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Abstract

Through von Neumann’s reduction theory, the classification of injective von Neumann
algebras acting on separable Hilbert spaces translates into the classification of injec-
tive factors. In his proof of the uniqueness of the injective type II; factor, Connes
showed an alternate characterization of the approximately inner automorphisms of
type II; factors. Moreover, he conjectured that this characterization could be ex-
tended to all types of factors acting on separable Hilbert spaces. In this thesis, we
present a general toolbox containing the basic notions needed to study von Neumann
algebras, before describing our work concerning Connes’ conjecture in the case of type
I1I, factors. We have obtained partial results towards the proof of a modified version
of this conjecture.
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Introduction

Von Neumann algebras originated in the work of von Neumann in the 1930s, in
particular in his search for a natural mathematical framework for quantum mechanics.
While C*-algebras are the noncommutative analogues of topology, von Neumann
algebras can be thought of as the noncommutative version of measure and integration
theory. In the context of theoretical physics, the von Neumann algebras of interest
are often the ones acting on separable Hilbert spaces®.

Reduction theory, a discovery due to von Neumann himself, greatly simplifies
the study of von Neumann algebras acting on separable Hilbert spaces. It states that
any such algebra is a direct integral of von Neumann factors, which are defined as von
Neumann algebras with a trivial center. It can be shown that numerous properties
pass from the algebra to the factors appearing in its decomposition, and vice versa.

One such property is injectivity. To be precise, a “separable” von Neumann
algebra is injective if and only if almost all the factors in its integral decomposition
are injective. Therefore, the study and classification of injective “separable” von
Neumann algebras can be reduced to those of injective “separable” factors. The
complete classification of injective factors was attained during the latter half of the
20th century. This achievement is mainly due to the work of Alain Connes, and was
completed in 1987 when Uffe Haagerup solved the last remaining case (see Sec..

Von Neumann factors are divided into the following different types: I,, (n € N),
I, Iy, 11, IIIy, III, (0 < A < 1) and IIIy. The aforementioned classification states
that there exists a unique “separable” injective factor for all these types but the 111,
one, for which an uncountable infinity of “separable” injective factors exists (these
are in bijective correspondence with non-transitive ergodic flows).

In an intermediate step of his proof of the uniqueness of the “separable” injective
IT; factor, Connes showed an alternate characterization of approximately inner auto-
morphisms of “separable” II; factors [Con76]. Moreover, in [Con85], he conjectured
that this characterization could be extended to all types of “separable” factors. In
[GMO93], the authors developed an alternative proof to this characterization for the

'In this work, we will designate as “separable” the von Neumann algebras that can be represented
faithfully on a separable Hilbert space. Note that such algebras are not necessarily separable as
Banach spaces, which is why we will always use quotation marks.
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type II; case, and were able to use their technique to prove Connes conjecture in the
11, case.

The objective of this thesis was to adapt the techniques of [GM93] to the case
of type III, factors satisfying Araki’s property L. Indeed, in 2018, [Mar20] found a
counterexample to Connes’ conjecture in the case of type III, factors, but the author
showed that the conjecture holds if the factor is required to have the L property.
This led us to seek an analogue of the proof of [GMO93], in the case of a III, factor
with property L. As we shall see in Chap., we obtained partial results towards this
proof, but technical points still need to be addressed in order to obtain a complete
proof.

In Chap.[I, we present a “toolbox” containing all the basic results needed to
study von Neumann algebras. In Chap.[2] we discuss the structure of type III fac-
tors. To do so, we introduce the Tomita-Takesaki theorem and the group of modular
automorphisms, along with Connes” S and T invariants. This allows us to finish an
exhaustive list of examples of factors of each type, which is initiated in Sec.[1.9, Fi-
nally, we present in Chap.[3] our results related to Connes’ conjecture for a factor of
type III,.



Chapter 1

von Neumann algebras

In this chapter, we cover the basic toolbox one needs to study von Neumann algebras.
We summarize the types of operator algebras (1.1), and we discuss the various useful
topologies (1.2) and linear functionals (1.3) on von Neumann algebras. We then
get more to the heart of the subject with projections (1.4), weights (1.5), the GNS
construction (1.6), completely positive maps (1.7) and injectivity (1.8). After that
is the longest section of this chapter, dealing with factors (1.9), where we discuss
the structure of such objects and start an exhaustive list of examples which will be
completed in Chap.2. We finish this chapter with discrete crossed products (1.10),
a construction that allow us to build a whole new range of von Neumann algebras
from existing ones. The main references that were used to write this chapter are
[Bry13, [Ped89, [Put19, [Sun&7].

1.1 Operator algebras

Before delving into the subject of von Neumann algebras, we define more general
types of operator algebras.

Definition 1.1.1. A complex Banach algebra A is a complex Banach space endowed
with an associative bilinear multiplication for which the norm is submultiplicative, i.e.
lzyll < llzll - lyl|, Vo, y € A

In this work, we will solely be focusing on Banach algebras that have more
restrictions on their structure, namely C*-algebras .
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Definition 1.1.2. A C'-algebra A is a complexr Banach algebra endowed with an
involution

x: A= A

a—a*

which is an antilinear operation that satisfies (z*)* = x and (zy)* = y*z*, Yo,y € A.
Furthermore, it is required to satisfy the so-called C*-identity ||z||* = ||z*z||,Vz € A.

A C*-algebra may or may not have a multiplicative unit. In the case where it is
non-unital, it can always be embedded in a unital C*-algebra called the unitization
of the original algebra.

Perhaps surprisingly, the C*-identity turns out to be a very strong structural
requirement on the algebra. For example, if A is unital, we can introduce the spectrum
of an element z € A

o(x) ={\ € C|1 — Azis not invertible},
which is always a non-empty compact subset of C. It can then be shown that
[2]]* = sup{|A[ | A € o(z"2)},

an equality that originates from the C*-identity and which shows that the latter
strongly ties the algebraic and analytic structures of the algebra, since the norm
becomes linked to the existence of multiplicative inverses. Note that these concepts
are easily extended to non-unital C*-algebras through their unitization. Since the
right-hand side of the last equation solely depends on the algebraic structure, this
equality also shows that the norm of a C*-algebra is unique, in the sense that the
algebra cannot be a C*-algebra under two different norms.

There are two basic examples of C*-algebras that arise quite naturally, and in
fact they are much more general than one could think at first glance. To construct a
commutative example, we consider a locally compact Hausdorff space X; recall that
a complex function f on X is said to vanish at infinity if for every e > 0, there
exists a compact set K C X s.t. |f(z)| < e for all x € X \ K. The algebra of
continuous complex functions vanishing at infinity on X, denoted Cy(X), forms a
commutative C*-algebra with the usual pointwise operations (with the adjoint given
by the pointwise complex conjugation) and the supremum norm. This algebra is
unital if and only if X is compact. This example gains all its generality through the
following theorem.

Theorem 1.1.3. (Gelfand-Naimark Theorem) For any commutative C*-algebra A,
there exists a locally compact Hausdorff space X such that A is isometrically isomor-

phic to Co(X).
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For a non-commutative example, let H be a Hilbert space with inner product
(&,m) — (&]n), and let B(H) denote the algebra of continuous linear operators on H.
For any x € B(H), there exists a unique x* € B(#) such that

(x€|n) = (&lz™n), V€, n € H

This correspondence defines an involution on B(#), and with the operator norm

]l = supfl«€]| € € H, (€] = 1}

B(H) is a C*-algebra. Of course, it is non-commutative if dim(H) > 2. It is easy
to check that any s-subalgebra of B(#) which is norm closed is also a C*-algebra.
The correspondence is actually much stronger: as will be discussed in Sec.[L.6], every
C*-algebra can be represented as a subalgebra of B(H) for a given Hilbert space H.
Therefore, even though C*-algebras are defined abstractly, one can always think of a
C*-algebra as a subalgebra of B(H).

We must define a few basic terms central to the study of C*-agebras. For a
C*-algebra A, we say that an element z € A is

o self-adjoint if v = z*.
e normal if xax* = x*x.
e positive if z = y*y for some y € A.

The set of positive elements in A is denoted A, . Finally, a map f: A — B between
two C*-algebras is called positive if it preserves positive elements.

There are many beautiful and important facts that we could discuss about C*-
algebras and that will be used throughout this work. However, for brevity, we only
mention one of the most important ones here, namely a first form of the spectral the-
orem. In the following statement, C*(z) denotes the norm closure in the algebra A of
the set of polynomials composed of 14, x and x*. Moreover, X,(,) is the characteristic
function of o(x) and f : o(x) — C is defined as f(z) = z.

Theorem 1.1.4. (Spectral theorem - Continuous functional calculus) Let A be a
unital C*-algebra and x be a normal element of A.There is a unique isometric algebra
isomorphism ¢ from C(o(x)) onto C*(x) such that ¢(Xo)) = 1a and ¢(f) = .

This theorem is extremely useful as it allows one to translate problems in the
C*-algebra in terms of continuous functions, which are easy to deal with. We note
that it can be slightly modified to treat the case of non-unital algebras. This theorem
allows one to prove a multitude of results, including the following one.

Proposition 1.1.5. Let A, B be C*-algebras and w : A — B be a *-homomorphism.
Then, ||x|| < 1, and 7 is an isometry iff it is injective. Furthermore, w(A) is a

C"-subalgebra of B.
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Proof:  Prop.5.2 and Prop. 5.3 of [Tak(2]. i

We finish this brief discussion of C*-algebras by mentioning the following elegant
result, which fully classifies finite dimensional C*-algebras. Note that in this work
M, will be used to denote n X n matrices.

Theorem 1.1.6. Let A be a finite dimensional C*-algebra. Then, we can find a list
of positive integers ny, ...,ny, such that A = @®F M, (C).

Proof: = Thm.I1.11.2 of [Tak02]. i

Finite dimensional C*-algebras are therefore all unital and semisimple, and it will
be clear by the end on this section that this theorem also implies that they are von
Neumann algebras.

Finally, we introduce the operator algebras which will be the focus of this work,
namely von Neumann algebras. Let H be a Hilbert space. For a subset S of B(H),
we can consider its commutant S = {y € B(H) |zy = yx, Vo € S}, composed of the
operators that commute with every element of S. It is easy to check that for any
S C B(H) we have S € S” and S" = S”. Therefore, if we denote the result of taking
the commutant n times by S, we have that S is the same for all odd values of
n, while the process stabilizes only at n = 2 for even values. Von Neumann algebras
are precisely the -subalgebra of B(#) that are equal to their bicommutant.

Definition 1.1.7. A von Neumann algebra M on a Hilbert space H is a *-subalgebra
of B(H) such that M = M".

From this definition, one can check that that the commutant of a *-invariant
set and the intersection of a finite number of von Neumann algebras are both von
Neumann algebras. As the commutant of a set is norm closed, von Neumann algebras
are always C*-algebras, but the latter form a much bigger class. In opposition to the
above definition of C*-algebras, this definition is inherently concrete, i.e. the algebra
is already represented on a Hilbert space H. It is important to mention that von
Neumann algebras also have an abstract definition, but this will be discussed in
Sec.[1.3] Nevertheless, it will always be assumed that our von Neumann algebras are
represented on a given Hilbert space H.

The simplest example of a von Neumann algebra is B(#), for a given Hilbert
space. Indeed, B(H)" = Cly, as, on a Banach space, a linear operator that commutes
with all other such operators must be a complex multiple of the identity, a result that
can be proven by using the Hahn-Banach extension theorem. Therefore, B(H)" =
B(H), which shows that this is a von Neumann algebra, non-commutative for dim #H >
2.
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For a commutative example, let A\ be the Lebesgue measure on R and consider
the map

L>([0,1],A) — B(L*(]0,1], \))
f — myg

where m; is the operator corresponding to the multiplication by f. This is an iso-
metric algebra homomorphism, and the image of L>°([0, 1], A) under this map is a von
Neumann algebra on L?([0,1],\). As in the case of commutative C*-algebras, this
result is representative of the general case.

Theorem 1.1.8. Let M be a commutative von Neumann algebra on a Hilbert space.
Then there exists a locally compact space X and a positive measure j on X such that
M is x-isomorphic to L>(X, ).

Proof:  Thm.1 of 1.7.3 in [Dix8&1]. i

One might compare this theorem to Thm.[I.1.3] Indeed, as mentioned before, a von
Neumann algebra M is always a C*-algebra. Hence, if M is commutative, we have
by the previous theorem that M = L*°(Xy,u) for some locally compact space X
and we have by Thm.[I.1.3|that M = Cy(X>) for some locally compact space X». In
general, X is not isomorphic to Xs. In fact, the locally compact spaces associated
to commutative von Neumann algebras through the Gelfand-Naimark theorem are
called hyperstonean spaces, which are extremely disconnected spaces (see Chap. I1I.1
of [Tak02]).

The center of a von Neumann algebra M, denoted Z(M), is defined as the
operators in M that commute with all the other elements of the algebra. In terms
of the ambient Hilbert space, we thus have Z(M) = M N M’'. This equality shows
that Z(M) is also a von Neumann algebra. As von Neumann algebras are unital, we
always have C1,, C Z(M). A von Neumann algebra will be said to be a factor when
we have precisely Z(M) = C1,,, in other words, when the center of the algebra is as
small as possible. Therefore, factors are the contrast to commutative von Neumann
algebras. The simplest examples of factors are the algebras B(H), for a given Hilbert
space, since B(H)" = Cly. We will elaborate on the structure and the importance of
factors in Sec.[I.9l

Finally, we note the following two constructions.

Proposition 1.1.9. Let (M;);c; be a family of von Neumann algebras, each acting
on a Hilbert space H;. We can define the direct sum of this family as ®&;M; =
{(T})ier | T; € M; with sup ||T;|| < oo}. This is a von Neumann algebra, with the norm
(T})icr|| = sup [|T;]] and the obvious representation on H = @®;H; = {(&)ier | & €
H; with >, &7 < oo}, given, for T = (T;)ier and & = (&)ier € H, by (TE); = T;&;.
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Proof:  Prop.0.11 of [Bryl13]. i

Proposition 1.1.10. Let M, N be von Neumann algebras acting respectively on the
Hilbert spaces H,IC, and let H ® IC denote the Hilbert completion of the algebraic
tensor product H © IC. For S € M and T' € N, there is a unique linear operator
ST € B(H®K) such that (S®@T)(x®@y) =Sr®@Ty forx e H andy € K. The
set

M@N={SeT|SeM, Te N} CBH®K)

s then a von Neumann algebra, called the von Neumann algebra tensor product of M
and N.

Proof: See Chap.1 of [Bryl3] for the details, more precisely Prop.1.19 and
Def.1.4. |

Note that the norm in this algebra satisfies ||S @ T'|| = ||S]| - || T|| for S € M and
T € N. Furthermore, it is important to note that M ® N depends up to isomorphism
only on M and N, and not on the Hilbert spaces on which the algebras are repre-
sented (see I11.1.5.4 of [Bla06]). In this work, this is the tensor product which will be
implicitly used for von Neumann algebras.

Before going any further, one must discuss the topological description of von
Neumann algebras.

1.2 Locally convex topologies on B(H)

Given a separating family F of seminorms on a vector space V (if x # yin V,dp € F
with p(z —y) # 0), one can obtain a topology on the latter, under which it is a locally
convex topological vector space. Indeed, for each pair in (p,y) € F x V, we can
associate the function = +— p(x — y); the set of all such functions separates points
in V. Thus, the initial topology (weakest topology that makes all these functions
continuous) induced by this set on V' is a Hausdorff topology. For x € V| sets of the
form

{yeViply—x) <e 1 <k<n}

for € > 0 and py, ..., p, a finite number of elements of F form then a basis of neigh-
bourhood at z, and it can be checked that this makes V' a locally convex topological
vector space. We will refer to this topology as the weak topology induced by F on V.
Working with such a topology is made much easier through the following result:
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Proposition 1.2.1. Let F be a separating family of semi-norms on'V. Then x, — x
in the weak topology induced by F iff p(x, —z) — 0,Vp € F.

We are now ready to list the topologies on B(H) that, with the usual norm
topology, are paramount to the study of von Neumann algebras.

1. The weak operator topology (WOT) is induced by the family of seminorms

x — |[(x€|n)| for £&,n € H. We have that z, WOL, & iff (xn&|n) — (x€|n) for all
§&,neH.

2. The strong operator topology (SOT) is induced by the family of seminorms
x> ||x]| for £ € H. We have that z,, SOT, & iff & — x€ for all £ € H.

3. The ultraweak topology (UWOT, or o-weak topology) is induced by the
family of seminorms = +— | > " (x&,|n,)| for square summable sequences (&)
and (n,) in H.

4. The ultrastrong topology (USOT, or o-strong topology) is induced by the
family of seminorms x + (377 ||2&,]|?)'/? for square summable sequences (&,)
in H.

Note that, in all these topologies, multiplication is always continuous in one variable,
but is not in general jointly continuous (it however is jointly continuous on bounded
subsets of B(H) for the strong and ultrastrong topologies). Through the convergence
conditions, we have the following result:

Proposition 1.2.2. Let S C B(H). We have

=l - sUST _ SS0T _ —=WOT =l - sUST _ SUWT _ =WOT
SHHQS cS c3S SHHQS cS cS

Simple calculations with the same convergence conditions also show that the
weak and ultraweak (or respectively the strong and ultrastrong) topologies coincide on
bounded subsets of B(H). It turns out that these topologies are not interesting when
H is finite dimensional, as they all coincide with the norm topology on B(#H) since
the locally convex topology on a finite dimensional topological vector space is unique.
However, if H is infinite dimensional, all these topologies differ. Indeed, a simple
calculation shows that the adjoint operation is continuous in the weak and ultraweak
topologies; however, it is not the case in the strong and ultrastrong topologies. To
prove this, let H = (*(N) and let S(zy, s, ...) = (T2, 3, ...) define the shift operator.
Then S™ converges to 0 strongly, but (S*)" does not (the same proof applies for the
ultrastrong topology as the sequence lies in the unit ball, a bounded set). For the
proof that the weak and ultraweak (resp. strong and ultrastrong) topologies differ in

infinite dimensions, see Prop.[1.5.7
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Although the ultraweak and ultrastrong topologies might seem less “natural”
and more complicated then their simpler counterparts, we will see in the next section
that they are in fact intrinsic topologies for von Neumann algebras on 7, in the sense
that their properties are preserved under x-isomorphisms. On the contrary, the weak
and strong topologies are space-dependent, i.e. they depend on the Hilbert space on
which a given von Neumann algebra is represented.

These topologies take all their importance in the following theorem due to von
Neumann, which constitutes the cornerstone of von Neumann algebras.

Theorem 1.2.3. (Bicommutant theorem) For a unital x-subalgebra M of B(H),
A = TFOT  FFVOT _ U _ st

Proof:  Thm.4.6.7 and Prop.4.6.15 of [Ped89]. i

Through this theorem, it is seen that a von Neumann algebra could equivalently
be defined to be a unital x-subalgebra M of B(H) which is closed in any of these
topologies.

1.3 Linear functionals and normality

Linear functionals are a powerful tool to learn more about the vector space itself on
which they act. In general, if V' is a Banach space, one can look at its (topological)
dual space V* = {¢ : V — C| ¢ is linear and bounded in norm}, which is itself a
Banach space. In the case of C*-algebra A, the dual has slightly more structure.

Definition 1.3.1. Let A be a C*-algebra and ¢ € A*.

If ¢(x*x) > 0 for all x € A, we say that ¢ is positive.

If A is unital, ¢ is positive and ¢p(14) = 1, we say that ¢ is a state.

If ¢ is positive and ¢(xy) = ¢(yx) for all x,y € A, we say that ¢ is a trace.

If ¢ is positive and ¢(x*x) = 0 implies x = 0, we say that ¢ is faithful.

Note that in this work we reserve the word trace for what some authors call a
finite trace. In Sec.[I.5] we will define an infinite trace as a tracial weight. By lack of
a better place to mention it, we include here the definition of the 2-norm associated
with a trace.

Definition 1.3.2. If 7 is a faithful trace on a C*-algebra A, the sesquilinear form
(ab) = 7(b*a) is an inner product and we call the induced norm ||z||s = 7(z*z)"/? the
2-norm.
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The dual of a von Neumann algebra has even more structure, which originates
from the existence of suprema of increasing nets of self-adjoint operators within the
algebra.

Proposition 1.3.3. Let (x;) be a uniformly bounded increasing net ((||z;]]) is a
bounded net and i < j = z; < x;) of self-adjoint operators in a von Neumann
algebra M. Then, there exists x € M such that x; < x for all i and x = limx; in
all four topologies introduced in Sec.[I.3. This limit further has the property that if
y € M is such that x; <y for all i, then x <wy. For this reason, we write x = sup x;.

Proof:  P.16-17 of [Sun&7]. i

This result allows us to define the concept of a normal linear functional.

Definition 1.3.4. Let M be a von Neumann algebra and ¢ € M*. We say that ¢ is
normal if for any uniformly bounded increasing net of self-adjoint operators (x;) in
M, the net ¢(x;) converges to ¢(sup x;).

We note that, through a similar proof as for Prop.|[1.2.2] a linear functional con-
tinuous in any of the topologies defined in Sec.[I.2]is automatically norm continuous
and therefore bounded. As the following theorem shows, normal linear functionals
are at the heart of the topological properties of the algebra.

Theorem 1.3.5. Let M be a von Neumann algebra on H and ¢ € M*. The following
are equivalent:

e ¢ is normal.
e ¢ is ultraweakly continuous.
e ¢ is ultrastrongly continuous.

e there exist square summable sequences (&,) and (n,) in H such that ¢(x) =

S (x&nlnn) for allx € M.
Proof: = Thm.3.6.4 of [Ped18], and Prop.4.6.11 + Remark 4.6.16 of [Ped89]. 1

As an aside, note that a similar result holds for weakly and strongly continuous linear
functionals.

Proposition 1.3.6. Let M be a von Neumann algebra on H and ¢ € M*. The
following are equivalent:

e ¢ is weakly continuous.

e ¢ is strongly continuous.
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o there exist finite sequences (&,) and (n,) in H such that ¢(z) = SN (2€,]m)
for all x € M.

Proof:  Prop.4.6.4 of [Ped89). i

We will denote the set of normal linear functionals on M by M,, a notation that gains
all its significance through the following fundamental theorem.

Theorem 1.3.7. Let M be a von Neumann algebra. Then M, is a Banach space and
M s isometrically isomorphic to (M,)*.

Proof:  In [Ped89], Thm.4.6.17 with Prop.4.6.11. i

It turns out that a space with this property is unique: if M is a von Neumann algebra
and V is a Banach space such that V* = M, then V is isometrically isomorphic to
M, (See [Sak98|], Cor.1.13.3). For this reason, we call M, the predual of M. Note
that, along with Thm.[I.3.5 this shows that the ultraweak topology is the same as the
weak-* topology that M inherits as the dual space of M,. However, the main takeaway
of this theorem is that a von Neumann algebra is always the dual space of a Banach
space. This result is actually fundamental: Sakai showed that the converse is also
true, namely that a C*-algebra which is the dual of a Banach space always possesses
a representation on a Hilbert space under which it is a von Neumann algebra as per
Def.[1.1.7] (see Sakai, Thm. 1.16.7). Therefore, one can give an abstract definition of
the concept, in the sense that it does not depend on a particular representation.

