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ABSTRACT
_/

The present study is aimed at simulating the transport

chenomena of multi-phase ffow with rhase change, as applied

o the process of continucus casting of steel,

LI

A generalized mathematicel medel 1is Eformulated to
descrite the transpert gphenomena inside a "multi-phase
demain®.l Heat and-mass tféhsf;r mechanisms consider;d_are
the bucvancy and forced convection, conduction and turbulent

fluid flow. A novel phase change (létent heat) treatment is

Based on the finite volume methed (FVMd), a new discre-’

-

tization method of the partial differential equations (FDE)s

also proposed.

is developed. Two new numerical solution Aalgorithms are

also developed for:

a) solving the_energy equat@on with phase change,
b) tracing the unknown location of the boundary betwéeh
phases (interface line).
The overall solution procedure for the equation of motion is

based on the SIMPLE algorithm [35]).

o S . ——

l In the present study, the term "Multi-phase Domain" |is
used to represent a domain which censists of multi-dis-
tinct phase regions separated by the interface boundaries.



'

—-fy-

¢ The formulated mathematical model and the whol

numerical solution procedure were applied to a number o

tions and fluid flow tterns, have been . found to.

satisfactorily with the 3vailable experimental ddta.

.
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CHAPTER 1

INTRODUCTION

1.1 SACKGROUND

The purpose of the present study is to develop a model
simulating the transport phenomena involved for a multi-

phase demain with phase change.

8oth multi-phase flow énd rhase change are of consid-
eratle practical importance in industrial processes, For
example:

(i) Processes involviné phase change only, suchk as liquid-
solid phase change duringy solidification and solid-
iiquid phase change during melting of pure substances.

(ii) Frocesses involving mulgi—phase flow onlv, such as the
metallurgical process of argon gas stirred ladle in
which there is’ an argon gas-steel two-phase region.

(1ii) Processes involving both phase change and muitjgghase
flow, such as
a) coolant around a reactg}\bundle, in which there is a
| liquid-vagor two-phase region and vaporization ta;es

clace.




b) solidification of an alloy, in which there is’ éJ

liquid-solid two-phase region and latent heat of
. fusion is released during the 1liquid-solid gphase
change., Conversely, latent heat is absorbed during

melting.

1.2 ..PRACTICAL RELEVANCE OF CONTINUOUS CASTING OF STEEL o

|

.

r

r.21 DESCRIPTION OF THE PROCESS

e

Figure 1.Zl-1 shows a simplified’ schematic Qiaqram”of
the continuous casting? of a cvlindrical mold. In
continuous casting, liquid steel from the tundish is poured
continudusly into the water-cooled mold. Théugk solidifi-
cation a shell forms along the perighery and grows towards
the centre. pnsg"fgé'bastinq emerges from the méld, it 'is
further cooled, by spraving water directly on "the outer.
surface of the solidified metal, At the end of water spray
cooling, when most of the liquid steel has solidified, heat-
is lost by radiation. (For detail, see ref. F. WeTﬁbefq

1975 (541, H.E, Allen st al 1977 (2], C.H. Bode 1977'[5])

- ——— i —— o —— - -

¢ As the name indicates, continuous_casting is an operation
where the metal continuously solidifies (see ref. Bode

1977 [51).
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1:22 IMPORTANCE OF CASTING SIMULATION

Y !
-

1N . - . -
The solidification process that- takes place in a

contindous .casting system involves,wmany complex ghenomena,

as-showngip_?id. 1.2%-1. In the preg’sent study, the whole
process is assuméa to involvéjthr istinct phase regions;

'né}rxely, liquid, ,solid, and mu hy3 R separated by two

! .

'non-straight- phase lines. .Theﬂg are. forced and natural
; . \ ) )

convective effects in tke liquid pkgion; there is conductive
y Y

heat transfer in the soiid,req' n; and in the mushy reéion,

there are phase change, two- se effects, interface effects

and aif'preqiduély mentioned phenomena. <Heat exchange at
the boundaries involves ‘different .mechanisms, such as

. radiation, .conduction, and nucleate beiling. .
s - B ' -

Studies have‘-shown (see ref, F., Weinberg 1974 ([56})
that the formation of defects during the solidification can

be explained and partly corrected by controlling the casting
process barameters. For exampgle, the central ©porosity

prbduced by'thershrinkage of the metal at the completion of

solidification is affected mainly by the casting temperature
I'4 r) :

and the withdrawal rate. Flow pattern (see ref. Asai et al

1975 (4], Szekely et al 1978 {47]) in the Fpool of molten

[ -

stea2l is be2lieved to kave a significant effac on the

-t o - —

3 The term. "mushy region" is used to represent a region in
which latent heat of fusion is liberated and in which

" liquid and solid phases co-exist.
0 °



quality of the cast products, since some flow _patterns are
more favorable to Elocatation of the non-metafllic inclusions

up to the metal-slag interface.

Therefore, a ©proper quantitative and qualitative
description of the transgort phenomena, such as flow
patterns and temperature distributions, is a necessary

prereﬂuisite for seeking process optimigktion.

/
P /

, .

1.3 MOTIVATION OF PRESENT STUDY

1.31 BACKGROUND

broblems in a situation consisting/ of different ghase
regions with two;phase flow and phase/change phenomena are
in general complex processes, a§ noted in subsection 1.22Z.
There Are numerous parameters and the individual or combined

effects of each parameter is difficult to ‘evaluate. Hence,

most problems are impossible to solve analytically in closed

forms.

1.32 EkPERIMENTAL DIFFICULTIES

Difficulties are also encountered in expgerimental work

because quantitative results are usually very hard,

N



expénsive or time-consuming te obtain. For instance,
‘Vandrunen and Brimacembe ([S3), Lait 1975 (24], Mot‘to;\ and
Weinberg 1973 (34], examined- the shell thickness and pool
depth of castings by the -addition of a radicactive tracer of
gold to the‘molten fool, followed by autoradiogragphs of the
sectioned casting. It is difficult to achieve all the
conditions of a real metallﬁtgical process of casting in a
laboratory medel; for éxample, Weinberg 1975 [55] concluded
that because of substantially different behaviours and
values in thermal conductivities between water and metals, a
water model cannot be used to simulate fluid flow resulting
from thermal gradientsf;n castings. Direct measureménts of
fluid flow of molten steel are difficult becauses the steel

is opaque and at high temperature.

1.33 * MATHEMATICAL MODELLING

During solidification, the phase change phenomena, tke
turbulent transgport of momentum iand energy, are Ccompl¢x
processas occurring in different phasss. 1In medelling /fthe
.multi-ghase and phase change groblem, many previous studies
usad assumptions based on extensive simplifications of the

Froblem.

The mathematical p}oblem is - greatly simglified by

assuming that fluid Elow is unlikely to play a hajor role in




fn

affecting tﬁe rate of solidification, and thus its effect is
neglected. This assumption is crude and contrary to the
experimental findings (see ref. Stewart and Wweinberg 1972
(461, Szekely and Todd 1371 (49]). Earlier studies by
Savage 1952 [42], Hills 1955 (18], and Eehlke .1964 (3871,
simplified the‘problem furthar by assuming constant thermo-.

v

physical " properties, This simplification can introduce

considerable uncertainty into the validitvy of the model.

Mizika 1967 [31{ Presented a model with GE?TESié
thermephvsical proparties, such as thermal conductiviéy and
specific heat. However 'in this mode&ésonly unidimensionail
keat transfar along th2 cross-section of the casting was
considered (see alsc Kung and Follock 1967 (221 and Lait and

-

8rimacemte 1974 [24]).

Fcr the treatment of 1latent heat, Hills 1955-459

-

(15-171, Morivama and Muchi .1969 f33) presented only the
profiles of the 5°1idf54 line based on the assumption that
the latent he=at of fusion is released at the solidus line.
Mivazawa and Muchi 1975 .[39) improved the model by assuming
the existence of a mushy (liquid-solid two—pﬁa%e) region, in
which the latent heat of fusion is released. Furthermore,

solid fraction treatment was also progposed.

o

4 colidus is the. temperature at which the metal 1is
completely solidified and the latent heat of fusion tas
been completely released.
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For 2 more realistic thermai analvsis, ﬁon:ectxve
transport in tbe energy equation should also be considered,
M1zika 1957 [31] "and Brimacombe et al 1974 (24) have assumed
that turbulent diffusion in the mold rnglon was represented
’ bv an artxflclallv hiqb "effective™ value for the thermal
fcon@pctiﬁity,of the molten steel, Feel and Pzngelly 1973

[37],pave.5howﬁ thét this assumgtion does not fully reflect
the physpcéf phenomena for steel. Brody and Stozhr 1988
(71, Weékman et ~al 1979 (56] ba\;e taken the convective
transport in the energu ‘equation into account for simp11fled
bydrodvnam1c condltlons only, such as zero flow in cross-

'sectloqal directlon and “censtant veloc1tv in tbe main ff}eam

direction. " - ' - ._/’/
ConSLdering both tbe fluxd Elow and .theérmal aﬁal"s1s‘
tends to provxde a muqh mora ac\urata rppresantation of the
_actual castin; s"stems, altbouqr such‘aq approacb may pose a

- more complex matbematlcal task.

Yadoya and Szekély:1972 t48]-providea the first attempt
in modeylinq the transports in the mold section only. Thev
assumedﬂfo;‘their model\thatithe-thickhess of tﬁe solidified
layer in the . upper mold redion-caﬂ be neglected. Hence,

this model cannot be extendeéd to simulate cther parts of the

castlng domain, ’“\L | f
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(Asai and ézekely'l974 [ﬁ] improved the model so that it
could be applied to the whole syétem. However, the study
assumed constant thermcphysical preperties, which in realitf
are Gsuall? a function. of the temperacure and; phases
iﬁvolved in all different phase regions.l ?dtthermore, the
Suoyancy ?ffect on the flow field  was neglectea in the
analysis. Finally, one of the most important conditions,

the compatibility of variables, such as. temperature and

velocities dlong the interface lines, was not considaread.

1.34 NUMERICAL SOLUTION

In th2ory the atove multi-ghase mattematical problem
can be solved éither by analytical or numerical approackh.
An anélytibal‘approach to the problem is certainly the more
elegant éf the two, but becaus2 of thLe complexity of the
probtlem it is almost impossible to achieve‘(sbe attempts bv

§avage 196z (4Z], Hills 1965 (18] and Eehlke 1954 r3g1).

On thke other hand, numerical approaches, which are
considerably more versatile, éppepr to be better suited for
solving solidification problems. Complex variations in the

boundary conditions and variable thermophysical properties

¢an be Landled readilv.



Different numerical teckniquas, such as‘ finite
difference method (see ref, Yadoya and Szekely 1972 (49%),
Asai et al 1975 (41, Lait and Brimacombe 1974 1[24]) 'Sgd
finite elemeng\:iétbod (sea2 ref. .Brody et Cal 1983 [7],
Weckman et al 1979 [551), hﬁve been used to simulate the
-Eastinq Frocesses. However, these studies are basad on one
rhase control velume, énd this assumption can introduce
errors in the interface trqcinq. Hence, a reformulaticn has

been proposed in the numerical solution procedure in order

to model the above multi-phase complex processes.

1.4 THE PRESENT CONTRIBUTION

o~

The aim of ths present study is to develop a meodel
simulating the transport phenomena of multi-ghase flow with

Fhase change,

A mathematical model has been f;rmulated to describe
the transport fhenomena inside a 'multi;phase domain.
Turbulent fluid flow with Suoyancy, heat and mass transfer
are considered for different Fhase regions involved. In
tarms of the phase change phenomenon, a novel latent heat
treatment, with no assumption of a heat releas2 profile, is

. Froposad.
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A hgw discretization method based on the finite volume
method (FV4) has been developed to discretize the governing
ﬁulti;phase éa}tial differential equations (PDE)s. New
solution.alqdrithhs have alsc been developed: (1),'t575o1ve

the energy equation with rhase change, and (2), to trace the
" ‘ - .

unknown 1location of the interface lines. The solution.
algorithm for the equations of motion based on the SIMFLE

algeritkm {35] has been develoged. .

In the rpresent study the mathematical model and
numerical solution procedures have been applied. to a number
of model cases for the process of continuous casting of

steel in systems of cylindrical configurations. -

4

1.5 OQUTLINE OF THE THESIS

The thesis consists af five chapters.' Chaptervz deais
with the mathematical modeiling.’ The newly developed
discretization ‘method ana all the sélution Frocedures are
presented in Chapter 3. Chapter 4 illustrates some aspects
of the modél.pefﬁo:mance. Finally Chapter 5 sumrarizes the

- results of the studies ana makes recommendations for further

work.
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CHAPTER 2

MATHEMATICAL PROBLEM

2.1 INTRODUCTION

In this chapter the phvsical model describing the

transport rhenomena for the present studies is presented.

