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Abstract

This thesis relates the theory of dimension groups to the study of nonnegative infinite
matrices. Given a nonnegative matrix P = (p,4)gner (I’ countable and infinite),
we obtain information concerning the nonnegative eigenvectors of P by studying
the associated dimension groups and their trace (state) spaces. For a particular
class of countable discrete Markov chains, we exhibit affine homeomophisms between
nonnegative eigenvector spaces and certain subspaces of related trace spaces. This
thesis also establishes some necessary conditions for the weak ergodicity of sequences

of 2 x 2 real matrices.
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Chapter 1

Introduction

Since its inception by Perron and Frobenius, the theory of nonnegative matrices has
developed enormously and is now being used and extended in fields as diverse as
probability theory and numerical analysis. Much of the development in this area has
been motivated by probabilistic considerations from the theory of Markov chains, that
is. in connection with stochastic matrices P = (py;). i.j € {1.2....} where p;; > 0
and

Yop, =1 V.
The study of countable stochastictmatrices was initiatied by Kolmogorov in 1936.
In this thesis, we extend Handelman's work on nonnegative eigenvectors for Markov
chains by employving results from the theory of partially ordered abelian groups.

Let [ be a countable infinite set and let P be a matrix with rows and columns
indexed by I such that all entries are nonnegative real numbers. If each column sum
¥ ger Pg,x equals 1. P determines a Markov process with state space I'. Namely, the
probability of a particle at state g going to state A in one unit of time is p; 4. This is the
transpose of the probabilists’ convention. Conversely, given any Markov process with

state space I', we can associate an infinite “transition” matrix P which, among other

things, has no negative coefficients. One commonly identifies this Markov process
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with the pair (P, ).

In [14], Handelman dealt with Markov processes (P, ') where P was column finite.
Extending his ideas, we will study Markov processes (P,I") where P is permitted to
be column infinite. There are some basic differences between the theory of column
finite and column infinite Markov processes in relation to order ideals and order units.
However. since parallel results exist for the column infinite case, we will adopt the
same notation as in [14].

Let R denote the set of all real numbers and consider the real vector space R
with basis {e,}ser where e, : I — R (g € ') is 1 at g and zero elsewhere. In
Chapter 2. under some mild additional hypotheses. we study the Choquet boundary
of the Markov process represented by RI and P : R[ — RI. The first problem
is the definition itself. Motivated by [14], we define the Choquet boundary to be
the pure trace space of the (real) dimension group associated to P and some initial
distribution. In this way, we obtain many results parallel to those in {14]. Chapter
2 also contains many of the definitions and elementary properties used in the rest of
the thesis.

Chapter 3 deals with a particular type of interval of eigenvalues for nonnegative
infinite matrices. Revisiting a theorem of Pruitt [21], we show that under suitable
conditions the set of eigenvalues that admit nonnegative eigenvectors constitutes an
interval of the form [a, oc), some a > 0.

Chapter 4 extends some of Handelman's earlier results on Markov chains to our
situation [14]. For instance, by imposing an “irreducibility” condition on P, we
obtain an affine homeomorphism between the space P, of nonnegative eigenvectors
(for a fixed eigenvalue A of P) and a subspace of the trace (state) space of a related
dimension group. By letting A vary. we obtain an analytic one-parameter family of
subspaces of the trace space of the said dimension group.

Chapter 5 contains motivational examples which generalize those found in [14]. It
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is here that we apply some of the results obtained in the earlier chapters.
In Chapter 6, we establish necessary conditions ensuring weak ergodicity for se-
quences of nonnegative 2 x 2 matrices. This complements the result of Handelman

in [14] in which sufficient conditions for weak ergodicity of such sequences were given.

Terminology and Notation Throughout this thesis, unless otherwise stated,

N = the set of all natural numbers,

Z = the set of all integers.

Z* = the set of all nonnegative integers.
R = the real number field and

R™ = the set of all nonnegative elements of R.



Chapter 2

Eigenvectors and Dimension

Groups

This chapter contains the definitions of RI'. P and the dimension group Hr. In some

order. we will:

e establish correspondences between certain classes of space-time harmonic func-
tions and trace spaces of related dimension groups (For example, adapted
from [14], we will prove a correspondence between special global space-time

harmonic functions and traces on the dimension group Hr.),

e describe the relation between nonzero, nonnegative eigenvectors of P and har-

monic functions,

e note the bijective correspondence between space-time cones associated to P and

order ideals in the dimension group Hr,

e obtain necessary and sufficient conditions for order ideals of the form I (C a
space-time cone) to have an order unit and necessary and sufficient conditions

for Hr to have an order unit,
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e define I'}, Cy and I, .

In this chapter. we also investigate the eigenvector boundary for P and the trace
space of Hr. We will show that any extremal trace on an order ideal I of Hr with
order unit corresponds to an eigenvector for the natural endomorphism P on I and
originates from a harmonic function if the eigenvalue is positive. Under suitable
conditions on P, it will be shown that certain pure traces of an order ideal I of Hp
with order unit extend uniquely to pure traces on H where H is an extension of /.
For certain order ideals. we may take H = Hr. (In particular, any faithful pure trace
on Hr is given by a positive left eigenvector.) Furthermore, we will give conditions
on P under which the set of extremal traces of the order ideal [, of Hr can be written
as the union of the sets of extremal traces in £y where E) is the eigenvector subspace
of the trace space of I, (see Proposition 2.27 for notation). Similar results continue
to hold under weakened hypotheses.

Section 2.3 contains two examples which illustrate some of the concepts and results
of Chapter 2. As well, Section 2.3 contains sufficient conditions under which every
trace on Hr is faithful. sufficient conditions ensuring /; = Hr and sufficient conditions
ensuring Hr has no proper order ideals with order unit.

Let " be a countably infinite set representing the state space for a Markov process.

Define RI" to be (*(T), i.e.,
RT = {f:T — R such that |f| is bounded},

so that the elements of RI' can be identified with bounded sequences. Let P be a
countable transition matrix on I’ such that the row sums are uniformly bounded.

That isv pP= (ph.,g)h'_qel‘ satiSﬁQS:
(1) ph,g 2 0 vh~g 6 F,

(2) sh = X ger Prg < oo YhET and
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(3) sup{splhel} =s< .

Define a linear transformation P : R[' — R hy letting
(Pt)n = D Phgty
gel

where v = (vp)per. v € R and Pv = (Pujper. Given any v € RI, there exists
an M > 0 such that [(Pv)s| = | ger Prgtql S T ger Prgltyl < ZgerPrg - M <
M ¥ 4er Pry < M - s which implies Pv € RI'. Therefore, P is well-defined.

Now, let (R[)* = {v € R['|v, > 0 Vg € I'}. Obviously, (R[')* is closed under
addition, RT = (R[)*—(RI)* and (RT)*N(—(RC)*) = {0}. Hence. RI is a partially
ordered abelian group. Furthermore. it is easy to check that P((RI)*) C (RI')™ so

that P is a positive homomorphism. If we define the direct limit
Hp := limRT 5 RT -5 RT — ... = (R[ x N)/ ~.

where (v.m) ~ (u.n) iff P¥~™(v) = P*¥="(u) for sufficient large k. denote (v, m) the
class of (v.m). According to [7. p.xvii], Hr is a dimension group since RI' = (*(T')
is a lattice ordered abelian group and the direct limit of such groups is always a

dimension group. In addition. Hr is an ordered vector space over the reals.

2.1 Dimension Groups Associated to Markov Chains

In this section, we adapt and elaborate on some notions from {14}.

Definition 2.1 A space-time cone C for the Markov process (P.I') is a subset of

[ x N satisfying the following two properties:

(a) If (g,m) € C and there is an edge from g to ¢’ (i.e., pg 4 # 0), then
(¢,m+1)eC.
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(b) Given g€ ', and m € N, (¢',m + 1) € C for every ¢’ € I" to which there is
an edge from g to ¢’, then (g.m) € C.

[ x V is itself a space-time cone which we will call the improper space-time cone.
Any subset of ' x .V generates a space-time cone. If the generating set is finite we

are naturally inclined to call the resulting space-time cone finitely generated.

Lemma 2.2 The intersection of any family {C,|: € I} of space-time cones of (P,I)

is itself a space-time cone.

Proof. Let C' =N,z C, where each C'; C T x NV is a space-time cone. Take any
(g.m) € C and any ¢’ € T such that there is an edge from g to ¢’. Applving condition
(a) to each i € T vields (¢’.m + 1) € C, Vi. This is precisely condition (a) for C.

To establish condition (b) for C. take g € [. Suppose there is an m svch that,
whenever there is a edge from g to ¢'. (¢’.m + 1) € C. Then. for each such ¢,
(¢',m+ 1) € C; Vi. But each C, is a space-time cone, thus, condition (b) implies

(g.m) € C, Vi € I. Therefore. (¢g.m) € C so that C is a space-time cone. [}

Proposition 2.3 The space-time cone generated by a subset of I' x .V is the intesec-

tion of all space-time cones which contain the subset.
Proof. An immediate consequence of the preceding lemma. W

Definition 2.4 Given a space time cone C C ' x V, a space-time harmonic function

is any nonzero function h : C — R™ satisfving the following condition:

h(g,n) = 3 h(fin+1)ps, V(g,n)€C
fer

i.e., the values of h are essentially determined by one step in the future.
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We will sometimes drop the modifier “space-time” when we talk about cones or
harmonic functions. Harmonic functions on the improper cone are called global har-
monic functions. Our next task is to describe a connection between global harmonic

functions and the trace (state) space of the dimension group Hr.

Definition 2.5 An order ideal of a partially ordered abelian [11. p.6]. group G is

any directed convex subgroup of G.

Definition 2.6 An order unit in a partially ordered abelian group G is any positive
element u € G* for which, given any r € G, there is some positive integer n such

that r < nu.

Definition 2.7 A trace on Hp is any nonzero positive homomorphism from Hr to
R and the truce space of Hr. denoted S(Hr. R), is the set of all traces on Hr (when
Hr has no order unit). If Hr has an order unit u. a (normalized) trace on (Hyp, u) is
any positive homomorphism from (Hr, u) to (R, 1) (i.e., an additive map s : Hr - R
such that s(HF) € R* and s(u) = 1). In such a case, the (normalized) trace space of

(Hr, u), denoted S(Hr, u). is the set of all (normalized) traces on (Hr, u).

We will sometimes express a : [ — R via the notational device, a = [Tger aqe,
where each e, : ' — R is as defined in Chapter 1. In this way, we can express any
such a as an element of a direct product vector space. If 3 > 0 such that |a,| < M
Vg € I, then a € RI'. The support of such an a, denoted supp(a), is defined to be
the set, {g € I | a, # 0}. We will often use inner product notation to denote the
coefficients of a, that is, (a,e,) = a, (g € I') where (-, ) can be extended to a bilinear

form on RI'. We also define

inf(a) := inf{(a,e,)| g € supp(a)}.
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Proposition 2.8 If Hr has no order unit, then there is a one to one correspondence

between the collection of all global (space-time) harmonic functions h satisfying

Zh(g,n) <x, (n=12,..) (1)

gel

and the collection of all traces of Hr.

Proof. Let A denote the collection of all global harmonic functions satisfving

condition (1) and define a map,
w:A— S(Hr,R)
h—T1

where 7 : Hr — R satisfies 7((ey, n)) = h(g, n) and is extended linearly. We begin by

checking that T is meaningful. For every g in ', (e,,n) = (P(eg), n + 1) so that

T((Sferpf'gef, n+l))
= mer((ej.n-i-l))

fer

= Z T((e,,n-i-l))pf,!,

fer

= X h(foin+1)pp,

fer
As a result. 7((eg, n)) = h(g,n) = X jer R(fin + 1) prg = 7( (P(eg),n + 1) ). Given
any a € Hr, we can write @ = ¥ ,e v [14er @gn(€y, n) where 3M > 0 such that lagnl <
M. Thus, 7(a) = T nen T ger @gnT((€g, 1)) s0 that |7(a)| < X nen T ger M -h(g,n) =

M-T pen X ger h(g.n) < oo, being a constant multiple of a finite sum of terms of the

7 ((Pleg)n+1))

form ¥ ,er h(g, n). Therefore, 7 is well-defined. Clearly, 7 is a homomorphism with
7((Hp)*) € R* so that 7 € S(Hr, R).
Conversely, we define another map,
¢: S(Hr, R) = 4,

T—>h
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where h(g,n) = 7((e4,n)). We need to show h € A. Using the identity (e4. n) =

(P(ey),n + 1), we have 7((eg4, n)) = 7((P(ey).n + 1)) so that

h(g.n) = r((P(eg),n+1))
= pr'gr((ef,n-i-l))

fer

= Z prgh(fon+1)

fer

= Z h(f,n-&-l)pj'g.

fer

But Tyer h(9.n) = Toer 7(eg 1) =7 ((TTyer €5.7)) < . Therefore, h € A.

Given any h € 4. pow(h) = o(7) for 7 = w(h). Thus, (o(1))(g,n) = T((E—Q,T)) =
h{g. n) which establishes ooy’ = id. Similarly, given any 7 € S(Hr. R), voo(7) = w(h)
for & = o(r). This implies (w(h))((e,.n)) = h(g.n) = 7({e;.n)). As a result.

wo @ = id which completes the proof.

Next. we examine the case in which Hr has an order unit.

Proposition 2.9 Suppose Hr has an order unit u = 3 ¢ [1ger tgn (€g.n). If A is
the collection of all global (space-time) harmonic functions h satisfying (1) and
Z Z ugnh(g,n) =1, (2)
neN gel
then there is a one to one correspondence between A and the trace (state) space

S(Hr,u) of the the dimension group Hr.
Proof. Runs parallel to the case in which At has no order unit. Il

Definition 2.10 A (space-time) harmonic function A is called spatial if it originates
from a left eigenvector, that is, if there exists a nonnegative function v : R — Rt

such that vP = \v for some positive real number A and h(g, n) = v(ey)/A".
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In the above definition, note that we do not insist on any boundedness or growth

conditions on the entries of v.

Proposition 2.11 Any nonnegative eigenvector of P corresponding to a nonzero

eigenvalue naturally yields a harmonic function on the improper cone.

Proof. For the purposes of this proof we identify I with V. (Recall that [ is
countably infinite.) If v is a nonzero. nonnegative eigenvector of P, then vP = A\v

which is to say

Dyl P2 Pus
P2y P22 P23

(UIYU'.Z'US,"') pPi1 P32 P33 - - = /\(‘Ul,Ug,Ug."')

where v = (v, . v3,---) and v; > 0 for all i € . Thus.
V1P + Uapa, + Uap3, + -0 = Ay, Viel.

implving A > 0.
Define the function h: I' x N — R* by (g, n) — v,/A". It is obvious that h is a

nonzero function and h(g,n) = vy/\" = (1/A*1/A) & ser vy pry = Zfer‘('vf//\n+1) Pty

=Y fer A(f.n + 1) psq- Hence, h is a harmonic function on the improper cone. [ |

Definition 2.12 (a) Given a space-time cone C on (P, I') for the dimension group

Hr, the n-th component of C is the set
Cn = {(9:n) | (g,n) € C}.

(b) Given an order ideal I of the dimension group Hr, the n-th component of I is

the subspace
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According to the definition of Hr, any component of an order ideal of Hr is itself

an order ideal.

Proposition 2.13 Let C be a cone of the dimension group Hr and define I to be

the vector space spanned by

I 14
{legn) | (g.m)€C} U {H(g'")ecn(eg,n) ne .\«}.
Then.
(1) Ic is an order ideal, any component of which is an order ideal with order
unit.

(2) There is u bijective correspondence between space-time cones arising from P
and order ideuls I of the dimension group Hy with the property "any component
of I is an order ideal with order unit”.

(3) Ic has an order unit if and only if 3 a component C,, of C such that

o C is generated by Cy, and

e the element ug = [] (g mec, € satisfies for alll > m. and w = [] 4 nec, €gs

and 3 L; > 0 such that (u;,l) < Li(ug, m).

(4) Ic has an order unit if 3 « component C,, of C such that

e C is generated by Cp, and

o the element ug = [](g,m)ec,. € Satisfies inf(P'(ug)) >0 Vi€ N.
Proof. (1) By construction,

Ic = {Z T"( H Qg,n (eg’”))
neN (g:n)eChn

(ag'n)ge[" € RF Vn}
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which coincides with the collection

{Z H Qgn eJ, agn € R and 3 Af > 0 such that |ag .| < M} .

neN (g,n)eChn

Given a, b € I, we can write

where 3 M, > 0 such that |a,,| < M, and
= Z H bg.n (eg,n)
neN (g,n)eCn
where 3 M, > 0 such that by .| < M. Thus, given ri,r, € R.

rica+ry-b = Z H riagn (€4, n) + Z H rabgn (€9, 1)

neéN (g,n)eC, neN (g,n)eCs,

= Z H (rlag,n. + r'_)[)g,n) (eg, n,)

nEN (g,n)EC

where |(riagn + rabgn)l < (Jrillagal +1r2{lbgl) < [(Iri] + 1) My + (|r2] + 1) Ma] so that
ry-a+ry-b € Ie. This implies I is a subspace of Hr. Similarly. using the above
notation. if r, and r, satisfv 0 < r,.ry <1l and r; + ry = 1. then
r-a+rq-b = Z H (r[a9'n+r2bg'n)(egfn)
neN (gn)eCn
where [(riagn + m2bgn)| < (M1 + M) so that ry-a+ry-b € Ic. Thus, I, is a convex
subgroup of Hr. Furthermore.

5 = {a_z T a0 )

JM > 0 such that M > a,, > 0}
neEN (g,n)€Cn

From this, it is clear that Ic = I5 — I} and hence, I¢ is directed. In total, Ic is an

order ideal of Hr.
For each n € V. it is obvious that the n-th component of I¢ is given by

= { II agn(egn)

agn € R and 3 M > 0 such that|a,,| < A/[} X
(g,ﬂ)ECn
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Thus, repeating the above argument. each (I¢), is an order ideal. Define

u =[] (egn).

(g.n)écn

Given a = [y n)ecs Ggn (€g: ) € (Ic)a. there exists M > 0 such that |ag.| < M.
This implies a < Mu, i.e.. u is an order unit of (Ic),.

