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Abstract

The use of moment-closure methods to predict continuum and moderately rarefied flow

offers many modelling and numerical advantages over traditional methods. The maximum-

entropy family of moment closures offers models described by hyperbolic systems of balance

laws. In particular, the twenty-one moment model of the maximum-entropy hierarchy offers

a hyperbolic treatment of viscous flows exhibiting heat transfer. This twenty-one moment

model has the ability to provide accurate solutions where the Navier-Stokes equations lose

physical validity due to the solution being too far from local equilibrium. Furthermore, its

first-order hyperbolic nature offers the potential for improved numerical accuracy as well

as a decreased sensitivity to mesh quality. Unfortunately, higher-order maximum-entropy

closures cannot be expressed in closed form. The only known affordable option is to propose

approximations. Previous approximations to the fourteen-moment maximum-entropy model

have been proposed [McDonald and Torrilhon, 2014]. Although this fourteen-moment model

also predicts viscous flow with heat transfer, the necessary moments to close the system

renders it more difficult to approximate accurately than the twenty-one moment model. The

proposed approximation for the fourteen-moment model also has realizable states for which

hyperbolicity is lost.

Unfortunately, the velocity distribution function associated with the twenty-one moment

model is an exponential of a fourth-order polynomial. Such a function cannot be integrated in

closed form, resulting in closing fluxes that can only be obtained through complex numerical

methods. The goal of this work is to present a new approximation to the closing fluxes

that respect the maximum-entropy philosophy as closely as possible. Preliminary results

show that a proposed approximation is able to provide shock predictions that are in good

agreement with the Boltzmann equation and surpassing the prediction of the Navier-Stokes

equations. Furthermore, Couette flow results as well as lid-driven cavity flows are computed

using a novel approach to Knudsen layer boundary conditions. A dispersion analysis as
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well as an investigation of the hyperbolicity of the model is also shown. The Couette flow

results are compared against Navier-Stokes and the free-molecular analytical solutions for

a varying Knudsen number, for which the twenty-one moment model show good agreement

over the domain. The shock-tube problem is also computed for different Knudsen numbers.

The results are compared with the one obtained by directly solving the BGK equation.

Finally, the lid-driven cavity flow computed with the twenty-one moment model shows good

agreement with the direct simulation Monte-Carlo (DSMC) solution.
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Chapter 1

Introduction

In engineering, during the design process, solutions to gas flows are necessary in order

to optimize performance and efficiency as well as evaluate design criteria. A theoretical or

analytical solution to a given flow of a certain complexity is often not possible without making

simple assumptions. That is because of the high complexity of the physics involved, as well

as geometry. Conversely, obtaining solutions through experiments, such as the use of wind

tunnels, is highly expensive and requires a lot of time and resources, especially if an iterative

design strategy is used. The use of computational methods to solve complex gas flows through

discretization of governing equations allows one to obtain solutions that can be used in the

design process. Doing so allows for a process that is less expensive and can be performed in

less time. It also allows for further optimization of performance through auxiliary numerical

methods. The efficiency and performance of computational methods depends on the mesh

used, the numerical discretization used as well as the choice of governing equations. A less

accurate numerical discretization will yield solutions faster but with less accuracy while a

more accurate discretization method will yield more accurate solutions but in a more time

expensive manner. It is important to choose the proper numerical discretization based on

the desired output and the governing equation in used. A proper choice of the governing

equations is also important. Depending on the characteristics of the flow and scale of the

problem, different physics are needed and the proper governing equation have to be used.

Gas flows can be categorized by the ratio between the length scale of the problem and

the distance between inter-particle collisions, known as the mean free path. The Knudsen
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number is the non-dimensional number associated with this ratio. In gas flows where the

mean free path of particles is much smaller than the length scale of the problem, the Knudsen

number is small and the flow regime is described as continuum. Conversely, when the

mean free path is much larger than the length scale of the problem, the Knudsen number

is large and the flow is considered to be in the rarefied regime. The transition regime

contain flows where the mean free path and the length scale of the problem are of similar

scales. Gas flows in the transition or rarefied regime are relatively common in engineering or

scientific applications. For example, microscale flows, high altitude flight and space capsule

re-entry all occur in these regimes. The accurate prediction of gas flow is crucial for these

applications. Moderately rarefied gas flow with Knudsen number between 0.1 and 10 are very

challenging to predict. For this type of flow, non-equilibrium effect can strongly influence flow

behaviour [21]. Particle-based models, such as direct simulation Monte-Carlo (DSMC) [4],

and models based on directly solving the Boltzmann equation, such as discrete-velocity

methods [33], have had success predicting non-equilibrium flows in strongly rarefied regimes.

Unfortunately, these methods often carry a prohibitively expensive computational cost in

the transition regime. In particular, DSMC methods exhibit slow convergence and noise

in their solutions that is proportional to the speed of sound. This makes DSMC a less

suitable method for low speed flows, where the amplitude of the noise is much larger than

the scale of the solution. Fortunately, moment-closures offer potential advantages in both

the continuum and the rarefied-flow regimes, as compared to existing methods [15, 28, 36].

Moment closures are based on an assumed form of the distribution function describing the

phase-space probability distribution of gas particles. The set of partial differential equations

(PDEs) associated with moment-closure methods are significantly less expensive to solve then

particle-based and direct-discretization methods. Moment-closures offer a set of first-order

hyperbolic balance laws that can accurately predict viscous flow with heat-transfer in both

the continuum and rarefied regimes. Their first-order nature promise numerical advantages,

such as a decreased sensitivity to mesh quality during numerical solution [30]. This is

advantageous when dealing with complex geometries that are typical of practical problems.

The requirement for the evaluation of only first derivatives also offers the possibility for an

extra order of spacial accuracy for a given stencil.

The two most popular families of traditional moment-closure methods are the Grad hier-

archy [15] and the maximum-entropy hierarchy [11, 28, 36]. The Grad closures, unfortunately,

have a very restricted region of hyperbolicity and are not always robust or accurate enough

for flows that are far from equilibrium. The Grad closures are also not guaranteed to predict

a strictly positive distribution function describing particle velocities. The maximum-entropy
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hierarchy of closures can more robustly give flow predictions that are far from equilibrium

and promises a globally hyperbolic system whenever the entropy-maximization problem can

be solved. They also guaranteed a strictly positive distribution function. However, the lat-

ter hierarchy suffers from two disadvantages. First, the associated distribution function for

closures that offer a treatment of viscous flow with heat transfer is an exponential of a fourth-

order polynomial. It is impossible to integrate such a function in closed form, leading to the

impossibility to obtain the closing fluxes in closed form. A very expensive iterative procedure

is needed to compute the closing fluxes at every flux calculation. Such a procedure is far too

expensive to yield a practical computational tool. The second issue is that there are phys-

ically realizable moment states for which the entropy-maximization problem does not have

a solution. In those regions, closing fluxes are singular [23, 24]. Recently, an approximation

to the fourteen-moment model, the first model in the maximum-entropy hierarchy capable

of predicting heat-transfer, has been proposed by McDonald and Torrilhon [31]. The closing

fluxes are approximated through an interpolation between realizability boundaries with the

objective of preserving the hyperbolicity of the model. The use of an approximation substi-

tutes the use of the previously mentioned expensive iterative procedure. Unfortunately, the

closing fluxes containing the heat flux tensor are challenging to approximate and the pro-

posed approximation is weak. Even more devastating is that approximations to higher-order

closing fluxes are dependent on the weak approximation of the heat flux tensor.

Recently, a number of new families of moment closures have been proposed. Many of these

new closures are inspired by either the Grad or maximum-entropy families. For example,

Struchtrup and Torrilhon have proposed regularized extensions for the thirteen-moment Grad

closure [39]. This technique was further extended to the regularization of Grad’s twenty-

moment model [34]. These closures aim to extend the physical validity of the Grad closures

through the addition of higher-order derivatives at the cost of the hyperbolic, first-order

structure. Alternatively, Cai et al. have proposed a hyperbolization technique that leads to

robustly hyperbolic Grad-style closures at the expense of balance-law form [8, 9]. A similar

technique has been explored and applied by Köllermeier and Torrilhon [27]. New quadrature-

based moment methods (QBMM) techniques such as HyQMOM have been proposed by Fox,

in which quadrature point with associated weights are used to close the system of moments in

a manner that preserves hyperbolicity [12]. Finally, the ϕ-divergence closures, proposed by

Abdelmalik and van Brummelen take inspiration from the maximum-entropy hierarchy [1].

The closed-form closures shown in the present work are an approximation to the maximum-

entropy closures based on an interpolation technique between realizability boundaries.
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1.1 Thesis Goals

The main goal of this thesis is to propose a new three-dimensional approximation for the

closing fluxes of the twenty-one-moment closure and present its advantages in approximating

this closure over the fourteen-moment closure. The weakness of the fourteen-moment model

approximation stems from the lack of information known regarding the closing flux containing

the heat-flux tensor. The twenty-one moment model contains all entries of the heat-flux

tensor in its solution vector and therefore no approximation of this term is needed. The

trade-off is that more entries of higher-order tensors need to be approximated. However,

more information is also known about them. The evaluation of the success of the proposed

approximation is done through a study of the regions of hyperbolicity as well as a dispersion

analysis of the resulting equations. The development of a novel treatment of solid-wall

boundary condition is another objective of this work. The performance and accuracy of

the model is tested through the simulation of multi-dimensional cases for the first time and

compared against classical methods.

1.2 Thesis Structure

This work presents a review of kinetic theory and moment closures for gases, focusing

on the maximum-entropy hierarchy of moment-closures. Following this is an overview of the

previously proposed fourteen-moment closure by McDonald and Torrilhon [31], discussing

its limited ability in approximating the closing fluxes, in particular issues are identified with

the heat-flux tensor. Then a presentation of the newly proposed approximation for the

twenty-one moment model with a study of its realizability space, its hyperbolicity, as well

as a dispersion analysis. A new approach to solid wall boundary condition for moment

methods in general is proposed as well. Finally, numerical results are presented to support

the evaluation of the performance of the proposed model.
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Chapter 2

Kinetic Theory and Moment Closure

2.1 The Knudsen Number

In traditional fluid mechanics models, the fluid is generally assumed to be continuum.

This assumption is valid granted that the scale of the problem being solved is much greater

than the scale of the inter-particles interactions. In this case, the inter-particles interaction

occur on such a small scale that they “average out” over the scale of the problem. The fluid

can then be treated as a continuum, since there is no need to track particles individually.

In the event where the length scale of the problem is of similar or smaller scale than the

inter-particles interaction, then, the assumption of continuum cannot be used. In such case,

the microscopic structure of the fluid needs to be considered to properly model the flow.

The Knudsen number is used to characterize the regime of the problem. It is defined to

be the ratio of mean free path of a particle, λ, and the characteristic length of the problem,

Kn =
λ

l
. (2.1)

The correlation between the Knudsen number and the flow regimes is shown in Figure 2.1.

In the continuum regime, the length scale of the particle interaction is small compared to the

scale of the problem and classical fluid-mechanic models, such as the Navier-Stokes equations,

are valid. In the free-molecular regime, the scale of the particle interaction is much larger
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Figure 2.1: Flow regimes with respect to the Knudsen number

than the scale of the problem. In the absence of acceleration fields, particles travel in straight

lines without interacting with each other. While classical methods cannot predict flows in

this regime it is often affordable to do so through particle-based methods [4]. In the transition

regime, the scale of the particle interaction becomes comparable to the length scale of the

problem. In this case, the inter-particle interaction are important in the prediction of the

flow, yet classical method cannot reliably predict the solution. While particle-based methods

can accurately predict flows in this regime, they can become prohibitively expensive when a

large number of particles are present. This is especially true for low-speed flows. Moment-

closure methods offer a good alternative in accurately predicting flows in this regime.

2.2 The Distribution Function

In the kinetic theory of gases, a statistical representation of the gas is used. Instead of

tracking every single particle in space, a velocity distribution function, F(xi, vi, t), is used.

This function describes the phase-space density of particles in the neighborhood of a position,

xi, with a velocity, vi, at a time, t. The most commonly known distribution function is the

Maxwell-Boltzmann distribution,

M =
ρ

m

(
ρ

2πp

) 3
2

exp

(
− ρ

2p
(vi − ui)(vi − ui)

)
, (2.2)

where ρ is the mass density of the gas, p is the pressure, m is the particle mass, ui is the flow

bulk velocity and vi is the particle velocity. The random velocity, ci = vi − ui, is defined as

the difference between the particle velocity and the local flow bulk velocity. The Maxwell-

Boltzmann distribution statistically represent gases that are in local equilibrium. It can

be shown that any distribution of particles will be driven toward the Maxwell-Boltzmann

distribution by inter-particle collision. Once the Maxwell-Boltzmann distribution is reached,

the inter-particle collisions no longer have an effect on the form of the distribution function.
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For non-equilibrium gases, the associated distribution function can vastly differ from the

Maxwell-Boltzmann distribution.

It is possible to relate traditional macroscopic properties to the distribution function

describing a gas by taking velocity moments of the distribution. This is done by multiplying

the distribution function by a velocity weight and integrating over all velocity space. For

example,

ρ =

∫∫∫
∞
mFdvi = 〈mF〉 ,

ρui = 〈mviF〉 ,

Pij = 〈mcicjF〉 , (2.3)

Qijk = 〈mcicjckF〉 ,

Rijkl = 〈mcicjckclF〉 ,

Sijklm = 〈mcicjckclcmF〉 .

Here, Pij = pδij − τij represent the anisotropic pressure tensor, defined as the difference

between the thermodynamic pressure, p, and the deviatoric stresses, τij. For monatomic

gases, the thermodynamic pressure is obtained by averaging the diagonal entries of the

anisotropic pressure tensor, p = Pii/3. The third-order tensor, Qijk, is the generalized

heat-flux tensor. The classical heat-flux in a given direction is equivalent to half of the

corresponding trace of the heat-flux tensor, qi = 1
2
Qijj . For convenience, the notation 〈 〉 is

used to represent the integral over all velocity space. Higher-order moments, such as Rijkl and

Sijklm , do not have any familiar physical meaning, but represent local high-order statistics of

particles velocities. In this way, moments of any arbitrary order can be defined.

