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Abstract

Starting with tensor calculus and the variational form of the Hamiltonian functional, a
generalized theory is formulated for doubly curved thin shells. The formulation avoids
geometric approximations commonly adopted in other formulations. The theory is then
specialized for cylindrical and toroidal shells as special cases, both of interest in the

modeling of straight and elbow segments of pipeline systems.

Since the treatment avoids geometric approximations, the cylindrical shell theory is believed
to be more accurate than others reported in the literature. By adopting a set of consistent
geometric approximations, the present theory is shown to revert to the well known Flugge
shell theory. Another set of consistent geometric approximations is shown to lead to the

Donnell-Mushtari-Vlasov (DMV) theory.

A general closed form solution of the theory is developed for cylinders under general
harmonic loads. The solution is then used to formulate a family of exact shape functions
which are subsequently used to formulate a super-convergent finite element. The
formulation efficiently and accurately captures ovalization, warping, radial expansion, and
other shell behavioural modes under general static or harmonic forces either in-phase or out-
of-phase. Comparisons with shell solutions available in Abaqus demonstrate the validity of

the formulation and the accuracy of its predictions.

The generalized thin shell theory is then specialized for toroidal shells. Consistent sets of
approximations lead to three simplified theories for toroidal shells. The first set of

approximations has lead to a theory comparable to that of Sanders while the second set of



approximation has lead to a theory nearly identical to the DMV theory for toroidal shells. A
closed form solution is then obtained for the governing equation. Exact shape functions are
then developed and subsequently used to formulate a finite element. Comparisons with
Abaqus solutions show the validity of the formulation for short elbow segments under a
variety of loading conditions. Because of their efficiency, the finite elements developed are

particularly suited for the analysis of long pipeline systems.
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Chapter 1

Introduction

1.1 Description of the Problem/Motivation

Elevated pipeline systems in petrochemical plants and power plants are subject to a variety
of loading conditions. Some of these loads are static or quasi-static and include a) gravity
loads induced by self weight, weight of the fluids/gases they convey, heavy valves, etc., b)
thermal effects induced by atmospheric temperature changes and temperature changes of

fluid they convey, c) internal pressure of the fluids they convey.

Pipelines can also be subject to dynamic forces induced by machinery, and seismic action on
the fluids they convey. Harmonic forces are one of the most common types of dynamic
forces in piping systems. They can arise in machinery from the eccentricity of rotary parts in
pumps, turbines, engines, generators, and propellers. Also, they arise from the beating
phenomenon in pumps and conveyance systems. The oscillatory nature of internal strains
and stresses caused by harmonic forces can severely shorten the life time of the structure by
leading to rupture failure due to fatigue, particularly when the structures are subjected to

such loads for most of their operational time.
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Under these loads, the steady-state response of the pipe system needs to be determined for
fatigue design consideration since it represents the sustained effect. The transient response is

of little importance in the fatigue design as it tends to dampen out quickly.

Under the above loads, large diameter pipes can undergo complex shell deformational
behaviour. This includes ovalization, warping, radial extensibility, and other effects that are
not captured by beam models. In contrast, general shell models are capable of capturing
these effects. Existing finite element softwares are equipped with shell elements capable of
capturing these effects. The underlying models involve thousands of degrees of freedom to

model short pipe segments.

Elevated pipeline systems can span several hundreds of meters. The use of conventional
shell finite element in such a long pipe system yields an impractical large model. In these
applications, shell based analytical solutions become impractical. Also, the use of
conventional shell finite elements aimed at capturing localized shell effects necessitates a

large number of degrees of freedom which makes them impractical as design tools.

Pipe elements bring about a promising class of finite elements for such applications. Some
of these elements are based on shell behaviour. In these elements, the axi-symmetric
geometry of the pipe is exploited to transform the shell problem from a 2D problem into a
uni-dimensional problem, thus significantly reducing the degrees of freedoms necessary to

model the problem.

In this class of finite elements, the unknown displacements fields are expressed in terms of
Fourier series with respect to the circumferential coordinate. In the longitudinal direction,

researchers have adopted various approximate shape functions such as Hermitian
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polynomials (e.g. [1.1] and [1.2]), Lagrangian interpolation functions (e.g. [1.3] and [1.4]),
Harmonic functions (e.g. [1.2] and [1.5]), or a combination thereof. The finite element mesh
based on pipe elements is discretized only along the longitudinal direction of the cylinder

and no discretization is needed in the circumferential direction, resulting in significant

1.2 Scope of the Research

1.2.1 Geometric Description

A pipeline system (Figure 1.1 and Figure 1.2) typically consists of straight segments, curved
segments, annular flanges, hemispherical caps, and T-junctions. The present study aims at
developing accurate and efficient finite element models for the analysis of two main
elements of the piping systems, i.e. straight pipes and curved pipes. Other components such
as annular flanges, hemispherical caps, etc. could be considered as future extensions to this

work.

Figure 1.1 - Piping system in an Offshore Structure

Source: http://main.oceanus-eng.com
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-
-T-Junction

Curved Pipe

>

Figure 1.2 - Piping system in a Petrochemical Plant

Source: http://www.piha.com.au/what_we_do/process_pipe_work.phtml

1.2.2 Features of the Model

1) The model is to capture the steady state response of pipes under harmonic loads of

general distributions including body forces, surface tractions, ring loads, line loads or

point loads.
2) The applied harmonic forces can be applied in-phase or out-of-phase.
3) The model is applicable to general boundary conditions and support excitations.

4) The model is to capture full shell behaviour including ovalization, warping, and mid-
surface longitudinal and circumferential extensibility. This is accomplished by

avoiding common simplifying assumptions in most developments in the literature.
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5)

The model is capable of modelling of hysteretic damping.

The present formulation departs from previous pipe finite element formulations in the

following respects:

1)

2)

3)

1.2.3

1)

It adopts a family of interpolation functions for the displacement fields based on the
closed-form solution of the homogeneous form of the equilibrium equations. This
feature is intended to remove the approximations arising from longitudinal

descretization, in contrast to most previous work.

While most solutions developed in the literature focus on either the static response
(e.g. [1.1], [1.2] and [1.3]) or on the free vibration (e.g. [1.6] and [1.7]), the present
study extends the developments to the steady state response of straight and curved
pipes under harmonic loads. The solution directly captures the steady state response

without the need to extract the modal shapes and natural frequencies.

While most studies (e.g. [1.3], [1.4], [1.8] and [1.9]) typically use only a limited
number of or certain harmonic terms, the present formulation for straight pipe
segments is applicable to any number of terms. In practicality, the number of terms in

a series will be truncated when the accuracy sought is reached.

Limitations of the Model

Given the frequent to permanent nature of harmonic loads in the aforementioned
applications, pipe systems are normally designed to respond to harmonic effects
within the linearly elastic range of their material. Thus, the present study is limited to

the elastic isotropic material.
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2)

3)

4)

Material and geometric nonlinear effects are outside the scope of the formulations.

While multiple harmonic forces can be modelled within the present formulation, all

forces need to have the same exciting frequency.

The formulation captures only the steady state response. The transient response is not

captured within the present formulation.

1.3 Other Applications

a)

b)

Although the primary motivation of this study is the analysis of pipeline systems, the
work is applicable to other applications. This includes structural members (e.g.,
hollow structural sections), members of offshore structures and platforms, cooling
towers, aircraft fuselages, naval halls of submarines etc. In these applications,
members are commonly subject to harmonic loads either due to machine loads, wave
induced hydrodynamic loads, wind or water flow induced vortex shedding effects

etc. The model developed herein is either applicable or expandable to these cases.

The model is capable of capturing the response of pipe systems under static case as a

special case.

It is possible to extract the natural frequencies and corresponding mode shapes from

the present model.

1.4 Literature Review

Several studies have focused on the dynamic analysis of shells. This includes a) solutions

aimed at determining the free vibration characteristics of shells (i.e., natural frequencies and
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mode shapes), b) those that are geared towards determining the closed form solution to the
steady-state response of pipes, and c) finite element formulations. Studies under the above
three categories are summarized in the following subsections. Other studies aimed at
investigating the full dynamic response of pipes are outside of the scope of the present

review.

1.4.1 Studies on Free Vibration

The monograph by Leissa [1.10] presented a compilation of studies focusing on free
vibration of circular cylindrical thin shells (CCTSs) based on various kinematic assumptions
and shell theories. Markus [1.11] provided a comparative study on the elastic free vibration
analysis of cylindrical shells. In two companion papers, Qatu ([1.12] and [1.13]) provided a
review summary of recent research advances on the dynamic response of laminated
composite shells and homogeneous shells with emphasis on free vibrations. Recent
developments include also the work of Xiang et al. [1.14] who investigated the vibration of
CCTSs with intermediate ring supports. Jafari and Bagheri [1.15] studied the free vibration
of non-uniformly ring stiffened CCTSs. Xuebin [1.16] investigated the free vibration of the
CCTSs using Fourier decomposition. Rougui et al. [1.17] provided a semi-analytical solution
for geometrically non-linear free vibration of simply supported CCTSs. Zhang and Xiang
[1.18] developed the exact solutions for the vibration of CCTSs with step-wise thickness
variations in longitudinal direction. Using a wave propagation approach, Xuebin [1.19]
conducted a free vibration analysis of CCTS and Gan et al. [1.20] investigated the free
vibration analysis of ring-stiffened CCTSs. In a recent paper, Matsunaga [1.21] studied the

free vibration and stability of functionally graded (layered) CCTSs.
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1.4.2 Studies on Steady state Response

This section focuses on dynamic solutions, with emphasis on analytical developments rather
than computational solutions. Warburton [1.22] studied the response of a simply supported
uniform CCTSs under a harmonic transverse point force acting at mid-span. He adopted
Novozhilov’s thin shell theory and applied a double Fourier series solution in the
longitudinal and circumferential coordinates when expanding the displacement fields. He
modelled hysteretic damping by adopting the complex form of Young’s modulus. Later on,

Warburton and Soni [1.23] extended their work to the case of orthotropic CCTSs.

Leissa [1.24] extended the work of Warburton [1.22] to model the response of a simply
supported CCTS under harmonic radial pressure. In their solution, they postulated
displacement fields with distributions similar to the applied radial pressure. Structural

damping was modelled in the solution.

Beskos and Oates [1.25] used the dynamic stiffness influence coefficients approach. Using
Laplace transforms, they developed a numerical solution for the analysis of the simply
supported ring-stiffened CCTSs under harmonic loading. In their analysis only circular
symmetric vibrations of shell segments and radial and torsional vibrations of the rings were

considered.

Zarutskii [1.26] developed a closed-form solution for the response of simply supported
CCTSs with longitudinal stiffeners subject to general harmonic pressure. The Kirchhoff-
Love thin shell theory was adopted to model the cylinder while the Kirchhoff-Klebsch rod

theory was adopted to model the longitudinal stiffeners.
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By combining the method proposed by Forsberg [1.27] for free vibration analysis of shells
and a general solution technique for one-dimensional forced vibration problems, Glandier et
al. [1.28] developed an analytical solution for in-vacuo vibration of CCTSs with general
boundary conditions subjected to harmonic point load. Using Donnell’s thin shell theory, the
cylinder was longitudinally subdivided into two domains. The homogenous solution of the
system of differential equations was expressed for both domains. The problem was then
solved by enforcing four boundary conditions at each end of the cylinder, seven continuity

conditions, and one discontinuity condition at the interface of the two sub-domains.

Huang and Fuller [1.29] studied the effect of dynamic absorbers on the reduction of
vibration and sound level in the enclosed acoustic field within CCTS under harmonic radial
point loading and patch loading. Their analytical solution was based on the Donnell-
Mushtari shell theory. Their solution was based on the substructure synthesis and modal
expansion techniques. However, only the radial displacement expression is reported in their

study.

Using the Lagrangian approach, Amabili [1.30] performed a comparative study on the large
amplitude response of CCTS subjected to radial harmonic force by evoking Donnell’s,

Sanders-Kaoiter , Flugge-Lure-Byrne, and Novozhilov’s non-linear shell theories.

Pellicano and Avramov [1.31] investigated the dynamic behaviour of vertical CCTS
clamped at the bottom end and connected to a rigid disk at the top. Their study focussed on
a) the free vibration of CCTSs and b) those subject to harmonically excited supports. The
Sanders-Koiter non-linear theory was adopted and approximate trial functions were assumed

for the displacement fields. Using the Sanders-Koiter theory and a mixed modal
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decomposition of the displacement fields (trigonometric functions in circumferential
direction and Chebyshev polynomials in the longitudinal direction), Pellicano [1.32]
developed a solution for the linear and nonlinear, free and harmonically forced vibration of

CCTSs.

Duan and Koh [1.33] developed an analytical solution method for the axisymmetric
transverse vibration of cylindrical shells with variable thickness under transverse forces

based on a generalized hyper-geometric function.

1.4.3 Studies on Finite Element Formulations

A comprehensive review of finite element formulations for pressure vessels and piping is
provided in Mackerle [1.34]-[1.37]. The following review focuses on shell based pipe
elements, either curved or straight, with this particular feature. Various studies have used
different interpolation schemes in the longitudinal directions and number of harmonic modes

as detailed in the following.

Based on the principle of virtual work, Ohtsubo and Watanabe [1.1] developed a ring
element for small strains for torus elements. Displacement components are interpolated by
Hermitian polynomials along the elbow. Their model captures both ovalization and warping
effects. Takeda et al. [1.2] modified the work of Ohtsubo and Watanabe [1.1] by including
the transverse shear effects in their formulation and adopting 2D Lagrangian bilinear
functions to interpolate the circumferential, radial displacements, and rotations. The
longitudinal displacement is interpolated using Fourier series in the circumferential direction

and linear functions in the longitudinal direction.

10
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Bathe and Almeida [1.3] developed a four node elbow finite element for in-plane flexure
analysis. Based on Lagrangian cubic interpolation of the displacement fields, their model
captures circumferential shear deformation and ovalization effects and neglects warping
effects. They extended their model to investigate interaction effects between elbow elements
and straight pipe segments [1.38]. Also, they added geometric non-linear effects to the

formulation [1.39].

Militello and Huespe [1.4] extended the model by Bathe and Almeida [1.3] to capture
warping deformations by adopting a Lagrangian cubic interpolation for the longitudinal
displacement. The tangential and radial displacements were interpolated using harmonic
functions. Abo-Elkhier [1.40] generalized the model by Bathe and Almeida [1.3] by
adopting more complete displacement-strain relations into the formulation. In a ring
formulation, Melo and Castro [1.41] used simple linear interpolation for displacements

which captures both in-plane and out-of-plane flexure of curved pipes.

Yan et al. [1.42] developed an element for elasto-plastic limit load of pipe elbows by
relaxing the pipe inextensibility assumption in the radial direction adopted in the model by
Militello and Huespe [1.4]. They used cubic Lagrangian interpolation for the longitudinal

displacement and Hermitian polynomials for the tangential and radial displacements.

Sivadas and Ganesan [1.43] developed a finite element method for the vibration of thin
orthotropic cantilever circular cylindrical shell with variable thickness in axial direction. In
their five-node element, shear deformation effects are included, fourth order Lagrangian

polynomials are used to interpolate displacement components along the pipe.

11
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Stanley and Ganesan [1.44] studied the response of cantilever CCTS with thickness
discontinuities subject to harmonic axi-symmetric loads including uniform internal pressure
and circular ring load acting at cantilever tip. The longitudinal and circumferential
displacements were linearly interpolated while the radial displacement was interpolated

using cubic Hermitian functions.

Xi et al. [1.45] developed a semi-analytical model for the vibration of composite shells of
revolution based on the Reissner-Mindlin shell theory. The model is based on a two node
straight conical frustum element capable of modelling shells of revolutions of general

geometries.

Pinto Correia et al [1.46] developed a frustra conica finite element for the analysis of
laminated axisymmetric shells based on a higher order shell theory. The radial displacements
were interpolated using Hermitian polynomials while the longitudinal and circumferential

displacements were interpolated using linear Lagrangian interpolation.

Karamanos [1.47] formulated an element to model buckling instability of pipes. Subsequent
extension of the model involved adding plasticity and internal pressure effects (Karamanos

etal. [1.48]).

Santos et al [1.49] developed a finite element model based on an axi-symmetric 3D
formulation to study the bending, free vibration and buckling behaviour of shells of
revolution made of laminated orthotropic elastic material. The displacement fields were
linearly interpolated across the thickness and in the form of Lagrange polynomials

longitudinally.

12
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Weicker [1.50] developed a cylindrical element for elastic analysis of straight pipes under
general static loads. He used the closed-form solution of the homogeneous part of the field
equations to develop shape functions. A methodology similar to Weicker’s work on straight
pipes under static loads is evoked in the current study. However, the present work is more
general in three respects: a) It is based on the more general shell theory to be developed in
Chapter 2, b) It extends the work to toroidal shells and c) It extends the work to harmonic

forces.

1.5 Thesis Overview and Methodology

A survey of the literature reveals the existence of multiple thin-shell theories. Circular
cylindrical shell theories include those of Timoshenko [1.51], Novozhilov [1.52], Morley-
Koiter[1.53], Flugge and DMV [1.54], etc and those for toroidal shells include Donnell
[1.55], Sanders [1.56], Washizu [1.57], DMV [1.59], etc. The difference between various
theories lies in the simplifying assumptions adopted. Some of the simplifications adopted are
inconsistent. As a result, it was not clear to the candidate which theories are superior. In
order to elucidate the problem, Chapter 2 focuses on developing a generalized thin shell
theory in which the strain-displacement relationships are formulated based on tensor calculus
within the classical thin shell assumptions as a starting point. The stress-strain relations are
expressed and the Hamilton functional of the system is formulated in a tensorial form for
shells of general geometries. The stationary conditions of the Hamilton functional are then
evoked to recover the dynamic equilibrium equations for thin shells of general geometries.
Simplifying assumptions adopted in other simplified theories are avoided and the field
equations obtained from the present study are thus more general and accurate. The use of the

variational approach has also led to the formulation of all possible boundary conditions. For

13
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some theories (e.g. Flugge [1.54] for CCTSs and DMV [1.59] for TTSs), explicit
expressions for boundary terms were not reported in the documents collected by the author.

Within this context, the present treatment complements these theories.

In Chapter 3, the generalized thin shell theory developed in Chapter 2 is specialized to
circular cylinders to obtain the equilibrium equations. Further simplifications in line with
those in existing simplified theories are evoked and the existing theories are recovered as

special cases of the present one (e.g. Flugge and DMV [1.54],).

The CCTS theory developed in Chapter 3 is used for the analysis of the CCTSs under
harmonic forces in Chapter 4. In addition to the assumptions made in Chapter 2, it is
assumed that the material is elastic isotropic and only the steady state response is sought.
The field equations and the corresponding boundary conditions are expressed in terms of the
three unknown displacement fields which are functions of time and two independent
coordinates (longitudinal and circumferential) defined at the middle surface of the cylinder.
Using the method of separation of variables with respect to time and knowing that the
steady-state response of the structure is harmonic allows the elimination of time dependency
of the response. By expanding the unknown displacement fields as infinite complex Fourier
series in the circumferential direction, and using the orthogonal properties of the Fourier
terms when integrating over the circumferential direction, the dependency of the response on
the circumferential direction is also eliminated. All functions in the Hamiltonian functional
become dependent only on the longitudinal direction. After taking the variation of the
functional, a series of ordinary differential equations (ODEs), rather than partial DE, is
obtained in terms of longitudinal coordinate. The resulting field equations are coupled and

related the longitudinal, circumferential and radial displacement contributions within each

14
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Fourier mode, while uncoupling the contributions of a given Fourier mode from those of
other Fourier modes. The complete uncoupling between mode n and modes m=n allows a
separate solution for each mode with implications on computational efficiency. The solution
starts with the most predominant mode and additional contributions from other modes are
subsequently added until the desired convergence is obtained. The closed form solution of
the homogeneous part of the obtained system of ODEs is developed. Also, a solution scheme
of the particular solution for general loading is developed by decomposing the applied forces
into infinite complex Fourier series of the longitudinal coordinate. The validity of the
method is verified against well established shell solutions and its applicability to practical

problems is illustrated through examples.

The analytical solution developed in Chapter 4 is used to develop a finite element for pipe
straight segments in Chapter 5. A series of exact shape functions are formulated based on
the exact solution of the field equations. The shape functions are then used to formulate a
super-convergent finite element able to model long pipelines with very few degrees of
freedom while predicting results in exact agreement with those based on the differential
equations of equilibrium. The accuracy, efficiency and applicability of the proposed element

are illustrated through examples.

In Chapter 6, the generalized thin shell theory developed in Chapter 2 is specialized to
toroidal shells. The field equations and boundary conditions are obtained. By making
different simplifying geometric assumptions, three different versions of toroidal thin shell
theories are proposed. All three toroidal thin shell (TTS) theories are compared to those of

Sanders [1.56] and DMV [1.59] theories.
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Chapter 7 focuses on formulating a finite element for TTSs developed in Chapter 6. It is
observed that the curvature of the torus significantly increases the complexity of the
equations in two respects: a) by increasing the number of the terms in the functional and b)
The coefficients of the governing equations are no longer constant and consist of
trigonometric functions of the circumferential coordinate. Solution for these complexities are
proposed and field equations are explicitly solved and used to develop quasi-exact shape
functions. The shape functions are subsequently used to develop a finite element for the

analysis of pipe elbows.

Chapter 8 provides a summary and conclusion of the work along with recommendations for

possible future work.

Appendix A provides a concise review of the fundamentals of tensor calculus with emphasis
on aspects relevant to shell analysis. This chapter is aimed to introduce the reader to the
basics necessary to understand the developments. This chapter can be skipped by readers

who are already familiar with tensor calculus.

Apart from the introductory Chapter 1 and the conclusion Chapter 8, the thesis is written in a
paper format. Chapter 4 is published [1.60] and Chapter 5 is in the process of journal review

for publication.
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Chapter 2

A Generalized Thin Shell Theory

2.1 Abstract

In this chapter the dynamic version of problem of thin shell theory is reformulated. In this
regard, tensor calculus is used to preserve the accuracy and consistency of the theory within
the assumptions of the thin shell theory. Using the energy approach has enabled the
formulation to provide the field equations and boundary condition equations,

simultaneously.

2.2 Introduction

The theory of shells is a challenging part of continuum mechanics that has been thoroughly
investigated by many engineers and researchers. In general, the theory of thin shells deals
with two main issues, a) developing the governing field equations and boundary conditions
and b) providing the solution to the field equations to problems with specific geometries,
boundary conditions, and loading. During the last century, many scientists have worked on
this subject and developed different field equations. Most thin-shell formulations are based

on the following assumptions:
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1. Conservation of normals: All points lying on a normal to the middle surface before
deformation will remain on the normal to the deformed middle surface. This implies a

linear distribution of in-plane displacement across the thickness of the shell.

2. A surface at a distance x° from the middle surface before deformation will remain at

the same distance from the middle surface after deformation.

3. All displacements are small compared to the radii of curvature of the middle surface.
This signifies that the curvatures of the shell mid-surface after deformation are

considered identical to the curvatures before deformation.

The differences between various shell theories are attributed to the following factors:

1. Different strain-displacement relationships

In some cases (e.g., Flugge [2.1] and Timoshenko [2.2]) the strain-displacement
relationships are obtained based on geometric inspection of an infinitesimal portion of
the shell undergoing deformation. In other references (e.g., Niordson [2.3],

Novozhilov [2.4] and Saada [2.5]), a vector or tensor analysis approach is utilized.

2. Methodology used in formulating the field equations

In most cases (e.g., Flugge [2.1], Niordson [2.3], Timoshenko [2.2] and Saada [2.5])
the equilibrium equations are obtained based on the force equilibrium of an
infinitesimal element of the shell, while in others (e.g., Novozhilov [2.4]), an energy
approach is used in which the equilibrium equations are obtained by setting the

variation of the total potential energy equal to zero.
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3. Additional simplifications in some theories

Most authors have applied different simplification in different levels of formulation
process, which had implications on the final form of the governing field equations and
boundary conditions. For example, Novozhilov [2.4] has neglected some terms in the

expression of total potential energy compared to the other terms.
4. Inconsistency in enforcing simplifications in some theories

Most authors (Timoshenko [2.2], Saada [2.5], Niordson [2.3], etc.) were inconsistent
in their simplifications. For example, the effect of the thickness in strain expression is
neglected in some terms, while it is kept in some other terms within the same
formulation. This inconsistency, in most cases, arose from separating the membrane

and bending strains.

Given the above discrepancies, it is difficult to assess which of the theories should be used
for a given engineering problem. Within this context, the present treatment focuses on
developing a thin shell theory in which the strain-displacement relationships are developed
from the thin shell assumptions as a starting point. Tensor calculus is then used to develop a
generalized theory. The stress-strain and strain-displacement relations are evoked. The
expression for the total potential energy of the system is formulated and the stationary

conditions of the total potential energy are evoked to recover the equilibrium equations.

2.3 Geometry of Curved Surfaces

In general, a three dimensional surface can be described by a vector r defined in a fixed

spatial coordinate system X'(i=1,2,3). However, if we affix a two dimensional curvilinear
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coordinate system x* (a =1,2) to the surface (Figure 2.1), vector r can be defined in terms

of coordinates x“ instead of coordinates X'. All Greek subscripts and superscripts range

from 1 to 2 while all Latin subscripts and superscripts range from 1 to 3.

A X

Figure 2.1 - General Curved Surface

A brief review of Tensor Calculus fundamentals is provided in Appendix A.

2.3.1 The First Fundamental Tensor of a Surface

In a three dimensional space, the position vector r of a point P, on the surface (Figure 2.2)

can be written as

1,2 or |,

Consequently, vector dr (Figure 2.2) is located within the surface. One knows (Eq. A.18),

base vectors a,, a, (Figure 2.2) within the surface are

or
a = 2.2
o xe 22)
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In order to define the curvature of the surface, one needs to express the direction of the

normal to the surface. Therefore, unit vector a3(x1, xz), defined as the normal to the plane

defined by base vectors a; and a,, is given by

a,®a
3= 1792 (2.3)
|al ® az|
X3
e XZ
N
23 a, N
P dr \
p Hie J
3 /
*\ \ =
\ Xl
r
> X?
Xl

Figure 2.2 — Geometry of surface

In a tensor calculus context, one can write the following identities (by recalling Eqgs. A.23,
A.35, A.36, A.38, A.51, A.68). From the definition of the covariant and contravariant base
vectors (Eq. A.23) one has:

a, cal = é}j = a, a =1 (2.4a-b)
The fact that a® is a unit vector and considering the orthogonality of the covariant base

vectors and their reciprocal contravariant counterparts (Eg. 2.4a) yields

a; = a (2.5)
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Deducting from the covariant and contravariant form of the metric tensor (Egs. A.35 and

A.36), the covariant and contravariant metric tensors of the surface are:
a5 =2, 25 , a” =a”.a’ (2.6a-c)
and the determinant a of the covariant metric tensor is

A1 dp 93
Ay Ay a3
a3 A3y gz

a= (2.7)

2.3.2 The Second Fundamental Tensor of a Surface
The curvature of the surface is equal to the change of the unit vector da; (= da®) normal to

the surface with respect to small changes in its locationdr :

da _ 0 dx“ (2.8)
3
ox“*

One recalls that vector a; is a function only of coordinates x*. Thus, its partial derivatives
with respect to coordinatesx*, are also vectors and may be decomposed along the
components of the base vectors a, . This is performed by dot-multiplying vectorda; by the

vector dr yielding

oa a 0 g aqyf . adyf
da3-dr:[6x—2dx J-(&(—zdx jzagya-aﬂdx dx” = —b, ;dx“dx (2.9)

in which the definition

baﬂ :a3'a 'aﬂ (2.10)
has been introduced. Symbol Eaﬂ is called the second fundamental tensor of the surface or

curvature tensor of the surface.
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2.4 Geometry of Thin Shells

In general, thin shells can be considered as a group of parallel curved surfaces in the

immediate vicinity of the middle surface. As pointed out, in general, a point P, on a surface

can be defined by two dimensional curvilinear coordinates, which is a two dimensional

subspace of the general three dimensional space. This implies that the geometry of any of
those surfaces can be defined by two curvilinear coordinates x* on the middle surface and
an additional coordinate x® normal to the middle surface. Thus, the position vector R in a

three dimensional space of any point P, (Figure 2.3) within the shell, can be defined by the
position vector r of its projection P, on the middle surface and the distance x* as:
R(xl,xz,x3):r(xl,x2)+x3a3(xl,xz) (2.11)
We recall that base vector a; is the unit vector normal to the middle surface. In other words,
EQ. 2.11 expresses the rule of transformation of the geometry of the shell surfaces from

coordinate system x' into coordinate system X' . In a similar manner, the base vectors g; for

any general surface within the shell volume are given by

_®R

- (212)

gi
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op Surface

s(¥=+}) AN

8 &2 General Surfaé /(d» Xz
T - g - S(x3¢0)
R a, ~ " Middle Surface
, s SEEETR
R X
Bottom Surface
r ¢~
> X2
Xl
Figure 2.3 — Shell Geometry
From Eq. 2.11 by substituting into Eq. 2.12, and using Eqg. 2.2, one obtains
8(X3a )
_OR _Or 0 (.3 _ =£+—3 =a_ +Xx°a
gi —§—§+§(x a3 (%, %)) = ia fxa R T X (2.13a-b)
3 =43

Using the operation of raising indices in Eq. 2.10 and dot-multiply by a _ vyields

p
ag, = Bofay. By substituting into Eq. 2.13-a and using the Kronecker delta function &7, one
obtains

g, =a,+xT},a =6 -xbla, = (50{ - X35ay)ay = pla, (2.14)
in which T}, =-h/ is the Christoffel symbol for the middle surface of the shell (as a

matter of convention, the presence of a bar denotes the middle surface). Thus

g, =M, g3 =23 (2.15a-b)
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in which

=67 —x%) (2.16)
Tensor g/, relates the base vectors on surfaces adjacent to the mid-surface, to the base
vectors of the middle surface (x* =0). More properties of interest are

g8 =0; = g, g =1 (2.17a-b)

The contravariant counterparts of covariant base vectors are:

g’ =i’ | g’=a° (2.18a-b)
in which
/1;‘#; =5§‘ (2.19)

Eq. 2.19 can be proved by substitution of Eqgs. 2.16-a and 2.18-a into Eq. 2.17-a and using
Eq. 2.4-a. Equation 2.19 signifies that the symbol 47 is the contravariant counterpart of s,
which may be defined in the form of a power series as

x +B7b7 (x*) +b7ByBY () ... (2.20)
All superscripts outside of the brackets in Eq. 2.20 are exponents. The covariant and

contravariant metric tensors parallel and adjacent to the middle surface are respectively

expressed as

Oup =80 8p = HLHpAs g% =g -gf = 29208 (2.21a-h)
The Jacobian g at a generic point within the shell is given by

g = det(g;) (2.22)

and represents a differential element of volume.
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2.5 Strains in Thin Shells

The present study is focused on the linear response of shells and limited to small

deformations. Thus, the nonlinear terms U* i U | in strain-displacement relationships (Eq.

A.95) are neglected. For the special case of thin shells, the strains can be resolved into in-

planer,; and out-of-plane components, 7,5 =1, and 7755. These are expressed as

Mg =5(Us p +U g1, ) (2.23)
77053 = 7730{ :%(U(x |3 +U3 |a) (224)
133 :%(Us |3 +Us |3) (2.25)

According to the second assumption in Section 2.2 the strain normal to the midsurface

vanishes. Thus 7,5 =2(U; |3 U3 ) = 0. Also, according to the third assumption in section

2.2, the through thickness strains are negligible in thin shells and 7,5 =17,, =0.

2.6 Displacements of a Point within the Shell

In general, the displacement vector U at any point within a shell is
U:Ui(xl,xz,x?’,t)gi =Ui(X1,X2,X3,t)gi (2.26)
where U; and U' are the covariant and contravariant components of the displacement vector

in the x' coordinate system. In the following, however, the displacements U at any point

within the thin shell will be expressed in terms of the middle surface displacements.

Displacement vector U=R—-R (Eq. A.86) of a point A (Figure 2.4) offset from the middle
surface can be expressed in terms of the position vector of the mid-surface and the unit

vector normal to the mid-surface a; as
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A

U=R—R=(f'+f(353)—(r+x3a3)=(f'—r)+x3(53—a3) (2.27)

Deformed
Configuration

h
X3 =4+—
2
~ 3 _ O
X = Undeformed
h Configuration
2

o

Figure 2.4 Deformed and Un-deformed Configurations of a Thin Shell

As vectors r and r are respectively the position vectors of the corresponding point on the
middle surface before and after deformation, their difference u=r—-r expresses the

displacement vector at the mid-surface point. Also, a; and a5 are unit vectors normal to the

mid-surface at the point of interest before and after deformation. Therefore, their difference

0 =a; —a; expresses the angle of rotation of the middle surface. Thus, Eq. 2.27 can be re-

written as:
U:u(Xl,X2)+X30(X1,X2) (2.28)

in which vectors u and 0 are functions only of x“ and are defined through the middle

surface coordinates as

u(xl,xz):ui(xl,xz)ai :ui(xl,xz)ai (2.29)
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9(x1,x2)=9a(x1,x2)a“:ea(xl,xz)aa (2.30)
By differentiating both side of Eq. 2.27 with respect to x*, One obtains

_a _ou
0= 33 —33 —y (231)

The right hand side of Eq. 2.31 (by using Eq. A.90) can be expanded as
U/ =U; |y g' =U, |; g +Us |y g*. Thus,

0=d;,-a;,=U;|;g' =U, ;g +U;; g° (2.32)
Eq. 2.32 can be written for the middle surface as a special case, yielding

a 3
0

In Eq. 2.33, U(x3 = O) = u(xl, xz) as obtained from Eq. 2.28 was used. By evoking the first

assumption in Section 2.2 (i.e., normal to the mid-surface remains normal after deformation,

which implies zero shear strain), one obtains

Mg = M3 :%(Ua |3 +U3 |a) =0 (2.34)
and

In Eq. 2.35, ¢; denotes the strain tensor 7; at the middle surface (x3 =0). Using Eq. 2.35,
Eq. 2.33 is simplified to

0=a;—a;=—U|, a” (2.36)
By expanding the right hand side of Eq. 2.36 (using Eg. A.73), one obtains

0=2;-2a,= —(u&a -u, I}, )a"‘ = —(ugya +u,b/ )a"’ (2.37)

From Eqgs. 2.29 and 2.37, by substituting into Eq. 2.28, one obtains

34



Chapter 2 A Generalized Thin Shell Theory

U=ua - x° (ugla +ub) )a“ =u,a% +uza’ —x° (u&a +u,b/ )a“ (2.38)
By grouping terms with the same base vectors, one obtains

U= (ua ~ XUz, —x%u b/ )a“ +Uza’® (2.39)
Using the Kronecker delta tensor

U= (u75§ — XUz, —x%u b/ )a“ +Uja’ (2.40)
From Eq. 2.16, by substituting in Eq. 2.40, one obtains

U= [ phu, —xug., ] a% +Uua° (2.41)
By dot-multiplying both sides of Eq. 2.18-a by ¢, one obtains a® = z’g“. By substituting
in Eq. 2.41 and using Eq. 2.18b, one obtains

U= (ﬂguy - X3U3,5)ﬂ§ga +Uyg’ (2.42)
Eq. 2.42 relates the displacement of a point within the shell to the displacement of their

picture on the middle surface. Thus, Eq. 2.26 can be rewritten as

U:Ua(xl,xz,x3,t)g“+U3(xl,x2,t)g3 (2.43)
and
U:U‘”(xl,xz,x3,t)ga+U3(xl,x2,t)g3 (2.44)

By comparing Egs. 2.42 and 2.43, one obtains
U, = (ﬂguy ~ XUy 5 ) I ’ Uz =Us (2.45a-b)
The geometric interpretations for U _g“ and U3g3 are schematically shown in Figure 2.5, in

which point A located at a distance x®#0 from the shell mid-surface undergoes
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displacements U, parallel to the shell mid-surface and a displacement U; normal to the

mid-surface.

The contravariant components of the displacement in terms of contravariant components of
the displacement of their picture on the middle surface can be obtained in the same manner

as for the covariant components (Appendix 2.A). Alternatively, the operation of raising
indices U’ :gijUj is used herein in order to obtain them in terms of the covariant
components of the displacements of their picture on the middle surface

U%=U,g9% :(yguy—x3u3y§)ygg“ﬂ , ud=ud=u, (2.46a-h)

Figure 2.5 — Displacement of a generic point within the shell

2.7 Stress-Strain Relationship

The elastic stress-strain relationship in tensor form is (Flugge [2.6]):
o = giimy, (2.47)
where ) is the stress tensor, 7,, is the strain tensor and E"™ is the 4™ order constitutive

elastic tensor. The elasticity tensor E''™ has 3* =81 components. It is shown in Appendix
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2.B that these constants are functions of only two independent properties (e.g., Modulus of
elasticity E and Poisson’s ratiov) when the material is elastic and isotropic. The
customized form of expression 2.47 for in-plane stresses is:

2.8 Generalized Constitutive Elasticity Tensor for Thin Shells

The elasticity tensor for in-plane stress in Cartesian coordinate systems ([2.6]) is

gapio ___E | sargps  sasgpr 2V sapgis (2.49)
2(1+V) 1-v

In tensor calculus, when an equation is valid in one coordinate system, it is known to be
valid in all other coordinate systems ([2.7]). Thus, Eq. 2.49 can be generalized to other
coordinate systems by replacing the Kronecker deltas by the proper components of the

metric tensor, i.e.,

E 2v
—2(1+V)[g 97 +9%g" +-—9g (2.50)

2.9 Hamilton’s Principle for Thin Shells

Starting with the Hamilton’s principle (Eq. A.96)

t2 t2
5H=J 5(T*—V*)dt+j SW*dt =0 (2.51)
[ b
where
éT*zj AU dv ,av*:j E ™y SV ,aw*z.[ F'oU,dv (2.52a-c)
\% \% \%

In the above equations [T is the mechanical energy of the system, T*, V*and W™ are the
kinetic energy, potential energy and external work in the system, respectively. Symbol &

denotes the variation operator and integration is performed over an arbitrary period starting
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from time t; to time t, (more elaboration is provided in Appendix A). By substituting from
Eqg. 2.52a-c into Eq. 2.51, integrating by parts with respect to time on the kinetic energy
integral term, and using the definition U, |;=U,, ||, -U3b,; (more elaboration is provided
in Appendix 2.C) in potential strain energy integral term and integrating by parts with

respect to x” yields (the details are provided in Appendix 2.D)

t, t, )
5H—U U'psu, dv} +I {—J U' poU;dvdt
\% t, t \Y
X
j 1 Eaﬂw U, lls +Us I, _Zusbw)éua}oﬁ dA

+ 1 E“’B/w U, llgs +Us llzp —2U3 505 —2U30, 5 “ﬂ)

(2.53)
+§(E“ﬂw ||ﬂ)(Uz lls +Us Il —Zugbw)JéUadV

+J- %Eaﬂw (Uslls +Us 1l —2U3b/15)(baﬁ5U3)dV
v

+I Fiwidv}dtzo
\Y,

2.10 Summary and Conclusion

Starting from the basic definitions of the continuum mechanics by benefiting from the
exactness, consistency and conciseness of the tensor calculus a three dimensional
generalized thin shell theory applicable to general static and dynamic cases is developed.
The generalized theory developed in this chapter will be specialized to circular cylindrical

shells in Chapter 3 and toroidal shells in Chapter 6.
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2.12 List of Symbols

a; Covariant base vectors of the middle surface

a;; First fundamental tensor defined on the middle surface of a thin shell

a Determinant of the first fundamental tensor a;;

b5 Curvature tensor of the surfaces parallel and adjacent to the middle
surface

Baﬁ Second fundamental tensor or curvature tensor defined on the middle
surface of a thin shell

a' Contravariant base vectors of the middle surface

all First fundamental tensor of the second kind defined on the middle surface
of a thin shell

g Covariant base vectors of any surface parallel and adjacent to the middle
surface

g First fundamental tensor defined within the shell

g Determinant of the first fundamental tensor gj

gi Contravariant base vectors of any surface parallel and adjacent to the

middle surface
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g¥ First fundamental tensor of the second kind defined within the shell

U Displacement of a point within the shell

U; Covariant components of the displacement of a point on a surface parallel
and adjacent to the middle surface along axis X!

U; Covariant components of the displacement of a point on the middle
surface along axis x’

X! Coordinate system/Coordinates of the system

X! Coordinate system/Coordinates of the system

o All Greek superscripts or subscripts range from 1 to 2

h - All Italic superscripts or subscripts range from 1 to 3

i, i Covariant unit vectors along axis x' in middle surface and adjacent
surfaces, respectively

ij Contravariant unit vectors along axis x' in middle surface and adjacent
surfaces, respectively

F:} Christoffel symbols in terms of g; and gj;

Tk Christoffel symbols in terms of & and a; (defined for the middle surface)
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T

naﬂ

Eiilm

Inner product

Cross product

Covariant derivative

Covariant derivative in two dimensional spaces

Kinetic energy

Potential energy

Volume

External work

Mechanical energy of the system

Components of the strain tensor on the middle surface

Components of the strain tensor adjacent to the middle surface

In-plane components of the Strain tensor

Stress tensor

In-plane components of the stress tensor
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Chapter 2 A Generalized Thin Shell Theory
el In-plane components of the generalized Hooke’s Law

X Partial derivative with respect to X

o Kronecker delta function

15 The covariant tensor which connects the base vectors of two different

points

AL Contravariant counterpart of x5

P Density of the mass

E Modulus of elasticity

1% Poisson’s ratio
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Appendix 2.A. Contravariant Components of the Displacement

Using the identity a“ =a*’a , (operation of raising indices) in Eq. 2.37 yields

9(x1,x2):ﬁ3—a3 :—(u3,a+u75a7)a“pap (2.A2)
From Egs. 2.29 and 2.A.1, by substituting into Eq. 2.28, one obtains
U=u'a,—x*(u;,, +u b’ )a*a
! g e ) i 2.A2)
=Uu”a , +U%a; — X (u3,a +u7b0f)a“pap
Grouping terms with the same base vectors yields
U:[up—xg‘(ug’a +uy5a7)a“pJap+u3a3 (2.A.3)
Using the Kronicker delta tensor and the identity u, = g,lyul yields
U= :5fu‘ -x3 (uw + glyuﬂﬁj)a“p}ap +u’a,
- :chu* -x*a%a, u*b; - x3u3,aa“p]ap +U’a,
::5fuﬂ - x*aja’u*b;] —X3u3,aa“p]ap+u3a3 A%
=| 6fu* —x57 57 u’) ~ x3u3,aa“p]ap +U’a,
=| 5fu* —xbfu’ - x3u3‘aa“p}ap +U’a,
- _(5{ - x35f)ui - x3u3’aa“pjap +U’a,
Using Eq. 2.16 in Eq. 2.A.4 yields
U= (ﬂ/{’u/1 - x3u3’7a7p)ap +U’a, (2.A.5)

By dot-multiplying both sides of Eq. 2.15-a by A, one obtains a; = A15g,, . By substituting
in Eg. 2.A.5 and using Eq. 2.15b, one obtains

U= (,ufu‘ - xsus,yan)/l;j‘ga +u’g, (2.A.6)
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Appendix 2.A Contravariant Components of the Displacement

Eqg. 2.A.6 relates the displacement of points within the shell to the displacement of their

picture on the middle surface. Thus, Eq. 2.26 can be rewritten as

U=U“(X1,X2,X3,t)ga+U3(X1,X2,t)g3 (2.A.7)
By comparing Egs. 2.A.6and 2.A.7, one obtains

U« =(y§u —x%; ayp)z“ , us=u? (2.A.8)
Checking the equality by equating the right hand sides of Eqgs. 2.46 and 2.A.8:

(ﬂz -x’u ayp )/10{ = (ﬂguy ~ XUy 5 )ﬂgg"‘ﬂ (2.A.9)
Using the identity u” = a”uy and changing the dummy index y to ¢ in the second term on
the left hand side, one obtains

ASpufatu, —xuA5a% = uf usg®u, — xCug s 59’ (2.A.10)

As u® =u, and u; are independent, one can write

Agufa’ =ﬂaﬂ§gaﬁ . 258 = g9
sya’ = ufpe” g’ , A5a% = uhe” g’
a” = M;ﬁ (Ag2”)-(2fa7) A5a% = g (40a” )- (a7
= 11} yﬁiazﬂap" , Asa® = g At il a’”
a? = yugag 00 , A5a% = 2557a” 2.A11)
a = i i%ar , A%a% = 1%a%
a% = ﬂgﬂaﬁ
a” = ujAla”
a” =s7a%
a% =a%
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Appendix 2.B. Reduction of the Number of Components of the
Constitutive Elasticity Tensor

In general, as each of the superscripts i, j,1,m can take any of the values 1,2, 3, the elasticity

tensor E'™ has 3* =81 components. The symmetry of the problem yields o' = o!' and
Em = &m » from which it follows that

giim _ giim _ g jim _ gijml (2.B.1)
which means that the order of the superscripts in each pair does not matter. Therefore,

Subscripts i and j can take six possible sets of pairs of values:
(11):;(12);(13);(2,2);(2,3);(3,3). A similar argument can be extended to subscripts |
and m resulting in six possible combinations. This reduces the number of independent

constitutive terms E'™ to 6% =36 .

It will now be shown that the order of the pairs ij and Im is interchangeable as well. The
strain energy in an infinitesimal element is

vi=1olg; (2.B.2)
Thus, the differential change in the internal strain energy density is

v’ =1d(o"s;)=1dos; +507ds (2.B.3)
By using Eq. 2.47) to substitute E'™g, for o" and interchanging the dummy indices ij
and Im in the first term, one obtains

ijim 1 ijim _ 1 Imij 1 =ijlm
EXdemej +3E gnde; =5 E Vgnde; + 3 E7 g d g

. . 2.B.4
(Elmu " Eljlm)glmdgij ( )
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Appendix 2.B Reduction of the Number of Components of the Constitutive Elasticity Tensor

The differential change in the internal strain energy dv*can also be expressed as the work

done by existing stress along the increment of the strains, i.e.,

dv' =oldg; =EMMg;de (2.B.5)
By equating Eqgs. 2.B.4 and 2.B.5 , one obtains

glim — gmi (2.B.6)
This means that the order of pairs ij and Im is interchangeable, which reduces the number

of independent components of E''™ from 36 to 21.

In isotropic materials with infinite number of planes of material properties symmetry, it will
be shown that those 21 components are functions only of two independent material

properties (E and v ). To do so, we first consider the implications of the symmetry about the
x'x? plane in coordinate system X by introducing a new coordinate system K with the

following transformation law to coordinate system x'

The transformed stress tensor from coordinate system x' to X' is

nii i
6" = g;( gﬁ —ﬂm:Bn

For component 6!, one has

_ﬂl 1 1n ﬁ&/ 1 2n ﬁ{ 1 3n
_ ﬂf( ﬂlif o (2.B.7a)
:O_ll
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Appendix 2.B Reduction of the Number of Components of the Constitutive Elasticity Tensor

In a similar manner, one obtains

G2 o 12 52 _ ;%2 13 13 533 _ 38 523 23 (2.B.7b-f)
Also,
‘n=¢4 , ‘12 =742
€0 =&p , &13 = ~é13 (2.B.8a-f)
€33 = €33 , €23 = €23
By expanding the constitutive equation oV =E""g ~ for o' and &' and using the

identities in Egs. 2.B.8, one obtains

11 _ 1111 1112 1113 1122 1123 1133
o =B e +ET g, B e + BT ey, + BT ey + ET e,

6'11 _ Ellllg*ll + ElllZél2 + E1113§13 + E1122§22 + E1123§23 + E1133§33

— Ellllgll + ElllZ(912 _ E1113813 + E11226_22 _ E1123823 + E1133833
Recalling the identity 6** = o**in Eq. 2.B.7a, one obtains
Elll3 _ E1123 =0 (2 B 9)
Repeating the procedure for the remaining stress components will result in
E2213 _ p2223 _ 3313 _ 3323 _ pBB _ (2.B.10)
and the number of independent components of the constitutive tensor is reduced from 21 to

13. A material with only one plane of material property symmetry is called monoclinic.

In the same manner, by assuming material symmetry about planes x'x® one obtains the

following additional relationships

E1112 — E2212 — E3312 — E2312 — E1312 =0 (2811)

and the number of independent components of the constitutive tensor is reduced to nine.

By considering symmetry about the x?x*plane, the relations obtained are found to be

identically satisfied and no additional reductions in the number of independent components
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Appendix 2.B Reduction of the Number of Components of the Constitutive Elasticity Tensor

is obtained. A material with three orthogonal planes of material property symmetry is called

orthotropic.

Let us consider the axis of symmetry x* for plane of symmetry x?x® by defining three new

coordinate systems R with the following transformation laws to coordinate system X!

ESEaEEs

gL \/EA x/EA 0
’ 2|24 24 o

£10 0 1

One can show that the stress transformation between the old and new coordinate systems

will yield the following additional relationships

pli22 _ p1133
E2222 _ 3333
E1313 _ pl212

pl111 _ 2222
£2233 _ £1133
2323 _ 1313

and

El212 _ %( p1111 _ E1122) (2.B.12a-q)

respectively.

The seven equations 2.B.12a-g reduce the number of independent components from nine to
two. An elastic material with only two independent constitutive constants is called isotropic.
Conventionally, these are the Elasticity modulus and Poisson ratio or the Lame’s constants.

The elasticity tensor of an isotropic material in Cartesian coordinate system can be written as

([2.6])
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Appendix 2.B Reduction of the Number of Components of the Constitutive Elasticity Tensor

{5”51'“ 4ot +i5”5'm} (2.B.13)

1-2v

jm___E
2(1+v)

The validity of Eq. 2.B.13 can be simply investigated by expanding it into its components

and comparing the results with the relationships obtained in this Appendix (Egs. 2.B.1, 2.B.6

,2.B.9, 2.B.10, 2.B.11 and 2.B.12a-).
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Appendix 2.C. Expanding the Term U, |ﬂ

In this section it will be shown that in thin shells the covariant derivative of in-plane
components of the displacement are expressible in terms of the properties and displacements

of the middle surface.

The covariant derivative of U, with respect to coordinates x” , on a general surface (i.e., a
surface parallel and offset from the middle surface) in a three dimensional space is

U, lp=U, 5 -UTss =U, s U, I, -UlS, (2.C.1)
where T ; and Fiﬂ are the Christoffel symbols on the surface of interest. A new definition

U, llz=VYeup —uyrgﬂ is introduced to express Eq. 2.C.1 in a two dimensional form

3
Uy lp=Uq llg Uslgp =U, Iz Usbyy (2.C.2)
in which the symbol “||”” is a two dimensional counterpart of the three dimensional covariant

derivative symbol “|”. By dot-multiplying Eq. A.54 by the base vector g', one obtains

F:j =0ij g = [ls=0459 = Ils=28,53 (2.C.3a-c)
Form Eqgs. 2.16a and 2.18a, substituting into Eg. 2.C.3b yields

Ui =(mia) (427 = (mc g + i ) (A7 ) = 4] (G p02 + o 2" ) (2.C.4)
From Eqg. 2.C.3c, substituting into the second term of Eq. 2.C.4 yields

Thp =2 (18 g + 1575 (2.C.5)
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Appendix 2.C Expanding the Term U , |ﬂ

As ﬂg is a second rank plane tensor defined on the middle surface, by considering the
definition of covariant derivative (Eq. A.78), one may write
1o Nlp= 18 5+ 15T 8y — ufTop (2.C.6)
From Eq. 2.C.6, substituting into Eq. 2.C.5 yields

Tl =20 (12 s +1£T5 ) (2.C.7)
Using the identity 47 = 65 (Eq. 2.19) in Eq. 2.C.7 yields

Tl = A8 Nl Tl (2.C.8)

In the same manner, considering Eq. 2.C.3a, one writes
[ =g,,58 (2.C.9)

Substituting the identities g, =7a, and g°=a° (Egs. 2.15a and 2.18b) into Eq. 2.C.9
yields

Fiﬂ = (,ugay ),/3 ~(a3) = (,ugyﬂay +,u§a7ﬁ)~(a3) =, 4 -a° (2.C.10)
From Eq. 2.C.3c, substituting into Eq. 2.C.10 yields

Fiﬁ = ,ugl:iﬁ = ,ugﬁyﬂ (2.C.11)

Equation 2.C.11 relates the curvature of surfaces parallel and adjacent to the middle surface
to the curvature of the middle surface. By substituting Egs. 2.C.8 and 2.C.11 into Eqg. 2.C.1,

one obtains

Uy lp=Usz-U, (/1;/15 3 +F£ﬂ)_usﬂ§fiﬁ (2C.12)
By substituting the identities U, = (,uguy — zuw)yg and U; =u; (Eq. 2.45) into Eq. 2.C.12
, One obtains

U, Iﬁ=[(ﬂ§uy _ZU3,5),U§L), —(ﬂﬁé’uw —Zus,(s)ﬂf(%ﬂﬁ 5 +f£ﬁ)—usu§f§ﬁ (2.C.13)
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Appendix 2.D. Expansion of Hamilton’s Principle for Thin Shells

2.D.1. Variation of the Kinetic Energy

Recalling Eq. 2.52a, integrating by parts with respect to time yields

t, t, _ ‘
I 5T*dt=JA J'U"pé'Uidth
t A
. t

t (2.D.1)
_ juipéuidtdvzj [u’ip(sui]tz—j U' pou,dt |dv
JV It \ b t,
t, I . t, t, @
j ST dt = J‘U'p5UidV} —j U' psU;dVdt (2.D.2)
b LV t Jv
The following definition is introduced
tZ t2
b b
where,
t2
M*,,F_C,:U UipﬁUidV} (2.D.4)
v b
M*F,E,z—j‘ U'psu;dv (2.D.5)
\%

It is noted that ST7, - contributes to initial and final conditions (I.F.C.) of the problem and

ST e contributes to the field equations (F.E.).
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Appendix 2.D Expansion of Hamilton’s Principle for Thin Shells

2.D.2. Variation of the Potential Energy

Using the in-plane  component of the strain-displacement  relationship

Nop :%(Ua s tU, |a) (Eqg. 2.23) in the expression for the internal strain energy (Eq.2.52b)

yields

P :J‘ BP9 [5(U, 15 W5 1,) 8] 3(Uq 5 +Ug L, ) |aV (2.D.6)
V

It should be noted that the material is considered uniform and homogeneous. It is defined in

Appendix 2.C that U, [,=U,, ||; —U3b, 4, thus Eq. 2.D.6 is expanded as

oV :I LEP(U, lls HUs I, —2U3h,5) 8 (U, llg +U 4 Il ~2U3h, ) AV
\%

= | LE (U, |l +Us ||, —2Ush,, [5 ) +8(Uglly)- (2u3baﬂ)]dv
JV

= | 2E (U lls HUs Nl —2U3hs5) [ (8U, )5 +(8Up ) I, _Zbaﬁ5U3:|dV
°V (2.D.7)

=| LEP(U, lls +Us NI, —2Ugbs5)(8U, )l dV
JV

+ _[ LEPP (U, s U5 Nl —2U3b,5)(0U 4 )1l AV
\Y,

+I LEP (U, s U5 ||, —2U3hy5 )(—2b,50U3 ) dV
\%

By interchanging the dummy indices « and g in the second integral term, and using the

identity EX** = E%**? (Eq. 2.B.1), one obtains

= [ SE U, 04 1 20,5) (U, ) o
v (2.D.8)
\

Integrating by parts with respect to £ in the first integral term yields
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Appendix 2.D Expansion of Hamilton’s Principle for Thin Shells

* aprs X
Y, =I [SE“% (U, lls U 1, 2U3;5) U, ] dA
A

_I {% EPP1U llys +Us5 llag —(2Usbz5) Il |
\Y

+%(E“’6’w ”ﬂ)[uﬂ lls +Us Il _(2U3b/1§)]}5uadv

- j LEP (U, |5 +Us 1, 2y ) (b,0Us )V
Vv

(2.D.9)

It should be noted that the elasticity tensor E®**? is defined in terms of base vectors g“,

thus in general, its covariant derivative with respect to x” (E“**? || ;) is different from zero.

Using the relationship U, [|;=U; 5 proved in Appendix 2.E, Eq. 2.D.9 is simplified to

ov” =J‘A[%Eaﬂw Uz lls +Usll; _2U3b}t5)5ua:|:ﬁ dA
_jv [% E“P% (Uz llsg +Us ll1p —2U3 gbss —2U3bss ||/3)
+%(E“ﬂw ||ﬂ)(Uz lls +Us Iz —2U3bm)JéUadV
_J.v 3 E“P4 (U lls U5l —2U3b/w)(baﬂ5U3)dV
The following definition is introduced

N =06Vge +0Veg

where
Ny - IA[% BP0 (U +U, I, ~2Ugh) U, | da
Neg = _J‘v [%Eaﬁw (Uﬂ lsg +Us llap —2U3 g5 —2U3b;s ”ﬁ)
+%(Eaﬂw ||ﬂ)(U/1 lls +Us I —2U3b/15)}5UadV

j LE (U, |5 +Us 1}, 2y ) (b,s0Us )V
Vv

(2.D.10)

(2.D.11)

(2.D.12)

(2.D.13)
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Appendix 2.D Expansion of Hamilton’s Principle for Thin Shells

It is noted that 6Vg . contributes to the boundary conditions (B.C.) of the problem and

OVg g contributes to the field equations (F.E.).
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Appendix 2.E. Proof of U3||ﬂ:U3,ﬂ

Calling Eqg. A.79, the second covariant derivative of a first rank tensor is
[ |
le |§ﬁ: (Uz,a —Uml“%)ﬂ _(U|,5 —Uml“{g)l“/w —(U/“ _UmFTI )Fﬂ5

Thus, one can write

U Ly #Us 5= (U —Umrg“g)’ﬁ ~(U1s =Unl 5 )T (U ~Unl3 ) s
+(Us, —Umrg)ﬁ ~(U1z Ul )T —(Uss ~Unl5 )T
=(Uss —Uml“%)ﬁ ~(U 5 =Unlns )14 =(Us s ~U 55 )T,
~(Usp =Yl )T =(U 15 ~UnT s ) T
+(Ug,-U rﬂ)ﬂ (Upr Ul )15 = (s, ~Unl5, ) T3
~(Us,p ~Unl5, )T - (ufs3 ~Upnl5s )%,
=(Up5-U, T =UsT3 ) ~(U,5=U, T =UgT 35 )T,
Us s —U,T; —Ugl3s (U, —U, 17, =UsTS, )T
~(U,1=U,T7, =Ugrs, )15,

)T~
Us3=U, I =Usl 5 )T

)

)T ~(Us,, ~U,T%, ~Usls, )T,

-
-
(U, -0, 1%, ~UgT3,
(U3/1 -U, I3, - Usls
-

Y
Uss—U, IG5 Usl5 )

to be continued

7

(2.E.1)
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Appendix 2.E Proof of U 3||ﬂ:U3,ﬂ

continued

=(Uss=U, %), ~(Ust ) (U5 =V, )8 + (U5 1%

_(U3,5—Uyrgg—Ugrgg)Fiﬂ—(Uip Y F7) s (U3F )Ffm

2.E.2
(U35 -U, 175 ~Ugr %)%, (2E2)

(
(Vs —Uyrgﬂb)’ﬂ —(Ugrfﬁ)ﬁ ~(U, 0 =U, T2, )T +(Ual, )15
~(Us=U, 15, —Ual5, )T —(Us, ~U,T%, )T, +(UslS, )T,
_(U5,3 _UyrgS _U3F§3)Fz/1

Reorganizing the terms

U Lo s Lp=(U5 -V, rgﬁ) ~(Usp =Y, 1%, 0% =(U,.5 U, 75 )T,
(U, -U rM) ~(Us,,=U,T%, )%, —(U . ~U,I7, )%
~(Us,,=U, %, ~UaT3, )13 —(U 15U, T3 ~UalS ) T
~(Uss=U, 1%, ~Ual3s ) T35 = (U5 =U, T3 ~Ual35 ) T,
(UJ%) #(Ual85 )15, +(UsT3, )T
(U3rﬂ)ﬁ (Ual3, )15, +(Uals, )15,

=U; llsg +Ys Il
(ot st
—(W —2U, 1% jrjﬂ
—(u3rj’5)ﬂ (U35 )55 +(Ual3, ) T4
—(ugr&) (usr )rﬁ (U3F )rm (2E3)

3
=U, llss tYs ll1p 2[ 3F/15 3Fp5 Lo+ (U?wrﬂp)rﬁﬁ}

3

=U, llss tYs ll25 Z[Us p’rw + 3r/15ﬂ +U3Fp5r/w +U3F/1prﬁ5):|

Thus, we have
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Appendix 2.E Proof of U 3||ﬂ:U3,ﬂ

Us Lo U5 5=V g +Us Il 2| Us T3 +(UsT s ~Ual 3T %5 ~UsT3, %5 ) | 2E4)
Also, Eq. 2.C.2 yields

2l +Us =U lls +Us [l 20,155 (2.E.5)
Thus we can write
(Uals U5 1) = (U lls #0511 =2(UsT35) 5=, Ll +Us s -2(Ual3s ) I RE6)
Based on the chain rule in derivation we have
( 3F/15)||ﬂ sllg s +Usl3s |5

=Ug lly T35 +Us(T 35,5~ T30 % ~TosTs) (2.E.7)

=Uslly T35 +(U3F/1a/3 Ugl s —Usl Sriﬂ)
From Eq. 2.E.7, by substituting into Eq. 2.E.6, one obtains

(U s +Us 1) = (U lls +Us 1 =2(UsT3s ) l5=Us llgs +Us 1Lz —2(Ual S5 )l

(2.E.8)
=U, llop +Ys 15 —Z[Us 5 F?w +(U3Fi5 U3F 55 U3Fp5rwﬂ

Comparing Eqgs. 2.E.4 and 2.E.8 yields

Us ||ﬁ=U3,ﬂ (2.E.9)
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Chapter 3

Circular Cylindrical Thin Shell Theory

3.1 Abstract

The generalized thin shell theory developed in Chapter 2 is specialized to circular cylinders.
The dynamic version of variational form of the Hamilton’s functional for CCTSs is obtained,
in which the explicit form of field equations and corresponding boundary condition
equations of the system are expressed in terms of midsureface displacement fields. Well-
known theories are recovered as special cases from the current generalized formulation.

Some comparison with other theories is provided.

3.2 Geometry

Position vector r of a general point lying on the middle surface (Figure 3.1) of a circular

cylinder is expressed in terms of the unit vectors I, which correspond to the Cartesian

coordinate system X' and in terms of the curvilinear coordinates system x' as
1.2 1\ 7 . X2 - X2 -
r(x , X ):(x )Il+ RsmE I, + RcosE I, (3.1)

3.3 Base Vectors for Middle Surface

Since coordinate system X' is orthonormal, one has
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Chapter 3 Circular Cylindrical Thin Shell Theory

(3.2)

Figure 3.1 - Cartesian and Curvilinear Coordinates

From this point on, symbols x,s,z will be used instead of x!,x?,x*. From Eq. 3.1 and

recalling the relation a, = 8r/5‘x"‘ in Eqg. 2.2, one obtains

(3.3a-b)

a, = cos%i2 —sin%f3 =1i,

in which, i are the covariant unit vectors associated with a;. From Egs. 3.3, by substituting
into the a®=a, ®a,/]a, ®a,|given in Eq. 2.3 and considering the orthonormality

relationship between all base vectors, one has a, =a® and T' =T, (Egs. 2.5 and 3.2), and

thus
3 . S-= S .z =3
R R
From Eq. 3.3, by substituting into Eq. 2.6-a yields

Qq=ay =ag =1, a; =0 fori= j : a:det(aij):l (3.5)
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Chapter 3 Circular Cylindrical Thin Shell Theory

Using Egs.3.3, and based on Eqg. 2.4-b, one obtains the contravariant unit vectors associated
with a'as

at =1i : a? =1j° (3.6)
By applying the relationU =U,g' =U'g; (Eq. 2.26 ) to the middle surface, Egs. 3.3 and 3.6
yield
U =u (3.7)
Substitution of Eq. 3.6 into Eq. 2.6-b yields

al'=a®?=a%*=1 al =0;ifi=j (3.8)
3.4 Curvature of the Middle Surface
From Egs 3.3 and 3.4, by substituting into Eq. 2.10 (Baﬁ =a3,-a,), One obtains

= = — — 1
bll = b.LZ = b21 =0 ' b22 = _E (3.9)

Using the operation of raising indices, 5/? = aWByﬁ, one obtains

B-Bt-Bi-0 ,  BP-— (3.10)

3.5 Base Vectors for a General Surface

From Eq. 3.10, substituting into Egs. 2.16 and 2.19 yields

=1 , 1 =15 =0 , ﬂ22:1+%
(3.11)

-1 . A=A=0 R

1+—

R

From Egs. 3.3, 3.6, 3.10 and 3.11, by substituting into Egs. 2.15 and 2.18, the covariant and

contravariant base vectors g; and g' are obtained as
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Chapter 3 Circular Cylindrical Thin Shell Theory

iy Z - =
g =1j, ) g = (:HEJ 12 ) g3 =1j; (3.12)
iy 1 iy ry
g' =1j , g’ =—ZJ2 , g’ =1j° (3.13)
R

In Egs. 3.12 and 3.13, j; and j' are the covariant and contravariant unit vectors associated

with base vectors g; and g respectively. From Egs. 3.12 and 3.13, by substituting into Egs.

