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Abstract

This thesis explains and tests a wavelet based implicit numerical method for the

solving of partial differential equations. Intended for problems with localized small-

scale interactions, the method exploits the form of the wavelet decomposition to

divide the implicit system created by the time discretization into multiple, smaller,

systems that can be solved sequentially. Included are tests of this method on linear

and non-linear problems, with both its results and the time required to calculate them

compared to basic models. It was found that the method requires less computational

effort than the high resolution control results. Furthermore, the method showed

convergence towards high resolution control results.
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Glossary

Symbols

• AK is the orthogonal complement ofA Ď V , so the set tx P V | xx, yy “ 0 @ y P Au.

We will frequently using spaces B
Ş

AK, the orthogonal complement of A in B.

• f ˚g is the convolution of f with g, Definition A.1.2. We will need one particular

property of the convolution, given right after the definition.

• ψ, a wavelet. Definition 2.1.1 and the main subject of Chapter 2.

• ψH , the Haar wavelet. Discussed first in Example 2.1.4.

• ϕ, a scaling function. Always paired with a wavelet. The subject of Section 2.2

and Definition 2.2.1.

• ϕH , the Haar scaling function, Example 2.3.6.

• 1A, the indicator function of the set A. We get 1Apxq “ 0 if x R A and

1Apxq “ 1 if x P A.

• S “
␣

f P C8pRq| for all m,n ě 0 P Z, |x|
n
ˇ

ˇ

dm

dxm
fpxq

ˇ

ˇ is bounded
(

, referred to

as the Schwartz class functions or Schwartz space. The space C8 is that of

infinitely differentiable functions. The definition of S takes that one step further,

requiring that any derivative of the function converge to zero at infinity faster

than any power of x (note that this includes negative powers). The Schwartz

space is most useful when defining the Fourier transform.

4



GLOSSARY 5

• l2 a space composed of infinite sequences, specifically those of the form tanunPN

such that
ř

k |ak|
2 is finite. The inner product is xa, by “

ř

nPN anbn.

• L2pΩq, a standard space, composed of (measurable) functions f on Ω such

that
ş

Ω
|f |

2 dx ă 8. Typically, the domain will be Ω “ R, though we will,

occasionally, use r0, 2πq. The inner product is xf, gy “
ş

Ω
fpxq gpxq dx, and the

norm is }f} “

b

ş

Ω
|fpxq|

2 dx. Most functions we look at will be in this space.

The concept of density for L2 comes up fairly often. If the subset H Ă L2 is

dense in L2 then for all f P L2 there exists a sequence tgkukPN in H such that

limkÑ8 }f ´ gk} “ 0. This means that the closure of H will be equal to L2.

• L2
0 is the space of 2π periodic functions. The inner product is xf, gy “

ş2π

0
fpξq gpξq dξ.

Usually, the functions are complex valued and written using Fourier series.

• PV f , the projection of the function f onto the closed subspace V . We will

use PV f as equal to the element in V that is closest to f . As a result, we

can define it PV f “ tg P V | }f ´ g} ď }f ´ h} @h P V u. The projection onto

a subspace V with orthonormal basis vectors tgkukPK is a special case, being

merely PV f “
ř

k xf, gky gk. We will make frequent use of this property of

orthonormal bases.

• }f}, the norm of the element f in a given space. We will mostly use the L2

norm, }f}2 “
a

xf, fy. In a space with an inner product, }f}
2

“ xf, fy.

• pf and qf are the continuous Fourier transforms, for functions f P L1
Ş

L2. The

two transforms are defined in Section A.1.

• rf , the dual of f , usually applied using sets of functions. The basic setup has

tfkukPK and
!

rfk

)

kPK
, such that

A

fl, rfk

E

“ δlk.

• δjk, the Kronecker delta function. It is defined on Z ˆ Z and is equal to zero

when j ‰ k and to one when j “ k.

• xf, gy, the inner product of f and g. The inner products we will use the most are

that from L2 and l2, applied to functions and infinite sequences, respectively.
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• xfp ¨ ´ kq, gy, the inner product of the function fpx´kq with the function gpxq.

In the case of L2, this will be xfp ¨ ´ kq, gy “
ş

fpx´ kqgpxq dx. This is done to

clarify cases where one of the functions has its variable modified in some way

(from simply x to 2jx ´ k, for instance). The ‘¨’ merely indicates the variable

used when calculating the inner product.

Acronyms, Single Letters

• FFT, the Fast Fourier Transform, a highly efficient algorithm that converts a

set of equally spaced values of a function into a set of that function’s Fourier

coefficients.

• FWT, the Fast Wavelet Transform. This converts a set of high resolution ϕ

based coefficients into an equivalent ψ and ϕ coefficients (with a lower resolution

ϕ, of course).

• H or Hpξq, a complex function which is equivalent to the scaling step for a

scaling function’s Fourier transform. The definition is Hpξq “ 1?
2

ř

k hke
´ikξ.

The scaling step is usually ϕpxq “
?
2
ř

k hkϕp2x ´ kq. Using pϕ it becomes

pϕpξq “
1

?
2

ÿ

k

hk e
´ik ξ{2

pϕ

ˆ

ξ

2

˙

“ H

ˆ

ξ

2

˙

pϕ

ˆ

ξ

2

˙

.

• IFFT, the inverse of the Fast Fourier Transform (FFT). This converts a set

of Fourier coefficients into the exact same number of evenly spaced function

values.

• IFWT, the Inverse Fast Wavelet Transform, converting a set of ϕ and ψ coeffi-

cients into the equivalent, high resolution, ϕ coefficients.

• L2, l2, and so forth are discussed in the section on symbols.

Phrases and Names

• Almost Everywhere: a phrase from measure theory that is frequently necessary

when working with spaces of functions. The phrase ‘almost everywhere on Ω’
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means ‘on a subset Λ Ă Ω whose complement ΩzΛ has measure zero.’ Typically,

the phrase will be used all alone, with ‘almost everywhere’ meaning ‘almost

everywhere on R,’ and we will always be using the Lebesgue measure. Measure

theory is not easily explained, but for our purposes it suffices to be aware that an

integration over a set of measure zero is always zero. The Lebesgue measure of

a countably infinite number of individual points is zero, for instance. Basically,

‘almost everywhere’ means ‘everywhere except on an inconsequential set.’

• Collocation based methods are a means to approximate the solution to partial

or ordinary differential equations. They create function based approximations

of the form fpxq “
ř

k akgkpxq. The coefficients ak are chosen so that fpxq

satisfies the given problem at a set of discrete points. We will use collocation to

model spatial derivatives and the multiplication of non-constant functions (not

for time discretization). For example, to approximate B
Bx
fpxq “

ř

k akgkpxq via

collocation we will use

f 1pxq « f1pxq “
ÿ

k

bkgkpxq, f1p2
jmq “ f 1p2jmq, @m P index set M.

Notice that this means the f1pxq approximation of the first derivative will match

the true first derivative at any M multiple of 2j. If j is small (negative) and f

is smooth, f1 should be a fair approximation.

• Convolution, written f ˚ g, defined in Section A.1.2.

• Fourier Series, a common way to express functions, usually those with periodic

boundary conditions. Discussed in Section A.2.

• Infinity Norm: written }f}8, this is a norm that usually relates to the supremum

of f . If f is a sequence tfnumPN then }f}8 “ supn |fn|. If f is a function then

}f}8 “ inf tA ě 0| |f | ď A almost everywhere u, basically the supremum over

all sets of non-zero measure. If f is continuous, then }f}8 “ sup |f |.

• Order of a spline function, a measure of the smoothness of a spline function.

The first, B0, is not continuous. The nth derivative of Bn will not be continuous,

but the pn ´ 1qth derivative will be continuous.
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• Order of a wavelet, a concept measuring the effectiveness of a wavelet at mod-

eling functions. The full explanation can be found in Section B.1.

• Orthogonal: in a space with an inner product x¨, ¨y, f is orthogonal to g, written

f K g, if xf, gy “ 0.

• Orthonormal. A set tfkukPK is orthonormal if xfk, fly “ δkl, meaning every pair

of different f functions is orthogonal and the norm of any f function is one.

• Periodic: a property of functions where fpx ` yq “ fpxq for some fixed value

y. Common examples are functions with fpx ` 2πq “ fpxq, so 2π periodic

functions. Usually these will be complex trigonometric polynomials composed

of eikx terms (k P Z).

• Pseudo-Fourier: the standard means for approximating the multiplication of

a Fourier decomposed function with some other, non-constant, function. The

basic idea is to convert the function back into its physical values via the Inverse

Fast Fourier Transform, then multiply the two functions, then convert the new

values back using the Fast Fourier Transform. The nature of the IFFT and

FFT are such that this means the calculation will be an approximation, but an

approximation that matches perfectly with the true value at a set of equally

spaced points.

• Pseudo-Wavelet: like Pseudo-Fourier, with wavelets (and scaling functions).

The basic procedure is the same: convert the decomposition into physical values,

calculate the multiplication, then convert back.

• Resolution, a concept applicable both to our function (wavelet and scaling func-

tion) and finite difference based decompositions. There are two ways of defining

resolution for finite difference schemes. One could use ∆x, the distance between

the points, with a smaller distance meaning finer resolution, meaning better ac-

curacy. The alternative, what we will use most commonly, is the reciprocal of

∆x: the number of function values in any unit interval px, x ` 1s, x P R. The

format will be ‘26 elements per unit.’
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• Spline function: splines are symmetric, have finite support, and automatically

include a scaling step. They are constructed piecewise from polynomials. We

are only using them as biorthogonal scaling functions (Chapter 4). Section A.3

covers then in some detail

• Stiff problems are differential equations that are difficult to solve using explicit

methods. A linear differential equation ut “ Mu is stiff if the matrix M has

very large and very small eigenvalues, or, rather, a large maximum ratio between

its eigenvalues. Partial differential equations can be described as stiff if they

become stiff differential equations when discretized in their physical dimensions.

• Streamfunctions are a type of function Ψ mapping some physical domain Ω and

time to R. They are used to represent the flow of a fluid in the domain Ω. If

Ω Ă R2 then we get a function Ψpx, yq such that the flow in the x direction is

equal to ´Ψypx, yq and the flow in the y direction is equal to Ψxpx, yq. Notice

that this makes the flow orthogonal to the (physical) gradient of Ψ, so the actual

flow is represented by curves where Ψ is constant.

• Support. The support of a function f is equal to tx|fpxq ‰ 0u, with the line

above indicating the closure.

• ‘Switch-on’ Function: a time based multiplier applied to the boundary condi-

tions of a numerical calculation. We use a basic function of the form fptq “

min
!

t
t1
, 1
)

, t1 ą 0, in Chapter 8. The functions ensures that the boundary con-

ditions are applied gradually, avoiding instability in cases where the boundary

conditions are very different from the initial conditions.

• Trigonometric Polynomial, a polynomial created by (positive) powers of cos

and sin. We will frequently use complex trigonometric polynomials, of the form
řM
m“´M ame

imx, am P C. These are a more general form, since cos x “ eix`e´ix

2

and sin x “ eix´eix

2i
.

• Vorticity, a value in fluid dynamics expressing the extent of circular movement

of the fluid around a point. In R2 it is simply Z “ ∆Ψ “ B2

Bx2
Ψ ` B2

By2
Ψ, with
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Ψ the streamfunction. Due to the definition of the streamfunction, this means

that the vorticity is

Z “
B

Bx

ˆ

B

Bx
Ψ

˙

´
B

By

ˆ

´
B

By
Ψ

˙

“
B

Bx
pFlow in the y directionq ´

B

By
pFlow in the x directionq .

Assume we have a flow of zero at the origin, but a counterclockwise flow around

it. This means that the flow in the y direction will be positive for x ą 0 and

negative for x ă 0. Also, the flow in the x direction will be negative for y ą 0

and positive for y ă 0. So,

B

Bx
pFlow in the y directionq ą 0,

B

By
pFlow in the x directionq ă 0.

So, if the flow is counterclockwise around a point then the vorticity at that

point will be positive. Clockwise flow will result in a negative vorticity.

• Wavelet Decompositions are simply equivalent means of expressing a function.

A wavelet decomposition of the function f is of the form

fpxq “
ÿ

k

ak ϕn,kpxq `

m
ÿ

j“0

ÿ

k

bn´j,k ψn´j,kpxq,

though we could also use only scaling functions, as in fpxq “
ř

k ak ϕn´j´1,kpxq.



Chapter 1

Introduction

1.1 Motivation

A major impediment to working with physically derived partial differential equations

is that they are, invariably, stiff (see glossary). Those derived from fluid mechanics

are no exception. Stiff problems are not well suited to explicit methods. Results

become highly unstable when not using very small time steps, and computational

round-off error becomes an issue when the time step is very small. Implicit methods

are frequently brought into play, allowing large time steps to be used while preserving

stability. However, implicit methods require the solving of a system of equations at

every step. The system is likely to be both quite large and non-linear. Using wavelets

to improve the efficiency of these methods is the purpose of this thesis.

Wavelets are, fundamentally, a means with which to express functions. The contin-

uous wavelet transform of a function fpxq isWψfpa, bq, with a as resolution (basically

frequency) and b as the location. The pattern continues with the coefficients from the

discrete wavelet transform, which have the form bj,k, j is resolution and k is location.

This combination of resolution and location based information makes wavelets ide-

ally suited to detecting areas of high irregularity (shocks, spikes, etc). If a function

is fairly smooth at a location, the wavelet coefficients corresponding to that location

will converge very quickly to zero as the resolution becomes finer. If the function

is highly irregular at a point (if there is a shock nearby) then the coefficients will

11
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converge to zero slowly. As long as you possess some means of calculating (or approx-

imating) the wavelet coefficients (or the values of the continuous wavelet transform),

it is possible to determine where and when the resolution is insufficient. Wavelets

are rather versatile, so there are many approaches. One of the cleverer examples is

found in [19], used to chose optimal cell sizes in a finite volume based turbulence

model. This method exploits the fact that the coefficients bj,k converge to zero as

the resolution becomes finer (as j Ñ ´8, in our format). This convergence will be

present in the linear correlation between log |bj,k| and j. If the current resolution

can detect that convergence, then the coefficients bj,k at finer resolution than those

currently used are probably negligible. As a result, a sufficiently large slope in a best-

fit linear modeling between log |bj,k| and j will determine if the current resolution is

sufficient. A simpler approach is to take a value ϵ, and if |bj,k| ą ϵ then the grid

point, cells, etc, corresponding to bj,k are included. There is usually some additional

use of the wavelet decomposition. For instance, in [17], the wavelet coefficients are

analyzed to determine the order used for the finite difference approximation of the

spatial derivatives, and not just the ∆x distance between points. Further examples

of wavelet decompositions used to determine resolution can be found in [15] and [11].

More closely related to our own method are those that use the wavelet decompo-

sition directly. This means decomposing the function being modeled into a span of

wavelets (and associated scaling functions). As with the previous applications, these

methods involve using wavelet decomposition to make sure we are keeping track of

the minimal number of terms, in this case the wavelet coefficients. Mostly this is done

fairly directly. For instance, [13] discards coefficients if they are not large enough. At

every time step, newly calculated coefficients are set to zero if their absolute value is

smaller than a given ϵ. The coefficients included in the calculation are those that were

found significant in the previous time step, as well as any coefficients near them. For

instance, if bnj,k (resolution j, location k and time step n) is significant then bn`1
j,k´1 and

bn`1
j,k`1 would be calculated. Also, if bnj´1,K is classified as relating to the same physical

location as bnj,k then it would also be calculated. This way, the basis functions used in

the model will change based upon the numerical solution being calculated, adaptively.

Other adaptive schemes based upon direct wavelet decomposition can be found in
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[28], [3], [6] and [1] (where time, and not just the physical dimensions, is decomposed

adaptively). There are, of course, other potential advantages to storing the data in

wavelet form. In [4], for example, the main objective of the wavelet decomposition is

to simplify the more important matrices used in numerical calculations.

Our contribution to wavelet methods for partial differential equations is quite

different from those listed above. The idea of the method is to solve time steps at

different levels of resolution, sequentially. The idea to exploit a multi-scale decom-

position in this way is actually quite obvious, and so there are many examples to be

found. For instance, in [21] a wavelet based adaptive scheme is used to solve steady

states, with the problem solved repeatedly at multiple resolutions. In [27], an adap-

tive method is introduced for the solving of elliptic problems, making heavy use of

multiple resolutions. The big difference between these methods and ours is that our

method is for time based problems, whereas all similar methods, that we have found,

are intended for elliptic problems (steady states, and the like). Most of what makes

our method unique spring from this different starting point. We will discuss this in

greater detail once the method is properly introduced.

1.2 Thesis Organization

The arrangement of the chapters is as follows. The table of contents is followed first

by the list of figures then by the glossary. Chapter 2 deals with the basic and the-

oretical properties of wavelet decompositions, as well as such things as the symbols

used to express them. Chapter 3 extends that more into numerical implementa-

tion, how to calculate the wavelets and related functions in a manner that is useful

for computation. Chapters 2 and 3 primarily contain material adapted from [5], a

very concise and readable introduction to wavelets, though primarily from a signal

processing perspective. Chapter 4 extends results from Chapters 2 and 3 to incor-

porate biorthogonal wavelets. Chapter 5 covers some simple, but necessary, details

for solving actual problems. Examples of numerical approximation of partial differ-

ential equations can be found in Chapter 6, starting with the heat equation. Nothing

new is introduced until after Chapter 6. That being said, an understanding of our
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own particular approaches to the subjects involved, especially over Chapters 5–6, will

prove helpful to understanding the new material. This begins in Chapter 7, with the

introduction of what we will call the ‘multi-scale’ method. It will be explained and

applied to a simple problem in Chapter 7, then applied to a much more complicated

one in Chapter 8. Some basic, but necessary, concepts are found in Appendix A.

Supplementary material on wavelets can be found in Appendix B. Finally, Appendix

C contains example MATLAB programs.

1.3 Thesis Contribution

As was said above, the original material begins in Chapter 7. What is introduced

is a method that breaks apart the physical domain of a partial differential equation

into different scales (resolutions, etc). First is the large-scale system, which has

coarse resolution but covers the entire domain of the problem. Next there is one or

more small-scale systems, which have fine resolution but only cover small subsets of

the domain The method allows these different scales to be solved sequentially while

maintaining consistency with an implicit time discretization. A single time step needs

only be solved once at every scale, there is no need to cycle between them to maintain

consistency. The method is useful for problems where highly localized small-scale

interactions are present, two of which are tested in Chapters 7 and 8. This method is

consistent with many others using wavelets. For instance, the different scales could

use adaptive decompositions (see Section 1.1).



Chapter 2

The Wavelet Transform

2.1 Introduction

Wavelets are specialized tools for the expression of functions in a sequential (coefficient

based) form. They have two major properties. One is that they are ready made with

a ‘fast transform’ (e.g., the Fast Fourier Transform, FFT), simply referred to as the

Fast Wavelet Transform or FWT, which we will get to later. The second is their

localization. Contrasting with the Fourier series (Section A.2) can be illustrative

here. Recall that Fourier series are made of infinitely differentiable functions that

have support across the entire domain. There is a breakdown into frequencies, but

not into location. Wavelets, on the other hand, are localized to varying degrees,

as well as into different resolutions. The downside for this is, primarily, reduced

differentiability. This chapter, and the following one, follow the subject of wavelets in

much the same way as [5], an excellent introductory source. A more rigorous study

can be found in [10]. Further reading can be found in [14].

At their most general, wavelets are a family of functions based on the ‘mother’

wavelet ψ. The general form will be written

ψa,bpxq “
1

|a|1{2
ψ

ˆ

x ´ b

a

˙

, a, b P R, (2.1.1)

b determining location, a determining resolution. There are, of course, many restric-

tions on ψ.

15
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Note: We will use the convention that any integral written without an explicit

domain (so anything like
ş

fpxq dx) will be assumed to be over the entirety of R.
Most of our integrals will be of this form.

Definition 2.1.1 A mother wavelet ψ : R Ñ C is an L2 function with }ψ} “ 1 with

2π

ż

ˇ

ˇ

ˇ

pψpξq

ˇ

ˇ

ˇ

2

|ξ|
dξ “ Cψ ă 8. (2.1.2)

Note that the function pψ is the Fourier transform of ψ (see Section A.1). This is,

technically, the only restriction upon ψ. The continuous transform related to ψ is

Wψfpa, bq “ xf, ψa,by “
1

|a|1{2

ż

fpxqψ

ˆ

x ´ b

a

˙

dx, a ‰ 0, (2.1.3)

and the inverse is

fpxq “
1

Cψ

1

a2

ż ż

Wψfpa, bq ψ

ˆ

x ´ b

a

˙

da db. (2.1.4)

The inverse would be undefined if Cψ were infinite, so we have that restriction. Defi-

nition 2.1.1 is enough to make ψ a valid wavelet, but not enough to make it a useful

one. Wavelets with practical value will, according to [10, p. 7], have the additional

requirement ψ P L1, which implies that pψ is continuous (see Section A.1). If pψ is

continuous then Cψ ă 8 implies that pψp0q “ 0 which means that
ş

ψpxq dx “ 0. In

[5], a less general characterization is used:

Property 2.1.2 If ψ P L2 and xψpxq P L1 then ψ satisfies Definition 2.1.1 if and

only if
ż

ψpxq dx “ 0 ðñ pψp0q “ 0. (2.1.5)

Proof.

Found in [5, p. 61]. �

We will not use the continuous transform very often (for reading on the subject,

see [10, Chapter 2]). What we will use is the discrete transform, which converts L2

functions into l2 sequences. It is convenient to use a constant change of resolution,
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a zoom step, of σ ą 1, so an “ σn, and a variable spatial step bj,k “ k σj β. We

will usually maintain this pattern: k for location, j for resolution. With the current

setup, this results in a easily understood general form.

Definition 2.1.3 The family of wavelets derived from a mother wavelet using scaling

(zoom) step σ and spatial step β is

ψj,kpxq “
1

?
σj
ψ

ˆ

x ´ k σj β

σj

˙

“
1

?
σj
ψ
´ x

σj
´ kβ

¯

, (2.1.6)

with j P Z the scale term and k P Z the translation term. Our standard values will be

σ “ 2 and β “ 1, making the functions of the form

ψj,kpxq “
1

2j{2
ψ
´ x

2j
´ k

¯

“ 2´j{2 ψ
`

2´jx ´ k
˘

. (2.1.7)

The discrete transform will yield coefficients

cj,k “ Wfpaj, bj,kq “
1

σj{2

ż

fpxqψ
´ x

σj
´ βk

¯

dx, (2.1.8)

equal to xf, ψj,ky in L2. For this to yield a meaningful analysis, the ψn,k should be

orthonormal (in L2). We already have them normalized, but orthogonality will prove

to be a challenge. Even more important is making sure the ψj,k span L2pRq. Now,

however, we will take a quick look at the simplest wavelet.

Example 2.1.4 The Haar wavelet

This is the most basic wavelet, and the best for explaining how wavelet decompositions

work. We will go back to this example repeatedly. The Haar wavelet has a simple

definition,

ψHpxq “

$

’

’

&

’

’

%

1 x P r0, 1{2q

´1 x P r1{2, 1q

0 x R r0, 1q

(2.1.9)

A quick note about the Haar wavelet. We will identify it by ψH , but it can be

justifiably written ψ0, due to its status as the simplest wavelet in several families.
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The Haar wavelet works based on σ “ 2, β “ 1. Notice that }ψH}2 “ 1 and
ş

ψHpxq dx “ 0. The properties of different wavelets can be found using their Fourier

transforms. In this case, we get

pψHpξq “
i

?
2π

sin2pξ{4q

ξ{4
e´iξ{2. (2.1.10)

The slow decay as ξ Ñ ˘8 indicates (and is caused by) ψH being discontinuous.

Property 2.1.5 The family of functions

ψj,kpxq “
1

2j{2
ψH

´ x

2j
´ k

¯

, j, k P Z (2.1.11)

is an orthonormal basis of L2pRq.

Proof.

Found in [5, page 22]. �

There are many ways to prove this, some more direct than others. Some begin by

proving that the functions 1rk,k`1q are in the span for any k P Z. From there you can

get any function 1r2jk,2jpk`1qq, for any j, k P Z, and those span L2pRq.

2.2 Introducing the Scaling Function, ϕ

From now on we will fix the scaling factor to σ “ 2 and the spatial step to β “ 1.

These values are standard, and make the resulting functions easier to visualize. Using

β “ 1 means that our wavelet family from Equation (2.1.6) with j “ 0 will differ from

each other by integer translates. Furthermore, those with a general j will differ from

each other by 2j sized translates. Converting between the different resolutions will

be done with an operator Dσ (D2, really), with

Dσfpxq “ f
´x

σ

¯

ùñ D2pfpxqq “ f
´x

2

¯

. (2.2.1)

What we want to construct is a multi-resolution analysis, a nested sequence of

spaces Va, a P Z, such that

t0u Ă ¨ ¨ ¨ Ă V2 Ă V1 Ă V0 Ă V´1 Ă V´2 Ă ¨ ¨ ¨ Ă L2 (2.2.2)
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with three key properties:

ď

jPZ

Vj “ L2,
č

j

Vj “ t0u, and Vj`1 “ D2Va. (2.2.3)

We start with some Vj spaces defined based upon a single function.

Definition 2.2.1 A mother scaling function ϕ belongs to L1
Ş

L2 and defines the

spaces

Vj “ Span
␣

ϕ
`

2´jx ´ k
˘

, k P Z
(

, j P Z, (2.2.4)

satisfying (2.2.2) and (2.2.3). An orthogonal scaling function ϕ will be such that

tϕpx ´ kq, k P Zu form an orthonormal basis of V0.

Definition 2.2.2 The family of functions derived from a mother scaling function ϕ

contains the functions

ϕj,kpxq “ 2´j{2 ϕ
`

2´jx ´ k
˘

, (2.2.5)

with j P Z relating to the scale and k P Z the translation.

Notice that if the set tϕpx ´ kq, k P Zu forms an orthonormal basis of V0 then the set

tϕj,kukPZ will form an orthonormal basis of Vj.

Now we need to find necessary conditions and sufficient conditions for every com-

ponent of Definition 2.2.1.

Theorem 2.2.3 Assume a function ϕ P L1
Ş

L2, that tϕ0,k|k P Zu is an orthonormal

basis of V0, and that

|ϕpxq| ď
C

1 ` x2
, for some C P R, @ x P R. (2.2.6)

Those assumptions give us the Vj spaces from (2.2.2) with Va`1 “ D2Va and

č

j

Vj “ t0u. (2.2.7)

More importantly:
ˇ

ˇ

ˇ

ˇ

ż

R
ϕpxq dx

ˇ

ˇ

ˇ

ˇ

“ 1 ðñ V :“
ď

j

Vj “ L2. (2.2.8)
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Proof.

This proof is quite lengthy. A good version can be found in [5, p. 131]. �

The requirements from Theorem 2.2.3 are sufficient to make ϕ a proper scaling

function, so it is possible to span L2 with the Vj spaces. Our next step is to bring

wavelets into the picture. We will find them in the pairwise orthogonal spaces

Wj “ Vj´1

č

V K
j , j P Z. (2.2.9)

This definition, based on the orthogonal complement of the smaller V space, has two

immediate effects:

Vj´1 “ Vj
à

Wj and WjKVj, @j P Z. (2.2.10)

The mother wavelet related to ϕ will be the generating function for W0. Since

D2pVjq “ Vj`1 (D defined in Equation (2.2.1)) we also get

D2pVj´1q “ D2pVj
à

Wjq ùñ Vj “ Vj`1

à

D2pWjq. (2.2.11)

So, D2pWjq contains the space Wj`1, as it has the necessary functions to extend Vj`1

to Vj. Next, we notice that

Wj K Vj ùñ D2pWjq K D2pVjq ùñ D2pWjq ‘ Vj`1, (2.2.12)

so D2pWjq “ Wj`1.

Next, we prove that the Wj spaces, taken together, span L2.

Theorem 2.2.4 Assume we have a multi-resolution analysis

0 Ă ¨ ¨ ¨ Ă Vj Ă Vj´1 Ă ¨ ¨ ¨L2,
ď

jPZ

Vj “ L2,
č

jPZ

Vj “ 0, D2pVjq “ Vj`1.

This setup implies that the spaces Wj “ Vj´1

Ş

V K
j (as discussed above) are pairwise

orthogonal and that
à

j

Wj “ L2. (2.2.13)
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Proof.

First, orthogonality follows directly from the definition of the Wj spaces.

Now to deal with the second result, Equation (2.2.13). Take f K Wj for all j P Z.
By the completeness of

Ť

j Vj we know that for any ϵ ą 0 there exists a j P Z and an

h0 P Vj such that }f ´ h0} ă ϵ. For simplicity, we will assume that j “ 0. We now

write f in terms of the Wj spaces. As V0 “ V1 ‘W1, there exists h1 P V1 and g1 P W1

such that h0 “ h1 ` g1. As V1 “ V2 ‘ W2 then there exists h2 P V2 and g2 P W2 such

that h1 “ h2 ` g2 and, in turn, h0 “ h2 ` g2 ` g1. This process continues indefinitely:

h0 “ hn `

n
ÿ

k“1

gk, @n ą 1 P N. (2.2.14)

As the functions gk must be orthogonal, being in different Wk spaces, we get

}hn}
2

`

n
ÿ

k“1

}gk}
2

“ }h0}
2 (2.2.15)

which implies that the series t}gk}u is convergent in l2. This, in turn, implies that

the series thnunPN is convergent in L2, converging to some function h. Because of the

structure of this series, h P
Ş

k Vk, so h “ 0 by the properties of the Vk spaces. Using

this on (2.2.14) as n Ñ 8 gives us

8
ÿ

k“1

gk “ h0. (2.2.16)

As f is orthogonal to all Wk spaces, this gives us

xf, h0y “

8
ÿ

k“1

xf, gky “ 0 (2.2.17)

so

}f}
2

“
`

}f}
2

` }h0}
2
˘

´ }h0}
2

“ }f ´ h0}
2

´ }h0}
2

ă ϵ ´ }h0}
2 (2.2.18)

using that orthogonality. So, }h0}
2

ă ϵ, where ϵ “ }h0 ´ f}. If f ‰ 0, we get a

contradiction, so f “ 0, and the Wj spaces span L
2. �
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2.3 More Key Properties of Scaling Functions

Here we will build on the results from the previous sections. Recall Definition 2.2.2

for ϕj,k, and that ϕ “ ϕ0,0 is the mother scaling function. Also recall the sufficient

requirements found in Theorem 2.2.3 for the functions tϕj,kuj,k to span L2. We will

assume that any function ϕ satisfies the definition of a scaling function, as well as
ż

ϕpxq dx “ 1 ùñ pϕp0q “
1

?
2π
. (2.3.1)

Some key properties of the Vj spaces will put further restrictions on ϕ.

Theorem 2.3.1 For the Vj spaces and scaling function ϕ from Definition 2.2.1,

V0 Ă V´1 ðñ ϕpxq “
?
2
ÿ

kPZ

hk ϕp2x ´ kq “
ÿ

k

hk ϕ´1,kpxq (2.3.2)

for some hk P R.

Proof.

The space V´1 is spanned by ϕp2x ´ kq, k P Z, and V0 is spanned by ϕpx ´ kq,

k P Z. If V0 Ă V´1 then, clearly, ϕpxq needs to be writable in terms of functions

ϕp2x ´ kq. Also, if ϕpxq is equal to a sum of functions ϕp2x ´ kq, then so is any

ϕpx ´ kq, k P Z. This means that any function in V0 is in V´1 and V0 Ă V´1. �

The expression of ϕ as a weighted sum of functions ϕp2x ´ kq will typically be

referred to as the ‘scaling step.’ The weights hk are going to be very important from

now on, so we will avoid calling anything else h. We can find

δ0d “

ż

tPR
ϕpx ´ dqϕpxq dx “ 2

ÿ

k,jPZ

hkhj

ż

xPR
ϕp2x ´ 2d ´ kqϕp2x ´ jq dx (2.3.3)

by taking advantage of the scaling step. Now a simple change of variable for

δ0d “
ÿ

k,jPZ

hihj

ż

ϕpt ´ 2d ´ kqϕpx ´ jq dx

“
ÿ

k,jPZ

hkhj δp2d`kqpjq “
ÿ

k

hkh2d`k. (2.3.4)
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The expression for d “ 0 gives us
ř

k |hk|
2

“ 1. We can also get a simple sum using

the integral over R:

ϕpxq “
?
2
ÿ

k

hkϕp2x ´ kq,

ż

ϕpxq dx “
?
2
ÿ

k

hk

ż

ϕp2x ´ kqdt,

1 “
?
2
ÿ

k

hk
1

2
, (2.3.5)

which simplifies to
?
2 “

ř

k hk. Also, since the ϕpx ´ kq, k P Z are orthonormal,

ϕpxq “
?
2
ÿ

k

hk ϕp2x ´ kq “
?
2
ÿ

k

xϕ , ϕp2 ¨ ´kqy ϕp2x ´ kq. (2.3.6)

As a result, for hk to be non-zero requires the related ϕ to have overlapping support.

A direct implication can be stated:

Property 2.3.2 If the scaling function ϕ has compact support then only finitely many

hk are non-zero.

Proving the related converse to the above property takes a little more effort.

Definition 2.3.3 To restrict the support of functions we will use two values:

apfq “ inftx|fpxq ‰ 0u, bpfq “ suptx|fpxq ‰ 0u, (2.3.7)

applied to any function f . This means that supppfq Ă rapfq, bpfqs.

Theorem 2.3.4 If the scaling function ϕ has compact support then apϕq and bpϕq

are integers. Furthermore, all hk with k R rapϕq, bpϕqs are equal to zero.

Proof.

First, we have a finite number of hk not equal to zero, so we have a kmin and kmax

such that hk “ 0 if k ą kmax or k ă kmin. For arbitrary k P Z, we can find that

apϕ´1,kq “
1

2
rapϕq ` ks, and bpϕ´1,kq “

1

2
rbpϕq ` ks. (2.3.8)
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Taking the a value of both sides of ϕpxq “
ř

k hkϕ´1,kpxq leads to

apϕq “ apϕ´1,kmin
q bpϕq “ bpϕ´1,kmaxq, (2.3.9)

since any ϕ´1,k for k ă kmin or k ą kmax would be multiplied by hk “ 0. Combining

those with the previous results leads to

apϕq “
1

2

“

apϕq ` kmin

‰

ùñ apϕq “ kmin,

bpϕq “
1

2

“

bpϕq ` kmax

‰

ùñ bpϕq “ kmin, (2.3.10)

and we are done. �

Finitely supported scaling functions (and wavelets) are more convenient for our

purposes. We will be working with finite domains, and finite scaling functions simply

fit better. Furthermore, we are looking to use the functions ϕ and ψ for numerical

simulations. A computer program can only work with a finite number of values hk at

a time.

Next we take a closer look at the orthonormality property, specifically, an equiva-

lent property tied to pϕ. Scaling functions are in L2 and L1, so their Fourier transform

is well defined. If we divide up the integral we get

}ϕ}
2

“

›

›

›

pϕ
›

›

›

2

“

ż

R

ˇ

ˇ

ˇ

pϕpξq

ˇ

ˇ

ˇ

2

dξ “
ÿ

k

ż 2π

0

ˇ

ˇ

ˇ

pϕpξ ` 2πkq

ˇ

ˇ

ˇ

2

dξ. (2.3.11)

Now we reverse the order there, put the sum inside the integral. We get

}ϕ}
2

“

ż 2π

0

Φpξq dξ, with Φpξq “
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 2πkq

ˇ

ˇ

ˇ

2

. (2.3.12)

This new function Φ is going to be defined almost everywhere, be 2π periodic and

belong to L2 pr0, 2πsq. Its purpose is almost entirely related to orthonormality.

Theorem 2.3.5 A set of functions tϕp¨ ´ kqukPZ is an orthonormal system if and

only if

Φpξq “
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
1

2π
almost everywhere. (2.3.13)
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Proof.

Consider the inner product xϕ, ϕ0,ky:

xϕ, ϕ0,ky “

A

pϕ, pϕ0,k

E

“

ż

pϕpξq eikξ pϕpξq dξ “

ż

ˇ

ˇ

ˇ

pϕpξq

ˇ

ˇ

ˇ

2

e´ikξ dξ. (2.3.14)

Next, we break up that integral into 2π sized segments, making

xϕ, ϕ0,ky “
ÿ

l

ż 2π

0

ˇ

ˇ

ˇ

pϕpξ ` 2πlq
ˇ

ˇ

ˇ

2

e´ikξ dξ “

ż 2π

0

Φpξqe´ikξ dξ. (2.3.15)

So, the ϕ0,k are an orthonormal set if and only if

xϕ, ϕ0,ky “ δ0,k “

ż 2π

0

Φpξqe´ikξ dξ. (2.3.16)

The integral on the right of (2.3.16) is best though of in relation to the Fourier

decomposition of Φ (Section A.2). Each integral for a particular k will be related to

the Fourier coefficient for eikξ. As a result, the integral will be zero for all k ‰ 0 if

and only if Φ “ C almost everywhere (as in, if and only if Φ is a constant function

almost everywhere). The other requirement is for the k “ 0 integral to be equal to

one, which requires Φ “ 1
2π
. Therefore, the ϕpx´ kq are orthonormal if and only if Φ

is constant and equal to 1
2π

almost everywhere. �

Example 2.3.6 The Haar scaling function ϕH is simply the indicator function for

r0, 1q, 1r0,1q ( equal to one in that range, zero elsewhere).

It is obvious that xϕHp¨ ´ kq, ϕHp¨qy “ δ0k, and that the progressively finer Vj

spaces can approximate any integrable function arbitrarily well.

2.4 Defining the Wavelet, ψ

The wavelet, ψ, is actually defined in terms of the extensions from spaces Vj to spaces

Vj´1, the next, larger, space on the chain. Proving the properties of ψ will involve

making heavy use of the scaling step. It is inconvenient to deal with all the translations
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of ϕ that are applied in the step. However, if we take the Fourier transform on both

sides of the scaling equation

ϕpxq “
?
2
ÿ

k

hk ϕp2x ´ kq (2.4.1)

we get

pϕpξq “
1

?
2

ÿ

k

hk e
´ikξ{2

pϕ

ˆ

ξ

2

˙

, (2.4.2)

nicely removing the translation component. We actually have the scaling step written

as a multiplication with a simple function, which we will call H.

Definition 2.4.1 For a given ϕ (Definition 2.2.1),

Hpξq :“
1

?
2

ÿ

k

hk e
´ikξ. (2.4.3)

The function H simplifies Equation (2.4.2), the scaling step, into

pϕpξq “ H

ˆ

ξ

2

˙

pϕ

ˆ

ξ

2

˙

. (2.4.4)

It is important to notice that H is a function of period 2π, due to its basic structure.

Property 2.4.2 Assume that we have a scaling function ϕ, with scaling step related

function H. If tϕpx ´ kq, k P Zu forms an orthonormal basis for V0 then we get

|Hpξq|
2

` |Hpξ ` πq|
2

“ 1 almost everywhere. (2.4.5)

Proof.

This comes directly from the use of Φ. First, we use Theorem 2.3.5, so

xϕpxq, ϕpx ´ kqy “ δ0k for k P Z if and only if

Φpξq “
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
1

2π
, almost everywhere. (2.4.6)

Next, we re-write the sum in a manner that will be used fairly often: breaking up a

sum of 2π translates into two separate sums of 4π translates. Simply,

Φpξq “
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 4πkq

ˇ

ˇ

ˇ

2

`
ÿ

k

ˇ

ˇ

ˇ

pϕpξ ` 2π ` 4πkq

ˇ

ˇ

ˇ

2

. (2.4.7)
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The next step is to include the Fourier transformed scaling step, so

Φpξq “
ÿ

k

|Hpξ{2 ` 2πkq|
2
ˇ

ˇ

ˇ

pϕpξ{2 ` 2πkq

ˇ

ˇ

ˇ

2

`
ÿ

k

|Hpξ{2 ` π ` 2πkq|
2
ˇ

ˇ

ˇ

pϕpξ{2 ` π ` 2πkq

ˇ

ˇ

ˇ

2

. (2.4.8)

The function H is 2π periodic, so that equation can be rewritten

Φpξq “ |Hpξ{2q|
2
ÿ

k

ˇ

ˇ

ˇ

pϕpξ{2 ` 2πkq

ˇ

ˇ

ˇ

2

` |Hpξ{2 ` πq|
2
ÿ

k

ˇ

ˇ

ˇ

pϕpξ{2 ` 2πkq

ˇ

ˇ

ˇ

2

“ |Hpξ{2q|
2Φpξ{2q ` |Hpξ{2 ` πq|

2Φpξ{2 ` πq. (2.4.9)

Recall that Φpξq “ 1
2π

almost everywhere, so we can, effectively, factor Φ out for

|Hpξ{2q|
2

` |Hpξ{2 ` πq|
2

“ 1 almost everywhere. �

There are two things to notice here. First, what we have above is a requirement for

orthonormality, not a sufficient condition. An additional, easy to satisfy, condition

will be added in a later section (in Theorem 3.1.6) to rectify this situation. One

more thing to notice: Hp0q “ Hp2πq “ 1 due to the properties of the coefficients hk,

meaning that we get Hpπq “ 0 for a continuous H.

Now we start discussing W0 “ V´1

Ş

V K
0 . First, we will characterize the two

necessary requirements (using the Fourier transforms). Next, we will prove that

those requirements are tied up with a specific function ψ, our wavelet.

Lemma 2.4.3 Take a scaling function ϕ (Definition 2.2.1) and resulting spaces Vj.

A function f belongs to W0 “ V´1

Ş

V K
0 if and only if

pfpξq “ mf

ˆ

ξ

2

˙

pϕ

ˆ

ξ

2

˙

, (2.4.10)

with mf a complex function in L2
0 such that

«

mf pωq

mf pω ` πq

ff

“ λpωq

«

Hpω ` πq

´Hpωq

ff

almost everywhere, (2.4.11)

for some function λ and the H function related to ϕ (Definition 2.4.1).
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Proof.

