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. ABSTRACT
-

k)

The subject of this thesis is devoted to thre application -

of Optimal Contrsl Theory té aerospace prdblems. In *his

thesis, ‘a radar detection problem ard a satellite osrbital

control preblem are considered.

The  radar problem is to optimize the searclt scanning
functicn of radars with electronically steerable beams. The
tarqetldynamics considered is described by a system d>f fi;st
lorder ordinary‘ linear differential equaticns with delayed

arguments.

The satellite orbital centrol problem is to develop an
opéimal'orbital control scheme for synchf&nous satellite;
The satellite orbital -dynamics is described by a system of
noclinear differential equations without delayed terms, The

Optimal Control Scheme is compared with a Sequential Control

Scheme proposed by Ahmed and Sen [16].

In this ttesis, ﬁyo different algorithms are adopted £or
the solution of the two problems. The radar scanning prpblem
1s solved by a stroné variational.technique originated from
Murray and Teo [5]. ‘While the Conjugate Gradient Descent
(CGDy ‘method - is used in +the orbital control ‘problem.

Pinally, comparisons are made on the two algorithas.

—_—
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Chapter Y

INTRODUCTION
1.1 - GENBRAL ' .

Historically systems and control *heory has its origin in

the industrial revolution of the 19th cénturya world war I

£
' ”
and postwar automation,

_Over the last. tdec decades a revolutionary'development‘af
the subject has taken place. This revolution was triggered
,by an  outstanding breakthrough in the theory of classical

'calculas of variationms in the late 5C0*'s, and the results is

s known as tke Pontryagin's Maximaunm Principle {1]. ' Due *o the~
. : 1 X

" size and speed of tle computers available in the 50's,

-application of the results was somewhat " limited. However,

] -

the extensive development ' of the modern high speed digixal -

- V . .
computers in the €0¢s wmade it feasible ‘to consider the

actual computation of the problen,

;Thé 'Russiaﬁs_astbn%shed the world by launching - their

first attificihl satellite, Spﬁtnik 'on-Octerr. 4, 1357.

Since the advent of the space age heqan in 1957, a number »f

space projects kad been iconducted which lead_” to .the

conquest of the mocn in the 70's 127, exploraiﬁon of the

-

N



2
planets- Mars, Jupiter and Saturn in the BO's, and the
recent succeséful return of the U.S. space shuttle,.

Witk the increascd use of more sophisticated -defense

. A‘_‘! N
systems and space vechicles, modern control theory is cne of

" the more ipmportant areas of engineering application in the

'm;litary/aeroépace fields. © Control ‘theory had Zound

applications in other areas as well, notably transportation,
povwer systems, life sclences, ecclogy, management sciences,

operations research and economics [ 3]. »

In aerospace and” defense systems, prime areas of concecn
. . .

Fave been the  identification of aircraft ‘parameters,

adaptive control for aircraft, attitude ° centrol €or
satellite, Jjet engine control, radar *racking, nonlinear
s*ochastic cbnrtrol for tactical missiles, man-machine

systems, . precisicen telescope pointing and tracking, .and
' g

‘orbit transfer, problem for interplanetary space vechicles

[37].

1.2 PROBLEMS
N . o

:In this" thesis, *two aerospace abplications of Op*timal
Contrcl Theory - will be considered, ndﬁely optimal scanning
problém for , a phased' érray radar and{the optimal orbital

control of a synchrecnous satellite's orbit.

\
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The aim of the first probler |is ‘}o improve the
performance of a radar system with glecﬁrohically sFeerablé
beamsl to perform search scanning by optimizing the bean
control fuq¢ticn. The model describing the staiistical
behavio; of undetected.targets is originall& déveloped by
Mckﬁam [u]Q It gives an estimate of the gertaint& that
various regions of a surveyed gecgraphical: area have n;t
been entered by. undectected targets, The certainty variation
with time of, eéch region is approximated " by a differential
equaticn. The target dynamics 1is used +¢o formulate an
optimal controi preblem which is theh solved by an algorithm
based ona strong variational *ecknique developed by Murray
~and Teo ({5]. The ohjective- is to determine ;he beanm
* steering function which -results in the best detection

statistics possible in the time available.

The second problem 1is to find an optimal control scheme
to drive the orbital parame*ers namely, semi-major axis,
eccentrici+y, longitude of ascending nocde, argument »>fF
periapsis, and true anamoly at epoch to their’ desired
states, The well developed dynamics of Ehe orbiting
- satellite [€,7] is wused to formulate an obtimal control
problem which 3is then solved.by the well known Conjugate
GFadient Descent (CGD) method [8,9,10]. A practical control

scheme hased on the results is suggested cn the design of

the control systems of .avorbiting satellite.



s. K u

To the.knowledge of the author, the target dynamics and
tﬁe oﬁtimization of the radar systenm considereé in this
thesis havelnever_been,;ttempted by others. Furthkermore, no
publication on the IEEE ‘Transactions on lerospace and
Electroniqs‘Systems has considered the optimal control »>f

the orbital parameters of a satellite,

1.3  OQUTLINE OF THE THESIS
ji

In the seccnd <chapter a brief review of the theoretical
"background for the Pontryagin's Maximum Principle is made.
The theor&ms presented are used in the solution of the

orcblems described previously,

In .ihe third chapter the model of the statistical
behavior of undetected fargets is derived. Thke model for
the radar scanning problem is.used to formulate an optimal
controi problem. The algorithm based on stgong variational
technique selected for the .computation of trke optimal
control 1is presented. The .computational results of the

optimization problem are presented latter in the chapter,

In chapter four, the classical orbital dynamics, composed
of six differential equations, is intreduced ‘without ény
derivaticn [6]., L description of the coordinate systems and
orbital elenents are also | provided <+tc facilitate ~he
understanding«qﬁ the readers, &n cptimal control problem is.

1i ) -
formulated forithe synchronous satellite. Tre Conjugate

| \

~
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Gradient Descent method chosen to solve ‘the two-point
boundary value problem is described. A brief review of the
Sequential Control Scheme [16] is provided and comparisons

are made between the Optimal:and Sequential Control Schemes.

The results and guidelines for the design of the practical

implementation of the orbital’ control systems are presented

a* the end of the chapter, '

i

F;haliy, in the las% chapter, discussions, conclusions,

comments, and suggestions fer further research are

——
o
o
-
’

presented.

S



Chapter II

A REVIEW OF PONTRYAGIN'S BAXIMUN PRINCIPLE

[4

In this'chabter, the ‘Ponyryagin's maximun Principle for
the prcée%ges with delay (1:213-217] will be stated withont
proof. d%&é"pn;pciple can bé easily extended %o the process

vithout delay [ 1:17-21] and will not* be presented here.

b L
2.1 STLTEHEN% OF PROBLEM, BASIC ASSUMPTTIONS AND
DEFPINITIBES S

tet +the control system be descrbbed by the . following

delay—differeniial equation on the fixed time interval

(toatf]
: s ]
X (t) =Z;f (t=h .,x{t=h.) ,u{t=h.)), (2. 1)
i= J J J
3
where
= T. 8™ is the stat t
X = (xl,xz,...,gn)s is the state vector,
u = (ul,uzg....urfi Rr~is +he control qector,
£l = (fi.fg,....f%fasz (§=0,.¢49) jc an @m-vector valued

function, and hj are the time—delays, ordered so that

0= ho < hl < h2 € wees < hS < tf ;5 < =,



i | 7

The initial fﬁnction for (2.{) is
x(t) = p(t), te[~hg,0], g ‘ (2.2}

where p = (pl,pé,..,,pmﬂr is a qivenfk absolutely continuons

. m
functicn on [-hs,O] with values in R .

Le*?ia be *he class of all adpissible controls defiged by

QLa = fus: uis a functien from [ -% 1 inte U, piecewise

s’ F
centinuous on [0,% 1 and - with u(t) = q(*) on [-hS,O] 1,
vhere q is a gilven piecevise continuous functicen on [:hs,“)
uifh values in U, and U is a compact and convex &ubset of
r".

Tre functioh Ei andjggj (3 = 04e00,s; 2 = Qpuee,m; k=

Trees,m ) are piecewise con%inuous c¢n [ to’tf] for all

m . m
(x,u)e B x U and continuous on ® x U for each t e/ tye te 1.

* . .
The optimal control problem +c be solved is =o £Zind a

cantrel u €lf that will minimize the cos* func*ional
- a

te

s -
Juy = X f (t-h ,x{u) (t=h,},u(t-h,)) dt (2.3
j=o o j - !

B

ot
-
b
[

subject to +he dynamics contraint (2.1) with <he ial

condition (2.2).



Definition 2.1

" For each u te + *he absclutely con*inucéusly fenction
a .

T " m+l
4*(‘—1) = | wo(u)f‘b'ltu}lfi--ad’m(u) } : [tOI f]+R

is the solu*ion of

3
. m 5 afk(trx(t"hi)ru(t))
() = = : Y, {t+h.) (2.4)
k=0 =0 3x ) k3
i
lpﬂ(t) = =1 (i = 1""lm)!‘
with *+te final condi+ion
yi(t) = 0 for all t;tf (i=1,44.,m)
and, ' (2.9)
p(t)y = for all t>h,
i)

where xi denotes xi(t-hj).

Defini+jion 2.2

The hamiltonian func*ion H [to,*f]mex i} xP(mﬁD(s+lL R;

i3 defined as

3
H(t, X, v ) =% £ (X (E=h ) ,v)p (k) 2.6)
’ k= ji;OK ALY -

where ¥ (t} denotes ( w(f+h0),¢(t+%‘),...,w(t+h ) ).
- s



Nefipnition 2.3

- Let S, be the égé%?i;”5 dimensional manifcld in the space
m .
R where O<k¢m-1, and L is the (k+71)-dimensional man:fald

which is the direct product of Sl wi*h “Fe x_ axis, where

0
tg . ,
- = y - ' - - .- ‘c
xO(_; .j£% fo( t hj,x(u)(t hj),g(t hj; ) d+

% e
)
With the definitions defined above, cne is ready *to s+a-el

!

“he nrecessary conditions for optimality for the giverd

problem in *ke form of a Maximum Principle,

2.2 PONTRYRCIN'S MAXTIMOM PRINCIPLE

-

Let u (%), Hf tst_ be an, admissible con*rcl such that+t <he

f
corresponding trajectory x(t), fo-gf tstf, of system (2.1)
with ini+ial function pixy, tO‘hjétStf, passes “krough some
point of the manifold I at some *ipe tf>t0. In order tha~

T{t) and x(t) be optimal, it is necessarcy *hat +*lrere exisz=- a

* i , = + o R - '
nonzerc vecter function ¢ (+) ( wo(_;.wl( ) 1bm( ) )

corresponding to the function u(t) and x(t}, such tha+ :

1) The maximum conditicn

H(Y (f).x(t}.X(t-hj}.u(t) ) = M ‘*’(t),x(t).x{f-hjj ) (2.7)

£

holds for all t, tdStst ; where !

| w(t),x(t),x(t—h,)\T\k max H¢ W(f),x(t),x(f—h.);u(t) 1.
j J
u QL

a
2) At the *teraminal time tf, the relations
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are satified.
1) - Tte vector . { w]ktf),...,wm(tf) y is orthecgonal 2o <he
*angent plane cf the ‘manifold s a< point

x(tf) = (xl‘(tf).-.-.xm(tf) |

2.3 COMPUTATIONAL METHODS 1IN OPTIH'ALLCOHTBOL

To solve the optimization problem described in equations
(2.13-(2.3), it is required to introduce annther system of
iifferential equations called +he adjoint (costa*2)

equations (2.4), and the Hamiltonian func+icn (2.€).

«“

The computation ¢f optimal écntrol as usual involves
_solving'the dynamics (state) equaticns forward in.time, and
the adjoint equations backward ir time for an initial guess
of ccn+trol, uOEQ%_. With the states known, the cos*
%ungticnal J(u%) is computed. X sequence of con*trol policies
ﬁl, U2, 000y uL, u}+l,...; uig QL is constructed in a
| - S U B ‘
suitable way such that J(u ) <J{u Y. I#%* should be no%ed
that the computation of every new conzrol involves sclving
the =tate and adjoint equations, and computing the
hamiltonian function over the entire ir*erval ¢ e(t ,%_1.
"he control which maximizes +he thamiltonian is uscd =0

compu*e the cost fuanctional. Thre previous control will be

-
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replaced only if the newly computed control has improved the
cost functional. Since the optimization procedures require
a considérable amount of computation, an algerithm which

computes the new control efficiently is desirable.

In this thesis, ‘two different computat;oh algorithms arce
considered. An algorithm based on s*reng variatiosnal
teéhnique developed by Murray and Teo [57 is used *o solve
the radar scanning problem. For the satellite orbit control
problenm, the Conjugate Gradient Descent method is adopted.

mhe detailed explanations of  each algorithm will be

presented  jn the latter chapters.



Chapter III

OPTINAL SCANKING POLICY POR PHASED ARRAY RADAR

In this chapter, a radar detectior problem is considered.

The aim is to’ optimize the search scanning functien of
radars with electronically steerable beans. Thé design
method requires a model of target dynamics and radar
detection, statistics +to act as a constraint iﬁ the
b~ minimization of a .cost criterion. The objective is to
determine a beam Steering function which results in the best
detection statistics possible in the time available. An

optimization program was developed to solve this problen

[111].
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3.1  INTBODUCTION -

With some notable exceptions, the vast majority of'radérs.‘
have to cover an area ' in searching and/or tracking, rather
t+han always being -pogpted in the same direction. This

. ‘: "
implies that the antenna vill have to move, although some

limited beam movement <can be produced by  wmultiple feeds or
by a moving feed . antenna. As long as antenna motion 1is

. K .
involved in moving the beam, limitations caused by inertia

.will always exist, However, such limitation can be overcanme

by émploying phased array rada:;

"Tﬁe phased array is a directive anteﬁna made -up of
individual radia;ing antennae, or elements, uhi&h generateya
radiation pattern whose shape and direction is determined by
the relative phases and amplitudes of the curremts at the
individual elements. By properly varying the rgiative
phases, it is péésible to steer the direction éf the

/

radiation. The raliating elements might be dipoles, oﬁen-
ended waveguides, slot cut in wavegquide, or anig type of
antenna. The inherent flexibility offered by the phased
array radar in steering +the beam by means of electronics
control in what has made it of interest for radar. It has
been considered in fhose radar applications where it 1is
necessary to shift the beam rapidly from one positioﬁ in
space +o another, or when it is required to obtain
informatian about many targets at a flexible, rapid darza

rate.



14
Hith the advent of phased array radars, a new dimension
- has béén added to radar operations: the aﬁilit§ to perform
fast and accurétg bean éontrél. In an intrusion detectionn
system, ﬁéam control serves the functions of search scanning
and traéking; Each function may control the radar- in an
arbitrary time-shared manner. The performance of the systen
dépeuds cn its ability to estimate the movement of targets,
bhoth detected‘and as yet undetected. This wvwork is concerned

with as yet undetected targets; that -is, search scanning.

Optimization of radar search:scanning requires, firstly,
a systen nodel based con the'statistips of vndetected térqets
in the area of coverage and the radér detecticn process,
and, secondly, a measure of éystem performance, The model
reflects the certainty that regions of the geographical area
of coverage have not been entered by undetected targets, The
variable, certainty, 1is then a function oﬁ the statistical
properties of the particular detection process used by tae
radar and of the @movements of intruders. "he model 1is
generally non-linear, buf will Le assumed linear here as a’
first approximation, The solution of the p;oblem results in
a set of instructions indicating the sequence of areas of a
surface to be illuminated by a radar with the purpose of.
finding undetected targeés in an optimal way. The set of
instructions are determined a priori and are not effected by
target detections during their execution, as may be the case ",

vhen tracking,

-
o

-
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In the following scetions the system model will be presented,

~and an optimal control problem is forsmulated. Tkis problenm
is then solved by an algorithm based on a:strong variational

technique [5].

3.2 BASIC CONCEPTS OF PHASED ARRAY RADAR
& N . )

The concept of directive radiation from  fized
(nonsteered) _pPhased array antennae w¥as conceived during
World war I, The first use.of the phased array antenna in

.commerc;al broadcasting transmission was in the early 30's,
The first large steered directive array for tke reception of
transatlantic shgrt—wave communication Qas installes in the

late 30's by tﬁéxBLll Laboratories. A major advance in
phésed array techn>logy was made in the early 50's with the

replacement of rechanically actuated phase shifters by

electroqic§.phasé stkifters,

-

asically,' an array antenna consists of a number of
individual fadiating elements suitably spaced with respect
to cnqugnother. The relative amplitude ang phase of the
signals applied to each of the elements are controlled <o
obtain C;he- gesired radiation pattern frqm %he combined
action of all the elements., Two common geometrical forms of
;2552Y antennae of interest in radar are the linear array and
the pl g{\array; A linear érray consists of elements‘

arranqgiwﬁh a straight line in one dimension., 2 planar array



. _ S 1€
is a twvo-dimensional configuration of elements arranjel =o

lie in a plane,

As a slmple illus+tration, only ;inear array made up of ¥
" elements equally spaced a distance d apart :is shown in
Figure 1, For cenvenience, *he array 1is shown as a
receiviqg*ﬁntenha, but because of ;he reciprocity principle,
ﬁhg iesults obtained apply equally well to a *transaitting
antenna. The outputs of all the elements are summed via
lines of equal “length to give a sum output voltage Ra.
Tlement 1 will be taken as tte reférence signal wi+th zero
phase. The difference in tke phase of the signals in
adjacen+ eiemgnts is y={2rd sin 6}/x , where\ & and X are
the direction and wavelength of +he incom ng radiatinsn

respectively.

Encoming signat

£g

Figure 1: MN-Element Linear Array
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- The beam of an array antenna wmay be steered rapidly in
space without moviag large mechanical masses by prbperly
varying ihe phase of the signals abplied to each element. An
array in which the relative phase shift betueén elements is
centrolled by the electronic devices is called an
electronically scanned array. A schematic showing steering

of an antenna beam wi+h variable, phase shifrers 1is

illustrated in Figure 2 [12].

Figure 2: teering of an Antenna Beam With Variable Phase

Shif+ers

3.3 SYSTEM MODEL

\

Lssume the area to be protected 1is a plain surveyed by a
downward looking radar - and that is divided 1into m rCegiocns.
Tach region,* 1, has an associated certain+*y, xi(:)
(i=1,.0.,m), that it has not been penetrafed by a tarqef

which has yet to be detected,. Here +he *term certainty is
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used to mean the probability that g}e event has not occured

by some instant of time, The measure of certainty 1is

clearly. a function of tine measure of unity denotes
absolute confidepce that no undetected target ié present. A
measure of zero indicates a complete lack of 'knoyledqe of
the region. A variable ui(f) associated with each region
takes cne of twc possible values, unitf, indicating the

region is being scanned, and 2zero indicating the region is

not being processed by the radar.

The model must describe the certainty of a region when 1t

is Being scanned by the radar, and also when it is not being

scanned.

