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ABSTRACT

Some of the methods employed for finding irreducible
polynomials over a finite field of 2 elements are
considered, Because of their limitations, the
possibility of factoring directly the polynomial
1+ xzq'l is explored. Some new theorems are

presented  which prove most helpful towards this end,
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LIST OF SPECIAL SYMBOLS

ae A : the element a belongs to the set A,

ACFE the set A belongs or is equal to the set B,

e

a | b

a divides b,

g.c.d., : greatest common divisor.

(m,n)=d : g.c.d. of mand n is d. ,
f:R—R : the function f that maps R into R. g
Palx) n®h ¢yclotomic polynomial. ;
') : Euler P-function, g
E : finite field with 29 elements. ﬁ‘
_F : finite field with 2 elements. ‘

E[x] : polynomial ring with coefficients in E,
u : Moibus u-function,

F(a) : extension field of F containing a.

Y : auto-morphism defined on E.

trace of the element x belonging to E.
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INTRODUCTION:

The theory of the reducibility of polynomials over a

finite field has come to play an increasingly important

role in some areas of communication engineering., For
instance, irreducible polynomials over a GF(2) occupy a

basic position in contemporary linear coding theory; by
providing the basis of binary cyclic schemes like BCH

codes (1). Also, primitive polynomials provide the logic

for generating MLSR (maximum length shift register)

sequences (2). This thesis presents a brief survey of

some of the methods most commonly employed in finding
jrreducible polynomials over a finite field of 2 elements,
Special emphasis is placed on the role of m-sequences

in obtaining irreducible polynomials, A method for obtaining
an irreducible polynomial of degree 2m from one of degree m
is also given. Finally, the problem of the factorization of
the polynomial 1 + x231 is considered in detail, As it is
well known, every irreducible polynomial of degree r over a
GF(2) is a factor of the polynomial 1 + xzq'I, where r divides
q; and conversely, the {rreducible factors of the polynomial
1+ xzq'l over a GF(2) are all the irreducible polynomials of
degree r where r divides q (3), Ir this thesis, some new
theorems are presented which further helps in the factoriza-
tion of the polynomial 1 + xzq’l, and as such are most helpful

in helping to obtain jrreducible polynomials over a GF(2).

UCRURCIRTY ~“.-_. e M el Al T e s s e
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CHAPTER I - SOME ALGEBRAIC FUNDAMENTALS
1-1-0  GROUPS

DEFINITION 1-1-1

A group is a non-empty set of elements G together with a

binary operation defined on G denoted by (.) and which

satisfy the following axioms:

a) the operation is associative i.e. for all a; b, c e G
a.(b.c) = (a.b).c

b) there exists an element e € G such that for all a€ G
a.e = a

e is called the right identity of G.

¢) for all a € G there exists an element a' such that

a.a'=e

a' is called the right-inverse of a.

DEFINITION 1-1-2

A group is called commutative or abelian if the additional
axiom is satisfied:
d) for all a, beG

a.b =b.a

DEFINITION 1-1-3

Let H be a subset of elements of G, If H is also a group,

then H is said to be a subgroup of G.




DEFINITION 1-1-4

a’ = a.,a.8.....8

P

n

a-m - (a-l)m

a0 =e
and it can be shown (4) that the familiar laws on exvonents
hold

al,gll = gMtm

(aMm)n

]

amn  for allm, ne I (ths set of integers)

DEFINITION 1-1-5

The number of elements in a group is called the order of
the group denoted by G . The group G is called finite

or infinite as it's order is finite or infinite.

DEFINITION 1-1-6

The order of an element a in a group G is the least
positive integer m such that am = e; if no m exists

for which a™ = e, a has order infinity.

DEFINITION 1-1-7
A group G is said to be cyclic if it contains =cme one
element a whose powers exhaust G; the element a is said

to be a generator of the group G.



THEOREN: 1-1-8

Let a be an element of a finite group G. Let the order
of a be m, then the set of elements generated by the

powers of a form a cyclic subgroup of G,

Proof

Since a is an clement of G axiom (a) is satisfied, The
inverse of al is aJ where i+j=m, and since a=e the set of
elements { ak‘|k=0, 1, 2, ... m-l} form a cyclic subgroup
of G.

DEFINITION 1-1-9

Let G be a group. If aeG and H is a subgroup of G, we
shall call the set ali= {ab [beH |a left coset of H and
we call the element a, a representative of aH. The set

Ha = {bal be H} is called a right coset of H.

LEMMA 1-1-10

If G is finite, each left coset has exactly as many elements

as H does.

Proof
For the transformation b— ab is one to one and each ele-

ment of the coset aH is the image of only one element € H,

LEMMA 1-1-11
Two left coset (right coset) éH, bH are either identical

or have no common element.




I'rocf

Suprosing all and bH have a comnon element c=ah' = bh'',
(h', h'' in H), and a=bh!!(h')=17 Fucthermore, it i seen ghat
sinea h"(h')‘l € H it follows that aP CHF =irilarly

ia can show that bk € ak and therefore 2l = bH.

THLCREM 1-1-12

If G is a finite group of order n and H is a subgroup

of order m, then m|n. .
4

Proof

since the cosets of H are disjoint and each contains as

1
!
Therefore: H = G / (number of cosets). ~"

many elements as H then (number of cosets). H = G
3
COROLLARY g

Every element of a finite group G has as order a divisor

of the order of G.

Proof
Let a €G, then {ak ‘k=0, 1, 2, ...(m-l)} where aM=1,
ijs a cyclic subgroup by theorem 1-1-8 and the conclusion

follows from theorem 1-1-12.,

THEQOREM 1-1-13

Let G be an abelian group and let a, b€ G, let the order

of a and b be n and m respectively. The order of ab is

then m.n if (m, n)= 1.



Proof

Let d be the order of ab
i.e. (ab)d =adpd =1
ad = p-d
gnd = p-nd = 1
therefore m |nd and m|d since (m, n) =1

imi
similarly, amd _ b-md -1

therefore, n = md and n| d since (n, m) =1

so that d = mn

COROLLARY
Let G be an abelian group containing elements a and b,
of order m and n respectively. Then there is an ele-

ment c€ G of order l.c.m(m, n).

Proof
e e e
Let m= pllcp22.p33000p38
n = p{l.pgz.p§3...pgs
where, pii < pit, 1< 1 ¢k

pf:i < pgj, k+1 € J € s.

. f f
lettlng’ ml = pllopgzoooopkk

_ _&k+l e
nl = pk+1 oo»nopss

the order of aml.bnl is then myny = 1,c.m(m, n),




1-2-0 RINGS

DEFINITION 1-2-1

A ring is a set of eléments R equiped with two laws of
composition which we shall call addition and multiplication,
such that the following axioms are satisfied:
1 - The elements of R form an abelian group under addition.
2 - Multiplication is associative i.e. for all a, b, ¢ € R
a.(b.c) = (a.b).c.
3 - Multiplication is distributive with respect to

addition i.e. for all a, b, c € R

a.(btc) = a.,bta.c

(b+c).a = b.atc.a

DEFINITION 1-2-2
A ring is commutative if in addition it satisfies the

further property that multiplication is commutative
j.e. for all a, beR

a.b = b.a

DEFINITION 1-2-3

A ring is called a ring with identity if it possesses a
multiplication identity j.e, for all a € R,
a.e =a

= e.a




1-3-0  FIELDS

DEFINITION 1-3-1

A field is a set Qf elements F on which two oPerations
are defined which we call addition (+) and mﬁltiplication
(.) and for which the following conditions hold:
1 - the elements of F form an abelian group under
addition
2 - the elements of F form an abelian group under

multiplication. ;

1-4,-0 VECTOR SPACES

DEFINITION 1-4-1
Let F be a field, A vector space over Fis a set V ‘

equiped with a law of comp031tlon which we shall call
addition,and an operation which assigns to every ele-
ment a of F and every x of V an element of V which we
denote by ax, such that the following conditions are
satisfied.

1 - The elements of V form an abelian group under

the addition operation.
2 . For all a, b of F and all elements x, y of V we have

(a+b)x = ax+bx
a(x+y) = axtay
a(bx) = (ab)x

x where e is the identity of F.

e(x)
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DEFINITION 1-4-%

Let V be a vector space over a field F. A finite subset
X]yXnyeeeXg of V is said to be linearly dependant over
F if there exists elements aj,ap...ay of F, not all 7ero,

such that aix) + «... + apX, = O,

Otherwise the subset is said to be linearly indevendant.

DEFINITION 1-4-3

The dimension of a vecter space V over a field F i=s the
maximum number of linearly independant elements of V

over F.

