

Using equation S19, we have that (1]0T) = (17]0) = —\/gse*§ and that (1/07) = (11]0) = \/gse*§. The
probability outcome P; is given by:

1 52
P = 55 ez
with Fisher Information of:
1 (0P 1 , st 2 1N
FI, = — =-(2—-2s — ~ (=
L) (8(25)) 122 e T 2505

The total FI for the simple gaussian case does indeed correspond to the total FI when v = 1. The entanglement
scheme thus provides an advantage over classical SPADE for any level of entanglement with vy < 1.
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Figure 19: Experimental data versus no-noise non-schmidt model. The plots
show the experimental data collected and the simulated projection outcomes
from Eq.(43) with C’,i;vl,;, chosen as the square root of 7x7 normalized ex-
perimental cross-talk matrix coefficients - all coefficients are considered real
valued, as we do not have the full SPDC state experimentally characterized
to perform a precise tomography. n;, m, in the legend represent the joint
projection measurement of idler photon onto HG, and signal photon onto

HG .
3 Spin-Orbit Coupling in Spherulite Crystals

In the previous section of this work, we showed that super-resolution meth-
ods in far field imaging systems can be obtained by sorting the light field into
structured spatial modes. In particular, we saw that spatial mode projection

can be accomplished in two steps [10]: imparting a phase and amplitude onto
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the reference beam, and coupling the beam into a SMF. While the step 1
of beam shaping is accomplished with a SLM, we explore in this section an-
other mechanism that allows for the generation of structured light. Indeed,
we describe how spin-orbit coupling phenomena occurs in birefringent ma-
terials and show, by example of ascorbic acid, how many natural crystalline
spherulite structures can be exploited to generate beams with orbital angular

momentum.

This chapter is based on the following paper:
Grenapin, Florence, D’Errico, Alessio and Karimi, Ebrahim. “Spin—orbit
coupling induced by ascorbic acid crystals” Nanophotonics, 2023. https:

//doi.org/10.1515/nanoph-2022-0502

3.1 Methods

In this section, we hope to clarify the decisions that were made in the process
of perfecting the technique described in the paper. We will talk about po-
larization tomography and interferometry, two methods that confirmed the
waveplate nature of ascorbic acid. Finally, we will walk through the fabrica-

tion process of ascorbic acid crystals.

3.1.1 Polarization Tomography

In order to measure the polarization effects of the ascorbic acid spherulite

waveplate around a defect, we use a tomography method to evaluate the lo-
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cal polarization ellipse at every point along the beam wavefront. The local
polarization ellipse can be fully determined by the four Stokes parameters:
{s0, s1, S2, s3}. These parameters represent any polarization state, whether
it be fully or partially polarized, and can be obtained simply by measuring
the six different local intensities associated to each polarization component
Itiv,ap,1,r, and where Ip and Iyp are the polarized and non-polarized com-

ponents of the light, respectively:

so = lotar = Ip + Inp, (44)
s1=1g — Iy, (45)
So =14 — Ip, (46)
sy = I — In. (47)

The respective intensities are obtained by projecting the light field on the
correspondent polarization mode, by means of a polarizer (or a combination
of HWP, QWP, and polarizing beamsplitter which act as one). Since the
parameters depend on easily measurable quantities, this Stokes representa-
tion is useful for characterizing light polarization at any local point on the
wavefront. States of linear polarization have s3 = 0 and otherwise the sign
of s3 determines the handedness of the polarization ellipse. For an arbitrary
S0

degree of polarization P = we can define the Stokes vector vg as:
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Figure 20: Left. Experimental setup used to control input and analyze out-
put polarization states generated by ascorbic acid crystals. Legend: polariz-
ing beamsplitter (PBS); half-wave plate (HWP); quarter-wave plate (QWP).
Right. Schematic of a polarization ellipse, with x and y axes aligned with
the horizontal and vertical components of the electric field, F, and F, re-
spectively.

