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ABSTRACT.

A modified open-ended coaxial line sensoi" with high fringing-field capacitance is
descr/igéd in this thesis. The sensor called “banyan-tree” sensor allows accurate
in—x:i/vo‘ measurements of biologicfal tissues in the 10 kHz-40 MHz frequency range.
. ~Several 7-mm and 14-mm sensor configurations were analyzed using the Method
of Mcments. Two dimensional subsectional bases and Dirac testing functions were
used. Numerical results are presented in tabular and graphical forms. Throughout
the work, the sensor is represented by a linear two-capacitance (Cp and C;) model.
An experimental i4-mm banyan-tree sensor is also described.h'_I‘he capacitances, Cy
and C; of the experimental sensor were measured in a range of frequencies. They
were found to be constant up to 40 MHz. Differences of 13% and 3% were observed

between the calculated and measured values of Cp and Cy, respectively.

r
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Cha--pte__.r 1
INTRODUCTION

The wa.y‘ ele'Ctro.magnet‘ic‘: wavé's interad with dielectric materials is detef'minéd by -

the dielectric properties of the latter. With the i increasing number of radlo mlcro- :

and millimeter wave apphca.tnons in many disciplines, many electromagnetxc engl- e

_ neers have to deal with such material-wave interaction problems today. In order to .
" understand ihesg problems, and ‘sometimes to make predictions, it is éssént‘iq.l to

know ‘the dielectric properties of the materials involved in the interactions. '

- It is the périnitt.ivity that plays a major role in many problems. Medical appli- '

cations of mxcrowaves such as hyperthermia treatment of cancer [1] and dmgnosns of
‘pulmonary deseases [2] require the knowledge of the permittivity of b1ologlcal ma-
terials. In theoretical electromagnetic dosimetry, for the determination of local and .
average specific absorption rates, the permittivity distribution of the body is nec-.
essary [3]. Some industrial appiicétions of microwaves also depend on permittivity.
Hence, the need for accﬁrate‘mgthods'of permittivity measurements is evident.
The method should allow in-vive measurements of biologiéa.l materials. When
the spacial distribution of permittivity is desired, sample size should be made as
small as p0331ble It wasTound that, the method which uses an open-ended coax-
ial line as a sensor satlsﬁes these requirements. This method also offers a wide
frequency band as compared with methods using other sensor structures. '
The use of open-ehded‘é-oaxial' line as a sensor in dielectric measurements has '

* been extensively studied by many authors [4,5]. Figure 1 shows such a sensor, -
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_ (€s) o—

Open ended

. ‘Transmission: - Open- )
coanal Yine .

_'line . end -
B B (b)

Flgure 1: The s1mple open—ended eoaxml lme sensor. (a.) configuration..(b) equiv-
“alent cucult » A : '

S in 1ts s1mp1est form a.nd also the corr&spondmg equivalent circuit. The complex

- ..—'capa,cnance C accounts for the energy. stored in“the fringing field at the end of the

' hne as well as the dlelectnc losses Conductance G represents radiation losses at
'the open end. Both C and G are in general functions of sample permlttw:ty a.nd
. frequency As in many previous studles ‘the conductance G is neglected in this
,work

>

: 1 1 leltatlons and Modlﬁcatlons of Open—ended

Coaxml Sensors '

The major' limitation of 'the simple‘, fully-open-ended coaxial sensor shown in Fig-
‘ure 1. 15 that it is not usualy suitable for low frequency measurements (Practically,
" below’ 100 MHz) The small fringing field capacitance of this sensor (0.02-0.20 pF,
- in’air) results in a ve'r.y high impedance of the sensor as compared with the char-’

' acteristic impe’d'a.nce"of the line, at low frequencies. As shown by Stuchly et al.
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Figure 2: Coaxial line sensor with the disc-loaded inner conductor.

6], this leads to large uncertainties in permittivity measurements. Therefore, for

accurate measurements at low frequencies, the;capacitance of the sensor has to be
- mcreased Several attempts have been made to ach1eve thls bas:cally by modlfymg

‘the open end of the sensor

The conﬁguratlon shown in Flgure 2 uges a concentnc cylindrical conductlng
disc placed over the end of the inner conductor of the coaxial line [4] This reduces
the gap between the two coa.xla.l conductors at the end and increases the energy
stored in the frmgmg field. However, the a.chleved 1mprqvement in this way was not
significant. M . ‘ o ' ' .

The multl-rmg coaxial sensor d&icnbed by Stuchly et al: [5] is shown in Flgure 3.
This modification allows an inérease in the fringing ﬁeld ca.pamta.nce by an, order
of {nagmtude as compared with the fully—open—end Bensor. ‘This sensor, when fabri-
cated in a standard 14-mm coaxial line with GR 900 eorinector; extended the range
of i in-vivo measurements “of biological tissues down toa frequency of a.pproxuna.tely
-- - 10 kHz. '

: R

Despite of attractive capaeitance values, this sensor creates two problems. First, -



CHAPTER 1. INTRODUCTION I 4

I.
. -

Substrate B

Maltiple
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Connectors
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Figure 3: Multi-ring coaxial sensor. (a) 'sectiénal'view. (b) gap pattern on the front
face: L ‘ ' '
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Substrate_zsq -

. Sampie .

‘___......__..... Gé'p.

W Metal
£ilms

Connector .

ial. ' - S S “(b)

‘Figure 4: Rising-sun coaxial sensor. (a) sectional .vie’v{r.. {b) gap pattern on the f;oht )
face.” - : ‘ N '

it is very difficult to fabricate a 7-mm sensor and therefore making measurements
- over small sample areas very difficult. -Secondly, the conductive straps used to
_ connect the rings of the sensor to the inner and outer conductors of the line. have '
introduced unaccountable stray capacxta.nces Apparently, this has caused consid-
erable errors in the theoretical evaluatlon of the 8ensor.
After this brief rev1ew, a need for a new demgn of a sxmple coa.xxal line sensor

" having high fringing-field capacitance should be apparent. The “R1sm'g sun” coaxial

" sensor shown in Figure 4 was a.na.lyzed by the iuthor,- theoretically. The gep between

‘the conductive films which are fabricated over a dielectric substrate resembles a
curved interdigital line. The films are oppositely charged by. connectlng to the inner
and outer coa.xml conductors, respectively. Although this configuration satisfied
. the previousij’r mentioned requirements, it was found that the contribution-to the
fringing-field made by straight-radial seg_ments'o'f the-gap was relatively sthall. This.

r



. .CHAPTER 1. INTRODUCTION ‘ . 8
= led to ;a. conclusion that it is‘more,adventageous to increase the number of arc-like
'ﬁeémenté‘ of the gap rather than the number of straight-radial segments. Hence the
1dea. of the “Ba.nya.n tree” coaxial sensor, which i is thoroughly studied in this work,

has emerged S '

-

1.2 - The “Banyan-}j:ré‘e” Sensor

The banya.n—tree sensor shown in Figure 5 comprises of two metal films which are |
dep031ted on a substrate and separated by a narrow gap. The gap which traces
‘a Iarge fumber of straight lines and arcs is responmble for the hlgh frlngmg-ﬁeld

‘ capamta.nce ‘The outer metal film is connected to the outer conductor A conduc-

' tive wire which passes through the substrate connects the inner film to the inner
conductor The ba.nya.n—tree pattern formed by the gap on the front surface of the
seflsor is shown in Flgure 5(b).

':.1l2‘.11' Sen_eof Parameters

The imi)ortant deeign parameters of the banyan-tree séns‘o; are defined below. The
velu_es__.of some parameters 'ﬁerta'ming to the pattern shown in Figure 5 are given in

curly braces.

(1) Number of “trees” (M) : Number of ‘banyan-tree-like units in
‘ the pattern {3}. | .

(2) Number of “branches” (N) : Number of 1l;ra.nche'.‘a on each side

, of each tree {2}..
(3) Gap width (g) . Average width of the gap.
(4) Inner-gap radius_l_(a.;) : Smallest radius of the gap. o #
(5) Outer gap radius (b) : Largest radius of the gap. B h
(6) Oister radius.(c) : Radius of the metal pattern.
(7) Tree width () : Spread angle of each tree. -
(8) Substrate dielectric constant (€,us)
(9) -Substrate thickness ({)
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éubétrate o

)

. Sample

4————— Gap

. Connector

(a) - | ()

| l“ ‘ + a ﬂ“‘
N ' c ]

(c)

Figure 5: Banyan-tree coaxial sensor. (a) sectional view. (b) gap pattern on the
front face. (c) pattern parameters. ‘
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(10)Metal film thickness (d)

1.2.2 Equivalent Circuit

If radiation by the narrow gap is neglected, the sensor can be represented by a

lumped capacitance termma.tmg a coaxial line. The value of this complex: capac-

itance C is de‘pendent onthe complex ‘permittivities of the substrate, the sample -

and the medium ﬁ!lmg the coaxial line (assumed to be: alr) and frequency.
In general, the relationship between the capacitance C and the sample complex
relative permittivity ¢, is so complex that it is difficult to determine ¢, by simply

measuring C. However, it will be shown in the niext chapter that with a few reason-

‘able approx1mat10ns, the capacitance C in- thls specific problem can be expressed

as a linear. functlon of ¢,. That is,

C =Cr+e6C = (1)

where Cp and C; are constants for a given sensor and are independent of the sample

permittivity. The capacitance’ Cy here may be-interpréted as the external capac-

, itance whose value, when multiplied by the sample permittivity, represents the

storage of energy and losses in the dielectric sample The internal.capacitance C;
represenfs the storage of energy'in fnngmg field outside the dielectric sample. Losses
other than the dielectric losses in the sample are neglected thus Cy and C; both are

real quantities. The equivalent circuit of the sensor now reduces to the form shown .

in Figure 6.

1.3 Méthod of Measurement

For the measurement of the permittivity €, of a sample, it is kept in contact .with
the front face of the sensor. The input reflection coefficient of the sensor is then
measured by the Automatic Network Analyser {ANA) and is given by :

o-Y¥ |

o ¥ _ 2
p" = pe’ iy (2)
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_../J. - - -

Coaxial line Sensor end

Figure 6: Sifnpliﬁed equivalent circuit of the banyan-tree sensor.

where Y, is the characteristic admittance of the coaxial lie and Y is the input

admittance of the sensor given by :
Y = jwC =jw(Cr+6C) - (3)

Here, p represents the ma.gnitude of the reflection coefficient and 1 represents the
pha.se of the reflection coefficient referenced to the plane of the open end of the
sensor. When expression (3) is substituted in (2), the sample dielectric constant ¢

and loss factor €” can be expressed as :

g _ __ 2psing . C "
~ wCoZo[1+2pcosy+p " Co
" 1-— Pz
© = ()
wCpZp[1 4+ 2pcosp + p? -

where Zg = - is the characteristic impedance of the coaxial line.

The use of the linear model for the capacitance results in simple closed-form
expressions for thc;. real and imaginary parts of the permittivity in terms of the
reflection coefficient of the sensor. The ANA controller can be programmed to read
values of w, Z;, Cy and C;, measure p and t using the ANA, calculate ¢ & €' by
(4) & (5) and lprint results. - -

For the determination of the dielectric constant and loss factor of a sample using

equations.(4) and (5), it is necessary to know the two capacitances associated with

.“‘.
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the sensor, namely Co and C iz These capamta.nces can be 6bta1ned experimentally.
For that, a sample with known € and ¢ is used and the input reflection coefficient
of the sensor is measured. Then-(4) and (5) are solved for C; and Cy. This can be

repeated with a number of sa..mples to improve the accuracy.

1.4 Objectives of This Wor_k.

The main objective of this work is to design a sensor with high fringing-field capac-
itance, for low frequency dielectric measurements.

This was accomplished in two steps. First, the proposed banyan-tree sensor
was numerically analyzed to estimate its capacitance. Then, the capacitance of an
experiinental_banya.n-tree sensor was measured to verify numerical results.