Definition 1.3.8. A von Neumann algebra is a C*-algebra which is isometrically
isomorphic to the dual space of a Banach space.

The notion of normality can actually be extended to the case of positive linear
maps between von Neumann algebras. Doing so strengthens the importance of this
concept in the structure of the algebras.

Definition 1.3.9. Let M, N be von Neumann algebras and f : M — N a bounded
positive linear map. We say that f is normal if for any uniformly bounded increasing
net of self-adjoint operators (z;) in M, we have f(supx;) = sup f(z;).

Proposition 1.3.10. Let M, N be von Neumann algebras and f : M — N a bounded
positive linear map. The following are equivalent:

1. f is normal.
2. for all ¢ € N,, we have ¢ o f € M,.

3. f is ultraweakly-to-ultraweakly continuous.
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Furthermore, if we assume that f is completely positive (see Sec., we have that
f is normal iff it is ultrastrongly-to-ultrastrongly continuous.

Proof: For the first three equivalences, see Prop.2.46 and Cor.2.47 of [Bryl3],
and for the last statement, see 111.2.2.2 of [Bla06]. Note that, for the last equivalence,
the hypothesis of f being completely positive was not specified in [Bry13], but it
seems necessary. i

Proposition 1.3.11. Let M, N be von Neumann algebras and © : M — N be a
x-isomorphism. Then 7 is an ultraweakly-to-ultraweakly (and an ultrastrongly-to-
ultrastrongly) homeomorphism.

Proof: This follows from the previous result by checking that = and 7~! are both
normal and completely positive linear maps, since they are *-isomorphisms. |

This last result fails to be true in the case of the weak and strong topologies. Indeed,
let M be the von Neumann algebra B(H) for H countably infinite dimensional, and
O : M — B(®nH) defined by @(z)((£,)nen) = (2€n)nen. The map @ is an injective *-
homomorphism and ®(M) is a von Neumann algebra, so it is an isomorphism between
M and ®(M). Tt is easy to check that it is an ultraweakly-to-weakly and ultrastrongly-
to-strongly homeomorphism. Therefore, it is impossible that it is either a weakly-
to-weakly or strongly-to-strongly homeomorphism, because that would imply that
the weak and ultraweak topologies are the same on M (similarly for the strong and
ultrastrong topologies), which we know to be false (see Prop.[1.5.7] for a proof).

Therefore, the ultraweak and ultrastrong topologies are intrinsic to the algebra,
while the weak and strong topologies are space-dependent. Consequently, normality
of maps between von Neumann algebras will often be required, as it ensures the
preservation of intrinsic topological properties of the algebras.

Finally, we introduce the notion of “separable” von Neumann algebras.

Proposition 1.3.12. Let M be a von Neumann algebra. Consider the following
conditions.

1. M can be represented faithfully on a separable Hilbert space.
2. M, 1s separable as a Banach space, i.e. it possesses a dense sequence.
3. There exists a faithful normal state ¢ on M.

4. If (pi)ier is a list of nonzero mutually orthogonal projections in M (see next
section), then I is countable.

We have ]l — 2 — 3 «<— 4.
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Proof: 1 = 2: Suppose that M is represented on a separable Hilbert space H.
Let (&,)nen be a dense sequence in ‘H. We claim that the set

S =D (€ralée.) | (kn)new and (Ea)nen .t Y 6k, |17 ) 166, |17 < 00} C M,

neN neN neN

is countable and dense in M,. It is clear that it is countable, since it is in bijection with
a subset of N°. Let ¢ = >~ _«(-nn]kn) € M, (see Thm. and € > 0 be arbitrary.
For each n € N, we can find a k, € N and ¢, € N such that ||n, — &.,| < ¢/n and
|5n — &e,|| < €/n. It is simple to check that ¢ = > _(-6k,|e,) € S. For any x € M
with ||z|| = 1, we then have

[t = Bl| < [tb(x) = d(@)] = | > _(@nalrn) = > (06, €0

neN neN

<D (@O = &)lmn)| + 1) (@bl — &0,)

neN neN
<Ol = &)Y O Nkall?)?

neN neN
+ O & 2O = &l

neN neN

e

< 6%((% lrnll?)2 + (%ZN 1€, 11)?)

Since ¥ and € were arbitrary, we conclude that S is dense in M,,.

2 = 3: If M, is a separable Banach space, (M,)" is also separable. Let
(¢n)nen be a dense sequence in (M,)". We define the normal state

6 1
¢(r) = = n% m@bn(@

for x € M. Suppose that ¢ is not faithful, i.e. that there exists y € M such that
#(y) = 0 and ||y|| # 0; we then have ¢, () =0 Vn € N. Let ¢ € (M,)" and € > 0 be
arbitrary. We choose N € N such that [|¢) — ¢y < €||ly]| > 0. We have

W) < [1¢ = dnllllyll + [on(y) <€

Hence, ¢(y) = 0 for all ¢ € (M,)". We conclude that we must have y = 0, which is
a contradiction. Therefore, ¢ is faithful.

3 <= 4: Prop.11.3.19 in [Tak02]. i
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A von Neumann algebra satisfying the last two conditions is usually called o-finite
or countably decomposable. We will however mostly consider the class of algebras
satisfying the first condition.

Definition 1.3.13. We say that a von Neumann algebra is “separable” if it can be
represented faithfully on a separable Hilbert space.

It is important to note that a “separable” von Neumann algebra is not necessarily
separable as a Banach space. In fact, a von Neumann algebra is separable as a Banach
space if and only if it is finite dimensional (Thm.m proves the “if” part; for the
“only if” part, see Ex. II1.3.1 of [Tak02], or Cor. 1.3.17 of [Ole12] for a complete proof).

1.4 Projections in a von Neumann algebra

In a C*-algebra, an element p is called an orthogonal projection if p = p? = p*.
In this work, we will simply call such an operator a projection. A crucial aspect
that differentiates von Neumann algebras from other C*-algebras is the abundance
of projections in the former. This originates from the fact that the isomorphism of
Thm. can be extended as a homomorphism to the class of Borel functions of the
spectrum of a normal element.

In the following, the von Neumann algebra generated by a normal element = €

M C B(H) is W*(z) = {«}' = C* (a:)UWT. As was seen in Sec., the last equality

makes this definition independent of the representation of M. Additionally, we let
By(0(z)) denote the bounded Borel functions on o(x).

Theorem 1.4.1. (Spectral theorem - Borel Functional Calculus) Let M be a von
Neumann algebra and x € M be a normal operator. There exists a norm decreasing

x-homomorphism 1, from By(o(z)) into W*(x) which extends the isomorphism of
Thm.|[1.1.4 Furthermore, if (f,) is a bounded increasing sequence of real functions

in By(o(x)), then Yo(sup fn) = sup ¢a(fn).
Proof: = Thm.4.5.4 of [Ped89). i

Since for any Borel subset B of o(x), the characteristic function yp is a projection in
By(o(x)), 1, induces a map from the Borel subsets of o(x), denoted B(o(x)), to the
projections of M, denoted P(M):

B(o(x)) = P(M)
B 77Z)m<XB>

This suggests an abundance of projections in M, which is in fact confirmed by the
next result.
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Proposition 1.4.2. A von Neumann algebra is the norm closure of the set of linear
combinations of its projections.

Proof:  Corollary 0.4.9 of [Sun87] and the discussion below it. i

To illustrate how this property fails in the general case of C*-algebras, one can look
at the case of A = C([0,1]), the continuous complex functions on [0,1]. It is easy
to check that the only projections in A are 0 and 1,4. Therefore, the norm closed
subspace generated by the projections is merely C1 4.

This result also suggest that one way to learn about the structure of a von
Neumann algebra is to study in depth its projections. We recall the following notions
about projections in a C*-algebra A.

Definition 1.4.3. For two projections p,q € A, we say that p < q if one of the
following equivalent conditions s satisfied.

1. q — p is a positive operator.

2.qp=0p

3. pg=p

4. If AC B(H) for some Hilbert space H, Im(p) C Im(q)

We say that p and q are mutually orthogonal if one of the following equivalent condi-
tions 1s satisfied.

1. pg=0
2. qgp=0
3. If A C B(H) for some Hilbert space H, p(H) L q(H)

Now if {pr|A € A} is a family of projections in a von Neumann algebra M,
we define sup, py and infy p) as the projections on the subspaces [UpIm(p,)] and
Nalm(py), respectively, where [S] denotes the closed subspace generated by S. As
their names suggest, sup, py is the smallest projection that majorizes this family,
and the converse statement holds for infs py. The following result shows that P(M)
always forms a lattice.

Proposition 1.4.4. For any family {pr»| X € A} of projections in M, sup, px and
infA p\ are contained in M.

Proof:  Prop.V.1.1 of [Tak02]. i

For a given projection p € P(M) we can consider the reduced algebra or corner algebra
defined aso pMp = {pzp |z € M}.
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Proposition 1.4.5. Let M be a von Neumann algebra acting on H and p € P(M).
Then, pMp is a von Neumann algebra acting on pH, with identity 1,pp = p. Fur-
thermore, if M is a factor, then pMp is also a factor.

Proof: Prop.3.10 of [Tak02]. Note that the last assertion should be written
(M)e = (Me)'. I

For a projection p € P(M), we define the central cover of p to be the projection
c(p) =inf{g e P(M)NZ(M)|p < q}. For us, this concept will gain its importance
through the following results.

Lemma 1.4.6. Let M be a von Neumann algebra and p,q € P(M). The following
are equivalent:

1. prq=0Vr e M

2. c(p)e(q) =0
Proof:  Lemma 0.4.16 of [Sun&7]. i

In a C*-algebra, an element u is called a partial isometry if u*u is a projection. It is
simple to check through the C*-condition that u is a partial isometry if and only if
u* is.

Proposition 1.4.7. Let M be a factor and p,q € P(M) be nonzero projections.
There exists a nonzero partial isometry u € M such that v u < p and uwu* < q.

Proof:  In a factor, we always have P(M) N Z(M) = {0,1,}. Therefore, c¢(p) =
¢(q) = 1, and the previous lemma shows that there exists x € M for which pxq # 0.
For an operator x € M, we recall that we have the polar decomposition = = u|x| for
a partial isometry u and a positive operator |z|, both in M. If we let prq = u|pxq|
be the polar decomposition, wu fulfills the role of the desired partial isometry. i

It turns out that a fruitful way to study the projections in a von Neumann algebra is to
classify them according to their relative size. This is done by defining an appropriate
equivalence relation on P(M) and an order relation on the set of equivalence classes.

Definition 1.4.8. Two projections p,q € M are said to be Murray-von Neumann
equivalent (relative to M ) if there exists a partial isometry v € M such that p = vqu*
and q = v*pv. Equivalently, there exists a partial isometry v € M such that p = vv*
and g = v*v. We will then write p ~ q and the equivalence class of p will be denoted

[p].

It is important to note that this equivalence relation depends solely on M if M
is acting on a given Hilbert space H, two projections could be equivalent in B(H)
while not being equivalent in M. This equivalence relation behaves nicely on sums of
projections.
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Proposition 1.4.9. If (pn)n>1, (qn)n>1 C PéM are such that p, ~ q, for alln, while

Pn L pm and q, L g for n # m, then Z USOT Gn -

Proof: Proposition 1.1.7 of [Sun87] proves this result for the strong operator
topology. Since these two sums of projections are bounded in norm, we automatically
get the result in the ultrastrong topology. i

At first sight, one might ask why the definition of the equivalence is not given as
p ~ q iff there exists a unitary u € M such that p = ugu* and ¢ = u*pu. The reason
for choosing partial isometries instead is due to the fact that unitary equivalence is
too strong for our purpose.

To illustrate this, we take H = (*(N), M = B((*(N)), p = 1) and ¢ as the
projection that cuts out the first coordinate. Let & denote the i-th vector in the
canonical basis of £>(N). For any unitary u € M, we have u*pu = u*lyu = u*u =
1y = p # q, so these two projections are not unitary equivalent. However, we
clearly have Im(p) = Im(q) as subspaces, so these two projections should have the
same “size”. On the other hand, if we define u : H — H by u(&) = &1, we
have u*(&;) = &-1 for ¢ > 1 and u*(&) = 0, and hence p = w*u while ¢ = uu*.
Therefore, the Murray-von Neumann equivalence respects the intuitive idea of when
two projections are “of the same size”.

On these equivalence classes, the following order relation is well-defined: if [p]
and [g] are Murray-von Neumann equivalence classes, we will say that [p] < [q] if
there exists p such that p ~ p < ¢. In general, this order is only partial. The simplest
example is to take M = C @ C, with p =160 and ¢ = 06 1. However, the order
will be total in the case where M is factor.

Proposition 1.4.10. If M is a factor and p,q € P(M), either [p] < [q] or [q] < [p].
Proof: See [Dix8&1], Part III, Chap. 1, 2. A theorem on comparability, Cor. 1. 1
For the rest of this section, we will therefore restrict our scope to the case where M

is a factor. The first use of the equivalence relation comes in terms of characterizing
what we mean by an infinite projection.

Definition 1.4.11. A projection p € P(M) is said to be finite (relative to M) if
q € P(M) and p ~ q < p implies that ¢ = p. Otherwise, we say that p is infinite.

It is simple to check that finiteness is preserved under the equivalence relation.
This definition mirrors that of an infinite set, where the latter is defined as a set
in bijection with one of its own proper subset. Furthermore, we have the following
results, which are completely analogous to the notion of infinity in set theory.

Proposition 1.4.12. Let p,q € P(M).
1. If [p] < [q] and q is finite, p is finite.
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2. The supremum of finitely many finite projections is finite.

3. If q is infinite, then [p] < [q]. Consequently, any two infinite projections are
equivalent.

Proof:  p.22-27 of [Sun&7]. i

The last statement follows from the antisymmetry of the order relation on the equiv-
alence classes.

Proposition 1.4.13. Let p,q € P(M), with p # 0. Then, there exists e € P(M) and
a family (p;)ier of mutually orthogonal projections in M such that ¢ = (ZfEOIT pi)+e,
le] < [p] and p; ~ p for all i € I. Furthermore, if I is an infinite set, there exists

another such decomposition where e = 0.

Proof: If [¢] < [p], this is trivial by taking I = () and e = p. Therefore, we
can suppose [p] < [¢]. Let p’ € P(M) be such that p’ ~ p and p’ < ¢. Consider
Corollary 1 in [Dix81], Part III, Chap. 1., 2. A theorem on comparability. Applying
this corollary to the factor ¢Mq, with ¢ as the only element of the family (E;), yields
the result we seek. |

1.5 Weights

When integrals are introduced in measure theory, the matter of infinite integrals and
infinite measures follows quite naturally. These generalize the concept of the finite
integral. In a completely analogous fashion, we will introduce in this section weights,
which are an extension to the notion of positive linear functionals. Weights will prove
essential to the study of von Neumann factors, as we shall see in the later sections.

Definition 1.5.1. A weight on a von Neumann algebra M is a function ¢ : My —
[0, 00] such that p(Ax 4+ y) = Ap(x) + ¢(y) for z,y € My and X € [0,00) (with the
operations executed in the extended real numbers, for example 0 - 00 = 0). We will
say that ¢ s

o faithful if x € My and x # 0 imply ¢(x) > 0.

e normal, if ¢(sup x;) = sup ¢(z;) whenever (x;) is a monotone increasing net in
M, .

o tracial, if p(x*z) = p(xx*) for all x € M.

A weight will be called finite if ¢(x) < oo for all x € M, and the following
proposition shows that these weights are non other than the positive linear functionals.
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Proposition 1.5.2. Let ¢ be a weight on a von Neumann algebra M. The following
are equivalent:

1. ¢ is finite.
2. ¢(1) < 0.
3. there exists a unique positive linear functional ¢ on M such that ¢ = g5|M+.

Proof: 1) = 2): Obvious.

2) = 3): Uniqueness follows easily from the fact that any element of M is
a sum of four positive operators. We show the existence of such an extension. For
any element x € M., we have z < ||z||T5; and so ¢(1) < oo implies that ¢(z) is
finite. Since any self-adjoint element y € M is the difference of two positive operators
Yi,y— € M, , we can then define ¢ on y by ¢(y) = ¢(y4)—é(y_). This is well-defined:
if y, —y- =y —vy_ foryy,y_, v\, y_ € M, we have

S(y+) + Syl) = dlys +y1) = oYy +y-) = o(y)) + o(y-)
= o(y+) — d(y-) = d(y) — o(y)
= O(y+ —y-) = o) — o)
A simple calculation shows that ¢ is real linear on M,,, the set of self-adjoint elements
of M. Now for any z € M, the real part z. = (z + 2*)/2 and imaginary part
z; = (2 — 2*)/(2i) are two self-adjoint operators such that z = z, +iz. As this
decomposition is unique, ¢(z) = ¢(z.) + id(z;) is well-defined. With the fact that ¢

is real linear on M,,, a simple verification shows that this defines a linear functional
on M. It is then obvious that ¢ = ¢[5;, and that ¢ is positive.

3) = 1): For any € M, we have ¢(x) = ¢(z) < oo. i

Definition 1.5.3. Let ¢ be a weight on a von Neumann algebra M. We define the
sets

e D, — e M, |6(z) < )}
o Ny ={z € M|p(z*x) < oo}
o My={>"" wjyi|lzi,ys € Ny, n € N}

Proposition 1.5.4. These subsets have the following properties.

a) Dy is a hereditary positive conver cone; i.e. x,y € Dy and X\ € [0,00) =
A +y € Dy, and x € Dy, 2z € My, 2z < o = =z € Dy. Note that for
x,z € My, we always have z <z = ¢(2) < ¢(x).



1. VON NEUMANN ALGEBRAS 21

b) Ny is a left ideal in M, i.e. MN, C Nj.

c) My is a self-adjoint subalgebra of M.

d) Dy =My, = My M,.

e) v,z € Ny, ye M = z*yz € M,.

f) there is a unique linear functional ¢ on My such that (5‘/‘444 = ¢]M¢+.

Proof:  Prop.2.4.5 of [Sun87|. i

Of course, not all weights carry a lot of information. For example, the mapping
¢ : My — [0,00], defined as ¢(z) = oo for nonzero x and ¢(0) = 0, is a faithful
tracial weight on any von Neumann algebra M. However, the following so-called
semifinite property allows us to characterize when a weight takes finite values on
“enough” elements.

Proposition 1.5.5. For a weight ¢ on a von Neumann algebra M, the following
conditions are equivalent:

1. My is ultraweakly dense in M.

2. 1y =sup{p € P(M)|¢(p) < oco}.

3. there is a monotone increasing net (x;) in Dy such that ||z;|] <1 and supz; =
1,

In addition, iof ¢ is tracial, we can add the following two conditions to the list of
equivalences.

4. for all nonzero x € M, there existsy € M, such that 0 < y <z and ¢(y) < oo.

5. for all nonzero p € P(M), there exists ¢ € P(M) such that 0 < q < p and
¢(q) < oo

Proof:  For the equivalence of 1), 2) and 3), see [Sun87] p.56-57. If ¢ is tracial,
we have:

3) = 4): Let # € M, be nonzero (hence x = b? for some b € M) and let (z;)
be a net as in 3). Then (bz;b) is a monotone increasing net with sup(bx;b) = x. There-
fore, there must exist some I such that bxb # 0. We then have 0 < bz;b < z and
d(bzb) = ¢(x)*02a)?) < ||b||2¢(x;) < oo, since ¢ is tracial and z) *b2z)* < ||b]|%2;.

4) = 5): Let p € P(M) be nonzero. We know from 4) that there exists y € M
such that 0 < y < p and ¢(y) < co. Using the Borel functional calculus, consider the
projections ¢, = ¥y(X[1/n,00)). AS (X[1/n,00)) i @ monotone increasing net with limit
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X(0,50), We have 1, (X(0,00)) = SUP ¢ Since y = Y1), (X(0,00)), We then know that there
exists IV such that gy is nonzero. But gy < Ny, so Prop.|1.5.4]a) yields ¢(g,) < oc.
Combining gy < Ny with y < p, we obtain gy < p, which finishes the proof.

5) = 2): Let e = sup{p € P(M)|¢(p) < co}. Suppose that p = 1y — e # 0.
As p is a nonzero projection, we know from 5) that there exists ¢ € P(M) such that
0 <q<pand ¢(q) < co. But then ¢ < e and ¢ < 1), — e, so ¢ = 0, which is a
contradiction.

Note that the last two implications do not require the fact that ¢ is tracial. 1

Definition 1.5.6. Let ¢ be a weight on a von Neumann algebra M. If ¢ satisfies the
equivalent conditions of the preceding proposition, we say that it is semifinite.

With all these tools in hand, we can now look at concrete examples of weights.
The easiest example is the motivating concept, the Lebesgue integral. If M =
L>®(R,\) with A the Lebesque measure, then ¢(f) = [ fdX is a faithful normal
semifinite tracial weight (for semifiniteness, see 2. of Def.. Then, D, =
LR, \); N LY R, N), Ny = L¥(R,\) N L*(R,\) and My = L=(R,\) N L' (R, \).
From Prop.[I.5.4] we know that ¢ can be extended uniquely to a linear functional on
L=(R,\) N L' (R, \); this is simply the Lebesgue integral on integrable functions.

The classical example of weight in the noncommutative case is the trace on the
separable Hilbert space, a generalization of the usual trace on matrices. Let H = (?(N)
with the canonical orthonormal basis (§,) and M = B(H). Then, we define the trace
Tr: My — [0, 00] by Tr(T') = > (T€,[€,). This is a faithful normal semifinite tracial
weight. We have

o Nnw=B*(H) ={T € B(H) | Tr(T*T) < oo}, the Hilbert-Schmidt operators.
o My, =B (H)={T € B(H)| Tx(|T|) < oo}, the trace-class operators.

This example actually leads to many important facts: N, is a Hilbert space with
inner product (S|7') = Tr(7*S), and Mp is a Banach space with norm [|T]| =
Tr(|T|). Furthermore, they are both self-adjoint two-sided ideals of B(H). We also
have By(H) C B'(H) C B*(H) C By(H), where By(H) are the finite rank operators
and By(H) are the compact operators. Finally, it turns out that B'(#H) is precisely
the predual of B(H). For a complete treatment of the trace on B(H), see Sec. 3.4 of
[Ped89).

We finish this section by finally proving the following result which was stated in
Sec.[L2
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Proposition 1.5.7. Let ‘H be an infinite dimensional separable Hilbert space. Then
the weak and ultraweak (resp. strong and ultrastrong) topologies differ on B(H).

