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Abstract

In the quest to advance materials design, this thesis integrates Machine Learning (ML)
techniques with Density Functional Theory (DFT) data. A novel representation called
splashdown is formulated to capture long-range interactions, an aspect often neglected by
material representations. A project known as ORGANIZER leads to the creation of a
pivotal database, culminating in the discovery of a new organic solid-state lasing molecule
that doubled the state-of-the-art emission gain cross-section. Concurrently, a monte-carlo
based optimizer, aMC, is tested, demonstrating superior performance to gradient-based
methods without the need for expensive gradient computation. Enhanced Graph Neural
Networks (GNN)s predict High Entropy Alloy (HEA) catalysts for oxygen reduction reac-
tion, halving necessary DFT computations and unveiling a new HEA catalyst with a 0.27V
overpotential. The splashdown representation compares to state-of-the-art ones like MBTR
and SOAP in predicting long-range interactions. Collectively, these efforts highlight the
transformative potential of ML and some adjacent fields in materials science.
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Chapter 1

Introduction

Two overarching themes in science have nearly always been learning and modelling.
Christopher Bishop notes their difference in the book “Pattern Recognition and Machine
Learning” [19] with the two classic examples; Kepler and Newton. After extensive amounts
of observations, Kepler was able to carefully fit his empirical observations and come up with
the laws of planetary motion. Newton’s three laws of planetary motion are a classic example
of learning - or pattern recognition. Newton, however, laid out the foundations of classical
mechanics and brought immense advancements in the understanding of the classical world
- modelling. Kepler’s equations, introduced around 100 years before Newton’s, can also be
derived from his fundamental laws; hence the scientists’ inclination towards first principles.
The opposite statement can be made when extending from two-body to three or more body
systems where we run into chaotic behaviours and the first-principles viewpoint fails us.

Kepler and Newton’s examples demonstrate that there are two main approaches to
modelling: learning-based and first principles-based. Learning-based methods offer prac-
tical solutions for handling vast amounts of data, but they have the downside of pro-
ducing limited principles, making them less universal and transferable. In contrast, first
principles-based modelling provides a deeper understanding and greater universality, but
it can become expensive, or even infeasible to apply directly to practical problems when
situations become complicated.

These methods are in no way mutually exclusive. We can refer to Galileo who allegedly
dropped objects of different mass from the leaning tower of Pisa. He leveraged both
methods to transform the world of physics. Using empirical data - the times of the fall
- he constructed a model of motion: a learning-based method akin to Kepler’s. He then
extended this model to conceptualize the laws of falling bodies, a principle that serves



as one of the fundamental premises in Newton’s law of motion: a first principles-based
approach. This intertwining of learning and modelling has remained a cornerstone of
scientific exploration. Galileo’s approach illustrates how empirical data and first principles
can be combined to create models that are both practical and theoretically profound.

The modelling approach is appealing, but it faces practical challenges when dealing
with complex situations. This is partly due to the inability to effectively represent com-
plex models and functions, particularly in molecular dynamics studies where accurately
representing interatomic potential energy has proven challenging. As a result, expensive
quantum mechanical methods are often needed for high accuracy. However, in recent
years, machine learning, especially deep learning, has emerged as a promising solution
to overcome these limitations. This presents a unique opportunity to reassess the theo-
retical foundations of various scientific fields that involve modelling and learning, either
to develop new methodologies or to critically evaluate existing methodologies and solve
previously intractable problems.

1.0.1 The Energy Crisis

This brings us to a seemingly intractable challenge: solving the global energy crisis. Based
on current trends, greenhouse gases are predicted to cause catastrophic environmental
changes if global mean temperatures are not limited to an increase of 1.5°C by the year 2030.
This limit requires the transformation of almost all energy systems; from the way we power
our economies to the way we feed our growing populations [22,202]. Despite a significant
decrease in greenhouse gasses (1.1% annual growth from 2010 to 2019 compared to 2.6%
from 2000 to 2009'), the dependence on fossil fuels remains unsustainable. It is a cause of
great environmental concern. To avoid catastrophes, the shift towards renewable sources
of energy must accelerate globally. Novel and more efficient energy storage mechanisms
and materials are necessary to do so.

Then, a novel type of material shockingly appeared which may be the key to solving
this problem. In 2004, two principal investigators shook the whole of the materials science
community with their papers on materials composed of seemingly random combinations
of elements: the Yeh et al. group studying CuCoNiCrAlxFe [215] and the Cantor et al.
group studying FeCrMnNiCo [32]. This in turn sparked nearly 20 years of research efforts
into what is known as HEAs.

Material alloying has, throughout human history, been an essential tool in everyday life.
Many of the techniques employed in the past followed certain conventions, which in general

I'Emissions Gap Report 2022, UNEP



started with a principal component and added small amounts of various other components
to enhance materials as desired. A large difference with HEAs is the number of different
components and their concentrations. These tend to be composed of more than 4 different
elements at around equal concentrations. The reason for this will be discussed at more
length in chapter Section 2.3.

These materials immense potential in various applications due to their unique proper-
ties, such as high strength, ductility, and resistance to wear and corrosion [154]. These
properties are attributed to their complex, multi-component nature, which leads to a high
configurational entropy and promotes the formation of simple, solid-solution structures as
opposed to fragile intermetallics [246,254]. In the context of energy storage, HEAs have re-
cently attracted attention as potential catalysts for the oxygen reduction reaction Oxygen
Reduction Reaction (ORR), a key process in fuel cells and metal-air batteries [2413].

The ORR is a fundamental electrochemical reaction that involves the reduction of oxy-
gen to water or hydroxide ions, releasing a large amount of energy in the process. However,
the ORR is kinetically hindered, requiring a catalyst to enhance its efficiency. Tradition-
ally, precious metals such as platinum have been used as catalysts for these reactions, but
their scarcity and high cost limit their widespread use [223] and justify research in cheaper
and better alternatives.

While a breakthrough for solving quantum mechanics problems has not yet been achieved,
we have successfully applied deep learning techniques to molecular modelling at the nanoscale,
leading to small advancements in materials design for clean energy storage. This thesis
discusses some work done in this search for new electrocatalysts, with High Entropy Alloys
as the candidate surfaces. A large focus is on the machine learning methods employed. In
an adjacent field, machine learning optimizers will be explored as they have a large hand
in training these aforementioned deep learning networks. Lastly, another problem will be
tackled; the storage of these vast amounts of molecule data efficiently. Thus, the goal of
this dissertation is to offer a clear demonstration of these technologies and present some
important applications made possible by these tools.

In the following chapters, we first introduce the background and methods in molecular
modelling. We will then briefly start with linear models and the least squares method in
Section 2.5.1, to set a basis for explaining machine learning techniques in Section 2.5.3.
Then, we will discover some representation learning techniques which can be a very powerful
tool in modelling physical systems. This will lead us to learn about graph neural networks
(Section 2.5.4). To tie all these together, in Section 2.5.6 we discover the backbone of all
these methods; optimizers. Lastly, we learn about databases and their role in science and
molecule discovery with self-driving labs and why there is a need for molardb.



Chapter 2

Methods

2.1 Density Functional Theory

The electronic structure of solids is a very broad term, yet it can be simply defined as
the wavefunctions and energies associated with electrons. This definition, however, masks
the incredibly complex nature of interactions between electrons and nuclei that govern the
wavefunctions in the solid. There are on the order of 10%* individual particles that interact
with each other to form a solid, and all these interactions contribute to the electronic
structure. However difficult, it is of great importance to our daily lives to understand the
electronic structure of materials.

The electronic structure governs most properties of materials. Whether it is a conductor
of electricity, an insulator, or somewhere in between (semiconductor), its colour, hardness,
thermal conductivity, optical properties, and magnetic properties to name a few, are all
determined by how the electrons and nuclei interact [147].

Any way we see it, to understand the physical properties of materials we must first un-
derstand the quantum methodologies that govern them. To do so, it is almost satisfactory
to start with the many-electron Schrédinger equation,

ih%\lf(r, R,t) = HU(r, R, 1). (2.1)



The Hamiltonian, H, is defined as

. h? h? \%
H=— 2_ 7
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where r = (r1,...,7y) are the coordinates of the electrons and R = (Ry,..., Ry) the

nucleus in a d-dimensional Euclidean space. m; denotes the mass of the nucleus, m. the
mass of an electron and Z; the nuclear charge. ¢’s denote electron indices and position
vectors and j’s denote nuclei and the indices span to N, and N; respectively. V denotes
the gradient operator, h the reduced Planck constant and ¢, the permittivity of free space,
also known as the electric constant. The wavefunction, ¥(r, R, t), is normalized to 1. We
use the atomic unit here, and the spin indices are omitted for simplicity. Equation (2.2)
consists of three lines. The first represents the kinetic energy of the electrons and nuclei,
the second the Coulomb interaction between electrons and nuclei, and finally the Coulomb
interactions among all electrons and all nuclei.

DFT is a widely used quantum theory widely employed in condensed matter physics,
material science, computational physics, and quantum chemistry to forecast mechanical
and electronic properties of materials [171,186,229]. We use DFT to construct the Hamil-
tonian of a material at equilibrium. In the following, we describe the basic theories under-
lying DF'T.

2.1.1 The Born-Oppenheimer and Hartree-Fock approximations

In Equation (2.2), the only term that can be considered small is 1/M;. Ions vibrate around
their equilibrium positions, while electrons move around their corresponding ions and since
ions are much heavier than electrons (more than 1000 times), they tend to move much
slower than electrons [28|. This implies that the electrons can be considered as particles
that follow the nuclear motion adiabatically, meaning that they are “dragged” along with
the nuclei without requiring a finite relaxation time.

This leads to the Born-Oppenheimer (BO) ansatz, which assumes that ion motion is
much slower than an electron in motion so that ions can be regarded as fixed in space (in



other words setting M; to oco) when solving electron motion. This way, the electrons can
be treated as moving in an external potential generated by the “frozen” ions. As a result,
the system’s ground state wave function ¥ can be factorized into an electronic part and a
nuclear part, allowing the two components to be treated separately. More concisely,

U(r,R) =V, (r,R)V.(R), (2.3)
where the subscripts e and ¢ denote electronic and nuclear respectively. ¥, depends on

the electronic spatial coordinates and the nuclear positions, and ¥, depends only on the
nuclear positions. This gives rise to a new Hamiltonian:

Hoo= =5 YV gyt gy 24
PO " om, - © 8meg P lv; —ry|  4dmeg - Ir, — R '

Although this method simplifies the problem, describing the motion of numerous electrons
in an equilibrium potential field is still a complex many-body problem. As a result, fur-
ther simplification is needed to solve the many-body Schrodinger equation for systems
containing many electrons.

As the BO method remains intractable, we introduce another common approximation,
the Hartree-Fock (HF) method [94]. Here, we simplify the interactions between electrons
even more. This method assumes that each electron moves in the average field created by
all the other electrons, rather than considering the interactions between individual pairs of
electrons explicitly. This reduces the problem to a single-electron one, making it easier to
solve.

We keep this explanation short as much more can be found in [147]. We will, how-
ever, note that the Hartree-Fock method has a major limitation in that it only considers
the average effect of electron-electron repulsion and neglects instantaneous repulsion. We
therefore now introduce more recent methods introduced in 1964 by Pierre Hohenberg and
Walter Kohn.

2.1.2 Hohenberg-Kohn Theorem

The Hohenberg-Kohn (HK) theorem [102]| introduced in the 1960s greatly reduced the
complexity of the electronic Schrodinger and provides the foundation for DFT. The HK
theorem is surprisingly simple. It reduces the fully interacting many-electron problem



further to determine the ground state single-particle density

o) =Ny / dr U (x,) U (x,) (2.5)

where N is the number of electrons and W is the electronic wavefunction. The HK theorem
states that there exists a one-to-one correspondence between the external potential and
the ground-state electronic density, meaning that a given density uniquely determines the
potential and vice versa. Formally,

E = E[p(r) (2.6)

where p(r) is the electron density. Hohenberg and Kohn’s theorem also states that all prop-
erties of a system, including excited state properties, can be expressed as exact functionals®
of the ground state electronic density. This means that once the ground state electronic
density is known, all other properties of the system can be determined exactly. Therefore
we obtain all properties of a system by minimizing a unique, universal energy functional
E[p(r)] which is the focus of DFT. Proofs of these are quite simple and can be seen in the
original paper [102] or in Chapter 6 of [117]. The total energy function generally takes the
form

(r)p(r’)

Elp(r)] = Tlo(r)] + 5 / drdr’p|r Sl / drp(r)Veu(r) + Exclpr)]. (27

The first term is the kinetic energy of the system, the second term is the Hartree energy
otherwise known as the Coulomb interaction energy. The third term is the electric energy
caused by the electron-nucleus interaction and the final term represents the exchange (E)
and correlation (C) energy. This accounts for all unknown physics. Exchange energy
refers to the energy required to exchange the position of two identical particles, such as
electrons, due to the Pauli exclusion principle?. Correlation energy refers to the energy
associated with the interaction between electrons that cannot be accounted for by the
classical Coulombic interactions.

We now have a function to minimize Equation (2.7), however there remain two un-

LA functional is simply a real-valued function of a function.

2Simply put, the Pauli Exclusion Principle states that no two identical fermions (particles with half-
integer spin) can occupy the same quantum state simultaneously within a quantum system - in other
words, have the same four quantum numbers. This leads to a specific symmetry property of the total wave
function of the system: it must be antisymmetric with respect to the exchange of any pair of electrons.
Meaning if you swap two electrons, the wave function changes sign.

7



knowns; T'[p(r)] and Exc[p(r)]. This brings us to further approximations.

2.1.3 Kohn-Sham Equation

Kohn and Sham proposed a system to replace the complicated interacting many-body
system with one that can be solved more easily to subsequently minimize Equation (2.7)
[125]. The auxiliary system they proposed is composed of non-interacting electrons but
possesses the same electron density as the original system. In other words, the Kohn-Sham
(KS) equations replace the kinetic energy of interacting particles in a system with the
kinetic energy of non-interacting particles that share the same density. Any discrepancies
between these kinetic energies are then factored into the exchange-correlation energy term,
enabling the ground state density of an interacting system to be expressed as a sum of
contributions from N independent orbitals. The density is formally described as

N
p(r) = ¢i(r)gpi(r), (2.8)
i=1
and the full interacting many-body problem for the ground-state energy function is

EKS = TS[p<r)] + /dr‘/extp(r) + EHartree + EII + EXC(p(r)) (29)

Similarly to Equation (2.7), Ve is the external potential due to the nuclei and any other
external fields and Fj; is the interaction between the nuclei. Comparing the Hohenberg-
Kohn (Equation (2.7)) and Kohn-Sham (Equation (2.9)) equations, Fx¢c can be written
as

Exc =Tp] + Eulp] = Ti[p] — Enartree[p]. (2.10)

Here square brackets denote functionals. This shows that Ex¢, the Exchange-Correlation
(XC) energy, is just the difference between the kinetic and the internal interaction energies
of the true interacting many-body system from those of the fictitious independent-particle
system with electron—electron interactions replaced by the Hartree energy. With a proper
Exclp] describing the true exchange and correlation energies, the KS method provides a
feasible way of approximating ground-state properties of the many-body electron system.



2.1.4 Exchange-Correlation Potential

Another way of describing the XC energy is by describing it as a hole. This “hole” denotes
the decrease in the probability of finding another electron in the region around each elec-
tron. This is due to the Pauli exclusion principle and the correlation caused by repulsive
Coulomb interaction [117].

The KS equation is simpler and more rigorous than the HF approximation. The HF
approximation replaces the ground state of a many-electron problem with an auxiliary
independent-particle problem. The KS equation has led to significant approximations that
are the basis of most calculations aiming to make predictions based on first-principles
calculations. The equation can only be practically soluble in computational science by
obtaining an accurate and easy-to-express XC term, which is presumably the key to ac-
curately solving quantum many-body problems. Great effort has been made to explore
the representations of XC energies. The Local Density Approximation (LDA) [35,177,210]
and Generalized-Gradient Approximations (GGA) [138,174,175] are the most notably and
remarkably accurate ones among a variety of different approximation methods that have
been proposed.

In 1965, Kohn and Sham proposed LDA in which they made the approximation that
solids can be treated like a homogenous electron gas. In this limit, the effects of exchange
and correlation are known to be local in character, which is the basis for LDA. The XC
energy is then an integral over all space with the XC density at each point assumed to be
the same as in a homogenous electron gas with the same density. The energy is first split
into the exchange and correlation

ELPA(r)] = / drp(r)eX2Ao(r)], (2.11)

where exc|p(r)] is generally split to ek24[p(r)] = e£PA[p(r)] + e£PA[p(r)].

The LDA approach is most suitable for systems with relatively smooth densities.
An extension to LDA is the spin-polarized L(S)DA which includes the spin polarization
ELZPAInT nY]. The LDA tends to underperform in strongly correlated systems and those
with highly varying densities.

Due to this big limitation, as electron densities are typically not uniform, the GGA
methods were introduced. Initially mentioned in the original paper by Kohn and Sham
as “gradient expansion approximation” and later developed by Herman et al. [98], these
methods introduce the gradient of the density Vp(r) on top of the notion of local density.
The first step that can be taken beyond the local approximation is including a functional of



the magnitude of the gradient of the density |p”|. This was first mentioned in the original
paper by Kohn and Sham. This however does not lead to significant improvement over
Local Spin Density Approximation (LSDA)- it often leads to worse results as the gradients
in real materials are large and the expansion breaks down [1417].

The most common GGA functionals are the Perdew-Burke-Ernzerhof (PBE) [171] and
Perdew-Wang (PW91) [176]. GGAs can be thought of as a Taylor expansion with LSDA
as a starting point. We define the functional as a generalized form of Equation (2.11):

ESE p(r)] =/erp(r)éﬁ"m(p)Fxc(p,|VP|,---)+€?°m(p)Fc(p,|Vp|7---) (2.12)

where “hom” is short for homogeneous, referring to the homogeneous electron gas. €. is
the exchange/correlation energy energy per particle and F' is a dimensionless function. In
the PBE functional, only the first derivative is computed.

2.1.5 DFT in practice

With the 7?7 equation and when the XC functional is determined the next step is to
deal with the external potential that the system is subjected to. We use pseudopotentials
to circumvent the computational complexity that arise from modelling the interactions
between core electrons and the atomic nucleus. These pseudopotentials effectively replace
the original coulomb potential term in the Schrodinger equation with a modified effective
potential. Various methods have been introduced to deal with this, such as empirical [11],
norm-conserving [91] and ultrasoft pseudopotentials [230] among others, the last one being
the most common form. The external potential is important because it sets the stage for
the entire electronic structure problem. It defines the basic environment in which electrons
are placed, and around which they move. Once you know the external potential, along with
the XC functional, you can solve the Kohn-Sham equations to find the electron density
and, subsequently, various ground-state properties of the system.

DFT calculations are supported by various packages, namely the Vienna Vienna Ab-
Initio Simulation Package (VASP) [126-129], ABINIT [82], Quantum ESPRESSO [74],
WIEN2K [20] etc. Currently, VASP is the most commonly used package in materials science
due to its efficiency, its vast computational methods and its large number of implemented
pseudopotentials. The self-consistent method starts with an initial guess for the electron
density. The effective potential that corresponds to this density is then calculated and
substituted back into the KS equation to solve for the wavefunction. The wavefunction is
then used to calculate a new electron density, which is compared with the initial guess.
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If the difference between the initial guess and newly computed electron density meets a
convergence criterion, VASP exits the calculation and outputs the results. Otherwise, the
iterative procedure is continued with the last computed electron density instead of the
initial guess. This iterative method is depicted in Figure 2.1.

( Initial Guess 1

Calculate Effective Potential

Vial) = Veu + [ r"f“i,l dr’ + Vixolp(x))

|

Solve Kohn-Sham Equations

h
[__Zm Vi + vess] ¥ = €,

Evaluate the Electron Density & Total Energy

p(r) = Z [@i(r)] = Etotlp(r)]

T

No

Converged?

