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Abstract

Momenan, Bahareh. Ph.D., University of Ottawa, October 2016. Development of a Thick
Continuum-based Shell Finite Element for Soft Tissue Dynamics. Supervised by Dr. Michel

Labrosse.

The goal of the present doctoral research is to create a theoretical framework and develop
a numerical implementation for a shell finite element that can potentially achieve higher
performance (i.e. combination of speed and accuracy) than current Continuum-based (CB) shell
finite elements (FE), in particular in applications related to soft biological tissue dynamics.
Specifically, this means complex and irregular geometries, large distortions and large bending

deformations, and anisotropic incompressible hyperelastic material properties.

The critical review of the underlying theories, formulations, and capabilities of the
existing CB shell FE revealed that a general nonlinear CB shell FE with the abovementioned
capabilities needs to be developed. Herein, we propose the theoretical framework of a new such
CB shell FE for dynamic analysis using the total and the incremental updated Lagrangian (UL)
formulations and explicit time integration. Specifically, we introduce the geometry and the
kinematics of the proposed CB shell FE, as well as the matrices and constitutive relations which
need to be evaluated for the total and the incremental UL formulations of the dynamic
equilibrium equation. To verify the accuracy and efficiency of the proposed CB shell element, its
large bending and distortion capabilities, as well as the accuracy of three different techniques
presented for large strain analysis, we implemented the element in Matlab and tested its
application in various geometries, with different material properties and loading conditions. The
new high performance and accuracy element is shown to be insensitive to shear and membrane

locking, and to initially irregular elements.
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Researchers have shown that the development of many diseases (such as atherosclerosis, asthma,
and heart failure) may be associated with changes in cell mechanics, extracellular matrix
structure, or mechanotransduction (i.e., the mechanisms by which cells sense and respond to
mechanical signals) (Ingber, 2003). Therefore, it is important to be able to properly understand
and simulate the mechanical behaviour of living tissues. Furthermore, accurate tissue
deformation information and force feedback are also needed for the simulation of surgical

procedures.

While hard tissues (e.g. bone) benefit from similarities with classical engineering
materials, soft tissues (e.g. brain, blood vessels, and liver) require the use of advanced tools for
their modeling and simulation. Specifically, given the complexity of the shapes and material
properties involved, numerical solution schemes are required, such as those based on finite
element (FE) methods.

There are many potential constitutive models for different types of soft tissues. Most
constitutive models rely on the definition of a strain energy function (hyperelasticity). Selection
of the mathematical form of the strain energy function must obey multiple principles of
continuum mechanics. In addition, the material constants associated with a specific strain energy

function must be obtained from an adequate set of experiments.

Assuming that a strain energy function and material constants are properly determined,
they may or may not be available in general purpose FE software. Some commercial
programmes allow implementation of user-defined strain energy functions (Famaey, 2008).
However, user-defined strain energy functions are most often implemented using volume finite
elements such as bricks (ABAQUS, 2005; LS-DYNA, 2011; Segal, 2010). In the case of
structures with thin walls that experience bending, this undermines the performance and the
accuracy of the computational models compared to what specialized shell elements might
achieve. In the case of heart valves, where the leaflet thickness can be as small as 0.2 mm, the
requirement of several brick elements through the thickness to properly capture bending leads to
small critical time steps (proportional to dimensions of the smallest element, according to
Courant’s condition), which in turn give rise to large calculation times. For instance, in the case
of a simulation tool for studying different types of aortic valve repair based on the explicit time-

integration FE solver in commercial software LS-Dyna 971, about 8,5000 brick elements are



needed in a typical model, making the computation too lengthy (4 to 9 hours) for real time
simulations (Labrosse et al., 2011). In contrast, shell elements could potentially capture the
bending behaviour of the whole tissue thickness at once, and feature larger critical time steps,
both factors theoretically making shorter computational times possible for explicit time-

integration simulations.

Although many shell elements already exist in the literature, and some shell elements have
been proposed for the analysis of soft biological tissues, it will be detailed in Section 2.5 how
they are affected by limited capabilities in modelling complex geometries, large bending

deformations and large distortions.

The goal of the present research is to develop and implement a shell finite element that can
potentially achieve higher performance (i.e. combination of speed and accuracy) than current
shell elements, in particular in applications related to soft biological tissue dynamics.
Specifically, this means complex and irregular geometries, large distortions and large bending

deformations, and anisotropic nonlinear incompressible hyperelastic material properties.

To develop the present CB shell FE, a thorough understanding of the derivation of the detailed
kinematics for the existing CB shell elements, as well as of the implementation of
incompressible hyperelastic constitutive relations, was needed. In this dissertation, fundamental
background that is not spelled out in the literature is presented. This makes it possible to expose
some theoretical inaccuracies or mistakes that have been made by some authors over the years.

We endeavoured to identify and correct them wherever possible.

The most important contributions of the new proposed CB shell FE compared to existing
similar elements lie in its accuracy and efficiency in analyzing large bending deformations and
its insensitivity to initially irregular elements and geometries as well as large distortions.

Improvement in accuracy was achieved by employing a 9-noded quadrilateral element, two

3



independent coordinate systems to implement the kinematic and kinetic assumptions of the
modified Mindlin-Reissner shell theory, and proper selection of the number of integration points.
Insensitivity of the present CB shell FE to large deformations, and initially irregular elements
and geometries made it possible to use fewer, larger elements, which, combined with formulation
of Section 3.16, allowed for larger time step (At). Overall efficiency was achieved by
circumvention of the equilibrium iterations, reduction of the number of elements, and increased At.

These claims were tested and verified.

In addition, three techniques presented in Section 3.10, and a fiber length update algorithm
presented in Section 3.11 were developed to enable accurate modelling of large in-plane and out of
plane (3D) distortions, and large 3D strains. Technique 1 details the appropriate derivation of the
constitutive relations from the hyperelastic strain energy function, their transformation to the current
configuration within the lamina coordinate system, and the direct application of the zero normal
stress condition through volume evolution constraints. Techniques 2 and 3, which allow for the
accurate modelling of large strains using a constant constitutive tensor in the total and incremental
UL formulations, bypass the need of determining the material constants used in Technique 1 for

hyperelastic strain energy functions. The accuracy of these techniques was verified (in Chapter 4).

The current Chapter 1 presents a brief introduction to the importance of understanding and
simulating biological soft tissues; the overall objectives, motivation and contribution of the

research are provided.

Chapter 2 begins with a brief introduction to the properties of biological soft tissues.
Then, the application of finite element formulation for the modeling of soft tissues, and the
relevant capabilities of existing commercial and open source software packages are reviewed.
Next, the capabilities of existing shell theories and CB shell elements are investigated. Finally,
derivation of the constitutive relations, methods for enforcing incompressibility, and application
of the zero normal stress condition are presented. This chapter is concluded by a summary of the

pros and cons of the CB shell elements that are most applicable to the present work.



Having the background knowledge (state of art) discussed in Chapter 2, all our
modifications and new developments are presented in Chapter 3. This chapter details the
kinematics and Kkinetics development of our hyperelastic anisotropic incompressible nonlinear
dynamic CB thick shell element using the total and the incremental updated Lagrangian

formulation.

We implemented our CB shell element in Matlab. In Chapter 4, quantitative results
obtained from multiple tests concerning different geometries, material properties, loading
conditions, and modes of deformation are presented, and the accuracy of the results is discussed

against existing solutions from the literature.

Chapter 5 discusses and concludes the contributions and limitations of the present CB

shell finite element, based on the accuracy and reliability of the results obtained.
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Soft tissues are composed of living cells embedded in extracellular matrix. Cells are the
fundamental functional unit of tissues and organs. There are about 200 different types of cells in
the human body which serve different functions. The extracellular matrix consists of collagen,

elastin and ground substance.

The main characteristic of soft tissues is their capability to sustain large (i.e. non-
infinitesimal) deformations under physiological or abnormal conditions. Researchers have shown
that the aligned fibrous structure of biological soft tissues gives rise to anisotropic hyperelasticity
in the physiological ranges of strain rates (Fung, 1967). Additionally, the observation that a
significant portion of the tissue volume is composed of water that appears to be tightly bound to

the solid matrix justifies the assumption that soft tissues are largely incompressible.

Because of their complex mechanical properties associated with finite deformations, it is

important to study soft tissues using the proper theoretical framework.

Finite element analysis is being applied with ever increasing frequency to examine problems in
the biological and clinical realms. Quite often, this requires that nonlinear soft tissues be
represented in the models. While linear elasticity may be useful to model bone tissue, it is not
suited for soft tissue mechanics. The reasons are that:

1. most soft tissues undergo strains that qualify as large deformations (geometric
nonlinearity),
2. the relationship between stress and strain for soft tissues is generally nonlinear (material

nonlinearity).

Therefore, the stiffness of a soft tissue will change with deformation, unlike a linear elastic
material where the stiffness is constant as long as the material is in the elastic range. In general,
soft tissues are hyperelastic (they may be able to sustain strains of up to 800% without any
permanent deformations), nearly-incompressible, and anisotropic (due to their aligned fibrous

structure).



As described in (Belytschko et al., 2000), shell finite elements can be developed in two ways:

1. by using a weak form of the classical shell equations for momentum balance (or
equilibrium),
2. by developing the element directly from a continuum element by imposing special

structural assumptions. This is called the continuum-based (CB) approach.

Since the governing equations for nonlinear shells are usually formulated in terms of curvilinear
components of tensors, features such as variations in thickness are generally difficult to

incorporate. Therefore, the first approach is not efficient for the purpose of this project.

On the other hand, the CB approach is simpler and provides a more appealing framework
for developing shell elements. Basically, a CB shell element (Figure 2.1) is developed by
imposing the kinematic or kinetic assumptions of the shell theory of interest on the discrete
equations of the continuum finite element (i.e. equations of motion), such that it is modified to
behave like the shell of pre-specified properties. This approach is also called the degenerated
continuum approach. The shell element produced is called a continuum-based (CB) shell

element. Bathe and Bolourchi (1979) praised CB shell elements for their:

e generality in the analysis of two and three dimensional continuum problems,

e independence to any specific classical plate or shell theory,

o ability for direct discretization and interpolation of the geometry and the displacement
field of the structure as the analysis of continuum problems,

e efficiency in the analysis of general structural configurations by using variable-number-

nodes.

The CB approach is widely used in commercial software and research. Therefore, the

present research is concentrated on the CB methodology.
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However, two possible shortcomings of CB shell elements are shear and membrane lockings. A
detailed study of these locking types will be presented in Section 2.8, and their prevention will be

addressed in the development of our CB shell element.

In finite element methods, continuous models are approximated using information at a finite
number of discrete locations. Dividing the structure into discrete elements is called
discretization. Interpolation of the solution between the discrete values obtained at nodes is
achieved through interpolations (also called shape) functions within the elements. Basically,
considering Figure 2.2, knowing the value of any variable of interest at the nodes (®;), its value
at any location inside the element is evaluated by substituting the corresponding parent
coordinates (r and s) inside the shape functions, and multiplying them by the value of the

variable of interest at the nodes. That is:

0,
@(r,s) = [Ni(r,s) No(r,s) - Ny, (r5s)] ¢2 vrse[-11],

Nen



where [N] = [Ni(r,s) Np(r,s) -+ Ny, (r,5)] is called interpolation matrix, and n.,

represents the number of element nodes.

Figure 2.2: 4 to 9 variable-number-node 2D element. r and s are the parent (also called

natural and/or curvilinear) coordinate system (adapted from Bathe, 1996).

The interpolation functions of a biunit square element having 4 to 9 variable-number-nodes are

given in Table 2.1.
Three rules are associated with shape functions:

1. N; =1atnode i, and 0 at other nodes, for i = 1 to n,,,
2. atNode i, only N; = 1, the others are 0,
3. YrnNi(r,s)=1 Vrse[-11].

Shells are essentially curved plates and thus, more than two nodes per edge are required
to represent the curved geometry. Inclusion of internal nodes enhances the accuracy of an
element by achieving higher degrees of polynomial completeness (Hughes, 2000). Thus, we
adopted a quadrilateral shell element formulation with three nodes per side, and one central node,
for nine nodes in total. The literature refers to such elements that include interior nodes as

Lagrangian elements.
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Table 2.1: Interpolation functions (Bathe, 1996).

Include only if node i is defined

i=5 =6 i=7 i=8 i=9
1 1 1 1
1\’1= Z(1+T')(1+S) —§N5 —ENS —ZNQ
1 1 1 1
N2: Z(l—r)(1+s) —§N5 _§N6 —ZNQ
1 1 1 1
N3: Z(l—r)(l—s) —ENG —EN7 —ZNg
1 1 1 1
N4.= Z(1+T)(1—S) —§N7 —ENS —ZNg
1 1
N5 = E(l—rz)(1+s) —§N9
1 1
N6: 5(1—52)(1—7') _EN‘B
1 1
N, = E(l -r?)(1-5) —ENe
1 1
Ng = 5(1 —sH(1+7) —§N9
Ng = 1-r>)(1-s?

2.2.3 Principle of virtual work

The principle of virtual work (PVW, also called the principle of virtual displacement) forms the
basis of the displacement-based finite element solution. The material covered in this section is
taken from Bathe (1996) and Bathe et al. (1975), unless otherwise specified.

The PVW, in statics, states that if the work done by the external forces on the structure is
equal to the increase in strain energy for any set of admissible virtual displacements (i.e.

satisfying the prescribed displacements), then the system is in equilibrium. Thus:

11



where

k

k

T T
Z fv (m){ag(m)} {o’(m)}dV(m) = Z{5u(m)} {Rzg?t)emaz} v {5u(m)}’ { 65("0},
m=1

m=1

{6u(’”)}: virtual displacement vector (independent of actual displacements),

{68(’”)}: virtual strain vector (corresponding to virtual displacements),

{ot}:  stress vector corresponding to the equilibrium under {R(’") }

external
external

{R(m) }: the externally applied loads,

(m):  element number,

Yk_, : finite element assemblage.

Note that the adjective “virtual” denotes that the displacements and the corresponding strains are

not “real”. In other words, the body does not actually undergo such displacements and strains as

a result of the loading on the body. Instead, the virtual displacements are totally independent

from the actual displacements.

where

In geometric and material linear analyses {c™} = [C]{¢™} and {¢™} = [B]{U™)},

[C]:  material tangent modulus (also called elasticity tensor),
{e™M}.  strain vector,
[B]: linear strain-displacement transformation matrix, obtained from taking the first

derivative of interpolation matrix [N] with respect to the parent coordinates,

{U™}:  nodal displacements.

12



Therefore {o™} = [C][B]{U™]. In addition, the vector of virtual displacements and
virtual strains are obtained from the nodal point virtual displacements by {du} =

Yk 1[NJ{8U™} and {8e} = ¥k _,[B]{6U™}. Substituting these into Equation 2.1 yields:

“ k
N T rp1T (m) (m) — amnT (m) -
mZ:l V(m){au } [BI"[C][B]{U™}av mzzl{au YIRS, ) v {5U),

Knowing that the nodal displacements ({U(m)}) and nodal virtual displacements

({6U (m)}) are independent of the volume of the body, they can be taken out of the integral.
Doing so, and cancelling out the nodal virtual displacements present on both sides of the
equality, the PVW for geometric and material linear analysis reduces to:

k
Z L(m) V(m) {U(m)} 2 Rgrazf)ernal}

m=1

However, in the nonlinear analysis, due to the nonlinearity in the geometry and material
properties, an incremental approach is needed. Taking one step back, dropping the summation

sign, and writing Equation 2.1 in indicial notation for convenience, gives:

j/} T+A§O_U 5THA ﬁgljd 'BV = Su; T+A‘L’Riexternal v Su;, 5THAT e
%4

where the left superscript (t + A7) represents the time configuration under study, the left
subscript (B) represent the reference configuration, the right subscripts are the indices, du;
represents the virtual displacement increment, and Einstein summation applies on the repeated
indices. Depending on the type of formulation, either the current (t) or the initial (0)
configurations can be taken as the reference configuration (8). Configurations considered in

nonlinear analyses are illustrated in Figure 2.3.

13



Configuration corresponding Suy
to variation in displacement du = |du,
T+AT 5u3

ou on u
T+AT T+AT T+AT
P52, s, X3)

Configuration at time 7 + At
Surface area *TA7SS

Volume **27y
Configuration at time 7
Surface area S/
Volume 'V

(", %5, %)

Configuration at time 0
Surface area °S”

> Volume °V
X2
T+Arxi ! Oxi i T+Arui
X = "+ Tuy {2123
xl T+AT

Xi = 1xi + U;
Figure 2.3: Configurations considered in nonlinear analyses (adapted from Bathe (1996),
page 499).
The incremental decomposition suggests that:

Equation 2.4

T+AT _ T
BOij = pYij + pTijs

Equation 2.5

T+AT _ T
pEij = pEij T péij-

In the above formulation zo;; and ge;; represent the increment in stresses and strains from time

step t to time step T + At, respectively. Furthermore, the strain increment is decomposed into:

Equation 2.6
pEij = pgeij T pMij»

where ge;; is linear in displacement increment from time 7 to 7 + Az (denoted by w;) such that

14



1
peij =5 ( pUij + puj,; + initial displacement effects),

where

1 displ ff { 0 i p=r
initial displacement effects = . )
oUk,i okt oUkioUk,; if B =0

and

plij =

1
5 Bk plicj»

where gn;; is nonlinear in displacement increment from time 7 to = + Az (denoted by w;). In the

above expressions and in what follows, comma between the indices represent partial derivatives,
thus:

pUL] = TF

where x; is the indicial representation of the position vector with respect to the reference

configuration (f3).

Considering Equation 2.5, ze;; represents the straining of the body from the reference to
the current configuration (the strains that the body has actually undergone, thus, real and/or
known strains), and se;; represents the strain increment between time step = and future time step
T + At (i.e. the body has not undergone this straining yet). Also, knowing that the virtual strains
associated with a real (known) strain is zero (i.e. & Efu = 0), the virtual strains from the
reference configuration to the future configuration (5”%’51-]-) can only include the virtual
incremental strains. Thus:

8" %1 = 6 peyj,

where the virtual incremental strains, adapted from Equation 2.6, are

15



6ﬁgij = Sﬁeij + 6[‘?7]1]

Knowing that the virtual strains associated with a real (known) strain is zero, using Equation 2.7

and Equation 2.8, § ge;; and & 4n;; are obtained from:

1
S pgeij = > (6 pUij + 6 gu;; + &(initial displacement effects)),

0 if =1
where 6 (initial displacement effects) = { . ,
P 0Uk,i O oUkj + 6 oU;ouk,; if B =0

and

1
8 gmij =5 (8 gitei pite + puni 8 it ),
Similar to Equation 2.9:

G(Sui)

O pu;; =
B aﬁx]

)

where du; is the virtual displacement increment.

As identified by Equation 2.12, § ze;; is linear in virtual displacement increment, but

does not contain any displacement increment. Furthermore, according to Equation 2.13, § zn;; is

linear in both displacement increment and virtual displacement increment.

Substituting Equation 2.4 and Equation 2.10 in Equation 2.3 gives:
fﬁ (,l‘?ro-l’]’ + ﬁaij) 6,881']' d ﬁV = 6ul- T+ATRiexternal v Sui,é‘ﬁsij,
1%
which is expanded to:
fﬁ ,l‘?ro-ij 6,381']' d ﬁV + fﬁ ﬁo-ij 6,881']' d ﬁV = 6ul~ T+ATRiexternal A 6ui,6ﬁeij.
%4 %4
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Inserting Equation 2.11 in the first integral of Equation 2.14 and expanding, gives:

fﬁ EUl]5ﬁ€l]dﬁV+fﬁ éULJSﬁUL]dﬁV'*‘fB ﬂalj6ﬁgl]dﬁv
14 14 %4

T+ATR external
i

= Sui A Sui,Sﬁeij,(Yﬁnij,é'ﬁeij.

Considering that zo;; and & ge;; (Equation 2.12) do not contain displacement increment, and that
& gm;j is linear in displacement increment (Equation 2.13), the first two integrals of Equation
2.15 are linear in displacement increment (u;). Considering the third integral, the stress
increment oy, contains strain increment ge;;, which according to Equations 2.6 to 2.8, are
nonlinear in displacement increment ;. In addition, according to Equations 2.11 to 2.13, § g¢;;

contains terms that are linear in displacement increment. Thus, the third integral is highly
nonlinear in displacement increment, and needs to be linearized using a Taylor series expansion.

In a simple 1D case, a Taylor series expansion operates as follows:

0
fx+h)—f(x)= % X h + higher order terms.

Knowing that so;; = ”Agaij — Eaij, a Taylor series expansion applied to the stress increment

results in:
9 503 .
gOij = 3% |+ pErs T higher order terms.
BETs
. 0o L. ) . )
Noting that a‘i:’ = pCijrs , and substituting Equation 2.6 in the above, gives:
BELS

g0 = [)’CUTS( gers + Bnrs) + higher order terms.

Substituting Equation 2.11, and Equation 2.16 in the third integral of Equation 2.15, gives

fﬁ ﬁo—ij Sﬁgij d'BV =
%4
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fBV( Cijrs( gers + pghirs) + higher order terms) (6 ge;; + & pn;;) d Ay.

Next, neglecting the higher order and nonlinear terms, the third integral of Equation 2.15 is

linearized to:

fﬁ ﬁaij 6ﬁgij dBV = fﬁ ﬁCijrs ﬁers 6ﬁeij dBV
14 14

Finally, the linearized (in displacement increment) PVW in geometric and material nonlinear

analyses (to first order) becomes:

fﬁ EO’U 6[36” dﬁV_I_fﬁ EO'U 637]” dﬁV-I_fB ﬁcijrs ﬁersaﬁeij dBV
%4 %4 1%

T+A‘L’R external
i

= Sui A Sui,Sﬁeijﬁij.

Converting Equation 2.17 to matrix form, and using relations {Su} = ¥¥,_,[N]{6U™)} and
{6} = $n=1[B]{6U(m)}, the linearized PVW in geometric and material nonlinear analyses

becomes:

k
mNT[tp 17( 7, g By (m)
> fs0 T e
m=1
k
N P A PN M
m=1 BV(m)
k
N MR I A o A e
=1 v

k
T
= > foumy R L) v s,

=1

3

where

[5BL1{6U™} = {8 ge},
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[5Bru{5U™} = {8 pm},
[3B.].[fBn]:  linear and nonlinear strain-displacement transformation matrices,

respectively,
{6e}:  virtual strain vector corresponding to {6u},

{3o™}:  stress vector (in Voigt notation),

[Zo@™]:  stress matrix.

The most common forms of the external forces are the body forces {fB } surface forces

{fsf}, and point loads {f; }. Thus:

{H_A‘[Rexternal} — , {‘L’+A‘L’fB }d ﬁV + fﬁ ) {T+Arf5f}d BSf + {r+A‘rfC }
14 S

If the applied forces vary with time, then the displacements must also vary with time.
Note that Equation 2.18 is a statement of equilibrium for any specific point in time. However, if
loads are applied rapidly, with respect to the natural frequencies of the system, inertial forces
need to be considered (i.e. a dynamic solution is required). In addition, in actually measured
dynamic responses of structures, it is observed that energy is dissipated through vibrations. This,
in vibration analysis, is usually taken into account by introducing velocity-dependent damping
forces. Therefore, the results of static finite element analysis can be expanded to the dynamics

analysis using the d’Alembert’s principle. In this principle, the elemental inertial and damping

forces {*+*2df,"™} and {"*2df, ™} are given by Equation 2.20 and Equation 2.21:

{T+Adf'1 (m)} — _p{T+ATﬁ(m)}dV
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{T+Ade(m)} — —[u]{TJrATiL(m)}dV,
where
p:  mass density,
[u]:  viscous matrix,
{TrA7m}. acceleration vector,
{T+A7 M. velocity vector,
In Equation 2.20 and Equation 2.21, the minus sign describes that these are resistive forces.

Using d’Alembert’s principle, the inertial forces can be included as part of the body
forces in the dynamic principle of virtual work. Rewriting Equation 2.20 and Equation 2.21 in

matrix form and substituting them, along with Equation 2.19 in Equation 2.18, gives:
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k
Tr: T(r
Z fﬁv(m){GU(m)} [3B.] {5o™}d By
m=1
k
+ Z fﬁ {6U(m)}T[§BNL]T[§U(m)][EBNL]{U(m)}d /S’V(m)
m=1 ym)
k

¥ z f/" (m){(gU(m)}T[éBL]T[ﬁC] [EBL]{U(m)}d By m)

k
m=1 y(m)

|
-

f {6U(m)}T[N]T['u][N]{T+ATU(m)}d By m)
By @m)

+
AN

fﬁ X ){6U(m)}T[N]T{T+ATfB(m)}d Bv(m)
ym

1

N~

NI AT [T+aT (M) 4 B or(m)
fﬁgf(m){aUm} V] { fo }d §

1

{5U(m)}T {1:+A‘L’ f C(m)} v {6U (m)}.

