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Abstract

The present thesis consists of two main parts. The first part is concerned with the
vibration and statics of transversely isotropic thick-walled toroidal shells. The second part is
concerned with the vibration and statics of orthotropic thin-walled toroidal shells. In the first
part a solution based on the linear three-dimensional theory of elasticity is developed for
vibration and static problems of toroidal shells. The theory is developed for transversely
isotropic toroids of arbitrary but uniform thickness. In the semi-analytical method that is
adopted Fourier series are written in the circumferential direction, forming a set of two-
dimensional problems. Finally results are determined for local surface loading problems. In
the second part a solution based on the linear elastic Sanders-Budiansky shell equations is
developed. The vibration and static characteristics of orthotropic toroidal shells of variable
thickness are considered. A semi-analytical method in which Fourier series are written in the
circumferential direction is adopted, forming a set of one-dimensional problems. A novelty in
the solution concerns the use of power series as trial functions in a domain exhibiting cyclic
periodicity. Results are determined in the second part for two separate applications. The
problems in both parts of the work are solved using the differential quadrature method. A
commercial finite element program is used to determine alternative solutions. The results

from these two methods are compared, and conclusions are drawn.
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Chapter 1
INTRODUCTION

Toroidal shells are frequently used in many areas of engineering, finding such
applications as a basic structural element in Tokamak-type fusion reactor, vehicle and aircraft

tires, rotating space station, and buoyancy units.

1.1 Thin-Walled Toroidal Shells

When the thickness of a shell lies in the range thickness/radius<1/10, the shell should be
considered as a thin shell. The approximate two-dimensional theories based on Kirchhoff-
Love hypothesis of non-deformable normals are most often adapted to thin-walled shells. For
these shells, there is one mathematical variable for an axisymmetric model, and there are two
variables for a non-axisymmetric model. Two approximate methods, the membrane
approximation and the bending approximation, are used in thin shell analysis. The membrane
approximation is the simplest of these approximations, in which it is assumed that the bending
stiffness can be neglected. Thus all the bending stress resultants and shear resultants are zero.

The membrane approximation is also called the extensional approximation. Correspondingly,



the bending approximation is also called the inextensional approximation. In this assumption
both membrane and bending stress resultants are considered. According to above-mentioned

approximations, there is an assumption of small deflections and an elastic constitutive

relationship.

1.2 Thick-Walled Toroidal Shells

The thickness of toroidal shells in some applications is not small enough to permit the
adoption of thin shell theory. In such cases, the three-dimensional theory of elasticity is
required. The number of variables in the general problems of thick-walled toroidal shell
increases to two for an axisymmetric model, and three for a non-axisymmetic model. Work
on the stress-based toroidal elasticity (TE) method was initiated by Gohner [1930] and
continued by Lang [1989]. The load cases covered were in-plane loads, out-of-plane loads
and seismic forces. The displacement-based toroidal elasticity method was developed by
Redekop [1992]. The latter theory allows for a comprehensive study of thick-walled toroid

including displacements and stresses.

1.3 Toroidal Shells with Variable Thickness and Non-Isotropic

Material

Considerable work has been done on the analysis of isotropic toroidal shells with uniform
thickness. Recently, a number of studies on variable thickness toroidal shells have appeared,

dealing with applications such as tires, modern pressure vessels and thin-walled piping elbows



which differ from the perfect toroidal shape as a result of manufacturing processes. In these
studies the effects of geometric irregularities on the design analysis of toroidal shells were
considered. A better understanding and qualification of the effects of geometric irregularities
would enable the designer to select the most economical manufacturing process consistent

with acceptable stress behavior.

With the advent of advanced fiber reinforced composite materials having many attractive
properties like high strength to weight and stiffness to weight ratios, good corrosion and heat
resistance and excellent fatigue strength, shells made of these materials have been extensively

used in civil, chemical, mechanical and marine industries.

1.4 Approximate Solutions of Toroidal Shells

The majority of the studies on toroidal shells have relied on analytical or numerical
solutions. Approximate solutions generally require presentation of functional values at
certain discrete points of the domain. The corresponding approximate solution of numerical
discretization is called the numerical solution. Currently, numerical methods, such as finite
difference (FD), finite element (FE), and finite volume (FV) find frequent use. They are under
the category of low order methods. A large number of mesh points are needed in these
methods. The FD method is based on the polynomial approximation or the Taylor series
expansion and the FE method is based on the variation principle or the principle of weighted

residuals, while the FV method applies the physical conservation law directly to a finite cell.



To these methods has been added the method of differential quadrature (DQ), where a partial
derivative of a function with respect to a coordinate direction is expressed as a linear weighted
sum of all the functional values at all mesh points along that direction. DQ method (DQM) is
a high order method which permits the use of coarser mesh spacing than the other methods

offering savings in computation to the user.

1.5 Objective of This Thesis

The objective of this thesis is to consider the problems of vibration and statics of
transversely isotropic thick-walled toroidal shells and orthotropic thin-walled toroidal shells.
Three-dimensional elasticity theory and the Sanders-Budiansky thin shell theory, respectively,
are used to solve the problems. Results in each case are found using the DQM and the finite

element method (FEM). The main part of this thesis is divided into four parts.

In chapter two, a literature survey is given for the DQM and semi-analytical method,

toroidal elasticity theory, toroidal shell theory, and the vibration of toroidal shell.

In chapter three, the governing equations of the displacement-based toroidal elasticity
theory are set up in the toroidal coordinate system for transversely isotropic material. Fourier
series expansions are written in the circumferential direction leading to a series of two-

dimensional problems for the individual harmonics. The theory developed is used to solve



thick shell problems in which the thickness is uniform. Finally results are determined for

natural frequency and local surface loading problems by the DQM and FEM.

In chapter four, the governing equations of the Sanders-Budiansky shell theory [Sanders
1995, Budiansky 1968] are developed in the toroidal coordinate system for a shell with
variable thickness and consisting of an orthotropic material. Fourier series are written in the
circumferential direction leading to a series of one-dimensional problems for the individual
harmonics. The theory developed is used to solve two cases for vibration and statics. In the
first case a complete isotropic toroidal shell is considered, and the shell wall is thinner at the
extrados. Final results are determined for natural frequency and internal pressure cases by
DQM and FEM. In the second case an orthotropic toroidal shell incomplete in the meridional
direction is considered, and the shell wall is thicker at the extrados. Final results are

determined for natural frédﬁéncy and pad load problems by DQM and FEM.

In chapter five, conclusions are drawn and suggestions for future study are made.



Chapter 2
LITERATURE SURVEY

2.1 Differential Quadrature Method and Semi-Analytical Method

Bellman [Bellman and Casti 1972] introduced the method of differential quadrature
(DQM), where a partial derivatives of a function with respect to a coordinate direction is
expressed as a linear weighted sum of all the functional values at all mesh points along that
direction. The DQM is gradually emerging as a distinct numerical solution technique for the

initial- and/or boundary-value problems of physical and engineering science.

Many researchers have used Bellman’s approach to compute the weighting coefficients,
such as Hu and Hu [1974], Mingle [1977], Wang [1982], Naadimuthu et al. [1984], Bert et al.
[1988,1989], Jang et al. [1989] [Shu 2000]. Shu and Richard [1992] developed a global
method called the GDQ method. This new method has overcome the difficuity of DQM in
obtaining the weighting coefficients for the first-order derivative discretization with arbitrary
distribution of grid points. In the GDQ method, the weighting coefficients of the first-order

derivative are given by a simple algebraic formulation, and the weighting coefficients of the



second- and higher-order derivative are determined by a recurrence relationship. Shu and
Xue [1997] demonstrated that the weighting coefficients could be calculated using explicit
formulations by following the Fourier series expansion and the same concept of GDQ method.
So the explicit formulations for computing the weighting coefficients in the harmonic
differential quadrature (HDQ) have been developed. This method is useful especially for
some problems with periodic behavior. A monograph about the DQM was presented by Shu

in 2000 which introduced the development and applications of DQM [Shu 2000].

The application of the DQM to the area of structural mechanics was introduced through
the vibration analysis [Bert et al. 1988] and static analysis [Bert et al. 1989] of basic structural
components such as beams and plates. Then the DQM was applied to the solution of Navier-
Stokes equations [Shu and Richard 1992]. More recently, the application of the DQM has
been introduced to lubrication problems [Malik and Bert 1994]. Redekop and Xu [1999]
represent the first application of this method to problems in shell theory with variable
coefficients in the governing equations. In their work the free vibration characteristics of

linear elastic toroidal shell panels are determined.

A semi-analytical approach has been shown to be a simple, effective and efficient one in
dealing with the problem of a shell of revolution. In this approach, the displacements and
rotations of the shell are represented by Fourier series in the circumferential coordinate

direction. In 1990, Kim et al. modeled the space shuttle nose-gear tire with semi-analytical



finite elements [Kim et al. 1990]. Shell variables are represented in semi-analytical finite
elements by Fourier series in the circumferential direction and piecewise polynomials in the
meridional direction. In 1996, Bert et al. did the free vibration analysis of thin cylindrical
shell by the semi-analytical DQM [Bert and Malik 1996a]. The displacements are represented

by trigonometric sine and cosine function of the circumferential coordinate to reduce the size

of eigenvalue matrices.

Noor and Peters [1987] carried out the analysis of laminated anisotropic shells of
revolution. The Sanders-Budiansky shell theory was developed for the governing equations.
Semi-analytical finite elements were used in which the shell variables were represented by
Fourier series in the circumferential direction and piecewise polynomials in the meridional
direction. A computational procedure was presented for assessing the sensitivity of the shell

response to anisotropic material coefficients.

The modeling and analysis of the space shuttle nose-gear tire was developed by Kim et al.
[1990] in a similar approach to that of Noor and Peters [1987]. The cord-rubber composite
which was treated as a laminated material was used in the tire model. Numerical results were

presented for an inflated Space Shuttle tire and the case of localizing loading.



2.2 Toroidal Elasticity Theory

Gohner [1930] was the first researcher to work on the three-dimensional (3D) theory the
so-called toroidal elasticity theory (TE). He chose a special co-ordinate system (Fig. 2.1) to
investigate the problem of a curved solid circular ring sector subjected to pure twisting and
bending moments. His theory was specialized to axisymmetric cases and his co-ordinate
system works for the boundary conditions of a solid circular cross-section, but is not good for
the boundary conditions of an annular cross-section. Kornecki [1963] and McGill and Lenzen
[1967] resumed the work of Gohner in the 1960s. Komecki used the method of spccessive
approximation to solve the governing equations. McGill and Lenzen applied the theory to the
circumferential axisymmetric free vibration of a thick hollow tori by using the finite

difference method. Both of these authors solved only the axisymmetric problem.

Lang [1989] developed TE theory in the non-classical toroidal coordinate sysfem (Fig.
2.2). In this approach the boundary conditions of a hollow elbow can easily be represented.
He cast the three equilibrium equations and the six compatibility equations into this suitable
set of curvilinear coordinates. This theory can be applied both to axisymmetric problems or
non-axisymmetric problems. Redekop [1992] extended the work of Lang. He developed the
governing Navier equations based on the displacement components variables in this
coordinate system. This displacement based TE theory has the advantage of yielding
immediately the displacements as well as the stresses. Zhu [1994] used a displacement-based

approach to TE to solve three problems. The first one concerns an elbow subjected to an out-



of-plane couple at the free end. The second problem concemns an axisymmetric sectorial

toroidal ring subjected to loads on its radial surfaces. The third one concerns a toroidal shell

subjected to band loads of normal pressure.

The increasing demands of high-performance composite materials in aircraft, aerospace
vehicles, large space structure, and shipbuilding have simulated interest in the development of
3D elasticity theory of anisotropic shells of revolution. Grigorenko et al. [1995] used the 3D
elasticity theory to investigate the stress-strain state of hollow thick-walled noncircular
cylinders for certain types of orthotropy under a local load. Also in their paper noncircular
cross-sections were considered. Noor and Burton [1990] have systematically reviewed the
available approaches and solutions based on 3D elasticity theory for the analysis of
multilayered composite material shells. Chandrashekhara and Rao [1996] presented an
approximate 3D elasticity solution for an infinite, thick, orthotropic as well as a laminated
circular cylindrical shell of revolution subjected to distributed-pinch loads. Grigorenko et al.
[1998] proposed a numerical approach to the dynamic problem with nonaxisymmetric loading
based on the model obtained in the 3D linear elasticity theory of an anisotropic body. Jiang
and Redekop [2002b] developed a solution based on the linear 3D theory of elasticity for

vibration and statics problems of transversely isotropic toroidal shell.
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2.3 Toroidal Shell Theory

The various shell theories that are in use at present all stem from the equations of Love
developed towards the end of the 19" century. The most popular shell theories are those of
Sanders-Budiansky, Fliigge, Reissner, Donnell, Reissner-Mindlin, Timoshenko, and Berry
and Naghdi [Leissa 1973]. In the past two decades a substantial capability has been
developed for the numerical analysis of arbitrary shells of revolution. Most of this capability
is for orthotropic and transversely isotropic shells for which the principle material directions
coincide with the coordinates lines. Recently, interest in the use of composite shells of

revolution has been expanded in aircraft, shipbuilding, and other industries.

Studies of toroidal shells have dealt with the static, dynamic and buckling analysis of
partial and complete toroidal shells. Sanders and Liepins [1963] considered the toroidal
membrane under uniform normal pressure. Their approach extended from both the nonlinear
membrane theory and the bending theory [Rossettos and Sanders 1965]. Sobel and Fliigge
[1967] derived the buckling and free vibration equations of prestressed thin shells of
revolution and applied them to toroidal shells. Thompson and Spence [1983] have presented
a solution employing the theorem of minimum potential energy, with suitable kinematically
admissible displacements. Whatham [1986] has presented the linear shell equations for
analyzing pipe bends or discontinuous toroidal shells. Xia and Zhang [1987] have presented a
general solution of toroidal shells subjected to symmetric or nonsymmetric loading based on
Novozhilov’s complex force equations of thin shell theory. Zhang and Redekop [1991] have
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provided results for surface loading of a thin-walled toroidal shell using the linear Sanders
theory. Leung and Kwok [1994] have studied the free vibration of a toroidal shell using the

Donnell-Mushtari-Vlasov (DMV) thin shell theory, Fourier series and Galerkin’s method.

The early work on shells dealt mainly with the isotropic, transversely isotropic and
orthotropic material. Recently, work has been concentrated on laminated composite materials.
Noor and Peters [1987] presents an efficient computational procedure for the free vibration
analysis of laminated anisotropic shells of revolution. The analytical formulation is based on
a form of the Sanders-Budiansky shell theory in which the transversely shear deformation is
not taken into account. Xi et al. [1999] investigated the effects of shear non-linearity on free
vibration characteristics of laminated composite shells of revolution using a semi-analytical

method based on the Reissner-Mindlin shell theory.

2.4 Vibration of Toroidal Shells

The literature on toroidal shell vibration is relatively sparse, and in the main monograph

by Leissa [1973] there is mention only of a few studies. In recent years the study of this topic

has intensified considerably.

McGill and Lenzen [1967] studied the circumferential axisymmetric free vibration of
thick hollowed tori using the axisymmetric theory of elasticity. In their article, an expansion
of the basic equation of elastic motion was made in toroidal coordinates. The effects of
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thickness and the radii ratio on the natural frequencies of axisymmetric free vibration of tori

were considered.

The free vibrations of ring-stiffened toroidal shells were studied by Balderes and
Anthony [1973] on the basis of the Love-Reissner shell theory. Their results indicate that the
frequency increases with increasing h/R (thickness to radii ratio) and decreasing a/R (radii
ratio) and the frequency of the stiffened shell remains the same or increases substantially

compared with the frequency of the unstiffened shell.

Kosawada et al. [1986] analyzed the free vibration of thick toroidal shells with circular
cross section by using an improved thick shell theory. The governing equations are derived
from the stationary conditions of the Lagrangian of the toroidal shell. A power series
expansion was used to solve the equations of motion and then the natural frequency and mode

shapes were obtained.

Noor and Peters [1987] presented an efficient computational procedure for the free
vibration analysis of laminated anisotropic shells of revolution. The governing equations are
based on a form of Sanders-Budiansky shell theory including the effects of both the transverse
shear deformation and the laminated anisotropic material response. The results of two free
vibration problems are discussed — simply supported two-layered cylindrical shell and
clamped two-layered anisotropic toroidal shell.
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The free vibration of a toroidal shell was studied by Leung and Kwok [1994] using the
Donnell-Mushtari-Vlasov (DMV) thin shell theory. Fourier series were written, and
Galerkin’s method was applied to solve the problem of the vibration of a 90-degree-bend

curved pipe. Results are compared to those obtained by finite element and other methods.

Huang et al. [1995] studied the free vibrations of a curved pipe. The governing equations
are based on the linear elastic Sanders shell theory. Natural frequency and mode shapes of a
90° curved pipe were determined. The results are compared with previously published results -

found using the DMV theory. Frequencies found from the two methods showed good

agreement.

Xi et al. [1999] investigated effects of shear non-linearity on free vibration of a laminated
composite shell of revolution using a semi-analytical method based on the Reissner-Mindlin
shell theory. The numerical results showed that the fundamental frequencies of composite

shells of revolution might reduce significantly because of shear non-linearity.
Jiang and Redekop [2002c] studied the polar axisymmetric vibrations of isotropic toroidal
shells with circular cross-section and uniform thickness using the 3D theory of elasticity.

Numerical results were found using the new differential quadrature method (DQM). The
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solution was partially validated by comparing with results from the finite element method

(FEM).
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Chapter 3
VIBRATION AND STATICS OF TRANSVERSELY
ISOTROPIC THICK-WALLED TOROIDAL SHELLS

3.1 Introduction

Toroidal shells are popular structural forms, finding such applications in engineering as
reactor vessels, protective devices for nuclear fuel pellets, buoyancy units, and vehicle and
aircraft tires. With the development of new materials there is a demand for new analytical
tools to model toroidal shells made of anisotropic, orthotropic, and transversely isotropic

materials [Naboulsi et al. 2000].

Considerable work has been done on the vibration and statics of thin-walled isotropic
toroidal shells [Redekop and Xu 2000, Leung and Kwok 1994, Redekop 1994]. Studies have
also been conducted for thin-walled laminated toroidal shells with application to vehicle and
aircraft tires [Kim et al. 1990, Gall et al. 1995, Zhang et al. 1997, and Darnell et al.1997]. In
some of these latter studies it has been pointed out that the shells approach a thick-walled

status. There is thus a need for an analytical tool to cover thick-walled toroidal shells (hollow
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toroids), for tire as well as other applications. As well it is desirable to have an independent

method available that can serve to validate the finite element method, which is the main tool

available in the area at present.

In this chapter the three-dimensional theory of elasticity is developed to consider the
vibration and statics of hollow transversely isotropic toroids with annular cross-sections of
arbitrary but uniform thickness. Fourier series expansions are written in the circumferential
direction leading to a set of two-dimensional problems for the individual harmonics. The
problems are solved using the differential quadrature method (DQM) and the finite element
method (FEM). Validation of the method is through the comparison of results with
previously published work. Finally results are determined for local surface loading problems,

and conclusions are drawn.

3.2 Toroidal Elasticity Theory

The hollow toroid (thick-walled toroidal shell) has a bend radius R, and an annular cross-
section bounded by radii a and b (Fig. 3.1). A general point P in the shell is defined by
circumferential and meridional angular coordinates 6 and ¢, and a radial coordinate r. The

shell is complete and thus extends through 360° in the circumferential and meridional

directions.
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A derivation of the governing equations for linear three-dimensional theory of elasticity
in toroidal coordinates has been given for isotropic materials by Redekop [1992]. The theory
is extended here to cover the case for transversely isotropic materials. The equations of

motion in this theory are given by [Redekop 1992, Grigorenko et al 1998]
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where p=R+rcosg, p is the mass density and f is the time. The convention for the

displacement and stress components present in this theory is given in Fig. 3.2. The
kinematics relations for the case of small displacements are [Redekop 1992]
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For transversely isotropic materials the constitutive equations are [Grigorenko et al 1998]
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The engineering constants v,v',E,E',G,G' are respectively the Poisson ratios, Young’s

moduli, and shear moduli in the in-plane and transverse (6) directions.

The solution is subjected to boundary conditions on the surfaces of the toroid. On the r =

cnst surfaces the requirements are
o, =Pp; (99 ¢)9 O, = O.r¢ =0 (3'5)
where p,is a specified pressure with i = 1 for the inside surface and i = 2 for the outside

surface. For some problems symmetry exists about the planes ¢ =0°, 8 =0°, and 8 =90°.

This symmetry allows consideration of one-eight of the toroid only. In these cases the

symmetry conditions

v=0; o0,=0,=0 3.6)
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are satisfied on the plane ¢ = 0°,and the symmetry conditions

w=0;, o,=0,=0 3.7)

are satisfied on the planes 8 =0°, and 6 =90°.

For calculation purposes the three-dimensional problem is reduced to a set of two-
dimensional ones. In this semi-analytical approach Fourier series are written in the
circumferential direction, and then the various harmonics so defined are dealt with separately.

Thus the displacement components and loading are expanded as

u=U,+ .U, cosmd+> U, sinmf
v=V,+) V,cosmf+> V,sinmé
w=>YW,sinm@+) W, cosmé
p=P+) P, cosmf+Y P, sinmb

(3.8)

where m=1,---, M. Governing equations are obtained by combining Eqns. (3.1— 3.3) with

(3.8). Two equations are obtained for the unknowns U,, ¥,

o’ 0’ 0
vi—tV, y 5tV —+vs U,
or or o¢ o¢
2 2
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(3.9)

three equations for each of the N sets of unknowns U,,, ¥, , W_ of the ‘even’ harmonics
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The coefficients v,—v,, are given in Appendix A.
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The basic equations are used to solve alternatively the problems of statics and vibration
for the shell. In solving the statics problem the p is taken as zero and the boundary term p,

represents a static pressure. For the vibration problem the £ is non-zero, the p, are zero, and

the displacements are taken as harmonics in the natural frequency o .

3.3 Differential Quadrature Method

The DQM approach is used to calculate the solution to the governing equations. This
method of numerical analysis was introduced to problems of shell vibration by [Shu 2000].
As a semi-analytical approach is used in the current study the two-dimensional DQM is
required, with all unknown functions expressed in terms of the variables r and ¢. A brief

overview of the method is presented in the following for completeness.

The basis of the DQM is the meshing of the domain and the representation in the domain

of the derivatives of a function f(x) by a weighted sum of trial function values at a set of

sampling points, i.e.

dk N

i WIS 612

x=x, J=l

Here the f(x;) are the function values at the sampling points j, the A"’ are weighting
J y

coefficients for the k-t order derivative at the i-th sampling point in the domain, and N is the

number of sampling points. The weighting coefficients are determined prior to the analysis

on the basis of a chosen set of trial functions. Enforcement of the governing equations and

22



boundary conditions at the sampling points together with the use of the relation (3.12)
converts the problem of differential equations into one of linear simultaneous equations in
terms of the unknown function values at the defined sampling points of the mesh. The

resulting equations are solved using standard matrix packages.

For the present problem polynomial trial functions are selected for the radial direction,
and the variable x represents r. The functions are taken as
fry=,r,r%,. . ¥ (3.13)
For these functions explicit formulas for the weighting coefficients are available in the
literature [Bert and Malik 1996b]. For the first order derivative the formulas are

M _ z(r,) .

, s 0, j=12,.,NLi=#j
b))

ﬂ(n)=ﬁ(n —r); i#j

while for the higher order derivatives the formulas are

A(,H)
AL = kA VAP -——1,4,j=1,2,..,NLi# j; 2<k <(N1-1)
. Y (3.14)

AP = 4P ==Y 4P i=12,.,NLi#s1<k<(N1-1)
s=1
For the sampling points in the radial direction of the mesh the Chebyshev-Gauss-Lobatto

spacing (Shu 2000) is used. In this scheme the coordinates r; are taken as r;= x; =(b - a) y;

where the y; are given by
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At each sampling point either the DQM analogue of a governing equation for the domain is

represented, or a boundary equation.

Harmonic trial functions (Redekop and Xu 2000) are used in the meridional direction in
this problem having cyclic periodicity. Continuity conditions across ¢ =180,360° are then

identically satisfied. The trial function are thus taken as

f(@) =cos[2(K ~Dzgl; K =1,2,3,...,N/2+1 (3.16)
f(@)=sin[2(K-N/2-N)np}; K=N/2+2,N/2+3,...,N '
where N is an even number. For equally spaced sampling points in the ¢ direction the

weighting coefficients, labeled B, in the following, may be found explicitly from the inverse

of the Vandermonde matrix (Shu 2000).

Use of the quadrature rules (3.12—3.16) for the derivatives in the governing equations

(3.10) leads to the transformed DQM domain equations for the nth even harmonic set
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where the indices A, j and corresponding dummy indices i,/ are used for the displacement

components U, ,V, , W, (Bert and Malik 1996b). The range of indices is given by
hil=1---Nl i,j=1---N

Using the quadrature rules the boundary conditions on the surface of toroidal shell » = const

are given by
d, d;cos¢g d
dllZAl(lll)Umli + (%4- 2 )Umhj +_;—2-EBjIthi
_dj;sing V,, + d;;2m W, =0
P P
1 d,(—2m) 1 1d,cosgd
E_______ss P U,y +5d552AI5})Wm!/ 3 55p W =0 (3.18)
1d 1 a 1d
ET“ZB;'”U'"M +5d66ZAhI)VmIJ _5——”6—‘;th] =0

where the d,, have been given in Section 4.2. The range of indices is
i=1---N; I=1---Nl;, h=1,Nl; j=LLN
Similarly the governing and boundary equations can be set up for the axisymmetric case and

odd harmonics.

The assembly of the domain and boundary equations yields a matrix equation for all these

cases of the form
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This equation serves as the basis for the solution of the problems of vibration and statics as
discussed in the preceding. The vector q contains the load values at the boundary sampling
points, and B’ =(pw’72)/ E is the frequency parameter, where 7 is the mean radius of the
cross-section. For the vibration problem the load term q is zero, while for the static problem
the frequency parameter #° is zero. The sub-matrices Sy, and Syq stem from the boundary
conditions, and involve respectively the unknowns of the boundary and domain mesh points.
The sub-matrices Sqp, and Sqg stem from the governing equations, and similarly involve the
unknowns of the b;)undary and domain points. The vectors A, and A, contain the
displacements of the boundary and domain points respectively. For the vibration problem the
former vector is eliminated using the static condensation technique (Bathe 1996). The matrix
equation (3.19) is then reduced into the form
(=848 S,u +S )M, = A, } (3.20)

The smallest eigenvalue is found directly by solving a standard eigenvalue problem.
The theory presented in the preceding was coded in the MATLAB™ programs Bandsta.m,

Semistal.m, Semista2.m, Semiom]l.m and Semiom2.m to cover respectively the statics and

vibration problems. Results from these DQM programs are given in the following.
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3.4 Finite Element Method

The commercial FEM program ADINA [ADINA 2000, Bathe 1996] was used to provide
a second solution to the problems considered. Both three-dimensional models consisting of
brick elements (ET FEM), and two-dimensional models consisting of shell elements (ST FEM)
were used. The brick element in ADINA contains twenty nodes with three displacement
degrees of freedom at each node. The shell element is an eight-noded isoparametric element

with three displacements and three rotation degrees of freedom at each node.

The models adopted account for symmetry of the geometry and thus represent one eight
of a toroid. The three-dimensional model is used to provide a second solution for all cases
considered, while the shell theory model is used only for a statics problem involving an
isotropic material. Sample meshes for both elasticity and shell theory models are discussed in

section 3.3.

3.5 Validation and Results

Two problems were solved to obtain partial validation for the DQM solution. The first
problem concerns the determination of the natural frequencies of a hollow toroid. The second

problem concerns the determination of the stress state in a hollow toroid subjected to a set of

band loads.
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The geometry of the first validation problem is that of a complete hollow toroid. The
polar axisymmetric vibrations of thick toroids were studied earlier by McGill and Lenzen
[1967], while thin toroids (toroidal shells) were studied by Balderes and Armenakis [1973].
The A2 values obtained from the program Semiom1.m for the lowest natural frequency for
some thin toroids are compared in Table 3.1 with those given by Balderes and Armenakas
[1973]. The sizes given for meshes refer respectively to the radial and meridional directions.
In this table and subsequently ET indicates evaluation using the elasticity theory. Also given
are frequencies obtained using the ET FEM. The DQM results agree well with the ET FEM

results, and there is also good agreement with results given by Balderes and Armenakas

[1973].

The geometry for the second validation problem is given in Fig. 3.3. A hollow steel
toroid is subjected to a set of four band loads, each of which extends around the cross-section.
The loads are spaced at 90° intervals and have an angular width of 2a . The band loadings
are on the external surface of the toroid, and consist of uniform unit compression within the
bands. Numerical results are found for the case of a = 100mm, b = 200 mm, R = 500mm, «
= 8°. The material properties are E = 206GPa, and v = 0.3. Values for stresses obtained from
the program Bandsta.m are compared in Fig. 3.4 with those given by Zhu and Redekop [1995].
The values represented are the meridional stress on the external surface. Also presented are

values obtained from the ET FEM. It is seen that the DQM and ET FEM results show very
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close agreement, and that good agreement is also obtained with the results of Zhu and

Redekop [1995].

The DQM and FEM programs are used to obtain natural frequencies, displacements, and
stresses for three geometry cases described in Table 3.2. Symbol 7 in this table indicates the
mean radius of the cross-section and h indicates the thickness. The first two cases of the table
are thin toroids identical to cases 9 and 10 discussed by Zhang and Redekop [1991]. The
third case is a thick toroid, outside the range of shell theory. Two materials are considered,
steel (isotropic) and M2 (transversely isotropic) [Chandrashekhara and Nanjunda Rao 1997].
The properties of the steel material are E = 206Gpa, v = 0.3, while for the M2 material the
properties are E' = 172.38GPa, £ = 6.90GPa, G' = 3.45GPa, G = 2.76GPa, v' = 0.25, v =

0.25.

For the static problem three systems of local loading are considered. These systems
consist respectively of unit normal pressure at the extrados, crown, and intrados, resembling
the systems of loads described by Zhang and Redekop [1991]. The pressures p; p; and p3 of
Fig. 3.5 show the three types of systems in the first quadrant. Identical loading are understood

to be applied in the other three quadrants, and thus planes 8= 0°, 8= 90° ¢ = 0° are planes of

symmetry.
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For the p, load the unit normal pressure extends over the range 30° <8 <60",
~30° <¢ <30°. For the p; load the range is 30° <6 <60°, 75° < ¢ <105°. This loading
represents a ‘pinching’ of the toroid since a similar load pad exists on the other side of the ¢

= 0° plane. For the p;load the range is 30° <8 <60°, 150° < ¢ <210°.

Analyses are carried out using the DQM, the ET FEM, and the ST FEM. Typical meshes
are given in Figs. 3.6 - 3.8. For the semi-analytical DQM used here the meshing of a typical
cross-section is as shown in Fig. 3.6. The mesh indicated is 48 x 12, representing respectively
points in the meridional and radial directions. Symmetry is accounted for in the FEM
analyses, enabling the analysis of one-eight of the toroid only (Fig. 3.7 — 3.8). The ET FEM
mesh of Fig. 3.7 is of size 2x 24 x 48, representing respectively points in the radial, meridional,
and circumferential directions. The ST FEM mesh of Fig. 3.8 is of size 24 x 48, representing

respectively points in the meridional and circumferential directions.

The convergence of the solution for the vibration problem is examined in Table 3.3. The
frequency parameter pw’ for the three geometry cases of Table 3.2 as found using the DQM
and the ET FEM are given for coarse, medium, and fine meshes for each of the two materials.
Rapid convergence is observed for both methods. Passing from geometric case 1 to 3 the
frequencies increase (as the wall thickness increases). The frequencies for the steel toroids
are higher than those of the M2 material due to the greater stiffness. The agreement between
DQM and FEM is best for the thick shells where the elasticity theory is most applicable.
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Subsequently in this work the medium mesh was used in the ET DQM analysis, and the fine

mesh for the ET FEM analysis.

Results for the three types of loading for the static problem are given in Tables 3.4- 3.5
and Fig. 3.9-3.25. Table 3.4 gives results for the isotropic (steel) toroids. The displacement,
meridional and circumferential stresses for the three geometric cases, subjected to the three
unit loadings, as determined by the DQM, ET FEM, and ST FEM are given. The
displacement values given represent the normal displacement u at the center of the load pad
on the outside surface. The stress values given represent the maximum stress under the load

pad, on the outside surface. Table 3.5 gives similar results for the M2 toroids, but determined

only by the DQM and the ET FEM.

In Tables 3.4 and 3.5 it is seen that passing from geometric cases 1 to 3 the displacement
and both stresses decrease due to the increase in wall thickness. Displacement and stresses
are generally lowest for loading at the extrados where the curvature is positive, i.e. of the
spherical kind. There is a major increase in the displacement and circumferential stress level
passing from the steel to the M2 material, but a decrease in the meridional stress level. This is
because that the Young’s modulus in the circumferential direction is larger in the meridional
direction for M2 material. In general the DQM and FEM elasticity theory results are in close

agreement. The FEM shell theory results generally underestimate the elasticity results.
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Fig. 3.9 gives the variation of the meridional stress on the outside surface at the 8 = 45°
cross-section for the p; loading case as determined by the DQM within a steel toroid for case3.
Results are given for a number of different terms in the Fourier series, with convergence

indicated at 51 terms.

Figs. 3.10 — 3.21 provide information about the variation of radial displacement u and
meridional oy stress within the toroid for the geometric case 3. The variation of the radial
displacement u and meridional stress o4 on the outside surface at the 8 = 45° cross-section for
the py, p2, p3 loading cases as determined by three methods is shown for a steel toroid in Figs.
3.10 - 3.15. Figs. 3.11, 3.13, 3.15 indicate that the maximum stress always appears under the

load pad, and that the ST FEM shows significant difference from the other two solutions.

Fig. 3.10 shows that the extrados load causes an outward displacement at the intrados and
crown, with the latter being greater in magnitude. There is an inward displacement at the
crown of greater magnitude. The shell theory values are seen to underestimate the maximum

displacement by approximately 12%.

Fig. 3.12 shows that the pinching effect causes an outward displacement at the extrados
and intrados, with the latter being greater in magnitude. Simultaneously there is an inward
displacement at the crown of similar magnitude. The shell theory values are seen to

underestimate the maximum displacement by approximately 10%.



Fig. 3.14 shows that the intrados load causes an outward displacement at the extrados and
crown, with the latter being greater in magnitude. There is an inward displacement at the
intrados of greater magnitude. The shell theory values are seen to underestimate the

maximum displacement by approximately 8%.

The variation of the radial displacement u and meridional stress o, on the outside surface
at the 6 = 45° cross-section for the p;, p2, p; loading cases as determined by two methods is
shown for an M2 toroid in Figs. 3.16 — 3.21. The values have the same trends as for the steel
toroid discussed in the previous paragraphs. The magnitudes however are different, due to the

differences in the material stiffness.

Fig. 3.22 shows the variation of the circumferential stress on the outside surface at the ¢
= 0" plane, i.e. about the dd — 180° line on the figure, for the p: loading case for a M2 toroid.

The load has little effect on the 8 = 0°, 90°. There is symmetry about the 8 = 45° cross-section.

Contour lines are shown in Figs. 3.23 — 3.25 for the meridional stress on the 6 = 45°
cross-section for three loading cases for a M2 toroid as determined by the DQM. For both
loading cases, there is symmetry about the ¢ = 0° plane. The higher stress levels clearly are at
the extrados for the p; loading case, at the crown for the p, loading case, and at the intrados
for the ps; loading case, respectively. The variation of stress over the thickness under the
loading clearly deviates from the linear pattern assumed in a shell theory solution.
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The previous study by Zhang and Redekop [1991] covered the local loading of steel thin-
walled 90° elbows with ‘shear diaphragm’ supports at the ends. Case 9 and Case 10 of that
study are geometrically similar to case 1 and 2 of the present study, with identical loading
patterns. The displacements and stresses cited in Tables 2 and 3 of Zhang and Redekop [1991]
are generally higher than the corresponding values given in Table 3.4 of the current study.
This is attributed partially to the more flexible support condition provided by the ‘shear
diaphragm’. The radial displacement curve for a loading at the extrados shown in Fig. 9 of
Zhang and Redekop [1991] is qualitatively similar to the displacement curve given in Fig.

3.10 of the current study.

3.6 Conclusions

Results obtained using the theory developed in this chapter agree well with finite element
method results for the vibration and static problems. The new work provides a valuable,
efficient tool for the analysis of toroidal shells which can be used to supplement results

obtained using the traditional finite element method.
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Chapter 4
VIBRATION AND STATICS OF ORTHOTROPIC

THIN-WALLED TOROIDAL SHELLS

4.1 Introduction

Toroidal shells find widespread application in complete as well as incomplete geometric
form. Complete toroidal shells spanning 360° in the circumferential and meridional directions
are used for example as pressure vessels. Incomplete toroidal shells (sectional shells)
spanning through less than 360° in the meridional directions find use mostly as vehicle or

aircraft tires. In both of these applications the shell thickness may be variable.

Considerable work has been done on the vibration and statics of thin-walled isotropic
toroidal shells for which the wall thickness is uniform. Studies in which the isotropic model
is relaxed include those of Grigorenko et al. [1995], Xi et al. [1999], Noor and Peters [1987],
and Noor and Burton [1990]. Studies of toroidal shells in which the wall-thickness is

considered variable include those of Gaidaichuck et al. [1978], Thomas [1980], Bielski
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[1992], and Jiang and Redekop [2002a]. The latter studies deal mostly with problems of shell
buckling and vibration.

The majority of the studies on toroidal shells have relied on analytical or finite element
solutions. Compared to analytical solutions, the differential quadrature method (DQM) can
be more flexible in dealing with boundary conditions since the choice of functions is not
specific to boundaries, The DQM can be computationally more efficient than the finite
element method (FEM), since the governing equations are dealt with directly. In a recent
study, DQM approach was shown to be suitable to set up benchmark problems to check the

accuracy of other numerical solutions, and to carry out efficient parametric studies.

In this chapter a study is made of the static and vibration characteristics of orthotropic
toroidal shells having variable wall thickness. The solution procedure is tailored to match the
complicated requiremerilt.s 6f the model. The Sanders—Budiansky shell theory [Sanders 1959,
Budiansky 1968] is developed in toroidal coordinates accounting for an orthotropic material
and a variable thickness. In the solution a semi-analytical DQM approach is used in which
Fourier series are written in the circumferential direction. This approach reduces the work to

a series of problems for the individual harmonics which are mathematically one-dimensional.

The theory developed is used to solve two cases of statics and vibration. In the first case
a complete toroidal shell is considered, with internal pressure loading in the statics
application. An isotropic material model is used, and the shell wall is considered to be thinner
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at the extrados. Two DQM solutions, having either harmonic or power series as trial
functions in the meridional direction, are developed. In the second case a toroidal shell
incomplete in the meridional direction is considered, with a pad loading at the extrados in the
statics application. An orthotropic material model is used, and the shell wall is considered to
be thicker at the extrados. Results obtained for the statics and vibration characteristics in both

problems are compared with results obtained using the FEM.

4.2 Sanders-Budiansky Shell Theory

The toroidal shell (Fig. 4.1) has a bend radius R, a mean cross-sectional radius r, and a
thickness A(¢), which, varies with the meridional angle ¢. The shell is taken as complete in
the circumferential direction &, extending through 360°. For the meridional direction two
alternatives are considered. In the first (Fig. 4.2) the shell is complete, while in the second
(Fig. 4.3) the shell extends through an angle of 2. A general point P on the shell mid-
surface is defined by the circumferential and meridional coordinates # and ¢. The radius
vector r to P is given by

r=(R+rcos@)sinfi+(R+rcosg)cosdj+rsingk, 4.1
where i, j, k are unit vectors in the Cartesian coordinates system. The first fundamental form
of the middle surface is given by

ds® = A2dE] + A2dE] 4.2)
A, and A, are the Lamé parameters, while £, and £, are the base coordinates. Following the
convention of Redekop [1990] the base coordinates are taken as
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& =¢; &, =n=pl (4.3)
R .
where p = —, the Lamé parameters are
r
4, =r; A4, =r¢ 4.4)
where
¢ =1+ycosg; Y=

The principal radii of curvature for the meridional (R,) and circumferential (R,) directions

are

R =r; R,=—2% 4.5)
y cos¢

The subscripts ¢ and 7 in the following indicate respectively the shell meridional and

circumferential directions, while r indicates the outward normal direction.

The wall thickness is defined by

h=t +t,cos¢@ (4.6)
where 1,,1, are constants. Two models are considered for the wall thickness. For the shell
complete in the meridional direction the thickness is assumed least at the extrados,
corresponding to a piping elbow geometry. For the shell incomplete in the meridional
direction the thickness is assumed greatest at the extrados, corresponding to a vehicle or
aircraft tire geometry. The mean thickness or thickness of a shell having a uniform wall is
represented by t. It is noted that the shell gross behavior depends strongly on the toroidal

aspect ratio y = %, the shell thickness ratio %, and the meridional angle 25 .
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The equilibrium equations in the Sanders-Budiansky theory are given by [Sanders 1959

and Budiansky 1968]

0 ON 0 -1 OM
(gA’¢)+ #n +7sin¢N +l (§M¢)+1+(2g) én
o¢ on T r 08¢ r on

0 oN. oM -10M
(§N¢,,)+ "y singN, + ycosg OM, 2ycosg-10M,,
o¢ on r¢ 0n 2r o¢
2 . -
2y sm2¢+ysm¢M¢” -0
2r¢

4.7)

N 0°M 62M
__¢+ 7COS¢N _iz 2¢ _ 1 - 2 ( ¢’l)
r o 7 P88 (ro) o’ (rg) 88 o4

L5282, -2M)—7°°S¢(M ~Mp=p,
r’c ¢ r's

where N, , N, , N, , M,, M, and M 4y are the membrane stress resultants and bending

#n?

stress resultants defined in the theory, and Q,, 0, are shear resultants. For a single generally

orthotropic layer of thickness, h, and lamina stiffness, 0, , stresses are defined as

Oy Qn Q12 0 g#
o, 1=10:9»0 | &, (4.8)
tn) 100 Qulle,

where

E Ev E
: Qp=T—""—; 0Op= :

Va
: =
1-v,vy 1=v,vy 1-v,vy

Yz
E E

O, = i Ok =Gy

N

The E,, E,, G, , V.V, are Young’s modulus, shear moduli, and Poisson’s ratios,
respectively. Ess €5 £,y ATE meridional strain, circumferential strain, and shear strain, and

O4, O, Ty, are meridional stress, circumferential stress, and shear stress.
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The lamina stiffness are

A,‘j=Q1

i

There is no coupling between bending and extension, so the force and moment resultants are

N¢ An Alz Am g# M¢ Dn Dlz Dm K¢
N, |=|4,p 4y Ay || &6 M, |=|D, Dy Dy ||k, 4.9
N, Ay Ay Ag || €40 M¢,, Dy Dyg Dgs Ky

The strain — displacement and curvature — displacement relations in this theory, expressed in

toroidal coordinates [Redekop 1992, Leung and Kwok 1994], are

1 ou
= —(—4+ M
£, r(6¢ w)

g, = —1—(—ysin¢+—a—v-+ycos¢w);
re on

1 ou . 1 ov
= —+ ysingv) + ——;
Eon 2rs (677 7sing) 2r 0¢
Ky = L S 6‘»21/) (4.10)
r- o¢ O¢

sing, oOw,. cosg v 1 o'w
Ky =——g W——)+ 2 A 2 52
rRc 8¢ rRg"on (rg)” On

1+2¢) ou 1 1, ov
K¢,7=( i)—+ —(ycosg——)—

(2r¢): on 2r<g 2" 0¢
+2;/2sin2¢+(l—2g)}'sin¢v_ 1 2w 1 ow

(2r¢)? r’c 8¢on rRg’ om

where u,v,w are the mid-surface displacements components in the meridional,
circumferential, and radial directions. The displacement components and stress resultants are

represented in their positive sense in Fig. 4.4.
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The kinematics’ relations (4.10) are substituted into the expressions for the stress
resultants (4.9). To account for inertial effects in the vibration analysis the D’Alembert
principle is invoked. Substituting then the stress resultants into the equilibrium equations (4.7)

yields the governing equations as

62
Lu+L,v+ L w=—
1] 12 L]3 61‘

%

Lyu+Lyv+Lyw=
21 22 23 6[2

4.11)

2
Lyu+L,v+L,w=gq, +

or’

where g, = p, r¢?ph) , p is mass density, f is the time, and the L, are differential

operators given by

62
Lu—flﬁz—"'fz Y f362 + /4
f5¢a f(,

o 9’
=gt ha It ozt fa gt f

L, =7 a—2+f 9 (4.12)
21 13 Bdon 14 on .
0’ 0 0°
Lzz =ﬁSW+ﬁ65¢;+ﬁ7 6772+
o 0? o 0
Ly =ty pyee + /% 6¢677+f21 o +f225—'
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3 2 a%
-fZ3 ¢ f24 ¢ f25 f-26 w + f27 + .fZB

3

0
32=f296¢267]+f30 ¢377 f31 +f32

o 0’ 0 0 8
o= ¢4+f34 o " ¢2*f367*f”a¢—2a52‘
a'i

2 ey Py f39 Lo +f4.

The functions f, — f,, are given in the Appendix B. It is clear that for the static problem the

time derivatives are zero, while for the vibration problem ¢, =0.