Proof:  We identify H with ¢?(N) and denote the canonical orthonormal basis by
(&n)n>1- The operator T defined by T¢, = (1/n)&, is bounded and trace-class, and
so by Prop.4.6.11 of [Ped89], ¢(S) = Tr(ST) (for S € B(H)) is an ultraweakly func-
tional on B(H). Assume that it is also weakly continuous, so that ¢(S) = > (Sz,|yn)
for two finite sequences (x,,) and (y,) in H. Then, the proof in [Ped89] of Prop.4.6.11
(i)=-(iii) shows that ¢(S) = Tr(SU) for a finite rank operator U. It follows that
Tr(S(T — U)) = 0 for all S € B(H); since B*(H) is a Hilbert space, we have T' = U.
As it is clear that T is not of finite rank, this is a contradiction and we conclude that
¢ cannot be weakly continuous. Therefore, the weak and ultraweak topologies do not
share the same continuous functionals, so we conclude that they must differ. As the
strong and weak (resp. ultrastrong and ultraweak) topologies possess the same set of

continuous functionals, we also conclude that the strong and ultrastrong topologies
differ.

1.6 GNS construction and standard form

We have already alluded to the notion of representations in this work, without giving
a clear definition of the concept. We do so here.

We say that a vector n is cyclic for a subalgebra A C B(H) if [An], the closed
subspace generated by elements of the form zn for x € A, is equal to H. We say that
7 is separating for the same subalgebra if xn = 0 for x € A implies x = 0. These two
notions are linked.

Proposition 1.6.1. Let M be a x-subalgebra of B(H). A vector n € H is cyclic for
M iff it is separating for M'.

Proof:  Prop.2.22 of [Bryl3]. i

We are now ready to discuss representations.

Definition 1.6.2. A representation (m,H) of a C*-algebra A on a Hilbert space H
is a x-homomorphism 7 : A — B(H). We say that  is faithful if it is injective, and
that m is cyclic if m(A) possess a cyclic vector & € H.

By Prop.[1.1.5] the image of such a representation is always a C*-subalgebra of
B(H). For a C*-algebra A, the following result gives a range of representations of A.

Theorem 1.6.3. (GNS construction) Let A be a unital C*-algebra and let ¢ be a
state on A.
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1. Ny ={a € Al¢(a*a) =0} is a closed left ideal in A.

2. The sesquilinear form (a+ Ny, b+ Ny) = ¢(b*a) defines an inner product on the
vector space AJ/Ny. We denote the Hilbert space completion of the latter by H.

3. For a € A, the formula ms(a)(b+ Ng) defines by extension a bounded linear
operator my(a) on Hy. This defines a cyclic representation (my, Hy) of A, with
cyclic vector g = 14 + N.

Proof:  Thm.1.12.4 of [Putl9]. i

The triple (Hg, 7y, &) is called the Gelfand-Naimark-Segal (GNS) representation of
A associated to the state ¢. If A is a von Neumann algebra, the GNS representation
actually gives us more.

Proposition 1.6.4. Let M be a von Neumann algebra, and ¢ be a faithful normal

state on M. Then ms(M) is a von Neumann algebra on H and my is a x-isomorphism
from M to mws(M).

Proof: Thm. 2.2.1. of [Sun&7]. |

It is in fact through the GNS construction that one proves the fundamental fact that
we can always think of a C*-algebra as a norm closed x-subalgebra of the bounded
linear operators on a given Hilbert space.

Theorem 1.6.5. Fvery C*-algebra admits a faithful representation on a Hilbert space.
Proof: = Thm. 1.12.8. of [Putl9]. i

We close this section by presenting the standard form of a von Neumann algebra, a
result that will be central in our work.

Definition 1.6.6. Let C' be a subset of a complex vector space V.. We say that
o C is a cone if for allaw > 0 and v € C, we have av € C'.

e (' is a complex cone if it is a cone and for all u,v € C', we have u+v € C.

If V is a Hilbert space, we define the dual cone of a subset B CV as B* = {u €
V](ulv) > 0 for allv € B}. This is always a conver cone. We say that a cone
C CV is a self-dual cone if C' = C*.

Theorem 1.6.7. (Standard Form) Any von Neumann algebra M can be represented
faithfully on a Hilbert space H, such that there exists a conjugate linear isometric
mwvolution J : H — H, and a self-dual cone P in H with the following properties:

1. JMJ =M
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2. JeJ =c*,Yee Z(M)
3 JE—E VEEP
4. aa’(P) C P, Ya € M where a' = JaJ.
Proof: = Thm. 1.6 of [Haa75]. i

When a representation of a von Neumann algebra satisfies these properties, we say
that the algebra is in standard form, or that (M, #, J, P) is a standard form. This
standard form also comes with the following properties.

Theorem 1.6.8. Let (M, H, J, P) be a standard form.
e P is closed and span(P) =H

e For every x-isomorphism 0 of M, there exists a unique unitary ug € B(H) such
that

1. 0(z) = ugzuy, Vo € M.
2. J =ugJuy

o For every positive ¢ € M,, there exists a unique £ € P such that ¢(x) =
(x€s|€p) for all x € M. Therefore, P = {&|¢ € M}, We have that for
positive ¢, € M,,

166 — Eull” < Nl — ¥l < NI€p — Eullll€s + Eull

Proof: For the first point, see p.311 of [SZ79]. For the second and third points,
see Thm.3.2. and Lemma 2.10 of [Haa75]. i

Proposition 1.6.9. If (M, H, J, P) is a standard form, the weak and ultraweak (resp.
strong and ultrastrong) notions of convergence on M are the same. Therefore, the
respective topologies also coincide.

Proof: We already know that ultraweak convergence implies weak convergence,
so we need to show the reverse implication. Let (z,) be a net in M that converges
weakly to x € M, and ¢ € M. From the previous theorem, we know that there
exists {s € P such that ¢(y) = (y&|&s) for all y € M. Therefore, we immediately
get that (¢(x,)) converges to ¢(x). As ¢ € M} was arbitrary and as any ultraweak
functional is a linear combination of positive ultraweak functionals, this shows that
(o) converges ultraweakly to .
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We already know that ultrastrong convergence implies strong convergence, so we
need to show the reverse implication. Let (z,) be a net in M that converges strongly
to x € M, and (&,) be any square summable sequence in H. We then have

[e.9]

Z ”(17 - xa)gnHQ = Z((l’ - :Ea)*(:L‘ - xa)§n|€n)

1=1

The term on the right represents a positive ultraweakly continuous functional applied
to (z — xa)*(z — x,), so we know that there exists a vector £ € P such that

Z Iz = za)éull* = (& — 2a)"(z — 2a)8[8) = Iz — za)é[* — 0

where we have applied the fact that (x,) converges strongly to x. Hence, this con-
vergence is also ultrastrong. |

1.7 Completely positive maps

In the category of C*-algebras, s-homomorphisms are the maps that preserve the
structure. However, requiring a map to be as such is very restrictive. For exam-
ple, a x-homomorphism is necessarily a contraction, and being injective forces it to
be an isometry. A slightly weaker type of map is a completely positive map (CP
map). Such a map does not preserve the multiplication, but is still very close to a
x-homomorphism, as Stinespring’s theorem will show.

Recall that an element z in a C*-algebra A is called positive if © = y*y for some
y € A, and amap f: A — B between two C*-algebras is called positive if it preserves
positive elements. For example, any x-homomorphism is positive. A CP map is an
intermediate between a positive linear map and a *-homomorphism. Therefore, we
first list results about positive maps, as these will apply to CP maps.

Proposition 1.7.1. If A, B are C*-algebras and f : A — B is a positive linear map,
then f is bounded. Furthermore, for any a € A, we have f(a*) = f(a)*.

Proof:  Prop.3.7 and 3.9 of [Bry13]. i

Let A be a C*-algebra, n € N be fixed and M,,(A) be the n X n matrices with entries
in A. With the usual matrix addition and multiplication, and the involution given by
taking the transpose of the matrix along with the involution of A to each entry, M, (A)
is a x-algebra. As we know from Sec.[1.0], A necessarily has a faithful representation 7
on a Hilbert space H. We can then consider H" = ®}_,H; it is simple to check that
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~Y

B(H™) = M, (B(H)), where we apply the usual matrix multiplication on a vector in
H™. It turn, applying 7 entry-wise gives use an injective x-homomorphism ¢ from
M,,(A) into B(H™). The norm on the latter can then be pulled back on M,,(A), and
this norm makes M,,(A) a C*-algebra. We are now ready to define CP maps.

Definition 1.7.2. Let A, B be C*-algebras. For n € N, a linear map ® : A — B
is said to be n-positive if the induced map ®,, : M,(A) — M,,(B), given by applying
® to each entry, is positive. Furthermore, ® is said to be completely positive if it is
n-positive for all n € N.

Therefore, a CP map is positive, and so it is bounded and preserves the adjoint
operation. To further study CP maps, it is useful to develop criteria to evaluate the
positivity of the elements and maps of matrix algebras. We will denote an element
a € M,,(A) by its entries in the form a = (a;;).

Proposition 1.7.3. Let A be a C*-algebra. An element a = (a;;) € M, (A) is positive
iff it is a finite sum of matrices of the form a;; = aja; for ay, ..., a, in A. Additionally,
a = (a;;) is positive iff for all by, ...,b, in A, 3, biai;b; is positive in A.

Proof: = Lemmas 3.1 and 3.2 of [Tak02]. i

Putting all this together, we obtain a computational way of checking if a map is
completely positive.

Corollary 1.7.4. Let A, B be C-algebras and ¢ : A — B a linear map. ¢ is n-
positive iff for all xy, ...z, € A and y1,....yn € B, >, yid(xiz;)y; is positive in
B.

Proof: Follows directly from Prop.[1.7.3] i

Using this criterion, it becomes easy to prove the following fact.

Corollary 1.7.5. Let A, B be C*-algebras, with B abelian. Then, any positive linear
map ¢ : A — B is completely positive.

Proof:  Cor. 3.5 of [Tak02]. i

In particular, this shows that any positive linear functional on a C*-algebra is a CP
map. The next result is very useful.

Proposition 1.7.6. If A, B are C"-algebras, A is unital and ¢ : A — B is a linear
map which is 2-positive, then ||| = ||¢(La)]l-

Proof:  Prop.3.9 of [Bryl3]. i

We are now ready to state the main theorem of this section, which establishes the
link between CP maps and *-homomorphisms.
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Theorem 1.7.7. (Stinespring’s Theorem) Let A be a C*-algebra, H be a Hilbert space
and ¢ : A — B(H) be a linear map. The following are equivalent:

1. ¢ is completely positive.

2. There exists a Hilbert space IC, a bounded linear operator V : H — K and a
representation w: A — IKC such that ¢(a) = V*r(a)V for all a € A.

If A is unital, ™ can be chosen to be unital. Furthermore, if A is a von Neumann
algebra and ¢ is normal, ™ can be chosen to be normal.

Proof: = Thm.3.16 of [Bry13]. i

Conceptually, this theorem is crucial; it shows that a CP map is merely a truncation
of a *x-homomorphism, and it fully classifies all such maps. Computationally, it can
be used as an instrument of proof, as the following example shows.

Corollary 1.7.8. Let A, B be C*-algebras and ¢ : A — B be a CP map. For all
a € A, we have ¢(a)*¢(a) < [|¢[|¢p(a"a).

Proof: By representing B faithfully on a Hilbert space H, we can apply the
previous theorem and work as if B C B(#H). Let V and 7 denote the respective
bounded operator and representation from Thm.[I.7.7 We have

¢(a)*d(a) = (Vim(a)V) Vim(a)V
=V*'r(a")VV*r(a)V

< Vir(a”)([[VV*[1c)m(a)V
= [|[VV*||V*r(a*a)V

< |[¢ll¢(a*a)

where we have used the inequality ||[VV*|| = ||[V*V] < [|¢]. In the case where A
is unital, this inequality follows easily from Prop.[1.7.6 and Thm.[1.7.7] In the case
where A is non-unital, we refer back to the notation in the proof of the non-unital
case of Stinespring’s theorem by [Bryl13|, at the top of p. 75. Through the unital
case, we have [|[V*V| = |0 o ¢**||. However, ||f|| = 1 as it is a *-homomorphism and
|lo™ |l = |l¢|| as per Prop.3.13 of the same text, so we obtain |[V*V|| < ||¢]|. i

To conclude this section, we define the following concept, introduced by Mingo in
[Ming89], that will be essential in Chap.[3]

Definition 1.7.9. Let M be a von Neumann algebra and let (a,)nen be a sequence
i A such that ZgWOT ara, converges, or, equivalently, such that the sequence of

partial sums is bounded (see Prop.. Then, the map ® : M — M defined by
i/

O(x) = ZgWOT a’xa, is completely positive (see Cor. . Any map of this form

15 called an inner CP map.
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1.8 Injectivity

As in many mathematical theories, one of the goals in the study of von Neumann
algebras would be the classification of all such objects. The classification of the
subclass of injective “separable” von Neumann algebras, completed during the latter
half of the 20th century, is up to now the most important accomplishment towards
this objective. Using reduction theory (see the introduction of the next section), it is
enough to classify the injective “separable” factors. The classification of these factors
is stated in the next chapter. In this section, we introduce the concept of injectivity
and the range of properties equivalent to it.

Definition 1.8.1. A C"-algebra A is called injective if it possesses the following prop-
erty. Whenever B and B are C*-algebras such that there exists a CP map ¢ : B — A
and B C B, then there exists a CP map ¢ : B — A that extends ¢.

It is easy to check that this property is preserved under isomorphisms, and so
this defines an intrinsic algebraic property. We are actually used to working with
injective C*-algebras, as the following example shows.

Proposition 1.8.2. For any Hilbert space H, the C*-algebra B(H) is injective.

Proof:  This is essentially Arveson’s extension theorem [Arv69]. See Prop.4.2 of
[Bry13] for an efficient proof using Stinespring’s theorem. i

The beauty of this property is in its functorial nature, which allows to show that it
is preserved under multiple operations on the algebras. To name a few, the direct
sum of von Neumann algebras is injective iff each summand is, any corner algebra
of an injective von Neumann algebra is injective, and the tensor product of two von
Neumann algebras is injective iff each algebra is. For the proofs and more examples,
see Sec. 4.2 of [Bryl3].

In counterpart, while being an extremely stable property, proving that a certain
algebra is injective can be difficult. In the case of a von Neumann algebra, injectivity
is actually equivalent to a whole range of properties. It is not as obvious that these
are stable under the different constructions, because they are either space dependent
or formulated in terms of the internal structure of the algebra. However, for these
reasons, it is often easier to show that a given algebra satisfies one of these properties.

Therefore, the strength of having this range of equivalent properties is that in
practice some of them are much easier to show for a given algebra, and we know
through the equivalence with injectivity that they are all stable under multiple con-
structions. In what follows, we list some of these properties and state properly the
equivalence. To introduce the first of these properties, we need the following vocab-
ulary.
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Definition 1.8.3.

o Let V. W be vector spaces withV CW. A map E : W — V is called a projection
if it is surjective and E(v) = v for allv € V.

e Let A, B be C"-algebras such that B C A. A conditional expectation is a con-
tractive and completely positive projection E : A — B such that E(bjaby) =
biE(a)by for alla € A, by, by € B.

The following beautiful theorem by Tomiyama shows that a conditional expec-
tation simply needs to be a contractive projection.

Theorem 1.8.4. Let A, B be C*-algebras with B C A and E : A — B be a projection.
The following are equivalent:

1. E is a conditional expectation.
2. FE is contractive and completely positive.

3. E 1s contractive.

Proof:  Thm. 4.5 of [Bryl13]. i

This allows us to define the second property, introduced by Hakeda and Tomiyama.

Definition 1.8.5. Let H be a Hilbert space and M C B(H) be a von Neumann
algebra. We say that A has property E if there exists a projection E : B(H) — M of
norm 1.

Obviously, the statement of this first property is inherently in terms of the space
on which the algebra is represented. We now introduce the final two properties, which
explicitly deal with the internal structure of the algebra. The first was introduced
by Effros and Lance, while the second one is an idea that was already present in the
pioneering work of Murray and von Neumann.

Definition 1.8.6.

e A von Neumann algebra M is semidiscrete if the identity mapping idy - M —
M can be approximated pointwise ultraweakly by normal, completely positive
maps of finite rank fixing 1yr. In other words, if there is a net (¢,) of normal,
complete positive maps of finite rank such that, for all a, ¢o(1y) = 1y and
¢o(x) = x ultraweakly for all x € M.

e A von Neumann algebra M is approzimately finite dimensional (AFD) if for any
X1,y Ty € M and any *-ultrastrong neighbourhood V of 0 in A, we can find a
finite dimensional x-subalgebra N of M and yy, ...,y, € N such that x;—y; € V.
Note that the term “hyperfinite” is sometimes used instead of AFD, but some
authors reserve it to describe finite AFD algebras.
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The x-ultrastrong topology is induced by the family of seminorms
z e O lla&all® + &)Y
n=1

as in Sec.[.2] and also satisfies the bicommutant theorem. This definition focuses
on the local aspect of hyperfiniteness; on the other hand, the following formulation
focuses on the global aspect of this property.

Proposition 1.8.7. Let M be a von Neumann algebra. If there exists a net of finite

dimensional x-subalgebras (M,), directed under inclusion, such that M = UaMaUWOT

(closure in the ultraweak topology), then M is AFD.

We see that in general, the global property implies the local one. We note that
in the case of “separable” algebras von Neumann algebras, these two definitions are
equivalent.

As we already announced, these properties are unified by the following paramount
theorem.

Theorem 1.8.8. Let M be a von Neumann algebra. The following are equivalent:
a) M is injective.
b) M is semidiscrete.
c) M is AFD.
d) If M C B(H), M satisfies the property E.

Proof:  For a) <= b), see Thm.5.30 in [Bryl3]. For a) <= d), see Cor.4.3 in
[Bry13]. For a) <= ¢), see [EILTS]. i

Historically, this theorem was the culmination of the work of many authors. It
is important to note that the crucial step, first achieved by Connes in his proof of the
uniqueness of the injective “separable” type II; factor, was to show that an injective
“separable” von Neumann factor is AFD [Con76]. This completed the chain of equiv-
alence of these properties. See Chap.5.7 of [Con94] for a more detailed exposition of
the historical context behind this theorem.
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1.9 von Neumann Factors

Factors were defined in Sec.[I.1} and will be the central concept of this work. Factors
gain their importance through the reduction theory of von Neumann algebras, devel-
opped by von Neumann himself, which we outline here (based on 5.1.5 of [Con94]).
For a separable Hilbert space H, the space F of all factors in B(?) can be given a
Borel structure. It then makes sense to talk about a Borel function ¢ — M (¢) from a
standard Borel space X to F. If X is in addition equipped with a probability measure
p, we can define the von Neumann algebra [ « M(t)dp, called the direct integral of
the family (M (t))cx with respect to the measure p, which acts on the Hilbert space
L?(X, pu,H). Intuitively, this von Neumann algebra can be thought of as a “continu-
ous” direct sum of the factors M (¢). This leads to the central theorem in reduction
theory.

Theorem 1.9.1. Let M be a von Neumann algebra acting on a separable Hilbert
space. Then M 1is isomorphic to a direct integral of factors fx M(t)dp.

This decomposition finds its usefulness in the fact that some properties of the
algebra M are linked to those of the factors in the family (M (¢));cx. In many cases,
the study and classification of “separable” von Neumann algebras can then be reduced
to the study of factors. Factors can therefore be thought of as the “building blocks”
of this class of algebras.

For example, for a von Neumann algebra acting on a separable Hilbert space,
M is injective if and only if M(¢) is injective almost everywhere (see Prop.1V.2.2.12
of [Bla06]). Classifying “separable” injective factors is then sufficient to characterize
the class of “separable” injective von Neumann algebras. We state this classification
in Sec.2.2.5

In this section, we introduce the fundamental tools to study and classify factors,
and we construct examples of type I and II factors, while leaving the examples of
type III factors for the next chapter.

The first tool to classify factors is the dimension function of Murray and von
Neumann.

Theorem 1.9.2. Let M be a factor. There exists a function D : P(M) — [0, 0]
such that, for any p,q € P(M),

1. [p] =[q] <= D(p) = D(q)
2. pq=0 = D(p+q) = D(p)+ D(q)
3. pis finite <= D(p) < o0

where the operations are in the extended positive real numbers. This function is
uniquely determined up to a positive constant multiple.
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Proof:  P. 27-32 of [Sun&7]. i

This dimension function possesses the following measure-like properties.

Proposition 1.9.3. Let M be a factor and D be a dimension function. If p,q €
P(M), we have

1. [p] <[q] <= D(p) < D(q)
2. If (pn) is a sequence of mutually orthogonal projections, D(>_ ¢oppn) = > D(pn)
Proof:  Prop.1.3.11 of [Sun8&7]. i

The importance of the dimension function becomes clear when one analyses the pos-
sible sets that it can have as its range. Indeed, without even having an explicit factor
at hand, one can show that the possible ranges of D can be listed neatly. This gives
us the type classification of factors.

Theorem 1.9.4. Let M be a factor and D be a dimension function. Then, M can
be classified according to a type, which is determined by Im(D) as follows:

1. Type I,, with n € N*, if Im(D) = {0, o, 2cx, ..., nae} for a €0, 00]

2. Type I, if Im(D) = {0, ,2q, ...,00} for a €]0,00]
3. Type 11, if Im(D) = [0, «] for a €10, 00]
4. Type 11, if Im(D) = [0, 0]
5. Type 111, if Im(D) = {0, o0}
Proof:  Prop.1.3.14 of [Sun&7]. i

Before covering examples of each type of factor, we must first examine the fol-
lowing important tools.

Proposition 1.9.5. Let M be a von Neumann factor.
(a) If 7 is a faithful trace on M, then D = 7|p is a dimension function for M.

(b) If T is a faithful semifinite tracial weight on M, then D = T|p(r is a dimension
function for M.
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Proof: =~ We first note that, in Thm.[1.9.2] 1), 2) and 3)(=) already imply 3)(<).
Indeed, only assuming the restricted set of assumption, we can show the converse to
3)(«). Let p € P(M) be infinite. Then, by Cor. 1.2.4 of [Sun87], we can decompose
pasp=q+(p—q), where [p] = [¢] = [p —q], so D(p) = D(q) + D(p — q) = 2D(p).
Therefore, if D(p) < oo, we have D(p) = 0 and, by 1), [p] = [0]. But this is a contra-
diction since 0 is a finite projection; hence, D(p) = oc.

(a) When 7 is a trace, it is a positive linear functional, so we already know that
D = 7|p(r) has the right codomain. Note that it only takes finite values. It remains
to show that D satisfies 1), 2) and 3)(=) from Thm.[1.9.2]

1) Let p,q € P(M). If [p] = [q], we know that there exists a partial isometry
u € M such that p = wu* and g = u*u. Therefore, D(p) = D(q) through the trace
property of 7. On the converse, if D(p) = D(g), we know from Prop.[L.4.10] that we
can assume [p| < [¢]. Let p ~ e < g. We then have

0= D(q) — D(p) = D(q) — D(e) = 7(q —¢)
— q—e=0 = qg=¢ = q~p = [¢] = [p]

where we have use the fact that ¢ — e > 0 and that 7 is faithful.
2) This is automatically satisfied by the linearity of 7.
3)(=) is trivial as 7 only takes finite values.