2.21 (9,5 =8, 85 and g% =g -gﬂ), the components of the covariant and contravariant

metric tensors are obtained as

2
z . .
O1=0s3=1 , 922:(1+§j , g;; =0 (';’&J)
(3.14)
1 i ..
gl=g®o1 g% = . ’ gl =0 (I;tj)
z
1+—
8
22
g :det(gij):(l"'ﬁj (3.15)

3.6 Differential Volume Element

The determinant of the metric tensor g is used to express for the volume of an infinitesimal

element dV = /g dr'ds®dt® (Eq. A.52) yielding

dv = (1+%)dzdsdx (3.16)

3.7 Relating the Curvature of Middle Surface to that of a General
Surface

Eqg. 2.C.11 in Appendix 2.C , relates the Christoffel symbol Fiﬁ of a surface parallel and

adjacent to the middle surface to that of the middle surface 1:3/3 = 57/3 through
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Top =Dy = i Top = 1o, (3.17)

From Eq. 3.9, by substituting into Eq. 3.17, one obtains

z)\1
b, =b, =by =0 , by, = —(1"‘5}5 (3.18)

Using the operation of raising indices, bg‘ = g‘”byﬂ, yields the components of the mixed

curvature tensor as

bi =bf =b; =0 , by =—=—— (3.19)

3.8 Expressions for Displacements

Considering the geometric properties (Egs. 3.10 and 3.11) developed in previous sections

and recalling Egs. 2.45 and 2.46, the covariant components of the displacement U; are
U =u-zw,
2\ z
U,={1+—| v-z|1+— (W 3.20a-c
2 ( Rj ( R] ’ 20
and those of the contravariant components U 'are

U'=u-zw,

W, (3.21a-c)

Ud=w
The physical components of the covariant components of the displacement (Appendix A,

Section A.20) can be recovered by multiplying them by the length of their corresponding

contravariant base vector (i.e. U, =\/g"Ui ). In the same manner, the physical components
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of the contravariant components of the displacement are U' = giiUi . It is noted that the

covariant and contravariant components of the displacement have the same magnitude at

z=0.

3.9 Expressions for Strains

From Eq. 3.19, 3.11 and 2.45, substituting into Eq. 2.23 (7,5 =3(U, |, +Uyl,)). the

physical components of the strain tensor can be expressed as

Thy =Uq—2Wyy

=V, +— ! W-—2 ! w
Mo =V R 7 7 22
1+— 1+ —
R R (3.22a-c)
1 1 Z 1
Thy =M == —u’2+(1+—jv’1—z I+ ——< Wy
2 z R z
(1+j (l+]
R R

A generic in-plane strain-midsurface displacement relationship for CCTSs is developed in

Appendix 3.A

3.10 Expressions for the Elastic Constitutive Tensor

Using Egs. 3.14 in Eq. 2.50 yields the following non-zero components of the elasticity tensor
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E
plIL _ 11,11 _
1,29 9 T2
E E 1
£2222 _ 22,22 _
1,29 9 T2 ( z J“
1+—
(3.23a-d)
pl122 _ p2211 _ E Vgllg 22 _ 1
1-v? 1-v? ( 7 T
1+—
R
pl212 _ pleot _ 212 _ g2t _ E : [1—‘/ g'g? = E i (1—1/) 1 :
1-v 2 1-v 2 ( z)
1+—
R

3.11 Hamilton’s Principle for Thin Circular Cylindrical Shells

From Egs. 3.20, 3.21 and 3.23, by substituting into the variation of the Hamilton’s principle,

integrating with respect to z, grouping terms with the same coefficients (ou, ov, ow,

oW, 6w, ), integrating by parts with respect to x and s in all terms with coefficients 6w,

and ow,

, respectively, yields (details are provided in Appendix 3.A)
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t (I os -
Eh |1-v . h? h? 5
LB/ R o Bln(zmhj_l 1-v | _h_z(s—vJv
12\ 12R i h \2R-h 2 %2 19Rrl 2 )
h? h2 3 v 2R+h 1-v
+—Wy, —In —1|— Wy
12 7 2R—h 2 [
—ph ——u+—w + Y Sw
- Eh —h2 —h2 vV hW +h—2vw oW
1,2 TR TR Ve T Nt W oW
N Eh U +E|n(2R+hj1_VU +1+VV +KW
Al \i=v2 P h\2r-h) 2 ® 2 PR
—h—zw +R Bln(ZRJrhj—l 1_VW h u—iw +fM\su
12R T SR Ch p Tz m AN ET o
Eh |1+v 1 h? 11— 1 h? (3—v
+ 1.2 TU,12+ +R > V11+V22+sz_ﬁ > W10
h? h?
—ph| V| 1+ —2——W, [+ ¥ )ov
p {{ 12R2J 12R '2} >
Eh /v 1 1R, (2R+h R (2R+h
+( - —Uy+—=Vyo+—|—In w+2| —In -1|w,,
1-v2\R © R “ R%|h (2R-h h \2R-h '
—iu +R EIn(ZRJrhj—l 1_Vu —i(—?’_vjv +h—2W
12R ™™ h (2R-h 2 % 12r\ 2 )M
2 —
N h_(3+vj+R2 Eln(ZRJrhj_l 1-v Wi
120 2 h (2R—h 2 [
R, (2R+h) .| - h?, h?
+R [Fln(ZR—h —1_W,2222 —ph W—E(W,ll"‘w,zz)*'ﬁ

R (U,l + 2\'/',2)} (3.24)
A CAFRES A 5w}

dsdx||| dt =
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e

In Eq. 3.24, the sequence of nested brackets was adopted.

3.12 Discussion

Equation 3.24 expresses the field equations and corresponding boundary conditions for
circular cylindrical thin shells that are fully consistent with the assumptions of thin shell
theory postulated in Section 2.2 . In order to provide simpler approximate forms of the field

equations the logarithmic coefficients can be replaced by a truncated power series expansion

2 4
Bln(zmh)zui(ﬂj +i(ﬂj b (3.25)
h \2R-h 12\R) " 80(R

where h and R are the thickness and radius of the CCTS, respectively. By omitting all time

dependent terms, considering the applied loads as tractions applied to the middle surface and
using the series approximation in Eg. 3.25 up to the second term, the field equations in
Flugge’s theory [2.1] are recovered as a special case of the present formulation. A simpler

theory can be obtained by replacing all terms appearing in the formulation in the form
(1+ z/R)”, in which n is an integer, by the linear approximation (1+ z/R)n ~1+n(z/R).
The corresponding strain expressions are provided in Table 3.1. An even simpler version of
the theory can be obtained by neglecting z/R compared to unity (1+z/R~1) in strain

expressions, base vectors and the Jacobian. The resulting field equations (Eg. 3.26) are found
to be identical to those of Donnell-Mushtari-Vlasov theory (DMV) reported in [2.1]. The
strain expressions corresponding to this simplification are also provided in Table 3.1. In

general, as the thickness 1+2z/R —1 all three simplifications converge to the present

generalized theory.
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[y
o0 (55 e o

Eh | h? h? h?

X
Eh ( h? h?
+|:—1_V2 (Ewll +EVW,22):| 5w1> ds

0

Eh 1-v l+v 1%
+ — U, + Uy + Vip +—W, |—phti+ £ |Su
L,s<L‘V2( 11 5 22 5 TR ,1) P }

O DL (AT +iw+h—2(w +2W3155 + Wapp0 )
7| Ut R Ve TRz W o (Watan + 2Waiz + Wz

h2
—ph|:W—E(W,11 +W,zz)} (3.26)

+(— f— 5"+ f ZW)} 5W> dsdxm dt=0

where
h
.+E o
f = . pdz : f=— X p*zdz
o —E o _E
-.+D 0+E
fv = hz pSdz , fow__ hz p°zdz (3.27)
o _E o _5
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3.13 Comparison of Different Theories

The strain expressions, which are used in well known theories as well as those derived as

part of the present study, are provided in Table 3.1. The longitudinal strain 7, =u; —zw;, is

identical in all theories. In all theories, the Jacobian determinant is taken as unity except

those two proposed in this study and in the Theory of Flugge’s in which the Jacobian

determinant is taken as (1+ z/R)2 (Eq. 3.15).

Table 3.1 — Comparing strain-displacement in various thin shell theories

Theory Strain Expressions
122 Tha
Present Study 1 1 1 i T
V,+— w-—z W,
R z * 1 1 z 1
1+— 1+— — U, +|1+—|v,—z|1+ W,
R R 2 Z)" R/ z ’
1+— 1+—
R L R/ |
Flugge [3.1] 1 1 1 B T
v, + W-—z W,,
z z)\ 1 1 z 1
1+— 1+— 47— —<U, +{1+— v, —z| 1+ W,
R R 2 R/
1+— 1+—
R L R/ |
P(oposed 7 1 7 7 7
Linear Vot — |l W=z 1=—jw,, | =3 |1-—|u,+|1+— |v, —z|1+[1-— ]| |w,,
Approximatio 2
n
DMV
V,+—W—2w,, E(uy2 +V, - 22W,12)
Novozhilov ( 7 ) 1 K 7 ) ( 7 )
3.4 vV, +— [ 1-— |w—-2zw || 1-—ju, +{1+— [v, —2zw
[ ] 2 R R 22 2 R ,2 R 1 12
Timoshenko 7 1 7
[3.2] I+— v, +—w-2zw,, —|u,+|1+2— |v, -2zw,
R/ R/
Saada [3.5] ( zj 1 [ ( z) }
1+— v, +—w-2zw —u,+|1+—|v,—2zw
R 2 R 22 2 2 R 1 12
Morley- z 1 z 1 z
Koiter, 1+2— v, +—| 1+— |W-2zw,, —|u,+{1+2—|v, -2zw,,
R/ " R R ' 20 R/ ’

Niordson [3.3]

70




Chapter 3 Circular Cylindrical Thin Shell Theory

Table 3.1 shows that the strain expressions in Flugge’s theory are consistent with those
based on the present theory. The strain expressions of Novozhilov’s and Donnell-Mushtari-
Vlasov’s can be considered as approximations of the present theory. In contrast, the strain
expressions in the theories of Timoshenko, Saada, Morley-Koiter and Niordson include
additional terms which do not arise in the present tensor based approach. These additional

terms stem from additional approximations that were avoided in the present treatment.

A comparison of the field equations of the above theories are provided in Table 3.2 to Table

3.4. All field equations take the form

AU 11+ Aol 55 + AgVyp + AjWy + AWyqq + AgW5p =0

B, +BoVyg + BgVigy + ByWy + BgWygy + BgWoyy =0 (3.282-¢)

Cyuy +CoV o +Caw+CyWyy +CoWoy +Cgliygq +Crl 0 +CgVpp +CoW oy, .
+CpoWa111 + CpWig90 +CpoWop00 =0

in which the constant coefficients A,...,C;, are provided in Tables 2-5 and constant

® =®(h/R)=In[(2+h/R)/(2-h/R)]/(h/R) has been introduced.
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Table 3.2 — Coefficients in first equilibrium equation (Eq. 3.28a) in various theories

Theory Coefficients
A A A Al A As
Present Study 1 1- 1 2 1-
B e )
2 2 R 12R 2
Flugge 1 h? Ty 1+v h? W (1—y
1+ ( ) o | —(—)
12R? )\ 2 2 R 12R 12R\ 2
Linear 1 (1—1/) (1+vj % 2 h? (1—v
2 2 R | 12rR E( 2 )
DMV 1 (1—1/) (1+V) v
2 2 R
Novozhilov 1 (1_1/) (1+vj v
2 2 R ) )
Timoshenko 1 (1_Vj (ij v
2 2 R ) )
Saada 1 (1—1/) (1+vj %
2 2 R | )
Morley-Koiter | 1 (1_1/ 1+v v
Niordson _) j . - -
2 2 R
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Table 3.3 - Coefficients in second equilibrium equation (Eq. 3.28b) in various theories

Theory Coefficients
B, B, B, B By
Present Study | 1+ h? 1—v 1 W (3_y
1+3 1 — | - _
2 ( 12R2}( 2 j R 12R( 2 )
Flugge 1+v h2 (1_‘/) h2 (3—1/)
1+3 1 — | - — _
2 12R? 2 R 12R 2
Linear 1+ v (1_‘,) 1 h? (3—1/)
1 — | ——— -
2 2 R 12R\ 2
DMV 1+v (1—1/) ) 1
2 2 R
Novozhilov 1+v h2 -y h? 1 h? h?
1+4 (—) 1+ S| -——02-v) | -—
12R* )\ 2 12R’ R 12R 12R
Timoshenko 1+v h? -y h2 h2 h2
142 (_j 1 o "
2 12R? )\ 2 12r? ) | R | 12R 12R
Saada 1+v h? 1-v h? h2 h?
1+ ( j 1+ = | —— -——
2 12rR? )\ 2 12r? ) | R | 12R 12R
Morley-Koiter | 1+ 1-v 1
Niordson 1 - - -
2 2 R
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Table 3.4 - Coefficients in third equilibrium equation (Eq. 3.28c) in various theories (part 1)

Theory Coefficients
C |G (O C, Cs Cs C,
Present Study 1 1 _ 2 1—
Yl1ilte N R(CD—l)( V)
R R R? 12R 2
Flugge v 1 1 h? h2 h? W (1—y
BN I R )
R R IR 12R 12R 12R 12R\ 2
Linear v 1 1 h? h? h2 (1—v
— | = | = ) ’ o n(i-v
R| R |R 12R? 12R 12R( 2 )
DMV v 1 1
R R R’ ) ) ) )
Novozhilov v 1 1
R| R |R ) ) ) )
Timoshenko v 1 1
R| R | R ) ) ) )
Saada v 1 1
R R R’ ) ) ) )
Morley-Koiter v 1 1 h? h? h?
Niordson — — | =1+ 2 - -
R R R 12R 12R? 12R?
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Table 3.4 - Coefficients in third equilibrium equation (Eq. 3.28c) in various theories (part 1)

(part 2)
Theory Coefficients
Cy Cio Cyy Cp
Present Study - 2 2
h® (3- h h“(3 RO(D-1
-—( I G R )
2R\ 2 12 | 12\ 2
Flugge W (3_y - 2 h? h?
- _ 2— R
2R( 2 ) 12 12 12
Linear W (3_y - 2 h? 2
- _ 2— R
12R( 2 ) 12 12 12
DMV - 2 h? 2
R 2— R
12 12 12
Novozhilov h2 h? h? h2 h2
-—02-v) | —— | — 2— —
12R 12R 12 12 12
Timoshenko h? h? h? h2 h?
-—(2-v) | —— | — 2— —
12R 12R 12 12 12
Saada h2 h? h? h2 h2
— — | — 2— S
12R 12R 12 12 12
Morley-Koiter - - 2 h? 2
Niordson — 2 _
12 12 12
As can be observed in Table 3.2-4, the adoption of different simplifications and

approximations by various authors, has led to the elimination of terms in some cases, and to

the creation of additional terms (such as C,) in other cases compared to the present tensor-

based theory. For other coefficients, such as for C,, these simplifications/approximations

did not affect the expressions of these coefficients. It is observed that the simplifications

implied in the Flugge’s and DMV theories are consistent with the present tensor based

approach. The DMV theory has the simplest expressions while providing a consistent

approximation.
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3.14 Conclusion

The theories above can be classified into two groups, based on whether or not they adopt

approximations that are consistent with the above tensor based approach.

a) Theories that adopt consistent approximations and are thus derivable from the present

thoery. These are Flugge’s theory, the linear approximation proposed, and the DMV theory.

b) Theories that adopt approximations that are inconsistent with the present approach. These

are Novozhilov’s, Timoshenko’s, Saada’s, Morley-Koiter and Niordson’s.

Also, it is observed that the field equations for all theories approach those of the DMV as the

thickness to radius ratio become negligible compared to unity.

Depending on the desired level of accuracy the following theories are recommended

e Present Theory (most accurate, most complex)/Flugge’s theory

e Linear approximation

e DMV theory (least accurate, simplest)

The above recommendation is based on the following criteria:

e They preserve the symmetry of the differential operator matrix of the field equation.

e Consistency and uniformity in applying the simplifications in the whole process

e The uniform simplifications are extensible without ambiguity to boundary condition

terms.
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The theory developed in this Chapter will be evoked in Chapter 4 for analysis of circular

cylindrical thin shells under general harmonic forces with general boundary conditions.
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3.16 List of Symbols

a; Covariant base vectors of the middle surface

a;; First fundamental tensor defined on the middle surface of a thin shell

a Determinant of the first fundamental tensor a;;

b5 Curvature tensor of the surfaces parallel and adjacent to the middle
surface

Baﬁ Second fundamental tensor or curvature tensor defined on the middle

surface of a thin shell

a' Contravariant base vectors of the middle surface

all First fundamental tensor of the second kind defined on the middle surface
of a thin shell

g Covariant base vectors of any surface parallel and adjacent to the middle
surface

g First fundamental tensor defined within the shell

g9 Determinant of the first fundamental tensor gj

gi Contravariant base vectors of any surface parallel and adjacent to the

middle surface
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g¥ First fundamental tensor of the second kind defined within the shell

U Displacement of a point within the shell

U; Covariant components of the displacement of a point on a surface parallel
and adjacent to the middle surface along axis X'

U; Covariant components of the displacement of a point on the middle
surface along axis x'

u,v,w Components of the displacement of a point on the middle surface along

1 2 3 :

axes x-, X~ and x°, respectively

X Coordinate system/Coordinates of the system

X! Coordinate system/Coordinates of the system

XS, 2 Coordinates of the system, equivalent to x*, x? and x® , respectively

O e All Greek superscripts or subscripts range from 1 to 2

" i All Italic superscripts or subscripts range from 1 to 3

i, J; Covariant unit vectors along axis x' in middle surface and adjacent

surfaces, respectively
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]

T

Contravariant unit vectors along axis x' in middle surface and adjacent

surfaces, respectively

Christoffel symbols in terms of g; and gj;

Christoffel symbols in terms of & and a; (defined for the middle surface)

Inner product

Cross product

Covariant derivative

Covariant derivative in two dimensional spaces
Kinetic energy

Potential energy

Volume

External work

Mechanical energy of the system

Components of the strain tensor on the middle surface

Components of the strain tensor adjacent to the middle surface
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naﬁ

giilm

Eapio

In-plane components of the Strain tensor

Stress tensor

In-plane components of the stress tensor

Generalized Hooke’s Law

In-plane components of the generalized Hooke’s Law

Partial derivative with respect to x’

Kronecker delta function

The covariant tensor which connects the base vectors of two different

points

Contravariant counterpart of ,ug

Density of the mass
Modulus of elasticity

Poisson’s ratio
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A, B, G

Coefficients representative of constants in the field equations of the

system
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Appendix 3.A. Generic In-plane Strain- Midsurface Displacement
Relationship for Circular Cylindrical Thin Shells

Considering Eqg. 2.C.13 and using the results from Egs. 3.3-3.19, the covariant derivative of
displacement can be simplified as
U, ls= [(ﬂguy - ZU3,5)/U§} 5 _(/u;/uw - Zus,a)ﬂf A1 g +1:gﬂ _Usﬂgfiﬂ

0 0

:[(ﬂguy _ZU3,5)ﬂgJﬂ AT BA.I
5 5 h
= U 15U, 5 — 21 VUs 55— LU3D, 5
Therefore, after substitution of Eq. 3.A.1 into Eq. 2.23, the linear in-plane part of strain-

displacement relationship is expressed as

o o . o o n
Nop = %(:ua/uguy,ﬂ - ZﬂaUS,éﬂ - ﬂgUSbyﬁ + ,uﬂ:uguy,a - Z/uﬂu&&z - ﬂ;u?:b}/a ) (3.A.2)
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Appendix 3.B. Explicit Expression of Hamilton’s Principle for
Circular Cylindrical Shells

3.B.1. Kinetic Energy

Recalling Eq. 2.D.5

ST e =—j U'psu;dv (3.B.1)
\Y

By Expanding and substituting the displacement expressions from Eqgs. 3.20 and 3.21, one

obtains

5T*F.E.=—J‘ pUl5U1dV—I pUZ5U2dV—j PJ3sULdV
\ \ \

:—j p(ii-2w,)5 (u-2zw, )dv (3.B.2)
\%

2
_J. Yo, \'/'—z;z\i\'/y2 5{(“%) v—z(l+éjw2}dV—J‘ pwowdV
v (1+) v
R

From Eq. 3.16, substituting into equation above for the volume of an infinitesimal element

and separating the terms multiplied by ou, éw,, 6v, 6w, and éw yields
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Explicit Expression of Hamilton’s Principles for Circular Cylindrical Shells

h
: +E o .. Z
ol FE. — _jx JS j_h ,O(u - ZW‘1)5U (1+Ej dZdeX
2
o Z
Ry
2

K
K

V-1

@

.
W
- j II 2,o\i\'/éwdzdsdx
Xes A
2
By performing the integral across the shell thickness, one obtains
OT g = h u——w oudsdx — hf ———U+—
F.E. jjp[ 1] IIP[HR
I I phMH—JV— L }5vdsdx j J ph(——v+ 2]5W’2dsdx (3.B.4)
- j J phwowdsdx
XeS

Finally, integration by parts with respect tox and s in the second and forth integral terms,

respectively, yields

(1+éj2 §v(1+ Rjdzdsdx
(- )[1+ Rjéw ( jdzdsdx

w1]5w1dsdx

(3.B.3)
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Explicit Expression of Hamilton’s Principles for Circular Cylindrical Shells

-

L1l

h? h?
__Ul +—
12R © 12

h2
U——W1]5udsdx—
12R

¢S

o X

C h2 = p "
ohl =i+, |sw]| ds
2R 12 :

[ h? h?
ph (l'i‘ H\JV _G_R\N‘Z ovdsdx

S

(3.B.5)

— j phwowdsdx
S

o X

i h? . h? S h?
-1 | ph| —=V+—W, [oW dx+J.j ph| ——V, +—W,, |ow [dsdx
< 6R 12 . «Js 6R © 12

It should be noted that the second and fifth integral terms in the equation above contribute to

the boundary condition terms.

3.B.2. Internal Strain Energy

Recalling Eq. 2.D.13
V* :_J [%Eaﬂw (Uzl lsg +Us |25 —2U3 055 —2U3D; 5 ”ﬂ)
v
w3 (B 5 ) (U4 lls +U5 I ~2U3h,5) |80,V

- j LEP (U, [ +Uy [, ~2U3035) (003 ) AV
V

The following relationships are valid in circular cylindrical shells.

rﬁa =0 ' U, ||5=Uw

b5 lls=0 ' U, llss=VY 55
PAO || _

E“ =0

Thus, Eqg. 3.B.6 is simplified to

t2 tZ
j- éV*dt:—j %J‘ E“P22 (U, 55 +U s 15 —2U3 45 ) 0U 0V dlt
b y SJv

t2
—j %j E“*? (U, 5 +Us , —2Ugh;5 )b, 50U dVt
t, V

(3.B.6)

(3.B.7)

(3.B.8)
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or
* 1 y
N = _E,[ E“P*2 (U 1,99 +U 525 = 2U3 45 ) 0U L0V
Vv
1

v

By expanding the first term we get

* 1 y

JV

—= | B (U, +Us, —2Ush, 5 )b,,0U5dV
JV

Expansion of the first integral term of Eq. 3.B.10 gives

¥ 1
N rg1= _EJ‘ EY*0 (Uwﬁ +Us 5 — 2U3,ﬁb45)5U1dV
\

= _J. |:E1111U1,ll +EH% (UZ,Zl —Uz,by, ) + 1 (U1,22 +Uj10 )} oU,dv
v

(3.B.9)

(3.B.10)

(3.B.11)

Substituting the displacement expressions (Egs. 3.20), elasticity tensor (Eq. 3.23) and the

expression for the volume of an infinitesimal element (Eq. 3.16) into Eg. 3.B.11 and

separating the terms multiplied by Su and 6w, yields

87



Appendix 3.B Explicit Expression of Hamilton’s Principles for Circular Cylindrical Shells

h
* 2 E
oV =— u—zw
e Ixjsjh 1-v2 ( ’l)’ll
2
1 2\ z z)\1
WV (1+—j v—z(l+—]w2 +Wl(l+—j—
( Zj R R) " ’ RJ/R
1+—
R

12

2
v 1 (u—zw,) + (1+£j V—Z(l-ﬁ-ijwz 5u(1+£jdzdsdx
2( ZJZ 1) 22 R R) R

2
1-v 1 z z
+T—2 (U—ZW,1)’22+H1+EJ V_Z(“Ej"",z} (3.B.12)

(-z)ow, (1+éj dzdsdx

Performing the integral across the thickness of the shell yields
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N g =— E—hu +Bln(2R+hj(l_—Vju +(1+—Vjv
FE1 Jao 2 ey MR\ 2 M 5 Va2

v h? R. (2R+h 1-v
+_W'1__W’111+R{Fln(ZR—hj_l}( > jwlzz}cSudsdx

R, (2R+h) . ](1-
J.XJ‘S Zﬁ 12R 11+R{Fln(2Rihj_l}(T‘/ju,2z (3.B.13)

2 —
ol (ij +R? EIn(ZRJrh]—l (1—‘/] W, ([ dsdx
12\ 2 h \2R-h 2 ’ '
Integrating by parts with respect to x, in second integral term, yields

N ! In(ZR—i—hj(l—v)u +(l+vjv
FE1= 1 Tt R_n )\ 2 U2t T Ve

Wi1g

Wl__
R = 12R
+R EIn(ZRJrh]—l (1_—‘/]%22 oudsdx
h 2R-h 2 ’
Eh h? R, (2R+h 1-v
s\1-v 12R h 2R-h 2

h? (1+v h?
= A V,12+EW,111

2 X
e O LYY 5 Y P
12\ 2 h 2R-h 2 ’ .
R 2R+h 1-v
——Uq.+R|—In -1 u
H zﬁ 1R T {h (2R—hj M 2 ) 122

1+v h?
"R\ 2 V,112+EW,1111 (3.B.14)

2 —
#0 (ij +R? EIn(ZRJrhj—l (1—‘/) W10, [ SWdsdx
12\ 2 h 2R-h 2 ’

Expansion of the second integral term of Eq. 3.B.10 gives
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* 1 2845
oV =——1 E U +U -2U., b, )0U,dV 3.B.15
FE2 2], ( 268 TVYsp 3,8 15) 2 ( )
N rgs = —1 E2H? Upo +Up1 —2Ug by, |+ E*# Ujpa1 +U; 0 —2U540y
2.V OV 0
(3.B.16)
+E*2H Upao +Up1p —2U350;, |+ 222 (Uz,zz +Uj 2 _2U3,2b22) oU,dV

0

N egs = _I [Emz (U1,21 +Uz,11)+|52211'~J1,12 +E?# (U 222 ~U320 )}5U2dV (3.B.17)
v

Substituting the displacement expressions (Egs. 3.20), elasticity tensor (Eq. 3.23) and the

expression for the volume of an infinitesimal element (Eq. 3.16) into Eqg. 3.B.17 and

separating the terms multiplied by ov and 6w, yields
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h
Jh
. 2 E |1-v 1
vee=| [ [
Xese— (l+ j

] +— 2
-~ E jiv 1 (u—zw,) + 1+ 2] voz[1+ L |w,
h 12| 2 7 )2 mL2
o XS (+ 11
R
1
+v——>(u- zvv}l)y12
z
1+—
R
1 z Y z z\1
t— (1+—j v—z(1+—jw2 +W2(l+—)— (3.B.18)
( zj R R) ’ R/R
1+— 22
R

2
(—z)(1+%j SW,dzdsdx

Performing the integral across the thickness of the shell yields
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1+V h? \(1-v
«Jsl 4R? \ 2

+V +1w hz w ovdsdx
27T R 727 19R 2 112

_ ) (3.B.19)
Eh | h®1-v R, (2R+h
- —— 1"Vt I -1|{w,ow,
(Jsl-v 6R 2 = |h \2R-h) | “
h? 'R, (2R+h) ]|
Integrating by parts with respect to s, gives:
PyE J‘J‘ 1+v NPL h? (1_Vj"
FE2 = ) S 4R2 2 A1
1 h? (3-v
+V oy + =Wy ———| —— |Wqq, |OvdSdX
,22 R 2 12R( 2 j ,112}
Eh | h*1-v R, (2R+hY ]
- RS Vi +|—In -1|w,
«|1-v 6R 2 h \2R-h) |
(3.B.20)

2 T S
+2—2w112 +R? {%In(giim—l}wﬂz 5W} dx

0
Eh | h*1-y R, (2R+h
J.1v?] R 2 7| h (2R-h '

h? R, (2R+h

It should be noted that the second integral term should be added to the boundary condition

terms.

In the last integral term of Eq. 3.B.10, we know that 522 #0 only if @ =/£=2 (in circular
cylinders), therefore, we can write:

N egs= —%j EP% (U, 5+Us; —2Ughys )b,50UsdV (3.B.21)
\Y
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Negs= _%I E%4 (U/l,d +Us - 2U3b15)b225U3dV (3.B.22)
v

By expanding the equation above, one obtains

N ega= —%j- g4 {Um +Up; - 2U3b11} b,,0U 3dV
v —
0

+E?2(Ug, +Uyp, — 2Ushy, ) |byydUsdV (3.B.23)

__ I [ B, + B2 (U, ~Ughy, ) [bp0U50V
\

Substituting the displacement expressions (Egs. 3.20), elasticity tensor (Eq. 3.23) and the

expression for the volume of an infinitesimal element (Eq. 3.16) into Eq. 3.B.23, yields

h
h
. 2 E 1
o [Nt )
xdsd— (1 z

R

1 z Y\ z z\1
+(+—ij1 {(HEJ VZ(HEJW’Z}’ZJFWKHEJE} (3.B.24)
R
S5l
x| —| 1+ = | = |owdzdsdx
R) R

Performing the integral across the thickness of the shell yields

. Eh 1% 1 1 2R+h
B57 ) )2l R R Rh \2R-h

- EIn 2R+h -1 |w,, rowdsdx
h 2R-h ‘
3.B.3. External Work

(3.B.25)

Recalling Eq. A.109
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&N*:I F'sU.dv :I (F15U1+F25U2+F35U3)dv (3.B.26)
Vv Vv

The tractions in contravariant form can be defined as below:

F'=F*(x,s21)=p"
F2=F°(xs,2,t)=

(3.B.27)

F®=F%*(xs,2,t)=p’
It should be noted that p*, p*® and p* (functions of x, s, z and t) are scalars and not the

contravariant tensors. From Egs. 3.20 and 3.B.27 and , substituting the displacmenet
expressions and force functions and expression for the volume of an infinitesimal element,

respectively, into Eq. 3.B.26 yields and separating the terms multiplied by du, ow;, oV,

ow, and ow, yields

OW™ = I I p*su (1+ szdsdx+j J- J- 5W1(1+ jdzdsdx
o X —_ XoSse —
+Ij p (1+ jév(h szdsdx+jjj §W2(l+ jdzdsdx (3.B.28)
XeSe — Xxeose —
+E z
jjj pz5w(l+—)dzdsdx
xdsd N R
2

To keep the generality of the theory, the following definitions are introduced.
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o +— e+
Xu _ X i XW X(_ £
£ = r p (1+Rjdz : f =1 p*( z)(1+ jdz
= 2
o+5 7 2 o+g 7
fV = i p5(1+ﬁ) dz : W= X ps(—z)(1+ﬁjdz (3.B.29)
J— 075
@ +— 7
fw— | “p (1+—jdz
J R

Performing the integral across the thickness of the shell yields

é\N*zII fX“§udsdx+jI fXW§W’1dsdx+JAJ‘ f % Svdsdx
XeS XS XeoS

(3.B.30)
+I j f 5w ,dsdx +I j f *swdsdx
XeS XeS
Integrating by parts with respect to x yields
OW* :I j fX“§udsdx+I [f"%w}: ds—j I f " owdsdx
xe's s xe's (3.B.31)

I I fs"5vdsdx+j [fswé“w]z dx — J- I fé""éwdsdx+‘[ J- f 2"Swdsdx
XeoSs X XeoSs XeoS

It should be noted that the second and fifth integral terms in Eqgs. 3.B.31 contribute to the

boundary condition terms.

3.B.4. Boundary Conditions

During the development of the variation of the mechanical energy, different boundary

condition terms are obtained, which are listed below.

t2
5T*,_F.C_=“‘ U‘pwidv} (3.B.32)
v t
h2 B "
) — h| ———G+—W, [ow]| ds 3.B.33
B.C.1 L P ( 2R 12 J : ( )
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h? = h? ;
5T*B.C.2:_J‘ ph(——\'/#—\i\'/‘z)é'w dx (3.B.34)
) 6R 12 .
o1 apas o B X
N'gc =3 [E (Uss+Us, 2u3bw)5ua}0 dA (3.B.35)
A
. Eh h? R. (2R+h 1-v
oV =— — |-———u,.+R| —In 1|l —|u
FELBC J‘5<1—V2ﬁ 12R {h (2R—h] }( 2 j 22
h? (1+v h?
—— | — |V +—W 3.B.36
12R( 2 j’” 12 ( )

X

2
S0 “—VJJFRZ EIn(2R+h -1 (1_—‘/ Wiy [6W) ds
12\ 2 h 2R—h 2 ’

0

oV* =— Eh —h—zl_—vv +_Bln(2R+hj—l_w +EW
FE2BC 1157 er 2 "t n M oron) M T e

] ] S (38.37)
+R? EIn(ZRJrh)—l Wy [|OW | dx
h\2r-n) " :
W gc, =I [ f Xwé‘W}; ds (3.B.38)
S
Wy g0 = I [fSW§W]Z dx (3.B.39)
X

In the set of eight equations above, the first equation, 3.B.32, can be considered equal to
zero, if the solution to the free vibration is not desired. The third, 3.B.34, the sixth, 3.B.37,
and the eighth, 3.B.39, equations are equal to zero for the specific case of closed section
circular cylindrical shells (rather than panels). The second, 3.B.33, the fifth, 3.B.36, and the
seventh, 3.B.38, equations are ready to be used. Thus, we only need to expand the fourth

equation, 3.B.35,

1 X

Ngse =§I [E (U, +Us 1 —2U3b,5)0U,, | ' dA
A

(3.B.40)

*%J‘A[an (Ups +Us, —2U3bm)5Ua]ZZ dA
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Based on the same reasoning in previous paragraph, the second integral term in Eqg. 3.B.40

equals zero, thus

Py lj [ (U, 54Uy, - 2U3b/15)5ul]: dA
s 1 (3.B.41)
X
+EJAA|:E2115 (Uﬂﬁ -|—U5’/1 —2U3b/1§)5U2:|0 dA
Expanding the first integral term in Eq. 3.B.41 yields
é\/*B_C.l :%j‘ [Ell/15 (U/l,ﬁ +U5’/1 —2U3b15)5uli|:1 dA
| (3.B.42)

1

- EJA{[EHH (U1,1 +U1’1) L pl22 (Uz,z +U,, —2U3by, )}wl}: dA

Substituting the displacement expressions (Egs. 3.20), elasticity tensor (Eq. 3.23) and the
expression for the volume of an infinitesimal element (Eq. 3.16) into Eq. 3.B.42 and

separating the terms multiplied by Su and ow; yields
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E
1-1v2

4
W*B.C.lzj j h <
v

[[(u - zwll)y1

(1+Z 2
R
1 X
+W(1+£J— ou (1+£szds
RJR 0 R
Ah
2/ E
[,
2
2
+v L 5 Khi v—z(l+£}w2}
7 R R)"
1+— 2
5
1 X
3.B.43
+W(1+£jl (—z)5(wl) [1+£jdzds ( )
RJRJ YR
By performing the integral across the thickness of the shell, one obtains
Eh h? '
* |4
oV = Uy +Wo+—W———W,, |OU| dS
B.C.1 J‘sL—VZ( 11V, R 12R ,11] L
) (3.B.44)
+ Eh —hzu—h2 14Y% +E +—2vw ow, | ds
J1-v2 1R 2R A 12 M 1 A TR
Expanding the second integral term in Eq. 3.B.41 yields
. 1 X
A (3.B.45)

1

2

J' {[EZHZ (U1,2 +U2,1)+ g2t (Uz,l +U1,2)J5U2}: dA
A
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Substituting the displacement expressions (Egs. 3.20), elasticity tensor (Eq. 3.23) and the
expression for the surface of an infinitesimal element (dA = \/dedsdz ) into Eq. 3.B.45 and

separating the terms multiplied by ov and ow, yields

% E 1—1/ 1
oV B.C.2=I 1—v2 ( 2 j 5 2
A 1+8)

(3.B.46)

By performing the integral across the thickness of the shell, one obtains
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(3.B.47)

Integrating by parts in the second integral term with respect to s yields

- X
. Eh |(1-v h? h?
oV = — U, +|1+— |V, ——W ov| ds
5o Lﬁl—vz{( 2 ]{ 2 ( 4R2) * 4R ’12} mo

S
2 2 X
+ L—ESZ (LTVJL—Q—RVﬁhG leléw} (3.B.48)
0Jo

X
" Eh (1-v h2 h?
_ - W, |OW] ds
.s|:1—V2( 2 j( 6R Vio 6 122} L

As the outer lower and upper limits of the second term in Eq. 3.B.48 coincide, that term is

equal to zero, thus

X
. Eh |(1-v h? h?
oV = Uy +|1l+—— |V, —W ovll ds
5o Lﬁl—vz{( 2 ]{ 2 ( 4R2] * 4R ’12}} mo
X
Eh (1-v h2 h?
- - +—W ow | ds

3.B.5. Hamilton’s Principle Expression

(3.B.49)

Collecting all terms from Egs. 3.B.5, 3.B.14, 3.B.20 and 3.B.25 which contribute to the field
equations and adding the boundary condition terms from Egs. 3.B.33, 3.B.36, 3.B.38, 3.B.44

and 3.B.49 and substituting into the Hamilton’s Principle results
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B =L Eln(zmhj_l (1—VJU _h_z[s—vjv
1-y2\ 12R M h (2R-h 2 )# 12R 2 ) *
R? Eln(2R+hj—1 [l_—vj W00
h (2R-h 2 :

X

ds

- Eh - h* u,— h* 1Y, +h—2w +h—2vw oW
1-v2| 12R * 12R ? 12 M qp 22T
0

to be continued

7

101



Appendix 3.B Explicit Expression of Hamilton’s Principles for Circular Cylindrical Shells

continued

+ —ED—lJ-FBM[2R+hjl_VU +1+Vv +KMI—Jf—W
Al \1=v?2 | h(2R-h) 2 ¥  2 PIRTE 2R M
R. (2R+h 1-v h?
+R| —In -1 w hi G———w, [+ ™ )ou
{h (ZR—hj } 2 ’122} p( 12R 1] >
= S PO S AW —h—z(?’_v]w
1-v2| 2 aR? ) 2 T2 IRT? R 2 )
h? h?
—ph| V| 1+ —2——W, |+ ¥ )V
P {( 12R2] 12R '2} >
Eh /v 1 1[R. (2R+h R (2R+h
+| - s{=U1+=Vy+—|—In w+2|—In -1(wy,
1-v2\R * R “* R2?|h (2R-h h \2R-h '
_h_zu +R E|n(2R+hj_1 l__vu _h_z[g__vjv
12R h (2R-h 2 12 qorl 2 )2
+h2W h2 3+v R, 2R+h g |t=vd,
12 Nt F 2R h o [TH2 (3.B.50)

R 2R+h
R? {Fln( 2222> fz‘”)méw}

dsdx||| dt =
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Chapter 4

Analysis of Circular Cylindrical Thin Shells under
Harmonic Forces

4.1 Abstract

A generalized thin shell theory for the stress-deformation analysis of thin-walled circular
cylindrical shells is formulated based on Hamilton’s variational principle. The theory is
applicable to multiple in-phase and out-of phase harmonic forces and general boundary
conditions. The stationary conditions of the Hamilton functional are then evoked to recover
the equations of motion and boundary conditions of the problem. Other theories such as
Flugge’s and DMV are recovered as special cases of the present theory. The unknown
displacement fields are expanded as infinite complex Fourier series in the circumferential
coordinate. The resulting field equations are observed to couple the radial, tangential, and
longitudinal displacement contributions within each mode, while uncoupling the
contributions of a given Fourier mode from those of other Fourier modes. A general solution
for the obtained field equations is developed for harmonic loading of general spatial
distribution. The method developed is verified against well established solutions and its

applicability to practical problems is illustrated through examples.
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4.2 Introduction

Circular cylindrical thin shells (CCTSs) are commonly used as structural members (e.g.,
hollow structural sections), piping systems, members of offshore platforms, cooling towers,
aircraft fuselages, naval halls of submarines etc. In these applications, CCTSs are commonly
subjected to dynamic loads due to machinery, fluids flow, etc.. Harmonic forces can arise in
machinery from the eccentricity of rotary parts in turbines, engines, generators, and
propellers. Also, they arise from beating in pumps and conveyance systems and in wave
induced hydrodynamic loads and wind or water flow induced vortex shedding effects. In
such systems, the steady-state response of the structure is of particular importance in fatigue
design since it is the sustained effect. The transient response of the structure is of little

importance in fatigue design as it tends to dampen out quickly.

Within the above context, the present study aims at developing an analytical solution for the
analysis of CCTSs under harmonic loads, in which the time dependency of the response is
eliminated in order to efficiently isolate the steady state response of CCTSs. Given the
frequent to permanent nature of harmonic loads in the aforementioned applications, they are
normally designed to respond to harmonic effects within their linearly elastic range. Thus,

the present study focuses on the elastic response of CCTSs.

4.3 Literature Review

Several studies have focused on the dynamic analysis of shells. This includes a) solutions
aimed at determining the free vibration characteristics of shells (i.e., natural frequencies and
mode shapes), b) those that are geared towards determining the steady-state response of

CCTSs. Studies under the above two categories are summarized in the following
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subsections. Other studies aimed at investigating the full dynamic response of CCTSs are

outside of the scope of the present review.

4.4 Studies on Free Vibration

The monograph by Leissa [4.1] presented a compilation of studies focusing on free vibration
of CCTSs based on various kinematic assumptions and shell theories. Markus [4.2] provided
a comparative study on the elastic free vibration analysis of cylindrical shells. In two
companion papers, Qatu ([4.3] and [4.4]) provided a review summary of recent research
advances on the dynamic response of laminated composite shells and homogeneous shells
with emphasis on free vibrations. Recent developments include also the work of Xiang et al.
[4.5] who investigated the vibration of CCTSs with intermediate ring supports. Jafari and
Bagheri [4.6] studied the free vibration of non-uniformly ring stiffened CCTSs. Xuebin [4.7]
investigated the free vibration of the CCTSs using Fourier decomposition. Rougui et al. [4.8]
provided a semi-analytical solution for geometrically non-linear free vibration of simply
supported CCTSs. Zhang and Xiang [4.9] developed the exact solutions for the vibration of
CCTSs with step-wise thickness variations in longitudinal direction. Using a wave
propagation approach, Xuebin [4.10] conducted a free vibration analysis of CCTS and Gan
et al. [4.11] investigated the free vibration analysis of ring-stiffened CCTSs. In a recent
paper, Matsunaga [4.12] studied the free vibration and stability of functionally graded

(layered) CCTSs.

4.5 Studies on Steady state Response
This section focuses on dynamic solutions, with emphasis on analytical developments rather

than computational solutions. Warburton [4.13] studied the response of a simply supported
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uniform CCTSs under a harmonic transverse point force acting at mid-span. He adopted
Novozhilov’s thin shell theory and applied a double Fourier series solution in the
longitudinal and circumferential coordinates when expanding the displacement fields. He
modelled hysteretic damping by adopting the complex form of Young’s modulus. Later on,

Warburton and Soni [4.14] extended their work to the case of orthotropic CCTSs.

Leissa [4.15] extended the work of Warburton [4.13] to model the response of a simply
supported CCTS under harmonic radial pressure. In their solution, they postulated
displacement fields with distributions similar to the applied radial pressure. Structural

damping was modelled in the solution.

Beskos and Oates [4.16] used the dynamic stiffness influence coefficients approach. Using
Laplace transforms, they developed a numerical solution for the analysis of the simply
supported ring-stiffened CCTSs under harmonic loading. In their analysis only circular
symmetric vibrations of shell segments and radial and torsional vibrations of the rings were

considered.

Zarutskii [4.17] developed a closed-form solution for the response of simply supported
CCTSs with longitudinal stiffeners subject to general harmonic pressure. The Kirchhoff-
Love thin shell theory was adopted to model the cylinder while the Kirchhoff-Klebsch rod

theory was adopted to model the longitudinal stiffeners.

By combining the method proposed by Forsberg [4.18] for free vibration analysis of shells
and a general solution technique for one-dimensional forced vibration problems, Glandier et
al. [4.19] developed an analytical solution for in-vacuo vibration of CCTSs with general

boundary conditions subjected to harmonic point load. Using Donnell’s thin shell theory, the
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cylinder was longitudinally subdivided into two domains. The homogenous solution of the
system of differential equations was expressed for both domains. The problem was then
solved by enforcing four boundary conditions at each end of the cylinder, seven continuity

conditions, and one discontinuity condition at the interface of the two sub-domains.

Huang and Fuller [4.20] studied the effect of dynamic absorbers on the reduction of
vibration and sound level in the enclosed acoustic field within CCTS under harmonic radial
point loading and patch loading. Their analytical solution was based on the Donnell-
Mushtari shell theory. Their solution was based on the substructure synthesis and modal
expansion techniques. However, only the radial displacement expression is reported in their

study.

Using the Lagrangian approach, Amabili [4.21] performed a comparative study on the large
amplitude response of CCTS subjected to radial harmonic force by evoking Donnell’s,

Sanders-Koiter , Flugge-Lure-Byrne, and Novozhilov’s non-linear shell theories.

Pellicano and Avramov [4.22] investigated the dynamic behaviour of vertical CCTS
clamped at the bottom end and connected to a rigid disk at the top. Their study focussed on
a) the free vibration of CCTSs and b) those subject to harmonically excited supports. The
Sanders-Koiter non-linear theory was adopted and approximate trial functions were assumed
for the displacement fields. Using the Sanders-Koiter theory and a mixed modal
decomposition of the displacement fields (trigonometric functions in circumferential
direction and Chebyshev polynomials in the longitudinal direction), Pellicano [4.23]
developed a solution for the linear and nonlinear, free and harmonically forced vibration of

CCTSs.
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Duan and Koh [4.24] developed an analytical solution method for the axisymmetric
transverse vibration of cylindrical shells with variable thickness under transverse forces

based on a generalized hyper-geometric function.

4.6 Assumptions

The main assumptions of the formulation are:

e A straight fibre normal to the shell mid-surface before deformation remains straight,

un-stretched and normal to the mid-surface throughout deformation.
e All displacements are small compared to the radius of curvature of the middle surface.

e Normal stresses perpendicular to the middle surface are negligible compared to the in-

plane stresses.
e The through thickness shear strains are negligible.
e Material is elastic isotropic.

e Only the steady state response is sought.

4.7 Statement of the Problem

A circular cylinder with mid-surface radiusR, length L and constant thickness h is
considered. The cylinder is subject to general body forces F' (in a contravariant form).
Other external forces such as surface forces that may act within the shell volume can be
conceived as lumped body forces. The cylinder has general boundary conditions. It is

required to develop expressions for the response of the cylinder.
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4.8 Preliminaries
The cylinder can be conceived as a group of parallel curved surfaces in the immediate

vicinity of the mid-surface. The position of a point within the shell volume is defined by two

curvilinear coordinates x“ (As a convention all subscripts/superscripts in Greek letters range

from 1 to 2 and those in Latin letters from 1 to 3) on the mid-surface and an additional

coordinate —~h/2<x®<+h/2 normal to the mid-surface. The sign convention for the x'

coordinates is illustrated in Figure 4.1.

Figure 4.1 — Cylinder geometry and coordinate definition

4.9 Displacement Distribution across the Shell Thickness

Based on the assumptions in Section 4.6 , the covariant components of the displacement U;

of a point within the thin shell with a coordinate x* from the mid-surface can be expressed
in terms of the covariant components of the displacement u; of its projection on the mid-

surface as

U :(#guy _Xgus,cs)ﬂg ) Uz =Us (4.1a,b)
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in which subscripts “,5” denote differentiation with respect to x°, and ,ug are the
components of the shifter tensor [4.25] defined as
Hy =8, —xb, (4.2)

a

and b’ are the components of the curvature tensor.

4.10 Strain-Displacement Relations

The present study is focused on the linear response of circular cylindrical thin shells under

small deformations, in which the through thickness strains 7,5 =177, (assumption 4) and the
strains normal to the mid-surface 7,5 (assumption 1) are assumed negligible. The linear part

of the in-plane covariant components of the Green-Lagrange strain-displacement

relationships [4.25] are

2
3 1 s R R+x3
Thy = [ul,l —X U3,11] v Ty =| Uy + R 3 Uz — X mus,zz R

1( R R+x3 3 2R+ x° R+x3
The =M1 =| % U o + Uy —X Usio [ |—5—

2| R+ X3 R ’ R+x3 R
The expressions inside the square brackets in Egs. 4.3a-c express the physical components of

the corresponding covariant component as presented by Flugge [4.26].

4.11 Stress-Strain Relations

The in-plane contravariant stress tensor o is related to the covariant strain tensor 7,
through

O_aﬂ _ Eaﬂ/MUi& (44)
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in which E%** is the 4™ order contravariant constitutive elasticity tensor. Under elastic
isotropic material assumptions, the constitutive contravariant elasticity tensor, takes the form

[4.25]

Q E Q, [04 2‘/ Q
E ﬁ“=—(g 197+ 9% g+ —g ﬁg“} (4.5)
2(1+v) 1-v

Symbols E and v are Young’s modulus of elasticity and Poisson’s ratio, respectively, and

g‘” are the components of the contravariant metric tensor defined as

2
11 22 R j 12 R

=1 , = , = 4.6a-c

. J ( R+x3 : R+x°3 ( )

4.12 Formulation
4.12.1 Hamilton’s Principle for Circular Cylindrical Thin Shells

In general, the variational form of Hamilton’s principle is expressed as
t2 t2

51‘[:'[ 5(r*—v*)dt+j oW dt =0 4.7)
[ [

in which T* is the kinetic energy, V" is the internal strain energy and W™ is the external

work on the system. The integration is performed between arbitrary time limits t; and t,.

For thin shells, the variations oT*, 6V* and W™ are

5T*=j pdisudv é\/*:J E%0,500,50V 5\/\/*:! FlsUdv  (4.8a-c)
\Y V \Y

in which p is the density of the cylinder material and U' =g U; are the contravariant

components of the displacements. All dots denote differentiation with respect to time and all

integrations are performed over the volume of the shell. From Eqgs. 4.1-4.5, by substituting
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into Eq. 4.8 and then in Eq. 4.7, and introducing the dimensionless parameter

@ (h/R)=In[(2+h/R)/(2-h/R)]/(h/R) one obtains [4.27]

1
Eh | h° 1-v h? (3-v h?

h? h? sv
—ph| V| 1+ —2——W, [+ ™ )ov
p [ 12R2J 12R
h? 1-v

Eh |v 1 1
- —U,+—V, +—OW+2(Dd-1)W,, ——Uq4, + R(DP-1)——u
< s b s o 20U R0 )

h? (3—v h? h? (3+v 1-v
__( 5 )V,112+EW,11117{E( > j+R2(CD_1)T W1122

h? h?
+R2(q>—1)w‘2222}+ph{w—ﬁ(wﬂ+W'22)+ﬁ(u,1+2v,2)}

G P >5dest]

dt=0 (4.9)
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in which
o+5 7 .+E 7
f = . px(1+Esz f=— A pxz(1+—jdz
.—5 ._E
h h
sv ("2 s 2\ sw ("2 s A
> = ) p 1+E dz == ) p°z 1+E dz (4.10a-e)
075 .,E

where functions p*, p°® and p® are physical components of the contravariant force
components F!, F? and F3. In Eq. 4.9, the sequence ‘HR{[()]}HH‘ of nested

brackets was adopted.

It is of interest to note that by performing a Taylor expansion of the term ®(h/R)

(:1+é(h/R)2 (h/R)4 + --- ) and retaining only the first two terms, and omitting the

L

80
dynamic terms, the field equations in Eq. 4.9 revert to Flugge’s theory [4.26]. Also, by
adopting the approximation 1+z/R =1 before integration through the thickness, Eq. 4.9
reverts to the field equations of the DMV shell theory [4.26]. Other theories such as
Timoshenko’s [4.28], Novozhilov’s [4.29] and Morley-Koiter [4.30] can all be obtained
from the present theory by making other approximations [4.27]. Another point of interest is
that not all theories have reported the energy consistent boundary conditions. Within this

context, the boundary terms in Eq. 4.9 provides the boundary conditions under each theory

[4.27].
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4.12.2 Force Functions
A general expression for harmonic body forces of frequency @ is given by

ot iot

p*(x,8,2,t)= P*(x,5,2)e", p*(x,5,2,t)=p°(x,5,2)e™, p*(xs,2,t)=P*(x5,2)e

(4.11a-c)
Other load distributions such as surface tractions, ring loads, line loads, point loads etc. can
always be conceived as special cases of Egs. 4.11a-c using the Heaviside and Dirac Delta
functions as needed. When the applied forces are real and in-phase, the loading function

takes the form
[px(x,s, z,t),p*(x,5,2,t), p* (X5, z,t)] = [ﬁx(x,s, z),P°(%5,2),P" (x5, z)} Re(eia’t)

in which p*(x,s,z), p°(x,s,z) and p*(x,s,z) are real functions. When the applied forces
are real but out-of-phase, it can be shown (Appendix 4.A) that the force functions in Eq.
4.11a-c are still valid. However, functions p*(x,s,z), P°(x,s,z) and p*(x,s,z) become

complex in these cases. Given the continuity of the shell in the circumferential direction, a

general expression for harmonic loading is
[EX (x,5,2),P°(%,5,2), P* (x5, z)] =

Zp XZ |ns/R Zp XZ |ns/R Zp XZ |ns/R (4'12)
n n n

4.12.3 Displacement Functions

In the absence of damping, the steady state displacements at the mid-surface are harmonic

and in-phase with the applied body forces, i.e.,

u(xs,t)=0(x,s)e™, v(xs,t)=v(x,s)e™, v(xs,t)=w(x5s)e (4.13a-c)
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Related to the discussion in Sec. 4.12.2 , when the applied forces p*(x,s,z), P°(x,s,z)
and p° (x,s, z) are real functions (e.g., in-phase real forces), the corresponding displacement

fields U(x,s), V(x,s) and W(x,s) are real functions. Conversely, when the applied forces

are complex functions (i.e., out-of-phase), the corresponding displacement fields are

complex.

Given the continuity of the displacement fields in the circumferential direction, the general

expressions for T(x,s), V(x,s) and W(x,s) can be decomposed into their Fourier series
expansion in the circumferential direction. The corresponding displacement expressions are:

u (x, S,t) - Z A, (X)eins/ReicT)t

N=—00

+o0
v(x,s,t)= Z B, (x)e" R (4.14a-c)

N=—00

~+00
W(X, S,t) — ch (X)eins/Reiat

N=—o0

The displacement expressions in Eqs. 4.14a-c are quite general. The terms corresponding to

n=0 represent the axi-symmetric components of the displacements (i.e., A,(x) represents

the longitudinal displacement characteristic of a cylinder under longitudinal end traction

uniformly distributed around the circumference, B,(x) is the tangential displacement

characteristic of a cylinder under St. Venant torsion, and C,(x) is the radial extensibility

characteristic of a cylinder under internal or external pressure).

The terms n=+1 represent beam-like displacements: a) Combinations of displacements v

and w based on n=+1 were observed to yield a nearly circular deformed cross-sections,
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and b) the deformed configuration of the cylinder cross-section undergoing the longitudinal

displacement u based on n=+1 remain co-planar, in line with conventional beam theories.

The terms | n|> 2 represent cross-sectional distortions (specifically, displacements v and w
based on n=+2 represent the cross-section ovalization, while higher order terms represent
higher modes of cross-section distortions). Also, displacement u with |n|> 2 represent the

deviations from the co-planar behaviour represented by mode n=+1 and thus represent

warping deformations.

4.12.4 Equilibrium Condition
From Egs. 4.11, 4.12 and 4.14, by substituting into Eqg. 4.9 and integrating with respect to

time t and the circumferential coordinate s yields

27Z'REh ' )
TRER(5AL () 3B4(x) 3C4(x) OC7, (x)
+o0 [T 11HD 21Hn §H+41HD2 1 0
Z tH,  HD | GHD Q”EX; 0 '
- x X)r+
! H,+;HD? | JH,D | JH,D+SHD® Cn(x) SHf™ (x)
‘4D ‘H o SH 4+ AHD? | 0
| L 1 2" 'n 3''n T 4 | 0
27REh
W@A_n(x) SB_,(x) SC_, (x))x
1G, +,GD’ 3G, D 4G,D + 56D’ A (%)
+00 L %GHD SGn + éZGDZ A%Gn + 52GnD2 x Bn (X)
Z 7G,D+36D° | 3G, +G,D? | 3G, +¢G,D*+7GD* | (Ca(X)]| 4, _g
N=—o0 0
6Gfa (%)
N 6Gfa' (X) (4.15)

SGDF™ (x) + 3G, .3 (x) + 1 3GF.2 (x)

in which
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.+E_ 7 o+2_ 7
fnxu(x):._D pé(x,z)(l+ﬁjdz , anW(X):_. B p%‘(x,z)z(l_g_ﬁjdz
2 2
h
-+2 7 2 o+§ 7
£ (x) = ﬁf{(X,Z)(HEj dz ¥ (x)=— i ﬁﬁ(x,z)z(“E]dz (4.16a-e)
£29(x) = .+2§Z(x 7)[1+2 |dz
n I n A R
2

In Eq. 4.15, symbols D¢ (d =1,2,3,4) denote the dth derivative of the argument functions
with respect to x and constants 'H, 'H , /G and /G, are defined in Appendix 4.B. As a
convention, the left superscript i (i=1,...,4) of constants 'H, 'H_, 'G and /G, denotes the
constants are related to the ith boundary or integral term, as applicable. The left subscript |
denotes the j th coefficient of ith boundary or integral term. The presence of subscript n in
constants 'H,_ and G, denotes that the constants are dependent on the circumferential mode

numbern.

As an equilibrium requirement, the variation of the total potential energy in Eq. 4.15 must

vanish. As a result, the integral term yields the field equations of the system and results into

coupled ordinary differential equations in the unknown functions A (x), B,(x) and C_(x).

The boundary term yields all possible boundary conditions of the system. One obtains only

eight boundary conditions per mode. These will be treated in Section 4.12.8 From Eg. 4.15

and noting thatsA_(x), 6B_,(x) and &C_,(x)are arbitrary functions, one recovers the

following set of field equations for each mode n.
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G, + ,GD? 3G,D 4G,D + GD? A, (x)
’G,D 2G, + 2GD? 2G, + 2G,D? B, (X)
36,D+36D% | 36, + 36,D? | 3G, + 36,D% + 36D* | [Ca(X) .
ot (1) i
-- 261 (x)

§GDf ™ () + ¢G,, £ (X) + 19GF ™ (X)
The solution of the above system consists of two components: homogenous and particular.

4.12.5 Homogeneous Solution of Field Equations

The homogeneous solution to the field equations is obtained by setting the right hand side of

Eq. 4.17 equal to zero. The unknown functions are assumed to take the following form

A (X) =A™ By (x)=Be™ , Cpy(x)=Cpe™ (4.18a-c)
which yields
6,0 dord | dom, | doym+ o
o o ton | 7o, T {Bn}-o 1)
B, 36mT 6. T30 |56, ST+ 36 | C1

The nontrivial solution of Eq. 4.19 is to be obtained by setting the determinant of the matrix
in Eq. 4.19 equal to zero. In general, for modesn = 0, the system of differential equations in

Eqg. 4.19 is entirely coupled. This case is treated in Section 4.12.5.1 . For mode n=0
however, one can verify that 3G, = G, = 2G, = 2G, = 3G, = .G, = 0, which uncouples the
second equation from the other two. A separate treatment is needed for this case and is

provided in Section 4.12.5.2 .
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4.12.5.1 Solution for Case N#0:

For n=0, the characteristic equation of the system yields a bi-quartic polynomial in m, of
the form a,m3+b mé +c,m? +d.m2 +e, =0, where the constants a,,....e, are defined in
Appendix 4.C. By setting M, =m? one obtains a,M*+b M>+c,M2+d.M, +e, =0. The
four complex roots My, (i=1,...,4) of the quartic are then obtained. The eight roots of the
characteristic equation are obtained as my; :i\/M_Oi (j=1...,8). Thus, the homogeneous

part of the displacement functions A, (x), By, (x) and Ay, (x) is

8 8 8
Am(x):ZAnjzhjem"jx : Bnh(x):ZMgmem"jx ’ Cnh(X)=ZAnj5njem”“X (4.20a-c)
= j=1 j=1

in which
1 2 1 2 1 2 1 2
A =1 g _ 3Knlenj_lKﬂj3Knj ~ _lKnj ZKnj_ZKnlenj 4.21
Au' - ’ nj 1K 2K _ 1K 2K ’ nj 1K 2K _1K 2K ( ' )
2" tnj 3" 'nj 3°nj 27 tnj 2" Tnj 3" Tnj 3°tnj 2" tnj
and
1 1 2 1 2 1
1Knj =16y + Zlenj ' 2Knj = 1Kn,j = 3Gnmnj
1 3 1 1 3 2 2 2 2
3Knj = 1Knj = Gnmnj + SGmnj ' 2 Knj =,G, + SGmnj (4.22a-f)
2 3 2 2 2 3 3 3 2 3 4
3Knj - 2Knj =4Gp + SGnmnj ’ 3Knj =5G, + 6Gnmnj + 7Gmnj

In the characteristic equation a,M . +b M3 +c M2+d M, +e, =0, it can be verified that
a,=a_,, b,=b,, c,=c,, d,=d_, and e,=e_,. Therefore, the roots of the

characteristic equation for mode n and mode —n happen to be identical.

