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ABSTRACT

The quadratic performance index is considered in this thesis
as a generalized criterion for the design of linear multivariable |
systems. A method is developed in this thesis to design high order

multivariable linear systems when the dominant eigenvalues are

specified.

In Chapfer I, the problem of system synthesis is stated and
developed. In Chapter II, asymptotic properties of the optimal
system are given and relevant details are investigated. The concept
of 'lower order' control is introduced and developed in Chapter III.

The original system is contracted to a system of lower order. The
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contracted system is optimally controlled and this control is used

to generate the control for the original higher order system. This
control is termed the 'lower order' control. It is shown that the
eigenvalues of the optimally coﬁtrolled contracted system, and the
original system controlled by the 'lower order' control are identical.
The cost of this 'lower order' control is shown to be the solution of

a linear matrix equation. When the elements of the state-weighting
matrix are generated in a specific way, it is shown that this cost can
be found without solving the linear matrix equation. Two methods are
given for finding the contraction matrix. A procedure for design is
given and tests are incorporated in it to ensure the stability of the
resulting system. Three examples are worked out to demonstrate

the implementation of the theory of 'lower order' control. In Chapter
IV, a special case is considered and the properties of the control-
weighting matrix are investigated. The possibility of other applications

is given and the various aspects of the theory are discussed and
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conclusion are drawn at the end of this final chapter.

In Appendix A, a method is given to solve the linear matrix
equation. In Appendix B, a method is developed to obtain the
eigenvalues of a generalized matrix and the Vandermonde matrix
is shown to be useful in obtaining the contraction matrix under
certain conditions. Important proofs and tests are given in Appéndix
C to validate mathematically the theory of 'lower order' control.
In Appendix D, details of savings made in Computer time resulting
from the use of 'lower order' control are given. The proof of a

zero quadratic form is given in Appendix E,
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CHAPTER I
INTRODUCTION

In recent years, a great deal of interest has developed in the use
of optimal control theory as a basis for designing control systems.
This interest has arisen because application of the theory of optimiza-
tion results in improved system performance for a wide class of
systems. In aerospace systems of today problems of minimum time,

" minimum fuel and minimum energy are encountered in navigation and

1),(2),
guidance( )5 (2),(3) and come under this classification.

1.1 General Considerations :

The essential elements of a typical control problem or the

problem of system design, based on optimization theory are :

1. Identification of the dynamical system to be controlled and
obtaining a valid mathematical model of the system.

2. Specifying the output of the system.

3. A set of admissible inputs or controls(4)’ (5) and

4. A design index, which is termed as the performance functional

or cost functional and which measures the effectiveness of a

given control action.

If the mathematical model of the system is known, then the
specified output can be attained by using different admissible inputs which
will depend on the desired output and the initial condition of the system.
Thus the designer will have to seek a measure of performance which will
allow him to choose the control which will extremize the performance
functional chosen. This performance functional must contain terms which
are relevant to important performance specﬁicatioﬁs, for instance
minimizing the required energy. The performance functional is extremizeéé)

to obtain the optimal control. The resulting control system is optimal




only with respect to the design index selecfed-, and there is no
guarantee that a given optimal system will provide a good or even
acceptable performance from another point of view, for instance the
decay of the transient response. This seeminé contradiction is due
to the fact that no method is known for formulating 2 design index
which gives rise to satisfactory system behaviour as required by

other system specifications.

Thus from an engineering point of view, a unified design procedure
is needed and this would include determining the parameters of the
design index. The development of such a procedure will not only reduce
the time and cost required to carry out the design of complex systems
but will also lead to automation of system design for many classes of

problems.

It may be asked if some specific considerations can be used in
selecting this performance functional. One specific consideration is

that the resulting optimal system should be stable.(7)’(8)

However

such an approach is based on indices which have generalized mathematical
forms and the resulting optimal system, although stable,does not
necessarily have rapidly decaying transient response. The definition

of a reliable performance index that represents most of the design
requirements may or may not be possible. If it is possible, the solution
for the optimal control function will be a specific solution to a particular
problem and will be numerical in nature. To obtain a closed form .
analytical solution for the control with a view to evaluate different
performance 1nd1ces, it will be necessary to use suitable performance
1nd1ces . However many of the de51gn reqmrements will not be accommo-
dated by such performance indices. Thus, the selection of a perfo_r.rrxa.nce

.index is a compromise between a comprehensive, reliable criterion and

one that is mathematically tractable.




In the literature

(9),(10),(14)
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the quadratic type of performance

index is considered as a suitable criterion for designing optimal linear

multi-variable systems. This

quadratic type of performance index

consists of quadratic forms and their integrals and is known as the’

quadratic criterion. The advantages of using the quadratic criterion are:

1. By specifying the numerical elements of the matrices used in the

quadratic forms, the quadratic criterion can be fully defined.

2. The use of the quadratic

criterion makes it possible to obtain

closed from analytical solutions for the control functions.

The closed form solution enables the designer to readily evaluate

the dynamical behaviour

of the resulting optimal system.

3. The optimal systems which result from quadratic criteria exhibit

properties like overshoot, damping ratio and natural frequency.

Thus the designer is in a position to develop a conceptual bridge

between the classical frequency domain apprdach and the time

domain approach of the optimization theory to the problem of

system design.
4. If the original system is

and if the matrices used

completely controllable and observable,

in the quadratic criterion satisfy certain

‘mathematical conditions(g), then the resulting optimal system is

always stable.

It must be stressed that the entire design process of an optimal

system is contained in the definition of the performance index. In linear

systems, when the elements of the matrices of the quadratic criterion

are specified, the optimal feedback gains can be obtained by solving a set

of non-linear equations by a computer. However when the system order 'n'

is high, the solution of the non

and involved task.

-linear equations becomes a time-consuming

AL WAL

i AL
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1.2 Background of this Research :

In this section the generé.l nature of the problem and the previous
research done will be examined. |

It is assumed that the plant or system can be described by a set
of first order time-invariant linear differential equations written in

the following standard vector differential equation form.

x(t) =  Ax(t) + B u(t)
yt) = Hx(t) |
x(to) = X | (1-1)

Here A is the plant or system matrix, B is the input matrix and

H is the output matrix. The vectors and matrices have the following

dimensions: 0

E

x -~  state vector - (nxl) 5
23

u - control vector - (rxl) D

y - output vector - (4x1)

A - systemmatrix - (nxn)

B - input matrix - (nxr)

H - output matrix - (4xn)

The function of a state regulator is to keep the state near the origin
by expending minimum control energy. When the system given by eqn (1-1)
is requir.ed to perform the function of an infinite-time regulator, it. will -
be necessary to minimize the following performance functional under the
constraints of eqn. (1-1).

-]

T= 4z [ [y'®Qy® et Ru®) ] (t-2)
o

For the finite-time state regulator, the performance functional

defined belox;v is minimized under the constraint of eqn. (1-1).



T
J = 1/2yNT)S y(T) + 1/2 [ [y'(t)Q y(t) + w'(t)R u(t)] dt (1-3)
. (o]

Here the various matrices are as follows:

Q -  state weighting matrix - (Lx 4)
R -  control weighting matrix - (rxr)

S - terminal cost matrix - (4xd)

The resulting optimal system depends on the nature of the Q, R
and S matrices. By assuming the R and S matrices, many rationales
for obtaining the Q matrix have been investigated and are reported in the
literature. Kalma.n(“) has dealt with single input case using frequency
domain techniques. Transfer function techniques( i2) have produced some

results. The choice of the elements of this Q matrix may be done by trial

(14)

and error(is) or by root-locus techniques. The Q matrix may also

(15),(16),(17)

be chosen on the basis of sensitivity constraints. When the

ES
 aaanrwE

input vector which is the control function, is not weighted the state

i LD TM AR WL
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(18)

weighting matrix Q is chosen to minimize the Integral Squared Error
A related problem of pole assignment of multi-input linear systems has
been investiga.‘ced.(s)’(m)’ (20),(21) Dynamic systems of upto two degrees

: (22)
of freedom have also been designed.

1.3 General Observations :

When controlling high order linear systems, quite often it is
required to control only some of the eigenvalues which are dominant
and which need to be changed. It is these dominant eigenvalues which
largely determine the time -domain behaviour of these systems. Hence
the problem of specifying only m dominant eigenvalues from the n
eigenvalues of an nth order system is quite realistic. Thus, if m of
the eigenvalues which would be designed are the dominant eigenvalues

the process of design would achieve the objective of controlling the
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time-domain behaviour of the system. The control which can achieve
this objective must also minimize the cost functional. This cost
functional is taken to be the quadratic cost functional; this quadratic
. cost functional is completely specified once the numerical elements

of R, S and Q matrices are specified.

The very idea of specifyingthe eigenvalues means getting to know
the time-response of the system, If the time-response of the system,
at least part of which springs from the dominant eigenvalues, is known
beforehand, then the optimal design will have the advantage of giving the
designer a better feel for what he is designing.

(11)..

In the past, several authors +»(18) have designed systems

which were optimum in some specific mathematical sense.  Some

(11),(22)

authors have derived the Q matrix for low order systems to

obtain a specific time response. However when the order of the system

PEPIC R VIV Caaad
- LA DNTT
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is large, such derivation of the Q matrix becomes impracticable.

The designer has to assume arbitrary R and Q matrices which are positive
definite. The resulting optimal system has arbitrary eigenvalues.

Thus the time response of the optimal system becomes arbitrary and the
designer thereby loses the feel for the resulting optimal system.
However, in this thesis a method has been found to specify the dominant
eigenvaluzs of a high order linear system and also to obtain the precise

numbers for the elements of the state weighting matrix Q.

1.4 Statement of the Problem :

It is desired to establish a correlation between the time-response
criteria of a system and the elements of the weighting matrix Q which
some times are called weighting factors. This can enable the designer
to make an initial selection of these weighting factors. If the initial
selection -gives rise to a system that has a sluggish transient response,

then the Q matrix will have to be altered. For high order systems, if the
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correlation between the dominant eigenvalues and the elements of the
Q matrix is known, then the alterations in the Q matrix can be done

rationally and without any arbitrariness.

{.4-1{ The Problem Considered Is:

11t is required to minimize the cost functional given by eqn. (1-2)
under the constraints given by eqn. (1-1) with respect to u(t). Furthermore,
this is to be -achieved by choosing the elements of the state-weighting
matrix Q in such a way that the resulting optimal system will have a
cértain number, 'm' (m < n, n-large) of the eigenvalues as specified

by the designer'.

An explicit solution for the elements of the Q matrix to shift all the
m' eigenvalues of a system of n'Ch order requires the solufion of n(n+1)/2

non-linear equations. When n is large, this becomes quite complicated

RN WAL
L AL LA NTT

and the solutions, if obtainable, become very time-consuming. In many
cases of multi-input systems, only m dominant eigenvalues need to be
shifted. In this thesis it will be shown that in a given system, if the
behaviour of the state -trajectory of an optimal regulator is to be specified
partially by keeping the elements of the R matrix unaltered and selecting
only the elements of the Q matrix, then it is possible to achieve this
objective byl the method of 'lower order' control. The term "lower order'
control is used in this thesis to signify that th’; nth order system is

controlled by a control which is derived from a system of lower order

m, m <.

it is believed that for high order systems, this scheme will enable
the procedure of optimal design to be used for design itself, rather than

for just obtaining comparison models.

{.5 Development of the Problem :

The solution to the finite -time regulator problem is found by

minimizing eqn. (1-3) under the constraints of the time-invariant system
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(10), (23)

given by egn. (1-1) and it is known to be

Wty = - K () x(t) (1-4)

*
where K (t) is the time-varying optimal feedback matrix and
is given by

1

* : - %
K () = R B'N (t)

% -
where N (t) satisfies the matrix Riccati differential equation

. 3% . % * % -1 *
N (t) = A'N (t) + N (t)A - N (t) BR B'N (t) +H'QH
&
with N (T) = H'SH (1-5)
In the infinite-time regulator problem specified by egns. (1-1)
and (1-2) it has been proved(io) that
. * A \ .
lim N (t) = N (1-6)
T—> « '
AN -

-Here N is the time -invariant matrix, and the solution to

the infinite-time regulator problem is

* A
u (t) = -K x(t) (1-7)
where
-1 A
K = R B'N (1-8)

) A
The matrix N can be obtained by solving matrix differential

equation (1-5) as a steady-state matrix algebraic equation :

1

A A A _ A )
0o . = AN+ NA - NBR B'N + H' QH (1-9)

Then substituting eqns. (1-7) and (1-8) in eqn. (1-1), the

optimal system is given by

1

A x(t) + Bu*(t)
A
[ A -BR B' N J]x(t)

x (t)

A x(t) (1-10)
opt

i1

St LG TMALM ALY

e ALUSHIIATRIT
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It has been proved”)’ (23) that the stability of the optimal
system given by eqn. (1-10) is ensured when R is a positive definite
matrix and so is the Q matrix. In the output regulator problem
H'QH in eqn. (1-9) will be a positive semi-definite matrix and the
resulting system will be stable as long as the original system is

completely controllable and observable.