2.11 OUTLINE JOF THE CHAPTER

-First, the ensemble-~averaged differential equations are
derived for the velocity comgponents, pressure, enthalpy
{temperature) and other vrelated scalar wvariables. In
subsection 2.2Z1 the instantanecous equations describing the
turbulent flew are introduced in Cartesian tensor Hotation.

Trhe following subsection 2.2Z is concerned with recasting

trhese equations in terms ,of the ensemkble—~averajed

quantities, The assamblv of the differential equations is
completed by using the k-€ turkbulent viscosity model, and
then a ' general form of the differential equations |is
gresented ' in the cylindrical coordinate system. -The

interface conditions are discussesd in saction 2.3.

W

L A — ey
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Finally, the physical model is closed in section 2.4 by'
consideration of the boundary conditions and the thermophy-

- sical properties. - >

2.12 DEBCRIPTION OF THE PHYSICAL MODEL

In order to model the problem as shown in Fig. 1.22-1
in a mathematically manageable way, certain assumptions have
to be made in the derivation of the fundamental equations.
The assumptions are ag follows:

1. The problem domain is considered to involve three
distinct phase regions, namely liquid, solid and mgshy.

2. A cylindrical co-ordinate system is used in describing

' the problém, which is axisymmetrical.

3. A homogenized fléw, using the concept of solid fraction
to describe the two-phase behaviour, is assumed iﬂ#the
mushy region.

4. The solid fraction is assumed to be a linear function of
temperature.

5. Thermophysical properties in the mushy region depend on

,solid fractiopn (seélsubsectidn 2.41b for details).

6. Thermophysical properties vary in each phase region the
(see subsection 2.4la for detail).
7. Incompressible; non-reacting, steady transport is

occurring in all regions.

i
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2.2 GOVEPNING DIFFERENTIAL EQUATIONS

v

In this section the equations for ths instantaneous
conservation, the ensemble-averaged, and the k-€& tutbulent

viscosity model are presented.

2.21 INSTANTANEQUS CONSERVATTION EQUATIONS

The fundamental equations presented here are equally
applicable t8& describe the general, incoﬁpressible,
non~reacting steady-transport in all three regions (liquid,
solid and mushy). In the Cartesian tensor notation, the
differential equations for mass, momentum, and energy are

given as follows (see, ref. Bird et al [5]):
I

Mass Conservation Equation

3( ou, )/ axj -9 . ' (2.21-1)

Momentum Conservation Equation

EX{ cujui )y / afj - 3( I'-')ut/a:cj Y/ 3xj = =3P / ?xi + sui
~ (2.- 21-2)
Eneérgy Conservation Equation . |
3( :)U.j.."l ) / 3:{._’ - a( F/Sh':’h/axj ) / 3::3 = Sh {2.21‘-3)



-~

where Ss. and s, are volumetric rates of body forces and

i
energy generation/dissipation ~ respectivelv. They also,
generally contain terms arising from the effects of non-uni-

formities in fluid progperties, compression, etc. Also,

»x
n

j the three coordinates of the Cargtesian system

uj = the three components of the velocity vector

the viscosity

T =
] L]

Fressure
@ = density
h

= specific stagnation enthalpy (h=CPT' C. is a constant

Fressure specific heat capacity ag? T is temperature)

T =

h the Prandtl number for the energy equation.

Similar differential equations in 'cylindrical coordinates

system are shown in subsection 2,324,

2.22 ENSEMBLE-AVERAGED EQUATIONS

In spite of recent advances in the direct solution of
the time-dependent Navier-Stokes equations and in large-eddy
simulation teckniques (see, ref.‘Pogallo and Moin [41]), the-
oniy economically feasible way to solve pracéical tgrbulent
flow ©wrotiems is still the use of statistically averaqged

equations governing ensemble-~averaged flow quantities, as

illustrated in the following: «

{~
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In an avera¥ing operation, the instantansous values of
any variable f can be split as the sum of an ensemtle-av-
eraged component F plus a turbulent fluctuating component f!

(see, ref, Townsend (S1]):

f = F + f! (2.22—1)
where
tl
F = 1im [L/(t1-t2)) E(x,,t) at (2.22-2)
(t1-t2) ~> oe t2

-

8y applying the averajing grocedure to instantaneous

equations 2.21-1 to 2.21-3, the corresponding ensemktle~av-

eraged equations can be obtained. These ensemble-averaged .

equations -are similar to the instantaneous ones axcerpt for
the avegaged momentum equations which contain additional
turbulent or PRevnolds stressas ('95{351. except for the
averajed energy equation which contains additional turbulent
heat or mass flux (-BUJRT). (Note that the superbar denotes
the ehsembleﬁaveraged value.,) Because of the appearance of
these termiixthe ensemble-averaged flow equations are not

Closed. Tol\allew for solving these equations, those terms

must te related to known or calculable quantities,

Following the normal gpractice (Launder and Spalding

f251), the additional terms are medelled as diffusion



-16-

pFrocesses in order to maka the ensemtle-averaged equations
similar in appearance to the aquations for laminar flow.

Hence, the addit'onhl terms are expressed in terms of

gradients of engemble-averaged quantities.

1
o

[~
ol
(]
-

th

a3u Pe(3U;/3x5 + U5/3%;) (2.22-3)

1
0l

=
d
T
-

"

a7 Pe/Oh, ¢ dH/3xy (2.22-4)

where p_ = turbulent viscosity

ch,t = turkbulent Prandtl number
']

" Thus, the modelled forms of the ensemble—~averaged conser-

vation equations can be written as follows:

Mass Conservation Equation

N
scgush s
(RUIT/dx, _ (2.22-5)

Mcrentum Conservation FEquation '

U
@

BTRU Uy ~ (prpy)dU;/3%51 /0%4 - Sy, (2.22-4)

Energy Conservation Equation

BBYH - (p/op + Pr/ O, YOH/dx31 /3% - Sy = 8 (2.22-7)-

where £, and S, are the-resultant ensemtle-averaged source
1 .

terms.
’
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2.23 TUPBULENCE MODELLING

a. Introductorv Remarks

The turbtulent viscosity P, is not a property af the

fluid but is strongly position-degendent and largely deter-
mined by the nature of turbulence. The éevelopment of a
ccrrect, or at least ~Acceptable, expression ‘for Pt is
Ferhaps the most crucial factor in any predictive ﬁadel for
a turbulent system. In a recent book b? Podi 1938 (4981, a
review of the various turbulent modelsdzyailable for evalu-
ating p, has been presented.

In the present study, a simple form of the k-&
Turbulent Viscosity Model (Jones ang Launder [21)) is

selected for evaluating the turbulent viscosity As part cf a

cemputational scheme for turbulent filuid flow calculations,

b. k-€ Turbulant Viscosity Model

Detailed description of tre model is not gpresentaed

here, only the turtulent viscosity expression and the ensam-

ble-averaged equations for k and € are qgiven. )
Pt =P Cp K</€ {2.23-1)
where k = turtulent kinetic enargy

1/2 (EIG})

-8

€ = dissipation rate of turbulent kinetic enarqgy
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= tp/P)(bﬁ*/axj)z
a H

Turkulent Kinetic Energv Equation

6(9Ujk - Pp/6y dk/dx4)/dx5 -~ G + p€ = O (2.23-2)

A

Dissipation Rate Equation

6(euje - Be/6g ¥€/3x5)/dxy - (Gel€/k g 9 ‘ (2.23-3)
whera G = pt(an/bxj)[bgi/bxj + auj/bxi] (2.23-4)
¢ (2.23-5)

Ga = C13 - Czpe

CP' < and[cz Are empirical constants determined from
experiménts {see Launder and Sgalding [2A]). The wvalues

used for the present studies are given in Table 2.1.

2.24 SENERAL TRANSPORT EQUATTION

_.-—'-‘—-_
The relevant differentiail equations of intarest here
are similar in structure \and can all be exgressed kv the
following general equation r a variable 2:
O (RU;2) /3%y - d3(Mp28/8x5) /d%3 = S, (2.24-1)
where the expressions for the diffusivity rb and the source
term 5 can be deduced from the parent equations. The

Jeneral equation (Z2.24-1) is made use of in thke following

chapter to simplify the develogmant of the grocedure for
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[./

solving the equations. As a further Creparatory step Eor the
. - L 4

solution procedure, eq. 2.24-1 is re—expressaed in cylin-

drical coordinates which arg more suitable for the shape of

the present solution domain. Hence, equation 2.24-1 teccmes
\

1/t 3lr(pva - [38/dr)1/dr + d(pUd - dB/3x) /dx
(2.24-2)
+ 1/r 3(pWh - Td3/rde)/de = S, . '

where S, = cylindrically transformed Sy
+ additional terms Aue to the curvature affect

after the coordinate transformation;

U, V, and W are the ensemble-averaged velocities in the

axial, radiai, and’ circumferential directions resgactivelyv,

The averaging signs have been omitted for Convenience,

Becausa oE.thé larje computer time and storaje require-
ments, it is an expa2nsive task to cbtain solutions fer
multi~vari§£les and three—dimensional_fluid flow croblems.
Attention has been focussed in this thasis on axi-symme-
trical protlems in which W = 0 and &/80 = 9. Howaver, the
solution procedure devaloped here has tha capability of
straightforward extension to any non-symmetric c¢r other 31-#

protlems. Fquation 2.24-2 ca?/fhu; te reduced as

1/r amQVﬂ- f33/3r) 1 /8r + a(éUQ—Péﬂ/a,x)/bK = Sﬂ (2.24-3)

Vi M
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The expressions/ for Fg and 4 corresponding to the

injividual variabYe @ are listed in Table 2.24-1. Thease
inclgde the ‘axial and  radial velocities, the turbulent
Kinetic energy and its dissipation'rate, and the stagnation
enthalpy. Derivation of some of the source termé is_shown in

the following section.

The mass conservation equation 2.21-1 can also be
expressed in cvlindrical coordinates; for axi-symmetric

sieady flows that equition becomes:

1/¢ d(rpv)/dr + d(pU)/dx = o (2.24-4)

2.25 SOURCE TERMS FOR THE CONSERVATION EQUATIONS

3. Intrcductorv Rerarks

[t can be established that for eachk censearvation
equation, there are three Source terms due to the effecets of

the corresponding phase regions:

m

1 for < ry
g = Sm fo r Feo {2.25-1)
Sso for fr LR

where y is th2 radius of tha liquid-mushy interfaca,-rso of
the solid-rushy interface and P of thke mold. g1 represents

the sourca terr in the liquid region, Sp .of the mushy and

]
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555 of the solid rejian. The exprassion of thes=s terms are
listed in Tabie 2.24-1. 1In these.-expressions,.the formation
of. th2 buoyancy terms of the x-momentum equation in tha
liquid and mushy regions and' the treatment of tha latant
e " B R | .
k2at term of the: enerjyv equition in tha musty ragion na2d
i ~— . . T . ) .
- spaeTial attention and is discussed in tre following subsec-
tiens.
;

' b. Treatrent of Buovancy Terms in Liquid & Mushv:Region

Liquid Region

In the present study, the body force is considered to

be caused only by gravitational acceleration in 2 positive x

» .

~direction. Thus, the formation of the buovancy term via the

axial pressure gradient and body force that apgear in the

. s
x—-romentum equation is

~dF/¥x + pqg (2.25-2)

|

L3 .

If a reduced pressure F" is defined as
P

E" = @ - PL g x : ' (2.25-3)

Where.@, is .the flukd density at the liquidus line, which
o T

lies on the liquid-mushy interface (see, ref. (241).

-— [

-

Differentiating the above pressure exgression:

3B/d% = 2E"/dx + © g (2.25-4)



Substituting the above expression in (2.25-2):

~®P"/3x + 9(p-- @) g {2.25=5)

The density agppearing iﬁ equation (Z.25-2) can be
related to fhe temperature wvia ‘the Boussinesq‘model (see,
ref. [9]),“acco:dinq to which dansity vafiations are
considered only insofar as they centribute téfbuoyéncy, but
are otherwise neglgcted. Now, the_thermal-eﬁpaﬁsion coeffi-
cient 8 for a fluid is defined as followé:

8 = - (69/5T)/é (2.25-6)

For small density differences, this axpression can be

approxjmated:

(@~ fp) = - gpp (1 - 'Tp) (2.25-7)

Then (2,25-2) tecomes

—¥P"/¥x - 980, (1-T,) (2.25-8)

T II

where T = force due to the axial pressure gradient

Il = buovancy force due to natural éonvection

Mushv Region

<)
The buoyancy terms in the x-momentum eguation for the

mushy region can be written as

—-JF /3% + e g {2.25-9)



where ©. is tke density in the musky region. By using the

relation of (2.25-3), the expression (2.25-9) can be written
as

-2 /% + glp _ o, - (2.25-10) .
I m IIPL

.where. I force due to the axial pressure gradient

[}

II buoyancy force due to natural convection

Following the treatment for the thermogphvsical
properties in the mushy region, as described in subsection

.2.41, the densfty can be defined as’ follows:

Pn = fs0c + (l-f)gp (2.25-11)

where Pz is the densify of solid at the solidus line whick

lies on the solid-mushy interface; and fs is the solid
fraction.