1-5-0  POLYNOMIALS (5)

DEFINITION 1-5-1

‘Let R be a ring. A polynomial F over R is a sequence
(2g,a],ap...) of elements from R in which only a finite

number of terms are different from zero.

DEFINITION 1-5-2

Let a=(2g,8]«+ 3o+ b=(bgsby.eebpes.) be two
polynomials. Define
a+b = (ao+bo’ al+b1’ oo e an+bna o e ) and

a.b = (Co, Cl e oo CHooa)o

where cyg = aj by_y

N

(9]
]
o
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THEOREM 1-5-3
Let R be a ring with identity 1. Let x denote the

polynomial (0,1,0,0...)s Then xM=(0,0....0,1,0)

where 1 appears as the (n+1)th term; and any poly-

nomial (b01b1,...bka..) can be expressed in the form
bg + byx * b2x2 + ...+ byxk,

With the notation introduced in theorem 1-5-3 let us
denote the set of all polynomials over R by R{x];
furthermore, the degree of a polynomial will be defined

as the highest power of x, present in the polynomial.

THEOREM 1-5-4
(R{x] ,*+,¢) is a ring, called the ring of polynomials

over R.

DEFINITION 1-5-5 e
Let F be a field, £.x) € F [x] with £(x)= a0+a1x+,..+anxn.

We define f:F-—F as follows:
Let s € F, then f(s)= agajst... apsh. The function f is

called the polynomial function corresponding to f(x).

DEFINITION 1-5-6

Let a ¢ E an arbitrary field. If f(x) is a polynomial
belonging to E [x] such that f(a) = O,then a is called

a root of the polynomial f.
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DEFINITION 1-5-7
Let f(x)e F [x] , F a field, deg. f(x) > 1. Then f(x)

is called irreducible if whenever h(x) | £(x), then either

h(x) = c € For h(x) =c £(x), where ¢ is a constant.

DEFINITION 1-5-8

Let f(x) = agtajxt... apx™, then f(x) is said to be

monic if a, = 1.

DEFINITION 1-5-2
Let f(x)= }[: aix1 € F(x]. The derlvatlve of f(x) .

is deflned to be the polynomlal ' 5&: iay x1 -1,

THEOREM 1-5-10

Let f£(x) e F [x] . Then f has a multiple root if

and only if (£,£") =1,

THEOREM 1-5-11

Let g(x) devide f{x) then every root of g(x) is also T f

a root of f(x).

1-6-0  FIELD EXTENSION

DEFINITION 1-6-1

Let E and F be fields, such that FC E, then E is said

to be an extension of F.

P P N R
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DEFINITION 1-6-2

Let f(x) € F[x]. Then f(x) is said to split in an
extension E of F if f(x) can be factored as a product
of linear factors in E [x]. E is said to be a
splitting field for f£(x) over F if f(x) splits in E

but in no proper subfield of E which contains F.

THEOREM 1-6-3
Any two splitting field of f(x) € F[x]are isomorphic.

DEFINITION 1-6-L4

An ideal G is a subset of é-rihg‘R With the following

two properties: |

a) G is a subgroup of the additive group of R.

b) For any element g of G and any element r of R,
gr and rg are in G, (This is sometimes called

a two-sided ideal).

THEOREM 1-6-5

A set of polynomials is an ideal if and only if it

consists of all multiples of some polynomial.

Proof

Let m(x) be the smallest non-zero polynomial in the
jdeal, and n(x) be any other polynomial in the ideal.
Let d(x) be the g.c.d. of m(x ) and n{x) and since
d{x) = a(x) m(x) + b(x) n(x) d(x) is also in the
ideal by definition, and therefore m(x) ’d(x) Since

m(x) is the smallest polynemial in the ideal
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deg (d(x)) € deg (m(x)) and since d(x) divides m(x)
deg (m(x)) € deg (d(x)). Therefore m(x) = d{x) and

n(x) devides every polynomial in the ideal.

An ideal generated by a polynomial p(x) will be
denoted by { p(x)] .

DEFINITION 1-6-6

A residue class is a set of polynomials of the form

a(x) + ip(x)] where a(x) ¢ F [x] .

THEOREM 1-6-7

Every residue class modulo a polynomial p(x), of degree
n, contains either 0 or a polynomial of degree less than n.
Zero is an element of the ideal and every polynomial of

degree less than n is in a distinct residue class.

Proof
If s(x) is any element of a residue class, then since

s(x) = p(x)q(x) + r(;)
r(x) is in the same residue class and deg (r(x)) < deg (p(x)).
If r(x) and s(x) are in the same residue class r(x)-s(x) is
an element of the ideal and hence a multiple of nlx). If
r(x) # s(x); clearly the degree of r(x) and s(x) could not

be less than deg (p(x)).

Let r(x), s(x), p(x) € F(x] and deg (r(x)), deg (alx))
¢ deg p(x). Then by theorem 1-6-7,r(x) and s(x) define
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two residue class of the form
r(x) = r(x) + { p(x)}
s(x) = s(x) + { p(X)}
We define two operations on these residue classes
a) T(x) +s(x) = r{x] + s(x]
b) T(x).s(x) = Tr{xl.s(x]
it can be shown (6) that these operations are well
defired and that the residue classes form a ring

called the residue class ring.

THEOREM 1- 6-8

Let F be a fleld. The polynomial r1ng ¥ [x] modulo

p(x) is a fleld if and only if p(x) is 1rreduc1b1e.

- Proof »
If p(x) is not 1rredu01b1e, then p(x) = r(x) s(x)
where r(x) and s(x) define two residue class.
It follows that: .
| | r(x)s(x) 0 modulo p(x) -
and'r*l(x)r(x)s(x) = g(x) = 0 modulo p(k) a contradic-
tion aﬁd therefore r(x) cannot have an inverse and the
residue class ring is not a field.
'If,Ahowever; p(x) is irreducible, then for any residue
class m(x); we have
a(x)p(x) + b(x)m(x) =1
and b(x)m(x) = 1 modulo p(x) and every residue class

has an inverse. This field will be denoted by

F{x)/ i p(x) } 5
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THEOREM 1-6-9

The residue classes of polynomials modulo a polynomial
p(x) of degree n forms a vector space of dimension n

over the coefficient field.

Proof

It is easily verified that all the axioms for a vector
space are satisfied, That it has dimension n can be seen

from the fact that the n residue classes, 1 x,xz...xn -1

span the space, since every residue class contains a

polynomial of degree less than n and

2 - +apx + agxe +...a X = ap + ax + apxe + vo0 * an_lx""1

now “the left-hand side of the above expre581on, is zero, -

v only if it is divisibIe by’ p(x) which is impossible.

Also if p(x) is 1rredu01ble, the re31due class forn’a
field E = F Ex} / ifp(x)} and the degree of E over F
is n, denoted by [E F]/ ” : T

DEFINITION 1-6-10
An extension E D F is called a finite extension of F
of degree n, if E is a finite dimensional vector space of

dimension n over F,

THEOREM 1-6-11 (7)

If D is a finite extension of E, and E is a finite

extension of F, then [D:F] = [D:E] [E:F] .
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THEOREM 1-6-12

Let F be a field. If p(x) is a non-scalar polynomial
in F [x] , there exists a field E SF in which p(x)

has a root.

Proof

It clearly suffices to prove this theorem for irreducible
polynomials and we now assume that p(x) is irreducible.

Let p(x) =cgteyx + .on cpx®. From theorem 1-6-8;

we know that E = F [x]/ {p(x)} is a field, We shall

see that up to isomorphism E satisfies the conclusion of

the theorem. That isomorphism begins with the jdentifica-
tion of the elements in F with the scalar polynomials in

- F[x)and it is continued by the natural mapping of the
elements of F [x] onto the residue classes of F(x)/ & p(x)}
E'given by Pla(x)) = alx) + { p(x)l = a(x), the residue class
of F[x]/ i p(x)} to which a(x) belongs. Since ¢ is a
»homomorphism:

#ip(x))

Bleg + cqX + oeot Cpx") = Bleg) + PFleyx) +o..¥ @lcpx™)

=cg + 31; + c2x2 +...cx0=0

so that the polynomial p(x) irreducible over F, now has

a zero x in F[x]/ i p(x)} .

DEFINITION 1-6-13

If F is a subfield of E and if A is an arbitrary set of
elements of E, we shall denote by F(A) the smallest

subfield containing F and A.
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THEOREM 1-6-14 (8)

Let E be an extension of F. Let p(x) be an irreducible
polynomial of F [x], and let a € E be a zero of pl(x).
Then F(a) is isomorphic to F [x} / i p(x)} and if

deg (p(x)) = n then 1,a,a?,...a""} 1is a basis for

F(a) over F.