The moments obtained using the full particle velocity, vi, as velocity weights are referred

to as full moments. Similarly, moments obtained using the random velocity, ci, as velocity

weights are referred to as random moments. The two can be correlated by using the expres-

sion for the random velocity. For example, the full uncontracted second order moment can

be correlated to the random second order moment,

〈mvivjF〉 = 〈m (ui + ci) (uj + cj)F〉

= 〈muiujF〉+���
���:

0
〈muicjF〉+���

���:
0

〈mciujF〉+ 〈mcicjF〉

= ρuiuj + Pij .
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2.3 The Boltzmann Equation

The time evolution of the distribution function is governed by the Boltzmann equation,

∂F
∂t

+ vi
∂F
∂xi

+
∂ (aiF)

∂vi
=
δF
δt

. (2.4)

The three terms on the left-hand side, represent the time evolution of the distribution func-

tion, the effect of particles convection and the effect of acceleration forces on the dristribu-

tion function, respectively, in their order of appearance. The term on the right-hand side of

Eq. (2.4) is the collision operator, which models the effect of inter-particles interaction on the

distribution function. By assuming that the collisions are only binary collisions of identical

particles, that these collisions are occurring on a scale that is much smaller than the mean

free path of the particles and by assuming that a single collision does not noticeably affect

the distribution function and that, finally, particles velocities are statistically independent,

it is possible to express the collision term as,

δF
δt

=

〈∫ 2π

0

∫ π

0

(F ′F ′1 −FF1) gσ sinχdχdε

〉
v′i

. (2.5)

In this integral, F and F1 are the distribution functions of the two particles undergoing a

collision at particle velocities vi and v1i, while F ′ and F ′1 are the distribution functions of the

two particles post collision with particle velocities v′i and v′1i. The particles relative speed

pre-collision is expressed as g = |vi − v1i|, σ is the differential collision cross-section, χ is

the deflection angle and finally ε is a solid angle integrated around a particle undergoing

collisions [38, 14].

The expression shown in Eq. (2.5) contains a high-dimensional integral and usually can-

not be evaluated in closed form. However, it is known to conserve mass, momentum and

energy, and to increase the entropy monotonically until the distribution function becomes a

Maxwellian. For many applications, it is possible to use a simplifying approximation to the

collision operator, such as the relaxation-time BGK model, as first proposed by Bhatnagar

et al. [3],
δF
δt

= −F −M
τ

, (2.6)

where τ is a characteristic relaxation time andM is the Maxwell-Boltzmann distribution with

the same mass, momentum and energy densities. The BGK model moves the distribution
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function, F , towards equilibrium at a time scale, τ . The time scale, τ , is correct in the case

where Kn→ 0 and Kn→∞, but is only approximate for everything in between.

The collision term can be shown to satisfy the second law of thermodynamics by taking

a moment of the Boltzmann equation using the velocity weight,

M = −k ln
F
y
, (2.7)

leading to,

∂

∂t

〈
−k ln

F
y
F
〉

+
∂

∂xi

〈
−k ln

F
y
viF
〉

+
∂

∂vi

〈
−k ln

F
y
aiF

〉
=

〈
−k ln

F
y

δF
δt

〉
. (2.8)

By neglecting the acceleration and further defining the variable S =
〈
−k ln F

y
F
〉

, Ψi =〈
−k ln F

y
viF
〉

and by defining the production term on the right hand side to be Φ, the

expression can be written as,
∂S

∂t
+
∂Ψi

∂xi
= Φ . (2.9)

By further assuming an isolated system where the flux of S is therefore zero and the equation

transforms to,
∂S

∂t
= Φ . (2.10)

By observation of the production term, Φ, after substituting Eq. (2.5) into the right-hand

side of Eq. (2.8), it can be seen that it is always greater than zero,

Φ =
k

4

〈〈∫ 2π

0

∫ π

0

ln
F ′F ′1
FF1

(F ′F ′1 −FF1) gσ sinχdχdε

〉
v′i

〉
vi

≥ 0 , (2.11)

since g and σ are always greater than zero, χ is non zero for the integration interval 0 ≤ χ ≤ π

and the terms
F ′F ′1
FF1

and (F ′F ′1 −FF1) are only negative at the same time. In fact, S represent

the entropy and if the production term, Φ is always greater than zero in Eq. (2.10), then

entropy is always generated and the second law of thermodynamics is satisfied [5].
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2.4 Maxwell’s Equation of Change

Even with the simplified collision operator, the Boltzmann equation remains very high

dimensional, with three dimensions in physical space, three dimensions in velocity and one

time dimension. Directly solving this equation requires numerical discretization in physical

space and in velocity space, resulting in a prohibitively expensive method. Fortunately, for

most practical problems, the wealth of information given by solving the Boltzmann equation

is not necessary. In most case, it is sufficient to only solve for a desired set of macroscopic

properties that are of interest. A vector, W , is defined to contain the velocity weights

associated with the macroscopic properties of interest. The solution vector, U , contain the

macroscopic properties of interest such that,

U = 〈mWF〉 .

A set of equations for the macroscopic properties, or moments, of interest can be derived by

taking velocity moments of the Boltzmann equation.〈
mW (vi)

(
∂F
∂t

+ vi
∂F
∂xi

+
∂ (aiF)

∂vi

)〉
=

〈
mW (vi)

δF
δt

〉
.

In this work the particle acceleration, ai, is taken to be zero due to the absence of external

fields acting on the particles, however, it can be easily incorperated. The collision term is

also substituted by the BGK model shown in Eq. (2.6),〈
mW (vi)

(
∂F
∂t

+ vi
∂F
∂xi

)〉
=

〈
−mW (vi)

F −M
τ

〉
.

Since the particle velocity, vi, is independent of the location in space, xi, and since the

velocity weight vector is strictly a function of the particle velocity, both can be put into the

derivative. Doing so result in Maxwell’s equation of change,

∂

∂t
〈mW (vi)F〉+

∂

∂xi
〈mviW (vi)F〉 = −1

τ
[〈mW (vi)F〉 − 〈mW (vi)M〉] . (2.12)

The number of equation in the system is the same as the size of the velocity weight vector,

or as the number of macroscopic properties of interest. For simplicity, Eq. (2.12) is often

written as,
∂U

∂t
+
∂Fi
∂xi

= S , (2.13)
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where U is the solution vector, Fi is the flux, and S is the collision source term.

By using the chain rule, Eq. (2.13) can be rewritten as,

∂U

∂t
+
∂Fi
∂U

∂U

∂xi
= S , (2.14)

where ∂Fi

∂U
is the flux Jacobian. The eigenvalues of the flux Jacobian correspond to the

wavespeeds of the system of PDEs. If the eigenvalues of the Jacobian are strictly real, then

the system is said to be hyperbolic and information propagates at finite speeds.

2.5 Moment Closure

Unfortunately, taking velocity-moment of the Boltzmann equation cannot naturally lead

to a closed system of equations. This is because the time evolution of a given moment always

depends on the spacial divergence of a moment that is one order higher in velocity. Also,

the collision operator is not always closed. An infinite number of moment equation would

therefore be needed to produce a closed system.

One method used to obtain a closed system of equation is to assume the form of the

distribution function. This allows one to relate the higher-order moments to the lower-order

moments of interest. This assumed distribution function must have the same number of

free parameters, α, as there are moments in the solution vector (macroscopic properties of

interest). The free parameters are chosen so that they are in agreement with the known

moments of interest, as given by Eq. (2.3). It then becomes possible to integrate the closing

fluxes, since the distribution function is now known. The obtained closing fluxes naturally

become a function of the known moments.

2.5.1 The Euler Equations

The well-known compressible Euler equations describe inviscid, adiabatic gas flows. As

an illustrative example, they are described here in the moment-closure framework. A set

of five moment equations can be obtained by using the generating velocity weight vector,
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W (vi) = [1, vi, vivi],

∂

∂t
〈mF〉+

∂

∂xi
〈mviF〉 = −1

τ
[〈mF〉 − 〈mM〉] , (2.15)

∂

∂t
〈mviF〉+

∂

∂xj
〈mvivjF〉 = −1

τ
[〈mviF〉 − 〈mviM〉] , (2.16)

∂

∂t
〈mviviF〉+

∂

∂xj
〈mvivivjF〉 = −1

τ
[〈mviviF〉 − 〈mviviM〉] . (2.17)

Note that the number of velocity weights is equal to the number of unknown in the Maxwellian

which are ρ, ui and p. By using the relations between the macroscopic properties and the

velocity moments of the distribution function, the previous set of equations can be rewritten

in terms of the properties of interest,

∂

∂t
[ρ] +

∂

∂xi
[ρui] = 0 , (2.18)

∂

∂t
[ρui] +

∂

∂xj
[ρuiuj + Pij] = 0 , (2.19)

∂

∂t
[ρuiui + Pii] +

∂

∂xj
[ρuiuiuj + 2uiPij + ujPii +Qjii] = −Pii − 3p

τ
. (2.20)

At this point, a form of the distribution has not been chosen. Equations (2.18) to (2.20)

are true in general. As explained previously, the spacial divergence term in Eqs. (2.16) and

(2.17) or Eqs. (2.19) and (2.20) contains moments, Pij and Qjii, that are not part of the

known properties of interest and therefore render the system unclosed. The system can be

closed by choosing a form for the distribution function, relating the closing moment to the

lower-order moments, that are known. If one chooses the distribution function to be the

exponential of a second-order polynomial,

F = eα0+αivi+βvivi , (2.21)

then the number of free-coefficient is equal to the number of unknown in the Euler equation.

The reason for this choice of form of the distribution function will become apparent in further

sections. The free-coefficients can be obtained by solving the following equations relating

the macroscopic properties of interest to the weighted integrals of the distribution function,

ρ = 〈mF〉 ,

ρui = 〈mviF〉 ,
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ρuiui + 3p = 〈mviviF〉 ,

yielding,

α0 = ln

[
ρ

m

(
ρ

2pπ

) 3
2

]
− ρ

2p
uiui ,

αi =
ρui
p
,

β = − ρ

2p
.

By substituting the obtained values for α0, αi and β into Eq. (2.21) the Maxwell-Boltzmann

distribution is obtained. By using this distribution to calculate the closing fluxes, the well-

known Euler equations for a monatomic gas are recovered,

∂

∂t
[ρ] +

∂

∂xi
[ρui] = 0 (2.22)

∂

∂t
[ρui] +

∂

∂xj
[ρuiuj + pδij ] = 0 (2.23)

∂

∂t
[ρuiui + 3p] +

∂

∂xj
[ρuiuiuj + 5puj] = 0 . (2.24)

Here, Eq. (2.24) is double the traditional energy equation. It is written this way for con-

sistency with other closures shown in this work. As known, the Euler equations are only

valid for inviscid flows with no heat-transfer. This demonstrate the need of a more complex

distribution function with a larger associated velocity weight vector in order to model more

macroscopic properties, such as viscosity and heat transfer.

2.5.2 Choice of The Distribution Function

There exist a large variety of techniques related to the choice of the distribution function.

The next sections discusses some of the most common techniques proposed. The choice of

technique used directly impacts the system of moment equations that will be obtained. Some

traditional techniques, like the Grad closure, are based on distribution functions that are

a perturbation around a Maxwellian. Alternatively, the maximum-entropy technique relies

on using the distribution function that maximizes the entropy, a measure of likelihood, of

the distribution. Some more recent techniques, such as the φ-divergences technique, are
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inspired by the maximum-entropy closure and are based around an approximation method.

Finally, some more contrasting methods are based on weighted quadratures method to yield

a distribution function.

2.5.3 The Grad Closure

The most well-known hierarchy of moment closures is the Grad closures [15]. For these

closures, the proposed distribution function consist of a Hermite polynomial expansion

around the Maxwellian,

F = (α0H0 + αiHi + αijHij + · · · )M . (2.25)

That is, the distribution function is assumed to be a polynomial expansion around an equi-

librium Maxwellian. This Maxwellian may be a “global”, constant distribution or may be the

Maxwellian with the local density, bulk velocity, and pressure. In Eq. (2.25), [α0, αi, αij , · · · ]
are the coefficients and are dependent on space and time, while [H0, Hi, Hij , · · · ] are Hermite

polynomials. These polynomials are defined as,

Hi1,i2,··· ,iN =
1

M
∂N

∂ci1∂ci2 · · · ∂ciN
M , (2.26)

where N is the order of the polynomial. If a global Maxwellian is used, these polynomials

will be constant. If the Maxwellian adapts to the local gas condition, so will the Hermite

polynomials. These polynomials form an orthogonal basis with respect to the Maxwellian

distribution function, that is∫∫∫
∞

Hi1,i2,··· ,iN (ci)Hi1,i2,··· ,iM (ci)M(ci)dcxdcydcz = 0 , (2.27)

when the Hermite polynomials are different. The Hermite polynomial H0 is equal to 1.

The coefficients multiplying the Hermite polynomials, α, are chosen so that the distribution

function is consistent with the moments of interest. The number of polynomial/coefficient

must be equal to the number of moments of interest. The first four Hermite polynomials

have the form

H0 = 1 , (2.28)
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Hi = −ρ
p
ci , (2.29)

Hij =
ρ2

p2
cicj −

ρ

p
δij , (2.30)

Hijj = −ρ
3

p3
cicjcj + 5

ρ2

p2
ci . (2.31)

If the moments of interest are V = [ρ, ui, p], which are the moments corresponding to the

Euler equation, then the following Grad distribution function with the Hermite polynomial

H0, Hi and Hii is obtained,

F =

(
α0 − αi

ρ

p
ci + αii

(
ρ2

p2
cici − 3

ρ

p

))
M . (2.32)

The coefficients α0, αi and αii need to be found so that the moments of interest of the

distribution function are satisfied. This leads to

α0 = 1 , (2.33)

αi = 0 , (2.34)

αii = 0 . (2.35)

The resulting distribution function is simply the Maxwellian shown earlier. When using this

distribution, the Euler equations are again recovered. This shows that the Euler equations

are the lowest-order member of the Grad hierarchy of closures. To model a wider set of

macroscopic properties, more Hermite polynomials and closure coefficients are required. The

Grad 13-moment closure has the ability to model viscous stresses and heat-transfer. This

distribution has the general form,

FG13 = (α0 + αiHi + αijHij + αijjHijj )M , (2.36)

where the system of equations is generated using the velocity weight vector W = [1, vi, vivj,

vivjvj]. The corresponding moments of interest are V = [ρ, ui, Pij , Qijj ]. In this case, the

obtained coefficients are,

α0 = 1 , (2.37)

αi = 0 , (2.38)
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αij =
Pij − pδij

2ρ
, (2.39)

αijj = −Qijj

10ρ
, (2.40)

when this distribution function is inserted into Maxwell’s equation of change, a set of thirteen

PDEs is obtained,

∂

∂t
[ρ] +

∂

∂xi
[ρui] = 0 (2.41)

∂

∂t
[ρui] +

∂

∂xj
[ρuiuj + Pij ] = 0 (2.42)

∂

∂t
[ρuiuj + Pij ] (2.43)

+
∂

∂xk
[ρuiujuk + uiPjk + ujPik + ukPij

+
1

5
(Qillδjk +Qjllδik +Qkllδij )] = −3Pij − Pkkδij

3τ

∂

∂t
[ρuiujuj + uiPjj + 2ujPij +Qijj ] (2.44)

+
∂

∂xk

[
ρuiujujuk + 2uiujPjk + uiukPjj + ujujPik + 2ujukPij

+ uiQkjj + ukQijj + 2uj
1

5
(Qillδjk +Qjllδik +Qkllδij ) +

(
7
p

ρ
Pik − 2

p2

ρ
δik

)]
= −3Qijj + 2 (3Pikuk − Pkkui)

3τ

The first equation is simply the conservation of mass, the following three are the conservation

of momentum. The next six describe the conservation of energy decomposed in modes

associated with different directions. Finally the last three describe the evolution of the

energy flux, including the heat transfer tensor.