First, we have to take a look at the requirement that f P V´1, which is

f “
ÿ

k

xf, ϕ´1,kyϕ´1,k “
ÿ

k

fk ϕ´1,k. (2.4.12)

Taking the Fourier transform of both sides results in the equivalent expression

pfpξq “
1

?
2

ÿ

k

fk e
´ikξ{2

pϕpξ{2q, (2.4.13)

so define

mf pξq “
1

?
2

ÿ

k

fk e
´ikξ. (2.4.14)

This means that

f P V´1 ðñ pfpξq “ mf

ˆ

ξ

2

˙

pϕ

ˆ

ξ

2

˙

, mf is 2π periodic. (2.4.15)

So, we have characterized f P V´1, now we need to look into f K V0, so xf, ϕ0,ky “ 0

for all k P Z. This gives us

0 “ xf, ϕ0,ky “

A

pf, pϕ0,k

E

“

ż

pfpξq pϕpξq eikξ dξ. (2.4.16)

If we break up the integral into r0, 2πs sections then it is equal to

0 “

ż 2π

0

«

ÿ

l

pfpξ ` 2πlq pϕpξ ` 2πlq

ff

eikξ dξ. (2.4.17)

This means that f K V0 if and only if the 2π-periodic function in the square brackets

has no non-zero terms in its Fourier decomposition. Since
␣

eikx, k P Z
(

spans L2
0 (see

Section A.2), this means that

f K V0 ðñ
ÿ

l

pfpξ ` 2πlq pϕpξ ` 2πlq “ 0 almost everywhere on r0, 2πs. (2.4.18)

Now, we can take the sum (2.4.18) and break it up yet again into

0 “
ÿ

l

pfpξ ` 2πlq pϕpξ ` 2πlq

“
ÿ

l

pfpξ ` 4πlq pϕpξ ` 4πlq `
ÿ

l

pfpξ ` 4πl ` 2πq pϕpξ ` 4πl ` 2πq. (2.4.19)
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Now, we assume that f P V´1. This gives us the function mf from above, which we

use along with the scaling step on ϕ for

0 “
ÿ

l

´

mf pξ{2q pϕpξ{2 ` 2πlq
¯´

Hpξ{2q pϕpξ{2 ` 2πlq
¯

`
ÿ

l

´

mf pξ{2 ` πq pϕpξ{2 ` 2πl ` πq

¯´

Hpξ{2 ` πq pϕpξ{2 ` 2πl ` πq

¯

“
ÿ

l

mf pξ{2qHpξ{2q

ˇ

ˇ

ˇ

pϕpξ{2 ` 2πlq
ˇ

ˇ

ˇ

2

`
ÿ

l

mf pξ{2 ` πqHpξ{2 ` πq

ˇ

ˇ

ˇ

pϕpξ{2 ` 2πl ` 2πq

ˇ

ˇ

ˇ

2

. (2.4.20)

Since l appears only in the functions pϕ, and those sum to 1
2π
, we get a final result

where f P V´1 is perpendicular to V0 if and only if

mf pξ{2qHpξ{2q ` mf pξ{2 ` πqHpξ{2 ` πq “ 0 almost everywhere. (2.4.21)

A simple change of variable can get rid of the 2, and the whole expression can be

written in C2 as f P V´1 is K V0 if and only if

«

mf pωq

mf pω ` πq

ff

¨

«

Hpωq

Hpω ` πq

ff

“ 0 almost everywhere. (2.4.22)

What we do now is characterize themf based vector using the fact that it is orthogonal

to the vector based on H. If the H based vector has a norm of zero, this would be

a useless exercise, but Property 2.4.2 makes it clear that the H based vector has a

norm of one for almost all ω. As a result,

f K V0 ðñ

«

mf pωq

mf pω ` πq

ff

“ λpωq

«

Hpω ` πq

´Hpωq

ff

almost everywhere

(2.4.23)

for some function λ. That only applies for f P V´1.

Now to put it all together. We are after proving the equivalency of f P W0 to

pfpξq “ mf pξ{2q pϕpξ{2q, mf a 2π periodic function satisfying Equation (2.4.11). So,

for one direction we start by assuming f P W0, so f P V´1 and f K V0. Since f P V´1

we can use Equation (2.4.23), where f K V0 gives us the required function mf .
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For the other direction we start with an mf that is 2π periodic, so we have f P V´1

using the result in Equation (2.4.15). As a result, we get to use Equation (2.4.23)

making f K V0 so f P W0. �

Lemma 2.4.4 A function f P W0 has a Fourier transform of the form

pfpξq “ vpξq eiξ{2Hpξ{2 ` πq pϕpξ{2q (2.4.24)

for a function v P L2
0.

Proof.

We start with Equation (2.4.11), and our first objective is to re-express the func-

tion mf in terms of H. Finding λ is surprisingly easy. What we do is take the

dot product of both sides of Equation (2.4.11) with the vector rHpω ` πq , ´Hpωqs
T .

That vector has a norm of one for almost all ω due to Property 2.4.2, so we get

λpωq “ mf pωqHpω ` πq ´ mf pω ` πqHpωq. (2.4.25)

Notice that

λpω ` πq “ mf pω ` πqHpω ` 2πq ´ mf pω ` 2πqHpω ` πq

“ mf pω ` πqHpωq ´ mf pωqHpω ` πq “ ´λpωq (2.4.26)

implying that λpωq “ eiω vp2ωq for some v with period 2π. Next, we substitute that

back into our expression for mf for

mf pωq “ eiω vp2ωqHpω ` πq (2.4.27)

and, finally,

pfpξq “ eiξ{2 vpξqHpξ{2 ` πq pϕpξ{2q. (2.4.28)

We have not quite confirmed that v is in L2
0, as that requires a finite norm. Take v

and re-write as vpξq “ e´iξ{2 λpξ{2q. This results in

|vpξq|
2

“ |λpξ{2q|
2
ˇ

ˇe´iξ
ˇ

ˇ

2
“ |λpξ{2q| (2.4.29)
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which is precisely the norm of rmf pξ{2q , mf pξ{2 ` πqs
T , so

|vpξq|
2

“ |mf pξ{2q|
2

` |mf pξ{2 ` πq|
2 . (2.4.30)

Now to get the norm of v,

}v}
2

“
1

2π

ż 2π

0

|vpξq|
2 dξ “

1

2π

ż 2π

0

|mf pξ{2q|
2

` |mf pξ{2 ` πq|
2 dξ

“
1

π

ż 2π

0

|mf pωq|
2

` |mf pω ` πq|
2 dω

“ 2 }mf}
2
L2
0

“
ÿ

|fk|2 “ }f}
2

ă 8 (2.4.31)

and we are done. �

Theorem 2.4.5 A function f P L2 belongs toW0 if and only if there exists a function

v P L2
0 such that the Fourier transform pf can be written as in Equation (2.4.28).

Proof.

We have already seen one direction, so we know that if f P W0 then there is a

function v that satisfies Equation (2.4.28).

Next, assume that pf is in the form of Equation (2.4.28). Showing f to be or-

thogonal to V0 is actually the easiest part. We need to look at the function mf ,

with
«

mf pωq

mf pω ` πq

ff

“

«

eiω vp2ωqHpω ` πq

´eiω vp2ωqHpωq

ff

“ vp2ωq eiω

«

Hpω ` πq

´Hpωq

ff

, (2.4.32)

taking advantage of both v and H being 2π periodic. That expression meets the

orthogonality requirement from Equation (2.4.22), so f K V0.

Our next requirement is for f to be in V´1. There are two requirements. The first

is for the resulting mf to have a finite norm. This works out fairly easily. The first

line of Equation (2.4.31) links up the norms of v, mf and f . Next we need f to be

written in terms of ϕp2x ´ kq terms. This is equivalent to having pf written in terms

of pϕpξ{2q, which it is, and to mf being 4π periodic. Remember that converting to
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Fourier conjugates inverts the multipliers inside functions. The functionmf is defined

in terms of eiξ{2, vpξ{2q and Hpξ{2`πq, and all are 4π periodic, so mf is as well. �

Now to characterize ψ in terms of H and pϕ. Take a look at the identity

pfpξq “ vpξq eiξ{2Hpξ{2 ` πq pϕpξ{2q (2.4.33)

for any f P W0. Notice that vpξq is the only function in the expression that relates

particularly to f : the rest is always there for all functions in W0. As a result, we take

pψpξq “ eiξ{2Hpξ{2 ` πq pϕpξ{2q (2.4.34)

as a possible candidate for the mother wavelet.

Theorem 2.4.6 If we have a scaling function ϕ and related function H, then the

ψp¨ ´ kq from Equation (2.4.34) is an orthonormal basis for W0.

Proof.

First, we prove that the system is orthonormal using Equation (2.3.5), which

requires that the sum
ř

k

ˇ

ˇ

ˇ

pψpξ ` 2πkq

ˇ

ˇ

ˇ

2

add up to 1
2π
. So,

ÿ

k

ˇ

ˇ

ˇ

pψpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
ÿ

k

ˇ

ˇ

ˇ

pψpξ ` 4πkq

ˇ

ˇ

ˇ

2

`
ÿ

k

ˇ

ˇ

ˇ

pψpξ ` 2π ` 4πkq

ˇ

ˇ

ˇ

2

. (2.4.35)

We next use (2.4.34) for

ÿ

k

ˇ

ˇ

ˇ

pψpξ ` 2πkq

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` π

˙ˇ

ˇ

ˇ

ˇ

2
ÿ

k

ˇ

ˇ

ˇ

ˇ

pϕ

ˆ

ξ

2
` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2

˙ˇ

ˇ

ˇ

ˇ

2
ÿ

k

ˇ

ˇ

ˇ

ˇ

pϕ

ˆ

ξ

2
` π ` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` π

˙ˇ

ˇ

ˇ

ˇ

2ˆ
1

2π

˙

`

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2

˙ˇ

ˇ

ˇ

ˇ

2ˆ
1

2π

˙

“
1

2π
(2.4.36)

since ϕp¨ ´ kq, k P Z forms an orthonormal system.

Next, we have

pψpξq “ eiξ{2H

ˆ

ξ

2
` π

˙

pϕpξ{2q, (2.4.37)
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which can be written in the form of Equation (2.4.28) using v “ 1, which is in L2
0.

Combining this with Theorem 2.4.5 means that ψ and its integer translates are in

W0, since the translates will merely have an L2
0 term of the form eik in front.

So, the tψkukPZ are orthonormal and are in W0. Next we need the most important

property: they need to span W0. We have

pfpξq “ eiξ{2vpξqH

ˆ

ξ

2
` π

˙

pϕpξ{2q “ vpξq pψpξq, v P L2
0 (2.4.38)

for any f in W0. Recall that any vpξq P L2
0 is the limit of a Fourier series, so

pfpξq “
ÿ

k

vk e
´ikξ

pψpξq, (2.4.39)

which is just an inverse Fourier transform from

fpxq “
ÿ

k

vk ψpx ´ kq (2.4.40)

using the Fourier transform identities. That can easily be re-written for

fpxq “
ÿ

k

vk ψ0,kpxq, (2.4.41)

and we are done. �

Notice that (2.4.34) does not completely define ψ. Its actual location is not spec-

ified, so we could, for instance, add an integer value to x in ψpxq and the resulting

function could still be used to characterize W0. Also, multiplying the resulting func-

tion by ´1 would not change its essential properties. Since the shape is very specific,

we just need the location to be imposed at some point. The main issue is that we

have pψ, the Fourier transform of ψ, and not the original function. From the way the

W0, V0 and V´1 are defined, we are certain to get ψ as a combination of ϕp2x ´ kq

terms. The sum is governed by an H based term in (2.4.34),

eiξ{2Hpξ{2 ` πq “
1

?
2

ÿ

k

hk e
ikpξ{2`πq eiξ{2. (2.4.42)
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Rearranging that expression, and substituting ´k ´ 1 for k, leads to

eiξ{2Hpξ{2 ` πq “
1

?
2

ÿ

k

hk e
ikξ{2`iξ{2 peiπqk

“
1

?
2

ÿ

k

p´1qk hk e
ipk`1qξ{2 “

1
?
2

ÿ

k

p´1qk`1 h´k´1 e
´ik ξ{2.

(2.4.43)

Using (2.4.42), (2.4.34) can be re-written as

pψpξq “
1

?
2

ÿ

k

p´1qk`1 h´k´1 e
´ikξ{2

pϕpξ{2q. (2.4.44)

Using fairly standard Fourier transform identities we get

ψpxq “
?
2
ÿ

k

p´1qk´1 h´k´1 ϕp2x ´ kq. (2.4.45)

To save space, we will define coefficients gk “ p´1qk´1 h´k´1, making

ψpxq “
?
2
ÿ

k

gk ϕp2x ´ kq. (2.4.46)

Notice that this gives us a compactly supported ψ if ϕ is compact.

So, we can now define the family of functions

ψj,kpxq “ 2´j{2 ψ
´ x

2j
´ k

¯

, j, k P Z (2.4.47)

with each set tψj,k|k P Zu being an orthonormal basis for Wj since D2pWk`1q “ Wk

(D2 is the standard operator from fpxq to fp2xq) (see the earlier work with D in

Section 2.2).

Example 2.4.7 The Haar wavelet

ψHpxq “

$

’

’

&

’

’

%

1 x P p0, 1{2s

´1 x P p1{2, 1s

0 x R p0, 1s

(2.4.48)

can be derived from its scaling function

ϕHpxq “

#

1 x P p0, 1s

0 x R p0, 1s.
(2.4.49)
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Proof.

We will avoid the Fourier space, since most of our knowledge of ψH relates to the

function itself.

The scaling step for ϕH is simple:

ϕHpxq “ ϕHp2xq ` ϕHp2x ´ 1q “
?
2

ˆ

1
?
2
ϕHp2xq `

1
?
2
ϕHp2x ´ 1q

˙

, (2.4.50)

so h0 “ h1 “ 1?
2
.

Using Equation (2.4.45) we get

ψpxq “
?
2
ÿ

k

p´1qk´1 h´k´1 ϕp2x ´ kq

“
?
2
“

p´1q´2 h0 ϕHp2x ` 1q ` p´1q´3 h1 ϕp2x ` 2q
‰

“
1

2
ϕHp2x ` 1q ´

1

2
ϕHp2x ` 2q. (2.4.51)

This is not precisely how the Haar wavelet is usually defined. It is located an integer

to the left and multiplied by ´1. However, the ψ above is orthogonal to ϕHpx ´ kq

for all k, and combines with V0 to create V´1, so it is a valid choice. Changing to the

function given in (2.4.48) preserves its necessary properties, and makes it easier to

work with. �

2.5 An Important Restriction

Before going on to the practicalities of calculating wavelets and scaling functions,

and then on to actually using them on differential equations, we should discuss a

particular restriction of orthogonal wavelets. This restriction on the behavior of any

function ψ P S is called the Uncertainty Principle, and, frequently, the Heisenberg

Uncertainty Principle. The eventual result is

}px ´ x0qψpxq}

›

›

›
pξ ´ ξ0q pψpξq

›

›

›
ě

1

2
}ψ}

2 , (2.5.1)

using the L2 norm. This means that it is impossible for both ψ and pψ to be well

localized. The easiest way to see why is to view ψ as a probability distribution with
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x0 as the mean (and the same for pψ with ξ0). This would make }px ´ x0qψpxq} very

similar to a standard deviation, with the same true for pψ. Recall the direct correlation

between the differentiability of ψ and the speed of convergence of pψpξq to zero as

ξ Ñ ˘8 (Section A.1). This result means that no wavelet can be both well localized

and have high derivatives. The extreme on one side is the Haar wavelet, discontinuous

but heavily localized. The other extreme would be infinitely differentiable and have a

total lack of localization. The functions eikx (or cospkxq and sinpkxq) used in Fourier

decomposition are good examples. Anyway, proving the result is not very difficult,

but requires the result for x0 “ ξ0 “ 0 first.

Theorem 2.5.1 For ψ P L2,

}xψpxq}

›

›

›
ξ pψpξq

›

›

›
ě

1

2
}ψpxq}

2 . (2.5.2)

Proof.

Take ψ P S. We will concentrate on the case where both norms on the left are

finite. The other cases are trivial. Next,
›

›

›
ξ pψpξq

›

›

›
“

›

›

›

zψ1pxq

›

›

›
“ }ψ1pxq} (2.5.3)

using standard Fourier transform identities for derivatives. So, we have

}xψpxq}

›

›

›
ξ pψpξq

›

›

›
“ }xψpxq} }ψ1pxq} ě |xxψpxq, ψ1y|

ě |Re xxψpxq, ψ1pxqy|

“
1

2

ˇ

ˇ xxψpxq, ψ1pxqy ` xψ1pxq, xψpxqy
ˇ

ˇ (2.5.4)

We have to take a look at the resulting integral, so

}xψpxq}

›

›

›
ξ pψpξq

›

›

›
ě

1

2

ˇ

ˇ

ˇ

ˇ

ż

x
`

ψpxqψ1pxq ` ψ1pxqψpxq
˘

dx

ˇ

ˇ

ˇ

ˇ

“
1

2

ˇ

ˇ

ˇ

ˇ

x |ψpxq|
2
ˇ

ˇ

8

´8
´

ż

|ψpxq|
2 dx

ˇ

ˇ

ˇ

ˇ

“
1

2
}ψpxq}

2 (2.5.5)

using integration by parts and the fact that x|ψpxq| Ñ 0 as x Ñ ˘8.

Since S is dense in L2, we get Equation (2.5.2) for all of L2. �

Now to extend that to the full result.
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Corollary 2.5.2 For ψ P L2,

}px ´ x0qψpxq}

›

›

›
pξ ´ ξ0q pψpξq

›

›

›
ě

1

2
}ψ}

2 . (2.5.6)

Proof.

Define gpxq “ e´iξ0 xψpx ` x0q. This implies

}g}
2

“

ż

e´iξ0 x ψpx ` x0q e
iξ0x ψpx ` x0q dx “ }ψ}

2 . (2.5.7)

Also,

}xg}
2

“

ż

x2 |ψpx ` x0q| dx “

ż

px ´ x0q2 |ψpxq|
2 dx (2.5.8)

using a simple change of variable. Similar steps can be taken for pg and pf , which just

need to be placed into Theorem 2.5.1. �

This restriction proves the inverse correlation between smoothness and localiza-

tion. As always, one cannot have everything. As wavelets and scaling functions

become smoother, they also start becoming less localized.



Chapter 3

Calculating Scaling Functions and

Wavelets

As before, we will be following the (general) route taken by [5], with the same,

standard, results. Further reading can be found in [14], as well as any other book on

wavelets. In this chapter we will find ways to calculate scaling functions, written ϕ,

and then their associated wavelets, written ψ. The calculations will be heavily based

upon what we have called the ‘scaling step,’ as well as upon the associated function

H (Definition 2.4.1) and related results from Chapter 2.

3.1 Basics

We want to calculate scaling functions, written ϕ, which have the following properties:

aq ϕ P L2pRq, supppϕq compact (3.1.1)

bq ϕptq “
?
2
ÿ

k

hk ϕp2t ´ kq, almost everywhere, for hk P R (3.1.2)

cq

ż

ϕptq dt “ 1 (3.1.3)

dq

ż

ϕptqϕpt ´ kq dt “ δ0k (3.1.4)

Part b above is what we call the scaling step, the property of ϕ that allows this

function to be written in terms of higher resolution version of itself. The scaling step

38
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coefficients hk are going to be our focus for this chapter. We have already seen that if

ϕ is compactly supported then only finitely many hk are non-zero (Theorem 2.3.4). In

Chapter 2, it was helpful to look at the Fourier transform of ϕ, pϕ, and at the Fourier

transformed scaling equation:

pϕpξq “
1

?
2π

ÿ

k

hk e
´ikξ

pϕ

ˆ

ξ

2

˙

. (3.1.5)

This can be further re-written as simply pϕpξq “ Hpξ{2q pϕpξ{2q, using

Hpξq “
1

?
2

ÿ

k

hk e
´ikξ. (3.1.6)

A further advantage of a compact support for ϕ is that H will simply be a complex

trigonometric polynomial, one that (as we have seen in Theorem 2.4.2) satisfies

|Hpξq|
2

` |Hpξ ` πq|
2

“ 1 almost everywhere, (3.1.7)

with Hp0q “ 1 and Hpπq “ 0. Actually, we can get more out of H.

Theorem 3.1.1 Using an orthonormal scaling function ϕ (Section 2.3) and associ-

ated H (Equation (3.1.6)) we get

pϕpξq “
1

?
2π

lim
nÑ8

n
ź

j“1

H

ˆ

ξ

2j

˙

. (3.1.8)

Proof.

Equation (2.4.4) gives us pϕpξq “ Hpξ{2q pϕpξ{2q, which we can iterate for the

expression

pϕpξq “ lim
nÑ8

«

n
ź

j“1

H

ˆ

ξ

2j

˙

ff

pϕ

ˆ

ξ

2n

˙

. (3.1.9)

Next, we include the fact that pϕpξq Ñ 1?
2π

as ξ Ñ 0 . �

We have pϕ and, therefore, ϕ, defined entirely based upon the function H. The

problem is that we have not yet confirmed the convergence of (3.1.8). First, we will

want

|H 1pξq| ď M ùñ

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2j

˙ˇ

ˇ

ˇ

ˇ

ď M

ˇ

ˇ

ˇ

ˇ

ξ

2j

ˇ

ˇ

ˇ

ˇ

` 1, (3.1.10)

which will be true if there are only finitely many hk ‰ 0.

Now we take a look at calculating pϕ using only the associated function H.
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Lemma 3.1.2 If H satisfies (3.1.10) and (3.1.7), is C1pRq and has Hp0q “ 1, then

1
?
2π

lim
nÑ8

n
ź

j“1

H

ˆ

ξ

2j

˙

(3.1.11)

converges locally uniformly to the continuous function pϕ.

Proof.

We know (3.1.11) is equal to pϕ, due to Theorem 3.1.1. Next, we take M “

max |H 1pξq| which leads to

|Hpξq ´ 1| ď |Hpξq ´ Hp0q| ď M |ξ| ùñ

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2

˙

´ 1

ˇ

ˇ

ˇ

ˇ

ď
M

2j
|ξ| . (3.1.12)

Since
ř

ją0
1
2j

“ 1, we get (3.1.11) converging uniformly to a continuous function, in

this case, pϕ. �

Lemma 3.1.3 Define a new set of functions pfr, r “ 0, 1, 2, . . . , with

pf0 “
1

?
2π

1r´π,πspξq, pfrpξq “ H

ˆ

ξ

2

˙

pfr´1

ˆ

ξ

2

˙

, (3.1.13)

with 1 representing an indicator function (see glossary).

We get pϕ “ limrÑ8 fr. Furthermore, for every r ě 0, the tfrpx ´ kq, k P Zu are

an orthonormal set.

Proof.

The limit of these as r Ñ 8 is clearly pϕpξq, and the convergence is locally uniform,

via Lemma 3.1.2. Next, we need tfrp¨ ´ kq, k P Zu to be an orthonormal system. We

will, as before, use the result of Theorem 2.3.5, so what we need is

ÿ

k

ˇ

ˇ

ˇ

pfrpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
1

2π
almost everywhere. (3.1.14)

First, consider pf0, equal to
1?
2π

on r´π, πr and zero elsewhere, so

ÿ

k

ˇ

ˇ

ˇ

pf0pξ ` 2πkq

ˇ

ˇ

ˇ

2

“
1

2π
@ ξ P R. (3.1.15)
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Next, assume that pfr´1 has this property, and proceed by induction:

ÿ

k

ˇ

ˇ

ˇ

pfrpξ ` 2πkq

ˇ

ˇ

ˇ

2

“
ÿ

k

ˇ

ˇ

ˇ

pfrpξ ` 4πkq

ˇ

ˇ

ˇ

2

`
ÿ

k

ˇ

ˇ

ˇ

pfr pξ ` 2π ` 4πkq

ˇ

ˇ

ˇ

“
ÿ

k

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` 2πk

˙

pfr´1

ˆ

ξ

2
` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

`
ÿ

k

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` π ` 2πk

˙

pfr´1

ˆ

ξ

2
` π ` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2

˙ˇ

ˇ

ˇ

ˇ

2
ÿ

k

ˇ

ˇ

ˇ

ˇ

pfr´1

ˆ

ξ

2
` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

`
ÿ

k

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` π

˙ˇ

ˇ

ˇ

ˇ

2
ÿ

k

ˇ

ˇ

ˇ

ˇ

f̂r´1

ˆ

ξ

2
` π ` 2πk

˙ˇ

ˇ

ˇ

ˇ

2

“

˜

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2

˙ˇ

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ

ˇ

H

ˆ

ξ

2
` π

˙ˇ

ˇ

ˇ

ˇ

2
¸

1

2π
“

1

2π
, (3.1.16)

using the fact that H is 2π periodic, as well as Equation (3.1.7). So each set

tfrp¨ ´ kq, k P Zu forms an orthonormal system. �

Theorem 3.1.4 If H satisfies Equations (3.1.10) and (3.1.7), is C1pRq and has

Hp0q “ 1, then

pϕpξq “
1

?
2π

lim
nÑ8

n
ź

j“1

H

ˆ

ξ

2j

˙

P L2, (3.1.17)

the product converges locally uniformly, and pϕ is continuous.

Proof.

Most of the theorem is proven in Lemma 3.1.2. All that is left is confirming that

pϕ P L2. We do this via the fr functions from Lemma 3.1.3. Recalling that }fr}2 “ 1,
ż

ˇ

ˇ

ˇ

pϕpξq

ˇ

ˇ

ˇ

2

dξ ď lim inf
rÑ8

ż

ˇ

ˇ

ˇ

pfrpξq

ˇ

ˇ

ˇ

2

dξ “ lim inf
rÑ8

1 “ 1, (3.1.18)

using Fatou’s Lemma (explained in [22, p. 86]). So, pϕ P L2. �

We have a means of calculating ϕ using a fixed H, which means a fixed set of hk.

Now we need to make sure that we can get compact support. Recall that in Theorem

2.3.4 we used values a and b of functions f defined as

apfq “ inf
x

tx|fpxq ‰ 0u bpfq “ sup
x

tx|fpxq ‰ 0u (3.1.19)
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and proved that for reasonable assumptions, a compactly supported ϕ would have

apϕq and bpϕq in Z. We assume now that apϕq “ 0 and bpϕq “ 2N ´ 1 for N P N.
Now, for a valid set of coefficients hk, ϕ is actually equivalent to a fixed point of the

operator S : L2 Ñ L2 defined

Sgpxq “
?
2

2N´1
ÿ

k“0

hk gp2x ´ kq. (3.1.20)

If we have a function gptq with support in r0, 2N ´ 1s then Sgpxq “ 0 for x ă 0.

Now let us consider what we get for x ą 2N ´ 1 and any given hk term in the sum.

The argument 2x ´ k inside a given gp2x ´ kq will be restricted to

2x ´ k ą 2p2N ´ 1q ´ k “ 4N ´ 2 ´ k ě 4N ´ 2 ´ p2N ´ 1q “ 2N ´ 1 (3.1.21)

for any k within r0, 2N ´ 1s and x ą 2N ´ 1. All other k will result in an hk of zero.

As a result, if we start the process using a function with support in r0, 2N ´ 1s then

each element in the series will have support in r0, 2N´1s. There are still a few things

we do not know for certain. The first is whether we can simply iterate this operator

on, say, the Haar scaling function, and get ϕ at the end. The best way is to take the

Fourier transform of Sg,

xSgpξq “ H

ˆ

ξ

2

˙

pg

ˆ

ξ

2

˙

, (3.1.22)

with the iterations leading to

lim
rÑ8

«

r
ź

j“1

H

ˆ

ξ

2j

˙

ff

pg0

ˆ

ξ

2r

˙

(3.1.23)

which is going to be simply
8
ź

j“1

H

ˆ

ξ

2j

˙

pg0p0q. (3.1.24)

So as long as we start with a function g0 which has an L1 norm of 1 (the Haar scaling

function is perfect), this will converge to 1?
2π

ř

j Hpξ{2jq “ pϕpξq. Next we have to

confirm that the support will be compact.

Theorem 3.1.5 If only a finite number of the coefficients hk in H are non-zero, and

pϕpξq “ lim
rÑ8

pgr “ lim
rÑ8

r
ź

j“1

H

ˆ

ξ

2j

˙

pg0

ˆ

ξ

2r

˙

, (3.1.25)
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then ϕ has compact support within r0, 2N ´ 1s.

Proof.

First, the gk will converge locally uniformly due to the properties of H (see The-

orem 3.1.4).

Take u P C2 with compact support that does not intersect p0, 2N ´ 1q and an

ϵ ą 0. What we are after is

xϕ, uy “ xgk, uy ` xϕ ´ gk, uy “

A

pϕ ´ pgk, pu
E

, (3.1.26)

since the supports of gk and u are disjoint. Due to the properties of Fourier transforms,

we can find M ą 0 such that
ż

|ξ|ěM

|pupξq| dξ ď ϵ. (3.1.27)

Next, using the locally uniform convergence of the ĝk terms we can find r ě 0 such

that
ˇ

ˇ

ˇ
pgr ´ pϕpξq

ˇ

ˇ

ˇ
ď ϵ @ |ξ| ď M. (3.1.28)

Next, we will break up the integral from the inner product in Equation (3.1.26) for

|xϕ, uy| ď

ż M

´M

ˇ

ˇ

ˇ

pϕpξq ´ pgrpξq

ˇ

ˇ

ˇ
|pupξq| dξ `

ż

|ξ|ąM

´ˇ

ˇ

ˇ

pϕpξq

ˇ

ˇ

ˇ
` |pgrpξq|

¯

|pupξq| dξ

ď

ż M

´M

ϵ |pupξq| dξ `

ż

|ξ|ąM

´ˇ

ˇ

ˇ

pϕpξq

ˇ

ˇ

ˇ
` |pgrpξq|

¯

ϵ dξ

“

´

}pu}1 `

›

›

›

pϕ
›

›

›

1
` }pgr}1

¯

ϵ. (3.1.29)

We chose an arbitrary ϵ, and the other terms are constant or obviously bounded (the

gr converge uniformly to ϕ), so the result is xu, ϕy “ 0 for all u with support outside

r0, 2N ´ 1s, which implies the support of ϕ is in r0, 2N ´ 1s. �

Now we take another look at orthonormality. Recall Theorem 2.4.2, where we

came up with a necessary condition for the orthonormality of ϕ. We will now work

out sufficient conditions.
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Theorem 3.1.6 Take H P C1, with Hp0q “ 1, |Hpξq|
2

` |Hpξ ` πq|
2

“ 1 almost

everywhere. Furthermore, have Hpξq ‰ 0 for all |ξ| ď π
2
. Taken together, this implies

that tϕ0,k, k P Zu is an orthonormal basis of V0.

This is mostly based on the Lebesgue theorem, sometimes referred to as the Dom-

inated convergence Theorem [22, p. 91]. The theorem is based on a sequence of

measurable functions tfnunPN such that |fn| ď g almost everywhere for integrable

function g. Under those assumptions, if fpxq “ limnÑ8 fnpxq then we get
ż

fpxq dx “

ż

lim
nÑ8

fnpxq dx “ lim
nÑ8

ż

fnpxq dx. (3.1.30)

Proof.

We start with

pϕpξq “ Hpξ{2qpϕpξ{2q ùñ pϕpξq “

r
ź

j“1

H

ˆ

ξ

2j

˙

pϕ

ˆ

ξ

2r

˙

. (3.1.31)

If we have |ξ| ď π then H
`

ξ
2j

˘

‰ 0 for all j ě 1 so pϕpξq ‰ 0. The convergence to pϕ is

locally uniform and pϕ is continuous (via Theorem 3.1.4). Also, our assumptions on

H mean that pϕpξq ‰ 0 for ξ ď π. This means that δ ą 0 exits such that pϕpξq ě δ ą 0

on |ξ| ď π (we get δ ą 0 since pϕp0q ą 0).

Next, we will bring out the functions fr as defined in (3.1.13), and note that we

could easily write them as

pfrpξq “

$

&

%

1?
2π

pϕpξq

pϕpξ{2rq
, ξ P r´2rπ, 2rπs

0, ξ R r´2rπ, 2rπs.
(3.1.32)

Notice that |ϵ{2r| ď π for ξ P r´2rπ, 2rπs, so pϕpξ{2rq ě δ when ξ P r´2rπ, 2rπs. The

other intervals have pfr “ 0, so we get the upper bound

pfrpξq ď
1

?
2π

pϕpξq

δ
. (3.1.33)

We know that pϕ is a bounded L2 function, so
ż

ϕptqϕpt ´ kq dt “

ż

pϕptqpϕptq eikt dt

“

ż

lim
rÑ8

pfrpξq pfrpξq eikξ dt “ lim
rÑ8

ż

pfrpξq pfrpξq eikξ dt (3.1.34)
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which is δ0k because the tfrp¨ ´ kqukPZ are an orthonormal set (Theorem 3.1.3). �

3.2 Calculating the Coefficients hk

In Section 3.1, it was determined that the coefficients hk of a given scaling function

ϕ could be used, on their own, to calculate ϕ. Recall that the coefficients hk are from

the scaling step,

ϕpxq “
?
2
ÿ

k

hk ϕp2x ´ kq. (3.2.1)

We will, eventually, be calculating ϕ based on the hk, so the first step is to find them.

Recall the function H (Definition 2.4.1),

Hpξq “
1

?
2

ÿ

k

hk e
´ikξ. (3.2.2)

Recall that Hp0q “ 1, equivalent to the hk summing to
?
2 (Equation (2.3.4)). Since

we want ϕto be a real function, we will insist on hk P R. Now for a closer look at ψ.

Equation (2.4.34)) shows that

pψpξq “ ei
ξ
2 H

ˆ

ξ

2
` π

˙

pϕ

ˆ

ξ

2

˙

. (3.2.3)

The order of ψ relates to the convergence of the wavelet transform (detailed in the

appendix, Section B.1). The higher the order, the more efficiently a finite resolution

decomposition will model a function. By definition (Section B.1, again), the order of

ψ relates directly with how quickly pψpξq converges to 0 as ξ Ñ 0. Equation (3.2.3)

makes it clear that the convergence in question is tied to how quickly Hpξq converges

to zero as ξ Ñ π. As a result, we will make functions H of the form

Hpξq “

ˆ

1 ` e´iξ

2

˙N

Bpξq (3.2.4)

with B some polynomial of eiξ. This gives us order N , at least.

Next we will deal with the requirement that |Hpξq|
2

` |Hpξ ` πq|
2

“ 1 almost ev-

erywhere, from Theorem 2.4.2, which only requires looking closely at |Hpξq|
2. Notice

first that

|Hpξq|
2

“ HpξqHpξq “ HpξqHp´ξq “ |Hp´ξq|
2
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so |Hpξq|
2 must be an even function, so it will be a polynomial of cos ξ. Substituting

the H from Equation (3.2.4) gives us

|Hpξq|
2

“

ˆ

1 ` e´iξ

2

˙N ˆ

1 ` eiξ

2

˙N

BpξqBp´ξq

“

„

cos2
ˆ

ξ

2

˙ȷN

BpξqBpξq “

„

1 ´ sin2

ˆ

ξ

2

˙ȷN

|Bpξq|
2 . (3.2.5)

Since |H|
2 is symmetric around zero (an even function), and so is cos2pξ{2q, then

|Bpξq|
2 must be as well. So, |Bpξq|

2 is a polynomial of cos ξ “ 1 ´ 2 sin2
`

ξ
2

˘

and can

be written |Bpξq|
2

“ P
`

sin2
`

ξ
2

˘˘

for a polynomial P . One more identity, sin2
`

ξ`π
2

˘

“

cos2
`

ξ
2

˘

leads to the expression

1 “ |Hpξq|
2

` |Hpξ ` πq|
2

“

„

1 ´ sin2

ˆ

ξ

2

˙ȷN

P

ˆ

sin2

ˆ

ξ

2

˙˙

`

„

1 ´ cos2
ˆ

ξ

2

˙ȷ

P

ˆ

cos2
ˆ

ξ

2

˙˙

1 “

„

1 ´ sin2

ˆ

ξ

2

˙ȷN

P

ˆ

sin2

ˆ

ξ

2

˙˙

` sin2

ˆ

ξ

2

˙

P

ˆ

1 ´ sin2

ˆ

ξ

2

˙˙

(3.2.6)

Substituting y “ sin2
`

ξ
2

˘

simplifies the expression to

1 “ p1 ´ yqNP pyq ` pyqNP p1 ´ yq, y P r0, 1s, (3.2.7)

with our underlying functions written as

HpξqHpξq “ p1 ´ yqNP pyq. (3.2.8)

Now we need to solve for P , which is the only unknown in our expression for |H|
2.

The next step is to divide both sides by yNp1 ´ yqN , leading to

1

yNp1 ´ yqN
“
P pyq

yN
`
P p1 ´ yq

p1 ´ yqN
. (3.2.9)

Now, partial fractions give us constants tCkuk“0,...,N and tC 1
kuk“0,...,N for

1

yNp1 ´ yqN
“

N
ÿ

k“0

Ck
yk

`

N
ÿ

k“0

C 1
k

p1 ´ yqk
“

N
ÿ

k“0

Cky
N´k

yN
`

N
ÿ

k“0

C 1
kp1 ´ yqN´k

p1 ´ yqN
. (3.2.10)
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Since those divisions were basically identical, we get Ck “ C 1
k. This results in a

specific polynomial PN of degree N ´ 1 satisfying

p1 ´ yqNPNpyq ` yNPNp1 ´ yq “ 1 ðñ
PNpyq

yN
`
PNp1 ´ yq

p1 ´ yqN
“

1

yNp1 ´ yqN
. (3.2.11)

The polynomial is

PNpyq “

N´1
ÿ

k“0

˜

N ` k ´ 1

k

¸

yk, (3.2.12)

which combines into our new expression for H,

|Hpξq|
2

“

„

1 ´ sin

ˆ

ξ

2

˙ȷN

PN

„

sin

ˆ

ξ

2

˙ȷ

. (3.2.13)

This expression will satisfy the |Hpξq|
2

` |Hpξ ` πq|
2

“ 1 requirement, but is not the

only solution.

Theorem 3.2.1 A trigonometric polynomial M satisfies Mpξq ` Mpξ ` πq “ 1 if

and only if

Mpξq “

„

cos2
ˆ

ξ

2

˙ȷN

P

ˆ

sin2

ˆ

ξ

2

˙˙

(3.2.14)

with P pyq “ PNpyq ` yNRp1 ´ 2yq, R an odd polynomial.

Proof.

If we have any function P that satisfies Equation (3.2.7) then

p1 ´ yqN
`

P pyq ´ PNpyq
˘

` yN
`

P p1 ´ yq ´ PNp1 ´ yq
˘

“ 0. (3.2.15)

First, note that the second term is multiplied by a yN , so N is the lowest degree

of any of its non-zero coefficients. The same is true of the first term, meaning that

we can write P pyq ´ PNpyq “ yNP ˚pyq, with P ˚ a polynomial. Substitute that into

Equation (3.2.15) and the result is

p1 ´ yqNyNP ˚pyq ` yNp1 ´ yqNP ˚p1 ´ yq “ 0,

P ˚pyq ` P ˚p1 ´ yq “ 0. (3.2.16)
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A change to y ` 1{2 leads to P ˚py ` 1{2q “ ´P ˚p1{2 ´ yq, meaning that P ˚ is

antisymmetric around 1{2, and since it is a polynomial we get P ˚pyq “ Rp1´ 2yq for

an odd polynomial R. �

We now have a general expression for |Hpξq|
2, so we will need to take the square

root, in a manner of speaking. The first component is easy, but P pξq will be a

problem. Thankfully, we have something that at least gives the existence of the

required factoring of P pξq.

Theorem 3.2.2 (Riesz’ Lemma) If

Apξq “

n
ÿ

k“0

ak cos
kpξq, ak P R, an ‰ 0, (3.2.17)

and Apξq ě 0 for ξ P R, and Ap0q “ 1, then there exists

Bpξq “

n
ÿ

k“0

bke
´ikξ, bk P R, Bp0q “ 1 (3.2.18)

such that Apξq “ BpξqBp´ξq.

Proof.

This takes some work, and can be found in [5, p 171]. �

So, our full result becomes

|Hpξq|
2

“

„

cos2
ˆ

ξ

2

˙ȷN

P

ˆ

sin2

ˆ

ξ

2

˙˙

“

„

1 ` e´iξ

2

ȷ

Bpξq

„

1 ` eiξ

2

ȷ

Bp´ξq,

(3.2.19)

recalling that

cos2
ˆ

ξ

2

˙

“
1

2
p1 ` cos ξq “

1

4
p2 ` 2 cos ξq “

1

4

`

1 ` eiξ ` e´iξ ` 1
˘

“

ˇ

ˇ

ˇ

ˇ

1 ` e´iξ

2

ˇ

ˇ

ˇ

ˇ

2

.

(3.2.20)

This means that

Hpξq “

ˆ

1 ` e´iξ

2

˙N

Bpξq. (3.2.21)
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Daubechies wavelets are those that use P “ PN . We just take an N ą 0, calculate

PNpyq, factor the resulting function Bpξq, and substitute it into Equation (3.2.21) to

calculate H. In terms of y, PN is going to be of degree N ´ 1. In terms of eiξ, the

resulting Bpξq will also be degree N ´ 1, since y “ sin2
`

ξ
2

˘

, degree 2 in relation to

eiξ. The eventual product, H, will be degree 2N ´ 1. If we use N “ 1 then B has a

degree of zero and

Hpξq “
1

2

`

1 ` e´iξ
˘

. (3.2.22)

This creates the Haar wavelet.

Example 3.2.3 The H function for the second order Daubechies wavelet is

Hpξq “
1

8

„

´

1 `
?
3
¯

`

´

3 `
?
3
¯

eiξ `

´

3 ´
?
3
¯

e´2ξ `

´

1 ´
?
3
¯

e´3iξ

ȷ

. (3.2.23)

Proof.

To make a Daubechies wavelet we use an H from Equation (3.2.21) with some

power N and the smallest B that is possible. For the N “ 2 case it will be

H2pξq “

ˆ

1 ` eiξ

2

˙2

Bpξq. (3.2.24)

The function B will be a degree 1 trigonometric polynomial with

|Bpyq|
2

“ P2pyq “

1
ÿ

k“0

˜

1 ` k

k

¸

yk “ 1 ` 2y (3.2.25)

with y “ sin2pξ{2q. That means

|Bpξq|
2

“ 1 ` 2

ˆ

1

2
´

1

2
cos ξ

˙

“ 2 ´ cos ξ “ 2 ´
1

2

`

eiξ ` e´iξ
˘

. (3.2.26)

We have |Bpξq|
2, now we need Bpξq itself. It will be of the form Bpξq “ a` be´iξ, so

|Bpξq|
2

“ a2 ` b2 ` ab
`

eiξ ` e´iξ
˘

“ 2 ´
1

2

`

eiξ ` e´iξ
˘

, (3.2.27)

leading to

Bpξq “

ˆ

1 `
?
3

2

˙

`

ˆ

1 ´
?
3

2

˙

e´iξ or

ˆ

1 ´
?
3

2

˙

`

ˆ

1 `
?
3

2

˙

e´iξ. (3.2.28)
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If we use the first of those options for B we get

H2pξq “
1

8

”´

1 `
?
3
¯

`

´

3 `
?
3
¯

eiξ `

´

3 ´
?
3
¯

e´2ξ `

´

1 ´
?
3
¯

e´3iξ
ı

. (3.2.29)

This leads to the coefficients

h0 “
1 `

?
3

4
?
2
, h1 “

3 `
?
3

4
?
2
, h2 “

3 ´
?
3

4
?
2
, h3 “

1 ´
?
3

4
?
2
, (3.2.30)

used in the H function (Definition 2.4.1). �

3.3 Numerical Computation of the Wavelet and

Scaling Function

So, we have gone through the whole mess of trigonometric polynomials and found a

way to calculate the coefficients hk for a given ϕ, before calculating ϕ itself. Approx-

imating ϕ is our obvious next step. We will set up a method that will give the exact

values of ϕ at any point of the form x “ k2r, r, k P Z. We will divide that set of

points, which is dense on R, into different resolutions

Dr “ tk2´r|k P Zu, r “ 0, 1, 2, . . . , (3.3.1)

with

Z “ D0 Ă D1 Ă ¨ ¨ ¨ Ă Dr Ă ¨ ¨ ¨ Ă D “

8
ď

r“0

Dr Ă D “ R. (3.3.2)

Here is the key observation: because

ϕpxq “
?
2
ÿ

kPZ

hk ϕp2x ´ kq, (3.3.3)

the value of ϕ in Dr is influenced only by the values in Dr´1, so if we can get D0 then

we can get D1 and so on. If we know ϕ is continuous, at least piecewise, then the fact

that we have the exact values means we have a good, finite difference, approximation.