4.12.5.2 Case h=0

For n=0, the second equation is uncoupled from the first and the third one and leads to a

bi-cubic characteristic equation in the form of b,mg +c,mg +d,m3 +e, =0, where constants
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b,...6, are defined in Appendix 4.C. By settingM,=m2, one obtains
boM3 +coMZ +dyM,y +e, =0. The three complex roots M, (i=1,2,3) of the cubic
polynomial are then obtained and the six roots of the characteristic equation are

Mo =+ /My (j=1..,6). Thus, the homogeneous part of the displacement functions

Agn (x) and Cyy (x) are

6 6
Pon(X)= DA™ Con(X)= ) Ay Coe™”

= = (4.23a,b)

where symbols 11KOj and §Koj were defined in Eq. 4.22. The second (uncoupled) equation

leads to a quadratic characteristic equation with two distinct roots m,; =+ ~2G,/ %G

(j=7,8). Thus, the homogeneous part of By, (x) is

8
Bon (X) = Z:/sme’“ij (4.24)
=7

Equations 4.23 and 4.24 can be cast in the same form as Eq. 4.20, i.e.,

Zﬂme”‘“ Bon (X ZAO Boje™” Con (x ZA}CO, " (4.25)

in which

N 1 j:]. 6 — 0 j:]_ 6 _ ]:.lKOJ J:]- 6

Abj :{0 J =7,8 ) BOj 2{1 j ~78 ) Coj = 3K01 - (4,26a-c)
0 j=17.8
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4.12.6 Particular Solution of Field Equations

The load functions f,“(x), f,"(x), f;'(x), f,"(x) and f/(x) can be expanded as

n

Fourier series yielding

+00 +o
Xu XU 4 27ikx /L sV SV 4 27ikx /L
f.u(x)= E fie ;i (x)= E fore
k =—o0 K =—o0
+0 o0
fnzw (X): E fnzkvvekax/L’ fnxw (X): E e2mkx/L (4.2761-8)
k=-o0 k =—0
+00
fnsw (X)= E fnsllN e2mkx/L
k =—o0
in which constants ', fy', fo', f1' and f." are the Fourier coefficients of the loading

functions and are given by

el

Xu Xu —27ikx/ L xw —2;zikx/L
x =1 f.4(x)e dx, fx _J‘ fo( dx
J0
el
nslz/ — fnSV(X)efzﬂ'lkX/LdX ’ j fnsw 72”'kX/LdX (4.28a-e)
J0
el
w w —2rikx/ L
w=1 i (x)e dx
J0

For most load patterns, a limited number of Fourier terms are enough to properly describe
the load. For a given longitudinal Fourier series term k and circumferential mode n, in the

expansion series above (Eq. 4.27) the particular solution is assumed to take the form
Ahkp ( ) nke27rikx/L ’ Bnkp (X) _ SnkeZ;zikx/L ’ anp (X) :TnkeZnikx/L (4.296.-C)

In Eq. 4.29, symbols R,, S, and T, are unknown constants to be determined by

nk
substituting into the field equations (Eq. 4.17) while retaining the right hand sides. From
Egs. 4.29, by substituting into Eq. 4.17 and equating the terms with identical powers in both

sides of each equation, one obtains
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16, + G (2xik /L)? 3G, (27ik /L) 1G, (27ik /L) +87° G (2ik /L)’
2G, (27ik /L) %G, + 2G(27ik /L) 2G, + 3G, (27ik / L)?
3G, (27ik /L) +3G(2xik/L)’| 3G,+ 3G, (2xik/L)’ 3G, + 3G, (2xik/L)’ + 3G (2xik /L)*
Rnk GlenXku
X Snk = ngnSIX
Thk 3G (271K ) T + 3G, fe! + 1 0GF &

(4.30)

The system of equations in Eq. 4.30 is solved for all relevant n and k values to yield

coefficientsR, , S

nk ' “nk ?

and T . Finally, the particular solution for mode n is the summation of

the individual contributions of the Fourier longitudinal modes k , yielding

~+00 +00

~+00
Ahp(X)IZRnkeMkX/L’ Bnp(X)IZSnkeMkX/L, Cnp(x):ZTnkezmkx/L (4.31a-C)
k=—c0

k=—0 k=—c0

4.12.7 General Solution of Field Equations

The general solution for mode n is the summation of the homogeneous solution (Egs. 4.20

and 4.25) and the particular solutions (Eq. 4.31), i.e.,

8 +00
A (%)= Z AAe™ + Z Rye® 't
= k=
8 +00
B, ()= ZA”- Bye™" +anke2””‘x’L (4.32a-)
j=1 k=—c0
8 +00

Cn (X) = Z Anjénjemnjx + ZTnkezka/L

j=1 k=—o0

4.12.8 Boundary Conditions

The first summation over n in Eq. 4.15 yields the boundary conditions of the system. From

Eq. 4.32, by substituting into the set of boundary conditions , one obtains
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+00 8

Z SA,(X)x Z(llenjﬂnj +7H, By + 3HC,; +41Hmr%jénj)phjemnjx
N=—o0 j:j_
+[11HA,’1ID (X)+ 3H, By (X)+ sHC,, (X)+ 4HC (x)]
8
+5B_n (X)X Z(%anhj + ZZHan an + §Hnmnjcnj)phjemnjx
j=1
+| THa Ay (X)+ ZHBR, (X)+ FH,Chy (%) ]
8
+3C_, (X)x Z(SH”A"" + SHMZ A + 3H, my B, + $H,m;C,, + Ssnganj)quemm-x
j=1

[ 2oy (3)+ A (X)-+ $HoBly (x)+ $H,Chy () + SHCT, (X) + 2HE (1)

8

j=1
L (433)

+[1‘HA;p(x)+ ;‘Hanp(x)+§‘annp(x)+;‘Hcgp(x)] =0
0

In which symbol “'” denotes the derivative with respect to x in the same way as symbol

“D”. In Eqg. 4.33, depending on the boundary conditions of the problem, either the
variations §A_,(0), §A (L), 6B_,(0), 6B_ (L), &C_,(0), 6C_ (L), &C',(0),
oC’, (L) are equal to zero or the corresponding bracketed terms must vanish. This leads to

the eight boundary conditions for each mode n necessary to determine the unknown

integration constants A, .
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4.12.9 General Displacement Fields

By summation over n in Egs. 4.32 and substitution into Egs. 4.1, one obtains the total

response U,V ,W of any point within the shell volume in the form of

U(x,s,z,t):z thj(@j—zmnj(fnj)em”"x +Z(Rnk—z—27€k nkjez””‘x gins/Reiet

n=—o0
—+00 . .
V(xs,2,t)= B. _;NE oM g _ Mo 2kl |( 4, 2 gins/Rgiat
'S, Z,1) = Avj| By ZE”je + nk zEnke +Ee e

+00
W(x,s,z,t):z ZA]jC_:njem”jx +ZTnke2”"‘X’L gl"s/Relét (4.34a-C)
P

N=—o0 j=

4.13 Solution Steps

Given the pipe dimensions h, R and L, its material properties E, v and p, applied

harmonic body forces p

“(xs,2), P°(xs,2), p*(x52), and exciting frequency @, the

following steps are performed to solve any problem.

1.

Body forces p*,p°,p“are decomposed with respect to the circumferential

coordinate into their Fourier series form using Eq. 4.12.

Constants ', fy, fx', fi and f2' are calculated by substituting the results of

step 1 into Eqgs. 4.16, and then into Eqgs. 4.28.

The particular solution for each mode n and Fourier term k are obtained by solving
Eq. 4.30 for R, Sy T -

The roots of the characteristic equation, Eq. 4.19, are determined for the relevant
modes identified in step 1. While an exact solution involves an infinite number of

terms, an approximate solution is obtained by truncating the series. This provides the

homogeneous solution for the contributing modes.

Constants A, , By; and C,; are then calculated from Egs. 4.21 and 4.26.
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6. The boundary conditions relevant to the problem are expressed by selecting either the
essential or natural boundary conditions in Eq. 4.33.

7. The integration constants A are determined by solving the corresponding n sets of

eight boundary condition equations in Eq. 4.33.
8. From steps 2, 4, 5 and 7, by substituting into Eq. 4.34, one obtains the closed form
solution of the displacement fields for the shell.

4.14 Examples
4.14.1 Example 1

A circular cylinder is fixed at both ends. The cross-section thickness h is 0.005m, its radius
R is 0.25m. The beam span L is 5m. Material is steel with Young’s modulus
E = 200GPa, Poisson’s ratio v = 0.3 and density p = 7,850 Kg/m®. The cylinder is subject

to a harmonic radial traction t*(x,s,t)=P*cos(s/R)cosat (force per square length units)

acting on the outer surface z=h/2, in which P?=-1,000N/m? and &=200rad /s

(Figure 4.2). The given loading pattern could be conceived as a simplification of vortex
shedding effects. It is required to determine the steady state response of the cylinder under

the given loads.
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Figure 4.2 — Cross sectional profile of the traction

4.14.1.1 Developments Specific to the Problem

In order to formulate the particular solution of the problem, the applied traction is cast into a
force per unit volume format using the Dirac delta function

p*(x,s,z,t)=P’Dirac(z—h/2)cos(s/R)cosat

is/R —is/R o 4.35
:PZDirac(z—h/Z)[%]Re(e"‘") (435)

in which function Re denotes the real part of the argument function. From Eq. 4.35, it is
observed that the Fourier series expansion of the forces per unit volume have only two non-

zero terms, i.e.,

P (x2) = F)7Dirac(z—h/2) : n=-1+1

p (4.36)

0 ; n=-1+1
From Eq. 4.36, by substituting into Eqgs. 4.16, one recovers the following Fourier
coefficients for the equivalent tractions

@ +—
fr (x)= h2 R [1+%) dz

h

+— z z (4'37)

2P—Dirac(z—h/2)(1+£]dz :P—(1+lj n=-1+1
h 2 R 2 2R

0 n=-1+1
In the present problem, the absence of the longitudinal and circumferential body forces

implies that f,“ = £ =" = =0. In Eq. 4.37, the magnitude of the traction

contributions %", f,*" is observed to be larger than the applied traction P* since f7", f;*"
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are referred to the mid-surface, while the given applied traction P’ is applied to the outer

surface.

Since the given radial load is constant along longitudinal coordinate X , only the zero modal

components (k=0 ) in Eqg. 4.31 contribute to the particular solution. Thus, only

componentsR ;4, S 145, T_19 Ryg, Sig. and Ty, need to be determined. This is done by

solving Eq. 4.30. All other R,,S, T, coefficients happen to vanish in the present
problem. The solution then proceeds according to Steps 4 through 8 outlined in Section 4.13
. When applying the boundary conditions as per Step 6, the boundary conditions of the

problem are SA_,(0)=6A,(L)=6B_,(0)=6B_,(L)=6C_,(0)=6C_,(L)=

5C,(0)=6CL,(L)=0.

4.14.1.2 Results

Four pointsA, B, C and D on the mid-surface at the beam mid-span are considered
(Figure 4.2). The radial displacement at points A and C, and the circumferential
displacements at points B and D are —3.7248x1072, +3.7248x107%, +3.7533x107% and
~3.7533x1072 mm, respectively, i.e., all four points undergo essentially the same vertical
displacement. All other displacement components are zero. For comparison, the vertical
displacement of point A at the same section is calculated based on a) the Euler-Bernoulli
beam theory and b) a shell finite element analysis based on Abaqus. In the Abaqus model,
the shell element S4R (4-node doubly curved shell element with five integration points
across the thickness) is used. Five different meshes are investigated. The specifics of the

meshes used and a comparison of the results are presented in Table 4.1.
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Table 4.1 — Mid-span deflection at point A

Abaqus

Current
Study
(CS) 8x25 | 16x50 | 32x102 | 80x254 | 160x510
=200 | =800 =3,264 | =20,320 | =81,600

Number of Elements Euler-
Bernoulli

Displacement

(mm) 0.03725 | 0.04239 | 0.03842 | 0.03753 | 0.03730 | 0.03726 | 0.02808

% Difference

- 13.8% | 3.16% | 0.74% 0.13% 0.04% -24.6%
from CS

There is a 24.6% difference between the result from Euler-Bernoulli solution and that of the
current study. This is particularly because the Euler-Bernoulli beam theory does not capture
the localized effects. The results from Abaqus based on the finest mesh show excellent
agreement with the present solution. Essentially, the current study provides results in very
close agreement with Abaqus with far fewer degrees of freedom. The Abaqus displacement
is 0.04% larger than that based on the present study since the Abaqus S4R shell element
captures the transverse shear effects which are neglected in the present formulation

(Assumption 1). A graphical comparison of various solutions is provided in Figure 4.3.
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Figure 4.3 — Radial displacements at point A

It is noted that, as the number of elements in Abaqus increases, the results based on Abaqus
is observed to converge from above. This contrasts to static finite element analyses, which
tend to converge from below. The dynamic nature of the analysis is believed to be the reason
for this phenomenon. A further comparison between the results of the current study and
those based on Abaqus is provided in Figure 4.4 for a wide range of frequencies ranging

from zero to 3,200 Hz . The figure shows excellent agreement between both solutions.
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Figure 4.4 - Radial displacement of point A as a function of exciting frequency

4.14.2 Example 2

A horizontal cantilever beam with a cylindrical cross-section has a thicknessh =0.006m,

mid-surface  radiusR=0.2m, spanL=4m, Poisson’s ratiov=0.3, Young’s

modulus E = 200GPa , density p =7,850Kg/m? is subject to gravity force. It is required to

determine the deflection of the beam under its self weight. This example was considered by

Weicker [4.31] and is solved here as a verification example.

4.14.2.1 Solution

The static gravity loading in the present problem can be approached as a harmonic load with

very low frequency (compared to the first natural frequency). The corresponding load

functions are p*(x,s,2,t)=0, p*(X,5,2,t)= pgsin(s/R)e'™ and
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p’(x,5,2,t)=—pgcos(s/R)e'™ g=9.81m/s?. Given that the first natural frequency of

the cylinder @, is around 25rad/s, an exciting frequency of @ =0.01rad/s is judged

suitable to capture the static response of the structure.

Similar to Example 1, the circumferential modes n=+1 and the longitudinal mode k =0

are the only non-zero term needed to express the self weight.

4.14.2.2 Enforcing Boundary Conditions

At the cantilever root (x=0), all displacements vanish, i.e., A (0)=B_,(0)=C_,(0)=
CLn(O):O. At the free end (x=L), the natural boundary conditions in Egs. 4.33 must

vanish, leading to the following conditions for n=-1,+1

8

1 N 1 2 ~ My;
Z(le”’A”'+2 By + sHC; + ;HMC ) Aye™

j=1
+[11HA;p (L)+ #HpByp (L) + #HC,, (L) + FHCE (L)} =0
8

Z(anﬁhj+22Hmnjl§nj+§Hnmnj5nj)Au ™[ THa AR (L)+ FHBY, (L)+ 3H,Crp (L) | =0

=

8
Z(anﬁm + SHMG A + SH My By + 2HmyCy + SHmC ) Aye™
j=1
+| H Ay (L) + FHAY (L) + $H By, (L) + SH,Crp (L) + SHCpr (L) + ngnXW} =0
8

Z:(;‘Hmnj/ihj FH.By +3H.Cyy + Hmnzjénj)phjem“i

=t

+| THAY (L) + $H,By, (L) + $H,Cop (L) + £HCh (L) | =0
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Integration constants A; are determined by solving the set of eight boundary conditions for

each of modes n=-1,+1.

4.14.2.3 Results

Considering four points A, B, C and D similar to Example 1, (the gravity force is acting
in the AC direction), the absolute values of the nonzero components of the displacement are
given in Table 4.2. Excellent agreement is achieved between the results based on the current
study and those based on Abaqus FEA and shell analysis. A 100x313=31,300 S4R element
mesh is adopted in the Abaqus model. The present solution agrees with Weicker’s shell

analysis [4.31] within 1.3% and with Abaqus FEA model within 0.1%.

Table 4.2 — Displacements (in 1072 mm ) of points A,B,C and D

Absolute Value of Displacements (mm)

Axial Circumferential Radial

Points A, C Points B, D Points A, C

Current Study 0.04107 0.6312 0.6312
Weicker’s shell analysis 0.04161 0.6395 0.6395
Abaqus 0.04112 0.6320 0.6320

4.14.3 Example 3
It is required to investigate the steady state response of a single offshore pier, holding a light

platform subjected to hydrodynamic wave forces. The pier is made of a steel cylindrical thin
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shell with thickness h=0.004m, radius R=0.1m and submerged length L =10m (from

seabed to still water level). The material properties are identical to those in Example 1.
According to Rahman [4.32], the dynamic pressure on vertical circular cylinders under wave

loads Figure 4.5 can be approximated by

cosh [k, X]

ot .y
—cosh(kWhW)COS(S/R)e :x=0toh

W )

t?(x,s,1) = prHkW(R +%)

in which, the water density p,, is taken as 1,000 Kg /m® H , the wave height, is taken 1m,
k, =27/L,, the wave number is expressed in terms of the wave length (in meters) as
L, =8.7T, +21.3 [4.33] and T, (in seconds) is the wave period (normally ranging from 8 to
15 seconds). The wave period is related to the exciting frequency through @ =2x/T,

(corresponding to practical wave frequencies in the 0.42 -0.79Hz range).

Oncoming wave

Figure 4.5 — Wave forces on a vertical circular cylinder
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4.14.3.1 Solution

The applied pressure is cast into a force per unit volume format using the Dirac delta

function as
p? (x,s,z,t):prHkW(R Jrnjwcos(sm)ei‘”t
2 ) cosh(kyh,) (4.38)
is/R —-is/IRY '
_Re pugHi, (R+/2)Dirac(z—hy2)-oSh k) [ €7+ e i
cosh(k,h,) 2

Similar to Example 1, n=-1,+1 are the only non-zero circumferential force modes. Unlike

examples 1 and 2, the given load is variable along the longitudinal coordinate x. Thus, an
exact representation of the load requires an infinite number of longitudinal modes.
Practically, a finite number of longitudinal modes are taken. In Figure 4.6 three solutions are
provided. The first considers the longitudinal modes —1<k <+1. The second solution takes
the modes —8 <k <+8 while the third solution takes the modes —15<k <+15. Overlaid on
the same figure is a steady state solution based on Abaqus FEA (Using

100x1,566 =156,600 shell elements) for comparison. The problem is also solved for
hypothetical static loading (-7 <k <+7) with the same longitudinal distribution (by setting
@ =0.01rad/sec). The boundary conditions are identical to those of Example 2, i.e. all

essential boundary conditions vanish at x =0 and all natural boundary conditions vanish at

x=1L.

4.14.3.2 Results

Table 4.3 provides the transverse displacement at point A (defined as in Example 1) at the
top of the cylinder. Two solutions are provided, one based on the current study and the other

based on Abaqus shell FEA.
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Table 4.3 — Displacements (in mm) at top of cylinder

Models Details T, =2sec | T, =12sec
Hypothetical static: —7 <k <+7 18.25 7.563
Dynamic: —1<k <+1 18.24 7.522
Current Study
Dynamic: —-8<k <+8 19.51 7.582
Dynamic: —15<k <+15 19.64 7.594
Abaqus Dynamic: 100x1,566 = 19.83 7.612
156,600 elements

The results are depicted in Figure 4.6. For the practical range of wave periods (8 to 15
seconds) it is shown that, for the current problem, all four solutions are in excellent
agreements. The static solution appears to be adequate to predict the structure steady state

displacements in the same range.

For lower wave periods, the solution based on the dynamic analysis departs significantly
from the static solution. This is because the exciting frequency is approaching the natural
frequencies of the structure and the problem becomes highly sensitive to forced vibration.
Also, with lower wave periods, more Fourier terms are needed to converge to the dynamic
solution. This is apparent by the fact that solutions based on —-8<k <+8 , —-15<k <+15,

and Abaqus are in excellent agreement but depart from the solution based on —-1<k <+1.
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(mm)

Horizontal Displacement

50 T T T T T T T
Static (-7 < k< +7)
asr ~e Dynamic (-1 < k < +1) 1
—— Dynamic (-8 < k < +8)
401 Dynamic (-15 < k < +15) 7
L # Dynamic (Abaqus, 156,600 elements)

35} .
30F
251
201
151
10F

5 - -

0 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16

Wave Period 'J"W (s)

Figure 4.6 - Transverse displacement of point A

Also, the distributions of longitudinal stresses along a generator going through point A

(Figure 4.

7) is provided at the inside and outside fibres (z=-h/2 and z=+h/2,

respectively) are plotted in Figure 4.7. Results from Abaqus are shown for comparison.

Apart from a localized effect near the root of the pier, the results from current model

essentially coincide with those based on Abaqus. Closer agreement in the localized region

between stresses in both models was obtained by further refining the Abagqus mesh near the

root area.
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Figure 4.7 — Longitudinal stresses along a generator going through point A (Solid lines
denote the results from current model and dash-dotted lines denote the results from Abaqus)

4.14.4 Example 4

A horizontal cylindrical thin shell of span L=6m, radius R=0.1m and thickness
h=0.003m is simply supported at both ends. The shell is subject to a distributed harmonic

patch load acting at mid-span within a rectangular area bounded with the lines s/R=+7/8

and x=3+0.06 (Figure 4.8a). Two types of loads act on the patch: a) A vertical traction
load g, =1,000e"™ KN /m? and b) a longitudinal load g, =1,000¢"“** KN /m? which is &,
out-of-phase relative toq, . Such loading may be induced by rotary equipment with an

eccentric mass. It is required to determine the steady state displacements under the combined
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effect of the two given loads under two scenarios: & =x/4 rad and 6, =x/2rad. The

exciting frequency is @ =2z x60rad /s.

dy

(a) (4)

Figure 4.8 —a) Patch Loading area and the direction of the out of phase applied tractions g,
and gy, and b) Distribution of the vertical traction g,

The mathematical expressions of the corresponding body forces are

i(at+6,)

p*(x.8,2,t)=P,(x,s5,2)q.e
p*(x.s5,2,t)=P,(x5,2)[ g sin(s/R)]e" (4.39)
p*(x,5,2,t) =P, (x5,2)[ —ay cos(s/R)]e"

in which,

P, (x,5,2)=[H(x-2.94)-H (x-3.06)][1-H (s—7R/8)+H (s-15zR/8) | Dirac(z—h/2)
and H is the Heaviside unit step function. It is noted that circumferential and radial

components of the applied forces result from decomposing the vertical traction force (Figure
4.8b) into the radial and tangential directions. Based on the discussion in Appendix 4.A the

out-of-phase loads in axial direction can be cast in the form of Eq. 4.11a, in which
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ﬁx(x,s,z):qLPq(x,s,z)ei‘gl is complex while the other loading functions

p°(x,5,2)=[ay sin(s/R) [P, (x,5,z) and p*(x,5,z)=—[ g, cos(s/R)]P,(x,s,z) are real.

Through numeric experimentation, it was determined that the number of terms needed to
expand the loads in the circumferential direction is 15 (-7 <n<+7). Also, the number of
terms needed in the longitudinal direction is 29 (-14 <k <+14). Additional terms were
observed to have negligible contributions. The mid-surface displacement components for
points A and J (Figure 4.8a) respectively located at the center and the corner of the patch
are provided and compared to the results based on Abaqus in Table 4.4. The Abaqus shell

model consisted of 96x800=76,800 S4R elements. J. Table 4.4 shows very good

agreement between the results from current study and those based on Abaqus. The difference

in the displacement magnitudes were within 2.4%.
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Table 4.4 — Displacements at mid-span

Displacement components

Phase angle | Points Model
Axial Circumferential Radial
Current Study | 0.0458¢'%78% 0 4.891
A Abaqus 0.0463¢'0-7854 0 4.774
Difference +1.2% - -2.4%
-
6, = 4

Current Study | 0.0489'%%% | 1.926'*1¥ | 4.862¢ 7%

J Abaqus 0.0485e'0648L | 1 901314 | 47977100019
Difference -0.8% -1.3% -1.3%
Current Study | 0.04580e'%°" 0 4.891
A Abaqus | 0.04633e'%7! | 0.002729¢'3142 4.774
Difference +1.2% - -2.4%

Current Study | 0.0428¢'**" | 1.9300e'3'® | 4.871¢7'0%%%

! Abaqus | 0.04246™8 | 1896e'31% | 4.789¢71000%

Difference -0.9% -1.8% -1.7%
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The resulting displacements are complex since they generally are out-of-phase from the
applied loads. The displacements are conveniently expressed in a polar form in the Table.
The magnitude of the displacement denotes the maximum displacement attained and the
exponent denotes the phase angle. The applied loads and corresponding response are plotted

as a function of time in Figure 4.9 for the case 6, =z /4 at point J. It can be clearly seen

that the displacement components are in different phase angles.

N Z2\\Z
NN NN\

0 T2 T 31112
Figure 4.9 - a) Applied forces g, and ¢, (in KN ) b) Axial response u at point J (in mm)

c) Circumferential response v and radial response w at point J (in mm). In all cases
abscissa is time in terms of period of excitation.
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4.15 Summary and Conclusions

Based on the variational form of Hamilton’s principle, the field equations and boundary
conditions are formulated for circular cylindrical thin shells under general in-phase and out-
of- phase harmonic loads. The resulting field equations are solved in a closed form for

general loading and boundary conditions.

Through Fourier decomposition of the body forces in the longitudinal direction, a technique

for developing the particular solution for general harmonic loading was developed.

Through four examples, the results based on the current formulation are shown to be in

consistent agreement with those based on established shell models in Abaqus.

The solution developed herein is efficient for two reasons. Firstly, the contribution of each
circumferential mode n is independently solved from other modes. This allows the analyst
to calculate the individual contributions separately and adding them to obtain the total
response. Secondly, for most practical problems, only a few transverse and longitudinal

modes need to be considered in order to accurately capture the structure response.

While the formulation is geared towards computing the steady state response of cylinders
under general harmonic force, it is also able to capture the natural frequencies as illustrated

in Example 1.

The solution method provided in this chapter will be used in Chapter 5 to develop a super
convergent finite element for analysis of circular cylindrical thin shells under general

harmonic forces.
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4.18 List of Symbols

A&](X)’Bn(x)’cn(x) Contributions of circumferential mode n to mid-surface

displacements u,v,w, respectively

A (X), By (X),Chn(x)  Homogeneous part of functions A, (x), B,(x) and C,(x),

respectively

Ap(X), By (x),Cpp(x)  Particular part of functions A, (x), B,(x) and C,(x),

respectively

Ao (X)1Brp (%), Crip (X)  kth term of the functions A (x), By, (x) and C,(x),

respectively, in their Fourier series form in longitudinal

direction

A;» B, C, j th integration constant in the assumed displacement field
functions A, (x), B,(x) and C,(x), respectively,

corresponding to mode n

A I§m., o Constants relating constants A, B, and C

DY The dth derivative with respect to the axial coordinate x
E Modulus of elasticity

glim Generalized constitutive elasticity tensor
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Eapio

i

Rnk ) Snk ' Tnk

Re(...)

In-plane  components of the generalized constitutive

elasticity tensor E'I™

Contravariant component of applied forces along X

coordinate

Coefficient of jth term in ith field equation of mode

number n

Coefficient of jth term in ith field equation independent of

mode number n

Coefficient of jth term in ith boundary equation of mode

number n

Coefficient of jth term in ith boundary equation

independent of mode number n
Length of the cylinder

Radius of the cylinder

kth coefficient of functions A, (x), By, (x) and C,(x),

respectively, in their Fourier series form in longitudinal

direction for circumferential mode n

Real part of argument
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T* Kinetic energy

Covariant component of displacement of any point within

the shell along x' coordinate

uU! Contravariant component of displacement of any point

within the shell along x' coordinate

u\Vv,w Physical components of the longitudinal, circumferential and

radial displacement of a point within the shell, respectively

V* Internal Strain energy

\Y Volume

W™ External work

X! Cartesian coordinate

b2 Curvature tensor

R Contributions to the forces induced by the applied body

f sV f SW

fZW' forces (after integration across the thickness of the shell) as
functions of coordinates x, s and time t

fol (%), f () Respective force contributions of ™, f* % f% and

fnSV (X), .I:nSW (X)

f (X) f*" based on mode n as functions of coordinate x
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focs fok kth term of the force contributions f*(x), f,*(x),

fik's fok

2w fo'(x), f,"(x) and f7"(x), respectively, in their Fourier
series form in longitudinal direction

g Covariant components of the metric tensor

g¥ Contravariant components of the metric tensor

h Thickness of the cylinder

o Partial derivative with respect to x’

My j th root of the characteristic equation for mode n

p*, p*, p’ Physical components of applied body forces F!, F? and
F2, respectively, as functions of coordinates x, s, z and
time t

5, P, P’ Axial, circumferential and radial components of applied
body forces, respectively, as functions of coordinates x, s,
z

u; Covariant components of the mid-surface displacement

along coordinate x'
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u,v,w Components of the displacement of a point on the middle

surface along coordinates x, s and z, respectively

ua,v,w Axial, circumferential and radial components of the
displacement of a point on the middle surface as a function
of coordinates x and s

X! Curvilinear Coordinate

i Covariant components of the strain tensor for an
infinitesimal element within the shell volume 7;

Nop In-plane components of the strain tensor

I1 Mechanical energy of the system

1% Poisson’s ratio

P Density of the material

o Contravariant components of the stress tensor

u Shifter tensor

) Non-dimensional coefficient defined as

@ (h/R)=In[(2+h/R)/(2-h/R)]/(h/R)
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Appendix 4.A. Expressions for Out-of-Phase Forces

In practice, it is common to have several harmonic forces, with the same angular frequency

@ and different phase angles. The corresponding body force expressions are

Qy
p*(x,5,2,t)= Z pF (x,5,2) €™
=)
QS o —
p*(x,8,2,t)= Z ps (X, z)e'(”tw‘*) (4.A.1a-c)
g=1

Q,
p*(x,s,2,t) = prz(xys’z)ei(a7I+y/r)
-1

in which 6, ¢, and y, are the phase angles in longitudinal, circumferential and radial

direction, respectively. Equation 4.A.1a-c can be cast in the form of Eq. 4.11 as follows.

Qx Q
px(x,s,z,t)zzp,"(x,s,z)ei(”’”‘g'): Zplx(x,s,z)eig' gl
= =
Q. N o,
pf(x,s,z,t):zpé(x,s,z)e'(“’tw“) = Zp;(x,s,z)ek"q gt (4.A.2a-c)
A q=
Q, Qy
ptz(x,s,z,t)=zpf(x,s,z)ei(“’”"’r): pr(x,s,z)ei“’r gt
r=1 r=

By terming the bracketed term in the right hand side of Eq. 4.A.2a-c as P"(x,s,z),
P°(x,s,2) and p*(x,s,z), respectively, one recovers a form identical to Eq. 4.11a-c. The

only difference is that p*(x,s,z), P°(x,s,z) and p*(x,s,z) are now complex functions. It

is noted that, in general, all out-of-phase forces reduce into two orthogonal components.
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Mathematically, these are represented by the real and imaginary components of the body

forces and the resulting displacement fields.
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Appendix 4.B. Coefficients of Boundary and Field Terms

The coefficients of the boundary and field terms in Eq. 4.9 are defined below. We recall that

i=v-1, ®(h/R)=In[(2+h/R)/(2-h/R)]/(h/R) and n is the circumferential mode

number.
o o= Vin L e Y e
! 2in gl 8 R ' * 12R
2 1-v 2 1-v h2 2 1-v h2
H =————In , H=——1+— , =———7-IN
1" 'n 2 2 E 4R2 3''n 2 4R2
3 1 1-v 2 _21—1/2 h2 3 h2
H =——(d-1 n L L
1n R( ) E 12R 2 12R
h? (3—\/}
3
H =—
T R2\ 2
h? 3-vy 1-v 1-v? h?
3 2 —
H,=- -1)—n°+ —
e {12R22( )2} E 12
_h_2 _1—v2
> 8 Eh
4 h? 4 2 4 ? 2 4 h?
_ 2
e B
2 2 2
jani—i(CD—l)l 1% 2_1 |4 ) h ’ E}G:—h—
R R 2 E 12R 12R
_ 2
61(3=1 1%
Eh
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2 11l+v 2 2 1—V2 _ h2
G,=———in , ;G ,=——n"+ @ |1+
1%n R 2 2% R2 E P 1oR?
h? \1-v 1 1-v2 h?
2 2 _2
G=|1l+— |— G,=—1In- in
’ [ 4R2J 2 T R? 6R?
2 _ hz 3—Vi ZG_l_VZ
5%~n 12R2 2 ’ 6 Eh
3 2 2 2
fan—Kﬂ—i((D—l)l 14 2+1 1% —2 h ’ SG:h—
R R 2 E 12R 12R
3 1. 1—V2 —2 h2 3 h2 3-v
G,=——in+ in =
3T R? P 6R2 TN T oR? 2
3 1 2 2 1 4 1—1/2 ) l—V2 —2 h2 2
G, =——D+ O-1)n“——(Dd-1)n" + + n- (4.B.2a-
5%n R2 2( ) RZ( ) E p E p 12 2 ( q)
s~ | N 3+v (©-1)12 2 vt oh?
6T Tl12R? 2 2 E 12
h? 1-v? 1-v? . 1-v?
3 3 3 3
G=—— , G=- . oG, =— in G=
! 12 8 Eh A=) 10 Eh

Since the matrix of coefficients of field equations is symmetric, one has

%Gn = 3lGn ' fGn = éllGn ’ 23G =G , :fGn = jGn , jGn = an (4.B.3)
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Appendix 4.C. Constants in Characteristic Equations

The coefficients in characteristic equation of the system discussed in sections 4.12.5.1 and

4.12.5.2 are defined below.

,)
o =-(16,) +(20)(38,)+(ie, ) %e.) o
dy=(36)(36,)-2( 266, +(F6) ie:)
e =(16)(f6)-(do)
2 =(16,) 26, (36,)- (ie:) 76,
b =| (36, (48, 236, ) 6, (B0 - (364 ) 6, - (26 (26,
~a(j6,)(26,)(36,)+ (#8) 26, (26, + (6 (16, ) 26
(16, (36,) 26,
= |-(86,)(18,) +2(36,)(de ) (26, )+2( 8 B ) dc)
-(36)(ie.) ~2(d8) (38 ) 48,)- (16, ) 26
~2(J6)(36,) (28, )+ () (3e) e,
+(10)(36,)(2,)+(26) (n) (6 +(30) (ie ) o)
d=| ~(164) 26" +2( ) (e, (e, -2( ) e, ) (6)-(fe) (s,
-(f0)(38.) +(d8) 26 (Zn) + (6) J6) (2on ) + (0) (6 (0.
e, =(26) (6)+(f0) (38) o) ez

156



Chapter 5

Finite Element for Pipes under Harmonic Forces

5.1 Abstract

A super-convergent finite element is developed for the steady state analysis of pipes under
general harmonic forces based on shell theory. Simplifying assumptions in previous
formulations are avoided and the resulting model is capable of capturing warping,
ovalization, and radial extensibility. A series of exact shape functions are then developed
based on the exact solution of the field equations and used to formulate a pipe finite element
capable of capturing shell behaviour with very few degrees of freedom. Through examples,
the element is shown to efficiently model pipe problems subject to in-phase and out-of phase

harmonic loading and support excitation.

5.2 Scope and Literature Review

Circular cylindrical thin shells (CCTSs) are commonly used as structural members and as
mechanical components. Also, they are key components of piping and conveyance systems.
In these applications, CCTSs are commonly subjected to harmonic excitations induced by
pumps, turbines, generators, etc. Under these loads, the steady-state response of the structure

needs to be determined for fatigue design considerations since it represents the sustained
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effect. In contrast, the transient response of the structure is of little importance in fatigue

design as it tends to dampen out quickly.

In complex systems (e.g., long pipeline systems), shell based analytical solutions become
impractical. Also, in such systems, finite element models based on conventional shell
elements aimed at capturing localized shell effects necessitate a large number of degrees of
freedom and are impractical as design tools. A promising class of finite element
developments expresses the unknown displacement fields in terms of Fourier series with
respect to the circumferential coordinate. In the longitudinal direction, various researchers
have adopted different approximate shape functions such as Hermitian polynomials (e.g.
[5.1] and [5.2]), Lagrangian interpolation functions (e.g. [5.3] and [5.4]), Harmonic
functions (e.g. [5.2]and [5.5]), or a combination thereof. In this class of finite elements, the
mesh is discretized only along the longitudinal direction of the cylinder and no discretization
is needed in the circumferential direction, resulting in significant computational efficiency.
The present formulation lies in this category. It departs from previous finite element

formulations in the following respects:

1 It adopts a family of interpolation functions for the displacement fields based on the

closed form solution of the homogeneous form of the equilibrium equations.

2 While most of the solutions developed focus on either the static response (e.g. [5.1],
[5.2] and [5.3]) or on the free vibration (e.g. [5.6]and [5.7]), the present study
extends the developments to the steady state response of CCTSs under harmonic
loads. The solution directly captures the steady state response without the need to

extract the modal shapes and natural frequencies.
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3 While most studies (e.g. [5.3], [5.4], [5.8] and [5.9]) typically use only a limited
number of or certain harmonic terms, the present formulation is applicable to any
number of terms. In practicality, the number of terms in a series will be truncated

when the accuracy sought is reached.

A comprehensive review of finite element formulations for pressure vessels and piping is
provided in Mackerle [5.10]-[5.13]. The present formulation is aimed at developing a pipe
element based on shell formulation. In this class of elements, the displacement fields are
harmonic in the circumferential direction in order to enforce the continuity of displacements
around the circumference. Hence, the following review focuses on shell based pipe elements,
either curved or straight, with this particular feature. Various studies have used different
interpolation schemes in the longitudinal directions and number of harmonic modes as

detailed in the following.

Based on the principle of virtual work, Ohtsubo and Watanabe [5.1] developed a ring
element for small strains for torus elements. Displacement components are interpolated by
Hermitian polynomials along the elbow. Their model captures both ovalization and warping
effects. Takeda et al. [5.2] modified the work of Ohtsubo and Watanabe [5.1] by including
the transverse shear effects in their formulation and adopting 2D Lagrangian bilinear
functions to interpolate the circumferential, radial displacements, and rotations. The
longitudinal displacement is interpolated using Fourier series in the circumferential direction

and linear functions in the longitudinal direction.

Bathe and Almeida [5.3] developed a four node elbow finite element for in-plane flexure

analysis. Based on Lagrangian cubic interpolation of the displacement fields, their model
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captures circumferential shear deformation and ovalization effects and neglects warping
effects. They extended their model to investigate interaction effects between elbow elements
and straight pipe segments [5.17]. Also, they added geometric non-linear effects to the

formulation [5.18].

Militello and Huespe [5.4] extended the model by Bathe and Almeida [5.3] to capture
warping deformations by adopting a Lagrangian cubic interpolation for the longitudinal
displacement. The tangential and radial displacements were interpolated using harmonic
functions. Abo-Elkhier [5.19] generalized the model by Bathe and Almeida [5.3] by
adopting more complete displacement-strain relations into the formulation. In a ring
formulation, Melo and Castro [5.20] used simple linear interpolation for displacements

which captures both in-plane and out-of-plane flexure of curved pipes.

Yan et al. [5.21] developed an element for elasto-plastic limit load of pipe elbows by
relaxing the pipe inextensibility assumption in the radial direction adopted in the model by
Militello and Huespe [5.4]. They used cubic Lagrangian interpolation for the longitudinal

displacement and Hermitian polynomials for the tangential and radial displacements.

Sivadas and Ganesan [5.22] developed a finite element method for the vibration of thin
orthotropic cantilever circular cylindrical shell with variable thickness in axial direction. In
their five-node element, shear deformation effects are included, fourth order Lagrangian

polynomials are used to interpolate displacement components along the pipe.

Stanley and Ganesan [5.23] studied the response of cantilever CCTS with thickness
discontinuities subject to harmonic axisymmetric loads including uniform internal pressure

and circular ring load acting at cantilever tip. The longitudinal and circumferential
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displacements were linearly interpolated while the radial displacement was interpolated

using cubic Hermitian functions.

Xi et al. [5.24] developed a semi-analytical model for the vibration of composite shells of
revolution based on the Reissner-Mindlin shell theory. The model is based on a two node
straight conical frustum element capable of modelling shells of revolutions of general

geometries.

Pinto Correia et al [5.25] developed a frustra conica finite element for the analysis of
laminated axisymmetric shells based on a higher order shell theory. The radial displacements
were interpolated using Hermitian polynomials while the longitudinal and circumferential

displacements were interpolated using linear Lagrangian interpolation.

Karamanos [5.26] formulated an element to model buckling instability of pipes. Subsequent
extension of the model involved adding plasticity and internal pressure effects (Karamanos

et al. [5.27]).

Santos et al [5.28] developed a finite element model based on an axi-symmetric 3D
formulation to study the bending, free vibration and buckling behaviour of shells of
revolution made of laminated orthotropic elastic material. The displacement fields were
linearly interpolated across the thickness and in the form of Lagrange polynomials

longitudinally.

5.3 Geometry and Loading

A circular cylindrical thin shell with mid-surface radiusR, length L and constant thickness

h is subjected to body forces p*, p°® and p® along axial (0<x<L), circumferential
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(0<s<27zR) and radial (-h/2<z<h/2) axes, respectively. Under the given forces, it is
assumed to undergo displacementsu, v and w along thex, s and z coordinates,

respectively. The sign convention adopted for the coordinates is illustrated in Figure 5.1

Figure 5.1 — Cylinder geometry and coordinate definition

5.4 Assumptions

Given the frequent to permanent nature of harmonic loads in the aforementioned
applications, CCTSs are normally designed to respond to harmonic effects within the
linearly elastic range of their material. Thus, the present study focuses on the elastic
response of CCTSs. Pipe material is assumed to be linearly elastic. The Love-Kirchoff

kinematic assumption for thin shells is adopted.

Displacements and strains are assumed small. Stresses normal to the shell mid-surface and
transverse shear stress are neglected. The formulation is general in that it captures all
membrane and bending stresses, cross-sectional distortions (such as ovalization), and

warping effects under general loads and boundary conditions.
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5.5 Variational Expression
Based on the above assumptions, using the variational form of Hamilton’s principle, and
performing all integrations across the thickness of the shell, it can be shown [5.29] that the

stationarity condition of the system is
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2 12
h?(3-v 2 1-v h? = h?
4| — +R(D-1)— |Wy,, t—ph| ——— Ul +—W, [+ f )ow
[12( 2 J (©=1)7 } '122} p ( 2R 12 1
__Eh [ h* U,— h* 14 +EW +h—2VW oW XdS
1-v2| 12R * 12R % 12 M 2 TM

Eh 1-v 1+v 1%
+ 1,2 u’11+®7u’22+7\/‘12+§w'1
A _

Eh | h° 1-v h? (3-v h?

Eh jv 1 1 h? 1-v

h? (3—v h? h? (3+v 1-v
__( 5 jV,112+EW,11117{E( > j+R2(CD_1)T Wi120

o b h? o o
+R2(CD_1)V\’,2222}+ph|:w_ﬁ(w,11+W,22)+ﬁ(u,l+2V,2)}

—(—f’lxw— ’§W+fzw) >5WMdsdx]

dt=0

(5.1)

in which the parameter @ (h/R)=In[(2+h/R)/(2-h/R)]/(h/R) was used, and the

following loading terms are defined.
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h h
°+— e+
f3u 2p"(l+£}dz o Zsz£1+ijdz
J_h R J.h R
2 2
o+g 7 2 .+g 7
f¥ = ) p5(1+ﬁj dz —— . psz(1+ﬁjdz (5.2a-e)
o ) L )
o+h
fav_ | 2 pz(1+£jdz
J_h R

In Eq. 5.1, the sequence ‘[ [[ < { [ ()] } > H }‘ of nested brackets was adopted. It is of interest

to note that by performing a Taylor expansion of the term CD(h/R)

(zljté(h/R)2 +%(h/R)4 + --- ) and retaining only the first two terms, and omitting the

dynamic terms, the field equations in Eq. 5.1 revert to Flugge’s theory [5.30]. Also, by
adopting the approximation 1+z/R ~1 before integration through the thickness, Eg. 5.1
reverts to the field equations of the DMV shell theory [5.30]. Other theories such as
Timoshenko’s [5.31], Novozhilov’s [5.32] and Morley-Koiter [5.33] can all be obtained
from the present theory by making other approximations [5.29]. Another point of interest is
not all theories have reported the energy consistent boundary conditions. Within this context,

the boundary terms in Eq. 5.1 provides the boundary conditions under each theory.

5.6 Expressions for Applied Forces

Harmonic body forces applied to a cylindrical shell are expressed as
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+00
px (X, S, Z,t) _ ﬁx (X,S, Z)eiat _ Z m\( (X, Z)eins/Reiat

N=—o00

p*(x,5,2,t)=P°(x5,2)e"™ = Z Py (x,z)e"™ Re!t (5.3a-C)

N=—o0

400
pz (X, S, Z,t) — ﬁz (X,S, Z)eiat — Zﬁé (X, Z)eins/Rei@t

N=—0

in which, @ is the exciting angular frequency. In Egs. 5.3a-c, the continuity of the applied

body forces in the circumferential direction is ensured by assuming the dependency of p*,

p®, p? on the circumferential coordinate s to take the harmonic form e™/® . Other load

distributions such as surface tractions, ring loads, line loads or point loads can always be

conceived as special cases of Egs. 5.3a-c using the Dirac Delta function as needed. When the
acting forces are in phase, force distributions p*(x,s,z), P°(x,s,z), P*(x,s,2) are
functions with real values. However, the current model is capable of taking complex force

distributions, in order to model forces with the same angular frequency @ but different

phase angles.

5.7 Steady State Displacement Functions

The present study is aimed at capturing only the steady state response of the system. Under
the given harmonic forces, the mid-surface displacements corresponding to the steady state

response are also harmonic, i.e.,
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~+00
U(X,S,t) _ U(X, S)eicT)t _ ZAH (X)eins/R eic?;t
N=—o0
~+00
v(x,5,t)=V(x,5)e" = ZB” (x)e™'® |e!™ (5.4a-c)
N=—o0
+o0
v(x,s,t)=W(x,s)e" = Z:Cn(x)e"‘s’R el
N=—0

5.8 Equilibrium Conditions
From Egs. 5.3 and 5.4 by substituting into Eq. 5.1 and performing the integrations with

respect to time t and circumferential coordinate s yields

[27ENR , 1
. (A, () 6B, (x) 6C_,(x) &C’,(x))x
10 - D M, | H+ HD? ]
2. b, o o (A0
N=-o0 Bn(x)
*H,+3HD? | 3H D | 2H,D+ 2HD? c, (x)
n
I | iHD 2Hy | 3Hq+iHD? | Iy
[ 27EhR :
+Z{ = 5c_n(x)§anXW}
1-v 0
N=—o0
[27EhR ]
1”_ > (5A,(x) B, (x) &C_,(x))
- L 1 1 2 1 1 3 A](X)
+Z iGy +,GD 3G,D 4GyD+5GD B, () pdx
hoeo® 0 °G,D 2G, + 2GD? 2G, + 2G,D? C,(x)
I 36,D+ JGD* | 3G, + JG,D? | 3G, + &G,D? + 3GD* |

TERHOAL () B, (x) 3C,(x)

+Z j 6Gfa (%) Ldx = 0 (5.5)
e G (x)

836 Df ™ (x)+ an fol (x)+ 1036fnzw (x)

in which
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h h
o+5_ 7 ‘+E_
fo :._E Pa (1+Ejdz : fnx""_—. B p;‘z(l+—jdz
2 2
h
e [P psf1: 2 a2 i [ o142 ez (5.6a-¢)
n _.,D Pn R J n - Jon Pn R )
2
f2W _ .+252[1+ Zjdz
n - h n E

In Eq. 5.5, symbols D¢ (d =1,2,3,4) denote the dth derivative of the argument functions
with respect to X and constants 'H, 'H , /G and /G, are defined in Appendix 5.A. As a
convention, the left superscript i (i=1,...,4) of constants 'H , 'H_, /G and G, indicates the
constants are related to the ith boundary or integral term, as applicable. The left subscript |
denotes the j th coefficient of ith boundary or integral term. The presence of subscript n in
constants 'H,_ and G, denotes that the constants are dependent on the circumferential mode

numbern.

5.9 Formulating Exact Shape Functions

In Eq. 5.4, functions A, (x), B,(x) and C,(x) are unknown. Conventionally, approximate
interpolation functions would be used at this stage to relate functions A, (x), B,(x) and

C, (x) to nodal displacements. The present study departs from this convention by adopting

interpolation functions which exactly satisfy the homogeneous part of the field equations

(Eq. 5.5), i.e.,
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G, +,GD? 3G,D 4G, D+ ,GD? A, (%)
’G,D 2G, + 2GD? 2G,+2G,D*>  |x{B,
36,D+ J6D% | 3G, + JG,D% | 3G, + 3G, D%+ 36D*| |Gy

= {0} (5.7)

—_~
x X

It can be shown [5.29] that the solution of Egs. 7 is

8 8 8
A= D AR L B0 ) ABE™ L C(0= ) ACE™ (68
=1 j=1 j=1

in which subscript n is the mode number in Fourier expansion series in circumferential

direction (Eq. 5.4). Integration constants A, (j=1,...,8) are unknowns to be determined
from boundary conditions and m,; are the eight roots of the characteristic equation
a,mg+b,me+c.m!+d m?+e, =0 in which coefficients a,,....e, are defined in Appendix
5.B. It is observed that the characteristic roots of modes n and —n are identical. Constants

A, By and C,; are defined as

B 1 ;n=0, j=1..,6

Ay =40 ;n=0,j=78 (5.9)
1 n=0,j=1..,8
0 ;n=0, j=1,..,6

|§nj =/1 ;n=0, j=7,8 (5.10)
Knj.lSKnj.Zl_Knj.llKnj.23 ‘N0 j—l, 8
Knj.lZKnj.ZS - Knj.lSKnj.ZZ
1 n=0, j=1,...,6

_nj =J0 :n=0, j=7,8 (5.11)
Knj.llKnj.ZZ_Knj.lanj.Zl ‘n=0, j:l,...,8
Knj.1anj.23 - Knj.13Knj.2z

in which
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1 1 2 1 2 1

1Knj = 1Gn + ZlenJ ’ 2 Knj = 1Kn,j = 3GnmnJ

1 _3 _ 1 1 3 2 _ 2 2 2

3 Knj - lKnj - 4Gnmnj + SGan y 2 Knj - an + 3(.?)mnJ (5.123.-f)
2 3 2 2 2 3 3 3 2 3 4

3Knj -2 Knj =4Gp + SGnmnj ’ 3Knj =5G, + 6Gnmnj + YGmnj

In a matrix form, Egs. 5.8 are expressed as

B, (x)= <SBn (x)>1x8 {An e (5.13a-c)

in which

<SAn (X)>1><8
<SBH (X)>1><8

~ mxis ampx i mxis mxis max s mexiA amgX PR M eX
<SCn(X)>1X8:<Cnle TG [Cpge T [Crge T [Crge e [Crg ™ |Cpre T [C gl B>

(5.14a-c)

<'E\11emnlx ; Ehzemnzx ; Ehsemnsx ; 'Kn4emn4x ; R]Semnsx ; Reemnsx ; /Kn7em"7x ; Rgemnex>

= =S I = = =S = = L=
<Bnlemnlx § anemnzx § Bn3emn3X § Bn4emn4x § BnSemnsx § Bn6emnex § Bn7emn7x § BnSemn8X>

and

(At = (A A A Avs 1 As | Avs | Avr T A (5.15)

In a finite element context, all unknown coefficients {An}SXlare to be expressed in terms of
nodal displacements A, (0), B,(0), C,(0), C,(0), A (L), B,(L), C,(L) and Cp(L).

From Egs. 5.13, one has

{An}8><l = [Ln]8x8 {An }8><1 (5.16)
in which

{Antga = (A1 (0)[B,(0)[C, (0)1CH (0) Ay (L) By (L) [Cy (L)[Ch (L)) (5.17)
and

[Ln]gxg = [Lnl ELnZ ELnB ELn4 ELnS ELne ELn7 ELn8] (5-18)
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where

Solving Eq. 5.16 for the unknown coefficients {A,}, , yields

{An }8><1 - [Ln ];8 {An }8><l (5.20)

By substituting Eq. 5.20 into Egs. 5.14, one obtains

By (X) = (Ngn (X)), {An Jga (5.21a-c)

<NBn (X)>1><8 - <SBn (X)>1><8 L, ]s_;xls (5.22a-c)

It is noted that(Ny, (X))o (Nga (X)), @d (Ngy (X)), , are the exact shape function row

vectors.

5.10 Equilibrium Equations

From Eqgs. 5.22a-c, by substituting into Eq. 5.5, and noting that the shape functions derived
exactly satisfy the homogeneous part of the field equations, (i.e. the third term in Eq. 5.5

vanishes), one obtains
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in which the entries of the nth stiffness matrix contribution [Kn] and the nth energy

8x8

equivalent load vector {Fn }SXl are defined in Appendix 5.C.

5.11 General Displacement Fields

The steady state displacements of a generic point within the shell volume are expressed as

+00

U (xs,2,t)= ZWNA” (x)>1x8 ~2(Ng, (X)>1><8){An}8Xl:|einS/Reiwt

N=-—o0

+00

V05,207 D[ (N (=28 (Nen () Jih s [12 e

N=—o00

+00

W (x,s,2,t)= Z[(NC,] (%)),q {80 }SXJ el"s/Relet (5.24a-c)

N=—o0

5.12 Strain and Stress Fields

Recalling the strain-displacement relationsy; =uU; — 2wy,
Ty =V, +W/(R+2)—zRwW,, /(R+2) and
7o =|Ru,/(R+2)+(R+2)v;/R-2(2R+2)wy,/(R+2)]/2 [5.29] the physical

components of the strain at any point within the shell are expressed as

~+00

= Z[(<N;‘n (7)>1><8 —z <NE” (7)>1x8){An }8><l:| e

N=—o0

T 3 [ g N 2N (0[5
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~+00

= |5 s N (O S (N ()

N=—o0 (5.25a-c)

2R+zin, ., ,_ i iz
—Z R+7 E<NCH(X)>1xs){An}8x1}emsem

The corresponding stress components are

11 B 2 E _ _ 1> E _
o = +v , o= +v , O =—— 5.26a-Cc
1.7 (7711 7722) 1-,2 (7722 7711) 1+v Tha ( )

5.13 Examples

5.13.1 Example 1

A 5m long cantilever beam composed of two cylindrical segments of radius R=0.2m is
subject to a harmonic point load R, sin @t assumed to act on the middle surface (Figure 5.2),
with an exciting frequency @ =10x2z rad/s and P, =1000N . Dimensions are given on

Figure 5.2. It is required to calculate the mid-surface displacements of the generator of the
beam at «=30" (i.e., sS/R=11z/6). For the present and following examples, material is

steel with E =200GPa and v =0.30.

Pq sin ot
_____________ A\ _________________-______________\\ _______________y
h =4mm h, =3mm
------------- \\---'----'----'--- = \\-----------------
P 1

Figure 5.2 - Example 1, Cantilever pipe with tip point load
Considering the coordinate configuration defined in Figure 5.1, the time-independent

contributions of the applied body forces are Pt (x, S, z) =0,
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p°(x,s,2)=-P,sinad(x-5)5(s-11zR/6)5(z2) and
p*(x,8,2)=—P,cosad(x-5)5(s—-11zR/6)5(z). One element is used for each segment
in order to model the change in thickness. The problem is solved twice: for -7 <n<+7 and

—10<n<+10. The mid-surface displacements of the generator at s/R =11z/6 are plotted

in Figure 5.3 and compared to the results based on the Abaqus model. In the Abaqus model

two different meshes are used, a coarser mesh consisting of 72x287 =20,664 S4R shell
elements and a finer mesh consisting of 144x573=82,512 elements. Figure 5.3 shows that

all four solutions are indistinguishable. The model developed in the present study is highly
accurate and efficient with far fewer degrees of freedom (64 DOF for —7<n<+7). The

Matlab code written for the evaluation of this example is provided in Appendix 5.D.
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LN
w

1
e
Cn

Displacement ( mm)
r

el R S SO OO P PR P PRE U UPPPE SPPRTRURURPPPPPR). SRR
—Current Study, -7<n=+7 |
35l ~~~Current Study, -10=n=+10} o\
“| |- -Abaqus, 20,664 elements |
4 Abaqus, 82512elements | )
0] 1 2 3 4 5

Distance from fixed support (m)

Figure 5.3 - Longitudinal, circumferential and radial displacements of the generator of the
beam at s/R =117/6

A 3D plot of the deformed configuration of the pipe based on the current model is shown in
Figure 5.4a. A plot based on the finer Abaqus mesh is also shown on Figure 5.4b for
comparison. It is noted that the fine mesh depicted in Figure 5.4a is provided for a clear
visualization of the deformed configuration and is no indicator of the number of degrees of

freedom adopted in the solution.
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Figure 5.4 — Deformed Configuration for a pipe subject to point load based on a) Current
Model (solid lines denote the top and bottom generators and dash-dotted line denotes the
generator ats/R =117/6), and b) Abaqus S4R shell model

5.13.2 Example 2

A steel pipe (Figure 5.5) of radius R=0.25m and thickness h=5mm is subject to a
vertical harmonic excitation of frequency @ =20x27 rad/s and 10mm amplitude at its

right end. The left support is fixed. It is required to determine the response of the system.

Support Excitati0n$

y L=5m N

Figure 5.5 — Pipe configuration

The given harmonic support excitation induces vertical direction has the displacement
componentsv(x =5,s,t)=[ 0.01sin(s/R) |e'” ,w(x =5,5,t) =[ -0.01cos(s/R)e'*,  and
thus only contribute to modes n=+1. The longitudinal and circumferential stresses at the

top three generators (inner surface z=-h/2, mid-surface z=0 and outer surface

z=+h/2) of the beam are plotted in Figure 5.6a,b and the maximum shear stresses at the
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beam mid-height plotted in Figure 5.6¢. In all cases, comparisons are made to Abaqus
results. The difference between both sets of results is indistinguishable within the scale of
the figures. It is noted that the current model has reached this accuracy by using only eight

degrees of freedom.

200 . ! . —

SBOR

100

5]
<

Longitudinal stress ( MPa)
¢n
[ L=}

-100f

-150

-200 1 2 3 4 5
Distance from fixed support (m)

(a)
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60 T | T T

40

20f

Circumferential stress (MPa)
(=]

0 01 102

60 1 2 3 4 5

Distance from fixed support (m)
(b)
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1
[=-]

=y
[=]

Shear stress (MPa)

=y
(]

-4fF- -fr

-186 | : | . i |
Distance from fixed support (m)
(c)

Figure 5.6 — Maximum stresses along the top generator for inner surface (z =—h/2), mid-
surface (z =0), and outer surface (z =+h/2). Solid lines denote results based on the current
study and dotted lines denote results based on the Abaqus .

5.13.3 Example 3

It is required to obtain the static response of a fixed-fixed horizontal pipe, with the same
dimensions and material properties as in Example 2, to its self weight. A very low exciting

frequency of @ =2z rad /s (which is less than 1% of the first natural frequency of the pipe)

is considered close enough to simulate the static loading case. The mid-span vertical

deflection at the mid-surface for a point lying on top generator was found to be —0.0260 mm
which is identical to that based on a static analysis in Abaqus with 81,600 S4R shell

element. The excellent agreement obtained is an indication of the ability of the formulation

to capture the static response as a special case.
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5.13.4 Example 4

A horizontal cylindrical thin shell of span L=6m, radius R=0.1m and thickness
h=0.003m is fixed at both ends. The shell is subject to a distributed harmonic patch load

acting at mid-span within a rectangular area bounded with the lines s/R=+7/8 and

x=3+0.06 (Figure 5.7a). Two types of uniform harmonic loads act on the patch: a) A
vertical ~ traction load g, =1,0006” KN/m* and b) a longitudinal load
q, =1, 000€'“™% KN /m? which is 6, out-of-phase relative toq, . Such out-of-phase loading

may be induced by rotary equipment with an eccentric mass. It is required to determine the
steady state displacements under the combined effect of the two given loads with

6, =14 rad . The exciting frequency is ® =2z x60rad /s .

dy

(a) (4)

Figure 5.7 - a) Patch Loading area and the direction of the out of phase applied tractions q,
and gy, and b) Distribution of the vertical traction g,

The mathematical expressions of the corresponding body forces are
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p*(x,5,2,t) =P, (x,5,2)q, gll@t+)

p*(x,5,2,t)=P,(x5,2)[ g sin(s/R) e (5.27)
p*(x,s,2,t) =P, (x,5,2)[ —qy cos(s/R)]e"

in which,

P, (x,5,2)=[H(x-2.94)-H(x-3.06)][1-H (s-7R/8)+H (s-15zR/8)|5(z—h/2)

and H is the Heaviside unit step function. It is noted that circumferential and radial
components of the applied forces result from decomposing the vertical traction force (Figure

5.7b) into the radial and tangential directions. The time-independent parts of the body forces
are p*(x,5,2)=0q, P,(xs,2)e'%, p°(xs,2)=[q sin(s/R)|P,(X,5,z)  and
P’ (xs,2)= —[q\, cos(s/ R)] P, (X,s,2). The number of Fourier terms needed to expand the

loads in the circumferential direction was numerically found to be 15 (=7 <n<+7). The real
components of the mid-surface displacement components along the top generator are plotted
and compared to the results based on Abaqus in Figure 5.8. The Abaqus shell model
consisted of 96x916=287,936 S4R shell elements. In the solution based on the current
study, two meshes are used; a) A single element along the patch load area and an element on
each side of the patch load b) Two elements along the patch load area and an element on

each side of the patch load.
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Figure 5.8 — Maximum mid-surface displacement components along the top generator

The components of displacement of point J on the mid-surface at the corner of the patch
load (Figure 5.7a) are given and compared to those based on the Abaqus in Table 5.1. The

magnitude of the imaginary exponent represents the out-of-phase angle with the applied
tractions p° and p’. It is of interest to note that in the present example and all previous

ones, the computational time based on the present study is three orders of magnitude faster

than the solutions provided by Abaqus, while attaining the same degree of accuracy.
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Table 5.1 — Mid-surface displacement components of Point J (in mm)

Longitudinal | Circumferential Radial
Current study 0.0600e°%"" | 0.629e>*"" | 1.781e%%™'
Abaqus 0.0586€%%" | 0.621e>'# | 1.754¢%%7"
Magnitude Difference 2.3% 1.3% 1.5%

5.14 Conclusion

A family of shape functions is formulated based on the exact solution of the differential
equations of equilibrium of cylindrical shells subjected to harmonic forces. A super-
convergent pipe finite element is developed based on the shape functions developed. The
element efficiently captures the response of pipe systems under general harmonic forces,
boundary conditions, and support excitations with very few degrees of freedom. Through
four examples, the model is shown to predict the displacements and stresses in excellent
agreement with those based on established shell finite element solutions. The computational
efficiency of the element makes it particularly suitable for the analysis of long pipeline

systems subject to harmonic forces.
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5.17 List of Symbols

Ay (%), By (%), Cq (%)

Ajr By Gy

Contributions of circumferential mode n to mid-surface

displacements u,v,w, respectively

j th integration constant in the assumed displacement field
functions A,(x), B,(x) and C,(x), respectively,

corresponding to mode n

Constants relating constants A, B, and C

The dth derivative with respect to the axial coordinate x
Modulus of elasticity

Coefficient of jth termin ith field equation of mode number

n

Coefficient of jth term in ith field equation independent of

mode number n

Coefficient of jth term in ith boundary equation of mode

number n

Coefficient of jth term in ith boundary equation

independent of mode number n

Length of the cylinder
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R Radius of the cylinder

uVv,w Physical components of the longitudinal, circumferential and

radial displacement of a point within the shell, respectively

\Y Volume
fXu W Contributions to the forces induced by the applied body
sV SW

:ZW’ f forces (after integration across the thickness of the shell) as
functions of coordinates x, s and time t

fo (%), £, () Respective force contributions of X, f % §% and

fnSV(X), fnSW(X)

£ (x) f 2 based on mode n as functions of coordinate x

h Thickness of the cylinder

i Partial derivative with respect to x for i=1 and to s for
i=2

My j th root of the characteristic equation for mode n

p*, ps, p? Longitudinal, circumferential and radial components of the

applied body forces, as functions of coordinates x, s, z and

time t

189



Chapter 5

Finite Element for Pipes under Harmonic Forces

o
<
=

An g
Fnla

(K)o

Time-independent components of the applied body forces
p*, p° and p?, respectively, as functions of coordinates x,

S, Z

Longitudinal, circumferential and radial components of the
displacement of a point on the middle surface along

coordinates x, s and z, respectively

Time-independent components of the displacement
components u, v and w, of a point on the middle surface as

a function of coordinates x and s

Integration constant vector

Total force vector corresponding to mode n

Total stiffness matrix corresponding to mode n

Matrix relating the integration constants vector {An}SX1 to

nodal displacement vector {A,}_ .