THEOREM 1-6-15

Let f(x) € F [x]have degree n. Let E be an extension
of F. If f(x) = c(x-aj)(x-ap)...(x-ay) in E [x],

then F(aj,ap,...a;) is a splitting field for f(x) over F.

Proof

f(x) splits in H = F(al,az;...an) since each factor
x-a; € H{x] . Now suppose f(x) splits in K where
FC K CE. In particular x-a; ¢ K (x] and so aj € K
thus { al,az...anl C K and so H € K and we have shown
that £(x) can split in no proper subfield of H which

contains F.

1-7-0  MINIMUM POLYNOMIAL

DEFINITION 1-7-1

Let b be an element of E an extension field of F. The
monic polynomial m(x) € F{x], of smallest degree, such

that m(b) = O is called the minimum polynomial of b.

THEOREM 1-7-2

The minimum polynomial m(x) of any element b € E, is

irreducible.




Proof
Suppose, on the contrary:
m(x) = my(x)my(x)
then m(b) = my(b)my(b) =0
and at least one of the factors my(b) or my(b) must
equal zero. However, this contradicts the definition
of a minimum polynomial, since deg (my(x)), deg (mo(x))

< deg (m(x)).

THEOREM 1-7-3

If f(x) e F{x] and is such that f(b) =0, where
be EDF, then f(x) is divisible by the minimum

polynomial m(x) of b.

Proof
Since by the Eucledian algoritkm,
f£(x)

m(x)q(x) + r(x)
where deg (r(x)) < deg (m(x))

and since £(b) = m(b)g(b) + r{b) =0
it follows that r(b) = 0.

THEOREM 1-7-4

Let p(x) be a monic irreducible polynomial such that
p(b) = 0, for some b ¢ E DF, Then p(x) is the minimum

polynomial of b.
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Proof
Let m(x) be the minimum polynomial of b:
Therefore p(x) = m(x)q(x) + r(x)
where deg (r{x)) < deg (m(x))
since p(b) = m(blq(b) + r(b) =0

r(b) = 0, and since p(x) is irreducible qlx) = 1.

1-8-0  FINITE FIELDS

DEFINITION 1-8-1

A finite field, is a field with a finite number of

elements.

THEOREM 1-8-2

Let p be a prime, and n a positive integer. Then there
exists a field with p? elements, Moreover, any two fields

with p" elements are isomorphic.

Proof

Consider the polynomial xP" - x over the field of

integers modulo p, denoted by Ip. Then by theorem 1-6-15,
there is a splitting field for xP% - x, given by

E = Ip{aj,ap...ap) where the aj's are all the roots of

xP’ - x in E, We show that E has precisely pfl elements.
If aj and a, are roots of xp? - x, then (aj + ap)P" -

a] +ap = a{n + agn - ajy - ap; since (a + b)P" = aP" + pP"
modulo p and aj + ap is a root of xP? - x, also a3 - a3

is also a root. Assuming aj # 0, we see that

(ap~1)P" = (afn)'l = a;-1, and so al'l is also a root of
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«P" + x. Thus the set of all solutions of xP" - x =0,
form a subfield of E, and hence equals E, by the defini-
tion of a splitting field. If E has fewer than pt
elements, then xP? - x has a multiple root in E.

However, by theorem 1-5-1Q xP! - x has no multiple roots,
and E has precisely p? elements. The uniqueness follows

from theorem 1-6-3.

DEFINITION 1-8-3

A field with p? elements is called a Galois field and

is denoted by GF(pfh).

THEOREM 1-8-4
The multiplicative group of GF(pn) is cyclic.

Proof

We need to prove that the multiplication group of GF(pn),
has an element of order pt - 1 (theorem 1-1-8). By the
corollary to theorem 1-1-13, in a finite abelian group G,
if a has order r, and b has order s, then there is an
element ¢ in G whose order is l.c.m.(r,s). Thus since
there is a finite number of elements in the multiplicative
group of GF(p"), there is an element in this group whose
order is the l.c.m. of all the orders. Let this order be
m'., We consider xm' - 1, Since each a CF(pn) satisfies
x' _ 1, it must be that m' = pd - 1 by theorem 1-5-10.

Thus the multiplicative group is cyclic.
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THEOREM 1-8-5 (3)

If H is a subfield of GF(ph), then H is isomorphic to
GF(p™), where m divides n. Conversely, if m divides n,

then there is exactly one subfield with p™ elements,

THEOREY, 1-8-6 (3)

Let g(x) be an irreducible polynomial over GF(p) of
degree m. Then g(x) divides xP? - x, if and only if

m divides n.

THEOREM 1-8-7 (3)

xP? - x is the product of all monic polynomials p(x)

in GF(p){ x] , such that the degree of pl(x) divides n.

THEOREM 1-8-8 (3)

Let. £(x) be an irreducible polynomial of degree n over

GF(p). Let b be a root of f(x) in some extension field.

(n-1)

Then b,bP,...bP are all the roots of f(x).

Proof

In a field of characteristic p, (a +b)P" = aP™ + pp"

for all positive integer m. It follows therefore, that:
(£ = (£(xF"))

and so, if b is a root of f(x), bP, bP2 ... bp(n'l) are

also roots. To show that these roots are distinct, assume
ppl = bPd where i < j & n -1,

-i+j

then pP? = b = pp" , and it follows that b is a root

of the polynomial Rt A RS
However, the factors of xP"~1¥J _ x are polynomials

whose degrees are £ n-i+j by theorem 1-8-7, And so, b

is also the root of a polynomial of degree smaller than n
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contradicting theorem 1-7-4, therefore, all the roots

are distinct.

1-9-0  CYCLOTOMIC POLYNCMIALS

DEFINITION 1-9-1

In the polynomial ring E (x] , where E = GF(p"), let

w be a generator of the cyclic group of E. We define
fq (x) =‘]—[(x - wKl), where Wi consists

of all those elements, belonging to E, having order d.

Py(x) is called the dth cyclotomic polynomial.

THEOREM 1-9-2 (3)
6. (x) = TT (xd - 1yuin/d)

d|n
where, u is the M8biul u-function, defined by:
u(0) =0
u(l) =1
u(n) = 0 if pzln for some prime p,
a(n) = (1)K if n = p1.p2...Pk

THEOREM 1-9-3

pi-1 _ 1 = B
X 1 dl pn-l ¢d(x)

Proof

Since @q(x) contains as roots, all those eiements having
order d, and since d |pn-1, @q(x) divides xP?-1 - 1, and

the conclusion follows.
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DEFINITION 1-9-4

An element a &€ GF(pn), is said to be primitive, if it

has order p" - 1.

DEFINITION 1-9-5

An irreducible polynomial over a CF(p) is said to be

primitive, if its roots are primitive elements of GF(pn).

THEOREM 1-9-6

The factors of ¢pn_1(x) are primitive polynomials of

degree n over GF(p).

Proof

Writing ¢pn_l(x) = pl(x).pg(x)...pr(x), vhere, py(x) is

an irreducible poiynomial, whose roots have order pt - 1,
for 1 = 1,2,3...r. Let a be a root of py(x). From theorem
1-8-8, a, aP, apz,...ap(n'l), are all the roots of py(x)

and therefore, the degree of pj(x) is n.

COROLLARY

The number of primitive polynomials of degree n, is given by:

N = u(pn - 1)/“)

where, ¥ is the Euler-J function

1-.10-0 TRACE IN A FINITE FIELD

DEFINITION 1-10-1

Let E = GF(qN), be a finite field extension of F = GF(a),
where, q = p" for some prime p. Let Tg/p be 3 function
defined on E, such that if b € E,
B e, o
Tg/F(b) = ' bd" , where, b3" =Db.
iz
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THEQREM 1-10-2

Let a and b be two elements of GF(q"), and let w be a
member of GF(q). Then:

1) TE/F(b) € GF(q)

2) TE/F(a +b) = TE/F(a) + TE/F(b)

3) Tg/plwb)= w.Tg/p(b).

Proof
1) (TE/F(b)-)2 = (b + bd + b0° +, ..paln-1)2 - Tg/r(b),
and thepefqre, TE/F(b) GF(q). (This is the reason
the notation TE/F is employed denoting that Ty /p,
is a mapplng from E into F.

2) E/F(a + b) f?j& (a + )2 fii; (a2l + 2%
iFO. ‘ i=0

| 1:7' -1 o o
’_Z aﬂgl n- p2i = TE/F(a) + TE/F(b)‘

| | ~“n-1" . opal ' . on=l s »
3) T - (W.b) =Z(w.b )21 -'=Zv12i .b21 =: Wab21 = WOTE/F(b) .
BFCC fs00 . 0 190 -

THEOREM 1043, (9)

There exlcts a baqlq wl, wz,';{}wﬁ‘bf GF(q§)-by¢r GF(q),

such that: L o
m+1) Y = mHi4n-1l)y,
al = TE/F(a )wl ¢ o e + TE/F(a )wn’
where, a, is a primipive‘element of GF(qM).