Getting that first step is, as always, the difficult part. So, take j P Z, meaning that

ϕpjq “ 0 if j R J “ t0, 1, 2, . . . , 2N ´ 1u. Recall that

ϕpjq “
?
2

2N´1
ÿ

k“0

hk ϕp2j ´ kq, (3.3.4)
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with only the 2j ´ k terms in J resulting in a meaningful value. If we use a vector

x “ rϕp0q, ϕp1q, . . . , ϕp2N ´ 1qs
T then we get the system x “

?
2M x, with M a

2N ˆ 2N matrix of the form

M “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

h0 0 0 0 0 0 0 0 . . . 0

h2 h1 h0 0 0 0 0 0 . . . 0

h4 h3 h2 h1 h0 0 0 0 . . . 0

h6 h5 h4 h3 h2 h1 h0 0 . . . 0
...

. . .
...

...
. . .

...
...

. . .
...

...
. . .

...
...

. . .
...

0 . . . . . . 0 h2N´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.3.5)

Notice that each row is a vector of coefficients hk, simply in reverse order, and that

the coefficient hk is on the diagonal on the row k´ 1. The zeros in the matrix M are

due to the fact that hk “ 0 for k R r0, 2N ´ 1s.

If the hk are valid, then we will get an eigenvalue of one, whose eigenvector will

give the D0 approximation of ϕ. This will give a direction rather than a unique vector,

so what we do is take the vector x such that
ř

k xk “ 1. That particular choice of

vector is necessary, due to the following result.

Property 3.3.1 Assume we have a valid H function (see Section 3.2). If ϕ is a

continuous function and there exists C P R such that

|ϕpxq| ď
C

1 ` x2
, @x P R, (3.3.6)

then

gpxq “
ÿ

k

ϕpx ´ kq “ 1 @ x P R. (3.3.7)

Proof.
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This is not that difficult, thanks to all we know about ϕ. First, gpxq is continuous,

because ϕ is, and is also periodic over Z. As a result, we can look at the Fourier series

of gpxq, with coefficients

cj “

ż 1

0

gpxqe´2iπjx dx “

ż 1

0

ÿ

k

ϕpx ´ kqe´2iπjx dx

“
ÿ

k

ż 1

0

ϕpx ´ kqe´2iπjpx´kq dx

“

ż

ϕpxqe´2iπjx dx “
?
2π pϕ p2j πq. (3.3.8)

Since pϕp0q “ 1?
2π

(see the beginning of Section 2.3), we get c0 “ 1. Also, notice that

ÿ

j

|cj|
2

“
ÿ

j

p2πq

ˇ

ˇ

ˇ

pϕp2jπq

ˇ

ˇ

ˇ

2

“ 2πΦp0q “ 1, (3.3.9)

using the Φ function from Theorem 2.3.5, and the fact that ϕ is an orthonormal

scaling function. This means that c0 is the only non-zero Fourier coefficient of gpxq,

so gpxq is constant. �

Next we will calculate a classic scaling function and wavelet. Both Examples C.1.1

and C.1.2 relate to the methods used.

Example 3.3.2 The N “ 2 wavelet, the Daubechies wavelet ψ2, and its scaling func-

tion.

Recall Example 3.2.3, where we calculated the coefficients

h0 “
1 `

?
3

4
?
2
, h1 “

3 `
?
3

4
?
2
, h2 “

3 ´
?
3

4
?
2
, h3 “

1 ´
?
3

4
?
2
, (3.3.10)

for the second order Daubechies scaling function. If we take the matrix

A “
?
2

»

—

—

—

—

–

h0 0 0 0

h2 h1 h0 0

0 h3 h2 h1

0 0 0 h3

fi

ffi

ffi

ffi

ffi

fl

(3.3.11)



CHAPTER 3. CALCULATING SCALING FUNCTIONS AND WAVELETS 53

then we find that it has an eigenvalue of 1 with related eigenvector
”

0, 1`
?
3

2
, 1´

?
3

2
, 0
ıT

.

So, those are our starting values. Now to make use of the equation

ϕpjq “
?
2

2N´1
ÿ

k“0

hk ϕp2j ´ kq

“
?
2

„

h0 ϕp2jq ` h1 ϕp2j ´ 1q ` h2 ϕp3j ´ 2q ` h3 ϕp2j ´ 3q

ȷ

. (3.3.12)

At the initial state we have four exact values of ϕ2, evenly spaced on r0, 3s. This

makes a ∆x “ 1. After one application of Equation (3.3.12) we will have seven,

evenly spaced, for a ∆x “ 1
2
. Continuing on, each step will halve the ∆x. There

will be 3 ¨ 2n ` 1, exact, values at the step n, that term resulting from the support of

the function, r 0 , 3 s, and the resolution. The calculations can be arranged in matrix

form, each step using a 3 ¨ 2n ` 1 by 3 ¨ 2n´1 ` 1 sized matrix A at each step. For the

second step, A will have the form

A “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

1 0 0 0
?
2h1

?
2h0 0 0

0 1 0 0
?
2h3

?
2h2

?
2h1

?
2h0

0 0 1 0

0 0
?
2h3

?
2h2

0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (3.3.13)

This pattern, with an identity matrix with its rows separated by terms of the form
?
2hk and zeros, will work for each step if we get the even rows right. Take the

elements in the p2jqth row, for example. This row calculates

ϕ

ˆ

2j ´ 1

2n

˙

“
?
2
ÿ

k

hk ϕ

ˆ

2j ´ 1

2n´1
´ k

˙

“
?
2
ÿ

k

hk ϕ

ˆ

2j ´ k2n´1 ´ 1

2n´1

˙

. (3.3.14)

Recalling that the input vector is operating under the coarser resolution, this means

that the
?
2hk will need to appear on the 2j ´ k 2n´1 position, which is consistent

with the pattern above.

A simple procedure in MATLAB (see Example C.1.1) can get a fair approxima-

tion of the scaling function, and can easily be used to gain an approximation of the
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Figure 1: Plot of the second Daubechies scaling/wavelet function pair, at 210 per unit
resolution.

corresponding mother wavelet (Figure 1). One could also approximate the derivatives

of these functions, weak derivatives, and so forth.

Using 10 steps, that is, an eventual step size of 2´10, takes a nearly impercepti-

ble amount of time on a standard, out of date, system. Furthermore, the eventual

numerical integral of the resulting ϕ with ϕp ¨ ´ 1q is approximately ´5.2452 ˆ 10´6.

The numerical approximation of }ϕ}
2 has an error of 8.1062 ˆ 10´6 (remember it is

supposed to equal one). Results for that level of accuracy and several others, for

comparison, are in Table 1. The value N , relating to the step size ∆x “ 1
2N

, is in the

top row.
Table 1: Inner product errors for ϕ2.

Resolution
4 6 8 10

}ϕ}
2

´ 1 1.43 ˆ 10´2 1.32 ˆ 10´3 1.06 ˆ 10´4 8.10 ˆ 10´6

xϕp¨q, ϕp¨ ´ 1qy ´8.95 ˆ 10´3 ´8.38 ˆ 10´4 ´6.83 ˆ 10´5 ´5.24 ˆ 10´6

xϕp¨q, ϕp¨ ´ 2qy 1.78 ˆ 10´3 1.79 ˆ 10´4 1.52 ˆ 10´5 1.19 ˆ 10´6
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(c) η7pxq

Figure 2: Cascade Algorithm results, all calculated using a starting function of ϕH “

ιr0,1q. The only difference is the number of cascade algorithm cycles. The main feature
to notice here is the tip of the tallest part of the function. Notice how it is left of
x “ 1 at three cycles, migrating to the right as more cycles are calculated.

3.4 The Cascade Method

There is a recurring problem with the ϕpxq calculating method outlined in Section

3.3, and that problem is stability. Recall that the method starts with an eigenvalue

of a matrix (see around Equation (3.3.5)). The matrix can have multiple eigenvectors

for λ “ 1, of course, and some of the eigenvectors will generate unstable results.

This is generally easy to spot, when it happens. If the wrong eigenvector is chosen,

the algorithm will output ϕ function data in the 104 range after a modest number

of cycles. It is hard to prevent this from happening. We will now look into the

cascade method, which is totally reliable when it comes to stability, though not quite

as accurate as the earlier algorithm. For a more extensive look at the advantages of

the cascade algorithm, look at [26, p. 55].

The cascade method is actually an application of something we used earlier, in

Theorem 3.1.8. We wanted pϕ, so we used

lim
rÑ8

r
ź

j“0

H

ˆ

ξ

2r

˙

pϕH

ˆ

ξ

2r

˙

. (3.4.1)

The cascade method works towards ϕ, not its Fourier transform. It does so using the

scaling step for ϕ (last seen in (3.3.4)) to a carefully chosen starting function. Doing

so repeatedly will result in convergence to ϕ. There are quite a few details to outline.

First, the algorithm calculates approximations of ϕ at 2´n intervals, much like the
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earlier algorithm. It does so via step functions of the form

ηnpxq “
ÿ

l

cl1r2´nl,2´npl`1qqpxq. (3.4.2)

The ηn are step functions that are constant on intervals
“

2´nk, 2´npk ` 1q
˘

, so

ηnpxq “
ÿ

l

ηnp2´nlq1r2´nl,2´npl1qqpxq. (3.4.3)

Also, for each ηn we get
ż

ηnpxq dx “
ÿ

l

ηn p2´n lq 2´n. (3.4.4)

We only need to keep track of the values ηnp2´nlq. Notice that the ηn functions will

become finer as the algorithm progresses. This is necessary, due to the structure of

the scaling step

ηn`1pxq “
?
2
ÿ

k

hkηnp2x ´ kq, (3.4.5)

notice that the translates of ηnp2xq will be constant on
“

2´n´1l, 2´n´1pl`1q
˘

intervals.

The first function, the starting function, is η0, an integer step function. If we

want to calculate an orthonormal ϕ, we should have xη0, η0p¨ ´ lqy “ δ0l (this is easy,

chose a translate of the Haar scaling function). We also require
ş

η0 dx “ 1, which,

again, is satisfied if we use some version of the Haar scaling function. If we have

xηn, ηnp¨ ´ lqy “ δ0l and the coefficients hk from an orthonormal ϕ then

xηn`1, ηn`1p¨ ´ lqy “ 2
ÿ

k

hk
ÿ

k1

hk1

ż

ηnp2px ´ lq ´ kqηnp2x ´ k1q dx

“
ÿ

k

ÿ

k1

hkhk1δpk`2lqpk1q “ δl0 (3.4.6)

using Equation (2.3.4). So, the ηn will preserve the orthogonality property and, more

importantly, preserve the L2. There is one more value that is preserved.

If we use the scaling step on ηn, we get

ηn`1pxq “
?
2
ÿ

k

hkηnpxq “
?
2
ÿ

k

hk
ÿ

l

ηn
`

2 ¨ 2´nl ´ k
˘

1r2´nl,2´npl`1qqp2x ´ kq.

(3.4.7)
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We can use this on the integral of ηn`1, from (3.4.4), for

ż

ηn`1pxq dx “
?
2
ÿ

l

ηn`1p2
´n´1lq

1

2n`1

“
?
2
ÿ

k

hk
ÿ

l

ηn
`

2 ¨ 2´n´1l ´ k
˘ 1

2n`1

“
1

2n`1

«

?
2
ÿ

k

hk
ÿ

l

ηn
`

2´nl ´ k
˘

ff

. (3.4.8)

Since k is always a multiple of 2´n`1, each coefficient hk gets multiplied by each

ηn p2´nlq. As a result, the integral becomes

ż

ηn`1pxq dx “
1

2n`1

˜

?
2
ÿ

k

hk

¸˜

ÿ

l

ηn´1

`

2´nl
˘

¸

. (3.4.9)

Since the coefficients hk sum to
?
2 (see near Equation (2.3.5)), we get

ż

ηn`1pxq “
1

2n

ÿ

l

ηn´1

`

2´nl
˘

“

ż

ηnpxq dx, (3.4.10)

by (3.4.4). So, we have the integral preserved and the L2 norm preserved. Stability

is helpful, but convergence is more important, of course. Thankfully, Theorem 3.1.8

proves convergence using the Fourier transformed equivalent to this procedure, so

we will get convergence here as well. As before, the eventual convergence is to ϕ,

independent of pretty much anything except that integral of the starting function

should be 1.

The fact that we do not get exact terms for any given point is the necessary side

effect for the method’s stability. For instance, if we are calculating the Daubechies

n “ 2 wavelet (discussed in Example 3.3.2) starting with ϕH , we get a clear migration

from left to right (top of Figure 2) (look at the tallest part of the function).

A simple cascade method program can be found in Appendix C, Example C.1.4.



Chapter 4

Biorthogonal Wavelets

The most stringent restriction we have applied until now was keeping the ψj,k or-

thogonal. The scaling functions and wavelets created in this way are quite clearly not

ideal for our purposes, being difficult to calculate explicitly, not symmetric, and, most

importantly, not smooth enough to model differentiable functions effectively. What

we will now do is relax the orthogonality requirement, creating a class of scaling

functions and wavelets that are symmetric, smooth, and have compact support.

4.1 Biorthogonal Decompositions

What we want is a set of two bases, each the dual of the other. The dual of a function

f , rf , has the property
A

f, rf
E

“ 1. When applied to sets the requirement becomes

more stringent. In the case of wavelets, we get two sets

tψj,kuj,kPZ and
!

rψj1,k1

)

j1,k1PZ
, (4.1.1)

such that both sets span our L2 space, and, finally,

A

ψj,k , rψj1,k1

E

“ δj,j1 δk,k1 . (4.1.2)

The inner product requirement in Equation (4.1.2) is key, since it means that if

f “
ÿ

j,k

aj,kψj,k “
ÿ

j,k

raj,k rψj,k (4.1.3)

58
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then

A

f , rψj1,k1

E

“

C

ÿ

j,k

aj,kψj,k , rψj1,k1

G

“
ÿ

j,k

aj,k

A

ψj,k , rψj1,k1

E

“ aj,k. (4.1.4)

As a result, we can actually write

f “
ÿ

j,k

A

rψj,k , f
E

ψj,k “
ÿ

j,k

xψj,k , fy rψj,k. (4.1.5)

Note that we started with f equal to a sum of ψ terms. It would be nice if projections

could be calculated using inner products. Unfortunately, it is not that simple for

biorthogonal bases. If we set up a space V “ Spantfk , k P Ku, then assuming the

projection of h onto V is

PV h “
ÿ

kPK

A

rfk, h
E

fk (4.1.6)

only works when h actually belongs to V in the first place, or when the fk and gk

sets are actually orthogonal. To illustrate this, assume that fm is not actually part

of the spanning set of J (as in, m R K). The inner product based projection would,

obviously, be zero. However, if we take a single function f1 out of tfkukPK then the

norm of the difference is

}af1 ´ fm}
2

“ a2 }f1}
2

´ 2a xf1, fmy ` }fm}
2 . (4.1.7)

The smallest norm value will use a “
xf1,fmy

2}f1}2
, which is zero if and only if xf1, fmy. We

could have used any function fk, so the projection of fm onto Span tfk, k P Ku will

not be zero unless the fk are all orthogonal to fm. Note that this does not imply

that the inner product based operation will not provide a good approximation of the

projection.

So, our bases are not orthonormal, but we do get unique decompositions via inner

products. Also, while this system is more complicated than orthogonal ones, there is

the advantage that one of the ϕ and ψ sets could easily be pretty much ideal. For

example, we will be only using biorthogonal systems where ϕ is a B-spline. What this

means is that it will be easy to confirm that one of the sets spans the space, which

actually implies the same for the dual functions.
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Property 4.1.1 Assume that tψukPZ and
!

rψ
)

kPZ
are biorthogonal sets in the Hilbert

space X and tψukPZ spans X. This implies that the rψ set also spans X and that

}f}
2

“
ÿ

k

xf, ψky

A

f, rψk

E

. (4.1.8)

Proof.

First, we take

f “
ÿ

k

akψk “
ÿ

k

A

f, rψk

E

ϕk P X (4.1.9)

and its approximation in the span of the rψ,

g “
ÿ

k

bk rψk “
ÿ

k

xf, ψky rψk. (4.1.10)

Now to consider the error, f ´ g, along with a fixed ψ element, ψl:

xf ´ g, ψly “ xf, ψly ´
ÿ

k

´

xf, ψky

A

rψk, ψl

E¯

“ xf, ψly ´ xf, ψly
A

rψl, ψl

E

“ 0. (4.1.11)

Since the ψ span X, that error is orthogonal to all X and must be zero.

Proving Equation (4.1.8) is trivial:

}f}
2

“ xf, fy “

C

ÿ

k

A

f, rψk

E

ψk,
ÿ

k

xf, ψky rψk

G

“
ÿ

k

A

f, rψk

E

xf, ψky , (4.1.12)

so we are done. �

Now that the preliminaries are out of the way, we can consider what a biorthogonal

scaling function and wavelet combination would look like. First, we will need both ϕ

and rϕ, along with two scaling steps:

ϕpxq “
?
2
ÿ

k

hk ϕp2x ´ kq, rϕpxq “
?
2
ÿ

k

rhk rϕp2x ´ kq. (4.1.13)

The wavelet will be developed much like in the previous chapters, except there will

be a flip between the hk and h̃k due to which particular function will be used for the

inner products. We get

ψpxq “
?
2
ÿ

k

gk ϕp2x ´ kq, rψpxq “
?
2
ÿ

k

rgk rϕp2x ´ kq (4.1.14)
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with

gk “ p´1qk rh1´k, rgk “ p´1qk h1´k. (4.1.15)

This is, again, exactly what we get for the orthonormal functions.

4.2 Basic Setup for Biorthogonal Scaling Functions

Calculating biorthogonal wavelets is something that texts on the subject typically

gloss over, it seems, along with the actual calculation of the scaling functions and

wavelets. There are some good reasons for this. First, the results, and the means to

prove them, are almost completely identical to those for orthogonal wavelets. Second,

the expressions are twice as complex and are frequently very cumbersome to write.

We will be taking a short look at the thinking behind biorthogonal wavelets, and have

a few examples of how to convert the orthogonal results to the biorthogonal case. It

is essential to recall the theorems in Section 2.2 and Chapter 3. The main difference

here is that we will not have absolute values of the functions in question, we will

instead have products. For instance, instead of |Hpξq|
2 we will have Hpξq rHpξq. The

result is that the proofs will be, for lack of a better expression, messier than before.

The steps will be almost the same. As such, we will not bother re-writing many of

the proofs for the biorthogonal case, just a select few. Recall that pψ is the Fourier

transform of ψ (Section A.1), rψ is the dual of ψ (see glossary or Section 4.1) and

ψ is the complex conjugate of ψ. In these proofs, it is not uncommon to see pψ̃, the

conjugate of the Fourier transform of the dual of ψ.

First, we deal with the function Φ and biorthogonality.

Theorem 4.2.1 If Φpξq “
ř

k
pϕpξ ` 2πkq

p

rϕpξ ` 2πkq then

A

ϕpxq, rϕpx ´ kq

E

“ δ0k ðñ Φpξq “
1

2π
almost everywhere. (4.2.1)

This is a more general case of Theorem 3.1.6.
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Proof.

This is done the same way as in Theorem 3.1.6: by expanding the inner product
A

ϕ, rϕk

E

“

B

pϕ,
p

rϕk

F

“

ż

pϕpξq
p

rϕpξq e´ikξ dξ

“
ÿ

l

ż 2π

0

pϕpξ ` 2πlq
p

rϕpξ ` 2πlq e´ikξ dξ

“

ż 2π

0

Φpξqe´ikξ dξ. (4.2.2)

The last integral in (4.2.2) is akin to a Fourier transform (it is missing a constant

term), meaning that the biorthogonal arrangement requires that Φ be constant (in

the L2 sense), with a value of 1
2π
. �

Next, we bring in the function Hpξq, the Fourier space equivalent of the scaling

step. The H function is defined in (2.4.1). We will have a dual equivalent of this

function, identified with a „ above, so

rHpξq “
ÿ

k

rhke
´ikξ ùñ

p

rϕpξq “ rH

ˆ

ξ

2

˙

p

rϕ

ˆ

ξ

2

˙

. (4.2.3)

Theorem 4.2.2 The function Φpξq equalling 1
2π

almost everywhere requires

Hpξq rHpξq ` Hpξ ` πq rHpξ ` πq “ 1 almost everywhere. (4.2.4)

This is the biorthogonal version of Theorem 2.3.5.

Proof.

Again, this is much the same as the orthogonal version:

Φpξq “
ÿ

k

pϕpξ ` 2πkq
p

rϕpξ ` 2πkq

“
ÿ

k

pϕpξ ` 2π ` 4πkq
p

rϕpξ ` 2π ` 4πkq `
ÿ

k

pϕpξ ` 4πkq
p

rϕpξ ` 4πkq, (4.2.5)

by breaking the sum in two. Next, we include H (and rH) for

Φpξq “
ÿ

k

´

Hpξ{2 ` π ` 2πkq pϕpξ{2 ` π ` 2πkq

¯

ˆ

rHpξ{2 ` π ` 2πkq
p

rϕpξ{2 ` π ` 2πkq

˙

`
ÿ

k

´

Hpξ{2 ` 2πkq pϕpξ{2 ` 2πkq

¯

ˆ

rHpξ{2 ` 2πkq
p

rϕpξ{2 ` 2πkq

˙

. (4.2.6)
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Next, we recall that H is 2π periodic for

Φpξq “ Hpξ{2 ` πq rHpξ{2 ` πq
ÿ

k

pϕpξ{2 ` π ` 2πkq
p

rϕpξ{2 ` π ` 2πkq

` Hpξ{2q rHpξ{2q
ÿ

k

pϕpξ{2 ` 2πkq
p

rϕpξ{2 ` 2πkq. (4.2.7)

The next step is to notice Φpξ{2q and Φpξ{2 ` πq in Equation (4.2.5) for

Φpξq “ Hpξ{2q rHpξ{2qΦpξ{2q ` Hpξ{2 ` πq rHpξ{2 ` πqΦpξ{2 ` πq. (4.2.8)

So, if ϕ and ϕ̃ form a biorthogonal system then Φpξq “ 1
2π

almost everywhere, so

Hpξq rHpξq ` Hpξ ` πq rHpξ ` πq “ 1, (4.2.9)

almost everywhere. �

Getting the other direction, as before, requires significantly more effort. First,

we create the biorthogonal equivalents of the functions fr, which were defined in

Equation (3.1.13). Recall that 1 is an indicator function. We get the two sets

pf0 “
1

?
2π

1r´π,πspξq, pfrpξq “ H

ˆ

ξ

2

˙

pfr´1

ˆ

ξ

2

˙

,

p

rf0 “
1

?
2π

1r´π,πspξq,
p

rfrpξq “ rH

ˆ

ξ

2

˙

p

rfr´1

ˆ

ξ

2

˙

. (4.2.10)

Many of the original results for these will still apply, in a certain sense. Note that

the
!

pfr

)

and

"

p

rfr

*

will form biorthogonal sets.

Theorem 4.2.3 If we have Hp0q “ 1, Hpπq “ 0 and Hpξq ` Hpξ ` πq “ 1 then

lim
rÑ8

pfr “

8
ź

n“0

H

ˆ

ξ

2n

˙

“ pϕpξq and lim
rÑ8

p

rfr “

8
ź

n“0

rH

ˆ

ξ

2n

˙

“
p

rϕpξq. (4.2.11)

Both convergences are locally uniform and they form a biorthogonal system for all r.

Proof.



CHAPTER 4. BIORTHOGONAL WAVELETS 64

The convergences are proven in Theorem 3.1.6, being functionally identical to the

original, orthogonal, case. The biorthogonal component requires only the use of the

new function Φ. What we need is

ÿ

k

pfrpξ ` 2πkq
p

rfrpξ ` 2πkq “
1

2π
, almost everywhere, for all r ě 0. (4.2.12)

We get that result for r “ 0, since both sets of functions begin equal to ϕH. Next, we

proceed inductively, exactly as done in Theorem 3.1.6. All that is different is the use

of two different functions, which changes very little, as we saw in the last two results.

The procedure is much the same, just messier. �

Corollary 4.2.4 If

Hpξq rHpξq ` Hpξ ` πq rHpξ ` πq “ 1, almost everywhere (4.2.13)

and Hpξq “ 1, then the related ϕ and ϕ̃ form an orthonormal system.

Proof.

This uses the dominated convergence theorem like with Corollary 3.1.6, with both

sets of fr bounded using the same reasoning. The actual limit then becomes

ż

lim
rÑ8

pfrpξq
p

rfrpξ ` kq dξ “ lim
rÑ8

ż

pfrpξq
p

rfrpξ ` kq dξ “ lim
rÑ8

δ0k “ δ0k, (4.2.14)

just like in the proof of 3.1.6. �

4.3 Numerical Computation of Biorthogonal

Scaling Functions and Wavelets

With the background results dealt with, we can now get to actually calculating ϕ, rϕ

and their wavelets. The most typical examples put forward are frequently referred

to as dual scaling functions. The scaling function that will be used is created, then

a dual function is calculated to go with it. As a result, we can work with pretty
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Figure 3: The third order biorthogonal spline scaling function, and its second deriva-
tive.

much any function we like, and leave the dual for calculating inner products. Spline

functions work well, being both fairly smooth and highly localized. For instance,

consider the function in Figure 3, with H function

Hpξq “

ˆ

1 ` e´iξ

2

˙3

. (4.3.1)

One thing to note is that the function in question is the second order spline, but a third

order scaling function (just like the Haar wavelet is first order in wavelet terms, but

a zeroth order spline). This is almost certain to cause confusion, so we will, usually,

refer to the order only with respect to wavelets and scaling functions (discussed in

Appendix B.1). Anyway, recall that in Section 3.2 we focused on |Hpξq2| “ HpξqHpξq

to verify that a scaling function was an orthonormal one. We can use the same method

here, with minimal variation to the proofs. We need to make sure that

Mpξq “ Hpξq rHpξq (4.3.2)

has the required property, namely that Mpξq ` Mpξ ` πq “ 1 almost everywhere.

This is actually quite easy in this case. We know that an Mpξq of this order should

be of the form

Mpξq “

ˆ

cos2
ˆ

ξ

2

˙˙N

P

ˆ

sin2

ˆ

ξ

2

˙˙

(4.3.3)
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with P “ PN `R, with PN fixed and R some odd polynomial (see Theorem 3.2.1 and

related material). We will, as before, dispense with R, so we get

Mpξq “

ˇ

ˇ

ˇ

ˇ

1 ` e´iξ

2

ˇ

ˇ

ˇ

ˇ

6

P3

ˆ

1 ´ cospξq

2

˙

. (4.3.4)

So, we can get part of that using

Hpξq “ e´inξ

ˆ

1 ` e´iξ

2

˙3

, (4.3.5)

meaning that H results in a translation of our original spline function. That n is just

a constant used to shift the coefficients hk, and it has no effect whatsoever on the

shape of ϕ. There will be an equal term in rH, to keep the rhk values for k ă 0 equal

to zero.

Factoring the H in (4.3.5) out of M leaves us with

rHp´ξq “ einξ
ˆ

1 ` eiξ

2

˙3

P3

ˆ

1 ´ cospξq

2

˙

. (4.3.6)

That power of
´

1`eiξ

2

¯

in rH can easily be included in rHp´ξq (which, you recall, needs

to be a polynomial of eiξ). This leaves P3, a polynomial of
´

1´cospξq

2

¯

, which can easily

be found to be

19

4
´

9

2
cospξq `

3

4
cos2pξq “

3

8
e´2iξ ´

9

4
e´iξ `

19

4
´

9

4
eiξ `

3

8
e2iξ. (4.3.7)

Again, we want that to be a polynomial of eiξ, and the easiest way to get that is to

make our final term, einξ, with n “ 2 for

rHp´ξq “

ˆ

3

8
e´2iξ ´

9

4
e´iξ `

19

4
´

9

4
eiξ `

3

8
e2iξ

˙

e2iξ
ˆ

1 ` eiξ

2

˙3

“

ˆ

3

8
´

9

4
eiξ `

19

4
e2iξ ´

9

4
e3iξ `

3

8
e4iξ

˙ ˆ

1 ` eiξ

2

˙3

. (4.3.8)

A quick note, though, about the e˘inξ. This is done to maintain the pattern used

with the Daubechies wavelets (Section 3.2, Example 3.2.21 particularly), and not out

of necessity. The additional power of eiξ is used to make the coefficients hk equal to
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zero for k ă 0, so the meaningful hk have k P r0, 2N ´ 1s. Again, this is purely out of

keeping the pattern from Section 3.2. The eventual result is h and rh, like so:

k : 0 1 2 3 4 5 6 7

hk : 0 0 1
8

3
8

3
8

1
8

0 0

rhk :
3
64

´ 9
64

´ 7
64

45
64

45
64

´ 7
64

´ 9
64

3
64

. (4.3.9)

The result of those coefficients hk is the scaling function from Figure 3, in the location

plotted. The dual (rϕ, via the rhk) is a (much) less smooth function, as shown by Figure

4. Both ϕ and rϕ are easily calculated using a modification of the earlier ϕ calculating

programs. Basic examples can be found in the appendix, specifically in Section C.2.

The newly calculated rϕ satisfies the biorthogonality property
A

ϕn,k, rϕn,k1

E

“ δkk1 , as

shown by Figure 5. So, we have our biorthogonal scaling functions, or, rather, a spline

with its dual. Our next step is to calculate the wavelets. We have two separate sets

of scaling coefficients, hk and rhk. As has been stated, we are to construct gk out of

the coefficients rhk and the rgk out of the hk, and we will get two functions ψ and rψ

(Figure 4).

One thing that should now be worked through is getting the correct values into

the decompositions. We know that for any j we can write ϕ´1,j in terms of functions

ϕ0,k and ψ0,k. What we need is the coefficients ak,j and bk,j such that

ϕ´1,jpxq “
ÿ

k

ak,jϕ0,k `
ÿ

k

bk,jψ0,k. (4.3.10)

We need to use the dual functions for this. What we get for the ak,j is

ak,j “

A

ϕ´1,j, rϕ0,k

E

“

C

ϕ´1,j,
ÿ

i

rhi rϕ´1,2k`i

G

“
ÿ

i

rhi

A

ϕ´1,j, rϕ´1,2k`i

E

“ rhj´2k. (4.3.11)

So, the coefficients used with the inverse fast wavelet transform are the duals of the

coefficients hk, namely the rhk. The same will be true with the ψ related coefficients

rgk.

Example code can be found, again, in Appendix C.2.
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Figure 4: The second order biorthogonal spline wavelet, and related duals. All at, or
calculated at a resolution of 27 “ 128 elements per unit length in the x direction.
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Figure 5: Errors from the inner products of ϕB2 , ψB2 , and their duals, in units of 10´6.
The vertical is the error calculated, in units of 10´6, so our largest value is approxi-
mately 2 ˆ 10´5. The horizontal is the value k P Z from the inner product involved,
which need not get very large since all of the functions have bounded support. The
first two, a) and b), are supposed to be equal to δ0k. The others are supposed to be
equal to zero. The first four are all at the base, n “ 0, resolution, so the k relate to
integer translates. Because they are functions at finer resolution, the last two graphs
use translates of 1

2
units.



Chapter 5

Numerical Application

5.1 Getting Started

This chapter will look at several practical considerations for the actual application

of wavelets to solving partial differential equations. Some of the sections will include

comparisons between the application of wavelets and the application of Fourier series

to differential equations. This provides a stark contrast with the relevant properties

of wavelets. Those unfamiliar with Fourier series can look to Section A.2 for a brief

introduction.

Consider a decomposition based on the wavelet ψ, the projection of the function

f onto the space VJ . First off, we can use series of the form

PJf “
ÿ

jąJ

ÿ

kPZ

bj,k ψj,k, (5.1.1)

in theory, but in practice that would be either impractical or simply impossible.

Even for a compact domain, we would need an infinite number of Wj spaces, and so

an infinite number of coefficients bj,k, to create any space VJ . We generally have a

starting point in one of the Vj spaces, so a sum of aj,kϕj,k elements. Generally, the Vj

space chosen will have insufficient resolution, so we add extra resolution in the form

of spaces Wj (recall that VJ Ă VJ´1 “ VJ ‘WJ). Generally, we use V0 as the starting

69
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point, so we have functions of the form

PJfpxq “
ÿ

kPZ

ak ϕpx ´ kq `

J´1
ÿ

j“0

ÿ

kPZ

b´j,k ψ´j,kpxq P V´J . (5.1.2)

Some books use V0 as the highest resolution and have the wavelets expanding to V0

from some practical base VJ (with J ě 0). The others use V0 as the base. Both work

perfectly well, being theoretically identical. We will use the second option, so all of

our setups will use V0 as the base resolution and some larger space VJ , with J ă 0,

as the full space. We will keep this format, and use it in the numerical examples in

future chapters. This means that our lowest resolution will always have a function ϕ

at every integer, with functions ψj,k included for greater accuracy.

5.2 Localization

The main issue with the Fourier decomposition is that the functions eikξ have support

over the entire space. The uncertainty principle (Section 2.5) means that any ϕ/ψ

pairing will be either localized in space or have high derivatives. As such, we can

view the Fourier series as being one extreme: infinitely differentiable but with no lo-

calization. The other extreme would be the Haar scaling function: perfectly localized

but discontinuous. Working with wavelets, which have both resolution and location,

means that we can easily put extra resolution on a decomposition of a function if

and when it needs it. This has a similar effect as, for instance, using smaller finite

differences in a particularly important section of a domain. However, we are working

with an orthonormal basis, so all that is needed is to start including coefficients bj,k

(and associated functions ψj,k) in the calculations. Since that is all we need to do, it

much easier to adapt a wavelet decomposition.

Wavelet decompositions also allow us to take advantage of localized high resolution

to compress data. Take a function f , analyzed up to the resolution J ă 0 (so VJ) in

the domain r0, N s, N P Z and ą 0. It will be of the form

fpxq “

2´JN´1
ÿ

k“0

aJ,k ϕJ,kpxq “

2´pJ`1qN´1
ÿ

k“0

aJ`1,k ϕJ`1,kpxq `

2´pJ`1qN´1
ÿ

k“0

bJ`1,k ψJ`1,kpxq,

(5.2.1)
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Table 2: A summary of the effect of cutting coefficients bj,k with magnitude ă T .
These results relate to Figure 6, and the function fpxq plotted there.

T Number of bj,k kept L2 Error L1 Error L8 Error
639 7.484 ¨ 10´4 3.573 ¨ 10´4 5.368 ¨ 10´3

10´7 611 7.484 ¨ 10´4 3.575 ¨ 10´4 5.368 ¨ 10´3

10´6 490 7.484 ¨ 10´4 3.631 ¨ 10´4 5.368 ¨ 10´3

10´5 365 7.494 ¨ 10´4 4.224 ¨ 10´4 5.368 ¨ 10´3

10´4 235 8.146 ¨ 10´4 9.443 ¨ 10´4 5.368 ¨ 10´3

10´3 148 2.668 ¨ 10´3 5.550 ¨ 10´3 5.387 ¨ 10´3

10´2 90 3.099 ¨ 10´2 6.702 ¨ 10´2 7.503 ¨ 10´2

since VJ “ VJ`1 ‘ WJ`1. If, however, we only needed the J resolution over, say, a

single value (at the location v, so the coefficient bJ`1,v) then we could express fpxq

accurately as

fpxq “

2´pJ`1qN´1
ÿ

k“0

aJ`1,k ϕJ`1,kpxq ` bJ`1,vψJ`1,vpxq. (5.2.2)

Our sum containing 2´JN terms now has 2´pJ`1qN ` 1 terms (recall that J ă 0).

This is primarily of help in compressing images, which are likely to contain important

details as well as fairly uniform sections.

Example 5.2.1 A wavelet decomposition of the function

fpxq “ px ´ 5q sin

ˆ

xpx ´ 1qpx ´ 5qpx ´ 10q

10

˙

on x P r0, 10s.

The plot of f is in Figure 6, part a). Notice the mix of smooth and irregular

sections. The fine resolution wavelets ψj,k will be unnecessary where the function

is smooth. The later plots in Figure 6 are the errors when the coefficients bj,k with

magnitude below a given T ą 0 are removed (set to zero). Notice the error becoming

larger (and coarser) as T increases from 10´7 to 10´3. Table 2 has a summary of the

results, using multiple norms. Notice that removing the 149 smallest coefficients bj,k

results in a very small increase in the error.
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Figure 6: Wavelet decompositions of fpxq, and additional error from cutting all bj,k
values below a tolerance T . All are plotted at 28 resolution. The wavelet is the fourth
order biorthogonal spline function. Any coefficient bj,k below T is cut (set to zero).



CHAPTER 5. NUMERICAL APPLICATION 73

5.3 Derivatives

We intend to approximate partial differential equations, so we will definitely need

derivatives. This section is entirely about approximating derivatives using wavelets,

first with projections then using a collocation method. In both cases, for an mth order

derivative, we will want an arrangement with a matrix M mapping a VJ approxima-

tion of a function fpxq onto a VJ approximation of Bm

Bxm
fpxq. If we have a vector a

containing the coefficients aJ,k from VJ approximation of f , then a proper setup will

result in our approximation of the derivative being simply Ma.

We will be using finer resolutions eventually, but for now let us restrict ourselves

to V0. Consider the domain r0, N s and the projection of a function f onto V0,

P0fpxq “

N
ÿ

k“0

xf, ϕk,0yϕk,0 “

N
ÿ

k“0

akϕk,0pxq. (5.3.1)

What we want is the projection of the derivative onto V0, which will be

P0

ˆ

d

dx
P0fpxq

˙

“

N
ÿ

k

a1
kϕ0,k “

N
ÿ

k“0

B

d

dx
P0fpxq, ϕ0,kpxq

F

ϕ0,kpxq

“

N
ÿ

m“0

N
ÿ

k“0

ak

B

d

dx
ϕ0,kpxq, ϕ0,mpxq

F

ϕ0,mpxq

“

N
ÿ

m“0

N
ÿ

k“0

ak

B

d

dx
ϕpxq, ϕ0,m´kpxq

F

ϕ0,mpxq. (5.3.2)

If we have the coefficients a0,k arranged into a vector a0 and the coefficients a1
0,k into

a vector a1
0, then we want to arrange the

@

d
dx
ϕpxq, ϕ0,m´kpxq

D

terms into a matrix D0

such that a1
0 “ D0a0. Looking at the sum in (5.3.2) for an individual m shows us

that the element

pD0qm,n “

B

d

dx
ϕpxq, ϕ0,n´mpxq

F

. (5.3.3)

How those inner product values are calculated is not important, as long as the method

is accurate. The most basic is to calculate ϕ numerically, at very fine resolution, use a

finite difference scheme to calculate ϕ1, then calculate xϕ1, ϕp¨ ´ kqy numerically. This

is likely to be time consuming, but it need only be done once.
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Starting with a finer resolution, doing everything in VJ (J ă 0) gives greater accu-

racy, of course. Using a matrix DJ , structured similarly to D0 except with elements
@

ϕ1
J,k, ϕJ,m

D

, we can approximate the derivative in VJ . If we have f related coefficients

aJ,k arranged into the vector aJ , then the f 1 related coefficients a1
J,k arranged in a1

J

can be calculated via a1
J “ DJaJ . We can get this approximation with respect to the

standard V0 ‘W0 ‘ . . .‘WJ`1 “ VJ form by applying the fast wavelet transform (and

its inverse). We also can re-use the inner product calculations from the V0 resolution,

since
B

Bm

Bxm
ϕ´j,0pxq, ϕ´j,kpxq

F

“

B

Bm

Bxm
`

2j{2ϕ
`

2jx
˘˘

, 2j{2ϕp2jx ´ kq

F

“ 2j ¨ 2jm
@

ϕpmqp2jxq, ϕp2jx ´ kq
D

“ 2j ¨ 2jm
ˆ

1

2j
@

ϕpmqpxq, ϕpx ´ kq
D

˙

“ 2jm
@

ϕpmqpxq, ϕ0,kpxq
D

. (5.3.4)

This arrangement requires working in the largest VJ space (lowest value J), which

is a plausible option when it is easy to convert from the more usual V0‘W0‘¨ ¨ ¨‘WJ`1

arrangement to VJ . It generally is, since the fast wavelet transform (FWT) and the

inverse fast wavelet transform (IFWT) are both linear. There is, however, another

option, one that is somewhat difficult to explain, but some later examples make

use of it. This type of breakdown can be found in [9, p. 137] (in a paper by G.

Beylkin and J. Keiser). While the system above uses only a set of values of the form
@

d
dx
ϕJ,k, ϕJ,l

D

, and at the highest resolution, this alternate strategy uses ψ related

coefficients directly. This involves including matrices CJ , BJ and AJ , each including

inner product values of the form

B

d

dx
ϕJ,k, ψJ,l

F

,

B

d

dx
ψJ,k, ϕJ,l

F

, and

B

d

dx
ψJ,k, ψJ,l

F

, (5.3.5)

respectively. Using Equation (5.3.4), we need only calculate these at the J “ 0

resolution, and re-use them for every other resolution. Recall that the Dj matrices

are used to calculate the projection onto Vj of the derivative of a function in Vj. The

Aj, Bj and Cj are similar, relating to different spaces. The matrices Aj calculate the
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projection ontoWj of the derivative of a function inWj. The matrices Bj calculate the

projection onto Wj of the derivative of a function in Vj. Lastly, Cj is for calculating

the projection onto Vj of the derivative of a function in Wj. If we are just using V0,

then we only use D0ra0s as our ϕ coefficients approximating the derivative, (with a0

an ordered vector of ϕ0,k related coefficients a0,k). If we have V0 ‘W0 “ V´1, then we

need all four for a derivative approximation of the form
«

A0 B0

C0 D0

ff«

b0

a0

ff

. (5.3.6)

Things get a little more complicated with a larger setup. If we have V´2 then we use
»

—

—

—

—

–

A´1 B´1 O O

C´1 O O O

O O A0 B0

O O C0 D0

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

b´1

a´1

b0

a0

fi

ffi

ffi

ffi

ffi

fl

, (5.3.7)

with O representing zero matrices. The reason there is no matrix D´1, why that

portion of the matrix in (5.3.7) is zero, is because the lower four matrices actually

handle that part. That multiplication is, in fact, equivalent to D´2ra´2s, it just can

start pretty much from the V0 ‘W0 ‘W´1 and not V´2. This also ties in nicely with

the fact that one needs only a single base resolution V space, everything else is done

with the wavelets themselves in the W spaces.