So So
0 s
vs = (1— P) vp| (48)
0 S9
0 S3

Which, for completely unpolarized light (P=0) is not interesting to our case,

and for completely polarized light (P=1), such as is the case in the tomog-

S0
raphy setup (see Fig.(20)), simply reduces to: v, = lﬁ; ]

s3
The expression for the angles of the local polarization ellipse (see Fig.(20))
are: ® = ;Tan™'(£) and x = Tan™'(—2=). Therefore measuring the six

2. .2
s1+s3

projection intensities at various points of a wavefront is enough to obtain

the polarization ellipse for those points. Measuring the intensity of the beam
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after a projection onto a polarization mode allows us to build the polariza-
tion ellipse at almost every pixel covering the wavefront of the beam. For
instance, if the polarization pattern of the wavefront is uniform, then the
ellipses will be identical at every point. Alternatively, light carrying orbital
angular momentum (OAM) of a certain value m, such as vector vortex beams
generated by g-plates, has a helical wavefront, which means the polarization
ellipses perform a 2m rotation around a singular point.

The setup for polarization analysis measurements is shown in Fig.(20). A
wavelength of 533nm is used since, experimentally, it showed the most con-
trasted Maltese pattern and is thus closer to a half-wave retardation. The
PBS, HWP, and QWP combination allow us to control polarization of input
light. For each input polarization, the second set of HWP, QWP, and PBS
allow for projection onto polarization states H(linear horizontal), V(linear
vertical), A(linear anti-diagonal), D(linear diagonal), R(right circular), L(left
circular).

For each input polarization, the point by point stokes parameters of the out-
put light can be retrieved in a straightforward manner from the projections
using their definition Eq.(44):

The local polarization ellipses, or simply the angle of the major axis of the
ellipses (see the manuscript 3.2) can then be obtained using the definition of
the ellipse angles (see Fig.(23)).

With input H polarization, collecting projections onto the four linear polar-

ization states is sufficient to retrieve all stokes parameters, when we approx-
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Figure 21: Recorded intensity measurements of light having passed through
an ascorbic acid defect with H linear input polarization, after projections
onto: A. Horizontal. B. Vertical. C. Antidiagonal. D. Diagonal. E. Left

circular. F. Right circular.

Figure 22: Density plot of local Stokes parameters of light after passing
through an ascorbic acid defect with H linear input polarization, obtained
from images in fig[21]. A. Point by point s; parameter. B. Point by point
s parameter. C. Point by point s3 parameter.

imate the output light to be completely polarized in each point (P=1). For
fully polarized light, s? = s7 + s3 + s3 is satisfied and can be used to retrieve
s3 without projecting onto the circular polarization states R and L. This is

how we recorded in real time the polarization effects of ascorbic acid during
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Figure 23: An example of polarization analysis results for H input polariza-
tions. Similar results are shown in our publication 3.2. Left. Constructed
polarization ellipses of regions 50 x 50 pixels wide. Right. Density plot of
local polarization ellipse angle ® using the CSV colorbar in matplotlib.

PBS

PBS

HWP
QwWwp

H PBS

N

A

Figure 24: Experimental setup used to control input and analyze output
polarization states generated by ascorbic acid crystals, in real time during
their growth. Four thorlabs cameras are simultaneously recording at the four
output ports HV,A,D (not shown).
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its growth around defects. (Illustrated in Fig.(24), and our manuscript 3.2).

3.1.2 Interferometry

In addition to performing a point by point polarization characterization of
the beam passing through the spherulite waveplate, in the work we confirm
generation of vector vortex beams by using tilted interferometry. The method
consists of interfering a tilted reference beam (Gaussian or plane wave) with
the signal beam, whose wavefront was modified by the ascorbic acid. The
interference pattern contains the transverse phase information of the signal
and thus, can determine the wavefront of the signal beam.

OAM-carrying beams have a helical wavefront since they carry a certain
value [ of angular momentum, which translates to a transverse phase of
Poan = €. When interfering with a tilted Gaussian, the resulting interfer-
ence pattern consists of spiral fringes where the number of spirals depends
on the OAM number I, and the handedness is determined by the sign of [.
To show this quickly let us assume a Gaussian beam E is tilted at an angle
about the y axis from the z axis of propagation. Because of the tilting, it has
phase component in the x-y plane of: P, = e**. Then the total transverse
field intensity is given in Eq.(49), where A, and A, are the amplitudes
related to the reference and signal fields. See Fig.(25) for the expected inter-

ference patterns.