(2) Let A denote the collection of space-time cones on (P.[') and let B denote
the collection of all order ideals I of Hp for which the statement “every component of
I is an order ideal with order unit” is true. From the proof of (1). we have the map
v : A —= B with C — I-. Now. define another map. ¢ : B — 4 such that [ — C
under @ where C' = {(g,n) | (eg.n) € I}. We will verify that this C is a space-time
cone. Suppose (g,m) € C and ¢' € [ is such that there is a path from g to ¢’. Then.

(eg,m) € I 'and Pley) =¥, 20 Pygey vields

(eg.m) = (Pleg)m+1) = Z Py g ey, m+1).

Py 470
Therefore. since [ is an order ideal. m € [ which implies (¢', m+ 1) € C.
On the other hand. take g € ' and assume 3m such that for all ¢’ in T to which
there is an edge from g to ¢'. (¢’.m +1) € C (i.e, py, # 0 and m eI
Then, pr,_gﬂm € [ since any component of I is an order ideal with order

unit. Furthermore. sup{¥ ,crpgylg’ € I'} = s < oo implies |py | < s which

vields Hgleppg:,gm € I. However, (e;, m) = (P(ey),m + 1) and P(ey) =
[1ger Py g €y Therefore, m € [ which implies (g, m) € C. This establishes that
C is a cone.

Finally, given a cone C, ¢ o w(C) = &(I¢c). Both C C ¢(I¢) and ¢(I¢) C C are
obvious. Thus, ¢ o v = id. Similarly, we have ¥ o ¢ = id. Hence, ¢ and vy are mutual
inverses.

(3) Suppose there exists a component Cy, of the cone C and an element u, =

[1(sm)ec. €¢ Such that C is generated by Cr, and inf(P'(ug)) > 0 VI € N. By the
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construction of . if a € (I¢)n, then a = H(g,n)ec,, Ggn (€g,n) where 3M > 0 such
that {ay .| < M. Let @ = [, n)ec, ¢y € BRI and set sup{¥ jer Py 419’ €'} =5 < 0.

There are two cases:

Case (i): n < m.

By the construction of C,

supp(P™ ™ ™a)) € {g€T|(g.m) € Cn}.

Hence, a < M (@,n) = M (P™™a).n) < M s™ "(ug, m).

Case (ii): n > m.

By the construction of C. supp (P"~™(ug)) = supp 4. Hence.

a < Ma.n) < ML,(up.m).

By these two cases and the construction of /¢, (ug, m) is an order unit of /c.

Conversely. suppose Ic has an order unit v where

u = [giece, Goki (€g: k1) + Tignarecy, Goke (€9, k2) + -+ + [l (gherecy, Qo (€g: k)

= (n(g'kx)eckl gk, €, k1) + (H(g,kz)osck2 Qg ks €g: K2) + -+ - + (H(g,kg)eckt Qg k, €g: Kt)

and 3 M > 0 such that for every g € I,
0 < Qgkys Qgikear "+ Ggke < M. (0<ky <hy < < k)
let

u, = H Qg.k €g,
(gvkl)eckl

U = H Qg.k2 €g;
(9,k2)€Ck,y
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Uy = H 69,

{9kt )€C, ag k,

i = I e

(g.k:-f-l)EChH

By the definition of Hr, we know that

u = (Prri-ki(y ) by + 1) + (Pketi=ka(u)) ky+ 1) + -+ + (Plw). ke + 1)

= EL P ) ko 1.

From the construction of C. we have supp(T!_, P**!=%(y,;)) C supp &. Thus, we
can write

u = H bg.kc+l (ega kt + 1)
(gvke+1)€Ck, 1

If 3.W, > 0 such that each |byk +1| is strictly less than M), then u < M, m
Since u is order unit of [¢. so is (. k; + 1).

Let C be the cone generated by Cy,.;. Obviously, C C C. According to part (b)
of the definition of space-time cone. if 3 m such that (¢’.m+1) € C forall ¢ € T to
which there is an edge from g € T to ¢'. then (g, m) € C. That is, if P(ey) < M, @
for some positive real number M. then (¢', k) € C. Recursively, if Pl(ey) < M@
for some constant M3 > 0 and some positive integer | < k;, then (¢’ k, — () € C.
Next, applying part (a) of the definition of space-time cone, if (g,m) € C and there
is an edge from g to ¢, then (¢.m + 1) € C. In other words, if ey < My P(@) for
some constant M, > 0, then (g', k, + 2) € C. Recursively, if ey < Ms P!(@) for some
positive constant Ms and some positive integer [ > 2, then (¢, k. + ! + 1) € C.

Now, take any (g.n) € C. If n < k; + 1, then

(eg,n) = (Pketl-n(e, ).k, + 1) € I¢

so that 3Ms > 0 for which (e4,n) < Ms (&, k, + 1), implying (g,n) € C. On the

other hand, if n > k; + 1, then

(@, ke + 1) = (Pr*-Ll(g),n) € Ic
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so that 3 M; > 0 for which (e,,n) < M- (& k, + 1), also implying (g.n) € C. There-
fore. C = C. i.e.. Ck,+1 generates C.

Finally, (@,k, + 1) is an order unit of Ic, obviously, for all [ > m, and u; =

[T(gn)ec, €4- and 3 Ly > 0 such that (u,[) < Li(&. ky + 1). From this, we obtain that

Ck,+1 1s the required component of C.
1

(4) We know for all n > m. and un, = [I(gnjec, €. and 3 L, = TN

1 -
(llnv n) < [m] (P (UQ),H) = Ln(uo.m).
According to the above (3). I has an order unit.

Corollary 2.14 The dimension group Hr has an order unit if

inf {Z gel Ph.g

Proof. Assume (3) holds. If we define a = inf{¥ jer prglh € T} >0, b =

her} > 0. (3)

[Tyer €y and u = (b.1). then b € " and

u = (P(b).2)
> a(b2) = a(P(h).3)
> a*(b.3) = a’(P(b).4)
> a’(b.4)
> a2 (bn-1)
> a"'(b.n).

Thus, V v € Hr, we have

v =2 I vnlen)

neN (g,n)eCn
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where 3M > 0 such that |u,,| < M. We also know that C, =T x {n}. Therefore,

v = 3 Iltonlegn)

neN g€l

< Z H M (eq.n)

neN gel

= M S ([[ewn) = M Y. (b,n)

neN gel nev

{.M Z (a"'l)'l} i

ne.N

IA

which implies « is an order unit of Hr. Wi

Using the notation of the above proposition. we obtain a correspondence between

the space of summable harmonic functions on C' and the trace space of Ic.

Corollary 2.15 Fir a space-time cone C C T x N and define A to be the collection

of all summable space-time harmonic functions h on C. that 1s,

A= {h:C’—)R” derh(g,n)<oo Vné;\«'}.

Then. there is a one to one correspondence between A and the trace space S(Ic. R).

Proof. Similar to that of Proposition 2.8. |}

Let T'; be a subset of I' with the property that for every g € I', there exist
paths from points in T'; to g, that is, 3 h € Ty and r,ra,...,7rs-1,7s € ' such that

Pg,roPrarey " PrarPrip > 0. Set

and suppose inf(P'(ug)) > 0 VI € N. Let ['5,T;,--- be such that I;NT; = 0

Vi# jand [ = U;cy [i. To make things interesting, we normally assume [, is finite



CHAPTER 2. EIGENVECTORS AND DIMENSION GROUPS 19

(although there are interesting cases where it is not). If no such finite set exists, we
can always start with any finite set. consider the subset of I' it generates and then
work with this subset. Normally, we just assume I'; exists and then define I'; (i > 2)
to be subsets of I' that satisfv the above conditions. A natural space-time cone Cy

corresponding to such a I') is the one generated by
{(g.1) eI x N | geTl}.
The order ideal /¢, it determines is that generated by

{(eg,l) ' g€ Fl} U {qul‘x (eg.l)}.

Le. Icy = (X (gmiec, Zgmleg.m) | M > 0 such that jagm| < M}. Obviously, I¢,

is an order ideal of Hr with order unit.

Definition 2.16 An ertremal (pure) trace on the partially ordered abelian group G
with order unit « is any trace 7 € S(G. u) which does not lie in the interior of any line
segment with endpoints in S(G.u). In other words. given any convex combination
T=4T1 +t with 7,7 € S(G.u). we must havet; = lorta=lorT =7 = 7.
The collection of all extreme (pure) traces in S(G, u) is called the extremal boundary

of S(G. u) and is denoted by 3.S(G. u).

Definition 2.17 The Choquet boundary associated to P and ['} is the pure trace

space of the order ideal determined by T',.

The element u = 3=, n)ec, Ugm(€g, M) (Ugm > 0) is an order unit of I¢,. A trace
T on I¢, is normalized if 7(u) = 1. Obviously, any trace on [, can be replaced by

7/7(u) which is normalized.
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2.2 Eigenvectors and Traces

The dimension group At admits an obvious order automorphism (an isomorphism of
vector spaces for which both it and its inverse are order preserving), P : Hr — Hr
where (v.n) — (P(v),n). P has an inverse P~' : Hr — Hp where (v,n) —

(v.n+ 1). Indeed. it is easy to check that

PoP ' ((u.n)) = P((t.n+1) = (P(t).n+1) = (v.n)

so that P o P! = id. Similarly. P~'o P = id.
An order ideal I of Hr is said to be P-invariant if 15([ ) € I. Very few order ideals
of Hr are P-invariant, however. under reasonable circumstances(see (@) below), they

are P~!-invariant.

Definition 2.18 Let p and ¢ be endormorphisms of Hr. We write p < q if the

difference ¢ — p is order preserving.

We make the following assumption on our operator P:

3k.K € N such that P* < K P*F! (o)

as endmorphisms of R['—in other words, entrywise (p;'f,)l < }’\'p(g'f,:L Y for all g and h

in ['). This assumption is in force until further notice. For example, this holds if

inf(pii) >€>0; then k =0, K = 1/e will do.

Definition 2.19 A positive endomorphism is called bounded if it is bounded above

by a multiple of the identity.

Proposition 2.20 Any bounded positive endomorphism of Hr leaves every order

ideal of Hr stable. In particular, this applies to P~" if (o) holds.
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Proof. Let I be an order ideal of Hr and F be a bounded positive endomorphism
of Hr. Then, there exists a positive real number L such that F < LZ where T denotes
the identity homomorphism of Hr. Thus, for any a in I7, 0 < F(a) < LZ(a) = La.
Since [ is an order ideal, F(a) € I. and since [ = I™ — I, it follows that F(I) C I.

By condition (e), for any a in (R[*, P¥(a) < KP**'(a). Thus Ya € Hf,

P*(a) < KP**'(a). Since P! is order preserving, so is P~**! and hence.
p—(k+1)(Pk(a)) < p—(kﬁ-l)([\'[jk-b-l(a)).

But P“(a) < Ka = K(Z)(a) implies P! < KT. Therefore. by the first part. p-!

leaves every order ideal of Hr stable. [

Now, let I be an order ideal of Hr corresponding to some space-time cone and
assume that I admits an order unit. [ also admits a positive bounded endmorphism,
namely the restriction of P~! (simply denoted as P~!). A standard result in dimension
groups now applies(9: [.2(c)]: If [ is a partially ordered abelian group with order unit
and I admits a bounded positive endomorphism «, then for any ertremal trace T
of I which is normalized at the order unit, there erists a nonnegative \ such that
7oa = Ar. In many cases, A = 0. For now, we will concentrate only on those cases

in which A > 0.

Proposition 2.21 Let I be an order ideal of Hyr corresponding to some space-time
cone C and assume I has an order unit u. If T is an extremal trace on I, then 3\ > 0

such that o P~ = Ar. Moreover, if A > 0, then
(i) 7 is induced by an eigenvector of P,
(it) 7 comes from a harmonic function on C and

(iii) T comes from a sequence of spatial harmonic functions h; (i=1,2,...) and

extends to a trace on Hp.
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Proof. The existence of A > 0 follows directly from the italicized result in the
above paragraph. For (i), since 7o P! = A7 and A > 0, we have (1/\)7 =70 P so
that 7 is induced by an eigenvector of P. (ii) follows from (i) and Proposition 2.11.

For (iii), since C = {(g,n) | (ey.n) € I}, we can define for each i € NV a function

h,:C =+ R™.

(g.n) —> T((ey, £))/A™" = A'1((eq, 1)) .

Since (Pley).i) = ¥ jer(ef.i) pjy. we have hi(g.n) = A" 7((eg.2)) = (A" - A)T o

P((ey. i) = A" 7((Pleg).1)) = \™' (T per (e 0) Prg) = T rer A" ppy 7((e1.4))

=% rer Prg u(f.n +1). Therefore. each h; is a spatial harmonic function on C. B

Definition 2.22 A pure (extremal) trace is faithful if its kernel contains no nonzero

positive elements.

Corollary 2.23 The harmonic function which corresponds to a faithful pure trace
(i.e.. which a faithful pure trace comes from) never vanishes on the corresponding

cone.

Proof. An obvious consequence of the definitions. [

We now prove several of the main results of this chapter. The following is a

detailed proof of {14; 1.1].

Theorem 2.24 Let P satisfy (o) and let J be an order ideal with order unit in Hr
corresponding to o space-time cone. Form H = ¥ icn P*(J). If T is a pure trace on

J such that T does not vanish identically on P~'(J), then
(a) To P! = A7 for some A > 0 and

(b) T extends uniquely to a pure trace ¥ on H satisfying 7o P = A7' 7.
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Proof. (a) By assumption. J has an order unit. As done previously, form P and
its inverse. By Proposition 2.20, condition (e) guarantees that every order ideal of
Hp is stable under P-'.

If 7 is a pure trace on J, 7o P~! is also a trace and, since P~! < R'Z, it follows that
70 P7' < K'7. From the purity of 7. there exists A > 0 such that 7o Pt = A7.(cf.,
[9: 1.2(c)]) Since 7o P~! is not zero. it must be that A > 0.

(b) Now we extend 7 to all of H in the obvious way. First note that P=(J) C J
so that J C P(J); the latter is an order ideal in Hr. Next, note that {P!(J):l € N}
is an increasing family of order ideals whose union is H. For each positive integer [,

we define 7 : P!(J) = R via

n(P!((a.m))) = A'7((a.m))

where (a.m) € J. To verify that this is a well-defined trace on P!(J), choose

(b.7). (c.s) € J and suppose P'({(b.r)) = P'((c.s)). Since P! is invertible on Hp,
(b.7) = (c,s) € J. Hence, 7((b.7)) = 7((c,s)) and (P! ((b,7))) = A~ r((b,1)) =
At r((es)) = n(P((c.9))).

Next. we check that T,[P,(J) = 7, for any pair j < (. Suppose (y,k) = Pi((z, m))

for some (z.m) € J and (y, k) = P'((z, ")) for some (z,m’) € J where r,y,z € RT

and k.m,m’ € N. Then, (y,k) = P¥({(z.m)) and since P7 is invertible, (z,m) =
(P)Y((y, k) = (y.k +J).

By definition, 3 [;,l, € N such that P'*(y) = P2?(z) and [, + k+ j = m + l.
Similarly, 3 [{,1, € .V such that P"(y) = P%(z) and I} + k + [ = m’' + ;. Thus, we

have P+ (y) = PRt (z) = Ph+i2(z) and [ —j = m'+ 1+ —m — [, — l}. Therefore,

Tl((y'k)) = TI(PI((va,))) = ’\_[T((va,))

= Alr((Phte(2), 0 + I +m)

and
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= A\ r(PRi(z).l + [} +m))

so that

n((y-k)) = AUT((PhR(2) - j+m e+l + 1))

= A'r((PEir), - j+m+ b+ 1))

= ANlro(PTH((PE(z), m + 1 + 1Y)

= Ao (A (PR (2), 1 + I+ m))

= 7,((y. k),

ie. Tilpyyy = 7. Since H = Ujey PY(J). we can define the map 7 : H — R by setting
%lp,(J) =7 VI € N. In total, 7 is a well-defined trace extending 7.
We will now show that 7 satisfies the purity criterion of 8] (see Theorem 3.1

therein) for traces on dimension groups. Choose (a.m). (b.n) € J*. Given any

positive integer [. P'((a.m)) and P!((b. n)) lie in (P'(J))* and

min {T[ (P'((a.m))) T (Pl((_m))}
= A~ min {r({a.m)), 7({5.)))

= A\ sup {7((c.%)) | (c.k) € J*. (c. k) < (a,m) and {c. k) < (6.n)}
= sup {n(P'((c.F)) | P'((c. ) € (P'(J))*, P((ck)) < P'((a,m))
and P((c.k) < P*((b.F)}-

Now, for any [ € N, P'(J) is an interpolation group and 7 is a pure trace. Thus,

for any P!((a, m)) € H with (a,m) € J,
7o P(P((a,m))) = #(P™*'((a.m))) = maa(P*((a,m))) = A" r((a, m)).
On the other hand.

AP ((a,m) = A n(P(e,m) = (A AT) 7((a,m).
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Therefore, 7 is a pure trace satisfving 7 o P=\1'7
Finally, to show uniqueness, suppose there is another 7/ which extends 7 to H
and satisfies 7 o P = A\'#. Then, # = A~'# o P~'. Furthermore, given any

P'((a,m)) € H with (a.m) € J and | € V. we obtain (recursively),

F(P(am)) = NPT PY{e,m))))
= AT (P Y((am)))

= Ar((a.m))

so that #(P!((a.m))) = n(P'({a.m))) = A 7((a.m)) = #(P*((a.m))). Therefore,

7 = 7', i.e.. 7 uniquely extends 7. W

Theorem 2.25 Suppose [' and P are defined so that (@) holds and 'y is given. Let
I, be the order ideal of Hr corresponding to the space-time cone Cq generated by
{(eg,1) | g € T'1} and let T be a pure trace of I, that does not vanish identically on
P-Y(1,) (e.g.. if T is faithful). Then.

(i) There ezists w : ' — R* such that the row v = (w(g))qer is a left eigenvector

for P with P = \"'v for some A > 0.
(ii) T eztends to the pure trace given by (a,m) — A" ' (v - a).
(iii) Any faithful pure trace on Hr is given by a positive left eigenvector.