(b) In the case where 7 is a faithful semifinite tracial weight, we must slightly
adapt the preceding proof, as 7 may now take infinite values.

1)(=) The proof is the same as above for [p] = [q] = D(p) = D(q).

3)(=) Assume that p € P(M) is finite; as 7 is semifinite, we know from Def.[1.5.5]
that there exists py € P(M) such that 0 < p, < p and 7(py) < co. By Prop.[1.4.13]
there exists a family of mutually orthogonal projections (ps)aca such that p, ~ po for
each «, along with a projection g < p, st. p = ZZOT Pa+q. By Prop.mv we know
that if A is infinite, ZiOT Do 18 an infinite projection and in turn p is then infinite
through Prop.[1.4.12] Therefore, A must be finite and so D(p) = >, D(pa) + D(q) <
(A] + 1) D(po) < .

1)(«=) The proof also remains the same for D(p) = D(q) < oo. It must however
be changed in the infinite case, as the substraction is then not defined. But if D(p) =
D(q) = oo, we know from 3)(=-) that p and ¢ are infinite, and so [p] = [q] by
Prop.[1.4.12]

2) This is automatically satisfied by the linearity of 7. i

This result is extremely useful in practice: if we can find a faithful trace or a semifinite
tracial weight on a factor M, we can simply study the image of its restriction to
projections to identify the type of factor we are dealing with. The examples that
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follow will illustrate this. Before covering those however, we state a crucial result
about finite factors.

Corollary 1.9.6. A von Neumann factor M admits a normal faithful trace 7 iff 1,
is finite, i.e. if M is of type I, or II;. Moreover, if we fix T(1y) = 1, this trace is
unique.

Proof: If M admits a normal faithful trace, 1,; is finite by the previous proposi-
tion. For the existence of the trace when M is finite, see Thm. 2.4 of [Tak02].

If 7 and 7 are two faithful traces on M normalized as above, D = 7|p@) and
D= 7|p(uy are both dimensions functions for M that take the same value at 1;.
Hence, by Thm.[1.9.2) we have 7|pr) = 7|par). By Prop.[L.4.2) the linear span of
P(M) is norm dense in M; hence, since both traces are bounded linear functionals,
we must have 7 =7 on M. |

In what follows, we will give examples of factors for each types I and II. Type III
factors will be explored in details in Chapter 2.

Type I: It is a simple exercise to check that for a factor of the form B(H), the
function D(p) = dim(Im(p)) is a dimension function, and therefore B(H) is of type
I, with the index being equal to the dimension of H. These actually exhaust all the
examples of type I.

Theorem 1.9.7. Let M be a factor. If M is of type 1L, then M = M, (C). If M is
of type I, then M = B(H), for H an infinite Hilbert space.

Proof:  Cor. 1.28 of [Tak(2]. i

Factors of type II and III are more exotic, in the sense that they are fundamentally
different from both type I categories. Indeed, we see that in the case of type III, all
the nonzero projections are infinite, while type II factors possess a continuous range
of finite projections. This means that, if M is a factor of type Il and p € P(M) is
a finite projection, we can always find ¢ € P(M) st. 0 # g < p. Since this process
can be repeated an infinite numbers of times, we note that this also implies that if
M C B(H), the finite nonzero projections of M are infinite relative to B(#H). As could
be expected, constructing examples of type II and III factors requires more work than
for factors of type I.

Type II;: To give examples of factors of type II;, we will introduce a few
notions, starting with the concept of an ICC group, i.e. a group that satifsfies the
infinite conjugacy class property. A group has the ICC property if all of its conjugacy
classes, except the trivial one, are infinite. One can check that S, the group of finite
permutations on N, and Fy, the free group on two generators, are ICC groups.

Additionally, we introduce the group von Neumann algebra of a discrete countable
group GG. Le GG be a discrete countable group; the space of square summable complex
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sequences on G, denoted (*(G), is a Hilbert space under the usual component-wise
operations. This space has a canonical orthonormal basis, i.e. the set {{,|g € G}
where &,(h) = 4. The map A : G — U(H), defined on the basis by (A(k))(&,) =
Me(€y) = &gy 1s a unitary representation of G on (*(G), called the left regular rep-
resentation of G. Therefore, the set {\,|¢g € G} is *-invariant, and it follows from
Sec.[L.1] that vN(G) = {)\,| g € G}" is a von Neumann algebra,

Definition 1.9.8. The von Neumann algebra vN(G) is called the von Neumann
algebra of the group G.

A clever application of the bicommutant theorem also shows that v/N(G) is the
closure in any of the four topologies introduced in Sec.[I.2] of the set of finite linear
combinations of elements of {\;|g € G}. The representation A has a counterpart,
namely the right regular representation p : G — U(H) defined by (p(k))(,) =
pr(€y) = Egp—1. It is easy to check that {p,|g € G} CvN(G)".

We are now ready to show that, for a countable discrete ICC group G, M =
vN(G) is a type II; factor. Let € denote the identity element of G; it is immediate
that & is cyclic for both M and its commutant, and so it is also separating for M. Let
T e MNM and let ¢, = (T¢.|¢,). A simple calculation shows that for any h, g € G,
we have cpgp,1 = ¢4. Let h # ¢ and C;, denote its conjugacy class. Since

enl? Y 1= e <Y legP = ITE)? < 00

g€l geCy, geG

and since C is infinite, we conclude that ¢, = 0. As h was arbitrary, we must have
TE = ey s0 (T —c1p)& = 0. As & is separating for M, we must have T = c.1,,,
so M is a factor.

To show that it is of type II;, we define 7 : M — C by 7(z) = (z&|&). It
is straightforward to show that this is a faithful trace. Therefore, by Prop.[1.9.5]
D = 7|p(y is a dimension function. Since D(1,) = 1, Im(D) C [0,1] and we know
from Thm.[1.9.4]that M is either of type I, or II;. However, the set {\;|g € G} C M
is linearly independent and infinite. As we have seen that a factor of type I, is
necessarily isomorphic to M, (C), we conclude that M is of type II;.

Therefore, vN(S) and vN(Fs2) are both examples of factors of type II;. Of
course, the next question to ask is whether these two factors are isomorphic. As each
“separable” factor of type I,, was unique, we could expect it to be true; it is however
not so, as the following property will show.

Definition 1.9.9. A type I, factor M is said to have property U if for all x4, ..., x, €
M and € > 0, there exists a unitary u € M such that T(u) =0 and ||zju — uzxj|ls <€

(see Def.[1.3.9) for all j.

By the uniqueness of the trace, it is clear that property I' is an invariant of the
algebra (i.e. it is preserved under x-isomorphisms).
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Proposition 1.9.10. The factor vN(Sw) has the property I' while vN(Fy) does not.
Therefore, these two factors are non isomorphic.

Proof: M = vIN(Sy): Let zy,...,z, € M and € > 0 be arbitrary, and set M, =
Span{\, |g € S.}. We already know that M) is strongly dense in M, and since
||| = T(2*2)Y/? = (x&|2E)"? = ||z€.||, it follows that for 1 < j < n we can find
y; € My such that ||x; —y;||2 < €/2. Each y; is a finite linear combination of elements
of the type Ay for g € So. Therefore, there exists a finite set S C S such that
Y1, -, Yn € Span{A,|g € S}. As this set is finite and each of its elements are finite
permutations of N, we know that there exists N € N such that g(n) =n forallg € S
and n > N. Then, if h is the permutation that exchanges N and N + 1 while leaving
the rest of N unchanged, it is clear that the unitary u = A\, commutes with each y;.
For any j, we then have

2w — uajlls = |[(z; — y;)u+ yiu — wlz; —y;) — wy;ll2
< [z = yi)ullz + llyju — wyslla + [lu(z; —y;)ll2
=2z —y)ll2 <€
As it is clear that 7(u) = 0, we have that vN(Ss) satisfies the property I'.

M = vN(Fz): Assume that M has the property I'; we will arrive at a contra-
diction. Let a,b denote the generators of Fo. Let 1 = A\, ©o = Ay, € = 1/20 and
u € vIN(Fs) be a unitary that fulfils the property I' for this set of conditions. By
Prop. V.7.6 of [Tak02], we know that u = Z;JSFO? T a,\g for some sequence of complex
numbers (ay)geq. Note that

0= T(u) = (ugslga) = Z O‘g()‘g§6|€a> = Qg
gEF?

and

L= Jul|” = (u&lut) = > > asan(Méelhgée) = D oy

helFy geFs g€lF2

For h € Fy and U C Fy arbitrary we then have

lu = Nudnll = ll(u = Nl = 1Y (aghg — aghiAgAn)Ell

S
1/2
= || Z(ak — appn-—1) M| = (Z ok — Oéhkh1|2>
keFq keFo

We now define a finite measure v on Fy by v/(S) = 37, ¢ |ox|*. We have

v(S) — v(h™2Sh)| = (L(S)Y? + v(h " Sh)Y2) - |u(S)V? — v(h~1Sh)1/?|



1. VON NEUMANN ALGEBRAS 38

< [(F2)Y2 + v(F2) 2] - [U(S) Y2 — (k™ Sh)?| < 2w(8)? — v(h™'Sh)?|

1/2 1/2
=2 (Z |Oék,%|2> - (Z ’ahkhl|2)

kes kes
1/2 1/2
<2 (Z o, — O‘hkh‘l‘2> <2 (Z |y — ahkh—1’2) < 2
kesS keFo

Now let F' C Fy be the subset composed of words that start either with a or a=! in
their irreducible form. We have that F' U (aFa™') = Fy \ {¢} and that the three sets
F,bFb~! and b='Fb are all disjoint. This gives us respectively
v(F)+v(aFa™') > v(Fy) —v({e}) >1 (1)
v(F) +v(bFb™") +v(b'Fb) < v(Fy) <1 (I1)

But applying the inequality |v(S) — v(h™1Sh)| < 2¢ gives us

v(aFa™) —v(F) <2 (I11)
v(F) —v(bFb™t) <2¢ (IV)
V(F) —v(b™'Fb) < 2¢ (V).

Substracting (I) — (I11) yields
W(F)>1-2 (VI)
and combining (I1), (IV), (V) gives
V(F) + (W(F) = 2¢) + (1(F) — 2¢) <1 = w(F) < (1/3)(1+4¢) (VII).
Finally, combining (VI) and (VII) yields
(1/2)(1 = 2¢) < (1/3)(1 + 4e).

We finally get (1/14) < €, which is a contradiction because e = 1/20. Hence, v N (IFy)
does not have the property T |

Therefore, vN (S, ) and vN(F3) are non-isomorphic, so we have constructed two dif-

ferent examples of type II; factors. Note that vN(Sw) = Upspan{),|g € Sn}JWOT
with the S,, seen as subsets of Sy; this implies that vN(Sy) is AFD, or equivalently
that it is an injective von Neumann factor. Furthermore, we will see in Sec.[2.2.5|
that vN(Fy) cannot therefore be injective, as the injective II; factor is unique up to
isomorphism.




1. VON NEUMANN ALGEBRAS 39

Type II,: We carry on our task to list examples of all types of factors by
constructing factors of type II.. For a Hilbert space H, we let H = ®yH,,, where
H,, = H for all n. For a vector n € H, we will write 7(; /) as the j-th component of 7.
For a vector ¢ € H, we will denote by £U) the vector in H which satisifes S W (4) = 0;5€.
The following proposition shows that we can think of operators in B(#) as infinite
matrices with entries in B(H) and obeying the usual matrix operations.

Proposition 1.9.11. For an operator x € B(H), the following is true.

e Foreachi,j €N, there exists a unique operator x(i,7) € B(H) such that for all
&1 € H, we have (x€V[nV) = (2(i, j)&(n).

o Forye B(H), z =y iff x(i,§) = y(i,7) for all i,j € N.

o Foré € H and j € N, (z€)(j) = > x(4,9)E(2), where the series converges in
norm in H.

e Fori,jeN, x*(i,7) = (x(4,7))*.
o Forye B(H) andi,j €N, (xy)(i,j) = SV " 2(i, k)y(k, 7).

Now if M C B(H) is a von Neumann algebra, we define M = {z € B(H) | z(i, ) €
M, Vi, j € N}. With _the results of the previous proposmon it is simple to check
that M' = {x € B(H)|x(i,j) = 62’ for some 2’ € M’ Vi,j € N} and that M
is a von Neumann algebra through the bicommutant theorem Furthermore, this
shows that M is a factor if M is. In fact, it is not too complicated to check that
M = M © B((*(Z)).

Now let G be a countable discrete ICC group, H = (*(G) and M = vN(G).
We will use the same notation as defined in the type II; example. We claim that
M is a type II factor. To prove so, we define the faithful semifinite tracial weight
7o M, — [0,00] by 7(z) =3, (x(n, n)§6|§€) Note that this is well defined as if z is
positive, z(n,n) is positive for all n. To prove that it is faithful, let x = b*b for b € M
be such that 7(z) = 0. We then have

n n k

) D)

As € is separating for M, this imposes b(k,n) = 0 for all k,n € N and so x = 0. Using
similar tricks, one shows that 7 inherits traciality from the trace 7(x) = (z€.|¢.) on
M. Finally, we can infer that 7 is semifinite through the existence of the family of
prOJectlons {]l |j € N} which implies 2) of Def. m Therefore, we know from
Prop.|1.9.5| that 7 induces a dimension function D on P(M).

We ﬁrst note that D(1,;) = oco. In addition, as M is a factor of type II; with
7(1ar) = 1, we know that for all a € [0, 1], there exists e, € P(M) with 7(e,) = .
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As el € P(M) and %(68)) = «, we have that [0, 1] C Im(D). Combining these two
facts, we deduce from Thm.m that M is of type Il..

As mentioned before, we have M 2 M @ B({*>(Z)). Therefore, this shows that
vN(Sw) @ B(f*(Z)) and vN (Fy) @ B(¢*(Z)) are two examples of factors of type Il.
Since a tensor product of von Neumann algebras is injective if and only if each sum-
mand is (see Prop.4.12 of [Bry13]), we know that vN(S,) ® B(¢*(Z)) is injective
while vN (Fy) ® B(¢*(Z)) is not. Hence, these are two non isomorphic examples of
type Il factors.

Actually, this way of constructing a type Il factor represents the general case.
Indeed, all type Il factors arise from a type II; in this way.

Proposition 1.9.12. If N is a type Il factor acting on a separable Hilbert space K,
there exists a type 1T, factor M acting on a Hilbert space H and a unitary u: H — K
such that uMu* = N. Therefore N = M.

Proof: Let p € N be a nonzero finite projection. By Prop.[l.4.13] we know
that there exists a family of mutually orthogonal projections (p,)neny C N such that
1y = ZgSOT pn and p, ~ p for all n (note: the summation index has to be infinite,
since 1y is infinite and p is finite, and has to be countable since K is separable). Let
u, € N be such that u}u, = p and u,u’, = p,. We let H = pK and M = pNp. By
Prop.[1.4.5, M is a factor acting on H. Since 1), = p is finite in N, it must also be
finite in M. Furthermore, since N is a type Il factor, we know that we can find
a strictly decreasing infinite sequence of projections that are smaller than p (which
implies that they lie in M). Combining these two facts, we know that M is a type
I1; factor.

If we now regard u,, as an operator from pK = H to K and w as an operator
from K to H, we can define u: H — K by

This is then a unitary with inverse u* : K — H defined by
(u™n)(n) = uyn.

It is then easy to check that M = u*Nu. i
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1.10 Discrete crossed products

We start off this section by a definition.

Definition 1.10.1. An action o of a countable discrete group G on a von Neumann
algebra M 1s a homomorphism

a: G — Aut(M)
g ay

Throughout this section, M will be a von Neumann algebra acting on a Hilbert
‘H, and G will be a countable group acting on M. We denote the unit of G by . Recall
the construction of H and the corresponding matrix element representation from the
examples of type Il factors in Sec. Let H be the analogous construction where
the indexing set has been replaced by G instead of N. We define the crossed product
of M by G as

M %o G ={x e B(H)|xz(g,h) € M and aj1(x(gh~',¢)) Vg,h € G}

One can check that M x, G is an ultraweakly closed *-subalgebra of B(#) containing
the identity, and so it is a von Neumann algebra. We define the representation
m: M — M x,G as w(z)(g,h) = dgnap-1(z). This is a normal isomorphism,
and so w(M) is a von Neumann subalgebra of M x, G. We also define the unitary
representation A : G — B(H) by Mx(g,h) = 6,4n. One can check that A(G) € M x, G
and that \gm(2)\; = m(ag(x)) for all k € G and z € M.

Let us now see when the crossed product will be a factor.
Definition 1.10.2.

e « is said to be free if for allt # €, the automorphism oy is free, i.e. xy = ay(y)x
for all y € M implies that x = 0.

e « is said to be ergodic if its fized point algebra is trivial,
ie. M*={zx e M|ay(x) =z Vge G} =Cly.

Note that we always have Z(M) C M®. Therefore, by restriction of a, we can
consider the action a|z of G on Z(M).

Proposition 1.10.3. Suppose that « is free. Then M %, G is a factor if and only if
a|zy s ergodic.

Proof:  Prop.4.1.15 in [Sun&7]. i
We now briefly introduce the group measure space construction, an application of the

crossed product which will be used to state the complete classification of “separable”
injective factors. For this, suppose that (X, §, p) is a standard Borel measure space.
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Definition 1.10.4. An automorphism of (X,§, 1) is a bijection T on X st.
1. For all E € § we have T(E), T~ (E) € 3.
2. If E €5, then u(E) =0 if and only if p(T~(E)) = 0.

Given an automorphism 7' of (X,§, i), we can then define an action ar of Z
on M = L*(X,pu) by (ar(n))(f) = foT~". The group measure space construction
associated with the space (X,§, ) and the automorphism 7' is then the crossed
product L®(X, 1) Xy, Z.



Chapter 2

Type III von Neumann factors

In Sec.[I.9, we introduced factors and started to give an exhaustive list of examples of
each type, but we left out type III factors. In this chapter, we cover the tools needed to
study their structure. We start by introducing the group of modular automorphisms
associated with a faithful normal state ¢ on a von Neumann algebra M, and the
algebraic invariants S(M) and T'(M ) that can be defined using this group (2.1). These
invariants give a subclassification of type III factors, and in (2.2) we give examples of
factors for each of these subtypes. We conclude this section by stating the complete
classification of “separable” injective factors.

We recall that we call a von Neumann algebra “separable” if it can be represented
faithfully on a separable Hilbert space.

2.1 Group of modular automorphisms

Since a type III factor is infinite, i.e. its unit is an infinite projection, we know
from Prop.[1.9.5] that it cannot admit a faithful trace (or faithful semifinite tracial
weight), because the latter would induce a nontrivial dimension function on the factor.
However, a “separable” type III factor M always admits several faithful normal states,
see for example Prop.[1.3.12]

This absence of trace can actually be used to learn more about the structure
of these factors. Let ¢ be a faithful normal state on a type III factor M and let
(Hy, mg, Ep) be the associated GNS representation. Through the polarization identity

43
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for a sesquilinear form, it is easy to check that if we had

1o (27)8sl1* = d(z") = ¢(a"x) = [|Img ()84

for all z € M, ¢ would be a trace. It follows then that the operation ms(x)&, —
mg(2*)€,, defined on a dense subspace of Hy, is not isometric, and it is the lack of
symmetry of this operation which will give us information on the structure of M. In
general, it also turns out that this operator might not even be bounded. While it is
not in our goal here to introduce the theory of unbounded operators, keep in mind
that the operators we will be dealing with here, namely Sy, Sy, £y, Fy, J, and Ay can
be unbounded in this construction. See Chap. 9 of [SZ79] for the related terminology
and more details on the theory of unbounded operators.

In what follows, M is a von Neumann algebra, ¢ is a faithful normal state on M
and (Hg, 7y, &y) is the associated GNS representation.

Proposition 2.1.1. Let Sy be the antilinear operator with domain ws(M)E, defined as
So(mp(2)€s) = me(x*)Ep, and let Fy be the antilinear operator with domain m,(M)'E,
defined as Fo(2'€y) = (2')*Ey. These are densely defined closable operators, and their
closure Sy and Fy satisfy Sy = Fj = F§ and Fy = S5 = 5.

Proof:  Prop.2.3.1 of [Sun&7]. i

The two operators Sy and Fy are actually tools that allow us to define two more
useful operators that will be at the center of our work.

Proposition 2.1.2. Let Sy = J¢A;/2 be the polar decomposition of the closed operator
Sy. We then have that

1. J4 is a self-adjoint antiunitary operator and A, is an injective positive self-
adjoint operator, invertible as an unbounded operator.

2. the polar decomposition of Fy is Fy = Jd,A;l/Q, and we have FySy = Ay and
SeFy = A"

8. if f is any finite valued Borel function (possibly unbounded) on [0,00), then
Jof (D) Js = F(ALY).

Proof:  Prop.2.3.2 of [Sun87|. i
This brings us to the main theorem of this section.

Theorem 2.1.3. (Tomita-Takesaki theorem) With the same notation as in the pre-
ceding propositions, we have

1. NfMAGY = M for allt € R.
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2. J,MJ, =M.
Proof: = Thm.2.3.3 of [Sun8&7]. i

This theorem allows us to introduce the object which is the main takeaway from this
section.

Corollary 2.1.4. The formula af(x) = Afzfo;it for t € R defines a o-strongly*
continuous one parameter group of automorphisms of M. It is called the group of
modular automorphisms of M associated with ¢.

Proof:  Exercise 2.3.4 of [Sun87] and the discussion that follows. i

The group of modular automorphisms satisfies the following simple but important
identity.

Proposition 2.1.5. We have ¢ o Uf = ¢, for allt € R.

Proof:  Discussion preceding Cor.2.5.12 in [Sun87]. i

The group of modular automorphisms can also be constructed for a weight. This
requires more work than the case of a state; we omit the details here but allow
ourselves to assume the existence of the group of modular automorphisms of a weight.
The first use of the power of the group of modular automorphisms is in defining
algebraic invariants of the algebra M.

Let ¢ be any faithful normal semifinite weight on M. In [Con73], Connes intro-
duced the set

T(M) = {t e R|o{ is an inner automorphism}

and showed that it does not depend on the choice of faithful normal semifinite weight
by his famous 2 x 2 matrix trick (see Thm. 3.1.1 of [Sun87]). Hence, it is a well-defined
algebraic invariant of M. Moreover, it is easy to see that T(M) is a subgroup of the
additive group R. The following result will be useful to compute the set T'(M) later
in this chapter.