Liot = |AoaniPoanr + AyP,|? (49)
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Figure 25: A-Plot of the transverse phase of a tilted Gaussian reference beam
P,. Top. B-Plot of the transverse phase of a vector vortex beam with an
OAM value of I = 2. C-Simulated interference pattern Eq.(49) between A
and B. Bottom. Same sequence, but with [ = 1.

As shown in our manuscript 3.2, the interferometry confirmed generation
of OAM-carrying beams, indicating that the spin-to-orbit coupling expected

from the theory of a g-plate of q=1 indeed happened.

3.1.3 Fabrication

In nature spherulite structures of ascorbic acid crystals form under fairly
standard conditions, and thus fabricating the crystals consisted simply of

two steps: a dissolution into a solvent and a drying out phase, during which
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the crystals start to form. A mix of water and ethanol was used as a solvent,
with varying ratios. We show results for a 10:1 ethanol:water mix, dried at
room temperature, and for a 100% water solvent, dried in the oven at varying
temperatures (See the manuscript 3.2). Since the scattering of natural defects
is a random process, at this scale and with rudimentary equipment, each
batch of crystals turned out slightly differently. In most cases, the crystals
formed around point defects on the slide or introduced by excess powder
grains, and we could observe Maltese patterns. The density of defects present
and the room temperature affected the size and shape of the patterns in
each batch. For example, at slightly higher temperatures, the patterns were
larger and were developing with double bands (see section 1.1.2) more often.
In some cases, the crystals formed around line boundaries and the resulting

pattern between cross polarizers altered significantly (see Fig.(26)).

3.2 Publication
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Abstract: Some anisotropic materials form semicrystalline
structures, called spherulites, when observed in a polari-
sation microscope, exhibit a characteristic “maltese-cross”-
like pattern. While this observation has been hitherto
considered as a tool to characterize these materials, we
show that these patterns are associated with a strong light’s
spin-orbit coupling induced by the spherulite structures.
We experimentally demonstrate these effects using sam-
ples of crystallized ascorbic acid and observing the cre-
ation of optical vortices in transmitted laser beams, as well
as the formation of inhomogeneous polarisation patterns.
Our findings suggest the use of some spherulites based on
other materials in frequency ranges, e.g. in the THz domain,
where polarisation and spatial shaping of electromagnetic
radiation is still a challenging task.

Keywords: metasurfaces; orbital
spherulites; structured light.

angular momentum,;

1 Introduction

Polymer spherulites are spherically symmetric semicrys-
talline structures typically observed when a molten polymer
is slowly cooled down [1]. The slow cooling allows polymer
chains to form in ordered configurations. The crystallization
starts around point defects and consists of lamellae struc-
tures that, in the absence of temperature gradients, grow
radially from the defect centre.
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The radially directed fibrillar structure can be easily
seen at low magnification. Such fibrils are composed of
one or multiple crystals elongated in the radial direction.
Such media have been the subject of intense research in the
last decade due to their effect on optical beams that cou-
ples optical polarisation and inhomogeneous phase trans-
formations. As a consequence of the optical anisotropy of
the crystals, spherulites can be considered as one of the
simplest examples of patterned anisotropic media. More
specifically, Pancharatnam-Berry Optical Elements (PBOEs)
[2] are slabs of patterned anisotropic materials whose inho-
mogeneous orientation of the optic axis can be used to
structure the phase and polarisation of light in a way that
is conditioned by the polarisation of the input beam. The
most known and widely used device of this kind is the
g-plate, a PBOE with an optic axis that varies linearly with
the azimuthal angle [3, 4]. Q-plates have been used as a
tool in different areas [5]: from quantum information and
simulation [6, 7] to microscopy and surface structuring 8, 9].
Typically, g-plates are based on liquid crystals, in which case
their retardation can be finely controlled either thermally
[10] or electrically [11]. More recently, g-plates, as well as
other PBOES, based on subwavelength structures have been
developed: from nanostructured glasses [12] to plasmonic
metasurfaces [13]. Semiconductor microcavities with simi-
lar features have been recently demonstrated [14, 15].