Another objective is to provide design data for banyan-tree sensors. The results
obtained from the numerical anlysis of several banyan-tree sensors are presented in °
tables and graphs. These will b€ useful for one to find the parameters of banyan-tree

”\sensors to meet gwen specxﬁcatlons

—

1.5 Summar&, Chapter+—

The banyan-tree coaxial sensor probosed in this work provides a high fringing field .
capacitance and hence allows accurate in-vivo measurements at low frequencies.
Further, it preserves the simplicity of the coaxial sensors, making the fabrication of
small sensors easy. - o
In dielectric measurements, gensors can be rep—reﬁeatéd by the two capacitances,
Co and Cy. The usual problem is to design a sensor having specific capacitances.
In this work, several banyan-tree sensor configurations are theoretic:ally analyzed to
produce some useful design charts. Using them, one can find the values of sensor

parameters required to obtain the required capacitance va.luee



Chapter 2

APPROACH TO THE
ANALYSIS

2.1 Assumptions

In this work, following assumptions were made to simplify the numerical analysis - -

of the banyan-tree sensor.

1. Quasi-Static Conditions : It is assumed that {he quasi-static conditions are
valid in the frequency range of interest. Hence,\the radiation of energy at the
end a.nqlthe higher-order mode propagation in the line are not accounted for.

Fringing field capacitance is determined by solving an electrostatic problem.

2. Infinitely-thin Metal Film : The finite thickness of the metal film is neglected.
This avoids the difficulty of modelling the shape of the metal film edges. It
also reduces the real 3D-charge distribution over metal films to a 2D-charge

distribution.

3. No Effect of Near-by Conductors : The effect of the nea.r-_By conductrcbjrsﬁ(other .
~ than metal films) such as electrodes, connecting wires and inner and outer

conductors of the coaxial line on the fringing field is neglected.

11
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Alr

Metal
filmsg

(a) . (b) -

Figure 7: Simplified sensor for analysis. (a) After assumptions.(1) to (4). (b) After
final simplification. :

4. Infinitely Large Substrate Radius : Although the radius of the dielectric sub-
. strate is actually equal to the radius of the outer conductor of the coaxial line,

it is assumed here that the substrate extends radially to infinity.

2.2 Simpliﬁéatidn of the Problem

With above mentioned asguml;fions, the structure to be analyzed is reduced to the
~ Gne shown in Figure 7(a). It has two infinitely thin metal films deposited on a
substrate and separated by the narrow gap forming the banyan tree pattern. The
substrate which extends laterally to 'mﬁnity'.has a finite thickness [.

' For the analysis of the simplified structure shown in Figure 7(a}, Green’s function
can be derived ush;g the method of images adopted by Stuchly et al. in the analysis

of the multi-ring sensor [5]. The presence of the air /substraie boundary is accounted
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for by introducing an infinite series of image chﬁrge.s. Since the strength of images
decrenses with the distance from the metal film, it is possible to truncate this series
at a finite number of terms. The number of terms in the truncated series for Green s
functnon is detcrmmed by the required accuracy of the analysis...

‘When one tries to follow the method described above for the q.nalyﬁis of the

structure in Figure 7(a), the following difficulties are usually encounte;jed :

1. The presence of the air/subs_trilatc interface in this structi;re creates, a weak |
normal component of the electric field at the substrate/sample interface (g};p).
As described by Gajda and Stuchly [7), this has to be represented by a
more complex non-linear capacitance model. Hence the simple two-shunt-
capacitance model shown in Figure 6 and described by expression (1) fails
and the fringing field capacitance is not a linear function of sanible perrﬁit-

tivity anymore. Expressions (3) and (4) have to be modified according to the

new model. o

2. With the introduction of the image-terms into the Green’s function, compu-
tational effort increases significantly. The introduction of the first-image term

almost doubles the computer time required for the analysis.

If one neglects the presence of the air/substrate boundary and assumes that the
substrate has infinite thitkness (semi-infinite solid), these difficulties will disappear.
After this assumption, the structure to be anmlyzed is reduced to the one shown in
Figure 7(b).

In the analysis of the rising-sun sensor shown in Figure 4, simplified forms cor-
responding to those shown in Figure 7{a) and Figure 7(b) were considered. In the
analysis of the first one, only the strongest image was taken into account. When
;’)ractical values such as [ = 3.2 mm and ¢,y = 2.35 were assumed for sensor param-
eters, the difference between the values obtained for the fringing field capacitance
was less than 1% for sample permittivities grater than 10. The higher ‘lthe sample
permittivity, the lesser was the difference between the two results.

Simillar results could be expected for the banyan-tree sensor. Due to the two
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N

Metal film pair
in free-space Gap

(a) _ ‘ (b

Figure 8: Hypothetical structure to be analyzed. (a) sectional view, (b) front view
'(S* - inner metal film, $~ - guter metal film).

facts that the main application of this sensor is for low frequency dielectric mea-
surements of biological materials and most biqlégical materials exhibit high pizrmit—
tivities at low frequencies, it is reasonable to neglect this difference without further
investigation. Hence, the presence of air/substrate boundary is hereafter negle‘cted

and the structure shown in Figure 7(b) is analyzed instead of that in Figure 7(a).

2.3 The Simplified Problem

After above simplifications, the structure shown in Figure 7(b) is analyzed. Let
us in_lagihe the case where the same infinitely thin metal film pair lies in space
without any supporting or nearby materials. This hypotheticai structure is shown
in Figure 8. Let Cy, be the corresponding (ffe&space) fringing-field capacitance
between@he metal films. Identifying the fact that the only difference between the
structure shown in Figure 7(b) and this is that in the former, one half of the space
is filled by the substrate and the other half by the sample, we can express the total

fringing-field capacitance C in terms of C, and relative permittivities ¢, and ¢,ys.
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That is : . '
¢="ZLqute 0

Comparing expressions (1) and (6), the two capacitances in the banyan-tree

sensor model can be identified as :

. _ C!. . . R .
== (Tl)
¢ = Paw @)

Hence, for the determination of capacitances Cp and Cy, it is enough to analyze

the free-space structure shown in Figure (8). Once'C}, is obtained, C; and Cy, can '

be calculated from (7) and (8), respectively.

2.4 Integral Equation Formulation

For the determination of capacitance Cy, of the hypothetical structure sth'{l_ in
Figure (8), let us assume that an electrostatic differential _volfage of 1V is applied
across the gap. The resulting surface charge density distribution on metal films is

denoted by p(s). Then, the total charge on the inner metal film is given by,

@ = [ ols)ds O

where S* represents the surface of the positively charged (inner} metal film: Due -

to the unit \‘.?oltage difference, the capacitance is simply given by,

- Cfn=Q

According to the electrostatic theory, Poiston’s equation has to be satisfied every-

d

(10)

where in space. That is,

vig(o) = -2 W
where : . .
#(v) = electrostatic potential
p(v) = volume charge density -
¢ = absolute permittivity

and V? — is the 3D-Laplacian operator.
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The solution .t.o this paft.i'al diﬂ'erent.ia.l equﬁtion has been identified as [8]:
. N

/ p-‘hreR ' - (12)

where V is the vélume over whlch the charge is dlstrlbﬁted Primed coordinates jre\p-—
Vrasent the source pomt and unprimed coordmates reprment the observa.tion pomt.
" Ris the dlstance between the two pomts m space.
When dealmg with surface charge dlstr:butlons mstead of volume charge distri-
- butions, equa.tlon (12) has to be modified as follows |

. #(v) "[ pdweR " S (13)
- The fa.ctor —,r— whlch represents the voltage produced by an unit charge at a. dls- :
tance R could be identified as the Green’s function of the problem. -
Coming back to the problem’on ha.nd the domam of, mtegratmn is°§ = Stus-
where §* is thé inner metal film surfa.ce and §~ is the outer metal film sur['a.ce
According to the geometry, the polar coordinate gystem is prefered If (o', G') is the

source point and (r,6) is the observation point,

d."j"‘ = r! dr dg' . . A C (14)
R .= \/f?-i- r? — 2rrf coé(@ -89 - (15)

é(r, :6) =1 if the observation point lies on the inner metal film (S*) and ¢(r,0) =0
if it lies on the outer metal ﬁlm (S87). "For this free—space problem, ¢ = €o- All this

knowledge can be combmed to re-write the equation (13) as

f [ p(r', 6" dr df' 4mey if (r,8) € ST (16)
Srus- \/r’ + 1’2 — 2rr' cos(d — 6’) © 0 if(r,0)e ST .

.. This is the integral equation wh:ch is to be solved foi"-.p(r, 8). Once the surface

charge density is calﬁulated, C/, can be determined from (9) an{i' (10) as :

I .'C]," = ['[‘” p(r,0) r dr dIB (17)

Unfortunately, the nature of equation (16) does not lead to an analytical solution.
Therefore, a numerical technique called Method of Moments (MOM) is used to

obtain an approximate solution to this equation numericaly.

—

hd
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2.5 Summary, Chapter 2
- _ . .
Tje complex three-dimensional geometry of the practical banyan-tree sensor does

not permit an exact and.efficient anilysis method to be used, Thus some approx-: -

imationq are made to reduce the complexity. The problem is further simplified by ‘

assuming infinite substrate thickness, mainly to save computer time required for the

analysis. According to past experiences, this s{xould not introduce any significant.

_ inaccuracies in the final results. ¢

The hypothetical structure shown in Figure (8) is A;mlyzed to determine the
corresponding fringing field capacitance Cy,. Then, the required sensor equivalent
circiut pa.ra.meters namely Cp and Cy, are calculated using expressions (7) and (8)

The determination of Cy, requires an integral equation to be solved. The avail-

A e —

| able analytical tools fail here, and therefore Method of Moments is adopted to

e
v
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THEORY OF THE METHOD OF
MOMENTS

o

N

N
-
. N

3.1 General Mqlfhgd

The method of moments has been widely used in.solving both deterministric and
‘eigen-value problems [9,10]. Theory relevant to solving deterministric problems is

presented here. Let us assume that,

. =y -y
be the linear functional equation to be solved. Here,h'-' . .
L : . alinear operator ; - -
f+ ¢ . unknown to be determined y - ' -\
and y :  input function. / '

The method involves two ba‘sic‘ steps; expansi;n and testihg In the e;&pa.nsion;
the unknown function (f) is expressed-in terms of known functions called expansion
(or basis) functions and unknown coefﬁcmnts. The expansion functions are selected
so as to satmfy bounda.ry condmons of the problem and to best approximate the

exact solutlon Let N

f=2 a.-'f:" o o (19)

=1

18
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where | «; : unknown coefficients

- and  f; : expansion functions.

Substitution of (19) in (18) and the use of linear properties of the operator lead

to: . v

N . ".' ) .
Z ((L1;) (20)
For testing, a set of functlons called testing (or we1ghtmg‘) functlons is used to
minimize the error introduced by the approximate expa.ns:on process, in 3 welghted
sense. Selecting IV testing functions w;, and multxplymg (20) by each, we get
Z aqwi(Lf;) = wiy (21)
j=1 L

Let us define the inner product as :
<> = ‘/;] uy dfl. (22)

Applying this to (21), we get,

N
Z a,—<w.~,£f,- =< w,y > ‘ (23)
i=l : '

which is a set of N linear simultaneous equations. It can also be written in the

>

matrix form as,

A& = b (24)
.\'vhere .
Ay = <w,Lfi> (25)
b = <w,y> | (26)
and
& = [ogy...,an)7 (27)

The matrix equation (24) is solved for the unknown vector & If [A]™" exists,
[A]7*e (28)

The substitution of coefficients a; in (19) gives the moment method solution to the

;

problem.
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3.2 Point Matching é#d Sul;_)lge(;tion“' Methods

Selection of Dirac’s functions as testing functions simplifies the evaluation of ifiner
products (25) and (26)- "I.‘hi5~;apecialization of the moment metliod which is most:

suitable to solve integral 'é‘quations is called the point matching method. Let,

w; = §(F—r) (29)

where r; represents the testing points at which exact satisfaction -of equation (18)
is guaranteed. Then, expressions (2_5)';1_1_1d (26) reduce o :

Ay = Lf; |rer _ .
RS | b = vlen R (30)

As mentioned earlier, thé'expansion functions have to satisfy the boundary con-
ditions of the problem. In many cases, it is difficult to find such functions defined -
over the entire domain of the solution. Hence, sometimes they are defined only over
specific subsections. ] | )

The simplest expansion functions defined over subsections are the pulse func-
tions. A pulse function assumes the value of unity over its: domain of existence but
zero elsewhere. In solving integral equations with point matching, the use of pulse

expansion functions greatly simplifies the evaluation of the matrix coefficients.