&

.. . \

Eubstituting (2.25-11) into the expression (2.25-19),

after rearrangement, the term becomes

-

© 1 =3P/¥x + gfs.(ps - e (2.25-12)

A

It is seen, that if £, ©p and P are known, the abcve terms

Caﬁ be calculated.

-,

- ”
N2xt, in the following text, tha superscript " is daleted

from P" for convenience.
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€. Treatment of Latent Heat in the Mushv Region

" For pure substances, the latent heat of fusion ig

released at a unique temperature during ghase crkange.
However, for binary allovs, such as steel, the latent hesat

of fusion is released over a ranje of temperatures, namely

between the 1iquidu55 and solidus.®

By definition, the latent heat Q. is equal to the

N

Froduct of the latent heat of fusion Le and the rate of mass

-

solidifiedrﬁsol; i.e.,
Q = Le gy ' ~(2.25-13)
where B 1 = [d(QUI/dx + L/r d(rpv)/drl g, - (2.25-14)

Based on the assumption of the homogenized flow in theé mushy
reqion, and alse the treatment of thermophysical groperties

in the mushy region (see section 2.41b), it follows that,

Yso1 = Up and  Vv__, = Ve ' . {2.25-15)

Psol = Qe (2.25-15)

-

lfence, the resultant form of Qﬂ is

3 Liguidus is the temperature at whick the metal starts to

solidify and the latent heat of fusion starts to release.
v - .
Solidus is the .temperature at whick the metal is
completely solidified and the latent heat of fusion has
been completely released.
f
- o~
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2 = Le PgIR(ELU ) /3% + 1/r d(rE V) /3r] (2.25-17)

Therefore, thLe assumption of a linear releases of the
whole iatent heat (see, ref. [SS,\?, 54]) 1is not always
-cqrrect, as the combined effect oﬁ f;*ana (Uirw is not a
simple function. It can be any function including 1linear,
quad}atig or exponential; and it skould be treated as one of

the solution's unknown parameters,

2.3 INTERFACE CONDITIONS

2.3

ADNDITIONAL INTERFACE EQUATIONS

The four conservation equations, namely mass, energy,
X-momentum and r-rementum, contain six basic unknowns.
These include the velocity components U and V,. the pressure

F, the entralpy 4, the radius Py of the liquidus interface

and the radius Fso ©f the solidus interface. The interface
radii shown in Fig. 2,31-1 vary with x and are used tb

Y : :
derive two additional interface equations. The interface
equations arise from the compatibility condiEiohs and the
energy balance, which are applied at all Foints along the

sclidus and 1lYquidus interfaces. (subsection 3.53).
-
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2.3

COMPATTIBILITY OF VELOCITIES AND TEMPERATURE

To simplify the'probleﬁ_formulaticn, nd conta;t resis-
tance between the casting and the mold is iﬁtroduced even
though consideration ©f it is possible. The liquidﬁs
interface i§ treated as a permeable boundary; i.e., liquid

steel can flow into the mushyv regien.

From the above assumptions, no slip condition can be

usad; {i.e., the tangential velocity cémponents along the

~

rhase interfaces are tre same, 'By mass continuity, the

normal velocity components along the interfaces must also be

the same.

At the' solidus and liquidus 1lines, " the wvalues of

temperétures at all points are the solidus and 1liquidus .
Ay

temperatures. Hence,

-

Solid-Mushy Interface

ﬁm =g, = s (3 = U, v, H, etc.) o (2.32-1)

Liquid-Mushv Interface

Ip = B; = 3, (3 =0, v, H, etc.) (2.32-2)

where the subscripts m denotes the 2 value next to the
interface and also in the mushy region, 1 in the liquid, and
so in the s0li3 region. Subscripts S denotes the @ values

at the solidus 1line, L‘at the liquidus line.
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2.4 ADDITIONAL ALGEBRAIC EUATINONG

Beforz the mathematicai Frotiem can ke reg;rded as
cdmpletg, it is necessary to formulatz tr= additionail
algebraic equations, which inciude the toundary cenditions
of the fgroklem, and tha Eonstituent equationé which 1link

various derendent variables togather.

*

“»
-

.41 THERMOPHYSICAL EROFEPTIES

In

-~

g; Single Prase Pegion (Fure Liguid or Pure Solid)

Instead of the restrictive assurptions of  censtant
conductivity K and constant Fressure sgrecific heat CF of tra

materials in the single-ghkase 1liquid or solii region to

obtain tha solutiens (s2e ref, fL,19,11,27,231), tha valuas

of K and C. are taken to te functions of temcerature - a
nacessity in any realistic simulation of tha h23c ticw in
real materials over wide temperature ranges. FSo in a rpure

liquid or a pdrégﬁglld raqgion,

&“\\ Ea = Z2_(T) ' a =1, so (2.41-1)

where Em = ¥ or cF

In the rpresant study, linear correiations btarwasn tra
temgperaturé and these values in both rejions are chosan for

th2 following considerations:
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(i) The computation of thermophysical gproperties must be
made at every spatial qrid Foint in the casting simulation.
As this can inveolve millions of separate determinatiaons of
these ©Eroperties during the execution of the computer
Frogram, ﬁhere'is a significant saving in the computing. time

bv evaluatin a2 linear relation instead of a more compli-
X _ 9 )

cated form.

(ii) Definite trends are Apparent in the data for steel and
- ) I

a series of linear segments adequately represents them.

To “illvustrate the 'foregoinq ideas of using 1linear

relations approximate the values of Cp and X, low carkten

steel is fised (see ref. [29])}. The conductivity K is repre-

Y Ffour linear segments as illustrated in

sented

Fig. 2.41-1 It is 'given, in general form, as

=
fl

K1 - KZ(T - K3) | C(2.41-2)

where kl, KZ and K3 are diffefent constants defined in Table'
2,41-1 to specify each Segment. Selected data and
funcg{ional relationships for the specific heat are illus-
trated in Fiq..2.41-2. In general, the specific heat . p can
be expressed é;
p = Cl +Ca(T - C3) - (2.41-3)

~

-
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where Cl, CZ and C3 are different constants gdefined in Tatle
¢.41-2 to specify each ssgrent.

Y

In most practical applications, density and viscosity,\

can be assumed to be constant without any significant errors

in the prediction (see ref. [29]). In the present study,

these constant valyes are listed in Table 4.11-1.

D. Mushy Region

I. OVERALL TREATMENT

The thermophysical preogerties in thre two-phase mushv
region need special attention, since they do not only depend
on the temrerature, as in the single-phase liquid or solid
region, but they depend also on the two-phase effect in this

region. The following are assumed: ’

(i) The solid fraction can be anilogous to the thermodynamic
Froperty of the quality in relation to the intensive

properties (see ref [39]).

(ii) All the thermophysical gproperties suchk as density,
cenductivity and viscosity, are Ffunctions of temperature
{see ref. (591]).

3
(iii) A 1linear vrelationship exists between the solid

Eracpﬁoh and the temperature (see rof. [3W]f.
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(1V) Homogenized transport -has besen assumed in the mushy

region.

Bacause of the above considerations,__a general

expression for 2. in the mushy region can be defined as

foliows:

Bol £5,T) = .80 + (1 - £5) %y (2.41-4)

v

where En represents the therméphysical in the mushy region,
£, at the liquidus line, and g at the solidus line. The

solid fraction €5, whichk reflects the Fresence of the two

Fhases, is defined in the following subsection.

II. SOLID FRACTION

The solid fraction fs in the mushy reqion can be

défined as.follows:

-

Es ® Mo/ lmgy + my) {z.41-5)

Where m . is tre local mass of solid, and my of iiquid. As

Mso and m; are difficult to determine analvtically, unless
additional mass conservation equations are solved, their
values are usually approximated and expressed as a function

of known quantities.

The following relations are assumed,
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o TLsr
£, = £5(T), Te < T < Ty (2.41-5)
1, T<T

The relationship between thHe é%lid fraction and the temper;

ature can be supported on the tasis 'of the phase diagram.
Iﬁ the prgsent work, a linear relationship between the solid
fraction and the temperature in the mushy zone is assumed.
This corresponds to the simple case presented by Mivyazawa

and Muchi [39]. Therefore,

fg = (Tp - Ty/(Tp - T9) - . (2.41-7)

2.42 BOUNDARY CONDITIONS

a. General Requirements

)
The flows examined in this studv are of an eiliptic’

nature; it is necessary to supplv the conditions for all the
vartables at the toundaries of the solution dom2in. These

conditions are usually specified as:

(i) the value of the dependent variable at the boundaries,
(ii) the value of the associated flux, and

(iii) a relation between the'two.

A el b e s

7 Flliptic flows "arexthose where perturktations of cenditions
at any point in the flew can {influence zonditions at any
other point. Suckh flows.are jovernad bv partial 3iffer—
ential eguations of the type Xnown as "elliptic"™ - such as
those’ given by eq.z.z4-1 (see ref. [13]). ‘

e A ——————————aaeu 1




Since velocities and Fressure are inter-degendent, eitter

the velocities or the pressuyres need to te prescribed.

(

The qgeneral conditions at the various boundaries are

discussed in the followinq subsections.

b. Special Surface Boundaries for Energy Equation

-I. GENERAL TREATMENT

'~
-
:

At ‘the surface boundarv, two cases of”bbundary condi-

tions are considered:

Diricklet Boundary ,

/

The boundary surfacd temgerature is known or given in

the studyv.

Neurann Derivative Bcu{S:ry * ’

In this case, the Coundary surface temperatur= is not
known and the boundary condition is 7iven as normal temger-

ature Jgradient. This may be conductive, convective,

radiative, or the comkination of them.

Eor convective boundary conditions, the normal enerqvy

transfer can be written as

BH/Bn = - B(T, gy (2.42-1)

where k = heat transfar corfficinant
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the boundary temperature

3
o
I il

a = -the ambient temperature
b S

-

For radiative boundarv cenditions, the hormal enerqgy

transfer may be written as

34/ = GEF(T 4 _ g 4, (2.42-2)

where o is the Stefan-Boltzmann constant, F is emissitivity,

and £ is the view factor.
. 4

The cooliny of the metal in the continuous casting

process 1s discussed in the following subsections and is

illustrated in Fig, Zz.42-1.

II. MOLD COOLING

L]

Th2 region of mold ccoling starts from the tog cf tte

mold and ends at *nold (see Fig. z.43-1). 1n the mold, the

metal and mdld_are initially in qgocd trers2l contact and
heat transfer is by conduction. As the metal solidifies
downward, it contracts and btreaks away from the' mold.
Evantually, an air-qag is formed betwaen the solidified
sk21ll and the mold, and hesr transfer is bv radiation and
convection. Taking into account tks time of g2p €ormation
and its size, favage and FritcrarAd 5451 Frocosed a heat fiux

eXpression ovar tke complete length of tthe mold;

Yro1g = A - B(t1/%  (2.42-3)
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1

wnere A and B are constants determined through exreriments,

t is time where time is equal to:
P

*morad _' (2.42-4)

ITI. WATER SPRAY COOLING

[ 4

The water spray cooling starts from ﬁhé end of the mold
and ends at xspfay (see Fig. 2,42-1). 1In this Feqion the
heat transfar mechanism is complex (nucleate bolling and
-forced convection). In the present study, convective heat
transfar is assumed to be dominant (see ref. ([31]) and its
expression is given by the relation (2.42-1), where h is now

the average heat.transfqg coefficient for the sprav-cooled

»

region, and T, is the spray water temperature

dV. AIR RADIATION COOLING

The region of air radiation coocling continues the
region of sgray cooling until complete solidification has

occureif/JThe heat transfer is mainly due to radiatidn, and

is given by the relation (2'v42-2). ) .



é:—Other Boundaries'
t ’ :

I. WALLS

-

Sinée the-mg}d Yall is at rest, the velocity must be
Zzero at all points on its surface. The exterior boundary of
the shelli of the solidified metal, can be treated as a
moving wall with only axial velocity componeht; therefore,

the radial wvelocity and ‘the radial flux are zero.

U=V =k=¢ =90 at mold wall
o3 /dr

<3
[}
#
o

at the moving wall (soligd shell)

where P = k and ¢ .

II. INLET/OUTLET APERTURES

The computational domain is shown in Fig. 4.22-2. At
the inlet (nozzle exié), the velocitieﬁ and enthalpy are ,
imposed and considered to be uniform. At the exit of the
system }withdrawal of the solid steel), zero gradients of J)

are assumed, Hence, ¢

g = gimposed at the inlet nozzle
(£.42-5)
2. ,
(aﬁ/éxll = 9 at the ocutlet



-
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where § = U, V, H, k and €

Using the mass conservation equation, an additional

. - -

constraint can be found: - C 2

f
4

Thin = T gy | | (2.42-7)

and from this, tbé\iillowing expression ¢an be obtained,

z @A, = T (U A . (2.42-8)
where din is ;he rate of total mass in, and ﬁout af the
total mass out of the solution domain. A is the cross-

noz
sectional area of the inlet nozzle, =and Amo of the oﬁtlet

solidified metal.

