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ABSTRACT

A simple and direot method for prediction of the
average velocity and maximum velooity versus potential
(pressure) gradient relationships in the isothermal,
steady, uniform, laminar flow of any ircompressible,
time-independent fluid through ducts, closed and open,
of arditrery cross section has been proposed. The method
requires only a knowledge of two geometric parameters
and a fluid model equation. Geometric parameters have
been svaluated for various oomplicated flow geonmstries.
Coaparisons made with available snalytiocal solutiona and
exparinental data for various non-ilewtonian fluids and
different flow geometries have indicated good azreeument.

The general problem of viscous flow of an arhbitrary
time-independent non-Newtonian fluid through packed beds
and porous media is examined. The Blake-Kozeny capillary
model, utilizing the general relationships desoribing flow
in straight ducts of arbitrery oross-sectional shape, has
yielded a general expression involving the non-Newtonian
visocosity and two geometric facstors characteristic of the
bed. The genersl relationship has successfully correlated
ths exverinental data hy allowing for the existence of an
anozalous laysr on the solid gurfaces attributable to

polymer adsorption - gel formation.



The equation for the flow of non-Newtonian fluids
through porous media 1s applied to the filtretion of none-
Newtcnian fluids. The success of the extended filtration
theory in the analysis and correlation of the experimental
results has been found to be satisfactory.

A generalized friction festor - Reynolds number
formulation for the laminar flow of any time-independent
fluld in & straight duot of arbvitrary cross section, as
well as through packed beds and porous media has been
presented. The Ryan and Johnson stability parameter ori-
terion has been extended to predict the transition point
froa laminar to turbtulent flow of power law fluids exhi-
biting anomalous surface effests in slircular Pines. A
gensral correlation for the turbulent flow of purely
viscous fluids is also given,

The drag reduction effest observed with viscoelastic
non-Newtonian fluids in turtilent flow is studied, It is
found that the drag reduction phenomenon can be attribduted
meinly to an inorease in the laainar sudb-layer thickness.
This increase in thickness may be a manifestation of eddy
suppression, as a result of the mechaniocal resistance
associated with preferred orientations and alignment of
long-chain polymer molecules in the high shear field.

Finally, a generalization of the laminar flow bLehs-
viour of non-Newtonian jets applicable to arbditrary oross
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section hae heen nregente?, in irprovzaernt in acrcernent

in the deviatoris normal stress ¢iffarence determined by
the extrusion nethod with extrapolated rheogoniometer data
is achieved by takinx into sonsideration the anomalous

behaviour of the fluid.
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I - INIRCDUCTION

Fluids are generslly classified into two main
categories as Newtonian and non-Newtonian aseording to
their behavieur as eenstant temperature wnder a shearing
foree. Those fluids for which the rate of deformation
under laminar eondisions is direetly proportional to the
shear stress are mown as Newtonian fluide. This is the
simplest stress - rate of strain relastionship, and for-
tunately, many fluids do behave in this fashion under the
usual eonditions of intoress. Eowever, a significant nus-
ber of fluids, sueh as solusions and melts of high poly-
Bors, suspensions of solids in liquids, and smulsions do
not behave in this simple fashion. It therefore becones
NESESsAry to oonsider these nen-Newtonian fluids besause
BAny of thea are eof commereial importance as well as of
theoretieal interess.

Industries in which non<liswtonian flow behavicur 1is
eneountered include those dealing with madbber, plastios
and synthetic fiders, soap and detergents, pharmsssutioals,
pulp and paper, and many other light and heavy shemiocals.
IS is evident that an understanding of non-Newtonian flow
BAy enable sudstantisl ecencmioc improvement to be made in
& wide diversity of processing techniques.

One ares of study in the field of non-Newtonian
teshnology 1s deing explored by physiocal chemists, who
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are primarily interested in relating the flow to the
physical, shemieal and molecular properties of the flumid.
Another appreoash is that of rheologists, who are concerned
with the formmlation of the rheological equations of state
in termus of a mathematical model, tut who it seems have
rarely attempted teo odtain relatienships of imsmediate
value te She engineer. This thesis deals with the presen-
tation of quantitative relationshipe that are more imme-
diately useful in engineering applications and oxpressed
in Serms of readily measurable properties of the fluid in
question.

IS is eommon knowledge Shat exaot solutions of the
Navier-Stokes equations (She equations of motion for New-
tonian fluids) are kxnewn for only relatively few cases.
Onee the restrietion of Newtonian dehaviour is removed,
the solution to the equatiens of motion can decoms extrenely
complieated decause the nem-Nowtonian viscosity is no lon-
COF eonstant but is at least a funetion of shear stress or
shear rate. In recent years, eonsideradle effort has deen
expended in odtaining solutions for different non-Newtonian
systems by insertion of a different oconstitutive aquation
of state into the equations of motion. The solutions
applicadble to many non-lewtonian systems in simple flow
conditions have been reviewed extensively and presented in
& multitude of textbooks (e.g.,2,60). It is nos surprising
that, despite the progress which has been made, the availadle

v
g
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knowledge conocerning non-Newtonian fluid mechaniocs is such
as to encourage additional investigation (experimental and
theoretical) in this area. Indeed, there are a large num-
ber of prodlems in this area which require further research,

This thesis represents the results of the theoretical
and experimental investigations which were conducted in the
field of non-Newtonian flow at the Departaent of Chemiocal
Englneering of the University of Ottawa during the past
five years. An attempt has been made %0 present the analysis
in the chronological order of development of the subjeot
matter as well as to show the interrelation of the various
topies.

The purpose of this study is to present some design
equations, useful in engineering applications, Ainvolving the
flow of non-Newtonian fluids under various flow ccnditions,
and which may also add to the understanding of the flow
behaviour of these fluids. A simple and useful method for
prediction of the flow rate - pressure drop relationship
in the laminar flow of any time-independent fluid in duots
of arbitrary oross section is pressnted. The general flow
rate - pressure drop relationship is applied to predict
the flow of non-Newtonian fluids through packed beds and
vorous media. The equation desoribing the flow through
vorous media is avplied to the filtration of non-Newtonian
fluids, The generalized friotion fastor - Reynolds number

correlations ara also ziven, tozether with a oriterion



-7-

for the nrediation of the transition point from laminar
to turhulant oonditions for the flow of power law fluids
oxhibiting anomalous surfacs effests, The anomalous wall
affscts and agsosiated drag redustion odserved with oger-
tain polymer solutions in turtulent flow is examined
analytiecally, Finally, the flow characteristios of viseo-
olastic fluids, exhiviting both vigoous and elastic proe
pertles, ars analyzed by consideration of the expansion
and contraction behaviours of the liquid jets.

The sudject matters nressnted in this thesis wsre
investizated analytically. The squations or expressions
found in the oontext of the thesis wers derived analyti-
cally and some were deduced intuitively without the ri-
gorous mathematical proof. The detailed derivations of
sone fundamental relaticnships are shown in the Appendices,
The derived relationships have besn substantiated either
by convarison with availadle analytical results or by
comparison with experimental data given by other inves-
tigators or odbtained in the ladoratory of the Cepartmant
of Chemical :nginsering of the University of Ottawa,
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IT « LITYSATLR<S SUARIST

The flow of purely viscous non-. swtonian fluids,
with or without a yield stress, through channels of come
monly ocourring geometries such as circular, parallel
plates, ooncentric annull and reoctancular channels, has
been reviewed thorourhly by Skelland (60). Recently,
non-Newtonian flow through soce other geometries has
also eppeared in the literature. l'or example, “izuszhimas
et al (43) ;ppllod the variational prineiple tc obtain
& solution for the flow of power law fluids through
elliptical ducts. Mitsuishi et al (42) uged the same
princivls to derive solutions for the flow of power law
fluids throurh reetanmilar, rishteisosceles and equi~
lateral triangular oconduits.

Pravious studies on the flow of flulds through
porous media were restrioted mostly to Newtonian fluids
(4,55). In recent years, the flow of non-Newtonian fluids
through packed bedis and porous media has received consi-
deradle attention because of its important industrial
applications. Sadowski (52) made an sxtensive study for
the flow of *1llis fluilds through packed beds. Christopher
and Middleman (5) modified the Blaksa-Kozeny equation for
power law fIuids. MoKinley et a1 (35) extended Darcy's
law to non-lawtonian flow by considering the porous medium
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a8 & eapillary with equivalent radius proportional ¢o
the square root of the ratio of permeadility te porosity
of the Yded. Reosntly, Marshall and Metsner (31) suggested
& eorrelatien for the flow of viseocelastioc fluids through
perous media.

Whitaker (66) showed the theoretieal develepmens of
She consinuity equation and she equation of mosion for the
flow of Newtonlan fluids in anisotropic perows media and
established the conditions under which Darey's law is
valid. Reeently, Slastery (61) derived the same equations
for She flow of visecelastie fluids Shrough porous medis.
Numerous investigators (e.g..¥,55) have applied Darvey's
law with modifiecations to various fasets of She general
flow prodleam involving transiens, multi-dimensicnal, some
pressidle flow through anisotropie, coapressidle porous
nedia, A most important appliecation of Dareyts law is in
industrial filSretion. Tiller (62) has derived a one dimen-
flonal nonlinear partial differensial equation for Newtonian
filSration involving a compressidle oake taking into ascowmnt
the variatien of the superficisl wsloeisy Shrough the filter
ocake. It appears from $he literature Shat the prodlem of
nen<liewtonian filtration was yet t0 be studied.

In the eonvensiensl engineering analysis, the flow
rate - pressure drop data are usually representesd as frio~
tion fastor and Reymolds numder correlations. Metsmer and



10w

Reed (37) derived an appropriate Reynolds number for use
with non-Newtonian fluids of a power law type. nyan and
Johnson (51) introduced a stability parameter to prediot
the onset of transition to turbulent flow for purely vis-
oous fluids in ociroular pipes. danks (1) generalized the
stabllity parameter oriterion to predict the transition
point Ain geometries other than a oeiroular pipe. For ture
tulent flow, Lodge and “etzner (6) proposed a correlation
equation for purely viscous fluid based on the extension
of the von Karman equation,

Th; drag reduction effect exhibited by certain
Polymer solutions in turtulent flow has bsen observed
and reported repeatedly in the literature. This sffeat
was first noticed by Toms (64) in 1948 while conducting
Réasurements on solutions of polymethylmethacrylate in
Ronochlorobenzene., Subsequently, numerous papers have
been published reporting this effect, obtained through
the addition of additives. Lodge and Metzner (6) observed
& lowering of the friotion coefficlent in the turbulent
flow of aqueous CiC solutions when compared with other
non-iewtonian purely viscous fluids. Shaver and Ferrill( 56)
reported the same phenomenon for solutions of long polymer
molecules and suggested e correlation for these fluids,
wells (65), ilata and Iirosh (7), Hoyt amd fabula (21),
and Goren and ..orbury (13) found separately that iliewtonian
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fluids with minute concentrations of various additives
showed remarkable dreg redustion. Meter and Bird (36)
also found that frietion fastors were significantly lower
for aqueous natrosol hydroxyethyloellulose solutions,

Nany tentative interpretations of the turtulent drag
reduction phenomenon have bdeen proposed., Dodge and Metzner
(6) made reference to the viscoelastic effect of the fluid
in providing an explanation for the turbulence suppression,
and numerous investigators (1, 54, 65) have referred to this
hypothesis. Recensly, Hershey and Zakxin (20) proposed another
mechaniem which postulates that the drag reduction effect
is due to tho extension of the laminar region to higher
Reynolds numbers, in addition to the viscoelastic effect
of the fluid. However, this area of investigation still
remains highly controversial,

Liquid jets have deen the subject of consideradle
experimental and theoretioal investigation of late, prompted
by prectical problems ensountered in processing and manu-
facturing industries, and by theoretical considersations as to
the rheological behaviour exhibited by the fluids when ex-
truded. The investigations of Pearson (#7) into the melt-
flow instadbility of extruded polymers serve to exeamplify
& prodlesm of practical and theoretical interest. Mush of the
past work relating to jet studies has been reported by
Middleman (41), and Metszner, et.al (12, 39, M0, $7).
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Gaskins and Philippeff (10) suggested measuremenss of
the expansion of a jet of fluid issuing from a eapillary as
& convenient means of measuring normal stresses at high
shear rates. Investigations into this area were also conducted
by Gill and Gavis (11), Sakiadis (53), Philippoff and Gaskins
(48), and Metzner, et.a1(39). Subsequently, Harris (17, 18)
pointed out that measurement of the jet diamester insrodused
&n unnecessary artifise, sinoce the thrust of the jet is the
Primary quantity required for determination of the normal
stress. MeSzner and collieagues (12,39,40,57) developed
analyses for use in the evaluation of the normal stress
from measurements of eisher the jet dlameter or She thrust ‘
of She Jes.
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IIT - PREORKIZCAL PORNUIATIONS
1. Hsnclevtenian Plow An Chazaels of AXvAVTary Cross Seetiem

This seotion deals with relationships whieh are useful
for prediotion of the flow rate and pressure drop of time-
independent non-Newtonian fiuids in straight shannels of
Arvitrary eroes sectional gecmetry.

In the following amalysis, a goneralised design equa-
tion relating she average velosity and potential (pressure)
drop in the isothermal, steady, unifors, laminar flow of
any inecompressidle, time-independent fluid in a ehannel,
either slosed or epen, of arvitrary eross seotion is pro-
sented. An amalogous expression relating the maximum velo=
618y to the potential drop is also given. Although the
development does not consider sesondary flow expliecitly,
1t also does not preelwds this aspeot of flow. The seson-
dary flow may astually arise in the steady flow through
non-circular dusts. Expressions are developed for the
most general ecase involving an effective velosity at the
wall which arises froa anomaleus wall effects exhibited
by esrtain non-Newtonian fluids., The physical interpreta-
tion of the anomalous bshaviour and the effective veloeity
at the wmall will be discussed in the subsequent seoction.

For steady, uniform, laminar and isothermal flow of
fluids through eircular tudes and slits (parallel plates),
the Radinowitsoh - Mooney equation (u4,S0), relating She
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average veloeity to the shear stress at the wall, may be
expressed as

d[z((\l) - h)]
(- g)'- & Ty ——J—-— + b[z((‘) -")] (1)

a7, o

An effective velooity at the solid wall, Uy 18 assumed for
the most general case. The coefficients "a* and "br are
defined as the geometric pareameters. For a eirsular tube,
a=3, b= )/h, and for parallel plates, a = §, D= 1,
A detailed derivation of the Rabinowitssh-Mooney equation
for the eireular and slit conduits is shown in Appendix A,
The velooity greadient at the solid surface is a fune-
tion of the wmall shear stress determined by the actual
fluid model:

T
(- §h_ = ry - L (2)

In the above equation, 'I is the non-Newtonian viscosity
defined in accordance with the following relationship for
the fluid expressed in the fora of a "generaliszed Newtonian
fluid~(2),
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Tyg = =N2ny/0xy + 2uy/oxy) = 7y, (3

where T,, and 7, § Gre somponents of the deviatoric stress
tensor T and the rate of deformation tensor Y, respec-
tively. It 1is presumed thet the non-Newtonisn viscosity 1
1s a soalar funotion of either of the second invariants,

Te *Ji('m') - *Jiﬁ’f“! ()

or

Vo sfbrin B 2 (5)

From the similarity of the Rabdbinowitsch-Mooney
equations for ciroular tubes and parallel plates, &
generalization of Eq.(/) applicable to any arditrary
geometry 1is assumed as follows

) [2((11) - &)]

. TH [z(m - i-)] (6)
£(Ty)4l = aT, — T+ D
f} (Twldl = aTy ™ T, ™
[4
where
\'i' = é}\%dl (7)
()
and

- | \ (8)
"C' = %}Vl 'H(" g_)

<
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The hydraulic radius ry for an arbitrary oross seotion
is defined as the ratio of the oross sectional area to the
wetted perimeter. The geometric parameters "a* and "H are
used to characterize the shape of the flow channel. The
effective velooity at the wall, 1., 18 presumed to be a
function of the local wall shear stress, Tye Which in
general varies with position along the contour of the wall.
Equation (6) 1s justified subsequently by comparison of
predioted results with available anslytiocal and experi-
mental data. Equations (7) and (8) define the contour
integrated average valuesof U, and T, respectively. The
last equality of Bq.(8) can be shown to follow directly

from the equation of motion.