Chapter 4

NUMERICAL ANALYSIS

4.1 Implementation of MOM

In this section, the moment method with pulse exfansion functions and Dirac’s delta
testing functions is used to find an approximate solution to the integral equation
(16). The domain of solution § = §* U 5~ is shown in Figure 9(a).

Expansion : 2-dimensional pulse functions defined over sub-areas are used for

expansion. The 70 sub-area (S,-)‘Vis defined by the four parameters -

ry; = smallest radius .

- . ry; = largest radius
8;; = smallest angle
f,; = largest angle

as shown in Figure 9(b}). Then the ]th expansion function f; is defined as

{

1 if (r,0) € S;

. (31)
0 otherwise.

fi(r,8) = {

&

The entire domain of solution (S) is divided into large number of sub-areas.

Let, S* area is divided into L, number of sub-areas and §~ area into L; number of

21
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() T w

Figure 9: (a) The entire domain of solution. (b) definition of 7t sub-area. ,
. A N\
sub-areas. Within each sub-area, surface éhzﬁ:ge density is assumed to be constant.

Hence, the solution to equation (16) is approximated as

Li+La -

- p(r,6) = Z_:l p; fi(r,0) (3‘33‘\-_; |

( T

N

where p; is the sur{ace charge density over 7 th gub-area. It is e{i&ant that the use of
“pulse functiphs for expansion has resulted in a two dimensional step approximation

to the surface charge distribution.

Testing : 2-dimensional Dirac’s delta functions are used for testing. Selecting the

centre of the i*P sub-area as the jth testing point, we have the ith testing function
. ¥

S

as-

w;i(r,8) = 6(r — rmi, 0 — 0pni) * (33)
where |
roo o= Tl '; rai L
6., = Sutfu " (34)/
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With this testing, the approximate solution (32) and the exact solution both should
produce the same voltage at least at all the testing points. "
Comparing expressions (18) and (16), following analogies can be identified :
f ! .
L f / ar' df' (35)
s \/r"' + r'? — 2rr cos(8 — 8"}
f = p(r9) (36)
4rey  if (r,0) € ST
y —
0 if(r,8) €S

Hence, the expression (30) for matrix coefficients can be re-written as:

A = [f fir'dr' d8'
N s \/,.2 +r? — 2rr' cos(@ — ')

r=F i d=0mi
_ _[_[ f; v’ dr' d' (38)
s \/r,’m + 1% — 2rpnirf cos(fm; — 9")

With the definition of f; in (31), above expression reduces to : -

r' dr' do' |
Ay = f f 2
8; \/—Emi + 1'% — 2t cOS(oma’ - B')

aﬂ, ! ! I ‘

b5 Jrij \/rfm + 1% — 2rpir! cos(fpmi — 6')
Also

b = dmeg  if (FmiyOmi) € ST (40)
0 ] f(rmlieﬂu)es‘_' |

The matyix coefficient A4;; can be interpreted as the voltage produced at the ;th

th sub-area.

testing point by a unit surface charge density distributed over the j

The matrix [A} and the vector b are evaluated using a.bove expressions. Then
the unknown charge coefficients p; are found by the expression corresponding to
(28), ie. |

F= 14175 @
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where
~ __ T .
P = [p1ie 5L L] (42)

Finally, these coefficients are substituted in (32) in order to obtain the approximate
solution to (16). |

4.2 Evaluation of Matrix Coefﬁéienté '.

It can be seen that the evaluation of A;; using (39) involves double integration. To
best of the author’s knowledge, there is no closed-form analytical solution to this.
However, fortunately, the first integration with respect to r' can be as shown in
Appendix A done analyti;:ally. ‘.

raj r' dr'
["l:‘ \/r;‘;“- + 7= 2r v cos (0 = )
- { Fy;(0") i 0' 5 Oi o1 (6" = Oy and 1 < 1yj)

Fi(6)

[H

Fyf(0') 3 0' = O and 1y > 1o - (43)
where - -
Frij(0) = rmicos(0mi —0') In| ra; — rmicos(fpm — 6') + Fs.-,-(ﬂ')_l
| ~Ti €O8(8mi — 0') I | ry; — romicos(Omi — 8') + Fii; (6" |
+ Fuij(0') — Fuij (¢') ' (44)

Fii(0) = (rj—r35) + rmiln | :“::—::';—; I | (45)
Fy;(6) = \/ ric+ri; ~ 27 mir2; co8(0n — 8') ' (46)
Fi; (6 = \/ rai+ 1l — 2rpury;cos(fm — 07) - (47)

Here F;;{0') rei:oresents the voltage produced at a testing point (rmi, mi) by a radial
line charge extending from ry; to rz; and kept at 8 = §'. It can be evaluated using
expressions (43) to (47). The 6nly exception is when &' = 8,,; and ry; < rpy; < ry5.
In thi:;,caae, the testing point falls on the line charge itself thus making the resultant
voltage F;;(#') infinite. It can be shown that this only occurs when ¢ = 5. This is

because the testing point is always in the middle of the it gub-area whereas the

Ll
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line charge source should be within jth
that s = 7.

Substituting (43) in (39), we have,

sub-area. Their coincidence hence implies

i

ey ’ .
Ay = fs " Fi(6") df" 48)

1y

As long as 1 # 7, the function F;;(§') does not produce singularities, due to reasons

mentioned before. This allows one to perform the integration in (48) numerically.” =

The fuction F;(¢') is evaluated at sufficiently large number (K; + 1) of equally

spaced sample points falling within the interval of integration (;; — 8;;). Let the

| kth-sample point be :

0 = 91j+kA0j

where Af; = b — by

'If the trapezoidal rule is used for numerical integration, expression (48) becomes :

Fi:‘(:z;') + £y Fii(0e) ] (50)

Fi{0y)

A,’j= Ae}[ J( 1}) +

2 k=1

All the off-diagonal coefficients of the matrix [4] can be calculated using this for-

mula. '
However, the determination of diagonal coefficients of the matrix A} is not so

simple. In this case, { = 7 hence expressions (34) can be re-written ‘as :

e
v
e

Bn;." = omj = —-—J-olj —; 02 i
and o ) ‘ .
! f'm‘- — rmJ' — ——rlj + r2j : ) - (51) '
~ : 2 e

.

As described before, the function Fj;(§') produces a singularity at ;. This has

~ to be considered in performing the integration (48) numerically. In this wox:k,- o

the problem of numerically integrating this singular function was attacked in two
different ways. '
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In the first approach usual numencal mtegra.tzon was pe!rformed on Fi;(6,
according t&' the formula. (50). The singularity was deliberately eliminated by not
selecting 0,,; as a sample pofnt For thi.e, an odd number is _chosen for each K.
Then always 6' 5 8,,;, therefore according to (43) Fi;{6") = Fl.,(t?') which could be
evaluated using (44). This approach is outlined in Figure 10(a).

The a.lgonthm of this approach looks simple. Nevertheless, one has to select
sufficiently. la.rge numbers for K; in order to reduce the error introduced by neglect-
ing the smgulamty Still there are limitations. More s&mple pomts means more
calculations ‘and more computer time. .Apart from this, with, hngher values of K,
the two sample points closest to the singularity get more closer to it. At certain
li'o'iht, they beceme so.close that the values of the function F;;(9") at them become
too large to be handled by the computer.

The second approach divides the range of integration into two-parts : the neigh-
bourhood of the singularity and the rest. In the singularity neighbourhood, the
function F;;{¢") is approximated by a suitable simple function and it is integrated
analytically. In the rest of the range, usual numerical integration is performed
according to (50). The introduction of analytical integration makes the algorithm
move complex. The advantages of this approach over the ﬁrst. are (1) higher accuracy
(2) K; is only limited by computer time. The approach is outlined ir Figure 10(b).

Since + = j, the functmn'F‘(ﬁ) is now symmetncal about the singularity. This

. property is exploited to express the diagonal coeﬂic:ents as :

A= fg (0 o' = 2 / F(#) de' R

where F;;(0) is still given by,

1

Fj;(8) = Fy;(0') S @)

Here Fi;;(8") is obtained by substituting i = j in (44). It can be seen that the

second term in the expression (44)-is responsible for the singularity of E,-,—(ﬂ')‘ at

0ns. This is because when i = 7, as §' — 0,5,
Fyi(8) . o rp—ry o
cos(0m; —0') — 1 A

TN

LY
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‘ . ‘ . - - .l:.
F.{0) Singularity F.l@)} 4 Singularity
i : / n ‘/ .

uﬁﬁﬁy X
Singularity

neighbourhood
|<——-—b-i
' |
> : : >
emj @' emj ©

(a) ' ‘ (b}

Figure 10: Two approaches to handle the singularity at 8,,;. (a) usual numerical
integration, neglecting singuiarity. (b} analytical integration of approximate func-
tion at singularity. ( — exact-function, . approximation for numerical integration,
-.-approximation for analytical integration. )

kY
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therefore, the a.rgtiment. of the natural logarithm approaches zero, making its loga-

rithm very large.:Hence it is advisable to separate this term from the rest. Let,

Fi;(8') = F(0') — Fiy;(0Y | (54)

where

(00 = rmjcos(Bmy — 8') In | ra; — rmjcos(0m; — 6') + Fyy;(6') |
+ Fy;;(8') — Fy;(6') (55)
Fii{0) = rmjeos(8m; —0) In|ry; — rpjcos(bn; - 6') + Fiy;(8') | (56)

Expressions (52) to (54) can be combined as :

Aji=2 [ Fl(6) \dg' - f FiL.(6')d8' (57)

n;r

As the function Fy;;(¢') does not produce singularities, the first integral can be
§1mpiy evaluated numerically. Nevertheless, the second integral is to be dealt with
differently. ' .

In the -Appendix B, 1”(9) is approximated by a simple function in the neigh-
bourhood of the singularity. A problem arises here in defining this “neighbourhood” '
quantitatively. In this work, the upper limit of that (9;1-) is defined as follows. 6"
is inci'ea.sed from 0, in steps of Af; given by,

B3 — by

Ao" - 5 (58)
b KJ' .

where K is a large even integer defined for each sub-area. The smallest value of 8
at which F};(6') becomes small enough to be handled by the computer is taken as
mj. Let,

On; = Bmj + §j AB; (59)

By symmetry, the lower limit of the neighbourl;g:od is automatically defined as,
S

- [ -—_—8,,,, - I’AE;‘\/

mj

60)
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As shown in the Appendix B, the analytical integration of approximate function
“over the neighbourhood results :

- 2rm-r .
jFx'S,(ﬂ') df' = rmy dn| =R
- mjJ 1y .
sin{n-y; .
~2rm; [ In(2) + 3 —(;rll] (61)

where

T = 8:;‘ — Oy =1 AG;-'

-

when ry; # 0. Otherwise, the a.rgti:ment of the logﬁ:ithm ie. (2rm;ri;)/(rmj = r1;)
should be replaced by (2r,,;). The infinite series can be truncated according to the
accuracy required.

Outside of this neighbourhood, F{};
zoidal rule. However, in order to follow the steep variation of the functién, it is

(6') is numerically integrated using the trape-

necessary to sample more frequently. Hence a small sample spacing A#f; is used.

Then,
0, . ) 34 9+ Fu 8.y -
2 1”(8,) dg, — AH;[ l;;( )2 1_1;( :J)v
my
Kj1-1
+ Z 1 (Oms + kAE)) | (62)
k=li+1 A

Combining all these expressions, A;; in (57) can be expressed as:

Fi;(O0mg) + Fiyi(00) 5 k6,
Ai.f = Aa}[ o : 2 ML + Z: 1::(9ﬂ11+_-2'_)]
k=1
’ Fr (67 . g Kif2-1
— 2A01[ l.TJ( mJ)+ lJJ( 21) Z: F{r” m,+kA9;)]
2 l""l +1
2rmiT1;
2rms; In | —2—
JT’J N | Tog — 15 |
' sin(ny;
+ 4fm,'["1,' 1n(2)_,+2-%] ‘ (53)

If r); = 0, the term In | (2rpm;715)/(Fms — 1) | should be replaced by In(2r,,;).