Exact shape functions defining the axial, circumferential and

radial displacements corresponding to mode n, respectively
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<S An(x)>1><8 Row matrices relating the integration constants vector

<SB”(X)>1x8 {An}g, to displacement functions A, (x), B,(x) and

C,(x), respectively

{ifn} Contributions to the total force vector of terms that are
8x1

multiplied by 63H or jiGn in the equation of energy

corresponding to mode n

|:ikn:| Contribution to the total stiffness matrix of the term
8x8
multiplied by /H or /H, in the equation of energy

corresponding to mode n

{An}SX1 Nodal displacement vector corresponding to mode n

I1 Mechanical energy of the system

14 Poisson’s ratio

P Density of the material

This Ty Tho Longitudinal, circumferential and shear strain components,

respectively
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g1 52 52 Longitudinal, circumferential and shear stress components,

respectively
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Appendix 5.A. Coefficients of Boundary and Field Terms

The coefficients of the boundary and field terms in Eq. 5.5 are defined below. We recall that

i=v-1, ®(h/R)=In[(2+h/R)/(2-h/R)]/(h/R) and n is the circumferential mode

number.
o1, Mo=-Yin , H--Y  m-f
1 y 2y R v3 R ' 4 1R
2 1-v 1. 2 1-v h2 2 1-v h2
H =——"-"in , H=—"|1+——| , = |
1" 'n 2 2 ( 4R2 3''n 2 4R2
2 2 2
S, = (@-1)1Yn2 g2V LN U L
R E 12R 12R
h? (3—\/)
3
H =-
T Rr2( 2
h? 3-v 1-v 1-1? h?
3 2 _
=— -1)—n“+ —
4”{12R22( )2} PCTE 12
2 2
53H :h_ , 63H:1 14
12 Eh
h2 2 ) h2 h2
4y N 4y _ 4 _ 2 4, _ N
1 1-v —v: _ 11+v
]:_LGn:—? > n2+ p&)z , 216:1 , filGn:_T
2 2 2
41an1_£( _1)1 vn2_1 v 5 h 1 SlG:—h—
R R 2 E 12R 12R
2
GlG=l 1%
Eh
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Coefficients of Boundary and Field Terms

2 2
SRR T

2 R® E 12R?
e
L i e
anz—%m 1_EV2 _26}:2 " jnzlthzzZB_Tv
oCn = 1:;23;V (0-2" ”2_1_EV2 ? g
736:_% ’ ng_l_E;Z ’ g”:_lE_hVRZin 10 :1E;

Since the matrix of coefficients of field equations is symmetric, one has

%Gn:lGn ) fanlGn ) nglG ) anzan , 43Gn:2Gn

= n? (5.A.2a-v)

(5.A.3)

194



Appendix 5.B. Constants in Characteristic Equations

The coefficients in characteristic equation of the system discussed in sections 5.9 are

defined below.

o =16, 764 ) (860 )~

16,)(%6,)
bn:|:_(§Gn)(3:LGn)2+2 ; n 41 n j n

(5.B.1a-e)
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Appendix 5.C. Entries of Stiffness Matrix and Force Vector

5.C.1. Stiffness Matrix

The entries of the stiffness matrix contribution corresponding to mode n result from the
expansion of the nth terms in the first summation of Eq. 5.5. For each mode n, there are 12

contributions resulting from the matrix multiplication

[(6A,(X) 6B.,(X) 6C_,(X) C',(X)) 1
tHD JH, | gH+ HD?
2H, 2HD 2H,D S“EX;
X
$H,+3HD? | 3H,D | JH,D+JHD® C”(X)
n
I | IHD 2Hy | 3Hp+4HD? | )y

The first of the 12 terms is

[2HO (AL (0) A ()], = #H(S18 1L (N ()5, )((Now (0D 180

L

0

=ML B (Nu (0)g (N () | 80l
:5{A—H}LSB n 8)(8{ fga
where
] =] 1 (Nu 00N (N (0]

In a similar manner
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M2, ] 2 T I

L 1kn _8x8 - _1Hn <NB_n (X)>8><1 <NAn (X)>l><8_0

[ 2 ] - 2 T ’ ik

_2kn_8Xg - _2H <NB—n (X)>8><1 <NBn(X)>1><8_0

_ _ - T ' L

i :zakn dexg | §H n <NB—n (X)>8><l <NCn (X)>l><8_0

_ _ - T L

L ?-kn _18x8 - L an <Nc_n (X)>8><l <NAn (X)>l><8 :|O

B ] i T "

L gkn _I8x8 = L 23H <Nc_n (X)>8><l <NAn (X)>l><8:|

— = r T ,

_gkn Jos | an <NC—” (X)>8><1 <NB” (X)>l><8 ]0

_ - - T , L

2L = ] M {Nen () (Nen ()]

0 ] [ T m

_gk”_axs - 53H <NC—n (X)>8><1 <NCn (X)>l><8}0

[4y, ] 4 ' T ' -

L 1Kp sx8 - _1H <NC—” (X)>8><1 <NA” (X)>l><8 ]0

T4y, ] 4 / T -

k0 ]y =] £H0 (e () (Nan (1) |

- _ - , T L

L gkn _I8x8 = L gH n <NC_n (X)>8><l <Ncn (X)>1><8 :|0

_ _ - L

ko ]y = 41 (Nea (), (N (), | (5C1ap)
The total stiffness matrix contribution to mode n is then

27EhR N "
pe .
[ n]8><8 - 1—V2 ZZ[}kn]gxg (5C2)
i=1  j=1

197



Appendix 5.C Entries of Stiffness Matrix and Force Vector

5.C.2. Force Vector

The force vector results from the second term and revolution of the second integral term in
Eq. 5.5. The second term of Eq. 5.5 which is the only non-homogenous part of the boundary

terms can be expressed as

L

0

- [5{A_n }Ls ( sH (Nc_, (X)>-E|3-><l o (X))}

[3H8C. () 12 ()], =| 3H (A Lo (Nean () 12 ()|

0
L
0

=5(A)L (3],

where
1

(i1, =[ 8 (a0, 1700 ] e

The first integral of the fourth summation in Eq. 5.5 is

L fe (5{A_n (N (x)>;xl) 24 (x) dx

IOL §GOA , (x) f¥ (x)dx = j

0

= 5{A—n }Ixs { éf” }8xl

where
L

EANEE S RUNKE IO

0

In the same manner other similar terms yield

L
(B, 26 [ (Mo, 2 (010
0

oL

(3] =860 | (Nen (X)) f (X)dx
J0
oL

(3] =360 | (Neon(9)g, T (x)ox
J0

198



Appendix 5.C Entries of Stiffness Matrix and Force Vector

L
.
{18fn}8X1 = 10G I (N (X)) T (x) dx (5.C.4a-e)
0

The summation of Egs. 5.C.3 and 5.C.4a-¢ yields the force vector

(Bl = 2R (2, 27ER (a2, fan (30 ) 5.C5
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%%%0%%%%%6%%%%%%%%6%%%%%6%% %% %% % 6% % %% %% % %% % %% Y% % %% %% % %% % %% %% % %% % %% %% % %% % %% %% %
%%%%%%%6%6%%%%%%%%%%%%%%%%%%%% Initialization %%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%6%%%%%%%%%%%%%6%% %% %% % %6%% %% %% % %% % %% Y% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %

clc
cle
clo
for

ar all
se all
mat short eng

%%%%%%%%6%%%%%6%%%0%%%%%6%% %% %% %% % %% %% % %% % %% 6% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %
%%%0%%%%%6%%%%%%%%%%%%%%%%%%%%%%% Input  %%%%6%%%%%%%%6%%%%%%%%6%%%% %% % %%% %% %% %
%0%%%6%%%%6%%%%6%%%%6%%%%6%%%%6%% % %6%%% %6%% % %6%% % %6%% % %6%%% %6%% % %6%%% %%%% % %% % %%%% %% %% %%

%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
NE=
secC
hS=
RS=
LS=

—————————————————————————— Material properties—---————————————————————
hS is the vector of the thicknesses of the cylinders
RS is the vector of the radii of the cylindera
LS is the vector of the lengths of the cylindera
v is the Poisson®s ratio
E is the modulus of elasticity
Ro is the mass density
omega is the angular frequency of the excitation
N is the number of modes that should be considered in the
analysis
2
tion=201
[0.004,.003,0,0,0]
[0.2,0.2,0,0,0]
[3,2,0,0,0]

nu=0.3
E=200e9*(1)

Ro=

7850

N=10

ome

%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%
%%%

ga=10*2*pi

—————————————————————————— Boundary conditions----—————————————————————

The order of the boundaries:
BoundaryConditions=[du0O, dvO, dwO, dwlO, dul, dvl, dwl, dwill]

duO0 and dul denote the axial B.C.s at the begining and the end of

the beam, respectively.
dvO and dvl denote the circumferential B.C. at the begining and
endof the beam, respectively.

dwO and dwl denote the radial B.C. at the begining and end of the

beam, respectively.

dwl0 and dwll denote the derivative of the radial B.C. with
respectto axial coordinate at the begining and the end of
the beam.

0 denotes clamped boundary

1 denotes free boundary

200



Appendix 5.D Matlab Code for Example 1

BoundaryConditions=[fo,0,0,0,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,1,1,1,1,1];

%%  %%%%%6%%%%%6%%%0%%%%%6%% %% % %% 6% % %% %% % %% % %% Y% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %
%%%%6%%%%6%%%%6%%%%6%%% %% %% %% %% %%%%%% Load decomposition %%%%%%%%%%%%%%%%%%%%
%%%0%%%%%6%%%%%%%%6%%%%%6%% %% %% % 6% % %% %% % %% % %% Y6%% %% %% % %% % %% %% % %% % %% %% % %% % %% %% %

%%%—————————————————— Loads interms of ( X , 8, 2 ) ——————————————————
%%% x denotes the nondimentional axial coordinate variates

%%% from O to 1

%%% s denotes the nondimentional circumferential coordinate varies
%%% from 0 to 2*pi

%%% z denotes the dimansional radial coordinate varies

%%% from -h/2 to h/2

YYo= — — — = — = =
oY~ ——— = ——mm
%%% pxx §s the x component of the axial load function

%%% pxs is the s component of the axial load function

%%% pxz is the z component of the axial load function

%%%

%%% psx is the x component of the circumferential load function

%%% pss is the s component of the circumferential load function

%%% psz is the z component of the circumferential load function

%%%

%%% pzx is the x component of the radial load function

%%% pzs is the s component of the radial load function

%%% pzz is the z component of the radial load function

%%%

%%% AppliedForcesOrSupportExcitation determines if we have applied
%%% forces support excitation. 1 is for applied forces and 0 for

%%% support excitation.

S
syms X s z

AppliedForcesOrSupportExcitation=1;

BoundaryDisplacements=[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0];

Pg=1000
pxxS=[0,0,0,0]:

pxsS=[0,0,0,0,0];
pxzS=[0,0,0,0,0];

psxS=[0,-Pg*sin(pi/6)*2*dirac(x-LS(2)),0,0];
pssS=[0,dirac(s-RS(2)*11*pi/6),0,0];
pszS=[0,dirac(z),0,0,0];

pzxS=[0,-Pg*cos(pi/6)*2*dirac(x-LS(2)),0,0];
pzsS=[0,dirac(s-RS(2)*11*pi/6),0,0];
pzzS=[0,dirac(z),0,0,0];

FxsS=[0,0,0,0,0,0];
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FssS=[0,0,0,0,0,0
FzsS=[0,0,0,0,0,0
FmsS=[0,0,0,0,0,0

% This should be mentioned here that Heaviside step function in MATLAB

% yields 1/2 for x=0. Also we know that the integral of Dirac delta

% functions is in term of Heaviside step function. When we are using

% Diracdelta function in load distributions, just in the boundaries of

% theintegration range, it applies a 1/2 factor in corresponding integral
% terms. Thus, an additional factor of 2 should be applied to the

% corresponding term.

%%%————— Prescribed Boundary Conditions —------—-—-—————————————————————————
ConS=zeros(4*(NE+1) ,2*N+1); % Determined non-zero displacments

sizeBCs=size(BoundaryConditions);

R=RS(1);
for i=1:4*(NE+1)
if BoundaryConditions(i)~=0
if BoundaryDisplacements(i)~=0
fn=BoundaryDisplacements(i);

for n=-N:N
ConS(i,N+n+1)= 1/(2*pi*R) * int(fn * exp(-li*n*s/R), ...
s,0,2*pi*R);
end
end
end

end
%%%————- Loads in terms of (x,s) after integration along z axis and then
%%%————— decomposing into Fourier series --——————————————————————————————

CzxuS= zeros(1,NE);
CzxwS= zeros(1,NE);
Czxwl1lS= zeros(1,NE);
CzsvS= zeros(1,NE);
CzswS= zeros(1,NE);
Czsw2S= zeros(1,NE);
CzzwS= zeros(1,NE);

Cnxu= zeros(2*N+1,NE);
Cnxw= zeros(2*N+1,NE);
Cnxwl=zeros(2*N+1,NE);
Cnsv= zeros(2*N+1,NE);
Cnsw= zeros(2*N+1,NE);
Cnsw2=zeros(2*N+1,NE);
Cnzw= zeros(2*N+1,NE);

for ne=1:NE

h=hS(1,ne);
R=RS(1,ne);
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end

Dnx=
Dns=
Dnz=
Dnm=

for

L=LS(1,ne);

pxs=
pXxz=

pss=
psz=

pzs=
pzz=

pxsS(1,ne);
pxzS(1,ne);

pssS(1,ne);
pszS(1,ne);

pzsS(1,ne);
pzzS(1,ne);

CzxuS(1,ne)= int(pxz*(1+z/R),z,-h/2,h/2);
CzxwS(1,ne)= int(pxz*(-z)*(1+z/R),z,-h/2,h/2)
Czxwl1lS(1,ne)= CzxwS(ne);

CzsvS(1l,ne)= int(psz*(1+z/R)"2,z,-h/2,h/2);
CzswS(1,ne)= int(psz*(-z)*(1+z/R),z,-h/2,h/2)
Czsw2S(1,ne)= CzswS(ne);

CzzwS(1,ne)= int(pzz*(1+z/R),z,-h/2,h/2);

for n=-N:N
Cnxu(N+n+1,ne)= 1/(2*pi*R) * int(pxs *
2*pi*R);
Cnxw(N+n+1,ne)= 1/(2*pi*R) * int(pxs *
2*pi*R);
Cnxwl(N+n+1,ne)= 1/(2*pi*R) * int(pxs *
2*pi*R);
Cnsv(N+n+1,ne)= 1/(2*pi*R) * int(pss *
2*pi*R);
Cnsw(N+n+1,ne)= 1/(2*pi*R) * int(pss *
2*pi*R);
Cnsw2(N+n+1,ne)= 1/(2*pi*R) * int(pss *
2*pi*R);
Cnzw(N+n+1,ne)= 1/(2*pi*R) * int(pzs *
2*pi*R);
end
zeros(2*N+1,NE+1);
zeros(2*N+1,NE+1);
zeros(2*N+1,NE+1);
zeros(2*N+1,NE+1);
nN=1:NE+1
fxs=FxsS(1,nN);
fss=FssS(1,nN);
fzs=FzsS(1,nN);
fms=FmsS(1,nN);
for n=-N:N
Dnx(N+n+1,nN)= 1/(2*pi*R) * int(fxs
Dns(N+n+1,nN)= 1/(2*pi*R) *
Dnz(N+n+1,nN)= 1/(2*pi*R) * int(fzs
Dnm(N+n+1,nN)= 1/(2*pi*R) * int(fms
end

exp(-1i*n*s/R),s,0,...
exp(-1i*n*s/R),s,0, ...
exp(-1i*n*s/R),s,0, ...
exp(-1i*n*s/R),s,0,...
exp(-1i*n*s/R),s,0, ...
exp(-1i*n*s/R),s,0,...

exp(-1i*n*s/R),s,0, ...

* exp(-11*n*s/R),s,0,2*pi*R);
int(fss * exp(-1i*n*s/R),s,0,2*pi*R);
* exp(-1i*n*s/R),s,0,2*pi*R);
* exp(-1i*n*s/R),s,0,2*pi*R);
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end

%%%—————— Determining the modes which have contribution to the solution---
modecontribution=zeros(1,2*N+1);

if AppliedForcesOrSupportExcitation==0;
for n=-N:N
for nn=1:4*(NE+1)
if ConS(nn,N+n+1)~=0
modecontribution(N+n+1)=1;

end
end
end
else
for n=-N:N
for ne=1:NE
iIf (Cnxu(N+n+l,ne)~=0) || (Cnxwl(N+n+1l,ne)~=0) []--.
(Cnsv(N+n+1,ne)~=0) || (Cnsw2(N+n+1,ne)~=0) |]...
(Cnzw(N+n+1,ne)~=0)
modecontribution(N+n+1)=1;
end
end
for nN=1:NE+1
it (Onx(N+n+1,nN)~=0) || (Ons(N+n+1,nN)~=0) |]---
(Onz(N+n+1,nN)~=0) || (Onm(N+n+1,nN)~=0)
modecontribution(N+n+1)=1;
end
end
end
end
clear s z

display(modecontribution)

%%  %%%%%6%%%%%%%%0%%%%%6%% %% %% % 6% % %% %% % %% % %% Y% % %% % %% 6% % %% %% % %% % %% %% % %% % %% %% %
%6%9%%%%%%6%%%%%%%%%%%%%%%%%%% Homogeneous Solution %%%%%%%%%%%%%%%%%%%%%%%%
%%%0%%%%%6%%%%%6%%%6%%%%%6%% %% %% % %% % %% %% % %% % %% 6% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %

%%%——————- Roots of the charactristic Eq. and Integration cosntants-------

mr=zeros(8,2*N+1,NE);
Ab=zeros(8,2*N+1,NE);
Bb=zeros(8,2*N+1,NE);
Cb=zeros(8,2*N+1,NE);
for ne=1:NE

h=hS(1,ne);
R=RS(1,ne);

F1= R/h*log((2*R+h)/(2*R-h));
lan=Ro*omega”™2*(1-nu~2)/E;

for n=-N:N

if modecontribution(l,N+n+1)==
Gnll=-1/R"2*F1*(1-nu)/2*n"2+ lan ;
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Gl12 =1;

Gn13=1/R*(1+nu)/2*1i*n;

Gnl4=nu/R - 1/R*(F1 - 1)*(1-nu)/2*n"2 - lan*h"2/12/R;
G15 =-h"2/12/R;

Gn21=1/R*(1+nu)/2*1i*n;
Gn22=-1/R"2*n"2 + lan*(1+h"2/12/R"2) ;
G23 =(1+h"2/4/R"2)*(1-nu)/2;
Gn24=1/R"2*1i*n - lan*h"2/6/R"2*1i*n;
Gn25=-h"2/12/R"2*(3-nu)/2*1i*n;

6n31=nu/R - 1/R*(F1 - 1)*(1-nu)/2*n"2 - lan*h"2/12/R;

632 =-h"2/12/R;

Gn33=1/R"2*1li*n - lan*h"2/6/R"2*1i*n;

Gn34=-h"2/12/R"2*(3-nu)/2*1i*n;

Gn35=1/R"2*FI - 2/R"2*(FI-1)*n"2 + 1/R"2*(FI1-1)*n”4 - lan...
- lan*h"2/12/R"N2*n"2;

Gn36=-(h"2/12/R"2*(3+nu)/2 + (FI1-1)*(1-nu)/2)*n"2 +...
lan*h"2/12;

G37 =h"2/12;

if n==

% Finding the roots for axial and radial displacements

% for which the differential equations are coupled

% together

c0=(Gnl11*Gn35);

c2=(Gnl11*Gn36-Gn14*Gn31+G12*Gn35);

c4=(G12*Gn36+Gn11*G37-6Gn14*G32-G15*Gn31) ;

c6=(G12*G37-G15*G32);

c=subs([c6,c4,c2,c0]);

M=roots(c);

for 1=1:3

mr(2*i-1,N+n+1,ne)=sqrt(M(i));
mr(2*i,N+n+1,ne)= -sqre(M(i));

end

% Finding the other two roots for circumferential

% displacement for which the differential equation is

% uncoupled from the other two displacements

mr (7 ,N+n+1,ne)=sqrt(-6n22/G23);

mr(8,N+n+1,ne)= -sqrt(-Gn22/G23);

else

c0=(-6n11*Gn24*Gn33+Gn11*Gn22*Gn35) ;

c2=(612*Gn22*Gn35-612*Gn24*Gn33-6n31*Gn14*Gn22-. . .
Gnl11*Gn24*Gn34+Gn11*G23*Gn35+. . .
Gn31*Gn13*Gn24+Gnl11*Gn22*Gn36-. . .
Gn21*Gn13*Gn35+Gn21*Gn14*Gn33-. ..
Gn11*Gn25*Gn33);

¢c4=(G12*G23*Gn35-612*Gn24*Gn34-Gn11*Gn25*Gn34+. . .
Gnl11*Gn22*G37+G12*Gn22*Gn36+Gn21*G15*Gn33-. . .
Gn21*Gn13*Gn36-G32*Gn14*Gn22-G12*Gn25*Gn33+. . .
6Gn11*G23*Gn36+G32*Gn13*Gn24-6n31*Gn14*G23-. ..
Gn31*G15*Gn22+Gn31*Gn13*Gn25+Gn21*Gn14*Gn34) ;

c6=(G12*Gn22*G37+Gn11*G23*G37-Gn31*G15*G23+. ..
G12*G23*Gn36+G32*Gn13*Gn25+Gn21*G15*Gn34-. . .
G32*Gn14*G23-G12*Gn25*Gn34-. ..
Gn21*Gn13*G37-G32*G15*Gn22) ;

c8=(-G32*G15*G23+G12*G23*G37) ;
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% For modes n~1 , the differential equations for all

% three displacements are coupled

c=[c8,c6,c4,c2,c0];

M=roots(c);

for i1=1:4
mr(2*i-1,N+n+1,ne)=sqre(M(i));
mr(2*i,N+n+1,ne)=-sqrt(M(i));

end

end
if n~=0 %%%----—---——————————

for j=1:8
m=mr(j ,N+n+1,ne);
k11=Gn11+G1l2*m"2;
k12=Gn13*m;
k13=Gn14*m+G15*m"3;
k21=Gn21*m;
k22=Gn22+G23*m"2;
k23=Gn24+Gn25*m"2;
k31=Gn31*m+G32*m"3;
k32=Gn33+Gn34*m"2;
k33=Gn35+Gn36*m"2+G37*m™4 ;
Ab(j ,N+n+1,ne)=1;

Bb(j ,N+n+1,ne)=-(k33*k21-k32*k31)/ (k22*k33-k23*k32) ;
Cb(j ,N+n+1,ne)=-(-k23*k21+k22*k31)/ (k22*k33-k23*k32) ;

end

else Y%~ ———————————————————

for j=1:6
m=mr(j ,N+n+1,ne);
k11=Gnl11+G12*m"2;
k12=Gn14*m+G15*m"3;
k21=Gn31*m+G32*m"3;
k22=Gn35+Gn36*m"2+G37*m"4 ;
Ab(j ,N+n+1,ne)=1;
Bb(j ,N+n+1,ne)=0;
Cb( ,N+n+1,ne)=-k11/k12;

end

Ab(7,N+n+1,ne)=0;

Ab(8,N+n+1,ne)=0;

Bb(7,N+n+1,ne)=1;

Bb(8,N+n+1,ne)=1;

Cb(7,N+n+1,ne)=0;

Cb(8,N+n+1,ne)=0;

end
end
end
end
mr

n=0--———————

%%%0%%%%%6%%%%%%%%0%%%%%6%% %% %% % 6% % %% %% % %% % %% Y6%% %% %% % %% % %% %% % %% % %% %% % %% % %% %% %
%%%%%%%6%6%%%%%%%%%%%%% % %%%%%%%%%% Finite element %%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%6%%%%%%%%%%%%%6%% %% % %% %6%% %% %% % %% % %% %% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %

LniS=zeros(8,8,2*N+1,NE);
LnjS=zeros(8,8,2*N+1,NE);

invLniS=zeros(8,8,2*N+1,NE);
invLnjS=zeros(8,8,2*N+1,NE);
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BBl=zeros(8,NE);
BB2=zeros(8,NE);
BB3=zeros(8,NE);
BB4=zeros(8,NE) ;

FFAOfxun= zeros(8,1);
FFBOfsvn= zeros(8,1);
FFCOfxwln= zeros(8,1);
FFCOfsw2n= zeros(8,1);
FFCOfzwn= zeros(8,1);
FFCOfxwn= zeros(8,1);

1:4*(NE+1)
undaryConditions(l1,i)~=0

i=ii+l;

0o o
-0 N

end
Bc=zeros(ii,1i,2*N+1);
Dc=zeros(ii,1,2*N+1);
Fc=zeros(ii,1l,2*N+1);

Anj=zeros(8,2*N+1,NE);
BS=zeros(4*(NE+1) ,4*(NE+1) ,2*N+1);

FS=zeros(4*(NE+1),1,2*N+1);
DS=zeros(8,2*N+1,NE);

for n=-N:N
it modecontribution(1,N+n+1)==
for ne=1:NE

h=hS(1,ne);
R=RS(1,ne);
L=LS(1,ne);

F1= R/h*log((2*R+h)/(2*R-h));
lan=Ro*omega”2*(1-nu”2)/E;

pxx=pxxS(1,ne);
pxx1=di FF(pxx,x);
psx=psxS(1,ne);
pzx=pzxS(1,ne);

Czxu= CzxusS(1,ne);
Czxw= CzxwS(1,ne);
Czxwl= CzxwlS(1l,ne);
Czsv= CzsvS(1,ne);
Czsw= CzswS(1,ne);
Czsw2= Czsw2S(1,ne);
Czzw= CzzwS(1,ne);

H11 =-1;
Hn12 =-nu/R*1li*n;
H13 =-nu/R;

H14 =h"2/12/R;
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Hn21 =-(1-nu)/2/R*1i*n;

H22

=—(1-nu)/2*(1+h"2/4/R"2) ;

Hn23 =(1-nu)/2*h"2/4/R"N2*1i*n;
Hn31 =-1/R*(F1 - 1)*(1-nu)/2*n™2 - lan*h"2/12/R;

H32

=-h"2/12/R;

HN33 =-h"2/12/R"N2*(3-nu)/2*1i*n;
HN34 =-(h"2/12/R"2*(3-nu)/2 + (FI - 1)*(1-nu)/2)*n"2+. . .

lan*h"2/12;
H35 =h"2/12;
H36 =(1-nu™2)/E/h;
H41 =h"2/12/R;

Hn42 =h"2/12/R"N"2*nu*li*n;
Hn43 =h"2/12/R"N"2*nu*n”"2;
H44 =-h"2/12;

G16 =(1-nu”"2)/E/h;
G26 =(1-nu™2)/E/h;
G38 =-(1-nu"2)/E/h;
Gn39=-(1-nu"2)/E/h/R*1i*n;
G310=(1-nu"2)/E/h;

Cnxun= Cnxu(N+n+1,ne);
Cnsvn= Cnsv(N+n+1,ne);
Cnzwn= Cnzw(N+n+1,ne);
Cnxwn= Cnxw(N+n+1,ne);
Cnxwln= Cnxwl(N+n+1,ne);
Cnsw2n= Cnsw2(N+n+1,ne);

for i=1:8

mni=mr(i ,N-n+1,ne);
emni=exp(mni*L);
Abni=Ab(i,N-n+1,ne);
Bbni=Bb(i,N-n+1,ne);
Cbni=Cb(i,N-n+1,ne);
LniS(1,1,N-n+1,ne)=Abni;
LniS(2,1,N-n+1,ne)=Bbni;

LniS(3,1,N-n+1,ne)=Cbni;
LniS(4,1,N-n+1,ne)=mni*Cbni;
LniS(5,1,N-n+1,ne)=emni*Abni;
LniS(6,1,N-n+1,ne)=emni*Bbni;
LniS(7,1,N-n+1,ne)=emni*Cbni;
LniS(8,1,N-n+1,ne)=mni*emni*Chni;

mnj=mr (i ,N+n+1,ne);
emnj=exp(mnj*L);

Abnj=Ab(i ,N+n+1,ne);
Bbnj=Bb(i,N+n+1,ne);
Cbnj=Cb(i ,N+n+1,ne);
LnjS(1,i,N+n+1,ne)=Abnj;
LnjS(2,1,N+n+1,ne)=Bbnj;
LnjS(3,i1,N+n+1,ne)=Cbnj;
LnjS(4,1,N+n+1,ne)=mnj*Cbnj;
LnjS(5,i1,N+n+1,ne)=emnj*Abnj;
LnjS(6,i,N+n+1,ne)=emnj*Bbnj;
LnjS(7,1,N+n+1,ne)=emnj*Cbnj;
LnjS(8,1,N+n+1l,ne)=mnj*emnj*Cbnj;
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end

UnitDiag=ones(1,8);

I=diag(UnitDiag);

invLniS(:, :,N-n+1,ne)=LniS(:, :,N-n+1,ne)\Il;
invLnjS(:,:,N+n+1l,ne)=LnjS(:, : ,N+n+1,ne)\Il;

% invLni=Lni(z,:,ne)\Il;
% invLnj=Lnj(:,:,ne)\Il;
invLni vLniS(:,:,N-n+1,ne);

=in
invLnj=invLnjS(:,:,N+n+1l,ne);
TinvLni=invLni.";

%%% Calculating the displacements----————————————————

for 1i=1:8
mni=mr(ii,N-n+1,ne);
emni=exp(mni*L);
Abni=Ab(ii,N-n+1,ne);
Bbni=Bb(ii,N-n+1,ne);
Cbni=Cb(ii,N-n+1,ne);
for j=1:8
mnj=mr(j ,N+n+1,ne);
emnj=exp(mnj*L);
Abnj=Ab(j ,N+n+1,ne);
Bbnj=Bb(j ,N+n+1,ne);
Cbnj=Cb(j ,N+n+1,ne);

Fonij=(exp((mni+mnj)*L)-1);

BB1(ii,jJ)=Abni*((H11*mnj~1)*Abnj + (Hn12)*Bbnj +...
(H13 + H14*mnj~2)*Cbnj)*Fbnij;

BB2(ii,jJ)=Bbni*((Hn21)*Abnj + (H22*mnj~1)*Bbnj +...
(HN23*mnj~1)*Cbnj)*Fbnij;

BB3(ii,J)=Cbni*((Hn31+H32*mnj2)*Abnj +...
(Hn33*mnj~1)*Bbnj +. ..
(HN34*mnj~M1+H35*mnj~3)*Cbnj)*Fbnij;

BB4(ii,J)=mni*Cbni*((H41*mnj~1)*Abnj +...
(Hn42)*Bbnj +...
(Hn43+H44*mnj~2)*Cbnj)*Fbnij;

end

FFAOfxun(ii,1)= Abni * (G16 * Cnhxun * Czxu) *.
int( exp(mni * x) * pxx , X, 0, L
FFBOfsvn(ii,1l)= Bbni * (G26 * Cnsvn * Czsv) *.
int( exp(mni * x) * psx , x, 0, L
FFCOfxwln(ii,1)= Cbni * (G38 * Cnxwln * Czxwl) *.
int( exp(mni * x) * pxx1 , x, 0, L
FFCOfsw2n(ii,1)= R*Cbni * (Gn39 * Cnsw2n * Czsw2)
int( exp(mni * xX) * psx , X, 0, L );
FFCOfzwn(ii,1)= Cbni * (G310 * Chzwn * Czzw) *...
int( exp(mni * x) * pzx , X, 0, L );

N0 NS NS

% This term comes from the third sets of boundary
% conditions

xwAtO=subs(exp(mni * X) * pxx,X,0);
TxwAtL=subs(exp(mni * xX) * pxx,X,L);
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

%
%
%
%
%
%
%
%
%
%
%
%
%
%

FFCOfxwn(ii,1)= Cbni * (H36 * Chxwn * Czxw) *_..
(FXwAtL-FxwAt0) ;

end

BB= 2*pi*R*E*h/(1-nu”2) * (BB1+BB2+BB3+BB4);

B= TinvLni * BB * invLnj;

BS(4*ne-3:4*ne+4,4*ne-3:4*ne+4 ,N+n+1)= B +...
BS(4*ne-3:4*ne+4,4*ne-3:4*ne+4 ,N+n+1);

FF= (2*pi*R*E*h/(1-nu"2)) * (FFAOTxun+FFBOfsvn+FFCOfxwln+. ..
FFCOfsw2n+FFCOfzwn) + 2*pi*R*E*h/(1-nu™2) * FFCOfxwn;
F= TinvLni * FF;
FS(4*ne-3:4*ne+4,1,N+n+1)= F + FS(4*ne-3:4*ne+4,1,N+n+1);
end

for nN=1:NE+1

R=RS(1)
invLni=invLniS(:z,:,N-n+1l,ne);

TinvLni=invLni." ;% Dnxn=Dnx(N+n+1,nN);
Dnsn= Dns(N+n+1,nN);
Dnzn= Dnz(N+n+1,nN);
Dnmn=Dnm(N+n+1,nN);
for 1i=1:8
mni=mr(ii,N-n+1,ne);
emni=exp(mni*L);
Abni=Ab(ii,N-n+1,ne);
Bbni=Bb(ii,N-n+1l,ne);
Cbni=Cb(ii,N-n+1,ne);
fFEF(ii,1)= Cbni * Dnz(N+n+1,nN) * exp(mni * L);
FS(nNN*4-3,1,N+n+1)= 2 * pi * R * Dnxn +...
FS(nN*4-3,1,N+n+1);
FS(NN*4-2,1,N+n+1)= 2 * pi * R * Dnsn +...
FS(nN*4-2,1,N+n+1);
end
FS(:,1,N+n+1)= 2 * pi * R * TinvLni * fFFF + FS(:,1,N+n+1)
FS(nN*4 ,1,N+n+1)= 2 * pi * R * Dnmn +...
FS(nN*4 ,1,N+n+1);
end

for nN=1:NE+1
R=RS(1)
Dnxn= Dnx(N+n+1,nN);
Dnsn= Dns(N+n+1,nN);

Dnzn= Dnz(N+n+1,nN);
Dnmn= Dnm(N+n+1,nN);

FS(hN*4-3,1,N+n+1)= 2 * pi * R * Dnxn + FS(nN*4-3,1,N+n+1);
FS(nN*4-2,1,N+n+1)= 2 * pi * R * Dnsn + FS(nN*4-2,1,N+n+1);
FS(nN*4-1,1,N+n+1)= 2 * pi * R * Dnzn + FS(nN*4-1,1,N+n+1);
FS(nN*4 ,1,N+n+1)= 2 * pi * R * Dnmn + FS(nN*4 ,1,N+n+1);

end
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CMAX=10"20*abs(max(max(BS(:, : ,N+n+1))));
for nn=1:4*(NE+1);
it BoundaryConditions(1,nn)~=0
it BoundaryDisplacements(1,nn)~=0
BS(nn,nn,N+n+1)= BS(hn,nn,N+n+1) + CMAX;
FS(nn,1,N+n+1)= CMAX * ConS(nn,N+n+1);

end
end
end
iii=l;
for 11=1:4*(NE+1);
if BoundaryConditions(1,i1)~=0
1iJ=1;
for jj=1:4*(NE+1)
if BoundaryConditions(1,jj)~=0
Bec(iii,jjj,N+n+1)=BS(ii,jj,N+n+l);
133=11i+1;
end
end
Fc(iti,1 ,N+n+1)=FS(ii,1,N+n+1);
iii=iii+l;
end
end

Dc(:,1,N+n+1)=Bc(:, : ,N+n+D\(-Fc(:,1,N+n+1));

D=zeros(4*(NE+1),1);
ini=1;
for 11=1:4*(NE+1)
if BoundaryConditions(l1,ii)~=0
D(ii,1)=Dc(iii,1,N+n+l);
inicini+l;
else
D(ii,1)=0;
end
end
for ne=1:NE
DS(:,N+n+1,ne)=D(4*ne-3:4*ne+4,1);
end
end
end

clear x

for n=-N:N
for ne=1:NE
if AppliedForcesOrSupportExcitation==
Anj (: ,N+n+1,ne)=invLnjS(:, : ,N+n+1,ne)*DS(: ,N+n+1,ne);
end
end
end

%%%%%%%%6%%%%%%%%0%%%%%6%% %% %% % %6%% %% %% % %% % %% Y% % %% % %% %% % %% %% % %% % %% %% % %% % %% %% %
%%%0%%%%%6%%%%%%%%%%%%%%% %% % %% %%%%%%% Response  %%%%%%%%%%%%%%%%%%%%%%%%%%%%
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%%%0%%%%%6%%%%%6%%%6%%%%Y6%% %% %% % 6% % %% %% % %% % %% Y% % %% %% % %% % %% %% % %% % %% %% % %% % %% %% %

x=0:1/100:1;
s=0:2*pi/108:2*pi ;
[x,s]=meshgrid(x,s);
sizex=size(X);

u=zeros(sizex(1l),sizex(2),NE);
v=zeros(sizex(1l),sizex(2),NE);
w=zeros(sizex(1l),sizex(2),NE);

U=zeros(sizex(1l) ,NE*sizex(2)-(NE-1));
V=zeros(sizex(1) ,NE*sizex(2)-(NE-1));
W=zeros(sizex(1) ,NE*sizex(2)-(NE-1));

for ne=1:NE
L=LS(ne);
R=RS(ne);
xe=L*x;
se=R*s;
for n=-N:N
if modecontribution(l,N+n+1)==
for j=1:8
mnj= (mr(J,N+n+1,ne));
Abnj= (Ab(J,N+n+1,ne));
Bbnj= (Bb(j,N+n+1,ne));
Cbnj= (Cb(j,N+n+1,ne));
u(z,:,ne)=u(:,:,ne) + Abnj.*(Anj(,N+n+1,ne)).*. ..
exp(mnj -*xe) . *exp(li*n.*se/R);
v(:,:,ne)= v(:,:,ne) + Bbnj.*(Anj(,N+n+l,ne)).*._ ..
exp(mnj .*xe) . *exp(li*n.*se/R);
w(:,:,ne)= w(:,:,ne) + Conj.*(Anj(,N+n+1l,ne)).*...
exp(mnj -*xe) . *exp(li*n.*se/R);
end
end
end

U(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-(ne-1))=u(:,:,ne);

V(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-(ne-1))=v(:,:,ne);

W(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-(ne-1))=w(:,:,ne);
end

SANn= zeros(sizex(1l),sizex(2),8,2*N+1,NE);
SAnl= zeros(sizex(l),sizex(2),8,2*N+1,NE);
SBn= zeros(sizex(l),sizex(2),8,2*N+1,NE);
SBnl= zeros(sizex(l),sizex(2),8,2*N+1,NE);
SCh=  zeros(sizex(l),sizex(2),8,2*N+1,NE);
SCnl= zeros(sizex(1l),sizex(2),8,2*N+1,NE);
SCnll= zeros(sizex(1l),sizex(2),8,2*N+1,NE);
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n11S= zeros(sizex(l),sizex(2),2*N+1,NE);
n22S= zeros(sizex(l),sizex(2),2*N+1,NE);
n12S= zeros(sizex(l),sizex(2),2*N+1,NE);

N11NE= zeros(sizex(l),sizex(2),NE);
N22NE= zeros(sizex(l),sizex(2),NE);
N12NE= zeros(sizex(l),sizex(2),NE);

SAnr=zeros(1,8);
SAnlr=zeros(1,8);
SBnr=zeros(1,8);
SBnlr=zeros(1,8);
SCnr=zeros(1,8);
SCnlr=zeros(1,8);
SCnllr=zeros(1,8);

nllT=zeros(sizex(1l) ,NE*sizex(2)-(NE-1));
n22T=zeros(sizex(1) ,NE*sizex(2)-(NE-1));
nl2T=zeros(sizex(1l) ,NE*sizex(2)-(NE-1));

for ne=1:NE

z=hS(1,ne)/2;
h=hS(1,ne);
L=LS(ne);
R=RS(ne);

xe=L*x;

for n=-N:N
if modecontribution(l,N+n+1)==
for j=1:8
mnj= (mr(J,N+n+1,ne));
Abnj= (Ab(J,N+n+1,ne));
Bbnj= (Bb(j,N+n+1,ne));
Cbnj= (Cb(j,N+n+1,ne));

SAn(:,:,j,N+n+l,ne)=  Abnj * exp(mnj * xe);
SAN1(:,:,J,N+n+l,ne)= Abnj * exp(mnj * xe) * mnj;
SBn(:,:,j,N+n+1l,ne)= Bbnj * exp(mnj * xe);
SBnl1(:,:,J,N+n+l,ne)= Bbnj * exp(mnj * xe) * mnj;
SCn(:,:,J,N+n+1l,ne)=  Cbnj * exp(mnj * xe);
SCnl(:,:,j,N+n+l,ne)= Cbnj * exp(mnj * xe) * mnj;
SCn1l1(:,:,j,N+n+1,ne)= Cbnj * exp(mnj * xe) * mnj"2;

end
for i=1l:sizex(l)
for j=1l:sizex(2)

SAnr(:,:)= SAn(i,j,:,N+n+l,ne);
SAnlr(:,:)= SAnl1(i,j,:,N+n+l,ne);
SBnr(:,:)=  SBn(i,j,:,N+n+l,ne);
SBnlr(:,:)= SBnl(i,j,:,N+n+l,ne);
SCnr(:,:)= SCn(i,j,:,N+n+l,ne);
SCnir(:,:)= SCni(i,j,:,N+n+l,ne);
SCnllir(:,:)= SCnl1l(i,j,:,N+n+l,ne);
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n11S(i,j,N+n+1l,ne)=(( SAnlr - z * SCnllr ) *_._.
(invLnjS(:,:,N+n+l,ne) * DS(:,N+n+l,ne))) *...
exp(li * n * s(i,j));
n22S(i,j,N+n+1,ne)=(( 11 * n / R * SBnr +...
1/(R+z) * SCnr + z * 1/R/(R+z) * n™2 *._.
SCnr ) * (invLnjS(:,:,N+n+l,ne) *...
(DS(:,N+n+l,ne)))) * exp(li * n * s(i,J));
n12S(i,j,N+n+1l,ne)=1/2 * (( 1/(R+z) * 1i * n *._.
SAnr + (R+z)/R * SBnlr. ..
-z * (2*R+z)...

/R/(R+z)* 11 * n * SCnlr) *...
(invLnjS(:,:,N+n+1l,ne) *...
(DS(:,N+n+1,ne)))) *...
exp(li * n * s(i,j));

end
end

Nn1INE(:,:,ne)= n1liINE(:,:,ne) + nl1l1S(:,:,N+n+l,ne);
Nn22NE(:, :,ne)= n22NE(:,:,ne) + n22S(:,:,N+n+l,ne);
n12NE(:, :,ne)= n12NE(:,:,ne) + nl12S(:,:,N+n+l,ne);

end
end

N11T(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-...
(ne-1))= nl1lINE(:,:,ne);

n22T(: ,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-. ..
(ne-1))= n22NE(:,:,ne);

n12T(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-...
(ne-1))= n12NE(:,:,ne);

end

sigmall= E/(1-nu™2) * ( nllT + nu * n22T);
sigma22= E/(1-nu™2) * ( n22T + nu * nllT);
sigmal2= E/(1+nu) * nl2T;

%%%0%%%%%6%%%%%%%%0%%%%Y6%% %% %% % %% % %% %% % %% % %% Y6%% %% %% % %% % %% %% % %% % %% %% % %% % %% %% %
9%%%%6%%%%6%%%%0%%%%%%% %% %% %%%%%%% Plotting the results %%%%%%%%%%%%%%%%%%%%%
%%%0%%%%%6%%%%%6%%%0%%%%%6%% %% %% % 6% % %% %% % %% % %% Y6%% %% %% % 6% % %% %% % %% % %% %% % %% % %% %% %

size(xX)

size(W)
DisplacementsABCD(1,1)=U(1,section);
DisplacementsABCD(1,2)=V(1,section);
DisplacementsABCD(1,3)=W(1,section);
DisplacementsABCD(2,1)=U(26,section);
DisplacementsABCD(2,2)=V(26,section);
DisplacementsABCD(2,3)=W(26,section);
DisplacementsABCD(3,1)=U(51,section);
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DisplacementsABCD(3,2)=V(51,section);
DisplacementsABCD(3,3)=W(51,section);
DisplacementsABCD(4,1)=U(76,section);
DisplacementsABCD(4,2)=V(76,section);
DisplacementsABCD(4,3)=W(76,section);
display(DisplacementsABCD)

%%%———————— Using a factor to magnify the displacement to be visualized---
LO=0;
X=zeros(sizex(1l) ,NE*sizex(2)-(NE-1));
S=zeros(sizex(1l) ,NE*sizex(2)-(NE-1));
for ne=1:NE

X(:,ne*sizex(2)-(ne-1)-(sizex(2)-1):ne*sizex(2)-...

(ne-1))=LS(1,ne) .*x+L0;

LO=LO+LS(ne);

S(:,ne*sizex(2)-(ne-1)-(sizex(2)-1) :ne*sizex(2)-(ne-1))=s;
end

X=X;
sS=S;

facu=70;
facv=70;
facw=70;

us=double(real (V));
vs=double(real (V));
ws=double(real(W));

fus=facu*us;
fvvs=facv*vs;
fws=Facw*ws;

Y ———m Displacement U —————————————— -

figure3=Figure("Position”, [100 80 800 650], "Name®", "Displacement u®);

colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figure3);

J=x+fus;

k=(R) .-*sin(s);

1=(R) .*cos(s);

plotus=surf(j.k,l,us, "Parent®, axesl, "FaceColor®, "interp”,...
"edgeAlpha®, .1);

axis equal

xlabel (*X1*, "FontSize",12, "FontWeight~, "bold")

ylabel ("X2", "FontSize",12, "FontWeight", "bold")

zlabel ("X3", "Rotation”,0, "FontSize",12, "FontWeight", "bold")

title("Displacement u®, "FontSize",20, "FontWeight", "bold™)

colorbar("peer-” ,axesl)

Yo Displacement v ——————————— -~
figured=figure("Position”, [100 80 800 650], "Name®, "Displacement v");
colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figured);

J=X;

% k=R*sin(s)+fvvs.*cos(s);

k=R*sin(s+fvvs./R);
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% I=R*cos(s)-fvvs.*sin(s);

1=R*cos(s+fvvs./R);

plotvvs=surf(j,k,l,vs, "Parent®, axesl, "FaceColor®, "interp”,...
"edgeAlpha®, .1);

axis equal

xlabel (*X1*, "FontSize",12, "FontWeight~, "bold")

ylabel ("X2", "FontSize",12, "FontWeight*, "bold")

zlabel (*X3", "Rotation”,0, "FontSize",12, "FontWeight~, "bold")

title("Displacement v*, "FontSize", 20, "FontWeight", "bold")

colorbar(“peer- ,axesl)

Y ————m Displacement W ———————————————————

figure5=Figure("Position™, [100 80 800 650], "Name®", "Displacement w");

colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figureb);

J=X5

k=(R+fws) .*sin(s);

I=(R+fws) .*cos(s);

plotws=surf(j.k,l,ws, "Parent®, axesl, "FaceColor®, "interp”,...
"edgeAlpha®, .1);

axis equal

xlabel (*X1", "FontSize",12, "FontWeight®, "bold")

ylabel ("X2", "FontSize",12, "FontWeight", "bold")

zlabel ("X3", "Rotation”,0, "FontSize",12, "FontWeight", "bold")

title("Displacement w", "FontSize",20, "FontWeight®, "bold")

colorbar("peer” ,axesl)

Yp————mm Total Displacement - ---————————————————————
figure6=fFigure("Position”, [100 80 800 650], "Name",...

"Total Displacement®);
colormap gray

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figureb6);

J=x+fus;

k=R*sin(s)+(fws.*sin(s)+fvvs.*cos(s));

I1=R*cos(s)+(fws.*cos(s)-fvvs.*sin(s));

plotusvvsws=surf(j,k,l,((us."2+vs."2+ws."2).".5), "Parent” ,axesl, ...

"FaceColor®, "interp”, "edgeAlpha“, .4);

hold on

plot3(j(1,:),k(,:),1(1,:),"Parent” ,axesl, "linestyle®,"-","color", ...
[O O O], linewidth",2);

plot3(J(55,:).k(55,:),1(55,:), "Parent” ,axesl, "linestyle","-",_ ..
*color®,[0 O O], "linewidth*,2);

plot3(j (100, :),k(100,:),1(100,:),"Parent” ,axesl, "linestyle”, ...
"-_","color",[0 O O], "linewidth",2);

axis equal

xhim([O0 6])

yhim([-1 11)

zhim([-1 1D

xlabel (*X1", "FontSize",12, "FontWeight®, "bold")

ylabel ("X2", "FontSize",12, "FontWeight", "bold™)

zlabel ("X3", "Rotation”,0, "FontSize~",12, "FontWeight®, "bold~)

title("Total Displacement”, "FontSize~",20, "FontWeight", "bold™)

% colorbar("peer”,axesl)

set(gca, "GridLineStyle", "none", "CameraPosition”,[150 -70 10])
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sigmalls=(real(sigmall));
sigma22s=(real (sigma22));
sigmal2s=(real (sigmal2));

Y mm—m N1l ————— =

figure7=Figure("Position®, [100 80 800 650], “Name®", "Axial Stresses®);

colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figure7);

J=X;

% k=R*sin(s)+(fws.*sin(s)+fvvs.*cos(s));

k=R.*sin(s);

% I=R*cos(s)+(fws.*cos(s)-fvvs.*sin(s));

I=R.*cos(s);

plotsigmalls=surf(j,k,l,sigmalls, "Parent” ,axesl, ...
"FaceColor”,"interp”, "edgeAlpha, .1);

hold on

colormap(jet)

axis equal

xlabel (*X1*", "FontSize~",12, "FontWeight®, "bold")

ylabel ("X2", "FontSize",12, "FontWeight*", "bold")

zlabel ("X3", "Rotation”,0, "FontSize",12, "FontWeight®, "bold")

title("Axial stress®, "FontSize",20, "FontWeight”®, "bold™)

colorbar("peer” ,axesl)

Yp—mm—mmm e N22 ———— e

figure8=Figure("Position”, [100 80 800 650], "Name®", "Hoop Stresses");

colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figure8);

J=X;

% k=R*sin(s)+(fws.*sin(s)+fvvs.*cos(s));

k=R.*sin(s);

% I=R*cos(s)+(fws.*cos(s)-fvvs.*sin(s));

I1=R_*cos(s);

plotsigma22s=surf(j,k,l,sigma22s, "Parent” ,axesl, . ..
"FaceColor", "interp”, "edgeAlpha®, .1);

axis equal

xlabel (*X1*", "FontSize~,12, "FontWeight®, "bold")

ylabel ("X2", "FontSize*,12, "FontWeight*", "bold™)

zlabel ("X3", "Rotation”,0, "FontSize",12, "FontWeight", "bold")
title("Hoop stress”, "FontSize",20, "FontWeight~, "bold™)
colorbar("peer-” ,axesl)

Y mm—mm e N12 —————— -
figure8=Figure("Position”, [100 80 800 650], "Name®", "Shear Stresses®);
colormap jet

axesl=axes("Position™, [.10 .15 .80 .75], "Parent®, figures8);

J=X;

% k=R*sin(s)+(fws.*sin(s)+fvvs.*cos(s));

k=R.*sin(s);

% I=R*cos(s)+(fws.*cos(s)-fvvs.*sin(s));
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I1=R_*cos(s);
plotsigmal2s=surf(j,k,l,sigmal2s, "Parent” ,axesl, . ..
"FaceColor”,"interp”, "edgeAlpha, .1);

axis equal

xlabel (*X1*, "FontSize",12, "FontWeight~, "bold")

ylabel ("X2", "FontSize",12, "FontWeight*, "bold")

zlabel (*X3", "Rotation”,0, "FontSize",12, "FontWeight~, "bold")
title("Shear stress®, "FontSize",20, "FontWeight”®, "bold")
colorbar(“peer- ,axesl)

Y ———m Special Plots - -~—————— -
figurelO=Figure("Position", [100 80 800 650], "Name", "Special Plot");
colormap jet

axesl=axes("Position®, [.10 .15 .80 .75], "Parent®, figurelQ);

1=x(1,3);

k=sigmal2s(26,:);

Zout=k.";

plotSP=plot(j .k, "Parent” ,axesl);

xlabel (*X1*, "FontSize",12, "FontWeight~, "bold")
ylabel ("X2", "FontSize",12, "FontWeight", "bold")

title("Special Plot", "FontSize",20, "FontWeight”, "bold™)

sizex=size(X);
xL=x(1,:);

sC=s(:,1);
sigllTL=sigmalls(1,:);
Sig22TL=sigma22s(1,:);
sigl2TL=sigmal2s(26,:);

% sigllS001=sigmalls(:,1);

% sigllS200=sigmalls(:,200);
% sigl1S201=sigmalls(:,201);
% sigl11S300=sigmalls(:,300);
% sigllS396=sigmalls(:,396);
% sigllS400=sigmalls(:,400);
% sigllS401=sigmalls(:,401);

plot(xL,sigllTL)
hold on
xhim([2,5])
plot(xL,sig22TL)
plot(xL,sigl12TL)
hold off

% plot(sC,sigl1S001,sC,sigl11S200,sC,si1g11S201,sC,sig11S300,sC, - -.
sigl11S396,sC,sigl1S400,sC,sigl1S401)

plot(xL,W(1,:))
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xcom=[x(1:100, :);x];
scom=[s(1:100, :);2*pi+s];
sigmallscom=le-6*[sigmalls(1:100,:);sigmalls];

Ypmmm—mmm e S11 -
vl=[-24;-22;-18;-16;-14;-12;-8;-6;-4;-2;2;4;6;8;12;14;16;18;22;24];

v2=-20:10:20;
v2=v2.";

figurel2=Figure("Position", [100 80 800 650]);
axesl=axes("Position®, [.12 .15 .80 .75], "Parent", figurel2);
contour (xcom,scom,sigmallscom,vl, "-k");

hold on
[C,h]=contour(xcom,scom,sigmallscom,v2,"-k","linewidth®, 2);

ylim([pi,3*pi])

set(gca, "xtick®,[0,1,2,3,4,5], "xticklabel*,{"0";"1";"2";"3";"4";"5"}, . ..

"ytick®,[pi,3*pi/2,2*pi,5*pi/2,3*pi], "yticklabel ", ...
{"-180";"-90";"0";"90";"180"}, "fontsize", 14);
clabel (C,h, "FontSize", 14, "LabelSpacing”,800);

xlabel ("Distance from Left Support (\itm\rm)-","FontSize",16,...

"FontWeight*, "*normal )
ylabel("Angle from Top Fiber (\itDegree\rm)","FontSize",16, ...
"FontWeight®, "normal *)

t axes2=axes("Position”, [.15 .20 .4 _.3], "Parent®, figurel2);
% contour(xcom,scom,sigmallscom,vl,"-k");

6 xIim([4,5])

v ylim([11*pi/6-pi/3,11*pi/6+pi/3])

XXX

S

figure
contour(x,s,sigma22s,20, "-k")

O S12 mm

sigmal2scom=1e-6*[sigmal2s(1:100, :);sigmal2s];
v1=[-9;-8;-7;-6;-4;-3;-2;-1;1;2;3;4;6;7:8;9];

v2=-10e6:5e6:10e6;
v2=1e-6*v2.";

figureld=figure("Position”, [100 80 800 650]);
axesl=axes("Position®, [.12 .15 .80 .75], "Parent”, figureld);
contour (xcom,scom,sigmal2scom,vl, "-k");

hold on

[C,h]=contour(xcom,scom,sigmal2scom,v2, "-k","linewidth", 2);

ylim([pi,3*pi])

set(gca, "xtick",[0,1,2,3,4,5], "xticklabel " ,{"0";"1";"2";"3";"4";"5"}, . ..

"ytick",[pi,3*pi/2,2*pi,5*pi/2,3*pi], "yticklabel", ...
{"-pi";"-pi/27;"0";"pi/2";"pi"}, "fontsize", 14);
clabel (C,h, "FontSize*,14, "LabelSpacing~,800);
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xlabel (*Distance from Left Support (\itm\rm)-","FontSize",16, ...
"FontWeight*, "normal )

ylabel ("Angle from Top Fiber (\itrad\rm)","FontSize",16, ...
"FontWeight®, "normal *)

% axes2=axes("Position®, [.15 .20 .4 .3], "Parent”, figureld);
% contour(xcom,scom,sigmal2scom,vl,"-k");

% x1im([4,5])

% ylim([11*pi/6-pi/3,11*pi/6+pi/3])

% figure
% contour(Xx,s,sigmal2s,15,"-k")

Y ——— saving the files-----—-- - -\ -\ - - oo o o o o 0 o i i i
xlswrite("x.xIs" ,x.%)
xIswrite("s.xIs",s.")
xIswrite("U.xIs",U.")
xIswrite("V.xIs",V.")
xIswrite("W.xlIs" ,W. ")

xIswrite("xn10.x0Is" ,x.")
xIswrite("sn10.xlIs",s.")
xIswrite("Un10.xIs",U. ")
xIswrite("Vn10.xIs",V.")
xIswrite("Wnl10.xIs",W.")
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Chapter 6

Formulation of Thin Shell Theories for Toroids

6.1 Abstract

The generalized thin shell theory developed in Chapter 2 is specialized to toroids. By
applying two sets of consistent geometric simplifications, two sets of governing field
equations and corresponding boundary conditions are recovered for the problem. Several
comparisons are made with other toroidal thin shell theories. A third toroidal thin shell
theory is proposed for pipe bends of common geometries. The simplification essentially

preserves the accuracy of the solution while reducing its complexity.

6.2 Introduction

Recalling the discussions about all the discrepancies among thin shell theories provided in
Chapter 2, this chapter is centered on developing a toroidal thin shell (TTS) theory by using
the generalized thin shell theory developed in Chapter 2. It is attempted to express the
formulation in a generic form so that other toroidal shell theories (e.g., DMV [6.1] and
Sanders [6.2]) can be expressed as special cases from the generic form. The formulation

details are similar to that in Chapter 3 (for the case of CCTSs).
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6.3 Geometry

Position vector r of a general point lying on the middle surface of a torus with cross-

sectional radius R and of torus radius & (Figure 6.1) in terms of the unit vectors T;, which

correspond to the Cartesian coordinate system X', and the curvilinear coordinate system x'

2 1 2
R+ Rcos~— |sin=_ [T +| Rsin— |12+
R R R

is

r(xl,xz):

X Gl
R+Rcos— [cos— |1 (6.1)
R R

Figure 6.1 — Toroid geometry and coordinate definition
In the following, symbols x,s,z will be used instead of x!,x? x*. We define the non-

dimensional parameters

|

y=R/R , x=1+% , 0

(6.2)
¢ =1+ycosd : &=1+yycos@

In a manner similar to that in Chapter 3, the covariant base vectors are
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1= fjl ) 8= ij ' g3 =1j3 (6.3)
All other geometric properties of the toroidal shell necessary in the formulation are given

below.

From Eq. 2.10, by using the raising indices technique, the mixed components of the

curvature tensor on the middle surface (55‘ =a%a,,-a,)are

gole gl gl 6

The components of the Christoffel symbol (T :%ak' (@ j +ay; —a;, )) on the mid-surface

are (for more elaboration refer to Eq. A.68)

1:%1=511=_%§C059 ' T3, =b, =0 ' T3 =by =0 65
1:32:522:_% : f‘12=1:121=—%5i%9 , I:lzlzéf;siné’ (65)
The covariant components of the curvature tensor across the shell (b, ; = Fzﬁ) are

1 1
bllz—gfcose ) by =0y =0, by =—R* (6.6)

From Eq. 6.4, by substituting into Eq. 3.16, one obtains the components of the shifter tensor

as

Z cosé
Ao 290 E L

R 7 - (6.7)
=200 =0 |
M2 R 42 ’ Ha 2

The components of the Christoffel symbol Fi‘} across the thickness are
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1 1 ysing 1 1 cos@
koot _tqu __ 1 ’ oot _1igu _Lcos¢
12 21 29 O11,2 R £ 13=13 29 O11,3 R ¢
1 1 &sing 11
2 —_1422 _1 ’ 2 -r2 -1 6.8
11 29 O11,2 R 23= 132 R 7 (6.8)
1 1
I3 =——¢&cosd : Iy, =-=
11 SRé: 22 RZ

The two dimensional covariant derivative of curvature tensor (b ||, ) is

bll ||2 = b11,2 - Zbllr%Z (6.9)

From Eq. 3.45, the displacement components U; in terms of the mid-surface displacements

u; are

2 2
Uy :(ﬂil) ul_X3:uilu3,l ’ U, :(ﬂzz) Uz —X3ﬂ22U3,2 ’ Us=u; (6.10)
Using the chain rule, the derivatives of the displacement components U;, required in the

formulation, in terms of the mid-surface displacements u; are

U =( 2 31 U = ( 2 31
11 =\ ) U =X hlUzqy , 111 =\44 ) Upn =X 44Uz011
2
1.1 1 31 31
Uirp = 2#’1#‘1,2“1,1+(M) Uppo =X pUz g1 = X U317
2
1.1 1 31 31
Ui = 2p4 44,0 +(M) Uy o =X 4y pUs g = X Uz
2
101 11 1.1 1
Ui 20 =248 5 U1 + 21 14 55U + 444 145U » +(M) U2
31 31 31
=X 4 2oUzq — 2X 44 pUg 15 — X" L4 U3 19)
U =( 12 2 312 U. . =( 2 2 312
20 =\ My | Uy =X iUz ) , 22 =\My ) Uy =X tipU3 5
U = (12 2 3 2 U =( 12 2 3 2
211 =\ M | Up11 — X HoU3qq) , 212 =\ My ) Upqo =X pUzq5)

U = (2 2 3 2
222 =\ My ) Up 20 — X" HoUz 59

Usy =Us; , Uz, =Us, (6.11)
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By using the relationship U, [|,=U, 4 —uyrgﬂ, defined in Appendix 2.C., the components

of the covariant derivative of the displacement components (U, ||5) are

2 1
U1 ||1:U1,1_U2F11 , U1 ||2:U1,2 _U1F12

) (6.12)
Uz ||1:U2,1_U1F21 , Uz ||2:U2,2

The in plain components of the second covariant derivatives of the displacement components

(U, lls) are

Uy lhy=Ui35 —2U 2,1F121 —Ul,zrfl +2U T,

Uy ho=Y11, _U2,2F121 -uU 2F121,2 - 2U1,1F%2 +2U,T 5T,
Uy llp1=Us1o - 2U1,1F%2 -U 2,2F121 +U T,

Uy llp=Uy 2 - 2U1,2F%2 - Ulriz,z +U T3,

Uj lhy=Us11 - 2U1,1F121 +U, I, -U 2,2r121

Us lho=Us1, —U1,2F121 - U1F121,2 -U 2,1F121 +U 50
Us llp1=Us1o — U1,2F121 -U 2,1F121 +2U T,

U, 2= U2,22

(6.13)

All components of the covariant derivative of the metric tensor g% ||, and consequently all

components of the covariant derivative of the constitutive tensor E“** |  are zero.

It should be reminded that the mid-surface displacement components u(x,s), v(x,s) and

W(x,s) appear in the expressions above are in a covariant form. Although for the case of

TTSs, the covariant, contravariant and physical form of the mid-surface displacement

components v(x,s) and w(x,s) have equal magnitudes, this is not the case for mid-surface

displacement component u(x,s). Thus, the following relationships should be used to relate
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the covariant displacement components u, v and w to their counterpart physical
components U, Vv and w.

u=¢u , V=V , W=wW (6.14)
where we recall from Eq. 6.2 that ¢ =1+pycos@ is a function of coordinate 8 (=s/R).

Thus, one has

(6.15)

R

6.4 Constitutive Elasticity Tensor

From Eq. 6.3, by substituting into Eq. 2.50, one obtains

Ellll — E 11,11 _ E i

129 9 1-v? &

E E 1
pl122 _ p2211 _ . vgilg? =V
1-v 1-v® &

1212 £1221 2112 2121 E (1-v) 11 2 E (1-v) 1
T TR
1-v 2 1- 2 éj;{

(6.16)

6.5 Strain-Displacement Relationships

From Eq. 6.12, by substituting into Eq. 2.23, the covariant components of the strains 7, in

terms of covariant components of the mid-surface displacement are
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1 sin@ cosé sin@ 1
Thi=—5 ,1_% v+ Ll wzZ Wo—Z——Wyy
g RS RS RS ¢s
1 1
Mo =V, +R_W_Z_W,22
“ ¢ 6.17
1]|2ysin® 1 & X ysin@ 1 (6.17a-c)
Ty =My == 5 1-z U+—=U,+ZV, -2 2-71—— W,
2 RS Rx¢) x¢ S RSS Rx¢

(e

Lot —— Wi

& x6)

From Eg. 6.14, by substituting into Eq. 6.17, the physical components of the strains 7,, are

expressed in terms of the physical components of the mid-surface displacement

My = [%UJ - z%_il}{%(—zsin 6V +CcosOW + zsin 6\7\(2)}

7722:‘7,2+$V_V—Z%V_V,22
(6.18a-c)
7712—%<{ZL§E2+%V1_Z(%+Z_1§)W;2}
7sind )| 1 g ycosd |- |1 ycosé |1
g 425 ot oo Lus2g) 22 fhm

Among thin shell theories, the DMV theory [6.1] is commonly used for analysis of toroidal
shells in the literature. In DMV, most effects related to the flexural stiffness are neglected.
Sander’s theory [6.2] provides a more exact representation, in which strains are assumed to
linearly vary across the thickness. Three versions of the strain-displacement relationships
(namely, TTS-V1, TTS-V2 and TTS-V3) are proposed based on three sets of approximations

of Eq. 6.18a-c and are compared to those of DMV and Sanders in Table 6.1 through Table

6.3.
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The TTS-V1 theory is the most accurate and does not involve additional approximations and
simplifications beyond those given in Chapter 2. The TTS-V2 theory is based on the

simplifications

n
7" (1+%) =1+nt ; n=0,+1,42,+3

R
7 ycosé

(6.19)
"=(1+yycosd)" =¢" (1+ g2

j :n=0,%+1,4+2,+3

The maximum error in this approximation (Eg. 6.19) within the practical geometric ranges of
thin shells (say z/R <0.05) and practical range of torus geometries R/R (say R/R<0.5)

in the worst case (n =-3) is within 1.5% .

The TTS-V3 theory is based on the further simplifications

EN=¢" : 7" =1 ; n=0,+1,+2,+3 (6.20)
i.e., by neglecting the ratio (z/R) compared to unity, 1+z/R =1. For the same range of
z/R and R/R as above, the maximum error, introduced into the approximate expressions

(EQ. 6.20), in the worst case (n=-3) is within 17% .

Both simplified strain-displacement relationships (TTS-V2 and TTS-V3) lead to comparable
expressions to those of Sanders and DMV theories for toroidal shells as illustrated in Table

6.1.
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Table 6.1 — Comparison of longitudinal strain-displacement expressions in various toroidal

thin shell theories

Theory Longitudinal Strain 7,
TTS-V1 [%El—zéwll}+{%(—zsin0V+cos€v‘v+zsiné’v_vlz)}
TTS-V3 {%UA—z#v‘vﬂ}{é(—sinwjtcosemzsinewz)}
DMV %Uyl—z?v_\m +{RL§(—;(sin6V+cosev_v+zsinHv‘vlz)}
Sanders ?ql—z?v_vﬂ +{RL§(—;(sin6V+cosev_v+zsinHv_v,Z)}
_ coséd ) _
E“J‘Z?@‘%y ¢ )W'“}
TTS-V2
¥ (q_zycCOSO Y\ _ L
J{R;(l R 7 j( ;(sm<9v+cosew+zsm¢9w2)}

Table 6.2 - Comparison of circumferential strain-displacement expressions in various
toroidal thin shell theories

Theory Meridional Strain 7,,
TTSVL | Tyt W=7 Wz

TTS-V3 | V, +2 W2y,

DMV | 2V, +%V_V— ZW 2,

Sanders | xV, +%"_V_ ZW22

TTS-V2 V2+%(1—%)W‘Z(1_%)W22
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Table 6.3 — Comparison of shear strain-displacement expressions in various toroidal thin
shell theories

Theory Shear Strain 7,
S g s 2y _.(1. 1 \w
Tsvi| 2 {%u'ﬁ‘fvl Z(fﬁjwn}
rsin@ )| 1(o5_ &), oz 70080 |- 11 2\, rcosé |1
'R ¢ {1(2 R e b e L:WAD
TTS-V3 %{(Uﬁ%_’l_zz%wlzj
- L7 sing (l Y. 7C059j_—2(l+70030jlw
1 cosé 1 - 1
. E{(:H_ZéyTju'z+§(1+2%)V1_ZZZWY12
it [ a0 W)
3 [ve gl o (5 -
Sand
anders +1M{K1_LLJ+ZL7COSH:|U—ZZLV_V }>
R ¢ R) R ¢ ¢
e 22 e o222
1 ycosé _
o122 - |
TTS-V2 L sing ( _L) » (1 7 ycosé 7 ycosé |
R & R R ¢ R ¢ 1
1 y €cosé yC0S6 \_
_zz[l—%)(l+2%) > }(1—% > jw>]l

It is noted that while for the case of longitudinal and shear strains, 7;; and 7, there are

some new differential terms in addition to those from straight pipes, the circumferential

strain 77,, is not a function of and affected by the radius of the torus R (=R/y), nor the

cross-sectional angle of rotation 8 (=s/R). The hoop strains defined in Sanders and DMV

differ from those of TTS-V1 by a factor of 1/y. For h/R=1/20, this will yield a 5%
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difference in strains at the outer and inner surfaces. Considering the degree of complexity of
the various terms in TTS theory, the strain-displacement relationships based on TTS-V1,

TTS-V2, Sander’s and DMV could be considered very close.