The R matnx is associated with control vector 'u' and thus
will have s1gmf‘1cant influence on the optimal control and the cost. The
choice of the R matrix is closely linked with the economic factors
governing the control of the system. It can be thought of as a normalized
walue' matrix. The R matrix will be made positive definite by as suming
it to be an r-dimensional identity matrix Ir' An attempt will be made

to establish some of the relationships concerning the R matrix elements.

However in this research the specific interest is to specify the
dominant eigenvalues and to obtain the Q matrix. The Q matrix is
associated with the state vector of the system. The choice of the qij
elements will affect the behaviour of the state-vector, the eigenvalues
and the time response of the optimal system. As suming that the R
matrix is fixed, how should the q_L elements be chosen to make the

optimal system have the specified time response or state-trajectory ?

1.6 Some Remarks on the Q Matrix :

It will be interesting to find how the Q matrix can be obtained.
. e (20)
From eqn. (1-10) it can be seen that if Aopt is completely spec1f1ed( !
as A, then
o
{ A

A A -BR B'N

o
Thus A

T N = A-A (1-11)
n (o]
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-1
where Tn é BR " B' | (1-12)

Rewriting eqn. (1-9) -

AA A A

H'QH = -A'N - NA + NTnN
Using eqn. (1-11)

A A . A

H'QH = -A'N - NA + N[A-Ao] (1-13)

After collecting terms
A A
A'N + NAO+H'QH =0 (1-14)

Thus eqns. (1-11) and '(1-14) will have to be satisfied simultaneously.
In general Tn may not have an inverse. If however T has an inverse
n

then

-1
N (Tl [A-A] (1-15)

and

-1 -1 :
H'QH -A'[Tn] [A-Ao‘_\-[Tn] [A-Ao]Ao (1-16)

'As indicated in Appendix A, edn. (1-14) can be solved under the conditions
‘stated there. However this solution of eqn. (1~-14) will also have to
satisfy eqn. (1-11). It is quite rea.sona.ble to suspect that the matrix A
chosen arbitrarily will givé rise to an N which may not satisfy both the
eqns. (1-11) and (1-14) simultaneously. If however Tn has an inverse,

N can be obtained uniquely from edqn. (1-15) and the Q matrix can be
constructed from it as given by eqn. (1-14). When T does not have .

an inverse however, the system given by ean. (1-1) can be
contracted(24)’ (25),(26),(27), (28) to a system of lower order m, m <n.
When the system is thus contracted, egns. similar to (1-15) and (1- 16)

can be developed and the 'lower order' control can be obtained.

1.7 Outline of the Thesis :

g . . __(14),(29) .
Characteristic equations and asymptotic properties of optimal

-

NGO WMARMLLO



-11 -

systems are reviewed in Chapter II. A canonical form based on the
state and costate vector approach is given and characteristic equations
are expanded to obtain the asymptotic properties. These asymptotic
properties allow understanding of the behaviour of the optimal systems
when the elements of the Q matrix are very large and also show how the
behaviour of the system is affected by the input matrix B and the system
matrix A.

The concept of 'lower order' control is developed in Chapter III.
The method of contraction(zs)’ (27), (28) is utilized and further developed
to obtam the lower order control. First the infinite-time regulator
system is contracted and the specified eigenvalues are ‘designed in it with
the 'lower order' control. The original order system is controlled by
utilizing the "lower order' control, and it is shown that the lower order
control transfers the specified eigenvalues to the higher order system.
The question of sta.b111ty of the higher order system resulting from the
Nower order' control is considered. The cost of the 'lower order' control
and Q matrix are derived. A similar development is carried out for
the finite-time regulator problem. Three numerical examples are worked
out by using the design procedure. In the numerical examples, different
types of system matrices are chosen to demonstrate the implementation

of the proposed theory of lower order control.

In the fourth and final Chapter,.a special case of finite-time
regulator problem is considered. The possibility of applying the pr0posed
scheme of design in other types of problems is considered. The effect

“of variations in the elements of R matrix is considered in brief. The
positive semi-definiteness of the Q matrix and a possible method of
solution of obtaining this Q matrix in general are discussed. The lower
order control is reviewed and the contraction matrix C is discussed.

Finally useful conclusions are drawn and the advantages of the lower order'

A
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control theory which is developed in this thesis, are given.

In Appendix A, details of the method of solving a linear matrix
equation are given. In Appendix B a method is given for obtaining
the eigenvalues of a matrix; the modal transformation matrix which
‘is useful in obtaining the contraction matrix C is also derived in
Appendix B. In Appendix C two definitions are given and important
proofs along with tests are given to validate the mathematical aspects
of the theory of 'lower order' control. Details of savings made in
Computer time by using the 'lower order' control are given in Appendix D.
Two propositions are stated and proved to obtain the conditions regarding

the zero quadratic form in Appendix E.



CHAPTER II

STRUCTURE OF OPTIMAL SYSTEMS

The asymptotic properties of optimal systems give the behaviour
of these systems when the elements of the Q matrix are very large, and
here they are referred to as the structural properties. Characteristic
equations and asymptotic properties of optimal systems are k.nown.(M)’ (29)
The structural properties are included in this Chapter and pertinentdetails
are developed because it is felt that these properties are quite relevant

to understanding the problem considered in Chapter I subsection 1.4-1,

and also in developing its nomenclature.

In .section 2.1, the canonical form with the state and costate vec;tor
approach(3o)’(31)’(32) is developed. This canonical form consists of a
2n dimensional system and the Q matrix appears in the canonical system
matrix Fc in an explicit way. Hence this canonical form is useful for

deriving the asyrnptotic properties of the optimal systems.

The canonical system matrix Fc is expanded to obtain the

(14) of

characteristic equation in section 2.2. Several equivalent forms
this characteristic equation are written and expanded in polynormial form

to simplify the resulting expressions.

In section 2.3 the polynomial expansion of the canonical system is
given when the original second order system has two inputs and a diagonal

O matrix. The details of these polynomials are given,

In section 2.4, brief description is given of the rules for finding
the asymptotes of root-locus diagrams. A table and a figure is given

to show the properties of the resulting Butterworth functions upto order 5.

In section 2.5, asymptotic properties are derived for a single input

general system which is in the phase-variable form. A relation for the
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order of the Butterworth function is also given.

In section 2.6 asymptotic properties of a third order system
with three inputs are given. Many detailed observations are made

regarding the order of the resulting Butterworth functions.

In section 2.7 asymptotic properties of a system similar to one
in section 2.6 are given. However the difference is in the Q matrix,.
In this section the Q matrix is taken to be g1 instead of the general

diagonal matrix.

In this chapter the known' 14),(29)

asymptotic properties of
optimal systems are reviewed, however sections 2.5, 2.6 and parts
of 2.3 and 2.7 have been developed for further improving the understanding

of these asymptotic properties.

2.1 Canonical Form of the Optimal Systems:

LLNG WA WL

If the system is given by

i(t) = A x(t) + Bu(t)
y(t) = Hx(t)
xt) = %, ' (2-1)

*®
and it is required to find the optimal control u (t) such that the cost

functional given below is minimized.
t

£
J = 1/2x'(t) S x(t)+ 1/2 j; [ x'(t)H'QH x(t)+u'(t)R u(t)]dt
(o]

(2-2)
The Hamiltonian H for the system given by eqn. (2-1) and the cost

functional given by eqn. (2-2) is
B = i/2<x,H'QHx>+ 1/2 <u,Ru>+ <x,A'p>+ <u,B'p> (2-3)

Here p is the costate vector.
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From the relation

o 3 H
x(t) ap(t)
and
. _ ™
plt) = 3x(t)

the canonical system of equations for the state vector x(t) and costate

vector p(t) become

i

x(t) A -BR B! x (t) x(t)
= =F_ (2-4)
p(t)| [-H'QHE -A' p(t) p(t)
It has been shown(30)’(31) that
oy = R7UBrpw) (2-5)

If a linear relationship is as su.med(32) between p(t) and x(t)
%
p(t) = N (t) x(t)
then eqn. (2-5) becomes

1

o)) = -RTUBINT(®) xb) (2-6)

%
where N (t) is the solution of the following edn.

* R % * % -1 %
-N (t) = N (t) A + AN (t) - N (t)BR B'N (t) + H'QH
%k
with N (t) = S (2-7)
When tf = » , the terminal cost matrix S is assumed to
be zero and eqn. (2-6) and (2-7) become respectively
A
% -
u(t) = -R lpin x(t) (2-8)
A A A -1 A
0 = NA+4A'N-NBR B'N + H'QH (2-9)
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A
N is the solution of the algebraic eqn. (2-9) which is the steady state

form of the differential eqn. (2-7). Thus the infinite-time output

regulator with the optimal control has the following system equation
A
. -1
x(t) = [A -BR "~ B'NJ] x(t) (2-10)

Analogous expression can be written for the case when

t. £ o and S # O.

2.2 Equivalent Forms' of the Characteristic Equation :

The characteristic equation of the optimal system defined by
eqn. (2-10) can be written as
A (n-2m)

m
det [sI -(A-BR B'N)]= = (s+a)- =
n 1 k=

) [s.+(a.k+jwk)] [s+(ak-jwk)] =0

1
(2-11)

However the expansion of eqn. (2-11) cannot have the various qi-j's in a
simple functional relationship with the a's and w's. The characteristic
equation derived from the canonical form is‘ more useful since the
matrix Q appears in an explicit way. Thus the characteristic equation
of eqn. (2-4) is

| (sI_-A) (BR-iB')

i
o

R Y = 2-12
det [ sI, F-C] det ( )

(H'QH) ( sIn-l-A ")

If [ sIzn - Fc] is premultiplied by the transformation matrix T,

it is quasi-diagonalized. This transformation T is given below
(sl - A)'1 0
n )
T = -1 (2-13)
-H'QH(sl_-A) 1
n n

Then using the theory of quasi-diagon lized partitioned matrices

(33

)
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and taking determinants and simplifying

(sI-A) BR™ '8
det = det (sI-A) - det (sI + A")
H'QH (sI+A") - det [In-(sI+A')-1H'QH(sI-A)-1BR-1B']
' (2-14)
Whenever the subscript of I is dropped, it is understood to be n.
Using the determinant identity(34)
det . [AB'+ NI 1= (£0°77 .det [B'A# M ]
with r «n , A-nxr , B'-rxn ,
eqn.(2-14) can be rewritten as
(sI-A) BR !B
det = det (sI-A) - det (sI+A')
H'QH (sI+A") | . det [Ir+R-1B'(—sI-A')"H'QH(sI-A.)-iB]
with r<4d = n _ (2-15)
or
-1
(sI-A) BR B!
det 1 =det (sI-A) - det (sI+A?)
: - - -1
H'QH " (sI+AY) - det (I&-i- H(sI-A) 1BR 1B'(-sI-A') H'Q]
with 4L < r <n . (2-16)
By spectral factoring Letov(35)’ (36), (37) has shown that
det [sIZn - FC] = D(s) + D(-s)
(n-m) : m . .
=T, (sta,)(s-2,)- kw=1[5+(ak+3wk)][S+(ak-3wk)]
L [s-(a-jey ) Js-(a) Hio )]
(2-17)
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It is assumed that the system described by A, B and H matrices is
completely controllable and observable as defined in Appendix C.

This implies that the optimal system Ao = [A - BR-iB' I/\\I] is stable

and thus the eigenvalues of Fc with negative real parts are the eigenvalues
of Ao .

