
NOTE TO USERS 

This reproduction is the best copy available. 

UMI 





ii Ottawa 
L'Universile canadienne 

Canada's university 



FACULTE DES ETUDES SUPERIEURES t = l FACULTY OF GRADUATE AND 
ET POSTOCTORALES U Ottawa POSDOCTORAL STUDIES 

I.'University Ctinadicnnc 
Canada's university 

Radu Bogdan Munteanu 
AUTEUR DE LA THESE / AUTHOR OF THESIS 

Ph.D. (Mathematics) 
GRADE/DEGREE 

Department of Mathematics and Statistics 
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT 

Actions of Xerox Type on Araki-Woods Factors and Their Fixed Point Von Neumann Algebras 

TITRE DE LA THESE / TITLE OF THESIS 

Thierry Giordano 
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR 

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR 

EXAMINATEURS (EXAMINATRICES) DE LA THESE/THESIS EXAMINERS 

Benoit Collins James Mingo 

David Hendelman Vladimir Pestov 

Gary W. Slater 
Le Doyen de la Faculte des etudes superieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies 



ACTIONS OF XEROX TYPE ON ARAKI-WOODS 

FACTORS AND THEIR FIXED POINT VON NEUMANN 

ALGEBRAS 

Radu-Bogdan Munteanu 

Thesis Submitted to the Faculty of Graduate and Postdoctoral Studies 

In partial fulfillment of the requirements 

for the degree of 

Doctor of Philosophy in Mathematics1 

Department of Mathematics and Statistics 

Faculty of Science 

University of Ottawa 

© Radu-Bogdan Munteanu, Ottawa, Canada, 2009 

1The Ph.D. Program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics 



1*1 Library and Archives 
Canada 

Published Heritage 
Branch 

395 Wellington Street 
OttawaONK1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A 0N4 
Canada 

Your We Vote reference 
ISBN: 978-0-494-59529-9 
Our file Notre reference 
ISBN: 978-0-494-59529-9 

NOTICE: AVIS: 

The author has granted a non­
exclusive license allowing Library and 
Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non­
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par I'lnternet, preter, 
distribuer et vendre des theses partout dans le 
monde, a des fins commerciales ou autres, sur 
support microforme, papier, electronique et/ou 
autres formats. 

The author retains copyright 
ownership and moral rights in this 
thesis. Neither the thesis nor 
substantial extracts from it may be 
printed or otherwise reproduced 
without the author's permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. Ni 
la these ni des extra its substantiels de celle-ci 
ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting forms 
may have been removed from this 
thesis. 

Conformement a la loi canadienne sur la 
protection de la vie privee, quelques 
formulaires secondaires ont ete enleves de 
cette these. 

While these forms may be included 
in the document page count, their 
removal does not represent any loss 
of content from the thesis. 

Bien que ces formulaires aient inclus dans 
la pagination, il n'y aura aucun contenu 
manquant. 

1*1 

Canada 



Abstract 

The von Neumann algebras studied in this thesis arise as GNS-representation 

of fixed point algebras under a certain type of group actions, called xerox actions, 

on A = (g)Mfc(C), the A;°°-UHF algebra. The xerox actions are induced by unitary 

representations of compact groups on Mfc(C). The states used to perform the GNS 

representation are restrictions of diagonal product states on A;°°-UHF algebras. First, 

we analyze xerox actions induced by diagonal representations of compact groups. In 

this case the von Neumann algebras studied here can be seen as fixed point algebras 

under xerox actions of compact groups on Araki-Woods factors. We obtain necessary 

and sufficient conditions for such von Neumann algebras to be factors and we deter­

mine their type 

We also study the GNS representation of the fixed point algebra under the xerox 

action induced by non-diagonal representations of a compact groups G. We show that 

the von Neumann algebra obtained in this way can be identified up to isomorphism 

with the GNS representation of a fixed point algebra under a xerox action induced 

by a diagonal representation of a closed subgroup of G. 

Any von Neumann algebra,^, studied here can be realized as W*(X,fj,,TZ), the von 

Neumann algebra associated to an equivalence relation 1Z on a measured space (X, //). 

We give sufficient conditions for N to be isomorphic to an Araki-Woods factor. 

To prove this we show that the associated flow of 1Z is approximately transitive. We 

study also when the equivalence relation 1Z, that corresponds to N has Krieger's 

property A, and we prove that there exist equivalence relations which have property 

A but their associated flow is not approximately transitive. 

ii 



Acknowledgements 

First of all, I would like to thank my thesis supervisor Professor Thierry Giordano. 

He guided my research from the beginning with great inspiration, support, enthusiasm 

and patience and his honest criticism made me a better writer and improved me as 

a mathematician. I appreciate a lot that in all these years he encouraged me and he 

was open to discuss with me any problem I had. 

I also want to thank Professor David Handelman for his useful advice. 

I thank my parents for their support and all my friends. 

i i i 



Dedication 

To my parents 

IV 



Contents 

Abstract ii 

Acknowledgements iii 

Dedication iv 

Introduction 1 

1 Preliminaries 6 

1.1 AF Algebras and Dynamical Systems 6 

1.1.1 Basic Facts 6 

1.1.2 Group Actions on C* algebras 8 

1.1.3 Stratila-Voiculescu's Diagonalization for AF-algebras . . . 9 

1.1.4 C*-algebra of an Etale Equivalence Relation 10 

1.1.5 AF Equivalence Relations 14 

1.2 Von Neumann Algebras 16 

1.2.1 Definitions 16 

1.2.2 Projections in a von Neumann algebra 17 

1.2.3 The GNS Representation 18 

1.2.4 Modular Group of Automorphisms, T-set and S-set . . . . 21 

1.2.5 Group Actions on Von Neumann Algebras 24 

1.2.6 Standard Equivalence Relations 25 

1.2.7 The von Neumann Algebra Associated to an Equiva­

lence Relation 30 

v 



CONTENTS 

2 Actions of Xerox Type and Fixed Point Factors 36 

2.1 The T-set for Fixed Point Factors under Actions of Xerox Type . 37 

2.2 The Standard Action of the Torus 41 

2.3 Xerox Actions Induced by Diagonal Representations of Finite 

Groups 45 

2.4 The Standard Action of the Torus T2 53 

2.5 Other Examples 69 

3 Fixed Point Factors of Type III 82 

3.1 Ratio Set 82 

3.2 Examples 90 

4 Non-diagonal Actions of Xerox Type 92 

4.1 Induced Covariant Representations 

and Imprimitivity Systems 92 

4.2 Mixing States and Pairs of States on C*-algebras 97 

4.3 Non-diagonal Actions of Xerox Type 100 

4.4 Examples 105 

5 Approximate Transitivity 107 

5.1 Fixed Point Factors Isomorphic to ITPFI Factors 108 

5.2 Fixed Point Subfactors of Unbounded ITPFI Factors 122 

6 Krieger's Property A 126 

6.1 Fixed Point Factors and Property A 128 

6.2 An Example of a Factor not Isomorphic to an ITPFI Factor . . . 145 

Bibliography 157 



Introduction 

The infinite tensor product of factors was first introduced by J. von Neumann 

in the late 30s, to accommodate quantum field theory. The infinite tensor of factors 

has proven to be a rich source of enlightening examples. In 1967, R. Powers showed 

the existence of continuously many non-isomorphic factors of type III, by studying 

factors arising from infinite tensor products of 2 x 2 matrix algebras. His work was 

quickly extended to the classification of Araki-Woods factors (known also as infinite 

tensor products of finite type I factors, abbreviated ITPFI), by Araki and Woods in 

1968, [AW]. 

The relationship between von Neumann algebras and ergodic theory has a long 

history, beginning with the pioneering work of Murray and von Neumann and their 

group measure space construction; this associates a von Neumann algebra to a group 

acting on a space (X,n). This construction was generalized by Krieger and later 

on, by Feldman and Moore who recognized the importance of the orbit structure 

rather than the group itself, and associated to an equivalence relation U o n a space 

(X,/J,) a von Neumann algebra W*(X, ^,71). A major step in the structure theory 

of approximately finite dimensional (abbreviated AFD) factors was taken by H. Dye 

in two articles, [Dye], by proving that the factor associated with the group measure 

space construction based on a finite measure preserving ergodic group of polynomial 

growth is indeed approximately finite dimensional and hence isomorphic to any other 

AFD factor of type Hi. 

Outstanding results of Connes, Krieger, Feldman and Moore established a com­

plete correspondence between AFD von Neumann algebras (up to isomorphism), er-
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godic equivalence relation (up to orbit equivalence) and ergodic flows (up to conju-

gacy). In 1980, Connes and Woods introduced a new property of ergodic actions 

called approximate transitivity (AT), to characterize among AFD von Neumann fac­

tors the Araki-Woods factors. More precisely, the Araki-Woods factors correspond to 

equivalence relations whose associated flow is AT. 

In this thesis we study von Neumann algebras arising as GNS-representation 

of fixed point algebras under a certain type of group actions, called xerox actions, 

on fc°°-UHF algebras. We obtain necessary and sufficient conditions for such a von 

Neumann algebra to be a factor and we determine the type of the factor obtained. 

The states used to perform the GNS representation will be restrictions of diagonal 

product states on k°°-UHF algebras. The von Neumann algebras obtained in this 

way are approximately finite dimensional. 

We generalize previous results obtained by Powers and Baker in [BP1] and [BP2]. 

In the special case of the standard action of SU(2) on the 2°°-UHF algebra, Baker 

and Powers, [BP1], give necessary and sufficient conditions for the factor obtained to 

be of type I, II, or type III. Further work of Baker and Giordano classified the type 

III factors in subtypes III^ by defining a ratio set which generalizing the one defined 

by Araki-Woods for ITPFI factors [AW]. The groups considered in [BP2] are more 

general and they act by standard xerox actions on fc°°-UHF algebras. In [BP2], Baker 

and Powers give necessary and sufficient conditions for the factors obtained to be of 

type I or of type Hi. In this thesis, for product diagonal product states, we extend 

the results of [BP1] and [BP2] to more general xerox actions and give necessary and 

sufficient conditions for such a factor to be of type Hi, 11^ and III. Following [BG], 

we also define a ratio set to classify the factors of type III in subtypes. 

Let us give a short overview of the content of this thesis. We consider A = 

®Mfc(C) the A;°°-UHF algebra, IT a unitary representation of compact group G on 

U(Mk(C)) and a faithful product diagonal state ip = ®<pn on A. The representation 

7r induces an action of G on A, called a xerox action, in the following way: a(g) = 
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(g)Ad 7r(p). We denote by AG the fixed point algebra under this action and by ipG the 

restriction of ip to the fixed point algebra AG. If (-K^G.H^G) is the GNS representation 

of (AG, (^G) we denote TvipG(AG)" by A/". 

The fixed point algebra AG is an AF-algebra that we can write either as A(X, T) 

[SV1], or as C*(X, 1Z) [Re] where X = n(0> !)•••) k — 1} and TZ is an etale equivalence 

relation on X. We can identify N = 7T(/,G(AG)" with (^(A)") 0 , the fixed point 

subalgebra under the extension of the xerox action to M = ir^A)". 

An Araki-Woods factor M = n^A)" can be realized as W*(X, /i, T) where X = 

f l { 0 , 1 , . . . , fc—1}, T, is the so-called tail equivalence relation on X, and /̂  the measure 

on X induced by the state <p. Then the subfactor N can be realized as W*(X,n, 1Z) 

where 1Z is a subequivalence relation of T. 

We use Connes' invariant T to decide whether N is semifinite or not. When N is 

of type III, we define a ratio set, which extends the definition of the ratio set given 

by Araki-Woods for ITPFI factors and that defined by Baker-Giordano for the fixed 

point factors under the standard action of the torus on ITPFI2 factors. 

We study and give a partial answer to a very interesting question: When is a fixed 

point factor under a xerox action on an ITPFI factor isomorphic to an ITPFI? We 

prove that Â  is isomorphic to an ITPFI factor, we need by showing that the its flow 

of weights is approximately transitive (AT). We prove, under additional conditions, 

that if the sequence of density matrices of a product state on A = ®M2(C) does 

not have a limit point with non-zero entries, then the fixed point factor under the 

standard xerox action of the 1-dimensional torus is an ITPFI factor. 

To determine the associated flow of an equivalence relation and to decide if it is 

AT, is in general, very difficult. In [K2], Krieger introduced the so-called property A to 

to show the existence of ergodic transformations not of product type, or equivalently, 

in terms of von Neumann algebras, of Krieger factors not isomorphic to ITPFI factors. 

We state Krieger's property A for an equivalence relation and reformulate Krieger's 

result as follows: any tail equivalence of product type of type III has property A. 

3 



We show that the equivalence relation coming from the example of the fixed point 

subfactor of index 2, not isomorphic to an ITPFI factor, constructed by Giordano 

and Handelman, [GH], has property A, but by [GH], its flow is not AT. With this 

example we answer a question stated by Dooley and Hamachi in [DH]. 