The quantity 1§r(':,,)a1 in Bq.(6) 1s found to be
equal to £(%y) in the flow of any time-independent fluid
through ocircular and slit oross sections, as well as in
the flow of Newtonian and Bingham fluids through an arbi-

trary section. Henoce, the substitution

£(%,) = %fr(fz,,m (9)

c
is oonveniently made in Eq.(6) to effeot an overall
simplification of the problem. This circumvents the
diffioculty of requiring a knowledge of the shear stress
distribution along the contour of the wetted perimeter.
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The generalized Radinowitsoh-Mooney equation thus
begcones

2(¢cu> - )
£(Ty) = .f'a[ TH ] + b[2(<u> - \'i.,)] (10)
otw o

which may be integrated to yield the general result,

2(cu> - ) ¥ c.
- - ft.,‘{"cf le(r)at (11)
where the aspect factor ! is equal to b/a, For a fluid
without a yield stress, the lower integration limit in
the above equation becomes equal to sero.

Equation (11) oan also be expressed in the follow-

ing equivalent alternative forms,

z(<u>-i,,)_ .;f' '_c_fd
- it, . T (12)

2kur e y,) 1 r op |8(¢u> @ u ) [0 + 3

which utilise the non-Newtonian viscosity ']_ defined by
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Eq.(2) and She empirieal data evaluated with the oiroular
eapillary tude viscometer, respestively. The flow behaviour
index n'! for a circular capillazy is determined experimen-
tally employing the relation

d ln
L (14)

.d! lﬁm-h)

An analogous expression relating the maximum velosity
to the potential 4rop ean also be generalized to any

Arditrary eross section in terms of the geometrio parameter

"a* ag follows

T .

2upgyy = dy) 1 3.
= = . L £(T) 4T (19) ;

y -

The equations developed adove for olosed conduit
flow are directly applicadle to open channel flow provided
proper geometric parameters evaluated for the latter are
used. This is justified by the fasct that the solutions
for flow in open channels are the sans as for the corres-
ponding olosed conduits odtained by reflecting the solid
boundary in the free surfasce. For example, the solutions
for the flow down a semi-oircular open channel or an
inclined plane of infinite width are the same as those
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for the ocircular pipe and parallel plates, respectively.
The only difference in the solutions for the open channel
flow is that the contour integrated average quantities
siven by Eqs.(7) to (9) become the integrated average
values along the wetted perimeter of the open channel,
Also, the following additional assumptions must be imposed
in the open channel flow:
(1) There is no shear stress; henos, no velooity gradient

at the free surface in contact with the gas
(2) No ripples or waves form on the free surface
(3) The s0lid surface is smooth

Prom the generality of Eq.(11), the average velooity

of any incompressibdle fluid without a yleld stress in a
tube of arbitrary oross section may be represented by the
following expression involving the geometric aspect fastor:

Tw

cus = (€ - 1)%,1'55 utf-2 at 16)

o

The detalled derivation of the above equation is shown in
Appendix B,

Equation (16) ocan also be effectively interpreted as
defining an operator which averages a point funotion of the
position, in this oase the veloocity, over the tube oross
seoction., The significance of this result is demonstrated
in a later section, dealing with the expansion and

L R
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contraction behaviour of noneNewtonian jets, when it is
applied to odtain the ares average of the normal stress,

e. Appligaticn fio Various Fluld Nodels

Por 1llustrative and practical purposes, the dMlk
veloeity - pressure drop relationships for various fluid
models including those of prastical interest to chemical
engineers are presented in Appendix C. Thess relatien-
ships are obtained by sudsetitution of the appropriate
expressions for £( ) or N in Eqs.(11) or (12) and per-
formance of the indicated integrations. The analogous
expressions for the maximun veloeity, determined from
Eq.(15), for various fluids are also given in the sanse
section of the appendix,

b. Evaluation of Geometric Parameters

The values of the geometris parametars applicable
to the ociroular tudbe and the slit in the case of closed
oonduit flow, as well as to the semi-oircular arc and the
inoclined plane of infinite width for the ocase of open
channel flow follow direstly from the development of the
Radbinowl tschellooney equation. For other more complioated
flow seometries, ths availabls analytienl gsolutions or
expsrinental data for Newtonian rlow may be used in the
evaluation of the geometric parameters "a" and "tr,
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since She gecmetrie paremeters are postulated to bde
funetions of the flow geometry only and to be independent
of the fluid model.

For a Newtonian fluid for which £(T) = T/,, Eqs.(11)
and (15) integrate %o yleld

r 73 ¥ T

(18)

2“-:_%
)|

w
2an

respectively. The effective velooity at the wmll, iu,, for
the Newtonian fluid of interest is zero. Hence, a mowledge
of the average velooity and maximum velooity relationships
for Newtonian fluids enadles one to evaluate the geometric
parameters “a* and ", charascteristio of a partioular
flow oross section. The geometric parameters may also be
evaluated from flow measurements obtained using simple
non-Newtonian fluids such as the Ostwald-de Wasle (power
law)fluid .,

Values and expressions for "a* and "b>* determined
for various chamnel shapes have deen pudlished in the
literature. Kozicki, Chou and Tiu (24) reported geometrioc
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parameters for concentric annuli, ellintic ducts, rectangular
duots, and 1isosceles triangular ducts. xozickl and Tiu (15)
also evaluated geometric parameters for the reotangular,
semi-elliptic, 60° and 90° symmetric triangular open channels.
Hecently, additional geometric oonstants for other complicated
flow geometries including the polygon with circular centered
core, triangular and square arrays of cirocular tubes,

regular polygonal and star-shaﬁod ccnduits with various
number of sides and points, respectively, were obtained bty
Phung (4G). Some of these geometric parameters are tatulated

in Appendix T,

n
v



The flow of fluids through porous materials is a
sudbject of great importance in many fields of engineering.
It occurs in filltretion, in which the filter cake itself
is at least a portion of the porous medium, The flow of

underground water is another example of considersdle
importance. However, the petroleum industry has prodadly
shom the most extensive interest in this field in
connestion with the proeduction of orude oil from the
unierground reservoirs where it ococurs naturally.

In the preceding seotion, a gensrsl equation for
the predistion of the average velooity in the flow of
non-Newtonian fluids through conduits of ardvitrary eross
sestions wag proposed. In this seotion, the same relation-
ship 1s utilized in the flow through packed bdeds and porous
nedia when the anosalous surface effect also bescmes
noticeadle,

s. Generel Formulation

In the Blake-Kozeny model, the packed bed or porous

medium is envisaged as a oonduit, or conduits, of complicated

eross-sectional geometry. Hence, Eqs.(12) and (15) are
also appliecadle to flow through packed beds or porous

nedia, These equations may be written in the present
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instance as:

(¢cu> =) 1+§ [t' fd‘[
TR ;;%;I T,T (19)
and
Upay = 8, 1+ To
- X Tar (20)
Ty Ky Tw T,T n

The impermeadility factor, ky = 2(a+d), and the
aspeot factor, £ = b/a, are used here to facilitate dirsct
comparisons with previously pubdlished relationships., The

EAXimun velocity expression is some extra information
provided by the theory which is not utilized hereafter. B
The lower 1imit in the integrals has been modified in
each of the above equations to acocount for the tortuosity
of the actual odplllnrioc in the bed.

In the flow through pscked beds or porous medis, the
average veloocity through the pore, (u>, is related to the
superficial velocity based on the oross-sectional area of
the enmpty bed by

(U & == (21)
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The average effective velooity at the pore wll, I'. is
similarly related to the superfieial effective velooity
at the wall vy

u' - I.\'./e (22)

The hydraulioc redius for an isotropic bed is defined

r = 0ross section availadle to flow
M
i weSted perimeter
volume availadle to flow

total wetted surface

- < (23)
(1 -€) s,

vhere the spesific surface per unit volume of particles
for a bed ocomprised of uniform spheres is

8 e« 6 (2h)

For a ded of irregular particles, Bq.(24) serves as
the defining relation for the particle diameter.

b. ineoial Cases

The integrated forms of Eq.(19) for the Ellis and
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power law fluid models are now examined and compared with
similar expressions developed by other investigators.

Por an Ellls fluid, the non<Newtonian vigsosity n
is 4defined by

S | A=l
“ . [1 * (-’f-;) ] (29)

When this funstion for 1 is sudbstituted in Eq.(19),
the resulting expression ocan be integrated to yleld:

-l
Q) = ﬁ' ;;-;l-a [1 + :C:é(—,, ] (26)
- ]

Equation (26) is found to be in agreement with the
representation by Sadowski (52) of the experimental data
for an Ellis fluid for k, = 5.0 and £ = 3, This value of
the aspeet fastor, £, 1is the same as for circular and
elliptical conduits.

For a power law fluid, 7 is given by

i/
- - = (27)

which when substituted into BEq.(19), the resulting inte-
sration, after cetting E = 3 as determined for the Ellis

fluid, gives

T -K(—;l)n(z-};l)n [EL‘.EZ;;_!L’.]" (28)

.
-:‘
- -
n
v
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Equation (28) is in agreement with & similar result
derived by Bird e% al (2) for the flow of a power law
fluid through & packed ded if k1/2 = 25/12, Sadowski and
BAr (52) found however that their previouely reported
equation for the powser law fluid 4id not agree with the
experimental data. This was attriduted to limitations of
the power law model in sharasterization of the fluid
behaviour. It was subsequently proposed (S5) that the
quantity (25/12)" be replaced simply by 25/12 which im-
proved the agreement slightly. It is evident here that
the same value of 2,5 satisfying Eq.(26) for the Ellils
fluid should apply as well %o k,/2 in Eq.(28) for the
power law fluid, corresponding to the specification of
a oonstant bed impermeabdility faotor with the same bed
but different fluid models.

Bquation (28) may be expressed in terms of the
quantity K¢ determined directly with the espillary tubde

viscometer as follows:

Ty = XD [EL&;_M]“ (29)
™

wvhere

n
K' = K(x%-h (30)
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If the relationship betwsen ’f' and 2(¢u> - u') /rH
for a power law fluid flowing through a packed bed is

represented by

.‘f' - K.[z(‘(\l?rO \.l') ]n (31)
H

then K* 1g related to KXK' by
n
K* = K'(gl) (32)

Equation (32) enables one to compute the fluid
consistency index K* for the flow of a power law fluid,
with a constant flow behaviour index n, through a packed
bed from a knowledge of K' and n, obtained direotly with
the capillary tube viscometer, and the impermeadbility
factor of the bed. It should be noted that the above
result was derived for beds with aspect faotor § equal
to 3.

Carman (4) lists values of the impermeadbility
factor, ki' for beds of different packing material and
variabdble poreosity, whioch were determined from measurements
conducted with Newtonian fluids. Values of k1 for different
packing material and porosity are tabulated in Appendix E.

In this oconneotion, the best acoepted value of k1 for a

bed of uniform spheres is 4.8, with a usual range of




variation from 4.5 to 5.10,

It has been pointed out earlier that the value of
J determined for the aspeot factor £ from Sadowski's data
(52) and subdbstantiated as well by the present investiga-
tion subsequently is the same as for the cirocular oconduit.
This fact can be utilized to establish a simple and im-
portant relationship between the quantity 2(<u» - ﬁ‘)/gﬂ
evaluated separately with the capillary tubes and packed
beds,

For a circular tube, Eq.(12) with the appropriate
substitution made for the geometric paremeters (i.e¢., a =
1, £ = 3) may be expressed as:

2 --) - - %' 3
2(ur ~ug)) ,,.t'Bj o (33)
Ty ot Y N

Comparing the adove result with Eq.(19) for a fluid withe

out a yield stress, T_ = 0, one gets

y

[z(un - 5)] - (=2 [z(un - 1)
pd
pb

rH ki rﬂ ]Ot ( 3“)

In other words, 2(¢u» = 1'1')/1"B for a packed bed is
(Z/kx)pb times the value determined with a capillary tube
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visconeter at the same shear strege, T.. Yence, for a

17
packed vd with 6= 3, the flow charmcteristios relative
to any fluid without a yleld stress are readily deterained
from caplllary tube viscometer data if the inpermeadbility

factor of the bhed is ¥nown,

o. Anomajous sjyrface Kffeqte

41th certain non-ilawtonian flnids the valooity
aradient in the vicinity of the tudbs wall nmay indsge a
opraferrad orlentation of nolymsric moleculas or disnarsed
floca nraesent in the fluld. In soms inatancas, the Ais-
peraadl aterial may nove slichtly away from the wall rezion,
laavinz a thin layer of solvent adjacent to the solid
surface. chis pheanomenon i3 referred to as the :'senaration
ohenomenon", This effact is ohserved in ths flow of an
aqueous suspension of paper pulp through a glass tub=e, ..
thin layer of clear water can he detected in the immediate
proximity of the tube wall., An analogous nhanomenon also
ooocura in the flow of blood (19). cffects of this sort
lead to a reduotion in the viscosity of the fluid in the
viclnity of the wall, with results analogzous to those
which would he expeoted if there was actual slip between
the hulk fluld and the s0lild surface. Since true slip is
not helieved to ooocur, the phenomanon is also referred to

as an effective velooity of slip near the tube wall,
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Cn the other hand, the polymeric molecules may be
orisnted in such a way that give rise to a more riscous
anocmalous layer near the wall. This phenomenon is aompa-
tidvle with polymer adsorption-gel formation, obssrved
sxnerinentally by Sadowsxi (52),

Therafore, whanever an anomalous surface effect 19
deteated, corractions must ®e applied accordingly to
arrive at the appropriate velooity.

(1) jvelusation of the Effective Surfege Veloolty

The method for odtaining the relationship of the
mean effective velooity, Uy, to the wall shear stress, 7,.
was originally proposed by Oldroyd (86) for flow in a
circular tube. Sudstantially, the same prooedure is
applied here to an ardvitrary oross section.

Equation (12) may be rewritten in the following

fora

Aur 2y 201 +5) - .gj
- L

E
T
at £3s)
Ty Iy Ky

n

oo

In the presence of & surface effect, plots of 2<u>/ry
versus T, are expescted to yield seperate curves for

different values cf the hydraulic redius; ry. From these

<.
3.
-
N
Py
ol
v
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curves, at a selected value of T,, & plot of 2¢uy/r
versus 1/r, can be construsted. The surve obtained
should be a straight line, whose slope is given by 2i,.
By repeating the procedure at different values of T,
the effective velooity at the wall can be determined
as & funotion of the sontour integrated average shear
stress. The same prosedure is appliocadle of course to
flow through packed deds and porous media.

It 1is to be noted that inherent in this procedure
is the assumption that i, is independent of ry, being a
funotion only of T,. In the most general case, the effective
wall velooity may vary with beth hydrsulic redius and shear
stress. Jastrzedbski (23) has found experimentally that the
slip coefficient 5, defined as (45,46),

G e (36)

e

is not only a funotion of the shear stress but varies
inversely with the tube radius R or ths hydraulic radius
r;. Thus, one oan define a corrected slip coefficient C°

as
Co = %/ry (37)

wvhioch varies only with shear stress, but is independent of

:
L
e
n
v



the hydraulic radius,

(11) Estiamtion of She Anomelous ismrer Thioknees

Following Oldroyd (#6), the velooity gradient in
the anomalous layer within a norsal distance §; from the
s0lid toundary may de represented by

gg - £(T) + 8(5.T.y) (38)
where y is the normal distance measured from the wall, £(T)
is the velooity gredient charasteristically asoridadle to
the fluid under laminar conditions, and g(&;,7,y) 1s the
correction term ascounting fcr the anomalous bohiuonr Ain
the vieinity of she solid wall, Outside of the anoaalous
layer, i.e., &t y>4,, the funotion 3(51.'1.'.1) = 0,

The velocity u just ocutside the region of ancmslous
layer is thus given dy

ueu, = t(T)r (39)
where

b1
u, = S 8(8,.T,..7) ay (40)
-]

Equation (40) is the defining equation for the effective
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velooity at the wall in laminar flow. The effective velo-
city u, is the value asorided to u at y equals to zero.