Proposition 2.1.6. If My and M, are von Neumann algebras, we have T (M;® Ms) =
T(M;) NT(M,).

Proof: = Thm. 1.3.4 of [ConT73|. i

We also note the following alternate definition of the set T'(M).

Proposition 2.1.7. Let M be a “separable” von Neumann algebra. Then

T(M) = {t € R|3 a faithful normal state ¢ on M such that o = idy}
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Proof:  Remark 1.3.3 in [Con73]. i

This will be useful later in this work, when we suppose that we have a periodic state
on M, i.e. a state that satisfies this condition.
Now, let My denote the centralizer of M with respect to ¢, namely

My={zeM|ol(x) =2 VtecR}

For every nonzero projection e € My, we can define a faithful normal weight on the
corner algebra eMe by

¢e(x) = p(x) Vo €eMe, x>0
We then define the set

S(M) = ﬂ Spectrum A,
e#0

This set was also introduced by Connes in [Con73], and he showed that it is a well
defined algebraic invariant of M.

Proposition 2.1.8. If M is a factor, S(M)NR? is a closed subgroup of R .

Proof:  Cor.3.2.3 of [Con73]. i

As a first example, let M be a factor of type I or II. If M is finite, we know
from Cor.[1.9 that M admits a normal faithful finite trace. If M is of type I, we
know that M admits the usual faithful normal trace defined on B(#H). Finally, if
M is of type Il,,, M inherits a faithful normal tracial weight from its “IT; block”
through the construction of Prop.[1.9 Hence, we can assume that M admits either
a faithful normal trace or a faithful normal semifinite tracial weight ¢. In this case,
the associated operators Sy and S are bounded and isometric. Hence Ay = idj; and
of = idy for all t € R. Therefore, we automatically have T(M) = R. In the case
of S(M), we have that ¢, is tracial for all projections e. Hence A, = id.p and
Spectrum Ay = {1} and so S(M) = {1}. We see that these invariants are trivial in
the case of factors of type I and II. It is in the case of a factor of type III that they
can be used to uncover the inner structure of the factor.

If M is a factor of type I or II, we found that T'(M) = R. This is actually an
equivalence in the separable case.

Proposition 2.1.9. Let M be a “separable” factor. It is of type III if and only if
T(M) #R.
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Proof: = Thm. 1.3.4 of [ConT73]|. i

Moreover, we have a similar result for S(M).
Proposition 2.1.10. If M is a factor, 0 € S(M) if and only if M is of type III.
Proof:  Lemma 3.1.2 of [ConT3]. i

In the case of a type III factor, since S(M)NR? is a closed subgroup of R , it is then
easy to see that the only possibilities for the set S(M) are

a) S(M) ={0,1}
b) S(M)={0}UNZ for 0 < A < 1.
¢) S(M) = [0,00)

This further refines the classification of type III factors into subclasses. We say that
the factor is of type Illy, III, and III; if the set S(M)NIRY is respectively of the type
a), b) or ¢). As we will see in the next section, all these types are realized.

For all factors except the type Il factors, in turns out that the invariants S and
T are actually linked.

Proposition 2.1.11. Let M be a factor such that S(M) # {0,1}. Then, T(M) is
the orthogonal of S(M) NR* with respect to the duality

T(M) x S(M)NR;, — R
(t, A) = A

ie. TM)={teR|X'=1 VXe S(M)NR:}.
Proof: = Thm.3.4.1 of [ConT73]. i

For an overview of the invariants S and T, see 5.5 of [Con94].

2.2 Examples of type 1II factors

In this section, we continue the work that was started in Sec.[.9] namely to give
examples of factors of all possible types. We discuss each subclass of type III factors.
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2.2.1 ITPFI factors

To give examples of type III factors, we introduce the construction of infinite tensor
products of finite type I factors (ITPFI factors). For this, suppose we have an inifinite
family (M, ¥, )n>1 of matrix algebras M,, with faithful states ,.

Now let A,, = ®}_, M), and A = U2, A,. With the natural injections ¢, :
r® 1y, from A, to A, 41, the addition, multlphcatlon and involution are naturally
defined on A. Futhermore, one can check that these injections are isometric, so the
norm is well defined on A. This allows us to define the C*-algebra A as the norm
completion of A.

Now, we define on A,, the linear functionals ¢, = ®!' ;. It can be checked that
each of the ¢, are faithful states. Since ¢, 1 0 i, = ¢,, this family defines a linear
functional ¢ on A satisfying ¢|4, = ¢,. Because each ¢, is a state, ¢ is bounded with
norm 1. Therefore, ¢ extends to a state ¢ on A. Let (H, ) be the GNS representation
associated with the pair (A, ¢), and consider the C*-algebra 7(A). We define the von
Neumann algebra ®,>1(M,, ¥,) = 7(A)”, the bicommutant of w(A) in B(H).

This algebra is a factor (see Prop.II1.3.1.3 of [Bla06]). Note that, as 7(A) =
U®, m(A,) is norm dense in 7(A) and 7(A) is ultraweakly dense in ®y,51(M,, ),
we have that w(A) is ultraweakly dense in ®,,>1(M,,,). Therefore, ®,>1(M,,,) is
AFD, which we know by Thm.[1.8.§8 to be equivalent to being injective. Finally, is it
evident that this factor acts on a separable Hilbert space.

To compute the invariant S(M) of an ITPFI factor M = ®,,51(M,, 1y,), it is use-
ful to introduce an additional invariant defined by Araki and Woods, the asymptotic
ratio set o (M).

For a faithful state ¢ on M, (C), we can always find a positive matrix h € M, (C)
such that ¢(z) = Tr(hz). Indeed, if we let e;; be the matrix elements (1 in the i-th
row and the j-th column, 0 elsewhere), we can write any x € M,,(C) as © = ) ;€5
for coefficients z;; € C. We then have ¢(x) = > x;;4(e;;), which allows us to define
the matrix h € M, (C) as h;; = ¢(ej;). For any by, ..., b, € C, we have

ij iJ ij ij

The last inequality comes form the fact that i is a positive functional and that
ZU bibiei; is positive in M, (C) by Prop.[1.7.3l By the second part of the same
proposition, this implies that h is positive in M, (C). Finally, we have for any x €
M,,(C)

Tr(hx) = Z(hx)n = Z hijxj; = Z¢(6Ji)xji = (z)

%

As 1 is a faithful state, the eigenvalues of h are then all strictly positive and sum
up to 1. If a; for 1 < i < n denote the eigenvalues of h, we define the ratio set of
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¢ as r(¢) = {ai/a;|1 <i,j < n}. It is straightforward to check that, if (h;)% ; are
the matrices representing the faithful states (1;)¥_, on the matrix algebras (M;)%_,,
then ®F_, h; represents ®F_1; on ®@F_| M;, hence, it is easy to check that r(®F_ 1;) =
{M Ak | A € 7(¢;)}. This allows us to define the asymptotic ratio set 7o, (M) of the
ITPFI factor M = ®p,>1(M,,n), as the set of values # > 0 such that for all m € N
and € > 0, there exists an £ € N and a (3 in the ratio set of ¢,,11 ® ... ® ¥, ¢ With
|z — B| < e. This is an algebraic invariant of M, which is specific to ITPFI factors in
this current definition (see Def.I11.3.1.11 in [Bla06]).

2.2.2 Type III, factors, 0 < A < 1

Fix 0 < A < 1. We will construct a type III, factor as an I'TPFI factor. For this, we
choose the family M,, = My(C) and 1, = ¢, defined on M, as

1
ox(z) = tr (<16)‘ 9 ) :1:) , for all x € M,

1+

for all n. Then, Ry = ®;>1(M>(C), ¢,) is an injective factor.
The asymptotic ratio set of an ITPFI factor is actually linked to the family R).

Proposition 2.2.1. Let 0 < A < 1 and M = ®,>1(Mp,¥,) be an ITPFI factor.
Then A € roo(M) iff M @ Ry = M.

Proof:  Cor.5.5 and Lemma 5.8 of [AWG9). i

Note that this property allows one to generalize the concept of r, (M) for an arbitrary
factor M, by defining it as the set of positive values? A such that M ® Ry = M. This
result also allows us to link 7. (M) with S(M).

Proposition 2.2.2. Let 0 < A < 1 and M be a von Neumann factor. Then M ® Ry =
M implies X € S(M). If M is an ITPFI factor, the converse is also true.

Proof: = Thm.3.6.1 of [Con73]. Note that Connes uses the generalized definition
of roo(M). i

We are now ready to compute the invariants of each member of the family R,. In
this case, we have r(¢y) = {1,\,\7!}. Hence, r(¢,) = {N\*| —n < k < n}. Itis
then easy to check that A\Z C r(Ry). Therefore, by the two previous propositions,
we immediately see that S(R,) = {0} U A2, Hence, for each A € (0,1), Ry is an
injective factor of type III,. For future reference, note that Prop.[2.1.11] then implies
that T(Ry) = {2mn/(In\) |n € Z}.

20f course, under this simple formulation, the definition is unclear for X ¢ (0,1). See Sec. 6 of
[AWG9] for the precise general definition.
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2.2.3 Type III; factor

To construct examples of 11l factors, we will also use the I'TPFI construction. Let
(Li)r>1 be a sequence of strictly positive integers, and (Ag)x>1 be a sequence of num-
bers such that 0 < A\, < 1. Then, we define M (Ly, \p) = @p>1 (@15 My(C), @25, 63,),
where the states ¢, are defined as in Sec.. As seen in Sec.[2.2.]] u M (L, \g) is
an injective factor. Its type is determined by the sequences (Lg)k>1 and (Ag)g>1. We
will consider the special case A\, = e~ "%, where r, is an increasing sequence of positive
real numbers.

Proposition 2.2.3.
a) If \p=e" — 0 and ), -, Lye™™ = oo, M(Ly, Ar) is of type III.
b) If 3 psy Le ™ (ri/ri1)? < 00, T(M(Lg, Ar)) is uncountable.
c) If the two above conditions are satisfied, M(Ly, \) is of type Ill.

Proof:  For a), we note that we can consider M (Ly, A) as an infinite tensor product
of type I, factors, by repeating Ly times in the sequence the factor (My(C), ¢»,), for
each k. We can then more easily apply point (iii) of Thm.II1.3.1.12 of [Bla06]. We
choose agi) =1/(14e7™). Since Ay — 0, we know that 1/ is bounded from below
by a constant greater than 1, and so we can choose C' = inf{|1/\; — 1|°} > 0. We
then get

Do nt{joi ) — 1€} = 3 o) mf{11/% ~ 1€}
= L
Z k1+e ”k

k>1

Z E Z Lk€_rk

k>1

which proves a). For b), see Prop.1.3 of |[GS85]. To obtain c), note that from
Prop.[2.1.11{we know that if the invariant T'(M) of a type III factor M is uncountable,
M is of type IT1j. i

Let us now construct a concrete example of a type Il factor. Let L, = 3" and
r, = k¥In3, for k > 1. We then have \;, = e — 0 and

e k= 1 =00
L

k>1 k>1

ek ? 1
ZLke " (rgrrg)? = Z <—k) < <o
(k+ 1)k = (k+1)2

k>1 E>1
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Therefore, by the previous proposition, M (L, = 3F N = e In3)

type IIl, factor.

is an injective

2.2.4 Type 1II; factor

To construct a type III; factor, let R, and R, be type III, factors constructed as
in Sec., with 0 < v,p < 1 and Inv/Inp irrational. Define Ry = R, ® R,,.
R, is then a factor, as a tensor product of two factors is a factor (see for example
Thm.IV.5.9 and Cor.I1V.5.10 of [Tak02]). We have

T(Rs) = T(R,) NT(R,) = {2mn/(Inv) |n € Z} N {2rn/(Inp) |n € Z} = {0}

Hence, T(Ry) # R, so R, must be a factor of type III.

We have Ry @R, = R,®(R,QR,) = R,QR,, = Ry. By Prop.[2.2.2] this implies
that p € S(Rw). By the same reason, we have v € S(Ry). Since 0 < v, < 1, this
implies that S(R) # {0, 1}. Therefore, since T'(R) = {0}, we have by Prop. m
that S(M) = [0,00). Hence, we conclude that R, is a type I1I; factor.

We note that it is injective and “separable” as both components of the product
satisfy these properties.

2.2.5 Classification of injective factors

We are now ready to state the complete classification of “separable” injective factors.
This classification is remarkably simple, as the “separable” injective factor of a given
type is unique up to isomorphism for all but the Il type. It is no coincidence that
the examples we have constructed so far are examples of each type of injective factors.

Theorem 2.2.4. Let M be a “separable” injective factor.
o [f M is of type I, then M = M, (C).
o If M is of type I, then M = B((*(N)).

o [f M is of type II,, then M = vN(Sy).

If M is of type I, then M = vN(Sy) @ B((*(Z)).

If M is of type Illy, there exists a measure space (X,§, i) and an automorphism
T of this space such that M = L>®(X, ) Xo, Z. Such factors are in one-to-one
correspondance with non-transitive ergodic flows.

If M is of type III,, 0 < A < 1, then M = R,.

If M s of type I11;, then M = R.
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The case of type I factors was known since the original works of von Neumann.
On the other hand, the classification of the two other types is historically linked.
The first major breakthrough, the discrete decomposition of type III, factors, was
discovered by Connes in 1973. It states that any III, factor can be expressed as a
discrete crossed product of a I, factor by an automorphism which scales the tracial
weight. Moreover, in this decomposition, the latter factor inherits injectivity from the
former. Connes also extended the discrete decomposition to the case of a type 11l
factor. In particular, this decomposition allowed him to show that any injective type
11, factor can be expressed as the discrete cross product of an abelian von Neumann
algebra by a single automorphism. Results by Connes, Takesaki and Krieger then
imply that injective 11l factors are classified by non-transitive ergodic flows.

In 1976, Connes proceded to prove the equivalence of injectivity and the AFD
property, which allowed him to prove the uniqueness of the injective type II; factor.
This immediately implied the uniqueness of the injective type Il factor through
Prop.[I.9) Combined with his classification of the automorphisms of the injective I,
factor given a year before, this implied for each 0 < A < 1 the uniqueness of the
III, factors through the discrete decomposition. Connes was also able to reduce the
question of the uniqueness of the injective factor of type III; to what is called the
bicentralizer problem. This problem was finally solved by Haagerup in 1987, which
completed the classification of injective factors. A summary of this classification is
given in Sec. 5.9 of [Con94], and the references to the original works can be found
there.

It is important to note that the Il case is the only one which is not associated
with a unique “separable” injective factor. While S(M) and T'(M) are complete
invariants for the other cases of type III factors, the flow of weights is the complete
invariant for the type III, case.

On a side note, since we proved that vN(S) and vN(Fy) are non isomorphic
“separable” factors of type II;, vN(FFy) cannot be injective.



Chapter 3

Approximately inner
automorphisms of factors

We are now ready to introduce the notions central to the main body of our work.
We recall that we call a von Neumann algebra “separable” if it can be represented
faithfully on a separable Hilbert space. On the space B(M) of continuous linear maps
from M to itself, we will consider the following Hausdorff topologies:

1. the p-topology, or point ultraweak topology, induced by the family of seminorms
Y= |poip(z)| for v € B(M), ¢ € M, and x € M.

2. the u-topology, induced by the family of seminorms v — ||¢ o ¢|| for b € B(M)
and ¢ € M,.

It can be checked that Aut(M) is a topological group under the u-topology (see 2.23,
[Str81]). Recall that 8 € Aut(M) is called inner if there exists a unitary u € M such
that 0(z) = uzu* = Adu(zx).

Definition 3.0.1. Let M be a von Neumann algebra. We say that an automorphism
0 is approzimately inner if there exists a net of inner automophisms (Adu,) which
converges to 0 in the u-topology. If the predual of M is a separable Banach space, we
can take this net to be a sequence.

Definition 3.0.2. [Min90] Let M be a von Neumann algebra. A CP map is called
an approximately inner CP map if it can be approzimated in the p-topology by a net
of inner CP maps of the form V(z) = gGVKIOT ayrag, for a sequence (ay) C M for
which ZggNOT ara < 1.

53
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As we have seen before, an automorphism is completely positive. In this chapter,
we explore the conditions under which these two notions of approximate innerness
are equivalent for an automorphism of a von Neumann factor.

One direction is fairly simple.

Theorem [3.2.2, Let M be a “separable” factor and 6 € Aut(M). If 0 is approzi-
mately inner as an automorphism, then 6 is approxzimately inner as a CP map.

This result is already known (see for example [GM93]), and we include the proof
in Sec.[3.2l The converse is however more complex. Indeed, an automorphism 6 of
a factor M induces an automorphism mod(6) of the flow of weights of M [CTT7T], a
concept which we briefly mentioned in the previous chapter. It turns out that if 6 is
approximately inner, mod(#) is trivial. Therefore, this condition is necessary for the
converse to be true. This led Connes to formulate the following conjecture:

Conjecture A [Con85] Let M be a “separable” factor and 6 € Aut(M). Then 6
is an approximately inner automorphism if and only if it is appoximately inner as a

CP map and mod(f) = id.

Note that Connes actually formulated his conjecture in terms of the boundedness
of a map induced by 6 on C*(M, M'), the C*-algebra generated by M and M’ when
M is in standard form. We show the equivalence of the two formulations in Sec.[3.1.1]
This conjecture was verified for the class of “separable” injective type III factors in
[KST92]. Moreover, it was verified for “separable” type I and II factors in [GM93].
However, the conjecture fails in the non-injective type III case. As shown in [Mar20],
for the type III, and III; cases, there are examples of automorphisms with trivial
mod which are approximately inner as CP maps, but are not approximately inner
automorphisms.

While the conjecture was proven to be false in its current state, the next natural
question is to ask whether additional conditions on M could be added for it to be
true. In Sec. 3.4 we set out to explore this question for the case of a “separable”
factor of type III,. Precisely, we aim to obtain a result of the form:

(%) Let M be a “separable” factor of type I\ which satisfies a set of conditions
S and let 0 € Aut(M). Then 0 is an approzimately inner automorphism if and only
if it is appoximately inner as a CP map and mod(0) = id.

In [Mar20], the author showed that this result holds when M has Araki’s property
L\, ie. M = M ® R), where R, is the injective type III, factor. To study this
question, we adapt the proof of [GM93], which shows Conjecture A for the type II;
case. Their proof can be broken up into two results.
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Proposition 3.0.3. Let M be a “separable” von Neumann algebra and 60 € Aut(M)
be approzimately inner as a CP map. Then 0~ is a point ultraweak limit of a net of
inner completely positive maps of the form x Z?zl a;za; with a; € M.

This result is proven in Lemma 2 of [GM93]. Section §2 of [GM93] is then devoted
to proving the following result.

Proposition 3.0.4. Let M be a “separable” finite von Neumann algebra and 6 €
Aut(M), such that 0~ is a point ultraweak limit of a net of inner completely positive
maps of the form x +— Z§:1 a;ral with a; € M. Then 0 is an approrimately inner
automorphism.

Our goal is to adapt this method to the case of a “separable” type III, factor
M with an automorphism 6 such that mod(#) = idy;. The main difficulty resides in
the fact that M does not admit any trace, whose existence was used extensively in
the construction of [GM93]. However, the fact that mod(6) = id allows us to suppose
the existence of a faithful normal state ¢ such that ¢ o § = ¢ and 0'(;1 = idy; for
T = —27/In X (see Appendix [C]). For such a state, we can consider its centralizer
My = {x € M|ol(z) == ¥t € R}, which is a finite von Neumann algebra. The
idea is then to replace the trace in the proof of [GM93] by the state ¢. Replacing
the trace by a state adds numerous additional complexities. In Sec.[3.3] we adapt the
proof of Prop.[3.0.4] to obtain the following analogous result.

Theorem [3.3.16]. Let M be a “separable” von Neumann algebra, 6 € Aut(M) and ¢
a faithful normal state such that $o6 = ¢. Suppose that 0= is a point ultraweak limit
of a net of inner completely positive maps of the form x — Z§:1 a;xa; with a; € M.
Then 0 is an approximately inner automorphism.

As is apparent, the only difference is that the elements a; are required to lie in
My. The techniques in this section are based on unpublished work by Giordano and
Mingo following the publication of [GM93]. Their notes included a series of lemmas
with sketches of proofs. Our work consisted in filling these gaps, adding the necessary
additional lemmas and resulted in the series of results presented in Sec.[3.3] which
leads to the theorem stated above.

The next logical step is to seek a result analogous to Prop.[3.0.3] where the ele-
ments a; can be chosen in My. Of course, since Conjecture A was shown not to hold
in the case of a type III, factor, such a result cannot be obtained without imposing
additional conditions on M. We describe qualitatively in Sec.[3.4] the approach we
have taken to try to prove such a result when M has property L), and the shortcom-
ings of this calculation. Indeed, it was not conclusive and we therefore do not have a
full proof of a result of the form (x).

Before moving on to the heart of this chapter, we present in Sec.[3.1] technical
results that will prove useful in this chapter. The first two subsections include well



3. APPROXIMATELY INNER AUTOMORPHISMS OF FACTORS 56

known results, namely an equivalent definition for a map to be an approximately inner
CP map and a list of algebraic identities. We then finish the section with new results
related to the approximation of elements of M by elements of M, and we apply these
results to show that, under certain conditions, we can choose the coefficients of inner
maps in My.

3.1 Technical results

In this section, we list technical results related to the topic of this chapter. The
content of the first two subsections is well known and is listed here for completeness.
However, the content of the last two subsections is new and consists of partial results
that we have obtained in our attempts to generalize Prop.[3.0.3

3.1.1 Equivalent description of an approximately inner CP
map

In this subsection, we describe an alternate definition of an approximately inner CP
map. This is actually the original concept which appears in Conjecture A, while the
definition of an approximately inner CP map that we have stated earlier is due to
[Min90].

Let M be a “separable” factor. We represent M in standard form (M, H, J, P)
on a Hilbert space H. We define C(M, M’) to be the *-subalgebra of B(H) generated
by M and M’, i.e. elements of the form ). | x;y; for zq,...,2, € M and y1,...,yn €
M'. We denote by C*(M,M') the C*-algebra generated by M and M’ in B(H),
which corresponds to the norm closure of C(M, M'). For § € Aut(M), we define
O € Aut(C(M, M) by O " ziyi) = > iy 0(z;)y;. That this map is well defined
is a simple consequence of the following result of Murray and von Neumann.

Proposition 3.1.1. Let N be a von Neumann factor acting on H, and let x;, ..., x, €
N and y1,...,yn € N'. Then Y ;' xy; = 0 iff there exists a matriz (N\;;) € M, (C)
such that 7" Njx; =0 and Y77 | Nijy; = i

Proof:  Lemma 5.22 of [Bry13]. i

Now let M ® M’ denote the algebraic tensor product of M and M’, which is a *-algebra,
(see [Bry13| for a thorough coverage of tensor products of x-algebras).