Tn order to develop the model of the certainty of a

[

region which 'sfﬁéing scanned, a geographical region as
shown in Figu:§\3 is divided into a number of cells, in this
case 100, which are illuminated at a-frequency of 1@* HZ .
In this case,/%it is assumed that an illumination area is
processed as a single cell. I look at each cell cohtains two
noncgierently integrated pulses to achieve a signal-to-noise
ratio'of 3 dB in each burs® with a probability of false
alarm of 10-¢% per look., This detection analysis is based on
+he valid assumption that the target does not mnove from chne
region to another during the entire process tkat is the time

spent scanning a region is much less than tkhe time required

by the targets to move any significant dis*ance. The

L]
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probability of detecting a target in a cell Wit} cne look is

0.02 [13].

region

cell L~

H-._J"\

Figqure 3: Cells Arrangement in a Peqgicn

P

Opne is concerned with the detection of tte first <arge-~
to'penetrate; say, tte 1 th reéion. let thte event *+hat +his
+arget is'in cell j (wLich is ccntained in +te L th region)
a+ time of scanning be denoted by % . It is assumed +that +he
target is eogwally likely *o be fcund in any ore of the ¥

cells of +he‘i th region, +then the probabili*y <ha* *he

target is in the j th cell of the I +h régiOn isg
ijkj) = 1/N., (3. 1)

The events kj are mutually exclqsive since +he sinjle
penetrating target remains in cne cell, ler the even=- 2f a
Jetection being declared in cell j, given *tha%t *he target is
in tﬁat cell be 'denoted by Dj. Hence Fi(Djlkj) is =he
probability of detection. The total probability of detecting

~he target in region i is then



XY (Nat) = Epl(nj ki) Pylky) * (3.2)I,.~"'

=1 J
where At 1is the look period and ¥ is the number .of looks

required to cover the regicn once. In this example,

P.(D. |k.) = 0.02
1 ] ]

and :

L

P (k) = 1/¥

1]

T+ takes 0, 0€ Seconds +o =can the entire region cnce, and

the cer*tainty achieved is 0.02.

Tte probability of detection with repeated scanning is
calculated according to

1 = x'(k(Na%)) = (1‘X?(NAtJF. . (3.3)

i i
where k is the number of scans and successive scans are
rreated as independen* events. The cer+ainty functeicn
lescribed by (3.3) can be apprékimated by an exponential
function which is the solution of a first order differential

equaticon ‘ '

Lk () = 1= xg(t) ' (3.4)

~

“he time constant 1 of the certain-y dynamics is determined
i

by minimizing the mean squared errcr

e?(T ) JI xt(e) = xgmlzan,  dst (3. 5)



In order to describe the certainty of a region whken it is
not being scanned, it is necessary *o mndel the motion of¢
the target étatistically. The heading cf a target is

assumed to have the following prohabil+“iy density function

1/ = ¢ =T/2¢€ 08 V2

1]

fG(@) ’ (3.6)

0 ', elsewhere

The prcbabili*y densi*y functicn of penetration time T o¢
+he next (immediate) region with +he specified dis=ribution

of target headings is

(s}
£ ey =) T 21 - Ts ' (3.7}
T f_(_t— :

where TD is <+he time required tc *ravel from c¢ne region o
the next in the most direct path, i.e. © =00, TI* shoi1ld be
noted +that different partiticning of regicns will resul- in
different* E:ossing tinmes. Itl is assumed that the tarqe<

speed 1is maintained constant and +he target mainzains a

censtant heading while crossing a region.

Consider a target crossing an area divided in=o m reginns
as éhown in Figure 4. The dis*ributien of *the *acge-
heading and penetration *ime from one region *c¢ ano>ther arTe
as given in ({3.6) and (3.7). A typical *arget movemen:t 13

illustrated in TFigure 4 in which *he random cressing tiane
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from one regicn to another is indicated at the boundary of

each region.

[ .
Ty _ :To region 1

.—-h-; 1=
=]
O
-
[y
%]

mT m
direct path
Figure 4: Typical Target Crossing of Fegions
Therefore the total time *“aken by tte target =o

. : ]
+*ransverse +“he first Jj-regions 1is given by wj=z;Ti. 3inze
i=1
+he random variables ijs (i=1,..,m) are independenz, *he

probabili*y density function of *te <Tandnm variable ”j isg

given by *he following convolution

pj (Hj=t) = (ET(-)*...*fT('))(f). (3.9)

mhe distribu«ion 3f penetraticn *ime c¢f +tte next cregion

given tha% of the previous regions is
. {*) = (£ ..%* p.) (t). ' 3.7
p j+£ ) ( T le (t) . ( )
The function qT(t) given by

g ét) = fT(tv%), +>0 (3.1
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can be closely approxima*ed by g{t) which has the follovina

form

gty =L exp(-t/c ), t> 0 {3.11
1 :

i

vhere ; 1is chosen in such a way *ha* the mean square error
l .

o0

2 = t) - t)| 2 d+ .12
e () |3 (t) = g (t}] 2 d (3.712)
ie minimunm.

Let us consider the . preobability density func*icn of <he
random variable w =W +T, ‘where w. has “le densit C(m
le el HJ-L1+1 i a e den ¥ pl( )

and Tj,] has the densi+y “g ) . Using i*s aporoxima=e

counterpar* g{t} one has

t . ‘
p. . (=) = [ g(t-e1p (0)do. (3.13)
o * _

' Differentiating >nce, cne obtaias

t .
g p () + [Fea-0)p ©)ae, (3.14)
1 o : 1

. £
pi+1( }

I

. d
since 3 g () -lg¢), thus

T

e

1
1 1

(£) =1 p, (t) =1 p,, (%), - C(3.19)
T, T,

Define the probability of the I =h reqion being pene+tra+teld

by *ime t as
¢ 16
z {*) = {9)yde 3.
[0 = [ e | ( )
ko)
and the certainty function cof undetected +arge* as
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X; (1) = 1 -z (%) (3.7
with initial condition
p; () = 0 for t< 0. : (3.13)

""nder condition (3.18), inteqraticn of (3.15 vyields

TiZagt) = zi(e) - zgale)

~x,

i

Tixiﬁit)' xi(t) - xi+ﬂt). — | ' (3.19)

This result can be easily extended *o a two dimensional
nmodel by considering the probability tha+ aliarqef miqht
énter-thelfollowing adjacent regiens from i+*s presen< region
(seelFigu:e Sy, i.e. '

m

X = - . = . | < .S =le )
T &) x; (1) + j=§Pi+l,ij(t Ty 0 iSm=1. +(3.27)

region ¢ |repion a [region b

"Figure 5: Penetration of Regions in Twe-Dimensicnal Model
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{Tb‘armaxise“duaabove, a model with time delayed arguments
was formulated :

]

1

where x{*) and u{*) are m veckors Witk elemen*ts x (%) ani
1

u(t), 1 ¢ig m respectively. Tij is +the time *aken by t*the

target to travel frcm the I th degien to the j th region.

For a two-dimensicnal geographical regicn, . ejuations
(3,4) and (3.20) can +ake the form of a system oOf first

order linear d4ifferential equations given by .

. m
Tixi(‘-ﬂ) = - xi(t) +.E Pijxj (£t - Tij’ , Y =1,..,a,
j=1 :
j#i (3.2
when *te region i i=s not being scanned, i.e, u_(ﬁ)=0,
1
and,
riici(t) = u, (t) - x (e, # = T,eee,l, ,
(3.23)
vhen the region i is being scanned, i.e. ui(f)=1,
where T L and T, (i =14 sues M) are time cons+tan:s
assocliated with the i tk region, and P (i, 7 = T seee @)
1]
is the probability of a targe* entering region j from
region i (P = 0). The parameters T., r. and T:. are chnsen
ii ol +

in.such a way that the model response closely approximazes
the actual statistical data available for +he given “eqicn

based on *target dynamics and. radar detection statistics. T*

X O(B)=f (X(E) oX(E=T ), eerx(t=T, ), u(t),t) $=1, ...m (3.21)
i i il im



is assumed +*hat the

time constant T
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i associated with the

increase of certainty of a region when being scanned is much

smaller than T,.
a region's certainty

appreciéble drop

is much shorter than +te

Indeed the scanning <ime required *o raise

+ime for any

’

of certainty to occur because of targe=~
movenent,

For «convenience of formuiation of “*he optimization
problem, eguations (3.22) and {3.23) are combined to form
+he following system of equations

[} ¢ m

xi = -Biui(xi-H - ey “ﬂui)[xi—jélpijxi (t-Tij) 1,

Y =1, Laa.r o (3.20)

where,
Bi (1 = T¢ wene m) denoﬁes +he reciprocal c¢f =he :ime
constant, T; when contol e, is applied *c *he I tn region,
and
a3 (2 = 1, «ce.s i) denotes +the reciprocal of the tinme

~

constant, t; when no control is

3.4 FORMULATION

applied *o *he i <h cegion.

OF OPTINAL CONTRCIL PROBLEM

The purpose .of
phased array radar is *o
+he presence or absence of an
scanning»effort.‘Further, it is

certainty in each regicn at the

minimize the

enemy *arge* with

computing an cptimal scanning pclicy for a

uncer+tainties abour
a minimam
desirable %o waiptain a high

end of eact scanning perinl.
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™hls objective can be achieved by minimizing the folﬂouinq
)

cost functiomal J/i;?/£> ' ' \\\
- \

m . g fm

Jy = 2 O=x (1 12 +[ [ZTo uglt) +y (-xi())2}dt
=L 1 1 £ £ i=1 i i
. 0 . (3.25)

whefe,
A is the weighting factor of the +terminal uncerﬁainty
{(1-x (t )) of the i th region,

i f -

o; is the weighting factor of +he contrel in the i =-h

regicn, and
y; 1s the weighting factor of the uncertainty (1-xji(%)) in

A

+he i +h reqipn in the interval (to,tf].

The values of A and Y. indicate the relative impogtance
1 : :

of the regicns. Tor example, regicns wit+h high probability
of targe* entry such as the fence regicns, should _be
assigned 1arge; veights, gy indica*es +the cost of scanning
a regicn. 'For example, a large Gi indicates a reluctance *o.
scap region 1, ”

The op*+imal ccntroi p;oblem to be solved is to minimizé
the cost functional -(3.29) subjgct to the systen dynémics
(3.2“);._By dping this, an optimal scarning pelicy for a

phased. array radar resulting 4in least deviaticn from the

desired certainty (unity) can be obtained.

In this work, it is assumed +tha* no *wo regions will be

scanned at the same time, and'the radar 1is fully occupied



28
with search scanning durinq\the ;nterval e to,*f]. Dne =o
these cons*raints, the admissible class of ceontrols consis-s
of m=-vector valued functions u(t) = (ul(t),...,um(t))‘ suzk
fhatjééui(t)r= 1 for all ¢ ¢ ¢ tortg]ls For convenience this

class of centrols is denoted by thke setqg.

This;problem is 'solveqd by use of Optimal Contzol Theory
~as presented in Chapter 2. An algorithm for the numerical
computatiop of the .optimal control is presen*ed in +he

following sec+ion.

3.5 METHOD OF SOLUTION

The main @rawback of the method cf solution'as described
in Section 2,3 is that it requires exact maximizatioa 37 *he
Hamiltonian for all ¢ s(to,tf]: chefer, the algori*inm
developed by Murray and Teo [ 5) requires cnlyfapproxima:e

maximizaticn of “he hamil‘cnian €or a suitably selected seo-

of points from the interval (t

o+Tfle Indeed consider -he

£ 3 i
function H defined as }

H oo (Bex{u) (2}, ¥ (u) it)) T max Ht,x(u) (%) ,v,¥@) (),

m m o .
for + e(to,téj, xe B, and ¢ eR ,-° Let y be any admissible.

centrol and suppose x(u) and Y (u) are qge corresponiing
responses of the state equation (2.1} and +te adjoint

equaticn (2.4) respec+tively, Using a function maximizatiyn

algorithm for a fixed but arhitrary + et el An
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approximate maximizing control Upg%%l, which may depend on

n, can be chosen at the [ th stage of i*eration such that

B (ax (W) (), ¥ () (£)) = H(tex{u) (£),w () (&) ¥ (a))|< kI°
max p

5

for a fixed integer k and O <T < 1,

*

3.5.1 The (Mugray and Teo's) Algorithm

The strategy of the algorithm“useﬂ +¢o per*turb =he contzdl
is based on +he idea of locating a point t;, in the =ime
interval te (to,tf] suchk that there is a maximum change-in
the value c¢f the hamiltonian function corresponding <¢ *the
previous control ui(tl), and +he mos* recen+tly compited
control Hp(ui}(tl}. Tte poin* where the larges* change in
ﬁhe hamil*onian func*ion occurs is taken as the focal point
;around whict the change of centrol ui to wp(di) +akes placa.
However, .~ if the perturbation interval around <he mos:

S <
sensitive point is not properly chosern, then +the resuliing
trajéctofies of the states may be guite differen* from those
corrésponding to the extremal control. So, one may per-ich
+he control around the -sensi*ive point wi+h a largar
interval ini+ially; and Lf there 1is no cnst imp-ovemanz,
+hen one may reduce the interval by half and s0 ‘on nuntil
there is an improvement in +he cos“ func*icnal. ' The flow
chart describing the algorithm is, presented in Figuze 6
[5,141]. The notation [al means *le qréatest integjer less

than or equal to a (see Figure 6).



30
Choose a piecewise constant u9 ¢ U '
. x(t) = Xo(t), for.t,e (—TO, to), .
a =0
T
D - L :
Locate [aj"ej+lj for all ej' ej+l e 8(u’) in
(to, tf] where 0(u®) consists of all the points of
. 3
discontinuity, 6. of fi and afi , 8 + hj' j=l,...,8, k=1,...,m
J
axk

and the endpoints of the intervals.

Solve the state equations % = f(x(ua)(t), uu(t)),
compute J(u®) and then solve the adjoint equations
yo= gix{u®) (£), ¢y (t), u™(t)).

N/

>
j+l:J
is divided into sub-intervals, namely,
. .

(b(m), b(m+l)] where m = 1,...,B; and B is the

In each interval [Bj, 8

total number of such sub-intervals.

Is

the length of the
sub-intervals [b(m), b(m+1)], m=1,...,B
greater that the step size of

integration?

At each point b(m) for m = 1,...,B compute
the control Wp(ua)(b(m)) such that the Hamiltonian

is approximately maximized,

Hb(m), x(u") (b(m), W (u*)(b(m), ¥(u*)(b(m)) = H,.
Compute
H(b(m), x(u®) (b(m), u*(b(m)), ¥(u*)(b(m)) = H, and

find the index m' such that at the point b{m')

the difference between Hl and H2

is maximum.

|

l set k =0 |

9
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a,k A {W (") (b(m)) for t e [b(m), b{m+l)), m =.l,.‘..,B—l
u {(t) = p _ . ’

u” (t) elsewhere.

: Solve
x = f(x(uu’k)(t), ua'k(t)) and compute J(ua’k).

~h

[ a = a+l
T
L I .

Reduce the length of the | k = k+1 Replace o0ld control D
sub-interval in each @ b ua-l-l _ ua,k

interval [8., 6. .] for all b — :

30 J+l .
o
Bj, ej+l e 0{u*y.

d+l

o a

)=J(u') |<10

: [w (") (b(m)) for t e [blm), blm+l))
uﬂ,k(t)é o] B . . Y
\for m e {B-[—-}E],...,B—l}

ua(t) elsewhere.

~

(" (O) (b(m)) for t ¢ [bm,b(ml))

W () (b{m)) for te[b(m),blml))
o,k A a,k Al p !
b (t)_form e {1,..., [N%(—j) Y (t)

“ifor m e {m'—[—]i—l],...,m'-!-[—}-c%q]}
2

u® (t) elsewhe%e . o {t) elséwhere.

TFipure 6: Flow Chart for Murray and Teo's Algorithm

A~~~

~
Faa e 4
L
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[

3.6 SINULATION OF THE TWO-DIMPNSIONAL NINE-REGION MODEL

As an illustration, a Two-Dimensional Nine—Eeéion nodel
as shown in Figuré 7T is considered. The dynamics equa+icns’
of the model are given by equation (3.26) . Thi§ equa+i»n
fellows from the general equation (3,24) g; appropriate
choice of the parameters ai; gi' Pij and Tij (1,7 = 1,...,0)
which depend on the 'copoloqy."T of the cell arrangements and

target dynamics.

1 2 3

A
4 5 6
7 8 9

. Figure 7: Geometric Representation c¢f tte "wo-~dimensional
' Nine-Fegion Xodel

.
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]

i
2}

Xy = By (1-x%y) 1 (muy) %

1

]

%, Bzuz-(l—xz)-- a (l—uz) Xy

3 = B3u3 (lfxa) - ag (;—UB) Xq

tg S-8,u, (x,-1) = a, (1-u,)[x, - P,(a)x, (£-T_)-0.5P,(3)x,(t-T_)]
g =—65u5(x5-1)*05(l—us)[xS-Pg(a)xz(t—To)
—0.5P5(5)§1(t—T0)—0.5P5(5)x3(t—To)]

‘é =—861%(x6_1)_06(1_ug)EXG-PG(a)XB(t_TO)_O'SPB(E)xz(t—TO)]

X =—87u7(x7—l)—c7(1—u7)[x7—P7(a)x4(thO)—0.5P7(5)x5€t—?d)]

‘g =—88u8(x8-l)—08(l-u8)[xB;PB(a)xs(t—To)
—O.SPB(E)X4(t-To)—O.SPB(E)xG(t~TO)]

Xg =-89u9(x9-1)—c9(1-u9)[xg-Pg(a)xs(t-fo)-o.5p9(51xs(t-To)] (3.26)

As an example, the initial conditions and parameter values are

assumed to be

x, () ='xi0 (i =1,...,9) for t e [-Ty, ] .

and,

P (a) = P, Pls = 0.5(1-P) ), ;=0 (=4

PS(a).= PZS' P24 = P26 = 0.5(1 P25), sz =0 (j = 4,5,6};

P (a) = Py, Py = 0.5(1-P_.), Pyy =0 (3 = 5,605

P(a) = P,., Pyg = 0.5(1-P,), Pyg =0 (3= 7,807

P8(a) = Pogy Poo = Prg = 0.5(1—P58), st =0 (3 =7,8,9);

Pg(a) = Pegr Pog = 0.5(1-?69), P6j =0 {j = 8,9);

P, (3) = 1-P, (a) (i =4,...,9), P..=P,. =P..=0(j=1,...,9,-

77 83 93
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and.
T14 = TO, i3 =0 (3 = 4); .
T,g = T, sz =0 (j = 5);
Ty = T T3j = 0 (3 = 6);
Tyq = Tor qu = 0 (3 = 7};
Teg = Tor Tsj =0 (3 = 8);
. Teg = Tor TGJ = 0 (3 = 9);
TTJ = Taj = TSJ = 0 (i =1,...,9)

Tt ig assumed that target can enter +*re protec=ed area
0ﬁly through the first three regions (fence reqons) and =ha+*

~he time parameters are +the same for all regions.

The cos+ functiornal *o be nimimized is given by equa%iosn

(3.25) wi*t m = 9.

The. adjoint (costate) differen+tial equations and the
hapiltonian function corresponding to the system equations
(3. 26) are previously desrcibed in equaticns 2.4y~ (2.5) and
{2.6) respectively.‘The explicit expressions for +he adjoint

v
equations and +he tramiltcnian functicn are given in

Appendix A.

3

The optimal control problem was simulated in an AMDAHL
u70/VTA computer at the University of Ot+tawa. "he fnllowing

parameters were used in the simulations:

-
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Case 1
Bi = 2 sec-1!
‘ui = 0.05 sec=t (1 = 1,...,9)
rase 2
Bi = 0.5 sec-1t
a, = 0.05 sec™! (i = 1,...,9).
l-'.
In. both cases, the time delay T is +*aken =9 e

-0
10 seccnds, and the weigh*ing factors of the cos+ functionil

are taken as

Ul = 0'2 = 0'3 = hes = Ug =1,
Yl = “{2 = Y3 = h s = 'Y9 = 10,
;\l = Az = A3 = L .. = }‘9 = 20,

The initial conditions are

xl(O) = XZ(O) S see = Xg (O) = 0.5, and

the probabilities of ertering one region from ancther are
/

P7(a) = P9(a) = 0.9, and ///’i//

0-8.