THEOREN 1-10-4 (10)
Let K = GF(qh) be an extension of E = GF(qM), which in

turn, is an extension of F = GF(q). Then:

TK/F(x) = TE/F(TK/E(X)), for all x ¢ K,
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CHAPTER 2

In this chapter, we consider some of the methods used for
obtaining irreducible polynomials over a CF(2)., The first
method we will consider, consists in writing down all the
polynomials of the pth aegree, and eliminating those that
contain factors of degree £ r/2. The process of checking

for factors is simplified by the following theorems:

THEOREM 2-1-1 (4)

If g(x) divides f(x), then every root of glx) is also a

root of f(x).

THEOREM 2-1-2 (3)

q
The polynomial x2 =1 + 1 contains all those irreducible

polynomial over GF(2) of degree m where m divides q.

Theorem 2-1-1 tells us that a necessary condition for

£(x) to be irreducible is that f(x} should not have 1

or O as roots, i.e., it should contain an odd number of
terms, and not be of the form f(x) = x.g{x). Theorem 2-I-2
enables us to check for factors of degree k, whare k divides
4, and d¢r/2, by finding the greatest common divisor of
f{x) and xzd'l + 1. We now illustrate the procedure by

an example. Suppose we are required to check for the
irreducibility of f(x) = x7 F0 +xtHx+ 1, Itis
immediately observed that 1 and O ars not roots of £{x).

The factors of f(x) must then have degree 2 or 3.
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To check for factors of degree 3, we find the g.c.d. of
f(x), and x2 -1+ 1, and similarly to check for factors
of degree 2, we find the g.c.d. of f(x), and x2%-1 + 1,
We find:

g.c.d.(f(x), x23'l +1) =1

g.c.d.(f(x), x22-1+1) =x% +x+1,
Therefore, f(x) is reducible containing x% + x + 1 as

a factor.

2-2-0

The second method that we consider, for obtaining
irreducible polynomials of degree m over a GF(2), depends
heavily on the theory of maximal-length shift register
sequences, henceforth, referred to simply as m-sequences.
Most of the material presented here can be found in various
forms in the litterature (1), However, those theorems that
are proven here, are included because it is felt that their
proofs are somewhat different, and the theorems are impor-
tant enough to warrant giving them special attention. This
section discusses the theory of m-sequences in some detail,
and their relationship to irreducible polynomials over
GF(x). This leads to the so-called synthetic method of
generating irreducible polynomials to be found in the latter

parts of this section.
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2-2-1  SHIFT REGISTER SEQUENCES

Basically, a shift register is a set of n flip-floos,
ccnnected in reries, and operating in such a way, that
at the arrival of a1 clock pulse, tke content of Fy is

shifted to Fy41,fig. 1.

+ F‘ FL ‘3 - - - ____.|. F“ ]__

Fyo g

If there were no feedback, the register would always

be empty at the end of the nth pulse. The cutputs of some

of the flip-flops, are then returned to the first flip-flop 3
via a mcdulo 2 adder. If an output is taken at any one

stage and the register is started in a non-zero state, a
sequence of 1 and 0's is ohserved as the repister is pulsed,

The same sequence is ohserved at any =tage of the register

but either delayed or advanced in time,

THECREN 2-2-7

The succession of states in a shift register is periodic,

with period p & 29 - 1, where q is the numher of flip-flops.

Proof
Each state of the shift register is completely determined
by the previous state. Hence, if it ever hapoens that a

state is the same as some earlier state, then the following
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states are also the same, so that a periodicity is
established. With a register of q stages, a repetition
must occur somewhere amongst the first 29 + 1 states.
Therefore p & 28, Finally, if the state "all zeros",
ever occurs, the subsequent states will also consist of
"all zeros" and the periodicity is 1. Thus, a long

period cannot include this state,and p & 29 - 1,

DEFINITION 2-2-3

An m-sequence is a shift register sequence having period

29 - 1 where,q is the number of stages in the register,

We will now show that there exists feedback connections,
which lead to sequences of maximum period. TFocussing our
attention on the first stage of the register, we will
suppose that the history of this stage is given by the
successive terms ag,aj...am. From the feedback arrangement,
ag is a sum, mod 2, of the contents of several of the flip-
flops, which themselves represent past states of the first
stage. ap therefore satisfies an equation of the type:

ap = cjamel + c23m-2 * ..o * Cqm-qs
where, the coeffic.ents cj,c.. Cq ave all O or 1, depending

if the feedback path is included,ana which do not depend on m.
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2-2-4  GENERATING FUNCTION

Given the shift-register sequence &am} = iao,al...ap_lg ,
describing the history of the first stage of the register,

one may associate with it the generating function

G(x) =E§; amxm

The initial state of the shift register may he thought
of, as being given by, a_j,a.2,...3_q¢ If ‘ am} satisfies

the recurrence relation:

%n =§;ciam-i

i=1

Then G(x) = c:a -.xm = C'xi‘n a i xm—i
526 fgi i*m-i fgi i %Ea m-i
o i -1 -1 m
=2 _CiX a_gx — t...a_3x T 2 _apX
Sendt [ o i e ]

G(x) =2§; cixi [ a_gx-1 +...a_1x'l + G(x)] .
ot

Therefore,

G(x) =i cixi [ a_ix’i +...a-1x'1] / (1 +}g_'_'cixi)
= i=1

This expresses G(x) entirely in terms of the initial con-
ditions a.j,a_pes+d.qs and the feedback coefficients
C15C2e:Cqe It will be convenient to refer to the qth
degree polynomial f(x) =1 +{§icixi as the characteristic

polynomial of the sequences.

THEOREM 2-2-5

If an n stage shift register sequence { an] , obeys the
initial conditions a_y = a_p = «ce8]_p = 0, a, = 1, then
the period of the sequence is the smallest positive integer

p for which the characteristic polynomial f(x) divides
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the polynomial 1 + xP, mod 2,

Proof
Assuming the sequence to have period p, and under the

initial conditions stated:

G(x)

1/f(x) =;;5 apx™ = (ag + a1x +...ap_lxp'1)
+ xP(ag + ayx +...ap_1xp'1) + x*P(ag + apx
+ ...ap_lxp‘l) e

= (ag + ayx + ...ap xP 1)1+ xP + xBP 4.
_lxp'l / (1 + xP),

ag + ajx + ...ap
Therefore,

f(x)(ag + aix +...ap_1xp'1) =1 +xP,

THEOREM 2-2-6

If the sequence { am] has maximum period, its character-

istic polynomial is irreducible.

Proof
Let f(x) be the characteristic polynomial of the sequence,
and suppose:

£lx) = s(x).f(x)

then
1/f(x) = a(x)/s(x) + b(x)/t(x)
and, deg (s(x)) = r;
deg (t{x)) = rp

ry + rp =q = deg (f(x)).
Since the period of a(x)/s(x) < 2™l -1, and similarly,
since the period of b{x)/t(x) €22 _ 1, it must be that

the period of a(x)/s(x) + b(x)/t(x)} must satisfy the
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relation p r
20 .1 &pg (fL-1)(22-1) 29-3,.
since this cannot be, f(x) must irreducible. We note that
this is a necessary, but not a sufficient condition for

maximum period.

THEOREM 2-2-7

If a sequence has an irreducible characteristic polynomial
f(x) of degree r, the period of the sequence is a factor

of 2F - 1.

Proof
By definition:

1+ xP = f(x).m(x),
also, from theorem 1-8-7:

1+ x2 1 = £(x).h(x).

If we can show that all the roots of 1 + xP are also

roots of 1 + xzr‘l, then it will follow that p divides

2F-1, by Lagrange's theorem. Since the roots of 1 + xP

form a cyclic group, consider fig. 2.

The shaded area consists of the roots

of f(x) and contains r elements. From

theorem 1-8-8; it is clear that the roots of f(x) do not
form a group. It is therefore possible to find two roots

of f(x) such that their product lie either in A or R. Since
this cannot be; B must lie inside A and therefore, p divides

zr-l *
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COROLLARY 1

A necessary and sufficient condition for f(x) to generate
a maximum length sequence, is that it be irreducible, and

not divide 1 + x® for any m < 2T-1,

Proof

Let f(x) generate a sequence of period p, where p divides

2r-1, i.e. pk = 2F-1, for some positive integer k.

