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ABSTRACT

The concept of regular expression as a nathematical model
has been a convenient tool used for analysis and synthesis of sequential
circuits. Regular expressions can be defined by using five operations
(union, intersection, concatenation, iterate and complementation)..
This thesis is concerned with a subset of regular events, called the
set of star-free events, which can be expressed by regular expressions
without using the iterate operation. The importance of .star-free events
relies oh the fact that the events can be realized by 'almost loop-free'
sequential circuiﬁs.

Closure properties of certain families of gstar-free events
have been studied in this thesis. The study was started with the
set of finite ewents. New classes of events were introduced by embed-
ding a given class of events in the smallest class closed under a given
operation. Some finite products of finite and cofinite events have
been further studied and it is showm that unique factorization is

possible in some cases.
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CHAPTER I

INTRODUCTION

In 1956, Kleene[9] proved that every regular evemt can
be realized by a finite, deterministic, synchronous automaton,
and that any such automaton can be characterized by a regular
expression. This result proved that the concept of regular expressions
plays an importamt role and is a useful tool in the study of finite
automata. Since then the concept of regular expressions has been
studied and developed extensively.

An event is defined as a subset of the set of all possible
input sequences to an automaton. An event is regular i’f, and

only if, the set of sequences which constitutes the event can

be described by a regular expression. In a recent paper by Papert
and McNaughton[lzl, a subclass of the class of regular events

has been studied. This subclass is called the class of non-counting
events, that is,the class of events represented by automata which

are not capable of counting the occurances of some event at the

input modulo an integer. It was further proved that the class
of non-counting events coincides with the class of star-free events,
that is those events which can be denoted by regular expressioms

- without using the star operation. The latter is of interests

of study because it may be realized by 'almost loop-free' sequential



circuits.

In the next chapter of this thesis, the fundamentals
used in later developments are summerized. The third chapter
studies algebraic closure properties for some families of star-
free events under various regular operations. Finally, classification

of some families of star-free events are studied in Chapter IV.
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CHAPTER 11

PRELIMINARIES

In this chapter, we give a brief review of definitioms

and known results relevant to this work.

£2.1 ALGEBRAIC SYSTEMS

We shall first define and give some fundamental properties

of certain algebraic systems which are the mathematical models of the

families of star-free events discussed in this thesis.

n-empty set S on which a binary associative

A semigroup is a no

operation is defined. This operation is often called multiplication,

or product, and is denoted by (.) or juxtaposition. For subsets

P and Q of S, multiplication is defined by:

PQ={k‘|k=pq,pePandqu}.

It is obvious that PQ C S. It is also clear from set theory

that PuQ, PNQand?P - Q (union, intersection and relative comp lement

respectively) are subsets of S. Furthermore, for swsets P, Q and

R of semigroup S, distributive laws

P(Q U R) =PQ U ER and
(P y QR=PR U QR
[10]

are true .



A

A monoid M is a semigroup in which there exists a wnit

clement (or identity) e satisfying me = em =T for all m € M.

It can be proved that a semigroup can have at most one unit element
Given a subset G of a monoid M, if M= JQOGn with G0 = {e}, the
single-element set containing the identity of M, and G2 = GG,

etc., we say that M is generated by G and G is a generating set

of M. A generating set G of M is irreducible if, and only if,

no proper subset of G generates M. A monoid with length is a

monoid M in which to every m € M, m#eis assigned a positive
integral length 2(m), 2(e) =0 and 2(mn) = &(m) + &(n) for all
m, ne M

Another algebraic system of interest is Boolean algebra
of subsets of any universal set 1 under intersection, union and
complementation. The following properties hold:
1. Both intersection and union are commutative and assoclative;
7. Union and intersection are mutually distributive;

3. For any subset R of I

o U R =R,
o (VR =9,
1) R=R,
IUR=1I,
R R= ¢ and
RUR=1I,

where ¢ is the empty subset and R the complement of subset R.

{10
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§2.2 REGULAR EVENTS

We begin by considering sets of .sequences of symbols from

a finite alphabet. These gets will be called events or languages.

Edch sequence of symbols is called a word.

DEFINITION 2.2.1: The universal event I over a finite alphabet

A= {al,az,,”- ,én} is.the {ree monoid generated by alphabet A.
An event is a subset of tﬂe universal event I. The empty set of
words is called the e;ngui:z event 9.
DEFINITION 2.2.2: The length of a word is defined to be the number
of symbcls in the sequence. A, the empty word, is of zero length.
DEFINITION 2.2.3: Any finite event is an event which contains
2 finite number of words.
NOTATION 2.2.4: The length of the longest word in finite 'eve_nf:
F is denoted lM(F), and Fn will be used to denote a finité event
F with 2M(F) = 1.
DEFINITION 2.2.5: A cofinite event is an event whose complement is
finite.

For each cofinite event C there exists an integer n such
that C 2 IAn+l, i.e.,all vords of length o+l or more.
NOTATION 2.2.6: Cn denotes a cofinite event with the smallest possible

integer n such that Cn =F U I.An+l

, where if the finite event F is not
empty then ZM(F) < .. Note that C_ = complement of Fn for some F..
EXAMPLE 2.2.7: Let A = {0,1}. Then the cofinite event {01 U 10} = {}

voulyddoy 1} v A31 =F; U A3I is denoted as C

) ) according to



our convention. Different events with the-same length property are
to be distinguished by primes.

DEFINITION 2.2.8: If R= P1P2"'Pi'”Pm’ we say that each Pi is a factor

of R.

. = L
DEFINITION 2.2.9: If w ala?_...al:1 glandlck<men, w =23 .-

S

am-is a subword of the word w, p = alaz...am is a prefix of w, and
s = 'akak+1...an ig a suffix of w.
DEFINITION 2.2.10: Let P and Q be any two events, then we define operations:

Union or Inclusive or (U): a binary operation such that

P U Q={§r|we'Porwerrboth};
Intersection or And (M): a binary operation such that
pNQ={w|wePandvedl

. ’ .
Product or Conmcatentation (*): 2 bimary operation such that

P -Q={w|w=uv,u.eP,veQ},

the dot is often omitted for co;lvenience;

(Absolute) complement or Negation (—): a unary operation éuch that
P={v|w¢P}and

terate or Star operation (_*): a unary operation such that

P* = :L:J= p%, where PO = {\} and'l’2 = PP, etc.

0

It is easy to show that all three binary operations defined above are

associative and that product distributes over umiom.

DEFINITION 2.2.11: The reverse of a word w = .alaz. . .an is denoted by

. € +
w and defined as w = anan_l...a1 and A = A. The reverse of an event P is

$=(w|weph

DEFINITION 2.2.12: A regular expression over alphabet A = {al,az, . .,an}



is defined inductively. Let X and ¢ be two distinct symbols not in A.