6.6 Generalized Representation on Toroidal Thin Shell Theories

By modifying the generalized thin shell theory developed in Chapter 2 to toroidal shells, the
governing field equations and corresponding boundary conditions were obtained. Using the
geometric and mechanical properties of TTSs previously developed in Sections 6.3 and 6.4
in the same manner as in Chapter 3 (for the case of CCTSs) and after proper simplifications,

the stationary condition of the Hamilton’s functional is expressed as

(ou(xs) ov(x.s) Sw(x,s) Wy (x,s)) I
27R Dy Dy Dis [ (4(x s 0
ol = j « D211D55 | Dy3 vgx’s; n 0 ds
0 D3, Ds; i Dag ’ Fac
Dy1{Daz | Das w(x.s) 0
llo
(6.21)
(8u(x,s) ov(x,s) Sw(x,s))
L @22zR
+I J‘ Ly | Ly [Lyg | [U(X:S) F%jE dsdx = 0
0 J0 x| | Ly Lop iLpg |3 V(X,8) (+9 Fre
Lo1ilaz Las | (w(x,5)| |F&%
where the differential operators D;; and L;; are
D11:d1%
Dy, = dz§+d (6.22)
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D,, = dg % +dg
Dy, =dyg % (6.23)

2
Dy =dy; —8?(85 +dp, %

2 2 2
Dy, =dys -2 +dy, -2+ dly 2 +(d +df 0 j
1 =0 7T 15 16+ 016 -2

s? E
2

Dy, =dyy % +dyg % (6.24)

4 0 o° o° 1 9% )0
D3s =dyg o +dy ox3S? +d21%+(d22 +d22¥ x
Dy = dzs%

0? 0?

Dy3 =d26y+d27 E*'dzsgﬂjzg

2 2 2
~1, 9~ 11,9 4] @+(| +|'5—j
Lll 1 6X2 2 882 3 85 4 4 atz

2
L, = g%w% (6.26)
& o 0? 1 0% )0
Li;=1, e +g e +1q EVE +(I10 +hy °F ) ox
2
Ly, = |11%+ |12%
T W L 0%
Ly, =hs 0 +ly o2 +15 3 +(I16 + g &Zj (6.27)

3 3 2 2 2
Lys = by Oty —C— 41,y 0= 11,2 +(| +|'5—ji+|
2877 53 T8 20 TS 2 TR0 7 27257 Jog 22
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3 3 2 2
Lg; =1lp3 0 +1ly 8)? +1ps 8?(85 +(|26+|2|6 gt—zja—ﬁx

ox® 052
0 o ol o? 1 020 Wk
Ly, = 1,7 = —3 +log 208 + 159 PV +15 . + I31+|316t_2 EJF I3, +I326t_2 .
Lyy = lyy 05 1, O, 084y 2% a—3+(| +|'iji o2
BBt st P axos? o Voxdes BB a2 ) ox?
e e 1 &* )0 | 0%
+('39 +l3 6’[2)632 +(|4o +lg0 atzjas +(|41+|41 o
and generic force terms Fai, Fre, Fre and FPt are defined as
FBV\é: — le flxw + f2F fzxw
Fee = f3F f 4+ f4F f," (6.29)

Fre = fy £+ fg £
R = £ 0 £ 6 1 2 g 1 0 (le 0 i 5 ) 1+ 15 2 15"

It is noted that the differential operators D; and L;; and force terms Fge, Fee, Fep and

Feg include distinct differential terms depending on the degree of simplification made.
However, the generic format in Eq. 6.21 empowers us to extract any of the TTS-V2, TTS-

V3, Sander’s and DMV theories as special cases by defining distinct coefficients d, , dI iy
IiI : fiF for each theory and setting the coefficients of the non-relevant terms equal to zero.
Coefficients d,, d', I, I', £ and forces ™, £, £, £, £, 2, £, £,

™ and f," are provided in Appendix 6.A for the TTS-V2 and TTS-V3 theories. Also

given are the coefficients I, corresponding to Sanders and DMV theories for comparison. It

is noted that, in general, all coefficients d;, d i IiI , fiF are functions of s (=R@).
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6.7 Field Equations of Toroidal Thin Shell Theories

This section provides a basis for comparing the toroidal thin shell theories TTS-V1, TTS-

V2, Sander’s and DMV in terms of differential terms participating in the field equations.

This comparison is limited to the static part of the field equations in the absence of inertial

terms and an explicit form of the boundary conditions in Sander’s and DMV theories. Table

6.6 in Appendix 6.B provides a detailed term by term comparison between the four theories.

It is convenient to define the following generic differential operator matrices as they will be

used in upcoming sections (6.7.1 through 6.7.4).

L, (theory) =

L, (theory) =

2 2
2~ 41,2 )
ox2 “os? .9 4.0 el
p ls 2xas 17 ox 10 2
+lg = +1
3 83 4
. 0 0°
R 5 136?*' 1483_2 2
Ill OXOS + |12 OX a |21 s + |22
i i 7
Ly 941, 9 41, 9
Boaxt ost® ox%os?
d 0 o o o*
|26& |3lg+|32 +g 0 +lg7 ox%0 +lsg o’
52
S
o2 |
0 0l OXOs
Y.
o
| 2% Ox0s 00 |

(6.30)

(6.31)
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_ 5 . A
0 0 l, 0" 4,0
"o ° oxos?
3 3
L, (theory) = 0 0 882 X 08 (6.32)
+lg =
20 a52
3 3
lyy L+ 1,52
3 3 27 3 28 2
I3 863 +1p 688 > 8882 8Xa§5 I40%
X Xes oy 5+l
L OX oS ]

where the argument *“theory” denotes various theories and takes the values DMV, TTS-V3,
TTS-V2, or Sanders as applicable in the following sections. The coefficients of matrices

L, (theory), L, (theory) and L;(theory) are presented for each of the four theories in the

subsequent subsections.

6.7.1 DMV Theory

The homogenous part of the differential equations of the system based on DMV theory can

be written as

u
w
where the operator matrix Lpy, =L;(DMV) in which the coefficients I; =I;(DMV) are

provided in Section 6.A.1 of Appendix 6.A . The operator matrix Ly, includes only the
membrane effects of the displacement components except for the entry Ly, (3,3) which
involves the flexural effect of the radial displacement.

6.7.2 TTS-V3 Theory

The TTS-V3 theory is the most simplified theory based on the current study. The system of

ODEs developed for TTS-V3 take the form
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u u
Lo7s va {v} =[ Ly (TTS -V3)+ L, (TTS-V3) s v (6.34)
w w

where, L;(TTS-V3) and L,(TTS-V3) are evaluated based on the coefficients
l; (TTS -V3) defined in TTS-V3 theory provided in Section 6.A.2 of Appendix 6.A .
Although all non-zero entries in the operator matrix L, (TTS —V3) are related to flexural

effects, a study of the expressions |, indicates that the TTS-V3 theory does not capture any

flexural effect arising from the circumferential displacement component v. Also, in the

coefficients of the second field equation (L,;), the radial displacement component w is the

only component for which the flexural effects are included.

6.7.3 TTS-V2 Theory

The TTS-V2 theory is a more accurate representative of the toroidal thin shell behaviour.

The system of ODEs based on TTS-V2 takes the form

u u
Li7s v ) { v} =[L (TTS=V2)+L,(TTS -V2)+Ls(TTS -V 2)]{v} (6.35)
w W

where Ly(TTS-V2), L,(TTS-V2) and L;(TTS-V2) are evaluated based on the
coefficients I, (TTS -V 2) defined in TTS-V2 theory provided in Section 6.A.3 of Appendix
6.A . The entries in the differential operator matrices L, (TTS-V2) and L;(TTS-V2)

represent only flexural effects. The expressions I, indicate that the TTS-V2 theory includes

both membrane and flexural effects for all three components of the displacement field.

6.7.4 Sanders Theory

The system of ODEs based on Sander’s theory takes the form
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u u
L cagers {v} =L, (Sanders)+ L, (Sanders)+L, (Sanders)]{v} (6.36)
w w

where L, (Sanders), L,(Sanders) and L;(Sanders) are evaluated based on the
coefficients I; (Sanders) provided in Section 6.A.4 of Appendix 6.A . Similar to the TTS-
V2 theory, all the non-zero entries in the differential operator matrices Lz(Sanders) and

L3(Sanders) represent only flexural effects. Sanders theory includes both membrane and

flexural effects due to all three components of the displacement field. However as shown in
Appendix 6.B , although most terms in the TTS-V2 theory and those of Sanders are

comparable, they are not always identical.

6.8 A Modified Toroidal Thin Shell Theory (TTS-V2M) for Elbows of
Common Geometry

Considering the complexity of TTS-V2 and Sanders theories in one hand and the large
approximation involved in the TTS-V3 and DMV theories on the other hand, another
modified toroidal thin shell theory is developed for pipe bends of common geometries. The
theory nearly retains the accuracy of the former two theories while involving simpler
expressions. In determining the coefficients in the modified newer theory (termed as TTS-
V2M), all differential terms in TTS-V2 are retained except those terms that are clearly

negligible compared to other terms. The geometric assumptions h/R <1/20 and R/R <1/2
are made. These should be valid for most pipe bends. Coefficients d; (TTS —VZM),
di (TTS-V2M), L;(TTS-V2M) and I} (TTS-V2M) are then numerically evaluated
under the postulated geometric assumptions. This procedure has led to several

simplifications in the various coefficients of the differential equations. These are detailed in
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Appendix 6.B . The coefficients for TTS-V2M are provided in Section 6.A.5 of Appendix

6.A.

Table 6.4 provides a comparative summary for the L;; differential operators between various

theories. Those differential terms involving only membrane terms are marked “M” while
those involving only flexural terms are denoted “F”. A term involving both membrane and

flexural effects are denoted “M+F”. A similar comparison for the differential operators Dj

in provided in Table 6.5. Table 6.4 may suggest that the flexural effects due to longitudinal
and circumferential displacement components, u and v, have minor contribution in

coefficients Ly; and L,;. Table 6.5 indicates that while the flexural effects of all three
displacement components have minor contributions on the longitudinal (D;;) and
circumferential (D,;) natural boundary conditions, it is only their flexural effects that

participates in radial (Ds;) and rotational (D, ;) natural boundary contributions.

Table 6.4 — Membrane (M) and flexural (F) effects in differential operators L;; (Field terms).

Theory L | Lo | Lis | Log | Loo | Los | Lsp | Lsz | Lss

TTS-V2 M+F | M+F | M+F | M+F | M+F | M+F | M+F | M+F | M+F

Sanders M+F [ M+F | M+F | M+F | M+F | M+F | M+F | M+F | M+F
TTS-V2M | M M | M+F| M M | M+F [ M+F | M+F | M+F
TTS-V3 | M+F
DMV M M M M M M M M | M+F

<

M+F

<
<

M+F | M+F | M | M+F
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Table 6.5 — Membrane (M) and flexural (F) effects in differential operators D;; (Boundary
terms).

Theory Dy | Dz | Dig | Doy | Dy | Dyg | Day | Dgy | Dsg | Dag | Dap | Dag

TTS-V2 | M+F | M+F | M+F | M+F [ M+F | F F F F F F F
TTS-V2ZM | M M | M+F | M M | M+F | F F F F F F
TTS-V3 M M M M M F F - F - - F

6.9 Conclusions and Remarks

The generalized thin shell theory developed in Chapter 2 was specialized to toroidal shells.
Two different versions (TTS-V2 and TTS-V3) of the governing field equations and
corresponding boundary conditions were obtained based on different simplifications. By
comparing both versions with those of the Sanders and DMV theories for toroidal shells and
some numerical evaluation for toroids of practical geometries, a third theory (TTS-V2M)

was proposed.

Although the DMV strain-displacement relationships were not much different from those of
TTS-V2 and Sanders, the significant difference between the field equations is believed to
have arisen from the further simplifications in the process of developing the field equations

in DMV theory.

It is noted that the terms of the DMV theory are a subset of those of the TTS-V3 theory.
Also the terms of the TTS-V3 theory are a subset of the TTS-V2 theory. The TTS-V2 and
Sanders theory are similar in terms of participation of the differential terms. However, the

TTS-V2 theory has the following advantages

1. Itis based on consistent simplifications.
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2. Itincludes the inertial and dynamic effects.

3. Itincludes body force terms.

4. 1t provides expressions for the boundary conditions, which are consistent and

compatible with the field equations.

The above facts are also valid for TTS-V3 theory over DMV theory. Based on the detailed
study provided, the TTS-V2M theory is proposed for the pipe bends of common geometries
as an alternative for Sanders, DMV, TTS-V2 and TTS-V3 with the advantage of relative
simplicity of the coefficients involved while capturing all significant membrane and flexural

effects.

The TTS-V2 toroidal thin shell theory developed in this chapter is used as a basis to develop

a toroidal finite element in the next chapter.
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6.11 List of Symbols

a; Covariant base vectors of the middle surface

a; First fundamental tensor defined on the middle surface of a thin shell

a Determinant of the first fundamental tensor a;;

b5 Curvature tensor of the surfaces parallel and adjacent to the middle
surface

Baﬂ Second fundamental tensor or curvature tensor defined on the middle
surface of a thin shell

al Contravariant base vectors of the middle surface

all First fundamental tensor of the second kind defined on the middle surface
of a thin shell

g; Covariant base vectors of any surface parallel and adjacent to the middle
surface

9 First fundamental tensor defined within the shell

g Determinant of the first fundamental tensor gj;

gi Contravariant base vectors of any surface parallel and adjacent to the
middle surface

L First fundamental tensor of the second kind defined within the shell

U Displacement of a point within the shell

U, Covariant components of the displacement of a point on a surface parallel
and adjacent to the middle surface along axis x'

U; Covariant components of the displacement of a point on the middle
surface along axis x'

u,v,w Covariant components of the displacement of a point on the middle
surface along axes x*, x2 and x*, respectively

u,v,w Physical components of the covariant displacement components u,v,w,

respectively
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X Coordinate system/Coordinates of the system

X! Coordinate system/Coordinates of the system

X$,2 Coordinates of the system, equivalentto x*, x? and x® , respectively

“ .. All Greek superscripts or subscripts range from 1 to 2

h . All Italic superscripts or subscripts range from 1 to 3

i, Covariant unit vectors along axis x' in middle surface and adjacent
surfaces, respectively

ij Contravariant unit vectors along axis x' in middle surface and adjacent
surfaces, respectively

rﬁ Christoffel symbols in terms of g; and gj;

f:} Christoffel symbols in terms of & and a; (defined for the middle
surface)
Inner product

® Cross product

| Covariant derivative

| Covariant derivative in two dimensional spaces

T* Kinetic energy

Vv Potential energy

\Y Volume

W* External work

I1 Mechanical energy of the system

& Components of the strain tensor on the middle surface

i Components of the strain tensor adjacent to the middle surface
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s =@ =

|

O w0

In-plane components of the Strain tensor

Stress tensor

In-plane components of the stress tensor

Generalized Hooke’s Law

In-plane components of the generalized Hooke’s Law
Partial derivative with respect to x’

Kronecker delta function

The covariant tensor which connects the base vectors of two different
points

Contravariant counterpart of ,qu

Density of the mass

Modulus of elasticity

Poisson’s ratio

Position vector of a general point lying on the middle surface of a torus
Cross-sectional radius of torus

Torus radius

Unit vector in the Cartesian coordinate system X'
R/R

1+z/R

s/R

1+ ycosé

1+ yycosé

Differential operators in boundary condition equations
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Fee . Fre,

W W
I:FE J I:BC

f.F
(i=1,..,13)

Xu SV XwW
o f

ijW1 ijW
(i=12)

Differential operators in field equations

Generic force terms in the functional

Constants in defining the generic force terms Fee, Fee, Frg, Fae inthe

functional

Tractions in defining the generic force terms Frg, Fee, Fee, Fge inthe

functional as a function of x and s
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Appendix 6.A Coefficients of Various Toroidal Thin Sell Theory

The objective of this appendix is to provide the explicit expressions for coefficients d,, diI ,

L, I, 7 andforces £, £,;¥, £, £V, £, £2, £, £%, £ and £, introduced

i
in Egs. 6.22-6.29 in defining the differential operators Dy and L used in Eq. 6.21. These
coefficients and forces are provided for the TTS-V2, TTS-V2M, TTS-V3, Sanders and DMV
theories in the following subsections. In case of the DMV and Sanders theories, however, in
the absence of inertial terms and an explicit form of the boundary conditions and applied

loads only I; coefficients are provided.

6.A.1 Coefficients for DMV Theory

Coefficients I; (DMV ) (called as I; in this section for brevity) introduced in Egs. 6.26-6.28

in defining the differential operators of the homogeneous part of the field equations of the

DMV theory are defined as [6.1]

Il:élil , |2:1_2Vé’

__11l-v g _11-v 212
l; = R ysiné : I4_RZ > (70050 y“¢sin 6)
_1l+v _13-v 1

ly =0 , Iloz%(v+;/§‘lcose)
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|, ==+V

11 2 ’
s _1_va_1 )
s =L ysi

5 =—=ysIin@ ,
7 =0 ’
Ilg :O ’

I21:%(§+vycose) :

s =0 :
ls =0 ,
l,, =0 :
lg =0 ,
Iy :—%(§+V}/COSI9) :
A ,
los = 2Rk ,

l, = 2Ry sin @ :
log = Ky(y§‘1 +2¢ 1 cos @+ y¢ 7 cos? 6’),
Iy, = —é(Zvycoseﬂfzg‘l cos? 6)

6.A.2 Coefficients for TTS-V3 Theory

2
I14:é/
__1 2 -1 i 2
he = R2(V7/COS(9+]/§ sin 6’)

l,, = —éy{lsin 6

I24 =
log = —%(v +y¢tcos 9)

I :i(v sin@+ y*¢ tsin 4900549)
32 R2 Y e
lyy = -R*s¢

lsg = —2/({‘3 [72 +;/COSH+]/2 sin” 19}
lyo =0

Coefficients d; (TTs-V3) and d{ (TTs-V3) (called in this section as d; and d;,

respectively, for brevity) introduced in Egs. 6.22-6.25 in defining the differential operators

of the boundary condition equations of the TTS-V3 theory are defined as

d=-¢" ,

d3:%y§‘lsin9 ,

d5:0 y
__1 -1

d; = R (v+y§ cos@)

d2:_V
d4:O

246



Appendix 6.A Coefficients of Various Toroidal Thin Shell Theories

dg =—1—TV , d =—%1—Tvyg—lsin9

dy = ——1_2V ¢ : d,=0
d __1—V -3 . 0
o =-15L i Ssin

dy3 =0 : Ay = 0
dys =3(1-v) i tsing , dyg = (1 vYKpC” (27+20039+7sin2 9)
dll6 =0 ’ d;7 —O
dig =0 ’ dyg = R*xg ™
dyo =R*(2-v)xg ™ , dpy =R(1-2v)x¢ ?sing
_ . -3 I 1-1°
dy, =2(1-v)xyg ™ (7 +cos8) , dy = E
d23 :0 y d24 :0

Coefficients I, (TTs—V3) and ! (TTs-V3) (called as |; and Il in this section for brevity)

introduced in Eqgs. 6.26-6.28 in defining the differential operators of the field equations of

the TTS-V3 theory are defined as

h=¢ C L=y

I3:—(1T)%s no

'4:#(17) yc0s0—(1-2x) y2¢ Lsin? 0 dxy*¢ 2 sin? O cos
+2x7*¢ 3 sin? 0 cos? .9}
1,2

et StE

l = —(%)%g—lsine , =0

;=0 , o =(1-v)xy¢ ?sing
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o = [Wr( KizZV );/g“ cosé — 4(17),(;/; oS 9+3(1_TV)K72§_2

—3(1_7 k3¢ 3 sin? Hcose}

lj, =0

|11=(%) , |12—( _V)%cj‘lsine

3 = (1—71/) éWl , =&

I, —%sine , e —é(vyeomﬂyzcj‘lsinz 49)
ls = —1_EV2 pe , I, =0

e =0 . L= Csin 9(1+TV)

Lo _(1T)K7/§ siné , l,, :%[H (1+v)ycosd ]

lJ, =0 , |, _——§ Lsing

|3 =0 , l,, =0

| = —[(3—v)x7/§‘1sin 0—(3-v)xy?¢ %sin 6’0056’]

e :—%[v+y§’1cose+(3—v)xy§’lcose+(3+v)xy2§’2 sin” @

~2xy°¢ 7 cos® 0 - (3+v) xy®¢ ¥sin” O cos 9]

g =0 , l,g =0
l3, =0

Iy = é[v(l+ K)ySin 0 +(1—4x) y°¢ *sin O cos 0 — ky°¢ 2 sin 6

+i7°C 2 sin@cos? O —2ky3¢ 3 sin @ + 2xy¢ 3 sin 6 cos? 9}

s, = —RZKC ) |5 = _ZRZKg_l
l,s = 2Rxysin @ , l, = —2Rxy¢ % sind

I38:—[( - )K‘)/é'_200819+4x7/2§_35in29}

1y =127 pR2xg
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log = [(1+ v)xy cos @+ xy*¢ " sin® 9]

1

2
lj =
¥TE

1-v

lyo = ﬁ(—wc;/sin 0+2k1°¢CLsin@cos O+ k¢ sin @ — k3¢ 2 sin O cos? 49)

2

4o ——]'_TVR,OK]/S"'IQ
2

Il:-lz_l EV pé,

Iy, = —#[1+(1+ 2v)ycos@+y°¢ " cos? 6’}

Coefficients f,” and forces f*, %, £, £, £, &2, £, £% % and £,

introduced in Eq. 6.29 in defining the differential operators of the applied forces of the TTS-

V2 theory are defined as

£ F __1—1/2
! Eh
F_1-v?
f3 - Eh é/
£ F :1—1/2
5 Eh
fF :1—1/2
! Eh
fF :1—1/2
9 Eh
2
f,- 1EK ycosé
£F :1—1/2
13 Eh
¥
flxu — deZ
J_h
2
b
=] pzdz
'_2
h
sV sV 2 S
fh =1, =j ) p°dz
2
h
2
leW — fZZW =J‘ pZdZ

fr =1=v" ‘ﬁ ycosd
F_1-
fg = Eh 70050
fh =0
F_ 1-v° v2 1
fiy = En Rysm&
f2XU :O
fZXW :O
h
2
flSW — fZSW ZJ pSZdZ
_h
2
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6.A.3 Coefficients for TTS-V2 Theory

Coefficients d; (TTS-V2) and d{ (TTS-V2) (called in this section as d; and d;,

respectively, for brevity) introduced in Egs. 6.22-6.25 in defining the differential operators

of the boundary condition equations of the TTS-V2 theory are defined as

d,=-¢* (1+ KyC cos@) , d, = —v(1+ KyC cosé?)
:%yg”‘lsine , d, = Ret ™

ds = Rvil ' cosé , dg = —x¢ sing

d, = —%(vwf(l cos@)

dg = —1_—‘/(1+ kvt cos 9)

2

dg :—%17 7¢ tsin 9[1 K(Z |/ cos@)}
dip = —17"4 (1 3xy¢ cos&) , dyy = Rl_T‘/zcg ( 7 cos@)
dy, :17"@{ Zsin 9( 7 cosa)
dys = —Rx( , d, =R1zV 5 (1—3;/(1 cos 49)
dys = 31_—VK7/§‘1sin 9(1—7@“‘1 cosH)
dys = ﬁ—xyg [cos@+3y§‘l(sin2 0 —cos? 60—y tsin® O cos 6)}
djs = 1TV szc(1+ 4y cos 6+ 3y* cos? 9)
dyy =R (35415 )

dig = k¢~ S|n<9(32" 1+V;/§ sm@cos@)
dyg = R%x¢ 2 , dyo =R*(2-v)xg ™

dpy =R(1-2v)x¢ ?sing
dyy =2(1-v)1¢ 7+ 372 cos 0]

2
dzlz = —1_?‘/ R2PK§
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dys = Reg ™2 : dyy = Rvag ™
dys =—xp¢ 2 sin 9(2—y§-1 cose) , dyg =Rk
dy, =R ™ , dog = Ry sin@

dyg = &7 2 cose(l—yg”‘l cos@)
Coefficients I, (TTS-V2) and I} (TTS-V2) (called in this section as I, and I,

respectively, for brevity) introduced in Egs. 6.26-6.28 in defining the differential operators

of the field equations of the TTS-V2 theory are defined as
(1 -2 o 2 _(1-v
h —(C +Ky¢ " sin 0 cos 9) , 1, _(T)[1+(1—3K);/c050]

R\ 2

l, = Rlz(lz")[(1+2/c)ycos¢9 (1-2x)y°¢  sin® 0 - 3xy*¢ ' cos? 0

+4xy3¢ % c0s 0 —10ky3¢ 2 sin? G cos 0+ 4xy* s 3 sin? O cos? 9]

1, :l(l_—‘/)[(—u 4x)ysin @ —6xy°¢ " sin@cos O +8xy°¢ ~ sin @ cos” 6’}

l; = ——1_EV2 p{l+[2+(l+ K‘)(l+ )/2)}700819+(3+ 2/()72 cos? 6

—(1+x)y%sin® @cos }

I :(“T‘/)(H ket cosﬁ) , ( ) L sing
l, = —R( , lg = R|:(lT)K§ — &yt cos 6’}
lg _(5 23‘/)/(7/; sin @+ xy*¢ % sin@cos O

o = Fle[v+(1+’( );/g” cosH+3(12")K7/2§25in20—3(1_TV)K7’2§2C0529
—3(1_7")@ ¢ 3sin? 90039}

2
_—E" szc(1+ 4y cos O+ 3y cos? 9)

|1|o:l
|11=(12 )(1+K7§ 00349)
[( )7C sing— (1+v)K7/§_25in0 (1;‘/)1(7/( smecose}

s =(1TV) (o3¢ Teos0) by =[1+(1+x)pcoso]

|~
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ls :—%sine

| = —é(vy cos @+ y°¢ tsin? 0—3ky°C 7 sin® Hcos 49)

lig = l,; =—Rxycoséd

(1+3x) '
I =R [(3——V) Kt —(ﬂ)mgz cos 9}

Lo =- [(72")/%” sin@+2xy%¢ smecose}

1-v
E

lo =xysin@
l,, :l{1+[1+v 1+x) |y cosf+ 2K7/2§_1Sin29—1(7/3é’_28in2HCOSH}
1), =1=v . (2+3yc0s0)

I, =— Fi(vy{ sin@—viy®¢ smé?cosé?)

lp3 = Rxg ) |24:R[_(1 2")1(+(32V)K7/§‘1cos¢9}

| = [—(“T")Kyfg‘lsin 9+(3+T‘/)K7/2§‘2 sin 00050}

|26:%{—V—[l+(1_TV)K:|7§_lCOSH+(3ZV)K‘}/ 2+ 2xy2¢ sin? 6
+(3J£V)K7/3§3sin26’cosé’ }

1-v?
E

e =12 Rpx(1+4ycos0+3y%cos’0) . ly =Ruycosd

55 ]

lyg = [_(3*2"/)1(7/; sin ¢9+(1EV)K7/2§‘3sin Hcose}

l3o =—2xysin @
|y :%[—1—(“ v)(L+x)ycosd—2xy°¢ " sin® 0+ xy®¢ 7 sin® G cos 49]
11, z—l—EV2 (2+3ycos0)

L, =é[v(1+ K)ysin@+(1-4x)y*¢ tsinfcos 6 —xy®¢ sing

+i73C 2 sin@cos? O —2ky3¢ 3 sin @ + 2xy3¢ 3 sin 6 cos? H}

I3 = 1_EV ) Iy = —R%x
|y, = —R%k¢ , los = —2R%k¢ ™
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I38:[—( ~v)xy¢ 2 cosO-2xy%L

I38 =1 EV R? pg

lyg = 26+ (1+v) ky cos 0+ iy ¢ Hsin? 0]

|, = —2Ry¢ 2 sin 6

~2i7°¢ P sin” 0|

|| _1—V
39 —

4o :%(—wcysin 0+ ky* tsin@cos @+ xy® 7 sin @+ viy®E 2 sin 6’0036’)

2
1} = —1—EV Rpxysiné

Iy :%[—1—(“ 2v—K)yC0s @ - y*¢ T cos” O —viyL T + 2viy L T cos’ @

+x73C 2 cos O — k3¢ 72 sin® @ cos O + 2viy ¢ 3 sin® Hcose]

1), = —%p[1+(1+ K);/COS@]

Coefficients f." and forces

.I:lSV, f25V1 leW1 f22W1 f1XW, fZXW, f15W and fZSW

introduced in Eg. 6.29 in defining the differential operators of the applied forces of the TTS-

V2 theory are defined as

.':F:_:I.—V2
! Eh
F_1-1°
f3 Eh é/
.':F_:l.—V2
5 Eh
fF:l—v2
! Eh
fF:].—VZ
9 Eh
ff=1=1" ‘ﬁ ycosé
fF:l—v2
13 Eh
v
Xu X Z
fi™ = hp (1+R)dz
)
)
Y = pxz(l+l)dz
Jon R
2

f =— 1EK éyaj cos &
F_1-v%2
f, = Eh Rycose
F_1-
fg = Eh ;/cosé’
F_1-v
fg = En 7c030
F_1l-v-1 -
fio = En Ryg“ cosd
F__1-v%1
fi; =— “Eh Ry/smH
¥
Xu X Zz
f,- = hp z(1+R)dz
Y2
h
=" p*2® (1+i)dz
J_h
2
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oh h
2 2
=] p° (1+ ZA) dz : =1 »p° (1+ 3L) dz
J_h R J.h R
n n
*2 *2
£ = psz(1+ Zi)dz , = psz(l+i) dz
Jon R Jon R
§ o
*2 *2
2= | p? (1+l)dz , g2 = | p? (1+ 2£)dz
Jon R Jon R
2 2

6.A.4 Coefficients for Sanders Theory

Coefficients |, (Sanders) (called as [, in this section for brevity) introduced in Egs. 6.26-

6.28 in defining the differential operators of the homogeneous part of the field equations of
the Sanders theory [6.3] are defined as

|, =¢ (1+ Ky 2 cos? 9)

I, =154¢ | 1- ¢ cos 0+ 4 2 277 cos 9+%)}

B
p=-11=vy sm@[l— K1 2;/c050)(1+3§ )J

'_\

2
— K -
l, :%171/<7 cos@{1+§T[g 1(1+ 8y° cos® 19)—47{ cos 6}}

2
g sin 49[1+ §4 (7+87cose+4y Ccos Q)D

ls =15 (14196 cos0) -3 (1-v) w2

2
lo=—L35Y S|n6’{1+1<§ [ —%—V(1+§§—1)]}
ly =Rk 2 (3¢ cos ) A ( > ycos@)
lg = x¢ ™ (3 23"sm9+ysm9c059)

o = F1{{ (1+312v 243)+;/§1cos¢9[1+1_7‘/1c§2(1—47/c050—27/2C052¢9)}}

|11=17(1+Ky§ cose) i(ﬂ)xg-z

_1 l+v_3-v 1-v
Ilz_R{ [ 5 5 = yC0sf - 3 (1+3y4” 0039)}}
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s :1—TV§—1[(1+ K)+xg (1+%§—1)] ly = ¢ (1+x)

l; = —R& . lg=-Re (1+—1—2V g—l)
l,o = &y¢ 3 sin 0(—5_7"—2;/c05c9) : l,o = kySin@

|y, = %[§+V7C089(1+ )+ xy?¢ " sin® 0] l,, = —%ﬂj‘lsin 0

s = Ricg (76 cos 0) L = Rxgl(ycose——l—zv)
l,s = —/c}/g“_z (3_5‘/ sin @ —ysin & cos 49), le = —%ﬂv(l— 52+Vv K7/2§_3)
-1 211-v 212 2 \ne
+yC cose<l—z<{1—§ [T+7/ sin®@+3(2-v)ycosd+3(1-v)y“ cos e}ml
lp7 = Rid ) lyg = Rig ™ (§+1—Tv)

ly, = —%[§(1+ W2§‘2)+vycose(l+“7"xcos 9)}

|y, = %<vysin 49[1+ K(l—%yzgz sin? 9)} +(1-2x) y°¢ Fsin@cos 0>

lys = R ) lyy = —R°x¢
los = 2Rk , s = 2Rxy sin @
l,, = —2Rxy¢ % sind , log = —KC [(3—v) ycose+4y2;—1sin29}

log = Ky[;/(lsinz 0+(1+ v)cose}
Lo =%K‘§_2 (—vy(z sin@+ %L sin@cos @+ y3sin @+ % sin 90059)

lyy = —é(zwcosémﬁcj‘l cos? 9+§)

6.A.5 Coefficients for TTS-V2M Theory

The coefficients d; (TTS-V2M) and d; (TTS-V2M) (called as d; and d;' in this section,

respectively, for brevity) introduced in Eqgs. 6.22-6.25 in defining the differential operators

of the boundary condition equations of the TTS-V2M theory are defined as
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d=—¢""

ds =%y§’1sin 0

ds = Rvid tcosé

d, = —l(v+y§‘1 cos@)

R
dy, :1_TVK7/§‘2 sin 6(3—75‘1 cos@)
dy3 = -Rig ™
d15:3 L sme(l /- cos@)

d,=—v
dg = —x¢ sing

dy, = Rl_TVK(l—37§‘1 cosé?)

dyg = 11 Kyg [cos¢9+3y§ (sm e—cosze—yg‘lsinzecoseﬂ

R
(1+3ycoso)

le -

dlgzkycj‘zsine(:g;v Lev,
dyo =R*(2-v)xg ™
dyp =2(1-v) K¢ (;/+% 22V COSH)

2
dp, = _1?‘/ R? pxg

dys = Reg 2

dys = —&7 sin 6?(2—;/4“‘1 cos 6?)
dy, = -R%vg ™t

A, = K7C 2 COS 9(1— 7 cos 9)

dyy = —Rx¢™ (32V Loy, cose)
dyg = R°x¢ ™

dpy =R(1-2v) &g sing

dy, = Rvag ™t
dps =Rk

dog = Ry sin@

The coefficients I; (TTS-V2M) and I} (TTS-V2M) (called as I; and I in this section,

respectively, for brevity) introduced in Eqgs. 6.26-6.28 in defining the differential operators

of the field equations of the TTS-V2 theory are defined as
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I, —g_l ' 1, =1_TV§

_1ll-v _11-
l; = R ysin@ : I4_RZ > (;/cose 7%¢ tsin 9)
| 1-v? .3 _1+v
Iy = E ole ’ l5 o
I, —%32‘/7/4’ Lsing , |, =Rl
I8=RK§1(1_TV—;/cose) , lg = gzsine(%ﬂ/cose)
I —i(v+ g“‘lcose) 1 (1+4 cos & +3y° cos 9)
10 — R v ) 10 = E e /4
l _1l+v L, = 1 3
11 — 2 , 12 — R
13 ::L_Tvg_l ' la=¢

__1 __1 2 -1 in2
|5 _—ﬁysme , le ——E(VycoséHj/ £sin 9)
2
IlIG :_1_EV pé, ) |17 :—RK‘}/COSQ
lg = —Rig (1+1—TV§1) L Ly =x0¢ sin 9(—7;2V—2y cos 9)
l,g = kysin@ : |21=%(§+V7C089)
I2'1:1_EV (2+3ycos0) , l,, :—%vyglsine
I , I, = ch;l(ycose—l_T‘/)
g =—KyS ™ (1;‘/ sin@—ysin Hcosﬁ) lg = —%(V—i—]/é’_l cos@)
s = —1_EV szc(1+ 4y cos @ +3y? cos? 6?), l,; = Ry cos @
lg = Ra¢ ™2 (g+1_7‘/) : lg = —x7¢ 3sin 6(§+1+V)
lyo = —2xysin @ : |y, = _ﬁ@ +vycosd)
2
|3!1=—1_?VR,0K(2+3]/0059) , I, :#(vysin 6’+y2§‘1sin<9c05<9)
2
13, =1_?V3pr<7/sin 0 : e
L, :_RZKg , ls _—2R2K§’1
lyg = —x¢ [(1 v)ycos@+4y*¢ " sin® 0+2y°¢ " cos 0]
2

|3'8 zl_EV Rzplcg’ : |39 :K;/[;/é’_lsinz6?+(1+V)COSQ9]—2K
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Appendix 6.A
.2
|3!9 = L EV Rszé,
4o =%Ky§‘2 sin 9(—v§2 + 9 c0S 0+ y2 +vy/cos¢9)
2

Lo =—1_TVR,0K]/Sin9 , I41:—#(2vycose+7/2§‘lcosz6’+§)

I __1—1/2

|41 = E P

The force terms and corresponding coefficients remain identical to those of the TTS-V2

theory (Appendix 6.A.3).
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Appendix 6.B Comparative Review of Various Toroidal Thin Shell
Theories

Coefficients I, from the TTS-V2, TTS-V3, Sanders and DMV theories are compared in a

term by term basis in Table 6.6. Symbols « and g are generic terms of negligible
magnitudes in each coefficient, when applicable. In Table 6.7, however, in the absence of
inertial terms and an explicit form for boundary conditions in case of Sanders and DMV
theories, comparison is made only between TTS-V2 and TTS-V3 for coefficients d. and I .
In both tables, the upper and lower bounds of negligible terms are numerically evaluated to
provide a better perspective. This is done by considering the upper bound values h/R <1/20
and y <1/2, which yields 1/2 < ¢ <3/2. The simplifications applied within the geometric
limitations given above significantly decreases the number of operations for numerical

evaluation of the equations while keeps the accuracy of the solution within a reasonable

range.

Proper sign, symbol and coordinate adjustments are made to express all four theories in a

unified format and make it comparable.

Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories

Coefficient |

T
TS V2 | ¢ (1+ xy¢ " sin @ cos? 9) {F(1+a) | -8.4x107* <0 <6.9x107°

Sanders §7l(l+K7/2§72 cos® 9) ¢ (l+a) Osagﬁ o
TTS-V3 | ¢ - )

DMV | ¢ - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I,
. Numeric evaluation of negligible terms Proposed
Theor Expression g
y Xpressi Compact Exp. Range of negligible terms | Simplification
1-v -1 1-v 1 1
TTS-V2 1-3 cosé —J(1+ ———< g < ——
2 ¢ (1-30¢ ) 7 ¢(+a) 4800~ 1600
1‘—%[1—;%* cos 6 . .
Sanders 2 ) = (+a) 0<a<——
+K§_2(2y2 cos? 9+_)J 2 1200 v,
4 2
TTS-V3 1‘2V ¢ : -
pmv | =v¢ ] )
2
Coefficient I,
. Numeric evaluation of negligible terms Proposed
Theor Expression LR
y Xpressi Compact Exp. | Range of negligible terms | Simplification
_%1_7” sin 6 11
TISV2 | [1-2x(2-3¢ cos0 | R 2 70, 1
><(1+a) 267 1662
+4y°¢ % cos® 6’)]
—%PTV;/sin 0 x
11-v 11-v
) ==V ysing -= sind
Sanders [1—llc§ 1(1—2;/0039) R 2 7 L <ca<o R 2
2 <(1+a) 600
x(1+=¢
(3<)]
1l1-v
TTS-V3 | —= sin @ - -
R 2
pmv | —L1=¥,ing ; -
R 2
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |,
Numeric evaluation of negligible terms Proposed
Theory Expression Compact Exp. Ra_nge of simplification
negligible terms
%I_V@cosex
. 11
{1+K[2+7§'10059 = 2V[7cos¢9 . .
2.1 R —— < a<——
TTS-V2 ><(47 ¢ —3)]} X(1+a) 39217 16f0
2.-1 . 2
—yzg“’lsinzex —y°¢ "sin” @ —@Sﬂgm
{l—K[Z—i—;/é’fz Cos @ x X(1+ﬁ)]
(10+6ycos9)]})
11-v
—=—(ycosfx
RZ 2 <)/
o2
{14— |:§71><
X %1_—‘/[)&059 ) . 11—y
(1+87/2 cos’ 0) R® 2 _ <asL | 55 (7 coso
Sanders X(1+a) 43200 686
~4y¢ cos 0]} i g 1 .1 )
—y*¢ 7 sin’ O 76 s 3600 " T 1200
= x(1+5)]
1+"4:1 (7+8ycos 0
+4;/2 cos’ 9)}>
11-v
%1‘V[ycose 2 [7coso . .
Teve | R 2 2¢7tsin’ 6 1200 <7 = 10800
¢ tsinto(1-xc )] | 7 ¢ sin
x(1+5)]
%1_‘/(;&030
DMV R 2 i )
—y*¢ Fsin’ 6’)
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient Ig

. Numeric evaluation of negligible terms Proposed
Theor Expression T
y Xpresst Compact Exp. Range of negligible terms Simplification
l+v -1 l+v 1 1
TTS-V2 1+ cosé —(1+ ———<a<——
2 (10 ) 7 (1+a) 4800 ~ 14400
1;V(1+K7/§’lcose) . . .
Sanders 3 22V (1+a) g <——
__(1_‘/),(6:—2 2 1835 31200 1+v
8 2
TTs-v3 | 1% - -
2
DMV 1+v _ _
2
Coefficient lg
Numeric evaluation of
. negligible terms Proposed
Theory Expression Range of simplification
Compact Exp. .
negligible terms
13—v .1
TTS-V2 | —= sin @ - -
R 2 7
—%3;‘/ 7 sin @ x
3- -
. ~L3ov e 1 1
Sanders {1+z< X R 2 ———<ag<———
vl 3.4 xsin@(1+a) 2030 64800 | _13-v, igng
[;/cose— (1+—§ )}} R 2
3- 4
13—-v .1
TTS-V3 | —= sinéd - -
R 2 7
13—v .
DMV -= sinég - -
R 2 7
Coefficient I,
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms Simplification
TTS-V2 | —Rig™? - -
R 2t -2 1< -
Sanders Rxl ™| ¢ cos O —Ril e 3 a<l —Ri
TTS-V3 0 - -
DMV 0 - _
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient Ig

. Numeric evaluation of negligible terms Proposed
Theor Expression g
y Xpresst Compact Exp. | Range of negligible terms Simplification
TTS-Vv2 | Reg™ (1‘7‘” — ycos 9) ; ]
“1(1l-v -1(1l-v
Sanders | Rx¢ 5 - ¥ Ccos 6 - - Rxd > ¥ oS 6
TTS-V3 ] 0 - N
DMV 0 - N
Coefficient Ig
Numeric evaluation of
. negligible terms Proposed
Theor Expression L
Y P Compact Range of Simplification
Exp. negligible terms
TTSV2 | xc™? (%sin 0 + ysin 0 cos 9) ; ;
2(5=3v
Sanders | ¢ (%sin 0+ ysin Hcosa) - - K75 ( 5 sing
- +ysin@cos )
TTS-V3 | xz " (1-v)siné - -
DMV 0 - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |

Numeric evaluation of
. negligible terms Proposed
Theory Expression Compact Range of simplification
EXp. negligible terms
i (atsrec?)
v 1
1 —[V(l+0[)+ 1 SOCSL
TTS\/2 +yg cosd R 12343 1371
{1+ w[1-3¢7 poreosOx | 1 g 1
(1+p)] 13714~ 7 7 1959
x(2¢ cos @ + y sin® H)J»
1 ( 1-v 2 —3)
=(v|1+3—
R< 2v e
+1¢ coso Llv(i+a)+ 1,1
1-v -2 R 18514 686
Sanders [1+ > K& 2 cos 0% 1 1
- <p<
x(1—4y cos @ (1+5)] 20571 1311 %(v + 7 cos 6)
—2y° cos’ 9)]>
%<v(1+3—1wf)
‘ 1 1 1
1 2 —[V (1+ 0[)+ <g<—
revs | cos@X{ R 18514~ ~ 686
I: 2 (4,42 7 cosOx 1 <p< 1
“Lr ‘( v 7) (1+5)] 13344~ " T 1567
—(72 +y )cos 9]}>
~(
=(v
pmv | (vt cosH) R ]
R +7C 7 cos 0)
Coefficient |},
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms | Simplification
TTS-V2 1+x7¢ " cos ) “TV(1+ o) - 48100 <a< 14100
1 1
1+ xy¢ "t cos @ - Sas
Sanders 2 ) 1+—V(1+0!)(1+ﬂ) 4800 14400
g( ) -2 2 1l pe 1 l+v
4 2971 7 7 26745 2
TTS-v3 | 1+¥ - -
2
DMV l1+v ) .
2
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |,

Numeric evaluation of
. negligible terms Proposed
Theory Expression Compact Range of Simplification
Exp. negligible terms
_ g 13- -
%[32‘/;{ 'sing ETV%V ' . .
TTs-ve _1+va§-zsin9(1+;)} xsin@ “3323 %" Bog2
2 x(1+a)
%{3;Vy§’1sin9
¢ sing S8y
—K) SIn @ x R 2 1 1 1(3—1/ -1 .
Sanders . - <a< = | sme)
[“_V_?J-_Vycosg xsin 6 1600 =~ % 13407 | R\ 2
12 2 ><(l+0()
—V -1
3 (1+37/./; cosa)}}
1({3—-v .1
TTS-V3 —( sme) - -
Rl 2 7
1(3=Vv 1.
DMV = sin@ - -
R( 7 )
Coefficient |;4
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. | Range of negligible terms | Simplification
1-v .1 -1 1-v .1 1 1
- -— 1-3 cos @ -— 1 ———<ag<——
TTS-V2 | =57¢ (-3¢ ) 7 ¢ (+a) 4800~~~ 1600
—1‘2V (a4 x)
l1-v .1 1 1
_ - _— 1+ ——<a<——
Sanders +K§1(1+l§1)i| 7 ¢ (+a) 2700 = %~ 1200 1oy 1
4 2 ¢
l1-v .1
TTS-V3 | 2254 - ]
DMV 1‘2‘”(1 - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |4
. Numeric evaluation of negligible terms Proposed
Theo Expressio LT
i Xpression Compact Exp. Range of negligible terms Simplification
1
TTS-V2 1+x)- 1+ 1+ =2
(en)-x | crx)(+a) L
Sanders | ¢ (1+x) - ; ¢
TTS-V3 | ¢ - -
DMV 4 - -
Coefficient |;5
Theory Expression Numeric evaluation of negligible terms Proposed
Compact EXp. Range of negligible terms Simplification
TISV2 | ——ysind - -
Sanders —%ysin O(1+x) - .
—%}/ sin @
TTS-V3 —% ysin@ - -
DMV —% ysin@ ; ;
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |4

Numeric evaluation of
. negligible terms Proposed
Theo Expression LT
v Xpresst Compact Range of simplification
Exp. negligible terms
TTS-V2
—L [vycoso ~Llvycoso | ——t<a<L1
R2 R? 4800 1600
+;/2(1sin2 0 x +;/2§’1sin2 0
(1-30¢ " cosh) | | x(1+a)]
Sanders
—% (vycose
R
+7°¢ sin’ 0) ) ;
—A(vycos¢9+ y2¢ tsin? 6)
X (1+ K) R?
TTS-V3 1
——=(vycosd
R’ - ;
+y%¢ " sin® 6)
DMV
L (vycose
R? - -
+y2§’1 sin’ 9)
Coefficient |;;
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms Simplification
TTS-V2 —Rxy cos @ - -
Sanders -Rxq - - —Rxy cos g
TTS-V3 0 - -
DMV 0 - -
Coefficient |;g
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. | Range of negligible terms Simplification
TTS-V2 Rt (1+1_2V ;‘1) ] ]
Sanders 1 1y .1 -1 l-v .
—Ri¢ 1+T§ - - —Rxg 1+T§
TTS-V3 | 0 - -
DMV 0 - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient |;q

Numeric evaluation of
negligible terms

. Proposed
Theory Expression Compact Range_of simplification
£ Negligible
Xp.
terms
TTS-V2 3 . _
S KyC 3SIn¢9(—7TV—2}/COS¢9) - -
Sanders 3 . 5_y
K¢ sme(— 5 —27c059) - - zq/(ssine(—7;v—2;/cos€)
TTS-V 3 .
SV3 K7/§3S|n¢9(1;") - -
DMV 0 - -
Coefficient |,
Theory Expression Numeric evaluation of negligible terms Proposed
Compact EXxp. Range of negligible terms Simplification
TTS-V2 Ky sin @ - -
Sanders Ky sin @ - - Ky sin @
TTS-V3 0 - -
DMV 0 - -
Coefficient I,;
Numeric evaluation of
negligible terms
. Proposed
Theory Expression Compact Range of Simplification
Negligible
Exp.
terms
TTS-V2 | 1 1 1
=|{ +vycosd(1+ = 0<a<——
R [¢+vy (1+x) = [¢+vycosd(1+x)] @<
+i2¢ sin? 9(1+ g‘l)] x(1+a)
Sanders
Lc+vycoso(1+x) Llg+vycoso(1+x)] <1
R R 12799 1
2,1 2 =(¢ +vycoso)
+xy ¢ sin 9] x(1+a) R
TTS-V
>3 %((-H/}/COSG) - -
PMV %(gﬂrvycose) - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I,,
. Numeric evaluation of negligible terms Proposed
Theor Expressio g
y Xpression Compact Exp. Range of negligible terms Simplification
TTS-V2 1 1 1 14399 4801
S 0 - sin @ x ———Jg<——
e 7e snox 27 “ 14400 ~ % = 2800
(1+(1—K);/COS:9)
¢
Sanders _L%-l sing ) ] _LV%A sing
2 2
R R
TTS-V3 .
—LV}/C 'sing - -
2
R
DMV 1.
—% 7 sing ] ]
R
Coefficient |4
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms Simplification
TTS-V2 RK(Z . -
Sanders -2 -1 2 1
Reg (15 cos0) | Rt e A<ass Rt
TTS-V3 0 - _
DMV 0 - -
Coefficient |,
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. | Range of negligible terms Simplification
TTS-V2 _ —
Rxgl(ycose—lTv) - -
Sanders R/ccj’l(;/cosﬁ——_zv) - ; ch(l(ycose——l_z")
TTS-V3] 0 - -
DMV 0 - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient l,5
Numeric evaluation
of negligible terms
. Proposed
Theory Expression Compact Ran_gg of simplification
negligible
Exp.
terms
TTS- _ . .
VZS —xy 2(1zvsm¢9—ysmacos¢9) - -
Sanders 2(3-v .
Kk ( 5 sm6’—y5|n9c059) - - —Kyg“_z(lzvsine—ysinﬁcose)
TTS- - - .
vss _’%z(szv)sme ) ’
DMV 0 - -
Coefficient |,g
Numeric evaluation of
negligible terms
. Proposed
Theory Expression Compact Range_of simplification
Negligible
Exp.
terms
TTS-V2 1< ( 2 —37—1/) 1 1 1
—=(v|1- v —=[v(1+ ———<ag<-——
rR\V\Ime ) Rlv(ra) | -5 5803
+1¢ cosOx +7¢ " cos 6 Ll et
14k l_V+;/§72>< X(1+ﬁ)] 2065 9654
2
(—3;2Vyz+2ycos¢9
T4V .2
———ysin” ¢
) )J»
Sanders 1[[ ( 5+v 2 _3) 1 1 1
—=v|l-—/ —=[v(1+ ———<g<———
RIV\I 2 ¢ rlv(ra) |~ =as -7
+7(1cosa<1—x{1—§*2 Y, 1 gl Lyt cosd)
1oy 2. x(1+ﬁ)] 623 9191 R
X|:T+)/ sin® @
+3(2-v)ycos@
+3(1-v) 7* cos® 6’}}>]]
TTS-V3 1 2,3 1 1 1
—=3v|1+3(1- —=|v(l+ fas——
R{V[ (1=v)mr’e } Rlr(+e) | gasr o<
+7§_10086’[1+(1—v)>< +7¢ " cos @ 0<p<-L
_ 1Y
2 (1-2pcos0)]) | <1+ A)]
DMV 1 B
—E(v+y§ cos@) - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I,;
. Numeric evaluation of negligible terms Proposed
Theo Expression LT
Y Xpressi Compact Exp. Range of negligible terms Simplification
TTS-V2 Rxy cos @ - -
Sanders Rx¢ - - Ricy c0s 0
TTS-V3 0 - -
DMV 0 - -
Coefficient l,g
. Numeric evaluation of negligible terms Proposed
Theor Expression g
y Xpressi Compact Exp. Range of negligible terms Simplification
TTS-V2 Ri (cj+ 1;‘,) ) ]
Sanders Rit 2 (§+1_2V) ) ) RK§'2(§+1_2V)
TTS-V3 | O - -
DMV 0 - -
Coefficient |,q
Numeric evaluation of negligible terms
Theory Expression Range of _Propqsed_
Compact Exp. xang Simplification
negligible terms
TSVl ctana(c i) | -
Sanders —Kyg'ssine(g“—l_z") ] ] —Kyg'asine(gwl;‘/)
TTS-V3 | O - -
DMV 0 - -
Coefficient |5,
Theor Expression Numeric evaluation of negligible terms Proposed
Y Compact Exp. Range of negligible terms Simplification
TTS-V2 —2ky sin @ - -
Sanders —2kysin g - - —2kysiné@
TTS-V3 0 - -
DMV 0 - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient l3;

Numeric evaluation of negligible terms

i Range of Proposed
Theory Expression Compact Negligible Simplification
EXp. terms
TTS-V2 - -
(e[t (1)) | —ilera) | s < s
Y +vy cosé 1 1
+v70059{1+ K'|:1 Vé’ ><(1+,8)] 5635 <p=< 2136
X COS 9(1+ (1)]}>
Sanders _
_%[g(lwcyz( 2)+v70059 —%[é’(lJra) 43;00 <ac< 48100 _%(“WCOSQ)
(1422 cos o) | +vy cosd 1 ope 1
v x(1+A)] 1108~ 7 7 1108
TTS-v3 —%(K; +vycosd) - -
DMV —%(é’—kvycosﬁ) - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I,

Numeric evaluation of

negligible terms Probosed
Theory Expression Range of itk e
o Simplification
Compact Exp. Negligible
terms
TTS-V2 .
S L(vysm&x L[vysine -1 <a< 1
R? R? 18441 4800
{1+;<[1—72(2 sin’ @ x(1+a)
2 .-1
x(1+2¢7) [+ (1-4x) +H(1-4x)7 ¢
) xsin @ cos |
xy L sianos¢9>
Sanders | 1 . 1 . 1 1
—<V)/S|ﬂ49[1+l( —[vysm& - <ac<
2 2 43200 4800
) 1 2,22 5(1+ ) L(vysine
(1—;7 ¢ sin 9)} ( i R’
g +(1-2x)y°¢ +y°¢Fsin@cos
+(1-2K) y°¢ 'sin Gcos€> <sin cos 0] re )
TTS-V3
L (vysine
2
R - -
+7%¢ sin 90039)
DMV
L(vysin 7
2
R - -
+y%¢ " sin @ cos 9)
Coefficient |35
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms Simplification
TTS-V2 —R2K§73 } )
Sanders R ] .
2 -3
TISVE | pego - - —Rxg
DMV —R2K§73 } )
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I,

. Numeric evaluation of negligible terms Proposed
Theo Expression P
Y Xpressi Compact Exp. Range of negligible terms Simplification
TTS-V2 R _ i
Sanders _R¢ ) .
TTS-V3 2 —R°k¢
-R°x¢ - -
DMV R _ i
Coefficient |35
Theory Expression Numeric evaluation of negligible terms Proposed
Compact Exp. Range of negligible terms Simplification
TTS-V2 —2R2K§71 } _
Sanders 2 -1 ] j
—2R°k¢ _2R2K§‘1
TTS-V3 _oR% . i
DMV —2R2K§_1 ) )
Coefficient |35
Theor Expression Numeric evaluation of negligible terms Proposed
y Compact Exp. Range of negligible terms Simplification
TTS-V2 2Rkysin @ - -
Sanders 2Rkysin @ - .
i 2Rkysin @
TTS-V3 Rxysin @ - -
DMV 2Rkysin @ - -
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Table 6.6 - Comparison of |, coefficients in various toroidal thin shell theories (continued)

Coefficient I3,

. Numeric evaluation of negligible terms Proposed
Th E g
eory Xpression Compact Exp. Range of negligible terms Simplification
TTS-V2 2Rk 2sing ) i}
Sanders —2R1<7(2 sing - - ) ET
—2Rxy¢ " sin
TTS-V3 Ry 2sing N i}
DMV 2Rk 2 sin @ - -
Coefficient |35
Numeric evaluation of
. negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. negligible terms
TISVZ | e ?[(1-v)ycoso
+4y2 ¢ sin% 0 - -
2 o1 Ano2
+2y°4 7 COoS 0}
-2
Sanders | _ -2 [(3-v)coso ~x¢ 2 [(} vz ycos @
1. - - +4y°¢ 7 sin
+h4y2 L 1smze] 72§ 13 29
+2y°¢ " cos 9]
TTS-V3 | _ (1-v)ycoso - -
DMV ok [ }/2
2 in2 ) )
+yC0S@+y“sin 9]
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Table 6.6 - Comparison of [, coefficients in various toroidal thin shell theories (continued)

Coefficient 5

Numeric evaluation
of negligible terms Proposed
Theory Expression Compact Range_ of Simplification
Negligible
Exp.
terms
TTS-V2 /q/[y(;'lsinz49+(1+v)cose]—2/c - -
Sanders a2 - - ~Lsin?
ky| ¢ sin® @+ (1+v)cos@ ky| ¥ sin“ @
TTSVE | o (1 sin® 04 cos ) ] i +(1+v)cosd | -2«
DMV K7/(7/(1+2(1 cos€+y§’1 cos’ 0) - -
Coefficient 1,
Numeric evaluation
of negligible terms Proposed
Theory Expression Compact Range of simplification
negligible
Exp.
terms
TTS-V2 - .
L (—vy§2 sin@
R
+y°¢sinfcos - )
3 . 2
+y°sin@+vy”sin ecose) %K%-Z Sing(_vé’z
Sanders - .
%Kg 2(—1/;/;2 sin@ +y¢ cos 6
2
+7°¢sinGcos O - ) 7 +WCOS‘9)
+7%sin 6+ sin 6 cos 49)
TTS-V3 0 i -
DMV 0 ' .
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Table 6.6 - Comparison of [, coefficients in various toroidal thin shell theories (continued)

Coefficient 1,

Numeric evaluation
of negligible terms

—%(2‘/700549
R

+y%¢ " cos’ 9)

: Proposed
Theor Expression Lo
y Xpressi Compact NR:gﬁgig]Ice simplification
EXp. terms
TTS-V2
—L[[Zvycose<1—£x —i[zwcose L gL
R? 2v R? 563 2354
{1+y(2><[7c0329 x(1+a) __1 ﬁﬁﬁi
2.1 2 216000 8000
+2v(l+;/)g"1]}> +y°f " cos” @
2,12 +¢(1+ )]
+y°¢ "cos 4
2 .3
¢ (1+v’¢ )]]
Sanders 1
—%(2vycos«9 —E(Zvycose
R - -
2 -1 2
172 cos? 9+§) +y°¢ " cos 9+§)
TTS-V3
~L (2vycoso
2
R - -
+y°¢ " cos” 0+ ;)
DMV
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories

Coefficient d;

Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TT5-v2 ™ (1+ Ky cos 49) 1+ @) _ 48100 <a< 1441,00
Sanders | _ .- (1+47°¢ 2 cos’ ) M (1+a) 0<ass 4100 ¢
TTS-V3 e . -
Coefficient d,
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 _V(l + 192 cos 9) —v(l+a) _ 48100 <g< 14100
Sanders v (1+ K cos 9) v(1+a) _Kloo o< m -V
TTS-V3 —v - -
Coefficient d4
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 lﬂ;*l sing ) i
R
Sanders | 1 .1 . 4 1 1. 1 1 1 1.
= singd(1+ cosé = sin@(1+ ———<g<—— | = sinéd
R/ sin0(Lemgeoso) | ptsino(ea) | g sasi | ¥
TTS-V3 e
%7{ sing - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient d,
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 Rt 2 . -
-2
Sanders Rig 2 (7(1 c0S 6) i ) Rxl
TTS-V3 0 - -
Coefficient dg
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 Rvir¢ " cos 0 - -
Sanders Rvicy é,—l cos 0 . ; Rviyd coso
TTS-V3 0 - -
Coefficient dg
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 —x¢ tsing . -
1 .
Sanders —i¢ tsin 9(%,71 oS 9) ) ; -k sin@
TTS-V3 0 - -
Coefficient d
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 1 )
—E(V-l-}/( cosH) - -
Sanders 1 a1 1 -1
—E(v+yg’ cosa) - - —R(v+y§ cos@)
TTS-V3 1 )
—E(V-l-}/( cosH) - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dg
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 1-v -1 1-v 1 1
-——|1+ cosé -——(1+« - <a<
2 (1076 ) 7 1r9) | 5 14400
Sanders _1—_V|:1_K_(§_§7/§—1 cos & 1V (114)
2 4 2 2 I 1-v
+%}/2§_2 cos’ 9)} 1200 2
TTS-V3 | 1-y
2
Coefficient dg
Numeric evaluation
. of negligible terms Proposed
Theor Expression Lo
Y P Compact Range of simplification
Exp. Negligible terms
TTS-V2 1 (1—1/) -1 . 1 (1—1/) -1 1 1
-= sinfx | — ==X ——=—<g<———
rRU2 )% rRU 2 )% 1600 = % 2880
[1-x(2-7¢"cos0)] | xsino(1+a)
Sanders —l(—l_v)ﬂflsinex —i(—l_v)%*l
R\ 2 R\ 2 _;(1—1/)7(1““6
[1_K(§_§%710059 xsin@(1+a) _ 1 <0 R\ 2
4 2 1200
+%72§'2 cos’ 9)}
TTS-V3 1(1—1/) Q.
—=|=— sing - -
RT3 7
Coefficient dy,
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS- 1-v .1 -1 l1-v .1 1 1
- 1-3 cosd - 1+ - So——
V2 S (13 ) 7 ¢ (Wra) | - = e
Sanders 1—v ,1[ (g 3 . 11—y .1
- l+x|=-= cosf | —=—— 1+
TR R vy 7 ¢ (Wra) ey 1 lov
+%72§-z cos? 9)} 2700 1200 2
TTS' 1—V -1
V3 5 ¢ - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dy;

Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 _ _ _
S Rl VK§1(3—7§lCOSH) ] ]
Sanders 1-v .1 -1 Rl_vzccj"l(s—yg“'l cos@)
RIZYRC (3-7 cosH) ] ] 2
TTS-V3 | O - -
Coefficient d;,
Numeric evaluation
of negligible terms Proposed
Theory Expression Compact l\ll?anlge't?r simplification
EXp. egligible
terms
TTS-V2 - 2 . _
S 1—VK7/§23|n0(3—y§ lcosH) - -
Sander: — 2 . - _ 2 . _
S 1—VK7/§23|n0(3—y§ lcosH) - - 1—V/<7/§25|n9(3—y§ lcose)
TTS-V3 | 1-v Y ) )
Coefficient d;5
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 —Ri . -
-2
Sanders 0 - - -Rxg
TTS-V3 0 - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dy,
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 - _
S R12VK(1—3y§1cos.9) - -
l1-v -1
Sander - - R x|1-3 cosé
> | Rl Vzc(l—?u/(lcose)xl - - 2 ( 7% )
2 2
TTS-V3 | 0 - -
Coefficient d;g
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 - .
S 3171/ 'y 'sin @ x
(1— 7 cos 49)
Sanders 1—v .
3 sin @ x
2 "7 31‘Tvxy§‘l sin /(17 cos )
1,1,.-3 2 2
=+= 1-3y"cos” @ - -
[3 3¢ (1%
—2;/3 cos® 9)}
TTSV3 | 3(1-v) sy tsing - -

Although, the uncommon parts in TTS-V2, TTS-V3 and Sanders have significantly different
expressions, Figure 6.2 shows that they have the same trend.