[- -]
Therefore, G(x) = 1/f(x) =:E; amxm
m=

) ) 2¥-1/k 2T /x
Gix) = a5 + a;x + a,x° + ...t a X + anx + sesen
0 1 2 Zr-l/k 0
= (ag + ayx +...* 2 25 L/K) (1 + 2TVk 4 > (25=1/%)
2F-1/k
And, (a. + ayx + ...+ a x2-1/k) =1 + x2 -1/ /¢ (x),
» Yo T L 2T-1/k

and for maximum period, k = 1.

CORROLLARY 2

If 2F-1 is a prime, every irreducible polvnomial of depree
r, corresponds to a chift register sequence of maximum

length.

CORROLLORY 3

To every m-sequence there corresponds an irreducible

polynomial.
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With every irreducible polynomial, we can then associate

one and only one maximum length sequence, and conversely
with every maximum length sequence; we can associate one

and only one irreducible polynomial, We will now use

this fact for obtaining irreducible polynomials from m-
sequences; however, we need a procedure to construct
m-sequences which does not involve irreducible polynomials,',
euch a procedure is now developed. To this end; let us.

then consider some of the properties of the seauence
{TE/F(am+i)} ; where a is a primitive element of

E = GF(Zq), an extension of F = GF(2).

THEOREM 2-2-8

The sequence {TE/F(am+i)} is periodic, with periodicity
29 - 1,

Proof

This follows readily from the fact that a is a generator
of the multiplicative group of GF(2%). Since the non-
sero elements of OF(24) form a cyclic group, it follows

that the period of \TE/F(am+l)] is 29 -1,

THECREM 2-2-9

Every g-tuple occurring in the sequence is non-zevro,
and every non-zerc q-tuple occurs exactly once within

each period.

Proof
The proof follows from theorem 1-10-3, since under any basis,

there is a one=-to-oOne correspondence between the non-zero
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element of GF(29) and the 29 - 1 non-zero g-tuple’over
GF(2).

It will now be shown, that every m-sequence can be derived
as a sequence of the form iT(am+i)] . In order to form the
m-sequence iSi} , we must be given a primitive polynomial
and a non-zero gq-tuple over OF(2), Let f(x) =1 + ¢cyx +...
+ ¢ _1xq'1 + x3 be a fixed primitive polynomial; and let

a ¢ GF(29) be a zero of f(x). The polynomial f(x) shall be
used to generate {Sil and a shall be used to generate
{T(am+i)} . Let SO’Sl""Sq-l’ be the non-zero gq-tuple
chosen to start the sequence {Sil . Consider the semence
iT(ai)] . Since every non-zero q-tuple over CF(2) occurs
in this sequence, then there is an integer t such that

5, = T(a%), 8y + Ma®*)...8q1 = 1™, Let m =,

q
and consider the sequence T(a™1) , The first q terms
of the sequence are SO,Sl,...Sq_l. Now we find the rest of

the sequence. Since f(a) =0,

ad + cq_laq'1 +...%1=0 Y
+i
multiplying (1) by a™
A S artita-l o a1 - 0,
q-1
and therefore,
m+i+q m+i+q-1 . mHl, _
TE/F(a ) + Cq-l TE/F(a )+ooo TE/F(a ) - (
i i +q- m+i
i.e. n(a™9) = ¢ ) (@™ Len@ ),

where, T = TE/F'
However, the sequence {Si} was formed by the rule:

S' q":lsi'*'q"l + s 0 Si,

itq = ©
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and therefore,

+
(a™?) = 8,
m+q+ly _

(@™ ) =8 4,

P——
3
V)
=
-+
fu}
A d
0
——
w
[ ot
Nepererngrtness”
-

The sequence {T%am+i)} is therefore an m-sequence.

THEOREM 2-2-10

Let S = iSi} , 1= 0,1,2,...29 - 2, be an m-sequence,

Then, there exists a shift of S such that:
=8, =8, = ., =
5, 2 4 Sg(q-l)

55= 85 =543 = o T 5, Ma-1)

for all j & 23 - 2, the subscripts being taken mod, 2% -1,

Proof

Let {Si} = i?E/F(ai+m)} 1=0,1,2,... 29 - 2,

and since,

k - '
T /pla? 1) = Tgyp(a’), k= 1,200 -

where, 2k.i, is taken mod. 2% - 1; it follows that:

Si+m = 32(i+m) = e < SZ(Q’I)(i+m)’

and it follows that if m = 0

Si = Szi = Shi = see & Sz(q_l)(i),

where, again the subscripts are taken med. 2% - 1.
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LEVMA 2-2-11

Let p be a positive integer. Let O n p, be also 3
positive integer. The set of n such that (n,p) =1, form
an abelian group. There are ¥(p) of them, where ¥ ic the

Euler-§ function.

LEMMA 2-2-12

If p = 2q - 1’ the numbers l,Z,L,R,..,Z(q-l), form a

subgroup modulo p under multiplication.

The numbers from 1 to p-1, can then be written in a tahle
form as indicated below:
12 4. 20
Ky 2k by ... 209D
(q-1)
kn 2k, bky oee 2 k,

mOdo 2q - 1 (q-l)

ll.il..l..‘...l..l.l..l.vll.

2(q-l)g

g 2y g e m

where, (ki,Zq-l)
(8j’2q‘l)

1, for i = 1,2,...n

d#1, for j =1,2,...m

The first n + 1 rows are proper cosets, and the last

m rows are improoer cosets. e note in passing, that

the rows consisting of the improper cosets need not
contain the same number cf elements as the rows containing

the prcper cosets,
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LEMMA 2-2-11

Let p be a positive integer. Let 0 n p, be also 2
positive integer. The cet of n such that (n,p) =1, form
an abelian group. There are ¥(p) of them, where ¥ ic the

Euler-§ function.

LEMMA 2-2-12

2% - 1, the numbers l,?,h,g,...Z(q-l), form a

ITp

subgroup modulo p under multiplication,

The numbers from 1 to p-1, can then be written in 2 tahle
form as indicated below:

1 2 4. 2lel)

Ky 2k kg ... 2097Mh

e 0008 s 0000 0 0BG SRSV DIOS

K, 2k bk ... 200

n
mod . 29 .1 (q-1)
&1 281 hgl cos 2 £1
(q-1)
£, 6m kem v 2 &,
where, (k;,29-1) =1, for i =1,2,...n

(gj,2q-l) d#1, for j =1,2,...m,

The first n + 1 rows are proper cosets, and the last

m rowe are improper cosets. e note in passing, that

the rows consisting of the improper cosets need net
contain the same number cf elements as the rows containing

the prcper cosets.
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If we identify the elements in the rows of the table of
cosets to the cubscripts of the elements of an m-senuence
{ Si} , 1 = 0,1,2,...2q - 1, then by theorem 2-2-10; the
problem is then to make a proper assignment of 1l's and
O's to the cosets. Once a proper assignment is made,

it becomes possible to find the generating irreducible
polynomial of the seouence., As an example, let us ccn-
struct an m-sequence of period p = 25 -1, VWe first list
the cosets:

c, : 1 2 L & 16

1 ¢ 3 6 12 24 17

C3 : 27 23 15 30 29
Ch : 19 7 1, 28 25
C5 126 21 11 22 13

We then form the products:

€1 = Co * Cp + Cs

Cola = 01+ C3+C,

CoCy = L1+ Cy+Cy+0Cy+C,
Co, = G * C2 + G

Cls = Cy +C, +0Cs

Coo = g



- 38 -

ihere Cng =:£: (ui+vj) and, u; € Cy, vj € Cj.

Je then take Cg = 0, and the set of eocuations hecomes:

O‘-‘-Cz"‘Cs

0=0y +Cy+C,
0=1+ Cl + 03 + Ch
0=

The set of solutions to the atove equations is given belcw:

¢, 1 C & ¢ G

s 1 o 1 1 0 0

There are then six m-sequence of pericd p = 25 - 1 which
corresponds to six primitive polynomials of degree 5. Once
the sequence is constructed with the help of theorem 2-2-10;
the primitive polynomial is found by solving the following
set of equations:

Sn = Clsn_l + Czsn 2 + ... Chsn-b + Sn_5

S = Clsn + CzSn_l + s e Chsn-B + Sn._l‘v

ntl

0.000‘000.0‘000.00'90&.0.0500009000.0003000
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Sclving for the C's, we then obtain the primitive
polynonial of degree 5 which gencrates the seouence.

The foregoing method illustrates the so-called synthetic
approach to the construction of irreducible oolynomials;
while also providing further insight inte the actual
construction of m-sequences. However, for senuences of
large period, the method becomes unmanageable, because of

the great number of cosets involved,
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-3-0

In this section, we consider the roscibility of chtairine
jrreducitle polynomiale from othrer irreducibhle orlvrorials
over GF(2). In particular, we discuss a method by which
given an irrelucible polynomial of degree m over GF(2),
which satisfies a very simple conditicn, we can obtain

an irreducihle polynorial of degree 2m over cr(”). Tt

is based on the following theorems:

THECRENM 2-2-1 (i2)

An elerent a € GF(20) has zero trace j® and only if:
=bY + b,
for some b € GF(Zn), where Y is an automorchism of the

o 7l e .
form 22, fcr some positive integer 1.