Let U, N and * be binary operations and let * and  be unary operations.
The inductive definition of regular expressions is:

BASIS: al,az,...,an, X and ¢ are regular expressions.

INDUCTION STEPS: If P and Q are regular expressions then so are (P U Q,
(® 1 Q), (PQ), P* and P.

Nothing else is a regular expression.

Regular expressions denote events according to the mapping I {
from regular expressions to events: [ail = {ai} for i=1,2,.4.,0; |A] =
O3 lel = o5 1p ol = [ v lals 12 ol = [2l  lals feel = Jellals
[p#] = [p|* anc [B] = Tel.

An event P is regular if, and only if, there exists a regular

expression R such that lR| = P,

DEFINITION 2.2.13: Star-free events are those regular events which can

be denoted by a regular expression without using the star operation.

Obviously, the set of star-free events is contained in the set

e R R R e e G

of regular events.
DEFINITION 2.2.14: Letwe I and P oL The left quotient of P by w is
= defined as w\P = {x | wx ¢ P}.

DEFINITION 2.2.15: Let P and Q be regular expressions. Then we define the

¢ derivative of a regular expression with respect to a word u € I recursively

as follows:

v BASIS: For a ¢ A, Daa = A, Dab = ¢ for =6, \, or beAandbd # a,

s INDUCTION STEPS: D (2 U Q) =D7P U D.Q,

Da(P N Q) DaP N DaQ’



Da(PQ) = (DaP)Q Y] 6(P)DaQ, where 6(P) = X if A e P

and 6(P) = ¢ if A ¢ P,
%) = *

Da(P ) (DaP)P and

Da(P) = DaP.
For £(w) # 1 we have:

DXP = P and

DuaP = Da(DuP).

EXAMPLE 2.2.16: Let R= {((0 U 1)10) N (0 U 010)} and v = 01.

DR

v DOl{((O U 110) n (0 v 010)}

Dl{DO((O U 110) N DO(O U 010)}

Dl{(DO(O U 110 N sV 1)1)0(10)) N (DO(O) V] D0(010))}

il

Dl{((DO(O) U Do(l))lo U e n AV 10}

Dl{()\ U 910} N Dl{x U 10}

=0N (6uU0)=0n20=0.

The following results have been proved by Brzozowski[
THEOREM 2.2.17: Any derivative of a regular expression is a regular
expression.

THEOREM 2.2.18: IDSRI = s\lRl for any sequence s € L.

E THEOREM 2.2.19: A sequence s is contained in a regular expression

R if, and only if, A is contained in DsR'

" THEOREM 2.2.20: Every regular expression R can be written in the
¥ form: R= My aDaR U §(R)

where A is the alphabet and the terms in the union are disjoint.
THEOREM 2.2.21: The relationship between derivatives of R can

be represented by a unique set of equations of the form:

PR L -a;»r:-l\nJ
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where s € A*. Such equations will be called the characteristic equations

of R.
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§2.3 AUTOMATA

DEFINITION 2.3.1: A finite automaton S 1s:2 quintuple § = <Q,M,q3,F,A>

where A is the alphabet,

Q= <q1,q2,---,qn> is a finite, non-empty set of internal states:of-S,

M is the transition funectiom'M : Q x A +Q,

q; € Qis the gtarting (or-initial} state and.

F CQ is the set of final (or-accepting) states.

A finite automaton is an.abstract model of a sequential
circuit. We shall agsume that the behavior of the automaton 15 of
interest only at discrete time moments t = 1,2,**". At t = 0, before
any input is applied, the automatonlis in its statting state. For
convenience we also assume that the automaton has all of its states
accessible from its initial state.

DEFINITION 2.3.2: An input sequence s is accepted by an automaton

S with starting state 9 if, and only if, when s is applied to S in

ql,the resulting state is an accepting state., Otherwise, s is rejected

by S. A sequence s is accepted by a state q of S if, and only if,

when S is started in qiiand the state at the end of applying s is
an accepting state. |
DEFINITION 2.3.3: A finite automaton S realizes an event R if, and
only if, the set of sequences accepted by S is exactly R.

If a finite automaton S realizes an event denoted by regular
expression R, then each distinct state of § corresponds to one distinct

derivative of R. Furthermore, each state accepts the derivative to

Y |

SO AL TSRV SIS

W ANNT A3 >
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A state corresponding to the empty event is

(4]

which it corresponds
called an empty state, otherwise, it is a non-empty state.
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§2.4 DEFINITE AND REVERSE DEFINITE EVENTS[3]

DEFINITION 2.4.1: An event is definite if, and only if, it can
be described by a regular expression of the form R =E { IF which
E and F are finite and I is the universzl event. The family of
definite event is demoted by D. |

For every definiﬁe eQent there exists an ipteger k> zM(F) .
such that the output of the.finite automatoh realizing this event
depends only upon the last k symbols of amy imput sequence. The
importance of definite eQents is that they are precisely the set
of events having 'feed-back free' reélizations,
DEFINITION 2.4.2: Let Rbe 2 definite event and r the smallest
possible integer such that R = E<r J IFr' This form is unique

N e

and is called the long canonical form of R.

DEFINITION 2.4.3: The reverse of a definite eveat R is callea

s reverse definite event and has the form R = £ i FI with E and

-
F finite. The family of reverse definite events is denoted D.

For tests of definiteness of an event, the reader is

referred to section 9 cf reference (3].
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§2.5 STAR[S] AND COMET[6] EVENTS

DEFINITION 2.5.1: An event S is a star event if, and cnly if,
there exists an event P C I such that § = P*, P is called a root
of §S.

For an event S ( I to be a star event, each of the following

equivalent conditions is necessary and sufficient:

(1) S = 5%

SZ

(2) S

I

root of 5. It has also been proved that a star event § is regular

(3) » €S, and for each w ¢ I, X ¢ DwS if, and only if DwS ™S, ¢
y

/

; For any star event S there exists a unique minimum root ;
3 _ »[10] c s . . '
: S.=(sS- {1 ~-(s-14h , which is contained in every other :
& 3
i

if, and only if, its minimum root SI is regular.

NZARANZ A1 CD A A ATSEAELAL

It is noticed that every star event is a monoid with
length and its minimum root corresponds to the minimum generating
set of the monoid.

DEFINITION 2.5.2: An event C is a comet event (or simply comet)

if, and only if, there exists an event T C I and a star event

! S # {1} such that C = ST, S is called the front star and T the

tail of the comet event C. We shall also call a comet event

! C = ST an S-comet when the reference to the star § is necessary.
The following results about comet events have been proved:
THEOREM 2.5.3: C is an S-comet if, and only if, C = SC.