Here, we show how slabs of spherulites — specifi-
cally how thin layers of ascorbic acid spherulites — also
behave like PBOEs with an azimuthal optic axis dependence.
Indeed, when observed in the context of polarized light
microscopy, i.e. between crossed polarizers, spherulites dis-
play “maltese-cross”-like patterns which strongly resemble
g-plate patterns with topological charge ¢ = 1 (see Figure 1).

In g-plates, the radial optic pattern introduces an
azimuthal phase factor to the light transmitted through it,
a factor which is associated with a well-defined amount of
Orbital Angular Momentum (OAM). Depending on the input
polarisation state, one can generate beams with OAM values
of +2 or induce singular polarisation patterns, e.g. vector
vortex beams. This process is called optical spin to orbit
coupling. OAM beams, as well as vector vortex beams, may
be exploited to encode classical and quantum information

3 Open Access. © 2023 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International License.
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Figure 1: Images of ascorbic acid samples between cross polarizers, illuminated by white light. (A) Sample of ascorbic acid crystals grown at room
temperature, from a 10:1 ethanol:water solution. Many “maltese-cross”-like patterns are visible, delimited by boundary regions. In the top left corner,
a singled out pattern is enlarged. (B) Sample of ascorbic acid crystals grown at 80 °C, from a pure water solution. The “maltese-cross”-like patterns
exhibit a double-banded structure visible as concentric rings of alternating colours. (C) Sample grown in the same conditions as B. Point defects
aligned close together on a physical boundary cause a different pattern to arise in the sample. The double-bandedness remains visible, without the
cross pattern. (D) Sample of ascorbic acid crystals grown at 120 °C, from a pure water solution. A “maltese-cross”-like pattern is visible, but appears
disorganized and coarse. The fibrils themselves are almost recognizable.

[11, 16-20]. Spin-orbit coupling is the basic phenomenon
behind the optical spin Hall effect [21, 22].

Spherulite-like structures are observed when evaporat-
ing solutions of ascorbic acid dissolved in water (or other
solvents, like ethanol). We confirmed our prediction by
performing interferometric experiments to ascertain the
OAM character of the transmitted beam and spatial Stokes
polarimetry to reconstruct the generated polarisation pat-
terns during and after the spherulite formation.

2 Materials and methods

Ascorbic acid (C4HgOg), commonly referred to as vitamin C, forms biax-
ial crystals with monoclinic spheroidal crystal units of P2, symmetry

)]

[23, 24]. The unit cell and indicatrix ellipsoid are shown in Figure 2(A),
and the molecular structure of ascorbic acid is shown in Figure 2(C).
The molecules themselves are roughly planar and at room temperature
growth they are almost strictly oriented in the (010) plane (the plane
generated by the axes a and c in Figure 2(A)), the smallest refractive
index of the indicatrix is aligned in the b direction.

In our experiment, commercially available ascorbic acid was
spread over a slide, dissolved in a solution which was made to evapo-
rate and leave free and dispersed ascorbic acid molecules in the sample.
Water and ascorbic acid have great affinity, however, due to its high
surface tension, water does not spread out as well on the slide and
can take up to a couple hours to dry, at room temperature [25]. The
choices of solvent and temperature are important as they determine
the thickness of the sample (which affects the retardation), the rate
of crystal formation, subtle variations in crystal structure, and the
number of molecules present on the slide (whether or not the effects
will be visible). Therefore, at first, we chose to dissolve the ascorbic

(©)

Figure 2: Structure of ascorbic acid spherulites. (A) Schematic of the ascorbic acid crystal unit cell and indicatrix ellipsoid. The three axes of the unit
cell are: a = 17.299(8) A, b = 6.353(3) A, ¢ = 6.411(3) A, with @ = 102°11(08') the angle between a and c. The three axes of the ellipsoid are:
a =146, f = 1.6,y = 1.75, with a parallel to b. (B) Twisting of indicatrix ellipsoid along the fibril growth directions. (C) The molecular structure of

ascorbic acid. Legend: C, carbon; O, oxygen; H, hydrogen.