2.3 Polynomial Expansion of Characteristic Equation :

The canonical characteristic equation (2-14) can be rewritten as

det [ sl, -F_]=det [sI-A]-det [(sI+A')- H'QH(s1-A) ' R} B']
= D(s) - ‘det [(sI+A") -H'QHfiEL BR-iB'] (2-18)
D(s)
=D(s) D(-s) (2-19)
Here
B(g) = det [sI - A]
v(s) = Adjoint [sI-A]

The square bracket determinant in eqn. (2-18) can be expanded into
n

z nC = 2" determinants and eqn. (2-19) can be expressed as
r=o T
- _ n(Zn-i)
D(s) D(-s) = D(s) Di-s)H-1)" =  KkP.(s)P,(-s) (2-20)
i=1 _
Here
= n
D(-8) = det [-sI-A]=det [-sI-A']=(-1) det [sI+A']
For a typical second order system with
- 0
TR P2 Pag P2l |y
A= B= Q=
- - . ‘ 0
%21 222" | Pt P22, %22
and
R = I = H ,
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det [sIZn - ch = D(s) D(-s)

and
D(s) D(-8) =D(s) D(-s)+q, , P, ()P, (-s)+q,,P,(s)P,(-s)+a, d,,P,(s)P,(-s)

(2-21)

Here

D(s) [(s+a,,) (sta

22) " 242254 ]

p— 1 2 -
P(s)Py(-s) = [-by,(s+a,,)(s-a,,)4a,,b,,-2a, b, .a,, ]

2 -_—
[-byplstayy)s-a e, b2y P ip2s 4

PZ(s)PZ(-s)

- = -1
11%22 " PypPzy 1 = det [BR " B']

!
f |
o'l
ol

P3(s)P3(-s)

and T:’ij are the various elements of the matrix [ -BR“1 B"]

2.4 Asymptotic Properties of a Class of Optimal Systems :

In the preceding section, it is seen that the characteristic equation
of { sIZn- Fc] can be expressed as a poly'nornial'in the elements of Q.
The asymptotic properties of optimal systems can be found by observing
the properties of these polynomials by varying the elements of Q. If a
single diagogal element 9, of the Q matri;c is varied and all others are
held constant, then because of the symmetrical properties of these

polynomials, the determinant [ sI, - ch can be expressed as

2n
kqii P(s)P(-s)
Q(s) Q(-s)

Here k is a constant, P(s) P(-s) is the polynomial coefficient of U,

det [sIzn- FC]= D(s) D(-s).=0 =1+ (2-22)

and the denominator polynomial Q(s) Q(-s) is that portion of the expansion
of the above determinant which is not a function of ;- If all the diagonal
elements of the Q matrix are zero except qii’ then Q(s) becomes IXs)

as defined before.
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For changes in the elements of Q that result in expansion of -
the characteristic determinant of the form given by eqn. (2-22), the
rules for finding the asymptotes of a root-locus diagram may be applied.
If the degrees of the polynomials Q(s) and P(s) are n and m respectively,
then 2m of the 2n roots of Q(s) Q(-s) will terminate on the zeros of
P(s) P(-s) for large values of ;- The remaining 2(n-m) roots of
eqn. (2-22) can be approximated by :

~  (pem) o -s

det [§12n- Fc] = k 11;1 ( 'E; + 1) ( -t: + 1) (2-23)
Here k is a constant and ti are the values of the roots. For large
values of q_., ]:—- | >> 1 and the roots of eqn. (2-22) will lie on a
circle about the oji'igin. Since the roots of det [ sIzn- Fc] = 0 that
contain negative real parts arethe eigenvalues of the optimal system,
the determinant D(s) of the optimal system is a function whose roots
lie on a semi-circle in the L,.H. Plane. Functions of this type are
called Butterworth functions. When the.optimal system determinant
D(s) approaches a Butterworth function, it is characterized for any order
system by : (1) a single natural frequency @ and (2) a frequency
response which is always 0.707 of its maximum value, at o)n . Some

properties of Butterworth functions are given on the next page.

[ S e B
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Order of the § is the Angle D(s) for large q..
ii

Butterworth of Asymptotes
Function
= (n-m)
i 00 5 tw
n
2 45° s-2+\[2 w.s+mz
n n
3 0°, 60° (24w s+6) (s + )
n n n
2
4 22.5°,67.5° (s2+1. 850, s+l )(s>+0. 7620 st )
n n n n
. 2 2 2
5 0°.36°2,72°  (s2+1.620 st )(s°40. 6% _s+w )s+w )
n n n n n
Table 2.1

Here. § is defined by :

( ) ' (o)
6 = 2;::_1111?0 ’ c=0,1,2,...; (n-m) even.
o)
® (ZE:'I:.EI:I?O , ¢=0,1,2,...; (n-m) odd.
1.0 5th order
070N 4th order
0.17
l 1 ‘ 3rd order
o 0.01T 2nd order
(_).001 .
0.1 100.

Fig. 2.1

Any muitiple--input multiple -output system whose determinant
can be expressed in the form given by eqn. (2-22) will have the properties

of Butterworth function for large values of any of the s elements of the

Q matrix.

V|
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2.5 Asymptotic Properties of Single Input Systems:

(38),(39),(40)

It is known that any single input system which is

completely controllable can be transformed into the phase-variable

form with the system matrix A having the companion matrix form

and the input matrix B having all entries zero except bn t
Consider the following single input generalized system in the

phase-variable form.

R ST 0 ] O,
A = 0 0 i : B=1|0 Q =

“2n1 2 TTUC “an o Pt ’ %on
with H =1 and R=r . (2-24)
Then (sI-A) ' BR-iB'

det [ sI, - F ] = det =0

nooc H' QH (sI+A!)
can be expanded as
2 2(n-1) 2(n-2) , n-k 2(n-k-1)
nti bni/r [qnn s -qn-i,n-is H ﬁ c%J-k,n-ks'*' .. ]
1+(-1) . =0 .
| D(s) D(-s)
(2-25)

where '

- = n n-1

D(s) = s +a.nns +...+ani
When n = 2, eqn. (2-25) will become

2 2

bZi/ Lagps™ - ayy )

{ - z = 0 (2-26)
2 + X 2 a..s+a,, )
(s 4a,,8+3, (s 25,8354

J T ——hes e |
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When n =3, eqn. (2-25) will become

2 4 2
by, L9335 - 958 tayy]

D(s) D(-s)

where B(s) = 83 + 334 sz+a3zs + a4 (2-27)
If any one particular q is varied, it can be said that the order
of the Butterworth function that results will depend on the order of IXs)
and the polynomial coeifficient of 9,4 that is made very large. In general
l-)(s) is an nth order polynomial and the power of the 's' term which is the
coefficient of q i1 is 2(i-1). Thus when any particular 9 is made

very large
Butterworth Function ORDER = p = n ~(i-1) (2-28)

If all the qii elements are set equal to ¢ and ¢ is made very large,
then the single input system in the phase-variable form will have the

properties of first order Butterworth function.

2.6 Asymptotic Properties of Multi-Input Systems :

If the system is given by the equation x (t) = A x(t) + B u(t)

with ) .
-2y TR, R3] by Py Pyg
a - | 224 22 23| B=[P2t P2z Pa3| r=1=m
2yy 233 %33 L?si by, Pag ’

and Q the diagonal matrix given by

- & 2-29
Q = die [a;,,9509; ) (2-29)
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then the expansion of the characteristic determinant of the matrix Fc

will result in 23 = 8 polynomials in 's' given below.

det [sI, -F_]= D(s) D(-s)

Ly g @0y + vip ()b +y3(0b5y T Ty Pyt Pt Viab 5] [ Pt yPostvgby T
. a -8+ a a
g det 12 22 32
313 a.23 s +a33
stagy 221 231
-q, det [¥a1P 44+ 2P 2 Y2305y 115 P Y5500V 500, 115 B 3 +Y50 0 b o ] §
‘ 3
— sta 221 254
-q; g-det %12 S*%2 232
5 b b b bty b T b b
(V312 43 +V5pP01 #¥53P oy J1Vay P p+vpP 0 #3005 115 b g Y555 +Y5 55 5 ].4
e

= - = P P -
+9,49,,P,(5)P (-s) +q,,9;5 Py(s) Pgl=s) +9,,d;,P((s) P((-s)

1

B! (2-30) .
+q“q22q33 det [BR B ]

Here all the y's are functions of 's' but for convenience the 's' in the
brackets is dropped, and y,j(s) are the elements of the adjoint matrix
1

- _1 .
and b,, refer to the general elements of the BR B' matrix.
1j

41 .
The general expansion of the determinant( ) [SIZn—FJ is done by
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| s)BR_ B
substituting i = 1to n rows of —Yi:)—————- ‘into (sI +A'") as defined
D(s)

in eqns. (2-18) and (2-19) and forming the successive determinants.

.th . . . .

When any i~ row is substituted into (sI+A'), and the determinant

is taken, the resulting expansion is the coefficient of the %, element.
When any two rows are substituted for the ith and (i+1)th row, the

resulting expansion is the coefficient of qii . qi+1,i+1 and so on.

Consider the case when 94 is varied. Eqn. (2-30) can be
written as
k,q, ,P(s)P(-s)
Q(s) Q(-s)

Q(s) Q(-s) is the combination of D(s) D(-s) and the polynomial coefficients

det [ sI, -F_] = 1 (2-31)

_of q,, 2nd 4., ineqn. (2-30). P(s) P(-s) is the sum of the polynomial

33 )
coefficients of q“, q11 qzz, q11 q33 in eqn. (2-39) and k1 is a constant..

ReWriting eqn. (2-18)

det [sI, -F .]=5(s).det[(sI+A')-H'QH¥_§§) BR-iB‘] (2-31a)
2n ¢ » . D(s)

.' ' -1 o
when H =Iand Q is a diagonal matrix, H'QH _{-((—s's)) BR B' matrix is
' D

such that any ith row is multiplied by qii' As seen from eqn. (2-30),
fori=1, 9,4 can be brought outside the determinant. The first row of
y(s) -1 . . s ix h

- BR B' has been substituted. Now y(s), the adjoint matrix has

D(s) o
polynomial elements of degree (n-1). D(s) is a polynomial of degree n.
The remaining (n-1) rows of the matrix (sI + A') have polynomial elements
of degree 1 and are in the diagonal position. Tl(ms when the first row of

_1 1
(sl + A") in eqn. (2-31a) has been substituted by the first row of_Y(_S_)E_R__B_ ,
D (s)

the resulting expansion will give the polynomial coefficients of q 11 °
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The degree of these polynomial coefficents can be expressed as follows:

-1
ist row of \ﬁs)BR B’
D (s)

5(5) - 9y det

Other rows of (sl + A')

and will be given by

Il + [{@-1)-n } + 1 (n-1) J= (2n-2) (2-32)
degree of degree of { row of degree of remaining
- -1
D(s) v(s)BR B!’ (n-1) rows of ist degree
B(s) elements

' ' |
Thus when any one row is substituted in eqn. (2-31a), the resulting EE
expansion has a polynomial of degree (2n-2). In general if k ‘rows are !

substituted at a time,. then the resulting expansion is a polynomial and its

degree is
n + [k{(n-1) -n} + i(n-k)] = 2(n-k)
| | | . l (2-33)
D (s) k rows of y(s)BR B’ remaining (n-k) rows
D (s) of 1st degree elements

[Degree of the Expanded Polynomial ] = 2(n-k)
' with k rows substituted

Thus the polynomial coefficients of g 11q22 or q “q33 will
have degree of 2(3-2) = 2, sincen =3 and k =2. Thus the degree of
P(s) P(-s) in eqn. (2-31) is the same as that of the polynomial which
results by substituting only one row as explained in eqn. (2-32). Thus

the degree of P(s) P(-s) is

Degree = 2n-2 = 2x3-2 = 4
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It may be mentioned that in expansion given by eqn. (2-30)

2
Yigl8) = s H(ayytag,)s 42,53, 35,3,
712(3) = 7358 (35353 - 25,35 )
Yigs8) = -aggs+(ayna,5-2,53,,)

Other elements of +vy(s) can be readily found also. The above
results for the degree of the polynomial coeifficient of 94 hold, only
because b11 £ 0. Similarly it can be said that the coefficient of any
95 will be a polynomial of degree (2n-2) if the ith row of B contains

at least one non-zero element so that ;ii # 0.

Since P(s) P(-s) is a polynomial of degree 4 and Q(s) Q(-s) is a
polynomial of degree; 6, a 1st order Butterworth function results for
large values of q i1 when the other elérhents of the Q matrix are held
constant. Similarly if any other diagonal element %; of Q is made very
large while the other elements are held constant, a ist order Butterworth
function results provided the ith row of the B matrix contains at least one
non-zero element.