Proof. We know I; has an order unit. We begin by checking that Hr =
Yien PE(I). Take h € T. If h belongs to the possibly infinite set [';, then (es, 1) €
I C Yhen P¥(1,). On the other hand, if h ¢ T}, then 3g in I'; and a path from g to

h. that is,

Jh,hay ..., hi—3,hi—a €T such that prp, _,Ph,_shis " Phahy Phyg > 0
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so that P*~'(eg) = Prh._yPhi_shia *** Phahi Phig€n + Other terms. Since P is an

order automorphism of Hr. so are all of its powers. Hence,

P (e, 1)) = (P H(ey) 1)

= (ph,h;-z Phiahioy """ Phahy Phyg€n + other terms, 1)

= Dhy_s Phy_sihis * " Phahy Physg (€ry 1) + other terms

e PUUIL).

Thus. (er, 1) € P=1(11) € T ren PH(1)). Since P(I)) C P¥*Y(1,) Yk and P*(I)) is
an order ideal with order unit Vk. Uiey P*(1,) is an order ideal and thus > ken 15"(11)
= Uken Pk(1,) is an order ideal in Hr. Now, take any g € [ and any m exceeding
1. Since P~': Hy — Hr leaves order ideals stable. so does (P~')™~!. But (?_;_-_m_) =
(P~YYm=1((e,, 1)) € Sken P¥(I1). Therefore. Hr = Sien PF(11).

(i) By Theorem 2.24 and the identity Hr = Uen P!(I)). T extends to a pure trace

7 on Hr where
T: H[" — R,

P!((a.m)) — A~ r({a. m)).
By this same theorem. 7 satisfies 7 o P = \"'7 for some A > 0. Define
w:[ = R*,
g— 7((eg: 1)
and define the row v whose g-th entry is w(g). that is. v = (w(g))ger. To check that

v is a left eigenvector (it is obviously nonzero and nonnegative), we calculate

v (Prghher = D w(h)prg = D F((en 1)) Phg

hel hel
7 (Cherenpng 1)) = 7((Pleg), 1)) = 7o P((eg, 1))

= M1 7((eg 1) = A lw(g) = ATH(v-ey).

v P(eg)

!

Hence, vP = A"'v.
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(ii) Given any a =[[grage, in T and any n € .V, we have

#({am)) = 7o P " ((Meragey 1))
= A\m-h Z a,7((eg. 1)) = Alm=1) Z ag vy
yel gel

= Am=D(yp.q).

(iii) Any faithful pure trace on Hr satisfies the conditions of the present theorem
and as such is given by a left eigenvector.

The following was noted in [14] if P is column finite.
Theorem 2.26 Suppose [ and P ure defined so that
ged{k € N|3me€ N and 3an, >0 such that o P™ < P™FY = 1. (o)

Assume T, (as described above) ezists and let I| be the order ideal of Hr corresponding
to the space-time cone Cy generated by {(e,,1)| g € ['1}. If T is a pure trace of I, that
does not vanish identically on P=r(I,)Vr €N (e.q., if T is faithful), then 3 integers
ky.ka, ... .k, such that for { = $¢_| ki, the following hold:

(i) T extends to a pure trace T on Hp satisfying

-1

7:015[ = [Hizl /\i] T
for some Ay, -+, A > 0.

(ii) There ezists w : T — R™ such that the row v = (w(g))ger is a left eigenvector

for P' where

pt— [T -t
LP - [Hi=l Al] v.
(iii) The ezrtended trace T in (i) is given by

@mi+1) — [[[_ A (@-a), (a€RD).
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In particular, any faithful pure trace on Hr is determined by an eigenvector in this

fashion.
Proof. By (o). for each { € {1.2,---,t}, 3k,. m;, ar, > 0 such that
ng(kl' k'_)', T kt—le I”t) =1

and «, P™ < P™+*k From this we obtain P~ < {(am,) 'Z, that is, Pk s
bounded as an endomorphism of Hr. In particular, for any order ideal J of Hr,
P~*(J) C J. By the condition on the greatest common divisor. for all sufficiently
large n, there exists nonnegative integers sy, - - -. s, such that n = ¥!_ s;k;. Let ng—1
be the greatest integer not expressible in this form.

Suppose n € NV is of the form Y!_, s;k; for some nonnegative integers s, - - - .s,.
We will show that 7 can be extended to P"(I[) Foreach i = 1,2,---.t, 3\, >0
such that 70 P™ = )\, 7 and 7 does not vanish identically on P"(/,). We also have
P=%(I)) C I, so that I, C P& (1,). Hence. [, € P¥&([}), [, C PEi=k([}) = P™(1))
and P~"(I,) C I;. Define

™ P*(I) = R.

Pn(m) — z—l’\l-‘ ) (((Z,m))

where (a.m) € I,. Obviously. 7, is a trace on P™([).
Next. suppose P*((a,l;)) = P™((5, 1,)) € P*(I,) N P™(1,) where m = i ik
for some nonnegative integers r,.---,r, and (a,l,), (b,ls) € I;. Then, we have

P~™((a,11)) = P((b,12)) € Iy and 7(P~™((a,11))) = 7(P~"((6, &2))). Since

t

r(PE=rk((@ 1)) = [[T_, ] 7(@1)) and
r(BSsq (B R) = ([T, ] (1),

we thus obtain

[IL_, A7) r@@) = [[I_, 2] (®%) and
[Hf_lkfs‘] m((a,l) = [1'[1_ A-'], ).

2
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Hence. (P"((a.11))) = Tm(P™((b.13))), i.e.. 7, and 7, agree on P™(I;) N P™(I,).
Let k = Y k. From P™%(I,) C I, we obtain I; C P&(I}) and so I, C
PEi=ik () = P¥(I;). Thus, for any n > ng, we have I; C P™(I,) and P"(I;) C

P™+k(],). Choose ng < j < ng+k — 1. Then,
PiI) C PP € PITR(L) C PR €

Define
= 3 Pn) = J P

qEZ’ ([€Z+

and
7, H — R,

%JIPI*'”’(II) = Tywqks
that is. the restriction of 7, to Prmik([)) is Tj+qk- AS in the proof of Theorem 2.24
(using the criterion of [8: Theorem 3.1] for purity of traces on dimension groups), 7; is
a pure trace extending 7. Since T"|P"(Il)ﬂﬁM(11) = TmiP"(h)an(h) for any m,n > nyg,
we obtain 7 |u, on,, = 7-'J-|H“‘1H“‘
Obviously, T psny PP(I1) = L1200t Hj. If we set
) no+k—-1
=) PYI) = Y Hj
n>ng J=ng

then H is an order ideal in Hr. Therefore, if we define

r: H— R,
2"2:: Hagomy) — Tpht 7 ((agmy)),
the preceding argument implies 7 is a pure trace on H that extends 7.
We now show that H = Hr. Select hinI". If h € I}, then obviously (es, 1 ) e€l, C
H.Ifh ¢l then3g€l and gy.92,...,9u—1 in [ such that ps g, .- Pgagi Porg >

0. If u > ny, then

P%((eg,1)) = (P¥(eg)1)
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= (phygu-l Pg.-1.9u-2 * " Pga,g1 Pg1,9 €n + other terms, 1)
= Phgu-i Pgucigu-z " Pgagr Pgr.g (€, 1) + other terms
e PUI).

But P*(I,) € Tusne P"(11) = H. thus (en,1) € H. On the other hand, suppose
u < ng. Select x € .V such that k,x +u > ng. Since a,,, Z < P*, we have (am )* T <
(P¥)* and thus (am,)*P* < P+ But as shown above, P*([,) C P¥=#*4(])) so
that

len. 1) € PU(I)) € PR*(l) € 37 PM(I) = H.

n>ng
In total, this establishes (ey.1) € H for all A in I
Consider (ey,z). If 2 > 1, 3y € N such that kyy+z > ng and kyy — 1 > ng.
Thus. (am,)¥ P* < P*¥** and (ay,, )Y P~' < P~ g0 that P~'(H) C Pkv~=!(H)

which vields

P~'((en, 1)) = {ex.2) € PT'(H) C PR='(H) ¢ P2  PM(1)] € H.

n>ng

Therefore, (e,,2) € H and by induction, for any positive integer z. (es, 2) € H. From
this, we have that H contains the order ideal generated by {(es,z) | h €[, z € N}
which is Hp by definition. That is, H O Hr. Since H C Hr, this implies H = Hr.

(i) It is obvious that 7 is a pure trace on H = Hr. Now we check that

Fo Pk = [T A]7' 7

=1

Set k = Y_'_, k; and choose (a;,m;) € H; where ng < j < ng + k — 1. By definition,

(aj, m;) = Pi**4((c;,1;)) for some (c;,1;) € I where j = Yi_ s; k, (si € Z%, [; € N).
We thus calculate
7o PE=k)((a;my)) = 70 PE=k) (PItk((c; T)))

= 7 (PP ((e;, 1)
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_ [Ht 1/\i-(sd»l-m\-q)] T(m)
A (P n (e T)))

II

I A 5.5
II ’\i:-lfj((a‘j’m‘j))
T, A #(@.m)).

no+k-1

By linearity, any element of the form ¥727""" (a;, m;) (with (e;, m;) € Hj) lies in

Hr. This fact allows us to write

Fo PO (St Tarm) = S o PO ()
k- -1

= SN (e my)

-1 -

[H:-_-l ’\‘] 7 ( ;?—-::_l (a;, mj))

. ~ Ttk -1
from which we can conclude 7 o PSi=tbd = (T8 A] 7 7.

(i1) Define

il

w:[ — R™.

g— T((eg,1)).

Setting v = (w(g))qer, we calculate

D er Ten 1)) - ph g
= Y (PEgen 1) = 7 ((P5e,) 1)
o P4l D) = [[I_ N #((e D)
= [ e
from which we obtain v PTi=i% = [[T_, A~ v.

(iii) Take (a,m¥i_, ki + 1) = (a,mk + 1) € Hr where a = [[,cr agey, € RT. The

identity 7 o P~ = ([T'2; \i)~' 7 yields 7o PF = ([T'_, \i) 7 so that

st .
v P"‘x:lk‘ . eg

7((a,mk +1)) = 7o P™((a,1))
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Hence. 7((a.m - T!_ ki + 1)) = [['[f=l ) i]m (v-a). B

Theorems 2.24 and 2.25 can be regarded as corollaries of Theorem 2.26. If ¢ is set
to L in Theorem 2.26. the other results (except for uniqueness) can be obtained.

Next. we obtain results concerning the Choquet boundary associated to P and
[y. Let S(1,.u) denote the trace space of [,. where u is an order unit of I; and let
d.S(I;. u) denote the set of pure traces of S(/. u).

The following extends [14: 1.3] to our situation.

Proposition 2.27 Suppose that T and P are defined so that (e) holds and T, ezists.

Let I, denote the order ideal of Hr corresponding to the space-time cone Cy generated

by {(eg,1)|g € T'1}. Then,

(i) For each 0 < A < oo, the set of traces Ey := {r € S(I},u) |70 P~' = \77}

is a closed face in the trace space of (I, u) provided E\ is nonempty.
(ii) 0.S(I,u) = Uo<a<oo O Ex where O E) is the set of extremal traces in E).
(iii) All faithful pure traces belong to Upcrcoo OeE.

Proof. (i) We begin by showing that E,, = {r € S(I;,u)|To P! =0} is a

closed face. The inclusion E, C S(I},u) is obvious and the convexity of E is clear.
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Select v in F« and suppose v = t; a +t, 3 where o, 3 € S([1,u), 0 < t1,t2 < 1
and t, +t, = 1. Since yo P~ = ¢, a0 P~! + t, Jo P!, we have v o P“(u) =t,ao
P=Y(u) + ts 3o P~Y(u). Since vo P~Y(u) = 0. t,ao P~}(u) > 0 and t, 3o P~'(u) > 0,
it follows that t,cco P~1(u) = 0 and t,30 P~}(u) = 0. Therefore, @ o P~! and 3o P!

are both zero and as such belong to E.. Thus, E is a face of S(/,, «). Furthermore.
Ex = {T€S(,u)|To Pl=0} = ﬂreh {r €S, u)| r(P~Y(z)) = 0}

implyving that E is a closed subset of S([},u). In total, E is a closed face in the
trace space S([, u).
We now establish this fact for £\ with A\ < 2. Assume 0 < A < x and FE is

nonempty. Then,

Ey, = {7'65(11.u)|7‘o(}5“_,\‘1[)=0}
= ey {7 € S0 [7(P7 () =27 (x)) = 0},

This implies Ey is closed and therefore compact in S(/), u). Once again. the convexity
of Ey is obvious. We will complete the proof that E) is a closed face in the trace
space S(I,.u) after we establish part (ii).

(ii) Since E is a face, EN8.S([;,u) = 3. Ew. Suppose T belongs to 0.5(/, u) \
E so that 7 does not identically vanish on P~!(I;). By Theorem 2.25. 7 € E), (some
0 < A < 00) and clearly 7 € .Ey. Hence, 3.5(/1. u) C Upcrcoo O En-

Conversely, consider
E)\, = {reS(,u)|ro Pt =X""7}.

Case 1: 0 < Mg < cc.
Choose 7 in 8.E),. By standard Choquet theory. there exists a probability measure

© on 8,S(I1, u) such that 7 can be represented by the integral

T(z) =/ zduy Vzel,
3eS(I1,u)
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Since 9.S(I1, u) C Upcr<oo GeEn
T(:)=/ :du+/:du+ zdu
E, Ea E3
where E|, E,, E3 are Borel subsets defined by

EX = aeS([h ”) N (U/\\‘,\o aeE,\)y
E, = 6@5([1,'&) N (UA)AQ aeE,\) .
Ey = 8.5(I,u) N 8.Ey,.

34

[f we choose = € I™. then [¢ :du is nonnegative for i = 1.2,3. Suppose p(£,) # 0.

Then. for any A\ < \g,

zdp 2 ,\’g/ > du.

AT(z) > ,\3‘/
e S(I ,u)NB Ey

Evaluating at =z = u yields
1 = r(u) = MroP™*u) = Nr(P™¥u) > ,\3‘/ P~*(u) dp.
3e S(1y )N E),
But for a in 8.5(I;.u) N 3.E), we know that a(P~*(u)) = A *a(u) = A7, so

I Pt(u)dp = A u(@,S(L, u) N D.E).
a,S(Il,u)nazE,\

Thus,
Ak
1 > \—(L) u(@eS(Il, U) N BeE,\).

Letting & — oo for any fixed A < )y vields a contradiction. Therefore. u(£,) = 0.

Suppose u(E,) # 0, then for any A > Aq,

sdp > ,\’5/ zdpu.

A T(2) > /\k/
0 ( ) = 70 8. S(11,u)N3 E ),

Ea

Evaluating at = = u, Theorem 2.25 implies 7 o P= Ag T so that

1 = r(u) = Ag*r0PFu) = A Fr(Prw) > A /
8¢S([1,u)l’13eEA

P*(u) dy.
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But for a in 9,5([;.u) N 0. Ey, Theorem 2.25 implies
a(P¥(u)) = Mau) = I

so that
/ PEu)dy = M (0,51, u) NB.EL).
i),.g(['_,u)ﬁaeE‘\

Thus,
k
1 2 /\\:_k' u(@eS(ll, 'U) N 8eE,\).
A0

Letting kK — oc for any fixed A\ > )\, vields a contradiction. Therefore, u(E,) = 0.

So far, u(E,) = p(E,) = 0 so that

7(z2) =/ zdp
Ej

where Ey = 9.S([,. 1) N J.E),. Now. suppose p is not point mass. Then, there exist
measurable sets [}, U, with positive y-measure such that U, U, =0, U, UU, = E;
and p(U)) + p(U,) = p(E;3). We know that 1 = 7(u) = [g udp = p(E3). Define
o J: I = Rvia

a(z) = ; / zdp.
u(Uy) Ju

I .
) = g ot

Obviously, @ and 3 are both positive homomorphisms on I;. We will show that

a € E)\,. First, since a(u) = ,;(;Ul)fo udy = u(—Llfl)“(Ul) = 1, we have o € S(I},u).

Furthermore, since yo0 P~1(z) = t v(z) Vv € Uy, we have

. 1 . 1 1
Pl z) = — Pl(z)du = zdp = —a(z).
a0 PT() MM)LI (2) du MM%)A w= 5y el

Hence, a € E,,. Similarly, g € E,,. Furthermore,

U)o+ puls) Bl (z) = wpli)a(z) + p(ls)B6(z)
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= zd +/ zd
o2t J 2
=/ zdp

Uyuls

= zdp
Es

= T1(z2).

But the identity u(l,) @ + u(U,) 3 = 7 contradicts 7 € J.E),. Therefore, p is sup-

ported at a point of Ej.

Case 2: \g = .

Consider

Ew = {r € S(l},u)| 7o P7' =0}.
Given 7 € 0.E, standard Choquet theorv once again yields a probability measure ¢
on 8,S(I,, u) such that 7 can be represented as the corresponding integral using this

measure. That is.
T(z) = / zdd Vzel,.
azs(llvu)

Since 3.S(I1.u) C Upcrc+oo e En. we have

re) = [ zds+ [ zdd
1 2

where F| and F, are Borel subsets given by

F, = 0.5(1, u)N (U0<A<+oo 3eE,\) .
Fy = 8.5(I,,u)N,Ex.

If we choose z € I, then [ zdu is nonnegative for ¢ = 1.2. For any 0 < A < o0,

(z) > zdd.

- /a,sul,u)nazza

Evaluating at z = P~!(u) yields

0 = (P '(w) > /a o, P1(u) ds.
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But for any « in 9,5([;,u) N 0. E), we have a(f’"l(u)) = Ala(u) = A7!. Thus,

/ P w)ds = A 6(3.5(1, u) N 8.Ey)
9o S(11,u)Nde Ex

which implies

0 > AN'9(8.S(I1,u)NA.E\) > 0

from which we obtain §(E,) = 0 and

7(z) = = dd.

-/8¢S([1,u)ﬂ(')¢5m

Suppose ¢ is not point mass. Then. there exist measurable sets 1,15 of positive
d-measure such that VNV, = 0. Vi uly = Fy and (V) + d(V3) = d(F3). Define

¢on: Iy = Rvia

U T
@ = gy e
1
") = gy )

Obviously, ¢ and 7 are positive homomorphisms on [;. We will show that ( € E.