THEOREM 2.5.4: An event P is a comet event if, and only if, there
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exists at least one derivative,DaP, for a # A, of P containing P.
THEOREM 2.5.5: For any comet event C there exists a unique largest
star event S. such that C =S Cand S, = US, for all star events
M M M 11

S, such that C=§.C.

i i
THEOREM 2.5.6: For every S-comet C there exists a unique smallest
tail Tm (with respect to S) such that C = STm. Furthermore, Tm =
T - (S - (AN, = OT., for any tail T, such that C = ST..

i i i7i i i

THEOREM 2.5.7: Every non—empty comet event C has a unique canonical

form C = SMTm’ where Tm is the smallest tail of C with respect to

S., the largest left star of C.

o’
The following theorem proved by Paz and Peleg[13] gives
an algorithm for finding SLM’ the largest star on the left, for a
comet event. The proof is not to be repeated here. An example

is given to describe the algorithm. For the algorithm for findihg
the smallest tail of C with respect to SLM’ the reader is referred
to reference [6]. |
THEOREM 2.5.8: Let C be a regular event and let A(C) = <Q,M,ql,F>
be the automaton recognizing C. If Fs be the set of all states

q; € Q, whose corresponding derivatives in contain C, then SM

is the event recognized by automaton Al = <Q,M,ql,FS>.

EYAMPLE 2.5.9: Let A = {0,1} and R = (0%1)*10(0 U 1)*. We have

the characteristic equations for R:

_ R = ODOR U lDlR
DOR = ODOR U 1R
DR =

J R
ODlOR \ 1D

1 1

SERRII I e . .

1D AL AES A SN

FRANLIACAVE MATINEAN AL -

N AN A 3O
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DlOR = ODlOR U lDloR U A, 8

One can find that {R, DlR’ DloR} is the set of derivatives which contain i

R. Then SM of R is described by characteristic equations:

S= ODOS Y 1D1

su 15,

SU A

H v?%;‘“\},‘?ﬁ?‘v’:ﬂ [ ZaR A A S

AL T e P N T D S ST

DOS = OD0

D, = 0D, 1

’DIOS = ODIOS v 1D108 U

By the: algorithm, discussed by Brzozowski[S], of finding the minimum

SuU 1D.suy A and

D SR LIRS

root of SM’ we obtain:

SM = (0051 U 1 U 10 U 100%0)* = (0*1 U 100%)*, ¢

The minimum tail Tm of R with respect to § can also be shown[6} to ¢4
B¢
3 be 100%1%, Thus R = (0%L U 100%)*100%1%, i
R
& P
The reverse of any comet is called a reverse comet, Let ;r»
%
C = ST be a comet event. Then E = Fé = FS' is a reverse comet with Gg
| i
g the minimum root of S' the reverse of the minimum root of S. F is §
3 « - P {
58 .
& called a front of C. F = T is called the minimum front of C with )
o .
3 :
3 respect to. S'.

DEFINITION 2.5.10: An event W is a two-sided comet if, and only if,

there exist two non-{A} stars S, and S; and an arbitrary event M such

; that W ='SLMSR. SL is called a left star, SR a right star and M a

middle of W.

Every two-sided comet alsé has a unique canonical form SLMMmSRM

such that SLM and SRM are maximum stars on each side and Mm is the

ninimum middle with respect to SLM and SRM’

~ e e



CHAPTER III

CLOSURE PROPERTIES

Closure properties of some families of star-free events g

under wnion, intersection, product, complementation and star operation {

are investigated in this chapter. The events considered here

are over an arbitrary finite alphabet A = {al,a2,°°',an}. The

free monoid with length over A gives the universal event I = A%,

T T .4._ ‘
R R e I S I R e o
. - B by 3 HE ALY R G AN TR AR R TRt AR s

) ) ? g R b i e 4

It is easy to observe that the family ¥, = R|R=w,wel}

of events consisting of single words is closed only under multipli-

2rTeeaNT A

cation.

In each of the following sections closure properties

rAgNrTICILTY

of a family of star-free events are investigated.

NZAANZ A 1. S1CD> AL AT RS -1 NARNIER

The family F(Ml) of finite unions of events in Ml will

be considered first. Clearly F(Ml) is the family of all finite

events.

RETIENE NEEEIY
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:3,1 FINITE AND COFINITE EVENTS

By definitioms it is self-évident that the family F(Ml)

S

of finite events is closed under union, intersection and product.

RRD G

1t is also obvious that a star event generated by any finite event

REH

containing at least one word of length greater than 0 is infinite. Ca

Since the universal event I is infinite the complement of a finite
event can not be finite. Thus F(Ml) is not closed under the star

operation nor under complementation. Noting that union, intersection

and product are associative we see that F(Ml) is a semigroup under

i

each of these operations. Furthermore, it is also a monoid under '%g

5

I %

union, intersection and product with identities ¢, I and {2} res- %%3

. 3

pectively. {0

.

' Clearly, to close the family F(Ml) under complementation 1%
: 0
3 it is necessary and sufficient to include the family C(Ml) of co- 13
3
finite events. Below we consider the closure properties of the §

fanily C()).

In this chapter, unless otherwise stated, we shall cenote

a finite event by a capital letter E, F, G or Hwitha subscript,

if necessary, to indicate its length property. Capital letter

JEFORRTEI } DY 1 | MR POV D P 302

C is used to denote a cofinite event according to Notation 2.2.6.

e - _ i n+l. _
By definition, amy cofinite event Cn = &QO A Fn) y AL E<n

U IAn+l, where E<n has words of length less than or equal to n.

Let m and n be integers such that 0 <m<n, then we

have the following.
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1, Union:

. mtl ntl
Cm v Cn (E.im U IAT) U '(Ff_n WIATT)

SRV JTE TS lVE T

Smot X
i k] _
=G, U=

where k < m.

2. Intersection:

- mtl n+l
¢ nc (Eim TR Y i A (Fin v 185
~ ol n+l
= (Eim n Fin) v .(IaTT N Fin) 9 (Eim nIm)
Ve il T )
_ U@ n+l
=G Gl U oy IA
VR Tciar
<n n

Note that if either or both of the finite events E and F in the

above argument were empty, the result would not be affected.

3. Product:

) = (B U =y

i T I T ke Vel

1 1 U IAm-l-n-i-Z

3 ¢ u tlp g o™

"
Corvotl
4. Complement: By definition of cofinite event, -C_n =F is not

cofinite.
5. Star operation: let C_ = (E U IAnH). Then (C )* = (E_ U
* ) n n n n

IAn+l)*. Since IAn+1 C (Cn)*, (Cn)* must be cofinite. Therefore

C(Ml) is closed wnder the star operation.