This setup, especially the limited use of the D type matrices, may provide some

insight into how the multi-leveled decomposition interacts with derivatives. While

some of the multi-leveled thinking will be helpful in the future, it is better for us to

calculate derivatives using the DJ matrix along with forward and inverse fast wavelet

transforms, FWT and IFWT (see Section B.2), via matrix equivalents MFWT and

MIFWT . Our first matrix is MIFWT , which converts rbJ`1,bJ`2, . . . ,b0, a0sT into

an equivalent raJ s vector, then we have MFWT which does in the opposite. When

working with orthogonal wavelets and a translation invariant operator, this is all that

is needed to get the orthogonal projection of the operator. The resulting matrix

multiplication will simply be

MFWT ˆ DJ ˆ MIFWT , (5.3.8)
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which takes the coefficients, transforms them into the pure VJ space coefficients,

converts them to the derivative values, then back to the coefficients of the usual

V0 ‘ W0 ‘ ¨ ¨ ¨ ‘ WJ`1 decomposition. The matrix DJ is the same as before.

Unfortunately, the projection based setup is not practical for biorthogonal wavelets.

Recall that in Section 4.1 we demonstrated that the inner product based calculations

for projections does not work with biorthogonal decompositions. It may be helpful

to switch to what is called a collocation method. The derivative component involves

calculating the exact derivative of the function at an appropriate density of points,

then solving for the coefficients that satisfy the calculated values at those points.

Basically, calculation then interpolation. Assume a matrix based setup. We will need

our old MFWT and MIFWT matrices to handle the FWT and IFWT. Next, we have

PJ , a matrix that converts vectors of coefficients aJ,k from

fpxq “
ÿ

k

aJ,kϕJ,kpxq

to vectors of physical values of fpxq, so PJaJ will have components

f
`

2Jb
˘

“
ÿ

k

aJ,k ϕJ,k
`

2Jb
˘

assuming that we decide to use the 2J locations. So, what PJ does is convert the

scaling function coefficients from a function f into the actual values of f . Finally, we

have Pm
J , which does the same except it uses values dm

dxm
ϕJ,k, so it calculates exact

values of Bm

Bxm
pPJfq. The vector Pm

J aJ will have components like
ÿ

k

aJ,k ϕ
pmq

J,k

`

2Jb
˘

.

Using these matrices, the matrix for calculating the derivative would be

MDer “ MFWT ˆ pPJq
´1

ˆ Pm
J ˆ MIFWT , (5.3.9)

assuming we were working with the usual V0 ` W0 ` W´1 ` ¨ ¨ ¨ ` WJ`1 setup.

5.4 Application to Higher Dimensions

We will now have a short discussion about extending the wavelet decomposition into

more than one dimension. This is not as big a problem as it may look. We have a
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nested sequence of subspaces

¨ ¨ ¨ Ă VJ Ă ¨ ¨ ¨ Ă V1 Ă V0 Ă V´1 Ă ¨ ¨ ¨ Ă V´J Ă ¨ ¨ ¨ (5.4.1)

where
Ť

Vj “ L2pRq and so forth. As a result, it is easy to see that
Ť

j pVj ˆ Vkq

will span L2pR2q. Also, Vj ˆ Vj will clearly be spanned by translations of ϕjpxqϕjpyq.

Defining the wavelets and the two dimensional equivalents ofWj spaces is a little more

difficult. The first problem is one of notation. From now on, we will use V 2
j “ Vj ˆVj,

which is simply the span of the functions ϕj,kpxqϕj,lpyq. Also, Vj ˆWj will refer to the

space spanned by translates of ϕjpxqψjpyq, as one would expect. The two dimensional

equivalent of the W spaces are

W 2
j “ pVj´1 ˆ Vj´1q

č

pVj ˆ Vjq
K

“ V 2
j´1

č

`

V 2
j

˘K
, (5.4.2)

which turns out to be distinct from Wj ˆWj, merely the span of ψj,kpxqψj,lpyq func-

tions. What we get is

W 2
j “ pWj ˆ Wjq ‘ pWj ˆ Vjq ‘ pVj ˆ Wjq . (5.4.3)

Here is the result:

V 2
j ‘ W 2

j “ pVj ˆ Vjq ‘ pWj ˆ Wjq ‘ pWj ˆ Vjq ‘ pVj ˆ Wjq

“ rVj ˆ pVj ‘ Wjqs ‘ rWj ˆ pWj ‘ Vjqs

“ pVj ˆ Vj´1q ‘ pWj ˆ Vj´1q “ pVj ‘ Wjq ˆ Vj´1 “ Vj´1 ˆ Vj´1 “ V 2
j´1.

(5.4.4)

So, which terms will, when translated, form a basis for that space? All of the individ-

ual components have simple answers. From the three component spaces we get basis

functions

ψj,k1pxqψj,k2pyq, ψj,k1pxqϕj,k2pyq, and ϕj,k1pxqψj,k2pyq. (5.4.5)

It is fairly easy to see that these elements are orthogonal to each other, with or

without translation over Z, and are still normalized.

If we need more dimensions we can just continue the process. This is sometimes

referred to as the non-standard form. The standard form is less unique to wavelets.
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It involves simply including all products between functions from the wavelet decom-

position in the x direction with all functions from the wavelet decomposition in the

y direction. As a result, we get basis vectors of the form ψk1,j1pxqψk2,j2pyq. Note that

j1 and j2 can be very different values, resulting in a mix between two very different

resolutions.

Example 5.4.1 The Haar basis expanded to two dimensions.

The Haar based space V´2 for r0, 1s ˆ r0, 1s can be written several ways, we will

focus on three.

1. The set of functions ϕ´2, indicator functions with disjoint supports, arranged

like so:

ϕ0,3 ϕ1,3 ϕ2,3 ϕ3,3

ϕ0,2 ϕ1,2 ϕ2,2 ϕ3,2

ϕ0,1 ϕ1,1 ϕ2,1 ϕ3,1

ϕ0,0 ϕ1,0 ϕ2,0 ϕ3,0

.

2. The non-standard form, which starts with the ϕ0px, yq “ 1 for x P r0, 1s and

y P r0, 1s. It then uses sets of functions of the form

+ + – –

+ + – –

+ + – –

+ + – –

– – – –

– – – –

+ + + +

+ + + +

– – + +

– – + +

+ + – –

+ + – –

in addition to ϕ0 to get to V´1. The ‘+’ represents where the function is positive

and the ‘–’ where it is negative, the actual values change to maintain orthonor-

mality. To get to V´2, the non-standard form uses more functions of the same

form on the supports of the functions ϕ´1,

0 0 0 0

0 0 0 0

+ – 0 0

+ – 0 0

0 0 0 0

0 0 0 0

– – 0 0

+ + 0 0

0 0 0 0

0 0 0 0

– + 0 0

+ – 0 0
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which are ψ´1,0pxqϕ´1,0pyq, ϕ´1,0pxqψ´1,0pyq and ψ´1,0pxqψ´1,0pyq respectively.

The result is a total of 1` 3ˆ 1` 3ˆ 4 “ 16 different functions, but notice how

they increase in localization.

3. The standard form, the tensor product form, uses, as before, ϕ0px, yq. Next, it

uses all ϕ0pxq ˆ ψjpyq, ψipxq ˆ ϕ0pyq and ψipxq ˆ ψjpyq for i, j “ 0,´1. This

means we get, as before, the functions that were used earlier to get to V´1.

However, the next layer has functions like

0 0 0 0

0 0 0 0

– – – –

+ + + +

“ ψ´1,0pyq ˆ ϕ0,0pxq.

Notice that the localization in ψ´1,0pyqϕ0,0pxq is only in one direction. This is why

the tensor product is typically ignored in favor of the non-standard form, since the

main purpose of wavelets is the localization. We will always use non-standard form

when wavelets are used in multiple directions. This will not be common. Our major

multi-dimensional example will be best served by a Fourier decomposition in one of

the directions. This is even easier. In one direction, choose y, there will be a wavelet

decomposition
ÿ

k

akϕ0,kpyq `
ÿ

j

ÿ

k

bj,kψ´j,kpyq. (5.4.6)

In the other direction, choose x, we will have a Fourier decomposition, so a decompo-

sition of the form
ř

l cl e
ilx. Combining the two together results in the decomposition

fpx, yq “
ÿ

l

eilx

˜

ÿ

k

al,kϕ0,kpyq `
ÿ

j

ÿ

k

bl,j,kψ´j,kpyq

¸

. (5.4.7)

Basically, we end up with a full VJ wavelet decomposition in the y direction for each

Fourier term used. The biggest change is that, depending upon how it is written, the

new coefficients al,k and bl,j,k could be complex.
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Numerical Examples

At this point we are ready to take a look at numerical solutions for partial differential

equations. We will spend this chapter introducing components that will be necessary

for numerically solving our main problem, one derived from Rossby waves (in Chapter

8). First, an introduction of our biorthogonal scaling function and wavelet followed

by an introduction to a procedure for implementing zero boundary conditions. At

this point a time discretization (time stepping scheme) will be chosen and applied

to a simple, one dimensional, heat equation problem. The next step will be finding

out how to apply arbitrary linear operators and non-zero boundary conditions, both

will have their own example problems. Finally, we will move on to Burgers’ equation,

whose non-linear terms will provide a new challenge.

There are many books on wavelets themselves, or wavelets for signal processing.

Sources specifically about application to differential equations are rarer. Here are

two: [26] and [9].

6.1 Our Biorthogonal Decomposition

We will now work out a biorthogonal scaling function and wavelet pair to use for our

calculations. Recall from Chapter 3 that any ϕ and ψ can be characterized entirely

from the H function (Equation 3.1.8). Also, see Chapter 4 about biorthgonal wavelets

in general.

80
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Figure 7: The spline function B3 and its second derivative and dual, re-centered at
x “ 0. The spline function will be used as a scaling function, hence its labeling as ϕ.
Notice it has a continuous second derivative, but only a weak third derivative.

The function H (see Definition 2.4.1) is of the form discussed in Section 4.3:

Hpξq “

ˆ

1 ` e´iξ

2

˙4

e´3iξ. (6.1.1)

The dual is

rHpξq “

ˆ

1

256

˙

`

´5 ` 20e´iξ ´ e´2iξ ´ 96e´3iξ ` 70e´4iξ ` 280e´5iξ

`70e´6iξ ´ 96e´7iξ ´ e´8iξ ` 20e´9iξ ´ 5e´10iξ
˘

. (6.1.2)

Results are in Figure 7. The rϕ is, as expected, not a very nice function at all.

Next, using both sets of hk, we can get the actual wavelets. As before, the extra

coefficients used on ϕ do not have an adverse effect on its smoothness. Results are in

Figure 8. The inner products work out to approximately what they should be. We

get the error
!A

ϕk, rϕ0

E

´ δ0,k, k P Z
)

in the 10´5 range, with similar accuracy for
A

ϕk, rψ0

E

and
A

rϕk, ψ0

E

.

Code related to applying the FWT and IFWT to the ϕ and ψ coefficients can

be found in Section C.3. Note that this code does include the boundary condition

arrangement discussed in the next section.
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Figure 8: The wavelet pair corresponding to the functions in Figure 7.

6.2 Boundary Conditions

Our first problem will be

ut “ uxx, upx, 0q “ fpxq, on Ω “ p0, 10q, up0, tq “ up10, tq “ 0. (6.2.1)

We need to keep our approximation of u consistent with the boundary conditions.

This will involve putting some restrictions on the coefficients ak and bk.

The problem is fairly simple to state. The function ϕ0,9pxq, the V0 scaling function

centered at k “ 9, has a non-zero value at x “ 10. Including this function, without

modifying or correcting for it in some way, will contradict the boundary condition.

We cannot just get rid of it (i.e., set a0,9 “ 0), since that would make V0 incomplete,

making it impossible to use the FWT and IFWT around x “ 9. All of our derivative

calculation methods rely upon the wavelet transforms (both the FWT and IFWT, see

Section B.2). In fact, using the IFWT on, say, ϕ´1,18, centered at x “ 9, will re-write

ϕ´1,18 as a combination of functions ϕ0,k and ψ0,k, some of which will be centered

outside the domain p0, 10q. Setting to zero any coefficients relating to the functions

ϕ and ψ that are not equal to zero at the boundary is not an option. One way to

deal with this is to compensate using functions outside the boundary, as illustrated

by Figure 9.

The method we will use involves keeping track of functions ϕj,k and ψj,k with

support outside Ω. Keep in mind that the ϕ and ψ we are using are symmetric

around x “ 0 and x “ 1
2
, respectively (Figures 7 and 8). Notice that these points
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(b) pϕ0,9 ´ ϕ0,11q pxq

Figure 9: Representations of issues at the boundary. The plots include a line that
points out the location x “ 10 with a height of zero. The function ϕ0,9 is equal to 1

6

at x “ 10.

x are the exact center of the functions’ supports, and the locations of the highest

values of the functions. These are natural, individual, points to identify the location

of a function ϕj,k or ψj,k. So, we will classify a scaling function or wavelet ϕj,k or

ψj,k as (mostly) inside Ω if this central value is inside Ω. We will keep independent

the coefficients of scaling functions and wavelets that are (mostly) inside Ω. They

will not be restricted in any way by the boundary conditions. The coefficients for

those wavelets and scaling functions mostly outside the domain will have their values

entirely dependent on those that are within. Those functions whose center value is

exactly on the boundary will be set to zero. The relations between the coefficients

will have to be set up so as to preserve the boundary conditions. The pattern for the

coefficients a0,k associated with the ϕ0,k scaling functions on the interval p0, 10q will

require the coefficients to be anti-symmetric around the boundary points. We get

. . . a´2 a´1 a0 a1 a2 . . . a8 a9 a10 a11 a12 . . .

. . . ´a2 ´a1 0 a1 a2 . . . a8 a9 0 ´a9 ´a8 . . .
(6.2.2)

with the coefficients on top and their assigned values on the bottom. Notice that

those before a1 and after a9 are dependent on a1, . . . , a9. It it easier to show that it

works when only a single coefficient aj,k is considered. Take the coefficient ak, related

to ϕ0,k, (any resolution will do, so we will use the base resolution) and the boundary
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x “ 10. The setup gives us a10`p10´kq “ a20´k “ ´ak. The value of the resulting

function at x “ 10 is

akϕ0,kp10q ´ akϕ20´kp10q “ ak rϕp10 ´ kq ´ ϕp10 ´ p20 ´ kqqs

“ ak rϕp10 ´ kq ´ ϕpk ´ 10qs

“ ak rϕp10 ´ kq ´ ϕp10 ´ kqs “ 0 (6.2.3)

using the fact that ϕ “ ϕ0,0 is symmetric around zero. This will be true for all

k “ 1, 2, . . . , 8, 9 in V0, and for k “ 1, . . . , p10q2j ´ 1 for V´j. We conclude that the

boundary value will be kept to zero.

This setup, basically, leads to the function itself, upx, tq, having values outside the

domain, dependent upon values within. The values of u around the boundaries are

up´x, tq “ ´upx, tq and up10 ´ x, tq “ ´up10 ` x, tq, (6.2.4)

so upx, tq is anti-symmetric at x “ 0 and 10. Again, this sets the value at the boundary

to zero, which is what we want, and also keeps uxxp0, tq “ uxxp10, tq “ 0. This will

prove useful for most of our test problems.

We have not mentioned the ψ related coefficients yet, as they are not operated

upon quite the same way. Recall that if ϕ is symmetric at some integer values, then

the corresponding ψ will be symmetric (or anti-symmetric) around of k ` 1
2
, k P Z.

In our current case, ψ0,0 is symmetric around x “ 1
2
. Like with the ak, the coefficient

bk will be kept independent if ψk is centered in p0, 10q. Those centered outside p0, 10q

will be dependent. Continuing with ψ0,0 being centered at x “ 1
2
, this means we will

include k “ 0, . . . , 9 for W0 and 0 . . . 9 ¨ 2j ´ 1 for W´j. Since the ψ are symmetric

around k` 1
2j`1 , to cancel them out requires a different pattern than for ϕ. As before,

there will be an anti-symmetric pattern around x “ 0 and x “ 10. Unlike before, no

ψ is actually centered at x “ 0 or x “ 10. For W0 we get

. . . b´2 b´1 b0 b1 . . . b8 b9 b10 b11 . . .

. . . ´b1 ´b0 b0 b1 . . . b8 b9 ´b9 ´b8 . . .
(6.2.5)

with the vertical lines marking the locations of x “ 0 and x “ 10. Again, this cancels

out all even derivatives and the function itself at the boundaries. This is perfect for
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heat and heat related systems, but not so much for others. The question of what to

do for non-zero boundary values will be covered in Section 6.5. An expansion of this

concept, suitable for different derivatives, and more general ϕ and ψ, can be found in

Section B.4.

In application, these linear relations between functions within and outside the

domain are found virtually everywhere. Consider a matrix for converting ϕ0,k related

coefficients into those for ϕ´1,k. The columns will be composed of ordered coefficients

hk. In the new setup, the fact that a0,´1 “ ´a0,1 (with x “ 0 still the boundary)

means that the a0,1 (ϕ0,1 related) column is going to be, effectively, the ϕ0,´1 column

as well. Each element of the column will need to include the effect of ϕ0,´1 on each

ϕ´1,k. The column will have elements

”

ph´1 ´ h3q , ph0 ´ h4q , ph1 ´ h5q . . .
ıT

. (6.2.6)

Note that the term that might come to the left of the first element in (6.2.6) could be

h´2 ´ h2, following the pattern. The ϕ are symmetric, so the hk are as well, meaning

that difference would work out to be zero. This makes sense, because the ϕj,0 related

coefficients should be kept at zero. Suffices to say that the effect of this boundary

setup requires building nearly all matrices with this effect in mind.

For the moment, we need a word about the number of elements in our spaces

Vj and Wj. We will deal with one dimension, with a domain Ω “ r0, N s, N P N.
The V0 space for Ω is actually going to be composed of any functions ϕ0,k whose

support intersects the interior of Ω, so the number of terms will be dependent upon

ϕ. If we specify boundary conditions, we will have a more specific result. If we have

zero boundary conditions (u “ 0) then we will have the terms outside the boundary

dependent upon those inside, and the terms on the boundary will be zero. As a result,

we can characterize any u P V0 using N ´ 1 terms (the N ` 1 terms within or at the

boundary, but we do not bother to keep track of the two that are directly on the

boundary since they are always zero). If we look at Vj, for j ă 0, we get 2´jN ´ 1,

the 2´jN ` 1 terms using the resolution of 2j, and remove those on the boundary.

So, the cardinality of a Vj space is simply N ¨ 2´j ´ 1. The Wj spaces are simpler in

this respect. For j ď 0 the functions ψj,k will be centered at 2j ` k2j`1 points. There
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will, therefore, be N ¨ 2´j in any Wj for j ď 0. As a result,

|V0 ` W0 ` W´1 ` ¨ ¨ ¨ ` WJ`1| “ pN ´ 1q `

´pJ`1q
ÿ

j“0

N2j “ 2´JN ´ 1 “ |Vj| , (6.2.7)

(recall that J ă 0) so the cardinality stays consistent, however we write the spaces.

6.3 The Heat Equation

Our first example will be the heat equation: upx, tq with x P p0, 10q such that

ut “ uxx, up0, tq “ up10, tq “ 0, upx, 0q “ 1r3,6spxq, (6.3.1)

(with 1r3,6s the indicator function of r3, 6s, see glossary). Notice that the initial

condition is discontinuous. The solution is therefore the function upx, tq satisfying

ut “ uxx for x P p0, 10q and t ą 0 that converges to 1r3,6s as t Ñ 0`. We are

using (6.3.1) as a test problem for two reasons. First, the discontinuities in upx, 0q

cause substantial instability, making the problem difficult to solve accurately using

numerical time stepping schemes. Basically, this is a more stringent test than a

problem with a smooth initial condition. The second reason is that this problem is

actually very easy to solve via Fourier decomposition, as we will see next.

A Fourier decomposition (see Section A.2) of the initial condition will yield a series

of the form

1r3,6spxq “
ÿ

k

fk sin

ˆ

πk

10
x

˙

, fk P R. (6.3.2)

Using that series, the solution to the problem can be written in the form

upx, tq “
ÿ

k

gkptq sin

ˆ

π k

10
x

˙

“
ÿ

k

´

fke
´pπ k

10 q
2
t
¯

sin

ˆ

π k

10
x

˙

. (6.3.3)

Figure 10 has some plots from t “ 0 to t “ 1 based on this Fourier decomposition.

These results are, in fact, derived numerically. First, the the coefficients fk from

(6.3.2) are calculated directly via inner products. Next, the gkptq in (6.3.3) are calcu-

lated for the given t. Finally, the IFFT is used to get the approximation for upx, tq.
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(b) upx, 0.001q
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(c) upx, 0.01q
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(d) upx, 0.1q
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(e) upx, 1q
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(f) upx, 10q

Figure 10: Fourier series derived solutions for our heat equation problem. Each of
these is numerically derived using k “ 0, . . . , 640 in Equation (6.3.3).

The approximations used in this section use 640 coefficients fk. By t “ 0.001, the

function g640ptq will have the value

fk e
´ π2

102
¨p640q2¨0.001

« fk 2.77 ¨ 10´18.

So, these will suffice for control results. Now to work towards solving (6.3.1) using

wavelets.

Our first concern is to calculate B2

Bx2
of ϕ and ψ. We will use a collocation based

method (discussed in Section 5.3, near Equation (5.3.9)), which requires exact deriva-

tive values at specific points on the domain. These can be calculated using the matrix

created by Example C.3.3. Combine that with the inverse of a plotting matrix (again,
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around Equation (5.3.9)), and we get

MDer “ MFWT ˆ pPjq
´1

ˆ P 2
j ˆ MIFWT , (6.3.4)

a matrix that approximates the derivative. Check Figure 11 for the resulting approx-

imations of d2

dx2
ϕpxq. Every function we use will be composed of functions ϕj,k, so

MDer is all that is needed for approximating B2

Bx2
.

So, we have a matrix that approximates the second derivative of a

“

Wj`1,Wj`2, . . . , V0
‰T

decomposition of any fpxq P Vj. Next, we need a time stepping scheme. We choose

the second order Adam’s Moulton method:

un`1 “ un `
h

2

ˆ

B

Bt
un `

B

Bt
un`1

˙

. (6.3.5)

Using the matrix MDer from above, we can write the time step calculation as

un`1 “

«

ˆ

I ´
h

2
MDer

˙´1ˆ

I `
h

2
MDer

˙

ff

un. (6.3.6)

The second order Adams’ Moulton method is what is called asymptotically stable.

This means that any convergent differential equation will have a convergent numerical

solution using the second order Adams’ Moulton method (see any text on numerical

methods for differential equations, like [16]). The method is ideal for stiff problems,

and its stability means that we need not complicate matters by including adaptive

time stepping, for instance. This does not mean that we do not need to be careful with

the time step used. We will stick with a very small h “ 0.001 time step, mostly to

manage the discontinuous initial condition. Results using V´3 can be found in Figure

12, and the error at t “ 1 for that, and other, resolutions can be found in Figure 13.

Finally, Table 3 summarizes the L2, L1 and L8 errors for these approximations.

6.4 Modified Advection

One further requirement is multiplication by a time independent function, call it gpxq.

It is generally best to create a linear operator Tg to approximate the multiplication,
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(c) V´2 approximation
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(d) V´3 approximation
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(e) V´1 error
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(f) V´2 error
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(g) V´3 error

Figure 11: Approximations of B2

Bx2
ϕpxq, using ϕ “ B3 and different Vj spaces. The plot

of B2

Bx2
ϕpxq in a) contains exact values calculated at the points x “ 2´8k. The error

is just that, the difference between the exact values and the approximated values.
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(a) V´3 result at t “ 0.01
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(b) V´3 result at t “ 0.1
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(c) V´3 result at t “ 1

Figure 12: Heat equation results using V´3. The time step is h “ 0.001.

Table 3: Heat equation error

Resolution L8 Error L1 Error L2 error
V´3 2.052 ¨ 10´2 1.204 ¨ 10´1 4.453 ¨ 10´2

V´4 1.062 ¨ 10´2 5.900 ¨ 10´2 2.205 ¨ 10´2

V´5 5.614 ¨ 10´3 2.835 ¨ 10´2 1.084 ¨ 10´2

V´6 3.103 ¨ 10´3 1.310 ¨ 10´2 5.369 ¨ 10´3

which can actually be done fairly easily. The procedure is nearly identical to the

collocation method for derivatives (Section 5.3, near Equation (5.3.9)), and has the

expression

Tg “ MFWT ˆ pPjq
´1

ˆ G ˆ Pj ˆ MIFWT , (6.4.1)

with G a matrix with the values of g down the diagonal, and otherwise zero. The

location of the values would be dependent upon the Vj space used, almost certainly

regularly spaced every 2j (remember, j is going to be negative when Vj has fine res-

olution). Now to look at what happens when a set of function values u is multiplied

by Tg. The first multiplication is u by MIFWT , which converts the u vectors’ co-

efficients into their equivalent aj,k (ϕj,k related) terms. Next, those coefficients are

converted into the physical values (via Pj), which are then multiplied by gpxq (at the

finest resolution only, using the matrix G). Finally, the approximation for gpxqu is

converted back to the wavelet arrangement (MFWT ˆ pPjq
´1). The main issue then

becomes the accuracy of that multiplication. Recall that, as usual, we will be taking

the approximation of the product back to the original resolution, which includes a
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(a) Error for a V´3 numerical solution
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(b) Error for a V´4 numerical solution
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(c) Error for a V´5 numerical solution
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(d) Error for a V´6 numerical solution

Figure 13: Error for wavelet based approximations of our heat equation problem, so
the difference between the wavelet based approximation and the control values from
Figure 10. The time step is h “ 0.001, and these errors are all from t “ 1. Table 3
has the norms of these errors.

certain amount of inherent error. If we calculate the matrix Tg using the method

above and then approximate the multiplication by another function f , we get the

result in Figure 14.

Next we take a look at a time dependent problem using this multiplication, a

modified advection problem. In a normal advection problem, the values of the initial

conditions (f , in this case) move over time, with a Bx
Bt

slope equal to the multiplier
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(b) gpxq
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(c) pfgqpxq in 26 resolution
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(d) Error in V´2
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(e) Error in V´3
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(f) Error in V´4
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(g) Error in V´5

Figure 14: A look into the effectiveness of collocation based multiplication. Two
functions, f and g, in V´2 are used, and tested at 26 per unit resolution in V´2 to
V´5. The errors are just

`

pfgqVj ´ pfgqV´6

˘

, from j “ ´2 to j “ ´5. Notice that the
error is effectively zero at each 1

2j
point for each Vj space.
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for the ux term. The result is the solution upx, tq “ fpx´ ctq, with c a constant. The

initial values fpxq move along the characteristics, which have Bx
Bt

slopes equal to c.

Our problem is significantly more difficult:

utpx, tq “ ´gpxquxpx, tq, upx, 0q “ fpxq, with

fpxq “
xpx ´ 2qpx ´ 8qpx ´ 10q

200
, gpxq “

xpx ´ 5qpx ´ 10q

40
. (6.4.2)

Solving (6.4.2) uses the fact that the values of fpxq move along the characteristics

with Bx
Bt

slopes equal to gpxq. To solve the path of a characteristic, call it cptq, over

time we have to solve

c1ptq “
1

40
cptq

`

cptq ´ 5
˘`

cptq ´ 10
˘

, (6.4.3)

a fairly basic separable differential equation. One integration later, we have

`

cptq ´ 5
˘2

“
25

1 ` e
5
4
t`K

, (6.4.4)

notice that for any cp0q value in p0, 10q the distance between cptq and x “ 5 will go

to zero as t Ñ 8. Equation (6.4.4) can be used to find exact values for upx, tq (the

code can be found in Example C.4.1). Some exact solutions plotted at 26 resolution

can be found in Figure 15.

Using these exact results, we can check the accuracy of our numerical results. The

time step is calculated using

un`1 “ un `
h

2

`

´TgMx u
n`1 ´ TgMx u

n
˘

, (6.4.5)

with h “ 0.01, further simplified to

un`1 “

ˆ

I `
h

2
TgMx

˙´1ˆ

I ´
h

2
TgMx

˙

un. (6.4.6)

The key matrices are Tg and Mx, calculated as in (6.4.1) and (5.3.9). The code

used to calculate the numerical results is Example C.4.2. Notice from Figure 15

that the migration of the fpxq values towards x “ 5 results in very steep, small-

scale, values in the center. So, any finite resolution will prove unable to model the
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(c) Solution at t “ 2.5
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(d) Solution at t “ 5.0
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(e) Solution at t “ 7.5
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(f) Solution at t “ 10.0

Figure 15: These are the exact solution of our advection diffusion problem, from
(6.4.2), found via the method of characteristics. Notice that the shapes move towards
the center of the domain, becoming more and more steep as the time increases.
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(a) L2 error from the V´4 results
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(b) Error from the V´4 results at t “ 5.0
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(c) L2 error from the V´5 results
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(d) Error from the V´5 results at t “ 5.0
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(e) L2 error from the V´6 results
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(f) Error from the V´6 results at t “ 5.0

Figure 16: Errors from the numerical approximations of the modified advection dif-
fusion problem, from (6.4.2). A time step of h “ 0.01 was used.
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problem, eventually. Over the time frame t P r0, 5s, the results in V´4, V´5 and V´6 are

reasonable, see Figure 16. The results are clearly improving with greater resolution.

So, the (6.4.1) model for the approximation of gpxqupx, tq multiplication is reliable,

given sufficient resolution.

6.5 Non-Zero Boundary Conditions

We will eventually need two more elements related to boundary condition. The first

is periodic boundary conditions, which will be handled via Fourier decomposition in

the relevant direction (see Section A.2). Using periodic boundary conditions with

wavelets is discussed in the appendices (Section B.3). This section will be about

fixed, non-zero boundary conditions. This can be difficult when working with basis

functions.

The basic idea is to divide the function into two separate functions. Take a fairly

general setup

vpx, tq, x P r0, 10s, vpx, 0q “ fpxq, vp0, tq “ a, vp10, tq “ 0, vt “ Lv,

with L a linear differential operator. What we will do is separate vpx, tq into two

components: vpx, tq “ upx, tq ` Bpxq. The first, upx, tq, is a Vj based function with

zero boundary conditions:

up0, tq “ up10, tq “ 0.

There is one additional restriction we will place on u. It is constant at the boundary,

so we will keep its time derivative to zero at the boundary, so

Lup0, tq “ Lup10, tq “ 0,

if u is to be consistent with the problem (this can also be viewed as Lupx, tq Ñ 0

as x Ñ 0 or 10). This is not an additional set of boundary conditions, it is just

an implication of the boundary conditions. Sections 6.2 and B.4 discuss a way to

arrange these restrictions on u. The function upx, tq is the time dependent part of

v. Next, we have Bpxq, which we will usually call the boundary function of v. It is
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time independent, and will have the values Bp0q “ a and Bp10q “ 0. One further

requirement of B is that it have LBp0q “ LBp10q “ 0. This arrangement means that

vpx, tq “ upx, tq ` Bpxq for every t, satisfying

vp0, tq “ up0, tq ` Bp0q “ a, vp10, tq “ up10, tq ` Bp10q “ 0

and

Lvp0, tq “ Lup0, tq ` LBp0q “ 0 “ Lup10, tq ` LBp10q “ Lvp10, tq.

We insist that Lv “ 0 on the boundary so that the constant boundary conditions are

consistent with the time derivative.

A time step of size h using the second order implicit Adam’s method would be

upx, t ` hq “ upx, tq `
h

2

“

Lupx, tq ` Lupx, t ` hq
‰

` h
“

LBpxq
‰

.

An example will prove helpful to clear up any confusion. We will return to the

one-dimensional heat equation. Here is the problem:

vt “ vxx, x P r0, 10s, vp0, tq “ 1, vp10, tq “ 0. (6.5.1)

The exact solution converges to the linear function
`

1 ´ x
10

˘

as t Ñ 8. We are mostly

curious about the effect of the boundary function, so we will ignore initial conditions

and time related matters and focus only upon the steady state that results. There are

many options when it comes to setting up the boundary function. Figure 17 presents

one that works, created with a simple sum of ϕ0,k terms. The coefficients used are

a0 “ 1, a1 “ 1
2
, a´4 “ ¨ ¨ ¨ “ a´2 “ 2 and a´1 “ 3

2
. Since the values of ϕ at integers

all sum exactly to 1, this gives the required value at the central term. The resulting

function also has a constant slope around x “ 0, so it has a second derivative of zero

at x “ 0. The only possible issue is that this boundary function’s support extends a

bit much into the domain. We may want the boundary function to be limited to a

small region near the boundary. Thankfully, the process can be done using the V´1

functions, ϕ´1,k, instead (Figure 18).

So, why did we go through all the trouble of making sure the second derivative is

zero at the boundary? Take a look at what happens when we only use a multiple of
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(c) Steady State

Figure 17: Non-zero boundary condition function for the problem in (6.5.1), its second
derivative and the resulting steady state. The horizontal axis is the x variable. Notice
that the boundary function has a value of 1 at x “ 0 and is linear around x “ 0 as
well, hence a second spatial derivative of zero and a time derivative of zero, and
consistency with the problem. The second derivative is angular because the scaling
function and wavelet are only differentiable to that level.
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(c) Steady State

Figure 18: Another non-zero boundary setup for the same heat equation problem,
this one using higher spatial resolution. This is the same as before, just extending less
into the domain. Notice that the function has a derivative value that is four times as
high as the previous example.
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Figure 19: What can happen when the boundary function is not consistent. The lack
of consistency is, as one would expect, at the boundary itself (so x “ 0). What we
need is a time derivative of zero. If we do not have this, the numerical results will
usually end up inconsistent with the problem.
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ϕ0,0 to get vp0, tq “ 1 (Figure 19). Clearly, this did not work at all. What was left out

in using that boundary function was taking into account of its time derivative (equal

to the second x derivative). The boundary function has a non-zero time derivative at

the boundary, which makes the model inconsistent with the problem. The function

vpx, tq should be constant at x “ 0, equal to the boundary function only. However,

keeping in mind the restrictions we have placed on u,

vxxp0, tq “ uxxp0, tq ` Bxxp0q “ Bxxp0q ‰ 0,

resulting in a contradiction. Making boundary functions that have a particular height

at the boundary and a time derivative of zero at the boundary is not that difficult.

We could simply take two basis functions, say, ϕ0,0 and ϕ0,´1, for a boundary function

bpxq “ a0ϕ0,0pxq ` a1ϕ0,1pxq. In the current, heat equation, example the coefficients

a0 and a1 would be the solution to the equations

a0ϕ0,0p0q ` a1ϕ0,1p0q “ 1
B2

Bx2
pa0ϕ0,0 ` a1ϕ0,1q p0q “ 0. (6.5.2)

This does work, and keeps the resulting functions quite small (in terms of number of

coefficients, just two). Some examples are given in Figure 20, for the heat equation

example. The V´1 and V´2 examples work well, but using V´3, so bpxq based on

functions ϕ´3,k, results in a distortion of the steady state.

The principle is the same in two dimensions, just with more calculations. Keeping

the resolution low helps maintain stability, as before. The next element that will

be required is a non-linear component, specifically a quadratic one. The simplest

example to start with is Burgers’ equation.

6.6 A Look at Burgers’ Equation

Burgers’ equation is one of the most basic non-linear partial differential equations,

with a simple expression and intuitive solutions. Due to the equation’s simplicity,

and to some properties of its solutions we will shortly discuss, Burgers’ equation

is a popular choice for testing wavelet related methods. Our particular problem is

actually very similar to that used in [28], where compatible solutions can be found.
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(c) Steady State for V0.

This uses a low resolution: the boundary condition function is in V0.
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(f) V´3

Figure 20: The shape of a basic a0ϕj,0pxq ` a1ϕj,´1pxq boundary function for the heat
equation, its second derivative, and resulting steady states for the resulting system.
The first plot is the boundary function for V0, the higher resolution examples will be
narrower, but have pretty much the same shape. This example illustrates why it is
generally better to use a low resolution boundary condition function. Note that these
steady states were all calculated in V´3.

The paper also discusses at length the advantages of using wavelet decompositions

on this particular problem.

We consider the following Burgers’ equation problem: find upx, tq on x P r0, 10s,

t ě 0, with

ut “ ´uux ` νuxx, upx, 0q “ fpxq, up0, tq “ up10, tq “ 0. (6.6.1)

First, a quick note about the problem. The initial condition fpxq, shown in Figure 21,

is a function in V0 using our usual ϕ (Figure 7). So that fpxq is expressed accurately
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no matter what Vj space is used, we will make fpxq P V0 with coefficients

a1 “ 0, a2 “ ´1, a3 “ ´2, a4 “ ´1, a5 “ 0, a6 “ 1, a7 “ 2, a8 “ 1, a9 “ 0.

Since the functions ϕ are cubic splines (Section A.3) we can get a closed form of

the initial condition if and when necessary. On to Burgers’ equation. Technically

classified as a ‘quasilinear’ equation, it is most convenient for us to discuss Burgers’

equation in terms of the challenges it poses to our numerical approximation. We can

create matrices, fixed matrices useable at every time step, to approximate spatial

derivatives applied to u (operations upx, tq Ñ Bm

Bxm
upx, tq), as discussed in Section 5.3.

This is also true of upx, tq Ñ gpxqupx, tq, as seen with the modified advection diffusion

problem (Section 6.4). We cannot do the same for u Ñ u B
Bx
upx, tq, as it is non-linear.

The results of Burgers’ equation are similar to those of an advection-diffusion

equation, except for the influence of the non-linear term. Anything multiplied with

the advection term (ux) determines the speed of the advection. Burgers’ equation

has a u term multiplied with ux, so u has speed of propagation dependent upon

its magnitude. Points that have u ą 0 move in the positive direction, those with

u ă 0 move in the negative direction. The greater the value of |upxq| at a point, the

faster that point propagates, so curves can get steeper as they propagate. There is

a simple solution for the initial value problems using the inviscid Burgers’ equation

(ν “ 0) using the method of characteristics, though it is an implicit one. If we have

upx, 0q “ fpxq on R, using ν “ 0, then

upx, tq “ f
`

x ´ upx, tqt
˘

, (6.6.2)

which can be verified relatively easily. Notice that each value in upx, tq can be found

in the initial conditions, and that we can follow a particular value from f like so:

u px ` upx, 0qt, tq “ upx, 0q. (6.6.3)

All this combines to make it trivial to follow a particular value of fpxq over time, even

though it can be exceedingly difficult to get an explicit function for upx, tq. However,

linear initial conditions work quite easily. For instance,

upx, 0q “ x ùñ upx, tq “
x

1 ` t
. (6.6.4)
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That particular initial condition had the positive values on the right, negative on the

left, and they move away from each other, reducing the slope of the function. In

contrast,

upx, 0q “ ´x ùñ upx, tq “
x

t ´ 1
. (6.6.5)

Notice that even this simple example has upx, tq become undefined (a vertical line)

as t approaches 1.

Our particular example is on the domain Ω “ p0, 10q, with up0, tq “ up10, tq “ 0

boundary conditions. We will implement them in the manner described in Section

6.2. Since this will make uxx “ u “ 0 on the boundary, we will get ut “ 0 on

the boundary as well. We will include a viscosity of 0.01. Our time step is h, and

the scheme will be the second order implicit Adam’s method (Equation 6.3.5). This

results in the scheme

un`1 “ un `
h

2

`

νun`1
xx ` νunxx ` un`1un`1

x ` ununx
˘

, (6.6.6)

which is not easily solved (being non-linear and implicit). There are non-linear solvers

for this type of system, but we will keep things simpler. We will use the approximation

un`1un`1
x ` ununx « un`1unx ` unun`1

x , (6.6.7)

so it is now linear. This approximation will require more detail. Consider a func-

tion upx, tq, with unpxq “ upx, tq and un`1pxq “ upx, t ` hq. What we want is to

approximate

AunBun ` Aun`1Bun`1, (6.6.8)

with A and B linear operators. This would be consistent with using the second order

implicit Adam’s method on a problem with utpx, tq “ Aupx, tqBupx, tq. So,

AunBun ` Aun`1Bun`1

“ AunB

ˆ

un`1 ´ hun`1
t `

h2

2
un`1
tt

˙

` Aun`1B

ˆ

un ` hunt `
h2

2
untt

˙

` Oph3q

“ AunBun`1 ` Aun`1Bun ´ hAunBun`1
t ` hAun`1Bunt

`
h2

2

`

AunBun`1
tt ` Aun`1Buntt

˘

` Oph3q. (6.6.9)
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This gets re-ordered for

AunBun`1 ` Aun`1Bun ´ hAunB punt ` hunttq ` hA pun ´ hunt qBunt

`
h2

2

`

AunBun`1
tt ` Aun`1Buntt

˘

` Oph3q

“AunBun`1 ` Aun`1Bun ` h2
„

1

2

`

AunBun`1
tt ` Aun`1Buntt

˘

´ AunBuntt ´ AuntBu
n
t

ȷ

` Oph3q. (6.6.10)

So, the error is Oph2q, and when included in a time stepping scheme will be multiplied

by h, making the error Oph3q. As a result, this approximation’s error has the same

order as the second order Adam’s Moulton method.

Next we need the linear operators

Tuf « uf, and Tuxf « uxf, (6.6.11)

created as in Equation (6.4.1), as well as the operators M1 and M2 that approximate

the derivatives (see the end of Section 5.3, around Equation (5.3.9)). Finally, we can

rewrite the time stepping scheme as

un`1 “ un `
h

2

`

νM2u
n`1 ` νMun ´ TuM1u

n`1
x ´ Tuxu

n`1
˘

. (6.6.12)

This can be rearranged for a linear implicit system

un`1 “

ˆ

I ´
h

2
νM2 `

h

2
Tux `

h

2
TuM1

˙´1ˆ

I `
h

2
νM2

˙

un. (6.6.13)

Our main approximation will use a resolution of 26 elements per unit, so V´6. The

results are quite reasonable, showing the propagation of the waves, their collision,

then dissipation under the influence of the viscosity (See Figure 21). Using a coarser

resolution gives clearly imperfect results. Figure 22 has plots from a V´5 model. Note

the odd peaks near x “ 5 once the waves collide. If a resolution coarser than V´5 is

used, the results are actually unstable after the collision (see Figure 23). The basic

code used for these calculations is in Example C.5.1.