4

3x10'
—TT8-v2
ol e L e TTS-V3
---8anders
PRGN
A A A

Magnitude
f=
1

b
Angle 6 (rad)

2z

Figure 6.2 — Comparing coefficient d;s from various theories
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dyq

Numeric evaluation

—cos” - 7.{'1 sin® @ cos 6’)]

R 2

Sanders | 11-v Kyg-l[cos.9+3y§‘l (sin2 0

—cos’ 6 — 7(1 sin” @ cos 6’)}

V3

TTS- %(1—1/)/(7/4’_3(27+20039+}/Sin29) -

of negligible terms Proposed
Theory Expression Compact Ran_gej of simplification
negligible
Exp.
terms
TTS- - - 1
V2 %17";(;/; 1[cos€+3y§ 1(smze ] ]

11-v -1
- cos
e [

3t (sin2 0 —cos” 6

—y¢ " sin® 6 cos 9)]
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient d;;

Numeric evaluation

of negligible terms Proposed
Theory Expression Compact Range of simplification

negligible
Exp.
terms
TTS- a(3- — -
Vo R 1(3TV—1TW§ lcosH) ; ;
Sanders 1—v _1(3 1 .1 ) —1(3—1/ l1-v .1
5 kG 5 o 7 2 2

TTS- 0 ) )
V3

Although, the expressions from TTS-V2 and Sanders are different, Figure 6.3 shows that they have
the same trend with a shift.

2 :
—C5-V2
-—-Sanders
15 //
=
c 1
[o)]
[od
=
05 cca il e - S
0

T
Angle 0 (rad)

2z

Figure 6.3 - Comparing coefficient d,; from various theories

Coefficient d;g
Numeric evaluation of negligible
. terms Proposed
Theory Expression Range of simplification
Compact Exp. .
negligible terms
TTS- 2 . _
vzs Kygzsme(u“T‘”gl) ; -
Sanders | 1y o . -1 2ging(14 1y 1
e sm9(1+§ ) - - K76 Sinf\1+==¢
TTS- 0 i )
V3
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dyq
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 R2K§'3 - -
Sanders 0 - - Rk
TTS-V3 Rk . .
Coefficient d,
Theor Expression Numeric evaluation of negligible terms Proposed
Y Compact Exp. Range of negligible terms simplification
TTS-V2 R2(2_V)Ké,—l ) )
Sanders R2(1-v)e ™ . R R?(2-v)xg™
TTS'V3 R2 (2 _ V)K_é/—l _ _
Coefficient d,;
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTSVZ | R(1-2v) k¢ 2 sing - -
Sanders R(2—2v)x7§'z sin@ - - Fz(1—2v)fq/§'2 sin@
TTSV3 | R(1-2v) k¢ 2sing - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient dy,

Numeric evaluation

. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-v2 |, (1-v) e x
( y+1=2V 005 49) ) )
2-2v
Sanders -3
2(1-v)rrg ™ x 2(1—v)1<7/§’3(y+—1_2" cose)
( +lcos€—l cosze) ) ) 2-2v
v 5 5 v
TTS-V3 2(1_]/),%773 o _ -
(7 +cos®)
Coefficient d,g
Theor Expression Numeric evaluation of negligible terms Proposed
Y Compact Exp. Range of negligible terms simplification
TTS-V2 Rt 2 . -
-2
Sanders R (7 c0s 0) . ) Rxg
TTS-V3 0 - -
Coefficient d,,
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 Rvig ™ . -
-1
Sanders Rvk - - Rvig
TTS-V3 0 - -
Coefficient d,g
Numeric evaluation
. of negligible terms Proposed
Theor Expression Lo
Y P Compact Range of simplification
Exp. Negligible terms
TTSV2 12 sin 6(2—7/(1 cos 9) - -
2 . -1
B - sin@|2- cos ¢
Sanders | _ -t ing . ] K7 ( e )
TTS-V3 | 0 - -
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Table 6.7 - Comparison of d; coefficients in various toroidal thin shell theories (continued)

Coefficient d,g
. Numeric evaluation of negligible terms Proposed
Theo E 0 LT
ooy Xpression Compact Exp. Range of negligible terms simplification
TTS-V2 _R? /cg“’3 - -
Sanders Rk 3 ) R
TTS-V3 R - -
Coefficient d,;
Numeric evaluation
. of negligible terms Proposed
Theory Expression Compact Range of simplification
Exp. Negligible terms
TTS-V2 “RAu _ i
Sanders Rk . _ “Riwkg !
TTS-V3 Rk 4,71 ) )
Coefficient d,g
Numeric evaluation
Theory Expression of negligible terms _ Pro_ppseq
Compact Range of simplification
Exp. Negligible terms
TTS-V2 Rige 2 sin 0 } }
Sanders Ryt sin g ] - Riy¢ 7 sin @
TTS-V3 Rige 2 sin 0 ) )
Coefficient d,q
Numeric evaluation
. of negligible terms Proposed
Theor Expression LR
y P Compact Range of simplification
Exp. Negligible terms
TTS-V2 K¢ 2 cos O (1 — ¢ cos 0) - - , X
Sanders | 0 - - KyG " cosO (1 —7g T cos '9)
TTS-V3 | O - -
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Table 6.8 — Comparison of I coefficients in various toroidal thin shell theories

Coefficient |,

Numeric evaluation
Theory Expression of negligible terms _ Pro_ppseq
Compact Range of simplification
Exp. Negligible terms
TTS-V2 1,2
-2 p{1+(3+x)ycosd
+(3+2x)y% cos’ +(1+x)y° cos® 49} _%péﬁ
TTS-V3 2
1-v 3 - -
= e
Coefficient I
Numeric evaluation
. of negligible terms Proposed
Theor Expression Lo
Y P Compact Range of simplification
Exp. Negligible terms
TTS-V2 2 2 1 1
1- - 1- - ——
_TVp§(1+3K7/§ 1cos¢9) - EV p¢(1+a) 1600 ~ ¢ = 7800 L
-V
TIS-V3 | 2 T e
-2 pC - -
E
Coefficient 1,
Numeric evaluation
. of negligible terms Proposed
Theor Expression Tt
Y P Compact Range of simplification
Exp. Negligible terms
TTS-V2 1—V2 1—V2 1 < 1
_izv - ———<a<——
= p¢ (1+xycos o) = ¢ (1+a) 9600 9600 L
TTS-V3 1,2 R pg
— V - -
e
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Chapter 7

Finite Element Formulation for Toroidal Thin Shells

7.1 Abstract

Using the generalized thin shell theory developed in Chapter 6, the governing field equations
and corresponding boundary conditions of the toroidal thin shells is expressed in the
variational form of the Hamiltonian of the system. The method of separation of variables in
conjunction with the Fourier expansion of the unknown displacement fields and applied
forces with respect to circumferential coordinate is used to formulate the ordinary
differential equations of the system in terms of longitudinal coordinate. A set of exact shape
functions is developed based on the exact solution of the field equations of the system and
led to formulation of a quasi-exact toroidal finite element. Numerical results are compared

with those based on conventional finite element methods.

7.2 Introduction

Toroidal shells are commonly used as elbow piping components in petrochemical refineries
and power plants. Due to their relatively complex geometry, they exhibit more complex
behaviours than straight pipes. Within this context, this chapter aims at developing a toroidal
finite element that accurately captures membrane and flexural effects for these segments

which is compatible with the cylindrical element developed in Chapter 5 for straight
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segments. The combination of both toroidal and cylindrical finite elements should provide
the necessary tool to analyze most piping systems with much fewer degrees of freedom

compared to conventional finite element methods.

7.3 Literature Review

Mackerle [7.1]-[7.4] provided a comprehensive literature review on the general field of finite
element formulations for pressure vessels and piping in four consequent papers. Also, Qatu
[7.5]-[7.6] collected a summary of recent research advances on the dynamic behaviour of
Shells. The following review focuses on shell based curved pipe finite elements and
analytical solutions relevant to the present work. In general, various studies have used
different interpolation schemes for the variation of the displacement fields in the longitudinal

directions and a number of harmonic modes in the circumferential direction.

Based on the principle of virtual work, Ohtsubo and Watanabe [7.7] developed a ring
element for small strains for torus elements. Displacement components are interpolated by
Hermitian polynomials along the elbow. Their model captures both ovalization and warping
effects. Takeda et al. [7.8] modified the work of Ohtsubo and Watanabe [7.7] by including
the transverse shear effects in their formulation and adopting 2D Lagrangian bilinear
functions to interpolate the circumferential, radial displacements, and rotations. The
longitudinal displacement is interpolated using Fourier series in the circumferential direction

and linear functions in the longitudinal direction.

Bathe and Almeida [7.9] developed a four node elbow finite element for in-plane flexure
analysis. Based on a Lagrangian cubic interpolation of the displacement fields, their model

captured circumferential shear deformation and ovalization effects and neglectesd warping
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effects. They extended their model to investigate interaction effects between elbow elements
and straight pipe segments [7.10]. Also, they added geometric non-linear effects to the
formulation [7.11]. Militello and Huespe [7.12] extended the model by Bathe and Almeida
[7.9] to capture warping deformations by adopting a Lagrangian cubic interpolation for the
longitudinal displacement. The tangential and radial displacements were interpolated using
harmonic functions. Abo-Elkhier [7.13] generalized the model by Bathe and Almeida [7.9]

by adopting more complete displacement-strain relations into the formulation.

Zhang and Redekop [7.14] developed an analytical displacement-based solution for a simply
supported toroidal shell using Sanders linear shell theory. A double Fourier expansion series,
modified for simply supported boundary conditions, is used in the meridional and

longitudinal directions.

In a ring formulation, Melo and Castro [7.15] used a simple linear interpolation for
displacements which captures both in-plane and out-of-plane flexure of curved pipes. Yan et
al. [7.16] developed an element for elasto-plastic limit load of pipe elbows by relaxing the
pipe inextensibility assumption in the radial direction adopted in the model by Militello and
Huespe [7.12]. They used cubic Lagrangian interpolation for the longitudinal displacement

and Hermitian polynomials for the tangential and radial displacements.

Based on the work of Melo and Castro [7.15], Fonseca et al. [7.17] presented a semi-
analytical formulation by using Fourier trigonometric series in circumferential direction for
the problem of pure bending in curved pipes. The system of differential equations was

numerically solved.
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Karamanos [7.18] formulated an element to model buckling instability of pipes. Subsequent
extension of the model involved adding plasticity and internal pressure effects (Karamanos
et al. [7.19]). Carneiro et al. [7.20] developed a semi-analytic finite ring element to study the
natural frequencies and associated eigenmodes of a pipe elbow with end flanges or tangent
terminations. They used Fourier expansions along the meridional direction combined with
linear polynomials along the longitudinal direction. The model is based on a Reissner-
Mindlin two node beam element on which superimposed are the shell distortion

displacements including ovalization and warping. The study involved an experimental.

Redekop and Chang [7.21] studied the linear vibration of mitred and smooth pipe bends and
their cylindrical and toroidal shell components using differential quadrature method based on

classical shell theory.

7.4 Assumptions

The main assumptions of the formulation are:

e A straight fibre normal to the shell mid-surface before deformation remains straight,

un-stretched and normal to the mid-surface throughout deformation.

e All displacements are small compared to the radius of curvature of the middle surface.

e Normal stresses perpendicular to the middle surface are negligible compared to the in-

plane stresses.

e The through thickness shear strains are negligible.

e Material is elastic isotropic.
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e Only the steady state response is sought

5

.« o :ZRU cos( j6) 11=12,3

j=0

7.5 Hamilton’s Principle for Toroidal Thin Shells

Recalling the variational form of the Hamiltonian functional of the system developed in

Chapter 6 (Eq. 6.21), one has

mL
(ou(xs) 8v(x.s) Sw(x,s) w (x,s))
27R Dy; i Dpp i Dys 0
o1 = 5, D, Do || US| | 0 | [s
0 x 21 22 23 V(X,S) + w
D31 | D3y Dyy w(x.s) Fac
D1 Dy D3 ’ Iy
(7.1)
(8u(x,s) ov(x,s) Sw(x,s))
L @27R u
+I J‘ Ly | Lip | Lig | [U(X:5) I:lflE dsdx = 0
0 Jo x| | Loy | Lop 1 Log [ V(%iS) r+1 Fre
Ls1iLaz {Las | [w(X,s) Fee
where the differential operators D;; in boundary condition equations are
Dy = d1%
Dy, = d2%+d3 (7.2)
_gq. 0 o 0
D,, =djg % (7.3)

2
Dy3=dyy _8?(83 +dg, %
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g g g0 G
Dy =dy3 o2 +dy, o2 +dys 2 +(d16 +0yg atzj

2 d. O (7.4)
17 xds '

_4 0 ok 0 | 0% )0
D3z =dyg o3 +dy xS +d21%+[d22 +d22¥ x

D;, =d

Dyy = dzs%

2 2
Dys = d26§7+d27 %Jf d28%+ dag
and the differential operators Lj; in the field equations are

2 2 2
+I26—+I3@+(I4+I"1 6_)

o2 Pos? Sos ot
2
Ly = |5%+|6% (7.6)
L0 2 o (1 . 8%)e
13 = 17 PYE 8 OXES2 9 Bx0s 10 T 110 o2 ) ox

| 02 41 0
27 Moxos Tt ox
I L Gl Wi
Loy =hs v +hy o2 +hs 35 +(I16 +he atzj (7.7)

L. I o° +1 ’ + ol +| by +1 0
31 = 23 PYE 24 oxES2 25 505 26 T 126 o2 ) ox

3 3 2 2 2 2
Ly =1y O 41 g9~ 41,2 +(| +|'5—)i+(| 1 5—)
32 27 853 28 aXZaS 29 8x2 30 a52 317731 atz os 32 7132 atz

(7.8)

4 4 4 3 3 2 2
Y SO G JGcARY S CARY SN cA a—+(| +|'5—j5—
33 = 133 347568 1 5252 136 37 s e

1 02 ) 0% NG | 0%
+(I39 + 39 atzjasz +(I4O +140 atzjas J{IMH41 e

The generic force terms Fgi, Fre, Fre and Ffg are defined as
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Fé’\(’: — le flxw + fZF f2xw
= 'éJE _ f3F flxu + f4F fzxu
Fre = st f + feF f)"

R = 0+ 1 £ 17 L6 1 D +( fy L+ ) AT

(7.9)

I' £F . which are functions of circumferential coordinate @

Coefficients d,, d;', I

i
(=s/R), and forces ™, £,4, %, £¥, £, 7%, £, ;% £ and ;" are based on

the TTS-V2 theory developed in Chapter 6 and are provided in Appendix 7.A .

7.6 Overview of the Formulation

Knowing that the steady-state response of the structure is harmonic allows the elimination of
the time dependency of the response by integrating over the variational Hamiltonian of the
system (Eqg. 7.1) with respect to time t. Also, using the orthogonal properties of the
trigonometric functions allows us to eliminate the dependency of the response on the
circumferential coordinate s. However, it is noted that the curvature of the torus
significantly increases the complexity of the differential equations of the system in two
respects: a) It significantly increases the number of the terms involved and b) The
coefficients of the governing equations become no longer constant and consist of
trigonometric functions of the circumferential coordinate & (=s/R). The combination of
these two complexities makes the integration with respect to @ difficult. These difficulties

and proposed solutions are detailed in the subsections 7.6.1 through 7.6.4 .

7.6.1 Displacement Function Expressions

Similar to CCTSs, the method of separation of variables is used. Since only the steady-state

response of the structure is sought, the applied body forces are assumed to take the form
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+00
ﬁx (X, S, Z,t) _ Z m}( (X, Z)eins/Reiat
N=—o0
+00
P (%5,2.t)= Zﬁ; (x,2)e™/Reidt (7.10a-c)
N=-—o0
+00
ﬁz (X, S, Z,t) — Z ﬁé (X, Z)eins/Rei@t
N=—00
Subsequently, unknown mid-surface displacement fields are assumed to take the form
+00
U(X, S,t) _ Z Ah (X)eins/ReicT)t
N=—00
+00
v(x,s,t)= Z B, (x)e"™/Re'* (7.11a-c)
N=-—o0
+00
V_V(X, S,t) — ch (X)eins/Reiat
N=—00

7.6.2 Approximations for Coefficients Dependent on Circumferential
Coordinate

One of the difficulties in the process of integration with respect to circumferential coordinate

6 (=s/R) is the presence of cosé terms in the denominator of some of the coefficients in

the form of ¢ :]7/(1+;/c0349)i (1=12,3). This issue is treated by introducing the

following approximation.

5 2

;“:%:ZRUCOS(W) , Rij:J- (1+7COS6’)_iCOS(j6’)d6’ (7.12a,b)
(1+ ycoso) = 0

where, Rj; are constants to be determined from Eq. 7.12b. It is observed that by taking six

terms ( j=0,...,5) in Eq. 7.12 the approximation is quite accurate for the practical range of
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torus geometries (i.e. y =R/ <0.5). Function cj(@) and its approximate truncated Fourier

series are compared in Figure 7.1 for the worst case of y =0.5 and i =3.

9 ———
8 ——-ipproximation |
7
/1A
[T
R
z, / \
" / \
"

T 2z
Angle 0 (rad)

Figure 7.1 — Comparison of coefficients ¢~ and corresponding approximate Fourier series

7.6.3 Truncation of Intermodal Coupling
The approximation introduced in Eq. 7.12 enables us to express all the coefficients in Eq. 7.1
in the unified generic form
p=0,12
l; = o sin® @ cos? @ cos( jO) :40=0,1,2 (7.13a-c)
j=1..5
in which symbols ¢; represents constant values as defined in Appendix 7.A . Considering
the generic expression in Eq. 7.13 for |; coefficients and after substituting the mid-surface
displacement fields as expressed in the form of the Fourier expansion series (Eq. 7.11) into

Eg. 7.1, the x independent part of the coefficients in Eq. 7.1 is found to take the generic

form
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p=0,12

B _ g=0,12

I, = ¢, sin® 6 cos? @ cos( je)e'(””)g 4j=1..,5 (7.14a-c)
N =—00,...,+00
| =—o0,...,+00

The generic expression in Eq. 7.14 shows that, depending on the values of p, g j n and I,

each set of equations for each mode n is in general coupled to some other modes m=n.
The coupling between modes leads to an infinite number of inter-coupled equations. Unlike
the case of CCTSs, in which the set of equations related to each mode n were completely
uncoupled from the other modes m = n, a similar separation is found no longer possible for
toroidal thin shells. However, the farther apart modes m and n are, the less significant the
coupling becomes. If modes m and n are far apart, one may assume their interdependency
to be negligible. Thus, in practice this interdependency of each mode n is limited to M
higher and M lower modes and any coupling with other modes beyond this range is

neglected.

7.6.4 Equilibrium Condition in Terms of Longitudinal Coordinate

From Eq. 7.11 and 7.12, by substituting into Eg. 7.1 and integrating with circumferential
coordinate, the dependency of the variational Hamiltonian functional on circumferential

coordinate s is eliminated and one obtains
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1_Ecz - ﬂ<§An (X) 6By (x) C_(x) 6C” 4 (X)), , X

0 1 2 2,3 3
| °H,+"H,D+H,D?+ °H,D ]4Xs(zM+1){A”}3(2M+1)X1

L
2

+5C—n (X) Z |:H)J(\r,1v :|1><(2|\/| +1) {fjxr\]N (X)}(ZM +1)X1N

j=1

S0 00200,

n=-N

0 1 2 2,3 13, 4 4
[ Gy +7°GyD+7G,D"+°G,D"+ "G, D j|3x3(2M+1){An}3(2M+l)le

2
+Z(5A“ (x)[G}‘i L(zM +1) {f}(# (X)}(?'\’I )
j=1

+5B_, () [st\f/] :|1><(2M +1) {fJS;‘I (X)}(ZM )
+6C_, (X)<|:G?rl1vj|1x(2M+1) {szr‘]"’ (X)}(ZM +1)x1

LR o 1T O (7.15)

163, 5 0 ) -0

where

{An) =1 {An] A= Ex) (7.16)

=] S

B
C

3(2M +1)xd

and the force vector contributions are given by
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({3 OO {em GOl e o e 00 {5 (0}

(2M +1)x5
(7.17)
jX.FJfM () jS.waM (x) jz.wf[vn (x) jX.foM (x) js.ﬁvfM (x)
fjx.ﬁ.(x) fwa.(X) sz.ﬁv.(x) fjx.xv.(x) fjs.ﬁv.(x)
fj).(ﬁ+M (X) 1:js.\rl1+M (X) sz.\rlwv+M (X) fj).(\r;v+M (X) 1:js.\:1v+M (X)

(2M+1)x5

In Eq. 7.15, symbol D denotes the first derivative of the argument function and symbols D'

(i=2,3,4) denote the ith derivative of the argument functions with respect to x. Symbol

N denotes the maximum number of higher/lower modes involved in the analysis and the

exact solution is obtained as N — c. Symbol M (> 1) denotes the number of higher/lower
modes that are considered to be coupled to a given mode n. Coefficient matrices iHn
(i=0,..,3), 'G, (i=0,..,4), H’J‘xv ’j‘ﬁ, %, Gﬁ‘rﬂv, G?Y]" and GSJX]" j=1,2, include all
contributions to a given mode n of all M higher and M lower modes of interest in the
analysis that are coupled to mode n (to be explained in the following paragraphs). Appendix
7.A provides the explicit expressions for coefficient matrices 'H,, 'G,,, HY, Gy, G,
Giy, G’y and Giy, for the case M =7. Expressions 1 (x), f71(x), f{7(x), ;5 (x)
and f fj‘,’]v(x) represent the x dependent component of the nth term of the across thickness
integrated traction functions f;“(x,s), fY(x,;s), f/"(x;s), f*(x;s) and f™(x,s)
already defined in Appendix 6.A.3.

Xu _ 2 —x( L)
i _jh Py |1+ R dz ,
2

=
=
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h h
2 2
R =j ﬁ;z(ui)dz | £ =j 5322(“;)(12
' _h R ' h R
2 2
h h
i 5
iv={" n (1+ ZL)dZ , = ps (1+ 3£)dz
oo R ") R
2 2
o h
2 2
o = ﬁﬁz(1+ 21) dz , £V = rs,z(l+i)dz
S R ") R
2 2
b o
2 2
fln=1 Pn (1+L)d2 , fon=1 pbr (1+ Zi)dz (7.18)
" 7% R J 7% R

Although the coupling of each mode n was assumed to be limited to the M higher and M
lower modes, there remains an infinite number of sets of equations, yet to be solved
simultaneously. In practicality, N will be a finite number. The larger N is the more
accurate the solution will be. N =7 is found reasonable for most practical loadings. Thus,
without losing the generality of the number of modes included in the solution, the system of

equations is truncated to the first N higher and N lower modes.

Numerical evaluation showed that the contribution of any mode beyond the first seven
higher and the first lower modes is less than 0.1% of the maximum contribution of any
other modes within the range —M <n<M . Thus, M =7 is a reasonable assumption for a

reliable analysis.

It is noted that, in contrast to the case of CCTSs, the number of modes to be taken should be
determined a-priori. In the event the convergence attained is not satisfactory, the whole
solution should be redone with more terms. Figure 7.2a schematically shows the non-zero
terms of the operator matrix resulting from an uncoupled sets of ODEs resulting from a

CCST while Figure 7.2b shows the non-zero terms of the operator matrix of coefficients
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resulting from a coupled set of ODEs for the case of a toroidal shell. As shown in Figure 7.2,

in both cases, the matrices are banded about the diagonal.

,,,,,,,,,

n+N

(a) (b)

Figure 7.2 — Schematic matrices of coefficients a) Matrix of coefficients of the uncoupled

system of a CCTS, b) Matrix of coefficients of the coupled system of a toroidal thin shell

7.7 Formulation of the Field Equations

The objective of this section is to express the governing field equations, given in Eg. 7.15,

into a consolidated system of size 3(2N +1)x3(2N +2M +1) for the whole structure. From

Eq. 7.15, the homogeneous part of the field equations yields (2N +1) sets of equations for

—N <£n <N in the form

0 1 2 2,3 3,4 4
°G,+'G,D+7G,D*+°G,D*+*G,D 10%3(2““1){An}g(mﬂ)xl_{0}3(2M+1)Xl (7.19)

Equations 7.19 can be consolidated into a single matrix equation in the form
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G+ .G D+2G D2+ 3G D3+4G D* A
[ G+ GD+°GD°"+°'GD’+°"G D :|3(2N+1)X3(2N+2M+1){A}3(2N+2M+1)><l (7.20)

- {0}3(2N+1)><1

where the rectangular coefficient matrices 'G (i=0,...,4) are schematically shown in

Figure 7.3. Also, the unknown displacement vector A is defined as

{A":—ZN}
{A}= {An} (7.21)

{An+2N}

3(2N+2M +1)x

where its constructing blocks A, were defined in Eq. 7.16 as {f\n}T:
(A (%) By (x) Cy(x)).

Figure 7.3 schematically shows how each matrix iGn corresponding to mode n s related to
those of modes m=n. Considering a certain mode n, Figure 7.3 illustrates how each

horizontal block 'G,, includes the contributions from modes n—M to n+M on mode n

and the vertical block matrix 'G,,, defined in Appendix 7.B , includes the contributions of

mode n onmodes n—M to n+M .
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Figure 7.3 — Schematic presentation of matrices 'G and 'G and their constructing blocks

'G, and |G,

It is noted that all blocks can be defined in terms of a certain mode n. In order to relate the

horizontal block matrix 'G, and the vertical block matrix 'G,, they are partitioned into

2M +1 blocks as
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i _||'G, -G, LG,
[GHJM(ZMH)_H =—’V'Lx32 ;[ k20}3x3§ ;[ k=MLXJ

BN
L kM (7.22a,b)
Considering a certain mode M, square block matrices 'G, and 'G, of size 3x3 are related
k k
through
vGoon ='G ¢ (7.23)
k=—k k=k

Since the unknown displacement fields are truncated (i.e. <A1 (x),B,(x).C, (x)>:<0,0,0>

for |n| >N ), the first 3M and the last 3M rows of the unknown displacement vector A are

null i.e.,
B A
A =1 W (7.24)
{ 0 }3M x1

3(2N+2M +1)x1

where the unknown displacement vector A is defined as

(A} =1 {Aq} (7.25)

3(2N+1)<1
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This makes the first 3M and the last 3M columns of operator matrix G irrelevant to the

solution. Thus, the system of ODEs in Eq. 7.20 is simplified to

4 4,3 3 2 2 [1 0 _
([ G}D +[ G]D +[ G]D +[ G}D+[ G:|)3(2N+l)><3(2N+1){A}3(2N+l)xl_O (7.26)
where coefficient matrices 'G (i=0,...,4) are square of size 3(2N +1)><3(2N +1).

Matrices 'G are obtained by truncating the first 3M and the last 3M columns of matrices

'G (the area enclosed by dashed line in Figure 7.3).

7.8 Homogeneous Solution

Seeking the homogeneous solution of the system of ODEs (Eg. 7.26) in an exponential form
A, (x)=Ae™ |, B,(x)=Be™ , C,(x)=C,e™ (7.27)
yields the polynomial eigenvalue problem (PEP)

Q(m)A=0 (7.28)
where, ©(m) is a matrix polynomial defined as

Q(m)=m*[ ‘G |+m’[ °G |+m?[ °G |+m[ G |+] °G] (7.29)
It is noted that mode coupling gives rise to an 8(2N +1)th order characteristic equation.

This eliminates the possibility of providing an analytical solution to the characteristic

equation in search of its eigenvalues and corresponding eigenvectors.

The solution of the 4™ order PEP of size 3(2N +1) can be transformed into an equivalent

first order generalized eigenvalue problem (GEP) of size 12(2N +1) in the form
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G000 3G %G 'G °G
0L, 00 L, 0 0 0| _, (7.30)
0 01,0 0 I, 0 0

0 0 0TI, 0 0 I, 0

where, I, denotes a 3(2N +1)x3(2N +1) identity matrix. The solution of Eq. 7.30, yields
8(2N +1) eigenvalues m; (j=1..,8(2N +1)) and corresponding eigenvectors {vj}. The
j th eigenvector of the equivalent GEP is denoted {¥;} and the corresponding eigenvector

of the original PEP s Aj. Both  vectors are related through

{frj } = <m3ATj ,mZATj ,mATj ,ATJ- >T . Thus, one obtains

8(2N+1)
A (x)= Z AAye™
=
8(2N+1)

B, (x)= Z A;Be™ (7.31)

j=1
(2N+1

8 )
CI"I(X): Z Ajénjemjx
j=1
In Eg. 7.31, m; is the jth eigenvalue of the system. Recalling the order of x dependent

components of displacement fields within the displacement function vector A (Eq. 7.19),

constants A;, By, and C; are the [3(N+n)+1Jth, [3(N+n)+2]th and
[3(N +n)+3]th rows of the eigenvector A j » respectively. Constants AJ- are unknowns to

be determined from the boundary conditions of the system. It is noted that the eigenvalues

and eigenvectors of the system are independent of the length of the pipe.
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7.9 Finite Element Development

A complete analytical solution of the system is tedious and cumbersome. Thus, only a finite
element formulation is developed. The shape functions will be based on the exact solution of

the homogenous part of the field equations of the system.

7.9.1 Formulation of Shape Functions

From Eq. 7.31, by substituting into Eq. 7.11, one obtains

+N +N [ 8(2N+1)
U(X,S):ZA”(X)einS/R :Z Z AJ_'Ehjeij gins/R
n=-N n=-N j=1
+N +N [ 8(2N+1)
V(x,s)= Z B, (x)e"'R = Z Z A;Be"" |e"/F (7.32a-C)
n=—N n=—N j=1
+N +N [ 8(2N+1)
V_V(X,S): Cn(X)eins/R :Z Z Ajénjemjx eins/R
n=-N n=-N j=1
The displacements in Eq. 7.32 can be expressed in the following form
+N
_ B n ins/R
1(x8)= ) (Sm(x)) {A] &
n=—N
+N
7(xs)= Z(an () {A} ™R (7.332-C)
— 1x8(2N +1) 8(2N+1)d
+N
W(xs)= S X A eins/R
( ) ZN< cn ( )>lx5(2N+l) { }8(2N+1)x1
N=—

where

(San(x)) <'§1.1emlx '3%1.8(2N+1)em8(m)x>

8(2N+1)

(Son (X)) =(Bse™ -

18(2N+1)

m82N+l
ng(2N+)€ 4 (7.34a-c)

18(2N+1)

o
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(A} =(A - Apy) (7.35)

1x8(2N+1)

By comparing Egs. 7.33-7.35, one recovers the following expressions for A, (x), B, (x) and

C, (x) functions.

By (X) = (Sgn (X)) A (7.36a-C)

D@(2N+1) 8(2N+1)<

In a finite element context, all unknown coefficients should be expressed in terms of the

nodal displacements, which are A, (0), B,(0), C,(0), C;(0), A (L), B,(L), C,(L) and

C;(L). From Egs. 7.36a-c, one obtains

{An }8X1 = [Ln ]8x8(2N+1) {A}8(2N+1)><1

where
(S (0)) ]

Ah 0 An

) S 0)

C, og Sca(0)

Ch (0 Sea (0)
AL =] , L,]= 7.37
(Aoloa =1 &1L Lel=l i, s

gn :: SBn(L)

n Scn (L)

C,(L - S (L

- [ (Sen )_8x8(2N+l)

Assembling the displacement contributions of all terms in the range of —N <n <N yields
{A}8(2N+1)x1 - [L]8(2N+1)x8(2N+1) {A}8(2N+1)><l (7.38)

where
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An
{A}8(2k+1)><1 - {A:O}

An 8(2k+1)x

[L]=

[Ly]

L]

L] 8(2N-+1)x8(2N+1)

Solving Eg. 7.38 for the unknown coefficients {A}8(2N+1) | Vields

< 1
{A}8(2N+1)X1 - [L]8(2N+1)><8(2N+1)

{A}8(2N+1)x1

From Eq. 7.39, by substituting into Egs. 7.36a-c yields

A, (X)=<NAn (X)> {A}

16(2N+1) 8(2N+1)d

(2N+1) 8(2N+1)
Cn (X) - <NCn (X)> (2N+1) A (2N-+1)
where
<NAn (X 1x8(2N+1) B SAn X DB(2N+1)
<NBn (X)>kg(zw) - <SB” (x) o~
<NCn (X)>1><8(2N+1) N <SCn (X)> (2N+1)

It is noted that (N ,, (X))

1x8(2N+1)

function matrices.

7.9.2 Discretized Equilibrium Equations

8(2N-+1)x8(2N +1)

 (Nea (x))

1x8(2N+1)

and (Nc, (X))

In this section a methodology similar to that in Section 7.7

discretized equilibrium equations of the system into a consolidated form.

1x8(2N+1)

(7.39)

(7.40)

(7.41)
(7.42)

(7.43)

are the exact shape

is adopted to express the

310



Chapter 7 Finite Element Formulation for Toroidal Thin Shells

From Eq. 7.15, the homogeneous part of the boundary condition equations yields (2N +l)
sets of equations for —N <n <N in the form

0 1 2 2,3 3 _
| °H,+"H,D+*H,D’+°H,D }MQMH){An}s(zm)ﬂ_{0}4X1 (7.44)
Equations 7.44 can be consolidated into a single matrix equation in the form

om . ln 20 12 .30 R3 Y _
[°H +'H D+’H D°+°H D ]4(2N+1)X3(2MM+1){A}3(2N+2M+1)X1_{0}4(2N+1)X1 (7.45)
where the rectangular coefficient matrices 'H (i=0,...,3) and their constructing blocks
iHn are schematically shown in Figure 7.4. Considering a certain mode n, Figure 7.4

shows how each horizontal block 'H,, includes the contributions from modes n—M to

n+M on mode n and the vertical block matrix |H,,, defined in Appendix 7.B , includes

the contributions of mode n on modes n—M to n+M .

In the same manner as in Eq. 7.22, in order to relate the vertical block matrices |H,, to the

horizontal block matrices 'H,,, both matrices are partitioned as

Il
1
1
)]
‘7\_ S
|
=z
| I—
~
X,
w
R
)]
T 5
o
L 1
~
X
w
S
)]
‘X 5
<4
L 1
~
X
w
L 1

[ iH”an(zlvl +1)

| AT
[an ]4(2M J)p3 [ _______ k j?.].ézi- (7.46a,b)
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Similar to Eq. 7.23, by considering a certain mode m, rectangular block matrices iﬁn and

k
JH,, of size 4x3 are related through
k
i in
JHop ="H ¢ (7.47)
k=—k k=k
/Iﬁ _./iH
| :IHn:ﬁ—N I
I R I
. . I I,f:\:Hn=ﬁ4 |
IHn:ﬁ—l—M {l I ! I,,(:wlvHr):ﬁ |
II-_In:ﬁ—M {l I | i |,f:xern:ﬁ+1 |
Hymaw : i P |
i REES |
- BER ,
| _ Ly . I
| Hogaf{St oo = KRS i
|4 |Hn:ﬁ{|ﬁfM:7 e A S TR " M! |
I IHn:ﬁ+1{| ”\;: ...... : i A 1I 2: ...... : ‘*r&ll :
! - o
L N o
| AR 1
: Hn:ﬁi—1+M {l i i : | |
I I-IIn=ﬁ+M {l ! i I |
O | Hn:ﬁ+1+M{| ! | |
! : '
I | IHn:ﬁ+Ni
— - - - - —_—_—_—_—_ === === —
. A k J
3M 3(2N +1) 3M

Figure 7.4 - Schematic presentation of matrices 'H and "H and their constructing blocks
'H, and [H,

Due to the fact that the unknown displacement fields are truncated (i.e.

(A (x),B,(x),Cy(x))= (0,0,0) for |n[>N), the first 3M and the last 3M columns of
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coefficient matrices 'H are irrelevant to the solution. Thus, the system of ODEs in Eq. 7.45

is simplified to

0 1 2 2 .3 3 _
|: H +HD+"HD"+"HD :|4(2N+l)><3(2N+1) {A}3(2N+l)><l_{0}4(2N+1)><1 (748)

where the rectangular coefficient matrices 'H (i =0,...,3) are of size 4(2N +1)x3(2N +1).
Matrices 'H are obtained by truncating the first 3M and the last 3M columns of matrices

"H (the area enclosed by dashed line in Figure 7.4).

Similarly, matrices HJ", G}, G}, G}, GJ¥ and G} of dimension
(2N +2M +1)x(2N +1) are obtained by summing over n (-N <n<N) in Eq. 7.15 and

KW XU sv w
jnr Mjne Hjnr Mjno

represent the consolidated form of contribution of row force vectors H
G’y and Gy, respectively. The term X7* (where X takes the values G, H as applicable
and superscript xx takes the values xu, sv, zw, xw, sw as applicable) is introduced here
as a generic representation of matrices H", G}, GY', G%", G}" and G$". Also the term
Xy (where X takes the values G, H as applicable and superscript xx takes the values
Xu, sv, zw, xw, sw as applicable) is introduced as another generic representation of

Xw Xu G sV W

matrices Hjy, Gj,, Gj,, Giy, G}y and GiJ. Figure 7.5 schematically shows how

consolidated matrices X} are assembled by X}
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X)}X YSX
/ __________________ _._}_J -

| :X?n=ﬁ—ﬂ I
i .
: , I
. I /’vX}?‘n:n—l I
X?n:ﬁ—l—M {l I i |M/: v ?n—ﬁ |
M XX
X’j‘?‘n:ﬁ—M {l I : ' |F,C>V jon=n+1 I
XYhomoam {| I RN |
T
! BRE |
. IR |
I : : | : !
! BEE !
I X’}?‘n:ﬁ—l{ln Wl e inoz|mal n ) i ...... iﬁ;"lﬁ I
Il X?xn:ﬁ{lﬁfMi ...... in 1l m e 1! ------ Y I
| bt CHENTEEEE B R ] |
! |
| BB |
| 1 b '
[ | . |
I ! | | 1 .
| R |
| XTnortem { | i i i | |
XX H
| Xin=mm {l ' i | |
O | X?n:mmvl { | ! | |
| ' '
I | X~ 7!
j.n=N+N|
— E—_—_———_-__ - - - —_——— == === ' —
. ) k i
M (2N +1) M

Figure 7.5 - Schematic presentation of matrices )_(’Jf" and X7 and their constructing blocks

X and (X3
Square matrices H}", G", G}, G{", G" and G}" of dimension (2N +1)x(2N +1) are
obtained by truncating the first M and the last M columns of matrices I_{’J-(W, (_}’j‘“, (_;Sj",
Gﬁ‘”, G’J-(W and st"", respectively. Horizontal row vectors X7 include the contributions

from modes n—M to n+M on mode n. Also, column vectors , X are introduced, which
include the contributions of mode n on modes n—M to n+ M . By partitioning row vectors

X’ and column vectors | X3, as
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N /1x(2M 1) k=—M | [ k=0 | [ k=M
(7.49a,b)
v XX
VXn
k=M
T
VXn
k=M
one concludes that
Xale =Xk (7.50a,b)
k=—k k=k
and consequently
W g xw _ —~ Xu _(Xu _
vHjn-n _Hj.n:ﬁ—k : vGinen _GJ. =A-k
k=— k=k k=—K k=k
sV _ _ AW IW _
vGinn = Gj.nfﬁfk ' vGinn = Gj.nfﬁfk (7.51)
k=—k k=k k=—k  k=k
oXw  _ ~Axw ~SW N SW _
VGj-n=ﬁ - G] n=n-k ! ij.nzﬁ - GJ =N—-k
k=— k=k k=— k=k

; ; i XW Xu sV w XW sw
The non zero entries of matrices (H,, \Hj,, (G, (G}, (Gjr, (Gjy and (G, are

provided in Appendix 7.B .

From Eq. 7.40, by substituting into Eq. 7.15, and summing over n, (2N+1) sets of

equations for —N <n < N of the system are expressed in the consolidated form
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1_532 {5{A*}T (°H+ *HD + 2HD? + *HD?){A} + 5{C")' i[H’}W]{ff‘N}]

12 ot T oto o7 =
wofe ) ([l [ero]in) o1 )i joo
where
{A}3(2N+1)><1 :[Q][L]il {A} ' {A*}4(2N+1)X1 Z[Q*}[L]f1 {A}
{A*}(2N+l)x1 =[ QA LT ) ' {B*}(2N+l)><1 =[5 J[LT (A} (7.53)
{C*}(2N+1)X1 - [QE ] [L]il {A}
in which
_[Q_N }_
5 (San (X))
[@]-| [@] Q4] = (86 (X)) (7.54
r 5 <SC” (X)> 38(2N+1)
iQN } J3(2n+1)8(2N 1)
[QEN _ _ ésm Exii
* «7 [ (Sen (X
Q)= [ Q] (5o () (7.55)
* Sen (X
_[Q‘N :|_4(2N+1)x8(2N+1) S )>_4X8(2N+1)
and
(San () (Son (X)
QL ]= <SA.0;(X)> e (sB,O; (x)) (7.56)
-<SA'_N (X)>—(2N+1)X3(2N+1) -<SB"N (X)>-(2N+1)><8(2N+1)
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<SC-N: (x))
Q2| (sco(x) (7.57)

_<SC-—N (X)>_(2N+l)><8(2N+l)
It is noted that since the shape functions were obtained based on the quasi-exact solution of
the homogeneous form of the truncated field equations, the homogenous part of the field

equations in the second integral term in Eq. 7.15 vanishes.

7.10 Example

A fixed-free pipe bend (Figure 7.6) with cross-sectional radius R =0.25m, radius of

curvature R =2m and thickness h=0.01m and centerline length L is to be analyzed under

the following scenarios provided in Table 7.1. It is required to obtain the response of the

structure at free end. In all cases the modulus of elasticity and Poisson’s ratio are 200Gpa

and 0.3, respectively. The sign convention in Figure 6.1 is adopted.

l

Gravity

Figure 7.6 — Fixed-free pipe bend in the Example
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Table 7.1 — Scenarios in the Example

Case Load Torus length
a | Uniform axial traction F, =1,000 kN/m2 L=0.15m
b | Uniform circumferential traction F, =1,000 kN /m? L=0.15m
¢ | Uniform radial traction F, =1,000 kN/m2 L=0.05m
d | Self weight, p =7850kg /m? L=0.10m
o eHnadr'rnvsgei)(;eri;g:Icl)ggo Fr;d:/l;OOO singcosat kN /m 2 at free L —0.05m

For all cases (a-e), the solutions were provided by a single finite element, which involves
120 DOFs. For comparison, a solution based on the commercial software Abaqus is
provided and the results from both methods are provided in Figure 7.7 to Figure 7.11. All
figures show the magnitude of the total displacement vector along the edge of the free end of
the pipe bend. In the solutions based on the Abaqus, the shell element used is S4R (4-node
doubly curved shell element with five integration points across the thickness and 6 DOFs at
each node) and the number of elements is given in the figures. Excellent agreement is
achieved in all cases and the difference between the results based on the current study and

those based on the Abaqus are within a few percents.

Also, all cases are repeated for a straight pipe of the same geometry (except R — «). The
result based on both elements (i.e., straight element developed in Chapter 5 and Curved
element developed in the present chapter) are indistinguishable. These are provided in each

figure for comparison.
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x 10

—Current Study
—---Abagus (4,000 elements)
08— Current Study (straight pipe)

0.2

Magnitude of the displacement { m)

7 2r
Circumference of the pipe at free end (Rad)

Figure 7.7 — Pipe bend under axial traction (Scenario a), L =0.15m

sz 10 . . .
E ——Current Study

= —---Abaqus (4,000 elements)
g 2 Current Study (straight pipe)
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Figure 7.8 — Pipe bend under uniform torsion (Scenario b), L=0.15m
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Magnitude of the displacement { m)

Figure 7.9 — Pipe bend under uniform radial traction (Scenario c), L =0.05m

Magnitude of the displacement { m)

Figure 7.10 — Pipe bend under self weight (Scenario d), L=0.10m
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Figure 7.11 — Pipe bend under out-of-plain harmonic moment (Scenario €), L =0.05m

It is noted that all previous examples showed excellent agreement with Abaqus for pipe
bends of relatively short length. Theoretically, the model developed was intended to achieve
satisfactory convergence to the solution for any given range of practical length. However,
numerical problems were encountered when applying the longer length of pipe bends. This
is believed to be caused by the lack of enough number of machine precision. It is noted that

when R — « the solution converges to the solution of the straight pipes.

7.11 Summary and Conclusion

Using the method of separation of variables in conjunction with the Fourier expansion of the
unknown displacement fields and applied forces with respect to circumferential coordinate,
the variational form of Hamiltonian functional of toroidal thin shells transformed into an
infinite system of ordinary differential equation with respect to longitudinal coordinate. A set

of exact shape functions is developed based on the exact solution of the field equations of
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the system and led to formulation of an exact toroidal finite element. It is observed that there
is excellent agreement between the results based on the proposed toroidal finite element and
those based on the Abaqus for short pipe bends. For the case of longer pipe bends, although
using more refined and sensitive numerical solution methods is recommended, it is expected

to achieve satisfactory results by using higher precision.
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7.13 List of Symbols

ph(x), Bn(x)’ Contributions of circumferential mode n to mid-surface
displacements u,v,w, respectively

C ()

Ay By Cy Constants relating the rows of the eigenvector A i

A. Unknown constants to be determined from the boundary conditions

. of the system

D,D Differentiation with respect to x and ith differential with respect to
X, respectively

D, Ly Differential operators in boundary condition and field equations,
respectively

E Modulus of elasticity

SCH S Generic force terms in the functional

Fee , Fac

R Cross-sectional radius of torus

R; (i=1...,3), Fourier constants in approximating ¢

(j=0...5)

f£F (i=1..,13) Constants in defining the generic force terms Fee, Fre, Fre, Fac

in the functional
i e ractions in defining the generic force terms , : :
LI P i Tract def th f t Fee, Fre, P, Fac

in the functional as a function of x and s
ijW’ ijW (J:112)

fin () i (%) Respective force contributions of f*, ', f, ™ and f™
based on mode n as functions of coordinate x

fin' () fin" (%)

fin (X)
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PP Pl Axial, circumferential and radial components of applied body
forces, respectively, as functions of coordinates x, s, z

AR TS n th component of applied body forces p*, p°, p°, respectively,

u,v,w Covariant components of the displacement of a point on the middle
surface along axes x, s and w, respectively

u,v,w Physical components of the covariant displacement components
u,v,w, respectively

X,$,Z Coordinates of the system

A" B, C Unknown  displacement  vector, including longitudinal,
circumferential and radial components, respectively

A Integration constant vector

Aj Eigenvector of the original PEP

i () fjsx(x) Vectors representing the contributions from mode n of the force
components ', f", fo, f2, f', respectively, on modes

i (x) fin (x) n-M ton+M

fi (x)

'G Consolidated coefficient matrix of differential operator D'

'G Truncated coefficient matrix of differential operator D'

'G, Horizontal constructing block matrix of matrix 'G , representing the
contributions from modes n—M to n+M on mode n

G, Vertical constructing block matrix of matrix 'G for mode n,
representing the contributions from mode n on modes n—-M to
n+M

'G,,!G, k th constructing blocks of matrices 'G,, and |G, respectively

k k
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(_;ﬁu ,(_}Sjv,(_}ﬁw, Consolidated coefficient matrix of jth component of the applied
forces in homogeneous form of the field equations
~XW  ~SW
Gj". Gj
G?”,G?’,GEW, Truncated coefficient matrix of jth component of the applied
forces in homogeneous form of the field equations
XW SW
Gj". Gj
G, G5, G, Horizontal constructing block matrices of matrices G, G}, G7",
G*" and G, respectively, representing the contributions from
G G ‘ :
Jn =N modes n—M to n+M on mode n

WG G5, GY, Vertical constructing block matrices of matrices G}, G, G?",

G7" and G$", respectively, representing the contributions from

GV, G

viZijnvin mode n on modes n—M to n+M

GG, G, kth constructing blocks of matrices G%, G%, G% . G} and
k k k

SwW H
in » respectively

~XW  ~SW
G, GS]
k k

«G. G5, G kth constructing blocks of matrices G’ ,G5, ,G%, ,G’ and
k k k
+G3n , respectively
vGin Gl
k k
'H Consolidated coefficient matrix of differential operator D' in
homogeneous form of boundary condition equations
'H Truncated coefficient matrix of differential operator D' in
homogeneous form of the boundary condition equations
'H, Horizontal constructing block matrix of matrix 'H , representing the

contributions from modes n—M to n+M on mode n
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Y

n

Y

Oy XW g Xw
ijn' Hjn
k k

Nen ()
Q. Q5. Qc,
Q.Q
Q,.Q;

Vi

vertical constructing block matrix of matrix 'H, representing the
contributions from mode n on modes n—M to n+ M

k th constructing blocks of matrices 'H,, and /H,,, respectively

Consolidated coefficient matrix of jth component of the applied
forces in homogeneous form of the boundary condition equations

Truncated coefficient matrix of jth component of the applied
forces in homogeneous form of the boundary condition equations

Horizontal constructing block matrix of matrix }_Iﬁ‘”, representing

the contributions from modes n—M to n+M on mode n

Vertical constructing block matrix of matrix HX", representing the
contributions from mode n on modes n—M to n+ M

k th constructing blocks of matrices H’,y and | H';, respectively

Matrix relating the integration constants vector A to nodal
displacement vector A

Matrix relating the integration constants vector A to nodal
displacement vector A,

Quasi-exact shape functions defining the axial, circumferential and
radial displacements corresponding to mode n, respectively

Matrices relating the nodal displacement vector A to unknown
displacement vectors A", B, C*, A, A~

Constructing block matrices of matrices Q and Q" , respectively

j th eigenvector of the equivalent GEP
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X3 Generic expression for matrices HY", G, G}', G{", G}", G}"

X3 Generic expression for matrices H", G}', GY', G}, G}", G}"
XX H H H Xu sV yA'lY Xw SwW

Xin Generic expression for matrices Gi,, Gj,, Gjn, G, G,

XX H H H Xu sV W Xw SwW
vXin Generic expression for matrices | Gj,, G, yGjn, vGjn, vGin
X3 Generic expression for matrices G, G, G5, Gy, G351

k k k k k k
v XX ; ; : —~ XU ~ SV ~ IW —~ SW ~ XW
vXin Generic expression for matrices | Gj,, yGin, Gjn, vGins vGin
k k k k k
A Nodal displacement vector of the whole system
A, Nodal displacement vector for mode n

A Consolidated nodal displacement vector

A Unknown displacement vector, including translational components

A” Unknown displacement vector, including translational and rotational
components

A, Nodal displacement vector including displacement components
from modes n—-M to n+M

j\n Displacement vector corresponding to mode n

Q(m) Polynomial eigenproblem of the system

y R/R

I1 Mechanical energy of the system

P Density of the mass

R Torus radius

0 s/R
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DSUN

Poisson’s ratio
1+2/R
1+ ycosé

1+ yycosé

330



Appendix 7.A Coefficients for the TTS-V2 Theory

Coefficients d, and d! were introduced in Egs. 7.2-7.5 when defining the differential

operators of the boundary condition equations based on the TTS-V2 theory. Unlike the

CCTSs, these coefficients are functions of the circumferential coordinate @

d=-¢* (1+ KyC cos@) , d, = —v(1+ ket cos@)
d3:%y§‘lsin6’ , d, = Ret ™
ds = Rvid ' cosé , dg = —x¢ sing
__1 -1
d; = R(v+y§ cos@)

dg = —1_—V(1+ k¢t cos 6?)

2
dgz—%lT | /& sme[l K(Z - cos@)}
Ay =—12¥ S (1 3¢ 0050) , dy, = R]'_TVKéﬁl(:g—]/éﬁl cos&)
d12_ ZVK;/( sme( -y cos@)
dys = —Rag 2 , dy, = Rl—TVK(l—sy(1 cos 6)

dye =31_—VK7/§‘1sin 0(1- ¢ coso)
dyg =1 1 . . [cose+37§‘l(sin29—c0529—7§‘lsin2¢9c059)}
R 2
I _1-—
d16 - E

(1+ 4y cos 6+ 3y* cos? 0)

dy; =-Rug™ ( ) )

dyg = k¢ 2 sin 9(3;" 1+V;/§ sin 90030)

dpy =R(1-2v)xp¢ sing
3, 1-2
dyy =2(1-v)1¢ 7+ 572 cos o)

2
dzlz = —1_?‘/ RZPKC
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dys = Reg 2 : dyy = Rvag ™
dys =—xp¢ 2 sin 0(2 — 7 cos 9) , d,g =R
dy, =R , dog = Ry sin@

dyg = &7 2 cos&’(l—yg”‘1 cos&)
The coefficients I, and I introduced in Egs. 7.6-7.8 in defining the differential operators of

the field equations of the TTS-V2 theory are defined as

:((ny(zsinecosz@) , 1, —(1 ")[1+ 1-3) y cos |
1, :%(1_7‘/)[(—1+4K)7sin0—6Ky2§‘1sin 0cos 8 +8xy>¢ % sin O cos? 49}
1(1 2 o1 i 2 o1 no2
RZ( 2‘/)[(1+2/<);/cose (1-2x)y°¢ " sin“ 0 —3ky°, " cos” 0
+4ky3¢ 7% c0s 0 —10ky>¢ 2 sin® @ cos 0 + 4y *¢ 3 sin? O cos? 9]

- _1—EV2 p{l+|:2+(l+l(‘)(l+ 7)|7cos -+ (3+2x) 7 cos” ¢

~(1+x)y%sin® @cos @ }

I —(1EV)(1+K7/§’_1C089) , ( ) L sing
=R , lg = R[(lT)KC — &yt cos 49}
ly _(5 23‘/)1(;/4” sin @+ xy*¢ % sin@cos O

o = 1[v+(1+1€ )yg“ c036’+3(1 V)Kyzgzsinze—S(l_T")Kyzg”2c0329

R 2
3(1 2‘/)/(;/ ¢ 3sin 90036?}

||_l—v
10 E

(1+ 4y cos @ + 3y cos? 9)
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I, = (17)(1+ kyC 7t cos 9)

|12—% ( ) 7 tsing - (1+v)x7§‘2sine—(l*'T")Kyzg‘zsinecose}
l,5 :(1_7")(4‘ — By 2 cosé?) , Ly =[1+(1+x)ycosd|
I15——%sin6’

g = Rl(vycosé?ﬂ/g sin® @ -3y sinzecose)

[ . p[1+ 1+3k)ycosf] |, = —Riy cos 0

I, ——R[(gzv)xé’ ( > )zcy{ cosé?}

Iy =— [(72V)Kyg Sin 6 + 2k 28 schosH}

l,o =xysing
|21=%{1+|:1+V(1+K)]]/C059+2K7/2§_1Sin29—K7/3§_25in29C039}

2
ly, = 1_EV Rpx(2+3ycosd)

l,, = —é(vy{‘lsin 0—viy*¢ sin 1900519)

lys = Ri¢ 2 , |24=RH1 ZV)K+(3EV)K‘)/§_1COSQ:|
I25:[—(12 )K7/§ 5|n¢9+(3;")1<7/24”‘25in0c050}
|26:%{—v—[l+(1_7‘/)x}7§_10089+(3ZV)K‘}/ C +2K‘}/ C sin 6

+( ;V)xy?’;%inz@cos@ }

2
IZIG = _l_EV RpK(l+47/C030+372 COSZ 9) ) |27 = RK']/COSQ

55 ]

lg _[ (3;")@4“ sin 0+(1zv)m2§‘3sin ecose}

l3p = —2xysin@
|y :%[—1—(1+ v)(1+x)ycosd—2xy°¢ " sin® 0+ xy®¢ 7 sin® G cos H]
Iy, =—1=Y"Rpx(2+3y cos6)
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lp, = %[v(“ K)ysin@+(1-4x)y*¢ " sin@cos@—xy°c sing

+i73C 2 sin@cos? 0 — 2k 3 sin @ + 2xy3¢ 3 sin 6 cos? 49]

2
1, =1_?V3p1<7/sin9 , lys = —R%x¢ 3
|y, = —R%k¢ , los = 2Rk

log =| —(1-v) ¢ cos O - 2197 * ~ 2697 P sin” 0|

2
|3I8 :1 EV Rszé’

2
L =[—2K+(1+V)Kycose+Ky2§*1sin2 9} , 1 =1_?VR2pK§
4o =%(—wcysin 0+ ky?¢ " sin@cos O+ xy>¢ 2 sin @+ vy’ 2 sin 00030)

2
ljo = —1_?‘/ Rpxysind

Iy = é[—l—(“ 2v—K)y €080~y T cos® O — vy T + 2viy L T cos’ O
+x7°C 2 cos O —ky° 2 sin? O cos @ + 2viy 3L 3 sin? O cos 6’]

ljy = —1_EV2 p|l+(1+x)ycosd]

The coefficients .7 and forces f, £,¥, £, £, 2, 2, £, £%, % and £,

introduced in Eqg. 7.9 in defining the differential operators of the applied forces of the TTS-

V2 theory are defined as

F_ 1-v? F_ 1-v21 .1
fi” = En : f, En Ry{ cosé
E _1—1/2 F _1—V2 2
fy = En ¢ : f, = Al
F_1-v? F_1-v?
1:5 ~ Eh ) f6 =" Eh ]/COSH
2
fF=1-v f =1=Y" 5 coso
Eh ! 8~ Eh
A F_1-v?1 .1
2 2
fl'i:l_EK 7c0s@ , fl'zzz—l_E‘ﬁ %7sin6?
fF_l—V2
13 — Eh
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o o
£ = pX(1+l)dz £9 = pxz(1+£)dz
Jon R Jon R
: X
.E .§
f = pxz(1+i)dz =" p*2® (1+i)dz
Jon R Jon R
% h
"2 * 2
=1 p° (1+ 2i)dz V=1 p° (1+ 3i)dz
Jon R _h R
h :
* 2 "2
£ = psz(l+ Zi)dz "= psz(1+l)dz
J_h R J.n R
y n
* 2 "2
g | p (1+l)dz e T (1+ 2L)dz
J-h R Jon R
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In the following subsections all non-zero entries of matrices 'H,, G, JHiL VG,

VG5 VGin, (GiL and (GYY, introduced in Sections 7.6.4 and 7.9.2 , are explicitly

jnr vijnr v jne
defined for M =7. The block diagram in Figure 7.12 schematically illustrates the whole

process of evaluating these Matrices.

Input h, R, R, v, E, @, p andcalculate y, «

Defined in Appendix 7.B.1

Evaluate Evaluate c;;
(i=1..,4 & j=1..,28) (i=1..,3& j=1..,70)
Defined in Appendix 7.B.1 Defined in Appendix 7.B.1
Evaluate (H! Evaluate ,G},
> (i=0,1,2,3) (i=0,12,3,4)
Defined in Appendix 7.B.2 Defined in Appendix 7.B.2
Evaluate , H’} Evaluate ,G’,,, ,G7,, (G,
R (j=12) vGin VG (1=12)
Defined in Appendix 7.B.2 Defined in Appendix 7.B.2
Figure 7.12 — Block diagram of the evaluation of constant matrices (H!,  G' JHIL

Xu SV W XwW SwW
VG WGy G VGJ-_nandij.n

jn» jn» jn»
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7.B.1 Explicit Expressions for ¢; and h;

In this section the constants ¢;; and h; are explicitly defined. Constants c;; are related to the
field equations of the system where i=1,2,3 denotes the equation number and j=1,...,70
denotes the term number within each equation. Constants h; are related to the boundary
condition equations of the system where 1=1,2,3,4 denotes the equation number and

j=1,...,28 denotes the term number within each equation. Since these constants and the

other constants to be explicitly defined in the following sections are generated by codes
written in MATLAB, the font conversions in Table 7.2 are introduced.

Table 7.2 — Geometric and mechanical properties of the toroid and their equivalent in

MATLAB codes
Symbolinthetext| R | « Yy |Efv| @ |[P|G |
Equivalent in
R | kapa [gama | E | nu|omega | Ro | cij | hij
MATLAB

7.B.1.1 Explicit Expressions for hij

The following constants appear in the first natural boundary condition equation of the

system, D .

h1l=-1
h12=-kapa*gama
h13=1/R*gama
h1l4=-nu
h15=-nu*kapa*gama

h16=-1/R*nu
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h17=-1/R*gama
h18=-kapa*gama
h19=R*kapa
h110=R*nu*kapa*gama

The following constants appear in the first natural boundary condition equation of the

system, D,;.

h21=-(1-nu)/2/R*(1-2*kapa)*gama
h22=-(1-nu)/2/R*kapa*gama”™2
h23=-(1-nu)/2
h24=-(1-nu)/2*kapa*gama
h25=-(1-nu)/2
h26=+(1-nu)/2*3*kapa*gama
h27=+(1-nu)/2*3*kapa*gama
h28=-(1-nu)/2*kapa*gama™2
h29=+(1-nu)/2*R*3*kapa
h210=-(1-nu)/2*R*kapa*gama

The following constants appear in the first natural boundary condition equation of the

system, Dj; .

h31=+1/R*(1-nu)/2*kapa*gama
h32=+1/R*(1-nu)/2*kapa*gama2
h33=+1/R*(1-nu)/2*2*kapa*gama”2
h34=-1/R*(1-nu)/2*4*kapa*gama”2
h35=-1/R*(1-nu)/2*3*kapa*gama”3
h36=+(1-nu)/2*3*kapa*gama
h37=-(1-nu)/2*3*kapa*gama”2

h38=-R*kapa
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h39=+R*(1-nu)/2*kapa
h310=-R*(1-nu)/2*3*kapa*gama
h311=+(3+nu)/2*kapa*gama
h312=-(1+nu)/2*kapa*gama”2
h313=-R*(3-nu)/2*kapa
h314=+R*(1-nu)/2*kapa*gama
h315=+(1-2*nu)*kapa*gama
h316=+(3-2*nu)/2*kapa*gama”2
h317=+(1-nu)/2*kapa*gama”2
h318=-(1-nu)/2*kapa*gama”2
h319=+R*(1-2*nu)*kapa*gama

h320=+R"2*kapa

h321=+R"2*(2-nu)*kapa
h322=-(1-nu”2)/E*Ro*omega”2*R*kapa
h323=-(1-nu"2)/E*Ro*omega”"2*R*kapa*4*gama
h324=-(1-nu”2)/E*Ro*omega”2*R*kapa*3*gama2
h325=+(1-nu”2)/E*Ro*omega”"2*R"2*kapa
h326=+(1-nu”2)/E*Ro*omega”"2*R"2*kapa*gama
h327=-(1-nu~2)/E/h

h328=-(1-nu"2)/E/h/R*gama

The following constants appear in the first natural boundary condition equation of the

system, Dy;.

h41=R*kapa
h42=-2*kapa*gama
h43=kapa*gama”2
h44=R*nu*kapa

h45=kapa*gama
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h46=-kapa*gama”2
h47=R*kapa*gama
h48=-R"2*kapa

h49=-R"2*nu*kapa

7.B.1.2 Explicit Expressions for ¢

The following constants appear in the first field equation of the system, Ly;.

cl1=+1/R"2*(1-nu)/2*gama * (1+2*kapa)
c12=-1/R"2*(1-nu)/2*(1-2*kapa)*gama2
c13=-1/R"2*(1-nu)/2*3*kapa*gama™2
cl4=+1/R"2*(1-nu)/2*4*kapa*gama”3
c15=-1/R"2*(1-nu)/2*10*kapa*gama”3
cl16=+1/R"2*(1-nu)/2*4*kapa*gama™4
cl7=+1/R*(1-nu)/2*(-1+4*kapa)*gama
c18=-1/R*(1-nu)/2*6*kapa*gama2
c19=+1/R*(1-nu)/2*8*kapa*gama”3
cl10=1

clll=kapa*gama

cl12=(1-nu)/2
c113=(1-nu)/2*(1-3*kapa)*gama
cl114=-(3-nu)/2*gama/R

cl15=(1+nu)/2
c116=(1+nu)/2*kapa*gama

c117=nu/R
c118=+1/R*(1+(1-nu)/2*kapa)*gama
Cc119=+1/R*3*(1-nu)/2*kapa*gama™2

c120=-1/R*3*(1-nu)/2*kapa*gama™2
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c121=-1/R*3*(1-nu)/2*kapa*gama™3
c122=(5-3*nu)/2*kapa*gama

cl23=kapa*gama”2

cl24=-R*kapa

c125=R*(1-nu)/2*kapa

cl26=-R*kapa*gama

cl127=+(1-nu"2)/E*Ro*omega2
c128=+(1-nu"2)/E*Ro*omega~2*(2+(1+kapa)*(1l+gama”2))*gama
c129=+(1-nu"2)/E*Ro*omegan2*(3+2*kapa)*gama2
c130=-(1-nu"2)/E*Ro*omega”2*(1+kapa)*gama™3
c131=-(1-nu™2)/E*Ro*omega”2*R*kapa
c132=-(1-nu™2)/E*Ro*omega”2*R*kapa*4*gama
c133=-(1-nu"2)/E*Ro*omega”2*R*kapa*3*gama"2
c134=+(1-nu"2)/E/h

c135=+(1-nu"2)/E/h*gama

c136=+(1-nu”"2)/E/h*2/R*gama

The following constants appear in the first field equation of the system, L, ;.

c21=+1/R*(3-nu)/2*gama
c22=-1/R*(1+nu)*kapa*gama
c23=-1/R*(1+nu)/2*kapa*gama”2
c24=(1+nu)/2
c25=(1+nu)/2*kapa*gama
c26=-1/R"2*nu*gama
c27=-1/R"2*gaman2
c28=+1/R"N2*3*kapa*gama”3
c29=-gama/R

c210=(1-nu)/2
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c211=-(1-nu)/2*3*kapa*gama

c212=1

c213=(1+kapa)*gama

c214=-1/R"2*nu*gama
c215=1/R"2*nu*kapa*gama2

c216=1/R

c217=1/R*(1+nu*(1+kapa))*gama
c218=1/R*2*kapa*gama”2
c219=-1/R*kapa*gama”3
c220=-(7-nu)/2*kapa*gama
c221=-2*kapa*gama™2

c222=kapa*gama

c223=-R*(3-nu)/2*kapa
c224=R*(1-nu)/2*kapa*gama
c225=-R*kapa*gama
c226=+(1-nu"2)/E*Ro*omega™2
c227=+(1-nu"2)/E*Ro*omega~2*(1+3*kapa)*gama
c228=-(1-nu”2)/E*Ro*omega”"2*R*kapa*2
c229=-(1-nu"2)/E*Ro*omega”2*R*kapa*3*gama
c230=+(1-nu"2)/E/h

c231=(1-nu"2)/E/h*gama

The following constants appear in the first field equation of the system, Ls;.

c31=-1/R*nu
c32=-1/R*(1+(1-nu)/2*kapa)*gama
c33=+1/R*(3-nu)/2*kapa*gama™2
c34=+1/R*2*kapa*gama2

c35=+1/R*(3+nu)/2*kapa*gama”3
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c36=-(1+nu)/2*kapa*gama
c37=(3+nu)/2*kapa*gama™2
c38=R*kapa
c39=-R*(1-nu)/2*kapa
c310=R*(3-nu)/2*kapa*gama
c311=+1/R"2*nu*(1+kapa)*gama
c312=+1/R"2*(1-4*kapa)*gama™2
c313=-1/R"2*kapa*gama™3
c314=+1/R"2*kapa*gama’3
Cc315=-1/R"2*2*kapa*gama”3
c316=+1/R"N2*2*kapa*gama™3
c317=-1/R
c318=-1/R*(1+nu)*(1+kapa)*gama
c319=-1/R*2*kapa*gama’2
c320=+1/R*kapa*gama”3
c321=-(3+nu)/2*kapa*gama
c322=+(1+nu)/2*kapa*gama2
c323=-2*kapa*gama
Cc324=R*(3-nu)/2*kapa
Cc325=-R*(1-nu)/2*kapa*gama
c326=R*kapa*gama

c327=-1/R"2
€c328=-1/R"2*(1+2*nu-kapa)*gama
€c329=-1/R"N2*gama”2
c330=-1/R"2*nu*kapa*gama”2
Cc331=+1/R"2*2*nu*kapa*gama”2
c332=+1/R"2*kapa*gama™3

c333=-1/R"2*kapa*gama™3
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Cc334=+1/R"N2*2*nu*kapa*gama™3
c335=-1/R*nu*kapa*gama
c336=+1/R*kapa*gama”2
c337=+1/R*kapa*gama”3
€c338=+1/R*2*nu*kapa*gama”2
c339=-(1-nu)*kapa*gama
c340=-2*kapa*gama™2

c341=-2*kapa*gama”2

c342=-2*kapa

c343=(1+nu)*kapa*gama

c344=kapa*gama”2

c345=-2*R*kapa*gama

c346=2*R*kapa*gama

c347=-R"2*kapa

Cc348=-2*R"2*kapa

c349=-R"2*kapa

c350=-R"2*kapa*gama
c351=+(1-nu"2)/E*Ro*omega2
c352=+(1-nu"2)/E*Ro*omegan2*(1+kapa)*gama
c353=-(1-nu"2)/E*Ro*omega”2*3*kapa*gama
c354=+(1-nu”"2)/E*Ro*omega”2*R*kapa
c355=+(1-nu”™2)/E*Ro*omega”2*R*kapa*4*gama
c356=+(1-nu"2)/E*Ro*omega”2*R*kapa*3*gama"2
c357=+(1-nu"2)/E*Ro*omega”2*R*kapa*2
¢358=+(1-nu"2)/E*Ro*omega”2*R*kapa*3*gama
c359=+(1-nu"2)/E*Ro*omega”2*R*kapa*gama
c360=-(1-nu"2)/E*Ro*omega”2*R"2*kapa

c361=-(1-nu™2)/E*Ro*omegan2*R"2*kapa*gama
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c362=-(1-nu"2)/E*Ro*omega”2*R"2*kapa
€c363=-(1-nu™2)/E*Ro*omegan2*R"2*kapa*gama
€c364=+(1-nu~2)/E/h
c365=+(1-nu"2)/E/h*gama
c366=+(1-nu"2)/E/h
c367=+(1-nu"2)/E/h/R*gama
c368=-(1-nu"2)/E/h/R*gama
c369=+(1-nu"2)/E/h*gama

c370=-(1-nu~2)/E/h

7.B.2 Entries of Matrices H!, .G\, H K6 G

sV w XW sw
n* v-=>nr» vijns v¥jn» ij.n’ ij.n’ ij.n and ij.n

Gy, (G

jny v¥ijnr v

HY, G|

nt vitjn: v¥jnr v

In this section the entries of matrices (H!, . G!

n' v

Xw
G, and

VGSJ-V}], where j=1,2, are explicitly defined. In this regard, the new symbol azi%, in

which the symbol “i” is the imaginary unit vector, is introduced. Also symbols R;; are

introduced, where constants R; are defined in the Fourier expansion series

5

;‘i = Z Rij cos( j@), where 1=1,2,3. Similar to the previous section the font conversions
j=0

in Table 7.3 are introduced to relate MATLAB generated expressions to symbols adopted in

the text.
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Table 7.3 — Font conversion between the text symbols and their equivalent in MATLAB

codes
Symbol in .

