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Abstract

Communication poses challenges in the presence of interference channel environments. In order to
attain performance gains, signal processing techniques at the receiver need to detect the most likely
transmitted signal based on the knowledge of the received signal, the channel state information
and the statistics of noise. This thesis develops such practical schemes based on a Kalman filter
framework, assuming that the channel knowledge is unknown to the receiver. The communication
contexts addressed in this thesis include the equalization of intersymbol interference (ISI) channels
in single-transmit single-receive (STSR) systems and the channel estimation combined with the
decoding of multiple-input multiple-output (MIMO) systems in fading channels. Signal processing
based on a Bayesian filtering framework, built on a state-space model of the given communication
system, plays a critical role in the equalization and the estimation of the channel.

We develop adaptive channel equalization techniques utilizing recurrent neural networks and
Kalman filters for ISI cancellation in STSR systems, which include nonlinear distortions, additive
white Gaussian noise and additive white non-Gaussian impulsive noise. In uncoded systems, the
extended Kalman filter (EKF) and the unscented Kalman filter (UKF) are used to train the re-
current neural equalizers and achieve the performance improvement in terms of bit error rate and
convergence rate, with a shorter training sequence over the conventional equalization schemes.

The integration of semiblind channel estimation into a turbo receiver, the so-called turbo-
BLAST!, is developed for narrowband MIMO wireless channels. For quasi-static MIMO chan-
nels, we present iterative channel estimation schemes based on adaptive filtering algorithms such
as least-mean square, recursive least-squares and the Kalman filter. The iterative strategy with
adaptive filtering leads to a computationally efficient solution to iterative channel estimation, com-
pared to the conventional snapshot approaches. For time-varying MIMO channels, we present
the use of particle filtering in order to track the time variations of the channels. The improved

performance by the particle filtering channel tracking is demonstrated for both Gaussian and non-

Gaussian noise environments.

IBLAST: Bell-labs LAyered Space-Time architectures.
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Chapter 1

Introduction

1.1 Signal Processing for Communications

Signal processing is a key research area in communication systems. Currently, the telecommu-
nication industries deploy third generation (3G) systems worldwide. The next generation sys-
tems, called fourth generation (4G), will be commercialized in around 2010. Signal processing
will encounter the new challenges found in future communication systems. These include high
data transmission rates up to 1 Giga bits/second, low bit error rates, multimedia communications,
seamless global roaming, quality of service (QoS) management, high user capacity, as well as in-
tegration and compatibility between 3G and 4G systems. To resolve these challenges, researchers
concentrate their attentions on different signal processing issues.

In digital communications, the transmitter sends signals through distortive channels such as
phone, cable, and wireless radio. At the receiver, the signals transmitted are recovered using signal
processing techniques. High speed data transmission over communication channels is subject to
distortion and noise. Linear distortion such as intersymbol interference (ISI) is usually the result
of the limited bandwidth allocated to the channel and/or the presence of multipath propagation.
In addition to ISI, in wireless communication systems there exist more impairments such as the
effect of mobility of the transmitter and the receiver, interference from other users in the same
or adjacent frequency spectrums, as well as time-variation, more commonly known as fading.
Wireless communication channels, which are the transfer functions between the transmitter and

the receiver, are time, frequency and space selective. Therefore, channel impulse responses (CIR)
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change as a function of time, frequency and location.

The receiver has to compensate for the distortion and noise introduced by the channel environ-
ments in order to reliably detect the transmitted information data. There are two main streams of
signal processing techniques for the receiver. One approach is to equalize the received signals by
looking for the inverse system of the CIR. Equalization is a process which reconstructs the trans-
mitted data by jointly combating the effect of ISI and noise in communication links. The optimum
solution for equalization is a Bayesian approach known as the maximum a posteriori probabilities
(MAP) symbol-by-symbol decision equalizer [1]. The other approach is to estimate the CIR and
to perform the data detection based on the channel estimate. Maximum likelihood sequence esti-
mation (MLSE) is the optimum solution for data sequence detection in the presence of a perfectly
known channel and (white) Gaussian noise [2].

Although signal processing methods for the receivers have been thoroughly studied in the liter-
ature, by and large, the results are based on the assumption that the underlying noise and interfer-
ence processes are Gaussian. However, in many physical channels, such as urban, indoor radio and
underwater acoustic channels, the ambient noise is known through experimental measurements to
be non-Gaussian, mainly due to the impulsive nature of man-made electromagnetic interference
[3]. It is well known that non-Gaussian noise can cause significant performance degradation in
traditional communication systems designed under the Gaussian assumption. When the perfor-
mance degradation due to the ideal Gaussian assumption in non-Gaussian environments cannot be
tolerated, the underlying signal processing methods must be revisited and redesigned taking into
account the statistics of non-Gaussian noise.

In the meantime, the use of multiple-antenna arrays at both transmit and receive sides, which
has recently emerged as one of the most significant technical breakthroughs in modern communi-
cations, has opened a new view of possibilities in the design of transmit and receive algorithms. A
key feature of multiple-input multiple-output (MIMO) links is the ability to turn multipath prop-
agation, which is traditionally regarded as the chief pitfall to achieve high data rates in wireless
transmission, into a benefit for the user in a tremendous improvement of channel capacity [4],[5].
MIMO systems, equipped with multiple antenna elements at both the transmitter and the receiver,
can take advantage of random fading with rich multipath scattering [6] and multipath delay spread

[7] when available. The performance improvements resulting from the use of MIMO systems
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are due to array gain, diversity gain, spatial multiplexing gain, and interference reduction. These
have prompted progress of new research topics in areas as diverse as signal processing, channel
modeling, information theory and coding, antenna design, and fixed or mobile wireless systems
[8].

Due to the potential of MIMO systems, the efforts of the signal processing community have
been contributed to the development of MIMO-oriented architectures. Remarkable examples typi-
cally fall into two categories: data rate maximization with spatial multiplexing and diversity maxi-
mization with space-time coding schemes. In spatial multiplexing, often referred to in the literature
as BLAST (Bell-labs LAyered Space-Time) architectures [5],[9], streams of independent data are
transmitted independently over different antennas, maximizing the average data rate over wireless
MIMO channels. Space-time codes [10],[11] introduce certain redundancy in both space and time
domains to achieve diversity maximization. In a viewpoint of signal processing, advanced algo-
rithms for MIMO receivers have been developed, yet further research is in great demand. These
include signal separation, channel equalization, channel estimation as well as detection and decod-
ing techniques at the receiver side.

In this thesis, we address two problems of signal processing in communication systems: chan-
nel equalization for single-transmit single-receive (STSR) links and channel estimation for MIMO
links. Signal processing algorithms to be developed throughout this thesis are based on a recursive

filtering framework, represented in a dynamic state-space model of the systems.

1.2 Recursive Filtering Framework

In many engineering applications, it is needed to extract unknown quantities of interest from the
data corrupted by additive noise and interferences of different kinds. The data often arrive sequen-
tially in time. Therefore, sequential data processing is required to make on-line decisions. In this
case, recursive filtering is a convenient solution. A recursive filtering framework for estimation of

the state of a discrete-time dynamic system is built on the state-space model of a dynamic system,
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consisting of two equations

x[k + 1]

f (x[k], u[k], d[k]) (1.1)
ylk] = gx[k], v[k]) (1.2)

which describe the process and measurement equations, respectively. The vector x[k| represents
the unobserved state of the system, u[k] is a known exogeneous input, and y[k] is the observed
measurement signal. The process noise d[k| drives the dynamic system, and the measurement
(or observation) noise is given by v[k]. The system dynamical model f and g are two generic
vector-valued (or matrix) functions, which are potentially time-varying and assumed known. The
state equation (1.1) characterizes the state transition probability p(x[k + 1]|x[k]), whereas the
measurement equation (1.2) describes the likelihood (or measurement probability) p(y[k]|x[k]).
For the standard Kalman filter (KF) applied to a linear dynamic system, the state-space model
is stochastic owing to the additive presence of the process noise and the measurement noise, which
are assumed to be Gaussian with zero mean and known covariance matrices. Applications of KF
theory can be extended to nonlinear dynamic systems, in which the extended Kalman filter (EKF)
[12] is usually applied. The derivation of the EKF hinges on linearization of the nonlinear state-
space model, on the assumption that deviation from linearity is of first order. The EKF has been
used as the standard technique for performing recursive nonlinear estimation. However, the EKF
algorithm provides only an approximation to the optimal nonlinear equation, because the state
distribution is approximated by a Gaussian random variable and is then propagated analytically
through the first-order linearization of the nonlinear system. The unscented Kalman filter (UKF)
[13],[14] using a deterministic sampling approach and an unscented transform (UT) can approxi-
mate a nonlinear dynamic system accurately to the second-order for any nonlinearity. In the UKF,
the state distribution is also approximated by a Gaussian random variable, but it is represented
using a set of carefully chosen sample points, often referred as sigma points. The sigma points can
capture the true mean and covariance of the Gaussian random variable. Furthermore, the UKF can
be applied to non-Gaussian random variables to get approximations which are accurate to at least
the second order, with the accuracy of third- and higher-order moments being determined by the

choice of parameters required in the UT [15].
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The sequential Monte Carlo methods [16], also known as particle filtering, have recently
emerged in the field of statistics and engineering, and are believed to be a key technology when-
ever nonlinearity or non-Gaussianity is involved in the system of interest. Particle filters allow for
a more accurate representation of the state distribution using sequential sampling and resampling.
The use of particle filters can be used as a tool for tracking the time variations in the channel state
in wireless communications [17].

The recursive filtering framework can be extended to parameter estimation, sometimes referred

as system identification or machine learning, by writing a new state-space representation,

x[k + 1]
y[k]

x[k] + d[k] (1.3)
g (x[k], ulk]) + v[k] (14)

where x[k] corresponds to a stationary process with identity state transition matrix, driven by the
process noise d|[k], the output y[k] corresponds to a nonlinear observation of the parameter vector
x[k] and the input ufk], and the nonlinear mapping g(-) is parameterized by the vector x[k]. For
example, the nonlinear mapping can be represented by neural networks where the vector x is
the weights, with various applications in regression, classification, approximation, and dynamic
modeling. Learning (or training) of the neural networks corresponds to estimating the parameters
x, with a training set of known input-output pairs.

In this thesis, recurrent neural networks (RNNs) are employed for the design of adaptive non-
linear equalizers which compensate for the effects of ISI and noise. The RNNs are inherently
nonlinear dynamic systems and can be represented by state-space models that serve as the basis
for parameter estimation in the recursive filtering framework. The EKF and the UKF algorithms
are applied to training recurrent neural equalizers for both time-invariant and time-varying ISI
channels, over Gaussian or non-Gaussian noise environments. On the other hand, channel estima-
tion for MIMO wireless systems can be treated as a state estimation problem. With an iterative
receiver structure, adaptive filtering-based iterative channel estimation techniques are investigated
for narrowband MIMO wireless channels. Particle filtering is incorporated into the iterative re-
ceiver in order to estimate fast fading MIMO channels over both Gaussian and non-Gaussian noise

environments.
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1.3 Organization and Contributions

This thesis is organized as three major parts. First of all, Part I consists of two chapters, Chapter
2 and Chapter 3, in which some background and review are provided. Then, Part II consists of
two chapters, Chapter 4 and Chapter 5, in which we study adaptive neural equalization for single
transmit single receive (STSR) systems in ISI channels. We start this part by proposing a recurrent
neural equalizer trained with the EKF algorithms in Chapter 4. In order to deal with non-Gaussian
noise, we present a recurrent multilayer perceptron equalizer trained with the UKF algorithm in
Chapter 5. Finally, Part III consists of another two chapters, Chapter 6 and Chapter 7. We study
adaptive filtering-based iterative channel estimation in MIMO wireless communications in Chapter
6. Particle filtering-based channel tracking is proposed in Chapter 7.

The contributions of each chapter are as follows:

Chapter 2: This chapter presents an overview of recursive Bayesian filtering. This includes a
state-space system model, Bayesian estimation, and recursive filtering solutions, that are applied
throughout this thesis.

Chapter 3: This chapter gives an in-depth literature review and presents the fundamental
concepts of channel models, channel equalization and estimation techniques, and non-Gaussian
noise models for communication systems. Classification of training-based channel equalizers is
given in terms of types, structures and algorithms. For channel estimation, training-based and
semiblind estimation techniques are covered in detail. Moreover, an in-depth treatment of two
non-Gaussian noise models used to model practical communication channels is given.

Chapter 4: In Chapter 4, two versions of the EKF algorithm, the global EKF (GEKF) and
the decoupled EKF (DEKF), are investigated for the training of a decision-feedback recurrent
neural equalizer (DFRNE) using the fully connected recurrent network. Based on real-time recur-
rent learning (RTRL), the GEKF and the DEKF algorithms are developed for the complex-valued
DFRNE over dispersive Gaussian channels with nonlinear distortions. The main properties of the
EKF-trained DFRNE:s include a fast convergence, a lower bit error probability and a better time-
varying tracking ability, compared to the conventional RTRL-trained DFRNE. The DEKEF leads to
a computationally efficient implementation over the GEKF, without performance degradation.

The technical contributions of this chapter have been published in the following journal paper:
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e J. Choi, M. Bouchard, and T. H. Yeap, “Decision Feedback Recurrent Neural Equalization
with Fast Convergence Rate,” IEEE Transactions on Neural Networks, Vol. 16, No. 3, pp.
699-708, May 2005.

Chapter 5: In this chapter, an adaptive nonlinear equalizer using a recurrent multilayer per-
ceptron (RMLP) is presented to effectively compensate for non-Gaussian noise and ISI. The UKF
algorithm is employed to train the RMLP equalizer, offering more accurate approximations for
non-Gaussian noise than the EKF. The results demonstrate that the RMLP-UKF is a suitable solu-
tion for compensating the effects of nonlinear distortions and «a-stable impulsive noise channels.

The work of this chapter has been published in a conference paper and submitted to a journal

for publication:

e J. Choi, M. Bouchard, and T. H. Yeap, “Recurrent Neural Equalization for Communica-
tion Channels in Impulsive Noise Environments,” International Joint Conference on Neural
Networks (IJCNN), Montreal, Canada, July 31-August 4, 2005.

¢ J. Choi, M. Bouchard, and T. H. Yeap, “Adaptive Neural Equalization for Non-Gaussian
Channels in Digital Communication Systems,” Submitted to /[EEE Transactions on Neural

Networks (2nd round).

There are more technical contributions related to the work of this chapter. These include channel
equalization for Gaussian noise channels and nonlinear system modeling, based on recurrent neural

networks and the UKF algorithm. The results are not included in the thesis, but can be found in:

e J. Choi, M. Bouchard, T. H. Yeap and O. Kwon, “A Derivative-Free Kalman Filter for Pa-
rameter Estimation of Recurrent Neural Networks and Its Applications to Nonlinear Channel
Equalization,” Proceedings of Fourth International ICSC Symposium on Engineering of In-
telligent Systems (EIS), Madeira, Portugal, Feb 29 - Mar 2, 2004.

e J. Choi, T. H. Yeap and M. Bouchard, “Nonlinear State-Space Modeling using Recurrent
Multilayer Perceptrons with Unscented Kalman Filter,” Proceedings of IEEE International
Conference on Systems, Man and Cybernetics (SMC), pp. 3427-3432, The Hague, Nether-
lands, October 10-13, 2004.
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o J. Choi, T. H. Yeap, and M. Bouchard, “Online State-Space Modeling using Recurrent Mul-
tilayer Perceptrons with Unscented Kalman Filter,” Neural Processing Letters, Vol. 22, No.
1, pp. 69-84, August 2005.

Chapter 6: In this chapter, iterative channel estimation approaches combined with turbo-
BLAST, which is a promising iterative MIMO receiver, are investigated over block Rayleigh fad-
ing channels. On the framework of semiblind channel estimation, both snapshot approaches and
adaptive filtering approaches are used as iterative MIMO channel estimators. A finding through
experiments is that iterative channel estimation performed with hard-decision feedback from the
decoder achieves more accurate channel estimates and better performance gain than their counter-
part with soft-decision feedback. In the iterative strategy making use of the entire received data
for estimating the channel, we find that adaptive filters (LMS, RLS and KF) can be used for a
computationally efficient implementation of channel estimation, avoiding the matrix inversion of
snapshot approaches.

Part of the technical contributions have been published as a conference paper:

¢ J. Choi, M. Bouchard, and T. H. Yeap, “Adaptive Filtering-Based Iterative Channel Estima-
tion for MIMO Wireless Communications,” Proceedings of IEEE International Symposium

on Circuits and Systems (ISCAS), Kobe, Japan, May 23-26, 2005.

Chapter 7: Particle filtering techniques are exploited in order to iteratively track time-varying
MIMO channels. The turbo-BLAST receiver with the inclusion of two particle filters for channel
tracking, the sampling importance resampling (SIR) and the gradient proposal particle filter (GPF),
achieves an improved performance in both bit error rate and channel estimation errors, compared
to the static receiver with no channel tracking in fast fading environments. In particular, the use of
the GPF algorithm leads to overcoming the error floor phenomenon over non-Gaussian noise.

Part of the results have been submitted to:

e J. Choi, M. Bouchard, and T. H. Yeap, “Iterative Channel Tracking using Particle Filtering

for MIMO Wireless Communications,” In preparation for publication.

Chapter 8: In this chapter, the main results undertaken in this thesis are summarized and

discussed, and possible directions for further research are presented.
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Chapter 2

Recursive Bayesian Filtering

2.1 State-Space Model

We concentrate on a probabilistic estimation (or inference) problem with a discrete-time formula-
tion of the systems. A framework for estimation of the state of a discrete-time dynamic system is
built on a generic state-space model of the system. In this thesis we consider a dynamic state-space
model (DSSM), which can be described by a graphical representation as in Fig. 2.1. To make es-
timation about a dynamic system, two models are needed: the system model and the measurement
model. The system model is a model describing the evolution of the state with time, whereas the
measurement model is a model relating the noisy measurement to the state. The DSSM consists of

two equations

x[k + 1] fi. (x[k], ulk], d[k]) (2.1)
Y[k] = Bk (X[k], u[k]’ V[kl) (2.2)

which describe the process (or state) and measurement (or observation) equations, respectively.
In the DSSM above, x[k] represents the unobserved state vector of the system, u[k] is a known
exogeneous input vector that is often provided to process or measurement, or both equations, and
y[k] is the observed measurement vector. d[k] and v[k] are the process and measurement noise
vector, respectively, with a known variance. The system functions fi(-) and gi(-) are two generic
vector-valued (or matrix) functions, which are potentially time-varying. The analytical forms of

the functions fi(-) and gi(-) are assumed to be known. We also assume that the initial probability
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density of the state p(x[0])! is known. The state transition density p(x[k + 1]|x[k]) is specified by
the state transition function fy(-) and the process noise distribution p(d[k]), whereas the likelihood
(or measurement density) p(y[k]|x[k]) is fully specified by the measurement function gy (-) and
the measurement noise distribution p(v[k]).

To sum up, the model is described by

p(x[0))
p(x[k]|x[k — 1]) for k> 1
p(ylk][x[k]) for k > 1.

The DSSM provides a basic framework for algorithmic forms of probabilistic inference, i.e. state
estimation, parameter estimation and dual estimation. In what follows, we denote the signals and

measurements up to time k as, respectively

x[0:k] = {x[0],x[1],...,x[k]}
ylt: k] = {y{t];y[2],....y[*]}.

Input
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Fig. 2.1 Graphical representation of a dynamic state-space model.

1For simplicity, we express discrete probability distributions using p(x[k]) instead of Pr(X[k] = x[k]), where we
use x[k] to denote both the random variable and its realization.
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2.2 Bayesian Estimation

The objective of the estimation procedure is to gather information about the value of the state
x[k], given a set of all available measurements y[1 : k] up to time k. The Bayesian estimation
approach provides an elegant and consistent method of dealing with uncertainties. In a Bayesian
framework, our aim is to estimate recursively in time the posterior distribution p(x[0 : k]|y[1 : k]),
its associated features (including the marginal distribution p(x[k]|y[1 : k]), known as the filtering

distribution), and the expectations

E(f) = Exxompyiap {f (%[0 : K])} = / F(x[0: K])p(x[0: K][y[1 : k])dx[0 : k] 2.3)

where f(x[0 : k]) is a function of interest, which is integrable with respect to p(x[0 : k]|y[L : &]).
Examples of the function f(x[0 : k]) include the conditional mean or the conditional covariance.

The Bayesian filtering problem is to calculate p(x[k]|y[l : n]) for n = k, i.e. to find the
minimum mean-square error (MMSE) estimate of the state x[k], given the measurements up to
time k. The related problems of evaluating p(x[k]|y[l : n]) is called prediction if n < k and
smoothing if n > k.

The posterior distribution at time & is given by Bayes’ theorem

ply[L : k]|x[0 : k])p(x[0 : k])
p(y[1: k)

p(x[0: K]ly[l : k]) = 24

which reflects all the information about the state of the system x[0 : k], conditioned in the mea-
surements y[1 : k], and the prior density p(x[0 : k]). Taking into account that the measurements
up to time k are independent given x[0 : k|, the likelihood p(y[1 : k}|x[0 : k]) in (2.4) can be

factorized as

k

p(y[l: k][x[0: k) = Hp(y[i]lx[O:k]) @2.5)
k

= Hp(y[z‘]lx[i])- 2.6)

Equation (2.6) reflects that the measurement y[4] is independent of the states at all other times since
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it is conditional on x[z]. Furthermore, because the state equation (2.1) satisfies a Markov chain, the

prior density p(x[0 : k]) can be as follows:

k

p(x[0: k) = p(x[0]) [ ] plx[d]Ix[ - 1]). 27

i=1

By applying (2.6) and (2.7) to (2.4), the posterior density can then be as follows:

p(x[0]) ITi; p(y )= p(x (] x[i — 1))
p(y[1:k])

p(x[0: k]|ly[l: k]) = . (2.8)

The posterior filtering density of interest p(x[k]|y[l : k]) can be obtained by marginalization
of (2.8). However, the dimension of the integration grows as k increases. This can be avoided by
using a recursion procedure. It is possible to obtain straightforwardly a recursive formula for the

joint probability density p(x[0 : k]|y[L : k]) from (2.8),

yk]Ix[kD)p(x[k]Ix[k — 1])

. HY (0 F Y
p(x[0: k]|y[1: k]) = p(x[0: & — 1]|y[1: &k — 1]) PRIV & = 1))

(2.9)

The posterior (marginal) density p(x[k}|y[l : k]) can be obtained recursively in two stages, called
prediction and update [18]. In the following the detailed recursion is presented under the two
assumptions: 1) The states follows a first-order Markov process p(x[k}|x[0 : k—1]) = p(x[k]|x[k—

1]); and 2) The measurements are independent of the given states.

Prediction Stage:

In the prediction stage, the filtering density p(x[k]|y[l : k — 1]) is propagated into the future
by the transition density p(x[k — 1]|x[1 : k — 1]) and it is obtained as follows:

p(x[klly[t: k—1]) = /p(x[k]|x{k —1Pp(xk - 1ly[l - & - 1))dx[k - 1].  (2.10)

This relation is also referred to as the Chapman-Kolmogorov equation. The transition density
p(x[k]|x[k — 1]) is defined in terms of the probabilistic model governing the state’s evolution

and the process noise statistics.

Update Stage:
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From Bayes’ rule, the marginal density becomes

p(y[1 : k]|x[k])p(x[k])

p(y[l: &])
p(ylkl, y[1 : k — 1]|x[k])p(x[k])

p(y[k],y[l: k—1])
p(ylklly[1 : & — 1}, x[k])p(y[1 : k — 1]|x[k])p(x[K])

p(ylklly[l: k= 1)p(y[l : k —1])
p(ylklly[L : & — 1], x[k])p(x[k]|y[1 : & — 1])p(y[1 : k — 1])p(x[k])
p(y[klly[l: k& — 1])p(y[1 : k= 1])p(x[k])

p(y[k]|x[k)p(x[k]ly[L : k — 1])

p(x[klly(L: k]) =

T PO k-1 R
where the normalizing constant
p(y[klly[l: k= 1]) = / p(y[k]Ix[k])p(x[k]ly[L : & — 1])dx[k]. (2.12)

In summary, the recursion is described by three terms: the prior density p(x[k]|y[1 : k—1]), the
likelihood p(y[k]|x[k]), and the evidence p(y[k]|y[1 : kK — 1]). Calculation of the three terms is the
fundamentals of Bayesian filtering and inference. Fig. 2.2 illustrates how to recursively estimate

the posterior filtering density in two stages.

px[kl|y[1:k-1])

(PRED|CT|ON STAGE A (" UPDATE STAGE A M
easurement
- f—
Process Noise _ Process Equation - Measurement Equation ylk]
dik-1] plylklixk]) Measurement
px[kljx(k-1])
~+—— Noise
- Bayes' Rule v[k]
- J \_ _J

k=k+1
f p(x[kl|y[1:k])

Fig. 2.2 Prediction and update stages in the recursion.
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2.3 Recursive Filtering Solutions

The recursive expressions in (2.10) and (2.11) are deceptively simple because the integrals involved
are usually intractable. Because the requirement of evaluating complex high-dimensional integrals,
one can not typically compute the marginal densities of the posterior density p(x[0 : k||y[1 : &]),
the normalizing constant p(y[k]|y[1 : k]) and the expectations E(f), except for several special
cases. This is why, from the mid-1960s, a great number of different approaches and filters have
been devoted to obtaining approximations for these distributions. These approximations include
the Kalman filters, the mixture model (e.g., Gaussian-sum filter), grid-based methods, and sequen-
tial Monte Carlo integration methods. In particular, due to the limitation of computational power
available in the 1960s, sequential Monte Carlo methods were overlooked and forgotten. In the late
of 1980s, the great increase of computational power made rapid advances possible in sequential
Monte Carlo methods for recursive Bayesian filtering. In the following subsections, we introduce

some of these approximations for recursive Bayesian filtering.

2.3.1 Linear Gaussian Approximation: Kalman Filter

Since the optimal recursive Bayesian solution, requiring the propagation of the full posterior den-
sity, does not put any restriction on the form of the posterior density, it can not generally be de-
scribed by a finite number of parameters. Therefore, any practical estimator has to make some
form of approximating assumptions with regard to the shape of the posterior density and the form
of the Bayesian recursion. A group of Gaussian approximate solutions is based on the Kalman
filter framework [19].

The recursion in (2.10) and (2.11) can be solved by the celebrated Kalman filter [19], which is
the closed-form recursive solution of Bayesian estimation for linear, Gaussian systems. If a DSSM
is linear, with uncorrelated system and measurement Gaussian noise and a Gaussian prior density,

it is of the following form:

xlk+1] = Flk+1,kx[k] + d[k] (2.13)
yik] = Gk]x[k] + v[K] (2.14)
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where F[k + 1, k] is the transition matrix taking the state x[k] from time k to k + 1 and G[k]
is the measurement matrix. The covariance matrices of the process and measurement noise are

respectively defined by

E{d[n]d" [K]}
E{vinlv"[k]}

onkQlk) (2.15)
suR[K], Vn, k (2.16)

where the process noise d[k] is uncorrelated with the measurement noise v[k], i.e. £{d[n]vT[k]} =
0. Eventually, the prior probability density p(x[k]|y[l : £—1]) and the posterior probability density
p(x[k]|y[1 : k]) at time k are Gaussian random variables. We may denote the mean and covariance
of the prior Gaussian density p(x[k]|y[1 : k — 1]) by %~ [k] and P~[k], and denote the mean and
covariance of the posterior Gaussian density p(x[k]|y[1 : k]) by X[k] and P|[k], respectively.

The Kalman filter is the optimal Gaussian approximate linear Bayesian update, which is called
the Kalman update for short, of the conditional (posterior) mean of the state and its (posterior)

covariance. The recursive form is as follows:

X[kl = 7K+ K[K|(y[k] - 97 [k]) (2.17)
PlE] = E{(x[k] — %[k])(x[k] — x[k])"}
= (I-KI[K|GK])P~[K] (2.18)

where the error between the true measurement and the predicted measurement, y(k] = y[k] —

y~[k], is called the innovation. The optimal terms in this recursion are given by

x7[k] = Flk,k—1%"[k—1] (2.19)
Ik = Gk [K] (2.20)
P-[k] = Flk,k—1)Plk—-1FTlk, k-1 + Qlk — 1] (2.21)
Klk] = P [k|GTk|(G[k]P~[k]GT[K] + R[k]) . (2.22)

The prior estimate X~ [k] is the optimal prediction of the state x[k] and is defined in terms of

the “old” posterior estimate. Similarly y~{k] is the optimal prediction of y[k]. The posterior
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covariance P~ [k] is dependent on the “old” posterior covariance matrix P[k — 1]. Lastly, K[k] is
called the optimal Kalman gain.

The expectations, which requires for evaluation of the covariance terms, can in general be
calculated exactly in an analytical sense for a linear DSSM and Gaussian random noises. In fact,
under these linear and Gaussian assumptions the Kalman filter is an exact solution of the optimal

Bayesian recursion. The recursive algorithm of the Kalman filter is summarized in Table 2.1.

Table 2.1 Description of the Kalman filter.

1. Initialization
Atk =0, set:
x[0] = £{x[0]},
P[0] = £{(x[0] — %[0])(x[0] — X[0])7}.
2. Computation
Fork =1,2,..., perform the computations:
o Time Updates (Prediction Step)
- State estimation propagation: Equation (2.19).
- Error covariance propagation: Equation (2.21).
o Measurement Updates (Correction Step)
- Kalman gain matrix: Equation (2.22).
- State estimate update: Equation (2.17).
- Error covariance update: Equation (2.18).

2.3.2 Nonlinear Gaussian Approximation: Extended Kalman Filter

For a linear Gaussian DSSM, the linear transformation of a Gaussian random variable remains
Gaussian, and it is implicit due to the fact that all of the higher order (> 1) derivatives of g;, equate
to zero. However, for a nonlinear Gaussian DSSM, we may extend the use of Kalman filtering
through a linearization procedure. The resulting filter is called the extended Kalman filter (EKF).

Let us consider a nonlinear system described by the following DSSM

xk+1] = f(x[k]) + d[¥] 2.23)
y k] gk (x[k]) + v[k] (2.24)
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where the functions fy(x[k]) and gx(x[k]) denote a nonlinear transition matrix and a nonlinear
measurement matrix that may be time-varying, respectively.

The basic idea of the EKF is to linearize the model of equations (2.23) and (2.24) around the
current state estimate using a first-order truncation of the multidimensional Taylor-series expan-

sion. The approximation proceeds in two stages [12].

Stage 1: Evaluate the Jacobian of the nonlinear functions

The two matrices are conducted as follow

Flk+1,k = 6%(") (2.25)
X Ix=x[K

Glk] = agg)((x) " (2.26)
x=x"[k

The entries of the matrices F[k + 1, k] and G[k] are computable and all known, since %X[k]

and X~ [k] are available at time k.

Stage 2: Approximate the nonlinear functions
Once the two matrices are evaluated, they are then employed in a first-order Taylor approxi-
mation of the nonlinear functions f;(x[k]) and g (x[k]) around X[k] and X~ [k], respectively.

The resulting approximations of the two nonlinear functions are as follows

fi(x[k]) = fi(x[k]) + Flk+ 1, k](x[k] — x[k]) (2.27)
gr(x[k]) ~ gp(X7[k]) + G[k](x[k] — X~ [K]). (2.28)

With the above approximations at hand, the nonlinear DSSM of (2.23) and (2.24) are approxi-

mated as follows

x(k+1] =~ Flk+1,k|x[k] + d[k] + &[] (2.29)
y (k] Glk]x[k] + v[k] (2.30)

Q
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where the two quantities introduced are

ylk] = ylk] - (gu(*7[k]) — G[K]x"[k]) (2.31)
Ek] = fu(x[k]) — Flk + 1, kJ%[K]. (2.32)

In the above equations, y[k| can be regarded as an observation vector because the entries in the
term ¥ [k] are all known at time k. Likewise, the entries in the term £[k] are also all known at time
k. In the linear case, y[k] = y[k] and £[k] = O.

Applying the Kalman filter to these approximations gives the following EKF recursion:

x[k] = %x7[k] + K[k|(y[k] — gr(x"[k])) (2.33)
Plk] = (I-K[Gk])P[K]. 2.34)

The optimal terms in this recursion are given by

k] = fi&[k-1)) (2.35)
yolk] = ee(x7[k]) (2.36)
P~ [k] = F[kk— 1Pk - 1F [k, k- 1]+ Q[k - 1] (2.37)
K[k] = P [k|GT[k](G[k]P~[k]GT[k] + R[k])L. (2.38)

In Table 2.2, we present a summary of the EKF algorithm.

The linearization method employed in the EKF does not take into account the fact that the state
x is a random variable with inherent uncertainty. Therefore, the approximations often introduce
large errors in the posterior mean and covariance of the transformed Gaussian random variable,
which may lead to suboptimal performance and sometimes divergence of the filter. Furthermore,
the EKF approximates p(x[k]|y[l : k]) to be Gaussian. When the true density is non-Gaussian

such as when it is bimodal or heavily skewed, a Gaussian approximation can not describe it well.
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Table 2.2 Description of the extended Kalman filter.

1. Initialization
Atk = 0, set:
x[0] = £{x[0]},
P[0] = £{(x[0] — %[0])(x[0] — %[0])"}.
2. Computation
Fork =1,2,..., perform the computations:
e Time Updates (Prediction Step)
- State estimation propagation: Equation (2.35).
- Error covariance propagation: Equation (2.37).
e Measurement Updates (Correction Step)
- Kalman gain matrix: Equation (2.38).
- State estimate update: Equation (2.33).
- Error covariance update: Equation (2.34).

2.3.3 Derivative-Free Estimation: Unscented Kalman Filter

Two major flaws in the EKF recursion applied to general nonlinear DSSMs need to be addressed.
First, the probabilistic spread of the state and noise random variables, as captured by the covari-
ance, plays an important role in the validity of the EKF’s first-order approximation. However, it
is completely disregarded during the linearization process. Next, due to the first-order accuracy of
the propagated means and covariances, the posterior mean estimate is clearly biased and the pos-
terior covariance estimate is highly inaccurate and inconsistent. Some related algorithms [13],{20]
have recently been proposed. These algorithms address the issues mentioned above by making
use of novel deterministic sampling approaches that circumvent the need to compute analytical
derivatives, such as the Jacobians of the DSSMs needed by the EKF. It turns out that these algo-
rithms, collectively called derivative-free or sigma-point Kalman filters, are related through the
implicit use of statistical linear regression [21] to compute the optimal terms in the Kalman update
of (2.17).

Weighted statistical linear regression provides a solution to the problem of linearizing a nonlin-
ear function of a random variable, which takes into account the actual uncertainty (i.e. probabilistic

spread) of the random variable. This leads to linearizing the nonlinear function through a linear re-



2 Recursive Bayesian Filtering 21

gression between multiple points drawn from the prior distribution of the random variable, instead
of linearizing the function through a truncated Taylor-series expansion at a single point which is
usually taken from the mean value. Since this statistical approximation technique takes into ac-
count the statistical properties of the prior random variable, the resulting expected linearization
error tends to be smaller than that of a first-order Taylor-series linearization.

The unscented Kalman filter (UKF) [13],[14] is a sigma-point Kalman filter that derives the
location of the sigma-points as well as their corresponding weights, and is a new MMSE state
estimator for a nonlinear DSSM. Basic to formulating the UKF is the unscented transformation
[13]. The UKF formalism chooses 2L + 1 sigma (or regression) points ¥; in state space with their

associated weights W;(i = 1, ..., L), where L is the dimension of the state x,

x[k], 1=0
xi = { X[k]+K/(L+NPK);, i=1,...,L (2.39)
x[k] = /(L + NP[k])i—r, 1=L+1,...,2L
. i =0
W = { oy (2.40)
2T’ ’1,21,2,...,2[4
where (1/(L + A)P[k]); is the ith column of the matrix square root, e.g. lower-triangular Cholesky
factorization, and ) is a degree of freedom in the choice of the sigma points ;. The sample set is

chosen to have the same mean and covariance as the distribution of x[k]

X[k] = ZWiXi[k] (2.41)
Pk] = ZWi(xi[k] — %[k]) (xalk] — %[k])T. (2.42)

A set of the sigma points is represented as

x[k] = [x[k] %[k] + (V(L+NP[K]) %[k] - (v/(L + A)P[])]. (2.43)

Keeping in mind the nonlinear DSSM of (2.23) and (2.24), we may write the time-update

equations, based on the sigma points and accounting for the effects of system dynamics, as follows
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[15]:
xlklk =1 = fi(x[k-1]) (2.44)
Kkl = ) Woxilklk - 1] (2.45)
2L
Pkl = 3 Wilxlklk — 1] — %K) (ulklk — 1] - (k)T + QlK]  (246)
V-1 = grlx[klk—1) (2.47)
Yk = Widilklk - 1]. (2.48)

The measurement-update equations, accounting for the effects of observations, are as follows [15]:

Pyulk] = > WiQilkle - 1] -y~ [)Qilklk — 1] 3" K)T +RIK] (249

Py lk] = Z Wi(xilklk — 1] = X~ [k])(Vilk[k — 1] — 7 [k])T (2.50)
K[k] = ;zy[k]Py—;[k] (2.51)
xk] = x7[k] + K[k](y[k] - y7[K]) (2.52)
Plk] = P~[k] - K[k]P,, [x]K (K] (2.53)

where the last three equations follow from the Kalman filter theory. The UKF is a straightforward
extension of the unscented transformation, as summarized in Table 2.3.