Output Quantities
po(r), E;[po(r)] — Forces, Eigenvalues

Figure 2.1: Flowchart of the self-consistent, iterative process of VASP for solving for the
ground state of the Kohn-Sham equations. Flowchart adapted from [117].
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2.2 Alloys, Crystals

Crystalline solids may be described as ordered repetitions of atoms or groups of atoms in
three dimensions, with an infinite assortment of atoms (which we call periodic). Because of
that intractable amount of atoms, reliable ab-initio DF'T computations of these systems are
unassailable. However, crystals are structures with translational periodicity governed by
geometry [199] of a repeating motif, which can be leveraged to greatly simplify calculations.
In the following, we describe the structural properties of alloys and crystals, the different
types of lattices and how and why they are used. We then introduce HEAs, a new class
of alloys gaining interest in materials science for their fascinating properties. Lastly, we
introduce the ORR and summarize research on HEAs for ORR.

2.2.1 Lattice Structure

Lattice nodes are what we call the points on the three-dimensional lattice formed by the
translation vectors 7;,, where n is some integer 1,...d.

T, =T(n1,ng,...) =mn1d; + neaj + ngaz + . .. (2.13)

defines the set of all translations in space where the vectors a; define the basis of n-space.
An ideal crystal has an identical repeating unit which is related to this global symmetry
operation. For simplicity and utility, we mainly worry about three-dimensional space. a;
in Equation (2.13) are called the primitive translation vectors. We usually use these to
define crystal axes, however, other axes may be used when they have a simple relation to
the symmetry of the structure.

Translations in one dimension can be expressed as a multiple of the periodicity length
a; T'(n) = na where n can be any integer. The primitive cell, which is any cell of length
a, can be chosen freely, but the most symmetric cell is the one that is symmetric about
the origin (—a/2,a/2) (in two dimensions). This particular choice ensures that each cell
centred on a lattice point n encompasses all the points that are closer to that lattice point
than to any other point.

This is a classic example of constructing the Wigner—Seitz cell, which is defined as the
volume that encloses all points in space that are closer to this particular lattice point than
to any other. The Wigner-Seitz cell is (in real space) the most symmetric and compact
cell that can be constructed around a lattice point, and it is often used to describe the
properties of crystals [105,147]. This can be visualized in Figure 2.2(b). The Wigner-Seitz
cell can fill all space just as the unit cell can.

12



\

(b) The Wigner-Seitz primitive cell.

(a) Unit cell with lattice constants (ai,as,as)
and (77177727773)-

Figure 2.2: Primitive cells. (a) the primitive cell of a space lattice in three dimensions, (b)
the Wigner-Seitz cell construction, which is done by (1) drawing lines to connect lattice
points to all nearby lattice points; (2) at the midpoint and normal to these lines, drawing

new lines or planes. The smallest volume enclosed by these lines is the Wigner-Seitz
primitive cell.
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A common choice for a two-dimensional lattice is the parallelogram constructed from
the two primitive translation vectors. The final parallelepiped defined by the three basis
vectors is called the unit cell. The lattice constants are the three-unit lengths ay, as, as
and three angles 71, 7o and 713 between these vectors, as shown in Figure 2.2(a). Several
unit cells can be defined, wherein the smallest one is called the primitive cell. The crystal
structure is described by repeating the unit cell by an infinite set of vectors. To express
an atom’s coordinates, we must use fractional coordinates of the unit cell. So a point in
the center of the cell, regardless of the cell dimensions and shape, is at 7 = (0.5,0.5,0.5),
and a point at the origin is at (0,0, 0).

In reciprocal space, the lattice is defined by three vectors a}, a), and aj which are derived
using the equations

as X as
Vv >

ay = 2m ay = 2 (2.14)
where V' = a; - (az X a3), the scalar triple product. This is, geometrically, the volume of the
parallelepiped in Figure 2.2(a). The equivalent of a unit cell in reciprocal space is called

the first Brillouin Zone.

2.2.2 Types of Lattices

Crystal lattices can be mapped to themselves by not only a translation operation but by
symmetry operations as well. A typical example is a rotation about an axis passing through
a lattice point. In doing so, we form what is called a point group, since this operation forms
a group of lattices that leave one point fixed.

In three dimensions, there are seven basic types of symmetries that are observed in a
crystal lattice. These systems are defined based on the lengths and angles between the
edges of the unit cell that define the crystal lattice and amount to 14 lattice types. The
set of translations, which generates the entire periodic crystal by repeating the basis (the
positions and types of atoms in the primitive cell), is a lattice of points in space called
the Bravais lattices. Each lattice type also has a number of associated lattice structures.
These are listed here:

1. Cubic system: characterized by three axes of equal length at right angles to each
other. The cubic system contains 3 lattices which can be seen in Figure 2.3.

2. Tetragonal system: characterized by three axes, two of which are equal in length and
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(a) sc lattice. (b) bec lattice. (c) fec lattice.

Figure 2.3: The cubic space group. (a) shows the simple cubic (sc) lattice, (b) shows the
body-centred cubic (bce) lattice and (c) shows the face-centred cubic (fec) lattice.

perpendicular to each other, while the third axis is longer or shorter and perpendicular
to the other two. The tetragonal system contains 2 lattices.

. Orthorhombic system: characterized by three axes of different lengths, all perpen-
dicular to each other. The orthorhombic system contains 4 lattices.

. Monoclinic system: characterized by three axes of different lengths, two of which
intersect at an oblique angle, while the third is perpendicular to the plane of the
other two. The monoclinic system contains 2 lattices.

. Triclinic system: characterized by three axes of different lengths, all intersecting at
oblique angles. The triclinic system contains 1 lattice and is the general lattice.

. Hexagonal system: characterized by four axes, three of which are in a common plane
and intersect at 120 degrees, while the fourth axis is perpendicular to this plane. The
hexagonal system contains 1 lattice.

. Trigonal (or rhombohedral) system: characterized by three axes of equal length, all
intersecting at angles that are not 90 degrees. The trigonal system contains 1 lattice.

In addition to the seven lattice systems and 14 Bravais lattices, there amount to 230
crystallographic space groups in three dimensions. These are the group formed by the
translation and point operations (rotations, reflections, inversions about a point). Having
this classification system is advantageous in numerous ways. For example, these can be
used for predicting certain physical or chemical properties as certain space groups exhibit



similar properties. One notable example is the family of perovskite materials, which are
orthorhombic structures that tend to have a similar cubic phase at high temperatures [30].
Moreover, this classification system may be used for organizing and searching crystals in
large databases.

2.2.3 Index System for Crystal Planes

zI zI zI

(a) (100) (b) (110) (c) (111)

(d) (200) (e) (100)

Figure 2.4: Indices of important planes in the cubic crystal unit cell. The planes (100),
(200) and (100) in (a), (d), (e) respectively are parallel.

Crystalline solids exhibit anisotropy, which means that they have different physical
properties when measured in different directions. To simplify the identification of specific
planes where certain physical properties can be observed, crystal faces are described using
Miller indices. These indices are three whole numbers that describe the orientation perpen-
dicular to a plane. We typically use the symbols h, k, and | to represent these indices. In
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classical crystallography, it is logical to restrict our focus to planes where the indices have
no common factors since the orientation of the crystal face is the only relevant information
and not its distance from an arbitrary origin [1417].

To study Miller indices, we first start with Weiss parameters, originally introduced
in the early 19" century [237]. These are a set of three numbers used to describe the
relationship between crystal faces or planes and the crystallographic axes. The sequence of
numbers always follows the pattern of a : b : ¢, where a, b, and ¢ represent the orientation
of the planes with respect to the a-axis, b-axis, and c-axis, respectively. When a unit face
or plane intersects all three crystallographic axes at ratios that correspond to their axial
ratios, it has Weiss parameters of (1 : 1 : 1). When a plane is parallel to one or two
crystallographic axes, the Weiss parameter is infinity (0o) since the plane never intersects
the axis.

The Miller indices and Weiss parameters are related in a reciprocal manner. The Miller
indices of a face or set of planes can be obtained by taking the reciprocal of its Weiss
parameters. To do this, the Weiss parameters are inverted and then multiplied by the lowest
common denominator. We are then left with three integers denoted (hkl), which when
enclosed as such are also called the index of the plane. This reciprocal relationship between
the Miller indices and Weiss parameters means that large Weiss parameters correspond to
small Miller indices. For planes that are parallel to a crystallographic axis, the Miller index
is zero because when a large Weiss parameter is inverted it tends to zero as 1/0c0 — 0.

For the plane whose intersects are 4,1, 2, the reciprocals are %, %,% and the smallest

three integers with the same ratio are (142). Some common miller indices for the cubic
system can be seen in Figure 2.4. The miller indices denoted (hkl) often denote a single
plane or a set of parallel planes. A plane that intercepts an axis at a negative value is
denoted with a minus symbol on top of the index like in Figure 2.4(e).

The understanding of lattice structures forms the basis for exploring the formation and
behaviour of alloys. Different types of lattice structures, such as cubic, hexagonal, and
tetragonal lattices, play a crucial role in accommodating and arranging multiple elements
in alloys. The lattice parameters, which describe the lengths and angles between lattice
vectors, influence interatomic distances, lattice symmetry, and the formation of solid so-
lutions. By modifying the arrangement of atoms within crystallographic planes, alloying
introduces lattice strain, which affects material properties such as mechanical strength,
thermal stability, and electrical conductivity. This interplay between lattice structures and
alloys enables the design and engineering of materials with tailored properties to meet spe-
cific industrial requirements, spanning aerospace, automotive, and electronics applications.
We now introduce HEAs, a special type of alloy that has shown amazing uses as of late.
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2.3 High Entropy Alloys

There are slightly varying definitions of HEAs. Some regard them from a composition
point of view and some from an entropy point of view. Regardless, the main idea behind
HEAs is the creation of a single-phase solution alloy rather than one with intermetallic or
intermediate phases |32, 154, 215]. Here we will define them as alloys having four or more
elements with a configurational entropy of more than 1.5R (1.5 times the gas constant).
Yeh et al. (Ref. [215]) also added the requirement of each compound having a concentration
between 5 to 35%. It is thought that these alloys introduce a new realm of possibilities
for alloying, with the benefit of overcoming enthalpies of compound formation. Though
not always, [, 120], intermetallics generally want to be avoided as they are potentially
harmful and complex [215]. Single-phase HEAs however have shown amazing properties,
like their mechanical properties which have been cited as remarkably better than their
elemental components 153, , 211]. More relatable, they have also shown promise in
Oxygen Evolution Reaction (OER) [183,256], CO4 reduction reactions [172], ORR [14]
and so on.

Considering an alloy created by mixing two elements X and Y, it can either form a solid
solution or one of more intermetallic phases. This depends on the relative free energies
calculated as follows:

X+Y = X}/solution . AGmix = A}Imix - TASmix (215>

X+Y = XKntermetallic . AC;f = AI{f - TASf (216>

Here, AG ix, AHyix and TAS ;. are the Gibbs free energy, the enthalpy and the entropy
of mixing respectively; AGy, AHy and T'AS; are the values for formation of an intermetallic
compound with XY stoichiometry.

The phases present in an alloy at thermodynamic equilibrium depend on whether the
Gibbs free energy of mixing (Equation (2.15)) is more or less negative than the energies
of formation (Equation (2.16)) of all the possible intermetallic compounds comprised of X
and Y (i.e. X;Y; fori,5=1,2,3,...). Different cases can occur here where, for example,
the mixture may not form a single solid solution, but instead separate into two distinct
solid solutions with different compositions, crystal structures, and/or lattice parameters.
These issues become even more pronounced when more complex alloys are mixed with
more elements - the number of possible phases that can co-exist increases dramatically
according to the Gibbs phase rule?.

3Gibbs phase rule states that p +n = c + 1 gives the relation between the number of phases p,
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The primary reason for the stability of the solid solution phase in high entropy alloys is
their high configurational entropy, particularly at high temperatures [247]. Initially, studies
on high entropy alloys assumed that these behave like an ideal solid solution, where mixing
enthalpies and non-configurational entropies of mixing were believed to be insignificant.
In such cases, the alteration in Gibbs free energy due to mixing is primarily due to the
configurational entropy, as

ASuix = =R ¢;In(c;) (2.17)
=1

Where ¢; is the mole fraction of the ith component and R is the ideal gas constant [222].
When a solution satisfies TASyix >> AH iy, then with Eq. Equation (2.17), Eq. Equa-
tion (2.15) becomes

AGix = —TASuix = RT Y ¢;In(c;) (2.18)
=1

which is the change in Gibbs free energy due to mixing for a non-equiatomic solution. In
the case of an equiatomic solution, however, Eq. Equation (2.18) simplifies to

AGmix = RT In(n) (2.19)

where n is the number of elements in the system. Based on Eq. Equation (2.19), two alloys
in a system would result in an entropy of In(2)R = 0.69R and five would be 1.61R. The
general consensus based on Ref. [114] is that “high entropy” is at four or more elements,
which is rounded to AScons > 1.5R. This high configurational entropy threshold is used as
a rule of thumb for classifying HEAs.

Additionally, Yeh et. al [245] stated that it is generally sufficient to have 5 — 35%
concentrations with a minimum of five constituent elements in order to stabilize a single-
phase solid solution [1141]. This is the case at high temperatures only, at room temperature
the formation of an ideal solid is unfeasible [97], with the presence of intermetallics and
precipitates.

One growing area of research for HEAs is catalysis. HEA surfaces have highly disordered
configurations and high chemical complexity. This suggests the potential for additional
diversity and density of adsorption sites. There has been research into these for the OER
[219], ORR [11], COy and CO reduction reaction (COy/CORR) [158]. In the following
section, we introduce ORR, its importance in the battle against climate change, and the
role HEAs can play in this.

the components ¢ in an alloy under equilibrium conditions at constant pressure, and n the number of
thermodynamic degrees of freedom in the system.
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2.4 Oxygen Reduction Reaction

ORR is an important process in the human body - it governs how our bodies store chemical
energy. Beyond this, it is involved in low-temperature fuel cells, metal-air cells, oxygen
sensors, and the preparation of hydrogen peroxide in the field of energy. It is such a
common mechanism that it is the one which governs metal corrosion. ORR is noted to be
the limiting factor in the chemical reactions that govern hydrogen fuel cells [51,215] for
example. More generally, in electrocatalysis its high overpotential # and complex kinetic
mechanism which limits new developments for fuel cells [215] and the lack of sufficiently
good ORR catalysts limits the overall efficiency of these devices [19,68,69]. This is where
extensive research has been put for the past few decades. We now introduce the mechanism
of ORR.

For the electrolysis of water, two electrodes are placed in a container of water and a
potential is placed across them [187]. With a high enough potential, water oxidation and
oxygen evolution occur at the anode and the evolution of hydrogen with the reduction
of protons occurs on the cathode. The overpotential for the splitting of water reportedly
ranges from 0.55 to 0.77V at 10mA /cm? while the overpotential for Hy evolution may be
an order of magnitude smaller [251]. Because of its four-step process with additional acti-
vation energies and intermediates, OER tends to have lower efficiency than the evolution of
hydrogen [9]. Therefore the slow reaction kinetics of OER at the anode in a water-splitting
device severely constrains the efficiency of the hydrogen evolution reaction at the cathode
and overall water splitting [233] and the discovery of materials with lower overpotentials
at both the anode and cathode have grown in interest.

In water electrolysis, water is split into hydrogen and oxygen gasses like so:
2H,0(1) — 2Hs (g) + O2(g). (2.20)

A simple schematic of this process can be seen in Figure 2.5. At standard conditions, this
reaction (Equation (2.20)) requires a Gibbs free energy of 237.2 kJ/mol, or 4.92 ¢V [252]
and under acidic conditions it can be split into two half-reactions:

hydrogen evolution which is the reduction of protons at the cathode;

AT +4e — 2, (g), (2.21)

4The overpotential of an electrochemical reaction is the additional cost necessary to drive a reaction
towards favourable products at a certain rate. It is usually the difference between the increased potential
and the thermodynamically required potential [3].
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Hydrogen

Exchange

Water membrane

Figure 2.5: A simple schematic of a water electrolyzer. At the anode (+) side are the oxygen
molecules in red and at the cathode (—) are the hydrogen atoms in blue. An exchange
membrane that allows hydrogen ions to pass through. At the cathode we have the HER
denoted in Equation (2.21) and at the anode occurs the OER denoted in Equation (2.22).
We note water being added to the system and oxygen exiting.

and oxygen evolution which is the oxidation of water:

2H,0 (1) — Oz (g) +4H +4e. (2.22)

It has long been an open question why some materials perform better (have a lower
overpotential) than others. Some metals may have lower overpotential for electrolysis due
to their high reactivity and exchange current density. These imply a high reactivity of the
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electrode, which results in a lower overpotential.
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2.5 Statistical Learning

Statistical learning is a discipline that is leveraged in most fields of research. This holds true
for astrophysicists studying cosmic radiation [71], to economists studying the commonalities
between high school teachers and sumo wrestlers in [140]. Tt is, of course, also used by
condensed matter physicists studying materials design.

We can define statistical learning in various ways. In the words of [109], statistical
learning refers to a vast set of tools for understanding data. The authors then go on to
state that these tools can be classified as supervised or unsupervised. The term supervised
comes from the data used in learning being labelled, and unsupervised refers to unlabeled
data.

This thesis focuses on supervised learning, where for each observation of the input
variables x;, © = 1,...,n there is an associated output variable y;. The output variables
can vary in nature, ranging from quantitative measurements (ie continuous variables) to
qualitative (where they can be split into classes). Throughout this work, input variables
will be called predictors or features and the output variables will be denoted response,
dependent variable. We wish to then fit a model that relates the response to the predictors,
with the goal of accurately predicting the response in future observations. This is done
through a process called training. We assume there is some relationship between predictors
x; and responses Y, and wish to approximate a function f such that

Y = f(X)+e, (2.23)

where € is a random error term which is independent of X and has a mean of zero. In the
linear form, for example, we hypothesize that equation (2.23) is of the form

Y =By+ > XiB, (2.24)
j=1
where X = (X1, Xs,..., X)) is our vector of inputs, Bo is the intercept, otherwise known

as the bias. A variable with a “hat” (eg. Y) denotes a predictor of the variable (Y in this
case).

Linear regression, decision trees, support vector machines and principal component
analysis are only some of the extremely powerful methods that fall into the set comprising
statistical learning. Although some may group these methods in the realm of ml, we
separate them despite the fact that regression, for example, is a staple for any machine
learning framework (see Section 2.5.2).
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2.5.1 Fitting a model

In order to fit a model, we must know what we are fitting. Given a situation, we will first
define the problem at hand, and then we will decide what we are trying to solve and how
we will model this problem. For example, say we are trying to model the linear expansion
coefficients of metals by observing how these materials expand and contract with changes
in temperature. It can be shown that supposing they do not go through a phase change,
the change in these objects’ lengths is measured by

AL = aL;AT, (2.25)

where L; is the length of the material before heat is added and « is the linear expansion
coefficient. In this case, a scientist will control the change in heat added to the object and
measure the change in length. They will then try to fit the function

L(T}) = B AT; + B, (2.26)
In order to model Equation (2.26), a very common method is the least squares method;

N

RSS(B) = (yi — ) B) (2.27)

i=1

where RSS stands for Residual Sum of Squares (RSS) and is, as the name suggests, the
sum of all squared residuals. Here NV is the total number of data points, and y; is the true
value.

Equation (2.27) can be rewritten as

RSS(B) = (y — Xp)" (y — XP) (2.28)

which we can differentiate with respect to [ in order to minimize, yielding the normal
equations

XT(y —X3) =0. (2.29)

The unique solution is (assuming XX is nonsingular) is
B =X"X)"'XTy. (2.30)

In Figure 2.6, we show an example of linear regression.