Also, we construct a Bratteli diagram B = (V, E) and an AF-measure /i on X, 

its tail equivalence relation TZ does not have Krieger's property A. We show that the 

associated flow of (X,n,1l) is measure preserving and not AT, by [CW]. Therefore, 

the factor associated to (X, /J, 1Z), is not ITPFI. This example is easier to describe 

than the Krieger's example in [K2] and Dooley-Hamachi's example in [DH]. 

We now present the content of the thesis in details: 

In Chapter I, we present the background material we will need. 

In Chapter II, we consider groups acting by xerox actions induced by diagonal 

representations of compact groups and we give necessary and sufficient conditions for 

the GNS representation of their fixed point algebras to be factors. We determine 

the type of the factor obtained in terms of the entries of the density matrices of the 

product state. 

In Chapter III, we pursue the classification in subtypes of the factors of type III 

discussed in Chapter II. 

In Chapter IV we study the GNS representations of fixed point algebras under 

a xerox action induced by a non-diagonal representation of a compact group G. We 

show that the von Neumann algebra obtained by this construction can be identified, 

up to isomorphism, with the GNS representation of a fixed point algebra under a 

diagonal xerox action of a closed subgroup of G. 

In Chapter V, we give sufficient conditions for a factor N arising as a fixed 

point algebra under a xerox action to be an ITPFI factor. To accomplish this, we 

realize N as the von Neumann algebra associated to an equivalence relation and we 

show that under suitable conditions, the associated flow of the equivalence relation 

is approximately transitive. By [CW], the fixed point factor is then isomorphic to an 
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ITPFI factor. 

In Chapter VI, we focus on Krieger's Property A. We prove that there exist equiv­

alence relations not of product type which have property A. At the end of the chapter 

we construct an example of an equivalence relation which is the tail equivalence on 

a Bratteli diagram and does not have property A; consequently the associated AFD 

factor is not ITPFI. 

5 



Chapter 1 

Preliminaries 

Most of the results in this chapter are known facts. We state them without proof but 

we indicate where details can be found. 

1.1 AF Algebras and Dynamical Systems 

1.1.1 Basic Facts 

Definition 1.1.1. If a Banach algebra A admits a map x i—» x* E A with the following 

properties: 

(i) (x*)* = x-

(ii) (x + y)* = x* + y*; 

(hi) (ax)* = ax*; 

(iv) (xy)* = y*x*; 

for every x,y E A and a E C, then A is called an involutive Banach algebra and 

the map x i—>• x* the involution of A. If the involution of A satisfies the following 

additional condition: 

(vi) \\x*x\\ = ||a;||2, x E A, 

6 



1.1. AF ALGEBRAS AND DYNAMICAL SYSTEMS 7 

then A is called a C* — algebra. 

If A is a C*-algebra, then ||x|| = ||x*||, for all a G A. 

The first example is the complex numbers, with * being complex conjugation 

and the usual norm. The second example is Mn(C), the algebra of n x n complex 

matrices. The * operation is conjugate transpose and the norm is 

H=sup{K||2,eeCn,||e||2 = i}, 

for all a in Mn(C), where || • ||2 denotes the Z2-norm on C". This example can be easily 

generalized to the algebra of bounded linear transformation on a complex Hilbert 

space, by replacing Cn by the Hilbert space 

Definition 1.1.2. ([Da], p.75) A C*-algebra A is called approximately finite dimen­

sional or A F if it is the norm-closure of an increasing sequence of finite dimensional 

C*-subalgebras An i.e., A= U An. 

Suppose that ^ is a unital homomorphism of a finite dimensional C*-algebra 

B1 ~ Mn i(C)8M„2(C)e- • -eM„fc(C) into another finite dimensional C*-algebra B2 ~ 

Mmi (C) © Mm2 (C) © • • • Mmi (C). Then (f> is determined up to an inner automorphism 

of B2 by an k x I matrix A = [a^] in M/fe(No) with nonnegative integer entries such 

that 
1 A = nx n2 ... nk vti\ m 2 . . . nik 

The integers a^ is the multiplicity of imbedding the summand Mn. (C) into the sum-

mand Mmi(C) This allows us to describe the imbedding of B\ into B2 in a simple 

graphical way. Represent Bi by the k-tuple {(1,1), (1, 2 ) , . . . , (1, k)} and B2 by the 1-

tuple {(2,1), (2, 2 ) , . . . (2,1)}. Denote the imbedding B± into B2 by drawing a^ arrows 

from (1, i) to (2,j) to indicate the partial multiplicity of the imbedding. 

The sequence of these pictures for a sequence of imbeddings of An into An+i is 

called the Bratteli diagram of the sequence. This is an infinite graph consisting of 

vertices and edges. This is also called the Bratteli diagram of the algebra, but this 
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is an abuse of terminology as the diagram is not unique. We will discuss again, in 

Subsection 1.1.4, about Bratteli diagrams, in the context of AF-equivalence relations, 

and we will see how to associate an AF-algebra to a Bratteli diagram. 

Definition 1.1.3. An AF-algebra is called uniformly hyperfinite or UHF if it is the 

closure of an increasing union of unital algebras isomorphic to full matrix algebras 

Mkn(C). 

Since a unital imbedding of Mm(C) into Mn(C) requires m\n, we have an in­

creasing sequence fcil^l^ . . . . If kn = kn for all k we call A the k°°-UHF algebra and 

in this case, as each Mn ~ ®"=1Mfc(C), we can write it as the C*-algebra ®Mfc(C). 

1.1.2 Group Actions on C* algebras 

Definition 1.1.4. An action a : G —> Aut(A) of a locally compact group G on a C* 

algebra A is called continuous if lim||o!„(a;) — x\\ = 0 for any I G A 

Definition 1.1.5. Let G be a compact group and 7r : G —> U(Mk(C)) a unitary 

representation of G (we denote by U(M/C(<C)) the group of unitaries of Mfc(C)) and 

A = ®Mfc(C) the fc°°-UHF algebra. The action a : G -»• Aut(A) given by a9 = 

<g>Ad 7r9 will be called the xerox action of 7r. If 7r is a diagonal (resp. non-diagonal) 

representation of G, we call a a diagonal (resp. non-diagonal) xerox action. We will 

denote by AG or Aa the fixed point algebra under the action a, AG = {x € A; ag(x) = 

x for all x G G}. 

Proposition 1.1.1. Let a be a xerox action of a compact group G on A = ®Mfc(C). 

Then the fixed point algebra AG is an AF algebra. 

Proof. If An = ®?=1Mfc(C), then AG = {x e An : ®"=lAd ir(g)(x) = x} is a finite 

dimensional algebra and it is clear that AG D UA^. On the other hand, let x G AG. 

Then there exist (xn)n^i in UT4„ such that xn —> x. Let yra := jGag(xn)dg. Then 

2/n G UT4^ and JG ag(x)dg = x, as x G AG, where dg is the Haar measure on G. Then: 

hn - x\\ = || / ag(xn)dg - x\\ = || / ag(xn)dg - / ag(x)dg\\ ^ \\xn — a;|| —*• 0 
JG JG JG 
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Therefore, we have 

and hence AG is an AF -algebra. • 

1.1.3 Stratila-Voiculescu's Diagonalization for AF-algebras 

In [SV1], Stratila and Voiculescu proved the following result. 

Theorem 1.1.2. (ISVI], p. 17) Given an AF-algebra A there exists: 

(i) a masa C (i.e., a maximal abelian subalgebra) in A, 

(ii) a conditional expectation P of A with respect to C, 

(Hi) a subgroup U of the group U(A) of unitaries of A, 

such that 

(1) u*Cu = C for all ueU, 

(2) P(u*xu) = u*P(x)u for all u e U, x G A, 

(3) A is the norm closure of Spanc{UC}. 

There is thus an isomorphism of the group U onto a group T of *-automorphisms 

of C, namely, for u e U, the corresponding *-automorphism ~fu e T is 

7„ : C 3 c H-• u*cu G C 

We denote by X the Gelfand spectrum of the commutative C*-algebra C. Then 

X is a compact topological space, C ~ C(X) and we may view T as a group of 

homeomorphisms on X. We thereby obtain a topological dynamical system (X, T) 

associated to the algebra A. We consider the Hilbert space l2(X) with orthonormal 

basis {ex;x e X} and we denote by (-|-) the standard inner product. Each function 

/ G C(X) defines a "multiplication operator" Tf on l2(X) by 

Tf(h) =fh he l2(X) 
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On the other hand, each element 7 € T defines a "permutation operator" V1 on l2(X) 

by 

V1(h)(x) = h(~f-1{x)), xeX; hel2(X) 

Let us denote by A(X, T) the C*-algebra generated in B(l2(X)) by the operators Tf, 

f e C(X) and Vj, 7 e r. 

Theorem 1.1.3. ([SV1], p.17) There is a *-isomorphism 

A ~ A(X, T) 

and moreover 

P(a)(x) = (aex\ex), x e X;a e A 

1.1.4 C*-algebra of an Etale Equivalence Relation 

We begin with some notation and basic ideas and for this we follow [P]. On a compact 

metric space X, we consider an equivalence relation 1Z C X x X. We will soon 

restrict to the case that 1Z has only countable equivalence classes. We let r and s (for 

range and source) denote the two canonical projections from 1Z to X; s(x,y) = x, 

r(x,y) = y. 

Definition 1.1.6. Let X be a compact metrizable space, 1Z an equivalence relation 

on X, and T a topology on 1Z. We say that (R, T) is etale if 

(1) T is Hausdorff, second countable and cr-compact, 

(2) the diagonal A = {(x,x)\x € X} is open in 1Z, 

(3) the maps r, s : 1Z —> X are local homeomorphisms; that is, for every (x, y) in 

1Z, we may find an open set U in T such that r(U) and s(U) are open in X and 

r : U —> r([7) and s : U —> s(U) are homeomorphisms. 

(4) if £/ and 1/ are open sets as above, then the set UV = {(x, z)\(x, y) G U, (y, z) G 

V, for some y} is also open and 
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(5) if U as above is open, then so is U 1 = {(x,y)\(y,x) G U}. 

It follows that the diagonal A = {(x, x)\x G X} is a clopen subset of 7Z. If X is 

zero-dimensional, we may choose U in (3) above to be a compact open set. Also, A 

is homeomorphic to X, and so we are justified in identifying A with X. It is easily 

deduced that r~1(x) = {(x,y) G 1Z}, and that s~1(x) = {(y, x) G 1Z} are (countable) 

discrete topological spaces in the relative topology for each x G X. Clearly 1Z can 

be written as a union of graphs of local homeomorphisms of the form s o r " 1 . When 

T is understood, we simply say that 1Z is etale. An equivalence relation is also a 

principal groupoid. The term 'etale' is relatively recent; in the past these have also 

been known as r-discrete groupoids with counting measure as Haar system. (See [Re], 

[Pa], [GPS2]). 

Definition 1.1.7. ([GPS2], p. 5) Let (X,K) and (X',7Z') be two etale equivalence 

relations. 

(1) We say that (X,1Z) and (X',1Z') are orbit equivalent and write (X,1Z) ~ 

(X', 1Z') if there is a homeomorphism h : X —» X' such that hxh(7Z) = 1Z'. That 

is, the map h carries ^-equivalence classes exactly to ^'-equivalence classes. 

(2) We say that (X,K) and (X',K') are isomorphic and write (X,K) ~ (X',W) if 

there is a homeomorphism h : X —> X' such that h x h(lZ) = 7Z' and such that 

h x h : 71 —> 1Z' is a homeomorphism. 

If 1Z is an etale equivalence relation on a space X (not necessarily a Cantor set), 

we may construct a C*-algebra as follows. Let CC(7Z) denote the set of continuous, 

compactly supported complex-valued functions on 1Z. It is a linear space in an obvious 

way. The product and involution are defined by 

(1) f*g(x,y) = £ f(x,z)g(z,y) 
zV,x 

(2) f*(x,y) =Jty~^j 
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for all / , g in CC{1Z) and (x, y) in 1Z. It is a subtle point here that the product f * g 

is again in CC(1Z). The proof uses the etale property of TZ. 

The issue of a norm is more subtle. Let /U be a a-finite measure on X and let 

u{C) = J \r~l(x) n C\dn(x). For / in CC{K) and £ in L2(72, i/), we set 

Ind //(/)f(x,y) = J3/ (z ,z) f (2 ,s0 

It is easy to check that Ind \i is a bounded representation and the collection of such 

representations is faithful on CC(1Z). The completion of CC(1Z) in the norm defined 

by the equation 

\\f\\r = sup{||Ind /i(/)||,/x is a measure on X} 

will be denoted by C*(X,1Z) and will be called the reduced algebra of the equivalence 

relation 1Z. This is not quite the definition of C*(X,1l) given in [Re], but it is 

equivalent to it ([MS], p. 45). We remark that if // is a measure on X with supp(/i) = 

X, then ||Ind/i(/)|| = | | / | | r , for all / € CC(1Z). The reason for the subscript r and the 

term "reduced" is that there are other choices for the norm. For amenable equivalence 

relations, all (reasonable) norms are the same. 