THEQREM 2-3-2

The polynomial x + x + a ig an irreducihle polynemial
over E = GF(2"), where E is an extension field of F = CF(Z\

if and only if the trace TE/F(a) =

Proof
The polyromial x2 + x + a is reducikle in E, if and
only if there exists an element b € E such that:
= b + b,
however, a b exists if and only if TE/F(a) =0 by

theorem 2-3-1,
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2-3-0

In this sectiocn, we consider the roscibility cof chtairing
irreducitle polyromials from othrer irreducihle pnrlvrorials
over GF(2). In particular, we discuss a methed by which
given an irrelucible nolyromial of degree m over GR(2),
wnich satisfies a very simple conditicn, we can obtain

an irreducible polynorial of degree 2m over cr(7). Tt

is based on the following theorems:

THECREM 2-3-1 (32)

An elerert a € GF(28) has zero trace if and only if:
a=>bl +0b,
for some b € oF(2"), where Y is an automorrhism of the

o i :
form z< , fcr some positive integer 1.

THECREN 2-3-2

The polynomial x% + x + a ig an irreducihle polvncmial
over E = GF(2%), where E is an extension rinld of F = GF(2),

if and orly if the trace TE/F(a) =1,

Eroof

The polymomial x% + x + a is reducitle in E, if and

only if there exists an element b € E such that:
a= b + b,

however, a b exists if and only if TE/F(a) =0 hy

theorem 2-3-1,
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THEOREM 2-3-3

Let f{x) be an irreducible polynomial of degree m over
GF(2) = F,

M=
1 + o

flx) =1 +apx+ azx? to.0 ag X
where, a; € GF(2).
I ¢ € E, whereE is an extension of F such that

f(c)

0, and Tg/p(c) = 1, then the polynomial
i‘(x2 4+ x) is an irreducible polynomial of degree 2m

over CF(2).

Proof

2 4 X + ¢ is irreduci-

Since TE/F(C) = 1, the polynomial x
ble over E by theorem 2-3-2; and as such it defines a field
H of degree 2 over E;or of derree 2m over F by theorem
1-6-8, If ue H, and w? +u=¢, it follows that u is a
root of f(x° + x) which is an irreducible polynemial of

degree 2m over GF(2).

THEOREM 2-3-4

Let f(x) be an irreducible polynomial of degree n over
GF(2), of the form f{x) =1 + ajx +...+ an_Ix"'1 + x",
where, aj; € GF(2), If ¢ € E, where E is an extension of

F such that f£(c) = 0, then TE/F(C) = a,_y.

Proof
If ¢ is a root of f(x); then cz,czz,...cz(n-l); are also
roots by thecrem 1-8-8. Now;

flx) = (x = ¢)x - ¢?) el - cz(n-l));

l + alx +Doo+ an_lxn-l + Xn,
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multiplying out and equating coefficients, we obtain:

2 (n-1)
¢+ c? 4 e 4,4 R =a = TE/F(c).

We can now outline a procedure for obtaining an irreducible
polynomial over GF(2) of degree 2m from an irreducible
polynomial over GF(2) of degree m. First, select a
primitive polynomial over GF(2) of degree m; and of the
form:

£{x) = 1 +apx +...% atm_zxm'2 ", ’
This polynomial defines a field of 2™ elements; furthermore,
if ¢ is an element of this field such that f(c) = 0; then
by theorem 2-3-4 TE/F(c) =1, Also, theorem 2-3-2, ?he
polynomial x2 + x + ¢ is irreducible over the GF(Zm), and
by theorem 2-3-3; f(x2 + x) is then a polynomial of degree
2m; which is irreducible over GF(2). We illustrate the

procedure with a few examples.

EXAMPLE 1

To obtain an irreducible polynomial of degree h; ve
use the primitive polynomial X +x + 1 over GF(2);
and (x% + X) + (x2 +x)+1= Xk + x + 1; is an

irreducible polynomial of degree L.

EXAMPLE 2

To obtain an irreducible polynomial of degree 8; we
use the primitive polynomial x + x3 + 1 over GF(Z);
and (x° + x)h + (24 x)3 +1= x4 xb+ %0 + X3+ l;

which is an irreducible polynomial of degree R over GF(2),
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EXAMPLE
To find an irreducible polynomial of degree 16, we
use the primitive polynomial x8 + x7 +x* +x +1 over
GF(2), and (x% + x)& + (x° +x)7 + (x° +x)% + (x* +x) +1,
=1+ X+ 2+ xh +x0 + x6 + x7 + x9 + x12 + x12
+ x16, which is an irreducible polynomial of

degree 16 over GF(2).

In addition, there exists other well known theorems (12),
by which it is possible to obtain irreducible polynomials
from other irreducible polynomials over GF(p"). These are

briefly described below:

r
1)  If f(x) =§Z;anxn is irreducible, then
n:

_ &
g(x) -Eé&anx

2) If f(x) is irreducible, so is h{x) = fx+1).

r-n . .
, is also irreducible.

is primitive, then

If f =
3) (x) 5?6

I n

> apX

r X0 . .
Xoanx is alco irreducible,
n:

g(x)
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EXAMPLE
To find an irreducible polynomial of degree 16, we
use the primitive polynomial x8 + x7 +x° +x + 1 over
GF(2), and (x% + x)8 + (2 +x)7 + (X2 + 0%+ (X +x)+ 1,
=1+ X2 + 2+ xh +x2 4 x6 + x7 + x9 + x12 + x17
+ xlé, which is an irreducible polynomial of

degree 16 over GF(2).

In addition, there exists other well known theorems (12),
by which it is possible to obtain irreducible polynomials
from other irreducible polynomials over GF(p"). These are

briefly described below:
I n
1) If f{x) =§Eéanx is irreducible, then
n=

. by r-n' .
glx) =S"a x is also irreducible.
Zpnt

2) If f(x) is irreducible, so is h(x) = f(x+l).

r
3)  If f(x) =:Eéanxn is primitive, then
n=

r 201, . .
g(x) =}j0anx is also irreducible.
n=
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CHAPTER 3

3:0:0

The methods discussed in chapter 2 for obtaining
irreducible polynomials over CF(Z); lack either in
simplicity or generality. The synthetic method becomes
impossible to use for polynomials of high degree; and
the methods used for obtaining irreducihle polynomials
srom other irreducible polynomials lack in generality.
We therefore consider the possibility of obtaining
irreducible polynomials over 0F(2) by direct factoriza-
tion of the polynomial 1 + xzq“l. As was already nointed
out in chapter 1, the polynorial 1 + xzq'l can readily be
factored into its cyclotomic polynomials. In this chapter,
some new factorization theorems for the polynomial 1 + x2q'l

are presented, which prove to be quite rkelpful in obtaining

irreducible polynomials over GF(2).

3-1 NORM AND TRACE OVER A FINTTE FIELD.

THEOREM 3-1-1 (15)

Let F be a finite field with q = p™ elements, p being

a positive prime, E an extension of degree n cver F which
contains F, Then the Galeis group of E cver F is cyclic;
of order n, and is generatad by the F-automorphism Y;

defined by setting Y(x) = xd for all element x of E.
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DEFINITION 3-1-2

Let E and F be the same as in theorem 3-1-1; we define
two mappings NE/F and TE/F of E into F, by setting

for every element x of E:
n

n
TE/F(X) —f;i Yi(x)

We call NE/F(x) and TE/F(x) the norm and the trace

respectively of x from E to F,

THEOREM 3-1-3 (16)

The mapping NE/F(x) is a homomorphism of the multipli-
cative group of E into the multiplicative group of F;
the mapping TE/F(x) is a non-zero homomorphism of the

additive group of E into the additive group of F.

THEOREM 3-1-4 (16)

Let D be a finite field which is an extension of F.
Let E be a subfield of D containing F. Then, for

every element x of D:

Ng/p(Np/p(x)) = Np plx),

and TE/F(TD/E(X)) = TD/F(x).
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3.2  RECIPRCCAL POLYNONIAL

DEFINITION 3-2-1

If £(x) is a polynomial of degree m, and of the form

flx) =1+ax+ a2x2 +ooot am_lxm'] +x",

then the reciprocal f*(x) of f(x) is a polynomial given

by:
£x(x) = x"£(1/x)
REMARK 3-2-2

A polynomial is self-reciprocal, if and only if,

f(x) = £*(x).