Since ((u) = a(l_m‘fv.“d‘s = ﬁd(ﬁ) = 1, we have ( € S([,,u). Also, since
so0 P=(z) =0 for every ¢ € 1},

o Pl(z) = (P U(2) = —— [ PV(z)d6 =
CoPT) = (PR = gy [ PR = 0

3

Hence, ( € Ey and by a similar argument, 7 € E,. This yields

P ¢ +d(V2)nl(z) = 8(Vi)((z) + 6(Va) n(2)

/Vlzdd-k/wzd(S

= / zdd
Viuvy

= zdd
Fp

= 7(2)
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from which we obtain 6(17) ¢ +4d(V3) n = 7. But this contradicts 7 € 0. E, implying
that ¢ is supported at a point of F,. In light of this fact,

U 8.Ex C 8.S(L.u).

0<A<x
Therefore. 9.5(]1. u) = Usca<oo Je Ex, completing the proof of part (ii).

To complete the proof of part (i), in particular. to show that £, (0 < A < o0) is
a closed face in the trace space S(/;.u). note that S(/,,u) is a simplex [7; 10.5].

By construction. ) has an order unit. Thus. S/}, u) is a compact. locally convex.
Hausdorff space. Hence. S(I;. u) is a Choquet simplex. We verifv the facial criterion
of [7] (see Corollary 11.19 therein). When A < oo, d.E, is a compact subset of
9,S(I,.u) and E) is the closure of the convex hull of d.Ey. Thus, for the case of
\ < oc. it follows that E) is a closed face of S(/,. u). completing the proof of part (i).

(iii) As mentioned in Theorem 2.25. a pure faithful trace 7 does not vanish iden-
tically on P~'(1,). But by part (ii). we know that 7 does not belong to d.E« and

r € d3S(I.u) = | 8.Eh

0<A<

Therefore. the set of faithful pure traces is contained in Ujcpcoc GeEx. B

2.3 Examples and Other Results

We start this section with two examples. The first emanates from power series, the

second from Laurent power series. The traces are determined and analyzed.

Example 2.28 Take ' = Z™* as the state space of a Markov chain. Here, RI" can be

identified with the space of bounded formal power series, that is,

RT = {f € R{z} lf(z) = Y%, a; z* where sup; |a;| < oo} )
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Take p € R where p(z) = 2,(3)" and define a linear operator

1=

P: RT — RT.

f(x) — p(z) f(x).
We also can describe the Markov chain as an infinite matrix. Form MT, the real
vector space with basis generated by {e¢,}ser (sometimes thought of as the set of

functions [ — R with bounded support). Let P be the matrix

1 0000
11 000
7 3 1 00
¥ @ 5 10
RN

Clearly, P is a nonnegative infinite matrix and it is easy to check that the set of its

row sums is bounded. Thus. P : M — MT given by

P 1 1 1 = 1
e — € + 3 Gl + 52 Ci+2 + o+ ok Citk + - = kHﬂ o itk

is well-defined. Regarding MT as R[. we obtain the dimension group
Hp := limRT = RT -5 RT — -+

Obviously, id < P so that P satisfies condition (e).
The radius of convergence of p(z) = 32, %;xi is 2 and the interval of convergence
is (—2,2). We are interested in the nonnegative part of this interval, that is, [0,2).

For 0 < r < 2, define
V.: T — R,

i— Tt
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We calculate

1 0 0 00O
é 1 0 00
L1000
VeeP= (1 r 72 o )| % % 5 10
bod kb
+)
= zo-‘,}?”' ( :o-iogL-"')r ( ;‘20._,%r‘)r2 )
1 )
= [Z‘:O;F‘](l rorro ot )
= p(r) ;.
Thus. p(r) = 32, :}; r' is an eigenvalue of P with corresponding eigenvector 1.
When r = 0. the eigenvector Yy = (1 0 0 0 0 - - ) corresponding to the

eigenvalue p(0) = 1 yields a harmonic function hy : I x NV — R™ given by

(g.n) — = (Vo)y-

That is, ho(0,n) = 1 for all n € NV and hg(g,n) = 0 for all (g.n) € (T'\ {0}) x V.
It is easy to check that 3 cr ho(g.n) =1 < oc Vn € N so that hy induces a trace

70 : Hr — R defined by

(69’ n’) — h'O(gv n')'

Clearly, 7o is not a faithful trace.
Now, suppose r € (0,1). The eigenvector V; = (1 r 72 r¥ ¢+ . . ) corre-
sponding to the eigenvalue p(r) = 2—:’—,, yields a harmonic function A, : ' x N — R*

defined by
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It is easy to check that for any nonnegative integer n,

9—," @-rr 1
S hi(g.n) = S

yro=fh <o

gelr gel l1-r

Thus, h, induces a trace 7. : Hr — R by means of

ro(2 — r)®
In "

(eg.n) = h.(g,n) =
It is clear that 7, is faithful.

Definition 2.29 A Markov process (P.T') is said to be irreducible if for any two

states g, h € [, there exists a path from g to h. that is.
3 hy hoy- o hgoy, he € T such that ppp, Phyhye_, *** Phaha Phaky Phyg > 0.

It is obvious that the Markov process in Example 2.28 is not irreducible. For
instance, no path exists from state 2 to state 1. However. we can modify this example

so that the resulting process is irreducible.

Example 2.30 Take [ = Z so that RT can be identified with the space of bounded

formal Laurent power series, that is.

{f € R{z} 'f @ Lt and sup;la;| < oo} .

Set p(x) = ¥ __ ' 27" and define P : R[' — RT via

flz) — p(z) f(z).
The matrix representation of P with the respect to the natural basis is:

L i 2 5 =

il s o7 ow

541} %

¥ r o5 L3

¥ F oF 1 L
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Clearly, P is a nonnegative infinite matrix, the row sums of which are bounded above

by 3. As before, we obtain a dimension group via
Hr = limRl 5 RT 5 RT — -+ .

Note that id < P so that P satisfies condition (e).
When viewed as a complex function, p converges for all z satisfving 1/2 < jzj < 2.
For each r in (3, 2). define a map
.. T =R,
L—>rt
As before, 1, - P = p(r) V; so that 1} is a left eigenvector of P corresponding to the
eigenvalue p(r) = 3r/(2 — r)(2r — 1). This eigenvector vields a harmonic function

hy: T x N — R™ by means of

(g.n) — L2)s re P92 = )M = 1)
g. — = = = - = a ‘
plr) (('-’—")(’—’r—l)) 3
But
2~ r)r(2r - 1)
Zhr(g»n) = ( ")n( : ) r¢
(2—!‘)"(27‘—1)” o -1 ;
Jnpn (Zi=0 ro+ 1=—00 r )

which diverges for any r € (%, 2). Hence,

Y helgin) = x

gel
so that h, can not induce a trace on Hr.
Proposition 2.31 Assume (P,T) is an irreducible Markov chain satifying (o). If

inf {Z ger Phag

then every trace on Hr is faithful.

her}>o,
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Proof. By Corollary 2.14, Hr has an order unit, say u. Take a pure trace.
r: Hr — R. Since P! is a bounded positive endomorphism (in fact. an automor-
phism), 3\ > 0 such that 7o Pl=\-r. If\=0, then 7o Pl = 0. whence T = 0.
This leads to a contradiction. Therefore, it must be that A\ > 0.

Suppose there exists v in (Hr)" \ {0} such that 7(v) = 0. Then. we can write

v=2 I vnlen)

neEN (gn)e(l'xNjn

where 0 < vy, < M Vg.n for some M > 0 and vy, > 0 for some g and n. (Recall
that RT" = [*(T').) Given n € V. since 0 < 7(vgn (897)_) < 7(v) = 0. we have
7((eg. 1)) = 0. Furthermore, T((egn + 1)) = 70 P~Y((e,,n)) = - T(vgn(eg, n)) =0
so that (recursively) we obtain T((eg—.k)) =0V ke NV with £ > n. On the other

hand. 7 = A\™' 70 P! so that
r((egn—1) = A 70 P ((gn—1)) = A" 7((eg.n)) = 0

which inductively implies 7((e,. k)) =0 V1 < k < n. Hence. 7((e,.k)) =0 Vk € N.
Since the given Markov chain is irreducible. for any h in I'. there exists a path

from ¢ to h. that is.
3 hy,hoy -+ hg—a. hi—y € T such that ppa, | Phe i hes " Phaha Phohy Phyg > 0.

Moreover.

(eg,n) = (P*(eg),n+k)

= (phwhk—x phlc—lvhk—'.‘ ** Phahy phhg €n + other terms. n + k)

and T(m) = 0. Thus, 7((er,n + k)) = 0 which, by the argument given in the
previous paragraph, implies 7((es, k)) = 0. Since Hr is the vector space generated by
{(en, k)| h € T, k € N}, this implies 7 = 0, a contradiction. Therefore, it must be
that 7(v) # 0 Yv € (Hr)* \ {0}.
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Now, if v is in Hf \ {0}. then F = {7 € S(Hr,u)|7(v) = 0} is a closed face
of S(Hr,u). Hence, 0.F = F N 0.S(Hr,u). However, we have just shown that
FNo.S(Hr,u) = 0. whence F = (. Therefore, all traces on Hr are faithful. |

Definition 2.32 Given (P,I') and a subset S of [". we write P*(S) =T for a positive

integer n if for any h in T, there exists g € S and h,_y, hpa, -+, ha, hy € U such that

Phhnoy Pho_yhaos* " Phahy Phyg 2 0.

Proposition 2.33 Suppose '} is given and (P.T') satisfies condition (e). Let I,
denote the order ideal corresponding to the cone Cy generated by {(g.1)|g € ['}. If

there erists a postitive integer n such that P*(['y) =T. then I, = Hr.
Proof. Givenany heTl.3 g€, and h,_i. hn-a,....ho,hy € T such that

Phhns Pho_ihas ™" Phohy Phyyg 2 0.

Since (e4,1) € I; and

(eg.1) = (Pn(eg),n+1)

= (ph.hn-l Phu_ihn-s " " Dhohy Phyg€n T+ other terms, n + 1) i

we have (en,n + 1) € [;. Note that u =[] cr (€n, n + 1) is an order unit in [;.

By definition, given any f € I', 3 M > 0 such that

0 < (ep1) = (Poley),n+1) < Mu € IL.

Thus, (e, 1) € I,. Also note that P~ leaves I, stable. Hence, (ef,2) = P“((ef, 1)) €

I, from which we inductively obtain (ef,!) € I; VI € N. Therefore, [] ser (ef.0) € L1

Now, given v in (Hp)*, we can write

v=23 [T esilent)

leN fel
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where 0 < a,y < M, Vg,l for some M, > 0. This implies

0 < v <MY ] (e ).

leN fer

Thus, v € I, establishing the inclusion (Hr)* C I, and implying Hr =1,. i
Corollary 2.34 Assume (P,T') is such that

(a) condition (e) is satisfied and

(b) for any g in . there exists n = n(g) such that P*(g) =T.
Then, Hr has no non-trivial order ideals with order unat.

Proof. Let ug = ¥ pmewv [Iyer agm(ey, m) be an order unit of /. Then, there
exists m and g such that agm > 0 and (ey, m) € I. Moreover. by (b). In € .V such

that P*(g) =[. Thus. given any h € ". 3 hp_1. hp_a,- -+ ha, by € T such that

Phhuoy Phooyhnos """ Phohy Phyyg 2 0.

From this. we have

(eg,m) = (P"t™(eg),n + m)

= (Dhhnoy Phn_rshuoz ' ** Phahy Phig €n + Other terms, n + m)

so that (e,,m) € I implies (e, n +m) € I. But I has an order unit ug. Therefore,
u = [Iper (én,n+m) € 1.
Given any f € T, it follows by definition that 3 M > 0 such that

0 < (ef,1) = (P*™=l(ef).n+m) < Mu.

Since Mu € I, this implies (ef,1) € I. We also know that P! leaves I stable.

Therefore, (ef,2) = P~'((ef, 1)) € I so that recursively we obtain (e;,l) € I VI € N.

From this, we have [] ser (ef,0) € I.
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Now, given v € (Hr)*, we can write

v =3 [II aniten)

IEN fer
where 0 < a4, < M Vg,[ for some M, > 0. Thus,

0 <v < -’ULZ H (ef, 1) €1

leN fel

implving v € [, i.e.. (Hr)™ C I. Hence. Hr C [. Since the inclusion I C Hr is

obvious, we have shown Hr=1. B

Note that Corollary 2.34 does not vield Proposition 2.33 directly since P*(I',) =T
is weaker than the condition, P*(¢9) = [ Yg € I'. At last, we characterize those

f € RT for which P™f > 0.

Proposition 2.35 Assume (P.I') s such that
(i) condition (e) is satisfied,
(i) P2 < MP for some positive integer M,
(iii) All pure traces in Hr are faithful,

then the following are equivalent:

e dm € .N such that P™f > 0.

o for all left eigenvectors v of P. v- f > 0.

Proof. According to [13] (see 2 there in), Hr has an order unit. We know (f,1) €

Hr, so there exists an m in NV such that P™f > 0 if and only if (f,1) € (Hr)". Fur-

thermore, according to [6] (see L.4 therein), (f,1) € (Hr)" if and only if 7((f,1)) > 0
for every pure trace 7 of Hr. By Theorem 2.25, the pure traces are given by left eigen-

vectors. Therefore, 7((f,1)) > 0 can be represented by u- f = 3 e u(g) f(g) > 0

for some left eigenvector u. That is, for all left eigenvectors v of P, v-f > 0.



Chapter 3

Minimum Eigenvalue Estimation

This chapter is concerned with eigenvalues for infinite nonnegative matrices. In this
chapter. we will simplify Theorem 2 in [21] and give two basic conditions ensuring
v- P = Av has a nonnegative. nonzero solution v. Conditions on P under which
the set of eigenvalues admitting nonnegative eigenvectors is an interval of the form
[a. o). some a > 0, will be given. Included is an analysis of nonnegative eigenvalues
and left nonnegative, nonzero eigenvectors for the irreducible operators described in
the previous chapter.

Let P = (p; ;)i ,er be a matrix with nonnegative entries where I" is a countable
set. We will sometimes write P = (pij) to save space. Recall that P is irreducible
if for everv pair i.j € T, there is a finite sequence, k. ko, --.k, in [ such that
Piky Pk k2 " " Pkayy > 0.

Suppose P is irreducible and all iterates of P exist. We denote the n-th iterate of
P by P" = (pl(-”;)) (n > 1) where

pﬁ,’}’ =3 Pi,kpglj-” Vi,jerl.

ker

We also take P® = T so that pg?j) =d;; = 1 when ¢ = j and 0 otherwise. For each i

47
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and j in I, define the power series
— (n)
n
Pjz) =3 p, "
n=0

and let R, denote its radius of convergence. In [26], it has been shown that R, ; = R,
a value independent of the choice of i. j € T, and P, ;(R) either converges for all pairs
i,j € I or diverges for all such pairs. In light of these result, we introduce the

following terminology.

Definition 3.1 The common radius of convergence. 0 < R < 2c of the P, (z) is

called the convergence parameter of the matrix P.
Definition 3.2 An irreducible matrix P is called R-transient if
x -
S PR < Vijerl
n=0
and is called R-recurrent if
m -
3" o™ R" diverges Vi.jeT.
n=0
We now introduce analogues of the “taboo probabilities” of [5]. Given any k € T,

define the matricies P" = (kpgf})) (n > 0) recursively by

kpﬁf’} = 0i; (L —djk),

1 _

kPij = Pig-
2 2 1
0 = p — o oy
—1
=l — T ey

When n > 2, we can write

Y = Y e Vpe; Vijel.

a#k
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kpﬁfj) has a probabilistic interpretation with respect to the Markov process (P,[),
namely, it is the probability of going from state i to state j in n steps without visiting
state k.

Given any n > 0. it is clear from the above construction that
LPr< PR

that is. xp! j) < le Vi, j. and. for this reason.

Z 1’ "y Z P; = i,j(l')-
for all z > 0.

For the remainder of this chapter. we assume P is irreducible and I' = Z.

Theorem 3.3 ([21]; Theorem 2, p.1799) The system v- P = \v has a solution with
A > 0 and v nonzero, nonnegative if and only if one of the following conditions s

satisfied:
(i) P is R-recurrent and A = R~!,

(ii) P is R-transient, N\ = R~' and for each i = 0,1.2...., there is an infinite

collection R of nonnegative integers such that
T2, iPra(R) Poi

. 2a=j i
Jez. kehi\r'r.lj,k-—roo = iPei(R) 0.
(iii) A > R~! and for each i = 0,1.2,.... there is an infinite collection K of
nonnegative integers such that
% i Pra (A7) o 0

lim
J€Z, keK, jk—o0 iPei(A7Y)

Proof. The argument follows that of the cited result. i

For special P, there is a simpler criterion ensuring the existence of nonnegative

eigenvectors.
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Proposition 3.4 Suppose
3; = inf{p;|iel} >0 Vjerl.
If there is an infinite collection N of nonnegative integers such that

Z Pka/\ pa,z=0 Y120,

JEZ, kél\ jk—oa amy

then the system v- P = \v has a solution with nonnegative v and A > 0.
Proof. By definition.

PN = Y p (AT
= ,pk.‘) + Zn_l th"z) AR
= 0+ ,p0At 2:12 Dy A"
= p AT+ Z::., ,pﬁ_,';) ATR

Pra AT

J A7

v

v

Hence. for each i > 0,

. Ta a=j iPra(A” )pa.l
lim
JEZ, keK, jk—oc iPei(A7h)

llm Z a=j kaa(\ 1)pc:z,i
JEZ, kEK, jk—oc i AE

_ y—hy=1 . o« -1 )
= (B:A7) JeZ, kehn koo Za:j Frea(A™) Pas
= (B0

= 0.

The result now follows by Theorem 3.3. I}
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Corollary 3.5 Suppose 3 = inf{p,;,|i,j € ['} > 0. If there ezists an infinite collec-

tion K of nonnegative integers such that

Z Pea(AN ) pai = 0 Vi>0.

JEZ, ke!\ Jik—ooo amy

then the system v- P = \v has a solution with nonnegative v and A\ > R™'.