In this case, we used a model with a known analytic solution. If we were to not use this
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Figure 2.6: Linear regression example. The line of best fit (red) was calculated using the
RSS method. Blue is an example of learning with gradient descent, where we start with a
random prediction (the lightest shade) and get better and better after each update (darker
colours). The final curve attained after training for only 10 epochs with a learning rate of
5e — 5 1is y = 0.092 4+ 0.99. This is not quite as good a fit (defining goodness as the RSS)
but improves as training progresses. Better results are expected with fine-tuning of the
initial state and a longer training time. The data used can be found in Table A.1.

solution, we would initiate a process called training. Starting with an educated guess for
the form of the model, we initialize its parameters randomly. In the case of our regression
problem, these would be Bo and 31- We would then use a loss function (or just loss) to
compute a distance metric from our goal by evaluating a performance measure. Usually,
this measure is specific to the task being carried out. In a classification task, a common
measure is accuracy which is the proportion of examples for which the model produces
the correct output. In regression, however, some common measures are the mean squared
error Equation (2.31a) and the mean absolute error Equation (2.31b). In short, the former
reduces large outliers while the latter reduces overall error.
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n

MSE =+ > (Yi-vy)? (2.31a)

n <
=1

] — .
MAE = = Y, - Y, 2.31b
DB (2:31b)

=1

Using our data, our model and our loss function, we are ready to train. Our goal is to
find new values of 3, and (3; such that the loss is minimized. We will therefore update the
weights using the loss function, specifically by subtracting the gradients;
oL

a5,

A

ﬂizﬁl_e

(2.32)

Here, € is called the learning rate which defines the step size by which we update our
predictors. Equation (2.32) is called gradient descent, where we “descend” the gradient to
lower loss values. Figure 2.6 shows an example of gradient descent, where we slowly get
closer and closer to the analytical solution at each iteration. This method can be seen in
blue in Figure 2.6. Much more can be said about gradient descent, but we will discover
optimizers more in Section 2.5.6.

This brings us to neural networks, a class of tools in statistical learning. These can
broadly and informally be characterized as tools where data and algorithms are used to
imitate human intelligence [109].

2.5.2 Neural Networks

The term neural networks has evolved over many years. We will, however, learn of its

building blocks and of its many uses, for example in self-driving cars |36, 117,200], image
recognition [67,112] and large language models helping people complete their everyday
tasks [25,41,227].

Neural networks were first developed as models for the human brain. They are re-
gression or classification models, typically represented by diagrams as in Figure 2.7. Each
unit (circle) represents a neuron and the connections (the links) represent synapses. For
regression, the output layer typically contains K = 1 neurons and for classification, K
may be the number of classes. These networks are easily extended to multiple quantitative
responses (by increasing K values).
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Input Hidden Output
layer layer layer

Figure 2.7: A single hidden layer, feed-forward neural network. For simplicity, the biases
have been omitted.

A single (hidden) layer, feed-forward NN is also known as a single-layer fully con-
nected network. This is simply a function f(z,w) used to approximate the mapping
f : RVin s RNout where z denotes the input and R the parameters. Derived features,
H,, are linear combinations of the inputs, and the outputs Oy are linear combinations of
the H,,. Mathematically, Figure 2.7 can be described as

flw,z) =L o LP o1, (2.33)

where o denotes composition (ie Ao B = A(B)). This can naturally be extended to any
number of layers. £ denote the operations mapping layers. L;, the operation mapping the
neurons n;_; to n; is denoted as

Here, ¢ is some nonlinear transformation of its inputs called an activation function, w
is the weights and b is the bias. Some activation functions are more common than others,
some due to special properties of their gradients and others for no apparent reason at all.
These are necessary since without them, we would have a linear model and we would be
adding no complexity whatsoever to our model since if f'(z) = W'z and f%(h) = 27w
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then f2(f(z)) = wTWT(z).

Figure 2.8 shows some common activation functions with different scaling factors which
can, in fact, also be learned®.

Specific activation functions are often used to restrict the range of outputs of the net-
works’ layers. A few a listed below. Tanh and Sigmoid are known as squashing functions,
which are common activation functions used to limit outputs to a certain range.

Sigmoid Squashing function otherwise known as the logistic function, depicted in
Figure 2.8(a). It is a differentiable, monotonically increasing function which asymptotes
at 0 as it approaches —oo, and 1 as it approaches 4+o00. It is defined as

1
o(@) = l+e

This is commonly used to model probabilities (so commonly used at the output layer in
logistic regression) but suffers from a vanishing gradient at increasing and decreasing values
of x.

(2.35)

Hyperbolic Tangent (tanh) Another common squashing function depicted in Fig-
ure 2.8(b). It is also differentiable and monotonically increasing, but asymptotes at —1
and 1 as it approaches —oo and +o0o. It is defined as

et —e”

tanh(:c) = +—
et et

(2.36)

where e is the base of the natural logarithm.

Rectified Linear Unit (ReLU) This is the default activation function recommended
for use with most feedforward neural networks. It is plotted in Figure 2.8(c). ReLU
is nearly a linear function as it contains two piecewise linear functions, and is therefore
similar to linear models in that they are easy to optimize with gradient-based methods. It
also preserves many of the properties that make linear models generalize well [33]. It is
defined as

ReLU(z) = max(0, z), (2.37)

and thus ranges from [0, +00]. Some downsides are that it is not differentiable at zero and
has a zero gradient in the negative part. Some “soft” versions have been introduced to
overcome these downsides.

5Though a recent study shows that learning the scaling parameter can be equivalent to adding layers
with fixed activation functions and some weight constraints [4], therefore it may not be necessary.
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Figure 2.8: Common activation functions. a) The sigmoid b) Tanh, c¢) ReLU d) Leaky

ReLU e) SELU and f) Softplus activation functions. Included are ¢(sz), different scaling
factors in blue (s = 1), green (s = 5) and red (s = 0.5) where appropriate. This parameter

controls the rate of activation, with larger values causing more activation (a steeper curve).

| is known as a soft version or RELU and can be shown in Figure 2.8(f).
(2.38)

SoftPlus |
It is defined as
softplus(z) = log(1 + €%).

The idea behind Softplus is to approximate ReL U, however without the non-differentiable
part at the origin. One interesting aspect of the softplus function is that its derivative is

exactly the sigmoid function (2.35).

Leaky ReLU (IReLU) [115] is another “soft” version of the ReLLU which is defined as

if
T ifz>0 (2.39)

IReLU =
eLU(z) {O.le otherwise

29



which shows negligible improvements over ReLLU.

Scaled Exponential Linear Units (SELU) was introduced in |[123] and is shown to
induce self-normalizing properties - it favours lower absolute values of neurons. It is shown
in Figure 2.8(e) and is defined as

AT ifz>0

Aa(e* —1)  otherwise

SELU(z) = { (2.40)

where o and A are some pre-defined constants. The main advantage noted of SELU is that
it prevents gradient issues during training like exploding or vanishing gradients due to its
self-normalization properties.

In general, the design of a network - the number of layers, number of units and con-
nections among them, defines its architecture.

Convolutional neural networks (CNN) [135, 130] are a type of feedforward neural net-
work that is commonly used for image recognition and computer vision tasks. CNNs use a
technique called convolutions to extract features from input images, which are then used
to classify the image. These are typically stacked with pooling layers which consist of a
subsampling operation that aggregates statistics of local features [%3]. Because CNNs can
automatically learn the features that are most relevant for a given task, they have become
a popular choice in many computer vision applications. Their spatial invariance which
allows for shifts in the inputs, their weight sharing scheme which allows powerful models
to be trained with less memory and their robustness to noise are only a few of the benefits
that CNNs offer. See [220] for a thorough overview of computer vision, which heavily
utilizes the power of CNNs.

Recurrent Neural Network (RNN)s are another type of neural network that process
sequential data such as speech or text. RNNs employ feedback loops to pass information
from one time step to the next, allowing them to maintain a memory of previous inputs.
RNNs are commonly used in natural language processing tasks, such as language trans-
lation and sentiment analysis, though recent advances in these fields seem to favour the
transformer model [231] instead. Goodfellow et al. [33] (Chapter 10) give a good introduc-
tion to sequential modelling with recurrent (and recursive) NNs.

Autoencoders are a type of neural network that is used for unsupervised learning,
meaning they are not given any labelled data to learn from. They are trained to copy their
inputs to their outputs. They do so by having two parts: an encoder and a decoder which
respectively encode and decode the inputs. Because it is forced to prioritize certain aspects
of its inputs, it can be useful in learning the properties of datasets. These are typically
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used for tasks such as image compression (dimensionality reduction) or anomaly detection
(feature learning), where the network is trained to reconstruct input data with as little
error as possible.

Though many other neural network classes exist, and with as much importance in
many fields, we keep this section with some brief mentions and move on to other methods
of statistical learning relevant to this dissertation.

2.5.3 Representation Learning

Representation learning is a large field of study in machine learning which focuses on learn-
ing features (or representations) for data, without manually engineering them. It is the
main topic of discussion in many conferences, one even being dedicated to it®. Tradition-
ally, features would often be handcrafted by domain experts, which can be time-consuming,
error-prone and limiting to the scope of analysis by introducing biases and assumptions
about the data. Representation learning allows us to discover features automatically from
the raw data. The idea behind representation learning is learning a low-dimensional feature
space where each feature represents a different aspect of the data. These learned represen-
tations can then be used for a wide range of tasks, including classification, clustering, and
visualization.

We can consider feedforward networks trained by supervised learning as a kind of
representation learning. It is the last layer of the network which is typically a linear
classifier such as a softmax regressor, the rest of the network learns to provide a good
representation of this classifier. In Figure 2.7 for example, we could extract the hidden
layer’s outputs H; and use that as extracted features. Classes that were previously not
linearly separable in the input features may now be so.

Often an issue that arises is not being able to utilize large amounts of unlabelled data.
Since this does not fall into the realm of supervised learning, and training on a small
amount of labelled data may lead to severe overfitting, we can look towards representation
learning to perform semi-supervised learning. We can use the unlabelled data to learn
some good representations, which can aid in solving the supervised task [33]. Otherwise,
we can be left with a lot of unused and therefore wasted data and an underperforming
model.

In a large dataset, it can be hard for a data scientist to extract useful features without
specific domain knowledge. In a simple dataset like MNIST [137], which is a large database

SInternational Conference on Learning Representations (ICLR).
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of hand-drawn digits, a data scientist may wonder how to manually extract useful features.
Using a model to automatically generate features can lead to amazing ones, which can
oftentimes additionally be visualized. An appropriate model, in this case, would be the
CNN;, as introduced above. This would learn hierarchical representations of the image fea-
tures. Each successive convolution learns more abstract and separated (spatially) features;
earlier convolutions may learn lower-level features like edges and lines, and deeper layers
may capture full objects and shapes to then combine these to capture a full image [130)].

Representation learning, a concept central to machine learning, is the process of con-
verting raw data into a format that is more manageable and useful for predictive tasks [15].
In physics and material science, this concept has great potential, especially when dealing
with the complexities of atomic and molecular systems. Efficiently representing atomic sys-
tems and capturing physical and chemical properties, makes these well-suited for predictive
tasks in material design and discovery. Graph-based representations have gained much at-
tention due to their ability to encode the structures of molecules and materials, viewing
them as graphs with atoms as graph nodes and bonds as edges connecting them [77,242].

This leads us to the next chapter, focusing on GNNs. These are innovative in the
field of representation learning, enabling robust modelling of graph-based representations
of physical systems, and capturing the complex, non-local interactions among their com-
ponents. By mapping the problem of material property prediction to a graph problem,
GNNSs offer a new pathway towards efficient, scalable, and accurate predictions in material
science [240,253].

2.5.4 Graph Neural Networks
2.5.4.1 Principles of Graphs

Any collection of objects (nodes) with some interactions (edges) between pairs of these
objects can be described as a graph. These are ubiquitous data structures capable of
describing complex systems. In social network research, it is possible to represent individ-
uals as nodes and friendships with an edge. Or in the biological domain, it is possible to
represent proteins with nodes representing proteins and edges with various interactions.

The power of graphs stems from their focus on relationships between points, as well
as their generality [93]. These benefits, of course, extend to its applications in materials
science. Machine learning models on graphs are a fast-growing discipline with many great
new advancements in recent years. For example, its uses range from the biomedical field
where models created with the capability to generate proteins with certain structures [230]
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have been created, to tech companies like Uber and Pinterest using graph learning for
(respectively) food recommendations for millions of customers with thousands of options
[108] and image recommendation systems on millions of users with billions of image options.

GNNs are a class of algorithms which operate on graphs. We formally define graphs
as a tuple G = (V, E) of the set of vertices v € V' and edges e, ., = (v,w) € E comprising
the graph. We will typically be interested in simple graphs, with no loops (a node with an
edge to itself), and at most one edge between two nodes (however, these may be weighted).

Various ways of representing graphs exist, but a convenient one is using the adjacency
matriz A € RVIXIVI This is done by (arbitrarily) ordering the nodes in the graph such
that each column and row of A indexes to a particular node. The information encoded
in the adjacency matrix is the presence of an edge: Ali,j] = 1if (i,j) € F and A[i, j] =
0 otherwise. There are often attributes associated with the elements of a graph. For
example, in a graph representing atom-atom interactions, we may be interested in different
interaction energies associated with these atoms or even the distance between these atoms.
We can therefore extend the edge notation to include an edge or relation type 7, e.g.
(i,7,7) € E and we can define an adjacency matrix A, per edge type. These multi-
relational graphs can be summarized by an adjacency tensor A € RIVIXIEXIVI where R
is the set of edge-level features. We can naturally also include node-level features with a
Xy € RVIXM matrix or graph-level features with a Xg € RX where M and K are the
node and graph features respectively.

2.5.4.2 Graph Analysis

As we know, graphs are a powerful data structure and prior to the advent of modern deep-
learning approaches on graphs, many methods were used for machine learning on graphical
data. These methods can be used for all types of learning tasks including classification and
regression.

Traditional approaches followed the basic trends in machine learning prior to the advent
of deep learning. This would entail using domain knowledge and heuristics to extract graph
statistics or features. These would then be used as input to standard machine learning
classifiers like the logistic regressor.

To do so, one naturally begins with questions about the graph(s) in question. What
properties or statistics can be used to distinguish graphs from one another? What about
distinguishing nodes from one another? To do so we now cover some more basic graph
definitions following [93].
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Node degree This simply counts the number of edges incident to a node,

d, = ZA[u,v]. (2.41)

veV

Node centrality The node degree may not necessarily measure the importance of a
node in a graph, therefore the node centrality. Different measures of importance can be
used, one of which is the eigenvector centrality. This encompasses a node’s degree and how
important a node’s neighbours are. The node centrality, e,, is defined as

1
Cu =5 Z Alu,vle, Yu € V (2.42)

veV

where A is a constant. This equation is a recurrence relation and shows a node’s centrality
is proportional to the average centrality of its neighbours. One can show the vector of
centrality values e is given by the largest eigenvalue of A. It can also be shown that this
metric ranks the likelihood of visiting a node on a random walk of infinite length on the
graph [159].

Clustering coefficient This metric measures the proportion of closed triangles in a
node’s local neighbourhood. It measures how tightly clustered a node’s neighbourhood is,
so a value of 1 means all of node v’s neighbours are also neighbours of each other. The
local variant of this coefficient ¢, is formally defined as

E N,
. |(v1,v9) € U1, Vg € Nyl (2.43)

G

where N, is the neighbourhood of .

So far we have seen only a small sample of the node-level statistics possible for node
classification, now we will a simple metric which can be used for graph-level classification
and regression.

Bag of nodes One straightforward way of defining a feature for an entire graph is
to collect statistics from individual nodes and combine them. A couple of examples of
these statistics include degrees, centralities, and clustering coefficients which can be used
to generate histograms or other summary measures. This approach provides an overall
representation of the graph that relies only on local node-level details. However, it may
not capture some essential global properties of the graph, which is a large limitation of this
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approach.

2.5.4.3 Graph Learning Tasks

In contrast to classic machine learning methods, here we model components of graphs or
entire graphs in graph space, as opposed to data points in Euclidean space. There exist
four main tasks for learning on data structured like graphs.

Node classification. Here, the goal is to predict labels, which could be a type, cat-
egory or attribute, associated with all nodes in a graph. One may assume this involves
learning from a small set of labelled data, however, there may be instances of node classi-
fication involving generalization across disconnected graphs, for example.

In a typical machine learning task, it is generally assumed that our data are independent
and identically distributed (i.i.d.). That is, when we build our models, we assume our data
points are all statistically independent of all other data points. We would also have no way
of generalizing to other models if our data weren’t identically distributed and be required
to model these dependencies if they exist. In node classification, this i.i.d. assumption is
broken; an edge is what clearly states a relation to other nodes, which introduces much
complexity to this task.

Relation Prediction. Here, instead of being interested in predicting nodes, we are in-
terested in predicting relationships between nodes. This task is known by different names,
such as link prediction, graph completion, or relational inference, depending on the appli-
cation domain. Relation prediction is one of the most popular machine learning tasks with
graph data, alongside node classification, and has a myriad of applications in the real world.
Some examples of its use include recommending content on social media platforms [218]
and predicting drug side effects [257] among many others.

Graph classification and regression. A classic example of graph classification is
predicting a molecule’s solubility or toxicity given its structure [77]. In graph classification
or regression, we seek to model graphs but instead of predicting individual components of
graphs, we want to make independent predictions for each graph. In this case, we do not
break the i.i.d. assumption, and we want to learn a mapping from graphs to labels. One
example of graph classification is in population-based disease prediction [165].

Clustering and community detection. Clustering is the graph analogue of unsu-
pervised clustering. To illustrate this, we use the example of a social network, where users
interact with each other on a messaging platform. In this context, we ask the question: does
the network exhibit a community structure, where users tend to interact more frequently

35



with others in the same community rather than with those outside their community? The
task of community detection involves identifying groups, which is challenging as it requires
inferring hidden community structures from input graphs. We find applications of this in
locating crime rings in social networks [201] to the study of how diseases spread between
communities [197].

2.5.4.4 Graph Neural Networks in Materials Science

We have seen some interesting methods of graph neural networks have been applied in
biology, epidemiology and social networks, the question that remains is how have these
been applied in the materials science field.

One example is the use of machine learning models to predict the formation energies of
crystals [10,116,161,167,208]. This is a challenging task because it requires predicting the
energy required to form a crystal from its constituent atoms, which can involve complex
interactions between many atoms. However, machine learning models have been shown to
be highly accurate at predicting formation energies, even for materials that have not been
synthesized yet. They have also been useful in screening large databases of crystals quickly
and efficiently, which is often not feasible using conventional simulation techniques.

Disordered materials are those that lack a well-defined long-range order in their atomic
or molecular structure. Examples of this include gasses, gels and polymers. The disor-
der can influence and sometimes even dominate material properties [33]. Graph neural
networks can be extended to model various forms of disordered systems and predict their
local and global properties. However, there is a lack of large datasets of disordered systems,
particularly labelled datasets with consistent measured or simulated properties [189].

Doping is a process used to introduce impurities into a material, typically a semi-
conductor, in order to alter its electrical properties. This process is often used to create
materials with specific electrical properties that are required for electronic devices. In some
cases, doping can disrupt the regular arrangement which can introduce disorder. The in-
troduced impurities may not occupy a single specific site in the crystal lattice but instead
have a probability of occupying multiple sites simultaneously. This is called substitutional
disorder which introduces problems in the modelling, simulation and even synthesis and
characterization of materials. Models have been introduced to address these issues; [39]
introduce MEGNet with a learnable embedding for atoms trained with doped crystal sites.
They showed how to perform multi-fidelity training by encoding low-fidelity (PBE) DFT
data in the global state of the MEGNet to predict band gaps of different levels of DFT
(ie more or less accurate). Wand et al. [231] also use a model trained on undoped crystals
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to predict certain properties of doped crystal structures. In [64], the authors use a graph
model to predict the properties of 2D materials with small defects.

Molecular dynamics (MD) simulations are very expensive, and some recent research
tries to speed these up with GNNs. For example, [166] use GNNs to predict forces for MD
using link prediction representing the force between atoms with good accuracy. In [188]
the authors use graph networks to predict partial charges in metal-organic frameworks for
simulations of gas adsorption.

A large area of study in materials science is the synthesis of new materials, which refers
to the process of creating materials with specific properties by combining different elements
or compounds in a controlled way. This is the central idea of this thesis. In [110], the
authors employ a positive-unlabelled” machine learning framework and implement GNNs
as a classifier in which the model outputs crystal-likeness scores.