Although Grad’s technique yield a closed set of locally hyperbolic equations, the assumed

distribution function is not guaranteed to be positive. Because the polynomial multiplying

the Maxwellian could be negative, the distribution could show a negative probability for

some particle velocities, which is not physical. Furthermore, there are realizable moments

arbitrarily close to equilibrium for which the closed system of equation is not hyperbolic [10].

This happens when the eigenvalues of the corresponding flux Jacobian are complex. Con-

sequently, the system is ill-posed and a solution is not guaranteed. Finally, the addition
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of more polynomials and closure coefficient does not necessarily translate to a system of

equation yielding more accurate solution [43].

2.5.4 The ϕ-Divergences Closure

A more recent closure inspired from the maximum-entropy hierarchy has been proposed

by Abdelmalik and van Brummelen [1]. The ϕ-divergences closure is based on an approx-

imation of the exponential function. The standard limit definition for the exponential is

expressed as,

exp(f) = lim
n→∞

(
1 +

f

n

)n
≈
(

1 +
f

N

)N
, (2.45)

where f is an arbitrary function. Unfortunately, in the limit where v → ±∞, the trun-

cated exponential and its derivatives do not decay to zero. This is essential in order to

obtain finite macroscopic properties. Furthermore, for values of N that are odd, the trun-

cated exponential can possibly be negative. To preserve the properties mentioned above,

a modified approximation of the exponential is required. One such approximation is the

q-exponential [44],

ẽxpq(f) = [1 + (1− q)f ]1/(1−q)+ , (2.46)

where q 6= 1 and [f ]+ = 1
2
f + 1

2
|f | is the non-negative part of a function. The q-exponential

and the truncated limit definition of the exponential are related when 1− q = 1
N

,

ẽxpq(f) =

[
1 +

f

N

]N
+

. (2.47)

The proposed distribution function for the ϕ-divergences closure is

FN =M ẽxpq(α
TW ) =M

(
1 +

αTW

N

)N
+

, (2.48)

where α and W are the free coefficient and the velocity weights respectively and M is

a Maxwellian distribution that pre-factors the q-exponential approximation. Pre-factoring

by a Maxwellian ensure a decay to zero of the distribution function as v → ±∞. While

this pre-factored Maxwellian is independent of the moments it can be dependent on space

and time. The independence of the Maxwellian on the moments preserve the symmetry of

the flux Jacobian and the hyperbolicity of the system. The values for the free-coefficients,

α, are found by performing a Newton search using the moments. This closure leads to a
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hyperbolic set of equations with a strictly positive distribution function. This is nice because

it is a “bridge” between Grad and Maximum-Entropy. When a value of N = 1 is chosen, a

Grad distribution is recovered. Conversely, when a value of N →∞ is chosen, the resulting

distribution function correspond to the one that maximizes entropy.

2.5.5 Quadrature-Based Moment Methods

Another technique to close a system of moment equations, is quadrature-based moment

closure. Quadrature-based methods were first introduced by McGraw [32] in the context

of aerosol dynamics description. Since then, Fox has developed more advanced quadrature

method of moments (QMOM) for both one-dimensional and multi-dimensional distribu-

tions [29]. This method is based on the approximation of the velocity distribution function

by a set of weighted quadrature points,

F ≈
N∑
γ=1

ωγδ(vi − ξγ,i) , (2.49)

where ξγ,i is the location of the γth quadrature point in velocity space and ωγ is its associated

weight. This allows one to express moments of the distribution function as a weighted sum

of all quadrature points,

〈mw(vi)F〉 ≈
N∑
γ=1

mw(ξγ,i)ωγ . (2.50)

A choice for the number and location of quadrature points must be done, the technique

involved to do so for one-dimensional distributions differs vastly from the one used for multi-

dimensional distributions.

One-Dimensional Quadrature-Based Distribution Functions

For one-dimensional distribution functions, the number of quadrature points needed is

directly related to the number of known macroscopic moments. In order to use N quadrature

points, one needs 2N moments, since there is 2N unknowns, N quadrature locations and N
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associated weights. It is possible to write a set of 2N equations for this relation,

Ui =
〈
mviF

〉
=

N∑
γ=1

mωγξ
i
γ . (2.51)

However, solving these relations directly has proven challenging due to the high degree of

some of the polynomials. One approach to solving for the locations of the quadratures and

their weights is to first define the following matrices,

H =


U0 U1 · · · UN−1

U1 U2 · · · UN
...

...
. . .

...

UN−1 UN · · · U2N−2

 and J =


U1 U2 · · · UN

U2 U3 · · · UN+1

...
...

. . .
...

UN UN+1 · · · U2N−1

 , (2.52)

which are composed of the 2N known moments and are both symmetric. It is possible to

rewrite these matrices as,

H = RWRT and J = RΛWRT , (2.53)

where the matrix R is defined as

R =



1 1 · · · 1

ξ0 ξ1 · · · ξN−1

ξ2
0 ξ2

1 · · · ξ2
N−1

...
...

. . .
...

ξN−1
0 ξN−1

1 · · · ξN−1
N−1


, (2.54)

and where the diagonal matrices W and Λ are defined as

W =


w1 0 · · · 0

0 w2 · · · 0
...

...
. . .

...

0 0 · · · wN−1

 and Λ =


ξ0 0 · · · 0

0 ξ1 · · · 0
...

...
. . .

...

0 0 · · · ξN−1

 . (2.55)

The expressions shown in Eq. (2.53) are just the matrix form of the equation shown in

Eq. (2.51). By multiplying the matrix J by the inverse of matrix H it is possible to obtain

an expression where the weights, wα, are not present. This makes it possible to solve directly
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for the location of the quadrature points without knowing the associated weights.

JH−1 = RΛWRT
(
RWRT

)−1

= RΛWRTR−TR−1W−1

= RΛR−1 , (2.56)

where R and R−1 would be the right and left eigenvectors of the JH−1 matrix respectively

while Λ would be the eigenvalues. It is then possible to find the quadrature points since

their locations correspond to the eigenvalues of the obtained matrix,

det(JH−1 − ξI) = 0 . (2.57)

Once the locations of the quadrature points as a function of the known moments is obtained,

it is possible to find their associated weights by simply solving N of the 2N equations shown

in Eq. (2.51), which are now all linear. With the quadrature points locations and weights

calculated, any higher-order moments can also be expressed as shown in Eq. (2.51).

Multi-Dimensional Quadrature-Based Distribution Function

In the case of multi-dimensional distribution functions, the quadrature points cannot be

obtained through a direct method, as is possible for one-dimensional distribution functions.

When the distribution function spans multiple dimensions, a choice of quadrature points

with strictly positive weights appears to be challenging. Furthermore, the obtained model is

not guaranteed to be hyperbolic. A method must be used to solve for the quadrature points

while insuring positive weights, realizability, and hyperbolicity. Such methods have been

proposed by Fox [29], the most successful ones being the conditional quadrature method of

moments (CQMOM) [46] and the extended quadrature method of moments (EQMOM) [47].

These methods preserve all previously mentioned desired properties in a way that is not

extensively expensive to compute.

Though quadrature-based moment closures, and the other techniques shown in this chap-

ter, continue to be developed, the choice in this work is to follow the maximum-entropy

hierarchy of closures due to their history of modelling accuracy and mathematical elegance.

Details of these methods are shown in the next chapter.
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Chapter 3

The Maximum-Entropy Hierarchy

One promising technique for the selection of the assumed distribution function is based on

entropy-maximization [11, 28, 36]. In this technique, F is chosen so that the entropy is max-

imized while the known moments are respected. For monatomic perfect gases, the entropy

density is known to be the moment associated with the velocity weight, M = − (lnF − 1).

Mathematically this maximization problem is expressed as,

max
F
〈−(F lnF − F)〉 such that U = 〈WF〉 . (3.1)

This optimization problem is usually solved using the method of Lagrange multipliers. A

vector of Lagrange multipliers, α, is defined and the constrained maximization is recast as

an expanded unconstrained problems, where one searches for a critical point of,

L = 〈− ((F lnF − F)〉 −αT (U − 〈WF〉) . (3.2)

The critical point of the Lagrangian function is defined as the point where ∂L
∂F = 0,

∂L
∂F

= 〈− lnF〉+αT 〈W 〉 = 0

=
〈
lnF −αTW

〉
= 0 (3.3)

By observation of Eq. (3.3), it is trivial that it is satisfied if the distribution function is of

the form,

FM.E. = eα
TW, (3.4)
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where α is the vector of closure coefficients, which are also the Lagrange multipliers, and W

is the vector of velocity weights of the closure.

The distribution function associated with this technique ensures a positive number den-

sity for all velocity space. Closures of this type also have an elegant proof of hyperbolicity

for the resulting PDEs when a distribution function of the form given in Eq. (3.4) can be

found that is consistent with the moments of interests [28]. This can be shown by defining

a density potential, h(α), and a flux potential, fi(α),

h(α) =
〈
eα

TW
〉

ji(α) =
〈
vie

αTW
〉
. (3.5)

Taking the first derivative of these potentials with respect to the coefficient vector, α, leads

to,

h,α(α) =
〈
W eα

TW
〉

= U ji,α(α) =
〈
viW eα

TW
〉

= Fi , (3.6)

where the index ,α denotes the first derivative with respect to α. Equation (2.13) can be

rewritten as
∂h,α
∂t

+
∂ji,α
∂xi

= S . (3.7)

By taking the second derivative of the potentials with respect to α,

h,α,α(α) =
〈
WW T eα

TW
〉

=
∂U

∂α
ji,α,α(α) =

〈
viWW T eα

TW
〉

=
∂Fi
∂α

,

(3.8)

and by using the chain rule, Eq. (3.7) can be written as a transport equation for the closure

coefficients, α,

h,α,α
∂α

∂t
+ ji,α,α

∂α

∂xi
= S . (3.9)

The hessian matrix, h,α,α, is positive definite since,

NTh,α,αN = NT
〈
WW T eα

TW
〉
N =

〈
NTWW TNeα

TW
〉

=
〈(
NTW

)2
eα

TW
〉
> 0 ,

(3.10)

for any non-zero vector N . By the positive definiteness of h,α,α and the symmetry of ji,α,α,

Eq. (3.9) has the Godunov form of a symmetric hyperbolic system for α [13].

In addition to its mathematical elegance, one strong physical argument for the choice of

this technique is that the distribution with the maximum entropy is statistically the most

likely distribution for a given set of known moments [35]. If one must select a distribution

based on incomplete information, the most likely one is a good choice.
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When working with maximum-entropy closures, the velocity weights must be chosen

such that they meet three conditions [28]. They must contain the weight associated with

the Euler equations as a subset, since they represent the equilibrium state. They must also

be translationally and rotationally invariant to ensure that the associated set of equations

maintain these invariants. Finally, they must be chosen such that the distribution function is

finite for all velocity space, even when the particle velocity goes to infinity, so that moments

of the distribution function remain finite. The satisfaction of these conditions leads to a

positive distribution function that generates a set of equations that are hyperbolic in nature.

The first four members of the maximum-entropy hierarchy in three-dimensions are,

N = 5 W = [1, vi, vivi] V = [ρ, ui, p] , (3.11)

N = 10 W = [1, vi, vivj] V = [ρ, ui, Pij ] , (3.12)

N = 14 W = [1, vi, vivj, vivjvj, vivivjvj] V = [ρ, ui, Pij , Qijj , Riijj ] , (3.13)

N = 21 W = [1, vi, vivj, vivjvk, vivivjvj] V = [ρ, ui, Pij , Qijk , Riijj ] , (3.14)

where N is the number of equations, W is the velocity weight vector and V is the vector of

moments of interest.

The first two members of the maximum-entropy hierarchy are the 5-moment and 10-

moment closures. In both cases the distribution function is an exponential of a second-order

polynomial. The 5-moment closure leads to the well known compressible Euler equations.

The 10-moment closure, with the distribution function

F =
ρ

m (2π)3/2 (det Θ)1/2
exp

(
−1

2
Θ−1
ij cicj

)
, where Θij =

Pij

ρ
, (3.15)

leads to a system of ten hyperbolic equations capable of predicting compressible viscous gas

flow without heat-transfer. This closure has been proven to be very accurate and successful

for flow prediction in both the continuum and transition regimes [2, 6, 7, 16, 41]. However,

its inability to model heat transfer limits its application to situations where this effect is

negligible. The next two members of this family are the 14-moment and 21-moment closures.

The distribution functions associated with these two closures are an exponential of a fourth-

order polynomial, allowing for some skewness or asymmetry in the distribution function and

therefore granting the closure the ability to predict non-zero heat-transfer. Unfortunately,

due to the fourth-order nature of the polynomial, αTW , it is impossible to integrate the
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closing fluxes in closed form. To obtain the closing fluxes at each flux calculation, one needs to

use an iterative procedure that require repeated numerical integration over all velocity space.

This iterative procedure consists of solving the entropy-maximization problem numerically

in order to solve for the coefficient, α, contained in the distribution function and then

numerically integrate the closing fluxes. Commonly, a Newton search is used to solve this

problem, for which convergence appears to be challenging in some instances. This procedure

is prohibitively expensive and cannot practically be used as it requires many 3D numerical

integrations on infinite domains whenever a flux is needed.

In the case of the 14-moment closure, an approximation for the closing fluxes has been

previously proposed by McDonald and Torrilhon [31]. The approximation is robust and

hyperbolic for a one-dimensional gas, however, its extension to three-dimensions is not as

robust and loses hyperbolicity for some physically realizable states. Further investigation

and experience with this fourteen-moment closure has revealed that proposed fits for the

heat-flux tensor are quite poor. Even more bothersome is the fact that the expressions for

the other higher-order fluxes rely directly on the approximation for the heat-flux tensor.

Thus, errors in the fit for Qijk seriously pollute all closing fluxes. By moving to a twenty-

one-moment closure, the entire uncontracted heat-flux tensor is added to the solution vector.

Also, when the interpolation technique is applied to this expanded closure, closing fluxes do

not couple together—they only depend on entries in the solution vector. Therefore, errors

in one flux cannot pollute the approximations for other terms. It is therefore expected that

a more accurate and robust closure with twenty-one moments could be easier to construct.

This is the main goal of this thesis.

3.1 Numerically Solving the Entropy-Maximization

Problem

It was mentioned that, in the event where the distribution function cannot be integrated

in closed-form, it is necessary to use an iterative procedure to numerically solve for the

values of the free-coefficients, α associated with a target state, Utarget. For this purpose, the

Newton iterative method is used to optimize the associated cost function,

min
α
J(α) , (3.16)
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with the iterative step,

αn+1 = αn −
[
∂2J(α)

∂α∂α

]−1
∂J(α)

∂α
. (3.17)

If the cost function, J(α), is convex, then there exists a unique solution to the optimization

problem. In the context of the entropy-maximization problem, the cost function is,

J(α) = 〈mF(α)〉 −αTUtarget , (3.18)

where F is the chosen distribution function and α are the free-coefficients consistent with

the solution vector Utarget. The first and second derivatives of the cost function, J(α), with

respect to α are,
∂J(α)

∂α
= 〈mWF(α)〉 −Utarget , (3.19)

∂2J(α)

∂α∂α
=
〈
mWW TF(α)

〉
. (3.20)

As shown in Eq. (3.10), the Hessian of the cost function is positive definite and in this case

proves the convexity of the cost function J(α). Since Newton’s method converges to the

critical point, where the first derivative is zero, it can be seen by inspection of Eq. (3.19)

that, at convergence,

〈mWF(α)〉 = Utarget , (3.21)

and the correct free-coefficients are therefore obtained. Once the numerical iterative method

completed, it is then possible to numerically the distribution function to obtain the closing

fluxes. In order to initiate the iterative process described in Eq. (3.17), an initial guess for

the values of α must be provided. The initial values for α are often chosen to be the one

associated with the Gaussian distribution function described in Eq. (3.15).