In the case of a shell incomplete in the meridional direction, boundary conditions must be

satisfied on the ¢ = cnst surfaces. For a toroidal shell with clamped meridional edges the

boundary conditions at the edges ¢ =t/ are
u=0, v=0; w=0; QK:O; “4.13)
0¢

In the case of a shell complete in the meridional direction, continuity conditions over the
¢ =360° position are automatically satisfied if harmonic trial functions are used.
Alternatively if polynomial trial functions are used continuity over the ¢ = 360° position is

obtained by enforcing the four displacements relations

U =uy, V=Vy; W=wW,, —= (4.14)

- and the four force resultants relations
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~ a

Lyu,+ Lyv, + Lywy = Ljyuy + L,vy + L;wy

Lyuy +Lyvy, +Lyw,

Lyuy + Lyyv, + Lyyw,

Lyuy + Lyyvy + Lyywy,

Lyuy + Lyyv, + Lyyw,

Lyt + Lpv, + Lygwy = Lyuy + Lyyvy + Lgwy,

(4.15)

In egns. (4.14-4.15) u,,v,, w, are the displacements at the position ¢ =0°, while u,,v,,w,

are the displacements at the position ¢ =360°. The differential operators in eqn. (4.15) are

given by

. 2 62

1|=g1?¢2+82£+gs'5;7?+g4

o, 9 8

12 g55¢577 g6377

g D g O 0, O O

13 g7a¢3 g85¢2 g98¢ gma¢a712 gnanz

A 0

21 =glza_ (4.16)
n

- 15,

22‘8135*‘&4

n o° 0

23=g15%+g16%

A 0

31_317%*’&8

S 0

32=g19'5‘

]:33=gzo
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0’ 0’

43 =g24?f+g25%+g26ﬁ

The functions g, — g, are given in Appendix C.

Taking a semi-analytical approach Fourier series expansions are written in the
circumferential direction, and the various harmonics are handled separately. Periodic
harmonics are chosen to automatically satisfy the continuity conditions in the circumferential
direction. The series for the displacements in the statics problem thus are taken as

u=Uy,+ZU, (§)cosmb;, v=ZV _(§)sinmé

w=W, +ZW, (¢)cosmb; p. =P, +ZP_ (#)cosmb 4.17)
where m is the number of the harmonic (m=1,---, M), U, =U_(#), V,=V_ (),
W, =W, (#) are unknown displacement functions of the mth harmonic, and P, = P_ (¢) isa
known loading coefficients. The U,. W, P., set defines the zeroth harmonic term, which is
a special simpler case. For the vibration problem the expressions for the mth harmonic are

taken as

u=U, (p)sinm@'™; v=V, (p)cosmGe'™; w=W, sinmbe™ (4.18)



where @ is the natural frequency. Solely modes which are symmetrical with respect to the
toroidal equator (z=0) are represented in these expansions. Antisymmetrical modes are

readily obtained by reversing the selection of the trigonometric terms.

4.3 Differential Quadrature Method

The DQM approach [Bert and Malik1996b, Shu 2000] is used to determine the unknown
functionsU,,,V,,W, . As a semi-analytical approach is used in the current study the one-

dimensional DQM is required, and all unknown functions can be expressed in terms of one

variable (¢ ) only. A brief overview of the method is presented in the following for

completeness.

The basis of the DQM is the meshing of the domain and the representation in the domain

of the derivatives of unknown functions by a weighted sum of function values, i.e. in the

present case

dkf & (k)
=34 ) 4.19
7" 9 Zl: . (@) (4.19)

Here the f(¢,) are the function values at the sampling points /, the A4 are weighting

coefficients of the k —th order at the i —th sampling point of the mesh in the ¢ direction,

and N is the number of sampling points in this direction.
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In the current study for the geometric case where 28 <360° the use of polynomial trial
functions is appropriate. Thus for this case the choice of trial function is

f(®)=14.8",..6"" (4.20)

For these functions explicit formulas for the weighting coefficients may be used. For the first

order derivative the formulas are [Bert and Malik 1996b]

Al(ll) (¢—ﬂ;¢)l)(m, i,l=l,2,...,N;i3‘-‘l
s P )@,

N
z@)=T1@ -¢); i=1 (4.21)

while for the higher order derivatives the formulas are

(k-1)
AP = kA 4D ——A-”——]; iil=12,..,N;i#zl;2<k<(N-1)
= (4.22)

AR = 40 = ZA(’" LGNizs; 1<kS(N=-1)

s=1

For the sampling points ¢, in the meridional direction the Chebyshev-Gauss-Lobatto
spacing (Shu 2000) is used. In this scheme the coordinates ¢, are taken as
¢ =@, +(p, —@,)y, where ¢,,¢, represent the low and high values of ¢ in the domain.
The y, is given by

»w=0 y,=8 y,,=1-6 yy=1
l‘“COSM (4.23)

y = 2N‘3 2<I<(N=1); 6~107

In the case when there is cyclic periodicity in the domain (meridional direction) it is

customary to choose uniformly spaced points and harmonic trial functions. With such
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harmonic functions the periodicity conditions are identically satisfied. Thus for the geometric
case where 28 =360 in the current study the trial function are taken as

S(#)=cos[2(K -Dr¢]; K =1,2,3,...,N/2+1

f(@)=sin[2(K-N/2-Dng); K=N/2+2,N/2+3,...,N (4.24)

where N 1is an even number.

As polynomial functions are reputed to lead to faster convergence rates than harmonic
functions it was decided to attempt in the current study also the use of polynomial functions
for the meridionally complete case. Such an approach necessitates the satisfying of continuity
conditions over the position ¢ = 0° =360°. Results found using harmonic trial functions are
termed DQMI in the following, while results found using polynomial trial functions are

termed DQM?2.

At éach sampling point either the DQM analogue of a governing equation for the domain
is represented, or of a boundary equation. For the model there are four boundary conditions at
each boundary, while there are only three governing equations. It is necessary to enforce one
of the boundary equations at an interior point [Bert and Malik 1996b]. This point, a ‘&’ point,
is taken a short distance (& =107 on a unit domain) from the boundary point. The
boundaries of the current study are located on the meridional edges of the shell, arising due to

the use of fixed boundary conditions or continuity boundary conditions in the solution.
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Substitution of (4.17) or (4.18) and the quadrature rule (4.19) for the ¢ derivatives into
the governing equations (4.11), leads to three DQM domain equations. For the typical ith

sampling point these equations have the form

(hl EA:‘(JZ) + h‘.’ z“fii(ll) )Uml + h3Umi + h4 ZAi(I”VmI

+ hSVmi + (hé ZAi(ls) + h7ZAi(Iz) + hSZAi(Il) )Wm[ + h9Wm1 = /I’Urm
hIOEAi(/l)UmI + hl ]Umi + (hIZZAJSZ) + hlBZAlsl) )le

+ hMVmi + (hISEAISZ) + 11162Ai(ll) )Wml + h‘l'!Wnu = lei

(4.25)

(hISZAISB) + hI9ZAi(12) + hZOZAi(Il) )Uml + hZIUmi + (h22 2:A:‘(IZ) + h23 ZAISI) )le + h24 le
+ (h252‘4i(l4) + h26ZAi(13) + h27ZAi(12) + hZBZAS) )Wnl + h29Wm' = qr + Z‘Wm‘

where the coefficients 4, — h,, are given in Appendix C, and the indices i and corresponding

dummy indices / are used for the displacement components U, , V, , W, [Bert and Malik

1996b]. The range of indices is given by

isl=1929'“:N;
The boundary conditions and continuity conditions, where required, can similarly be

transformed into a DQM form.
The assembly of the domain and boundary equations yields a set of simultaneous linear

Ses Spa | |4, L 0 0] (4, _ 0 (4.26)
S Sa ] (Ad 0 I] 4, q -

This equation serves as the basis for the solution of the problem of vibration and statics as

equations of the form

discussed in the preceding. The vector q contains the load values, and 1=’ is the
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frequency parameter. The sub-matrices Sy, and Spg stem from the boundary conditions, and
involve respectively the unknowns of the boundary and domain mesh points. The sub-
matrices Sy, and Sy stem from the governing equations, and similarly involve the unknowns
of the boundary and domain points. The vectors A, and A, contain the displacements of the
boundary and domain points respectively. For the static problem A =0 and g # 0, while for
the vibration problem g=0 and A#0 . The static problem can be solved for the
displacements using standard Gauss elimination. For the vibration problem the static
condensation technique is used [Bathe 1996]. The matrix equation (4.26) is then reduced into
the form

[=S 4S5 S + S HAL = 4{A,) (4.27)
This equation represents a standard eigenvalue problem from which the eigenvalue

parameters A and the corresponding mode shapes can be determined.

The theory presented in the preceding was coded in the MATLAB™ programs Freqisol.m,
Afreqisol.m, Freqiso2.m, Afregiso2.m and Pvessel.m to cover respectively the vibration and
static problems of isotropic toroidal shells, and programs Freqc.m, Afreqc.m and Orthsta.m to
cover respectively the vibration and static problems of orthotropic toroidal shells. Results

from these DQM programs are given in the numerical results section.
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4.4 Finite Element Method

The commercial FEM program ADINA (ADINA 2000, Bathe 1996) was used to provide
a second numerical solution for both the statics and vibration cases. For axisymmetric
analyses the isobeam element was employed. For non-axisymmetric analyses the
isoparametric shell element was used. This element has eight nodes, with a total of 48
degrees of freedom. In the definition of the material properties the quantities E,, E,, G,,,
G35, Gy, V)5, V,, are provided as data. To specify the partial loads in the statics analysis of
case 2 the loaded elements are identified through the graphics, and then given a uniform
normal pressure. The symmetry about the z=0 plane was taken into account in most

analyses, permitting substantial computational savings.

4.5 Validation and Results

The DQM method and ADINA FEM program are used to obtain natural frequencies,

displacements and stresses for two separate sample cases.

4.5.1 Casel

This case concerns an isotropic shell complete in the meridional direction defined by the

parameters:

E__. p=7710kg / m’

E=207x10"Pa; v=03; =
2(1+v,,)

R=0.762m; r=025m; 1 =0.009525; t,=-0.001; P, =1MPa
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where ¢,, 1, refer to the thickness parameter of eqn. (4.6). For static analyses an internal

pressure is considered, thus the static analysis is for an axisymmetric case.

Analyses are carried out using the DQM and FEM. The one-dimensional DQM model
required is of a typical cross-section as-shown in Fig. 4.5. The mesh indicated is of size 48,
representing points in the meridional direction only. In the FEM analyses a two-dimensional
model consisting of shell elements (Fig. 4.6) was used to determine the natural frequency.
The mesh indicated is of size 24 x 96, representing respectively points in the meridional and
circumferential directions. Axisymmetry is accounted for in the static analysis, enabling the
~ analysis of one-dimensional model consisting of isobeam elements. The FEM mesh of Fig.
4.7 indicated is of size 192, representing points in the meridional direction. Results for the

case of isotropic toroidal shells are given in Tables 4.1 — 4.2 and Figs. 4.8 — 4.16.

A study of the convergence of the FEM and DQM solutions in the vibration analysis of
case 1 is given in Table 4.1. The six lowest frequencies are given for four meshes in each
case. The identifying number m indicates the number of harmonic, while A and S represents
symmetry or antisymmetry about the z = 0 plane. The DQM]1 results are for harmonic trial
functions, while the DQM2 are for polynomial functions. The three sets of converged values
show very close agreement. It is seen that for coarse meshes the DQM2 results are closer to

the final results than the DQM1 results, indicating an advantage for the polynomial trial
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functions. Mode shapes determined by the FEM and DQM are shown in Figs. 4.8-4.13,
respectively. |

A study of the convergence of the FEM and DQM solutions in the static analysis is given
in Table 4.2. The DQM solution utilizes harmonic trial functions. The FEM and DQM
results show close agreement for both displacement and stress values at the extrados (¢ = 0°).
A mesh of 36 nodes for the FEM or 24 sampling points for the DQM in the mendional
direction gives convergence for engineering purpose. Results from the static solution given in
Figs 4.15 — 4.16 indicate that thinning at the extrados (¢ = (°) leads to an increased stress
level, and thickening at the intrados (¢ = /180°) leads to a reduced stress level. It is seen that
the change in stresses is closely proportional to the change in thickness. These observations

agree with the conclusion reached by Thomas [Thomas 1980].

4.5.2 Case?2

This case concerns an orthotropic shell incomplete in the meridional direction consisting
of a matrix and a set of circumferential cords. The values of the elastic constants of the

material constituents simulated those of cord-rubber composites used in tires (NASA

Technical Paper 2977) are given by

Constituent Young’s modulus, pa | Shear modulus, pa Poisson’s ratio
Matrix 3.15x10° 1.057x10° 0.49
Cord 2.45x10° 4.9x10° 0.66

The orthotropic elastic constants are computed by [Walter 1982]

E =E f+E(1-1)
vp=v.f.+v,0-1.)
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g o ELE(+2/)+E A~ f)
2 E.(1-£)+2E,(1+05f1)
_Gr[Gc+Gr+(Gc -—Gr).fc]

G.=C.=
* P [G.+G,-(G.-G)f.]
Gy =0.6G),
Vo = VleEz
1

where subscripts r and c represent the quantities of the matrix and the cord, respectively, and
fc is the volume fraction of the cord. In the current study, -=0.359, and the other parameters

have the values:

E, =0.88157GPa; v,, =0.551; E,=0.0084GPa; G,, =G,; =0.00785GPa

G,; =0.00471GPa; v, =0.00525; p=1190kg/m’; P =1Pa

R=0.38m; r=0.12m; 1 =0.008; 7, =0.0008;
where ‘1’ represents the meridional coordinate (¢ ) and ‘2’ represents the circumferential
coordinate (7). The loading in the static analysis for case 2 is a nonaxisymmetric pad of
uniform pressure centered at ¢ =0°, 8 = 0°, and extending through 30’ in the circumferential

direction and 40” in the meridional direction.

Analyses are again carried out using the DQM and FEM. For the semi-analytical DQM
used here the meshing of a typical cross-section is as shown in Fig. 4.17. The mesh indicated
is of size 48, representing points in the meridional direction only. Symmetry is accounted for
in the FEM analyses, enabling the analysis of half of the cross-section only. The sample ST

FEM mesh of Fig. 4.18 is of size 15x 72, representing respectively points in the meridional
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and circumferential directions. Results of vibration and statics analyses are given in Table

4.3 and Figs. 4.19 — 4.32.

A study of convergence of the FEM and DQM solutions in the vibration analysis is given
in Table 4.3. The six lowest frequencies are again given for four meshes in each case, and the
single set of DQM results corresponding to the choice of polynomial trial functions. The two
sets of converged values show close agreement. The mode shapes given in Figs. 4.19 — 4.24
are found from DQM and FEM. The symmetric modes and the antisymmetric modes are
illustrated. All figures show the deformation of the toroidal shell and indicate the number of

the circumferential wave.

The comparison of displacement and stress variation along the & =0° cross section
determined by DQM and FEM are given in Fig. 4.25 — 4.29. Fig. 4.25 gives the vax:iation of
radial displacement w determined by DQM. The maximum inward displacement appears at
¢ =0°, and the maximum outward displacement appears at the ¢ =90°. Results are given

for a number of meshes in the DQM, with convergence indicated at a mesh size of 27.

Fig. 4.26 gives the variation of meridional stress o, on the outside surface determined by
DQM. The two largest compression stresses are at ¢ =0° and ¢ =150°, and the largest
tensile stress is close to ¢ =90°. Results are given for a number of different terms in the

Fourier series, with convergence indicated at the term 25.
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Fig. 4.27 gives the variation of o, determined by FEM. The tendency of the plot is

similar to the plot determined by DQM given in Fig. 4.26. Also results are given for a

number meshes in the FEM, with convergence indicated at mesh 15x72.

Figs. 4.28 — 4.29 present the comparisons of radial displacement w and circumferential
stress o, on the outside surface and inside surface determined by DQM and FEM. The
agreement between DQM and FEM is good. Fig. 4.29 shows that the circumferential stress is
smaller than the meridional stress at the same point because the Young’s modulus in
circumferential direction is smaller than the Young’s modulus in meridional direction in the
matrix-cord orthotropic composite material. On the outside surface, the maximum
compression stress is at ¢ =0°, and the maximum tensile stress is at ¢ =90°. On the inside

surface, the maximum compression stress is at ¢ = 0°, and the maximum tensile stress is at

¢ =150°.

The comparisons of displacement and stress variation along the ¢ =0° cross section
determined by DQM and FEM are given in Fig. 4.30- 4.32. There is generally good
agreement between the DQM and FEM. The radial displacement and stress components

reach a maximum value at 8 = 0° and almost become zero at € = 60°.

Fig. 4.31 shows the variation of meridional stress &, on the outside surface and inside
surface. The stress on the outside surface almost equals to the stress on the inside surface.
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Fig. 4.32 shows the variation of circumferential stress o, on the outside surface and
inside surface. The circumferential stress on the outside surface is greater than the

circumferential stress on the inside surface.

4.6 Conclusions

A DQM solution has been presented for the problems of statics and vibration of
orthotropic toroidal shells of variable thickness. The superiority of a set of power series trial
functions over harmonic functions in the DQM approach has been demonstrated.
Applications have been made for two geometries involving materials of different properties.
Sample numerical results obtained using the DQM compare well with those obtained using a
finite element solution. The semi-analytical DQM has an undeniable computational
advantage over the standard finite element analysis. Thus the DQM approach provides an

accurate, efficient means of solving problems for orthotropic toroidal shells of variable

thickness.
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Chapter 5
CONCLUSIONS

5.1 Thick-Walled Toroidal Shell

A viable solution based on the three-dimensional theory of elasticity has been developed
for the vibration and static behavior of a transversely isotropic thick-walled toroidal shell.
The solution was based on the semi-analytical approach and the differential quadrature
method (DQM) was used to solve the governing equations.

* Two sample problems were considered to validate the DQM solution. Results from
the DQM solution agreed well with calculated ET FEM results and with previously
published results.

s Natural frequency parameters for three geometric cases found using the DQM and ET
FEM are given for steel and M2 toroid. The agreement between the two methods is
best for the third geometric case where the three-dimensional elasticity theory is most
applicable. The results show that the natural frequencies for the steel toroids as

expected are higher than those of M2 material due to the greater stiffness.
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= Results for three types of loading for the static problem are given. ET DQM, ET FEM
and finite element method using two-dimensional model (ST FEM) are used to get the
results. The three sets of results show good agreement for the first two cases where
wall thickness ratio is near the thin shell range 5 /7 < 1 / 10. For the greater wall
thickness results from ET DQM and ET FEM still agree well with each other different
from the results from ST FEM. These results indicate that shell theory is not accurate
for thick-walled structures.

* The DQM provides a valuable, efficient tool for the analysis of thick-walled toroidal

shells which can be used to supplement results obtained using the traditional finite

element method.

3.2 Thin-Walled Toroidal Shell

Viable governing equations based on the Sanders thin shell theory has been developed for
the vibration and static behavior of orthotropic toroidal shells with variable thickness. The
semi-analytical method is again employed and solutions were found using the DQM. A
commercial FEM program was used to determine alternative results. Two cases are
considered in detail. The first one is a steel toroidal shell complete in the meridional direction.
The second one is an orthotropic toroidal shell incomplete in the meridional direction.
Conclusions are drawn as following:

e Natural frequency and corresponding mode shapes for both cases are found. Results

from the DQM and FEM agree well with each other. For casel, the natural frequency
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obtained from DQM using harmonic trial functions which are termed as DQMI1 leads
to slower convergence rated than the natural frequency obtained using the polynomial
trial functions which are termed as DQM?2.

Internal pressure is considered in the static problem of casel. Comparing the results
for the steel toroidal shell with variable thickness with the steel toroidal shell with
constant thickness, it is seen that the changes in stresses is closely proportional to the
change in the thickness.

An extrados pad loading is considered in the static problem of case2. Radial
displacements, meridional stress components and circumferential stress components
are given. There is a good agreement between two methods. Results show that the
circumferential stress is smaller than the meridional stress since the stiffness in the
circumferential direction is smaller than it is in the meridional direction. On the ¢=0°
plane, the value of meridional stress on the outside surface almost equals to the values
on the inside surface, while the value of circumferential stress on the outside surface
is greater than the value on the inside surface.

According to the results found using DQM and FEM, the set of meshing points used in
the DQM is smaller than that for the FEM due to the fact that the DQM is a high order
method. Thus the running time of the DQM is shorter. The semi-analytical DQM has
an undeniable computational advantage over the standard finite element analysis

because it reduces the dimensions of problems by using Fourier series expansions in
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circumferential direction. The DQM approach provides an accurate, efficient means

of solving problems for orthotropic toroidal shells of variable thickness.

5.3 Suggestions for Further Research

The current study concerns the vibration and static analyses of one-layered transversely
isotropic and orthotropic toroidal shells. Future work could be conducted on multi-layer
laminated anisotropic composite materials which have applications in aircraft, aerospace
vehicles, large space structures, and recreational structures. The linear elasticity theory and
shell theory have the limits in their application. Consideration of nonlinear elasticity and shell

theories would extend those limits.

In the current study, the free vibration case and the statics case were considered
separately. Also vibration of a toroidal shell often occurs with the shell loaded, thus the

vibration of prestressed toroidal shell will be considered in the future work.

The thickness of the toroidal shell considered here is a function of the meridional angle
only, and the cross-section is given by a circle or a circular arc. In future work, consideration
could be given to other thickness variations, and to non-circular arcs more closely

representing tire geometries.
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Table 3.1: Thin shell lowest natural frequency parameter ,8?

Shell theory FEM (ET) DQM (ET)

Geometry Balderes(1973) Mesh Value Mesh Value

2x400 | 0.0149 | 6xI8 | 0.0149
lo(i 0.0148 2x800 | 00149 | 8x24 | 0.0149
4x800 | 0.0149 | 12x36 | 0.0148

2x400 0.0322 6x18 0.0319

gy 0.0315 2x800 | 0.0322 | 8x24 | 0.0319
4x800 | 0.0322 | 12x36 | 0.0318

2x500 | 0.0158 | 6x18 | 0.0152

;.(5)2 0.0150 2x1000 | 0.0153 | 8x24 | 0.0152

4x1000 | 0.0153 12x36 0.0152

Table 3.2: Shell geometric cases

Case R(mm) 7 (mm) h(mm)
1 600 100 10.6
2 600 100 18.0
3 600 100 30.0




Table 3.3: Convergence study — parameter po’ (x10°)

Case FEM (ET) DQM (ET)

Mesh Steel M2 Mesh Steel M2
1x12x24 2328 | 2.133 4x24 2230 | 2.101
1x24x24 2299 | 2112 6x36 17.23 | 1.901
1x24x48 2299 | 2.112 | 12x48 | 17.23 | 1.900
Ix12x24 32.18 | 2.844 | 4x24 32.28 | 2.924
1x24x24 32.08 | 2.836 6x36 2897 | 2.712
1x24x48 32.08 | 2.836 | 12x48 | 2894 | 2.711
I1x12x24 37.91 | 3.523 4x16 37.88 | 4.910
2x24x24 37.84 | 3509 | 8x32 36.32 | 3.454
2x24x48 37.84 | 3.509 | 12x48 | 36.32 | 3.454

Tables 3.4: Results for unit loading on steel shell

FEM (ET) DQM (ET) FEM (ST)
Case | Loadat | u(mm) | c4(MPa) | 6o(MPa) | u(mm) cy(MPa) | og(MPa) | u(mm) | cy(MPa)
1 -0.0787 | -33.86 -35.98 | -0.0770 | -31.92 -35.00 -0.0749 | -25.78
2 Extrados | -0.0346 | -17.31 -16.30 | -0.0320 | -16.45 -16.04 -0.0320 | -13.16
3 -0.0143 -8.21 -7.81 -0.0144 -7.79 -1.72 -0.0126 -5.77
1 -0.0692 | -40.93 -21.77 | -0.0652 | -40.18 -23.51 -0.0684 | -35.69
2 Crown | -0.0227 | -18.54 -9.19 -0.0214 | -17.17 -9.21 -0.0212 | -16.35
3 -0.0069 -7.99 -3.89 -0.0070 -7.67 -3.75 -0.0062 -6.95
1 -0.1000 | -46.35 -14.93 | -0.1180 | -50.31 -23.71 -0.0974 | -35.47
2 Intrados | -0.0342 | -20.32 -7.30 -0.0373 | -20.90 -9.89 -0.0326 | -14.80
3 -0.0132 -8.87 -3.85 -0.0139 | -8.90 -4.59 -0.0121 -5.78




Tables 3.5: Results for unit loading on M2 shell

FEM (ET) DQM (ET)

Case Loadat | u(mm) | c4(MPa) | oe(MPa) | u(mm) c¢(MPa) | os(MPa)
1 -0.553 -10.15 -59.13 -0.609 -10.45 -57.16
2 Extrados | -0.292 -7.30 -37.04 -0.318 -7.38 -35.69
3 -0.148 -4.54 -21.76 -0.160 -4.56 -21.21
1 -0.821 -24.00 -58.73 -0.849 -21.98 -58.15
2 Crown -0.288 -10.98 -26.02 -0.300 -10.30 -25.55
3 -0.109 -5.12 -11.54 -0.109 -4.88 -11.30
1 -1.219 -20.80 -57.04 -1.366 -21.84 -64.37
2 Intrados | -0.405 -9.93 -29.41 -0.438 -10.04 -31.81
3 -0.149 -4.68 -13.92 -0.156 -4.60 -14.99
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Table 4.1: Convergence of natural frequency o (rad/s) for case 1

m FEM DQM1 DQM2
Mesh size 17} Mesh size 1) Mesh size @
0A 0.9088¢€3 1.1722e3 1.0572e3
2A 1.0788e3 1.2889e3 1.2702e3
2S 1.1706€3 1.4898e3 1.3218e3
3a | 2 | 501363 8 1.7353€3 16 1.7956¢3
38 2.1454¢3 2.6358e3 2.5385¢e3
1A 2.9806e3 3.1935e3 3.0977¢3
0A 0.9390e3 0.9275e3 0.9269¢3
2A 1.0959¢3 1.1084¢e3 1.1124¢3
2S 1.1916€3 1.2227e3 1.2258e3
3a | 1248 o 141e3 16 2.1682¢3 24 2.1678¢3
38 2.1660e3 2.1824e3 2.1801e3
1A 3.0109e3 3.0387e3 3.0403e3
0A 0.9391e3 0.9275e3 0.9281e3
2A 1.0958¢3 1.1084e3 1.1102e3
2S 1.1915e3 1.2227e3 1.2267e3
3a | 129 | 2141563 24 2.1682¢3 36 2.1708¢3
3S 2.1653e3 2.1824¢e3 2.1769¢e3
1A 3.0108¢e3 3.0387e3 3.0415e3
0A 0.9385¢e3 0.9275¢3 0.9281e3
2A 1.0952e3 1.1084e3 1.1095e3
2S 1.1909¢3 1.2227e3 1.2274e3
38 | 290 | 2 1304e3 48 2.1682¢3 a4 2.1708¢3
38 2.1634e3 2.1824e3 2.1769¢3
1A 2.9641e7 3.0387e3 3.0415e3
Table 4.2: Convergence of statics solution for case 1
FEM DQM
Mesh | w(meters) | o,(MPa) | o, (MPa) | Mesh | w(meters) | o,(MPa) o,(MPa)
36 | 3.2896e-5 25.610 14.406 12 |} 3.3715e-5 25.666 14.596
72 | 3.2928e-5 25.668 14.434 24 | 3.3395e-5 25.713 14.535
96 | 3.2932e-5 25.680 14.439 48 | 3.3357e-5 25.713 14.505
192 | 3.2937e-5 25.698 14.446 72 | 3.3359¢-5 25.713 14.538
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Table 4.3: Convergence of natural frequency @ (rad/s) for case 2

N FEM DQM
Mesh size 7)) Mesh size 17
0A 1.2729¢2 1.7089¢2
1A 1.5841€2 1.8895¢2
2A 2304 2.4063¢2 g 2.6029¢2
1S 3.5933¢2 3.0568¢2
3A 3.5935€2 3.8069¢2
0S 3.7467¢2 3.6999¢2
0A 1.2309¢2 1.1697¢2
1A 1.4740e2 1.3424¢2
2A 2.2304¢2 1.9784¢2
1S 6x48 3.3182e2 16 3.0063e2
3A 3.3453¢2 3.0621e2
0S 3.4524¢2 3.6589¢2
0A 1.2250e2 1.1697¢2
1A 1.4501e2 1.3424€2
2A 2.1848¢2 1.9784¢2
1S 12x96 3.2493€2 24 3.0063¢2
3A 3.2898¢2 3.0621e2
0S 3.4130e2 3.6589¢2
0A 1.2155¢2 1.1697e2
1A 1.4482¢2 1.3424e2
2A 2.1839€2 1.9784¢2
1S 24x96 3.2433¢2 48 3.0063¢2
3A 3.2889¢2 3.0621e2
0S 3.4032¢2 3.6589¢2
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Meridional stress o (MPa)
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Fig. 3.4: Meridional stresses for band loading
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Fig. 3.5: Local loading cases

Fig. 3.6: DQM mesh
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Fig. 3.7: Elasticity theory FEM mesh

Fig. 3.8: Shell theory FEM mesh
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Fig. 3.10: Radial displacement u for p, loading on plane 8=45° — steel toroid
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Radial displacement u (mm)
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Fig. 3.12: Radial displacement u for p;loading on plane 8=45° — steel toroid
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Radial displacement u (mm)
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Fig. 3.14: Radial displacement u for p; loading on plane =45° — steel toroid
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Fig. 3.18: Radial displacement u for p; loading on plane #=45° — M2 toroid
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Fig. 3.19: Meridional stress oy for p; loading on plane 6=45° — M2 toroid
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Fig. 3.20: Radial displacement u for p; loading on plane 6=45° - M2 toroid
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Fig. 3.22: Circumferential stress oy for p; loading on plane ¢=0° — M2 toroid
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Fig. 3.23: Meridional stress contour line for p; loading — M2 toroid

Fig. 3.24: Meridional stress contour line for p; loading — M2 toroid
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Fig. 3.25: Meridional stress contour line for p; loading — M2 toroid
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Fig. 4.4:

Displacement components and stress resultants

Fig. 4.5: DQM mesh - case 1
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Fig. 4.6: FEM mesh (shell element) — case 1

Fig. 4.7: FEM mesh (isobeam element) — case 1
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FEM result

DQM result

Fig. 4.8: FEM and DQM results for mode shape 0A — case 1
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FEM result

DQM result

Fig. 4.9: FEM and DQM results for mode shape 2A — case 1
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FEM result
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Fig. 4.10: FEM and DQM results for mode shape 2S — case 1

90



FEM result

DQM rseult

Fig. 4.11: FEM and DQM results for mode shape 3A — case 1
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FEM result

DQM result

Fig. 4.12: FEM and DQM results for mode shape 3S — case 1
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FEM result

DQM result

Fig. 4.13: FEM and DQM results for mode shape 1A - case 1
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Fig. 4.14: Comparison of results for radial displacement w on plane 8 = 0° - case 1
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Fig. 4.15: Comparison of results for circumferential stress o, on plane 6 = 0° - case 1
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Fig. 4.16: Comparison of results for meridional stress o, on plane 6 = 0° - case 1 .
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Fig. 4.17: DQM mesh — case2

1+

Fig. 4.18: FEM mesh - case2
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FEM result

DQM result

Fig. 4.19: FEM and DQM results for mode shape 0A — case2
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FEM result

DQM result

Fig. 4.20: FEM and DQM results for mode shape 1A - case2
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FEM result

DQM result

Fig. 4.21: FEM and DQM results for mode shape 2A — case2
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Fig. 4.22: FEM and DQM results for mode shape 1S — case2
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FEM result

DQM result

Fig. 4.23: FEM and DQM results for mode shape 3A — case2
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FEM result

DQM result

Fig. 4.24: FEM and DQM results for mode shape 0S — case2
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Fig. 4.28: Comparison of results for radial displacement parameter on plane 6=0° — case 2
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Fig. 4.29: Comparison of results for circumferential stress o, on plane 8=0° — case 2
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Fig. 4.30: Comparison of results for radial displacement parameter on plane 6=0° — case 2
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Fig. 4.31: Comparison of results for meridional stress o, on plane 8=0° - case 2
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Fig. 4.32: Comparison of results for circumferential stress o, on plane 8=0° — case 2
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APPENDIX A - Listing of coefficients v; —v,,

Vi =a
,, =B, acosd
r P
a"
V3 = ——
r
Vg = 02::¢
(2n)a; ay, (ay+as)cosg ag cos?
vs =—( 23+_:__4 5 ¢+67¢)
L r rp p?
+
V6=02r07
(a; +ag)sin ¢
Vg = m 2T
p
1 a;+aqy ascosg
Vg =—— 2 9% )
r r Yo
- sin¢(a4—a2 06cos¢)
9 -—-— -—
P r P
2n a, (a;+agz)cos
vip = 224 L83 3)cosd,
P T P
2n(ay +ag)
n= P
ay, sin ¢
Vig =~ 12p
Vis =_]_(aZ+a9 +(az +a|3)COS¢)
r r P
sing a, a,cos
Vig =— ¢(_9_ 6 ¢)
p T p
Vis = @
1  cos
Vig = da(—+ ,0¢)
ag
V. = e—
17 2
ay sin ¢
Vig == 9rp
Vie =_((2n)iau4 L2 (a, +a,3)cos¢+ ag sir:2¢)
P r? rp P>

_2n(a;3 +ay)
Vo = ———2—147
rp
2n(ag + a4 )sin g
Vi =

21 3

P
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1
Vay = ——( )
4 r pP
__2n(a;3 +ay)
b
o
Vs = a3
a; a;cosg
vy =22 53
r P
a
Vag = —o-
r
a, sing
Vyy == |4rp
(2n)?ag +ay, sin> ¢  a,cosd cosd 1
Vas = = 6+ oy ¢, 3 ¢( ¢.1
P P
where
d d
- ==, ay =d)3 —dy;

ay =dy; az="—2; a3 =——+=

ag =dz; a;=dp; ag=ds; ag =dy; ayg =d); -dy; ay =dj3—dsy

a;

where d; were given in chapter 3

2
a, c:os:,zﬁ+ as+ay; 4+ 36 C0s ¢

2

d,
=dpp ~d; a =dy; 014=766'

a5 =dj; ~dy
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APPENDIX B - Listing of program Bandsta.m

Bandsta.m last modification - Feb. 20th, 2001
3D elasticity theory using 3 gov eqns Int. J. Pres. Ves. & Piping 51 (1992)
statics of isotropic toroids using semi-analytical DOM - band loading, steel
section input - input the problem parameters

m=sampling points in radial direction; nl=trucation integer;
n=sampling points in phi direction (even)

pr=Poisson ratio; D=coefficient of material;

E=young's modulus (MPa); p=pressure (MPa);

rs=x-sect radius (mm); rarr=bend radius (mm);

rl=outside radius (mm); r2=inside radius (mm) ;

aphi=semi-angular length of an entire band;

theta=the angle on circumferential;

format long

m=12

n=24

nl=51

rarr=5; rl=2; r2=1; E=2.07e5; pr=0.3; prl=1/pr;

G=E*prl/(2*(prl+l)); F=2*G/(prl-2);

D=[F+2*G, F, F, 0, 0, 0; F, F+2*G, F, 0, 0, 0; F, F, F+2*G, 0, 0, 0;
0, 0, 0, 2*G6, 0, 0; 0, 0, 0, O, 2*G, O;: 0, 0, 0, 0, 0, 2*G];
aphi=2/45*pi; p=1; ipr=4*aphi*p/(pi/2);

ipr=2*aphi/(pi/2); xdif=rl-r2; al=D(1,1);

a2=D(4,4)/2; a3=D(5,5)/2; a4=D(1,3)-D(2,3);
as=D(1,2)-D(2,3);a6=D(3,3); a7=D(1,2); a8=D(1, 3):

a%=D(2,2); al0=D(1,2)~-D(3,3); all=D(1,3)-D(3, 3);

al2=D(1,2)-D(1,3); al3=D(2,3); ald=D(6,6)/2; theta=0;

%

-

()\Odpd‘?dpopt#’dﬁdodod&)dowdﬂdp

% section wced -~ find weighting coeffts for radial direction
% unequal spacing with one delta point at each end for radial direction
% output - bl(i,j),b2(i,j)- 1st to 2nd derivatives

%

for i=1:m; tt=pi*(i~1)/(m-1);y(i)=(l-cos(tt))/2; end

for i=l:m; x(i)=r2+y(i)*xdif; end

%

for i=1:m; pai(i)=1; for j=1:m

if i~=3; pai(i)=(x(i)-x(j))*pai(i); end

end; end

%

for i=l:m; for j=1:m

if i~=j; bl(i,j)=pai(i)/((x(i)-x(j))*pai(j)); end

end;end

%

for i=1:m; bl(i,i)=0; for j=1l:m

if i~=j; bl(i,i)=bl(i,i)-bl(i,Jj); end

end;end

%

for i=l:m; for j=1:m

if i~=j; b2(i,j)=2*(bl(i,i)*bl(i,j)-bl(i,j)/(X(i)-X(j))); end
end; end

%

for i=l:m; b2(i,i)=0; for j=1:m

if i~=3j; b2(i,1i)=b2(i,i)-b2(i,j); end
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end; end

% section wemd - find weighting coeffts for the meridional direction
% equal spacing with no delta points

% output - cl(i,j),c2(i,j) - 1lst to 2nd derivatives

n2=n/2;

%

for i=1:n; tet(i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5; end
3

for i=2:2:n; ib(i,n2+1)=-0.5; end

for i=2:n2; ib(l,1i)=1; end

for i=n2+42:n; ib(1l,i)=0; end

$

for i=2:n; for j=n2+2:n

ib(i,j)=sin(2*pi* (i-1)*(j-1~n2)/n);

end; end

%

for i=2:n; for j=2:n2

ib(i,j)=cos (2*pi* (i~-1)*(j-1)/n);

end; end
%
ib=ib/n2;
$

for i=1l:n; for j=1:n2+1l
rrl(j)=(1-j)*sin((j-1)*tet(i)};
rr2(3)==1*{(j-1)"2)*cos((j~1)*tet (i));

end

for j=n2+2:n
rrl{j)=(j-1-n2)*cos((j-1~n2)*tet (i) )

rr2 (j)=~1*((j-1-n2)"2)*sin((j=~1-n2) *tet (i));

end
cl(i,:)={(ib*rrl')*;
c2{i,:)=(ib*rr2')';
end

R o B S T O S S T S S A SR U A S Y AR O S ST ST ST R AT e

$ solution for axisymmetric part

%

% section domeqn - set up matrices enforcing the governing equations
% aii aim u 0

% ami amm v = 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
mn=m*n;

%

aii(:,:)=zeros(mn);aim(:,:)=zeros(mn);

ami(:, :)=zeros(mn);amm(:,:)=zeros (mn);

%

% loop over sampling points in the r direction
for i=2:m-1
s=x(i); sl=1/s; s2=(sl)*(sl);

%
% loop over sampling points in the phi direction
for j=1:n

ir=(i-1)*n+j;

tee=tet (j); ct=cos(tee); st=sin(tee);
cp=rarr+s*ct; cpl=l/cp; cp2={(cpl)*(cpl);
%
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% terms which do not involve derivatives
aii(ir,ir)=—52*a9+sl*ct*cpl*(a4+a5)—cp2*ct*ct*a6;
aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*a6-sl*a2);

ami (ir,ir)=-cpl*st*(sl*a9-cpl*ct*aé);
amm(ir,ir)=-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;

$

% terms which involve the r derivatives

for ii=1:m

ie=(ii~1)*n+j;
aii{ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cpl*ct)*bl(i,ii))*al;
aim{ir,ic)=aim(ir,ic)-cpl*st*(a8+a2)*bl (i, ii);

ami (ir,ic)=ami (ir,ic)-cpl*st*al2+*bl (i, ii);
amm(ir,ic)=amm(ir,ic)+a2*(b2(i,ii)+(sl+ct*cp1)*b1(i,ii));
$

% terms which involve mixed derivatives

for ij=1:n

ic=(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*b1(i,ii)*cl(j,ij);
ami(ir,ic)=ami(ir,ic)+sl*(a2+a7)*b1(i,ii)*cl(j,ij);

end

end
% terms which involve the phi derivatives
for jj=1:n

ic=(i-1)*n+j3;
aii(ir,ic)=aii(ir,ic)+(52*c2(j,jj)—cpl*sl*st*cl(j,jj))*a2;
aim(ir,ic)=aim(ir,ic)—sl*(a2*sl+sl*a9—cp1*ct*a5)*cl(j,jj);

ami(ir,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cpl*ct*(al3+a2))*cl(j,jj);

amm(ir,ic)=amm(ir,ic)+sl*a9*(sl*c2(j,jj)-st*cpl*cl(j,jj));
end
end;end

% section boun - insert the boundary conditions
% band loading applied only on out surface r=b
$

% pressurized conditions on r=rl line

% and
% zero loading canditions on r=r2 line
%

ival=[1l,m];

% loop over sampling points in the radial direction
$ only for i=1 and i=m

for bloop=1:2

i=ival (bloop);

s=x(i); sl=1/s;

%2 loop over sampling points in the merid direction
for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
Apl=1/Ap;

ir=(i-1)*n+j;

% terms which do not involve derivatives
aii(ir,ir)=a7*sl+Apl*ct*a8;

aim(ir,ir)=-Apl*st*a8;

amm(ir,ir)=-s1;

% loop for terms involving the r derivatives

for ii=1:m

ic=(ii-1)*n+j;

ali(ir,ic)=aii(ir,ic)+al*bl (i,ii);

111



amm (ir,ic)=amm(ir,ic)+bl (i, ii);

end

% loop for terms involving the phi derivatives
for jj=1:n

ic=(i-1)*n+jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(3,33);
ami(ir,ic)=ami(ir,ic)+sl*cl (3, 3]):

end

end; end

% section loadv - set up the load vector for the right hand side
% pressure on out side only

rhss=zeros(2*m*n,1l);

for ij=(m~1)*n+l:mn

rhss(ij,1)=-ipr;

end

% section solu - combine submat - solv matrix eqn - find results

% find the vector of displacement components rslt

stiff=[aii aim; ami amm];

clear aii; clear aim; clear ami; clear amm; clear pval; clear tval; clear
testl;

clear test2;

rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v

for i=1l:m; for j=1:n

iju=(i-1)*n+j; ijv=m*n+{i-1)*n+j;

vl (i, j)=rslt(iju); vO0(4i,j)=rslt(ijv);

end; end

ut=ul; vt=v0; wt=zeros(m,n); wtl=zeros(m,n);

e R e D A NS R R U Rr AW ATy
% solution for nonsymmetric part

for k=1:nl

4

%

% section domegn - set up matrices enforcing the governing equations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann W 0

%t output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
mn=m*n;

%

aii(:,:)=zeros(mn);aim(:, :)=zeros(mn);ain(:,:)=zeros (mn):
ami(:,:)=zeros(mn);amm(:,:)=zeros(mn);amn{:, :)=zeros (mn);
ani(:,:)=zeros(mn);anm(:,:)=zeros(mn);ann(:, :)=zeros (mn) ;

%

% loop over sampling points in the r direction
for i=2:m-1
s=x(1i); sl=1/s; s2=(sl)=*(sl);

%

% loop over sampling points in the phi direction
for j=1:n

ir=(i-1)*n+j;

tee=tet (j); ct=cos(tee); st=sin(tee):

cp=rarr+s*ct; cpl=1l/cp; cp2=(cpl)*(cpl);

%

% terms which do not involve derivatives
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aii(ir,ir)=-(4*k*k*cp2)*a3—sZ*a9+sl*ct*cpl*(a4+a5)—cp2*ct*ct*a6;
aim(ir,ir)=-cpl*st*(sl*a4-cp1*ct*a6—sl*a2);
ain(ir,ir)=2*k*cpl*(sl*a4—cpl*ct*a3-cp1*ct*a6);
ami(ir,ir)=—cpl*st*(sl*a9—cp1*ct*a6);
amm(ir,ir)=-4*k*k*cp2*al4-a2*52—cp1*sl*ct*(a13+a2)—st*st*cp2*a6;
amn(ir,ir)=st*cp2*(ald+a6)*k*2;
ani(ir,ir)=—cpl*((ct*cp1+sl)*a3+sl*a13+ct*cp1*a6)*k*2;
anm(ir,ir)=st*cp2* (al4+a6)*k*2;
ann(ir,ir)=-cp2*(4*k*k*a6+st*st*al4)-ct*cpl*a3*(ct*cp1+sl);
%

% terms which involve the r derivatives

for ii=1:m

ic=(ii~1)*n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cp1*ct)*b1(i,ii))*al;
aim(ir,ic)=aim(ir,ic)—cpl*st*(a8+a2)*b1(i,ii);
ain(ir,ic)=ain(ir,ic)+2*k*cp1*(a8+a3)*bl(i,ii);
ami(ir,ic)=ami(ir,ic)-cpl*st*al2*bl(i,ii);
amm(ir,ic)=amm(ir,ic)+a2*(b2(i,ii)+(sl+ct*cpl)*b1(i,ii));
ani(ir,ic)=ani(ir,ic)-2*k*cpl*(a3+a8)*b1(i,ii);
ann(ir,ic)=ann(ir,ic)+(b2(i,ii)+(ct*cp1+sl)*bl(i,ii))*a3;

%

% terms which involve mixed derivatives

for ij=1:n

ic=(ii~-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*b1(i,ii)*cl(j,ij);
ami(ir,ic)=ami(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,ij);

end

end

$ terms which involve the phi derivatives

for jj=1:n

ic=(i~-1)*n+jj;
aii(ir,ic)=aii(ir,ic)+(32*c2(j,jj)—cpl*sl*st*cl(j,jj))*a2;
aim(ir,ic)=aim(ir,ic)—sl*(a2*sl+sl*a9—cpl*ct*a5)*cl(j,jj);
ami(ir,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cpl*ct*(a13+a2))*cl(j,jj);
amm(ir,ic)=amm(ir,ic)+sl*a9*(sl*c2(j,jj)-st*cpl*c1(j,jj));
amn(ir,ic)=amn(ir,ic)+cp1*sl*(a13+a14)*2*k*c1(j,jj);
anm(ir,ic)=anm(ir,ic)—cpl*sl*(a14+a13)*2*k*cl(j,jj);
ann(ir,ic)=ann(ir,ic)+(sl*c2(j,jj)-st*cpl*cl(j,jj))*a14*sl;
end

section boun - insert the boundary conditions
band loading applied only on out surface r=b

%
%
%
%
% pressurized conditions on r=rl line
% and

% zero loading canditions on r=r2 line

%

ival={1,m]};

% loop over sampling points in the radial direction

% only for i=1 and i=m

for bloop=1l:2

i=ival (bloop);

s=x(1); sl=1/s;