® 14
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2nM

(a)
(b)

Figure 11: The ‘period’ and.‘unit’ of the pattern. (a) One tree forms one period.
(b) Half-period is one unit. ) '

4.3 “Use of Circular Periodicity

A brief look at the banyan-tree pattern on the sensor face reveals the circular
periodicity of the pattern [Figure 5(b)]. One period has the angular spread of
27 /M radians, where M is the number of “trees” in the pattern [Figure 11{a)].
Since two points on the metal film separated by an integral multiple of this angle
should have the same surface charge density, it is sufficient to determine the charge
distribution only over one perié;d, in order to calculate the capacitance. -

Further investigation shows that the charge distribution over one period should |
beé symmetric; allowing one to concentrate only on one half of the period - the ‘unit’
shown in i?;igu:e 11(b). In'.fa.ct, only this unit is divided into sub-areas. Onge the
charge distribution over this is determined, the overall distribution can be found
simply by consideriig the symmetry and periodicity of the ;_.)‘roblem.

So far we assumed that S* and 5~ represents the entire positively and negatively -
charged surfaces, respectively. Since our target is now only one unit, a correction is
made. Let S* be the positively charged area of the unit shown in Figure 11(b). It

"is divided into L, number of sub-areas. S~, the negatively charged area of the same



L

N
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STEPZ STEP1 |

Figure 12: Division of the main unit into sub-areas. The sub-areas closest to the
gap have the average width STEP1. The next row has the average width STEP2.
(Assumed: N =1, L, = L, = 18)

0

unit, is divided into L; number of sub-areas. This division is shown in Figure 12.

* It seems that, in the calculation of charge distribution, one has to consider only

the ‘main unit’ shown in Figure 11(b); and the rest (2M —1) number of ‘image units’

" “can be neglected. This is really not true. That is because not only the charges on

main unit but also those on image units contribute to the voltage at testing points.
Hence a new interpretation to the matrix coefficient A;; is necessary. It is now
the voltage produced at the’ ith testing point, by a unit surface charge density
distributed over the jt'h sub-area {S;) in the main unit and the other corresponding -
‘image sub-areas’ located in image units. Correspondingly, the expressions for A;;
[(50) ahd (63)] have to be modified.In order to take into acepunt fhe-cg;htributions

= K2
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from image sub-areas. _
If we comnsider a source point (r',6') on.S;, the corresponding image points on

the (2M — 1) image units can be identified ds:

,27rl :

Ty =1, M-
(a6 s i=1. M-

2l _ -
(r,;! 6 ; I=1,...,M . ) © (64)

In this case, the expression (39) for A;; is, modified as:

12 — 2r it cos(fm; — 6')

/‘[ ‘ r' dr' df' (65)
S; sub -area + \ﬁfm +

_image sub-areas

After combining (64) and (65) and rearrangihé, we have

]'/ : r! dr' do'
5; \/ 2+ = 2r v cos(fpm, — 0')

/f r' dr' df'.
\/ o+ = 2r i cos(fm; — 0 — 27l /M)

dr' d¢’
+Z[[ L (66)
=17 7Si \/r:‘;“- + 1% — 2rpir' cos(8p + 0 — 271 /M)
1

Previous sections dealt with the integration of the first term in detail. The
other two terms can be integrated following the same procedure, namely analytical
integration with respect to r' and numerical integration with respect to #'. Since all

. the testing points are confined to the main unit and the image sub-areas are away
from that, singularities are impossible. Thus numerical integration can be safely
performed for integration with respect to #'. With these contributions, expression
(50) for off-diagonal matrix coefficients is modified as:

A,- = A8 5 (91;)42‘ F}.(03;) Z (ACAY (6;1) |

where

27l
LAGE +E%w—w Zﬂwiwv (68)

e

. 3'-
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with Fy;;(8') defined by expression (44). Simillarly, the expression for diagonal

coefficients now becomes?:

(91:) + F" (82: !

A;’j —_ Aﬂ[ JJ 5 + E Fn
(Bung) + FL(62,) i ~ m?"'
. m 25 .
+ Ae:[ ‘.I.JJ J > 155 J Z FI” mJ > J)]
2rmiv; In | m—— ]
sin(n-y;
+ drp;ly; In(2) +Z EL'T’)] |
Fro (gt + F" (8 Kij2-1 '
— 248} 131 (9ms) & 5 ”) Z F{;, mj + kA)) (69)
2 k-—-‘ +1 Y
where
ot it ' M 2wl - I
Fi;(6) ZFm( +9)+ZF1:°:'(“A}'—9) (70)
1=1 =1

4.4 Calculation of Capacitance

We are now in a position to determine the surface charge density distribution over
metal films, following the procedure outlined in section 4.1. It is given by the

‘th

expression (32). Then, the total charge on j*" sub-area ard its (2M — 1) image

sub-areas can be calculated as:

Q' = pjo; ‘
where o; = M(rg,- - r:,-)(ﬂzj — 815) (71)
The total charge on the p&;itively charged metal ﬁlm is given by:

-5 e, (12)

According to the expression (10)! the capacitance of the hypothetical free-space

<

structure shown in Figure 8 is given bx,_\d_\

Crn = Q | {73)
2If ry; = 0, the term In | (Zrm,-rl,-)/[r:,—,- — r15) | should be replaced by In(2ry;).
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4.5 _Summafy', Chapter 4

Momen( method is used with Dirac’s testing functions and 2-dimensional pulse
- expansion functions to translate the integral equation (16) into a system of linear
equations. The coefficients of the matrix [A] associated with the linear system are .
determined by a combination of analytical and ;mmerica.l integration techniqﬁ;zs.
The circular periodicity and symmetry of the problem are t;.xploited to reduce the"~
order of the matrix effectively. Theé approximate charge distribution obtained by

solving the linear syétem is used to find the capacitance of the structure shown in
Figure 8.
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"NUMERICAL RESULTS «
| ‘ "' . ‘) o

In this cHapter, se{reral banyan-tree sensor designs are analyzed follo‘wing‘the pro-
cedure described before and numerical results are presented. The analysis involves

following steps:

‘Division of main unit into sub-areas’ (Figure 12).
Formulation of the linear system of equations.
Solving the linear system.

Calculation of free-space capacitance (Cy,).

S N S

Calculation of sensor capacitances (C;,Cy and C).

A FORTRAN program called DIVI is used in the first step. The next three
steps are handled by another FORTRAN program named CAPA which calculates
the value of Cy,. The actual sensor capacitances, namely internal capacitance (Cy),
external capacitance (Co) and total fringing-field capacitance (C), are then evalu-
ated using expressions {7) and (8). ’

For sensors used with 14mm lines, linear dimensions are chosen according to the;

following criteria.

a = line inner conductor radius .= 3.102 mm.
b = line outer conductor inner radius = 7.144 mm.
c = line outer conductor outer radius = 10.20 mm.

3

35 -
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]

For convenience, all the linear dimensions are normalized such that the largest
radius is unity. With the scale factor (for 14mm sensors) of 10.2 X 1073, normalized”
dimensions are: a, = 0.3041, b, = 0.7003 and ¢, = 1.0000. .

. Always, the radial separation between .any two succesive arc-like gap segments

is kept constant (k in Figure 5). Tree’s spread angle (&) is assumed to be 57/3M
radians. Since a + § is one period. (Figure 5), # is automatically set to #/3M

*radians. Calculated free-space capaﬁitance is denormalized by CAPA itself. All the
computer prdg_ra.ms are listed in the Appendix C: 4

5.1 Program Descriptions

5.1.1 Progf‘am ‘DIV.I" .

This program divides the main unit of the bé.hyan-tree pattern into sub-areas and .
labels them. Each sub-area takes the ‘general shape shown in Figure 9(b) and is
defined by the four parameters rl,, rai, 01; and 83;. The positively charged area

(S*) is divided into
: "Ly = 13N +5

number of sub-areas. S, the negatively charged area is divided into another L,
- :

sub-areas, where
| L = I
A divided and labelled ﬁnain unit for the case N = 1 is shown in Figure 12, as'an
‘example. For higher values of N, the same method of division is repeated by DIVI.
The sub-areas closest to the gap have the average width of STEP1 and the next
row has the average width of STEP2 (Fig. 12). The values of M,N,g (GAP, in
millimeters), STEP1 and STEP2 (normalized values) are the inputs to the program.
Normalized dimensions a, (ANORM), b, (BNORM) and ¢, are preset according to

~ the sensor d1men81ons ‘

The program calculates the coordma.te parameters of all sub-aréas. It also de-
termines the value of K; for each sub-area, which is used in expressions (67) and

T

(69). Recall that K; + 1 is the number of sample points used for the numerical
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integration of expression (48). Sample frequency of 2/degree is used. However, it

is ensuredthat at least five samples are selected for each sub-area. ' )

Finally, this program stores the coordinate parameters (ry;, ra;,8;,62;) and K_,'. )

of all the sub-areas in the data file called ‘COORD’, in a tabular format. Also

written into the same file the inputs to DIVI, namely M, N, GAP, STEP1 and
- STEP2.

5.1.2 Program ‘CAPA’

9
This program calculates the approximate charge distribution and capacitance of the

free-space structure shown in Figure 8. first, it reads M, N, g, STEP1, STEP2 and
"sub-area data from COORD file. Then the linear system is formed as follows: -
(a) Testing points are selected according to expression (34). |
(b) Input vector to the linear system, b is formed according to expression (40).
(c) Off-diagonal terms of the system matrix [A] are evaluated by expression (67).
The subroutine EBOTH calculates Fj;(§') according to (68), when the input pa-

" rameter K is set to 1.

(d) Diagonal terms are evaluated from expression (69). The first term of this ex-
pression, which represents the contribution from image sub-areas is calé:ula,ted first.
FI.(8') defined i ion {70).i% Catculated by subroutine EBOTH, setting K to
1:(6') de ted in expression calculated by subroutine , setting
0. K
Then, the contribution from secome

function subprogram EXPO1 calculates the value of Fj;;(6') from expression (55)

(69) is calculated and added. The

For the evaluation of the last three terms of expression (69), K; is defined as:

5 o

K! = 100K; (74)

4

Next, the ‘singularity neighbourhood’ half-width «; is found by calling the sub-
routine HWIDTH. This subroutine uses the criterian described in section 42 to
determine 6, and {;. ,

Then the third and fourth terms of expression (69) are calculated and added.

The infinite series in fourth term is truncated with an error of less than 0.1%.
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.

. Finally, the contribution from last term is added. To evaluate that, the function -
subprogram EXP02 calculates FY;;(8") from expression (56).

‘ The linear system so formed has the cha.rége‘ density vector p as the unknown.

’ However, it is desirable to select the charge vector Cj defined by,

- . Q@ =1[Qu. Qs [T
as the unknown. This ensures a well—behaﬁing systemn matrix. According to expres-
sion (71), 7 |

dr = Pi0;
hence A;j is divided. by o; to form the new system matrix. The linear system is
solved using library subroutines. Finally, free-space capacitance Cy, is. calculated

using expressions (72) and (73). All calculations are done using double precision -

arithmetic.

5.2 Results

5.2.1 14-mni Sensors

Results obtained by the numerical analysis of few 14-mm banyan-tree sensor designs

are given below. Following sensor parameters are common for all designs. i}

Inner gap radius (¢) = 3.102 mm

Outer gap radius () = 7.144 mm

Outer radius (¢)- = 10.20 mm
"Tree width . (@) = $w/3M rad

Table 1 and Table 2 give the calculated values of free-space capacitance (Cy,)
 for several sensor designs. STEP1 and STEP2 for these calculations were selected
as 0.003/N and 0.027/N, respectively. Plots of Cy, versus average-gap width for

three-tree sensors are shown in Figure 13.
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Table 1: Calculated Cy, for 14-mm three-tree sensors (M = 3, a-=‘100:‘) .