‘ =~
III. SYMMETRY AXIS

On the symmetry axis the gradient of all the variables
with respect to r must be zero because of the éymmetry. The

‘ \
radial velocity must alsc be z2ro to aveid a velocity

diséontinuity. Hence,
V = 38/3x = 0. | o (2.42-9)

where 2 = U, H, k and €

—

There. is a free surface of liquid steel at the top of

IV. FREE SURFACE

the mold. In practice, free slip condition is apglied at
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the free surface; therefore, the gradient of radial velocity
with respect to x axis, and the axial velocity must be zero,
If the free surface is assumed to adiabafic, the tem;erature{

gradient witp respect to x axis is zero. Hence,

U = d/dx =0 | (2.42—1055\

: | N\

where @ = V, H, k and €

2
i

2.5 CLOSUPE

-

The mathematical forgulation of the probimn ras been

presented. It can be summarized as follows:_

(i) The basic governing transport equations of heat,
mass, and momentum have béen presented in ensemble-averaqjed

form.

.-

(ii) Thet essential features of the k-€- turbulent

viscosity model adogted.in this simulation have been given.

(iii) The complete set of equations for both mean flow
variables and .turbulence gquantities have been presented in
the form that théy are to be solved, and the resulting

.genaral transport equation kas teen given,



(iv) Four conservation ‘equations and two additional

equations arising from the compatibility conditions and the

-

energy balance along the interface lines have alse been
. . ] -
identified. '

(v) The boundary conditions required for the solution

of the equations.have been shown.

(vi) The thermobhysical and the two-phase progperties

have also been presented.

Differential equations are discretized to cbtain a set

-

of algebraic equations. The method used is presented in the

following chapter.



CHAPTER 3

’ " THE SOLUTION. PROCEDURE

-~

3.1 INTPODUCTION

This chapter is céncernmﬂ with the develogment 'of a
numerical prockdure for solving the set of elliptic,
partial-differential equations, obtained ﬁ1 Chaﬁtér 2. In
‘saction 3.2 the differential equations are coﬁvertea into a
form suitable for numerical solution by usiné.the 'finita-
volume method' approachk in whichk the discrétized - ferm of
equations is oktainead Ey integration of the differential
equations over finit2a volumes of ‘ce;ls'. After th2 expres-
sions for tha flux and source terms are oktainzd, the

discretized equations are assembled.

The  determination of the local thermochvsical
Froperties at~che control volume boundary, and for th2 whole

control volume, is discussad in saction 13.3. . '

The SIMFLEF algorithm with the line-tv-line iteration
method 'is used _fdr solving the equations of motion, as

outlined in subsection 3.41.. Novel algoritkms for thke

19—

enerqgy eguation and the interface se2arching gprocedures for
the solidus and liquidus 1lines are presanted in the

-




.

following two subsectioﬁs.?.‘cme _aspects of the convergence

-

and numeflcal stab111tv ‘are d1squssed in the last saction.

3.z DERTVATION OF DEFSCRETIZED EQUATIONS-

® 3

The transport equations of rnlevance are too complex to

te solved anal"tlcally. hence,- a numerlcal solution is

required. One of the most widely usnd numerical methods for

fluid problem is the. 'flnxte volume method' (see ref.

(12,13,151), in whick the calculation demain is divided into
a finite number of dlscrete volumes or 'ce;;s' b" a computa-
t;onal qrid, and numerlcal values of the dependent variables

are determined at tka2 centre of the cells.

3.2 GRID AND NOTATION

Based on the 'finite-volume mEthod' approace;- the _'

numerical solution consists of subdiv1ding the dcmain 1nto a"

series of non-overlapging and contlnuous dxscrete coﬁi:ob_

volumes or cells. Using';tb stagqered grld arranqement

LY

[44), All scalar quant&txes, such ‘as ent?alp" and pressure

\

are calculated at‘the nodal™ toints of thke qrid, while the

velocities are calculated at cell® boundaries. The veloc-

ities, which are designated by the arrows in “the diagram as
’ -
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shewn in Figq. 3.21f1, are disglaced so ‘as tc lie midway
batween the grid points. This position™Mg fras the advantaga
that tha velccities lia on tre 5oundaries of the 'finite
volume' cells £or scalar dependent variabies. Thus they are

directly available for calculating convaction througl tlrease

walls.

Figure 3.21-1 shows a typical node F, its nearest
neigﬁbours labelled, N, F, g, and Y, and thke intervening
‘;ell boundafies{ labelled, n, e, s and w. For cvlindrical
ccordinates the cells are formed by rotatiny tks qrid
througk a unit angie 1round tt» symwétry axis of the cantre
line.‘ The aqvantaqes'of th2 stajgered grid ara 3s foileows:
(i) The fressure gradient is directly. available for tt=

calculati;n in the momentum equations.

(ii) The di§cretizeﬂ continuicty équations are basad on the
R difEereﬁces of adjacent velccity components. This

- %

eliminates the Fossibility of getting an unrealistic

.

. wavy veloéity field (see comments by Fatankar- (34]).

In  the following ‘subséctioné, th2 subscripts (1,%),

(m, %} and ‘(so,%) danote respectively the mean Quantities of

el liquid, mushy and solis regions at the ¥ boundary of tte
.- . . '
-0 ! control volume, For example, Q. denotes the ‘maan.
- ‘a2 o i ' L
Tl tranﬁpg;; of 1iquid region at the e (east) toundary as shown
et in® Fig. 3121-zZ. The subscrigts L[ and S represant  the
. e . , - .
e .qgg;fltles at the liquidus and solidus lines raspectively.
. o [ T .o A ) - '
€ A- \.!' - .
v R A
A » '



ir

wh f
where Qe , N

[

"3.22 INTEGRATION' OF THE SENERML DIFFERPENTIAL EQUATION

The inteyral form cf the general transport equation
3.24-3 over the control volume centered at F and shown in

Fig. 3.21-1, is written as

IIV it §z (riqua - 3%

»xlo”

+ 52 Uz - 1§21y - If %y av - 3.22-1

r
where V is the volume of the control volume,

8y the divergence thzorem, the equation may be rewritten as,

: r

n ‘e
(R -0+ -9%) = [ § s, cdrax [3.22-2]
L fs %y
total transport across . source qgeneration
the cell toundaries or dissigpation

’ .
ws Qns 3nd Q.  are the total transport of 2, Adue

to convection and diffusion, across the east, west, north,

~and south boundaries of the control Jolume, and are defined

as,

ST

S : :

RARIUERS T
r .
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.4

n . (3.22-4]

and Q_ = J'[QVG - D %g]r r.dx
: n

b 4
3.23 DISCREYIZATION OF THE INTEGRATED EQUATION

a. Expression for the Flux Terrs

The law of conservation re&uires that total transport
of any quantity across any boundsry of a multi-region
contrel volume i; equal to the summation of_alllthe total
transports generated from each phase region across the same
boundary. Thus the total transport 0O on any (east, west,.

north or south) boundary may be rewritten gJenerally as
, -

Q= 32 | 3,231
? [3.2 1

.

where 2 .denotes the summation of the total transgort
contributed by ali ghases 9 inveolved. In the present study
three regions, namely the liquid, mushy and solid regions
(i.e. Q@ =1, m or so); are considered. Thus, thére are four
differant cases Eor/éxpressing the transport terms for each
boundary of the control volume as illustrated in Fig. 3.22-1

and Fig. 3.22-2.

The expressiens for the total transport at any
boundarvy, whick can be applied ‘to eachk cas2, rcan be

compactly written as
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) S .
1,1 Is,i n
Qi = J q; rdr + J q; rdr + J q; rdr, i = e orw
s I1,i I2,i

{3.23-2a)
(see, for example, the east bdundary of the control volume
in Fig. 3.23-1.)

I, . .
1,3 Izr] X

Qj = I qj rydx + | 95 rydx + { 93 rydx, Jj = nor s

e

X I. - I .
w 1,3 2,3 [3.23-2b]

(see, for example, the north boundary of the control volume

in Fig.3.23-1.)

where Q. s gJenotes the total transports in axial direction,
and Qj‘ idz radial direction, (see Fig. 3.22-2 foxr ilius-
tration of Qe and Q.). g denotes the total flux which is
the sum of the convection flux and the diffusion flux.

Thus,

G = (uz - 0’4, " 13.23-3a)
9 = Qva - 034y . C (3.23-3b]

Il,i and I;,ir are the axial integration limits. Il,j and
2,3 are the radial integration iimits, These limits can be
used to classify the four different casas.

L 2
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Before these cas2s are shown, certain integration
limits have to ‘be defined for later clarification: IL,i
(1 = e, w) is the radial limit of the liquidus line and Is,i
of the solidus lines at the corresponding toundary, measured
radially from the axis of the cvlindrical co-ordinate
system, as’ shown in Fig, 3.2z-1. Similar 1limits can be
defined in the axial direction; and they are IL,j and Is, 5

(j = n, s).

The four cases are shown in Fig. 3.22-1 and presented in the

following relations:

(1y I, =1, and 1, = ls
Bothk Iiquidus and solidus lines intercept the boundary,

-\\i.e.v all three cphases, 1liquid, mushy, and solid,

occupy the boundary. (see, for éxamgtb, the _ east
. ‘ / 5
t iﬂh_-_--
boundary of the control volume) ' \ '
(2) 1 S

1 = I = Ig: | >

Only the solidus line intercepts the boundary, i.e.
solid and mushy regions occupy tke boundary. ' (see, for
example, the north boundary of the control volume)

1) I, 4 |

Oniy the liquidus line intercepts the boundary, i.e.

liquid and mushy regions occupy the boundary. (see,

for example, the west boundary of tha control volume)



(4) I.l:'[z .’-

Neither 1liquidus nor solidus 1lines intercert the

boundary, i.e. oniy the single fghase suchk as liquid,

mushy or solid occupies thke boundary. (sez, for

-
-

example, the south toundary of the control .volume)

The first case, whick is the most general one, is used
to 1illustrate the discretization of the total transgort
terms. Similar treatment can be aprlied to other cases at
all tEe boundaries with ﬁhe adjustments of the corresgonding
integration limits. By using the mean-value theorem, w2 can
assume th2 fluxes for each ré@ion to ke constant along averw
call boﬁﬁdary._ Thus tha above integrals from expressions

(3.23-2)'way b2 replaced as
% = 313 A].g,i S [3.23-49)
Qj = 715 ”?,j . f3.27-1t)

where 3? { is the area occupied ty the 4 r29ion on tha |
r .

toundary, and A j on th2 j toundary. Th2ir exprassions
[
#4111 te jiven latar. The sup2arbar () racrasants th2 mean

value of th2 variables and will bte drogped from now on for_

the simplicity of notaticn.

= -

A, 1

totai area of th2 i (or Jj) btounitary, rto simclify the

To relate ail the unincwn A {or A? ;) to tha known

algekraic exgpression of thke eguations whick ras <cthe sare
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form as the usual single Fhase problem, and to simplify the

s2arching procedure for the: interfaces as shown later in

subsection.3.42, the dimensionless area ratio-Y { of the ¢
' r

2.1

region on the i boundary, and XQ j on the j boundary are

introduced and defined as

xﬂ.i = R, 1A and Y 5 = Ag /A [3.23-5}

where A, ‘is the total area of i boundary,'and‘Aj of j bound-
aries, From the above Y definitions, the following exgres-

sions result:

'z Xg'i =1 a'nd EY‘;,j = ] . f3.23-5])

- :
For the above mentioned Fhase regions at the bound-

aries, thke expressions of Y can be written as

“Axial Dimensionless area ratio Y

o1
I. 2 _ .2 2 y
‘\Ilri‘ - r"] - I2,1‘
b4 PR mememmm Y = e ————
1"' ’ 50,1 '
Ay .‘ Ay
Ymi = 1= Y14 = Yso,1 - (3.23-7]

where Ai = Ly ary. (see, for example, the east boundary of

~ the control volume in Fig. 3.23-2)

Padial Dirensionless area ratio\r

¢+
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Ym,j =1- yl,j - ]so,j . - ' [3.23-8]

. ‘ i o )
wherea Aj = rj axg. {see, for examp%e{_igg/g;::;\boundary of

the control volume in Fig. 3.23-3)

Makiné usaa of above definition, Qs from expression

(3.23-4) Lkecomres

-

Qi = qlff A and Qj = qeff A] [3-23"91

£¢
where gSff - 5 fa7lg,; and qﬁff = 5 Iq Yg,5 -

Using the dﬂflnlttcn of gq-from Eq. (3.23- 3), the Y]

can be written as ,/"
(Y = qune - ©n$2 ana (ar1. = WuNg - (P2
i t g“ - 3 Q [3.413591

Therefore, qeff can be rewritten as

WL = (c2FE p - (8x;p2fF) 32

)52 [3.23-11a]

F!_]t,eff:' = (ceff Q (gerEEf)§g1j [3.23-11b)

whern C eff {or Ceff) is the effective convection coefficient

-

on the i .(or j) boundary, and D?ff (or Dgff) is the

effective diffusive coefficient on the.i (or 3) boundary.'