Two possible oases of anomalous behaviour are illuse

trated in ['igs. (1a) and (1b). When 3(51.1:.:) is positive,

the anomalous layer is less viscous than the fluid in the
main stream giving rise to an effective velocity of slip
(positive) as shown in Fig. (1s). On the other hand, when
8(8y» T,7) is negative, the presence of the wall gives
rise to & more viscous anomalous layer and a negative
effective veloocity at the wall, as depicted in Pig. (1bd).

An estimate of the thickness of the anomalous layer
is relatively simple to perform. If there is an effective
slip velooity (positive), and the layer adjacent to the
tube wall is pure solvent, then the velooity gradient in
the ancmalous layer is simply du/dy = T/, and 2q.(39)
Yields the following simple relation:

w, = 8 [% -r(‘t,,)] (81)

Thus, the anomalous layer thickness §;, oan be solved by
means of Eq.(41) with a mowledge of the effeotive slip
velocity.

When the effective velocity a% the wall is negative,
the velocity zradient in the anomslous leayer is very small
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and can be assumed equal %o sero, i.e., du/dy =0, The
anomalous layer thickness is then found from 2q.(39) to
bde

U = =4 £(T) (42)

For conduits of arbitrery oross seotion, the eorres-
ponding relations are analogous to those presented adove
with the exeeption that "C' and u, are replased by the
contour integrated average quantities T, and U, respes-
tively.

4. Plow Throush Porus Nedis

The relationships applieabdble to the flow of Newtonian
fluids through porous media will de developed first. The
sorresponding expressions for non-Newtonian fluids in terms
of the apparent viseosity are presented sudbsequently.

For a Newsonian fluid, N=HMe EQ.(19) expressed in
terms of the superfielal velooity, using kq.(21), beeomes

-

u, = €, *5-?1/-}' (43)

Introdusing the surface resistance coeffioient m
defined as

= 1/; -'E‘ﬁ' (lody)
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in Eq.(d3), and expressing the shear stress in Serms of
the pressure gredien? using Eq.(8), one obtains

a, = (<%, em? ., apy, (85)

b k‘/l- Tx-

Equation (#S5) may be expressed in veotor notation

as follows

i, = (53 .+ X)(-VPY) (46)
n A

vhers k. and X are the permeadilities %0 slip and viseous
flow, defined respectively by

k, = €ry .8%';292) (87)
and
2 2
x o CTE, €Inp? (48)

The lait equalities in Bqs.(#?7) and (48) are odtained using
the definitions of r, and 8, given by £qs.(23) and (28),

For Newtonian fluids, there is no effective velooity
at the wall, hence, m =90, and Eq.(46) reduces simply to
the well-xnown Darey's law:




:. -ﬁ(-vpl) (b9)

Por non-Newtonian fluids, one can write the follow-
ing equation analogous to rq.(43),

u, = i, + ,lﬂf: (50)
where the apparent viscosity is defined by
— (> = u)

Using the general relationship xiven by 2q.(19), ’l“
is found to be xiven by

- . (52) -
Tw ’CE
(1 +8) [,c p —aT
y

It should be noted that in Rq.(52) the anparent
viscosity for a non-Newtonian fluid without a yield stress
flowing through a packed bed or porous medium is the same
as determined with the ocapillary tube viscometer if the
aspeot factor £ of the ded 1s equal to 3.
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Using the same procedure as avove for Newtonian flow,
the vestor equation desaoribing the flow of non-Newtonian
flulds through porous media san de written as :

U, = (kp/m + X/Nap) (=yp*) (53)

Equation (53) reduces to & result in agreement with
en analytical result presented by McKinley et al (35) for
& non=Newtonian fluid not exhiditing the anomalous surface
effect.

For a power law fluid without the anomalous wali

effect, m = 0, £q.(53) bLeocoxes

st
S

- (-yp?) (s4)
s off v

where

(55)

o+ 1 l‘l'.erbl len
r].ff.“( an ) l_kl

Iquation (S5B) agrees with the result pressnted by "ird et
al (2) for a porous ded with an imvermeability facter i

aqual %o 2%/6.
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3. EAltretion of Non-Hewtonien Flulds

In the preceding ssction, aquations desoribing the
flow of non-Vewtenian flulds through porous media have
bsan derived. These equations ars now applied to the probvlem
of non-iiewtonian filtration which ig of great industrisl
interast, The equation of continuity and the equation of
motion for flow through porous media are also givan in
this section,

The equation of eontinuity is developed by conside-~

ration of a finite volume. This volume element is small

compared to the gross 4imensions of the porous media, dut
large compared to the oharasteristia volume of the voids
so that the irregularities of the flow inside the void

Space are effectively averaged.
Prom the statement of the conservation of mass, " B

that is, 0
input « output = accunulation (56)

with no sources or sinks, the ocontinuity equation for
the flow of a fluid through a porous medium is found to
ve (27,63):

Velply) + 2(ep) = 0 (57)
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For an incompressible fluid, the mass density Io is
oconstant, and Eq.(57) beoomes:

Velg + 2€/00 = 0 (58)

Introduoing the modified Daroy's eyuation for non-
Newtonian fluids, Bq.(5%53) in Bq.(58), and after sonsideradle
»ut straight forward manipulation (27,6%), one obtains the
following squation of motion for the flow of non-Newtonian
fluids throuzh compressidvle isotropic porous mediss

Ay(VEegpt) + An(g=deeqpt) + A3(72p1) + Aglymeqpt) = 25 (59)
Nap 30
where ‘
2 -
L, = S42=C +E (=€) (60) L
1 PN -E)fn 30131(1 -e)"".p O :
1
3
Az - —;-L-——-r (61)
SO 1(1 - e)
e? 63
A + (62)
3" 8,(1 =€)m 801;1(1 - e)zqap
and
oy = - ez 4 (('3)
So(l -e)l
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In some cases, it may be permissible to assume that
the surface resistance coefficient m is constant. That is
to say, the average effeotive velocity at the particle
surface 1s a linear function of the average surface shear
stress. This assumption has been verified experimentally
for non-Newtonian flow through packed beds (refer to Pig.
9). Thus, Eq.(59) may be written as:

. . 2 - 96
A(VE TP + A (T d - TP + 4507 27) = == (68)

For Newtonian fluids, g, = | =4, and Eq.(64)
reduces to the following relatively simple expression:

2

2 -6 _Sk,u(l-e)zas .
VP v g (VEreVE) —9—-4-55-—(3?) (65) .

It will now be shown that %q.(65) reduces to the
one-dinsnsional equation derived by Tiller and Cooper (62)
for conatant-pressure filtration. In the classical fil-
tration theory, it is convenient to lump those parameters
which are funsetions only of the pressure drop across the
filter bed intoc a single quantltylxx. called the local
specific cake reslstance. Mathematlcally.;&x is defined

by (33):
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Ky = Salyll =€ 66
. -ﬁg-‘—-—’-e a (66)

“4ith the 814 of 2q,.(66), 2q.(65) in one-dimensional

fora may be written as:

2
g.;;' - (-S-E')fx_ 1:\0(‘(1 - €) = /u./a‘v(x(l € )_a_E_ (67)

Inside the filter oake, the solid compressive pres~
sure is related to the fluid pressurs dy

P. = P. e P (68)

where Pa is the fluld pressure at the upstreanm face of
the cake., When the filtration is conducted under constant

pressure, the differential ochange in pressure is sinmply: »

dP. s  4p!? (69)

For a eonpressidble oake, the specific cake resistance
°<x and the porosity € are usually assumed to be funations
of solld compressive pressure P, alone (33). Thus, Eq.(§7)

can be expressed as

L2, p
Za—xg - (a oPg,? g1 - €) - -,u&“x“"e”"‘)‘;-')

(70)
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whieh i3 the nonlinsar partial differential equasion
derived by Tiller and Ceoper (62) for a somstant-pressure
filtratien invelving a slurry of a NewSonian fluid and

& eompressidle filter oake.

s. PAltretion Eqwations for Pover Lew Pluids

IS is evident that exast solutions of the equatiocns
of motion for flew through porous media are extresely
difficuls, if not impossidle, to odtain even for the
sinpler Newtonian systems. Assumptions uswally are made
So simplify She problea sufficiently so as to render it
trastadle. In Shis seetion, workadle filtration equations
are derived for the pewer law fluid uSilising the Sradi-
tiemal assumptions made in filtration Sheory supplemonted
by addisional assumptions to siaplify the predblem.

The extended ene-dimensicnal Darey's equation for
non-lewtonian fluids, 2q.(50), when expressed in terms of
pressure 4rop, may be written as:

2
€ry '
By = oW, ¢ = 'llv(%-’ (71)

The minus sign uswally appearing in the pressure gradient
term has been dropped in the present instance since the
position variadle x is measured from the filter medium,
that 1s, in the direction oppcaite to the direction of
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fluid flow, as seen in ?ig, 2,
«hen 3q.(71) is expresssd in terwms of the mass of
solids dnx in the filter ceks of thickness dx according

to

. = £ (1< €)Aax (72)

one gets, after the introdustion of the speocific oake
resistance X, defined by Eq.(66),

(Ug = uyg)
e « flap “'A e’ am, (73)

Substitution of the corresponding apparent viscosity
expression for the power law fluid in the abdove equation,
andmturatlngfro-l’.-l" -omml!-OtoP‘-P'
-P.-P'uhonﬁnl‘. yields

J’P‘-”G(FP'P') = (1= gk
. Iz e (W) =2 ()

where the generalized oske resistance {x defined by

(e = axlgh [htns)” (79

is assumed to de a function of P, « P', In performing the
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above inSegration, she slip velooity ratio ““/“s is also
presuned oonstant Shroughous the filter ocake.

Following the traditional meshod of formulation of
the filtration prodlem, an average generaligzed cake resis-
tance / 1s defined as

P‘-P.
'

2‘_‘1-;;&’..&7'.1'..9.?;9 (76)
X

which is a funstion of pressure 4rop across the cake AP ¢ o
and of the flow behaviour index n of the fluld, Thue, £q. ‘
(74) may now be expressed as:

APg!
7‘ (- ;.2 )“(u‘,)u Kng (77)
A

A generalised filter mediuam resistance R- is defined
analogously by the equation:

P* - P APy

Combining Eqs.(77) and (78), one obdtains

oPr = Apg soryt = (1 - Mu) (B L h)  (79)



T,

In filtration, the superfiocial velooity u, and the
mass of solids R, &re traditionally expressed in terns
of filtrate volune 7 by

u, = 4448 (80)

m, = VC (81)

respectively, where C 1a the mass of the partiecles
deposited in the filter per unit volume of filtrate.

Substitution of Eqs.(80) and (81) in Eq.(79) gives
finally she imporsant relationship:

i/n 1/n
KC R
® = (A-F,i) (1 - ;.:a)t L. ) b (82)

b. Cougtant-Presgure Piltration

When OPY 1s oonstant, the only varisadles in 8q.(82)
are V/A and O, The equation may then de integrated to yileld

1/n
0(9-—1; )(Q-g-‘) - X[({- +,§n)m/" . "”“]

(83)

(gy

vhere



Xe ¥, ) (8b)

It has been found experimentally that R/CT 18
negligidble for Newtonian fluids, If this quantity is also
assumed negligible for power law fluids, then Bq.(83)
becomes:

& 1+1/n

- ¢ (A,, x (8s)

It is seen from Eq.(85) that the availadility of
experimental aonstant-pressure filtration data enables
one to determine the relationship between AP' and X,
charasteristio of the filter bed and the flow bshaviour
index n. The empirical relationship between AP' and ‘X
BAy be used in the prediotion of the sonstanterats filtre-
tion, with the assumption that AP.' <K APy,

°o. Conatant-Rate Filtration

In the case of eonstant-rate filtration, the super-
fiolal velooity, u, = V/A®, is oonstant, and Bq.(77)

finally beoomes
n, v i+n
AP, = KCX (—:-‘-) ~) (86)

Therefore, if X is a known funotion of AP,'. and if
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AP ' ocan be estimated, then Zq.(86) may be used direotly
to relate the overall pressure drop to time when the flow
rate of the filtrate 1s oonstant. On the other hand, X
ean be evaluated directly from the constant-rate data
using 5q.(86), lence, the predioction of the pertinent
variables for constantepressure filtration is also fsasible
fron 4ata obtained in eonstant-rate filtration.

If the relationship detween AP,' and X can be rea-
sonably approximated by

X = Kol aPg1)? = X (4P1 = aPgnY  (87)
then Eq.(86) becomses
‘”‘.)l-uq = (AP « Al’,\.')l""q - K0 (88)

where
e = ECX (41" (89)

Taking the ldgarithms of both sides of 2q.(88) gives
log = (1 - nq) log(APs - AP_') - log Xp (90)

It 18 seen that a gtraight line should be obtained
whose slope is (1 -« nq) in a log=log plot of (4AP! - AP,!)




oSl

versus 9.

The method for the estimation of AP.'. the pressure
drop across the filter medium, in non-Newtonian filtration
is the same as for the Newtonien filtration. he procedure
has been discussed thoroughtly in the literature (33,27).
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4. Genereliged Priction Faotor - Revnoldg Nugber Correlations

In this seotion, the generalised friction fastor -
rneynolds number relationship for the laminar flow of any
time-independent fluid in a straight duot of arditrary
eross section, as well as through packed beds and porous
mnedia is presented. The Ryan and Johnson stadility pare-
meter oriterion (51) is extended to predioct the transition
point from laminar to turbulent flow of power law fluids
oxhiditing anomalous surface effeots in ciroular pipes.

A tentative method of correlation for the turbdulent flow
of purely viscous non-Newtonian fluids through channels of
ardbitrary oross seotion is proposed, though this aspeot of
the flow is not explicitly studied in the course of the

present investigation.,

In laminar flow, the Panning friotion fastor and
leynolds num>er are related agcoording to the following
relationship:

2T 18
- f(<u>'i G2  Re (on)

The Reynolds number, expressed in terms of the
apparent viscosity, is given bdy:
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Re « dmglcur - u)®  Bry(cu> - §,)P

(a + b) "ap

Employing indices analogous to those originally

defined for the circular tubs by letzner and Reed (37),

the Reynolds numdber ean also be expressed alternatively

Yy

-  2=n* g
Re = LW =By pP
2“’-’ K.

where n* and X® aprs defined Tespectively by

n¥ P aln%:l

31n 2(<u> - Ty)
Ty

- -n*
ke = 7 [Zuu) - u!)]
w rH

(93)

(9%)

(95)

The partial differentiation in Bq.(S%) is performed

at constant values of geometrio paramsters, ocorresponding

to a fixed flow geometry.

;
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The general flow equation, Eq.(12), developet
earlier may be utilized to express /|,,, n® and K*® in
teras of the non-Newtonian vigcosity, n. of the fluid

and the geometric pareameters, § and k,+ of the flow
channel as follows:

’_C'” g

'l.p - ?—; 3 (96)
(1 +§) -
+ f, )" aT

ot (97)
7 - &1 e 1$
« 'J:[, —7]—- aT

L -n* i
K¢ = (98) v

where /| 1s the value of /| evaluated at {,. It should be
noted that Rq.(96) is similar to Eq.(52), the expression

of qap for flow in porous medis, except that the lower
integration limit T& in She former equation is replaced

by t T to sccount for the tortuosity of the actual capile
lary inside the porous medium, oconsistent with the Blake-
Kozeny concept. Analogously, Eqs.(97) and (98) are direotly
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applicable to flow through packed beds or porous media
with the proper modification of the lower integration
limits for & fluid with a yield stress (e.g., inghanm
plastic ).