% loop over sampling points in the merid direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
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Apl=1/Ap;

ir=(i-1)*n+j;

% terms which do not involve derivatives
aii(ir,ir)=a7*sl+Apl*ct*a8;
aim(ir,ir)=-Apl*st*a8;
ain(ir,ir)=Apl*a8*k*2;

amm (ir,ir)=-sl;

ani (ir,ir)=-Apl*k*2;

ann{ir,ir)=-ct*Apl;

% loop for terms involving the r derivatives
for ii=1:m

ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+al*bl(i,ii);

amm (ir, ic)=amm(ir,ic)+bl (i, ii);
ann(ir,ic)=ann(ir,ic)+bl (i, ii);

end
tloop for terms involving the phi derivatives
for jj=l:n

ic=(i-1)*n+3jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(j,jj);
ami(ir,ic)=ami(ir,ic)+sl*c1(j,jj);
end

end; end

% section loadv - set up the load vector for the right hand side
% pressure on out side only

rhss=zeros (3*m*n, 1) ;

for ij=(m~-1)*n+l:m*n
rhss(ij,1)=-2/(k*pi)*(1+(-1)~k) *sin (k*2*aphi) ;

end

% section solu - combine submat - solv matrix egn - find results
% find the vector of displacement components rslt

stiff={aii aim ain; ami amm amn; ani anm annj ;

clear aii; clear aim; clear ain; clear ami; clear amm; clear amn;
clear ani; clear anm; clear ann; clear pval; clear tval;
rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v,w

for i=1:m; for j=1:n

iju=(i-1)*n+j; ijv=m*n+(i-1)*n+3j; ijw=2*m*n+ (i-1)*n+j;
u(i,j)=rslt(iju); v(i,j)=rslt(ijv); W({i,j)=rslt{ijw);

end; end

%

for i=l:m; for j=1:n

ut (i, j)=ut(i,j)+u(i,j)*cos(2*k*theta);
vt(i,j)=vt(i,j)+v(i,j)*cos(2*k*theta);
wt(i,j)=wt(i,3)+w(i,j)*sin(2*k*theta);
WCl(i,j)=wtl(i,J)+w{i,j)*cos(2*k*theta)*2*k;

end; end

end

%

% stress components at the sampling points, srr, shh, stt, srh
% loop over samling points in the radial direction
for i=l:m

s=x(i); sl=1/s;

%
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% loop over sampling points in the merid direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee);

cp=rarr+s*ct; cpl=l/cp:

% terms which do not involve derivatives
srr=(a9*sl+cp1*ct*a13)*ut(i,j)—cpl*alB*st*vt(i,j)+cp1*al3*wtl(i,j);
shh=(a13*sl+cp1*ct*a6)*ut(i,j)-cpl*aG*st*vt(i,j)+cp1*a6*wt1(i,j);
% loop for terms involving the r derivatives

for ii=1l:m

srr=srr+a7*bl(i,ii)*ut(ii, J);

shh=shh+a8*bl (i,ii)*ut (ii,3j);

end

% loop for terms involving the phi derivatives

for jj=1:n

srr=srr+sl*ad9*cl(j,jj) *vt(i,33i);
shh=shh+s1*al3*cl(j,jj)*vt(i,jj):

end

sr(i,j)=srr: sh(i,j)=shh;

end; end

% —————————————————————————————————————————————————————————————————————————

$result output
sh
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APPENDIX B - Listing of program Semistal.m

Semistal.m last modification - May 28, 2001
3D elasticity theory using 3 gov. egns Int. J. Pres. Ves. & Piping 51 (1992)
statics of isotropic toroids using semi-analytical DQM - local loading, steel
section input - input the problem parameters
m=sampling points in radial direction; nl=trucation integer;
n=sampling points in phi direction (even)
pr=Poisson ratio;
E=young's modulus (MPa); G=shear moduli (MPa):;
D=coefficient of material; p=pressure (MPa);
rs=x-sect radius (mm); rarr=bend radius (mm);
rl=outside radius (mm); r2=inside radius (mm);
aphi=semi-angular length of an entire band;
theta=the angle on circumferential; load=loading case;
format long
8
n=24
nl=51
rarr=600; rl=115; r2=85; E=207000; pr=0.3; pri=1/pr;
G=E*prl/{(2*(prl+l)); F=2*G/(pri-2);
D={F+2*G, F, F, 0, 0, 0; F, F+2*G, F, 0, 0, 0; F, F, F+2*G, 0, 0, O;
o, 0, 0, 2*G, 0, 0; 0, 0, O, O, 2*G, 0; O, O, O, O, O, 2*G};
aphi=1/12*pi;
ipr=2*aphi/(pi/2); xdif=rl-r2; al=D(1,1); a2=D(4,4)/2;
a3=D(5,5)/2; a4=D(1,3)-D(2,3); a5=D(1,2)-D(2,3);
a6=D(3,3); a7=D(1,2); a8=D(1,3); a9=D(2,2);
al0=D(1,2)-D(3,3); all=D(1,3)-D(3,3);
al2=D(1,2)-D(1,3); al3=D(2,3); ald=D(6,6)/2; theta=0; load=3;
%
B e e e e e e e e e e e
% section wcrd - find weighting coeffts for radial direction
% unegqual spacing with one delta point at each end for radial direction
% output - bl(i,j),b2(i,J)- 1lst to 2nd derivatives
%
for i=l:m; tt=pi*(i-1)/(m-1);y(i)=(1-cos(tt))/2; end
for i=1l:m; x(i)=r2+y(i)*xdif; end

OF O 0P d0 O JP OO dO OO O O OO GO o o

%

for i=1l:m; pai(') 1; for j=1:m

if i~=3j; pai(i)=(x(i)-x(3))*pai(i); end

end; end

%

for i=1:m; for j=1:m

if i~=j; bl(i,j)=pai(i)/((x(i) -x(j))*pai(j)); end
end;end

%

for i=1l:m; bl( i)=0; for j=l:m

if i~=j; bl(i =bl(i,i)-bl(i,j); end

end;end

%

for i=1l:m; for j=1l:m

if i~=j; b2(i,3)=2*(bl(i,1)*bl(i,3)-bl(i,3)/(x{i)-x(3))); end
end; end

I

for i=1:m; b2(i,i)=0; for j=l:m
if i~=j; b2(i,i)=b2(i,i)-b2(i,3j); end

116



end; end

% section wemd - find weighting coeffts for the meridional direction
% equal spacing with no delta points

% output - cl(i,j),c2(i,j) - 1st to 2nd derivatives
n2=n/2;
%

for i=l:n; tet(i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5; end
$

for i=2:2:n; ib(i,n2+1)=-0.5; end

for i=2:n2; ib(l,i)=1; end

for i=n2+2:n; ib(1,i)=0; end

%

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi* (i-1)*(j-1-n2)/n);
end; end

$

for i=2:n; for j=2:n2
ib(i,j)=cos (2*pi* (i-1)*(j-1)/n);

end; end

%

ib=ib/n2;

%

for i=1:n; for j=1:n2+1
rrl(j)=(1—j)*sin((j-l)*tet(i));
rr2(j)=-1*((j-1)"2)*cos((j-1)*tet (i));
end

for j=n2+2:n
rrl(j)=(j-1-n2)*cos((j-1-n2)*tet (i));
rr2(j)=-1*((j=~1-n2)"~2) *sin((j-1-n2) *tet (i));

end
cl(i,:)=(ib*rrl")";
c2(i,:)=(ib*rr2')';
end

R Rt o S o S S A RO AT A PR

% solution for axisymmetric part

%

% section domegn - set up matrices enforcing the governing equations
2 aii aim u 0

% ami amm v = 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements

mn=m*n;

%
aii(:,:)=zeros(mn);aim(:,:)=zeros (mn);
ami(:,:)=zeros(mn);amm(:, : )=zeros (mn);

]

% loop over sampling points in the r direction
for i=2:m~1
s=x(i); sl=1/s; s2=(sl)*(sl);

%
% loop over sampling points in the phi direction
for j=1:n

ir=(i-1)*n+j;

tee=tet (j); ct=cos(tee); st=sin(tee);
cp=rarr+s*ct; cpl=l/cp; cp2=(cpl)*(cpl);
%
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% terms which do not involve derivatives
aii{ir,ir)=-s2*aS+sl*ct*cpl*(ad+a5)-cp2*ct*ct*a6;
aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*a6~sl*a2);

ami (ir,ir)=-cpl*st*(sl*a9-cpl*ct*a6);

amm (ir,ir)=-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;

%

% terms which involve the r derivatives

for ii=1l:m

ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cp1*ct)*bl(i,ii))*al;
aim(ir,ic)=aim(ir,ic)—cpl*st*(a8+a2)*b1(i,ii);

ami (ir,ic)=ami(ir,ic)-cpl*st*al2*bl(i,ii);
amm(ir,ic)=amm(ir,ic)+a2*(b2(i,ii)+(sl+ct*cpl)*b1(i,ii));
$

% terms which involve mixed derivatives

for ij=1:n

ic=(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,ij);
ami(ir,ic)=ami(ir,ic)+sl*(a2+a7)*b1(i,ii)*c1(j,ij);

end

end
% terms which involve the phi derivatives
for jj=1:n

ilc=(i-1)*n+3j3;
aii(ir,ic)=aii(ir,ic)+(52*c2(j,jj)—cpl*sl*st*cl(j,jj))*a2;
aim(ir,ic)=aim(ir,ic)-sl*(a2*sl+sl*a9—cp1*ct*a5)*cl(j,jj);

ami(ir,ic)=ami(ir,ic)+s1*(sl*(a2+a9)+cp1*ct*(a13+a2))*c1(j,jj);

amm(ir,ic)=amm(ir,ic)+sl*a9*(sl*c2(j,jj)-st*cpl*cl(j,jj));
end
end; end

% section boun - insert the boundary conditions
pad loading applied only on out surface r=b

pressurized conditions on r=rl line
and
% zero loading canditions on r=r2 line
%
ival=[1l,m];
% loop over sampling points in the radial direction
$ only for i=1 and i=m
for bloop=1:2
i=ival (bloop} ;
s=x(1i); sl=1/s;
% loop over sampling points in the merid direction
for j=l:n
tee=tety(j;; CT=CO0S fee); st=sin
Apl=1/Ap;
ir=(i-1)*n+j;
% terms which do not involve derivatives
aii(ir,ir)=a7*sl+Apl*ct*a8;
aim(ir,ir)=-Apl*st*a8;
amm(ir,ir)=-s1;
% loop for terms invelving the r derivatives
for ii=l:m
ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+al*bl(i,ii);

%
%
%
%

LS. A N o — - ~ -+ o~ .
IZcEee, Ap=rarr+s*cy;
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amm{ir,ic)=amm(ir,ic)+bl(i,ii);

end

% loop for terms involving the phi derivatives
for jj=1:n

lc=(i-1)*n+33;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(3j,3ij):
ami{ir,ic)=ami(ir,ic)+sl*cl(j,j3i);

end

end; end

% section loadv - set up the load vector for the right hand side

% pressure on out side only

rhss=zeros (2*m*n,1);

for j=1:n

pval=0;

tval=tet (j);

if load ==

testl=1/6*pi;

test2=11/6*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=0.5; ~end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=0.5; end; end;
if tval > 1.001*test2, pval=1.0; end;

if tval < .999*testl, pval=1.0; end;

end

if load ==

testl=5/12*pi;

test2=7/12*pi;

test3=17/12*pi;

testd4=19/12*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=0.5; end; end;
if tval > .999*test3, if tval < 1.001*test3, pval=0.5; end; end;
if tval > .999*testd4, if tval < 1.001*testd, pval=0.5; end; end;
if tval > 1.001*testl, if tval < .999*test2, pval=1.0; end; end:
if tval > 1.001*test3, if tval < .999*test4, pval=1.0; end; end;
end

if load ==

testl=15/18*pi;

test2=21/18*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=0.5; end; end;
if tval > 1.001*testl, if tval < .998*test2, pval=1.0; end; end;
end

ij=(m~1)*n+j;

rhss(ij, 1)=-ipr*pval;

end

U
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% section solu - combine submat - solv matrix eqn - find results

% find the vector of displacement components rslt

stiff=[aii aim; ami amm];

clear aii; clear aim; clear ami; clear amm; clear pval; clear tval;
testl;

clear test2;

rslt=stiffl\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v

for i=1l:m; for j=1:n

clear
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iju=(i-1)*n+j; ijv=m*n+(i-1)*n+j;

ul (i, j)=rslt(iju); vO(i,j)=rslt(ijv);

end; end

ut=ul; vt=v0; wt=zeros{(m,n); wtl=zeros(m,n);

IR I b b b o o e e L e e R L s il Tk s o 20 T o A S T e A S S B S Y S S AV R A U AT GRS RS
% solution for nonsymmetric part

$

for k=1:nl

$

% section domegn - set up matrices enforcing the governing equations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements

mn=m*n;

%
aii(:,:)=zeros{(mn);aim(:,:)=zeros(mn);ain(:, :)=zeros(mn);
ami(:,:)=zeros(mn);amm(:,:)=zeros{mn);amn{:, :)=zeros (mn);
anif(:,:)=zeros{mn); anm(.,. =zeros{mn);ann{:, :)=zeros(mn);
%

% loop over sampling points in the r direction
for i=2:m-1
s=x(i); sl=1/s; s2=(sl)*(sl);

%
% loop over sampling points in the phi direction
for j=1:n

ir=(i-1)*n+j;
tee=tet (j); ct=cos(tee); st=sin{tee);
cp=rarr+s*ct; cpl=1/cp; cp2=(cpl)*(cpl);

%
% terms which do not involve derivatives
aii(ir,ir)=-(4*k*k*cp2)*a3-s2*a9+sl*ct*cpl™*(ad+ab)-cp2*ct*ct*a6;

aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*ab-sl*a2);
ain(ir,ir)=2*k*cpl*(sl*ad-cpl*ct*a3~-cpl*ct*a6);

ami (ir,ir)=-cpl*st*(sl*a9-cpl*ct*aé6);
amm(ir,ir)=-4*k*k*cp2*ald-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;
amn{ir,ir)=st*cp2*(ald+a6)*k*2;

ani{ir,ir)=-cpl* ((ct*cpl+sl)*a3+sl*al3+ct*cpl*a6)*k*2;

nmm(ir, ir)=st*cp2*(ald+a6)*k*2;

ann(ir, ir)=-cp2* (4*k*k*ab+st*st*ald)~ct*cpl*al3* (ct*cpl+sl);
%

$ terms which involve the r derivatives

for ii=1l:m

ic=(ii~1) *n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cpl*ct)*bl(i,ii))*al;
aim(ir,ic)=aim(ir, ic)-cpl*st* (a8+a2)*bl(i,ii);
einjir,ic)=ain{ir,ic;+2*%k*cpl~{(aB+al)*bl{i,ii);
ami(ir,ic)—ami(ir ic)-cpl*st*al2*bl (i, ii);

amm{ir, ic)=amm{ir,ic)+a2* (b2 (i,ii)+(sl+ct*cpl)*bl(i,ii));
ani(ir,ic) anl(lr 1c)—2*k*cpl*(a3+a8)*bl(1 ii);
ann{ir,ic)=ann(ir,ic)+(b2(i,ii)+(ct*cpl+sl)*bl(i,ii))*a3;
%

% terms which involve mixed derivatives

for ij=1:n

ic=(ii-1)*n+ij;
aim{ir,ic)=aim(ir, ic)+sl* (a2+a7)*bl(i,ii)*cl(j,ij):

ami (ir,ic)=ami(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,i3):
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end

end
% terms which involve the phi derivatives
for jj=1:n

ic=(i~-1)*n+3jj;

aii(ir,ic)=aii(ir,dic)+(s2*c2(j,jjl-cpl*sl*st*cl(j,jj))*a2;

aim(ir,ic)=aim(ir,ic)-sl*(a2*sl+sl*aS-cpl*ct*a5)*cl(j,jj);

ami(ir,ic)=ami(ir,ic)+sl*(sl* (a2+a9)+cpl*ct*(al3d+a2))*cl(j,33);:

amm(ir,ic)=amm(ir,ic)+sl*a9* (sl*c2(j,jj)~-st*cpl*cl(j,jj)):

amn(lr,ic)=amn(ir,ic)+cpl*sl*(a13+al4)*2*k*c1(j,jj);
nm{ir,ic)=anm(ir,ic)-cpl*sl*(ald4+al3)*2*k*cl(j,33);

ann(lr,ic)=ann(ir,ic)+(sl*c2(j,jj)-st*cpl*cl(j,jj))*al4*sl;

end

end; end

% section boun - insert the boundary conditions
pad loading applied only on out surface r=b

%
%
% pressurized conditions on r=rl line
% and

% zero loading canditions on r=r2 line
i

%

%

fo

val={1l,m];
loop over sampling points in the radial direction
only for i=1 and i=m
or bloop=1:2
i=ival (bloop);
s=x{i); sl=l/s;
% loop over sampling points in the merid direction
for j=1:n
tee=tet (j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
Apl=1/Ap:;
ir=(i-1)*n+j;
% terms which do not involve derivatives
aii(ir,ir)=al*sl+Apl*ct*a8;
aim(ir,ir)=-Apl*st*a8;
ain(ir,ir)=Apl*aB8*k*2;
amm(ir,ir)=-sl;
ani(ir,ir)=-Bpl*k*2;
ann(ir,ir)=-ct*Apl;
% loop for terms involving the r derivatives
for ii=1:m
ic=(ii-1)*n+3j;
aii(ir,ic)=aii(ir,ic)+al*bl(i,ii);
amm(ir, ic)=amm(ir,ic)+bl (i, ii);
ann{ir,ic)=ann(ir,ic)+bl(i,ii);
end
% loop for terms involving the phi derivatives
for jj=1l:n
ic=(i-1)*n+jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(j,3j3j):
ami (ir,ic)=ami(ir,ic)+sl*cl(j,33):
end
end; end

% section loadv - set up the load vector for the right hand side
% pressure on out side only
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rhss=zeros(3*m*n, 1) ;

for j=1:n

pval=0;

tval=tet (j);

if load==

testl=1/6*pi;

test2=11/6*pi;

if tval > .999*testl, if tval < 1.00l*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.00l*test2, pval=0.5; end; end;
if tval > 1.001*test?2, pval=1.0; end;

if tval < .999*testl, pval=1.0; end;

end

if load==2

testl=5/12*pi;

test2=7/12*pi;

test3=17/12*pi;

test4=19/12*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=0.5; end; end;
if tval > .999*test3, if tval < 1.001*test3, pval=0.5; end; end;
if tval > .999*testd4, if tval < 1.001*testd4, pval=0.5; end; end:
if tval > 1.001l*testl, if tval < .999*test2, pval=1.0; end; end;
if tval > 1.001*test3, if tval < .999%*test4, pval=1.0; end; end;
end

if load==3

testl=15/18*pi;

test2=21/18*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=1.0; end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=1.0; end; end;
if tval > 1.001*testl, if tval < .99%*%test2, pval=1.0; end; end;

end

ij=(m~1)*n+j;

rhSS(lj l)=-2*pval/ (k*pi)* (1+(-1) “k) *sin(k*2*aphi) ;

end

% section solu - combine submat - solv matrix egn - find results
% find the vector of displacement components rslt

stiff=[aii aim ain; ami amm amn; ani anm ann]j;

clear aii; clear aim; clear ain; clear ami; clear amm; clear amn;
clear ani; clear anm; clear ann; clear pval; clear tval;
rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v,w

for i=1l:m; for j=1:n

iju=(i-1)*n+j; ijv=m*n+(i-1)*n+j; 1jw=2*m*n+ (i-1) *n+j;
u(i,j)=rslt(iju); v(i,3j)=rslt(ijv); w(i,j)=rslt(ijw);

end; end

%

for i=1:m; for j=l1:n
t(i,j)=ut(i,j)+u(i,j)*cos(2*k*theta);
t{i,j)=vt (i, J)+V(l j) *cos (2*k*theta);
t(i,j)—wt(1 jytw(i,j)*sin(2*k*theta);

Wwtl(i,j)=wtl(i,j)+w (i, )*cos(2*k*theta)*2*k;

end; end

end

%

% stress components at the sampling points, srr, shh, stt, srh
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3 loop over samling points in the radial direction
for i=1l:m
s=x(1i); sl=1/s;

%
t loop over sampling points in the merid direction
for j=1:n

tee=tet(j); ct=cos(tee); st=sin(tee);
Cp=rarr+s*ct; cpl=1l/cp;

% terms which do not involve derivatives
srr=(a9*sl+cp1*ct*a13)*ut(i,j)—cpl*al3*st*vt(i,j)+cp1*a13*wt1(i,j);
shh=(a13*sl+cp1*ct*a6)*ut(i,j)-cpl*a6*st*vt(i,j)+cpl*a6*wtl(i,j);
% loop for terms involving the r derivatives

for ii=l:m

srr=srr+a7+*bl(i,ii)*ut(ii,j);

shh=shh+a8*bl(i,ii)*ut(ii,j);

end

% loop for terms involving the phi derivatives

for jj=1:n

srr=srr+sl*aS*cl(j,jj)*vt(i,ji);
shh=shh+sl*a13*cl(j,jj)*vt(i,jj);

end
sr(i,j)=srr; sh(i, j)=shh;

end; end

% ___________________________________________________________________

% result output
sr
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APPENDIX B - Listing of program Semista2.m

Semista2.m last modification - May 28, 2001

section input - input the problem parameters
m=sampling points in radial direction; nl=trucation integer;
n=sampling points in phi direction (even)

pr, prl=Poisson ratio;

El, E=young's modulus (MPa); G, Gl=shear moduli (MPa):;
D=coefficient of material; p=pressure (MPa);

rs=x-sect radius (mm); rarr=bend radius (mm);

rl=outside radius {(mm); r2=inside radius (mm);

aphi=semi-angular length of an entire band;

theta=the angle on circumferential; load=loading case;

format long

8

n=28

nl=51

rarr=0.6; r1=0.115; r2=0.085; E=6.9%e9; E1=172.38e9; Gl=3.45e9; pr=0.25;
prl=0.25; delta=(El*(l-prl*prl)-2*E*prl*prl*(l+pr))/ (E*E*E1*El);
G=E/(2*(1+pr)); dll=(El-E*prl*prl)/(E*El*El*delta);
d22=(E1-E*prl*prl)/(E*E1*El*delta); d33=(l-pr*pr)/(E*E*delta);
dl2=(pr*El+E*prl*prl)/(E*E1*El*delta);
dl3=(prl*(l+pr))/(E*El*delta); d23=(prl*(l+pr))/(E*El*delta);
d44=2*G; d55=2*Gl; d66=2*Gl;
D=[d1l1,d12,d13,0,0,0;d12,d22,d23,0,0,0;d13,d23,d33,0,0,0;0,0,0,d44,0,0;
0,0,0,0,d55,0:;0,0,0,0,0,d66];

xdif=ri-r2; al=D(1,1); a2=D(4,4)/2; a3=D(5,5)/2; a4=D(1,3)-D(2,3);
a5=D(1,2)-D(2,3); a6=D(3,3); a7=D(1,2); aB8=D(1,3); as=D(2,2);
alO=D(1,2)-D(3,3); all=D(1,3)-D(3,3);

al2=D(1,2)-D(1,3); al3=D(2,3); ald=D(6,6)/2;

aphi=1/12*pi;

ipr=2*aphi/ (pi/2); theta=0; load=2;

00 d0 IO P IO OO IO O P IC O P OO IO OO

% section wecrd - find weighting coeffts for radial direction
% unequal spacing with one delta point at each end for radial direction
% output - bl(i,j),b2(i,j)- 1st to 2nd derivatives

%

for i=1l:m; tt=pi*(i-1)/(m-1);y(i)=(l-cos(tt))/2; end

for i=1:m; x(i)=r2+y(i)*xdif; end

%

for i=1:m; pai(i)=1; for j=1l:m

if i~=j; pai(i)=(x(i)-x(j))*pai(i); end

end;end

%

for i=1:m; for j=1:m

if i~=j; bl(i,j)=pai(i)/ ((x(i)-x(3))*pai(j)); end

end; end

% .

for i=1l:m; bl(i,i)=0; for j=l:m

if i~=j; bl(i,i)=bl(i,i)-bl(i,j):; end

end;end

%

for i=1:m; for j=1:m

Statics of toroids using semi-analytical DQM local loading, M2 material
3D elasticity theory using 3 gov. egns. Int. J. Pres. Ves. & Piping 51
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if i~=j; b2(i,3)=2*(bl(i,i)*bl(i,j)-b1l(i,J)/(x(i)-x(j))); end
end; end

%

for i=l:m; b2(i,i)=0; for j=1l:m

if i~=3j; b2(i,i)=b2(i,i)~b2(i,j): end

end; end

% section wcmd - find weighting coeffts for the meridional direction

% equal spacing with no delta points
% output - cl(i,j),c2({i,j) - 1lst to 2nd derivatives

nz2=n/2;

%

for i=1:n; tet(i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5; end
%

for i=2:2:n; ib(i,n2+1)=-0.5; end

for i=2:n2; ib(1l,i)=1:; end

for i=n2+2:n; 1ib(1,i)=0; end

%

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi*(i-1)*(j-1-n2)/n);
end; end

%

for i=2:n; for j=2:n2
ib(i,j)=cos(2*pi* (i-1)*(j-1)/n);

end; end

%

ib=ib/n2;

%

for i=1l:n; for j=1l:n2+1
rrl(j)=(1-j)*sin((j-1)*tet (i));
rr2(j)=-1*((j-1)~2)*cos ((j-1)*tet (i));
end

for j=n2+2:n
rrl(3)=(j-1-n2)*cos({j-1-n2)*tet (i));
rr2(j)=-1*{(j-1-n2)"2) *sin((j-1-n2) *tet (i));

end
cl(i,:)=(ib*rrli")';
c2(i,:)=(ib*rr2')';
end

ER R e e s 2k o 1 S TR TS A A A A A R S
% solution for axisymmetric part

%

% section domegn - set up matrices enforcing the governing equations
% aii aim u 0

% ami amm v = 0

ToouTput - zILNi,Z0, .. .,ann(i,j) - coefft matrices for displacements
mn=m*n;

%

aii(:,:)=zeros{(mn);aim{:, :)=zeros(mn);
ami(:,:)=zeros(mn);amm(:,:)=zeros(mn);

%

% loop over sampling points in the r direction
for i=2:m-1

s=x(i); sl=1/s; s2=(sl)*(sl);

%

% loop over sampling points in the phi direction
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for j=1:n

ir=(i-1)*n+j;

tee=tet (j); ct=cos(tee); st=sin{(tee);

cp=rarr+s*ct; cpl=1/cp; cp2=(cpl)*(cpl):

%

% terms which do not involve derivatives
aii(ir,ir)=-s2*a9%+sl*ct*cpl* (ad4+a5)~cp2*ct*ct*a6;
aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*ab-sl*a2);

ami (ir,ir)=-cpl*st*(sl*a9-cpl*ct*aé);
amm(ir,ir)=-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;
%

% terms which involve the r derivatives

for ii=l:m

ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cpl*ct)*bl(i,ii))*al;
aim(ir,ic)=aim(ir,ic)-cpl*st* (a8+a2)*bl (i,ii);

ami (ir,ic)=ami (ir,ic)-cpl*st*al2*bl (i, ii);
amm(ir,ic)=amm(ir,ic)+a2* (b2 {(i,1i)+(sl+ct*cpl) *bl (i, ii));
%

% terms which involve mixed derivatives

for ij=1:n

ic={(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*b1(i,ii)*cl(j,ij);
ami (ir,ic)=ami (ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,13);
end

end
% terms which involve the phi derivatives
for jj=1:n

ic=(i~-1)*n+jj;
aii(ir,ic)=aii(ir,ic)+(s2*c2(j,jj)-cpl*sl*st*cl(j,j3))*a2;
aim(ir,ic)=aim(ir,ic)-sl*(a2*sl+sl*a9—cpl*ct*a5)*cl(j,jj);

ami(ir,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cpl*ct*(a13+a2))*cl(j,jj);

amm(ir,ic)=amm(ir,ic)+sl*a9* (sl*c2(j,3jj)~st*cpl*cl(j,3j));
end
end; end

% section boun ~ insert the boundary conditions
% pad loading applied only on out surface r=b

3

% pressurized conditions on r=rl line

% and
% zero loading canditions on r=r2 line
%

ival={[1l,m];

% loop over sampling points in the radial direction
% only for i=1 and i=m

for bloop=1:2

i=ival (bloop);

s=x{(i); sl=1/s;

% loop over sampling points in the merid direction
for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
Apl=1/Ap;

ir=(i-1)*n+j;

% terms which do not involve derivatives
ail(ir,ir)=a7*sl+Apl*ct*a8;

aim(ir,ir)=-Apl*st*a8;
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amm(ir,ir)=-s1;

% loop for terms involving the r derivatives
for ii=1:m

ic=(1ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+al*bl (i, ii);

amm (ir,ic)=amm(ir,ic)+bl (i, ii);

end
$loop for terms involving the phi derivatives
for jj=1:n

ie={i-1)*n+3jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(3,33);:
ami (ir,ic)=ami(ir,ic)+sl*cl(j,33):
end

end; end

% section loadv - set up the load vector for the right hand side

% pressure on out side only

rhss=zeros (2*m*n, 1) ;

for j=1l:n

pval=0;

tval=tet (Jj);

if load==

testl=1/6*pi;

test2=11/6*pi;

if tval > .999*testl, if tval < 1.00l*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.001*test2, pval=0.5; end; end;
if tval > 1.001*test2, pval=1.0; end;

if tval < .999*testl, pval=1.0; end;

end

if load==2

testl=5/12*pi;

test2=7/12*pi;

test3=17/12*pi;

testd4=19/12*pi;

if tval > 1.001*testl, if tval < .999*test2, pval=1.0; end; end;
if tval > 1.001*test3, if tval < .999*testd, pval=1.0; end; end;
end

if load==

testl=15/18*pi;

test2=21/18*pi;

if tval > .899*testl, if tval < 1.00l*testl, pval=0.5; end; end;
if tval > .99%*test2, if tval < 1.00l*test2, pval=0.5; end; end;
if tval > 1.001*testl, if tval < .999*test2, pval=1.0; end; end;
end

ij=(m-1)*n+j;

rhss{ij,l)=-ipr*pval;

end

% section solu - combine submat - solv matrix egn - find results
% find the vector of displacement components rslt
stiff=[aii aim; ami amm];

clear aii; clear aim; clear ami; clear amm; clear pval; clear tval; clear

testl;

clear test2;

rslt=stiffl\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v
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for i=l:m; for j=l:n

iju=(i-1)*n+3j; ijv=m*n+(i~1)*n+j;

ul (i, j)=rslt(iju); vO(i,J)=rslt(ijv);

end; end

ut=u0; vt=v0; wt=zeros(m,n); wtl=zeros(m,n);

R R R RS R L R o T T AT OO Y

% solution for nonsymmetric part

%

for k=1:nl

%

% section domegn - set up matrices enforcing the governing equations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
mn=m*n;

%

aii(:,:)=zeros{mn);aim(:, :)=zeros(mn);ain(:, :)=zeros (mn);

ami (:,:)=zeros(mn);amm(:, :)=zeros(mn);amn(:, :)=zeros (mn) ;
ani(:,:)=zeros(mn);anm(:, :)=zeros{mn);ann(:, :)=zeros (mn);

%

% loop over sampling points in the r direction
for i=2:m-1
s=x(i); sl=1/s; s82=(sl)*(sl);

$
% loop over sampling points in the phi direction
for j=1:n

ir={i-1)*n+j;
tee=tet (j); ct=cos({tee); st=sin(tee);
cp=rarr+s*ct; cpl=l/cp; cp2=(cpl)*(cpl);

3
% terms which do not involve derivatives
aii(ir,ir)=-(4*k*k*cp2)*a3-s2*a9+sl*ct*cpl* (a4+a5)-cp2*ct*ct*a6;

aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*ab-sli*a2);
ain{ir,ir)=2*k*cpl*(sl*ad-cpl*ct*a3-cpl*ct*aé);

ami (ir,ir}=-cpl*st*(sl*a%-cpl*ct*a6);
amm(ir,ir)=-4*k*k*cp2*al4-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;
amn(ir,ir)=st*cp2* (ald4+a6)*k*2;

ani(ir,ir)=-cpl* ({(ct*cpl+sl)*al3+sl*al3+ct*cpl*a6)*k*2;
anm(ir,ir)=st*cp2*(ald+a6)*k*2;

ann(ir,ir)=-cp2* (4*k*k*ab+st*st*ald)-ct*cpl*a3* (ct*cpl+sl);

$

% terms which involve the r derivatives

for ii=1:m

ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cpl*ct)*bl(i,ii))*al;
aimi(lr,ig)=aim{ir,lc)-cpl¥at¥(a8+ali*bl i iy,
ain(ir,ic)=ain(ir,ic)+2*k*cpl* (aB8+a3)*bl(i,ii);
ami{ir,ic)=ami(ir,ic)-cpl*st*al2*bl(i,ii):
amm(ir,ic)=amm{ir,ic)+a2*(b2(i,ii)+(sl+ct*cpl)*bl(i,ii));
ani(ir,ic)=ani(ir,ic)-2*k*cpl* (a3+a8)*bl(i,ii);
ann(ir,ic)=ann(ir,ic)+(b2{i,1ii)+(ct*cpl+sl)*bl(i,ii))*a3;
%

% terms which involve mixed derivatives

for ij=l:n

ic=(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,ij):
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ami(ir,ic)=ami(ir,ic)+sl*(a2+a7)*bl(i,ii)*c1(j,ij);

end

end

% terms which involve the phi derivatives
for jj=1:n

ic={(i-1)*n+3jj;
aii(ir,ic)=aii(ir,ic)+(52*c2(j,jj)—cpl*sl*st*cl(j,jj))*a2;
aim(ir,ic)=aim(ir,ic)—sl*(a2*sl+sl*a9-cpl*ct*a5)*cl(j,jj);
am1(1r,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cpl*ct*(a13+a2))*cl(j,jj);

mm(ir,ic)=amm(ir, ic)+sl*a9*(sl*c2(3j,jj)-st*cpl*cl(3,33));
amn(lr ic)=amn(ir,ic)+cpl*sl* (al3+ald)*2*k*cl(j,3j);:
anm(ir,ic)=anm(ir,ic)-cpl*sl*(al4+al3)*2*k*cl(3j,3jj);
ann(ir,ic)=ann(ir,ic)+(sl*c2(j,jj)-st*cpl*cl(j,jj))*ald*sl;
end
end; end
G e e e e e e e
% section boun - insert the boundary conditions

pad loading applied only on out surface r=b

b
%
% pressurized conditions on r=rl line
3 and

% zero loading canditions on r=r2 line

%

ival={1l,m];

% loop over sampling points in the radial direction

% only for i=1 and i=m

for bloop=1:2

i=ival (bloop);

s=x(i); sl=1/s;

% loop over sampling points in the merid direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
Apl=1/Ap;

ir=(i-1)*n+j;

$ terms which do not 1nvolve derivatives
aii(ir,ir)=a7*sl+Apl*ct*a8;

aim{ir,ir)=-Apl*st+*a8;

ain(ir,ir)=Apl*aB*k*2;

amm({ir,ir)=-sl;

ani(ir,ir)=-Apl*k*2;

ann(ir,ir}=-ct*Apl;

% loop for terms involving the r derivatives

for ii=1:m

ic=(ii~-1)*n+j;

aii(ir,ic)=aii(ir,ic)+al*bl(i,ii)
amm(ir,ic)=amm(ir,ic)+bl(i, ii);
GON{ir,ic)=ann{ir,ic)+bl(i,1i);

end

% loop for terms involving the phi derivatives
for jj=1:n

ic=(i-1)*n+jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(j,jj);
ami(ir,ic)=ami(ir,ic)+si*cl (j,33);
end

end; end

% section loadv - set up the load vector for the right hand side
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% pressure on out side only

rhss=zeros(3*m*n, 1) ;

for j=1l:n

pval=0;

tval=tet (j);

if load==

testl=1l/6*pi;

test2=11/6*pi;

if tval > .999*testl, if tval < 1.001*testl, pval=0.5; end; end;
if tval > .999*test2, if tval < 1.00l*test2, pval=0.5; end; end;
if tval > 1.001*test2, pval=1.0; end;

if tval < .999*testl, pval=1.0; end;

end

if load==2

testl=5/12*pi;

test2=7/12*pi;

test3=17/12*pi;

test4=19/12*pi;

if tval > 1.001*testl, if tval < .99%*test2, pval=1.0; end; end;
if tval > 1.001l*test3, if tval < .999*test4, pval=1.0; end; end;
end

if load==3

testl1=15/18*pi;

test2=21/18*pi;

if tval > .999*testl, if tval < 1.00l*testl, pval=1.0; end; end;
if tval > .999*test2, if tval < 1.00l*test2, pval=1.0; end; end;
if tval > 1.001*testl, if tval < .999%*test2, pval=1.0; end; end;
end

ij=(m~1)*n+j;

rhss(ij,1)=-2*pval/ (k*pi)* (1+(~1) “k) *sin(k*2*aphi);

end

% section solu - combine submat - solv matrix egn - find results

% find the vector of displacement components rslt

stiff=({aii aim ain; ami amm amn; ani anm ann];

clear aii; clear aim; clear ain; clear ami; clear amm; clear amn;
clear ani; clear anm; clear ann; clear pval; clear tval;
rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v,w

for i=1:m; for j=1:n

iju=(i-1)*n+j; ijv=m*n+(i~-1)*n+j; ijw=2*m*n+ (i-1)*n+j;
u(i,j)=rslt(iju); v{i,j)=rslt(ijv); w{i,j)=rslt(ijw};

end; end
e

for i=1:m; for j=1l:n

ut {i,3j)=ut(i,j)+u(i, j)*cos(2*k*theta);
vt(i,j)=vt(i,j)+v(i,j)*cos(2*k*theta);
wt(i,j)=wt(i,j)+w(i,j)*sin(2*k*theta);
wtl{i,j)=wtl(i,j)+w(i,J)*cos(2*k*theta)*2*k;
end; end

end

% stress components at the sampling points, srr, shh, stt, srh
% loop over samling points in the radial direction

for i=1l:m

s=x(i); sl=1/s;
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00 go

loop over sampling points in the merid direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee);

cp=rarr+s*ct; cpl=l/cp:

% terms which do not involve derivatives
srr=(a9%*sl+cpl*ct*al3) *ut{i, j)-cpl*al3*st*vt (i, j)+cpl*al3*wtl(i,j);
shh=(al3*sl+cpl*ct*ab) *ut (i, j)-cpl*ab*st*vt(i,j)+cpl*ab*wtl(i,]);
% loop for terms involving the r derivatives

for ii=1:m

srr=srr+a7*bl (i, ii)*ut(ii, j):

shh=shh+a8*bl (i, ii) *ut (ii, j);

end

¥ loop for terms involving the phi derivatives

for jj=1:n

srr=srr+sl*a9*cl(j,jj) *vt(i,jj);
shh=shh+sl*al3*cl(j,jj)*vt(i,jj);

end

sr(i,j)=srr; sh(i, j)=shh;

end; end

% _________________________________________________________________________

% result output
thetao=linspace (0, 2*pi, 200);
rl=115+0*sin(thetao);

polar (thetao,rl);

hold on

rh=85+0*sin (thetao) ;

polar (thetao,rh);

hold on

[thetal, rho]=meshgrid((0:360/28:360)*pi/180, 85:30/7:115);
[X, Yl=pol2cart{(thetal, rho);
srl=zeros(8,29);

for i=1:8

for j=1:28

srl(ilj)=5h(i’j);

end

end

srl(:,29)=sh(:,1);

polar ({0 2*pi], [85 115]);

hold on

contour (X, Y,srl)
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APPENDIX B - Listing of program Semioml.m

Semioml.m last modification - June 2, 2001
vibration of isotropic toroids using semi-analytical DOM ~ steel
3D elasticity theory using 3 gov. egns Int. J. Pres. Ves. & Piping 51

section input - input the problem parameters

m=sampling points in radial direction; nl=trucation integer;

n=sampling points in phi direction (even)

pr=Poisson ratio;

E=young's modulus (MPa); G=shear moduli (MPa);

D=coefficient of material; p=pressure (MPa);

rs=x-sect radius {mm); rarr=bend radius (mm);

rl=outside radius {(mm); r2=inside radius (mm);

aphi=semi-angular length of an entire band;

theta=the angle on circumferential; load=loading case;
format long

m=12

n=48

k=1

rarr=600; rl1=115; r2=85; E=207000; pr=0.3; prl=1/pr;
G=E*prl/(2* (pri+l)); F=2*G/(prl-2);

D=(F+2*G, F, F, 0, O, 0; F, F+2*G, F, 0, 0, 0; F, F, F+2*G, 0, 0, 0;
0, 0, 0, 2*G, 0, 0; 0, 0, 0, O, 2*G, 0; 0, O, 0, 0, O, 2*G];
xdif=rl-r2; al=D(1,1); a2=D(4,4)/2; a3=D(5,5)/2; a4=D(1,3)-D(2,3);
a5=D(1,2)-D(2,3); a6=D(3,3); a7=D(1,2); a8=D(1,3); a%=D(2,2);
al0=D(1,2)-D(3,3); all=D(1,3)-D(3,3);

al2=D(1,2)-D(1,3); al3=D(2,3); ald4=D(6,6)/2;

%

O 00 OF dC O 0P KR IO O MW N N O oo o

G e e e e e e e e e e e e

% section wcrd - find weighting coeffts for radial direction

% unequal spacing with one delta point at each end for radial direction
% output - bl(i,j),b2(i,j)- 1lst to 2nd derivatives

for i=l:m; tt=pi*(i-1)/(m-1);y(i)=(l-cos(tt))/2; end
for i=l:m; x(i)=r2+y(i)*xdif; end

%

for i=1:m; pai(i)=1; for j=1:m

if i~=j; pai(i)=(x(i)-x(j))*pai(i); end

end; end

%

for i=1l:m; for j=1l:m

if i~=j; bl(i,j)=pai(i)/((x(i)-x(3))*pai(j)); end
end; end

%

for i=l:m; bl(i,i)=
i1f i~=j; bl(i,i)=bl
end;end

%

for i=1:m; for j=1:m

if i~=j; b2(i,Jj)=2*(bl(i,1)*b1(i,j)-bl(i,j)/(x(i}-x(j))); end
end;end

%

for i=l:m; b2(1i,1)=0; for j=l:m

if i~=3; b2(i,i)=b2(i,i)-b2(i,j); end

end;end

%

0; for j=1:m
(1,1)-bl(i,j); end
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% section wcmd -~ find weighting coeffts for the meridional direction

% equal spacing with no delta points
% output - cl(i,j),c2(i,j) ~ 1lst to 2nd derivatives

n2=n/2;

%

for i=1:n; tet(i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5; end
$

for i=2:2:n; ib(i,n2+1)=-0.5; end

for i=2:n2; ib(l,i)=1; end

for i=n2+2:n; ib(1l,i)=0; end

%

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi*(i-1)*(j-1-n2)/n);
end; end

$

for i=2:n; for j=2:n2
ib(i,j)=cos(2*pi* (i-1)*(j-1)/n);

end; end

%

ib=ib/n2;

%

for i=1:n; for j=1l:n2+1
rrl{j)=(1-3j)*sin((j-1)*tet(i));
rr2(j)=-1*((j-1)"2) *cos{(j=-1) *tet(i));
end

for j=n2+2:n
rri(j)=(j-1-n2)*cos((j=1-n2)*tet(i));
rr2(j)=-1*((j-1-n2)"2) *sin( (j-1-n2)*tet (i));

end
cl{i,:)=(ib*rrl")"';

c2(i,:)={(ib*rr2")';

end

% ______________________________________________________________________________

% section domeqn - set up matrices enforcing the governing egquations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann W 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
mn=m*n;

3

aii(:,:)=zeros(mn);aim(:,:)=zeros(mn);ain(:,:)=zeros (mn);

ami (:, :)=zeros(mn);amm(:,:)=zeros (mn);amn(:,:)=zeros (mn) ;
ani(:,:)=zeros{mn);anm(:,:)=zeros(mn);ann{:,:)=zeros(mn);

%

% loop over sampling points in the r direction
for i=2:m-1

s=x(1i); sl=1/s; s2=(sl)*(sl);

$

% loop over sampling points in the phi direction
for j=1:n

ir=(i-1)*n+3j;
tee=tet (j); ct=cos(tee); st=sin(tee);
cp=rarr+s*ct; cpl=1l/cp; cp2=(cpl)*(cpl):

3
% terms which do not involve derivatives
aii(ir,ir)=-(4*k*k*cp2)*a3-s2*a9+sl*ct*cpl* (ad+ab)~-cp2*ct*ct*a6;
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aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*a6-sl*a2);
ain(ir,ir)=2*k*cpl*(sl*ad-cpl*ct*a3-cpl*ct*aé);
ami(ir,ir)=-cpl*st*(sl*a9-cpl*ct*a6);
amm(ir,ir)=-4*k*k*cp2*al4-a2*s2-cpl*sl*ct*(al3+a2)-st*st*cp2*a6;
amn (ir,ir)=st*cp2* (ald4+ab)*k*2;

ani(ir,ir)=-cpl* ((ct*cpl+sl)*a3+sl*al3+ct*cpl*a6)*k=*2;
anm(ir,ir)=st*cp2*(ald+a6)*k*2;
ann(ir,ir)=—cp2*(4*k*k*a6+st*st*al4)—ct*cpl*aB*(ct*cp1+sl);
%

% terms which involve the r derivatives

for ii=1:m

ic=(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+(sl+cpl*ct)*bl(i,ii))*al;
aim(ir,ic)=aim(ir,ic)-cpl*st* (aB+a2)*bl (i, ii);
ain(ir,ic)=ain(ir,ic)+2*k*cpl* (aB+a3)*bl (i, ii);

ami (ir,ic)=ami(ir,ic)-cpl*st*al2*bl (i,ii);
amm(ir,ic)=amm(ir,ic)+a2*(b2(i,ii)+(sl+ct*cpl)*bl(i,ii));
ani(ir,ic)=ani(ir,ic)—2*k*cpl*(a3+a8)*bl(i,ii);
ann(ir,ic)=ann(ir,ic)+(b2(i,ii)+(ct*cp1+sl)*bl(i,ii))*a3;