+
N~ 3

3
I

In Equation 2.22, {§U™},{**A7(j(m)}, {=+477(m} and {U™} are independent of the volume
and surface area and thus can be taken out of the integrations giving Equation 2.23. Noting that
the virtual displacements {6U(’”)} are on both sides of the equality, they vanish. Thus, after

simplifying and rearranging, the P\VVW for the nonlinear dynamic analysis yields Equation 2.24.
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k
PN R A R PR T
~ By am)

+ Y sy [, oo 3Bl o™ 3Bl P ()

m=1

k
v z{ww [, T pcligmlafvim (uem)
Vm
Z{w(m)} [, TPy gy
(m)
m=1

_ Z{6U(m)]T jﬁ ( )[N]T[u][N]d By m) )
Vm

k

Z{é‘(](m)} fB . T+Arf(m)}dﬁv(m)

m=1

+ Z{é‘u(m)} fB ( ) T+ATf(m)}dﬁSf(m)
Gr(m

m=1
k

+ (U (o) sy}

=1

=

M:c

B (m) (T+ATf5(m) f By, (m) (T+ATy7(m)
%4 U + E arv U
fﬁy(m) { } Bv(m) V] { }
* Z f [3B.] [ ClI5BL]d v {um}
Bym)
m=1
+ E fﬁ (3B [5o™][5Brs]d v m {um)
v

‘L'+A‘L' (m)) g By m) Z f T+AT £(M)) 5 B o f (M)
Z.[ﬁv(m) I } e ﬁsf(m) { fsf }d >

k

T
+ z frrarpm) z fﬁv(m)[EBL] {Fom}aPyom.
m=1

m=1

&
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For simplicity, Equation 2.24 can be rewritten as:

() + D0+ (K] + [ ) = (775) - (37,

where

k
_ Z f 1d Py am,
- By(m)

m=1

k

pl=Y f (N]d Py o™,
ﬁv(m)

m=1

K
T
[5KL] = Z fﬁ ( )[EBL] [ sClEBL]d v im,
m=1 vim
0= Y. [, o i i Javen,
+A T+AT (m) ﬁ (m) T+AT (M) 4 Bcp(Mm)
v TR} Z]ﬁ (m) I } v Zfﬁsf(m) { fo }d S
k
+ Z{T+AT (m)
m=1

k
G =Y [, e Goa v
= By (m)

In the following finite element discretization, it is assumed that the damping effects (present in

Equation 2.25) are negligible, or can be modeled in the nonlinear constitutive relationships (for

example by use of a strain-rate-dependent material law).
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Recall that the left subscript g represents the reference configurations, and that the
reference configurations is taken as the initial (0) and the current (z) configurations, respectively,
in the total Lagrangian (TL) and the updated Lagrangian (UL) formulations. Thus, the dynamic
nonlinear finite element equations of motion in these formulations are obtained by replacing left
subscript g in Equation 2.25 with the corresponding time configuration (0 or 7). In addition, to
obtain the FE solution at time T + At, the equilibrium condition can either be considered at time
T + At or at time 7. Due to the dependency of the solution on the equilibrium state in the former
formulation (where equilibrium at time 7 + At is considered to obtain the solution at time t +
At), an implicit time integration is needed. On the other hand, if the equilibrium at time 7 is
considered, the solution at time = + At can be explicitly solved for. The equilibrium equations

for each of the aforementioned formulations are listed below:

Total Lagrangian formulation (TL):

Implicit time integration:
[MI{™* 47U} + ([§K.] + [§KnDIUY = 7R} = (FY.
Explicit time integration:
[MI{ "0} = { "R} - {§F}:

Similar to Equation 2.25, the above finite element matrices are evaluated as follows:
HARY WAL AT
14
(5Kl = [ (8w 35151,
14

°F) = f (5B, 17 (3S}dOV.
\%4
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Updated Lagrangian formulation (UL):

Implicit time integration:
[MI{"*0} + (3,1 + K D{UY = (TR} = (3F3.

Explicit time integration:
[MI{ U} = { "R} — (iF}.

The above finite element matrices are evaluated as follows,

(7K1 = | 1B ] leIdv,
14

(TKys] = j [*Bus]"[ o] [*Bys]d"V,
Ty

(tF} = f [TB,1"{ “o}d"V.
Ty

Both formulations (TL and UL):

{T+ATR} — fo

4 m=1

The arrays present in both (TL and UL) formulations are termed as follows:
[M]: mass matrix,
[6K. 1, [EK.]: linear incremental stiffness matrices,

[6Kni], [EKy.]: nonlinear incremental stiffness matrices,

k
[N]T{HATfB}dOV-'_fosf[N]T{T+ATfo}dOSf+ Z{Hmfc(m)}_
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{"**"R},{ "R}: vectors of externally applied nodal point loads at time 7 + At and t

respectively,
{ °F},{SF},{%F}: internal nodal point force vectors,
{U}: vector of incremental nodal point displacements,
{*27},{ TU}: vectors of nodal point accelerations at time t + At and T respectively.
[N] : displacement interpolation matrix,
[sB.],[%B,] : linear displacement transformation matrices,
[sBnL], [EBy.] ¢ nonlinear displacement transformation matrices,
[ ,C].[ :C] : material tangent modulus matrices,
[5S]: second Piola-Kirchoff stress tensor,
IS} : vector (in Voigt notation) of the second Piola-Kirchoff stresses,
[ *o] : Cauchy stress tensor,

{ Ta} : vector of the Cauchy stresses (in VVoigt notation).

Selection between the total Lagrangian and the updated Lagrangian formulations depends on
their relative numerical efficiency. According to Bathe (1996), all matrices of both formulations
(including [ZB,]) contain many zero elements, except [§B,] which is a full matrix and contains
no zero terms. The strain-displacement transformation matrix [§B;] is full because of the initial
displacement effect in the linear strain terms. Therefore, computation of the matrix product

[2B,]"[ .C][%B.] (Equation 2.28) in the UL formulation is less expensive than that of
[5B.17[ oC|[5B.] (Equation 2.26) in the TL formulation (Bathe et al., 1975).

From a different point of view, in the TL formulation, all derivatives of interpolation

functions are with respect to the initial coordinate system, whereas in the UL formulation, all
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derivatives are with respect to the current coordinates at time t. Therefore, in the TL
formulation, the derivatives could be calculated only once in the first load step and stored in
back-up storage for use in all subsequent load steps. In 1996, Bathe claimed that this storage is
expensive and in a computer implementation the derivatives of the interpolation functions must
be recalculated at each time step for better accuracy (Bathe, 1996). Later, in 2007, Miller et al.
claimed that: “The advantage of the UL approach is the simplicity of incremental strain
description. The disadvantage is that all derivatives with respect to current configuration must
be recomputed in each time step, because the reference configuration is changing. The reason
for this choice is historical—at the time of solver development the memory was expensive and
caused more problems than actual speed of computations”. Although storage is not a problem
nowadays, the displacement transformation matrices for the finite elements (such as shells) that
have rotational degrees of freedom must be updated at each time step and thus, as mentioned by
Bathe (1996), the derivatives must be recalculated for each time step for better accuracy.

In addition to the above arguments, the great majority of commercial finite element
programs (example: Ansys, ABAQUS, LS-Dyna, etc.), as well as other authors such as
Belytschko et al., (2000) and Bonet and Wood (2008) have only adopted the UL formulation to
analyze the nonlinear dynamic problems. This indicates that the UL formulation is agreed to be

an efficient formulation.

The output of the finite element formulation in nonlinear dynamics is a set of nonlinear ordinary
differential equations in time. To construct the solution to a nonlinear dynamics problem, and as
mentioned in the previous section, implicit or explicit time integration schemes are used. For

nonlinear problems using the implicit method:

e the solution is obtained using a series of linear approximations. Therefore many
equilibrium iterations may be necessary for each time step;

o the solution requires inversion of the nonlinear dynamic equivalent stiffness matrix;

o small iterative time steps may be required to achieve convergence;

e convergence is not guaranteed for highly nonlinear problems.
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On the other hand, in an explicit finite element formulation, the solution proceeds with many
inexpensive time steps. For very large models with a large number of degrees of freedom,
solution by explicit integration can represent significant savings in computational costs as
opposed to implicit integration. Furthermore, convergence can be assured by respecting a
maximum time step criterion (At..iticar ) (Bathe, 1996; Belytschko et al., 2000). Therefore the

explicit method is proposed to be used for the nonlinear finite element theory explored below.

The central difference operator is the most common explicit time integration operator used in
nonlinear dynamic analysis (Bathe, 1996). The central difference method is based on the second
order approximation of the differential equations of motion. The equilibrium of the finite element
system (Equation 2.27) is considered at time 7 and the displacement at time t + At needs to

be calculated.

Therefore, using the central difference method, the second time differential is

approximated by:

T—ATU} _ 2{ ‘L'U} + {‘L’+A‘L’U}
At?

()=t

It is also known that

{ rU} _ _{‘L’—AT[JZ};[{T+ATU}.

By rearranging Equation 2.27 one gets:
{70} = M7 ({"RY = (TP,

where, the dimension of the square mass matrix [M] is equal to the total number of the degrees
of freedom of the system, and thus computation of the inverse of the mass matrix is
computationally expensive. However, if [M] is diagonalized (also referred to as mass-lumping),

the inversion process is circumvented and the above equation becomes:
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where [M;;] is the diagonalized (lumped) mass matrix. Thus, substituting Equation 2.29 into

Equation 2.31 gives:

{T—ATU} _ 2{ TU} + {T+ATU} _
Az - [My]

{"RY—{F}),

and

A 2
{T+ATU} — 2 ({ TR} _ { TF}) + 2{ TU} _ {T_ATU}.

[M;;]

Equation 2.32 confirms the explicit form of the central difference approximation: to compute

displacement {”ATU}, only the displacements in the two previous time steps are needed.
In summary for nonlinear problems with the explicit method:

e adiagonalized mass matrix is required for simple solution,

e the equations become uncoupled and can be solved for directly (explicitly),

e no inversion of the stiffness matrix is required,

e the linearity (elastic) or nonlinearity (hyperelastic) of the constitutive relations are
embedded in the formulation of the internal force vector ({ *F}).

e the major computational expense is in calculating the internal forces,

o AT < AT piticaq; @re required to maintain stability.

As shown in Equation 2.32, the calculation of {**2*U} involves { “U} and {*~*"U},
Therefore, a special starting procedure must be used at T = 0 to calculate the solution at the
previous time step, (i.e. at time —At). The procedure followed herein is adopted from Bathe
(1996). Since { °U} and { °U} are known and { °U} is calculated from Equation 2.31 at

time 7 = 0, the relations in Equation 2.29 and Equation 2.30 can be used to obtain:
—At 0 orn 4 AT (o
("} = { U} - ae {0} + - °01}
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The solution procedure considered can only be solved with a computer program. To minimize
programming work, the original intention was for us to determine which existing package could
be used as a basis onto which a special shell finite element for soft tissues could be added. In this
section, current commercial and open source finite element software packages are reviewed for

their potential capabilities to model soft tissues.

The explicit method of solution used by LS-DYNA provides fast solutions for short-time, large
deformation dynamics, quasi-static problems with large deformations and multiple

nonlinearities, and complex contact/impact problems (ANSYS, 2008).

LS-DYNA has numerous applications which span many fields of engineering and
physics. LS-DYNA'’s features can be combined to model a wide range of physical events. LS-
DYNA finds applications in biomechanics and in modelling heart valves (LSTC Aplications,
2011).

LS-DYNA’s element library includes shell elements (3, 4, 6, and 8-node including 3-D
shells) and membranes (LS-DYNA, 2011). However, these shell elements are either limited to
small rotational strains (Section 2.4.1), or are more applicable when combined with plastic as
opposed to hyperelastic material properties (Section 2.5.1). In addition, no shell model can
currently be combined with anisotropic hyperelastic material models. Therefore, our research

group has been using brick elements for many years in all its models of heart valves and aortas.

NEi Explicit is an explicit solver integrated within the NEi Nastran environment. NEi Explicit

can solve complex nonlinear material problems, large deformation contact problems, and very
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large static and quasi-static models. The NEi Explicit solver is well suited for large types of
nonlinear problems providing fast and robust performance because there are no matrices formed,
which means a small memory footprint for the model. The explicit architecture lends itself to
scalable parallel performance, and large deformation contact solutions with highly nonlinear
material behavior (NEI Explicit, 2011).

NEi Explicit can solve problems with shell elements. Furthermore, the Nastran library
includes hyperelastic elements that are intended for fully nonlinear analysis including the effect
of large strain and large rotation. In addition, the elements are especially designed to handle
nonlinear elastic materials at the nearly incompressible limit (Nastran, 2005). Anisotropy can be
specified for all types of shell elements. The hyperelastic elements can be defined on the same
connection entries as the other shell and solid elements. The above information about NEi
Explicit relies on the available documentation (NEI Explicit, 2011). From past experience, the
real capabilities of the software can only be evaluated by direct trial, and unfortunately, NEi

Explicit was not available to us.

ABAQUS is a commercial software package for finite element analysis and has the ability to
solve a wide variety of simulations. ABAQUS consists of three core products, namely:
ABAQUS/Standard, ABAQUS/Explicit, and ABAQUS/CAE. ABAQUS/EXxplicit is focused on
transient dynamics and quasi-static analyses using the explicit approach (ABAQUS, 2013).

ABAQUS’s shell element library is divided into three categories consisting of thin (small
rotational strains), thick (large rotational strains), and general-purpose 3D (applicable to both
thin and thick) shell elements. However, ABAQUS/Explicit provides only general-purpose shell
elements. These general-purpose shell elements are either axisymmetric, triangular, three-
dimensional (not CB), or small-strain elements (ABAQUS, 2013). Thus, one of the major
limitations of ABAQUS is that CB shell elements cannot be used with the hyperelastic material
models. For instance, ABAQUS was used to model breast tissue as hyperelastic material
undergoing finite deformations (Samani A., 2004). However, the authors noted that, due to the
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aforementioned limitation, conventional shell elements should ideally have been used instead to

accommodate the large deformations.

Many of the constitutive models in ABAQUS require tensors to be stored to define the
state at a material calculation point. Such “material state tensors” are stored as their components
in a local, orthonormal, system at the material calculation point. The orientation of this system
with respect to the global é,, €,, &5 spatial system is stored as a rotation from the global axis
system. With isotropic materials, the material basis is always the same as the element basis, but
for structural elements, the material basis changes with time. For anisotropic materials, the
material basis must be defined by the user and rotates with the average rigid body spin of the
material. In this case, the material basis and the element basis are not the same. When anisotropic
material behavior is defined in continuum elements, a user-defined orientation is necessary for
the anisotropic behavior to be associated with material directions, which adds complexity
(SIMULIA, 2011).

Considering that we are interested in using an incompressible hyperelastic CB shell finite
element for explicit time integrations, ABAQUS did not turn out to be an applicable software

package.

SEPRAN is commercially available finite element software. It includes preprocessor
(SEPMESH), computational engine (SEPCOMP) and postprocessor (SEPPOST). An advantage
of SEPRAN is that if the user does not want to use the standard program SEPCOMP, an
alternative main program can be written. The main program written by the user may also contain
pre-processing and post-processing. The programing language is standard FORTAN 77 (Segal,
2010). SEPRAN allows manipulation of stiffness matrices, stresses and displacements without
access to the source code. A concrete and complete theoretical manual for SEPRAN is not
available in the literature. SEPRAN was recently used (Speelman, et al., 2008) to calculate the
local stresses and the corresponding deformations at the wall of abdominal aortic aneurysm in an
incompressible isotropic non-linear hyperelastic material model. However, to our best

knowledge, SEPRAN has a limited element library and its most applicable element to our work
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would be thick plate elements. In addition, SEPRAN is only capable of implicit time integration

for solid elements.

Moving away from commercial packages, the capabilities of relevant open source packages are

investigated next.

FEAP is non-commercial software written in FORTRAN. The FEAP program includes options
for defining one, two, and three dimensional meshes, defining a wide range of linear and
nonlinear solution algorithms, graphics options for displaying meshes and contouring solution
values, an element library for linear and nonlinear solids, thermal elements, two and three
dimensional frame (rod/beam) elements, plate and shell elements, and multiple rigid body
options with joint interactions. Constitutive models include linear and finite elasticity,
viscoelasticity with damage, and elasto-plasticity. This is a code for people interested in
performing finite element code development research and those with particularly unusual
problems that cannot be handled by commercial codes (FEAP, 2012).

FEAP is capable of modeling nonlinear, incompressible and hyperelastic materials
provided that the corresponding constitutive equations and finite element equations are used. The
source code of the full program is available for compilation using standard operating systems.
The system may also be used in conjunction with mesh generation programs that have an option
to output nodal coordinates and element connection arrays. In this case, it may be necessary to
write user functions to input the data generated from the mesh generation program. FEAP is the
companion to the books: "The Finite Element Method, 6th edition, Volumes 1 and 2 (but not Vol
3)", authored by O.C. Zienkiewicz and R.L. Taylor and published by Elsevier, Oxford, 2005 (A
Finite Element Analysis Program, 2011).

FEAP includes an integrated set of modules to perform:
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1. input of data that describes a finite element model,

2. an element library for solids, structures and thermal analysis,

3. construction of solution algorithms to address a wide range of applications,
4. graphical and numerical output of the solution results.

Furthermore, a Matlab interface is a standard part of versions 8.1 and later. The Matlab program
permits easy solutions using many different algorithms.

Despite all the advantages mentioned above, FEAP’s capabilities for modeling

isotropic/anisotropic material properties, and large rotational strains are not revealed.

Continuity 6 is a problem-solving environment and is used for multi-scale modeling and solving
problems in biomechanics, biotransport and physiology. It also has tools to facilitate symbolic
model authoring and compilation, and mesh generation including simple image processing, mesh

fitting, and mesh refinement.

Continuity 6 is based on Python, a high-level, object-oriented, open-source language for
scripting and component integration. In addition to multi-scale modeling tools, Continuity 6 also
has facilities for least-squares fitting of anatomic meshes and parametric models to experimental
data including medical, morphological and histological images, physiological and biomechanical
measurements. It is designed to facilitate interoperability with Microsoft Excel and Matlab. The
distribution includes a suite of examples and data including anatomic, material and cellular
models (McCulloch, 2011). Continuity contains the Mesh Module, Imaging Module, Fitting
Module, Biomechanics Module, and Electrophysiology Module. The capabilities of the

Biomechanics Module are discussed in what follows.

The Biomechanics Module is used for setting up, specifying and running biomechanical
models. It enables modeling soft tissue deformations as a function of the boundary conditions,
active stress, and nonlinear tissue properties. Furthermore, the numerical libraries available in
Continuity are used for problem definition, assembly, fitting and solving nonlinear

hyperelasticity and large displacement elastic problems. Biomechanics problem class definitions
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including material properties, equations and solution control, strain energy computation used for
solving problems in finite deformation elasticity and biomechanics including active properties

such as muscle contraction and growth.

The biomechanics module is a nonlinear solver and the following items can be treated as

variables: steps, iterations, increment, initial time, final time, time step, and error tolerances.

Again, the above information about Continuity relies on the available documentation
(McCulloch, 2011). From past experience, the real capabilities of the software can only be
evaluated by direct trial. Finally, Continuity’s material library does not include thick shell

elements. Thus, it is limited to small rotational strains only.

2.3.3 Summary of the software packages

A summary of the capacities of the aforementioned commercial software packages is provided in
Table 2.2.

Table 2.2: Capabilities of commercial software packages.

) ] Maximum ] ] )
Time Non-linear ~Anisotropic  Incompressib = CB shell
_ ) o hyperelastic ) ]
integration  elasticity ) materials le materials ~ element
deformations

LS-DYNA | Explicit Yes ~50% No Yes Yes
NEi o
o Explicit Yes ~40% Yes Yes Yes
Explicit

- User-

ABAQUS Explicit Yes ~40% ) Yes No
defined

SEPRAN Implicit Yes Yes No Yes No

Commercial FE software packages were originally designed for mechanical engineering

applications relying on linear elasticity, and their material libraries are mostly limited to
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engineering materials. The review of the capabilities of the commercial software packages
suggests that most can handle incompressible isotropic hyperelastic shell elements. However,
experience has shown that the hyperelasticity that literature is referring to, for these packages, is
limited to “not-so-large” deformations. As an example, one specific material model in LS-
DYNA is capable of modeling anisotropic hyperelastic material, but only in the range of
tendon’s deformation, which is about 50%. However, deformations of 100% or more are of

interest in this project.
The study of the open source software packages suggests that:

1. FEAP is capable of modeling nonlinear, incompressible and hyperelastic materials,
but its capabilities for modelling the isotropic/anisotropic material properties, and
large rotational strains are not revealed,

2. Continuity is not capable of modeling large rotational strains.

From this section it is concluded that neither the commercial nor the open source
software packages are close enough to featuring a nonlinear incompressible hyperelastic CB
shell finite element for soft tissue dynamics using explicit time integration. It is well known that
due to numerous “black boxes”, commercial software packages cannot easily be modified. The
decision of whether or not to use an open source software package depends on the theoretical
framework required for the development of the shell element of interest. As will be discussed in
Section 2.5.3, we require profound modifications to the formulation of the existing shell
elements. Therefore, we decided to write our FE code from scratch.

Idealization is necessary to pass from the physical system to a mathematical model. The
mathematical model must necessarily be an abstraction of the physical reality by “filtering out”
the physical details that are not relevant to the design and analysis process. For example, a
continuum material model filters out the aggregate, crystal, molecular and atomic levels of
matter. Engineers are typically interested in a few integrated quantities, such as maximum
deflection of a structure. Although to a physicist, this is the result of the interaction of billions of

molecules, such details are weeded out by the modeling process. Consequently, picking a
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mathematical model is equivalent to choosing an information filter. Thus, for the development of
a shell element with the properties of interest, a thorough understanding of the advantages,
disadvantages, and the range of applicability of different shell theories (which are the
mathematical models) is required.

There are two basic types of kinematic assumptions for shells (Belytschko et al., 2000):

1. those that admit transverse shear strains in the normal direction of the shell,
2. those that do not.

Before potentially developing a CB shell theory, the kinematic and kinetic assumptions of

different shell theories are reviewed.

In the Kirchhoff-Love shell theory, the fibers (i.e. the normals to the reference surface of the
shell in the undeformed configuration- this has nothing to do with actual collagen fibers in soft
tissues) are assumed to remain straight and normal after deformation (Figure 2.4, bottom left).
Therefore, in this theory, constraining the motion of the fiber is equivalent to constraining the
motion of the normal. During deformation, it is necessary for the fibers to remain closely aligned
with the normals to the reference surface. This constraint limits the analysis to small rotational
strains, and eventually results in zero transverse shear strains. It is well known that, in a beam,
the transverse shear must be nonzero if the bending moment is not constant. Thus, the zero
transverse shear strain assumption is inconsistent with general equilibrium. However,
comparison with experiments proves that this is fairly accurate for thin shells. Therefore, this
theory has application for thin shells, where the transverse shear energy will tend to zero
(Belytschko et al., 2000). The Kirchhoff-Love shell theory numerically is implemented for
instance in LS-Dyna under the name Belytschko-Lin-Tsay shell theory (LS-DYNA, 2011).

Note that the reference surface can be taken either at the top, middle, or bottom of the
shell. However, everywhere in this document, the reference surface is arbitrarily taken as the

mid-surface. As shown in Figure 2.4, the nodes that are located on the reference surface (mid-
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surface) are called master nodes and those located on the top and bottom surfaces of the shell are

called slave nodes.

Reference surface

@ Master nodes

O Slave nodes

Mindlin-Reissner

Kirchhoff-Love

Figure 2.4: Top: front view of a shell in an undeformed configuration. Bottom left: motion
of the fiber in the Kirchhoff-Love shell theory. Bottom right: motion of the fiber in the

Mindlin-Reissner shell theory.

2.4.2 Second order shear deformation theory: Modified Mindlin-Reissner shell theory

In the modified Mindlin-Reissner shell theory, the following assumptions are made about the

motion and stress state:

1) the fibers remain straight but not normal after the deformation (Figure 2.4, bottom right),
2) fibers are inextensible,
3) the stress normal to the reference surface of the shell is negligible, which is called the

plane stress condition or zero normal stress condition.

The first assumption differs from the classical Mindlin-Reissner assumption which requires the

normal to remain normal and straight. Therefore, in the modified Mindlin-Reissner theory, fibers
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are usually not normal to the reference surface, and constraining the motion of the fibers is not

equivalent to constraining the motion of the normals.

According to the second assumption, no deformation occurs along the fibers and they
rotate as rigid bodies. Therefore, this theory admits transverse shear strains. To overcome the
artificial stiffening induced by the assumed inextensibility of the fibers, the normal stress
component (with respect to the reference surface) is constrained to be zero. It should be noted
that the fiber direction is independent of the normal direction. In addition, the normal strain
(which is also independent from the inextensibility of the fiber) is obtained from the constitutive
equation by requiring zero normal stress. The change in thickness is computed from the normal
strain; in other words, the thickness is obtained from the conservation of matter. Next, the nodal
internal forces are modified to reflect the thickness changes. Thus the inextensibility assumption

applies only to the kinematics (Belytschko et al., 2000).

One might think that the zero normal stress assumption is not physical when a normal
traction is applied to either surface of the shell. It is obvious that equilibrium enforces the normal
stress to balance the applied normal tractions. However, normal stresses can be neglected in

structural theories because they are much smaller than the in-plane stresses.