. > | N | Gap width | C;, (pF)
¢ (mm) - :
) 1 10 2.086
1 15 1.881
1 20 1.725
i 1 35 1.408
2 10 2.597
2 15 2.280
2 20 2.049
2 35 1.576
3 10 3.037
3 15 2.612
3 20 2,286
3| .35 1.652
;
w -

‘ I o

39«
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The calculation of the equiz;alent circuit parameters and the total fringing-field
capacitance ig straightforward. From expressions (6). to (8),

e C,. :
:! _— | C! = €sud 2! . 4
. ;:. ; \- ‘. A. CO =‘ ng_‘ ,
S : 2
L ! i W, _‘.-;&nd «-g = Cf + E'CO DRI . (75)

"No doubt, the most nseful désign'-'clil;nrts are the plots of total capacitance. It in
lplotted against sample permittivity for different sensor designs in Figures 14 to 16.
The graphs given are for lossless sa.mples thus both €,.and C are real quantities. In
the case of lossx sa.mp]es, ¢ replaces ¢, and Real( ) replacés C. Substrate'permit-
tivity of 2.35 is. assumed which corr%ponds to RT Duroid. For other substrates,
sumllar plots can be easily- generated using express:ons [75)

B3 \:"

5.2.2 7-mm Sensors

Ay

‘Linea.r'dimensions; for.7-mm sensors are chosen as follows:

Inner gap radnm © (a) = 152mm

Quter gap radius (b) = 3.50-mm
" 'Quter radius ~ .fe) = 5.00mm

This selection i is made a.ccordmg to the followmg criteria. Inner condy,etor radius

" of the 7-mm coaxial line is chosen as a and the inner radius of its outer conductor
is chosen as b. To achieve same norma.hzed dlmenalons a,, and b,, as 14-mm sensors,

. a'scale factor of 5.0 x 1073 is necessary. Then denormahza.tlon of outer radius ¢,

(= 10) gives thevalueofcas50mm

It is clear that this’ 7-mm configuration is a scaléd '-down version of the 14-

mm cdnﬁgu:ntion Therefore, correepondmg capacitances can also be obtained

| by properly scaling down the correspondmg values of 14-mm sensors. The correct
scaling down factor i is the ratio between the two scale factors, ie. (10. 2 x1073) /(5.0

‘ 10"3) = 2.04. The results of acahng afe gwen in Table 3 and Table 4. It should be
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Table 2: Calculated Cy, for 14-mm four-tree sensors (M= 4,a =175".

- N | Gap width | Cy, (pF)
¢ {mm)

1 10 - 2.183

1 .15 1.959

1 20 | 1787

1 .35 1.443

b 2 .10 2.675
T .15 2.335
2 .20 2.087

2 .35 1.581

3 .10 ' 3.084

3 .15. 2.652

3 .20 2.309

3 .35 1.632
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Table 3: Calculated Cf,. for 7-mm three-tree sensors (M = 3, o = 100°).

T

N | Gap width | Cy, (pF)
g (mm)
1 .05 1.023
1 07 0.992
1 10 0.846
1 17 0.690
2 .05 1.273
2 07 1.118
2 .10 1.004
2 17 0.773
3| .05 1.489
3 .07 1.280
3 .10 1.121
3 17 0.810
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[}

Table 4: Calculated Cy, for 7-mm four-tree sensors (M ] 4,0 = T5%).
' )

N | Gap width | Cy, (pF) ] .
g (mm) :

<

1 05 - | 1070

1 07 0.960

1 10 | 0876

1 17 0.707

2 05 1.311

2 .07 1.145

2 10 1.023

2 17 0.775

3 .05 1.512 : g

3 07 1.300

3 10 1.132 .

3, 17 0.800 ’

noted that the.avera',ge gap width is also scaled down by the same factor. Plots of

total capacitance versus sample permittivity are shown in Figures 17 to 19. Again, °

N
substrate permittivity of 2.35 is assumed.
Y

5.3 Discussion

In this -analysis, division into sub-areas could be done in numerous ways. Many of

the possibilities were tried and ﬁha.lly the criterion used in the program DIVI was
selected. It generates only 26N + 10 sub-areas; a reasonably small number as far
as practical sensors are concerned (N up to 3). It should not be forgotten that the

required computer time is approximately proportional to the square of the number |

of sub-areas. It was seen that the result of the analysis (Cy,) is rather insensitive
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to the changes in values of STEP1 and STEP2. _ ~ .

As expected, the computed results in Tables 1. to 4 show that the increase of
number of trees does not contribute much to the ca.faa.cita.nce. In fact, increasing M
does not increase the total 1ength of arc-like segments of the gap. Insted, it adds
few more radial segments into the iaattern. As observed in the analysis of fi_;ﬁng-sun
sensors, this cannot enhance the capacitance appreciably. Hence, the graphs were

produced only for three-tree sensors.

"
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Chapter 6

EXPERIMENTAL RESULTS

6.1 Expei‘imental Sensor

A banyan-tree sensor was fabricated to verify the results of the numericél analysis.
. Figure 20 shows a zectioral view of the ‘experimental sensor. Photograph of the
front and rear faces is given in Figure 21 Very thin metal films were realized over
an RT-Duroid substrate disk,.by selective etching. Copper electrodes-on the back
side were also made by etching. Outer metal film was electricé.lly connected to the
outer electrode by a layer of conductive paint. A thin wire passing through the
substrate connects the inner film to inner electrode. Sensor dimensions were chosen
- for use with the GR-900 connector. ‘

The parameters of the experimental sensor (as defined in section 1.2.1) are:
M=3, N=2, gap width (¢) = 0.1 mm, inner gap radi.uf;.(a) = 3.0 mm, outer gap .
radius (b) = 7.1 mm, outer radius (c) = 13.0 mm, tree width (a) = 100°, substrate
relative permittivity (¢,u) = 2.35, substrate thickness (I) = 3.2 nm and metal film
thickness (estimated) (d) = 5,uin. ) '

~ The sensor was installed in a GR-900 connector fitted to a 14-mm coaxial line,
It was attached by a nut screwed 'to the connector. A step in the sensor front face
(Figure 20) was used to accomodate the nut. | (This metal nut inreased the value of

¢ up to 13.0,mm.)

52
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Figure 20: The experimental banyan-tree sensor, sectional view.
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6.2 - Measurement of Sensor Capacitance .

The external and internal capacitances (Cp and Cy) of the exf:érimentil sensor were
measured in the frequency range 1 MHz - 100 MHz; as described below.

PR

3.2.1 Theory

The sensor is kept in contact with several dielectrics whose electrical properties are
known and the input reflection coefficients are measured at a particular frequency. If
the reﬂectlon coeficient measured with the kth sample hav:ng the dielectric constant

€, (at the measurement frequency) is pye¥*, the total (real) capacitance of the sensor

“

. 2ppsinyy
wZo[1 + 2px cos ¢ + pi]

Ck=.€LCo+C_{= - (76)

by re-arranging expression (4). Using this, Ci corresponding to each sample is

calculated at that frequency. For N samples, the following system of N equatmns

. can be written with two unknowns, Cyp and Cj.

&Co+Cr=Cr; k=1,...,.N (77)

for N > 2, the system hae the redundancy of (N —2). E.Ience,l"C'o and Cy can be

determined according to the least square method as:

G22by — ay3bs

ay1Gz3 — G'f: E

Cc, = anby —apb - o (78)
f 2 .

a11a22 — 433 .\

CD =

where

: N N .
.2 - — i —
ﬂu=-zfg ’ au—ZE',, 1 an"N_
: k=1 k=1 '

N N '
=) €éCr.and by=) C, - (19) .

k=1 k=1
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6.2.2 Procedure

-

Measurements were carried out with the following five pure liquids whose dielectric

properties are available in the literature: 1-propanol, ethanol, methanol, water and

formamide. For each liquid, the dlelectnc constant at the measurement. frequency

- was calculated from the Co!e~Cole dispersion equa.tlon (14]:

where

.E‘
€o
T,
a
and f

€, — €

¢ =g = 14 (2mj fr)t-=

4~ €g (80)

static value of dielectric constant
optical value of dielectric constant
characteristic relaxiixtion time
distribution parameter ‘

measurement frequency. - -

For methanol and formamide, ¢,,¢,,7 and « corresponding to the measurement

temperature were obtained by interpolating data published by Jordan et.al. [15].

The formulae given in-References [16] and [17] were used to calculate €, and 7 of

water, respectively. Temperature independent values of 4.6 and 0.014 were selected

for ¢, and & of water, according to Ref. [18]. Parameters of ethanol were found

in Reference '{19]. Values of 20.5, 3.3 and 385 ps were chosen for ¢,, ¢ and 7 of

propanol ai 25, C° [6] In the temperature interval 20-25C?, ¢, and 7 of propanol

were assumed to be constant, but ¢, was calculated by interpolating the data given

in Reference [20].7a of propanol was always assumed to be zero.

.The input reflection coefficient of the sensor was measured by an HP 3577A

automatic netivork analyzer. It was seen that propanol, the liquid with low dielectric

constant, gave very small phase angles of reflection coefficient (< 1°) at frequencies

below 1 MHz. The resulting high percentage uncertainty of the phase angle could

cause large errors in the final results. Hence measurements were made above 1 MHz.

Thirty measurement frequencies, uniformly distributed in the log scale over the
L\l/MHz-IOD MHz frequency interval were selected. At each frequency, ¢, for each

sample was calculated using the Cole-Cole equation (80). The measured values of

b
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14-mm experimental banyan-tree sensor. -

Parameter | Measured | Calculated | Differeuce
value (pF) | value (pF)
Co ° 1.49 1.30 12.8%
¢ 3.15 3.05 3.2%

57

Table 5: Comparison of the calculated and measured values of Cp and C; of the

px and 1, were used to calculate C;, for each sample, according to (76). Then, Cy
and C; at that frequency were calculated using (78) and (79). In Figure 22, the
sample dielectric constants, corresponding C; values and the least squdre fit are

graphically presented at 20.5 MHz, as an example.

6.3 Results and Comparison

The external capacitance (Cp) of the experimental banyan-tree sensor, determined
as described just before, is plotted against frequency in Figure 23. This graph
clea.ff&' shows that C; is almost constant up to 40 MHz and increases with frequency
thereafter. The average value of Cp over 1-40 MHz interval is found as 1.49 pF. The
standard deviation of Cj over this interval is 0.015 pF. The internal capacitance C;
has the average value of 3.15 pF. The large variation of Cy about this value shows
a standard deviation of 0.473 pF. ‘

" From Table 1, the theoretically estimated values of C; and Cy of a banyan-tree
sensor with parameters, M=3, N=2, g=1a=3.102 mm, =7.144 mm, ¢=10.20 mm,
a=100° and ¢,,;=2.35 are found as as 1.30 pF and 3.05 pF respectively. These values

are compared with the measured values of the experimental sensor, in Table 5.
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.
6.4 Discussion

In our a.nal.ysis, self inductance of the sensor has been neglectéd assuming that the
inductive reactance is negligible compared with the capacitive reactance. Although
this is true at low frequencies, with increasing frequency, the former increases and
the latter decreases, making inductive effects more significant. The addition of
a positive inductive reactance to the negative capacitive reactance appears as.an
increase in the sensor capacitance. This must be the reason for the apperent increase
of Cp above 40 MHz. These inductive effects limits the use of the 14-mm banyan-tree
sensor to frequencies below approxinia.tely 40 MHz.