1 1 Xw Xu sV W Xw SW
Ifa Rij an an ij.n ij.n ij.n ij.n ij.n ij.n

the text

Equivalent
n i|a|Rij| Hni Gni | Hjnxw | Gjnxu | Gjnsv | Gjnzw [ Gynxw | Gjnsw

MATLAB

7.B.2.1 Entries of (H?
HNO(2,1)=0.125*R25*h22*i

HNO(3,1)=0.125*R25*n34 - 0.125*R25*h33 - 0.0625*R34*h35 +
0.125*R25*a*h37*i

HNO(4,2)=0.125*R35*h43*i

HnO(4,3)=0.125*R35*h46

HNO0(5,2)=0.25*R15*a*h15 + 0.25*R15*h13*i

HNO(5,3)=0.25*R15*h110*a”2 + 0.25*R15*h18*i*a + 0.25*R15*h17

HNO(6,1)=0.25*R15*a*h24 + 0.25*R15*h21*i + 0.125*R24*h22*i

HNO(7,1)=0.25*R15*h31 - 0.125*R24*h33 + 0.125*R24*h34 - 0.0625*R33*h35 +
0.0625*R35*h35 + 0.25*R15*a”2*h310 + 0.25*R15*a*h36*i +
0.125*R24*a*h37*1

HNO(8,2)=0.25*R25*h42*1 + 0.125*R34*h43*i

HNO(8,3)=0.25*R25*h45 + 0.125*R34*h46 + 0.25*R25*a*h47*i

HNO(9,2)=0.25*R14*a*h15 + 0.25*R14*h13*i

HnO0(9,3)=0.25*R14*h110*a"2 + 0.25*R14*h18*i*a + 0.25*R14*h17

HN0(10,1)=0.25*R14*a*h24 + 0.25*R14*h21*i + 0.125*R23*h22*i

HN0(11,1)=0.25*R14*h31 - 0.125*R23*h33 + 0.125*R23*h34 + 0.5*R25*h32 +
0.25*R25*h33 + 0.25*R25*h34 - 0.0625*R32*h35 + 0.0625*R34*h35 +
0.25*R14*a”2*h310 + 0.25*R14*a*h36*i + 0.125*R23*a*h37*i

Hn0(12,2)=0.5*R15*a*h44 + 0.25*R24*h42*1 + 0.125*R33*h43*i

HNO(12,3)=0.5*R15*h49*a"2 + 0.25*R24*h47*i*a + 0.25*R24*h45 +
0.125*R33*h46 + 0.25*R35*h46
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Hn0(13,2)=0.25*R13*a*h15 + 0.25*R15*a*h15 + 0.25*R13*h13*i -
0.25*R15*h13*i

HNO(13,3)=0.25*R13*h17 + 0.25*R15*h17 + 0.25*R13*a”2*h110 +
0.25*R15*a”2*h110 + 0.25*R13*a*h18*i - 0.25*R15*a*h18*i

HNO0(14,1)=0.25*R13*a*h24 + 0.25*R15*a*h24 + 0.25*R13*h21*i -
0.25*R15*h21*1 + 0.125*R22*h22*i

Hn0(15,1)=0.25*R13*h31 + 0.25*R15*h31 - 0.125*R22*h33 + 0.125*R22*h34 +
0.5*R24*h32 + 0.25*R24*h33 + 0.25*R24*h34 - 0.0625*R31*h35 +
0.0625*R33*h35 + 0.0625*R35*h35 + 0.25*R13*a”2*h310 +
0.25*R15*a”2*h310 + 0.25*R13*a*h36*iI - 0.25*R15*a*h36*1 +
0.125*R22*a*h37*i

Hn0(16,2)=0.5*R14*a*h44 + 0.25*R23*h42*i - 0.25*R25*h42*i +

0.125*R32*h43*i

HN0(16,3)=0.25*R23*h45 + 0.25*R25*h45 + 0.125*R32*h46 + 0.25*R34*h46 +
0.5*R14*a”2*h49 + 0.25*R23*a*h47*i - 0.25*R25*a*h47*i

HnO(17,2)=0.25*R12*a*h15 + 0.25*R14*a*h15 + 0.25*R12*h13*i -
0.25*R14*h13*i

HNO(17,3)=0.25*R12*h17 + 0.25*R14*h17 + 0.25*R12*a”2*h110 +
0.25*R14*a”2*h110 + 0.25*R12*a*h18*i - 0.25*R14*a*h18*i

HNO(18,1)=0.25*R12*a*h24 + 0.25*R14*a*h24 + 0.25*R12*h21*i -
0.25*R14*h21*i + 0.125*R21*h22*i - 0.125*R25*h22*i

HN0(19,1)=0.25*R12*h31 + 0.25*R14*h31 - 0.125*R21*h33 + 0.125*R21*h34
0.5*R23*h32 + 0.25*R23*h33 + 0.25*R23*h34 - 0.125*R25*h33
0.125*R25*h34 - 0.125*R30*h35 + 0.0625*R32*h35 + 0.0625*R34*h35
0.25*R12*a”2*h310 + 0.25*R14*a”2*h310 + 0.25*R12*a*h36*i
0.25*R14*a*h36*1 + 0.125*R21*a*h37*i - 0.125*R25*a*h37*i

+ + +

HNO0(20,2)=0.5*R13*a*h44 + 0.25*R22*h42*i - 0.25*R24*h42*i +
0.125*R31*h43*i - 0.125*R35*h43*i

HN0(20,3)=0.25*R22*h45 + 0.25*R24*h45 + 0.125*R31*h46 + 0.25*R33*h46
0.125*R35*h46 + 0.5*R13*a"2*h49 + 0.25*R22*a*h47*i
0.25*R24*a*h47*i

+

Hn0(21,2)=0.25*R11*a*h15 + 0.25*R13*a*h15 + 0.25*R11*h13*i -
0.25*R13*h13*i

HNO(21,3)=0.25*R11*h17 + 0.25*R13*h17 + 0.25*R11*a”2*h110 +
0.25*R13*a”2*h110 + 0.25*R11*a*h18*i - 0.25*R13*a*h18*i

Hn0(22,1)=0.25*R11*a*h24 + 0.25*R13*a*h24 + 0.25*R11*h21*i -
0.25*R13*h21*i + 0.25*R20*h22*i - 0.125*R24*h22*i

HN0(23,1)=0.25*h324 + 0.25*R11*h31 + 0.25*R13*h31 - 0.25*R20*h33
0.25*R20*h34 + 0.5*R22*h32 + 0.25*R22*h33 + 0.25*R22*h34
0.125*R24*h33 + 0.125*R24*h34 + 0.0625*R33*h35 - 0.0625*R35*h35

+

+
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0.25*R11*a”2*h310 + 0.25*R13*a”2*h310 + 0.25*R11*a*h36*1 -
0.25*R13*a*h36*i + 0.25*R20*a*h37*i - 0.125*R24*a*h37*i

HN0(24,2)=0.5*R12*a*h44 + 0.25*R21*h42*i - 0.25*R23*h42*i + 0.25*R30*h43*i
- 0.125*R34*h43*i

HN0(24,3)=0.25*R21*h45 + 0.25*R23*h45 + 0.25*R30*h46 + O0.25*R32*h46 +
0.125*R34*h46 + 0.5*R12*a”2*h49 + 0.25*R21*a*h47*i -
0.25*R23*a*h47*i

HNO0(25,2)=0.5*R10*a*h15 + 0.25*R12*a*h15 + 0.5*R10*h13*i - 0.25*R12*h13*i

HNO(25,3)=0.5*R10*h17 + 0.25*R12*h17 + 0.5*R10*a”2*h110 +
0.25*R12*a”2*h110 + 0.5*R10*a*h18*i - 0.25*R12*a*h18*i

Hn0(26,1)=0.5*R10*a*h24 + 0.25*R12*a*h24 + 0.5*R10*h21*i - 0.25*R12*h21*i
+ 0.125*R21*h22*i - 0.125*R23*h22*i

Hn0(27,1)=0.5*h323 + 0.5*R10*h31 + 0.25*R12*h31 + 0.5*R21*h32
0.125*R21*h33 + 0.375*R21*h34 - 0.125*R23*h33 + 0.125*R23*h34
0.125*R30*h35 - 0.0625*R34*h35 + 0.5*R10*a”2*h310
0.25*R12*a”2*h310 + 0.5*R10*a*h36*i - 0.25*R12*a*h36*i
0.125*R21*a*h37*i1 - 0.125*R23*a*h37*i

+ 4+ + +

HNO0(28,2)=0.5*R11*a*h44 + 0.5*R20*h42*i - 0.25*R22*h42*i + 0.125*R31*h43*i
- 0.125*R33*h43*i

HNO0(28,3)=0.5*R20*h45 + 0.25*R22*h45 + 0.375*R31*h46 + 0.125*R33*h46
0.5*R11*a”2*h49 + 0.5*R20*a*h47*i - 0.25*R22*a*h47*i

+

Hn0(29,2)=a*h14 + 0.5*R11*a*h15

Hn0(29,3)=0.5*R11*h110*a”2 + h1l6 + 0.5*R11*h17

HnO0(30,1)=a*h23 + 0.5*R11*a*h24

HNO(31,1)=h322 + 0.5*h324 + 0.5*R11*h31 + R20*h32 + 0.5*R20*h33

0.5*R20*h34 - 0.25*R22*h33 + 0.25*R22*h34 + 0.125*R31*h35
0.125*R33*h35 + a™2*h39 + 0.5*R11*a”2*h310

+

HNO(32,2)=R10*a*h44
HNO(32,3)=R10*h49*a"2 + 0.5*R21*h45 + 0.5*R30*h46 + 0.25*R32*h46
HNO(33,2)=0.5*R10*a*h15 + 0.25*R12*a*h15 - 0.5*R10*h13*i + 0.25*R12*h13*i

HnO0(33,3)=0.5*R10*h17 + 0.25*R12*h17 + 0.5*R10*a”2*h110 +
0.25*R12*a”2*h110 - 0.5*R10*a*h18*i + 0.25*R12*a*h18*i

HNO(34,1)=0.5*R10*a*h24 + 0.25*R12*a*h24 - 0.5*R10*h21*i + 0.25*R12*h21*i
- 0.125*R21*h22*i + 0.125*R23*h22*i

HN0(35,1)=0.5*h323 + 0.5*R10*h31 + 0.25*R12*h31 + 0.5*R21*h32 +

0.125*R21*h33 + 0.375*R21*h34 - 0.125*R23*h33 + 0.125*R23*h34 +
0.125*R30*h35 - 0.0625*R34*h35 + 0.5*R10*a”2*h310 +
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0.25*R12*a”2*h310 - 0.5*R10*a*h36*i + 0.25*R12*a*h36*i -
0.125*R21*a*h37*i1 + 0.125*R23*a*h37*i

HNO(36,2)=0.5*R11*a*h44 - 0.5*R20*h42*i + 0.25*R22*h42*i - 0.125*R31*h43*i
+ 0.125*R33*h43*i

HNO(36,3)=0.5*R20*h45 + 0.25*R22*h45 + 0.375*R31*h46 + 0.125*R33*h46
0.5*R11*a”2*h49 - 0.5*R20*a*h47*i1 + 0.25*R22*a*h47*i

+

HnO(37,2)=0.25*R11*a*h15 + 0.25*R13*a*h15 - 0.25*R11*h13*i +
0.25*R13*h13*i

HNO(37,3)=0.25*R11*h17 + 0.25*R13*h17 + 0.25*R11*a”2*h110 +
0.25*R13*a”2*h110 - 0.25*R11*a*h18*i + 0.25*R13*a*h18*i

HnO(38,1)=0.25*R11*a*h24 + 0.25*R13*a*h24 - 0.25*R11*h21*i +
0.25*R13*h21*i - 0.25*R20*h22*i + 0.125*R24*h22*i

Hn0(39,1)=0.25*h324 + 0.25*R11*h31 + 0.25*R13*h31 - 0.25*R20*h33
0.25*R20*h34 + 0.5*R22*h32 + 0.25*R22*h33 + 0.25*R22*h34
0.125*R24*h33 + 0.125*R24*h34 + 0.0625*R33*h35 - 0.0625*R35*h35
0.25*R11*a”2*h310 + 0.25*R13*a”2*h310 - 0.25*R11*a*h36*i
0.25*R13*a*h36*i - 0.25*R20*a*h37*i + 0.125*R24*a*h37*i

+

+ +

Hn0(40,2)=0.5*R12*a*h44 - 0.25*R21*h42*i + 0.25*R23*h42*i - 0.25*R30*h43*i
+ 0.125*R34*h43*i

+

HNO0(40,3)=0.25*R21*h45 + 0.25*R23*h45 + 0.25*R30*h46 + 0.25*R32*h46
0.125*R34*h46 + 0.5*R12*a”2*h49 - 0.25*R21*a*h47*i
0.25*R23*a*h47*i

+

HNO(41,2)=0.25*R12*a*h15 + 0.25*R14*a*h15 - 0.25*R12*h13*i +
0.25*R14*h13*i

HNO(41,3)=0.25*R12*h17 + 0.25*R14*h17 + 0.25*R12*a”2*h110 +
0.25*R14*a”2*h110 - 0.25*R12*a*h18*i + 0.25*R14*a*h18*i

HNO0(42,1)=0.25*R12*a*h24 + 0.25*R14*a*h24 - 0.25*R12*h21*i +
0.25*R14*h21*i - 0.125*R21*h22*i + 0.125*R25*h22*i

HN0(43,1)=0.25*R12*h31 + 0.25*R14*h31 - 0.125*R21*h33 + 0.125*R21*h34
0.5*R23*h32 + 0.25*R23*h33 + 0.25*R23*h34 - 0.125*R25*h33
0.125*R25*h34 - 0.125*R30*h35 + 0.0625*R32*h35 + 0.0625*R34*h35
0.25*R12*a”2*h310 + 0.25*R14*a”2*h310 - 0.25*R12*a*h36*i
0.25*R14*a*h36*i - 0.125*R21*a*h37*i + 0.125*R25*a*h37*i

+ + + +

HNO0(44,2)=0.5*R13*a*h44 - 0.25*R22*h42*i + 0.25*R24*h42*i
0.125*R31*h43*1 + 0.125*R35*h43*i

Hn0(44,3)=0.25*R22*h45 + 0.25*R24*h45 + 0.125*R31*h46 + 0.25*R33*h46
0.125*R35*h46 + 0.5*R13*a”2*h49 - 0.25*R22*a*h47*i
0.25*R24*a*h47*i

+ +

HNO(45,2)=0.25*R13*a*h15 + 0.25*R15*a*h15 - 0.25*R13*h13*i +
0.25*R15*h13*i
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Hn0(45,3)=0.25*R13*h17 + 0.25*R15*h17 + 0.25*R13*a”2*h110

0.25*R15*a”2*h110 - 0.25*R13*a*h18*i + 0.25*R15*a*h18*i

HNO(46,1)=0.25*R13*a*h24 + 0.25*R15*a*h24 - 0.25*R13*h21*i

0.25*R15*h21*i - 0.125*R22*h22*i

HNO(47,1)=0.25*R13*h31 + 0.25*R15*h31 - 0.125*R22*h33 + 0.125*R22*h34
0.5*R24*h32 + 0.25*R24*h33 + 0.25*R24*h34 - 0.0625*R31*h35
0.0625*R33*h35 + 0.0625*R35*h35 + 0.25*R13*a”2*h310
0.25*R15*a”2*h310 - 0.25*R13*a*h36*i + 0.25*R15*a*h36*i

0.125*R22*a*h37*i

HNO0(48,2)=0.5*R14*a*h44 - 0.25*R23*h42*i + 0.25*R25*h42*i

0.125*R32*h43*i

Hn0(48,3)=0.25*R23*h45 + 0.25*R25*h45 + 0.125*R32*h46 + 0.25*R34*h46

0.5*R14*a”2*h49 - 0.25*R23*a*h47*i + 0.25*R25*a*h47*i
HNO0(49,2)=0.25*R14*a*h15 - 0.25*R14*h13*i
HN0(49,3)=0.25*R14*h110*a”2 - 0.25*R14*h18*i*a + 0.25*R14*h1l7

HnO0(50,1)=0.25*R14*a*h24 - 0.25*R14*h21*i - 0.125*R23*h22*i

Hn0(51,1)=0.25*R14*h31 - 0.125*R23*h33 + 0.125*R23*h34 + 0.5*R25*h32
0.25*R25*h33 + 0.25*R25*h34 - 0.0625*R32*h35 + 0.0625*R34*h35

0.25*R14*a”2*h310 - 0.25*R14*a*h36*i - 0.125*R23*a*h37*i

HNO0(52,2)=0.5*R15*a*h44 - 0.25*R24*h42*1 - 0.125*R33*h43*i

HnO0(52,3)=0.5*R15*h49*a"2 - 0.25*R24*h47*1*a + 0.25*R24*h45

0.125*R33*h46 + 0.25*R35*h46
HNO0(53,2)=0.25*R15*a*h15 - 0.25*R15*h13*i
HNO0(53,3)=0.25*R15*h110*a"2 - 0.25*R15*h18*i*a + 0.25*R15*h17

HNO(54,1)=0.25*R15*a*h24 - 0.25*R15*h21*i - 0.125*R24*h22*i

HnO0(55,1)=0.25*R15*h31 - 0.125*R24*h33 + 0.125*R24*h34 - 0.0625*R33*h35
0.0625*R35*h35 +  0.25*R15*a”2*h310 - 0.25*R15*a*h36*i

0.125*R24*a*h37*i
HNO(56,2)=- 0.25*R25*h42*i - 0.125*R34*h43*j
HNO(56,3)=0.25*R25*h45 + 0.125*R34*h46 - 0.25*R25*a*h47*i

HNO(58,1)=(-0.125)*R25*h22*i

HNO(59,1)=0.125*R25*n34 - 0.125*R25*n33 - 0.0625*R34*h35

0.125*R25*a*h37*i
HNO(60,2)=(-0.125)*R35*h43*j

HNO(60,3)=0.125*R35*h46

+ + +

+

+
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7.B.2.2 Entries of H}

Hn1(2,3)=0.125*R35*h28* i

Hn1(3,2)=0.125*R35*h312*i

Hn1(3,3)=0.125*R35*h318 - 0.125*R35*h317
Hn1(5,1)=0.25*R25*h12

HN1(6,2)=0.25*R25*h26

Hn1(6,3)=0.25*R25*a*h210 + 0.25*R25*h27*i + 0.125*R34*h28*i
Hn1(7,2)=0.25*R25*a*h314 + 0.25*R25*h311*i + 0.125*R34*h312*i

HN1(7,3)=0.25*R25*h315 - 0.125*R34*h317 + 0.125*R34*nh318 +
0.25*R25*a*h319*1

Hn1(9,1)=0.5*R15*h11 + 0.25*R24*h12
HN1(10,2)=0.5*R15*h25 + 0.25*R24*h26

HN1(10,3)=0.5*R15*a*h29 + 0.25*R24*a*h210 + 0.25*R24*h27*i +
0.125*R33*h28*i

Hn1(11,2)=0.5*R15*a*h313 + 0.25*R24*a*h314 + 0.25*R24*h311*i +
0.125*R33*h312*i

Hn1(11,3)=0.5*R15*h321*a"2 + 0.25*R24*h319*i*a + 0.25*R24*h315
0.125*R33*h317 + 0.125*R33*h318 + 0.5*R35*h316 + 0.25*R35*h317
0.25*R35*h318

+

Hn1(12,1)=0.5*R25*h41
Hn1(13,1)=0.5*R14*h11 + 0.25*R23*h12 + 0.25*R25*h12
HN1(14,2)=0.5*R14*h25 + 0.25*R23*h26 + 0.25*R25*h26

HN1(14,3)=0.5*R14*a*h29 + 0.25*R23*a*h210 + 0.25*R25*a*h210
0.25*R23*h27*i - 0.25*R25*h27*i + 0.125*R32*h28*i

+

Hn1(15,2)=0.5*R14*a*h313 + 0.25*R23*a*h314 + 0.25*R25*a*h314
0.25*R23*h311*i - 0.25*R25*h311*i + 0.125*R32*h312*i

+

HN1(15,3)=0.25*R23*h315 + 0.25*R25*h315 - 0.125*R32*h317 + 0.125*R32*h318
+ 0.5*R34*h316 + 0.25*R34*h317 + 0.25*R34*h318 + 0.5*R14*a”2*h321
+ 0.25*R23*a*h319*i - 0.25*R25*a*h319*i

Hn1(16,1)=0.5*R24*h41

Hn1(17,1)=0.5*R13*h11 + 0.25*R22*h12 + 0.25*R24*h12
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Hn1(18,2)=0.5*R13*h25 + 0.25*R22*h26 + 0.25*R24*h26

Hn1(18,3)=0.5*R13*a*h29 +

0.25*R22*h27*i
0.125*R35*h28*i

HN1(19,2)=0.5*R13*a*h313
0.25*R22*h311*i
0.125*R35*h312*i

+

0.25*R22*a*h210
0.25*R24*h27*i

0.25*R22*a*h314
0.25*R24*h311*i

+

+

0.25*R24*a*h210
0.125*R31*h28*i

0.25*R24*a*h314
0.125*R31*h312*i

HN1(19,3)=0.25*R22*h315 + 0.25*R24*h315 - 0.125*R31*h317 + 0.125*R31*h318
+ 0.5*R33*h316 + 0.25*R33*h317 + 0.25*R33*h318 - 0.125*R35*h317 +

0.125*R35*h318 +
0.25*R24*a*h319*i

Hn1(20,1)=0.5*R23*h41

0.5*R13*a”2*h321

+

Hn1(21,1)=0.5*R12*h11 + 0.25*R21*h12 + 0.25*R23*h12

HNn1(22,2)=0.5*R12*h25 + 0.25*R21*h26 + 0.25*R23*h26

Hn1(22,3)=0.5*R12*a*h29 +

0.25*R21*h27*1
0.125*R34*h28*i

Hn1(23,2)=0.5*R12*a*h313
0.25*R21*h311*i

+

0.25*R21*a*h210
0.25*R23*h27*1i

0.25*R21*a*h314
0.25*R23*h311*i

+
+

+ +

0.25*R22*a*h319*i

0.25*R23*a*h210
0.25*R30*h28* i

0.25*R23*a*h314
0.25*R30*h312*i

0.125*R34*h312*i

Hn1(23,3)=0.25*R21*h315 + 0.25*R23*h315 - 0.25*R30*h317 + 0.25*R30*h318
0.5*R32*h316 + 0.25*R32*h317 + 0.25*R32*h318 - 0.125*R34*h317
0.25*R21*a*h319*i

0.125*R34*h318 +
0.25*R23*a*h319*i

0.5*R12*a”2*h321 +

Hn1(24,1)=0.5*R22*h41
Hn1(25,1)=0.5*R11*h11 + 0.5*R20*h12 + 0.25*R22*h12

HN1(26,2)=0.5*R11*h25 + 0.5*R20*h26 + 0.25*R22*h26

+ +

HN1(26,3)=0.5*R11*a*h29 + 0.5*R20*a*h210 + 0.25*R22*a*h210 + 0.5*R20*h27*i

- 0.25*R22*h27*i + 0.125*R31*h28*i - 0.125*R33*h28*i

HN1(27,2)=0.5*R11*a*h313 +
0.5*R20*h311*i -
0.125*R33*h312*i

0.5*R20*a*h314 +
0.25*R22*h311*i +

Hn1(27,3)=0.5*h326 + 0.5*R20*h315 + 0.25*R22*h315 +

0.25*R22*a*h314
0.125*R31*h312*i

0.5*R31*h316

+

+

0.125*R31*h317 + 0.375*R31*h318 - 0.125*R33*h317 + 0.125*R33*h318

+ 0.5*R11*a”2*h321 + 0.5*R20*a*h319*i - 0.25*R22*a*h319*i
Hn1(28,1)=0.5*R21*h41
Hn1(29,1)=R10*h11 + 0.5*R21*h12

HN1(30,2)=R10*h25 + 0.5*R21*h26
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Hn1(30,3)=R10*a*h29 + 0.5*R21*a*h210
Hn1(31,2)=R10*a*h313 + 0.5*R21*a*h314

Hn1(31,3)=R10*h321*a”2 + h325 + 0.5*R21*h315 + R30*h316 + 0.5*R30*h317 +
0.5*R30*h318 - 0.25*R32*h317 + 0.25*R32*h318

Hn1(32,1)=R20*h41
Hn1(33,1)=0.5*R11*h1l + 0.5*R20*h12 + 0.25*R22*h12
HN1(34,2)=0.5*R11*h25 + 0.5*R20*h26 + 0.25*R22*h26

HN1(34,3)=0.5*R11*a*h29 + 0.5*R20*a*h210 + 0.25*R22*a*h210 - 0.5*R20*h27*i
+ 0.25*R22*h27*i - 0.125*R31*h28*i + 0.125*R33*h28*i

HN1(35,2)=0.5*R11*a*h313 + 0.5*R20*a*h314 + 0.25*R22*a*h314 -
0.5*R20*h311*i + 0.25*R22*h311*i - 0.125*R31*h312*i +
0.125*R33*h312*i

Hn1(35,3)=0.5*h326 + O0.5*R20*h315 + 0.25*R22*h315 + O0.5*R31*h316 +
0.125*R31*h317 + 0.375*R31*h318 - 0.125*R33*h317 + 0.125*R33*h318
+ 0.5*R11*a”2*h321 - 0.5*R20*a*h319*i + 0.25*R22*a*h319*i

Hn1(36,1)=0.5*R21*h41
Hn1(37,1)=0.5*R12*h11 + 0.25*R21*h12 + 0.25*R23*h12
HN1(38,2)=0.5*R12*h25 + 0.25*R21*h26 + 0.25*R23*h26

HN1(38,3)=0.5*R12*a*h29 + 0.25*R21*a*h210 + 0.25*R23*a*h210 -
0.25*R21*h27*i + 0.25*R23*h27*i - 0.25*R30*h28*i +
0.125*R34*h28*i

HN1(39,2)=0.5*R12*a*h313 + 0.25*R21*a*h314 + 0.25*R23*a*h314 -
0.25*R21*h311*i + 0.25*R23*h311*i - 0.25*R30*h312*i +
0.125*R34*h312*i

HN1(39,3)=0.25*R21*h315 + 0.25*R23*h315 - 0.25*R30*h317 + 0.25*R30*h318
0.5*R32*h316 + 0.25*R32*h317 + 0.25*R32*h318 - 0.125*R34*h317
0.125*R34*h318 +  0.5*R12*a”2*h321 - 0.25*R21*a*h319*i
0.25*R23*a*h319*i

+ + +

Hn1(40,1)=0.5*R22*h41

Hn1(41,1)=0.5*R13*h11 + 0.25*R22*h12 + 0.25*R24*h12

Hn1(42,2)=0.5*R13*h25 + 0.25*R22*h26 + 0.25*R24*h26

Hn1(42,3)=0.5*R13*a*h29  +  0.25*R22*a*h210 +  0.25*R24*a*h210 -
0.25*R22*h27*i +  0.25*R24*h27~*i - 0.125*R31*h28*i +
0.125*R35*h28*i

Hn1(43,2)=0.5*R13*a*h313 +  0.25*R22*a*h314 +  0.25*R24*a*h314 -

0.25*R22*h311*i + 0.25*R24*h311*i - 0.125*R31*h312*i +
0.125*R35*h312*i
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Hn1(43,3)=0.25*R22*h315 + 0.25*R24*h315 - 0.125*R31*h317 + 0.125*R31*h318
+ 0.5*R33*h316 + 0.25*R33*h317 + 0.25*R33*h318 - 0.125*R35*h317 +
0.125*R35*h318 + 0.5*R13*a”2*h321 - 0.25*R22*a*h319*i +
0.25*R24*a*h319*i

Hn1(44,1)=0.5*R23*h41

Hn1(45,1)=0.5*R14*h11 + 0.25*R23*h12 + 0.25*R25*h12

Hn1(46,2)=0.5*R14*h25 + 0.25*R23*h26 + 0.25*R25*h26

HN1(46,3)=0.5*R14*a*h29 + 0.25*R23*a*h210 + 0.25*R25*a*h210 -
0.25*R23*h27*i + 0.25*R25*h27*i - 0.125*R32*h28*i

HN1(47,2)=0.5*R14*a*h313 + 0.25*R23*a*h314 + 0.25*R25*a*h314 -
0.25*R23*h311*i + 0.25*R25*h311*i - 0.125*R32*h312*i

Hn1(47,3)=0.25*R23*h315 + 0.25*R25*h315 - 0.125*R32*h317 + 0.125*R32*h318
+ 0.5*R34*h316 + 0.25*R34*h317 + 0.25*R34*h318 + 0.5*R14*a”2*h321
- 0.25*R23*a*h319*i + 0.25*R25*a*h319*i

HN1(48,1)=0.5*R24*h41

Hn1(49,1)=0.5*R15*h11 + 0.25*R24*h12

Hn1(50,2)=0.5*R15*h25 + 0.25*R24*h26

HN1(50,3)=0.5*R15*a*h29 + 0.25*R24*a*h210 - 0.25*R24*h27*1i
0.125*R33*h28*i

Hn1(51,2)=0.5*R15*a*h313 + 0.25*R24*a*h314 - 0.25*R24*h311*i
0.125*R33*h312*i

Hn1(51,3)=0.5*R15*h321*a"2 - 0.25*R24*h319*i*a + 0.25*R24*h315
0.125*R33*h317 + 0.125*R33*h318 + 0.5*R35*h316 + 0.25*R35*h317 +
0.25*R35*h318

HN1(52,1)=0.5*R25*h41

HN1(53,1)=0.25*R25*h12

HN1(54,2)=0.25*R25*h26

HN1(54,3)=0.25*R25*a*h210 - 0.25*R25*h27*i - 0.125*R34*h28*i
HN1(55,2)=0.25*R25*a*h314 - 0.25*R25*h311*i - 0.125*R34*h312*i

HN1(55,3)=0.25*R25*h315 - 0.125*R34*h317 + 0.125*R34*nh318 -
0.25*R25*a*h319*1

HN1(58,3)=(-0.125)*R35*h28*i
HN1(59,2)=(-0.125)*R35*h312*i

HN1(59,3)=0.125*R35*h318 - 0.125*R35*h317
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7.B.2.3 Entries of AH?
Hn2(9,3)=0.5*R25*h19
Hn2(11,1)=0.5*R25*h38
Hn2(12,3)=0.5*R35*h48
Hn2(13,3)=0.5*R24*h19
Hn2(15,1)=0.5*R24*h38
Hn2(16,3)=0.5*R34*h48
Hn2(17,3)=0.5*R23*h19
HN2(19,1)=0.5*R23*h38
Hn2(20,3)=0.5*R33*h48
Hn2(21,3)=0.5*R22*h19
Hn2(23,1)=0.5*R22*h38
Hn2(24,3)=0.5*R32*h48
Hn2(25,3)=0.5*R21*h19
Hn2(27,1)=0.5*R21*h38
Hn2(28,3)=0.5*R31*h48
Hn2(29,3)=R20*h19

Hn2(31,1)=R20*h38

HN2(32,3)=R30*h48

Hn2(33,3)=0.5*R21*h19
Hn2(35,1)=0.5*R21*h38
Hn2(36,3)=0.5*R31*h48
HN2(37,3)=0.5*R22*h19
Hn2(39,1)=0.5*R22*h38
HN2(40,3)=0.5*R32*h48
Hn2(41,3)=0.5*R23*h19

Hn2(43,1)=0.5*R23*h38
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Hn2(44,3)=0.5*R33*h48
Hn2(45,3)=0.5*R24*h19
HN2(47,1)=0.5*R24*h38
Hn2(48,3)=0.5*R34*h48
Hn2(49,3)=0.5*R25*h19
Hn2(51,1)=0.5*R25*h38

Hn2(52,3)=0.5*R35*n48

7.B.2.4 Entries of JH

Hn3(11,3)=0.5*R35*h320
Hn3(15,3)=0.5*R34*h320
Hn3(19,3)=0.5*R33*h320
Hn3(23,3)=0.5*R32*n320
Hn3(27,3)=0.5*R31*h320
Hn3(31,3)=R30*h320

Hn3(35,3)=0.5*R31*h320
Hn3(39,3)=0.5*R32*h320
Hn3(43,3)=0.5*R33*h320
Hn3(47,3)=0.5*R34*h320

Hn3(51,3)=0.5*R35*h320

7.B.2.5 Entries of ,G°

Gn0(1,1)=0.125*R15*c13 - 0.125*R15*cl2 - 0.0625*R24*c1l5 - 0.03125*R33*c16
+ 0.125*R15*a*cl18*i + 0.0625*R24*a*cl19*i

6Gn0(2,2)=- 0.125*R15*c27 - 0.0625*R24*c28
Gn0(2,3)=0.125*R25*c215*i - 0.0625*R24*a*c219 - 0.125*R15*a*c218

Gn0(3,2)=0.125*R15*c312*i - 0.0625*R24*a*c320 - 0.125*R15*a*c319 +
0.0625*R24*c314*i + 0.0625*R34*c316*i
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6Gn0(3,3)=0.125*R15*c329 - 0.0625*R24*c333 + 0.125*R25*c331
0.0625*R34*c334 - 0.125*R15*a”2*c344 + 0.125*R15*a*c336*i
0.125*R25*a*c338*i

+

+

Gn0(4,1)=0.125*R14*c13 - 0.125*R14*cl2 - 0.0625*R23*cl5 + 0.25*R25*c14
0.0625*R25*c15 - 0.03125*R32*c16 + 0.125*R14*a*c18*i +
0.0625*R23*a*c19*1 + 0.0625*R25*a*c19*i

Gn0(5,2)=0.0625*R25*c28 - 0.0625*R23*c28 - 0.125*R14*c27

Gn0(5,3)=0.0625*R25*a*c219 - 0.0625*R23*a*c219 - 0.125*R14*a*c218 +
0.25*R15*c214*i + 0.125*R24*c215*i

Gn0(6,2)=0.0625*R25*a*c320 - 0.0625*R23*a*c320 - 0.125*R14*a*c319
0.125*R14*c312*i + 0.0625*R23*c314*i +  0.25*R25*c313*i +
0.0625*R25*c314*1i + 0.0625*R33*c316*1 + 0.25*R35*c315*i +
0.0625*R35*Cc316*i

+

Gn0(6,3)=0.125*R14*c329 - 0.0625*R23*c333 + 0.125*R24*c331 + 0.25*R25*c332
+ 0.0625*R25*c333 - 0.0625*R33*c334 + 0.0625*R35*c334 -
0.125*R14*an2*c344 + 0.125*R14*a*c336*1 + 0.125*R24*a*c338*1 +
0.25*R25*a*c337*1

Gn0(7,1)=0.125*R13*c13 - 0.125*R13*cl2 + 0.25*R15*cl2 + 0.25*R15*cl13 -
0.0625*R22*c15 + 0.25*R24*cl1l4 + 0.0625*R24*cl5 - 0.03125*R31*cl6
+ 0.0625*R35*c16 + 0.125*R13*a*cl8*i + 0.0625*R22*a*cl9*i +
0.0625*R24*a*c19*i

Gn0(8,2)=0.25*R15*c27 - 0.125*R13*c27 - 0.0625*R22*c28 + 0.0625*R24*c28

Gn0(8,3)=0.25*R15*a*c218 - 0.125*R13*a*c218 - 0.0625*R22*a*c219 +
0.0625*R24*a*c219 + 0.25*R14*c214*i + 0.125*R23*c215*i

6n0(9,2)=0.25*R15*a*c319 - 0.125*R13*a*c319 - 0.0625*R22*a*c320 +
0.0625*R24*a*c320 + 0.125*R13*c312*i + 0.0625*R22*c314*1 +
0.25*R24*c313*i + 0.0625*R24*c314*i + 0.0625*R32*c316*i
0.25*R34*c315*i + 0.0625*R34*Cc316*i

+

Gn0(9,3)=0.125*R13*c329 + 0.25*R15*c329 - 0.0625*R22*c333 + 0.125*R23*c331
+ 0.25*R24*c332 + 0.0625*R24*c333 + 0.5*R25*c330 + 0.25*R25*c331
- 0.0625*R32*c334 + 0.0625*R34*c334 - 0.125*R13*a™2*c344 +
0.25*R15*a”2*c344 + 0.125*R13*a*c336*i + 0.125*R23*a*c338*i +
0.25*R24*a*c337*i

Gn0(10,1)=0.125*R12*c13 - 0.125*R12*c1l2 + 0.25*R14*cl1l2 + 0.25*R14*c1l3

0.0625*R21*cl1l5 + 0.25*R23*cl4 + 0.0625*R23*cl5 + 0.25*R25*cl4 +
0.0625*R25*c15 - 0.0625*R30*c16 + 0.0625*R34*c16 +
0.125*R12*a*c18*i + 0.0625*R21*a*cl9*i + 0.0625*R23*a*cl9*i -
0.0625*R25*a*c19*i

Gn0(11,2)=0.25*R14*c27 - 0.125*R12*c27 - 0.0625*R21*c28 + 0.0625*R23*c28 +
0.0625*R25*c28

Gn0(11,3)=0.25*R14*a*c218 - 0.125*R12*a*c218 - 0.0625*R21*a*c219 +

0.0625*R23*a*c219 + 0.0625*R25*a*c219 + 0.25*R13*c214*i -
0.25*R15*c214*i + 0.125*R22*c215*i
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6n0(12,2)=0.25*R14*a*c319 - 0.125*R12*a*c319 - 0.0625*R21*a*c320 +
0.0625*R23*a*c320 + 0.0625*R25*a*c320 + 0.125*R12*c312*i +
0.0625*R21*c314*i + 0.25*R23*c313*i + 0.0625*R23*c314*1 -
0.25*R25*c313*i - 0.0625*R25*c314*i + 0.0625*R31*c316*1 +
0.25*R33*c315*i + 0.0625*R33*c316*i - 0.25*R35*c315*i -
0.0625*R35*Cc316*1

6n0(12,3)=0.125*R12*c329 + 0.25*R14*c329 - 0.0625*R21*c333 +

0.125*R22*c331 + 0.25*R23*c332 + 0.0625*R23*c333 + 0.5*R24*c330 +
0.25*R24*c331 + 0.25*R25*c332 + 0.0625*R25*c333 - 0.0625*R31*c334
+ 0.0625*R33*c334 + 0.0625*R35*c334 - 0.125*R12*a”2*c344 +
0.25*R14*a”2*c344 + 0.125*R12*a*c336*i + 0.125*R22*a*c338*1 +
0.25*R23*a*c337*i1 - 0.25*R25*a*c337*i

Gn0(13,1)=0.125*R11*c13 - 0.125*R11*cl2 - 0.125*c130 + 0.25*R13*cl2 +
0.25*R13*c13 - 0.125*R15*cl1l2 + 0.125*R15*cl1l3 - 0.125*R20*cl5 +
0.25*R22*c14 + 0.0625*R22*cl5 + 0.25*R24*cl14 + 0.0625*R24*cl5 -
0.03125*R31*c16 + 0.0625*R33*c16 + 0.125*R11*a*c18*i -
0.125*R15*a*c18*i + 0.125*R20*a*cl19*i + 0.0625*R22*a*cl9*i -
0.0625*R24*a*c19*i

6n0(14,2)=0.25*R13*c27 - 0.125*R11*c27 - 0.125*R15*c27 - 0.125*R20*c28 +
0.0625*R22*c28 + 0.0625*R24*c28

Gn0(14,3)=0.25*R13*a*c218 - 0.125*R11*a*c218 - 0.125*R15*a*c218 -
0.125*R20*a*c219 + 0.0625*R22*a*c219 + 0.0625*R24*a*c219 +
0.25*R12*c214*i - 0.25*R14*c214*i + 0.125*R21*c215*i -

0.125*R25*c215*i

6n0(15,2)=0.25*R13*a*c319 - 0.125*R11*a*c319 - 0.125*R15*a*c319 -
0.125*R20*a*c320 + 0.0625*R22*a*c320 + 0.0625*R24*a*c320 +
0.125*R11*c312*i - 0.125*R15*c312*i + 0.125*R20*c314*i +
0.25*R22*c313*i + 0.0625*R22*c314*i - 0.25*R24*c313*i -

0.0625*R24*c314*i + 0.125*R30*c316*i +  0.25*R32*c315*i
0.0625*R32*c316*1 - 0.25*R34*c315*i - 0.0625*R34*c316*i

+

Gn0(15,3)=0.125*R11*c329 + 0.25*R13*c329 + 0.125*R15*c329 - 0.125*R20*c333
+ 0.125*R21*c331 + 0.25*R22*c332 + 0.0625*R22*c333 + 0.5*R23*c330
+ 0.25*R23*c331 + 0.25*R24*c332 + 0.0625*R24*c333 +

0.125*R25*c331 - 0.125*R30*c334 + 0.0625*R32*c334 +
0.0625*R34*c334 - 0.125*R11*a”2*c344 + 0.25*R13*a”2*c344 -
0.125*R15*a”2*c344 + 0.125*R11*a*c336*1 - 0.125*R15*a*c336*i +
0.125*R21*a*c338*i + 0.25*R22*a*c337*i - 0.25*R24*a*c337*i -

0.125*R25*a*c338*i

6n0(16,1)=0.25*c129 - 0.25*R10*cl1l2 + 0.25*R10*c1l3 + 0.25*R12*cl2 +
0.25*R12*c13 - 0.125*R14*cl2 + 0.125*R14*cl13 + 0.25*R21*cl4 +
0.25*R23*cl14 + 0.0625*R23*c1l5 - 0.0625*R25*cl1l5 + 0.03125*R32*cl6
+ 0.25*R10*a*c18*i - 0.125*R14*a*cl8*i + 0.125*R21*a*cl9*i -
0.0625*R23*a*c19*i - 0.0625*R25*a*cl19*i

6n0(17,2)=0.25*R12*c27 - 0.25*R10*c27 - 0.125*R14*c27 + 0.0625*R23*c28 -
0.0625*R25*c28
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6Gn0(17,3)=0.25*R12*a*c218 - 0.25*R10*a*c218 - 0.125*R14*a*c218 +
0.0625*R23*a*c219 - 0.0625*R25*a*c219 + 0.25*R11*c214*i -
0.25*R13*c214*i + 0.25*R20*c215*i - 0.125*R24*c215*i

Gn0(18,2)=0.25*R12*a*c319 - 0.25*R10*a*c319 - 0.125*R14*a*c319 +
0.0625*R23*a*c320 - 0.0625*R25*a*c320 + 0.25*R10*c312*i -
0.125*R14*c312*i + 0.25*R21*c313*i + 0.125*R21*c314*i -
0.25*R23*c313*1I - 0.0625*R23*c314*i - 0.0625*R25*c314*i +
0.25*R31*c315*i + 0.125*R31*c316*i - 0.25*R33*c315*i -

0.0625*R33*c316*i - 0.0625*R35*c316*i

Gn0(18,3)=0.25*R10*c329 + 0.25*R12*c329 + 0.125*R14*c329 + 0.25*R20*c331
0.25*R21*c332 + 0.5*R22*c330 + 0.25*R22*c331 + 0.25*R23*c332
0.0625*R23*c333 + 0.125*R24*c331 - 0.0625*R25*c333
0.0625*R33*c334 - 0.0625*R35*c334 - 0.25*R10*a"2*c344
0.25*R12*a”2*c344 - 0.125*R14*a”2*c344 + 0.25*R10*a*c336*i
0.125*R14*a*c336*1 + 0.25*R20*a*c338*1I + 0.25*R21*a*c337*i
0.25*R23*a*c337*1 - 0.125*R24*a*c338*i

I+ o+ +

Gn0(19,1)=0.5*c11 + 0.5*c128 + 0.125*c130 + 0.125*R11*cl2 + 0.375*R11*cl13
- 0.125*R13*cl12 + 0.125*R13*c13 + 0.5*R20*cl14 + 0.125*R20*cl5 +
0.25*R22*c14 - 0.0625*R24*c1l5 + 0.0625*R31*cl6 - 0.03125*R33*cl6
- 0.03125*R35*c16 + 0.5*a"2*c113 + 0.5*a*cl7*i +
0.125*R11*a*c18*i - 0.125*R13*a*cl18*1 + 0.125*R20*a*cl9*i -
0.0625*R24*a*c19*i

Gn0(20,2)=0.5*c213*a”2 + 0.5*c29*i*a + 0.5*c227 + 0.5*c26 + 0.125*R11*c27
- 0.125*R13*c27 + 0.125*R20*c28 - 0.0625*R24*c28

6n0(20,3)=0.5*a*c217 + 0.5*a*c229 + 0.5%a"3*c225 + 0.125*R11*a*c218 -
0.125*R13*a*c218 + 0.125*R20*a*c219 - 0.0625*R24*a*c219 +
0.5*R10*c214*i - 0.25*R12*c214*i + 0.125*R21*c215*i -
0.125*R23*c215*i + 0.5*an2*c222*i

Gn0(21,2)=0.5*a*c318 + 0.5*a*c358 + 0.5*c311*i + 0.5*c353*1I + 0.5*a”3*c326

+ 0.125*R11*a*c319 - 0.125*R13*a*c319 + 0.125*R20*a*c320 -
0.0625*R24*a*c320 + 0.125*R11*c312*i - 0.125*R13*c312*1 +
0.5*R20*c313*i + 0.125*R20*c314*i - 0.25*R22*c313*i -

0.0625*R24*c314*i + 0.5*R30*c315*i + 0.125*R30*c316*i -
0.25*R32*c315*i - 0.0625*R34*c316*i + 0.5*a”2*c323*i

6n0(21,3)=0.5*c328 + 0.5*c352 + 0.375*R11*c329 + 0.125*R13*c329 +
0.5*R20*c332 + 0.125*R20*c333 + 0.5*R21*c330 + 0.375*R21*c331 +
0.25*R22*c332 + 0.125*R23*c331 - 0.0625*R24*c333 + 0.125*R30*c334
- 0.0625*R34*c334 + 0.5*a"2*c343 + 0.5*a™4*c350 + 0.5*a"2*c363 +
0.5*a*c335*1 + 0.5*a*c359*i + 0.125*R11*a”2*c344 -
0.125*R13*a”"2*c344 + 0.5*a”3*c346*1 + 0.125*R11*a*c336*1 -
0.125*R13*a*c336*1i + 0.5*R20*a*c337*i + 0.125*R21*a*c338*i -
0.25*R22*a*c337*i - 0.125*R23*a*c338*i

Gn0(22,1)=cl112*a”2 + cl1l27 + 0.5*c129 + 0.5*R10*cl2 + 0.5*R10*c13
0.25*R12*c12 + 0.25*R12*c1l3 + 0.5*R21*cl4 + 0.125*R21*cl5
0.125*R23*c15 + 0.125*R30*cl1l6 - 0.0625*R34*cl6

Gn0(23,2)=c212*a™2 + c226 + 0.5*R10*c27 - 0.25*R12*c27 + 0.125*R21*c28
0.125*R23*c28
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6n0(23,3)=a*c216 + a*c228 + 0.5*R10*a*c218 - 0.25*R12*a*c218
0.125*R21*a*c219 - 0.125*R23*a*c219

+

Gn0(24,2)=a*c317 + a*c357 + 0.5*R10*a*c319 - 0.25*R12*a*c319 +
0.125*R21*a*c320 - 0.125*R23*a*c320

6n0(24,3)=c327 + ¢351 + 0.5*R10*c329 + 0.25*R12*c329 + R20*c330
0.5*R20*c331 + 0.5*R21*c332 + 0.125*R21*c333 + 0.25*R22*c331
0.125*R23*c333 + 0.125*R31*c334 - 0.125*R33*c334 + an2*c342
an4*c349 + an2*c362 + 0.5*R10*a"2*c344 - 0.25*R12*a"2*c344

+

+

Gn0(25,1)=0.5*c11 + 0.5*c128 + 0.125*c130 + 0.125*R11*cl2 + 0.375*R11*cl3
- 0.125*R13*cl12 + 0.125*R13*c1l3 + 0.5*R20*cl14 + 0.125*R20*cl5 +
0.25*R22*c14 - 0.0625*R24*c15 + 0.0625*R31*cl6 - 0.03125*R33*cl6
- 0.03125*R35*c16 + 0.5*a"2*c113 - 0.5*a*cl7*i -
0.125*R11*a*c18*i + 0.125*R13*a*cl18*i - 0.125*R20*a*cl9*i +
0.0625*R24*a*c19*i

6n0(26,2)=0.5*c213*a”2 - 0.5*c29*i*a + 0.5*c227 + 0.5*c26 + 0.125*R11*c27
- 0.125*R13*c27 + 0.125*R20*c28 - 0.0625*R24*c28

6n0(26,3)=0.5*a*c217 + 0.5*a*c229 + 0.5*a"3*c225 + 0.125*R11*a*c218 -
0.125*R13*a*c218 + 0.125*R20*a*c219 - 0.0625*R24*a*c219 -
0.5*R10*c214*i + 0.25*R12*c214*i - 0.125*R21*c215*i +
0.125*R23*c215*1 - 0.5*an2*c222*i

Gn0(27,2)=0.5*a*c318 + 0.5*a*c358 - 0.5*c311*i - 0.5*c353*i + 0.5*a"3*c326

+ 0.125*R11*a*c319 - 0.125*R13*a*c319 + 0.125*R20*a*c320 -
0.0625*R24*a*c320 - 0.125*R11*c312*i + 0.125*R13*c312*i

0.5*R20*c313*i - 0.125*R20*c314*i + 0.25*R22*c313*i +
0.0625*R24*c314*i - 0.5*R30*c315*i - 0.125*R30*c316*i +

0.25*R32*c315*1 + 0.0625*R34*c316*i - 0.5*a”2*c323*i

Gn0(27,3)=0.5*c328 + 0.5*c352 + 0.375*R11*c329 + 0.125*R13*c329 +
0.5*R20*c332 + 0.125*R20*c333 + 0.5*R21*c330 + 0.375*R21*c331 +
0.25*R22*c332 + 0.125*R23*c331 - 0.0625*R24*c333 + 0.125*R30*c334
- 0.0625*R34*c334 + 0.5*a”2*c343 + 0.5*a™4*c350 + 0.5*a”2*c363 -

0.5*a*c335*1 - 0.5*a*c359*i + 0.125*R11*a"2*c344 -
0.125*R13*a”2*c344 - 0.5*an"3*c346*i - 0.125*R11*a*c336*i +
0.125*R13*a*c336*1i - 0.5*R20*a*c337*i - 0.125*R21*a*c338*i +

0.25*R22*a*c337*i + 0.125*R23*a*c338*i

6n0(28,1)=0.25*c129 - 0.25*R10*cl2 + 0.25*R10*cl1l3 + 0.25*R12*cl2 +
0.25*R12*c13 - 0.125*R14*cl2 + 0.125*R14*c13 + 0.25*R21*cl4 +
0.25*R23*c14 + 0.0625*R23*c1l5 - 0.0625*R25*cl1l5 + 0.03125*R32*cl6
- 0.25*R10*a*cl1l8*i + 0.125*R14*a*cl1l8*i - 0.125*R21*a*cl9*i +
0.0625*R23*a*c19*i + 0.0625*R25*a*c19*i

6n0(29,2)=0.25*R12*c27 - 0.25*R10*c27 - 0.125*R14*c27 + 0.0625*R23*c28 -
0.0625*R25*c28

Gn0(29,3)=0.25*R12*a*c218 - 0.25*R10*a*c218 - 0.125*R14*a*c218 +

0.0625*R23*a*c219 - 0.0625*R25*a*c219 - 0.25*R11*c214*i +
0.25*R13*c214*i - 0.25*R20*c215*i + 0.125*R24*c215*i
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Gn0(30,2)=0.25*R12*a*c319 -
0.0625*R23*a*c320 -
0.125*R14*c312*i -
0.25*R23*c313*i + 0.0625*R23*c314*i
0.25*R31*c315*i - 0.125*R31*c316*i
0.0625*R33*c316*1 + 0.0625*R35*c316*1

0.25*R10*a*c319

0.25*R21*c313*i

6n0(30,3)=0.25*R10*c329 + 0.25*R12*c329 + 0.125*R14*c329 + 0.25*R20*c331
0.25*R21*c332 + 0.5*R22*c330 + 0.25*R22*c331 + 0.25*R23*c332

0.0625*R23*c333 +
0.0625*R33*c334 -
0.25*R12*a”2*c344 -
0.125*R14*a*c336*1I - 0.25*R20*a*c338*i
0.25*R23*a*c337*i + 0.125*R24*a*c338*i

0.125*R24*c331
0.0625*R35*c334

Gn0(31,1)=0.125*R11*cl3 -
0.25*R13*c13 -

0.125*R11*c12 -

0.03125*R31*c16 +
0.125*R15*a*c18*i -
0.0625*R24*a*c19*i

0.125*R20*a*c19*i

6n0(32,2)=0.25*R13*c27 - 0.125*R11*c27 -
0.0625*R22*c28 + 0.0625*R24*c28

0.125*R11*a*c218
0.0625*R22*a*c219
0.25*R14*c214*i

Gn0(32,3)=0.25*R13*a*c218 -
0.125*R20*a*c219 +
0.25*R12*c214*i +
0.125*R25*c215*i

Gn0(33,2)=0.25*R13*a*c319 -
0.125*R20*a*c320 +
0.125*R11*c312*i +
0.25*R22*c313*i -
0.0625*R24*c314*i -
0.0625*R32*Cc316*i

0.125*R11*a*c319
0.0625*R22*a*c320
0.125*R15*c312*i
0.0625*R22*c314*i
0.125*R30*c316*i

0.0625*R25*a*c320

0.125*R14*an2*c344

0.125*R15*c12 + 0.125*R15*c13 -
0.25*R22*c14 + 0.0625*R22*cl5 + 0.25*R24*cl1l4 + 0.0625*R24*c15
0.0625*R33*c16 -

0.125*R15*c27 -

- 0.125*R14*a*c319

- 0.25*R10*c312*i
- 0.125*R21*c314*i
+ 0.0625*R25*c314*i
+ 0.25*R33*c315*i

- 0.0625*R25*c333

- 0.25*R10*a"2*c344

- 0.25*R10*a*c336™*i
- 0.25*R21*a*c337*i

0.125*c130 + 0.25*R13*cl2
0.125*R20*c15

0.125*R11*a*c18*i
- 0.0625*R22*a*c19*i

- 0.125*R15*a*c218
+ 0.0625*R24*a*c219
- 0.125*R21*c215*i

-  0.125*R15*a*c319
+ 0.0625*R24*a*c320
- 0.125*R20*c314*i
+ 0.25*R24*c313*i
- 0.25*R32*c315*i

+ 0.25*R34*c315*i + 0.0625*R34*c316*i

0.125*R20*c28

I+ + 4+

4+ 4+ + o+ +

I+ o+

+ +

+

Gn0(33,3)=0.125*R11*c329 + 0.25*R13*c329 + 0.125*R15*c329 - 0.125*R20*c333
+ 0.125*R21*c331 + 0.25*R22*c332 + 0.0625*R22*c333 + 0.5*R23*c330

+ 0.25*R23*c331 +
0.125*R25*c331 -
0.0625*R34*c334 -
0.125*R15*a"2*c344 -
0.125*R21*a*c338*i -
0.125*R25*a*c338*i

0.25*R24*c332
0.125*R30*c334
0.125*R11*a"2*c344
0.125*R11*a*c336*i
0.25*R22*a*c337*i

Gn0(34,1)=0.125*R12*c13 -
0.0625*R25*c15 -

0.125*R12*a*cl1l8*i -
0.0625*R25*a*c19*i

0.0625*R30*c16
0.0625*R21*a*c19*i

6Gn0(35,2)=0.25*R14*c27 - 0.125*R12*c27 - 0.0625*R21*c28 + 0.0625*R23*c28

0.0625*R25*c28

+ 0.0625*R24*c333

+ 0.0625*R32*c334

+ 0.25*R13*a"2*c344
+ 0.125*R15*a*c336*i
+ 0.25*R24*a*c337*i

0.125*R12*cl12 + 0.25*R14*cl2 + 0.25*R14*cl3
0.0625*R21*c15 + 0.25*R23*cl1l4 + 0.0625*R23*cl5 + 0.25*R25*cl4

+ 0.0625*R34*c16
- 0.0625*R23*a*c19*i

+
+

I+ 1

+
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6n0(35,3)=0.25*R14*a*c218 - 0.125*R12*a*c218 - 0.0625*R21*a*c219 +
0.0625*R23*a*c219 + 0.0625*R25*a*c219 - 0.25*R13*c214*i +
0.25*R15*c214*i - 0.125*R22*c215*i

Gn0(36,2)=0.25*R14*a*c319 - 0.125*R12*a*c319 - 0.0625*R21*a*c320 +
0.0625*R23*a*c320 + 0.0625*R25*a*c320 - 0.125*R12*c312*i -
0.0625*R21*c314*i - 0.25*R23*c313*1i - 0.0625*R23*c314*i +
0.25*R25*c313*1 + 0.0625*R25*c314*i - 0.0625*R31*c316*i -
0.25*R33*c315*i - 0.0625*R33*c316*i + 0.25*R35*c315*i +

0.0625*R35*Cc316*i

Gn0(36,3)=0.125*R12*c329 + 0.25*R14*c329 - 0.0625*R21*c333 +

0.125*R22*c331 + 0.25*R23*c332 + 0.0625*R23*c333 + 0.5*R24*c330 +
0.25*R24*c331 + 0.25*R25*c332 + 0.0625*R25*c333 - 0.0625*R31*c334
+ 0.0625*R33*c334 + 0.0625*R35*c334 - 0.125*R12*a”2*c344 +
0.25*R14*a”2*c344 - 0.125*R12*a*c336*i - 0.125*R22*a*c338*i -
0.25*R23*a*c337*1 + 0.25*R25*a*c337*i

Gn0(37,1)=0.125*R13*c13 - 0.125*R13*cl2 + 0.25*R15*c12 + 0.25*R15*c13 -

0.0625*R22*c15 + 0.25*R24*c1l4 + 0.0625*R24*cl5 - 0.03125*R31*cl6
+ 0.0625*R35*c16 - 0.125*R13*a*cl8*i - 0.0625*R22*a*cl9*i -
0.0625*R24*a*c19*i

Gn0(38,2)=0.25*R15*c27 - 0.125*R13*c27 - 0.0625*R22*c28 + 0.0625*R24*c28

Gn0(40,1)=0.125*R14*c13 - 0.125*R14*cl2 - 0.0625*R23*cl5 + 0.25*R25*cl4

Gn0(38,3)=0.25*R15*a*c218 - 0.125*R13*a*c218 - 0.0625*R22*a*c219 +
0.0625*R24*a*c219 - 0.25*R14*c214*i - 0.125*R23*c215*i

Gn0(39,2)=0.25*R15*a*c319 - 0.125*R13*a*c319 - 0.0625*R22*a*c320 +
0.0625*R24*a*c320 - 0.125*R13*c312*i - 0.0625*R22*c314*i -
0.25*R24*c313*1 - 0.0625*R24*c314*1i - 0.0625*R32*c316*i -
0.25*R34*c315*1 - 0.0625*R34*Cc316*i

Gn0(39,3)=0.125*R13*c329 + 0.25*R15*c329 - 0.0625*R22*c333 +
0.125*R23*c331 + 0.25*R24*c332 + 0.0625*R24*c333 + 0.5*R25*c330 +
0.25*R25*c331 - 0.0625*R32*c334 + 0.0625*R34*c334 -
0.125*R13*a"2*c344 + 0.25*R15*a™2*c344 - 0.125*R13*a*c336*1 -

0.125*R23*a*c338*i1 - 0.25*R24*a*c337*i

+

0.0625*R25*c15 - 0.03125*R32*c16 - 0.125*R14*a*c18*i -
0.0625*R23*a*c19*i - 0.0625*R25*a*cl19*i