They are defined as

£f . ,
Ceff - 5 (Qng1; , c§ff - ¢ (Qvngl;

£3.23-12]

[ P



a
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pDeff = (MY g/8x1. , peff o ((PY)1g/8]) -- ‘
°1 2 g/8x1; il DS 3 r3.z23-13]

_For simplicity the superscript 'eff' for the flux terms wilil
w——y

te dropred from now on. Approxigate expression of bound-

aries. b and - (0%/0x) in tarms of - nodal values of. 9 is

-

Fresented in subsection 3.24.

"y

b.sExpression for the Source Terms

3 I
The"conservat?Qp'_law requires that the total source

- ~ .
term within a multiphase control velume should ke equal to

the summation of all thke source terms contributed by the

Fhase regions involved. Therefore, thé total source terms

€ can be generally written as

iy

= IJV spov = f Sp,q AV 13.23-141
.9 . .

{Compare this expression with the Jeneral flux expression

(3.2-1).)

where 9 for the present problem, ~an be agual to l, m, or

~so, depending upon the regions involved. Using the mean-

-

value theorem; i.e. assuming mean values of Sﬂ in the reqion

of_interest, tke total source term S can bea rewritten as

S='% [’:’Q,sw? . | 13.23-15]
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where sz'?‘is the mean value of Sﬁ of the 9 region; and.sv_g

is the volume occupied by the 9 region of a multiphase

control volume.
-”

f&kld@ing the practice as before, the dimensionless

.
~

volume ratios are introduced and thus we Fave

> -

8, = -
] BVQ/SV (3.23-1ha]

T =1 [3.23-16b)

where QQ is the dimensionless volume ratioc of 9 region; and

§V. is the.'total volume of the control volume,

\w . ) )
Making use of the definition of 8, the total source

term § from gxpressioh ¥3.23-15) becomes

£ = geff gy ' " (3.23-17]

wiiers Seff is the effective source term for the multi-region

control volure and is defined as >

A

seff = 3 [E:;,geh; {3.23~-18)

Approximate exPEﬁ§Si°n of Sg for different teansport
/éuantities will be prgseﬁted in the 1later section. For
notation simplicity the superbar (7) will be omitted Ffrom

now on. The evaluation of 6s are now gjiven.

' -
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In the present problem there are four possibie types of

=-r

control volume. 1In each type of control volume, thare are

different cases bzacause tha involved phase regions have

‘various geometrical shages, as shown in_Fig. 3.23-4. They

are classified as follows:

(1)

(2)

(3)

(4)

]

Single Region Control Volure

Neither 1liquidus nor solidus 1lines intercegt the
control volume; i.e., only‘el or 8y or 8., = 1. Thus
three corresponding cases are possible.

Liquid-Mushy Region Control Volure

Only the liquidus line intercepts the control voldme;

i.=2., 950 = 7, 91 # A a;é Bm # A, Thus six corre-

sponding cases are possible.

"Solid-Mushv Region Control Volure

Only the solidus 1line intefcepts the control volume;
i.e., 91 =1, 6, # 0 and 85 # 0. Thus six corre-
spondiny cases are possible.

Liquid-Mushy-Solid Region Control Voliume

Both quuidus‘and solidus lines intercegt the contrel

control volume; i.e., 91 ¥ 3,8, # 7 and 8., # 2. Thus

fourteen corresponding cases are rossible.

Using the cohdition {3.23-~15b) the dimensionless volume

ratio Sm can be calculated bv

Al
8 =1 - a. -
S (3.23-19]
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The expressions of ®, and 9_, (which are related to the

'
.dimendionless area ratio Y) are described for the four types
of control volume by the following two generalized eXpres-

sions (see Apgpendix 1 for detailed derivation).

" oy
8 = 1 - M -y [l =0 + (1 - ¥a)l
3 ‘ ¢ n S [3.23-21]
Q=T -y (- T
. v ntot ST 3l23-20]
o = (3o + V) Uy + I$)lg
- The conditions for using the above equations, which are
subjected to different values of Y, are as follows:
(1) A11 ik = Ysou = 2 where k = e, w, n or s
9, = 8 = g , [3.23-22]
(11} A13 Yl}k # 0
91 = Exp. (3.Z23=-21)\ (3.23-23]
B = Exp. (3.23-20)
(iii) A1) xso,k # 9
8 , = Exp. (3.23-21) (3.23-24]

9, = Exg. (3.23-20)

QQ = ExF. (3.23-29) (31.23-25]
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3.24 FLUX DISCRETIZATION

A

The hyb;id differencg' scteme (Sgalding (451}, whick
blend§ the advantages of centrai .and  upwind difgerénce
scremes, is used to disc;etize the expression 2 at all cell
boundaries, T

The rybrid difference scheme applied for the east

boundary of the control velume in Fig. 3.21-1 is,

Ceg; for Fe, < -2,
e
Qe = 'Ce(gE + zp) - De{gE - ﬁF) for !F’Eel. €2 ,
“ ¢
eﬂp for Fe > 2 .

% [3.24-1)
where Pe_ is a Feclet number for the east boundary and
definad by Fe, = Ce/Dn; Fe 1s actually the ratio of
convection to diffusion. Similar expressions can be written

for all the other cell boundaries.
“,

3.25 ASSEM3LY OF DISCRETIZED EQUATIONS

Substituting the discretized flux terms .and source
terms from section 3.23a and 3.:23L respectively into the
qeneqal differential eguation (3.22-2), tke final discreti-

zation equation for tha kybrid scheme can now be writtan as

aFﬁF a ?E + awﬂw + aNzN + asms +t , (3.25-1)



ay = wax(C,, D, *(Cy/2), 41
dy = rax(-Ch, D -(C /2), 11
3z = max[C,, D +(c </2), 9] 'H .o
ap = a.E + aw. + -aN + aS . N . . -'
e S T : ‘f, =
® = Segr SV _ o0 Tl
L
R . - . . ;. -
.1.1 DETERMINATION OF LOCAL THERMIPHYSTCAL EROPERTIES -
The determination of tke local tharmcpﬁv51ca}

propartlos at the control volume boundary aﬁd for

control

3.31 PBE

volume are presented in this section.;

The

single~ghase region, such'as the liqufd or solid'reqién,safé

LIMINARY REMARKS

v

thermoghysical properties E‘%K, Co, etf}J;-dE_thé

the whole--

given either as constankts or as known fuqctlons (see se

3.41).

mination

tlon'-

Hence, mcre attention w111 be focussed on “the detar-

of local thermophy;ycal groperties in the rnushy

region as they usually varv Latween the values
q - - - -

liquidus

line angd the values at the s0lidus line.
B - . -‘

-

at

the

.



Subseituting the expr

in linear form of mass

vields: -

2ssion of_gk'grom Eq

fractiom

(1.41-4)

(whickh

%s

into the above equattfons,

-5

Fa . . 1= . . v
_‘. 1.'_ - -',:. [ - ‘\ & . -
- . - bl + .
- - v S - e
. 4 e T 4 a. - - LY L]
R S v ) = "-55- - .
- e \- L i < * i
.__ .‘-.‘_:_ L . N e
-0 “‘:i.f, h. o w T - . - .
. . 1 e % et . ¢ - .
gt v . * 4. s e
I G _ Two cat egor{es of ‘lccal xpropértﬁes baue uGEW com:u:ed
. - e & he TN > - o= > -
S L “for the . musrw reg1oqu;nam91" tfe‘prona:tv Fomput°d at the
o= T - T l * - - N
bopnda 6E tre cong;oltvolume‘andkghe propﬂrt"'ﬁomputed fov
- ." .‘ "
-t che wh;ie contaol. vorume. Ehe f&{st cateqorv rs used in tb=
a - - k. PO " a q."'.il" e t
Sk cbmputatIOH—of“the cngectlve'apd éif?u51ve %nrms, whereas
~ - "“ ~ LY .*C . x - N TP - - .
- ttbe s2cond . cate%Prv LSqusLd in' the cqmpu*atio of the body-
- 1 - - « -
S force tnrms: The computatiqp*zs cg*siei out for the four
\.‘l--:, - “ ‘- . .l - -
. - . LR
o kinds of Eontrq], volum-e.‘(.sce Fig \3 23- 1). : L. x
' = - :'- T . - -4__"-.
) - A X - - > -
. o= - -~ - - '
[T, [ i '_‘ = . ‘ L
. . CRRNE SN SRR R e
C 3.32 EPOEERTIES AT THE CONTROL vouums BOYNDARY - ,.°
t e, . . . ‘P-.t C - - - .
A _ ' e '»\ = - oo
Coe « - In qnnoral tha mean pr ;e?tles 3 at the contPal vciume
I s - s TS \ - £ -
SRR J bounda .-of Ebn mushv rnglon canfba=ﬁalru;a ed by
- . vt M l . Wt e X
. .- r e - 1
o ) - - ‘“l—_. d - ‘4 - . -
[ 4 .|i’_ , J-n,"‘} = f 2 1'_. _l' 3T ?-'. ., { a es Jl’:‘ [
e S A I 3.32-1a)
. S o8t T oo T E - :
- P o ot . - H - '
o A
v can AR 3 'g' % .- __‘-1. . - v .1: : - \
:"’" . ?‘ F L B l-" SNy < C . -_. - . s i
AR SRR R S e il s
N - ':". --)]-". q--. m n --j . - - . . [1.12_1‘;1
L | -‘ L% .-, o m’] PR . ““‘ r '_
L. . - - - DR - L -
Tt - S veor L T s -
© . K A ' ' - )
‘. - . 5 i F ., — \.“ L] = -
S - LS . o L - = - -
. IR . . = .
. - l' o . -
¢ . yherg‘ﬂm { 15 the boundary 'area occuciad ty the mushy regjion
R RN L ‘ . .. :
’ ac tt-b.. i ‘b'OUﬂ"]a!."..', and . ,\ﬂ': ‘:.I [ !"-ha_ -'l tounf‘ -sr-- T+ n
1 + .0' . t " " P ) .
integraticen is carried cut. < i:hln the . wusb" rejion. S-
" . . .
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a = X 4+ B S I f. rdr (%o - &) ) .
r, i L A, T s S L {3.32-2a]
E- . = g + —1;‘- J £ r.dx (S. - S ) :

Making use of the mean value theorem, w2 can rewrite

the above equations as

sm,{ = SL +l[fs}g(gs - %) (3.32-3)

where [fs12 is the mean mass fraction at the mushy boundary

of the control volume.

Based on the previous assumption that a linear relationstip
. - . ) . ,

exists between the solid fraction and the temperature in the

mushy reqgion (see section 73.41k) and Eq;-(3.41—7), [fs]t

-can be approximated as (sée ref. [33)):

lame ]
e
7]
b
u
1
|
]
’-—‘
{
|
1
-3
1
-3
-
th
1
—
-

P | (3.32-4]

/gﬁhere Tp 1 is the mean temperature of the mushy reqion at
o . )

the ¥ boundary. How it is determined’ is discussed in this

chapter.