‘herefore, the friction factor and ieynolds number
relationships presented in this section are applicable
to any tlme-independent fluid, charagterized by the non-
awtonian viscosity q. and to any shape of flow channel,
characterized by the geometric parameters g and k, (or

"a- Ant ko),

. Application to Power law Flulds

In order that the power law fluid relationship shall
te of engineering value, it i8 necessary for n and ¥ values
to remain constant over sonsidersbls ranges of shear rate,
“urthermors, the actual values used axre those evaluated
for the shear strese at the wall, If the flow beshaviour
index n*,defined dy iq.(9%), is conatant, then :q.(93)
raduoces to the following Reynolds number defined by .'etzner
anc ieed (37) for the flow of power law fluids and without

anomnalous surface effeots in a eircular pipe:

n 2-n
Re w» Lo<w7 P (99)
871-1 K ]




where
n® = nt = n (100)

K* = Kt = x(-‘r;—l)u (101)

One san easily verify that B3.(99) reduses to the
oconventional Reynolds number for Newtonian flow in a oire
cular pipe by setting n = 1 and X! - U,

In the most general case, power law fluids may de
represanted dy

T = k(= au/ds)” = x £(T)P (102)

where n and X may vary continuously with shear rate.
A logarithmic form of the powsr law model is

log T= logX + nlog £(T) (103)

IfT n and X are aspnuned to e constant over at least
e differential range of shear rete, then 2q.(103) may be
differentiated as follows, within this renge:

n = d log T (10%)
4 log £(T)

The shear ratse at the mll, (-d\a/d-)'. or more
generally £(T,), ean be shown to be related to the average
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veloocity and the geometric parameters by the general flow

equation, #q.(11), as follows:

(B +“‘bn*) (105)

)¢

Converting Eq.(10%) to logarithmic form,

log £(.) = 1lox 2(<u2 = Uy a + e
g " ox = + log (-—-—?—.) (106)

and differentiating this result with respect to losx Tw

at oonstant values of geometric varaneters, ona ohtains:

| ) o
3 log £{Ty) J los W 6108(-'-—3;39' )
- +
3108 Ty d log T, dlog T, |
7o
(107)

Substituting the definitions of n and n*, given by
Eqe.(108) and (S4) respectively, in the abeve equation,

one gets:

+ bt
_3; - ;1!,. . 3108(‘-—-;‘@-)

= (198)
dlox T,

fne sabsoript w may be omitted from :Iq.(108) because
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n and n®* are understood to refer to a partioular value
of shear atress, regardless of whether this ocours at

a tube wall or elsewhere.

Rearranzing 5q9.(108), one may obtaln the expression

for n in the following:

n e —d
1 4 dlog(a+tvn®) /n*
n* dlog T
n¥
= (109)
1 - 2 -} n*

& + * dlog T

or, in tarms of the aspect factor £, n is equal to

n = - (110)

1 - 2 dn*
1 +En* 3lox T

gquation (110) provides the relationship tetween
n and n®* for a powver law fluid at any partieular shear
stress when the nlot of 2(¢ud> - \;') /rﬁ varsus {" is not

linear.

- ;C;
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o. Bredlotion of the Laminer - Turtulent Trensition Point

The point of trangition from laminar to turPMulent
flow of a fluid exhibiting anomelous behaviour in laainar
flox can be expected to be different from one whish exhi-
bits no anomalous effeots. iiyman and Johnson (51) have
introduced a stadbllity paremeter . for flow in pipes,
defined as

© o ® B’C? (- & (111)

whioch is zero at both centerline and the wall, and reaches
a maximum at some intermediate rsadisl position. l'he orie-
tical value of Z ..., atove whioh turbulent flow is to be
expected, is 808 which is found from the fiow of Newtonian
fluids in circular pipes. 'his oriterion is used to prediot
ths transition point for non-Newtonian fluids as well, at
least those of the purely visoous type. Subsequently,

Hanks (1) has generalized the oriterion to the form

- 2. val
{ = P o (112)
|t - <n

which can be applisd to channels of arbitrary cross seotion,
with I = bob,
The maxinun value of Z ooours at the oritical radial

nosition = (r/it)_, whioch 18 obtained by setting the
e [

derivative of - with respeol to r to zero, using the known
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laminar veloecity distridution.
7or a power law fluid exhiditing anomalous wall
effscts, the velosity distrituticn is obtained by inte-
grating the velocity xradiant as follaows
u r A

Su du = -S (-du/dr)ar = S £(Tdar (113)
3 r

wvhich after gowme manipulation gives

. (n+1) /n
weuw o= BLdin cwa - A ) (118)

w

Usirng 3qQ.(114), 1t is foun? that ~ ooecurs at 7\0.

BAX
with
n/(n+1) + n/(n+1)
ANe = (=3 [“3%}1<u‘:%n.)]
{115,
and that
\? (n*l)/ﬂ
w) - ] +
Zmax = 808 = T [H( 1 -A, ) +
M ] (1 6
o> = ) (FE=—2 (AL (116)

The oritical friction factor f° for power law fluidsg
exhibiting anomalous well effeots may be obtained from the
above equation as




ofle

T - ZT'
[+
plcu> = uy) L
o L (mrd g ™V, Wty
M“[n*l AT ) (<“>-n') ]( n )(AO)

(117)

The ocorresponding oritical Reynolds numdber Ro° is then

.nt 2en? .
Re, = ” (W - 2 . 16 (118) l\ll

gnt-1 X fo

It oan be easlly verified that £qs.(11%5), (116) ani
(117) reduce to the corresponding expressions given Yy
7yan and Johnson (51) for power law fluidg without the
anomalous effeot by setting u' = 0, The oritical Reynolis
nunbers for power law fluids with no effective velooity
at the wall have been Sabulsteld by Longwell (30) ag a
funotion of the flow tehsviour index n.

4. “yrbalent Flow of Non-Newtonlan Fluide

"urbulent flov in arrtitrary channels is not consie
Jerecd explicitly in this investigation because of the lack
cl ?ata for flow geometries of other than circular and

slit cross sestions, "he avalla»le inforamation (9,32)
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aprears to suggest however that negligible error results
when turbtulent flow data for cirscular tudbes are applied
directly to other oross-ssctional channels. ‘he revised
form of the Dodge-Mstzner equation (6) for turdulent flow
compatitle with this hypothesis is:

‘% - L%—, log R.(f)l- ;. 0,40 0.25 bhia + bn'ﬂ
n. o 5 - m + 5.0 n. 108[ ry

(119)

It muast be mentioned that the above relationsnip ls
anplicatle only to ths purely viscous non-iewtonian fluilds,

<1 the oass of nolymers or polymer solutions which exhibdit

viscoslastic propsrties, Meterts correlation (36) can de

utilized to predict the flow in the turdulent regime, It

will be shown in the next seotion that 1f the viscoelastio

f1luid 1s Srsated as & purely visoous fluld by taking into o
oonsideration a turbtulent sffective veloslty at the wall

due to the anomalous behaviour in the viocinity of the

351id boundary, then £3.{(119) is also applioable for the

turtulent flow of a viscoelastic fluid in oiroular pipes.



The anomalous behaviour of cerSain polymer solutions
in turbulent flow has been observed and reported reveatedly
An the literature. The most striking phenomenon is the
reduction in the pressure drop required to maintain the
averags velosity of a 1iquid under turtulent flow oondi-
tions achieved by the addition of a small quantity of
foreign materials, sush as the high molecular weight addi-
tives.

In this section, ths analysis of drag reduction in
tur™ulent flow of visocoelastic polymer solutions utilizes

only the purely viscous prorerties of the fluids, oconside-

ration also being given to the anomalous behaviour in thas
vieinity of the asondult wall., The anomalous bshaviour ia
attridbuted to two phenonens: (1) the anomalous bshaviour
obgserved under laminar flow eonditions as desoribed in
Section 2 (1.e., the separation phenomenon or the nolymer
adsorption -~ gel formation phenomenon), and (2) a laminar
sub=layer thickness greater than that asoribabdle to the
purely viscous non-Newtonian fluids,

The velooity distribution for the turdulent flow of
a viscoelastiec non-liewtonian fluid in a pipe is odbtained
by integration of the velosity gradient,



~ble

, [ )
u e So (au/ay)ay (120)

where y 1is the normal distance measured from the wall,
In the present case, the velooity gredient in the
vioinity of the wall is repressnted vy

an/dy = W(T,y) + q(T.y) (121)

where h( T,y) denotes the veloocity gradient characteris-
tically asoribabdle to & purely visecous non-Newtonian fluid,
and q( Tos7) 18 a oorrestion tera necessitated by the ano-
malous behaviour in the wall region, The funotion q(T,y)
is stipulated to be identically zero outside the viscous
sub-layer, 1.0., 8t yz§,.

When EQ.(121) is substituted in Eq.(120), and an
integration is carried ous to y greater than 52. ne

obtains
b 4 82
u = X h(T,y)ay « S q(’[ oY)y
0 0
- n, ¢ ﬁ q{ T .r)ay (122)
where u, represents the velocity distridution aseribadle

* For simplieity, the over-bvar commonly used %o denote
tire-smooth quantity has »een omitted here, since the
time=snooth quantities are quite obtwious in the sontext
of this seotion.
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to she fluid in the absence of anomalous effects, i.s.,
Q(’c.’) = 0 at all Je
At y = 0, u, = 0 and £Qe(122) vescmes

52
u o= oy, = Soq(’t.y)dy (123)

whers u_,, defined by iq.(123), 1is the effective velosity
at the wall in turdtulent flow,

The composition of the funotion q(T,y) in the
laninar sub-layer y < 52. shomm in Pig. 3, 1s postulated

as follows:

qQ = 8(5 e THY) oéyﬁsl
qQ = 0 Sy<y < € (124)
Q = £(T) « h(T,Yy) €Ly <

The funetion g(3;, T,y) is the sams funotion used _
in laminar flow as & correstion to the velocity sradient o
necessitated by the anomalous behaviocur under laminar
flow conditions. This function has been defined earlier
by Eq.(38).
“he doundary points used to 4snote the regions
specified in Eq.(124) desianate the followins: 51 is the
outer edge of the laninar anomalous layer located within
the vigecous sud-layer; € rerresents the bvoundary of ths
laginar subslayer traditisnally asoribsd to purely viscous
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flulds; and finally, §, is the aotual laminar sub-layer
thickness in She present case involving the flow of
visoocselastic fluids, which i{s pestulated to be greater
than €, These regions are also illustrated in Pig, 3.

In view of 2q.(128), the intesral in Bq.(123) ean
be separated into

51 52
N © & 8(5. T.y)dy + S Lt('[) -h(t,y)}dy (125)
-]

€
The first integral on the right-hand side of the
ahove squation 1s recognized as the effective slip velo-
0lty in laminar flow. furning $o the second integral,
the lower 1imit may be replaced by zero sinae £(T) =
R(T.,y) at y < €. lience, %q.(125) may be written as,

Wy = u(p) - uy(8)) (126)

where 5 i
uy(6) = u, + So £(T)ay (127)

and 8,
u (5p) = 10 h(T.,y)ay (128)

In other words, u,(5,) represents the velosity at y = 8,
Af the laminar sud=layer were to extend this distance
from the wall, and u,(§,) is the velooity at y = Sa
traditionally asorived to the purely viseous non-Newtonian



filuid in turdulent flow.
Por a power law fluid, in which £(T) = (M)Un.
the integral in £q.(127) besomes
52 1/n 1+1/n
So £(T)ay = -;“—(Ef) {1 - (1= §-§) ]

+n
Tw 1/1 Iy §y. 2
- '-! - - -
52(=9) {1 -d) + =p 2 ]
(129)

Introdusing the dimensionless variables u' and y*,
defined by

wt - uw, (130)
' = yuep /iy, (131)

0

where the frietion velosisy u, is given by

Uy = "t'/f ) (132)

in Bq.(126), and usilizing the result of Eq.(129), one
odbtains for the power law fluid,

8-5n) 2
e - % '[55"2’( ST *] - ug(53)

(133)
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where

" 2 70 (134)
(1 + an)[n.m1 N “’?l

<he logarithmio velooity profile developsd for the
power law fluid by bogue and Metzner (3) for the turdulent

core 1s given by
u; = 2,42 1ny + I(n, Re) + o(y/H, ) y+>ye* (135)

she boundary yc* is the viscous sub=layer thickness
inoluding the buffer zone, whioch is defined by:

0.6 7, = 2,42 1n y,* + I(n, Re) = 1.09 (136)

The funetion I(n,Re) and o(y/R, f) are given by Q;%
I(n, Re) = =$.57 log y' + 0.588{2/f + 3.63 (137)

and

2

rasnagtively, Yalues of thase two functions hava hesn
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tabulated by the original authors (3).
In the region near the wall, Krantz and Wasan (29)
derived the following veloclty proflile for the power law

Sluid,

+ A+ - 2 2 + b 5
Uy = [1 - g y o+ 1=n gyt ]y+ + oy y+ + u5+y+

€
ogytey,’ (139)
where
+ 0
w, =03 - _1 (140}
(yoH)*  (351)°
and
+ .’ - 068
ug'h = Ne z (141)
5(ys")

Thus, 1f effective slip veloolity data for both
lamingr and turbulent flow are available, iq.(133) 1in
conjunotion with 2qs.(135) and (139) enables one to
determine, by trial and error procedurs, the actual
viscous sub-layer thickness §,% in the turbulent flow
of a viscoslastioc fluld, The method used for ocaloculation
of the anomalous layer thickness in the laminar flow has

been disocussed in Sestion 2c.




iquations (122) and (123) indicate that deviations
of the velooity profile for vissoelastic fluids from that
provosed by Bogue and Netxner (3) for purely visoous
fluide uay be expected by virtue of an effestive voloett?
at the wall, u,,. Thus, the slope of the velosity profile
for the viscoelastic fluid in the turbulent core will be
the saxe as predioted by Eq.(1335) exeept that it will be
shifted linearly upward in s plot of u' versus y* (for a
partioular n end Re value) by an amount u't*. Therefore,
Af the shift in the velooity profile from that predicted
by £Q.(135) is designated byAB, then the effective veloeity
at the wall is simply

Wy = n.AB (142)

Friotion fastor-Reynolds number correlations are
also amenable to evaluation of the effective velosity at
the wmll in turdulent flow. The Dodge and Metzner oxpres-
sion, 7q.(119), relating the friction factor and Reynolds
number for the turtulent flow of purely viscous psendoe
plaatic fluids in oirocular pipes is

1



J%: ;T"'B'Q'T! log [Ao ()t “'/2] - 9.-.9.21. (143)

nt

The seme expression is used for viscoelastic flulds exhi-
biting effeotive slip effeats with the consequence that
the relevant friotion faotor and Reynolds number expressions

are now given by

f = 2t' = 2
f(cuy = n.g)z ( 2 (1kh)

(U7 = \l't)

D (cuy - uyp) >
20 s 222 1“" £ (145) :
8 X -

The physical parameters n! and K! for a oiroular
tube are deSermined from lsainar flow messurements using
Eqs.(9%) and (95).

Equation (143) may be expanded, utilizing Eq.(1bs),
and rewritten in the following form to give the effective
velooity at the wall in turtulent flow,

+ - - 1 - “.0 . . ie n'/Z .“0
., éﬁ ﬂ{ﬂ. —TT log[no (£1) ]+ %,‘T."z

nt

{(146)
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where f!' and Re!' are She conventiomal friction fastor and
Reynolds number respectively without the effective veloeisy
L S

Hense, the effestive veloeiSy at the wll in
turtulents flow ean be readily evaluated from the deviation
between the measured frietion fastor f! and the oorres-
ponding value yielded by the unmodified Dodge-Metzner

eorrelation.