Gn0(41,2)=0.0625*R25*c28 - 0.0625*R23*c28 - 0.125*R14*c27

Gn0(41,3)=0.0625*R25*a*c219 - 0.0625*R23*a*c219 - 0.125*R14*a*c218 -
0.25*R15*c214*i - 0.125*R24*c215*i

Gn0(42,2)=0.0625*R25*a*c320 - 0.0625*R23*a*c320 - 0.125*R14*a*c319 -
0.125*R14*c312*i - 0.0625*R23*c314*i -  0.25*R25*c313*i -
0.0625*R25*c314*1 - 0.0625*R33*c316*1 - 0.25*R35*c315*1i -
0.0625*R35*Cc316*1

Gn0(42,3)=0.125*R14*c329 - 0.0625*R23*c333 + 0.125*R24*c331 +
0.25*R25*c332 + 0.0625*R25*c333 - 0.0625*R33*c334 +
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0.0625*R35*c334 - 0.125*R14*a”2*c344 - 0.125*R14*a*c336*i -
0.125*R24*a*c338*1 - 0.25*R25*a*c337*i

Gn0(43,1)=0.125*R15*c13 - 0.125*R15*c12 - 0.0625*R24*c1l5 - 0.03125*R33*cl6
- 0.125*R15*a*c18*i - 0.0625*R24*a*c19*i

Gn0(44,2)=- 0.125*R15*c27 - 0.0625*R24*c28

6Gn0(44,3)=- 0.125*R15*a*c218 - 0.0625*R24*a*c219 - 0.125*R25*c215*i

6Gn0(45,2)=- 0.125*R15*a*c319 - 0.0625*R24*a*c320 - 0.125*R15*c312*i -
0.0625*R24*c314*i - 0.0625*R34*c316*i

Gn0(45,3)=0.125*R15*c329 - 0.0625*R24*c333 + 0.125*R25*c331 -
0.0625*R34*c334 - 0.125*R15*a”2*c344 - 0.125*R15*a*c336*i -

0.125*R25*a*c338*1i

7.B.2.6 Entries of G}

6n1(1,3)=0.125*R25*c120 - 0.125*R25*c119 - 0.0625*R34*c121 +
0.125*R25*a*c123*i

6Gnl1(2,1)=0.125*R25*c23*i

Gn1(3,1)=0.125*R25*a*c37*i - 0.0625*R34*c35 - 0.125*R25*c34
Gnl1(4,2)=0.25*R15*a*c116 + 0.25*R15*c1l14*i

Gnl1(4,3)=0.25*R15*c118 - 0.125*R24*c119 + 0.125*R24*c120 - 0.0625*R33*cl21

+ 0.0625*R35*c121 + 0.25*R15*a”2*cl126 + 0.125*R24*a*cl23*i +
0.25*R25*a*c122*i

+

Gn1(5,1)=0.25*R15*a*c25 + 0.25*R15*c21*i + 0.125*R24*c23*i
0.25*R25*c22*i

+

Gn1(6,1)=0.25*R15*c32 - 0.125*R24*c34 - 0.0625*R33*c35 + 0.0625*R35*c35
0.25*R15*a”2*c310 + 0.25*R15*a*c36*i + 0.125*R24*a*c37*i

6nl1(7,2)=0.25*R14*a*c116 + 0.25*R14*cll4*i

Gn1(7,3)=0.25*R14*c118 - 0.125*R23*c119 + 0.125*R23*c120 + 0.25*R25*c119
0.25*R25*c120 - 0.0625*R32*c121 + 0.0625*R34*c121
0.25*R14*a”2*c126 + 0.5*R15*an2*cl125 + 0.125*R23*a*cl23*i
0.25*R24*a*c122*i

+ + +

+

6n1(8,1)=0.25*R14*a*c25 + 0.25*R14*c21*i + 0.125*R23*c23*i
0.25*R24*c22*i

Gn1(9,1)=0.25*R14*c32 - 0.125*R23*c34 + 0.5*R25*c33 + 0.25*R25*c34
0.0625*R32*c35 + 0.0625*R34*c35 + 0.25*R14*a"2*c310
0.25*R14*a*c36*i + 0.125*R23*a*c37*i

+
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6n1(10,2)=0.25*R13*a*c116 + 0.25*R15*a*c116 + 0.25*R13*cl14*i -
0.25*R15*c114*i

Gn1(10,3)=0.25*R13*c118 + 0.25*R15*c118 - 0.125*R22*c119 + 0.125*R22*c120
+ 0.25*R24*c119 + 0.25*R24*c120 - 0.0625*R31*c121 +
0.0625*R33*c121 + 0.0625*R35*c121 + 0.25*R13*a"2*c126 +
0.5*R14*a”2*c125 + 0.25*R15*a”2*cl26 + 0.125*R22*a*cl23*i +
0.25*R23*a*cl22*i - 0.25*R25*a*cl22*i

Gn1(11,1)=0.25*R13*a*c25 + 0.25*R15*a*c25 + 0.25*R13*c21*i -
0.25*R15*c21*i + 0.125*R22*c23*i + 0.25*R23*c22*i -
0.25*R25*c22*i

6n1(12,1)=0.25*R13*c32 + 0.25*R15*c32 - 0.125*R22*c34 + 0.5*R24*c33
0.25*R24*c34 - 0.0625*R31*c35 + 0.0625*R33*c35 + 0.0625*R35*c35
0.25*R13*a”2*c310 + 0.25*R15*a™2*c310 + 0.25*R13*a*c36*i -
0.25*R15*a*c36*i + 0.125*R22*a*c37*i

+ +

6n1(13,2)=0.25*R12*a*c116 + 0.25*R14*a*c116 + 0.25*R12*c114*i
0.25*R14*cl114*i

Gn1(13,3)=0.25*R12*c118 + 0.25*R14*c118 - 0.125*R21*c119 + 0.125*R21*c120
+ 0.25*R23*c119 + 0.25*R23*c120 - 0.125*R25*c119 + 0.125*R25*c120
- 0.125*R30*cl1l21 + 0.0625*R32*c121 + 0.0625*R34*cl21 +
0.25*R12*a”"2*cl126 + O0.5*R13*a”2*cl25 + 0.25*R14*a”2*cl26 +
0.125*R21*a*c123*i + 0.25*R22*a*cl22*i - 0.25*R24*a*cl22*i -
0.125*R25*a*c123*i

Gn1(14,1)=0.25*R12*a*c25 + 0.25*R14*a*c25 + 0.25*R12*c21*i -
0.25*R14*c21*i + 0.125*R21*c23*i + 0.25*R22*c22*i -
0.25*R24*c22*1 - 0.125*R25*c23*i

Gn1(15,1)=0.25*R12*c32 + 0.25*R14*c32 - 0.125*R21*c34 + 0.5*R23*c33 +
0.25*R23*c34 - 0.125*R25*c34 - 0.125*R30*c35 + 0.0625*R32*c35 +
0.0625*R34*c35 + 0.25*R12*a”2*c310 + 0.25*R14*a”2*c310 +
0.25*R12*a*c36*i - 0.25*R14*a*c36*i + 0.125*R21*a*c37*i -
0.125*R25*a*c37*1

Gn1(16,2)=0.25*R11*a*c116 + 0.25*R13*a*cl116 + 0.25*R11*cl14*i -
0.25*R13*c114*i

Gn1(16,3)=0.25*c133 + 0.25*R11*c118 + 0.25*R13*c118 - 0.25*R20*cl1l19 +
0.25*R20*c120 + 0.25*R22*c119 + 0.25*R22*c120 - 0.125*R24*cl19 +
0.125*R24*c120 + 0.0625*R33*c121 - 0.0625*R35*c121 +
0.25*R11*a”2*cl126 + O0.5*R12*a”2*cl1l25 + 0.25*R13*a”2*cl26 +
0.25*R20*a*c123*i + 0.25*R21*a*cl22*i - 0.25*R23*a*cl22*i -

0.125*R24*a*c123*i

Gn1(17,1)=0.25*R11*a*c25 + 0.25*R13*a*c25 + 0.25*R11*c21*i -
0.25*R13*c21*1 + 0.25*R20*c23*i + 0.25*R21*c22*i1 - 0.25*R23*c22*i
- 0.125*R24*c23*i

Gn1(18,1)=0.25*c356 + 0.25*R11*c32 + 0.25*R13*c32 - 0.25*R20*c34 +

0.5*R22*c33 + 0.25*R22*c34 - 0.125*R24*c34 + 0.0625*R33*c35 -
0.0625*R35*c35 + 0.25*R11*a”2*c310 + 0.25*R13*a”2*c310 +
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0.25*R11*a*c36*i - 0.25*R13*a*c36*i +  0.25*R20*a*c37*i -
0.125*R24*a*c37*i

Gn1(19,2)=0.5*R10*a*c116 + 0.25*R12*a*c116 + 0.5*R10*c114*i -
0.25*R12*c114*i

6n1(19,3)=0.5*c132 + 0.5*R10*c118 + 0.25*R12*cl118 + 0.125*R21*cl119 +
0.375*R21*c120 - 0.125*R23*c119 + 0.125*R23*c120 + 0.125*R30*cl21
- 0.0625*R34*c121 + O0.5*R10*a”2*cl126 + O0.5*R11*a”2*cl25 +
0.25*R12*a”2*c126 + 0.5*R20*a*cl22*i + 0.125*R21*a*cl23*i -
0.25*R22*a*cl122*i - 0.125*R23*a*cl123*i

6n1(20,1)=0.5*R10*a*c25 + 0.25*R12*a*c25 + 0.5*R10*c21*i - 0.25*R12*c21*i
+ 0.5*R20*c22*i + 0.125*R21*c23*i - 0.25*R22*c22*i -
0.125*R23*c23*i

Gn1(21,1)=0.5*c355 + 0.5*R10*c32 + 0.25*R12*c32 + 0.5*R21*c33
0.125*R21*c34 - 0.125*R23*c34 + 0.125*R30*c35 - 0.0625*R34*c35
0.5*R10*a”2*c310 + 0.25*R12*a”2*c310 + 0.5*R10*a*c36*i -
0.25*R12*a*c36*1 + 0.125*R21*a*c37*i - 0.125*R23*a*c37*i

+ +

6nl(22,2)=a*cl115 + 0.5*R11*a*cl1l16

Gni1(22,3)=c117 + c¢131 + 0.5*c133 + O0.5*R11*c118 + 0.5*R20*c119
0.5*R20*c120 - 0.25*R22*c119 + 0.25*R22*c120 + 0.125*R31*cl21
0.125*R33*c121 + R10*a”2*cl25 + 0.5*R1l*a”2*cl26

+

6nl1(23,1)=a*c24 + 0.5*R11*a*c25

Gn1(24,1)=c31 + c354 + 0.5*c356 + 0.5*R11*c32 + R20*c33 + 0.5*R20*c34
0.25*R22*c34 + 0.125*R31*c35 - 0.125*R33*c35 + a"2*c39
0.5*R11*a”2*c310

+

Gn1(25,2)=0.5*R10*a*c116 + 0.25*R12*a*c116 - 0.5*R10*c114*i +
0.25*R12*c114*i

6n1(25,3)=0.5*c132 + O0.5*R10*c118 + 0.25*R12*c118 + 0.125*R21*cl1l19 +
0.375*R21*c120 - 0.125*R23*c119 + 0.125*R23*c120 + 0.125*R30*c1l21
- 0.0625*R34*cl121 + O0.5*R10*a”2*cl26 + O0.5*R1l1*a”™2*cl25 +
0.25*R12*a”2*c126 - 0.5*R20*a*cl22*i - 0.125*R21*a*cl23*i +
0.25*R22*a*cl122*i + 0.125*R23*a*cl23*i

Gn1(26,1)=0.5*R10*a*c25 + 0.25*R12*a*c25 - 0.5*R10*c21*i + 0.25*R12*c2l*i
- 0.5*R20*c22*i - 0.125*R21*c23*i + 0.25*R22*c22*i +
0.125*R23*c23*i

6n1(27,1)=0.5*c355 + 0.5*R10*c32 + 0.25*R12*c32 + 0.5*R21*c33
0.125*R21*c34 - 0.125*R23*c34 + 0.125*R30*c35 - 0.0625*R34*c35
0.5*R10*a”2*c310 + 0.25*R12*a”2*c310 - 0.5*R10*a*c36*i
0.25*R12*a*c36*i - 0.125*R21*a*c37*i + 0.125*R23*a*c37*i

+ + +

Gn1(28,2)=0.25*R11*a*c116 + 0.25*R13*a*c116 - 0.25*R11*c114*i +
0.25*R13*cl14*i

Gn1(28,3)=0.25*c133 + 0.25*R11*c118 + 0.25*R13*c118 - 0.25*R20*c119
0.25*R20*c120 + 0.25*R22*c119 + 0.25*R22*c120 - 0.125*R24*c119

+ +
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0.125*R24*c120 + 0.0625*R33*c121 - 0.0625*R35*c121 +
0.25*R11*a”2*cl126 + 0.5*R12*a”2*c1l25 + O0.25*R13*a”2*cl26 -
0.25*R20*a*c123*i - 0.25*R21*a*cl22*i + 0.25*R23*a*cl22*i +

0.125*R24*a*c123*i

Gn1(29,1)=0.25*R11*a*c25 + 0.25*R13*a*c25 - 0.25*R11*c21*i +
0.25*R13*c21*i - 0.25*R20*c23*i - 0.25*R21*c22*i + 0.25*R23*c22*i
+ 0.125*R24*c23*i

Gn1(30,1)=0.25*c356 + 0.25*R11*c32 + 0.25*R13*c32 - 0.25*R20*c34
0.5*R22*c33 + 0.25*%R22*c34 - 0.125*R24*c34 + 0.0625*R33*c35
0.0625*R35*c35 + 0.25*R11*a”2*c310 + 0.25*R13*a”2*c310
0.25*R11*a*c36*i + 0.25*R13*a*c36*i - 0.25*R20*a*c37*i
0.125*R24*a*c37*i

+

+

Gn1(31,2)=0.25*R12*a*c116 + 0.25*R14*a*c116 - 0.25*R12*c114*i +
0.25*R14*c114*i

6n1(31,3)=0.25*R12*c118 + 0.25*R14*cl118 - 0.125*R21*c119 + 0.125*R21*c120
+ 0.25*R23*c119 + 0.25*R23*c120 - 0.125*R25*c119 + 0.125*R25*c120
- 0.125*R30*cl1l21 + 0.0625*R32*c121 + 0.0625*R34*cl21 +
0.25*R12*a”2*cl126 + O0.5*R13*a”2*cl25 + 0.25*R14*a"2*cl26
0.125*R21*a*c123*i - 0.25*R22*a*cl22*i + 0.25*R24*a*cl22*i +
0.125*R25*a*c123*1i

Gn1(32,1)=0.25*R12*a*c25 + 0.25*R14*a*c25 - 0.25*R12*c21*1 +
0.25*R14*c21*i - 0.125*R21*c23*i - 0.25*R22*c22*i +
0.25*R24*c22*i1 + 0.125*R25*c23*i

Gn1(33,1)=0.25*R12*c32 + 0.25*R14*c32 - 0.125*R21*c34 + 0.5*R23*c33 +
0.25*R23*c34 - 0.125*R25*c34 - 0.125*R30*c35 + 0.0625*R32*c35 +
0.0625*R34*c35 + 0.25*R12*a”2*c310 + 0.25*R14*a”2*c310 -
0.25*R12*a*c36*i + 0.25*R14*a*c36*i - 0.125*R21*a*c37*i +
0.125*R25*a*c37*1

Gn1(34,2)=0.25*R13*a*c116 + 0.25*R15*a*c116 - 0.25*R13*c114*i +

0.25*R15*c1l14*i

Gn1(34,3)=0.25*R13*c118 + 0.25*R15*c118 - 0.125*R22*c119 + 0.125*R22*c120

+ 0.25*R24*c119 + 0.25*R24*c120 - 0.0625*R31*c121 +
0.0625*R33*c121 + 0.0625*R35*c121 + 0.25*R13*a"2*c126 +
0.5*R14*a"2*c125 + 0.25*R15*a”2*c126 - 0.125*R22*a*cl23*i -
0.25*R23*a*cl122*i1 + 0.25*R25*a*cl22*i

Gn1(35,1)=0.25*R13*a*c25 + 0.25*R15*a*c25 - 0.25*R13*c21*i +
0.25*R15*c21*i - 0.125*R22*c23*i - 0.25*R23*c22*i +

0.25*R25*c22*i

Gn1(36,1)=0.25*R13*c32 + 0.25*R15*c32 - 0.125*R22*c34 + 0.5*R24*c33
0.25*R24*c34 - 0.0625*R31*c35 + 0.0625*R33*c35 + 0.0625*R35*c35
0.25*R13*a”2*c310 + 0.25*R15*a™2*c310 - 0.25*R13*a*c36*i
0.25*R15*a*c36*i - 0.125*R22*a*c37*i

+ + +

6nl1(37,2)=0.25*R14*a*c116 - 0.25*R14*clil4*i
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6n1(37,3)=0.25*R14*c118 - 0.125*R23*c119 + 0.125*R23*cl120 + 0.25*R25*c119
+ 0.25*R25*c120 - 0.0625*R32*c121 + 0.0625*R34*c121 +
0.25*R14*a”2*c126 + O0.5*R15*a”2*cl1l25 - 0.125*R23*a*cl23*i -
0.25*R24*a*c122*i

Gn1(38,1)=0.25*R14*a*c25 - 0.25*R14*c21*i - 0.125*R23*c23*i -
0.25*R24*c22*i

6n1(39,1)=0.25*R14*c32 - 0.125*R23*c34 + 0.5*R25*c33 + 0.25*R25*c34
0.0625*R32*c35 + 0.0625*R34*c35 + 0.25*R14*a”2*c310
0.25*R14*a*c36*i - 0.125*R23*a*c37*i

6Gn1(40,2)=0.25*R15*a*c116 - 0.25*R15*cl14*i

6Gn1(40,3)=0.25*R15*c118 - 0.125*R24*c119 + 0.125*R24*c120
0.0625*R33*c121 + 0.0625*R35*c121 + 0.25*R15*a"2*c126
0.125*R24*a*c123*i - 0.25*R25*a*cl22*i

Gn1(41,1)=0.25*R15*a*c25 - 0.25*R15*c21*i - 0.125*R24*c23*i -
0.25*R25*c22*i

+

6n1(42,1)=0.25*R15*c32 - 0.125*R24*c34 - 0.0625*R33*c35 + 0.0625*R35*c35
0.25*R15*a”2*c310 - 0.25*R15*a*c36*i - 0.125*R24*a*c37*i

Gn1(43,3)=0.125*R25*c120 - 0.125*R25*c119 - 0.0625*R34*c121
0.125*R25*a*c123*i

Gn1(44,1)=(-0.125)*R25*C23*i

Gn1(45,1)=- 0.125*R25*c34 - 0.0625*R34*c35 - 0.125*R25*a*c37*i

7.B.2.7 Entries of G2

Gn2(1,1)=0.0625*R24*c111*i

Gn2(2,3)=0.125*R35*Cc221*i

Gn2(3,2)=0.125*R35*Cc322*i

6n2(3,3)=(-0.125)*R35*c341

Gn2(4,1)=0.0625*R23*c111*i + 0.0625*R25*c111*i
6n2(5,2)=0.25*R25*c211

6n2(5,3)=0.25*R25*a*c224 + 0.125*R34*c221*i + 0.25*R35*C220%i
Gn2(6,2)=0.25*R25*a*c325 + 0.25*R25*c321*i + 0.125%R34*C322*j
Gn2(6,3)=0.25*R25*c339 - 0.125*R34*c341 + 0.25*R25*a*c345*i

Gn2(7,1)=0.5*R15*c110 + 0.0625*R22*c11ll*i + 0.0625*R24*clll*i
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6Gn2(8,2)=0.5*R15*c210 + 0.25*R24*c211

6Gn2(8,3)=0.5*R15*a*c223 + 0.25*R24*a*c224 + 0.125*R33*c221*i
0.25*R34*c220*i

Gn2(9,2)=0.5*R15*a*c324 + 0.25*R24*a*c325 + 0.25*R24*c321*i
0.125*R33*c322*i

Gn2(9,3)=0.5*R15*c348*a"2 + 0.25*R24*c345*i*a + 0.25*R24*c339
0.125*R33*c341 + 0.5*R35*c340 + 0.25*R35*c341

Gn2(10,1)=0.5*R14*c110 + 0.0625*R21*c111*i + 0.0625*R23*c111*i
0.0625*R25*c111*i

6n2(11,2)=0.5*R14*c210 + 0.25*R23*c211 + 0.25*R25*c211

6Gn2(11,3)=0.5*R14*a*c223 + 0.25*R23*a*c224 + 0.25*R25*a*c224
0.125*R32*c221*i + 0.25*R33*c220*1 - 0.25*R35*c220*i

Gn2(12,2)=0.5*R14*a*c324 + 0.25*R23*a*c325 + 0.25*R25*a*c325
0.25*R23*c321*i - 0.25*R25*c321*i + 0.125*R32*c322*i

6n2(12,3)=0.25*R23*c339 + 0.25*R25*c339 - 0.125*R32*c341 + 0.5*R34*c340

0.25*R34*c341 + 0.5*R14*a”2*c348 + 0.25*R23*a*c345*i
0.25*R25*a*c345*i

Gn2(13,1)=0.5*R13*c110 + 0.125*R20*c111*i + 0.0625*R22*c111*i
0.0625*R24*c111*i

6n2(14,2)=0.5*R13*c210 + 0.25*R22*c211 + 0.25*R24*c211

6Gn2(14,3)=0.5*R13*a*c223 + 0.25*R22*a*c224 + 0.25*R24*a*c224
0.125*R31*c221*i + 0.25*R32*c220*i - 0.25*R34*c220*i
0.125*R35*c221*i

Gn2(15,2)=0.5*R13*a*c324 + 0.25*R22*a*c325 + 0.25*R24*a*c325
0.25*R22*c321*i - 0.25*R24*c321*i + 0.125*R31*c322*i
0.125*R35*c322*i

+

Gn2(15,3)=0.25*R22*c339 + 0.25*R24*c339 - 0.125*R31*c341 + 0.5*R33*c340 +

0.25*R33*c341 - 0.125*R35*c341 + 0.5*R13*a"2*c348
0.25*R22*a*c345*i1 - 0.25*R24*a*c345*i

Gn2(16,1)=0.5*R12*c110 + 0.125*R21*c111*i - 0.0625*R23*c111*i
0.0625*R25*c111*i

Gn2(17,2)=0.5*R12*c210 + 0.25*R21*c211 + 0.25*R23*c211

Gn2(17,3)=0.5*R12*a*c223 + 0.25*R21*a*c224 + 0.25*R23*a*c224
0.25*R30*c221*i + 0.25*R31*c220*i - 0.25*R33*c220*i
0.125*R34*c221*i

6Gn2(18,2)=0.5*R12*a*c324 + 0.25*R21*a*c325 + 0.25*R23*a*c325
0.25*R21*c321*i - 0.25*R23*c321*i + 0.25*R30*c322*i
0.125*R34*c322*i
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6n2(18,3)=0.25*R21*c339 + 0.25*R23*c339 - 0.25*R30*c341 + 0.5*R32*c340
0.25*R32*c341 - 0.125*R34*c341 + 0.5*R12*a”2*c348
0.25*R21*a*c345*i - 0.25*R23*a*c345*i

+ +

6n2(19,1)=0.5*R11*c110 + 0.125*R20*c111*i - 0.0625*R24*c111*i

Gn2(20,2)=0.5*R11*c210 + 0.5*R20*c211 + 0.25*R22*c211

Gn2(20,3)=0.5*R11*a*c223  +  0.5*R20*a*c224 +  0.25%R22*a*c224  +
0.5*R30*c220*i  +  0.125*R31*c221*i -  0.25*%R32*c220*i -
0.125*R33*C221*i

6n2(21,2)=0.5*R11*a*c324  +  0.5*R20*a*c325 +  0.25%R22*a*c325  +
0.5%R20*c321*i -  0.25*R22*c321*i  +  0.125*R31*c322*i -
0.125*R33*c322%i

Gn2(21,3)=0.5*c361 + 0.5*R20*c339 + 0.25*R22*c339 + 0.5*R31*c340 +
0.125%*R31*c341 -  0.125*R33*c341 +  0.5*R11*a"2*c348  +
0.5*R20*a*c345*i - 0.25*R22*a*c345%j

Gn2(22,1)=R10*c110

Gn2(23,2)=R10*c210 + 0.5*R21*c211

Gn2(23,3)=R10*a*c223 + 0.5*R21*a*c224

Gn2(24,2)=R10*a*c324 + 0.5*R21*a*c325

Gn2(24,3)=R10*c348*a”2 + ¢360 + 0.5*R21*c339 + R30*c340 + 0.5*R30*c341 -
0.25*R32*c341

6n2(25,1)=0.5*R11*c110 - 0.125*R20*c1lll*i + 0.0625*R24*clll*i
Gn2(26,2)=0.5*R11*c210 + 0.5*R20*c211 + 0.25*R22*c211

Gn2(26,3)=0.5*R11*a*c223 + 0.5*R20*a*c224 + 0.25*R22*a*c224 -
0.5*R30*c220*i - 0.125*R31*c221*i + 0.25*R32*c220*i +
0.125*R33*c221*i

Gn2(27,2)=0.5*R11*a*c324 + 0.5*R20*a*c325 + 0.25*R22*a*c325 -
0.5*R20*c321*i + 0.25*R22*c321*i - 0.125*R31*c322*i +
0.125*R33*c322*i

Gn2(27,3)=0.5*c361 + 0.5*R20*c339 + 0.25*R22*c339 + 0.5*R31*c340
0.125*R31*c341 - 0.125*R33*c341 + 0.5*R11*a”2*c348
0.5*R20*a*c345*i + 0.25*R22*a*c345*i

+

Gn2(28,1)=0.5*R12*c110 - 0.125*R21*cl111*i + 0.0625*R23*c111*i +
0.0625*R25*c111*i

Gn2(29,2)=0.5*R12*c210 + 0.25*R21*c211 + 0.25*R23*c211
Gn2(29,3)=0.5*R12*a*c223 + 0.25*R21*a*c224 + 0.25*R23*a*c224 -

0.25*R30*c221*i - 0.25*R31*c220*i + 0.25*R33*c220*1 +
0.125*R34*c221*i
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6Gn2(30,2)=0.5*R12*a*c324 + 0.25*R21*a*c325 + 0.25*R23*a*c325
0.25*R21*c321*i + 0.25*R23*c321*i - 0.25*R30*c322*1i
0.125*R34*c322*i

Gn2(30,3)=0.25*R21*c339 + 0.25*R23*c339 - 0.25*R30*c341 + 0.5*R32*c340

0.25*R32*c341 - 0.125*R34*c341 + 0.5*R12*a”2*c348
0.25*R21*a*c345*1 + 0.25*R23*a*c345*i

6Gn2(31,1)=0.5*R13*c110 - 0.125*R20*c111*i - 0.0625*R22*c111*i
0.0625*R24*c111*i

Gn2(32,2)=0.5*R13*c210 + 0.25*R22*c211 + 0.25*R24*c211

6n2(32,3)=0.5*R13*a*c223 + 0.25*R22*a*c224 + 0.25*R24*a*c224
0.125*R31*c221*i - 0.25*R32*c220*i + 0.25*R34*c220*1i
0.125*R35*c221*i

Gn2(33,2)=0.5*R13*a*c324 + 0.25*R22*a*c325 + 0.25*R24*a*c325
0.25*R22*c321*i + 0.25*R24*c321*i - 0.125*R31*c322*i
0.125*R35*c322*i

6Gn2(33,3)=0.25*R22*c339 + 0.25*R24*c339 - 0.125*R31*c341 + 0.5*R33*c340

0.25*R33*c341 - 0.125*R35*c341 + 0.5*R13*a”2*c348
0.25*R22*a*c345*i + 0.25*R24*a*c345*i

Gn2(34,1)=0.5*R14*c110 - 0.0625*R21*c111*i - 0.0625*R23*c111*i
0.0625*R25*c111*i

6n2(35,2)=0.5*R14*c210 + 0.25*R23*c211 + 0.25*R25*c211

Gn2(35,3)=0.5*R14*a*c223 + 0.25*R23*a*c224 + 0.25*R25*a*c224
0.125*R32*c221*i - 0.25*R33*c220*i + 0.25*R35*c220*i

Gn2(36,2)=0.5*R14*a*c324 + 0.25*R23*a*c325 + 0.25*R25*a*c325
0.25*R23*c321*i + 0.25*R25*c321*i - 0.125*R32*c322*i

6Gn2(36,3)=0.25*R23*c339 + 0.25*R25*c339 - 0.125*R32*c341 + 0.5*R34*c340

0.25*R34*c341 + 0.5*R14*an2*c348 - 0.25*R23*a*c345*i
0.25*R25*a*c345*i

Gn2(37,1)=0.5*R15*c110 - 0.0625*R22*c11l1*i - 0.0625*R24*cl1l*i
6n2(38,2)=0.5*R15*c210 + 0.25*R24*c211

6Gn2(38,3)=0.5*R15*a*c223 + 0.25*R24*a*c224 - 0.125*R33*c221*i
0.25*R34*c220*i

Gn2(39,2)=0.5*R15*a*c324 + 0.25*R24*a*c325 - 0.25*R24*c321*i
0.125*R33*c322*i

Gn2(39,3)=0.5*R15*c348*a"2 - 0.25*R24*c345*i*a + 0.25*R24*c339
0.125*R33*c341 + 0.5*R35*c340 + 0.25*R35*c341

Gn2(40,1)=- 0.0625*R23*c111*i - 0.0625*R25*clll*i

Gn2(41,2)=0.25*R25*c211

+

+

+ +
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Gn2(41,3)=0.25*R25*a*c224 - 0.125*R34*c221*i - 0.25*R35*C220% i
Gn2(42,2)=0.25*R25*a*c325 - 0.25*R25*c321*i - 0.125*R34*C322*j
Gn2(42,3)=0.25*R25*%c339 - 0.125*R34*c341 - 0.25*R25*a*c345%i
Gn2(43,1)=(-0.0625)*R24*c111*i

Gn2(44,3)=(-0.125)*R35*c221*i

Gn2(45,2)=(-0.125)*R35*c322*i

Gn2(45,3)=(-0.125)*R35*c341

7.B.2.8 Entries of ,G3

Gn3(7,3)=0.5*R25*c124
Gn3(9,1)=0.5*R25*Cc38
Gn3(10,3)=0.5*R24*c124
Gn3(12,1)=0.5*R24*c38
Gn3(13,3)=0.5*R23*c124
Gn3(15,1)=0.5*R23*c38
Gn3(16,3)=0.5*R22*c124
Gn3(18,1)=0.5*R22*c38
Gn3(19,3)=0.5*R21*c124
Gn3(21,1)=0.5*R21*c38
Gn3(22,3)=R20*c124
Gn3(24,1)=R20*c38
Gn3(25,3)=0.5*R21*c124
Gn3(27,1)=0.5*R21*c38
Gn3(28,3)=0.5*R22*c124
Gn3(30,1)=0.5*R22*c38
6n3(31,3)=0.5*R23*c124
6n3(33,1)=0.5*R23*c38

Gn3(34,3)=0.5*R24*c124
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6Gn3(36,1)=0.5*R24*c38
6n3(37,3)=0.5*R25*c124

Gn3(39,1)=0.5*R25*c38

7.B.2.9 Entries of G
6n4(9,3)=0.5*R35*C347
Gn4(12,3)=0.5*R34*Cc347
Gn4(15,3)=0.5*R33*C347
Gn4(18,3)=0.5*R32*Cc347
6n4(21,3)=0.5*R31*c347
Gn4(24,3)=R30*c347

Gn4(27,3)=0.5*R31*c347
Gn4(30,3)=0.5*R32*C347
6n4(33,3)=0.5*R33*Cc347
6n4(36,3)=0.5*R34*C347

Gn4(39,3)=0.5*R35*c347

7.B.2.10 Entries of VH’}Y}Q
Hinxw(8,1)=h327
H2nxw(7,1)=0.5*h328

H2nxw(9,1)=0.5*h328

7.B.2.11 Entries of vG’j“_*n
Glnxu(7,1)=0.5*c135
Glnxu(8,1)=c134

G1nxu(9,1)=0.5*c135
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G2nxu(7,1)=0.5*c136

G2nxu(9,1)=0.5*c136

7.B.2.12 Entries of VGSan

Glnsv(8,1)=c230

G2nsv(7,1)=0.5*c231

G2nsv(9,1)=0.5*c231

7.B.2.13 Entries of |Gf}

Glnzw(8,1)=c364

G2nzw(7,1)=0.5*c365

G2nzw(9,1)=0.5*c365

7.B.2.14 Entries of VG’J-‘Y;

Glnxw(8,1)=c366

G2nxw(2,1)=0.25*R15*c367
G2nxw(3,1)=0.25*R14*c367
G2nxw(4,1)=0.25*R13*c367 + 0.25*R15*c367
G2nxw(5,1)=0.25*R12*c367 + 0.25*R14*c367
G2nxw(6,1)=0.25*R11*c367 + 0.25*R13*c367
G2nxw(7,1)=0.5*R10*c367 + 0.25*R12*c367
G2nxw(8,1)=0.5*R11*c367
G2nxw(9,1)=0.5*R10*c367 + 0.25*R12*c367

G2nxw(10,1)=0.25*R11*c367 + 0.25*R13*c367
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G2nxw(11,1)=0.25*R12*c367 + 0.25*R14*c367
G2nxw(12,1)=0.25*R13*c367 + 0.25*R15*c367
G2nxw(13,1)=0.25*R14*c367

G2nxw(14,1)=0.25*R15*c367

7.B.2.15 Entries of G}

Glnsw(7,1)=0.5*a*c369

Glnsw(9,1)=0.5*a*c369

G2nsw(8,1)=a*c370
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Chapter 8

Conclusions and Remarks

8.1 Summary and Conclusions

Starting with tensor calculus and the variational form of the dynamic form of the
Hamiltonian functional, a generalized theory was formulated for doubly curved thin shells of
general geometry. The formulation avoids geometric approximations commonly adopted in

other formulations.

The generalized thin shell theory was specialized to circular cylinders and toroids. In case of
circular cylindrical thin shells, beside the original theory, three additional theories were
recovered by applying different sets of consistent approximations in line with those in
existing simplified theories. Two of the simplified theories happened to coincide with those
of the Flugge and DMV theories for CCTSs. Several comparisons are made with other
theories. In the case of toroidal thin shells, by applying two different sets of consistent
approximations two more simplified theories were recovered. The more accurate version
happens to be comparable to the Sanders theory and the other one is found nearly identical to
the DMV theory for TTSs. By applying further simplifying geometric assumptions, for
common geometries in pipe elbows, a third toroidal thin shell theory is also recovered. The

theory preserves the accuracy of the formulation while involving simpler expressions.
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An exact closed form solution was developed for circular cylindrical thin shells. Also, a
quasi closed form solution was developed for toroidal thin shells. The closed form solutions
provided were successfully used to formulate a family of exact shape functions and the

formulation of super convergent elements.

Excellent agreement was obtained between the results predicted by the proposed finite
elements, in which only a single element is used, and those based on Abaqus, in which

thousands of shell elements were used.

Using the alternative form of the variational form of the Hamiltonian functional, in which
the field equations and corresponding boundary condition equations are explicitly present, in
conjunction with the exact shape functions decreases the number of numerical operations
required by vanishing the field integral, thus eliminating integrals over displacement fields
with respect to longitudinal coordinate. Also, using the Fourier series expansion of the
displacement fields and applied forces in circumferential direction eliminates the need of all

numerical integrations with respect to circumferential coordinate.

Through several examples, it is shown that the proposed analytical and finite element
formulations are able to model static, in-phase and out-of-phase harmonic forces of general
spatial distributions including body forces, surface forces, tractions, ring loads, patch loads,

line loads, as well as support excitations.

The accuracy and efficiency of the proposed finite elements provide a powerful and reliable
tool for analysis of long pipeline systems. With the models developed, pipelines can be

modelled accurately while keeping the DOFs as a minimum.
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8.2 Proposed Future Work

1. The proposed generalized shell theory can be modified to include the through

thickness shear strains. Thus, making it applicable to thicker shells.

2. A generalized thin shell theory capturing large deformation effects by retaining the

non-linear strain displacement terms can be formulated.

3. The proposed generalized thin shell theory can be specialized to other geometries. In
a piping system this includes annular flanges, frustums, hemispherical and ellipsoidal caps.
In a more general context, the generalized thin shell theory could be specialized to plates,

panels, spherical, parabolic and hyperbolic domes, and shells of revolutions.

4. For circular cylindrical and toroidal shells, the present theory can be applied to free
vibration analysis. Also, modal analysis of both systems, consistent with the present theories,

is a possible avenue of interest.

5. While the solution provided for toroidal shells is conceptually correct, the numerical
difficulties associated with the presence of close eigenvalues obtained is of interest in future
research. These could be resolved by considering close roots to coincide and modifying the

algebraic form of the postulated exponential solution to account for repeated roots.
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Appendix A

Mathematical Preliminaries

A.1 Objective and Scope

This chapter aims at providing background material on tensor calculus with emphasis on
continuum mechanics and more specifically to shells. Most of the material is extracted from
the classical book by Sokolnikoff [A.1]. Additional information was drawn from three other

classical references by Mercier [A.2], Flugge [A.3] and Niordson [A.4].

A.2 Introduction

A tensor is an object beyond the scalar, vector and matrix. According to Mercier [A.2]
“Since physical phenomena are independent of the man-made measuring instruments such as
coordinate systems, which may be introduced to describe them, it is desirable to develop a

symbolism which is independent of any particular reference”.

Tensor Calculus was first developed around 1890 by Gregorio Ricci-Curbastro under the
title “Absolute Differential Calculus” and later on came to be known as tensor analysis
[A.5]. In tensor notation, indicial notation is used, in which the coordinate systems and all
corresponding parameters have the same literal form in any coordinate system. The
mathematical concept of tensor is based on the transformation between arbitrary coordinate

systems.
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A.3 Conventions

The following conventions are applied throughout this chapter unless mentioned otherwise.

1) Einstein’s summation convention: Whenever an index appears twice in a product,
once as a superscript and once as a subscript, summation on all terms of this kind

over the whole range of the index is implied. For example:
n
AB! :ZABi —AB'+ ... +AB"
i=1

2) All vectors and tensors are shown in bold face.

A.4 Coordinate Transformation

A.4.1 Contravariant Law of Transformation
Consider two generalized curvilinear coordinate systems of n dimensions x' and &' (Figure
A. 1 illustrates the special case where n=3). Here we assume that the transformation from

one coordinate system to the other one is real, one-to-one and reversible. Thus, the

generalized coordinates of an arbitrary point P, in coordinate system R can be expressed in

terms of its coordinates in coordinate system x' and vice-versa:

>“<i=>2i(x ,x2,...,x”) (A1)

X! =xi(§<l,§<2, ,2“) (A.2)
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Figure A. 1 - A point defined in Two 3D curvilinear coordinate systems

Differentiating Eq. A.1, one obtains

. Ai -
dg =X gy (A3)
ox!
Eq. A.3 describes how the differentials dx’ transform to d%’ when the coordinate system is
changed from x' to X' . The transformation described in Eqs. A.3 is called the contravariant

law of transformation, which can be written as:

A g

P (A.4)

Any set of n quantities, represented by A!, which is transformed according to Eq.A.4 is

called a contravariant vector.

A.4.2 Covariant Law of Transformation

Now, let us consider the multi-variable continuously differentiable function y defined

within the same space. It can be defined in terms of both coordinate systems as
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y= f(f(l,iz,...,f(”) (A.5)

y= f(xl,xz,...,x”) (A.6)

In general, the incremental change of functions y can be written as:

A

of

dy = —dx! A7

=" (A7)

dy:i.dxi (A.8)
ox'

Considering Eq. A.2, x' =x! ()21, G ,f(”), the incremental change of coordinate variables

x' can be written as:

. i .
dx =X gz (A.9)
ox!
From Eqg. A.9, by substituting into Eq. A.8, one obtains

k .
dy = O g (A.10)

Equality of Egs. A.7 and A.10 gives

£ i
a4 _x ot (A11)
ox'  ox' ox!
of of L . _
As = and P are general vectors, Eq. A.11 can be written in the following general form:
X X
A= p A (A.12)

where, in lieu of a subscript, the superscript in denominator is considered as subscript. Eq.
A.12 is called the covariant law of transformation. Any set of m quantities, represented by

vector A;, which are transformed according to Eq. A.12, is called a covariant vector.

381



Appendix A Mathematical Preliminaries

A.5 Tensors

The previous section dealt with vectors (i.e, quantities defined by a single index). In
mechanics, there are quantities defined by more multiple indices. These are called tensors.
For examples, tensors of the second, third, and forth orders are defined by two, three, and
four indices, respectively. Since vectors are defined by a single index, they can be conceived

as first order tensors.

A.5.1 Contravariant Tensors
Now, the concept of vector transformation can be generalized to tensors. The entity T -
with n upper indices is called a contravariant tensor of rank n if it transforms according to

the contravariant law of transformation, Eq. A.4, generalized for the nth rank

. R R T

- ... A.13
ox' ox? ( )

A.5.2 Covariant Tensors

Similarly, the entity T; ~with n lower indices is called a covariant tensor of rank n, if it

transforms according to the covariant law of transformation, Eq. A.12, generalized for the

nth rank
A ox' ox!
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A.5.3 Mixed Tensors

Finally, combining the concepts introduced in Egs. A.13 and A.14, the entity ngq'“ with a
total number of n upper and lower indices is called a mixed tensor of rank n, if it
transforms according to the following rule:

.l'_‘k|_” _ af(k 8)2' oxP oxd Tij"'
T ad s

(A.15)

st...

A special case of mixed tensors that is commonly used in tensor calculus is the second order

tensor Kronecker Delta function defined as

i 1 =]
g - ’
0, 0 i | (A.16)
The generalized nth order Kronecker Delta function is defined as
-1 , if the set of distinct integers j;... j,, is obtained from the
set of distinct integers i;...i, by an odd permutation.
S _ 0 , if any two of the integers in the sets j;...j, ori,...i, are (A17)
bl not distinct.
+1 , if the set of distinct integers i,...I,, is obtained from the
set of distinctintegers i;...i, by an even permutation.

in which, iy,....i., jp,..., j, €1...0

A.6 Covariant Base Vectors

The position of a generic point with respect to an arbitrary fixed origin O can be defined by

the position vector R(xl,xz, x3) :li(il, >A<2,>‘<3). This concept can be generalized to an n-

dimensional hyper-space in which R(xl,xz, ,x”):ﬁ(x X ,)“(”). Since, to each point
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of the hyper-space, there exists a unigque vector R, the position vector in the n-dimensional

space is invariant. The incremental change of vector R is:

A

drR = R gy = g.dx' = g.dg’ _ Rz —dR (A.18)
ox' ox'
in which
oR G,
g = : g = s (A.19)

Symbols g; and g; are called the covariant base vectors of the coordinate system x' and

R respectively. The term “covariant” reminds that they transform under the covariant law
of transformation, (i.e., Eq. A.12). It should be noted that as x' are independent coordinates,
the corresponding base vectors g; are independent. The argument is equally valid for g; . As

evidenced by Eg. A.18, the invariant vector dR has the same expression in any other
coordinate system. Generalizing this concept, the arbitrary invariant vector V

(displacement, velocity, acceleration, ...) in a given space can be constructed (or resolved)
on the base vectors g; of the coordinate systems x' . For example:

V=Vig (A.20)
In the same manner:

V=Vig (A.21)
As vector V is invariant, one has

V=V =N V=Vig =Vig =V (A.22)
A.7 Reciprocal Contravariant Base Vectors

A second set of mutually independent base vectors in contravariant form can be defined by

the means of Kronecker Delta function:
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where the symbol “-” denotes the dot product and the symbols gj are called the

contravariant base vectors. The term “contravariant” reminds that they transform under the

contravariant law of transformation (i.e. Eq. A.4). Therefore, any invariant vector embedded

in the same space can also be constructed on the contravariant base vectors g', g' of the
coordinate systems x', X', respectively. For example:
V=Vg (A.24)

In the same manner:

A

V=Vg (A.25)
|

As vector V is invariant, one has

N

V=V N V=Vg =Vg§ =V (A.26)
Equality of Egs. A.22 and A.26 gives:
V=Vig =Vg' =V'g =V,g' =V (A.27)

A.8 Algebra of Tensors

A.8.1 Addition and Subtraction

The sum or difference of two tensors with the same number of covariant and the same
number of contravariant indices is a tensor of the same type and rank, i.e.,

AtB=C
Ai'(fg, ...gjgk...gI + B‘ifg, ...gjgk...gI = C&'_'_"fgi...gjgk...gl (A.28)

] 4 i
= 2B =G
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In general, any linear combination of tensors of the same type and rank is a tensor of the

same type and rank.

A.8.2 Outer Product

The outer product of two tensors is a tensor with a contravariant order equal to the sum of
the contravariant orders of the two tensors and a covariant order equal to the sum of the
covariant orders of the two tensors:

AB=C
(Aclggg g )(BP e, g g ) =Co P dg g et gle, g8 (A.29)
= (Act)(BE)=Cul-s
It should be noted that the outer product has the distributive property on addition and
subtraction, i.e.,

A £B"|C"=AC tB"C" (A.30)
(A +82)

A.8.3 Contraction
In mixed tensors, whenever an index appears twice, the summation convention is implied

and the resulting tensor is contracted by two orders. This process is called contraction.

Al BRI =Cpfed (A.31)

r..s

A.8.4 Inner Product

The inner product of two tensors, one of them with at least one contravariant index and the
other one with at least one covariant index is a tensor of two orders less (one contravariant

and one covariant).
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A-B=C

(A g g g g)(Bp“'“"'qu By e g ) =
AT BP9 gk, g(g gy )2p g8 g =

A BP9 g8 g'5’“gp gqg g = (A32)
A Bl g g8t g'g gqg g =

p..m..q _ ~i..jp..q
= Ak...m...IB C k..lr..s

A.8.5 Scalar Product
The scalar product is a special case of the inner product of two first rank tensors, in which an
index is repeated once as contravariant and once as covariant:

A-B=c

A'g; B, g
AB. i g = (A.33)
AB j5i1 =
A'B =c

A.9 Invariant Formulation
In a particular coordinate system, by applying the addition, subtraction, multiplication and
contraction rules described above to tensors yields a tensor. If this tensor happens to vanish
in a particular coordinate system, it should vanish in all other coordinate systems. By setting
a tensor expression to zero in one coordinate system, the expression will be valid in all other

coordinate systems.
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A.10 The First Fundamental Tensor

Consider two neighbouring points in space. The distance ds between them, which is an
invariant quantity, is equal to the length of the line element dR that connects the two points.

The square of the length of the line element can be calculated by Pythagoras’ theorem:

ds® =dR-dR = g;dx' -g;dx) = g; -g;dx'dx’ = g;;dx'dx! (A.34)
in which

The quantity g;; is called the first fundamental or metric tensor. The word fundamental is

used here because some fundamental properties of space can be retrieved from this tensor.

Also, the word metric is because the metrification of the space is related to this tensor.
Similarly, the quantities g" and g‘j are called fundamental contravariant and fundamental
mixed tensors, respectively, and are defined as
gij _ gi _gj (A.36)
oi-g'g, (A.37)

The following definition is of use in the following sections.

O11 " O
g :det(gij): - (A.38)
Ont " 9nn
A.11 Lowering and Raising of indices
Using the fundamental tensor, two new operations can be defined:
A= Ajgj = Aigi
ol.g = Alg. .
A = gy A
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Similarly:
A =g*A (A.40)
The operations defined in Egs. A.39 and A.40 are called the lowering and raising of an

index, respectively, which are applicable to tensors of any type and rank. In general,

Al =g AT (A.41)
=" ACh (A.42)

A.12 Permutation Tensor

The permutation symbol in an n-dimensional coordinate system is defined using the
generalized Kronecker Delta function (defined in Eqg. A.17) through

el = C &L =6 (A43)
which are valid only in Cartesian coordinate systems and result in magnitudes —1, 0 or +1
depending on the order of the i...j. For a general coordinate system, the permutation tensor

is defined as

el =—el=—q, ' 8. :\/aei...j =g s i (A.44)

Joo o Ve

Permutation tensors are called pseudo scalar, because every time they transform from one
coordinate system to another, they are multiplied by a factor. In three-dimensional

coordinate systems (n=3), Egs. A.43 and A.44 take the form
@k:q% L ey =oi (A45)

eij \/— \/— 123 ' \/_ g€ jk = 353 (A-46)

A.13 Determinant

The determinant A of second order covariant and contravariant tensors is defined as
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Ad-T = AL AJE : Ag ;= Ak---A}Q«..l (A.47)

A.14 Cross Product

The cross product of two first rank tensors A and B is a first rank tensor C, defined by

inig. o
ABe, ®ng k (A.48)
A'Bj%kg =Cyg
=C
= A®B=C where C, =gy A'B’ (A.49)
In general, for higher order tensors,
A®B=C ; CiP =™ A (Bl or Cofl=enu AT BT (AS0)

A.15 Surface and Volume Elements

The area dA of an infinitesimal element defined by base vectors g, and g, as its edges

(Figure A. 2) can be represented by the cross product of both base vectors. The product

yields a vector normal to the area (vectors dr, ds and dt are the base vectors and their
magnitude is unity). Also, we recall that the contravariant base vector g* is normal to the
covariant base vectors g; and g, (refer to Eq. A.23)).

dr ®ds =dr'g, ®ds’g, =dA,g®  ;dA; = e,,dr'ds® = /g dr'ds? (A.51)
If vector g® is as unit base vector, the component dA; represents the area of the

parallelepiped whose sides are dr and ds .
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Figure A. 2 - Infinitesimal volume element

Also, the volume dV of the infinitesimal block constructed by base vectors g,, g, and g,

as its edges (Figure A. 2) is given by the cross product of two of them dot-multiplied by the

third one, i.e.,

dV = dr ® ds- dt = dr'g, ® ds’g, - dt’g,

A.52
dV = g,drids?dt® = /g drids?dt® (A-52)

A.16 Christoffel Symbol

In Eq. A.18, base vectors g, or g; at an arbitrary point are respectively defined in

curvilinear coordinate systems x' and X'. In general, their differentials with respect to
coordinates x' or X' are non-zero. Thus, the derivative of a first rank tensor (vector) with

respect to coordinate x! can be written as

U; =<Uigi)_

, =U'ig +U'g, | (A.53)

In obtaining Eq. A.53, one recalls that vectors g; are functions only of coordinates x' . Thus,

their partial derivatives are also vectors, which may be decomposed along base vectors g; or

g = rijkgk = F!}gk (A.54)
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where the third rank tensors I'y, and 1"!} are respectively called the Christoffel symbols of

the first and second kind, and are a measure of the curvature of the space. At this stage, the
Christoffel symbols are newly defined symbols. Later on, more explicit expressions will be

formulated for these symbols.

By dot-multiplying Eq. A.54 by the base vector g, and using of the identity g; -gj = 5ij and

9i = gi-g; (Eq. A.35), one obtains:

gij 8k Irmgll -8 IFEJ’& -8k
=Ty =150k (A.55)
|
=i =IO
Also, by multiplying Eq. A.54 by g*, one obtains:

i g« :rijlgl g« :r:jgl g*
=Ig"  =Tjof (A.56)
=T *o= FE
Egs. A.55 and A.56 provide the relationships between the Christoffel symbols of the first
and second kinds. By differentiating both sides of the identity g;-g’ =&/ (Eq. A.23), one
obtains
g2 +g gl =0 (A57)
Using the identity in the first line of Eq. A.56, i.e., g;, -g' =T}, one obtains
g gl =-Th (A.58)
Multiplying both sides of Eq. A.58 by g", one obtains
gh=-Tlg" (A.59)

After changing indices, one obtains
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g =—T'g" (A.60)

A.16.1 Symmetry Property
The Christoffel symbols are symmetric with respect to the first two indices. Recalling the

Eq. A19, g = ? =R, and differentiating its both sides, one obtains
X

gi;=R;=Ri=g;; (A.61)
From Egs. A.54 and A.61, one obtains

gij=8ji :rijkgk :rjikgk ' gij=8ji =F:<jgk =F§igk (A.62)
Now, by dot-multiplying both sides by base vector g, or g' one obtains

k k k | k |
g™ g =Tjg g g g =Tigc -8

[ |
i =T Ly =T

(A.63)

Eg. A.63 shows that the Christoffel symbols are symmetric with respect to the first two

subscripts.

A.16.2 Evaluation of the Christoffel Symbol

Recalling the definition of the fundamental tensor g;; =g; -g; (Eq. A.35) and differentiating

both sides with respect to x’, one obtains

Oijk =8ik 8jt8i 8jk

A.64
=8ik'8jT8jk 8i ( )
From Eq. A.55, by substituting into Eq. A.64, one obtains

By writing Eq. A.65 three times while permuting subscripts each time, one obtains
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Oijk =i 1 jki

Oui,j = D + i (A.66a-c)

Oiki =L + gy
Subtracting Eqg. A.66a from the sum of Eqs A.66b-c, one obtains

1

Lk =E(gki,j + 0k, _gij,k) (A.67)
Also, from Eq. A.67 by substituting into Eq. A.56, one obtains:

o =2 (0 + 0y~ 0y ) (A.68)

ij 2 li,j Ij,i ij,l :

Equations A.67 and A.68 relate the Christoffel symbols T and Fﬁ to the derivatives of the

fundamental tensor gj;

A.17 Covariant Derivatives

A.17.1 Covariant Derivative of First Order Tensors

From Eq. A.54, by substituting into Eq. A.53, one obtains:

As i and k are dummy indices, they can be interchanged in the second term yielding

in which
U'[j=(Uj+utTy) (A71)

where the symbol “U’ | j” denotes the covariant derivative of contravariant first order tensor

U' with respect to x! . In the same manner, the covariant derivative of a covariant first order

tensor U; with respect to x?, U, |;, is defined as
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in which

A.17.2 Covariant Derivative of Second Order Tensors

The covariant derivative of a second rank covariant tensor is
U= (Uijgigj ) ) :Uij,kgigj +Uijgfkgj +Uijgig,jk (A.74)
Recalling the identity g'; =-I"}, g* in Eq. A.60, and substituting into Eq. 1.74, one obtains

U, =Uj,g'g] —Ui,-ri|<mg_”’_gj —Uijlgif_ﬂm_gm
=U;g'e’ -U;rg'g! -UyIyg'e!

i (A.75)
:(Uij,k __U!jFLi _UiIFLj )g'gj
=Uj;  g'g’
in which
Ui h=Uj Uy ~UiTyg (A.76)
In the same manner, one obtains
Ul =ul +ulr, +u'r) (A.77)
Ujl=Uj, +Uj, —UT, (A.78)

A.17.3 Second Covariant Derivative of First Order Covariant
Tensors

It is observed that U;|;=U —Uml“{}‘ is a second order covariant tensor. Applying the

ij

operator Uj; | defined in Eq. A.76 to tensor U; |;, one obtains
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oF |j|k:(UIj -U rm)
| |
=(u;;-U rm) (U5 ~Unlf )Tl = Uy ~U D) T (A79)
| | | [
=U;  —Uni —Un ik =Yy Ty +U DTy =Uy Dy +U DT
=U; |jk
In the same manner, the second covariant derivative of a contravariant tensor is:
UI |J||(:(LJ,IJ +Um1—" j)lk
i my~i | my-l| i m
=(U}+UmTy ) +H(U UM - (U] +U Fm')rkl (A.80)

=Ufjk +U R +U M +U T UMD U T —U ™ T
=U'|,
jk

A.18 Strain Expressions for a Continuum

A.18.1 Strains in Terms of First Fundamental Tensor
The convected coordinate system x' is affixed to the un-deformed continuum. This implies
that after deformation, the coordinate system x' is transformed to the new coordinate

system X' . In convected coordinate systems, the media and the coordinate system undergo

the same deformation so that the position of a point in the media, before and after
deformation, can be expressed through the same sets of coordinates x'(=%'). In a

coordinate system x', the distance between two neighbouring points within a shell before

deformation is:

ds = %dxi = g,dx (A.81)

The distance between the same two points after a time stepdt, during which the continuum

is subjected to the deformation, in the new coordinate system X' is:

ds = %df(i =g.d& (A.82)
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The Lagrangian strain i can be extracted from the normalized difference between the

differential vectors ds and ds as

_1ds-ds—ds-ds
=3 ds-ds (A.83)

From Egs. A.81 and A.82, by substituting into Eg. A.83, and noting that
% =x'(ord%" = dx"), one obtains:

1 (G- g)X'd g
Lo (U

N~

(G — g5 )L'U (A.84)

. . i i ; i . .
in which L' Z%Iis and L =O:jis are the contravariant components of the unit vector

L= Ligi representing the direction of ds. We introduce the definition

-

i =§(Qij _gij) (A.85)

in which 7; is the Lagrangian strain tensor.

A.18.2 Strain Tensor In Terms of Displacements

The strain tensor defined in Eg. A.85 has been expressed in terms of the metric tensor. We
need to express it in terms of the displacements. The displacement of an arbitrary point
within the continuum is

U=R-R (A.86)
where R and R are the position vectors of the arbitrary point before and after deformation
in coordinate systems x' and X', respectively. Taking the differential of Eq. A.86, one
obtains

dU =dR—dR (A.87)

Expanding Eqg. A.87, one obtains
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(%dxi +%Udt] (27R i +%Rdtj_(%dxi +%_1§dtj (A88)

Grouping terms with the same differentials yields

OU gxi — OR i _ OR gyi (A.89)
ox' ox' ox'

From Egs. A.71 and A.73, the derivative of displacement vector U with respect to x' can be
written as

U _y

S UisVilig =Ulg (A.90)

From Eq. A.90, by substituting into Eg. A.89, one obtains

U" | gedx' =gdx' —g;ax’ (A.91)
Or,
g =g +U" | g (A.92)

Using Eq. A.92, the metric tensor in the deformed coordinate system can be written as:

@ij :éi'éj :(gi+Uk|i gk)'(gj+Ul lj gl)

k [ kil (A.93)
=g tU [ g +U [j 95 +U [[U [; 9y

By evoking the operation of lowering indices (A.11) to the last three terms of the right hand

side of the Eq. A.93, one obtains
Gij = 0 +U; | +U [ +U" | Uy (A.94)
From Eq. A.94, by substituting into Eq. A.85, one obtains:
_1 k
Tij _E(Ui | +U; [ +U" [ Uy |j) (A.95)

A.19 Hamilton’s Principle in Tensor Form

In general, Hamilton’s principle is expressed as
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t2 t2
5H=I 5(T*—V*)dt+j SW*dt=0 (A.96)
t t

where [T is the mechanical energy of the system, T, V*and W™ are the kinetic energy,
potential energy and external work in the system, respectively. Symbols denotes the
variation operator and integration is performed over an arbitrary period starting from time t;
to time t, [A.6]. In the following subsections it will be shown that the variation of different

entities of Eq. A.96 can be written as

a“r*zj AU dv (A.97)
\%
N :I E ™ oAV (A.98)
V
and
a/v*zj F'ou.dv (A.99)
\%

A.19.1 Kinetic Energy

The kinetic energy is expressed as

T*:j 1pU-Udv =_[ 1p(U's) (U Jav =j 30U (g gl Jov
\Y; \

v (A.100)
=I 1AJ'U;sldv =I 14J'Uav
\Y \Y
By taking the variation of kinetic energy, one obtains
Jr*zaj U7 pJdv =I %(auipui+u‘paui)dv (A.101)
\Y \%
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By applying the identity gijgij =1 which is valid in any orthogonal coordinate system to the
first term of the integral and using the operations of lowering and raising the indices,
U;=g;U" and UJ = g"U; for first rank tensors U' and U, one can write
oT* j 1 (a7 )p(Uig")+U T pou; Jav
=J:/ E[(éUj),o(U ) )+U"péUi }dV

Changing the dummy indices j in the first term and simplifying yields

(A.102)

5r*=5j 10" pddv :jUipélJidV (A.103)
\Y, \%

A.19.2 Internal Strain Energy

The internal strain energy V ~ is

vV :j 16-mdv :J. %(a“ﬂgagﬁ)"(%gyg")dv

v v (A.104)

:J‘ %J“ﬁnw(ga-gq(gﬁ )dV J‘ 0% ny,(é'yé‘ dv J‘ %Jaﬂnaﬂdv
v v v

By taking the variation of the internal strain energy, one obtains

N = 5I LE Py, 5,50V
v

gl
gl

3E P (577/1577aﬂ +17,5004p )dV (A.105)
(% E aﬁ/w&h&%ﬁ +3E aﬂwﬂwé‘ﬂaﬂ )dV

Recalling Egs. 2.B.1 and 2.B.6, one can write

Eaﬂlé — EﬂOM5 — Eﬂa&ﬂ — Eaﬂ& ’ Eaﬂﬂﬁ — Eﬂ&aﬂ (A106)
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Based on the above equalities and using the identity E“**° = E***# and interchanging the

dummy indices af and AJ in the first term of Eq. A.105, one obtains

N = (% E aﬁw&?wﬂaﬂ +% E aﬁwﬂw&hﬁ )dV
JV

Ade, apfro
= (% E % 1,500,5 +3E 77,15577aﬁ)dv
JV

\ (A.107)

= (% E i577/1557705ﬁ +3E aﬂwﬂw&hﬁ )dV
Jv

_ E afié
JV

ﬂ/155ﬂaﬂdv

A.19.3 External Work

The external work W * is

W*:J:/F-Udv =£(F‘gi)-(uig‘)dv =L F'U; (g -g')av

=j F'U;sldv =j F'U,dV
\% \Y

(A.108)

Considering that the external forces are specified, the variation of the external work is

aw*zaj F'U.dv :j Flou.dv (A.109)
\Y, \Y

A.20 Physical Components of Tensors

Defining tensors in terms of base vectors gives them power and flexibility in conducting
mathematical derivations. Nevertheless, their physical components are frequently sought in
order to provide more concrete and more realistic quantities. When this is the case, one

needs to express them in terms of the unit vectors rather than the base vectors. Recalling the

first rank tensor relation V =Vigi expressed in Eg. A.27 and multiplying and dividing the

right hand side by /g, , (/9w being the length of the base vector g;), one obtains
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V=V'g =.[g; V' 8 _\fie,, (nosumon k) (A.110)

v Gii
In Eq. A.110, e :gi/,/gii are unit vectors along the base vectors g; and the quantities

V' =/g; V' are the physical components of the first order tensor V . In the same manner,

V=Vg =o'V, 2

—Ve (nosumon i) (A.111)

f

where ei:gi/\/g“ are unit vectors along the base vectors g' and the quantities

V; =+/g" V; are the physical components of the first rank tensor V . In general for a higher
rank mixed tensor A,
A Ko
A=ATigi8ig .8
|

o @r N a1

gJJ
_Ak Je e

(no summationon i, j, k and I)

where vectors e; _i e —g— are unit vectors along the base vectors g;, g

respectively, and the quantities A;) =./g;...\[9; 9" ..v0" Al are the physical

components of tensor A
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A.22 List of symbols

a; Covariant base vectors of the middle surface

a;; First fundamental tensor defined on the middle surface of a thin shell

a Determinant of the first fundamental tensor a;;

b5 Curvature tensor of the surfaces parallel and adjacent to the middle
surface

Baﬂ Second fundamental tensor or curvature tensor defined on the middle

surface of a thin shell

a' Contravariant base vectors of the middle surface

all First fundamental tensor of the second kind defined on the middle surface
of a thin shell

g Covariant base vectors of any surface parallel and adjacent to the middle
surface

g First fundamental tensor defined within the shell

g Determinant of the first fundamental tensor gj

gi Contravariant base vectors of any surface parallel and adjacent to the

middle surface
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gl First fundamental tensor of the second kind defined within the shell

U Displacement of a point within the shell

U; Covariant components of the displacement of a point on a surface parallel
and adjacent to the middle surface along axis X'

U; Covariant components of the displacement of a point on the middle
surface along axis x'

u,v,w Components of the displacement of a point on the middle surface along

1 2 3 :

axes x-, X~ and x°, respectively

X Coordinate system/Coordinates of the system

X! Coordinate system/Coordinates of the system

XS, 2 Coordinates of the system, equivalent to x*, x? and x® , respectively

O e All Greek superscripts or subscripts range from 1 to 2

h i All Italic superscripts or subscripts range from 1 to 3

i, i Covariant unit vectors along axis x' in middle surface and adjacent

surfaces, respectively
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]

T

Contravariant unit vectors along axis x' in middle surface and adjacent

surfaces, respectively

Christoffel symbols in terms of g; and gj;

Christoffel symbols in terms of & and a; (defined for the middle surface)

Inner product

Cross product

Covariant derivative

Covariant derivative in two dimensional spaces
Kinetic energy

Potential energy

Volume

External work

Mechanical energy of the system

Components of the strain tensor on the middle surface

Components of the strain tensor adjacent to the middle surface
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naﬁ

giilm

EapAs

In-plane components of the Strain tensor

Stress tensor

In-plane components of the stress tensor

Generalized Hooke’s Law

In-plane components of the generalized Hooke’s Law

Partial derivative with respect to x’

Kronecker delta function

The covariant tensor which connects the base vectors of two different

points
Contravariant counterpart of

Density of the mass
Modulus of elasticity

Poisson’s ratio
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