The nature of the problem results in the two peaks approaching each other, getting

steeper as they go, and colliding. To be more precise, the characteristics intersect near
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Figure 21: Burgers’ equation results using a resolution of V´6 and a time step of
h “ 0.01.
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Figure 22: Burgers’ equation results using a resolution of V´5. We start at t “ 1.0
since that is where the waves collide. Notice the odd spiked shapes near x “ 5 for
the later times.
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Figure 23: Burgers’ equation results using a resolution of V´4. Notice they are not
stable far past t “ 2.0.
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the center, resulting in a shock. Without viscosity (with ν “ 0) the solution becomes

vertical near t “ 1. Even with viscosity, the solution becomes very steep near x “ 5,

causing serious issues for the calculations. The resolution used is very important for

this model. A resolution of V´6 gives good results. Reducing the resolution down

to V´5 causes clear issues: shapes that should not be present. A further reduction

to V´4 makes the results unstable. Increasing the resolution comes at a serious cost,

however. Doubling the size of the system more than doubles the time required to

solve the implicit system created by the time discretization. But, notice that the

resolution looks to be fine for the regions nearer the boundary. We need only increase

the resolution in the center. That is the next component we will acquire: localized

higher resolution.



Chapter 7

Our Multi-Scale Method

7.1 Introduction and Motivation

Now we begin to get serious about taking advantage of the properties of wavelets.

Everything up to this point is standard material. As far as can be told, the concept

introduced in this chapter is an original idea.

While systems for approximating non-linear equations with wavelets are not rare,

they are nearly all based upon explicit time stepping schemes. As has been stated,

they take advantage of the multi-resolution decomposition purely to efficiently express

the functions involved. Fewer coefficients means fewer calculations, means lower cost,

and so forth. However, we are looking towards solving ‘stiff’ problems, which are best

solved with implicit schemes. Our method is designed to make implicit calculation

of time steps more efficient. Our multi-scale method takes advantage of the multi-

resolution decomposition directly, making it possible to calculate a single implicit

time step using multiple, smaller, systems.

Previously, in Section 6.6, we were working with a Burgers’ equation problem

ut “ ν uxx ` uux, up0, tq “ up10, tq “ 0, upx, 0q “ fpxq, ν “ 0.01, (7.1.1)

fpxq given as the t “ 0 plot in Figure 21, and explained in Section 6.6 after Equation

(6.6.1). The results for the model with two oppositely signed waves hitting each other

became rather steep. The results were good using a resolution of V´6 (Figure 21),

107
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flawed but stable for a resolution of V´5 (Figure 22) and unstable for V´4 (Figure

23). It was stated at the end of Section 6.6 that a useful means to express the

resulting system would be to include greater resolution around x “ 5, where the two

curves collide. Wavelet based systems are ideal for localized resolution. The simplest

arrangement is to construct a system with unimportant coefficients removed. This

would involve, for instance, using V´4 everywhere and only calculating W´4 and W´5

in the region between 4 and 6. The small-scale interactions are to be found near

x “ 5, so we would expect the solution’s W´4 and W´5 related coefficients to have

very small values outside p4, 6q. There are 159 V´4 coefficients over Ω “ p0, 10q. There

are 2 ˆ p24 ` 25q “ 96 W´4 and W´5 coefficients on Λ “ p4, 6q. So, having V´6 only

on Λ “ p4, 6q leads to a total of 255 coefficients. A full 26 resolution system, V´6 over

all Ω “ p0, 10q, has 639 coefficients, and is unlikely to provide much in the way of

increased accuracy.

A better approach is to take advantage of the wavelet/scaling function arrange-

ment even further. One can, if certain requirements are taken into account, solve

implicit time steps at multiple spatial resolutions. Most importantly, these resolu-

tions are solved sequentially. This is possibly equivalent to doubling the size of the

system at the price equivalent to doubling the number of time steps calculated. For

non-linear systems, where even a linearized scheme (see Section 6.6 for an example)

requires solving a new system every time step, this can be a serious advantage. While

this arrangement is surprisingly easy to set up, the concept is difficult to explain. The

key idea is to break the system into two components. First,

Vj “ V0 ‘ W0 ‘ ¨ ¨ ¨ ‘ Wj`1, (7.1.2)

which we will call the large-scale system, a coarse resolution system that covers the

whole domain Ω. Next we have a version of

Vj`m “ Vj ‘ Wj ‘ ¨ ¨ ¨ ‘ Wj`m`1, (7.1.3)

only covering the subset Λ Ă Ω, which we will call the small-scale system. Recall that

j,m ă 0. The small-scale system uses, as its lowest level of resolution, a localized

Vj. This arrangement allows the two systems to be solved sequentially. First, the



CHAPTER 7. OUR MULTI-SCALE METHOD 109

new values of the large-scale system, Vj over Ω, are solved, and some are converted

to be writable in terms of the small-scale system. Those values are included in the

calculations for the new values of the small-scale system. Next, a few of the small

scale system’s values are converted and added to the large scale system, and the time

step is done. The two systems are solved separately.

Depending how everything is set up, the two systems can have exactly the same

size. In fact, this arrangement can be done with any number of systems. As long as

the small-scale systems are disjoint, they can be solved separately. That the different

systems can be solved separately is the advantage here. A pair of systems sized NˆN

are almost always quicker to solve than a single system sized 2N ˆ 2N , though the

effect is much greater for large N . See Table 4, Section 7.5, for the relevant numerical

results from Burgers’ equation.

7.2 Implementation

To explain in detail requires a certain level of notation. We will look at a one dimen-

sional example, though the concept can be expanded to any number of dimensions.

As long as the functions in question are decomposed via wavelets in a particular

dimension, then this concept can be applied in that dimension.

First, our biorthogonal decomposition. The actual functions we will be dealing

with are those of the form

f “
ÿ

k

ϕ0,kpxq `
ÿ

j

ÿ

k

bj,kψj,kpxq. (7.2.1)

Recall that wavelet decompositions are in spaces

Vj “ Span
␣

2´j{2 ϕ
`

2´jx ´ k
˘

, k P Z
(

(7.2.2)

and

Wj “ Span
␣

2´j{2 ψ
`

2´jx ´ k
˘

, k P Z
(

. (7.2.3)

The setup for orthogonal wavelets has Wj “ Vj´1

Ş

V K
j , so

Vj “ V0 ‘W0 ‘ ¨ ¨ ¨ ‘ Wj`1 “
à

mąj

Wm. (7.2.4)
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The main point here is that there are multiple ways of writing any given function in

Vj, all fully equivalent. Since the specific form of the decomposition is relevant to any

wavelet related method, a means of expressing these differences becomes helpful.

All functions in the Vj andWj spaces can be characterized in terms of their wavelet

and scaling function related coefficients. The wavelet (ψ) coefficients are written bj,k,

the scaling function (ϕ) coefficients are written aj,k. As usual, the j relates to the

resolution, k relates to location. The bj,k are best organized into vectors written

bj. The same can be done with the a0,k, creating a vector a0. Any decomposition

of f P Vj can be fully characterized by the vector rbj`1 , bj`2 , . . . , b0 , a0s. Any

function f P Vj can also be characterized by the, equally sized, vector aj, and so

forth. The setup discussed around Equation (7.1.3) focused on two different levels of

resolution, Vj and Vj`m, with j,m ă 0. One helpful way of writing this is to have

the vector a, with no subscript, contain all necessary coefficients for Vj and have b

contain all the necessary coefficients forWj toWj`m`1. This means that any function

in Vj can be expressed as a vector of the form

«

0

a

ff

, and any function in Vj`m can

be expressed as a vector

«

b

a

ff

.

Next, we have two different domains to use, Ω and Λ Ă Ω. The vector a will have

all the coefficients from the Vj space over the entire domain Ω. Putting Λ with it, for

aΛ, restricts the coefficients to those in the smaller domain Λ. This will be standard

practice. If a subscript Λ is put under a vector or matrix, that represents a version

of the vector or matrix with coefficients relating only to the smaller domain Λ.

Example 7.2.1 Conversion of the vector a into its Λ equivalent, aΛ, with Vj “ V´3,

Ω “ p0, 10q, Λ “ p3.75, 6.25q, and the biorthogonal scaling function from Figure 7.

The vector a, if written in the V´3 form (only with ϕ´3,k terms), is

a “ ra1, a2, a3, . . . , a78, a79s
T ,

representing a function in V´3 on the domain Ω “ p0, 10q. The number of coefficients

relates to the resolution, the size of the domain, and to the boundary conditions (as
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well as the shape of our chosen ϕ). The biorthogonal scaling functions ϕj,k we are

using are symmetric around integer multiples of 2j. As a result, the coefficient ak

in a will correspond to a ϕj,kpxq, centered at the point x “ k
8
. Our zero boundary

conditions mean that the coefficients for the ϕj,k centered at x “ 0 and x “ 10 will

be fixed at zero (see Section 6.2), so the first ak is a1 (with a function centered at

x “ 1
8
) and the last is a79 (with a function centered at x “ 79

8
“ 10 ´ 1

8
).

The vector aΛ has fewer components than a, only those corresponding to functions

ϕj,k that are centered in Λ “ p3.75, 6.25q. This results in

aΛ “ ra31, a32, a33, . . . , a47, a48, a49s
T .

The function ϕ´3,30 is centered at 3.75 exactly, so we do not include a30, the same

is true of ϕ´3,50 and a50. The vector a has 79 components, the vector aΛ has 19,

approximately a quarter as many. This is appropriate, since Λ is a quarter the size

of Ω.

The vector bΛ is more complicated to write. Recall that the vector b includes

all the bj,k coefficients used to extend the coarse resolution to the fine resolution. As

a result, there are usually multiple Wj spaces used, and the procedure in Example

7.2.1 has to be used on each bj vector. However, the relationship between bΛ and

b is the same as between aΛ and a. The component bj,k in b will be in bΛ if ψj`1,k

is centered in Λ (remember that the ψj,k we are using are symmetric, see Figure 8).

This will be true for all bj´1,k, bj´2,k and so forth, up to bj`m`1,k. So, the vector

bΛ has the components of b which are the coefficients related to functions ψj,k that

are centered within Λ. This means that

«

bΛ

aΛ

ff

characterizes functions in Vm`j (the

finest resolution) on Λ the same way

«

b

a

ff

characterizes functions in Vm`j over Ω.

Now we take a linear partial differential equation of the form utpx, tq “ Lupx, tq,

x P Ω. As L is linear, we approximate it using a matrix (see Section 5.3), which

we will call M . If the function upx, tq is approximated by a Vj`m decomposition

equivalent to

«

b

a

ff

, then Lupx, tq restricted to Vj,m is approximately M

«

b

a

ff

. The

matrix M , along with the second order implicit Adam’s method, gives us the time
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step
«

bn`1

an`1

ff

“

«

bn

an

ff

`
h

2
M

˜«

bn`1

an`1

ff

`

«

bn

an

ff¸

. (7.2.5)

The elements of M will have to be broken up, since we will not be using all of M ,

into a block decomposition of the form

M “

«

A B

C D

ff

, M

«

b

a

ff

“

«

A B

C D

ff «

b

a

ff

“

«

Ab ` B a

C b ` D a

ff

. (7.2.6)

The matrices A and B will have the same number of rows as b, C and D will have

the same number of rows as a. Also, A and C will have the same number of columns

as b has rows and B and D will have the same number of columns as a has rows.

Note that A and D are square matrices, but do not have to be equal in size. In fact,

our main example in this chapter has A contain about four times as many rows as

D. If this block decomposition looks familiar, it is because it was brought up briefly

in Section 5.3.

Example 7.2.2 Using the same domain and resolution as in Example 7.2.1, we will

take a look at getting DΛ from D.

This is basically the same as converting a to aΛ, except we will have to look to

multiple columns, as well as the rows.

The matrix D, which approximates the differential operator L for V´3, is a square

matrix. Write it as

D “

»

—

—

—

—

—

—

—

–

d1,1 d1,2 ¨ ¨ ¨ d1,78 d1,79

d2,1 d2,2 ¨ ¨ ¨ d2,78 d2,79
...

...
. . .

...
...

d78,1 d78,2 ¨ ¨ ¨ d78,78 d78,79

d79,1 d79,2 . . . d79,78 d79,79

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Multiplication by this matrix will take the a´3,k coefficients from a function f P V´3,

arranged into a vector a, and create values Da, the V´3 approximation of Lf . As a

result, its height and width both have to be equal to the number of a´3,k coefficients

in Ω, 79 in this case.
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The matrix DΛ only needs to deal with functions in V´3 restricted to Λ. As a

result, the height and width of DΛ has to be equal to the number of a´3,k coefficients

in Λ. As a result, it is much smaller:

DΛ “

»

—

—

—

—

—

—

—

–

d31,31 d31,32 ¨ ¨ ¨ d31,48 d31,49

d32,31 d32,32 ¨ ¨ ¨ d32,48 d32,49
...

...
. . .

...
...

d48,31 d48,32 ¨ ¨ ¨ d48,48 d48,49

d49,31 d49,32 ¨ ¨ ¨ d49,48 d49,49

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Now to divide the time step in Equation (7.2.5) into two systems. First, we have

the large-scale system, with functions in the space Vj over all Ω, characterized by

vectors of the form a. We also have the small-scale system with functions in Vj`m

over Λ, characterized by vectors of the form

«

bΛ

aΛ

ff

. Recall that aΛ has only the

components of a corresponding to the functions ϕj,k in Λ. The large-scale system

uses the derivative matrix D. The small-scale system uses MΛ, where

MΛ “

«

AΛ BΛ

CΛ DΛ

ff

. (7.2.7)

Again, AΛ, BΛ, CΛ and DΛ are composed of the elements from A, B, C and D that

are related to Λ (like in Example 7.2.2).

The first step is to use whatever time stepping scheme you wish to find a temporary

approximation of an`1, which we will call aTm . We will keep using the second order

implicit Adam’s method, making the large-scale system

aTm “ an `
h

2
D
`

an ` aTm
˘

. (7.2.8)

We have the time step solved at the large-scale resolution Vj on all Ω. What we want

now is to solve the system on Λ at the small scale resolution Vj`m. However, a
n and

the newly calculated aTm have to be included. So, we take the components of an and

aTm that are in Λ, anΛ and aTmΛ . These are used in the system
«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ

ff

`
h

2

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

.

(7.2.9)
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Note the presence of aCr
Λ , a corrector term for the temporary approximation aTm . The

final step is to take aCr
Λ , rewrite it in Ω as aCr , and add it to aTm for

an`1 “ aTm ` aCr . (7.2.10)

This setup is consistent with the time stepping scheme. Since an`1
Λ “ aTmΛ ` aCr

Λ ,

the restriction of

«

bn`1

an`1

ff

to Λ will be

«

bn`1
Λ

aCr
Λ ` aTmΛ

ff

“

«

bnΛ

0

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ

ff

`
h

2

«

BΛ

`

anΛ ` aTmΛ
˘

0

ff

`

«

0
`

an ` h
2
D
`

an ` aTm
˘˘ˇ

ˇ

Λ

ff

. (7.2.11)

Next, getting that set of terms restricted to Λ written in our usual manner leaves

«

bn`1
Λ

aCr
Λ ` aTmΛ

ff

“

«

bnΛ

0

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ

ff

`
h

2

«

BΛ

`

anΛ ` aTmΛ
˘

0

ff

`

«

0

anΛ ` h
2
DΛ

`

anΛ ` aTmΛ
˘

ff

“

«

bnΛ

anΛ

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ

ff

`
h

2

«

BΛ

DΛ

ff

`

anΛ ` aTmΛ
˘

«

bn`1
Λ

aCr
Λ ` aTmΛ

ff

“

«

bnΛ

anΛ

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ ` aTmΛ ` anΛ

ff

. (7.2.12)

This time step matches the method used (2nd order Adam’s Moulton).

Next, a note about ‘boundary conditions’ for the small-scale system. By this we

mean the components of a near Λ that not included in the small-scale system but

still have some influence on those elements within Λ. Experimentation has strongly

suggested that this is not always a serious issue. If the method is appropriate to the

problem, and if the Λ sub-domain is well chosen, then the interactions across the

interfaces of Λ will be sufficiently accurately modeled by the coarse resolution terms.
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Recall that the large scale system is calculated over all Ω at the coarse resolution.

Recall also that the coarse resolution derivative terms from the large-scale system,

Dan and DaTm , are deliberately kept out of the small scale-system. As a result,

the small-scale system does not include the coarse resolution terms, the only terms

necessary to model the problem near the interfaces of Λ. The small-scale system will

therefore not include any significant interactions near the interfaces of Λ. Recall that

this only works when the problem is appropriate and Λ is well chosen.

7.3 Results

One statement needs to be made before we continue with the Burgers’ equation exam-

ple, and definitely before we introduce the more substantial Rossby problem. The two

problems are intended as examples and tests of the method introduced in this chap-

ter. We need only discuss the particular problems as much as is necessary to confirm

that our results are reasonable. What we need to focus on is the difference between

the calculations done at different resolutions and the advantages/disadvantages of the

multi-scale method.

The main results we are interested in are those made using the multi-scale ar-

rangement introduced in this chapter. So, these will involve a large-scale system on

Ω and a small-scale system on Λ. There are two basic types of results we will discuss

for comparison with the multi-scale results. The first are those calculated using only

the large-scale system, the results you get without including the small-scale system.

The second type are those calculated with the small-scale resolution over all Ω. These

are the results we are attempting to duplicate using the multi-scale method. We will

stick to double systems, almost always those where the large and small-scale systems

have approximately the same size (number of coefficients).

Recall the results from a single, uniform, resolution of V´5 for Burgers’ equation

with viscosity ν “ 0.01 (Figure 22), and those from a resolution of V´4 (Figure 23).

Those are our large-scale resolution results. Our small-scale resolution results use

V´6, and can be found in Figure 21. So, our multi-scale method will use V´6 for the

small-scale system, and either V´4 or V´5 for the large-scale system. The full domain
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Figure 24: Double system Burgers’ equation results with V´4 on Ω and V´6 on Λ “

p3.75, 6.25q. The function is called upx, tq. The viscosity used is ν “ 0.01, the time
step is h “ 0.01. These results are calculated via the method outlined in Section 7.2
adapted for the linearized form of Burgers’ equation (Section 6.6).

is Ω “ p0, 10q (as before). The fine resolution terms will need to be concentrated

near the shape at x “ 5. It is helpful for both systems to have the same number of

terms, so the cost of including the small-scale system is (approximately) equivalent

to doubling the number of time steps. This requirement means that Λ should be

equal to p3.75, 6.25q when V´4 is the large-scale, and Λ “ p2.5, 7.5q when V´5 is the

large-scale. The matrices used for approximating the derivatives are created based

upon a collocation method (discussed around the end of Section 5.3). Results using
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a localized V´6 on Λ “ p3.75, 6.25q, with V´4 on Ω can be found in Figure 24. Notice

that they are a marked improvement to the original V´4 results, being fairly stable,

but are still very flawed. We will immediately start improving on them by introducing

some additional features to the method.

7.4 Further Improvements

The method from Section 7.2 was, from the beginning, set up using a single M

matrix, one created at Vj`m resolution and over all Ω. This is the best way to deal

with linear elements from the L operator in ut “ Lu. There is no reason to use any

other approach with linear terms from L. However, it is not a good option for dealing

with any non-linear terms.

Recall that we use a linearization of the non-linear term in Burgers’ equation,

un`1 B

Bx
un ` un

B

Bx
un`1 « un`1 B

Bx
un`1 ` un

B

Bx
un (7.4.1)

(see Section 6.6). Using this approximation involves creating a linear operator that

calculates the multiplication by
`

un B
Bx

` B
Bx
un
˘

, then applying that operator to the

values un`1 in the time step. So the linearization requires creating a new, linear,

operator at every time step. To do so at the Vj`m resolution over all Ω at every

single time step would be time consuming. Instead, we will create an operator at

Vj resolution on Ω, call it TΩ, and an operator at Vj`m resolution on Λ, SΛ. These

operators are created separately. The first one, TΩ, is used in the large-scale system

aTm “ an `
h

2

“

D
`

aTm ` an
˘

` TΩa
Tm
‰

, (7.4.2)

note that we are keeping the linear terms, written the same as in Section (7.2).

The second operator, SΛ, created independently of TΩ, is used in the small-scale

system
«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

˜«

AΛ BΛ

CΛ DΛ

ff«

bn`1
Λ ` bnΛ

aCr
Λ

ff

`

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

`SΛ

«

bn`1
Λ

aCr
Λ

ff

` SΛ

«

0

aTmΛ

ff

´

«

0
`

TΩa
Tm
˘

Λ

ff¸

, (7.4.3)
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(note that O here represents a zero matrix and 0 is a zero vector). As usual, the last

step is to get an`1 “ aTm ` aCr .

One set of terms from these systems really needs to be discussed in more detail:
˜

SΛ

«

0

aTmΛ

ff

´

«

0
`

TΩa
Tm
˘

Λ

ff¸

, (7.4.4)

from (7.4.3). Notice that SΛ is a matrix the same size as MΛ (see (7.2.7)), so (7.4.4)

will usually have components in the Wj to Wj`m`1 spaces. These components are

not included in Equation (7.4.2), since that calculation is restricted to the resolution

Vj, but these terms have to be included in the small-scale system. In this way, (7.4.4)

is the equivalent of the

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

term in Equation (7.2.9), applied to the

linearized components of the problem. Both involve vectors used, and calculated, in

the large-scale system, and their influence on the small-scale system. The linear ver-

sion looks simpler, but it actually is not. We could actually write

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

in the form
«

BΛ

DΛ

ff

`

aTmΛ ` anΛ
˘

´

«

O
“

DpaTm ` anq
‰

Λ

ff

, (7.4.5)

which looks much more like (7.4.4). The term on the left in (7.4.5) is equal to

MΛ

«

0

aTmΛ ` anΛ

ff

, a normal part of the small-scale system. The second term in

(7.4.5) is the D related term from (7.2.8), restricted to Λ. Since they have already

been included in the calculations, they need to be subtracted here in order to avoid

being included twice. Equation (7.2.9) uses a simplified form of (7.4.5). If DΛ is

composed of elements of D, then (7.4.5) is equal to
«

BΛ

DΛ

ff

`

aTmΛ ` anΛ
˘

´

«

O

DΛpaTmΛ ` anΛq

ff

“

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

, (7.4.6)

exactly what is used in (7.2.9). The reason it does not cancel quite so well in the non-

linear case is that the SΛ and TΩ operators are created separately, so the restriction

of TΩ to Λ is unlikely to be completely equal to the large-scale related elements of SΛ

(i.e., SΛ restricted to Vj). As a result, (7.4.4) is necessary for non-linear problems.
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Note that the setup beginning around Equation (7.2.6) is not the only option for

calculating the A to D matrices and AΛ to DΛ matrices, it is just the best option.

One could, for instance, calculate the D matrix and the AΛ to DΛ matrices separately

(this actually saves time, smaller domains and coarser resolutions make things easier).

If E is this new matrix, which approximates the derivative at the coarse resolution

over all Ω, then the the large-scale system becomes

aTm “ an `
h

2
E
`

an ` aTm
˘

. (7.4.7)

Next, we get the small-scale system
«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

˜«

AΛ BΛ

CΛ DΛ

ff«

bn`1
Λ ` bnΛ

aCr
Λ

ff

`

«

BΛ

DΛ ´ EΛ

ff

`

aTmΛ ` anΛ
˘

¸

,

(7.4.8)

following the pattern from (7.4.5). If we, instead, assume that DΛ ´E “ O then the

small-scale system becomes
«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

˜«

AΛ BΛ

CΛ DΛ

ff«

bn`1
Λ ` bnΛ

aCr
Λ

ff

`

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

¸

.

(7.4.9)

Using (7.4.8) results in errors around the boundaries of Λ, and when it is applied

to linear problems (or components of problems) the errors can manifest as instability.

This is particularly common, and galling, when caused by viscosity terms. Using

(7.4.9) is another option, which clears up the error (and instability) at the boundary.

The downside to (7.4.9) is persistent error in the center of Λ. The solution is to use

both approaches simultaneously. We need (7.4.8) at the boundary and (7.4.9) in the

center, and it is surprisingly easy to do just that. What we currently use is a diagonal

matrix, call it J , to convert smoothly between the two vectors
«

BΛ

DΛ ´ EΛ

ff

`

aTmΛ ` anΛ
˘

, and

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

. (7.4.10)

What is needed is J to be equal to an identity matrix in the center, with zeros at the

corners. So, a diagonal matrix J with diagonal values

Ji,i “ 0,
1

3
,
2

3
, 1, 1, . . . , 1, 1,

2

3
,
1

3
, 0, (7.4.11)
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or something similar. In place of either terms in (7.4.10) we use

«

I O

O J

ff˜«

BΛ

DΛ ´ EΛ

ff

`

aTmΛ ` anΛ
˘

¸

“

«

BΛ

JpDΛ ´ EΛq

ff

`

aTm ` anΛ
˘

. (7.4.12)

Consider the a (as in, Vj resolution) components from (7.4.12). The components

nearest the top and bottom (those nearest the interface of Λ) will be equal to zero.

Those in the center will be equal to pDΛ ´EΛq
`

aTm ` anΛ
˘

. There is also a somewhat

smooth transition between the central and outer components. So, we get the small-

scale system

«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

˜«

AΛ BΛ

CΛ DΛ

ff«

bn`1
Λ ` bnΛ

aCr
Λ

ff

`

«

BΛ

JpDΛ ´ EΛq

ff

`

aTmΛ ` anΛ
˘

¸

,

(7.4.13)

which uses (7.4.8) in the center of Λ, for accuracy, and (7.4.9) near the interface of

Λ, for stability.

This will primarily be applied to nonlinear terms, using a similar diagonal matrix

JNL. The related term becomes

«

I O

O JNL

ff˜

SΛ

«

0

aTmΛ

ff

´

«

0
`

TΩa
Tm
˘ˇ

ˇ

Λ

ff¸

, (7.4.14)

(recall that the SΛ matrix is the same size as MΛ). The full small-scale system is

«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

˜«

AΛ BΛ

CΛ DΛ

ff«

bn`1
Λ ` bnΛ

aCr
Λ

ff

`

«

BΛ

O

ff

`

aTmΛ ` anΛ
˘

`SΛ

«

bn`1
Λ

aCr
Λ

ff

`

«

I O

O JNL

ff˜

SΛ

«

0

aTmΛ

ff

´

«

0
`

TΩa
Tm
˘

Λ

ff¸¸

,

(7.4.15)

assuming there is no reason to use a J matrix on the linear terms from the problem.

Our next modification to the systems is more complicated to implement than a

matrix multiplication. Recall that our large-scale system uses the Vj space on Ω

and the small-scale system is in Vj`m on the smaller domain Λ. By necessity, a lot

of our focus is on the section they have in common, a set coefficients of functions



CHAPTER 7. OUR MULTI-SCALE METHOD 121

Figure 25: A simple diagram showing Ω, Λ, Λ1 and the location of the ‘extra’ terms.

that are within both the large-scale system’s limited resolution and the small-scale

system’s limited domain (so Vj functions within Λ). These values are where the bulk

of the interactions between the two systems occur, and getting accurate interactions

between the large and small-scale systems is key to getting accurate results with the

method. This particular modification is about expanding that region of interaction,

increasing the number of coefficients aj,k included in the small-scale system. These

extra coefficients (and their associated functions ϕj,k) will be treated exactly the same

as those in Λ. However, these extra terms (we will frequently refer to them as simply

‘extra’ coefficients aj,k or ‘extra’ ϕj,k) will not actually be in Λ itself. We will not

include any extra bj,k to bj`m`1,k, keeping the small-scale resolution Vj`m restricted

to the domain Λ. As a result, the increase in the size of the small-scale system (in

terms of number of coefficients) will be fairly modest. This new feature creates a new

domain Λ1, with Λ Ă Λ1 Ă Ω. The small-scale system will calculate Vj resolution

coefficients within Λ1, but will keep all Vj`m resolution within Λ itself. See Figure 25.

Example 7.4.1 Including three ‘extra’ terms on each side of Λ, when we use V´3 on

Ω “ p0, 10q, V´5 on Λ “ p3.75, 6.25q multi-scale system from before.

Having Λ “ p3.75, 6.25q means that the small-scale system uses coefficients a´3,k,

starting at k “ 31 and ending at k “ 49. Those coefficients a´3,k correspond to

functions ϕ´3,k centered at 3.875 and 6.125, respectively. The three ‘extra’ ϕ´3,k that

will be included on the left are the three that are closest to the boundary without

being inside it. They are ϕ´3,30, centered at x “ 3.75; ϕ´3,29, centered at x “ 3.625;

and ϕ´3,28, centered at x “ 3.5. The three ‘extra’ ϕ´3,k that will be included on
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the right are ϕ´3,50, centered at x “ 6.25; ϕ´3,51, centered at x “ 6.375; and ϕ´3,51,

centered at 6.5. The basic setup, without the ‘extra’ terms, has a small-scale system

size of 79 (as in, there are 79 coefficients calculated in the small-scale system). The

setup including the ‘extra’ terms has 85. The new domain Λ1 is p3.375, 6.625q, the

boundaries moved three 1
8

“ 2´3 sized translations further apart than those of Λ.

In V´5, the resolution of the small-scale system, Λ1 has 25p6.625 ´ 3.375q “ 104

coefficients.

Including the ‘extra’ terms in the small-scale system’s time step calculation,

(7.2.9), results in some changes to the vectors and matrices in the equation, but

no changes to how the equation itself written. The inclusion of more aj,k terms in the

small-scale system results in larger vectors a, and a larger matrix DΛ. The matrix

CΛ will become larger as well, namely taller (additional rows on top and bottom).

The matrix BΛ will have extra columns on the left and right. The matrix AΛ will be

unchanged.

Expanding the number of coefficients aj,k has a cost. First, there are those six

extra terms to solve in the time step calculation. Also, calculating the operator

approximating matrices, like SΛ, is, now best done using the Λ1 domain. This would

require including all the functions ψ within Λ1. Thankfully, in our current, linearized,

scheme (see Section 6.6), those terms are not included in the actual solving of the

values for the time step, which is the most time consuming phase. They only come

into play when setting up the operators themselves.

The best results use linear components derived from a full M matrix (see Section

7.2). Doing so results in theDΛ´pEq|Λ term from (7.4.8) being equal to a zero matrix,

so no need for a J type multiplier for the linear components of L. A JNL multiplier

is, however, required for the non-linear derivative terms (again, see Section 7.2). Our

multi-scale results use the standard V´4 on Ω “ p0, 10q and V´6 on Λ “ p3.75, 6.25q.

They also use 3 ‘extra’ terms and

pJNLqi,i “ 0 , 0 , 0 , 0 ,
1

2
, 1 , 1 , . . . , 1 , 1 ,

1

2
, 0 , 0 , 0 , 0,

meaning that the non-linear effect on the ‘extra’ terms in aTmΛ is removed entirely.

The results are in Figure 26. They show little difference from the full resolution V´6
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results. Remember that these results use half as many terms, total, and the method

solves them in approximately half sized sections. As a result, the average time step

for the V´6 system takes about 0.988 seconds, while the average time step for the

V´4/V´6 multi-scale system takes about 0.0337 seconds. So, the multi-scale system

gives nearly identical results and takes about one 29th as long.

Coding can be found in Example C.5.2.

7.5 Error, Convergence and Stability

Now we take a closer look at the main sources of error. Recall, from (7.2.5), that the

full resolution, full domain, time stepping scheme for a linear problem is

«

bn`1

an`1

ff

“

«

bn

an

ff

`
h

2

«

A B

C D

ff˜«

bn`1

an`1

ff

`

«

bn

an

ff¸

. (7.5.1)

The multi-scale method makes use of the components of the vectors a and b, as well

as the elements of the matrices A to D, that relate to the sub-domain Λ. Now we

will have to discuss the sub-domain Ω
Ş

ΛC , and related vectors/matrices. We will

now subdivide the vectors like so:

a “

«

a1

aΛ

ff

and b “

«

b1

bΛ

ff

. (7.5.2)

The related matrix block decomposition is

A “

«

A1 A2

A3 AΛ

ff

, B “

«

B1 B2

B3 BΛ

ff

, (7.5.3)

and the same for C and D. The idea is to have

Ab “

«

A1 A2

A3 AΛ

ff«

b1

bΛ

ff

“

«

A1b1 ` A2bΛ

A3b1 ` AΛbΛ

ff

, (7.5.4)

Da “

«

D1 D2

D3 DΛ

ff«

a1

aΛ

ff

“

«

D1a1 ` D2aΛ

D3a1 ` DΛaΛ

ff

, (7.5.5)
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Figure 26: Burgers’ equation results using the new components in Section 7.4. This
one uses the same setup as Figure 24, but with three ‘extra’ coefficients aj,k around
Λ. It also uses pJNLqi,i values of 0, 0, 0, 0

1
2
, 1, 1 etc. The same time step of 0.01 was

used.
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Figure 27: Burgers’ equation multi-scale system results compared with a full resolu-
tion system. Plots are of the difference between the V´4/V´6 results from Figure 26
and the full V´6 resolution results from Figure 21.
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and so on. Written this way, the time step system becomes

»

—

—

—

—

–

bn`1
1

bn`1
Λ

an`1
1

an`1
Λ

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

–

bn1

bnΛ

an1

anΛ

fi

ffi

ffi

ffi

ffi

fl

`
h

2

»

—

—

—

—

–

A1 A2 B1 B2

A3 AΛ B3 BΛ

C1 C2 D1 D2

C3 CΛ D3 DΛ

fi

ffi

ffi

ffi

ffi

fl

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

bn`1
1

bn`1
Λ

an`1
1

an`1
Λ

fi

ffi

ffi

ffi

ffi

fl

`

»

—

—

—

—

–

bn1

bnΛ

an1

anΛ

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

. (7.5.6)

Now to compare that to the multi-scale method. The large-scale step is

«

an`1
1

aTmΛ

ff

“

«

an1

aT´M
Λ

ff

`
h

2

«

D1 D2

D3 DΛ

ff˜«

an`1
1

aTmΛ

ff

`

«

an1

anΛ

ff¸

. (7.5.7)

Next we look at the small-scale system,

«

bn`1
Λ

aCr
Λ

ff

“

«

bnΛ

0

ff

`
h

2

«

AΛ BΛ

CΛ DΛ

ff«

bnΛ ` bn`1
Λ

aCr
Λ

ff

`
h

2

«

BΛ

O

ff

`

aTmΛ ` aCr
Λ

˘

.

(7.5.8)

Combining those two steps results in the full time stepping scheme
»

—

—

–

bn`1
Λ

an`1
1

an`1
Λ

fi

ffi

ffi

fl

“

»

—

—

–

bnΛ

an1

anΛ

fi

ffi

ffi

fl

`
h

2

¨

˚

˚

˝

»

—

—

–

AΛ O BΛ

O D1 D2

CΛ D3 DΛ

fi

ffi

ffi

fl

»

—

—

–

bn`1
Λ ` bnΛ

an`1
1 ` an1

an`1
Λ ` anΛ

fi

ffi

ffi

fl

´

»

—

—

–

O

D2

O

fi

ffi

ffi

fl

aCr
Λ

˛

‹

‹

‚

.

(7.5.9)

So, the error inherent in the multi-scale system comes from three distinct sources:

1. The vectors b1 not being included at all. This is inherent in the setup, it is

assumed that the fine resolution is only necessary in the Λ region, so }b1} will

be kept below a given threshold. Managing this source of error is relatively

simple. An adaptive scheme would require calculating some values bj,k outside

of the large-scale system and outside Λ, making sure that they are still below

a given threshold. The best candidates are probably the terms bj,k that are

closest to Λ, but are not in Λ, for obvious reasons.

2. The matrices C2 and B3 from (7.5.6) being missing from (7.5.9). This source of

error is distinct from the b1 related error above. This error does not stem from

not including some particular coefficients, it is from missing the interactions
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between coefficients we are actually using. This source of error is reduced by

using what we have called ‘extra’ terms (see Section 7.4). The matrices A to D

will be diagonal dominant, or close, depending on how centered are the ϕ and

ψ. If we look at

C “

«

C1 C2

C3 CΛ

ff

then the largest elements in C are to be found on the diagonal, and so are

(mostly) in C1 and CΛ. Adding ‘extra’ terms widens the square matrix CΛ,

increases the number of elements of C taken by CΛ. It also reduces the number

of elements in C1 C2 and C3. The matrix C2 will be shrunk by removing rows of

elements from the bottom, effectively restricting C2 to the top right corner of C.

Since the elements in C are smaller the further you get from the diagonal, the

result is a matrix C2 that has both fewer elements, and smaller valued elements.

As a result, we get a smaller value for }C2bΛ}.

The best way to manage this source of error is to simply check the largest values

of C2bΛ and B3a1. One could simply multiply the bottom row of C2 by bΛ, and

the top row of B3 by a1, and increase the number of ‘extra’ terms if and when

these products had magnitudes over a given tolerance.

3. The last type of error is from the last vector term in (7.5.9). This source of error

is best managed via the ‘extra’ terms, as well. Including more ‘extra’ terms will

result in D2 having fewer elements, as well as smaller elements (like with C2

and B3 above). One other thing to notice is that aCr
Λ , being a corrector term,

is likely to be much smaller than any anΛ. We have

´
h

2
D2 a

Cr
Λ “ ´

h2

4
D2

“

CΛpbnΛ ` bn`1
Λ q ` DΛa

Cr
Λ

‰

,

so it is order h2, and likely to be small if a reasonable time step is used.

So, if we increase the size of Λ and the number of ‘extra’ terms, we should expect

all sources of error to decrease. To confirm this experimentally, several Burgers’

equation multi-scale systems were calculated, all at V´5 with a localized V´6. As Λ

was increased in width, so was the number of ‘extra’ terms. The J multiplier was set
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to have a zero for each ‘extra’ term, then one more zero followed by 1
2
, 1, and so on.

The problem was kept steady, with ν “ 0.01, as was the size of the time step. All the

results were compared to a control system with a fixed resolution of V´6, with the

same time step. One interesting result is that the accuracy in the interior of Λ, the

accuracy near x “ 5, becomes so good that it gets overshadowed by the error at the

boundary. See Figure 28, and notice that the error on the boundary stays constant

as Λ increases in size.

That error near x “ 0 and x “ 10 is due to lack of resolution around the boundary.

That particular component of the error is constant, no matter how large or close we

make Λ. Since we care about the accuracy in the center, around the Λ sub-domains,

we will simply ignore p0, 1.5q and p8.5, 10q when calculating the error. In Figure 29 we

have a set of plots of the numerically approximated errors of the different multi-scale

systems, compared to the full domain V´6 system. These are calculated at t “ 2.0,

only on p1.5, 8.5q. Table 4 summarizes the results.

Table 4: Burgers’ equation error for multi-scale systems.

Λ ‘extra’ Average Time L2 Error L1 Error L8 Error
V´5{V´6 [3.75,6.25] 4 0.0904 2.4 10´5 4.6 10´5 3.7 10´5

V´5{V´6 [3.50,6.50] 5 0.0998 1.6 10´6 2.8 10´6 2.1 10´6

V´5{V´6 [3.00,7.00] 6 0.1241 1.0 10´7 2.1 10´7 1.2 10´7

V´5{V´6 [2.50,7.50] 7 0.1560 5.8 10´9 1.4 10´8 6.2 10´9

V´5{V´6 [2.00,8.00] 7 0.1977 3.7 10´9 8.6 10´9 4.1 10´9

V´5{V´6 [1.50,8.50] 7 0.2541 2.1 10´9 2.0 10´9 4.6 10´9

V´6 NA NA 0.9888 0 0 0

Next we get to stability. The entire point of implicit methods is stability. If our

method does not preserve the stability of the time stepping scheme used, then it is

of limited value. However, actual theoretical confirmation of stability preservation is

difficult, if not impossible. So, we will attempt to reduce any concerns about stability

via some simple numerical experiments.

For a proper discussion of stability see [16] or any text on numerical methods

for differential equations. Here is the basic idea for eigenvalue based stability. The

system of linear differential equations d
dt
yptq “ Myptq, with y in Rn, has the solution



CHAPTER 7. OUR MULTI-SCALE METHOD 129

0 2 4 6 8 10

0 2 4 6 8 10

-3e-05

-2e-05

-1e-05

0

1e-05

2e-05

3e-05

-3e-05

-2e-05

-1e-05

0

1e-05

2e-05

3e-05

x
(a) Λ “ p3.75, 6.25q and 4 ‘extra’ terms

0 2 4 6 8 10

0 2 4 6 8 10

-2e-06

-1e-06

0

1e-06

2e-06

-2e-06

-1e-06

0

1e-06

2e-06

x
(b) Λ “ p3.50, 6.50q and 4 ‘extra’ terms

0 2 4 6 8 10

0 2 4 6 8 10

-6e-08

-4e-08

-2e-08

0

2e-08

4e-08

6e-08

-6e-08

-4e-08

-2e-08

0

2e-08

4e-08

6e-08

x
(c) Λ “ p2.50, 7.50q and 4 ‘extra’ terms

0 2 4 6 8 10

0 2 4 6 8 10

-6e-08

-4e-08

-2e-08

0

2e-08

4e-08

6e-08

-6e-08

-4e-08

-2e-08

0

2e-08

4e-08

6e-08

x
(d) Λ “ p1.50, 8.50q and 4 ‘extra’ terms

Figure 28: Error from results using V´5 with localized V´6. The error is simply the
difference between the multi-scale results and the V´6 control results, all calculated
at t “ 2.0. The multi-scale results differ primarily in their Λ sub-domains and in the
number of ‘extra’ terms.

yptq “ eMyp0q. The solution converges to zero for all initial conditions if and only

if the eigenvalues of the matrix M have real elements smaller than zero. The time

stepping scheme

yn`1 “ yn ` h
K
ÿ

k“0

akM yn´k
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Figure 29: Error from multi-scale systems, compared to system size and computa-
tional time. The system size is the total number of coefficients aj,k and bj,k used the
systems, all together. The computational time is the average time taken to calculate
a single time step, in seconds. The vertical axis is the log10 of the error.
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can, with quite a lot of effort, be rewritten as a matrix multiplication

»

—

—

–

yn`1

...

yn´K`1

fi

ffi

ffi

fl

“ T

»

—

—

–

yn

...

yn´k

fi

ffi

ffi

fl

.

The scheme is stable if it converges to zero independent of the initial conditions. It

will do so if and only if the eigenvalues of the matrix T all have absolute values smaller

than one.

The time stepping scheme we have been using, the second order Adam’s Moulton

method, will converge to zero, using any time step, for any differential equation that

converges to zero. As a result, we will test the eigenvalues resulting from what are

sometimes called the θ methods:

yn`1 “ yn ` h
“

θMyn ` p1 ´ θqMyn`1
‰

.

This means checking the eigenvalues from the matrices

rI ´ hp1 ´ θqM s
´1

rI ` hθM s .

Any more general multi-step methods (using yn´1 and so on) will become too large for

convenient eigenvalue calculation, but the θ methods provide a wide range of stability.

The partial differential equations we will use for testing purposes are the heat

equation (Section 6.3) and the modified advection equation from 6.4.