Remark 1.1.1. The elements of C*(X,1Z) can be seen as functions in Co(72.) ([Re], 

p.99). We have a conditional expectation P : C*(X,1Z) —• C(X) that associates to 

any function / in C*(JZ) its restriction to the diagonal A = {(x,x)\x E X} ([Re], p. 

104), where the diagonal A is identified with X as we remarked before. 

We end this subsection by giving a characterization of the C*-subalgebras of 

C*(X,TZ) which contain C(X). We assume that 1Z is an amenable, (in the sense of 

[Re], II.3) etale equivalence relation on a compact space X. For an open subset D of 

1Z we define: 

A{D) = {feCc(K), f = 0on1l\D} 

CC(D) = {fe CC(R), supp(/) C D} 
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Remark 1.1.2. ([MS], p.67) With the above notation CC(D) is dense in A(D) with 

respect to the norm on C*(X, 1Z). 

Theorem 1.1.4. ([MS], Prop 3.10) Every closed C(X)-bimodule B C C;(X,TZ) is 

of the form A(D) for a unique open subset D oflZ. 

Definition 1.1.8. If 1Z is an etale equivalence relation on X, an open subset S of 1Z 

is a subequivalence relation of 1Z if S is an equivalence relation and S(x) C 1Z(x) for 

every x € X. 

Theorem 1.1.5. ({MS], Theorem 4-1) For each subequivalence relation S in 1Z, A(S) 

is a C*-subalgebra of C*(X,7Z) containing C(X). Conversely, each C*-subalgebra of 

C*(X,7Z) containing C(X) is of the form A(S) for a unique subequivalence S. The 

correspondence S i—> A(S) is an inclusion preserving bisection between the collection 

of subequivalence oflZ and C*—subalgebras ofC*(X,1Z) containing C(X). 

Proof. It is enough to show that A(S) is a C*-subalgebra containing C(X) if and 

only if S is a subequivalence relation, since everything else is clear. We need to check 

that S o S C S and S = S"1 if and only if A(S) • A(S) C A(S) and A(S)* = .4(5). 

Suppose that A(S) • A(S) C A(S) and let (x,y), (y, z) € S. Choose / , g in A(S) and 

U and V compact open neighborhoods of (x,y) and (y,z) such that f\u(x,y) ^ 0 

and g\v(y,z) ¥" 0 a n d the restriction of r and s to U are homeomorphisms. Then f\u 

and g\v belong to A(S) by [MS], Proposition 3.6. As s(x,u) = s(x,y) = x and s\u 

is one to one, (x,u) ^ U whenever u ^ y. Hence f\u(x,u) = 0 if u ^ y. Similarly, 

g\v(u,z) — 0 whenever u ^ y. Therefore, we have: 

flu * g\v(x, z) = ^ f\u(x, u)g\v(u, z) = f\u(x, y) • g\v(y, z) ^ 0 

Since f\u * g\y lies in A(S), we conclude that (x, z) lies in S, i.e., S oS Q S. On the 

other hand as A(S) is *—closed, it follows that S = S^1. Clearly, A C D , because 

A(S) contains C(X). Therefore <S is a subequivalence relation of 1Z. For the converse, 

we see first that if / , g e CC(S) then f * g, f* € CC(«S). As CC((S) is dense in A(S) 

(Remark 1.1.2), we conclude that A(S) is a C*-subalgebra of C*(X,TZ). D 
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We will come back to this problem later on, in Section 2.5 and we will show that 

in fact A(S) ~Cr*(X,S). 

1.1.5 AF Equivalence Relations 

Definition 1.1.9. An etale equivalence relation 1Z on X is an AF-relation if X is 

compact, metrizable and totally disconnected and if there is an increasing sequence 

7Zn of compact, open, subequivalence relations of 1Z such that and (JlZn = 1Z. 

We present now a general method for producing an AF-relation. For this we 

follow [GPS2], p.7. We begin with a special infinite directed graph B = (V, E), called 

a Bratteli diagram, which consists of a vertex set V and an edge set E, where V 

and E can be written as a countable disjoint union of non-empty finite sets: V = 

VQ U VI U V2 U • • • and E = E\ U E2 U • • • with the following property: an edge e in En 

goes from a vertex in Vn-\ to one in Vn, which we denote by i(e) and /(e), respectively. 

We call i the source map and / the range map. We require that V~o = {̂ o}> there is 

only one source, v0, i.e., f~l{v) ^ 0 for all v G Vi U V2 U • • • and there are no sinks, 

i.e., i~l{v) 7̂  0 for all v 6 V. It is convenient to give a diagrammatic presentation 

of a Bratteli diagram with Vn the vertices at level n and En the edges (downward 

directed) between Vn-\ and Vn. We let X = X(V,E) denote the space of infinite paths 

in the diagram beginning at v0, i.e., 

X = {(ei ,e2 , . . . ) | i(en+1) = /(e„); n ^ 1} 

which is given the relative topology of the product space Yi &n, and is therefore 

compact, metrizable and zero-dimensional. X has a basis consisting of clopen cylinder 

sets, i.e., sets of the form 

U{eu ...,em) = {{fi, f2,...) E X | / i = e i , . . . , fm = em} 

The equivalence 7Z on X shall be cofinal or tail equivalence: two paths are equivalent 

if they agree from some level on. For N = 0,1, 2,..., let 

TIN = {(ei, e2 , . . •), (e[, e'2,...) e X x X\ek = e'k for all k > N}. 
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Give 1ZN the relative topology XAT of X x X. Then 1lN is compact and is an open 

subset of TZM+I for all N. Let 1Z = U 1ZN, and give 1Z the inductive limit topology 

X , so that a set t/ is in X if and only if U fl 7̂ -AT is in XJV for each A?". This means that 

a sequence {(xn,yn)} in 1Z converges to {x,y) in 1Z if and only if {xn} converges to 
xi {Vn} converges to y (in X) and, for some N, {(xn, yn)} is in TZN for all but finitely 

many n. It is now a simple task to verify that (1Z, X) is an etale equivalence relation. 

Theorem 1.1.6. [GPS2] If B=(V,E) is a Bratteli diagram and 11 C X x X is the 

tail equivalence described above then C*(X,1Z) is an AF-algebra which has B=(V,E) 

as a Bratteli diagram. 

Theorem 1.1.7. If(X, 1Z) and (X1, 1Z') are two AF-equivalence relations then (X, 1Z) ~ 

(X',K') (see Definition 1.1.7) if and only ifC*r{X,1Z) ~ C*r(X',1Z') 

Remark 1.1.3. Let A = UAn an AF—algebra. By [SV1], in each An there exists 

a masa Cn and a group of unitaries Un, with Un C Un+\ that normalizes Cn. We 

have that C = UCn is a masa in A and the group U — UUn normalizes C. Let X 

be the Gelfand spectrum of C, i.e., C ~ C(X). Each Un acts on C by Ad u, u € Un 

and induces a group of homeomorphisms on X, denoted by Tn. Each Tn induces 

an equivalence relation on X, denoted 7Zn, and we have an increasing sequence of 

equivalence relations on X. In fact, ([Re],III.1.15), An ~ C*(X,1Zn) and therefore, 

A ~ LlC*(X,7Zn) = C*(X,7Z) where 1Z = WJZn, and the conditional expectation 

P : A —• C corresponds to the conditional expectation from C*(X,1Z) onto C(X) 

(see Remark 1.1.1). 

We will denote by {e^; 1 ^ i, j ^ k} the standard system of matrix units (s.m.u) 

of Mfc(C) 

Definition 1.1.10. Let (kn)n^i be a sequence of integers greater or equal the 2 and 

let A = ®Mfcn(C) the corresponding UHF-algebra. The masa C generated for n ^ 1 

by {®m=ie1H ® ® 1} will be the standard masa of A. 
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Remark 1.1.4. The standard masa C of A = ®Mfcn(C) coincides with the masa 

considered in [SV1]. 

Example 1.1.1. On X = \\{Q,1, • • • kn — 1} we consider the following equivalence 

relation denoted by T: 

xTy if and only if there exists n £ N such that xm = ym for all m > n 

We call this equivalence relation the tail equivalence on X. 

Remark 1.1.5. With the same notations as in the previous definition we observe 

that we can write T = UTn where for n ^ 1, Tn is the equivalence relation: 

xTny if and only xm = ym for all m > n 

If A = ®Mkn(C) an UHF algebra, (see Remark 1.1.3) it is not difficult to see that 

A ~ C*(X,T). In fact, we can regard T as the tail equivalence on the Bratteli 

diagram of A. 

More details about etale and AF-equivalence relations can be found in [Re], [M], 

[GPS2], [P] and [Pa]. 

1.2 Von Neumann Algebras 

1.2.1 Definitions 

Definition 1.2.1. A von Neumann algebra on a Hilbert space H is a *-subalgebra 

M of B(H), equal to its bicomutant (i.e., M = M"). A von Neumann algebra whose 

center, Z(M) = M D M' = Cl is called a factor. A von Neumann algebra with 

separable predual is called approximately finite dimensional (AFD) if it is generated 

by an increasing sequence of finite-dimensional *-subalgebras. 

We mention that all von Neumann algebras considered here have separable pre­

dual. 
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If if is a Hilbert space then B(H) is a von Neumann algebra. Here are some 

topologies on B(H) we will use: 

(1) the weak operator topology denned by the following family of seminorms 

x->\(x£,ri)\, £,neH; 

(2) the strong operator topology defined by the following family of seminorms 

(3) the a—weak operator topology defined by following family of seminorms 

x~*\'52(x€n,Vn)\, £n,Vn£H, ^\\£n\\
2 + \\r}n\\

2 < OC. 

When M C B(H) is a von Neumann algebra, we can consider the restrictions of these 

topologies to M. The a—weak topology on M does not depend on the Hilbert space 

on which M is acting and can be defined as the a(M, M*) — topology, where M* is the 

predual of M (see [Ta], vol. I for more details). The homomorphisms between von 

Neumann algebras will always be normal, or equivalently, cr(M, M*)-continuous. 

Theorem 1.2.1. (Von Neumann's Double Commutant Theorem) For any unital *-

algebra A C B(H), A" coincides with each of the strong and weak closures of A. 

More details can be found in [Jl], [Ta], [S], or [Blk]. 

1.2.2 Projections in a von Neumann algebra 

Definition 1.2.2. If p and q are projections in a von Neumann algebra M we say 

that p and q are equivalent, written p ~ q, if there is a partial isometry u G M with 

uu* = p and u*u = q and we say that p is subordinate to q, written p =4 <? if P ~ Qf ^ Q-

Observe that ~ is an equivalence relation. The relation ~ is a partial order on 

the equivalence classes of projections in a von Neumann algebra. 
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Theorem 1.2.2. If M is a factor and p, q are projections in M, either p =$ q or 

q^p. 

Definition 1.2.3. A projection p in a von Neumann algebra M is called infinite if 

p =<! q for some q < p, p ^ q. Otherwise p is called finite. A projection p is said to be 

purely infinite if there is no nonzero finite projection q ^ p in M. If zp is infinite for 

every central projection z € M with zp ^ 0, then p is called properly infinite. 

Definition 1.2.4. A von Neumann algebra M is said to be finite (respectively infi­

nite, properly infinite or purely infinite) if 1 is a finite projection (respectively infinite, 

properly infinite or purely infinite). 

Definition 1.2.5. (a) A von Neumann factor M is said to be of 

(i) type I, if M contains a nonzero minimal projections; 

(ii) type II, if M contains nonzero finite projections and if M is not of type I; 

(iii) type III, if M contains no nonzero finite projections; 

(b) If M is a factor of type II, then M is of type Hi (respectively II oo), if M is finite 

(respectively infinite); 

(c) A factor M if semifinite if contains no nonzero finite projections. 

We remark that factors of type loo, type Uoo or type III are properly infinite; a 

factor is semifinite if and only if it is of type I or of type II. 

1.2.3 The GNS Representation 

Definition 1.2.6. A state on a C* algebra or on a von Neumann algebra is a positive 

linear functional of norm one. If ip is a state on a von Neumann algebra M, we say 

that <p is 

(1) normal, if (p(x) = supif(xi), whenever x is the supremum of a monotone in­

creasing net (xi) in M+, 
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(2) faithful if p(x) ^ 0 for all x € M+, x ^ 0. 

Definition 1.2.7. A weight on a von Neumann algebra M is a map p : M+ —> [0, oo] 

such that <p(x + y) = p(x) + <p(y) for x,y G M+ and ip(Xx) = X(p(x) for A > 0 and 

x G M+. 

We recall that any state on Mfc(C) is of the form tr(h-) with h positive matrix 

with trace one; h is the corresponding density matrix for the state. 

To simplify notation, we introduce the following definition: 

Definition 1.2.8. 1) Let (kn)n^>2 be a sequence of integers greater then or equal 2 

and let A = ®Mfcn(C) be the corresponding UHF-algebra. Let (pn)n^i be a sequence 

of faithful states on Mfcn(C) and let (hn)n^i be the corresponding sequence of density 

matrices. 