2.5.4.5 Neural Networks on Graph

Understanding the various learning tasks available with graph data, and getting a brief
overview of classical methods, we now review some relevant deep learning methods on
graphs. The central idea is generating representations of nodes or graphs that vary de-
pending on the underlying graph structure and associated features.

Designing advanced encoders for graph-structured data presents a major challenge be-
cause our conventional deep-learning methods are not directly applicable. For instance,
CNNs are specifically designed to operate on grid-structured inputs, such as images, while
RNN are designed to work with sequential data, such as text. To create a deep neu-

ral network that can process general graphs, we must use a novel type of deep learning
architecture called the GNN [26,50,80,85,2006,220)].

2.5.4.6 Message-Passing Neural Networks

Typically, GNNs operate as Message Passing Neural Network (MPNN)s, the central idea
being the sharing of information between local nodes. During each message-passing itera-
tion, a node’s hidden embedding h¥ is aggregated from 4’s neighbourhood N;. This update

"Positive-unlabelled learning otherwise known as PU learning is a type of machine learning technique
used when we have a dataset that has only two classes, but the negative class is not well-defined or difficult
to obtain. In PU learning, we have a set of labelled examples that belong to the positive class and a set of
unlabeled examples that may belong to either the positive or negative class. The PU learning algorithm
typically adjusts the class priors to account for the fact that the unlabeled examples may contain both
positive and negative examples.
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can be expressed as 93]
hi™h = UPDATE(h}, Foge (RS Vj € N;)) (2.44)
where UPDATE and F,,, are differentiable functions. At each iteration k, the aggre-

gation function f,,, takes as input the set of embeddings of the nodes in the node i’s
neighbourhood and produces some message. This process can be visualized in Figure 2.9.

Input Graph

Figure 2.9: Visualization of the message-passing mechanism. The target node is underlined
(node “A”) which uses the function f.g, to aggregate its neighbourhood’s information (i.e.
nodes B, C, D). These then repeat this process.

The intuition is that with each iteration, we propagate more information about the sur-
roundings to all nodes’ representations. At iteration k, a node learns information from its
k-hop neighbourhood. So after 1 iteration, a node learns information from its direct neigh-
bourhood, then in the second it gets from its second neighbours (2-hop neighbourhood),
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etc.

One might now wonder what information these embeddings actually encode. There
are two forms to this; the first is structural information about the graph and the second
regards features of nodes. Structural information may include, for example, information
about the degrees of related nodes. The second form, features could entail an encoding of
all features in the nodes k-hop neighbourhood.

The basic GNN message passing is defined as follows:

L = o <Ws';lfh§ + Whian > h,’g) , (2.45)
neENy
where the aggregate function F,,, is a simple sum over all neighbours ) h, [93]. The

bias term is omitted for simplicity (and without loss of generality) and the UPDATE
function is a linear projection of the current representation with the aggregated message.
A non-linearity is then applied element-wise as follows

UPDATE(hE, muw)) = oc(WERE + WE minw) (2.46)

sel neig

Although not widely appreciated, the standard GNN can also be written in terms of
standard graph notation as follows:

H' =0 (AH*'W

€

igh T Hk_lekélf) : (2.47)

Here, H* is the matrix of node representations at layer ¢, and A is the adjacency matrix.
This highlights the sparsity in implementing a GNN using matrix operations.

Despite their popularity, basic message-passing schemes have notable shortcomings.
Firstly, their expressive power is bound by the first-order Weisfeiler-Lehman test (1-
WL) [241]. It has also been shown that many combinatorial problems cannot be solved by
MPNNSs [203]. Furthermore, the paradigm of MPNNs has been shown to contain other fun-
damental flaws such as over-smoothing, where the repeated aggregation of local information
make representations indistinguishable for nearby nodes |29, , 163] and over-squashing
where the aggregated information from farther nodes get compressed due to the exponential
increase in information at every node [2].

One notable example of an MPNN is the Graph Convolutional Network (GCN) [50,122].
We now introduce this powerful model, but first explain the difference between spectral and
spatial GNNs [37,240]. Spectral GNNs rely on spectral graph theory [13] where signals
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on graphs are filtered using the eigendecomposition of the graph Laplacian (defined as
L = D — A, the difference between the degree matrix D and then adjacency matrix A).
Spatial GNNs however consider local neighbourhoods of nodes and perform operations on
them. We highlight these two classes because different graph models generally fall into
one of those classes. The GCN falls into the spatial class, but can also be considered
(implicitly) a spectral low-pass filter on the eigenvalues.

2.5.4.7 Graph Convolutional Networks

Convolutional neural networks are extremely efficient architectures that exploit the local
translational invariance of signal classes. Their success was, in 2013, introduced to a new
class of data - graphs [26]. In 2016, Kipf and Welling [122]| introduce simplifications to
these spectral graph convolutions which allow for faster training times and higher predictive
accuracy in many cases.

The GCN layers can be explained similarly to Equation (2.44), where we apply some
non-linear function to the input features and some form of the node embedding (h;, which
is usually the adjacency matrix). The authors start with a simple form of this equation.
Taking the N x D feature matrix X and some form of the adjacency matrix A, a simple
layer-wise propagation rule (the UPDATE function) can be [122]

FHY A) = oc(AHOW D), (2.48)

where H" is the output to layer I, W® is a learnable weight matrix and o is some
nonlinear function. Two limitations arise from this simple yet powerful model. First,
when we multiply a node’s feature vector by A, it sums up the feature vectors of all the
neighbouring nodes but doesn’t include the node itself (unless there are self-loops in the
graph). To overcome this limitation, we can “fix” it by adding self-loops to the graph. This
means that we include the node itself by adding the identity matrix to A (A = A+ 1I).

The second limitation is related to the scale of the feature vectors. Normally, matrix
A is not normalized, which means that when we multiply it with the feature vectors, it
can significantly change their scale. We can understand this by looking at the eigenvalues
of A. To address this issue, we can normalize A by ensuring that all its rows sum to one.
This is achieved by dividing each row of A by the corresponding node degree, i.e. D~'A
which now corresponds to taking the average of neighbouring node features.

In practice, using a symmetric normalization further enhances the dynamics of the
model by multiplying the feature vectors with D~/24D~1/2 [122]. With this symmetric
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normalization, the model goes beyond simply averaging neighbouring node features and by
combining these two techniques, we essentially arrive at the propagation rule introduced
in the research paper by Kipf et al. [122]

A= A A=

fHO, A =o(D*AD* HOWO) (2.49)

where D is the diagonal node degree matrix of A.

In 2018, Xie et al. introduced the Crystal Graph Convolutional Neural Networks
(CGCNN) [242], a variant of GCN that is specifically designed for predicting the prop-
erties of inorganic crystalline materials. The CGCNN model focuses on both the global
and the local structure of a crystal by encoding the crystal graphs into a unified repre-
sentation. This consists of two kinds of graphs: an atom-graph and a bond-graph. The
atom-graph is represented by a matrix F©) whose rows are the feature vectors of atoms in
the crystal. The bond-graph, on the other hand, captures the local environments of atoms
and is represented by a three-dimensional tensor S.

The atom feature vectors are updated with the function
f(FD,8) = og(SFOWW), (2.50)

where S represents the bond-graph, F'®) is the atom feature matrix at layer [, and W® is
a learnable weight matrix.

The CGCNN model incorporates spatial and chemical information in an inorganic crys-
tal structure and learns a mapping from this graph representation to a target property of
the crystal. The atom features are summed to produce the crystal graph feature, which is
used to predict the properties of the crystal. The CGCNN model significantly outperforms
conventional machine learning models for predicting properties of inorganic crystalline ma-
terials and has shown that GCNs can be effectively used for a wide range of applications.

2.5.5 More Notable Methods

In this section, we introduce two notable methods of statistical learning: ridge regression
(with the kernel trick), and a class of tree methods known as gradient-boosted trees.

Ridge regression, as the name suggests, is a type of regression with an added regular-
ization term known as L2-regularization [101]. Otherwise known as ridge regularization,
this technique adds the squared norm of the models’ coefficients to the loss function. This
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penalizes large coefficients as to prevent any over-dependence on any one parameter and
prevent over-fitting®. The loss function is given by

L(B) = |IY = XBI| + AlIBI2, (2.51)

where (8 are the coefficients, Y is the response variable, and A is the regularization param-
eter denoting how much regularization to add. || || denotes the 2-norm, otherwise known
as the Euclidean distance. We see that setting A = 0 results in ordinary least squares as
we saw in Section 2.5.1.

Kernel Ridge Regression (KRR) is a technique that adds on top of ridge regression a
“kernel trick” which allows the model to learn more complex, nonlinear relationships [204].
It is a mapping to a higher-dimensional feature space that allows a linear algorithm to
compute nonlinear features without explicitly computing a transformation. A common
kernel function is the Radial Basis Function (RBF) kernel

K(z,2') = exp (—M> (2.52)

202
where x and z’ are datapoints and o is a parameter. To apply this kernel we use
L(B) = |IY — Kol + A||B]L. (2.53)

where « is a vector of dual coefficients and K;; = K(z;,z;). The KRR has seen great
success in many fields like bioinformatics and finance [214].

Another class of models we now introduce is the Gradient Boosted Trees (GBT). This is
an ensemble learning” technique which builds tree models concurrently, with each successive
tree correcting errors of the previous one [66]. Gradient boosting looks like

M)~

F(z) =) Bih(z; ), (2.54)

k=1

where F'(x) is the prediction, [ are the weights assigned to each tree, h(zx;6y) are the
decision trees, and K is the number of trees. At each iteration, a tree is fitted to the negative
gradient of the loss with respect to the current predictions. An optimized and scalable way
of running GBT is using XGBoost [10]. It implements regularization and parallelization

8When a model “memorizes” the input data, including any noise, and therefore generalizes poorly [109].
9Where we use multiple weak (smaller, less accurate models) and combine their predictions to create a
large, more powerful model.
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and is one of the most widely used GBT software packages alongside Light GBM [118]| and
CatBoost [180].

2.5.6 Optimizers

Often taken for granted in machine learning is the recording of gradients and backpropa-
gation through loss landscapes. This is, in the popular frameworks like Pytorch [170] and
Tensorflow [1], usually done under the hood with simple function calls. Gradient Descent
(GD) and its stochastic and adaptive variants are the generic approaches to minimizing
the error terms like in Equation (2.31). GD is thought to first have been introduced in
1847 by Claude Lemaréchal [139].

More recently, a class of algorithms called the Metropolis Monte Carlo (MC) was in-
troduced to simulate molecular systems [39,150,192]. Equilibriating a molecular system is
similar to training neural networks in that both involve optimizing parameters interacting
in a nonlinear fashion with many degrees of freedom. However, not many algorithms in-
volving these schemes are used in training neural networks by minimizing a loss function.
Some notable exceptions exist [190,212,228].

In the following, we explain how classic optimizers like GD work, with some mentions
of notable variants, we then learn the Metropolis MC algorithm and how this can be used
in training neural networks. We then also introduce an adaptive variant following [238].

2.5.6.1 Gradient Descent

Most deep learning algorithms involve some sort of optimization, referring to optimiza-
tion as the minimization or maximization of some function f(x). Maximization can be
seen as a minimization algorithm of — f(x) therefore we usually only discuss minimization
algorithms.

We start with the function f(z) and some objective function!® we wish to minimize.
Given that the derivative f’(z) is the slope at a point x, and tells us how a small change
in z with affect f(x):

flx+e) =~ f(z) +ef(z). (2.55)
We use this trick from calculus to minimize functions - we know how to change x in order
to minimize our cost function f(z). This is done by moving x in small steps with the

10Gee Section 2.5.1 for what an objective function is.
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Figure 2.10: Gradient descent. A function f(z) = 12? and its derivative f'(z) = x are
depicted. At z < 0 we see f'(xz) < 0 so we can decrease f by moving to the right. At
x =0, f'(z) = 0 so we have reached the minimum. The GD algorithm would end here and
at x > 0 we have f'(z) > 0 therefore we would take steps to the left. This illustrates for
gradient descent would take steps “downhill” - against the gradient - to reach a minimum.

This figure was adapted from [33].

opposite sign of the derivative. This technique is what is known as the gradient descent
and was first introduced by the French mathematician Augustin-Louis Cauchy in 1847 [34].
This is depicted in Figure 2.10.

An important aspect of GD-based algorithms is the learning rate - the rate at which we
take steps against the gradient. To minimize our cost function, we would propose a new

point at each iteration like so:
¥ =x—€eV,.f(x) (2.56)

where € is the learning rate. This is the step size we take in the direction of the steepest
descent. It can be chosen in various ways, a common approach being to set it to some
small constant arround le—3. Another approach known as line search is to evaluate f(x —
eV, f(z)) for different e values and choose the one that results in the smallest resulting
cost function [33].
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Most machine learning algorithms are based on the GD algorithm and its many variants.
The basic GD algorithm we have seen thus far has a few issues. Since we update our
parameters in a single batch, we may run into memory problems. This is also slow to
compute and is prone to get stuck in a local minimum of the loss function. To overcome
these, mini-batch GD was introduced where we learn on smaller batches of the data.
Then, a stochastic variant was introduced where we learn on randomly sampled smaller
batches. This is known as Stochastic Gradient Descent (SGD). This is usually much faster,
performs more frequent updates, is more robust to noisy and non-stationary data, and can
escape from local minima. However, it may require more iterations to converge than GD
and the learning rate needs to be carefully tuned to ensure convergence.

An important extension to SGD is the momentum [179]. As we use mini-batches,
there is more variation in the loss of each batch. Momentum is an optimization technique
that introduces inertia or a “memory” effect to the parameter updates. By considering
the accumulated gradient history in addition to the current gradient, momentum helps
the optimization algorithm navigate through flat regions and shallow local minima (of
the loss landscape) more efficiently. It smooths out the parameter update trajectory and
increases the persistence of updates, resulting in faster convergence. The momentum term
is typically between 0 and 1, higher values providing a greater influence on accumulated
gradients, reducing oscillations and enhancing the exploration of the parameter space.

Momentum in SGD has demonstrated improved convergence speed, robustness against
local minima, and better handling of ill-conditioned problems [16,33]. Our gradient update
(Equation (2.55)) now becomes a two-step process according to

u=r~yu—eVyf(x;0) (2.57a)

0 =0+u. (2.57Db)

where 6 are the parameters of the model. Momentum can be thought of as in the mechanics
perspective. The learning algorithm is like a ball moving downhill. A small hill will not
stop the ball because of its momentum [33]. A problem that can arise from this, however,
is the ball overshooting the minimum. To solve this, the Nesterov momentum [225] was

created which adds an additional corrective factor. This uses the derivative of the projected
position in the calculation of the new position for the variable. Equation (2.57) becomes

v=av—eVy %ZL(f(x; 0+ av),y) (2.58a)

0=0+v (2.58b)
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The difference between this and standard momentum is where the gradient gets evaluated
- in Nesterov, we evaluate the gradient after the velocity is applied.

Another common technique useful with the SGD algorithm is adapting the learning rate
as training proceeds. An early approach to this was the delta-bar-delta algorithm [107].
This uses a simple heuristic: if the partial derivative of the loss with respect to a model
parameter remains the same sign then the learning rate increase and if it changes sign
then it decreases. However this applies to full-batch optimization, with some newer models
being optimized to mini-batches.

The AdaGrad algorithm [53] adapts the learning rate of all model parameters by
scaling them inversely proportional to the square root of the sum of all historical squared
values of the gradient. Consequently, parameters with the largest partial derivative of the
loss have a rapid decrease in their learning rate and those with small partial derivatives
have a small decrease in their learning rates. This has been shown to result in more gently

sloped directions of parameter space [$3]. This can be described formally as
v=uv+ (Vof(x;0))% (2.59a)
0=0— —_Vyf(z:0). (2.50b)

VU T €

Here, € is a small factor to prevent division by 0. A benefit of Adagrad and other adaptive
learning rate methods is that they are much less sensitive to the learning rate. One problem
with this algorithm is it accumulates the squared gradients from the beginning of training.
It may result in a premature and excessive decrease in the learning rate.

To avoid this problem the root-mean-squared propagation (RMSProp) [100] algorithm
was introduced. The accumulating gradient is changed to an exponential moving average,
as the name suggests. This discards further history so that the algorithm can converge
rapidly after finding a convex part of the loss landscape. This algorithm introduces another
parameter p which is the decay rate. It is as follows:

v = pues + (1= p)(Vo (z:0))? (2.60a)
0, =60, — \/%ng(x; 0,_1). (2.60b)

In 2015, the Adaptive Momentum Estimation (Adam) [121] optimizer was introduced
which builds on AdaGrad and RMSProp in that it includes both learning rate scaling
and momentum. This optimizer has the benefits of including invariant parameter update
magnitudes with gradient rescaling, bounded step sizes controlled by a hyperparameter,

46



compatibility with non-stationary objectives, handling of sparse gradients, and natural
step size annealing [121]. The moment vectors (m; and v;) are typically initialized to 0
and their update rule is

9e = Vo f(z;0,-1) (2.61a)
my = 1—#@ (Bimi—1 + (1 = B1)ge) (2.61b)
vy = 1_;515 (Bovi—1 + (1= Ba)gy) (2.61c)
2
my
= b1 a2 (2.61d)

« here is the step size, and € is again a small hyperparameter to prevent division by zero.

b1 and Py are the decay rates for the exponential moving averages. The authors define
the fraction is Equation (2.61d) as the signal-to-noise ratio as it divides the signal (the
gradient) by the “noise” (the second order gradient). They also divide by the square root
of the gradient, inspired by RMSProp (Equation (2.60)).

Currently, there is no consensus on which algorithm to choose. Some research shows
that is it hard to beat SGD significantly, however, hyperparameter tuning is much less
important when using adaptive variants [207]. Currently, the most popular algorithm
is Adam. These, however, bring us to a new class of algorithms: Monte-Carlo and
evolutionary-based algorithms.

2.5.6.2 Metropolis Monte Carlo

The MC algorithm (otherwise known as Metropolis-Hastings or just Metropolis ) was first
introduced in the 1950s by a team of physicists trying to simulate interacting particles and
investigating properties of molecular systems [150]. The MC algorithm has been used to
train neural networks [190,212,228] but it is not widely used for these purposes. Here, we
introduce the MC algorithm and show how it can be used to train modern neural networks.

MC simulation is a class of numerical methods that use randomness in the sampling
- a type of monte carlo technique. Monte carlo (different from MC, which here denotes
Metropolis Monte Carlo) algorithms use randomness to approximate statistical values with
a measurable error. One well-known application is computing the integral (or area) of a
function. Different numerical methods can be used like the Newton-Cotes formulas which
work by estimating the integrand at equally spaced points [27]. A simple Monte-Carlo
algrithm to do this would be to generate random points on the domain of the function and
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then determining whether each point falls within the integration domain by comparing it
to the function being integrated. Points that meet the criteria are accepted, and those
that do not are rejected. By calculating the ratio of accepted points to the total generated
points and scaling it by the volume or area of the bounding region, an estimate of the
integral can be obtained.

The Metropolis algorithm works by sampling from a probability distribution and is
widely used today in fields ranging from industrial engineering [58, 131, 191] to economics
and finance |24, 65, 75, 78] because it is conceptually easy to understand, efficient and
theoretically justified [131]. It is a type of evolutionary algorithm. That is, a class of black-
box optimization algorithms [103, 119] that consist of heuristic-based search procedures
inspired by nature (referring to “evolution”) [198]. At every iteration (a “generation” of a
species), a population of parameters (the “genotypes” comprising that species) is perturbed
(random “mutations” of the genes) and some objective function value (the “evolutionary
fitness” of the species) is evaluated. The central goal being “survival of the fittest”.