72



DE GRUYTER

acid at room temperature in a solution of 1:10 ethanol:water [26]. On
the sample, the spherulite structures formed around point defects from
residual powder grains, either accidentally present from undissolved
powder grains in the solution or introduced manually after evaporation
[25, 27-29]. There is a large variety of patterns that can be observed
under different conditions of humidity and temperature [1, 29]. In
particular, in specific humidity conditions (relative humidity RH ~
30-40%) and at room temperature [29], one can observe “maltese-
cross™-like patterns when viewing the sample between crossed polariz-
ers and under white light illumination (see Figure 1(A)). Under different
conditions, for example at slightly higher temperatures, the crystals
can form with a twist, rotating around the fibrillar axis at a certain
angle, resulting in a periodic rotation of the indicatrix ellipsoid along
the radial direction [30]. This alternation of adjacent regions of relative
high and low birefringence forms “banded maltese-cross”-like patterns,
where, when viewed under cross-polarizers, regularly spaced concen-
tric rings of alternating brightness appear overtop of the cross-like
intensity pattern. In the case of ascorbic acid, “double-banded maltese-
cross” patterns form because of the biaxial nature of the rotating
ellipsoid [Figure 1(B) and (C)]. By choosing pure water as a solvent
which we heated at near boiling point, we observed the double-banded
patterns more clearly. In more extreme conditions at higher tem-
peratures, the spherulite patterns become coarse and less organized
(see Figure 1(D)).

3 Results

In order to understand the action of ascorbic acid crystals
on a light beam around point defects we can adopt the
model of a wave retarder with an inhomogeneous optic
axis orientation. This model works equally for biaxial media
once one fixes the propagation direction of the transmitted
light. In such a case, there are still two (effective) refractive
indexes associated with specific orthogonal polarizations,
which can be calculated by knowing the wavevector of the
incident beam and the orientation of the index ellipsoid
(see e.g. [31]). In the following, we conventionally define as
“optic axis” the axis corresponding to the highest refractive
index experienced by the incident light beam. Assuming
the sample is sufficiently thin and lying in the plane z =
0, we have an optic axis angle # which is a function of
the azimuthal angle and radius in cylindrical coordinates:
6(p, ¢). The action of an anisotropic uniaxial medium can be
expressed by the following Jones matrix, written in circular

polarization basis:
1o +1sin
01 e

where the parameter ¢ is the optical retardation of the
medium, & = 2z(ny — ny)d/ A, with n,, the two effective
refractive indices, d the sample thickness and A the wave-
length. Note that 6 can be position dependent as well, and
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in particular, in the case of banded “maltese-cross”-like
patterns.

At half-wave retardation 6 = x, the effect of such a
medium is to invert the handedness of circular polarisation
and introduce a phase factor exp(+i20(p, ¢)), where the
+sign is in the case of input left circular polarisation, and
the —sign for input right circular polarisation. In particular,
media characterized by the optic axis angle anisotropy

0,00, ) = 4 + Oy, @

where q is the topological charge of the molecular direc-
tor field and 6, an offset angle, introduce azimuthal phase
factors of exp(+i26,)exp(+i2q¢). Beams characterized by
exp(i“¢) factors are known for carrying a well-defined
amount of OAM equal to N /¢ (where N is the average
number of photons). Therefore, the medium described by
U(r,0,) is converting the input spin angular momentum
(SAM) of each input photon into OAM, a process known
as SAM-to-OAM conversion (STOC), first investigated with
g-plates [4]. Moreover, an input beam that is linearly polar-
ized (or in a generic elliptical polarisation state) will be
transformed into a non-separable state of polarisation and
0AM, which manifests in inhomogeneous polarisation pat-
terns [32, 33].

To test that our samples of ascorbic acid spherulites
have alocal optic axis around defects of @ = ¢, we observed
both the STOC phenomenon and the generation of inhomo-
geneous polarisation patterns.

3.1 Experimental characterization of the
optic axis pattern

We first confirmed that the ascorbic acid crystals orient
radially by measuring the optic axis pattern 6 :=6(p, ¢).
This can be done by shining the sample with circular polar-
isation and projecting the transmitted beam into a linear
polarisation state. The resulting intensity distribution is
given by