The external capacitance of ti1e actual sensor can be different from that of the
ideal sensor due to two major reasons; finite metal film thickness and variations in
gap width. Due to non-zero thickness of the metal films, a miniature parallel plate
capacitor is formed at the gap. This effect was not taken into account in our analysis. '
Ah approximate value for this parallél plate capacita.nlce can be obtained by the
formula C = e4/d. It is found that each micrometer thickness of the metal‘ﬁlm'
can increase Cp by 0.013 pF. The specified metal film thickness of the experimental
sensor is S5um. However, it may possibly go up to 10um due to imperfections in
the etching process. An increase in Cp by about 0.1 pF can be expected due to this
thickness. ‘

Theoretically, the width of the gap should be 0.1 mm along all the arc-like seg-
ments. Although it varies along the radial segments, it should be 0.1 mm again at
the centre. However, variations in the gap width as large as 4:20% were observed
in the experimental sensor. This was due to errors in making the mask and im-
perfections in the manufacturing process. The sensitivitylof Co to these variations
was estimated using the graphs of Cy versus gap width. At ¢ = 0.1 mm, the value
of 3C /8¢ was found as —4.2 pF/mm. The significance of this is evident from the
following numerical example: a reduction of the average gap width by only 10%
results in an increase of Cy by as much as 0.04 pF.-

On the other hand, the numerically calculated value of Cy cannot be considered

as the exact external capacitance of the ideal sensor, either. The approximate
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nur'nerical‘ method ‘which assumes a two dimensional step distribution for cha_r(ge
. density may involve some inaccuracies. The differences of 12.8% in«Cp and 3.2%
in'C; between the calculated and measured values may be due to an unfavourable

combination of these effects.
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Chapter 7 I
' £ %

FINAL DISCUSSION AND
CONCLUSIONS.

7.1 Discussion

The method of moments (MOM) and the finite element method (FEM) are the
most frequently used numerical techniques to solve electromagnetic boﬁndary value
problems. Although FEM used simple algorithms, MOM was found to be more ap-
prdpriate for the analysis of fully-open-ended coaxial sensors [4]. This, together with
the difficulty in dealing with three dimensional finite elements led to the selection
of MOM in this work. ) |

MOM itself takes several forms. The Galerkin method where expansion and
testing functions are the same, is found to have good convergence properties. But,
it results in more complicated expressions for matrix coefficients. On the other hand,-
point matching method gives simplest expressions; hence minimizes the computer
time required to form theineag system. Previous studies show that both Galerkin
and point matching methods give very close results when used to analize fully-open
end sensors [4]. Hence, point matching method was a,dopted in this work.

Some results were obtained using Amdahl/CMS computer system. VAX/VMS
system was used for others. Linear sysfem of equations was solved by double preci-
sion Fortran library routines (In VAX, SSP routine ‘DGELG’ [12] and in Amdahl,
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IMSL routine ‘LEQT1F’ [13] ). Most of the computer time was expended to form o
the system matrix. With M=3 and N=2, Amdhal computer took about 150 CPU.r o
seconds for the complete analysis. VAX computer needed 20 CPU minutes for the "
same task, X

Numerical results presented in Chapter 5 show that banyan-tree sensors can be
realized practically to achieve external capacitance (Co) of approximately 1.5 pF.
In this respect, it is comparable with multi-ring sensors where Co of 1.2 pF is
possible with 0.1mm gap [5]. Nevertheless, other advantages of the banyan-tree
sensor should not be overlooked. It needs only one connecting wire and no straps;
hence fabrication is easier than multi—riqg sensors:

Realization of 7-mm multi-ring sensor is very difficult. The simplicity of banyan-

tree type allows e'gsy. fabrication of small sensors. If the sample is inhomogeneous,
- the sensor averages sample permittivity over certain volume. Hence, small sensors
are preferred for the measurement of permittivity distribution of inhomogeneous
media. They are also needed to deal with small samples. According to numerical
results, 7—mm“banya.1‘1-tree practical sensors can have Cp val;.les up to 0.7 pF. This
should make a dramatic improvement in the measurement frequency range of small
open-ended coaxial sensors.’

It shogld be noted that the results presented in Chapter 5 are for sensors with
specific dimensions. The air/substrate interface of the sensor was neglected in all
the calculations. This is reasonable if the substrate is several millimeters thick
(>3mm) and the sample relative permittivity is grater than 10. Otherwise, the
effect of the interface has to be taken into account. It can be accomodated using
the image coefficient method described in Reference [11]. A little modlﬁca.txon of
‘the CAPA program and a lot more computer time is needed for this task.

It is seen that, both external and internal capacitances (Cy and C;) of the sensor
strongly depend on the gap width (g) and the number of branches in the pattern
(N). They hardly vary with the number of trees (M). However, one can guspect
that M can make a noticeable change in sensor self-inductance. Low values of
M forms long current paths between the coaxial inner and outer‘conductors thus

possibly would lead to high inductances. This in turn would cause errors in high
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_ fre(iuency measurements.” Hence, values of M = 3 or-4 should be used in general
. applications.- -

Another factor whxch may hmat the ma.xlmum usable frequency of the sensor
is the rad:atron at'the open end. Antenna effect of the open end was not treated
" in this a.nalyms Nevertheless according to aperture radla.tlon theory, one cannot
expect the narrow gap of the sensor to radiate effectwely in the frequency range of
interest in this work, ie. -up to 100 MHz.

-The theoretical values of ea;;acita.nces'given in Cha.pter 5 would not be practj-
cally achieved unless specral care is taken in rnask prepa.ra.tlon and sensor fabrica-
tion, If the metal ﬁlm thickness exceeds: 1 pm, a correctlon for parallel plate effect

s necessary. This can be easily done uslng the pa.rallel plate capamtance formula.

‘ Nevertheless, a correctlon for. the imperfections in gap width is not so easy. Hence,

it.is very unporta,nt to make every effort to realize a- hrgh quality gap pattern.

7.2 Con‘(':lusi'on_s

’I_‘he fringing-ﬁeld_-capacita.nee of the banyan-tree aen.ser is by an order of magsitude
higher than that of the standard open-ended coaxial sensor. For example, 14-mm
‘ banyan—tree sensors can be ‘easily realized to" have external capacitances (Cyp) of
1.5 pF and therefore to allow accurate in-vivo measurements of blologma.l tzssues
at frequencies as low as 10 kHz. Further, fabrication of the banya.n—tree sensor
is relatively easy as compared w1th the multi-ring sensor. It is hoped that a 7-
mm ba.nya.n—tree gensor with Cy close to 0.7 pF will significantly improve the low
: frequency limit of 7. -mm Sensors. ‘
The tables and graphs gwen in this thesrs can. be used for the des:gn of banyan-
 tree sensors to meet spec1ﬁc requrrements Neverthelass it is important to keep
in mind: that these results were obtained by an approxlmate numeru:al techmque
Further, 1deal condltwns such as zero meta.l thickness were assumed in the analysis.
The measured capa,c1ta.nce of the experunenta.l sensor shows that thé quasi-static
- assumption is valid _at least up to 40 MHez. "
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The apparent increase of the capacitance at_high frequencies is most proba-
bly due to the neglected inductive effects. This limits the upper useful frequency
of the banyan-tree sensor. Larger values of M may improve the high frequency
performances, by reducing inductive effects. " .

An interesting e'xtension of the studies of open-ended coaxial line sensors would
be the design of a broadband sensor for dielectric measurements. More consideration
should be gven to .the inductive effects and a dynamic analysis of the sensor should

be performed.
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INTEGRATION OF THE
GREEN’S FUNCTION

.\

_.The doublé integration.in expression'.(34) has to he Berfc'yrme.d for each and ev-

’ ery matrix coefﬁcmnt Here the first integration with respect to r’ is carried out

' a.na.lytlcally Let, -

’ _ r dr
T Fy(@) /
ri; \/1'2 +- r i 2T COS(G' - 0"“')

3 ’ I3
S

For convenience, let us mal_ig following variable changes.

Tmi® — @

cos(ﬂ"—ﬂ,;,-)- — «a
Then, |
l Trdr

\/r= +a? — 2aar

[ - (r—eaq) dr [ ac dr
\/r——aa)"'-}-a’ 1—a?) . \/r—aaz—{-a’(l—az)

| Using well-known mtgg:ation formulae, this is found to be equal to:

Vr? +a? = 2aar + aaln | (r — aa) + Vr? + a® — 2aar [

(81)

A

(82)

(83)



APPENDIX A. INTEGRATION OF THE GREEN'S FUNCTION Cer
Therefgre, '
Fi(0) = | | .
\/rf,- + 13 — 2r;rmicos(8 - O;) ‘
- \/rL +rd; — 2rirmicos(8' — 0n)
4+ rmicos(8' — 0,) )
‘ ra; — rmi €o8(8' — 0my) +£/r3. + 12, — 2rairpmicos(0' — O
X]nl ‘2_1 mi ( ) \/2, 25T mi ( .. )I (84]

r15 — Tmi €08(8' — 0i) + "?J + T — 2157 mi €08(0' = 81ng)

Above expression is useful in calculation of F;;(6') when 0" # 6,.,,:" and when:
¢' = 0 and rp; < ry;. In both cases, F;{8') is finite, When §' = 6 and
ri; < rmi < ra; the value of Fi;(6') tends to infinity. If §' = fm; and rp > raj, the
argument of the logarithm becomes indeterministric. For this case, F;;(8') can be

determined as follows. Now, as §' = 0,,;,
T35 rdr

.. (9! —
F‘!J (8 ) j,.”.‘ \/’-_2 —+ rfm, —_ erm’-

(85)

Since ry > raj, Tmi > 7 in the interval of integration. Therefore,

\/r’-f-rfm.—er,m- =IT'—Tm, }=1',.,“~—T

and hence,

F.-,-(&') _ /_r::' rdr

ri; Ymi— r

' Tmi — T1j
= (ry;—raj) 4 mi In| =—2| . (86)

Combining the two results, the integral can be expressed as:
! Fii5(8') if 6" # Opmi or (6' = 6 and 1y < 13j) o
F;(6') = -
F3;(6') if 0' = Opn; and g > 1o S
where |

AN . ' . T2; — T COS(G' - 0.,,.) + Fs.'j(gl) -
Fli.'l (0) = Tmi COS(G Gnu) ln I rlj — i COS(&’ . am‘) + F4._,(9') I
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Appendix B r”q |

INTEGRATION AROUND

- . .

SINGULARITY -~  °

1In this section, the function FY;;(6') defined in expression (56)is approximated by a

' simple function in the neighbournvod of its singularity at 6,;. Then, it is-integrated

over this.region. From (56}, we h#ve, ' ' .,
§ . : |
R0 = rmicos{8' ~0m) dn |y — o cos(6' ~ 6rm;) . .
+\frd; 4 2 = 2yt cos(8 — Om;) | | (88)
The integraiion to be performed is, . . . - g‘\
. . ST ‘+ ) .
X = f‘ R0 9

In the interval of integration, 8" =~ @, '-he‘ncg |

155 (0) = rmyIn | ryy — 1o + \/"?:‘ + 71, — 2ryrmjcos(8' — i) | (90)

For convenience, following variable changes ‘are made,

ryy = T
¥
fmj = ™m . '
- . .
& ~ Bm,- —~ T M
- Then,
Al Q -

ui (=) .zs' rm In | r—rm+ r?4+rl —2rr,cosz

L]

WL e 69
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* and then,

FH

5

(z)

—~
—~

since rp, > r. For very closer 8 and 8y, = & 0 hence,

N

a2
-
4rr,, sin? (z/2)
(r—rm)? <1
i o gin?
. 2
Tm In | 2rrem sin”(z/2) |
m—T
2rrm ]
L lnm + 21’m In | Bln(.’I:/Z) |

Ifrv; = 8,*,'..,-- 0m;, now X can be expressed as:

fu]
Heowever, abov

A

X

e

7

A

f. -
12

f v Fi;;(z) dz
0
2rro ’ T ., g
rmYs lnl il i + 2rmf In | sin(z/2) | dz
'm — T 0
o 12 .
*m7; In rr_m + 4r, [1: In | sin(z) | dz
| rn — 7| “Jo .