The modified Mindlin-Reissner shell theory admits constant transverse shear stress
through the depth of the shell. However, unless a shear traction is applied to the top or bottom
surfaces, the transverse shear must vanish at these surfaces because of the symmetry of the stress
tensor. Therefore, a constant shear stress distribution overestimates the shear energy. In order to
reduce the shear energy associated with the transverse shear, a shear correction factor is often
used. Accurate estimates of this factor can be made for linear elastic shells, but are difficult to

obtain for nonlinear materials.

Higher order shear deformation theories are progressively obtained by additionally discarding
the first, and then the third assumption associated with the second order shear deformation theory
(Modified Mindlin-Reissner shell theory), leading to a full 3D continuum theory with explicit
modelling of all stress and strain components. Therefore, their implementation is not desirable in

the context of a shell element.
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A CB shell finite element (FE) with independent translational and rotational degrees of freedom
was first developed in (Ahmad et al., 1970) based on the Kirchhoff-Love theory (first order shear
deformation theory) for the linear analysis of moderately thick and thin shells. As expected, the
normal strain (due to large in-plane stretching) and the transverse shear strains (due to large
bending/rotations) were not considered. Since then, other authors have applied the CB technique
to develop shell elements with more capabilities (Bathe et al., 1975; Krakeland, 1977; Ramm,
1977; Bathe and Bolourchi, 1979; Kanoknukulchai, 1979; Hughes and Liu, 1980; Hughes et al.,
1981; Hughes and Carnoy, 1982; Bathe et al., 1983; Dvorkin and Bathe, 1984; Bucalem and
Bathe, 1993; Dvorkin, 1995; Einstein et al., 2003; Kiendl et al., 2015). Despite the advances
made, the elements developed in (Bathe et al., 1975; Krakeland, 1977; Ramm, 1977; Bathe and
Bolourchi, 1979; Kanoknukulchai, 1979; Bathe et al., 1983; Kiendl et al., 2015) are limited to
small strains and small bending deformation/rotations, and are essentially the same as those
described in (Ahmad et al., 1970). For example, the improvements brought in (Bathe and
Bolourchi, 1979) made the formulation of the material matrices and the constitutive relations
easier. Although large in-plane stretching is formulated in (Bathe et al., 1975) and (Ramm,
1977), the normal strains are not calculated, and nor is the thickness of the shell element updated,
because of the fiber inextensibility assumption. Thus, volume evolution according to the
constitutive relations is neglected. Such limitations arise from the use of only one coordinate
system that is corotational with the fibers, as dictated by the Kirchhoff-Love theory, and in
which the zero normal stress is enforced (Bathe et al., 1975; Krakeland, 1977; Ramm, 1977,
Bathe and Bolourchi, 1979; Kanoknukulchai, 1979; Bathe et al., 1983; Kiendl et al., 2015).
Therefore, in these formulations, the fibers are forced to remain normal to the reference surface
of the shell, causing shear and membrane locking. As a remedy, the authors in (Dvorkin and
Bathe, 1984; Bucalem and Bathe, 1993; Dvorkin, 1995) used the mixed interpolation of tensorial
components (MITC), where the bending and membrane strain components were classically
calculated from the displacement interpolations, while the transverse shear strain components
were interpolated differently. More specifically, the element was formulated in a convected
coordinate system and the covariant shear strain components were interpolated. Lagrange
multipliers enforced the transformation of the transverse shear strains such that the kinematic

relations were satisfied. Thus, the governing finite element equations consisted of the

40



contravariant components of the stress tensor and the covariant components of the strain tensor.
In this formulation, not only does the thickness of the element measured along the fiber remain
constant during the deformation (hence only small strains are considered); but also, the accuracy
with which transverse shear stresses are predicted depends to a great degree on the mesh used
and the geometric distortions of the element (Dvorkin and Bathe, 1984; Dvorkin, 1995).

To facilitate the implementation of the modified Mindlin-Reissner theory (second order
shear deformation theory) with large deformations of the fibers (both in-plane stretching and
rotations) without creating artificial stiffening (thus preventing shear locking) and with the zero
normal stress condition, the authors in (Hughes and Liu, 1980; Hughes et al., 1981; Hughes and
Carnoy, 1982) assumed two independent coordinate systems to handle the kinematic and the
Kinetic constraints. Large in-plane stretching requires the adaptation of the thickness such that
the volume evolution dictated by the constitutive relations is satisfied. The authors in (Hughes
and Carnoy, 1982) addressed this issue in the context of hypoelasticity in which the dependency
of the deformations on the loading rate/path is represented by rate-form constitutive relations.
However, application of this formulation to hyperelastic materials (load independent nonlinear
with large strains and large deformations) would require extensive time integrations that would
only add to the complexity of the formulation. Inspired by Hughes and co-authors’ formulation
of large 3D straining, Einstein et al. (2003) implemented a membrane element with application to
biological soft tissues. This membrane element, just like thin shell elements, lacks the transverse
shear strains and stresses. However, the normal strain (in the thickness direction) is evaluated

seperately and from the statement of incompressibility.

Higher order shear deformation theories are also discretized using finite elements in two
approaches: 1) using 3D solid elements, 2) using 3D continuum shell elements (Sussman and
Bathe, 2013). Note that neither one of these two approached produces a CB shell element. The
3D solid element produced from the first approach, contains 3 times as many nodes as the CB
shell FE to represent the 3D solid element, and a single layer to allow for straining through the
shell thickness. These models suffer from different locking types (i.e. the element appears stiffer,
in specific loading conditions), hence very fine meshes are needed, making the computations
more expensive. The 3D continuum shell element produced from the second approach, contains

kinematics of the 3D solid elements (used in the first approach), but the geometry and the
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displacement behaviour are described with the variables on the reference surface. An example, is
the three-dimensional MITC shell elements. These elements, were built upon the conventional
MITC shell elements with five (or six) degrees of freedom at each node plus two (or three)
additional degrees of freedom to represent the thickness straining and wrapping of the fibers
(Kim and Bathe, 2008; Bathe, 2013; Sussman and Bathe, 2013). These elements, which are
available in the ADINA commercial finite element program, include the important 3D effects
and are capable of modelling very large deformations and large elastic or plastic strains.
However, the mixed interpolation of tensorial components used in these formulations, and the
additional degrees of freedom, add up to the computational expense, especially when a complex

structure is considered.

Overall, two of the most applicable CB shell elements are namely: Hughes and Liu’s, and
Bathe and Bolourchi’s. Following, the applicable or useful features of these two CB shell

elements are presented.

Hughes and Liu presented a nonlinear finite element formulation for three dimensional shell
elements accounting for large strain and large rotational effects, as well as the bending behavior.
The Hughes and Liu shell element is based on the CB shell formulation. For the development of
a general nonlinear shell analysis procedure, Hughes and Liu directly began with the
fundamental equations of nonlinear continuum mechanics, and then applied the shell theory
constraints to their equations of motion (as is done in the CB approach). Their methodology

represents a generalization of the Mindlin hypotheses.
Assumptions:

e nonlinear, 3D, large strain and large rotation effects,
e exact stress updates for large rigid rotations of stress point neighbourhoods,
e zero normal stress condition in the rotating stress coordinate system,

o fiber inextensibility.
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The second assumption ensures that, when large rotations are experienced, no fake stressing will
develop. The third assumption constrains the stress component normal to the reference surface
(through the stress point) to be continuously zero for the 3D constitutive equations. This
overcomes the artificial stiffening induced by the assumed inextensibility of the fibers (i.e. they
may rotate but cannot stretch or contract), and is consistent with the classical plate/shell theory
assumptions (example: Mindlin-Reissner). This allows for the use of the general 3D nonlinear

constitutive equations without the need of modification to the zero normal stress condition.

In the following subsections, Hughes’ geometric and kinematic descriptions for shells are
presented. However, to enable the application of Hughes’ element to the total (Equation 3.1) and
the incremental (Equation 3.2) UL formulation, the notations are vastly reworked and described

herein.

2.5.1.1.1 Geometric description

Let us define the initial geometry of a typical quadrilateral shell. The curvilinear parent
coordinates (r,s,t) of a 9-noded CB shell element are shown in Figure 2.5. Each surface of
constant t is called a lamina. As mentioned previously, the reference surface (in this document)
corresponds to t = 0. The reference surface is parameterized by two curvilinear coordinates.
Lines parallel to the ¢t axis are called fibers, and a unit vector along a fiber is called a director.
Slave nodes are located at the intersections of the fibers, that are emanated from the master nodes

(located on the reference surface), and the top and bottom surfaces of the shell.
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Reference surface
(Midsurface)

® Master nodes

O Slave nodes

Figure 2.5: Curvilinear coordinate system of a 9-noded CB shell element.

The continuum representation of the geometry of a quadrilateral shell element is defined as

follows:

Equation 2.33
Y(r,s,t) = %5(r,s) + °Y(r,s,0),

where the left script 0 denotes the initial (undeformed) configuration,
O: the accent bar represents the reference surface quantities,
% (r, s, t): the position vector of a generic point of the shell in the undeformed
configuration,
Equation 2.34

Nen

0)_’(7" s) = Z Na(T', s) Oyaf
a=1
Equation 2.35
05 1 cyo- o L £\t
YVa = 5(1 - t)ya +§(1 +t)yar
Ny, NUMber of element nodes,
%% (r, s): the position vector of a point in the reference surface,
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N, (r, s): the 2D shape function associated with node a,

%%.: the position vector of a nodal point a,

y4 and y; : the position vector of the top and bottom surfaces (respectively) of the shell

along each nodal fiber.

In addition, t defines the location of the reference surface. In general, t = —1, 0, 1 corresponds
to the reference surface taken to be the bottom, middle, and top respectively (Figure 2.6).

However, as mentioned previously, in this document the reference surface is taken as the mid-

surface. Thus, t = 0.

Nen

% (r,s,t) = N, (r,s) °Y,(b),

%y, (t): position vector based at a point in the reference surface which defines the fiber

through the point,

°¢.: director emanating from node a,
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Equation 2.42
MO =304 N =51-0),
z,(t): a “thickness function” associated with node a, which is defined by the location of
the midsurface (i.e. the total thickness of the shell at node a),
z} and z;: the distance from the reference surface to the top and bottom surfaces

(respectively) along the director.

| || denotes the Euclidean norm, for example: ||yl = /yZ + y2 + y2.

Fixing t in Equation 2.33 defines the lamina (reference surface). Fixing r and s in Equation

2.33 defines a fiber. Fibers are not generally normal to the lamina.

Equations 2.33 to 2.41 represent the mapping of a general biunit cube into the physical

shell domain (Figure 2.6).

Top surface
y(r,s,+1)

Physical shell domain

7, Reference surface
P~ Y5, t) =y(r,s)
Node

Bottom surface
e; y (r,s,—1)

Figure 2.6: Left: mapping of a general cube into the physical shell element. Right:
illustration of Equations 2.35 to 2.41. The script 0 denoting the undeformed configurations

is dropped for convenience.
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For application to large membrane strain situations, in which the thickness changes, it is
convenient to introduce a nodal thickness parameter h, which, in the undeformed

configuration (attime 7 = 0), is defined to be:

hal =0 = ”yc-ll- - ya_”-

In general, it is more correct to think of h, as the fiber length rather than the actual thickness of
the shell, because fibers are not constrained to remain normal to the surface of the shell (Hughes
and Carnoy, 1983).

2.5.1.1.2 Kinematic description

Displacement of the reference surface with time is represented in Figure 2.7. Since the shell
element is assumed to be isoparametric (i.e. the same shape functions are used to represent both
the geometry and displacements), the kinematic expressions can be easily obtained by replacing
the displacement variables with the coordinate variables (Equations 2.44 to 2.53 are obtained

from Equations 2.33 to 2.37, respectively). This gives:

su(r,s, t) = fu(r,s) + §U(r,s, t),

Nen

() = ) No(r,9)§a,
a=1

Nen

(5,0 = ) Na(r,9)Ua(®)
a=1

UL () = tz,()E0, nosum,

1 _
$a(8) = 5 (6 = D) ha,
where
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O: the accent bar represents the reference surface quantities,
su(r, s, t): the displacement of a generic point of the shell,
su(r, s): the displacement of a point in the reference surface,
s, the displacement of a node in the reference surface,
cU(r, s, t): the fiber displacement,

tU,(t): the displacement of a director at a specific node,
and, §U,(t) is used to account for the thickness changes.

Recall that the nodal fiber length (thickness) in the undeformed configuration is obtained by
Equation 2.43. Updating the thickness as the element deforms is neglected in the majority of the
references in the literature. However, this is an important aspect to address when the materials

modelled are nearly or completely incompressible.

Parallel translation of %1 Parallel translation of °Y

Reference surface
in undeformed
configuration

‘& Reference surface
N in deformed
configuration

Figure 2.7: A general representation of the displacement of the reference surface with time.

As shown in Figure 2.7, the deformed geometry is defined by the following equations:
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y(r,s,t) = y(r,s)+ Y(r,st),

J(r,s) = °y(r,s) + §u(r,s),

T 0= -
Ya= Yat 8ua'
where

O: the accent bar represent the reference surface quantities,

Yy(r,s,t). the position vector of a generic point of the shell in the deformed

configuration,
'y (r, s): the position vector of a point in the reference surface in the deformed
configuration,
'y, the position vector of a nodal point a in the deformed configuration,

'Y (r, s, t): position vector based at a point on the reference surface (in the deformed

configuration) which defines the fiber direction through the point,
V(s t) = Y(rs,6) +§U,s,0),
Ya(t) = "Ya(t) + §Ua (D),

~

T?a = 0Ya + oUa
'Y, (t): director emanating from node a in the deformed configuration.

As previously stated, the fibers are assumed to be inextensible (in kinematics only),

meaning that they can rotate but cannot stretch or contract. Therefore:

I ¥l = 1
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Hughes and Liu suggested a trial value of U, (t) (i.e U{) to be calculated and then projected

radially (Figure 2.8) to maintain Equation 2.54. The steps are as follows:

( O)’}a + gﬁérial)

SN
Y, =

7.+ 505

Unit sphere about
node a

Figure 2.8: Nodal fiber inextensibility condition maintained by radial return normalization.

A complete discussion of the derivation of UL ** will be made in Section 2.5.1.3.

2.5.1.2 Coordinate systems

As mentioned earlier, multiple independent coordinate systems are required in order to apply

both the fiber inextensibility and the zero normal stress assumptions.
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2.5.1.2.1 Global coordinate system

As represented in Figure 2.6 and Figure 2.7, the vectors defining the position of any point within
the shell in the undeformed and deformed configurations (i.e. x, X, xf, x7, yandy) are

defined with respect to the orthonormal coordinate bases:

1 0 0
é)l =1|0 ) é)z =1 and 53 =10 )
0 0 1

that are global to the shell (or the entire structure) throughout the analysis.

2.5.1.2.2 Lamina coordinate system

The constitutive equations are written with respect to coordinate axes naturally defined by the
geometry of the shell (Figure 2.9). This is the most convenient way of representing a general
nonlinear shell formulation. The lamina coordinate systems, denoted by ((&!)% (&2)% (&)%),
are adopted at each stress storage point (node). Therefore, these coordinate systems vary from

point to point within an element and undergo finite rotations (Hughes and Liu, 1980; Hughes,
2000; Belytschko et al., 2000).

S

S = constant

Typical lamina r = constant

(t = constant)

For simplicity, the superscript a defining the node number is excluded in what follows.

31

The lamina basis rotates rigidly as the element deforms. Note that &} and &5 are tangent
to the lamina and &% is normal to the lamina. Furthermore, it may be observed that &} is not

generally tangent to the fiber direction at the point under study (Figure 2.10).
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t (Fiber direction)

s = constant surface

The bases of the lamina coordinate system in any configuration are obtained through the

following procedure (Hughes, 2000):

g =2
Tl
g =25
A

where y denotes the current (deformed) nodal coordinates in the global coordinate system

(é,,8,,€3) and a comma is used to denote partial differentiation. Therefore, Equation 2.55 and

Equation 2.56 become:

Ay, 9y, a}’3]T Ay, 9y, 6y3]T
> _ lor odr oOr dr Odr Or
T dy; 0y, 0Jy; B
115+ 57 2 \/(%)2 +<%)2 +(%>2
T T T
T T
0y, 0y, 6y3] dy; 9y, 6y3]
3 = ds ds O0Os _ ds ds 0Os
s dy; 0dy, 0dy;
115 52 F2 J(%):(%)Z(%)Z
s s s

Then,
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Equation 2.57
€, X &

B llé- x & |

31

€3

where X denotes the cross product.

Following (Hughes, 2000), the vectors tangent to the lamina are selected such that the
angle between &! and é.  (i.e. the vector tangent to r) is equal to the angle
between &, and &i. In addition, the é! and & basis is as close as possible to the
e, and é; basis (Figure 2.11).

- \/E - -
f=7(ea—eﬁ)'

V2

é)é = 7(é)a + é)ﬁ)'
where

0.5x (& +8&)
€q = )
“ Josx (& +é )|

and

él x é,

NEEE

ép

Figure 2.11: Illustration of the lamina coordinate system with respect to the parent

coordinate system.
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It will be necessary, in what follows, to transform quantities from the global coordinate

system to the lamina system. This is facilitated by the following matrix:

[q]: global — lamina,

31 31 31

[Q]=[31 é; 33]T,

where, the superscript T stands for transpose. Therefore,

[é), (), (én,]
ql=|@), @), @),
1(e), (&), (é5),]

Note that since the nodal spatial coordinates in the global system change with time, the

transformation matrix [g] needs to be updated at every time step.

2.5.1.2.3 Fiber coordinate system

The fiber coordinate system, which is a unique local Cartesian coordinate system, is constructed
at each master node. One of the bases of this coordinate system, the director, must coincide with
the fiber direction (Figure 2.12). The rotation of a node is specified about the director. The
incremental components of the displacement of this vector may be identified with classical

rotation increments.
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Y denotes the unit basis vector in the fiber direction (director) in the deformed configuration.

Therefore &/,8/,&/ represent the fiber coordinate system at any node and in the deformed

configuration. As shown in Figure 2.12, ¥; (wherei = 1,2,3) denotes the projections of the

director (¥) on the global Cartesian coordinate basis. Therefore:
? = |?1|é)1 + |?2|é)2 + |?3|é)3
So far, the direction of one of the fiber coordinate system axes (&) = ) has been

determined to be coincident with the fiber direction. In order to determine the direction of the

other two axes, Hughes (2000) suggested the following algorithm:
Step 1:let b; = |¥i|, i =1,2,3,
Step2:j =1,
Step 3: If by > bs, then by = b; and j = 2,
Step 4: If b, > bs, thenj = 3,

Step 5: &/ =7,
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Step 6: &, = (7 x &)/II7 x &,
Step 7: 8/ = (& x 7).

The above algorithm ensures that the obtained orthonormal fiber basis ( el él el ) satisfies the
condition that if ¥ is close to &5 , then élf, 8{, 8; will be close to é,, é,, &5, respectively. Note

that the fiber basis rotates rigidly with the nodal fiber.

It is often necessary to transform the quantities from the nodal fiber system to the global
or the lamina system. Transformation between the global and the nodal fiber coordinate system

is done using the orthogonal transformation matrix [s] as follows:

[s]: fiber — global,

s1=[ef & &l

In order to denote the particular nodal fiber coordinate system to which [s] is associated, a

nodal subscript can be used (e.g. [s,])-

In addition, transformation from the nodal fiber system to the lamina system can be done

using the orthogonal matrix [r] defined as follows:

[r]: fiber —» lamina,

[r] = [Tij]: Tij = 51'1 ) %-f,

where, 87, é’{ , é); are defined by Hughes and Liu’s algorithm mentioned earlier. In addition, the

dot ' - ' denotes the dot product. Note that since both the lamina and the fiber coordinate systems
are defined with respect to the global coordinate system, the dot product in Equation 2.60 is
between the components of the global coordinate system. To keep track of the particular node to

which [r] is associates, a subscript can be added representing the node number (e.g. r;,).
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The relationship between the three orthogonal transformation matrices is summarized in
Figure 2.13.

Global

[s] [q]
Equation 2.59 Equation 2.58

Fiber Lamina

[r]
Equation 2.60

Therefore it is concluded that: [q] = [r][s]”.

In this section, the derivation of U@ (the trial value of the displacement of the director at node
a) is detailed (Hughes and Liu, 1980; Hughes, 2000). The superscript a referring to a specific

node is dropped for convenience.

Letting A6, and A#, respectively denote rotation increments about the basis
vectors &/ and &/, and following the sign convention used in Figure 2.12, the linearized
relationship between the components of U (the displacement of the director) in the fiber system

(namely: 0/, 0J, 01) and the incremental rotations becomes:
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1) -1 o
afb=lo —1|fi%
0~2 AD, )

0 0
Equation 2.61 enables the reduction of the nodal degrees of freedom from 6 to 5 (Hughes and
Liu, 1980). As will be explained in the next section, this reduction in the number of DOFs

eliminates the need to develop artificial in-plane torsional stiffness to numerically stabilize

rotations about the fiber direction.

It can be concluded from Equation 2.61 that the components of U in an arbitrary
coordinate system can be identified with the incremental rotations in that system. Thus, to find
the trial value of the fiber displacements in the global coordinate system, we can premultiply

Equation 2.61 with [s] to get:

gizltrl:al 5(7{ {(éi)l (5{)1 (55)1} -1 0 A9

Uzt e = Cls1y 80y ¢ =|(é), (&), (53)2|[0 _1]{Ael}’

Ftrial ~ S . .

soye 0f) @, @), @) 0 0
oy [0, (D),

Iy R R A6
o - -0, D3]
oUs -(&)), -(&),

Displacement of a slave node in a shell element consists of the sum of the translational
displacements in the reference surface, the bending displacements, and the displacement due to
the change in thickness. The bending displacement depends on the rotational displacements of
the director. The component of the rotational displacement parallel to the director (i.e. rotation
about the director) is irrelevant since it causes no change in the position of the director. This
component is called the drilling component. The effect of the drilling component adds to the in-

plane torsion due to the translational displacement of the nodal points in the reference surface
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(Kanoknukulchai, 1979; Belytscho et al., 2000). In-plane torsion naturally takes place when the
drilling effect is introduced. To eliminate the need to include artificial in-plane torsional stiffness
to numerically stabilize rotations about the fiber direction, the drilling component is excluded
from the analysis (as is done in Equation 2.62). The displacement due to the change in thickness
is not retained in the equations of motion, since it represents an insignificant inertia. But it is
used in updating the geometry, so it does affect the internal nodal forces, which depend on the
current geometry. The displacement due to the change in thickness is obtained from the

constitutive equation or conservation of matter.

Therefore, as was presented in Section 2.5.1.1.2, the motion of a shell in the absence of
kinks and junctions can be treated with 5 degrees of freedom per node (Belytscho et al., 2000),

with the following nodal displacements at a master node:
{ugd=1[uf ui ug A6 A67],

where uf* are the Cartesian components of the translational displacement of master node a with
respect to the global coordinate system, and A8;* and A@4 are the rotational displacements of the

director at node a.

Hughes and Liu (1980) employed rate-form constitutive equations. This type of equations have
applications in many theories related to elasto-plasticity, viscoelasticity, and viscoplasticity. In
addition, nonlinear elasticity can be treated with rate equations by time differentiating the more
usual forms. Rate-form constitutive equations facilitate maintaining the zero normal stress
condition incrementally (Hughes and Liu, 1980; Belytschko et al., 2000). However, the
following two aspects must be considered in the integration of the rate-form constitutive

equations:

1. the stress components are referred to the lamina (rotating) basis,
2. the zero normal stress constraint (which is imposed in the lamina coordinate system)

needs to be enforced with respect to the 3-directions of the lamina basis.
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On the other hand, the energy stored in hyperelastic material depends only on the initial
and final states of deformation and is independent of the deformation or load path (Belytschko et.
al., 2000). Therefore the rate-form is not an efficient tool to be employed for the hyperelastic
materials to represent soft tissues. This is a significant departure point from Hughes and Liu’s

shell theory.

Bathe and Bolourchi (1979) had the objective to present a formulation, interpolation and
application of a general variable-number-node rotation/displacement isoparametric element for
linear as well as geometric and material nonlinear analyses of plates and shells. In essence, their
goal was to develop a shell element that accommodates very large displacements and rotations.
These authors presented the large displacement formulations of their shell element starting from
the principle of virtual work, and then adapted the updated Lagrangian (UL) and the total
Lagrangian (TL) formulations to allow for large deformations and material nonlinearity. These
formulations were used to express the equilibrium of the body at time 7 + Az. Both formulations
included all nonlinear effects due to large displacements, large strains and material

nonlinearities.