%

% terms which involve mixed derivatives

for ij=1:n

ic=(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*b1(i,ii)*cl(j,ij);

ami (ir,ic)=ami (ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(3,1i3);

end

end

% terms which involve the phi derivatives

for jj=1:n

ic={i-1)*n+3jj;
aii(ir,ic)=aii(ir,ic)+(52*c2(j,jj)—cpl*sl*st*cl(j,jj))*a2;
aim(ir,ic)=aim(ir,ic)—sl*(a2*sl+sl*a9—cpl*ct*a5)*cl(j,jj);
ami(ir,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cpl*ct*(a13+a2))*cl(j,jj);
amm(ir,ic)=amm(ir,ic)+sl*a9* (s1*c2(j,jj)-st*cpl*cl(j,33));
amn(ir,ic)=amn(ir,ic)+2*cpl*sl*(al3+ald)*k*cl(j,3j);
anm(ir,ic)=anm(ir,ic)-2*cpl*sl*(ald+al3)*k*cl(3,33);
ann(ir,ic)=ann(ir,ic)+(sl*c2(j,jj)-st*cpl*cl(j,jj))*ald*sl;
end

end; end

% section boun - insert the boundary conditions
$ pad loading applied only on out surface r=b

%
% pressurized conditions on r=rl line
$ and

% zero loading canditions on r=r2 line

~
0

ival=[1l,m];

% loop over sampling points in the radial direction

$ only for i=1 and i=m

for bloop=1:2

i=ival (bloop);

s=x(i); sl=1/s;

% loop over sampling points in the merid direction
for j=1l:n

tee=tet(j); ct=cos(tee); st=sin(tee); Ap=rarr+s*ct;
Apl=1/Ap;
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ir=(i-1)*n+j;

% terms which do not involve derivatives

aii(ir,ir)=a7*sl+Apl*ct*a8;

aim(ir,ir)=-Apl*st*a8;

ain(ir,ir)=2*Apl*a8*k;

amm(ir,ir)=-sl*a2;

ani(ir,ir)=-2*Apl*k*a3;

ann(ir,ir)=-ct*Apl*a3;

%3 loop for terms involving the r derivatives

for ii=l:m

ic=(ii- l)*n+],

all(lr ic)=aii(ir,ic)+al*bl(i,ii);
mm{ir,ic)=amm(ir,ic)+bl(i,1ii)*a2

ann(lr ic)=ann(ir,ic)+bl (i, ii) *a3;

end

% loop for terms involving the phi derivatives

for jj=l:n

ie=(i-1)*n+33;

aim(ir,ic)=aim(ir,ic)+a7*sl*cl(j,3j):

ami(ir,ic)=ami({ir,ic)+sl*cl(j,jj)*a2;

end

end; end

% section partition - partition matrices for eigenvalue extraction
% this step necessary for freq analysis to form principle ev problem
% form bb matrix ~ bdy egns involving bdy unknows

ar=1l:n;

bb=[aii(ar,ar)

Q
0

er=n+1l:
bd=

% form db matrix - domain

aii(br,ar)
ami (ar,ar)
ami (br, ar)
ani (ar, ar)
ani(br,ar)

{aii(ar,er)
aii(br,er)
ami{ar, er)
ami (br, er)
ani{ar,er)
ani (br,er)

db=[aii(er, ar)

ami (er, ar)
ani(er,ar)

br=(m-1)*n+l:m*n;

aii(ar,br)
aii(br,br)
ami (ar, br)
ami (br, br)
ani (ar, br)
ani (br, br)

aim(ar,er)
aim(br,er)
amm (ar, er)
amm (br, er)
anm{ar, er)
anm(br, er)

aii(er,br)
ami {er, br)
ani (er, br)

aim{ar, ar)
aim(br, ar)
amm (ar, ar)
amm(br,ar)
anm(ar, ar)
anm(br, ar)

ain{ar,er)

ain(br,er);
amn (ar, er) ;
amn (br,er);
annf{ar,er);

ann(br,er)];

’

aim{ar,br)
aim{br,br)
amm(ar, br)
amm (br,br)
anm{ar, br)
anm (br, br)

7

ain(ar,ar) ainl{ar,br);
ain(br,ar) ain{br,br);
amn (ar,ar) amn{ar,br);
amn (br,ar) amn(br,br)
ann(ar,ar) annf(ar,br);

)

ann{br,ar) ann(br,br)]:

form bd matrix - bdy egns involving domain unknows
(m=-1) *n;

eqns involving bdy unknows

aim(er,ar)
amm (er, ar)
anm(er, ar)

aim(er, br)
amm(er, br)
anm{er, br)

ain(er,ar) ain(er,br);
amn {er,ar) amn(er,br);
ann(er,ar) ann(er,br)]:

% form dd matrix - domain eqns involving domain unknows
ar=n-i1:{(m-1;*n;
dd=[{aii(ar,ar) aim(ar,ar) ain(ar,ar);

clear aii aim ain ami amm

)

i3]

ami (ar, ar)
ani{ar,ar)

section eign

prodl=-inv(bb) *bd;
prod2=db*prodl;
stiff=-(dd+prod2);

amm(ar, ar)
anm(ar, ar)

amn (ar, ar) ;

ann(ar,ar)];

’

amn ani anm ann;

clear bb bd:;

clear db prodi;

%Find eigenvalues

clear dd prod2;
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e=eig(stiff); clear stiff;
tmn=3*m*n-6*n;

kk=0;

for i=l:tmn

if imag(e(i)) ==

if e(i) > 0; kk=kk+1l; ezz(kk)=e(i); end

end

end

ezzz=ezz(1l:kk);

% sort the eigenvalues and output the five lowest
sval=sort (ezzz);

for j=1:10; result(j)=sgrt(sval(j)/7770); end
%

end

result
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APPENDIX B - Listing of program Semiom2.m

Semiom2.m last modification - June 2, 2001
vibration of isotropic Toroids using Semi-Analytical DQM - M2 material
3D elasticity theory using 3 gov. egns. Int. J. Pres. Ves. & Piping 51

section input - input the problem parameters
m=sampling points in radial direction; nl=trucation integer;
n=sampling points in phi direction (even)

pr, prl=Poisson ratio;

El, E=young's modulus (MPa); G, Gl=shear moduli (MPa) ;
D=coefficient of material; p=pressure (MPa);

rs=x-sect radius (mm); rarr=bend radius (mm);
rl=outside radius (mm); r2=inside radius (mm);
aphi=semi-angular length of an entire band;

theta=the angle on circumferential; load=loading case;
format long

odedePdOanPdePddeo\oo‘Popdp

rarr=600; rl=115; r2=85; E=6.9e3; E1=172.38e3; Gl=3.45e3; pr=0.25;
prl=0.25; delta=(E1*(l—prl*prl)—Z*E*prl*prl*(1+pr))/(E*E*El*El);
G=E/(2*(1+pr)): dll=(El-E*prl*prl)/(E*E1*El*delta);
d22=(El1-E*prl*prl)/(E*El1*El*delta); d33=(l-pr*pr)/(E*E*delta);
dl2=(pr*El+E*prl*prl)/(E*E1*El*delta);
d13=(prl*(1l+pr))/(E*El*delta); d23=(prl*(l+pr))/(E*El*delta);
d44=2*G; d55=2*Gl; d66=2+*Gl;
D=[dl1,d12,d13,0,0,0;d12,d22,d23,0,0,0;d13,d23,d33,0,0,0;0,0,0,d44,0,0;
0,0,0,0,d55,0;0,0,0,0,0,d66];

xdif=rl-r2; al=D(1,1); a2=D(4,4)/2; a3=D(5,5)/2; a4=D(1,3)-D(2, 3);
a5=D(1,2)-D(2,3); a6=D(3,3); a7=D(1,2); a8=D(1,3); a9=D(2,2);
alO=D(1,2)-D(3,3); all=D(1,3)-D(3,3);

al2=D(1,2)-D(1,3); al3=D(2,3); ald=D(6,6)/2;

%

B e e e e e e e e

% section wcrd - find weighting coeffts for radial direction

% unequal spacing with one delta point at each end for radial direction
$ output - bl(i,Jj),b2(i,j)- 1st to 2nd derivatives

$

for i=1:m; tt=pi*(i-1)/(m-1);y(i)=(l-cos(tt))/2; end
for i=l:m; x(i)=r2+y(i)*xdif; end

%

for i=l:m; pai(i)=1l; for j=1:m

if i~=j; pai(i)=(x{(i)-x{(j))*pai(i}; end

end; end

%

Ior i=i:m; IZor j=i:m

if i~=j; bl(i,J)=pai(i)}/((x(i)-x(J))*pai(j)); end
end;end

$

for i=l:m; bl{i,i)=0; for j=l:m

if i~=j; bl(i,i)=bl(i,i)-bl(i,j); end

end;end

%

for i=l:m; for j=l:m

if i~=3; b2(i,3)=2*(bl(i,1)*bl(i,3)-bl(i,j)/(x(i)-x(j)));: end
end; end
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%

for i=1:m; b2(i,i)=0; for j=1:m

if i~=j; b2(i,1)=b2(i,i)-b2(i,]j); end
end; end

% section wemd - find weighting coeffts for the meridional direction
% equal spacing with nc delta points

% output - cl(i,3j),c2(i,j) ~ 1lst to 2nd derivatives

n2=n/2;

$

for i=l:n; tet(i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5; end
$

for i=2:2:n; ib(i,n2+1)=-0.5; end
for i=2:n2; ib(1,i)=1; end

for i=n2+2:n; ib(1l,i)=0; end

$

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi* (i-1)*(j-1-n2)/n);
end; end

%

for i=2:n; for j=2:n2
ib(i,j)=cos(2*pi* (i-1)*(j-1)/n);

end; end

%

ib=ib/n2;

%

for i=1l:n; for j=1l:n2+1
rrl(j)=(1-j)*sin((j-1)*tet(i));
rr2{j)=-1*((j=1)"2) *cos ((j-1)*tet (i));
end

for j=n2+2:n
rrl{j)=(j-1-n2)*cos((j-1-n2) *tet(i));
rr2(j)=-~1*((3j-1-n2)"2) *sin((j-1-n2) *tet (i) ) ;

end
cl{i,:)=(ib*rrl')';

c2(i,:)=(ib*rr2')"';

end

% ______________________________________________________________________________
% section domegn - set up matrices enforcing the governing equations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann w 0

% output ~ aii(i,j),...,ann(i,j) - coefft matrices for displacements
mn=m*n;

%

&ii{:,:]=zeXos(mnj;aim :,:)=cercs{mn);ain , i,=zeros{mn);
ami(:,:)=zeros(mn);amm(:,:)=zeros(mn);amn(:,:)=zeros(mn);
ani(:,:)=zeros(mn);anm(:,:)=zeros(mn),ann(', )=zeros (mn) ;

%

% loop over sampling points in the r direction

for i=2:m-1

s=x(1); sl=1/s; s2=(sl)*(sl);

%

% loop over sampling points in the phi direction

for j=1:n

ir=(i~1)*n+j;
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tee=tet (j); ct=cos(tee); st=sin(tee);
cp=rarr+s*ct; cpl=1/cp; cp2=(cpl)*(cpl);

%
% terms which do not involve derivatives
aii(ir,ir)=-(4*k*k*cp2)*a3-s2*a9+sl*ct*cpl* (ad+a5)-cp2*ct*ct*ab;

aim(ir,ir)=-cpl*st*(sl*ad-cpl*ct*aé-sl*a2);
ain(ir,ir)=2*k*cpl*(sl*ad-cpl*ct*a3-cpl*ct*ab);

ami (ir,ir)=-cpl*st*(sl*a9-cpl*ct*a6);
amm(ir,ir)=—4*k*k*cp2*a14—a2*52—cp1*sl*ct*(a13+a2)—st*st*cp2*a6;
amn (ir,ir)=st*cp2*(ald+aé)*k*2;

ani (ir,ir)=-cpl*((ct*cpl+sl)*a3+sl*al3+ct*cpl*a6)*k*2;
anm(ir,ir)=st*cp2* (ald4+a6)*k*2;
ann(ir,ir)=-cp2*(4*k*k*a6+st*st*ald)-ct*cpl*a3* (ct*cpl+sl);
%

% terms which involve the r derivatives

for ii=1:m

ic=(ii-1)*n+j;

aii(ir,ic)=aii(ir,ic)+(b2(i,ii)+ (sl+cpl*ct)*bl(i,ii))*al;
aim(ir,ic)=aim(ir,ic)-cpl*st*(aB+a2)*bl(i,ii);
ain(ir,ic)=ain(ir,ic)+2*k*cpl* (a8+a3)*bl(i,ii);
ami(ir,ic)=ami(ir,ic)-cpl*st*al2+*bl (i,ii);
amm({ir,ic)=amm(ir,ic)+a2* (b2(i,ii)+ (sl+ct*cpl)*bl(i,1ii));
ani(ir,ic)=ani(ir,ic)-2*k*cpl* (a3+a8)*bl(i,ii);
ann{ir,ic)=ann(ir,ic)+(b2(i,ii)+(ct*cpl+sl)*bl (i, ii))*a3;
%

% terms which involve mixed derivatives

for ij=l:n

ic=(ii-1)*n+ij;
aim(ir,ic)=aim(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,1ij);
ami(ir,ic)=ami(ir,ic)+sl*(a2+a7)*bl(i,ii)*cl(j,ij);

end

end

% terms which involve the phi derivatives
for jj=1:n

ic=(i-1)*n+jj;
aii(ir,ic)=aii(ir,ic)+(s2*c2(j,jj)-cpl*sl*st*cl(j,33))*a2;
aim(ir,ic)=aim(ir,ic)~sl*(a2*sl+sl*a9-cpl*ct*a5)*cl(j,jj);
ami(ir,ic)=ami(ir,ic)+sl*(sl*(a2+a9)+cp1*ct*(a13+a2))*cl(j,jj);
amm({ir,ic)=amm(ir,ic)+sl*a9*(sl*c2(j,jj)-st*cpl*cl(j,3ji));
amn(ir,ic)=amn(ir,ic)+2*cpl*sl*(a13+al4)*k*cl(j,jj);
anm(ir,ic)=anm(ir,ic)-2*cpl*sl*(al4+al3)*k*cl(j,33);
ann(ir,ic)=ann(ir,ic)+(si*c2(j,jj)-st*cpl*cl(j,i3)) *ald*sl;

end

end;end

% section boun - insert the boundary conditions
zero loading conditions on r=rl line

and
zero loading conditions on r=r2 line

o° OPf of o

ival={1,m);

% loop over sampling points in the radial direction
% only for i=1 and i=m

for bloop=1l:2

i=ival (bloop);

s=x(1i); sl=1/s;

% loop over sampling points in the merid direction
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for j=1:n
tee=tet (j);
Apl=1/Ap;
ir=(i-1)*n+j;
% terms which do not involve derivatives
aii(ir,ir)=a7*sl+Apl*ct*a8;
aim(ir,ir)=-Apl*st*a8;
ain{ir,ir)=2*Apl*a8*k;

amm(ir,ir)=-sl*a2;

ani(ir,ir)=-2*Apl*k*a3;
ann(ir,ir)=-ct*Apl*a3;

% loop for terms involving the r derivatives
for ii=l:m

ic={(ii-1)*n+j;
aii(ir,ic)=aii(ir,ic)+al*bl(i,ii);
amm (ir,ic)=amm(ir,ic)+bl (i, ii)*a2
ann{ir,ic)=ann(ir,ic)+bl (i, ii)*a3;
end

% loop for terms involving the phi
for jj=1l:n

ic=(i-1)*n+jj;
aim(ir,ic)=aim(ir,ic)+a7*sl*cl(3,3jj);
ami(ir,ic)=ami{ir,ic)+sl*cl(j,jj)*a2;
end
end;

ct=cos(tee); st=sin{(tee); Ap=rarr+s*ct;

derivatives

end

% section partition - partition matrices for eigenvalue extraction

% this step necessary for freg analysis to form principle ev problem
% form bb matrix -~ bdy egns involving bdy unknows

ar=1l:n; br=(m-1)*n+l:m*n;

bb={aii(ar,ar) aii(ar,br) ain(ar,br);

aim(ar,ar) aim{ar,br) ain(ar, ar)

aii(br,ar)
ami (ar,ar)
ami (br, ar)
ani (ar, ar)
ani (br, ar)

aii(br,br)
ami (ar, br)
ami (br, br)
ani (ar,br)
ani (br, br)

aim(br, ar)
amm (ar, ar)
amm (br, ar)
anm{ar, ar)
anm(br, ar)

aim(br, br)
amm (ar, br)
amm(br, br)
anm(ar,br)
anm (br, br)

ain(br, ar)
amn (ar, ar)
amn (br, ar)
ann{ar, ar)
ann (br, ar)

% form bd matrix - bdy eqns involving domain unknows

er=n+l: (m-1)
bd=[aii (ar, er)
aii(br,er)
ami (ar, er)
ami (br, er)
ani (ar, er)
ani (br, er)

% form db matrix - domain

db=[aii (er,ar)
ami{er,ar;
ani (er,ar)

% form dd matrix - domain
1)*n;

ar=n+l: (m-
dd=[aii (ar,ar)
ami (ar, ar)

*n;

aim(ar, er)
aim(br,er)
amm(ar, er)
amm (br, er)
anm{ar, er)
anm(br, er)

aii(er,br)
ami{er,br)
ani (er, br)

aim(ar, ar)
amm{ar,ar)

ain(ar,er);
ain(br,er);
amn (ar,er);
amn (br,er) ;
ann(ar,er);

r

ann (br,er)];

’

eqns involving bdy unknows

aim(er,ar)
amm{er,ar,
anm(er,ar)

eqns involving domain

ain(ar,ar);
amn (ar,ar);

aim(er, br)
amm (er, br}
anm{er, br)

ain(er,ar)

- ’
zmni{er,a :v\

ann(er,ar)
unknows

ain(br,br);
amn (ar, br);
amn (br,br);
ann{ar,br);
ann(br,br)];

ain(er br);

ann(er,br)];

ann(ar,ar)];
amn ani anm ann;

ani(ar,ar) anm(ar,ar)
clear aii aim ain ami amm

% section eign

prodl=-inv (bb)*bd; clear bb bd;
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prod2=db*prodl; clear db prodl;
stiff=-(dd+prod2); clear dd prod2;
%Find eigenvalues

e=eig(stiff); clear stiff;
tmn=3*m*n-6*n;

kk=0;

for i=1l:tmn

if imag(e(i)) ==

if e(i) > 0; kk=kk+1l; ezz(kk)=e(i): end
end

end

ezzz=ezz(l:kk);

% sort the eigenvalues and output the five lowest
sval=sort(ezzz);

for j=1:10; result (j)=sval(j); end

%

end

result
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APPENDIX C - Listing of coefficients f, — f;,

Ehg 1 Eng !

£ =—("(1—V12V21) 12 (1= vjyvy)) phre

fr=—(( l E\gh’ Oh _ Ehsing
: r(l- Vlevl) 4 P (l-vpvy) 08 R(=viyvy))
_b E, sm¢h 1

3 3
Giph 1 G,2h73+ I G’ 1 Gk |
rg 24 , s 24 r3g 96 r3g3 phrg‘

J3 =~

7 =t v,,E, sing 1 vy E singh’ oh vy Ehsin’g
_VyEhcosg | V’y,E h* cos¢ )

R(-viyvy) 122 R~ vau) V12 phrg

/= __Gnh 1 G a-L 1 G
5 24 P g~ 32,32

vy Eih +L vy E\h° cosg 1
r(I—V|2V21) 12 erg(I-VDVz]) M"g

vak ok vaEhsing +G|2hsin¢_LGuh35in¢
r(l=vi3vy)) 0 viaRg(1-v3vy)) Rg 24 Reig
+LG,2h3sin¢_l vy E B’ sin ¢ L vy, Eyh* sin 2¢ LI
9% Rric3 12 Reigl-vipvy) 24 RIrg2(-vipvay) Vi
L I Gph® sm2¢ 1 G, H° sm2¢ 1 1 vy Eh? cosg 1

48  Rr? METIY e? 4 Rrig(1=vyyvy,) Phrg

Jo=-

£ = _ 1 Eh¢ 1
12" (]—VpV'w]) ph"g‘

fomed Egh’  oh 1 _Ek'sing 1
’ 4 r31- v,-,v-,,)5¢ 12 Rr2(1=viyvyy) PHrG
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vy E\hcos @ . E hg +i vy, E, sin gh? oh
+_1__ vy Eh° cos ¢ +l vy Ehsin? ¢ ]

fo =~

o= vaEh 1 Gk 1 Gk
N 12 -vipvy) 12 #Pg 24 ric? " phrg

I vyEh'  ah 1 vy EhRsing
4 Ple(1-vy,yv,, ) 08 1_2-er§2(1—"le21)
1 G,h 1 G\,h’ 1 vy Eh sin ¢ 1
12 R3S 24 RS 12 ViaRrg2(1=vyvy,) Phr

vy E cos¢ Oh Ey¢ oh
Jiz =~ FYe 54
R(1-vi3v31) 08 r(1-vy,v,) 89

B Ehsin ¢ +VzlE,rhsin¢cos¢ 1
RU-viava))  Rv,(1-vyyvy) Phrg

74 =(l vE,E,h3 cos ¢ . vy Eh
+_1_G,2h3_LG,2h3_ I G,k TLNE
24 r3 24 r3g 32 r3g2 r ﬁhrg

EIVZIhSin ¢ _ Glzhsin¢ _ 1 E|V2] Sin 2&3
Revia(1-vyyvyy) Rg 24 RZ"gz"lz(l“Vleél)
+_G,_2_6_}1_+_I_G,2h2ﬁ_10,2h2Qz___S_G,zh2_6£+_l_G,2h3sin¢

r ¢ 8 r’ op 8 r3g o 32 r3g2 op 24 erg

_ Gphk'sing 1 G,h’sin2g 1 Gk’ sin2 | Gph'sing, |
96 ergj 48 Rzrg3 24 Rzr‘?g2 24 ergz [)hrg

Sia =~(-

Glzh€+Lclzh3€_}_G|2h3 A Gph’ 1
r 24 2 8 3 32 P3¢ phr¢

Sis =—(

Gy2hsin ¢ +lGlzgh2 dh 3Gk oh, 9 Gyh* Oh

Y T R R R TR R Y
+iG,2h3sin¢__LG,Zh3sin¢+G,2gﬁ I

32 Rl 24 Ry? r 5¢)ﬁ'§h

1 vy E ki cos? ¢ . va £k !
12 RZ’G‘}Vlz(l—Vlz"zl) reviz(1-viavyy)” phrg

Sir =~
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_ G),rhsin® ¢ . G)shcos g +_l_ G,2h2 sin2¢ oh
R R 8 Ris O
_3 Gph’sin2g oh _1Gyyh’sing oh 1 Gyyh’sing ok
16 ergz op 8 Rrl og 4 erg o¢
_iG,zhz cos¢_@£+l6,2h3 cos2¢ 1 G, h° cos24
32 ergz o 12 Rzrg 8 Rzrg2

_LG,2h3cos¢+_l_G]2h3 cosg 1 Gyh’cosg

Jis =—(

24 Rr 12 erg 32 Rr"'gz

_ 1 Gph'sin® ¢ ,Cusing on 1 Gyrh’sin’ 2¢ +lG,2h3sin2 ¢
24 Rzrg R op 24 R4§'3 8 Rzrgz

_ 7 Gph’sin’ g +10,2;;3 singsin2¢ 1 Gy, sin gsin 2¢) 1
96 RngS 8 RBgZ 6 R3g3 [)hrg

. I vy Eh’ cosg 1 Gl2h3cos¢+_1_(;‘2h3 .
19 12 erg(]_Vley) 12 R'.'..’g 24 "3g ﬁhl’g

1 vy Eh’singcosg _10,2h2@+50,2h2@
12y, R (1-vyyvy) 4 r° 3¢ 8 P3¢ 8¢
_ 1 Gph’sing 1 Gh° L G,k +LGuh3sin2¢+lG,2h35in¢

S =—(

1

12 erg 12 erg 8 ergz 12 Rzrgz 6 ergz

1 vy R cos g 1
Ja = > 2.3 ~
12 Rrigivipy(1-vyyvay) PRrg
o= vabih  1G,hH or 3 Gi,h* 8h 1 Gph'sing
P r-vigvy) 4 R0 BRI 6 R
vy Ehcosg +lG,2h3 sin2¢+_7_G,2h3sin¢g3) ]
Rovi;(1-vipvy) 12 R3SD 24 R phre
1 E\W I
I —-—

12 ri(l=vipvy) Ph

1 vaER’sing 1 Eh® ok
f:4 :_(_ ‘: - 4 T_
12 Rrg(1-vipva) 2 7Y (1= vypvy) 09

1 _vyEh’sing L EWsing 1

12 Rrig(l-vi3vy)) 6 RPG(1-vypvy,) PR

phrg
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Eh . vy Ejhcos ¢ +__l_ Va1 E ki cos

¢

fzs =~(

L1 vaEsingd® on | ER h 1 E,

rP(l=vipvy)  Rr(l=vipvy)) 12 Rrig(l-vipvyy)

h__

2

)

4RPc(1-viavy) 08 4 rt(1l=viyvy) 682 2r'(=vpavy) 09
Ejh*cosg 1

32 g2
1 vy E A7 sin ¢ +_]_ E, sin gh* 8h+l

+— - - —
12 Rzrzg‘vlz(]—vlzvn) 2 R3¢l —Vyavy,) 04 12 Rr3r;(l—v,2V2,) ph

1 Gk +_1__Guh3 L vy Ei° I

=(— _— —_
® U2 24 P T2 (1) A

1 G,,h* ok o G,Z;ﬁ@+ 1 G, sing 1

vy E\h* sing 1

Sz =(

vy Ehsin g . vyE\hsingcosg 1 vy E\hsing oh

479206 8,53 89 24 RIS LR2RAOSva(l-vpvy) P

2

)

Jag =(

Rre(l=viava))  RP¢Pvi(l-vivy) 2 RE3c(l—vppvy,) 08

1 _vyEh’sing 3%k 1 vy ER? ok, 1 vy E b sin ¢

4 Rrig(1~vppvy) 087 2 Rr3g(1—v,2v2,)% 12 g

1 vy Eh’sin’g 8h 1 vyEh’singcosg

g(I=viavy)

1 vy Eh’sin’g

4R (1-vipva) 88 6 RGP v, (1-vivy)

LG|2h3 __]_Glzh3 +L V21E1h3 COS¢ 1
12 rfe 8102 2R (U-vvy) A

S =(

1 Gk’ sing

12 Rrg’vip(1=vipvy)

| Gpi’sing 1Gph’ b 3G,h ok

S == +

6 Rr3g 24 Rr3g3 4 r“g op 8 r“g‘2 o¢

+LGlzh3 sin2¢+lv2,E,h2 cosg dh 1 vy Eh sing

12 R%23 2 R¢ 0 6 Rrgi(1-vyyvy)

1 vyEhsin2g Lo vyE R sin2¢ |
24 v,szngJ(l—-vuv:]) 12 R2r2g3(l—v,2V21) oh

] VZIE|h3 cos¢ 1
S == 3 4 h
12 R v, (1-vyavqy) PR
1 EH 1
J=m-—= 4 : h
12 74 (1=vpvyy) PR
_(_1 E,h2 ﬁ+l E,sin¢h3sin¢ 1
M 2ri1=viavy) 88 6 Rrig(1=vpvyy) Ph

L
ph



; =—(__ vy Ek cosd 1 vy E, sin ph? 6h+l Eh? a h
¥ 12 Rrg(l-viyvy)) 4 R §(1‘V12V71)a¢ 4ri1-vypyy) 0
1 Eh Oh., _ 1 vzlE,h sin ¢
2 r(=vipvy) 0’ 12 R gty (1= vipvy))
_1_ Esingi®  ah 1 Ehcos )L
2 RPG(1-viyvy) 08 12 RE3c(1=vivy,) PR

vy Eh’ sing _ 1 vy Esingt Shy 1 vy Ecosgh’  oh
12 REPc(-vipvy) 2 RPEG(1-vipvy) 04" 2 Rrc(1-viyvy)) OF
1 vy E, sin gh? 1 vy E h sin® ¢
—ZR’3§(1—V12V21)_ER3’§3V12(1'V12V21)
1 vy Eysin” ¢h oh 1 vz,Eh sin ¢ cos ¢
4 Ry, (- ViaVa)) 08 6 R332y, (1- ViaVay) ,Dh

fae-(

Fo =L v,,E,h3 _1Gupk 1
¥ 6 rici- vigvy) 6 ric?t T ph
2 0 v R vy 2 r“gz o 6RG ph
f_39 =_— VZ]E]h l
2%, (- vipvy) oh
fe = 1Gph’sing 1Guh 0h 1 vy Eh h.
40 — = ~"1 2.

6 R 7R,33a¢ 2 (1 -vyvy) 06
1 v,,E,h sing 8k _ 1 vq,E,h‘ ’h 1 vyEHRsin®g
;Rr J(1=viavay) 6¢ 44 (1‘V12Vz|) op* ERZrzg"(l—v,zvz,)
1 vy E sk cosg 1 v,,E,h sin? ¢ 1 v-.,Elh sing  oh
2R U-vpva) 6 R (- vigve) & RPS vy (= vigva) 08
1 vz,E,h3 cos g 1
12 Rr3g3v,2(]—v,2v21) E

vyErhcos’ ¢ vy Ehcosg L Enh 1
RV (1=vpvey)  Rrg(I=vpava) ri(l=vpavy) Ph

Ja=(



APPENDIX C - Listing of coefficients g, — g

g = En

L2 A vpva)
¢ I EhR eh 1 yE,h? sin g

2" 4731 -vyvy) 08 12 PP g(1=vyvy))

_Gnl Gk
BT ars 12

32 2.

g _ 1 yvaEh’sin" ¢ +_I_ vy E\h°sing

4=

12 Ry (= vigvyy) - 4 Rrg(l=vivy)

1 vy Eh cosg L Gk’ cosg 1 G,
B TR R vy 12 P 2P

1 vy E\h? cos ¢ l b4 G,,h3 sm2¢+_l_yG,2h3 sin ¢
5 4R’2§2(1'V12V2|) 12 P 24

I }G,,h sm¢ 1 }’VZ,E,h3sin¢cos¢+_I__7v2,E,h3sin¢cos¢
2P 2 Ry 12 RS- mava)
gy =] Eh’

To12Aq- Vi2Var)
¢ _ 1 ERX oh, 1 YEH’ sin @

’ 43 -vipvy) 88 12 P6(1-vpvay)
g =] vy Eih’sing  oh L1 yvy E\h sin? ¢

’T 4R c(l- v],v,,)a¢ 12 RF v (1= vpva))
. _ 1 vaER  1GuH

O 2P (1) 6 P
g __l VzlElhz l G]') _l- W21E1h3 Sin¢

! 4’3§2(]"V|2V21) 6R’§ 12’3§3V12(]'V|2V21)

1 w,lE,h3sin¢

7"39' (1-vipva)

G + 1 prh cos¢ b }G,zhscosqﬁ
T R Y R
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lG,2h+iyzG,2h3cosz¢ 1 Gk’ cosg

&13 =-2— r 24 r3g2 48 r3g2
_17Gphsing 1 y°G,h’ sin2gcos¢
814 = 2 r¢ +2_4 r3 3
¢
+_1_}'zG,2h3sin¢cos¢_ I 7°G,h’° singcosg
48 rict 24 rig?
s ____1_7(;12”3 cosg
15 12 r3g2
_ 1 }Glzh3cos¢
BTG R
g1, = E\h
17 "(]‘V12V21)
g5 = — yva E\hsing
re(l—vy,vy)
819 = Va Bk
re(1—vy,vy)
E.h yva E\hcosg
820 = +
r(l=vipvy)  re(l-vipvy)
S E X
Y12 - vvy)
g = 1 vyEH sing
2712 Rrg(=vyvy)
g = 1 vy Eh cosg
n=-"—_—
?n Rre=(1-vipvy)
R ER
o 12 P2(1-vpvy)
1 vy ER’si
s = — va ki sing

12 Rrg(l —vy5vay)

da

7]



1 vy ER
827 12 222 (1= viyvy))
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APPENDIX C - Listing of coefficients A — Ay

I L El¢ I
! r(1-vi3vy) ]2’3(]‘V12V2|) phrs

by =~ Es __oh__Ehsing 1 Egh’  eh
P rI-vpva) 3 RU-vipva) 4P (1-vyvy) 06

_ | Esingh’ 1
12 Rr?(1-vyvy ) PArS

G,2h+LG,2h3 +_l__G|2h3 +__1_Gl2h3 (my)?
r¢ 24 r3g2 24 r3g 96 r3g'3 phrc
__vyEsing oh  vyEhcosp vy Ephsin’ ¢
R -vi3vy)) 89 R(-vipvy)  RPgv(1-wpvy)
1 vy E, singh® oh 1 vy E B cos _1 vy E\h* cos ¢ ) 1

4 RE 00 12R(-vipvyy) 12 PER(I-vipve) PPE

h3 =(

1 vy Eh cosg +G,2h+__1__G,2h3_ 1 Gh?

hy = —~(—
4 12 erg(]—vnvn) r 24 r3 24 r3g

___'_Glzh3+ vk my
32 3 r(-vipvy) phrg

V2,El —aﬁ'*. V2]E|h5iﬂ¢ + 1 V21Elh2 COS¢
r(l=viyvy) 08 viaRe(I=viavy) 4 R g(1-vyyvy))
| vyEHRsing +_1_Guh3sin2¢+G,2hsin¢+ 1 Gk’ sin2¢

hs ="(

T2 Rrg(-vgva) 24 R Re 48 Rrg’

1.6k sin¢+LG,2h3 sing 1 vy E 1 sin 2¢
24 Rrlg 9% RS 24 RMI(1-vpvy)

1 E,\W sin2¢ my
24 v RPrg*(1-vipvy) Phrs

_ 1 N A 1

* 2R —viqvy) Phrg

Ec® oh 1 EMHsing 1

1
hy = (-t B R
’ 4P (1-vyvy) 09
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by =_(v2,E,hcos¢ . Ehg 1 VZZ,E, singh’ oh
R(=vivy) r(l=vipvy) 4 Rre(l-vipvy) 04
1

+L vy Eh® cos ¢ +_l_ vy E\Rsin? ¢
12 Rr(1-vipvy) 12 RPrgvip(1-vyyvy) Phrg
1 Gph' 1 Gk’ (my)?
e T3 g e

1 vy ER
AT 3
1276 -vpvy) 12 rg

b= () vaEh® 8k 1 vyEhk’sing
4r26(1-vipvy) 08 12 RrPg2(1-vpvy)

4 Gph® 1 Gk 1 vy E’ sin ¢ (my)*

12 Re2g7 24 RS —EVlzR"zgz(l—Vlezx) phrg

vy £ cosg ah+ Ei¢ Ch

RA-vipvy) 08 r(l—vipvy) 04

___Ehsing . vy E\rhsingcosg . 1

RU-vi3vy)  Rigviy(1-vyyvyy)” PG

=(

1 vy El cosg vy Eih
by = —(=—5 +
12 Rroc(l-vpvyy)  rl=vypvy)
+LG,2h3 _ 1 Gy 1 Gk +G|2h) my
24 r3 24 r3g 32 r3g2 r ﬁl"g‘

Gpohsing | E\vy, sin2gh’
K -2—4R2’§2V12(1“Vu"21)
LGn ok 1 Gyt 0h 1Gph* 6h 3 Gk’ ok, 1 G,k sing

r ¢ 8 r 06 8 pc 0¢ 32,3 0p 24 R
_1Gpk’sing 1 Guh’sin2g 1 Gph’sin2¢ 1 Gph’sing
9% R 48 RIS 24 R 24 R phrg

Gphs 1 Gph's 1Gh 3 Gph® | 1
Ay =—( Fo— e+ )=
r 24 r 8 r 32 r'g phrg

G,zhsin¢+_l_G]2d12 oh __3_0,2#@+ 9 G,,h* oh

Evy hsing
Rgvi; (1-vpyvyy)

hy = (=

my

~—

By = ~(- —
a R 8 1 o9 8 , ¢ 32 P¢ 08
N G,2h3sin¢__1_G,2h3sin¢+c,2g@) 1

32 err:‘: 24 Rr r oO¢ [7";}7
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"21151’13 cos’ ¢ . vnEh (my)?
12 R? re Vlz(]‘Vle'n) reviz(1=vypvy) phre
G),rhsin’ ¢ , Guhcosg | 1 G,k sin 29 ok
R R 38 R*r¢ O¢
_iG,gh sin2¢ oh ]G,,h sin ¢ ah 1 G-k’ sin ¢ oh
I o6 8 R a¢ 4 R ¢ o6
3 Gph? cos¢ oh 1 Gk’ cos24 1 Gpyh’ cos2g
T32 Re2? a¢ 127 R, 8 R¥?
1 G cos¢ | 1 Gphcosg 1 Gk’ cosg
24 gl 12 RF; 32 RG?
_ 1 Gpk*sin ¢ Gy sing &h 1 Gyyrk’ sin’ 2, 1G,h’sin’ ¢

14—(

-(-

24 R rg R a¢ 24 R4g3 8 Rzrg2
A G, 4’ sin ¢ lGlzh singsin2¢ 1 G, i sin¢sin2¢) 1
96 Rzrg 8 R3g2 6 R3g3 ﬁhrg

B _(_i vy Eh* cos g __I_G,2h3cos¢+LG,2h3 my
P RR-vav,) 12 R 28 P phrg

A (_]_ v,,E,h sin ¢ cos ¢ ]G,,h oh 3G,,h Sh
N2 ViR g (1= vppvy;) 4 5¢ 8 r’s o9

_ 1 Gph’sing 1 Gk’ L G’ L G,k sin2g 1 Gk sing. my

12 Rri 12 Rr2e 8 RPIT 12 R¥? 6 Rric?

h,7=i 7"2151"30054’ ('?7)3
12 Ry (1= vypvyy) Phrg

vuEih 1 Gk 8 3 Guh’ oh 1 Gyh'sing
rl-vivs)) 4 Rl 0p SRIZO8 6 Rirg

Vo E hcos g +i612h sm2¢+ 7 G, A sm¢g3) my

Reviy(l-vppvy) 12 R3S 24 R phrs

1 ER 1

g = —

12 4 (=vivyy) ph

ho = L vuER’sing 1 EX ok
” 12 Rrsg(l_vlzv')]) 2 r (1 V|2V2]) 0¢
b vy, Eh sin ¢ +l E\h’sing 1

12 RPPg(1-vipvy) 6 REPG(1—vyyva)” Ph

phrg
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Eh vy E hcosg 1 vy Ehcos g
hyy = —( 5 + +——
r(l=vipvy)  Rre(l-vipvy) 12 RPg(1-vipvy)
L1 vaEsingd’ sh 1 EK  *h 1 Eh 2hy:
4R’3§(1‘V12V2|)a¢ 4 rf(1-vyvy) 847 24 (1-v13vy) ¢
1 va,E,h sin” ¢ +l E, sin gh? 6hl 1 E,h3cos¢ b
‘2 RSP vi(l-viyvy) 2 RPg(1-vyyvy,) 08 12 & s =vpvyy) PR
_ 1 Gp# +_1_ze}’3 + L vuEh’ (my)?
12 r4g2 24 r4g3 12 rdgz(]—vuym) i)h

by = (1 Guh* oh 1 Gk’ ok 1 G, sing vy E k% sin ¢ )<mf)2
4,97 09 8,43 0 28 RS 2 Rr3g via(1=vppvy) DB
vy Ehsin ¢ . vaEhsingcosg 1 v, Ehsing (ﬁ)z
Rrg(1-vypvy)) Rznglz(l"Vlz"m) 2 R"3§(1“'V12V21) o¢
_1 vyEhsing 0°h 1 vyEk’ o 1 vy Eyh* sin ¢
4 RAc(l-vipvy) 892 2 RFG(l-viyvy)) 88 12 Re3c(1—viovyy)

1 v2,E,h sing  on |1 vy, Eh’ sin gcosg 1 vy E i sin® ¢
4 R2p2.2 vu(] VioVay) 09 6 RS2 Vi (1=vppvy)) 12 RJrg3V,2(l-—v,2v2,)

1
Yo

1 Gph® 16, L] vaEh cosg - my
12 pé¢ 8 ric? 12 Rr3g2(]—v,2V2|) ph

2 = (

_1 G, h sing | 1 G,2h3sin¢+lG,2h2_a_h__§Guh2gii
Rr3g 24 Rr3g3 4 r"g o9 8r“g2 8¢

1 Gk sin2¢+_l_v2,E,h2 cosg oh 1 vuEhk sing

12 RS2 RO B 6 R 1-vvy)

1 vy E R sin2g L vaEh’sin2¢  my

24V12R2’2€3(1"V12"21) 12 R2’2€3(1—V12V21) ph

23 = (

b = 1 VZ,E,h cosg  (my)® 1 ER my
i 12 Rrigtv, (1 - Vigy) Ph 12 P =vipvy) Ph

P ER 1
5= 12 41~ ViaVar) p/’l

b = (-1 Eh’ ok 1 Esingh’sing
* 2r9(1-vpvy) 08 6 Rr5(1-vipvyy) Ph

—
3



1 _vyEhkcosg 1 vy E; singh’ oh 1 ER* 9%
12 Rg(1-vipvy) 4 RPG(=vpvy) 08 4% (- vppvy)) 087
1 E\h Ohy 1 vyEh’sin’g

2rd-vigvy) 08" 12 R22GTv,(1-vpvy)
_)_Esingd® oh 1 Eplcosp 1 1 vuER _1 Gk (mp)?