If the first row of the B matrix contains all zero elements, then
the first row and first column of BR-lB' will be zero. The polynomial
coefficients of 944 in expansion (2-30) will be of degree 2, provided
‘that a,. and a,_ are non-zero, It can also be shown that coefficients of

12 13

i . hus if th

q“q22 and q“q33 are of degree 2 unless a.11 is zero. Thus e
first row of B is zero and the first row of A is non-zero, then a
second order Butterworth function is obtained. The results of this

section can be summarized as follows:

i. The general effect of more inputs or elements in the B matrix

is to decrease the order of the Butterworth function that describes the
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A

asymptotic properties of [sI-(A-BR-iB'N )] -

2. If at least one element in the ith row of the B matrix is non-zero,
i

-1 A
then the system determinant [sI-(A-BR B! N)7 approaches a first

order Butterworth function as 9L, becomes large.

3. If all the elements of the ith row of the B matrix are zero, then
the. characteristic equation described by the system determinant approaches
a second order Butterworth function as 9, becomes large. This pre-

h
supposes that the it row of the matrix A is non-zero.

4, From the general trend seen in the expansion of P(s) P(-s), it may

be said that the degree of P(s) P(-s) becomes smaller as more rows of B matrix
are zero, and also as more rows of the A matrix are zero. Thus for a

large value of qii and more than one row of the B matrix being zero,
Butterworth functions of order 3 through n may be obtained. This

presupposes that the matrix A has more numerous zero elements.

2.7 Asymptotic Properties of Optimal Systems with Q = g1 :

Wheni the Q matrix is defined as Q = g I, the asymptotic properties
of the system could be investigated with the help of a multi-input multi-
output system of order 3.

Consider

x (t) = Ax(t) + Bu(t)

with -
"y TRy T2y, Py Py By
A= -a.z1 -a'ZZ -a.23 B= b21 b22 b23 and Q =0l
“233 232 “233 ], i Pyy Pgy b33_
H=12=R | (2-34)
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Then det [ s, - Fc] = 0 can be expanded as

2 3
- P,(s)P,(-s)+0 k,P 2(s)PZ( s)to kP, (s)P3( s) o
| D(s) D(-s) (2-35)
where
B(s) = [(s+a“)(s+a22)(s+a33) -a32a23(s+a11)-a12a21(s+a33)

ayqg2q,(s4a,,) + 2,2, 8, .42,,3, 2., ]

i 11 22 33

P(s) = [ bs+c ] where b and c are constants.

k, = b by, by by + byybog

Pz(s) = (s-i-a.) _ where a is a constant.

ky = by (b, by -byob, ) by ,(by By by Byo)+b o(b) brbyby))

= det [BR"!1 B']
P3(s) = 1

In general the nﬂ:1 order system can be expanded as

ok, P (8P, (- s)+..+olk P. (s)P( s)+..+0 k P (s)P (-s)
1 + =0
.D(s) D(-s)

(2-36)
The degree of Pi(s) is (n-i) and that of Pi(s) Pi(-s) is 2(n-i)

where n is the order of the system. When ¢ is very large, eqn.

(2-36) can be expressed as

2(n- 2 2(n-2
ckls (n 1)+crk2'5(n )

2(n-1 o
Zn+a»1.~3 (n-1) . ta_s

n o
+...+ 0 kns

1 +

0 (3-37)
8



- 30 -

The ratio of the polynomials in eqn. (2-37) .has two more poles
than zeros. Although the optimal system for large ¢ may be consi-
dered to approach a first order system, it might not have the properties
of a Butterworth function. This is so because the zeros of the numerator

polynomial are not fixed but vary with o .

The épecific properties of eqn. (2-37) depend on the various
values of the constants ki' These constants in general depend on the

elements of the B matrix. They are found to be

k1 = 'D11 + bZZ + ... F bnn = sum of the diagonal elements

= trace [BR"1 B']
kZ = (b11 x bZZ) + (b11 X b33) +.o.. + (kabk+1)+. .ot (bh-i x bn )

= sum of all the diagonal elements of BR-1 B' multiplied two atatime.
kj = (b“xb12 Xewo xbjj ) + (bzzx b33x. .o X bj+1) + e.ee

= sum of the diagonal elements of BR t B'multiplied 'j' at a time.
and

-1

= t

k det [ BR 'B']

N

Here the input matrix B is a rectangular matrix of dimension

. (nxr)and r s n. If r <n, then BR !B is singular and k_=0. In

some systems, it may happen that the various constants ki are sufficiently
small so that most of the o, terms can be ignored. Thus it may be
possible to reducethe-expansion in eqn. (2-37) to a form similar to the

one in eqn. (2-22) and it could be written as

ok P(s) P(-s) _ 2-38
L+ "qG)a(-s) 0 (2-38)
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In this case the asymptotic properties may be found by the
root-locus technique. However if g—»'0, the expansion given by
eqn. (2-37) will not be valid . It is known that for Q = o, the optimal
control function will be a null function and the resulti.né system w111

. th ‘
continue to be an n~ " order system.

Thus it can be said in general that the structure of the inpﬁt
matrix greatly influences the asymptotic behaviour of the optimal system.
This behaviour can be altered if the input matrix is altered. However
the asymptotic behaviour of the system has very little to say about the
behaviour ofthe optimal system when the elements of the Q matrix are
finite and not very large. But the details of the structure of optimal
system givén in this chapter can enable the designer to develop a

significant insight in synthesizing systems.

)
!
1
i
1
)
i
i
i




CHAPTER IiI

LOWER ORDER CONTROL
AND

SOME NUMERICAL EXAMPLES

It will be shown in this Chapter that the 'lower order' comtrol
transfers the specified eigenvalues from the lower order system to
the higher order system. The Q matrix for the original system is
qbtained during the process of design as required by the problem consi-

dered in section 1.4 of the first chapter.

Here the term 'lower order' control is used to indicate that this
'lower order' control will first control a system of lower order. This
lower order system is obtained by reducing the order of the original
system or in other words contracting the order of the original system.

The order of the contracted system will be determined by the number of
inputs to be used. The specified eigenvalues are designed into the contrac-
1:ch1 system by the lower order control. By utilizing the lower order
control in the original order system, it is shown that the lower order

control transfers the specified eigenvalues to the higher order system.

In the first six sections, the infinite time regulator is considered.
In section 3.1, the infinite time system is contracted to obtain the lower
order system. In the process of contraction, the dominant eigenvalues .
of the original system are retained in the lower order system. In the

past, the concept of contraction was used for simpiification of dynmamical

(26
(25)

analysis of systems and for obtaining less complicated control

functions without specifying the eigenvalues which determine the time

(27)

response of the system. Contraction was also used to control weakly

(28)

coupled dynamical systems. This control was implemented without

specifying the eigenvalues and the stability of the resulting system could not

27)

be guaranteed. However throughout this thesis, the process of
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contraction is developed for designing_genéralized multi-input systems

which have the specified eigenvalues and which are as suredly stable.

In section 3.2; the eigenvalues of the.lower order system are
Specified by specifying the optimal lower order system matrix. The
Q matrix for the lower order system is obtained by satisfying condition
for the rank of the matrix Tm which has to have an inverse. This
condition implies that the order of the contracted system is equal to or
less than the number of inputs., If the Q matrix for the higher order
system is derived from the Q matrix for the lower order system, then
it is shown in this section that the equivalence between the expanded equatic;n
(?-19) and eqn. (3-22)becomé's~an equality when additional conditions of

uniqueness are satisfied,

In section 3.3; the concept of 'lower order' control is defined ma-

thema.ti—cally and in section 3.4 it is shown that this lower order control

does transfer the specified eigenvalues from the lower order system to

the resulting higher order system.

In section 3.5, it is observed that the resulting higher order system
will be asymptotically stable if the conditions of stabilizability and detect-
ability ére satisfied. These conditions also ensure the uniqueness of the

solution to eqn. (3-19).

In section 3.6, the cost of the 'lower order' control is derived.
It is found to be the solution of a linear matrix equation. A method is

given in Appendix A to solve such a linear matrix equation.

'i‘he finite time output regulator problem is considered in section
3.7 and development similar to one given above is carried out in brief.
In section 3.8 the contraction transformation is considered in general
first. Then two methods are given to obtain this contraction transformation

matrix which is referred to as just contaction matrix. The first method is
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based on the Vandermonde transformation matrix and it is particularly
useful when the eigenvalues of the original system are distinct and real.
The second method is quite.general and the contraction matrix can be
obtained notwithstanding the nature of the eigenvalues of the original
system.

In section 3.9 , a digital computer oriented algorithm is given as
a procedure for design. This procedure for design incorporates the
tests for stabilizability and detectability. This procedure for design
is utilized in designing the three systems given in the numerical examples.
In section 3.10, .a third order system with three stable, distinct and real
eigenvalues and having the companion matrix form is designed by speci-
fying two eigenvalues. In section 3.11, the system considered is third
order and has one pair of complex conjugate eigenvalues and one real
eigenvalue. This pair of complex conjugate eigenvalues is shifted. In
section 3.12, the system considered is also a third order system but it
has two unstable eigenvalues which are shifted to a specified position and
stabilized. In all the three examples, the time response of the systems

before and after applying the 'lower order' control is given.

3.1 Contraction of the Infinite Time System:

&

Since the 'lower order' control is obtained from the system of
lower order, a method of lowering or contracting the order of the system
is given below. This process of contraction is developed below for

) th .
obtaining the 'lower order' control. Let t]:_le n  order system be given by

x(t) = Ax{)+ Bult)
y) = Hx(t)
= 3-1
x (to) = x_ (3-1)
and let |
I = 1/2 I: [y'@®) Q, yit)+ u'(t)Rut)] dt (3-2)

e e o ez ———————
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be the cost functional which is to be minimized, Here the various

vectors are of the following dimensions :

x - mx1)
y - (ex 1)
u - (rx1)

The system matrices A,B,H and the performance matrices Q

and R are of the proper dimensions and conform with the vectors.

The cost functional can be rewritten as follows :

Jn = 1/2 _r: [=x'(t) H' Q&H x(t)+ u'(t) Ru(t)] dt (3-3)

The control vector u has r components. If anm dimensional

vector z is defined withm < r , then
z(t) = C x(t)
where C is the (mxn) contraction matrix with
m < r < n.,.

This C matrix is a constant matijiic.
Then _
z(t) = Cx(t)

S\ibstituting eqn. (3-1) into the above equation

.z (t) CA x(x) + CB uft)
Let

z (t)

Fazit) + Gult)
Using eqn. (3-4), eqn.(3-6) can be rewritten as
z {t) = FC x(t) + G u(t)
Comparing eqns. (3-5) and (3-7), it can be seen that

FC = CA
G = CB

(3-4)

(3-5)

(3-6)

(3-7)

(3-8)

%
i
,
v 3
[
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th :
For the m  order system given by eqn. (3-6) let the cost functional

be defined as

3= s .J': [w't) Q_ wit)+u'@®) Ru(t)] dt (3-9)
Here

wit) = P z(t)

z(o) = 'zo

The various new matrices have the following dimensions :
F - (m x m) P - (mxm)
G - (mxr) Q - (mxm)
m .
With eqn. (3-6) as the constraint eqn. (3-9) can be minimized(23)’ (32)

with the optimal control u*(t)

Fe) = -R_ oz o © (3-10)
m *
~where N . |
& = rla M (3-11)
m

Here ﬁi is the steady-state, symmetric matrix solution of the matrix

Riccati equation given below

.

A AA -1 A -
0 = MF + F' M -MGR G'M+ P QmP (3-12)
A th :
‘The optimal cost Jm for the m  order system will be
7 v (3-13)
Jm = 1/2 < z Mz°> -
The optimum mﬂ"l order system equation will be given by
- A
5¢) = Fat)-GR™G' M z(t)
Thus with Fo defined as below .
_ p A
FO A [F-GR " G'M] (3-14)
z (t) = }.-“o z(t) (3-15)
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. th
Now for this m ~ order system, the optimal system matrix F
is completely specified 3 thus ‘

A o
M = [T ] (F-F] - (3-16)

where Trn is defined below.

-1,
Tm i[GR G']

The above development is comparable to the analysis in section

1.6

3.2 Expansion of the mth Order System:’

In this section it is proposed that by expanding the mth order
system in a specific way, the state-weighting matrix H'QL H can be

obtained from the Qm matrix.