Suppose we wish to compute an expectation
= E[g(X)] (2.62)

but are unable to compute it exactly so we use the MC method. If we are able to simulate X;
Independent and Identically Distributed (IID) random variables with the same distribution
as X, we can define

1 n
ho— 2 X, 2.63
fin =~ ; 9(X) (2.63)
and Y; = g(X;). We know Y; are IID with mean p and variance
o = var{g(X)} (2.64)
and by the central limit theorem, we know that
i N, T (2.65)

where [i is the sample mean of our predictors Y;. The variance is estimated by

1
52~ = Y, — i1)? 2.
ot Y (Vi i), (2.66)

(2

with [t being the sample mean. We notice the accuracy is inversely proportional to the

48



square root of the sample size, however, it is limited since for each additional significant
figure, a 10X increase in accuracy requires a 100x increase in the sample size [72].

For the Metropolis-Hastings algorithm, we add the notion of Markov chains to our MC
simulation algorithm. These are a study of stochastic processes where the state space is
finite or countable. It is generally used when it is hard to sample from our probability
distribution. We do this because a large number of parameters and complex probabilities
become intractable. In simple terms, a Markov process is one where the conditional dis-
tribution of a state space X, given X,, does not depend on n [72]. i.e., we do not care
about the history, but only the state at step n. A common algorithm to do this is the
Metropolis MC [96, 150].

Given a transition matrix 7', a Markov chain is time-homogeneous if
P(XZ‘+1 = CL|XZ = b) = Tba \V/Z, Va, be X (267)

where X is the set of all possible values for our stochastic!! variables.

The Metropolis algorithm is a method to generate a Markov chain with a desired
distribution 7. It ensures that we yield a Markov chain that is ergodic'? and stationary!?
with respect to 7. That is, if our state space X ~ m then X(;1) =~ 7 - meaning it will
converge to m. We start by selecting a candidate for the next “move”, from a probability
matrix (), and accept or reject depending on if the posterior probability of the jump is
higher than our initial probability.

1. Initialize X; = z;.
2. Forti=1...n

(a) Sample y from Q(y|z;).
(b) Compute the acceptance probability

_ min m(y)Q(x4]y)
4= (1’w<xz->@<y|xi>)‘ (2.68)

(¢) Accept y with probability A and set ;11 = y, otherwise set x;,1 = ;.

HStochastic is a fancy word for random.

12A Markov chain is ergodic when you can get to any state from any state. See |
on the ergodicity of stochastic processes.

13 A stationary distribution is one that remains unchanged as time goes on.

,50] for more details
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For proof of why this works we refer the reader to the original paper by Metropolis et
al [150]. This algorithm has been touted as one of the most influential algorithms of
all time and has found widespread applications across various scientific disciplines. This
algorithm serves as a powerful tool for generating random samples from complex probabil-
ity distributions that may be challenging to sample directly. One prominent application
lies within statistical physics, where it was originally devised to simulate the behavior of
atomic systems at equilibrium. It has also been instrumental in studying the Ising model
for ferromagnetism and other lattice systems. Beyond physics, the Metropolis algorithm
has been widely adopted in fields such as computational chemistry, where it aids in the
prediction of molecular conformations and the exploration of potential energy surfaces [63].
In Bayesian statistics and ML, the algorithm plays a pivotal role in posterior distribution
estimation, parameter inference, and modeling [132]. It especially has uses for sampling
from high-dimensional functions. Furthermore, it has proven valuable in financial model-
ing for option pricing and risk assessment |78]. It is a versatile and indispensable tool for
solving complex probabilistic problems in diverse domains.

One application of the Metropolis algorithm is estimating complicated probability dis-
tributions. For example, the probability distrbution function of

Plx) = ine;xp(—xQ)(Q - sin(?x) + sin(?x))
S exp(—22) (2 + sin(5x) + sin(2x))

(2.69)

is too complicated to find analytically as the integral is impossible to solve. The Metropo-
lis algorithm allows us to get P(z) by sampling from the unnormalized function f(x) =
exp(—x?)(2 + sin(5z) + sin(2z)) following the algorithm above. Using a symmetric pro-
posal distribution, the metropolis acceptance criterion (Equation (2.68)) becomes A =

min <1, %) as Q(z;|ly) = Q(y|z;) *. Figure 2.11 shows the results of running Metropolis

to approximate P(x).
Population-based evolutionary algorithms have been used to train networks with many

parameters by minimizing a loss function 61,62, 155] as is generally done with gradient
descent. In Witelam et al., [233], we show the ability of a zero-temperature'® Metropolis

14Tn plain words, the probability of sampling x given y is the same as the probability of sampling ¥y given
x.
15Zero temperature implies that any moves that result in an increase in loss are disregarded. This
decision is based on the proven effectiveness of gradient-descent methods in machine learning and the
intuition drawn from Gaussian random surfaces, which suggests that loss surfaces exhibit more downward
directions when the loss values are high. By adopting a zero temperature approach, the optimization
process prioritizes directions that lead to a decrease in loss, benefiting from the reliability of gradient
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Figure 2.11: Metropolis algorithm example. We find the probability distribution of Equa-
tion (2.69) using Metropolis sampling. The red curve shows the normalized curve, and the
blue histogram shows the results of running Metropolis for n = 10k steps with a normal
distribution N (z;, 1) for step proposals and starting at point —1.

MC algorithm and an adaptive variant for training neural networks. In the following
we follow some of the methods from [238]. We show that the ability of Metropolis MC
to train a fully-connected neural network is similar for networks with hundreds or even
millions of parameters: there is not necessarily a sharp decline of acceptance rate with
increasing network size as is usually claimed. This is done by taking a neural network
of fixed structure, proposing a perturbation to all weights and biases, and accepting the
change if the loss does not increase.

The proposed mutation to a models parameters is

where €; ~ N(0,0?) conditional on the loss not increasing. o needs to be chosen with

descent and capitalizing on the characteristics of loss surfaces at higher loss values [7,48].

ol



care in simple MC optimization in order to ensure our optimization algorithm reaches a
minimum by generating diverse sets of trajectories. See Appendix A.3 for a brief study on
diversity of MC trajectories. When the scale of each move ¢ is small, the value of each
parameter 6; evolves according to the Langevin equation [239)]

do; o 1 U(#)

dn ~ 2r |VU(0)| 06 +min), (2.71)

where n is the training time in epochs, 7 is a Gaussian white noise with zero mean and
variance <n;(n)n;(n')> = (062/2)d;;0(n — n'). This means that small stochastic pertur-
bations of the weights and biases (with the zero-temperature condition) are equivalent to
noisy clipped or normalized gradient descent on the loss (i.e. Equation (2.32)) [235].

2.5.6.3 Adaptive Monte Carlo

As with the adaptive learning rate methods introduced in Section 2.5.6.1, in [238] we
introduced an adaptive Monte Carlo (aMC) method. To this end, we introduce the idea of
changing the size of each move from Equation (2.70) to adapt as training progresses. We
propose the following change

€; NN(,&Z',O'Q). (272)

The parameter p; is initially set to zero and updated according to
i = i+ e(e — i), (2.73)

where € here is a hyperparameter of the model. This is similar to the momentum in the
gradient-based schemes introduced in Section 2.5.6.1. The idea is to shift the center of each
move p; towards the last accepted move, ¢;, with the goal of increasing the probability
that a future move will be accepted. To remove the need for a large search space, a
simple learning-rate scheduling o — 0.95¢ (and p; = 0) was introduced after n, (another
hyperparameter) consecutive rejected moves. The aMC algorithm, therefore, follows the
following four steps, as introduced in [238]:

1. Current State. Record the current state of the neural network #. Sample the data
(the batch), and compute the loss U(6). If signal norm is on, calculate the values \;
from Equation (2.74).

2. Mowve Proposal. Propose a move using Equation (2.70) for each NN parameter with
0; = \io. Evaluate the new loss U(6') from the proposal and accept if U (') < U(6)
and go to step 3. otherwise we reject the move and go to step 4.
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3. Accept move. Make the proposed move § — 6§ and set n., = 0. Update each step
size using Equation (2.73). Return to step 1.

4. Reject move. Set ne.. — ne. + 1. If n,. = ng then set n.,. = 0, 0 — 0.950 and set
i = 0,Vi. Return to step 1.

This algorithm requires only the computation of the loss and not the gradients at any
point. The memory cost of aMC is the cost to calculate the loss, to store two versions
of the model, and (if € # 0 and signal norm is on) to store the values y; and \; for each
parameter of the NN. The computational cost of a move is drawing N Gaussian random
numbers and calculating the loss function. This requires fewer computations than gradient-
based methods as there is no gradient computation.

2.5.6.4 Signal Norm

For select deep networks, it may be useful to choose \; specifically to keep the scale of
updates for each neuron equal. This follows ideas applied to gradient-based methods
(adaptive GD as seen in Section 2.5.6.1) [15]. This concept is introduced as signal-norm.
When it is turned off, we set all \; = 1 from step 2, however, when it is on, we normalize
inputsc to a neuron by setting

~1/2
Naata NJ

N BV DD DT N 27a)

a=l i ;5

where Nj; is the “fan-in” of neuron j, S§* is the output of neuron 7 given one particular
evaluation « of the network. For the full derivation of why this works see [2358]. Under
Equation (2.74), weights on connections that feed into a neuron receiving many other
connections will experience a smaller move scale than weights on connections that feed
into a neuron receiving few connections. Similarly, weights on connections fed by more
active neurons will experience a smaller basic move scale than weights on connections
fed by relatively inactive neurons. The idea is to shift move proposals towards the last
accepted move thereby increasing the chances of generating moves that will be accepted.
This equation does not apply to neurons that are a bias (we set \; = 1).

23



2.5.6.5 Tests

In [238], we tested whether MC and aMC can train shallow and deep neural networks as
well as GD. To that end, we ran a series of tests comparing MC, aMC, and GD. First,
we show that for certain problems, the acceptance rate of aMC is much higher than the
Metropolis algorithm at lower loss values, and is more insensitive to network width, depth,
and size. Then, we show that the momentum-like term in aMC speeds up learning and can
learn high-frequency features much like adaptive methods do when compared to vanilla
GD. Furthermore, we show that the MC method is able to train a simple recurrent neural
network, specifically where gradient methods fail. Lastly, we show that aMC can train
deep networks in which gradient methods fail due to small gradients. See Section 3.2 for
some of these results.
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2.6 ORGANIZER: Molecule Database

The following chapter is adapted from Theophile Gaudin’s PhD thesis at the University of
Toronto [70]. It will be submitted as an article coauthored by me in the near future.

In order to meet the increasing energy demands of society, there is a pressing need for
the development of new materials. Self-driving laboratories have emerged as a promising
avenue to drive advancements in material discovery. Early self-driving laboratories 60,81,

|, equipped with single robotic platforms, have made significant progress in this field.
However, they still face limitations in their ability to discover materials at the required pace,
primarily due to the vastness of the chemical space and limited instrument throughput. To
overcome these challenges, the incorporation of additional laboratories and instruments into
the self-driving laboratory process holds immense potential. By leveraging the combined
resources and expertise of multiple self-driving labs, a more comprehensive exploration of
the chemical space can be achieved, greatly increasing the chances of material discovery.

Among the many materials discovery and acceleration platforms [12, 87, 106], there is
a clear lack of data management and sharing. Some lightweight approaches exist and are
often employed such as sharing data in memory, which is very susceptible to loss of data.
Other approaches include sharing files in different formats, namely parquet, CSV, Matlab
files etc. The preferred approach is definitely backing up the data to some server where they
are safeguarded. With this method, however, classifying and tracking data becomes a big
issue. It is essential to establish good practices so this can be done, effectively accelerating
this important field of research.

Databases are a common way to store and share data. Examples of databases in the
field of chemical engineering are ChemOS [191] and Materials Experiment and Analysis
Database [217] which respectively use SQLite and MySQL and although these projects
encapsulate the benefits of implementing relational database management systems, they
are either not accessible enough or generic and modular enough to be applied to arbitrary
material discovery campaigns. Here lies the need for ORGANIZER, with its modularity.

To facilitate the realization of a network of multiple self-driving laboratories across
physical locations, a cloud-based software framework known as ORGANIZER has been pro-
posed. ORGANIZER serves as a distributed system, where instruments function as asyn-
chronous workers that can seamlessly join or leave the system as needed, for instance,
during maintenance. The framework encompasses two essential components: a database
that meticulously tracks experiment information and results, and a work dispatcher that
efficiently schedules experiments. In this work, the software framework behind ORGANIZER
is thoroughly described, showcasing its capabilities through an experimental campaign fo-
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Figure 2.12: A. Gain materials for Organic Solid-State Lasing Devices (OSLD)s. Exem-
plified with 4,4-Bis|(N-carbazole)styryl|- biphenyl (BSBCz). B. Two-step synthesis of a
space of approx. 200,000 novel gain materials for OSLDs. C. A delocalized self-driving
laboratory using ORGANIZER as a central platform for experiment orchestration and data
storage. Image taken from [70].
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cused on organic lasers. This campaign serves as a demonstration of ORGANIZER’s potential
to provide a flexible and scalable platform for the discovery of novel materials.

By enabling effective collaboration among self-driving labs and offering a delocalized
approach to chemistry experimentation, ORGANIZER stands as a pioneering effort in this
field. The framework presents a promising solution to overcome the limitations faced by
early self-driving laboratories and offers a pathway to accelerate the discovery of materials
essential for addressing societal energy needs.

To showcase ORGANIZER, we worked on an application of it as the central experiment
planning hub in a large-scale, delocalized, asynchronous optimization campaign targeting
materials for OSLDs. These materials hold promise for the next generation of laser de-
vices, owing to their accessibility, facile tunability and flexible device processing compared
to established inorganic crystal lasers [113]. At the same time, the structure-property re-
lationships for molecular lasing have remained largely unknown. For these reasons, we
set out a large-scale discovery campaign for novel OSLD gain materials, inspired by the
4,4-bis|( N-carbazole)styryl|biphenyl (BSBCz) [217] scaffold. Specifically, we identified the
molecular pentamers of the general “cap-bridge-core-bridge-cap” structure as a promising
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Figure 2.13: ORGANIZER and its components. Figure taken from [70)].

search space for OSLD gain materials. These molecules can be prepared in an automated
fashion following a novel two-step, iterative SuzukiMiyaura coupling scheme as shown in
Figure 2.12 [21,70].

To optimize experimental throughput and accommodate the availability of different
reactants in our laboratories, we adopted a parallelized approach by distributing synthe-
sis efforts across five robotic platforms located at four different sites. Coordinated and
streamlined execution of these experiments was made possible through the implementa-
tion of ORGANIZER, in a cloud-based platform serving as the central hub for data storage and
experiment planning. Within the closed-loop workflow, experiment recommendations were
generated directly in the ORGANIZER database and subsequently downloaded and executed
locally on the corresponding robotic platforms. Continuous progress updates and obtained
experimental data were seamlessly uploaded to ORGANIZER, facilitating asynchronous or-
chestration of these experiments. Through the implementation of this distributed cam-
paign, we successfully achieved rapid and parallel execution of numerous experiments, ul-
timately leading to the discovery of novel and high-performing gain materials for OSLDs.

2.6.1 Design

ORGANIZER has been designed to offer adaptability to diverse material discovery campaigns,
although the need for custom code will arise when catering to specific project requirements.
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The framework follows a modular approach, comprising four key modules: a centralized
database, a backend system for efficient data management and authentication, a recommen-
dation system leveraging machine learning techniques, and communication drivers tailored
to facilitate seamless interaction between self-driving labs and instruments. Notably, Mod-
ules 1 and 2 which encompass the centralized database and backend system have already
been made available on GitHub under the name Molar!®. The recommendation system,
Module 3, make use of Gryffin [95] to provide valuable insights and prioritize experiments
based on prior results. Module 4, the communication drivers, vary in their implementation
depending on the application or hardware employed. The interactions between these com-
ponents are illustrated in Figure 2.13, providing a visual representation of the orchestration
within ORGANIZER. Furthermore, to cater to the specific needs of this material discovery
campaign, two additional modules have been developed: a visualization dashboard en-
abling experts to monitor progress and manage lab inventory, and a project-specific API
ensuring efficient experiment dispatching while preventing duplication. The comprehensive
design and development of ORGANIZER, alongside its additional modules, demonstrate its
potential as a versatile and powerful tool in advancing material discovery.

2.6.1.1 MolarDB

In the realm of high-throughput experiments and material discovery campaigns, the focus
is often directed toward the ultimate outcome while inadvertently neglecting the role of
data. The fast-paced nature of some projects, coupled with the urgency to achieve results,
contributes to the lack of attention given to data. However, within our specific project,
we recognize that this approach falls short on two fundamental fronts. Firstly, the data
collected during these campaigns possess an intrinsic value that extends beyond the imme-
diate context, warranting its preservation and usability for future endeavours. Secondly,
as our project aims to foster collaboration among researchers and laboratories, it becomes
imperative to establish a centralized repository for data to avoid duplicating efforts and
facilitate the sharing of valuable insights.

To address these needs and enhance data management and accessibility, we have devel-
oped a Python package called Molar. Molar serves as a comprehensive solution by stream-
lining the access and management of databases through the utilization of industry-standard
tools, notably PostgreSQL [28] and Docker [119]. By leveraging these well-established
technologies, Molar provides a user-friendly interface that simplifies the installation and

16This can be found under the aspuru-guzik-group/molar repository. See
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Event store table
Projection

Data id 1

event create Molecule table

o type molecule molecule_id | 6bf2b5al-c157-4b5a-8a80-bf0b44704273
m data| {"smiles": "CN1C=NC2=C1C(=0)N(C(=0)N2C)C"} created_on | 2022-01-18 12:59:52.245638
User/Client timestamp) 2022-01-18 12:59:52.245638 updated_on | 2022-01-18 12:59:52.245638
uuid | 6bf2b5al-c157-4b5a-8a80-bfeb44704273 smiles | CN1C=NC2=C1C(=0)N(C(=0)N2C)C
user_id | 1

alembic_version| d766aef0a791

Figure 2.14: Molar event sourcing. Data from the user are sent to the event-store table
before being propagated throughout the database. Keeping records of the event store allow
for “rollbacks” of the database if data are found to be incorrect or fraudulent.

deployment processes on any Docker-enabled machine with these two straightforward Bash
commands:

pip install molar|[backend |
molarcli install local

This enables researchers and scientists to quickly integrate Molar into their existing work-
flow without the burden of complex setup procedures.

To accommodate the dynamic nature of data structures generally encountered in high-
throughput campaigns, Molar incorporates a pivotal feature: the addition of an extra json
field to its database tables. This innovative approach allows for the capture and represen-
tation of complex relationships between both known and novel types of data, ensuring the
flexibility required for efficient data management and analysis. By embracing this adap-
tive design, Molar allows users to seamlessly incorporate new data types as they emerge,
eliminating the need for rigid pre-defined structures that might hinder the exploration of
unanticipated data sizes.

Recognizing the importance of data security and access control, Molar incorporates ro-
bust mechanisms to safeguard sensitive information and provide secure access to authorized
users. The package integrates built-in user and authentication management, employing a
JWT-based authentication [115] approach to authenticate and authorize users effectively.
This comprehensive authentication framework ensures that only allowed individuals can
access the data, mitigating security vulnerabilities that may arise from unauthorized access
attempts.

Moreover, to safeguard against unintended errors and data corruption, Molar imple-
ments event-sourcing within its architecture. This approach guarantees the integrity of
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data by recording all data modifications within a designated table prior to their propa-
gation. The event-sourcing mechanism can be seen in Figure 2.14. The event-sourcing
mechanism provides an added layer of protection and facilitates data recovery by allowing
database “rollbacks” to any desired point in time.

Molar’s inherent modularity and extensibility stem from its foundation as a Docker
container-based solution and its structure versioning using Alembic [221]. This tool helps
track inventory in different laboratories which allows the proper dispatching of jobs when
materials allow it. It also helps in tracking currently running jobs and finally viewing
overall results from anywhere. The custom structure built for the OSLD discovery can be
seen in Figure 2.15.