2 Rr3g(]—v,2v2,) og 12 RrJg(l-vlzvﬂ) ph 6 r"gz(l—vnvzl) 6 rict ph

| vuERsing 1 vyEsing 6k, 1 vy Eicosgh’ ok
12 Rrig(1-vipvy) -ER"3§(1‘V12V2|) a2 R’3§(1"V12V21)5;
1 vyEsingh® 1 vy Eh’sin’g
—ZR’3§(1"V12V21)_I_Z-R3"€3V12(1—V12V21)
1 vy, E, sin? gh’ Oh 1 vyEhsingcosg _ 1
4 R3¢y, (1-vpvy)) 08 6 R, (1-vpvy) ph
1 vy EhR? 1 vyER'sing  1Gph* 6k 1 Gk _(my)?
2r‘gz(l—vlzvz,)__gRr3g3(1—v,2v2,)_2 rict op —gRr3g3 oh

28 = (

__ b vaE i (my)*
»- 12r4g“v12(1—v,2v2,) ph
1Gph’sing 1Guh° oh 1 vy Eh Q’L)z
6 R2r2g4 2 R’,3g3 a¢ 2r4g2(l—V12V2|) a¢
I vy Eh’sing 8k 1 vyuEh* 3% 1 vy Ehk’sin’g
-ER’SGJ(]‘Vlezl)Eg—z’Aé'z(]‘Vlz"zl) o4’ _ng"Zé"(l*Vlezl)
1 vyEh’cos¢g 1 vyEh’sin’g 1 vy Eh*sing ok
—ER"}gS(l_VnVZI) _—6—R2’2§4V12(1—V12V2|) 4 Rf3§3V12(1—V12V21)%
1 vyEkcosg  (my)? .\ vy, E hcos? ¢ L 2vnbihcosg  Eh 1
2R vp(=vigvy) Ah RGPy (-vivy)  Rrs=vipva)  r¥(1-vipvy) Ph

=(
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APPENDIX D - Listing of Fregisol.m

Fregisol.m last modification - Feb 31, 2002

Sanders shell theory using 3 gov eqns comp & struct 43 (1992) 1019-1028.
natural frequencies and mode shapes of steel torus using dqm
harmonic trial function used in meridional direction

Fourier series expansion written in circumferential direction
section input

n=stations in meridional direction;

m=stations in circumferential direction;

El=Young's modulus (Pa); Gl2=shear moduli (Pa);

nul2=nu2l=Poisson's ratio; den=mass density (kg/m3);

r=x-section radius (m); R=bend radius (m);

t1l t2=thickness coefficients

format long

n=48

m=120

k=1/(0.762/0.25)

r=0.25; R=0.762; F1=2.07ell; nul2=0.3; nu2l=0.3; fl=E1/{(1-nu2l*nul2);
gammar=r/R; t1=0.009525; t2=0.001; Gl2=El/(2*(l+nul2)); den=7770;

0P 00 OP OP OP J° OF P O° OO dP d° dO oP

% section wemd - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
% output - bl(i,j),b2(i,3),b3(i,3),bd(i,j) for 1lst to 4th derivats
%

n2=n/2;

for i=l:n

tet (i)=2*pi*(i~-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5;

end

%

for i=2:2:n; ib(i,n2+1)=-0.5; end

%

for i=2:n2; ib(l1,1i)=1; end

%

for i=n2+2:n; ib(1l,i)=0; end

%

for i=2:n; for j=n2+2:n

ib(i,j)=sin(2*pi*(i-1)*(j-1-n2)/n);

end; end

%

for i=2:n; for j=2:n2

ib(i,j)=cos(2*pi* (i-1)*(j-1)/n);

end; end

$

ib=ib/n2;

for i=1:n; for j=1:n

if abs(ib(i,J))<le-12; ib(i,j)=0; end

end; end

$

for i=l:n; for j=1l:n2+1
rrl(j)=(1-j)*sin{(j-1)*tet(i));
rr2(j)=-1*((j-1)"2) *cos((j-1)*tet(i));
rr3(j)=((j-1)"3)*sin((j-1)*tet(i));
rrd (J)=((3-1)"4) *cos((j-1)*tet(i))
end

for j=n2+2:n

’
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rrl(j)=(j-1-n2)*cos{(j=-1-n2)*tet(i));
rr2(j)=-1*((j-1-n2)"2)*sin((j-1-n2)*tet (i));
rr3(j)=-1*({j-1-n2)"3) *cos((j-1-n2)*tet (i) );
rr4(j)=((j-1-n2)"4)*sin((j-1-n2)*tet (i));
end

%

bl (i, :)=(ib*rrl")"';

b2 (i, :)=(ib*rxr2")';

b3(i, :)=(ib*rxr3')"';

b4 (i,:)=(ib*rr4")"';

end

% section domegn - set up matrices enforcing the governing equations
3 aii aim ain u 0

% ami amm amn v = 0

% ani anm ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
%

aii(:,:)=zeros(n);aim(:,:)=zeros(n);ain(:,:)=zeros(n);
ami{:,:)=zeros(n);amm(:,:)=zeros(n);amn(:,:)=zeros(n);
ani(:,:)=zeros(n);anm(:,:)=zeros(n);ann(:,:)=zeros(n);

%
% loop over sampling points in the phi direction
for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)~(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives

aii(j,j)=((-nu2l*fl*(-t2*st) *gammar*st/r-nu2l*fl*t*gammar*ct/r

- (gammar~2)* (st”2)*fl*t*nu2l/ (r*zeta*nul2)

—nu2l*fl* (t"2)* (-t2*st)*st/ (4*(r"2)*R)~f1l*nu2l*(t"3)*ct/(12*(r"2)*R)
-fl*(t~3) *gammar*nu2l* (st~2)/(12*nul2* (r~2)*R*zeta) ) *r/t

~((G12*t/ (r*zeta)+Gl2* (£~3) /(24* (r"3) * (zeta™2) ) +G12* (t~3) / (24* (r~3) *zeta)
+G12* (£7°3) /(96* (r"3) *(zeta”3) ) ) *(k"2))*r/t)/((r"2) *zeta);
aim(j,J)={(((f1*nu2l* (-t2*st) /r+st*nu2l*fl1*t/(R*zeta*nul2)

+nu2l*£f1* (£~2) *ct* (-t2*st)/ (4*(r~2) *R*zeta)
-nu2l*fl* (t"3) *st/(12* (r~2) *R*zeta)

+G1l2* (£73) *st2/(24* (R"2) *r* (zeta”2) ) +G1l2*t*st/ (R*zeta)

+Gl2* (£t"3) *st2/ (48* (R"2) *r* (zeta"3) ) -

G12* (t"3) *st/(24*R* (r"2) *zeta) +Gl2* (t~3) *st/ (96*R* (r"2) * (zeta"3))
+st2*nu2l*£f1* (t"°3)/(24* (R"2) *r* (zeta"2))

+nu2l*£1* (t~3) *st2/(24* (R*"2) *r*nul2* (zeta"2)) ) *k) *r/t)/ ((r"2)*zeta);
ain(j,j)=((nu2l*fl*(~t2*st)*gammar*ct/r+fl*(-t2*st)*zeta/r
-fl*t*gammar*st/r+fl*t* (gammar~2)*st*ct*nu2l/ (r*zeta*nul2))*r/t

= ({~nu2l*£f1*(t"2)*(-t2*st)/(4*(r~3) *zeta)

-nu2l*fl* (t"3)*st/(12*(r~2)*(zeta"2)*R)

-Gl2*(t"3)/(12*(r"2)*R* (zeta"2))

-G12* (t"3)/(24* (r"2)*R* (zeta"3))
-st*f1*nu2l1*(t"3)/(12*nul2*R*(r"2) * (zeta~2)) ) *(k"2))*r/t)/((r"2)*zeta);
ami(j,3)=(((-st*fl*nu2l*t/ (R*nul2*zeta)-Gl2*t*st/ (R*zeta)
-f1*nu2l*(st2)*(t"3)/(24*(R"2)*r*(zeta"2)*nul2)+Gl2*(-t2*st)/r

+G1l2* (£"2) * (~-t2*st) / (8* (r~3) ) ~Gl2* (t"2) * (-t2*st) /(8* (r"3) *zeta)

-3*Gl2* (t"2) * (-t2*st) / (32* (xr"3) * (zeta"2) ) +Gl2* (t~3) *st/ (24* (r~2) *R*zeta)
=7*Gl2* (£t"3) *st/(96* (r"2) *R* (zeta”3))-st2*G1l2* (t~3)/(48*r* (R"2) * (zeta"3))
~st2*G1l2* (t"3)/(24* (r"2)* (R"2) * (zeta"2))

-st*Gl2* (£~3)/(24* (x*2)*R* (zeta”2)))*(=k))*r/t)/((x"2)*zeta);
amm(j,j)=((-2*Gl2*t*r*(st"2)/((R"2) *zeta)+G1l2*ct*t/R

+Gl2*t*r* (st"2)/({R"2) *zeta)+Gl2* (t"2) *st2* (-t2*st)/(8* (R"2) *r*zeta)
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=3*G12* (t"2) *st2* (-t2*st)/(16*(R*"2) *r* (zeta"2))

=Gl2* (t"2) *st* (-t2*st) /(8*R* (r"2) )+GLl2* (£t"2) *st* (-t2*st)/ (4*R* (r"2) *zeta)
~3*G12* (£t"2) *st* (~t2*st) / (32*R*(r"2)* (zeta"2))

+Gl2* (£~3)*ct2/(12* (R*"2) *r*zeta)-Gl2* (t*3)*ct2/(8* (R*2) *r* (zeta"2))

~G1l2* (t"3) *ct/(24* (r~2)*R)+G1l2* (t~3)*ct/ (12* (r"2) *R*zeta)

-Gl2* (t*3)*ct/ (32* (r~2) *R* (zeta”2) )=Gl2* (t"3)* (st"2)/(24* (R"2) *r*zeta)
+G1l2*st* (~t2*st) /R-r* (st272)*G12* (t~3)/(24* (R*4)* (zeta"3))

+G1l2* ("3} *(st"2)/(8* (R"2)*r*(zeta"2))

~7*Gl2* (£"3)*(st"2)/(96* (R"2) *r* (zeta"3))

+G12* (£73) *st*st2/(8*(R"3)*(zeta"2) ) -Gl2* (t"3) *st*st2/(6*(R*3)* (zeta"3)))*r/t
~{{(ct"2)*nu2l1*f1*(t"~3)/(12*(R"2)*r* (zeta”3) *nul2)

+f1*nu2l*t/ (r*zeta*nul2))* (k"2)*r/t)/ ((r"2)*zeta);

amn {3, j)=(((nu2l*£f1*t/r-G1l2* (£t"2)*(-t2*st)/(4* (r"2) *R*zeta)

+3*Gl2* (£"2) * (~-t2*st) / (B* (r~2)*R* (zeta”2))~Gl2* (t~3)*st/ (6* (R"2) *r* (zeta"2))
+fl*nu2l*t*ct/ (R*zeta*nul2)+Gl2* (t~3) *st2/(12* (R"3) * (zeta"3))

+7*G12* (t"3) *st/ (24* (R"*2) *r* (zeta”3) ) ) *(-k)

+(=-f1*nu2l*(t~3)*ct/(12*R* (r*2)*nul2*(zeta~3)))*(k*3))*x/t)/((x"2)*zeta);
ani(j,Jj)=((-fl*t*nu2l*gammar*st/ ((r"*2) *zeta)

-fl*t* (gammar”2)*st*ct*nu2l/((r~2)*(zeta”2)*nul2)

+f1*nu2l*t* ((t2*st)*2)*st/ (2% (r~3) *R*zeta)

+nu2l*f1* (t"2) *(-t2*ct) *st/(4* (r~3) *R*zeta)

+nu2l*f1* (-t2*st)*{t"2) *ct/ ((r"3)*R*zeta*2)-£f1* (£t*3)*nu2l*st/(12* (r"3)*R*zeta)
+£1* (£72) * (-t2*st) *gammar* (st"2) *nu2l/ (4* (r"3) * (zeta~2) *R*nul2)

+£1*(t~3) *gammar*st*ct*nu2l/(6* (r"3) * (zeta”~2) *R*nul2)

+£1*(t*3)*nu2l* (gammar"2)* (st*3)/(12*nul2* (r*3) *R* (zeta"3) ) ) * (~(r"2) *zeta) /t
= ((=G12* (£"2)* (~t2*st)/(4* (r"d) * (zeta"2))-Gl2* (t*2)* (-t2*st)/ (B* (r~4)*(zeta"3))
~-G12* (t"3) *st/ (24* (r"3)* (zeta™4) *R)

+£1*nu2l* (t"~3) *st/ (12*nul2* (r"2) *R* (zeta”~3)) ) * (k"2) ) * (-
{(r~2)*zeta)/t)/((r"2)*zeta);

anm(j,d)=(((nu2l*f1*t/((r"2)*zeta)

-Gl2* (t"2) *st2* (-t2*st)/(4* (r*2)* (R"2) * (zeta”~3))

+Gl2* (£"2) *st* (-t2*st) / (4* (r"3) *R* (zeta"2))

-Gl2* (£"2) *st* (-t2*st)/ (8* (r"3) *R* (zeta"3))

=-Gl2* {(t"3)*ct2/(6*(r"2)* (R"2) *(zeta”3))

+G12* (£"3) *ct/ (12*(r"3)*R* (zeta~2) ) -Gl2* (t*3)*ct/ (24* (r"~3) *R* (zeta”"3)
)=Gl2* (£t~3) *st*st2/(12*r* (R"3) *(zeta"4))

~Gl2* (t"3) * (st"2)/(24* (r"2)*(R"2)* (zeta™4))

-nu2l*fl*t*ct* ((t2*st)"2)/(2* (r"~3)*R* (zeta"2))

+nu21*f1* (£72) *st* (~t2*st)/ (2*(r~3) *R* (zeta"2))

-nu2l*f1* (£°2) *st2* (-t2*st)/ (4*(r"2)* (R*"2) * (zeta"3))
-nu2l*f1*(£"2) *ct* (~t2*ct)/(4*(r"3) *R* (zeta"2))

+nu21+*£1* (£~3) *ct/(12* (r~3) *R* (zeta"2))
-nu2l*£1*(£"3) *ct* (st”2)/ (6*r* (R"3) * (zeta™4))
-{ct"2)*nu2l1*f1*(t"3)/(12* (r"2)*(R*2) *(zeta"3))

~nu2l*£f1*(t"3)* (st"2)*ct/(6*r* (R"3)* (zeta"4) *nul2)

—nu2l*fl*(t"2) *st2* (-t2*st)/(8*nul2* (r~2)* (R"2)* (zeta"3))

+nu2l*fl* (£"3)* (st"2)/(6* (r"2)* (R"~"2)* (zeta"3))

+nu2l*fl*ct*t/ (nul2*r*R* (zeta"2)) -

nu2l*£1* (t~3) *ct2/(12*nul2* (r*2)*(R"2) * (zeta"3))) *k

= (-nu2l1*fl* (t"3)*ct/(12*nul2* (r*3)*R*(zeta™4)))*(k"3))
*(~(r"2)*zeta)/t)/{((r"2)*zeta);
ann(j,J)=((£f1*t* (ct”~2)*nu2l/ ((R*"2)* (zeta"2)*nul2)
+2*nu2l*fl*t*ct/(r*R*zeta)+fl*t/(r"2))* (-(r"2)*zeta)/t

+{=(G12* (£"3) *st/ (6* (r"2) * (R"2) * (zeta™d))

+Gl2* (£"2)* (-t2*st) / (2* (r"3) * (zeta"3) *R)
+nu21*£f1*t* ((t2*%st) "2)/(2* (r"d) * (zeta"2))

+nu2l*fl* (£"2) *st* (~t2*st) /(2*(r"3)* (zeta”3) *R)

157



+nu2l*£1* (£72)* (-t2*ct) / (4* (r~4)* (zeta"2))

+nu2l*f1* (£°3)* (st"2)/(6* (r"2)*(R"2) * (zeta™4))
+nu2l*£1* (£~3) *ct/ (12* (r*3)* (zeta"3) *R)

+£1*nu2l* (£"3)*(st"2)/(6*nul2* (r"2)*(R"2)*(zeta"4))
+£1*nu2l* (t"2)*(-t2*st) *st/ (4*nul2* (r~3) *R* (zeta~3))
+nu2l*f1* (£~3)*ct/ (12*nul2* (r~3) *R* (zeta"3))) *(k~2)

+(nu2l*f1* (£°3)/(12*nul2* (r~4)*(zeta”4)) ) *(k"4)) * (- (r~2)*zeta)/t)/ ((r"2)*zeta);

%
% terms which involve the phi derivatives
for jj=1l:n

aii(j,jj)=aii(j,J3)+(((£f1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+£1% (£72) * (-t2*st) *zeta/ (4* (r~3))-£f1* (t*3) *gammar*st/ (12* (r~3)))*bl (j, 33)
+(fl*t*zeta/r+f1* (t"3) *zeta/ (12* (r"3)))*b2(J,j3) ) *r/t)/{(r"2) *zeta):
aim(j,jj)=aim(j,3j)+{ ((nu2l*fl1*(t~3)*ct/(12*zeta* (r"2)*R)+G1l2*t/r

+G12* (£73) /(24* (r"3))-Gl2* (t"3) /(24* (r"3) *zeta) -G12* (£t~3)/(32* (r"3) * (zeta"2))
+nu2l*f1*t/r)*k*bl(j,33))*r/t)/ ((r"2) *zeta);
ain(j,Jjj)=ain(j,jj)+(((fl*nu2l*t*gammar*ct/r
+fl*t*zeta/r+nu2l*£1* (t"2)* (~t2*st) *st/ (4* (r"~2) *R)
+nu2l*f1*(£*3)*ct/(12* (r"2) *R)

+f1* (t~3) *nu2l*gammar* (st"2)/(12*nul2* (r~2) *R*zeta) ) *bl(j,jj)

+{~f1*(£"2)* (-t2*st) *zeta/ (4* (r"3))+£1* (t*3) *gammar*st/ (12*(r*3)) ) *b2(j,3j3)
+(-f1*(t"3)*zeta/ (12* (r"3)) ) *b3(j,Ji)) *r/t=({-nu2l*f1* (£~3)/(12*(r"3) *zeta)
-Gl2* (£~3)/(12* (r~3) *zeta)

-Gl2* (£"3)/(24*(r"3) *(zeta”2)) ) *(k~2)*bl(j,33))*x/t)/((r~2)*zeta);

ami (3, 3j)=ami(j,33)-(((nu2l*f1l*(t~3)*ct/(12*(r~2)*R*zeta)
+nu21*£1*t/r+G1l2* (£~3)/(24* (r~3))-Gl2* (t~3)/(24*(r~3) *zeta)

-G12* (£"3)/(32*(r"3)* (zeta”2) ) +Gl2*t/r)*k*bl (J,33)) *r/t)/ ((r"2) *zeta);
amm(j,jJ)=amm(3j,JJ)+{((~-st*Gl2*t/R+G1l2* (t~2) *zeta* (-t2*st)/ (8*(r*3))
=3*G12* (£"2)*(-t2*st) /(B* (r~3))

+9*GI2* (£72) * (~t2*st) /(32* (r"3) *zeta)+3*G12* (t*3) *st/ (32* (r"2) *R* (zeta"2))
-st*G1l2* (£"3)/(24* (r"2) *R)+G1l2* (-t2*st) *zeta/r)*bl{(j,3j)+(Gl2*t*zeta/r
+Gl2* (t"3) *zeta/ (24* (r"3) ) -

Gl2* (£"3)/(8*(r A3))+3*G12*(t 3)/(32* (r"3) *zeta) ) *b2(j,3F) 1 *r/t) /{(r"2) *zeta);
mn(j,jj)=amn(j,ji)-(((st*£f1*nu2l+* (t"3)*ct/(12*nul2* (R"2 )*r*(zeta“2))

-Gla* (t"2) * (-t2*st) / (4* (r"3) )+3*G1l2* (t"2) * (-t2*st) / (B* (r"3) *zeta)

-G12* (£"3) *st/(12* (r~2) *R*zeta)-Gl2* (£t"~3)/(12* (xr"2) *R*zeta)

+G12* (£"3) /(8* (r"2) *R* (zeta™2) ) +G1l2* (t"3)*st2/ (12*r* (R"2) * (zeta"2))

+G12* (£"3) *st/(6* (r"2) * (zeta”2)*R)) *k*bl(j,j3j)) *r/t

- ({-nu2l*£f1*(£"3)*ct/(12*(r~2)*R*zeta)

-Gl2* (t"3) *ct/(12* (r"2) *R*zeta)
+G12*(t"3)/(24*(r"3) *zeta) ) *k*b2(j,33) ) *r/t)/ ((r*2) *zeta):
ani(j,jj)=ani(j,33)+(({(£1*t/(r~2)+ct*nu2l*£f1l*t/ (R*r*zeta)
+nu21*f1*(tA3)*ct/(12*( r"3)*R*zeta)+nu2l*fl*(t"2)*st* (~t2*st)/(4*(r"3)*R*zeta)
~f1*(£"2)* (-t2*ct)/ (4* (r"4)) - fl*t* (t2*st)"2)/(2* (r"4))

+f1*(£~3)* (st” 2)*nu21/(12*(rA2 (R*"2)* (zeta"2)*nul2)

+£1* (£"2) * (~t2*st) *st/ (2* (r “3)*R*zeta)+fl*(tA3)*ct/(12*(rA3)*R*zeta))*bl(j,jj)
+(-f1*(£72)* (-t2*st) /(2% (r™4))+£f1* (£t~3) *st/ (6* (r~3) *R*zeta) ) *b2 (j,37)
+(=£1*(£"3)/(12*(r™4)))*b3(3,33)) * (= (xr"2) *zeta) /t
+{(-Gl2*(t"3)/(12* (zeta™2)* (r™4))-Gl2* (t~3)/(24* (zeta"~3) * (r~4))
-nu2l*£f1*(t"3)/(12* (x~4)* (zeta”2))) * (k"2)*bl(j,33)) *((r*2) *zeta) /t)
/{(r"2)*zeta);

anm(j, jj)=anm(j,JJ)+{((G12*(£~3) *st/ (6* (r"3) *R* (zeta"2))

-G12* (t"3) *st/ (24* (r"3) *R* (zeta"3) )-Gl2* (t"2)* (-t2*st)/ (4* (r"~4) *zeta)
+3*Gl2* (t"2)* (-t2*st) / (8* (r"4) * (zeta™2))

-G12* (t"3)*st2/(12* (r~2)*(R"2)* (zeta"3))

-nu2l*£1* (£°2) *ct* (-t2*st)/ (2* (r"3) *R* (zeta"2))

+nu2l1*f1* (£°3) *st/ (6* (r*3) *R* (zeta"2))
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-nu2l*fi1*(t"3)*st2/(24*nul2* (r"2)*(R"2) * (zeta"3))

-nu2l*fl1* (£~3)*st2/(12*(r"2)*(R"2)*(zeta™3)))*k*bl (3, 3J)

+(=G12* (t"3)/(12*(xr~4) *zeta)+G12* (£t~3)/(8* (r"4) *(zeta"2))
-nu2l*fl*(t"3)*ct/(12*(r"3)*R* (zeta"2)) ) *k*b2(j,3j))

*(~(r"2)*zeta)/t)/ ((x"2)*zeta);
ann{j,jj)=ann{j, i)+ (((nu2l*£f1l*(t~3)*st/(12*(r"3) *R*zeta)

~nu2l*fl*t*st* ((t2*st)"~2)/(2*(r~3)*R*zeta)

-nu2l*fl1*(t"2)*ct* (-t2*st)/(2* (r~3)*R*zeta)

—nu2l1*f1* (t"2) *st* (-t2*ct)/(4*(r"3) *R*zeta)

-nu2l*£fl1*(t*3)*(st~3)/(12*nul2*r* (R"3)*(zeta"3))

-f1*(£~2)* (st"2)* (-t2*st)*nu2l/(4*(r"2)*(R*"2)* (zeta~2)*nul2)
-f1*(t~3)*st*ct*nu2l/(6* (r~2)*(R"2)* (zeta~2)*nul2))*bl(j,jj)

+ (=nu2l*fl1* (t*3)*ct/(12* (r"3) *R*zeta)-nu2l*fl* (t~2) *st* (-

t2*st) /(4% (r"3) *R*zeta)+ (t"2) *(-t2*%ct) *f1/(4* (r"4))

+E1* ((t2*st)"2)*t/(2* (r~4) ) -f1*(t"3) *(st~2) *nu2l/ (nul2*12* (r~2)* (R*2) * (zeta”2))
-f1*(£"2) * (-t2*st) *st/ (2* (r"3) *R*zeta)-f1* (£"3) *ct/ (12* (r~3) *R*zeta) ) *b2 (j, j3)
+(E£1* (£"2)* (-t2*st) / (2* (r"4) ) -f1* (£"3) *st/(6* (r"3) *R*zeta) ) *b3 (j,3])
+(£1*(t"3)/(12* (r*4))) *bd (F,33) ) * (= (r"2) *zeta) /t+( (nu21l*£f1* (t"2)* (-
t2*st)/(2*(r"4) * (zeta”2) ) +nu2l*f1* (t*3)*st/ (6*(r"3)* (zeta"~3) *R)

+G1l2* (£"3)* (~t2*st) /(2* (r~4) * (zeta"2))

+G12* (£"3)/ (6* (r"3) *R* (zeta”3)) ) * (k~2) *bl (], 37)

+(nu21*f1*(£"3) /(6% (r"4)* (zeta~2))+G1l2* (t*3) / (6* (r*4)* (zeta"2)))* (k*2) *b2(j,J7)
Y*{(r~2) *zeta)/t)/ ((r*2) *zeta);

end

end

% section eign
ar=1l:n;
stiff=~[aii(ar,ar) aim(ar,ar) ain(ar,ar);
ami (ar,ar) amm(ar,ar) amn{ar,ar);
ani(ar,ar) anm(ar,ar) ann(ar,ar)]; clear aii aim ain ami amm amn ani
anm ann;
% find eignvalues

[evc, evl]=eig(stiff); clear stiff;
tmn=3*n;
kk=0;

for i=1l:tmn

if imag(evl(i,i)) ==

if evl(i,i) > 0; kk=kk+1; ezz(kk)=evl(i,i); gzz(:,kk)=evc(:,1); end
end

end

ezzz=ezz (1l:kk);

% sort the eigenvalues and output the ten lowest

sval=sort(ezzz);

for §=1:10; result(j)=sqgrt(sval(j)/den); end

% section mode - plot vibration mode shape

% F is a scaling factor

del(:,1)=gzz(:,49); clear evc;

F=0.7;

%

% displacement components at the sampling points, u, v, w
%

% copy in del values

uy=zeros (m+l,n+l); vy=zeros(m+l,n+l); wy=zeros(m+l,n+1);
for i=l:m; teta(i)=2*pi*(i-1)/m; end

teta(m+l)=.0;
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for ar=1:n

for j=l:m+l
uy(j,ar)=uy(j,ar)+del (ar,1) *cos{1l*teta(]j)):
vy(j,ar)=vy(j,ar)+del (ar+n,1l)*sin(l*teta(j)):;
wy(j,ar)=wy(j,ar)+del (2*n+ar,1l)*cos(l*teta(j));
end; end

% repeat the 360 deg values with the 0 deg values
ucm(:,1l)=uy({:,1);

vem(:,1l)=vy(:,1);

wem(:,1)=wy(:,1);

uyy=[uy ucm];

vyy=[vy vcm];

wyy=[wy wcm];

%

% determine the coordinates of undisplaced points
for i=1l:n; tphi(i)=2*pi*(i-1)/n; end

tphi(n+l1)=.0;

for j=l:m+1

thetang=teta(j); sp=sin{(thetang); cp=cos{(thetang);
for i=l:n+1

phiang=tphi(i); cs=cos(phiang); sn=sin(phiang);
xx(j,1i)=(R+r*cs)*sp;

yy(j,i)={(R+r*cs) *cp;

zz(j,i)=r*sn;

end; end

%

% find coord of displaced points

for j=l:m+l

thetang=teta(j); sp=sin(thetang); cp=cos(thetang);
for i=l:n+1

phiang=tphi(i); cs=cos(phiang); sn=sin(phiang);
csn=cos (phiang+pi/2); snn=sin(phiang+pi/2);
xdisp(j,i)=xx(3,1i)-F*(sp*(-uyy(j,i)*csn+wyy(j, i) *cs)+vyy(j,1i) *cp):
ydisp(3,i)=yy(j,i)~-F*(cp* {-uyy(j,1i)*csn+wyy(J, i) *cs)~vyy(j,1i)*sp);
zdisp(j,i)=zz(j,1)-F* (uyy(3,1i) *snn+wyy(j, i) *sn);
end; end

% plot the mode shape

heold on

surf (xdisp, ydisp, zdisp);axis('on');

view(-60,60)

hold off
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APPENDIX D - Listing of program Afreqisol.m

AFregisol.m last modification - Feb. 25, 2002

%

% Sanders shell theory using 2 gov egns comp & struct 43 (18382) 1019-1028.
% axisymmetric natural frequencies and mode shapes of steel torus using DQM
%

harmonics trial function used in meridional direction

% section input

% n=sampling points in meridional direction;

% m=sampling points in circumferential direction;

% El=Young's modulus (Pa); Gl2=shear moduli (Pa);

% nulZ2=nu2l=Poisson's ratio; den=mass density (kg/m3);

% r=x-section radius (m); R=bend radius (m);

$ tl t2=thickness coefficients;

% format long

n=96

m=180;

r=0.25; R=0.762; E1=2.07ell; nul2=0.3; nu2l=0.3; f1=E1/(l-nu2l*nul2);
gammar=r/R; t1=0.009525; t2=0.001; G12=El/(2*(1+nul2)); den=7770;

% section wemd - find the weighting coeffts for meridional direction
% unegual spacing with one delta point at each end for phi direction
% output - bl{i,j),b2(i,j),b3(i,j),bd(i,J) for lst to 4th derivats
n2=n/2;

for i=1:n

tet{i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5;

end

%

for i=2:2:n; ib(i,n2+1)=-0.5; end

%

for i=2:n2; ib{(l,i)=1; end

%

for i=n2+2:n; ib(1,1)=0; end

% .- .

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi* (i-1)* (j-1-n2)/n);
end; end

%

for i=2:n; for j=2:n2
ib(i,j)=cos(2*pi* (i-1)*(j-1)/n);

end; end

%

ib=ib/n2;

for i=1l:n; for j=l:n

if abs(ib(i,j))<le-12; ib{i,j)=0; end
end;end

%

for i=l:n; for j=l:n2+1
rrl(j)=(1-j)*sin({j-1)*tet(i));
rr2(j)=-1*{(3-1)"2)*cos((j-1)*tet(i));

rr3(j)=((3j-1)"3)*sin((j-1) *tet(i));
rr4(j)=((j-1)"4)*cos((j-1)*tet(i)):
end

for j=n2+2:n
rrl(j)=(j-1-n2)*cos((j-1-n2)*tet(i));
rr2(j)=-1*((j-1-n2)"2)*sin((j~1-n2)*tet(i)):
rr3(j)=-1*((j-1-n2)*3)*cos((j-1-n2) *tet (1))
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rr4 (3)={((j-1~n2)"4) *sin((j-1-n2) *tet (i) );

end

%

bl(i,:)={(ib*rrl")"';

b2 (i, :)={(ib*rr2')"';

b3(i,:)={ib*xrr3")"';

b4 (i,:)=(ib*rr4')';

end

% ______________________________________________________________________________

% section domegn - set up matrices enforcing the governing equations
% aii ain u 0

%

% ani ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
k>

aii(:,:)=zeros(n); ain(:,:)=zeros(n);

ani(:,:)=zeros{(n); ann(:,:)=zeros(n);

%

%loop over sampling points in the phi direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); st2=2*st*c%;
ct2=(ct"2)-(st"2); zeta=l+gammar*ct; t=tl+t2*ct;

% terms which do not involve derivatives

aii(j,j)=(-nu2l*£fl* (-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r

- (gammar”~2) * (st"2)*fl*t*nu2l/(r*zeta*nul?2)

-nu2l*fl* (t"2)* (-t2*st) *st/ (4* (r"2)*R)-f1*nu2l* (t"3) *ct/ (12* (r~2) *R)
-fl1*(t”3) *gammar*nu2l* (st~2)/(12*nul2* (r*2) *R*zeta)) *r/ ((r"2) *zeta*t);
ain(j,j)=(nu2l*fl*(~-t2*st)*gammar*ct/r+fl*(-t2*st)*zeta/r
-fl*t*gammar*st/r+fl*t* (gammar”2) *st*ct*nu2l/(r*zeta*nul2))*r
/{(r"2)*zeta*t);

ani(j,j)=(-fl*t*nu2l*gammar*st/((r"2)*zeta)

-fl*t* (gammar”2) *st*ct*nu2l/((r"2)*(zeta”2)*nul2)
+£1*nu2l*t* ((t2*st)"2) *st/(2*(r~3)*R*zeta)

+nu2l*f1* (£"2)* (-t2*ct) *st/ (4* (r"3) *R*zeta)

+nu2l*f1* (~t2*st)* (t"2) *ct/ ((r"3)*R*zeta*2)

-f1*(t"~3) *nu2l*st/ (12* (r"3) *R*zeta)

+£1*(t"2) *(~t2*st) *gammar* (st”~2) *nu2l/(4*(r"3) * (zeta”2)*R*nul2)
+f1*(t"3) *gammar*st*ct*nu2l/ (6* (r"3)*(zeta"2) *R*nul?2)
+f1*(£73)*nu2l* (gammar~2)* (st"~3)/(12*nul2* (r"3) *R* (zeta"3)))
*(=(r"2)*zeta)/({(r"2)*zeta*t);

ann(j,Jj)=(£1*t*(ct"2)*nu2l/ ((R"2)*(zeta”2)*nul2)

+2*nu2l*fl*t*ct/ (r*R*zeta)+£f1*t/(r"2) ) * (- (r*2)*zeta)/ ((r"2)*zeta*t);
%

% terms which involve the phi derivatives

for ji=1:n
aii(j,jjr=aii(j,jj)+((f1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+£1*(£72) * (~t2*st) *zeta/ (4* (r"3))-£f1* (t"3) *gammar*st/ (12* (r~3)) ) *bl (3, i)
+(fl*t*zeta/r+f1* (£"3) *zeta/ (12*(r"3)))*b2(3j,3j) ) *r/ ((r*2) *zeta*t);
ain(j,jj)=ain(j, i)+ ((£1*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*f1* (t"2) * (-t2*st) *st/ (4* (r"2) *R)+nu2l*£1* (t"3) *ct/(12* (r~2) *R)
+£1* (£73) *nu2l*gammar* (st"~2)/(12*nul2* (r*2) *R*zeta) ) *bl (j, j3)
+(-f1*(t"2)*(-t2*st) *zeta/ (4*(r"3))

+£1*(t"3) *gammar*st/ (12*(r"3)))*b2(3,33)
+{(-f1*(t"~3)*zeta/(12*(r"3)))*b3(3,33)) *xr/((r"2) *zeta*t);
ani(j,Jjj)=ani(j,jj)+((f1*t/(r"2)+ct*nu2l*fl*t/(R*r*zeta)

+nu2l*f1* (t~3)*ct/(12* (r"3) *R*zeta)
+nu2l*f1*(t72)*st* (-t2*st)/ (4* (r"3) *R*zeta)
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~f1*(t22)* (~t2*ct)/ (4* (x"4))=f1*t* ((t2*st)~2) /(2% (r"4))

+f1* (£*3)* (st™2)*nu2l/ (12* (r~"2)*(R"2)*(zeta"2)*nul2)

+f1* (£t 2)* (-t2*st)*st/ (2* (r"3)*R*zeta)

+£1* (£*3)*ct/ (12* (r"3)*R*zeta) ) *bl(j,3j)

+{(=£1% (£7"2)* (-t2*st) /{2* (r"4) )+£1* (£t"3) *st/ (6* (r"3) *R*zeta) ) *b2(j,77)
+(=£1*(£"3)/(12*(r~4)))*b3(3,J3)) * (- (x"2)*zeta)/ ((r"2)*zeta*t);
ann{j,jj)=ann(j, i)+ {((nu2l*£f1*(t*3)*st/(12* (r"3)*R*zeta)
~nu2l*fl*t*st* ((t2*st)"2)/(2*(r"3)*R*zeta)

-nu2l*fl* (t*2) *ct* (-t2*st)/(2* (r~3)*R*zeta)

-nu2l*fl* (t"2)*st* (-t2*ct)/(4*(r~3) *R*zeta) -
nu2l*fl*(t~3)*(st"3)/(1l2*nul2*r* (R*3)* (zeta"3))

=£1*(t"2)* (st"2)* (-t2*st) *nu2l/(4* (xr"2)*(R*2)* (zeta”~2) *nul2)
-f1*(£~3) *st*ct*nu2l/ (6* (r"~2)* (R"2)* (zeta”2)*nul2))*bl (i, ij)
+{-nu2l*£f1*(t~3) *ct/(12* (r~3) *R*zeta)

—nu2l*fl* (t~"2)*st* (-t2*st)/(4* (r~3) *R*zeta)

+(t"2)* (=t2*ct)*f1/ (4*(x"4) ) +£1* ( (t2*st)~2)*t/(2* (r~4))
~fl*(t*3)*(st”2) *nu2l/ (nul2*12* (r"2)*(R"2)* (zeta"2))
-£1*(t"2)* (~-t2*st) *st/ (2* (r"3) *R*zeta)

-f1* (£"3) *ct/ (12* (r"3)*R*zeta) ) *b2(j, )+ (£1* (£°2) * (-t2*st) / (2* (r"4))
-f1*(t"3)*st/{(6* (r"3)*R*zeta) ) *b3(j,Jj)+(£1* (£*3)/(12*(r"4)))*bd (3,33))
*(-(r~2)*zeta)/((r"2)*zeta*t);

end

end

clear j; clear jj:

B o e e e e e e e e e e e e e e e e e e e e e e e e e e B e i e e e
% section eign

ar=1l:n;

stiff=-{aii(ar,ar) ainl(ar,ar);
ani (ar,ar) ann(ar,ar)}; clear aii ain ani ann;
% find eignvalues
[eve, evl]=eig(stiff); clear stiff;
tmn=2*n;
kk=0;
for i=l:tmn
if imag(evl(i,i)) ==
if evl(i,i) > 0; kk=kk+1l; ezz(kk)=evl(i,i); gzz(:,kk)=evc{:,1i); end
end
end
ezzz=ezz{1l:kk);
% sort the eigenvalues and output the five lowest
sval=sort (ezzz);
for j=1:10; result(j)=sgrt(sval(j)/den); end

e e o o e e e e e e e e e - e o 4 e o et e e e e S e A i ot ot e e A i e ot = . o T o o e e

theta=linspace(0,2*pi,n+1);
for i=l:n
r2(i)=gzz(i+n,132);
r{i)=1+2*r2(i);

end

r(n+l)=1+2*r2(1});
polar(theta,r);
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BAPPENDIX D - Listing of program Fregiso2.m

% Fregiso2.m last modification - Feb 25, 2002

$ Sanders shell theory using 3 gov egns comp & struct 43 (1992) 1019-1028.
% natural frequencies of steel torus shell using dgm

$ polynomial trial function used in meridional direction

% Fourier series expansion written in circumferential direction

G m e e
$ section input

% n=sampling points in meridional direction;

% m=sampling points in circumferential direction;

% El=Young's modulus (Pa); Gl2=shear moduli (Pa);

% nul2=nu2l=Poisson's ratio; den=mass density (Pa);

% r=x-section radius {(m); R=bend radius (m);

% tl t2=thickness coefficients

% format long

n=44

m=120

k=1/(0.762/0.25)

r=0.25; R=0.762; E1=2.07ell; nul2=0.3; nu2l=0.3; fl=El/(l~nu2l*nul2);
gammar=r/R; t1=0.009525; t2=0.001; Gl2=El/(2*(1+nul2))

den=7770; xlo=0; xhi=2*pi; xdif=xhi-xlo;

% section wcmd - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
% output - bl(i,Jj),b2(i,j),b3(i,j),bd(i,j) for 1lst to 4th derivats
y(1)=0; y(2)=.00001; y(n-1)=.99999;y(n)=1;

%

for i=3:n-2

tt=(pi*(i-2))/(n-3);v(i)=(1l-cos(tt))/2;

end

%

for i=1:n; x(i)=xlo+y(i)*xdif; end

%

for i=1l:n; pai(i)=1; for j=1:n

if i~=j; pai(i)=(x(i)-x(j))*pai(i); end

end; end

%

for i=l:n; for j=l:n

if i~=j; bl(i,j)=pai(i)/((x(i)-x(3))*pai(j)); end

end; end

%

for i=1l:n; bl(i,i)=0; for j=1l:n

if i~=3; bl(i,i)=bl(i,i)-bl(i,j); end

end; end

[

for i=1:n; for j=1:n

if i~=j; b2(i,j)=2*(b1(i,3)*bl(i,3)-bl(i,])/(x(i)-x(1))); end
end; end

%

for i=1l:n; b2(i,i)=0; for j=1:n

if i~=j; b2(i,i)=b2(i,i)-b2(i,]j):; end

end; end

%

for i=1:n; for j=l:n

if i~=j; b3(i,3)=3*(b2(i,i)*b1(i,j)-b2(1i,3)/(x(1)-x(]j))):; end

end; end



%
for i=1l:n; b3(i,i)=0; for j=1l:n

if i~=j; b3(i,i)=b3(i,i)~-b3(i,3); end
end;end

%

for i=l:n; for j=1:n

if i~=3j; b4 (i,])=4*(b3(i,i)*b1(41,3)-b3(1i,3j)/(x{i)-x(3))); end
end;end

%

for i=1:n; b4 (i,i)=0; for j=1:n

if i~=j; b4(i,i)=b4(i,i)-bd(i,j); end
end; end

% section domegn - set up matrices enforcing the governing equations
% aii aim ain u 0

% ami amm amn v = 0

% ani anm ann w 0

% output - aii(i,j),...,ann{i,j) - coefft matrices for displacements
%

aii(:,:)=zeros(n);aim(:,:)=zeros(n);ain(:, :)=zeros(n);
ami(:,:)=zeros(n);amm(:, :)=zeros(n);amn{:,:)=zeros(n);
ani(:,:)=zeros(n);anm(:, :)=zeros(n);ann(:, :)=zeros(n);

%

$loop over sampling points in the phi direction

for j=2:n-1

tee=x(j); ct=cos(tee); st=sin(tee); st2=2*st*ct;
ct2=(ct"2)-(st"2); zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives
aii{j,j)={(-nu2l*fl*(-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r
~(gammar"2)* (st"2)*fl*t*nu2l/(r*zeta*nul?2)

~nuZl*fl* (£72)* (-t2*st) *st/ (4* (r*2) *R)~f1*nu2l* (t~3) *ct/ (12* (r"2) *R)
-f1* (t"3) *gammar*nu2l* (st~2)/(12*nul2* (r~2)*R*zeta)) *r/t
-((Gl2*t/(r*zeta)+Gl2* (t"*3)/(24* (r"3) * (zeta™2))

+G1l2* (£~3)/(24* (r~3) *zeta)

+G12* (£73)/(96* (r"3)* (zeta”3))) *(k"2))*r/t)/ ((r"2) *zeta);

aim(j, j)=(((£1*nu2l* (-t2*st)/r+st*nu2l*fl*t/ (R*zeta*nul?2)

+nu2l*£f1* (£72) *ct* (-t2*st) / (4* (r~2) *R*zeta)

-nu2l*fl* (t~3)*st/(12* (r~2)*R*zeta)

+G12* (£°3) *st2/(24* (R"2)*r* (zeta"2))+Gl2*t*st/ (R*zeta)
+G12*(t“3)*st2/(48*(R“2)*r*(zeta“3))—G12*(t“3)*st/(24*R*(r*2)*zeta)
+G1l2* (£t*3) *st/ (96*R* (r"2) * (zeta"3))
+st2*nu2l*£f1* (t"3)/(24* (R"2) *r* (zeta"2))

+nu2l*£1* (£t"3)*st2/(24* (R*2) *r*nul2*(zeta~2) ) ) *k) *r/t)/ ((r"2) *zeta) ;
ain(j,j)=((nu2l*fl* (-t2*st) *gammar*ct/r+fl*(-t2*st)*zeta/r
-fl*t*gammar*st/r+fl*t* (gammar~2)*st*ct*nu2l/(r*zeta*nul2))*r/t

- {({(-nu2l*fl1*(t"2)* (-t2*st)/(4*(r"3) *zeta)

-nu2l*fl1* (£t~3) *st/ (12* (r~2)*(zeta"2) *R)

=G1l2*(£~3)/(12* (r"2) *R* (zeta"2) ) ~G12* (t~3) / (24* (r"2) *R* (zeta"3))
-st*f1*nu2l* (t"3)/(12*nul2*R* (r"2)*(zeta”2))) * (k"2)) *r/t)/ ((r"~2) *zeta) ;
ami(j,3)=(((-st*fl*nu2l*t/(R*nul2*zeta)-Gl2*t*st/ (R*zeta)

-fl*nu2l* (st2)*(t"~3) / (24* (R"2) *r* (zeta”2) *nul2) +G1l2* (-t2*st) /r
+Gl2* (£"2) * (-t2*st) /(8* (r"3) ) ~G1l2* (£t*2) * (-t2*st) / (8* (r"3) *zeta)
=3*Gl2* (t"2)* (-t2*st) / (32*(r"3) * (zeta”2) ) +G12* (£t~3) *st/ (24* (r*2) *R*zeta)
~7*Gl2* (t"3) *st/ (96* (r"2) *R* (zeta”3) ) -st2*G1l2* (t~3) / (48*r* (R"2) * (zeta"3))
-st2*Gl2*(£t"3)/(24* (r"2)*(R"2) * (zeta"2))

-st*Gl2* (t°3)/(24* (r~2)*R* (zeta"2)))*(-k))*r/t)/ ({r"2) *zeta);

amm (j,3)=((=-2*Gl2*t*r* (st*2)/ ((R"2) *zeta)+Gl2*ct*t/R
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+Gl2*t*r* (st”2)/ ((R"2) *zeta)

+Gl2* (£t"2) *st2* (-t2*st)/ (8* (R"2) *r*zeta)

-3*G12* (£"2) *st2* (~t2*st) / (16* (R"2) *r* (zeta"2))

=Gl2* (t"2) *st* (-t2*st) / (8*R* (r"2) ) +G1l2* (t*2) *st* (-t2*st) / (4*R* (r~2) *zeta)
-3*Gl2* (£"2) *st* (-t2*st) / (32*R* (r"2) * (zeta™2) ) +G1l2* (£t *3) *ct2/ (12* (R"2) *r*zeta)
=G1l2* (t"3)*ct2/(8*(R"2) *r* (zeta"2))-Gl2* (t~3) *ct/ (24* (r~2) *R)

+G12* (t"3) *ct/ (12* (r"2) *R*zeta)~Gl2* (t~3)*ct/ (32* (r"2) *R* (zeta"2))

-G12* (t*3)*(st"2)/(24* (R"2)*r*zeta)+G1l2*st* (-t2*st) /R

—r* (st272)*Gl2* (t"3) /(24* (R*4) * (zeta"3) ) +G12* (t~3) * (st"™2) / (B* (R*2) *r* (zeta”2))
=7*G1l2* (£~3) * (st"2) / (96* (R"2) *r* (zeta”3) ) +G1l2* (t~3) *st*st2/(8* (R"3) * (zeta"2))
-G12* (t"~3) *st*st2/(6* (R"3)*({zeta~3)))*r/t

={(ct"2)*nu2l1*f1*(t"3)/(12* (R*2)*r*(zeta”~3)*nul2)
+fl1*nu2l*t/(r*zeta*nul2) ) * (k*2)*r/t)/ ((r"2)*zeta);

amn (j,J)=(((nu2l1*£fl*t/r-Gl2* (t~2)* (-t2*st)/(4* (r"2) *R*zeta)

+3*G1l2* (£"2) *(~t2*st) / (8* (xr"2) *R* (zeta"2))

~-G12*(£"3) *st/(6* (R*2) *r* (zeta”2) ) +fl*nu2i*t*ct/ (R*zeta*nul2)

+G12* (£~3) *st2/(12* (R*"3)* (zeta”3) )+7*G1l2* (t"3)*st/ (24* (R*2) *r* (zeta”~3)) ) * (~-k)
+{(-f1*nu2l* (t"3)*ct/(12*R*(r*2)*nul2* (zeta”~3)) ) *(k"3))*r/t)/ ((r"2)*zeta);
ani(j,j)=((-fl*t*nu2l*gammar*st/((r*2)*zeta)

-fl*t* (gammar”2)*st*ct*nu2l/((r"2)* (zeta”2)*nul2)

+fl1*nu2l*t* ((t2*st)*2)*st/ (2* (r~3) *R*zeta)

+nu2l*f1* (£"2)* (-t2*ct)*st/ (4* (r"3) *R*zeta)

+nu2l*f1* (-t2*st) * (t*2)*ct/ ((r"3)*R*zeta*2)

-f1*(t"3)*nu2l*st/(12* (r~3)*R*zeta)

+f1*(£”2)* (-t2*st) *gammar* (st”2)*nu2l/(4* (r*3)* (zeta”*2) *R*nul2)

+f1*(t"3) *gammar*st*ct*nu2l/(6* (r°3)* (zeta~2) *R*nul2)

+£1*(£73)*nu2l* (gammar~2) * (st~3)/(12*nul2* (r~*3) *R* (zeta"3) ) ) * (- (r"2) *zeta) /t
= ((=Gl2* (t~2)*(~t2*st)/(4* (r~4) * (zeta"2))

=G12* (t"2)* (-t2*st) / (B8*(r"4)* (zeta”3))

~Gl2* (t"3)*st/(24*(r"3)* (zeta”4d) *R)

+£1*nu2l* (t"3) *st/ (12*nul2* (r~2) *R* (zeta~3) ) ) * (k~2)) * (-
(r~2)*zeta)/t)/ ((r*2) *zeta);

anm(j,j)=(((nu2l*fl*t/((r"2)*zeta)

=G1l2* (£7°2) *st2* (~t2*st) / (4* (r"*2) * (R"2) * (zeta"3))

+G1l2*(t"2) *st* (~t2*st)/(4* (r*3) *R* (zeta”2))

-Gl2* (t"2)*st* (-t2*st)/(8* (r*3) *R* (zeta”3))

=Gl2* (£"3) *ct2/ (6* (r"2)*(R*2)* (zeta™3))

+G12* (£~3) *ct/ (12* (r~3) *R* (zeta"2))

-Gl2* (t"3)*ct/(24* (r~3)*R* (zeta"3))