Restating a point mentioned earlier, the UKF is a derivative-free estimator, in that, by using
multiple forward propagations, the need for explicit computation of Jacobians is avoided. Clearly,
it is an advantage over the EKF. In general, the computational complexity of the UKF is O(L?),
but under special conditions (e.g. parameter estimation, including the training of neural networks),

the complexity can be reduced to be O(L?) [15],[22].
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Table 2.3 Description of the unscented Kalman filter.

1. Initialization
Atk =0, set:
x[0] = £{x[0]},
P[0] = £{(x[0] — %[0])(x[0] — %[0])"}.
2. Computation
Fork =1,2,..., perform the computations:
e Sigma Points: Equations (2.39) to (2.43).
o Time Updates (Prediction Step): Equations (2.44) to (2.48).
o Measurement Updates (Correction Step): Equations (2.49) to (2.53).

2.3.4 Sequential Monte Carlo Methods

Sequential Monte Carlo (SMC) methods are simulation-based methods which provide a conve-
nient and attractive approach to computing the posterior distributions. SMC methods are flexible,
easy to implement, parallelizible and applicable in very general settings. Since the proposal of
the so-called bootstrap filter [23],[24] has been developed, the SMC methods have received great
attention. Several closely related algorithms have been found in different research fields, under
the names of bootstrap filter, condensation, particle filters, Monte Carlo filters, interacting particle

approximations and survival of the fittest [16].

Monte Carlo Sampling

Monte Carlo (MC) methods are used to approximate the intractable integrals appearing in (2.10)
and (2.11), when one has a large number of samples drawn from the required posterior distribu-
tions. The idea is to simulate /V independent and identically distributed (i.i.d.) random samples,
also named particles, {x*{0 : k]}; according to p(x[0 : k]|y[1 : k]). An empirical estimate of the

distribution is
N

p(x[0: K]|y[1: k]) = % > 6 (x[0: k] —x'[0: &]) (2.54)

i=1
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where ¢ (x[0 : k] — x*[0 : k]) denotes the Dirac delta function. The expectation of any function

f(-) of x[0 : k] can be obtained straightforwardly by the corresponding integrals as follows:
E() = Exwonisaan (F0: )} = [ 705 K)pw(x(0: Klly [t K)ax(0 &
1,
= 5 Z f(x'[0:k]). (2.55)
i=1

This estimate is unbiased with variance proportional to 1/N for the finite variance of f(x[0 : k]).

From the strong law of large numbers,

E(f) =7, E() (2.56)

where — denotes almost sure convergence. The advantage of this perfect MC sampling is clear.
From the set of random samples {x‘[0 : k]}¥ ,, one easily estimates any quantity E(f) and the rate
of convergence of this estimate is independent of the dimension of the integrand. Unfortunately,
this is usually not the case with the posterior density p(x[0 : k]|y[l : k]) being multivariable,
non-standard and typically only known up to a normalizing constant. In applied statistics, Markov
chain Monte Carlo (MCMC) methods are a popular approach to sampling from such complex prob-
ability distributions. MCMC methods, however, are iterative methods unappropriate to recursive

estimation problems. Therefore, alternative approaches have been developed.

Importance Sampling

An alternative solution is to use the importance sampling. With introducing another arbitrary
probability distribution ¢(x[0 : k]|y[1 : k]), the so-called importance sampling distribution?, the

estimate of the function f(x[0 : k]) can be represented as

p(x[0: K]ly[L : k)
q(x[0: K]ly[1 : &])

21t is often referred to as the proposal distribution or the importance function.

B(f) = [ £x0: K) ax[0: Hly[l: )dx0: /] @57)
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defining the importance weight as:

p(x[0: k][y[1: k])
q(x[0: K]|y[1 : k)’

and applying the Bayes’ theorem to (2.57), we get the following

w(x[0: k]) = (2.58)

B = [ sodos iy I B o iy axio:

= oy S0 RDu(Ra(x(0 : Kly(s  K)ax(o K
J F(x[0: kw(k)q(x[0 : K]ly[L : k])dx[0 : k]
Jp(y[1: KlIx[0 : K])p(x[0 : k]) ZEHMRdx(0 : k]

J F(x[0 : k)w(k)g(x[0 : k]|y[1 : &])dx[0 : k]
Jw(k)g(x[0: K][y[1: k])dx[0 : k]

(2.59)

where w(k) is called the unnormalized importance weights

wik) = PYLL: FIIX(0 : E)p([0 : K])
q(x[0: K]ly[1: k)

(2.60)

By simulating NV i.i.d. samples {x’[0 : k]}¥, according to ¢(x[0 : k]|y[1 : k]), the estimate of
E(f) can be approximated by

LS N £(xi0 : K)w N ) :
() = 2t LB S a0 o @s6n

where x*[0 : k] denotes samples (or particles) drawn from g(x[0 : k]jy[1 : k]) and @'[k] is the
normalized importance weights
w'(k]

W' [k] = =N

—_—, =1,2,...,N. (2.62)
> =1 wilk]

For N finite, the estimate £(f) is biased because it involves a ratio of two estimates. However,
under weak assumptions, the strong law of large numbers in (2.56) applies. Under the additional
assumptions, a central limit theorem with a convergence rate still independent of the dimension

and the integrand holds [25]. It means clearly that the integration method can be interpreted as
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a simulation-based method for sampling, where the estimate of the posterior distribution p(x[0 :

K]|y[1 : k]) is approximated by
N
P[0 : K]|ly[1: k]) = Z W'[k]8 (x[0 : k] — x'[0: K]). (2.63)

The perfect MC sampling corresponds to w'[k] = 1/N and q(x[0 : &]|y[1 : k]) = p(x[0 : k]|y[L :

Sequential Importance Sampling

Importance sampling is a general MC integration method, but it is a batch method inadequate for
recursive estimation. To obtain the estimate of p(x[0 : k]|y[l : k]) sequentially, one needs to
propagate p(x[0 : k]|y[1 : k]) in time, without modifying the past simulated states {x*[0 : k]}}¥,.
This means that, admitting ¢(x[0 : £ — 1]|y[1l : £ — 1]) as the marginal distribution at time k& — 1,

the importance function can be expanded as
qGx[0: Klly[L: k) = g(x[0: k- Uly[L : k — )a(xk]|x[0: k — 1], y[1: k])
k
= q(x(0]) [T aCxfilix(0 i = 1,y : 4]). (2.64)

We can see that a recursive expression for the importance weights can be derived by using the

above equations. Indeed, we get the modified weights as follows

p(y[klix'[K]) p(x* k] [k — 1])
g (xi[k][x’[0: k= 1], y[1: £])’

wilk] oc wilk — 1] =1,2,...,N (2.65)

which underlies the basic principle of the sequential importance sampling (SIS) particle filter. The

posterior filtering density p(x[k]|y[1 : k]) can be approximated by

POcRly (L« k]) =D @[k]8 (x[k] — x°[K]) . (2.66)

This point-mass estimate can approximate any general distribution arbitrarily well, limited only by

the number of particles used and how well the above mentioned importance sampling conditions
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are met. This SIS algorithm provides a foundation of particle filtering based on MC simulation.
The computational complexity of the SIS algorithm is O(N), with its greatest advantage being
its parallel implementation. The memory requirement is O((k + 1)NV), as it is necessary to keep
all the simulated trajectories. However, when we only need to estimate the filtering distribution
p(x[k]|y[1 : k] and when the chosen importance distribution is not dependent on the past samples

{x'[0: k — 2]}X,, the memory requirement becomes O(N).

Particle Filtering

The SIS particle filter discussed so far has a serious limitation: the variance of the importance
weights increases stochastically as k increases. Typically, after a few iterations, only one particle
has a non-zero importance weight, while the remaining weights tend to zero [26]. A large number
of samples are therefore effectively removed from the sample set since their importance weights
become numerically insignificant. This phenomenon is often referred to as weight degeneracy or
sample impoverishment. It is not possible to avoid this degeneracy phenomenon. To monitor the
degeneracy, a suggested measure, effective sample size, was introduced [25],[26]. To reduce de-
generacy problem’s undesirable effect, the brutal force approach is to use a very large N. However,
this is often impractical. Other methods, such as a good choice of importance density [27] and the
use of resampling, have been proposed to remedy the problem.

A resampling (or selection) stage may be used to eliminate samples with low importance
weights and multiply samples with high importance weights [28]. Various authors have described
efficient algorithms for accomplishing this task in O(N) operations [27],[29]. However, because
resampling replaces the particles with high importance weights with many replicates, it also intro-
duces certain correlations within them, in particular when there are only a few dominant weights.
The problem is known as the loss of diversity. To improve this problem, Markov chain Monte
Carlo (MCMC) techniques are helpful [30]. The implementation of a generic particle filter is sum-
marized in Table 2.4. More details for particle filtering algorithms can be referred to [16],[31] and
[32].
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Table 2.4 A generic particle filtering algorithm.

Initialization
Atk =0
eFori=1,...,N,
- Draw samples (or particles) x*[0] ~ p(x[0]).
-Setw'[0] =1land k = 1.
Importance Sampling Step
Fork=1,2,...
eFori=1,...,N,
- Sample x*[k] ~ q(x[k]|x*[0 : k£ — 1], y[1 : k]).
- Set x*[0 : k] = (x*[0 : k — 1], x'[k]).
eFor:=1,...,N,
- Evaluate the importance weights w'{k] according to (2.65).
eFori=1,...,N,
- Normalize the importance weights w*[k] according to (2.62).
Resampling (Selection) Step
e Multiply/suppress samples x*[k] with high/low importance weights " [k],
respectively, to obtain NV random samples approximately distributed according
to p(x[K]ly[1 : k).
eFori=1,... N,
- Set w'lk] = wi[k] = 1/N.
¢ (Optional) Do a single MCMC move-step to add further ‘variety’ to the particle
set without changing their distribution.
Output
¢ The output of the algorithm is a set of samples that can be used to approximate
the posterior distribution as in (2.66).
¢ From these samples, any estimate of the system state can be calculated, such as
the MMSE estimate,
x[k] ~ 3.1, @ [K]x'[k].
e Setk =k + 1 and go to Step 2.
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Chapter 3

Channel Equalization, Estimation, And
Non-Gaussian Noise

In this chapter, we review the literature and provide an overview of channel models, equaliza-
tion, and estimation as well as non-Gaussian noise in communication systems. In Section 3.1 we
present the relevant channel models in terms of a finite impulse response (FIR) filter, including
time-invariant and time-varying models. Multiple-input multiple-output (MIMO) channel models
are also briefly discussed. In Section 3.2 we first classify channel equalization methods and an
overview for typical equalization schemes are given, such as linear, nonlinear, and neural network
equalizers. Training algorithms used in equalization are also discussed. In the last subsection
turbo equalization, which is receiving great attention nowadays, is covered. Channel estimation
techniques are described in Section 3.3. The main topics covered are training-based channel esti-
mation and semiblind channel estimation based on both snapshot approaches and adaptive filtering-
based approaches. Iterative channel estimation methods combined with iterative (turbo) receivers
are included. Channel estimation in MIMO wireless systems is reviewed. In particular, MIMO
channel tracking using Bayesian filtering is introduced. In Section 3.4, we deal with two non-
Gaussian noise models: Gaussian mixture models and «-stable models, which are commonly used

as ambient noise models in communication systems.
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3.1 Communication Channels

Practical channel models are used to characterize the wireline and wireless communications. Let
us consider a baseband description of a wireless communication system. The symbol sequence s|:]
is filtered by the transmit filter grx(t), distorted by the physical channel gcg(t; 7), corrupted by
additive noise n(t), and finally filtered by the receive filter grx(t). The received baseband signal

r(t) can then be written as

r(t)= Y glt;t —iTy)s[i] + n(t) (3.1)
where T} is the symbol period, and n(t) = grx(t) * z(t) where z(t) represents the additive white

Gaussian noise (AWGN) signal, and g(¢; 7) is the composite channel given by [33]
oo o0
g(t;7) = / / grx(z)grx (T — 0 — z)gcu(t — x; 0)dzds. (3.2)

Symbol rate sampling, i.e., sampling at rate 1/7, is an option, but when the channel bandwidth
is larger than 1/(2T5), the rate 1/T; is lower than the Nyquist rate. This causes aliasing, which
deteriorates the performance. Fractional sampling, i.e., rate Ty/T, with Ty > 1, can solve this
problem [34]. However, the performance will not increase much when increasing T beyond Ty =
2, because the channel bandwidth is never significantly larger than 1/7%.

If the continuous-time signal r(t) is sampled once every T section, i.e., baud rate sampling,

we obtain the discrete-time sequence

x

rlk] := r(®)le=kr, = D slilblk;k — il +n[k] = > hlk;ilslk —1] +nlk]  (3.3)

i=—00 t=—00

where h[k; 1] is the effective channel response at time & to a unit input at time k — 4. For a causal
system, h[k;i] = 0 for i < O(Vk).
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3.1.1 Time-Invariant Filter Channel Model

The channel model in (3.2) has a complex structure and contains a large number of parameters,
which cause a major problem when trying to estimate the channel. Therefore, we look at a limited
time window ¢t € (0, K'T), which corresponds to k € {0,1,..., K — 1}. A channel is said to be
time-invariant if the channel time variation over K T is negligible. Assuming that each composite

channel satisfies g(t; 7) = 0 for 7 ¢ [0, LT}, each time-invariant channel can be modeled by

L-1
hlk;v] =Y 8lv — i)k (3.4)
1=0

which is the most common channel model, called the finite impulse response (FIR) filter channel.
The FIR filter channel, which is a practical channel model, is well structured and contains a small
number of parameters. As shown in Fig. 3.1, when sampled at the baud rate, the channel model

can be represented as

L-1 L-1
rlk] = Z hislk — i) + n[k] = z hli]slk — 3] + n[k] (3.5)

where h; = h[i] = h[0;4] is the time-invariant channel response with length L, and {s[k]} is the

sequence of transmitted symbols.

- s[k-L+]

n[k]

r[k]

Fig. 3.1 FIR filter channel model with ISL.
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3.1.2 Time-Varying Channels

In order to describe the dynamics of time-varying channels, we may introduce the statistical char-
acteristics of the channel. The autocorrelation properties of each independent path are governed
by [35]

R[r] = E{R[k]p"[k — 7]} = Jo(27 fp7) (3.6)

where Jj is the zero-order Bessel function of the first kind, 7 is the time difference, and fp denotes
the Doppler frequency representing the relative motion between the transmitter and the receiver.
It shows how fast the channel relies on the carrier frequency (f.) and mobile speed (v), illustrated
by fp = (vf:)/c where c is the speed of light. The dynamics of a wide-sense stationary (WSS)
channel are modeled as an autoregressive (AR) model of order p. A third-order AR process can
accurately model the channel dynamics [36]. However, information-theoretic results have demon-
strated that a first-order Markovian approximation turns out to be sufficient to model the Rayleigh
narrowband time-varying channel [37].

A channel is said to be time-varying if the channel time variation over KT is not negligible.
Assuming that each composite channel satisfies g(t; 7) = 0 for 7 ¢ [0, LT, the time-varying FIR

input-output relationship can be written as

rik] = Z_: hi[k]s[k — i) + n[k]. (3.7)

Suppose that hlk; 3] = h[k]d[i—0] where §[¢ —0] is the Kronecker delta located at 0, i.e., §[i— 0} = 1
for i = 0 and §[¢ — 0] = O for ¢ # 0. Then we have a time-selective and frequency-nonselective

channel model whose output is given by
rlk] = hlk]s[k] + n[k]. (3.8)
A time-nonselective and frequency-nonselective channel is modeled as
(k] = hs[k] + n[k] 3.9

where h is a random variable or a constant. Time-varying channel coefficients can be modeled by
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means of a second-order Markov model [38] and a basis extension model (BEM) [39].

3.1.3 MIMO Channel Models

We briefly describe sampled signal models of multiple-input and multiple-output (MIMO) links. A

comprehensive overview of MIMO channel models can be referred to [40] and references therein.

Receiver

¢c>

—>| Transmitter

Fig. 3.2 MIMO wireless link.

Frequency-Flat Channel

Consider a MIMO setup with M transmit and Mg receive antennas. A simplified MIMO wireless
link may be depicted as in Fig. 3.2. We assume that the channel is modeled as a flat-fading
Rayleigh random process and the fading is to be uncorrelated across antennas. The received signal
vector r € CMrX1 on the receiver at symbol time k can be

L Helk) + nlk) (3.10)
M

T

rlk] =

where E, is the symbol energy, H € CMrRXMr denotes the channel matrix, s € CM7*1 is the
symbol vector simultaneously transmitted by the M7 transmit antennas, and n € CM7*! denotes
the spatio-temporally white zero-mean circularly symmetric complex Gaussian (ZMCSCG) noise

vector with variance Ny in each dimension.
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Frequency-Selective Channel

Let the Mpr x M7 matrix H[{] ({ = 0,1,...,L — 1) denote the channel, where L is the maximum
channel length of all the Mg M7 single-path links as in Fig. 3.2. The received vector r of dimension

Mp x 1 may be expressed as

hl,l e hl,MT Sl[k]
k] = Es : .. : : + n[k]
r MT . . . .
hMR,l e hMR,MT SMT [k‘]
5 s1[k]
= M@H : + nfk] (3.11)
SMr [k]

where h; ; = [h;;[L — 1] h;[0]], s; = [sj[k — L+1]-- - s;[k]]. T consecutive received vector

samples can be stated as follows:

S

ESH : +V (3.12)

[r[k] - r[k+T—-1]] = A

Suy

where S;(j = 1,..., Mr) and V are defined as the following, respectively

[ sjlk—L+1] s[k—L+2 ... s;[k—L+T)
S, = : :
sk — 1] s;1k] . Silk+T -2
s;(k] stk +1) . si[k+T —1]
[ nl[k] TL1[k+1] nl[k—l—T—-l]
nolk]  molk+1] ... mplk+T-1]
[ : :
| nMR[k] nMR[k + 1] e nMR[k' +7T - 1]
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3.2 Channel Equalization

Thanks to the distortive characteristic of the propagation environment, transmitted data symbols
spread out in time and interfere with each other. This is called an intersymbol interference (ISI)
phenomenon. The degree of ISI relies on the data rate: the higher the data rate, the more ISI
is introduced. Moreover, mobility in wireless communications introduces channel time variation,
which is harmful. Channel equalization, mitigating these fading effects, is a main challenge in
current and future communication systems.

The term equalization is used to describe the deconvolution process in communication systems
[41]. The idea behind equalizers is to automatically reverse the effects of the channel, thereby
recovering the original signal [42]. To achieve reliable communications that satisfy the system
requirements such as the desired data rates, transmitter power, and bandwidth constraints, the
communication system engineer designs modulation/demodulation and encoding/decoding tech-
niques. In fact, the system designer may avoid the need for channel equalization by selecting
T; > T, where T is the time duration of the transmitted signaling waveforms and T, is the chan-
nel multipath spread. If the system designer selects the symbol time duration such that T < T,
ISIinvolved in the received signal should be mitigated by the use of an equalizer. Equalizer design
must balance ISI mitigation with noise enhancement, because both the signal and the noise pass
through the equalizer, which can enhance the noise power.

Fig. 3.3 illustrates a simple analog equalizer. Let s(t) be a signal that is passed through a
channel with frequency response H(f). At the receiver front end, white Gaussian noise n(t) is

added to the signal. Therefore, the signal input to the receiver is

R(f) = S(HH) + N(f) (3.13)

where N(f) has power spectral density N,. If the bandwidth of s(t) is B, then the noise power
within the signal bandwidth of interest is Ny B. The ISI introduced by the channel is removed by

an analog equalizer in the receiver defined by

1

Heo(f) = 70}

(3.14)
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Note that the equalizer inverts the channel frequency response. The equalized signal Y (f) after

passing through the equalizer becomes

Y(f) = [S(NHH) + N(H)Heo(f) = S(f) + N'(f) (3.15)

where N'(f) is colored Gaussian noise with power spectral density No/|H(f)|%. Thus, all ISI
has been removed from the transmitted signal S(f). However, the equalizer in (3.14) will greatly
enhance the noise power at some frequencies, if at some frequencies H(f) has a spectral null
(H(f) = 0) or H(f) is greatly attenuated. In this situation the equalized system will perform
poorly due to its greatly reduced signal-to-noise ratio (SNR), albeit the ISI effects are removed.
Therefore, the goal of equalization must be balanced so that in the process of removing ISI, the
SNR of the post-equalization signal is maximized [43]. In general, linear equalizers greatly en-
hance the noise power because they invert the channel frequency response. Nonlinear equalizers
suffer less from noise enhancement than linear equalizers, because they do not invert the channel

frequency response. But, nonlinear equalizers typically entail a higher complexity.

n(t)

S(t) S(t) *h(t) E qualizer Y(t) g(t)

Channel ch ® Demodulator |—s

H(f)

/

Fig. 3.3 Channel equalization.

3.2.1 Equalizer Classification

Channel equalization has been extensively studied in the literature. A comprehensive overview
of equalization techniques can be found in [44],[45],[46],(47],[48] and references therein. Clas-
sification of equalization techniques in types, structures and algorithms is illustrated in Fig. 3.4.
Equalization techniques can be classified into supervised (or training-based) and unsupervised (or
blind) techniques. In training-based equalization, a training (or pilot) sequence is available period-

ically during the transmission of information. Training-based equalizers use the training sequence
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EQUALIZERS

Supervised (Training-Based) Unsupervised (Blind)
Linear Nonlinear
TypeS A
Symbol Detection Sequence Detection
(MLSE or
Viterbi Equalizer)
DFE Nonlinear Bayesian
Filters Equalizer
Transversal Lattice Neural Networks, Transversal
Structures Fuzzy Systems, Channel
Volterra Filtering, etc. Estimator
Algorithms Training Algorithms

(Wiener Filter, LMS, RLS, Kalman Filters, Gradient-Based Approaches, etc.)

Fig. 3.4 Equalizer classification: types, structures and algorithms.
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to estimate channel states or to optimize their weights during the training stage. However, in some
communication systems, the transmission of training sequences is either impractical or too costly.
In this situation blind equalization techniques are suitable. Even though blind equalization goes
beyond the scope of this thesis, the indepth descriptions of blind equalization techniques can be
found in [47],[48],[49] and [50].

Training-based techniques fall roughly into two categories: linear and nonlinear. Associated
with each type of equalizer is one or more structures for implementing the equalizer. There is
a class of algorithms for each structure, that may be employed to adaptively adjust the equalizer
parameters according to some specified performance criterion. Linear equalizers are generally the
simplest to implement and to understand conceptually, and they are commonly used in applications
where the channel distortion is not too severe. However, linear equalizers do not perform well on
channels with spectral nulls in their frequency response or with nonlinear distortion. Furthermore,
linear equalization techniques typically suffer from more noise enhancement than nonlinear equal-
ization techniques, and are therefore avoided for fading multipath channels. Instead, nonlinear
equalization methods are used.

There are two types of nonlinear equalization techniques: symbol detection and sequence de-
tection. Symbol detection methods remove ISI from each symbol and then detect each symbol
individually, whereas sequence detection methods detect sequences of symbols where the effect of
ISI is part of the estimation process. In Fig. 3.4, all linear equalizers as well as most nonlinear
equalizers belong to the symbol detection category. There are several types of nonlinear equaliza-
tion methods. These include decision-feedback equalization, nonlinear filter-based equalization,
Bayesian equalization, and maximum-likelihood sequence estimation (MLSE). Based on perfect
channel knowledge, MLSE is the optimal form of sequence detection for the AWGN channel,
in the sense that it minimizes the probability of a sequence error [44]. MLSE, so-called Viterbi
equalizer, is efficiently implemented by means of the Viterbi algorithm [44],[2] based on Euclidean
distance metrics. However, the computational complexity of MLSE grows exponentially with the
span of ISIL.

On the other hand, as a finite memory equalizer, symbol detection methods are relatively simple
and computationally less complex than MLSE, and use a fixed number of input samples to detect

the transmitted symbol. The optimum finite memory equalizer is the Bayesian equalizer (BE). The
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optimum decision function of the BE is given by the maximum a posteriori probability (MAP)
criterion, which can be derived from Bayes’ theory [S1]. A finite memory BE can provide a
performance comparable to the MLSE, but with a reduced computational complexity [52].! The
BE (hereafter BE denotes the finite memory BE) provides the lower performance bound for symbol
detection equalizers in terms of probability of error or bit error rate (BER) and can be implemented
with linear or nonlinear systems.

Among symbol detection techniques, the decision-feedback equalizer (DFE) is the most com-
mon, since it is a computationally efficient suboptimum alternative and generally performs well.
The computational complexity of the DFE is a linear function of the number of filter taps. How-
ever, on channels with low SNR, the DFE suffers from error propagation when bits are decoded in
error, leading to poor performance. Both the DFE and linear equalizers may be implemented ei-
ther in a transversal or a lattice structure [44],[12],[53],[54]. Nonlinear filter-based equalizers have
been successfully developed, based on artificial neural networks [55],[56],[57],[58], fuzzy adap-
tive filters [59],[60] and Volterra filters [61],[62],[63]. Nonlinear filter-based equalizers have their
own structures, dependent on inherent filter structures. They can also be realized in the form either
with decision feedback or without decision feedback. These nonlinear equalizers treat equalization
as a pattern classification process where the equalizer attempts to classify the input vector into a
number of transmitted symbols.

The process of equalizer training and tracking is often referred to as adaptive equalization, since
the equalizer adapts to the changing channel. Adaptive equalizers require algorithms for updating
the filter tap coefficients and estimating channel state information during training and tracking.
Both linear and symbol detection equalizers (except for BE) usually use training algorithms to

optimize the equalizer weights, while the BE and MLSE use them for channel estimation.

3.2.2 Linear Equalizers

Linear equalizers can be realized in the two forms: transversal filter and lattice structure. In the
following, we describe the linear transversal filter, followed by two linear equalizers: the zero-

forcing (ZF) equalizer and the minimum mean square error (MMSE) equalizer.

! An infinite memory BE can provide a performance better than the MLSE, but it is highly complex.
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Linear Transversal Filter

The simplest traditional equalizer is based on the linear transversal (tapped-delay line) filter. As-
suming a linear equalizer implemented with an M tap transversal filter, the linear transversal equal-
izer (LTE) is

He(2) = Z w2 (3.16)

where Heq(z) and w; are the z transform and the tap weights of the equalizer, respectively. Causal
linear equalizers have w; = 0, i < 0. The LTE receives a tapped-delayed input vector r[k] =
[r[k],r[k = 1],- -+ ,r[k — M + 1]]%, composed of the symbols corrupted by noise, at the receiver,
and provides the output y[k] generated by the weighted summation of input vector r[k] with tap

weight vector w. The output of the LTE is computed per symbol and can be represented by

M-~1
ylkl = wirlk —i]. (3.17)
i=0

The equalizer design must specify the tap weight vector w for a given channel frequency response,
and the algorithm for updating w as the channel varies. The weight vector w is optimized for some
performance criteria. In the next section, we describe two solutions widely used in optimizing the

tap weights.

Zero-Forcing (ZF) Equalizer
The received samples {r[k]}, the inputs to the equalizer, can be represented based on the discretized
combined system response f(t) = h(t) x g*(—t) as

R(2) = S(2)F(2) + Ny(z) (3.18)

where Ny(z) is the power spectrum of the white noise after passing through the matched filter
G*(1/z*) and
F(z) = H(2)G*(1/z*) = > f(kT\)z™* (3.19)
k
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where T is the modulation symbol time. The simplest way to remove ISI is to select the equalizer
as follows
1

Hzp(z) = e (3.20)

where Hzp(z) is a zero-forcing (ZF) filter. The ZF equalizer removes all ISI introduced in the
combined response f(t). However, the ZF equalizer suffers from the noise enhancement proper-
ties. If the channel H (z) is sharply attenuated at any frequency within the bandwidth of interest, as
is common on frequency-selective fading channels, the noise power will be significantly increased.
It can be explained from the noise power spectrum N(z), given by

N(2) = No(2)| Har (2)]* = NO'?ﬁ"((zlﬁ: - |H](v§>|2'

(3.21)

Minimum Mean Square Error (MMSE) Equalizer

Although the ZF equalizer removes ISI, it may not give the best error performance for a com-
munication system because it does not take into account noise enhancement. This motivates an
equalizer design to get better optimization between ISI mitigation and noise enhancement. One
such equalizer is the minimum mean square error (MMSE) equalizer. The design goal of the
MMSE equalizer is that the weight vector w is chosen to minimize the average mean square error

(MSE) between the transmitted symbol s[k] and the equalizer output y[k], given in (3.17), i.e.
T = E{Jslk] - ylkII}- (3.22)

Finding the optimal filter coefficients {w;} becomes an optimal linear estimation problem. To
enable known techniques for optimal linear estimation, we may consider the equalizer Hey(2) as

the concatenation of two filter components:

1 ~
Hey(2) = WHeq(z) (3.23)

where m is the noise whitening filter and erq(z) is the ISI removal filter. Since the noise

power spectrum at the receiver is No|G?,(1/2*)|?, the noise power spectrum at the output of noise



3 Channel Equalization, Estimation, And Non-Gaussian Noise 42

whitening filter is then
No|GF.(1/2)?
m = N,. (3.24)
|G (1/27)?

We assume that as shown in (3.16), the filter ﬁeq(z) is the LTE with M tap weight vector w and
with input vector v([k|, which is the output vector of the noise whitening filter. The output of the

MMSE equalizer can be obtained as
ylk) = wlv = viw. (3.25)
We want to minimize the MSE by suitable choices of w

J

E{|s[k] — y[¥]1*}
= E{wlvviw* — 2Re{vHw*s[k]} + |s[k]|*}. (3.26)

Assuming E{|s[k]|*} = 1, the MSE is given by
J = w'R,w* — 2Re{v,w*} + 1 (3.27)

where R, = £{vvf} is the M x M Hermitian matrix and v, = £{vs[k]} is a length M row
vector. We obtain the optimal tap vector w by differentiating 7 with respect to each tap weight

and setting the result to zero. Thus, the gradient V, 7 is

a7 | g

311)07 ’ BwM_l

VwJ = ( ) =2w'R, — 2v, = 0. (3.28)

From (3.28), the optimal tap weights are obtained as
Wopt = (Ry )72V T, (3.29)
Applying the w,; to (3.27), we obtain the MMSE as

Tmin =1 — VSRV_IVSH- (330)



3 Channel Equalization, Estimation, And Non-Gaussian Noise 43

For an infinite length equalizer, w' R, = v, can be written as [43]

o0

> wilfli =i+ NoYolj — 4] = gp—4], —o0 <j < oo (331)

i=—00

Taking z transforms and noting that fleq(z) is the z transform of the tap weights w yields

A

Hool2)(F(2) + No) = G*(1/2). (332)

When the equalizer is not restricted to be finite length, we get the MMSE equalizer as

A

_ Heq(z) _ 1
CGr(1/zY)  F(2)+ Ny

Hyvmse(2) = Heq(2) (3.33)

Note that we find three interesting things from (3.33) [43]. First, the ideal infinite length MMSE
equalizer cancels out the noise whitening filter. Second, the MMSE equalizer is identical to the
ZF equalizer in the absence of the noise term Ny. Lastly, the design of this ideal MMSE equalizer
clearly shows a balance between inverting the channel and noise enhancement. Further details in
the MMSE equalizer can be found in [64] and [65].

3.2.3 Nonlinear Equalizers

Decision Feedback Equalizer (DFE)

A DFE consists of two components: a feedforward filter W(z) and a feedback filter V'(z). The
basic idea in the DFE is that once an information symbol has been detected, the ISI that it causes
on future symbols may be estimated and subtracted out prior to symbol detection {66]. The DFE
can be realized either as a transversal or as a lattice structure [67]. Fig. 3.5 displays a structure of

the DFE. Employing the linear transversal filters, the DFE output can be expressed as

ylkl = yylk] — yolK]

M, Mo
= Z wir[k — 1] — Z v;8[k — 1] (3.34)
i=0 i=1
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where M; + 1 and M, denotes the length of feedforward and feedback tap weights, respectively,
and {§[k — 1],-- -, §[k — M|} are previously detected symbols. From the structure itself, we can
see that the DFE determines the ISI contribution from the detected symbols {5[k]} by passing them
through the feedback filter that estimates the combined discrete equivalent baseband channel F'(z).
Therefore, the feedback filter does not suffer from noise enhancement. Since the feedback filter

sits in the feedback loop, it must be strictly causal, otherwise the system is unstable.

1(t) t[k] | Feedforward ydk] y[k] Decision §[k'd]
— Filter + ™ Device >
T W(z)

s -

k]

Feedback
Filter -
V(z)

Fig. 3.5 Structure of the DFE.

ZF or MMSE criterion can be applied for selecting the filter coefficients for W(z) and V (z).
For channels with deep spectral nulls, the DFEs generally perform much better than linear equal-
izers. However, the DFEs exhibit feedback errors if s[k] # §[k]. This error, therefore, propagates
to later bit decisions. The error propagation can be improved through channel coding, but it also
seriously degrades performance on channels with low SNR. A systematic treatment of the DFE
with coding can be found in [64] and [68]. Generally, the MMSE associated with the DFE is much
lower than that of a linear equalizer, if the impact of feedback error is ignored.

The computational complexity of the DFE is a linear function of the number of taps of the
feedforward and feedback filters. The DFE has been shown to be effective for equalizing the ISI
in underwater acoustic communication channels [66]. It also provides a computationally efficient
alternative to MLSE for use in the Global System for Mobile (GSM) cellular system [69]. We can
find in [66] that the DFE has been used in digital communication systems for troposcatter channels
operating in the SHF(3-30 GHz) frequency band and ionospheric channels in the HF (2-30 MHz)

frequency band.
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Bayesian Equalizer (BE)

An LTE is a classifier when used in conjunction with a decision device. The decision boundary
of the LTE is a straight line rather than a hyperplane. The straight line divides the space into
two regimes. The equalizer can decide incorrectly if the output of the channel is buried in noise.
Furthermore, it is impossible to separate the two classes at all by a straight line if the channel is
nonminimum phase. These shortcomings of the LTE lead directly to a Bayesian approach [70].
The Bayesian equalizer (BE) is known as the optimal solution in detection theory.

Assume that an equalizer is characterized by the feedforward order M and decision delay d.
Under the assumption of binary transmission and AWGN with a variance o2, the decision boundary

is defined as the solution to a conditional probability.
Pye({slk — d| = +1}ly[k]) = Por({s[k — d] = —1}{y[k]) (3.35)
This equation defines the Bayesian decision function as follows:
F(rlk]) = prjs (y[E]I{s[k — d] = +1}) — peia(y[k][{s[k — d] = —1}) (3.36)

where py, is the condition density function of y{k] given sk — d]. The optimal decision function
of the BE [71],[72],[58],[73] is based on Bayes’ theorem and is given by

ylk] = f(rlk])
I e &
= Z(27rc70) /2 exp (T)

i=1

Ny -2
—|lrlk] — c;
— Z(Qﬂ-ag)—M/? exp M (3.37)

, 202

j=1
where r[k] denotes the equalizer input vector, 0(2, represents the channel noise variance, and ci+ €
RM and c; € RM are the positive and negative channel states, respectively. The terms N and N
are the number of positive and negative channel states with equal probability, respectively. Under

the assuniption of binary transmission, the sign of the decision function and scaling terms in (3.37)
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can be ignored. Thus, the decision function can be simplified as

202

ylk] = Zw, exp( ”r[k]—c’”2> (3.38)

where N, is the number of channel states with Nf = N7 = N,/2, and w; are the weight parame-

ters associated with each of the centers and are given by

1.0, c; € Nf
w={ T GEN (3.39)
—-1.0, c; € N;
The estimate of the symbol from the memoryless decision device is
1.0, ylk] >0
So—d = TR0 k2 (3.40)
—1.0, ylk] <O.

The decision function of the BE is nonlinear and is entirely characterized with the known channel
states and the noise. That is, performance of the BE relies on knowledge of the channel states. The
channel state vector can be obtained from adaptive schemes [74],[75] such as adaptive filtering or

clustering techniques.