Even though the convexity of the cost function guarantees a unique solution, this tech-

nique cannot be used to calculate the closing fluxes at each time step. To start, many

iterations are necessary, each requiring integration over the entire velocity domain, render-

ing the method computationally expensive. Furthermore, in some instances convergence to

a solution can be impossible due to ill-conditioning caused by very large first and second

derivatives.
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Chapter 4

A Closed-Form Approximation for the

Closing Fluxes of the

Fourteen-Moment Closure

The following section summarizes the work of McDonald and Torrilhon [31] on the devel-

opment of a closed-form approximation for the fourteen-moment closure of the maximum-

entropy hierarchy. The approximation for the twenty-one moment model is, in part, based

on this work. It is also important to present this closure in order to better show its issues

and the motivation behind the current move to the twenty-one moment closure. This closure

is the first in the maximum-entropy hierarchy to contain a treatment for heat-transfer. For

this closure, the vector of generating weights is W = [1, vi, vivj, vivjvj, vivivjvj], which leads

to the following system of equations,

∂

∂t
[ρ] +

∂

∂xi
[ρui] = 0 (4.1)

∂

∂t
[ρui] +

∂

∂xj
[ρuiuj + Pij ] = 0 (4.2)

∂

∂t
[ρuiuj + Pij ] +

∂

∂xk
[ρuiujuk + uiPjk + ujPik + ukPij +Qijk ] = Cij (4.3)

∂

∂t
[ρuiujuj + uiPjj + 2ujPij +Qijj ] (4.4)
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+
∂

∂xl
[ρuiujujul + 2uiujPjl + uiulPjj + ujujPil + 2ujulPij

+ uiQljj + ulQijj + 2ujQijl +Riljj ] = Cijj

∂

∂t
[ρuiuiujuj + 2uiuiPjj + 4uiujPij + 4uiQijj +Riijj ] (4.5)

+
∂

∂xk
[ρuiuiujujuk + 2uiuiukPjj + 4uiuiujPjk + 4uiujukPij + 2uiuiQkjj

+ 4uiukQijj + 4uiujQijk + 4uiRijjk + ukRiijj + Siijjk ] = Ciijj

The necessary closing fluxes for the fourteen-moment model (those present in the flux, but

not the solution vector) are shown in red in Eq. (4.1)–(4.5). A closed-form approximation is

necessary for those moments in order to close the system.

4.1 Region of Physical Realizability of the

14-Moment Closure

To begin investigating expressions for the closing fluxes, it is first useful to evaluate what

region in moment space corresponds to physically realizable states. Physical realizability

requires the existence of a positive distribution function consistent with a given set of mo-

ments. This allows one to restrict the size of the region for which an approximation to the

closing fluxes is needed. Solving a Hamburger problem gives a necessary, but unfortunately

not sufficient condition, for the physical realizability region [17]. This analysis is done by

defining a matrix

Y =
〈
mMMTF

〉
=


ρ 0 0 0 Pii

0 Pxx Pxy Pxz Qxii

0 Pxy Pyy Pyz Qyii

0 Pxz Pyz Pzz Qzii

Pii Qxii Qyii Qzii Riijj

 ,

where M = [1, vx, vy, vz,v
2]
T

. For this treatment, it is assumed that the gas is viewed from

a frame of reference in which the bulk velocity is zero, ui = 0. A necessary condition for

physical realizability is that this matrix be positive definite. This is because, for a positive
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distribution function, F , it is necessary that the matrix, Y , be positive definite, as

NTY N = NT
〈
mMMTF

〉
N =

〈
mNTMMTNF

〉
=
〈
m
(
NTM

)2F
〉
> 0 , (4.6)

for any vector N . The positive definiteness of the matrix is ensured when the density, ρ, is

bigger than zero, the pressure tensor, Pij, is positive definite and when

Riijj ≥ Qkii

(
P -1
)
kl
Qljj +

PiiPjj

ρ
. (4.7)

Although this analysis typically provides only a necessary condition on realizability, extensive

experience suggests that this indeed describes all of physically realizable states in the case

of the fourteen-moment closure. Moment states that do not respect the condition given by

Eq. (4.7) are states that are not physically realizable. That is, they do not correspond to

any positive distribution.

4.2 The Junk Subspace

Along with the physical realizability region, it is also important to investigate which

physically realizable state can be realized by the assumed form of the distribution function.

Junk has shown that there exists a subspace of physically realizable states that cannot be

realized by an assumed distribution function of a form that maximizes entropy [23]. Since

the equilibrium state resides on the boundary of the Junk subspace, it is important to

consider it in the development of an approximation. For the fourteen-moment closure in

three-dimensional space, it is known that the Junk subspace is given by

Qijj = 0 Riijj >
2PjiPij + PiiPjj

ρ
. (4.8)

When all entries of the heat-flux vector are zero, there is a maximum value for the fourth-

order moment. The distribution function at this maximum value corresponds to the assumed

form from the ten-moment Gaussian closure of maximum-entropy. Moment states with a

larger value for the fourth-order moment present a singularity in their closing flux and cannot

be calculated. That is, the value of the fifth-order closing fluxes go from positive infinity on

one side of the Junk subspace to negative infinity on the other side.
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Figure 4.1: Low-dimensional representation of physically realizable moment space of the
fourteen-moment model

4.3 Parabolic Mapping of Moment Space

A parabolic mapping between the Junk subspace and the physical realizability boundary

was found to be useful in the development of expressions for the approximate closing fluxes.

A new variable, σ, is defined such that it is equal to zero at the Junk subspace and one at

the physical realizability limit. A low-dimensional representation of realizable moment space

is illustrated in Figure 4.1, when σ = 1 the parabola overlaps the realizability boundary,

and as σ is reduced the corresponding parabola moves up on the R axis and shrinks in the

direction of the Q axis until it lays over the Junk subspace as σ = 0. The mapping variable,

σ, is defined through the expression

Riijj =
1

σ
Qkii

(
P -1
)
kl
Qljj +

2(1− σ)PijPji + PiiPjj

ρ
, (4.9)

29



leading to

σ =
A+

√
A2 + 8ρPijPjiQkii (P -1)kl Qljj

4PijPji

, (4.10)

where,

A = 2PijPji + PiiPjj − ρRiijj .

4.4 Closing Fluxes on the Physical Realizability

Boundary

Numerical investigation has shown that, on the physical realizability boundary, the distri-

bution function is non-zero only on a sphere in velocity space [31]. An example distribution

on this boundary is shown in Figure 4.2.

It is possible to center the sphere at the origin by performing a simple Galilean transfor-

mation on the velocity frame of reference. This involves simply shifting the sphere in velocity

space so that it is centered at the origin. The new shifted frame of reference is denoted by

the hat notation in the following. If the sphere was originally centered at a velocity, vc, the

new velocity in the shifted frame of reference is v̂ = v− vc. Such a transformation does not

impact the moments of the distribution function generated with random velocity weights.

The only macroscopic property that is impacted is the bulk velocity. Since the distribution

is only non-zero on a sphere it is now possible to relate higher-order contracted moments to

lower-order moments. This is because any v̂2 terms in higher-order contracted moments can

be taken out of the integral, since they are constant on the sphere. For example,

Ûii =
〈
mv̂2F

〉
= v̂2 〈mF〉 = v̂2ρ ,

where v̂2 is the square of the radius of the spherical distribution function in velocity space.

The new shifted bulk velocity can also be found easily since,

Ûijj =
〈
mv̂iv̂

2F
〉

= v̂2 〈mv̂iF〉 = v̂2ρûi ,

which can be solve to find that,

ûj = −1

2

(
P -1
)
ij
Qikk .
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(a) ρ = 1, ux = uy = uz = 0, Pxx = 1/3,
Pyy = Pzz = 1/3, Qxii = 0, Qyii = Qzii = 0

(b) ρ = 1, ux = uy = uz = 0, Pxx = 2/3,
Pyy = Pzz = 1/6, Qxii = 0, Qyii = Qzii = 0

(c) ρ = 1, ux = uy = uz = 0, Pxx = 1/3,
Pyy = Pzz = 1/3, Qxii = 0.3, Qyii = Qzii = 0

(d) ρ = 1, ux = uy = uz = 0, Pxx = 2/3,
Pyy = Pzz = 1/6, Qxii = 0.3, Qyii = Qzii = 0

Figure 4.2: Examples of distribution functions on the physical realizability boundary.
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Through the same technique it is also possible to obtain expressions for Rijkk and Sijjkk on

the boundary of physical realizability as

Rijkk = Qijl

(
P -1
)
lm
Qmkk +

PijPkk

ρ
, (4.11)

Sijjkk = P -1
knP

-1
lmQnppQmjjQikl + 2

PjjQikk

ρ
. (4.12)

Unfortunately, since the closing flux Qijk is not a contracted moment, it is impossible to use

this technique to find an expression for this tensor on the physical realizability boundary.

This has been the major disadvantage of using only fourteen moments.

4.5 Closing Fluxes at the Gaussian Level

At the Gaussian level, the lower boundary of the Junk subspace, it is possible to integrate

Rijkk analytically as

Rijkk =
1

ρ
(PijPkk + 2PikPkj ) . (4.13)

Since, for the Gaussian distribution function, all odd random velocity moments are zero, the

closed-form expression for Qijk and Sijjkk at this point is zero. It is however possible to find

derivatives. This is shown in detail in the work of McDonald and Torrilhon [31] and yields,

∂Qijk

∂Qmnn

=

[
2Pil

(
P 2
)
jk

+ 2Pkl

(
P 2
)
ij

+ 2Pjl

(
P 2
)
ik

]
B-1

lm

= Kijkm ,

∂Sijjkk

∂Qmnn

=
1

ρ

[
2Pil (Pαα)3 + 12Pil

(
P 3
)
αα

+ 14
(
P 2
)
αα

(
P 2
)
il

+ 20Pαα
(
P 3
)
il

+ 20
(
P 4
)
il
− 2

(
P 2
)
αα
PββPil − 6 (Pαα)2 (P 2

)
il

]
B-1

lm

= Wim ,

where,

Blm = 2Plm

(
P 2
)
αα

+ 4
(
P 3
)
lm
.
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It is then possible to approximate the value of Qijk and Sijjkk near a Gaussian as,

Qijk = KijkmQmnn (4.14)

Sijjkk = WimQmnn . (4.15)

4.6 Closing-Flux Approximations

By using the expressions for the closing fluxes at the realizability boundary and at the

Gaussian level, as well as the parabolic mapping, it is possible to develop expressions for

them in all moment space. The approximations for the closing fluxes chosen by McDonald

and Torrilhon are

Qijk = KijkmQmnn (4.16)

Rijkk =
1

σ
Qijl

(
P -1
)
lm
Qmkk +

2(1− σ)PikPkj + PijPkk

ρ
(4.17)

Sijjkk =
1

σ2
P -1
knP

-1
lmQnppQmjjQikl + 2σ

1
2
PjjQikk

ρ
+
(

1− σ
1
2

)
WimQmnn . (4.18)

These expressions were developed to match as closely as possible the exact closing fluxes

for an axisymmetric distribution function in velocity space and one-dimension in physical

space. Unfortunately, since no expression is obtained for Qijk at the realizability boundary,

the approximation for that closing flux is simply a linear extrapolation from the expression

at the Gaussian level, as shown in Eq. (4.16).

4.7 Limitation of the Fourteen-Moment

Approximations

The approximations proposed by McDonald and Torrilhon unfortunately suffer from one

main weakness. Only a small amount of information is known about the closing flux, Qijk ,

leading to a poorer approximation. This is illustrated in Figure 4.3. This figure shows

the ratio of Qxxx over Qxii in moment space for a value of σ = 0.55. The previously

proposed approximation does not well represent the third-order closing flux. As seen in
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(a) Exact maximum-entropy closing flux Qxxx (b) Approximated closing flux Qxxx

Figure 4.3: Comparison between the true maximum-entropy closing flux, Qxxx

Qxii
, and the

proposed approximation.

Eqs. (4.17) and (4.18), the approximation for the closing fluxes Rijkk and Sijjkk depend

strongly on the approximation for Qijk . Therefore a poor approximation for the third-order

closing flux renders the approximations for all higher-order closing fluxes poor as well. In

Figure 4.4, it is shown that, when using the exact value for Qxxx in the calculation of Rxxii

and Sxiijj, the result is in close agreement with the exact solution for the respective closing

flux. The closing fluxes obtained by solving the entropy-maximization problem are shown in

Figures 4.4a and 4.4b while the closing-fluxes calculated using the proposed approximation

are shown in Figures 4.4c and 4.4d. In Figures 4.4e and 4.4f the closing-fluxes calculated

using the proposed approximation but with the exact value for Qxxx is shown. The inaccurate

prediction of the closing fluxes yields a model that is not representative of the associated

distribution function and often leads to complex eigenvalues of the flux Jacobian. The loss

of hyperbolicity and accuracy is detrimental to the efficiency of the model in predicting non-

equilibrium flows. The lack of an accurate expression for Qijk at the realizability boundary,

as well as the limited amount of information known about this closing flux and its form,

makes the development of an accurate approximation challenging. In the twenty-one-moment

closure, all entries of the heat-flux tensor are part of the solution vector and the need of an

approximation is removed. In this closure, the approximations for the closing fluxes are

all independent of each other. This means that a weakness in one approximation does not

spread to approximations for other closing fluxes. This gives motivation that the 21-moment

closure may be easier to approximate accurately.
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(a) Exact maximum-entropy closing flux Rxxii (b) Exact maximum-entropy closing flux Sxiijj

(c) Approximated closing flux Rxxii (d) Approximated closing flux Sxiijj

(e) Approximated closing flux Rxxii using the
correct value for Qxxx

(f) Approximated closing flux Sxiijj using the
correct value for Qxxx

Figure 4.4: Comparison of the approximated higher-order closing flux calculated using the
approximated Qxxx vs the exact Qxxx for a value of σ = 0.55.
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Chapter 5

A New Closed-Form Approximation

for the Closing Fluxes of the

Twenty-One-Moment Closure

The presently investigated closure is the second in the maximum-entropy hierarchy to

contain a treatment for heat-transfer. For this closure, the vector of generating weights is

W = [1, vi, vivj, vivjvk, vivivjvj], which leads to the following system of twenty-one equations,

∂

∂t
[ρ] +

∂

∂xi
[ρui] = 0 (5.1)

∂

∂t
[ρui] +

∂

∂xj
[ρuiuj + Pij ] = 0 (5.2)

∂

∂t
[ρuiuj + Pij ] +

∂

∂xk
[ρuiujuk + uiPjk + ujPik + ukPij +Qijk ] = Cij (5.3)

∂

∂t
[ρuiujuk + uiPjk + ujPik + ukPij +Qijk ] (5.4)

+
∂

∂xl
[ρuiujukul + uiujPkl + uiukPjl + uiulPjk + ujukPil + ujulPik + ukulPij

+ uiQjkl + ujQikl + ukQijl + ulQijk +Rijkl ] = Cijk

∂

∂t
[ρuiuiujuj + 2uiuiPjj + 4uiujPij + 4uiQijj +Riijj ] (5.5)
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+
∂

∂xk
[ρuiuiujujuk + 2uiuiukPjj + 4uiuiujPjk + 4uiujukPij + 2uiuiQkjj

+ 4uiukQijj + 4uiujQijk + 4uiRijjk + ukRiijj + Siijjk ] = Ciijj

As was shown, in the case of the fourteen-moment closure, an expression is needed for all

entries of the heat-flux tensor, since they are present in the flux, but are not included in

the solution vector. The development of a closed form expression for the heat-flux tensor

has proven to be difficult especially in three-dimensional space. Furthermore, the expres-

sions developed for higher-order closing fluxes are functions of the heat-flux tensor. For the

fourteen-moment closure, if an accurate expression for the heat-flux tensor cannot be found,

then none of the closing fluxes can be approximated accurately. In the case of the twenty-

one-moment closure, all entries of the uncontracted heat-flux tensor are part of the solution

vector. It is therefore not necessary to propose an expression for them. Unfortunately, it is

now necessary to have an expression for the full uncontracted Rijkl tensor. However, more

information is known about this tensor since expressions for its once-contracted entries are

easily obtained. Furthermore, the developed approximations for the closing fluxes are fully

independent of each other. The necessary closing fluxes for the twenty-one moment model

are shown in bold in Eq. (5.1)–(5.5).