The project’s API has been specifically designed to handle the storage of large files
resulting from high-performance liquid chromatography characterization and other calcu-
lations. To ensure efficient and secure storage, we have seamlessly integrated a REST
API that establishes a connection with a minio storage server [152]. ORGANIZER further
enhances usability by providing a convenient authentication feature, allowing users to au-
thenticate with a single POST call, streamlining the authentication process. The following
code snippets demonstrate how user credentials can be easily verified from any submodule
within the system.

import requests

def verify user(token: str) —> bool:
response = requests.post (
f"{MOLAR_BACKEND URL}/login/
HHHHHHHH test —token?database name={DATABASE NAME}"
headers={"Authorization": f"Bearer_{token}"},
)

if response.status code != 200:
raise Exception(response.json ()["detail"])
user = response.json ()

if not user|["is active"]:
raise Exception("Your_account_is_not_activated!")
return user

where the token variable corresponds to the JWT access token provided by the backend to
the user. Since REST APIs may not be the most user-friendly, we have also implemented
a Python client and web frontend. The Python client offers a way to interact with the
ORGANIZER backend. Results are returned in a Pandas [167| dataframe which should be
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rows depict relationships between tables.

SchemaCrawler (
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) and taken from |


https://www.schemacrawler.com/

familiar to most scientists using Python. The web interface was built using React [219].
This ensures that any researcher with even low technical skills can interact with ORGANIZER.
From the web interface, it is possible to edit inventory, view the results of experiments,
ete.

2.6.1.2 Closed-Loop Experiment Campaign

In our research, we utilized ORGANIZER as the central hub for experiment planning and
data storage in a delocalized discovery campaign aimed at identifying novel gain ma-
terials for OSLDs. This campaign involved the collaboration of multiple experimental
laboratories, including the University of Toronto(UoT), the University of Illinois Urbana-
Champaign(UoIUC), the University of British Columbia Vancouver(UBCV), and the Uni-
versity of Glasgow(UoG).

To ensure efficient coordination and synchronization of the campaign, ORGANIZER was
integrated with robotic platforms, compound inventories, and the Bayesian Optimization
algorithm for experiment planning. By serving as the core unit of the closed-loop discovery
workflow, ORGANIZER facilitated seamless communication and information sharing among
the participating laboratories.

The primary objective of our campaign was to optimize the properties of organic pen-
tamers belonging to the cap-bridge-core-bridge-cap family. These organic compounds were
synthesized using an automated, two-step iterative Suzuki-Miyaura cross-coupling process.
The availability of commercially accessible building blocks allowed us to explore a vast
search space comprising approximately 200,000 molecules. By leveraging the capabilities
of ORGANIZER and the collaborative efforts of the participating laboratories, we aimed to
expedite the discovery of high-performance gain materials for organic solid-state lasing
devices. The centralized nature of ORGANIZER enabled efficient experiment planning, data
storage, and analysis, fostering a streamlined and productive research environment.

The campaign would leverage the Bayesian optimizer that interacts with ORGANIZER
through the Python API to obtain vital information regarding the campaign status. This
includes retrieving previous experimental results and simulated molecular descriptors,
which play a key role in building a surrogate model to capture the underlying relationship
between molecular structure and lasing performance. One of the significant contributions
of the ORGANIZER is its ability to provide real-time information on the availability of syn-
thesis building blocks at different laboratory sites. This feature enables the construction
of a dynamic search space, allowing for the efficient allocation of experimental resources.
The Bayesian optimizer utilizes this information to generate new experimental recommen-
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dations that are directly uploaded to ORGANIZER. By facilitating seamless communication
and data exchange, ORGANIZER acts as a catalyst in driving the discovery process forward.

To execute the experiments, five robotic platforms were deployed across four different
sites. These platforms encompass diverse functionalities, including Chemputers [224] at
the UoBCV and the UoG which were dedicated to large-scale building block preparation
and synthesis machines employed for the final material synthesis. The final OSLD gain
materials were synthesized on a Chemspeed Swing platform at the UoT and with the use
of two parallelized synthesis machines by Burke et al [111] (at the UolUC and the UoT).
Furthermore, to ensure accurate analysis and characterization of the experimental out-
comes, the reaction mixture undergoes automated analysis using High Performance Liquid
Chromatography (HPLC)-Mass Spectrometry (MS), followed by spectroscopic character-
ization of the target compound. The resulting experiment statuses, HPLC-MS data, and
optical analysis results were processed and systematically uploaded to ORGANIZER through
the Python API.

One important challenge encountered was the sharing of incompatible data types.
Specifically, the ThermoFisher Scientific Vanquish HPLC-MS system at the UoT and the
Agilent HPLC-MS system at the UolUC lacks interoperability. This challenge was im-
portant because we required the exchange of chromatographic data beyond simple peak
tables.

With the lack of standards in open data formats for HPLCs, there are many custom and
proprietary formats to handle. Instrument manufacturers usually have some proprietary
data formats. The mzML data format is a widespread format for mass spectrometric
chromatography. Some tools exist which aim to bridge this gap; HappyTools [111]| exports
summaries of HPLC data in tabular formats, and ChromConverter [13] extracts data in the
R language. Mocca [90]| provides a handy jupyter notebook [1241] interface for analyzing
HPLC data from Agilent Chemstation. Mocca is also able to interface with the HDF5-
based Allotrope Data Format [151]. However, none of these programs fit our need for
Python-based raw data extraction from the ThermoFisher Scientific Agilent MassHunter
proprietary formats and a lightweight open data specification for storage in molar.

We have developed an open-source data specification for HPLC-MS data, using JSON
as the file format. The specification includes the storage of mass spectrometry data in the
mzML format, as well as the extraction of raw HPLC diode array detector (DAD) data us-
ing a dictionary format compatible with numpy. Custom code and adaptations of existing
tools were employed to extract data from different formats, including ThermoFisher Scien-
tific and Agilent MassHunter DAD. The specification incorporates machine-readable meta-
data, providing information about gradients and columns (manufacturer, model, model
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number, length in mm, inner diameter in mm, pore size in A, and particle size). Live data
extraction is achieved by monitoring specified directories, and to address the large size
of HPLC-MS datasets, a tarball compression algorithm is used. This open data format
can be extended or integrated with other hierarchical data formats such as HDF, Parquet,
or the Allotrope Data Format, offering flexibility and compatibility for data storage and

analysis.
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2.7 Learning Long-Range Atomic Interactions

With the ever-increasing demand for new materials with improved properties, particu-
larly in the context of energy storage, traditional experimental approaches alone have
become unsustainable. High-throughput screening, coupled with machine learning algo-
rithms, provides a powerful framework for accelerating the discovery and design of materi-
als [81,173,182]. By leveraging large-scale databases (see Section 2.6), advanced computa-
tional models, and intelligent algorithms(Section 2.5.2), researchers are now able to rapidly
explore and predict the properties of a vast range of materials, enabling targeted and effi-
cient experimentation. This paradigm shift in materials discovery offers great promise for
addressing critical energy challenges and propelling advancements in various other fields
reliant on tailored materials.

While machine learning has shown great promise in materials discovery, it is not without
its challenges. One of the primary difficulties lies in the representation of materials, which
is crucial for the success of machine learning algorithms. Materials are complex entities
with properties that emerge from the interactions of numerous atoms, and capturing this
complexity in a form that a machine learning algorithm can understand is a nontrivial
task [196].

Traditional descriptors or “fingerprints” used for molecules often fail to capture the
complexity of materials, leading to inaccurate predictions. Furthermore, machine learning
algorithms can fail when extrapolating to materials outside the training set, limiting their
predictive power to only similar materials [185].

Tailored atomic representations, such as the Many-Body Tensor Representation (MBTR)
[104] and Smooth Overlap of Atomic Positions (SOAP) [12], have been developed to ad-
dress these issues. These representations capture the local atomic environment and the
many-body interactions, providing a more accurate and comprehensive description of ma-
terials.

However, creating these representations is computationally intensive and requires a
deep understanding of the material’s structure and properties. Despite these challenges,
the development of more accurate and efficient representations remains an active area of
research, with the potential to significantly enhance the predictive power of ML in materials
discovery.

65



2.7.1 Representations of Materials

The success of ML in materials design hinges on the ability to effectively represent materials
in a manner that captures essential features and allows for accurate prediction of their
properties. This chapter delves into various methods of materials representation used in
ML for materials discovery, providing an overview of traditional descriptors, tailored atomic
representations, and emerging techniques.

Traditional descriptors, such as composition and crystal structure, have been widely
used in the early stages of ML for materials. Compositional descriptors are based on
the types and proportions of elements present in a material. Examples include the atomic
fraction of each element, the mean and range of atomic radii, electronegativity, and ion-
ization energy. These descriptors can capture basic chemical properties of the material
but often fail to account for the complex interactions between atoms [235]. Structural
descriptors capture some aspects of the material’s structure but lack in certain aspects.
Examples are the coordination number (the number of nearest neighbours an atom has),
bond lengths, bond angles, and the distribution of these quantities. For crystalline materi-
als, descriptors such as the crystal system (e.g., cubic, hexagonal), space group, and lattice
parameters are often used. These descriptors can capture some aspects of the material’s
local structure but don’t account for more complex structural features.

Ideally, descriptors in materials science should encapsulate information that could dis-
tinguish between different atomic and crystal environments [73]. One of the earliest strate-
gies for extracting quantitative representations of crystal materials involved the use of
pairwise distance models to predict potential energy [17]. However, these models are lim-
ited in that they only work for a fixed number of atoms and do not provide a unique
representation under the permutation of atoms. Some machine learning models in ma-
terials science have been developed that rely on datasets of compounds with the same
stoichiometry or the same structure. These models are often used when the goal is to un-
derstand the variations in properties within a specific class of materials or to predict new
materials within that class. For instance, models that rely on datasets of compounds with
the same stoichiometry are often used in the study of alloys or intermetallic compounds.
In these cases, the stoichiometry is fixed, but the arrangement of atoms can vary, leading
to different crystal structures and properties. ML models can be trained on these datasets
to predict the most stable crystal structure for a given stoichiometry or to predict the
properties of new alloys with the same stoichiometry [210]. Similarly, models that rely
on datasets of compounds with the same structure are often used in the study of crystal
structure-property relationships. For example, perovskites are a class of materials that
all share the same crystal structure but can have vastly different properties depending on
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the specific elements present. Machine learning models can be trained on datasets of per-
ovskites to predict the properties of new perovskites or to identify promising candidates
for specific applications [175].

While these models can be quite effective within their specific domain, they are limited
in that they cannot be easily generalized to other stoichiometries or structures. This has led
to the development of more sophisticated models that can handle diverse compositions and
structures. To fully encompass the diverse compositions and structures found in crystal
materials, it is said that a representation invariant under rotation, translation, and scaling
transformations is necessary.

Faber et al. proposed generalized Coulomb Matrix (CM) approaches to address this
need [59]. The first approach considers full Coulomb interactions between two atoms in
a lattice. The second approach models atomic electrostatic interactions in the unit cell
and its nearest neighbour environment. In the third approach, the Coulomb interaction is
replaced by a periodic potential with respect to the lattice vectors.

Schiitt et al. constructed a model to predict the density of states at the Fermi energy
based on a crystal representation called the partial radial distribution function. This
representation is invariant under translation, rotation, and the choice of the unit cell [209].

Xie et al. proposed a novel approach to constructing features using a crystal graph
convolutional neural network, as introduced in Section 2.5.4.7, which is invariant for unit
cell choices and achieves high prediction accuracy for many properties [212]. However,
neural networks are often considered “black boxes” due to their large number of parameters
and it is sometimes difficult to interpret the final predictors physically. Therefore a need
for representations inspired by the physical system remains.

In contrast, topology, which considers the global connectivity of various components in
space, has been used to study isolated entities, rings, and higher dimensional faces [205].
Traditional topology often results in too much geometric reduction to provide a useful
description of crystal structures. Persistent homology, however, bridges geometrical shape
analysis and topological characterization by embedding multiscale geometric information
into topological invariants [57]. This method has been applied to represent organic molec-
ular and biomolecular properties, and its successful application in biomolecules has mo-
tivated its use in representing crystal compounds for predicting their physical proper-
ties [30,31,47,241].

As the need for more detailed and specific representations of materials increased, de-
scriptors have been divided into local and global descriptors |17, 145|. Local descriptors
focus on the environment of individual atoms or atomic sites. They are particularly suited
to materials where local variations can drastically impact material properties, such as alloys
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or amorphous materials. Examples include Atom-Centred Symmetry Functions (ACSF),
which encode the coordination environment of atoms [15], and SOAP descriptors, which
represent local atomic environments by considering overlaps of atomic Gaussian distribu-
tions centred at neighbouring atoms [11].

SOAP is a sophisticated descriptor that provides a numerical representation of local
atomic environments. It forms part of a larger family of atom-centred descriptors that are
pivotal to accurately capturing atomic spatial configurations. The essence of SOAP lies in
treating atomic environments as a form of “density” rather than discrete atomic positions.
For each atom in the local environment, a Gaussian distribution is placed centred at the
atom. As these Gaussian distributions overlap, a continuous representation of the atomic
environment is created. This overlap encodes both the individual atomic positions and the
aggregate distribution, capturing details of the local atomic topology. The representation
of atomic environments in SOAP is more formally defined as a power spectrum!” obtained
from the expansion of atomic density in a series of radial and spherical harmonic functions.
Mathematically, the atomic environment density of species 7 is given by:

pile) = 3 et (275)

jZZj:i

where r; are the positions of atoms of species ¢, and ¢ is the width of the distribusion.
The atomic density p;(r) is then expanded:

pi(r) = Z Cotmn (1) Yim (0, ) (2.76)
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where g¢,,(r) are radial basis functions and Y},,(0, ¢) are spherical harmonics. Finally, the
SOAP representation is given by the power spectrum of the coefficients ¢!, | defined as:

l
Pr) =D CmCorim (2.77)

m=—I
This representation is rotationally invariant which ensures that the SOAP descriptor doesn’t
change with the rotation of atomic environments, a prerequisite for descriptors as material
properties are agnostic to the rotation of environments. This blend of local atomic position
and distribution encapsulation makes SOAP a robust descriptor capable of modelling intri-

1Tt essentially captures the frequencies at which variations occur in the atomic density, and their
corresponding intensities.
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cate short-range and medium-range atomic order, which are critical to predicting materials’
properties accurately [52].

ACSF represents a powerful method for encoding atomic environments as well. This
method was originally developed by Behler and Parrinello in the context of neural network
potential energy surfaces. ACSF's create a unique fingerprint for each atom based on its
local environment. They capture both radial and angular information, encapsulating both
bond lengths and angles. As a result, they encode the essential geometric features required
to model complex properties and behaviours in a variety of materials.

Mathematically, ACSFs consist of two types of functions: radial symmetry functions
(RSFs) and angular symmetry functions (ASFs). RSFs are used to describe the pairwise
interactions between atoms and are given by:

Gt =3 e T () (2.78)
J#i
where 7;; is the distance between atoms ¢ and j, r. is a cutoff radius beyond which inter-
actions are not considered, 7 is a parameter that determines the width of the Gaussian
centred at ., and f.(r) is a smooth cutoff function that ensures G*¢ goes to zero smoothly
as r;; approaches r..

ASFs, on the other hand, are used to describe the angular distribution of neighbours
and are given by:

GIne = 21=¢ Z Z (1+ cos(@ijk))Ce_"[(”j_TC)QHT““_T“)Q]fc(Tij)fc(Tz'k) (2.79)
J#t k#ij

where 0;;;, is the angle between atoms 7, ¢« and k, and ( is a parameter that determines the
width of the cosine function.

The combination of RSFs and ASFs provides a comprehensive descriptor of an atom’s
local environment, capturing both the distribution of neighbouring atoms and the angles
between them. ACSFs are highly adaptable, allowing the parameters 7, r. and { to be
tuned according to the specific requirements of the material or property being studied.
Additionally, they are invariant under translation and rotation transformations.

On the other hand, global descriptors capture features of the material as a whole.
They are often used to describe bulk properties that depend on the overall structure of
the material, such as density, bandgap, or crystal symmetry. Notable examples include the
Coulomb matrix, which represents the interactions between all pairs of atoms in a molecule
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or a periodic cell [196], and the MBTR, which encapsulates the many-body correlations of
atoms in a material [10].

The CM is a powerful global descriptor for molecules that encodes the nuclear charge
and the inverse distance between all atom pairs in a molecule. It was originally proposed
by Rupp et al. for quantum mechanical molecular atomization energy predictions using
kernel ridge regression. As a descriptor, it is powerful because it exploits the key principles
of quantum mechanics, namely the Coulomb interactions between charged particles, which
are fundamental for understanding molecular properties.

The CM for a molecule with N atoms is a symmetric N x N matrix M, where the
element M;; is defined as follows:

e For ¢ = j, it is 0.5 times the atomic number Z; to the power of 2.4 (an empirical
scalar). This is a representation of the atomic self-energy.

e For i # j, it is the atomic number Z; times the atomic number Z; divided by the
Euclidean distance r;; between atoms ¢ and j. This reflects the pairwise Coulomb
repulsion between atoms.

Mathematically, this can be represented as:

0.5724, ifi=j
_{ P Bt (2.80)

M A ifi#
One of the challenges with the CM is that it is not uniquely defined because the rows
and columns can be permuted according to the atom indices. This leads to different
CM representations for the same molecule, which can be a challenge for machine-learning
models. A common solution to this issue is to sort the rows and columns of the CM by
the norm, leading to what is known as the “eigenspectrum” or “sorted Coulomb matrix”.
Another challenge with the CM is that the dimension of the CM scales with the number
of atoms in the molecule. This can make it more difficult to apply for larger molecules or
materials. Despite these challenges, the CM has been successfully applied to a range of
molecular property prediction tasks and has set the foundation for more advanced global
descriptors [156, 181].

The Coulomb matrix can also be taken one step further, by computing the sorted eigen-
values of the CM known as the Coulomb Matrix Eigenvalue (CME) [196] representation.
These provide a unique representation of the atomic structure, capturing the positions of
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Figure 2.16: Depiction of the MBTR method. The different modalities (k = 1,2,3) are
represented. £ = 1 is the encoded atomic species, k = 2 the pairwise distances and k = 3
the bond-angles. This image was taken from the DScribe [133] documentation'®.

atoms in the materials. Given a sorted list of these eigenvalues, they serve as an invari-
ant descriptor that can be used as the input to machine learning algorithms. The use of
the eigenvalues, rather than the raw CM, provides several benefits, including invariance
to permutations of the atom indices and robustness to small perturbations in the atomic
positions. Additionally, it reduces the size of the representation, as an N atom system has
N CMEs, rather than the N? entries in the full CM.

The MBTR is a significant development in materials representation that captures the
many-body interactions among atoms and offers a more comprehensive representation of
the material’s structure [104]. The MBTR builds on the idea of atomic pair-wise distances
introduced by the Coulomb matrix but extends it to include three-body terms, thus cap-
turing the angle between atom triples and even many-body terms. The first “order” of
the MBTR is a one-body term, which corresponds to the atom densities and is invariant

8This figure can be found at the following URL:
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under permutation and rotation. The second order corresponds to the two-body interac-
tions, which give rise to pairwise distances between atoms. However, unlike the CM, which
computes the potential energy between pairs of atoms, the second-order MBTR term inte-
grates over all distances for a given pair of atomic species, effectively forming a histogram
of distances [104].

The third order of MBTR represents the three-body interactions, which capture the
angles between triples of atoms. Like the second-order term, the third-order term also
forms a histogram but over all angles for a given triple of atomic species. The second and
third-order terms are both invariant under rotation and permutation [104].

Higher-order terms can be included in MBTR, although in practice, they are rarely
used due to their high computational cost and the decreasing significance of higher-order

atomic interactions [101]. Equation 2.81 shows a general form of the MBTR terms.
i€l jeJ keK, ...

where n denotes the order of the interactions, I.JK are atomic species indices, i, j, k, ... are
atom indices, w;; is a smooth cutoff function ensuring the continuity of the descriptor, r;;
is the distance between atoms ¢ and j, x;;.. is the many-body coordinate (e.g., distance
or angle), and f(p; x;;x...) is a function generating histograms.