-Gl2* (£"3) *st*st2/(12*xr* (R*3)* (zeta™4))

=Gl2* (£"3)* (st"2)/ (24* (r"2) * (R*2) * (zeta~4))

-nu2l¥fl*t*ct* ((t2*st)~2)/(2* (r"3) *R* (zeta"2))

+nu2l*£1* (£"2) *st* (-t2*st) / (2* (r"3) *R* (zeta"2))

-nu2l*f1* (£72) *st2* (-t2*st)/ (4* (r"2)* (R"2) * (zeta"3))

-nu2l*fl* (£"2)*ct* (-t2*ct) / (4* (r~3) *R* (zeta"2))
+nu2l*fl1*(t"3)*ct/(12*(r~3) *R* (zeta"2))

-nu2l*f1* (£"3) *ct* (st”2)/(6*r* (R"3) * (zeta"4))

- (ct"2)*nu2l*£1*(t"3)/(12* (r~2)* (R"2) * (zeta"3))
-nu2l*f1*(£"3)* (st"2) *ct/ (6*r* (R"3) * (zeta”4) *nul2)

-nu2l*£1* (£72) *st2* (-t2*st)/ (8*nul2* (r~2)* (R"2)* (zeta"3))

+nu2l*f1* (£°3)* (st"2)/(6* (r"2)*(R"2)* (zeta”3))

+nu2l*fl*ct*t/ (nul2*r*R* (zeta”2))

-nu2l*f1* (£*3)*ct2/(12*nul2* (r~2)* (R"2)* (zeta”3))) *k

- (-nu2l*fl1*(£"3)*ct/ (12*nul2* (r*3) *R* (zeta”4)) ) * (k"3) ) * (-
(r~2)*zeta)/t)/((r"2)*zeta);

ann{j,3)=((f1*t*(ct"2)*nu2l/((R*2)* (zeta"2)*nul2)
+2*nu2l*fi*t*ct/(r*R*zeta)+fl*t/(r"2))*(-(r"2)*zeta)/t

166



+ (= (Gl2* (£t"3) *st/(6* (r"2) * (R"2) * (zeta™4))
+G12*(£”2)*(-t2*st)/(2*(rA3)*(zeta“3)*R)

+nu2l*f1*t* ((£2*st)"2)/(2*(x"4) * (zeta"2))

+nu2l*f1* (£°2) *st* (~t2*st)/ (2*(r"3) * (zeta"3) *R)

+nu2l1*f1* (£~2)* (-

t2*ct) /(4*(r"4)* (zeta2) ) +nu2l*£f1* (t"3) * (st"2)/ (6* (r"2)* (R"2) * (zeta™4))
+nu2l*f1* (t~3) *ct/(12*(r*3)* (zeta"~3) *R)

+£1*nu2l1* (£"3)*(st”2)/(6*nul2* (r*2)* (R"2)*(zeta"4))

+£1*nu2l1* (£72)* (-t2*st) *st/ (4*nul2* (r~3) *R* (zeta”3))

+nu2l*£1* (£*3)*ct/(12*nul2* (r"3)*R* (zeta"~3)) ) * (k*2)
+(nu2l*£f1*(£*3)/(12*nul2* (r*4)* (zeta~4)))*(k~4))* (-(r~2) *zeta) /t)
/{{x"2)*zeta);

%
% terms which involve the phi derivatives
for jj=1:n

aii(j,jjr=aii(j,33)+(((£f1*(-t2*st)*zeta/r-fl*t*gammar*st/r
+f1*(tA2)*(-t2*st)*zeta/(4*(r“3))—fl*(tAB)*gammar*st/(12*(rA3)))*bl(j,jj)
+{fl*t*zeta/r+f1* (£t"3) *zeta/ (12*(r"3)))*b2(j,33)) *r/t)/((r"2) *zeta);
aim(j,jj)=aim(j,33)+({(nu2l*fl* (£t~3)*ct/(12%zeta* (r*2)*R)+Gl2*t/r

+G12* (£73)/(24* (r"3))-G1l2* (£~3) /(24* (r~3) *zeta)-Gl2* (t~3)/ (32* (r*3) * (zeta"2))
+nu2l*f1*t/r)*k*bl(j,33)) *r/t)/ ((x"2) *zeta);
ain(j,jj)=ain(3j,jj)+(((fl*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*f1* (£"2)* (-t2*st) *st/ (4* (r~2) *R)+nu2l1+*£f1* (£t*3) *ct/ (12* (r*2) *R)

+£1* (t”*3) *nu2l*gammar=* (st"2)/(12*nul2* (r~2) *R*zeta) ) *bl (3, j3)

+(-£1* (t*2) * (-t2*st) *zeta/ (4* (r"3))+£1*(t"3) *gammar+*st/ (12*(r~3)))*b2(j,33)
+(~£1* (£73) *zeta/(12* (r"3)))*b3 (3, 33) ) *r/t={ (-nu2l1*£1* (£t~3)/(12* (r~3) *zeta)
—G12*(tA3)/(12*(r”3)*zeta)~G12*(t‘3)/(24*(r“3)*(zeta“2)))*(k“2)*bl(j,jj))*r/t)
/((x~2)*zeta);

ami (j,jj)=ami (3, j3)-
(((nu21*f1*(t"3)*ct/(12* (r*2) *R*zeta) +nu2l*fi*t/r+G12* (t~3)/(24*(r"3))

-Gl2* (£t"3)/(24* (r~3) *zeta)-Gl2*(t"3)/ (32*(r"3)* (zeta"2))

+Gl2*t/r) *k*bl (3,33) ) *r/t)/ ((x"2) *zeta);

amm(j, jj)=amm(j,jj)+({ (-st*Gl2*t/R+G12* (t"2) *zeta* (-t2*st) /(8* (r"~3))

=3*Gl2* (t~2) * (~t2*st) / (8* (r"3) ) +9*G1l2* (£t"2) * (-t2*st) / (32* (r"3) *zeta)

+3*G1l2* (t"3) *st/(32*(r"2) *R* (zeta"2))~st*Gl2* (t~3)/(24* (r*2) *R)

+Gl2* (-t2*st) *zeta/r)*bl(j,jj)+(Gl2*t*zeta/r+Gl2* (t"3)*zeta/ (24* (r"3))

=G12* (£7~3)/(8* (r"3))+3*G1l2* (t"3)/(32* (x"3) *zeta) )*b2(j,33) ) *r/t)/ ((r"2) *zeta);
amn (j,jj)=amn(j,Jj)-(((st*f1l*nu2l* (£"*3)*ct/(12*nul2*(R"2) *r* (zeta"2))

=Gl2* (t"2) * (-t2*st) / (4* (r"3) ) +3*G1l2* (t~2) * (-t2*st)/ (B8* (r"3) *zeta)

-Gl2* (t"~3) *st/(12*(r"2)*R*zeta)-Gl2* (t~3)/(12*(r"2)*R*zeta)

+G12* (£73)/(8* (r"2) *R* (zeta”2) )+G1l2* (t~3) *st2/ (12*r* (R"2) * (zeta"2))

+Gl2* (£~3) *st/ (6* (r~2)*(zeta”2)*R) ) *k*bl (j,33)) *r/t

= {((-nu21*f1* (£"3)*ct/(12* (r*2)*R*zeta)-Gl2* (t~3)*ct/(12* (r~2)*R*zeta)

+G12* (t7~3)/(24* (r"3) *zeta) ) *k*b2(3,3j)) *r/t)/({x"2) *zeta);
ani(j,jj)=ani(j,3J)+(((£1*t/(r"2)+ct*nu2l*fl*t/ (R*r*zeta)

+nu2l*£f1* (£"°3) *ct/ (12* (r~3) *R*zeta) +nu2l*£f1+* (t"2) *st* (-t2*st)/ (4* (r~3) *R*zeta)
—E1*(£72)* (~t2%ct) /(4> (r~d4) ) -f1*t* ((t2*st)"2)/ (2* (r~4))
+£1*(£73)*(st"2)*nu2l/(12*(r*2)* (R"2)*(zeta™2) *nul2)

+£1* (£72)* (-t2*st) *st/(2* (r*3)*R*zeta)+£1* (£"3) *ct/ (12*(r~3)*R*zeta) ) *bl (j, jJ)
+{(=£1*(£"2)* (-t2*st) /(2% (r"4) ) +£1* (£*3) *st/ (6* (r"3) *R*zeta) ) *b2 (§,3])
+(=£1*(£73)/(12% (r~4))) *b3(3,33) ) * (= (£"2) *zeta) /t

+{(~Gl2* (£"3)/(12* (zeta™2)*(xr"4) )-G1l2* (t~3)/(24* (zeta~3) * (r*4))

-nu2l*£1* (£"~3)/(12* (r"4) * (zeta~2)))*(k"~2)*bl(j,33) ) *((r~2)*zeta)/t)
/((r"2)*zeta);

anm(j,jj)=anm(j,33)+(((Gl2*(t"3) *st/(6* (r"3) *R* (zeta"2))-

G1l2* (t"3) *st/(24* (r~3)*R* (zeta"3))

=Gl2* (t"2) * (-t2*st) / (4* (r"4) *zeta)+3*G1l2* (t*2)* (-t2*st)/ (8* (r~4) * (zeta”2))
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-Gl2* (£t°3) *st2/(12* (xr~2)*(R*2) * (zeta”"3))
—nu2l*fI1*(£"2) *ct* (~t2*st)/ (2* (r"3) *R* (zeta"2))

+nul2l*£1* (£~3) *st/(6*(r"3) *R* (zeta"2))

-nu2l*f1* (£"3)*st2/(24*nul2* (x"2)* (R"2)* (zeta"3))
-nu21*f1*(t“3)*st2/(12*(r“2)*(R“2)*(zetaA3)))*k*bl(j,jj)

+(=G12* (t"3)/(12* (r"4)*zeta)+G1l2* (t"3) /(8* (r*4) * (zeta"2))

-nu2l*f1* (£"3)*ct/ (12* (r"3) *R* (zeta"2) ) ) *k*b2(F,33) ) * (-

(r~2)*zeta)/t)/ ((r"2)*zeta);
ann(j,jj)=ann(j,3j)+(({nu2l*£1*(t~3)*st/{12* (r"~3)*R*zeta)

~nu2l*fl*t*st* ((t2*st)"~2)/(2* (r~3)*R*zeta)
—nu2l*f1*(t"2) *ct* (~-t2*st) / (2* (r~3) *R*zeta)

—nu2l*f1* (t"2) *st* (~t2*ct)/ (4* (r"*3) *R*zeta)

-nu2l*f1* (t~3)*(st"3)/(12*nul2*r* (R"3)* (zeta”3))

~£1*(£72) * (st™2) * (~t2*st) *nu2l/ (4* (x~2) * (R"2) * (zeta”2) *nul2)
—fl*(t“3)*st*ct*nuZl/(S*(r“Z)*(R“2)*(zeta"2)*nu12))*bl(j,jj)

+(-nu2l*f1* (£"3) *ct/(12* (r*3) *R*zeta) —nu2l*£f1* (t"2) *st* (~t2*st)/ (4* (r"3) *R*zeta)
H(Er2)* (—t2¥ct) *£1/ (4% (r"4) ) +£1* ((t2*st) "2) *t/(2* (r~4))

=f1*(£73) * (st"2) *nu2l/ (nul2*12* (r"2)* (R*2) * (zeta"2))
—fl*(t“2)*(—t2*st)*st/(2*(r"3)*R*zeta)—f1*(t“3)*ct/(12*(r“3)*R*zeta))*b2(j,jj)
+(f1*(tA2)*(-t2*st)/(2*(r“4))—fl*(tA3)*st/(6*(r“3)*R*zeta))*b3(j,jj)

+(E1* (£~3)/(12* (r"4)))*b4 (5, FF) ) * (- (r*2)*zeta) /t

+((nu2l*f1* (£"2) * (=t2*st) / (2* (r"4)* (zeta”2))

+nu2l1*f1* (£~3)*st/(6* (r"3) * (zeta"3) *R)

+G12* (£°3)* (-t2*st) /(2% (r™4) * (zeta™2))

+G12* (£73}/(6* (r"3) *R* (zeta"3)))* (k*2)*bl (3, 3)

+(nu2l*f1+* (£"°3)/(6*(r"4)* (zeta™2))

+G12* (£73)/(6* (r~4)* (zeta”2)) ) *(k"2)*b2(3, ) ) * ((r~2) *zeta)/t) /({(r"2)*zeta) ;
end

end

% section bound -~ enforcing the four displacement relations
% terms which do not involve derivatives

aii(1l,1)=-1; aii(il,n)=1;

amm(l,1)=-1; amm(l,n)=1;

ann(l,1)=-1; ann(l,n)=1;

%
% terms which involve the phi derivatives
for jj=1l:n
ani(2,33)=0;
anl(n 1,33)=0;
mm(2,33)=0;
nm(n- 1!33) =0;
ann(Z 33)=0;
ann(n-1,33)=0;
end
for jj=1:n
ann(2,3jj)=ann(2,33j)+(~-bl(2,3j)+bl(n-1,33));
end
% ______________________________________________________________________________

% section bound - enforce four force resultants relations

tee=x(n); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives

aii(n,n)=-gammar* (st”"2)*£f1*(t~3)*nu2l/(12*(r"2)*R*(zeta”2)*nul2)-
fl*nu2l*st* (t"2)* (-t2*st)/(4* (r"2) *R*zeta) -

{(k*2)* (G12* (t"3) /(24*(r"3) * (zeta"3) ) +G12* (£~3) / (12* (r~3) * (zeta"2) ) ) ;
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aim(n,n)=(f1*(t"2)* (- 3:
t2*st)*nu21*ct/(4*(r“2)*R*(zeta“Z))+G12*(tA3)*(gammarAZ)*st2/(12*(r“3)*(zetaﬁﬁ%b
)+G12* (t~3) *gammar*st/ (24* (r~3)* (zeta”~3))

~Gl2* (£~3) *gammar*st/ (12* (r~3) *(zeta”2))

+£1* (£~3)*st*ct*nu2l*gammar/{12* (r*2)*R* (zeta”3))*(1/nul2+1)) *k;
ain(n,n)=-(k"2)* (=£f1* (t"2) * (-t2*st)*nu2l/ (4* (r"3) * (zeta"2))

=Gl2* (t~3) /(6* (r~2)*R* (zeta"3))

-fl*(t"3)*gammar*st*nu2l* (1/nul2+1)/(12*(r"3)*(zeta"3))};
ami({n,n)=(-k)*(Gl2*t/(2*r*zeta)+G12* (t~3) *gammar*ct/ (48* (r~3) * (zeta~3))
+Gl2* (£t~3) *gammar*ct/ (24* (r~3) *zeta)) ;

amn (n, n)=(-k)*(-G1l2* (t~3) *gammar*ct/ (12* (r~2) *R* (zeta~3)));

amm (n, n}=Gl2*gammar*st*t/ (2*r*zeta)+Gl2* (t~3) *st2*ct/ (24* (r~3) * (zeta"3))
+Gl2* (£~3) * (gammar~2) *ct*st/ (48* (r~3) * (zeta*3))

~Gl2* (t"3) * (zeta”2) *ct*st/ (24* (r"3)*(zeta~2));

ani (n,n)=-fl*t*nu2l*gammar*st/ (r*zeta);

anm(n,n)=k* (fl*nu2l*t/(r*zeta));
ann(n,n)=fl1*t/r+fl*t*nu2l*gammar*ct/ (r*zeta);

% terms which involve the phi derivatives

for jj=1:n

aii(n,jj)=aii(n,jj)+{£1*(£"2)*(-t2*st)/ (4*(r"3))

-£1*(t"3)*gammar*st/(12* (r~3) *zeta)) *bl (n, jj)
+{£1*{t"~3)/(12*(r"3)))*b2(n,jj);
aim(n,jj)=aim(n,3jj)+k* (£1* (t~3) *nu2l*ct/ (12* (r~2) *R* (zeta"2))

+Gl2* (£~ 3) *gammar*ct/ (12* (r~3) * (zeta”2)})
-G12*{t~3)/(24*(r~3) * (zeta~2)))*bl(n,33):
ain(n,jj)=ain(n,jj)+(f1*(t“2)*(—t2*st)*nu21*st/(4*(r‘2)*R*zeta)
+f1*(t“3)*gammar*(st“2)*nu21/(12*(r“2)*R*(zeta“2)*nu12)

-(k"2)* (-f1* (t~3) *nu2l/(12* (r~3) * (zeta"2))

=G12* (£~3)/ (6* (r"3) * (zeta”2))))*bl(n,ij)
+(—f1*(t“2)*(—t2*st)/(4*(r“3))+gammar*st*f1*(tA3)/(12*(r“3)*zeta))*b2(n,jj)
+(-£1*(£~3)/(12*(r"3))) *b3(n,Fj);

amm(n, jj)=amm(n, 3j)+(Gl2*t/ (4* (r"2) *zeta)

+(gammar~2)* (ct~2)*Gl2* (t~3)/ (24*(r~3) * (zeta2))

-Gl2* (t"3) *gammar*ct/(48* (r"3)*(zeta”2)))*bl(n,3jj);
amn(n,jj)=amn(n,jj)+(-k)*(—G12*(t“3)*gammar*ct/(lZ*(r“3)*(zeta“2)))*bl(n,jj);
ani(n,jj)=ani(n,3jj)+ (£1*t/x)*bl(n,3j);

end

tee=x(1l); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives
aii(n,l)=aii(n,1)—(-gammar*(st“2)*fl*(t“3)*nu21/(12*(r“2)*R*(zeta“2)*nu12)
-fl*nu2l*st* (£t*2)* (-t2*st)/ (4* (r"2) *R*zeta)
=(k"2)*(G12* (£°3) /(24* (r*3) * (zeta”™3))

+G12*(£7°3)/(12* (x~3)*(zeta™2))));

aim(n,l)=aim(n, 1) - ((£1* (t"2)*(~t2*st)*nu2l*ct/ (4* (r"2) *R* (zeta"2))

+G12* (t"3)* (gammar"2) *st2/(12* (r"3)*(zeta”3) ) +G12* (t~3) *gammar*st/ (24* (r~3)* (ze
ta”3))-Gl2* (t~3) *gammar*st/ (12* (r*3)* (zeta"2))

+£1* (t73) *st*ct*nu2l*gammar/ (12* (r~2) *R* (zeta~3) ) *(1/nul2+1)) *k);
ain(n,l)=ain(n,1)—(-(k“2)*(—f1*(t“2)*(—t2*st)*nu21/(4*(r“3)*(zeta“2))
~G12*(t~3)/(6*(r"2) *R* (zeta"3))

=f1* (t"3)*gammar*st+*nu2l*(1/nul2+1)/(12* (r~3)*(zeta”3}))):

ami(n, l)=ami(n,1)-((-

k) *(Gl2*t/(2*r*zeta)+Gl2* (t~3) *gammar*ct/ (48* (r~3) * (zeta"3))

+G12* (t~3) *gammar*ct/ (24* (r~3) *zeta)));

amn(n, l)=amn{n, 1)-{(-k)*(-G1l2* (t"3)*gammar*ct/ (12* (r~2) *R* (zeta”~3})));
amm(n, l)=amm(n,1l)-
(Gl2*gammar*st*t/ (2*r*zeta)+Gl2* (t"3) *st2*ct/ (24* (r*3) * (zeta"3))
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+G1l2* (£~3) * (gammar™2) *ct*st/ (48* (xr*3) * (zeta"3))

-G12* (£"3)* (zetan2) *ct*st/ (24* (r"3) *(zeta"2)));
ani(n,l)=ani{n,l)-(-fl*t*nu2l*gammar*st/(r*zeta));

anm(n, l)=anm(n,1l)- (k*{(fl*nu2l*t/(r*zeta))):;
ann(n,l)=ann{n,1)~-(fl*t/r+fl*t*nu2l*gammar*ct/ (r*zeta));

% terms which invovle the phi derivatives

for jj=1:n

aii(n,jj)=aii(n,3j)-(£1*(£~2)*(~t2*st)/(4* (x"3))
-f1*(t~3)*gammar*st/ (12* (r~3) *zeta) ) *bl{(1,33)+(f1*(t*3)/(12*(r~3)))*b2(1,3j);
aim(n,jj)=aim(n,jj)-k*(£1*(£t"3) *nu2l*ct/ (12*(r"2) *R* (zeta”2))

+G12* (t*3) *gammar*ct/ (12* (r~3) * (zeta"2))

=Gl2* (£73)/(24*(r*3)* (zeta”2)))*bl{1,33):
ain(n,jj)=ain(n,jj)-(£1* (£t"2)* (-t2*st)*nu2l*st/ (4*(r~2) *R*zeta)
+£1*(t~3) *gammar* (st~2) *nu2l/(12* (r"2) *R* (zeta”2) *nul2)

=(k*2)* (-f1* (£"3) *nu2l/ (12* (x"~3) * (zeta™2))

-Gl2* (t*3)/(6*(r"3)*(zeta”2))) )} *bl (1,3])
+(=£1*(t"2)*(-t2*st)/ (4* (r"3)) +gammar*st*£1* (t~3)/(12* (r*3) *zeta))*b2(1,3j)
+(=£1*(t"3)/(12*(r*3)))*b3(1,33);

amm(n,jj)=amm(n, jj)-

(G1l2*t/ (4* (r"2) *zeta) +{(gammar~2) * (ct”2) *G1l2* (t~3) / (24* (r~3) * (zeta"2))
~G1l2* (t~3) *gammar*ct/ (48* (r~3) * (zeta"2)) ) *bl (1, 3jj):

amn (n,jj)=amn(n,jj)-(-k)*(~G12* (t~3) *gammar*ct/ (12* (r"3) * (zeta~2)))*bl (1,3j);
ani(n,jj)=arni(n,jj)-(£1*t/r)*bli(1,33);
end

tee=x(n-1); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve the derivatives

ani(n-1,n-1)=-£1* (t~3)*st*nu2l/(12*r*R*zeta);
anm(n-1,n-1)=k* (£1* (£~3)*nu2l*ct/(12*r*R* (zeta~2)));
ann(n-1,n-1)=-(k"2)* (-£1*(£"3)*nu2l/(12* (r*2)* (zeta™2)));

% terms which involve the phi derivatives

for jj=1:n

ani(n-1,jj)=ani(n-1,33)+(f1* (t~3)/(12*(x"2)))*bl(n-1,33);
ann(n-1,jj)=ann(n-1,3j)+(f1*(t"3) *st*nu2l/(12*r*R*zeta) ) *bl (n-1,33)
+(-£1*(£"3)/(12*(x~2)))*b2(n-1,37);

end

tee=x(2); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

$ terms which do not involve the derivatives
ani(n-1,2)=ani(n-1,2)=-(-£f1*(t~3)*st*nu2l/(12*r*R*zeta));

anm(n-1, 2)=anm(n-1,2)-k* (f1* (£t~3) *nu2l+*ct/ (12*r*R* (zeta™2)));
ann(n-1,2)=ann(n-1,2)-(k"2)* (-f1* (t*3)*nu2l/(12* (r"2)* (zeta”~2)));

% terms which involve the phi derivatives

for jj=i:n

ani(n-1,jj)=ani(n-1,3j3)-(£1*(t~3)/(12* (x"2)))*bl(2,57):
ann{n-1,jj)=ann(n~1,33)-(f1*(t*3) *st*nu2l/(12*r*R*zeta))*bl (2,57)
+(=£1*(£*3)/(12*(r"2)))*b2(2,33});

end

% section partition - partition matrices for eigenvalue extraction

% this step necessary for freq analysis to form principle ev problem

% form bb matrix - bdy egns involving bdy unknows

bb=(aii(l1l,1) aii(l,n) aim(l,1) aim(l,n) ain(l,1) ain(l,2) ain{l,n-1) ain(l,n):
aii(n,1) aii(n,n) aim(n,1l) aim(n,n) ain{n,l) ain(n,2) ain(n,n-1) ain(n,n);
ami(1l,1) ami(l,n) amm(1l,1) amm(l,n) amn(l,1) amn(l,2) amn(l,n-1) amn(l,n);
ami(n,1) ami(n,n) amm(n,l) amm(n,n) amn(n,1l) amn(n,2) amn(n,n-1) amn{n,n);
ani(l,1) ani(l,n) anm(i,1) anm(l,n) ann(l,1l) ann(l,2) ann(l,n-1) ann{(l,n);
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ani(2,1) ani(2,n) anm(2,1) anm(2,n) ann(2,1) ann(2,2) ann(2,n-1) ann(2,n);
ani(n-1,1) ani(n-1,n) anm(n-1,1) anm(n-1,n) ann(n-1,1) ann(n-1,2)

1,n-1) ann(n-1,n);

ani(n,1) ani(n,n) anm(n,l) anm(n,n) ann(n,l) ann{n,2)

% form bd matrix - bdy egns involving domain unknows
er=2:n-1; cr=3:n-2;
bd=[aii(l,er) aim(l,er) ain(l,cr):
aii(n,er) aim(n,er) ain(n,cr);
ami(l,er) amm(l,er) amn(l,cr);
ami (n,er) amm(n,er) amn{l,cr);
ani(l,er) anm{(l,er) ann(l,cr);
ani(2,er) anm(2,er) ann(2,cr);
ani(n-1,er) anm(n-l,er) ann(n-1,cr);
ani(n,er) anm{(n,er) ann(n,cr)]:;
% form db matrix - domain egns involving bdy unknows

db={aii(er,1) aii(er,n) aim(er,l) aim(er,n) ain(er,1l) ain(er, 2)

ain(er,n);

ami (er,1) ami(er,n) amm(er,l)} amm(er,n) amn(er,l) amn(er,2)

amn{er,n);

ani{cr,1l) ani(cr,n) anm(cr,1l) anm(cr,n) ann(cr,1) ann(cr,2)

ann(cr,n}]:;
% form dd matrix - domain eqns involving domain unknows
dd={aii(er,er) aim(er,er) ain(er,cr);
ami (er,er) amm(er,er) amn(er,cr);
ani{cr,er} anm(cr,er) ann{cr,cr)];
clear aii aim ain ami amm amn ani anm ann;

% section eign

prodl=-inv(bb)*bd; clear bb bd;

prod2=db*prodl; clear db prodl;
stiff=-(dd+prod2); clear dd prod2;

§ find eignvalues

[evc, evl]l=eig(stiff); clear stiff;

tmn=3*n-8;

kk=0;

for i=l:tmn

if imag(evl(i,i)) ==

if evl(i,i) > 0; kk=kk+1l; ezz(kk)=evl(i,i); end
end

end

ezzz=ezz(1l:kk);

% sort the eigenvalues and output the ten lowest
sval=sort (ezzz);

for j=1:10; result(j)=sgrt(sval{j)/den); end

$ section result
result

ann(n,n-1)

ain(er,n-1)
amn(er,n-1)

ann(cr,n-1)

ann (n-

ann(n,n)];
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APPENDIX D - Listing of program Afregiso2.m

% AFreqgiso2.m last modification - Feb. 25, 2002

% Sanders shell theory using 2 gov egns comp & struct 43 (1992) 1019-1028.
% axisymmetric natural frequencies of steel torus using DQOM

% harmonics trial function used in meridional direction

% ____________________________________________________________________________
% section input

% n=sampling points in meridional direction;

% m=sampling points in circumferential direction;

% El=Young's modulus (Pa); Gl2=shear moduli (Pa);

% nul2=nu2l=Poisson's ratio; den=mass density (kg/m3);
% r=x-section radius (m); R=bend radius (m);

% tl t2=thickness coefficients;

format long

n=96

m=180;

r=0.25; R=0.762; El1=2.07ell; nul2=0.3; nu2l=0.3; fl1=El/(l~nu2l*nul2);
gammar=r/R; t1=0.009525; t2=0.001; G12=E1l/(2*(14nul2)); den=7770;

% section wcmd - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
% output - bl(i,j),b2(i,j),b3(i,j),b4(i,j) for 1lst to 4th derivats
y(1)=0; y(2)=.00001; y(n-1)=.99999;y(n)=1;

%

for i=3:n-2
tt=(pi*(i-2))/(n-3);y(i)=(1l-cos(tt))/2;
end

%

for i=1:n; x(i)=xlo+y(i)*xdif; end
$

for i=l:n; pai(i)=1; for j=1:n

if i~=j; pai(i)=(x(i)-x(3))*pai(i); end

end; end e

%

for i=l:n; for j=1:n

if i~=j; bl(i,Jj)=pai(i)/((x(i)=-x(j))*pai(j)); end

end; end

%

for i=l:n; bl(i,i)=0; for j=1:n

if i~=3j; bl(i,i)=bl(i,i)-bl(i,j):; end

end; end

$

for i=1:n; for j=1:n

if i~=j; b2(i,3)=2*(bl(i,i)*b1(i,3)-bl(i,J)/(x(i)-x(j))): end
end; end

for i=l:n; b2(i,i)=0; for j=1:n

if i~=j; b2(i,i)=b2(i,1i)-b2(i,j); end

end; end

$

for i=1:n; for j=1:n

if i~=3j; b3(i,j)=3*(b2(i,1)*bl(i,j)~b2(i,J)/(x(i)-x{3j))); end
end; end

%

for i=l:n; b3(i,1)=0; for j=1:n

if i~=j; b3(i,1i)=b3(i,i)-b3(i,j); end
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end;end

%

for i=1l:n; for j=1:n

if i~=3j; b4(i,j)=4*(b3(1i,i)*b1(4i,3)-b3(i,3)/(x(i)-x(3))); end
end; end

%

for i=1l:n; b4(i,i)=0; for j=l:n

1f i~=j; b4(i,i)=b4(i,1i)-bd(i,]3); end

end; end

% section domegn - set up matrices enforcing the governing eguations
3 aii ain u 0

%

% ani ann W 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
$

aii(:, :)=zeros(n); ain(:,:)=zeros(n);

ani(:,:)=zeros(n); ann(:,:)=zeros(n);

%

%tloop over sampling points in the phi direction

for j=1:n

tee=tet (j); ct=cos(tee); st=sin(tee); st2=2*st*ct;
ct2=(ct"2)-(st"2); zeta=l+gammar*ct; t=tl+t2*ct;

% terms which do not involve derivatives

aii(j,j)=(-nu2l*fl* (-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r

- {gammar~2)* (st"2)*fl*t*nu2l/(r*zeta*nul?2)
—nu21*fl*(t”2)*(—t2*st)*st/(4*(r“2)*R)-f1*nu21*(t“3)*ct/(l2*(rA2)*R)
=f1*(t"3) *gammar*nu2l* (st”2)/(12*nul2* (r~2)*R*zeta) ) *r/ ((r"2) *zeta*t);
ain(j,j)=(nu2l*fl* (-t2*st) *gammar*ct/r+fl* (-t2*st) *zeta/r
-fl*t*gammar*st/r+fl*t* (gammar~2) *st*ct*nu2l/ (r*zeta*nul2))*r/ ((r*2) *zeta*t);
ani(3j,j)=(-fl*t*nu2l*gammar*st/((r~2)*zeta)

-fl*t* (gammar~2)*st*ct*nu2l/ ((r"2)*(zeta”2)*nul2)

+fl*nu2l*t* ((t2*st)"2)*st/ (2*(r"3)*R*zeta)

+nu2l*f1* (t"2)* (-t2*ct) *st/(4*(r"3)*R*zeta)

+nu2l*fl* (-t2*st)*(t"2)*ct/((r"3)*R*zeta*2)
~£f1*(t"3)*nu2l*st/(12* (r*3) *R*zeta)

+E1* (£72) * (-t2*st) *gammar* (st"2) *nu2l/(4* (r~3)* (zeta”2) *R*nul2)

+f1* (t~3) *gammar*st*ct*nu2l/ (6* (r*3)*(zeta”2)*R*nul?2)

+£1* (£"3) *nu2l* (gammar”2) * (st”3)/(12*nul2* (r~3) *R* (zeta~3)) ) * (-
(r~2)*zeta)/((r*2)*zeta*t);
ann(j,J)=(£1*t* (ct™2)*nu2l/ ({R"2) *(zeta”2) *nul2)

+2%¥nu2l*fl*t*ct/ (r*R*zeta)+£1*t/(r"2) ) * (- (r"2) *zeta)/ ((r"2) *zeta*t);

%

% terms which involve the phi derivatives

for jj=1:n

aii(j,jjd=aii(j,Jj)+((£f1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+E1* (v72) * (-t2*st) "zeta/ (4*(r"3))~f1* (£~3) *gammar*st/ (12* (r~3))) *bl (3, 33)
+(fl*t*zeta/r+f1*(t"3) *zeta/(12*(x"3)))*b2(j,33))*r/ ((r~2)*zeta*t);
ain(j,jj)=ain(j,jj)+ ((fl*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*f1* (£72) * (-t2*%st) *st/ (4* (r*2) *R) +nu2l*£f1* (t~3) *ct/ (12* (r~2) *R)
+£1*(t73) *nu2l*gammar* (st”~2)/(12*nul2* (r~2) *R*zeta) ) *bl (j,33)
+(—f1*(t“2)*(-t2*st)*zeta/(4*(r“3))+fl*(t“3)*gammar*st/(l2*(r“3)))*b2(j,jj)
+(-f1*(t~3)*zeta/ (12*(r"3)) ) *b3(j,3j)) *r/ ((r"2)*zeta*t);
ani(j,Jj)=ani(J,Ji)+((£1*t/(r"2)+ct*nu2l*fl*t/ (R*r*zeta)
+nu2l*f1* (£"3) *ct/(12* (r~3) *R*zeta)

+nu2l*f1* (£72) *st* (-t2*st)/ (4* (r"3) *R*zeta) -£f1* (£t "2)* (-t2*ct)/ (4* (r"4))
-f1*t* ((t2*st)"2)/(2*(r"4))
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+£1*(£°3) * (st~2)*nu2l/(12* (r~2)* (R"2) *(zeta”2) *nul2)

+£1* (£72)* (-t2*st) *st/ (2* (r~3) *R*zeta)
+£1*(t"3)*ct/(12*(r"3) *R*zeta) ) *bl (3, 33)

+(-f1* (£72) * (-t2*st) /(2% (r~4) ) +£1* (t"3) *st/ (6* (r~3) *R*zeta) ) *b2(j,33)
+(=£1*(£"3)/(12*(xr*4)) ) *b3(j,FI) )Y *(-(r"2) *zeta)/{(r"2) *zeta*t);
ann(j,jj)=ann{j, jj)+{(nu2l*£1*(t"~3)*st/(12* (r~3) *R*zeta)
-nu2l*fl*t*st* ((t2*st)~2)/(2* (r~3) *R*zeta)

-nu2l*f1* (£t"2)*ct* (~t2*st)/(2* (r"3)*R*zeta)

~nu2l*fl* (t*2)*st* (-t2*ct)/(4* (r~3)*R*zeta)
—nu2l*f1*(£"*3)*(st"3)/(12*nul2*r*(R"3)* (zeta"3))

—f1* (£*2)* (st™2)* (~t2*st) *nu2l/(4*(xr~2)*(R"2)* (zeta"2)*nul2)
-f1*(t"3)*st*ct*nu2l/(6* (r~2)*(R"2)*(zeta~2)*nul2))*bl(j,33)
+(-nu2l*fl1* (£~3)*ct/(12* (r"~3) *R*zeta)

-nu2l*fl* (t*2)*st* (-t2*st)/ (4* (r"3) *R*zeta)

+(t 2)* (~t2*%ct) *£1/ (4% (r~4) ) +£1* ((t2*st)"2) *t/ (2% (r™4))
-£1*(£73)* (st"2) *nu2l/ (nul2*12* (r~2)* (R*2) * (zeta"2))
-fl1*(t"2)*(~t2*st) *st/(2* (r"3)*R*zeta)

=f1* {(t"3)*ct/(12* (x"3) *R*zeta) ) *b2(3,3]j)

+(£1* (t"2) * (~t2*st) /(2* (r™4))

-f1* (£"3)*st/(6* (r*3) *R*zeta) ) *b3(j,jj)
+(£1*(t"3)/(12*(x"4)))*b4 (3,33) ) *(-(r"2) *zeta) /{(r"2) *zeta*t);
end

end

clear j; clear jj:

% section bound - enforcing the four displacement relations
% terms which do not involve derivatives

aii(l,1l)=-1; aii(l,n)=1;

ann{l,1)=~1; ann(l,n)=1;

%

% terms which involve the phi derivatives
for jj=1:n

ani{2,3j3j)=0;

ani (n-1,33)=0;

ann{2,3jj)=0;

ann{n-1,3j3j)=0;

end

for jj=1:n
ann{z,jjl=ann(2,jj)+(-bl(2,3j)+bl(n-1,33)):
end

% section bound - enforce four force resultants relations

tee=x(n); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives
aii(n,n)=-gammar* (st"2)*f1* (£t"~3)*nu2l/(12* (r"2)*R* (zeta"2) *nul2)
-fl*nu2li*st* (t"2)*(-t2*st)/(4*(r"2)*R*zeta)

- {k"2)* (G1l2* (£t"3) / (24* (xr~3) *(zeta”3) )+G12* (£~3) /(12* (r"3)* (zeta"2)));
ain(n,n)=-(k"2}*(-f1* (£t*2)* (-t2*st) *nu2l/ (4* (r"3) * (zeta"2)) -

Gl2* (£t~3)/(6*(r"2)*R* (zeta"3))

-fl* (£"3)*gammar*st*nu2l* (1/nul2+1l)/(12*(r~3)*(zeta”3)));

ani (n,n)=-fl*t*nu2l*gammar*st/(r*zeta);

ann (n,n)=£f1*t/r+fl*t*nu2l*gammar*ct/(r*zeta):

% terms which involve the phi derivatives

for jj=1:n

aii(n,jj)=aii(n,jj)+{£1*(t"2)* (-t2*st)/(4* (r"3))-

f1* (t"3) *gammar*st/ (12* (r~3)*zeta))*bl(n, )+ (£1*(£"3)/(12*(xr"3)))*b2(n,j]):

174



ain(n,jj)=ain(n,3j)+(£1*(t*2)* (-t2*st) *nu2l*st/(4* (r"2) *R*zeta)

+f1* (t~3) *gammar* (st"2)*nu2l/(12* (r"2)*R*(zeta"2)*nul2)

= (k"2)* (~£f1*(t"3)*nu2l/(12* (r~3) * (zeta"2))

-Gl2* (t~3)/(6*(r"3)*(zeta"2))))*bl(n,j])

+(=£1* (£ 2} * (-t2*st} /{4*(r"3) ) +gammar*st*£1+* (£~3)/(12*(r"3) *zeta) ) *b2 (n, jj)
+(=£1*(£"*3)/(12*(r"3)) ) *b3(n,33j);
ani(n,jj)=ani(n,Jj)+(£1*t/r)*bl(n,jj):

end

tee=x(1l); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st”*2):
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve derivatives
aii{n,1l)=aii(n,1l)~(-gammar* (st"2)*£1* (t~3)*nu2l/(12*(r"2)*R*(zeta”2)*nul2)
-fl*nu2l+*st*(t"2)* (~-t2*st)/(4*(r"2) *R*zeta)

=(k"2)*(G12* (£"3) / (24* (x"3) * (zeta"3) ) +Gl2* (£~3) / {12* (r*3)* (zeta”2))) ) ;
ain(n,l)=ain(n,1)-(=(k"2)*(-£1* (£"2) * (-t2*st)*nu2l/ (4* (r*3)* (zeta"2))
-G12*(t*3)/(6*(r~2)*R* (zeta"3))

-£1*(t"3) *gammar*st*nu2l* (1/nul2+1)/(12* (r*3) * (zeta"3))));
ani{n,1l)=ani(n,1l)-(-fl*t*nu2i*gammar*st/(r*zeta));

ann(n, l)=ann(n, 1)~ (f1*t/r+fl*t*nu2l*gammar*ct/ (r*zeta));

% terms which invovle the phi derivatives

for jj=1:n

aii(n,jj)=aii(n,Jj)~(£1*(t~2)* (-t2*st)/(4* (r*3))
—fl*(t“3)*gammar*st/(12*(r“3)*zeta))*bl(l,jj)+(f1*(t“3)/(12*(rA3)))*b2(1,jj)i
ain(n,jj)=ain(n,jj)-(£f1*(£"2)* (-t2*st) *nu2l*st/ (4*(r"2)*R*zeta)
+£1*(t~3) *gammar* (st~2) *nu2l/(12*(r~2) *R* (zeta”2) *nul2)

= (k"2)* (=£1* (£°3) *nu2l/(12*(r"3) * (zeta"2))

-G12* (£"3)/(6* (r"3) *(zeta~2))) ) *bl(1,33)

+(=f1* (t"2)* (-t2*st) /(4% (r"3) ) +gammar*st*£1* (t~3)/(12* (r~3) *zeta))*b2(1,37)
+(-£1*(£73)/(12*(r~3)))*b3(1,35);
ani(n,jj)=ani(n,3j)~(£fl*t/r)*bi(1,3jj):

end

tee=x(n-1); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”*2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve the derivatives

ani(n-1,n-1)=-£f1* (£~3)*st*nu2l/ (12*r*R*zeta);

ann(n-1,n-1)=-(k"2)* (-£1*(t"3)*nu2l/(12* (r~2)* (zeta”2)));

% terms which involve the phi derivatives

for jj=1:n

ani(n-1,jj)=ani({n-1,33)+(£1*(£°3)/(12*(r"2)))*bl(n-1,33);
ann(n-1,jj)=ann(n-1,33j)+(£1* (£~3) *st*nu2l/{12*r*R*zeta)) *bl (n-1, 3j)
+{(=£1*(t"3)/(12*(r"2)))*b2(n-1,33):

end

tee=x(2); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”2)-(st"2);
zeta=l+gammar*ct; t=tl-t2*ct;

% terms which do not involve the derivatives
ani(n-1,2)=ani({n-1,2)-(-f1*(t*3)*st*nu2l/(12*r*R*zeta));
anni{n-i,2)=ann(n-1,2)=(k"2)*(~£1*(£*3)*nu2l/(12* (r"2)*{zeta"2))});

% terms which involve the phi derivatives

for jj=1:n

ani(n-1,jj)=ani(n-1,3j)~(£1*(t"3)/{12*(r"2)))*bl(2,37);
ann(n-1,jj)=ann(n-1,jj)-(£1* (£"3) *st*nu2l/(12*r*R*zeta))*bl (2, 37)
+(-£1*(t"3)/(12*(r"2)))*b2(2,33):

end

% section partition - partition matrices for eigenvalue extraction
% this step necessary for freq analysis to form principle ev problem
% form bb matrix - bdy egns involving bdy unknows
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bb=[aii(1,1) aii(l,n) ain(l,1) ain{(l,2) ain(l,n-1) ain{(l,n);
aii(n,1) aii(n,n) ain{(n,l1l) ain{n,2) ain(n,n-1) ain(n,n);
ani{(l,1) ani{(l,n) ann(l,1) ann(1,2) ann(l,n-1) ann(l,n);
ani(2,1) ani(2,n) ann(2,1) ann(2,2) ann{2,n-1) ann{(2,n);
ani(n-1,1) ani(n-1,n) ann(n-1,1) ann(n-1,2) ann{(n-1,n-1) ann{n-1,n);
ani(n,1l) ani(n,n) ann{n,l) ann(n,2) ann(n,n-1) ann(n,n));
% form bd matrix - bdy egns involving domain unknows
er=2:n-1; cr=3:n-2;
bd={aii(l,er) ain(l,cr);
aii(n,er) ain(n,cr);
ani{l,er) ann{(l,cr);
ani(2,er) ann(2,cr);
ani{n-1l,er) ann(n-1,cr);
ani(n,er) ann{n,cr)];
% form db matrix - domain egns involving bdy unknows
db=[aii(er,1l) aii(er,n) ain(er,l) ain{er,2) ain(er,n-1l) ain(er,n);
ani(cr,1) ani(cr,n) ann(ecr,l) ann{cr,2) ann{cr,n-1) ann{cr,n)];
% form dd matrix - domain egns involving domain unknows
dd=[aii(er,er) ain(er,cr);
ani{cr,er) ann(cr,cr)}:
clear aii ain ani ann;

% section eign

prodl=-inv(bb)*bd; clear bb bd;

prod2=db*prodl; clear db prodl;
stiff=-~(dd+prod2); clear dd prod2;

$ find eignvalues

[eve, evlil=eig(stiff); clear stiff;

tmn=2*n-6;

kk=0;

for i=l:tmn

if imag(evl(i,i)) ==

if evl(i,i) > O; kk=kk+1l; ezz(kk)=evl(i,i); end
end

end

ezzz=ezz(1l:kk);

% sort the eigenvalues and output the ten lowest
sval=sort (ezzz);

for j=1:10; result(j)=sgrt(sval(j)/den); end

% section result
result
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APPENDIX D - Listing of program Pvessel.m

Pvessel.m last modification - March 10, 2002

%
% Sanders shell theory using 2 gov egns comp & struct 43
]

(1992)

elastostatics of steel torus - internal pressure using DQM

section input
n=sampling points in meridional direction;
El=Young's modulus in meridional direction

%

%

%

¥ Gl2=shear moduli (Pa); pO=internal pressure (Pa);
% nul2=nu2l=Poisson’'s ratio, den=mass density (kg/m3);
%

r=x-section radius {(m); R=bend radius(m):
% tl t2=thickness coefficients,
format long
n=36

r=0.25; R=0.762; E1=2.07ell; nul2=0.3; nu2l1=0.3; fl=E1/(l-nu2l*nul2); pO=le6;

(Pa});

gammar=r/R; t1=0.009525; t2=0; Gl2=El/(2*(l1+nul2))

1019-1028.