A
When Fo is completely specified, M can be expressed as

A -1
M = [T 1 [F-F]

Here '1
T GR "G' can have an inverse, since

m

1

Rank [ GR™ G'] < min [m,r,n] < m. See Appendix C for the

specific conditions which are proved there.
Rewriting eqn. (3-12)

P'QmP=-MF-F'M+MGR G'M

and substituting eqn. (3-16) into it

-1 1
P'Q p=fr ) [F-F) F-FLT, 0 [F-F] (3-17)

If eqn. (3-12) is premultiplied by C' and p.o.stmultipl.ied by C, then

A 1

| N A
0 = C'MFC+ C'F'MC - C'"MGR™"G! MC+C'P'Q_PC (3-18)

Using eqn. (3-8)-, eqn (3-18) can be rewritten as

~ o+ eemareraTEITT
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A A ; A _ A
0 = (C'MC)A+ A'(C'MC)-(C'MC)BR 1B'(C'MC)+ C'P'Q PC
m
. (3-19)
If an identical development is carried through for minimizing the
cost functional given by eqn. (3-2) under the constraints of egqn. (3-1) for

t
the n h order system, the nth order optimal system will be given by the

optimal control

A .
-KnX(t) , (3-20)

[+
-
(2
S’
it

A
K = R B'N (3-21)

A
Here N is a symmetric matrix and satisfies the following eqn.

A AT A -1 s
NA + A'N - NBR B! N+ H! Q. H (3-22)

o
n

th
Also the optimum n~ order system is

A : o
x@t) = [A-B Kn] x(t) (3-23)
and A A
J = 1/2 ¢ x ,Nx > (3-24)
n o] o

If eqns. (3-19) and (3 22) are compared, it will be noticed that
A
N is equivalent to (C!' MC) If H'Q{-H is equated to C'P'Q PC

then the non-linear algebraic eqn. (3-22), will have a certain solu’clon
A

Nl given by
A A |
N, = C'MC (3-25)
with
H'QH= C'P'Q PC ' (3-26)
) m

A
In Appendix C it is shown that N is a unique solution when

certain conditions are gsatisfied and that it satisfies the relation

A A A
N Nl = C'MC (3-27)

© v ATIITT
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If eqn. (3-22) is solved as a matrix Riccati differential equation
by backward integration and with the proper end ccndition', and if
H'QLH is the one given by eqn. (3-26), which is positive semi-definite,
it is observed from numerous examples of different systems that
II:I is positive semi-definite.

'I_'hus when Fo is completely specified, P‘QmP is found from
eqn. (3-17) and H' Q& H is obtained from egn. (3-26) . If H is an
(nxn) matrix and if its inverse exists, then the Q matrix will be an

(nxn) matrix Q and can be expressed as

e
=] [C'P'Q PC][H]

3.3 Lower Order Control :

The functional given by eqn. (3 2) will be minimized under the

> ALISUIATRIT

constraints of eqn. (3-1) if u (t) = - K x(t) given by eqn. (3.20) is used
as the optimal control. However for th1s eqn. (3-22) will have to be
solved. )

On the other hand if u (t) = - K z(t) given by eqn. (3-10) is used,
then eqn. (3-12) will have to be solved. When m is much smaller than

n, eqn. (3-12) will be considerably easier to solve.

I A A

uft) = -K z{t) = K _Cx(t) (3-28)
m m

is used for the ntP order system, it will be derived from the lower

order system. This will be termed as the Lower Order Control and for

convenience will be denoted by

.- ' (3-29)
u(t)lower order KC x(t) .

- . th
This lower order controlgivesrise to the following mn  order system

x(t)

Ax(t)+ B[-KC x(t)]

[ A - BKC] x(t) (3-30)
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3.4 Eigehvalues of the System :

The lower order control u(t) = - KC x(t) will give rise to the

th
n order system
x(t) = [A-BKC]x(t) (3-30)

If this nth order system [A - BKC] has eigenvalues i and eigen-
~ vectors X, certain properties will be established in this section to
show that m of these eigenvalueg are the same as those of Fo'
Since

l:A-BKC]xi = p,ix. i 1l i £ n (3-31)

. Thus

A- =
C( BKC] x, C b X,

: B
[CA-CBKC] x.= ; C%, | (3-32) 3 g
R
Using eqns. (3-8) and (3-11), eqn. (3-32) can be rewritten as ¢4
1 A ' 3
[ F-GR G'M]Cxi = p.iCxi : (3-33)

By using eqn. (3-14), eqn. (3-33) can be written as
[FJ1Cx = p, (Cx)
Cxi #f 0; 1< i ¢« m (3-34)

This shows that when Cxi.;@ 0, Fo has the same m eigenvalues
as [A-BKC]; however both of these matrices have different eigenvectors.
The same can be proved the other way round. If Fo has eigenvalues
A . and certain eigenvectors, then F; has the same eigenvalues with

the same or different eigenvectors.

A
Knowing that K=R™' G' M
| A
[F-GR'IG'M]' z, = .2 ; lsgi <m 4 (3-35)

1 1 1
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Premultiplying by C'and using eqn. (3-8)
A

fawc' - C'MGR-iG'] z, = C'\ 2

far-c'k'B']C'Z,

A (C' z,)
i i
Hence

[A-BKC] C'z

N(C'z) 5 1sis m (3-36)

Thus when C'z £0, [A—BKC] has the same eigenvalues as F_ .
o
Thus it is seen that the lower order control transfers all the designed

'm! eigenvalues of F'_ to the fA-BKC ] matrix.

3.5 Commenfs on Sta.biiity :

In this section the important question of the stability of the [A -BKC ]
matrix will be considered.

In section 3.4 it was shown that the nth order system matrix [A-BKC]
has m of its n eigenvalues identically the same as the m eigenvalues of the
mth order system [F-GR 1(.'5'M:| These m eigenvalues are stable since
the matrix Fo is designed to be stable. Thus these m eigenvalues of
[A-BKC] are definitely known to be stable. The nature of the other(n-m)
eigenvalues can be predicted if the system is checked for stabilizability and

Detectability. Stabilizability and detectability are defined in Appendix D.

Since
[A-BKC] = [A-BR 1G'MC]
= [a- BR"‘B' (C'M c)] (3-37)
As shown in section 3. 2, N1 = C! M C is one solution. As shown in

A A
Appendix C(42) thlS solution will be unique with N1 =N and resulting

matrix [A-BR 1B' N ] will be asymptotically stable if and only if the
system is 'sta.b:llzable and detectable.

In the design procedure, the stabilizability and detectability of the
system is checked to ensure that

[A-BKC] [A-BR~ B‘(C'MC)]
- BR-1B' N ] (3-38)

« o ALISHIATIO
AUWHET BEINWR
———rr
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A A
is asymptotically stable, What is important is that N = C' MC
: A )

A
will be the relation which will enable N to be found conveniently from M.

3.6 Cost of the Lower Order Control:

In this section the cost of implementing the lower order control

will be investigated.

The cost is given by the cost functional given by eqn. (3-3)

Jn = 1/2 Im[ x'(t) H'Q&Hx(t) +u'(t)Ru(t)] dt (3-3)
The lower order contrc?l is given by eqn. (3-29) and is

ut) = -KC x(t) (3-29)

Thus Jn can be rewritten as

.= /2 | [x‘(t)H'QLHx(t)-{— {-KC x(t)TR {KCx(t)} ] dt
(o]
= 1z x' (¢)[H'Q, H+ C'K'RKC] x(t) dt (3-39)
o .

The resulting nth order system is

% (t) = A x(t) + B uft)
= [A- BKC] x(t) - * (3-40)

In section 3.5, it is mentioned that this resulting system will be
asymptotically stable, if it is stabilizable and detectable. This test for
stabilizability and detectability is incorporated into the synthesis-
algorithm given in section 3.9.

Thus
(A-BKC) t
e x

(o) : (3-41)
o ' S (3-42)

x(t) |

and =x(=)

Define the Lyapunov function V(x) such that |
V()] = 1/2 x'(t) N x(t) : (3-43)
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VIx(t)] = %YC— = 1/2 [%'(t) Nx(t) £ x'(t) N x(t) (3-44)

Substituting eqn, (3-40) in eqn. (3-44)

%.:_’ - 1/2 x' (t) [ (A-BKC)' N # N(A-BKC) ] x(t) (3-45)

Introduce

(A-BKC)'N + N(A-BKC) = -[ H' QLH + C'K'RKC ] (3-46)
Then

®dv

[' _dE . dt =V(m)-"V(o)=-1/2 J‘Qx'(t)[H'Q‘LH+ C'K' RKC] x(t)dt
o ' o

Since the resulting system is asymptotically stable

V[x(eo)‘| = 0 = x(co)

Hence -

V(o) = 1/2 _{‘o x'(t)[H'QLH+ C'K'RKC ] x(t) dt (3-47)
Thus
' Vi) = J_= 1/2 x' (o) N x(o) (3-48)

where N satisfies eqn. (3-46) which can be rewritten as
(A-BKC)'N+ N(A-BKC) + C'K'RKC + H'Q H =0 (3-49)

Since initial condition x(0) is a constant, N can be explicitly

written as below by using eqns. (3-41), (3-47) and (3-48).

Ns ]

Evaluating the integral in eqn. (3-50) is éomplicated because of

® ' |
(A-BKC) t 1ot (A-BKC)t .
e [H'Q&H+C K'RKC]e at (3-50)

o]

matrix exponents. A much easier way is to solve for N in the equation
given by (3-49). ‘This equation is linear in N and can be solved for
N by the algorithm given in Appendix A, It may be mentioned that

A
eqn. (3-49) is linear in N as contrasted with the non-linear egn. (3-22) in N.

USRS

-8 LISHIATNIT
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If H'Q-LH = C'P'QmPC ', then eqn. (3-49) can be written as

(A-BKC)' N+N(A-BKC) + C'K'RKC + C'P'QmPC =0 (3-51)
A A
N = C'MC=N is a solution of the above equation if

H'Q H C'P'Q PC
4 m

This can be verified by simplifying the following and substituting.

-1 A o A A -1 A
[A-BR "B'C' MC] N+ N[A-BR lB'C"MC]+C'MCBR B'C'MC+C'P'Q PC=0

(3-51a)
3.7 Finite Time Output Regulator Problem: |

In this section the concept of lower order control will be extended

to the finite time output regulator problem.

B
If the nth order system is given by eqn. (3-1) and the cost functional 3 S
J_ given below is to be minimized 3 3
n T t g
-]
Jn = 1/2y"(T)Sy(T)+ 1/2 i [y'(t)QLy(tHu'(t)Ru(t)] dt (3-52) 3
o

then development can be carried out as in eqns. (3-4) to (3-8). If the cost

functional J m is defined as

T _
J = 1/2w'"(T) Uw(T}1/2 [ [w'(t)Q_wi(tHu'(t)Ru(t)]dt (3-53)
m 4o m
where
w(t) = Pz (t) and P - (mxm) matrix.

Other matrices and vectors have the appropriate dimensions: .

Using the transversality condition for the costate vector p,

9

T) = ——/— [1/2 < z(t), P'UP z(t) > (3-54)
p(T) 5z(T) L / (t) ]
and carrying the analysis through, the optimum control will be givep by
-1 * ’
u*(t) = -R "G' M (t) z(t)

(3-55)

Kz
m
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%
where M (t) satisfies the following equation.

o * B * -
g - M*(t) = M@)F+ F'M (t)-M (t)GR lG'M*(t)-!-P'QmP
® '
with M (T) = P'UP (3-56)
Equation (3-56).can be solved backward in time with a negative
increment in time.

If the lower order control given by eqn. (3-55) is used for the

th
n order system, then

x(t) =. [A- BK#:_n C]=x(t) (3-57)
The same control will give an mlCh order system given by
zZ(t) = [F.- GR ' G ﬁ(t)jz(t)
= Fo(t) z(t) ' (3-58)

If the finite time regulator problem described by (3-1) and

(3-52) is controlled without contraction, then

i) = [A-BK Jx(t) (3-59)
where
* -1 %
K. = RIB'N @

and N*(t) satisfies the following equation

1

- ¥ =N A+ AN (©)-N (£)BR

B'N*(tHH'Q&H (3-60)

L3
with N (T) H'SH

Eqn.' (3-60) is integrated backward in time. If eqn. (3-60) is premultiplied

by C' and postmultiplied by C, then the equivalence between N (t) and

C'M*(t) C and the correspondence between H'QLH and C'P'Qm P C will

be noticed. As before, if H'Q H were equated to C 'P'QmP C, then the
4

equivalence will be even more significant,

. iy ALISHINAINIT
AuVHElT QIINYR




- 46 -

In the case of finite time problem, the concept of eigenvalues
is rather inappropriate since the feedback matrices Kfn or K: are
time varying. This means that the eigenvalues of both the mth order and
the nﬂ'l order systems will be changing with time. If eqns (3-57) and
(3-58) are compared and an analysis similar to the one made in section
3.4 is carried through, it will be noticed that although the feedback
gains are time-varying., the eigenvalues of the two systems will be

identical at any given corresponding point in time.