However, we are interested in adopting the UL formulation, and thus, the focus of this
section is on Bathe’s UL formulation only. Bathe and Bolourchi (1979) have similar geometric
and kinematic descriptions/assumptions as Hughes and Liu. The only difference is that the
formulation presented by Bathe and Bolourchi assumes that the lamina coordinate system is
always coincident with the fiber coordinate system (i.e. both coordinate systems are co-
rotational). Therefore, the fibers are forced to remain straight and normal to the reference
surface. Consequently, the element cannot handle large rotational strains. The authors hinted that
for a general nonlinear shell, the constitutive relations must be applied in the coordinate system
naturally defined by the geometry of the shell (i.e. the lamina coordinate system) and then
transformed to the global coordinate system. No additional information or demonstration was

provided. Therefore, the goal of the following sections is to develop a general understanding of
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the derivation of the matrices required in the explicit UL formulation. Note that these matrices

are developed for the corotational lamina and fiber coordinate systems.

As mentioned, Bathe and Bolourchi defined the geometry and the kinematics of their shell
element similar to what is done by Hughes and Liu (Section 2.5.1.1), and thus, their definitions
are not repeated here. However, to enable derivations of the kinetics, the displacements equation

(Equation 2.44) is written in matrix form as follows:

-8 e =D ra [ea)
. Ne 0 0 —— haNe(8]), - > haNo(8]), .. oui
ol1 oUz
t—t R t—t R
éuz = 0 N, O ! 5 2 haNa(e{)Z ¢ 5 9 haNa(e{)Z |3 0us (-
ot3 - D «  (t-D « |20
" 00 Ng - haNa(8]), - > haNe(8]), . \AQSJ

Recall that, in this document, the reference surface taken as the mid-surface, thus, t = 0.

In the updated Lagrangian formulation, the linear strain-displacement transformation
matrix [B,] is obtained by taking the partial derivatives of Equation 2.63 with respect to the
Cartesian coordinates of the position vector in the current configuration. Considering that the
displacement and the position vectors are both functions of the parent coordinate system, the
derivation process is not direct and several steps are required. In what follows, the left super- and

subscripts (7 and 0) are dropped for convenience.

As a starting point, take the partial derivatives of Equation 2.63 with respect to the parent

coordinates (r,s,t) :
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% aaAia 0 0 %(—(tzf)ha(éf)f%) cz_r(_(tzf)ha(

Y B A B o Ty
% a(;vta 0o 0 %(—(tzt)ha(f?f)jNa) a(a_t(_(tzf)h“(ng)
B T oo FEmenn) S (-]
% =|. o a;i“ 0 %(—(tzt)ha(f?{)zlva) (za_s(_(tzt)h“(ng)
el 10 G0 G(tmening Gr(-t e
o0 S O (CPhenin) O (-5 heE
% 00 aal\i“ %(—(tzt)ha(éf):%) %(_(t;t)ha(ézf)

Noting that:

1. h, isthe nodal thickness (i.e. constant) thus its derivatives are zero,

ONg

2. the shape functions are 2D (i.e. independent of t ), thus o

=0,

3. t isaconstant and its derivatives are zero,

ot _ ot _ ot _

4, 6t_1 and ar—g_o,
and letting:
1 Sf\¢
g1 = —=hg(€] ).
it = ~3ha(@), =123

1 N a
ggi = _Eha(e{)i
6. (t—1t)=t,

Equation 2.64 simplifies into:




(0w 1 AN, . 2 ONg . . 0N,
or e 0 0 tg11 o tg,1 o
Uy aN, aN, aN,

* a a > a a
s Sy 0 0 tg“_as tg21—as .
ouy ()
9t w 0 0 0 gUN, 951N, Lo
1
du, aN, . 0N, . 0N,
or 0 ar 0 tgsz tgng u%
du, oN oN N,

15 (= a fgd —@ fpa —'@ { ug o}
s w0 3 0 tg1 35 tg7, Ep 3
ou, . . A67
ot w0 0 0 9i2Ng 922Nqg ...

A6Y

dus ON, . 0N, . 0N, 2
= w 0 0 tgls tgss
ar or or or R
dus oN, oN oN
—— T .a a ~ a a
s w0 0 P tg13—as tg73 35
Jus
\ 3¢/ L+ 0 0 0 gfsN,  g3:Ng

The above equation gives the derivatives with respect to the parent coordinates of the
displacements that are initially obtained in the global coordinate system. In order to obtain the
displacement derivatives with respect to the Cartesian global components of the position vector
in the current configuration (i.e. y;,v,,¥y3), the inverse of the Jacobian transformation must be

employed.
Note:

The Jacobian transformation is given as follows:

(00 0y, 0y, 0ys3] rﬂw

or ar or or ||
09 dy; 0y, 0ys ) a0

s ds 0s 0s||0y;
0 dy; 0y, 0y3 09
vt/ Lot ot ot d\gy,)
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where, @ is the variable of interest to be transformed and the square matrix is the Jacobian [/]
transformation matrix for the current configuration. Here, the variables of interest are the
components of displacements in the global coordinate system (i.e. uy,u,,u3). Thus, the
inverse of the Jacobian transformation is written as follows:

(90

0y, 0y, 0ys] (99
0y, or Or or or
<% dy; 0y, 0ys <@
ay, ds ds ds ds |
(340 dy, 0y, 0ys @
dy,) Lat ot atd \at/

As mentioned earlier, the Jacobian matrix [/] at the current configuration contains derivatives
of the global coordinates of the position vector in the current configuration with respect to the

parent coordinates (r,s,t). For simplicity, let us define ]5-1, the components of the inverse
Jacobian ([J]71):

A2 63’3'_1
Jr oOr Or I
dy; 0Jy, 0y; —. ]1—11 ]1—21 ]1—31 _
ds ds Os 2_11 2_21 2_31
ayl ayz ayg 31 ]32 ]33
L Jt ot ot

Regrouping Equation 2.65 and applying Equation 2.67 to it gives:
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(au17
oy,
Ju,
9y,
Ju,

\0y3/

(auZW
0y,

du,

0y
ou,

\Jy3/

(0U3)

dy,

0us

0y,
ous

3

A

A

v
Il

(9y5)

]—1 -1
11 12
-1 -1
21 22
-1 -1
31 32
-1 -1
11 12
-1 -1
21 22
-1 -1
31 32
]—1 -1
11 12
-1 -1
21 22
-1 -1
31 32

Substituting Equation 2.65 in the above gives:

(au]_\
0y,

Juy

0y,

Juy

\0y5/
(OUy
0y,
du,
0y,
du,
\0y5/
(U3
y1
Jus

v,
Jus

A

La_ng

it
J2i
31
i
Jot
5
it

-1
]21

-1
-]31

-1
Jiz

-1

-1
J32

Ji3']
J35
J33
Ji3'T
J23
J33'
Ji3

-1
J23

-1
J33

[r———

N,

or
N,

ds

N,

or
N,

ds

N,

or
N,

ds

_iq (34
]1_31 or
23 || 0uy
331] 0s
Juq
\ 9t /
(auz\
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13
1) ouy
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3311 0u,
\ ot /
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913N,
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£ge =2
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Doing the sub-matrix multiplications and letting:

_ON _ON,
]i‘llta—r“ +];21ta—:+];31Na =G for i=1,2,3,

ON ON. oN,
-1 a ._1 a — a P —
Jia 5 + /5 s 3y, for i=1,2,3,

Equation 2.69 simplifies into:

fg_;‘i\ Z’yv 0 0 ghG! goGr

3_7;: g’;: 0 0 gHG§ 95.G§ - AN
Z_‘y‘: ‘;1;’: 0 0 ghGf 9568 || L
g_;‘j e 0 31;1: 0 gi2Gf 93.G1 u
ol o % o gnor g ) e |
g_l;z e 0 ZI;I: 0 g6 gHh6e - |07
g_l;j w00 21;: 95:GY  g5;Gf - LA?gJ
g_l;z w00 ZI;IZ 9GS g%GE |
LZ—;‘; -0 0 ‘;’; 9568 9568

The linearized strains are as follows:

ouy du, ous
&1 ==, Eyp = —, £33 = —,
17 5y, 22 = 5, 3= 9y,
du, 0Ju, Oous aul) <6u2
“12 (aYZ " a)ﬁ)’ “13 (a)’l " dys/’ F23 0y3 *

The row ordering of [B;] is consistent with the following Voigt form of the strain vectors:



Linear strains: {e} = [e11 &2 €33 2815 2&15 2&55]".

The column ordering of [B,] corresponds to the nodal degrees of freedom, which are:

[ui u} ud A6 46} - WY WY ul A6l A8l

where, the superscripts denote the node numbers.

Thus, using the displacement derivatives (Equation 2.70) and the strain vector obtained
earlier, and considering the above mentioned descriptions regarding the row and column

ordering of [B,], the linear strain-displacement transformation matrix is assembled to give:

uloou W 86f p6s |
oN, ] .
Oyj 0 0 911G 94GE
dN, )
0 ay;l 0 g{‘ng 93205‘ 22
dN,
0 0 aya 91565 923G3 €33
[B,] = N, oN, 3
3, dy, g911G3 + 95HGT 95163 + 956G | 2ér
ON oN
ay: 0 (')yj 91163 + 913G 971GS + g33Gf -+ 26,
dN oN
0 ay: ay: 91263 + 913G 93,65 + 93563 26,
where,
1 Lf\a
g1 = —Eha(ef)i
1 for i=1,2,3,

ggi =- E ha(é);)?

0N _ON,
Gt = ]l'_llta_ra +]i_21ta_:+]i_31Na for i=1,2,3.

Note that in Bathe and Bolourchi’s formulations:

1. the strain-displacement transformation matrices obtained are based on the co-rotational

coordinate system assumption, resulting in small rotational strains;
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2. the column ordering of [B,] corresponds to the nodal displacements and nodal fiber

a

rotations in the global coordinate system (i.e. [--- uf u§ u§ A6 A6F --]).

The preceding discussion makes it possible to pinpoint the pros and cons of the CB shell

elements that are most closely pertinent to the present work:

Huges and Liu shell theory (Section 2.5.1):

e Pros:
o allows large rotational strain, because the lamina coordinate system is not co-
rotational to the fiber coordinate system,
e Cons:
o uses rate-form constitutive equations, which is beneficial for elastic-plastic
deformations, but not for hyperelastic materials,
o the material matrices are obtained for the rate constitutive equations,
o the material matrices are not compatible with the finite element formulation

presented in Section 2.2.4.

Bathe and Bolourchi shell theory (Section 2.5.2):

e Pros:
o the material matrices are compatible with the finite element formulation presented
in Section 2.2.4.
e Cons:
o assumes fibers remain straight and normal thus assumes the lamina coordinate
system to be co-rotational with the fiber one. Therefore does not admit any
transverse shears (Belytschko et al., 2000).

Finally, as can be seen, there is no point in using open source software because the shell
theory that we most need (or anything somewhat resembling) has not been developed or

implemented yet.
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The deformation gradient of the current configuration with respect to the reference configuration

in the global coordinate system is basically the derivatives of the current position vector with
respect to the reference position vector: 517 =0 “y(r,s,t)/0 Bf}(r, s, t), which, in the indicial

notations is written as:

0 Tyi(rl S, t)

EFU = ﬁ—
a"yj(r,s,t)

Considering that the position vector is a function of the parent coordinate system (Equation
2.33), the above partial derivative must be performed through the chain rule. Recalling from
Equation 2.66 that the Jacobian contains the partial derivatives of the position vector (at any time

configuration) with respect to the parent coordinate system:

[0y, 0y, 0ys]

Jr Or Or

] dy: 0y, 0y3
ds 0s Os

dy, 0y, 0y3

Ldgt ot Ot

the partial derivatives in Equation 2.71 are evaluated from:

iFl = 1]

In the above equation, [B]] and [ *J] denote the Jacobian in the reference and the current

configurations, respectively.

The right Cauchy-Green tensor in the global coordinate system is obtained from:



Equation 2.73
T
[s¢1 = [6F 1 [5F]-

Similarly, the left Cauchy-Green tensor in the global coordinate system is obtained from:

Equation 2.74
T T T T
[5B] = [5F15F] -

In the above equations, the left superscript T denotes the current configuration, and the left
subscript £ denoting the reference configuration, is replaced by 0 in the total UL formulation

(Equation 3.1), and by T — At in the incremental UL formulation (Equation 3.2).

2.6.3 Green-Lagrange and Almansi strain tensors

The global Green-Lagrange strain tensor defined in the current configuration t with

respect to the reference configuration g is evaluated from:
Equation 2.75
(58] = 5 ([5¢] - 1),
The global Almansi strain tensor in the current configuration is evaluated from:

Equation 2.76

[ el =5 (11— [38]7").

2.7 Anisotropic nonlinear hyperplastic constitutive relations, incompressibility, and

application of zero normal stress condition

An elastic material is determined both by physical and mathematical definitions. Physically, a

material is called elastic if:

1) under applied loads, the material stores energy but does not dissipate it,
2) the material returns to its original shape once the load is removed,

3) its constitutive behavior depends only on the current state of deformation.
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A material is called hyperelastic if (Belytschko et al., 2000; Holzapfel G., 2000):

1) the work done, by stresses, during a deformation is dependent only on the initial
(Bo) and final configurations (f;),
2) the behavior of the material (as a result of the above statement) is path-independent.

Therefore, the work done by the stresses from the initial to the final (current) configuration can
be represented by means of a stored strain energy function (per unit undeformed volume). Note
that from a mathematical point of view, a hyperelastic material is such that a strain energy
function W can be defined; then differentiating the strain energy function with respect to strains

yields the stresses in the material, and thus, completely describes the material behavior.

For constant temperature transformations, the Helmholtz potential and strain energy
function are related by (Holzapfel G., 2000):

Pow(ﬁ) = W(ﬁ),

where s is defined per unit mass and W is defined per unit initial volume as the strain energy

function. However, Equation 2.77 is based on the deformation gradient F and hence may

contain rigid body rotations. Therefore, it is more convenient to exclude the rigid body rotations

by employing C instead of F , such that:
y=y¢(C) and w=w(C)

If incompressibility is assumed, then the incompressibility condition (detﬁ =]= 1)
must be added as a constraint on the strain energy function. There are different ways of enforcing
incompressibility depending on the type of the element (3D solid, membrane, or shell). For
example, if a 3D element is considered, the nodal displacements and pressures may be separately
interpolated, and the effect of interpolated pressure may be added as an extra term in the strain
energy function. This approach, called mixed pressure-displacement (u/p) formulation, is
adopted in many references (Sussman and Bathe, 1987; Bathe, 1996; Weinberg and Kaasempur-
Mofrad, 2006). On the other hand, in case of membrane or shell elements, if the strain energy
function is dependent on the deformation gradient, then the general strain energy function can be
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modified for incompressibility as in (Belytschko et al., 2000; Holzapfel G., 2000; Guccione et
al., 1990; Kiendl et al., 2015; and many more):

W = W(F) — p(detﬁ — 1),

where p is a Lagrange multiplier enforcing detF = 1, and the deformation gradient is obtained

due to the distortional effects only.

A general constitutive equation for the first Piola-Kirchhoff (or nominal) stress tensor P
(that is force measured per unit area in the undeformed configuration) is obtained by

differentiating the strain energy function with respect to the deformation gradient. Thus,

differentiating Equation 2.78 with respect to F gives:

el

_aW_(aw(F)_ d(detF — 1)
“orT \aRrT PT gpr

> = (a—'f; - p(detﬁ)ﬁ*).

oF

Knowing that detF = J = 1, the above simplifies to:

= oaw =
P = (T— pF_1>.
oFT

Noting that (Belytschko et al., 2000),

ow -, -
P= (2—:-FT—pF‘1).
acC

Furthermore, the Cauchy (or true) stress tensor t (force measured per unit area in the current

configuration) can be determined by:

|
Il
ol
gl

~| =
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Substituting Equation 2.81 into Equation 2.82, the Cauchy stress tensor in terms of strain energy

function is obtained as:

0
0

<

t=—pl+2F . FT,

(]

Likewise, the second Piola-Kirchhoff stress tensor can be obtained by:

S=JF1. ¢ . FT,

Substituting Equation 2.83 into Equation 2.84, the second Piola-Kirchhoff stress tensor in terms

of the strain energy becomes:

S——piii2 W
ac

in which, the first and second terms on the RHS represents the volumetric and distortional

components of S respectively.

In the above formulations, the Lagrange multiplier p is an additional unknown that is
associated with the incompressibility constraint (i.e. detF = J = 1) and represents a contribution
to the hydrostatic stress (Equation 2.85). Kiendl et al. ( 2015) solve for the Lagrange multiplier
within the context of thin shells by analytically enforcing the necessary plane stress condition for
incompressibility. In this formulation, although they claim to use general 3D constitutive models,
consistent with any thin shells (i.e. Kirchhoff-Love based shell formulations), the transverse
shear strains are neglected, and the transverse normal strain E53, which cannot be neglected in
the case of large strains, is statically condensed using the plane stress condition. According to
Holzapfel and Ogden (2009), the thin sheet or “membrane” approximation allows to set the
transverse normal stress to zero (S33 = S;3 = S,3 = 0), which enable solving for the Lagrange
multiplier p. Hence p can be eliminated from the other stress terms (Equation 2.85). It is
important to emphasize that these equations are 2D specializations within the framework of a 3D
theory and should be distinguished from equations based on a fundamentally 2D theory. In a 2D
theory a significant part of the 3D constitutive law is missing. It is important to note that a 2D

form of W does not distinguish between compressible and incompressible materials. In a 2D
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material model, W does not depend on E55 and thus dW /0E;; = 0 but it does not determine the

three-dimensional properties of the material since the dependence of W on E55 is not provided.

From a different point of view, the additive decomposition of the strain-energy function
into volumetric and deviatoric (distortional) parts (Equation 2.78, and consequently Equation
2.85) is essentially an isotropic condition, and is appropriate for pure hydrostatic tension only (Ni
Annaidh et al., 2013). Thus, its generalization to anisotropic materials is not adequate,
considering the corresponding physics. The arguments above suggest that, despite its intuitive
appeal, it should not be employed when modeling nonlinear, anisotropic materials which are
characterized by infinitesimal volume changes when deformed. Certainly, its equivalent
formulation in terms of stresses (application of the zero normal stress condition) does not seem a
natural or appropriate constitutive assumption to make when modeling the slight compressibility
of anisotropic materials. Thus, a formulation of the theory that accounts for infinitesimal volume
changes in a physically realistic way is badly needed. We will solve this issue in Section 3.10.1.

According to the literature (Ahmad et al., 1970; Hughes and Liu, 1980; Belytschko et al., 2000),

shear and membrane lockings are two of the most troublesome characteristics of shell elements.

Shear locking occurs when significant bending is present. It is owed to the use of linear shape
functions that cannot accurately model the curvature that is present in the actual material under
bending. Instead, a shear stress is introduced which causes the element to reach equilibrium
conditions for smaller displacements than the real ones. Therefore, the element appears stiffer
than it should be.

In more technical terms, shear locking is a result of the false appearance of transverse
shear strains. Indeed, shear locking arises from the inability of many elements to represent
deformations in which transverse shear strain should vanish. According to Belytschko et al.,

(2000): “Since the shear stiffness is often significantly greater than the bending stiffness, the fake
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shear absorbs a larger part of energy imparted by the external forces and the predicted
deflections and strains are much too small.” This is where the name shear locking is originated

from.

As described in Section 2.4.1, normals to the midsurface of thin beams and shells remain
straight and normal, and as a result, transverse shear strains vanish. This behavior can be thought
of as a constraint on the motion of the continuum. In shear-beam or Mindlin-Reissner shell
theories (Section 2.4.2), normals remain straight but are allowed to rotate (i.e. the angle between
the fiber and midsurface changes) and transverse shear strains do not vanish. Therefore,
enforcing the normality constraint in the aforementioned elements results in a penalty term in the
energy which appears as a shear energy. As the shell thickness decreases, the penalty factor
increases and thus shear locking becomes more prominent (Belytschko et al., 2000). Then, CB
shell elements used in thin shell applications exhibit shear locking and special numerical

treatments are needed to prevent this phenomenon.

Membrane locking is due to the inability of shell finite elements to represent inextentional modes
of deformation. Shells, just like a piece of paper, should be able to bend without necessarily
stretching. This is called inextentional bending. However, stretching a piece of paper by hand is
almost impossible. Shells behave similarly: their bending stiffness is small but their membrane
stiffness is large. When the finite element cannot bend without stretching, the energy is
incorrectly shifted to membrane energy, resulting in underprediction of displacements and
strains, otherwise known as membrane locking. This phenomenon is particularly important in
simulation of buckling (Belytschko et al., 2000), because many buckling modes are completely

or nearly inextensional.

Table 2.3 provides a sumary of the locking type expected once a finite element is unable to

represent deformations satisfying the assumed constraint.
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Table 2.3: Analogy of locking phenomena (Belytschko et al., 2000).

Constraint Shortcoming of finite element motion Locking type

Kirchhoff-Love constraint ] )
Transverse shear strain appears in pure )
(Zero transverse shear ) Shear locking
_ bending

strains)

o ) Membran strain appears in inextensional )
Inextensibility constraint ] Membrane locking
bending mode

2.9 Summary

As a quick summary to Chapter 2, it appears there is no commercial or open source finite
element code that can entirely fulfill our requirements (Section 2.3.3). Therefore, it is easier to
program something from scratch. Although none of the existing CB shell elements have all the
kinematic and kinetic capabilities we are looking for, there are some CB shell elements that we
can get inspiration from (Section 2.5.3) to develop a new CB shell FE. To allow for modeling
incompressible anisotropic hyperelastic material properties and enforcing the zero normal stress
condition, a new approach is needed such that the 3D nature of the constitutive relations can be

preserved (Section 2.7).
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CHAPTER 3: DEVELOPMENT OF A NEW THICK
CONTINUUM-BASED SHELL FINITE ELEMENT
WITH SPECIAL MANAGEMENT OF
CONSTITUTIVE RELATIONS

-«
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As mentioned earlier, our goal is to develop a shell element for anisotropic nearly incompressible
hyperelastic soft tissue dynamics. Through the process of shell element development, the

following assumptions must be satisfied:

e nonlinear, 3D, large strain and large rotation effects,
e zero normal stress condition in the lamina coordinate system,

o fiber inextensibility in the fiber coordinate system.

To combine the advantages of the two methods detailed previously, and mitigate their

shortcomings, the development follows the procedure below:

e implement Hughes and Liu’s kinematic description so that large rotational strains are
included,

e modify Bathe and Bolourchi’s kinetic description to obtain the ‘“standard” material
matrices used in finite element formulations,

e implement the shell using the nonlinear UL formulation as described in Section 2.2.4.
Such a procedure requires the following important questions to be addressed:

1. The strain-displacement transformation matrix obtained by Bathe and Bolourchi relates
the strains to the displacements with respect to the global and fiber coordinate systems.
This relation needs to be established for the displacements of the nodes with respect to
the lamina coordinate system, because the constitutive equations must be applied in the
lamina coordinate system. Therefore one questions arises: How to obtain [B;] for the
lamina coordinate system?

2. How to develop the hyperelastic nonlinear anisotropic constitutive relations in the lamina
coordinate system?

3. How to develop hyperelastic nonlinear anisotropic constitutive relations for UL

formulation as opposed to the existing TL formulations?

How to apply the plane stress condition in the lamina coordinate system?

How to enforce incompressibility?

How to apply the fiber inextensibility in the fiber coordinate system?

How to account for the change in shell thickness due to large membrane strains?

© N o o &

How to prevent the shear and membrane locking effects?

78



Solutions to the abovementioned questions are presented in the following sections.

The advantages inherent to the updated Lagrangian formulation using the central difference
(explicit) time integration have been discussed in Sections 2.2.5 and 2.2.6. In the following, more
insights on the specific forms of the updated Lagrangian formulation, and the corresponding

adjustments to the central difference operator, are provided.

As mentioned earlier, the necessary requirement for the UL formulation is to have the
derivatives taken with respect to the current configuration. In some of the published works,
(Bathe et al., 1975; Bathe and Bolourchi, 1979; Bathe et al., 1983; Dvorkin and Bathe, 1984;
Bucalem and Bathe, 1993; Dvorkin, 1995; Bathe, 1996), although the stresses and material
property matrix are derived with respect to the current configuration (as needed for the
calculation of the internal forces) and the volume integrations are performed over the current
geometry, the reference configuration used for the applied forces and displacements is the initial
(undeformed) configuration. The rationale behind this formulation (which we refer to as the total
UL formulation) is to have a convenient way of transforming the stresses and strains from the
total UL to the TL formulation, and vice-versa, for verification purposes. In a different approach,
which we refer to as the incremental UL formulation, the stresses, the material property matrix,
and the volume integrations are all determined in the current configuration, and the external
forces and the displacements are measured from the previous configuration in time (Belytschko,
2000).

The equilibrium of the finite element system in the central difference explicit operator is
considered at time 7 and the displacement increments from the reference configuration to time
T + At are computed using the incremental displacements obtained in the previous two time
steps. We write this for the total and the incremental UL formulations, by substituting the proper
time configuration for the left subscripts in Equation 2.32, respectively as:
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(reory) = 2T ((2R) - (FY) + 200 — (00

| "My]

) = o ()~ D+ 2ot~ (),

2%

where

e the total and incremental displacement vectors, {"**fu} and {*+AZu}, can be solved for
directly (explicitly),

e alumped mass matrix [ *M;;] is required for simple solution,

o {§R}and {,_,iR} are the total and the incremental external force vectors, respectively,

e {ZF}isthe internal force vector at the current configuration,

e time steps (At) smaller than the critical time step are required to maintain stability.