Maximum Likelihood Sequence Estimation (MLSE)

MLSE avoids the problem of noise enhancement since it doesn’t use an equalizer filter: instead
it estimates the sequence of transmitted symbols. Given the channel response h(t), the MLSE
algorithm selects input sequence {s;} that maximizes the likelihood of the channel output v(t),
prior to matched filtering. Based on a Gram-Schmidt orthogonalization procedure, v(t) on a time

interval [0, K T, can be expressed as

N
t) =Y vig;(t) (3.41)
=1

where {¢;(t)} forms a complete set of orthogonal basis functions. The number N of functions

in this set is a function of the channel memory, because v(t) on [0, KT] depends on sy, ..., sk.
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With this expression we have

00 K
v = Z skhjk + n; = Z Skhjk + n;. (342)
k=—00 k=0
Then, the received signal sequence v = (v, ..., vy) has a multivariate Gaussian distribution

K
Up — E Skhijk
k=0

oI5 ht)) = I [i exp (—i
’ 7I'N0 N()

2
) ] . (3.43)

Given the received signals v, the MLSE decodes this as the symbol sequence s* that maximizes
the likelihood function p(v¥|s¥ h(t)) or the log of this function. The MLSE outputs the sequence
[43]

§¢ = arg max {logp(v"|s", h(t))}

2Re {E s;;r[k]} = sisp flk—m] (3.44)
k k m

= arg max
where
N x
k) = S uh = / () (7 — §T.)dr (3.45)
=1 —oo
N o0
fle=m] = 3 hahl = / h(r — KT,)h* (1 — mTs)dr. (3.46)
=1 —oo

Note that the MLSE output depends only on the sampler output {r[k]} after matched filtering and
the channel parameter f[k — m| = f(kT, — mT;) where f(t) = h(t) * h*(—t). The MLSE is
optimal for detecting signals in the presence of ISL

The Viterbi algorithm (VA) can be used in implementing the MLSE to reduce complexity
[44],{2]. However, the computational complexity of the MLSE based on the VA still grows expo-

nentially with the channel spread.
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3.2.4 Neural Network Equalizers

Neural networks (NNs), inspired from biological neural systems, are well known as adaptive sys-
tems that adapt to an unknown environment through a learning process. NNs are a massively
parallel, distributed processor, made up of simple processing units, called neurons. NNs can
approximate continuous functions when their activation functions are sigmoidal [55],[56]. The
universal approximation property of NNs suggests that neural network filters can approximate ail
filters defined by linear and nonlinear continuous functions. NNs can be viewed as an extension
of classical linear adaptive filters to treat nonlinear modeling tasks [76]. NNs can, therefore, give
solutions to complicated problems in communication systems due to the nonlinear parallel, dis-
tributed processing architecture, the capability of learning and generalization, and efficient hard-
ware implementation.

Overviews of NNs to communication systems and adaptive receiver design have been reported
in [S7},[77]. Adaptive channel equalizers are used to reduce channel disturbances such as ISI, co-
channel interference (CCI), noise, nonlinear distortions, fading, and time-varying characteristics
in digital communication systems. Many types of neural network-based equalizers have been
applied to communication channels. During the last decade, neural network filters have been
successfully applied to adaptive equalization of communication channels because they can model
arbitrary nonlinearities. Equalization schemes using neural network filters are divided into two
streams: supervised and unsupervised (blind) equalization. The supervised equalizer undergoes
learning in a supervised method that a desired response is supplied for the learning process. On the
other hand, in the blind equalizer, the neural network filter uses known statistical properties of the
received signal, and its learning process performs adaptation in an unsupervised manner. In this
thesis, we treat only the supervised neural equalization approaches.

In neural equalization, the linear adaptive filter can be replaced with a neural network filter. A
variety of neural network filter architectures have been proposed for channel equalization [58]. In
the following subsections, we describe typical neural network models applied to adaptive equal-
ization: multilayer perceptrons (MLPs), radial basis function (RBF) networks, recurrent neural

networks (RNNs) and others.
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Multilayer Perceptron (MLP) Equalizers

The most commonly used structure among all neural network-based equalizers is the MLP archi-
tecture. The popularity of MLP equalizers is due in part to their computational simplicity, finite
parameterization, stability and smaller network size for an equalization problem as compared to
other architectures [78].

An MLP consists of several hidden layers of neurons that are capable of performing nonlinear
mapping between the input and the output layer. The hidden layers supply the capability to create
complex nonlinear decision boundaries by using nonlinear activation functions like a sigmoid func-
tion. It has been shown that the MLP with only three layers is enough to create these boundaries
[79]. Fig. 3.6 shows the architecture of an MLP equalizer with three layers. The basic element of
the MLP equalizer is the neuron. Each neuron in the layer has primary local connections and is
characterized by a set of weights applied to the previous layer to which it is connected and a bias

b. The jth neuron in the pth layer accepts inputs v}(f’ —1)(h =1,2,..., N) from the (p — 1)th layer

(p

and yields an output v; ), which is also a scalar, expressed in the following way:

N
=5 (S 49 @
h=1

where f;(-) represents the nonlinear activation function. The output vj(” ) serves as input to the

(p + 1)th layer to which the neuron is connected. The weights {wj;} and biases {b;} are updated
during training [70]. A gradient descent-based algorithm, the so-called back-propagation (BP)
algorithm [80], is the most popular for the MLP training.

In MLP equalizers, the network output is passed through a decision device to determine the
estimated symbol. The MLP has been incorporated into the DFE structure to enhance the perfor-
mance of the DFE by Siu ez al. [70] and Chen ez al. [81], and it has been shown that the MLP-based
DFE provides better performance than conventional DFEs. Afterwards, a number of MLP-based
equalizers have been developed for various channels during the last decade. Some of them have
been applied for CCI suppression [82], equalization of satellite channels [83], indoor radio chan-
nels [84] and nonlinear magnetic storage channels [85]. Very recently, the MLP-based DFE with

lattice structure, which can overcome slow convergence rate of the MLP-DFE through whiten-
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ing the input data, has been developed for equalization of both fixed and time-varying channels
[78],(86].

r{k]

Decision S[k-d]

Device

r[k-M+1] Input Hidden Hidden Output

Layer Layer 1 Layer 2 Layer

[ RSy

: Neuron

--------------------------------------------------

Fig. 3.6 Structure of an MLP equalizer.

Despite a performance improvement, MLP equalizers have raised controversial issues. These
include [73]:

There is very little understanding on the relationship between the MLP structures and the

equalization problems.

The high degree of nonlinearity of MLPs makes their theoretical analysis of performance

difficult, and therefore adaptation parameters are generally chosen by trial and error.

No relationship has been derived between the MLP equalizers and the optimal Bayesian

equalizers.
There is no weight initialization method guaranteeing proper weight convergence.

Gradient descent-based learning algorithms for the MLP equalizers require long training

sequence and time.

Some of these issues have been addressed in the literature. To speed up the training, Kalman filters

[87] and least squares (LS)-type algorithms [88] have been developed at the cost of computational
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complexity. The issues relating to the design of MLP structures for equalization applications have
been addressed in [89].

Radial Basis Function (RBF) Networks

In the beginning, RBF networks were developed for data interpolation in multi-dimensional space
[90]. Later, the RBF networks were reinterpreted as a least squares (LS) estimator by Broomhead
and Lowe [91]. This approach, as the LS estimator, has led to its widespread application in signal
processing problems such as time-series prediction, system modeling, interference rejection and
channel equalization [58].

Consider an RBF equalizer with M inputs and N RBF functions. As shown in Fig. 3.7, the
RBF equalizer can realize a mapping f : RM — R by the following function

N
ylk] = Zwm(llr[k] — c;[k]l]) (3.48)

where r(k| is the input vector, w; is weights, and ¢;(-) is a radially symmetric, scalar basis func-
tion with centers c;. The RBF has several well-known basis function families. Typical examples
includes Gaussian kernel, thin plate spline, multi quadratic and inverse multi-quadratic [58]. The
relationship between the RBF equalizer and the BE introduced above was derived in [75]. When
the Gaussian kernel is employed to configure the RBF equalizer, the relationship between (3.48)
and (3.38) is clear. The centers of (3.48) are the noise-free channel states of (3.38). In an equaliza-
tion scheme, since the decision function is passed through a decision device, the scalar value, for
example, Tiz is not relevant as far as the decision functions are concerned and can be normalized
to unity. Tf:is relationship can provide the parametric implementation of the BE with the RBF
equalizer.

Training the RBF equalizer includes two processes: estimation of the centers or clustering
and learning of the weights connected with the output layer. One of the most popular schemes to
estimate the centers is a clustering algorithm like the k-means algorithm [51]. Other schemes
for training the centers include the orthogonal least squares (OLS) [92] and back-propagation
algorithm [93]. The output weights are trained in a supervised manner. The fastest manner in

terms of learning rate is to use the relationship with the Bayesian equalizer and simply assign
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Fig. 3.7 An RBF equalizer.

values (—1 or +1) to the weights, as explained in (3.39). The weights can also be trained with an
LMS, RLS, or other learning algorithms.

Numerous RBF equalizers have been developed in the literature to overcome ISI, CCI, noise,
and nonlinear distortions of digital communication channels. Among them, Chen er al. developed
an RBF equalizer for overcoming ISI and CCI, and introduced a complex-valued version of an RBF
equalizer [74],[94],[95]. Cha et al. [96] also introduced complex RBF networks independently and
employed a stochastic gradient learning algorithm for their complex RBF equalizer. In addition,
a recurrent RBF equalizer was devised by Cid-Sueiro et al. [97] to reduce the complexity which
grows exponentially with the memory of the channel, and it is an alternative to Viterbi algorithm
for non-Gaussian noise. Recently, Deng et al. [98],[99] applied a new RBF network learning algo-
rithm, the minimal resource-allocation network (MRAN) [100], to channel equalization problems.
Complex-valued implementations of RBF equalizers were proposed by Chen et al. [941,[95].

The RBF equalizer is subject to computational complexity though it can provide optimal per-
formance with small pilot sequences. The computational burden grows exponentially as the num-
ber of RBF units increases with equalizer order and the channel delay order. Some issues for

computational complexity and design of RBF equalizers have been discussed in [58].
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Recurrent Neural Network Equalizers

Feedforward NNs (FNNs), such as MLP or RBF networks, are mainly concerned with equalizer
design thanks to their structural simplicity [58],[78]. However, recent research results show that
recurrent neural networks (RNNs) [79] are superior to FNNs in modeling nonlinear systems and
predicting time-series signals. Moreover, FNN-based equalizers require a large amount of con-
nection and storage, while RNN-based equalizers can reduce the burdens of FNN counterparts in
terms of connection and storage. The time-varying nature of fading channels may be interpreted as
a dynamic system with uncertainties in its coefficients. FNN equalizers have an implicit difficulty
in dealing with the time-varying nature because they are static nonlinear models.

In an RNN, the network structure handles time in an implicit manner through the use of feed-
back [57]. The dynamic behavior of the network can be described by a state-space model. A crucial
property of a RNN described by the state-space model is that it can approximate a wide class of
nonlinear dynamic systems. The network is able to extrapolate nonlinear dynamic data not trained
on. Equalizer structures suitable for time-varying channels may benefit from these properties of
RNNs. A structure of a decision-feedback RNN equalizer is depicted in Fig. 3.8 [101],[102]. The
structure uses the simple recurrent network, so-called the Elman’s network [103], which includes
recurrent connections from the hidden units to a layer of context units consisting of unit delays.
These context units store the outputs of the hidden units for one time step, and then feed them
back to the input layer. Due to the nature of feedback around the hidden units, these units discover
abstract representations of time [79]. The discrete state-space equations of the RNN equalizer

follows the form

x[k] = f(r[k],ulk],x[k — 1]; W}) (3.49)
ylk] = f(x[k]; wo) (3.50)

where r[k], u[k] and x[k — 1] represent the received signal vector, the decision feedback vector and
the recurrent state vector, respectively. W, and w,, are the weight matrix connected to the hidden
layer and the weight vector linked to the output layer, respectively. The neurons operate with
activation functions f(-). This RNN equalizer has been applied to equalization of time-varying

linear and nonlinear channels and has achieved a good performance gain with fast convergence
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rates [101],[102]. A similar RNN equalizer without decision feedback was proposed by Parisi et
al [104].
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Fig. 3.8 Structure of a decision-feedback RNN equalizer.

Other popular RNN equalizers have been designed based on a fully connected recurrent net-
work. Kechriotis er al. [105] showed that an RNN equalizer with a small number of neurons out-
performs the LTE and the FNN equalizer for linear and nonlinear channels. A decision-feedback
recurrent neural equalizer (DFRNE), a modified version of the RNN equalizer proposed in [105],
was developed by Ong et al. [106] and modified by Hacioglu [107]. Ong ef al. [106] also showed
the DFRNE outperforms both the LTE and the FNN equalizers and the convergence rate of the
DFRNE is faster and more robust than that of the RNN equalizer. Other RNN equalizer structures
have been proposed. These include a complex-bilinear RNN [108] and single node and multiple
node RNN equalizers [109].
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3.2.5 Training Algorithms

Most of the equalizers described so far, including the LTE, DFE, BE and MLSE, are designed
based on the perfect channel knowledge. In practice, the channel is in general unknown when the
receiver is designed. Therefore, it must be estimated. Moreover, since in wireless communications
the channels are time-varying, the channel should be periodically tracked. Adaptive equalization
techniques optimize the equalizer coefficients using the training sequence and/or the detected data,
without direct channel estimation 2.

In LTE and DFE, the optimization criterion commonly used for the equalizer coefficients is
to minimize the MSE between the desired equalizer output and the actual equalizer output. The
M equalizer coefficients w that minimize the MSE are obtained by the optimum Wiener filter

solution, which may be expressed as [44],[12]
Wopt = R !p 3.5

where R is the autocorrelation matrix of the received signal (i.e., equalizer input) vector r at given
time instant, and p is the vector of cross correlations between the desired data symbol and the
received signal vector. The convergence of the Wiener filter is very fast. It typically converges in
around MT; for the M equalizer coefficients. However, due to a matrix inversion, the computation
requires O(M?) to O(M3) complexity.

If the computational complexity is a critical issue, alternatively, the minimization of the MSE
can be achieved recursively by the stochastic gradient algorithm, called the least mean square
(LMS) algorithm [12]. With the LMS algorithm, the coefficients are updated as

Wk + 1] = Wk] + pelk]r*[k] (3.52)

where p is the step-size parameter that governs the rate of adjustment, e[k] is the error signal

defined as the difference between the transmitted symbol s[k] and at the equalizer output y[k],

e[k] = s[k] — WH[k]r[k] = s[k] — y[k] (3.53)

2Blind equalizers do not use the training sequence. Instead, they use the detected data only to learn the channel
response and to train the equalizer coefficients.
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and the r*[k] represents the complex conjugate of the equalizer input vector r[k]. The LMS algo-
rithm offers greatly reduced complexity which is a linear function of the number of tap weights,
i.e. O(M). The convergence rate of the LMS algorithm is typically slow because y is small for
stable and good performance of the algorithm.

A fast convergence rate can be achieved by the recursive least-squares (RLS) algorithm [12],
which minimizes the sum of exponentially weighted errors. Let P[] be the inverse correlation

matrix. The RLS algorithm is computed by the following recursive equations:

klk] = < HI,D,[[IZ};[I,EHI]I,[H (3.54)
(k] = s[k] - W[k — 1r[k] (3.55)
wlk] = Wk — 1] + k[E]¢*[K] (3.56)
Plk] = M YP[k—1] - k[k]r? [P}k —1]) (3.57)

where A is the sum of exponentially weighted squared errors. The filtering operation of the al-
gorithm is described by (3.55) where the equalizer is excited to calculate the a priori estimation
error £[k], which is different from the a posteriori estimation error defined in (3.53). The adaptive
operation of the algorithm is described by (3.56) where the weight vector is updated by increasing
its old value by an amount equal to the product of the complex conjugate of the a priori estimation
error £[k| and the time-varying gain vector k[k].

The recursive update equation for the inverse correlation matrix P[], given by (3.57), is nu-
merically unstable. For this reason, other algorithms with better numerical stability have been

derived based on a square-root factorization of P[k], defined as
P[k] = PY2[k|PH/2[k] (3.58)

where the upper triangular matrix P#/2[k] is the Hermitian transpose of P/2[k]. Such algo-
rithms are named square-root RLS (SR-RLS) algorithms [12],[110]. These algorithms have a
computational complexity of order O(M?). Other RLS algorithms are called fast-RLS algorithms
[111],[112] which have been devised with a computational complexity on the order of O(M). A

comprehensive description of adaptive RLS filtering algorithms can be found in [113].
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Table 3.1 summarizes the computational complexity and the relative convergence rate of adap-
tive filtering algorithms {43],[66]. In general, the convergence rate of the LMS algorithm is par-
ticularly slow in channels with spectral nulls, whereas the convergence rate of the RLS algorithm
is unaffected by the channel spectrum [44]. There are various tradeoffs in terms of complexity
and convergence performance between the family of RLS algorithms and the two extremes of the
Wiener filter and the LMS algorithm. It can be noted that the SR-RLS and fast Kalman filter may
be unstable in their convergence and tracking, which is the price paid for their fast convergence

with relatively low complexity [43].

Table 3.1 Training algorithms and their characteristics.

Algorithm || Multiplications | Complexity Convergence

Wiener Filter M? to M3 Very high Fast ( MT,)

LMS 2M+1 Low Slow (> 10MT)
RLS 2.5M?% +45M High Fast (= MT,)
SR-RLS 1.5M? +6.5M High Fast (=~ MT)

Fast Kalman 20M +5 Fairly low Fast (= MT,)

Instead of the MSE minimization, bit error rate (BER) minimization equalizers were proposed
in [114] and [115] , which make the eye opening wider as the SNR approaches infinity. An approx-
imate minimum BER (AMBER) equalizer proposed in [116] achieves a substantial reduction of
BER. On the other hand, information theoretic learning-based adaptive equalizers using an entropy
formulation were proposed. The entropy minimization technique for equalization was presented
in [117] and the negentropy minimization equalizer can be found in [118].

The adaptive filtering algorithms discussed above so far have been limited to the standard LTE
and DFE. Training algorithms of other adaptive equalizers, in particular recurrent neural equaliz-

ers, will be provided in Chapters 4 and 5.

3.2.6 Turbo Equalization

MLSE is the optimal form of equalization. Due to the exponentially-increasing complexity, using

the MLSE equalizer is practically prohibitive in channels in which the ISI spans a large number
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of symbols. Much work has been done to reduce the complexity of the MLSE. Most of these
techniques are focused on either reducing the number of surviving sequences or shortening the
length of the ISI span in the Viterbi algorithm.

Turbo codes and the turbo decoding principle, which achieve tremendous performance gains,
can be used in equalizer design [119],[120]. The resulting turbo equalization is an iterative equal-
ization and decoding technique that can achieve equally impressive performance gains for commu-
nication systems that send coded data over ISI channels. A block diagram building turbo equaliza-
tion is given in Fig. 3.9. A turbo equalizer constitutes two components: the soft-input soft-output
(SISO) equalizer and the SISO decoder. The turbo equalizer uses “soft” information, which can
be converted into probabilities. Each SISO block computes the soft information, called the log
likelihood ratio (LLR), associated with the transmitted symbol. The equalization and decoding
process is performed by passing soft information between the equalizer and the decoder. The main
idea of turbo equalization is to feed back the a posteriori probability (APP) values of individual
bits obtained by one SISO block as a priori information to the other. The interleavers are included
into the iterative loop to further disperse the direct feedback effect. In particular, the correlations
between neighboring symbols are largely suppressed by the use of an interleaver.

In the SISO equalizer, an equalization algorithm yields the conditional LLRs £(ay]|r) of bit ay,
given the observation r. This LLRs split into the two contributions: the extrinsic LLRs £, (a|r)
and the intrinsic LLRs £L(ag), that is,

,C(ak|r) = Ee(aklr) + ,C(ak). (359)

The prior LLRs L.(cx|r) produced by deinterleaving are fed to the SISO decoder. Similarly, the
SISO decoder produces the a posteriori LLRs L(ck|p), where p = [P(c1|r) P(car) ... ]7 is the set
of probabilities. The SISO equalizer utilizes the extrinsic LLRs £L.(cx|p) interleaved to £.(ax|p)
as the prior LLRs. After some number of iterations, the turbo equalizer converges on its estimate
of the transmitted symbol.

A MAP equalizer is usually used to compute the APP of the transmitted symbol given the
past channel outputs [121],[122],[123]. Instead of the MAP equalizer, the linear MMSE equalizer
can take advantage of the a priori LLRs L,(ax|p) interpreted as probabilities on the transmitted
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Fig. 3.9 Block diagram of turbo equalization.

symbols s; by recomputing the statistics of sy, i.e. the mean £[si] and covariance C|s, si], re-
estimating 3y and recomputing the extrinsic information. This is equivalent to extracting only the
extrinsic component of the information in the iterative scheme, thus it leads to low-complexity
alternatives of the MAP equalizer [124],[125]. Several low-complexity alternatives for the SISO
equalizer exist [126],[127],[128]. RBF network-assisted turbo equalizers with less complexity
were also proposed in [129],[130].

For multiple-antenna wireless links, several MIMO turbo equalization techniques have been
developed [131],[132],[133],[134],[135]. In particular, Abe and Matsumoto in [133] and [134]

extended the MMSE equalizer to MIMO turbo equalization with iterative channel estimation.

3.3 Channel Estimation

The design of an optimal receiver needs the knowledge of the channel. The acquisition of channel
state information (CSI), often unknown in practice, is important in communication systems in order
to minimize the detection error. CSI is required at coherent receivers to perform key receiver signal
processing functions such as equalization, interference cancellation and decoding. Furthermore,
the knowledge of CSI at the transmitter can be used for adapting the modulation rate or for the
power control.

The channel state is estimated by the receiver using a training and/or pilot sequence emitted

by the transmitter. Referred to as training-based channel estimation, these techniques estimate
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the channel from both the known training symbols regularly transmitted and their corresponding
observations. Most of the mobile communication standards include training symbols for chan-
nel estimation. The “train-before-transmit” mode of operation for the training-based approaches
is adequate when the channel is slowly changing as in the case of voiceband communications
over telephone channels. A drawback of training-based channel estimation is that bandwidth effi-
ciency decreases because of a non-negligible part of the data burst; for example, 20 % of the bits
in a burst are used in GSM. Training-based estimation uses the received signals only containing
known symbols, ignoring other information; for example, statistics of unknown symbols. There-
fore some useful information gets lost. In certain communication systems, training symbols are
not exploitable when synchronization between the transmitter and the receiver is not possible.

In blind channel estimation which is “train-while-transmit” mode of operation, no training
symbols are used. The receiver estimates the channel from the signals received during normal
data transmission. A benefit of the blind approach is the improvement of bandwidth utilization
for time-varying channels. However, the most popular blind techniques based on second-order
statistics (SOS) suffer from a lack of robustness. The SOS blind techniques leave an indeterminacy
in the channel, a scale or constant phase, or a discrete phase factor [136]. This suggests that
the SOS blind methods should not be used alone but with some form of additional information.
Furthermore, because blind methods are based on the received signals only, no use is made of the
knowledge of some input symbols and some information gets lost as in training-based estimation.

Semiblind channel estimation techniques can provide a solution to cope with the disadvantages
of training-based and blind channel estimation. Semiblind methods combine both training-based
and blind estimation techniques and are more powerful than the two methods separately. It is
motivated by the fact that in data transmission some known symbols can always be incorporated
to improve the quality of channel estimates.

In the following we only treat two approaches: training-based estimation and semiblind estima-
tion techniques. Blind estimation approaches are beyond the scope of this thesis, yet the interested

reader can be referred to [47].
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3.3.1 Training-Based Estimation Techniques

The transmitter emits a training sequence or periodic pilot symbols, which are known to the re-
ceiver and can be used by the receiver for channel estimation. The pilot-assisted transmission is
common in modern communication systems. Some of the standardized pilot design schemes are
found in [137]. For example, in the GSM and EDGE (Enhanced Data rates for Global Evolution)
systems [138], a known training sequence is located in the middle of the time slot. In the downlink
slot structures of the Interim Standard (IS)-136 system [139],[140], a single training sequence is
located in a preamble. However, in addition to the training sequence, known pilot symbols are
placed regularly throughout the slot when the channel varies significantly.

Under the quasi-static assumption, the channel state remains constant over the length of a
frame, changing independently between consecutive frames. We assume that the training symbols
located in a preamble take the first P symbols of the whole symbol frame of length N. Assuming
K = P — (L — 1) received samples in total where L denotes the number of channel coefficients,

the channel in (3.5) can be expressed as
r=Sh+n 3.60)
where

r = [r[o)r[1] ...r[K —1)]7,
h = [h0]A1] ... R[L—1))7,
[n[0]n[1] ...n[K —1])7

=]
Il

and S is a K x L matrix whose rows correspond to different shifts of the transmitted training
sequence of symbols. It is common to model the channel coefficients as uncorrelated, zero-mean
complex Gaussian random variables. This corresponds to Rayleigh fading, in that channel tap

amplitudes are Rayleigh distributed. In the following, the channel model is given in (3.60) and

noise is AWGN unless otherwise noted.
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Snapshot Approaches

We give an overview of well-known snap-shot approaches for training-based channel estimation
even though a wide variety of methods exploiting adaptive filtering techniques exist [44]. Com-

prehensive descriptions may be referred to [141] and [142].

Correlation-Based Estimation: A simple approach to channel estimation is a correlation
method which correlates the received signal to a subsequence of the training sequence. The re-
sulting channel estimate hco based on correlation is given by [143]

R 1 i9+Ps—1
heolk] = Ry = o) Z s*[i]r[k + ). (3.61)
1=10
where F; is the length of the subsequence used in correlation and i is the index of the first symbol
used in correlation. In [144] and [145], the correlation method was applied to the GSM cellular
system, requiring a 26-symbol training sequence in the middle of the slot. The correlation method

is computationally efficient, yet suffers from high noise sensitivity.

Least-Squares (LS) Estimation: If no assumptions are made about the statistics of the fading
nor of the AWGN, the LS solution minimizing the squared error quantity yields the following
estimator [142],[146]

hys = arg m&n{“ r —Sh |?} =S'r (3.62)

where ST = (S¥S)~!S¥ is the Moore-Penrose pseudoinverse of the matrix S. The computational
complexity of finding the pseudoinverse of S is O(P2Mr + PM2 + min(P, M7)3) [147]. The
computational complexity of LS estimation increases exponentially as the number of training sym-
bols increases. The LS solution is also the best linear unbiased estimate (BLUE) for the channel

provided that the periodic autocorrelation function of the training sequence is ideal with small

delays because the correlation matrix S S becomes diagonal.
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Minimum Mean-Square Error (MMSE) Estimation: A widely used approach is linear
MMSE channel estimation [149],[150],[151], which requires second-order channel statistics. We
constrain the MMSE channel estimator to be a linear function of r. By using the Wiener-Hopf
equation [12] and an approximation £{SS*} = SS#, the approximated linear MMSE solution is
given by

hyse = arg m&n E{|h-h|?*} = (S¥S + R,)!8"r (3.64)

where R, = 021 is the autocorrelation matrix of the noise vector n, taking account the i.i.d. as-
sumption. It requires the knowledge of the noise variance. The LS estimator in (6.28) is therefore a
special case of the MMSE estimator with no requirement of the noise power o2, More specifically,
the MMSE approach approximates the LS approach at high SNR, whereas for low SNR it tends to

the correlation approach.
Maximum Likelihood (ML) Estimation: The ML solution can be defined as
hyy, = arg ml?xp(r | h) = (SYR'S)"!S¥ R 1r (3.65)

where p(r | h) denotes the conditional probability density function (pdf) of r given h. The ML
turns out to be the best among all unbiased estimators in terms of having low MMSE and is the
most efficient in the sense that it achieves the Cramér-Rao lower bound. This is also the classical
linear LS estimator, which can be realized recursively. Assuming white noise, the ML solution
above becomes equivalent to the LS solution given in (6.28) [146]. If the noise is not white, yet the
noise covariance is known, then the ML method can improve channel estimation using knowledge
of noise [149].

Maximum a Posteriori Probabilities (MAP) Estimation: The MAP solution can be defined

as

p(r | h)p(h)
p(r)

where p(r | h) denotes the conditional pdf of r given h. We observe that the MAP estimate

(3.66)

hyap = arg m}?xp(h |r) = arg max

is equivalent to maximizing p(r | h)p(h) where a priori statistical knowledge of the channel

coefficient p(h) is included. Assuming the noise and the channel coefficients are independent, the
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MAP solution is given as [149]
hyap = (S¥R,S + R,) ' R,S"r (3.67)

where R}, is the covariance matrix of channel coefficients. When the noise is not white, the MAP
estimator also needs knowledge of the noise covariance. Under the assumption that channel coef-
ficients are i.i.d., complex Gaussian random variables, with zero mean and unit variance, the MAP

and the MMSE estimator are equivalent [142].

Parametric Approaches: The composite channel response h can be expressed in the form of
h = Ac, where A represents a known quantity, the pulse shape autocorrelation function, and ¢
denotes an unknown quantity which is the radio channel response. According to the parametric
system model, the snapshot approaches to channel estimation, described so far, can take advantage
of this structure because we need to estimate only the unknown component c. For example, para-
metric approach-based LS channel estimation has been developed in [149],[152]. The LS estimate
for c is given by
&= (AHSHA)1AHSHY (3.68)

Because the known symbols include the known pulse shape autocorrelation A after transmit and

receive filtering, the composite channel response estimate h is represented as
h = Ac. (3.69)

The parametric approach may be beneficial when the number of channel taps is less than that of

composite channel taps L due to the reduction of estimation error variance.

Pilot-Assisted Interpolation Approaches for Time-Varying Channels

For the slot structure of IS-136 with pilot symbols, where the long slot duration requires a time-
varying channel model, the pilot symbols regularly inserted can be effectively used to estimate the
channel. Pilot-assisted interpolation approaches measure the channel at the pilot locations and
use the measurements to estimate the channel states at the data locations. Linear interpolation

technique is one of the simplest forms of pilot-assisted channel estimation. The channel estimate
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with linear interpolation is a linear combination of the two neighborhood channel measurements
[153],[154]. Linear interpolation may be viewed as a filter with symbol-spaced taps which include
zeros at the unknown data locations. To obtain the channel estimates in the sense of MMSE,
Wiener filtering can be used for interpolation [155],[156]. The coefficients of the Wiener filter
depend on the availability of the Doppler spread. The filter coefficients can be chosen based on the
worst case value of the Doppler spread when unavailable. Other types of filters such as Gaussian

interpolation filters or Nyquist interpolation can be used too.

3.3.2 Semiblind Estimation Techniques

Semiblind estimation methods are aimed at combining both training sequence and blind informa-
tion and at exploiting the positive aspects of both training-based and blind estimation techniques.
The concept of semiblind channel estimation is depicted in Fig. 3.10 which explains it using a
GSM burst. There are advantages of semiblind techniques over both training-based and blind
counterparts [136]. First, semiblind techniques avoid the possible pitfalls of blind estimation be-
cause they incorporate the information of known symbols. Thus semiblind estimation appears
more robust than blind estimation. Second, in addition to the known symbols, exploiting the blind
information allows the estimation of longer channel impulse responses than with a certain training
sequence. This feature is of interest for the application of mobile communications in mountainous
area. Third, compared to a training-based approach, semiblind methods allow the use of shorter
training sequences for a given channel length and desired estimation equality. In addition to robust-
ness considerations, the performance of semiblind techniques is superior to that of both training-
based and blind techniques separately. Lastly, semiblind techniques are promising in cases where

training-based and blind methods fail.

Semiblind ML Methods

Although ML estimation is computationally expensive, it is popularly used for channel estima-
tion because it is conceptually simple and usually has good performance when the sample size is
sufficiently large. Semiblind estimation assumes the additional knowledge of the input symbols;

particularly, part of input symbols is known. There are two semiblind ML estimators studied based
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Fig. 3.10 Principle of semiblind estimation (Example of a GSM burst).

on different models corresponding to two different forms of a priori knowledge on unknown input
symbols [136]. The first model is the deterministic model which does not exploit any knowledge
and considers both the unknown input symbols and the channel as deterministic quantities. In the
second model which is known as the stochastic model, the unknown input symbols are usually
considered as a white Gaussian random variable with known parameters.

For semiblind estimation, the simplified system model of AWGN is given as [136]
R=7ThS+N (3.70)
Sk

Sy
where Sk are the known symbols and Sy are the unknown symbols, and N is the independent

where 7 (h) is a block Toeplitz matrix, S is the vector of input symbols written as S = P

AWGN vector. In the deterministic model, the data have a Gaussian distribution with mean and

covariance

mr = TK(h)SK+TU(h)SU 3.7D)
Crr = oI (3.72)
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Deterministic techniques proceed to the estimation of h with Sy as nuisance parameters. The
estimation is based on the received signal structure. In the stochastic (or Gaussian) model, the
unknown input symbols are considered as i.i.d. Gaussian random variables of zero mean and
variance ag and the known symbols as deterministic, i.e., mean Sg and variance 0. Therefore, the

first and second-order moments of the data are

mp = TK(h)SK (373)
Crr = o Ty(M)Ty(h)¥ + 21 (3.74)

The Gaussian assumption is intended for ML estimation approaches for which knowledge of the

complete distribution is required, allowing incorporation of the SOS of the data:
RNN(TTLR,CRR) (3.75)

where the Gaussian hypothesis for the symbols leads to a Gaussian distribution for R.. Unlike in the
deterministic model, the input symbols in the stochastic model are no longer nuisance parameters
for channel estimation. The parameters to be jointly estimated are the channel coefficients and the
noise variance.

A semiblind ML estimation approach was proposed based on both the deterministic model
[157] and the stochastic model [158]. The results showed that the semiblind ML approach based
on the stochastic model gives better performance than the counterpart based on the deterministic
model. Moreover, the semiblind approach appears more robust than blind estimation as it al-
lows the estimation of any channel with only a few training symbols [136]. A treatment of the
performance of ML estimation in the form of the Cramér-Rao bound (CRB) and a performance
comparison with training-based and blind estimation for the two models can be found in [159]. As
demonstrated in [159], the semiblind estimation methods offer significant performance improve-
ment over either the training-based or the blind estimation methods.

There are many generalizations of semiblind channel estimation approaches to incorporate
known symbols. In [160] authors extended the approach proposed in [161] by restricting the
transition of the hidden Markov model. In [162] a method using the knowledge of the known

symbols is proposed to avoid the local minima in the maximization of the likelihood function,
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which is often hampered by the existence of local minima. A popular approach is to combine the

cost function for the blind channel estimator and that for the training-based estimator [163],[164].

Adaptive Filtering-Based Channel Tracking

In a time-varying channel environment the channel must be tracked by a channel estimator. In the
case of IS-136 without pilot symbols, the channel estimation is performed by using both the train-
ing sequence and the data sequence, which belongs to a semiblind technique. Assuming that the
data symbols are known, adaptive filtering techniques [12],[165] are a fundamental tool for chan-
nel estimation and tracking. Explicit estimation of the channel statistics, required in MMSE, ML
and MAP channel estimation, can be avoided by using adaptive filtering-based channel estimators
[166]. Adaptive filtering-based estimation approaches are closely related to a model of how the
channel changes in time. There are two types of models approximating the channel dynamics: the
deterministic and the stochastic models. The deterministic models represent the time evolution of
the channel coefficients as a deterministic parametric function. Popular deterministic models may
be the complex sinusoidal model [167] and the polynomial model using a set of polynomial basis
functions [168]. In the following we only focus on the stochastic models.

In the stochastic models, the channel coefficients are described as stochastic random processes.
The state-space model is commonly used to describe the channel environment as a linear, discrete

dynamical system [12]. The state-space model is represented by the following pairs of equations:

x[k+1] = Fx[k]+w[k| (3.76)
ylk] = Gx[k] +nk]. (3.77)

In the process equation given in (3.76), the state vector denoted by x(k) corresponds to the channel
coefficients h(k], and F and w{k| denote the state transition matrix and the process noise vector,
respectively. In the measurement equation of (3.77), y[k] which corresponds to the received signal
vector r[k] is observable in the presence of the measurement noise n[k}, and G is the measurement

matrix which includes the transmitted symbols. The process equation can be simplified employing
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the random walk model [169] as follows
h{k + 1] = h[k] + w[k] (3.78)

by denoting the state transition matrix F as identity.

The time-varying channel coefficients can be modeled as autoregressive (AR) or autoregressive
moving average (ARMA) processes. For example, if the channel components are assumed to fade
independently and following the same statistical model, the process equation employing a first-

order AR (AR(1)) process can be written as
h(k + 1] = oh[k] + w[k] 3.79

where 0 < a < 1. For a Rayleigh fading channel of maximum Doppler frequency fp, a =
Jo(27 fpTy) as in (3.6). It is disclosed that the AR(1) model offers sufficient accuracy to model the
narrowband time-varying channel [37]. Higher order AR modeling [170] is also used, including
adaptive estimation of the AR parameters. Second-order AR (AR(2)) channel model [171],[172]

is appropriate when the channel changes rapidly.