P L)

Pe (2)

PS(a)

1l

Py (2)
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3.7 SQ!EEILI!QEALfﬁﬁiﬂLIS_h!D.BEEEQB!A!EE-AELL!§I§

The optimization program was written in Fortran IV
requiring 208K bytes of storage and an average CPU time of
about 95 seconds. - - The results obtained are presen<ed in

Figures 8- 17. Figures 8, 9, 10, and 13, 14, 15 show the

¥
|

variation of certainties in the nine regions corresponding
+0 case 1 and case 2 respectively. From +the simulation
results, it wvas observed that the certainties fluctuaze
within the range of 0.5 to 1 in the first case, and 0.4 to
0.92 1in the second case., .mhlso, the certainties at the
terminal time - t. are maintained at highk valuess: 0.73 =o
o.éu in the first case, apnd 0.52 to 0.98 in tte second case.

. m™he optimal scanning scheme as shown ir Figure 11 follows

the sequence
B, 5, 1. 6, 8¢ 3¢ 2, «es¢ 1, 3, 1, and 2,

i.e. region 4 is scanned first and then reqgion 5 aad so0 on,.
The duration of scaaning of the i +h regien (i = 1, s )
is indicated by the width of the contrel u.. The results
shown in Fiqures 11 and 16 shov that the radar  visits ¢he
fence regions freguently and switches to regions 4,5,6,7,8
and 9 occasionally. The scanning scheme is intuitively
correct since frequent scannin; af the fence reglons
produces an increased certainty in other regions at later

times. Regions 4, 5, €, 7, 8, 9 are occasionally scanned to

detect any target having penetrated the protected area while
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scanning cne of the fence region;, Hovever, the ﬁreference
depends on the relative values of the weighting factors.,
Con}ergences of the cost functional J(u) for ttre ;wo cases

are shown in Figures 12 and 17.

From the results giveﬂ in Tigures 8, 9, 10, and 13, 14,

15 it is observed +hat +he dis*ributicrn o0f certaintias

depends on the time constants T, and T which in *urn depend

on target dynamics and radar detectien s+-a*istics. The ratio

of time constants used in Case 1 ({ Figures B, 9, 10) <is
A_ H T = 40 ;1 ( i =1,.,..,9 ), whereas for Case 2 {
i .

Figure 13, 14, 15 is LTy S 10 : 1. From *he faczms =hkas

*he overall distribution of certainties in +«he first case is
‘be-ter than the second case, one may expec* mecre improvemen<
in certainties by cheoosing +he ratio cf *the two =<inme
constan*ts larger. T}is.cﬁoice, hewever, depends cn the power
of the radar used as well as reqien size and targe-®

dynamics.

Pegqular raster séan was performed and *te ccrreSpcndinq
verfcrmance indices were found *o be 73.R1 for case 1 and
77.08 for case 2; whereas, optimal scannina obprodaces
performance indices 11.29 for case 1 and 24,82 for case 2
(see Pigures 11, 12, 1€, 17). These results clearly indica-e
the desirability of optimal scanning agains* ccnven+tional

raster scanning.

b
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In this chapter, a Two-Dimensiornal ¥ine-~Regicn model was
considered., - A protected area of‘di;ferent partitioning

configurations were cthidered in [ 157,
I

A linear three-region wmodel was one of the different
partitioning configurations coﬁsideréd in [15]. This is a
special case of the Two-Dimensional Nine-Fegion model. It
canlbe obtaine? easily from the dynamics of the Two-
Dimebsional Nine-Region model by appropriéte choices of time
constants and probébilities of entry of the regi.ons. In
this case, the protected area is divided into three regions
and it is assumed that the target enters the protected area
only £hrough the fence region, From simulétion results, it
was observed fhat the certainties in the three regions vere
maintained reasonable high tﬁroughout the whole scanning
interval., Moreover, it is interesting to observe that thece
were somne fime slots that +the radar was idle,  and the
certainties can still be maintained at a accepiable high

level,

Furtker discussions of +these podels will not be
considered here, and interested readers are refered to [15].
The Portran code used to solve the Two-Dimensicnal Nine-

Region model i;x%tsted in [ 14:38-847.
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Figure 11: Case 1:"’0Optimal Control Policy
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Tipure 12: Case 1: Convergence of Solution
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Figure 16: Case 2: Optimal Control Policy
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3.8 CONCLUSIQNS .

In this chapter a dynamic =model for radar Qetqction.
process has. been proposed . in which the protected aéea is
partitioned into avnumbé: of regions, The *ime evolution of
the certalnties of the protected regidns-is governed by a
"system of linear delay differential equations that include
scanning efforts as the control variables. Based on'Optimal
Centrol Theory, a computer program was developed to obtain
the - optimal scanning policy. For the purpose of
il}ustration, an example of a Two-NDimensional Wine-Region
model described by a system of nine first order differential
equations wvas considered. The results aré shown in Figures
8~ 17. These results indicate that the overall certainty of
the‘proteé%éﬁ area can be substantially improved by optimal
distribution of scanning efforts, On the basis of the-
results of this paper, the author strongly believes that
radar detection process can be -significantly improved by

using optimal scanning.

3.9 SDGGESTEOHS FOR_FUORTHER STUDIES

The model comsidered in this thesis is totally dependent
on the time constants, The time constants are chosen so that
the linear first order differential equation best
approximates the actual statistical properties of a

particular detection process used by the radar and of the
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' moveﬁents of intruders., Once the time conséaﬁts are fixed,
the systen Becomes deterministic; so it may happen that the
model does notrdescribe the actual situation to a greater

extent.

Oving to these reasons, it is desirable to wmodel the
detection problem in a stochastic processqu approach. .The
process should be nodelled by céhsiderinq the
electromagnetic waves transmitted and received. The model
can be formulated bz‘considering' the variation of the
received signal that is proportional to the sum of
transmitted signal and the nolse due to fhe' backq:éund

(thermal, sky, intentional noise-type jammers and clutter).

The author would like to suggest interested readers to
lack into the modelling of the detection process. A possible
approach to optimize the detection of intruders is to
cémpute optimal threshold level.fof‘ each cgll to declare an
alarm, A preliminary formulatiﬁn of the detection process

mentioned above was included in [15:Sec.%].



Chapter IV

OPTIMAL ORBITAL CONTROL SCHREMNE FOR SYNC&EONOUS-
SATELLITE

A periodic orbital manoceuvre scheme is developed to
maintéin a desirable orbit, An optimal conﬁrol is desired
to keep the_orbital elements within tolerable errors and o
rinimize the fuel consumption., The orbital dynamics of a
syéchronoué satellite is knoun.l An optimal control problenm
is formulated and solved by Conjugate Gradient Descent
method. The optimal control policy is compared Qith the
Sequential <Control Scheme proposed in [16]. The results
obtained can serve as guidelines 1in theiaésign of orbital

control systems [17].

s e B SR
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8.1  INTRODUCTION

A terrestrial satellite is sald to be synchrenous if it
travels at the same angular velocity as the FEarth and thus
repains constantly at the same meridian. Most communication
éatellites are | in synchronous orbit since they .can
illuminate a large part of the Earth's surface at one time,
For a satellite to be synchronous, it must be placed in an
orbit at an altitude qf about 22,300 miles. 1In order €or a

satellite to be geosynchronous, it ,6should be placed in a

A
syachrenous circular corbit with a period of 23 hr and 56 min
and its plane should be in perfect alignment with the plaﬁe

. &
containing the Earth's equator. -

Pue to launch imperfections and under the effect of
external perturbations, the orbit +tends to deform. This
affects the geostationary (synchronous) ckaracter of the

satellite thereby causing problems in communications.

The perturbation in the arbit of a stationary satellite
can be classified into two components: (i) east-vest drift
caused mainly by deviation of the attraction of the Earth
from the central force, .and (11) north-soutk drift caused

mainly by lunar and solar attraction.

Frequent corrections of the orbital elements are required
to keép the satellite within -acceptable 1limits so that a

direct 1line of sight (LOS) Ais qeintained at all tiomas

-
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betfegn the sateilite and the ground statidns. On  brard
thrusters'placed at different angles are used *o provideﬂthe
necessary .corrébtions. The life *ime of a sa*tellite 1is
limited by the fuel carried c¢n board: éo it ig desirable to
have a control scheme suck tha* *ke fuel éonsumppicn is

minimal and yet the orbital paramé}efs are ‘kept within the

admissible limit, :

The operation of ar orbi% centrol system (NCS) wmust he
accomplished within the restricticns of economy and s+taze-
of-art technology. The system car be ground ceontrolled or
entirely satellite-borne and self contained. Bo“} *ypes can

be related tc a basic 0CS with the essential elements zhown

in Figure 18.

Initial
conditions
+
Target , . Actual
orbit | Control »| Correction N Celastiol orbit
Laws manoeuvres | mechanics

Observation
tracking and
" prediction

Figure 18: Basic Nrbit Control Sys*:enm
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With a few exceptions, most 0OCS are likely to be ground

controlled due to the cost of incorporating comprehensive )

on-board = computer facilities, The observations,
computations, comparisons and optimizations are performed on
the ground. Command signal is transmitted to tke satellite
by a suitable communicatioa 1link. The jcommand signal 1is
decoded and stored in a timer. and programmer. On reaching
: thg fime or position for execution of the correction
ménoeuvre, the timer initiates a programmed sequence for the
méboeuvre which is executed by the guidance, control, and
pr@bulsion sﬁbsystem of the satellite, The satellite reacts

according to the laws of .celestial_mechanicS:and-mdves'into

a corrected orbit, A closed loop control system therefore

exists between the satellite and the ground station. The

communication link between various subsystems on the ground

and the satellite are shown in Figure 19 [18].

Before gocing into the -optimal control problem, it is

necesary to 1introduce the coordinate systems enmployed. L

brief description of various orbital elements is also
provided, The development of the Sequential Control Schenme

will be highlighted.
\

‘ AN
In a recent paper [16], the aunthors proposed a state-

dependent control law using the Lyapunov Stability Theory. A
Sequential Control Schewme (non-optimal) - was presented to

correct the orbital parameters.

&
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Figuré 19: . Satellite Crbit Control Ry Ground Based

’

Operation Y "

In this thesis, the interval between the orbi+ manoeuvre

~is determiped, and an optimal control problem is formlila*ted

to minimize. the Zfuel consumption and orbi%*al deviation. 1
. N . "

study: is made to compare tke ptimal con%rol olicy °

-
’

presented in this thes®S with +the Sequential Con*rsl Scheme

v

proposed in [16].

s
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8.2 COQRDINATE §!§I§§S
8.2.1 The Geocen ;;c-Eguatogial COO;dinate System ' ,///
The ‘firstnreq&irement for describing an orbi+x 1is *o

define a sﬁitable inertial reference. frame, For satellites
of the Earth, the Geocentric-Equatorial syétém ic used. This
coordinate systenm kas its origin at tﬂe Farth's cen-er. The
fundamental plane is the Ear+h's equator and *he positive X~
axis peints in the vernal equlnox direction (this direction
is defined by a_linerjoinlng the cen+ter of *he Far%h 2n =he

first day cf Autumn to the center of the Sun). The Z-axis

points in the di;ection of the Nor*kh ©Pele. The coordinate

ot

system is shown in Figure 20, The XY2 system is nect f£ixed %o

the Earth and turning with it; -~ rather, , tte Geocentric-
vquatorial frame 1is non-rotating wi+h respect to the s:tars
(excep* for precession of the equinoxes) and *he Far+h turns

relative to it. The unit vectors of *he XYZ axes are

represented by IJK respectively.
' Z
>

K

vernal equinox
direction : \\

Figure 20: The Geocentric-Bquatorial Coordinate Systen .
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8,2.2 he Pe oca oord t ten
Perifocal coordipate system is cne of the most conv%pient
frames for describing the motion of a satellite, In this.
coordinate system, the fundamental plane is *+he satellite's
P g ‘

crbit?i/szne. The coofdinate axes are named Xoo Yor and Z,

The_x% axis points toward the periapsis; tke v axis is
>~ ) ) W
* fotated 90° in the direction of orbital mo*ion and lies in

the orbital plane; the 2oy axis along h (the angular momentum
vector) ' coméletes the right-handed perifocal sys+em (Figure

21) . Unit vectors in the direction of X, Yy, and z,, are

W

denoted by F, Q, and W respectively.

Yor

Flgure 21: The Perifocal Coordinate System
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W

B.2.3 e Coord te Systenm -
P .
The reference coordinate system BR’TN (Figure 22) is a

moving reference frame displaced from the ordipary perifocal
system. through an angle y representing the true anomaly at
*ime *, The frame XYZ representé the iner*ial coordinate

system with its origin O located at the cén#e: of the Earth, ’
z

A

x | oh

-

-

X , )
Pigure 22: The RTN Coordinate Systenm

4.3 CLASSICAL ORBITAL FELEMENTS -

In order to describe the size, shape and orientation of
an orbhit it is necesary to define five independenf
qunanti+ties called 'orbital_ elements! or '‘orbital
parameters'. An additional elements, heowever is reguired %o
pinpeint the position of the satellite along itg‘ orbi= a«+

any parcticular time. The <classical set cf six osrbi-al

elements are defined with the help of Figure 23 as follow
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{ 1y a, Bemi—major_axis - a constant defining the sizo of
+he conic orbit,

{ ii; e, eccentricity - a constant defining the shtape of the
conic orbit

(iii) i, inclination - the‘angle between ¥ unit vector and
+he aﬂgular momentum vector, h. |

{ iv) & , longitude of.the ascending nbde - +te anale, in *=he
fundumentdl plane, betvween the T ﬁnit vector and the poin®
:here the satellite crosses through the funéumen+al plane in
a northerly - direction {ascending ncde) measired
counterclockwise when viewed from the .north side of <he
fundumental plane.

( vy u ,Iargument of periapsis - the angle, in *“he plane of
+he satelli£e's crbit, between the asecendiﬁg node énd “he
periapsis point, measured in +the direc*ticn of ghe
satellitefs motion. The extrenme end-points of the major
axis of an orbit are referred *c as tapses!'. The point
nearest to +he prime focus is called 'periapsis’'. Depending
on what is the central attracting becdy din an orbital
situation, ‘'periapsis' may also be called 'perigee'.

( vi) m, time of periapsis passaqe - the “*ime when =he

satellite was at periapsis.

Instead of argument of periapsis, sometines lengitude >fF
periapsis, T is used. Anyone ‘“of +he following narametears;
namely, true anomaly at epoch, Y, arqumen+ cf latitude 1=

, .

epoch, u, may be subs*ituted for time of periapsis to locate-

+he satelli+e at time to.



N

The three vectors shown in Figure 23 have the following

definitions :

( i) &, angular md>mentum vector . N

where T and ¥ are the position and velocity vectors of *he

satellite,

~{ i1) 1n, node vector

m =K x k.

(11i) &, eccentricity vector whij ?_points frem the center »

the Farth (focus of 'the ogbit) ° *oward perigee with

magnitude exactly equal to the ccentricity of the orbit,.

B. g PERTURBED ORBITAL EQUATIONS

60

rh

a

In this section, +the perturbed orbital equations for the

satellite in the reference cocrdinate system 23ITN  ace

presented [6:397-407]7.

Consider a 'satellite which is orbi+ing +Ke Far-th in

a

direct elliptic orbit ({with inclination be*ween 00 and 909),

and let its motion be perturbed by a force cf ccnstant

acceleration having components f,, fT and f\J in a reference

coordinate system BTN,

>
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CX} ¢
sateilte'y potitlon
ot epech

d\r"ﬂan

vernal equinox
direction

£
.
i AN
MINOR |
AXIS MAJOR
AXIS
\ rocus

"y .
le——13
APOGEE
¢a
PERIGEE
- . L]

Figure 23: Illustration of the Orbital Elements
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The perturbed orbital equations for +the satellite in tHe

reference cocrdinate-system KT can be writ+ten as

2a2

B2
I

[(l+e cos yYf_ + e sin y £_] (4.1)
T R
2
pra{l-e”)

. 2 2 ' :
S . all-e )[2 cos vy + e(l+cos”y) £+ sin vy £_7
v _ - T R (4.2)
1l 4+ e cos v
= 2‘ _ ri
' T /all-e”) cos(wty) £ )
‘ - " l+e cosy N (4.3)

a(l—ez)
' H

sin{uw+y)

fN
sin i (l+e cosy) ' (4.4)

1 a(l—ez) 2+e cosy
e n l+e cosy

E 1
i)

sin vy fT ~ COos v fR

e : . .
- m cot 1 sinf{wt+y) fN] (4.5)

. 5 .
T oL /fa(l-e”) . 2+e cosy _,
Y =3 > [ T¥e cosy sin vy fT + cos vy fR] (4.6)
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where,
s . .
a = a; + a (semi-major axis) .
Ny
e =g + e (eccentricity)
i =4, +.§ (inclination)
Q = Qp + g (longitude of ascending node)
- fb .
W= owg + oW (argument of periapsis)
.
Y = Yo + Y (true anomaly at epnoch)
o= 1,41 x 101 £t3/s52 (gravitational constan+)
¥ v " " \ v .
apd where a, e, 1, @, w, Y dencte the devia+icn 2f <he

orbital paranreters froem their respective nominal values ag

f. represent *he components

r
T N

of the per*turbing acceleration (both na*ural and contcol

€ge j—u; Qp s wgeYg and fR" £

forces) acting aleng the radial, tangential, and normal axes
of the refergnce coordinate system FTN, Throughout this

thesis, tte ffollowing nominal crbi+al paramters are u3ed

[ 16 7z
8 = 1.4 x 108 €t
e = 1.5 x 10—+
ig, = 1.67 x 10—2 rad
Qp = -1.20 rad
we = ~1.60 rad
vo = 0.90 rad. (4.7)

A simplified version of the orbital equartions is given in

[181. The orbiral elements.é,\\e, i and 2 can be changed

independently by the controls fT' fT' fN and fN

respectively. However, the orbital elemen* @ can be Vvariad
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by fR and -fy. The variaticn of true ancmalf at epoch, v \is

not considered in this simplified crbital equations.

The change in sémi-aajor axls {a) 1s given bj

a= 2a Jalle”) £, | (4.3)

u

Generally, a change in eccentricity (e) is described by

<
¢ = 3 e /alle?) £ ' (4.9)
2 W . '
However, im order to change e independen*ly of a, = it is

necessary for the thrust direction to be reversed a* each

crossing of +he minor axis, and in this case tle change in e

is given by
.. = 4 ._e‘ . \
5 =~ /a(luz) £ (ui1m
The change in inclination (i), longitude of ascending n»le

() and argument of periapsis (y) are respectively

i= 2 -
=/ .;%_ {sgn fN)O=OO [fN] (4. 11)

. .3 a e siﬁ w :
o = £y (4,12)
2/va(1-e?) gin i '

i

. /a{1-ed] fr 4 3 _ae cot i sin w £y (4. 13}
v b 2 /ua (1-e2)

where © is the argument of latitude [18].



€5

8.5 REVIFW OF THE DEVELOPMENT oF SEQUENTTIAL CONTROL SCHEME

In the subsequent sections, a ;study will be made =0
compare the Optimal Control Scheme developed in *this thesis
with «he Sequential Contrel Schenme broposcd by Akmed and Sen
[16].. At this stage, it would be appropriate *o highlight

-

*he developnment of the Sequential Con*rol Scheme.

A sta*e-dependent control law is derived using <+he
Lyapunov Stability Theory., A more  practical means of orbit
contrcel based on the state-dependent control law is proposed

and is known as the Segqguential Centrel Scheme.