L |
Fquations (3.32-3 and 3.32-4) stow that B is 3 direct
function of temperature; i.,e., Em = ¥.(T); hence, attention

is focussad on the method fog determining the mean temger-
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ature T ¢+ The east boundary of a typical EF-centre control
o ] - .

volume is used as an iliustration (see Fig. 3.32-1). 1In the

Fresent studies the dimensionless area ratin Y's, nodal

temperatures Ty and Tg, liqu¥@us temperature Ty, and solidus

temperature T. are the chosen parameters in the formulation

.2 i t. H f T v i i i
of the approximation o m,g+ The approximation of Tm'f is

given as follows:

(i) A1l rq,e ¥ 0 where § = 1, m} or so

Since. both liquidus and solidus 1linas intercept the
east boundary ‘(Fig. 3.32-1a), the mean temperature at

the east mushy boundary is approximated as

(ii) ‘TL > (Te, Tg) >Tq

Both centre and east nodal temperatures lie in the
mushy region? (Fig. 3.32-1b). If the temperature ‘is .

assumed to vary linearly in the east direction,

.Tm'e = % (Tp + TE) [3-32“'6]
(iii) Ym'e 71

(a) T, T, ¢ Te
| P’ 'F S or Ty >Tg > Tg

Where both centre and east nodal temperatures lie in

Y .

the "solid region; and also where only the centre nodal
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|

\
temperature lies in the mushy region while the east
nodal temperature lies in the solid region (see
Fig. 3.32-I¢), the mean temperature at the east mushy

boundary is approximated as o

T =
m,e

-3
n
»

t3.32—71

\y

(b) T., f; > T
P } L or TP > TL > Tg

Where Egth'centre and east nodal temperatures lie in

the l1iquid region; and for the case where only the east
nodal temperature lies in the mushy reqion, while the
centre nodal temperature lies in the liquid region (see

Fig. 3.32-1d), the mean temperature at the east mushy
e .

boundary i?fapproximated as

m,e = Tp ' _ [3.32-9]

3.33 EROPERTIES FOR THE WHOLE CONTROL VOLUME

In general, properties 2 for the whole control volume

of the mushy region can be defined as

1 ‘ :
=== [¢av f3.33-1]

Vl‘l". m

where 'Vm is the control volume occupied by the mushy

region.
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L O

B

Following the same derivations as those presented in

.

the subs2ction 3.32, the mean mass fraction Es for the whole

control volume can be expressed as (c.f. Eq. 3.32-4)

- o
ts = mmmten (Tp = Tp)
. (3.33-2]
Ts - TL .
where Tm is the mean temperature oE'the'mushy region for the

whole control volume. A typical E-centre control volume is

used as an illustration, as shown in Fig. 3.33-1. TF' Ty,

and T, are the chosen Farameters in the formulation of the

approximation of Tm, which is given as

(1) TL > TP 5 Ts

The nodal temperature lies in the mushy reqgion, as
shown in Fig. 3.33-la. 1In this case the nodal temper-

ature is assumed to prevail uniformly within the mushvy

region,
—— _ (3.33-1]
Tm = TP_ >

-—

(1) 211 09 ¥ 2 and (T, > T, or Ty < Tg)

Both liquidus and solidus lines intercept the control
volume, and the nodal temperature lies outside the

mushy region, as shown in Fig. 3.33-1b. The mean

¢
temperature for the whole mushy region is Aprroximated

-

as

- . 13.33-2]
Tm= z (TL +TS)

(i?i) Bm # 0‘ and (8, # 4 or 8so ¥ 1)

. e a o ow
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(a)y T .
! p > Tt

Only the liquidus 1line intercepts the control volume,

and the noaal température lies in the liquld region, as

shown in Fig. 3.33-]c. The mean temperature for the

whole mushy region is approximated as

- [3.33=3])
TIT' = TL
(b) Tp < Tg
b Only the solidus line intercepts the control volume,

and the nodal temperature lies in the solid region, as

shown in Fig. 3.33-1d. The mean temperature for the

whole mushy region is approximated as .
. (3.33-4)]

Tm=TS_

3.4 GENEPRAL SOLUTION ALGORITHM

Different algorithms have been daveloped to solve the
equations of motion, the energy equation, th= interface
. lines tracing procedure, and the overall procedure, Th2

orithmf,are Fresented in the following subsections.



3.4l EQUATIONS.OF MOTION
S ' .
a. The Solution of Discretized Equations Pov o

For M differentipl equations, there are NX™ algebraic

ones to be solved, where N is the number of qrid nodes. ~.

1) Preliminary Consideration

»

The discretized equations are cast Eﬁta\e\linear form,

L . . ]\E.
but no particular method 1is assumed for their s ion.
Therefore, any suitable solution methed can be.emploved at

this stage.

L

Direct methods:(i.e., those requife no iteration, but
require rather large computer storaje and time) are not
economical for nonlinear problems, since the equations have
te be solwved regeatedly w{th updated coefficients.

Therefore, the alternatives are iterative methods, whick

L 17

-

start from a guessed field of the derendent variatle; e.3.,U
and’ Vv and use alqebraic equations to ottain an ifiproved
field until convergence conditions have been satisfied,

Iterative methods, unlike Adirect methods,” usually require

T

very small additional computer storage; therefore, they are

especially attractive for solving <cousled nonlinear
eguations. This study uces iterative methods to soclive such

gquations.

-

™




equations.\ A line-by-line iterative method is used and

discussed in\the following subsection, °

2) The Line-bv-Line Iterative Methcd

< .
A line-by-line iterative method is a convanient combi~
nation of the direct methed (Tri-Diagonal Matrix Algorithm
TDMA) and the Causs-Seidel method. 'First, a grid line, e.g.

in the r directidﬂ, is chosen. Then the dependent variables
* along the neighb;ring linés are assumed to belknown from
their 'latest' values, ;The dependent variables can now be
selved along the- chosen line by TDMA. This procedure is
followed for all' the 1lines in one direction and then
repeéted Eof the lines In the other directions. This method

is illustrated in Fig. 3.41-1,

In general, the line-by-lin=2 iterative method has the

advantage of fast convergjence.

(1) The boundary condition informations from the end of the

line are transmitted to the interior of the domain simulta-

neously.

(2) The - informations from .all boundarias can be quickly
brought to the interior by alternating_ the directions in the

TDMA travarse,

Rt TP FRPTE

[ e

o an pmmmAe .

b e -
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b. The SIMPLE Hgorithm
»

The overgli " procedure, ‘ghich links the momentum and
continuity equations, known .;s SIMPLE! is used. It was
developed by Patankar and'Spalding.[35] along the lines of
the earlier methods by Chorin {8], Harlow and Welch [15],'
and Amsden and Harlow [J] etc. The procedure in§olves the
following basic.steps: o |
1) Solve the momentum équatiqns using the guesseq velbcity

and pfeSsQre fields to obtain U and b fields.

~

2) Solve the P' (pressure correction) equation. .

7 3) Correct. U,'V,.and P using the velocity-correction aﬁd
pressufe formulas [35].
" 4) Solve the equatioﬁs for other scalar variables (such gq!
T, k, and :5 if necessary, 4
‘5i‘Check for convergence. 1If n;t satisfied, return to step
1, and repeaf_tﬁé whole p;ocedufe until the solution is
- obtained. ’
7

(g.ﬁg ENERGY EQUATION
» ' ]

*The”aiscrefized domain with the prescribed (temporarily

known or fixéd) lécation‘qf interface liﬂES, namely liquidus

and solidus, is shown in' Fig. 3.21-1. In generdl the
. v : ~ . .

n

—_— e Em E .. —._, - .- - E " - -

1 SIMPLE . stands for Semi-Implicit Method for Pressure Linked
Eq““’i@ﬁ!ﬁ e .- oL T E L
. X Ny - *

N . ,
- ' T . ' ¥
X LW S v :
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L

ciscretized equations for the qrid gpoints alongy a chosan

“li'ne can ba solved either in the axial or in the radial

direction.. For 111us£ration, the solving procedure is

applied for all ‘the grid lines in the radial direction.

a. Sclutien Domain

There are two different tvpes of solution sub-domains

in the present problem (Fig. 3.42-2). They are categorized

as.follows:

N~

1) Three Distinct Fhase Regions. The section consists of

liquid, mushy, and solid region.
2) Two Distinct PhLase Peqiohs. The section consists of

musky and solii region oniv.

~

L. Basic Frccédure £§ : v

= ] . [y J - ) \

Eact section is kandled by soiving tte involved rejions
sequentially, Erom thé centre lihq to the outer shell. The
basic procedure for solving é;ch phaée region can be jener-
alized as follows: .

1) Tdentify the prescribed location of intsrface lines.
2) Fix keat flux a*t one boundary, and fix temperature at tha
' \

other boundarv. . (Tha Eoundary conditions imposed for

each'regiqa‘jijjli§ted in ;hé';ext subéecpicn.y If the

) o gl
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keat Eluxhis unknown, it is cemputed by global energv
balance of that section. |
3) Solve the discretized energy equation for the region by
the Tri-Diagonal Matrix Algorithm (TDMA) [19]."
_ﬁ)'For thg‘liquid region, no iteration 'is required as the
heat flux at the symmetrical axis is known.
For the mushy and the solid regions, iterate the heat
flux until the additional conditions albnq-the liquidus
and solidus line have been satisfied. (These conditions

are listed in the following subsections.) .

c. Boundary Conditions

-

The relevant boundary conditions for eash rhase reqion

in 2ach different section are shown in Figq. 1.42-3. The

detailed description for each section is listed as follows:

\ .
..

(For notation simplicity, the symbol "J2" is us2d tc Aenote

the term ®T/or.) . s

1) Three Distinct Phase Region.

Addltionai Conditions
:Liquid: at r = FL" T =T¢ | not required
- -(at Liquidus line)

at T = a, Q =0 — not required
(at centre lina)

Musty: at r = r, T = Tq '~ not reguired. -

~ -

_ \\iis Solidus line)-
to- |

re
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at r = rL,T Q2 = Qg T = Tg
Solid: at r = rg, T = Tq not required

at r = ro14r 'Q = Qcoo] ;, T decreases ;adlally(

2) Two Distinct Fhase Region, -
Additional Condjtions
Mushy: at r = rs, : T = Tg not required
: at t = @, '\__z Q=19 not required
Soiid: atr =r,, T = Te not required
at ¢

oldr 2= ool T dekreases :adialiy

. Sy
Note that the additional condition of radially da2creasing
temperature is Eh

determination of *3J

3.43 INTERFACE LINE TRACING PP&CEDUPE

The problem is to tra#e':he unknown létaEion of soliéus ani

liquidus 1lines for an imposed cooliny heat fliux ,(Qcool)..
Follewing similar treatmen:t in mneryy 2quatioy, thaw:racinq

grecedure can be applied eithar in  the axial or in thz

radial direction; tuﬁ for iliustfatioﬁ, é.crcss-se:§ion in

tha radial difectidn-is selected. ' |

- s

- A3 - = . - : ' ' l-
The procedure for tracing the solidug line in the two-dis-
tinct, phase section of th2 domain has been selected to

demonstrate the idea of the general interface line ‘tracing
-



- N ]
) . ™
¢ 0 -
> procedure. Fig. 3.43-1(a to ¢) stow the simplified diagrams?
of the interface 1line tracing précedure. {Note that

diagrams are hot to scale and therefore distorfed.) The
- -

symbtol ‘n denotes. the computed radial locatioh of the
solidus 1line measured from the central axis for éhe nth
iteration of the computation, ‘and the svmbbl Fe denotes the
final converged radial location of the\ sd‘fidus line. The
basig tracing gprocedure is .as Eollows-

1) Guess the initial location of the solidus line. °

Z)E&Ive the energy equation as outlined i'n the prev_iouls
subsection. ' . | N
3) Compare the computed gnd imposed Qcool,
M) rflnecessary, adjust the location of the solidus line..
S) Repeat the steps 2 through 4 until the convergence
cr{£efion kas been satisfied:
| (’)cooli - Qcool)/?cooli I < €
where Qcoolil isg the imposed cooiing h?a; flug, and Qcool
is the computed.bne; € is equal to 1@%3 in the presant

‘computation.

~

- A
3.-44 OVERALL PROCEDURE . f * =N

' . . L]

- . B
The overall fprocedure for the present study can te sumra-

rized as follows:

. . Oy

A £
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(1} Prescribe location of soiidus andiliquidus-lines'(which
can be temporarily unknown or fixed).

(2) Solve the equations of motion.

(3) Solve the enerqy equation (with';r without the interface
line tracing procedufé).

(Q) Comque sqlid fzaction aei;thermophysical rrorerties for

N

(S) Solve the equations .for other scalar variables  {(such as

all regions.
k and €}, if required.
(%) Check for convergence as stated in the following
subsection 3.51; if not satisfied, return to steg 1, and .
repeat the whole ‘procedyre wuntil , the solution s
- NN N :

obtained. , -

/\
3.5 NUMERICAL STABILITY

/_.2 CONVERGENCE

Te assess how the current solution approximates the
exact one for each dependent variable, a convergence test is.
L1

nesded at the end of each iteration. The 'residual source’

—t———

rethod is emplovyed {n the ﬁ}egent study.  From Eq./}ﬁbﬁ-lﬁ,

the local residual source Pz_is defined as

Fp= 2 angbnb + b~ apdp

-
an

Ve



result in both fhe n%n-satisfaction of mass conservation on
. Lo .

. : ~69-

/

If the current solution exactly satisfies the equations, Ra‘
is zero; otherwise, Rﬂ is a measure of the local error.

Thus, a normalized residual source (Rg)qor can be defined as

IR, |
all nodeg- 2

(Ba) nor & —m=—m—mmmimmenee ' [3.51-11

where (Rg)nor is typically of the order 12~3, and Py irer 1S

an appropriately chosen reference flow quantity,

¥ 4

3.52 FALSE MASS SOURCE ~

Successive iterative procedures of the discretized

equations are oftan Ertone ta numerical instabilities, which

- * \
A liocal and overall besis, and the oscillation rather than
the cénvergeﬁge to constant values of the calculated values

of the flow variables.

The sujggested remedv {13] is to intreduce a false mass

source SE as Eollows:

m

€7 lBnec! (B3 ey - | 13.52-1)

whett.mn

‘ . .

98 i“zé of‘previoqi iteration
LS

Therefore, tte final farm of the discretizion equation  is

L)
.




faplgPp = T a, B, + (b [3.52-3]

[3.52-4]

The infroépction of this false mass source avoids singu-

1arity9 . but has no effect on the final solution.