The measurement of the expansion of a jet of fluid

issuing from a capillary is a convenient means of measur-
ing norsal stresses of viscoelastioc fluids at high shear
rates. The purpose of this investigation is to extend

the appliocadbility of the previous analyses of Metzner

and colleagues, restricted to ocircular and slit shaped
Jets (67), to jets of arbitrary oross section. The ano-
malous behaviour at the solid-fluid interface is also
taken into oonsideration,

The following assumptions concerning the physical
problem, involved in the previous developments of Metzner
and colleagues (39,40,58), are also made in the present
analysis;

(1) Flow is steady, laminar and isothermal

(2) The L/ry ratio of the tube is suffioclently great so
that the velocity profile at the exit section of the
tube 1s characteristic of the steady state shear
stress-shear rate relationship of the fluid (L/rz>800)

(3) Fluid is incompressidle

(4) Gravitational effects and drag of air on jJet are
ingignificant, valid at suffiolently high jet velo-
cities (Re >150)

(S) Interfacisl and surface tension effects at tube exit
and in jet are negligibdble, also valid at high jet




velocities
The relationship obtained when the net thrust of
the fluid issuing from a tube is equated to the differsnce
between the total momentum of the fluid leaving the tube
and the tensile force, exertsd on the fluid at the exit
seotion of the tube is

" x H‘Ouz dA - “'“11 da (147)

"ere, T[11 denotes the normal component of the total

cstress tensor in the axial direction. The total stress, 1.

is related to the isotroplo pressure and to the deviatorio

tensor by the equation
NM=a=-pI+T (148)

where I is the unit tensor,T is the deviatoric tensor and e

p 18 the isotropic pressure given by

p--itrﬂa-;(wll+’"22+’n.33) (149)
3

The thrust of the jet I ocan be determined by direct
measurement (18,57) or established from measurements of the
relation size of the jet. The relationship is obtained
beginning with the exoression for the thrust of the jet,



-76-

which, when combined with the equation of eentinuity,

hyPuy = AP <> (151,
becones
r 3
T omAy P(}T‘;") (u)z (152)

“he speoifioc thrust is thus readily determined from
a xnowledge of the relative size of the jet by the simple
relationship:

- ~ 2
= p(f;-) {u) (153)

Hence, & single analysis of the extrusion problem, in terms
of [/A as suggested by Harris (17,18), suffices also for
the deseription of the situation relating to the rslative
Jet slzs,

EQquation (147) may be rewritten in terms of average

quantities as follows:

/A= peuD> = (Tyy> (158)
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The contour integrated average effective velooity
at the tube wall, u,, charsoterizing the anomalous be-
haviour along the circumference of the wall, is introduced
by the expansion of the first term in the right-hand side
of Bq.(154) according to s

p<u> = ,0[<(u - ﬁ,,)2> - 2u,(a) - T) + ﬁ,,z] (155)
Thus, Bq.(154) ylelds, after some rearrangements,

Pe ™ f<(u- ﬁ,)2> S PLITH (156)

where T' is defined as

Ty ® % - 2,05,(01) - ) -/’ﬁ,z (157)

The application of the area averaging operation, defined o
by the operator given by Eq.(16), to the right-hand side of
Eq.(156) leads to

Tw T o < \2_Ea2 Tw _ _£a2
Te= " P, oW T - | Ty, T et

(158)

Equation (158) is of the same form and directly
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reducitle to the individual results of Metszner et al (39)
for the circular and slit-shaped Ales, by substitution
of the appropriats values for the geometric agpact faotors
in the equstion (viz., €= 3 and § = 2, respectively) and
setting U equal to zero.

Zquation (158) is of the forn Ty ® T T e, 0 E).
Taking the partial derivative of 3q.(158) with respect
to T, at constant values of the aspect fastor and the

hydraulic rsdius, zives the following:

where I' has been used to denote ths integral

t' - 2 §-2
[ = s (w - 8) T 4T (160)
0

in acgordance with the generalization procedure, 'n'n
evaluated at T, has basn designated as (T,,) * 8lthough
1t 15 not essential to the present analysis to associats
& physical significanacs to this quantity,

introduction of the physical paramster n®*, given by

Eq.(9U4), in 5q.(159) ylelas

= e A - d1ln T
(Tq4) = =<2 "..J' - 3 1 -——l—_ nw —
117w Tw” 3T, v [ * (€« 1)n* d1n 2(<uye \l')/ra]

(161)
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The quantity 61'/bfw in the above equation is deter-
ained by taking the partial derivative of Rq.(160) with

rasvact cO'E' uging Leibnitz formula as follows:

T -
3I'/3%, = 2S Qrtg'z(u - i,)QL%F%;Ell atT (162)

The partial derivative inside the integral of Iq.(162)
oan te evaluated with the help of BqQ.(E=6) in Appendix L

as follows:

A(u - ) bl 6'[_1.. ({' rmat]
f* - 2a W ‘ T
--g;[ﬂ%il’- - (u-a,)] (163)

oubstitution of the above rasult in :q.(162) gives

3 i 2 ™ 2,624
Ty = B - Sty - |-t
(164)

teplacing the function f(T,) by 2q.(105) in the
above equation finally ylelds

- gaz 2 2 T
- _Tw (5n* + 1) |[2(¢u> = Gy) 2 (¥ . .2 fe2
211 AT, = FrETy [ e ][ e ] TR )W T AT

(165)
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By comdbining 2q.(165) with 2q.(161), one obtains
the desired expression for ('Wu)'t

- - .2 ; ® - 1 - o e
Tyl = Pleas = Gy [3,,‘-;?;-:-}’,' ZSOLHJ ) a({;)]

- + =L 9in Ty
rv[ tE(E 1) amz.(.mz__@.] (166)

If one defines a funotion ‘r' by

NORILES k) (167)
(<u) = u,,)

and uses the averaging operator defined by Zq.(16), then
Eq.(166) vecomes

(ﬁu)' - 34%!:_;_’.‘:‘!&[(;+.‘1‘.;) "*r'] - [ ELT:IJ::'] o
(168)
The norsal stress (‘"'u)' oan be shown to be equal to
the deviatoric mormal stress difference (7, - ’szz)' ea
follows:
For the flow of & viscoelastic fluid in a eircular
Pipe, the radial component of the equation of motion in

cylindrical coordinates becomes
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or r

=0 (169)

or, in terms of the isotropioc pressure and the deviatoric

stresses,

3 Tyr =
-%.2.-» ;ﬁl«v.&?ﬁl. 0 (170)

h o

intezrating the above equation from the canterline
to the tube wall at the tudbe end, one gats

R
p(r,L) = p(O,L) + (Tpy), + jo(’t'22 =Ty Inxr  (171)

where the radial normal strees at the centerline.(Téz)o.
iz assumed zeros p(R,L) is the hydrostatiec vressure at
the wall, and p(0,L) is the centerline zags pressurs? at tho
tube end,

From the definition of the stress tensor, iq.(148),
one finds

waloh, when oombined with 2q.(171) gives

1
(ﬂil)' - (’t’l1 “tﬁz)' - [p(O.L) + Io(Téz - ‘Tb,)d 1n r]

(173



If the Velssenberg hypothesis ig invoked, that is,
Tzz = Ty, and the centerline gage pressure p(O,L) 1is
assumed zero, then Eq.(173) btecomes =imply

M)y = Ty - Ta2)y, (17%)

fherefore, for flow of viscoslastio fluids in
circular pipes, £q.(173), after substituting £= 3 and

n* = n', bhecomes,

- 2 ‘e din T
("l'u - Tzz)' = lo(<u> - u.') [33;‘-.—1 - "‘r'] - Ty [1 + 3 an-%:]

(17%)

The quantity (& + 1/n*) in Eq.(163), which for a
powsr law fluild with constant flow behaviour index n

besomas sinmply (& + 1/n), is found with the aid of :uq.
(97) to bs ziven by the following expression in the

general case,

(§ +1/n*) = —pgp= l)— (176j

Por an *llis fluid, one finds

- K=l
. 1 (®
(5 » 1), ,LJ_L! (_,_,_)x » (179)

1+ & <+ £
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a. Determinaticn of the Tube to Jet Ares Batio

Equations (153) and (154) are comdined to odtain
the ratio of the cross-sectional area of the tude to that
of the issuing Jjet,

2 LTqq”
<u%>
Ar = f = —.2 - -—L

2 (178)
[ T} pLwr

The area ratio ‘r oan be expanded to yleld

(w7

—il, (179)
1”(“)

where s' = W /<u>, and A.' is defined by £q.(167). In
arriving at the adove equation, <uz> in the first tera
of the right-hand side of Eq.(178) has been expanded
aceording to Eq.(155), and(u>2 in the denominator of the
sane term replaced by

Ar - Arl(l - ..)2 + 28! - .12 -

2
2 ((u> = )
- 180)
w? - ST ‘

The quantity A.' is the value of Ap for & fluild
not exhiviting anonalous behaviour along the solid boun-
dary and without normal stresses, as ssen in 24.(179)

The quantity (T4’ can be determined with the help
of the srea averaging operator defined by BEq.(16),
provided (7,,), versus T, data determined specifically
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for She geometry in question is knowm. In She adeence
of such data, 18 appears that a reasonadle approximation
would be to use Ty, versus T data established from
ocireular capillary measurements.

The quantisy ‘r. is readily found with the help
of Bqs.(11), (16) and (B=6) to be given Yty

- ' 2
(§ = 1)’?; s 5 z [ ,c f('c)a'cl
A - 2 (181)

-}
[So'cg £(7)4T ]

In Appendix F, A,' oan be shown, by successive interchanges
in the order of integration, to be given by the following
more eonvenient equation:

- §=1
27T,
(182)

"61

Ty T e
[ £(T)AT j 7 roat
s
S T f(’t)d’t]

|

For an Ostwald-de ¥Waele (power law) fluid, in which
£(T) = (T/K)I/n. ons finds that A,' is given by

0

- _L‘._J.f.l_
(Ar')plz:or 2+ nil+f) (183)
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It is interesting to note that the extremum values
of the funetion given bty Eq.(183) are Ayt = 2 at n = -},
and At = 1 at n = 0 and &% § = 1, Of course, the value
of minus one for the flow behaviowur index (hence, the
value of 2 for Ap') is inadmissible. The lowest known
possidle value of £ is two for She parallel plate gec~
netry. Honse, the minimum value of Ap!' 18 unity, corres-
ponding %o the ease of infinite psendo-plastiecity at n
equal %0 xerc which denotes & flat velooity profile or
plug flow. This result is in agreement with the result
expested intuitively.

At the infinise dilatanoy (n =) condition,
depioting the triangular veloeoity profile, Ap' decomes
2/(1 + 1/5), with she unattainable asymptotic value of
two (independent of n) as the limiting valus for large
values of the aspeet fastor E.

Por an Ellis fluid, (1) = U/n, [1 + (171§f"1].
Ap' 18 found to be

Xe& T 2(0(-1) o 4 ) (KX+25+ T “'1 o4 §) 2
2{ b ZTIT3 8 T '{I E;&éo!’ H'»';H;"';S
(A"&111: [

- Ke}
(&) + ——i
ti 1 +5%

(18h)



«86-

The result odtained for a Newtonian fluid by setting
® equal to unity in Bq.(184) 1is

(Ar'lyews, = n';‘%";'l (185)

which 13 seen %0 de in agreement with She result odtained
by seSting n = 1 in Bq.(183), as expeoted,
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IV - RESULTS AND RISCUSSION

The method proposed for prediction of non-Newtonian
flow in arvitrary flow geometries was tested by oomparing
the results with the availadle amalytical solutions and
experimental data for various fluid models and flow 860~
metries. The results of the comparisoris made with the
solutions for the flow of power law, Bingham plastic and
Rabdbinowitsoh fluids through concentrio annuli, rectangular
and elliptical ducts have been published elsewhere (24).

The disagreement was generally found to be less
than S§ for almost all geometries and fluid models. A
greater disorepancy was found in the annular flow region

wvith the aspect ratio kx = 0.01 with most of the non-New-
tonian fluids. The error in this region could bde partly
attriduted to an unavoidadle magnifisation of errors
inherent in caloulations sssoolsted with this region and o
to the approximation involved in taking the contour inte-
grated average quantities. Fortunately, froa the prectiocal
standpoint, one does not usually encounter annuli with
this peculiarly small aspest ratio.

A few additional comparisons are made with the
recently pudblished solutions on non-Newtonian flow in
concentric annuli and triangular ducte which give addi-
tional support to the reliadility of the present method.
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Pigure & shows a eompariscn detween the resulss
predieted by the present method and the reeently pudlished
snalytieal eolution of MeRZashern () plotted as the di-
nensionless flow rate versus dimensionless pressure drop
for the flow of an Ellis fluid (X = 2) in soncentrie
annuli, with the aspect Mtio k as the parameter. Pigure
S 18 a sinilar plot with X as the parameter at k = 0,5,

It 1s found that the greatest dissrepancy ooours at lower
k and higher X values. The same result was also found (24)
with other non-lewtonian fluid models. For example, at

k = 0,01 and X = 2, She average deviation detween the
present method and that of NeBaghern is about 8%; however,
at the same value of X bus at k = 0,5, the sgreement is
almost perfest.

Pigures 6 and 7 ecmpare predictions by the present
method with the soluticns and experimental data of Mitsulshi L
ot al (b2) for ths flow of power 1aw fluids (CKC selutions) 4
through equilateral and right isosoeles triangular dusts,
respectively. The disagreement detween the present method
has been found %0 be always less than 10% over the entire
range of shear rate. Although the experimental data are
not expliocitly showm on the figures, it has been found
that some of the experimental points actually lie oloser
to the lines depieting the present analysis, indicating
better agreement with the actusl experimental data,
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There is no availadle data on the flow of non-
Nevtomian fluids in open channels to make comparisons.
Howaver, in view of the ascuracy of the proyosed method
in prediecting the oclosed cenduis flow, and in view of
the faet that the amalytieal solutions for open channel
flow are derived direetly from the oclosed conduit flow
solutions: 1% 1s delieved that the proposed method should
prediet the open channel flow to the same degree of agcu-
TR0y,

Therefore, She method proposed for prediction of
flow rate and maximum velooity in the laminar flow of
fluids shrough arbditrary cocross sections, either closed
Or Openl, MAY YeASONALLy be expected to give reliadle
results, wll within the engineering aceureoy.

The sheory for the flow of fluids through pasked
Yeds and porous medisa has deen sudetantiated by the
experimental measurements eonducted by Mr. C. J. Hew, T o
and the data reported bty Sadowski (52). A detailed des-
eription of the experimental apparatus has been presented
in a published article (26). The experimental data for
various non-Newtonian fluids flowing through packed deds
and capillary tubes are tabulated in Appendix G,

Pour fluids were investigated in the experimental
work conducted by Hesu, namely, two aqueous solutions of
different concentration of eash of CMC and of earbdopol.
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only one set of data is diseussed here, since the others
were treated idensically. Pigure 8 shows the results of
experinental measurements eondusted with a 2.85% CKC
solution, The uppermest eurve represents the flow rate
and pressure drop data for a packed bed wish 0.3175 ea
diameter stainless steel spheres, plotted as 2“"/!'!
versus T,. The second eurve is & similay plot of the
data for the bed with 0,3967 emn diameter spheres. Sinse
two distinet eurves are odtained, an ancmalous surface
effect is suggested. The third curve represents the sane
data obtained with both packed beds plotted as 2(<w> - u.)/r,
versus T, in whieh the effestive velooity on the surfase
of the particles is taken into eonsideration. It is seen
that the twe sets of data are now superimposed on a single
ourve as expected. The next feur relatively olosely spased :
surves show the eapillary tube visscmeter data, obtained ,.
with four different dismeter tubes, plotted as 2<w>/ry 3
versus i.. Again, sn ancmslous surfase effeet is suggested
from the data. Finally, the lowest curve shows the data
for all four tudes plotsed as 2((w> = ¥,)/r; against T,
which are now satisfaetorily deserided as a single curve.

Prom the linearity of the 2(:w) - u,)/r, versus
plots of the pasked bed and viseometer data in Prig. 8,
one sees that the fluid is successfully represented by the
Ostwe.ld-de Waele (power law) fluid model. Values of the
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fluid oonsistensy and flow behaviour indiees are indi-
oated on the figure.

One knows from She analysis that the impermeabdilisy
and aspest fastors of the pasked beds ean de evaluated
from & nowledge of the individual relationship of
2(cu> = 0.)/rg versus T, determined wsing the beds and
sapiliary tubdes, sush as provided by Pig. 8. The data
obtained with all four fluids are in consordanse with
the values of k, = 4,8 and £ = 3., In astual fast, due
to the linited amount of experimental d4ata collected and
due to inherent wnsertainties in the 4data eollested asso-
clated with experimental error, it was more expedient in
this instance, partioularly sinee reliadle infermation
provided by the work of previous investigasors was also
known, S0 assume the abeve values suggested by previous
work and $o compare the predietions with the experimental
data,

i
o
y o~
“::

:':

o

[

@

Pigure 9 shows the effestive veloeity at the solid
surfase as a funetion of T, eomputed utilising the data
in Pig. 8 for 2.85% CNC solution. 3ince the effective
velocity at the surfase is found to be negative, the anocme-
lous layer near the wall is more viseocus, attributadle
to polymer adsorption and gel formation on the solid sur-
faces. Sadowski (52) also odeerved the same phencaencn
experimentally although he 4id not atteapt to treat the
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B o -

CAPILLARY TUBE
g =-18.43

PACKED BED
g =-714 -

@)

. Tw » 9Mg /cm2

Tigs 9 Gffective Velocity at the Solid Boundary as a Function

of the Wall Shear Stress for 2.85% CHC Solution
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prodblem quantitatively. Referring to Fig.$, the surves
representing the 4 versus T, relatienships for the pasked
beds end the capillary tubes are linear, corresponding to
constant effective slip coeffiocients for these ocases.
Values of the effective slip coeffiolient are tadlated in
Table 1 Sogether with the corresponding ancamlous layer
thiockness.