Proof. An immediate consequence of the previous proposition. [}

In the hope of obtaining more specific results. we further investigate , Py ;(x).

Lemma 3.6 [f ,P..(s) <oc Vi.k € for some positive real number s, then

lim Z iPral(8) Pax: = 0.

J]—Q

Proof. By definition.

Peals) = Yo st
= o)+ Zn 1:Pk",) n
=01+ Y7 (T s pas) 5"
= 5 Yo (X s ) pa
Y (T P ™) P
© Do Peal8) Pasi

I
¥

I
[V

Therefore, since ; Py ;(s) < oc and s > 0, .32, i Pr.a($) Pa; < 0o which clearly implies

the lemma. B

Lemma 3.7 Fizi and k in [ and take A > 0. If P is R-recurrent and A > R~ (or
if P is R-transient and A > R™!), then

= sz a(/\—l) Pa.i
li o = - = 0. 4
JH& IPk.i(/\ l) ( )




[$]]
(8]
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Proof. By assumption, 0 < \™' < R if P is R-recurrent and 0 < A™' < R
if P is R-transient. In either case. P.;(A™') < o which, in view of the inequality
P (A1) < P\, implies P, (\7!) < co. Furthermore, since P is irreducible,
there exists n € :V such that lpi'f,) > 0. Hence. ,p}; \™" < (P (A7) < oo

Applying Lemma 3.6. we have

lim Y iPia(A7) paw = 0.

Jmee

Therefore,

Ym- zP [a ’\-l a,l
0 < lim =o=! k. (_[ )p )
Jmvoe Prei(A7)

1 o
< lim P AY) P
- lp(k"ll) ’\_" Jjoc ZQ:] k‘a( ) pﬂ.
A
n)
'pgt,lz

which confirms (4). W

Although the limit in (4) exists for all A\ > R~! and k € T. the convergence need
not be uniform in k. To ensure the existence of solutions to v - P = v, we will

frequently make the following assumption:
For each A\ > R~!, the limit in (4) converges to 0 uniformly over all k € .  (5)
This holds for the examples of section 2.3, but is fairly restrictive.

Definition 3.8 Given a Markov process @ (by our definition, the column sums need

not be 1), define
A(Q) := min{\ € R|3v > 0,v # 0such that v-Q = Av}.

Theorem 3.9 If P is a nonnegative, irreducible, infinite matriz satisfying condition

(5), then
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i) \(P) = R™! where R denotes the convergence parameter of the matriz P.
D

(it) If A(P) < A < oc, then there erists a nonnegative, nonzero v : I — R such

that v- P = Av.

Proof. (i) If v is any nonnegative left eigenvector for P with corresponding
eigenvalue A, Theorem 3.3 implies \ > R~'. Therefore. \(P) > R™".

For the opposite inequality. pick € > 0 and let \ = R~' + €. By (5), the limit in
(4) converges uniformly to 0 over all £ € [". Hence, there exists an infinite subset K
of nonnegative integers such that

-1
lim chzj th.a(’\ )pa.t
JEZ. keR . k—oo Pri(A7h

=0 VvVi20.
Therefore. by Theorem 3.3, 3v > 0. v # 0 such that v- P = A v, implying
.\(P) S /\ =R—l + €.

Letting e — 0. we obtain .\(P) < R~' which implies (i).
Since no restriction was placed on the size of ¢ > 0 in the proof of part (i), the

argument therein also implies (ii) since A(P) = R~!.

Corollary 3.10 Let P be a nonnegative. irreducible, infinite matriz and suppose P

and PT (the transpose of P) both satisfy (5). Then,
(i) A(P) = A(PT) = R™'. the convergence parameter of the matriz P.

(ii) If R™' < A < oo, then there ezists nonnegative, nonzero v,u : I = R such

that v-P = \v and u- PT = \u.

Proof. This is an obvious consequence of Theorem 3.9 since the convergence

parameters of P and P7 are identical. [
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Example 3.11 Consider the nonnegative, infinite matrix

1 100

5 010

L o0 1
P=1°:

5 000

We claim that P has only one nonnegative eigenvalue and a unique eigenvector (up
to scalar multiple).

First note that P is irreducible— p;q = _,l and p;;+; = 1 Vi hence. given any
i.j 20.pioporpra--- pj-1y = 3 > 0. Now. assume v = (v;)i>o is such that v > 0.

v#0and v-P = Av for some A > (). Then.

1 1 00
Lol o
L5 00 1
(vo v v 1y )| = Mouw v 2 v )
s 000
vields the system
,
Up + 01% + Uf_)§l§ + 'U3"}T, + - = Ay
Ug = /\Ul
v = /\'U'_)
Up = /\'03
\

so that
v = /\I—i'vo V’LZ 1.
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(1]
[3]]

Since v is nonzero. it must be that v, > 0 Vi > (.

2

The first equation implies vy = A\7'[1 4+ (2A) 7' + (2A) ™2 + - - - ] vp. Thus,

1 1
+ + + -

/\ = 1
T T e T e

Furthermore. A > 0 implies 2\ > I so that 2 = \. Solving for A yields A = 3.
Therefore. up to a scalar multiple. the only eigenvector of P is given by v; = (2/3)*

(1 >0) and A = :f is the only eigenvalue.



Chapter 4

Irreducible Markov Chains

Under the assumption of irreducibility, this chapter establishes an affine homeomor-
phism between the space P, of nonnegative eigenvectors of P for a fixed eigenvalue
A and a subspace of the trace space of the dimension group DG(\) (defined below).
Extending the definition given in [14], we define future dimension groups FDG(})
for P which are not necessarily column finite. By imposing additional conditions
on P, we obtain a one-parameter family of onto. order preserving homomorphisms
oy : FDG(\) = DG(\). each of which induces a one to one map between the corre-

sponding trace spaces.

4.1 The Affine Homeomorphism Theorem

The set-up is as follows. Let (P,T') be an irreducible, infinite Markov process with
countably infinite state space . That is, the transition matrix P = (pg)gner (we
are using “transition” in a rather loose sense; the column sums need not be 1) is such
that p;, > 0 Vh,g and, given any states g and h in I, there exists a path from g to

h, that is,
3 hy,ha,ha, -+ . hn_1,hn € T such that pnp, Phyhn-1 *°° Phaha Phohy Phyg > 0

56
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Choose an (essentially arbitrary) partition {I'; : { € N} of the state space ' where
each I'; is finiteand I' = UieNI’i. For each i € NV, form RT',, the real vector space with
basis {e,}4er,. Obviously, RT; is a finite dimensional vector space. Let B; denote
the transition matrix of " restricted to I'; so that B; = (pgs)gner,. Note that B; is
a linear transformation from RI'; to Rl;. For any i,j € \V, define Cj; : RT';, — RI;
to be the restriction and compression of P to the corresponding parts of I', that is.
C,i = (Pg.n)(g.h)er, xr,- Thus, with respect to the partition {T;}, P can be written as

the block matrix

Bl Cl 2 Cl,l! Cl i Cl t+1
Car By Cag Coi  Coivy
Csix Cs2 By Cs.  Ciiv
P =
Ci.l Cl.'.! Ci.3 ot Bi Ct,i+l
Ci+l.l Ci+l.‘2 Ci+3.3 I Cl+l.l Bi+l

Now, suppose the nonnegative, nonzero row vector v : ' = R is a left eigenvector
of P so that v- P = Av for some A > 0. (By Theorem 3.3, it must be that A > R~!.)
Let v; denote the restriction of v on [}, that is. v; = v|r, : I'; = R so that we can
write

U=(Ul 'U? v3 . .)_

From v - P = A v we obtain

(’01 Ua Uz - ')'P=’\('Ul Vp Uz - ')
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which vields the system

(

vy By + ’U-_)Cgvl + v3Csy + -+ + U Cz,l + Uiy Ci+1,l + 0 = Ay

VCia + taBy + v3Cs2 + -+ + 0;Cia + 1,1 Crp1p + -+ = A

[ C[‘g =+ Ua C'g‘;; + U3 B3 + -+ U; Cl‘;} + Vitt Cl-+-1,3 + e = /\'Ug
4

Uy CL, + Uy C‘.’,i + U3 C:;_l’ + -+ v, By + Uit Ci-H.,i + - = Ay
\

If the inverse matrix (\] — B,)”" exists. then

th = U-_)Cg'l (/\]— Bl)_l + U3C3,l ('\I—Bl)—l +
UzC;‘,l (/\[— B[)_l + Ui+1C,.;.1'1(/\f—— Bl)_l + ...

For each k£ > 1. define a one-parameter family of matrices, F,ﬁ:\l) : R’y — RI} via
FY = Ca (M -B)™.

This allows us to write

A A A
vy, = W E-s.,\l) + U3 F‘é,l) + - 4y E‘;(vl) + Vi1 F;(_*_i'l + ...
so that
Avs = C[_z + 'UQBQ —+ USCS,Q e

V; Cia + Vig1 Civi2 + -+
= 'U2F:S,'\1) Ci2 + v3 Fé,/\I) Cia + - +
v; F,-(";) Ca + v,-HFf:iJ Cia + -+ +
va By + v3Ca2 + -+ v Ci2 + Vg1 Ciyr2 + -
= w(FVCia+ Bs) + vy (FVCia + Cag) + - +

A A
Ui (F;(,1)C1,2 + Ci,:!) + Uigr (E—&iyl C2 + C,-+1'2) + .-
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. . il
If we assume the inverse matrix (,\I B, — F(’\)Cl q) exists, then

vy = U3 (FJ(:\I) Cyo + Cgvg) (/\1 - B, - FI(J\I) Clvg)-l + e+
Uy (F}(T) Clvg + C,'vg) (/\I — By — F.g./\l) Cl'-g)—l -+
~1

N.1Cia + Corra) (M =By = FiY Cla) ™ + -+

[

Uist (F

Defining, for each k > 2, a one-parameter family of matrices F,g'A._,) : R’y — RI via

-1

F = (Cea + F) Ca) (M - By = FY C1a)

(A) (A) (A) o~
= Ck.'.z + Z Fk}x th' FJpJ('
2> >p>>)p>321
-1
M - By - 3 FOFEN - FN e, .
>p>p>>5p>121

we can rewrite the previous equation as
A N oL A A
va = U3 F’( ) + uy F( ) ) F'z(.’) + Uy F~1(+3.2 + ..

For the purpose of an inductive argument. fix { € V. Suppose that for any [ € .V
satisfving 1 <[ < . the inverse matrix
-1
(,\f -B- X EGERDL - FC )
> >p>>5p>)2>1
exists and furthermore. suppose that for every £ > [ we have defined a one-parameter

family of matrices F,ﬁf)) : RT; = R via

) = (Ck,, + > FO RN .. FNc )

] J.J2 Ipsd
[>j1>j2>>jp>j21

-1
(AI—B,— 3 FRYFN F(”c,)

J1J2 Jpid
>)>32>>)p>j>1
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so that
( A A) A A
vy = 'U-_vF_w(,l) + UsF;g,l + 1y F( ) R UiFi({) + Ui+1F7-11 + -
A A) A
vy = Ug Fz(.z) + U F4(.2 + -+ UiFi(,i) + 'Ui+lF+L)
<
—_ F(t\) F !
‘Ul'—l = U 111+Ll+1 --lzl'r'”

(In the previous paragraph. this was verified for i = 2 and { = 3. The statement is
vacuously true for i = 1.) To extend this to the case of [ = ¢, note that
0 Cy o= uFEYCL + aFY L+ wFRYCL + o+ FYCL o+
Vigy F}(ﬂ  Cr, +
= 03F F CLL-{-L; (’\)F(’\)C + oo+ y F (“ C“
U;+1Fl(i“F(\) Cio + - + v F;i_'\l) Cy:. + vy F4("\1) Cis + -+ +
5 FY Cu + v B2 G+
= (F(A) F(A) F(”) Ci, + vy (F Fn Ffﬁ))C‘l,‘ oo+
v (FOEY + FYYCu + v (FQL P + FO) € +

1>)1>72>>1p>1

(A Y] A)
Vit1 ( z Fx+%“ FJ, Jge o F](,,,x) Cui +

i>n>ja>>jp>1

— LI 2SI A .
= U‘( Z Fljx Fjuﬂ Fj,,,l) Clv‘ +

Similarly,

(A A A
Ua C’.’..i = U ( Z Fm) FJ(h.)I‘ FJ(p)~) CQ'i +

I>j1>12> > )p>2

(A) A A
Vit ( Z F‘1+1]1 Fj(l 3» s F},,,)z) Cai +

1>)1>J2>>fjp>2

and inductively,

Vi—1 Cimyi = Fz(zl Ci-1i + 'Ui+1F1.1, 1Cictyi + -+
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Combining these identities, we can thus write

A = 0 Cr + Gy + 3Cyy + - + 0B + v, Ciyy + -+

—_ . (A) (D) (A)
= U ( Z Fl»Jl FJlJ'.' FJ}MI) Cii +

1> >p2> > p>1

rv(\ (\) (z\) .
Ui+l( Z l‘Y'lJlFJIJ‘” )C“-r-"-r

t>pn>ja>>pp>1

b, ( 3 Fz(j\l F“ F,(,,AL) Co; +

E>J1> 2> > p>2

, {A) (A) (A)
bi"“( Z F UxFJLJ" "F‘Jpv'-!)C'-’" oot

t> 1> Ja> > p>2

. (A) ,
Uy Fxx lCl et ll-f-lF li— [Cx-l.z ol ol Bi + bi+lCl+l.l +
— . (A) (A\)
= u|B + Z Fz_n Fn,J' o Fjpv.] C.| +
I>N>02>>1p>121

' {(A) (A) (A) :
Vit ( Z Ft*wx FJ:J? Flpd Cra + C”‘“") +

I>N>g2>>)p> 21
Continuing with the induction argument (namely, establishing the case of [ = i),

suppose the inverse matrix

-1
(A) (A (A
(,\1 - B - ) FYVEY . FY e, )

1>j1>42>>1p>121

exists and define a one-parameter family of matrices F, L(’\l) : RI'; = RI} via

A A A A
= (ews E ML),
i>j1>52>>)p>j>1
-1
A) (A) (A)
(AI - Bi - Z Ft(]l F}'x,ja o FJpJC )
> > 2> >jp>i 21

Then, by the previous identity,

A A A
v ( > RN Rl B+ C)

DG >fa>>Fp>i21
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-1
A) () (A) ~
M - B; - > FOLFR o FY o)+
150> 2> > p> 21
(N (A) A)
Uit2 ( Z Fl-r 2.1 Fjljv o FJ(,,,_;' Cj,i + Cl+2.i y
1>71>72>>4p>5 21
-1
A) A A
A - Bl - Z E(._]! F}(!Jg F:,(pj Cj.l 4+ ..
I>N>p>>p>)21
which implies
(A
vp = L'i+lET[l s Ll‘r’F 2 T LH—JFH-JL o (6)

This completes the induction. proving that the Fk(.ﬁ) (k > i) satisty (6) for each i € .V

(provided they exist). It remains to be shown that each F,ff:) is well-defined.
Lemma 4.1 If v = (v;) is a nonnegative, nonzero row vector satisfying v- P = \v
for some A > 0, then v; >0V .

Proof. By assumption. v; > 0 for some i. Thus, by irreducibility, given any

J € ['. we have a path from j to . that is. p;,. p;.ju_, =" Pjapn Pir,y > 0 for suitable

indicies ji.---.jk. But v- P**! = \"*!y. Therefore,

0 < ViPijaPiwgner " Piznt Ping < A Uj
from which the lemma follows. [}
Lemma 4.2 Using the above notation, the matriz
-1
(A) p(N) (A)
(,\[ - B, - > FOI RN o Y Cj,i)
i>1>j2>>1p>721

is defined for every i € N and the matriz

O - A (A)
F - (Ckvl + Z Fkv.}l F.’J(lv.)r’ o FJP'] C] l) ’

1>J1>J2>->4p>721

-1
(,\1 - B; - Y FOFN ... FNc; )

L1 7 11,02 Ip:d
1>41>2>->fp>521

is nonnegative for every k > ¢ > 1.
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Proof. Let P. v. A and {I';} be as introduced earlier in this section. Define
A = diag(v)

and set

Pl = APA—I/\_I.
(By Lemma 4.1, A~! is well-defined.) Then,
rATg) = 1

for all ¢ € T and
cATTAPAT = pPATY = AvATh

(This is a standard trick called an H-transform.) Obviously, the matrix P’ is non-

negative. irreducible and satisfies
(111 -)-P=(111. ).

i.e.. all column sums of P’ are 1. For this reason, P’ can be regarded as the transition
matrix of an irreducible. stationary Markov chain with state space I' = U;cy I'i (see
p.7 of [3]).

For each ¢ € .N. define A, : RI'; - RI; via

A; = Algr,.
We obtain a linear transformation B; : R['; —» RI'; when we define
B! = Ay B7'A AL
Similarly, for each pair ¢ # j in T, define C}; : R['; — RT; by taking

C;,i = A]' Cj,i Ai—l/\-l.
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In terms of the said Markov chain. B! represents the relative transition matrix from
[ to; and C;,i represents the relative transition matrix from I'; to T';.

For everv k > 1. define a linear transformation Fk(,l1) : RT'| — RT by taking
Flé,ll) = A Ck.l A1—11\\_'[ ([ - A BlAl—lz\_l)—l,

We need to show that each F, /c(,lx) exists. To this end, we consider how a particle in ',
may jump to [’y in any number of steps without passing through the other T,.

This can be divided into infinitely many disjoint events: one jump from [y to [,
staving one time in ['; and then jumping, staying two times in ['; and then jumping
and so on. The transition matricies for these probabilities are given by Cy . C; | B,
Ci. (B1)?.... (respectively) and the sum of these matrices yields the transition matrix

for the process.