3.53 UNDER-RELAXATION

Under-relaxation has the effect of slowing down .the
changes of the solution from iteration to iteration. This
effect may avoid the divergencé during the course of Eindind
the solution, especially of strong nonlinear equations. A

”~

relaxation factor F is defined by‘//)

%o = F 25+ (1-F) 23 ‘ .. [3.52-5]

-

swhere Pp- denotes the final value, ﬂp the value from the

current 1teratlon, and ﬂg the value from the previous

iteration.

- The value of F must lie between 4 and 1. althouqh the

-

optimal value 6f F is .usually specified erpirically. .

g\:iiiflar‘t" occurs in the discretizad equation when all

he a 5 become zero.
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3.5 CLOSURE

This chapter has developed a sdlution Frocedure for the
Fresent simulation. The chagter Fhas the Eollowing main

features: -

|
(i) The partial differential equations governing the

fluid flow from the previous chaptér--are reduced to
aljyebraic forms by finite difference formulations through a
'‘finite volume' approach with a hybrid difference scheme for

the fluxes.

(ii) The 1local thermoghysical Ggroperties at the
‘control volume btoundary and ttose for the whole <zontrol
volume are determined by using appropriate area and volume

w2ightingy faetor:

(iii) The discretized equations are solved by 1 quess-
and-correct procedure and a lina-by-line itarative method
The SIMFLE algorithm is used to solve the équations of
motion. Novel algorithms have been developed for solvind
the energy equation aﬂa' tracing the unknown lpcatién of
solidus . and 1liquidus 1lines, Matters concerningy the .

-

numerical stability are discussed.
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CHAPTER &

RESULTS AND DISCUSSIONS

»,

4.1 INTRODUCTION . : .

4.11 PURPOSE OF THE CHAPTER

In this chapter, a number of\\EESt cases of the
continuous casting problems are presentedtﬁ‘These test cases
are solved by use of the procedure developed in Chapt‘er 2
and 3. These examples are intended to demonstrate how the
procedure, which has been outlined in general terms, can be

applied to particular problemsa. -

.

A uniform format for the preSentation‘of the varibus
test cases has been adopted. Underj)the he;ding of
"Description of the Problem": the _ﬁhysical situation
considered, the mot;ivation for the study, and the infor-
mation towﬁe obtained, are described. 1In the.fDetail of the
Computations”, the mathematicai problem is outlined in terms
-0f differential eguations and boundary.condigions; and the
problem posgd- for numerical “solution is AaTso indicatedr
Finally, discussion of the obtained golutions is presented

A A

- .
in "Results". .
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To keep the presentations as brief 25 possibie, and to
avoid needless’ repetition, it is' us2ful to give several
expFlanatory, notes which apply to all the déscriptions:

(1) “Where possible, the notatien of the previous chafpters

-

Q | are used; only‘ﬁew symbols are defined.
{(2) When a différent.physical situation is bteing studied,
mention is made of it; otherwise, the physical si;uation
is taken as those shown in Fig. 1,2%Z-1. .
(3) For allxthe test cases, a cylindrical coordinate.systém
is used. The domain of solution and the boundary condi-
tions are the same as those shown in Fig. 4.22-2,
» (4) A 17 X 14 grid arrangement, as shown in Fig.4.22-3, is
) A used .in all the test cases.
(5) For the convergence criterion, all-the computations are
stopped when (Pa)nor (E3. 3.61-1) is less Eha;'i3f3:
.kﬁ) Unless specified, the numerical valua2s of fhe parémeters
‘ uéed in the computation .are thosa  lis ed“in, Tatli
4.11-1. ) -
v * ) -
. A . .
. 4.12 OQUTLINE OF CONTENTS ‘ o T
| ' o
. The probtlems rave been divided into thrée~groups. wb&ch_

afg described kv the corresponding ‘section headings,‘ as
- ) \\ — .

listed below: . -

(1) Scalar Analysis.

" {2) Momentum Analysis. § Y
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(3) Comparison with Experiments and Frevious Works.
. \

(‘{

4.2 SCALAR ANALYSIS '

4.21 INTRODUCTORY REMARKS

-

Only the energy equation is considered in the foilowinq>
subsections. With the assumption of a linear;érofile along
.the radial direction, tﬁe velocity ELeld_Is“solved by the
continuity equation. The enérqy equation” is thaen solved
‘with or without thé interface line trgcinq procedgre. Thgh
particular problems considered in tﬁis section are listed
below, in the order 6f'coﬁp1exity: _
(L) Testing the Soiution Algofithm for Energy Equation;'
(2) Effects of Variable Thermophysical Froperties.

{3) Interface Line Tracing Procedure.

4.22 TESTING THE SOLUTION ALGORITHM FOR ENERGY EQ.

3. Description of the Problem \‘

Fig. 1.22-1 shows the .situation. considered here.

Lk B
Liquid steel at a uniform temperature Tin and uniform

velocity U, enters the mold.

> i‘ ‘i
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The velocity profile in the liquid and mushy reqion,
"location of solidus and liquidus lines, .and values of solij
fraction and other depen@ent fluid properﬁies- are all
prescribed. The proklem is to predict the temperature field

under these prescribed conditions. B

. L
Motivation: The " present solution algorithm for tre

energy equation has been newly developed to handle domain
with mu}ti;distinct Fhase reqfons and with;unkhown cooling

heat flux; therefore, the main interest here is to teit the

algorithm.

. Boundary Conditions: The domain of solutﬁén and the

boundary conditions are shown in Fig, 4.22-2. ' In this

figure, thke variables x is . the. 3isfances in the axial

+

direction and r in the radial direction.

¥

”»

Ef.ﬁesults s
Fredicéions of the temperature pfofiles for th;‘whole
solution ddmain Are presented in Fig. 4.22-4. Twon important
observations can be made:
1{ Temperature. decreases in both"axial_.and radial’ direc-
tions. . . |
2). Temperatufé within the mushé region is bounded tv tbe
;olidus and quuidus temﬁzratures. {The values of tte

solidus and  1liquidus temperature are listed in

Takle 4.11-1)
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4.23 EFFECTS OF VARIABLE THEPHOFHYQICAL PROPERPIES - () By

2. Descrigption of the Problen

-The situation considered bere is simxlar to that. in the

previous subsectlon, the only difference is that the soiid

fraction and other thermophysical propertxes are now treated.

T ot ki ] e s

as parts of the solution unknown instead of being prescribed

as constants. The problem here is to predict the temper- 4
ature field and the solid fraction proflle with the :

prescribed velocxtv profile and the prescr1bed location of

the solidus and liquidus lines.

Motivation: The Gpresent groblem is to study the R
affects of variable thermophysgcal properties on the temper- :
ature fleld. The present cofputational task i{s more complex ?
- ' om !

than the previous one, but it provides a muck more 1ccurate

repreaentatxon of tbe actual procnss,_s1nce in realitv tbe

thermophvsical propertles and 'the solid fractlon are

|

functions of terperature, 1 , " \\;

E. Pesults

. . . Q . R
The predictions of'! the computed temperature profiles

and thke solid fraction distributions are shown in

L1

-

Fig. 4.23-1 and Fig. 4.23-2, Similar trends have been \_
- N ., ‘ N "

otserved in the .Previous  subsection; {.,a2., temperature

fields decrease in toth -axial and radiai directions, and are




. o ' ' ///7 ’ . .
. . e .
.
bounded by TS. apd T within thé musty region. How;ver,
there ‘is a higher tempekature gradient nfar__the solidus
line. This finding is;more readily wisualizad on inspeciionu
of F;g: 4.23-22 whiclk shows that.Ehg contour line of solid
.fraction‘fs = 1.5 is closz to the s&iidus 1ine instead ‘of
the previous 'agbitrary prescription that it 1lies mid-wavy
between the solidus-and liquidus lines. Further comparison
of computed églid fractions with the experimental ones will

L

- be shown later in section 4.5. ‘“Q;J

4.24 INTERFACE LINE TRACING PROCEDURE

@. Description of the Problerm

Fig. 1.22-1 shows the situation considered here. Tha
. proble& ig te trace the unknown locgtion of solidus and
liquidus 1lines for an imposed cooling heat flux condition.—_
The procedure for tracing the solidus 1ine in the two—di;::)
tinct phase 'section of the domain Las been selected to
demonstrate the idea of the general interface line tracing

)

procedure (see subsesction 3.531 for detail).
b. Results S

Fig. 4.24-1(a to c¢) shows the simplified Adiajrams of
the solidus' l'ine tracing pgocedure for a section of domain

at x = 15,4 cr. Various gquassad locations of the solidus

[3
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T
s

. line duriny successive iterations in the computational

-

Frocess are shown in Fig. 4. . 2;-1a. For instance, during tbe

first iteration tre quessed location is '1 and the corre- ’
FOWdlﬁq Compute q'Qcool is larger than the imposad Qcoo" as

skown in Fiq. 4.2z4-1b. As -the number , of 1terations

increase, the computed Qo1 dradually converges to. fhe
imposed Q. .;, 2s shown in. Fig. 4.24-lc, arnd thus the

designed location of solidus line is finally traced;
L - :

4.3 MOMENTUM ANALYSIS

4.31 INTRODUCTORY REMARKS N

Only tke equations of motion are considered in the

—

following subsection. All thermophysical properties are -
lprescribed here, Fdrthermore, the loéation of the seciidus
and liquidué. lings are also specified. Twe particular
problems are considered in the present section, and thevy are
listed as follows: E

(1) Testing the Solution Algorithem for Fquattons of Motion,

&) . Appllcatlon to Nozzle ConExguration



A

4.32 TESTING THE SOLUTION ALGORITH R EQS8. OF MOTION

a. Descriction.of the Probier

>

F

Fig. l.ZZ-1 shows the situétion considered. here. The
problem;is to, predicﬁ the-;elocity ﬁrofile iq.:he liquid and
mushy‘reqion-wi;h a uniform inlet velocity condition. No-
thermal b;oyanéy a'ffects are‘considered. (Thepe effects are

considered’ in theAhextxsubsection, 4.33.) Botk laminar and

r
turbulent cases are considered for the tonditions mentioned.

Motgvation: The preseant solutiéﬁ alqerithm for thke
2quations of motion is newly developed to handie tke mulei-
gtass domain; therefore, the main intarest here is.to test

A

tke validity of the algorithm.
b. Pesults

Fig.4.32-la shows the wvelocity profile at various
sections SE tke solution domain. The velocity fieid Iis
cerhaps more reaéily visualized, 1f the wvelocities are
considered relative to. the casting speed (Fig. 4.32-1b).
Two comments caﬁ be made:

1) The absolute velocity profile seems to bGe uniform at
various sections of the domain.
2) 1If relative velocities are considered; however,” one can

observe that the velocities in the 1liquid reqion are

larger than these in the solid reqgion.
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Since the density of solid steel is greater tham that
of 1liquid steel, the velocity of liquid steel must te
greater than that of solid metal in order to satisfy the

mass conservation. ¢€imilar trends are also observed for the

turbulent case (Fig. 4.32-1c and 4}.

4.33 APPLICATION TO NOZZILE CONFIGURATION

2. Description of the Problem

Liquid stéel at a uniform temperature and~‘velocity
enters the mold througk a straight axial nozzle, as shkown in
Fig. 4.33-1. The problem is to predict the velocity profile
in the iiquid and mushy regqion 'with this nozzle configu-
ration. Buovancy effects are included in the study. 8otk

laminar and turbulent cases are being considered.

Motivation: The purpose of the present problem is to
test the applicability of thre newly developed model and to

‘.Qg&b:ain some performance information of industrial interest.
B ' . .

Boundary'Conditions; The domain cf solution, the grid
-arrangement, and the boundary conditions are shown in
Fig. 4.33-2. The straight axial nozzle considered Fkere is

an axisymmetric one withk a 3-cm diameter.

-
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E;.Pesults : | ’

lFig.’4.33—3a shows the norralizadl!? streamline p;ttern
while Fig. 4.33-3b shows its corresponding velocity flelds.
The solidus line on these figures is indicated by the curved
solid line. From the inspection of these figures, one
notices a back-flow region in the vicinity of the solidifi-
cation front. The trend of the result agrees with the
findings in previous publications ([23,57], that this region
of reverse flow is inherently associated with the use of a

straight nozzle

4.4 COMPARISON WITH EXPERIMENT AND PREVIOUS WORK

.

The present section deals with the examination of
the app;opriateneés and wvalidicy of.-:he daveloped model.
The numerical values for the parameters used in compqtatidn
are listed in Table 4.11-1. They are selected to 2allow 2
direct comparison with tﬁe plant-scale measurements and with
the previous computational works.

Come
) ‘The rphysical situation considered here is shown |in

Fig. 1.22-1, 2and the boundary condition 1is shown in

Fig. 4.22-2.

14 In the p'esnnt problem the normalizad stream Eunction J

is iefined as: W / uwax

o
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Fig. 4.42-1 shows the comparisén of tgh computed
érofiles‘of solid fraction with theléxéerimeﬁtal.meaéure-
rents of the shell tﬁickne;s regorted by pshijima (S21. 1In
the figdre, ‘the expérimental data are designated b? the

‘ : 3
.syvmbol YA The agreement betwean, measurements and

pfedict@on is reqsdnably good, since these data appear’ te be
) . . }
{gll represented by a curve corresponding to a solid

fraction of 4.5, as coemputed by the present model.