The product state p = ®pn on A will be called a faithful diagonal product state 

if for each n ^ 1, hn = diag(/i™,... h%n) where h™ > 0 for 1 ^ j ^ kn. 

2) If if = ®pn is a product state on A = (g)Mfc(C) and pn are all identical, ip is 

called a symmetric state. 

Definition 1.2.9. Let (hn)n^i, hn = diag(/4, h%,..., h%) be a sequence of diagonal 

matrices, in Mfc(C). We say that (hn)n^i converges to h G Mjfe(C) if h is a diagonal 

matrix, h = diag(/zx, h2,..., hk) and if 

lim Wn = / i \ for 1 ^ i ^ k. (1.2.1) 
n—>oo 

As any diagonal matrix in Mfc(C) can be identified with a vector in Cn, if (hn)n^i 

converges to h and h is a diagonal matrix with distinct (no zero) entries on the 

diagonal, we simply say that {hn)n^i converges to h and h has distinct (no zero) 

entries. 

We note that for any norm, || • ||, on Mk(C), (hn)n^i converges to h if and only 

if h is diagonal and (1.2.1) holds. Regarding each hn, as a vector in C", hn —» h in 

Z 2 ( { l , 2 , , . . . , n } ) ~ C \ 
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Let A be a unital C*-algebra ip be a state on A. The Gelfand-Naimark-Segal 

(GNS) representation of (A, <p) is defined as follows. To construct a representation of 

A, we need to construct a suitable Hilbert space. The space 

Nv = {xe A; ^{x*x) = 0} 

is a closed left ideal of A and the formula 

(x + Nlfi,y + Nv) = ip{y*x) 

defines an inner product on the vector space A/Nv. The completion of A/N^ is a 

Hilbert space, we denote by Hv. The equation irv(a)(x + N^) = ax + N^, for x £ A, 

defines a bounded linear operator Trv(a) on A/H^ (we have ||7rv(a)|| ^ ||a||, a € A) 

which extends to H^. Then ir^ defines a representation of A on H^. Moreover, if 

£tp = 1 + Np € H^, then ^ is cyclic vector for nv (i.e., 71^(^4)^ is dense in H^) and 

ip(a) = ( ^ ( a ) ^ ! ^ ) , for a € A. 

We summarize the above construction in the following theorem: 

Theorem 1.2.3. ([S], Theorem 2.2.1) Let ip be a state on a C*-algebra A. Then 

there exists a triple (H^,,^,^), where 

(i) H^ is a Hilbert space, 

(ii) 71"̂  is a *-algebra homomorphism of M into 13(11^), 

(in) ^ <E H^ and H^ = ir^A)^, and 

(iv) <p(x) = (7r(a)^ ,^) for all x e M. 

Such a triple is unique in the sense that if (H',ir',£') is another such triple, there is 

a unique unitary operator w : Hv —• H such that w£<p = £' and TT'(X) = wrKip{x)w*. 
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1.2.4 Modular Group of Automorphisms, T-set and S-set 

Let M a von Neumann algebra and ip a faithful normal state on M. We denote 

by T)^ the canonical injection from the pre-Hilbert space M endowed with the inner 

product given by (x,y) i—» <p(y*x) onto H^, the completion of M with respect to 

this inner product. Let 77(1) = ^ . For each x € M, the function rj^y) 1—• rj^xy) 

can be extended to a bounded operator on Hv denoted ir^x). The function 7rv is 

an isomorphism of M onto a subalgebra 71̂  (M) of the set of bounded operators on 

H^. The vector £^ is cyclic and separating and the triple (H^,^,^) is the GNS 

representation associated to the state <p on M (see Theorem 1.2.3). 

We remark that whenever <p is faithful normal state on a von Neumann algebra 

M, KtplM) is a von Neumann algebra of operators on H^ and irv is a a-weakly 

continuous homomorphism of M onto n^M). The closure S^ of the antilinear map 
1 _i 

n<p{x)£,<p l—• 7IVOE*)£V> has a polar decomposition Sv = JVA$, = A^2 J^ where Jv is an 

isometric involution (J^ is antilinear and J^ = 1) and A^ is an invertible and self-

adjoint operator, called the modular operator of ip. We have Jip
,Kip(M)Jlf = n^M)' 

and for i e l , 

A % ( M ) A ^ = TTV(M) 

The one-parameter group of automorphisms of M given by 

*V(<T?{X)) = A % ( x ) A - « 

for x G M and i G R is called the modular group of automorphisms of (p. A similar 

construction can be done starting with a weight instead of a state. 

Definition 1.2.10. Let (kn)n^i, be a sequence of integers, kn ^ 2 for all n and let 

ipn be faithful states on Mfcn(C). 

If A = ®Mfcn(C) and </? is the faithful product state ®pn) then let 71^(A)" C 

B{H,p) denote the GNS representation of 4̂ associated to </>. 

The ITPFI or 4rafcz- Woods factor ®{Mkn (C), < n̂) will denote the factor n^A)" C 

B(HV). 
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Example 1.2.1. 1) If kn = k, for all n ^ 1, then ®(Mk(C), tpn) is an ITPFI*. 

2) If the sequence (kn)n^i is uniformly bounded, then the corresponding ITPFI is 

called of bounded type. By Theorem 2.1, [GS1] any bounded type ITPFI is isomorphic 

to an ITPFI2. 

3) If kn = 2, for all n ^ 1, and all the states <pn are given by 

TXT 0 
0n(x) = tr(hx); h = A+1 

0 — 
. l+A _ 

then (®M2(C),(/?n) is called the Powers factor R\. Here 0 ^ A ^ 1. For A = 1 we 

obtain the hyperfinite type II\ factor denoted by R. 

Remark 1.2.1. (i) Any state on Mk(C) is of the form ti(h-) where h is a positive 

matrix with trace one. In this case we have that af(x) = hltxh~lt. 

(ii) If M denotes the ITPFI factor ®{Mkn (C), ipn) and ip = <gxpn the corresponding 

product state, then the modular group of automorphisms af is given for t G M by 

af = ®Ad h%, for t E R, 

where hn is the density matrix of (pn (i.e., (pn(-) = tv(hn-)). 

Definition 1.2.11. ([Jl],p.97) Let M be a von Neumann algebra. The subgroup 

of all t e R for which af is inner (i.e., there exists a unitary u in M such that 

crf(x) = uxu* for all x in M) is independent of the faithful normal state ip. This 

subgroup is an invariant of M and is called T(M). 

Theorem 1.2.4. A factor M with separable predual is semifinite (type ll\ or type 

I loo) if and only ifT(M) = R. 

The following result and definitions come from [C] (see for example [Ta], vol. 

III). 

Proposi t ion 1.2.5. ([Ta],vol.III p. 89) If M = <g>{Mkn(C),ipn) where ipn(-) = 

tr(hn-), tr(hn) = 1, and un are unitaries in Mkn that commute with hn, then the 
oo 

automorphism ®Ad un is inner if and only if ^(1 — \tr(hnun)\) < oo. 
ra=l 
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Definition 1.2.12. If M is a von Neumann algebra, the invariant S(M) is the inter­

section over all faithful normal states ip of the spectra of their corresponding modular 

operators Av . In other words, 

S(M) = D{Sp(Alf); tp normal faithful state of M} 

Theorem 1.2.6. A factor is of type III if and only if 0 £ S(M). 

Theorem 1.2.7. (Connes-van Daele) S(M) n R+ is a closed subgroup o/R+. 

Definition 1.2.13. A factor M is of type 

(1) III0, if S(M) = {0,1}, 

(2) IIIX, if S{M) = {0} U { A n : n e Z } for A € (0,1), 

(3) Ilh, if S{M) = [0,oo). 

Recall that if S C R+ is a closed subgroup, then its annihilator in R is the set 

T = {t G R; \ a = 1 for all A e £}; T is a closed subgroup of R and 5 = {A G 

R+; Aft = 1 for all t E T}. The invariants T(M) and S(M) are connected by the 

following partial duality result: 

Theorem 1.2.8. If M is a factor and S(M) ^ {0,1} (i.e., M is not of type III0), 

then T(M) is the annihilator of S{M) n R+ in R. 

There are only three kinds of closed subgroups of R̂ _, 

Remark 1.2.2. (a) By Theorem 1.2.8, if M is a factor of 

(i) type IIIA, 0 < A < 1, then T(M) = { g ; k e 1} 

(ii) type Illi, then T(M) = {0}. 

(b) If T(M) is not a closed subgroup of 71, then M is of type III0. 
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Theorem 1.2.9. If 0 < A < 1, then the Powers factor R\ is of type III\ and any 

AFD factor of type III\ factor, 0 < A < 1, is isomorphic to R\. 

There exists also a unique up to isomorphism AFD factor of type III\ and it is 

isomorphic to R\ <g) R^ with log A and log ji rationally independent. 

More details and the proofs for this subsection can be found in [Jl], [Blk], [Ta]. 

1.2.5 Group Actions on Von Neumann Algebras 

Theorem 1.2.10. ([Blk], Theorem 3.2.2) Let G be a locally compact group, N a von 

Neumann algebra on a Hilbert space H, and a : G —> Aut(N) a homomorphism. The 

following are equivalent: 

(i) a is continuous with respect to the point-weak (point-strong, etc) topology. 

(ii) a is continuous with respect to the topology of pointwise norm-convergence 

on N*. 

(Hi) The map (g, ^ H ^ o a s from G x iV* to N* is norm-continuous. 

Definition 1.2.14. A homomorphism a satisfying these conditions is called a con­

tinuous action of G on N, and (N, G, a) is called a dynamical system. 

Proposi t ion 1.2.11. Let A be a C*-algebra, ip a state on A, and a : G —• Aut(A) a 

continuous action of a locally compact group G. If ip is a-invariant (i.e., <p o ag = ip, 

for all g E G), then the action a on A induces an action on n^A)" denoted also by 

a which is a continuous action of G on ir^A)". 

Proof. By [Ta], vol. I, p. 47, there is a continuous unitary representation U^ of G on 

the Hilbert space Hv, defined by: 

Uv{g)^v{x)^v = •Kip(ag(x))^ip 

and 

U^-K^U^g)* = irv(ag(x)) 
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If we set now 

ag(x) = Uv(g)xUv(gy 

this is a continuous action, ([Ta], vol. II, p. 238). • 

Definition 1.2.15. An action a of a group G on a von Neumann algebra M is said 

to be ergodic if Ma = C • 1. 

Theorem 1.2.12. [AHKTJ Let M be a von Neumann algebra equipped with a con­

tinuous action 7 of a compact group G such that the fixed point algebra M1 = N is a 

properly infinite factor. Assume further that the group 

AutyM = {g e AutM : gjg = -ygg ,g G G} 

has a subgroup S acting ergodic on M in the sense 

{x e M : P(x) = x for all p 6 S} = C 

Then, if a is an automorphism of M commuting with S and such that a(x) = x for 

every x G M 7 there is an element ga in G such that a = j 9 a . 

Proof The same proof as in [AHKT] with N a properly infinite factor instead of a 

type III factor, because all the things we need are true for properly infinite factors, 

not just for type III factors. • 

1.2.6 Standard Equivalence Relations 

In this section, we present the definitions and main results on measurable countable 

equivalence relations. Details can be found in [FMl], [FM2] and [Sch]. 

In this subsection (X, 93) will always denote a standard Borel space and (X, 03, /1) 

a measure space with (X, 23) a standard space and [i a <7-fmite measure on 03. 

Definition 1.2.16. (i) A Borel set V, C X x X is a standard equivalence relation on 

X if TZ is an equivalence relation. We write C for the restriction of 03 x 03 to 1Z. 
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(ii) We write xlZy for (x, y) E 1Z, and define s(x, y) = x, the left projection, and 

r(x,y) = y, the right projection of 1Z. 

(iii) For any x E X, lZ{x) = {y E X; (x,y) E 7Z} will denote the equivalence 

class of x. For a subset A E B, TZ{A) = U 1Z(x) is called the saturation of A. 

(iv) If S is another equivalence relation on (X, 23) then <S is a subequivalence 

relation of 1Z if S(x) C 72.(rc) for every x 6 l . 

Definition 1.2.17. Let 1Z be a standard equivalence relation on X and let fi be a 

measure on 23. Then: 

(i) 72. is fi-nonsingular if /i(72(A)) = 0 for every A E 23 with /i(^4) = 0. 

(ii) 1Z is n-ergodic if /i(72(^4)c) = 0 whenever A G B and //(yl) > 0. 

Recall that an isomorphism T between two measured spaces (X, B, y) and (X', B', /jf) 

is a bimeasurable bijection between two conull subsets Y C X and Y' Q X', preserv­

ing null sets. 

Definition 1.2.18. Two nonsingular equivalence relations 72,, on (Xj,53i,/ij), i = 

1,2 are called orbit equivalent if there is an isomorphism T from (Xi,25i,/Lti) onto 

(X2,?B2,^2) such that T(72i(z)) = 7e2(Tx) for almost all x E Xx. 