% section wemd - find the weight coeffts for the meridional direction

% sampling points are equally spaced in theta direction
% output - bl(i,j),b2(i,3),b3(i,3),bd(i,j) for 1st to 4th deriv

n2=n/2;
%
for i=1l:n

tet (i)=2*pi*(i-1)/n; ib(i,1)=.5; ib(i,n2+1)=.5;

end

%

for i=2:2:n; ib(i,n2+1)=-0.5; end

%

for i=2:n2; ib(1l,1i)=1; end

)

for i=n2+2:n; ib(1l,i)=0; end

$

for i=2:n; for j=n2+2:n
ib(i,j)=sin(2*pi* (i-1)*(j=1-n2)/n};
end; end

$

for i=2:n; for j=2:n2
ib(i,j)=cos{(2*pi*(i~1)*(j=-1)/n);

end; end

%

ib=ib/n2;

for i=1:n; for j=1:n

if abs({ib(i,j))<le-12; ib(i,j)=0; end
end;end

%

for i=1:n; for j=1l:n2+1

rrl(j)=(1-3j) *sin((j-1)*tet(i)):
rr2{j)=-1*((j-1)"2)*cos((j-1) *tet (i));
rr3(j)={((3-1)"3)*sin((j-1)*tet (i));
rr4 (j)=({j-1)"4)*cos((j=-1)*tet(i));
end

for j=n2+2:n
rrl(j)=(j-1-n2)*cos({(j-1-n2)*tet(i)):
rr2{j)=-1*((j-1-n2)"2)*sin((j-1-n2)*tet (i) );
rr3(j)=-1*((j-1-n2)"3)*cos{{3~1-n2) *tet (i));
rr4(3)={((j-1-n2)~4)*sin((j-1-n2)*tet (i));
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end

%

bl(i,:)=(ib*rrl')"';

b2(i,:)=(ib*rr2')';
)=
)=

b3(i,:)=(ib*xrr3')"';

b4 (i, :)=(ib*rr4"')"';

end

% ______________________________________________________________________________

% section domegn - set up matrices enforcing the governing equations
% aii ain u 0

%

% ani ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
%

aii(:,:)=zeros(n); ain(:,:)=zeros(n);

ani(:,:)=zeros(n); ann(:, :)=zeros(n);

%

$loop over sampling points in the phi direction

for j=1l:n

tee=tet (j); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st"2);
zeta=l+gammar*ct; t=tl+t2*ct;

$ terms which do not involve derivatives
aii(j,j)=-nu2l*fl*(-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r

- (gammar~2)* (st”2)*fl*t*nu2l/ (r*zeta*nul2)
-nu2l*fl1*(t"2)* (-t2*st) *st/(4*(r"2)*R)

-f1*nu2l* (t~3)*ct/(12*(r"2)*R)

-f1*(t"3) *gammar*nu2l* (st”2)/(12*nul2* (r~2)*R*zeta);
ain(j,j)=nu2l*fl1* (-t2*st) *gammar*ct/r+fl* (-t2*st)*zeta/r
-fl*t*gammar*st/r+fl*t* (gammar~2) *st*ct*nu2l/ (r*zeta*nul2):
ani(j,j)=-fl*t*nu2l*gammar*st/((r~2)*zeta)

-f1*t* (gammar~2)*st*ct*nu2l/((r"2)* (zeta~2)*nul2)

+£1*nu2l*t* ((t2+*st)"2)*st/(2* (r"3) *R*zeta)

+nu2l*£f1* (t"2)*(-t2*ct) *st/(4* (r~3) *R*zeta)

+nu2l*fl* (-t2*st)* (t"2) *ct/ ((r"3)*R*zeta*2)~fl1* (t*3)*nu2l*st/(12* (r"3)*R*zeta)
+£1* (£"2)* (-t2*st) *gammar* (st~2) *nu2l/(4* (r~3)* (zeta”2) *R*nul2)

+£1* (£73) *gammar*st*ct*nu2l/ (6* (r~3)* (zeta”2) *R*nul2)

+f1* (£"3) *nu2l* (gammar~2)* (st~3)/(12*nul2* (r~3) *R* (zeta"~3));
ann(j,j)=£fl*t* (ct”2)*nu2l/((R"2)*(zeta”~2)*nul2)
+2*nu2l*fl*t*ct/(r*R*zeta)+£fl*t/(r~2);

%
% terms which involve the phi derivatives
for jj=1:n

aii(j,jj)=aii(j,jj)+(£1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+£1% (£"2) * (~t2*st) *zeta/ (4* (r"3) ) ~£1* (t"3) *gammar*st/ (12* (r"3)) ) *bl(j,37)
+(fl*t*zeta/r+f1* (t~3) *zeta/ (12* (r~3)))*b2(j,33);

ain(j,jj)=ain(j,jj)+ (fl1*nu2l*t*gammar*ct/r+fl*t*zeta/r

FRU21*EI* (£°2)* (~t2%st) *st/ (4% (r"2)*R)+nu21+f1* (£123)*ct/(12* (r"2) *R)

+£1* (£~3) *nu2l*gammar* (st"2)/(12*nul2* (r"~2) *R*zeta) ) *bl (j, )
+{(-f1*(£"2)*(~-t2*st) *zeta/(4* (r"3))+f1* (t*3) *gammar*st/ (12* (r"3))) *b2(3,3J)
+(=£1*(£"~3) *zeta/ (12*(xr"3)))*b3(3,33):
ani(j,jj)=ani(j,jj)+(£1*t/(r"2)+ct*nu21*fl1*t/(R*r*zeta)

+nu2l*fl* (£7°3)*ct/ (12* (r"3) *R*zeta)+nu2l*f1* (£t"2) *st* (-t2*st) / (4* (r"3) *R*zeta)
—E1*(t"2)* (~t2*ct) / (4*(x"4) ) —£1*t* ((t2*%st)"2)/(2*(x"4))

+f1* (£73) *(st"2) *nu2l/(12*(r~2)* (R"2)* (zeta"2) *nul2)
+f1*(t"2)* (-t2*st) *st/(2* (r"3) *R*zeta)

+£1% (t~3) *ct/ (12* (r~3) *R*zeta) ) *bl (j, j5)

+{=£1*(t"2)* (-t2*st) /(2% (r"4) )+f1* (£~3) *st/ (6* (r~3) *R*zeta) ) *b2(j, ij)
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+(=£1*(£~3)/(12*(r"4)))*b3(j,33):
ann(j,jj)=ann(j,jj)+(nu2l*f1+*(t~3)*st/(12*(r~3)*R*zeta)
-nu2l*fl*t*st*((t2*st)"2)/(2*(r"3)*R*zeta)

~nu2l*£f1* (£"2) *ct* (-t2*st)/ (2* (r*3) *R*zeta)

-nu2l*fl* (£"2) *st*(~t2*ct)/(4* (r"3)*R*zeta)

=nu2l*f1* (£°3)*(st”3)/(12*nul2*r* (R*"3)*{zeta"3))

=f1* (£72)* (st"2) * (-t2*st)*nu2l/ (4* (r*2) * (R*2) * (zeta~2) *nul2)
—£1*(t"3)*st*ct*nu2l/ (6* (x"2)*(R"2)*(zeta”2)*nul2))*bl(j,ij)
+(-nu2l1*£1* (£~3)*ct/(12* (r~3) *R*zeta)

“nu2l*f1* (t"2) *st* (-t2*st)/(4* (r"3) *R*zeta)

+H(E"2)* (—t2%ct) *£1/(4* (x74) )+£1* ((t2*st)~*2)*t/ (2* (r"4))

—f1*(t"3)* (st"2)*nu2l/ (nul2*12* (r*2) * (R*2) * (zeta"2))

—f1*(t7°2)* (~t2*st) *st/ (2* (r"3) *R*zeta) -f1* (t~3) *ct/(12*(r~3) *R*zeta) ) *b2(j,J7)
+(£1* (£72) * (-t2*st) /(2% (r~4) )~f1* (£~3) *st/ (6* (r"3) *R*zeta) ) *b3 (35, jJ)
+(£1* (£~3)/(12*(x"4)))*bd (3,3} :

end

end

% section loadv - set up the load vector for the right hand side
rhss=zeros(2*n,1);

for i=n+l:2*n

rhss (i, 1)=-p0;

end

% section solu - combine submat - solv matrix egn - find results
% find the vector of displacement components rslt
ar=l:n;
stiff=[aii(ar,ar) ain(ar,ar);
ani (ar,ar) ann(ar,ar)); clear aii ain ani ann;
rslt=stiff\rhss; clear rhss; clear stiff;
%
% displacement components at the sampling points, u,v
ut=zeros(n,l); vt=zeros(n,l); wt=zeros(n,l);
for i=1:n
ut(i,1)=rsit(i,1); wt(i,1)=rslt(i+n,1);
end

% section stress
sigl=zeros(n,l); sig2=zeros(n,l);

for j=1:n

tee=tet (j):; st=sin(tee); ct=cos(tee); zeta=l+gammar*ct;

ethetal=wt (j,1)/r; t=tl+t2*ct; kee=El*t/(1-nul2”~2); Dee=El*(t~3)/(12*(1-
nul2~2));

eetal=(~gammar*st*ut (j, 1) +gammar*ct*wt (j,1))/(r*zeta);

kthetal=0;

ketal=-st*ut (j,1)/(r*R*zeta);

for jj=1:n

ethetal=ethetal+ut (33, 1)*bl(3,jj)/r;
kthetal=kthetal+(ut(3j,1)*bl(3,jj)-wt(F3,1)*b2(3,353))/(r*2);
ketal=ketal+st*wt (33, 1)*bl(j,j3j)/ (r*R*zeta);

end

sigl(j)=£f1* (ethetal+nul2*eetal);

5ig2(j)=£f1* (eetal+nul2*ethetal);

end

% ______________________________________________________________________________
% section results

sig2
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APPENDIX D - Listing of program Fregc.m

Fregc.m 1last modification - Feb. 25, 2002

$

% Sanders shell theory using 3 gov egns comp & struct 43 (1992) 1019-1028.
% natural frequencies and mode shapes of orhtropic toroidal shell using DQM
%

Fourier series written in circumferential direction

section input

n=stations in meridional direction;

m=stations in circumferential direction;

k=truncation integer*gammar;

El=Young's modulus in meridional direction (Pa);
Gl2=shear moduli (Pa);

nul2=Poisson's ratio, nu2l=Poisson's ratio;

den=mass density (kg/m3);

r=x-section radius (m), R=bend radius (m);

tl t2=thickness coefficients

format long

n=48

m=60

k=1/(0.38/0.12)

r=0.12; R=0.38; E1=881570000; nul2=0.551; nu2l1=0.00525
f1=E1/(1-nu2l*nul2); den=1190;gammar=r/R; G12=7850000
t1=0.008; t2=0.0008; xlo=-5/6*pi; xhi=5/6*pi; xdif=xhi-xlo

OF JO 0P 0P OP JP OF OP OO O of oo

% section wemd - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
$ output - bl(i,j),b2(i,j),b3(i,j),bd(i,]) for lst to 4th derivats
y{(1)=0; y(2)}=.00001; y(n-1)=.99999;y(n)=1;

%

for 1i=3:n-2

tt=(pi*(i-2))/(n-3);y(i)=(1l-cos(tt))/2;

end

$

for i=1l:n; x(i)=xlo+y(i)*xdif; end

%

for i=l:n; pai(i)=1l; for
if i~=j; pai(i)=(x(i)-x{j
end;end

%

for i=1:n:; for j=1:n

if i~=j; bl(i,Jj)=pai(i)/((x(i)-x%(j))*pai(j)); end

end;end

%

for i=1:n; bl(i,i)=0; for j=1l:n

if i~=j; bl{(i,i)=bl(i,i)-bl(i,]j); end

end; end

%

for i=1l:n; for j=1:n

if i~=j; b2(i,j)=2*(bl(i,i)*bl(i,])-bl(i,J)/(x(i)~x(j))); end
end;end

%

for i=1:n; b2{i,i)=
if i~=3j; b2(i,i)=b2
end; end

$

for i=1:n; for j=1:n

1:n

j=
))*pai(i); end

0; for
(1,1)
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if i~=j; b3(1,J)=3*(b2(1,1i)*b1l(i,3)~b2(i,3)/(x(i)-x(j))); end
end; end

%

for i=1:n; b3(i,1i)=0; for j=1l:n

if i~=j; b3(i,i)=b3(i,i)-b3(i,j); end

end; end

%

for i=1l:n; for j=1:n

if i~=3; b4(i,3)=4*(b3(i,1i)*bl(i,3)-b3(i,3)/(x(i}-x(3))); end
end;end

%

for i=1:n; b4(1i,1)=0; for j=1l:n

if i~=j; b4(i,i)=b4(i,i)-b4(i,]j): end

end; end

¥ section domegn - set up matrices enforcing the governing equations
3 aii aim ain u 0

% ami amm amn v = 0

% ani anm ann W 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
%

aii(:, :)=zeros(n);aim(:, :)=zeros(n);ain(:, :)=zeros(n);
ami(:,:)=zeros(n);amm(:,:)=zeros(n);amn(:, :)=zeros(n);

ani(:, :)=zeros(n);anm(:, :)=zeros(n);ann(:, :)=zeros(n);

$

$loop over sampling points in the phi direction

for j=1:n

tee=x(j); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct”2)-(st"2);
zeta=l+gammar*ct; t=tl+t2*ct;

% terms which do not involve derivatives

aii(j,j)=((-nu2l*fl* (-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r

- (gammar~2)* (st*2)*fl1*t*nu2l/ (r*zeta*nul2)

-nu2l1*f1* (£°2) * (-t2*st) *st/ (4* (r~2)*R)
-£f1*nu2l1*(t"3)*ct/(12* (r~2) *R)

~f1*(t*3)*gammar*nu2l* (st~2)/(12*nul2* (r*2)*R*zeta)) *r/t
-((Gl2*t/(r*zeta)+Gl2* (t~3)/(24*(r~3) * (zeta"2))

+G1l2* (t"3)/(24* (r"3) *zeta)

+G12* (£t"3)/(96* (x"3) * (zeta"3)))* (k*2) ) *r/t)/ ((r"2) *zeta);
aim(3,j)=({(f1*nu2l* (~t2*st) /r+st*nu2l*£f1*t/ (R*zeta*nul2)

+nu2l*f1* (t*2) *ct* (~t2*st)/ (4* (r~2)*R*zeta)

-nu2l*f1* (£~3)*st/(12* (r*2) *R*zeta)

+Gl2* (t"3) *st2/(24* (R*"2) *r* (zeta"2))

+Gl2*t*st/ (R*zeta)+Gl2* (t~3) *st2/(48* (R"2) *r* (zeta”3))

-Gl2* (t"3) *st/(24*R* (r~2) *zeta)

+Gl2* (t"3) *st/(96*R* (r"2)* (zeta”3))
+st2*nu2l*f1* (t~3)/(24* (R*2)*r* (zeta"2))

+nulZl*f£1* (£°3) *st2/ (24* (R"2) *r*nul2*(zeta~2)))*k)*z/t)/ ((x"2)*zeta);
ain(j,j)=((nu2l*fl1*(-t2*st) *gammar*ct/r+fl1* (-t2*st) *zeta/r
-fl*t*gammar*st/r+fl*t* (gammar”2) *st*ct*nu2l/ (r*zeta*nul2))*r/t

= ((-nu21*fl1* (t"2)* (-t2*st)/(4* (r"3)*zeta)

-nu2l*fl1+* (£13) *st/ (12* (r"2) * (zeta”2) *R)-G12* (t~3)/(12* (r"2) *R* (zeta”2))
-G12* (£t"~3)/{24* (r"2)*R* (zeta"3))

-st*fl1*nu2l* (t"3)/(12*nul2*R* (r~2)*(zeta~2)) ) *(k*2))*r/t)/((r"2) *zeta);
ami(j,j)=(((-st*fl*nu2l*t/(R*nul2*zeta)-Gl2*t*st/ (R*zeta)
—-f1*nu2l*(st2)* (t"3)/(24*(R"2) *r*(zeta”2) *nul2)+Gl2* (-t2*st) /r
+G12* (£72) * (-t2*%st) / (B* (r"3) ) -G1l2* (t"2)* (-t2*st) /(8* (r~3) *zeta)
~3*Gl2* (t"~2)* (-t2*st) / (32* (r"3) * (zeta"2))
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+G12* (£~3) *st/ (24* (r~2) *R*zeta)-7*Gl2* (t~3) *st/ (96* (r"2) *R* (zeta”"3))
-st2*G1l2* (t~3)/(48*r* (R*2)* (zeta"3))

-st2*Gl2* (£t~3)/(24*(r~2)*(R"2) *(zeta"2))

~St*Gl2* (t"3)/(24* (r~2)*R* (zeta™2)) ) *(~k) ) *r/t)/((r"2)*zeta);
amm (j, j)=((-2*Gl2*t*r* (st"2)/((R"2) *zeta)+G1l2*ct*t/R

+G1l2*t*r* (st~2)/((R"2) *zeta)+Gl2* (t~2) *st2* (~-t2*st)/ (8* (R"2) *r*zeta)
=3*G1l2* (t"2) *st2* (-t2*st)/ (16* (R"2) *r* (zeta"2))

-Gl2* (t"2) *st* (~t2*st)/ (8*R* (r"2))+Gl2* (t"2) *st* (~t2*st)/ (4*R*(r"2) *zeta)
~3*Gl2* (£"2) *st* (~t2*st)/ (32*R* (x"2)* (zeta"2))

+Gl2* (t~3) *ct2/(12* (R*2) *r*zeta)

-Gl2* (t~3)*ct2/(8*(R*2) *r* (zeta”2))

-G1l2* (£~3) *ct/ (24* (x~2) *R)

+G12* (t"3) *ct/ (12* (r~2) *R*zeta)

-Gl2* (t~3) *ct/ (32* (xr*2) *R* (zeta"2))

~G12* (£t~3) * (st~2)/(24*(R"2) *r*zeta)

+G1l2*st* (-t2*st) /R-r* (st272)*Gl2* (t"~3)/ (24* (R"4) * (zeta"3))
+G12* (£°3)*(st"2)/(8* (R"2)*r* (zeta"2))

=7*G12* (£t"3)* (st*2)/ (96* (R"2) *r* (zeta”3))

+G12* (t"~3) *st*st2/(8* (R"3) * (zeta™2))

-Gl2* (t"3) *st*st2/(6* (R"3) *(zeta"3))) *r/t

={{(ct”2) *nu2l*£fl1* (£"*3)/(12* (R*2)*r* (zeta”3) *nul2)

+f1*nu2l*t/ (r*zeta*nul2) ) *(k~"2)*r/t)/((r"2)*zeta);

amn (j,Jj)=(({(nu2l*fl1*t/r-G12* (t~2) * (-t2*st)/(4* (r"2) *R*zeta)
+3*Gl2* (£"2) * (-t2*st) /(B* (r~2) *R* (zeta"2))

-G12* (t~3) *st/ (6* (R"2)*r* (zeta"2))
+f1*nu2l*t*ct/(R*zeta*nul2)+G1l2* (t~3) *st2/(12* (R*3) * (zeta"3))
+7*Gl2* (£~3) *st/ (24* (R"2) *r* (zeta"3))) * {-k)

+(~f1*nu2l* (t*3) *ct/ (12*R* (r*2)*nul2* (zeta~3)) ) * (k*3) ) *r/t)/ ((r"2) *zeta);
ani(j,j)=((-fl*t*nu2l*gammar*st/((r~2)*zeta)

-fl*t* (gammar”2) *st*ct*nu2l/((r"2)* (zeta”2)*nul2)

+£1*nu2l*t* ((t2*st)"2)*st/(2*(r~3)*R*zeta)

+nu2l*fl1* (t~2)* (-t2*ct) *st/ (4* (r~3) *R*zeta)

+nu2l*f1* (-t2*st)* (£"~2) *ct/ ((r"3) *R*zeta*2)
-f1*(£"~3)*nu2l*st/(12*(r~3)*R*zeta)

+£1*(t"~2) *(~t2*st) *gammar* (st"2) *nu2l/ (4* (r~3) * (zeta”2)*R*nul2)
+f1* (£~ 3) *gammar*st*ct*nu2l/(6* (r"3)*(zeta”2)}*R*nul2)

+£1* (t"3) *nu2l* (gammar"2)* (st*3)/ (nul2* (r~3) *R* (zeta~3)) ) * (- (r*2) *zeta)/t
= {((=G12* (£"2)* (-t2*st)/ (4* (xr"4)* (zeta"2))

=-Gl2* (£t"2)* (-t2*st)/(8* (r"4) * (zeta”3))
-Gl2*(t"3) *st/ (24* (r"~3)* (zeta™4)*R)

+£f1*nu2l1* (t*3)*st/(12*nul2* (r~2) *R* (zeta"~3)))* (k"2))
*(~(r"2)*zeta)/t)/((r"2)*zeta):;
anm(j,j)=(({(nu2l*£f1*t/((r"2) *zeta)

-Gl2* (£t~2) *st2* (-t2*st)/ (4* (r"2)* (R"2)* (zeta"3))

+G12* (t°2) *st* (-t2*st)/ (4* (r"3) *R* (zeta”2))

~Gl2*(t~2) *st* (~t2*st)/ (B* (r"3) *R* (zeta"3))

-Gl2*{t"3)*ct2/(6* (r"2)*{(R"2)* (zeta"3))

+G1l2* (£"3)*ct/(12* (r"3)*R* (zeta"2))

-Gl2* (£t°3) *ct/(24* (r"3)*R* (zeta"3))

-Gl2* (£t~3) *st*st2/(12*r* (R"3) *(zeta™4))

-Gl2* (£t~3)* (st"2)/(24* (r*2)* (R*2) * (zeta™4))

-nu2l*fl*t*ct* ((t2*st)~2)/(2* (r"3)*R* (zeta"2))

+nu2l*fl1* (t"2)*st* (~t2*st)/ (2* (r"3) *R* (zeta"2))

-nu2l*f1* (£°2) *st2* (~t2*st) / (4* (x"2)* (R"2) * (zeta"3))
-nu2l*fl*(t"2)*ct* (-t2*ct)/ (4* (r"3)*R* (zeta"2))

+nu2l1*fl1* (£°3) *ct/(12* (r"3) *R*(zeta"2))

-nu2l1*fl1* (£°3) *ct*(st~2)/(6*r*(R"3)*(zeta"4))
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-(ct"2) *nu2l*£f1* (t*3)/(12* (x"2)*(R*2)* (zeta"3))
-nu2l*fl1* (t*3)* (st"2)*ct/ (6*r* (R"3) *(zeta”™4) *nul2)
~nu2l*fl* (t~2)*st2* (-t2*st)/(8*nul2*(r"2)*(R*2)* (zeta”3))
+nu2l*fl*(t*3)* (st™2)/(6* (r"2)*(R"2)* (zeta"3))
+nu2l*fl*ct*t/ (nul2*r*R*(zeta"2))
~nu2l*fl*(t*3)*ct2/(12*nul2* (r"2)*(R"2)*(zeta"3)))*k
- (-nu2l1*fl* (t"*3)*ct/(12*nul2* (r~3)*R* (zeta™4)) ) * (k*3))
*(=(r"2)*zeta)/t)/((r"2)*zeta);
ann{j,j)=((£f1*t*(ct"2)*nu2l/( (R*2)* (zeta"2)*nul2)
+2*nu2l*fl*t*ct/ (r*R*zeta)+£fl*t/ (r"2))*(-(r"2)*zeta)/t
+ (= (Gl2* (t*3)*st/(6* (r"2)* (R"2)*(zeta"4))

+Gl2* (£~2) * (—-t2*st) /{(2* (r*3) * (zeta"3)*R)

+nu2l*f1*t* ((t2*st)~2)/(2*(r"4)*(zeta"2))
+nu2l*£1*{t*2) *st* (-t2*st)/ (2*(r"3) * (zeta"3) *R)
+nu2l*f1*(t"2)* (~t2*ct)/(4* (r"4)*(zeta"2))

+nu2l*f1* (£73)*(st"2)/ (6* (r~2) * (R"2)* (zeta™q))
+nu2l*fl* (£"3)*ct/(12*(r*3) *(zeta”3) *R)

+£1*nu2l1* (t~3)*(st"2)/(6*nul2* (r"2)*(R*2)* (zeta*4))
+£1*nu2l* (t"2)* (-t2*st) *st/ (4*nul2* (r*3) *R* (zeta"3))
+nu2l*f1* (t~3)*ct/(12*nul2* (r"3)*R* (zeta”3)))* (k"2)
+(nu2l*f1* (£*3)/(12*nul2*(r~4)*(zeta~4)))*(k~4))
*(-{r~2)*zeta)/t)/({(r"2)*zeta);

%
% terms which involve the phi derivatives
for jij=1l:n

aii(j,jjr=aii(j,jj)+(((£1*(-t2*st)*zeta/r-fl*t*gammar+*st/r

+E£1*(t"2) * (-t2*st) *zeta/ (4* (r"3))-£f1*(t"3) *gammar*st/ (12*(x"3)) ) *bl(j,33)
+{fl*t*zeta/r+fl1* (£t"3)*zeta/(12*(r"3)))*b2(j,33)) *r/t)/ ((r"2)*zeta);
aim(j,jj)=aim(j, i)+ (((nu2l+*£fl*(t~3)*ct/(12*zeta* (r~2)*R)+G1l2*t/r
+G12* (t73) /(24*(xr"3))=-G12* (t"3) /(24* (r"3) *zeta)
-G12*(t"3)/(32* (r"3) * (zeta"2))
+nu2l*f1l*t/r)*k*bl(j,3j))*r/t)/((x"2) *zeta);
ain(j,jj)=ain(j,jj)+(((£l*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*f1* (£72) * (~t2*st) *st/ (4* (r"2) *R)+nu2l*£f1* (t~3)*ct/ (12* (r"2) *R)
+£1*(t*3) *nu2l*gammar* (st”~2)/ (12*nul2* (r~2) *R*zeta) ) *bl (j,3jj)

+(-£f1* (£~2)* (~t2*st) *zeta/ (4* (r"3))

+£1*(t"3)*gammar*st/ (12*(r"~3)))*b2(3,33)

+(=£f1* (t"3)*zeta/(12* (r~3)) ) *b3(3,33) ) *r/t

- ((-nu21*£1*(t"3)/(12* (r"~3) *zeta)

-G12*(£"3)/(12* (r"3) *zeta)

-G1l2* (t"3)/(24* (r"3) *(zeta”2)))*(k"2)*bl(j,j3)) *r/t)/((r~2) *zeta);
ami (j,jj)=ami(j,jj)-({(nu2l*£f1*(t~3)*ct/(12*(r"2) *R*zeta)
+nu2l*f1*t/r+Gl2* (£t*3)/(24* (r~3))-G1l2* (£t~3)/ (24* (r"3) *zeta)

-G12* (£t"3)/(32*(r"3) * (zeta”2))+Gl2*t/r)*k*bl(j,3j) ) *r/t)/((r~2) *zeta);
amm (j,Jj)=amm(j, )+ ({(-st*Gl2*t/R+Gl2* (£t~2) *zeta* (-t2*st)/(B* (r"3))
=3*Gl2* (£"2)* (-t2*st) /(B* (r"3) ) +9*Gl2* (£"*2)* (-t2*st) / (32*(r"3) *zeta)
+3*Gl2* (£73) *st/ (32* ("2, *R* (zeta™2) ) ~st*Gl2* (t"3)/(24* (r~2) *R)
+Gl2* (~t2*st) *zeta/r)*bl(j,jj)+(Gl2*t*zeta/r

+Gl2* (" 3) *zeta/ (24* (r"~3))-Gl2*(t"3) / (8* (r"3))

+3*Gl2* (£~3)/(32* (r~3) *zeta) ) *b2(3,33) ) *r/t)/ ((r"2) *zeta);
amn(j,jj)=amn(j,Jjj)-(((st*fl*nu2l*(t~3)*ct/(12*nul2* (R"2)*r*(zeta"2))
-Gl2* (£"2)* (-t2*st) /(4% (r"3))+3*Gl2* (t~2)* (-t2*st) / (8*(r"3) *zeta)
-Gl2* (t"3)*st/ (12* (r"2) *R*zeta) -Gl2* (t~3)/(12* (r"~2) *R*zeta)

+G1l2* (£73)/(8* (r"2)*R* (zeta”2) )+G1l2* (t~3) *st2/(12*r* (R"2) * (zeta"2))
+G12* (£~3) *st/ (6* (r~2) * (zeta”2) *R) ) *k*bl (3, 33) ) *r/t

= {({-nu21*fl1* (t"3)*ct/(12* (r"2) *R*zeta)

-Gl2* (£"3)*ct/ (12* (r"2) *R*zeta)
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+G1l2* (t"3) /(24* (r"3) *zeta) ) *k*b2(],33) ) *r/t) / ((r"2) *zeta):;
ani(j,jj)=ani(3,jj)+(((f1*t/(r"2)+ct*nu2l*fl*t/(R*r*zeta)
+nu2l*fl1* (t*3) *ct/ (12* (r"3) *R*zeta)

+nu2l*fl1* (£t*2) *st* (-t2*st)/(4*(r*3)*R*zeta)

—fl1* (t"2)* (~=t2*ct)/ (4*(r"4))

-f1*t* ((t2*st)"2)/(2* (r"4))

+E1* (t~3) * (st"~2)*nu2l/(12* (r*2)*(R*"2)* (zeta”"2)*nul2)
+f1*(£7"2) *(-t2*st)*st/ (2 (r"3)*R*zeta)

+£1% (£t~3) *ct/ (12* (r~3) *R*zeta) ) *bl (i, 33)
+(nu2l*fl* (t*3)*st/ (12*(r"3)*R*zeta)

—=f1*(t*2)* (-t2*st)/(2*(x"4))
—nu2l*fl*(t~3)*st/(12*(r~3) *R*zeta)

+£1% (£~3) *st/ (6* (r~3) *R*zeta) ) *b2(j,33)

+{(=£f1* ("3} /(12*(r"~4)))*b3(j,33) ) * (- {r"2) *zeta) /t

+{(=G1l2* (t~3)/(12* (zeta"2)*(r"4))

~G12* (t~3)/ (24* (zeta"3)*(r~4))

-nu2l*f1* (£~3)/(12* (r~4)* (zeta"2)))*(k*2)*bl{(j,3i))
*((xr~2)*zeta)/t)/ ((r"2)*zeta);
anm(j,3j)=anm(j,3F)+(((G12* (£t~3)*st/ (6* (r"3) *R* (zeta"2))
~Gl2* (t"3)*st/(24* (r"3) *R* (zeta"3))-Gl2* (£"2)* (-t2*st) /(4% (r"4)*zeta)
+3*Gl2* (£"2)* (-t2*st) / (B* (r"4)* (zeta”2))

-Gl2* (£~3) *st2/(12* (r"~2) * (R"2) * (zeta"3))

~nu2l*fl* (t*2) *ct* (-t2*st)/(2* (r"3)*R* (zeta"2))

+nu2l*fl1* (t*3) *st/(6* (r"3) *R* (zeta”2))
-nu2l*fl*(t*3)*st2/(24*nul2* (r"2)*(R"2)* (zeta"3))

~nu2l*f1* (£"3)*st2/(12*(r*2)* (R"2)*(zeta”3)))*k*bl (3, FJ)
+(-G1l2*(t~3)/(12*(r"4) *zeta)

+G12* (£"~3)/(8* (r*4) * (zeta"2))

~nu2l1*f1* (t*3)*ct/(12* (r~3) *R* (zeta”™2)) ) *k*b2(3,33))
*(-(r"2)*zeta)/t)/({(r"2)*zeta);
ann(j,jj)=ann{j,ij)+(((nu2l*£f1*(t~3)*st/(12* (r"3)*R*zeta)
-nu2l*fl*t*st* ((t2*st)"2)/(2* (r~3)*R*zeta)-nu2l*fl* (t"2)*ct
*(=t2*st)/ (2* (r~3) *R*zeta)

-nu2l*fl* (t~2) *st* (-t2*ct)/ (4* (r"3) *R*zeta)

-nu2l*f1* (t*3)* (st"3)/(12*nul2*r* (R"3)* (zeta"3))

-f1*(£"2)* (st"2)* (-t2*st) *nu2l/ (4* (r"2)* (R"2)* (zeta”2)*nul2)
-f1*(t~3)*st*ct*nu2l/(6*(r"2)*(R"2) * (zeta”2)*nul2))*bl(j,Jj)
+(-nu2l*£1* (£*3)*ct/ (12*(r"3)*R*zeta)

-nu2l*£fl* (£t"2) *st* (~-t2*st)/ (4* (r"3) *R*zeta)

+{t"2)* (~t2%ct)*E1/(4* (r~4))+f1* ((t2*st)"2)*t/(2*(r"4))
-f1*(£t"3)* (st"2) *nu2l/ (nul2*12* (r~2)* (R"2) * (zeta”2))
—-f1*(t"~2)* (-t2*st) *st/ (2* (r"3)*R*zeta)

~f1*(t"3)*ct/ (12* (r"3) *R*zeta) ) *b2(j, )+ {£1*(£t*2) * (-t2*st) / (2* (r"4))
-f1*(t"3)*st/(6* (r"3) *R*zeta) ) *b3(J, )+ (£1* (t*3)/(12* (r*4)))*bd (3,33))
*(~(r~2)*zeta)/t+((nu2l*£fl1* (t"2)* (~t2*st) /(2% (r*4) * (zeta"2))
+nu2l*fl* (£t"3) *st/ (6* (r"3) * (zeta~3) *R)

+Gl2* (£"3)* (~t2*st) /{2* {(r"4)* (zeta"2) )}

+G12* (£~3) / (6* (r~3) *R* (zeta”3))) * (k~2)*bl (j, 33)
+{nu2l*fl1*(t"3)/(6*(r"4)* (zeta"2))

+G12* (£°3)/(6* (r"4) * (zeta™2)))*(k*2)*b2(j,33))
*((r~2)*zeta)/t)/((r"2)*zeta);

end

end

% section bb-bd - enforce the fixed boundary conditions
bb=zeros (8) ;bd=zeros (8, 3*n-8) ;
%
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for i=1:8; bb(i,i)=1; end
% eqgns 6 7 for slope condition

bb(6,5)=bl(2,1); bb(7,5)=bl(n-1,1);
bb(6,6)=bl(2,2); bb(7,6)=bl(n-1,2);
bb(6,7)=bl(2,n-1); bb(7,7)=bl(n-1,n-1);
bb(6,8)=bl(2,n); bb(7,8)=bl(n-1,n);

%

for i=1l:n-4;
bd(6,2*n-4+1)=bl(2,i+2);
bd(7,2*n-4+i)=bl (n-1,1i+2);
end

% section db-dd - enforce the governing equations in the domain
dd=zeros (3*n-8) ;db=zeros (3*n-8, 8) ;

%

for i=1l:n-2;

db(i,l)=aii(i+l1,1); db(i,5)=ain(i+1,1);
db(i,2)=aii(i+l,n); db(i, 6)=ain(i+1, 2);
db(i,3)=aim(i+1,1); db(i,7)=ain{i+l,n-1);
db(i,4)=aim(i+l,n); db(i,8)=ain{i+l,n);

%

db (i+n-2,1)=ami (i+1,1); db(i+n-2,5)=amn(i+l,1);
db(i+n-2,2)=ami{i+1l,n); db(i+n-2,6)=amn(i+1,2);
db{i+n-2,3)=amm(i+1,1); db(i+n-2,7)=amn{i+1l,n-1);
db(i+n-2,4)=amm(i+1,n); db(i+n-2,8)=amn(i+1,n);

end

$

for i=l:n-4;

db(i+2* (n=-2),1)=ani (i+2,1); db(i+2* (n-2),5)=ann(i+2,1);

db(i+2* (n-2),2)=ani (i+2,n); db(i+2* (n-2),6)=ann(i+2,2):

db(i+2* (n-2),3)=anm(i+2,1); db(i+2*(n-2)},7)=ann(i+2,n-1);
db(i+2*(n-2),4)=anm(i+2,n); db(i+2*(n-2),8)=ann(i+2,n);

end

%

for i=1:n-2; for j=1:n-2

dd (i, 3) =aii (1+i,1+3); dd(n-2+1i,3j) =ami (1+i, 1+7);
dd(i,n-2+3) =aim(1+i,1+3); dd (n-2+i,n-2+j)=amm (1+1i, 1+3);

end; end

E

for i=1:n-2; for j=1l:n-4

dd (i, 2*(n=-2)+3j) =ain(i+l,j+2); dd(2*(n-2)+j,1i) =ani (§+2,i+1):
dd(n-2+1,2* (n-2)+j)=amn(i+1,j+2); dd(2*(n-2)+j,n-2+i)=anm(j+2,1i+1);
end;end

3

for i=1l:n-4; for j=l:n-4¢
dd(2* (n-2)+i,2* (n-2)+j)=ann(2+i, 2+3) ;
end;end

% section eign

prodl=-inv(bb) *bd; clear bb bd;
prod2=db*prodl; clear db prodl;
stiff=-(dd+prod2); clear dd prod2;

% find eignvalues

[evc, evll=eig(stiff); clear stiff;
tmn=3*n-8;

kk=0;

for i=l:tmn
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if imag(evl(i,i)) ==

if evl(i,i) > 0; kk=kk+1l; ezz(kk)=evl(i,i); end
end

end

ezzz=ezz (1l:kk);

% sort the eigenvalues and output the ten lowest
sval=sort (ezzz);

for j=1:10; result(j)=sqgrt(sval(j)/den); end

% section mode - plot vibration mode shape

% F is a scaling factor

del(:,l)=evc(:,131); clear evc;

F=0.3;

%

% displacement components at the sampling points, u, v, W
%

% copy in del values

uy=zeros(m+l,n); vy=zeros(m+l,n); wy=zeros(m+l,n);
for i=1l:m; teta(i)=2*pi*(i-1)/m; end

teta(m+1l)=.0;

for ar=1:n-2

for j=l:m+l

uy(j,ar+l)=del (ar,1) *cos (0*teta(j)):
vy({j,ar+l)=del(ar+(n-2),1)*sin{(0*teta(j));

end; end

for br=1:n-4

for j=l:m+1
wy(j,br+2}=del (2* (n-2) +br, 1) *cos(0*teta(3));

end; end

%

% determine the coordinates of undisplaced points
for j=l:m+1

thetang=teta(j); sp=sin(thetang); cp=cos(thetang):
for i=1:n E

phiang=x(i); cs=cos(phiang); sn=sin(phiang);
xx(j,i)=(R+tr*cs) *sp;

yy(j,i)=(R+r*cs) *cp;

zz(j,i)=r*sn;

end; end

%

% find coord of displaced points

for j=1l:m+l

thetang=teta(j):; sp=sin(thetang); cp=cos(thetang);
for i=l:n

phiang=x(i); cs=cos(phiang); sn=sin(phiang);
csn=cos (phiang+pi/2); snn=sin(phiang+pi/2);
xdisp(j,i)=xx{j,1i)-F*{sp*(-uy(j,i)*csn+wy(j, i) *cs)+vy(],i)*cp);
ydisp(j,i)=yy(3,i)-F*(cp* (-uy(j,i)*csn+wy(j,i)*cs)-vy(j,1)*sp):
zdisp(j,i)=zz(j,1i)-F*(uy(j,1i) *snn+wy(j, i) *sn);
end; end

% plot the mode shape

hold on

surf (xdisp, ydisp, zdisp);axis('on');

view(-60,60)

hold off
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APPENDIX D - Listing of program Afregc.m

% AFregc.m last modification - Feb. 25, 2002

% Sanders shell theory using 2 gov eqns comp & struct 43 (1992) 1019-1028.
% axisymmetric vibration of orhtropic toroidal shell using DQM

% ______________________________________________________________________________
% section input

% n=sampling points in meridional direction;

% m=sampling points in circumferential direction;

% El=Young's modulus in meridional direction (Pa):

% Gl2=shear moduli (Pa);

% nul2=Poisson's ratio; nu2l=Poisson's ratio;

% den=mass density (kg/m3);

% r=x-section radius (m); R=bend radius {m) ;

$ tl t2=thickness coefficients;

% format long

n=48

m=60

r=0.12; R=0.38; E1=881570000; nul2=0.551; nu2l1=0.00525
fl1=E1/(1-nu2l*nul2); den=1190;

gammar=r/R; t1=0.008; t2=0.0008; G12=7850000
xlo=-5/6*pi; xhi=5/6*pi; xdif=xhi-xlo;

% section wced - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
% output - bl(i,j),b2(i,j),b3(i,j),b4(i,j) for 1st to 4th derivats
y(1)=0; y(2)=.00001; y(n-1)=.99999;y(n)=1;

3

for i=3:n-2

tt=(pi* (i-2))/(n-3):;y(i)=(l-cos(tt))/2;

end

%

for i=l:n; x(i)=xlo+y(i)*xdif; end

%

for i=1l:n; pai(i)=1; for j=1:n

if i~=j; pai(i)=(x(i)-x(j))*pai(i); end

end;end

3

for i=l:n; for j=1:n

if i~=3; bl(i,j)=pai(i)/((x(i)-x(3))*pai(j)); end

end; end

3

for i=l:n; bl(i,i)=0; for j=l:n

if i~=j; bl(i,i)=bl(i,i)-bl(i,j)}; end

end; end

%

for i=1:n; for j=l:n

if i~=j; b2(i,3)=2*(bl(i,i)*bl(i,3)-bl(i,3)/(x(i)-x(3))); end
end; end

%

for i=1:n; b2(i,i)=0; for j=1l:n

if i~=j; b2(i,i)=b2(i,i)-b2(i,j); end

end; end

%

for i=1:n; for j=1:n

if i~=j; b3(i,]J)=3*(b2(i,1)*b1(i,j)-b2(i,3)/(x(i)-x(3))); end
end; end

187



%

for i=1:n; b3(i,i1)=0; for j=1:n

if i~=j; b3(i,i)=b3(i,1i)-b3(i,j); end
end; end

%

for i=1l:n; for j=1l:n

if i~=j; b4 (i,j)=4*(b3(i,i)*bl(i,j)-b3(i,3)/(x(i)-x(j))): end
end; end

%

for i=1:n; b4 (i,i)=0; for j=l:n

if i~=j; bd4(i,i)=b4(i,i)-bd4(i,j); end
end;end

clear i; clear j:

% section domegn - set up matrices enforcing the governing equations
$ aii ain u 0

%

$ ani ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
$

aii(:,:)=zeros(n); ain{(:, :)=zeros(n);

ani(:, :)=zeros(n); ann(:, :)=zeros(n);

%

$loop over sampling points in the phi direction

for j=1:n

tee=x(j); ct=cos(tee); st=sin(tee);

zeta=l+gammar*ct; t=tl+t2*ct;

$ terms which do not involve derivatives
aii(j,j)=(-nu2l*fl*(-t2*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r
~{gammar”"2)* (st"2)*fl*t*nu2l/(r*zeta*nul2)

~nu2l*f1*(t"2)* (-t2*st) *st/(4* (r"2)*R)-£1*nu2l*(t~3) *ct/(12* (r~2)*R)
-f1*(t~3) *gammar*nu2l* (st"2)/(12*nul2* (r"2) *R*zeta) ) *xr/ ((r"2) *zeta*t);
ain(j,j)=(nu2l*fl* (-t2*st) *gammar*ct/r

+fl* (-t2*st) *zeta/r-fl*t*gammar*st/r

+f1*t* (gammar~2) *st*ct*nu2l/(r*zeta*nul2))*r/((r"2) *zeta*t);
ani(j,j)=(-fl*t*nu2l*gammar*st/((r"2)*zeta)

~fl*t* (gammar”~2) *st*ct*nu2l/((r*2)*(zeta~2)*nul2)

+f1*nu2l*t* ((t2*st)~2)*st/(2*(r*3) *R*zeta)

+nu2l*fl1* (t"2)* (-t2*ct)*st/ (4* (r"3)*R*zeta)

+nu2l*fl1*(-t2*st)* (£t*2)*ct/((r"3)*R*zeta*2)
-£1*(£~3)*nu2l*st/ (12* (r"~3) *R*zeta)

+f1* (£°2)* (-t2*st) *gammar* (st”~2) *nu2l/ (4* (r"~3) * (zeta”2) *R*nul2)

+£1* (£t~3) *gammar*st*ct*nu2l/(6* (r*3)* (zeta”2)*R*nul2)

+£1* (t~3) *nu2l* (gammar"2)* (st”~3)/(12*nul2* (r"3)*R* (zeta~3)))

* (~(r~2)*zeta)/((r"2)*zeta*t);

ann(j,j)y=(£1*t* (ct*2)*nu2l/((R*2)* (zeta"2) *nul2)

+2*nu2l*fl*t*ct/ (r*R*zeta) +f1*t/(r*2) ) * (- {(r"2)*zeta)/ ((r"2) *zeta*t);
%

% terms which involve the phi derivatives

for jj=l:n
aii(j,jj)=aii(j, i)+ ((£f1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+f1*(£"2) * (-t2*st) *zeta/ (4% (r"3))~f1* (t~3) *gammar*st/ (12* (r"~3)))*bl (3,33)
+(fl*t*zeta/r+f1*(t~3)*zeta/ (12*(r"3)))*b2(j,33))*r/ ((r"2)*zeta*t);
ain(j,jj)=ain(j,jj)+ ((fl1*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*fl* (t"2)* (=t2*st) *st/ (4* (r"2) *R})+nu2l*£fl1* (£t~3)*ct/ (12* (r"2)*R)
+f1*(£~3)*nu2l*gammar* (st~2)/(12*nul2* (r~2)*R*zeta) ) *bl (3,33}
+(~=f1*(t"2)* (-t2*st) *zeta/ (4* (r"3))+£f1* (t"~3) *gammar*st/(12* (r"3))) *b2(3,33)
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+(-f1*(£~3)*zeta/ (12* (r"3)) ) *b3(3,33) ) *r/ ((r"2)*zeta*t);
ani(j,jj)=ani(j,j3)+{((£1*t/(xr"2)+ct*nu2l*fi*t/ (R*r*zeta)

+nu2l1*f1* (t~3)*ct/(12* (r*3) *R*zeta)+nu2l*fl* (t~2) *st* (~t2*st)/ (4* (r~3)*R*zeta)
—£1*(£72)* (~t2%ct)/(A* (xr™4) ) —f1*t* ((t2*st)"2)/ (2* (xr™4))

+£1* (£"3)* (st"2)*nu2l/(12*(r*2)* (R"2) *(zeta"2) *nul2)