I(p, ) 1+ sin(8) sin26(p, P)), 3)

where we assumed input right-circular polarisation and
a projection on horizontal polarisation. The measurement
was performed with a 633 nm diode laser source. At this
wavelength our sample exhibits a retardation close to 6 =
7 /2, ensuring a good visibility of the intensity modulation
in the measured pattern. As shown in Figure 3(B), near point
defects, the recorded intensity distribution (averaged over
different radial positions) is well described by the relation
6 = ¢, associated with a radial distribution of the molecu-
lar director around the defect. In proximity of boundaries
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Figure 3: Structured light emerging from ascorbic acid spherulites. (A)
Schematics of the interferometry and polarimetry setups. The reference
beam’s polarization is rotated in the reference arm to ensure
non-orthogonal polarizations at the output of the BS. A lens (not shown)
is also added to the reference arm to induce a spherical wavefront onto
the reference Gaussian beam. For polarization tomography, the
reference beam is ignored and the camera is placed between the PBS
and the BS, as shown. (B) Intensity patterns characterizing the optic axis
angle in two different regions of the sample. Right-circular polarization is
incident on the sample and projected onto horizontal polarization,
resulting in an intensity distribution related to the optic axis angle by 3.
On the right, the distribution around a defect. It matches the simulated
intensity for & = ¢, shown in the bottom right corner. On the bottom
left, the intensity distribution of the image above, showing a region near
a physical boundary. The intensity does not vary in that region. (C) On
top, interference pattern generated with input right circular polarization,
compared to the theoretical pattern between a spherical Gaussian and a
beam carrying OAM +2. On the bottom, interference pattern generated
with input left circular polarization, compared to the theoretical pattern
between a spherical Gaussian and a beam carrying OAM -2. (D) Density
plot of the major axes of the point-by-point polarization ellipses from a
beam transmitted through a defect region of the sample. The V-point is
visible. A simulation of the expected density plot is shown in the bottom
right corner.
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which separate regions containing point defects, we observe
a jump in the optic axis angle.

3.2 STOC in ascorbic acid samples

A simple way to ascertain the generation of OAM in a
laser beam is to look at its interference with a reference
Gaussian beam [4]. It is easy to show that, in the case
of co-propagating beams, the interference pattern consists
of spiral fringes where the number of arms is dictated
by the OAM absolute value of the analyzed beam, and
the handedness by the OAM sign (see insets in Figure 3(C)
for simulations). We thus verified this result by insert-
ing the samples in one arm of an interferometer and
recording the interference pattern for right-handed and
left-handed circular polarisation inputs (the experimental
setup is shown in Figure 3(A)). We used a laser beam at
525 nm, where the optical retardation of the samples is
typically close to z. This was checked by looking at the
conversion efficiency from left circular to right circular
polarization [5].

The resulting interference patterns are shown in
Figure 3(C) for right and left circular polarisations, respec-
tively, showing that the STOC phenomenon is realized.

3.3 Polarimetry of vector modes

As the next step we illuminated the sample with the same
laser beam but with linear polarisation. The g-plate model
predicts that the resulting field, on the sample plane and at
half-wave retardation, is given by

Eou(p, ) o (e%0ep + e~ e 7'/ @
where we assumed a Gaussian envelope field with waist w0,
and ey, = (x+iy)/ /2, with x and y the unit vectors of
the x and y axes. Such a field is linearly polarised every-
where but with an angle of the polarisation ellipse given
by ¢ and a singular point on the beam axis (known as
a “V”-point) [33]. A detailed account of polarization sin-
gularities emerging from biaxial media is given in Ref.
[34]. We observed the generation of these patterns by
a point-by-point measurement of the Stokes parameters,
defined by: sy = Ly $1 = Iy — Iy, S, = Iy — I, Ss =1 — I,
where Iy 451 are the intensities of, respectively, hor-
izontal, vertical, anti-diagonal, diagonal, left circular and
right circular polarisation, and I, stands for total inten-
sity. These intensities, and consequently the Stokes parame-
ters, can all be easily measured by a sequence containing a
quarter-wave plate, a half-wave plate and a polarizing beam
splitter (Figure 3(A)). In particular, the density plot of the
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polarisation ellipse orientation (which is the phase of the
field s, + is,) clearly shows a singular pattern (Figure 2(D)).
By according the different projection intensities on a cam-
era, we reconstructed the local polarisation ellipse. The
resulting pattern is quantitatively close to the expected
one. Due to the optical retardation not being exactly ,
the “V”-point is split in four points of circular polarisation
(“C”-points) each with a topological charge 1/2 (see also
ref. [33]).