As mentioned previously, fibers are required to remain straight but not normal to the surface of
the shell. Thus, we employ Hughes and Liu’s approach for the definition of the geometry and
kinematics of the element (Section 2.5.1.1). In this section, the adjustment necessary for

modeling large in-plane strains is discussed.

The continuum representation of the geometry in any configuration is defined as:

Nen

Nen
_¢-D i
By(,5,0 = D Na9) Ta + =D Na(5) Phe e,
a=1 a=1

where

the initial and the current configurations are represented by =0 and B =7

respectively,

ﬁya: is the position vector of a nodal point a on the reference surface in configuration £,
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N, (r,s): is the 2D shape function associated with node a,

Ney. IS the number of element nodes,

Bf’a: is director emanating from node a in configuration f3,

Bha: is the nodal fiber length in configuration £.

The kinematic expressions can be easily obtained by replacing the displacement variables
with the coordinate variables of Equation 3.3. This gives:

Nen

t—t
Hu(r,s,t) = Z No(r,s)™ %t + -9
a=1

2

Nen

T+AT) THATTF
zNa(T,S) ha ﬁUa'
a=1

where the left subscript S denoting the reference configuration, is replaced by 0 in the total UL
formulation (Equation 3.1), and 7 in the incremental UL formulation (Equation 3.2),

respectively. In addition,

”A,Eﬂa: is the displacement of a node in the reference surface from the reference

configuration (f) to the configuration at time 7 + Art,

”Agﬁa: is the displacement of a director (in terms of rotations) at a specific node from

configurations 8 to t + Ar,
T+Atp .+ is the nodal fiber length in the configuration at time 7 4 At.
The derivation of the displacement of a director at a specific node is detailed in Section 2.5.1.3.

Having the notations adjusted to the present formulation, ”Agﬁa is obtained from

+ATfy  _ THATD B
UG = Y, — "Y,, where

(ﬂ)’}a + ‘L'+A[‘;L'U£Tial)

T+A‘L’? —
|| ﬂYa + T+A§U¢§T’lal

a

)

and the trial value of the displacement of a director at a specific node (”AEUg”W) is obtained

from:
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T+ rﬁtrl’al — a _ —1_ > — o
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o, () (et)

Ultimately, the position vector of a generic point of the shell at time 7 4+ At is obtained
by adding the position vector (Equation 3.3) to the displacement vector (Equation 3.4), as

ATy (r,s,t) = Ty(r, s, t) + ”A/Eu(r, s, t). This can equivalently be written as:

Nen Nen
t—t ~
T+AT_’y(T', s, t) — Z Na(T', S)T+AT3_/a + ( > _) Z Na(r, S) T+A‘[ha ‘L'+A‘L'Ya i
a=1 a=1

A quick comparison between Equation 3.3 and Equation 3.5 suggests that:
T+Arha T+AT)’}a — ﬁha ﬁ)’}a + T+ArhaT+A§ﬁa-

However, according to Figure 3.1, this relation is off by ”Agha ﬁ?a , in which ”Agha refers to

the change in fiber length from the reference configuration £ to the configuration at time t + Art.
This effect is understated in small membrane strain applications, and thus has been neglected in

the literature. However, if large membrane strains are to be considered, the nodal point fiber
lengths at time 7 + At need to be calculated, and Equation 3.3 re-evaluated using (ﬁha = Bha +
”Agha). The algorithm for calculating the fiber lengths at = + At will be presented in Section

3.11.
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N~ Unit sphere
aboutnode a

Although the corotational system (as employed by Bathe and Bolourchi) is computationally more
efficient than using multiple coordinate systems (employed by Hughes and Liu), we use multiple

coordinate systems to be able to address the following requirements:

e large strains and large rotational strains,
e zero normal stress condition (to be applied in the lamina coordinate system),

o fiber inextensibility (to be applied in the fiber coordinate system).

The derivation of the lamina coordinate system presented in Section 2.5.1.2.2 is general and
efficient for any type of analysis. However, we discovered that the algorithm to obtain the fiber
coordinate system presented in Section 2.5.1.2.3 is limited to deflections (bending deformations)
that are smaller than 90°. This limitation is discussed, and a new robust algorithm is presented in

the following sections.
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3.3.1 Limitation of the fiber coordinate system presented in Section 2.5.1.2.3

We now demonstrate that the algorithm to obtain the fiber coordinate system presented in
Section 2.5.1.2.3 is limited to deflections (bending deformations) that are smaller than 90°.
Namely, if the bending deformation exceeds 90°, the algorithm of Section 2.5.1.2.2 results in a
flip in the orientation of (3{ and (3{ (Figure 3.2). This limitation ruins the application of the
boundary conditions as well as the evaluation of the force and displacement vectors. As an
example, let us assume a pure bending moment about the 5{ axis at the right edge in the initial
configuration (Figure 3.2, left). The direction of this bending moment is expected to be preserved

throughout the analysis. However, once the deflection becomes 90°, the flip in the orientation of

é{ and 5{ results in a twisting moment, as opposed to the intended bending moment.

e
Initial 4 /&, Initial 4 /&,

Figure 3.2: Left: physically expected rotation of the fiber coordinate system as the element
deflects. Right: Fiber coordinate system at the 90° deflection of the element obtained from
the algorithm presented in Section 2.5.1.2.3, changes orientation from that of the initial

configuration.

3.3.2 A new algorithm for fiber coordinate system

Considering that we are interested in large bending deformations and large rotations,

modifications are needed such that even with the possibility of rotations larger than 90 degrees,
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the fiber coordinate system preserves its physically expected orientation (Figure 3.2, right). Such
consideration disqualifies the employment of the global Cartesian coordinate system, stationary
by definition, in the cross product of Step 6 of the algorithm presented in Section 2.5.1.2.2.
Instead, a coordinate system whose rotational displacement, due to deformation, is similar to that
of the fiber is required. To avoid adding up to the number of coordinate systems in questions, we

suggest two approaches:

1) use the current lamina coordinate system as a reference to obtain the other two bases of

the fiber coordinate system when ¥ = &/ is known,

2) use the fiber coordinate system of the previous time step as the reference.
In the first approach, the fiber ¥ must be transformed to the lamina coordinate system such that:
Pt = vt + |7z]e; + [¥5)és.

This needs to be followed by Steps 1 to 7 presented in Section 2.5.1.2.3. The only modification
takes place in Step 6, in which, the appropriate base of the lamina coordinate system must be
considered in the cross product. This approach adds up to the numerical complexity.

In the second approach, knowing that in the UL formulation, the increments in rotations
(r_at0t and ,_,76% ) are small; j is always equal to 1, and Steps 1, 3 and 4 can be abandoned.
In addition, Step 6 is modified such that é{ of the previous time step is used in the cross product
instead of ;. This approach results in simplifications in the algorithm of Section 2.5.1.2.2. To

initialize the solution scheme (i.e. for the first time step), the fiber coordinate system can be set

to be equal to the already calculated lamina coordinate system.

We employed the second approach due to its numerical efficiency.

As discussed in Section 2.5.1.4, to avoid the need for inclusion of artificial in-plane torsional
stiffness, the rotation about the fiber is eliminated. Thus, 5 degrees of freedom per node are

considered.
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As illustrated in Figure 2.13, the following relationship holds between the three coordinate
=1 =1

systems: [r] = [q][s], where [q] =[&! &% &7, and [s]=[&/ &/ &I]. Thus, [r]=

[l my=et-¢f.

Note that these transformation matrices must be updated at each new configuration (i.e.

time steps).

The mapping between the isoparametric element (defined by the natural or parent coordinate
system) and the physical shell element (in the Cartesian coordinate system) is represented by
Jacobian. The Jacobian at any configuration contains the partial derivatives of the position vector
in that configuration with respect to the parent coordinate system (for the current configuration
see Equation 3.6). Thus, to have the Jacobian in the lamina coordinate system, basically the
position vector must be transformed to the lamina coordinate system (Hughes and Liu, 1980;
Shabana, 2011) by {y‘} = [q]{y}. Based on this principle, the reference and the current
Jacobians are transformed to the lamina coordinate system by Equation 3.7 and Equation 3.8,

respectively:
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Note that in (Sosa and Gil, 2009), the Jacobian is mistakenly considered as a second order tensor
and for the transformation, is pre and post-multiplied by rotation matrices. Given that in (Sosa
and Gil, 2009), only flat geometries are modeled and only small rotations and small deformations
are studied, [g] is numerically an identity matrix and thus this inaccuracy in the theory did not

lead to numerical errors.

Measures of deformation in the global coordinate system are evaluated in Section 2.6. Evaluation

of these measures in the lamina coordinate system are illustrated in the following subsections.

We obtain the deformation gradient of the current configuration with respect to the reference

configuration in the lamina coordinate system from

iF = L7

where [ﬁjl] and [ 7J'] are the reference (Equation 3.7) and the current (Equation 3.8) Jacobians,

both defined for the lamina coordinate system.

The right and left Cauchy-Green tensors in the global coordinate system are given in Equation
2.73 and Equation 2.74, respectively. To evaluate these tensors in the lamina coordinate systems,

we employ the lamina deformations gradients (Equation 3.9), thus:

[2¢t] = [5F'] [£FY),

and
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(28 = [FFI[5F1] -

In the above equations, the left superscript T denotes the current configuration, and the left
subscript £ denoting the reference configuration, is replaced by 0 in the total UL formulation

(Equation 3.1), and by t — At in the incremental UL formulation (Equation 3.2).

We evaluate the lamina Green-Lagrange strain tensor defined in the current configuration (1)

with respect to the reference configuration (8) from:

(58] =5 ([c!] - 1),

where, the lamina right Cauchy-Green tensor of the current configuration with respect to the

reference configuration [ 5C'] is obtained from Equation 3.10.

In addition, we obtain the lamina Almansi strain tensor in the current configuration from:

[ =5 (10 - (87

where, the lamina left Cauchy-Green tensor of the current configuration with respect to the

reference configuration [ 3B'] is obtained from Equation 3.11.

The above formulations were inspired from the formulations of the global Green-
Lagrange and global Almansi strain tensors (Equation 2.75 and Equation 2.76, respectively),

except that we measured the deformations in the lamina coordinate system.

The column ordering of [B,], obtained by Bathe and Bolourchi in Section 2.5.2.2, corresponds

to the nodal displacements and nodal fiber rotations in the global coordinate system
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a

(G.e. [+ uf uf uf A6} A6 --]). In addition, the partial derivatives are taken with
respect to the current position vector in the global coordinate system. Considering that we are
adopting multiple coordinate systems (that is, independent fiber and lamina coordinate systems)
and considering that the constitutive relations are applied in the lamina coordinate system, the

following two modifications are required:

1. the aforementioned nodal and nodal fiber displacements must be referred to the lamina at
the point in question;
2. the partial derivatives with respect to the current position vector in the lamina coordinate

system are desired as opposed to the global ones.

As a starting point, the displacements equation in the global coordinate system (Equation 3.4) is

written in matrix form as { 31} = [ *N]{u®}. Dropping the left scripts and expanding gives:

(t— 1) _na (=1 a1 F)

No 0 0 ————hoNa(&]), —=5haNa(8]), -||™

(25 (t—1) (t—10) ug

_ i “ e
{ZZ}: w 0 Ny 0 - 5 haNa(e:{)z > haNa(e{)z <u§ g

’ 0
(t—1) N (t—1) La 1

0 0 Ne ————hNa(&]);, ——5—hala(&]); - o)

Similarly to Equations 2.64 and 2.65, we take the partial derivatives of Equation 3.14 with
respect to the parent coordinates (r,s,t) . Noting that:

1. the left super and subscripts (z and ) are dropped for convenience,

2. h, isthe nodal thickness (i.e. constant) thus its derivatives are zero,

oNg _

3. the shape functions are 2D (i.e. independent of t), thus o

4. t isaconstant and its derivatives are zero,

at at ot
5. a—l and a—r—a—o,
and letting:

g1 =— %ha@{)?

, 1=123
93 = —%ha(é){)?
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7. (t—10) =t,

the simplified results of the partial derivations gives Equation 3.15.

To transform the nodal and nodal fiber displacements to the lamina coordinate system,

we reordered the rows in Equation 3.15 to get Equation 3.16 and then pre-multiplied them by the

current [ *q,] transformation matrix to get Equation 3.17.
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where the superscript [ is used to emphasize that the components are in lamina coordinate

system.

Note

that

. N 5 N N S\ 4 , ;
(@0 (), + L), + COL(ED, for i=123 and j =12

(no

summation) is the expanded form of the dot product between vectors (&/)" and (&/ )", that is:

5 N R N R N R N
@) @) =@, @), + (e, @E), + @), @),

and carrying out the submatrix multiplications in Equation 3.17, and substituting the above

expressions gives:
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Note that the unit vectors of the lamina coordinate system are functions of the parent coordinate

system and that they can be obtained for any specified r,s,t value. The nodal fiber coordinate

systems, on the other hand, are obtained at each node from the algorithm presented in Section

3.3.

As done in Equation 2.69, to obtain the partial derivatives of the lamina displacements

with respect to the current position vector in the global coordinate system, rows in Equation 3.18
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need to be reordered and then be premultiplied by the inverse Jacobian (inverse of Equation 3.6).
However, consistent with the assumption of the multiple coordinate systems (i.e. independent
fiber and lamina coordinate systems), and considering that the constitutive relations must be
applied in the lamina coordinate system, we are interested in obtaining the aforementioned
partial derivatives with respect to the current position vector in the lamina coordinate system as
opposed to the global one that is obtained above. Thus, to obtain these partial derivatives with
respect to the current position vector in the lamina coordinate system, we reorder the rows in

Equation 3.18 such that they are consistent with

[c’)ul1 oul  aul ouh oub oaul aul oul  oul

— 5 ot o e e o ] by premultiplication by the inverse of the

current Jacobian in the lamina coordinate system, we get:

ouly i ]
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where [JL]171 = [ "q,1[ *J,]17 is obtained from inverting Equation 3.8.

Overall, the linear strain-displacement transformation matrices in the lamina coordinate
system can be obtained by rearranging and adding the rows of the large matrix in Equation 3.19
such that the row ordering of [Bi] is consistent with the following Voigt form of the linear strain

vectors:
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Linearized strains: {e'} =[e!;, el, ely 2el, 2el; 2el]T

! l l
ef1 = a_u% ) es, = a_ui ) e33 = Ous )
oy, ay, Y3
oul  oul oul  oul out  oul
2el, = (—+—2] , 2el, = —+—) , 2els = —+—1,
12 <6yzl oy} B \oyl oy 2 \ayt oyl

where superscript [ is used to emphasize that the components are in the lamina coordinate
system, as is required by the constitutive equations. Note that the strains obtained above are
functions of the parent coordinate system. Thus, the strains at any point within the shell can be

obtained by substituting the corresponding r, s, t values in Equation 3.20 through Equation 3.19.

As mentioned previously, the constitutive relations must be enforced in the lamina coordinate
system (Hughes, 2000). Considering an isotropic linear elastic material, the usual Young’s
modulus and Poisson’s ratio are employed to define the material tangent matrix (also called the

constitutive tensor) in the lamina coordinate system:

1 —v v v 0 0 0
v 1—v % 0 0 0
ol = E v v 1—v 0 0 0
[]_(1+v)(1—2v) 0 0 0 2(1+v) 0 0
0 0 0 0 2(1+v) 0

0 0 0 0 0 2(1+v)

In the UL formulation, and considering small strains, the constitutive tensor relates the Cauchy
stresses and Almansi strains in the lamina coordinate system by (Bathe et al., 1975; Bathe,
1996):

{T0'} = [iC"{ &'},

where the Almansi strains (Equation 3.13) and the Cauchy stresses have the same arrangement:
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In isotropic linear elasticity, the material elasticity tensor (Equation 3.21), also called the 3D
Hooke’s law, is given in the lamina coordinate system. According to Bathe et al. (1975), the

linear material elasticity tensor can be used directly for large displacements, large rotations, but

small strains without any transformation.

Dropping the left scripts for convenience, Equation 3.22 is written using the Voigt notations as:
o} = Ciljejl. Note that in this formulation, Index 3 corresponds to the direction normal to the
surface of the shell. To apply the zero normal stress condition (i.e. of = 0) in a linear elastic
material, the third row of [;B{] (corresponding to the normal strain component ) and the third
row and column of [C!] (corresponding to o} and &, respectively) must be removed.
Consequently, &} needs to be reevaluated in terms of the remaining strain and stress

components, such that (Hughes, 2000):

_ _(Zj=1,2,4,5,6 C?l,jgjl)

l
C33

£

The arrays with the third row and/or column removed are referred to as the “reduced” arrays, and
are noted with a tilde over bar (e.g. {'}). Substituting Equation 3.23 in Equation 3.22 and

simplifying gives the other components of the reduced Cauchy stress vector as:

[l
~1 _ [ Ci3C3j l
o = C:. £i .
L 1 Cl ]
j=1,2,4,5,6 33

Thus, to have the reduced stress-strain relation (i.e. {§'} = [C']{&'}) satisfying the zero

normal stress condition, the reduced material tangent modulus must be reevaluated as (Kiendl at
al., 2015):
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C~,l _ Cl _Ci3C3j
ij =~ Cl
33

for i=1,245,6

For linear material properties, large rotations, large deformations, and small strains, the
material tangent modulus in the incremental and total UL formulations is equal to that of the TL
formulation and no additional transformation is needed (Bathe et al., 1975) (Tests 1 to 7 in
Section 4.1).

In case of large strains, an important aspect is the implementation of the constitutive relations. In
what follows, we present three techniques for the solution of the large strain problems in the UL

formulations.

In Technique 1, we consider the total UL formulation (Equation 3.1), where loads and
displacements are measured from the undeformed configuration (Bathe and Bolourchi, 1979;
Bathe et al., 1975; Bathe, 1996), and we implement large strains using hyperelastic material

models.

The constitutive relations, namely the material tangent modulus and the second Piola-
Kirchhoff stress tensor, are normally obtained by taking the derivatives of the strain energy
function with respect to the Green-Lagrange strains. However, to have the constitutive relations
in the lamina coordinate system, we employ the lamina Green-Lagrange strains as opposed to the
global ones. Thus, the lamina material tangent modulus and the lamina second Piola-Kirchhoff

stress tensor are obtained from Equation 3.24 and Equation 3.25, respectively:

Lo
Orurs agEilj d%ELS
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Tsl —
0°ij = ATl
d6E;;

The components of the lamina Green-Lagrange strain tensor 5El-lj are obtained by replacing S

with 0 in Equation 3.12.

As needed for the UL formulation, we transform the lamina material tangent modulus
(Equation 3.24) to the current configuration using the lamina deformation gradients (modified
from Bathe et al. (1975)), such that:

T
p
‘L'Crlrmpq = O_P 5Frlni SFTllj OCiljrs nglr quls .
In addition, we obtain the lamina Cauchy stress tensor by transforming the lamina second Piola-

Kirchhoff stress tensor (Equation 3.25):

T
fol = O_p SFe 8L GF); .
p

In these relations, left scripts  and 0 denote the current and the initial configurations, and [F!]
is obtained by replacing g with 0 in Equation 3.9. Note that this technique is effective only when
the total UL formulation is used with hyperelasticity, in which the constitutive relations are not
linear. Therefore, if this transformation is applied to a material with constant constitutive tensor
undergoing large strains (Test 8 in Section 4.2), totally different results are obtained (Bathe et al.,
1975; Bathe, 1996).

So far, no application of zero normal stress condition and/or incompressibility has been
considered in this technique. This is addressed in what follows.

Considering hyperelastic materials, Kiendl et al. (2015) suggests that the zero normal
stress condition can be applied either into the strain energy function via a Lagrange multiplier
enforcing incompressibility, or iteratively for compressible materials. However, the limitations
and concerns associated with the use of Lagrange multipliers have been discussed in Section 2.7.

As a remedy, we propose a direct approach for enforcing the zero normal stress condition which
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works equally well for both incompressible and compressible materials. Considering that the
presented approach is direct (i.e. no iterations), it is also expected to be computationally less
expensive than that of Kiendl et al. (2015).

Considering the total UL formulation, Equation 3.12 can be re-written as:
[6¢'] = 2[GE] + [1],

where  [5C'] = [EFYT[EF'] (Equation 3.10). Thus, using the properties of the

determinant:

(det[§F'])? = det(2[¢EY] + [ID.

Then, we solve Equation 3.28 for the lamina Green-Lagrange strain in the normal direction. That
is, we solve det(2[3E'] + [I]) — (det[{F'])? = 0 for EEi,.

Note that:

1) det([{E']) and consequently det(2[3E'] + [I]) — (det[{F!])? are linear in IEl;, thus
there is only one solution for ZE%, .

2) SEL; obtained from the above approach is a function of the remaining eight components
of the Green-Lagrange strain tensor only. Thus, if JEL, is substituted in the strain energy
function, its derivatives with respect to JEL, (Equation 3.24 and Equation 3.25) vanish
(ie. §S33= oCiapg = oCmnzs = 0). Thus, lamina constitutive relations satisfying the
zero normal stress condition are developed.

3) This method is valid for both the incompressible and the compressible materials. The
only difference is that we set det[jF'] = 1 to enforce incompressibility, or we simply

use the calculated value of det[ZF*] for compressible materials.

This Technique will be verified by Tests 8 to 10 in Sections 4.2 and 4.3.
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Technique 2 is designed to enable the use of a constant constitutive tensor (e.g. from linear
elasticity) to model large strains in the total UL formulation using explicit time integration.
Adjusting Equation 2.4 to the UL formulation, the incremental decomposition of the stress

components in the lamina coordinate system becomes (Bathe et al., 1975; Bathe, 1996):

T+Atcel _— T 1 l
TSij = Gij + TSij'

In this relation, the components of the second Piola-Kirchhoff stress increment tensor in the

lamina coordinate system referred to the configuration at time t are calculated from:

I _ 1l t4+ATpl
‘L'Sij - rCijrs ‘L'ETS'

where, §C}jrs is the constant constitutive tensor, and the components of the Green-Lagrange
strain increment in the lamina coordinate system (”%Eb) are obtained by, respectively,

replacing the left super- and subscripts of Equation 3.12 with 7 + At and . Finally, similar to
Equation 3.27, the lamina Cauchy stress at time 7+ At are obtained by the following

transformation:

T+AT
gl = B wrapl meangl wngl

The main advantage of this technique is its relatively simple use compared to Technique
1. For instance, assuming that Young’s modulus and Poisson’s ratio are known for small strain
analysis, and that a subroutine to calculate the constitutive relations in small strain analysis has
been written, the same may be used for large strain analysis, simply by using the accumulation of
the stresses (Equation 3.29) and the current incremental Green-Lagrange strains and the
incremental second Piola-Kirchhoff stresses (Equation 3.30). Therefore, the need to evaluate the
appropriate material constants for the hyperelastic strain energy function (used in Technique 1),
as well as the transformation of the fourth-order constitutive tensor (Equation 3.26) are avoided.
Note that since the constant constitutive tensor (from linear elasticity) is employed in this

technique, the zero normal stress condition needs to be applied as per Section 3.9.1.

99



A similar idea for the accumulation of the stresses and the evaluation of incremental
stresses and strains from the small strains material law was used in (Bathe et al., 1975) for
hypoelasticity including elastoplasticity, in which §Ci’jrs is defined by the history of Cauchy

stresses and the accumulation of the instantaneous plastic strain increments.

We will verify this Technique through Test 8 in Section 4.2.

In Technique 3, we propose the incremental linearization of the constitutive relations to model
large strains in a material with a constant constitutive tensor (from linear elasticity). Specifically,
we consider the incremental UL formulation, in which displacements and loads are measured
from the previous configuration (Equation 3.2). Thus, only the increment in the stresses (as
opposed to the accumulation of the stresses used in Technique 2) are considered. In this
technique, we multiply the constant material tensor (without any transformation) with the
linearized strain increments in the lamina coordinate system (Equation 3.20) to obtain the lamina
Cauchy stresses in the current configuration:

TUZ} = [Ecl]{ ‘l'el}'

Note that, as with Technique 2, the procedure of Section 3.9.1 is used to apply the zero

normal stress condition.

In addition to the advantages mentioned in Technique 2, complete exclusion of any
transformations makes the computation the most efficient compared to the previous two

techniques. This Technique is verified in Test 8.

In the shell theories introduced in Section 2.4, the fiber inextensibility (constant thickness)
condition is invoked to avoid numerical ill-conditioning problems. Consequently, the thickness
parameters have not been included among the global nodal unknowns. However, this disqualifies

the application of these theories to cases where large membrane strains may develop. To remove
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this limitation and update the thickness parameters, Hughes and Carnoy (1983) proposed the
following procedure. This procedure is also used across all shell element types in LS-Dyna (LS-
DYNA, 2011).

First, considering that the plane stress assumption is enforced, the strain tensor [Tel]

must be computed from the constitutive equations over a typical time/load and at the point under
study. This procedure is explained in details in Sections 3.9 and 3.10. Then, the lamina strain

tensor must be transformed to the global coordinate system using [ .£] = [ *q]”[ .&'][ “q]. Then,

the mean value of [ .| over the fiber is computed from:

(6] = %( fj[ | dt).