+E1* (£°2)* (~t2*st) *st/ (2% (r~3) *R¥zeta)+f1* (£~3) *ct/(12* (r"3) *R*zeta)) *bl(j,jj)
+(=£1*(£"2) * (~t2*st) /(2% (xr"4) )+£f1* (£~3) *st/ (6* (r*3) *R*zeta) ) *b2(3j,3])
+(-£1*(£"3)/(12* (r"4)))*b3(j,JF) ) *(-(r"2)*zeta) / ((r"2) *zeta*t);
ann(j,jj)=ann(j, i)+ ((nu2l*fl*(t~3)*st/(12*(r~3)*R*zeta)
-nu2l*fl*t*st*((t2*st)"2)/(2* (r"3)*R*zeta)
-nu2l*fl*(t*2)*ct*(-t2*st)/(2*(r~3)*R*zeta)

~nu2l*fl* (£"2)*st* (~-t2*ct)/(4* (r~3)*R*zeta)

~nu21*£1*(t~3)* (st"3)/(12*nul2*r* (R*"3)* (zeta”~3))

-£1*(t"2)* (st"2)* (-t2*st) *nu2l/(4* (r"2)* (R"2)* (zeta”2)*nul2)

-f1*(t"*3) *st*ct*nu2l/ (6* (r~2)* (R"2) * (zeta”2)*nul2) ) *bl (j,33)
+(-nu2l*£1*(t"3)*ct/ (12* (r"3)*R*zeta)

-nu2l*fl* (t"2)*st*(-t2*st)/(4* (r~3)*R*zeta)
+(Eh2)*(~t2*ct) *£1/(4* (r4) ) +f1* ((t2*st)"2)*t/ (2* (r"4))

~f1*(t"3)* (st”2)*nu2l/ (nul2*12* (r~2) * (R*2) * (zeta"2))

-f1*(t"2)* (-t2*st) *st/ (2* (r"3) *R*zeta)~-fl* (t"3)*ct/(12* (r~3)*R*zeta) ) *b2(j,3iJj)
+(£1* (£~2)* (~t2*st) /(2% (r™4) )-£1* (£~3)*st/ (6* (r"3) *R*zeta) ) *b3 (3, 3J3)
+(£1*(t"3)/(12*(r"4)))*b4 (j,33) ) *(~{r"2)*zeta)/((r"2)*zeta*t);

end

end

clear j; clear jj:

% section bb-bd - enforce the fixed boundary conditions on two end points
bb=zeros(6) ;bd=zeros (6,2*n-6);

%

for i=1:6; bb(i,i)=1; end

clear i;

% egqns 4 5 for slope condition
bb(4,3)=bl(2,1); bb(5,3)=bl(n-1,1);
bb(4,4)=bl(2,2); bb(5,4)=bl (n-1,2);
bb(4,5)=bl(2,n-1); bb(5,5)=bl (n-1,n-1);
bb(4,6)=bl(2,n); bb(5, 6)=bl (n-1,n);

%

for i=l:n-4;
bd(4,n-2+1)=bl(2,1i+2);
bd(5,n-2+i)=bl(n-1,i+2);
end

% section db-dd - enforce the governing equations in the domain

dd=zeros (2*n-6) ;db=zeros (2*n-6, 6) ;
3

for i=l:n-2;

db(i,l)=aii(i+l,1); db(i,3)=ain({i+l1,1);

db(i,2)=aii(i+l,n); db(i,d4)=ain(i+1,2);
db(i,5)=ain(i+l,n-1);
db(i,6)=ain(i+l,n);

end

clear i;

%

for i=l:n-4;

db(i+({n-2),1)=ani (i+2,1); db(i+(n-2),3)=ann({i+2,1);
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db(i+(n-2),2)=ani(i+2,n); db(i+{(n-2),4)=ann(i+2,2);
db(i+(n-2),5)=ann(i+2,n-1);
db(i+ (n-2),6)=ann{i+2,n);

end

clear i;

%

for i=1:n-2; for j=1l:n-2

dd(i,j)=aii(1+1i,1+3);

end;end

clear i; clear j;

%

for i=1:n-2; for j=1l:n-4

dd(i, (n-2)+j)=ain(i+l,j+2); dd((n-2)+j,i)=ani(j+2,1+1);

end;end

clear i; clear j:

$

for i=l:n-4; for j=1l:n-4

dd((n-2)+i, (n~-2)+j)=ann(2+1i, 2+3);

end; end

clear i; clear j;

prodl=-inv(bb)*bd; clear bb bd;

prod2=db*prodl; clear db prodl;

stiff=- (dd+prod2); clear dd prod2;

% section eign

% find eignvalues

[evc, evll=eig{(stiff); clear stiff;

tmn=2*n-6;

kk=0;

for i=l:tmn

if imag(evl(i,i)) ==

if evl(i,i) > 0; kk=kk+1l; ezz(kk)=evl(i,i):; gzz(:,kk)=evc(:,1); end
end

end

ezzz=ezz(l:kk);

% sort the eigenvalues and output the five lowest
sval=sort (ezzz);

for j=1:5; result(j)=sqrt(sval(j)/den); end

$ section mode - plot vibration mode shape

$ F is a scaling factor

result

del(:,1)=gzz(:,85); clear evc;

F=0.2;

%

$ displacement components at the sampling points, u, v, w
%

% copy in del values

uy=zeros(m+l,n); vy=zeros(m+l,n); wy=zeros(m+l,n);
for i=1l:m; teta({i)=2*pi*(i-1)/m; end

teta(m+1)=.0;

for ar=1:n-2

for j=l:m+1l

uy(j,ar+l)=del(ar,1l)*cos(0*teta(]j));

end; end

for br=1l:n-4

for j=l:m+1l
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wy(j,br+2)=del ((n-2)+br,1)*cos(0*teta(j));

end; end

%

% determine the coordinates of undisplaced points
for j=1:m+1

thetang=teta(j); sp=sin(thetang); cp=cos(thetang):
for i=1:n

phiang=x(i); cs=cos(phiang); sn=sin(phiang);
xx(j,1i)=(R+r*cs) *sp;

yy({j,1i)=(R+r*cs)*cp;

zz(j,1)=r*sn;

end; end

%

% find coord of displaced points

for j=l:m+1l

thetang=teta(j); sp=sin(thetang); cp=cos (thetang);
for i=1:n

phiang=x(i); cs=cos(phiang); sn=sin{(phiang);
csn=cos (phiang+pi/2); snn=sin(phiang+pi/2);
xdisp(j,i)=xx(j,1i)-F*(sp*(-uy(j,1i)*csn+wy(j,1i)*cs)+vy(j,1)*cp);
ydisp(j,i}=yy(j,i)-F*(cp*(~uy(]j,1)*csn+wy(j,i)*cs)-vy(j,i)*sp):
zdisp(j,i)=zz(j,i)~-F*(uy(j, i) *snn+wy(j,i)*sn);
end; end

$ plot the mode shape

hold on

surf (xdisp, ydisp, zdisp) ;axis('on');

view(-60, 60)

hold off
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APPENDIX D -~ Listing of program Orthsta.m

$ Orthsta.m last modification - March 10, 2002

$ Sanders shell theory using 3 gov egns comp & struct 43 (1992) 1015-1028.
% elastostatics of orhtropic toroidal shell - pad load using DQM

$ Fourier series expansion written in circumferential direction

% section input

$ n=sampling points in meridional direction;

$ nl=truncation integer;

$ El=Young's modulus in meridional direction (Pa);
% pO=pad load pressure (Pa);

% nul2=Poisson's ratio; nu2l=Poisson's ratio;

$ den=mass density (kg/m3);

§% r=x-section radius (m); R=bend radius (m);

% tl t2=thickness coefficients;

$ beta=load angle extended in meridional direction;
$ format long

n=33

nl=10

r=0.12; R=0.38; E1=881570000; nul2=0.551; nu21=0.00525; fl=El/(l1-nu2l*nul2)
p0=1; beta=1/12*pi; G12=7850000

gammar=r/R; t1=0.008; t2=0.0008

xlo=-~5/6*pi; xhi=5/6*pi; xdif=xhi-xlo; theta=0;

% section wcmd - find the weighting coeffts for meridional direction
% unequal spacing with one delta point at each end for phi direction
% output - bl{(i,3j),b2{i,j),b3(i,j),bd(i,3j) for 1lst to 4th derivats
y(1)=0; y(2)=.00001; y(n-1)=.99999;y(n)=1;

>3

for i=3:n-2

tt=(pi*(i~-2))/(n-3);y(i)=(l-cos(tt))/2;

end

]

for i=1l:n; x(i)=xlo+y(i)*xdif; end

%

for i=1l:n; pai(i)=1; for j=1l:n

if i~=j; pai(i)=(x(i)-x(j))*pai(i); end

end;end

£

for i=1l:n; for j=l:n

if i~=j; bl(4i,3)=pai(i)/((x(i)-x(3))*pai(j)); end

end;end

%

for i=1:n; bl(i,i)=0; for j=l:n

if i~=j; bl(i,i)=bl(i,i)-bl(i,]j); end

end; end

%

for i=l:n; for j=1l:n

if i~=j; b2(i,3)=2*(bl(i,i)*b1l(i,])-bl{i,J)/ (x(1)-x(j))); end
end;end

%

for i=1l:n; b2(i,i)=0; for j=1l:n

if i~=j; b2(i,i)=b2(i,i)-b2(i,3):; end

end;end

%

for i=1l:n; for j=1l:n
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if i~=3; b3(i,J)=3*(b2(i,1i)*bl(i,j)-b2(i,3)/{x(i)-x(j))); end
end;end

%

for i=l:n; b3(i,1)=0; for j=l:n

if i~=j; b3(i,i)=b3(i,i)-b3(i,j); end

end; end

%

for i=1:n; for j=l:n

if i~=j; b4 (i,]j)=4*(b3(i,1)*bl(i,3)-b3(1i,3)/(x(i)-x(J))); end

end;end

%

for i=1:n; b4(i,i)=0; for j=l:n

if i~=j; b4(i,i)=b4(i,i)~b4(i,j); end

end;end

R i o e e o 2 o s o B e R R s

% solution for axisymmetric part

%

% section domeqn - set up matrices enforcing the governing equations
% aii ain u 0

%

% ani ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
%

aii(:,:)=zeros(n); ain(:, :)=zeros(n);
ani{(:,:)=zeros(n); ann(:, :)=zeros(n);

$loop over sampling points in the phi direction

for j=1:n

tee=x(j); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st"2);
zeta=l+gammar*ct; t=tl+t2*ct;

% terms which do not involve derivatives
aii(j,3)=-nu2l*fl*(~-t2+*st)*gammar*st/r-nu2l*fl*t*gammar*ct/r

- {(gammar”~2)* (st"2)*fl*t*nu2l/(r*zeta*nul2)

-nu2l*f1* (£"2)* (=t2*st) *st/(4* (r~2) *R)-£1*nu2l* (t~3) *ct/(12* (r"2) *R)
-f1*(t"3) *gammar*nu2l* (st”~2)/(12*nul2* (r"2)*R*zeta);
ain(j,j)=nu2l*£f1* (~-t2*st) *gammar*ct/r+fl* (-t2*st) *zeta/r
-fl*t*gammar*st/r+fl*t* (gammar”2)*st*ct*nu2l/ (r*zeta*nul2);
ani(j,j)=(-fl*t*nu2l*gammar*st/((r*2) *zeta)

-fl*t* (gammar~2)*st*ct*nu2l/((r"2)*(zeta”2)*nul2)

+£1*nu2l*t* ((t2*st)"2)*st/(2* (x"3) *R*zeta)
+nu2l*£1*(£"2)* (-t2*ct) *st/ (4*(r"3)*R*zeta)
+nu2l*fl1*(-t2*st)*(t~2)*ct/((r"3)*R*zeta*2)
-f1*(t~3)*nu2l*st/(12* (r"3) *R*zeta)

+£1* (t"2) * (-t2*st) *gammar* (st”2) *nu2l/(4* (r~3) * (zeta”2) *R*nul2)
+f1*(t"3) *gammar*st*ct*nu2l/ (6*(r"3)* (zeta”2)*R*nul2)

+£1*(£73) *nu2l* (gammar"2)* (st"2)/(nul2* (r"3)*R* (zeta"3)));
ann(j,J)=(£1*t* {ct"2)*nu2l/ ({R"2)*/zeta"l) *null}
+2*nu2l*fl*t*ct/(r*R*zeta)+£fl1*t/(r"2));

$

% terms which involve the phi derivatives

for jj=1l:n
aii(j,jj)=aii(j,jj)+(f1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+f1*(t"2)* (-t2*st) *zeta/(4* (r"3) ) -f1* (t"3) *gammar*st/(12* (r"3)))*bl (3, 33)
+(fl*t*zeta/r+fl1* (t"3)*zeta/(12*(r*3)))*b2{(j,33):
ain(j,jj)=ain{(j,3jj)+(fl1*nu2l*t*gammar*ct/r+fl*t*zeta/r
+nu2l*fl1*(t"2) *(~-t2*st)*st/ (4* (r~2) *R)+nu2l*£1* (£t~3) *ct/ (12* (r"2) *R)
+£1*{£"3)*nu2l*gammar* (st"2)/(12*nul2* (r~2)*R*zeta) ) *bl(j,33)
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+(~£1* (£"2) * (~t2*st) *zeta/ (4* (r"3) ) +£1* (t~3) *gammar*st/(12* (r~3) ) ) *b2 (3, 3J)
+(-£1*(t"3)*zeta/ (12* (r"3) ) ) *b3(3,3j):
ani(j,jj)=ani(j,3jj)+({£1*t/(r*2)+ct*nu2l*fil*t/(R*r*zeta)

+nu2l*f1* (£t~3) *ct/(12* (r~3) *R*zeta) +nu2l*f1* (t"2) *st* (-t2*st)/(4* (r"3) *R*zeta)
—f£1*(£72)*(=t2*ct)/(4*(r~4) ) -fl*t* ((t2*st)"2)/(2*(r"4))

+£1* (£°3) *(st”2)*nu2l/ (12* (r"2)*(R*2)*(zeta”2)*nul2)

+E1* (£72) * (-t2*st) *st/ (2* (r"3) *R*zeta) +f1* (t~3) *ct/ (12* (r"3) *R*zeta) ) *bl (j,33)
+{nu2l*fl*(t"3)*st/(12*(r~"3)*R*zeta)-f1*(t"2)*(-t2*st)/(2* (xr™4))

~nu2l*fl* (£*3)*st/(12*(r~3)*R*zeta)+£1*(t~3) *st/ (6* (r"3)*R*zeta))*b2(j,3]j)
+{(~£1*(t~3)/(12*(r™4)))*b3(J,3i)):

ann(j,jj)=ann(j,ij)+{(nu2l*£1* (t"3)*st/(12*(r~3) *R*zeta)

-nu2l*fl*t*st* ((t2*st)"2)/ (2*{(r~3) *R*zeta)

-nu2l*f1* (£t~2) *ct* (~-t2*st)/(2*(r~3)*R*zeta)

-nu2l1*fl* (t*2) *st* (-t2*ct)/(4* (r~3)*R*zeta)

~nu2l*£f1* (£"3) *(st"~3)/(12*nul2*r* (R*3) * (zeta"3))

-f1*(£*2)* (st"2)* (-t2*st) *nu2l/(4* (r"2) *(R*"2)* (zeta~2) *nul2)

-f1* (t"3) *st*ct*nu2l/ (6* (r"*2)*(R"2)*{zeta~2) *nul2))*bl (j,jj)

+{-nu2l*f1* (£"3)*ct/(12* (r*3)*R*zeta) ~nu2l*f1* (t~2) *st* (~t2*st)/(4* (r~3) *R*zeta)
+H{EN2)* (~t2*%ct) *£1/ (4> (r~4) ) +F1* ((£2*st)*2)*t/ (2* (xr™4))

-£1*(t~3)* (st"~2)*nu2l/(nul2*12* (r~2)* (R"2) *(zeta"2))

-f1*(t"2)*(-t2*st) *st/(2* (r"3)*R*zeta)-£f1*(t*3)*ct/(12*(r~3)*R*zeta) ) *b2(j,33)
+(£1*(t"2)* (-t2*st) /{2* (r"4))-£1*(£~3) *st/(6* (r"3) *R*zeta) ) *b3(j, jj)
+(E£1*(t~3)/(12*(x~4)))*b4 (3,33} )

end

end

clear j; clear jj:

% section bb-bd - enforce the fixed boundary conditions on two end points
bb=zeros (6) ;bd=zeros(6,2*n-6);

%
for i=1:6; bb(i,i)=1; end

clear i;

% egqns 6 7 for slope condition

bb(4,3)=bl(2,1); bb(5,3)=bl(n-1,1);

bb(4,4)=bl(2,2); bb(5,4)=bl(n-1,2);

bb(4,5)=bl(2,n-1); bb(5,5)=bl(n-1,n-1}):

bb(4,6)=bl(2,n); bb(5,6)=bl(n-1,n);

%

for i=1l:n-4;

bd(4,n-2+i)=bl(2,1i+2);

bd(5,n-2+i)=bl (n-1,1+2);

end

clear i;

% ______________________________________________________________________________

% section db-dd - enforce the governing equations in the domain
dd=zeros (2*n-6) ;db=zeros (2*n-6, 6) ;

~
-

for i=1:n-2;

db (i, 1)=aii(i+1,1); db(i,3)=ain(i+1,1);

db(i,2)=aii(i+l,n); db(i,4)=ain(i+1,2);
db(i,5)=ain(i+l,n~1);
db(i, 6)=ain(i+l,n);

end

clear i;

%

for i=1:n-4;

db(i+(n-2),1)=ani{i+2,1); db(i+ (n-2),3)=ann(i+2,1);
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db(i+ (n~2),2)=ani(i+2,n); db(i+ (n-2),4)=ann(i+2,2);
db(i+(n-2),5)=ann({i+2,n~1);
db{(i+(n-2), 6)=ann(i+2,n);

end

clear i;

%

for i=1:n-2; for j=l:n-2

dd(i,j)=aii(1+i,1+3);

end; end

clear i; clear j;

%

for i=1l:n-2; for j=1:n-4

dd(i, (n-2)}+j)=ain(i+1,3+2); dd((n-2)+j,i)=ani(j+2,1i+1);
end; end

clear i; clear j;

%

for i=1l:n-4; for j=1l:n-4
dd{(n-2)+i, (n-2)+j)=ann (2+1i,2+3);
end; end

clear i; clear j;
prodl=-inv(bb)*bd; clear bb bd;
prod2=db*prodl; clear db prodl;
stiff=dd+prod2; clear dd prod2;

% section loadv - set up the load vector for the right hand side
rhss=zeros (2*n-6,1);

rhss (44,1)=-p0*beta/(2*pi) ;

rhss (45,1)=-p0*beta/pi;

rhss(46,1)=-pO*beta/pi;

rhss (47,1)=-p0*beta/pi;

rhss (48,1)=-p0*beta/ (2*pi);

% section solu - combine submat - solv matrix eqn - find results

% find the vector of displacement components rslt

clear aii; clear ain; clear ani; clear ann; clear pval; clear tval; clear
testl;

clear test2;

rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v

ut=zeros(n,1l}); wt=zeros(n,l); vt=zeros(n,1l); vtl=zeros(n,1l); wt2=zeros(n,l);
for i=1l:n-2

ut (i+1, 1)=rslt(i,1);

end;

for j=1l:n-4
wt(j+2,1)=rslt(n-2+j,1);
=nd

clear rslt;
R D ot A A o S B T S T ' N AUV NI RF AT ITIY

% solution for nonsymmetric part

%

for kl=1l:nl

k=kl/(R/x);

% ______________________________________________________________________________

% section domegn - set up matrices enforcing the governing eguations
$ aii aim ain u 0
% ami amm amn v = 0
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% ani anm ann w 0

% output - aii(i,j),...,ann(i,j) - coefft matrices for displacements
%

aii(:, :)=zeros(n);aim(:, :)=zeros(n);ain(:, :)=zeros(n);
ami(:,:)=zeros(n);amm(:,:)=zeros{(n);amn(:, :)=zeros (n):
ani{:,:)=zeros(n);anm(:,:)=zeros(n);ann{(:, :)=zeros{n):;

%

$loop over sampling points in the phi direction

for j=1:n

tee=x(j); ct=cos(tee); st=sin(tee); st2=2*st*ct; ct2=(ct"2)-(st"2);
zeta=l+gammar*ct; t=tl+t2*ct;

$ terms which do not involve derivatives

aii(j,j)=({-nu2l+*fl*(-t2*st) *gammar*st/r-nu2l*fi*t*gammar*ct/r

-{gammar~2)* (st"2) *fl*t*nu2l/(r*zeta*nul2)-nu2l*fl1* (t~2)* (-

t2*st)*st/ (4* (r~"2)*R)~fl*nu2l* (t~3)*ct/ (12*(r*2)*R)

=f1*(t~3)*gammar*nu2l* (st~2)/(12*nul2* (r~2)*R*zeta))

-((Gl2*t/ (r*zeta)+Gl2* (t"3)/(24* (r"3)* (zeta"2) ) +G1l2* (t~3)/ (24* (r"3) *zeta)
+G1l2* (£t~3)/(96* (r"3)* (zeta"3)) ) *(k*2)));:
aim(j,3j)={({(f1*nu2l*(-t2*st)/r+st*nu2l*fi*t/ (R*zeta*nul2)

+nu2l*£f1* (£°2) *ct* (~t2*st) / (4* (r~2) *R*zeta) -nu2l*fl* (t~3)*st/(12* (r~2) *R*zeta)
+G12* (£"3) *st2/ (24* (R"2) *r* (zeta”2) ) +Gl2*t*st/ (R*zeta) +G12* (£ "3) *st2/ (48* (R"2)*
r* (zeta”3))-Gl2* (£t~3)*st/(24*R* (r"2) *zeta)+G12* (t~3) *st/ (96*R* (r~2) * (zeta™3))
+5t2*nu2l*£f1* (£~3)/(24* (R"2) *r* (zeta”2) ) +nu2l*f1* (t"3) *st2/(24* (R*2) *r*nul2* (ze
ta”2)))*k));
ain(3j,Jj)=((nu2l+*£f1* (-t2*st) *gammar*ct/r+fl* (-t2*st) *zeta/r-fl*t*gammar*st/r
+£1*t* (gammar"2) *st*ct*nu2l/(r*zeta*nul2))

= ({-nu2l*£f1* (t~2)*(-t2*st)/(4*(r"3) *zeta)

-nu2l*fl1* (£"3)*st/(12*(r"2) *(zeta”2) *R)

=Gl2* (t"~3)/(12* (r"2)*R* (zeta”2) )-G1l2* (t"3)/(24* (r~2) *R* (zeta"3))

=st*£1*nu2l* (t73) /(12*nul2*R* (r*2)* (zeta”~2)))*(k~2)));
ami{j,3)=(((-st*fl*nu2l*t/(R*nul2*zeta)-Gl2*t*st/(R*zeta)

-f1*nu2l* (st2)* (£~3)/(24*(R"2)*r* (zeta”2)*nul2)+Gl2* (-t2*st) /r

+Gl2* (£72) * (~t2*st) /(8*(r~3))~Gl2* (t~2) *(~-t2*st)/ (8* (r"3) *zeta)

-3*Gl2* (t"2) * (-t2*st)/(32* (r*3)* (zeta”2) ) +G12* (t"3) *st/ (24* (r*2) *R*zeta)
=7*G12* (£t~3) *st/(96* (r"2) *R* (zeta"3) ) ~-st2*G12* (t"~3)/ (48*r* (R"2) * (zeta"3))
-st2*G12* (£°3)/(24*(r"2) * (R"2) * (zeta"2))

-st*Gl2* (t"3)/(24*(xr*2)*R* (zeta”2) )} * (-k)));

amm (j,J)=((-2*G1l2*t*r* (st"2)/((R"2) *zeta)+Gl2*ct*t/R

+G12*t*r* (st”2)/ ({R"2) *zeta) +G1l2* (£t *2) *st2* (-t2*st) / (8* (R"2) *r*zeta)

=3*Gl2* (£t"2) *st2* (~-t2*st)/ (16* (R"2) *r* (zeta"2))

~Gl2* (£"2) *st* (—t2*st) /(B*R* (r"2) )+G1l2* (£t 2) *st* (~t2*st )/ (4*R* (r"2) *zeta)
-3*G1l2* (t"2) *st* (~t2*st) / (32*R* (r"2) * (zeta"2))+G1l2* (t~3) *ct2/(12* (R"2) *r*zeta)
-Gl2* (£~3)*ct2/(8* (R"2) *r* (zeta”2))-G1l2* (t~3)*ct/ (24* (r~2) *R)

+G12* (t"3) *ct/(12*(r"2) *R*zeta)

~Gl2* (£"3) *ct/(32* (r"2) *R* (zeta"2))

=-Gl2* (£"3) * (st"2)/(24* (R*"2) *r*zeta)+Gl2*st* (-t2*st) /R

ST STIZTZ)TGLLY LN 3) /{24 (RM4) *(zetat3) ) +Gl2H (R Y IgEAD) JUQF IRAD V drd (2ot D) )
=7*Gl2* (£°3)*(st”2)/(96* (R"2) *r* (zeta~3) ) +G1l2* (t~3) *st*st2/ (8* (R*"3) * (zeta"2) ) -
Gl2* (t~3) *st*st2/(6* (R"3)*(zeta”3)))

-{(ct"2)*nu2l*£f1*(t"*3)/(12*(R"2)*r* (zeta"3)*nul2)

+fl*nu2l*t/(r*zeta*nul2)}* (k"2));

amn (j, j)=(({(nu2l*fl*t/r-G1l2* (t"2)* (-t2*st)/ (4* (r"2) *R*zeta)

+3*Gl2* (£°2) * (-t2*st) /(B* (r~2)*R* (zeta"2))-Gl2* (t~3) *st/ (6* (R"2) *r* (zeta"2))
+fl*nu2l*t*ct/(R*zeta*nul2)+G1l2* (£"3)*st2/(12*(R"3)* (zeta~3) )+7*G12* (t"3) *st/ (2
4* (R"2) *r* (zeta™3)))* (-k)+ (-
f1*nu2l*(t"3)*ct/ (12*R* (r*2)*nul2* (zeta~3)})*(k"3)));
ani(j,j)={((-fl*t*nu2l*gammar*st/((r~2)*zeta)
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-fl*t*(gammar~2)*st*ct*nu2l/((r"2)*(zeta”2)*nul2)

+f1*nu2l*t* ((t2*st)"2)*st/(2* (r~3)*R*zeta)

+nu2l*£f1* (£72) * (-t2*ct) *st/(4* (r*3) *R*zeta)

+nu2l*£1* (-t2*st)* (£"2) *ct/ ((xr"3) *R*zeta*2)

-f1*(t"3)*nu2l*st/(12* (r~3)*R*zeta)

+£1*(t"2)* (-t2*st) *gammar* (st”~2) *nu2l/ (4* (r~°3) * (zeta~2)*R*nul?2)
+f1* (£"3) *gammar*st*ct*nu2l/(6* (r*3)*(zeta”2)*R*nul2)

+£1* (£"3)*nu2l* (gammar~2)* (st*3)/ (nul2* (r"3)*R*(zeta"3)))

= ({=G1l2* (£"2)* (-t2*st) / (4* (r*4) * (zeta"2))-Gl2* (t~2)* (-t2*st)/ (8* (r~4)* (zeta"3))
~Gl2* (t~3)*st/(24* (r~3) * (zeta”~4) *R)
+£1*nu2l*(t~3)*st/(12*nul2* (r*2)*R* (zeta"3)))* (k*2)));
anm(j,J)={({(nu2l*£f1*t/((r"2) *zeta)

-Gl2* (£t"2) *st2* (-t2*st)/ (4* (xr~2)* (R"2) * (zeta"3))

+G1l2* (t"2) *st* (-t2*st) /(4* (r"3) *R* (zeta”2) ) -Gl2* (t"2) *st* (-
t2*st)/(8*(xr"3) *R* (zeta"3))-Gl2* (t~3)*ct2/ (6* (r"2)* (R"2) * (zeta"3))
+G12* (£73) *ct/ (12* (r"3) *R* (zeta"2) ) ~G1l2* (t"3)*ct/ (24* (r"3) *R* (zeta”3))
—-Gl2*(t"3) *st*st2/(12*xr* (R"3) * (zeta™4))

=Gl2* (£"3)* (st”2)/(24* (r"2)* (R"2) * (zeta”™4))

~nu2l*fl*t*ct* ((t2*st)"2)/(2* (r*3)*R* (zeta"2))

+nu2l*fl* (t"2) *st* (-t2*st) /(2*(r"3) *R* (zeta"2))

-nu2l*fl1* (t"2)*st2* (-t2*st)/(4* (r*2)*(R"2)* (zeta™3))

~nu2l*fl* (t*2) *ct*(~t2*ct)/(4*(r"3) *R* (zeta"2))
+nu2l*£f1*(t~3)*ct/ (12* (r*3) *R* (zeta”2))

-nu2l*£f1* (t"3)*ct* (st"2)/(6*r*(R"3) * (zeta™4))
—(ct"2)*nu2l1*£1* (£~3) / (12* (r"2) * (R*2) * (zeta"3))

-nu2l*f1* (t"3}*(st"2) *ct/(6*r* (R"3)* (zeta™4) *nul2)

—nu2l1*fl* (£t72) *st2* (-t2*st)/ (B*nul2* (r"2)*(R*2)*(zeta”3))
+nu2l*fl1* (t"3)*(st*2)/(6*(r*2)* (R"2)* (zeta”3))

+nu2l*fl*ct*t/ (nul2*r*R* (zeta~2))

-nu2l*fl* (t"3)*ct2/(12*nul2* (r~2)* (R"2)*(zeta~3))) *k

= (-nu2l1*£1*(£*3)*ct/(12*nul2*(r~3)*R*(zeta~4)))* (k~3)));
ann{j,j)=((f1*t*(ct"2)*nu2l/((R"2)* (zeta"2)*nul2)
+2*nu2l*fl*t*ct/(r*R*zeta)+£f1*t/(r"2))

+ (= (G12* (t*3)*st/ (6* (r"2) * (R"2) * (zeta™4))

+Gl2* (£"2) * (-t2*st) / (2* (r*3)* (zeta"3) *R)

+nu2l*fl*t* ((t2*st)~2)/(2* (r~4)* (zeta™2))

+nu2l*f1* (£"2) *st* (-t2*st)/ (2* (r"3)* (zeta”3) *R)

+nu2l*£1* (£"2) * (-t2*ct)/ (4* (r™4) * (zeta"2))

+nu21*£1* (£°3)* (st"2) /(6% (r*2)* (R"2)* (zeta™4))

+nu2l*f1* (£73)*ct/ (12* (r"3) * (zeta”3)*R)+f1*nu2l* (t"3)* (st"2)/ (6*nul2* (r*2) * (R"2
)*(zeta™4))+£f1*nu2l* (t"2)*(-t2*st) *st/ (4*nul2* (r"3)*R* (zeta"3))
+nu2l*f1*(£73)*ct/(12*nul2* (r"3)*R* (zeta"3)) ) * (k"2)+(nu2l*f1* (£t~3)/(12*nul2* (r"
4)* (zeta™4)))*(k"4)));

%
% terms which involve the phi derivatives
for jj=1:n

aii{j,3J)=aii{j,33)+({(£1*(-t2*st)*zeta/r-fl*t*gammar*st/r

+f£1*(t"2)* (-t2*st) *zeta/(4*(xr"3))—£f1* (t*3) *gammar*st/(12*(x"*3)))*bl (3, 33)
+(fl*t*zeta/r+f1*(t"3) *zeta/(12*(r~3)) ) *b2(j,33))}s
aim(j,jj)=aim(j, i)+ ( ({nu2l*£fl+*(t"*3)*ct/(12*zeta* (r*2) *R)

+G12*t/r+G1l2* (£t"*3)/(24* (r*3))=-G12* (£t~3)/(24* (r"~3) *zeta)

-G12* (£73)/(32*(r"3) * (zeta”2) ) +nu2l*£f1*t/r) *k*bl (3,35))):
ain(j,jj)=ain(j,jj)+(((fl*nu2l*t*gammar*ct/r+fl*t*zeta/r

+nu2l*£1* (£72)* (-t2*st) *st/ (4* (r"2) *R)+nu2l*f1* (t~*3)*ct/(12* (xr"2) *R)
+f1*(£”3) *nu2l*gammar* (st"2)/(12*nul2*(r"2)*R*zeta) ) *bl (j,37)
+(-£1*(£"2)* (-t2*st) *zeta/ (4* (r"3) ) +£1* (t*3) *gammar*st/ (12* (r"*3)) ) *b2(3, jJ)
+(=£1* (£"3) *zeta/ (12* (r"3)))*b3(j,33)) - ((~nu2l*£1* (£~3)/(12* (r"3) *zeta)
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=G12* (£"3) /(12* (r"3) *zeta)-Gl2* (t"~3)/(24* (r"3)* (zeta”2)) ) * (k~2)*bl(j,33))):
ami(j,jjl=ami(j,jj)-(((nu2l*£f1* (t"~3)*ct/(12*(r~2)*R*zeta)
+nu2l*fl*t/r+Gl2*(t~3)/(24* (x~3))-G12*(t~3)/(24* (r"3) *zeta)

~G12* (t"3) /(32* (r"3)* (zeta”2))+G1l2*t/r) *k*bl (3,33))):
amm(j,Jjj)=amm(j,3j)+(((-st*Gl2*t/R+Gl2* (t"2) *zeta* (-t2*st)/(8* (r~3))
=3%Gl2* (t"2) *(-t2*st)/(8*(r"3))+9*Gl2* (£t"~2) * (~t2*st) / (32* (r~3) *zeta)
+3*G12* (£t"3) *st/(32* (r~2) *R* (zeta”2))~st*Gl2* (t~3)/(24* (r"2)*R)

+Gl2* (-t2*st) *zeta/r) *b1l(j,3j)+(Gl2*t*zeta/r+Gi2* (t"3) *zeta/ (24~ (r"3))
=G12* (£"3)/(8*(r"3))+3*G1l2* (t"3)/(32* (xr"3) *zeta) ) *b2(3,3i)));
amn(j,jj)=amn(j,j3)-(((st*£f1l*nu2l* (t"3) *ct/(12*nul2* (R~2) *r* (zeta"2))

=Gl2* (£"2) * (-t2*st) / (4* (r"3) ) +3*G1l2* (t"2)*(-t2*st)/(B* (r"3) *zeta)

-G12* (t"3) *st/ (12* (r"2) *R¥*zeta)-G1l2*(t"~3)/(12* (r"2) *R*zeta)

+G12* (t"3) /(B*(r~2) *R* (zeta"2) )+G1l2* (t~3) *st2/ (12*r* (R"2) * (zeta”~2))

+G1l2* (£"3) *st/(6* (r"2) * (zeta”2) *R) ) *k*bl (j,33))-( (-

nu2l*f1* (£~3) *ct/(12* (r~2) *R*zeta)-Gl2* (t~3) *ct/ (12* (r~2) *R*zeta)

+G12* (t"3)/(24* (r*3) *zeta) ) *k*b2(j,3j))):
ani(j,jj)=ani(j,J3)+{((£1*t/(r"2)+ct*nu2l*fl*t/(R*r*zeta)

+nu2l*£1* (£73) *ct/(12* (r~3) *R*zeta) +nu2l*£f1* (t"2) *st* (-t2*st) / (4* (r~3) *R*zeta)
—E1X {2y * (-t2*ct) / (4* (r~4) ) -f1*t* ((t2*st)"2) /(2% (r~4))

+E£1*(t"3)* (st”2)*nu2l/(12*(r~2)*(R"2) * (zeta”2) *nul2)
+fl*(tA2)*(-t2*st)*st/(2*(r“3)*R*zeta)+fl*(tA3)*ct/(12*(r”3)*R*zeta))*bl(j,jj)
+(nu2l*f1+* (£~3)*st/ (12* (r"3) *R*zeta)-f1* (£t"2) * (-t2*st) / (2* (r"4)
)-nu21*f1*(t“3)*st/(12*(r“3)*R*zeta)+f1*(t“3)*st/(6*(r“3)*R*zeta))*b2(j,jj)
+{=~£1* (£"3)/(12*(r*4)) ) *b3(3,33) ) +((~=G12* (£~3) / (12* (zeta"2)* (r~4))

~Gl2* (£t"3)/(24* (zeta"3)*(r"4))

-nu2l*f1* (£~3)/(12* (r"4) * (zeta™2)) ) *(-(k~2))*bl(3,3j)));

anm(j,jj)=anm(3, J3)+({((Gl2*(t~3)*st/(6*(r"3)*R* (zeta"2))

-Gl2* (t"3)*st/(24*(r~3) *R* (zeta"3))

=Gl2* (£"2)* (~t2*st)/ (4* (r"~4) *zeta) +3*G12* (£*2) * (~t2*st) / (8* (r~4) * (zeta2))
=Gl2* (£73)*st2/(12* (r"2)* (R*"2) *(zeta"3) ) -nu2l*fl* (t"2) *ct* (-

t2*st)/{(2* (r"3)*R* {zeta"2) ) +nu2l*fi* (t"3)*st/(6* (r~3) *R* (zeta"2))

-nu2l*f1* (t"3)*st2/(24*nul2* (r~2)* (R*2)* (zeta"3))

~nu2l*f1* (£73)*st2/(12* (r"2)* (R"2)*{zeta"3))) *k*bl (3, 37)

+(=G12* (£73)/(12* (r"4) *zeta) +G1l2* (£t~3) /(8* (r"4) * (zeta"2))

-nu2l*f1l* (£”3)*ct/(12* (r"~3) *R* (zeta"2))) *k*b2(3,33))):
ann(j,jj)=ann{3j,jj)+({(nu2l*£f1*(t~3)*st/(12* (r"3) *R*zeta)

-nu2l*fl*t*st* ((t2*st)"2)/(2*(r~3)*R*zeta)
-nu2l*fl*(£"2) *ct* (-t2*st)/(2* (r"3) *R*zeta)

-nu2l*fl* (£"2) *st* (-t2*ct)/(4*(r~3) *R*zeta)

-nu2l*f1* (£73)*(st"3)/ (12*nul2*r* (R*"3) * (zeta"3))

—Ef1* (£72) ¥ (st"2) * (~t2*st) *nu2l/(4* (r~2)* (R*"2) * (zeta”2) *nul2)

-f£1* (£"3) *st*ct*nu2l/ (6* (r~2) * (R"2) * (zeta~2)*nul2) ) *bl (j, i3}

+{-nu2l*fi1* (t"3)*ct/(12* (r"3) *R*zeta)-nu2l*fl1*(t~2) *st* (-

t2*st)/ (4*(r"3) *R*zeta) +(t"2) * (~t2*ct)*£f1/(4* (r"4))

+E1* ((t2*st) "2)*t/ (2% (r"4) ) -£f1*(£"3)* (st"2)*nu2l/ (nul2*12* (r"2) * (R"2) * (zeta"2))
-f1* (t"2) * (-t2*st)*st/ (2* (r~3) *R*zeta)
-fl*(2“3)*ct/(l:*(:‘?)*R*zeta))*b2(j,jj)

+(E1* (£72)* (-t2*st) /(2% (r"4) ) -£1* (£"3) *st/(6* (r~3) *R*zeta)) *b3 (3, jJ)
+(£1*(£73)/(12* (r™4))) *b4 (3, 33) )+ ((nu2l*f1* (t"2) * (~t2*st) /(2* (r*4) * (zeta"2))
+nu2l*fl* (t~3)*st/ (6* (r~3)* (zeta~3) *R)

+Gl2* (£"3) * (-t2*st) /(2* (r"4)* (zeta"2))

+G12*(t"3)/(6* (r"3)*R* (zeta”3)))* (-
(k"2))*bl(j,3J)+(nu2l*£f1*(t"3)/(6*(xr"4)* (zeta"2))

FG12* (£"3)/ (6* (r*d)* (zeta”2) ) ) * (- (k"2))*b2(3,33)) ) :

end

end

clear j; clear 3jj
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$ section bb-bd - enforce the fixed boundary conditions on two end points
bb=zeros (8) ;bd=zeros (8, 3*n-8) ;

k]

for i=1:8; bb(i,i)=1; end; clear i;

% eqns 6 7 for slope condition
bb(6,5)=bl(2,1); bb(7,5)=bl(n-1,1);
b(6,6)=bl(2,2); bb(7,6)=bl(n-1,2);:
bb(6,7)=bl(2,n-1): bb(7,7)=bl(n-1,n-1);
bb(6,8)=bl(2,n):; bb(7,8)=bl(n-1,n);

%

for i=1l:n-4;

bd(6,2*n-4+1)=bl(2,1i+2);
bd(7,2*n-4+i)=bl(n-1,1i+2});

end

clear i;

% section db-dd - enforce the governing equations in the domain
dd=zeros (3*n-8) ;db=zeros (3*n-8,8) ;

%

for i=1l:n-2;

db(i,l)=aii(i+1,1);
db(i,2)=aii(i+l,n);
)
s

db(i,3)=aim(i+1l,1);
db(i,4)=aim(i+l,n);

%

db{i+n-2,1)=ami (i+1,1);
db(i+n-2,2)=ami(i+l,n):;
db{i+n-2,3)=amm(i+1,1);
db(i+n-2,4)=amm(i+1,n);
end

clear i;

%

for i=1:n-4;
db(i+2*(n-2),1

)
db(i+2*{n~2),2)=ani(i+2,n);
db(i+2* (n~2),3)=anm(i+2,1);
db(i+2* (n~2),4)=anm(i+2,n);
end
clear 1i;

%

for i=1l:n-2; for j=1l:n-2
ad(i, 3) =aii (1+1i,1+3);
dd(i,n-2+3j) =aim (1+1,1+3);
end; end

%

for i=1:n-2; Zcr j=l:n-4
dd(i,2* (n-2)+3j) =

end; end
clear i;
%

for i=1l:n-4;

clear j;

for j=1l:n-4

ani(i+2,1);

ain(i+1,j+2);
dd(n-2+1i,2* (n-2)+j)=amn (i+1, §+2);

db(i,5)=ain(i+1,1);
db(i, 6)=ain(i+1,2);
db (i, 7)=ain(i+1,n-1);
db(i,8)=ain(i+1,n);

db{(i+n-2,5)=amn(i+1,1);
db(i+n-2,6)=amn (i+1,2);
db(i+n-2,7)=amn(i+1l,n-1);
db(i+n~2,8)=anmn(i+1,n);

db(i+2* (n~2),5)=ann(i+2,1);
db(i+2* (n-2),6)=ann(i+2,2);
db(i+2* (n-2), 7)=ann{i+2,n-1);
db(i+2* (n-2),8)=ann(i+2,n);

=ami (1+1,1+3);
=amm(1l+1, 1+3j);

dd (n-2+i, j)
dd (n-2+i,n-2+3)

dd(2*(n-2}+3j,1) =ani (j+2,1+1);
dd(2* (n-2)+3j,n-2+i)=anm(j+2,i+1);

dd(2* (n-2)+i,2* (n-2)+j)=ann(2+1i, 2+7);

end; end
clear i; clear j;
prodl=-inv(bb) *bd;

clear bb bd;



prod2=db*prodl; clear db prodl;
stiff=dd+prod2; clear dd prod2;

% section locadv - set up the load vector for the right hand side
rhss=zeros(3*n-8,1);

rhss(75,1)=-p0*sin(kl*beta)/(kl*pi);
rhss(76,1)=-2*p0*sin(kl*beta)/(kl*pi);
rhss(77,1)=-2*p0*sin(kl*beta)/(kl*pi);
rhss(78,1)=-2*p0*sin(kl*beta)/(kl*pi);
rhss(79,1)=-p0*sin(kl*beta)/(kl*pi);

% section solu - combine submat - solv matrix egn - find results
% find the vector of displacement components rslt

clear aii; clear aim; clear ain; clear ami; clear amm; clear amn; clear ani;
clear anm; clear ann;

clear test2; clear testl; clear pval;

rslt=stiff\rhss; clear stiff; clear rhss;

%

% displacement components at the sampling points, u,v
ul0=zeros(n,1l); v0=zeros(n,l); wO=zeros(n,1l);

for i=1:n-2

ul(i+1,1)=rslt(i,1); wvO0{(i+l1,1l)=rslt(i+n-2,1);

end;

for j=l:n-¢

w0 (j+2,1)=rslt (2*n-4+3j,1);
end

clear rslt:

for ii=1l:n

ut (ii, 1)=ut(ii,1)+ul0(ii, 1) *cos(kl*theta);
vt(ii,1)=vt(ii,1)+v0(ii, 1) *sin(kl*theta);
wt{ii,l)=wt(ii,1)+w0(ii,1)*cos(kl*theta);
vtl(ii,1)=vtl(ii, 1)+k*v0(ii, 1) *cos(kl*theta);
wt2(ii,1)=wt2(ii,1)-(k"2)*w0(ii,1)*cos (kl*theta);
end ..

end

% section stress

sigphio=zeros(n,1); sigphii=zeros(n,l); sigetao=zeros(n,1l); sigetai=zeros(n,1);
for j=i:n

tee=x(j); st=sin(tee); ct=cos(tee); zeta=l+gammar*ct; t=tl+t2*ct;
ephil=wt{j,1)/r;

eetal=(~gammar*st*ut(j,1l)+gammar*ct*wt (j,1)+vtl(j,1))/(r*zeta);

kphil=0;
ketal=-st*ut {j, 1)/ (r*R*zeta)+ct*vtl(j, 1)/ (r*R*(zeta"2))-wt2{j, 1)/ ((r*zeta)"2);
for jj=1l:n '

ephil=ephil+ut(jj, 1) *bl(3,3i3)/r:

kphil=kphil+ (Ut (33,1)*b1(3,33)=wt {33, 20*02(3, 3311/ /x 2 ;
ketal=ketal+st*wt (jj,1)*bl(j,33)/ (r*R*zeta);

end
sigphio(j)=fl1*(ephil+nu2l*eetal)+(t/2)*fl* (kphil+nu2l+*ketal);

sigphii(j)=fl* (ephil+nu2l+*eetal)-(t/2)*£f1* (kphil+nu2l*ketal);
sigetao(j)=fl*nu2l*ephil+(£f1*nu2l/nul2)*eetal+(t/2)* (f1*nu2l*kphil+ (f1*nu2l/nul
2)*ketal);

sigetai(j)=fl*nu2l*ephil+ (f1*nu2l/nul2)*eetal-

(£/2)* (£1*nu2l*kphil+ (fl1*nu2l/nul2) *ketal);

end



% section results
sigphio
wt
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