The generation of singular polarization patterns was
observed also during the growth of the sample (Figure 4).
Figure 4 shows how the radial pattern appears first around
the defect and then spreads through the sample.

4 Discussion

We have shown that ascorbic acid spherulites crystal-
lize around defects, in the absence of twisting, with a
local optic axis pattern of 6 = ¢». We have also shown
experimentally the generation of OAM modes and vec-
tor beams. Our findings show how ascorbic acid can be
exploited as a material for fabricating devices which exploit

(A) Fegf g VN FRREREENER R RR O
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photonic spin-orbit phenomena. In future, we plan to
develop techniques to better control the growth of the ascor-
bic acid samples in ways analogous to what is done with
liquid crystals [5].

The radial growth around the defect is likely the most
energetically efficient way to form the hydrogen bonds
between atoms inside the crystal. It can be interesting to
explore the different crystallization structures when ascor-
bic acid is grown on a polar substrate, instead of around a
defect on a neutral glass substrate.

Ascorbic acid is part of a large family of spherulites,
each of which has structures suggesting certain anisotropy
of optic axis patterns around defects. It would be inter-
esting to explore the STOC phenomena in other kinds of
spherulites, which may have advantages over ascorbic acid.
In particular, while ascorbic acid has relevant absorption
above 1.5 THz [35], the recently demonstrated controlled
generation of quartz spherulites [36, 37] may offer an inter-
esting way for creating vortex beams in the TeraHertz fre-
quency domain [38] (q plates for this regime have been
recently realized using either 3D printing techniques [39] or
quartz segmented waveplates [40]). It would also shed light
on the role of different crystal structures and symmetries in
the shaping of light.

Figure 4: Frames showing the evolution of polarization distribution during the growth of the sample at t = 0 min, 6.5 min, 12.8 min, 19.1 min. The
sample was grown at room temperature, from a solution of 10:1 ethanol:water. (A) Intensity of the beam between cross polarizers at different times
during crystal growth. (B) Plot of the major axis angle of the point-by-point polarization ellipses at different times during crystal growth.
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Figure 26: Images of ascorbic acid between cross polarizers, in various con-
ditions of temperature and solvent choices. For the pleasure of the reader.

4 Conclusion

In conclusion, we developed and experimentally demonstrated a super-resolution
technique applicable to coincidence imaging setups with potential for low-
light imaging applications. We also show that the total FI scales as VK,
highlighting the super-resolution potential in high-dimensionally entangled
light. Despite suffering from cross-talk, the optimal modes measured in the
experiment provided enough FI to estimate separations much smaller than
the Schmidt beam waist. The clear first step from here would be to re-
peat the experiment under more controlled circumstances in the lab and to
accumulate data repetitively over longer periods of time to get a proper ex-
perimentally realizable CRLB for this technique. Additionally, the proof of
principle experiment could be repeated with a coherent separation, where
we expect the advantages conferred by the high spatial correlations between

photons to remain. Given that the use of high-dimensional entanglement
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further enhances the advantages of SPADE, it would be interesting to incor-
porate neural networks into the biphoton SPADE technique. As mentioned
previously, conventional SPADE super-resolution has been generalized to and
experimentally achieved with arbitrary objects using ML and deconvolution
algorithms, which could altogether be enhanced in a biphoton setup like
ours. These advances could help achieve high resolution of more complex,
light sensitive objects.

Furthermore, we showed, by verifying the OAM character of the output
beam, that ascorbic acid crystals grow radially around point defects, with
local optic axes varying linearly with the azimuthal angle. We also show
that in less ordered crystal growths, the local optic axis adopts dependencies
on two other angles, as the crystal grows with small twisting of its radial
fibrils. In the future, efforts to tune the growth of ascorbic acid crystals
by applying external electric fields or more polar substrates, could allow for
more precise control and arbitrary shaping of the structured waveplate. Since
ascorbic acid is part of a class of crystal spherulites with similar birefringent
properties, it would also be interesting to explore the fabrication and opti-
cal properties induced by different spherulite waveplates. In particular, the
study of quartz spherulites, which are transparent in the THz regime where
standard g-plates are rare, seems like a promising direction for future work

in this field.
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