5.1 Region of Physical Realizability

Like the fourteen-moment model, a necessary condition for the physically realizable space

is obtained from performing a Hamburger moment problem, yielding the same condition as

obtained for the fourteen-moment model in Eq. (4.7),

Riijj ≥ Qkii

(
P -1
)
kl
Qljj +

PiiPjj

ρ
.

Unfortunately, for the twenty-one-moment model, experience shows that there are states

that satisfy this inequality that are not, in fact, realizable. By doing the Hamburger problem

with different vectors, M , it is found that there are also limits on the non-contracted fourth-

order moments that are not relevant in the fourteen-moment case. For example, even if

the value of Riijj is above the realizability limit in Eq. (4.7), depending on other entries

in the solution vector, it is possible that there are limits on other fourth-order moments,

such as Rxxxx . This limit can be obtained by doing the Hamburger problem with the vector
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M = [1, vx, vy, vz, vxvx]
T leading to the Hamburger matrix,

Y =
〈
mMMTF

〉
=


ρ 0 0 0 Pxx

0 Pxx Pxy Pxz Qxxx

0 Pxy Pyy Pyz Qyxx

0 Pxz Pyz Pzz Qzxx

Pxx Qxxx Qyxx Qzxx Rxxxx

 .

To ensure positive definiteness of the matrix, it is found that the fourth-order moment, Rxxxx ,

must satisfy

Rxxxx ≥ Qkxx

(
P -1
)
kl
Qlxx +

P 2
xx

ρ
.

This additional constraint, and others like it, must all be simultaneously satisfied for a state

to be realizable.

5.2 The Junk Subspace for the Twenty-One-Moment

Case

In the currently investigated twenty-one-moment closure, extra degrees of freedom rep-

resenting all entries of the heat-flux tensor are present, as compared to the fourteen-moment

model. It is possible to have a heat-flux tensor where the traces are equal to zero without

forcing every entry to be zero. If the Junk subspace of the twenty-one-moment closure were

to be the same as the fourteen-moment closure this would be detrimental as the subspace

would cover a large region and occupy a volume of moment space. Fortunately, experience

shows that, for this investigated closure, the Junk subspace only covers region where all

entries of the heat-flux tensor are simultaneously zero. The subspace is given by

Qijk = 0 Riijj >
2PjiPij + PiiPjj

ρ
. (5.6)

It is therefore possible to have the trace of the heat-flux tensor be zero and Riijj >
2PjiPij +PiiPjj

ρ

without being in the Junk subspace. This reduces the span of the Junk subspace for the

twenty-one-moment closure quite significantly. As the number of moments is increased from

fourteen to twenty-one, the Junk subspace remains infinitely thin, as was obtained for the

fourteen-moment closure. All moment-state elements of the Junk subspace for the twenty-
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one-moment closure are also elements of the Junk subspace for the fourteen-moment closure.

When all entries of the heat-flux tensor are zero, there is a maximum value for the fourth-

order moment. The distribution function at that maximum value also corresponds to the

ten-moment, Gaussian closure of maximum-entropy.

5.3 Parabolic Mapping of Moment Space

A similar parabolic mapping between the Junk subspace and the physical realizability

boundary on Riijj is used in the development of approximate expressions for the closing

fluxes. A variable, σ, is defined such that it is equal to zero at the Junk subspace and one

at the approximate physical realizability limit. The mapping variable, σ, is defined through

the following expression,

Riijj = Qkii

(
P -1
)
kl
Qljj +

1− σ
2σ

Qkij

(
P -1
)
kl
Qlij +

2(1− σ)PijPji + PiiPjj

ρ
, (5.7)

leading to,

σ =
[A] +

√
[A]2 + 4ρPijPjiQkij (P -1)kl Qlij

4PijPji

, (5.8)

where,

A =

[
ρQkii

(
P -1
)
kl
Qljj −

1

2
ρQkij

(
P -1
)
kl
Qlij + 2PijPji + PiiPjj − ρRiijj

]
.

The expression for σ is very similar to the one for the fourteen-moment closure [31]. It is

slightly altered so that σ is zero only when all entries of the heat-flux tensor are zero.

5.4 Closing Fluxes on the Physical Realizability

Boundary

As with the fourteen-moment case, numerical investigation has shown that, on the physi-

cal realizability boundary for Riijj, the distribution function exist only on a sphere in velocity

space. Once again, since the distribution is only non-zero on a sphere, it is possible to relate
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higher-order contracted moments to lower-order moments. It is again possible to obtain

expressions for Rijkk and Sijjkk on the boundary of realizability as

Rijkk = Qijl

(
P -1
)
lm
Qmkk +

PijPkk

ρ
, (5.9)

Sijjkk = P -1
knP

-1
lmQnppQmjjQikl + 2

PjjQikk

ρ
. (5.10)

As opposed to the fourteen-moment model, the closing fluxes, Rijkk and Sijjkk , are only

functions of known moments. Unfortunately, the closing flux Rijkl is not a contracted moment

and therefore it is not possible to use this technique to obtain a closed form expression on the

physical realizability boundary. However, since the form of the once-contracted fourth-order

moment is known, extra information is available to base the approximation of the closing

flux Rijkl . It is found that Rijkl can be well approximated on the boundary as,

Rijkl =
1

2

[
Qijm

(
P -1
)
mn
Qnkl +Qilm

(
P -1
)
mn
Qnjk +Qikm

(
P -1
)
mn
Qnjl

− 2

7

(
Qiom

(
P -1
)
mn
Qnoj δkl +Qiom

(
P -1
)
mn
Qnokδjl +Qiom

(
P -1
)
mn
Qnolδjk

+Qjom

(
P -1
)
mn
Qnokδil +Qjom

(
P -1
)
mn
Qnolδik +Qkom

(
P -1
)
mn
Qnolδij

− 1

5
Qpom

(
P -1
)
mn
Qnop(δij δkl + δikδjl + δilδjk)

)]
+

1

14

[
Qijm

(
P -1
)
mn
Qnppδkl +Qikm

(
P -1
)
mn
Qnppδjl +Qilm

(
P -1
)
mn
Qnppδjk

+Qjkm

(
P -1
)
mn
Qnppδil +Qjlm

(
P -1
)
mn
Qnppδik +Qklm

(
P -1
)
mn
Qnppδij

− 1

5
Qmmn

(
P -1
)
np
Qpqq(δij δkl + δikδjl + δilδjk)

]
+

1

ρ

3

10

[
PijPkl + PikPjl + PilPjk −

2

7

( (
P 2
)
ij
δkl +

(
P 2
)
ik
δjl +

(
P 2
)
il
δjk +

(
P 2
)
jk
δil

+
(
P 2
)
jl
δik +

(
P 2
)
kl
δij −

1

5

(
P 2
)
mm

(δij δkl + δikδjl + δilδjk)
)]

+
1

ρ

1

10

[
PijPmmδkl + PikPmmδjl + PilPmmδjk + PjkPmmδil + PjlPmmδik + PklPmmδij

− 1

5
PmmPnn(δij δkl + δikδjl + δilδjk)

]
. (5.11)

This is obtained by writing down all expressions that contracts to the correct contracted

moments and maintain a linear and rotational invariance.
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To better illustrate the process used to build this expression, the building procedure of

the first component of Eq. (5.11) is demonstrated as an example. An initial expression is

chosen such that it is rotationally and translationally invariant, in this case

Qijm

(
P -1
)
mn
Qnkl +Qilm

(
P -1
)
mn
Qnjk +Qikm

(
P -1
)
mn
Qnjl . (5.12)

When contracted on the k and l indices, this expression yields,

Qijm

(
P -1
)
mn
Qnkk + 2Qikm

(
P -1
)
mn
Qnjk , (5.13)

which differs from the contracted form shown in Eq. (5.9). In order for the contraction to

be in agreement with the contracted closing flux the second term in bold in Eq. (5.13) must

be removed, correction terms are added to the approximation, the first one being,

− 2

7

(
Qiom

(
P -1
)
mn
Qnoj δkl +Qiom

(
P -1
)
mn
Qnokδjl +Qiom

(
P -1
)
mn
Qnolδjk

+Qjom

(
P -1
)
mn
Qnokδil +Qjom

(
P -1
)
mn
Qnolδik +Qkom

(
P -1
)
mn
Qnolδij . (5.14)

Once contracted Eq. (5.14) has the form,

− 2

7

(
7Qiom

(
P -1
)
mn
Qnoj +Qkom

(
P -1
)
mn
Qnokδij

)
. (5.15)

The first term of Eq. (5.15) subtract perfectly the term in bold in Eq. (5.13), however the

first correction term also has a term that needs to be removed as shown in bold in Eq (5.15).

Therefore, a second correction term is added,

− 1

5
Qpom

(
P -1
)
mn
Qnop (δij δkl + δikδjl + δilδjk) , (5.16)

which contracts to,

−Qpom

(
P -1
)
mn
Qnopδij . (5.17)

When added together, this yield an expression that contracts to the contracted expression

in Eq. (5.9). The same process is then repeated for various rotationally and translation-

ally invariant expressions as well as for the analogous pressure components. From those

expressions, a combination is carefully selected such that it yields the closest fit to the exact

solution for the closing flux. That selection and combination is done through thorough exper-

imentations, observations and fittings of these expression. The obtained expression is both

translationally and rotationally invariant and also contracts to the correct form, recovering
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expressions for the contracted fourth-order moments.

5.5 Closing Fluxes at the Gaussian Level

At the Gaussian level it is possible to integrate Rijkk and Rijkl analytically,

Rijkk =
1

ρ
(PijPkk + 2PikPkj ) , (5.18)

Rijkl =
1

ρ
(PijPkl + PikPjl + PilPjk) . (5.19)

Again, since for the Gaussian distribution function all odd random velocity moments are

zero, the expression for Sijjkk is simply zero, however it is possible to find its derivative.

Again, this is shown in more detail by McDonald and Torrilhon [31] and yields

∂Sijjkk

∂Qmnn

=
1

ρ

[
2Pil (Pαα)3 + 12Pil

(
P 3
)
αα

+ 14
(
P 2
)
αα

(
P 2
)
il

+ 20Pαα
(
P 3
)
il

+ 20
(
P 4
)
il
− 2

(
P 2
)
αα
PββPil − 6 (Pαα)2 (P 2

)
il

]
B-1

lm

= Wim ,

where,

Blm = 2Plm

(
P 2
)
αα

+ 4
(
P 3
)
lm
.

It is then possible to approximate the value of Sijjkk near a Gaussian as,

Sijjkk = WimQmnn . (5.20)

5.6 Closing Fluxes Approximation

By using the expressions for the closing fluxes at the realizability boundary and at the

Gaussian level, as well as the modified parabolic mapping, it is possible to develop expressions

for all closing fluxes in all moment space. The approximations for the fourth-order closing
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fluxes are,

Rijkk = Qijl

(
P -1
)
lm
Qmkk +

1− σ
2σ

Qlik

(
P -1
)
lm
Qmkj +

2(1− σ)PikPkj + PijPkk

ρ
(5.21)

Rijkl =
1

2

[
Qijm

(
P -1
)
mn
Qnkl +Qilm

(
P -1
)
mn
Qnjk +Qikm

(
P -1
)
mn
Qnjl
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(
Qiom

(
P -1
)
mn
Qnoj δkl +Qiom

(
P -1
)
mn
Qnokδjl +Qiom

(
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)
mn
Qnolδjk

+Qjom

(
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mn
Qnokδil +Qjom

(
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mn
Qnolδik +Qkom
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)
mn
Qnolδij

− 1
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Qpom

(
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)
mn
Qnop(δij δkl + δikδjl + δilδjk)

)]
+

1

14
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Qijm

(
P -1
)
mn
Qnppδkl +Qikm

(
P -1
)
mn
Qnppδjl +Qilm

(
P -1
)
mn
Qnppδjk

+Qjkm

(
P -1
)
mn
Qnppδil +Qjlm

(
P -1
)
mn
Qnppδik +Qklm

(
P -1
)
mn
Qnppδij

− 1

5
Qmmn

(
P -1
)
np
Qpqq(δij δkl + δikδjl + δilδjk)

]
+

1

ρ

[(
1+
( 3

10
−1
)
σ
)(
PijPkl+PikPjl+PilPjk

)
−σ 3
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2

7

( (
P 2
)
ij
δkl+

(
P 2
)
ik
δjl+

(
P 2
)
il
δjk

+
(
P 2
)
jk
δil +

(
P 2
)
jl
δik +

(
P 2
)
kl
δij −

1

5

(
P 2
)
mm

(δij δkl + δikδjl + δilδjk)
)]

+ σ
1

ρ

1

10

[
PijPmmδkl + PikPmmδjl + PilPmmδjk + PjkPmmδil + PjlPmmδik + PklPmmδij

− 1

5
PmmPnn(δij δkl + δikδjl + δilδjk)

]
+

(1− σ)

14σ

[
Qmio

(
P -1
)
mn
Qnjoδkl +Qmio

(
P -1
)
mn
Qnkoδjl +Qmio

(
P -1
)
mn
Qnloδjk

+Qmjo

(
P -1
)
mn
Qnkoδil +Qmjo

(
P -1
)
mn
Qnloδik +Qmko

(
P -1
)
mn
Qnloδij

− 1

5
Qmpo

(
P -1
)
mn
Qnpo(δij δkl + δikδjl + δilδjk)

]
. (5.22)

The approximation both contract to the correct expression to match the contracted fourth-

order tensor and is rotationally invariant. The approximation for the fifth-order closing flux

is expressed as,

Sijjkk =
1

σ2
P -1
knP

-1
lmQnppQmjjQikl + 2σ

1
2
PjjQikk

ρ
+
(

1− σ
1
2

)
WimQmnn . (5.23)
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These expressions are developed to match, as closely as possible, the exact closing fluxes for

an axisymmetric distribution function in velocity space and one-dimension in physical space.