LI FR b e s, B

et

g
g
g

!“
0
)
7
1
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§3.2 BOOLEAN ALGEBRA Bl
In this section we consider the family Bl = F(Hl) U C(ﬁl)
= {® | R is a finite or cofinite event}. Since this family includes
F(,) and C(Ml), cases previously being proved closed must still be
closed. For brevity these cases will not be considered again.

i. Unicn:

~+]
FU T =% * i
. w1 ,
= ¢, 1 =
G
where q < m.
9. Intersection: [ntersvctien o & it is ovent Wit any otner event

is finite.

3, Complement: By vonstruction St is .!sc closed under complementation.
Hence Bl is a Boolean algebra.

4, Product: Iet Cm ang T be any colinite end flnlto event respectively.

i) The cofinite-{inite cvintl

mtl
C -E.“:‘ (o 3 3
L
2oy 18T
=G« IH.

As the following example shows this product needs not be either finite

or cofinite.

EXAMPLE 3.2.1: Let Co =1, Fl = {ai} with a ¢ A= {al,az,---,an},

n > 1. Then,
COF

;= I{ai}.

I{ai} can not be finite. On the other hand its complement I(A - {ai})

TR

PRI S oo ¥ 5T LN

ARINCIICALTR

[V V. S VLN S L S




J ) is also infinite. Hence COFl is not cofinite.

ot
LEMMA 3.2.2: Let Cm =E U IA 1 be an arbitrary cofinite event and

F a finite event such that A ¢ F. Then C F = c& for n < m. é
PROOF:  C .F=EF U ™y g
- 5F oy WHE U N f
R T il VAT i |
= gF U 1A% = ¢t ?§

vhere n = m if A ¢ EF or n < m if A" CEF, ;

ii) Similarly, in general, the finite-cofinite event F.Cm =G U HI

is neither finite nor cofinite. However, if A ¢ F, then F.Cm = C;

for n < m.

5. The failure of closure of Bl under the star operation is shown

by the counter example R = 1%, 1% is obviously not finite. Its

M0 AciiloarsisNanN A
TSN A .

PR IECALR

‘ complement I0I is also not finite. )
é Incidentally the families of cofinite-finite and finite- ;3
E cofinite events are sub-families of the families of definite (E V gé
1
5 IF) and reverse definite (E U FI) events respectively. Also we remark

ffff_él_f,ELll_ELixiﬁ_l_R js definite and reverse definite}. The

T

argument is like this: The containment Bl c@n D) is obvious,

 bepabii | o st

<=
for any finite event is in (D 1 D). Also since AnI = 1A" for n >0,
any cofinite event is in (D N E). For proving the reverse contain-
ment, let definite event D =E U IF be in its long canonical form.

I£F=%, then E=DeB. IfF#Y, sinceDe 7, we have D= E U IF

= E' U F'I, where the last expression is assumed to be in the long

canonical form for reverse definite expressions. Since they are equal
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t
we have A,LN(F )F= F'AEM(F) for the set of words of length 2\1(17‘) +
2\1(}‘). If F # AQM(F) there must be at least one word of length 2\1(‘5)
such that £ ¢ F. But f'f ¢ FAQM(F) for some f' ¢ F'. Which is a

(E)

contradiction. Therefore F = A Then E U IAlM(F) is cofinite

and E U IAP“M(F) =D¢ Bl'




-2 -

3.3 MONCID Hz

From the results of the.last'section'Qe see that t&
close Sl under multiplication it is necessary to inc}ude.the'_~:
families of finite-cofinite (FC-) and cofinite-finite (CF-) ._.
cvents. It is easy to see that this is-still not sufficiept
because an arbitrary finite product of finite and cqfinite eVeqté
need not be reducible to a finite,-coﬁinite,.fiﬁite—cofinite: 1 |
(FC-) or cofinite-finite (CF-) event. The example below éﬁows
this fact.
EXAPLE 3.3.1: Llet A ={0,1} and R = 101..' Obviéusly Risa
finite product of finite event. {0} and cofinite event I. It is
obviously not finite and it is not cofinite fér 10T = i*;  By
the test for definite'éveh;s'used by'Br2026WSki[3], it can be
shown R is neither'definité nof reverse'definite. Hence R is
neither cofinife—fiﬁite nor finite-cofinite. Therefore a necessary
and sufficient condition for closure under product is to include
all (F,C)-products (finite products of finite and cofinite events).
The resulting family will be called MZ ={R | Ris an (F,C)-product }
and is a monoid with generating set Bl. Its closure properties
are investigated below:
1. The closure under union can be disproved by the following

counter example.
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EXAMPLE 3.3.2: Llet L =0 { Il and A= {0,1}. Suppose L =0 tJ Il

= PlPZ"'Pn with each of its factors P, cgfinite or finitg (subscripts
here indicate consecutive oideriﬁg instead of the word length
property). Since 0 E'L,.;hére must exist Pi such that G e’Pi'

and X € Pj, fo;.j %Ri;bécause’k ¢:L. If ?i f Pl and We Pk’ 2(w) §»O

and k < i then L conteins w0. - This is'imposSible and the only ’

.

possibility is i I, i.e. 0 ¢ P. Now, if some B, k> 1, is-

E U 1A% ALl the P, 3 # 1, contain » and

cofinite ;hén:Pk
therefore L must contain 0A" ;fOAP-lO} Clearly, this is impossible.

Thus no P, can be;éofinite for k > 1, Also P

1 cannot be cofinite

k
for then L ;5Apﬁ10; “Thus all the Pj and heance L must be finite.
However, this is a contradiction. o
2. For closure under intersection the following counter example
exists.
EXAMPLE 3.3.3: Let A= {0,1,2} and R = I(01 U 10)I N IZI.
It is found that the shortest words in R are 3-symbol words 012,
102, 201 and 210. Assume R is a product PlPZ"'Pn where Pi are
finite or cofinite. For 012 £ R, a possibility of symbol distribution
is 0 ¢ Pi’ le Pj’ 2 ¢ Pk fori<j <k and ) ¢ Pq for q # 1,
j or k (refer to table 3.1, conjecture (1)). We also have 210

¢ R. No subword of 210 can appear in Pq for Q # i, j or k because,

if this happens, one of Pi’ Pj or Pk must contain i. This will
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give a 2-symbol word which is not in R. Thus we have 2 ¢ Pi’

| & the only possibility left. But then 212 ¢

R,which is a contradiction and this distribution is impossible.