First, we have the heat equation. This is a very stable problem, with large negative

eigenvalues. For instance, the derivative matrix for the V´6 resolution has eigenvalues

from ´4.10 ¨ 104 to ´9.9 ¨ 10´2, with most in the 104 range. This makes it difficult to

control the eigenvalues from the time stepping scheme itself. If we use the derivative

matrix from V´6, a time step of h “ 5 and the second order implicit Adams’ Moulton

method, the time step has eigenvalues between 0.604 and ´1 ` 1.95 ¨ 10´5. A multi-

scale method equivalent, using resolutions of V´4 and V´6 on p3.75, 6.25q and 4 ‘extra’

terms, has eigenvalues between 0.604 and ´1 ` 1.95 ¨ 10´5. Table 5 has a summary

of absolute largest eigenvalues from multiple θ methods used on the heat equation.

Table 6 has absolute largest eigenvalues from multiple time steps using a fixed θ “ 1
2
.
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Table 5: Eigenvalues for different heat equation θ methods.

Maximum Eigenvalue Size
h “ 5 h “ 0.5

θ Single System Multi-Scale System Single System Multi-Scale System
0.00 6.696 ¨ 10´1 6.696 ¨ 10´1 9.530 ¨ 10´1 9.530 ¨ 10´1

0.10 6.583 ¨ 10´1 6.583 ¨ 10´1 9.528 ¨ 10´1 9.528 ¨ 10´1

0.20 6.462 ¨ 10´1 6.462 ¨ 10´1 9.525 ¨ 10´1 9.525 ¨ 10´1

0.30 6.332 ¨ 10´1 6.332 ¨ 10´1 9.523 ¨ 10´1 9.523 ¨ 10´1

0.40 6.667 ¨ 10´1 6.667 ¨ 10´1 9.521 ¨ 10´1 9.521 ¨ 10´1

0.50 9.999 ¨ 10´1 9.999 ¨ 10´1 9.998 ¨ 10´1 9.998 ¨ 10´1

0.60 1.500 1.500 1.500 1.500
0.70 2.333 2.333 2.333 2.333
0.80 4.000 4.000 4.000 4.000
0.90 9.000 9.000 8.996 8.996

A time step of h “ 5 results in the matrix hMDer having a largest magnitude eigen-
value in the 2.458 ¨ 105 range. The h “ 0.5 leads to a largest magnitude eigenvalue of
2.458 ¨ 104.

Table 6: Eigenvalues for different heat equation time steps.

Maximum Eigenvalue Size
θ “ 1

2
θ “ 0.2

h Single System Multi-Scale System Single System Multi-Scale System
0.00005 1 ´ 4.935 ¨ 10´6 1 ´ 4.935 ¨ 10´6 1 ´ 4.935 ¨ 10´6 1 ´ 4.935 ¨ 10´6

0.0005 1 ´ 4.935 ¨ 10´5 1 ´ 4.935 ¨ 10´5 1 ´ 4.935 ¨ 10´5 1 ´ 4.935 ¨ 10´5

0.005 1 ´ 4.934 ¨ 10´4 1 ´ 4.934 ¨ 10´4 9.995 ¨ 10´1 9.995 ¨ 10´1

0.05 1 ´ 1.626 ¨ 10´3 1 ´ 1.627 ¨ 10´3 9.951 ¨ 10´1 9.951 ¨ 10´1

0.5 1 ´ 1.628 ¨ 10´4 1 ´ 1.628 ¨ 10´4 9.525 ¨ 10´1 9.525 ¨ 10´1

5 1 ´ 1.628 ¨ 10´5 1 ´ 1.628 ¨ 10´5 6.462 ¨ 10´1 6.462 ¨ 10´1

50 1 ´ 1.628 ¨ 10´6 1 ´ 1.628 ¨ 10´6 2.500 ¨ 10´1 2.500 ¨ 10´1

Next we get to a more substantial linear problem, the modified advection problem

from Section 6.4. One issue with this particular problem is that the time step is

going to have, at least, an eigenvalue of one. Recall that the value of the solution

at x “ 5 is constant for all t. As a result, our largest eigenvalue will be one (or one

to within machine precision), if and only if the time stepping scheme proves stable.

The derivative matrix (using resolution V´6) for this problem has one eigenvalue of

exactly zero (relating to the constant value at x “ 0), but has mostly large imaginary
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eigenvalues (the largest has magnitude 159).

The stability for multiple time steps is not quite as good for the multi-scale

method. However, an unreasonably large time step is required to get substantial

instability. See Tables 7 and 8.

Table 7: Eigenvalues for our modified advection problem.

Maximum Eigenvalue
h “ 5 h “ 0.5

θ Single System Multi-Scale System Single System Multi-Scale System
0 1 ´ 2.176 ¨ 10´14 1 ` 1.999 ¨ 10´14 1 ´ 3.997 ¨ 10´15 1 ´ 4.552 ¨ 10´15

0.1 1 ` 5.174 ¨ 10´14 1 ` 9.104 ¨ 10´15 1 ` 2.420 ¨ 10´14 1 ` 2.220 ¨ 10´15

0.2 1 ` 3.331 ¨ 10´14 1 ´ 4.340 ¨ 10´15 1 ` 8.860 ¨ 10´14 1 ´ 4.885 ¨ 10´15

0.3 1 ` 1.910 ¨ 10´14 1 ` 3.553 ¨ 10´15 1 ` 2.145 ¨ 10´13 1 ´ 2.109 ¨ 10´15

0.4 1 ` 2.087 ¨ 10´14 1 ` 1.177 ¨ 10´14 1 ` 5.112 ¨ 10´13 1 ´ 5.440 ¨ 10´15

0.5 1 ` 8.216 ¨ 10´15 1 ` 4.078 ¨ 10´8 1 ` 1.023 ¨ 10´13 1 ` 4.010 ¨ 10´7

0.6 1.500 1.500 1.499 1.495
0.7 2.333 2.333 2.331 2.320
0.8 4.000 3.998 3.990 3.954
0.9 8.999 8.992 8.901 8.901

The time step of h “ 5 has a largest eigenvalue with magnitude 663.1 for hMDer.
Obviously, h “ 0.5 has 66.31.

Table 8: More largest eigenvalues for the modified advection problem.

Maximum Eigenvalue
θ “ 0.5 θ “ 0.2

h Single System Multi-Scale System Single System Multi-Scale System
0.00005 1 ` 7.328 ¨ 10´15 1 ` 2.595 ¨ 10´9 1 ` 3.397 ¨ 10´14 1 ` 1.332 ¨ 10´15

0.0005 1 ` 5.107 ¨ 10´15 1 ` 2.594 ¨ 10´8 1 ` 5.122 ¨ 10´12 1 ` 1.110 ¨ 10´15

0.005 1 ` 9.326 ¨ 10´15 1 ` 2.578 ¨ 10´7 1 ` 3.109 ¨ 10´15 1 ´ 2.443 ¨ 10´15

0.05 1 ` 6.240 ¨ 10´14 1 ` 1.574 ¨ 10´6 1 ` 1.745 ¨ 10´12 1 ´ 1.221 ¨ 10´15

0.5 1 ` 1.024 ¨ 10´13 1 ` 4.010 ¨ 10´7 1 ` 8.860 ¨ 10´14 1 ´ 4.885 ¨ 10´15

5 1 ` 8.216 ¨ 10´15 1 ` 4.078 ¨ 10´8 1 ` 3.331 ¨ 10´14 1 ´ 4.330 ¨ 10´15

50 1 ` 1.932 ¨ 10´14 3.418 1 ` 2.487 ¨ 10´13 1 ´ 3.853 ¨ 10´14
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- ψj,k inside the small-scale system

- ψj,k outside the small-scale system

- ψJ,k0 and ψJ´1,k1

- ϕj,k inside the small-scale system

- ϕj,k outside the small-scale system

- ϕJ,E

Figure 30: A simple diagram showing functions ψ and ϕ relevant to a possible adaptive
scheme. The subdomain Λ is to the right of the interface. Notice that there are two
‘extra’ terms.

7.6 A Possible Adaptive Scheme

This is a simple outline of a possible scheme for setting the width of Λ, and the ‘extra’

terms, adaptively. Before even the preliminaries, we need to state clearly that this

setup has not yet been tested. This is purely an example of how certain elements of

the method could be decided adaptively.

Before we begin with an outline of how the sub-domain Λ and ‘extra’ values can

be decided adaptively, we should first identify a few, key, coefficients and functions

that will be discussed. We will consider only a single interface of Λ, and assume that

Λ is on the positive side of the interface (so a higher k in ϕj,k will increase the chance

of the scaling function being centered in Λ).

• First, we have a single scaling function ϕJ,E, with J equal to the resolution of the

large-scale system, and E such that ϕJ,E is just outside the small-scale system.
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What this means is that ϕj,E would be included in the small-scale system if the

‘extra’ width was increased by one. The coefficient aj,E for this function will be

found in a1.

We will assume that the Λ interface under consideration is such that ϕj,E`1

is in the small-scale system. This means that ϕj,E`1 is the outermost scaling

function ϕJ,k included in the small-scale system. If we reduce the number of

‘extra’ terms by one, then ϕj,E`1 will no longer be in the small-scale system.

• Next, we have a set of wavelets ψJ´n,kn , n “ 0, . . . , N . These functions are going

to be finer resolution than the large-scale system, since J ´ n ď J . They will

also be located outside of Λ, but, like ϕJ,E, not that far outside of Λ. For the

interface we are discussing, this means we want ψJ´n,kn`1 to be the outermost

function ψJ´n,k included in the small-scale system.

Due to how ψj,k are spaced, changing the width of Λ will do more than include

the ψJ´n,kn or remove the ψJ´n,kn`1. Increasing the width of Λ will result in

the inclusion of

ψJ´n,kn , . . . , ψJ´n,kn´2n`1, for n “ 0, . . . , N.

Decreasing the width of Λ will result in

ψJ´n,kn`1, . . . , ψJ´n,kn`2n , for n “ 0, . . . , N.

We will use a set of error tolerances T1 to T6 (all ą 0, dependent only on required

accuracy and the nature of the problem) to determine how many functions/coefficients

can be safely ignored. We will, occasionally, use norm values on the vectors. Which

norm is not specified, but }¨}8 and }¨}2 would work. Note, again, that this sequence

is present to illustrate the type of testing that could be done to manage a multi-scale

method. These procedures have not been tested.

1. Solve the large-scale system, (7.2.8), calculating aTm .

2. Check error source (1): calculate the components of the vector

E1 “

”

B1 B2

ı

`

an ` aTm
˘

,
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corresponding to bJ´n,kn for n “ 0 . . . N (the the components of E1 correspond-

ing to the ψJ´n,kn discussed above).

If any of the calculated components of E1 have absolute value ą T1, then widen

Λ by 2J (so Λ will include one more ϕJ,k, and all of the ψJ´n,kn .

3. Check error source (2). Take the coefficient aJ,E and multiply it by the Eth

column of B3 (the column corresponding to ϕJ,E) to calculate the vector E2.

If }E2} ą T2 then increase the number of ‘extra’ terms by one.

4. Solve the small-scale system, (7.2.9), calculating aCr
Λ , an`1 and bn`1.

5. Check the error source (1) again. Calculate the components of the vector

E1 “ A2

`

bnΛ ` bn`1
Λ

˘

` B2

`

anΛ ` an`1
Λ

˘

corresponding to the coefficients bJ´n,kn (so the components corresponding to

ψJ´n,kn) for n “ 0 . . . N . If |E1| ą T1 for any of those components, then widen

Λ by 2J . Having widened Λ, we are done (skip remaining steps).

6. If Λ was not widened in the previous step, start checking error sources (2) and

(3). First, define E3 as the component of the vector

E3 “ C2
`

bn`1
Λ ` bnΛ

˘

´ D2a
Cr
Λ

corresponding to aJ,E (so the component corresponding to ϕJ,E). If |E3| ą T2

then increase the number of ‘extra’ terms by one and skip to step 8.

7. If |E3| ď T2 then check if the current ‘extra’ is needed (as long as there is at

least one ‘extra’ term).

(a) First, check the effect of the small-scale system on the outermost ‘extra’

term. Define E4 “
`

aCr
Λ

˘

E`1
, the coefficient aJ,E`1 (for ϕJ,E`1, the outer-

most ‘extra’ term) in aCr
Λ . If |E4| {h ą T4 then the ‘extra’ term is necessary,

so go on to step 8.
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(b) Now check the effect of the outermost ‘extra’ term on the small-scale sys-

tem. Define aE`1 “ an`1
J,E`1`anJ,E`1, the coefficients aJ,E`1 from the vectors

an and an`1. The vector E5 will be aE`1 multiplied by the aJ,E`1 (ϕJ,E`1)

related column from BΛ. If }E5} ă T5 then the outermost ‘extra’ term is

not necessary. Remove one ‘extra’ term (removing ϕJ,E`1 from the small-

scale system).

8. Finally, check if the width of Λ is necessary. Define the vector b “
`

bn`1
Λ ` bnΛ

˘

,

with most of its components set to zero. Specifically, set to zero all of the

coefficients bj,k that are not in

bJ´n,kn`1 , . . . , bJ´n,kn`2n for n “ 1 . . . N.

These coefficients relate to the functions ψ in the small-scale system that are

within 2J of the interface of Λ. These are precisely the coefficients (and func-

tions) that would be removed if Λ is shrunk by 2J .

Next, calculate the vector

E6 “

«

AΛ

CΛ

ff

b.

If }E6} ă T6 then shrink Λ by 2J and increase the number of ‘extra’ terms by

one.

7.7 Context

It seems appropriate at this point to include some discussion on other work similar to

our own. Very little of it can be found. While wavelet methods for partial differential

equations are numerous, and the number grows quickly, most are of a different nature

from our multi-scale method. They are, as discussed in Section 1.1, mostly about

determining the ideal resolution at different locations. Sometimes the coefficients

bj,k are approximated from finite difference data to determine if the resolution near

k2j is sufficient, like in [19]. Other times the bj,k data is used directly, and bj,k´1,

bj,k`1, bj´1,2k are included in subsequent time steps to see if they are relevant, like
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in [13]. These types of methods, useful as they are, have nothing in common with

ours other than the use of wavelets. In fact, most (if not all) adaptive schemes are

compatible with ours. For instance, the small-scale system on Λ could use an adaptive

decomposition, as could the large-scale system on Ω. In fact, the creation of the small-

scale system could be made adaptive: the bj,k data could be analyzed to determine

where and when more levels of refinement are needed. So, methods that use wavelets

to analyze or efficiently express a problem are not particularly connected to our own.

Now we need to discuss the methods that are particularly similar to our own.

The main concept, and advantage, to our approach is the ability to solve a time

step at different resolutions, in different domains, sequentially. Solving a problem

at multiple resolutions is an obvious way to exploit a multi-scale decomposition. As

such, there are similar methods to be found throughout the literature. The most

similar are those intended to be used to solve elliptic problems at multiple scales.

One that is particularly connected to our own method, due to its use of biorthogonal

wavelets, can be found in [27] (also a particularly well written discussion of such

methods). Other examples can be found in [28, 21 and 20]. Our method is different

in that it is intended to be used on time dependent problems, though this is, in

fact, a fairly shallow difference. More importantly, adaptive multi-scale solvers for

elliptic problems use repeated iterations at each resolution to maintain consistency

and reduce the error. Our method takes great pains to make sure that the different

levels of resolution, the different systems, are consistent with each other. As such,

each system only needs to be solved once (per time step). This is not an advantage

in an elliptic solver, but when several thousand (if not million) time steps have to

be solved, it is usually best to avoid having to repeatedly calculate individual times

steps.

Another perspective on our method is that it allows, in effect, the problem to be

solved in a different manner in Λ than over the remainder of Ω. This difference is, at

the moment, restricted to the use of a finer resolution, but it could well be that using

a different time step altogether could be an option (note that this is not yet tested

thoroughly). This means that our method has a property similar to that of ‘Domain

Decomposition Methods.’ At this point we come to a similar concept separating our
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method from others. These methods typically require multiple iterations between

the different domains to be accurate. Furthermore, they typically require limited

interaction across the interfaces between domains. Our method has a much less

stringent requirement. It requires that the problem be adequately modeled around

the interfaces by the large-scale resolution. As long as the small-scale interactions are

restricted to the interior of Λ, multiple iterations are not necessary. A single solving

in Ω and then one more in Λ will suffice.



Chapter 8

The Rossby Wave Problem

In this section we will introduce a more substantial problem than those we have

looked at before. Rossby waves are perturbations of predominantly east/west flows

in the atmosphere or oceans. They are exceedingly large, their wavelengths have the

same order of magnitude as the earth’s circumference, so the atmospheric forms are

frequently called ‘planetary waves.’ The behavior of Rossby waves has been studied

extensively: analytically, asymptotically, numerically, and empirically. We have solid

numerical results to compare with our own (starting with [2], published in 1976),

as well as asymptotic results (like from [7], numerical results also included). We

will use Rossby waves as the source of our second example problem, so the physical

interpretation is of limited importance. For those interested in a fuller understanding,

explanation can be found fairly easily, from texts on fluid dynamics ([18, p. 632]) to

meteorology ([25, p.236]).

8.1 The Problem

The problem is time dependent on an x, y, domain, with reference lengths Lx and

Ly, respectively. There are periodic boundary conditions in the x direction, and fixed

boundary conditions in the y direction. First, we will nondimensionalize the problem,

converting the domain to x P r0, 2πq and y P r0, 10s. The primary effect of this is that

140
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the Laplacian operator
´

B2

By2
` B2

Bx2

¯

will be re-scaled to

∆ “

ˆ

B2

By2
` δ

B2

Bx2

˙

, with δ “

ˆ

Ly
Lx

˙2

. (8.1.1)

The problem is based on the nondimensionalized barotropic vorticity equation

∆Ψt ` Ψx∆Ψy ´ Ψy∆Ψx ` βΨx ´ ν∆2Ψ “ 0, (8.1.2)

(see [18, p. 637] for details) with the (real) function Ψpx, y, tq the streamfunction on

the domain, so the x directional flow upx, y, tq “ ´Ψypx, y, tq and the y directional

flow is vpx, y, tq “ Ψxpx, y, tq (see the glossary for more on streamfunctions). Always

remember that Ψ is a streamfunction, not a wavelet (wavelets are identified by ψ, the

lower case of Ψ). The variable x represents longitude (east-west) and y the latitude

(north-south). The coefficient β relates to planetary rotation and ν is the viscosity

coefficient.

Next we break up the streamfunction Ψ into two components,

Ψpx, y, tq “ Ψpyq ` ϵ P px, y, tq, (8.1.3)

with ϵ small relative to Ψ and Ψ. The function Ψpyq is the streamfunction for the

basic flow. It is a function only of y, meaning that the basic flow is only in the

x direction, and constant in time. The basic flow will always be a given (known)

function, upyq, meaning Ψ
1
pyq “ ´upyq. The Rossby waves are found in P px, y, tq,

the streamfunction representing small perturbations of the basic flow. This is the

function we will be attempting to solve.

Substituting (8.1.3) into (8.1.2) leads to

ϵ∆Pt ` ϵPx p´u2pyq ` ϵ∆Pyq ´ p´upyq ` ϵPyq ϵ∆Px ` ϵβPx ´ ν
`

up3qpyq ` ϵ∆2P
˘

“ 0.

(8.1.4)

Next, we substitute in Z “ ∆P , the vorticity of P (see Glossary), and divide by ϵ for

Zt ` upyqZx ` pβ ´ u2pyqqPx ´ ϵ pPyZx ´ PxZyq ´ ν∆Z `
ν

ϵ
up3qpyq “ 0, (8.1.5)

(with up3q the third derivative of u). We will ignore the y dependent term at the

end (up3q is small, and even when ν ‰ 0 we will keep ν much smaller than ϵ). The
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equation becomes

Zt “ ´upyqZx ´ pβ ´ u2pyqqPx ` ν∆Z ` ϵ pPyZx ´ PxZyq . (8.1.6)

Recall that ν represents viscosity, and that ϵ, now the coefficient for the non-linear

term, is assumed to be small. Our examples will use upyq “ tanhpy ´ 5q. This has

several implications. First, the basic flow will be very nearly constant in the regions

near y “ 10 and y “ 0, (at tanhpyq « 1 and tanhpyq « ´1, respectively). Second, the

basic flow velocity will be zero at y “ 5. As we will see, these properties of u have

interesting implications for P .

As for boundary conditions, we have P px, 10, tq “ cosp2xq and P px, 0, tq “ 0 (recall

that the x directional boundary conditions are periodic). Notice that the boundary

conditions are all composed of cosp2xq, so they can be written in terms of e˘2ix. If

we use the linear form of the problem (set ϵ “ 0), then P (and Z) can be written

using only functions e˘2ix in the x direction (each multiplied by a function of y and

t). The initial condition is simply P px, y, 0q “ 0 on r0, 2πq ˆ p0, 10q.

Now go to the simplest case, set ν “ 0 along with ϵ. If we assume that the problem

has a steady state, we can find that it will have the form

P px, yq “ Φ2pyq ei2x ` Φ´2pyqe´i2x,
d2

dy2
Φκpyq `

ˆ

´δκ2 `
β ´ u2pyq

upyq

˙

Φκpyq “ 0.

(8.1.7)

In the area immediately around y “ 10, upyq is approximately one and u2pyq will be

approximately zero. The problem becomes
´

d2

dy2
` pβ ´ δκ2q

¯

Φ “ 0, with a solution

of the form e˘iρpy´10q, ρ “
a

β ´ δk2. As a result, recalling that the y “ 10 boundary

is just cosp2xq, the steady state is similar to

P px, yq “ cos
`

2x ` ρpy ´ 10q
˘

(8.1.8)

near y “ 10. The more general observation is that ρ, where

ρ2 “

ˆ

´δκ2 `
β ´ u2pyq

upyq

˙

, (8.1.9)

is the wave number in the y direction (so we get e˘iρ terms). This gives us some

information on the behavior of P in the center of the y domain. Notice that ρ2
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approaches infinity as y Ñ 5, since upyq Ñ 0 as y Ñ 5. The implication is that

the waves stop propagating when they hit y “ 5, so the steady state on y P p0, 5q

will be approximately zero. All of these observations can be seen in Figure 31. The

waves curve then stop at y “ 5, and the different values of β used result in different

angles of propagation. These are also consistent with the literature, Figure 31 (a) is

consistent with all the P (equivalent) plots in [7], and virtually identical to [7, Figure

2(a)]. The behavior of the function Z is also fairly well known. Figure 32 contains

plots of Z at different times, all taken from the same results as Figure 31 (a). The

general Z shape expected for the linear problem is the set of peaks around y “ 5,

seen in Figure 32. Notice that the amplitude of Z near y “ 5 is much higher than

that anywhere else, and that the waves in the center get more tightly concentrated

as t increases. As we will see, this results in a greater requirement for fine resolution

in the center as t increases. The shape of our Z plots in Figure 32 match well with

[7, Figure 18(a)] and [8, Figure 4], even though our results use different domains and

boundary conditions.

Apart from P and Z, there is one more quantity we will use to check the accuracy

of our results. We will be interested in the momentum of the system, specifically the

momentum flux of the critical region around y “ 5. Momentum is mass multiplied

by velocity, which in theoretical fluid dynamics means an integral of the product of

velocity and density (see [18, p. 88]). Since density is constant in our system, we

need only focus on the velocity. Consider the region y P r2.5, 7.5s. We will need to

calculate the flux at the boundaries y “ 2.5 and 7.5. We will focus on the flux of the

x directional component of the momentum. This makes the flux over a fixed y simply

the x component of the velocity times the y component of the velocity, so ´PyPx. So

the total flow over y, at a time t, will be

´

ż 2π

0

Pxpx, y, tqPypx, y, tq dx. (8.1.10)

The flux for the region r2.5, 7.5s will be the flux at y “ 2.5 minus the flux at y “ 7.5,

so

F ptq “ ´

ż 2π

0

Pxpx, 2.5, tqPypx, 2.5, tq dx `

ż 2π

0

Pxpx, 7.5, tqPypx, 7.5, tq dx, (8.1.11)
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Figure 31: Steady state P plots using differing values of β. These all use δ “ 0.2 and
ν “ ϵ “ 0. Notice the angle changing with β.
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Figure 32: Z plots from the Rossby problem. All of these use the, from now on,
standard β “ 1 (with δ “ 0.2 and ν “ ϵ “ 0). Specifically, these come from the same
results as Figure 31 (a).
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though the first integral is approximately zero since P « 0 on y “ 2.5. In this

particular system, there are some very clear expectations. First, the linear problem

is expected to result in the critical (central) region absorbing momentum, resulting

in a positive flux. In [2, Figure 5, line 1] and [7, Figure 3], the flux for the linear

problem can be seen reaching its maximum early, then lowering and stabilizing at

a positive value. This is the expected behavior of the linear problem. When the

non-linear interactions are included, the critical region is expected to reflect some

of the momentum. The flux, as seen in [2, Figure 5, lines 2,3] and [7, Figure 3b],

is expected to reach its maximum value early, then reduce down to zero and begin

oscillating around zero. Later, we will test our numerically derived results against

these expectations.

8.2 Calculation

Recall that our boundary conditions are P px, 10, tq “ cosp2xq and P px, 0, tq “ 0 (with

periodic boundary conditions in the x direction). As in Section 6.5, this will be done

using a boundary value function, breaking up P px, y, tq into

P px, y, tq “ P1px, y, tq ` P2px, yq. (8.2.1)

Both functions will have periodic boundary conditions at x “ 0 and x “ 2π. Also,

P1px, 10, tq “ P1px, 0, tq “ 0, with the same true of its vorticity, Z1 “ ∆P1. So,

P1 is the time dependent component that we will be calculating at every time step,

with zero boundary conditions satisfied in the manner explained in Section 6.2. Since

the initial conditions are zero, P1px, y, 0q “ Z1px, y, 0q “ 0. The function P2 is the

boundary function, satisfying the boundary conditions, but constant in time. With

P1px, 10q “ 0, we will require P2px, 10q “ cosp2xq and P2px, 0q “ 0. The value of

Z2 “ ∆P2, the vorticity of the boundary function, will be figured out next.

We will keep the boundary conditions constant, meaning B
Bt
Zpx, 10, tq “ 0. As-

sume that ϵ “ 0 and ν “ 0. Putting P1, P2, Z1 and Z2 into (8.1.6) yields

B

Bt
Zpx, 10, tq “ ´up10q

B

Bx
∆P2px, 10q ´ rβ ´ u2p10qs

B

Bx
P2px, 10q “ 0, (8.2.2)
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due to the fact that P1 and Z1 are both zero at y “ 10. So, we get

B

Bx

ˆ

∆P2px, 10q `
β ´ u2p10q

up10q
P2px, 10q

˙

“ 0, (8.2.3)

meaning that

Z2px, 10q “ ∆P2px, 10q “ ´

ˆ

β ´ u2p10q

up10q

˙

cosp2xq. (8.2.4)

There is a similar requirement for y “ 0, but it can be easily satisfied by setting

Z2 “ P2 “ 0 at y “ 0. So, we will use the boundary values

P2px, 10q “ cosp2xq, P2px, 0q “ 0,

Z2px, 10q “ p∆P2qpx, 10q “ ´

ˆ

β ´ u2pyq

upyq

˙

cosp2xq, ∆P2px, 0q “ 0. (8.2.5)

Those boundary conditions, combined with the periodic boundary conditions at x “

0 and x “ 2π, make Fourier decomposition ideal for this problem. The Fourier

decomposition in the x direction creates functions pP pκ, y, tq and pZpκ, y, tq, with

P px, y, tq “
ÿ

κPZ

pP pκ, y, tqeiκ x and Zpx, y, tq “
ÿ

κPZ

pZpκ, y, tqeiκ x. (8.2.6)

Since P and Z are real functions, pP p´κ, y, tq “ pP pκ, y, tq, so we only need to work

with one of ˘κ at a time. For general Fourier mode κ we get

pZpκ, y, tq “ pPyypκ, y, tq ´ κ2δ pP pκ, y, tq “

ˆ

B2

By2
´ κ2δ

˙

pP pκ, y, tq (8.2.7)

and (assuming ϵ “ 0)

B

Bt
pZpκ, y, tq “ ´κi upyq pZpκ, y, tq´

`

β´u2pyq
˘

κi pP pκ, y, tq`ν

ˆ

B2

By2
´ κ2δ

˙

pZpκ, y, tq.

(8.2.8)

As was briefly discussed in Section 8.1, the boundary conditions of cosp2xq and zero

(at y “ 10 and y “ 0, respectively) make the linear problem expressible using only

pP p2, y, tq. The Fourier decomposition simplifies a real valued problem with two spatial

dimensions into a complex problem with one spatial dimension. Of course, Fourier

decomposition has advantages for the non-linear problem as well. Using the given
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boundaries, the only non zero pZpκ, y, tq have κ equal to an integer multiple of two.

So, with the x direction modeled via a Fourier decomposition, we now focus on the y

direction. The pP pκ, y, tq and pZpκ, y, tq are approximated using wavelets.

The non-linear Rossby wave equation, (8.1.6), includes a third y derivative of P

on the right hand side (in Zy). The scaling function and wavelet used in Chapter

6 have only a weak third derivative. We will use a higher order pair, based on the

spline B5 (see Section A.3). Figure 33 has our new ϕ and ψ, and one advantage of

switching to higher order splines is shown with the Vj decompositions of the second

derivative of ϕ (Figure 35).

Now it is time to look towards numerical computation of Equation (8.1.6), with

the boundaries given. As discussed earlier, modeling the function Zpx, y, tq will be

done via a Fourier decomposition in the x direction, creating functions pZpκ, y, tq (with

κ the Fourier mode), which, in turn, will be modeled via a wavelet decomposition.

Therefore, if we use VJ (J ď 0), and Fourier modes κ P r´K,Ks, we will be dealing

with function data of the form

Zpx, y, tq “

K
ÿ

κ“´K

eiκx
ˆ

ÿ

k

aκ,0,k ϕ0,kpyq `

0
ÿ

j“J`1

ÿ

k

bκ,j,kψj,kpyq

˙

(8.2.9)

at any particular time t. We will work with an approximation of Z at different time

steps. We will need the function P to calculate Zt, calculated using a approximations

of ∆´1Z. Writing the functions in terms of Z, rather than P , is an easy decision to

make. First, the derivative is written in terms of Z, so it makes things easier. More

importantly, in fact, it is necessary because Z has a lot of small-scale values and

interactions in the center region (around y “ 5), while P is more evenly distributed.

As a result, there are serious advantages to using wavelets while working with Z.

More on that later. For now, we must deal with the boundary conditions.

The periodic boundary conditions on x “ 0 and x “ 2π are satisfied by the

Fourier decomposition. The boundary conditions at y “ 10 and y “ 0 are a little more

difficult. First, recall from (8.2.1) that P has been broken into P1px, y, tq and P2px, yq.

We decided (at the beginning of Section 8.2) to set P1px, 10, tq “ P1px, 0, tq “ 0, and

the same for Z1, using the approach outlined in Section 6.2. All that remains are the

P2 (and Z2) based boundary conditions in (8.2.5).
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Figure 33: Our new ϕ and ψ with their duals.

We need to decide some specifics about how we are to create P2px, yq. We will,

unless it is said otherwise, be using a function P2px, yq based upon ϕ0,kpyq terms (so

a V0 function in the y direction). Switching to the Fourier transform, pP2pκ, yq, and

setting ϵ “ ν “ 0 gives us a fairly simple system to solve. We only need to use κ “ 2,

and will avoid including ϕj,k centered below y “ 10, using only

pP2py, 2q “ a10ϕpy ´ 10q ` a11ϕpy ´ 11q, (8.2.10)
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Figure 34: Inner product related errors for the functions in Figure 33. Note that

the inner products
A

rψ0, ϕk

E

and
A

rϕ0, ψk

E

are supposed to be zero for all k, while
A

rϕ0, ϕk

E

and
A

rψ0, ψk

E

are supposed to be equal to δ0,k.

with a10 and a11 P R. This is because we only have two equations to satisfy:

pP2p10, 2q “
1

2
, and

ˆ

B2

By2
´ 4

˙

pP2p10, 2q “ ´
1

2

ˆ

β ´ u2pyq

upyq

˙

. (8.2.11)

The first makes P2px, 10q “ cosp2xq, the second keeps P2 consistent with Equation
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Figure 35: Derivatives and derivative approximations for our new ϕ. These were all
plotted at a resolution of 28 per unit. The exact derivatives were calculated using
the method in (A.3.3). The finite resolution approximations were calculated using
matrices of the form from (5.3.9). The L2 norm of the derivative is « 1. The L2 error
in V0 is « 0.13, and for V´1 is « 0.013. We will usually make use of a resolution V´3

or finer.
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Figure 36: Boundary function plots for the Rossby wave problem. It is only the
section of the function on y P p0, 10q that directly affects the time step.

(8.2.3). A plot for P2px, yq for ν “ 0 can be found in Figure 36 a). When ν ‰ 0, P2

becomes more complicated, the values a have to be complex and a third a is needed,

so that Zt, P and Z all match the necessary values at the boundary y “ 10. A plot

of P2px, yq when ν “ 10´4 can be found in Figure 36. Example C.6.1 has programs

for calculating P2, for ν “ 0 and ν ‰ 0.

The whole point of pP2 is for calculating the pP2 related component of B
Bt
pP py, t, κq

from Equation (8.1.6), equal to

«

´κi upyq

ˆ

B2

By2
´ κ2

˙

´ κi rβ ´ u2pyqs ` ν

ˆ

B2

By2
´ κ2

˙2
ff

pP2py, κq, (8.2.12)

and taking its Vj decomposition. This vector, which we will call BC , will then be

included in the eventual time step equation, though not initially. Recall that initial

conditions are zero, with P1px, y, 0q “ Z1px, y, 0q “ 0. Including BC at the beginning,

at full value, creates a certain level of instability, and actually contradicts the initial

conditions (recall that P2 extends into y P p0, 10q. We are primarily concerned with

steady states for the linear system, and the non-linear system is unstable enough

already. As a result, following the lead of [7], we will multiply the BC vector by what

we will call a ‘switch-on’ function, fptq “ mint t
t1
, 1u, usually with t1 “ 5. As a result,

it is fair to say that the initial conditions are zero, but with P2, plotted in Figure 36,

being gradually forced in.

We will keep our basic time stepping scheme, the second order implicit Adam’s



CHAPTER 8. THE ROSSBY WAVE PROBLEM 152

method, found in (6.3.5). As before, we will have a set of vectors Zn, each representing

our approximation of Zpx, y, tq at times t “ nh (n P Z). There are a few matrices

that are needed.

First we need operators Tu1 and Tu2 to handle the multiplication by upyq and u2pyq.

These are most easily constructed using a pseudo-wavelet method (similar to pseudo-

Fourier, see Glossary), by combining matrices that transform ψ and ϕ coefficient

data into an equal number of equally spaced points (a decomposition matrix), then

multiply by a diagonal matrix of upyq values, then multiply by the inverse of the

decomposition matrix (look near (6.4.1)).

Next, we have derivative matrices, those that map our VJ approximations of the

functions P and Z to approximations of the derivatives of those functions. We need

a matrix M∆ to approximate ∆, as well as Mx and, eventually, My for the first

derivatives by x and y. We will also need M´1
∆ , since our calculations will be in

terms of Z and not P . There are quite a few means to create such matrices. The

x direction is easy, with the Bd

Bxd
derivative being equal to multiplication by piκqd

(with κ the Fourier coefficient). For the y direction we will use a collocation method

(described near the end of Section 5.3). Basically, pointwise data for the derivative

in question is then put in place of the actual values of ϕ in the decomposition matrix.

Then, a regular inverse decomposition matrix is multiplied on the left. Again, see

Section 5.3 for details.

All of this leads to the following time stepping scheme, if ϵ “ 0:

Zn`1 “ Zn `
h

2

“

´Tu1Mx ´ pβI ´ Tu2qMxM
´1
∆ ` νM∆

‰ `

Zn ` Zn`1
˘

` hBC

“ Zn `
h

2
MDer

`

Zn ` Zn`1
˘

` hBC , (8.2.13)

by defining the new matrixMDer, covering the entire (linear) component of the deriva-

tive expression. This simplifies to

Zn`1 “

ˆ

I ´
h

2
MDer

˙´1 „ˆ

I `
h

2
MDer

˙

Zn ` hBC

ȷ

. (8.2.14)

Example C.6.2 is a basic solver for the linear case.
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8.3 Results

First we will look at the momentum flux (discussed near the end of Section 8.1). We

calculate it for y P r2.5, 7.5s, and the general behavior for the linear problem is well

known. The flux is expected to rise from zero to some positive value, then reduce a

(relatively) small amount and then stabilize. There will be some oscillation, but a

very small amount, expected to reduce in amplitude as t increases. This behavior is

shown in [2, Figure 5] and [7, Figure 3]. Notice that our results for V´6, Figure 37(a),

match this perfectly up to t “ 200. Our results for V´5 (Figure 38(a)) do so until

t “ 100, then fail, and our results for V´4 (Figure 39(a)) until t “ 50. Insufficient

resolution is obviously the cause. If we include some viscosity, this effect is mitigated,

as shown in Figure 40(a). Without viscosity, the higher the resolution, the longer the

flux remains stable. The approximate time line is from t “ 0 up to 25 ˆ 2´j´3 when

using a Vj space for the y direction.

Recall the expected shape of the waves of P described in Section 8.1, and shown

in Figure 31. That shape can be seen up to t “ 200 in Figure 37(b,c). It can also be

seen up to t “ 100 in Figure 38(b,c) and up to t “ 50 in Figure 39(b,c). So, the P are

shaped as expected for the same time frame as the flux. The Z plots, however, show

signs of failure earlier. Figures 37(f), 38(f) and 39(f) all show the same, anomalous,

reflected pattern around y “ 5, not the slowly sharpening wave seen in Figure 32.

So now we should consider the full size of the systems. We need 10ˆ 25 ´ 1 terms

to fully express V´5 on this domain. For the linear case, this means we need a total of

p10ˆ25´1qˆ2 real elements, since the x direction will be a combination of sinp2xq and

cosp2xq or a single complex value. However, if we switch to a non-linear system, the

number of Fourier modes must increase dramatically, so we could, for instance, need

to solve nonlinear (or merely linearized) systems of the size p10ˆ25 ´1q ˆ11 “ 3509.

The level of raw effort involved is substantial, and some programs may simply balk

at solving systems of that size. However, recall Section 8.1. The fact that up5q “ 0

means that the solution’s wavelengths will get very short near y “ 5, so that is where

we are likely to require fine resolution. Also, look at the plots of Z in Figures 37,

38 and 39. We have further confirmation that the y “ 5 region is where the fine
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Figure 37: The results from a linear V´6 system. Notice that the flux remains stable
until t “ 200. These results us a ‘switch-on’ function for the boundary condition
values equal to min

␣

t
5
, 1
(

, β “ 1, δ “ 0.2, and no viscosity.
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Figure 38: Flux, P and Z values for V´5, 2
5 resolution, no viscosity. The function P

behaves itself until t “ 100, where the Z is already showing problems. Other than
resolution, these use the same values, etc, as Figure 37.
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Figure 39: The results from a linear V´4 system. Contrast with Figure 37 to see the
importance of the Vj space used. Everything except the resolution is kept the same
as Figure 37 (and Figure 38).

resolution is required. In Figure 41 we have the value maxκ log |bκ,´4,k| against the

center of the support of ψ´4,kpyq, as well as maxκ log |bκ,´3,k| against the center of the

support of ψ´3,kpyq. Figure 41 effectively measures how important the W´4 and W´5

spaces are on different regions of y P p0, 10q. Both spaces are most significant near

y “ 5, and W´5 in particular is small near the boundaries. So, theory and numerics

agree that the problem will require finer resolution in the center. What we will do is

apply the multi-scale method from Chapter 7.

8.4 Rossby Wave Multi-Scale Systems

Implementing a multi-scale system for the linear Rossby wave problem (Equation

(8.1.6)) is actually less complicated than that for Burgers’ equation (results in Section

7.3). The non-zero boundary conditions and additional physical dimension are more
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Figure 40: V´4 results illustrating the effect of viscosity on the system. The viscosity
is ν “ 0.0001. It is to be expected that the stability improves with the inclusion of
viscosity. The result here is to make the problem more stable than the non-viscous
V´6 problem. As usual, a ‘switch-on’ function was used on the boundary conditions,
equal to mint t

5
, 1u. The largest absolute difference between the two P plots given is

approximately 2.25 ˆ 10´4. The Z plots are similarly close.

than made up for by the problem being linear. This is particularly true since the

problem needs only a single (complex) Fourier term for the x dimension (only e˘2ix

are needed to express P px, y, tq).

Our first set of examples is done in a manner intended to maximize the consistency

between the large-scale and small-scale systems. As a result, our primary results are

based on the approach outlined in Section 7.2. We choose V´4 for the large scale

system, over Ω “ p0, 10q, and V´6 for the small-scale system, over Λ “ p3.75, 6.25q.

This means that M (Section 7.2, again) is calculated at full, V´6, resolution on the

entire domain Ω. The matrix M will be 1278 ˆ 1278 in size, and creating it requires

multiplying, adding and calculating the inverse of matrices of that size. This takes a
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Figure 41: Plots that show the importance of some Wj spaces. The horizontal is
the center of the support of ψ´4,kpyq and ψ´3,kpyq, respectively. So, we are plotting
maxκ log |bκ,j,k| (for j “ ´3,´4) against the physical location of ψj,k.

fair amount of computing effort, but the calculations only need to be done once, and

the resulting accuracy makes it worth it. There are 3 ‘extra’ terms on each side of

Λ. The results are encouraging, showing stability of the flux from t “ 0 to t “ 200.

Recall that this time frame is what we get with a V´6 resolution system. The P and

Z plots match the V´6 results as well. The plots are found in Figure 42. The code

used is Example C.6.3.

The next set of results will all be based on double systems that are created (their

derivative matrices, and so on) separately. This possibility was discussed in Section

7.4, though discussion about its effects on linear terms begins around (7.4.5). First,

an example of what happens when EΛ ‰ DΛ but the paTmΛ ` anΛq related term is kept

to

«

BΛ

O

ff

. We will, again, use V´4 on Ω “ p0, 10q and V´6 on Λ “ p3.75, 6.25q.

Results are plotted in Figure 43. Obviously, this arrangement does not work at all.

The flux is only stable to t “ 50 and the P plots do not fit our desired results (those

from Figure 37). We can improve things, a little, by including some of the features

discussed in Section 7.4. We use the same problem, resolutions, and domains, but

include 3 ‘extra’ terms and a multiplier J with

Ji,i “ 0, 0, 0, 0,
1

3
,
2

3
, 1, 1, . . . , 1, 1,

2

3
,
1

3
, 0, 0, 0, 0. (8.4.1)
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Figure 42: Results from a V´4 with localized V´6 double system. The small-scale
is over Λ “ p3.0, 6.5q, and 3 ‘extra’ terms are used over both interfaces of Λ. The
derivative matrices were made by taking apart a full domain V6 system, to maximize
the consistency. There is a little instability in the flux around t “ 200, but this
arrangement is very close to the full V6 system (with the small-scale resolution over
all of Ω), found in Figure 37. This double sized arrangement has 159` 165 terms per
Fourier mode, and the two systems are solved separately. The full V´6 system has
639 elements per Fourier mode, and the system has to be solved all at once.