If a Lyapunov function V(x) is defined as

VIx@®)] = 1/2 < x(t), N(t) x(t) > - (3-61)
then with
uft) = R g M*(t) C x(t) E
= - KC x(t) §| %
the cost functional given by eqn. (3-52) can be éhown to be g
I = 1/2 < x@), Nt) x(t) > (3-62)

where N(t) satisfies the linearized matrix differential equation

- 1\.I(t) = (A-BKC)' N(t) + N(t) (A-BKC) + C'K' RKC + H'QLH

with N(T) = H' SH | (3-63)
It may be mentioned that, without contraction, J : would be given by

D= 1/2 < x(0), N @) x() >

where N¥*(t) is the solution of the non-linear differential equation (3-60) .

3.8 Contraction Matrix C-

The contraction matrix C plays an important role in implementing
. . _(25)
the lower order control. In this section the contraction transformation
will be investigated and two methods will be proposed for obtaining the .

contraction matrix C.
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. 3.8.1 Contraction Transformation :

The lower order system with dimension m is derived from.

the higher n dimensional system through contraction transformation.

th

Consider the n*" order system

x = Ax + Bu (3-64)
I '-1

y = T "x _ {(3-65)

A = TlaT (3-66)

Then the above co-ordinate transforrhation will result in

y .= T'x

1

T lax + T !'Bu

1

T laTy + T!Bu (3-67)

I T is partitioned row-wise

-
-1 |---]-¥.
T = L)
: \ DiB-m
. Y.

and z-is the vector with first m components of y, then

(3-68)

z = Cx
is the contraction transformation. If all the natural frequencies are

distinct, then the first m natural frequencies are retained by

Fz + Gu

z =
where

FC = CA
and G = CB

The following relation can be established

FCC' CAC' .
F CAC' (CC')” (3-69)

~

e o e e e e ey
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The matrix F determined by eqn. (3-69) will satisfy the relation

FC = CA when the following condition is met.

CA = cac'(cc')ylc ' ' (3-70)

Since C is (mxn) matrix, CC' is (mxm) and the CC' matrix
can be assumed to have an inverse. Two methods of obtaining this C

Matrix will be described below.

3.8.2 1st Method :

th
If the n  order system matrix A has A, as the eigenvalues

and yi; as the eigenvectors, then

[A]Yi= A Y i l<ig<cn
Thus . E
CA.y'i = C)\i Yi (3-71) §§
Since FC = CA, eqn. (3-71) becomes ;ﬁ 5
tx
= . i 3.72 E:
[F] Cy, A Cy, s lgigm ( )
with Cyi;é 0

Thus for the m eignevalues of F, eqn. (3-72) will hold.
When ), takes on other (n-m) eigenvalues, the following relation
i
will hold.

Cy. = 0 i (mtl) ¢ i ¢ n
i

Since y. are the eigenvectors of the nth order matrix,
. i

it is known that n independent eigenvectors can be found and

1,1 Y2,1 7777 Ya,1
T = V1,2 Y2,2 Yn,2
Y1,n YZ,n Yﬁ,n
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is the transformation matrix more commonly known as the modal
matrix, When the eigenvalues are distinct and the system matrix A
is in the companion matrix formb, the matrix given below becomes

the modal matrix. This matrix is known as the Vandermonde matrix
and in Appendix B it is shown that it is in fact the modal matrix. A

method for obtaining eigenvalues is also given there.

o 0o o) j
)‘1 7\2 .- >‘n
1 1 1
.)\1 )\2 )‘n
T = . . (3-73)
n-1 n-1 n-1
)“1 A 2 ln
L —-

This modal matrix will transform the system matrix into a diagonal

B

matrix ) since the eigenvalues are distinct.
Thus with distinct eigenvalues

Lo

A= T
If.the eigenvalues are repeated, the transformation matrix Tr

cannot be found as easily as in eqn. (3-73) and a Jordan canonical

form will be the result of transformation. Thus with repeated eigenvalues

;o= TlarT
r r
The condition for obtaining m eigenvalues from the A matrix into

the F matrix is

Cy‘i £ 0 ; l1<ci < m
and can be satisfied if
c = [ T-l] - (3-74)

* (mxn)

e s oy e sy P LI NS
— " e IR o R
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This is the same as saying that the contraction matrix C is
formed from the m appropriate rows of the inverse of the modal
transformation matrix to obtain the m dominant eigenvalues in
~ the contracted system matrix F,

The method proposed in eqn. (3-74) will do an effective job
when all the eigenvalues are non-zero, distinct and real. Since the
contraction matrix C has to be real, it will be difficult to obtain if
the eigenvalues are complex. Repeated eigenvalues create the same‘
kind of problem in obtaining the various matrices. The problem is

even worse if complex eigenvalues are repeated.

"3.8.3 2nd Method :

It is seen from eqn. (3-72) that m eigenvalues of F are identical %
to m of the eigenvalues of the A matrix. The matrix equation FC = CA z g
has only one known matrix A and two unknown matrices F and C. %
Since F can have the same eigenvalues as A, F will be assumed to :

have these m dominant eigenvalues and also a standard companion

matrix form. Since the companion matrix form is always real, . and

FC = CA
G = CB

C will be a companion matrix of real elements and so will be G.
Thus the mth order matrix Riccati differential equation will have all the

matrices real. A simple example will demonstrate the method.
Let

o
=]
[

5 -9 -5 (3-75)
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Then the eigenvalues are given by
y
(A+DH +4+ 5 =0

The matrix A has one real eigenvalue and one pair of complex
eigenvalues, Let F be the 2nd order matrix with the complex pair
of eigenvalues retained. Thus F will have (2 2 + 43 +5=0) as the
characteristic equation ; F will be assumed to have the companion

matrix form :

fo = 1

F = . (3-76)
-5 -4
If FC = CA is solved with
&
Cl3 = a ‘ g g
C22 = b , then matrix C will be ,;%
2
b+9a) (b+ 10a) (a)
C= ‘ _ (3-77)

. (-5a) (b) (5a+ b)

Here 'a' and 'b' are any real numbers and thus C will be a
non-unique matrix. However since C is a rectangular transformation

matrix, it is quite reasonable that it is non-unique. For simplicity,

it will be as sumed thata=Db ; then
10 11. 1

C= a
75 1 6

Constant 'a' can have any value and it can very well be taken to be unity.
" This method is quite general and yields a C matrix having elements which

are real numbers.

Ty
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3.9\ Procedure for Design :

A concise scheme for designing multi-variable linear systems
will be given here. Rather than putting it in a flow chart form; the
procedure will be written down as a descriptive algorithm useful for a

typical digital computer. All the steps are to be followed sequentially

unless specified otherwise,
STEP 1: DEFINE THE DIMENSIONS n,r,4 , m.

STEP 2: READ IN VARIOUS MATRICES A,B ,H,R,S, Fo. WRITE
DOWN THESE MATRICES.

STEP 3: FIND THE EIGENVALUES OF THE SYSTEM MATRIX A.
WRITE DOWN THESE EIGENVALUES.

STEP 4: ARE ANY EIGENVALUES COMPLEX OR ANY EIGENVALUES
REPEATED? IF THEY ARE, GO TO STEP 6. IF THEY ARE
NON-REPEATED REAL EIGENVALUES, GO TO STEP 5,

ars ALISHANTNIT .. ..

STEP 5: FORM THE MODAL TRANSFORMATION MATRIX T. OBTAIN
: | INVERSE TIN. GENERATE THE CONTRACTION MATRIX
C AS DESCRIBED IN 1st METHOD IN SECTION 3.8.2.
WRITE THESE MATRICES. GO TO STEP 7.

STEP 6: FORM THE F MATRIX IN THE COMPANION MATRIX FORM.
OBTAIN THE CONTRACTION MATRIX C AS DESCRIBED IN
2nd METHOD IN SECTION 3.8.3. WRITE THESE MATRICES.

STEP 7:. OBTAIN THE CONTRACTED SYSTEM THROUGH THE
CONTRACTION MATRIX C. WRITE CONTRACTED SYSTEM
MATRICES F AND G,

-1
STEP 8: OBTAIN THE MATRIX T . '1' =GR 'G'. CHECK T . FOR

AN INVERSE BY CHECKING RANK[G] m. IF RANK [G ] IS LESS
THAN m, GO BACK TO STEP 4. FIND ANOTHER C » IF RANK [G ]
IS m,THEN GO TO STEP 9. , .

STEP9: OBTAIN m'® ORDER STATE-WEIGHTING MATRIX Q_ FROM
THE RELATION;" :
Q = - [T, ]"1[FF]F-F'[T] [F-Fo].

WRITE MATRIX Qm




STEP 10:

STEP 11:

STEP 12:

STEP 13:

STEP 14:

STEP 15:

STEP 16:

STEP 17:
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FORM THE n'® ORDER MATRIX Q. Q =ce_c.

m
FROM THE Q MATRIX CHECK FOR STABILIZABILITY
AND DETECTABILITY OF THE n'P ORDER SYSTEM.

'IF THE SYSTEM IS STABILIZABLE AND DETECTABLE,

GO TO STEP 11, IF NOT, GO TO STEP 2 AND READ IN
ANOTHER Fo .

INTEGRATE THE mlCh ORDER MATRIX RICCATI DIFFERENTIAL

EQUATION BACKWARDS. DOES THE SOLUTION OF THE
RICCATI EQUATION CONVERGE? IF IT DOES CONVERGE
GO TO STEP 12. IF IT DOES NOT, GO TO STEP 2 AND
READ IN ANOTHER F . REPEAT TILL THE SOLUTION OF

THE RICCATI EQUAT?ON IS CONVERGENT.

WRITE THE SOLUTION OF THE MATRIX RICCATI EQUATION
M(t) ONCE IN EVERY THOUSAND STEPS OR ANY OTHER
REASONABLE INTERVAL, WHEN THE S MATRIX IS ZERO

I\,/\I 1S THE STEADY-STATE SOLUTION. WRITE THIS MATRIX

DO.WN .

OBTAIN THE FEED-BACK GAIN MATRIX K FROM THE

RELATION K = R-1 G 10[ .. GENERATE THE LOWER ORDER

CONTROL FROM THE RELATION uf(t) = -KC x(t).
lower order

LOWER ORDER CONTROL GIVES RISE TO SYSTEM MATRIX Z.

Z = [A-BKC]. AI.SO FORM THE MATRIX C' 101 C.

-]NTEGRA'I‘E THE nth ORDER MATRIX RICCATI DIFFERENTIAL

EQUATION BACKWARDS WITH THE Q, MATRIX GIVEN ABOVE.
COMPARE THE SOLUTION MATRIX ﬁ WITH THE MATRIX

A
C' MC FROM STEP 14.

FORM THE MATRIX C'K'RKC. OBTAIN MATRIX Y. HERE,
Y= -[ C'K'RKC + Qn] . WRITE VARIOUS MATRICES.

FORM THE LOWER ORDER CONTROL EQUATION NZ + Z'N= Y.
SOLVE THIS EQUATION FOR MATRIX N. COMPARE THIS N
WITH IQ FROM STEP 15 AND C' C FROM STEP 14.

SINCE Q@ = C' fIC, IT CAN BE VERIFIED THAT
A n

N=N= C' IC/I C. WRITE THE VARIOUS MATRICES. STEPS 15,

16, AND 17 ARE USED FOR DOUBLE-CHECKING ONLY.

. ALISHAATAOY
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STEP 18: DESIGN OF SPECIFIED m EIGENVALUES IS COMPLETE.
IF ANOTHER SYSTEM IS TO BE DESIGNED, GO TO
STEP 1 AND READ IN ANOTHER DATA SET. COMPLETE
THE DESIGN ALGORITHM. END OF DESIGN PROCEDURE,

In the three concluding sections specific numerical examples will
be worked out to demonstrate the implementation of the theory of lower

order control developed in this chapter,

3.10 1lst Numerical Example :

In this example, a third order system is considered. The system
matrix is in the companion matrix form and has three stable, distinct
and real eigenvalues. The system design is carried out by contracting

the system to a system of second order. This second order system

-y ALISHIATHOT .
AUVHElT HIAINYR

retains two dominant eigenvalues of the original third order system.
These two dominant eigenvalues are shifted to the prescribed position ;

then they are designed into the third order system by using the lower order .