Least Mean Square (LMS) Estimation: The LMS family of algorithms is the most widely
used in digital communications due to its simplicity and stability properties. The received signal

in (3.7) can be rewritten as follows:
r[k] = s¥[k]h[k] + n[k]. (3.80)

Considering the AR(1) channel model given in (3.79), we represent general LMS algorithms of
the form [12]

hik + 1] = h[k] + ps[k] £7[k] (3.81)

where h[k] is the estimate of h[k] at iteration k, 1 is the step size, and f,[k] is the generic scalar

function of the output estimation error. Different choices for f,[k] result in different adaptive LMS
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algorithms. For example, for the standard LMS algorithm the error function f.[k] is
felk] = elk] = r[k] — b7 [k]s[k] = r[k] — #[K] (3.82)

and for the normalized LMS (NLMS) algorithm the error function is given as

_ el
P = e G5

We may view the NLMS estimator as the LMS estimator with a time-varying step-size parameter
[12].

For a time-invariant channel, the LMS-based channel estimator can be viewed as an iterative,
stochastic gradient approach to finding the channel coefficients, minimizing the MSE between the
received signals and the estimated received signals. The choice of the step size p is a trade-off
between convergence rate and how noisy the model is (misadjustment noise). For a time-varying
channel the step size trades tracking ability for misadjustment noise.

The application of the LMS algorithm for channel tracking goes back to three decades [173]
and thereafter the LMS algorithms have become a popular form of tracking. For a complete review
refer to [12] and [174] and references therein. Recently, for the nonstationary channel environment,
the tracking performance of the different algorithms of the LMS family has been studied in [175],
where expressions for the MSE and selections of step sizes for optimal tracking performance are
derived and the performance of different LMS algorithms is compared. The performance of the
LMS algorithms on the estimation of time-varying channels is analytically evaluated in [176],
using the estimation error correlation matrix, the mean-square weight error and the MSE as pa-
rameters. In [177], the use of the second-order LMS algorithm and its self-tuning implementation

for wireless channel tracking in frequency domain have been exploited.

Recursive Least Squares (RLS) Estimation: A drawback of the LMS algorithm is the slow
convergence properties. Thanks to the fast convergence rates of the RLS algorithm, it has been
widely applied to channel tracking. RLS channel estimation is performed according to the follow-
ing [12],[113]

h[k + 1] = hk] + k[k]e*[k] (3.84)
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and
Plk]s(k]
Kk = AP (3:85)
Plk+1] = X' (P[k] — k[k]s” [k]P"[K]) (3.86)

where A is the forgetting factor. Unlike the LMS algorithm, the RLS algorithm updates a second-
order quantity, the matrix P[], which is the inverse of an exponentially smoothed estimate of the
symbol vector correlation matrix. The performance index of the RLS algorithm is defined as an

exponentially windowed sum of the squared error

k k
Tl =3 A el = DN

This is why this form of the RLS algorithm is referred as the exponential windowed RLS (EW-

rfi] — h[k] s[1] * (3.87)

RLS) technique [178]. As the errors in modeling the past received signals are weighted less, the
RLS estimator tracks the channel by trying to accurately model the most recent data. Like the step
size of the LMS algorithm, the forgetting factor A (< 1) contributes to the convergence rate and
the misadjustment properties of the RLS algorithm.

The EW-RLS algorithm is commonly used for the tracking of wireless channels [179],{149]. In
[179], an optimal windowed RLS algorithm was developed in the frequency domain. Alternately,
a sliding window RLS algorithm was also used in [168] to track parameters for a polynomial
model of the channel. A linear polynomial-based EW-RLS algorithm in conjunction with the
variable forgetting factor was developed to improve the tracking capability of a fading channel.

Applications of a variety of RLS filters to channel tracking can be found in [174].

Kalman Filter Estimation: Based on the state-space model given in (3.76) and (3.77), Kalman
filtering can jointly solve the process and measurement equations for the unknown state in an
optimum manner. The Kalman filter can be applied to the channel estimation problem, assuming
known symbols and known noise covariance. The one-step prediction Kalman filter of the channel
states is given by

h[k + 1] = Fhlk] + K[k]e*[k]. (3.88)
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In the above equation, the Kalman gain matrix K and the error correlation matrix P are defined as,

respectively
FP[k|G[k]
K= erprcH + G5
H
Pk+1 = F (P (k] — Gi[[llj]]g [[kk]]g[k][lil—lgi][k]) F7 4+ Qulk] (3.90)

where Q,, and Q,, denote the correlation matrices of the process noise and the measurement noise,
respectively.

In [180] the Kalman filter was applied to track fading channels during the data mode while the
fast start-up estimator was used to obtain a unbiased channel estimate during the training mode.
For a fast time-varying ISI channel a Kalman channel estimator using the soft statistics represented
by the a posteriori probabilities of the channel states was proposed in [181]. Chen et al. [182]
proposed a mixture Kalman filter-based adaptive receiver based on a Bayesian formulation and
the sequence Monte Carlo technique. Recently, applications of the Kalman filter to the channel
estimation has been developed for orthogonal frequency division multiplexing (OFDM) systems
[183],[184], MIMO wireless channels [185], and space-time coded systems [186]. Song et al.
[187] proposed Kalman filter-based iterative channel estimation combined with turbo equalization.

The Kalman filter for channel estimation discussed so far is based on the state-space signal
model. Other channel models can be used along with a Kalman filter framework for channel es-
timation. A first-order random walk model, which simplifies the Kalman filter recursions given
in (3.88) through (3.90), was used to channel estimation in [188]. Along with Kalman channel
tracking, AR(1) channel modeling can be found in [170] and ARMA channel modeling can also
be found in [189] and [190]. On the other hand, a computationally efficient Kalman-LMS algo-
rithm [171] was developed by approximation and applied to second-order models which are the

integrated random walk model and the AR(2) model.

3.3.3 Iterative Channel Estimation

A key issue in channel estimation is to reduce a portion of the training sequence and pilots to

achieve high data rates and bandwidth efficiency. A future trend in channel estimation is to use as
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few training symbols as possible. An important class of algorithms for semiblind channel estima-
tion is to exploit an iterative strategy. The turbo principle applied to turbo decoding [191] and turbo
equalization [119] along with channel estimation leads to iterative (or turbo) channel estimation
[192],[193] where the quality of the channel estimates is improved from iteration to iteration.

Fig. 3.11 shows the basic principle of a turbo receiver which performs iterative channel and
symbol estimation. In the turbo receiver, iterative procedures for channel and symbol estimation
are as follows. First, initial channel estimation is done with only training symbols, and the chan-
nel estimate and its variance is delivered to the turbo decoder. Next, the turbo decoder provides
the channel estimator with the data symbol estimate, which is possibly a well detected tentative
decision in the form of soft or hard information. These symbol estimates are used as additional
training symbols for iterative channel estimation. Hence, the channel estimator makes use of the
entire received data. In the last step, the channel estimator delivers the new channel estimate and
its variance to the turbo detector. This procedure of channel estimation and symbol detection is

performed iteratively until the turbo receiver converges.

Training Sequence
(Used for Initial Channel Estimation)

e —
BURST )

p—- g

Data

Channel

R . d S I . .
eceived Signals Estimation

Iterations Well Detected Symbols

(Used as Additional
Training Symbols)

Turbo
Detection

DetecteEymbols
Fig. 3.11 Turbo channel-and-symbol estimation.

There are distinct advantages of iterative channel estimation [194].

o Initially less training symbols are required, i.e., more user data can be transmitted.
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o After some iterations the channel estimate is capable of approaching the ML estimates which

are optimal.

o The iterative strategy of channel estimation allows the receiver to use different algorithms,
such as DFE, MLSE via Viterbi algorithm, or MAP detection via the BCJR (Bahl, Cocke,
Jelinek and Raviv) algorithm [195].

o Iterative schemes easily exploit any a priori information that the receiver may have. This
a priori information may arise because of pilot symbols, training symbols or error-control

coding.

The feedback information from the turbo detector can be hard decisions or soft information on
the data bits leading to hard or soft iterative channel estimation, respectively. Hard iterative channel
estimation has been proposed in [192],[193],[196],[197], while soft iterative channel estimation
has been proposed for block fading channels [192],[198],[199],[200] and for time-varying channels
[187],[193],[201],[202]. In [181] channel estimation is proposed using soft symbols feedback
from the detector (or equalizer) rather than the decoder. Kimura et al. [203] have studied the
performance of two types of iterative channel estimation combined with turbo decoding; one is the
outer-turbo channel estimation which carries out channel estimation before turbo decoding, and the
other is the inner-turbo channel estimation [193] which incorporates iterative channel estimation
into turbo decoding.

Adaptive filtering techniques discussed in Section 3.3.2 can be applicable to iterative channel
estimation. The LMS filter was used in [202] and [204], the RLS filter was used in [201],[202],
and [204], and the Kalman filter was employed in [187], [202] and [204].

3.3.4 Channel Estimation in MIMO Wireless Systems

All of the approaches to channel estimation discussed so far can apply to MIMO wireless sys-
tems, except that the signal model is suitably structured to reflect the MIMO training structure.
In multiple-antenna transmit systems, additional training effort will be required because more pa-
rameters proportional to the number of transmit antennas have to be estimated [205],[206],[207].

There is a tradeoff between having more training symbols for better estimation and more channel
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uses for higher rates. Optimal training design using information theory (i.e., Shannon capacity)
was studied by Marzetta [205] and later by Hassibi and Hochwald [207] for the class of ergodic
block fading MIMO channels. Training signals from the multiple transmitters can be mutually
orthogonal in some dimension: time, frequency, or code. Orthogonal training signals offer the
best estimation accuracy for a given transmit power under most circumstances [208]. In MIMO
channels, knowledge of the channel at the transmitter can be leveraged to provide significant value
in beamforming or pre-filtering [209]. In the following our review concentrates on only semiblind

channel estimation approaches for MIMO wireless systems.

Iterative Snapshot Approaches

Iterative channel estimation techniques using snapshot approaches, such as MAP, LS and MMSE
methods, were developed for MIMO wireless systems. Grant [210] proposed iterative channel
estimation of a flat-fading MIMO channel in a synchronous CDMA system, where the MMSE
channel estimate is updated in each iteration using hard decisions on the data symbols obtained
from the decoder. A pilot embedded technique for soft iterative channel estimation was proposed
in [211] for CDMA systems in a flat-fading channel with different iterative detection structure. To
avoid the matrix inversion of the MAP channel estimator, an iterative method for decision-directed
channel estimation in MIMO systems was proposed in [212].

On the other hand, in [213], a soft iterative channel estimator based on MAP and MMSE meth-
ods was proposed for multiuser MIMO systems in frequency-selective fading channels, where soft
decision feedback of all data symbols from the decoder to the channel estimator was considered,
while hard decision feedback was considered in [214]. In [215], Loncir at al. proposed a com-
prehensive algorithm that performs channel estimation, multi-user detection and decoding in an
iterative fashion. The multipath channel was estimated using pilot symbols and soft estimates of
data symbols. Particularly, performance of channel estimators were compared, which use soft deci-
sions estimated with both the extrinsic probabilities and the a posteriori probabilities of the coded
symbols computed by the decoder. A novel linear MMSE channel estimator which exploits soft
estimates of all the data symbols was derived in [216] for frequency-selective block-fading chan-
nels. In [217] a linear MMSE iterative channel estimation was derived for a frequency-selective

time-varying MIMO channel, while a pilot symbol assisted modulation-based iterative channel
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estimation over time and frequency MIMO fading channels is proposed in [218], applied in con-
junction with turbo equalization. For transmit diversity OFDM transmission through frequency-
selective channels, an iterative channel estimator based on the MAP algorithm was developed for

both space-frequency OFDM and space-time OFDM systems in [219].

Iterative Adaptive Filtering Approaches

Combined with a MIMO turbo equalizer, an RLS-based iterative channel estimator was used in
[214],[133] and [134]. Each user’s initial channel impulse responses are obtained by training
sequences. At the first iteration, further refined channel impulse responses are estimated by the
RLS filter using both training sequences and only reliable hard decisions of data symbols computed
by the decoder. To select the reliable estimates of data symbols, a thresholding method is applied.
At the second iteration, the MIMO turbo equalizer uses the refined channel estimates. Due to
the turbo principle, more additional hard decisions used for channel estimation are produced with
more iterations.

In [135] and [220], RLS-based adaptive iterative estimation for MIMO frequency selective
channels was studied, which is an extension of the research reported by Tiichler et al. [201] for
single-input single-output systems. Unlike the works in [133] and [134], Sun et al. [135] uses
soft decision feedback and estimates key parameters such as adaptive forgetting factor of the RLS

filter, error variance of soft information, and excess delay spread.

Tracking for MIMO Channels

Kalman filtering is widely used for tracking time-varying MIMO channels. In [185], time-varying
MIMO channel tracking was proposed using the Kalman filter aided by staggered decisions from
a finite-length MMSE-DFE, which performs the task of equalization and separation of the sources.
The results also revealed that the performance with the receivers employing Kalman tracking is
significantly better at the expense of higher complexity than normal LMS and RLS adaptations
when using either AR(1) or AR(2) approximations of the channel. For time-selective channels
approximated by an AR(1) model, a Kalman channel tracker was employed in [186] to enable

space-time (ST) decoding with diversity gains. In the decision-directed mode, the decoded symbols



3 Channel Equalization, Estimation, And Non-Gaussian Noise 77

by the ST decoder replace the information symbols for channel tracking, while in the training mode
initial channel estimates are acquired by training symbols.

In [183], decision-directed Kalman channel tracking algorithms were proposed in both time
and frequency domain for multi-input single-output (MISO)-OFDM systems. For MIMO-OFDM
systems, Schafthuber er al. [221] exploited the extended Kalman filter (EKF) for simultaneous
channel tracking and estimation of the state-transition matrix of a state-space signal model. Very
recently, a joint data detection and channel estimation algorithm for MIMO-OFDM systems was
proposed in [184] which combines the QR decomposition (QRD)-M algorithm and the Kalman fil-
ter. The QRD-M algorithm is used for data detection, while the Kalman filter is used for estimation

of channel impulse responses in a manner similar to [185].

3.3.5 Bayesian MIMO Channel Tracking

Particle filters rooted in Bayesian estimation have captured the great attention of many researchers
in diverse areas including signal processing, statistics and econometrics [222]. A major potential of
particle filtering stems from its ability to cope with the difficulties encountered in nonlinear and/or
non-Gaussian problems. Applications of particle filtering to communication problems are revealed,
which include channel equalization and detection [41],[223], multiuser detection [224],[225], as
well as channel estimation [226],(227],[228],[17]. We only review particle filtering techniques
focusing on their application to channel tracking problems.

Keeping a MIMO channel in mind, we may consider the general discrete-time state-space

model, composed of the state and observation (or measurement) equations, respectively [222],[17]

x[k+1 = f(x[k], wlk]) (3.91)
ylk] = g(x[k], v[k]) (3.92)

where x[k + 1] is the state vector, i.e., the (MpM7 x 1) complex-valued vector of the channel
states stacked up in an orderly form; y/[k] is the observed vector at the receiver; f and g are generic
vector-valued functions, which are possibly time-variant; w{k] and v[k] denote the dynamic and
measurement noise processes, respectively. The state in (3.91) characterizes the state transition

probability p(x[k + 1] | x[k]), whereas the measurement in (3.92) describes the likelihood p(y|k] |
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In wireless communications, it is known that the measurement noise v in (3.92) and the dy-
namic noise w in (3.91) are contaminated by non-Gaussian noise, especially in an indoor environ-
ment. Empirical evidence can be found in [229] and [230] where the statistical property of mea-
surement noise is non-Gaussian due to the impulsive nature of man-made electromagnetic noise as
well as natural background noise. In a non-Gaussian environment, the Kalman filter-based solution
for channel-state tracking may not be optimal anymore. Thus more sophisticated solutions using
particle filtering techniques have been investigated recently. Fig. 3.12 depicts a general structure
of particle filter-based channel tracking for a space-time (ST) coded MIMO system.

To our best knowledge, Chin et. al. [226], [227],[231] investigated the use of particle filtering
for tracking a time-varying MIMO channel for the first time. In [226] the performance of a particle-
based channel tracker was evaluated for an uncoded MIMO system where the noise present is both
Gaussian and non-Gaussian noise. The recursive procedure used to track the channel is as follows.
First, a rough estimate H[k] of the current channel state is obtained from the previous state H[k—1]
as

H[k] = oH[k - 1] (3.93)

with an assumption that the initial channel state is known. Second, based on the received signal
vector r[k] and H[k], an initial estimate of the transmitted symbols §[k] is made. Next, using
particle filtering and the initial estimate 5[k] the rough channel estimate is refined producing H[k].
Finally, a refined symbol estimate §[k] is generated using H[k]. A symbol block was composed
of both data and pilot symbols, where a pilot symbol was inserted regularly between the data
symbols. This structure can aid to prevent the channel tracker’s divergence. Auxiliary particle
filter [29] was employed in [226] in order to improve the efficiency of the particles. For both
Gaussian and non-Gaussian environments, a significant performance gain was achieved by the use
of the particle filter-aided channel tracker over the case without the tracker at higher SNRs. In
particular, a block refinement technique using polynomial fitting was proposed in [231], which
exploits the smoothly varying nature of the channel. By using the block refinement procedure,
a better estimate of the channel state was obtained. For ST encoded systems, channel tracking

results aided by particle filtering were reported in [227],[228],[17],[232]. It is worthy of noting
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that in [17],[232] the authors have used a real-life data measured by a vehicle driving in downtown
Manhattan [233].

Channel estimation using particle filtering has great potential and promise. Thanks to hardware
architectures for high-speed particle filters very recently proposed in [234],{235], the computa-

tional burden of particle filtering can be reduced.
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Fig. 3.12 Particle filter-based channel estimation in a MIMO link.

3.4 Non-Gaussian Noise Models

The ambient noise in communication channels has often been assumed to be Gaussian, being jus-
tified by the central limit theorem, because the Gaussian assumption often leads to mathematically
tractable solutions for signal processing problems. However, the Gaussian noise model lacks real-
ism for the ambient noise arising in many practical communication channels, including urban and
indoor radio channels [229],[236] and underwater acoustic channels [237]. The ambient noise is
known to be non-Gaussian through experimental measurements [229].

Generalized non-Gaussian models were developed by Middleton [3]: Class A, B, and C noise
models. Class A noise (or interference) describes the type of electromagnetic interference (EMI)
often encountered in telecommunication applications, and this ambient noise is largely due to intel-

ligent 3 telecommunication operations. On the other hand, Class B noise usually represents natural

3In [3], intelligent noise or interference is distinguished from nonintelligent noise. Intelligent noise is defined
as man-made and intended to convey a message or information. On the other hand, nonintelligent noise may be
attributable to natural phenomena, such as atmospheric noise. Different types of noise are summarized concisely in
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nonintelligent (i.e., non-information-bearing) noise and exhibits highly impulsive properties. Class
C noise is the sum of Class A and B noise.

It is instructive that the Class A, B and C models can be distinguished based on EMI models,
in terms of their bandwidth. Interference in Class A is coherent (which means that the noise
bandwidth is less than the receiver bandwidth) in a narrowband receiver, causing a negligible
number of transients (or ringings). Interference in Class B is impulsive (or incoherent), consisting
of a large number of overlapping transients. Interference in Class C is a linear combination of
both. These models have a direct physical interpretation and have been found to provide a good fit
to a variety of noise and interference measurements.

In what follows, we discuss non-Gaussian noise models used extensively to model practical
communication channels. Although asymmetric distributions [238] can model some practical
models more precisely, we concentrate only on symmetric models for several reasons. The reasons
include that: 1) Asymmetry may cause a significant increase in the computational complexity of
signal processing; 2) A priori information about the process is required to estimate an asymmet-
ric distribution; and 3) Symmetry represents plenty of important noise and interference processes

found in wireless communications.

3.4.1 Gaussian Mixture Models

Simplified model used to approximate impulsive noise are Gaussian mixture models or contami-
nated Gaussian models. Gaussian mixture models have become popular in communications due
to their mathematical tractability and their easy conceptual interpretation. These models give an
approximation to Middleton’s Class A model [239],[240], and have been used to model physical
noise in radar, acoustic, and radio channels.

The Class A noise n[k] combines the presence of an additive man-made noise component 7[k]

with average variance o7 and an AWGN component g[k| with variance 03 at time k, i.e.,
nlk] = ilk] + g[k]. (3.94)

For the noise samples which are independently identically distributed (i.i.d.), the Class A pdf for

Table I in [3].
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the real channel is given by [241]

p(nk]) =Z exp( 30T ) Zam (3.95)

m=0 m=0

with the abbreviation
Am
oA

Ay = o)
m:

(3.96)

where the parameter A is the impulsive index. For the complex channel, the pdf is given by

(n[k]) = i _Om_ _In[K]® (3.97)
P B £ 2mal, P 202, ) '
Note that p(n[k]) is the weighted sum of an infinite number of Gaussian pdfs with increasing

variance
2 om/A+T

Im =0T

where o defines the mean variance of the Class A model, and T = 02 /07 defines the relative

(3.98)

variance of the two noise components, i[k] and g[k]. As the impulsive index A becomes smaller,
for example, A = 0.1, the Class A noise becomes impulsive, whereas the pdf becomes Gaussian
for A — oo [242]. Let the symbol s[k] be transmitted over the memoryless additive white Class-A
noise (AWCN) channel. The SNR of the AWCN channel is defined as

o ST

A (3.99)

where Ny = 202 is the noise power spectral density.
Consider a commonly used two-term Gaussian mixture model, or e-contaminated model, for

the additive noise vector n. The marginal pdf of the noise model can be represented as
p(nlk]) = (1~ e)N(0,07) + eN (0, 03) (3.100)

with 0 < e < 1, 01 > 0, and 02 = ko] where x > 1. The term N(0, 0%) represents the nominal
background noise, and the A(0, 02) term represents the impulsive component with € controlling

the probability that impulses occur. The shape of a distribution which affects the performance of
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the system is varying by the parameters € and x with fixed total noise variance

o? £ (1 —€)o? + eql. (3.101)

2

Note that the strength of impulsiveness is associated with the ratio of the variances, 7. An example

I3

of the pdf of a two-term Gaussian mixture model is given in Fig. 3.13, where 6; = 1, ¢ = 0.2 and

K= 2.
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o3 Nl Gauss. 2:¢ N(0,x)
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Fig. 3.13 Gaussian mixture density function (c; = 1,e = 0.2 and k = 2).

Plenty of research on communication receiver design using Gaussian mixture models has been
done during the last decades. In 1970s, Madan et al. [243] considered the problem of impulsive
noise suppression in analog communication systems. More recently, in multiple-access channels, a
variety of techniques have been proposed to combat non-Gaussian ambient noise, especially Gaus-
sian mixture noise. These include multiuser detection techniques [230],[244],[2451,[246],[247],
[248],[249], channel equalization [250],[251], and detection and estimation techniques [252],[253],

[254]. Some adaptive receivers with certain nonlinearities were proposed in [255],[256] and [257].
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Although the two-term Gaussian mixture model has become popular in communications, it
oversimplifies the Class A model. Furthermore, the model in (3.100) has some drawbacks in

modeling impulsive noise, which include [258]:

e The distribution is characterized by three parameters, ¢, k, and o4, in addition to the location.

This may be an over-parameterized model.

e The model is complicated in terms of the computational aspects because the sum form of the

density makes it difficult to handle general estimation problems.

e The use of the model in communications is physically unappealing because the impulsive

nature of the noise processes observed in communications can not be explained by the model.

Another possible distribution is the Laplacian, which has heavier tails than the Gaussian. The

Laplacian pdf is described by

p(nlk]) = ——e~ 5

V2o

where the scale parameter o > 0 is similar to the standard deviation of the Gaussian model. Some

(3.102)

applications of Laplacian noise channels can be found. These include signal constellation [259],
channel estimation and signal detection techniques [260],[261],[262],[263],[264], turbo decoders
[265], and spectral efficiency [266],[267]. However, there is no strong evidence of appearance
of heavy-tailed distributions in practical problems [258]. Furthermore, the “peaky” shape of the
Laplacian pdf contradicts the widely accepted Winsor’s principle, according to which all distribu-
tions are Gaussian in the middle.

The well-known generalized Gaussian model is a generalization of both Gaussian and Lapla-
cian distributions. The generalized Gaussian distributions are described by exponential-type den-

sity functions as [268],{269]
___V__ e_lﬂaﬂ l”
20T (L)

where ¢ and v are the standard deviation of the distribution and a model parameter which controls

p(nlk]) = (3.103)

the impulsiveness of the distribution, respectively, and I'(-) is the Gamma function. For example,
when v = 2.0 and 1.0, p(n|k]) becomes the Gaussian and Laplacian distributions, respectively.

Conceptually, the lower the value of v, the more impulsive the distribution is. The generalized
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Gaussian distributions have been used as ad hoc models of electromagnetic radio noise [269].
However, the generalized Gaussian model has two limitations [258]. First, for v < 1 it inherits
the peaky shape of the Laplacian distribution, resulting in the inability of the distribution to model
practical impulsive phenomena. Second, its tails present decays of exponential order, in contrast

with the commonly observed algebraic decay of heavy-tailed processes that appear in practice
[270].

3.4.2 Alpha-Stable Models

Algebraic-tailed distributions possess heavier tails than both the Gaussian and the generalized
Gaussian distributions, whose tails decay at an exponential rate. Therefore, algebraic-tailed models
can serve as better representations of highly impulsive phenomena. There are two families of the
algebraic-tailed models: generalized-t and «-stable models. These models play an important role
in modeling noise and interference in communication systems. In this section we discuss a-stable

models, which provide an approximation of the Class B model.

a-Stable Random Variables

An o-stable random variable is defined with its characteristic function, which is given by [270],[271]
P,(z) = exp (—7*|z|*(1 — jfBsgn(x) tan(anr/2)) + joz). (3.104)

The characteristic function is determined by four parameters: «, v, 3 and §, where

o The characteristic exponent a: o € (0, 2] is the index of stability which controls the heav-
iness of the tails of the stable density. A smaller value of « implies severe impulsiveness,

while a value of a near 2 becomes a more Gaussian type of density.

e The scale parameter v: v € R, is also called the dispersion parameter, which plays a similar
role to the variance of the distribution. For a = 2, 2~ corresponds to the variance of the

Gaussian distribution.

o The skewness parameter 3: 3 € [—1, 1] is the skewness parameter which controls the sym-

metry of the distribution. The distribution is symmetric about the center § when 8 = 0. For
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a # 1, left skewness and right skewness are represented by 8 > 0 and 8 < 0, respectively.

o The location parameter 0: 6 € R is the location parameter which is corresponds to the mean
of the distribution only when o > 1 or § = 0. When a@ < 1 and 8 # 0, the mean of the

corresponding a-stable random variable is infinite.

For a random variable X distributed according to the rule described in (3.104), we use the
notation X ~ S,(v,0,6). When 8 = § = 0, i.e,, X is a symmetric a-stable (SaS) random
variable, we denote X ~ SaS. It has been found that the family of a-stable random variables
provides useful models for a wide range of impulsive phenomenon [272]. «-stable processes

possess desirable properties for modeling impulsive noise, including [273]:
e Choice of symmetry or asymmetry;
¢ Confirmation to the generalized central limit theorem;
¢ Having heavier tails than a Gaussian process;
e Heaviness of tails controlled by a single parameter.

The impulsive noise can be modeled as an «-stable random process [272],[258]. It is noted that
the SaS model closely approximates the simple Middleton’s Class B noise [3]. The SaS pdf p,(t)

is defined by its characteristic function, which is reduced from (3.104) when S =0 and § = 0
P,(x) = eI (3.105)

in which case the characteristic function is real and even. The distribution corresponds to the zero-
mean Gaussian distribution with variance 2y when o = 2, while it can be the Cauchy distribution

when a = 1. Except the limiting cases, @ = 1 and 2, there are no closed expressions for the
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density function.* The commonly used pdf of the general Sas$ is given by [270],[258],[273]

4

wviza > e (_lk);c_ll"(ka + 1) sin (’“"T’T) (;'%L—)_ka_l , 0<a<l,z#0
Palz) =4 "D . ok o=l (3.106)
szio%l%'—r(z%ﬂ) (711%) ) l<a<?2
\ 2\/1’W eXp(_%)’ a =2,

A method generating stable random variables can be found in [274].
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Fig. 3.14 SaS density function (v = 1): the density peak of & = 0.3 has been cut
for better visualization.

Signal Processing of SaS Noise

From the viewpoint of signal processing, the statistics of the system plays a pivotal role to design

an optimum receiver, which is usually based on the second-order statistics of the received signals.

*When a = 0.5 and 8 = 1, the Lévy distribution is defined as p, (x) = (%)1/2 (x — 8)~3/%exp (
which is concentrated on (4, 00), i.e., po(z) = 0 for z € (—o0, d].

- 755
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For example, in a digital communication system the additive white noise is often assumed to be
Gaussian, because the finite variance of the Gaussian noise enables the spectral characterization
of the system, which is based on the second-order moments. Thus, it is possible to reduce the
passband model of the digital communication system to its baseband equivalent. Moreover, it is
possible to reduce the digital communication system to a sample-rate, discrete-time equivalent
system, with the finite variance assumption of the additive white noise.

When an a-stable random variable is adopted as the additive white noise, the above reduction of
the system can not be valid due to its infinite variance. A primary difference between the Gaussian
and the a-stable noise distributions is their tails. For X ~ S, (v, 3,0),

lim 7*P(|X| > 1) = vC(a) (3.107)

T—00

where C(a) is a positive constant relying on o. The a-stable distributions have algebraic (i.e.,
inverse power) tails, while the Gaussian distribution has exponential tail [272]. The log-tail test
[275],[273] is a practical method to examine the behavior of the a-stable tails. An important
consequence of (3.107) is the nonexistence of the second-order moment of a-stable distributions,
except the case @ = 2. The a-stable random variables exhibit finite absolute moments for orders
less than ¢, i.e.,

E{|X|P} < o0, for 0 < p < a. (3.108)

In other words, when p > « the absolute moments become infinite, which means statistical anal-
ysis is not suitable. When a < 2, the a-stable distributions present infinite variance, i.e. the
second-order moment does not exist, making the use of variance as a measure of dispersion mean-
ingless. Therefore, the standard second- or higher-order statistics can not be applied to the o-stable
distributions. Furthermore, signal processing tools such as spectral analysis and least squares tech-
niques, which are grounded on the assumption of finite variance, will be considerably weakened. In
this scenario, fractional lower-order statistics (FLOS) [270],[272] can be applied to characterizes
the behavior of non-Gaussian a-stable distributions.

In reality, a-stable random variables can not be physically realizable with infinite power be-
cause the ideal white noise has constant power spectrum throughout the spectrum. Their properties

can be studied after passing through a band-limited system. In practice, all communication systems
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operate over a finite dynamic range, as they have finite bandwidth. A technique can be used that
provides the communication systems with the finite dynamic range in additive white a-stable noise
environments. The nonlinear function, which is an ideal saturation device, is used at the front end
of the receiver to limit the received signal within a specific dynamic range. The nonlinear clipping
function is given as [273],[276],[277]
z, z| <G

1@.6) = { G - sgn(z), l)tlllerwise (3.109)
with G being the saturation value of the clipper. The resulting truncated signal possesses finite vari-
ance, yet its pdf is identical to that of the unrestricted signal within the range (—G, G). Therefore,
the power contained in the tails of the received signal distribution is concentrated at the saturation
points in the pdf as Dirac pulses. The relative amplitude of the Dirac pulses on two points, —G and
G, depends only on the shape of the distribution within the dynamic range [273]. Any truncated
distribution, which is identical to the a-stable distribution within the dynamic range of the receiver,
could be acceptable to describe the pdf of the received signals. Some applications of the clipping
function can be seen in [273], [277], and [278].

The power of a second-order process has been widely used in signal processing as a standard
measure of signal strength. In the case of a-stable distributions, the second-order power is always
infinite and thus it is meaningless information on signal strength. To enable signal processing
for the class of a-stable processes, an alternative strength measure is necessary. Letting X be a

logarithmic-order random variable, the geometric power of X is defined as [258]
So(X) = FlloslXl}, (3.110)

The a-stable processes consist of one of the most important infinite-variance families in the loga-
rithmic order class. The geometric power of the SaS random variables defined in (3.105) is given

in a closed-form expression [258]
('YCg)l/a
Cy

where C, = €% =~ 1.78 is the exponential of the Euler constant C, ~ 0.577.

Sp = 3.111)

When the variance of additive white noise is infinite, the standard (second-order) SNR is zero,
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and it is totally useless as an indicator of channel conditions. The geometric power allows us
to define a universal indicator for constant amplitude signaling. The geometric SNR (GSNR) is

defined as [258]
A

GSNR = 20, (——) 2 (3.112)
So

where A is the amplitude of a modulated signal in an additive noise channel with noise geometric

power Sp. The normalizing constant 2C, guarantees that for the AWGN case (o = 2), the defini-

tion of the GSNR coincides with that of the standard SNR with noise variance 2. In the design

of wireless communication receivers, the GSNR is widely employed with SaS noise environments

[2771,[278],[279],[280],[2811],[282].

Recently, considerable research has been conducted with non-Gaussian SaS noise, which rep-
resents additive white noise in practical wireless channels. Bayesian equalization and channel
estimation techniques [273],[276] and blind equalization [283] were proposed. Xue and Zhe [284]
treated the problem of wireless channel tracking in SaS noise. In multiple access communications,
multiuser detection techniques were developed in [278],[277],[281] and [285]. A detector for code
acquisition systems of direct-sequence spread-spectrum (DS/SS) communications was proposed
in [282]. Rupi et al. [286] proposed a robust spatial filtering technique for an inter-signal problem
in wireless communications.

Robust filtering algorithms for SaS noise environments were proposed during the last decade.
Least mean p-norm (LMP) algorithms were developed in [272],[287],[288], and [289]. Boden-
schatz and Nikias [290] proposed median orthogonality as a linear filter criterion and derived
a generalized Wiener-Hopf solution. Some linear and nonlinear filtering approaches, including
adaptive filtering [291],[292], a nonlinear normalized LMS approach [293] and myriad filter algo-
rithms [294],[295], were proposed. Signal processing applications for SaS signals have also been
found. These include an expectation-maximization (EM) algorithm for estimating the source loca-
tions, the signal waveforms, and the noise distribution parameters [296], a time-frequency-based

detection technique [297], and blind separation of impulsive SaS sources [298].
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Part 11

Neural Equalization in ISI Channels
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Chapter 4

Adaptive Nonlinear Equalization Over
Gaussian Channels: EKF Approaches

4.1 Introduction

In digital communications, data symbols are sent through linearly dispersive mediums such as
telephone, cable, and wireless. Linear channel distortion in communication systems is caused by
two main sources: limited bandwidth and multipath propagation. The linear distortion results in
intersymbol interference (ISI) at the receiver, which leads to high error rates if left uncompensated.
Hence, an equalization scheme is included in the receiver to compensate for the channel distortion.
There are two major approaches to channel equalization [299]. The first approach is to estimate
the channel impulse response and use an optimum method such as a maximum a posteriori proba-
bility or a maximum likelihood sequence estimate to recover the symbols transmitted. The second
one is to directly equalize the channel to estimate the symbols, without performing the channel
estimation. In this chapter we consider the second approach.

An equalizer in the receiver does a filtering task to mitigate ISI. Many types of neural net-
works have been successfully applied to communications channel equalization [77]. Among neural
network-based equalizers, recurrent neural networks (RNNs) have shown better performance than
feedforward neural networks (FNNs), since RNNs approximate infinite impulse response (IIR)
filters while FNNs approximate finite impulse response (FIR) filters. The most popular recurrent

neural equalizers (RNE) may be a fully connected RNN with real-time recurrent learning (RTRL)
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algorithm [105],{300],[106]. Complex versions of the fully connected RNN training employing the
RTRL are found in [301],[302],[303],[304] and [305]. Although the RTRL algorithm is popular
due to its reasonable complexity in implementation, it is based on a gradient method using first-
order derivative information and may exhibit inferior capability in terms of convergence speed
relative to second-order derivative information-based learning techniques such as quasi-Newton,
Levenberg-Marquardt, and conjugate gradient techniques.

The extended Kalman filter (EKF) forms the basis of a second-order neural network training
method which is a practical and effective alternative to the aforementioned second-order methods.
The essence of the recursive EKF procedure is that an approximate covariance matrix that encodes
second-order information about the training problem is maintained and evolved during training.
Since Singhal and Wu [306] introduced the EKF training algorithm for static FNNs, the EKF
has served as the basis for the enhancement of computationally effective neural network training
methods that enable the application of FNNs and RNNs to problems in signal processing, pattern
classification, and control.

For training the fully connected RNN, Coelho [307] proposed an RTRL-based EKF algorithm
to deal with complex-valued signal in channel equalization without decision feedback. However,
the RNE employing the fully connected RNN has a problem of instability due to the nature of
its nonlinear IIR filter structure, i.e. the leftover of past errors may make it unstable [106],[302].
To overcome the drawback of the RNE without decision feedback, structures of the RNE with
decision feedback, so called decision-feedback RNE (DFRNE), have been proposed for both real
and complex-valued equalization [106],[302],[303]. The DFRNEs can eliminate the remaining
past errors and make the system more stable and robust than the RNE without decision feedback
can.