4,5.1 Basis of Control Using Lyapunov Stability Theory

The vector differential equa*ion {4, 1)=({4.,.6) can be

expressed in the following ;orm

£ = 2(xg4x ) (u_vu ) (4.14)

»

I3

where u, are the natural forces ac*ing on the satellite, 1

is the con*rel applied, 5 is the desired sta%te of *he

P
. IR ¢ T . .
satellite, and x=(a, ©, 1,8 + 0 ¢ v) the deviation of the

r

state from x . A(.) is an (nxm} matrix valued funczicn -and
o}

uc is an m-vector.

The system will remain in tke perturbed sta*e x,+§& (whece
x{0}=E}y for all t wvwhen the nataral forces, u

nullified by the control, uc(t) for all += 0,
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It is desirable to select control acticns, preferably
state feedback, s> that the perturbation is eliminated in a’

short time after the occurence of the disturbance.

A s+tate feedback control law u (*)=u [x(t)] tha+
c c ‘
stablizes the system around the nominal operating: state X,

will be developed by use of Lyapunov S*ability Theory..

Consider the systemlgiven in (4.14), Le* 0 he a positive
symmetric matrix (nxn) and let the Lyapunov function givan

by

v(x) = 0.5 ( x, Ox ). : _ {4, 15)

The *ime derivative of V alcng any trajectory x is given

by
ﬁ{x) = [ (u +u ), A'(x; +x)Qx j. (4. 10)
n C

Rased on (4.16), two control laws are formulated.

Case 1 : Continuous Control Law

Tn (4.16), if one chobée

= = ' -’

un + uc B' (X, +x) OX (4.17)

or, uC = -un - A' {x +x)Qx, then (u.ja;
V(x) = - |Ah (x +x)0x |2, (4.19)
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Hence,’ . l . ‘

VIx(E) T = V[x(0)] - 2f | A' (g +x (1)) Qx (v })]|? dAr. (4. 20
3 .

"his cleary show that

Y x(t) ] ¢ VX(0)] for all t0°

which means *hat the system is stable in the Lyapunov sense
with ceontrol law (4.18) . This con*rol law, howéver, requires
a contrel system with continuously adjustable thrusters.,

If A*(xg+£)QE # 0 for all & # 0, +hen 1lim V{x(%t) ]=0 and

t ™

“lim x(t)=0, i.e., the system returns to the ncminal opera<ting
£

state x; as t+

Case 2 : 0On=-0ff Control Law

In {(4,16), if one choose

= - - t 2
u, u - K sgo[ 2 (x‘0 +X)0x ] (4.21)
vhere sgqn- is a signum function, and K is a nonnegative

diagonal matrix {(nxm) , then

. .
VEx(t) ] = V[x(0) ] - 2f (Ksgn(r* (xy+x)0x) AT (x +x) Qx) 1t
0 -
_ t m .
=VIx(M1-2 ¢ (zi%_uav(x0+x)gx)i|)dr. (4.22})
o i= ’

-

Again, by the same argument, +he system is asymptotically
stable, and the system returns +o the nominal sta-e X,

asympto*ically.
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5,5.2 Development of Sequential ntro

L

Since thrusters are generally operated as on-off devices,
so0 only  the on=-off control law is considered ‘here. From
(4.21), the three componentes of - *ke control law (assuming

un=(0,0,0y'r are as follows :

fR =u,, = - Ky Sgn.{VR) L {4.23
ET = ucz = - K2 sgn (EI) _ {(4.24)
fN =04 == K3'Sgn (Vy) (U.ZS)_
vhere
N u . o N
V. = [2aZaesiny+ epsiny + (y-w)pcosy/e}/h

VR Y]

VT = {2a2§p/r) + [p(ap-ra)Z/aer] - (Yﬁu)(p+r)sinY/e})h

VN = {grcos(miﬁy + {(a/sini)—gcoti]rsiﬁ@s+Y)}/h
P = a(t-e2?)

r = p/{t+ecos )

h = (up)°' s, and

Q was taken *o be an identity matrix.

Based on the sinulation rTesults using ceontrol laws

{4.23)=(4,25), it is observed tha* the parameter K, ccntrols

5

A Kl controls & provided K2 is zero: and K3 controls Y

excluzi;ﬁly.

8 - - Y
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A practical-'control scheme must drive the orbital errors

to some target set regardless of their %nitial states., This

control scheme is consist of the following sequena;alfsteps:
Step 1 (predominantly controls il

' For 0 ¢ + ¢ ¢

ey 1' -
K3 # 0 { Kl = K2 =0, '\\ ’ \
. P
. N # 3 = -'. . ) .
95, 7 0 Q}( 9y 0, 1 # 3)
g ) .“‘ . . . -
S+tep 2 (gredoﬁinant;v contfols %)-
to§ t € /
_ For‘ti t tz, )
Kl-¢ 0 ('$2 f K3 =0,
- T qll # 0 ' ( qii = 0"-1 # 1 ).
- . : .
Step.3 (predominantly controls a)
. . . . r . .
- - p <+ g ’ : * B o
-For t2 . t3, . _ - .
Kz # 0 ( Kl =-K3 i 0,

In these tere'steps.h‘qii (i=1,2¢..,6) represent s the

- . - '_\' - - .
diagonal elements of the matrix.Q., The abcve control scheme

is known as the Sequential Control Scheme [16].

FanY
A,
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Witk all the background provided in-- the previous
sections, one is . ready to devélop an optimal perioadic

control scheme for station keeping.

4,6 PYRIODIC ORBITAL MANOEUVER

The: prime objective im controlling +re orbit of a
satellite is to confine the orbital parameters within a set
of target.values. In genéral, it is wmore desirable +o

maintain the semi-major axis (altitude), . eccen*ricity and

incliffiaticn of the orbit within the desired set. Tn osrder to.

determine the interval between orbital manoeuvre, Tthe

following admissible errors are defined :

lal € 6.2 x 103 £+ (4.26)
le | € 3.0 x 10-5 - _ L (4.27)
i ] <€ 1.6 x 10-¢ rad. (4.28)

-

A satellite drifts from its nominal orbis under
perturbation-of natural forces, The orbi+al parameters arce

determined | by - tracking -and observing the satellite on

‘ground.  Whenever the satellite drifts ocut of the target

set, -orbital manoevure is performed. The satellite 1is

permitted to drift naturally ahﬁ the con*rol cycle is
repeated. The interval betiegn each manocuvre depends c¢n “he

initial states of the orbital parameters.

“7

"As an .il¥ustration, the "solar radia*ion torque 1is . .

considered as the major natural dis*urbing torque acting oan

L4 ~ ~



| 71
*he éateliite f19]. The components of the natural
disturbances_fh, fT, fN along the FTN coordink:g system as
shown in Figure 28 are assumed, The_control forces (non-

optimal) used in obtaining the periodic manceuvre are :

[Er = 1 fe/s2 [g] = 25 frssz, e

Based cn these informations, a“periodic orbital Rinoeuvre

2 -

scheme is developed,

>

The 1interval between orbital manoédvres ts determined
wheﬁ‘any one of the constrain;s {0.26)=(0,28} i=s'viglated.
Orbital manoeuvre is performed to . bring *he states wishin
the targe+t set, Next d%noeuvre.(time) can then be estimated
by integrating cthe orbital equations (4.1)=-(4.€) with *he
fihalkétate of the last manoceuvre taken as the initial sta-e
and +*he perturbing force present- during‘ tte perind in
- question, From simﬁlafion rgsults as illustrated in ®igure
25,. it is opserved that.a cormplete manoeuyre gycle o% the
orbital parameters-q, e and i takes agout 2.47 days. During
this period, manaepvres of eccentricitf‘(e), al<itude (a)
and iﬁclination (ij wétefperformed 1.81 days, 2.%%~days and
2:u1ﬁ days respectively after.the (ihitial coentrel period. .
However, *he manoepvre period and frequency are dependent on

the initia} values of the states and +he admissible errn-,

-
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8,7 FORMULATION OF QPTIMAL CONTROL DPROBLEM .

It is desirable to have a control policy for an orbiting
satellite such that the orbital parameters are driven o the
target set with minimum fuel consumption. This objective can

bl

be achieved by minimizing the fcllowing cost functional

6 t .
J {u) =i'=El Silrki (tf)lz + EL=% Ui]}'i'(t)[ 2 +j_=§:i Ai‘uiz)dt (u‘,'_)‘g)
where |
O O T P T%s
uo= ( fg fT'fNT' . '
By ( if{,..,ﬁ) is the_weiqhtiné factor c¢f *te orbital

" parameter erreor at terminal time t v

9 ( i=1,..,6) is the weighting factor ¢f the orbi=zal

varameter error in the interval (0,4 1,
Ai ( 1=1,2,3) is the weighting fac*tor of tkeé control, and
Q@a, the set of admissible coht:ols, is the se-="nf all

measurable and bounded real-valued func*ions.

Tt is required to choose a control policy u s3 as o
drive the system from its perturbed states to the desirable
states in the fixed time interval fe(0,+f] suck <tha*t rhe

cost functional J(u) described in (4.29) is midimizé@.

The explicit forms of the adjcint (costate) equaticns and
the hamiltonian function corresponding *o *te orbiral

dyramics (4.1)- (4.6) are given in Appendix B.
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To solve the optimal control problem, it is required to
introduce another ~system of differential equations called
the adjoimt (costate} equations v (¥}, and the hamilzonian
function, H (see Chapter 2). The problen described above Qas
solved by usiﬂé Conjugate Gradient Descent (CGD)‘ methoad

18,9,107.

8.8, The Con jugate Ggadient Descent Algorithsm

The CGD algorithm requires the computation of +he

gradient +traijectory wvwhich 4is defined as q(uv)=aH/au. Le*
nt(t) be the i th approximation +to +*he cp+*imal control
. _

uo(t), The correspoanding gradient q(ui) is computed _by

solving the dynamics (state) equations forward in t;méj and
“ke adjoint equations backward in +time with tFe control ui.

s . « i i
A sequence of control ploicies ut!, w2, ..., n n +

-
L4 Il " ea 4

u eQ&lis cons<ructed by the CGD method, and i+ canr be shown
that the resulting sequence of u ‘s converges to the optimal

centrol u’ (8). The algorithm can be described as follows

Guess an initial control ud%, compute J(uo), qé = g(u%), and

*+he search directicn s, =-4g and perform the following

o

steps in the i th iteration :
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Step 1 Y
Conpute o by performing a cne-dimensional wminimization ot

. . i .
+he cost functiomnal J(u +uisi) witk respect to o .

St ‘

Compute new control ul+l = gt ta, Sy, Stop *he i*eration If
i+l iy - -

IJ(u } = J{u ﬂ< 8§y (68;1is a small number, usually of ;@e

order 10-%).

éiep 3

. ’ 14
Compute the gradient 9441 = g(@'l Yy, and calculate

g, = 91417 Jip )

1
(g,

’ t
wvhere, ( g9, ,9. ) =f 5.(t)q.(t)dt-
1 J 0o 1 ]

,gi)

TE ]iq_+l - q:H< 8§ (82 is a small number), iterat+ion stop3,
i i -

Step 4

Compute the search direction s, == q

+8.s5.,, set i=i+1
i+l 171

i+l
and go to Step 1ﬁa§

Flow char* of the Conjugate Gradient DNescent procedure is

,summarized in Figure 26.
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-(STARb v

guess ey

set 1i=0 2,

solve x=f(x,ut)
x(0)=x,

from to—wt s and
compute J(ul)

solve ¥ = f;(X,U) v
w(T)=¢

and compute gradients
g(u ) from tf*to'

set S,= -glu®)

perform linear search

i
mén J(u +aisi)

a3
e

y .
update control ui=ui+%§

and coTDute J(ui+l) and

g(ul

y

compute Bi and Si+l

Stopping crite-
rion satisfied?

i=1+1

Figure 26: Flow Chart for Conjugate Gradient Descent Method
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6,9 coypu ON

The satellité orbital control problem (4. 1)~ (b,6), (4.29)

s solved by using the .algorithm presented in Secticn 84.8.

The weighting factors of the cos* func+icnal (4.29), are

+aken as

ase 1

gy =10 %2 =€.7x10¢ g3 =1, 1x10¢ Oy = O5= Jg="
By =1.0xt012 By =6,Tx1017 ° By =1,1x1017 By = Bs = Bg=N
M =6,5x102 Ao =2.,3x1019 A3 =83.3,

Case 2

1. =10 Js =3.0x107 03 =1,1x108 g, = g = Jg=0
3) =1.0x1012 B2 =3,0x1018 By =1.1xtn17 . By = Bs= Be=)
A} =2.1x103 Az =1.5x10t1 A3 =83, 3,

The weighting factors indicate the felative impdrtance B4
the orbital elements and the contrcl effort. In order %o

ensure *hat *he system is driven to the desired states, “he

values of terminal weightings B should be much larger +than.

1
the intermediate weightings Ui (i=1,...,6).

Note that the final conditions obtained im the periniic
orbital manceuvres (Figure 25) can be used as.fhe ini*-ial
)
conditions in the optimization problem; however, in order =0
save computer time and sforage, the initial condi+*icns shown

in Fiqures 27, 28, 30 and 31 are ctosen.

. Sd
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From simulaticm results (Figures 27, 28, 30 and 31, 1t

. u u ny
is observed that the orbital errors a, e, N and § decay

asymptotically from tleir initial ~ valves in the tinme
interval te(o,tf]. Hovever, o ‘ and ? have dJdifferent
behaviour in both cases. Nue to the facts that the controls
ﬁr, £, fkqhave nore pronounced effects on *he o:bitai

.o
elements a, e and i tham@®, w andy, i+ is difficult +=o

drive all the orbital parameters to *bteir desirable states,

The extremal controls obtaingd in bo%h ca3s (Figures 29
and 32} show that the controls fR and fN are operating at
constant magnitudes throughout the whole interval while £

ig variable.

From the resu;ts of the, comparative studies of +he
vxtremal Control and the Sequential Contrel.Schéme, it is
shown that <+he;extremal controls drive the svstemfﬂto the
same s+ates in 'a much shorter-time with less fuel than %he
sequential Control Scheme. &k fuel saving of abcut 11 % can
be achieved by ﬁsing tLe Extremal Control Scheme. Fesul:zs
of the studies iqﬁ%catgd that the Ex*remal Contrcf.scheme'is
éapable of gorrecEAng the -orbital.parameters a, e and i
simultaneouély, gthué enables the sa+tellite to rTestore its
orbit fasﬁgr than- the Sequ%ntial Control Schenme, ps- a

comparison, the results of the twe ’control schemes are

£
summarised as fepllows:



o

Control Period

Optimal Sequential
Contcol Scheme ‘Centrcl Schenme
Case 1
Jt;u) 0.2179::53:1013 1 0.258779x1013
[ w2dt 0.217930x1013 0.243810x1013
control Period 0.85 s 2.395 s
Case_2
%?ﬂ 0{206028x103 0.1273U2x1012
'of uzd+« 0.201497x108 0.223509x138
0.85 s 2,205 s

From the rTesul<+s
- . u
+he orbital errors a,

states in a linear fashion,

~ v .
¢ and 1 drift out of

Based on *hese

shown in Tigure 25 it is chserved

observations,

A0

<ha+
+heir admissible

S

- b

is possibleé, by linear extrapolaticen, to predic*t the moment

a* which the
limif.
line by using

conditions for

satellite

the extrapolated

"+he next+ orbital manceuvre,

will drif*

of i+s desizable

“

An extremal control scheme can then be compute%ra_f-

s*ate errors as- initial

Thisg procedire

yields - an optimal periodic ccntrol scheme for statinn

'keeping. The results presented in +his chapter

guidelines in the design of the orbital controel systeas.

oo

The Fortran code u%ed.to solve +his prcblenm

Appendix C.

can seTtve as

is lis=ed in
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U Optimal control scheme
+ Sequential control scheme
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Figure 27: Case l: Error response of optimal.and sequential,schemes
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8.¥)  CONCLUSIONS
Iéithis chapter, the periodic orbital manceuvre scheae is
determined by integrating the dynamics system with solar
radiatior disturbance as the natural perturbation actiné on

the orbiting satéllite.

An optimal orbital control problem is formulﬁfed and is
solved by Conjugate Gradient Descent method to bring the
system to the desired states with minimum fuel consuaption.
R study is made to compare the Fxtremal Control Sche&e
presented in this thesis with the Sequential Ccptrol Sch o
proposed by Akmed and Sen [16], the results show that

former comtrol scheme is superior thamn the latter one.

A careful examination of the results sﬁBws that -~ the
response . of the system is extremely sluggish, ‘“this suggests
that the dynamic system can be approximated by a system >f

difference eQuations.

The results obtained in this thesis and [16] could be

usefully applied +to the des%ﬁﬁ“—eia\ﬁhe orbital cecntrol

systemns for the synchrenous sa?ellite.

.
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8.11 S H STU

Stability and the existence of trap mode of a synchronois '
satellite were investigated by Ahmed and Sen {16,20]. In

this thesis, the optimal orbital control of a sfnchronous

-

satellite was considered.

y N : . . .
\\ One of the challenging problems for further investigaticn

is to reduce the computational task, ‘One of the rehsops for

the lengthy computation may.bé due to the nonlinearity of

the systen dynamics.  So, in order to reduce the
computational task; it is advisable +to obtain an optimal
contcol for the linearized system and *hen use

“his control policy as arn initial guess to the original:
(nonlinear) system to obtain the bptfmal control policy. It
vould be interesting to study the difference between the

solutions of the linearized and the original systenm.

As mentioned earlier, it is difficult +o dri;e all thé
orbital parameters to their desirable states,;so it would be
an interestihg probhlem to study the controllability of the
systenm. However, it is difficult to study the

controllability of a nonlinear system and it is advisable to e
- ~

start with the linearised systen.

It . appears to the author that most of the satellite
control problems wvere concentrated on attitude control and

few works were done on the optimal orbital control problen3;
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so it would be a contribution to consider ' the tine optimal

control and other'contréﬂz problems in this area.

[ s

——
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Chapter Vv

CONCLUSIONS

In +this thesis, Optimal Control Theory has been
oy co -
extensively applied to the studies of tvo aerospace

proﬂlems : radar scan‘ ﬁg problem _.and orbital  contral

problem.  Two computational algowithms are employed for the

solution 6f the probleas,

Conclusions o% the control proﬁléps vere presented at the
endlof‘phapters 3 and ﬁ and will uptrbe elaborated here. 1In
this chapter, a -discussion of the +two _computational
élgorithms used in this thesis and their comparisons will be

presented,

The radar scanning problen composed of linear
differential equations with time delay arguments, while the
orbital control'problem is described by a set of nonlinear

differential equations without delayed terms.

Most commonly used computational methods are no- suitable
to cémpute the optimal control for systems with time delayed
arquﬁents, S0 a 'strong varliaticnal (Hu;tay and Tea's)
algorithm was chosen- to solve the probler,. The radar
scanhinq problem was successfully solved by'thig algorithm,
‘fhis algorithm was also adopted to solve the orbifal control
probleﬁ; - however this technique was not satisfactory since

- 90 -
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"the cofveraence was extremely slcw thus reguire enormous

u

computing +ime.. klternate techniques were souatt and <to

b

Tonjugate Gradient Pescent (CGP) me+hod was decided for i-s

-

nutstanding fast convergence and simplici«y,

The apprcach of the twn algorithms are quite iiffe;enﬁ.