-

control. This is achieved essentially by the process of expansion.

Let the nth order system be

x(t) = A x(t) + B u(t)
x(t) = X (3-78)
o o
Let
B 0 1 0 0 -0
A = 0 0 1 B = 0 1
-30 -43 -14 H 1 0

It is required to minimize

Jn 1/2 J' [ x'(t) Qn x(t) + u'(t) R u(t)] dt
with R = I - ° (3-79)
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The eigenvalues of the system are all real and distinct.

)\1 = -1.0
)\2 = -3.0
13 = -10.0

Let it be required to design a system with the design eigenvalues

AD.1 -2.86

).?D.Z -24.,25

and Fo given by

-22.55 1.432

F
o

: (3-80)
23.47  -4.56

Going through the design procedure given in section 3.9, the following
matrices are obtained.

Contraction matrix C will be given by

1.666 0.722 0.0555 :
C = (3-81)
-0.714 -0.785 -0.0714

The mtP order system matrices will be

~ -1.0 0.0 .
F = (3-82)
0.0 -3.0
and
0.0555 0.722 -
G = , (3-83)
' -0.0714 .0.785 '

The matrix F has (-1.) and (-3.) as its eigenvalues which are

the two dominant eigenvalues of the matrix A,

OYIT
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The matrices F and G are obtained from the relations

FC = CA and G=_CB.,.
Then
-1 -1 -1
T - 1
[ ] [GR "G']
s 3
9.88x10 9.07x10
9.07x103 8.33x10°

The Qm matrix will be obtained from the relation

-1 -1 -
- - - - t -
Q_ = [T 1 [F-FJF -F [T 1 [F-F]
and
- 2 - &
| 9.01x10 -4.62 5 g
Q = ) (3-84) L2
m -4.62 1.04x10 5
ho— -l . 3‘
'ﬁ‘
Matrix M will be *
u 1 17 i
A 5.23x10 1.22x10 : . |
M = _ . | (3-85) |
1.22x10° 1.55x 10
The matrix Qn will be given by
Q = C'Q C 7
n m
|~ 2.66x10° 1.22x10°  9.61
1 .
= | 1.22x103 5.87x10%  4,64x10° | (3-86)
9.61 4.6ax101 3.68

The feedback which is derived from the gain matrix K and KC

are . ’

A 1 A
K=K =R G'M
m
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2,05 -4.28x10""
= (3-87)
28,33 -3.41
3.69 1.80 ~0.14
KC = . (3-88)
51.33 22,97 1.804
The lower order control will give rise to the system matrix
[A-BKC] = where
0 1. 0
[A-BKC]=| -51.33 -22.97 -0.804 (3-89)
-33.69 ' -44.80 -14.14
The eigenvalues of the matrix [A-BKC] are found to be :
A\p, = "2-86
&D.Z = -24,25
and
The cost of the lower order control N can be obtained by solving
[A-BKC] N+ N[A-BKC]+C'K'RKC + Q =0
and with R = I,
- 1.24x10°  4.93x10" 3.69 |
N =| 4.93x100  2.29x10" 1.804 (3-90)

-1
3.69 1.804 1.43x10

o ALISHINTHTT.
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A

N can be solved with the Qn matrix given by eqn. (3-86) and solving
th . . . .

the n  order r/x\latnx Riccati equation. However it can be ascertained

that N = C'MC.

11, R = 101, then
3.39x10‘2 1.43x102 1.09x10'1
N = 1.43x102 6.58x101 5,14 (3-91)
1.09x10 5.14 4.04x10" !

3,10.1 Unit Step Response :

The concept of unit step response is widely used in the case of
single input systems. In the case of multi-input systems it can be
generalized as follows,

With
x(t) = A x(t)+ B u(t)

Taking Laplace transforms on both sides.

8 X(s) - x(0+) AX(s) + B U(s)

x(t) {1 {[s1-A ]'1 [ BU(s) + x(0+)]'}

For the unit step resi)onse the initial condition will be assumed to be

zero and |
x(t) = {1{[SI-AT1 [BU(s)]} (3-92)
Equation (4-15) can be written as a convolution integral
t .
x(t) = [ a(t-)) Bu(®) dr (3-93)
o
where the transition matrix is known to be
-1 -1 3-94)
& (t) = £ [sI -A] (

=
5
3
%
3
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It is generally more convenient to compute the invérse Laplace
transform given by eqn. (3-92) by the residue theory than evaluating
the convolution integral. For understanding the time respvonse, only
the first component xi(t) of the vector x(t) will be considered. The
other components could be worked out similarly., Ina two-dimensional
control, the control vector u(t) can be taken to be

1 0 i

0 . 1 or !

For a higher dimensional control, any other combination ofi's may be
taken. However to make the results meaningful and manageable, in
the case of this two-dimensional control u(t) will be assumed as

1

u(t) =
0

r: ALISHANAMNGE

svererer ArmvaTey RN

The following diagram will indicate the procedure followed to obtain the

unit step response.

u(t)‘_ 5 ? x(t) { [ x(t) S
+
: (A-BKC) x(t) .
Vv
| BKC N N
+
A

Fig. 3-1

Since the state regulator has no outside control vector and the feedback

is strictly state feedback, the above block diagram with the switch in

Y

B st J 3;

e 2
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the closed position will be the regulator with the lower order control
x(t) = [A-BKC]x(t) +B u(t)
And with the switch open, it will be the system
x(t) = A x(t) +B u(t)
This scheme will enéure that the input matrix B will be the same for
both thé controlled and the uncontrolied system. For the unit step
response it will be assumed that the instant the switch is closed, the
resulting regulator matrix becomes [A-BKC]. Then the transition
matrix of the state regulator will be : . .
st) = £ [s1 - (A-BKC)]_i (3-95)

Here the inverse matrix is given by

—[(s+26.02)(s+11.09)] [(sH4.14)] [-(0.804)]
[sI-(A-BKC)-]1=1-3—(1;-) [-(51.3354699.)]  [(s+1414)]  [-(0.804s)]
[-(33.75-1516.)] [-(44.805433.7)] [(s+20.43)(s+2.54)]
where B _ B
' D(s) = (s+10) (s+2.86) (s+24.25) | (3-96)

Evaluating the various terms of the transition matrix 2(t), they are

61 = 1,258 56 172510 e 710 | 7.8x107% 724 2%

85t = 7. 41026 2804 061072 6 100 3 3451072 o724 27t

943(t) = 5. 28x10"3e 2866, 7_92x1073 e 1% .2, pex107%e 24 25t

9, 4(t) = 3 64e 280t 4 4 gae™10b 4 g g e T2% 2%t

gyp8) = -2. 12107 o286t 4 oeqomle 1% g o6xto™! 6724 2%
g,3(t) = 1. 52210 2 2" 866 7. 94x1072 g'mt 4 6.42¢1072 ¢ 2425t

31" " 10-55-8-12'8§t-8()1t8.3 e'wtjgt,'zs 6-24._2::.2%

¢55(t) =6.2x10 e ° -4.07e 1 +130.t45e ez

35(t) = -3.8x107° e 286, 7 7x107 7 +2.68x10" e |

'.

o ALISHANMLL
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It can be verified that

g(t=0) = I
and §(t=w) = O
Tfms ¢
x(t) = [ &(t-)) B u(\) ar
o]

Since the matrix B is (nxr) and the vector u is (rx1), the product Bu

will be a vector (nxi). Define [bu ]ji as the elements of the product Bu.
Then
t n=3 . v
. = z - -
x, (t) j‘o iZ1 ¢£.j(t \) [bu]ji()\) dx (3-97)

The same can be obtained from

x(t) = {1 {[sI—(A-BKC)]_i[B U(s)]}
Thus
x () = 1 ?—g:————gz:‘)
where D(s) is defined in eqn. (3-96). From the residue theory .
xi.(t) =. L (stry) {;—(.—)'—g—?si)' } eSt
s=-r1,...,-rk,...,-rn '

where the various r's are the simple poles. Evaluating this

- b <3 "4 -10t
3, 1.g4x10”3 e 28 7.92x10™% e

4 -24.25t | :
. 1.095x10™% 72425 (3-98)

x, () = -1 15x10~

This result is exactly the same as would be obtained from the ‘convolution
integral. This output xi(t) will be within 1/2 % of the steady state in

less than 2.05 seconds.

0 ALIDHANMS
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With the switch open, the regulator will not have the internal state
feedback and

x(t) = =g'i{[s,r-A]'1 [Bu(s)]}

Here .
2
(s +14s+43)] - [(s+14)] [(] i
-4
1 .
[si-A]= 5 ) [-(30) ] L s(s+14) ] [(s)]
A .
| [G0s) ] [-435440)] [(s)]
where Do(s) = (s+1) (s+3) (s-.|-10).
Thus
S N
x® = £ 5 (s)
o
Evaluating the inverse Laplace transform by the residue theory é
x,(t) = 3.33x1'o'2 - 5.5(»:10'2;;10’Z ét+z.38x10’2e'3t :
-1.59x107> & 710 (3-99)

This output will be within 1/2 9 of the steady state in less than 5.8 seconds.
Thus it can be appreciated that the regulator with the lower order control

and the designed eigenvalues, reaches within 1/2 % of the steady state much

faster.
If {
u(t) = { then
_ -1 §s+14l+1
€ = £ 5D (s)

_ -1 (s+14) -1
= £ 59 t £ 5D (s)

AUMVEELT WAINYR
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This is nothing else but the sum of the responses for

] 1
and u(t) = '
1 0

"

u(t)

For a case where u(t) is of higher dimension; it will be noticed
that the total response will be the sum of the individual responses with
the appropriate component of u(t) taken to be unity and the other compo-
nents taken to be zero. This is once again a reassertion of the Ssuper-

position principle of linear systems.

3.11 2nd Numerical Example :

In this example, the third order system has one real eigenvalue

and one pair of complex conjugate eigenvalues. The contraction gives

ALIDINATMELY

rise to the second order system which retains this pair of complex

eigenvalues. These are shifted into desired positions and incorporated

DR
AWVHELl mum _ o

back into the third order system by using the lower order control.

i
i

The nth order system is given by

x(t) = Ax({t) + Bu(t)
x(to) = X
Here - — -
0 1 0 1o o
A =1 o 0 1 B=|0 1 (3-100)
-15 -11 -5 : ' 1 0

It is required to minimize

J
n

1/2 .['Q [x'(t) an(t)-{-u'(t) R u(t)] dt
o

with - I (3-101)
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One eigenvalue is real and the other two are a complex conjugate pair.

ll = -'30

N3 = “l-ride

It is required to design a system with the design eigenvalues

Apa,2 = BTRAE IR

with Fo given by

-9.3071 3.2882
Fo (3-102)

-6.4211 -2.1410

Going through the design procedure‘, the following results are obtained.

Contraction matrix C is given by

’ 12.0 7.0 1.0
c _ . (2-103)
-15.0 1.0 2.0

The mth order system matrices will be given by

0 | 1
F . ' (3-104)
-5.0 _2.0
1.0 7.0 |
G - (3-105)
2.0 1.0

The matrix F has the complex pair 2as its eigenvalues.

NEREWRTY RTIVITTEY
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1 -1

-1 -
- 1
[T _1 = [GR™" G" |
-2 : -2
2.9586x10 -5.3254x%10
= .2 : .2
-5,3254x10 2.9586x10
The matrix Q’m will be given by
9.9951x10" ! 3.0121x10" % | '
Q_ = . ‘ x . (3-106)
3.0121x10" % 9.9951x10" "
th ..
Steady state m order matrix will be
A [ 1.9964x10" 1 7.5187x10"2
M = : ) (3-107)
-7.5187x10"> 1.6356x10" " '
- 2 1 1
3.6878x10 6.8933x10 -1.7998x1
Q_ = | 6.8933x10° 4.998x10 9.0008  [(3-108)
-1.7998x101 9.0008 5.0001
A
Matrix K = K
-m
-1 A ..
= RO°'G'M is given by
- -1
4.9266x1072 2.5193x10
K = ' : ) (3-109)
1.3222 _3.6274x10" !
and matrix KC will be .
-1 -1
-3.1877 5.9679x10 5.5312x10

KC = _1 l3-110)
o 2.1309x10" 8.8933 5.9676x10

Lo Rt Oadd sdaxmad
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The lower order control will give rise to the system matrix [A-BKC]

where
_ 0 1 0
[A-BKC] . = -21.309 -8.8933 0.40321 (3-111)
-11.812 -11,597 -5.,5531

The eigenvalues of the matrix [ A-BKC] are found to be

KD.I,Z‘: -5.724 '_“_ j2c9

k3 = -3.