In this chapter, two versions of the EKF algorithm, the global EKF (GEKF) and the decoupled
EKF (DEKEF) [308],[309], are investigated for training the DFRNE using the fully connected RNN
for both real and complex-valued signal processing of channel equalization. Performance of the
DFRNE trained with the EKF is evaluated and compared with that of the conventional DFRNE
trained with the RTRL algorithm in terms of convergence rate, bit error rate (BER), and tracking

capability, for selected nonlinear real and complex-valued communication channels.
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4.2 System Model

A general model of a digital communications system with a decision feedback equalizer (DFE)
is displayed in Fig. 4.1. It includes both linear and nonlinear distortions. A sequence, {s[k|},
extracted from a source of information is transmitted, and the transmitted symbols are then cor-
rupted by channel distortion and buried in additive white Gaussian noise (AWGN). The channel

with nonlinear distortion is modelled as

rik] = g(F[k]) + v[K]

= g (Z_ h;s[k — z]) + v[k] “4.1)

where g(-) is a nonlinear distortion, h; is the linear finite impulse response of the channel with
length N, s[k] is the sequence of transmitted symbols, and v[k] is the AWGN with zero mean and
variance o3. The DFE is characterized by the three integers, m, n and d, known as the feedforward
order, feedback order, and decision delay, respectively. The inputs to the DFE therefore consist
of the feedforward inputs r[k] = [r[k],r[k — 1],--- ,7[k — m + 1]]T and feedback inputs u[k] =
[u[k —1},--- ,u[k — n]]T. The output of the DFE is y[k] and it is passed through a decision device
to determine the estimated symbol [k — d|. It is sufficient to use feedback order n [72],[310],

n=N+4+m-—d—2 4.2)

since the transmitted symbols contributing to decision of the equalizer at time k are given by
s(k] = [s[k], s[k — 1],...,s[k — m — N + 2]]T for the feedforward order m = d + 1.
Throughout this chapter we use the DFRNE using the fully connected RNN as the DFE. An

architecture and learning algorithms of the DFRNE will be detailed in the following section.

4.3 Learning Techniques for DFRNE

In this section, dynamic characteristics of the fully connected RNN used as the DFRNE are given
in the form of a state-space model of the system. Three learning algorithms of the fully connected

RNN, that is RTRL, GEKF and DEKEF, are derived in the matrix form based on the state-space
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( Channel
Source of Linear Nonlinear
Information Filter A Function
s[k] (k] Jg&[k]) v[k]

(k]

. , ylk] . Slk-d]
Decision Feedback Equalizer =~ f———® Decision

u[k-2]
Training

T ufk-1] ” —
u

[ )

‘\___?,/’

s[k-d]

Fig. 4.1 A communications system with decision feedback equalizer. In training
mode s[k — d] is provided as training symbols, while §[k — d] is fed back to the DFE
in decision-directed mode.
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model. We describe hereafter complex-valued formulation of algorithms, albeit real-valued algo-

rithms are used in simulations.

4.3.1 State-Space Formulation of Fully Connected RNN

For complex-valued RNN (CRNN), the input and output signals, the weights as well as the activa-
tion functions are all complex numbers. To emphasize the complex nature of the network, we use

the complex notation to express components of the network as follows:

¢[k) = ¢! k] + 3¢9 K] 4.3)

where the superscripts I and () denote in-phase and quadrature components (i.e., real and imagi-
nary parts), respectively, j = v/—1, and { can be represented by any component among the inputs

u, states x, outputs y, weights w, and activation functions ¢(+).

State

Vector

x(k]

Bias > | Y_,[E Output
Input Z'I i Vector
Vector - |, YK
ulk] y, [kl

Fig. 4.2 A layout of fully connected recurrent neural network.

Let us consider the fully connected RNN. It consists of g neurons with [ external inputs, as
shown in Fig. 4.2. Let the ¢-by-1 vector x[k] denote the state of the network in the form of

a nonlinear discrete-time system, the (! + 1)-by-1 vector u[k]| denote the input (including bias)
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applied the network!, and the p-by-1 vector y[k] denote the output of the network. The dynamic

behavior of the network, assumed to be noise free, is described by [79]

xlk+1] = @(Wlk]x[k] + W,[k]u[k])
= @(WIk]z[k]) (4.4)
ylk| = Cx[k+ 1] @.5)

where W [k] is a ¢-by-¢g matrix, W, [k] is a ¢-by-(I + 1) matrix, C is a p-by-q matrix; and ¢ :
R? — R? is a diagonal map. The two separate weight matrices can be merged into a whole weight
matrix W[k] with ¢-by-L dimension where L = (g + ! + 1), that is,

WIk] = [We[k] W,[k] (4.6)

and the L-by-1 vector z[k] can be defined as

x[k]

ulk] 4.7)

z[k] = l

where x[k| is the g-by-1 state vector and u[k] is the (I + 1)-by-1 input vector. The first element of
u[k] is unity, which is the bias input, and in a corresponding way, the first column of W, [k] is the
bias terms applied to the neurons. The dimensionality of the state space, namely g, is the order of
the system. Therefore the state-space model of Fig. 4.2 is an [-input, g-output recurrent model of
order g. Equation (4.4) is the process equation of the model and (4.5) is the measurement equation.
The process equation in the state-space description of the network is rewritten in the following

form:
p(wi[k]z[k])

p(wil [k]z[k])

x[k +1] = 4.8)

p(w{l[K]z[k])

where ¢(-) is an activation function, and the L-by-1 weight vector w;[k], which is connected to

"When the RNN is used as the DFRNE, the input vector u[k] includes the received signals from the channel and
the decision feedback inputs, as well as the bias input.
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the 7th neuron in the recurrent network, corresponds to the ith column of the Hermitian transposed
weight matrix W [k].

To simplify the presentation of the following learning algorithms, we define new matrices as

follows:

o The derivative matrix of the state vector x[k] with respect to the weight vector w; 2

OxAlk]
AABIEl =
[ 6zflk] Ozflk] axfk] ]
Bwi,I 8wi,2 U awi’L
shosp o
g .1,1 1,2 .z,L (4.9)
Bz‘;[k] dr k] Bz;‘[k]
i BwiE’l 8wi’2 Tt Bwi,L |

where A, B € {I,Q} and A*?[k] has a g-by-L dimension. According to the definition of

the derivative matrix given in (4.9), the entire derivative matrix can be represented by

I xI
A ARK ][ B
AP AR | | 2 2l @10

o

wherei =1,2,--- ,q.

o Z[k] is a ¢-by-L matrix whose rows are all zero, except for the ith row that is equal to the
transpose of vector z[k]:

OT
Z3k) = | (2*)T[k] | < ithrow, Vi (4.11)
OT

where A € {I,Q}.

*The time index of the weight vector w is [k — 1].
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o ®[k] is a g-by-g diagonal matrix:

@[k + 1] = diag[y'(w1)7 [kl 2 [k]), ¢ (w2) T [K] 2*[KD), -, ' ((wi) T [k] 2 [K])]
4.12)
where A € {I,Q} and ¢/(-) denotes the derivative of ¢(-).

Letting a[k + 1] = W k]z[k], we get the following components from the cross-coupled signal flow

of complex signals

allk+1] = WIk]z'[k] - W?[k]z9[K] (4.13)
a%k+1] = WI[k]z9k] + WO[k]z[K]. 4.14)

With these definitions given above, we derive the derivative submatrices, after differentiating (4.8)

and using the chain rule of calculus. For example, A/7[k] is defined as

oxI[k + 1]
I —
Ak +1] Wikl
_ Op(a[k+1)
T T oW
_ Op(allk +1]) da’[k + 1]
T Ballk+1]  owllk] (4.15)
where the two derivatives are represented as
a‘:"(al[k+ 1]) : re I 1 I re I
“oallk+1] diag [¢'(a1[k + 1]) ¢'(ailk + 1)) - - ¢'(al[k + 1])]
= &'k +1] (4.16)
dallk + 1] Iy Al QA QI I
STl = WARALK ~ WEHAL ) + 2] 4.17)
Therefore, the submatrix A![k] may be represented as follows:
Al'lk+ 1) = ®'[k + 1] [WLKA] k] — WEKIAZ [K] + ZI[K]]. (4.18)

Other submatrices, A9, A2', and A2?, are obtained from a repetition of the above procedures.
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Finally, we obtain the following recursive equation

Ak +1) ARk +1]
Ak +1] A%k + 1]

o[k + 1] 0 y Wilk] -W9[k]
0 P9k + 1] WCk] WIk]

AT ARR ][ -20
AY[]) AR ] * [ 290 Z[K ]) @

4.3.2 RTRL Algorithm

To proceed with the description of the complex-valued RTRL (CRTRL) process, let us define a

cost function 7 [k], which is the instantaneous sum of squared errors,

Tkl = 5e"lklelk]

N — DN —

[(e")T[kle’ k] + (%) [k]e?[K]] (4.20)
where the p-by-1 error vector e[k] is defined by using the measurement equation given in (4.5):

elk] = ¥k —-ylk]
= y[k] - Cx[k + 1]
= el[k] + je?[k] (4.21)

where ¥ [k] denotes the desired output vector. The objective of the learning process is to minimize
the cost function 7 [k]. Now, we go to the stage of the weights updating. The updating equation of
the weights is written by

wilk +1] = wilk] + Aw;[k]
Wilk] = 1V, T[] (4.22)

where 7) is the learning rate and the gradient of the cost function 7 [k] with respect to the weight
vector w; k], Vw, J[k], is defined as

0J K] n 0J [K] .

Ve, Jk] = awllk] 7 owe[k]

(4.23)



4 Adaptive Nonlinear Equalization Over Gaussian Channels: EKF Approaches 100

The real and imaginary parts of (4.23) can be obtained as follows, respectively:

0T k] _

awili] = ~ (€ HICATK + ()T RCAT' k) (424)
oTJlk] _ e\T 1Q o7 Q0
pud] ~ ()T HIOATIE + ()7 [KICATCIK)). (4.25)

The adjustment of the weight vector of neuron 7 in the network is determined by the following

form

Awik] = Aw[[k]+jAw?[k]

= 7| [(e)T[KIC (e?)T[kIC]

A AR 1]
AR A9 ] ] [ j ] - 420

To start the learning process, the learning rate 7 is chosen to guarantee stable convergence, and the

initial conditions of the derivative submatrices are set to
AfB(0)=0, Viand A Be{I,Q}. 4.27)

The implication of the initial conditions means that initially the recurrent network resides in a
constant state [79].
For the real-valued RTRL algorithm, the matrix A; and the adjustment of the weight vector of

the ith neuron Aw;[k| are given by, respectively

Ailk+1] = @k + 1[W.[k]A[K] + Z;[k]] (4.28)
Aw;lk] = nCAlklelk]. (4.29)
4.3.3 GEKF Algorithm

To enable the EKF for training the complex-valued RNN, the network’s behavior can be recast as

the following nonlinear discrete-time system:

wk+1] = wlk]+ wl[k] (4.30)
ylk] = Cop(wlk],z[k]) + v[k] (4.31)
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where all vectors and matrix are complex numbers, and the weight vector w(k] is defined by

w1 k]
wylk
wlk] = #] 4.32)
wolk]
where w;[k](i = 1,2, ,q) is the i" column of the Hermitian transposed (or complex conjugated

and transposed) weight matrix W#[k]. Equation (4.30), known as the process equation, speci-
fies that the state of the system is given by the network’s weight parameter values w(k] and is
characterized as a stationary process corrupted by process noise w|k]. The measurement equation,
given in (4.31), represents the network’s output vector y(k] as the nonlinear function ¢(-) of the
weight vector w(k] and the vector z[k] which includes both the input vector ufk] and the recur-
rent node activations x[k]. This equation includes a random measurement noise vector v[k]. The
process noise w(k] is typically characterized as zero-mean, white noise with covariance given by
Elww!] = 6,;;Q[K]. Similarly, the measurement noise »[k] is also characterized as zero-mean,
white noise with covariance given by £[v ] = 6;R[k].

To prepare the application of the GEKF to the state-space model, the nonlinear function ()
given in (4.31), must be linearized and the linearized model has the g-by-L derivative (or Jacobian)
matrix A [k] for the g neurons and the L weights of the system. By Cauchy-Riemann equations [12],
the complex Jacobian A[k] is defined as the partial derivatives of the ¢ neurons with respect to the
L complex weights as given by

dip(alk + 1))
owlk]
= Vwx[k+1]
oxlk+1]  ox[k+1]
awlk] 7 owRlk]
= (A"E+1+ACE+1]) +5 (AY[k+1] - ACKk+1]). 433)

Alk+1]

In general, the GEKF solution to the parameter estimation problem is given by the following

3§ denotes the Kronecker delta.
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recursion:
Tkl = [AKPKAT[K] + Rk (4.34)
K[k] = Pk]AZ[KIT[k] (4.35)
wlk+1] = wlk] + K[k)¢[k] (4.36)
Plk+1] = Plk] - K[KAKP[K] + Qlk]. (4.37)

The parameter vectors and signal vectors in equations (4.34) to (4.37) are described as follows:
[[k]: ¢-by-q global scaling matrix;
K[k]: L-by-q Kalman gain matrix;
¢[k]: g-by-1 vector which must be based on the error vector given in (4.21);
w|k]: estimate of the L-by-1 weight vector w{k];
R/[k]: g-by-¢ measurement covariance matrix;
Qlk]: L-by-L process noise covariance matrix;
P[k]: L-by-L approximate error covariance matrix.

The estimate, W[k], is a function of the Kalman gain matrix K(k]. In the GEKF algorithm, the
measurement and process noise covariance matrices, R[k] and Qlk], are specified for all train-
ing instances, and the approximate error covariance matrix P[k] is initialized at the beginning of

training as follows:

R[0] = g (IT+1) (4.38)
Q0] = p(I+4L) (4.39)
P0] = ¢! (I+I) (4.40)

where the parameters u, p and € are to be set.
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For the real-valued GEKEF, the in-phase component of the Jacobian A[k] in (4.33) is evaluated

as follows
Alk] = ATT[K]. (4.41)

Furthermore, all matrices and vectors in equations (4.34) to (4.37) are real values.

4.3.4 DEKF Algorithm

The computational requirements of the GEKF are dominated by the need to store and update the
approximate error covariance matrix P[k] at each time step. For the network with ¢ neurons and
L weights, the computational complexity of the GEKF is O(¢gL?) and its storage requirements
are O(L?). In contrast, the computational complexity and storage requirements of the DEKF
become O(¢*L + ¢3>°7_, L?) and O(3_7_, L?), where L; is the number of weights in group 1,
respectively. It is noted that the computational complexity and storage requirements of the DEKF
can be significantly less than those of the GEKF. We show an example of the effect of decoupling
on the structure of the approximate covariance matrix in Fig. 4.3. For the DEKEF, as shown in Fig.
4.3(b), only the shaded portions, i.e. block-diagonal submatrices, are updated and maintained,
while the whole matrix depicted in Fig. 4.3(a) is updated and saved for the GEKF.
From (4.33), the complex sub-Jacobian A;[k] for the DEKF is given by

A+ 1] = (A[k + 1] + A0k + 1]) +j (A"l + 1] = APk + 1]) . (4.42)

Therefore, the complex DEKF algorithm with neuron decoupling is given by

Llk] = iAi[k]Pi[k]AzH[k]'i'R[k]:l_ (4.43)
Kk = PWAFHIH (4.4
wilk+1] = Wilk] + Ki[kl¢[k] (4.45)
Pik+1] = P,k] - Ki[k]A[K]P;[k] + Qi[k] (4.46)

where K; k] represents the L;-by-q Kalman gain matrix, in which L; denotes the number of weights

connected to group 4. W;[k] is the estimate of the L;-by-1 weight vector w(k]. In the DEKF
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algorithm, the process noise covariance matrices of each group, Q;[k], are specified for all training
instances, and the approximate error covariance matrices of each group, P;[k|, are initialized at the

beginning of training as follows:

Qi[0]
P;[0]

p (I+ 1) (4.47)
et (I+41). (4.48)

where Q; and P; have L;-by-L; dimension. Initialization of the measurement noise covariance
matrix, R[0], is given in (4.38). As the real GEKF algorithm, the real DEKF algorithm is evaluated

using real-valued matrices and vectors.

(b)

Fig. 4.3 Covariance matrix P: (a) GEKF and (b) DEKE

4.3.5 Activation Functions

There are two classes of complex activation functions: Separate (or split) activation functions and
fully complex activation functions [311]. As binary (for instance, BPSK and 2-PAM), 4-QAM and
QPSK modulation schemes are applied, using hyperbolic tangent functions which are saturated
in &1 is appropriate. However, for M-level modulation schemes (where M > 4) other specified

activation functions are needed according to the level M. In this chapter, only separate activation
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functions are considered, and when 4-QAM modulation is employed in simulations it is defined as

p(a) + jp(a?)
= tanh(ba’) + j tanh(ba?) (4.49)

¢(a)

where the constant b is unity. When in simulations a real-valued channel is considered and BPSK

modulation is applied, a real-valued activation function is simply given by ¢(a) = tanh(ba).

4.4 Performance Evaluation

Through channel equalization experiments, the performance of the DFRNE trained with two ver-
sions of the EKF algorithm is evaluated and compared with that of the conventional DFRNE trained
with the RTRL algorithm. In this section, two different properties of the DFRNEs are evaluated.
One is the rate of convergence and the other is the tracking capability; convergence is a transient
phenomenon, in contrast with tracking, which is a steady-state phenomenon [12].

In the following simulations, we set the feedforward order m = 3 and the feedback order
n = 2. The number of neurons is set to ¢ = 2 for the DFRNEs, in which the number of output
neurons p is always one for the purpose of equalization. Henceforth, the error e[k] given in (4.21)
can be scalar and in turn the vector &[k], used in (4.36) and (4.45), can be equal to e[k]. The
weight vector is initialized to small random real (or complex) values with [w(0)| < 1072 for real
(or complex) channels. Information symbols from uniformly distributed BPSK or 4-QAM signals

in presence of ISI and AWGN are used in the simulations.

4.4.1 Convergence Rate

Channel Model 1: Real-Valued Nonlinear Channel

A linear channel model with a nonminimum phase has the transfer function:
Hi(z) = 0.3482 + 0.870427! + 0.3482272

which is used for channel equalization in [105],[104] and [81]. This channel has a deep spectral

null at high frequency which may be encountered in radio transmission. The nonlinear channel is
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modeled as
r[k] = tanh(7[k]) + v[k]

where a nonlinearity is applied to the output of the linear channel. This nonlinear distortion of
the channel may take into account saturation effects due to transmission amplifiers. The learning
rate of the RTRL is chosen empirically as » = 0.1 and this value ensures a stable convergence.
The parameters for the GEKF and the DEKF are chosen empirically as 4 = 0.1, p = 0.01, and
¢ = 0.01. The decision delay is d = 2.

The convergence properties of the DFEs used in the simulations are depicted in Fig. 4.4, with
log and linear scales of MSE values. For the purpose of comparison, we show the result of an LMS-
based DFE which has nine feedforward and seven feedback filter taps, albeit it is well known that
the LMS-DFE is very slow to converge and produces poor performance for nonlinear channels.
These results are ensemble-averaged over 200 independent runs. Each run has a different BPSK
random sequence and random initial weights for all DFEs and is performed at a SNR of 14 dB.
We observe that the MSE curves of the GEKF and the DEKF are indistinguishable. Thus we
display only that of the DEKF. Both the GEKF and the DEKF outperform the RTRL in terms
of convergence speed. For instance, the MSE value of the DEKF reaches around —50 dB after
10? training symbols, while MSE values of the LMS and the RTRL reach —15 and —27 dB,
respectively. As shown in Fig. 4.4(b), the DEKF reaches steady state before 100 iterations. These
results confirm that the two versions of the EKF algorithm provide an improvement with regard
to both the convergence speed and the steady-state MSE. Fig. 4.5 shows the bit-error rate (BER)
performance, averaged over 100 independent trials. In each trial, the first 100 symbols are used
for training and the next 10* symbols are used for testing. The weight vectors of the DFRNEs
are frozen after the training, and the transmission symbols are evaluated at the decision-directed
mode. The GEKF and DEKF algorithms show exactly the same BER performance, and they attain
about 1.3 dB of improvement over the RTRL at 10~* of BER, while the LMS-based DFE does not
recover the transmitted symbols. We have observed that the RTRL requires more than 200 training
symbols to achieve the same BER performance of the GEKF and the DEKF.

Channel Model 2: Complex-Valued Nonlinear Channel



4 Adaptive Nonlinear Equalization Over Gaussian Channels: EKF Approaches 107

1

1
1500 2000 2500 3000 3500 4000 4500 6000

1 1
0 500 1000

lterations
(a) y-axis: Log scale (10 log1o(MSE))
07 ! ! ! ! ! ! ! ! !
06k ......... ........ .......... .......... ......... ......... .......... AR i

MSE

0 100 200 300 400 500 600 700 800 900 1000
Iterations

(b) y-axis: Linear scale

Fig. 44 Convergence properties for Channel Model 1 under SNR=14dB.
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Fig. 4.5 BER performance for Channel Model 1 using 100 training symbols.
A nonminimum-phase complex-valued channel [304] is
Hy(z) = 0.2512 + (0.7071 + j0.7071)z"".
With a nonlinear distortion, the input signal of the DFRNE is given by [304]
r[k] = #[k] + 0.027%[k] + 0.0057°[k] + v[k].

In experiments, 4-QAM modulation is applied to this nonlinear complex channel. Complex algo-
rithms, that is CRTRL, CGEKF and CDEKGE, are used to train the complex DFRNE. The learning
rate of the CRTRL is chosen empirically as » = 0.1. The parameters for the CGEKF and the
CDEKF are chosen empirically as 4 = 1.0, p = 200, and € = 0.1. The decision delay is set to
d=1

Each simulation result is generated by only one trial, i.e., one block transmission, in contrast to
the ensemble-averaged results of Channel Model 1. Since, as noted before, convergence explains
a transient response of the DFRNEs, pattern classification characteristics of the DFRNEs can be

displayed through watching the outputs obtained from only one block of data. For a data block
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which consists of 3 x 10® symbols, the generated convergence curves are depicted in Fig. 4.6 for
an SNR of 14 dB. As shown in Fig. 4.6(b), the CGEKF and the CDEKF reach lower MSE values
more rapidly than the CRTRL. As in Channel Model 1, the two versions of the complex EKF
algorithm attain fast convergence speed and a lower MSE level. To show the pattern classification
properties, eye diagrams of the received signals and the equalized outputs during training mode
are used and displayed in Fig. 4.7(a) until 103 training symbols. After training, 2 x 10° symbols
are tested during decision-directed mode as shown in Fig. 4.7(b). We note that the CGEKF and
the CDEKF have much better pattern classification ability compared with the CRTRL.

4.4.2 Tracking Capability

Channel tracking performance of the DFRNEs operating in a nonstationary environment is tested
for a particular time-varying channel. A nonlinear channel with time-varying coefficients is con-

sidered here.

Channel Model 3: Nonlinear Time-Varying Channel

A time-varying discrete-time channel is described by
Hs(z) = 1.0 + a1 [k]2™ + ag[k]2~2.

The nonlinear distortion employed in Channel Model 1 is applied to this channel. This channel
model represents a nonlinear time-varying channel with a;[k](: = 1, 2) varying with time k. These
time-varying coefficients are generated by convolving white Gaussian noise and a Butterworth
filter response. The bandwidth of the Butterworth filter determines the relative bandwidth (fading
rate) of the channel. A nominal 2 kHz channel with 2400 symbols/s sampling rate are assumed,
and a second-order Butterworth filter having a 3 dB bandwidth of 0.5 Hz is used [38].

The parameters are set to the same values as those used in Channel Model 1. As expected,
the GEKF provides faster channel tracking capabilities than the corresponding RTRL. Fig. 4.8(a)
shows the time-varying coefficients a;[k] and as[k] drawn for a fading rate of 0.5 Hz. For the
DFRNE:s to practice their tracking capability, they first pass from the transient phase to the steady-
state phase of operation, and there should be provision for continuous update of the weights of the

DFRNESs. The DFRNE:s are in training phase until £ = 2000 and then they are switched to tracking
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Fig. 4.6 Convergence properties for Channel Model 2 under SNR=14dB.
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Fig. 4.7 Scatter plots for Channel Model 2 under SNR=14dB.
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phase at k = 2001. Unlike simulations for Channel Model 1 and 2, the DFRNE:s still update their
weight vectors during testing (tracking) phase in order to track the fading characteristics of the
channel. In Fig. 4.8(b), the channel tracking property is evaluated in both training phase and the
decision-directed tracking phase at an SNR of 15 dB. This result verifies that the MSE value of the
GEKEF is much lower than that of the RTRL for both training and tracking phases.

Fig. 4.9 shows eye diagrams during decision-directed tracking mode for 2 x 10 symbols. The
equalized outputs of the GEKF and DEKF have no spots near the decision boundary. In contrast,
some of the RTRL’s equalized outputs are located in the decision boundary, which creates wrong
symbol detections. BER performance is illustrated in Fig. 4.10. It is averaged over 100 indepen-
dent trials, where 100 training symbols and 10° testing symbols are supplied. BER performance
of the GEKF and the DEKF is superior to the RTRL at high SNR area (SNR > 14 dB) which is
the typical operating range of digital transmission systems [312], while at the area of low SNR the
RTRL shows better BER performance.

4.5 Concluding Remarks

For the AWGN channels, learning algorithms (the GEKF and the DEKF) based on the RTRL
were derived for the complex-valued DFRNE, and their performance was tested through channel
equalization experiments with nonlinear distortions. With regard to convergence rate, both the
GEKEF and the DEKF which are second-order derivatives information-based learning techniques
outperform the RTRL, which uses first-order information in the learning process. This means
that the fast convergence rate of the GEKF and the DEKF requires less training symbols and give
better BER and pattern classification performance than the RTRL technique. In terms of channel
tracking ability compared with the RTRL, the two forms of the EKF algorithm have shown rapid
tracking properties for the channel with time-varying coefficients in both the training mode and
the decision-directed tracking mode. For SNR higher than 14 dB the superiority of the GEKF
and the DEKF algorithms compared with the RTRL was consistent in convergence rate, pattern
classification, channel tracking as well as BER performance.

The EKF algorithms nevertheless have some drawbacks: the computational complexity and

parameter selection. First, the computational cost of the EKF algorithms is relatively expensive.
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Hence the DEKF is recommended for the DFRNE, since the GEKF and the DEKF have shown
(almost) the same performance. Next, the EKF algorithms are more sensitive to initial parameter
values than the RTRL. Careful parameter selection is therefore required in using the EKF algo-
rithms.

The design and learning algorithms of adaptive nonlinear equalizers undertaken in this Chapter
are only restricted to AWGN channel environments. For non-Gaussian noise channels, we will

develop a recurrent neural equalization scheme using the unscented Kalman filter (UKF).
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Chapter 5

Adaptive Nonlinear Equalization Over

Non-Gaussian Channels: UKF Approach

5.1 Introduction

Information-bearing signals transmitted over practical communication channels such as acoustic
underwater channels and indoor wireless channels are contaminated by noise. The channel noise is
known to be impulsive, leading to non-Gaussian channels. The major factors limiting performance
are non-Gaussian noise and time-varying multi-path propagation. Furthermore, multi-path propa-
gation increases intersymbol interference (ISI) and causes frequency dependent fading. Since most
communication receivers are designed for additive white Gaussian noise (AWGN)), the application
of such receivers in white non-Gaussian noise environments may not be suitable. Designing a
receiver for additive non-Gaussian noise is without a doubt an intriguing topic.

In digital communication systems, an equalizer at the receiver is used to mitigate the effect of
ISI. The Bayesian approach known as the maximum a posteriori probability (MAP) equalizer is
the optimum solution [72],[58]. A Bayesian decision feedback equalizer (DFE) for a non-Gaussian
a-stable environment was proposed in [276]. The performance of the optimum Bayesian DFE
depends on two sets of parameters: the equalizer centers and their associated signs, and the param-
eters of non-Gaussian noise distributions. The equalizer centers can be calculated by estimates of
the channel impulse response (CIR) with a linear adaptive algorithm [276]. To achieve an accurate

estimate of the CIR, a long training sequence is needed, which causes lower data rates of trans-
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mission. The parameters affecting the non-Gaussian distributions are the characteristic exponent
and dispersion for a symmetric alpha-stable (SaS) noise. These must be determined. An efficient
algorithm to estimate these parameters is based on fractional lower order statistics (FLOS) [313],
but it suffers from a slow convergence rate. On the other hand, adaptive equalization schemes
based on linear and nonlinear filtering techniques have been attractive alternatives. This is because
estimation procedures for the CIR and the parameters associated with non-Gaussian distributions
are not required.

It is known that the EKF provides an approximation to the optimal nonlinear estimation for
Gaussian noise and it may have some limitations for non-Gaussian noise environments. The UKF,
in contrast to the EKF, offers higher order approximations even for non-Gaussian distributions
[14],[15]. Our assumption is that the recurrent neural equalizers combined with the UKF may lead
to better performance over the EKF in non-Gaussian communication channels.

The performance evaluation of the recurrent neural equalizers with the UKF proposed in
[314],[101] and [102] has been limited to only AWGN channels. In this Chapter, we evaluate the
performance of the recurrent neural equalizer for non-Gaussian channels through Monte Carlo sim-
ulations. In the simulations, we use the Sa:S noise model to represent additive white non-Gaussian
noise, which closely approximates the impulsive nature of noise in communication environments.
To our best knowledge, it is the first application of neural equalization to non-Gaussian channels,
albeit neural networks have been applied to signal detection [315],[316] and spread-spectrum re-
ceivers [280] in non-Gaussian noise environments.

We present a brief overview of the signal and impulsive noise model in Section 5.2. Section 5.3
starts describing a conventional DFE and its learning algorithm, called the normalized least mean
p-norm which is suited for impulsive noise, and then gives a formulation of a DFE using a recur-
rent multilayer perceptron (RMLP). The UKF-based training algorithm for the RMLP equalizer
is introduced and compared with distinction to the EKF in Section 5.4. In Section 5.5, we show
simulation results and discuss performance comparison for stationary and nonstationary channels.

Concluding remarks are given in Section 5.6.
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5.2 System Model

5.2.1 Signal Model

Let {s[k]} be the transmitted data sequence taken from a M-ary alphabet A and consisting of
independent and equiprobable binary symbols, i.e. s;[k] € {—1,+1} at time k. The data symbols
are transmitted through an ISI channel with a finite impulse response (FIR) system h, which spans
over N symbols. After appropriate filtering and sampling, the baseband received signal vector rlk]

can be represented in matrix notation as
r[k] = Hs[k] + vikl. (5.1)
In (5.1) r[k] is the received vector with the M most recent samples
rfk] = [r[k]rfk—1] - 7k — M +1))7,
s[k] is the transmitted symbol vector with the length K = N + M — 1
slk] = [s[k] s[k — 1] -+ s[k — K + 1]]7,

H is the M x K Toeplitz convolution matrix given by

ho hi -+ hy_y 0 0
0 ho -+ hy—o hy-1 O
0 0 --- hg - hN

and v[k] denotes the ambient noise vector
vik] = [v[k]v[k — 1] -+ v[k — M + 1]]".

An equalizer must be used at the receiver to mitigate the effects of ISI and ambient noise from the

received signal r[k].
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5.2.2 Non-Gaussian Noise Model

The impulsive noise can be modeled as an a-stable random process [272],[258], which closely
approximates the simple Middleton’s Class B noise [3],[277]. The symmetric a-stable (SaS)
probability density function (pdf), p.(t), is defined by its characteristic function

P(t) = et" (5.2)

where the parameters 7y and « define a SaS distribution. The dispersion parameter v (y > 0) plays
a similar role to the variance of the normal distribution. The characteristic exponent a € (0, 2]
governs the impulsiveness of the distribution; the pdf has heavier tails as o approaches 0, while
it corresponds to the zero-mean normal distribution with variance 2y when a = 2. It can be the

Cauchy distribution when @ = 1. SaS noise samples are generated from the following random
variable [317]:

1 sin(at) (COS((l - a)t)> = a1

o(t) = 7= (5.3)
Palt) =7 (cost)= A
where t is uniform in (-7, 7) and A is the standard exponential.

The SaS noise has infinite variance which makes the use of the standard signal-to-noise ratio
(SNR) meaningless. A new SNR measure, geometric signal-to-noise ratio (GSNR), should be

used to indicate the strength between the information-bearing signal and the SaS noise [278]. The
GSNR is defined as [258],[277],[278],[282]
1

GSNR = — (

2C, 5.4)

So
where C, ~ 1.78 is the exponential of the Euler’s constant, and So = (Cg'y)i‘ /C, denotes the
geometric power. The normalization constant 2C in (5.4) is used to ensure that the definition of
the SNR corresponds to that of the SNR in the Gaussian case. The dispersion parameter «y can be
estimated from the measurements by only the sample mean and variance [313],[272]. It is therefore
regarded as a known parameter. Fig. 5.1 shows noise samples and the power spectrum of a SaS
noise random variable, generated empirically at v = 1. As expected, the noise power increases as

« decreases. In general when o approaches zero, the noise power goes to infinity, which causes
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significant performance degradation to the receiver. For example, we observe in Fig. 5.1 that the

noise power is Po, =~ 460 when a = 1.5, while itis Py, =~ 2 when a = 2.0.

5.3 Adaptive Decision Feedback Equalization

The importance of adaptive equalization in modern digital communications has increased because
of high data rates and severe channel distortions. Supervised (or training-data-aided) adaptive
equalization is of particular interest to this chapter. In the following subsections we first describe
a conventional decision feedback equalizer (DFE) structure and its training algorithm suitable for

impulsive noise. Next, a formulation for a decision-feedback recurrent neural equalizer is given.

5.3.1 DFE and Normalized Least Mean p-Norm Algorithm

A communication system with a DFE is depicted in Fig. 5.2. The DFE is trained using a sequence
perfectly known to the receiver. The channel with length N and a nonlinear distortion g(-) is

modeled as
rolk] = g(F[k]) + v[k]

N-1
=g <Z hislk — i]) + v[k]. (5.5)

To ensure that all receivers in practice have a finite dynamic input range, the nonlinear clipping

function, or clipper, g(+) is added at the front end of the receiver [276],[277]

Tolk], Irolkl] < G

. ) (5.6)
G - sign(ro[k]), otherwise

rk] = q(rolk], G) = {
with G being the saturation value of the clipper.

The DFE is characterized by three parameters, m, n and d, known as the feedforward order,
feedback order and decision delay, respectively. The inputs to the DFE consist of the forward inputs
r[k] = [r[k],7[k — 1),--- ,7[k — m + 1]]7 and feedback inputs u[k] = [u[k — 1],--- ,u[k — n]]".
The output of the DFE, y[k], relies only upon the K symbols in (5.1) and it is passed through a

memoryless decision device to determine the estimated symbol 5{k — d]. The delay, d, must be
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Fig. 5.1 Characteristics of a SaS noise process (7 = 1).
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properly chosen within the range d € {0, 1,-- - , K — 1} to achieve satisfactory performance. The
feedforward and the feedback order are determined as m > d+1landn = N+ m —d - 2,
respectively [72].

A typical DFE consists of the m-tap feedforward filter and the n-tap feedback filter where each
filter is constructed by a linear transversal filter. The DFE is trained by an adaptive filtering algo-
rithm. Under the Gaussian assumption, random signals can be treated in a Hilbert space framework
which requires the existence of the L, (or £2) norm to use various optimization criteria. Popular
adaptive filtering techniques, such as least-mean-square (LMS) or recursive least squares (RLS)
algorithms [12], are developed in a Hilbert space. Quadratic criteria such as the mean-squared
error (MSE) cost function are used to optimize the tap weights of the DFE. However, a quadratic
cost function is meaningless for impulsive noise generated by the SaS distribution, because the
SasS noise process is of infinite variance for o < 2. Instead, the Sa:S noise process can be treated
in a Banach space when 1 < a < 2, where only the existence of the L, norm for p < « is required
[272].