Cra 2 (B

=0
An elementary irreducibility argument for finite matrices vields that the spectral

radius of By is less than 1. Therefore. 3724(B})’ converges to ([ — Bj)~!. Of course,
this is nonnegative. Thus. F,ﬁ'll) = Cp (I — B))~! is well-defined and nonnegative.
Furthermore.
ADEN A = AfteL, (- BT A,

= AL A (T-ATBA) T
= /\-le,l (I - le\—l)—l

= FY
so that each F,E')‘l) is well-defined and nonnegative. Similarly,

ATATNI =BT A = ATATH(I - ABATATY) T A,
= M-B)7",

implying (M — B,)~! is well-defined.
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Next, define linear transformations F, ‘512) : Ry — Rl via

- - -1
Félg) _ (Aka\,gA-., F“) A Cl\) Al (I D Bi Ayt _ F“ EAY! C[\oAq )

= (CL.Q + Fi) C ) ([ B} - Fj) Cll,e)_l
for everv & > 2. To show that F ., cxists, we consider the process which begins in
I, and enters [ after some number of steps in such a way that at any intermediate
step, we either jump from [» to [;. jump from 'y to I'; or stay in I'; or 'y and, at
the last step. jump from either ', or [’y into 4. In other words. we jump from I'
into ', without entering any ['; for which i # 1 or 2
This can be divided into infinitely many disjoint events. The events and corresponding

transition maticies are as follows: never staying in [,
Cin + Fk L Cla,
staving one time in ['; just before jumping to k.
(CJIL-.z + Fi) C{.z) (Bé + F3) {2)
and. for any j > 2. staying j times in [, before jumping to [,
(Cro + RV CL) (By + FYCLy)
Summing these matrices yields the transition matrix of this process,

(Cha + FOLCL) X (By + P CL,).

j=0
Note that B; + Fr_fvll)C{‘z has column sums strictly less than 1 since it represents the
part of the transition matrix associated to the Markov chain from I'; to ['; passing
through any states in ['. Therefore. the above matrix series converges with

i(B; +Fe) = (1-By - ENC,)

j=0



CHAPTER 4. IRREDUCIBLE MARKOV CHAINS 66

Because of this,

FY = (Chy+ FOCL,) (1 - By - B Ci,)™

=

is well-defined and nonnegative. But

1

AR A, = agt(ca, + R aL) (1 - By - B )' A,
(Coar™ + FY CLaA™) (I = BaA™ = FY Clan™) ™

!l

Hence, F,Sz) is also well-defined and nonnegative. Similarly,

At (r - By - FYCL) T A
= ATIATN (I = M B AT = FYACus _\._:‘,\-‘)"‘A2
—1
= (M - By - Fj) C1y)
- : (A) “t
implying (,\I - B, - Fy) Cl,g) is well-defined.

In general, given any k& > { > 3. define F,i'll) : RI', —» RTy via

le(:l') - Ai Ci.i Ai—l + Z FL” F(l ... p y 2, Chi A;l .
W
A I>51>)2>>p>521 i A
-1 _
— I — miBimi _ Z F(I) F(I . F(l) AL CJ:-\ 1
1,] j e M L el
A i>)1> 2> >jp>j 1 1 Pl A

To show that such F,fl:,) exist, consider the process which begins in I'; and eventually
ends at I'; in such a way that at any intermediate step, we either jump to or remain
in one of 'y, I'y, ....I'; and, at the last step, we jump to ['.

Again, this can be divided into infinitely many disjoint events: never staying in [';,

' (1) (1) (1) v
(Ck,i + Z Fk J1 F]h]" FJpJ C )

i>J1>2>>fp>j21
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staying one time in ['; just before jumping to [y,

(Cllc,i + Z Fk,]; Ell.l" . F?I(pl'_’ C, )

i>j1>ja>>jp> 21
! (1) il (1) v
(Bi + Z Fi‘h FJL,J': ) FJ,,,J C )
. I>P>j>>p>i21 -
and. given any j > 2, staying in [, j times before jumping to Ty,

(Ci'»l + Z Fkl) Fj(xlﬁ F"'J Cl )

>N >a> > p>)21

J
l; 1) (1) 7
(Bi+ Z Fl(Jiju"' F.IpJC )

1> > > p>121

The sum of these matrices vields the transition matrix for the process.

(Cl,.x + Z ijl F“ ) El(pll Cl )

1>)1>03> > jp> 21
- ) () W )
! !
LA\Bi+ Y Ry R FyC
J=0 I>N>p>>p>)21
(l) (1 (1) n . .
Since Bj+3 15, 550555531 Fapy Foige -0 F),,y €. has column sums strictly less than

1 (being the part of the transition matrix associated to the Markov chain from I’; to

I'; passing through any states in I'). the above matrix series converges to

-1
/ (1) () (1) v
(I"Bi— Z F,JIF:“],” FJpJC ) :
i>5>5a>>4p>j21
Therefore.
(1) (1) (1)
Fkyi = (C':ﬂi + Z st]l F}lv]" o F}PJ C )
i>j1>)2>>jp>j>1

i>71>72>->3p>521

' (1) p(1) (1) v
([ - Bl - Z FvJI E]lr]" FJP’]C )
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is well-defined nonnegative. But

R (1) (1)
Ayt sz A= (Ck'i+ Z Fkn g FJpJC,
S>> 2> >Jp> 21
' (1) (1)
I - B; - Z Fl.hF )Je FJpJCI B ¥
I>N>ja>>jp>) 21
'Ckz C
— . (’\) .]v‘
= \ + Z FLJxFJhJ"'”F}pJ \ ’
‘ i>)1> )25 >)p>5 21 ’
-1
B; C,;
_ D W e G
[ \ Z F’-Jl F;l WJ2 F]PJ \
‘ 1> > > > 21 ’
— (A)
- Fk,t.

Hence. F ,f’\,) is also well-defined and nonnegative. Similarly,

-1
il (1 B Z F‘(Jlx F( ' FJ(pIJ CI A
1>)12)2>>p2>121
-1
1 -1 A: Bi —Xl—l ) () ) A C iAi-l
- /—\ Al ([ h 1\ - Z . Fz.“ F}l J- Fj]p,_] —_J-_JT_ Al
1> 0> >pp>321 /

-1
_ A) () )
= (’\[ - B - Z Fljl FJ(IJ" FJpJ CJJ)

1I>J1>72>>pp>j21

so that .
N - (N (M) (A)
(’\[ B; Z F.Jx FJlJ" ) FJpJC )
i>)1>72>>Jp>121

is well-defined. B
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Lemma 4.3 Using the above notation, if we set

(EY o 0o - . o0
BY Ry 0 . 0
FY FY O ORE - 0
H =
(A) (M) (A) (A
Fz‘+l,l Fz+l.2 Fi+1.3 e Fx+}.i
then
(UQ vy vy - )H = (Ul vy Uy - )
if and only if
(Ul Us Uz - ) Po= N vy Uy Uz - - ).
Proof. Suppose
(Lr‘l Vo U3 - )-Po= /\( vy Uy Uz - )

As verified in the course of defining the F,ff\,-), we have

( UL = g F‘.S.Al) + U3 F:f.'\x) + .-
Vg = U3 Féz) + Uy Ffé) + ..
A A
Vi = Uiyl Fi(+)1.i + Vign E(+%-i + oo

Thus,

U3 Uy ')'H = (U1 v Uz - )



CHAPTER 4. IRREDUCIBLE MARKOV CHAINS

Conversely, suppose

(vo w3 vy - -)-H = (v vgov3 - )

Then. given any ¢ € .V, we can write

Lo (A) \
T U2 E+2,x T

= (A)
by = Ll+1E+1,z

where for each k > i > 1.

(A ” (A} (A N
Fk,l - (Ck,l + Zl>jl>]‘.’r\'"'>_]p>_}21 Fk,_“ F ctt F iji) *

JuJz2 JpsJ
(AN () ) -t
(/\I - B - Zl>]1>]2>"'>]p>)21 F, F( F( Cj'i)

LJr T Inge Jpd

Bv substitution,

y —_ o (A) (A (A)
Vs (’\[ B Z‘>Jl>12>"'>1p>121 FiJl Ell.Ji T Fjp,J CN)
= (A) (\) (M)
= b (C”‘l" + Z'>Jl>12>-">1p>121 Fi+l-11 ij,Jz T Fjpd CJ")

; (A) (A) (A)
Ui (C"“Q" t Lo psp>esgst ey Eyrg 0 Fip CJvi)

from which we obtain

/\'Ui == U" Bi + U".+.[ Cl-{"l.l + 'Ul'+2 CI+2,i + P +
(M) p(A) (A)
U (Zi>11>j':>-~->1p>]21 Fi,j[ F}wg ce FJPJ Cj,i) +

, (A) (A) (A)
Vitl (Zi>11>1’=>-“>zp>121 i+1,7) Fn.jz F}p,j C],i) +
+

' (M) (A) (A)
iz (T i 5525505131 Fitdgy Fos ++ Fpony Cra
However,

) (A) (A A
Ui (Zi>jl>jz>-">1p>121 Fi'jl FJ’:}'.’ T FJ(p..)i iji) +

, e )
Vit (Zz‘>n>n>--->;‘p>121 i1y Eovge - F i Gl

+
o YIS )
vis2 (T isjisieo-sipsizt Fiagy Frps -+ Fay Cis) + -+
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is equal to

(A) (A) () )
(F“ 1 Cimry + Zi>jl>]2>"'>1p>J21.t—l>] FF S, - FUGC ) +

T T ipd
A (A () () ()
Vitl (FH'“ 1 Comta + Z‘>Jl>]'.’>"'>]p>]>l.i—l>j F-HJI FJuv ) Fjp-J Cj.i) +
() ey ()
Vit2 (F 2u-1 Comti + Xinjisgesesgps2Liz1>) Fz+2,11 Fylg Fi Cj.z) +

which is equal to

A) )
(UF( l+l‘1+lF-rlll+ul+)F()zl+”.)Cl—l,¢+

ey (A) ,
(2011)) 1> > p> 2 i=1>) sz; F“J. oo F C ) T

Jpid
(M (A)
Uity (Zz>11>_}'v> > p>)2l—1>) Fl+l_]1 Fi}[,_]-v Tt F‘Jp'.l CJ'; +
', (A) (M) (A)
Uiga (Z‘>.jl>]'.‘>"'>1p>JZl.l—l>j F‘l-r ) F}l 2 F‘JPJ Cj,z + ..

which is equal to

! ) (A) (A)

Ll—[ Cl—-l.l + Ul ‘F’!.l—l (Zl—l)] >"'>]p>_]>1 F 1'12 E]pj C ) _+.
(A) (M) (A)

Ui (Zi—[)jl>j._,>...>jp>J>l Flj[ F( . F C ) _+_

J1J2 Jpsd
Vatl Ft(ﬁ}l =1 (Zi—l)]g>--~>1p>1>l F(Aqu e F}(:z ij,) +
Uil (Z. 1152505 p > 1 Ff;‘{“ Fh’\j Fj(p\j CN) +
Vit2 F(-i; -1 (Z t=1>p> > p>521 F 11, te F}(;\v} CJ',‘) +
Gt (Simtopimms oozt Figng Figs  Fjpy Cra) + -

which is equal to

Vet Ciy + ( F(z Wy bl-v-lF--lz t+ U:+°Fx+)z 1)
(\) (A)
(Zi-1>gg>.-->1p>1>1Fz Lje °77 F' 'Cji) +
(A (A)
Uy (21—1>j1>j2>--->jp>j>lF;_]1 Fj“_]n . F C ) +

(A) ey N~
Vit1 (Zl I>51>32>>5p>j21 F+I_)l F]l]q : F]p,] C]l

4
; (A (A) (A)
Ul+2 (Z i—l>j1>j2>"'>jp>j>l F;_,__v-“ FJ[ J2 F}p] C ) + ...

which is equal to

A A
Ui—1 Cic1i + Vi (Z, 152> >]p>,~>1F,( {Jq .- F(p,EC )

A A A
Ui (Zi-1>jx>j2>--->jp>j>1 F;(Jl) F( ). F( ) C )

Jruge Jpsd

(A (A
Vit (Zi‘1>1l>f2>"'>iv>J>1 F+111 Filie - F5 Cia
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Continuing by induction, this becomes equal to

A) (A
01 Cicri + vi2Cimag + -+ + 1303 + 1y (23>11>j>l F"ﬁj)l P-?](lzc

(A (N (A)
Uy (23>j1>j21 Fu; FJuCJ.i) + Us (Z3>11>121 Fs Fili Ci, ) T
which equals

Vi1 Cimy + 2 Cray + -0 + 03 Gy +
{A) (A , (A)
U;F C>,+L’F F) C TU3F3[C11+
Uy F_“n) C';l 1F(\)F C].l + UlFtlcl;
vsFY Coy + vs FYFV Cyy + s BV Cuy +

which equals

tie) Ciciy + 0ic2Ciay + - + 03 Cyy +
(U3 Fﬁ,’ + vy F('.\,) + ug F—('.\) + --~)Co,- +
(v F32 + e FY + v FY + - Y B G+
aFY L ru FYCL + s Y G+

which equals

Vic1 Ciciy + 0;22Ceay + -+ + 03C3; + 1w Cy, +
Ug Fz(,'\l) Cii + s F) Cri + s F) Cri +

which in turn equals
Vict Cicri + vicaCicay + -+ + v3Cs; + vaCyy + v, Chye
Hence, using the previous identity for A wv;,
Ay = 0 Cry + vaCoy + -0 + v 1 Cimyy + Ui By + 03 Ciprs +
Since 7 € N was arbitrarily chosen. we have thus shown

('Ul Uy U3 - ')'P = /\('Ux U2 Uz - )

r4

)+
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which completes the proof. I}

We now begin our construction of dimension groups associated to nonnegative

eigenvalues. Recall that for each j € V. R, is a finite dimensional vector space over

R with basis {eg},er,. Defining
RIT := {0 € R[,|a, >0V g€}
makes RI', an ordered vector space. For each i. define the infinite cartesian product,

oC

L{i = RFIXRF,.{._[XRF,.,‘;_)X cee = HRFJ

We make each U; an ordered vector space by defining
L{f = {U, EL{i|uw € RF;’VJ > L _] € .V}

Define a linear transformation. A, : 4y — U, via

FY o 0 - - 0

Y FBY o - 0

U 2 B o S
H[ =

(A) (A) (A) 6]

F}+1.1 FJ+1.2 Fj+1,3 T Fj+l,j

(This is precisely the matrix A in Lemma 4.3.) Since Fj(i)“ is a nonnegative matrix
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forany j€ Nand j+1>s2>1,s0is H,. From

A
U F’.f,l)(ul,l)
A A
Uy 2 F:f.l)(ul,l) + F:S(,'Z)(ul.2)
A A A
FV () + F(ua) + Fi3 (wa)
H1 = .
A A A
) Fj(-o-)l,l(ul.l) + FJ(+)1.'.>(U1.2) + -+ FJ(+)1,J~(U1,J')

it is clear that H, is a well-defined positive homomorphism. Similarly, for each : > I,

define a linear transformation H, : U, — U;,, via

F, o 0 - - 0
(\) (A)
Fivs, Flom 0 o 0
(A (A) (A)
Fx+3.x Fz+:;.i+| Fz‘+3.z+2 o 0
Hl’ =
(\) (\) (M) \)
F_)-H.t E]*l.l+l Fj+l.z+2 T FJ-H.J
so that
A
Ujj ( E&i,i(“i.i)
A A
Uii+l i(+'.)2,z(ui.i) + E(+)z,t+1('ui,i+1)
A A A
H Uii+2 _ Fi(+f)5,i(ui.i) + Fi(+:)3.i+1(ui.i+l) + F;(+:)3.i+2(ui,i+2)
; =
, (A) (A) ) (2)
Ui Fioa(u) + Fiiam () + o0+ Fig {ug)

V) f /

Once again, it is clear that H; is a well-defined positive homomorphism.
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Lemma 4.4 If
(va w3 vy - - )-H = (v va 13 - - ). (7)
then for any ¢ > 1, we have
( Uiv1 Uiz Uiy - - )-H, = | Ui Uiyl Uiga - - )~ (8)
Proof. By (7). for every j € V.
v = UJ+1F1(;\~)L) + Vj+2 Fj(i?l.J + o

[n particular, given any i € .V, this holds for every j > i, implyving (8). I

Now. define

V[ = RF[@RF_;@RF;}@ = @RFI g u[.
=0

Equipped with the relative ordering inherited from U,;. V, becomes an ordered vector

space. Given any ¢ > 1. define
Vi i= (RT@RL DAL @ ) @ Hioa (Vi)
By a simple induction, V;_; CU;_; Vi > 2. Hence.

Hi (Vi)

N

Hio(Uin) C U Vix2

(Note that H;(V;) C Vi+1.) Assume the relative ordering of i; on V; and denote H;ly, :
V; — V. simply as H;. Each H; is a well-defined order preserving transformation
from V; to Vi,,.

Define the direct limit

DG()) = lim V; =% Vp =5 V3 B ...
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equipped with the direct limit ordering—declare (v, m) € DG(A) to be nonnegative

if and only if there exists a positive integer [ such that
Hy1oHpypno - oHpwo Hypyo Hy (v) € V:z+l'

Since each V; is a dimension group (in fact a lattice ordered vector space), DG(\) is
also a dimension group. The following is the infinite analogue of [14; 3.2]; the extra

complications here arise from differing contexts (e.g., DG(A) is different here).

Theorem 4.5 For each A\ > 0. there is an affine homeomorphism o between the space

P\ of nonnegative. nonzero left eigenvectors of P corresponding to \ and
§ = {reS(DG(N). R) | 7((ui.)) = 7({us,n)) ¥n > L. u; € AT}

where S(DG(A). R) denotes the trace space of DG(A). In particular, given an eigen-
vector v = (v; = t|r, )ien. we set o(v) =1, where 7, : DG(\) = R is the trace defined

by

w((ui, ) = vi-u; Vie N

(Here, v; - u; denotes 3 jer, Ui(g) u:(g). an inner product.)

Proof. Let P, denote the space of nonzero. nonnegative left eigenvectors of P

corresponding to \. that is.
P, ={v:T>R|lv>0,v#0and v-P = \v}.
Given v € P,, we have
(g vp w3 - - )P = A(w vy v3 - )
so that Lemma 4.3 implies

(v2 vz Uy - -)-H = (UI U Uz - )
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and thus, by Lemma 4.4,
(Ui+1 Vig2 Uiy - )-H = (v Vig1 UVig2 - - )

for every i € N. Define the map ¢ : P, = S by v — 7, where

l((uy, 1)) = v, uy = 7((u;.n))

for u; € Rl and n > [. We need to show 7, is a trace of DG(A).
First, we check that 7,(u) < oc Yu € DG(\). There are several cases.
(i) u=(Z,51u,.1) where 3 5, u; € V) and v, € RT') Vj > L. In this case,
w(u) = Z Uit u; < 20
izt

since vj - u; < oc and u; = 0 for all but finitely many j.