In the rest of this subsection, an equivalence relation on (X, B, //) or simply 

(X, /J,), will mean a nonsingular countable standard equivalence relation on (X, 23, n). 

Example 1.2.2. Let G be a countable group of automorphisms on (X,*B) and let 

IZG denote the countable equivalence relation induced by G, i.e., 

TZG = {{x,gx) :x E X,g E G}. 

It is clear that TZQ is a countable standard equivalence relation. If /j, is a a-finite 

measure on (X, 03), then: 

(i) the action of G on (X, 23, n) is nonsingular if and only if IZG is //-nonsingular 

(ii) the action of G (X, 23, /i) is ergodic if and only if 1Z is /i-ergodic. 
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Example 1.2.3. Let X = Y\{Q,l,.. .kn — 1} endowed with the usual product 

a—algebra and /J, = ®iin a product measure, with /zn probability measures on {0 ,1 , . . . kn-

1} and ixn{i) > 0 for 0 ^ i ^ kn — 1 and for all n ^ 1. On (X, /i) let T denote the 

so-called tail equivalence defined for x = (xn)n^i and y = (yn)n^i by 

xTy if and only if there exists n ^ 1 such that Xi = yi for alii > n 

Tail equivalence T is induced either by an action of ©Zfcn or by an action of Z, via 

the odometer or adding machine T. The odometer T : X —> X is the automorphism 

defined by T(l, 1,1,...) = (0,0,0,. . .) and if x ^ (1,1,1,...) and N(x) := min{n ^ 

1 : xn < kn — 1} then 

0 if n< N(x) 

T{x)n = -j ^n + 1 if „ = N(x) 

xn if n > N(x). 

Notice that T is a homeomorphism of the compact space X (endowed with the product 

topology). The action of G = ©Zfcn is given for g = (gn)n^i € G and x = [xn)n^i € X 

by 

(0x)n = rcn + gn (mod kn), g = (gn)n^i G G, x G X 

Example 1.2.4. Let X = Y\{0,1}, /i = ®//n with /xn(0) = an, /x„(l) = 1 - a„, 

and 0 < an < 1 for all n ^ 1 and let T ^ denote the subequivalence relation of tail 

equivalence given for x = {xn)n^i and y = {yn)n^i by: 

xTZ^y if and only if xTy and y , xi = /_] 2/j 

Let S = USn be the group of finite permutations of N* = {k;k ^ 1}. Then S^ acts 

by homeomorphisms on X by: 

< T ( X I , X2 , • • •) = (X a ( i ) , 0^(2), . . .)> O" G ^oo-

The equivalence relation TZ^ is induced by S^. 
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Definition 1.2.19. The full group [JZ] of 1Z is the group of all nonsingular automor­

phisms V of (X, 23, /i) with (x, Vx) € 1Z for fi-a.e. x € X. 

Theorem 1.2.13. [FM1] LetlZ be an equivalence relation on (X, 05,//). 

fa,) For any C £ C, the function x i—• |s-1(:r) fl C| «s J5ore/ and £/te measure v\ 

defined by 

Ul(C) = [ \s-1(x)r\C\dn(x), 
Jx 

is a-finite; it will be called the left counting measure offt. 

(b) The null sets of vi are exactly those C £ C such that n(s(C)) = 0. 

(c) The right counting measure of [x defined by 

vr{C) = [ |r_1(a;)nC|d/i(x) 
Jx 

satisfies vT = v\ o 6 with 9(x, y) = 6(y, x) and we have vr ~ v%. 

Definition 1.2.20. (i) The Radon-Nikodym cocycle of /i with respect to 1Z is the 

Borel function 5(x, y) = j^r(%, y) on 1Z. It is unique up to null sets of v\ ~ ur. 

(ii) We say that /i is IZ-invariant if 5 = 1 u-a.e. 

Definition 1.2.21. A partial Borel isomorphism on X will be a Borel isomorphism 

defined on some A e 03 with range some B e 23. 

Example 1.2.5. Let T be the tail equivalence on (X,fi) the space considered in 

Example 1.2.3 (i). Then, 

%,*)=n^r4> M ^ -
Definition 1.2.22. An ergodic equivalence relation 1Z on (X, 23,/i) is said to be of 

(i) type I, if [i is concentrated on one orbit, i.e., there exists a point x & X such 

that n{1Z{x)c) = 0; 

(ii) type II\, if TZ is not of type I and if there exists a finite 7£-invariant measure on 

X equivalent to [i\ 
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(iii) type 11^, if 1Z is not of type I and if there exists an infinite a-finite ^-invariant 

measure on X equivalent to /i; 

(iv) type III, if there exists no invariant a-fmite measure on X equivalent to /J,. 

Recall that the essential range of a measurable function / on a measured space 

(X, 03,//), denoted by a(f) is the set of all A € C such that for any e > 0, n({x G 

X, \f(x) - A| < e}) > 0. 

Definition 1.2.23. For an ergodic equivalence relation "R on (X, 03,//), 

roow = n a^ 
is called the asymptotic ratio set of 1Z, where S& is the restriction of the modulus S 

tonn(E x E). 

Remark 1.2.3. (i) Let G be a countable group acting on (X,fi). In [K4], Krieger 

associated to it its ratio set r(G,X,n). IZQ denote the equivalence relation induced 

by G on (X, fi) then 

r o o(^) = r(G,X,/ /)C[0,oo) 

(ii) If 1Z is an ergodic equivalence relation then r00(7?.) f l l ^ is a closed subgroup 

of E ; (see [Mo]). 

Definition 1.2.24. [Mo] A nonsingular, ergodic, equivalence relation TZ on (X, 03, fj) 

is said to be of: 

(i) iii0,iiroo{n) = {o,i}; 

(2) IIIX, 0 < A < 1, if roo(K) = {0} U {An : n G Z}; 

(3) III1,ifroo{n) = [0,oo). 

Properties of an equivalence relation can be translated into another construction 

associated to it, namely the associated flow. 



30 1. PRELIMINARIES 

We recall that a one parameter group of automorphisms {Ft}te]n of the standard 

space (X, 25,/i), (i.e., Ft+Sx = Ft(Fsx), V t, s £ R and V x £ X) is called a /fow if 

the function ^ : I x l - > I given by the formula ip(x, t) = Ftx is measurable. Two 

flows {F/}ieiK and {F^}teR of automorphisms on (XL,231 5 /^I) resp. (X2, 232, ̂ 2), are 

conjugate if it exists an isomorphism T : (XI,*BJ_,(J,I) —•>• (X2,Q32, ^2) such that for 

all t £ R and for ^-almost all x e Xu F?(T(x)) = T(F?(x)). 

Definition 1.2.25. (Associated flow) Let 1Z be an equivalence relation on (X, 23, /«). 

Let 1Z be the the equivalence relation on (XxlR, fixeudu) defined by ((x, s), (y, t)) £ TZ 

if (x, y) £ TZ and t = s — log5(y, x), where (x, s), (y, t) 6 I x K. By Y we denote 

the quotient space of X x R by the measurable partition consisting of all ergodic 

components of TZ. We let n be the natural surjection from Xx'RtoY. By {Tt, t £ R}, 

we denote the flow Tt(x, s) = (x,s +t) for (x, s ) e l x l . By {Ft, t £ R}, we denote 

the factor flow of {Tt, t £ R} to the quotient space Y through the factor map IT, that 

is, 7rTt = Ft7r, for all t £ R. The flow Ft is called the associated flow (or the Poincare 

flow) of 7£. 

Remark 1.2.4. If 7?- is an equivalence relation of type IIIA, A ^ 0, or of type ILx, 

then the associated flow is transitive. 

Proposition 1.2.14. LetTZ\ andTZ^ be two ergodic equivalence relations on (Xi, 23i,//i) 

respectively (X2, 232, A )̂- TfTZ\ and TZ2 are orbit equivalent then their corresponding 

flows are conjugated. 

1.2.7 The von Neumann Algebra Associated to an Equiva­

lence Relation 

Given a nonsingular standard equivalence relation TZ on (X, 23,//), Feldman and 

Moore associate to it a von Neumann algebra. We follow their description, given 

in [FM2]. 
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Consider the space A of bounded Borel functions / : 1Z —> C for which there exists 

n E N such that for all x E X card{y, f(x, y) ^ 0} < n and card{?/, f(y, x) ^ 0} ^ n. 

Endowed with the operations, 

(1) f*9(x,y) = E f(x,z)g(z,y) 
zTZx 

(2) nx,y)=J(y7x) 

A becomes a *-algebra. Let H denote the Hilbert space L2(TZ,u) where v is the 

right counting measure appearing in Theorem 1.2.13 and let L denote the left regular 

representation of A on B(H), given for / E A and £ E H, by 

L/£(x, y) = Y1 f(x> *)£(*' 2/) 
2TC3: 

Definition 1.2.26. The operators Lf, f E A form a *-algebra of operators; we denote 

its weak closure by W*(X, n, 1Z). 

Any function / E L°°(X, fj,), can be viewed as a function on 1Z, also denoted / , 

by defining for (x, y) E 1Z, 

,, , f f(x,x) iix = y 

(0 iix^y. 

Thus / is supported on the diagonal A C K and belongs to A. Recall that A is a set 

of positive measure and Z/|A is equivalent to fi. Let A = {Lf, f E L°°(X)} denote 

the masa of W*(X,fi,TZ); it is isomorphic to L°°{X,n). 

Remark 1.2.5. Let G be a countable group acting on (X, fi). In [K5], Krieger 

associated to this dynamical system a von Neumann algebra W*(X, fi, G) (see [Ta], 

vol. Ill, Chapter XIII). Then W*(X,(i,G) ~ W*(X,n,nG). Moreover, if the tr­

action on (X,/ji) is free, then W*(X,ii,lZ) is isomorphic to Murray-von Neumann 

group measure space construction L°°(X,n) x G. 

The relation between subequivalence relations and subalgebras of the von Neu­

mann algebra associated to a standard equivalence relation is: 
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Theorem 1.2.15. ([Su] or [MSS]) IflZisa standard equivalence relation on (X,fj,) 

and N is a von Neumann subalgebra ofW*(X, /i, 1Z) that contains L°°(X, fj,), then N 

is of the form W*(X, //, S) for some measurable subequivalence relation S oflZ. 

We focused in the first section of this chapter on equivalence relations from 

topological point of view. But it is clear that a topological space carries with it also 

a Borel structure. Let us see how the two settings, topological and measurable, can 

be related. 

Consider an etale equivalence relation 1Z on X and /J, a cr-finite measure on X 

with supp (n) = X. Then Ind fi is faithful and, we can identify C*(X,1Z) with its 

image Ind n(C;(X,TZ)), ([MS],p 53). In this way, the weak closure of C*(X,TZ) is 

W*(X, /i, 7V) the von Neumann algebra constructed by Feldman and Moore (therefore 

W*(X, fi, TV) is the weak closure of CC(X,1Z)). If P is the conditional expectation 

from C*(X,H) onto C(X), (see Remark 1.1.3) we can regard p P a s a state ip^ on 

C;{X,K) and Ind n(C;(X,K)) = irVll(C;(X,Tl)). We have: 

Theorem 1.2.16. With the above notation 

^(c;(x,K))" = w*(x,^n). 

Remark 1.2.6. If A is an AF-algebra, then we can write it as A(X, T), (see Theorem 

1.1.3) or C*(X,TZ) ([Re], III.1.15), with K an AF-equivalence relation on X. If 

H is a measure on X it corresponds to a state ip on C ~ C(X). Let <p be the 

state on A given by 0 = <p> o P where P : A —> C is the conditional expectation 

from Theorem 1.1.3. As this conditional expectation corresponds to the conditional 

expectation from C*(X,1Z) onto C(X), (see Remark 1.1.3), by the previous theorem 

TT^A)" ~ nVli(C;(X,n))" ~ W*(X,ti,K). 

Remark 1.2.7. If A = ®Mfcn(C) then (see Remark 1.1.5), we can write it as C*(X, T) 

with T the tail equivalence relation (see Definition 1.1.16) on 

X = Yl{0,1,... kn — 1}. Let ip = tr(a„-) be a faithful diagonal product state on A. 

Then nv{A)" is a factor and we called such a factor ITPFI (see Definition 1.2.10). 
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Also, 7rv(A)" ~ W*(X,fi,T) with /j, = ®/in and nn(i - 1) = </2n(e"j) for 1 ^ i ^ £;„ 

and n ^ 1. 

We come back to measurable equivalence relation. 