Pigure 10 shows all the measurements made with the
capillary tudbes and packed beds plotted in two separate
ocurves as friotion fastor versus Reynolds number. It ocan
be seen that all of the experimental points fall on a
single line represented by f = 16/Re. This also illustrates
the generality of Eq.(91) which as stated applies to flow

channels of arbitrary eross section.

The original data of Sadowski (52) was recaloulated
utilizing the power law fluid model to charasterize the
f1uid behaviour, and plotted as f versus Re as shown in o
FPig.11. It was found neoessary to assign different values
of k4 for different packed beds used with the fluids, i.e.,

5,96, 5,78 and 4,60 for the beds used with Elvanol, Carbowax,
and Natrosol-250C solutions, respectively. Although a single
value of k3 = 5.0 used by Sadowskl in conjunotion with the
Ellis fluid model is also plausidle in the case of the power
law model, by slight adjustments of the fluid consistenoy
and flow dehaviour indices, it 1s felt that the fluids
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Tadble 1 Computed Gffestive S1ip Coeffiglents
and _Ancmelous laver Thioknesses

Solution esonon. Capillary tubes Packed beds
(nominal) Min, 41a.=0,1478 om Min, Dg=0.1297 om
-C 81 -C 81
3 -3 3 -3
on’/gng-sec om x 10°° om’/gup-sec om x 10
2% cMeC 11.8 3.9 6.5 2.1
2.85‘ cMe 18.“ 6.8 761“ 2.6
0035’ C‘rmwl. “7o~ .022-508 25.0 200‘303
0.3’ c.rbopol 22.3 ~o°. 5.9 1.00 zoO"o“

® Prom the amount of residue remaining, it was suspected
that the conoentration of dissolved aarbopol in the astual fluid
was somewhat less, perhaps even less than in the nominal 0.3%
carbopol solution. The physioal property determinations appear
to bear this out,
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are best represented without modification of these pare-
meters, partiocularly since the variations in k, values
are within the range usually observed with Newtonian
fiulds. It is also conceivable that the differences in
the k, values reflect in some measure small surface effects
due to polymer adsorptionegel formation, partioularly in
the ocase of the Natrosol-250G solution.

Figure 12 shows a friotion factor - Reynolds number
plot of Sadcwskits data with the high molecular weight

Natrosol=-250E solutions. The value of k., equal to 5.0 and

) §
the physioal parameters determined by Sadowskl (52) for

the E11lis fluid model were used in the calculation. However,
wvhereas Sadowski introduced a viscoelastic nuaber, contain-

ing a charscteristic time parameter of the fluid to corre-

lato the data, Fig. 12 was ocaloulatsd by the nrasent method
allowing for the existence of san anomalous layer, Negative ff
effeoctive velooities on the solid surfaces wers also Ob-
tained using Sadowskit's data, compatidble with polymer ad-
sorption-gel formation, observed experinentally by the
original author (52).
The theory of non-Newtonian filtration has been
subjected to preliminary tests by the experimental work
conduoted by ¥r. A, R. K. Rao. The detalled desoription
of the experimental procedure and results has been pre-
sented in a published paper (27). The actual experimental
data will be tabulated in Reot's thesls.
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Pigure 1) shows the sonstantepressure filtration data
obtained with 2,5¢ CaCOy in water and in various CNC solue
tions at 77°P pletted as O(B’EL) (ﬁ.‘.) /m versus (V/A)“Vn.
The linear relationship odtained using the experimental dasa
indieates the sussess of the equation, Eq.(85), developed
for the eonstante-pressure filtration, in charseterizing
the filtration process,

The resistanee terms Y and R, were evaluated from the
experinental resultss odtained with the Newtonian slurries
(CacOy in waser). The term Ry/CT was found to be negligidle
esompared with V/A in Bq,(83). It 1is recaslled that the term
Ry/CY has bdeen assumed negligidle also for slurries of
power law fluids,

It is seen in Pig.13 that some of the straight 1lines
drawn Shrough She experimsntal points wvhen extended do not
pass through the origin in socerdance with Eq.(85). This L
discrepansy, whieh is not unexpected, is attribdutadle to |
the unsteady bdehaviour in the inisial stages of the filtre-
tion, as well as $o the omission of the resisntance tera
R,/CY in Bq.(83).

It is also noted that tho slopes, X, of the lines in
PFig.13 vary wish the CNC concentration and pressure 4rop.

This may be interpreted as indieating that the oake
resistance as wll as the slip velooity ratio u . /u, ere
funetions ef bdoth CHC eoncentration and pressure drop,
which is antiecipated from the analysis presented. As in
the oase of Newtonian slurries where the cake resistance
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can be represented by a power funotion of the pressure drop
across the cake for a moderately compressidle sludge, the
quantity X ean bBe successfully eorrelated by Eq.(87).
Pigure 14 shows constant-rate filtration data plotted
as time versus pressure drop for various slurries at 4iff-
erent flow rate, From the linearity of the ourves drawm
through the experimental points on a logzarithmic plot, one
sees that the constant-rate filtration of a power law fluid
1s well represented bty Eqs.(86) or (90). It was also found
for this case that the quantity X oould de satisfactorily
correlated by a power funotion of AP; sccording to Bq.(87).
It has been pointed out earlier that the laminar flow
data are represented by the equation £ = 16/Re regardless
of the flow geometry. It is worthwhile S0 investisate the
extent to whieh or whether the eritical Reymolds numbder,
which marks the onset of transition frem laminar flow to
turtulent flow, is eonstant Zor all sgecmetries. Figure 15
gives the oritical Reynolds numder for the flow of Newtonian
fluids in rectangular ducts, based on the predietion of
Hanks and Ruo (16), plotted as a funation of the aspect
ratio 2. It 1s seen that the critical values evaluated in

terms of the generalized Reynolds numbder defined by 2q.(92)
are relatively unaffected by the variation in the flow
gsometry when oompared with the corresponding values based
on the conventional Reynolds nmumber for Newtonian flulds
which takes no consideration of flow geometry as deploted
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by Banks and Ruo (16). The oritical value of the gene-
ralized Reynolds number is seen to fall around 2,000,
The same general result was also found previously (24)
in the case of Newtonian flow in consentric annuli with
variabdle aspect ratio, whish was also based on the pre-
dietion of Hanks (15).

The mechanisa deseriding the drag reduction effect
ocbserved with polymér solutions in turdulent flow has
been applied to & wide variety of experimental data (28).
Srnst (8) conducted velooity measurements close to the
wall in the turdtulens flow of a 0.05% aqueous CHC solu-
tion, whose physical properties are not sudbstantially
different from wagter, in two different diameter pipes

and at various Reynolds numdbers. It is seen in Pig. 16
that the velooity profiles for the CMC solutions are
shifted upward from the velosity profile asorided to o
Newtonian fluids. The cemputed laminar sud-layer thiock- o
nesses, the points at the extreme left on the figure, are
seen to be situated on the extrapolated laminar sub-layer
surve. "his figure serves to give an indication of the
reascnabdbleness of the cemputed laminmar sudb-layer thilok-
ness when compared with the experimental data. Thus, the
interpretation of the lowering of friotional losses due
to an increased laminar sud-layer thiockness attritutabdble
to the presence of long-chain polymer molecules in the
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high shear field is oonsistent with the experimental
measuresents of Ermst.

Pigure 17 shows a plot of the laminar sud-layer
thiokness versus the wall shear stress, ocaputed from
the average velosity - pressure drop data obtained by
Metsner and Park (38) for she turbdulent flow of 0.3%
J=100 solusion in three different diameter pipes. The
smooth curves drawn through the experimental points are
extrapolsted to interseet the eritical redial position
versus shear stress curves. The latter curves denote
the 100ii of points on the laminar - turdulent transition
curves characteristic of a fluid exhibiting anomalous
behaviour in laminar flow. The point of intersestion of
the laminar sudbe-layer ourve for turbdulent flow with the
eritieal redial position curve based on laminar flow
considerations indiecates the point of transition from s
laminar %o turbulent flow at the given eonditions. The o
lowest ourve in the figure whieh has been included for

comparison purposes gives the approximate looation of the
laminar sub-layer asoribdabdle to the purely viscous fluids,
given vy y* = ¥z 5.0,

Pigure 18 shows the effestive velooity of slip in
turbulent flow somputed from the data of Netsner and Park
(38) . The effesctive slip velooity attridutable to the

anomalous surface effect (the separatien phenomenon)
under laminar flow econditions is also shown, It is seon
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that the separation phencmenocn oscourring near the wall
oean agseount for only a small freotion of the Sotal
offective velooity at the wall. Most of the effestive
velooity of slip in turbulent flow and the associated
drag redustion is attributadle to the increased thicke-
ness of the laminar subdb-layer,

Pigure 19 presents a 5, versus T,y Plot of the ex-
perimental measurements oonducted dy Shaver and Merrill
(56) for some CNC selutions. The location of the axis
of the Sube is shown on the figure in order to gain a
proper perspestive of the physical situation. The upper-

most point on each curve represents the computed oritiocal
redial position and the eorresponding eritical shear
stress. It is seen that the computed laminar - turdulent
transition points are comsistent with the extrapolated
ourves of the laminar sud-layer thickness. It is worthy
to note here that in the ocase of scme systems, the actusl
transition is not as abtrupt as with simple Newtonian sys-
tens but more gradual resulting in velocity profiles and
calsulated friotion fagtors not substantially different
from those applicadle t0 laminar flow over a sonsidersble
range of T i hence, the referense %o turdulens suppressien.
Pigure 20 shows the variation of the dimensionless
laainer sud-layer thickness with cemsentratien, expressed
a8 parts per millicn by weight, for some natural products
in distilled mater calsulated from the data reported by
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Hoyt (22). In most oases, the dimensionless thiokness is
observed to increase with the conoentration of the addi-
tive; however, & maximum thickness may be attained at
some concentration dbeyond whioh the thiokness decomes
substantially independent of the consentration. Chis 1is
prodably the effect of a balance of an inorease in pres-
sure loss, due to an inorease in solution viseosity, and
an inorease in turtulent suppression, due to the higher
concentration of the solution.

Finally, the experimental measureaents condusted by
Shertzer (59) are used to sudbstantiate the theory on the
expansion-contraotion bshaviour of non-Newtonian jets.
Pigures2l and 22 present the flow data plotted in the

standard manner &s T, Versus 8:u/D and 8(<w> = u )/D

for 0.5% J=100 in water and )X PIB in decalin, respectively.
In the T,, versus 8:u>/D plots separste ourves can be drawn ﬁi
through the points representing different capillary tube o
diameters, suggesting anosalous bshaviour at the solid

boundary. The same data plotted as 8(<u> = u,)/D versus
T,» With the effective velooity at the wall, u,, esta-

dlished from the separation of the former individual curves,

nerge 8o &s to be presented by single ourves (uppermost

ocurve in esach figure with solid points), as expected. The

latter ourves are used in the evaluation of the shear

stress - shear rete rglationlhlp characterizing the visocous

flow behaviour of the fluids. Beosuse of the curvature in
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the ourves, the flow behaviour index n!', determined as
the slope of the tangent to the curve at a point, is
not constant tut varies with the wall shear stress from
0.99 to 0.856 for the J=100 solution and from 0.83 to
0.8% for the PIB solution.

Figure 23 shows a plot of the effesctive velooity
at the wall u, versus wall shear stress T, for both J-100
and PIB solutions cemputed from the capillary tube data
obtained by Shertzer (59). Positive effective slip velo-
oities are obtained in both eases suggesting separation
of the solute molecules frem the solvent and migration
in the direction awy from the wall, the so-called "se-~
paration phenomenon* as & probtable mechanisa at the
solid-fluid interface. The effective velooity of slip
is satisfactorily represented by a linear funotion of
the wall shear stress. The slip ceeffieient 5 computed
are 0.69% and 0,187 ft)/1b,ese0 for the J-100 and PIB
solutions, respectively.

Pigures 24 and 25 are plots of the deviatoric nor- .
mal stress differense (Tyy = T;,) versus shear rate 4
for 0.5% J=100 in water and 3% PIB in decalin solutions,
respectively, computed from the thrust neasurenents of
Shertser on these fluids by tho present analysis taking
Anto consideration the effect of the ancmmlous behaviour,
The broken lines in each figure represent the previocus
correlations and extrapolations. The shaded area and the
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pointes in the lower lsft-hand ocorner of Pigs. 24 and
25, respectively, represent the rhsogoniometer data,
plotted as given by Shertrer. The points plotted in
rig. 24 represent values of (Tal - T,,),, Yielded by
the present method using £q.(175), whioch are generslly
lower than the wvalues deternined without sonsideration
of the anomalous behaviour. It is seen that the inter-
polation line commecting the rheogoniometer and thrust
data for the J-100 solution in Pig. 2% has less curva-
ture (elmost linear) than the one obtained by Shertrer.
This sugzests the poseidility of prediction, to quite
a good degree of approximation, of values of the noraal
stregs difference in the high shear rate region bty a

simple extrapolation of the data odbtained in the low

shear rate region with a rheogoniometer, prseviously

considered not possibdle. A similar extrapolation ocan

¥
i
0

also Yo achieved with the msasurements for the PIB solu-

tion (Pig., 28). However, the differences hetween the

orevious values of (Til - 1;2)' and those determined

by the present analysis for the PIE solution are not ag

large ag in the case for the J-100 solution, since lower

effective slip velocities are found for the PII solution.
The scattering of the data points in Fige., 24 and

25 are attributadle to two najor sources of error: (1)

& oertain laok of precision in the sxperimental messure-

ments; and (2) unoertainties existing in the ?' versus
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8((ule uy) /O corrolation. Aberrations in the latter are
masnified bYecauss of the form of %q,(175), whigh involvaes
taking & difference, which is small, between two large
terms in the evalustion of the normal stress differende.
A slight alteration in the slope deternined from the log
T, Yorsus log 8((u) = uy)/D plot affects the final result
signifioantly, Shertzer (59) also ermphasized in hisg dige
ocussion of the thrust measurenents, that a small error in
the thrust I could magnify the error in (Qix - Tzz)' by
seversl orders,

Yigure 26 is & plot showing the normal stress diffe-
rence plotted against 8w/ and 8((w) = u.)/ﬂ for 0,5%
J=100 in water, whioch ias an analogous plot to ’igs, 21
and 22, Much the same as in these figures, the plots of

(Tyy = Ta22), seninst 8(u)/" also yield distinat curves,
characteristioc of the eapillary diameter, depiocting She
anomalous surface effect. Additionally, the upper ourve ©
ropresents all of the data odtained with different capile

laries plotted as (Ty, = T,,), versus 8((u) = u,)/D.

These points are now merged on & single smooth curve ex-

cept for soms soattering of dasa points in the low shear

rate region, This 1s attritutadle to the experimental

uncertainty in the thrust measurement using Tube-A as

originally reported by sShertser (59). This figure serves

to 1llustrate the effeoct of the existence of snomslous

surface behaviour on the normal stress measurement, A
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similar plot obdtained for the PIB solution is not showm.
Pigure 27 shows values of (Tu - Tn)'_ caloulated
for the same J=-100 and PIB solutions froam jet dliameter
measuresents taken by Shertszer using a photographic tech-
nique, computed by taking into comsideration the anomalous
surfase effect, plotted against shear rate as shown. The
data are correlated suceessfully by & straight line on a
logarithmic plot over the relatively narrow shear rate
range. The new values of the normal stress difference
are somewhat lower than those determined by Shertser.