(i) u=(Zj>2u;,2) + (Hi(w).2) where & ;5o u; € Voand u; € R, Vj 22 and

w, € V. In this case,

Tv(u) = Uy - Uy + ( Uy U3 Uy ¢ ¢ )'Hl('LUl)

[
v
[

= gruy + (o v vy - - )W

[
v
e

= vj - u; + Ty(wy)

—
v
[\

which is finite since 7,(w;) < oc by (i) and u; = 0 for all but finitely many j.

(iii) Suppose T,(u) < oo whenever u = (u/,i) with «' € V;. Then, if u =

(X)>it1 5. i + 1)+ (Hi(w;), 1 + 1) where ¥ 5,4, u; € Vi1, u; € Rl and w; € V;, we

have
T(u) = Z Uit + (vigy Vg Uigs - - ) Hiwi)
ikl
= Z Uity + (v vy Uiea - ) Wi
ji+l
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which is finite since 7,(w;) is finite by assumption and u, = 0, all but finitely many j.

(iv) Finally, given any v in DG()), we can write u = (w,n) where w € V,;. By
the induction in case (iii), we know that 7,(u) = 7,((w, n)) < oc.

Next, we show that 7, is well-defined on DG()\). For this purpose. select u =

(uy,m) = (uy,n) where m,n € N. u, € V,, and u, € V,. By definition. 3/;,,[, € N

such thatn' =, +m=1[0,+n and
Hy \Hpy_y -  Hppy Hp(u)) = wet Hy—a oo Hypy Hy (u2) = uy

for some u3 € V.. Thus,

To((us, 1)) = (g vpgr U - - ) U3
= Upt Unrpy Uprgn - ) Hproy Hy—o -+ Hinpt Hin(u)
= (vpoy Unw Uy - - ) Huwoo oo Hpgy Hp(uy)

( Upr—a Up'—y Upr - ) Hpy 3+ Hpp Hyp(ur)

) Hpsy Hp ()

= (Um+2 Um+3 Um+d

( Um+1 CUm+2 Ums3z - ) . Hm(ul)
= ( Um Umsyl Ums2 - ) tu)
= T,,((U[,m))-

Similarly, 7,((u3,n')) = 1,((u,n)) so that 7,((ug, n)) = 7((u1, m)), ie., 7, is well-
defined. Therefore, since 7, is linear and maps positive elements of DG(\) into R™,

7, constitutes a trace on DG(A).
To check that o(t,v+t27) = t;0(v) + t2¢(7) for any given v, ¥ € P, and any given

t;. ta > 0 with ¢; + ¢t = 1, note that

(t1v+t2’5)-P = tl’U'P'i"tz'l—}'P

= t[/\'U + tgt\’l-}
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= Ativ + t20).

Hence, ¢, v +t, 0 € Py\. Given any u; € RI'; and any [ € N, we can thus calculate

o(tiv + ta) (4, 1)) = (tyuj + o) - u;
= tivj-u, + tal;-u,
= to(v)((u,, ) + t2d(D)((u;, 1))
= (t1o(v) + tr0(B)) ((u;.])),

Furthermore. if DG(\) possesses an order unit @ for which ¢(v)(z) = 1 and o(0)(2) =

1. it is easy to check that o(t v + t.7)(a2) = 1. Therefore. ¢ is an affine linear map.
Conversely, we construct a map o : S - Py as follows. Given, T in 5', define

v = (v;) by setting

vi(g) = t((eiy.1)) VgeT,

for every i € V and then setting ¢(7) = v. Given any i > 1.

U:(g) = T((ei,y- l))
= T( (Hl : ei,gv 2) )
= r((F,

T(F) e 2)) + T((F2: €ig. 2)) + T((F), €9, 2)) + -+

oo A .
= Yo T(FY eg ).

A A J
€1y + F:(+i)l,l *€ig + F'i(-f-f)i,z "€iyg + e, 2) )

Furthermore. given any pair j > i, if we write the entries of FJ-(,?) as (fn.g)(hg)er, xr,,

r((FY €ig02)) = 7((Z her, €3n frg: 2))
= D her 7((€1:2)) fra
= Zhe[‘ (&4, 1)) frg

3 er, Uilh) firg
A
= wj- F},i) “€ig -
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Hence, we have

which implies

so that

( Uy Uz Uy

Therefore, by Lemma 4.3. v- P =\

implies ¢ is well-defined.

v. But 7 # 0 implies v # 0. Thus. v € Py which

Given any a.J € S and any ¢,.t, > 0 for which £, + ¢, = 1. it is routine to check

that t10+t213€ 5-' and

pltia + taJ) = tip(a) + tap(d),

i.e.. » is an affine linear map. Moreover, it is straightforward to show that ¢ is

continuous with respect to the topologies of pointwise convergence (weak topologies)

on the respective spaces.

Now, take any v € Py. If we set

u = poo(v) = ¢(o(v)),

then for any : € N and g € T},

u;i(g)

= 0(v)({eig 1))

= TU((eivg7 l))

= VUir€ig

= wvi(g).
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Hence, u = v which implies ¢ o o(v) = v, that is, ¢y 0 ¢ = id. On the other hand,

given any 7 € S. u; € R[; and [ € V.,

(@0w(r)) ((u 1)) = (8((7))) ((wi, D))
= (p(7))i - u
= D o P(T)ilg) uilg)
= ¥ o ey, 1) uilg)
= 3 er, T({egule). 1)

This implies ® o © = id. Therefore. since y is a continuous bijective affine map. it is

necessarily an affine homeomorphism which completes the proof. W

4.2 Other Results

We now define “future dimension groups” for P which are not necessarily column

finite. This is done in analogy to [14] (column finite case). The future dimension group

was motivated by a desire to simplify computations of eigenvectors and eigenvalues.
For any k£ > i > 1. define D,(c"\,-) and G™ via the recursive relations,

(\) ) B\
DY = Gy, aW = (1 - T)

(A) G(’\ D('\) G(A) . D(-'\)»G(f\)
D/(:z) — Clc,i + Z ka Jruz2 Jpid ~J Cj,z‘,

. . AP+l
i>J1>72>>jp>j21

( B. pW G"" DY G(A) .. DX, Gg_/\) o )-‘
It

;- 2 Z Dis I Jp.d
A AP+2

G =

i>1>52>>fp>j21
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Lemma 4.6 For any k> > 1, Di’}i) and GE)‘) are well-defined and
A A) ~(A
AR = DRl

Proof. Our proof is by induction. The case of ¢ = 1 is obvious. Fix n € N and
assume that for every 1 <:<n-—1. ,\F,Sf\,) = D,(c'.\,) Gf)‘) holds and both D,(c"\i) and G
are well-defined. Then. given any & > n, we can write

D(I\) Gﬁl\) D(/\) Gy»\) D(/\)-G;/\) )
= C
Jun

A k,J J1.J2 ,
o = (Cuwr 3 DaCaDunde s D
n>J > > > > 21 ’

AFM ANFY L Y
= Ck,n, + Z oL j\ll;{;l Jd Cj,n

n>J1>32>>p>)21

(A) (N (A)
= Ck.n + z Fka\ FJIJ'.’ T F}p-J CJ"‘)

n>p>p>e> 21

G = I — ,& _ Z n.Ji J1.J2
n

p+2
n>j1> 2> > >yl A

(A) ~A) (A AN A) AN -1
DN ¢V D® GO .. DY Gl C.)
],l

\) \) #)) -1
- I — Bn _ Z A Fn,Jl A Fjwz A Fjpd Cj‘,)

p+2
A n>j1>ja> > p>521 A
-1
B, 1 CYRFPN ()
= [ - \ - N Z anjl Fjlvj'-' T Fjpv.l C}'l *
’ n>j1>g> D>y 21

Therefore, by Lemma 4.2, both D{") and G{" are well-defined. Moreover,

A A A A
D’(cvr)‘ GS{\) = Ck'n + Z Fk(.'.])l F}(l v.)j'l e P}(Pv.)j ijn
n>j1>j2>>jp>321
-1
B 1 *) ) (2)
= I - _/\P- - —\. Z anjl P‘}lyjz e Fjpvj CJ!‘
2 ona>fi>ga>e>gp>i21

= AF{)

which completes the induction.
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We now construct the future dimension group FDG(A). Given any positive integer

i, define the linear transformation A’; : i; — U, by

(A)
Dty 0 0 T 0
(A) (M
Di+'.),l Dz+'.’.i+l 0 T 0
) () o)
D:‘+3,:‘ D:’+'l,:+1 Di+3,:+'.2 o 0
K, =
(A) (M) \) (A)
Dj+1.l Dp‘-l.z-:—l Dj+1.z+2 T Dj+1.J

acting on the column u; = (u;(g))". By an argument similar to that found in Sec-
tion 4.1, each A, is a well-defined positive homomorphism.

Define (as in the construction of the dimension group with H. etc.)
W, = RFI@RFQ@RF;;@ e C U
and let W, inherit the relative ordering from i,. Given any i > 2. define
W, = (RT,@PRL.. PRTP ) PRii(Wit) C U,

W, inheriting the relative ordering from U,. Analogous to the sitution in Section 4.1,
each K'; : W; — W, is an order preserving transformation. We define the future

dimension group to be the ordered vector space given by the direct limit
. 1\'1 1\’2 KS
FDG(A) = h_r_g W— W, — W, — ...,
This is obviously a dimension group (see Section 3 in [14]).

Theorem 4.7 Suppose each ['; can be identified with a finite set in such a way that

the corresponding matrices B;, C;; all commute with each other and for any i €
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N, Gg’\) = GY. Then, there is a one-parameter family of onto order preserving
homomorphisms. o) : FDG(A) — DG(\) (N any positive eigenvalue) each of which

induces a one to one map between the respective trace spaces.

Proof. Commutativity of the matrices B;, C;, guarantees that ch"\i), Gf;},-’ = GE)‘)

all commute with each other. We know that for any { € .V,

Fl. 0 0o - 0
() ()
FH—'.!.i FL+'.’,1+[ 0 T 0
(A) (A) (M)
Fz‘+3,z‘ Fz+:x.z+1 Ft+3,;+2 T 0
Hl' =
(A) (A) () (A
F?)-H.z Fj-.—l,i+l FJ+1,L‘+2 T Fj+)l.j
¢V o0 o 0 \
(A)
0 Gi+[ O > . 0
0o 0o G% - o
= /\—l [\’i
o o o - GW

But by hypothesis.
- A A - .
K. GY = GVK, = GWK;.

Therefore, H; = \"'GVK;.
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Define a map @, : FDG(\) = DG(\) via the following diagram:

w, 2y Wy 2y Wy 2% w, 24
=] TG ATHGM)? ATHGW)
v, v, v, 5 v, 2

DG()\)

Since H, = A 'GIVK; = AT'GW A, this diagram commutes and hence ¢, makes

sense. Since all the matrices are nonnegative, ¢, is order preserving. The restriction

map on traces, 7 — T 0 @, is an affine map between the respective trace spaces.

Since G is invertible, the range of @, is all of DG()\) implying that 7 is uniquely

determined by its restriction, i.e.. this map is one to one on the trace spaces. i

Theorem 4.8 Suppose P is a nonnegative irreducible matric which can be written

in the form

B, Cip Ciz - - - Cii Crint

Coy By Cag Coi Cayim
0 Cs2 By Ciy Cyina
0 0 Ciz - -+ Cy  Cyini

P =

0 0 0 s B; Ci,i-H
0 0 0 Ci+1i  Bin
0 0 0 - - - 0 Ciais

,

where C;; = 0 whenever j > i+ 1. Given an eigenvalue A > 0 of P, if we define

(2) ) F)

DG'(3) := lim RT;, =5 RT, 25 Ry =5 ...
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then there is an affine homeomorphism between the space Py of nonzero, nonnegative
left eigenvectors of P corresponding to A and the trace space of DG'()\) given by
assigning v = (v; = v|r,)ien to 7, : DG'(A\) = R where 1,((u;, 1)) = v, -u; Vi € N.

(Here. v; - u; denotes 3 4er, vi(g) u.(g). an inner product.)

Proof. We begin by verifving that F;f":) = () whenever k& > i + 2. This will be
achieved via a simple induction. In the course of this induction, we will obtain a

simple form for F( i (i € N). Recall that for any k > i > 1,

(N _ (A) (A)
Fe, = (Ckvl + Z FkJn FJu o FJp.JCN)'
I>N>p>>pp>y21
—~1
A) A
(’\1 - B - Z Ft(u FJIJ" F( )CJ‘)
1> >pp>>p>)21

When ¢ = 1, we know that F,l = Cs.1(M - B;)~!. Furthermore. by assumption.

Cpr =0 Yk > 3. Thus,
FY = Gy (M =B)™ =0-(\M - B)™" =0

for all £ > 3. When ¢ = Fr§ = () implies
Ky = (Ca.z + FyY Cl.s) : (/\1 - B, - Ff) Cl.Z)—I

-1

= Csa (M - B, — F{) Cia)
But C¢2 =0 and F,éf\l) =0 V& > 4. Hence,

F = (Cez + FCua)- (M - By - F¥Cua)™
-1

= (0 4+ 0-Ci3)- (M = By - F})Cipn)
= 0

forall £ > 4.
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Now, take n € .V and assume that forevery 1 <i<n-—1, Fkx) =0Vk2>:+2

Then, for ¢ = n we have

(A) _ (Y] (A) (A)
Fn-rl n - Cn+1,n + Z Fn-H,Jl thj'.’ T ﬂpv] C ’
n>p>p>>p>i2l
-1
(\) W(A) (A
(’\I - B, - Z an Jun"'FJp.JC
n>j>ja>>Jp>121

-1
= Criin (,\1 - B, -~ Y FO_FY ., FY,C )

n>j>1

since F,h,ul =0 and, for every i < n—1, F('\) = () whenever k£ > ¢+ 2. Furthermore.

since Cx, =0 and F,”l =0 for everv £ > n+2 and j, < n.

(\) _ (A (A (A)
F, = (Ck.n+ Z Fen Eylp FJpJC )
N>y >g2>>jp>i21
-1
A (N (N
(/\I - B, - Z Fn.Jx F_'lx,j'.‘ T Fjpd CJ'i)
n>j>ga>->Jp>121
= 0

for every £ > n + 2 which completes the induction. From this, we can write

Y o o - . o0
0 F% 0 - - 0
o o F¥ .. o
H == H1 =
A
0o 0 0 F%
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and, given any ¢ > 2, we can write

A
Fl, o 0o - - 0
0 Fﬁ;.iﬂ 0 T 0
0 0 Fi(ig.i-:—'_’ T 0
H =
0 0 0 F

so that

88

x

Vi = (RO AT P RTxP- ) B Hioi(Vie) = @ AT,

for every ¢ > 2.

Recall the dimension group

Ha

DG(A) = lim v, 25 vy BBy By o

and the space

§ = {reS(DG(),R) |r((ur.])) = 7({(us;n)) Yn > L, u; € AT} .

According to the affine homeomorphism theorem, there exists an affine homeomor-

phism between S and the space

Py ={v:l'>5R|v>0,v#0andv:-P = A\v}.

Denote the trace space of DG'()) by S(DG'()), R) and define a map

¢:S(DG'(\),R) =» S
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as follows. Given 7 € S(DG'()). R), set

for any [ < i and u; € R, where (u;,]) € DG()\) and (u;,:) € DG'(\). Indeed. it is

easy to check that

o(r)((H(w) [+ 1)) = o(r)((F (w).l+1))
= 7((FY(uw).i+1)

so that o(r) is a state. i.e.. o(7) € S.
Similarly, define a map ¢ : § = S(DG'(\).R) as follows. For any [ < i and
u, € RT, where (u;.1) € DG()) and (u,.¢) € DG'()\), set

A(0)((ui. 1)) = 8((us,1)).

It is obvious that

SO)((FN(u)i+1)) = O((FL.(u) 1 +1))
= O((Hi(w),[+1))
= 0((u; 1))
= (0)((us 1)

Hence, p(6) € S(DG'()A), R).

It is clear that both ¢ and ¢ are affine homeomorphisms and ¢ 0o ¢ = po p = id.
Therefore, S(DG'(A), R) is affine homeomorphic to S which, as mentioned above,
implies S(DG'()), R) is affine homeomorphic to Py. B



Chapter 5

Motivational Examples

In this chapter. we present several processes to which our earlier results can be applied.
The examples we will consider are motivated by (but are distinct from) those given
in [14]. The central difference here is that our P are column infinite whereas [14] only

considers P which are column finite.

Example 5.1 (Laurent power series with nonnegative coefficients. [10, 11, 13. 14])
Let Q(z) =¥ pezn rwz® (z = (zy.22,....2,) € R") be a Laurent power series with
nonnegative coefficients, that is, r, > 0 Vw € Z". (z¥ is defined to be [T, z;*".)
This describes a walk on the lattice ' = Z™ where P : RI' = RI is defined via
ev — I Twessiw
wezn

(Here, RT is the direct product over R with basis generated by {ey}wer=zn.) If
@(1,1....,1) = 1. this simply corresponds to a (infinitely supported) random walk

on Z". There is no harm in assuming this here since, in this case, r, is precisely the

90
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probability of going from a lattice point v to v + w. That is, py,w., = ry so that

v-th
T (v +wy)-th
W v+ ws)-th
P T ( )
I, (v + wy)-th

Let Log @ denote {w € Z™ | r, # 0} and let (Log Q) denote the semigroup generated
by Log Q.

Proposition 5.2 Z" = (Log Q) if and only if P is irreducible.