Theorem 1.2.17. Let 7£ be an equivalence relation on (AT, 23,/^). ITien 

Vy*(X, /i, TZ) is factor if and only ifTZ is fi-ergodic 

In this case, W*(X,n,TZ) is of type I (respectively of type II\, 11^, III0, III\, with 

0 < A < \, or type IIIi) if and only ifTZ is of type I (respectively of type II\, 11^, 

IIIQ, IIIX, with 0 < A < I, or type Ilh) 

Zimmer ([Z2], [Z3], [Z4]) initiated the study of amenability in the case of dis­

crete group actions and countable equivalence relations. He introduced amenability 

through an adaptation of the classical fixed-point property and proved that W*(X, /J,, TZ) 

is an injective von Neumann algebra if and only if TZ is amenable. In the discrete 

case, Zimmer proved the following equivalent characterization: 

Definition 1.2.27. Let TZ be a nonsingular equivalence relation on (X, 23,/u). A 

left invariant mean on TZ is a map P : L°°(TZ, vr) —• L°°(A,/x) with the following 

properties: P(l) = 1, P(f) ^ 0 whenever / ^ 0, and P{Lvf) = (Pf)V~l for every 

/ £ L°°(TZ, vr), V £ [TZ], where Lyf(x,y) = f(V~1x:y). The equivalence relation TZ 

is amenable if it admits a left invariant mean. 

There are several other equivalent definitions of measurable equivalence relations 

(see for example [AR] or [AEG]), the deepest result in this sense being obtained by 

Connes-Feldman-Weiss: 

Theorem 1.2.18. [Dye], [CFW] Let TZ be a nonsingular equivalence relation on 

(X, 23, /i). The following are equivalent: 

(1) TZ is amenable; 
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(2) 1Z is hyperfinite, i.e., there exists an increasing sequence {lZn, n ^ 1} of finite 

subrelations ofJZ such that TZ(x) = L\1Zn(x) for \x-a.e. x G X; 

(3) 7Z = IZT = {(x,Tnx), x G X, n G Z} for a nonsingular automorphism T of 

Before stating the next theorem let us recall (see [CT]) that if 1Z is an ergodic 

amenable equivalence relation of type II^ or III on (X,/j,), then its associated flow 

corresponds to the flow of weights of the factor W*(X, \x, 1Z). 

Moreover if M is a von Neumann factor, with separable predual, then by results 

of Connes' for the type II and type IIIA, with A ^ 1 and of Haagerup for type IIIx, 

M is injective if and only if it is AFD. 

Krieger's result can be stated as follows. 

Theorem 1.2.19. [K4j For % = 1,2, let IZi be an ergodic, amenable equivalence 

relation of type 11^ or III. The following are equivalent: 

(1) 1Z\ and IZ2 are orbit equivalent; 

(2) W*(Xi,ni,'Ri) and W*(X2, H2,TZ2) are isomorphic; 

(3) the associated flows of IZ\ and IZ2 are conjugate; 

(4) the flows of weights ofW*(Xi,fj,i,1Zi) and W*(X2, JJ,2,TZ2) are conjugate. 

Remark 1.2.8. Any amenable equivalence relation 1Z on (X,[i) is orbit equivalent 

to tail equivalence T on Y\{0,1} with a T-ergodic measure /i. However, \x is not 

necessary a measure of product type (see [KW], for example). 

In 1980, Connes and Woods introduced a new property of ergodic actions called 

approximate transitivity to characterize among AFD von Neumann factors the Araki-

Woods or ITPFI factors. 

file:///x-a.e
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Definition 1.2.28. An action of a group G on a measure space (X,fi) is approxi­

mately transitive (AT) if for all e > 0 and any sequence / i , /2, . . . , /„ of functions 

in Ll{X, /x)+, the space of positive integrable functions, there exists a function / in 

Ll{X, fi)+, finitely many elements gij of G and constants Ajj ^ 0 such that 

, v-^ rf/i o ̂  • 

i 

for each i. We will write Lg(f) for the function denned by 

< e 

l 

Lg(f)(x)=f(g(x))^-(x) 

Note that for positive functions / , Lg(f) is an L1 norm-preserving operator. 

Example 1.2.6. 1) A rank one transformation is AT. In particular an odometer is 

AT. 

2) A pure point spectrum M-flow is AT. 

Definition 1.2.29. An amenable ergodic equivalence relation 1Z on a measured space 

(X, 53, fi) is of product type if 1Z is orbit equivalent to the tail equivalence on an infinite 

product of finite sets with an infinite product measure. 

Theorem 1.2.20. [CW] Let TZ an ergodic amenable equivalence relation on a mea­

sured space (X, 03, y). The following are equivalent: 

(1) the associated flow oflZ is AT; 

(2) the factor W* (X, /i, TV) is isomorphic to an ITPFI factor; 

(3) TZ is of product type. 

Remark 1.2.9. An amenable ergodic equivalence relation of product type cannot 

always be realized as tail equivalence o n I = ]~J{0,1} (see also Example 1.2.1). 



Chapter 2 

Actions of Xerox Type and Fixed 

Point Factors 

Let G be a compact group and IT : G —> U(Mk{€,)) be a fixed unitary diagonal 

representation of G. Let A = ®Mk(C) the fc°°-UHF algebra, a(g) = ®Ad n(g) the 

xerox action of TV and AG the fixed point algebra under this action. In this chapter we 

study restrictions of faithful product diagonal states (p = ®<pn of the fc°°-UHF algebra 

A to AG. We give necessary and sufficient conditions for TTlfia(AG)" = GNS(AG, <P\AG) 

to be factor and we also give necessary and sufficient conditions for TT^G (AG)" to be 

type Hi, I loo o r type / / / . In order to prove this, we approach the problem in a few 

ways. 

We can identify AG ( Theorem 1.1.8) with A{X, T) where X = Y\{0,1, 2,..., Jfc-1} 

and T is a group of homeomorphisms on X; by [Re], III.1.1.15, we also can see AG as 

C*(X,IZ) where TZ is the equivalence relation induced by T. This helps us to decide 

when 7T¥,G(AG)" is factor. Also we can identify irvG(AG)" with the fixed point algebra 

N = MG under the action induced by G on the ITPFI factor M = GNS(A, <p). By 

using Connes' invariant T we can decide whether N is semifinite. We prove that any 

ITPFI3 of type III can be obtained as the fixed point algebra under the standard action 

of T2. To obtain this result, we use the the associated flow of an equivalence relation. 

36 
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In Section 2.3, we study xerox actions of finite groups, we analyze the standard action 

of T2 in Section 2.4 and in the last section we show that the problem can be solved 

for arbitrary xerox actions induced by diagonal representations of compact groups. 

2.1 The T-set for Fixed Point Factors under Ac­

tions of Xerox Type 

In this section, A will denote the fc°°-UHF algebra. 

Let Tk be the k-dimensional torus. We denote by t an element (ti, t2,..., tk) G Tk 

where tj G S1 = {z G C, \z\ = 1}. We denote the identity of Tk by 1. Let H be H Tk. 

An element (t1, t 2 , . . . , tn,...) in H = Y[Tk will be denoted h and the identity of H 

by e. We further consider n to be the diagonal representation of Tk on U(Mk(C)), 

given by: 

Ti-(t) = ut = d iag(* i , t 2 ••• ,**) 

and the action g : H —>• Aut (A) of H on A given by: 

gh= <g> Ad 7r(tfc) 

We remark that H0 := © Tk is a dense subgroup of if. If h = (t1, t 2 , . . . , tn, 1,...) G 

i/0)
 w e denote the unitary <8>"=1itt* by «h- With these notations we have: 

Proposition 2.1.1. g is a continuous action of H on A. 

Proof. It is enough to prove the continuity at e. If x G An = ®Mfc(C) C A, there 

exists a neighborhood V = V\ x V2 x • • • x Vn x Tk x • • • of e (Vj are neighborhoods 

of 1 G Tk) such that 

| | £ h O ) - x | | <e fo r all he V (2.1.1) 

Indeed, this is clear when x G An is of the form xi (8> x2 0 . . . ® xn ® 1 ® .. . . As any 

element in ^4n is a linear combination of elements of this form, we obtain that (2.1.1) 

is true for any x G An. For an arbitrary x G A there exists N ^ I and x^ G AN such 
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that \\x — XN\\ < e. As we saw before, there exists a neighborhood U of e such that 

llfti^iv) — XN\\ < e for all h G U. Then 

\\Qh{x) - x\\ ^ WQ^X - xN)\\ + ||^h(^Ar) - xN\\ + \\x - xN\\ < 3e. 

Hence, g is continuous. • 

On A we consider the faithful diagonal product state ip = <8xpn with <pn(-) =tr(/i„-). 

In all this section, rc^ is the GNS representation corresponding to A and the 

product state p. The actions induced by a and g on nip(A)" are denoted also by a 

and g (see Theorem 1.2.11). 

Theorem 2.1.2. If a is a continuous action of a compact group G on A that leaves 

(p invariant, then {-Kip{A)")a = ir^A01)". 

Proof. Let E : TT^{A)" —• {^^{A)")a the conditional expectation given by (E{x)q \rj) = 

JG (ag(x)s \rj) dg for ,̂77 G H^. Let x G (7r¥,(^4)/')Q:. There exists (xn)n^i with x„ G 
n 

An = (g)Mfc(C) such that 7rv(xn) —> a: strongly. Then E{-Kv{xn)) = ^ctg^^x^dg 

G 7rv(A")a C 7rv(A)a and (E(irv(xn))<i\ri) -+ (£(x)<r|??) for all q,r) G # „ . Con­

sequently, E(x) G ^ ( A 0 ) " . This shows that (-K9{A)")a C ^ (A" ) " . As the other 

inclusion is obvious we conclude that (•Kip(A)")a = n^A")". • 

Proposition 2.1.3. If u is a unitary of AG and (3 is an automorphism of ntp(A)" 

such that f3 is the identity on ^^(A0)", then fioAd irv(u)(x) =Ad 7TV(M) O (3(X) for all 

x G n^A)". 

Proof If xen^A)" then 

(3 o Ad TTipiujx = /?(7r¥,(w))/3(x)/5(7r¥,(it*)) = irip(
u)P(x)'K'p{u*) = A d *>(«) ° /5(x) 

• 

Prom now on, G will be a compact group having a diagonal representation on 

Mfc(C) and a will be the xerox action induced by a such representation. We denote 
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by tpG the restriction of the state ip on A to the fixed point algebra AG and by ir^a the 

GNS respresentation associated to ipG and AG. We also denote n^A0)" = (7rlf(A)")a 

by TV. 

Example 2.1.1. On the A;°°-UHF algebra A = ®Mfc(C), we consider the standard 

xerox action of the (k-1) dimensional torus Tk~l\ 

a : Tk~x -»• Aut(A); a(tu • • •, £fc_i) := ®Ad 7r(*i, *2, • • -,£fc-i), where 

7r(*i,. • - , ^ - i ) := diag(l,e r t l ,e i t2 ,- • -.e"*-1); ^ G [0, 2TT) 

Proposition 2.1.4. VFi£/i t/ie afrove notation g commutes with a and (n^A)")8 = 

7i>(C)" where C is the standard m.a.s.a of A. 

Proof. If h G Ho then «h € AG and Qh is an inner automorphism Ad7r(/5(«h) on 

^ ( A ) " . But then, by Proposition 2.1.3, g^ctg = agg^ for all h G H0 and g € G. 

Since ffo is dense in if we have that QhCtg = ctgQh for all h G if and g G G, which 

tells us that g^ commutes with the action a for all h in H. As if is a compact group 

and the state </? is invariant under the action of H, by Theorem 2.1.2 we deduce that 

{•Ky{A)")e = Txv(A
e)". But As = C where C is the standard masa in A (and also a 

masa in AG). Hence (n^A)")6 = TTV(C)". • 

Assume that ipG, the restriction of the product state p to AG, is a factor state. 
oo 

By Theorem 1.1.3, AG ~ A(X, T) where X = f[ {0,1, 2,..., /c - 1} and T is a group 
ra=l 

of homeomorphisms on X which corresponds under the isomorphism above to a group 

of automorphisms of C (C is the standard masa of A and also masa of AG) all of 

them of the form Ad u, with u in a group of unitaries of AG denoted by U. However 

7T¥,G(AG)" is a factor and therefore T acts ergodically on X. Define 

S := (Qt,t G if; Ad ir^u), u G U) C kutir V(A)". 

As the action a commutes with gt for alii G if and it commutes with every Ad irv{u) 

with u G U, the action a commutes with every element in S. 
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We have an isomorphism from ir^C)" onto L°°(X,n), where // = ®nn is the 

product measure on X induced by the state ip, given by \xn{i — 1) = ^ ( e ^ ) , for 

1 ^ i ^ n and n ^ 1. Hence n^C)" ~ L°°(X,fi). If x G (ir^A)") , then x must be 

in (^•ip(A)")e i.e., x is in ir^C)" and by the above isomorphism, it corresponds to a 

function / in L°°(X, //). For any w in t/ we must also have Ad ^ ( i ^ x = x. As x was 

identified with a function in L°°(X, /i) this means 7(/) = / for all 7 in T. As T acts 

ergodically on X, we obtain that / is a scalar and consequently x is a scalar. This 

shows that (ir^A)") reduces to scalars. We just proved: 

Proposition 2.1.5. With the above notation, if G a compact group acting on A by 

a xerox action induced by a diagonal representation IT of G on U(Mk(C)) and <pG is 

a factor state, then S acts ergodically on TT^A)" and commutes with the action a. 