.
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A simple and d4irest method for prediction of the
average velooity and maximum velocity versus potential
(pressure) gradient relationships in the isothermsl,
steady, unifora, laminar flow of any time-independent
non-Newtoniin fluid through duets, either closed or open,
of arbitrayy oross section has been proposed. The method
which utilises two geometric parameters for sharsoteriza-
tion of the flow geometry elininates extensive and ladorous
caloulations necessitated by conventional techniques, when
dealing with nonelewtonian fluids and other than the sim-
plest cross-sectional flow geometries. The flow charaote-
ristios of the fluid under oconsideration is repreasented
either analytiocally, in terms of £(T) or '], or by experi-
mental data odtained directly with the oirocular ocapillary
tudbe viscometer.

The method ocan be applied equally readily to extremely
compliocated flow situations in regards to the fluid model
and, in partiocuiar, flow geometry, which defy investigation
by conventional methods. The geometric parameters may be
evaluated in such situations from flow msasurenents obtained
using simple fluids such as Newtonian (water) or Ostwald-
de ¥Waele type. Onoce the geometric parameters have been
evaluated, the calculation of the pressure drop or flow
rate for any other fluid of interest is readily performed.

i
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Prediotions based on the present analysis were found
to be in good agreement with avallabdble analytiocal solutions
end oxperimental data for various non-jiewtonian fluids and
different flow geonetries.

he seneral average veloeity - pressure drop relation-
ship presented for the flow of any time-independent non-
Newtonian fluid through packed heds or porous nedia, bvased
on the Blake-Koseny caplillary model, appears to represent
the relationship of the pertinent variabdles in good agree-
ment with experiments. The general expression has success-
fully correlated the authorts data, as well as the data of
Sadowsk) for high molecular weight Natrosol-250H solutions

by allowing for the existence of an anomalous layer on the
solid surfaces.

In the reduction of the general expreasion to the
various relstionships applioadle to spescific situations, ‘
1t was necessary in all cases to set the aspeot factor equal w
to 3 to arrive at the expressions oonocordant with the expe-
rimental data. Nevertheless, the general expressions have
bean presented retaining the parametar £ so as to allow for
the possidility of values different from ) in unusual situs-
tions such as night de encountered with beds of atnormal
vorosity, beds ocomprised of sharp-edged partieles, eto.

Certain noneNewtonian fluids exhibit anomalous wall
effects in laminar flow conditions., In many suspensions or

dispersed liquids, the interaction between the wall of the
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flow conduit and the dispersed particles may give rise

to a positive effeotive veloocity of slip at the wall and
forming an anomalous layer which 1is less viscous than the
£1uld in the main stream. Che other kind of anomalous
behaviours sxhibited by some polymer solutions is the
negative wall effect. The alignment and orientation of
the polymer molscules give rise to a more viscous anomalous
layer and 8 negative effeotive veloocity at the solid wall.
In the present study of the flow of polymer solutions
through packed beds, negative effective velocities were
found for all cases suggesting the polymer adsorption and
gsl formation at the surface of the particles. This phe-

nomenon was &also observed experimentally by Sadowskl.
An equation of motion has been developed for the
flow of non-Newtonian fluids through compressible porous

media, Che equation has been shown to reduce to the non-

linear partial differential squation derived by liller
for the ane-dimensional oonstant-pressurse filtration of
Newtonian slurries. !

The agreszsnt of the filtration theory for power

3

law flulds with the experimental results was found to be
satisfactory.
'he average cake resistance 7 and the slip velooity

i i s St

ratio u'./u. were found to be funotions of both CMC cone

centration and pressure drop aoross the filter caks, The

L P e e LR

coefficlent ¥, & function of the average cake resjistance
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and the slip velocity ratio, could be successfully oorre-
lated by a power funstion of the pressure drop.

In the present snalysis, the fristion factor and
reynolds number data were oorrelated by e sinsgle relatione
ship given by f = 16/Re in the laminsr flow, indspendent
of the flow geometry. ;‘he Ryan and Johnson stability
paraneter has been modified to predict the transition
point from the laminar to turbulent flow of power law
flulds exhidbiting anomsalous surface effeots.

There is consideradble evidence that drag reduction
obgerved with viscoelsstic non-Newtonian fluids can be
attriduted mainly to an increase in the laminar sub-layer
thickness. This inoressed thigkness may be & manifestation
of eddy suppression, due to the mechaniocsal reslstance asso-
clated with preferred orisntations and alignaent of the
polymer molecules in the high shear field. Ctabilizing
influences associated with normal stresses may &lso play
& prominent role in suppression of addies near the wall,

7{nally, a generalization of the laminar flow beha-
viour of non-Newtonian jets has been presented which 1is
applicatle to arbitrary cross-sectional geometry and accounts
for anomalous bshaviour at the solid-fluld interface within
the tube. ~he analysis which utilizes the gsometric para-
netars to oharacterizs the ghape of tha fluid jst 1s sixzple
to apply for interpretation of data and pradiotion purrosdss.

An improvemsnt in agreemnent in tha Aeviatorisc normal stress
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difference determined dy the sxtrusion method with
extrapolated rheogoniometer data is ashieved by taking
into eonsideration the anomalous bshaviour of the fluid.
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VI - MOMENCLATURE

= cross-sectional area of the flow channel

= goeffielients defined by Eqs.(60) to (63)

= gross-sestional area of the fluid jet

- A/A’. area ratio of the tude to the jet

= funetion defined by Bq.(167)

= geometric parameters

s oonstant in Rabinowitsch fluid model

= gontour of the wetted periphery of the flow

oross sestion

o(y/R,Re)= funetion defined by Eq.(138)

C

£(T,)

4
g

= nass of solid particles deposited per unit volume
of filtrate

= diameter of the eirenlar pipe

= particle diameter

= agpect ratio, ratio of the minor to major sides
of the reetangular duet

= Panning frietion faotor defined by Eq.(91);
sudbseript o denotes oritical value

= T /ls sesond Anvariant of the rate of deformation
tensor; eharacteristios of the fluid

= body foree

= agoelerasion due to gravity

8(34.T.7)= corression term for the snomalous behaviour in

laninar flow



h(T,y)

It
I(n,Re)
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elevation from the horizontal datum

velooity gradient asoribved to a purely viscous
non-Newtonian fluid in turdulent flow

unit tensor

integral defined by Eq.(160)

funotion defined by Eq.(137)

aspect ratio, ratio of inner to outer redii of
coneentris amuli; permeadility fastor to

‘viseous flow defined by Eq.(#8)

2(a*d), Ampermeadility fastor

permeability fastor to slip flow defined by Eq.(4#7)
fluid eonsistency index of a power law fluid

fluid aconsistenoy index defined by 3q.(95)

value of K* for the flow in ciroular pipes
stadbility parameter defined by Eq.(112); sube
soript ¢ denotes the critical value :
length of the equal side of the triangular duot; o
distance along the sontour o

length of the capillary tube

surface resistance coeffiolent defined by Eq.(4b4)

msass of solids in the filter cake

nass of solids at any distance x in the filter
ocake

flow behaviour index of a power law fluid
flow behaviour index defined by 1q.(9k)

value of n* Tor the flow in oirculay pipes
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isotropic pressure

p + Pgh, potentlal function; fluid pressure
for horizontal flow

solid compressive pressure

fluid upstream pressure at the surfacse layer
of the fllter sake

fluid domstream pressure at the exit of the
filter medium

f./(l-k)fi. dimensionless pressure drop for the
flow of Ellis fluids in concentric anmuli; fluid
interfacial pressure between the filter medium
and the filter oake

overall pressure 4rop

pressure drop ecross the filter ocake

pressure 4rop across the filter mediun
volumstriec flow rete

Qflo/1R3T;, dimensionless flow rate for the flow
of Ellis fluid in concentric annulil

empirical constant defined by BEq.(87)
correction term for the anomalous bshaviour in
turtulent flow

redial distance measured from the ocenter of the
Pipe

rediue of the pipe; outer redius of the ooncen-
trioc anmulus

filter mediun resistance

\
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s/r

L
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hydraulic redius

Reynolds number defined by Eqs.(92) or (93);
subsoriot o denotes the oritical value

radius R for the circular pipe, or distancs Y
for the parallel plate section

specific surface per unit volume of solid particles
position variable meagured from the axis of
symnetry

;‘/<u) » 8lip velooity ratio

ratio of the pitch, half distance between cantears
of two oylindriocal rods, to the radius of the

oylindriocal rod in the square and triangular \

arrays of ocylinders

tortuosity of the packed bed or porous mediunm;
thrust of the fluid jJjet

function defined by 2q.(157)

velocity veotor; subscript 1,) denote components ,ﬁ
local velocity

average velocity

maximum veloclity

laminar velocity distritution

turbulent velocity distribution ascridbved to
purely visoous flulds

superficial velocity

effective velocity at the wall in laminar flow;

over-tar denotes contour integrated average value
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Uy = superficial effeotive velooity at the pore wall

Uye = offective velooity at the wall in turdulent flow

e = {T,/° . friotion velooity

ut = diaensionless velocity defined by 2q.(130)

uz.u; = funotions defined by 2qs.(140) and (141) respectively
/ = volume of the filtrate

v = (subsoript) refers to conditions at the wall

X = position variadle; distance measured froa the

filter mediun

X,2 = dusmy variadles

y = inward normal distance measured from the solid
boundary

y = distance measured froa the plane of symmetry of

the parallel plate section

Al = dimensionless distance defined by Iq.(131)

y; = dimensionless sub-layer thickness defined by Eq.(136)
1 = half distance between two parallel plates

Z = stability parameter defined by 2q.(111)

Sreek Letter

X = half angle of the isosceles triangular duct

Xy = specific cake resistance defined by Eq.(66)
X, r]o
mb:r. = physical parameters of Meter's fluid model

X, Ny = physieal parameters of 81lis fluid aodel
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coeffiocient of plastie viscosity of Bingham

plastic fluid; retio of minor to major semi-

axes of the ellipsic dwot

anomsalous layer thiekness in laminar flow

laninar sudb-layer thiockness asoribed to viseo-
elastie fluids

poresity; laminar sub-layer thiciness assribded

to purely viscous fluide

rate of deformation tensor; Yi, denotes the component
second invariant of the rate of deformation tensor,
shear rate; average generalized ocake resistanse
defined by 2q.(?76)

generaliszed cake resistance defined by Eq.(75)
effestive slip eoceffieient defined by 2q.(36): \
subsoript o denotes the corrected coeffiocient
defined by Eq.(37)

v/a, aspect fastor

r/R, radial position; sudsoript o denotes the

oritical value

non-Newtonian viscosity

apparent viscosity defined by Eq.(51)

effective viscesity for power law fluids defined

by Eq.(5S)

= time
= density of the fluiad
= density of tShe solid particle
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viscosity of Newtonian fluids

viscosity of the pure solvent

oconstant in Radinowitech fluid model

total stress tensor; T 13 denotes the component,
®.8.. Tyq denotes the component of the total
normal stress in the direction of flow

deviatorio stress tensor; T 3 denotes the component
second invariant of the deviatorio stress tensor,
shear stress

average normal stress in the direction of fluid flow
shear stress at the wall; over-bar denotes the
oontour integrated average value

yield stress

funoction defined by Eq.(1W)

funotion defined by Bq.(8M)

empirical constant defined by Rq.(87)

gradient (del operator)

divergence
Laplacian
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Appendix A

Derivation of the Radbinowitsch-Mooney Equation




The volumetrie flow rate of a fluid in a eirocular
pipe is obtained by integrating the velooity over the

oross-seotional area as follows:

Q = fuaa = 27 j: urdr (A-1)

The average veloeity may then be obtained by dividing

the volumetrioc flow rate by the area,

2
) 3 So urdy (A=2)

whioch may be inSegrated by parts to yleld

R

> = ‘:! {[nr’]o + j: ri(- dn/dr)dr} (A=3)

The velooity gredient, (-4u/dr), may de expressed
in terms of the shear stress by the fluid model egquation:

~du/dr = £(T) = T/'] (A=b)

Utilising Eq. (A=) and assuming that there is an
effeotive slip at the wall, Eq.(A=3) becomes




R

o . 2
> = w o+ -:5 Sor £(T)ar (4=~8)

The hydreuliec redius of a circular pipe, defined as
the oross-sectional area divided by the wetted perimeter,
1s

Ty= R/2 (A=6)

it ocan be shown easily from a momentun balance that

the shear stress is a linear function of the radiusg,

-z -I-d' -
T= Lo, = K-4By (a-7)

Substitution of Eqs.(A-6) and (A-7) into 2q.(A=5)

gives

T
2((u> = uy) v 2

Differentiating the above equation with respeet to
the wmll shear stress Ty Using the Leibtnits formula, one
obtains finally

==

aT,

2(2uw> = uy)
(T, = (-8 - i1, ﬁ[ ~ “"]

(A=9)

be F B Pa
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The analysis for flow detween parallel platas is
exactly analogous $o0 that for flow in & eiroular pipe.
The average velooity of a fluid between parsallel plates
is

Y
(W> = X u dy (A=10)

T

whioh may be integrated by parts to yleld
A Y Y w/ay?)
[ $ ] ) ] -
M) = Y {[u ]o So y' (=du/dy*) Ay } (A=11)
Replasing she velooity gredient inside the integral
of BEq.(A«11) by £(T), and assuming an effective velooity
at the mll, one gets

Y
(ay o' * _;_ !o ¥y £(T) ay? (A=12)

Similarly, it can be shown that the hydraulic radius
for the parallel plate geometry 1is,

=X (A=13)
and the momentum flux is a linear funotion of the distansce,

Ta .;_'T,, - yi(= %E_L) (A-1b)
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Substitution of Eqs.(A-13) and (A-14) into Eq.{A=12)

gives

2(<u) = uy) T
- T £(T) AT -
- é, Xo (1) (A=15)

Differentiation of the above equation with respect
to T' finally ylelds

aT

al2lcw - uy) _ \
f('[') = (o g')'- %T' [ ﬂ ] + [‘((\17 - h)]

» Ty

(A=16)

2. Open Channe) Flow

The solutions for flow in open shannels are the
sane as for the corresponding closed conduits obtained
by refleoting the solid boundary in the free surface.
Henoce, Eqs.(A=9) and (A-16) are directly appliocadble to
the flow down an inclined semi-circular open channel and
inclined plane of infinite extent, respectively.

3. Genersliged Plow Equstion

Bquations (A-9) and (A-16) satisfy the general
equation

_ _ 3[2((\0 - ﬁ') -
f(’[") = (- %%)' s & T' é?m ] + b [2((“)1.. \l')] (A-l?)
. H

i
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vhere "a* and “b' are defined as geometric paramoters.
The quantities 3' and’f' are the contour-integrated ave-
rage valuss of u, ana‘t'. respectively. The geometrio
parameters for ocirocular conduit or semi-oircular open
channel are & = ¢+ and b = 3/4, and for parallel plates
or the inclined plane of infinite width are a = % and
=1,

Equation (A-17) is & first order differential equa-
tion which may be integrated to yleld

3‘—‘1-"—1.;-‘5!-’- - 3z ;[T e at (a-18)

b 4
where the aspeoct factor £ is equal to b/a. For a fluid
without a yield stress, the lower limit of integration
in the above equation becomes gero.

Equation (A-18) is the general flow equation relating
the flow rate to the shear rate or pressure drop applicabdle
to any time-independent fluid and any arditrary flow geo-
metry.
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Appendix B

Development of Veloolity Relationaships
and the Averaging Operator




153

Development of Velcelty Relationshive
and _the Averssing Operstor

In the following, the development of the relevant
relationships is conveniently effected with reference to
the oircular and slit oross sections.