The Murray and Tec's alqorithm mﬁdifies ﬁho central  in =hHe
interval where <«he change in *he thamil*onian functicn i3
maximum., Tre CGL algorithm ctanges *‘*e ccn*rels ~n -Fa hHas
of the pas* and present gradients (vhick in face aze <he

derivatives cf the thaniltonian wi-+k respect *n +he contwrll

b

variables),

ks a compariscn ¢f tle -wo algoritkms, ' ke CAD algorifan

has the ‘advantage of rcequiring less comou-er 3torage taan

*he Murray and Tez's algocithm, ~he latter algszi-hm
~ Tegquires considerably larger storaqge memory to store  <ke
Pt N I

states (x eRnlj, costates { ¢ eRnl), 0l1ld ccntrnls (ul £ Rr }

il . T X .
*and updated controls (u e R ) for *Pe *ime inrercwvil

[to,tf]. However, 1in *he CGD algcrithm, i+ is requirel =o'

-store the statesw(x eR" ) . qgqradients {(q7(u}y ¢ Rr Vs nld
'Eontrol (ul Es R ), and upda*ed. centrcls (v
. i i

C6D  algori<hr, it is nor required to stcre *to Co%TAT0

r i+l r

E R
‘'variables since <he gradients can be cemputed directiy<ai-
solving ¢ and the values of tte ces*ta*e va-‘ahles aze nor
required in future calculations, Unlike +he CG™ aljori<hn,

in Mucray and Teo's algcrithe,. *he cos<a*e variables a-e
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- . .
required for the maximization of the hamiltbnien aver the

entire inter#hl. Owing to this difference, considerable
amount *of jmemoﬁl/ can be saved by using CGD‘“algorithm
especia;ly vhen the dimensicn of the states is Euch larger
than that of the controls.  Besides, the CGD alqorighm is

less complex and hence it is easler to implement.

The pitfall of the CGD algorithm is *hat it cannat__

quarantee global minida. As pointed out in (8], Llike most

other iterative procedures, . this methtod canno* distinguish

between local and global minima. However, in general, ‘’the w'

best that can be achieved 1is efficient convergence to the
bottom of whatever valley it starts in, As for the Murray

and Teo's algorithm, the weakness 1lies in one of ¢the

stopping criteria, The computation of the optimal coeneral

will be terminated when the 1length of the .sub—interval,
[b(m) ,b{m¢1) ] is less than the integration step size, h (see
algorithm flow chart in Figure 6). Owing‘to this criterion,
global minima cannot be ensured. Cne way of avpiding the
occﬁrrence of this'undesired stopping criterion is to reduce
the integratjon step slze. However, this will inevitably

increase the storage and computing tinme.

.

The convergence of the CGD algorithm is well known. For a
linear quadratic problem, it converges in a finite number of
iterations. However, the convergence of a ncnlinear problenm

is quite slow, despite large improvement of cost in the

=3
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first few iterations. 0On the other hand, the convergencé'of_
Murray and Teo's algdriihm is acceptably.kast for the linear
case: however iﬂforuations on -the convergence of qonli;ear
problems are not availfble. It is the feeling of the author
that a well defined convergence criterion is an important

aspect of the algorithm,

Based on the experience accumulated from  the
computation -of optimal control problens Iwith different
algorithas, it is the feeling &} the author ihat the
computational aspegt of the optimal control éroblems is
still in_its infancy. Qgere is no sure way of choosihq an
algorithe to solve a problem and there is no algorithm that
suits all pr&blems. The éomputational aspects is also a qéad

A~
area to pursue further investigations.

»
Afterall, Optimal Control Theory had been sucess fully
applied to ‘vo aerospace problems., The authpr believes that

the theory can be applied to numerous problenms.
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Appendix A

ADJOINT BQUATIONS AND HAMILTONIAN FUNCTION FOR
THE RADAR PROBLEN

. By following equations {2.u4) and (2.5), the adjoiant .

{costate) equation corresponding to the system

]

dynamics (3.26) is given by the following system of

equat%ons.
tl(t) = - 2 Yl(lexl)+81u11i + ul(l-ul) ﬂi

@, (1-u,)P, (a) \bq(t+Td)-ur5(1—u5)O.SPS(E)ws(t-i-To) St

¥

2 72(1—x2)+8212ﬂb + 02(1—u2) #é

{]
[

o (t)

a,(1-u,)0.5P (a) ¥ (t+T ) -0 (1-0 )P (a) ¥  (e+T )

/\ a (1-1.)0.5P (3) 4 (£+T )

. . Q
. ¢3(t).= - 2 73(1—x3)+83u3\!¢3 + 03(1—u3) 1J'3.
_
- uS(I—USJD-SPS(a)¢5(t+TO)—uE(1—U6)P6(a)¢6(t+TO)
™
g lt) = - 2 14(1—x4)+[£412+94(1—u4)3qﬁ

I

o5 (1-v ) Po(a) g (4T )

- cB(l-uB)O.SPB(a)¢B(t+To)
- 94 =
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= - 2 75(1—x5)+[85us+u5(1-u5)st
/
- c7(1-u7)0.5P7(a)¢7(;+T0)

- ua(l-us)?s(a)ws(t+To)

- ug(i-u9)0.5p9(5)¢9(t+roy

L~

- uB(l-uB)o.SPB(alws(t+To)

- ag(l—ug)Pg(a)fb(£+To)

- 2 77(1—x7)+[87u7

- ¥
tap l-u) 1
-2 78(1-x8)+[BBU8+u8(1—UB)]Qb 'y

- 2 19(1—x9)+[89u9+09(1—u9)]Ub-

P 2 £
2 Al (l—xl(tf))
2 A (l—xz(tf))

2 2 (1—x3(tf))

2 X (l—xg(tf)) for ¢t 2 t

Vol

f -



Wy

“ Poor Copy E
COPIE DE - QUALITEE INFERIEURE

1

ﬂgﬁiltonian Fugékgga—for{{hg Radar Problem

9¢

The ‘following hamiltonialh function follous'from'equatioq.(%.By.

BH(t,x,v,¥)

—uB{PB(a)xs(t—To)+0.5P

= uploog By Y8y dy ey Xy

+0.5P8(a)x6(t-To)Jwa(thO)]

B(5):(4(1:--'1‘0)

©

-

uyl-o,-85%, "2”32 PRAPLCATY
*ougl-og-B3%g ¥g+8,vghagxgvg] |
. L
+ u4[-°4-54(x4—1)ua+u4x4w4 E
-anPq(a}xi(t-TO)+O.5?4(a)xz(t—To)]ﬂq(t+To)]
*ouglosg=ho (xg-1) yoragn, g
_uS{PS(a)xz(t—T0)+o.SPS(a)xl(t—Tg;(S;iii;iLi3pt—To)}
o o AT NS
+ us[—cs—Bs(x6—1)¢6+asx6¢6
‘éds{Ps(a)x3(t-To)+015P6(a)xz(t—To)}ﬁb(t+TO)]
tomloogm8 G-l Yorex oy,
-u.]{P?(aq)xq(t-TDHo.SP?(a)xst't~To)}_w7(t+'.ro)] \(
+ ua[—UB—-BB(xB—l) ¢B+u8x8 8 %
l
C

e
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—qg{Pg(a)xs(t-T

+ ffyl(l~xl)2~yz(l—x2)2—73(1:x3)2—74(l-x462

ugl-o -8By (xg-1) Ygtagx ¢9 A //ﬁh\\

97

979

/N

oy+0.5P9(E)x;(t—?oi} %(gﬂ&o)J - \\

‘ﬁ

. \ )
\\\ —Ts(l-xs)2—Y6(1—x6)?—77(1—x7) -Ya(l—xs)%—Yg(l-xg)zj

+ [-a.x

$

1% %" G2%p¥ym05

"°5x5*5f°6x6*6‘°

X3 ¥3ma, %y Yy

7x7¢7508x8w8-u9x9w9] -

4

+ ) -T_)+0.52 (& t-T )3y, (¢
3 “;LPA(a’xl(t‘To) 0.5.4(=)x5( TOlJﬂé('+TO)

v

+u5[P5(a)x2(t—To)+0

+u6[P6(a)x3(t-To)+0.
+c7{P7(a)x4(t—To)+0.

+08[P8(a)x5jt—To)+d

+u9[P9(a)x6(F—TO)fO.

-SPSFE)xl(t—TD)+O.5P5(E)x3(t—TO)]l%(t+To)

5P6(a)x2(t—To)st(t+TD)
5?7(E)x5(t—TD)J¢7(t+TO)

TSPB(a)xq(t--To)+0.SPB(a)x6(t—TO)] ¢8(t+To)~

Yy

-

5P9(5)x5(t—TD)]ﬁ9(t+To),
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ADJOINT EQUATIONS AND HAMILTONIAN PUNCTION ¥OR .
- THE SATEFLITE PROBLEN

Appendix B

"he adjoin+ eq&atibns and the hamiltconian func+icn for the
dynamics sﬁstem without delay terms can be obtéined from
equaticns (2.4) and (2.5) by se«ting s=O'Iéﬁe. ignoring the'
terms due to the délays). Dae to *he nonlinearity »>f =he

dynamics equations, the adjoint equations are quite lengthy,

. ‘ s of
e - of, - afllp i afqu i af% i af% ) fsw e
) = T YT s T sa Yo 3R s 3R Y4 3 Vs m Y
:where,
’f .
a5 = 201
i 2
afl _ (l+e cosY)fT + e 51nyfR Cim — Eaz(l‘e )]
= a(1-e?) na(l-e®) = /————
Y . pa(l-e”)
af 2 2
’3 - % / i 5 l-e [2coil+e(i+cos v) fT +‘SianR]
ad a{l-e®y - u ecosy
of . ro2 , -

3 _1/ T (1—e cos (w+y) £
3a 2 a(l—ez) M l+ecosy NN
af4 _ 1 B l—e2 sin{w+y) £ :
FES 2/,a(1_82) i sin 1{l+§cosY) N 7

e cot i sin(m+y)fN

af _.2 .2+e cosy _. _ -
?Fg = g; M 5 1-e” iz Gosy SinvEp-cosyip T+e cosy
of 2
6 _ 1 u l-e _2+e cosy . + .
T T2 /0.7, @ UT¥e cosy SIM Y fp *ocos v £

]
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2ha3e

+ .
ot e SlanR]

[ua(l

ae [2cosy + e(l-coszY)
2

wa(L-e?) l+e cosy

—e?))

3/2

T

}.

27 ;
2a (cosyfT+SlanR)

v . 2
pa{l-e™)

£+ sin vy fR]

. 2 '
+ f /a(l-e™) [(l+e cosT)(l+cos Y) - [2c<35y+e(l+coszy):Icosqr:|
T
H {l+e cosY) ‘

cos (w+y) COSY]

_ £ COS(m+Y ae + /a(l—e
N l+e cosy a(l —e ) u

- £ I sin{w+y)

1 ae
N-sin i(l+e cosy /o (1-e ) TR

2+e cosy .
[Ff———— sﬁnyfT cosYﬁR—

(1- e

sin{w+y)cosy

(l+e c05y)2

]

e cot 1 sin(uw+y)f

2
sin i l+e cosvy)

N

2
HE -

]-

iyl
eZa+a (1-e?)

l+e cosy

1+e cosy

(2+e cosy)cosy _

‘a(l-e

2

)

cot 1 sin(w+y)f

3
€ i

N

1 /a(l—ez) [sinyf (l+e cosy)cosy-(2
€ H T ({1l+e gosy)Q

~~ 1

+ (l-e?))

2 2
2+e cosy . - e’y afe
[1+e cosy 51nyfT + coszRJ 5
) a(l-e%)

2

af{l-e“) (l+e cosy) cosy

n

- (2+e cosy)cosY

M|+~

———— siny§
y Tip

(l+e c05y)

e

(l+e cosY)2

]
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. afo afl af6
bl = =Sy v - 3p 4 - - - 3 Vs
where
af - .
af4 - F . a(l—ez) sin(w+y) cos i
31 TN n l+e cosy _. 2.
51n 1
s _ . /ati-e?) sin(uty)cosec?i.
31 N u l+e cosy
) 3, _ My R .
31 5T AT 3T
af P of
vo(t) = =2y - ¥ b - _ "
4 3 Yo T aW Y1 T ot T W Y
where
3f -
3 = 2 04 0
afl _ Bf2 _ af3 ) 3f4 _ BfS _ Bf6 .
3%l 3 AT 3 atl

(@]

L

100
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3 of af
() = - 22y - Ly - - =2y
3w O 3w 1 . dw 6
where,
Bfo -
T = 2 05 a
%3 _ _ . /ai-e®) sin(u+y)
.3y : N BT l+e cosy
¥ . .
§f4 - £ a(l—ez) cos (w+y) - !
Juw N u sin i(l+e cosy) | . -
afS - _ F a(l-ez) cot i cos{wty)
Jw N 0, l+e cosy
Bfl _ sz _ af6 -
dw  Jaw 3w
of 3f af
- . _29% ST ¥ - __5
q’s(t) B 37 Vs 3y ¥ 3y Vg
where,
Eig =.2 0 Y ‘\‘
Y 6 ¥
af 2 ‘
1 _ 23 e s
7Y - = (cosyfg 5lpyfT)
pa{l-e)
af 2 2 2
2 _ a{l-e7) (e . -{l+e cosy) (2siny- e51n2y)+e 51n2y+e siny (14+cos-y)
Y H (}»g_cosy
+ cosyfR]
af 2, . .
3 _ £ a(l-e“)~e sinycos(uty) - (l+e cosy) sin{w+y)
3Y N W ‘

i 2
X (l+e cosy)

.
kS
~
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af4 - £ /a(l—ez) (l+e cosy)cos({wty) + e sinysin{w+y)
Y N .M sin i (l+e cosﬂ2
af//ﬂﬁ\ 2 2
5 _ all-e ).[f (1+e cosy) (2cosyte cos 2vy) + e(2+e cosy)sin'y
Y .

(1+e cosy)

(l+e cosY)cos(w+y) + e 51n(m+y)51n71

¥ £, siny - edeot i
. (l+e cosy)

afo _ 1/ a(l—ez) [_E (1+e c05y)(2coéy+e cosl2y)te(2+e cosY)sinzy'
v € . " T ' {l+e cosY)2

- fR sin-\r] '.r/".'ﬁ..,.//
The explicit expression of the Hamlltonlan\functlon is
2 2 2 2 2
Hit,x,v,¥) = o la]® + ...+ 06|~,|(,.+AlfR txsz 2 E
2 ' \
+ —_2a [(lle cosy)f_ + ef _siny) 1y
ST o T R 1
pa(l-e7)
2
2cosy te(l+cos’vy) + .
* /a(l-ez) [, l+e cosy f fR sinyl L)
u ‘\
cos (w+y) '
* a(l—ez) l+e cosy fN lp3
u
—_— sin{w+y)
+“/a(l—e2) sin 1(l+e cosvy) fN lp4
'\ ef  cot i sin{w+y)

2+e 2+e cosy . _ _ N
/a(l _e? 1+e cosy Ep siny fRCOSY l+e cosy _ ! Vs
2+e cosy .
/a(l e ) T¥c cosy f siny + fR cosy ] ms.
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CONPUTER PROGRAM FOR THE SATELLITE PROBLEN.

FIRST EDITION : AUGUST 17, 1981
REVISED ) = DEC,12,1981

OPTIMIZATION BY TONGUGATE GEADIENT DESCENT NETHOD

{ *** SATELLITE PROBLEN *¥% )

PROGRAM NAME : CGD ‘ c
IMPLICTT REAL*8 (A-H,0-2) .
PEAL *8 HU,IO,ID,IDO,J1.g2,J3,Ju,JS,J6,L1,LZ,LJ
TNTEGEF EXIT -
DIMENSICN CTL(1002,3),SRH(1002,3),GRDO(1002,3),GRDN(1002,3),

anaao

& TT(1002),X(1002.6),BTA(3),G(1002,3)
COMMON s SIZE / H '

COMMON / XSTATE / AD0,EDO,IDC,ODO,WDO,T Q 5
COMMON / SCBLK / MuU,A0,30,30,00,%0,RC

" COMMON / WC / J1,J2,J3,Ju,J5,JE,L1;L2,L3

CONMOY / SS / $1,52,53,54,55,5¢6

COMMON / FWC / B1,82,B3,B4,B5,RE -

COMMOY / BBPF / BB1,BB2,BE3,BB“,BB5,BBE

COMMON / DCTL / FRO,FTC,FNO :

COMMON / ALPHA / AAC

CALL INPUT ( TT,CTL,KOUNT )
CH*xexINTTIALIZATION

EXIT = 0

NEXIT = 190

REITE (€,11) NEXIT

1 FORMAT (T7,'MAX OF ITERATION :',I5)
- c**x*%%J1:1 FOP Bapgh.Jrzo,FOP NO BBPF (BASIC RIASFD PENALTY FONCTION)

JI = 0
BBt = 0.
rr2 = C.
83 = 0.
8BB4 = 0.
BBS = (.
BB6 = 0.

C**xxxSOLVT STATE EQUATION FORWARD IN TIKE

CALL STATE ( CTLKOUNT, X))

CRLL CCST ( Xx,CT™L,H,KOONT, DUMMY,COSTOD ).
Co##%%SOLVE COSTATE EQN

CALL ADJ X,CTL,KOUNT, G}
Cex***STORE GRADIERT

CALL STOGRD ( G,KOUNT, GEDO )
CHx**x*¥INITIRALIZE SFARCH DIRECTION

po 80 J = 1,3
po 80 I = 1,KOUNT
SRH(I.J) = = G(I.,J)

- 103 =
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80 CONTINUE ,
210 WRITF (6,510) EXIT,COSTOD
WRITE (8,510) EXIT,COSTOD '
510  FORMAT (TS5,'EXIT=',I3,3X,'COS™ = ',E19.12)
EXIT = EXIT + 1
Co****FIND OPTIMAL STZP SIZE THAT IMPROVES THE COST PUNCTIONAL
“CALL MINMIZ ( X,CTL,SFH,COSTOD,H,KOUNT, STFP )
C**&xxCOMPUTE U (I+1)

C. .- DO 24 I=1,KOUNT,30 :
C . WRITE (€,27) CTL(I,1) +CTL(T,2)CTL(I,3)
c27 FORKAT (T7,'CTL BEFORE=',3(E19.12,1X})
c24 CONTINUE
CALL NEWCTL { KOUNT,SRH,STEP, CTL )
c DO 33 I=1,KOUNT,30
c RRITE (€, 34) CTL(T,1) ,CTL(T,2) ,CTL(I,3)
C34 FORMAT (T7,'CTL AFTER=',3 (E19.12;1%))
€33 CONTINUE . - v

C+*#***SOLVE STATE EQN

CALL STATE ( CTL,ROUNT, X )

caLL ccsT ( X,CTL,H,KOUNT, SUM,COSTS )
C#**+*S0LVE COSTATE EQN

CALL ADJ ( X,CTL,KOUNT, G )

c, DO 31 I = 1,KCUNT,30

c RRITE (€,32) TT(L)+G(Is1) ¢G(I,2) G{I,3)
c32 FORMAT (F7.4,1X,3(E1%.12,1%))

c31 CONTINUE %\____
CH**x**STORE GRADIENT G(U) N

CRLL STOGRD ( G,KCUNT, GRDN )
C#***»COMPUTE THE ONIT VECTOR

CALL UNIVEC ( GRDO,GRDN,H,KCUNT, BTA )

WRITE (6,71} BTA(1),BTA(2),BTA(3)
7 FORMAT (T7,'BETA =',3(E19.12, 1X))
C***%x*COMPUTE SEARCH DIRECTION S(I+?1)