1P, anc 0P
J

For 012 ¢ R another possibility of distribution (conjecture (2)
in iable 3.1) is to have 0 ¢ Pi’ 12 ¢ Pj, feri < j, and Ae Pq
for ¢ # 1 or j. Again, 210 ¢ R, 1f any subword of 210 i in

P forq# i, i it would give a l-or 2-symbcl word which is not
in Re If 21 ¢ Pi’ 0 Pj then 00 . R gives a contradicticn.

it 2 Pi and 10 ¢ Pj' then 212 - R gives a contradiction. A
similar approach can disprove the possibility that 01 : Pi obote
2 Pj for 012 = R. Hence the only pussibility Jeft is the third
conjecture in Table 3.1: one product Pi contains all the words
012, 102, 251 and 210, and - € Pq fov q # i. This is possible
‘or 3-symbol words. But cousider a word 1002 which is obviously
in R, Some subwerd or this word must appear ip Pi or Pi woulad
contain : and so would R. Now, if 002 or 10U appears in P, then
these words are also in R which is a contradiction. Thus we can
only have 1002 ¢ Pi' This is true also for 100"2 for ali .
Hence Pi cannot pe finite. If Pi is cofinite then Pi ; A" for
some n. Thus R would have to contain On, for example, and this
is a contradiction. Hence R is not a member of Mz.

3. By comstruction Mz is clearly closed under procuct.



| - Pl P2 Pi P,
Conjecture (1) | {A,eeed {hyeesree{Ogermeemeeees feee{Leeee }

i

IConjecture (2) VRIS IEPURERD LRERTVRARERARE coventeee{l,2,000}

{

‘Conjecture (3)] (A, ++} {A,++}+++{012,102,201,210} e {A, e v e Freed

Table 3.1 Conjectures of possible symbol distribution for Example

4. The failure of closure under complementation and under the

star operation can be proved by the following example.

(%)
.

EXAMPLE 3.3.4: Clearly, both I0I and 1€ M2 = {all (F,C)-products}.

Now, let R = 1% = T0I. Since any cofinite event C D A" for some

integer m and there can be no 0 in any word in 1%, there is no

cofinite event as a factor in 1%, On the other hand 1* is not

finite, therefore, 1% ¢ MZ' Thus the failure of closure under

complementation and star operation are proved.

-------

iede e ilaat



To parallel the study of F(Ml) we investigate finite unions
of elerents of MZ' This family is denoted by F(Hz). As proved by
Example 3.3.2 M2 is not closed under unionm, MZ # F(Nz) = {finite unions
of (F,C)-products}.

F(Mz) is closed under union and product by definition.
tyr it is not closed under éomplementation as can be proved by Example
3.2.1 with the following explanation.

Let R = T0I = 1*. Since any cofini;e event contains A"
for some positive integer m, 1O cofinite event can éppear as a factor

of any event contained in R. That means R does not contain any non-

trivial (F,C)-product. Since R is also not finite ﬁhis proves F(Mz)
is mot closed under complementation.
By noticing that 1 € F(Hz) and 1% ¢ F(Mz) which we have
" shown, it is clear that FxMz) is. not closed under star operation.
The proof that F(M2) is closed under intersection is attempted
balow,
LA 3,401 F(Mz) = {R | R is a finite union of (w,I)—products}
where a (w,I)-product is a finite product of words and universal event.
PROOF: By definiticn F(Hz) = {R l R is a finite union of (F,C)-products}.
let P = FCF+«-CF be an arbitrary (F,C)-product. As noticed, any cofinite
event s of the form C=E U A" with E and A" finite. This enables
us Lo write P oas a union of (F,1)-products (finite products of finite

ovents and the universal event), Furthermore, since any finite event

ricafOIl AMEINN A
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F is a finite set of words and since product distributes over union any
(F,I)-product can be expanded into 2 union of (w,I)-products. Hence,
F(MZ) ¢ (R | R is a finite union of 04,1)-products}. The reverse containment
{s trivial, for every word w is a finite event and the universal event
I is cofinite.

We know the empty event & € F(Mz). Now, let P, Q ¢ F(Xz)
and P (1 Q= ( 521.Pi) N (jgl qj) # ¢ with p,, 4 being (w,I)-products.
Since intersection distributes over union we have P nQ-=
igl 3@1 (pi N qj). From this and the fact that F(Mz)- is closed under
union, we know that to prové the closure of F(Mz) under intersection
it is sufficient to prove that the intersectinn of any two (w,I)-
products if not empty is a finite union of (w,I)~-products.
THEOREM 3.4.2: The jntersection of any two (w,1)-products, if not
empty, can be expressed as a finite union of (w,1)-products.
PROOF: Let U - u11u21'°'1um and V = vllvzl...lvn be any two (w,1)-
products. For intersection A = U (\ V not empty, either Uy of vy must be
a prefix of the other and u or vy must be a suffix of the other.
Now, we assume A # ¢ and let Wk = wllwzl...lwz. If each uy and each vj
is a subword of some word W l<rstof wk and the u, and the vj appear
in the same order as in U and V respectively, then wk nust be contained
in A, Let an event A' = k@l wk where Wk as described above. Then
AT A'. Assume A ¢ A', there must be a word w ¢ A but w ¢ A", Since
weld w= wlxlwz...xk_lwkxk...xh_lwh such that each Uy and vj is.
a subword of some W, and each letter of every Wk is a letter of some

= 1
u, or vj. Then w € wq wllwzl...lwkl...lwh. 1f we expand A’ to

44/ T -»,, R

PETTNIVN o o

B R YIVLE I~ § oy §
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A=W U A= w ¢ A". Since there are only a finite number

. W
q kK
of uis and vgs, and each u, or vj is a finite word, only a finite
number of Wés as the one constructed above are necessary to be added

to A' to make A' = A. Since A also contains all these Wés, A' = A

= kQ].Wk for some finite r, where each wk is a (w,I)-product.

EXAMPLE 3.4.3: I10I ry IOILI = IL1OI1I U 101101,
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DEFINITION 3.5.1: C() = (P | P e F(t,) 1
EXAPLE 3.5.2: 101 = 1% & C(4,).
By investigating the closure of C(Mz) under wnion and

intersection, we observe the following: Let Fl and F2 € F(MZ).

s aas = T (e 7 T = N
By definition, Fy and F, € L(uz). We know F, U Fp=Fy F,.
T, O, =F,

Since F(Mz) is closed under intersection, Fl M F2 = Fy for some
F3 £ F(MZ) and E; 3 C@Mz). Therefore COWZ) is closed under union.

Similarly, since F; n F, = Fy U F, and FQ%Z) is closed wnder

1 = PN ~(M i
unlon,Fl ¥ Fz F, for some F4 € -(Lz). Therefore quz) is also

&~

closed under intersectionm.

By definition, 101 € C(#)). If 10T isin C(,), then
EBT £ F(MZ)’ But, as explained at the beginning of this section,
101 = 1% ¢ F(Mz). Hence a contradiction is established to‘prove
the lack of closure of C(Mz) under complementation.