Proposition 2.1.6. With the above notation, N = (ir^A)")01 is a factor and 

7rvo(AG)"c(n,(Ayr. 

Proof. If x is in n^A)" and commutes with (irip(A)")a, then x commutes with all 

^<f(uh) with h € HQ. AS before, this means that x commutes with g^ with h in H0 

and then, as we had seen, x is fixed under the action g and therefore x is in nv(C)". 

But x must also commute with all ir^u) with u 6 U and so, as before, a: is a scalar 

multiple of the identity. We showed that any x in n^A)" which commutes with 

(^^(A)")0 is a scalar. So the relative commutant of (irv(A)")a in TT^A)" reduces to 

scalars. This implies that (TV^A)")" is a factor. Moreover, 71̂ 0 (AG)" ~ (ivip(A)")a. 

Indeed, if HQ = n(AG)£,, let e : Hv —> He be the orthogonal projection on He- Then 

HQ is stable under e and therefore e e TV(AG)'. AS Trv(A
G)" is a factor, we have that 

z(e) = 1. By construction, ^^(A0)" ~ irv(A
G)'l.. Therefore ^^{A0)" ~ irv(A

G)'l ca 

MAYT- n 

Proposition 2.1.7. Let M — <g)(Mfc(C), (pn) = ir^A)", S and a be as before such 

that N is properly infinite. Then for any (3 E.Aut(M), such that /3(x) = x for all 

x e N, there exists g e G such that f3 = ag. 
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Proof. If (3 eAut(M) and (3{x) = x, Vx G Ma, then (3 commutes with S. Indeed, we 

already see in Proposition 2.1.3 that (3 commutes with all Adn^u), u in AG, and it 

commutes with all gt with t G H0. As Ho is dense in H we have that (3 commutes 

with gt for all t in H. We conclude that (3 commutes with S. By Theorem 1.2.12, we 

obtain the conclusion. • 

We recall that T(N) denotes the T-set of N (Definition 1.2.11). 

Proposition 2.1.8. With the same notation as above, and N properly infinite 

t G T(N) if and only if3vE U(N) and g G G such that af = Ad v o ag 

where af is the modular group of automorphisms of M = nv(A)". 

Proof. As the state is invariant for the action a, af \N is the modular group of auto­

morphism of N. If t G T(N), then 3 v GU(N) such that af \N =Ad v or equivalently 

Ad v* oaf\N (x) = x for all x G N. Let (3 := Ad v* o af. We have that (3 GAut(M) 

satisfies all conditions of Proposition 2.1.7. Hence, there exists g G G such that (3 

=Ad v* o af = ag. Therefore af =Ad v o ag. Conversely, if there exists v G U(N) 

such that af =Ad v o ag, then af o ag-\ =Ad v. For x G N, ag-i(x) = x and then 

af(x) =Ad v(x) i.e., t G T(N). D 

2.2 The Standard Action of the Torus 

Let us first consider the standard action of the 1-dimensional torus o n i = ®M2(C) 

given by: 

a : T -> A; a(t) := ®Ad 7r(t) 

7r(t) : =diag( l ,e i t ) ; tG [0,2TT). 

On A we consider the product state </?(•) = ®tr( /v) with /in =diag(an, 6„), an G (0,1) 

and bn = 1 — o„. This was studied by Baker and Powers [BP1]. By Proposition 1.1.1, 
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AT is an AF-algebra. We can describe AT using Stratila-Voiculescu's procedure of 

diagonalization (see Theorem 1.1.7 1.1.3). For this let AT = UA% be the fixed point 

algebra under the action a. Let Cn be the m.a.s.a of A^ generated by the projections 
exixi ® ex2x2 ® • • • <8> GxnXn with Xj G {1, 2} for all 1 ^ i ^ n. Each A^ can be written 

as a direct sum, A^ = ©JLQA^ where A* is isomorphic to Mnk (C) and nk = 

For every 0 ^ k ^ n, the set of minimal projections of Ak
n Pi Cn, is: 

{eXlXl (8) eX2X2 <g> • • • <g> eXnXn; xi + x2 H hx„ = fc + n}. 

Let C = UCn. We have that C is a masa in AT and C ~ C(X) with X = n {0,1}. 

We have Cn C C ~ C p O and we identify an element eXlXl <S> e ^ ^ ® • • • £*D e ^ ^ of 

Cn with the function XE(yuy2,...,yn) in C(X), where E(y1,y2,.. .y„) = {x e X;yt = 

Xi — 1 for all 1 ^ i ^ n}. Following Stratila-Voiculescu's procedure of diagonalization 

we can find a group of unitaries, Un, acting on Cn C C by Ad u, u € Un. This 

group can be written explicitly and it corresponds to a group of homeomorphisms 

Tn acting on X. In fact Tn consists of all homeomorphisms 7 on X, such that for 

any x e E(xu x2,..., xn), we have 7(^1X2 . . . xnxn+l...) = (1/12/2 • • • 2/n^n+i • • •) with 

E ( ^ i - Vi) = °- W e l e t r = u r« a n d by Theorem 1.1.3, we have AT = A(X, V). 

On the other hand, by [Re] III.1.15, we can express AT as C*(X, TZoo) where T ^ 

is an AF equivalence relation on X, which is the equivalence relation induced by the 

group T above. In fact each Tn induces an equivalence relation on X denoted by TZn 

and 7̂ 00 = UlZn- We have: 
n 

x1Zny if and only if xi = yi for i > n and 2_](xn ~ Un) = 0 

and 

xTZooy if and only if xTy and / ( ^ i — y%) = 0 

We denote this equivalence relation by 7̂ -oc because it is also induced by the following 

action of the group S^ of all finite permutations of N* = N — {0} acting on X by: 

a(x1,X2, •••) = {Xa{i),X^2), •••), cr G Soo-
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The topology of TZCQ is defined as follows: give each 7Zn the product topology (as a 

subspace of X x X) and say that a subset U C TZ^ is open if and only if U D 7Zn is 

open for every n. This defines a topology on TZ^ called the inductive limit topology. 

For AT, let B = (V, E) be the corresponding Bratteli diagram which is in this 

case the infinite Pascal triangle. For n ^ 0, let Vn = {(n, 0), (n, 1 ) . . . , (n,n)} (we 

count the vertices of each level of the diagram from the left to the right) and for every 

n ^ 1 En = {(n, k, k), (n, k, k + 1); k = 0 , . . . , n — 1} (for j = k or j = k + 1, (n,k,j) 

denotes the edge from the vertex (n — 1,/c) e Vn-\ to the vertex (n,j) € V^). The 

path space of the Bratteli diagram of AT is: 

-^ r = {((I5 &o, ^l), (2, £4, /C2), • • • (n, kn-i, kn)...); (n, fcn_i, fc„) G £„ for n ^ 1} C JJjS?„ 

On X T we consider the tail equivalence relation and we denote it by 1ZT. With the 

notations introduced in Subsection 1.1.5, 1ZT = U7^. If X = FJ {0,1}, let 

/i : X T -»• X 

h((l, ho, ki), (2, ki, k2), ...(n, fcn_i, A;n)...) = (fcx - fco, k2-ku... kn+1 - kn ...) 

Then /i is a homeomorphism and moreover we have that x, y € X T are tail equivalent 

if and only if h(x) and h(y) are .Roo equivalent. This means that h x h(lZT) = 7̂ oo. 

Clearly, h x h : XT x X T -> I x I is a homeomorphism and h x /i(7£^) = TZn. We 

show that in fact h x h : 1ZT —• T̂ -oo is a homeomorphism. 

Let £/ C 1ZT be an open set. Then U D 72.̂  is an open subset of 1Z^ for all 

n. Hence it exists an open set Gn C X T x X T such that £/ D 7£^ = Gn D 72.̂ . As 

/i x fr(7^ n [ / ) = / ix / i (7^ n G„) = ft„ n h x h(Gn) = Hnnhx h(U), and h x /i is 

homeomorphism we get that fo(f7) n lZn is open in 1Zn for all n ^ 1. Hence h(U) is 

open in TZ^. Similarly, if U C 7̂ -oc is open we can prove that (h x /i)_1([7) is open 

in 1ZT. In conclusion h x /i is a homeomorphism from 7£T onto IZOQ. Hence, (X, TZoo) 

and (XT, 1ZT) are isomorphic and therefore, we can identify the path space of the 

Bratteli diagram XT, with X and the tail equivalence on XT can be identified with 

the equivalence relation 7̂ 00 on X (see Figure 2.1) 
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Figure 2.1: The Bratteli diagram of AT and the path space XT 

We have in fact that AT ~ A(X, T) ~ Cr*(X, n^) and TV^T(AT)" ~ W*(X, fi, S^) ~ 

W*(X, /j,,TZoo) (see Theorem 1.2.16). For other situations of this type it is easier to 

describe the equivalence relation than to effectively find the group and therefore it 

will be enough to prove that the equivalence relation is ergodic. The factoriality is 

equivalent to the fact that IZ^ is /^-ergodic and this results either from [AP] or from 

[SV1]. 

Theorem 2.2.1. ,KlfT(AT)" is a factor if and only ifY^an{l — an) = oo. 

To determine the type of the factor in this case we can use either another result 

of Stratila-Voiculescu [SV2] or [BP1], namely, 

Theorem 2.2.2. Let (an)n^i be a sequence of real numbers, 0 < an < I, for all 

n > 1. If [i = ®/Un is the product measure on X = Yl{0,1} with //n(0) = an, 
oo 

/un(l) = bn = 1 — an and ^ an(l — an) = oo, then 
71 = 1 

1) there is a finite invariant measure with respect to TZ^ equivalent with \i if and 

only tfYl(an ~~ a)2 < °° for some a £ (0,1), 
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2) there is a a-finite measure invariant with respect to Tloo equivalent with \x if 

and only i / ^ a n ( l — an)(a — an)
2 < oo for some a G (0,1), 

3) there is no a-finite invariant measure with respect to IZoc and equivalent with 

H if and only if^2an(l — an)(a — an)
2 = oo for all a e (0,1). 

We can obtain here an important information that helps us to classify factors that 

appear as fixed point algebras under xerox actions. As seen in the previous section, 

we can identify our factor with N = {jx(j)(A)")T. By [BG] and Theorem 2.1.8, when 

N is properly infinite we have that t £ T(N) if and only if there exists s € [0,2n) 

such that 

y anbn(l — cos(t log — — s)) < oo. 
an 

As a result, 

Proposition 2.2.3. With the above notation, if N is properly infinite, by Theorem 

1.2.4, N is °f tyPe HI if and only if 3 t € R such that for any s G [0, 2ir) we have 

^ a n 6 r a ( l — cos(ilog — — s)) = 00. 

2.3 Xerox Actions Induced by Diagonal Represen­

tations of Finite Groups 

The following theorem will treat the case when G = Z2. In the second part of the 

section we explain how the problem can be solved for actions of other finite groups. 

Theorem 2.3.1. Let A = ®M2(C) be the 2°°-UHF algebra and let if be the product 

state <£>(•) = <g) tr(hn-), where hn = diag(an,bn), an + bn = I, an,bn > 0. Let 

A7,2 be the fixed point algebra under the xerox action of Z2 induced by the involutive 

automorphism 
r 1 0 

a = 
0 - 1 
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Then TT^L2 (A
7,2)" is factor if ^2 anbn = oo. 

We have that C — C(X) with X = Y[{0,1}, is a masa in A1,2 and following 

[SV1], we also have a group of homeomorphism F such that A%2 = A(X, F), where F 

is an increasing chain of finite subgroups Tn which we are not going to define here. It 

is easier to describe the equivalence relation 1Z induced by F on X than to describe 

r . As in Section 2.2, we have that A%2 ~ C*(X, TV) and the equivalence relation TZ 

is: 

xTZy if and only if xTy and \_]xn — Vn = 0 (mod 2) 

where T is the tail equivalence on X. Also, the equivalence TZ is isomorphic to the 

tail equivalence on the Bratteli diagram, as shown in Figure 2.2. The state cp induces 

a probability measure \x = ®/^n on X with /xn(0) = an and /i„(l) = bn for all n ^ 1. 

We have that nvz2{AZ2)" ~ W*(X,(JL,K), (Theorem 1.2.16). The fact that TT^2(A
Z2)" 

is factor then follows from Proposition 2.3.4 and Theorem 1.2.17. 

Definit ion 2 .3 .1 . We say that x and y have infinitely many encounters if there are 
n 

infinitely many n such that ^2(xt — yi) = 0 (mod 2). 
i = l 

L e m m a 2.3.2. If A <Z X with n(A) > 0 and E™ = {y e X; x{ = yu 1 < i ^ n} then 

n m M A n ^ ) = i 

/or almost all x £ A 

Proof. We denote by <8 the cr—algebra generated by all elementary cylinders of X. 