The least mean p-norm (LMP), a direct generalization of the least mean square (LMS) algo-
rithm, was proposed for a-stable environments [272]. The LMP algorithm was derived to minimize
the p-norm cost function

Jk] = Ellelk]|F], 0<p<ea. (5.7)

where £ is the expectation operator and e[k] = s[k — d] — y[k] is the error between the desired
symbol s[k — d] with decision delay d and the DFE output y[k]. The tap-weight vector w of the
DFE can be updated with the LMP recursion

Wk + 1] = wk] + n{e[k])?~'z[K] (5.8)

where 7 > 0 is the step-size parameter and (e[k])?~! = sgn(e[k])|e[k]|P~*. The input vector to the
DFE, z[k], includes both the feedforward and feedback inputs as follows

zlk] = [vT[k] uT [K]]7. (5.9)

To speed up the convergence of the DFE, the normalized LMP (NLMP) algorithm is desirable.
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The NLMP algorithm [287] optimize the tap weights with the following updating rule

Wk + 1] = w[k] + nmz[k] (5.10)
Iz{k} I + Ar
where || - ||, denotes the L, norm and A, (A, > 0) is a regularization parameter used for avoiding

large updates, which happen when the inputs are of occasionally small values. In the case of
p = 1in (5.10), the algorithm is called the normalized least mean absolute deviation (NLMAD).
Furthermore, the NLMP algorithm reduces to the normalized LMS algorithm if p = 2 and A, = 0.
The DFE trained with the NLMP algorithm is herein referred to as the DFE-NLMP.

Channel
Source of Linear Nonlinear
Information | gy Filter fik] | Function
Clipper
1[k]
l Wiel
. 4
- : ylk] .
Decision Feedback Equalizer =~ j~—— Decision

u[k-2]
Training

ufk-1]
—  ulk]
le ‘4

Fig. 5.2 Communication system with clipper and DFE.

5.3.2 Decision-Feedback RMLP Equalizer

Neural networks can be used as a DFE in Fig. 5.2. As a DFE, let us consider a RMLP model

with one hidden layer as shown in Fig. 5.3. Let the vector z[k] denote the input vector, the vector
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x[k+1] denote the output of the hidden layer, and y[k+ 1] denote the output of the RMLP equalizer.

The dynamic behavior of the RMLP equalizer may be described by a state-space model as follows:

x[k+1] = f(x[k],zlk}; wy) (5.11)
ylk+1] = glylkl,x[k + 1};w,) (5.12)

where £(-) and g(-) denote the activation functions of the hidden layer and the output layer, respec-
tively. The activation functions are implemented with parameter vectors w and w,. Throughout
the chapter we use a hyperbolic tangent for the hidden layer and a pure linear function for the out-
put layer. The dynamics of the RMLP given in equations (5.11) and (5.12) are recast by stochastic

state-space equations, suitable for a Kalman filter formulation:

wlk+1] = wlk]+wlk| (5.13)
yplk +1] = c(wlk],x[k + 1], y[k], z(k]) + v[K] (5.14)

where the parameter vector of the RMLP equalizer, w(k], at time k is reformulated from two

wlk] = [ :ﬁg ] . (5.15)

par ameter vectors

The first equation (5.13), known as the process equation, specifies the state of the network when
characterized as a stationary process corrupted by process noise w{k]. The state of the system is
given by the weight parameters of the RMLP equalizer, w(k]. The second equation (5.14), the
measurement equation, represents the desired output of the state-space recurrent model, yplk + 1],
as a nonlinear function of the weight vector w[k], the input vector to the network z[k], the state
feedback x[k], and the output feedback y[k]; this equation is augmented by a random measure-
ment noise v[k]. The process noise w[k] is typically characterized as a zero-mean white noise with
covariance given by £{w;wT} = Q[k] where QK] is a diagonal matrix. Similarly, the measure-
ment noise v[k] is also typically characterized as a zero-mean white noise with covariance given
by E{vv]} = R[k] where R[k] is a diagonal matrix.! The learning problem of the state-space
RMLP model can be thought of as the estimation of the parameters w{k].

'R[k] in the RMLP equalizer can be treated as a constant because the equalizer’s output is scalar.
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Fig. 5.3 Recurrent multilayer perceptron (RMLP).

5.4 Training the RMLP Equalizer with the UKF

5.4.1 The EKF’s Limitations

EKF algorithms have been extensively used to train various types of neural networks [306],[309].
An in-depth description of the EKF methods for training recurrent neural equalizers can be found in
[318],[102]. Obviously, the EKF has some limitations despite its popularity. A primary technique
in the EKF formulation is a linearization to approximate the nonlinear system. In particular, the
covariance matrix is computed at each time-step based on a Taylor series expansion to associate the
network output to the weight vector. For the RMLP equalizer in (5.14) which is a nonlinear system,
the EKF provides the first-order approximation of the system using a first-order truncation of the
Taylor series expansion. Intuitively, the approximation may be valid if and only if all the higher
order derivatives of the nonlinear functions are zero. Furthermore, the probabilistic spread of the
states, captured by the covariance matrix which is often denoted as P, is totally ignored during the
first-order linearization process, albeit it plays a crucial role in the validity of EKF linearization
[15]. The approximation can cause large errors in the true posterior mean and covariance of the
transformed Gaussian (or non-Gaussian) random variable. These errors may lead to suboptimal
performance and sometimes divergence of the filter [15],[22]. For the sake of comparison, the
performance of the RMLP equalizer trained with the EKF, which is referred to as the RMLP-EKF,

is evaluated in Section 5.5.
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5.4.2 Unscented Transform

A novel procedure for dealing with estimation in nonlinear state space models has been proposed
by Julier and Uhlmann [13]. This procedure belongs to the class of statistical linearization schemes
in which densities are truncated instead of the models f(-) and g(-) given in (5.11) and (5.12).
Higher order moments of the filter density are neglected, i.e. only mean and covariance are used.
A sample set with the same mean and covariance is generated and propagated through the full
state-space model, unlike the EKF which is approximated [319].

The foundation to the UKEF is the unscented transformation (UT). The UT is a method for cal-
culating the statistics of a random variable which undergoes a nonlinear transformation [131,[14].
Consider an L-by-1 random variable x that is nonlinearly transformed to yield a random variable
y through a nonlinear function, y = f(x). In order to calculate the statistics of y, a matrix x of

2L + 1 sigma vectors ; is formed as follows:

1=0

xi={ %+ (/T +MNPx)i, i=1,...,L (5.16)

%— (VI +NPe)it, i=L+1,...,2L

where % and covariance Py are the mean and covariance of x, respectively. A scaling factor A is
chosen as [15]
A=0*L+k)-L. (5.17)

The constant 6 determines the spread of the sigma points around X; it is set to a small positive
value, typically in the range 0.001 < 6 < 1. The constant & is a secondary scaling factor that is

usually set to 3 — L. The sigma points {x:}?£, are propagated through the nonlinear function
Yi=fla), 1=0,...,2L (5.18)

This propagation produces a corresponding vector set that can be used to estimate the mean and
covariance matrix of the nonlinear transformed vector y. We can approximate the mean and co-

variance matrix of y using a weighted sample mean and covariance of the a posteriori sigma points
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(15],
2L
y o= > W) (5.19)
i=0
2L
Py = Y Wei-9) -9 (5.20)
=0
where the weighting factors are given by
m A
W' = o
A
¢ = ——— 4+ (1-6 5.21
m ¢ ]' c
wr o= Wi= TN 1=12,...,2L.

In the above equations, the superscripts m and c refer to the mean and covariance, respectively. 8

is used to take account of prior knowledge on the distribution of x.

5.4.3 The UKF for RMLP Training

From the state-space model of the RMLP given in (5.13) and (5.14), the cost function to be mini-
mized in the MSE sense is:
T k] = elk] "R [k]e[k] (5.22)

where the error signal e[k] is defined from (5.14)
e[k] = yplk] — c(wlk], x[k], y[k — 1], 2[k]). (5.23)
We define R[k] and Q[k] as

R[k] = ul (5.24)
Q[k] (At = DP(K] (5.25)

where p can be set arbitrarily, and Ay € (0, 1] is referred to as the forgetting factor in RLS algo-

rithms. In (5.25), the covariance matrix P of the weight vector is initialized and updated in (5.27)
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and (5.35), respectively.

The UKF effectively evaluates the Jacobian through its sigma-point propagation, without the
need to perform any analytical derivative calculation. Specific equations for the RMLP equalizer
using the UKF algorithm, called the RMLP-UKF, are shown below. The weight vector of the

RMLP equalizer and its covariance matrix are initialized with

w[0] = E{w} (5.26)
P0] = E{(w—w[0})(w - w[0])"}. (5.27)

The sigma-point calculation is given by [15],[102]

k] = (L+ (P + QLK) (5.28)
WIK] = [wlk], wlk] + Tk, w[k] — TA]] (5.29)

where the sigma-point matrix W has the L x (2L + 1) dimension. Each sigma-point vector is

propagated to the system and the output is computed as
D;lk] = c Wilk], x[k],y[k — 1],2[k]), ¢=0,1,...,2L (5.30)

where W, is the ith column of the sigma-point matrix WW. The output associated with the estimated

weight vector w is also computed as
ylk] = c(Wk], x[k], y[k — 1], z[K}). (5.31)

These outputs D|k] and y[k| are used to compute covariance matrices in the following measurement-
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update procedures. The measurement-update equations are

2L
Pylk] = > WiDilK] - ylk])(Dilk] - ylk])" + RIK] (5.32)
2L
Pu,(k] = D WeOWilk]l - wik))(Dilk] -yl (5.33)
wik+1] = :f;[k] + Ykle[¥] (5.34)
Plk+1] = P[k]— Y[K|P,[kYT[k] (5.35)

where W7 is the weighting factor defined in (5.22) and Y [k] = Py, [k]P,[k]. The weight vector
of the RMLP equalizer is updated sequentially with the above procedure. Due to the recursive
structure of a Kalman filter framework, the probability of stopping in a local minimum of the cost

function is greatly reduced compared to gradient descent methods.

5.4.4 The Pros and Cons of the UKF

Compared to the EKF, the pros of the UKF can be summarized here (for more details, refer to
[14],(15),[320]). First, the UKF provides a higher order accuracy than the EKF. For instance,
the UKF achieves third-order approximations for Gaussian distributions and at least second-order
approximations for non-Gaussian ones, whereas the EKF achieves first-order approximations. Sec-
ond, the UKF works with derivative-free optimization. Although this may not be valuable in train-
ing the RMLP equalizer because it is differentiable, it plays an important role in applications to
systems which include non-differentiable components. Lastly, the UKF provides ease of compu-
tational implementation, due to the use of matrix algebra operations only.

Notwithstanding the pros of the UKEF, a limitation in utilizing the UKF is the computational
overhead. The UKF requires O(L?) complexity due to the computation of a matrix square root at
each time step, while the EKF needs O(L?) complexity. A recursive square-root formulation of
the UKF can achieve the same order of complexity as the EKF, yet it takes a slightly longer com-
putation time. Another possible limitation could be the uncertainty in choosing the UT parameters

(8, B, and k) which affect the performance and the convergence for parameter estimation.
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5.5 Simulation Results

5.5.1 Non-Gaussian Channel

Before evaluating the performance of equalizers over non-Gaussian SaS noise environments, it is
meaningful to address how the probability of error is changed over a SaS noise channel without
ISI, where the receiver does not need to be equipped with an equalizer. The probability of error
in a communication system is closely related to the probability of exceeding computed from the
underlying noise distribution function. For the Gaussian (o« = 2) and the Cauchy (o = 1) case,
the probability of exceeding Py~ (a,~y) [276), which means that the random variable x exceeds a

given value 7, is

l—lerf(L), a=2
Posr(a,9) = 2 B ;tanfl?g) et (5.36)

where the error function erf(2) is defined as erf(z) = 2 [7 e~ dz. Except for the limiting cases,
the Gaussian and the Cauchy, it is impossible to analytically calculate the probability of error.
However, we can compute it experimentally.

To compute the probability of error via Monte Carlo simulations we consider the SaS noise
channel and different values of a. Fig. 5.4 shows the probability of error (/%) per bit, called the
bit error rate (BER), as a function of the GSNR given in (5.4). In the simulations, 10% uncoded
binary data symbols are transmitted and the MAP decision rule is applied at the receiver to detect
the symbols. The clipper at the receiving end is set to G = 4.0. Compared with the Gaussian case,
a performance degradation can be observed in the probability of error with the SaS noise. The
performance degradation comes from the different shapes of tails between the Gaussian and the
SasS distributions. The Gaussian distribution has exponential tails, while the SaS distribution has
inverse power (i.e. algebraic) tails. We observe that the performance degradation is obvious even
when o = 1.99 where the distribution deviates only slightly from the Gaussian. As the value of
o goes smaller, P, becomes a straight line with its slope proportional to —c. It is noteworthy to
mention that the smaller the value of «, the heavier the tails are and the poorer the performance in

terms of the probability of error.
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Fig. 5.4 Probability of error of a SaS channel without ISI (BPSK modulation used).

5.5.2 Stationary Dispersive Channels

Next, we consider stationary symmetric channels to evaluate the performance of DFEs. Four
channel models are considered and are summarized in Table 5.1. Channel I is nonminimum-phase

and its transfer function [72],[104] is
Hi(z) = 0.34822° + 0.87042" + 0.3482272 (5.37)

with 3", |h;|? = 1. Channel II is a nonlinear channel composed of the same CIR as the Channel I,
followed by a memoryless nonlinearity g(7[k]) = 7[k] + 0.27%[k] [104]. Such a nonlinear channel
can be encountered in digital satellite communications [105] and digital storage systems [321].

Channel III is also a nonminimum-phase channel, with the transfer function [106],[44]

Hy(z) = 0.4072° + 0.81527! 4 0.40722 (5.38)
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which has a deep spectral null at a high frequency and, therefore, results in severe ISI. In Channel
IV a nonlinear distortion is applied as g(7[k]) = tanh(#[k]) on top of Channel III where tanh(-)

takes into account saturation effects of transmission amplifiers.

Table 5.1 Stationary nonminimum-phase channels.

Channel || CIR Model Distortion Remarks
I H,(z) None Linear
II Hi(z) | g(f) =7+ 0.2/% | Nonlinear
I Hy(z) None Linear
v Hy(2) g(7) = tanh(7) | Nonlinear

The performance of three equalizers, the DFE-NLMP, the RMLP-EKF and the RMLP-UKF
equalizers, is evaluated and compared with respect to BER and convergence rates. We fix the
decision delay d = 2 to achieve satisfactory BER performance for all the channels considered. For
the DFE-NLMP, the feedforward and feedback taps have m = 5 and n = 4, respectively. The
parameters for the NLMP algorithm given in (5.10) are setto p = 1.5, n = 0.2 and A, = 0.1 by
trial and error. For the RMLP equalizers, we used three forward inputs (m = 3) and two decision
feedback inputs (n = 2). The structure of the RMLP equalizers consists of two hidden neurons
and a single output neuron. Therefore, the RMLP equalizers have 20 trainable weights. For a set
of the parameters needed for the EKF algorithm, refer to Chapter 3 or [102]. The parameters for
the UKF algorithm are chosen empirically as § = 0.1 in (5.17), 8 = 2in (5.22), p = 0.5 in (5.24)
and Ay = 0.99 in (5.25). The information symbols transmitted are generated by binary phase shift
keying (BPSK) signaling throughout the simulations. The dynamic range of all the equalizers is
fixed to G = 4.

Consider first the nonminimum-phase Channels I and II. In Fig. 5.5 we display the clusters of
the received signals r[k] for 5000 symbols which are transmitted over Channel I and contaminated
by different impulsive noise v[k] at GSNR = 24 dB. We observe that as o decreases, the clusters
blur severely. We compare the convergence rate of the RMLP-UKF with the DFE-NLMP.? Fig.

5.6 shows convergence curves for Channel I at GSNR of 24 dB, ensemble-averaged over 100

2We do not show the convergence curve of the RMLP-EKF in Fig. 5.6 because the convergence rates between the
RMILP-EKF and the RMLP-UKF are indistinguishable.
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independent runs. The DFE-NLMP converges to the steady-state MSE value, which is around -14
dB, after 200 iterations (or training symbols), while the MSE value of the RMLP-UKF reaches
around -22.5 dB at 200 iterations and is continuously reduced as iterations go by. The convergence
trend of the equalizers for Channel II has very similar shapes as in Fig. 5.6. However, due to the
nonlinear distortion, MSE levels of convergence for Channel II are slightly higher than for Channel
I

(a) =2.0 (b) o=1.9

3 : : T -
oo ’ ......

Ll R ’#*‘

€ of i *o® =

-1 ”4_ * .......

DI, . S

-3 :

-2 0 2

r(k)
r(k)

r(k-1)

Fig. 5.5 Clusters of the received signals for Channel I at GSNR = 24 dB.

Fig. 5.7 shows BER convergence curves of the three equalizers for Channels I and II, where
BER values are ensemble-averaged over 500 independent runs at GSNR = 24 dB and each run
transmits 10* symbols, excluding different lengths of training symbols. For Channel I, the DFE-
NLMP requires 150 training symbols to reach the steady-state BER of 1.57 x 10~3. The RMLP-
UKEF, however, needs only 50 training symbols to reach the same steady-state BER. The RMLP-
EKF requires 100 training symbols to reach the steady-state BER, 1.7 x 1073, which is higher
than the BER achieved by the RMLP-UKF and the DFE-NLMP. The right side figure in Fig.
5.7 shows the BER convergence curves for Channel II. After 100 training symbols, the RMLP-
UKF and the RMLP-EKF converge to the steady-state BERs of 1.68 x 10~2 and 1.75 x 1073,



5 Adaptive Nonlinear Equalization Over Non-Gaussian Channels: UKF Approach

134

MSE (dB)

MSE

Channel |: o=1.7 and 24dB

T T

DFE-NLMP

i | l )
=25F i it ‘
-301 i
RMLP-UKF
-35} i
_40 . : A .
200 400 600 800 1000
Sampling Time (k)
(a) y-axis: Log scale
Channel |: «=1.7 and 24dB
1 -8 ¥ T T T
16} 1
1.4} 1
1.2 i
1 -
0.8 b
0.6 1
DFE-NLMP
0.4+ k
RMLP-UKF
0.2+ E
ij.ul
0 A oo
0 200 400 600 800 1000

Sampling Time (k)

(b) y-axis: Linear scale

Fig. 5.6 Convergence curves of the equalizers for Channel I.
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Fig. 5.7 BER vs. the number of training symbols for Channel I and II.

respectively. In contrast, after 200 training symbols the DFE-NLMP converges to the steady-state
BER of 2.2 x 10~2 which is much higher than those obtained with the RMLP equalizers. It is noted
that for Channel I the RMLP-UKF reaches the same steady-state BER as the DFE-NLMP using
only 50 training symbols, while the RMLP-EKF does not.

For Channel I, in Fig. 5.8 we show the BER versus GSNR performance of the DFE-NLMP with
different values of o for each case of 50, 100 and 150 training symbols. The BER performance
of the two RMLP equalizers is depicted in Fig. 5.9, when only 50 training symbols are used. The
results were ensemble-averaged over 100 independent trials, where each BER at a specific GSNR
was obtained using 10* data symbols. As seen in the BER convergence in Fig. 5.8, the DFE-NLMP
does not compensate the effects of ISI and non-Gaussian noise, when using 50 training symbols
with any value of o considered. When using 150 training symbols, the transmitted symbols are
recovered from the channel by the DFE-NLMP. We observe in Fig. 5.9 that the BER performance
of the RMLP-UKEF is comparable to that of the DFE-NLMP, yet it requires only a third of the
training symbols required by the DFE-NLMP. However, it is noted that the RMLP-EKF produces
a performance inferior to the RMLP-UKEF for all the different values of a when 50 training symbols
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Fig. 5.9 BER performance of the RMLP equalizers for Channel L.
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are used.

Fig. 5.10 shows the BER performance of the three equalizers for Channel II, where the RMLP
equalizers use 100 training symbols, and the DFE-NLMP uses 200 training symbols. The RMLP-
UKEF shows a better BER performance than both the RMLP-UKF and the DFE-NLMP, albeit the
training symbols are doubled for the DFE-NLMP. For instance, when GSNR = 20 dB, the RMLP-
UKEF achieves a performance gain of 1.2 dB over the RMLP-EKF and 2.5 dB over the DFE-NLMP
at a BER of 1073, It can be noticed that when oo = 2.0 (Gaussian noise), the BER performance of
the DFE-NLMP is far away from the performance of the two RMLP equalizers. This is why the
NLMP algorithm was suited for non-Gaussian noise environments. Typical scatter plot patterns
of equalizer outputs for Channel II are displayed in Fig. 5.11 at GSNR = 24 dB, where 200
symbols are used for training and only 4000 data symbols are drawn in the figures for ease of
visualization. The scattering of noisy received signals fed to the equalizer is shown in Fig. 5.11(a).
The equalized outputs by the DFE-NLMP, the RMLP-EKF and the RMLP-UKF are given in Fig.
5.11(b) - 5.11(d), respectively. The outputs of the RNLP-UKF are well deployed at around =1
which are the desired positions, whereas those of the DFE-NLMP are widely spread. This result
shows clearly that the RMLP-UKEF has a better classification ability than the other two equalizers.

Now, we evaluate the performance for Channels III and IV. For Channel III, Fig. 5.12 shows
the convergence properties of all the equalizers in the same way as Fig. 5.6. After 300 iterations
the DFE-NLMP converges to a steady-state MSE value of around -12.5 dB. We observe that the
RMLP-UKF passes below the steady-state MSE level of the DFE-NLMP after only 50 iterations.
Furthermore, the RMLP-DFE reaches the MSE value of around -28 dB with 1000 iteration. Not
only is this MSE level far away from the steady-state MSE of the DFE-NLMP, but also it is not the
steady-state MSE. Further iterations of the training still help lower the MSE level of the RMLP-
UKEF. BER convergence curves for Channels III and IV are depicted in Fig. 5.13 at o = 1.7
and GSNR = 24 dB. For Channels III and IV, the RMLP equalizers converge to their steady-state
BER with much less training symbols than for the DFE-NLMP, approximately one third. The
results confirm that for nonlinear and non-Gaussian environments, the RMLP-UKF shows the best
performance in terms of both the steady-state BER and the number of training symbols needed.

Plots of BER performance are depicted in Figs. 5.14 and 5.15 for Channels III and IV, respec-
tively. It is interesting to note that the DFE-NLMP uses 200 and 300 training symbols for Channel
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III and IV, respectively, while the RMLP equalizers use only 100 training symbols in Figs. 5.14
and 5.15. In the case of & = 2 which corresponds to the Gaussian noise, the RMLP-UKF is
marginally better in BER performance than the RMLP-EKEF, but it outperforms the DFE-NLMP.
From a comparison of Fig. 5.14 with Fig. 5.15, we also observe that a performance loss of 4 dB
exists between the linear and the nonlinear channel, due to the nonlinear distortion. In the case of
impulsive non-Gaussian noise (o < 2.0), as expected there is a definite performance degradation
of the equalizers in comparison with the Gaussian noise case. We observe that at high GSNRs
(greater than 20 dB), the performance gap between the RMLP-UKF and the other two equalizers
is clear for both the linear and nonlinear channels. For instance, for Channel III in a noise en-
vironment with o = 1.7, the RMLP-UKF achieves about 3.0 dB of performance gain over the
RMLP-EKF and about 1.4 dB over the DFE-NLMP at a BER of 1073, For nonlinear Channel IV
in a noise environment with o = 1.9, the RMLP-UKEF achieves about 1.5 dB of performance gain
over the RMLP-EKF and about 2.0 dB over the DFE-NLMP at a BER of 1073,

Channel |li: 0=1.7 and 24dB
5 T L T

DFE-NLMP

MSE (dB)

RMLP-UKF

0 200 400 600 800 1000
Sampling Time (k)

Fig. 5.12 Convergence curves of the equalizers for Channel III.

We have seen that the performance gain achieved by the RMLP-UKF in comparison with both
the RMLP-EKF and the DFE-NLMP is visible in stationary ISI channels contaminated by im-



5 Adaptive Nonlinear Equalization Over Non-Gaussian Channels: UKF Approach 140

0 Channel ill o Channel IV
10 T T T 10 T T T
—8— DFE-NLMP —&— DFE-NLMP
- ¥ — RMLP-EKF - ¥ - RMLP-EKF
B RMLP-UKF —6— RMLP-UKF
107" 107}
1 o
| T}
m o
107} 10°}
107 - : - 107 : : ‘
0 100 200 300 400 0 100 200 300 400
No. of Training Symbols No. of Training Symbols
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Fig. 5.15 BER performance for Channel IV.

pulsive non-Gaussian noise. The results support the superiority of the UKF to both the EKF and
the NLMP in terms of filtering (or parameter estimation) performance in non-Gaussian environ-
ments. Based on the experiments, our observations for the stationary channels are summarized in
the following:

Remark I: For linear and nonlinear channels, the RMLP-UKF produces the best performance
with the least training symbols, in terms of convergence and BER. It leads to high data rates of
transmission.

Remarks 2: For linear channels, the DFE-NLMP shows a better BER performance with longer
sequences of training symbols than the RMLP-EKF.

Remark 3: For the nonlinear channels, the BER performance of the RMLP-EKF is superior to
that of the DFE-NLMP. This is because the RMLP architecture combined with the EKF is effective
to compensate a nonlinear distortion, while the linear transversal filter constituting the DFE-NLMP
is not suited to compensate the nonlinear distortion.

Remark 4: In non-Gaussian noise, some instability in the convergence curves for all the equal-

izers was observed due to the impulsiveness of the noise. Therefore, the BER performance is not
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improved when further training symbols are provided.
Remark 5: Based on the superiority of the UKF to the EKF, we may conclude empirically that
the UKF better captures statistical properties than the EKF in non-Gaussian noise environments.
Remark 6: The shape of BER curves in stationary dispersive channels also corresponds to the
shape for the non-dispersive channel (i.e. no ISI channel). As o decreases, the BER curves become

approximately a linear line with its slope inversely proportional to «.

5.5.3 Nonstationary Dispersive Channel

A linear time-varying channel model may be represented as
H3(z) = ho + k127! + hp2™2 (5.39)

where the CIR coefficients h;[k](¢ = 0,1,2) are varying with time k. These time-varying co-
efficients are generated by convolving white Gaussian noise and a Butterworth filter response
[38],{102]. The channel output is passed through the nonlinear device used in Channel IV. Fig.
5.16 shows a prototype of a time-varying channel, drawn for a fading rate of 0.5 Hz.

To examine the tracking capability of the equalizers for the proposed time-varying channel, we
consider both a training phase and a tracking phase at & = 1.7 and GSNR = 24 dB. Each equal-
izer is trained by teacher-forcing symbols s[k] in the training mode until ¥ = 1500, and then it is
switched to the decision-directed tracking mode at & = 1501. In the tracking mode, an estimate
of the transmitted symbols, 3[k], is fed back to the equalizer. For a GSNR of 24 dB, tracking
performance in terms of the MSE in decibel is showed in Fig. 5.17, where the MSE value is
ensemble-averaged over 100 trials and filtered with a window size of 10 samples to discriminate
between the RMLP equalizers. The results verify that the convergence rate of the RMLP equalizers
is much lower than that of the DFE-NLMP for both the training and the tracking modes. Further-
more, the RMLP-UKF presents a marginally faster recovery than the RMLP-EKF in the tracking
mode.

BER versus GSNR performance for the equalizers is illustrated in Fig. 5.18, for the cases
of @ = 1.9, 1.7 and 1.5. The BER is averaged over 500 independent trials, where 100 training
symbols and 2000 data symbols are employed. It is noted that unlike the simulations for the
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stationary channels, the weight vector of all the equalizers is still updated in order to track the
fading characteristic of the channel. As seen in the result, the RMLP equalizers have a difficulty
to overcome the channel at lower GSNR areas (GSNR < 20 dB). However, at higher GSNR areas
(GSNR > 20 dB), the RMLP equalizers are able to drastically reduce the BER, and the RMLP-
UKEF outperforms the RMLP-EKF. On the other hand, we observe that the DFE-NLMP is not able
to reduce the error floor even at higher GSNR, even if the number of training symbols increases.

Evidently, the DFE-NLMP is also not fit to equalize a fading channel with the nonlinear distortion.

——— bt

(]
- - =h®|]
....... h,(K)

0 500 1000 1500 2000 2500 3000
Sampling Time (k)

Fig. 5.16 Time-varying channel coefficients at a fading rate of 0.5 Hz.

5.6 Concluding Remarks

We presented an adaptive equalization technique using a RMLP network for symmetric a-stable
noise environments, for which neural network-based equalizers had never been investigated. For
the purpose of comparison, we introduced a DFE trained with the NLMP algorithm, developed for
non-Gaussian noise. The performance of the RMLP equalizers was evaluated for both stationary

and nonstationary ISI channels including a nonlinear distortion. In experimental results, the perfor-
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mance of the RMLP-UKF showed its superiority to the RMLP-EKF in terms of BER performance.
Furthermore, the RMLP-UKF needed significantly fewer training symbols to achieve better per-
formance, compared to the RMLP-EKF and the DFE-NLMP. This result is important to achieve
high-rate data transmission in digital communication systems. Furthermore, the RMLP-UKF is
more robust to nonlinear distortions and non-Gaussian noise than the RMLP-EKF and the DFE-
NLMP. The results support the fact that the UKF can capture higher order approximations than the
EKF and perform better filtering task than the NLMP for nonlinear distortions and non-Gaussian
random distributions. In addition, the RMLP-UKF is a suitable solution for compensating the

effects of nonlinear distortion and non-Gaussian noise in time-varying channels.
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Chapter 6

Iterative Channel Estimation For
Turbo-BLAST

6.1 Introduction

Communication systems employing multiple-input multiple-output (MIMO) wireless links have
emerged as a significant technical breakthrough in modern communications [8]. Information the-
ory supports that MIMO fading channels offer not only the potential of high data rates but also the
promise of high reliability. The results reported in a pioneering work [6] showed that enormous
spectral efficiency can be achieved through the use of multiple antenna elements at both ends, i.e.
transmitter and receiver. The major conclusion is that the capacity of a MIMO system far exceeds
that of a single-transmit single-receive antenna system. Particularly, a MIMO wireless link has an
asymptotic capacity that increases linearly with the number of transmit and receive antennas in a
Rayleigh flat fading environment, assuming that the channel state information (CSI) is statistically
independent and perfectly known to the receive antennas. Tremendous bandwidth efficiencies pro-
vided with MIMO systems were demonstrated with the Bell-Labs Layered Space-Time (BLAST)
architecture using real-life channel data [5],[9]. In real scenarios, the perfect CSI is not available to
the receiver. In practice the CSI is thus obtained through pilot symbol-aided or blind channel esti-
mation. Therefore, channel estimation of MIMO links is a challenging topic since the performance
is dependent on the quality of the channel estimates.

Recently, iterative (turbo) receivers for MIMO wireless links, which perform joint detec-

tion and decoding, have received great attention due to their performance gain. Turbo-BLAST
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[322],[323], a promising iterative receiver which exploits the BLAST architecture, the random
layered space-time coding, and the sub-optimum turbo-like receiver structure, demonstrated high
spectral efficiency using real-life indoor channel measurements. However, the performance of
turbo-BLAST with iterative channel estimation has not been investigated yet, although various
types of iterative channel estimators are employed for other iterative receivers in the literature
[213],[200],[197].

In a block Rayleigh fading environment, the channel information can be improved by iterative
channel estimation using both dedicated pilot symbols and estimated code symbols based on soft
information provided by the channel decoders. In this chapter, three iterative channel estimators
for turbo-BLAST are investigated, which utilize least-squares (LS) and linear minimum mean-
square error (MMSE) methods for snapshot estimation and a least mean-square (LMS) method
for avoiding the matrix inversion of the snapshot approaches. In the literature [216], there exists
an argument for the unreliability of the use of hard decision feedback, instead of soft decision
feedback. Thus we evaluate the performance of the iterative channel estimators with both soft and
hard decision feedback of the code symbols. Through Monte Carlo simulations, we show that
the iterative channel estimators performed with hard decision feedback achieve better performance
gain than those with soft decision feedback.

Adaptive filtering techniques may be a natural choice for iterative channel estimation, because
of their computational efficiency compared to snapshot approaches [216],[200], such as LS and
MMSE methods which need matrix inversions. At a cost of complexity, both recursive least-
squares (RLS) [134],[135] and Kalman filter (KF) [185],[221] algorithms are extensively used for
channel estimation in wireless communications, while the LMS algorithm is rarely used despite
its computational efficiency and feasibility. In [134] and [135], RLS methods are used for iterative
channel estimation of MIMO systems, but only the soft estimate of data symbols was evaluated.
Although in [185] and [221], KF techniques are applied for tracking MIMO channels, they are
not in an iterative estimation mode. The performance of adaptive filtering-based iterative channel
estimators is compared in [202], but it is performed in a single-transmit single-receive (STSR) link.
One should note that soft iterative channel estimation does not always guarantee the refinement of
channel estimates, especially at a lower signal-to-noise ratio (SNR).

This chapter is organized as follows. In Section 6.2, basic characteristics of multiple-antenna
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wireless systems are introduced, including benefits of MIMO systems, signal model, channel ca-
pacity, and impact of channel estimation error. In Section 6.3, the architecture and algorithms of
the turbo-BLAST transceiver are given. In Section 6.4, snapshot-based iterative channel estimation
is described and adaptive filtering-based estimation techniques is given in Section 6.5. The perfor-
mance for turbo-BLAST with iterative channel estimation is evaluated in Section 6.6. Concluding

remarks are given in Section 6.7.

6.2 Multiple-Antenna Wireless Communications

MIMO technology offers a substantial performance improvement. For instance, a 10-by-10 MIMO
system can deliver 1 Gbps performance with only 20 MHz bandwidth and still support 80% of the
reference range. The spectral efficiency achieved over a 20 MHz bandwidth by the 10-by-10
MIMO channel is 50 bps/Hz, which shows that high transmit power is not necessarily required to
reach spectral efficiencies in excess of 10 bps/Hz. Furthermore, a MIMO system does not require
additional transmit power or receive SNR to deliver such performance gains. We note that the
disadvantage of using a MIMO system is the increased transceiver complexity.

The performance improvements resulting from the use of MIMO systems are due to array gain,

diversity gain, spatial multiplexing gain, and interference reduction [324].

e Array gain can be made available through processing at the transmitter and the receiver
and results in an increase in the average received SNR due to a coherent combining effect.
However, the transmit/receive array gain requires channel knowledge in the transmitter and

the receiver, respectively.

e Diversity gain can be achieved by diversity techniques. Spatial (or antenna) diversity of
My Mpgth order can be achieved if the M7 Mpg links composing the MIMO channel fade
independently and the transmitted signal is suitably constructed. By using space-time coding
techniques, spatial diversity gain in the absence of channel knowledge at the transmitter is

possible using appropriately designed transmit signals. For more details, see [325].

e Spatial multiplexing gain can be realized by transmitting independent data signals from the

individual antennas. Under conducive channel conditions such as rich scattering, MIMO
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channels offer a linear (in min(M7, Mg)) increase in capacity without additional power or

bandwidth expenditure.

e Interference reduction requires knowledge of the desired signal’s channel. When multiple
antennas are used, exact knowledge of the interferer’s channel may not be necessary. Thus

interference reduction (or avoidance) can also be implemented at the transmitter.

Generally, it is not possible to exploit all the leverages of MIMO technology simultaneously due
to conflicting demands on the spatial degrees of freedom (or number of antennas). The degree to

which these conflicts are resolved depends upon the signaling scheme and the transceiver design.

6.2.1 Signal Model

Consider a MIMO communication system with M7 transmit and My receive antennas, denoted as
an (Mr, Mg) system over a frequency-nonselective Rayleigh fading channel. We assume that the
channel is modeled as a flat-fading Rayleigh random process and the fading is to be uncorrelated
across antennas. We focus on the baseband model of a system, which employs M-ary phase shift
keying (PSK) with zero ISI design. Let the M7 x 1 transmitted signal vector in the kth symbol

interval be s[k] = [s1{k] s2[k] ... smy[K]]7. The received signal vector r € CM#*! on the receiver

ofk] =/ A]”;T H[k]s[k] + v[K] ©.1)

where H € C(MrXMr) denotes the channel matrix

at symbol time & can be

hilkl ... Ruaslk]
Hk] = : .. : , 6.2)
hMR,l [k] s hMR,MT [k]

s € CMrx! is the symbol vector simultaneously transmitted by the My transmit antennas, and
v € CMr*1 denotes the complex additive white Gaussian noise vector with zero mean and co-
variance matrix oI Mg- The channel matrix remains constant during transmission of a frame of
symbols (i.e., block fading) and changes randomly from block to block. Let us assume that chan-

nel estimates H and symbol estimates S have been obtained. At the beginning of the transmission,
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the channel estimates could be obtained by using training symbols. Throughout the chapter we

assume that transmission and receiving are perfectly synchronized with symbol timing.