The cost of the lower order control is N and can be obtained by

solving the equation

[ A-BKC] N+ N[A-BKC] + C'K'RKC+Q =0
and with R = I '

9.2631x100  2.1313x10" -3.1879

N = | 2.1313x100  8.8949 5.9683x10" | (3.112)
_3.1879  5.9683x10"  5.5315x10

iG = c! I?/I C can be verified by solving for IQI from

the nth order matrix Riccati equation with Qn given by eqn. (3-108).

If R = 101, then
T 1.6814x10°  5.859x10% 8.4831x10" " |
N _ | 5.850x100  2.9941x10 3.4702 (3-113)
8.4831x10° 1  3.4702 1.0625 |

PR WTYEISIPYEVIERY §
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3.11.1 Unit Step Response :

Using the concept developed in sub-section 3.10.1°

1
and with u(t) = the unit step response can be written as
. 0 ,
-1 ' -1
x(t) =£ {[ sI-(A-BKC)] " [ B U(s)] }
and :
_[(sz+14.44s+54.06)] [(s+5.55) ] [(0.403)]
[sI—(A—BKC)].1= -]-3-1—(;) [-(21.3s+122,76)] [s(s+5.55)] [(0.403s)]
[(-11.81s+142)] [-(11.59s+11.81)] [(sz+8.89s+21.3)]
where :
D(s) = (s+3) (s+5.724 + j2.9) (s+5.724-32.9) (3-114)
Then
-1 0.403
= : 3-115
x) () Z  5.D(s) (3-113)
Evaluating the inverse Laplace transform by residue theory
: - -3 - -3 -5,724 ,
xl(t) o= 3.27x10 3- 8.5x10 3e 31:+5..?.3x10 e s.1n(2.9t+9)
-1 3-116)
where g = tan = 3.4 (

The unit step response of the original system with no feedback will

be given by
x(t) = £ {[sI-AT [ BUE)]}
Here _ '
T rs®+5s¢11)7 [(s+5)] tan |
[sI-AT = _DI(S) [-(15) ] [s(s¢5)] [ (s)]
o
, 2
[-(15s)] - [-(11s+15)] [(s))]
where — : -

D (s) = (s+3) (s+14j2) (s+1-j2) (3-117)

o iaiaiaiais eed a3
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Using

1
u(t) =
0
-1 1
xl(t) = £ 7D (3 (3-118)
¢ [o]

Evaluating xl(t) from eqn. (4-41), it is found to be

2 2 -3

x,(t) = 6.667x10"% - 4.17x10 e t 7 9x10”% e sin(2t+s )
where

o = tan ' 0.333 (3-119)

Comparing eqns. (3-116) and (3-119) it will be seen that eqn.
(3-116) will reach the narrow band around the steady state much quicker

than eqn. (3-119).

Fhee wevne eraa’s
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3.12 3rd Numerical Example :

In this example, the system matrix has a general form and
three distinct and real eigenvalues. One eigenvalue is stable and the other --
two are unstable. The contracted system is made to retain these two
‘unstable eigenvalues. The second order system is stabilized and these
two stable eigenvalues are incorporated into the third order system by
using the lower order control.

The nt:h ‘order system is given by

xt) = Axk) + Bul)
x(t ) = X
o o
and '
' 2.0 -2.0 3.0 0 0
A =] 1.0 1.0 1.0 B=1|0 1 (3-120)
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It is required to minimize

1/2 .-fo [x'(t) Qn x(t) £ u'(t)R u(t)] dt

J
n

with = R

I . (3-121)

This generalized system matrix A has three real and distinct

eigenvalues. One is a stable eigenvalue and the other two are unstable.

11 = -2.0
A, = +3.0
A = +1.0

It is required to design the 2nd order system with the design eigenvalues

of

Ap.1 -30.50

hD.Z - 2.20

and the F matrix is given by
o

-5.045 -8.481 | -
F = | . (3-122)

° -8.382 -27.701

The design proéedure yields the following matrices :

Contraction matrix C is given by

1.0 0.530 0.824 o
C = (3-123)

3.350 1.0 2.710
The mth order system matrices will be

0 1.0

F (3-124)

-3. +4o
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0.824 0.53

G - (3-125)
2.71 1.0 )

The matrix F will have (+3) and (+1) as the two dominant;

unstable eigenvalues.
-1 2.225x101 -7.369
(Tl =

m -7.369 2.560

. The matrix Qr.n will be given by

1.075x10%°  9.896
Q = (3-126)
m 1
9.896 9.191x10 .
th LN
Steady state m  order matrix M will be
1 1
A 7.18x10 -2.,273x10
M = (3-127)
2.273x101  1.119x10
The matrix Qn will be given by
3 2 2
1.205x10 3.924x10 9.772x10
Q, = | 3.924x10° 1.326x10° '3.,184x10° (3-128)
, 2 2
9.772x102 3.184x10 7.922x10
Feedback matrices K and KC will be given by
-3.3 11.6
K = (3-129)

15.37 -0.86
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3.64x1o1 1.031x10% '2.944x1o1
KC = (3-130)

1.246 7.267 1.031x10"

The system matrix resulting from the lower order control will be

[ A-BKC] and will be given by

2.0 -2.,0 3.0
[A-BKC] = |1-11,463 -6.267 -9.312 (3-131)
-35.44 -7.312 -30.442

The eigenvalues of the matrix [ A-BKC] will be

- - - E
)‘D.l = 30.50 % ;
kD.Z = -2.20 =
X3 = -2.0 | ¥

'Ihe lower order control will have the cost given by the matrix N

and with R =1

~4.518x100  1.243x100  3.646x100 ]

N - | 1.243x100  7.288 1.030x10" (3-132)
1 1 | 1 |
3.646x10 1.030x10 2.943x10" |

A A A th
N = C'M C can be verified by solving for N from the n  order

matrix Riccati equation with Qn obtained from eqn. (4-51).

If R = 10I , then
" 1.818x102 4.166x10" 1.460x10°
4.166x10" 3.533x10" 3.530x10" (3-133)
1.460x102  3.530x100  1.174x102

N




- 72 -

3.12.1 Unit Step Response :

Making use of the previous development, the unit step

response of the system with

1
u(t) = can be written as
0
. -1 -1 .
x(t) = £ {[sl- (A-BKC)] | (B U(s)]}
where =

_ [(s+32.95) (s43.75)] [-(2s+82.82)] [(35+37.42)]
-1
1

[ sI-(A-BKC)] =g | [-(1l.46s+18.)] [1.67)(s+26.77] [-(9.31s+15.76)]

where D(s) = (s+2.0) (s+30.50) (s+2.20) (3-134)
Then '
-1 (3s437.42)
xt) = 5. D(s)

Evaluating the inverse transform, xl(t) is found to be

2 -2.2t -30.50t

x, () = 0.281 - 2.753¢" t 4 2.472¢7% % 0.0022 ¢ (3-135)

The unit step response of the original system without any feedback

will be given by

xt) = 2 ([ sI-A]N [ B U]}

where |:sI-A'_\-1 is given below.

T [(s5-4)) [-(2s-7)] [(35-5)] |
-1
[s1-A)= 5 | Ue¥2)] [(s-8-5)] [(s+1)] | (3-136)
T | s [(35-8)] [(s-3)]

where Do(s) = (s+2) (s-1) (s-3) .

[-(35.445+138.75)] [-(7.315-85.5)] [(s+8.43)(s-4.16)]
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1
Using u(t) =
0
xl(t) - -1 (3s-5)

s. Do(s) . ‘ (3-137)

Evaluating the inverse transform

2 +3t

x,(t) = -0.834+ 0,367 & t 1 0.333 et 0,134 (3-138)

Compa.riné equations (3-135) and (3-138), it will be seen that an

unstable system has been made stable,

1
It will be seen from the examples that u(t) = [ 0 ]

gave a unit step response which exhibited all the system modes.

If however some of the system modes were going to be suppressed with
1 1
u(t) = 0 then uf(t) = 1 would turn out more suitable to excite

all the system modes.

It will also be observed that the gain matrices K and KC which
enable the lower order control to be‘implemented, have elements which
are of reasonable magnitude. This indicates that generating such gain
matrices will be practicable. If the magnitude of these elements is
excessively large, then the implementation of such feed-back matrices
will not be possible and alternate designs will have to be specified
and the feasibility of using these gain matrices will have to be ascertained.

In Appendix D, these three examples are solved by choosing both
the weighting matrices R and Qn arbitrarily. This results in systems
which have arbitrary eigenvalues. There, a comparison is made of the
Computer time required for the numerical examples which are worked out
in this Chapter and in Appendix D. Some other relevant properties are

also given in that Appendix.
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The function of the infinite-time regulator is to drive all the
initial states to the origin in infinite time. The output of such a

regulator which is designed here is given by the expression

-1 -1 )
x(t) = £ {[sl- (A-BKC)] [=x(0,)]} - (3-139)

The system modes will depend upon the eigenvalues of the matrix
[ A-BKC]. The design algorithm ensures that all the eigenvalues of the
matrix [ A-BKC] will be asymptotically stable., Further the algorithm
enables the eigenvalues to be moved farther to the left in the ILeft Half of

the Complex Plane or Re[)] to be made reasonably negative.

Thus from an engineering point of view a regulator, which is
asymptotically stable and which drives all the initial states to the origin
in infinite time ', will be a good regulator if it also drives all its initial
states into a small region around the origin (the ¢ - neighbourhood) in a
finite time, The examples worked out in this Chapter demonstrate these

considerations.,

When syétefns are designed with -the aid of the synthesis algorithm
given, bthey are made stable and their dominant eigenvalues are made to
have R e[ 1] which are more negative. This enables the unit step’
response of the system to reach within an acceptable narrow band around
the steady state quicker. This in turn implies that the transient response
of the regulator decays more rapidly or the initial states of the regulator

reach some specified ¢-neighbourhood around the origin faster.



CHAPTER IV
A SPECIAL CASE, OTHER APPLICATIONS,
_ DISCUSSIONS AND CONCLUSIONS

The theory of 'lower order’' control developed in Chapter III
will be scrutinized in this concluding chapter. In section 4.1 a special
case of the finite time problem will be considered. In Chapter III,
section 3.7 it was shown that the 'lower order' control gives rise to
identical eigenvalues in the lower order and higher order systems at
any given corfesponding point in time. However these eigenvalues will
change with time. In section 4.1 it is shown that the finite-time regu-
lator problem is equivalent to the infinite-time regulatoi' problem under
the condition which is stated in that section. If this condition is satisfied
the lower order control for the finite-time problem can be found as in
the infinite-time problem as developed in sections 3.1 through 3.6.

In section 4.2 it is shown that a class of tracking problem can be
put in the form of an output regulator problem. In such cases, the lower
order control synthesis could be used. ' -

" In section 4.3, the effect of variations of the elements of the R
matrix are considered. In the scheme of lower order control the Qn
or QL matrix is derived in such a way that it depends on the R matrix.
This is evident from eqns. (3-17) and (3-26) and this aspect is investi-

gated in section 4.3.

In section 4.4, the positive semi-definiteness of the Q matrix
and an iterative method of solving for this Q matrix is discussed.
The necessity of using the lower order control is also discussed. The

method of obtaining the contraction matrix C is also reviewed.

e e marem i Y=
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In section 4.5, conclusions are drawn from the 'lower order!
control theory which is developed in this thesis. The advantages of using

the lower order control are enumerated and the thesis is concluded.

4.1 A Special Case of the Finite-Time Problem :

In this section it is shown that when condition given by eqn, (4-4)
is satisfied, the finite-time regulator problem and the infinite -time
regulator problem are eqﬁivalent.

If the system is given by eqn. (3-1) and it is required to minimize

the cost functioné.l given by eqn. (3-52), then the minimum cost is

T, = 12 < xt), N ) > (4-1)

where N*(t) is the time-varying matrix solution of eqn. (3-60) with

% -
N (T)= H