Next, the mean component of strain (Equation 3.31) must be projected to produce the straining in
the fiber direction. Recalling that ¥ denotes the unit vector in the fiber direction at the point in

question, the transformation is done by:

& = 7] ] 7.

Finally, the nodal thickness parameters are updated by:

"he « Pro(1+ 7E)).

Note that the thickness update is performed at the end of each iteration, which is after the
element residual force and tangent array are computed. Therefore, the update of h, lags one step

behind the other kinematical quantities (Hughes and Carnoy, 1983).

In essence, by implementing this fiber length update algorithm we obtain the thickness
from the conservation of matter and thus incompressibility (volume preservation) is satisfied
(Belytschko et al., 2000).
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The force vectors obtained in the following sections are similar to those evaluated in Section
2.2.4. However, considering that all the matrices involved are functions of the parent coordinate

system, the integrals must be transformed to the natural coordinates.

Two of the most common external force vectors, namely the body and surface forces, were
introduced in Section 2.2.4. In what follows, the left subscript 8 denoting the reference
configuration, is replaced by 0 in the total UL formulation (1.1), and t — At in the incremental
UL formulation (1.2). In addition, considering that all the matrices obtained are expressed in the

parent coordinate system, the integrals are evaluated in the parent coordinates.

{5R3}=£ f E[’N]T{gf’f}pjdtdrds,

where {ng} is the body force vector (per unit mass), p is mass density, J is the determinant of

the Jacobian in the current configuration obtained from Equation 3.6, [ *N] is the interpolation

matrix presented in Equation 3.14, and

f_+11 -+ dt = integration in the fiber direction,

J, [. -+ drds= integration in the lamina surface.

Considering that in both the total and the incremental UL formulations, equilibrium is expressed
in the current configuration, J and [N] must be updated for each new configuration for better
accuracy. Although the computational efficiency of not updating J and [N] (i.e. using those
obtained in the initial or undeformed configuration) may outweigh the numerical errors when
deformations and rotations are small (linear elasticity), this is a source of error when large

deformations and large rotations are considered. This fact is neglected in many references.

The surface force vector is:
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. ~ i N _ (+1 top
{BRSf}_fs fr [*NI"{5f5r}Js drds, t_{—1 bottom’

where { g f Sf} is the surface force vector (per unit surface area). In the case of pressure, this force
vector is obtained from {3f°/} = —tp7i , where p is the pressure measured from the reference

configuration g to the current configuration 7. Also,

t: + 1 or— 1, corresponding to the surface on which pressure is applied,

_||(f"yl 952 3ys)x(% 952 %)
ar as ds as

| : the current surface Jacobian.

7: unit normal vector to the surface is obtained from:

— é)r X és
n=-—-—s——s—.

lle, x éll

From the definition of 7 and from the equivalency of Equation 2.57 and Equation 3.36, it is

known that 77 = &}.

Edge forces, whereby distributed loads are applied along edges of the element (e.g. s =
+1 or — 1) are another common form of external loads (Hughes, 2000). Let {Efe} denote the

incremental distributed edge load vector; then, the nodal forces are:

+1
Edge f f ([7Na] {Bfe} ]e)ls +10r-1 384T

where, j, is the edge surface Jacobian and is obtained from:

||<aJ’1 0y, aJ’3)X(‘3Y1 2y, 6y3>
or  or at at ot/

In the case of loading along an r = +1or—1 edge, the computation is handled by
interchanging r and s. When the reference surface is not taken to be the mid surface, nodal
moments are produced even when the distributed edge load is constant. If edge forces or

moments are specified per unit edge length, then Hughes (2000) computed the nodal forces as
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follows: Consider an r = +1 or — 1 edge. Let f!"¢ = fli"¢(s) denote the edge force and

line

let m!™¢ = m!"e(s) denote the edge moment. The nodal forces are then given by:

(é'flline\
ﬁleme

Ed i .
ge} f Ng |r=+10r-1 3 ﬁfSlme FJe ds,

line
FMa

0 0 a
=% % )

| in the current configuration.

Finally, the inclusive external force vector from the reference configuration g to the current

configuration t is evaluated from:

{6R) = (3R} + {R¥} + {5 o9},

The internal force vector is obtained from:

{zpinternal) — f f f TBL] {6} ] dt dr ds.

If needed in the solution scheme, or for the evaluation of the critical time step (Section 3.16), the
stiffness matrix is obtained from the usual updated Lagrangian (UL) finite element formulation
(Section 2.2.4):

wa=[ [ [ T[géir[ CU[EBY ) de dr ds.
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Considering that the dimension of the square mass matrix [M] is equal to the total number of the
degrees of freedom of the system (that is number of elements x number of nodes per element (9)
x number of degrees of freedom per node (5)), to avoid the numerical difficulty associated with
its inversion, the diagonalized mass matrix is more appealing. In this section, we present 2

lumping methods to diagonalize the mass matrix, namely:

1) the lumped mass matrix that is directly obtained from the procedure explained by Hughes
etal. (1981),

2) the lumped mass matrix that is obtained by row summing the consistent mass matrix
(Hughes, 2000, and Bathe, 1996).

It is worth noting that diagonalization using these two methods is not performed using the usual
eigenvalues and eigenvectors. In addition, the lumped mass matrices obtained from the first
(Hughes et al., 1981) and the second approach result in equal mass matrix components for nodal
translational DOFs, whereas the mass matrix components corresponding to nodal rotational
DOFs are not equal, when large rotations of fibers are considered (e.g. Tests 9, 10). The reason is
that Hughes et al. (1981), finds the components of mass matrix that corresponds to nodal
rotational DOFs by adjusting the rotational inertia, such that it depends on the thickness but not

the fiber direction. Details follow.

The following lumped mass matrix is obtained from the procedure proposed by Hughes et al.
(1981), where the Jacobian in the current configuration is considered (as opposed to the initial
one):

J= J_TJ dt,

The components of the mass matrix corresponding to the rotational degrees of freedom are

evaluated from:
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mgotational — f f Nc% p]_dT' ds,
s Jr

Normalization gives:

Nen
Mrotatlonal — E mgotatlonal’
a=1
(mrotatior_Lal M rotational
normalized) g Mrotational a ’

where

M=j f pJ drds.

If a normal Gauss rule (Section 3.18) is employed for numerical integration of the 9-noded CB
element, components of the mass matrix representing the translational degrees of freedom are

equal to those of the rotational one. That is:

translational _ rotational
(mlumped a (mnormalized a

Rotational inertia is adjusted as follows:

(zg + za)

<Za) = 2 ,

[Za] = Z; - ZC;'
1+t 1
g = _J Z(% dt = <Za)2 +—= [Za]z'

2), 12

Average thickness is obtained from:

Area and volume are respectively givenby A =V /hg,, ,andV = [ [ Jdrds.

Finally,
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A
(ag)max = Max {aa and §}

and

[ l
(m;‘grg;lpté(c)inal = (m;gg‘%rtllc?lril;ed a (@) max (no sum),

where a is the node number. Note that there are 3 translational and 2 rotational degrees of
freedom per node. Thus, repeating the (mjaised” ") and (mpgried ) values, respectively,

3 and 2 times, for each node, on the diagonal of the lumped mass matrix, gives:

[(mimy ), 0 0
0 (mizm),
[ *Myle = 5 (mimy a

rot
(mlump a

rot
0 (mlump a

We obtained the consisten mass matrix in the UL formulation from:

+1
[ TMconsistent]a — f f f [ ‘L'N]g [ TN]a pJdtdrds
S r -1

where, for accuracy in large deformations (nonlinear analysis), the Jacobian determinant / and

the interpolation matrix [ *N], are updated for each configuration.

The consistent 5 x 5 mass matrix obtained from Equation 3.38 may be lumped using the row
sum technique (Hughes, 2000, and Bathe, 1996):
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(Mi)a (Miz)q . (Mys)a
[TMconsistent] z[(mm)a (mzz)a (mzs)a]
lms)e (msda o (mas)e)
r 5
<zi=1m1i) 0 0
5
diagonalize [Mil-]az 0 (Zi=1m2i)

a

In order to solve the integrals for the stiffness matrices and the force vectors, it is necessary to
employ numerical integration (Bathe and Bolourchi, 1979). In this work, the Gaussian
quadrature integration method is used for the isoparametric finite element analysis of the
quadrilateral elements. In numerical analysis, a quadrature rule is an approximation of the
definite integral of a function. It is usually stated as a weighted sum of function values at
specified points within the domain of integration. Similar to parent coordinates, the domain of

the integration for such a rule is conventionally takenas [—1, 1].

The lamina shape functions and quadrature rules for the Lagrange elements (i.e. elements
with internal nodes) are shown in Table 3.1. As shown in Table 3.1, a normal and a reduced
Gaussian rule respectively refer to the cases, in which, the number of integration points are equal

and less than that of the element nodes.

As formulated by Hughes and Liu (1980), if either the normal rule or the reduced rule is
used solely, then the element is called a uniform integration element and if the normal and

reduced rules are combined, the element is called a selective integration element.

108



Lamina shape functions Bilinear Biquadratic Bicubic
Normal Gaussian rule 2%X2 3x3 4 x4

Reduced Gaussian rule 1x1 2X2 3x3

In general, selective integration is used when both shear and membrane locking need to
be avoided (i.e. in thin shell applications). However, a shortcoming of the classical selective
integration method is that an explicit segregation of transverse shear terms from the other effects
is required. In the general anisotropic nonlinear and nearly incompressible continuum
applications, the segregation of effects is not possible. The reason is that full coupling between
the effects may exist (Hughes and Liu, 1980). The same authors described a procedure which
enables the attributes of selective and reduced integration to be attained in the formulation of a
general anisotropic nonlinear and nearly incompressible shell element of heterosis type (i.e. a
correct-rank and high accuracy general shell element with no numerical instabilities). However
the cost of the complexity of the precedure did not add accuracy to the uniform normal
integration procedure in case of the general shell elements. The interested reader is referred to
(Hughes and Liu, 1988).

The above statements are in agreement with the arguments on the numerical integration
scheme presented in Bathe and Bolourchi (1979) according to which: “With higher order
elements, no reduced integration is necessary to obtain accurate solutions. In general, shell
analysis reduced integration in the evaluation of an element stiffness matrix must be employed

with care and, in practice, is still best avoided. Furthermore, considering materially nonlinear
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analysis, a higher-order integration may be desirable anyway, in order to capture the variation

in the constitutive relations.”

Considering that using reduced integration in general large displacement shell analysis

adds complexity for no additional accuracy or advantage, uniform normal integration has been

adopted in the present work.

In the general nonlinear case, fiber integrals must be evaluated by a numerical integration

technique. Hughes and Liu (1980) suggested the following three methods for the fiber numerical

integration and discussed the advantages inherent to each method.

1.

If the shell consists of one homogenous elastic layer, then the integrand is a smooth
function of t and thus the Gaussian quadrature is most efficient. If the reference surface
is taken to be the midsurface (i.e. t = 0), then the 1-point Gauss rule (i.e. the midpoint
rule) only senses the membrane effects. Therefore at least two points are required to
resolve the bending behaviour.

If it is required to include the fiber points on the top and bottom surfaces of the shell
(i.e. t = +1)in the evaluation, then the Lobatto rules are most accurate for smooth
integrands. The first two members of the Lobatto family are namely the 2-point
trapezoidal rule and the 3-point Simpson’s rule.

For nonhomogeneous shell elements (example: biological soft tissues) that are built up
from a series of layers of different materials in which the material properties and stresses
may be discontinuous functions of t, the Gaussian rules may be effectively used over
each layer. If there are a large number of approximately equal-sized layers, the midpoint
rule on each layer is sufficient. However, if there are few layers or if the layers vary
considerably in thickness, then different Gaussian rules should be assigned to individual

layers.

Considering that only one homogeneous layer for the soft tissue under study is assumed herein,

and considering that both membrane and bending behaviours are of interest, two integration

points will be employed for the fiber integrations.
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In an explicit scheme, convergence is ensured by respecting a maximum time step criterion, i.e.
this method is numerically stable as long as At < At.,iticai- This critical time step is equal to:

T, 2

AT riticqs = — =
critical
t T

in which T,, is the smallest period of vibration in the finite element assemblage. Note that 7,, =

21

wWn

According to Bathe (1996), this time step restriction applies to both linear and nonlinear
systems. The reason is that for each time step, the nonlinear response calculation can be
approximated with linear analysis. However, whereas in the linear analysis the stiffness
properties remain constant, in a nonlinear analysis these properties change with time. Since the
value of T, is not constant during the response calculation, the time step At needs to be
decreased if the system stiffens and increased if the system softens. Note that this time step
adjustment must be performed such that the time step criterion is satisfied, that is:

2
AT < —.
wn

Natural frequencies occur when the forcing function is zero and damping is neglected,
that is:

["M{ "} + K0 u) = {0}

Let {u} = {ti}e/“® where, j2=—1 and {ui} is the eigenvector corresponding to
natural  frequency w.  Then {ii} = (jw)*{ti}e/®® = —w?{ui}e/®T.  Substituting  the

aforementioned into Equation 3.39 gives:
(—w?[ "My] + [FK D{@e’" = {0}.

For non-trivial solutions for {u},
det(—w?[ "My] + [(K,]) = 0.
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Therefore, Equation 3.40 must be solved to find the natural frequencies of the structure.
However, solving for the determinant of a large square matrix and finding the roots of it can
result in numerical overflow. The natural frequencies can easily be obtained by reducing
Equation 3.40 to the standard eigen problem of the following form:

[ZKP] = [ "M, ][@][0%],

where, the columns of [®] are the eigenvectors {¢;}, and the entries of the diagonal

matrix [Q2] are the eigenvalues w? :

[@] = {1} {92} - {Pnl]

[@f 0 .. 0]
[0 w3 0 |

S

Considering individual eigenvectors and eigenvalues:

[FK.H{$} = 0?[ "M;]{¢}.

Considering that [ZK,] is symmetric, and [ *M;;] is non-singular (i.e is invertible and its
determinant is not zero), Equation 3.41 can be reduced to the standard eigenproblem form

([Al{x} = b{x}, where [A] is symmetric) using the following steps:

Step 1: premultiply both sides by [ *M;;]~! . Knowing that [ *M;;]7*[ *M;;] = [I] , the above
reduces to (Felippa, 2014): [ *"M; 17 [:K, 1{¢} = w?{¢},

Step 2: premultiply both sides by [ *M;;1*/? to get: [ *M;;1"Y2[2K, [{¢} = w?[ "M;;]/?*{¢},

Step 3: knowing that [ *M;;]~/2[ *M;;]*/? = [I], rewrite the above as:
[ My ]7 22K 0] "My ™20 T M) Y2 {9} = w?[ MY},

Step 4: letting [ "M;;]Y/?{¢} = {¢'} the above becomes:

[ "M 172K, 0] "M] 7V {9} = w?{9'),
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Since [ *M;;] is a diagonal matrix and since [IK,] is symmetric, the product of

[ "M;;17Y2[EK, ][ "M;]1~/? is symmetric and thus the eigenvalues (w?); are real.

Therefore, using Equation 3.42, Matlab generates a column vector A whose entries are (w?); :

A = eig([ "My ]33k, [ TMy]V2).

In general, AT.iticq: 1S related to the stiffness of the elements, through (w;)max » Which
varies with the load in nonlinear systems, therefore At..i:icq; N€€ds updating during the
calculations, as already mentioned. To avoid stability problems, the time step employed in the

analysis must be smaller than the calculated critical time step. That is:

AT it

critical

AT = ———
n

where, the safety factor n is larger than 1.

As mentioned at the outset, the purpose of this work is to develop a CB shell FE that provides a
good combination of accuracy and efficiency compared to existing CB shell FEs. Considering
that existing CB shell FEs were formulated in different programing languages and run on
machines with dissimilar capabilities, the CPU times reported in the literature is not a neutral
measure for efficiency comparisons. We believe the operation count (i.e. counting the total
number of loops/iterations) to be a more equitable means of comparison. The FE formulations
normally follow the main routine presented in Figure 3.3, from which the number of operations
can be evaluated (ABAQUS, 2005, LS-DYNA, 2011, Segal, 2010, Bathe, 1996, Miller et. al.,
2007, ANSYS, 2008, FEAP, 2012). Note that with the explicit method, the outer loop over load

increments does not exist.
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— Loop over load increments

— Loop over iterations (implicit method only)
— Loop over elements

— Loop over in-plane integration points
Loop over through the thickness integration points

count=count+ 1

It was concluded from Sections 2.3, 2.4, and 2.5.3 that a nonlinear anisotropic incompressible
hyperelastic CB shell finite element for the formulation of soft tissue dynamics using explicit
time integration did not exist in the literature or in any of the available software packages. Given
the novelty of the proposed shell theory, serious theoretical and programming modifications to
the existing software packages was required. Therefore, it was deemed more efficient to bypass

this obstacle and program the shell theory from scratch.

As detailed out in Chapter 3, it was required to compute multiplications, derivatives and
integrals of large matrices at each time step. Some well-known numerical computing
environments that have built-in functions with the aforementioned capabilities are Matlab,
Mathematica, and Maple. Due to its convenience and availability, Matlab was employed for the

implementation of the proposed shell theory.

The present 9-noded CB shell FE was implemented in Matlab (Version R2016a,
MathWorks Inc., USA), and all the FE analyses were carried out on a workstation with two Intel
Xeon E5640 2.67 GHz 8-core processor and 32 GB of RAM. The workflow of the numerical

implementation, presented in Figure 3.4, resulted in about 2600 lines of code. We paired our
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Matlab code with the preprocessor module of GiD (Version 12.0.6, CIMNE, Spain) for its

convenience to create the geometry, mesh, and connectivity table. In addition, using GiD,

generation of the nodal point coordinates, as well as the prescription of the loading and boundary

conditions was made much more efficient. Due to GiD’s limitation in illustrating curved edges in

its postprocessor module, we postprocessed our results entirely in Matlab.

If mesh refinement is needed

L

Preprocessor FE Solver Postprocessor
- Creati f . . . .
eorr?lz u(;n r(:lesh & - Verification of input data - Visualization of
8 22, 2 - Construction of shape functions deformed geometry
connectivity table > i :
: e - Nodal discretization - Stress & strain
- Material description 2 2 : :
2 - Integration points distributions
- Definition of 2 .
7 - Presentation of
loading & boundary ») :
2 il numerical results
conditions
- Adaptation of geometry and fiber

Loop over load increments

Loop over number of elements

Loop over integration points

coordinate system

N

v

- Evaluation of Jacobian, lamina
coordinate system, and measures of
deformation

- Adaptation of interpolation and
strain-displacement transformation
matrices

- Evaluation of constitutive relations
- Evaluation of internal and external
force vectors

- Evaluation of stiffness and mass
matrices

v

- Fiber length update algorithm
- Evaluation of critical time step

v

- FE Assemblage & application of
boundary conditions

- FE Solution

- Adaptation of displacements

Figure 3.4: Flowchart of the numerical implementation of the present CB shell FE.
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CHAPTER 4: RESULTS AND DISCUSSION OF
NUMERICAL TESTS
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To establish the accuracy and efficiency of the present CB shell FE, it was submitted to a range
of de facto standard test problems presented in many references. In particular, the element was
tested for: combined small membrane (in-plane) and small bending deformations in two planes
(Test 1), medium bending deformation (Test 2), medium pure bending deformation of initially
irregular elements (Test 3), large pure bending deformation (Test 4), combined membrane and
bending deformations of an initially curved structure (Test 5), pre-twist and bending
deformations in two planes (Test 6), stress convergence and the effect of incompressibility on a
thick-walled cylinder (Test 7), insensitivity to large in-plane distortions and large membrane
strains of initially irregular elements (Test 8), as well as the combined large 3D deformations
(combined bending, shear, and membrane deformations) of thick and thin cylinders (Tests 9 and
10). In addition, the accuracy of the three Techniques, implementation of material
incompressibility, and the application of the plane stress condition (all presented in Section
3.10), as well as the fiber length update algorithm (Section 3.11) were verified in the context of
nonlinear hyperelastic material properties (Tests 8 to 10). Furthermore, the accuracy and
efficiency of the mass matrices presented in Section 3.14 are studied in Tests 4, 9, and 10. For

each test, analytical solutions are provided as references.

A dynamic analysis of a simply supported aluminium square plate subjected to a step normal
uniform pressure (Figure 4.1) was carried out and the results were compared with the analytical
linear static solution (Kanoknukulchai, 1979) and other finite elements introduced in Bathe and
Bolourchi, 1979; Liu and Lin, 1979; Belytschko et. al., 1983 (Table 4.1). The maximum
deflection in the center of the plate versus time (i.e. the dynamic response due to a step pressure)
obtained from the present 1 shell and 4 shells per quarter meshes are presented in Figure 4.2. In
addition, vertical displacements at the maximum deflection obtained from the 4 shells per quarter

mesh is illustrated in Figure 4.3.
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«— g —> Pressure (Pa)

T ~
2068427
a
‘l' > Time (s)
h = Thickness = 0.0127m  Analytical linear static solution:
a = Plate sides = 0.254 m 12(1 — v)Pa*
E = 68.94 x 10° Pa Winax = 0.00416 ———3
v =203 = 0.002794 m

Figure 4.1: Geometry, loading condition, and analytical linear static solution.
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Figure 4.2: Dynamic response of the simply supported plate due to step pressure.
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Vertical disp.

x 107
5.6183

4.4946
13.3710

12.2473

1.1237

0.05
Y

0 X
0 0

Figure 4.3: Vertical displacements at the maximum deflection obtained from the 4 shells

per quarter mesh. Units are in meters.

As expected from the step loading condition and absence of damping in the analysis, the
dynamic response oscillates at constant amplitude with a magnitude almost equal to the
analytical linear static solution (Figure 4.2). The difference between the amplitude of the

dynamic simulation and the analytical static solution translates into the error calculated by:

Equation 4.1
amplitude — w2ravteat
error = - x 1009% .
analytical

max

As presented in Table 4.1, use of only one of our 9-noded CB shell FE to model one quarter
of the simply support plate under uniform normal pressure, required only 1,404 loops to reach the
maximum deflection with an error of —7.2%. This error was 1.8% less than that of (Belytschko et
al., 1983), while the operation count was 1.1 times smaller. Comparing the present 1-shell-per-
quarter mesh with those in (Bathe and Bolourchi, 1979) and (Liu and Lin, 1979), it was only 4.9%
less accurate, but ran 6.4 times faster than that in (Bathe and Bolourchi, 1979). Although no
information in regards to the numerical integration was provided in (Liu and Lin, 1979), considering
the load increments, element numbers, and assuming the fewest integration points (1x1x1), our

computations was still 1.4 times faster. Knowing that increasing the number of elements (mesh
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refinement) decreases the error in the convergence of the solution, we repeated this test using four
of the present 9-noded CB shell FE per quarter and achieved an error of —1.2%. This was 1.1%
more accurate, and about as efficient as (Bathe and Bolourchi, 1979). The four-element mesh was
also 7.8% more accurate than (Belytschko et al., 1983) but the operation count was about 5 times
larger. The authors of (Belytschko et al., 1983) considered 2D analysis (i.e. in-plane stresses and
in-plane deformations only) and used one-point quadrature rule for the numerical integration of
their element. To avoid the resulting numerical ill-conditioning, they implemented hourglassing
control. However, no information on the expense of this control on the computation time was
provided. Overall, the best combination of accuracy and efficiency was achieved by employing

four of the present CB shell FE per quarter of the plate.

(Bathe & ) ) (Belytschko
~ (Liu & Lin,
Bolourchi, etal, Present: Present:
1979):
1979): 1983):
Mesh per quarter 9 plates 16 plates 16 plates 1 shell 4 shells
Element type 8-noded 4-noded 4-noded 9-noded 9-noded
Integration points 2%2x%2 NA 1x1x1 3x3x2 3x3x2
Error (Equation 4.1) +23% -23% -9.0% -72% -12%
Time integration Implicit Implicit Explicit Explicit Explicit
Average At (s) 2.2x10° 2.2x10° 6.0x10® 8.4x10® 4.2x10°®
Increments to max.
) 125 125 100 78 121
deflection
Total loops to max.
9,000 2,000xNA 1,600 1,404 8,712

deflection (Figure 3.3)
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Although the results obtained from Test 1 were promising, the analysis was limited to small
bending deformations (linear analysis). To verify the accuracy and efficiency of our CB shell FE
in large bending deformations (nonlinear analysis), we conducted Test 2. In this test, a dynamic
analysis of a cantilevered beam subjected to a large step normal uniform pressure (Figure 4.4)
was carried out. The large magnitude of the uniform pressure resulted in moderate bending
deformations (nonlinear response), but small strains. Distribution of vertical displacements at the
maximum deflection obtained from 3-element mesh is illustrated in Figure 4.5. Results obtained
in this study were compared with the analytical nonlinear static solution obtained from page 17
of (Sathyamoorthy, 1997) and another finite element introduced in (Shantaram et al., 1976)
(Table 4.2).