5.7 Fidelity of the Approximation and Region of

Hyperbolicity

To demonstrate the accuracy of the approximation for the closing fluxes, some comparison

to the exact maximum-entropy closing fluxes are plotted. Figures 5.1a, 5.1c, and 5.1e show

the closing flux, Rxxxx , obtained from the approximation on the left as compared to the

maximum-entropy value on the right. These are computed for the non-dimensional case

where ρ = 1 and Pii = 1. The results are plotted for a value of Qxii = 0.1 for the case

where σ = 0.2 and a value of Qxii = 0.2 for the remaining cases. The value of Qxxx is varied

such that the set value for Qxii is conserved. The moment Pxx is varied from 0.1 to 0.9 in

a manner where Pii = 1. The values of σ are respectively 0.2, 0.5 and 0.9 for the three

graphs. These plots were chosen because they represent a large part of moment space. The

approximation shows a good overall agreement with the exact solution for the closing flux.

To conserve the advantages related to the hyperbolic first-order nature of the model it is

important to have eigenvalues of the flux Jacobian that are strictly real. If the eigenvalues

have a non-zero imaginary part, then hyperbolicity is lost. Figures 5.1b, 5.1d and 5.1f show

the largest ratio of the imaginary part of the eigenvalues over its norm. The plots correspond

to the previous cases shown, respectively.

While the approximation does not offer a globally hyperbolic closure through all mo-

ment space, it does preserve hyperbolicity in most of moment space. Most regions of non-

hyperbolicity present only weak imaginary parts and only a limited portion of moment space

show strongly non-hyperbolic behaviour.
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(a) Closing flux Rxxxx at σ = 0.2, exact solution
on the right and approximation on the left

(b) Largest imaginary part of the eigenvalue
over its norm for σ = 0.2

(c) Closing flux Rxxxx at σ = 0.5, exact solution
on the right and approximation on the left

(d) Largest imaginary part of the eigenvalue
over its norm for σ = 0.5

(e) Closing flux Rxxxx at σ = 0.9, exact solution
on the right and approximation on the left

(f) Largest imaginary part of the eigenvalue
over its norm for σ = 0.9

Figure 5.1: Comparison of the approximated closing flux with the exact solution for various
sigma and associated hyperbolicity plot.
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Chapter 6

Dispersion Analysis of the

Twenty-One Moment Closure

Hyperbolic-relaxation system of equations are characterized by a dispersive wave be-

haviour. When subjected to a perturbation, the apparent speed of propagation and damping

rate depends on the frequency and wave number of the disturbance applied. A dispersion

analysis is used to asses the reaction of the system to a perturbation and also gives in-

sight into the overall stability of the system. The dispersion analysis yields the apparent

wavespeeds of different modes as a function of the Knudsen number, as well as their re-

spective damping rates. The state chosen to perform the analysis is the one where ρ = 1,

ui = 0, Pxx = Pyy = Pzz = 1, Pxy = 0, and for which the heat flux is zero, this is be-

cause that is the equilibrium state where the source term is zero. It is expected that at

low Knudsen numbers, corresponding to a collision dominated regime, the Euler wavespeeds

be recovered. The technique used to determine the dispersion wave and the amplification

factors are shown in details by Hittinger [20] and Brown [6]. In one-dimension, the system

of hyperbolic-relaxation equation is

∂U

∂t
+
∂F

∂x
= S , (6.1)
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and since, at the analysis point, the source term, S, is zero, and since the analysis relies on

small perturbations, it can be linearized as

∂U

∂t
+A

∂U

∂x
= QU , (6.2)

where A = ∂F
∂U

and Q = ∂S
∂U

. This is expected to well approximate the full non-linear system

for small perturbation in U . Note that, in this analysis, the solution vector used is,

U =



ρ

ρux

ρuy

ρuxux + Pxx

ρuxuy + Pxy

ρuyuy + Pyy

Pzz

ρuxuxux + 3uxPxx +Qxxx

ρuxuyuy + uxPyy + 2uyPxy +Qxyy

uxPzz +Qxzz

ρuyuxux + uyPxx + 2uxPxy +Qyxx

ρuyuyuy + 3uyPyy +Qyyy

uyPzz +Qyzz

ρ(uxuxuxux + 2uxuxuyuy + uyuyuyuy)

+2(uxux + uyuy)(Pxx + Pyy + Pzz) + 4(uxuxPxx + 2uxuyPxy + uyuyPyy)

+4ux(Qxxx +Qxyy +Qxzz) + 4uy(Qyxx +Qyyy +Qyzz) +Riijj



. (6.3)

It is possible to express Eq. (6.2) as an operator acting on U(
I
∂

∂t
+A

∂

∂x
−Q

)
U = 0 . (6.4)

In order to study the behaviours of different modes of waves, the initial condition can be
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chosen to be

U(x, 0) = U0e
−iκx , (6.5)

where κ ∈ R correspond to the wave number. The ansatz solution is then

U(x, t) = V (t)e−iκx . (6.6)

By substituting Eq. (6.6) into Eq (6.4), the problem becomes an ordinary differential equation

dV

dt
= (iκA+Q)V , (6.7)

and the solution for V (t) has the form

V (t) = eit(κA−iQ)U0 . (6.8)

The Jordan canonical form of κA− iQ is expressed as,

κA− iQ = R (Λ +N )R−1 , (6.9)

where R is the transition matrix, Λ is the diagonal matrix of eigenvalues of κA − iQ and

where N is the nilpotent matrix which is zero if κA− iQ is diagonizable. The solution for

V (t) in Eq. (6.8) can be rewritten as,

V (t) = eitR(Λ+N)R−1

U0

= Reit(Λ+N)R−1U0

= ReitΛ (I + itN )R−1U0 . (6.10)

By substituting Eq. (6.10) into Eq. (6.6), the solution to the original system is obtained,

U(x, t) = Rei(tΛ−κxI) (I + itN )R−1U0 . (6.11)

To obtain the apparent wavespeeds and the damping rate of the system, it is needed to find

the eigenvalues of κA− iQ by solving

det (κA− iQ− λI) = 0 . (6.12)

In this analysis, κ is proportional to the Knudsen number and the Jacobians are evaluated

at equilibrium. The obtained eigenvalues are typically complex in nature, λ = λR+ iλI . The
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apparent wavespeeds of the system in Eq. (6.8) are described by

ω =
λR
κ
. (6.13)

The attenuation rate of the waves is, on the other hand, described by

e−λI . (6.14)

As shown in Figure 6.1a, the apparent wavespeeds of the system are well behaved. They are

finite and show a smooth transition through the Knudsen number domain while maintaining

a damping rate between zero and one. Since k is the frequency of the applied perturbation

on the system, a low frequency indicates a slow process where the collision have time to

impact the state. Conversely, high frequencies indicates a fast process where collisions do

not have time to impact the state. On the right-hand side are the apparent wavespeeds

for large Knudsen number, corresponding to a free molecular regime. In this collisionless

limit, the eleven distinct non-dimensional apparent wavespeeds have values 0.0, ±0.833523,

±0.999995, ±1.30316, ±1.73132 and ±2.43564. When redimensionalized, these x-direction

wavespeeds are scaled by
√
Pxx/ρ. As the Knudsen number is decreased, the maximum

and minimum wavespeeds recovered on the left-hand side of the graph correspond the Euler

wavespeeds.

Figure 6.1b shows the damping rate of the modes with respect to the Knudsen number.

In order to have a stable system it is important that the damping rate remains lower than

one. The dispersion analysis obtained with the approximated closure correspond perfectly

to the one obtained with the exact closure obtained by solving the entropy maximization

problem.

For the five- and ten-moment closure, a detailed analysis of the eigensystem of the flux

Jacobian allows one to study the information and physical phenomena carried by each wave.

Unfortunately, for both the fourteen- and twenty-one-moment closures, the system is far too

complex for a similar analysis.
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(a) Wavespeeds of different modes.

(b) Damping rates of different modes.

Figure 6.1: Dispersion analysis of the proposed twenty-one moment model.
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Chapter 7

Novel Approximation for the

Knudsen-Layer Boundary-Condition

In order to obtain a physically accurate solution, it is important to have a proper treat-

ment of solid-wall boundary conditions. It is important to recover the proper interaction

between the particles and the wall. Appropriate solid-wall boundary-condition for moment-

closure models are not trivial. Solutions to the treatment of solid-wall boundary conditions

have been proposed, notably the ones by Tensuda [42] and Khieu [26]. A common tech-

nique is to assume an infinitesimally thin Knudsen layer at the wall [15]. In this layer, the

velocity distribution function of the fluid is described as a combination of the distribution

of the particles coming from the interior flow-field and that of the particles reflected from

the wall. All particles with a velocity directed towards the wall have statistics described

by the distribution function near the wall. For the particles with a velocity directed away

from the wall, an accommodation coefficient, α, is defined. A specular reflection is defined

to be when α is zero. In this case, the particles are reflected from the wall in a specular

manner. On the other hand, a diffusive reflection is obtained when α is one, in which case

the particles reflected from the wall are described by a Maxwell-Boltzmann distribution with

the wall temperature, TW , and wall velocity, uW . For a value of α between zero and one,

the reflected particles are expressed by a combination of the reflected incoming distribution

and the Maxwell-Boltzmann distribution function. The resulting distribution function in

the Knudsen layer for a right vertical solid-wall, as illustrated in Figure 7.1, is therefore
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expressed as,

FKn = F+ + F− , (7.1)

where F+ and F− are

F+ =

0 vx < 0

F(vx, vy, vz) vx > 0
(7.2)

F− =

αM(vx, vy, vz) + (1− α)F(−vx, vy, vz) vx < 0

0 vx > 0
(7.3)

and where F is the distribution function of the interior flow andM is the Maxwell-Boltzmann

distribution with velocity and temperature of the wall. The fluxes at the boundary are

obtained by computing the following integral,

FBC =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

mvxW
(
F+ + F−

)
dvxdvydvz . (7.4)

By assuming that the normal bulk velocity to the wall is zero, which means that the net

particle flux through the wall is also zero, it is possible to determine the corresponding

density of the reflected particles,∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

mvx
(
F+ + F−

)
dvxdvydvz = 0 . (7.5)

For a Maxwell-Boltzmann distribution with a temperature, Tw, and an accommodation co-

efficient, α, of one the previous equation gives,

ρM =

√
2π

RsTw

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

mvxF+dvxdvydvz . (7.6)

Once this density is obtained, all information related to the wall distribution function is

known and the boundary fluxes can be computed.
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Reflected Distribution

Function (α = 1)

Incoming Distribution

Function

vx

F

Knudsen Layer

Figure 7.1: Knudsen wall boundary and associated distribution function.

7.1 Approximation for the Half Integral of the

Interior Flow Distribution Function

In order to derive the Knudsen layer, the following integral of the interior flow distribution

function needs to be performed,

F+ =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

mvxWFdvxdvydvz . (7.7)

For the 5- and 10-moment model of maximum entropy, the distribution function can be

integrated analytically in closed form and, further, be used to determine the boundary fluxes

associated with a Knudsen layer. However, since for higher-order distribution functions, it is

impossible to evaluate the integrals in closed form, a different approach must be developed

to approximate the half-flux of these distribution function.

While higher-order distribution functions cannot be integrated in closed form, they can

be evaluated at equilibrium. That is, any order moment can be evaluated at equilibrium. To

approximate the half flux out of equilibrium, an extrapolation from its value at equilibrium

is proposed. The half-flux and the half-flux Jacobian is first evaluated at equilibrium for

the same density, bulk velocity, and thermodynamic pressure as the flow and are denoted

F+
M and dF+

dU

∣∣∣
M

respectively. The half-flux for the higher-order distribution is then linearly

extrapolated from the equilibrium half-flux using the flux-Jacobian evaluated at equilibrium

as shown in Eq. (7.8).

F̃+
F = F+

M +
dF+

dU

∣∣∣∣
M

(UF −UM) . (7.8)
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This insures that the correct boundary flux is recovered when the flow at the wall is at

equilibrium. From Eq. 7.4, the fluxes at the boundary can be rewritten as,

FBC = F̃+
F +

∫ ∞
−∞

∫ ∞
−∞

∫ 0

−∞
mvxWMdvxdvydvz , (7.9)

where the density of the Maxwellian, M, is found using Eq. 7.6.

7.1.1 Validation of the New Boundary Condition

To assess the performance of the proposed solid-wall boundary condition, a Couette flow

is solved for various Knudsen numbers, from the continuum to the rarefied regime. The goal

is to compare the normalized shear stress and slip velocity in the continuum and rarefied

regimes as well as its transition between the two.

At low Knudsen number, the shear stress is expected to vary linearly with the Knudsen

number as predicted by the Navier-Stokes equations. As the Knudsen number is increased

past the transition regime, the shear stress is expected to deviate from the Navier-Stokes

prediction until it reaches the free-molecular shear stress. That is because the flow is expected

to slip at the wall. This should be observable when looking at the slip velocity. For high

Knudsen number, the velocity slip is expected to be infinite and the flow to be stagnant.

The normalized shear-stress and slip-velocity for a Couette flow between two plates going

at the same constant speed but in opposite directions, is shown in Figure 7.3 for varying

Knudsen numbers. While there is a discrepancy in the free-molecular regime, the results

follow closely the Lees approximate solution[45] in the continuum and transition regime

given by,

P̄xy =
2 Kn

1 + 2 Kn
ūslip =

1

1 + 2 Kn
. (7.10)

The deviation in the free-molecular regime is due to some weakness in the extrapolation of

the half-flux from the Maxwellian half-flux but also due to some deficiency in the Knudsen

layer treatment of solid-wall boundary conditions. This newly proposed solid-wall boundary

condition will be used to solve multi-dimensional cases in the continuum and transition

regime.
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Uw

Uw

Figure 7.2: Description of the Couette flow problem with the top plate moving at velocity
Uw, and the bottom plate moving at velocity −Uw.

(a) Normalized shear stress (b) Normalized slip velocity

Figure 7.3: Normalized shear stress and normalized slip velocity at different Knudsen number
for the Navier-Stokes, 21-Moment, free-molecular and Lees’ solution for a Couette flow.
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vy

Figure 7.4: Distribution function for the Couette flow in the free-molecular regime.