CALL SEARCH { GRDN,BTA,KOUNT, SPRH }

C Do 75 I=1,KOQUNT,30

C WRITE (6,76) SRH(I,1),SRH(I,2),SRH(I,3)
c7e PORMAT (T7,'SEARCH =',3(E19.12,1X))
c715 CONTINUE

C+x+xxSTORE U (I+1) AS. U(I) .
CALL EXGED ( KOUNT,GPDN, GRDO )
C+#x*x*CHECK STOPPING CRITERION
BALL = ( X (KOUNT, 1) #%2 + X (KOUNT,2)**2 + X(KOUNT,3) #%2 ) ¥*0,5
WRITE (6,1729) BALL :
1729 FORMAT ( T7,'STATE SPACE BRLL :',Z19.12 )
IFP ( BALL.LE.1.0E-6 )} GO TO 9999
COSDIF = DABS (COST$-COSTOD)
WRITE (€,1738) COSDIF ,
1738 FORMAT ( T7,'COST DIFFERENCE :%',E19.12 ) ‘\
IF ( COSDIF.LE.1E-5 )} GO TO 9999
TF (EXIT.GT.NEXIT) GO TO 9999
Ce***x%PDATE PENALTY WEIGHT BY BASIC BIASED PENALTY PUNCTION APPROACH
BB1 = JI*( BB1 + DABS (X (KOUNT, 1)) )
BB2 = JI*( BB2 + DABS (X(KOUNT,2}) )
BB3 = JY*( BB3 + DABS (X (XOUNT,3)) }

4
i
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JT*} BB5 + DABS (X (KOUNT,5)) )
JI* (“BBE + DABS (X (KOUNT,6)) )

|
BBY
BB5S
BB&

COSTOD = SUM+B1¥( X(KOUNT,1) +BB1 }*%2 ¢ B2*( X(KOUNT,2) +BB2 ) %2

%{ X(KOUNT,3) +BB3 )*%*2 + BU*( X (KOUNT,4)+BBU )*%)

BYESAX (KOUNT,S) +BB5. ) #%2 + B6*x( X (KOUNT,E) +BBE ) *%2
R 606) . X (KOUNT,1) ,X (KCUNT, 2) , X (KOUNT, 3)

FORNA®SX 'T7,'X AT .TF : ',3(T8,E19.12,/) )

GO TO 210

CALL QUTPOUT ( TT,X,CTL,COSTOD,EXIT,G,KOUNT )

WRITE (€,234) BALL, COSDIF

FORNAT (T7,'BALL =',E19.12,/,T7,'COST DIFF =',%19,12)

WRITE (€,77) BB1,BB2,BB3, BB4,BBS,BB6

FORMAT ( T7,'BB WEIGHTING : *',/,6(T8,E16.8,/) )

. STOP
_END B
SUBROUTINE STATE ( CTL,KOUNT, X )

THIS SUBROUTINE COMPUTES THE STATE SONS FORWARD IN TIMZ
X - : MATRIX STORING THE %IATES

-U*S = CONTROLS

RRGT: SUBROUTINE TO SOLVE D.E,
COST: COMPUTE J({U)

IMPLICIT REAL *8 (A-H,0-3Z)

FEAL *8 IDO

DIMENSION X(1002, 6),CWL(1002 3) ,TT(1002)
COMBON / XSTATE / ADO,EDO,IDC,QDR,WDO,PDO
coMMONW / SIZE / H

INC=1
C*#**+STORE ALL STATES VARIABLES IN MATRIX X
X (INC,1) = ADO

X (INC,2) = EDO

X (INC,3) = IDO

X (INC,4) = ODO

X (INC,5) = DO

X (INC,6) = RDO

X1 = ADO

X2 = EDQ ‘ . .

X3 = IDO

X4 = 0ODO

X5 = WDO

X6 = RDO

U1 = CTL(INC,1)

U2 = CTL(INC,2)

U3 = CTL(INC,3)

CALL RKGT (X1,X2,X3,X4,%X5,%€,01,02,03,H)
IF ( INC.EQ.KOUNT ) GO TO 999

INC=INC+1

X (INC,1) = X1
X (INC,2) = X2
X (INC,3) = X3
X (INC,8) = Xu
X (INC,5) = X5
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X (INC,6) = X6 s 7

GO To 100 a4
RETURN B

ENRD ‘ - '
SUBROOTINE ADJ { Xx,CTL,KOUNT, G )

THIS SUBROUTINE GOMPUTES THE COSTATT FON 'BACKWARD IN TIME, AND
IT COMPUTES THE GRADIENT ‘

s§'s : COSTATE. VARIABLES ' {
Bt'S : WEIGHTING, AT FINAL TIME

GRAD : COMPUTE GRADIENT CF J{U) :

COSTAT : SOLVE COSTATE D.E. *

IMPLICIT REAL *8 (AcH/
DIMENSION X (1002, €) ,CPL(1002,3),G {1002, 3)
COMMON / FWC , B1,B2,B3,B4,BS,BE

COMMON / SS / S1,S2,S3,54,55,56

COMMO¥ / BBPF / BBR1,BB2,BB3,BBY4,BBS,RBE

CH**x*xxCOMPUTE THE FINAL CONDITIONS FOR THE COSTATE EBQN

120

999

a0 n

181 = +2,.%B1*%* { X{KOUNT, 1) +BB1 )
S2 = +2.%B2% ( X(KOUNT,2) +BB2 )
53 = +2,%83% ( X(KOUNT,3)+BB3 )
S4 = +2,*%B4* ( X(KOUNT,4) +BBY4 )
S5 = +2.,%B5* ( X(RKOUNT,5) +BBS )
56 = +2,.%B6* ( X (KOONT,6) +BB6 )

IDECP=KOUNT

U1 = CTL(IDECR,1)

U2 = CTL(IDECE, 2}

U3 = CTL(IDECR,3)~

X1 = X (IDECR, 1) ' .
X2 = X(IDECR,2)

X3 = X (IDECR, 3)

X4 = X(IDECR,4)

%S = X (IDECR, 5)

X6 = X(IDECR,6)

CALL GRAD ( X1,X2,X3,%4,X5,X6,01,02,03,IDECR, G )
CALL COSTAT (X1,X2,X3,X4,X5,%X6,01,02,03 )
IDECR = IDECR ~ 1
IF ( IDECR.EQ.0 ) GO TOD 999
GO TO 120
RETURN
END
SUBRCUTINE STOGRD ( G,KOUNT, GFD )}
i
IT STOEE THE GRADIENT
GRD : VECTOR WHICH IS EITHER GRDO(U) OF GRDN(U)
G T VECTOR STOFING GRAD(U (I+1))

IMPLICIT REAL *8 (A-H,0-2)
DIMENSION G (1002,3) ,GRD (1002, 3)
DO 10 T = 1,KOUNT

GED(I,1) = G(I, 1)
. GRD(I,2) = G(I,2)
GRD(I,3) = G(I,3)
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CONTIND® ,

ERXTURN 2
END

SUBFOUTINE EXGRD ( KOONT,GRDN, GRDO)

IT EXCHANGES THE OLD AND NEW GRADIENT
GRDO : VECTOR STOFING GRAD(U({I))
GRDN : VECTOR STORING GRAD(U (I+1))

IMPLICIT REAL *8 (A-H,0-%)
DTMENSION GRDO (1002, 3),GRDN(1002 3)
DO 10 ¥ = 1,KOUNT

GRDO(I,1) = GRDN(I, 1)
GRDO(I,2) = GRDN(I,2)
GRDO (I,3) = GRDN(I, 3)
CONTINUE .
RETUEN

END

&

SUBEOUTINE OUNIVEC (GRDO,GRDN,H,KOUNT, BTA)

IT COMPUTES THE UNIT STEP SEARCH VECTOR,

GFADO : GRAD(U(I))

GRADN : GRAD(U (I+1))

VALO : VALUE OF THE INTEGRAL G(U(I))
VALN : VALUE OF THE INTEGRAL G(U (I+1))

IMPLICIT REAL *8 (A~H,0-2)

DIMENSION GRDO (1002,3),GRDN (1002, 3],BTP(3),V%LO{3),VALV(B)

CALL TNTGEL { GRDO,H,KOUNT, VALC )
CALL INTGRL ( GRDN,H,ROUNT, VALN )
Do 10 I = 1,3

BTA(I)=( VALN (1) +VALN (2) +VALN (3) )/( VALO (1) +VALO (2) +VAL? (3)

CONTINUERE

RETURN

END

SUBPOUTINE INTGRL { GG,H,ROQUNT, VAL )

IT COMPUTFS THZ INTEGRAL OF THE GRADIETNT
VAL : VALUE OF THE INTEGRAL

IMPLICIT EEAL *8 (A-H,0-2Z)
DIMENSTION GG(1002,3),VAL(3),SUMK(3)
DC 10 T = 1,3

VAL(I) = Q.
EQUNT1 = KOUNT - 1
Do 30 J 1.3

DC 20 K = 2,KOMUNT1

BYTA {TI)

SUM(J) = GG(K,J)*GG(K,J)
VAL(J) = VAL(J) + SUM(J)
CONTINUE
VAL(J) = VAL(J) + 0.5%GG(1,J) *GG(1,J)
VAL(J) = VAL(J) + 0.5%GG (KOUNT,J) *GG (KOUNT, J)
VAL(J) = VAL(J) * H
E

CONTIND
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RETUERN, :
END y
SUBROUTINE SEARCH ( GRDN,BTRA,KOUNT, SRH )
c
o IT COMPUTES THE SEARCH DIRECTTION
C SRH : VECTOR OF THE SEARCH DIRECTION
C BTA = UNIT VECTOPR OF THE SEARCH-VECTOR
¢ -
IMPLICIT REAL *8 (A=H,0~2)
DIMENSION GRDN (1002, 3},BTA(3} SRH(1002 3)
Do 10 J = 1,3
DO 10 I = 1,KOUNT ,
SRH{I,J) ~= = GEDN (I,J) + BTA(J)*SRH(I,J)
10 CONTINUE
FETURN
END
SUBROUTINE MINMIZ ( X,CTL,SEH,COSTOD,H,KOUNT, STEP )
C ' :
C IT COMPUTES THE STEP SIZE SUCH THAT J(U(I+1)) IS HININTZED
C X + STATE VECTOR '
c CTL : CONTROL
¢ SEH : SEARCH DIRECTION
C . STEP : STEP SIZE THAT MINIMIZES Tﬁv COST FUNCTIONAL
c COSTOD 3 J(U(I))
C STORU : TEMPERAPAY STORAGE CP CONTROL
c STORX . TEMPERARAY STORAGE OF STATES
C ALPH : ALPHA (STEP LENGHT) -
c ALP : STORAGE VECTOR OF ALPHA
C CF - STOFEAGE VECTOR OP COST FUNCTIONAL
c MAX : MAX NUM OF DOUBLING THE ALPHA
c MAXT . MAX NUM OF FEEDUCING THE ALPHA
C MR XX . MAX NUK OF INCREASTNG ALPHA BY 190 TIH{;
c o
IMPLICIT REAL *8 (A~H,0-2)
FEAL *8 J1,32,J3,J4,35,J36,L1,12,L3
CIMENSION X(1002 6) . CTL(1002 3}, SRH (1002,3),
& . STORU(1002,3),STORX (1002, 6),T (1002) ,ALP (4) ,CF{4)
CCMMON , ALPHA / AAO
COMMON / WC / J1,d2 JB,JH,JS,JG,L1,L2,L3 -
COMMON / FWC / 81,82, B83,B4,B5,B€
COMMON , BBPF ¥ BB1,BB2,BB3,BB4,BBS,BB6
COMMON / XVEC / STORX
-
o INITIALISE STOFAGE VECTORS : ARLPHA,COST FUNCTION
C
ARAO = RAO
IJK = 0
KLM = 0
MAX = 20 ]
MAXI = 20
MAXX = 20
7 po 10 I = 1,3
ALP (I} = 0.

'TQ CF(I) = 0.
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" EEP () = 0.
CF({4) = COSTOD
IT = 0
" ALPH = AAROQ
C WRITE (8,77) AAAO, IJK
cr7 FORMAT (T7,tINITIAL ALPHA=',E16.,8,5X,'L00P =1,I2)

CHEEXXCOMPUTE U (I+1) WITH INITIAL GUESS OF ALPHA,
C¥*#*x*+SOLVE STATE EQN AND COMPUTE J(U(I+1)).

bo 20430 = 1,3 ’

DO 20 I = 1,KOUNT

STORU(I,J) = CTL{I,J) + ALPH¥SRH(I,J)
20 CONTINUE

CALL STATE ( STORU,KOUNT, STOBX ) .

CALL COST ( STORX,STORU,H,KCUNT, DUX,COST1 )
-C*****«UPDATE ALPHA AND CORRESPONDING COST FUNCTION

ALP(3) = ALP(4)
ALP(4) = ALPH
CF(3) = CF (4
CF(4) = COST1
101 STOCF = CF (4)

II = IT + 1
C****+DOUBLE ALPHA
ALPH = 2,*ALPH
DO 102 J = 1,3
DO 102 I =1,KOUNT
102 STORU(I,J) = CTL(I,J) + ALPH*SEH(I,J)
CALL STATE ( STORU,KOUNT, STORX }
CALL COST ( STORX,STORU,H,KOUNT, DUM,COST1 )
DO 30 I = 1,3
ALP(I) = RLP(I+1)
3n CF(I) = CP(I+1)
ALP(4) = ALPH
CF(4) = COST1
IF ( CF{4).GT.STOCF } GO TO 150
IF ( II.GT.MAX } GO TO 350
GO TO 101
C**x%*REDUCE ALPHA SINCE J(U) STARTS TO INCREASE
150  ALPH = ( ALPH + ALPH/2. ) / 2.
DO 251 J = 1,3 .
DO 251 I = 1,KOQOUNT
251  STORU(I,J) = CTL(I,J) + ALRH*SRH(I,J)

CALL STATE ( STORU,KOUNT, STORX )} D
CALL COST ( STORX,STORU,H,RCUNT, DUM,COST1 ) e
DO 33 K = 1,2 (:/
CP(K) = CP(K+1)

ALP (K} = ALP(K+1) N4

33 CONTINUE : N
CF(3) = CcOST1
ALP(3) = ( ALP(3) + ALP(4) ) / 2.
c WRITE (6,500) (CF(I),ALP(I),I=1,U4)
C500 FORMAT_(T7,'J(U) = ',E21.14,5X,'ALPHA = ', E16.8)
IF ( (CF(4).GT.CF(3)).AND. (CF(3).GT.CF(2)).AND. (CF(2) .GT.CF (1)) )
E GO TO 40
GO TO 50



40 CONTINUE
c WRITE 1(6,60)
C60 PORMAT (T7,'COST IS INCREASING MONOTONICALLY IN THE BEGINNING,
c & 'TRY SMALLER ALPHA')
AARO = 0.05 * AAAOQ
IJK =.IJK + 1 .
IF ( IJK.GT.MAXT ) GO TO 50
GO TO T .
50  CALL CURFIT ( CF,ALP, STEP )
WRITE (6,501) STEP
501.  FORMAT -(T7,'OPTINAL STEP LENGHT IS',E16.8)
RETURN
350y WRITE (6,400) AAAO,KLX
400~ FORMAT (T7,'ESTI ALPHA TOO SMALL, TRY LARGER ALPHA',E16€,8,5K,12)
AAA0 = 100%AAAQ ‘
KLM = KLN + 1 - ' .
IF ( KLM.GT.MAXX } GO TO 999 :

s NeRaNe NS

GO TO 7
999  STOP
END
SUBRQUTINE CURFIT ( CF,ALP, ALPMIN )
IT PERFCRMS CURVE FITTING THROUGH FOUR POINTS AND LOCATE THE MIN
ALPMIN : OPTIMAL ALPHA .
P : CURVE FITTING POLYNOMIAL )
REAL *8 CF(4) ,CP1,CF2,CF3,CF4,LENGHT
REAL *8 ALP(4}),ALP1,ALP2,ALP3,ALP4,2,Y
REAL *8 L1,1L2,L3,14,P,ALPMIN
c -
C DEFPINE STATEMENT FUNCTIOMS
ps
L1(a) = { (A-ALP2)/(ALP1-ALP2) }*({ (A—ALPB)/(ALP1 ALP3) ) *
& ( (A~ALP4)/(ALP1=-ALPU4) .}
L2(A) = ( (A-ALP1)/(ALP2-ALP1} )#*( (A~ALP3)/(ALP2-ALP3) )*
& ( (A-ALPY4) /(ALP2-ALPY4) )
L3(a) = ( (A-ALP1)/(ALP3=ALP1) )*( (A=-ALP2)/(ALP3-aLP2) )+*
& ( (A-ALP4)/ (ALP3-ALDY4) )
L4 (2} = ( (A-ALP1)/(ALP4-ALP1) ) *( (A~ALP2) /(ALPU-ALP2) )=*
& -{ {A=ALP3)/ (ALP4=ALP3) )
c
P(Y) = CF1*L1(Y) + CF2*L2(Y) + CF3*L3(Y) + CP4¥Llb (Y)
C
CP1 = CF (1)
CP2 = CF(2)
CP3 = CFP(3)
CF4 = CF(4)
C
ALP1 = ALP (1)
ALP2 = RLP(2) A
ALP3 = RLP(3)
ALP4 = ALP(4)
o

¥ = 100
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LENGHT = ( ALP4=ALP1 ) / N

ALPMIN =- ALP1

DO 40 I = 1,N

ALP1 ¢ FLOAT(I)*LENGHT

P(Y) .LT.P(ALPMIN) } ALPMIN = Y

RETORNN, - | -
END
SUBROUTINE NEWCTL (xounm SRH,STEP, CTL )

IT COMPUTES THE HEW CONTROL U{I+1)

CTL : CONTROL

STEP : THE STEP THAT MINIMIZES THE COST

'IHPLICIT REAL *8 (A-H,0-%}

&

REAL *8 IDO _
DIMENSION STOEX (1002,6),CTL (1002, 3),SRH(1002 3) ,DCT (3)
COMMON / XVEC / STORX

COMMON ,/ XSTATE / ADO,EDO,IDO,ODO,WDO,RDO
DCT (1) = ABO
DCT{2) = EDO
DCT (3) = IDO

Do 10 T = 1,3

IF ( I.EQ.1) K = 2
IFP ( T.FQ.2 ) K =1
IF ( I.EQ.3 ) K = 3
PO 10 J = 1,KCUNT
CTL (J,I)\= CTL(J,I) + STEP*SEH(J,I)
CONTINUE ;
RETUERN

END

FUNCTION DAD (AD,ED,RD,FR,FT)

FR,FT,FN : CONTROL TCRQUES
A,2,I,0,¥,R : STATE VARIABLES

D.E. POP THE SEMIMAJOR AXIS
IMPLICIT REAL*8 (2-H,O0-2)
REAL *8 MU, IO

COHHON / SCBLK / HU AQ,E0,10,00,W0,R0
DAD = ( 2. *((AO+AD)**2)/(MU*(AO+AD)*(1.-(E0+ED)**2))**0.5 )

*((1.*(EO+ED)*DCOS(E0+RD))*FT + (EO+ED)*FR*DSIN(RI+RD))
RETUPN
END .

FONCTION DED (AD,ED,RD,FPE,FT)

D.E. FCR ECCENTRICITY OF THE LOCUS

IMPLICIT REAL*8 (A-H,0-2) '
REAL *8 MU, IO ' \‘_////

" COMMOXN / SCBLK / MU,AQ0,®B0,I0,00,w0,RO

T1 = {(AO+AD) * (1.~ (EQO+ED) *%2) /RU) *%0,5
T2 = 2.%DCOS (RO+RD) +{EQ+ED) * (1, +DCOS (RO+RD) *DCOS (RO+RD) )}

S
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T3 = (FT/(1.+ (EO+ED) *#DCOS (RO+FD)})
T4 = FR*DSIN(RO+RD)
DED = T1 * (/(72%T3) + T4 )
RETUEN
i

END . :
ID /(AD,ED,ND,RD,FN) .