Despite the increased computational cost, the MBTR provides a robust, systematic way
of including many-body interactions, making it a powerful descriptor for complex materials
systems, such as amorphous materials, and has been employed in a variety of applications

ranging from molecules to solid-state materials [33, 104, 181]. Tts ability to capture complex
structural information has shown great promise in enhancing the predictive accuracy of
machine learning models for materials properties [104]. An illustrative representation of

the MBTR descriptor is shown in Figure 2.16.

We now introduce the need for a new representation of long-range interactions.

2.7.2 The Splashdown Representation

The need for a new representation comes from the lack of attention to long-range in-
teractions. Very little research has been put into training machine learning models for
long-range physics. Long-range interactions in chemical systems contribute to numerous

tutorials/mbtr.html.
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Long-range Interactions

Electrostatic

Dispersion

Induction

U =U __+U

+ +
Total Loca Electrostatic UDispersion Ulnduction

Figure 2.17: Summary of interactions studied for in Machine-Learned Interaction Potentials
(MLIP)s for the total potential energy Uroal. ULocal consists of what general short-range
MLIPs StudY? and UElectrostatic; UDispersion and UInduction compose what is referred to as long—
range interaction energy contributions. This figure is adapted from Anstine et al. [3].

physical phenomena: e.g., thermodynamic phase behaviour [250], variations in conformer
geometry [169], interfacial properties [160], permeation rates of molecules through porous
materials [168], protein structure and dynamics [255], and the self-assembly or the directed
assembly of macromolecular complexes [111]. Some are of the opinion that using a model
with a cutoff function but simply extending it may work [79] however this comes at the cost
of increasing the number of descriptor calculations. This may require very large computing
power and the learning task might become unassailable due to the growing chemical space.
Relying on local features has also been shown to complicate simulations of long-range
features [16]. These features are summarized in Figure 2.17.

When considering non-local interactions, MLIPs can be split into three groups: some
(a) ignore their contributions, (b) supplement these with conventional long-range functional
forms, such as Coulomb’s law, where parameters are dependent on the local environment,
and (c) use MLIPs with long-range interactions that are influenced by the overall char-
acteristics of the system |3, 11]. The selection of one of these three strategies is guided
by physical principles. For instance, systems with a limited variety of elements and short
screening distances can often be modelled using the first strategy with minimal loss of
accuracy [0,17,142,143]. In these situations, the use of the second or third strategy results
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Figure 2.18: The Splashdown Representation.

in additional computational costs and training complexities without a significant increase
in accuracy for the intended application. Conversely, using the first strategy for systems
exhibiting phenomena such as long-range polarization and electrostatics is likely to yield
inaccurate predictions. The idea of selecting an appropriate model design for specific sys-
tems is a well-established concept in traditional molecular simulations and is also applicable
to simulations conducted with MLIPs [3].

The Splashdown representation is now introduced in an effort to solve the problem of
modelling long-range interactions. Starting with a system of atoms, the central goal is to
be able to model the long-range interactions which tend to diminish rapidly in magnitude.
We consider only two-dimensional systems for simplicity, however, an extension to three is
straightforward. This representation is built by first selecting a central atom ¢. Then, one
can imagine a counterclockwise sweep starting from the +y axis (with the central atom
located at the origin). A normal distribution N (6;, 01-2]-) is then computed for all atoms
J # 1 with o;; = pr;;. Here, p is a scaling factor, and r;; is the Euclidean distance between
atoms ¢ and 7. We call this step the “projection” of atom j onto i. These projections are
then summed to make a single distribution representing the system. This can be visualized

in Figure 2.18.

This representation can be described mathematically by the following relation

Si= Y BWN(;,07) (2.82)

JES,jFi
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where S; is the Splashdown representation of atom i, s is the set of atoms in the system,
B is some binning function and A is a normal distribution with mean 6; and variance 01-2]-.

The Splashdown representation, as discussed, offers a unique approach to capturing
both short-range and long-range interactions in atomic systems. However, its initial for-
mulation is centred on individual atoms, which may limit its ability to fully capture the
global characteristics of the system. To address this limitation, we propose a modification
to the Splashdown representation: the Splashdown Center of Mass (S.,) representation.
In this approach, instead of generating the Splashdown representation at each individual
atom, we generate it at the center of mass of the system. The center of mass, being a point
that reflects the overall distribution of mass in the system, provides a natural choice for a
global representation. This modification allows the Splashdown representation to capture
the global properties of the system, making it even more powerful for modelling long-range
interactions and global phenomena.

The mathematical formulation of the S, representation would be similar to the original
Splashdown representation, but with the central point being the center of mass. The center
of mass 7., is calculated as the weighted average of the positions of the atoms, with the
weights being the masses of the atoms:

Tem = % (283)
i M

where m; is the mass of atom ¢ and r; its position. The “projection” of atom i onto
the center of mass can then be represented as a Gaussian distribution centred at r.y,. o;
remains the standard deviation of the distribution, which is proportional to the distance
between the center of mass and atom i. The total “projection” onto the center of mass is
then the sum of the projections from all atoms. Equation (2.82) therefore becomes

Sem = Z BN (0;,0%,_,)) (2.84)

This equation represents the Splashdown Center of Mass representation of the atomic
system. This can be visualized in Figure 2.18(c).

The Splashdown representation, as shown in Figure 2.18(b) and Figure 2.18(c), present
several unique advantages over other atomic representations, making compelling choices
for modelling atomic systems. One of the primary strengths of the Splashdown COM
representation lies in its inherent ability to capture long-range interactions. By considering
all atoms in the system and encoding distances, it is able to account for the effects of
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distant atoms, thereby providing a more comprehensive picture of the system. This is
particularly beneficial in systems where long-range electrostatic or van der Waals forces
play a significant role.

The Splashdown representation also includes a few other advantageous properties. It
provides a continuous and differentiable representation of each atom through the use of a
Gaussian distribution, a feature that is particularly beneficial for machine learning algo-
rithms which often require smooth input spaces. Furthermore, it is invariant to translations
and rotations of the system, a crucial property for any atomic representation, as it only
depends on the relative positions of the atoms. The scalability of the Splashdown repre-
sentation (which is linear with the number of atoms) ensures its computational efficiency
for large systems. Lastly, its interpretability provides a physically intuitive picture of the
atomic environment, with the “height” of the splashdown at a given point indicating the
influence of the atoms at that point. Furthermore, Splashdown is easily be extended to
many-atom systems by simply including more channels for each atom. This can be imag-
ined as a different colour, alloying the encoding of any number of atoms, however, this
would increase the space complexity of this representation.

By providing a more accurate description of the atomic environment through the inclu-
sion of long-range interactions, the Splashdown representation can lead to more accurate
predictions of material properties. This is especially relevant for systems with long-range
order, such as crystals, or systems where long-range forces play a significant role, such as
in the case of polar molecules or charged species. It is important to note, however, that
these advantages are based on the description provided, and the actual benefits may vary
depending on the specific implementation and application of the Splashdown representa-
tion. In Section 3.4 we test Splashdown in various environments and compare it to other
well-known representations.
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Chapter 3

Results

In the following sections, we denote the key results found in the projects worked on. The
work done will be denoted clearly in each section however for the global picture, most
results from the papers are included.

3.1 Organizer

The main objectives of the ORGANIZER project were to efficiently and asynchronously in-
tegrate an automated workforce across different laboratories using Molar as a backend
database for data storage and sharing. The capabilities of ORGANIZER and Molar to work
in a closed-loop environment were demonstrated by the OSLD gain materials discovery.
We enabled the collaboration of multiple labs with differing equipment all with the same
goal. As far as we know, ORGANIZER is the first delocalized chemistry laboratory.

The results can be seen in Figure 3.1. In Figure 3.1(a) we show the increasing number of
unique experiments over time for various machines used in this project. This underlines the
capability of ORGANIZER to coordinate collaboration between remote groups and minimize
replicated efforts. Plateaus in each colour group denote maintenance or the development
of new features.

In Figure 3.1(b) we see the broad spectrum of laser gain materials obtained within
this campaign. We show the measured emission gain cross-section (denoting lasing per-
formance) and the emission wavelengths of the top 300 candidate molecules obtained.
We were able to discover a potential gain material with an emission gain cross-section of
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Figure 3.1: Results for' the ORGANIZER project.



3.2 x 10~ %cm? in solution. This outperforms the current state-of-the-art material by a fac-
tor of 2. The new material has now been isolated on a larger scale and its characterization
in actual lasing devices is ongoing. These discoveries illustrate the potential of delocalized
self-driving labs for materials research - enabling the discovery of new molecular materials
within a matter of months.

3.2 aMC

For original results/discussion of the following section see [238]. The following only sum-
marizes a few key points of the Whitelam et al. paper. My contribution to these results
is mainly the first section Section 3.2.1 below, where I developed and trained the required
models to achieve these results and in Section 3.2.4 where I helped run and develop the
RNNs. This work was led by Stephen Whitelam at the Lawrence Berkeley National Lab
and my supervisor Isaac Tamblyn at the University of Ottawa. Their guidance throughout
was greatly appreciated.

3.2.1 Metropolis MC and Gradient Descent

We started by training a well-known database with a simple neural network and a bench-
mark optimizer to show the equivalence connection between it and the Metropolis Monte
Carlo optimizer. Given the success of gradient-based methods, we hypothesized that the
MC algorithm would also be able to train neural networks successfully, and on par with
GD. The results obtained can be seen in Figure 3.2.

To run these tests, we used the standard MNIST [137] image dataset using a fully
connected, two-layer neural net. The net had 784 inputs (which corresponds to the flattened
input image size), 16 neurons in each hidden layer and an output layer of 10 neurons,
the number of classes in the dataset. The hidden neurons have the hyperbolic tangent
activation function, and the output neurons include a softmax function so the outputs are
interpretability (as probabilities of each class). In total, this amounts to 13002 learnable
parameters. We ran batch learning (meaning the dataset was not split into batches, but
trained as a single large batch), with the loss function being the mean-squared error on the
MNIST training set of size 6 x 10* (we considered the ground truth for each training example
to be a 1-hot encoding® of the class label). The model weights were always initialized to a
standard normal distribution.

1One-hot encoding is a data transformation technique where categorical variables are represented as
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(a) MNIST test-set accuracy Cjgs after 10° (b) Training loss U and test-set accuracy C ver-
epochs of batch learning as a function of MC sus epoch n for MC step size o = 2x 107! (blue)
step size o (blue) or GD learning rate o (black). and GD learning rate o = 4.5 x 10~2 (black).

Figure 3.2: Comparison of zero-temperature Metropolis Monte Carlo (MC) and gradient
descent (GD) used to train a neural network to minimize the mean-squared error U on the
MNIST training set.

In Figure 3.2(a), we present the results of our experiments on the MNIST test set. We
measure the classification accuracy, denoted as Cygs, after training for 5 x 10% epochs. We
compare two algorithms: MC (shown in blue) and GD (shown in black). We vary the step
size 0 and the learning rate a for MC and GD respectively.

Both algorithms exhibit similar behaviour. They have a specific range of their sin-
gle parameter where they perform effectively and demonstrate a peak performance at a
particular value of that parameter. The maximum accuracy achieved by GD is slightly
higher than that of MC, approximately 96% compared to 95%. Moreover, GD achieves
near-maximal results over a broader range of its single parameter compared to MC.

In Figure 3.2(b), we depict the loss function U and classification accuracy C' as functions
of the training epoch for two examples from Figure 3.2(a). Initially, GD trains faster, but
towards the end of the learning process, the results converge. It’s important to note that
the learning dynamics of these algorithms differ. When the step size is very small, the

binary vectors, with each vector element indicating the presence or absence of a particular category. For
example, if we had two classes “dog” and “cat”, we can consider the vector [1,0] to represent “dog” and
[0, 1] to represent “cat”.
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zero-temperature Metropolis algorithm approximates normalized or clipped GD, not the
standard GD. However, this equivalence can only be observed by appropriately scaling the
horizontal axis.

Despite these differences, MC can effectively “sense” the gradient and take downhill
steps in loss as long as the step size remains relatively small. For this specific problem,
the range of suitable step sizes for MC is smaller compared to the effective step size of
GD. Consequently, GD trains faster, but MC exhibits a similar capacity for learning. In
terms of computational cost per epoch, both algorithms are of a similar order. However,
MC is more cost-effective per epoch for batch learning since each MC step only requires a
forward pass through the data, while each GD step involves a forward and backward pass.

We note that no preprocessing was done to these data and a very basic neural net was
used. Standardizing the dataset, for example, or using a more complex neural network
would lead to improved results. We show this in a later figure in [238]. However, this all
came to show that MC can get comparable accuracy to GD on problems where gradients
are available. Some caveats include the fact that GD trains faster and that for select MC
step sizes (o) it may appear that MC does not train at all. These need to carefully be
selected.

3.2.2 Metropolis acceptance rate as a function of net size

We considered MC for coping with a large number of parameters. Vanilla MC was impaired
by network heterogeneity and we therefore tested the aMC analog. We investigate the
efficiency of the Metropolis algorithm in relation to neural network size and architecture.
We focus on a supervised learning problem where a neural net is trained to express the
sine function on a specific interval. The loss is measured using mean-squared error at
evenly-spaced points on the interval.

We explore the impact of varying the width and depth of the neural net. Varying the
width, we set the depth to 2 and the width ranges from 10 to 103, corresponding to largely
different parameter counts. Varying the depth, we set the width to 25 and the depth ranges
from 2 to 10, corresponding to different parameter counts as well. These can be seen in
Figure 3.3 (a) and (b).

We showed the loss as a function of the Metropolis acceptance rate for different neural
net widths. The acceptance rates indicated the fraction of directions that lead to a decrease
in loss. It decreased slowly with increasing net size, showing a slight decline of about 1
order of magnitude when the net size increases by 4 orders of magnitude. Similarly, the
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Figure 3.3: Acceptance rate of Metropolis MC with net size. For a particular network in
a supervised learning task, the acceptance rate decreases with loss but not the model size.
(a) Left: Loss (U) vs. acceptance rate A for MC for a deep NN of varying widths. Right:
Acceptance rate A(Uy) at fixed loss Uy for models of different widths, as a function of the
number of model parameters. (b) Analog of (a) but with increasing depth instead of width.
(c) Analog of (a) but with aMC. (d) Analog of (b) but with aMC. aMC hyperparameters
(00, €, s, signal norm) = (10721072, 10%,on). Image taken from [233]. See the original
paper for more thorough discussion.

acceptance rate declines sharply with loss and slightly with the number of parameters, but
not as rapidly as a N ! scaling.

These observations suggested that the Metropolis algorithm can handle large numbers
of parameters effectively, and there are no fundamental limitations. However, network
heterogeneity can affect the algorithm’s training capability. To address this, aMC was
tested as well (see Figure 3.3 (c) and (d)). The acceptance rates of aMC remained large
and essentially constant with loss or model size across the parameter range considered,
neutralizing the trends observed in the original Metropolis algorithm.
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3.2.3 Adaptivity speeds learning, particularly of high-frequency
features

In this section, we showed that aMC parameter ¢ (Equation (2.73)) can speed the rate at
which a neural network can learn high-frequency features. This is analogous to gradient-
based algorithms. We used aMC to train a model to predict a function with low and high
frequencies; the two-dimentional Rosenbrock function

f(z,y) = (1 —2)* +100(y — 2?)* (3.1)

which is often used to test optimization methods [193,213]. This is because of its com-
plex topology, including a long valley with steep slopes on either sides that contains the
minimum (at (1,1)). It turns out that Adam learned the high-frequencies more rapidly
than GD, but that aMC is also able to learn these features comparably to Adam. aMC is
shown to train faster than pure GD. Ee conducted three simulations with varying e values.
Notably, larger € values significantly accelerated the convergence to the global minimum,
highlighting the effectiveness of adaptivity. This adaptivity effect is comparable to the
impact of momentum in traditional gradient descent.

Expanding our scope to neural network training, we found that the € parameter in aMC
plays a crucial role. It influences the rate at which neural networks can learn high-frequency
features, a factor dependent on the specific application’s requirements. For instance, in sce-
narios involving training data with high-frequency noise, it might be beneficial to mitigate
the network’s capacity to learn this noise in favor of improved generalization [195].

To substantiate our findings, we conducted experiments using a neural network tasked
with learning a function comprising both low-frequency (logarithm) and high-frequency
(sine) components. The neural network architecture included one input neuron receiving
the input 0, one output neuron delivering the result f(6), and a hidden layer with 100 neu-
rons activated by the hyperbolic tangent function. The network parameters were initialized
with random values.

Our experimental results showcased the training loss and pseudo-loss for various op-
timization methods, including Gradient Descent (GD), Adam, and aMC, with different
€ values. The pseudo-loss measures the deviation between the network output and the
low-frequency component of the target function.

Notably, positive € values in aMC expedited the learning of high-frequency features,
while negative ¢ values allowed treating high-frequency components as noise, with the
pseudo-loss serving as a gauge of generalization error. These results can be seen in Fig-
ure 3.5
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Figure 3.4: Adaptivity speeds convergence. We tested the convergence of aMC with three
values of € to simulate a particle moving on the Rosenbrock function Equation (3.1). (a)
shows a 2000-step simulation for each of the € values. The red dot is at the global minimum
(1,1). (b) shows the value of the function along each trajectory when ran for 10? steps.
aMC hyperparameters were (09, ns) = (1073, 20).

3.2.4 Monte Carlo algorithms can train a neural network even
when gradients are unreliable

This section demonstrates the ability of MC methods to cope with vanishing and exploding
gradients enabling them to train RNNs, which are gradient-based methods notoriously
struggle with. RNNs are designed for sequential data processing but face challenges when
sequences get long and contain long-term dependencies. Gradient-based methods struggle
to train simple RNNs in such cases, requiring more complex architectures like long short-
term memory or gated recurrent units. However, MC methods provide a solution to this
problem by successfully training RNNs without these explosive gradients. Here, the results
of training a simple RNN on the MNIST dataset using aMC and gradient-based optimizers
were shown, and aMC achieves lower loss values and higher accuracy compared to gradient-
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Figure 3.5: Adaptivity speeds learning of high-frequency features. We trained a neural
network to learn the function fo(f) = In(1+ 56) + 75 sin(2076) using three optimization
methods: GD, Adam, and aMC with varying e values. Our analysis includes: (a) Loss (U)
plotted against training time (n). (b) Pseudo-loss (U’), measuring the deviation between
the network output and the low-frequency logarithmic component. (c¢) The output of neural
networks trained with aMC at specific training intervals, represented by colored lines.
The thicker and thinner black lines denote the function and its low-frequency component,
respectively. For GD and Adam, we used a learning rate («) of 5 x 1073, while aMC was
configured with hyperparameters (g, ns) set to (0.1,50). This figure was taken from [235].
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Figure 3.6: aMC is capable of training even when gradients get large or small - a common
failing point of gradient-based methods. We show (a) training set loss U and (b) accuracy
A for training a simple RNN to predict MNIST 1’s and 0’s. We show GD in grey, Adam
in blue and aMC in green. The gradient-based methods fail entirely to train this whereas
aMC succeeds to an accuracy of 99.8%. In (c) we see the size of the gradient |VU| and the
loss from (a). This is to show that aMC can train even when the gradient is large or very
small. This image is taken from the aMC paper [235].

The findings in Figure 3.6 highlight the potential of MC methods to train RNNs effec-
tively, allowing for wider utilization of these architectures. MC overcomes many obstacles
faced by gradient-based methods and can handle both small and large gradients as well as
models. Additionally, the memory cost of MC does not depend on the sequence length,
unlike gradient-based methods, which scale linearly with sequence length.

3.3 Discovery of HEA Electrocatalysts using ML-informed
similarity Analysis

The following results are from an article currently being reviewed. It was written in col-
laboration between myself, lan, Christoff Reimer at the University of Ottawa and Hitarth
Choubisa, Daojin Zhou, Xiao-Yan Li, Pengfei Ou at the University of Toronto. It was
supervised by Dr Isaac Tamblyn and Dr. Edward H. Sargent at the Universities of Ot-
tawa and Toronto respectively. The contributions to this paper consisted of analyzing the
similarity matrices and designing, running and optimizing the machine learning sections.
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Figure 3.7: CGCNN augmented model. Here we show the CGCNN model used in training
DFT-calculated HEA adsorption energies with OH* and H* adsorption sites, the added
similarity matrices and how they were combined. GMP denotes the Global Max Pooling
operation to extract features from the resulting graphs after multiple layers of convolution
and € denotes the concatenation operation. h! are the n learned features for graph i
and s’ are the n similarity matrix features for atom i. After concatenation, we predict
adsorption energies using a fully connected net with RelLU activation.