Definition 3.1.2.

e A binormal representation of M ® M' is a x-homomorphism = : M © M’ —
B(KC) for a Hilbert space K such that the mappings v € M — 7(x ® 1yp) and
y € M — w(1y ©y) are normal representations.
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e The binormal norm on M ® M’ is given by

|z pin = sup{||7(2)||| 7 is a binormal representation of M © M'}.

o The C -algebra M Ry, M’ is the completion of M © M’ under the norm || - || pin-

We note that binormal representations are equivalent to correspondences of von
Neumann algebras [Min89]. It is immediate that any binormal representation of
M ® M’ on K is bounded with respect to || - ||pin, and so it extends to a representation
of M ®uyn M’ on K. The two binormal representations which are of use to us are
given by

ﬁ'ldM@M,—)B(H)

k k
Y wm oy Y wiw
=1 =1
and

ﬁgM@M’—)B(H)
k k
sz-@yi = ZQ(xi)y
=1 =1

We will denote by mq and 7y the corresponding representations of M ®y;, M’. The
following concept will link these notions to approximately inner CP maps, see for
example [Min90)].

Definition 3.1.3. Given two representations m and w of a C*-algebra A, we say
that my is weakly contained in 7o if ker(my) C ker(my). This is equivalent to saying
that there is a *-homomorphism 7 : wo(A) — m(A) such that 1y = Tomy. We denote
this by 1 Qw 9.

Proposition 3.1.4. Let M be a factor represented in standard form. The map © €
Aut(C(M, M")) is bounded iff w9 Ty Tig.

Proof: If © is bounded, it extends to a *-homomorphism on C*(M, M"). Then,
O o miq is defined on M ®y,;, M. We have myg = @ omiq on M @ M’ and so, by density
of the latter, this equality stands on M ®y;, M’. Therefore, my C,, migq.

Now assume that my C, 7iq, and hence that there is a x-homomorphism « :
7Tid<M Obin M’) — 7T9(M Obin M'). Since 7T9(M Abin M’) and Wid(M ®bin M’) are
C*-subalgebras of B(#), we know that « is bounded. We have

szyz = Tg szQyz = (X 0 Tiq ZxZQy’L szyz
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Therefore, ©® = a on C(M, M") and so it is bounded. i

Proposition 3.1.5. Let M be a “separable” factor. For 6 € Aut(M), we have g C,,
g tff 0 is approzimately inner as a CP map.

Proof:  Since M is “separable”, Thm. 2.6 of [ADH90] applies, and so we know that
7o Cu mia iff 6 can be approximately factored by the identity mapping (as defined in
[ADH90]). Tt is straightforward to check that 6 can be approximately factored by the
identity mapping iff € is approximately inner as a CP map. i

Combining these result, we obtain this alternative condition for an automorphism to
be approximately inner as a CP map.

Corollary 3.1.6. Let M be a “separable” von Neumann factor and (M, H, J, P) be
a standard form. An automorphism 6 of M is approximately inner as a CP map if
and only if the induced automorphism © € Aut(C(M, M')) is bounded.

3.1.2 Some technical results

Let M be a von Neumann algebra. The following results hold and will be used freely
in this chapter. Note that for y € M and ¢ € M*, the commutator [y,1] € M*
is defined as [y, ¥](z) = ¥(yx) — ¥ (xy), for all x € M. Moreover, for ¢ € M7, we
define on M the semi-norm ||z, = ¥(z*z)"2. Such a semi-norm satisfies a Cauchy-
Schwarz inequality: for ¢ € M7} and x,y € M, we have [ (z*y)| < ||zlly - ||ylly-
Moreover, it is a norm if and only if v is faithful. We will also use the semi-norm

H:15||ZZE = Y(z*z+ar*)Y/?; it is easy to see that we have ||z, < ||a:||z‘f and ||z*||, < HxHZiE

Proposition 3.1.7. Foru € U(M) and ¢ € M3, || o Ad, — || = ||[¢o Ady — || =
I[u, ][|. Moreover, for any y € M, we have ||ly, ¥]|| < 2lly — Lar||F 1[0

Proof:
Iy, ¥]ll = sup [Y(yx) — d(zy)| = sup [h(yr — ) + Y(z — zy)|
= sup (v — Lar)z) + P (z(1ar — )|

< sup [Y((y — Lar)z)[ + sup |[(z(Tay —y))l

[l=]|<1 =<1

< sup [|y" = Lullpllzlle + sup |y — Lurllollz™[|
]| <1 [E[Est

= 2|y — Tagll7 )"/
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Proposition 3.1.8. For ¢ a state on M and a,x € M, we have ||azx|/s < ||a|| - |||l

Proof:

lazlly = ¢(z*a*ax)'? < ¢(a*|a*al| Las2)'* = [la] - [lz]ls

Proposition 3.1.9. For ¢ a faithful normal state on M, a € My, and v € M, we
have

lzalls < flall - llzllo

Proof: Consider the linear functional ¢ : M, — C defined by ¢(y) = ¢(z*zy).
For b € M, we have

P(b*b) = Pp(x*xb*b) = p((xb*) xb*) >0
where we have used 1. of Prop.|3.1.11] This functional is positive and so

lzally = ¢(a*a*va)'’? = ¢(a*zaa")"/? = [ih(aa™)| "/
< [l llaa™ |2 = 1 (La)[ 2 llall = llal 21,

Proposition 3.1.10. Let M be a “separable” von Neumann algebra and ¢ a faithful
normal state on M. Then we can find a sequence ({0, )nen in [0, 0] = {1 € (M1 |9 <
¢} such that span,cniby is dense in M,.

Proof: By the proof of Thm.10.25 of [SZT79], the set S = {¢ € (M,)*|3IN >
0 such that ¢ < A\¢} is dense in (M,)*. Since M, is separable, S is separable. Let
(¥n)nen be a sequence dense in S, with the associated (A,)nen such that ¢, < A, ¢.
This sequence is also dense in (M,)". Since each element in M, is a linear combina-
tion of four positive normal forms, it is straightforward to verify that ((1/\,;)n)nen
is the sequence we are looking for.
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3.1.3 Approximation by elements of ),

In this subsection, we develop methods to approximate elements of M by elements of
M. We first note the following facts about M.

Proposition 3.1.11. Let M be a von Neumann algebra and ¢ a faithful normal state
on M. Then,

1. My =A{x € M|d(zy) = d(yz) Vye M}

2. There exists a normal conditional expectation Ey : M — My such that o Ey =
¢. This conditional expectation is uniquely determined by ¢.

3. It ¢ is periodic, i.e. there exists T > 0 such that 0—31 = idy, then Eu(z) =

(1/T) fOT ol (z)dt. The integral is defined as in Lemma 13.1.1 of [Str81], by
taking X = M and X, = M,.

Proof:  For 1., see Thm. VII1.2.6 of [Tak03]. For 2., see Thm.IX.4.2 of [Tak03].
To prove 3., note that the integral of [Stx81] satisfies || [ 2 (¢)dt|| < [ |lz(¢)||dt and
i

apply Thm.[1.8.4]

The following three results allow the approximation of elements “close” to My by
elements of M, of the same nature. The proofs are based on the techniques used by
Connes in [Con75].

Lemma 3.1.12. Let M be a von Neumann algebra, ¢ a state on M, N C M a finite
von Neumann factor which is the image of a conditional expectation E : M — N,
andu € U(M). If v = E(u), there ezists w € U(N) such that

max{||u — @, [lu* = @6} < 6(lu—vl|F + |60 Ady — 6[?)

Proof: Let v = w|v| and v* = w*|v*| be the polar decompositions of v and v*,
respectively. Since 1 < (Jv| + 1ar)*(Jv] + 1ar), we have

ol = Lalls = & (o] = Lar)*(Jo] = Lar)) < &((Jo] = Lar)"(Jo] + Lar)*(fo] + Tar) (o] = Lar))
= [[(Jo] + Lar)(Jv] = Lar)ll3

Hence

o] = Tarlls < lllvl* = Darlle = "o = Larlls < Mo (v = wlls + [1(v" = u*)ull
< lv = ulls + [lv* = w*llgond,
<l —ullg + [v* = w*lg + ¢ 0 Ady — @I"2 - [|v* — u*]|
<l —ullg + Jv* = w*ly + 2|6 0 Adyr — 6|/
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Similarly
10" = Larllo < 10*[2 = Lagllo = lfov* = Luglls < fo(* = ')l + 10 = ]
< [[o* = u¥ls + [lv — ullgona,
<l —ull + [[v" = wllg + [|¢ 0 Ady — 6| - [Jo — u]
< lv —ulls + 0" = u*lly +2]|¢ 0 Ady — ||/

In addition, we have
lw = wllp = llu = wlvllly + lw(lv] — Tar)lle
< lu—=vllg + l[lv] = Larll
and
ot — wlls = = w* o [l + " (0] = L)
< Ju” = v lg + (o7 = Larllo
Define g1 = w*w and go = ww*. We then have
1Lar = g1lle = [[(Lar = g1)u"lgona,- = [[(Lar — g1)(u” — w")llgona,. < [[u" —w|[goad,
1Lar = gollo = [|(Lar — g2)ullgona, = [(Tar — g2) (v — w)llgona, < llu—wllgona,
Note that, since g; ~ g» in N, which is a finite factor, we have 1,; — g1 ~ 1 — go.
Therefore, there exists a partial isometry wy in N such that 1,;, — g1 = wjwy and
Ly — g2 = wowg. Then W = w + wy € U(N) satisfies
lu = wllp < flu—wlls+ llwolle = lu —wlls + 11ar = g1lls < [lu—wlly + [[u” — w4014,
< lu—wlly + l[u* = w*|ly + 2[|¢ 0 Adys — ||/
< lu—vlly + o] = Larllg + = v*[lg + lll0*] = Larllg +2[l6 0 Adyr — 9|/
< 3llu —vlly + 3llu* = v*ly + 4lld 0 Adyr — S[I'* +2[|¢ 0 Ad, — '/
< 6(llu—vllf + [l 0 Ady — ¢[/?)
and
[ = @™l < [lu” = wllg + llwplle = llu” = wlle + [Tar — galls < lu” = w{ly + lu — wl[goaa,
< Jlu* = w*ly + [lu —wlly + 2/|¢ © Ad,, — ¢||"/2
< lu* = vl + 10" = Larlly + llu = vlls + o] = Larllg + 2l|¢ 0 Ady, — 6|2
< 3llu = vllg + 3lu* = 07l + 4]ld 0 Ady — ||'? + 2||¢ 0 Adye — ]|/
< 6(flu—ollf + [l 0 Ad, — ¢[]/*)
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Lemma 3.1.13. Let M be a von Neumann algebra, ¢ a faithful normal state on M,
E, the conditional expectation from M to My, and p € P(M). If v = Ey(p) and
lp —vl|l¢ < 1/3, there exists ¢ € P(My) such that ||p—c|lo < |lp— UH;/Q(Hp — UH;/Q +

2v/3).
Proof:  See Appendix |

Lemma 3.1.14. Let M be a von Neumann algebra, ¢ a faithful normal state on M,
E, the conditional expectation from M to Mg, and w € M be a partial isometry. If
v = E4(u) and ||u — va < 1/10, there ezists a partial isometry w € My such that

lw =l < flu = vl|F +6V10([lu — 7).

Proof:  See Appendix i

3.1.4 Choosing the coefficients of inner maps in My

We now use the results of the previous subsection to prove that, when an automor-
phism 6 can be approximated in the u-topology by a sequence of inner maps, the
coefficients of these maps can be chosen in M.

These are intermediate results that were obtained through our attempts to show

that when an automorphism can be approximated by a sequence of inner CP maps,
the coefficients of these maps can be chosen in My (see Sec.[3.4)).

Proposition 3.1.15. Let M be a “separable” type III\ factor, ¢ a faithful normal
state on M with o = idy for T = —2r/In X, and o € Tnt(M) such that ¢ o oo = ¢.
Then, there exists a sequence (wy,)n>1 C U(My) such that Ad,,, — o in the u-topology
on Aut(M).

Proof:  Let (u,) be a sequence in U (M) such that Ad,, — « in the u-topology on
Aut(M). By Thm. 4.2.6 of [Con73|, 1 is an isolated point of spA,, and so by Prop. 2.3
of [ConT4], we have ||u,, — E¢>(un)||jzE — 0. Moreover, we know by Section 1 of [Haa89]
that M, is a type II; factor. Let w, € U(M,) be the unitary of Lemma
corresponding to u,. We then have

max{|[un, — wallg, l[u, — whlls} < 6(un — E(wa) ] + |6 0 Ady, — ¢[I'') — 0

where we have used the fact that ¢ = ¢ o . By Prop.[3.1.10} let () be a sequence
in [0, ¢] such that span(t) is dense in M,. We have

[ 0 a0 = by 0 Adu, || < ([ 0 v = ¢y 0 Ady, [| + [[Vo6 © Adu,, — 91 0 Ad, ||
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< [l 0 & — i 0 Ady, || + [ty 0 Ady, — 1y 0 Ady, |
< [k 0 0 — i 0 Ady, || + [[thk 0 Adyuy — v

< [l 0 o — i 0 Ady, || + 2/l |2 fumwy; — Lag|lF
< [l 0 o — g 0 Ady, || + 2/l |2l (w]y — ) I[F

< [l 0 o — i 0 Ady, || + 2l|un| - |y — wi|F

= [|lthk 0 @ — ¢y, 0 Ad, || + 2[|u, — wi||F — 0

Since span(ty) is dense in M,, this finishes the proof. |

Proposition 3.1.16. Let M be a “separable” type Il factor, ¢ a faithful normal
state on M with o5 = idy for T = —27/In X\ and o € Aut(M) such that ¢ o a = ¢.
Suppose that there exists a sequence (uy)n>1 of partial isometries of M such that
Ad,, — « in the u-topology on CP(M), and that ||uju, — Lalle and ||uyul, — Larl|e
both converge to 0. Then, we can find a sequence (wy,)n,>1 € My of partial isometries
such that Ad,, — «a in the same topology.

Proof:  See Appendix i

Proposition 3.1.17. Let M be a “separable” type III\ factor, ¢ a faithful normal
state on M with o3 = id for T = —2x/In X and o € Aut(M) such that ¢ o o = ¢.
Suppose that there ezists a sequence (ap)p>1 in M such that Ad,, — « in the u-
topology on CP(M), and that ||afa, — Ly|le, ||anal, — Larlle both converge to 0.
Finally, suppose that ||a,| < C for some C' € R. Then, we can find a sequence
(bn)n>1 € My such that Ady, — « in the same topology.

Proof:  See Appendix i

3.2 An approximately inner automorphism is ap-
proximately inner as a CP map

In this section, we show that if M is any “separable” factor, then any approximately
inner automorphism of M is an approximately inner CP map.

Let (M, H, J, P) be a “separable” factor in standard form. Recall that for any 0 €
Aut(M) there exists a unique unitary ug € P such that § = Ad,, |y (see Thm.[1.6.8).
The following result is due to Haagerup (Prop. 3.5 in [Haa75]).
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Proposition 3.2.1. If (6,) is a sequence of automorphisms of M converging to 0 €
Aut(M) in the u-topology, then ug, converges strongly to ug.

Proof:  For ¢ € M}, ¥ € Aut(M) and = € M, we have

(zuss|ugty) = (uprug€e|és) = (071 (2)Es|Es) = ¢ 09~ ()

and therefore, by the uniqueness of the vector representing a normal form in Thm.|1.6.8],
we have ugé, = {yo9-1. Hence, for all ¢ € M, we have by Thm.m

[ug, & — wolsl|? = 1€ sop — Egoo1|I> <l 0t — o007 =0

where we have used the fact that the inverse operation on Aut(M) is continuous in
the u-topology. As Span{&,|¢ € M} = H, this shows the desired result. |

We now ready to prove the eponymous result of this section.

Theorem 3.2.2. Let M be a “separable” factor and 0 € Aut(M). If 6 is approxi-
mately inner as an automorphism, then 6 is approxzimately inner as a CP map.

Proof: Let 0,, = Adu,, be a sequence of inner automorphisms that converges to 6
in the u-topology. We know by the previous proposition that wuy, converges strongly
to ug. We then know that for any x € M,

On(x) = unau;, = ug, vy SEN ugruy = 0(x)

as the adjoint operation is strongly continuous on unitaries and multiplication is
jointly strongly continuous on bounded sequences. Using this convergence condition,
it becomes easy to show that © is bounded on C(M,M’). Indeed, for any £ € H,
Ty, Ty € M and yy, ..., y, € M', we have

H@(Z )€l = 1) 8(za)ya )€l

i=

k
= liTEn ||(Z Un it i )|

i=1

k
= lim [Jun, (Y wagi)urél| (uf, € M,y € M)
i=1

k
< tim | 3wl g
=1
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k
=1 > wwillll€ll
i=1

Therefore, ||©] < 1. By Cor.|3.1.6, we then know that @ is approximately inner as a
CP map. |

3.3 Adaptation of Prop.|3.0.4

We introduce an additional topology on C'P(M) for a von Neumann algebra M.
Consider the family of functions from C'P(M) to M defined by ¢ — ¢ (x) for x € M.
This family separates points and so, if we equip M with the ultrastrong topology, the
associated initial topology on C'P(M) is Hausdorff and is called the point ultrastrong
topology. Convergence in this topology can be summarized in the following way: a
net (1) in CP(M) converges to ¢» € CP(M) if for all z € M, (¢,(x)) converges
ultrastrongly to ¢(x) in M. Note that the point ultraweak topology introduced earlier
could also have been defined in a similar way. As is common in the field of Banach
spaces, these two topologies coincide on convex subsets, a fact that we will use amply
in the proof.

Lemma 3.3.1. Let M be a von Neumann algebra and F' be a convez subset of CP(M).

—pt—-UWOT  —=pt—USOT
Then F = )

Proof:  Asin Prop.7 we immediately get FPUSOT ¢ FPUWOT g show

the reverse inclusion, we represent M in standard form (M, H, J, P). Prop. then
implies that we only need to show Frerer C T Let w e Y be arbi-
trary. Let xq,...,x, € M, &, ...,&, and € > 0 be given; if we can show that there exists
¥ € F such that [|(¥(z;) — ¥(2:))&| < e, this will imply that ¥ € 7™ °°". Define
x = (x1, ..., Z,) in the von Neumann algebra &"M (acting on the Hilbert space ®&"H)
and § = {(¢Y(x1), ..., ¥(z,)) | € F} C@®"M. As § is a convex set in @"M, we have

by Prop.[1.3.6/and Thm. A.7 of [BryI3] that 3 @ =3 . Since ¥ € F*' "7 it is

easy to check that (U(zy),...,V(x,)) € §WOT. Hence, (¥(z1), ..., ¥(z,)) € §SOT and
s0 wo can find o € F such that (¥ ~ )z, . (¥ ~ )2,) &, &) < ¢, which in
|

turn implies || (¥ — ¢)x;&|| < € for all 4.

In this section, we let M be a “separable” von Neumann algebra and § € Aut(M).
We suppose that ¢ is a faithful normal state such that ¢pof) = ¢, and that =1 is a point
ultraweak limit of a net of inner completely positive maps of the form x Z§:1 a;ra;
with a; € M¢.
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We represent M in standard form (M, H, J, P). With left action (z, ) — z£ and
right action (§,z) — Jx*J¢ for x € M and £ € H, the Hilbert space H is then a
normal M-bimodule. Namely, these maps are bilinear and satisfy

z(§y) = (x€)y

for x,y € M and & € H. Moreover, the mapping = +— L, from M to B(H) (the
operator defined by left multiplication by x) is a normal unital homomorphism and
the mapping = — R, (the operator defined by right multiplication by x) is a normal
unital antihomomorphism.

The goal of this section is to prove Thm.|3.3.16| The above hypotheses will re-
main true throughout this section, which is structured in a series of lemmas and
corollaries leading to the main theorem. The results between Lemma and
Cor. allow us to suppose that the maps x +— 3 7, a;za; can be chosen such that
T — :1 a;a; < 1y and x — Zé’:l aja; < 1p;. We then apply Haagerup’s proba-
bility techniques in Lemma a method which he introduced in [Haa85l [Haa&9].
Thm.[3.3.16] is finally proven in two steps through Thm.[3.3.14] and Cor.[3.3.15 with
the help of ultraproducts of Hilbert spaces (see Appendix @ We recall that the
work presented in this section is based on unpublished notes by Giordano and Mingo
following the publication of [GM93].

From the hypotheses listed above, we immediately get:

Lemma 3.3.2. 07! is a point ultrastrong limit of a net of inner completely positive
maps of the form x Z?Zl a;xa; with a; € My.

Proof:  Apply Lemma |3.3.1} i

Lemma 3.3.3. 0! is a point ultraweak limit of a net of inner completely positive
maps of the form x — 3°°_ ajzal with a; € My and 37 aaf < 1.

Proof: Let ¢1, ..., om € (M )1, 21, ..., x, € My (where the subscript indicates the
unit ball) and 0 < e < 1. By Lemma 3.3.2) we can choose by, ..., b, € M, such that

o~ Zb b, < (¢/6)? and

|¢k‘ mez |<€/2

We define b = 1+ ( ?:1 bib; — 1)+, which is in M, as it is a von Neumann algebra.
We have b > 1, and therefore (b'/2 — 1,,)? < b — 1. Now let a; = b=1/2b; € My
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and ®(z) = > 7, a;za;. Note that
Zb]b —Ta) =Ty + Zb]b*—llM ijb*—ILM
=1y + (Z bibt — 1) = ijb;
i=1 j=1

Hence,
]1M _b l/QZb b* 1/2

= b 12— ( be*—]lM b2 < 1y,

We also have

1612 — 1y ]l3, = ¢k((b1/2 — 1ar)?) < on(b— L)

= ox( Zb b —
<| Zbﬂﬁ — Lurllg, < (€/6)%,
j=1

where e, is the support projection of ( ?:1 bib; — 1 M)+ In the last line, we have
used the Cauchy-Schwarz inequality for the sesquilinear form (z,y) — ¢x(y*x). We
then have

| (P beb*

= |¢k((ﬂM = 02)®(2;) + 02 (x;) (Lar — 02))]
< 1Lar = Y|, (12(@3) |, + 19 (2:)*6 2 l5,)

< s = 52 (2 - [0 )| + /0062 () ) b1/2))

(
(
< [[Lar = 6o, (121 - [|i]| + \/% OV (| (:) [17612))
(
(

< T = b2, (1 + 16721,
< 1Lar = |6, (1 + [ Larllgy + 1672 = Laslls,)



3. APPROXIMATELY INNER AUTOMORPHISMS OF FACTORS 68

< €/6(2+¢€/6) =¢/3+€/36 < ¢/2
And so we finally get
|6k(07" (25) — ()]
< (6™ bel \—i—\qﬁkbelb* )]
<€/2+¢€/2=¢€
i

Recall (see for example Prop.2.5.3 of [Bryl3|) that if N = @} M, N is a von
Neumann algebra with predual N, = & | M,. If ¢ = (1, ..., ) € N, then ||| =

> lwill, and for all T = (24, ...,x,) € N, ¢(T) = > wi(x;).