By definition, amy cofinite event C is in F(Mz). Hence
any finite event F =Ce C(MZ)' By this we claim that each a € A
is an element of C(Mz). We have seen that C(Mz) is closed under
union. The assumption that C(Mz) is also closed under both procuct

and star opervation would make C(Mz) a family containing the family

of regular events. [lhis is a contradiction because '(*,) 1s nerely

@ subset of the Tamily of star-free events which in turn is a
subset ot the tamily ol regutar events, Hence L'(f-,')) canpot be

closed under both product and star operation.

PRILVEEL =] by ARSIV A
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For parallel study, the family B2 = F(MZ) U C(MZ)

iRIiRe F(MZ) or Re C(MZ)} corresponds to Boolean algebra Bl.

By the following counter example we prove the lack of closure

of B. under union ard hence, unfortunately, 82 is not a Boolean

2
algebra.

EXAMPLE 3.6.1: Let R = 1111 U I010I, From the expression we

know that no x € 0%0100% is an elemeat of R, and that 0% C R.

Now, assume R = [l (FCRC..+) & F(lfy) such that A ¢ F, any finite

factor but probably factors of those products which are finite.

This assumption is valid because of Corollary 3.2.2., Then Oq,

for some integer q, must be in some product P, in the above union.

Therefore, every factor, finite or cofinite, of P must contain

k L . e prs
0% ior some non-negative 1nteger k < q. Since R is infinite,

there is at lezst one (F,C)-product having a cofinite event as a

. . n
factor. Since every cofinite event ¢ A forn2>m, manon”

negative integer, there must exist somé X € 0%0100* being an element

of R. This leads to & contradiction because 0%10° ¢ R, for any

r and s. Therefore 0% ¢ P for any non-finite (F,C)-product P (a

non-finite event). But 0% is not finite. Therefore, R ¢ F(Mz).

Next we assume that R € C(i), 1.2, 1111 U 10101 = Ej;(FCFc---)i.

3y Dedorgan's law we have R = ILLI n 10101 = Oy ere)

RIETINITON

}
|
i
|

ARINAAICTELTR
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Because of condition IlLI (no consecutive l's in any word), we can
have no cofinite event as a factor of any (F,C)-product in R.

Since R is infinite, another contradiction is established. The

lack of closure under union is thus proved.
Let S = I11I M I010I. Comparing with Example 3.6.1,
we see that S = R, Since R and R are not in F(Mz), S and S are

not in F(MZ) and a cowter example to the closure of B2 under

intersection is established.

B2 is obviously closed under complementation. But since

it fails to be closed under union and intersection, it camnot

be a Boolean algebra.

A LGt MIINVA
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£3,7 SUMMARY

L FAMILY OF EVENTS  CLOSED UNDER * NOT CLOSED UNDER |
|4 = the set of alphabet | |

'r__... - a—— - - e
(4 = {R| R= {w}, w e A%} = {words! . U, R

Py
v N
=
.
~
1]

{finite events} Y, e, N
. ] b} I b

{cofinite events! U, +, M,

<
-
[}

+ y = 7 ‘1! ~ A"I
B = FG) U CGH)
!

R is finite or cofinite} v, , 0 ,

{R

~
i

{R | R is a finite product of finite

and cofinite events!} ot Uy, (0%

.F(Hz) = {finite unions of finite products - o ’
of finite and cofinite events} U, +, M .%,‘;, % '

ZC(EZ) ={R|Re F(Mz)} TV, N ‘ él ", -+ ‘and/or

By = F(iy) U C(y) = {(R|Re P(E,) or | - '

Table 3.2 Closure properties of some families of staf.frEe'events




CHAPTER IV

STUDY OF SOME EVENTS IN Hz

84,1 FINITE EVENTS P

LEMMA 4.1.1: Let F be a finite non-empty event over alphabet A
and let x ¢ I. If D.F 0, nyh_‘ D.F for any y, 2(y) > 1.
PROOF: Note that 2.(D F) < & (D F). Therefore D_T HDF.

M xy Mk Xy = X
DEFINITION 4.1.2: Let q be a state of the automaton A. A non-

empty state q is transient if,and only if, once A leaves q it cal-

>
g
o]
3

not re-enter q.

THEOREM 4.1.3: A finite automaton accepts a finite event if, and

P RIIVINE = ) oy {

only if, all of its non-empty states are transient.

PROOF: Let automaton A accept a finite event R. Assume A has

a non-transient state q accepting input x, and input y brings A

from q back to q. Then A accepts event § = wy*x with w taking

A from initial state to q. But S is not finite. Thus the gsSump;ﬁ. .f
tion is proved false, and it is proved that a finite autpﬁaton-

accepts a finite event implies all of its nog—empty-Stateé are
transient. The reverse implicatiqn is“obﬁioué ﬁy'thé fact that
transient states establish no looé. Sinée A is a finite automaton

it accepts only a finite event.

Any finite event F is obviously a special case of both



a definite event D = F

( EI with E empty.

-
) IE and a reverse definite event D = F

PP TP S
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§4,2 COFINITE EVENTS

The test whether an event is cofinite relies on the

fact that its complement is finite. The finiteness of an arbitrary

/,
event can be tested by comstructing an automaton[4] realizing

this event., By Theorem &4.1.3 the automaton can have only ﬁransient ;

non-empty states. ' | N \
In the following we shall discﬁss some properﬁieé of

cofinite events.

DEFINITION 4.2.1: Let evenﬁ B =j{bl,b2,*-',bk} be finite énd |

1,(B) =M. Also let n =1 - 2(b) for i = 1,2, k. We define

the class B of finite events as the following: B ¢ Biif, and

PITHENINS AL

M
lAnl U b2Anz U e U b AT = A%

In the following examples alphabet A = {0,1} is assumed.

only if, b

e

EXAMPLE 4.2.2: Let B = {10 U 11 U 0}.
00 u ) voas 2
Therefore B ¢ 3.
2
EXAMPLE 4.2.3: B = {01} ¢ 5 since OlA0 =01 ¢ A"
LENMA 4.2.4: let Abe a finite alphabet. FI = A" if, and only
. - m .
if, FI - A for allm > n.
PROOF: Suppose FI An. Let x ¢ An and x = X%, with X) € F,

Xy € I, Since sz cI, xlsz = xA _ FI. This is true for all

x ¢ AN Hence FI O At = An+l. By induction FIL f‘Am for all

m > n. The reverse implication is cbvious.

LEMIA 4,2.5: FI :fAn, n >0, implies F 2 B for some B ¢ 3.
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§4,2 COFINITE EVENTS

The test whether an event is cofinite relies on the
fact that its complement is finite. The finiteness of an arbitrary

(4]

event can be tested by constructing an automaton realizing
this event., By Theorem 4.1.3 the automaton can have only transient
non-empty states.