One bdegins with Zq.(11) desoridving the stealdy uni-
form flow of an arbitrary non-Newtonisn fluid without a
yield stress in a conduit of arbvitrary cross-seotional
geometry characterized by the geometric parameters:

ﬂﬁ’_‘_‘.‘l. - "L!"SOT §<1 t(r) 4T (Be1)

When She substitution given by £(T) = «du/ds, where s
denotes tShe position variabdble r for the eireular Sube,
or y', neasured from She plane of symmetry, in the oase
of the parallel plate geometry, is made to the adove
equation, one odtainss

Ty
A o8y | _lzj F(at/ae) aw

o 8Ty
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The last equality in Eq.(Be2) is odtained with the aid of

the relationship 47/ds = T_/5, where 3 equals R for the

oiroular tude or Y for the parallel plate section.
Integration of Eq.(B=2) by parts gives

.- —1.; ‘-f'
?..‘.‘.‘ll;;.ﬂ!.’. S %g. 4(5-1):3.. Sou‘tg-zd‘[

(B=3)
Setting 8 = ry/2a in Eq.(B-3) yields the desired
relationship in terms of the geomstric aspect faetor f:

- el (W
wy @ (§ = 1) 't,,e ! Io ut¥-2 a1 (B=b)

Equation (B<M#) is the desired operator which averages
a point funotion of the position, in this case the velooity,
over the tube oross seetion,

Similarly, one oan write the following relationship
for the point velooity for each of the seotions considered,

u e f& 2 §' f:f(‘l’) at (B~S)

and getting S = ru/u as above, obdtein the following rela-
tionship for (u = W )e

Tw
- 1 = rB
u-fy s of- L £(T) 4T (B=6)
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If T 1s set equal to zero, u = Qoaxt and there 1is
obtained

2ugay - Gw) _ 3 Io £(T) 4T (B=7}

whioch agrees with £q.(15) for a fluid without a yield stress.
It 1s readily verified that iqs.(B-4) and (E-6) yleld
EqQ.(P=1). Substitution of £q.(B=6) into Iq.(E=-4) gives,

after some rearrengement:

- -

Tw

2(<m> = §) gE.._%z [o 572 & ;?r(t) atT

(x=8)
The order of integration in iq.(2-8) can be intere
changed as follows:

2(<u> = ) ) (5-1) S"

L T
£(0) at | £°2 at
g ol 0 0

(B=9)
A single integration of £q.(E<9) yields :£q.(B=1),
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Verious Fluld Models spd Iheir Corresponding
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2, Ostwald-de Wagle (Power Law)
.1/mn

-,} - '%(i)

2(<uy = 8y) n Ty l/m

- ( ——
rﬂ atthn K

2(ugey = Oy n T,i/n
Ty - m('i!)

S. Bingham Plassie

-']1 «0, AfITI<T,

T
l-é(x - |=F. ALITIOT,

n
2(<uy - &) ",,[ 1 1 . a (1:,)1 + v/a ]
"7 law - 3E) Twew %

- X T. Ty 2
2(ugey u').t' [t_z;’("!’]

3
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k., Ellds
LS Y
| qoi * (T‘ ]

2(<w> - 8 .o'fJ [ 1 . 1 (E!ot.l
™y '|° a*® ax +d» T’

- T T .‘

2(!& '1’....&[14- _2_.(3!)‘( ]
b Meter®

. ']o - ']0

'] =, 1+ ('t]‘c-)m
- X @}
- * T
2w - B Ty 5 [ 1 . (/) __]
ry No §=0 al(Xel)4atd a(j+l) (x=1)+atd

X
-] ~

P -] - X @y
2(‘-“ - ") _ T' Z 1 + (TJT-)
Tn | o yepld(X 192 (X x

Ny Loy "2 |9
- G ]

6. Radinowitsoh

Aad 2
7 'Io“’bﬂ:)

2> = &) Ty [ 1 R l

s § ome 4 DY emmm—

g fg L8*D I+b

-

Augx = Oy | Tw {1. “f’]
Ty Zau, T

* The relationship presented ere for r]wmoh smaller than /],
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Appendix

Geometric rarameters for Various :.'low Geometries
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and 314% Croes Seotlons
CeoRessy 8 L]
Ciroular Pipe 0.2500 0.7500
1At (Pexelle) Plates) 0, 5000 1,0000

Table D-2 Geometrio Parameters for Reotansular uote

- 2 - I
0.00 0. 5000 1,0000
0.25 0.3212 0.8182
0. 50 0.2840 0.7276
0.75 0.2178 0.6866

1.00 0.2121 0.6766
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Tavle D-3 Gecmetrio FParenefers for Conoentrio Annull

k _8 b
0.00 0.2500 0.7500
0.01 0.3768 0.8751
0.03 0.4056 0.9085
0.05 0.5217 0.9263
0.07 0.4331 0.9383
0.10 0.kk5S 0.9510
0.20 0.4693 0.9737
0.30 0.4817 0.9847
0.40 0.4890 0.9911
0.50 0.4935 0.9946
0.60 0.4965 0.9972
0.70 0.54983 0.9987
0.80 0.4992 0. 9994
0.90 0.4997 1.0000

1.00 0.5000 1.0000
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Tavle D=4 Gecmetrie Parameters for Ellipticel Duots

B a ®
0,00 0.3086 0.9253
0.10 0.3018 0.9053
0.20 0.2907 0.8720
0.30 0.2796 0.8389
0.50 0.2702 0.8107
0.50 0.2629 0.7886
0.60 0.2575 0.7725
0.70 0.2538 0.761%
0.80 0.2515 0.7586
0,90 0.2504 0.7510

1,00 0.2500 0.7500
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Iziansilar Duots
2a a b
10° 0.1587 0.6278
20° 0.1693 0.6332
8o° 0.18%0 0,622
60® 0.1875 0,6h62
80° 0.,1849 0.6438

90° 0.1830 0.6395
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Table D=6 Geqmatris Parameters for Stax-dheped
and_Reswlar Pelrsonal Condulls

1. Star-Shaped ConduiSs

No, of Folnk -2 -
3 0.0.792 0.3272
> 0.0871 0.3258
5 00910 0.3237
6 0.0933 0.3217
s 0.0958 0.3185

2. Regular Polygomal Conduits

No. of Side - R
b 0.2121 0.6771
S 0.22b5 0.6968
6 0.2316 0.7092
8 042391 0,720
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Tedle D-7 jesmetrie Parsmsters for Infimite

1. Square Arrey

8/xo e ®

1.00 - -

1.05 0.1310 0.5521
1.10 0.1810 0.7368
1.20 0.2471 1.0196
1.50 0. 4070 1.8107
2,00 0.7891 1.7288
b, 00 2,0176 303397

2. Triangular Array

shﬂ a )

1,00 0,0789 0.3271
1.05 0.1818 0,7851
1.10 0.2658 1,0074
1.20 0.3895 1.16%9
1.50 0,6080 1.3319
2.7 0.86M2 1.5973

b, 00 1.9829 3.0086
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of Cirewlax Criindsrs
Square Array Triangular Array
8/%g a+h S/re a+bd
1.07 1.2006 1.11 1.5163
1.23 1.8919 1.27 2,0708
1.07 2.5519 1.5 2,563

2,00 3.6650 2,06 3.9
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Appendix E

Impermeablility Fagtors for Particles of Various

Shapes in “eds of Nifferent Porosities
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Table 3-1 Valyes of ath for Different Pertiele

Shapes and Porosities

Particle Shape € a+hd
Sphere 0,38 2,40
Cylinder 0.35 2,08
k“ x *- O.M 2.19
Hexagonal prisas 0.35 2.3
3/16% x 3/16~ 0,48 1.85%
Cubes 0.19 2,70

0,35 2,20

o.“ 2.“
Square plates 0.35 1.72
3= x = x 1/16» 0.88 2.23
smr. ph“l 0.55 2.’2
2 o X 1732 0.48 2,81
Triangular prisas 0.361 1.61

0.518 2,43
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Appendix F
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D 1 n t Fina Arl

In this seotion, it is shown that Eq.(182) follows
direotly from BEq.(181). Introduotion of a change in dummy
variables in the numerator of Bq.(181), and interchanging
the order of integration of the resulting triple integral
enables one to write the following:

- —-— - -

j:',cf'z aT [St:f('t)d‘t ]2 - S:‘f'[g-z at i‘r(x)dx ST'f(z)dt
T

Tw

f(z)de I

-2 So £(x)ax J 52 at

x 0

- -

T T
- =L s v xg'it(x)dx L'f(z)dz
0 ,

(D=1)
A second interchange in the order of integration of
Eq.(Del), and replacing the dummy variables x and £ by T

yields
Tw Tw 2 Tw T

§=2 - —2— [ (1At E=1p(Dav
jo 2« “{rma’c ] e jo (0 joT (T

(D=2)
The above result when combined with Eq.(181), ylelds
the desirsd expression given by Bq.(182).
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Appendix O

sxperisental Data and Results for the Flow
of CAC and Carbopol Solutions Through
Packed Beds and Capillary Tubes
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Teble G-1 Dismeter Specificstions

Capillary Tubs Tube Diameter D, om Hydraulic Radlus ry, om

1 0,256 0.06140
3 0.1865 0.04663
ly 0.1681 0.04205
s 0.1478 0.03620
6 0.1150 0.02875

\

Packed Eed Partiole Diameter Dp.cn Hydraulioc Radius rg, om

A 0.3175 0.03242
B 0.3967 0.04152
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Table G-2 Date for She Flow of 2% C¥C Solytion
Ihroush Packed Beds of Scheres

Porosity of the beds = 0,38

Bed 'E'.af/clz 2¢w /ry.880”1 i, 0n/se0 2((\1)-5')/1-8.-00'1

A 0.272h 2189 1.77 2,1
0,225 176.7 1.06 266.8
0.1620 124, 5 1.05 189.3
0.1315 101,.2 0.85 153.6
0.3170 29,9 2,06 377.0
0.3358 265.9 2.19 k01,0

3 0.2121 179.2 1.38 247.3
0.1225 105.5 0.80 145,0
0.1509 127.9 0.98 176.3

0.2241 189.7 1.45 261.3
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Table G-3 Data for the Plow of 2% CMC Solution
Through Capillary Tubes

Tube T, .gmp/en? 2w /ry, sec~l  Gy.om/sec  2(cu>-By)/rg.sec”
l 0.1482 340,2 1.76 b15.7
0.1269 285.1 1.51 9.9
0.1080 238.0 1.29 293.3
0.0851 186.4 1.02 230,.2
0.0662 1k, 1 0.79 178.0
0.0553 119.8 0.66 148.1
5 0.0973 219.5 1.15 281.7
0.0875 196.1 1.04 252.4
0.0771 171.9 0.92 221,7
0.0688 157.6 0.82 202.0

0.0593 132.6 0.70 170.5
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Table G-4 Data for the Flow of g,ajz CMC Solution
Throush Paoked Beds of Spheres

Porosity of the bed s= 0.38

Bed T'.gmf/omz 2<u>/ra.soo'1 ~lly, om/s60 2(<u>-ﬁ')/ra.sec'1

A 0.2700 149.6 1.93 268,.6
0.3346 187.8 2.40 335.8
0.0728 35.2 0.51 66.7
0.1972 107.0 1.1 194.0
0.0881 hh,1 0.63 83.0
0,3851 227.5 2.75 397.1
0. 426 272.7 3.15 67.0
0.0650 29.3 0.46 57.7
0.1282 61.1 0.92 117.8
0.1608 78.8 1.15 1k9,.7
0.2184 111.0 1.56 207.2
0.1691 84,2 1,20 158.2
0.2538 134.0 1.81 2h5,6 j

B 0.1016 60,2 0.73 96.2
0.2492 155.6 1.78 2k3.5
0.1569 91.4 1.12 146, 7
0.0523 29.5 0.37 b7.8
0. 26044 165.0 1.89 258.3
0.2121 132.4 1.51 206.9

0.1150 68.0 0.81 108.0
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Table G5 Data for the Flow of 2,85% CHC Solution
Through Capillary Tubes

Tube f'.gmf/cmz 2<u>/fg.aec'1 -8, om/se0 2(<u>-ﬁw)/rn.seo’1

1 0.0716 102,.6 1.32 145.6
0.1155 178.7 2,13 248.1
O.1411 232.6 2.60 317.3
0.1826 322.1 3.37 b31.7
0.2127 378.9 3.92 506.6
0.1555 263.4 2,87 35647
0.1254 207.1 2,31 282.4
0.0374 135.7 1.61 188.2
3 0.0527 61.0 0.97 102.6
0.0853 112.3 1.57 179.7
0.1085 147.8 2.00 233.6
0.1422 208.2 2,62 320.6
0.1830 283.1 3.37 b27.9
0.2395 402.7 b, b1 592.1
b 0.0605 71.6 1.12 124,7
0.0710 88.4 1.31 150.8
0.1027 136.7 1.89 226.9
5 0.0815 99. k4 1.50 180.9
0.1136 148, 4 2.09 261.8
0.1359 202.7 2.51 338.3

0.0697 70.7 1.28 140.2
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Table G-6 DNate for the Flow of 0.3% Carbopol Solution

T Pa B f 3

Porosity of the beds= 0.38

Bed fu.gmf/onz 2<u>/rH.sao‘1 =Ty, OR/860 2((u>-ﬁw)/rﬂ.seo’1

A 0.1151 143,30 1.61 242,7
0.0857 81.25 1.20 155.2
0.1608 250,00 2,25 388.8
0.2118 383.8 2,97 566.7
0.1256 187.0 1.76 295.4
0.1855 303.6 2,60 463.8
0.0963 115.% 1.35 198.5
0.0540 ‘H1.86 0.76 38.46
0.0798 81.69 1.12 150.7

B 0.1703 285.9 2.38 403.6
0.1031 138.6 1.4k 209.8
0.0508 46,46 0,71 81.6
0.0732 81.16 1.03 131.8
0.0941 117.3 1.32 1824

0.1315 188.8 1.8% 279.7
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Table G=7 Data for the Flow of 0,3%_Carbopol Solution
T Ca

Tube "i:'.gm.r/onz 2<n>/rn.uo"1 =8y, cn/sec 2(<u>-ﬁ.)/q.uo‘1

3 0.0505 110.6 1.13 158.9
0.0625 167.8 1.39 227.6
0.0767 24,6 1.71 315.0
0.092% 350.4 2,06 438.8
0.1089 480.9 2.43 585.1
l 0.0461 112.6 1.03 161.5
0.0559 156.6 1.25 215.9
0.0680 210.7 1.52 282,9
0.0825 272.8 1.84 360.4
0.0960 350.5 2.14 52,k
0.1150 485.% 2.56 607.4
5 0.0403" 86.53 0.90 135.1
0.0525 135.6 1.17 198.9
0.,0638 196. 4 1.42 273.4
0.0715 219.5 1.59 305.8
0.0840 275.3 1.87 376.7

0.1003 373.6 2.2 boly, 7
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Table G-8 Data for tje Flow of 0,3%% Carpopol Solution
Ehroush Pagked Beds of Spheres

Porosity of beds= 0.38

Bed "fw,gnf/onz 2<uv/ryg, sec~1 -{i,,, om/sec 2(<ur=ity) /I'H.e;eo“‘1

A 0.02465 h1,.57 0.62 79.8
0,04109 77.02 1.03 140,.2
0.05870 126.51 1.6 216.6
0.07866 202,72 1.95% 323.0
0.08805 220.17 2.20 355.9
0.13850 398,58 3,45 611.4
0.17960 572.03 k48 848 . &

B 0.02689 51,63 0.67 84,7
0.05080 123.8 1.27 186.5
0.07022 185.6 1.75 272,0
0.08068 225.3 2,01 24,5
0.09711 282.1 2,42 01,6




-180-~

Table G-9 Dade far e Plaw of 0,39% Carhesel Solution
Ixzeneh _Caniliaxy Inhas

Tese Tmmg/eal  2w/rgeee”l By en/eee  2(cwredy)/ry, 0007

» 0,00750 291.) 2.25 »e.)
0,06135 803.5 2.9 5h2,0
s 0,008059 213.3 1.93 319.)
0.05069 288.4 2.0 M21.1
0.06 07 [T.0 9 3.00 572.7
0,07892 $69.5 3.60 771.0
0.09%97 71.0 b, S0 1019.6
(3 0.03199 18%3 1.52 V9.1
0.03870 196.9 1,84 32%,.9
0.00?72 266.6 2.% 830.6
0.05721 352.) 2.7 ")

0,06335% b37.% .11 6530