Corollary 3.3.4. Given x1,...,x, € M and € > 0, there exists ay, ...,ar in My such
that > a;af < 1y and, for ally € M and 1 < i <n,

Zakmk )| < eyl

Proof: Let z1,...,2, € M and ¢ > 0 be fixed. For each a € M, we can define
¢a € M. by ¢q(x) = ¢(ax). Moreover, we fix N = & M and N, = &, M,.. Now
define

F={®eCP(M)|3peNanda; € My, 1<i<p,such that
p p

= Za}‘xai, for x € M, and Zaia;“ <lIuy}
i=1 i=1

and

F(‘i) = {(¢<I>(x1)7 '-'7¢<I>(acn)) ‘ S F} CN

Since 6 leaves ¢ invariant, we know that for a given map ® € F and z,y € M, we

have
= aiwa)y) = ¢(x(07 (y) = Y aya))

Now let Zy, ..., Z, € N be arbitrary, with Z; = (2,1, ..., 2;,,) Where z;; € M. By the
previous lemma, we can find by, ..., b, € M, with Y 7_, bebj < 1L, such that

|¢(l’j( Z” Zbkzzjbk )| <e/n
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Denoting S(x) = ];:1 byxby, for x € M, we then have
Z((Boter)s - Boten)) = (Bs@n)s s 5@ = | D (Po(a;) — Ds(a))(215)]
j=1
n p

= | Z o((0(z;) — Z b bi)zi )]

= |Z¢ (2;(07 (2i5) Zbkzwbk

< Z [EACRE) Zbkzubk )| <e
j=1

Therefore, (Pp(zy), - Po(zy)) is in the closure of F(#) in the weak topology o induced
by N on N,. It is easy to check that F(#) is a convex set, and so by Thm.V.1.4
of [Con90], its closure in the topology o is the same as its norm closure. Hence,
(®0(z1)5 s Po(a,)) is in the norm closure of F(&), which means that we can find ® € F
such that |[(dg(zy)s - Po(zn)) — (Pa(@1)s - Po(an))|| < €. We denote by ay,...,a, € M,
the elements corresponding to ®. Now, let y € M be arbitrary. For a given ¢, define
y; as the vector in N with y in its i-th coordinate and zero elsewhere. We then have

Z@kxzak ) = 19i(Po@1)s s Po(@n)) = (Paa1)s s Paa))| < [yll€

Definition 3.3.5. Let Jf be the group of modular automorphisms associated to ¢.
We say that an element x € M 1is entire if the functiont € R — af(x) can be extended

to an M-valued entire function over C, in the sense that o € C — w(c®(z)) is entire
for allw € M,. We define M2 to be the set of entire elements of M.

Proposition 3.3.6. M? is a o-weakly dense x-subalgebra of M. For any x,y € M?
and o, B € C, we have

ol(zy) = ol (x)od(y)
ol 5(x) = 02(0f(x))
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Moreover, for any v € M and v > 0, z, = \/v/7 fRe 7t crt x)dt is entire. The
integral is defined as in Lemma 13.1.1 of [Str81], by taking X = M and X, = M,.
Finally, for any x € M and y € M2, we have

d(zy) = d(of(y)x)  and  @(zo?,(y)) = d(yz)
Proof: Lemma VIII.2.3 and Exercise VIII.2.2 in [Tak03]. |

Lemma 3.3.7. If xg = Ly, @1, .o0sTn € My, Y1, .Y € (M?)y and € > 0, there
exists ay, ..., a, € My such that Y% _ ajay, < La, D ov_y agaj < 1y and

(x;) — Za};ajiakﬂ <€

Proof: By Cor.[3.3.4 we can choose by, ...,b, € M, such that Y byb; < 1, and
for all y e M

)= L tha)s)| <l

We define b = 1, + (Y biby — 1as) 4 and ay, = byb~/2. Then

D bibe =T+ (O bibe = Lag)w — (O bibe — Lag)— =b— (O by — Las)—
and so
D apar =072 bbb 2 = b7 20— () bbk — 1) )b <y

Finally,

> apap = bbby <Y bpby < 1y
Moreover,
B2 = 1ar5 = S((6"% = Lr)*) < (b = L)

= o((> bibe — Lar)+) = 6((O biby — La)es)

where e, is the support projection of (> bjby — 1)+ Defining ¢; = ) ajz;ax, and
d; = bix;bg, we then have

=) apmiar)]
<|o(y;(0(x:) — di))| + o(y;(di — c:))|
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< 16((0(x:) — di)o? ()] + [o(y; (b2 — 7))

< e+ oy e (0 — 1an)| + |6 (y; (012 — Tag)ci)]

< e+ D2y o lles (B = Lar)llo + [6((012 = Lar)cio? (y;)]

< e+ (yby) V2 - fleall - 1972 = Tarllo + 1872 = Larllolleio?s (wi) 1o
< e+ [pby;o? () M2 1072 = Tarllo + 1872 = Larllollesll - o2 (y)
< e+ o0 2y;0? (y)b' /)2 Ve + Ve

< e+ B2 s )b ) 1AV + Ve

< e+ [lyo? ()l 102 lov/e + Ve

< e+ [IDM2]lgveE + Ve

e+ (14 |62 = Lpllg) Ve + Ve

<et (I+Veve+ Ve

With an appropriate relabeling of €, the result is obtained. |

Lemma 3.3.8. For any y € M and ¢ > 0, we can find j € M? such that |¢((y —
g)c)| < e for all c € M.

Proof: Observe that, for x € M, we have
lz — of ()1 = ¢(a"z) — ¢(07 (z7)2) — d(a"07 (x)) + P(a"x)
= ¢(2"(z — 07 (2))) + 6((z" — o} (z")))
¢

Since t — oy (y*) is ultraweakly continuous and ag’ (y*) = y*, the preceding calculation
shows that we can find § > 0 such that |t| < § implies ||y* — o (y*)||s < €. Next, note
that we can find v € R large enough such that

\ﬁ [ et < e
™ Jit|>6

and that the integral over the whole real line has a value of 1. We now define

- Y g2
=1 [ ot

By Prop.|3.3.6, we have § € M?. Now, for any ¢ € My, we have

6((y — )| = '¢ <\/§ [ew- am))cdt)’
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<\/2 [ 1ot - ool

f/l e 16((y — o ’d”\[/w 1oy — o ()l
< sup " () ||¢\f /|| —“dt+\f /|| =y — a?(y)| - el
ge\/g/e—vﬂdm2||y|y\g/tl>6e—vt2dt

< e+ 2e =3¢

Corollary 3.3.9. Ifz,...,x, € My, Y1, ..., € M, and e > 0, there exists ay, ..., a, €
My such that > h_ arar < Lp, D 0_jagay < Ly and

|1 (0(;) — Za?;wiak)l <€

Proof: For each a € M, we can define ¢, € M, by ¢.(x) = ¢(ax). Since ¢
is faithful and M is the dual of M,, {¢,|a € M} is dense in M, (see Cor.2.3.5 of
[Ped89]). Choose yi, ..., ym € M such that ||¢); — ¢, || < e. For each y;, let g; be the
corresponding element of M? as per the previous lemma. By Lemma [3.3.7, we can
find ay, ...,a, € My such that >, afar < Lp, > h_q agal < 1 and

6 (0(x:) = > apaiar)| <€ for 1 <i<n.
We then have
5 (0) = S arman)] < 195 — by, 6Ge) = > aimai]] + |y, (0(z:) — > alwiay)]
< 2e + |o((y; — 1) (0(z:) — Z a;zia))| + |6(5;(0(x:) = Y ajwiar))|

< 2e4 2+ €= 5¢

Corollary 3.3.10. 6 is a point ultrastrong limit of a net of inner completely positi’ue
maps of the form x +— Y0 ajza; with a; € My s.t 375 a;a; < 1y and Y70 afa; <
Loy
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Proof: The preceding corollary showed that € is a point ultraweak limit of a net
of elements of this type of completely positive maps. Combining this with Lemma
3.3.1, we have the desired result. |

Lemma 3.3.11. Let uq,...,u,, € M be unitaries and ¢ > 0. Then there exists
ai,...,ap € My such that

p p

ZaZakSILM, Zaka}zg]lM

k=1 k=1

p P
1Y~ arar — Tulls < e, Z llard(ui) — wiar |3 < e
=1

Z ||aru;—0(u; akHd) <€

Proof: Let us set up = 1),. By Cor.|3.3.10, we can choose a, ...,a, € My such
that

P P
D dhar <y, Y wa; < 1y
k=1 k=1
p
1Y~ aquiar — 0(u;)||y < €/2
k=1
for 0 <7 < m. We then have
p p
> llarb(us) — wiarlll = o((ard(u;) — wiar)* (arb(u;) — viar))
k=1 k=1

P
- Z o(0(u;) apart(u;) + apar — apurard(u;) — 0(u;) aju;a)
k=1

k=1 @(0(ws) agar(u;)) < ¢(0(us)*0(ui)) and (35, agar) < ¢(Lar) = ¢(0(us)"0(ui)),

we have

p p

> llad(ui) — wiagll < ¢(0(ui)*0(u;) — O aruiar)0(us) + 0(u:)"0(us) — 0(u;)* (> ajusar))
k=1 k=1 k=1

< o((0 Zaku ar)0(u;)) + ¢(0(u;)* Zaiu a))
k=1

k=1
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p p

< 0(u) = apuiarlls - 10wl + 110(us)llp - 10(ws) =~ arwsag]ly
k=1 k=1
< 210(u;) Zakulakm <€
We also have

Z lagu; — O(ui)ag]ls = Z ¢((agu; — O(ui)ay)" (agu; — 0(ui)ay))

= Z o(ulaparu; + agay — uwiagd(u;)ay, — arb(w;) aju;)

Note that :
éaﬁ(u;kaiakui) < o(ujui) = d(0(ui)"0(us))
and _
cb(é aray) < (1ar) = o(0(ui)*0(ui))

Therefore, using the fact that a, € My, we have

Z laju; — 0(u;)azl|3 < S(0(u))0(w;) — Y agusar)0(u;) + 0(ul)0(u;) — 0(w;)* (> apuiar))
k=1 k=1
<€

as before. Finally,

P p
1D " arar = Tulle = 1Y aruoax — 0(uo)|ly < €/2
k=1 k=1

Lemma 3.3.12. For v € My, we have {yx = x&y, where §y is the vector lying in the
cone P and representing ¢, i.e. ¢(x) = (x€y|&y) for all x € M.
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Proof: For any t € R, we have
A'zéy = A"z ATTATE, = Of)(x)@) = x&,

since A&y = &, (see 10.24 in [SZ79]). By Corollary 9.15 of [SZ79], we then have
A*xE, = x€y for all « € C with Rea > 0. Finally, we have

Epr = Ja*JEy = Ja*ty = JS(xty) = AV?ag, = 26,

Lemma 3.3.13. For unitaries, uy,...,u, € M, € > 0 and an integer r < 1/e, there
are ci, ...,¢, € My such that

leall < vr

1) e — 1ull < 24/r
i=1
[ Zcic;‘ - ILM||§ < 24/r
i=1
Z lci0(u;) — ujcs||; < 8ne
i=1

'
> llciu; — 0(uz)e; |13 < 8ne
=1

Proof: Using Lemma (3.3.11} we choose ay, ..., a,, € My such that

m m
> G <Ly, ) aa; < Ly
j=1 j=1
m
1 arar — Lully < €
j=1

m
> llaifui) — w5 < €

7=1

NE

lafu; — 0(u;)a|)? < e
1

Note that ¢(La — > 1y ajar) < || D iy arar — Lulls < €, and so ¢(> -, afar) >
1—¢>1-1/r. What follows is based on Lemma 4.3 of [Haa85]. We let 2 =

<.
I
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{(s1, ., 8m) | si € C,|s;] = 1} (the complex m-torus), s; be the i-th coordinate func-
tion on €2, dw be the normalized Haar measure on 2. We set )" = Q x ... x ), the
Cartesian product of r copies of €2, and consider the product measure dw. We define
the function a(w) = > si(w)a; for w € Q. Since ¢ is a trace on My, one can follow
the calculations of Lemma 4.3 of [Haa85] to obtain

/ H—Z (W) al(w) — Lu|2do < 3/r

=1

[ Y atwate ~ vulidn <

=1
Since di is a product measure, we also have

/T %Z l|a(w;)0(ur) — ura(w;)||5do = / la(w)f(ur) — ura(w)||Zdw < €
/T ZH a(wi) ur — 0(ug)a(w;) ”qﬁdw_/ la(w) u, — 0(ug)a(w)*||5dw < €

We can now deﬁne

E= {weﬂruu/rz a(w;)*a(w;) — Ly]% > 12/r}
F={oeq| ||1/7“Za(wi)a(wi)* — 1} > 12/r}

Gr={we Q| l/rz lla(w:)0(ur) — upa(w;)||; > 4ne}

i=1

H,={weQ| 1/7"2 lla(w:) ur, — O(ug)alw;)*||3 > 4ne}

i=1

The preceding calculations then show that
m(E) < 1/4
m(F)<1/4
m(Gy) < 1/(4n)
m(Hy) < 1/(4n)
where m denotes the measure diw on €2". Therefore, the measure of the set EUF U}
(G; U H;) is less than 1, and so we can find a @ = (wy, ...,w,) € Q" such that

11/r> " alw)*alw;) — Lull < 12/r

=1
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T

11/7) " a(wi)a(w)* — Lyl < 12/r

=1

%E:W@Wﬂw%—wdwmi<®w

i=1

%i l|a(w;) uy — Q(Uk)a(wi)*Hi < 4ne
i=1
for all k. Therefore, defining b; = (1/y/r)a(w;) € My, we have
| ib;‘kbi - ILMH(% < 12/r
i=1
Hjjbwf—ﬂMﬂi<12ﬂ~
i=1
S () — bl < dne
i=1
i |07 up — Q(Uk)beé < 4ne

i=1

for all k.
We define ¢; = g(b;b})b;, where the function g is defined as

{1 ifostsy
)= r/t ifr<t

Note that with the function h(t) = tg(t)?, we have cic; = h(b}b;), and so ||| < /7.
Since b;,¢; € M, and ¢ is a trace on My, one can follow the calculations in Lemma

4.4 of [Haa85] to show that (see Appendix [A|for a clarification)
137 et — L3 <20 D2 bib — Ll < 24/
i=1 i=1

1D cic; = TnllZ < 2> biby — Lull} < 24/r
=1

i=1
Let
—r ift<—r

fy=qt i —Vr<t<r
Vrooifyr<t
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Note that this function is a contraction, i.e. |f(s) — f(¢)] < |s —t| for s,t € R. In
My (M), we define the elements

(0 B ~ (B(u) 0
=) ()

cbz (i Z) = bla+d)/2

and the faithful state

As in Lemma 4.4 of [Haa85], we then have

f(hi) = (2 Cg)

By direct computation, one can check that

2| hsic — sehil3, = 1bi8(us) — uebill3 -+ 07— 0t |3
20| Fha)sic— s (B3, = eius) — el + llefun — B(ua)es [

Recall that M is represented in standard form on a Hilbert space H. Consider the
Hilbert space My(#H) with the obvious inner product inherited from H*. For each 1, let
Ly, (resp. Ry,) be the operator on My(#H) defined by left (resp. right) multiplication
and left (resp. right) action by h;. These are two commuting self adjoint operators,
and so we can apply the multivariable version of the continuous functional calculus
(see 4.4.2 in [Ped89]) to obtain a representation 7 : C(o(Lyp,) X o(Rp,)) — B(Ma(H))
which satisfies k(s)g(t) — k(Lp,)g(Rp,) for k € C(o(Ly,) and g € C(o(Rp,). One
can check that we actually have k(Lp,) = Lgx,) and g(Ry,) = Ry, for k € C(o(Ly,)
and g € C(o(Rp,). Since the previously defined function f is contractive, i.e. |f(s) —
f(t)| < |S — t‘ for s,t € R, we get (Lf(hi) — Rf(hi))g < (Lhi - Rhi)Q.
Now note that

_ 1 & 0

is a cyclic and separating vector for My (M) realizing ¢o. Moreover, by Lemma(3.3.12]

I Y S VI N A N W S G N /0 S S A (R Y AN
Sk§¢2hi—5kﬁ(0 §¢) (bi 0>—5kﬁ (éqsbi 0 >—3kﬁ (bi£¢ 0 )—Skhz’§¢>2

Similarly, si&e, f(hi) = sif(hi)€p,. Therefore,

1 (hi)sk — sk f(Ra)llZ, = [1f (hi)sk€s, — sif (hi)éa, I
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= || f (hi)si€py — sk [ (hi)1?
< |[hisr€s, — skEgshill”

< [hisk€gy — sihis, |I”

< |lhis — skhill3,

for all 7. Hence, for all k,
> e (ue) — uresll3 <Y 201 f (ha)sk — sif (ha) 13,
i=1 i=1

S ZZthSk — SkthiQ
=1

= (b6 (wr) — wrdil|Z, + 16, — 6w b7 13)
=1

< 8ne

Similarly, one gets

T
> llesur — O(ug)c; || < 8ne
=1

for all k, which finishes the proof. i

Theorem 3.3.14. For every € > 0 and unitaries uy, ...,u, € M, there is a unitary
w € My such that

10(ur) — wrupw|lg = [[wh(ug) — upw|lg < e

Proof: We first prove the result for n = 1. Let I be a free ultrafilter on N
(see Appendix @, let Hr be the ultraproduct of the constant sequence H,, = H
along F, and let M = @,,enMy. We define n = (u€y,uéy,...) € Hp and § =
(O(u)és, 0(u)éy, ...) € Hp, and let r be an arbitrary positive integer. We choose for
each m € N an ¢, s.t €, < 1/m and ¢, < 1/r. From the previous lemma, we also

choose for each m € N a list ™, ..., ™ € My, such that [|c{™ | < /7 and
1™ ™ — 1y |12 < 24/r
i=1

1Y ™™ — 112 < 24/r
1=1
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> ™ 0(u) — uc™ |2 < Sen,
=1

> ™ u = (u) ™[I < Sem
=1

We then have

T T

O™ ™ —1)0w) = ™ (™ 0(u) — ucl™ +Z o w)el™*)el™
1=1 =1
w)(O ™ ™ — 1)
=1
Hence

Z A ) <u>||¢52||c§m>||<||c§m>e<u>—uc§m>u¢+\|c§m>*u—e<u>c§m>*||¢>

+HZC ™ — Lol
< |31 Zuc (1) — ™2
=1

) ) 24
> el = ()™ |2 | + 1/ =
=1

’
124
< 2rv/ 8¢, + 1/ —
r

Similarly,

r

cg )c,g " Lar)ullg < 2rv/8ep + 4/ —

i=1

Now let ¢; = (cgl), () )) € M. We then have

’L

r r 2
X 2 _1: (m) (m)x* 2 . 24
103" s — Tagml? = Tim (3™ el™ — Lyull? < lim (2rv86m+\/ 7>

=1 =1
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2

) e ) _ , 24\ 24

Zc ¢ — Ly)é||* = hm II( Zc ¢ Tar)0(u)ll; < T}glF (27’\/86m + 7) =
Z |cié —neil|? = hm Z ™ — uc! H¢ < hm 8em =0

3 letn - €I = T}Lignpz o™ = B(u)e™" 2 < lim Se, =0
=1 i=1

Note that we have implicitly used Lemma [3.3.12]in the last two equations. Therefore,
ci§ = ne; and c¢fn = &cf, for 1 <7 < r. As this construction is valid for all » € N,
we know by Lemma 2.6 of [Haa89] that there exists a unitary @w € M such that
| W& —nw|| < e. Since M = @,,enMy, this unitary has to be of the form @ = (W, )men
with, @, € M,. We then have limp ||10,,,0(u)&p—usy, || = || —nw|| < e. Therefore,
we can find a unitary w € My such that | wf(u) —uwl|y = ||[wh(uw)és —uépw| < €. As
10(u) — w*uw||y = ||wh(u) — vw||y, this finishes the proof for n = 1.

For the case n > 2, we replace H by H™W = HOH & ... @ H, n by 1€y D usly @
... Bu,y&y and similarly for £&. The proof is then completely analogous with component
wise left and right actions. i

Corollary 3.3.15. The map 0 is an approzimately inner automorphism.

Proof: Since every element in M is a linear combination of four unitaries, the
previous result immediately implies that for every € > 0 and x4, ..., x, € M, there is
a unitary w € My, such that

10(z;) — wz;w*|| s < €

Now let zq,...,x, € M, ¢1,...,¢0,, € M, and € > 0 be arbitrary. By Prop.[3.1.10}
let (¢) be a sequence in [O,gb] such that span(¢y) is dense in M,. For 1 < j < m,

we can choose ol ... a¥) € C and @/ka,. ,wk(]) such that [[¢; — >, aéj)q,bk(j)ﬂ <
14

J

¢/(2max;{||z;||}. Finally, we can choose a umtary w € My such that
10(:) = waawly < e/max; {3} o[}
‘
We then have
|0,(0(2:) — Adw(:))| < |(¢ Z% 50)(0(25) — Ady (2:)))]
+|Z% by (0(2:) — Adw(:))]
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<l - Zaﬁwkmuzuxzu+2|ae [ [y (O(s) = Ado ()]
<e+Z|a 0(xs) = Ad ()]0
<e+ ||e<xz-> — Ady(w:)]lp D lay] < 2

l

where we have used in the last line the fact that ¢, < ¢ implies ||z||y, < ||z||, for all
x € M. This shows that 6 is in the closure in the p-topology of the set { Ad,, | w € My}.
By Cor. 2.25 of [Str81], we know that the p-topology and the u-topology coincide on
the set of automorphisms that leave ¢ invariant. Therefore, we conclude that  is in
the closure in the u-topology of the set {Ad, |w € M,}, i.e. it is an approximately
inner automorphism. |

Therefore, the result we have proven in this section is the following:

Theorem 3.3.16. Let M be a “separable” von Neumann algebra, 6 € Aut(M) and ¢
a faithful normal state such that po6 = ¢. Suppose that 0= is a point ultraweak limit
of a net of inner completely positive maps of the form x Z§:1 a;xa; with a; € My.
Then 6 is an approximately inner automorphism.

3.4 Adaptation of Prop.3.0.3

In this section, we discuss the adaptation of Prop.|3.0.3| in the case of a type III,
factor, so that it can be applied to prove a result of the form (x) (see the introduction
to Chap.[3)). The idea is to modify it in the following way:

(xx) Let M be a “separable” von Neumann factor of type Iy, 0 € Aut(M) and
@ a faithful normal state such that ¢ o 0 = ¢. Suppose that 0 is approximately inner
as a CP map and that we impose a set of conditions S on M. Then 0~ is a point

ultraweak limit of a net of inner completely positive maps of the form x — Z?:l a;ra;
with a; € M¢.