6.2.2 Capacity of MIMO Channels

In what follows, we assume that the channel matrix H is perfectly known to the receiver . As-
suming the idealized Gaussian model, the capacity of a deterministic MIMO channel is defined by
[4],[5]

C= nﬁix{l}, b/s/Hz (6.3)

where the mutual information I for the transmitted signals s having covariance matrix R, is given
by

I = log, det (IMR + MLHRSSHH> , b/s/Hz (6.4)
T

The maximization in (6.3) is performed over all possible covariance matrices R,; = £ {ssH } of the
transmitted signal vector s, satisfying Tr(R,,) = M7, and p = E,/Nj is the average SNR at each
receiver input. In the absence of CSI at the transmitter, it is reasonable to choose s to be spatially
white, i.e., Rgs = Ip,. Thus, the ergodic capacity of the MIMO channel at time & is defined by

the logarithm-determinant (log-det) formula, subject to a constant transmit power [4],[5]

C=¢& [log2 {det (IMR + MLHHH> H , b/s/Hz (6.5)
T

Due to the nonstationary characteristic of the MIMO channel, the ergodic capacity C may vary
with H. Note that if Mr = Mpr = M, then the ergodic capacity of a flat-fading MIMO wireless
channel grows linearly with M as M approaches infinity [6].

For a frequency-selective fading MIMO channel, the channel capacity can be obtained by di-
viding the frequency band of interest into L subchannels, each having bandwidth B/L Hz. If L is
sufficiently large, each subchannel can be frequency-flat fading. Assuming that the transmit power

is assigned uniformly across space (transmit antennas) and frequency, the ergodic capacity of the

'In real scenarios, channel knowledge at the receiver can be attained via training and tracking.
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frequency-selective fading MIMO channel is given by [7]

L
]. Es,i H
Crs=¢ l:-z i=§ 1 log, {det <IMH + mHzHi )}:' , b/s/Hz (6.6)

where E, ; is the energy allocated to the :th subchannel.
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Fig. 6.1 The ergodic capacity of various MIMO link configurations.

6.2.3 Impact of Channel Estimation Errors

Although tremendous capacity gains have been achieved for MIMO channels under ideal assump-
tions, more realistic assumptions can significantly impact the potential capacity gains of MIMO
techniques [326]. It is well understood that channel variability is the predominant cause of per-
formance degradation in a realistic channel. In real world, the capacity predictions may rely on
the accuracy of CSI, which can be estimated (or tracked) at both the receiver and the transmitter
over time-varying circumstances. Since perfect CSI is difficult to obtain in MIMO systems due to
an increased number of channel parameters to estimate at the receiver and to be fed back to the

transmitter, the capacity gain is reduced.
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Médard [327] investigated how imperfect channel knowledge affects on the channel capacity,
where the author derives a lower bound of mutual information with channel estimation error for
single-transmit single-receive (STSR) channels. For MIMO links, the channel capacity with imper-
fect CSI at the receiver can be lower-bounded by that of the known CSI receiver [207],[328],[329].
Based on the work done in [327], Yoo and Goldsmith derived lower and upper bound of channel
capacity with channel estimation error [330],[331],[332]. On the other hand, constant channel es-
timation errors yield error floors at high signal to noise ratios. At low SNR, errors are dominated
by noise, whereas at high SNR errors are dominated by channel estimation errors. For the capacity
at low SNR, the reader can refer to [333].

The channel matrix H describes the effect of fading between two ends of the wireless link. The

estimated channel matrix H is related to the channel matrix H through
H=H+H 6.7)

where H is the channel estimation error matrix. We assume that H and H are uncorrelated and
that the elements of H are i.i.d. complex Gaussian random variables with zero mean and variance
02/2 in each dimension [331]. The variance o2 indicates the quality of channel estimation and
is assumed to be known at the receiver. The performance of the considered spatially-multiplexed
MIMO systems may be evaluated with the ergodic capacity limit. The ergodic capacity of a MIMO

channel with estimation errors is given by [332]

C=¢ [log2 det (I S G )] (6.8)
2Mro? 202 +02P
where P is the average transmit power and o2 is the noise variance. Due to the ergodicity of
the channel, the statistical expectation can by approximated by an ensemble-average over many
realization of H. In Fig. 6.2, we illustrate the impact of channel estimation errors on the capacity
for (2,2) and (4,4) MIMO configurations. The capacity is ensemble-averaged over 10° channel
realizations in frequency-flat Rayleigh fading channels where each channel coefficient is assumed
to be uncorrelated. The capacity curve for channel estimation errors of 10 percent (62 = 0.1)
and 20 percent (62 = 0.2) at the receiver saturates in the high SNR region, while the capacity for

perfect CSI (¢ = 0) continues to increase.
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Fig.6.2 Comparison of the ergodic capacity for frequency-nonselective block fading.

6.3 Turbo-BLAST: A MIMO Transceiver

A main feature of turbo-BLAST proposed in [322][323] is random layered space-time (RLST)
codes with a space-time interleaver. The RLST codes were devised to achieve two objectives: 1)
an iterative receiver for jointly decoding the simultaneously transmitted substreams with low com-
plexity and 2) the realization of MIMO channel capacity in a computationally tractable manner.

We briefly describe the architecture and algorithms of turbo-BLAST in this section.

6.3.1 Transmitter Structure

A high-level description of the turbo-BLAST transmitter employing the random layered space-
time (RLST) codes is depicted in Fig. 6.3(a). User information stream b is demultiplexed into My
substreams {b,, }}/Z, of an equal data rate. Each data substream is independently block-encoded,

where the block encoders use the same linear block codes with code generator G(D). The encoded
substreams are represented as

C= [b]G b2G e bMTG] = [C1 Co ... CMT]T (69)
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where {b,,}M7  are the J-dimensional information sequences, {c,, }, are the K -dimensional
code sequences, and G is a (J x K) binary code generator. The encoded substreams are bit-
interleaved using a pre-designed space-time random interleaver, I1, and the interleaved substreams
are denoted by

A =1I(C) (6.10)

The space-time interleaver comprises two stages [322]: 1) A space interleaver based on the diago-
nal layering of independently coded substreams and 2) M7 different, independent time interleavers
of length K. The space-time interleaved substreams are independently mapped into the symbol
matrix S,

S = f(A) 6.11)

where f(-) depends on the modulation scheme used. The modulated substreams are transmitted

using the Mp transmit antennas.

6.3.2 Iterative Receiver Structure

The RLST codes designed by concatenating random block codes and the space-time interleaver
can be viewed as serially concatenated codes separated by an interleaver: an inner code composed
of a Mp x Mr channel matrix and an outer code composed of M parallel channel codes. At the
receiver, the inner and the outer codes are detected by the inner detector and decoded by the outer
decoders, respectively, in a turbo-like fashion. Fig. 6.3(b) illustrates the iterative detection and
decoding (IDD) receiver of turbo-BLAST with a channel estimator. In the IDD receiver, the inner
detector receives the soft intrinsic inputs from the outer decoders, and produces the soft extrinsic
outputs. The outer decoders do the same work. Thus the soft information is exchanged between

the inner detector and the outer decoders during the iteration.

Inner SISO Detector

A maximum a posteriori probabilities (MAP) algorithm can be used as an optimal detector. How-
ever, due to the computational complexity of the MAP detector, a multistream detector based on
minimum mean-square error (MMSE) and parallel soft-interference cancellation (PSIC) is an al-

ternative choice. This MMSE soft-input soft-output (SISO) detector optimizes jointly the weights
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Fig. 6.3 Turbo-BLAST: (a) Spatial-multiplexing transmitter and (b) Iterative re-
ceiver.
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of the linear detector and the co-antenna interference (CAI) estimate.

Assuming s,,[k] to be the desired signal, equation (6.1) can be recast as
rlk] = hpsmlk] + Hpsn[k] + v[k], m=1,2,... My (6.12)

where
Hm = [hl cee hm—l hm+1 e hMT] € CMRX(MT—l)

with its mth column removed and
Smlk] = [s1[k] - - . Sm_1[K] Smaa[K] . . . sarp[K]]T € cMr—1x1

with its mth entry removed. The linear beamformer output using a linear filter w,,, for the mth

substream at sampling interval k is
Ym = Wihy s + WHH, s, + wiv,, (6.13)

where the sampling index % is omitted for brevity. The CAI can be removed from the linear
beamformer output y,,, and the improved estimate x,, of a transmitted symbol s,, using PSIC

based on the channel information is given by [322]

Ty = wir—wiH, £{s,} (6.14)
= (hphp, +00) 'hi(r — HeE{sn}) (6.15)

where £{s,,,} are the statistical expectations of the interfering substreams, i.e. the vector of esti-
mated symbols. The expectations of the transmitted data are computed using the soft outputs of

the symbols, which are log-likelihood ratios, provided by the outer SISO decoders.

Outer SISO Decoders

The outer SISO decoders for convolutionally encoded symbols perform symbol-by-symbol MAP
decoding realized by the BCJR (Bahl-Cocke-Jelinek-Raviv) algorithm [122]. For the compu-
tational simplicity, a log-MAP decoder is used to implement the BCJR algorithm. Instead of
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probabilities, it computes log-likelihood ratios (LLRs). The a posteriori LLR of a coded bit ¢,,,

m=1,2,..., My, conditioned on the received symbol vector r, is defined as
Pley = +1]r]
L(cm; =1
(emip) = In B =1

. Pley, = +1] o Plr|c,, = +1]
Plen = -1 * " Plrlen = —1]
= L{cm;i) + Licms€) (6.16)

1

where Bayes’ rule is applied, £(cp;4) and L(c,; €) denote a priori (or intrinsic) information and
extrinsic information of the coded bit c,,, respectively.

The extrinsic information of the inner SISO detector, L(A;e), is deinterleaved to compen-
sate for the pseudo-random interleaving used in the transmitter before feeding to the outer SISO
decoders, yielding

L(C;i) =TI"Y(L(A;e)) (6.17)

In turn, the M7y parallel SISO decoders process the soft input £(c,,; ¢) and compute the refined
estimates of soft information on both code bits c,, and information bits b,,, based on the trellis
structure of the channel code constraint. The a posteriori information for the code and information
bits is computed as

P{c, = +1|L(C; 1), L(A; 1), decoding}
P{c,, = —1|£(C;1), L(A; 1), decoding}

L(cm;p) =In (6.18)

1 P{bm = +1|L(C;14), L(A; 1), decoding }
£{bmi p) = In P{b,, = —-1|L(C; 1), L(A;4),decoding}

where the input £( A7) is initialized to zero, assuming equally likely source information bits. The

(6.19)

extrinsic information of code bits from the M7 outer decoders is given by
L(C;e) = L(C;p) — L(C;4) (6.20)

This extrinsic information yields the intrinsic information for the inner SISO detector after inter-
leaving as follows
L(A;1) =II{L(C;e)) (6.21)
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The expectations of the transmitted bits are computed from £(A;7) as follows
£{am} = tanh (f(aé"—z)) m=1,2,... My (6.22)

These soft estimates are used to produce £{s,,} in (6.15). An estimate of the information bit

matrix B is obtained by slicing the LLR, £(B; p), at the outer decoders
B = D(L(B; p)) (6.23)

where D(-) is a decision device (or slicer).
The procedures explained so far are repeated until the decoding algorithm converges to a satis-

factory performance.

6.4 Iterative Channel Estimation using Snapshot Approaches

In many cases where only a known pilot sequence is used, a channel estimate may not be accu-
rate, due to the relatively short pilot sequence. It may in turn cause a significant performance
degradation at the receiver which may not be fully compensated by the IDD receiver [197]. Iter-
ative channel estimation is performed using the dedicated pilot symbols and the estimated code
symbols. There are two soft information available for iterative channel estimation. These are the
extrinsic information and the a posteriori information both from the outer decoders. It has been
revealed that the former performs better than the latter for CDMA multiuser receivers [200]. As
shown in Fig. 6.3(b), we use the extrinsic information for iterative channel estimation.

The pilot symbols located in a preamble take the first L symbols of the whole symbol frame
of length P. In order to describe iterative channel estimation, it is convenient to define a stacked

model of the received signals. The received signal vector at the n-th antenna is given by
r,=Sh,+v, (6.24)

where the symbol matrix S consists of the pilot and the transmitted symbols from each antenna
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given by
s1l]  s2[1] ... sm[l]
S— S1 [2] 82[2] . SM[2]
s1[P] s2[P] ... sm[P]

h, = [Anihnz - hnp]?, and v, = [Ug[1]va[2) - - - v [P]]¥. Eventually, we collect all vectors
for all My, receive antennas into a single (PMg x 1) vector r to represent the stacked model, as
follows

r=Iy,®S)h+v2Sh+vy (6.25)

T

where r = [r{r] - -1, |7

, Iny, is a Mp-by-Mp identity matrix, ® is the Kronecker tensor prod-
uct, v = [vivl.. -vﬂR]T, and S is the block-diagonal (PMpg x MgMr) matrix. In this way, all
the unknown channel impulse responses are collected in the (MzM7 x 1) vector h.

At the first iteration, an initial channel estimate uses only known pilot symbols. As the iteration
proceeds between the SISO detector and the SISO decoders, both the pilot and the estimated code
symbols are contributed to iterative channel estimation. In this Chapter we propose the use of two
types of the estimated code symbols: soft and hard decisions. The soft and hard estimates of the

soft information L(A;7) from the SISO decoders are obtained by,

A = tanh (E(—‘;Q) (6.26)
A = D(L(A;4) (6.27)

The estimates, A and K, are reorganized to constitute the estimated symbol matrices, S and §
respectively. During the iteration, the block-diagonal matrix S is replaced with S (or 8) in the

channel estimators given in the succeeding subsections.

6.4.1 Least-Squares (LS) Estimation

Assume that no assumptions are made about the statistics of the fading nor of the additive white

Gaussian noise. The LS solution minimizing the squared error quantity yields the following esti-
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mator
hs = arg min{| r — Sh 12} = (SES)1SHy (6.28)

6.4.2 Linear Minimum Mean-Square Error (MMSE) Estimation

We constrain the MMSE channel estimator to be a linear function of r. By using the Wiener-Hopf
equation [12] and an approximation £{SS} = SS#, the approximated linear MMSE solution is
given by

hymse = (S7S + o21) 718y (6.29)

The MMSE estimator above assumes i.i.d. and complex Gaussian channel vectors. It requires
the knowledge of the noise variance. The LS estimator in (6.28) is therefore a special case of the

MMSE estimator with no requirement of the noise power.

6.5 Adaptive Filtering-Based Estimation

Under the assumption of spatially uncorrelated channels for sufficiently large antenna spacings,
an (Mp x Mr) MIMO channel can be separated into Mg multiple-input single-output (MISO)
sub-channels. Therefore, channel estimation can be performed independently for each receive
antenna, leading to computational efficiency in implementing the following adaptive filters. In
what follows, it is convenient to use the notation of the channel vector h(k] £ vec{H”[k]} =
(hik] holk] ... hp,[K]) of (MrMp x 1) dimension that is obtained by stacking all columns of
the Hermitian transpose of the channel matrix H[k]. The wireless channel can be modeled as a

stochastic 1st-order autoregressive (AR) process of the form:
h,[k] = Fh,[k — 1] + w,[k] € CMrxD (6.30)

wheren = 1,2, .-, Mg and w,[k] is the driving noise vector of the process, and the state transi-

tion matrix F' modeling the spatio-temporal correlations of the channel is defined as

F = ol € RWMrxMr)
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with o = J,(27fpT;) < 1, where Jy(-) is the Oth-order Bessel function of the first kind, and fp,
and T, denote the Doppler spread and the reciprocal bandwidth (e.g., symbol period), respectively.

6.5.1 Least Mean-Square (LMS) Estimation

As it follows from Egs. (6.28) and (6.29), the iterative channel estimators include a matrix in-
version which leads to a heavy computational burden. To reduce the computational complexity, a
stochastic adaptation of the estimate can be used. For convenience of computation, we separate

the estimated channel matrix H into sub-vectors, i.e.,

ﬁH: [fllflg ...,flMR]

where h,, = {ﬁnl Bra ... ianT]H (n=1,2,..., Mg). Three different error signals at time k can be
defined as
elk] = ralk] — B [k]s[k] 6.31)
élk] = ralk] — B [KIS[K] (6.32)
élk] = ralk] — hY(k]8[K] (6.33)

where §[k| and §[k] denote the soft and the hard estimates of the code symbols provided by the

outer decoders. Channel state vectors h,, are updated according to the LMS solution [12]
holk + 1] = hy[k] + ps[k]e*[k] (6.34)
where p is the step-size parameter. During the iteration, the error e[k] is replaced with €[] or é[k].

6.5.2 RLS-based Estimation

The performance index to be minimized by the RLS algorithm is defined as an exponentially

windowed sum of the squared error:

k
T = 30 Xea i
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Estimating the channel h,, [k] minimizing J[k] can be realized by a recursive form. It can be noted
that the standard RLS recursion is modified to an extended RLS form, when the process equation
with the 1st-order AR model described in (6.30) is assumed. The extended RLS algorithm is

represented as follows [12]:

kpk] = oPyu[k,k — 1]s[k]A,[k]

enlk] = 7alk] = byl [k|k — 1]s[k]
ho[k+1Jk] = ab,[klk — 1] + kn[k]e’ K]

P.lk] = Pulk k— 1] — B[]
P.lk+1,k] = o’P,lk]+ Rylk]

where R,,[k] is the correlation matrix of the process noise vector, and

Ak = (sTkIP.[k, & — 1sk] + 1)
Pk, k — 1s[k|s?[k]P[k, k — 1]
1+ sHkIP.[k, k — 1s[k]

B.[k]

6.5.3 KF-based Estimation

Equations (6.30) and (6.24) constitute the state-space model of the system, suitable for KF ap-
plications. To estimate the channel h,[k], the KF algorithm based on a one-step prediction is

represented as follows:

K.[k] = Flk+1,kP,[k, k — 1]s?[k]C,[K]
ho[k+1Jk] = Flk+1,kh,[klk — 1] + K, [k]e,[k]

P,k] = (I-F[kk—1K,[k]s"[k]) Pa[k,k — 1]
P.lk+1,k] = Flk+1,kP,[kF [k +1,k] + R, [K]

where

C.lk] = (s"[KIPuk, k — 1)s[k] + Q. [k]) ™
enlk] = ralk] — s?[k]h,[k|k — 1].
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In the above recursion, R,, denotes the correlation matrix of the process noise, and Q,, denotes the

correlation matrix of the measurement noise which has to be estimated.

6.6 Performance Evaluation

Monte Carlo simulations for turbo-BLAST with different channel estimators are performed in a
MIMO link with Mp = 4 transmit and Mr = 4 receive antennas. At the transmit end, each
substream of 100 information bits is independently encoded with a rate-1/2 convolutional code
generator (7,5)oq, and then interleaved via a space-time interleaver. The interleaved substreams
are modulated with BPSK for simplicity. Pilot symbols of length 20 are dedicated to channel
estimation. The number of iterations is restricted to 5 throughout the simulations. For performance
comparison we use the average normalized square error (ANSE)?, the bit error rate (BER) and the
frame error rate (FER). In particular, the BER or the FER are a measure to evaluate the QoS defined
for the link between two communicating users.

Plots of the ANSE versus the iteration for LS and MMSE estimators are drawn in Fig. 6.4.
In the figures, the ANSE at the first iteration depicts initial estimation using only pilot symbols.
We observe that the LS and MMSE estimators using soft decision feedback do not converge at a
lower SNR (0 dB) and start to converge slowly at higher SNRs (> 6 dB) after the second iteration.
However, the LS and MMSE estimators with hard decision feedback converge fast towards a lower
ANSE. At the initial estimation, the result of the MMSE estimator is marginally better than that
of the LS estimator, thanks to using the knowledge of the noise variance. Fig. 6.5 depicts the
convergence behavior of the LMS estimator. We also observe in the LMS estimator that hard
decision feedback is superior to soft decision feedback. As argued in [216], we expected that
hard decisions could be unreliable in the initial iteration, and thus may lead to erroneous estimates
which propagate through the iteration process. Nevertheless, the superiority of all the estimators
with hard decisions is in agreement. Intuitively, both the hard and the soft decisions become more
reliable as the iteration proceeds, but the soft decisions still remain erroneous estimates which
bring a negative effect to the channel estimators. This fact may be justified with Fig. 6.6 that

sketches the histograms of the evolution for the soft and the hard decisions vs. the iteration, when

The ANSE is defined as ANSE = £{|| h — h ||2 / || h [|}[200][216].
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the LMS estimator is employed at a SNR of 4 dB.
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Fig. 6.4 Channel estimation errors of LS and MMSE estimators.

The BER performance after the first, second and fifth iteration for the LS, MMSE and LMS
estimators is illustrated in Fig. 6.7, 6.8 and 6.9, respectively. For the LMS estimator, LS estimation
is used for the initial channel estimation, where we assume that the noise power is not available
at the receiver. As shown in the figures, the iteration gain is large. We observe that after the fifth
iteration the BER performance of all the estimators using hard decision feedback approaches that
of the perfectly known receiver. The performance gap of hard decision-based estimators at a BER
of 10~* is within 0.2 ~ 0.3 dB, while that of the soft decision-based estimators is around 0.5 ~
0.7 dB. Like the results with respect to ANSE, the hard decision-based estimators after the fifth
iteration are superior to the soft decision-based estimators in terms of BER performance.

The FER performance is shown in Fig. 6.10 for the three estimators. In general, all the hard
decision-based estimators outperform the soft decision-based ones with respect to FER perfor-
mance. In particular, the performance of the hard decision based-LMS estimator is comparable

with that of the perfectly known channel at a lower SNR (<4 dB), and it is superior to the hard
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Fig. 6.5 Channel estimation errors of LMS estimator.
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decision based-LS and MMSE estimators over all SNRs.
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Fig. 6.7 BER performance of T-BLAST with LS estimator.

Fig. 6.11 shows the channel estimation error vs. the iteration for different SNR values and with
the three adaptive filtering-based estimators. In the simulation, the ANSE is ensemble-averaged by
100 trials where . = 0.005 and A = 0.999 for the LMS and the RLS filter, respectively. The ANSE
at the first iteration depicts an initial estimate by the LS algorithm using only the pilot symbols.
We observe that the RLS and the KF estimators converge faster than the LMS estimator until the
second iteration. At the third iteration and beyond, the LMS estimator reaches almost identical
ANSE:s in steady-state performance, compared with the RLS and the KF estimators.

The BER performance of the three estimators is depicted in Fig. 6.12 where 5000 data blocks
in total are transmitted. As seen, the iteration gain is large. We observe that after only three
iterations, the BER performance gap between the receiver with the known CSI and the receivers
with the iterative channel estimators is within 0.5 dB. In other words, more than 1 dB improvement
is achieved by iterative channel estimation. As supported by the channel estimation error, the LMS

estimator has attained an equivalent BER performance to the RLS and the KF estimators. As more
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Fig. 6.8 BER performance of T-BLAST with MMSE estimator.
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Fig. 6.9 BER performance of T-BLAST with LMS estimator.
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Fig. 6.12 BER performance comparison.

iterations proceed the performance is improved, but it may not be significant because the estimators

reach a steady state within three or four iterations and a short block length is used.

6.7 Concluding Remarks

We have investigated the performance of iterative channel estimation techniques for turbo-BLAST
over block-fading MIMO wireless channels. In addition to the training symbols, the extrinsic in-
formation aided soft and hard decisions of the transmitted symbols, provided by the outer SISO de-
coders, are fed back into the channel estimator in order to achieve more reliable CSI. The presented
techniques with hard decision feedback, which are LS, MMSE and LMS estimators, outperform
the equivalent techniques with soft feedback in terms of ANSE, BER, and FER. In particular, the
hard decision-based LMS estimator with less complexity has revealed a better performance than
the other two estimators. The reason why soft decision feedback-based estimators show inferior
performance may be due to the use of erroneous soft decision feedback.

Selecting an adaptive filtering algorithm depends on system environments such as the fading
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rate and the frame structure, and it depends on the parameters to be carefully chosen to imple-
ment themselves. In a quasi-static fading MIMO channel, we conclude that the LMS estimator
is a reasonable choice in terms of computational efficiency, without the loss of performance gain
compared to the RLS and the KF estimators.

For the work in this chapter we only considered a narrowband quasi-static Rayleigh fading
environment. For a MIMO time-varying channel within a packet (or block) where channel tracking
is needed, further research on iterative channel estimation using the KF is ongoing. Regarding
channel coding of turbo-BLAST, only convolutional codes were used. Other advanced coding

schemes, such as turbo codes or low density parity check codes, are also applicable to turbo-
BLAST.
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Chapter 7

Particle Filtering for Iterative MIMO
Channel Tracking

7.1 Introduction

The use of multiple-input multiple-output (MIMO) wireless communications offers high data rates
and spectral efficiency through increased computational complexity, but without additional trans-
mit power and channel bandwidth. When coherent signal detection is employed, channel state
information (CSI) is estimated at the receiver in real wireless scenarios. Accurate CSI is a prereq-
uisite for the full exploitation of the advantages of MIMO systems since channel estimation errors
at the receiver reduce the MIMO channel capacity [332].

We consider an iterative MIMO receiver, known as turbo-BLAST [322]. Due to the iterative
nature of turbo-BLAST, where the received signal is iteratively processed between the detector and
the decoders, it is natural to use an iterative channel estimation scheme in a semiblind procedure.
This is an efficient method for channel estimation by the use of both dedicated pilot symbols and
estimated data symbols [334]. In wireless communications, the channel variations are governed
by the Doppler spread. In order to track time variations of the channel, we use an iterative chan-
nel estimator with particle filtering [32], rooted on recursive Bayesian estimation. As the channel
estimator, we exploit two particle filters, sequence importance resampling (SIR) filter and gradient
proposal particle filter (GPF) [17]. The performance of the channel tracking algorithms using par-

ticle filters is demonstrated for time-varying MIMO channels in both Gaussian and non-Gaussian
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noise.

This chapter is organized as follows. In Section 7.2 we give a description of particle filtering
algorithms. Section 7.3 presents the system model of MIMO wireless systems, including ambient
noise and channel modeling. Section 7.4 discusses pilot symbol placement for channel estimation
and illustrates iterative channel tracking algorithms using particle filters. The performance of
the turbo-BLAST with particle filtering channel tracking is demonstrated in Section 7.5. Finally,

Section 7.6 concludes the chapter.

7.2 Particle Filtering

7.2.1 The Bayesian Solution

Signals and systems of sequential signal processing are represented by a dynamic state-space
model (DSSM),

xlk+1] = £(x[k],d[k]) (7.1)
vk = gu(x[k], v[k]) (7.2)

where x[k + 1] is the state vector; y|[k] is the observed vector at the receiver; f;, and g, are generic
vector-valued functions, which are possibly time-variant; d[k] and v[k] denote the dynamic and
measurement noise processes, respectively. The state in (7.1) characterizes the state transition
probability p(x[k + 1] | x[k]), whereas the measurement in (7.2) describes the likelihood p(y[¥] |
x[k]). In general, there are three densities of interest, called the filtering, predictive, and smoothing
densities. All the information about the state x[k] is captured by these densities, respectively. For
instance, the filtering density p(x[k| | y[1 : k]) can be obtained from p(x[k — 1] | y[1 : k& — 1]).
Thus the main goal is their tracking, given the set of observation y([1 : k] = {y[1],¥[2],...,y[k]}.

The filtering density is estimated recursively in two stages: prediction and update. In the
prediction stage, the filtering density p(x[k]|y[l : k — 1]) is propagated into the future by the
transition density p(x[k — 1]|x[1 : k¥ — 1]) and it is obtained as follows:

p(x[K]ly[1: k-1]) = /P(X[’fHX[k —Np(x[k = 1ly[l: k- 1))dx[k —1].  (7.3)
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where the required density p(x[k — 1]|y[1 : £ —1]) is available at time k — 1. The transition density
p(x[k}|x[k — 1]) is defined in terms of the probabilistic model governing the state’s evolution (see
(7.1)) and the process noise statistics.

The update stage involves the application of Bayes’ rule when the data are observed. The

marginal density becomes

oy — POIEIXKDp(x(K]ly[L - & —1])

where the likelihood density p(y|[k]|x[k]) is defined in terms of the measurement model in (7.2),

and the normalizing constant

p(ylklly[1 : k— 1)) = / p(y [kl (K] p (e[l [y (1 - & — 1])dxK]. (1.5)

The normalizing constant, often referred to as the evidence density, plays a key role in optimization
schemes. The prediction and update strategy given in (7.3) and (7.4) provides an optimal solution
to the estimation problem. Unfortunately, it includes multidimensional integrations, the source of
the practical difficulties inherent in the Bayesian methodology.

Many signal processing problems, such as communication systems, financial time series, medi-
cal prognosis, target tracking, and geographical data analysis, involve elements of non-Gaussianity,
nonlinearity, and nonstationarity. Consequently, it is not possible to derive exact closed-form esti-
mators based on the standard criteria of maximum likelihood (ML), maximum a posteriori prob-
ability (MAP), or minimum mean-squared error (MMSE). Monte carlo (MC) simulation methods
have become an important alternative to the conventional methods, including the Kalman filter,
Gaussian approximations (EKF and mixtures of Gaussian densities), and direct numerical integra-
tion [335]. The accuracy of the analysis can be improved by the MC simulation methods, which
provide a complete description of the probability distribution of the data. Various MC simulation-
based filtering methods have been developed, such as the bootstrap filter or the MC filter [16].

These filtering algorithms can be treated under the generalized particle filtering framework.
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7.2.2 Sequential Importance Sampling Filter

The key concept of particle filtering is to represent the posteriori density function by a set of ran-
dom samples, generated by MC simulations, with associated weights, and to compute the estimates
based on these samples and weights. Assume that the distribution of the target is p(x) and its ap-
proximation of random measure is {x*, w*}Y, with the particles x* and their weights w’, and the
number of particles NV used in the approximation. In many situations, it is often hard to draw sam-
ples from the target distribution p(x). To avoid this difficulty, importance sampling can be used.
To do that, we introduce a known function g(x), known as a proposal distribution (or importance
density), which is close in shape to the p(x). Then {x*, w*}| approximates the distribution p(x)
by

N
px) = Y w'h(x — x°) (7.6)

i=1
where the w* = p(x*)/q(x*) are called the importance weights and §(-) is the Dirac delta function.

Let {x*[0 : k], w'[k]}¥, denote a random measure characterizing the posterior density p(x[0 :

k]|y[1 : k]), The posterior density p(x[0 : k||y(1 : k]) at k can be approximated as

N
p(x[0: K]|y[1: k]) = Z wk]6(x[0 : k] — %[0 : k) (7.7)

The weights are chosen using the principle of importance sampling. Therefore, if the samples
x*[0 : k] were drawn from an importance density ¢(x[0 : k]|y[1 : k]), then the weights in (7.7) can
be computed as [32]

p(x'[0: Kly[t : k)

o B [y
Uy ROl — Wp(el0 <k = 1jyf1: k1)
Q(TkI[0 : & — 1], y[1 F)aG0 - k= Tly[L -k — 1))
e g PO TR — 1) .

q(x[k]|x* 0 : k — 1], y[1: k])

By applying q(x*[k]|x*[0 : &k — 1], y[1 : k]) = q(x‘[k]|x?[k — 1], ¥[k]), the importance weights can
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be recursively estimated as follows:

p(y[KlIx"[ED)p(x* [k}|x'[k — 1])
q(x'[k][x[0: k— 1], y[k])

This equation underlies the basic principle of sequential importance sampling (SIS) filter. The

w'k] = w'k — 1]

(7.9)

posterior filtering density p(x[k]|y[1 : k]) can be approximated as

N
p(x[K]ly[L: K]) = Y @' [kI6(x[k] — x'[k]) (7.10)
i=1
where the normalized weights are
=il w' (k]
w'fk] = Zj-vzle[k]. (7.11)

It can be noted that the approximation (7.10) approaches the true posterior density as N — oo. This
SIS filter consists of a recursive propagation of the particles and their weights as each measure-
ment is received sequentially. The SIS filter forms the basis for most particle filtering algorithms

developed so far.

Degeneracy Problem

The SIS filter has a serious limitation, which is often referred to as a weight degeneracy problem.
What happens is that only a few particles have nonzero importance weights after a few iterations.
Due to this degeneracy phenomenon, the variance of the importance weights increases over time
when the observations are regarded as random [26]. To understand why the variance increases,
suppose that we want to sample from the posterior density. In that case, we want the proposal
density to be very close to the posterior density, i.e. p(x[0 : k]ly[l : k]) = ¢(x[0 : k]ly[1 : k]).

When this happens, the mean and the variance of the importance weights are

p(x[0: Klly[L: K] _
Satitto | gGlo Rl R | .12
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AWInD | (x [0 Klly[1: &])

p(x[0: k][y[l:k]) p(x[0: Klly[1: KDT\*]
Eq( lylt:n]) [( a(x[0 - Klly[L: k) Eq( lylLm)) [ o(x[0: Flly[L: k])D ] =0. (7.13)

In other words, we expect that the variance is to be close to zero in order to obtain reasonable esti-
mates. Typically, what we observe is that after a few iterations, one of the normalized importance
weights tends to one, whereas the remaining weights tend to zero. Therefore, a large computational
effort is devoted to updating the particles which do not contribute to the final estimate.

The degeneracy can be monitored by the effective sample size N.g, which is defined as [26],[25]

N
14+ varq(_|y[1m])[111(x[0 : k])]

N
R T (7.14)

Neff =

where (-) is referred to as the “true weight.” In practice, N can not be evaluated exactly, but its

estimate N can be approximated by

Negt = —N}‘——
2 i1 (w?[K])?

A practical method to reduce the degeneracy phenomenon is to use resampling whenever a sig-

(7.15)

nificant degeneracy is observed, i.e. when Neff < Nu where Ny, is a predefined threshold. It is
noted that a small Neff (Neff < N) indicates a severe degeneracy. Intuitively, in order to reduce
the degeneraéy effect, the brutal force method is to employ a large N. However, it is definitely

undesirable. Other methods to reduce this undesirable effect are described next.

Resampling

To avoid the degeneracy of the SIS particle filter, a resampling step may be used to eliminate the
samples with low importance weights and to multiply the samples with high importance weights.
Efficient algorithms have been developed for accomplishing this task in O(N) operations [27],[29].
In the resampling step, a new particle set {x7[k]}_, is generated by resampling V times from the

previous particle set.
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Resampling includes mapping the random measure {x‘[k],w*[k]} into an equally weighted
random measure {x?[k], N='}. This is accomplished by sampling uniformly from the discrete set
{x*[k]}, with probabilities {w'[k]}},, where the index 4 is drawn from a uniform distribution.
A mathematical proof of this can be found in [23]. A process of sampling from the discrete set is
illustrated in Fig. 7.1. After constructing the cumulative distribution function (cdf) of the discrete
set, a uniformly drawn sampling index ¢ is projected onto the distribution range and then onto the
distribution domain. The intersection with the domain constitutes the new sample index j. The
particles x7[k] are accepted as the new samples. Clearly, the particles with the larger sampling
weights will end up with more copies after the resampling process. In the subsequent prediction
stage, random disturbances are added to the samples, adding variety to the dominant samples. As
suggested in [26], resampling should be performed only when the estimated effective sample size
N is below a predefined heuristic threshold Ny,. A systematic resampling algorithm is described
in Table 7.1 [336],[32], where U/[0, N~!] is the uniform distribution on the interval [0, N7!].

It is noted that resampling does not prevent the weight degeneracy problem, but it reduces
the effects of the problem by discarding the particles with low importance weights. However, the

resampling step introduces the following side effects [32]:

e Limitation of parallel processing: The parallel processing of the algorithm employing the

resampling stage is limited, since all the particles must be combined.

o Loss of diversity: Since resampling replicates the particles with high importance weights
many times, it also introduces correlations within them when there are only a few dominant
weights. This leads to a loss of diversity. This problem is known as sample impoverishment
and is severe in the case of small process noise. For instance, for the case of very small
process noise, all the particles will collapse to a single particle within a few iterations. The
problem of sample impoverishment can be solved by the resample-move algorithm [337] or

regularization [16].

o Degeneration of the estimates: The particles actually represent paths through the state space
by storing the trajectory taken by each particle. Since the diversity of the paths of the parti-
cles is diminished, any smoothed estimate of the state degenerates. To neutralize this effect,
MCMC techniques [30] can be used.
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Despite these limitations, resampling is the basis for numerous works and many strategies have
been developed to increase its efficiency. A number of different resampling schemes have been
proposed in the literature [28],[16],[336], including sequential importance sampling/multinomial
resampling, residual resampling and satisfied sampling.

Sampling
Index

cdf t

2 Y P

* Resampled -
j Index

Fig.7.1 Resampling process.

Table 7.1 Resampling algorithm.