REMARK 3-2-
If £(x) is a factor of 1 + x®, then f*(x) is also a

. n . .
factor since 1 + x 1is self-reciprocal.

REMARK 3-2- ‘
If two polynomials are reciprocals, then the g.c.d.
(greatest common divisor) of these must be self-

reciprocal.,

REMARK 3-2-
If £(x) is a primitive polynomial, then f*(x) is also

primitive.
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3-3  PROPER AND IMPRCPER COSETS

LEMNA 3-3-1

Let n be a positive integer. The set of numbers mi;
where 0 < mj < n such that g.c.d.(mi,n) = l; form an
abelian group under multiplication. There are Y(n)

of them, where ¥ is the Euler-J function.

LEMMA 3-3-2
If n =29 - 1, the rumbers 1,2,&,9,A..2‘q'1), form a

subgroup modulo n under multiplication.

The rumbters from 1 to n-1 can then be written in table
form as chovwn below:

-1
L2 4.2 )

K’L 2Kl hKlao-eo 2(q-l)K1

¢ ¢ 6 & ¢ & e« e ¢ & ¢ o v ¢

K. ZK' L}Kioo»oa 2(q-l)Ki

Ll 2111 l}Lluauae
j j jvicvu
where, (K.,2%-1) =
nel'ey, \lp)
(Lp,2%-1)

I
et
)
(o]
o]

o

=1,2,... 1

n
[o
‘2
O
3
1

=1,2,..., where d is a

rositive inteper,
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The first i + 1 rows are called oroper cosets, and

the last j rowe are improper cosets,

DEFINITION 3-3-3

The smallest element in every row of the table is
callad the coset leader., It must therefore he trat

the coset leader is always odd.

3-, SOME KNOAN THEQOREMS ON THE FACTCRIZATION
OF TRINOMIALS OVER GF(2).

THLCREN 3-4-1 (11)

A trinomial over GF(2) not divisible hy x, has a
repeated factor, if and only if the trinomial is a

perfect square.

THECREM 3-4-2 (11)

n
All irrcducible factors of X%+ x + 1, have degrees

dividing 2n, and,therefore, periods dividing 2°n 1,

THEOREM 3-4-3 (11)

2"+

All irreducible factors of x + x + 1, have degrees

dividing 3n, and therefore periods dividing 23n -1,
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q
3.5  FACTGRIZATION CF THE PCLYNOMIAL 1 + x2 -1

LEMMA 3-5-1
Let E = GF(2%) be an extension of F = OF(2). The
trace of every element x € E from E to F will he either

1 or O,

Proof

Tahe proof follows directlv from the fact that:

1 . 2 —_m 4
(T /p(2))" = lE/F(x)
and consequently, TE/F(X) €T,
CORRCLLARY 3-5-2 N

Let E = GF{2%) be a field extension of defree n over
F = GF(2). Then for every x € E,

THECREK 3-5-3 ) -
1-1 Q)
(1 + 2K + 2K 4 x2( Ky + X+ 3K TR k(2 -1k
= glx) (1 + an

whiere L ancé k are positive integers k being a coset leader

such that x%'K is taken mod, xzq'l +1 for i =0,1,2,.,.(L-1),

and L < n such that 2% = k mod, 2%- 1.

Proof
The left-rand side of the above exprecsion is recognized
as being equal to:

(1 + Ty D) (T DA i ()
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and since every element of E = GF(29), is a root of

(1), the right-hand side follows.,

COROLLARY 3-5-4

3 2(q-1)_1

(q-1)
2 1+ x+x" + ...X

241y - )

(1 +x 1 +x+ x2 +to0eeX

this expression follows from theorem 3-5-3 by letting k = 1,

CORROLLARY 3-5-5

" o - -1 :
1+ xzq'l = (xz(q 2 + x2(q 1)'20 + x2(q )'2 +....+ 1),

(g-1) o0 (q-1)
(x2 e, x 2, ves + 1),

This expression is the result of taking the reciprocal

polynomials in corollary l.

COROLLARY 3-5-6

Let k be a positive integer of the form k = (28-1)/(27-1),
for some positive integer r, then:

k 2 2‘(1‘-1)

q
1+x2 1= (1 +x +x k + .00 X k 3k

Ky + x5 + x
(r-1)

+

..; + x(2 'l)k);

Substitution of k = (29-1)/(2F-1) in theorem 3-5-3 will

produce the above éxpression.
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THEOREM 3-5-7

In the expression,

2(L-l) x(z(L-l)_l)k)

(1 + xk + x2k + ...+ X k)(1 + xk + 03K+, +

q .
=g(x)(1 + x? =1), of theorem 3-5-3,

(L-1) -
glx) = D(xk N k)/x(k 1 mod. 2,

where D is the derivative operator.

Proof
Let n = 2% - 1, and

(L-1)
Py(x) =1+ &+ x2k M x2 k

7k (20117 )

Pplx) =1+ x + XK+ x4 L, +x

Then,
Py (x) xkBy(x) = X glx). (14 %) weeiiiiinnenns (1)

taking the derivative on both sides of (1),
k
D(Py (x)) (x¥Pa(x)) + Py (x)(D(x P, (x))

= K1 + x")D(glx)) + gx)D(x(1 + ™)), ,
furthermore; D(Pl(x)) = D(kaz(X))

therefore:

D(P, (x)) (Py (x) + x"P,(x)) =

= H1+ﬂmmu)+gﬁm§u+xNL““””Jm
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taking eq. (2) mod. 2, and remembering that both k

and n are odd, and since

k
Pl(x) +x PZ(X) =1 mod., 2,
k n k-1
we have D(Pl(x)) = x5(1 + xMDlglx)) + glx)x 7,
furthermore, since D(Pl(x)) < n, Dlg(x)) = 0 mod. 2,

i.e. gl{x) must contain only even powers of x, so that:

glx) = D(Pl(x))/(xk'l).

EXAMPLE 1 6
2 -1 63
X +1=x"+1
Proceeding in accordance with section 3-3, a table of
cosets is formed, consisting of both the proper and
improper cosets to the subgroup {l, 2, L, 8,16, 32}
mod. 63. By theorems 3-5-3 and 3-5-7 the polynomial

corresponding to this coset is written down immediately,

at the bottom of the coset, as illustrated below:

I 2 4 8 16 32
(1 +x + X+ o+ x8 + x16 + x32)(l Fx + x4+ x! + 20 4 xBI)

5 10 20 40 17 34

(1 + X2 + xlo + x20 + xho + x17 + x34)(1 + x5 + x4 x35 +

2 e =+t <03
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11 22 4k 25 50 37
(14 oaL 4 22 4 b 4 B0 4 00 4 S(@+ e 0 +

+ x37 + x26) = (l + xth + x26)(1 + x63)

13 26 52 4 19 38
T L R L 3801+ 3+ 09+ 2204

s e =1+l x28)(1 + x03)

23 L6 29 58 53 L3
(1+X23 +Xl+6 +)(29 +x58+x53 +xh3)(l +x23 +X6 +x35 +

PR S S IO L 201+

Q

31 62 61 59 55 47
1+ 00+ 182 4 8L+ x99+ 70+ x4 (1 4 S+ 0+ 1284

+ XZL + xlé) = (1 + x30 + x2 R4 xzh + x16)(1+-x63)

3 6 12 24 48 33
(1+ © x6 + x12 + x2b + xl'8 +x33)(1 + x3 +x7 + x 1y xh 4

+ 2% e 1+ 200+

15 30 60 57 51 39
(1 + x15 + 2 0, x60 4 !+ + 391+ xl5 + x’+5 + x4

g 18 36
(1 + xg + x18 + x36)(1 + x9 + x27) =1+ x63
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27 54 45 ' 6
(1+ x27 + x54 + x45)(1 + x27 + xlg) = (1 + xlg)(l + x 3)

21 42

(1 + 2L x*2)(1 + x21) =1+ x63

63

It is also possible to factor 1 + x ~ into its cyclotomic

polynomials, these are:
63 _ '
1l +x = Vlo“jo“?o“go“Zlo“éB

these factors can easily be found by theorem 1-9-2 and

we have:

b, 5 6)

I+ 3 = (1 +x)(1+x+ x°) (1 + x + x2 + x3 +xT+x +x
(1 + o + x6)(1 Fx 0 +xk 4+ xS+ x84+ 9+
+ on + le)(l + x3 + x9 + x12 + xIS + XZL + x27 +

+ x30 + x36).

We now prove a theorem which further helps in the factorization

29.1

of the polynomial 1 + x , when q is not a prime.