FURCTION

INCLINATION ' //

/
INPLICIT RngIE’fifj)o-z, j
REAL
sC Y,A0,E0,10,C0,W0,R0
T1 = ((AC+ ‘-(EO+ED)**2)/HU)**0.5
T2 = (DCOS(wW0+ 0+R D) *¥FN) /(1. + (EQ+ED) ¥*NDCOS(RO+ED})
DID = T1 * T2 |
RETURN
END
FONCTICN DOD (AD,ED,ID,WD,PFD,FN)

D.E. FTOP LONGITODE OF THE ASCENDING NODE

N0

IMPLICIT REAL*8 (A~-H,0~2)

FEAL_*8 NU,I0,ID. - )
COMMAN /7 SCBLK /S WU AO,nO,IQ 00,W0,R0O ,

T1 = {((AO+AD) *'(1, -(E0+ED;**2)/MU)**0 5 '
T2=(DSIN(WO+WD+RO+FD) *FN) / (DSTN(I0+ID)*(1.+(n0+;D)*D"OS(R0+¢D)))
DOD = TY1 * T2

"RFTURN

END

FUNCTICN DHWD (AD,ED,ID,WD,ED,FR,FT,FN)

]

D.F. FOR ARGUMENT OF PERIAPSIS

0o

IMPLICIT REAL*8 (A=-H,0-2)
REAL *8& MU,I0,ID
COMMON / SCBLK / MU,AO0,R0,I0,00,W%0,RO
1 { ((RO+AD)*{1.~(E0+ED)*%2) /MU)*¥*0.5 )/ (EQO+LD)
T2 ( (2.+(EC+ED) *DCOS (FO+ED) ) *FT*DSTN (RO+FD) )/ ”
& (1.+({EQ+ED) *DCOS (RO+RDY)
T3 { (EO+ED) *FN*DSIN (WO+RD+EO+ED}) /
& ((1.¢(E0+ED)*DCOS(RO+FD))*DTAN(IO+ID))
DWD = T1% (T2 -‘FH*DCOS(RO+PD) - T3)
RETURN '
END
FUNCTICN DRD (AD,ED,ED,PFE,FT)

c .
C ; D« E.  TEUE ANOMRLY EPCCH
c

IMPLICIT REAL*8 (A-H,0-2Z) -
REAL *8& MU,I0
COMMON 7 SCBLK ,/ MU,R0,E0,XO, 00 WO,E0 .
T1 = ( ((A0+AD)*(1.—(E0+ED)**2)/HU)**0.5 } /(E0+ED)
T2 == (2.4 (EO+ED) *DCOS (RO+RD) ) *FT#DSIN (FO+RD) /
l/z: " (1. % (EO+ED) *RGOS (KO +RD) )
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DED = T1% (T2 ¢ FR*DCOS (RO+RD))
FETURN
END

. FUNCTIC¥ DS1 (St1,S2,S3,S4,55,56,AD,ED,ID,WD,RD,PR,FT,FN,J1)

COSTATE EQUATION 1

. AMPLICTT BEAL*B (A=H,0-Z)¢:
Y FEAL *8 ID,%0,I,J1,H0

coMMoN / SCBLK / ®U,RO0,E0,I0, 00,%0,R0
A= A0 + AD
E= EO ¢ ED
I = I0 + ID
W o= WO + WD
P = RO + RD
FO = 2,%J1%AD
T1 = ((1 +PXDCOS (E) ) ®FT + E¥FR*DSIN (B)) /(MU*(1.= (EX*2)) *A)
P2 = U, *A% (MU* (1,-(E*%2)) *A) **0,5
T3 = (A*£2) *kMU% (1,- (EX%€2) ) % (MU* (1,— (FE%2)) %) ** (=0, 5)
F1 = T1 * (T2 - T3) |
TS = ( 0.5 (A*(1.~E**2) /KU)*%x (=0,5) }* ( (1.- (E¥*2))/NU )

T6=( (FT* (2.,*DCOS (R) +E* (1, +(DCOS (R) *DGLS (F))))) /(1. +TADPCOS (N ) )
3 +FR*DSIN (R)
F2 = TS5 * T6
= 0.5% ((A* (1.~ (E**2))) /NMO) ** (-0, 5)
= (Tu= (E*%2)) /MU
) = (FN®DCOS (N+F)) /(1. +E*ICOS(E))

F3 = TT#T8*T9

= (FN*DSIN(H+E))/(DSIN(I)*(1 +T*DCOS (F)))
P4 = TT7#T8%*T10

w1 & (FT* (2. +E*DC0€(R))*D¢IN(R))/(1 +E%DCrS (R) )

™12 = FPR*DCOS (R)

T13 = (E*FN*DSIN(W+R))/((1.+E*DCOS (R)) *DTAN(I))
FS = (TT/E) ¥ T8 * (T11 - T12 - T13)
Fé& = (T7/E} * T8 * (~T11 ¢+ T12)

DS1 = =( = FQ) - F1%51 = F2%52 - F3%53 - PuxSU - F@®S5 - F6%S6 )

RETURN '

END

FUNCTION DS2 (S1, 52 s3,S4,55,5€,AD,ED,TD,WD,E6D,FR ,FT,FN,J2)

ra

COSTATE EQUATION 2

IMPLICIT REAL*8 (A-H,0-2)
REAL *8 ID,I0,I,J2,MU

COHHON / SCBLKes/ MUO,A0,E0,10,00,%0,R0
A = A0 + AD
E = F0 + ED
I =I0 + ID
W = WO + uWD
R = R0 + RD

PO = 2.%¥J2%ED ,
T1 = (1.+E*#DCOS (FP) )} *FT + E*FR¥DSIN(R)
T2 =(2.*%MU* (A *%3) ¥EX(MURL* (1, = (E*%2) )} **(~0.,5)) / (NO*21* (1, - (E**2)))
T3 = (2.% (A%*2) * (FT*DCOS (R)+FR*DSIN{(R)) )/ (MU*A* (1.~ (23%%2))) **x0.5
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(T1 * T2) + T3
(A*E) / (8U**0,5) C

( FT*{2.*DCOS (R) +E* (1. +(nc05(a)*nc05(a))).
(1.+E*DCOS(R)) ) + FR*DSIN(R)
(A% (1.-E*%2) ) %% (=0,5)

FT * (A% (1.~ (E*%2)) /NU) ¥%0.5

{ (1.+E*DCOS (R)) * (1. ¢ (DCOS (R) *DCOS (R))) -

(2.*DCOS {R) +E* {1, + (DCCS (R) *DCO5 (R))) ) *DCAS (R} )
/ (1. +E*DCOS (R)) *%2 ,
(T4 * T5 * T6) + (T7 * T8)

F2 =
T9 = (DC
Ti0
T
T12
T13

{A

wnon i

)
W

05 (W+F))

*E)y /M0

/ (1.+E*¥DCOS(R))

(A% (1,~E*E) /MU) ** (=0,5)

( (A% (1.-Z4F)) /MU) ¢+0,5
(DCOS (W+E) *DCOS (R}) / (1.+E*DCOS.(R))**2
= -FN * ( (TO*T10%T11 ) + (T12%T13) )

T14 = DSIN(H+H)/(DSIN(I)*(1 +E*DCOS (R)))

T15
F

f=

T16
T1}
T18
T19
T20

ulluﬂtn

-FN *

(DSIN (W+E)*DCOS (R}) / (DSIN(I)* (1.+E*DCOS (R)) **2)

(T14*T10%T11) + (T12%P15) )

( (2.+E%DCOS(R)) *FT*DSIN(R) /(1. +E*DCOS(R)) } = FR*DCOS (P)
(E*FN*#DSIN(W+R)) /(DTAN({I)* (1.+E*LCOS (R))) -

(A% (1,~EXE) / (MU*E*E)) ** (-0, 5) :

( EXEXE*A*MU+A*MUXE* (1, ~E*E)) / (E*E*E*E*HU*NU)

FT*DSIN (R)* ( (1. +E*DCOS%FJI*DCOS(F)—(2 +E*DCOS (B) ) *DCOS (F)

/ (1.+E*DCOS (R)) **2

T21

T22
T23

o]
-

]
Lol
LI | RSy [

DS2
RETURN
EWD

FUNCTION

( FN®DSIN (W+E)) / (D;AN(I)*(1.*E*DCOS(R))**2)

( - (T16=T17) *T18%T19 } + (T12/F) *(T20-T21)
(2.+E*DCOS (R) ) *PT*DSTN (R) /(1. +EXDCOS(R)}) ) = FR*DCOS (%)

L* (MU*EXE + NO* (1,-E*F))) / (E*EXE*NU*MU)

( T22 * T18 * T23 ) - ( (T12/E) * T20 )

DS3 (51,

(= FO - FP1%S1 - F2%S2 - F3*S3 - Fuxsh - ﬂ?*SS - FP6*56 )

s2,53,54,55,5¢6,AD,EP,ID,%D,ED,FN,J3)

-COSTATE EQUATION 3'

IMPLICIT EEAL*8 (A-H,0-7%)
REAL *8 ID,I0,I,J3,MU
SCBLK / Mmo,A0,20,1I0,00,W0,R0

COFMON
A0
EQ
I0
Wo
RO

FO

F1

Do oa L e
I T [ (I
+ o+ N

AD

ED

In

WD

RD
2.¥J3%ID
0.
Ol
0.

F
T1 Q\(-p;mu.-E*'::;/nU)**o.s.

F4 =

-FN # T1

DSIN (W#B} /(1. +E*DCOS (F))
DCOS (I) / {DSIN (I) *DSIN (I))

* T2 *T3

1./(DSIN (I) *DSIN (I))

}
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\ FS < PN x T1 %12 ¥7 Coos
=0I
j/ ns3 = —( = FO - F1%S1 -\ F2%52 —F3¢53 - PU*SG ~ P5%55 -PEXSE )
RETURN
END
FUNCTION DS4 (S1,52,53,S4,55,56,9D,d4)
COSTATS EQUATION 4
IMPLICTT RFAL*8 (A~-H,O- z;
REAL *§ ID,I0,Ju,NU
COMNON , SCBLK / MU ,A0,E0,I0,00,%0,R0

FO = 2,*J4*0D

F1 = 0,

F2 =0l '

P3 = 0

P4 = 0,

PS = 0. .

F6 = 0. ,
DS4 = -( = FO - F1%#S1 ~ F2%S52 - F3%S3 - F4*S4 - FS5*55 - FE*S6 )
EETORN
END . '

FUNCTION DS5 (S1,S2,S3,S4,S5,S6,AD,ED,ID,WD,RD,FN,J5)
COSTATE EQUATION 5

IMPLICIT REAL*8 (A-H,O-2)

REAL *8 ID,I0,I,J5,MNU

CONMON / SCB%W / MU,X0,%20,10,00,%0,R0

A = 10 + AD

E = E0 +# ED '

I =1I0 + ID k\ <::
W = WO + WD /1 &
R = FO + RD -

FO = 2,*J5%KD

F1 =0l

F2 = 0.

T1 2 ((A¥ (1.-E#*E))/HU) *%0,5
T2 = (DSIN(W+F))/ (1.+E*DCOS (R))

P3 = = PN * T1 * T2

T3 = DCOS (W#F) / ( DSIN(I)*(1.+E+DCOS (B)) )
* P4 = FN * T1 * T3
T4 = ( DCOS(W+R)*DCOTAN(I) ) / (1.+E+DCOS (®))

F5 = - FN * T1 % T4

PE = 0, ~
DS5 = =~( = PO - F1%S1 = F2%S2 - F3%53 ~ FU*S4 ~ F5%S55 - F6%56 )
RETURN -
END
FUNCTION DS€ (S1,S52,53,S4,55,56,AD,BD,ID,WD,ED,FR,FT,FN,J€)
COSTATE EQUATION €

IMPLICIT REAL*8 (A-H,0-2)
REAL *8 ID,10,I,J6,MU
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TKI2
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AD
ED
ID
WD
ED
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FO = 2,%J6*ED

asdh

-
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TE
2
T7
T8

= =g

T9
T10 =

Fy
T12
T13
T4
T15
T16
T17
T18

L T I T T I N

FS

Fé
DS& =
RETORN
END

= T1 % T2

E * DSIN(R)
T11 = _DSIN(I)

E * (2, +EXDCOS (R))
" (1. +E*DCOS (F) ) *%2

FR*DSIN (R)
E*PN/DTAN (I}

(1. +E*DCOS (R} )
E*DSIN (R +P) *DSIN (R)

(TI/E)

*

FT*DSIN {P)

+ E¥E*QDSIN

(1.+E*DCOS (R)) **2
3 =FN * T3 x T7 s/ T8
(1. +E*DCOS (P})

((A* (1.-E*E)} ) /MU) ®%0.5
{1.+E*DCOS (R))
E*DSIN (2*F)
(1. +E*DCOS (F)) **2 )
= T3 * ( {( FT*(TU+7T5) y / TG ) +
E*DSIN (R) *DCOS (K+R) =

(2. ¥A%A%E) / (MU*A® (1. -E%E}) *%0,5
FR*DCOS (F) -

SCBLK / MU,A0,E0,I0,00,%0,R0

* (=2,*DSIN(R)=~E*DSIN (2%R))
(E)* (1,+DCCS (R) *DCOS (R} )

11¢

FR*DCOS (R) )

(1.+E*DCOS(F)}*(DSIN(H+R))

* DCOS (W+F)

* DSIN(W+R)
¥ (Jp+T*DCOS (P) ) *#*2
= FN * T3. % (T9+T10)
(1. +E¥DCOS (F)) * (2.*DCOS (R} +E*DCOS (2+R))
* DSIN(R) * DSIN (R}

( FT*(T12¢T13) /T14 + T15 =
(T3/2) * ( =FT*(T12+T13)/T14 =715 )
(= FO ~ F1%¥S1 - F2%S2 -~ F3%S3 - F4%S4 - F5%S5 - FE*SE )

* { DCOS (W+R)

/ T1

)

SUBROQUTINE RKGT (2D ,ED,ID,OD,¥D,RBD,FE,FT, FN,H)

THIS SUBEOTINE COMPUTES THE D.E.

IMPLICIT REAL*8 (A-H,I,K,0-Z)

COMPUTE K1'S FOR

KA1
KE1
KI1
Ko1
KW1
ER1

LI O T O I VI |

H#DAD
H*DED
H*DID
H*DOD
H*DWD
H*DRD

S g~

AD
AD
AD
AD
AD
AD

COMPUTE K2'S FOR

K32
KE2

DADyv..,DRD

ED
ED
ED
ED
ED
ED

% N g W g on

“« W g n g oo

RD
ED
WD
ID
Ip
FD

PP
PR
BED
WD
WD
FR

“« mon o owow

DADywse. ,DED

H€DAD ( AD+KA1/2.
H*DED ( AD+Ka1/2,
H*DID ( AD+KA1/2. , ED+KE1/2.

’

N 4 W oW

F"I"
FT
FN
RD
RD
FT

ED+KF1/2.
ED+KE1/2.

v
’
r

bl R e R

¢ FT

ED+KR1/2.
RD+KP1/2,
WD+KW1/2,

r

BY FOUPTH ORDER R-K

r

’

FN )

FR , PT )
FR , FT)
RD+KR1/2,

MZTHOD

(T16% (T17¢T18) /T14)

FN

}

)
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K02 = H*DOD ( AD+KA1/2. , ED+KE1/2. , ID+KI1/2. ,
 WD+KW1/2. , RD#KR1/2. , FN }

KW2 = H*DWD { AD+KA1/2. , ED+KF1/2. , ID+KI1/2. ,

WD+KN1/2, , RD+KK1/2. , FR , FT , FY )
KBR2 = H*DRD ( AD+KA1/2. , ED+KF1/2. , RD+KR1/2, ,.FR , FT )
COMPUTE K3'S FOR DAD,...,DED W
KA3 = H*DAD ( AD+KA2/2. , FD+KF2/2. , RD+K®P2/2. , FR , FT } ~
KE3 = H*DED ( AD+KA2/2. , ED+KFE2/2., , RD+KR2/2. , FR , FT)
KI3 =1{H*DID ( AD+KA2/2., , ED+KE2/2, , WD+KW2/2., , RD+KR2/2. , FN
RO3 = H*DOD ( AD+KA2/2. , ED#KE2/2. , ID+KT2/2. ,

WD+KW2/2. , RD+KR2/2. , FN ) . ,
KW3 = H*DWD ( AD+KA2/2. , ED+KE2/2, , ID+KT2/2. ,

WD+KW2/2., , RD+KR2/2. , FR , FT , FN )
KR3 = H*DRD ( AD+KA2/2., , ED+KE2/2. , RD+KR2/2. , FR , PT )
COMPUTE K4'S FOR DAD,...,DED N
KAG = H*DAD { AD#EA3 , ED+KE3 . BD+KP3 . PR, FT )
KE4 = H&DED ( AD+KA3 , ED+KE3 , RD+EP3 . FR , PT )
KI4 = H*DID ( AD+KA3 , ED+KE3 , WD+KW3 . RD+KR3 , BN
KO4 = H¥DOD ( AD+KA3 , ED+KE3 , ID#KI3 ,WD+KW3 , ED+KR3 FN )
RW4 = H¥DWD (AD+KA3 , ED+KE3 , ID+KI3 ,WD#KW3 , RD+RR3 ,FR,FT,FN)
KR4 = H*DRD { AD+KA3 , ED+KE3 , FD+KP3 , FR [, FT )
COMPUTE NEW VALUE FOR AD
AD = AD & ( KAT + 2,%KA2 + 2.%KA3 + KR4 ) /€.
ED = ED + ( KE1 + 2,%KE2 +2,%KE3 + KF4 } / €,
ID = ID + ( EI1 + 2,%KI2 + 2.%KI3 + KI4 ) /6.
OD = OD ¢ ( KG1 + 2,%K02 + 2.%K03 + KOU ) /6.
WD = WD + ( KW1 + 2,%KH2 + 2,%KW3 + KWL ) /6.
ED = ED + ( KR1 + 2,%KF2 + 2,%KE3 + KE4 } /6.
RETUFN -
END"

"SUBROUTINE COSTAT

THIS SUBROUTINE COMPUTE THE CCOSTATE EQUATIONS OF THE ORBITAL
SATELLITE OUSIKG FOURTH ORDER RUNGE KUTTZXZ. MFTHOD

J1,...d6
STEP

B :

IMPLICIT

COMMON
CCMMON
COMMON
COMMON

NONNN

{AD,ED,ID,GD,WD,RD,FE,FT,FN)

COMPUTE K1'S FOR DSi,...,DSG"

KS11
K521

i

REAL *8 (A-H,I,J,K,L,M,0-2)
ss / $1,82,53,54,55,56

wc s/ J1,392,33,34,35,36,L1,
SIZE / H
SCBLK / MU,AO0,E0,T0,00,¥0,R0

ABE WEGHTING FACTORS OP THE STATES
SIZE OF INTEGEATICW

L2,L3

]
!