L3
Z P Losss 7 Prefsure (Pa)
L3
19650
X A Y
——> 5 >
A N
< L > <b> Time (S)
h = Thickness = 0.0254m E =82.74x 10°Pa  Analytical nonlinear
b = Width = 0.0254 m v=0.2 static solution:
L =Length = 0.254m p =10.94 Kg/m? Wiar = 0.0737 m

According to Table 4.2, using two of the present CB shell FE resulted in an error 0.9%
larger than that achieved in (Shantaram et al., 1976), but the number of operations was about 1.3
times smaller. In the process of mesh refinement, we employed three of our CB shell finite
elements. This, in comparison with (Shantaram et al., 1976), resulted in an error 0.6% lower and a
computation count 1.1 times larger. Considering a good efficiency and accuracy combination, either
the two-element or the three-element mesh of the present 9-noded CB shell FE did a good job of

analysing the large deflection of this cantilever beam.
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Vertical disp.
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0.2 0.02 -0.1434
X 025 0
Y
Figure 4.5: Vertical displacements at the maximum deflection obtained from 3-element

mesh. Units are in meters.

Table 4.2: Results of Test 2.

(Shantaram et al., 1976): Present: Present:

Mesh 5 plates 2 shells 3 shells

Element type 8-noded 9-noded 9-noded
Integration point 2%2x1 3x3x2 3x3x2
Error (Equation 4.1) +34% —43% -2.8%
Time integration Explicit Explicit Explicit

Average At (s) 2.0x10°® 3.7x10°® 3.6x10°®

Total loops to max.

deflection (Figure 3.3) 33,000 25,056 37,638

The high accuracy achieved in Tests 1 and 2, even with few elements, was allowed by the
fact that the limitation on the bending deformations/rotations (shear locking) was eliminated by the
application of two independent coordinate systems. Thus, our CB shell FE has truly large bending

deformation capabilities. Also, considering Tests 1 and 2, our calculated At (Section 3.16) was
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much larger than the At calculated in (Shantaram et al., 1976; Belytschko et al., 1983; Bathe and
Bolourchi, 1979; Liu and Lin, 1979), obtained from dividing the thickness of the element by the
sound speed (obtained from the material properties of the element). Although this approach is also
used in (LS-DYNA, 2011) for solid (3D) shell elements, the present time step control is more
efficient.

Through Test 2, we verified the accuracy and efficiency of the geometric nonlinear behaviour
(i.e. large bending deformation) of the present CB shell FE when used as initially regular
geometry. However, as reported in (Bathe et al., 1983), higher order shell elements (i.e.
quadrilateral elements that include more than four nodes) are generally sensitive to using
elements that have irregular geometries in the undeformed configuration, and lock in large
(nonlinear) bending deformations. Hence, in Test 3, we studied the effect of using initially
irregular element mesh in the large deflections of a cantilever beam. Basically, the cantilevered
beam shown in Figure 4.6 was analyzed for its small strain, moderate displacement and moderate
rotation (up to 90 degrees) response due to a concentrated end moment (i.e. moderate pure
bending deformation), and the results were verified against the static analytical solution derived
from page 54 of (Sathyamoorthy, 1997). The idealization was done using regular and irregular 3-
element, as well as regular and irregular 4-element (of the present 9-noded CB shell) meshes
(Figure 4.7). Deformation of the cantilever beam at the maximum load configuration, using the
irregular 4-element mesh is illustrated in Figure 4.8. The tip displacement ratios (hnumerical over
analytical) of the irregular 3-element mesh evaluated from this study and those tabulated in
(Dvorkin, 1995) are presented in Table 4.3. Figure 4.9 shows axial, transverse and rotational
displacement ratios vs. moment parameters due to the applied tip moment for the 3- and 4-

element meshes.
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< U—> Moment (N/m)

v 0.027 Time (s)
4l h = Thickness = 0.0254m F =2.07 x 10** Pa
\j b =Width=0.0254m v=0

@ L =Length = 0.3048m  p = 7860 Kg/m?

3-element mesh 4-element mesh
L L L E L L L
3 3 3 4 4 4 Z

Regular

0.75L 1.5L 0.75L 1.25L 0.25L 1.25L 1.25L
3 3 3

4 4 4 4
Irregular \ / / \ \

L L 0.75L 1.75L 0.5L L

4 4 4 4

Wl
W~
Wl
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Figure 4.8: Deformation of the cantilever beam at the maximum load configuration, using

Table 4.3: Results of Test 3.

the irregular 4-element mesh. Units are in meters.

(Dvorkin, 1995):

Irregular 3-element (4-noded)

Present:

Irregular 3-element (9-noded)

mesh mesh
pAnalyt 18° 45° 72° 18° 45° 72°
Moment parameter 0.05 0.125 0.2 0.05 0.125 0.2
PpNum / gpAnalyt 0.95 0.84 0.76 1.05 1.02 0.93
yNum /yAnalyt 0.89 0.68 0.56 1.06 1.03 0.85
yNum jyAnalyt 0.95 0.86 0.81 1.02 1.01 0.94
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Considering that we performed dynamic analysis using the explicit method (i.e. no
equilibrium iteration per load increment is performed), the accurate comparison with the static
analytical solution requires the dynamic amplification factor (causing the response oscillation
amplitudes) to be minimized. Thus, we applied the moment as a ramp with a low loading rate
(Figure 4.6). As presented in Figure 4.9, left, the regular 3-element mesh yielded a very accurate
response solution up to 45 degrees (approximated to the moment parameter of 0.125), but the
accuracy in the response degraded slightly for larger bending deformations up to 90 degrees
(approximated to the moment parameter of 0.25). As expected, we achieved a more accurate large
deflection response by refining the mesh to four regular elements (Figure 4.9, right). Still,
regardless of the number of elements used, the predictive capabilities of the present 9-noded CB
shell FE were insensitive to the irregularity of the mesh. That is, both the irregular (3- and 4-
element) meshes closely resembled the response of the corresponding regular mesh, and were
accurate (Figure 4.9, left and right, respectively). This claim is backed up by Table 4.3, in which,
the normalized (numerical/analytical) tip (axial, transverse and rotational) deflection ratios obtained

at different bending rotations and/or moment parameters from the present irregular 3-element mesh
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are very close to unity. In addition, the present ratios are much closer to unity in comparison with
those tabulated in (Dvorkin, 1995). Specifically, at a small bending deformation of 18°, the tip
rotational and transverse normalized displacements obtained from the present study and (Dvorkin,
1995) are very close to unity (the numerical solutions were at most 5% off from the analytical ones).
At the same deformation, the axial tip deflection obtained in the present study was off by 6% only,
whereas that of (Dvorkin, 1995) was off by 11% from the analytical one. Although the present
irregular 3-element mesh responded accurately as the bending deformation increased to 45°
(rotational, axial and transverse solutions were only off by 2%, 3% and 1% from the
corresponding analytical solutions), the discrepancies of these solutions obtained in (Dvorkin, 1995)
jumped to 16%, 32% and 14%, respectively. The accuracy of the response of the irregular mesh
containing three of the present 9-noded CB shell FE was best validated against the theoretical
solution at the bending deformation of 72°, where the rotational, axial and transverse deflections
were, respectively, off by 7%, 15% and 6% only, whereas, those in (Dvorkin, 1995) were off by
24%, 44%, and 19%, in that order. Thus, not only was the formulation of the present 9-noded CB
shell FE more straightforward than the mixed interpolation tensorial components used in (Dvorkin
and Bathe, 1984), (Bucalem and Bathe, 1993), and (Dvorkin, 1995), but it was also more accurate
and more insensitive to initially irregular elements in large bending deformations. One asset in this

regard is the derivation of the lamina coordinate system, discussed in Section 2.5.1.2.2.

So far, the bending deformations were limited to 90°, thus either Hughes’ fiber coordinate
system algorithm (Section 2.5.1.2.3) or the present fiber coordinate system algorithm (Section
3.3.2) does an accurate job. To demonstrate the limitation of the Hughes’ fiber coordinate system
algorithm discussed in Section 3.3.1, and to evaluate accuracy of the present fiber coordinate
system algorithm (Section 3.3.2) we performed Test 4. In this test, the cantilever beam shown in
Figure 4.10 was modeled using 15 of the present 9-noded CB shell FEs, to analyse for its small
strain, large displacement and large rotation (0° — 360° degrees) due to a concentrated end
moment (i.e. large pure bending deformation). Failure in large bending deformations due to the
limitation of the Hughes’ fiber coordinate system is illustrated in Figure 4.11. To validate the
robustness of the present fiber coordinate system, and the effect of the mass matrices of Section
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3.14 on the response, the FE results are plotted (Figure 4.12: moment versus tip axial and
transverse displacements) against those of the static analytical solution (Sathyamoorthy (1997),
page 54). Finally, the deformed shape of the cantilever beam at the maximum load configuration
obtained from the present fiber coordinate system (Section 3.3.2) and M1 (mass matrix of
Section 3.14.1) is illustrated in Figure 4.13.

< U~ Moment (N/m)
< L >
v 60  Time (s)
41' h = Thickness = 0.1 m E=1.2x108Pa
b=Width=1m v=20
L =Length=10m p =910 Kg/m?3

U = Axial displacement M =2nEI/L
V' = Lateral displacement

In this test, 15 of the present 9-noded CB shell FE elements were used to model pure
bending deformation of an initially flat cantilevered element. As expected, the employment of
Hughes’ fiber coordinate system induced twisting in the cantilevered beam, where pure tip
bending moment was modeled (Figure 4.11). The good accuracy between the present FE model
and the analytical solution for all range of bending deformations (0° — 360°), as illustrated in
Figure 4.12, is an indication of the reliability of the present algorithm for updating the fiber
coordinate system, as well as the insensitivity of the present CB shell FE to shear and membrane
locking even though very large bending deformations (360°) are considered. As far as the effect
of mass matrices on the accuracy of the results is considered, the axial end displacements
obtained from both mass matrices are almost identical, with an error of 1.34% at the max load
configuration. The transverse load displacements are also identical up to 90% of the maximum

load, but the error obtained from M2 at the max load configuration is about 7% larger than that
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of M1, thus, proving M1 more reliable in extreme deformation configurations. Ultimately, the
deformed shape resulted from the present fiber coordinate system (in combination with M1)

matches the expected circular shape (Figure 4.13).

Figure 4.11: Failure in the deformation of the cantilever beam subjected to a pure tip
bending moment due the limitation of the former fiber coordinate system, as discussed in

Section 3.3.1 . Units are in meters.
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Figure 4.12: Comparison between the end displacements, in large pure bending of a
cantilever beam, obtained from M1 (mass matrix presented in Section 3.14.1) and M2
(mass matrix presented in Section 3.14.2). In both cases, the new fiber coordinate system

(Section 3.3.2) is employed.

Figure 4.13: Deformation of the cantilever beam at the maximum load configuration
obtained from the new fiber coordinate system (Section 3.3.2) and M1 (mass matrix of

Section 3.14.1). Units are in meters.
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415 Test 5: Scordelis-Lo roof, initially singly-curved, membrane and bending

deformation

It is worth noting that because the present CB shell FE has proven accurate and efficient in large
bending deformations (Tests 1 to 4), it properly handles curvatures, whether initial or acquired.
However, to further verify this claim, we conducted Test 5. Figure 4.14 illustrates the geometry,
material properties, boundary conditions, and loading condition of a Scordelis-Lo roof (singly-
curved shell structure) subjected to a uniform pressure in the vertical Z-direction. The test result
most frequently displayed is the vertical displacement at the midpoint of the free edge. The
theoretical value for this result is 0.3086 (MacNeal and Harder,1985; Zienkiewicz, 1977), but
most elements converge to a slightly lower value (e.g. 0.302 as reported in Comsol, 2006).
Convergence due to mesh refinement in this study is presented in Figure 4.15. Figure 4.16

illustrates the vertical displacements in region 1 with a 6x6 mesh.

R = Radius = 25 m Pressure (Pa)
L = Length = 50 m

h = Thickness = 0.25 m
E =432 x 108 Pa
v=20 .
p=1Kg/m’ 0.5 Time (s)

Boundary conditions:
uy = uz = 0 on curved edges
Straight edges are free

Mesh: N X N in region |

Figure 4.14: Geometry, material properties, boundary conditions, and loading condition

for a Scordelis-Lo roof.
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Figure 4.15: Convergence of Test 5 to the analytical solution.
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Figure 4.16: Vertical displacement in region 1 of the Scordelis-Lo roof with a 6x6 mesh.

Units are in meters.

In this test, both in-plane (membrane) and bending deformations contribute significantly
to this singly-curved structure. Using a 6x6 mesh of the present 9-noded CB shell FE the

displacement convergence with an error of 2.8% was achieved (Figure 4.15 and Figure 4.16).
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This proves the present CB shell FE more accurate and more efficient than the COMSOL’s 4-
noded quadrilateral element (Comsol, 2006), and less accurate and less efficient than the 8-noded
quadrilateral element in (MacNeal and Harder, 1985), where a mesh of 24x24 and a mesh of 2x2

are respectively needed to obtain the same percent error.

This test is considered as a common benchmark problem to determine the effects of warping in
shell and solid finite elements (MacNeal, 1976; MacNeal and Harder, 1985). The geometry,
material properties, and loading condition of a cantilevered beam with an overall pre-twist of 90°
are illustrated in Figure 4.17. The theoretical solutions of tip deflections in the direction of
loading are 0.005424 (in) and 0.001754 (in) for independent tip loading of one unit in the X- and
Y-directions, respectively (MacNeal, 1976; MacNeal and Harder, 1985; Pakravan and Krysl,
2016). Convergence due to mesh refinement of the normalized (numerical/theoretical)
displacements is presented in Figure 4.18. Displacement in X-direction using 8 elements along
the pre-twisted cantilevered beam are illustrated in Figure 4.20

A

N ! X uy, Fy L=Length=12in Fx ORFy

t uy, Fy W =Width=11in
w L OR h = Thick. = 0.32 in

J / E =29 x 10° psi

~ v =022 .

7 P = 0.285 lb/in3 0.5 Time’(s)
h
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Figure 4.18: Convergence of the normalized (numerical/theoretical) displacements in the

X-and Y-directions due to mesh refinement.

10 0
X-disp. 12 95 X
0 0.001036 0.002072 0.003107 0.004143 0.005179

Figure 4.19: displacement in X-direction using 8 elements along the pre-twisted

cantilevered beam. Units are in inches.

In the pre-twisted element, the lamina coordinate system (the principal axes of the cross
section) rotates along the element’s length, and the pre-twist leads to a coupling of bending in

both planes. Also, like in asymmetric bending, deflections of a pre-twisted cantilevered beam
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exhibit components both parallel and normal to the direction of loading. Comparison of the
present FE results showed excellent convergence to the theoretical solution, indicating the
accurate development of the stiffness matrix (Equation 3.37), bending ability in both planes, and
insensitivity of the present CB shell FE to pre-twist. As the number of the present CB shell FEs
along the pre-twisted cantilevered beam increased from 3 to 20, the warping of each element
decreased from 30° to 4.5°, which decreased the errors in the normalized displacements from
—6.9% t0 2.1% and from —13% to —4.5% in the Y- and X- direction, respectively. As illustrated
in Figure 4.18, displacement convergence, with the above mentioned errors, was already
achieved using 8 elements along the beam, where the warping of each element was 11.25°.
Considering the 8-noded quadrilateral element presented in (MacNeal and Harder, 1985),
convergence with an error of 2% in both directions was accomplished using 12 elements (7.5°

warping per element) along the beam.

A wedge of an infinitely long thick-walled cylindrical pipe (Figure 4.20, left) subjected to an
internal pressure (Figure 4.20, right) is considered for finite element analysis using an m X n
mesh. The material properties are taken as isotropic linear elastic, and two values of Poisson’s
ratios, 0.49 and 0.4999, are separately considered to test the effect of nearly incompressibility.
This problem was proposed in (MacNeal and Harder, 1985). The plane-strain condition is
assumed in the axial direction of the pipe which together with the radial symmetry confines the

material in all but the radial direction.

Table 4.4 details out the effect of mesh refinement and Poison’s ratio on the percent
errors evaluated for the radial displacement, as well as the circumferential and radial stresses on
the inner and outer surfaces of the pipe wall. In addition, the analytical and finite element stress
results, when v = 0.49, across the pipe wall in the circumferential and radial directions, under 1
MPa pressure for various mesh refinements are presented in Figure 4.21. Finally, the absence of
stress jumps (in both circumferential and radial directions) across the elements for the 2x3 mesh

is illustrated in Figure 4.22.
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1; = Inner radius = 3 mm Pressure (MPa)
1, = Outer radius = 9 mm
L = Length = 1 mm

E = 1000 MPa

v = 0.49 and 0.4999

p=952x 1071 ton/mm?

»

0.0001 Time (s)

Figure 4.20: Geometry, material properties, and loading condition. m and n represent the

number of elements in the circumferential and radial directions, respectively.
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Figure 4.21: Comparison between the analytical and finite element stress results in the

circumferential (left) and radial (right) directions. Readings are taken at the integration

points closest to the inner, middle, and outer radii, under an internal pressure of 1 MPa,

with v=0.49.
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Table 4.4: present errors obtained from Equation 4.1, and computation costs for different
mesh sizes and Poison’s ratios. r; and r, , respectively, represent the radii of the innermost

and the outermost integration points across the pipe wall for each mesh.

Present: 1x1 Present: 2x2 Present: 2x3

v 0.49 0.4999 0.49 0.4999 0.49 0.4999
Radial disp. error (r;) 0.01%  0.01% 0.0% 0.0% 0.0% 0.0%
Circ. stress error (r;) 16.5% 16.9% 4.4% 4.6% 1.5% 1.5%
Circ. stress error (r,) 10.9%  11.5% 3.1% 3.3% 1.8% 1.9%
Rad. Stress error (r;) | —41.9% —42.8% -13.8% -14.1% -72% —7.3%
Average At (s) 4.3x107 4.3x10% 1.8x107 1.9x10® 1.4x107 1.4x10°8

Total loops to max. load
(Figure 6)

4.2x10°  4x10*  3.9x10* 3.9x10° 7.8x10* 7.7x10°

9 12541 -0.0005
8 8 0.1843
; Los29| .
6 0.8518 6 03680
5 5

-0.5518
4 0.6507| 4
3 3

07356
2 0.4496 | 2|
I 1 -0.9193
0— 0.2485| 0
01 2 3 45 6 7 8 9 01 2 3 4 5 6 7 8 9

Figure 4.22: Circumferential (left) and radial (right) stress distribution across the pipe wall

for the 2x3 mesh. Units for stress and radius are MPa and mm, respectively.
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According to Table 4.4, radial displacement convergence was achieved with a 1x1 mesh,
proving the present CB shell FE more accurate than the 8-noded quadrilateral element employed
in (MacNeal and Harder, 1985), where a minimum of 1x5 mesh for a 10° section is needed to
achieve the same result. Despite the displacement convergence in a 1x1 mesh of the present CB
shell FE, the errors on stresses in the circumferential and radial directions were still large. Thus,
to achieve convergence in stresses as well, mesh refinement was performed. In reference
(MacNeal and Harder, 1985), any error less than, or equal to, 10% is ranked as “very good” for
this experiment. As listed in Table 4.4, the largest errors corresponded to the radial stresses at r;
(the innermost integration point across the pipe wall) for each mesh. Refining the mesh from 2x2
elements to 2x3 elements reduced this error from —13.8% to —7.2%, while, making the
computation 2 times more expensive. Thus, the best accuracy and efficiency combination was
attained using a 2x3 mesh. The influence of Poison’s ratio on the errors presented was negligible
(a maximum of 0.2% on average), thus proving the present CB shell FE volumetric locking
insensitive. Increasing the Poison’s ratio from 0.49 to 0.4999 decreased the critical time
increment by one-tenth, making the computation 10 times more expensive. Thus, it is best
avoided. Finally, the absence of stress jumps across the elements within the mesh (another
measure of convergence) was verified by illustrating the circumferential and radial stress

distributions across the pipe wall (Figure 4.22).

Tests 1 to 8 were performed with the constitutive relation for small strain analysis (based
on the appropriate Almansi strain tensors presented Section 3.9) using both the total UL
(Equation 3.1) and the incremental UL (Equation 3.2) formulations, with a safety factor of 1.1
for the time step evaluation (Equation 3.43). The results obtained from both formulations were

identical.

To verify the correctness of the three techniques presented in Section 3.10 for large strain analysis,

together with the accuracy and efficiency of our 9-noded CB shell finite element when subjected to
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large in-plane distortions, as well as the use of an initially irregular mesh and geometry, we

performed Test 8.

A plane stress large strain analysis of one quarter of a simply supported rubber sheet with a
central hole subjected to in-plane edge pressure (Figure 4.23, left) was carried out for each of the
three techniques presented in Section 3.10. In Technique 1 (Section 3.10.1), we used the
hyperelastic incompressible Mooney-Rivlin material model W = C;(I; —3) + C,(I, — 3),
where the material constants C; and C, are given in (Bathe et al., 1975) and were derived from an
analytical and experimental investigation done in (Iding et al., 1974). For consistency with linear
elasticity, relationships can be established between material constants C; and C, and Young’s
modulus and Poisson’s ratio. Namely, E = 2u(1 + v), where u = 2(C, + C,), and v satisfies the
incompressibility assumption. These material constants and properties are provided in Figure
4.23, left. Knowing Young’s modulus and Poisson’s ratio for the material allows for the
determination of a constant material elasticity tensor which was used in combination with
Technique 2 (Section 3.10.2) and Technique 3 (Section 3.10.3). In these analyses, we employed
only 2 of the present CB shell FE to model one quarter of the rubber sheet (Figure 4.23, top-
right) and compared the results with those presented in (Bathe et al., 1975) using thirty 4-noded
elements per quarter (Figure 4.23, top-middle). To have a common ground with the static
response analysis presented in (Bathe et al., 1975), we ramp-loaded the plate at two different
loading rates, to study the effect of the loading rate on the response (Figure 4.23, bottom-right:
60 and 400 increments to final load). These load-deformation responses are presented in Figure
4.24 to Figure 4.26. In addition, the deformation of the quarter of the rubber sheet at the
maximum load configuration obtained from Technique 3 is illustrated in Figure 4.27. In this test,

a safety factor of 1.01 for the time step evaluation (Equation 3.43) is considered.

139



=P

> °

> > @ aF
a = Plate’s sides = 0.508 m Edge pressure (Pa)

h = Thickness = 0.0254 m A
d = Hole’s diameter = 0.1524 m
G ="1.72 % 10% Pa ;
Cs=-482X10* Pa :

A

«—— Q8 —>

A 4
L

v

Y

6.21 x 10°

E =1.31x10°Pa

v =0.49 —
p = 13359Kg/m?3 60 At 400 At Time (s)
At =0.0025s

Figure 4.23: Left: Geometry and material properties; Middle: Mesh employed in (Bathe et
al., 1975); Right: Mesh employed herein; Bottom: Loading rates. At is the average time step

Table 4.5: Results of Test 8.

for Techniques 1, 2 and 3.

deflection (Figure 3.3)

(Bathe et al.,
Present: Present:
1975):
Mesh 30 plates/ quarter 2 shells/ quarter 2 shells/ quarter
Element type 4-noded 9-noded 9-noded
Integration points 2x2x1 3x3%2 3x3%2
Iterations to final load 20 60 400
Total loops to max.
2,400 2,160 14,400
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Figure 4.24: Load vs. displacement curves obtained from Technique 1 at locations A, B and

C. Left: 60 increments to final load. Right: 400 increments to final load.
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Figure 4.25: Load vs. displacement curves obtained from Technique 2 at locations A, B and

C. Left: 60 increments to final load. Right: 400 increments to final load.
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Figure 4.26: Load vs. displacement curves obtained from Technique 3 at locations A, B and

C. Left: 60 increments to final load. Right: 400 increments to final load.
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Figure 4.27: lllustration of the initial configuration, maximum load (deformed)
configuration and the distribution of the Green-Lagrange strains at the max load

configuration, obtained from Technique 3 with 60 increments to final load.
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We used the Mooney-Rivlin (nonlinear, hyperelastic, invariant based) material model for Technique
1 (Section 3.10.1), and a constant isotropic constitutive tensor for Technique 2 (Section 3.10.2) and
Technique 3 (Section 3.10.3). Basically, Techniques 2 and 3 are designed to work with materials
that can be described by Young’s modulus and Poisson’s ratio (i.e. a constant constitutive tensor).
To enable comparison between the present explicit dynamic analysis and the static analysis of
(Bathe at al., 1975), we ramp-loaded the rubber sheet. To investigate the effect of the loading rate
on the deformation response, the analysis was performed using two different loading rates (Figure
4.23, bottom-right). In the first attempt, an arbitrary 60 increments to the final load (equivalent to
4.14x107 Pa/s) was considered. The total UL (Equation 3.1) load deformation responses at points
A, B, and C obtained from Technique 1 using the Mooney-Rivlin model (Figure 4.24, left), is in
good agreement with those obtained from Technique 2 using the constant isotropic constitutive
tensor (Figure 4.25, left). In addition, the results obtained from both techniques follow the
deformation responses at the specified static load increments described in (Bathe at al., 1975). Due
to the fast loading rate, the responses of the present dynamic analyses exhibit large amplitudes and
small frequencies. Carrying out the incremental UL formulation (Equation 3.2) via Technique 3
(using the same constant isotropic constitutive tensor as in Technique 2), the load vs. displacement
curves obtained for points A and B were in excellent agreement with those of (Bathe at al., 1975)
(Figure 4.26, left). The oscillatory response of the present dynamic analysis at point C, although
manifest in amplitude (due to the fast loading rate), evenly follows the deformation response at the
specified static load increments described in (Bathe at al., 1975). In the second attempt, to mitigate
the dynamic amplification effect, we decreased the loading rate to an arbitrary 400 increments to the
final load (equivalent to 6.21x108 Pa/s). As expected, the amplitudes of the oscillations decreased,
and the accuracy of Techniques 1, 2 and 3 is made evident by the excellent agreements of the load
vs. displacement curves (for all the three points) with those of (Bathe at al., 1975) (Figure 4.24 to
Figure 4.26, all right).