7.2 Deficiency of the Knudsen Layer Solid-Wall

Boundary Condition Method

The treatment of solid-wall boundary conditions through the assumption of a Knudsen

layer presents a deficiency for higher Knudsen numbers, where they are inaccurate. To better

illustrate the problem, it is easier to go back to the Couette flow problem and use it as an

example. In the free-molecular regime, the Couette flow problem shown in Figure 7.2 has a

uniform state everywhere between the two plates. The distribution function in this regime

is shown in Figure 7.4 and can be described by two half-Maxwellian, where all particles with

a positive velocity in the y direction have the distribution function of particles emitted from

the bottom plate and all particles with a negative y-direction velocity have the distribution

of particles emitted from the top plate. The two half-Maxwellian are centered at ±Uwall and

have the same temperature.

The discrepancy between the free-molecular solution and the solution obtained with the

21-moment model in Figure 7.3 was previously mentioned to be, in part, due to some weak-

ness in the approximation for the solid-wall boundary condition. To further investigate this

discrepancy, it can be useful to compute the solution for the 10-moment model, since an ap-

proximation is not necessary for this associated distribution function. Since the distribution
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Figure 7.5: Normalized shear stress for the 10-moment model

function associated with this model is an exponential of a second order polynomial, it is pos-

sible to integrate it analytically in closed form. The Couette flow solution for the 10-moment

model is shown in Figure 7.5. Although no approximation is done to calculate the fluxes at

the solid-wall boundaries, there is still a discrepancy in the free-molecular regime between

the exact solution and the one obtained with the 10-moment model. When using the Gaus-

sian distribution to approximate the two half-Maxwellian distribution shown in Figure 7.4, it

is possible to find a distribution that satisfies not only the macroscopic moments of interest

but also the fluxes associated with the two half-Maxwellian. The form of this distribution

function is shown in Figure 7.6.

The issue arises when looking at the boundary fluxes. Note that, in the steady-state

regime, the value of flux inside the flow must be equal to the boundary fluxes. While

the fluxes of the full Gaussian distribution match the ones of the two half-Maxwellian, the

boundary fluxes composed of one half-Maxwellian and one half-Gaussian distribution, shown

in Figure 7.7, does not match the boundary fluxes for the two half-Maxwellian or the intercells

fluxes. In other words, the fluxes associated with the half-Gaussian are not the same as the

fluxes of the half-Maxwellian. This translates into an incorrect flux at the boundary and

affects the steady-state solution obtained resulting in the obtained discrepancy.
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vy

Figure 7.6: Gaussian distribution in agreement with the two half-Maxwellian moments.

vx

vy

Figure 7.7: Half-Gaussian and half-Maxwellian distribution at the top wall.
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Although some deficiency is shown for this treatment of the boundary condition, its

effect on the overall solution is minimum. For the purpose of this work, the Knudsen layer

approximation is used to treat the boundary condition.
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Chapter 8

Numerical Results

To assess the performance and accuracy of the proposed model, some numerical cases

are run. The first case shown is a one-dimensional Mach 8 shock where the results are

compared with solutions from the Navier-Stokes equations, the 14-moment equations as well

as the direct solution of the BGK equation using a discrete-velocity method. This case

demonstrates a certain robustness of the model. Furthermore, a Sod shock tube case is run

in the continuum and rarefied regimes. The results are compared against the one obtained

from directly solving the BGK equation using a discrete-velocity method. Finally, a case of

a lid-driven cavity flow is computed for two different Knudsen numbers. At higher Knudsen

number, non-equilibrium effect are hoped to be recovered. The results are compared against

the solutions obtained for the 14-moment equations and DSMC calculations.

8.1 Stationary Shock

As a preliminary study, to test the robustness and accuracy of the newly developed

approximate model, a one-dimensional shock calculation is performed. A stationary shock

wave with an incoming Mach number of 8 is simulated using a standard Godunov-type first-

order finite-volume solver. The upstream density and pressure are 1.225 kg/m3 and 101325

Pa respectively and the flow is in local equilibrium. In one-dimension the semi-discrete form
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of the finite-volume scheme is expressed as

∂Ui
∂t

+
Fi+ 1

2
− Fi− 1

2

L
= Si (8.1)

where the index i indicates the number of the cell and L is the length of the cell. To compute

the fluxes at each edge, the Harten-Lax-van Leer (HLL) flux function [19] is used,

FHLL =


FL, if λL ≥ 0

λRFL−λLFR+λRλL(UR−UL)
λR−λL

, if λL ≤ 0 ≤ λR

FR, if λR ≤ 0

, (8.2)

where λL is the wave with the most negative velocity out of both states and λR is the wave

with the most positive velocity. The solution is advanced in time using explicit-Euler time

marching for the fluxes, while the stiff source term is treated implicitly,

Un+1
i = Un

i + ∆t

(
Fi+ 1

2
− Fi− 1

2

L

)n

+ Sn+1
i , (8.3)

where n denotes the time step at which the term is evaluated. Treating the source term

implicitly allows for a larger time-step to be taken. The flux Jacobian is computed using al-

gorithmic differentiation, the eigenvalues of the flux Jacobian are then computed numerically

and are therefore not approximated. The derivatives of each entry of the solution vector with

respect to the solution vector are known. Since the closing fluxes are only functions of the

solution vector, their derivatives with respect to the solution vector can be tracked as they

are being computed. This process is known as algorithmic differentiation. The derivatives

of all elements of the solution and flux vector are known and can be used to determine the

eigenvalues of the flux Jacobian.

The results obtained are compared to those obtained from a simple first-order discrete-

velocity scheme solving the BGK equation [33]. This allows one to validate the degree to

which the proposed model is a good approximation to the BGK equation. The fluxes for the

BGK solver are chosen using the upwinding flux. The time evolution is done using explicit-

Euler while the source term is again treated implicitly. For the discrete-velocity scheme, 400

cells are used in physical space while 100 cells per dimension are used in velocity space. For

the 21-moment solver, 2000 cells in physical space are used for the simulation. In both cases,

the simulation is run until it reaches steady state. Figures 8.1a, 8.1b, 8.1c, and 8.1d show the

density, the pressures, the heat transfer, and the temperatures across a shock with a Mach
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number of 8. Although some overshoots are present in the prediction of some of the flows

properties, it does show good agreement with the results obtained from solving the BGK

equation directly. More importantly, when observing the temperature and pressure profile

across the shock, the jump in the x component occurs before the one in the y component.

That is because the pressure and temperature in the direction of the shock are excited first,

the pressure and temperature in the other direction are excited later through collisions.

This effect is invisible to traditional fluid-mechanics models. In a similar manner, the x-

direction heat flux of x-direction energy is larger and occurs earlier than the y-direction

heat flux of x-direction energy. That behaviour is well recovered by the twenty-one moment

model. Figures 8.2a, 8.2b, 8.2c, and 8.2d show the density, the pressures, the heat transfer

and the temperatures across a shock of mach number 8, comparing the BGK equation, the

fourteen-moment approximation, the Navier-Stokes equations and the twenty-one-moment

approximation. It is clear that the twenty-one-moment model matches more closely the

results obtained with the BGK equation. To evaluate the hyperbolicity of the model, the

largest imaginary part of the eigenvalues normalized by the real part is plotted in Figure 8.2a.

As it can be seen, the model only present non-hyperbolicity on a small portion of the domain

and, for which, the imaginary part is relatively small compared to the real part.

8.2 The Discontinuous-Galerkin Hancock Method

For the multi-dimensional cases a Discontinuous-Galerkin Hancock Method is used in-

stead of a typical finite-volume scheme. The Discontinuous-Galerkin Hancock scheme (DGH),

originally proposed by Suzuki and Van Leer [40], is a coupled space-time method ideal for

solving hyperbolic balance law with a stiff source term. It also proves to be advantageous

for parallel implementation as a consequence of the low amount of communication required

between neighbour cells. This scheme also offers third order accuracy in both space and

time. The following section describes the numerical scheme, a more detailed explanation as

well as an assessment of its performance and accuracy has been done by Kaufmann [25].

Hyperbolic-relaxation balance laws generally have the form,

∂U

∂t
+
∂Fi
∂xi

= S . (8.4)

A solution is sought such that the product of the PDE with the chosen set of test functions,
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(a) Density (b) Pressures

(c) Heat transfer (d) Temperature

Figure 8.1: Mach 8 shock with the BGK equation and the 21-moment approximation.

integrated over the space-time domain, is satisfied. By doing so, the hyperbolic-relaxation

set of PDEs can be written as,∫∫
Ω(t)×T

ν(xj, t)
∂U

∂t
dxjdt = −

∫∫
Ω(t)×T

ν(xj, t)
∂Fi
∂xi

dxjdt+

∫∫
Ω(t)×T

ν(xj, t)Sdxjdt , (8.5)

where Ω(t)×T denotes the space-time domain with a time interval over [tn, tn+1] and where

ν(xj, t) is the arbitrary test function. Since the test function is chosen to only be non-zero

in one cell, the space domain, Ω(t), can be reduced to the one of only that cell, Ωk(t). By
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using integration by part, some terms in Eq. (8.5) can be expressed as,∫
T

ν(xj, t)
∂U

∂t
dt =

[
Un+1ν(xj, t)−Unν(xj, t)

]
−
∫
T

U
∂

∂t
ν(xj, t)dt , (8.6)

∫
Ωk(t)

ν(xj, t)
∂Fi
∂xi

dxj =

∫
Γk(t)

ν(xj, t)Fi · n̂idΓ−
∫

Ωk(t)

Fi
∂

∂xi
ν(xj, t)dxj , (8.7)

where Γk is the boundary of the cell and where n̂i is the outward pointing unit normal on the

boundary. By assuming that the spatial domain is fixed in time and that the test functions

are only a function of space further simplifications can be made. By substituting Eqs. (8.6)

and (8.7) into Eq. (8.5) and using the Fubini theorem allowing a change in the order of

integration the following is obtained,∫
Ωk

ν(xj)
[
Un+1 −Un

]
dxj =−

∫∫
Γk×T

ν(xj)Fi · n̂idΓdt+

∫∫
Ωk×T

Fi
∂

∂xi
ν(xj)dxjdt

+

∫∫
Ωk×T

ν(xj)Sdxjdt . (8.8)

For the DGH scheme, the chosen set of test functions is of linear nature,

ν(xj) = [1, x− xc, y − yc, z − zc] , (8.9)

where xc, yc, zc are the centroid of the cell. The solution in a cell can be written as a function

of the average solution, U k, the average solution gradient, (∆iU)k, and the test functions,

Uk = U k + (∆xU)k(x− xck) + (∆yU)k(y − yck) + (∆zU)k(z − zck) , (8.10)

where U k, (∆xU)k, (∆yU)k and (∆zU)k are called the degrees of freedom. By substituting

Eq. (8.10) into Eq. (8.8), and by integrating with each test function, a formula for the update

of the degrees of freedom is obtained,

U
n+1

k = U
n

k −
1

Vk

∫∫
Γk×T

Fi · n̂idΓdt+
1

Vk

∫∫
Ωk×T

Sdxjdt , (8.11)
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(∆xU)n+1
k

(∆yU )n+1
k

(∆zU )n+1
k

 =

(∆xU )nk
(∆yU)nk
(∆zU)nk

+Kk

(
−
∫∫

Γk×T

x− xcky − yck
z − zck

Fi · n̂idΓdt

+

∫∫
Ωk×T

FxFy
Fz

 dxjdt

+

∫∫
Ωk×T

x− xcky − yck
z − zck

Sdxjdt) , (8.12)

where Vk is the volume of the cell and Kk is the inverse matrix of the cell’s area moment of

inertia,

Kk =

Ixx Ixy Ixz

Ixy Iyy Iyz

Ixz Iyz Izz


−1

. (8.13)

To perform an update of the degrees of freedom, some numerical approximations are needed

for the evaluation of the interface flux, the surface and volume integral of the flux, the volume

integral of the source term and the time integral of the both the flux and the source term.

8.2.1 Interface Flux and Surface Integral

At the interface between two cells, the solution is discontinuous and an approximation

is needed to evaluate the fluxes. Flux functions such as the Roe [37] and the HLLE [18] are

used for that effect, they serve as an approximate Riemann solver.

To approximate the surface integral of the interface flux in Eq. (8.11), a two-points

Gaussian quadrature is used, ∫∫
Γk×T

Fi · n̂idΓdt ≈
∫
T

∑
ξ

wξF̃ξdt , (8.14)

where F̃ξ is the flux at quadrature point ξ approximated with the flux function and where

wζ are the associated weights. To integrate in time, the midpoint rule is used as an approx-
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imation leading to, ∫∫
Γk×T

Fi · n̂idΓdt ≈ ∆t
∑
ξ

wξF̃
n+ 1

2
ξ . (8.15)

The same quadrature rule and midpoint approximation in time is used to numerically inte-

grate the surface integral in Eq. (8.12),

∫∫
Γk×T

x− xcky − yck
z − zck

Fi · n̂idΓdt ≈ ∆t


∑
ξ

wξ(xξ − xck)F̃
n+ 1

2
ξ∑

ξ

wξ(yξ − yck)F̃
n+ 1

2
ξ∑

ξ

wξ(zξ − zck)F̃
n+ 1

2
ξ

 . (8.16)

The fluxes F̃
n+ 1

2
ξ are evaluated at time tn+ 1

2 . In order to approximate the value at a half

time step, a Hancock predictor step is taken. This technique is explained in more details

one of the coming section.

8.2.2 The Hancock Predictor Step

To approximate the solution at fractional timesteps, the Hancock predictor step is used.

The equation is essentially the same as Eq. (8.11) but without the consideration of interface

quadratures,

U
n+ψ

k = U
n

k −
1

Vk

∫∫
Γk×T ′

F̂i · n̂idΓdt+
1

Vk

∫∫
Ωk×T ′

Sdxjdt , (8.17)

where F̂i is the flux vector evaluated using only quadratures and solution within the element.

The time interval, T ′, is over [tn, tψ] where ψ is either 1
2

or 1
6
. To further simplify, the fluxes

are treated explicitly in time while the source is treated implicitly,

U
n+ψ

k = U
n

k −
ψ∆t

Vk

∫
Γk

F̂ n
i · n̂idΓ +

∫
Ωk

Sn+ψdxj

 . (8.18)

The volume integral of the source term in Eq. (8.18) is approximated by a single quadrature

point at the cell centroid while the surface integral of the fluxes is approximated by using

a two-points Gaussian quadrature rule. Once the cell-average is updated at a fractional

timestep, the solution at any location in the volume can be obtained by extrapolating from
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the average using the slopes at time tn,

Un+ψ
k = U

n+ψ

k + φnk

[
(∆xU)nk (∆yU)nk (∆zU)nk

]x− xcky − yck
z − zck

 , (8.19)

where φnk is a slope limiter used to prevent the introduction of new extremas.