THEOREM 3-5-8
L

Let q = u.v in the expression 1 + x2 1, and let

u  plu 2(v-1)u
A=x+x" +xXx + .00 T X = xB,
where

B=Axt
then (q=1)

Lax+d txl 4o +xd Leplea+ .,

ah

(u-I
L 2l )-1))




- 55 -

Proof
The proof of this theorem follows directly from theorem 3-1-4

where if D is an extension of E and E is an extension of F

then

Tp/pix) = TE/F(TD/E(X))

THEOREM 3-5-9

q
Let q = u.v in the expression 1+ x2 '1, then
u
1+ 23 = A+ a2

where o 22u

-1)u
A=x+x +X xz(v

+ [ ] +

Proof

The roots of the polynomial x *+ x2q form a finite field which
we call E. Since q = u.v, then there exists a subfield having
2% elements which we call F. Furthermore, the expression

. x2u X x22u . x2(v-l)u

represents the trace of E over F, and as such will map

every element of E into F. Since the non-zero elements

of F must satisfy the equation xzu'I +1=0, it follows that

u
A(1 + A2 “1) = 0 for all elements of E.



- 56 -

EXAMPLE 2
261 63
Again consider the polynomial 1 + x Tt =1+4+x
where q = 6 = 2,3,
By theorem 3-5-9, we can write:
x(1+x) = (x + xs)(l + (x + x8)7) = (x + )1+ x + xP)
(1 +x+ X+ x0 4 K7+ xky

1+ 22+ 236 4 3 4 x10 4+ x17 4 2H)

also,
R I Y R T e RN R )
(1+x+x*+ K6, (1 + x + xt + X0 +
+ x4 x8 + x32)
furthermore, by theorem 3-5-8 we have:
(x + xb + x30) (1 + x + xb + x10) = (x + D +x+B+3+
¢ 10 4 (17 4 (2
and also,
(1 +x+ x8)(1 Fx2 4+ x3 + xlo + 326 4 17 4 Bl =1 4 x + X2 +
bk o® 4 1164 02,

Finally, we note in passing that the preceeding theorems on
the factorization of the polynomial 1 + xzq'l, find applica-
tion whenever we require to factor a polynomial of the form
1+ xm, where m = r.,n, and n = 29 - 1, for upon substitution
of y = x¥, we have

N R L SRR NP

We now further illustrate, by some examples.
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EXAMPLE
1+ x‘?l&'l =1+ x15
By corollary 1 to theorem 3-5-3
1+x02 = (L +x+x2+xb+ )1+ x + x3+ x7)
By theorem 3-5-8
Lex+0 +x7 =1+ +x+ )
where q = 4 = 2,2

L

the reciprocal of 1 + x + x must then be a factor of

l+x+ 2+ ak o+ x8'and we find,

ltx+ Rt =L+ +xb) (1 +x+x2+3 +x4)

thereforey
1+x30 = (1+x)(1 +x+ xz)(l +x+xM+ x3 + xh)

(1+x+x+x +x4),

EXAMPLE 4 .
14 x5 L =1 40

Because 5 is a prime, it is impossible to make use of

theorem 3-5-9,  However, by theorem 3-5-3 we have:

1 2 4 -8 16

(1 +x+ x2 + xb+ 8 4+ x16)(1 +x + x3 +x! + x5) =1+ el

5 10 20 9 18
L+ +x0+ 520 39+ 81+ x5+ x5+ xb + 1)) =
=(1+xa+
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7 14, 28 25 19
(1 + x7 + x14 + x28 + x5 4 x19)(1 + x|+ x
R A [ <)

21 | 18 4 12y o

11 22 13 26 21
114 22 4 o 13 4 426 4 21+ x4  + x5+ 20) =

31,

+

(1 +x X

(1 + x° + xlo)(l + X

15 30 29 27 25

(1+ x15 + x30 + x29

= (1 4+ xM ot x®) (14 o)

3 6 12 24 17

N+ + e+l + 9+ x5+ 224 =
=1+

making use of the remarks from section 3-2 we find,
g
goude (LHx+0 +x +x0, 1+x + 2+ xth 4+ x15) =
=] + x + x3 + x5 + x7 + x9 + xlo
therefore,

2

(xlo + x8 +x! + x3 + x° 4+ 1)(x5 + 0+ Xt x+1) =

= x15 + x7 + x3 +x+1
(x10 P e 1)(x5 st e B+ +1) =

= x5 + xlb + x12 + x8 +1

+ x27 +x20) (1 + X2+ K+ x13 + x10) =

Q
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also,
gocad, (140 +% + U R R e R 1) =
='xIO + x6 + x5 +xb o+ 1

xlo + x6 +x0 4+ 1= (x5 +xb o+ x3 +x + l)(x5 +x* o+ X + x+1)

0
xl + x8 + x7 + 33 + X +1= (x5 + x3 + 1)(x5 +x% +1)

therefore,
U BTN U R T e N RS R R R
(x5 + x* + X+ x+ N +30 +x2 +x + 1)(x5 +xb 4

+ 3 + 52 +1).

EXAMPLE

511 q

Ller=x"" 41
q=9=303
By theorem 3-5-9, we have:

x(1+x21) = (x + x8 + xéh)(l + (x + x8 + x6b)7)
since,

1+y7=(1+y)(l+y+y3)(l+y2+y3)
8, xéh

where y = x + X
we have,
x(1 + x511) = x(1 + X+ x63)(l +x + x8 + xéh)(l + (x + x8 + xéh)

17 , x129 + x10 + x2b + x136 + x66 + x80 +

+ (x3 +x
+ x192)(1 + Xz + X16 + X128 + x3 + x17 + X129 + xlO +

+ xzh + X136 + x66 + x80 + x192).
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Considering the polynomial 1 + x! + x63 =1+x!+ (x7)9;

3
2241

and letting z = x7, we have 1 + z + z9 =1l+2z+z2 d

by theorem 3-4-3 of section 4, it follows that the polynomial
1+x+ x9 is irreducible, since no irreducible polynomial of

9
degree 3 will devide 1 + x + x

EXAMPLE 6

12
x‘l A41=x9% 41 an q=12 = 2.6 = 3.4,

By theorem 3-5-9 we have:

2 22.2 23.2 + x2 + x

2" 4 X + X

where u = 2, v = 6,

212.1 3
Therefore, x(1 + x ) = Al(l + Al)

where u =3 v =14
%

> . )

12
Therefore, x(1 + x2 ~1) = A2(1 + A

L 2ok
3- Ay=x+ X+ X

whereu =14 v=23

Therefore, x(1 + lez‘l) = A3(1 + A%5) I &3

whereu=6 v=2

463

2
Therefore, x(1 + x21 -1) = A&(l A, ) R 19
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Furttermore, we know from theorem 5-8-8 that the A;'s must

be a factor of 1 + x + x2 + xh + x8 + x16 + x32 + x6b + x128 +
+ X256 4 x512 4 (1024 | 2048

Furthermore, equations 1, &, 3, 4 can be further factored
q
since threy are all of the form A4 (1 + Aiz -1), For example,

1
consider the polynomial 1 + P y+ty 7 where
y = xl5 of eq. 3. Now by theorem 3-4-3 of section4, the

L
2

factors of the polynomial 1 +y + vy "L have degrees dividing

3.4 = 12 and periods dividing 212 _ 1, By factoring, we find
1+y+ yl7 = (l+y+ PRl +y+y Aty + yL + y6 +y8 4

w37+ ylo +yt eyt

and it follows that the polynomial 1 + x + xlF + x6 + x8 + xg +
+ x10 + x11 . x12,
15 A

is irreducible, furthermore upon replacing y = x
1+ <30 #5255 = (1 + <35+ xX30)(1 + X204 xhs)(l + xls + xéo +
+ 590 4 (120 4 35 4 (150 4 (165 180,

Also, by corrolary 3 to theorem 3-5-3
1+ xb095 o (1 4 (85 4 (130 4 4260 4 520 . (20L0 2080y . .65,

+ x295 4 55 4 5975 4 2O

whars K = 65 = 212;1/26-1

different oxpansions will be gotten bv using

K =212.1/2401 = 273

]
il

K = 2%.1/23.1 = 5

!

n

e X
wr

2232201

=~
1]
0
[
A
o
W
°
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CONCLUDING REMARKS

It is obvious that the theorems presented in the third
chapter do not eliminate the use of certain well known
algorithms for direct factorization over a finite field,
such as the one recently provided by Berlekamp (13).
However, the application of these theorems will simplify
the use of these algorithms, The theorems are most
helpZul when q in the expression 1 + xzq'1 is not a
prime, and espectally if 3 is a factor of q, for it

then becomes possible to make use of some kaown tachnique
for the factorization of trinomials (14) over a GF(2).
Finally, further study of polynomials of the form

PO xz(q-l)k (mod, xzq'I + 1}, might lead
to a method for choosing polynomials of the above form;

for which the g.c.d. is easily found.



1
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