Fig; 4.43-1 shows. the, temgperature prﬁfiles for the
solution domain. The full l’ine corresponds to th;’(tempe-r-
,ature profife computed by preJ?Eus work (41, The broken
line represents the temperature profile,/gomputed by the
rresant model. Finally, the dotted lines fs correspond to
tﬁe‘location of thé solidus 1line, and TL of the liquidus
line. The curves indicate that the prediction by the
pfesent medel are more realistic since the predicted te@R?r-
ature -in the mushy reqion is bounded by the SOIidus_and
liquidus temperatures. In preQious work some of the
ﬁredicted temgeratures in the mushy reqgion were out of
bounds. This can be exglained by the fact that in previous

work the compatibility conditions along the interface lines

tave not been imposed. ' n
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 SyYMMARY OF CONTRIBUTIOQNS AND FINDINGS

5.1 MATHEMATICAL CONTRISUTIONS

A generalized model has been formulated to describe a

mulfi-phase domain with phase change. The effects of the

turbulent fluid flow with buoyancy and the meckanisms of

heat and mass transfer have besn considered for téu\“;k

different ghase reqiohs involved. The main contribution of
tke presant formulation is that the interaction of fluid
flow and heat flow can be investigated in a multi-phase

region.

~ Varied thermophysical gproperties have been considered.
An originél latent heat treatment has been gproposed, which
does not involve anvy assumption about the heat release
Frofile. Solid fraction treatment has been proposed to

describe the two-phase effacts,
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5.12° NUMERICAL CONTRIBUTIONS

The governing multi-phase EDEs have beeg convarted into
aigebraic forms shitable for nqmerical sqldtioﬁs by the -
newly develéped discretization method, which is based-on_the
finite volume ,method (Fv4). The significance of this
6iscretization method is its ability to discretize the

differential equation for a.multi-phase control volure.

Two new solution algorithms have also been developed:
one is for solving the energy equation with fphase change;
the other for tracing the unknown location of the interface
lines. The equations of motion have been solved v a

modified SIMFLE algarithm.

5.13 COMFUTATIONAL RESULTS

To demonstrate the applicabiliey of'the Fresent models,
they have been applied to some test cases of continuous
casting of steel. The predicted solid fraction is found to
be in reasonably good agreement with measu:ements.'\hzhe
predicted temperatu;e profiles are found to be pghysicallvy
realistic as the temperature within the mushy region is

boundad by the liquidus and solidus temperatursas.

The computed fluid4 fiow vatterns within thk2 molten tool

agp=2ar physically reasonable, Fob the case with the use of

~
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an t&iﬁlrflow nozzle configuration, the flow patterns alse

a

provide an: improved insiqht _4éto' the behaviour of a

continuocus

5.

In

ing svystem.

UGGESTIONS FOR FURTHEPR WORK

S
y,
A

The present approach, which takes into account both

multi-phase fluid flow and ghase chang2 phenomena, shows

considerable promise. It is worthwhile to comment briefly

on the areas where further work would be needed:

(1)

(2)

(3)

Further Coupled Solution

In spite of the additional numerical complexities that

are expected to be ‘involved, it would te kighly
desirable to cougle all tte gcverning equations, namelv
continuity, momentum, energyy, inteéface, and variable

thermophysical.properties.

Additional Configqurations

The effects of different inlet conditions should also

be investigated; for example, the use of a radial-flow
nozzle, the speed of casting, and the size of the meld.
Additional Fhenomena

&
The bound2ry conditions Ffor heat transfer at -the

cooling surfaces were rather simplified. Further

—
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*

keat transfer mechanisms, suck as the Eilm to' ing and

\\\5\\//f3?gggﬂéonvectxon. )

(4) Further Model Verification

7o verify the developed models furthar, =est cases
could be carried out on other "simplified grocesses,
such as the melting of pure metal and the freeziné of

water,

5.3 CONCLUDING REMARKS

Alth;ugh considerable mwathematical: and numerical
complexities.are involved, the multi-phase model developed
kere is stiil a simplification of tre actual Frocess., As
the‘development and testiny of the computer code is still
continuinﬁ, further exgarimental cemparisons would te kighkly

desirable to confirm the numerifal gradictions.

With some modificqtion of fhe present models, thavy can
be extendad tb simulate other multi-phase Froblems withk or
without phase change. Finally, the present mathematical and
numerical mcdels‘may be-a Eélpful complement to other éxper-

imartal efforts focussed con a bsttar understandiny of ttra

multi-phase and phase change Fhenomeana.
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Constants in the Turbulence Moéei
- t

J\
c c, - - '
1 ) 2 cu %o °k % 1 %
1.44 1.92 0.09 1.0 | 1.0 | 1.3 0.9

TABLE: 2.23-1 COJSTANTS IX THE TURBULLNCE :OUEL (23)

CONSIRVATION 4 r, s,
. ’
OF
. MASS 1 0 0
ANTAL v . i x ) + v *
;3ﬁi;~uq Wepr | . 3/3mCu g U/3x ) L/e( vy 3V/3x )7
B sV U - 3?/3!( » _
1 r ! v
RADIAL v Vage a/ax(ucffa\/ar) + 1/ alar(rueffa lar)
SOMENTUN . - zueFE'vlr + U2p/r - aP/ar -
ENERGY - T | u/e A
+ut/ct
KI:\'L‘FIC 4 ucﬂ,/t:lk Ck - oeC, ‘ 1
FNERGY ' _
aTe AT IO G. -.C
SISSYIPATION € ucff/oe e/k( €6 40€ )
RATL
WL ' .

f, = ugeel 2{(w/ax)2 + (av/ae)2 + ( Vv/r )2]+ (3tﬁar t 3v/ax )2
+ (aU/ax )T + { aufar - Ufr )2 ).

tte——

TABLE: 2.24-1 QEPT.NITION OF 4, T, Sé’ of EGUATION 2.24-3
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THERMAL CONDUCTIVITY ( FROM PIG: 2.41-1)

»

o : ) ;
0" to 1640°F, K = 28.58 - 0.00722 (T - 100.0 )

AN - |

1640° to 2640°F, K =17.3 + 0.0012 ( T - 1840.0)

2640° o 2730%F, & - 18.5 - 0.0339 (T - 2640.0)
" »2730%F, K is constant at 15.0

- "CT 1s 10 OF and K in BTU/hf - £¢ - Of )

To convert K to S.I. units, multiply by 1.7307.

TABLE: 2,41-1 CONSTANTS IN THE LINEAR RELATIONSHIPS FOR
CONDUCTIVITY .(38)

SPECIFIC HEAT ( FROM FIG: 2.41-2-)

0° co 800°F, C_ ~0.118 + 0.00005+ (T

- 200.0 )
800° to 1300°F, ¢ - 0.148 + 0.000143 ( T - 300.0 )
1300° to 1800°F, c: = 0,222 - 0.000108 " ( T - 1300.0 )
1800° to 2640°F, C, = 0.168 + 0.000038L ( T - 1800.0 )
2640° to 2730°F, €, =0.20 + 0.01/90  [( T - 2640.0 )
>2730°F, c; is constant at 0.21

(T is in °F and ¢, tn BTU/1b-°F )
To convert Cn to 5.1I. units, multiply by 4186.9:
-8

TABLE: 2.41-2 CONSTANTS IN THE FUNCTIONAL RELATIOWSLIPS FOR
SPECIFIC HEAT (33)




PHYSICAL DATA USED IN THE COMPUTATION

Diameter of Mold = 11.5 en

Uiameter of ‘Nozzle =3 em
ilold length - =50 em

Casting Speed = 3.17 cm/s

Casting Temperature = 1550%

THERMAL PROPERTIES OF LOW CARBON STEEL
“\ .

Jensity : Liquid: 7200.0 Eg/m3

Solid : 7480.6 Kg/m?
Liquidus Temperature : 1498.8%°C (2730.0°F )
Solidus Temperature : 1448.8°C (2640.0°F )
Latent Heat of Fusion : 272.1 KI/Kg
Viggosity Hiam — 5.0 x 10-3 Kg/m=sec

CTABLE: 4.11-1 PRYSICAL A:D THERMAL PROPERTTES DATA USED
~ IN THE PRESENT COMPUTATION.(4)




-90-

Water Jutlet

Water Inlet

- -

—

Ladle

1)

—— Tundi:sh

|] m: - Hater-Coolcc
it . Copper 4nld
3 -~ PP

Secondary Sprar toolinz Systen

4 }‘ |
C 37 Withdrawal Pi:ch Rolls
a'®
NG
(P S | -
all
| ] Torch Cut-off C(hamber
| | :
h__l = N
g 'y |
\ (—--\
. ~ ' -
~ :
\

\ Oischarge S»rtem-

[} \ )
S — Y,u_n.i— el

TIG: 1.21-1 ARRAGEMENT OF CONTINUOUS CASTING MACHINE AT

ATLAS S1LEL




et

-91-

. a

©

TO BENDER AND
CUTOFP UNIT

MOULD
COOLING

WATER SPRAY
COOLIKG

RADIATION
COOLING

PINCH ROLLS

FL&G: 1-22-1 SCHEMATIC DIAGRAN OF A CONTINUQUS CASTING SYSTEM

.
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FIG:
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FIG: 2.41-1 CORELATINLS FIR THE THERMAL CONDUCTIVITY OF LOU
CARDON STLXL (38)
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FIG:

3.23-3

RAUVTAL OIMENSIONLESS AREA RATIO Q04 THL NORTH
BOUNDARY OF A MULTIPHASE COSTRUOL VOLUME
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FIG: 3.32-1c

FIG: 3.32-1d
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FIG: 3.33-1b BOTH LIQUIDUS AND SOLIDUS LINES INTLRCLPT TIE
CONTROL VOLUME; AND P LIES QUTSIDE THE MUSHY
REGION ‘
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LIES INSIDE THE LINUID REGIOW
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LIES INSIDE THE SOLID REGTIO.
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BOUNDARY- CONDITION
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FIG: 3.43-1a A TYPICAL SECTION ALONG TiL
VERTICAL AXIS WITH VARIOUS
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FIG: 4.23-1 COMPUTED TEMPIRATURL PROFILL FOR THL CASL OF

’ VARTABLE TUHLRMOPHYSICAL PRAOPERTILS
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FIG: 4.23-2 COMPUTED SOLID FRACTION DISTRIBUTION FOR thll
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SIMPLIFIED DIAGRAMS TO ILLUSTRATE THE LINE TRACE PROCEDURE®
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AT X =16.0 cm. (30T TO SCALE)

FIG: 4.24=1 SJOLIVUS LINI. TRACING PROCEDIRT Tat A FLCTIOL OF

DOMAIN AT ¥ = 16 cn
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APPENDIX 1
EXPRESSIONS OF VOLUME RATIO ©
Two Generalized Expressions :
ec->1—1/2{ (l-y 20C1 =~y )t (Cl-v 3"
L=y 20 -y )t Cl-v 03], ( 3.23-21)
- ' -
8, [1/2(Ye*7v)'(7n*73)lc ( 3.23-20)
where { = 1 or so ~
H All - -0 vhere £ = e, w, 0 or 3
"1,6 ~ Yso0,€ . v N
' n
el - eso =9 ¢ T, e 0
L]
' W * et ’ i e
L ] . L) -
* . ‘0‘ « *
¢ . . .o .
- s

(11) All Yy £ * 0~

For Liquid Region :

01 - } - ( Bm + Gso )
1 - Aabe _
1 -1/2( ac ) (ab)

-
]

/2 (1 - Yo ) (1 - Y, ) }1

“ote : For definition of notations, see page 125
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Since Yl.U-Yl,s -1
8, =1-U2{1-y HICL-y )t (1-v)]
( 1-v d)0C1-y )t (1-y 211
= expression 3.23-21
For Solid Region ¢
eso -'Aafg ' .
=1/2( af ) (ag )
=1/2( Yso,e) (Yso,n)‘ -

Since Yso,ﬁ - Yso,s 0

eSO-IIZE(Ye*YU) (YH+YS )]l

= gxpression 3.23-20

.

(111) ALl y__  #0 n
— so,&

Derivation is similar as in case (11)'




{iv)

N 1]
ot all YclE F

For Liguid Reglon :
0

1 Trapezoid abcd
‘= 1/2( ab t ¢d ) ( be )

- Lw2ey, ty, ) Cx )]

1
W
Since 71’“ 0 _l “I‘!
- le
o, =120y, tv, ) (v tv 0], ¢ . b
= gxpression 3,23-20 ) s I
r
For Solid Region \: ‘ ’
Bso = Ahfg
= expresgion 3.23-20
Derivation 13 the same as in case (ii)'s solid region
. .
.
Jotations ) '
Subscript Definicion j
1 . . liquid :
-
m mushy :
S0 so0lid
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