H*DS1 (s1,s2,s3,s4,s5,56,AD,8D,1ID,WD,RD,FR,PT,FN,d1)
H*ps2 (s1,s2,s3,s4,s5,56,4D,ED,ID,WD,FD,FR,FT,FN,J2)

)

)
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H*DS3 (51,SZ,S3,SQ,SS,SF.AD,ED,ID,HD,BD,FN,JB)

H*DS4 (S1,52,53,54,55,56,0D,J4)

H®DSS (Sl.SZ,S3,SH,SS,SG.BD,ED.ID.HD,RD,FN,J5|

H*DS6 (51fS2,53,Sﬂ,SS,SG.AD,FD,ID,HD,BD,FR,FT,FN,JB)

_ COMPUTE K2'S FOR DS1,...,DS6

s - \\
\§s12 =
(]

H*DS1 (S1¢RS11/2.,52¢KS21/2.,53+¢KS31/2,,SU4+KS41/2.,
S5+¢KS51/2,,S6+KS61,/2. ,AD,FD,ID,WD,RD,FR,FT,FN,J1)

H&DS2 (S1+KS11/2.,52+KS21/2,,5S3+KS31/2.,58+RSU1/2.,
$5¢K$51/2.,56+KS61/2. ,AD,ED,ID,ND,RD, F},FT,FN,J2)

H&«DS3 (S1+KS11/2.,52+KS21/2.,S3+KS31/2,,54+K3481/2.,
S5+KS51/2.,56+KS61/2.,AD,ED,ID,WD,RD, FN,J3)

HEDSH -(S1+¢KS11/2.,S2+KS21/2.,5S3+KS31/2,,S4+Ks541/2.,
S5+K551/2., SE+KSE1/2,,0D,J4)

H*DS5 (S1+KS11/2,,52+K521/2.,53+¢KS31/2.,54+KS41/2.,
S5+¢KS51/2., S6+KS€1/2.,AD,ED,ID, %D ,RD,FN,J5)

H&DS6 (S1+4KS11/2,,52+4KS21/2,,S3+K531/2.,54+K581/2.,
$5+KS51/2.,56+KS61/2, ,AD,FD,ID,WD,RD, FR,¥T,FN,J6)

COMPUTE K3'S FOR DS1,...,DS6

KS13

KS23

Kg33

KS43

K553

KS63

H%*DS1 (S1+#KS12/2.,52+KS22/2.,53+KS32/2.,SU4+KS42/2.,
S5+KS$52/2.,56+KS62/2. (AD,2D,ID,WD,RD,FR,FT,FN,J1)
H*¥DS2 (S1+KS12/2.,S2+KS22/2,,53+KS32/2,,54+KS42/2.,
S5+KS52/2.,86+KsS62/2.,AD,ED,ID,WD,RD,FE,FT,FN,J2)
H«DS3 (S1+4KS12/2.,S2+4KS22/2.,S3+4K332/2,,SU+KS42/2.,
, 55+K552/2.,56+K562/2.,AD,ED,ID,HD,RD,FN.Ja)'
H*DS4 (S1+K512/2.,52+KS22/2.,53+K532/2,,54+Ks82/2.,
-~ S55%#KSS52/2.,S5€+KS€2/2,,0D,d4) '
H*DS5 (S1+KS12/2.,S2+KS22/2.,53+4KS532/2.,SU4+KS42/2.,
$5+KS52/2.,S6+KS62/2.,AD,ED,ID,¥D,RD,FN,J5)
H®DS6 (S1+4KS12/2.,S2¢KS22/2.,S3+KS32/2,,SU+KSu2/2.,
S5+¢KS52/2.,56+KS62/2. ,AD,ED,ID,ND,RD, FR,FT,PN,J6)

COMPUTE K4'S FOR DS1,...,DSE6

K514

KS24

KS34

Ksuy

KS54

Ks64

H*DS1 (S1+KS13,S2+K523,53+K533,SM+KSHB,SS+K553,
56+K563,AD,ED,ID,WD,PD,FR,FT,FN,J1)

H*DS2 (S1+KS13,52+K523,53+KS33,SQ+KSH3,SS+K553.
SG+K563,AD,ED,ID,WD,RD,FF,FT,FN,J2}

H«DS3 (S1+KS13,52+K523,53+K533,SH+KSH3,SS+K353,
S6+KS63,AD,ED,ID,WD,RD,FN,J3)

H*DS4 (s1+Ks13.52+K523,53+K533,su+Ksu3,55+KSS;,
56+KS563,0D,J4)

H*DSS (S1+KS13,52+K523,s3+K533,Su+KSu3,SS+K553,
56+K563,AD,ED,ID,HD,BD,FN,JS)

H*DS6 (S1+Ks13,52+K523,SB+K533,SH+KSH3,55+K553.

’ 56+K563,AD,ED,ID,HD,RD,FF,FT,FN,JS)

COMPUTF NEW VALUES FOR S51,.4.,56

s1
s2

nn

ST + ( KS11+42,%KS12+2,. *KS134KS14 ) / 6.
S2 + ( KS21+42.%KS22+2,.%¥KS23+KS24 ) / 6.
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53 = 53 + { K531+2.*K532+2.*KS33+KS3H ) / 6. N
sS4 = si + KSH1+2.*K5u2*2.*KSU3+KSHQ }y / 6. N
S5 = S5 + ( KS51+2,%K552+2,%KS53+KS54 ) / 6.

56 = 56 + ( KS61+2, *KS562¢ 2, *KSE3+KSE4 } 7/ €, -
RETURN

END

SUBROUTINE GRAD (AD,ED,ID,OD,WD,PD,FP,FT,FN,J, GB D)
GRADIENT FUNCTION

J1,e0.,J6 ARE THE ﬁEGHTING FACTCRS OF THE STATES
L1,L2,L3 ARE THE WEGHTING FACTORS OF FUTEL (TNZRGY)

INPLICIT REAL*S (A-H, 0-2)
REAL =8 MU,I,IO,ID,J1,J2,J3,JH,J5,J6,L1,L2,I3
DIMENSION GRD (1002, 3)

COMMON / sSS / $1,52,53,54,85, 56
COMMON / WC / J1,92,33,394,35,36,L1,12,13
COMMON / SCBLK / MU,A20,E0,1I0,00,W0,R0
COMMON / DCTL / FRO,FTO,FNO
A= A0 + AD
E = E0 + ED
I = I0 + ID
0 =00 + oD
W = ®0 + WD
R = PO + RD
C*+*x*xFOR CONSTRAINTED MIN ENEEGY CAST
FEL1 = + 2,.%[1%PFE
FTL2 = + 2,%L2%prT
FNL3 = + 2,%L3%Fy
T1 = (2.%A%p) (MU*A% (1, -FExr))*%0,5
T2 = ( (A% (1.=E*F)) /MU ) *%0.5
T3 = 1, + E*DCOS(R) ‘
T4 = 2,%DCOS(R) + E*(1.+DCOS (F) *DCOS (R)) -

a0a0a0n

TS = 2, + L*DCOS (R)

GRD(J,1) = FELT + T1*ESDSIN(F)*S1 + T2*%DSTIN (E) *S2
£ = T2*DCOS (P) *S5/E + T2%DCOS (R) #S€ /E

GFED{J,2) = FTL2 + T1*T3#S1 + T24T4%52,73
& + T2*TS*DSIN (R) %S5/ (E4T3) - T2#T5*DSTN (R) %6/ (E*T3)
GFD(J,3) = PNL3 + T2%DCOS (W¢E) *53 /T3
£ + T2%DSIN (W+R)*S4/(T3*DSTIN(T)) - T2*DCOTAN (I) *DSIN (W+¢R) #5573
RETURN

END

SUBROUTINE COST ( X,CTL,H,KOUNT, SUM,COSTS )

THIS SUBROUTINE COMPUTE THE COST FUNCTION OF THE SYSTEY
BY TPAPIZOID (EULER METHOD) RULE '

IMPLICIT REAL*8 (A-H,J,L,0-2)

DIMENSION X(1002,6),CTL (1002, 3)

COMMON / WC / J1,392,33,34,35,36,L1,1L2,13
COMMON , FWC / B1,B2,B3,B4,BS,B6

COMMON / BBPF ,/ BB1,BB2,BB3,BBY4,BB5, BBE
COMMON / DCTL / FRO,FTO,FNO
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COMMON / FUCOST / FUEL
KQUNT1 = KOUNT =- 1
sy = 0. &
FUEL = 0.
DO 20 K = 2,KOUNT?
C*xx*x*xFOR CONSTRAINTED MIN ENERGY CAST

CL1 = L1%CTL(K, 1) **2

CL2 = L2%CTL (K, 2) **2

CL3 = L3*CTL(K,3) *%2. ' i
SUM = SUM ¢+ CL1 + CL2 + CL3
& JI*X (K, 1) %2 + J2%X (K, 2) *#%2 + J3%X(K,3) %2 + Ju*X (K, 4) *%2
€ J5*X (K,5) ¥*x2 + J6*X (K,€) **2

FOEL=FUEL+L1*CTL (K, 1) ®**2 + L2*CTL (K,2)*%*2 + L3*CTL{K, 3) **2
20 . CONTINUE
C*¥*xx*FOR CONSTRAINTED MIN ENERGY CASE '

CL1 = LI*CTL(KOUNT, 1) **2
CL2 = L2#CTL({KOUNT, 2) **2
CL3 = L3*CTL(KOUNT,3) **2
SUM = SUM ¢ 0,5%( CL1 + CL2 + CL3

g J1#X (KOUNT,1) %2 + J2%X (KOUNT,2) **2
& J3*X(KOUNT,3) **2 + JU*X (KOUNT, L) *%2 JS*X(KOUNT 5) &% 2
£ JE*X (ROUNT, 6) *%2")
FUEL=FUEL+0.5% (L1*CTL (KOUNT, 1}**2+L2*CTL{KOUNT 2) *%2
&  +L3*CTL (KOUNT, 3) #%2)
C#*%«%*FOR CONSTRAINTED MIN ENERGY CASE

CL1 = L1%CTL(1,1) *%2

CL2 = L2%CTL(1,2) **2

CL3 = L3%CTL(1,3) *%2

SUM =SUM ¢ 0.5%( CL1 + CL2 + CL3
3 JUEX (1, 1) *%2 + J2*X (1,2) %2 + J3I*X(1,3) %62 + Jy*y{ (1,4)%%2
g J5%X(1,5) #%2 + J6*X (1,6) *%2 )

FUEL = FUEL + 0.5%( L1#CTL(1,1)%*%2 + L2&CTL(1,2) **2
& L3*CTL (1, 3) **2 )

SUM = SOM * H
PUEL = FUEL * H
FICOST = B1*(X{KOUNT,1) +BB1) **2 + B2#* (X (KOUNT, 2) +BB2) *%x2

&  B3* (X (KOUNT, 3) +BB3) #%2 + BU* (X (KOUNT', 4) +BBU) %2
£ BS5* (X (KOUNT, 5) +BBS) #*2 + B6#% (X (KOUNT,6) + BBE) %% 2
COSTS = SUM + FICOST

RETURN

END

SUBROUTINE IRPUT ( TT,CTL,KOUNT }

IMPLICIT REAL*8 (A=-H,0-2)

REAL *8 MO,IO,ID,IDO,J1,32,J3,J4,35,d6,1L1,L2,L3
DIMENSION CTL (1002,3),TT(1002) ,CHER (20}

COMMON / XSTATE / D0 ,EDO,IDO0,ODO,WDO,¥D0
CCMMON / SCBLK / MU,A0,E0,I0,00,W0,R0
COMMON / WC /. J31,32,J3,34,35,36,11,12,L3
COMMON ,/ PFWC ,/ B1,B2,B3,B4,BS,B6

COMMON / SIZE / H

COMMON / ALDPHA / AAO

COMMON / DCTL / FFO,FTO,FNO
« READ (5,1302) CHAF
WRITE (6,1302) CHAR



1302 FORMAT (20a4)
C***xx« TNPUT INITIAL CONDITIONS
K R=AD (S,2) A0,E0,I0,00,W0,RO N
2 FORMAT (6 {E9.2,1X))
CH***x*xxINPUT INITIAL ERROR IX THE STATES
READ (5,5) ADO,EDO,IDO,0DO,¥DO,RDO
5 FORMAT (6 (E9.2,1X})
Cx**x*xINPUT WEIGHTING FACTORS FOR THE STATES
C*x¥x*INPUT WRIGHTING FACTORS FOR STATES AT FINAL TIME
C**x*x**xTNPUT WEIGHTING FACTORS FOF CONTROLS
READ (5,3) J1,J2,d33,J4,35,J6
READ (5,3) B1,B2,B3,B4,B5,B6
READ (S,3) L1,L2,L3
3 FORMAT (€ (E10.4,1X)) _ :
C***x**TNPUT GRAVATATIONAL CONSTANT (GM),FINAL TINF,STEPSIZE, ALPHA
READ (S.4) BU,TF,H,AAOQ
4 FORMAT (ES9.2, 1x Fé.2,1%X,710.7,1X,E9. 2)
CHx&¥kTNPYT DESIRED CONTROL HAGNITUDE
FFAD (5,30) FEO,FTO,FNO
30 FORMAT (3 (E10.4,1X))
C**%x*x&QUTPUT ALL READ-IN DATA
WEITE (6,22) A0,E0,I0,00,W0,RO0

22 FORMAT (T7,'INITIAL CONDITIONS FOR THE STATFS ARE : ',//,
: & (6 (T8,B16.8,/)).,//) '
WRITE (6,26) aADO,EDO,IDO,O0DO,WDC,RDO
2€ FORMAT (T7,'STATE ERRORS ARE : ',//,€(T8,E16.8,/).//)
RRITE (6,23) J1,32,33,J4,J5,J6
23 FORMAT (T7,'WEIGHTING FACTORS FOR THF .STATES ARE :'',//,
& (6 (T8,210.4,1),//)
WRITE (6,29) B1,B2,B3,B4,B5,B6
29 FORMAT (T7,'WEIGHTING FACTORS FOR FINAL STATES ARE : !',//,
& (6 (T8,E10.4,/)),//}
WEITE (€,24) 11,12,L3 .
24 FCEMAT (T7,'WEIGHTING FACTORS FOR CONTROLS RARE : ',//,
& (3(T8,E10.4,/)}¢//)
WBITF (6,25) MOU,TF,H,ARQ
25 FORMAT ( T7,'¥0 = ' ,E9.2,/,T7,'FINAL TIME = ' ,F6.2,/,7T7,
& *STEP SIZE = ',P10.7,./,T7,'ALPHA = 'v,329,2)
WREITE (6,31) FRO,PTO,FNO '
31 FOEMAT (T7, 'CGNSTRAINT“D CONTEOLS:",/, 3(?10 4,/))

RKOUNT = (TF/H) + 1.5

J2 = DABS( J1%ADC/EDO )
J3 = DABS{ J1*AD0O/IDO )
C J1 = J1*1.0E3

WRITE (6,23} J1,32,Jd3,34,J35,36

B2 = DABS( B1*ADO/EDO )
B3 = DABS( B1*ADO/IDC )
c B1 = B1 * 1,0E5

WRITE (6,29) B1,B2,B3,B4,B5,B6

11 = DABS{ J1*ADO/FRO )
12 = L2*DABS( J1*ADO/FTO )
L3 = DABS( J1*ADO/FNO )

WRITE (6,24) 1L1,L2,L3
C**xxxxSET UP INITIAL CONTROL PATTERN
!
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TT(1) = 0. _ - '
FROO = DSIGN(FRO,EDO) * (=1) >
FTO0 = DSIGN(FTQ,ADO) * (-1
FNOO = DSIGN(FNO,IDO) * (=1)
CTL{1,1) = FROO
CTL(1,2) = FT00 o
CTL(1,3) = FNOO : -
DO 1011 I = 2,KOUNT :
II =T - 1
TT(I) = TT(II) + H ,
CTL{I,1) = FROO X
CTL(I,2) = FT00
CTL(I,3} = FNOO
111 CONTINUE .
RETUEN
END

STBROOTINE OUTRUT ( TT,X,CTL,COSTOD,EXIT,G,KOUNT )

THIS SUBROUTINZ QUTPUTS RESULTS

o Ne WD

IMPLICIT REAL *8. (A~H,0-Z)
FEAL *8 'MU,I0,I0X3
INTEGER EXIT
DIHENSION,X(1002,6),CTL(1002,3),G(1002.3),-T(1002)
COMMON / SCBLK / MU,A0,E0,I0,00,%0,RO0
" COMMON / FUCOST / FUEL ‘
C*x***COMPUTE MEAN ANOMALY ‘ k

ANOM1 = ( (1,-E0%*2)*%0.5-) * DSIN (R0)
ANOM2 = EQ + DCOS (RO) - .
ANOM3 = ANCHM1 * EO

ANOM4 = 1, + E0*DCOS(RO)

ANOH = ANOM1/ANOM2
RM = DATAN(ANON) - | ANOM3/ANOMY )
C***+xCOMPUTE DESIRED LATITUDE AND LONGITUDE

UB = DCOS (00) *DCCS (KO +RN) - DSIN (00) *DSIN (WO0+RH) *DCOS (10)
VB = DSIN (00) *DCOS (WO +RM) + DCOS (00) *DSIN (WO+RH) * DCOS (I0)
¥B = CSIN (RO+RM)*DSIN (10)

DLA = VB/OB

DLO = WB/(1.= (WB*WB))+%0,5

DLATY = DATAN ( DLA )

DLONG = DATAN( DLO )
WEITE (6,7701) DLATI,DLONG

7707 FORMAT (T7,'LATITUDE = ',E1€.8,/, 77, 'LONGTITUDE = ' ,E16.8)
WEITE (6,9996)

9996 FORMAT (*1','THE SUB-OPTIMAL CONTROLS AND STATE ERRORS',

£ . * ARE AS FOLLOWS',//,
& T5,'T',8X,'FR',11X,'FT*,11X, "FHT, 12X, ' AD', 11X,
& 'ED',11X,'ID',11X,'0D',11%,'®¥D', 11X, 'RD")

DC 8050 I=1,KOUNT, 1
U1=CTL (I, 1)
U2=CTL (I, 2}
U3=CTL (I, 3)
X1 = X(I,1)
X2 = X(I,2)
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AN xal

= X{I,3)
X4 = X(I,4)
XS = X({(T

X6 = X(I,€)

C*****COMPUTE MEAN ANOMALY

ANOMT = ( (1.=-(BO+X2) **2) **x) 5 ) «* DSIN (RO+X6)
ANOM2 = (EQ+X2) ¢ DCOS(RO*X6)

ANON3 = ANOM1 = (F0+X2)

ANOME = 1, + (EO+X2)*DCOS (RO+XE)

ANON = ANOM1/ANONM2
X€M = DATAN (ANOM) = ( ANOM3/AKOMY )
CTH**x*CONMPUTE CURRENT VALUE OF LONGITUDE AND LATTITUDE

00Xd = 00 + X4

WXEX = R0 ¢+ XS5 ¢+ R0 + X6M

I0X3 = I0 + X3

uc = DCOS(OOXH,;DCOS(HXRK) -

1 DSIN(OOXQ)*DSIN(HXHX]*DCOS(IOX3)
VC = DSIN(OOKQ)*DCOS(HXRK)

1 DCOS (DOXU4) *DSIN (WXRX) *DCOS (T0X3)
RC = DSIN (RXRX) *DSIN(I0X3)

CLA = yC/0C

CLO = WC/(1,- (WC*HC)) *%0,5

.CLATI = DATAN( CLA )

CLONG = DATAN({ CLO ) :
Cxex**COMPOTT . LONGITUDE AND LATI“UDB ERROR

ELATI = CLATI = DLATI

ELONG = CLONG - DLONG

| WRITE (6,9998) TT(I),U1,U2,03,X1,X2,X3,X4,X5,X6
9998 FORMAT (F7.8,1%,3 (E12.5,1X) 0 1X,€ (E12.5. 1% )
NEITE (9,9800) TT(I), X1,X2,%3,%X4,X5,X6
WRITE (10,9800) TT(I),U1,U2,03,ELATI,ELCNG
9800 FORMAT (F7.4,1X,6 (E19. 120150))
8050 CONTINUE
WFITE (€,8070) COSTOD,FUEL
8070 FOPMAT (/,TS,'TOTAL COST=',E10,12,/,T5, 'FUEL COST=',£19,12)
WEITE (6,10) EXIT
10 FORMAT (T7,'EXIT = ', 16)
DO 30 T = 1,KOUNT,10 , ,
WRITE (€,20) TT(I),G(I,1) .G(I,2),G(T
20 FORAAT (T7,F10.5,1%,(3(E19.12,1%)})
30 CONTINUF -
RETUFN
END
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