In the following we shall discuss some properties of
cofinite events.
DEFINITION 4.2.1: Llet event B = {bl,b2,°--,bk} be-finite and
ZM(B) =M., Also let n, = M- Z(bi) fori= 1,2, ",k. We define
the class B of finite events as the following: B e B if, and
; NRVIERTE N N
In the following examples alphabet A = {0,1} is assumed.

only if, b.A"l b

EXAMPLE 4.2.2: let B={10 U 11 U O}.

Y U1l U oo = a2,

Therefore B ¢ 5.

EXAMPLE 4.2.3: B = {01} ¢ B since OlA0 =01 # Az.

LEMA 4.2.4: Let A be a finite alphabet. FI — A" if, and only
. ..M

if, FI - A" for all m > n.

PROOF: Suppose FI :,An. Let x ¢ At and x = x,x%, with x; € F,

172 1

X, € I. Since sz CI, XlXZA = xA CFI, This is true for all

X € Ap. Hence FI :‘APA = An+l.

. : m
By induction FI " A" for all
m > n. The reverse implication is cbvious.

LEPMA 6.2.5: FI = A", n > 0, implies F DB for some B ¢ 3.
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PROOF: Suppose FI — A" for some n >0, lLetxce An and x = x,X

172
y 1(x2) o . .
with X) € F, X, € I. Then x ¢ xlA . Since this argument is

similarly true for every x e An, by definition F — B for some B
= {x | %, = x ¢ &'} ¢ B. Hemce, FI 24" implies T2 3.
LEMYA 4.2.6: F Z B for some B ¢ B implies FI ;AZM(B)I* g
e o — o (B)
PROOF: By definition 4.2.1, it is obvious that BI = 4™/, We
know for any events P, Q and R, P Z Q impliies P_R‘_:_'QR; Hence F = B
. ' L

implies FI T BID AU g bz MO e mre tharefore
FI 2 A,
THEOREM 4.2.7: Any cofinite event C can be written in the forr

ntl ntn-L

C=EU IA"=Q y IANEU AU ATy o u AT for
m>n- lm(E). »

1 _1
PROOF: (A U IAM@E U & U Ay v AR

1

Euy oy Ay m™mhy e oty

An+l U eee U Am-i-n-l)

EUIA"E U AU A U oAt v

1 -
ntl IRy Am+nl

An+l U e U Am-i‘n—l)

Eu IAmE U At =E U oot

The last reduction step is justified by the fact that the assumpcion

m+ Qm(E) > n implies 14" C 1",

1
COROLLARY 4.2.8: % U E U 1A% = (0 v 1aho g v oA o™ o

Y A.Zn—l

).

dn-1
LEMA 6.2.9: AU "= @™ o a™hy oLy 2

KA
w

PROOF: letn >mandn=km+ r for 0 <r <m. L.H.S. C R.H.S.

. T b
ktr _ (k=Lm ot

becauseAn=A m<m+r <2m=-1and A is

y
Z
;
1

TABINMICIY
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contained in every star event. Since all sequences, except

A, in the R.H.S. are of lengths greater tham or equal to m, the
reverse containment is also true. The equality is thus p;oyed.
THEOREM 4.2.10: Any cofinite event igi a comet ‘ay'eﬁt‘"wi‘tl-i the
maximm front star cofinite and thé mlnlznum tall finité.:f ' ) |
PROOF: By Theorem 4.2.7 and Lemma 4.2.9',,,'a.cofinite‘ﬁév.e‘ngt,ig
also a comet event. Since thg niaximtm.-front"star S'L contai;i_s )

2n-1

any other front star, SLQ (An U eee y Y= U _IAI.I-.-

Thus, S, is cofinite. Furthermore, since the minimum tail ng_i

L
Eu U Ay e u B g s snite

COROLLARY 4.2.11: Any event R = CQ, with a front event C cdfinite
and any tail Q, is a comet event with a cofinite maximm front

star.

LEMMA 4.2.12: If E is finite, E* U 188 = (E U A" U +=+ U 2

PROOF: By Lemma 4.2.9, E¥ U IA" =E* U (A U Y =gx U (& U

eee U AZn-l)*. Since EA” CIA" for any m > n, E*¥ U (AI.1 U s+ U
P hea@udly ey AZ,n-l)‘*- ,
THEOREM 4.2.13: Let C=E U IA" be ‘a't cofinite event. Cisa
star event if, and only if, ﬁ* o |
PROOF: If C is a star event, C= (£ U IA")* Hence % C C.
For the reverse implication, we .}éssvu:mve E%' - CThen _} ,:
C=(E u 1a") U B =l'-E_:*_U Ia",
By Lemma 4.2.12,C= (E U A" U *+* U a2 Y,

Note that E U A% U =+ U 42%1 is not the minimm

root if E is not empty.

AMVLG MR A
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Since the reverse of a cofinite event is also cofinite,
any property of cofinite events also applies to the reverse of

any cofinite event.
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§4.3 FINITE-COFINITE AND COFINITE-FINITE EVENTS

From results in section 3.1 we know that the set of
finite events and the set of cofinite events are both closed under
product operation, i.e.,a finite product of finite events is finite
and a finite product of cofinite events is cofinite. This leaves
us finite-cofinite (F(-) events and cofinite-finite (CF-) events
among 2-factor products of finite and cofinite events to be studied

in this sectiom.

1. DEGENERATE CASES

It is found that some events exist in the families of
finite-cofinite and cofinite-finite events, which degenerate into
a simpler form — cofinite events. The necessary and sufficient
condition for a finite-cofinite event being cofinite is studied
below. The conditions for a cofinite-finite event being cofinite
follows trivially by considering its reverse.

LEMYA 4.3.1: Let A be a finite alphabet for any events R and

P. PA L RAif, and only if, P L R.

PROOF: Let p ¢ P. Then pae Pa for a ¢ A. Since PA . RA, we
have pa ¢ Ra. Therefore p ¢ R and P L R. The reverse implication
is obvious.

THEOREM 4.3.2: A finite-cofinite event R = FC is cofinite if,

and only if, B F for some B € B.

PROOF:

1. Necessity: Let C=E U A™ witr m being the least possible




such integer and E being finite such that E N A'L = ¢. Then

the finite-cofinite event R = FC = FE U FAPI.
' 1
Assuming R is cofinite such that R = FC = C' = E' U A",
1

1
we have A" I ¢ FC. This implies A" ¢ FC for m" > m'. For any
specific case one can always choose the integer m" large enough
1 i
to be greater than lM(FE). By this assumption A" CRC implies b

1" " 1
A% C FA™Y and A" A" C FIA". By Lemma 4.3.1 it follows that e

FI. Finally, by Lemma 4.2.5 we conclude that B C F for some B € 3.
2, Sufficieﬁcy: Assume B C F for some B ¢ B. lLet ZM(F) = n.