1. Construction of cdf
e Ati =0
- Initialize the cdf: ¢; =0
eFort=2,...,N
- Construct the cdf: ¢; = ¢;_1 + w'[k]
2. Sampling Step
e Start at bottom of the cdf: i = 1
e Draw a starting point: u; ~ U[0, N7}
eFori:=1,...,N
- Move along with the cdf: u; = u; + N7!(j - 1)
-If (uj > ¢;), theni =i+ 1
- Assign sample: x?[k] = x*[k]
- Assign weight: w/[k] = N~!
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Choice of Proposal Distribution

The choice of a proposal distribution (or importance density) plays an important role in deter-
mining the performance of estimation, and is one of the most critical design issues in importance
sampling algorithms. Choosing a good proposal distribution reduces the effects of weight degen-
eracy. In general, the choice of a proposal distribution is problem-dependent and demands a good

understanding of the problem at hand. A good proposal distribution satisfies some goals:

o Optimal distribution: The proposal distribution should be chosen to minimize the variance

of w'[k] so that N is maximized. In [25] it has been shown that the proposal distribution
q(x[k]|x[0: k — 1], y[1 : k]) = p(x[k]|x[k — 1], y[K]) (7.16)

is the optimal importance density that minimizes the variance of the importance weights
conditional on x[0 : £ — 1] and y|[1 : £]. In this optimal case, the importance weights can be

recursively calculated as:
w'lk] = w'lk — p(y[k]Ix[k - 1}) (7.17)

which follows from (7.9) and the Bayes’ rule. Unfortunately, sampling from p(x[k]|x*[k —
1}, y[k]) and evaluating

p(ylk]lx'[k — 1]) = / p(y [k]x[K])p(x[k]|x'[k — 1])dx][k] (7.18)
are not possible, except for special cases with analytic (approximate) solutions [25].

o Ease of implementation: The most popular choice of a proposal distribution is to use the
prior density
g(x[R]Ix[0 : k — 1], y[1 : k) = p(x[k]|x[k — 1]). (7.19)

By using this importance density, the importance weights are evaluated as follows:

w'[k] oc wilk — 1)p(x[k]|xi[k - 1]) (7.20)
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often resulting in a reduced computational complexity of the sampling procedure. Although
it results in higher MC variation than the optimal proposal distribution, it is easier to imple-
ment because the most recent observations are not incorporated in the proposal distribution.

However, it may be inefficient and especially sensitive to outliers.

o Heavy-tailed behavior: The proposal distribution has a heavy-tailed behavior to account for

outliers, which ensures that the unnormalized importance weights are upper bounded.

o Close shape to the true posterior density: The proposal distribution is as close as possible in

shape to the true posterior density.

However, satisfying all of these goals is not easy. In practice, the choice of different proposal
distributions leads to different kinds of particle filters.

In Fig. 7.2, we illustrates a pictorial description of a generic particle filter, including the random
measures, the actual probability distributions of interest, and the three steps of particle filtering: 1)

particle generation, 2) weight update, and 3) resampling.

7.2.3 Sampling Importance Resampling Filter

A variety of particle filters proposed in the literature have been derived from the SIS algorithm,
by an approximate choice of proposal distribution and/or modification of the resampling step.
The sampling importance resampling (SIR) filter, known as Bayesian bootstrap filter [28], can be
applied to recursive Bayesian filtering problems. The derivation of the SIR filter assumes that:
1) the functions f; and gj in equations (7.1) and (7.2) are known; 2) it is possible to sample
realizations from the process noise distribution p4(d[k]) and from the prior density p(x[k]|x‘[k —
1]); and 3) the likelihood function is available in a functional form. By the use of two appropriate
choices: 1) the resampling step at every time index, and 2) the prior density p(x[k]|x'[k — 1]) as
the importance density q(x[k]|x*[k — 1], y[1 : k]), the SIR filter can be derived from the SIS filter.
The SIR algorithm is as follows:

1. Initialization: The filter is initialized by drawing a sample of size N from the prior density

at time k = 0. The algorithm is then started with the filtering step.
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4
Time {XTk+1], Wik 13},

k+1
{xik, N},
2 > 99 pp 3 IXDO Wi
Update
k
e 0 o | : {X[k-ﬂ,N"}L

i=1,..,N (N=14 particles from time k-1)

Fig. 7.2 A pictorial description of particle filtering with importance sampling and
resampling.

2. Preliminaries: At time k, assume that {x‘[k — 1]}¥, is a swarm of N particles, approxi-

mately distributed as an independent sample from p(x[k — 1]|y[1 : k£ — 1]).

3. Prediction: First, sample N values {d’[k — 1]}}, from the distribution of the process noise
d[k]
dlk — 1] ~ pa(d[k — 1]). (7.21)

Then, use these to generate a new swarm of particles, {X*[k]}¥,
x'[k] ~ p(x[k]|x*[k — 1]) (7.22)

by setting X'[k] = fi,(x*[k — 1], d‘[k — 1]).
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4. Filtering: Assign for each x'[k] a weight w'[k] given by

w'lk] o wilk — Up(y[k]|X'[k]) (7.23)
o< ply[k]|X'[k]). (7.24)

The second line of the above equation follows from w'[k — 1] = 1/N since resampling is

applied at every time step. The weights in (7.24) are normalized before the resampling step.

5. Resampling: Resample independently N times, with replacement, from the distribution

obtained in the filtering stage. The resulting particles {x‘[k]}}, form an approximate sample
from p(x[k]|y[L : k]).

The pseudo-code for an implementation of SIR particle filtering is given in Table 7.2. Due to
the resampling stage applied at every iteration, the SIR filter may lead to a rapid loss of diversity in
particles. However, the SIR filter takes advantage of the fact that the important weights are easily
evaluated and the importance density can be easily sampled. Many improvement schemes, such as

satisfied sampling [16] and auxiliary variable [29], have been developed for the SIR filter.

7.2.4 Gradient Proposal Particle Filter

The SIR filter does not take account of the recent observation into the proposal distribution. To

surmount this, an improved particle filter so-called gradient proposal particle filter (GPF) was

proposed in [17], which takes advantage of the current observation. The idea of gradient proposal

is borrowed from the hybrid gradient descent/SIR (HySIR) algorithm [338] that was originally

derived for training neural networks. The GPF introduces a gradient “MOVE”-step in the sampling

of the proposal distribution, which is plugged in after the importance sampling step in the SIR filter.
With the measurement equation in (7.2), the gradient MOVE-step is represented by

X[k‘} — )v([k‘] _ na(y[k] _ gk(x))2

ox x=%[k]

(7.25)

where 7 (0 < n < 1) is a step-size parameter. In (7.25), X[k] denotes the predicted estimate from

the state equation, i.e. the a priori sample drawn from p(-|x[k — 1]), and x[k] denotes the sample
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Table 7.2 SIR particle filtering algorithm.

1. Initialization
Atk =0
eFori=1,...,N,
- Draw samples (or particles) x*[0] ~ p(x[0}).
- Set wi[0] = 1/N.
2. Importance Sampling Step (Prediction and Filtering)
Fork=1,2,...
eFori=1,...,N,
- Sample x*[k] according to (7.22).
- Set %[0 : k] = (%[0 : k — 1],%*[k]).
eFori=1,...,N,
- Evaluate the importance weights w*[k] according to (7.24).
eFori=1,...,N,
- Normalize the importance weights w*[k] according to (7.11).
3. Resampling Step
e Generate N new particles x*[k] from the set {X*[k]} according to
the importance weights " [k].

after the MOVE-step which is regarded as the a posteriori sample. The inclusion of the current
measurement y [k] and gradient information will try to push the samples to a high-likelihood region,
providing more reliable predictive samples for the next step. In this case, the proposal distribution

can be derived as

q(x[K]Ix'[k — 1], y[k])

| POl y kel — 1)l

] 30kl = b + n(y 4okl — W)l
p(x[k] +n®(y[k])[x[k — 1])
P[]k = 1) 726

where ®(y[k]) = 2lk-gxx[k) £ By using this proposal distribution, the importance weights can
O%[k]
be calculated as

wlk] = wlk -ty k) DR = .27
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The implementation procedure of the GPF algorithm is summarized in Table 7.3. The addi-
tional computational complexity to implement the gradient MOVE-step is only O(N N,) opera-

tions, where IV, is the dimension of states.

Table 7.3 Gradient proposal particle filtering algorithm.

1. Initialization
Atk=0
eFori=1,..., N,
- Draw samples (or particles) x*[0] ~ p(x[0]).

- Set w*[0] = 1/N.
2. Importance Sampling and MOVE Step
Fork=1,2,...

eFori=1,...,N,
- Sample %‘[k] according to (7.26).
e For each sample {x[k]},
- Obtain the sample {x*[k]} by running the MOVE-step (7.25) using
the measurement y|[k|.
eFori=1,...,N,
- Evaluate the importance weights w*[k] according to (7.27).
eFori=1,...,N,
- Normalize the importance weights w'[k] according to (7.11).
o Evaluate the effective sample size according to (7.15 ) in order to decide
whether the resampling step is performed or not.
3. Resampling Step
e Apply resampling as in the SIR filter.

7.3 System Model

We consider a MIMO wireless link with M7 transmit and MR receive antennas in a flat-fading
environment. We assume that the channel matrix is modeled as Rayleigh random processes and
the fading is to be uncorrelated across antennas where each individual realization of the channel

path is independent for all time steps k. To define the problem of channel tracking, let us consider
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the DSSM for a MIMO communication system

h[k]
r[k]

f(hk — 1)) + d[k — 1] (7.28)
g(hlk],slk]) + v(k] (7.29)

which describes the process (or state) and measurement equations, respectively. In the above equa-
tions, h{k] € C®MrRMTX1) represents the state of interest, i.e, the channel state vector; s[k] € CM7x1
is the known input vector that appears in the measurement equation, i.e. the symbol vector simul-
taneously transmitted by the M7 transmit antennas; r[k] € CMr*! represents the measurement
vector which is the received signal vector; f and g are generic vector-valued functions, which are
potentially time-varying; d[k] and v[k] represent the process and measurement noise processes of
variance o3 and o2, respectively. With a symbol rate 1/T, the received signal vector at time k can
be written as

rlk] = S[k|h[k] + v[k] (7.30)

where the (Mp x Mr) matrix S[k| is a wide matrix with the transmitted symbols repeated diago-

nally, according to the Kronecker product
S{k] = [s1[k]. . . snr k] © Lng- (7.31)

7.3.1 Ambient Noise

The ambient noise v[k] € CMRX! can be modeled by circularly symmetric complex Gaussian
(or non-Gaussian) random variables. As an ideal noise environment, the noise is modeled as a

complex-normal distribution given by
pv = CN(0,07 (1.32)

with zero mean and variance o2. For a realistic noise model, the probability density function of a
Gaussian mixture model, which serves as an approximation to the Middleton’s Class A model [3],
is given by

py = (1 — €)CN(0,¢?) + eCN (0, ks?) (7.33)
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with¢ > 0,0 < e < 1, and x > 1. The CN(0, ¢2) term represents the nominal background noise,
and the CN/(0, k¢?) term represents the impulsive component with ¢ representing the probability
that an impulse occurs. To maintain a fixed total noise variance o2, we may vary the parameters ¢

and « such that

02 = (1 — €)s® + exs®. (7.34)

7.3.2 Channel Modeling

Since the fading channel is a Rayleigh process, the stochastic characteristics of each of the MrMpg
channel coefficients depend on the maximum Doppler shift fp = vf./c, where v is the mobile
speed, f. is the carrier frequency and c is the speed of light. When v is constant, each channel
coefficient is modeled by the Jakes’ model as a wide-sense stationary, circular complex Gaussian

process with zero mean and time-autocorrelation properties, governed by the Doppler rate fpT as
Ry[7] = E{hi;[k]hi;[k — 7]} = Jo(2m fpTsT) (7.35)

where h;; is the channel coefficient for the path from the i** transmit antenna to the j** receive
antenna and Jj is the zero-order Bessel function of the first kind. The time evolution of the vector
process {h[k]} can be approximated by an autoregressive (AR) process with satisfactory accuracy.

Thus the MIMO channel variation h[k] is modeled with the AR process of order p

P
h[k] = > F(i)h[k — ] + d[k — 1] (7.36)
i=1
where d[k] is the complex Gaussian noise vector with zero mean and variance o5 which drives
the process. Due to the wide sense stationary uncorrelated scattering (WSSUS) assumption, the
matrices F(i),7 = 1,...,p must be diagonal, i.e. F(i) = a;I € RMrXMr),
It has been shown in [37] that a first order AR (AR(1)) model is sufficient to accurately model

the local behavior of the time variations of the channel'. In this chapter, we use the AR(1) process

A higher order AR model can model more accurately long-term channel variations, but it leads to intractable
solutions.
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as our channel model
hk] = ah{k - 1] +d[k - 1] (7.37)

where o = Jy(27fpTs) < 1 is the static AR(1) coefficient that may vary between zero and
one according to Doppler spread, and it is assumed to be known. The driving noise is d[k] i
CN(0, (1 — a®)aI). When d[k] is a white Gaussian sequence, the model (7.37) is also referred to
as the first-order Gauss-Markov model.

In summary, the state-space model of the (M, Mg) MIMO system can be represented by
the equations (7.37) and (7.30) which are the process and measurement equation, respectively.

Channel tracking will be developed on this state-space model.

7.4 Iterative Channel Tracking with Particle Filtering

As in the previous chapter, we exploit turbo-BLAST [322],[334] over time-varying fading channel
environments. In turbo-BLAST, space-time coded signals are sent by the transmitters and the
received signals are then iteratively processed by the receiver. Fig. 7.3 illustrates the simplified
turbo-BLAST receiver with particle filtering channel estimation. The main components of the
receiver consist of a SISO (soft-input soft-output) detector, Mp-parallel SISO decoders, and a
channel estimator.

The SISO detector is implemented by a suboptimal multistream detector based on minimum
mean-square error (MMSE) and parallel soft-interference cancellation. This MMSE-based SISO
detector optimizes jointly the weights of the linear detector and the co-antenna interference esti-
mate. At a given time k, the estimate z,,, of a transmitted symbol s,,, from the m*" transmit antenna
is given by [322]

Tm = (hZh, +02)'hi(r - H,.E{sm}) (7.38)

where h,, is the m** column of the channel matrix Hy, H,, is the My x (Mp— 1) matrix where the
m!* column is removed from Hy, and £{s,,} where the m*" entry is removed is the (Mr — 1) x 1
estimated symbol vector provided by the SISO decoders from the previous iteration.

The output of the SISO detector is deinterleaved (II-!) and is fed to the Mrp-parallel SISO
decoders. The SISO decoders perform symbol-by-symbol log-MAP decoding and produce the
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refined soft information of the transmitted data. The soft information passed through the interleaver
(II) is fed back to the SISO detector for the next iteration. The estimated symbol matrix S from the

soft output of the SISO decoders is used to refine the channel estimate in the channel estimator.
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Fig.7.3 Turbo-BLAST receiver with channel estimator.

7.4.1 Pilot Symbol Placement

A channel estimation task is usually based on pilot (or training) symbols known to the receiver.
Pilot-assisted transmission (PAT) multiplexes pilot symbols with information bearing data. This
pilot symbol assisted modulation (PSAM) [339] is now a widely-used term. There are two types of
training for single carrier systems: time division multiplexing (TDM) training and superimposed
training [137]. Pilot symbols in a TDM system are inserted into the data stream according to a
certain placement pattern, and the channel estimate is updated using the pilot symbols. On the other
hand, in superimposed training, pilot and data symbols are added and transmitted together, and the
channel estimate is updated at each symbol. Pilot symbol design affects the system performance
for time-varying channels. Intuitively, superimposed training may have the advantage when the
channel fades rapidly, but the superimposed data interferes with pilot-assisted channel estimation,

which may lead to an undesirable performance floor in the high SNR regime [340]. Therefore,
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TDM training herein is considered.

For the TDM methods, regular periodic placement (RPP) schemes are commonly used. In
general, any pilot placement with n clusters of pilot symbols in a period of frame length T can be
specified by a 2-tuple P = (p,d), where p = [ps,...,py] is the pilot cluster length vector and
d = [dy, ..., d,] is the data block length vector, as illustrated in Fig. 7.4. Note that T is the period
of one placement and T = >, (p; + d;). The RPP scheme with the length of pilot clusters p is
denoted as RPP-p. For time-varying channels, the single pilot RPP scheme (referred to as the RPP-
1 scheme) was first analyzed in [339], and applied in various setting {341],[342]. In [341], for flat
Rayleigh fading modeled by a Gauss-Markov process and the PSAM scheme, the optimal spacing
between the pilot symbols is determined numerically by maximizing the mutual information with
binary inputs. In [342], for the flat fading channel modeled by a bandlimited process, under some
assumptions on the channel and data symbols, the optimal parameters for pilots, including pilot
symbol spacing and power allocation, are determined by maximizing a lower bound on capacity.
Recently, it has been shown that among all periodic placements, the RPP-1 scheme minimizes the
maximum steady-state channel MMSE and uncoded BER for both BPSK and QPSK signaling,
regardless of the SNR level or the rate of channel variation [340].

For (Mp, Mr) MIMO channels, the system inputs correspond to frames from My transmitters,
and the outputs come from Mp diversity channels. Allowing pilot symbols to be placed inde-
pendently for each transmit antenna and assuming that the number of pilot clusters for the mth
antenna is n,,, the placement P = (p, d) is defined by p = [p!,...,pM*]andd = [d},...,dM7],
where (p™, d™) is the placement for the mth transmitter. In [343], for MIMO-multiuser systems,
the Cramér-Rao bound (CRB) on the MSE of semiblind channel estimators was derived and min-
imized with respect to pilot symbols and their placement. The optimal designs and placements in
MIMO channels was also described in [343], where the optimal placement involves the orthogo-
nality design of pilot symbols among users.

In this chapter, we employ the RPP-1 scheme for tracking time-selective MIMO channels.

However, we do not try any optimal designs and placements for pilot symbols.
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Fig. 7.4 Data stream with periodic pilot placements.

7.4.2 Particle Filter Channel Tracking Algorithm

Given the state-space model of a MIMO system in (7.37) and (7.30), the objective of channel
tracking is to recursively estimate the state h[k] from the measurement r[k]. We design particle
filtering channel estimators to reduce the uncertainty in the channel estimate and ultimately to
reduce the BER performance of the turbo-BLAST receiver. When pilot symbols are periodically
inserted in each frame, the use of semiblind estimation techniques are of great interest. In the
following, semiblind channel tracking is considered, where for every transmitted frame (or packet),
the procedure entails training during the pilot clusters followed by tracking during the subsequent
set of data blocks within the frame. In semiblind channel tracking, periodic pilot symbols are
helpful to prevent the divergence of the channel estimator.

As shown in Fig. 7.3, the channel estimator cooperates with the iterative MIMO receiver
and is iteratively processed. At the first iteration of the receiver processing, the channel state is
estimated from the pilot symbols by a conventional estimation technique such as least-squares
(LS) or MMSE estimation. Based on the channel estimate from the pilots, the SISO detector and
SISO decoders are performed to produce the estimated data symbols. At the second iteration, the
channel estimator uses both the pilot symbols and the estimated data symbols to attain a refined
channel estimate. The refined channel estimate is used for the SISO decoder. This procedure is
repeated until the receiver converges or a stopping criterion is met.

The channel estimator in Fig. 7.3 has the prediction and filtering parts that form a channel
tracking procedure using particle filtering. During the training mode, the channel estimate is

calculated from the pilot symbol. This estimate is then used to guide the particles. During the
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decision-directed mode, the particle filter uses the estimated data symbols from the SISO decoders
in order to produce a channel estimate. Because the channel tracker operates in a semiblind mode,
the tracking algorithm is expected to accurately estimate the channel even when no pilot symbols

are presented. The channel tracking algorithm using GPF can be summarized as follows:

1. Initialization
Atk=0

e Fori=1,2,..., N, sample particles h[0]* from the prior p(h[0]), and w} = 1/N.

2. Channel Tracking
Fork=1,2,...

Step I: Initial channel estimation and importance sampling. (Do the following steps, if

pilot symbols are detected.)

e LS channel estimation:
h{k] = (s([kl"s[k))~"s" [K]r[K] (7.39)

where s(k] is the pilot symbol vector at time k.

e Importance sampling: For¢ =1,... N, sample
h'[k] ~ p(h[k]|h'[k - 1]). (7.40)

Step 2: Prediction of the current channel state using (7.37).
Step 3: Filtering of the current channel state.

e Gradient MOVE-step: For each particle {h’[k]}, do the gradient MOVE-step via
(7.25).

o Importance weights update: Evaluate the importance weights

k][ [k])p(h' k] [h'[k — 1])

wik] = wilk — 2R EDelh
P ]Ik — 1))

, (7.41)
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and normalize the importance weights via (7.11).

e Resampling: If Nyt < Ny, sample N new particles hi[k] from the set {ht[k]}

according to the normalized importance weights ' [k].

o Computation of the channel estimate

N
Bk] = £{hlk]|r[K]} ~ _]1\7 PR (7.42)

o Propagation of the filtered particles to the “prediction” part for time k + 1.

Step 4: Setk — k + 1 and go to Step 1.

The channel tracking algorithm using the SIR filter also follows this procedure, except for the
gradient MOVE-step in Step 3.

7.5 Simulation Results

Simulation experiments are performed for a MIMO link with M = 2 transmit and Mz = 2 receive
antennas. At the transmitter, each substream of 1000 information bits is independently encoded
with a rate-1/2 convolutional code generator (7, 5)o. and is sent with BPSK modulation. Rayleigh
fading processes among all transmit and receive antennas are assumed i.i.d. and their first- and
second-order statistics do not change over the entire transmission horizon. For simulations, the
channel is simulated using an improved version of Jakes’ fading model [344]. The performance
of particle filter channel tracking algorithms is evaluated in terms of BER and channel estimation
errors, defined as [334],[216]

T2
ANSE=8{————”h h”]

|2

which is called the average normalized square error (ANSE). All results are ensemble-averaged

(7.43)

from independent transmissions of 200 frames.
In the following, two different types of measurement noise are employed in an attempt to model
the noise statistics of the urban wireless channel: the widely accepted Gaussian distribution (7.32)

and the Middleton’s Class A model (7.33), which is a non-Gaussian distribution.
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7.5.1 Gaussian Noise Case

The time-selective frequency-flat Rayleigh fading channel has the normalized Doppler rate of
foTs = 0.01, considered here to be a fast fading channel (from [166]). Returning to (7.37) this
implies & = 0.999. In the simulations, a single pilot symbol per transmit antenna is periodically
inserted at every 20 symbols, i.e. the RPP-1 with 7} = 20, in order to estimate the channel and to
prevent the divergence of the tracking algorithm. The performance of systems employing particle
filtering for channel tracking is compared over that with perfect channel knowledge and without
tracking (static case). For the static case, the channel was estimated using pilots only by LS esti-
mation at the first iteration, and this estimated channel was used in all the following iterations. In
the cases of channel tracking with two particle filters (SIR and GPF), the channel was tracked by
using both the pilots and the estimated data symbols at the previous iteration. It is noted that the
number of particles to use is a balance between choosing enough particles to reliably sample the
state space, and using too many which will not increase performance but increase complexity. We
use SIR and GPF with 200 and 50 particles, respectively, unless otherwise stated.

Fig. 7.5 shows the bit error rate (BER) performance for the tracking algorithms after the first
and fifth iteration. The performance with the perfect channel knowledge can be used as a refer-
ence. At the fifth iteration the BER performance of the GPF tracking outperforms that of the static
case and the SIR tracking. Among the three estimation techniques, the the static case with pilots
gave the worst performance because the channel corresponds to a highly time-selective environ-
ment. This means that the channel varies from symbol to symbol within a frame. With much
less particles, the GPF tracking maintained a gain of around 3 dB at the BER of 1073 over the SIR
tracking, while it performed approximately 4 dB worse than the case when the channel coefficients
are perfectly known to the receiver. The quality of the channel estimate can be evaluated by the
ANSE. Fig. 7.6 shows how the ANSE with the SIR and GPF channel tracking can attain perfor-
mance gains as the iterations proceed. We observe that as the iterations increase, the accuracy of
the channel estimate in ANSE values is improved due to the use of the estimated data symbols. It
is the benefit of the iterative MIMO receiver employed, where the SISO decoders provide a refined
symbol estimate as the iterations continue. We can see from Fig. 7.6 that compared to the SIR

tracking, the improvement by the GPF tracking is outstanding. The ANSE by the GPF tracking
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Fig.7.5 BER performance in Gaussian noise.

drops continuously as the iterations proceed, whereas the SIR tracking does not improve the ANSE
value after the third iteration. For instance, the GPF tracking earns an ANSE of 0.0615 at the SNR
of 12 dB after the fifth iteration, while the static case and the SIR tracking earn 0.2541 and 0.2077,
respectively.

The BER performance is directly affected by the ANSE of the channel estimation, as can be
seen from Fig. 7.7. The performance with the SIR tracking approaches a BER of slightly above
1073 at the SNR of 12 dB and has no more improvement after the third iteration. On the other
hand, the BER performance with the GPF tracking reaches almost 10~ at the SNR of 12 dB and
is expected to improve with further iterations. In Fig. 7.8, we show the migration of a channel
coefficient from the first transmitter to the first receiver through time, and the ability of the tracking
algorithms to follow the movement of the channel coefficients. The solid lines in Fig. 7.8 depict
the true channel coefficients at the SNR of 10 dB, while the dash-dotted lines are the estimated
coefficient. The SIR (Fig. 7.8(a)) and the GPF (Fig. 7.8(b)) tracking are able to keep estimates
close to the true values. We see that the GPF tracking offers a better channel estimate than the SIR
tracking.
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Fig. 7.6 Channel estimation errors.

In Fig. 7.9, we show the BER performance of the three receivers at the SNR of 10 dB as the
period of pilot placement (or frequency) changes from 77 = 5 to 30. We see that for this fast
fading environment, the more frequently pilot symbols are inserted, the better the estimation and
tracking are, and the more roust the receiver is, at the expense of data rates. When 77 > 15, the
performance with the GPF tracking is superior to those of both no tracking (static case) and SIR
tracking. However, frequent pilot insertions ( 7 < 10) in the GPF tracking do not guarantee better
BER performance, compared to the other two methods.

When the normalized Doppler rate is reduced to fp7; = 0.001, which corresponds to & = 1.0
and results in a slow fading channel, the BER performance at 7; = 50 is compared in Fig. 7.10.
At high SNR, the BER performance by the SIR tracking is close to the optimal performance with
the perfectly known channel. Interestingly, among the three methods the receiver with the GPF
tracking shows the worst performance at SNR higher than 7 dB. It is shown that the channel
remains approximately constant from symbol to symbol, the GPF tracking may be unsuited to

track a slow fading channel.
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Fig. 7.7 BER performances at fpT; = 0.01.
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Fig. 7.8 Channel tracking performance of the particle filters when SNR = 10 dB

and fpTs; = 0.01.
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Fig. 7.10 BER performance when fpT, = 0.001 (slow fading).
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7.5.2 Non-Gaussian Noise Case

In the following simulations, non-Gaussian noise is modeled by the Middleton’s Class A model
(7.33), with parameters ¢ = (0.1 and x = 100. We use the normalized Doppler rate of fpT; =
0.01. The number of particles for SIR and GPF are set to 200 and 100, respectively. Fig. 7.11
shows the BER performance for the tracking algorithms after the fifth iteration. Due to this high
time-selectivity, it is apparent that overall BER performances of the three receivers with channel
estimation are poor. However, at high SNR regime (larger than 20 dB) we observe a difference in
BER performance between the GPF tracking receiver and the other two. Both the static receiver
and the SIR tracking receiver approach an error floor at an SNR of 20 dB and 28 dB, respectively,
whereas the GPF tracking receiver still improves the BER performance without an error floor. At
a BER of 10~ the GPF tracking receiver performs approximately 11 dB worse than the receiver

with the perfectly known channel because of the effect of non-Gaussian noise.
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AR « N
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v  SIR(200) ; . i
o GPF(1 00) - ........... ............ [ e e e

0 5 10 15 20 25 30
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Fig. 7.11 BER performance in non-Gaussian noise (¢ = 0.1 and x = 100) after the
fifth iteration.

Just like in the case of Gaussian noise, the performance of the receivers is dependent on the
quality of the channel estimate. Figs. 7.12 and 7.13 show how the ANSE and BER of the receivers
change as the iterations proceed. The ANSE of the channel trackers at an SNR of 26 dB is depicted
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in Fig. 7.12. As we have seen in the figure, the SIR tracker reaches a steady-state ANSE after
the third iteration. On the other hand, the GPF tracker still reduces the ANSE value. Returning
to Fig. 7.13, we observe that the channel tracking performance affects the BER performance
of the receivers. After the third iteration, the SIR tracking receiver has no more improvement
in BER performance and, in turn, reaches an asymptotic error floor at high SNR. However, the
GPF tracking receiver attains a gradual BER improvement as it is iteratively performed, albeit
it encounters an asymptotic error floor until the fourth iteration. Channel tracking performance
shown in Fig. 7.14 indicates the difference between the two channel trackers. With half of the
number of particles, the GPF channel tracker outperforms the SIR channel tracker for a fast fading

channel.

Channel Estimation Errors at 26dB
10

.............. —O—Statlc

-2 i i i

10

lterations
Fig.7.12 Channel estimation errors.

For a slow fading channel where fpT, = 0.001, the BER performance at 77 = 50 is com-
pared in Fig. 7.15. Interestingly, the BER performance of both the static receiver and the SIR
tracking receiver is similar to that of the receiver with the perfectly known channel, at SNR larger
than 10 dB. However, the GPF tracking receiver is far away from the other receivers. As in the
Gaussian noise, the GPF channel tracker may be not suitable for a slow fading environment over

non-Gaussian noise.
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Fig. 7.13 Comparison of BER performances when fpTs = 0.01 (¢ = 0.1 and kK =

100).
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Fig.7.14 Channel tracking performance of the SIR and the GPF tracker at SNR =26
dB.
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Fig.7.15 BER performance at fpT; = 0.001 (slow fading) over non-Gaussian noise.

7.6 Concluding Remarks

This chapter has proposed the use of particle filtering to obtain a reliable channel estimate for
time-selective, frequency-flat, Rayleigh fading MIMO channels. The performance of the turbo-
BLAST receiver with particle filtering channel tracking has been demonstrated for both fast and
slow fading channels, which are modeled by the first-order AR model. Under fast time-selective
channels, the inclusion of two particle filtering channel trackers, the SIR and GPF tracker, has
improved the receiver performance in terms of BER and ANSE, compared to the static receiver
with no channel tracking. We have shown the feasibility of the GPF tracking receiver for fast
fading channels in both Gaussian and non-Gaussian noise environments. In addition, the use of
the GPF channel tracking has shown to overcome the error floor phenomenon over non-Gaussian
noise.

In contrast, for a slow fading channel the SIR tracking has offered an improved BER perfor-
mance compared to the GPF tracking. It has been found that the GPF tracking may not be suitable

for slow fading MIMO channels over both Gaussian and non-Gaussian noise.
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Chapter 8

Conclusions

This chapter summarizes the results of this thesis and outlines some directions for further research.

8.1 Summary of Results

In this thesis, we presented signal processing algorithms based on a recursive filtering framework
for equalization and estimation of communication channels. This thesis consisted of three major
parts. The first part was composed of two chapters (Chapter 2 and Chapter 3), providing a founda-
tion of recursive Bayesian filtering in Chapter 2, and the literature related to channel equalization
and estimation as well as non-Gaussian noise in Chapter 3. The main contributions of the thesis
were the next two parts. The second part (Chapter 4 and Chapter 5) of the thesis contributed to
adaptive nonlinear channel equalization for single-transmit single-receive communication links. In
the third part (Chapter 6 and Chapter 7), we investigated iterative channel estimation techniques
combined with an iterative space-time receiver for frequency-flat Rayleigh fading MIMO channels.

The performance of equalization over dispersive communication channels is subject to distor-
tion and noise. The equalizers trade off performance, data rates and computational complexity
to combat the distortion and noise. Traditional linear equalization schemes are simple and com-
putationally efficient to implement, but can hardly compensate for a nonlinear distortion or non-
Gaussian impulsive noise. The EKF algorithms (GEKF and DEKF), developed in Chapter 4, for a
complex-valued adaptive recurrent neural equalizer, achieved fast convergence rates in the disper-
sive channels with a nonlinear distortion and a Gaussian noise environment. This property leads to

high data rate transmission since the EKF algorithms require only a small number of training sym-
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bols at the cost of some computational complexity. In addition to the convergence rates, they have
attained better performance gains in bit error probability than the conventional RTRL algorithm.
We showed that the DEKF requires less computational complexity and storage requirements in im-
plementation than the GEKF, without any performance degradation. The adaptive equalizer trained
with the EKF algorithms is helpful to combat intersymbol interference and nonlinear distortions in
the Gaussian noise environment.

For non-Gaussian channels where impulsive noise is modeled as a symmetric a-stable random
process, an adaptive nonlinear equalizer using a recurrent multilayer perceptron and its training
algorithm using the UKF algorithm was presented in Chapter 5. The results indicated that in
the non-Gaussian noise case the UKF algorithm converges faster than the EKF for both linear or
nonlinear distortions and time-invariant or time-varying channels. The UKEF, therefore, attained
not only better BER performance but also led to the reduction of the number of training symbols.
On the other hand, the normalized least mean p-norm (NLMP) algorithm, which is known as a
computationally efficient algorithm and is suitable to impulsive noise, showed good performance
for the linear time-invariant channels in impulsive noise. However, it required a long training
sequence. We recognized that compared to the UKF and the EKF, the NLMP algorithm trades off
performance, data rates and complexity in some channel conditions, although it may not suit the
time-varying channel with nonlinear distortion.

MIMO wireless channels with spatial multiplexing offer a tremendous capacity improvement
which increases linearly with min(Mr, M) for no additional bandwidth cost or power (only the
transceiver complexity is increased). This spatial multiplexing gain is realized by the transceiver
where the individual antennas transmit independent data signals and the receiver separates the
different streams under conducive channel conditions, such as rich scattering. An iterative space-
time MIMO transceiver, referred to as the turbo-BLLAST which is a practical solution to high
data-rate transmission for wireless communications, requires accurate channel state information
at the receiver to fully exploit the advantages of MIMO channels. Iterative channel estimation
techniques to be used with the turbo-BLAST over quasi-static Rayleigh fading channels were
explored in Chapter 6. The iterative strategy with adaptive filtering is a computationally efficient
solution to channel estimation. The strategy is that initial channel estimation is performed with a

snapshot method (LS or MMSE) with the training symbols and for further iterations an adaptive
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filter (LMS, RLS or KF) is employed to achieve an improvement of the channel estimate with the
entire data block. The iterative channel estimation techniques using both the training symbols and
the data symbol estimates provided by the decoder achieved significant improvement of the channel
estimate, allowing the use of shorter training sequences. Particularly, we found that the tentative
hard decisions from the decoder offer more reliable information in iterative channel estimation
than the soft decisions.

In Chapter 7, we provided convincing evidence for the benefit of incorporating particle filtering
techniques for use in tracking fast fading MIMO wireless channels. The GPF channel tracking
obtained a reliable channel estimate and resulted in an improved BER performance over both
Gaussian and non-Gaussian noise environments. Moreover, the turbo-BLAST receiver with the
GPF tracking can overcome the error floor phenomenon for non-Gaussian noise, whereas both
the static receiver and the SIR tracking receiver can not. By using particle filtering for channel
tracking, non-Gaussian noise can also be taken into account without any added structural changes

or computational complexity.

8.2 Further Research

There are a variety of fruitful areas for further research on channel equalization and estimation.
Some suggestions concerning possible extensions of the work presented in this thesis are as fol-

lows.

Adaptive Recurrent Neural Equalization:

e Recurrent Neural Architecture for Equalization: In Chapters 4 and 5, two architectures of
recurrent neural networks were used for decision feedback equalization. We may have a
question about what types of network architecture is optimal to construct a recurrent neural
equalizer in a given transmission environment, including the channel type (minimum or
nonminimum phase), distortion (linear or nonlinear), noise (Gaussian or non-Gaussian), and
so on. Further study on constructing or customizing the architecture of recurrent neural

equalizers can serve as a blueprint for further design, analysis and application.

o Scaling Parameters for the UKF: The use of the UKF algorithm was explored in Chapter
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5. Notwithstanding the advantages of the UKF over the EKF, a confusing aspect of imple-
menting the UKF is uncertainty in the setting of the scaling parameters (6, 3, and ), which
affects the performance and convergence of the UKF. A further study on the optimal selec-
tion is in demand. The values of the parameters could be dependent on data and be tuned

online considering the severeness of nonlinearities, variances of noise, and so on.

MIMO Channel Estimation:

e Analysis of Channel Estimation Error: In an iterative MIMO channel estimation two types of
information fed back from the SISO decoders are available: hard and soft decision feedback
information. In Chapter 6, the experimental results showed that the hard decision feedback
is more reliable in terms of channel estimation accuracy than the soft decision feedback in
the iterative estimation process, when a whole data set is used to channel estimation without
using any thresholding technique. Further theoretical analysis of channel estimation error

using the two information will be required to support the results.

¢ Channel Estimation for Frequency-Selective MIMO Channels: In the third part of the thesis
our channel estimation strategy is restricted to only frequency-flat MIMO channels. When
the time variation of frequency-selective MIMO channels within a packet is significant, chan-
nel tracking is needed for equalization. In addition to this, an iterative MIMO receiver re-
quires turbo equalization to cancel out interferences. The particle filtering combined with
turbo equalization in the design of iterative MIMO receivers will be an interesting topic in

order to overcome the fast time variations of the channel and non-Gaussian noise.
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