Proof. Assume Z" = (Log @). Then, given any w.v € Z", w—v € Z" = (Log Q).
Hence, 3 vy, va,....t;m-y, tm € Log @ such that w —v = vy +va + -+ + Uy + U

which implies w = v + vy + vo + - - - + U2 + Um—1 + Um. Therefore,
Pw, v+ui+vattvm_atvm—1 Putvy+vat o ttmot, vhvr+vatoFvm-2 " Putvi+va, v+oy Potoy, v

equals

Tom Temey Tom—z * "~ Tea Ty

which is positive, implying P is irreducible.
Conversely, assume P is irreducible. Then, given any w € Z™, there exists a path

from 0 to w, that is, 3 wy, ws, . ... Wn_i, Wm € Z" such that

Pwwm Pwmwm-1 Pum—1,wm—2 *°* Pwa,uy Pwy 0
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= Twewn Twm-wm_1 Twm-t1~wm_a " Twa—w; Twy
> 0.
This implies w — wy,, Wy — Wm—1. ... . wa — wy, wy € Log @ so that
w = W~ Wy + Wy — Wy + Wypoy — Wy + -+ + Wo — W) + W
= (lL’ _’wrn) + (wm - wm—l) + (wm—l - wm—‘l) + -+ ('LL'-_) - LU]_) + w,

€ (Log Q).
Therefore. since w was arbitrary. Z" C (Log @). Since (Log Q) C Z™. we have thus
shown Z" = (Log Q). W
Lemma 5.3 Let P and Q be as defined above and let (R™)*™ be the set of all T € R™

with the property that every component of r is positive. Given any r € (R™)™* with

Q(r) = Z rer < oc. (9)
wezZn
if we define the row vector V, : ' = 2" = R by
we—r®,
then V; is u left nonnegative nonzero eigenvector of P for the eigenvalue Q(r).
Proof. Take r € (R*)** satisfving (9). Then. given any wq € T
Vi-P-ey, = Vi-(P-ey)
= V- H wezn Twwtwo
— +
- ZwEZ" Ty TR
- (S
= Q(r)V:r - ew, .
Thus, V; - P = Q(r) V;. Since r € (R")**, V, is a nonnegative nonzero row vector.

That is, V; is a left nonnegative nonzero eigenvector of P for the eigenvalue Q(r). W
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Theorem 5.4 Let Q C R™ denote the domain of convergence of Q. If we define
Anin(@) = nf{Q(r) [re QN (RY)**}

Amax(@) = sup{Q(r) | r € QN (RM)*} .
then

(i) For any A € (Amin(@). \max(Q)), there ezists a nonnegative nonzero eigen-

vector V. of P for the eigenvalue \.

(ii) If (Log Q) = Z", then R™' < Apin(Q) where R denotes the convergence

parameter of the matric P (see Definition 3.1).

Proof. (i) Q being a connected domain implies QN(R")** is a connected domain
so that the continuity of Q : Q — R implies Q(Q2N(R™)*") is connected. Thus, given
any A € (Amin(Q), A\max(@)). the connectedness of Q(QN(R™)*™) implies the existence
of r € QN (R™)** such that Q(r) = \. By Lemma 5.3, V. : I = Z" — R defined by
w — ¥ is a nonnegative nonzero left eigenvector of P for eigenvalue Q(r) = A.

(ii) By Proposition 3.2, (Log Q) = Z" implies P is irreducible. Thus, Theorem 3.3
implies R~! < Amin(@). B

We can now characterize those Laurent power series f for which @™ f has non-

negative coefficients for all sufficiently large m.

Proposition 5.5 Let P and QQ be as defined above and let f be a Laurent power

series, say

flz) = > l,z? (z=(z1,...2.) € R")
gezn

with coefficients [, € R. If

(i) Q < KQ@? for some positive integer K,
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(iii) Z* = (Log Q).
then the following are equivalent:
e 3m € N such that Q™f has no negative coefficients,
e f(r)>0VYreQn(RrR")™ .

Proof. In view of the correspondence between P and Q. @ < AQ? implies

P < KP? If P = (pgn)gher. then pyp = ry_p so that, given any g € I,

Zherpﬂ"‘ = Zher"g"‘
= ZwEZ"rw
= Q(.1....1).

Since g € [" was arbitrary, this implies

inf {3, poa|9 €T} = QULL....1) > 0.

Therefore, by Corollary 2.14. Hr has an order unit. Furthermore. since (iii) implies P
is irreducible (Proposition 5.2), all pure traces of Hr are faithful (Proposition 2.31).

If we define the column vector ¢ : Z* = — R by

g—lg,

then Q™f has no negative coefficients if and only if P™(v) > 0, that is, (v,1) €

(Hp)*. Furthermore, according to [6] (see I.4 therein), (v,1) € (Hr)* if and only if

7((v, 1)) > 0 for every pure trace 7 of Hr. By Theorem 4.5, the traces are given by left
eigenvectors and the pure traces are given by extremal left eigenvectors. Therefore,

7((v, 1)) > 0 can be represented by U - v = 3 4er U(g) v(g) > 0 for some extremal
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left eigenvector '. But by [9] (see [.3 therein), all extremal eigenvectors U : ' — R
are of the form

gr—rd

(some r € QN (R™)*"). Hence,

C-v = ZU(g)U(g} = Zr”lg = f(r) >0

gel gel

which completes the proof. I

Example 5.6 (Matrix-valued random walks over Laurent power series. [14. 15. 20])

Generalizing Example 5.1. we take an m x m matrix

a,y Q2 aiy - - Aim

dz)] Qa2 Qa3 - - Uyp

az1 dz2 433z - - d3m;m
M =

Am,1 Am2 QGm3 - - Qm.m

of Laurent power series, each with nonnegative coefficients. That is, for every pair
1<ij<moai,(z) =% yezn [ r* with % >0 Ywand = (z,,....24) € R*. As
before, we define Log a; ; := {w € Z" |} # 0}.

This M describes a process P with ' being the union of m disjoint copies of Z™.

We can think of these copies as being stacked one on top of the other so that
2\ )
Zn
[ = VAL m .

\ 2" ) ]
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A point v in I can then be written as a pair (v, j) where v € Z® and j € {1,2,...,m}.
This process sends a particle at (v.j) to (v + w. i) with weight determined by the
coefficients of the Laurent power series a;,. That is, P : R[' — RI sends e, = e(, ;)

to

m
P(e(U.j)) = Z H l:;] €(utw.i)-

=1 weloga,,,
We recapture the previous class of examples by taking m = 1.

A matrix is said to be primitive if all sufficiently large powers have no zero entries.
Given any r in (R")*" with a,,(r) < > Vi, j. the real matrix M(r) (obtained by
evaluating each entry at r) is primitive and as such admits a left Perron eigenvector. If
we let 17(r) denote this eigenvector and let 3(r) denote the corresponding eigenvalue.

we can then write
3r)yVi(r)y = V(r)- M(r)
= (ZZ Vi(m) an(r) T Vi) a(r) - T V(r) agm(r) )

where V(r) = (Vi(r) Va(r) --- Via(r))
If we define ' by

Q = {re(R")™|ay(r) <o Vi.j€{l,2.....m}}.

then €’ is open and nonempty (without branch points—a consequence of primitivity
and the Perron-Frobenius theorem). The above mentioned V(r) can be normalized in
such a way that each coordinate of r — V'(r) is analytic on . Moreover, r — 5(r)

is analytic on .

Proposition 5.7 Given r € ', using the above notation, the row vector f :I' = R

defined via

(u,5) —> Vj(r) r®

is a nonnegative nonzero left eigenvector of P for the eigenvalue G(r).
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Proof. By the above construction, f is clearly nonzero and nonnegative. Fur-

thermore, given any (u,j) € I'.

f-P-e(u‘j) = f'(P'e(u,j))
=/ Z:r;l HwELogax.J l:“’j E(urw,)
= Zz:l"l(r) (Z ,ueLoga"J r“?w [:L‘J>
= Zi='l L:(r) (ZweLoga.'} r¥ l:;JJ>
= rll . ZZ[ ‘;(,) ai,j(r)
= - 3(r) - V(r)
= 3(r)V(r)r*

= ‘J(I’)f't:‘(uyj).

Therefore, f- P = J(r) f, i.e.. ¢ is a nonnegative nonzero left eigenvector of P for the

eigenvalue 3(r).

One can also obtain examples of processes based on infinite trees or infinite di-
rected graphs. Recall that a tree is any connected graph without cycles whereas a

directed graph is a graph whose edges are ordered pairs. We briefly discuss the former.

Example 5.8 (Random walks on infinite trees. [14])
Let G be an infinite tree with (countably infinite) vertex set 1"(G). One possible

definition of the adjacency matriz A = A(G) = (ai)ijevic) 18

1 if there exists a edge from j to ¢
0 otherwise .

An other definition would include multiplicities. Among other things, A(G) is an

infinite nonnegative matrix.
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Now, take I' = V'(G) as the -state space” for a Markov process in which a;;
represents the probability of jumping from state j to state i. In this way, P = A(G)

can be viewed as the transition matrix of an infinite process. If P is irreducible, define
MG) = inf{A e R[|3¢ >0. v#0 such that v- P = \v}.
The Poisson boundary of the tree GG is then defined to be
B(G) = {v|v>0.v#0and v-P = A\A(P)v}.

A typical question in this situation is: “When does there exist a unique nonnegative

nonzero eigenvector in B(G) corresponding to \(G)?” This is not known at present.

Before presenting the next class of examples. we need to set some basic terminol-
ogy. Let X be a discrete group and {ug, 1, 2. ...} a family of probability measures
on .X with g a positive infinitely supported measure. (uq is termed an inztial distri-

bution on .X.) Denote the convolution of measures u and v by p* 7.
Definition 5.9 The space-time cone determined by the above pg, py, o, . .. is
C = {(z.n) € X X N|pin* finy * fin_y * - % o * py * o ({x}) > 0}

A space-time harmonic function h on C is any nonzero nonnegative function h : C = R
satisfving

ha.n) = ¥ h(z+y.n+1) pe({y}) V(zn)eC.

veX
Example 5.10 (Infinite diffuse measures on R™. [12, 14])
The previous Laurent power series problem can be reiterated in terms of repeated
convolutions of an infinite distribution. Let X = Z¢ and, as in Example 5.1, define
Q(z) = ¥ yezd Twz® where forallw € 2 4 r, > 0. Define an infinite diffuse measure

pg on X via

W —> Ty
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and, given a Laurent power series f(z) =3 ,cz¢ by ¥, define puy: X — R by
wr— by,
The convolution pg * gy : X — R is then defined by
w—r Y ryb,
where the above sum ranges over all u,v € X for which v + v = w.
Given m € V. let ()™ denote the m-fold convolution of u.

Proposition 5.11 Using the above notation, Q™ f > 0 for some m € N if and only

if (p@)™ = py 2 0.
Proof. Obvious. [
Let M(.X) denote the linear space of diffuse measures on .X. According to Defi-
nition 3.9. the space-time cone determined by g is the set
Co = {(z.n) € X x N| (ug)™" ({x}) > O}.

If we define a linear transformation P : M(X) — M(X) by

o pg * p

(so that P can be written as a nonnegative infinite matrix) and take I' = X, then

(P.T') is an infinite Markov process.

Theorem 5.12 Any nonzero, nonnegative eigenvector of P yields a harmonic func-

tion on the space-time cone Cq.
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Proof. Let v be a nonzero nonnegative eigenvector of P. Then, v- P = Av for

some \ > 0. Define the nonnegative function h : Co — R™ by
(w,n) — v, /A"

Clearly, h is a nonzero function.
Given anv w € X, let d,, denote the measure on .\ which is | on w and 0 otherwise.
Since v- P = Av,

v-P-d, = \v-d, VYweUJNX.

Thus, given any v € X.

AUy = U‘(HQ*dw) = v Z rudu«{-w = Z Vnww Ty
ueX ue X

which implies

Therefore,

h(w,n) = Y h(u+w,n+1)pg({u})
ueN

on Cgq. i.e. h is a harmonic function on the space-time cone C,. W

Example 5.13 (Multiplication by power series. [13, 14])
Let (P,T') be an infinite Markov process with ' = Z*. Assume P = (p, ;)i jer is such

that there exists M > 0 for which
|11m infi_,oo Dij l < M V] erl.

We will only consider a specific case of this situation.
Take a power series Q(z) = ¥ 2,a;z' (z € R) with a; > 0 Vi € Z* such that
liminf;. a; < M. Let RI denote the direct product over R with basis generated

by {e;}ier=z+ and define P : RI' — RI by setting

00
eor—)Haiei

=0
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and, for any ¢ € "\ {0},

oC
€; — Z a; €.
t=0
We can write P in the following form:
lg 0 0 0

a, a; ag 0O

a3 a2 ap dq

Proposition 5.14 Let R’ denote the radius of convergence for Q. Given any 0 <
r < R'. if we define\, : T — R via i —> r*. then | is a nonnegative nonzero

eigenvector of P for the eigenvalue Q(r).

Proof. The proof is similar to that of Lemma 5.3. B



Chapter 6

Weak Ergodicity for 2 x 2 Matrix

Sequences

[n [14], Handelman studied sufficient conditions ensuring a unique nonnegative eigen-
vector for each eigenvalue of a Markov chain (P.T') with P nonnegative, infinite and
column finite. One such condition was "weak ergodicity”. In [14], Handelman in-
vestigated the weak ergodicity of sequences of 2 x 2 matrices in great detail. In the

present chapter, we give necessary conditions for weak ergodicity of such sequences.

Definition 6.1 A sequence of nonnegative matrices {.4;};cn (usually assumed to be
strictly positive—although this is not necessary) is called (backwardly) weakly ergodic
if for every £k € N, the products Ayrip Aprsk_1 -+ Agsy have the property that,
as M — oc, the angles between the columns tend to zero. (This is “projective
convergence” —each column represents a point on the unit sphere in the appropriate

Euclidean space.)

Theorem 6.2 Let {a;}, {b;} and {c;} be sequences of nonnegative real numbers with
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b; >0 Vi€ N. If the sequence {4;} with

is backwardly weakly ergodic. then at least one of

Z I_I;:l and Z ¢ <]:[:—=lI bj) (10)

=1

must diverge.

Proof. We will make use of the usual o( )-notation. if k& goes to infinity, then o(1)

goes to 0. If both series in (10) converge. then

so that

whenever i > k + 1. Set

JOLR) L carsk L Carvk-1 | | ) L crst
arr+k Oarsk Aprik—1 brrsk—1 Ak+2  brgo gy brsr

RLb gl

= v

Ty Ui

By direct calculation, we obtain

1 _ (M+k) (M+k=1) (k+2) (k+1)
RM - Z dl,i.~!+k M4k EA k=1 d1k+3ylk+2 dik+2'1 *
1.2 (M+k) J(M+k=1) (k+2) (k+1)
SM - z dlviM+k diu-«-k,inmk-l d1k+.hlk+" d1k+°,2 ’
21 (M+k) (M+k—1) (k+2) (k+1)
TM - Z d'-)'iM+l¢ diM-H:viM-f-k-l dik+3.ik+" dik-w 1

22 _ (M+k) (M+k=1) L (k+2) (k+1)
UM - Zd2.iM+k diM+kviM+k-l d‘k+3'lk+" dlk-w,-
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where each sum ranges over all ordered sets {xs+k. iar4k—1, " - ik+3- {k+2} Where. given

any j € N, i, € {1.2} and given any [ € .V,

! ! ! !
diy =1.d, =qa,dy; =a and dyy = b.

Obviously,
11 _  pll 2,1
Ryoy = Ry + cusrrr - Typ o
12 ol i .22
Syiv1 = Sap F cwske - Uy
21 _ 2,1 11
Tvivi = barersr - Tap + darsker Ry .
22 2,2 1.2
L"M,\.l = b:\I—k+l U FY 2 a7 N R SM .

By induction. we will establish the following inequalities for every M € :V:

( 1 < RY < l+ol).
" sit < o((ms) ™) -
it s oMt
| Hf:l?—lf-lb.’i < U7 < I-I_l;::;c”f‘lbj + O(H_I;:I::\le]) ‘

When A = 1. we have

-l(l"k) — 1 Ck+l
k1 st

so that
1 < R =1 < 1+o0(1),
, k+1-1 -1
S\% = ek < 0(1)'1—[,-:1 b = 0((1-[7:1(’1‘) )
) k+1
Tt = e < o()-[[2 0 = o(ITED) .
bk+l S [jlz'z = bk+l S bk+1 + O(bk+l)

Thus, () is valid for M = 1.
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Now, take n € .V and suppose (*) is true for M = n. Then,

and

1

< Ry = RY + curn T
< 1+ o(1) + o) (H;‘;’f“"‘bj)—l-o(n;;r;'bj)
= 1 + o(1) + o(1)-o(1)
= 1+ o(l).
St + cpeker - U7
0 Hlebj)-l> + o(1) <H:f+l_lb1)_ '[Hf::.kle + O(Hle?ﬂbi)]

(
(nj;lb,)") + 0(1)(1‘[5:[15) + 0(1)‘0((r1§=10j)">
(

— 2,1 L1
- bﬂ+l\-+l i "Zﬂn + Apyk+1° Rn

ey n+k+1
< buak+t 'O(Hﬁ':lbj) + o(1) <H1;+ bj) (1 + o(1)]
n+k+1
= o(IT2r*'s,) + oll) (H,=1+ bj) 1+ o(1)]
= 0 (Hf:fmbj)
k+n+1 -2.2
j=k+1 7= Un+l

— r2,2 1,2
= bngk+1 - Uy” + Qnak+r Sn

< bngktr - [HHn b; + O(Hle':ﬂbf)] +

j=k+l
n+k+1 -1
o(1) (T2 0) - (Moesty) ™)
k+n+l k+n+1 n+k+1
= Hj—_:k+lbj t O(Hj=k+1bj) + o(1) 'O<Hj=k+1bj)

k+n+l

= ILont + o (TI2rtly;).

Therefore, (*) is true for M = n + 1, completing the induction.
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Given any M € N, (*) implies

k+M -
[Ib < Ry -Uyf
J= =k~+1
and
y -1
12 2,1 k k=M _ k+M
Sy T < O<(Hi=1b1) )'0( j=1 bj) = ( j=ke10
Thus, there exists a sufficiently large k so that
- 2 1 k+ M k+ A\ 1 -
Svi-Tai < 5 o < I b < Ry -URY
= y=k+1 J=k+1

from which we obtain

Ry /T3
Bi [T 5y s,
S.'\[ U.’\[

i)
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But this implies {A;} is not backwardly weakly ergodic, a contradiction. Therefore.

at least one of

must diverge. Il
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