Since B C F, 4,(B) < 1 (F), by Lemma 4.2.6 AT CFI. Then, by

A it < FIA ¢ FC, we conclude that FC is cofinite.

Hereafter in this section we deal with only non-degenrate

finite~-cofinite and cofinite-finite events.

11, UNIQUE FACIORIZATION OF COFINITE-FINITE EVENIS

3
3
)
g
4

THEOREM 4.3.3: Any cofinite-finite event can be expressed as
a comet event with a cofinite maximum front star and a finite

minimum tail.
PROOF: Let R = CF be a cofinite-finite event. From the result

of Theorem 4.2.10 we have R = SMCT CF where S, \C is the cofinite

maximum front star of C and Tmc,the finite minimum tail of C with
respect to SMC' By Corollary 4.2.11 we have, for R, maximum cofinite

front star SMR' Furthermore, SMR =-SMC and R = S R = SWRS\C mL

By Lemma 2.5.2, R = SMRTmCF' Since the minimum tail TmR with

respect to S.. is contained in T_.F, T is also finite,
P t ‘R is ¢ = Tor is also finite

Since the maximum front star is unique for any comet



event, and the minimum tail with respect to the maximum front star

is also unique, the factorization R = SMRT is wmique for a cofinite-

mR

finite event R.

III. RELATIONS BETWEEN FINITE-COFINITE EVENTS AND COFINITE-FINITE EVENTS

LEMMA 4.3.4: Let E, F be finite events and m', m be integers such
1 ]
that m' > m+ £,(F). Then IA" E C FA'I implies 4" I C FA'I.

1 1 t
PROOF: Let IA" E C FA'I such that m! > m+4,(F). A" ECIA"E

C FA"I. Observing that a word x ¢ X, X an arbitrary event, implies

« € <m' me
x ¢ X, we have FA~ C IA'F. Llet e be one of the longest words of

=14

<« !
Then De(IAm§) = 1A"F U G with 1,(0) <m+ & (F) and De(EAm ) =

ml

A \J Hwith !LM(H) <m'., Since P C Q implies DaP C D_Q for any

1 t

events P and Q and word a, A" U H CIA% U G. Hence A" C IAmf L

' <
G. By assumptions m' > mt+ RM(F) and m + Y,M(F) > 2\1(G), A CIAF v
— — ‘

1

. m' m' m n
G implies & C IAmi:. Furthermore, A~ C IAmr:, hence A~ C FA'I
. . n' o
for =t > o+ (,(F). By Lemma 4.2.4, therefore, A" I ( FA'L.
THEORDM <. 3.3: A finite-cofinite event is cofinite-finite if, and
oaly it, it is cefinite.
PROOE:

o Nevessfty: Assuming B ois both tinite-colinite and colinite-finite
i) !
we lave o= FO= BE U FATT = TR - BT U AT Y bon some 1)
F, ¢ and B Alter deleting some short words, if necessary, from
t 1" "
m PR m ' : A1t 0 I AR
IA" F' and obtaining [A™ [, we may have LA™ F" C FAL. By Lemma 4,3.4,

n)ll 1

AV 1 FA™. Thercfore R Z FA"I Z A" I and R is cofinite.

i
i
¢
!
a1
Vi
[
i




2. Sufficiency: When R is cofinite, it is trivially cofinite-finite

and finite-cofinite.

1V. PROPERTIES OF FINITE-COFINITE EVENTS

LEMMA 4.3.6: Any finite-cofinite event must have a non-trivial
front star (# {(A\}).
PROOF: We know any finite-cofinite évent R = FC can be expanded
as FC=FE U FA"I with E finite and m the smallest such integer.
Let y be one of the longest words in FA". Then, the
derivative Dy(FC) = 1. Hence there exists at least one non-trivial
derivative (i.e.,y # A) of R containing R. Therefore the front
star camnot be trivial.
It is noticed that to uniquely factor any FC-event by
Theorem 4.3.3 we can always find the largest star from the right

and find the corresponding smallest Zront.




§4.4 COFINITE-FINITE-COFINITE (CFC-) EVENTS CHARACTERIZED AS

TWO-SIDED COMETS

THEOREM 4.4.1: Any CFC-event R is a two-sided comet event SL}ImSR
with a finite minimum middle Mm and two cofinite maximum stars

SL and SR on both sides.

PROOF: By Theorem 4.2.1 any cofinite event C = (A U AI)F where
Gou Aty =@ Uy 22 Lx and 7 is finite. Therefore

we can expand any CFC-event R = (A \u AMT)EFG(X A1) with E,

F, G all finite. Since a maximum front star of a comet event
contains all other stars which may preceed the comet event, we

have A1 g;(Ap U oeee U AZn—l)* cs, and SL is cofinite. Further-
more, considering (A U A1) Cs ve let §, = YU H U A1, with

i finite and 0 < L (H) < n. Similarly, let s,= ) U E' U A"
with H' finite and 0 < ZM(H') <m. Then we have R= (2 U H U
AMYERG(L U H'U A"I). Since EFG is finite and the minimum middle
Mm is contained in any other middle with respect to SL and SR’

Mm is also finite.

The factorization of CFC-events in Theorem 4.4.1 is
unique because the cofinite maximum stars SL and SR on both sides

are unique and the finite middle Mm is minimum with respect to

SL and SR'

:
¥
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CHAPTER V

CONCLUSIONS AND PROBLEMS FOR FURTHER STUDY

In Chapter 3 closure properties for some families of
star-free events were studied. The study was started with the
family of finite events. By closing this family wder Boolean
operation and concatenation we generated some star-free events.
The closure properties of these families are listed in Table 3.2.
We found the closure properties of family M2 = {finite products
of finite and cofinite events } were similar to those of Ml' .
This similarity led us to treat B1 as an 'alphabet' of M2‘ With
the observation of further similarity between F(,MZ) and F(Ml),

a question was raised that whether this mathematical structure

would recur infinitely. An attempt was made to answer this questioca.
The fact that B2 is not a Boolean algebra answered the question
negatively.

In Chapter &4 attention was shifted.to unique factori-
zation of some families of star-free events. Methods for unique
factorization of cofinite-finite, finite-cofinite and CFC-events
were obtained. The problem of uniquely factoring FCF-events and
the problem of wmiquely factoring 'any finite product of finmite,
cofinite events aré suggested for further study. The solution of

these problems may provide a unique method of designing sequential



circuits realizing certain families of star-free events.

This thesis also demonstrated how difficult it is to
deal with Boolean operations and concatenation. The apparently
simple families are in fact very difficult to characterize. It

is felt that these problems deserve some further study.
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