Performance-wise, due to the bypass of the transformation of the fourth-order constitutive
tensor (done through eight nested for-loops), Techniques 2 and 3 are computationally less
expensive than Technique 1. In addition, if an accurate response of point C is not the goal of the
analysis, Technique 3 with 60 load increments is slightly (1.1 times) more efficient than (Bathe at
al., 1975), and the responses at points A and B are more accurate than those obtained from the
remaining two techniques. Although the 400 load increments may not be the most efficient, the
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accuracy of the responses obtained proves all the three techniques valid and accurate in modelling

large strains.

At the maximum load configuration (illustrated in Figure 4.27), Green-Lagrange strains of
up to 4.8 are measured, which also numerically proves that the strains analysed are indeed very
large (using constant linear constitutive tensor). This accuracy in response was achieved using only
two of the present CB shell FE (as opposed to thirty plates (Bathe at al., 1975)), proving the present
element to be insensitive to the adoption of initially irregular elements and large distortions (Figure
4.27). The insensitivity of our CB shell element to initially irregular elements and large distortions,
validates the correctness of the algorithm to update and transform the two independent coordinate
systems. Furthermore, the volume of the rubber sheet changed by 0.5% only with such a large in-
plane stretching, thereby validating the nodal fiber length adaptation algorithm presented in Section
3.11.

The accuracy of Techniques 1-3 in a flat and irregular geometry undergoing large in-plane strain
and large in-plane distortions was verified by Test 8. We performed two additional tests (Tests 9
and 10), to further verify the accuracy of Technique 1 (Section 3.10.1), the procedure of direct
application of incompressibility and plane stress conditions, as well as to verify the accuracy of
the fiber length update algorithm for large 3D strains (Section 3.11) in thin and thick shell
structures, when initially curved geometries (uncoincident lamina and global coordinate system)
are considered, and the structure undergoes large 3D (in-plane and transverse) deformations
(large discrepancies between lamina and fiber coordinate systems). In these tests, we modeled
the pressurization of axisymmetric, closed-end cylinders, using the mass matrices presented in
Section 3.14. We considered Guccione’s 3D homogeneous hyperelastic anisotropic material
model (Equation 4.2) for both tests. The reason for considering thin and thick structures under

similar loading and boundary conditions is to verify that inclusion of transverse shears in the
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formulation of thin structures, where transverse shears are physically not present, does not cause

artificial stiffening.

Due to symmetry, we modeled only one-quarter of the structures in which we used 2 of
the present CB shell FE in the circumferential direction and eight elements in the longitudinal
direction. In addition, we considered a practical but perhaps not optimal safety factor of 2 for the
time step evaluation (Equation 3.43).

In Labrosse et al. (2009), segments of fresh human thoracic aortas from eight male sexagenarians
were pressurized under closed-end and free extension conditions. Then, material constants for
different three-dimensional hyperelastic anisotropic constitutive models were determined from
the experimental data. In this study, we modeled the pressurization of an axisymmetric, thin-
walled, closed-end cylinder (Figure 4.28, left) with Guccione’s homogeneous hyperelastic

anisotropic material model of the form:

Cl 2 2 2 2 2 2 2 2 2
w== [exp (czEgg +C3 (L + Bl + B+ EL )+ Ca(BS, +Ely” + B, +EL )) -1,

where the material constants (Figure 4.28, left) were taken from Labrosse et al. (2009). We used
Technique 1 (Section 3.10.1) to develop the constitutive relations, and enforce the material

incompressibility and the plane stress condition (in the radial direction presented by index rr).

The structure was pressurized from 0 to 18.66 kPa (physiological range) at two different
loading rates (Figure 4.28, right). In the faster loading rate, the pressure was ramped up to 18.66
kPa in 0.07 seconds, which corresponds to the physiological pressurization rate in early systole
(that is 80 mmHg in 0.04 seconds (Labrosse et al., 2010). The slower loading rate (18.66 kPa in
0.14 seconds) was chosen to study the effect of loading rate on the amplitude of the oscillations
in the solution. The FE modeling was performed using the two mass matrices presented in
Section 3.14 (M1 and M2) to study their effect on the simulations. Comparison between the
experimental, analytical and finite element data (obtained from the two loading rates and two

mass matrices) is presented in Figure 4.29. To verify that the stress discontinuities (stress jumps)
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were small everywhere in the structure, we plotted pressure bands over the deformed geometry at
the maximum load configuration using the faster loading rate in combination with M1 (Figure
4.30) and M2 (Figure 4.31). According to Bathe (1996), pressure band (obtained from Equation
4.3) is a more conclusive way of presenting stress discontinuities when 3D stresses and 3D

deformations are present.

Equation 4.3
—(axx + Oyy + azz)
3

R; = Inner radius = 0.01090 m Pressure (Pa)
h = Thickness = 0.01275m

L =Length = 0.071m 18.66 x 103
p=1000Kg/m3> |74
C; = 6.805 % 10° Pa
TN C, = 5.726679
7" Closed \\ Cy = 5.252626

w C4 = 5.252626 0.07  0.14 Time (s)

Figure 4.28: Left: Human thoracic aorta geometry and material properties; Right: Loading

Pressure band =

rates.
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Figure 4.29: Comparison between the experimental, analytical and finite element data for

human thoracic aorta under pressurization with closed-end and free extension conditions:

inner radius vs. pressure (top) and longitudinal stretch ratio vs. pressure (middle).

Comparison between the analytical and finite element stress results across the aorta wall in

the circumferential (bottom-left), longitudinal (bottom-middle), and radial (bottom-right)

directions, measured at 13.33 kPa and close to the open end of the aorta. In the legend, M1

and M2 refer to the mass matrices of Sections 3.14.1 and 3.14.2, respectively.

Measurements are taken in the middle to prevent influence of the boundary conditions.
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Figure 4.30: Deformation and distribution of pressure band (Equation 4.3) due to
pressurization under closed-end and free extension conditions at the maximum load

configuration obtained with M1 (mass matrix of Section 3.14.1) and the faster loading rate.
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Figure 4.31: Deformation and distribution of pressure band (Equation 4.3) due to
pressurization under closed-end and free extension conditions at the maximum load

configuration obtained with M2 (mass matrix of Section 3.14.2) and the faster loading rate
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In this test, we studied the pressurization of a segment of a closed-end dog carotid artery. The
model consisted of an axisymmetric, thick-walled, closed-end cylinder (Figure 4.32, left) with
homogeneous hyperelastic anisotropic Guccione’s material model presented by Equation 4.2,
where we obtained the material constants from the experimental data published in (Takamizawa
and Hayashi, 1987) using an approach similar to that presented in Labrosse et al. (2009). The
structure was pressurized from 0 — 26.66 kPa at two different loading rates (Figure 4.32, right).
The slower loading rate (26.66 kPa in 0.1 second) was consistent with the physiological
pressurization rate before the cardiac cycle starts in early systole, and the faster loading rate
(26.66 kPa in 0.01 second) was chosen to study the effect of loading rate on the amplitude of the
oscillations in the solution. Comparison between the experimental, analytical and finite element
data (obtained from the two loading rates and mass matrices of Section 3.14 (M1 and M2)) is
presented in Figure 4.33. To verify that the stress discontinuities were small everywhere in the
structure, we plotted pressure bands over the deformed geometry at the maximum load
configuration using M2 in combination with the faster (Figure 4.34) and the slower (Figure 4.35)

loading rates.

R; = Inner radius = 0.00121 m Pressure (Pa)
h = Thickness = 0.00056 m A
L = Length = 0.009362 m 26.66 x 103

p = 1000 Kg/m3
C, = 31.563 x 103 Pa

C, = 0.770045
C; = 0.549136 R
C, = 0.549136 001 0.1 Time ()
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Figure 4.33: Comparison between the experimental, analytical and finite element data for

dog carotid artery under pressurization with closed-end and free extension conditions:

inner radius vs. pressure (top) and longitudinal stretch ratio vs. pressure (middle).

Comparison between the analytical and finite element stress results across the aortic wall

in the circumferential (bottom-left), longitudinal (bottom-middle), and radial (bottom-

right) directions, measured at 13.33 kPa and close to the open end of the artery. In the

legends, M1 and M2 refer to the mass matrices of Sections 3.14.1 and 3.14.2, respectively.

Measurements are taken in the middle to prevent influence of the boundary conditions.
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Pressure band (MPa)

L
-0.1624 -0.1391 -0.1157 -0.0924 -0.0690 -0.0457

Figure 4.34: Deformation and distribution of pressure band due to pressurization under
closed-end and free extension conditions at the maximum load configuration obtained with

M2 (mass matrix of Section 3.14.2) and the faster loading rate.

(mm)

Pressure band (MPa)
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Figure 4.35: Deformation and distribution of pressure band due to pressurization under
closed-end and free extension conditions at the maximum load configuration obtained with

M2 (mass matrix of Section 3.14.2) and the slower loading rate.
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In Test 9, a thin-walled cylindrical structure was loaded within the physiological pressure
range (0 — 18.66 kPa) in two different loading periods (fast: 0.07 seconds, slow: 0.14 seconds),
whereas in Test 10, a thick-walled cylinder was loaded to beyond the physiological pressure
range (0 — 26.66 kPa) in 0.01 and 0.1 seconds. Therefore, a total of four loading rate and mass
matrix combinations were considered in each test. We took the material constants for Test 9 from
Labrosse et al. (2010), and evaluated the constants for Test 10, from the experimental data
published in (Takamizawa and Hayashi, 1987), using a similar approach presented by Labrosse
et al. (2009). Note that the material model was selected because it is able to handle full 3D
strains, and because we could evaluate the corresponding material constants. It is worth
emphasizing the very important point that 2D or membrane type material models include in-
plane strains only, and cannot describe 3D material properties. In particular, features such as
residual stresses, through-thickness stress distributions, and torsional deformations cannot be
captured with a 2D material model. Provided that the present CB shell FE performs well for a 3D

material model, it will perform equally well for any other 3D models.

Due to the prescribed geometry, boundary conditions, loading conditions, and material
properties, both structures undergo large 3D (in-plane and out of plane) distortions next to the

closed end, and large in-plane and normal strains elsewhere in the structure.

Comparisons between the experimental, analytical and finite element results conducted
for Tests 9 and 10 are, shown in Figures 4.29 and 4.33 respectively for the inner radius (top) and
the longitudinal stretch ratio (middle) upon pressurization. For practical purposes, the curves do
not exhibit significant differences between each other, over the specified pressure ranges. As
expected, the faster loading rate in both tests resulted in an oscillatory response, which happened
to be more pronounced in the longitudinal direction. Considering that, in this document, the
reference surface of the shell is taken to be the mid-surface, the analysis is done on the mid-
surface (middle radius) of the structure and the values of the internal radius are obtained from
subtracting half of the thickness (nodal fiber lengths) from the middle radius. Thus, the accuracy
of the present FE inner radius vs. pressure curves, as well as the negligible change in the volume
of the structure (—0.8% and —0.3% for Tests 9 and 10, respectively) confirmed the accuracy of
the fiber length update algorithm (Section 3.11) for large 3D strains and large 3D distortions of

curved geometries. Furthermore, the FE results obtained from both mass matrices are in
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excellent agreement for the same loading conditions (Figures 4.29 and 4.33, top and middle).
The average critical time step calculated from M2 (Section 3.14.2) was only about 1.034 times
larger than that of M1 (Section 3.14.1), so both formulations resulted in the same number of
operations. Comparison between the analytical and the present FE stress distributions across the
wall (pressurized to 13.33 kPa) in the three circumferential, longitudinal, and radial directions is
shown in Figures 4.29 and 4.33 (Tests 9 and 10, respectively), bottom- left to right, in that order.
The analytical curves illustrate that the stresses were the highest towards the inside of the aortic
wall for the circumferential and longitudinal directions, as expected in the absence of residual
stresses in the model. As illustrated in Figure 4.29, bottom-left (circumferential direction), there
is a favorable comparison between the analytical and the present FE stress distributions obtained
from both mass matrices with the slower loading rate. As for the longitudinal direction (Figure
4.29 bottom-middle), convergence was best achieved by M2 (Section 3.14.2) at both loading
rates, followed by M1 with the slower loading rate. As illustrated in Figure 4.33 (Test 10), there
was a great similarity in the FE results obtained from both mass matrices under the same loading

conditions, while the slower loading rate decreased the amplitude of the oscillations.

Finally, the analytical radial stresses were the highest towards the inside of the wall
(Figures 4.29 and 4.33 bottom-right), where the stress magnitude was equal to that of the applied
pressure (13.33 kPa), and equal to zero on the outside surface, where no external pressure was
applied. However, consistent with the plane stresses assumption associated with the CB shell
elements, the radial stresses (normal to the shell surface) obtained from the present CB shell FE

remained zero across the element thickness.

Consistent with the large discrepancies between the stress results obtained from M1 and
M2 at the faster loading rate in Test 9, there was a noticeable difference between the ranges of
the pressure band over the deformed aorta in those scenarios (Figures 4.30 and 4.31,
respectively). Considering that the stress results obtained from M1 and M2 were in good
agreement for each of the loading rates, we were interested in the influence of the loading rate on
the pressure band for the same mass matrix. Comparison between Figures 4.34 and 4.35
suggested that not only decreasing the loading rate decreased the amplitudes of the response
oscillations, but also did produce a smoother deformed shape (i.e. removed the inklings along the
artery), and reduced stress jumps between the elements. Overall, the stress jumps, although small
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across each element, appear to be the most pronounced in the elements closest to the closed end.
This is because those elements undergo the largest 3D deformations and distortions. Should it be
required, a smoother pressure band could be achieved either through mesh refinement (as
verified through Test 7), or by decreasing the loading rate (as verified trough Tests 9 and 10).

In conclusion, the results obtained from Tests 9 and 10 validate Technique 1, the
procedure of direct application of incompressibility and plane stress condition (Section 3.10.1),
as well as the fiber length update algorithm for large membrane strains in thin and thick shell
structures (Section 3.11). In addition, the present CB shell FE is proven insensitive to initially
non-coincident lamina and global coordinate system, large divergence between lamina and fiber
coordinate systems (due to large in-plane and transverse deformations), and membrane and shear
locking. There was a good match in the FE results obtained from both mass matrices under the
same loading conditions. The discrepancies between the analytical and the present FE stresses in
the longitudinal direction were larger than those of the circumferential direction. This was
because the amplitudes of oscillations caused by the faster loading rate were larger in the
longitudinal direction than the circumferential one. To maintain the best overall convergence to
the analytical solution, the slower loading rate was favorable. Comparison between the analytical
circumferential and longitudinal (in-plane) stresses, and the analytical radial (normal) stresses
validated the statement of Section 2.4.2, according to which: “normal stresses can be neglected

in structural theories because they are much smaller than the in-plane stresses.”
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Geometrically and materially nonlinear FE analysis requires a CB shell FE that is accurate, reliable
and versatile. It was concluded from Sections 2.3, 2.4, and 2.5.3 that a nonlinear anisotropic
incompressible hyperelastic CB shell finite element for the formulation of soft tissue dynamics
using explicit time integration did not exist in theoretical literature or in any of the studied
software packages. Thus, considering the novelty of the proposed shell element, serious
theoretical and programming modifications to the existing software packages were required.
Therefore, we found it more efficient to bypass this obstacle and program the desired shell
element from scratch. As mentioned throughout this document, it is required to carry out
derivations, multiplications, and integrals of large matrices at each time step. Due to its built-in
functions with the aforementioned capabilities, convenience, and availability, we employed
Matlab for the implementation and development of the present thick 9-noded CB shell FE. To
achieve the best accuracy and for the reasons mentioned in Section 3.4, we assumed 5 DOFs per
node. Consistent with the Mindlin-Reissner shell theory (Section 2.4.2), to take the transverse
shears into consideration, and to enable modelling large in-plane and large out of plane
deformations, we employed two independent (lamina and fiber) coordinate systems (Section
3.3). The nonlinearity of the shape functions (for the 9-noded shell element) enabled accurate
modelling of curvatures under bending conditions, and shear locking was prevented. In addition,
considering that the normals were allowed to rotate due to deformation (i.e. there was no
normality constraint) shear locking did not happen regardless of the thickness of the structure
(Section 2.8).

Due to the mechanical behaviour of soft tissues, we were interested in developing a thick
shell element which can undergo large deformations and large rotational strains (i.e. we were not
interested in inextensional modes of bending). Although membrane locking was not an issue in
our field of application, we numerically verified that it does not occur in the present 9-noded CB
shell FE, as we were able to model inextensional modes of bending. Knowing that the
constitutive relations must be applied on the lamina coordinate system, we developed the lamina
strain-displacement transformation matrix by evaluating the nodal point and nodal fiber
displacements with respect to the lamina coordinate system, and obtained the partial derivatives
with respect to the current position vector in the lamina coordinate system, as opposed to the
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global ones. In other words, we transformed the nodal point displacements, and the position

vectors from the global coordinate system to the lamina coordinate system (Section 3.8).

Next, we developed the hyperelastic nonlinear anisotropic constitutive relations by
deriving the strain energy function with respect to the lamina Green-Lagrange strains, and used
the lamina deformation gradient tensor to evaluate the lamina Cauchy stresses, as opposed to the
global ones (Technique 1 in Section 3.10.1). As a new approach, we directly enforced the zero
normal stress condition by evaluating the normal strains as a function of the remaining strain
components, and substituting it in the strain energy function. This method, which is based on the
conservation of matter, is expected to work equally well for compressible and incompressible
materials. In addition to Techniques 1, we developed 2 new techniques that enable modelling
large strains using linearly elastic material properties, which were tested to be accurate (Sections
3.10.2 and 3.10.3). Considering that in the Mindlin-Reissner shell theory, fibers are assumed to
remain straight but not normal after deformation, a constant thickness condition was invoked in
the kinematics of the shell to avoid numerical ill-conditioning problems. To update the thickness
changes due to large membrane straining, we evaluated the lamina strains from the constitutive
equations, and then projected their mean values onto the fiber direction. Finally, we re-evaluated
the current thickness using the thickness of the reference configuration and the aforementioned
fiber strains (Section 3.11).

To find the mass and stiffness matrices, as well as the force vectors, we employed the
normal Gaussian rule (3 x 3) to integrate over the in-plane (r and s) parent coordinates, and 2
through the thickness integration points because of transverse shears (Section 3.15). We obtained
the critical time step, required for explicit analysis, from the stiffness and the mass matrices
through the maximum natural frequency, which, consequently varied with the load in nonlinear
systems (Section 3.16). As was presented in Tables 4.1 and 4.2, and discussed in Section 4.1.2,
the present average time increments were much larger than those classically obtained from
dividing the thickness of the element by the sound speed (obtained from the material properties).
This also contributed to making the number of operations smaller.

Eventually, the present 9-noded CB shell FE was tested to be accurate and efficient for a

broad variety of geometries, loading conditions, and material properties.
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The most important contributions of the new proposed CB shell FE lie in its accuracy and
efficiency in analyzing large bending deformations (Tests 1 to 4) and its insensitivity to initially
irregular elements and geometries as well as large distortions (Tests 3, and 5 to 10), compared to
existing CB shell FE elements. Accuracy was achieved by employing a 9-noded quadrilateral
element, two independent coordinate systems to implement the kinematic and Kinetic
assumptions of the modified Mindlin-Reissner shell theory, and proper selection of the number
of integration points. Insensitivity of the present CB shell FE to large 3D deformations, and
geometric irregularities enabled employment of smaller number of elements (larger elements),
which, combined with formulation of Section 3.16, resulted in enlargement of the time step (At).
In addition, due to selection of explicit time integrations, the need for equilibrium iterations was
circumvented. The abovementioned factors, resulted in a reduction in the number of operations,
which consequently is expected to reduce the computation time, provided that all the CB shell
elements (considered in this document) were implemented using the same programming language

and the tests run on the same machine.

In addition, the three techniques presented in Section 3.10, and the fiber length update
algorithm presented in Section 3.11 were shown to be accurate in modelling large in-plane and out
of plane (3D) distortions, and large 3D strains of initially irregular elements and geometries.
Technique 1, which, details the appropriate derivation of the constitutive relations from the
hyperelastic strain energy function, and their transformation to the current configuration within the
lamina coordinate system, and direct application of zero normal stress condition through volume
evolution constrains was further verified through Tests 8 to 10. Techniques 2 and 3, which, allow
for the accurate modelling of large strains using a constant linear constitutive tensor in the total and
incremental UL formulations, respectively, were verified through Test 8. It was made evident that
Techniques 2 and 3 are computationally more efficient than Technique 1 due to exclusion of the
transformation of the fourth-order constitutive tensor, and may bypass the need of determining the

material constants for hyperelastic strain energy functions.
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The present CB shell FE was implemented in the Matlab environment due to its availability and
convenience, but the element could be made numerically more efficient by using a faster
programming language. Considering that 2 through the thickness integration points are necessary
for the prevention of shear locking in bending deformations, the efficiency of the element could
be doubled by reducing the number of through the thickness integration points from 2 to 1 when
only in-plane deformations are modelled (e.g. Tests 7 and 8). Moreover, to further leverage the
small number of elements required per model, the loop over the elements (Figure 3.3) could be
circumvented by running the elemental calculations in parallel, thereby reducing the number of
operations and making the code even more efficient. The present 9-noded CB shell FE was
proven efficient and accurate, not only in modeling linearly elastic materials (engineering
applications), but also in modeling anisotropic incompressible nonlinear hyperelastic materials
(biological soft tissues). To make a full use of this element in the surgical simulation realm, the
formulations need to be expanded to integrate contact constraints with the structural variational
equations, and to implement the contact constraints in the finite element analysis. Contact
problems are categorized as boundary nonlinearities, because both contact boundaries and
contact stresses are unknown, and there is an abrupt change in contact forces. Many contact
algorithms exist in the literature (Bathe, 1996; Belytschko et al., 2000; Wriggers, 2002).

Some difficulties we encountered in the process of shell development were partly due to the hidden
fundamental details in the formulations of the existing CB shell elements, exaggerations in the
capabilities of the elements and/or types of deformations, and theoretical mistakes in the literature,
as are discussed in this document. In addition, the hyperelastic constitutive relations in the literature
were either limited to brick elements or plate elements (i.e. flat Kirchhoff-Love shell elements),
which undergo small deformations and/or distortions. In these cases, the transverse shears were
excluded from the analysis, thickness update was done through the kinematics (if any), and the
lamina coordinate system remained collinear with the global coordinate system, thus no rotation of

the material matrices (between the different coordinate systems) was needed. Furthermore, the
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constitutive relations were developed for the classical TL formulations and implicit time integration
(equilibrium iterations) is employed. So, not only did we have to come up with a way to implement
the hyperelastic constitutive relations in the lamina coordinate system, which is non-collinear with
the global coordinate system and undergoes large rotations, but we also had to include the
transverse shears while correctly enforcing incompressibility and the zero normal stress condition
(as discussed in Section 2.7, Lagrange multipliers should not be used for 3D anisotropic
hyperelastic material models). Furthermore, we had to come up with an approach to transform the
lamina constitutive relations to the UL formulations, where stresses and strains are measured from
the previous configuration as opposed to the initial one. Despite numerous dead ends, we managed
to address all these issues directly, and without adding any complexities to the formulation of CB
shell FE (recall from Section 2.5 that some authors attempted to resolve this issues at the cost of
using mixed tensorial interpolations, mixed displacement and pressure formulations, and ending up

either with a membrane element or a 3D (solid) shell element as opposed to a CB shell element).

To conclude, geometrically and materially nonlinear FE analysis requires a CB shell finite
element that is accurate, reliable and versatile. The tests performed proved our CB shell FE to be
capable of handling large bending deformations and large in-plane distortions, being insensitive to
shear and membrane locking, and insensitive to initially irregular elements. In addition, the three
implementation techniques presented were shown to be accurate in large strain analyses. It appears
that the application and robust derivation of two independent coordinate systems, the proper
formulation of the incremental and the total UL governing equations and the use of precise matrix
transformations, as well as the optimal critical time step calculation method made the present CB
shell FE efficient and accurate in comparison with the existing CB shell FEs. This made it possible
to use fewer elements to model complex geometries, and achieve excellent efficiency-accuracy

combination.
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