: sin(2nzx
(z) dz = —z In(2) - Z %—)
X is fpund as:
N
! 21’1,’1‘,“1
rmiY; 1IN
74 | s — 11 |
sin(n-~;)
2rmi [v; In(2) + E nl 2

prasikon\ fails when ri; = 0. Then,

@)

R

Q

T'mj coa(ﬂ' — 9,,,,-) In l fmj'[I - cos(ﬂ_"— omi)l |
Fj I0[rm; (1 — cos z)]
Ymj lnlzrmf Si:_nz(a:/z)] ‘

g IN{2rm;) + 2rm; In | sin(z/2) |
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N
Integrating with repect to x as before, X islfou.nd as:

X [ry=0 = Tmj¥i In(2rm;)

“2rng [y In() + 3 220
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Appendix C

COMPUTER PROGRAM

" LISTINGS

& '

The DIVI and CAPA computer prokrams used in the numerical analysis of the

banyanzjree sensor are hsted in the followmg pages

T~
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. i
- .
. - DIVISION [INTQ SUB .~ AREAS *
. .
L] L]
) ) " .
* PROGRAM NAME : DIVI *
. PURPOSE : TO DIVIDE THE MAIN-UNIT OF THE BANYAN »
. TREE PATTERN INTO SUB-AREAS. .
. .
(L L Ty T T Y]
(o4

Cc

DIMENSION A(50),B(80),R1(100),R2(100),T1(100),T2(100),KK(100)
INTEGER P,Q ) .
DOUBLE PRECISION RA(100),RB(100),TA{100),TB(100)

M - NUMBER OF TREES

N — NUMBER OF BRANCH PAIRS

AP ~ AVERAGE GAP WIDTH (MILLIMETERS)
STEP1 & STEP2 — SUB AREA WIDTHS (NORMALIZED)

SCALE ~ NORMALIZING FACTOR

ANORM - INNER GAP RADIUS (NORM.) - —- . -
BNORM ~ OUTER GAP RADIUS {NORM.)

CNORM — OUTER RADIUS (NORM.)

— RADIAL SEPARATION OF GAP

RADI1 OF ARC-TYPE BOUNDARIES (NORM.)

~ ANGLES OF RADIAL BOUNDARIES (DEG.)

ANGL ~ PERIOD OF THE PATTERN (DEG.)

RADIUS — MID POINT RADIUS OF RADIAL SEGMENTS

GAPANG ~ ANGLE OF RADIAL GAP (DEG.)

W1,W2 — ANGULAR WIDTH OF RADIAL SUB-AREAS
2°L - TOTAL NUMBER OF SUB-AREAS

w >
1

PRINT *,'ENTER M,N,GAP(MM) ,STEP1,STEP2 (NORMALIZED)’
READ *,M,N,GAP,STEP1,STEP2

SCALE=10,2

GAP=GAP/SCALE

BNORMm, 7003

ANORM= , 3041

CNORMa=1.0

Plm4, *ATAN(1.)

Hes (BNORM-ANORM-{ 2*N+1 )} *GAP) /(2*N)

o000 n00000000000000000

v

COORDINATES OF BOUNDARIES ARE CALCULATED :
ARC-TYPE BOUNDARIES :

OO0

A(1)=ANORM-STEP2
A(2)=ANORM-STEP1
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A(3)=ANORM

Jmi

DO 10 Imi,2¢N
A(J)mANORMAGAP+( 1-1) * (H+GAP)
A(J+1)}m=A(J)+STEPT
A(J+2)=A(J}+STEP2
A(J+5)=A(J)+H
A(J+4)mA (J+5)-STEP1
A(J+3)=A(J+5)-STEP2
JmJ48

10 - CONTINUE

Km4+12*N
A(K)=BNORM
A(K+1)=A(K)+STEP1
A(K+2)=A(K)+STEP2
A(K+3)=CNORM

o

RADIAL BOUNDARY LINES :

ANGL=1BD./M °
J=1 :

DO 20 i=1,2°N
B(J)=mANGL
B(J+8)=0. :
B(J+5)=ANGL/5.
B(J+1)=ANGL-B(J+5)

RAD 1US=ANORMAGAP+H/2 . + (H+GAP) * { 1-1)
GAPANG=GAP*180. /(RADIUS*F1)
Wi=STEP1*180./(RADIUS*PI)
W2=STEP2*180. /(RADIUS*PI)

B(J+4)=B(J+5)+GAPANG
B{J+3)=B(J+4) W1
B(J+2)=B(J+4)+H2
B(J+6)=8(J+5) W1
B(J+7)=B(J+5)-W2

11=2¢(1/2)
IF (11.EQ.I) THEN
. DO 30 L=1,9
30 B(J+L—~1)=ANGL-B(J+L—1)
END IF
JmJ49
20  CONTINUE ‘

COORDINATE FARAMETERS OF SUB-AREAS : -
R — SMALLEST RADIUS (NORM.)
R2 ~ LARGEST RADIUS (NORM.)
+ 71 - SMALLEST ANGLE (DEG.)
T2 - LARGEST ANGLE  (DEG.)

D ODO0ODO0O0O00



R1(1)=0.
R2(1)wA(1)
T1{1}=0.
T2(1)=ANGL
R1(2)=A(1)
R2({2)=A(2)
T1{2)=0.
T2(2)=ANGL
R1(3)=A(2)
R2(3)=A(3)
T1(3)=ANGL/2.
T2(3)=ANGL
R1(4)=A(2)
R2(4)=A(3)
T1(4)=8(8)

" T2(4)=ANGL/2.

JuB
Km2
Pm?
L=5+13*N
DO 200 JJmi,2
DO 100 [=1,N
R1(J)=A{K)
R2(J)mA(K+9)
T1(J)=B({P)

© T2(J)=B{P-1)
R1(J+1)mA(K)
R2(J+1)=A(K+9)
T1(J+1)=B(P+1)
T2(J+1)=B(P)
R1(J+2)=A(K)
R2(J+2)=A(K+9)
T1(J+2)=B(P+2)
T2(J+2)=B(P+1)
JuJ+13
K=K+12
P=P+18

100  CONTINUE

J=l+12

K=8

P=16
G0 CONTINUE

J=8
Km10

P14

DO 400 IIm1,2
DO 300 Im1,N
R1(J)=A(K)
R2(J)=A{K+1)
T1(J)=8{P)

&
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s

300

400
A

c

c

T2{J)}mANGL/2.
R1(J+1)mA(K)
R2(J+1)mA(K+1)
Ti(J+1)-ANGL/2.

T2(J+1)mB(P+3)

R1{J4+2)=A(K+1)
R2{J+2)=A(K+4)

 T1(J+2)=B(P+2)

T2{J+2)=B(P+3)
RI{J+3)mA(K+1)
R2(J+3)mA(K+4)
T1{J+3)=B(P-1)
T2{J4+3)=8(P)

R1(J+4)mA(K+4)
R2(J+4)=A{K+5)
T1 (J+4)=B(P)

T2(J+4)=ANGL/2.

R1(J45)mA(K+4)
R2(J+8)=A(K+5)
T1(J45)=ANGL /2,
T2(J+5)=B(P+3)
R1(J+6)mA(K+3)
R2(J+6)=A (K+4)
T1(J46)=8(P)

 T2(J46)=B(P42)

R1({J+7)mA(K+1)
R2{J+7)mA(K+2)
T1(J+7)=B(P)

T2{J4+7)=B(P+2)
R1{J+8)=A(K+2)
R2(J+8)=A(K+3)

T T1(J+8)=B(P+1)

T2(J+8)=B(P+2)
R1(J+9)=A(K+2)'

R2(J+0)mA(K+3)

T1(J+9)=8(P)
T2(J+9)=B(P+1)
Jmd+13

K=K412

P=P+18

CONTINUE

J=L+2
Ked
Pm2

CONTINUE

R1(L)=A(2+12*N)
R2(L)=A(3+12°N)
T1(L)=0.

T2(L)=B(18*N-7)

R1(L+1)mA(4)
R2(L+1)=A(5)
T1(L+1)=8(2)
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T2{L+1)=B(1)
LL=2¢L-3
R1(LL)mA(4+12°N)
R2(LL)=A(S+12°N)
T1(LL)=ANGL/2,
T2(LL)=B(18*N-3)
LisLL+1
R1(LL)=A(4+12*N)
R2(LL)=A(S+12*N)
T1(LL)=0.
T2(LL)mANGL/2,
LLwbL+1
R1(LL)mA(S4+12*N)
R2(LL)=A(6+12°N)
T1(LL)=0. ’
T2(LL)=ANGL
LLmLL+
R1(LL)=A(6+12°N)
R2{LL)=A(7+12*N)
T1{LL)=0,
T2{LL) mANGL

{:ﬁ. J

DO 500 I=1,N

DO 600 Jm2,14
TaT1({L4GH)
T1(L4G+J ) mT2(L4G+J)
T2(L+o+J)=T

600. CONTINUE

. Q=Q+13

500  CONTINUE

OPEN(UNIT=10,F ILE="COORD"* ,STATUS="NEW")
‘' WRITE (10,1300) GAP®SCALE,M,N,STEP1,STEP2
DO 700 I=1,2°L
KK{1)=2°INT(T2(I}~T1(I})
RA{I)=DBLE(RI(1))
RB(1)=DBLE(R2(1))
TA(1)=DBLE(T1(I))
TB{I)=DBLE(T2(1})
~ _ IF (KK(I).LE.4) KK(1)=4

700  WRITE(10,1200)1,RA(I),R8{1),TA(I).TB(I),KK(I)

1200 FORMAT{2X,12,4(2X,D12.5),2X,14)

1300 FORMAT(2X,F6.4,2(2X,12),2(2X,F6.4))
STOP
END

-
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L3

 NUMERICAL ANALYSIS OF BANYAN TREE END

COAXIAL SENSORS'

» a2 2 2 8 8 ¥ s'6e

" PROGRAM NAME : CAPA o ‘ :
PURPOSE : TO ANALYZE “BANYAN TREE" OR SIMILLAR TYPE

SENSORS USING THE METHOD OF MOMENTS WITH
POINT MATCHING.

"

# O & & 5 8 # # & B & &

RASHEE AN NN N NSRRI PO S AN NSNS NN PN AN SN N AR NGRS RN LN AP RR RN

c
c

o000

O000000

5000

000

QOO0

2000°

.

DIMENSION K(62)
DOUBLE PRECISION R1(62),R2(62),T1(82), T2(62) T1D(62), Tzo(sz).
*A{62,62) ,8(62) ,AREA(62) ,WKAREA(3B44)
DOUBLE PRECISION PI,EPSO,RR1,RR2,RM,TM,T,RES,RES!,RES2,
*SUM, SUM1, SUM2, TT1,TT2,CAP,ERR, ERROR, EPS , GAMMA., CON, DELT
COMMON RR1,RR2,RM,TM,PI EPSO,NUM - /
COMMON/F IRST/TT1,TT2,KKK, I .- ' '

CONSTANTS: EPSO — FREE SPACE PERMITTIVITY .
SCALE — SCALE FACTOR FOR NORMALIZATION

Pl=4,DO*DATAN(1.00)
EPSO=1,00/(P1*36.D9)
SCALE~10.2£9

FOLLOWINGS ARE READ FROM THE FILE 'COCRD®
GAP ~ AVERAGE GAP WIDTH-
M, — NUMBER OF BANYAN TREES i
N - NUMBER OF BRANCH PAIRS ‘ . s
STEP1,STEP2 — SUB-AREA WIDTHS '

OPEN (UNIT=10,FILE="COORD’ ,STATUS="0LD")
READ (10,5000) GAP,M,N,STEP1,STEP2
FORMAT (2X,F6.4,2(2X,12),2(2X,F6.4))

L1 — NUMBER OF POSITIVELY CHARGED SUB-AREAS ‘
LT — TOTAL NUMBER OF SUB-AREAS

L1=13*N+S
LT=L{1*2 .