The results are plotted in Figure 44. They are better than the previous set (Figure

43), but only marginally. There are distortions in the P plots, and the flux is not as

smooth as it should be. So, on the whole, we should use the Section 7.2 approach to

creating the matrices.
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Figure 43: An effect from not maintaining consistency. This can be what happens
when the large and small-scale systems use inconsistent matrices. These are from a
24 : 22 system, V´4 everywhere and V´6 everywhere, with no viscosity. As before,
a ‘switch-on’ function with t1 “ 5 is used. In the terminology of Section 7.4, these
results use EΛ ‰ DΛ, with none of the related fixes.
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Figure 44: More effects of not maintaining consistency, mitigated somewhat. These
results use a V´4 system everywhere and a V´6 system on Λ “ p3.75, 6.25q. Also, three
‘extra’ ϕ terms are used on either side of Λ, with a J multiplier given in (8.4.1). Both
of those improvements are discussed in 7.4. As always, there is a ‘switch-on’ applied
to the boundary conditions, with t1 “ 5. These are better than those in Figure 43,
but do not fully match the proper values (found in Figure 37).
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8.5 Non-Linear Versions

The actual benefits of the multi-scale system exist primarily for non-linear problems,

those whose time steps require significant computational effort to solve. So, we will

switch to looking into some cases where ϵ ‰ 0. The same method that was used to

linearize the time stepping scheme for Burgers’ equation (Section 6.6) will be used

again. This time there are two separate terms, PyZx and PxZy, making the resulting

operator more complicated, but the arrangement is much the same.

There is one more, significant, issue: we will need many more Fourier terms to

properly express the x direction when ϵ ‰ 0. As was discussed in Section 8.1, the

linear problem needs only two Fourier functions, e2ix and e´2ix. Since Z and P are

real, we have the added bonus that the coefficient for e2ix would have to be the complex

conjugate of the coefficient for e´2ix, meaning we needed only to keep track of one

complex term (equivalent to two real terms) for every value y. If ϵ ‰ 0 then the PxZy

and PyZx terms contribute to Zt. If Z has non-zero pZp2, y, tq and pZp2, y, tq, so non-

zero coefficients related to e2ix and e´2ix, then Zt will almost certainly have non-zero

coefficients related to e˘4ix, e0 as well as the e˘2ix. Considering that the boundary

conditions are represented entirely by e˘2ix functions and that the initial conditions

are zero, this means that the Fourier modes we will have to keep track of are κ “ 2k,

k P Z. All the other modes, the odd numbered modes, will have pZpy, t, κq “ 0.

Obviously, we have to restrict the number of Fourier modes we calculate to a finite

number, and use a pseudo Fourier scheme (see glossary) to approximate PxZy and

PyZx. To get an idea of how many Fourier coefficients we will need per y value,

assume we want to use Fourier modes κ P r´2K, 2Ks (K P N). This arrangement

means we have 2K ` 1 real values worth of Fourier coefficients for every y value.

The κ “ 0 will have to be real, so one real value. Next, there will be one complex

value for κ “ 2, 4, . . . 2K, the equivalent of 2K real values, so 2K ` 1 total. Since

the coefficients for κ “ ´2,´4, . . . ´ 2K are the complex conjugates of those for

κ “ 2, 4, . . . 2K, they do not need to be calculated.

To sum up the difficulties, we have to create and solve a new linear system at

every step, and the systems themselves will be significantly larger. As a result, we
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will keep the y resolution down to a manageable V´4, or 16 elements per unit, 159

total. Combined with 11 elements for the x direction and that makes 1749 real values

total. The boundary conditions are the same, and β “ 1, δ “ 0.2 as before. We

will include some viscosity, ν “ 0.0001, to stabilize the system and make the V´4

resolution plausible. Recall that V´4 had Z noticeably wrong at t “ 50 without the

addition of viscosity (see Figures 39, 40). The only parameter we will change will be

ϵ. The size of the time step will be h “ 0.05.

Our multi-scale results will use the method that was applied to Burgers’ equation

in Section 7.4. We will use 3 ‘extra’ terms and a J multiplier with

Ji,i “ 0, 0, 0, 0,
1

2
, 1, 1, . . . , 1, 1,

1

2
, 0, 0, 0, 0.

The linear components of the calculation will be derived the same way as in Section

7.4 as well, from a system using the finest resolution over all Ω.

As discussed at the end of Section 8.1, the flux for the non-linear problem is

expected to reach its maximum early, then reduce down to zero and begin oscillating

around zero. As for P , it is expected to develop waves similar to the linear problem, at

least initially. As t increases, we can expect the tip of the waves in P , the parts near

y “ 5, to break from the rest and create separate, somewhat circular, shapes. This

behavior is shown nicely in [7, Figure 2(b) and 14(b)]. Other than the expectation

of greater complexity, we will say little of Z. We will, however, use Z to check the

accuracy of the multi-scale results.

First, we will look at ϵ “ 0.01. The flux is expected to quickly reach the linear

system’s steady state then slowly reduce to zero and begin oscillating around zero.

Take a look at Figures 45 and 46. Our current value of ϵ is not high enough for the

flux to reach zero during t P r0, 50s, so instead we see a reduction towards zero for the

V´4 model. We will set V´4 as our top resolution, the results we will want to duplicate

efficiently with the multi-scale method. Our ‘base’ resolution is V´3, a resolution that

fails spectacularly at delivering the expected results, with the flux going up rather

than down to zero after t “ 30. Again, see Figure 46 for the contrast between the

two resolutions.
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Figure 45: Flux, F ptq, for ϵ “ 0.01, for V´3 and V´4. The lighter, wider, line uses
V´3, heading up to 2 at 50. The other uses V´4, and (correctly) approaches zero.

Now to discuss how this particular Rossby wave problem responds to the multi-

scale method. While the advantages in efficiency are not quite as great as for Burgers’

equation, they are substantial. The problem does seems to require a larger domain

for the small-scale system, which cuts into the efficiency. First, note that the V´3

system took an average of about 1.32 seconds per time step. The V´4 system took an

average of about 9.55 seconds per time step. See Figure 47. The Λ “ p3.5, 8.5q double

system requires approximately 3.51 seconds per time step, a significant improvement

on the V´4 system. However, the results are not quite as close to the V´4 system as

we would like. Including more elements above y “ 8.5 improves things, as shown in

the next results. However, the Λ “ p3.5, 9.0q model requires 3.90 seconds per time

step, and Λ “ p3.5, 9.5q requires 4.48 seconds per time step.

Now we take a look to solving the ϵ “ 0.05 problem. We can expect a greater

deviation from the linear problem, as well as extra instability. The general pattern

for the flux should be about the same, though it should evolve faster in time. The

flux should increase to the steady state of the linear system then reduce and start

oscillating around zero. Results can be found in Figures 48 and 49. The V´3 flux

plots seem to be oscillating around 1
2
, almost going as high as the linear problem’s

steady state. The V´4 results are, as expected, consistent with previous results. We

see the oscillation beginning at t “ 25.
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P plots for the V´3 setup.
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P plots for the V´4 setup.
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Z plots for the V´3 setup.
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Z plots for the V´4 setup.
Figure 46: Plots for the ϵ “ 0.01 problem using V´3 and V´4.
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(a) Λ “ p1.5, 6.5q
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(b) Λ “ p1.0, 6.5q
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(c) Λ “ p0.5, 6.5q

The flux, F ptq, for ϵ “ 0.01. Each plot has V´3 : V´4 flux re-
sults compared to those from a full V´4 system. The lighter, wider, line is the full V´4.
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Results for the V´3 : V´4 multi-scale model with Λ “ p1.5, 6.5q.
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Results for the V´3 : V´4 multi-scale model with Λ “ p1.0, 6.5q.
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Results for the V´3 : V´4 multi-scale model with Λ “ p0.5, 6.5q.

Figure 47: Plots for V´3 : V´4 multi-scale models of the ϵ “ 0.01 Rossby wave problem.
Note that we start at t “ 30 because the different models are very similar for low t.
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Figure 48: Flux, F ptq, for ϵ “ 0.05. The lighter, wider, line uses V´3, the other uses
V´4. While the more widely oscillating V´3 line may look like what we are after,
notice that it almost reaches the height of the steady state of the linear system.

Duplicating the V´4 results using multi-scale arrangements is the next task. Re-

sults are in Figure 50. Again, fairly large domains were required, which cut into the

efficiency benefits. The V´3 time steps took an average of 1.30 seconds, the V´4 time

steps took 9.24. The double systems for Λ “ p3.5, 8.5q, p3.5, 9.0q and p3.5, 9.5q took

3.39, 3.89 and 4.47 seconds respectively. Again, the results are very close, and flux

values almost perfect, for the larger Λ domains. The P and Z plots from Figure 49

are basically indistinguishable from those in Figure 50 from the larger Λ domains.

The multi-scale method, while not as perfectly suited to the non-linear Rossby

problem as it was to the Burger’s equation problem, did perform well. The multi-

scale results were shown to be able to duplicate the V´4 results using only localized

V´4 resolution. There was also a significant reduction in the effort, with the time step

taking half as long. The method’s performance can actually be viewed as better than

it first appears. The resolution used was restricted to a coarse V´4 to keep computing

requirements reasonable. The increase from V´3 to V´4 means that the small-scale

system has approximately half of its coefficients be in V´3, so coefficients that are also

in the large-scale system. Simply put, having only a single Wj space in the small-

scale system is the least efficient form of the multi-scale method, and it still proved

beneficial with the non-linear Rossby wave problem. Table 9 has a summary of the

time necessary for calculating the single and multi-scale systems (average computing
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P plots for the V´3 setup.
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P plots for the V´4 setup.
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Z plots for the V´3 setup.
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Z plots for the V´4 setup.

Figure 49: Plots for the ϵ “ 0.05 problem using V´3 and V´4.
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(a) Λ “ p3.5, 8.5q
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(b) Λ “ p3.5, 9.0q
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(c) Λ “ p3.5, 9.5q

Flux, F ptq, for ϵ “ 0.05. Each plots the V´3 : V´4 flux against the full V´4 flux. The
lighter, wider, line is the full V´4.
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Figure 50: Plots for V´3 : V´4 multi-scale models of the ϵ “ 0.05 Rossby wave problem.
Again, we start at t “ 30 because the different models are very similar for low t.
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time per time step). Notice that the nearly identical Λ “ p3.5, 9.5q results were

calculated in half the time.

Table 9: Comparison between computing times of different resolutions and Λ domains.

Average Computing Time Per Time Step, in seconds

System Used
Problem Used

ϵ “ 0.01 ϵ “ 0.05

Single System, V´3 1.32 1.30
Single System, V´4 9.55 9.24

Multi-Scale, V´4 on Λ “ p3.5, 8.5q 3.51 3.39
Multi-Scale, V´4 on Λ “ p3.5, 9.0q 3.90 3.89
Multi-Scale, V´4 on Λ “ p3.5, 9.5q 4.48 4.47

8.6 Convergence

It is somewhat harder to find a sign of convergence with the linear Rossby wave

problem than with Burgers’ equation. Recall that the initial conditions are zero, while

the y “ 10 boundary is equal to cosp2xq. Any lack of resolution for the boundary

function P2px, yq (see Section 8.1) will affect the results substantially. Basically, there

will be a limit to the accuracy of multi-scale system results (unless a second small-

scale system is created at y “ 10). As with the convergence related results in Section

7.5, we will look at the effect of different Λ sizes and ‘extra’ terms on the accuracy

of multi-scale results. The control results will be a V´6 resolution single system. The

test systems will use V´4 or V´5 over Ω and V´6 on Λ. Plots of the log10 transformed

error can be found in Figure 51. The summarized data is in Table 10.

Now we take a look at the convergence from the non-linear results in Section 8.5.

Recall that the behavior of the flux showed a certain amount of convergence. Since the

behavior of the solution is dominated by the influence of the boundary conditions, we

cannot expect a particularly accurate approximation without including the y “ 10

boundary in a small-scale system. Computational restrictions keep the large-scale

system to a resolution of V´3, which causes a fair amount of error. We cannot expect
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Figure 51: The error at t “ 200 of the function Z from a multi-scale system, versus
the size of the combined systems. Both are compared to a basic V´6 system. The
log10 of the error is the vertical axis, the horizontal is the number of coefficients aj,k
and bj,k used in the systems, all together.
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Table 10: Error from multi-scale linear Rossby wave results.

Λ ‘extra’ L2 Error L1 Error L8 Error
V´4{V´6 [3.75,6.25] 3 4.66 ¨ 10´1 5.82 ¨ 10´1 6.61 ¨ 10´1

V´4{V´6 [3.50,6.50] 4 2.97 ¨ 10´2 2.76 ¨ 10´2 4.42 ¨ 10´2

V´4{V´6 [3.25,7.00] 5 6.95 ¨ 10´4 7.99 ¨ 10´4 7.45 ¨ 10´4

V´4{V´6 [3.00,7.00] 6 3.09 ¨ 10´4 1.81 ¨ 10´4 5.98 ¨ 10´4

V´4{V´6 [2.50,7.50] 7 3.65 ¨ 10´4 1.50 ¨ 10´4 5.98 ¨ 10´4

V´5{V´6 [3.75,6.25] 3 4.05 ¨ 10´2 2.78 ¨ 10´2 7.19 ¨ 10´2

V´5{V´6 [3.50,6.50] 4 4.68 ¨ 10´4 3.14 ¨ 10´4 9.46 ¨ 10´4

V´5{V´6 [3.25,7.00] 5 5.64 ¨ 10´5 2.13 ¨ 10´5 1.65 ¨ 10´4

V´5{V´6 [3.00,7.00] 6 5.62 ¨ 10´5 1.81 ¨ 10´5 1.65 ¨ 10´4

V´5{V´6 [2.50,7.50] 7 5.62 ¨ 10´5 1.78 ¨ 10´5 1.65 ¨ 10´4

Table 11: Error from non-linear multi-scale Rossby wave results.

ϵ Λ ‘extra’ L2 Error L1 Error L8 Error

V´3{V´4 0.01 [3.5,8.5] 4 2.60 ¨ 10´1 5.46 ¨ 10´1 3.07 ¨ 10´1

V´3{V´4 0.01 [3.5,9.0] 4 6.20 ¨ 10´2 1.33 ¨ 10´1 7.24 ¨ 10´2

V´3{V´4 0.01 [3.5,9.5] 4 2.35 ¨ 10´2 5.29 ¨ 10´2 3.40 ¨ 10´2

V´3{V´4 0.01 [3.0,9.5] 4 8.46 ¨ 10´3 2.07 ¨ 10´2 1.13 ¨ 10´2

V´3{V´4 0.01 [2.5,9.5] 4 4.18 ¨ 10´3 1.01 ¨ 10´2 3.79 ¨ 10´3

V´3{V´4 0.05 [3.5,8.5] 4 2.60 ¨ 10´1 5.46 ¨ 10´1 3.07 ¨ 10´1

V´3{V´4 0.05 [3.5,9.0] 4 6.20 ¨ 10´2 1.33 ¨ 10´1 7.24 ¨ 10´2

V´3{V´4 0.05 [3.5,9.5] 4 2.35 ¨ 10´2 5.29 ¨ 10´2 3.40 ¨ 10´2

V´3{V´4 0.05 [3.0,9.5] 4 8.46 ¨ 10´3 2.07 ¨ 10´2 1.13 ¨ 10´2

V´3{V´4 0.05 [2.5,9.5] 4 4.18 ¨ 10´3 1.01 ¨ 10´2 3.79 ¨ 10´3

very accurate results, especially for the vorticity function Z at a late time of t “ 50.

The usual plots of the error against the number of aj,k and bj,k coefficients used can

be found in Figure 52. The summarized data can be found in Table 11.
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Figure 52: The log10 of the error from V´3 : V´4 non-linear multi-scale systems. Each
is compared to a system with V´4 over the entire domain. The ‘number of terms’
includes all coefficients aj,k and bj,k included in the large and small scale systems,
added together.
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Chapter 9

Conclusion

Like many numerical methods, our implicit wavelet based multi-scale method has to

be used on the correct type of problem. The localized small-scale interactions on our

colliding wave Burgers’ equation problem made it perfectly suited to our method.

The two extra levels of resolution, extending a base of V´4 on Ω “ p0, 10q to V´6 on

Λ “ p3.75, 6.25q, had the obvious advantage of preventing the approximation from be-

coming totally unstable. More importantly, the multi-scale system closely duplicated

the full V´6 system’s results, and using just over one thirtieth the computational ef-

fort (see Section 7.4). Next, a set of V´5 with localized V´6 multi-system calculations

showed convergence towards the full domain V´6 system results as Λ increased in size

(Section 7.5). So, the Burgers’ equation problem was a complete success.

The next step was to apply the multi-scale method to a more substantial problem.

Our Rossby wave problem, introduced in Section 8.1, contains many new elements

and complications. These include non-zero boundary conditions, a second physical

direction, and a much more complicated expression for the derivative, both for the

linear and non-linear components (see Equation (8.1.6)). It is also reasonably well

suited to the multi-scale method, with fine resolution required around the center of

the domain. The linear, ϵ “ 0, version responded positively to a localized small-

scale system in the center, extending the time frame where the problem performed as

desired (Figures 37 and 42). The method is, fundamentally, for non-linear problems,

though, and the non-linear Rossby wave problem needed to be tested. At the practical

resolutions, V´3 to V´4, the non-linear problem is not as conducive to the multi-scale
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method as was Burgers’ equation. While Burgers’ equation was solved with one

thirtieth the effort, the non-linear Rossby wave problem was solved satisfactorily

with around half the effort (see Section 8.5). Overall the method worked, though not

as well as it did with Burgers’ equation. As desired, it provided accurate results with

less effort (plots are in Figures 46 and 47 for ϵ “ 0.01, Figures 49 and 50 for ϵ “ 0.05).

To keep our examples as simple as possible, we have avoided a few options to

improve the method. Most obviously, the essential elements of the method are useable

in an adaptive scheme. The wavelet decomposition makes it easy to detect when the

current resolution is insufficient. An adaptive scheme could be designed that would

create a localized small-scale system when and where one is required. Our approach

could also be helpful to general adaptive schemes. If an algorithm detects that a

new Wj based element needs to be included in a system, the use of an implicit time

step would make this difficult. Usually, it would need to be included only in the

subsequent time step, since including it immediately would require recalculating the

entire system. Our method can include any new Wj elements immediately.

Further improvements could involve using more than two systems. For instance,

there is the possibility of nesting several systems. This would involve, for instance,

having Γ Ă Λ Ă Ω. The calculations would have Λ housing a small-scale system of

Ω, and Γ housing a small-scale system of Λ. The three systems would be calculated

sequentially, for significant savings. We could also have multiple small-scale systems

for a domain. This would have Λ Ă Ω, Γ Ă Ω with Λ and Γ a fair distance from each

other. Small-scale values within Λ and Γ would be calculated sequentially, separately

from each other. So the time step could be solved in three segments, each a third the

total size of the full system. This would add up to greater savings than for a single

small-scale system. Yet another advantage is that we need not solve the different

systems the same way. Section B.5 has a discussion on the possibility of using a

differently sized time step on the small-scale system. This probably understates our

options. The systems may not even need to use the same time stepping scheme.

We can say with certainty that, with more substantial programming, sequential

localized multi-scale methods could prove useful on stiff problems with localized small-

scale interactions.



Appendix A

Useful Concepts

A.1 The Fourier Transform

We will be making heavy use of Fourier transforms, both continuous and discrete,

in our proofs, examples, and numerical implementations. Therefore, we need clear

definitions in place. The continuous transform and its inverse will be as follows:

pfpξq “
1

?
2π

ż

R
fptq e´iξt dt

qfpξq “
1

?
2π

ż

R
fptq eiξt dt.

(A.1.1)

These are all defined primarily in the Schwartz space,

S “

!

f P C8pRnq| }f}α,β ă 8 @α, β P N
)

(A.1.2)

using

}f}α,β “
›

›xαDβf
›

›

8
. (A.1.3)

The Schwartz space is within the intersection of L1, L2 and C8, so all functions in

S are in C8 and are bounded using both the L1 and L2 norms. We will mostly use

those properties of S functions.

There are several useful identities, easily proven using the definition of pf . For

k P R,

{fpt ´ kqpξq “ e´iξk
pfpξq, zfpatqpξq “

1

|a|
pfpξ{aq, pfpξ ´ kq “ zeiktfpξq. (A.1.4)
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Also important is how derivatives work. Using integration by parts,

zf 1ptqpξq “

ż

R
f 1ptqe´iξt dt

“
`

fptqe´iξt
˘ˇ

ˇ

8

´8
´

ż

R
p´iξqfptqe´iξt dt “ piξq pfpξq (A.1.5)

which gives {f prqptqpξq “ piξqr pfpξq by induction. This means that if f prq exists and is

in L1 then |ξ|rf̂pξq goes to zero as ξ Ñ ˘8.

We also get the following property of pf if f P L1.

Property A.1.1 If f P L1 then pf is continuous.

Proof.

An elegant proof of this property can be found in [24, p. 300]. �

One operation that we will use tied to the Fourier transform is usually referred to

as convolution.

Definition A.1.2 (Convolution) The convolution of two L1 functions, f and g, is

pf ˚ gq pxq “

ż

y

fpyqgpx ´ yq dy. (A.1.6)

There are many types of sufficient conditions for f ˚ g to be well defined, which

we will not need. We will be using convolutions on functions with bounded support

that have finite max and min values.

Here is the necessary property.

Property A.1.3 Given two functions in L2, f and g, we get

zf ˚ gpξq “
?
2π pfpξq pgpξq. (A.1.7)

Proof.

This follows directly from the definitions and from integration rules. First,

zf ˚ gpξq “
1

?
2π

ż

e´ixξ pf ˚ gq dx “
1

?
2π

ż

e´ixξ

ż

fpyq gpx ´ yq dy dx, (A.1.8)
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meaning that

zf ˚ gpξq “
1

?
2π

ż

e´ixξfpyq gpx ´ yq dydx “
1

?
2π

ż

e´ipx`yqξfpyq gpxq dydx

“
?
2π

ż

e´ixξgpxq dx

ż

e´iyξfpyq dy

(A.1.9)

which is equal to
?
2π pfpξq pgpξq. �

A.2 Fourier Series

Fourier series will be composed of complex values, and on r0, 2πq will use terms

ekpxq “ eik x, k P Z, x P r0, 2πq, (A.2.1)

which makes it easy to see that

xek, ely “

#

2π k “ l,

0 k ‰ l.
(A.2.2)

The discrete Fourier decomposition of a function fpxq on r0, 2πs (or a 2π periodic

function on R) will be

fpxq “
ÿ

kPZ

fkekpxq “
ÿ

kPZ

xf, eky
?
2π

ekpxq. (A.2.3)

On r0, 2πq, the series will converge in L2 and pointwise almost everywhere (see any

text on Fourier analysis, like [24]). We also get the derivative

B

Bx
fpxq “

ÿ

kPZ

pikqfkekpxq ùñ
Br

Bxr
fpxq “

ÿ

kPZ

pikqrfkekpxq, (A.2.4)

which will be much easier to calculate than through finite difference approximation,

for example. Equally importantly, if f is infinitely differentiable, then the coefficients

ak will have to converge to zero exponentially for (A.2.4) to have a finite norm for all

r. This means that a finite approximation

fNpxq “

N
ÿ

k“0

fkekpxq (A.2.5)
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will have an error |fN ´ f | that converges to zero exponentially as N increases. The

error from the derivative approximation, }f 1
N ´ f 1}, will also have to converge expo-

nentially to zero. So, }f 1
N ´ f 1} has an error bound of the form CeAN (C ą 0 and

A ă 0). In comparison, a finite difference scheme has an error bound of the form

CN´2.

Discrete Fourier series are particularly suited to solving partial differential equa-

tions with periodic boundary conditions. For example, the heat equation ut “ uxx on

r0, 2πq with periodic boundaries can be solved quite easily. If the initial conditions

are upx, 0q “ fpxq then

upx, 0q “ fpxq “
ÿ

k

fke
ik x. (A.2.6)

The solution is then going to be

vpx, tq “
ÿ

k

fke
ik x e´k2t, (A.2.7)

notice that

vpx, 0q “
ÿ

k

fke
ik x e´k20 “

ÿ

k

fke
ik x “ fpxq

and that

vtpx, tq “
ÿ

k

´k2fke
ik x e´pkq2t “

ÿ

k

pikq2fke
ik x e´pkq2t “ vxxpx, tq.

Notice also that the terms for k ‰ 0 will go to zero, leaving a remainder of f0, which

is basically the mean value of fpxq.

A.3 Splines

The splines we will use are functions which are symmetric and have finite support.

They are constructed recursively, starting with B0 “ ϕH “ 1r0,1q. At each step,

Bi`1pxq “ pBi ˚ B0q pxq “ pBi ˚ ϕHq pxq “

ż

Bipx ´ yqϕHpyq dy. (A.3.1)

The integration results in a smoother function at each step, as shown in Figure

53. We have B0, discontinuous (at zero and one); B1, continuous, but only weakly
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Figure 53: Some symmetric B splines, at 28 per unit resolution.

differentiable; and B2, which has a continuous derivative. The last function in Figure

53 has a continuous second derivative, and can be written

B3pxq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

0 x ă 0
1
6
x3 0 ď x ď 1

2
3

´ 2x ` 2x2 ´ 1
2
x3 1 ď x ď 2

2
3

´ 2p4 ´ xq ` 2px ´ 4q2 ´ 1
2
p4 ´ xq3 2 ď x ď 3

1
6
p4 ´ xq3 3 ď x ď 4

0 x ą 4,

(A.3.2)

So, Br will be in Cr´1, symmetric around a point, constructed from polynomials

of degree r, and have compact support. Furthermore, the derivatives are easy to

calculate using the function data, since

d

dx
Bi`1pxq “

d

dx

ˆ
ż

y

Bipx ´ yqB0pyq dy

˙1

“
d

dx

ˆ
ż

y

BipyqB0px ´ yq dy

˙

“
d

dx

ˆ
ż x

x´1

Bipyq dy

˙

“ Bipxq ´ Bipx ´ 1q, (A.3.3)

which can be iterated for any derivative. We will, however, be calculating these values

via steady states of scaling steps, so we will need to calculate those next. This will

require taking advantage of a useful property of convolutions.

Property A.3.1 If ϕ1 and ϕ2 are functions with scaling steps associated with func-

tions H1 and H2 (see Definition 2.4.1), then ϕ3 “ ϕ1˚ϕ2 has the scaling step associated

with H3 “ H1H2.
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Proof.

This uses a basic property of the ˚ operator. As seen in Property A.1.3, {ϕ1 ˚ ϕ2 “
?
2π pϕ1

pϕ2, so

pϕ3pξq “ {ϕ1 ˚ ϕ2 “
?
2π pϕ1

pϕ2 “
?
2πH1

ˆ

ξ

2

˙

pϕ1

ˆ

ξ

2

˙

H2

ˆ

ξ

2

˙

pϕ2

ˆ

ξ

2

˙

(A.3.4)

using the Fourier equivalent of the scaling step. Next, we redistribute for

pϕ3pξq “ H3

ˆ

ξ

2

˙

?
2π pϕ1

ˆ

ξ

2

˙

pϕ2

ˆ

ξ

2

˙

“ H3

ˆ

ξ

2

˙

{ϕ1 ˚ ϕ2

ˆ

ξ

2

˙

“ H3

ˆ

ξ

2

˙

pϕ3

ˆ

ξ

2

˙

, (A.3.5)

which is equivalent to ϕ3 using the scaling step associated with H3. �

So, if the pairs
´

pϕ1, H1

¯

and
´

pϕ2, H2

¯

are both valid scaling systems then the

product set,
´

pϕ1
pϕ2, H1H2

¯

, will also be a valid pair. The whole process starts with

ϕH , which has Hpξq “ 1
2

`

1 ` e´iξ
˘

. As a result,

Hnpξq “

ˆ

1 ` e´iξ

2

˙n`1

. (A.3.6)

This makes it easy to calculate the hk. They are simply

hk “

$

’

’

&

’

’

%

?
2

2n`1

˜

n ` 1

k

¸

0 ď k ď n ` 1

0 k R r0, n ` 1s.

(A.3.7)

As with scaling functions (Theorem 3.1.8, again), Bnpxq can be calculated directly

from the coefficients hk.
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Miscellaneous Wavelet Properties

B.1 The Order of ψ

Defining the order requires another definition first. The kth moment of ψ is

Mkpψq “

#

ş

tkψptq dt if tkψ P L1

8 if tkψ R L1.
(B.1.1)

Definition B.1.1 The order of the wavelet ψ is N such that

tNψptq P L1, Mkpψq “ 0, 0 ď k ď N ´ 1, MNpψq ‰ 0. (B.1.2)

This implies that pψ P CN , and that pψpkqp0q “ 0 for k ă N and pψpNq ‰ 0. This, in

turn, implies that we get a Taylor series of the form

pψpξq “ pψpNqp0q ξN `O
`

ξN`1
˘

. (B.1.3)

Theorem B.1.2 Take ψ of order N , with compact support. Assume that f P L2 is

CN in the set U around the point b. This implies

Wfpa, bq “ |a|
N`1{2

`

γf pNqpbq ` op1q
˘

(B.1.4)

as a Ñ 0, with γ “ signNpaq
MN pψq

N !
.
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Proof.

This proof is fairly lengthy, and can be found in [5, p. 85]. �

The implications of this result are hard to read from the expression, to say the

least. It uses the continuous transform rather than the discrete version, which causes

some issues. Primarily, the a term should be read as being, roughly, equivalent to

2j, with j the order of the W space used (so, we are in Wj). Theorem B.1.2 implies

that, as j Ñ ´8, the bj,k terms corresponding to a particular location will converge

to zero proportionally to p2jq
N` 1

2 , where N is the order of the ψ used. Simply, the

higher the order of ψ, the less important the small scale coefficients bj,k become.

The effect is variable, but for reasonably smooth functions it works out surprisingly

consistently. Figures 54 and 55 contain a set of examples. First, a set of three

Biorthogonal wavelets of orders 6, 4 and 2. Next, a function that will be decomposed

into V0, W0, up to W´3 using each wavelet. Then, the coefficients used to decompose

that function are compared, at the resolutions 0 to ´3.

B.2 The Fast Wavelet Transform

So, let us assume that we have a function f in L2, so the projection onto Vj, is

Pjf “
ÿ

k

aj,k ϕj,k “
ÿ

k

xf, ϕj,kyϕj,k. (B.2.1)

We can calculate those values from the coefficients aj´1 as well:

aj,k “ xf , ϕj,ky “

C

f,
ÿ

l

hl ϕj´1,2k`l

G

“
ÿ

l

hl xf, ϕj´1,2k`1y “
ÿ

l

hl aj´1,2k`l.

(B.2.2)

Now we look at the ψ related values. Here is the projection onto Wj:

Qjf “
ÿ

k

dj,kψj,k “
ÿ

k

xf, ψj,kyψj,k. (B.2.3)

We have a similar relationship between ϕj´1 and ψj, which works out similarly for

bj,k “ xf, ψj,ky “
ÿ

l

gl xf, ϕj´1,2k`ly “
ÿ

l

gl aj´1,2k`l. (B.2.4)
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Figure 54: Three Biorthogonal Wavelets. Creating and using the wavelets is discussed
in detail in Chapter 4.
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Figure 55: Logarithmic analysis showing the effect of order. In (a) is the function. It
is smooth, but fairly steep, a good candidate to display the effect of wavelet order.
The three wavelets used are from Figure 54, the coefficients from the respective de-
compositions of the function in the same figure. The thinner, darker, lines are for the
lower resolutions.
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These two equations mean that we can derive, for instance, both the values a1

and b1 from the values a0 merely by using multiplication and addition. As a result,

if we do a set of integrations, numerically or otherwise, of the values aj then we can

get a multi-resolution orthonormal decomposition of the function practically for free

(at least in computational terms).

For numerical purposes we would have to be able to reverse the process. The

forwards transform is from the highest resolution values a to the rest, so we are now

going from the full set of values d to the highest resolution of values a. We take

advantage of the definition of Wj here: Wj “ Vj´1{Vj so Pj´1f “ Pjf ` Qjf and so

ÿ

k

aj´1,kϕj´1,k “
ÿ

k

aj,k ϕj,k `
ÿ

k

dj,k ψj,k. (B.2.5)

Taking the inner product of each side with ϕj´1,k, we get

aj´1,k “
ÿ

m

aj,m xϕj,m, ϕj´1,ky `
ÿ

n

dj,n xψj,n, ϕj´1,ky . (B.2.6)

Those inner products are easily found using the earlier expressions for ϕj,m and ψj,m,

they are just g and h terms, so we get

aj´1,k “
ÿ

m

aj,m hk´2m `
ÿ

n

dj,n gk´2n. (B.2.7)

This operation is not quite like the forwards version, but it is yet again a fast transform

as it gives us the highest resolution from the orthogonal decomposition using only

addition and multiplication by known constants. Code for both the transform and

its inverse can be found in Example C.1.3.

B.3 Periodic Boundary Conditions

Periodic boundary conditions are actually much easier with wavelets than other

boundary conditions. Say that we are using a resolution of j, so we are in Vj. Our

functions can be expressed in terms of ϕj,k, and we have 2´j10 of them to cover a

domain r0, 10q, centered at k “ 0 to 10 ´ 2j (the one at x “ 10 needs to be equal to

that at x “ 0). The ϕj,k centered at x “ 0 will have k “ 0, the one at 10 ´ 2j will
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have k “ 10 ¨ 2´j ´ 1 “ K. To satisfy periodic boundary conditions, what we need

for derivative matrices (or any other location invariant operation) is for ϕj,0 to affect

ϕj,2´j10´1 the same way ϕj,1 affects ϕj,0. This results in the matrices used for such

operations having the form

A “

»

—

—

—

—

—

—

—

–

a0 a1 a2 ¨ ¨ ¨ aK

aK a0 a1 ¨ ¨ ¨ aK´1

aK´1 aK a0 aK´2

...
...

. . .
...

a1 a2 a3 ¨ ¨ ¨ a0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (B.3.1)

The matrices themselves end up periodic in this respect. There is also a similar effect

on the FWT and IFWT operations. This arrangement is typically easier than taking

into account terms outside the boundary. Example code can be found in Section C.7.

B.4 Other Boundary Conditions

Our objective now is to figure out a general way to keep any number of derivatives

to zero. This could also be changed to keep weighted sums of derivatives at zero, and

so on. So, we have a scaling function ϕpxq, a boundary at x “ 0, and a function

upxq “
ÿ

k

akϕ0,kpxq “
ÿ

k

ak ϕpx ´ kq. (B.4.1)

For our purposes, u need only be a function of x P R. We need to make

upn1qp0q “ upn2qp0q “ ¨ ¨ ¨ “ upnmqp0q “ 0, n1, . . . , nm P Z and ě 0. (B.4.2)

What we want is a set of multipliers hi for any ϕ0,kpxq near the boundary such that

dpnq

dxpnq

˜

ϕ0,kpxq `
ÿ

i

hiϕ0,ipxq

¸

“ 0 (B.4.3)

for all n1, . . . , nm, with the i summing only over values where ϕ0,i is supported at the

boundary but is centered outside the boundary. Finding the hi is done by setting up

a linear system. We have the vector

b “
“

ϕpn1qp0 ´ kq , ϕpn2qp0 ´ kq , . . . , ϕpnmqp0 ´ kq
‰T
, (B.4.4)



APPENDIX B. MISCELLANEOUS WAVELET PROPERTIES 185

and a matrix A with columns of the form

“

ϕpn1qp0 ` iq , . . . , ϕpnmqp0 ` iq
‰

. (B.4.5)

Solving the system Ah ` b “ 0 will give the values h to satisfy Equation (B.4.3).

A simple example of this system for the heat equation and the function ϕ1 is

«

ϕ0p0q ϕ´1p0q

pϕ0qxxp0q pϕ´1qxxp0q

ff«

h0

h´1

ff

`

«

ϕ1p0q

pϕ1qxxp0q

ff

“ 0. (B.4.6)

Of course, if the functions are symmetric then the easiest solution is obvious, so there

is no problem. Also, while it may seem natural to use only the first and second

functions outside the boundary to do this for, say, ϕ2, creating an antisymmetry

between u in Ω and u outside Ω makes calculating the wavelet transforms far simpler.

These values h can be set up to give us a simple linear relation between the

functions ϕ inside and outside the boundary, which can be easily included into the

matrices relating to the FWT and IFWT, as well as any used to calculate derivatives

and the like.

A quick note about extending this to higher dimensions may be in order. Take an

open set Ω Ă Rn and a section of the boundary BΩ equal to x1 “ 0. We have, in this

arrangement, functions like

ϕk1,k2,...,knpx1, x2, . . . , xnq “ ϕk1px1qϕk2px2qϕk3px3q ¨ ¨ ¨ϕknpxnq (B.4.7)

which have most of their values within Ω, so in this case we want k1 ą 0 (if ϕ

is symmetric around x1 “ 0). Next, let us consider the boundary for a particular

k1, k2, . . . , kn, with k1 relevantly close to the boundary. If we use the one dimensional

arrangement, considering only the functions ϕb,k2,...,kn for b “ ´1, . . . ,´K, then we

get

ϕk1,k2,...,knpxq `
ÿ

b

abϕb,k2,...,knpxq

“ ϕk1px1q rϕk2px2q ¨ ¨ ¨ϕknpxnqs `

ˆ

ÿ

b

abϕbpx1q

˙

rϕk2px2q ¨ ¨ ¨ϕknpxnqs “ 0. (B.4.8)



APPENDIX B. MISCELLANEOUS WAVELET PROPERTIES 186

So, all we have to do is keep the coefficients across the boundary related as above,

then everything gets canceled out everywhere. The arrangement for a heat example

with Ω “ p´1, 1q ˆ p´1, 1q would be of the form

´upx, 2 ´ yq

´up´2 ´ x, yq upx, yq ´up2 ´ x, yq

´upx,´2 ´ yq

. (B.4.9)

B.5 Multiple Time Steps

There is the possible need for differently sized time steps for the large and small-

scale systems. A time step appropriate for the large-scale system may cause serious

problems for the small-scale system, despite the use of an implicit method. The

small-scale system will have 2´m greater resolution, and is supposed to cover a region

requiring that resolution, so greater instability and error are to be expected. We

may need a second time step h2 “ 2´mh for the small-scale system. This issue can

be solved surprisingly easily, however. What is needed is a set of vectors aΛ at the

times between our h sized time-steps. Any calculations needed can be done with a

significantly reduced number of components, since we only need those in Λ, though it

is probably best to use a greater number of ϕj,k related coefficients in the calculations

than are included in the small-scale system. The approximations should be fairly

accurate and stable. We could, for instance, calculate the midpoints by averaging

un` 1
2

« un`
h

4

ˆ

B

Bt
un `

B

Bt
un` 1

2

˙

, un` 1
2

« un`1´
h

4

ˆ

B

Bt
un`1 `

B

Bt
un` 1

2

˙

, (B.5.1)

to get

un` 1
2

«
1

2
pun ` un`1q `

h

4

ˆ

B

Bt
un ´

B

Bt
un`1

˙

. (B.5.2)

This could be done for any k
2m

step, since the number of terms used is bound to be

marginal.
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Example Code

Here are the MATLAB programs used to generate some of the graphs.

C.1 Basic Programs

Example C.1.1 A simple program to approximate a scaling function using the hk.

function z=BetterPhi09(h,N)

M=size(h)(1,1)-1; A=zeros(M+1,M+1); s2=floor((M+1)/2); s1=M+1-s2;

for i=1:s1 h1(i,1)=h(1+(i-1)*2,1); endfor

for i=1:s2 h2(i,1)=h(2*i,1); endfor

for i=1:(M+1) a = i/2; b = floor(a);

if (b*2 >= i) A(1:(M+1),i)=[zeros(b,1);h2;zeros(M+1-b-s2,1)]; endif

if (b*2<i) A(1:(M+1),i)=[zeros(b,1);h1;zeros(M+1-b-s1,1)];endif endfor

A=sqrt(2)*A; [V,L]=eig(A); ERR=1;

for i=1:(M+1) if(abs(L(i,i)-1)<ERR) a(1:(M+1),1) = V(1:(M+1),i);

ERR=abs(L(i,i)-1); ERRE=L(i,i); endif endfor h=h/ERRE; b=0;

for i=1:(M+1) b=b+a(i,1); endfor a=a/b;

for n=1:N A = zeros(M*2^n+1,M*2^(n-1)+1);

for i=1:(M*2^(n-1)+1) A(1+2*(i-1),i) = 1;

endfor; for k=0:M for i=1:(M*2^(n-1)) j=2*i-k*2^(n-1);

if(j>0) if(j<M*2^(n-1)+2) A(2*i,j)=h(k+1,1)*sqrt(2); endif endif

endfor endfor a=A*a; endfor z=[0];

187
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for i=1:(M*2^N) z(i+1,1)=i/(2^N); endfor z=[z a];

Example C.1.2 This uses ϕ and the hk to calculate ψ.

function Z=BetterPSI09(h,phi)

s=size(h)(1,1); if(s-2*floor(s/2))==0) h=[h;0]; endif M=size(h)(1,1)-1;

N=size(phi)(1,1)-1; Res=(N-1)/(phi(N,1)-phi(1,1)); S=sqrt(2);

for i=1:(N/2+1) A(i,1)=phi(2*i-1,2); endfor A(N/2+2:N,1)=0;

for i=1:(M+1) g(i,1)=-(i-1)+M+1; g(i,2)=S*(-1)^(g(i,1))*h(i,1); endfor

N=N+1; a=[phi(1:N,1) zeros(N,1)];

for i=1:(M+1) j=g(i,1)*Res/2;

a(1:N,2)=a(1:N,2)+g(i,2)*[zeros(j,1);A(1:N-j,1)]; endfor Z=a;

Example C.1.3 A simple Fast Wavelet Transform program, followed by its inverse.