8.2.3 Volume Integral of Flux and Source Term

In the cell average and slope update, Eqs. (8.11) and (8.12), there are three volume and

time integrals. Two of them for the source term and one for the fluxes. Due to the stiffness

of the source term, the Radau IIA method is used for time integration. This method is a

third order implicit time-marching scheme that has a general form,

yn+ 1
3 = yn + ∆t

[
5

12

(
dy

dt

)n+ 1
3

− 1

12

(
dy

dt

)n+1
]
,

yn+1 = yn + ∆t

[
3

4

(
dy

dt

)n+ 1
3

+
1

4

(
dy

dt

)n+1
]
. (8.20)

This adds the requirement for the state at timestep tn+ 1
3 .

The volume integral of the flux, is approximated using an eight-point Gaussian quadrature

in space. For the integration in time, A Radau IIA two-point quadrature is used. The volume

integral of the source term is approximated by a single point quadrature in space and by,

again, a Radau IIA approximation in time. Finally, the volume integral of the moment of

the source term is treated the same way as the one for the source term. A single point

quadrature is used to approximate the integration in space while the Radau IIA method is

used to approximate the integration in time.
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8.2.4 Discrete Update Formula

By inserting all chosen space-time integration approximations into Eqs. (8.11) and (8.12),

two discrete update formulas are obtained. For the cell average update,

[
U
n+ 1

3
k

U
n+1

k

]
=

[
U
n

k

U
n

k

]
− ∆t

Vk

1
3

∑
ξ

wξF̃
n+ 1

6∑
ξ

wξF̃
n+ 1

2

+ ∆t

[
5
12
I − 1

12
I

3
4
I 1

4
I

][
S
n+ 1

3

S
n+1

]
, (8.21)

where I is the identity matrix. For the slope update, the obtained discrete update formula

takes the form of,



(∆xU)
n+ 1

3
k

(∆yU)
n+ 1

3
k

(∆zU)
n+ 1

3
k

(∆xU)n+1
k

(∆yU)n+1
k

(∆zU)n+1
k


=



(∆xU)nk
(∆yU)nk
(∆zU)nk
(∆xU)nk
(∆yU)nk
(∆zU)nk


+ ∆tΥ



1
3

∑
ξ

wξ(xξ − xck)F̃
n+ 1

6
ξ

1
3

∑
ξ

wξ(yξ − yck)F̃
n+ 1

6
ξ

1
3

∑
ξ

wξ(zξ − zck)F̃
n+ 1

6
ξ∑

ξ

wξ(xξ − xck)F̃
n+ 1

2
ξ∑

ξ

wξ(yξ − yck)F̃
n+ 1

2
ξ∑

ξ

wξ(zξ − zck)F̃
n+ 1

2
ξ



+ ∆tΥ



1
3

∑
χ

wχ

[
1
2
(Fx)

n
χ + 1

2
(Fx)

n+ 1
3

χ

]
1
3

∑
χ

wχ

[
1
2
(Fy)

n
χ + 1

2
(Fy)

n+ 1
3

χ

]
1
3

∑
χ

wχ

[
1
2
(Fz)

n
χ + 1

2
(Fz)

n+ 1
3

χ

]
∑
χ

wχ

[
3
4
(Fx)

n+ 1
3

χ + 1
4
(Fx)

n+1
χ

]
∑
χ

wχ

[
3
4
(Fy)

n+ 1
3

χ + 1
4
(Fy)

n+1
χ

]
∑
χ

wχ

[
3
4
(Fz)

n+ 1
3

χ + 1
4
(Fz)

n+1
χ

]


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+ ∆t

[
5
12
I − 1

12
I

3
4
I 1

4
I

]


∂S
∂U

n+ 1
3 (∆xU )

n+ 1
3

k

∂S
∂U

n+ 1
3 (∆yU)

n+ 1
3

k

∂S
∂U

n+ 1
3 (∆zU)

n+ 1
3

k
∂S
∂U

n+1
(∆xU )n+1

k
∂S
∂U

n+1
(∆yU)n+1

k
∂S
∂U

n+1
(∆zU)n+1

k


, (8.22)

where, once again, I is the identity matrix and Υ is a block matrix defined as,

Υ =

Kk 0 0

0 Kk 0

0 0 Kk

 . (8.23)

8.3 Sod Shock Tube

The Sod shock-tube problem consist essentially of a Riemann problem in one dimension.

A left and right state are set as initial conditions and are time marched to a desired time.

The set left state has a density of 4.696 kg/m3, a velocity 0 m/s and a pressure of 404400

Pa while the right state has a density of 1.408 kg/m3, a velocity of 0 m/s and a pressure

of 101100 Pa. The solution is time marched until a final time of 0.007 s is reached. The

domain is 12 m long and the left and right state are discontinuous at the center. The case is

run with collision and without collisions by turning off the source term. For the colissionless

case, the relaxation time is set to τ = 1 × 10100 where as for the transition regime and

continuum regime the relaxation time is set to τ = 1.5× 104 and τ = 1× 10−10 respectively.

A resolution of 500 cells is used to compute the solution for the 21-moment model using

the Discontinuous-Galerkin-Hancock method. For the discrete-velocity scheme, 400 cells are

used in physical space while 100 cells per dimension are used in velocity space.

In the collision dominated regime, shown in Figures 8.3a, 8.3b, 8.3c and 8.3d, the solutions

from the 21-moment model and the BGK equation both recover the Euler solution. That is

because the source term is dominating. Both the BGK and the 21-moment solution are in

agreement. In the collisionless regime, shown in Figures 8.4a, 8.4b, 8.4c and 8.4d, the BGK

solution is expected to be smooth over the domain with no apparent discontinuities. The

21-moment solution is approximating the BGK solution with the presence of discontinuity
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associated with its different wavespeeds. This is expected since the 21-moment model is a

continuum treatment of the flow. The 21-moment solution still follows the BGK solution

relatively closely. In the transition regime, shown in Figures 8.5a, 8.5b, 8.5c and 8.5d,

the solution from the 21-moment model is able to predict the same solution as the BGK

solution. This supports the accuracy of the proposed model in predicting flow solutions in

the transition regime.

8.4 Lid-Driven Cavity Flow

The lid-driven cavity flow, as shown in Figure 8.6 consist of a square domain where

all boundaries are solid-walls that are stationary except for the top wall which moves at

a velocity of 50 m/s along the x-direction. The initial conditions for the argon gas are

atmospheric pressure and ambient temperature of 273 K with a density of 1.78 kg/m3. The

wall temperature is also set to be 273 K. A Cartesian mesh of 150 cells by 150 cells is used for

the computational domain. The Knudsen-wall boundary condition from Section 7 is used to

model the solid walls. The simulation is run using the third-order Discontinuous-Galerkin-

Hancock method.

The results computed with the 21-moment model is compared against the 14-moment

model and a DSMC solution by John, Gu, and Emerson [21, 22] for a Knudsen number of 0.1

and 0.05. The BGK collision model is used for the 14 and 21-moment models. The solution

for a Knudsen number of 0.05 is shown in Figures 8.7, 8.8 and 8.9 while Figures 8.10, 8.11

and 8.12 show the solution for a Knudsen number of 0.1. For a Knudsen number of 0.05, the

Mach number close to the lid is higher in the 14-moment and 21-moment solution than in the

DSMC solution. This could be attributed to the treatment of the solid-wall. For the rest of

the domain, all three solutions are in close agreement. The same can be said for a Knudsen

number of 0.1, where even at the lid the temperature is in better agreement with the DSMC

results. The DSMC plots for the temperature with the heat flux contour show a heat flux

that goes from the cold gas to the hot gas. This is a non-equilibrium effect that contradicts

Fourier’s law and therefore cannot be recover using the traditional Navier-Stokes equation.

This non-equilibrium effect is recovered by both the 14-moment and 21-moment model for

a Knudsen of 0.05 and 0.1. The temperature in the 14-moment and 21-moment solution is

higher than the DSMC solution especially near the lid in the case of the 14-moment model.

Once again, this is most likely due to the treatment of the solid-wall boundary condition.
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Finally, all three model are in fair agreement for the prediction of shear pressure for all

Knudsen number.
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(a) Density and normalized imaginary part of
associated eigenvalues

(b) Pressures

(c) Heat transfer (d) Temperature

Figure 8.2: Mach 8 shock with the BGK equation, the 14-moment approximation, the Navier-
Stokes equations and the 21-moment approximation.
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(a) Density (b) Pressure

(c) Velocity (d) Temperature

Figure 8.3: Sod problem at low Knudsen number with the BGK equation and the 21-moment
approximation.
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(a) Density (b) Pressure

(c) Velocity (d) Temperature

Figure 8.4: Sod problem at high Knudsen number with the BGK equation and the 21-moment
approximation.
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(a) Density (b) Pressure

(c) Velocity (d) Temperature

Figure 8.5: Sod problem at transition Knudsen number with the BGK equation and the
21-moment approximation.
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Uw

Figure 8.6: Description of the lid-driven cavity problem with the top wall moving at velocity
Uw.
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Figure 8.7: Mach number contour for the lid-driven cavity flow at Kn = 0.05 for DSMC
(top), 14-moment closure (middle) and 21-moment closure (bottom).
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Figure 8.8: Pxy contour for the lid-driven cavity flow at Kn = 0.05 for DSMC (top), 14-
moment closure (middle) and 21-moment closure (bottom).
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Figure 8.9: Temperature contour with heat-transfer streamline for the lid-driven cavity flow
atKn = 0.05 for DSMC (top), 14-moment closure (middle) and 21-moment closure (bottom).
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Figure 8.10: Mach number contour for the lid-driven cavity flow at Kn = 0.1 for DSMC
(top), 14-moment closure (middle) and 21-moment closure (bottom).
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Figure 8.11: Pxy contour for the lid-driven cavity flow at Kn = 0.1 for DSMC (top), 14-
moment closure (middle) and 21-moment closure (bottom).
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Figure 8.12: Temperature contour with heat-transfer streamline for the lid-driven cavity flow
at Kn = 0.1 for DSMC (top), 14-moment closure (middle) and 21-moment closure (bottom).
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Chapter 9

Conclusion

9.1 Summary

In this work, an approximation for the closing fluxes of the 21-moment model from

maximum-entropy is proposed. The previous fourteen-moment approximation has a poor fit

for the heat-flux tensor. By moving to twenty-one moments, the full heat-flux tensor is added

to the solution vector. This leads to a far superior approximation to the maximum-entropy

closure. In computing a stationary shock profile, the proposed model has shown to predict

the solution more accurately than the Navier-Stokes equation. It also showed to be in very

good agreement with the prediction obtained from directly solving the BGK equation. When

computing the lid-driven cavity case, non-equilibrium effects were recovered in agreement

with the DSMC solution. A reverse heat-transfer, contradicting Fourier’s law, was observed.

Although the proposed approximation is shown to be robust and stable, it, unfortunately,

does not present global hyperbolicity through all moment space. Furthermore, the neces-

sity to numerically compute the associated eigenvalues at every timesteps renders the pro-

posed model expensive in computation time. Finally, as explained, issues with the solid-wall

boundary condition take away from the accuracy of the solution computed with higher-order

maximum-entropy closures.

83



9.2 Future Work

Some future advancements could be undertaken to provide significant improvement to

the proposed model. An approximation for the eigenvalue of the model would provide much

lower computation time. This is even more important if three-dimensional cases are to be

computed. Also, the development of a more accurate method for the description of solid-

wall boundary condition would provide more physical accuracy to the solution. Finally, the

development of a Roe average [37] for the 21-moment model would allow the use of superior

more accurate flux functions.
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Math.-Naturwiss. Cl. Akad. Wiss. Wien, 66:275–370, 1872.

[6] S. L. Brown. Approximate Riemann Solvers for Moment Models of Dilute Gases. PhD

thesis, University of Michigan, 1996.

[7] S. L. Brown, P. L. Roe, and C. P. T. Groth. Numerical solution of a 10-moment model

for nonequilibrium gasdynamics. Paper 95-1677, AIAA, June 1995.

[8] Z. Cai, Y. Fan, and R. Li. Globally hyperbolic regularization of Grad’s moment system

in one dimensional space. Commun. Math. Sci., 11(2):547–571, 2013.

[9] Z. Cai, Y. Fan, and R. Li. Globally hyperbolic regularization of Grad’s moment system.

85



Commun. Pure Appl. Math., 67(3):464–514, 2014.

[10] Z. Cai, Y. Fan, and R. Li. On hyperbolicity of 13-moment system. Kinetic and Related

Models, 7:415 – 432, 2014.

[11] W. Dreyer. Maximization of the entropy in non-equilibrium. Journal of Physics A:

Mathematical and General, 20:6505–6517, 1987.

[12] R. O. Fox and F. Laurent. Hyperbolic quadrature method of moments for the one-

dimensional kinetic equation. SIAM J. Appl. Math., 82(2):750–771, 2022.

[13] S. K. Godunov. An interesting class of quasilinear systems. Sov. Math. Dokl., 2:947–949,

1961.

[14] T. I. Gombosi. Gaskinetic Theory. Cambridge University Press, Cambridge, 1994.

[15] H. Grad. On the kinetic theory of rarefied gases. Commun. Pure Appl. Math., 2:331–407,

1949.

[16] C. P. T. Groth and J. G. McDonald. Towards physically-realizable and hyperbolic

moment closures for kinetic theory. Continuum Mech. Thermodyn., 21(6):467–493, 2009.

[17] H. L. Hamburger. Hermitian transformations of deficiency-index (1, 1), jacobian matri-

ces, and undetermined moment problems. Amer. J. Math., 66:489–552, 1944.

[18] A. Harten. High resolution schemes for hyperbolic conservation laws. J. Comput. Phys.,

49:357–393, 1983.

[19] A. Harten, P. D. Lax, and B. van Leer. On upstream differencing and Godunov-type

schemes for hyperbolic conservation laws. SIAM Rev., 25(1):35–61, 1983.

[20] J. A. Hittinger. Foundations for the Generalization of the Godunov Method to Hyperbolic

Systems with Stiff Relaxation Source Terms. PhD thesis, University of Michigan, 2000.

[21] B. John, X.-J. Gu, and D. R. Emerson. Investigation of heat and mass transfer in a lid-

driven cavity under nonequilibrium flow conditions. Numer. Heat Trans., 58:287–303,

86



2010.

[22] B. John, X.-J. Gu, and D. R. Emerson. Effects of incomplete surface accommodation

on non-equilibrium heat transfer in cavity flow: A parallel dsmc study. Computers and

Fluids, 45:197–201, 2011.

[23] M. Junk. Domain of definition of Levermore’s five-moment system. J. Stat. Phys.,

93(5/6):1143–1167, 1998.

[24] M. Junk and A. Unterreiter. Maximum entropy moment systems and Galilean invari-

ance. Continuum Mech. Thermodyn., 14:563–576, 2002.

[25] W. Kaufmann. Extended hydrodynamics using the discontinuous-galerkin hancock

method. Master’s thesis, University of Ottawa, August 2021.

[26] L. Khieu, B. van Leer, and Y. Suzuki. An analysis of a space-time discontinous-Galerkin

method for moment equations and its solid-boundary treatment. Paper 2009–3874,

AIAA, June 2009.
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