Combined with Thm.[3.3.16] this would imply (x). Of course, since it has been
shown that Conjecture A does not hold for a factor of type III,, we know that the
set of conditions S must be nonempty.

As it has been shown in [Mar20] that () stands if S = {M has property L/},
the first objective would be to obtain (%) with the same condition on M. Although
we have not been able to show this result, we briefly describe qualitatively here the
attempt that has been made in that way, and point out how this attempt fails for
NOw.
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In the following, we suppose that M is a “separable” von Neumann factor of
type III, satisfying the property L. We let § € Aut(M) be approximately inner as
a CP map. As explained in Appendix [C| we suppose that there is a faithful normal
state ¢ on M with ¢ 0§ = ¢ and ¢% = idy for T = —27/In\. Let x = ¢ /T, We
use a decomposition due to [Tak73|. For n € Z, we introduce the eigenspaces

M, ={z e M|ol(z)=x"z VteR}

Note that Prop.|3.0.3| still applies in this case. Therefore, we know that 6!
is a point ultraweak limit of a net of inner completely positive maps of the form
T Z?Zl a;xa; with a; € M. The goal is to be able to project these elements in M.

The first step is to find them in the eigenspaces M,,. We let 2t denote the *-
algebra generated by U,czM,,. We will consider 90, the norm closure of 9%, which is
a C"-algebra. It is possible to prove a result of this form:

Let 1, ...,y € M and € > 0 be arbitrary. Then, we can find a; € Upez M, such
k X _ k X
that Y7 aa; < 1y and |07 (x;) — Do awjal|ls <e.

Although 901 is ultraweakly dense in M, we were not able to prove that this result
holds for arbitrary xq,...,x,, € M. If that would be possible, the next step would
be to use this result, the fact that M = M ® R, and methods developed by [Gol7§]
applied to both M and R,, to show that the coefficients a;, can be chosen in M.
We studied such a proof; unfortunately, the same problem arises at the end of this
calculation, namely, we are only able to get a result of the following form:

There exists an ultraweakly dense x-subalgebra N of M such that, for x4, ..., z,, €
N and € > 0 arbitrary, we can find a; € My with Zle a;af < 1y and |07 (z;) —

k
> iy @irjap|lg < €.

Therefore, to this point, our work in finding a version of Prop.|3.0.3| which we
could pair with Thm.|3.3.16|in order to prove a result of the form (%) has not been

conclusive.



Appendix A

Clarification in the proof of
Lemma 4.4 of [Haa835]

Let N be a type II; factor. In the proof of Lemma 4.4 of [Haa85], Haagerup considers
a continuous function f defined on R* such that

1
Ogt—f(t)gg(t—l)Q for t>1
t—f(t)=0 for 0<t<1

For an element b € N, Haagerup claims that

1
0 <b*b— f(b*b) < 2—((b*b —1n)4)?
r
We clarify here how to obtain this last inequality. Note that from the first two
inequalities, we have

0<t—f(t) < %((t —1)x(#)* for t>0

where x(t) is the characteristic function of the set {¢ > 1}. The functions e, (t) =
(t — 1)x(t) and e_(t) = —(t — 1)(1 — x(t)) are continuous, and so we can apply
the continuous functional calculus with respect to b*b to obtain e (b*b) and e_(b*D).
These are positive operators which lie in C*(b*b) = C*(b*b— 1) and satisfy e, (b*b) —
e_(b*b) = b*b — 1 with e; (b*b)e_(b*b) = 0. Since C*(b*b — L) is isomorphic to the
algebra of continuous functions on the spectrum of b*b — 1, and since the positive
part of a real function is unique, we conclude that e, (b*b) = (b*b — 1y),, which
proves Haagerup’s statement.
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Appendix B

Proofs of the approximations
stated in Sec.3.1.3

We include here the proofs of Lemmas|3.1.13|and [3.1.14] and Prop.|3.1.16{and [3.1.17]
This Appendix uses extensively the definitions and technical results stated in Sec.[3.1.2
Note that the proofs of Lemmas|3.1.13|and [3.1.14] are adaptations of Connes’ technical
lemmas in Sec. 1 of [ConT75].

Lemma [3.1.13 Let M be a von Neumann algebra, ¢ a faithful normal state on M,
Ey the conditional expectation from M to My, and p € P(M). If v = E4(p) and

lp —vl|l¢ < 1/3, there exists c € P(My) such that ||p—c|lo < |lp— UH;/Q(Hp — UH;/Z +

2v/3).
Proof: We have
[0* = vy = [[v* = pvllg + v — vlly < [[(v = p)olly + lp(v = )6 + llp = vlle < 3llp — vl|s

Since ||p — v||ls < 1/3, this implies that we can apply Lemma 1.1.5 of [Con75] to find
c € P(My) s.t. |lv—clly < 2v3|p — v]|}/>. Then,

1/2 1/2
lp = cllo < llp = vlls + llo = ello < llp = 0ll3(lp = Il +2v/3).

Lemma |3.1.14. Let M be a von Neumann algebra, ¢ a faithful normal state on M,
E, the conditional expectation from M to My, and w € M be a partial isometry. If

v = E4(u) and ||u — va < 1/10, there ezists a partial isometry w € My such that
lw =l < flu = vl|F +6v10([lu —v|7)">.
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Proof: =~ We define p = u*u € P(M) and a = v*v € My. We have
lp = ally < Il (w = v)lg + [I(w = v)olls < llu—vllg + [[u* = v*lls < 2lu—vl|F
Moreover,
la* = p*llo = ll(a+ p)(a — p) + ap — pally
< 2lla = plls + llalp = a)lls + l(a = plalls < 4lla —pll
and so
la* = ally < lla® = p|ls + Ilp — ally < 5lla = plls < 10]ju— [}

We then apply Lemma 1.1.5 of [Con75] to find a spectral projection g € My of a

s.t. |la —glle < 2v/10(]|u — v||f)1/2 and |la'/? — gy < 3v/10(|lu — U||f)1/2. We define

w = kg € My, where v = ka'/? is the polar decomposition of v. Note that k*k is the

support projection of @ and so we must have g < k*k. Hence,
ww*w = kggk*kg = kgg = w
and so w is a partial isometry. We have

lw = v]|F < [lw=vlly+ [Jw* —v*[l,
< |lk(g — a")s + [I(g — a"/*)k"||4
<2|lg — a'?|ly < 6V10(||u —v|I)"?

and so

lw =l < flw —ol|F + flo— ul}
< Jlu—v]|F +6V10(Jlu — |72

Proposition [3.1.16| Let M be a separable type 111\ factor, ¢ a faithful normal state
on M with o7 = idy for T = —=2n/In X and o € Aut(M) s.t. ¢ oa = ¢. Suppose
that there exists a sequence (uy)n>1 of partial isometries in M s.t. Ad,, — « in the
u-topology on CP(M), and that ||u;u, — Lyl and ||u,ul — Larl|g both converge to
0. Then, we can find a sequence (wy)n>1 € My of partial isometries s.t. Ad,, — «
in the same topology.
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Proof: First, note that for a positive functional ¢» € M* and a € M, we have for
any x € M with [|z]| <1
|[a, ¥](2)] < [¢(ax — za) + ¢(ax(aa” — Ly))| + |(az(aa” — 1a))|
< [¢(a(za)a® — wa)| + al| - [[[|"2 - [laa* — Larlly
< llall([4 o Ada — W[ + [[$]IV2 - llaa” = Lar] )
= |lfa, ¥l < llall(l 0 Ady — @[l + []]V? - [laa™ = Larll)

and

[(aza” —z)| < [(a(za”) = (za”)a)| + |¢(z(a’a = L))
< lall - lla, w11l + 9112 - a*a = Larlly
= [l 0 Ada — 9|l < llall - lla, ]Il + Y12 - la*a — Larlly
By the first inequality, we see that we must have ||[u,, ||| — 0. By Thm.4.2.6

of [Con73], 1 is an isolated point of spA,. Therefore, by Prop.2.3 of [Con74], we
have ||u, — E(z)(un)Hjé — 0. Let w, € M, be the partial isometry of Lemma [3.1.14

corresponding to u,. We then have ||u, — wn||zzE — 0. By Prop.|3.1.10} let (¢) be a
sequence in [0, ¢ s.t. span(¢y) is dense in M,. We have

4y, © Ady, — Uy 0 Ady, || < [tk © Ady, — by, 0 Ad,,, © Az, |
+ ||,¢}k’ o Adun o Adu;‘lwn - ¢k o Adwn

we break this into steps. Applying the second inequality obtained above and Prop.|[3.1.7]
we have

1Yk © Ady, =1y, 0 Ady,, © Adyyw, || < ||fugwn, i 0 Ady, ]|l + lwpunuywn — Larllyyoad,,
< 2|[¢hk © Adu, ||V |Juswn — IglF o ag,, + w0t wn — Tnrlligond,,
< 2ljugwn — Tagllf ag, + Wt wn — Lasllgoaa,,
< 2(4)1¢ 0 Ady, — &)1 + [luwn — Lagll7)
+2||¢ 0 Ad,,, — ¢||"* + Jwiusuiw, — Larl|s
<10[|¢ 0 Ady, — ¢ o | + 2l|ugwn — gl + [[whumugwn — Tarlls

for which we have

e — Laall7F < (1, — ) )wal[F + [ ewn — Larl|7
< [y, = wy)wnllg + [lwy (un = wn)lle + 2[lwywn = Tarlls

< luy, — willg + llun — wallg
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+2([[ (wr, = v )wnllg + llup (wn — un)lo + [Jugun — Larllg)
< 3luy, —wplle + 3llun — wnlly + 2ljugun — Tlle — 0

and

[wnununwn — g < flwy (unty, — Lar)wnlls + [[(wy, —uz)walls
+ [Jug (wn — wn)|lg + lupun — Larllg
< Nuntg, = Larllg + [Jwy, — uplly
+ [Jwn = unlly + [Jupun — Lallg — 0

For the second step, we have similarly

[9x 0 Ad., © Adys, — V1 © Adw, || < [k 0 Aduyus — Vil
< Muntg, Vi)l + unununty, — Larlly,
< 20|kl 2 Junr, — Taall, + Nuntuntl, — Lagllg,
< 2||unu; ]1M||¢ + [Jupuyunuy, — Laglle
< 2V2 unuif, — Tarl s + llumtunuy, — Larlls

for which we have

Hunu Unt IlMHQS < ||Unu (un ]LM)||¢> + Hun ILMH<¢>

Hence, we have ||¢y o Ad,,, — ¥y o Ad,,,|| — 0 which in turn implies
9 0 o = ¢y, 0 Ady, || < ||tk 0 @ — Y 0 Ady,, || + ||tk © Ad.,, — g 0 Ady, || — 0

Since this is valid for any k and since span(t);,) is dense in M, this finishes the proof.

Proposition [3.1.17 Let M be a separable type III, factor, ¢ a faithful normal state
on M with arf =1id for T = =2 /In X\ and o € Aut(M) s.t. o = ¢. Suppose that
there exists a sequence (an)n>1 in M s.t. Ad,, — « in the u-topology on CP(M), and
that ||atan —Larlle, lanal —Lar||s both comierge to 0. Finally, suppose that ||a,| < C
for some C € R. Then, we can find a sequence (b,)n>1 € My s.t. Ady,, — o in the
same topology.

Proof:  As before, note that for a positive functional ¢ € M* and a € M, we have
that

la, ¥]I < llall ([l o Ady — I + ¢V - [laa” — Lar]| )
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and

14 0 Ady — ¢l < lla]l - ll[a, ]| + [¥11Y* - la*a = Larlly

By the first inequality, we see that we must have ||[a,, ¢]|| — 0. By Thm.4.2.6 of
[Con73|, 1 is an isolated point of spA,. Therefore, by Prop.2.3 of [Con74], we have
|a, — Eqs(an)Hjé — 0. We define b, = Ey4(a,). By Prop.|3.1.10, let (¢) be a sequence
in [0, ¢] s.t. span(¢y) is dense in M,. We have

[ 0 Ada,, — 0 Ady, || < [[¢hr © Ad, — Vi 0 Ada, © Adays, |
+ Hwk o Adan e} Ada;;bn — wk e} Adbn H

we break this into steps:

| © Adg, =1 © Ady,, 0 Adgss, ||
< C?||agbn, P 0 Ada, ||| + (10 0 Ada, |IV? - [Usananbn — Larllyoad,,
< 2C%||¢by © Ady, | a5bn — Tar o g, + ClIbRana%bn — Tosllpyoaa,,
< 2C%|apbn — Ll %o aa,, + ClUhanasbn — Lasllgoaa,,
< 20%(2(C* + 1)||¢ 0 Ad, — I + llajbn — Lusl|F)
+C(C* + D)6 0 Ady, — ¢ + ClIbjanasbn — Larlls
< (5C° +4C% + C)||¢p 0 Ady, — ¢ 0 a||*/?
+2C%|apbn — Lull} + Cllbranazbn — Tl

for which we have

laybn = LarllF < ll(ay, = 0)ball7F + 110700 — Larll7
< lan = b2)balls + 1167, (an = ba)lls + 2010500 — Larlls
< Clla, =y lls + Cllan = ball
+ 2([1(0r, = az)bnllg + lla7,(bn = an)lls + llazan = Tarlly)
< 3Cla, = by lls + 3Clan = blls + 2[lazan — Larlls = 0

and

167 ananbn = Tarlls < (10 (anar, = Tar)balls + [1(br, = az)blls
+ lla7,(bn — an)llo + lanan — Lalls
< Cllanay, — Lulls + ClIb, — azllo
+ Cllbn — anllp + llagan — Lulle =0
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For the second step, we have

[k © Ady, 0 Adgz, — 1 0 Ady, || < C?||t 0 Ady,az — Ui
< C[anay,, Yu]ll + C?llanaana;, HMHwk
< 20 ||l anay, — L], + C2||ana anay, — Lo,
< 2V2C | ana;, = Tl + C*llanagana;, — Tally

for which we have

lanayanay, — Larlly < [lanay(anay, — Lar)l|g + llana;, — Tasllg
< (C* +1)llana;, — Lulls — 0

Hence, we have ||y o Ad,, — 1 0 Ady, || — 0 which in turn implies
[k 0 v =y 0 Ady, || < ||tk 0 v = hy 0 Adg, || + ||thk © Ada,, — by, © Ady,, || = 0

Since span(ty) is dense in M,, this finishes the proof. |



Appendix C

Choice of an invariant periodic
state

In this section, we show that, in the case of an automorphism 6 of a “separable” type
[T, factor, the condition mod(6) = id allows us to show that there exists an invariant
periodic state.

We will say that two automorphisms 6;,0y € Aut(M) are inner conjugate if
there exists a unitary u € M with #; = Ad, o 6. Note that in this case, #; is an
approximately inner automorphism if and only if 65 is. Similarly, 8; is approximately
inner as a CP map if and only if 05 is. Therefore, Prop.[C.0.3|shows that in our study
of Conjecture A for a “separable” factor of type III,, we can replace the condition
mod(#) = id by the existence of a normal faithful state ¢ on M such that ¢ o 0 = ¢
and o = idy for T = —27/In \.

Definition C.0.1. Let M be a type III, factor and let T = —2mw/In\. A generalized
trace on M is a normal faithful strictly semifinite weight (see Def. 3.1.5 of [Con73))
¢ on M s.t. ¢(1y) = oo and o5 = idy;.

Definition C.0.2. Let M be a von Neumann algebra. We will say that two weights ¢,
and ¢ on M are equivalent if there exists a unitary uw € M such that ¢1(x) = ¢o(uzu®)
for all x € M. This will be denoted ¢ =~ ¢s.

Proposition C.0.3. Let M be a “separable” type Il factor and 6 € Aut(M) be such
that mod(6) = id. Then we can find 0 € Aut(M) and a faithful normal state ¢ on M
such that

o there exists a unitary w € M with = Adg o0

e Yol =1

o ag = idy for T = —2m/In A
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Proof: By 30.10 of [Str81], there exists a generalized trace ¢ on M such that
¢o07! ~ ue for some p € S(M)URS. By Thm. 4.3.2 of [Con73|, we then know that
¢~ poft. Welet u € M be the unitary such that ¢ = ¢ o = o Ad,, and define
0 = Ad,- 00 € Aut(M).

Now by Thm.4.2.6 of [Con73], My is a factor and, by 3.1.4 of [Con73|, ¢|u, is
a normal semifinite faithful tracial weight on M. Then, by Prop.[1.9.5, M is a II;
factor with ¢ as a dimension function.

We choose a nonzero finite projection p € P(My). Since ¢ = ¢ o 0, we know
that p and €'(p) are equivalent in P(M,). Similarly, 1, — p and 6'(1y — p) are
equivalent in P(My). Let v; and v, be partial isometries in My s.t. vipvf = ¢'(p) and
vo(Lps —p)vs = 0'(Lpr —p). Then, v = v1 + v, is a unitary such that vpv* = 6'(p), and
we define #” = Ad,- o #’. On the corner algebra pMp, we define the faithful normal
state ¢ by ¥(z) = (1/6(p))d(prp). We have 100" = 1). Moreover, azp(x) = Jf(a:) for
all z € pMp and t € R (this follows from the fact that af’ satisfies the KMS condition
with respect to 1, see Thm. VIIL.1.2 of [Tak03]). Therefore, o = id,p.-

Since M is a factor of type III, we know that p is equivalent to 1,, in M. Hence,
let w € M be a partial isometry such that w*w = 1; and ww* = p. Then w*6" (w)
is a unitary, since

(w* 0" (w)) (0" (w*)w) = w*d" (ww*)w = w*e" (p)w = W v* (p)vw = wpw = 1y,
(0" (w*)w)(w*0" (w)) = v* ¢ (w*)vpv 0 (w)v = V0" (Wpw)v = V* (1y)v = vv = 1y

Let us denote by 6 the automorphism Ad,- o 6” o Ad,, and by 35 the faithful normal

state 1 o Ad,, on M. By construction, 1) o 6 = ). Moreover, o, (z) = w*o} (wzw*)w

for all x € M and t € R (as before, this can be checked through the fact that the
right hand side of this equation is a one parameter group of automorphisms satisfying

the KMS condition with respect to 1;) Therefore, o? =idyy. |



Appendix D

Ultrafilters and ultraproducts

This appendix is mainly based of [SW99]. We start by establishing the necessary
terminology.

Definition D.0.1. Let P be a partially ordered set (poset) and F C P be a non-empty
subset. We say that F' is a filter if

o Vrye F,dz¢e F such that z < x and z < y.
e Vre F,Vye P, x <y impliesy € F.

Definition D.0.2. Let P be a partially ordered set and F' C P be a filter. We say
that

o F'is proper if F C P.

e F'is an ultrafilter if it is a mazximal proper filter, i.e. FF C G C P for a filter
G immplies F' = G.

o F'is a principal filter if it contains a least element; equivalently, if there exists
y € P such that F = {x € P |z > y}.

e I is free if it is not principal.
Moreover, if G C P is another filter and G C F', we say that F' is finer than G.

For an arbitrary set S, its power set P(S) with the order given by inclusion is a
poset. For a filter ' C P(.S), Def.(D.0.1) is equivalent to the following

Definition D.0.3. Let S be a set and F' C P(S) be non-empty. We say that F is a
filter on S if

e A Be F implies ANB € F.
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e Ae F and B € P(S) with A C B implies B € F.

It follows that F' is a proper filter iff () ¢ F. Similarly, the definition of an
ultrafilter can be rephrased in this case.

Definition D.0.4. Let S be a set and F' C P(S) be a proper filter on S. We say that
F is an ultrafilter on S if for all A C S, either A€ F or X\ A€ F.

Through a simple “Zornification”, one can show that if X is a non-empty set, it
always possesses an ultrafilter. Finally, we end this long list of definitions with the
following concept.

Definition D.0.5. Let S be a set and § C P(S) be non-empty. We say that § is a
filter base if for all A, B € §, there exists C € § such that C' C AN B. The collection
of subsets of S containing a member of § then forms a filter, the filter generated by

5.

An important example of filter is the Fréchet filter F (or cofinite filter) on an
arbitrary set X, defined as the collection of subsets of X with a finite complement.

Proposition D.0.6. Let S be a set and F' C P(S) be an ultrafilter on S.
o F'is principal iff there exists x € S such that F'={A € P(S) |z € A}.
o [ is principal iff it contains a finite set.
o [f S s infinite, F is free iff it contains the Fréchet filter on S.

Another natural example of a filter is a concept well-known in topology: the
neighbourhood filter AV(x) of a point z in a topological space X, defined as the
collection of sets containing an open set in which lies . It turns out that filters
are actually a tool at the heart of topology. Indeed, one can reformulate the usual
notions of this field in terms of filters. For us however, we will mostly need the
following notion of convergence.

A filter F' on a topological space X is said to converge to x € X if F is finer than
the neighbourhood filter of z. If Y is a set, F C P(Y) is a filter and f: Y — X is a
function, it can be checked that f(F) is a filter base on X. We say that f converges
to x € X along F' if the filter generated by f(F') converges to x. In the case where
Y = N, we will write this result as limp vy, = z.

This notion of convergence is actually a generalization of the usual ones defined
in elementary topology. For example, if we take f : N — X with F' as the Fréchet
filter on N, it can be checked that convergence of f along I’ to a point z is the same
as the usual notion of convergence of the sequence defined by F, i.e. lim,, soo , = x
iff limpg x,, = x.



D. ULTRAFILTERS AND ULTRAPRODUCTS 95

As could be expected, the basic results of topology will also be true for filters.
For example, if X,Y are topological spaces, f : S — X converges to x € X along
a filter F on S, and ¢ : X — Y is a continuous function, then g o f converges to
g(x) along F. On the opposite, new exotic results are also true in the case of filters.
For example, let F' be an ultrafilter on S, X be a compact topological space, and
f S — X be amap. Then f converges to a point € X along F'.

We now construct the object which will be of main use to us. Let (#H,),>1 be a
sequence of Hilbert spaces and F' be a free ultrafilter on N. Let

Hoo = {(fn)nzl ’fn € Hn; sup HgnH < OO}

which is a Banach space under the norm ||&|| = sup ||&, ||, and let

It can be checked that Hy is a closed subspace of H.,, and so the quotient space
Hr = Ho/Hy is a Banach space, called the ultraproduct of the Hilbert spaces (H,,)n>1
along F'. The construction of this space through the quotient map naturally induces
the norm ||¢|| = inf{sup ||, — |l | (M) € Ho}, but it can be shown to be equal to
the much simpler norm ||£|| = limp ||&,]]. It it then easy to see that Hp is actually a
Hilbert space with the inner product (£|n) = limg(&,|n,).

Finally, if M = &M, is the direct sum in the von Neumann algebra sense, where
each von Neumann algebra M, admits a unital representation m, on H,, then M
admits a unital representation m on Hp, defined naturally by

T((Zn)new) (§n)nen) = (Tn(24)(&n))nen
We then have

[ ((@n)nem)[| = lim |75 (z5) |
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