The ‘Shift08’ operator merely moves each column forward one space (removes the

last column, puts it in front), the ‘IShift08’ operator does the opposite.

function Z=FWT08(h,F)

Z=F; Fn=size(F)(1,1); hn=size(h)(1,1); J=log(Fn)/log(2);

for i=1:(hn) g(i,1)=-(i-1)+hn-1; g(i,2)=(-1)^(g(i,1))*h(i,1); endfor

[s,i]=sort(g(:,1)); g=g(i,:); g=g(1:hn,2); ZZ=[];

for i=1:J Fn=size(F)(1,1); W=zeros(1,Fn); W(1,1)=1; Ah=W*h(1,1);

Ag=W*g(1,1); for i=2:hn W=Shift08(W); Ah=Ah+W*h(i,1);

Ag=Ag+W*g(i,1); endfor Bh=Ah; Bg=Ag; for j=2:(Fn/2)

Bh=Shift08(Shift08(Bh)); Bg=Shift08(Shift08(Bg)); Ah=[Ah;Bh];

Ag=[Ag;Bg]; endfor ZZ=[ZZ;Ag*F]; F=Ah*F; Z=[[Z] [ZZ;F]]; endfor

The inverse is very similarly constructed, of course.

function F=IFWT08(h,F)

Fn=size(F)(1,1); hn=size(h)(1,1); J=log(Fn)/log(2);

for i=1:(hn) g(i,1)=-(i-1)+hn-1; g(i,2)=(-1)^(g(i,1))*h(i,1); endfor

[s,i]=sort(g(:,1)); g=g(i,:); g=g(1:hn,2); h=[h;0;0]; g=[g;0;0];

for i=1:J ii=2^(i-1); jj=2^i; W=zeros(1,ii); W(1,1)=1;
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AhE=W*h(1,1); AgE=W*g(1,1); AhO=W*h(2,1); AgO=W*g(2,1);

for j=1:(hn/2) W=ISHIFT08(W); AhE=AhE+W*h(1+2*j,1);

AgE=AgE+W*g(1+2*j,1); AhO=AhO+W*h(2+2*j,1); AgO=AgO+W*g(2+2*j,1);

endfor Ah=[AhE;AhO]; Ag=[AgE;AgO]; Bh=Ah; Bg=Ag;

for j=2:(ii) Bh=Shift08(Bh); Bg=Shift08(Bg); Ah=[Ah;Bh]; Ag=[Ag;Bg];

endfor Z=F(1:Fn,1);

Z(Fn-jj+1:Fn,1)=Ag*F(Fn-jj+1:Fn-ii,1)+Ah*F(Fn-ii+1:Fn,1); F=[Z F]; endfor

Example C.1.4 A simple cascade method (Section 3.4) program.

The vector Z is the starting values (just a single vector the size of h).

function Z=CascadePhi(h,n,Z)

hn=size(h)(1,1); for i=1:n ZZ=zeros(2^i*(hn-1)+1,1); x=2^(i-1);

for k=1:hn ZZ=ZZ+h(k,1)*[zeros((k-1)*x,1);Z;zeros((hn-k)*x,1)];

endfor Z=ZZ; endfor Z=[zeros(size(Z)(1,1),1) Z];

x=(hn-1)/(size(Z)(1,1)-1); xx=0; for i=1:size(Z)(1,1)

Z(i,1)=xx; xx=xx+x; endfor

C.2 A Biorthogonal Setup

There is very little left to do for calculating biorthogonal wavelets and scaling func-

tions. The previous section covers their calculations, one only needs the coefficients

hk and gk. For the biorthogonal spline wavelets, it is easy to find the hk and gk,

though we will have to take a look at the Fourier terms that will be used. Recall that

the hk are the coefficients from complex trigonometric polynomials (polynomials of

eikx). We will be using the format
«

a0 a1 a2 ¨ ¨ ¨

0 a´1 a´2 ¨ ¨ ¨

ff

ðñ
ÿ

k

ake
ikξ (C.2.1)

in the programs, with associated multiplication and power functions. The first is

MultTwoFouriers, which takes two matrices in the above format and outputs their

properly formatted product. The second is PowerFouriers which takes the matrix

form of a polynomial ppξq and an integer n and outputs ppξqn.
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Now we calculate the coefficients hk.

function Z=HFunction09(n)

Z1=[1/2 0;0 1/2]; Z1=PowerFouriers(Z1,n);

Z2=zeros(2,n);Z2(2,n)=1; Z=MultTwoFouriers(Z1,Z2);

The coefficients rhk are marginally more complicated to work out.

function Z=H2Function09(n)

P=zeros(2,n); Z=[1/2 0;0 0]+[0 -1/4;0 -1/4];

for i=0:n-1 Z1=factorial(n+i-1)/factorial(i)/factorial(n-1);

Z1=Z1*PowerFouriers(Z,i); sZ=size(Z1)(1,2); sP=size(P)(1,2);

if (sZ>sP) P=[P zeros(2,sZ-sP)]; else Z1=[Z1 zeros(2,sP-sZ)]; endif

P=P+Z1; endfor Z2=zeros(2,n);Z2(2,n)=1; Z2=MultTwoFouriers(P,Z2);

Z3=PowerFouriers([1/2 0;0 1/2],n); Z=MultTwoFouriers(Z3,Z2);

Thankfully, calculating the gk and the resulting functions is no more difficult than

with the orthogonal arrangement. All that is necessary is to remember that making

ψ out of ϕ requires the values rhk, and so forth. See Example C.1.1.

C.3 Heat Example

We will start with the biorthogonal wavelets and their boundary condition setup,

since those elements will be retained for use with Burgers’ equation and the Rossby

wave problem.

First, all the programs will organize the coefficient data with vectors going from

x “ 0 down to x “ 10, with ψ related coefficients put on top (if there are any). As a

result, a V´2 equivalent vector could be arranged in three ways:
»

—

—

—

—

–

a´2

a´2

a´2

a´2

fi

ffi

ffi

ffi

ffi

fl

,

»

—

—

—

—

–

b´1

b´1

a´1

a´1

fi

ffi

ffi

ffi

ffi

fl

,

»

—

—

—

—

–

b´1

b´1

b0

a0

fi

ffi

ffi

ffi

ffi

fl

. (C.3.1)

Note that the repeated terms are to show the size of the vectors: there should be

twice as many a´2 terms as a´1, and so on.
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Now to look to creating matrices used for the fast wavelet transforms. By ar-

ranging the hk, gk, and dual equivalents, appropriately into matrices C and B, the

inverse wavelet transform

«

b0

a0

ff

Ñ

«

a´1

a´1

ff

can be done with a multiplication by

the matrix rC0 B0s.

Example C.3.1 The following program creates the matrix B that handles the scaling

step on ϕ terms, so it converts the coefficients aj,k in f “
ř

k akϕj,k into the aj´1,k

in f “
ř

k aj´1,kϕj´1,k. This is a component of the IFWT. The term Bound relates to

the boundary conditions (Bound“ 0 for even derivatives set to zero, anything else for

odd). The res term is the highest resolution used, ‘pn’ is the order of the ψ.

function BB=ProperBiorthIFWTBMatrix(pn,domain,res,Bound)

h=HFunction09(pn); h2=H2Function09(pn); s=size(h2)(1,2);

h=[h(1,1) h(2,2:size(h)(1,2))]’; h=[h;zeros(s-size(h)(1,1),1)];

hn=size(h)(1,1); hc=(hn+1)/2; H=(h(1:hn,1))’*sqrt(2); BB=[];

domain=ceil(domain); if (Bound !=0) Bound=1; endif

S1=domain*(2^res)-1+2*Bound; S2=domain*(2^(res-1))-1+2*Bound;

H=[H zeros(1,S1)];

for jj=1:(S2+1)/2 j=2*jj-1; if (hc-j+Bound>1)

H3=H(1,hc-j+Bound:S1+hc-j-1+Bound);

H3=H3-H(hc+j+2-3*Bound:S1+hc+j+1-3*Bound)*(-1)^Bound; BB=[BB;H3];

else BB=[BB;zeros(1,1+j-hc-Bound) H(1,1:S1+hc-j-1+Bound)];endif

endfor if (Bound !=0) BB(1,1:size(BB)(1,2))=BB(1,1:size(BB)(1,2))/2;

endif BB=[BB;flipud(fliplr(BB))(2:(S2+1)/2,1:S1)]’;

The C matrix, made of coefficients gk, is arranged similarly, as are those used for the

forwards transform.

Example C.3.2 This program creates a matrix that handles the IFWT. For instance,

if we enter ProperIFWTM(4,10,3,0,3,0) it will create a matrix that will convert a

ψ´2,k, ψ´1,k, ψ0,k and ϕ0,k based expression of a function and convert it into a purely

ϕ´3,k version of a function on a domain Ω “ p0, 10q with zero boundary conditions,

using ϕ “ B3pxq.
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function Z=ProperIFWTM(pn,domain,m,m1,m2,Bound)

m1=abs(floor(m1)); m2=abs(floor(m2)); m=abs(floor(m));

mtop=max(m1,m2);mtop=min(mtop,m); mlow=min(m1,m2);mlow=max(mlow,0);

if (Bound !=0) Bound=1; endif s=domain*2^(m)-1+2*Bound;

s1=domain*2^(mlow)-1+2*Bound; s2=domain*2^(mtop)-1+2*Bound; Z=eye(s);

for i=mlow:mtop-1

CCI=ProperBiorthIFWTCMatrix(pn,domain,i+1,Bound);

BBI=ProperBiorthIFWTBMatrix(pn,domain,i+1,Bound); ZZ=[CCI BBI];

sZ=size(ZZ)(1,1); Z(s-sZ+1:s,s-sZ+1:s)=ZZ*Z(s-sZ+1:s,s-sZ+1:s); endfor

Example C.3.3 This program will create a square matrix converting coefficients ak

from
ř

k akϕj,k to the physical values at k 2j for the function
ř

k ak
Bd

Bxd
ϕj,k.

function Z=ExactBiorthDerMatrix(pn,der,res,domain,Bound)

phi2=VarBPhi109(pn,0); phi1=VarBPhi109(pn-der,0);

phi=[phi2(1:size(phi2)(1,1),1) zeros(size(phi2)(1,1),1)]; c=der;

if (der>0) phi(c+1,2)=phi1(1,2);

for j=2:size(phi1)(1,1) phi(c+j,2)=phi1(j,2)-phi1(j-1,2); endfor

else phi=phi2; endif

for i=2:der phi1=phi; phi(1,2)=phi1(1,2);

for j=2:size(phi1)(1,1) phi(j,2)=phi1(j,2)-phi1(j-1,2);

endfor endfor h=phi(:,2); hc=(size(h)(1,1)+1)/2; hs=size(h)(1,1);

s=domain*2^res+1; h=[zeros((s-hs)/2,1);h;zeros((s-hs)/2,1)];

if (size(h)(1,1)>s) h=h(hc-(s-1)/2:hc+(s-1)/2,1); endif Z=[h];

for i=1:(s-1)/2 ZZ=[h(i+1:s,1);zeros(i,1)];

ZZ=ZZ-(-1)^(Bound+der)*[flipud(h(1:i+1,1));zeros(s-i-1,1)];

Z=[ZZ Z (-1)^der*flipud(ZZ)]; endfor Z=Z*2^(res/2)*2^(der*res);

if (Bound==0) Z=Z(2:s-1,2:s-1);

else Z(1:s,1)=Z(1:s,1)/2; Z(1:s,s)=Z(1:s,s)/2; endif

So, we can make an IFWT matrix to convert bj`1,bj`2, . . . ,b0, a0 to aj, and FWT

for the inverse. Next, we get a Plotj,d matrix which will convert the akϕj into physical

values for akϕ
pdq

j . Then, we calculate Plotj,0, which does the same thing but uses no
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derivatives, so just akϕj,k. If we combine them all together properly we get the matrix

FWT ˆ pPlotj,0q
´1

ˆ Plotj,d ˆ IFWT.

That matrix will, in order, convert from the usual wavelet decomposition to that

based only on the values of ϕj,k, plot the dth derivative of that function at appropriate

points, calculate the ϕj,k based decomposition that will give you those values at those

points, then convert back to the usual wavelet decomposition. What you get is a

good approximation of the dth derivative.

Making a matrix to handle multiplication by a constant function is just as easy.

Just line up the values of that function along a diagonal matrix A then use the matrix

FWT ˆ Plot´1 ˆ A ˆ Plot ˆ IFWT.

C.4 Modified Advection Equation

There are several common input values for this, and subsequent, sections. First, we

have Z, the initial conditions, with the time values on top then bJ`1, bJ`2 down to

b0 then a0. Then there is Time “ rh, n, ms, h is simply the length of the time step, n

is the number of time steps between values put into the output and m is the number

of output values. Next, we have Setup “ rpn, res1, res2, resFs, with pn the order

of the ϕ and ψ used (all biorthogonal, see Chapter 4), res1 the resolution for the

large-scale system (putting it to V´res1), res2 the additional levels of resolution

for the small-scale system (only relevant for the multi-scale methods) and resF the

number of Fourier functions beyond the first, κ “ 0, function, in the modeling of the

second spatial dimension (only relevant for the Rossby wave problem). For multi-

scale methods there is also Domain “ rloc1, loc2s, the physical boundaries of Λ, and

extra.

Example C.4.1 The program used to calculate the exact solution at a series of times,

at a finite resolution.

function Z=ModDifControl(Setup,Time)

h=Time(1,1)*Time(1,2); n=Time(1,3); res1=Setup(1,2); s=10*2^res1-1;

ZZ=zeros(s,1);



APPENDIX C. EXAMPLE CODE 194

for i=1:s x=i/(s+1)*10; ZZ(i,1)=x*(x-2)*(x-8)*(x-10)/200; endfor

t=0;Z=[t;ZZ];

for i=1:n t=t+h; for i=1:s x=i/(s+1)*10;

if (x<5) C=(25/(5-x)^2-1)/exp(5/4*t); x=5-5/sqrt(1+C);

elseif (x>5) C=(25/(5-x)^2-1)/exp(5/4*t); x=5+5/sqrt(1+C);

else x=5; endif y=x*(x-2)*(x-8)*(x-10)/200; ZZ(i,1)=y;

endfor Z=[Z [t;ZZ]]; endfor

Example C.4.2 The program used to calculate the numerical results.

The input value plotres is the resolution of the output.

function Z=ModDif1(Z,Setup,Time,plotres)

pn=Setup(1,1);res1=Setup(1,2);h=Time(1,1);m=Time(1,2);n=Time(1,3);

PlotMatrix=ProperPlotMatrix(pn,res1,10,0);IPlotMatrix=inv(PlotMatrix);

IFWT=ProperIFWTM(pn,10,res1,res1,0,0);FWT=ProperFWTM(pn,10,res1,res1,0,0);

M1=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,1,res1,10,0)*IFWT;

s=size(M1)(1,1); G=zeros(s); for i=1:s x=i/(s+1)*10;

G(i,i)=1/40*x*(x-5)*(x-10); endfor

Tg=FWT*IPlotMatrix*G*PlotMatrix*IFWT; EMat=eye(s);

Left1 =EMat+h/2*Tg*M1;Left1=inv(Left1); Right1=EMat-h/2*Tg*M1;

Step=Left1*Right1; plotter=ProperPlotMatrix(pn,res1+plotres,10,0);

plotter=plotter*ProperIFWTM(pn,10,res1+plotres,res1+plotres,0,0);

plotter=plotter(:,size(plotter)(1,1)-s+1:size(plotter)(1,1));

if size(Z)(1,1)<s+1

for i=1:s x=i/(s+1)*10; F(i,1)=x*(x-2)*(x-8)*(x-10)/200; endfor

F=FWT*IPlotMatrix*F; ZZ1=F; Z=[0;plotter*ZZ1]; t=0;

else t=Z(1,size(Z)(1,2)); ZZ1=Z(2:size(Z)(1,1),size(Z)(1,2)); endif

for i=1:n for j=1:m t=t+h; ZZ1=Step*ZZ1; endfor

Z=[Z [t;plotter*ZZ1]]; endfor

C.5 Burgers’ Equation

Apart from the input values from Section C.4, we have ‘Problem’“ rβ, νs, the con-

stants used in the equation.
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We start with the basic, single, system.

Example C.5.1 A basic Burgers’ equation code. Results can be found in Figures 21,

22, 23 and others.

function Z=BasicSingleBurgers(Z,Setup,Problem,Time)

beta=Problem(1,1);vis=Problem(1,2);pn=Setup(1,1);res1=Setup(1,2);h=Time(1,1);

n=Time(1,2); m=Time(1,3); PlotMatrix=ProperPlotMatrix(pn,res1,10,0);

IPlotMatrix=inv(PlotMatrix); IFWT=ProperIFWTM(pn,10,res1,res1,0,0);

FWT=ProperFWTM(pn,10,res1,res1,0,0); s1=10*2^(res1)-1; EMat=eye(s1);

M2=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,2,res1,10,0)*IFWT;

M1=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,1,res1,10,0)*IFWT;

Der1=vis*M2; Left1=EMat-h/2*Der1; Right1=EMat+h/2*Der1;

Decomp=PlotMatrix*IFWT; IDecomp=FWT*IPlotMatrix; NL10=h/2*beta*IDecomp;

NL11=Decomp*M1;NL12=Decomp;Z=[Z(1,1);zeros(s1,1)];t=Z(1,1);ZZ1=zeros(s1,1);

for i=1:m for j=1:n

t=t+h; Temp=PutOnDiag09(NL11*ZZ1)*NL12+PutOnDiag09(NL12*ZZ1)*NL11;

Temp=NL10*Temp; ZZ1=(Left1-Temp)\(Right1*ZZ1);

endfor Z=[Z [t;ZZ1]]; endfor

Next we take a look at the double system Burgers’ equation solver. There are

several additional functions required, so we will get to those first. Next, we will make

use of matrices related to wavelet transforms, plotting values, and so forth. Those

can also be found in Section C.2. One new component is the CropMatrix.

function Z=CropMatrix(res1,res2,loc1,loc2,Bound,extra)

if (Bound != 0) Bound=1; endif Z=[];

loc1=floor(2^res1*loc1); loc2= ceil(2^res1*loc2); width=loc2-loc1;

for i=1:res2

res3=res2-i; res3=2^res3; s1=width*res3; A=zeros(s1,extra*res3);

A=[A eye(s1) A]; s1=size(A)(1,1); s2=size(A)(1,2); s3=size(Z)(1,1);

s4=size(Z)(1,2); Z=[[Z zeros(s3,s2)];[zeros(s1,s4) A]]; endfor

s1=width-1+2*Bound+2*extra; A=eye(s1); s1=size(A)(1,1); s2=size(A)(1,2);

s3=size(Z)(1,1); s4=size(Z)(1,2); Z=[[Z zeros(s3,s2)];[zeros(s1,s4) A]];
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CropMatrix is related to the ‘extra’ ϕj,k terms in the small-scale system, explained

in Section 7.4. Assume you have a matrix, call it M, used to approximate an operator

L in the ‘extra’ expanded domain Λ1. If you want a version of M that applies to Λ

itself, you multiply M like so: M2 = CropMatrix ˆ M ˆ CropMatrix’. This new matrix

M2 will be compatible with Λ.

Next, we have the Take and Give matrices, used to convert between the two

systems. The Take matrix converts the values within Λ in the large-scale system into

the lowest resolution of the small-scale system. The Give matrix does the opposite.

function Z=ProperTakeMatrix2(Setup,Domain,extra)

pn=Setup(1,1); res1=Setup(1,2); res2=Setup(1,3); resF=Setup(1,4);

res3=res1+res2; loc1=Domain(1,1); loc2=Domain(1,2); d2=loc2-loc1;

s1=10*2^res1-1; s2=d2*2^res3-1+2*extra; Z=zeros(s2,s1);

loc1=loc1*2^res1+1-extra; loc2=loc2*2^res1-1+extra;

Z(s2-d2*2^res1-2*extra+2:s2,loc1:loc2)=eye(d2*2^res1-1+2*extra);

Z=Z*ProperIFWTM(pn,10,res1,res1,0,0); Z=YOpWithFourier(Z,resF);

function Z=ProperGiveMatrix2(Setup,Domain,extra)

pn=Setup(1,1); res1=Setup(1,2); res2=Setup(1,3); resF=Setup(1,4);

res3=res1+res2; loc1=Domain(1,1); loc2=Domain(1,2);

d2=loc2-loc1;s1=10*2^res1-1; s2=d2*2^res3-1+2*extra;

Z=zeros(s1,s2); loc1=loc1*2^res1+1-extra; loc2=loc2*2^res1-1+extra;

Z(loc1:loc2,s2-d2*2^res1-2*extra+2:s2)=eye(d2*2^res1-1+2*extra);

Z=ProperFWTM(pn,10,res1,res1,0,0)*Z; Z=YOpWithFourier(Z,resF);

Our final components are the programs that will be used to create the matrices

MΛ and D matrices out of the full matrix M (see Section 7.2). One thing to note:

for ease of notation, Chapter 7 has the large-scale resolution Vj written in terms

of functions ϕj,k (so the coefficients aj,k). These programs write them in terms of

functions ϕ0,k, then ψ0,k to ψj`1,k (so a0, b0, and so on to bj`1,k).

function Z=BasicCropHigherResDer(Der,Setup,Domain,extra)

Z=[]; loc1=Domain(1,1);loc2=Domain(1,2); pn=Setup(1,1); res1=Setup(1,2);

res2=Setup(1,3);resF=Setup(1,4);res3=res1+res2;sx=1+2*resF; s3=10*2^res3-1;
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IFWT=ProperIFWTM(pn,10,res3,res1,0,0); FWT=ProperFWTM(pn,10,res3,res1,0,0);

for x1=1:sx DerRow=[]; for x2=1:sx DerTake=Der(1:s3,1+(x2-1)*s3:x2*s3);

DerTake=IFWT*DerTake*FWT; DerGive=[];

for i=1:res2 l1=loc1*2^(res3-i)+1; l2=loc2*2^(res3-i);

DerGive=[DerGive;DerTake(l1:l2,1:s3)];

DerTake=DerTake(1+10*2^(res3-i):size(DerTake)(1,1),1:s3); endfor

l1=loc1*2^res1+1-extra;l2=loc2*2^res1-1+extra;

DerGive=[DerGive;DerTake(l1:l2,1:s3)]; DerTake=DerGive;DerGive=[];

s=size(DerTake)(1,1);

for i=1:res2 l1=loc1*2^(res3-i)+1; l2=loc2*2^(res3-i);

DerGive=[DerGive DerTake(1:s,l1:l2)];

DerTake= DerTake(1:s,1+10*2^(res3-i):size(DerTake)(1,2)); endfor

l1=loc1*2^res1+1-extra;l2=loc2*2^res1-1+extra;

DerGive=[DerGive DerTake(1:s,l1:l2)]; DerRow=[DerRow DerGive];

endfor Der=Der(1+s3:size(Der)(1,1),1:size(Der)(1,2));Z=[Z;DerRow];endfor

function Der1=CollectLowerDer10(Der,Fm,m1)

sx=1+2*Fm;s=size(Der)(1,1);sy=s/sx; m=log((sy+1)/10)/log(2);

Der1=[]; s1=10*2^m1-1; loc=sy-s1+1;

for ix=1:sx Der2=[]; for iy=1:sx

A=Der(1+sy*(iy-1):sy*iy,1+sy*(ix-1):sy*ix); A=A(loc:sy,loc:sy);

Der2=[Der2;A]; endfor Der1=[Der1 Der2]; endfor

Example C.5.2 A program for Burgers’ equation using a double system. It includes

many of the improvements introduced in Section 7.4. Results are in Figures 26 and

27.

Again, extra is the number of supplementary functions ϕj,k included in the small-

scale system outside Λ, with Vj the highest resolution in the large-scale system (see

Section 7.4). The J is applied only to the non-linear terms, and is explained in Section

7.4.

function Z=MayDoubleBurgers(Z,Setup,Problem,Time,Domain,extra,J)

h=Time(1,1);n=Time(1,2);m=Time(1,3); beta=Problem(1,1); vis=Problem(1,2);
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pn=Setup(1,1);res1=Setup(1,2);res2=Setup(1,3); res3=res1+res2;

PlotMatrix=ProperPlotMatrix(pn,res3,10,0);IPlotMatrix=inv(PlotMatrix);

IFWT=ProperIFWTM(pn,10,res3,res3,0,0);FWT=ProperFWTM(pn,10,res3,res3,0,0);

M1=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,1,res3,10,0)*IFWT;

M2=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,2,res3,10,0)*IFWT;

loc1=Domain(1,1);loc2=Domain(1,2);d2=(loc2-loc1)*2^res1;

Domain2=[loc1-extra*2^(-res1) loc2+extra*2^(-res1)];

d22=(Domain2(1,2)-Domain2(1,1))*2^res1;

Der1=vis*M2; Der2=BasicCropHigherResDer(Der1,Setup,Domain,extra);

Der1=CollectLowerDer10(Der1,0,res1);s1=10*2^res1-1;s2=d2*2^res2+2*extra-1;

Cropper=CropMatrix(res1,res2,loc1,loc2,0,extra);

PlotMatrix=ProperPlotMatrix(pn,res1,10,0); IPlotMatrix=inv(PlotMatrix);

IFWT=ProperIFWTM(pn,10,res1,res1,0,0);FWT=ProperFWTM(pn,10,res1,res1,0,0);

Decomp=PlotMatrix*IFWT; IDecomp=FWT*IPlotMatrix;

A0=beta*h/2*IDecomp; A1=Decomp; A2=Decomp*CollectLowerDer10(M1,0,res1);

PlotMatrix=2^(res1/2)*ProperPlotMatrix(pn,res2,d22,0);

IPlotMatrix=inv(PlotMatrix); IFWT=ProperIFWTM(pn,d22,res2,res2,0,0);

FWT=ProperFWTM(pn,d22,res2,res2,0,0);

Decomp=PlotMatrix*IFWT; IDecomp=FWT*IPlotMatrix;

B0=beta*h/2*Cropper*IDecomp; B1=Decomp*Cropper’;

B2=Decomp*BasicCropHigherResDer(M1,Setup,Domain2,0)*Cropper’;JNL=eye(d22-1);

for i=1:size(J)(1,2) JNL(i,i)=J(1,i); JNL(d22-i,d22-i)=J(1,i); endfor

Take=ProperTakeMatrix2(Setup,Domain,extra);

Give=ProperGiveMatrix2(Setup,Domain,extra); EMat=eye(s1);

Left1=EMat-h/2*Der1;Right1=EMat+h/2*Der1;EMat=eye(s2);Left2=EMat-h/2*Der2;

Right2C=Der2; Right2C(s2-d2-2*extra+2:s2,s2-d2-2*extra+2:s2)=zeros(d22-1);

Right2C=h/2*Right2C;Right2=EMat;Right2(s2-d22+2:s2,s2-d22+2:s2)=zeros(d22-1);

Right2=Right2+Right2C; loc1=loc1*2^res1-extra; loc2=loc2*2^res1+extra;

Take2=zeros(s2,s1); Take2(s2-d22+2:s2,loc1+1:loc2-1)=eye(d22-1);

Decomp=ProperPlotMatrix(pn,res1,10,0); Take2=Take2*inv(Decomp);

Take2(s2-d22+2:s2,loc1+1:loc2-1)=Take2(s2-d22+2:s2,loc1+1:loc2-1);

Take2=h/2*beta*Take2;

if (size(Z)(1,1)<s1+s2+1)
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Z=[0;zeros(s1-9,1);0;1;2;1;0;-1;-2;-1;0;zeros(s2,1)];

Z(2+s1:1+s1+s2,1)=Take*Z(2:1+s1,1); endif t=Z(1,size(Z)(1,2));

ZZ1=Z(2:s1+1,size(Z)(1,2)); ZZ2=Z(2+s1:1+s1+s2,size(Z)(1,2));

for i=1:m for j=1:n

t=t+h; Temp =(PutOnDiag09(A1*ZZ1)*A2+PutOnDiag09(A2*ZZ1)*A1);

TempA=A0*Temp; ZZ1=(Left1-TempA)\(Right1*ZZ1); Taken=Take*ZZ1;

TempB=B0*(PutOnDiag09(B1*ZZ2)*B2+PutOnDiag09(B2*ZZ2)*B1);

Taken2=TempB*Taken; Taken2=Taken2-Take2*Temp*ZZ1;

Taken2(s2-d22+2:s2,1)=JNL*Taken2(s2-d22+2:s2,1);

ZZ2=(Left2-TempB)\(Right2*ZZ2+Right2C*Taken+Taken2);

ZZ1=ZZ1+Give*ZZ2; ZZ2=ZZ2+Taken;

endfor Z=[Z [t;ZZ1;ZZ2(1:s2-d22+1,1);zeros(d22-1,1)]]; endfor

C.6 The Rossby Wave Problem

The data will be decomposed via scaling functions and wavelets in the y direction and

Fourier series in the x direction. If there are s elements in the Vj space used then the

first s elements will be the coefficients of ϕj,kpyq (or its equivalents), corresponding

with the zero Fourier term for x. The next s sized bunches will be the a then the b

terms from ϕj,kpyq ppa ´ biqeix ` pa ` biqe´ixq. Since

pa ´ biqeix ` pa ` biqe´ix “ 2a cospxq ` 2b sinpxq (C.6.1)

this gives all the values simple physical equivalents. We will use the expression

ProperXDerMatrix(s1,resF,d) to create derivative matrices. The first input is the

y direction size, s1, resF is the highest Fourier term included and d is the derivative

used. It creates matrices of the form

B

Bx

»

—

—

—

—

—

—

—

–

O O O O O

O O ´I O O

O I O O O

O O O O ´2I

O O O 2I O

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,
B2

Bx2

»

—

—

—

—

—

—

—

–

O O O O O

O ´I O O O

O O ´I O O

O O O ´4I O

O O O O ´4I

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (C.6.2)

with each O and I an s1 sized zero or identity matrix.
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Example C.6.1 A program used to calculate the boundary condition function.

It creates the function, but puts it at y=5 not y=10. The derivative input Der has

to be setup so as to give the proper derivative at that point. The next two are

the M2 matrix for approximating ∆, then the total resolution used. The next is the

resolution of the resulting boundary function (we want it to be much smaller than

the total resolution, it’s usually zero). Finally, we get the order of the ϕ used and the

Fourier term used for the boundary function and the value of Z “ ∆P desired at the

boundary.

The vectors A1 and A2 calculate the physical value of the given derivative at that

point, for cos and sin respectively. The eventual result is going to be solved so as

to get those values to zero. Next, A3 and A4 are used to control the Z “ ∆P of

the function at the boundary. Finally, the physical value of the boundary function is

controlled via A5 and A6.

function Z=ProperCalcBC3(Der,M2,res1,res2,resF,pn,f,ZAtBound)

FWT1=ProperFWTM(pn,10,res1,res1,0,0);IFWT1=ProperIFWTM(pn,10,res1,res1,0,0);

FWT2=ProperFWTM(pn,10,res1,res2,0,0);IFWT2=ProperIFWTM(pn,10,res1,res2,0,0);

s1=10*2^(res1)-1;s2=10*2^(res2)-1; c1=(s1+1)/2;c2=(s2+1)/2;

PlotMatrix=ProperPlotMatrix(pn,res1,10,0);

Der=YOpWithFourier(PlotMatrix*IFWT1,resF)*Der*YOpWithFourier(FWT2,resF);

M2=YOpWithFourier(PlotMatrix*IFWT1,resF)*M2*YOpWithFourier(FWT2,resF);

Plt=PlotMatrix*IFWT1*FWT2;Out1=s1*(2*f+0)-c1+1;Out2=s1*(2*f+1)-c1+1;

Inp1=s1*(2*f+0)-c2;Inp2=s1*(2*f+1)-c2;

A1=[Der(Out1,Inp1-1:Inp1+1) Der(Out1,Inp2-1:Inp2+1)];

A2=[Der(Out2,Inp1-1:Inp1+1) Der(Out2,Inp2-1:Inp2+1)];

A3=[ M2(Out1,Inp1-1:Inp1+1) M2(Out1,Inp2-1:Inp2+1)];

A4=[ M2(Out2,Inp1-1:Inp1+1) M2(Out2,Inp2-1:Inp2+1)];

A5=[Plt(c1,s1-c2-1:s1-c2+1) [0 0 0]];A6=[[0 0 0] Plt(c1,s1-c2-1:s1-c2+1)];

M=[A1;A2;A3;A4;A5;A6]; ZZ=M\[0;0;ZAtBound;0;1/2;0];

Z=zeros(s1,2*resF+1); Z(s1-c2-1:s1-c2+1,2*f:2*f+1)=[ZZ(1:3,1) ZZ(4:6,1)];

Z=UnRect(Z); Z=YOpWithFourier(FWT2,resF)*Z;
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That program does not work when ν “ 0, since the resulting system becomes

singular. For that case we need to use a different program, one that uses fewer

coefficients.

function Z=ProperCalcBC(Der,res1,res2,resF,pn,f)

FWT1=ProperFWTM(pn,10,res1,res1,0,0);IFWT1=ProperIFWTM(pn,10,res1,res1,0,0);

FWT2=ProperFWTM(pn,10,res1,res2,0,0);IFWT2=ProperIFWTM(pn,10,res1,res2,0,0);

s1=10*2^(res1)-1; s2=10*2^(res2)-1; c1=(s1+1)/2; c2=(s2+1)/2;

PlotMatrix=ProperPlotMatrix(pn,res1,10,0);

M1=YOpWithFourier(PlotMatrix*IFWT1,resF)*Der*YOpWithFourier(FWT2,resF);

spot1=c1+s1*(f*2); spot2=s1-c2+s1*((f-1)*2+1); M1=M1(spot1,spot2:spot2+1);

M2=PlotMatrix*IFWT1*FWT2;M2=M2(c1,s1-c2:s1-c2+1);M=[M1;M2]; ZZ=M\[0;1/2];

Z=zeros(s1*(2*resF+1),1);Z(spot2:spot2+1,1)=ZZ;Z=YOpWithFourier(FWT2,resF)*Z;

Example C.6.2 A basic solver for ϵ “ 0, the linear case. All linear results using a

single system in Chapter 8 used this program.

The inputs are much the same as for the examples in Section C.5. One difference is

a fourth term in Setup, resF, the order of the highest Fourier term used. Problem“

rδ, β, ν, ϵs, though the last one should be zero in this case. T1 is the t1 from the

‘switch-on’ function, BCres is the resolution of the boundary function calculated, so

it will be in V´BCres. Finally we have FMult, which is a multiplier applied to all

Fourier terms, so if FMult=2, we only work with the even ones. Finally, ‘u’ is the

value of upyq at the boundary, usually tanhp5q.

There are a few very simple programs used here that need explaining.

YOpWithFourier(M,resF) outputs a matrix with M repeated along its diagonal, one

for every Fourier coefficient. ProperU1 makes vectors out of values of upyq (ProperU2

gives u2pyq). The first value is the resolution needed, the next two gives the domain.

The matrix Locale is applied to the boundary function, and what it does is move a

function in the y direction by five points. The boundary function is created centered

at y “ 5, so this moves it up to where it needs to be.

function Z=BasicRosF2(Z,Setup,Problem,Time,BCres,u,FMult,T1)
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del=Problem(1,1);beta=Problem(1,2);vis=Problem(1,3);

h=Time(1,1); n=Time(1,2); m=Time(1,3);

pn=Setup(1,1);res1=Setup(1,2);resF=Setup(1,4);

sx=1+2*resF; s1=10*2^(res1)-1; EMat=eye(s1*sx);

PlotMatrix=ProperPlotMatrix(pn,res1,10,0); IPlotMatrix=inv(PlotMatrix);

IFWT=ProperIFWTM(pn,10,res1,res1,0,0);FWT=ProperFWTM(pn,10,res1,res1,0,0);

M1x=FMult*ProperXDerMatrix(s1,resF,1);M2x=FMult^2*ProperXDerMatrix(s1,resF,2);

M2y=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,2,res1,10,0)*IFWT;

M2y=YOpWithFourier(M2y,resF); M2=M2y+del*M2x; IM2=inv(M2);

TU1=ProperU1(res1,0,10); TU2=ProperU2(res1,0,10);

TU1=YOpWithFourier(FWT*IPlotMatrix*PutOnDiag09(TU1)*PlotMatrix*IFWT,resF);

TU2=YOpWithFourier(FWT*IPlotMatrix*PutOnDiag09(TU2)*PlotMatrix*IFWT,resF);

Der1=-(TU1*M1x+(beta*EMat-TU2)*M1x*IM2-vis*M2);

Left1=EMat-h/2*Der1; Left1=inv(Left1); Right1=EMat+h/2*Der1;

Locale=ProperLocale(FWT,IFWT,PlotMatrix,IPlotMatrix,res1,resF);

BC=-(u*M1x*M2+(beta-(-2*u)*(1-u^2))*M1x-vis*M2*M2);

u=(-1/2)*(beta-(-2*u)*(1-u^2))/u;

if (vis==0) BC=ProperCalcBC(BC,res1,BCres,resF,pn,2/FMult); else

BC=ProperCalcBC3(BC,M2,res1,BCres,resF,pn,2/FMult,u); endif

BC=h*(-TU1*M1x*Locale*M2*BC-(beta*EMat-TU2)*Locale*M1x*BC+vis*Locale*M2*M2*BC);

Zn=size(Z)(1,2); t=Z(1,Zn); ZZ=Z(2:size(Z)(1,1),Zn);

for i=1:m for j=1:n

FSwitch=t/T1; t=t+h; FSwitch=FSwitch+t/T1; FSwitch=min(FSwitch/2,1);

ZZ=Left1*(Right1*ZZ+BC*FSwitch); endfor Z=[Z [t;ZZ]]; endfor

Example C.6.3 A workable multi-system solver for the linear Rossby wave problem.

Figure 42 comes from this program.

function Z=MarchRosMultF2(Z,Setup,Problem,Time,Domain,extra,BCres,u,BCF,T1)

del=Problem(1,1);beta=Problem(1,2);vis=Problem(1,3);nonlin=Problem(1,4);

h=Time(1,1);n=Time(1,2);m=Time(1,3);pn=Setup(1,1);res1=Setup(1,2);

res2=Setup(1,3); resF=1; sx=1+2*resF; res1=res1+res2;

PlotMatrix=ProperPlotMatrix(pn,res1,10,0);IPlotMatrix=inv(PlotMatrix);

IFWT=ProperIFWTM(pn,10,res1,res1,0,0);FWT=ProperFWTM(pn,10,res1,res1,0,0);



APPENDIX C. EXAMPLE CODE 203

s1=10*2^(res1)-1;EMat=eye(s1*sx);

M1x=BCF*ProperXDerMatrix(s1,resF,1);M2x=BCF^2*ProperXDerMatrix(s1,resF,2);

M2y=FWT*IPlotMatrix*ExactBiorthDerMatrix(pn,2,res1,10,0)*IFWT;

M2y=YOpWithFourier(M2y,resF);M2=M2y+del*M2x;IM2=inv(M2);

TU1=ProperU1(0,res1,0,10,0); TU2=ProperU2(0,res1,0,10,0);

TU1=YOpWithFourier(FWT*IPlotMatrix*PutOnDiag09(TU1)*PlotMatrix*IFWT,resF);

TU2=YOpWithFourier(FWT*IPlotMatrix*PutOnDiag09(TU2)*PlotMatrix*IFWT,resF);

Locale=ProperLocale(FWT,IFWT,PlotMatrix,IPlotMatrix,res1,resF);

BC=-(u*M1x*M2+(beta-(-2*u)*(1-u^2))*M1x-vis*M2*M2;

u=(-1/2)*(beta-(-2*u)*(1-u^2))/u;

if (vis==0) BC=ProperCalcBC(BC),res1,BCres,resF,pn,1); else

BC=ProperCalcBC3(BC,M2,res1,BCres,resF,pn,1,u); endif

BC=-TU1*M1x*Locale*M2*BC-(beta*EMat-TU2)*Locale*M1x*BC+vis*Locale*M2*M2*BC;

BC=h*BC;BC=ReRect(BC,s1,sx);BC=BC(s1-10*2^(res1-res2)+2:s1,:);BC=UnRect(BC);

Der=-(TU1*M1x+(beta*EMat-TU2)*M1x*IM2-vis*M2); res1=res1-res2;

loc1=Domain(1,1);loc2=Domain(1,2); Der1=CollectLowerDer10(Der,resF,res1);

Der2=BasicCropHigherResDer(Der,[pn res1 res2 1],Domain,extra);

EMat=eye(size(Der1)(1,1)); Left1=EMat-h/2*Der1;Left1=inv(Left1);

Right1=EMat+h/2*Der1; EMat=eye(size(Der2)(1,1)); Left2=EMat-h/2*Der2;

Left2=inv(Left2); Right2C=Der2; s=size(Der2)(1,1)/sx;

d2=(loc2-loc1)*2^res1+2*extra;

for i=1:sx for j=1:sx Right2C(s*i-d2+2:s*i,s*j-d2+2:s*j)=zeros(d2-1);

endfor endfor Take=ProperTakeMatrix(pn,res1,res2,resF,loc1,loc2,extra);

Give=ProperGiveMatrix(pn,res1,res2,resF,loc1,loc2,extra);

Right2=EMat-Take*Give+h/2*Right2C; Right2C=h/2*Right2C;

s1=10*2^res1-1;s2=(d2-2*extra)*2^res2-1+2*extra;

if size(Z)(1,1)<((s1+s2)*sx) ZZ1=zeros(s1*sx,1);ZZ2=zeros(s2*sx,1); t=0;

else ZZ1=Z(2:1+s1*sx,Zx); ZZ2=Z(2+s1*sx:1+s1*sx+s2*sx,Zx);

t=Z(1,size(Z)(1,2)); endif

for i=1:m for j=1:n FShift=t/T1; t=t+h; FShift=min((FShift+t/T1)/2,1);

ZZ1=Left1*(Right1*ZZ1+BC*FShift); Taken=Take*ZZ1;

ZZ2=Left2*(Right2*ZZ2+Right2C*Taken);ZZ1=ZZ1+Give*ZZ2;

ZZ2=ZZ2+Taken; endfor Z=[Z [t;ZZ1;ZZ2]]; endfor
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C.7 Periodic Boundary Conditions

First, an example B matrix for the FWT (with coefficients hk as its elements). This

is for Biorthogonal versions, but it could easily be re-arranged for others (just change

the coefficients hk).

function B=VarBiorthFWT09BCMatrix(i,order)

h=H2Function09(order); h=[h(1,1) h(2,2:size(h)(1,2))]’;

hn=size(h)(1,1); hc=(hn+1)/2; H=(h(1:hn,1))’*sqrt(2); B=[];

S1=10*(2^i); S2=10*(2^(i-1)); H=[H(1,hc:hn) zeros(1,S1-hn) H(1,1:hc-1)];

B=H; for jj=2:S2 H=Shift09(H); B=[B;H]; endfor

The Shift08 operator merely moves each column forward one space (removes the

last column, puts it in front)

Next, a matrix for making derivative matrices. The Derivative1 operator creates

an identically supported approximation (via finite difference) of d
dx

out of whatever

functional data is given.

function Z=CreatePeriodicDerMatrix(phi,n,d)

for i=1:d phi=Derivative1(phi); endfor

s=size(phi)(1,1); t=phi(s,1); r=(s-1)/t; phiP=phi(1,2);

for i=1:t phiP=[phiP;phi(1+i*r,2)]; endfor r=size(phiP)(1,1);

t=(r+1)/2; s=10*2^n; phiP=[phiP(t:r,1); zeros(s-r,1);

phiP(1:t-1,1)]; Z=[]; for i=1:s Z=[Z phiP]; phiP=[phiP(s,1);

phiP(1:s-1,1)]; endfor Z=2^(n/2)*2^(d*n)*Z;

The key part is the second last line, where the function data phiP is merely ro-

tated at every step. This is much easier than symmetric or anti-symmetric boundary

conditions.
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