In summary, we discuss the use of a machine-learning model to speed up the discovery
of new electrocatalysts. A model was trained using DFT data, with the addition of a
measure of similarity between potential catalyst sites. This similarity is defined by the
largest common subgraph between two adsorption graphs [99]. This augmented graph
model reduced the amount of training data needed by half, from 1600 to 800. As a result,
our model was able to identify new HEA catalysts that have an expected 40mV lower
overpotential than those discovered using a DFT-only search. When the model was tested
with a random set of HEA structures, it discovered a catalyst that had an overpotential of
0.24V, compared to 0.28V found with the same amount of DFT data alone. The reduction
in training dataset sizes and time spent with training and data collection can significantly
speed up the discovery process of HEAs and materials in general.

We started with surface characterization by randomly creating HEA structures and
establishing OH* and O* adsorption sites, along with their related graphs, to use as our

87



- NO - oo @ o a . NO -~ o o 6O G O aa |
Similarity Similarity
Pristine | oo o Pristine | 5 a5 o o | I
Similarity Similarity |
1/d Reweighted | | ‘ . - 1/d Reweighted | - - - 4,
Similarity Similarity
1/d? Reweighted _| ‘ | o - 1/d? Reweighted _| o o |
Similarity Similarity
T T T T T T T T T T T
0.10 0.15 0.20 0.25 0.30 0.35 0.5 0.6 0.7 0.8 0.9
MAE[eV] R?

(a) Box and whisker plot of MAE over various (b) Box and whisker plot of R?

hyperparameters. perparameters.
3.0F T T T T T - 3.0F T T T T T T 2
-—= x0.leV vl --- +0.leV e
2.5 Training (1580 points) / o 2.5F Training (1580 points) L .
®  MAE=0.04, RMSE=0.06 - . ®  MAE=0.12, RMSE=0.17 27
2.01 Testing (197 points) ] 2.017 Testing (197 points) ’ ]
15l MAE=D0.08 RMSE=0.12 , | 15l © MAE=0.11, RMSE=0.15 . L
'; ’ - ; ' B s ® 8 .] °
.E. .E. ® "2 .
- 1.0 . - = 1.0F o -
@ . @ Y
LLICLL L] ‘ LI.IE & - -c
Y osf : 41 4 ost s 3 . .
) AL ® .
0.01 L - 0o = ©oe -
’I
P el
—0.5F P JI' N =051 f’;/f I
’I’I ,”J
—1.0pz%" . -1.0p7 .
-1.0 -05 00 05 10 15 20 25 30 -10 -05 00 05 10 15 20 25 30
AEper[eV] AEper[eV]

(¢) The plot of predicted vs. true adsorption (d) The plot of predicted vs. true adsorption
energies in eV for the optimized model with 1/d energies in eV for the optimized model with no
reweighted similarity feature. similarity feature.

Figure 3.8: Performance comparison of MLL models with fixed-size training data. Note the
improvement in results when including the similarity feature vs without (“No Similarity”
vs the rest). “Pristine Similarity” refers to a simple heuristic-based similarity approach
only considering the number of common atoms between two structures. “1/d Reweighted
Similarity” and “1/d? Reweighted Similarity” refer to similarity measures considering both
the number of common atoms and their distance to surface atoms and the adsorbate,
reweighted as indicated. Overlayed onto plots Figure 3.8(c) and Figure 3.8 are a y = x line
(solid black) and 0.1 eV (dotted black line) as a visual aid and histograms corresponding
to the distribution of the data.
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Figure 3.9: Performance comparison of machine learning models with varying training set
sizes. Overlayed on Figure 3.9(b) and Figure 3.9(c) are a y = x line (solid black) and £0.1
eV (black dotted lines) as a visual aid. Overlayed are also histograms corresponding to the
distribution of the data.

training dataset. Then, we ran similarity assessment and data diversification for DFT
calculations by evaluating the likeness between each pair of graphs within the training
dataset. This was followed by data diversification based on similarity to ensure a varied
training environment, thereby enhancing the precision of our model which was achieved by
choosing sites that minimized the total of all similarity values. This showed very low impact
when compared to training randomly selected sites so we decided to simply incorporate
the similarity values into training.

For the ML model, we used the CGConv model incorporating both graphs and the
similarity matrix as integral features. A diagram of the model employed can be found
in Figure 3.7. When we used similarity as the feature for model training Figure 3.8(a),
the MAE improved from 0.11 eV (only graphs) to 0.08 ¢V (incorporating similarity into
training). This shows the gain in performance when incorporating these similarity matrices.
To learn how much data is needed to achieve an MAE of 0.10 eV (as a standard), we trained
our model using different dataset sizes and concluded that only 800 adsorption cite graphs
were needed. This reduces the number of DFT calculations needed vastly for researchers
looking to predict adsorption energies. These results can be seen in Figure 3.9.

After successfully building a model which is able to predict DFT adsorption energies
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at a low error rate, we predicted new candidate catalysts using the similarity measures.
We generated a list of random structures, computed the similarity measure and then pre-
dicted the adsorption energy for each slab, selecting only ones that would be favourable. A
candidate found is Feo_125COO.125N10.2291r0.229Ru0.292 adsorbing at the Ni site, with an over-
potential of 0.27V. The DFT calculated overpotential for this structure is 0.24V showing
close agreement with our prediction.

3.4 Splashdown

In order to test the Splashdown representation, we decided to compare it to a well-studied
representation on an easily conceptualized potential. To this end, we benchmark it with
the MBTR, using the electrostatic potential estimated by Equation (2.80).

The electrostatic force is a fundamental interaction in atomic systems, especially in
materials with charged species or polar molecules. It is a long-range force, meaning it can
have significant effects even at large distances, and it plays a crucial role in determining
the structure, stability, and properties of many materials. Therefore, accurately predicting
the electrostatic force is a key test for any atomic representation.

The MBTR is a well-established method for representing atomic systems in materials
science. It is designed to capture the many-body nature of physical interactions in materi-
als, and it has been shown to perform well in a variety of applications. However, like many
traditional atomic representations, MBTR primarily focuses on short-range interactions
and may not fully capture the effects of long-range electrostatic forces.

To test the Splashdown representation, we can use it to predict the electrostatic force in
a variety of atomic systems and compare the results with those obtained using the MBTR
representation. This can be done by training machine learning models using both repre-
sentations and evaluating their performance on a test set of atomic configurations. The
models can be trained to predict the electrostatic force based on the atomic representa-
tion, and their predictions can be compared with the true forces calculated using quantum
mechanical methods.

To properly benchmark these representations, we use three models to evaluate perfor-
mance. A basic multilayer perceptron, XGBoost [1(] and a kernel ridge regressor. These
were used due to a combination of their expressive power and simplicity.

The comparison can be made in terms of both accuracy and computational efficiency.
The accuracy can be measured using metrics such as the mean absolute error (MAE), the
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Figure 3.10: Splashdown COM representation testing results compared with CM and
MBTR. A dataset of 10k random systems of Hydrogen atoms was generated on 10 x 10A
grids. The three models tested are the KRR (“krr”, in red), a fully connected network
(“fc”, in green) and XGBoost (in blue). Left MBTR representation results. Center The
Splashdown COM representation results and Right the coulomb representation. Select
training plots (loss curves, true vs predicted for training and test sets) can be found in
Figure A.1. Training parameters can be found in Appendix A.1.

mean squared error (MSE) or the root mean square error (RMSE)? between the predicted
and true forces. The computational efficiency can be evaluated by comparing the time it
takes to compute the representations and to train and use the models.

3.4.1 Results

The question we would like to answer is whether or not Splashdown is a good representation
for capturing long-range interactions. The MLP has varying input sizes (for the different
representations) however it has hidden layers of size 720, 360, 90 and finally a single
output representing the computed energy. After the first layer, we apply a 20% dropout
and batch normalization at each following layer. A small grid search over the alpha and
gamma parameters was run for KRR. The ranges were the logspace from 1x 1073 to 1 x 103
with 5 fold cross-validation for model selection.

2RMSE is sometimes preferred as it preserves the units of the predicted value whereas MSE has squared
units.
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Figure 3.10 compares the Splashdown COM representation with MBTR and CME. We
see the splashdown features are good for predicting coulomb energies with error rates on
par with other state-of-the-art descriptors in a long-range setting.

Splashdown SOAP
g 1014 3
S 5 : ® xgboost
© ] ] e kir
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Figure 3.11: Splashdown local benchmark. We compare the splashdown representation to
SOAP with three models as in Figure 3.10. We generate 10 x 10A grids and generate the
SOAP representation with a 5A cutoff. We see that these perform similarly however SOAP
seems to perform better than Splashdown for certain system sizes.

To study the local version of Splashdown (Equation (2.82)), we can compare it to the
local representation SOAP. The latter seems to outperform Splashdown (Figure 3.11) using
most models, showing a shortcoming of our representation. We hypothesize that for larger
grid sizes, however, Splashdown would overcome this gap.

To further learn about Splashdown’s capability in predicting material properties, we
run a test comparing the capabilities of the different representations in extrapolating.
These results are tabulated in Table 3.1. Although the Splashdown representation does
not outperform the Coulomb representation for all models, it is able to achieve comparable
results which shows its capability.

With these results, we have learned the power of Splashdown as a global representation.
Although it does not outperform other local representations, we have shown its potential
to predict long-range interactions as it can accurately predict the coulomb interaction.
Firstly, more testing should be done to train and predict on benchmark datasets, with
DFT data. To test Splashdown in more depth, increasing the number of bins could aid
performance as the representation would include finer details of the system. We do not
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RMSE

Mean  Std

Representation Model
Coulomb Eigenval FC 0.05 0.01
KRR 0.03 0.01
XGBoost  0.01 0.00
MBTR FC 0.04 0.02
KRR 0.13 0.09
XGBoost  0.05 0.01
Splashdown COM  FC 0.10 0.02
KRR 0.18 0.01
XGBoost  0.02 0.01

Table 3.1: Splashdown extrapolation results. We learn on 5k systems of 2 — 5 atoms and
predict on systems with 6 — 10 atoms. These results show that on average, the coulomb
eigenvalue representation is better capable of extrapolating to a higher number of atoms,
however, the splashdown representation achieves comparable results with the XGBoost
model. These results are averaged over 10 runs, with the hyperparameters outlined in

Appendix A.1.

believe the Splashdown representation is ready to replace other representations as of yet,
however, we have successfully demonstrated its simplicity and capability as a materials

representation for machine learning.
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Chapter 4

Conclusion

Material science is the foundation of virtually every field of technology; it’s fundamental to
the development of everything from safer and more efficient vehicles to advanced medical
devices and renewable energy technologies. As we continually strive to improve exist-
ing materials and design new ones with unprecedented properties, the need for accurate
material predictions has never been more pronounced.

Traditionally, Density Functional Theory DF'T has been the go-to computational method
for studying the electronic properties of materials. It’s widely used for understanding, pre-
dicting, and designing materials from first principles. DFT provides a way to compute
the ground state of a many-body quantum system, effectively predicting the behaviour
of atoms in molecules and solids. While immensely valuable, DFT simulations can be-
come intractable due to their computational cost as the size and complexity of the system
increase. The computational expense rises steeply with the number of electrons in the
system, making it challenging to apply DFT to large, complex, and dynamic systems.

To address this, my thesis explores the potential of ML models for predicting material
properties, with a particular focus on adsorption energy prediction. I successfully trained
ML models to do so with the inclusion of a similarity matrix, opening a new avenue for fast
and accurate discovery of HEA electrocatalysts. The trained model was able to predict
new potential HEAs for catalysis with an overpotential of 0.27eV, a breakthrough with
strong implications in energy storage solutions.

Second, my work on ORGANIZER has led to the creation of a novel database management
system, specially designed to aid developers and scientists with little technical expertise.
This state-of-the-art system has facilitated the discovery of a new potential laser gain
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material, surpassing current industry standards, by promoting inter-laboratory collabora-
tion and data sharing. The success in discovering a new organic laser molecule using a
self-driving lab approach exemplifies the enormous potential of melding interdisciplinary
knowledge with advanced computing tools.

In the development of the aMC project, my involvement was instrumental in testing and
implementing this new Monte Carlo-based optimizer. This tool effectively eliminates the
need for costly gradient computations and has shown performance comparable to gradient-
based optimizers.

Lastly, my work developing the splashdown representation resulted in a novel method of
material representation for machine learning, which stands on par with other advanced rep-
resentations in learning long-range interactions. The collective findings from these projects
demonstrate the transformative role of machine learning in computational physics and ma-
terials science, pushing the boundaries of current capabilities and providing new pathways
for scientific discovery and advancing toward a future with greener energy.
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Appendix A

Appendix

A.1 Splashdown

A.1.1 Training Hyperparameters

For all Splashdown runs, we use the following hyperparameters with a squared error loss
function.

e Fully-Connected Net. For the MLP runs, we use a fully connected net with 3
hidden layers. The input of size N (N = 360 for the splashdown representation) to
hidden layers of sizes 720, 360 and finally 90 neurons. The output layer is of unit
size. Each layer (less the final one) have a SeLU activation, and the first layer uses
a 20% dropout. These were trained with the use of a t4v2 gpu. The optimizer used
was the Adam optimizer with a learning rate of 1le — 3.

e XGBoost. The gradient-boosted tree method uses 200 estimators and is trained
with GPU as well.

¢ Kernel Ridge Regression. The KRR model was run with a 5-fold cross-validation
and a grid search parameter sweep over a, v = [le — 03, le — 02, lel, 1, lel, 1e2, 1e3]

A.1.2 Training Plots

In Figure A.1 we show training plots for a few splashdown runs.
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(a) Training plot for the fully connected network with the MBTR representation. This
training set contains 16 hydrogen atoms per system.
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(b) XGBboost training example for a run using the CM representation. This training
set consisted of 64 atom systems. We notice overfitting here as the training set decreases
steadily however the validation set loss stops decreasing early. This translated to poor
predictions on the test set.

Figure A.1: Some example training plots for the Splashdown benchmarking runs. Datasets
consisted of 10k systems split into training, testing and validation sets with a 70/15/15
split respectively.
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A.2 Data

dtemp final length
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86.437132
81.119884
41.676899
36.945464
47.433241
95.764610
88.963731
57.671267
41.166006
79.004828
31.680556
87.563798
57.206068
69.717097
66.695787
76.762948
49.368632
84.262923
41.745113
30.906396
61.765105
39.869380
60.058977
54.898349
47.202151
86.757190
41.296262
83.648311
37.472184
49.671637
51.883720
46.404042
53.535369
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8.604352
8.391744
4.674493
4.264215
5.459050
6.210544
9.018799
6.132602
4.410357
8.434166
3.972634
8.969953
6.321179
7.089026
6.974062
7.795214
5.329521
8.359585
4.523680
3.799927
6.800428
4.822165
6.278803
6.064562
5.230793
8.810087
4.586234
8.646468
4.190874
5.302489
5.759951
4.971677
D.737427



33 45.455733 5.030863
34 64.101316 6.438753
35 88.061422 8.980661
36 49.947621 5.845035
37 31.970885 4.191903
38  58.412066 6.349729
39 72.355837 7.615527
40 44.261671 4.721758
41 71.322570 7.415449
42 49.663088 5.561402
43 54.542565 5.953140
44 73.397405 8.038000
45 63.317362 7.047392
46  74.196914 7.628191
47 62.078388 6.421451
48 40.701324 4.460888
49  52.547248 2.623986

Table A.1: Dummy data used for linear regression example. dtemp represents the change
in temperature and final length is the final length observed.

A.3 Diversity of Trajectories and MC Step Size

Here we conduct a small study on how o, the move proposal variance, affects the diversity
of MC optimization trajectories. We begin by defining a double-well potential; the Miiller
Brown potential which is a model which was introduced to describe a simple potential
energy landscape and whose properties have been studied extensively to test the perfor-
mance of various algorithms aimed at finding trajectories |23, 157,232]. It is the sum of
four gaussians and is defined by

4
Vas(z,9) = Y Avexp [a; (v = 2:) + bi (¢ — %) (y — 5,) + & (y — 5,)°] (A1)
=1
where
A = (=200,-100, 170, 15); a = (—1,—1,—6.5,0.7)
b=(0,0,11,0.6); ¢=(—10,—10,—6.5,0.7) (A.2)
7=(1,0,-05,—1); 5=(0,0.5,15,1).
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(a) Contour plot of the Miiller Brown potential. (b) Five MC trajectories on the Miiller Brown
potential. These were run for n = 1000 steps
with a move proposal variance of ¢ = 1072,

Figure A.2: Contour plots of the Miiller Brown potential and five trajectories. Indicated are
the saddle point at the two minimums at (around) m1 = (—0.56, 1.44), m2 ~ (—0.05,0.467)
and the saddle point at sl ~ (—0.82,0.62).

We can use the MC algorithm Equation (2.70) to minimize this surface. Figure A.2(a)
shows a contour plot of this surface and Figure A.2(b) shows five trajectories ran on this
surface. Note that there are two minima on this surface and here we are using zero-
temperature MC therefore there can not be any exploration between minima as there are
no “uphill” moves allowed.

We showed that MC is able to minimize a complex landscape but now we explore
how the trajectories’ nature changes with different ¢. By nature here we refer to how
“diverse” are the runs, in that they explore more of the space. To study this we look at
autocorrelation [92] which is a statistical technique used to measure the linear relationship
between a time series and its lagged values. It measures how a data point at a specific
time relates to data points at previous time steps. The autocorrelation function (ACF) at
lag k, denoted as p(k), is calculated using

_ COV(Xt, Xt—k)
v/ Var(X;) - Var(X;_)

p(k) (A.3)

Where: X; is the data point at time ¢, Cov(Xy, X;_x) is the covariance between X; and
X;—r and Var(X}) is the variance of Xj.
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The ACF provides insights into the temporal dependencies within a time series. A
significant autocorrelation at lag k suggests that values at time ¢ are more highly influenced
by values at time ¢ — k, indicating a pattern or seasonality in the data. Autocorrelation is
a valuable tool in time series analysis for identifying trends, periodicities, and appropriate
models for forecasting or analysis.

We use it here to study the temporal dependance of our trajectories and how they evolve
with varying os. To do so, we ran 1000 trajectories for 100 steps with o = [2,1071,5 x
1071,1072,5x 10721073, 5 x 1071,107*] and computed the first M = 11 lags. A summary
of these aucorrelations is then estimated using 7(M) = 1+ 23, p(k), known as the
integrated autocorrelation time [215|. As long as M << N holds, where N is the sequence
lengt then this estimator has a smaller variance.

The autocorrelation plots across varying sigma values in Figure A.3 show a trend about
the behavior of the MC optimization. For smaller o values, such as ¢ = 0.001, the distri-
bution of autocorrelation times is sharp and narrow, indicating a consistent behavior. This
suggests that with limited ‘“noise” or randomness in trajectories, their patterns become
more predictable. As o values increase, the distribution broadens and flattens, as shown in
o = 0.05 to 0.5. This indicates increased variance in the autocorrelation times, suggesting
more diverse paths through the landscape due to the introduction of greater randomness
with the step sizes. For even larger sigma values, such as 0 = 2.0, there’s a reconvergence of
behaviors with a more pronounced peak. This could be a manifestation of excessive noise
pushing trajectories to behave more similarly because of fewer accepted moves (due to
the zero-temperature limitation). In essence, while minimal randomness produces trajec-
tories with consistent behaviors, increasing this randomness introduces variability, which
might eventually stabilize at extremely high values, leading to a reconvergence towards less
diverse trajectories.
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Figure A.3: Autocorrelation time distributions for various o values.
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MC trajectories on the Miiller Brown potential is studied with the autocorrelation time
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