.

v

FOLLOWINGS ARE ALSO READ FROM *COORD’:

R1,R2 - ARRAYS OF SUB-AREA RADIAL COORDINATES

T1D,T2D — ARRAYS OF SUB-AREA ANGULAR COORDINATES (DEGREES)

K ~ ARRAY OF THE SELECTED NUMBER OF SAMPLE POINTS
DO 2000 I=1,tT

READ (10,3010) R1{1),R2(1), 1'10(1) T20(1),K(1)



3010 FORMAT (6X,4(D12.5,2X),14)

[}

0000000

100

200

1000

OO0 0

0

10

CLOSE (10)

RESULTS AND ERROR MESAGES ARE WRITTEN IN "RESULT® FILE
OPEN (UNIT=20, FILE='RESULT®,STATUS="NEW")

A’ — SYSTEM MATRIX {A}
SYSTEM VECTOR {B)

'T1,T2 - ARRAYS OF SUB-AREA ANGULAR COORDINATES (RADIANS)

RM — RADIAL COORDINATE OF CURRENT TESTING POINT
TM — ANGULAR COORDINATE OF CURRENT TESTIMG POINT
DO 100 Im1,L1

B(1)=4.DO*PI*EFSO
DO 200 ImLi+1,LT
B8(1)=0.00

DO 1000 fm1,LT
T1(1)=T1D(1)*P1/180.D0
T2(1)=T2D(1)*P1/180.D0 \

CONTINUE ! :

DO 300 Iwi,LT
R (R1(1)+R2(1))/2.D0
TM=(T1(1)+T2(1))/2.D0

RR1,RR2'— RADIAL COORDINATES OF CURRENT SUB-AREA
TT1,TT2 — ANGULAR COORDINATES OF CURRENT SUB-AREA
KKK = VALUE OF K FOR CURRENT SUB-AREA

DO 400 J=f,LT
RR1=R1(J)
RR2=R2(J)
TT1=T1(J)
TT2=T2(J)
KKK=K (J)

IF (I1.€Q.J) GO TO 3000
EVALUATION OF OFF-DIAGONAL MATRIX COEFF ICIENTS

CALL EBOTH (TT1,1,RES1)
CALL EBOTH . (T12,1,RES2) ‘
SUM=(RES1+RES2) /2.D0 g :
DELT=(TT2=TT1) /KKK
DO 10 KKmi,KKK-1
T=TT{+DBLE(KK) *DELT . .
CALL EBOTH (T.1,RES).

SUM=SUMHRES . ' .
A(1,J)=SUM*DELT
GO TO 400

EVALUATION OF DIAGONAL COEFFICIENTS : .
CONTRIBUTION FROM IMAGES 1S CALCULATED AS SUM.

B



C
3000 CALL EBOTH (TT1,0,RESY)
" CALL EBOTH (TT2,0,RES2)
SUM=(RES1+RES2) /2.D0
- DELT=(TT2-TT1) /KKK
DO 3020 KKw1,KKK-1
T=TT1+DBLE (KX) *DELT
CALL EBOTH (T,0,RES)
30_20 SUM=SUM+RES

SI.M-SW_‘DELT
c ' ) :
c CONTRIBUTION FROM THE SECOND TERM IS ADDED.
(o] . '

SUM1m (EXPO1 (TM)+EXPO1(TT2))/2.00
DELT=DELT/2.D0
DO 3030 KKmt, KKK-1
T=TM+DBLE (KK) *DELT

3030  SUM1=SUM14EXPO1(T)
SUM=SUMESUM1 2, DO*DELT

K' 1S TAKEN AS 100*K
KKK — VALUE OF K’ OF THE CURRENT SUB-AREA

OO0

KKK=KKK*100
. ) W

NEXT TWO TERMS ARE CALCULATED AND ADDED.
INFINITE SERIES IS CALCULATED TO .1% ACCURACY OR
10,000 TERMS.

GAMMA — SINGULARITY NEIGHBOURHOOD HALF-WIDTH

Q00000

CALL HWIDTH(GAMMA,L)
EPS=1.0—4
SUMImGAMMA®DLOG(2.00) ,
M= i

3040 CON=DSIN{MUPGAMMA) /e *2

' SUM1=SUM1+CON .
M=h -1 N
ERROR=CON/SUM1

- IF (MM.LT.10001.AND.ERROR.GT.EPS) GO TO 3040

IF (MM.GE.10001) WRITE(20,3050) ,

3050 FORMAT (° MO CONVERGENCE OF THE SERIES AT.10000TH TERM')
IF (RR1.EQ.0.DO) THEN

SUM=SUM= 2, D0% RMSGAMMASDLOG( 2. DO*RM) .

. + 4 _DO*RM*SUM1
ELSE
SUM=SUM-— 2, DO'W‘GAJM‘DLOG(2 DU‘RRi‘RM/(RM—RRi))
. + 4.DO*RM*SUM1
END IF

c LAST TERM IS CALCULATED AN ADDED TO THE REST,

sw1-(sxpoz(m+sm)+m=ozcrrz))/z Do
DELT=(TF2-TT1) /KKK ~
DO 3080 Kiel+2,KKK/2-1 *

’



81

T=TWHDBLE (KK) *DELT

3080 SUMI=SUMI4EXPO2(T)

4000

0000

1112

000

80

" 4001

50
20

70

(2]

SUM=SUM-SUM12,DO*RM*DELT ~ .
A(l,J)=S5uM

CONT INUE

CONTINUE

UNKNOWN IS CHANGED TO NORMALIZED CHARGE (0Q)
AREA — ARRAY OF SUB-AREA AREAS.
DO 4000 J=1,LT
AREA(J)=DBLE(M) *(R2(J) **2-R1(J) **2) *(T2(J)-T1(J))
DO 4000 I=1,LT.
A(1,J)=A(1,J)/AREA(J)
CONTINUE

-

LINEAR SYSTEM IS SOLVED.

KEY - SHOULD BE ZERO FOR VALID RESULTS
CALL LEQT{F '(A,1,LT,LT,B,0,WKAREA,KEY)
WRITE (20,1112) KEY

FORMAT(//’ KEY = ',14)

NOW, B ~ SOLUTION VECTOR (@)
FINAL CALCULATIONS FOR FREE SPACE CAPACITANCE

SUM1=0.D0
PO 80 [=1,L1
SUMTImSUMT48(1)

" CAP — NORMALIZED FREE-SPACE CAPACITANCE

CAP=SUM1*SCALE

WRITE (20,4001)

FORMAT{//* I Rt R2 THETA1  THETA2  CHARGE
* DENS.  CHARGE'//) :
DO 50 I=1,LT .

WRITE {20,20) I,R1(1),R2(1),T4D(1),T20(1).B(1)/AREA(I).B(1)
FORMAT(2X, 12,2(3X,F7.4),2(3X,F6.2),2(3X,010.3))
WRITE (20,70) CAP,GAP,M,N,STEP1,STEP2 '

FORMAT{(//* CAPACITANCE = *,F10.4," FF’,
* /7 GAP -, F5.2," MM',
* //*  TREES (M) = ',I2,
* /'’ BRAN.PAIRS(N)= *,12, |
. ///' (STEP 1 = *,F6.4,")  (STEP 2 = ',F6.4,")")
STOP :
END

N

L .

)
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. v
T-ANGULARCOORDINATEOFTHESOURCE i
K = KEY TO SELECT CORRECT EXPRESS!CN ' LR

VAL - OUTPUT VALUE )

n0oo0oao

~ DOUBLE PRECISION r1 F2, F3 Fa L hL
DOUBLE PRECISION R,X,¥,T,VAL,VALT, vm.z RRI anz m T™,PI1,EPSO
COMMON RR1,RR2,RM,TM,P1 /P50, M- o
F1(R,X)s DSQRT(R**2+RM*#2-2, DO'R'IN‘DCOS()(—-TM)) .
F2(R,X)= R-RM*DCOS(X~TM}+F1(R, X), T
. Fs(x)wm‘DCOS(X-TM)‘DLOG(FZ(RRZ x)/Fz(Rm x))m(nﬁz X)-F1(RR1,X
] —

VAL = F3(2 oo-Pl/u-T) R
- DO 30 Iw2.M S L
30. VAL = VAL + F3(I'2 DO*PIMAT) . S '

L + F3((1-1)*2. Do-Pi/u + T) .

*,IF(KﬁQO)RETURﬂ
- VALt= F2(RR1,T)

" VAL2= F2(RR2,T) L :
IF (VAL1 GTDDDANDVALZGTODOAND (TNETMOR (T.EQ.TM.AND.
*RM.LT.RR1))) THEN. s

m.-w.mwocos(T-m) ‘DLOG(VALZ/VAL! )4F1 (RR" r)-n (RR1 )]
RETURN :
. ELSE IF (RM.GT. RRZ) THEN
VAL-VAL-!»DLOG((RM—RR!)/(RM—RR2))‘N+RR1-RR2

-

J T N -

. RETURN
ELSE )
" WRITE (20,10)
RETURN '
END IF
10 FORMAT (*  ERROR ')
END
C
.!"“0..3.....‘..‘.‘-!‘...‘.“..“..‘..........lt....".
L] k : . . »
SUBROUTINE HWIDTH (OUT,COUNT) .
» , * gﬁ?
. THIS ROUTINE CALCULATES SINGULARITY NEIGHBOURHOOD *
. HALF-WIDTH “GAMMA™, FOR EACH SUB-AREA. Ce
(11233 B3 2220 R EREES LR RIFEIIRISNIY ISR IINERIRITITITINDE S
c . . ‘
c OUT - ANGLE GAMMA IN RADIANS '
c
| INTEGER COUNT

DOUBLE PRECISION RR1,RR2,RM,TM,TT1,TT2,0UT,F1,R,X, mc LIMIT,TR
COMMON RR1,RR2,RM,TM
: _ COMMON/FIRST/TTY,TT2,KKK, 1
: F1{R,X)= DSQRT{R**2+RM**2-2.DO*R*RM*DCOS(X))
LIMIT=5.D-39



COUNT=0

TR={TT2-TT P) /KKK

OUT=0.D0 ! _
e _ 10 ARG=RR1-RM*DCOS(TR)+F1(RR1,TR) -
' : IF (ARG.GE.LIMIT) THEN

OUT=TR
PR ELSE . L

KA ‘ © TR=TR+(TT2-TT1) /KKK
. , .. COUNT=COUNT#i
. T - © 7 IF (COUNT.LE. 200)0070 i0 .
5 o : R WRITE (20, 20) I.KKK/100
LT .. END IF

e © .20 FORMAT(: . ‘ERBOR: NOALPHA'/--' TUR(TLIZ,0) =t 13, 1S TOO

SRV 1" . SRR

et . B .
. oL R }-p-i;i-iboit;!-oooo’;.ofougo--q;o----ob‘--o;o;oo-ou@o-ou
oy o foee T ‘ T ) .
: FUNETION EXPO1(T).
. I | i 7 Lo - . . -
- r': o 'o--.-----.-ocotoo-n-u--o-ouoocuoo--t-.ott-c--oo-.-ocooa--

P AT S T-SN-PLE ANG‘ULAR COORDINATE

[ .+ COMMON RR1,RR2,RM,TM :
- o, LE.PRECISION. RR1,RR2,RM, TM,PVALT,F, T .R
- Lo Dﬁg DSQRT(R* *24RM* *2-2 . DO*R*RM*DCOS { T-TM) )
Tl Tl . EXPO1=RM*DCOS (T TM)'DLOG(DABS(RRZ—!N‘DCOS{T ~TM) +F (RR2)))
.. LI X F(RR2) - F(RRI)
RTER :" - “".', " - ENﬂ e R .- .

S, '-: S | . "_' ,c s - )
,' e -‘l'- ._‘.‘l.".l'..'.!._.....--l-‘---‘-....._.....‘.-..'..'.'.....'.‘;
e e S . ; . ' .- L
- T . FNCTION  EXPO(TY . . - . . -
- - R TR K . N L ' P N ~
- o R Y R NI RPNy
- ‘ . ’ ' . -
2774C . i T — SOURCE ANGULAR COORDINATE .. - = = .
i Yo o . C._ B - : N . :

“w =T 7 .. -cOMMON RR1,RRZ,RM,TM - . S

: .~." - DOUBLE.PRECISION RR1,RR2,RM,TM,PVALZ;F;T.R
) . "F{R)=DSQRT (R* *24RM*#2-2 .DO*R*RM*DCOS (T-TH) )
R .. 7 . ! EXPO2=DCOS (T-TM) *DLOG(DABS(RR1-RM*DOOS ( T-TW)

VI, T wsmr(ns1--z+m'-z7z’5'o*m1-Ru-ocos(r—m))))
. . - :..-,; - .
- P K . -
L ‘ . °
. {4 ‘
. o .
-f(- = ‘7

B3
1
-
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