If we denote Q3„ the a—algebra generated by {C,-; 1 ^ j ^ 2"}, the set of elementary 

cylinders of length n, then the a—algebra 93 on the product space X = Y\{0,1} is 

nothing else than a{Bn;n ^ 1}. We have 
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Figure 2.2: The Bratteli diagram of A%2 

where E(XA\BU) denotes the conditional expectation of XA with respect to the a—algebra 

Q3„. By [B], Theorem 35.6, we have that E(xA\Bn) —> E(XA\B) = XA almost every­

where when n —> oo and therefore 

hm ^v xJ = hm E(xA\Bn){x) = 1 

for almost all x e -4. D 

Proposition 2.3.3. W î/i t/ie a&ove notation, the equivalence relation 1Z on X, is 

li—ergodic. 

Proof. Consider the following sets in X x X: 

Cn = {(x, y) e X x X; xn = 0,yn = 1}. 



48 2. ACTIONS OF XEROX TYPE AND FIXED POINT FACTORS 

Then Cn are independent events in X x X and Yl A*x M^n) = ^2 anbn = oo- By Borel 

Cantelli lemma we get that for almost all (x,y) 6 X x I , i „ = 0 and yn = 1 infinitely 

many often. But this means that x and y have infinitely many encounters. Let A be a 

72.—invariant set with 0 < fi(A) < 1. Assume that A does not have measure 1. Hence 

Ac = X — A is also a 72-invariant set of nonnegative measure. Choose now x 6 A and 

y £. Ac with infinitely many encounters and N > 1 such that for any n > N 

M-4 n E%) l 
KES) 2' 

MAC n £ff) i 
KES) > 2' 

This is possible by Lemma 2.3.3. As x, y intersect infinitely many often, there exists 

n > N such that ]Cr=i(x« ~ Vi) = 0 (mod 2). There exists <f) G [R] such that 

4>E% = E%. We have: 

fi(AnE%)= [ dn= ( dfx= [ ^^(x)d^(x) 
J Ar\E™ J(j>(AnE™) JAnE% "A4 

-JWf{AnE:)>12AE;) 

Hence we have that 
KAriE%) i 

H(E») > 2" 

But then, 
/x(An^) M^ c n^) 1 1 

M^) M^n) 2 + 2 • 
This is a contradiction. Therefore A has full measure and this shows that our equiv­

alence relation is ergodic. • 

In the same way, we can analyze xerox actions on k00—UHF algebras induced 

by diagonal representations of finite abelian groups. To prove that the fixed point 

algebra is a factor it is enough, as before, to show that an equivalence relation TZ on 

X = n(°> 1 , . . . A; — 1} is ergodic. 
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Let us consider for example the action of Z3 on A = ®M3(C) induced by the 

automorphism 

"" 1 0 0 

a = (X>ACL 0 e 0 

0 0 e2 

where e = e~^. On A we consider the product state </?(•) = ®tr{hn-) where hn = 

diag(a^, al
n, a

2), a° + ax
n + a}n — 1, a°, a\, a\ > 0. Assume that 

^2(a°nan + anal + flnfl«) = ° ° 
n = l 

By Theorem 1.1.3, the fixed point algebra A7,3 can be identified with A(X, T) where 

X = FJ{0,1,2} and T = u r n . As before it is easier to describe the equivalence 

relation 1Z induced by T. This is: 

xlZy if and only if xTy and \.(xn — Vn) = 0 (mod 3) 

where T is the tail equivalence on X. We also have that AZs ~ C*(X, TZ), and TZ can 

be identified with the tail equivalence on the Bratteli diagram, as shown in Figure 

2.3 

On X, the state induces a product measure fi = ®jin with /j,n(i) = al
n, 0 ^ i ^ 2 

and nipz3(A
Z3)" ~ W*(X,/j,, 1Z). The proof follows the same idea as in the case of 

the Z2-action but this time it is more difficult to show that almost all x and y have 

infinitely many encounters. First we prove the following lemma: 

Lemma 2.3.4. If Z = rj{0,1,2} and v = ®un where an = vn{fy (3n = ^„(1) 

In = ^n(2) and an,(3n,jn ^ r > 0 then for v x v almost all (x,y) e Z x Z there 
n 

are infinitely many n such that ^ ( X J — Zi) = 0 (mod 3) i.e., for v x v-almost all 

(x, y) £ Z x Z, x and y have infinitely many encounters. 

Proof. Let An = {(x,y) € Z x Z : x2n-\ = l,x2n = l.jfcn = 0,2/2n+i = 0}, n > 1. 

We have that J^nLi v x KAi) = °°. By Borel-Cantelli lemma we have that for 
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Figure 2.3: The Bratteli diagram of AZs 

almost all (x,y) G Z x Z, (x,y) G An for infinitely many n. But if x, y G An 

we have that ^ " 7 (xi — 2/i) = 0 (mod 3) or J2i=i (xi ~ Vi) = 0 (mod 3) or 

^2i~i(xi — yi) = 0 (mod 3). Hence, whenever x,y G An, x and y have an encounter. 

Therefore for v x z/-almost all (x,y), there are infinitely many n G N such that 

E I L i ^ — 2/«) = ° ( m o d 3)- n 

Consider now the general case. 

For k G {0,1, 2} we define V^ := {x = XiXi+1 ...Xj : Y^n=i xn = k (mod 3)} 

and E^ := | J { ^ ; a; G V£} where, Ex = {y G X; */, = xh for i ^ / ^ j } , if x G V£. 

We will prove that 

lim fi{E^) = - for all k = 0,1, 2. 

We have that 

Y[(a°n + a\ + a2
n) = ^ ) + ^ ) + ^ j ) , (2.3.1) 

f j (a° + eai + e2a^) = ,z(£*,) + eM(££,) + e 2 ^ - ) , (2.3.2) 
n=i 



2.3. XEROX ACTIONS INDUCED BY DIAGONAL REPRESENTATIONS OF FINITE GROUPS 51 

f [ « + eX + ea2
n) = ^E^) + Mtfj) + e^EfJ. (2.3.3) 

n=i 

Indeed, the first equality is clear. For the second one 

n=i Xi,Xi+i,...,xj£{0,l,2} 

fc=0 a;Gy.fc. 

and the third one can be proved in the same way. On the other hand: 

K + eal
n + e2a2

n) (a°n + eal
n + ? a 2 ) = (a° + ta\ + e2a2

n) (a° + e2al
n + ea2

n) 

= («n)2 + («n)2 + («n)2 + ( < K + < a 2 + al
na

2
n)e

2 + (a°na
l
n + a°na

2
n + a> 2 )e 2 

= (a°)2 + (al
n)

2 + (a2)2 + a°na
l
n{e + e) + a°a2 (e + e2) + al

na
2
n{e + e2) 

= (a°)2 + « ) 2 + (a2)2 - a°na
l
n - a°na

2
n - al

na
2
n 

Hence 
3 

n=i 

because, 

3 3 

lim TT|a° + ea1
n + e2a2

n\ = 0 (2.3.4) 

lim V ( l - \a°n + eax
n + e2a21) = lim ^ { 1 - [(a°)2 + {al

nf + (a2)2 - a°na
l
n - a°a2 -

j—>oo ' » j—>-oo ' * 
n = i n = i 

3 

= I™ V V a ° + al
n + a2 - [ « ) 2 + (a* )2 + (a2)2 - a°na

l
n - a°a2 - a> 2 ]5} 

n = i 

_ o i- V ^ anan ' unMrt T an"-n 

' j ^ h 1 + [(O2 + (O2 + CO* - « - « - <<%]$ n—i 

3 

> lim y][a0
na

l
n + a°na

2
n + al

na
2
n] = oo 

Similarly, 

7 1 = 1 

3 

j—>oo 
lim J T | a ° + e X + ea2| = 0 (2.3.5) 

n~2 
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Therefore from (2.3.1), (2.3.2), (2.3.3), (2.3.4) and (2.3.5) we obtain: 

(2.3.1) + (2.3.2) + (2.3.3) =» lim /x(£°) = \ 

(2.3.1) + e(2.3.2) + e2(2.3.3) => lim ^ ( £ 2 ) = -
j^oo J 3 

(2.3.1) + e2(2.3.2) + e(2.3.3) => lim //(£&) = \ 

Inductively we build a sequence 1 = i\ < i2 < H < • • • with M-^. in+i- i ) ^ I a n o -
2 

E M-^Lin+i-i) = 1 for A; = 0,1,2. Let Z := T 7 { M , 2 } . On Z we consider the 
fc=0 

product measure v = ®vn where vn(k) = fJ-iE^ _1). Let 7r : (X,/1) —> (Z, 1/) 

defined by 

TT(2/I, 2/2 • • • 2/ii-i, 2/ii • • • 1/ia-i • • •) = (fci> fo • • •) 

with | / j n + ?/in+1 + • • •Vin+i-i = kn (mod 3) for all n ^ 1. By the previous lemma, 

for v x ^-almost all (z, w) E Z x Z, there are infinitely many n G N such that 

EiLiC2*~~ wi) = *-* ( m ° d 3). If x £ 7r_1(2;), j / E 7r-1(iy), we have also the property that 

E r = i ( x i — Vi) = 0 ( m od 3). As v = /X0 7T-1, we have that for almost all (x,y) E X xX 

Er=i ( x J — Vi) = 0 (mod 3). We conclude that the equivalence relation is ergodic, in 

the same way we did in Proposition 2.3.4. 

We now determine the type of the factor 7r^z2(AZ2)". 

T h e o r e m 2 .3 .5 . With the above notations, if^2an(l — an) = 00, Tr^z2(A
Z2y; is a 

factor of 

1) type Hi if and only ifJ2(an — \)2 < 00 

If 7r̂ z2 (A
z )" is not type II\ then it is a factor of 

2) type 11^ if and only ifJ2an{l ~ an)(an - \)2 < 00 

3) type III if and only z / E a n ( l — an)(&n — \)2 = °° 

The proof follows mainly the same lines as the one in the next section when we 

consider the standard action of the 2-dimensional torus. As we saw before, we can 

also identify 7r̂ z2 (A
1,2)" with (71,p(A)")Z2. An easy computation shows that the action 
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of Z2 extended to the ITPFI TT^A)" is outer and therefore, the group being finite, the 

fixed point algebra is a factor. This is known but the proof results using completely 

different arguments, (see for example [J2], p.6). 

2.4 The Standard Action of the Torus T2 

We recall that the standard xerox action of the (k-1) dimensional torus Tk~l on 

A=®Mk(C), the k°°-UHF algebra, is given by: 

a : Tk~l -»• Aut(i4); a(tu • • •, tfc_x) := <g>Ad 7r(*i, t2, • • •, 4 - i ) , where 

7r(ti, • • -,tfc_i) := diag(l,e t t l ,e"2 , • • •,eI"->); U G [0, 2TT) 

To simplify the notation, for k = 3 we denote: 

a : T2 -» Aut(^4); a(s,u) := ®Ad 7r(s,u) 

TT(S, «) : = diag(l, eis, eiu); s, u G [0, 2TT) 

On 4̂ = (g)M3(C) we consider the faithful diagonal product state p = ®ipn given by 

<£„(•) = tv(hn-), where 

/in = diag(ara, bn, cn) an, bn,cn G (0,1) and an + bn + cn = 1 (2.4.1) 

As </? is a diagonal state, ip is invariant under a, i.e., cp o a(s,t) = 90 for all s,t G 

[0, 27r). As in Section 2.2, we will denote by M the GNS representation ir^A)". Then 

TV(A)" = <g>(M3(C), y?n). Let JV be the fixed point subalgebra MT" = (-Kip{A)")T\ In 

fact JV = ^ ( ^ " - 7 ^ 2 ( A 7 * ) " . 
00 

Let X= Y[ {0,1, 2} and let 7̂ 00 be the following equivalence relation: 
7 1 = 1 

xlZooy if and only if there exists n ^ 1 such that Xi = y\ for i > n and 

card{i; 1 ^ i ^ n, x{ = A;} = card{i; 1 ^ i < n, t/* = A;} for k G {0,1, 2} 
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Figure 2.4: The Bratteli diagram of A T 2 

We can identify X with the path space of the Bratteli diagram of AT , in the 

same way we did in Section 2.2, and again the equivalence relation TZoo corresponds 

to tail equivalence on the diagram, as shown in Figure 2.4 

We also can identify AT with C*{X,'R,00) and 7̂ 00 is induced by the following 

action of S^ on X: 

a(xu x2, • •.) = (xa(i), XCT(2), • . . ) , cr G S'oo 

The state cp induces a product measure fi = ®nn on X with fin the probability 

measure on {0,1,2} given by /un(0) = an, /in(l) = bn fj,n(2) = cn. We have that 

TCIPT(AT)" ~ W*(X, fi, IZoc) (see Theorem 1.2.16). The factoriality is equivalent to 

the ergodicity of 'fcoo with respect to // and by [AP] we have that T̂ -oo is //-ergodic if 

and only if ^ a n ( l — an) = oo, ^2bn(l — bn) = CXD, J2cn(l — cn) = oo. Because the 

measure /j, is non atomic the factor N is either of type II or of type III. 

First we will give a necessary and sufficient condition for N to be of type Hi. 

Proposition 2.4.1. With the above notation, N is of type II\ if and only if there 



2.4. THE STANDARD ACTION OF THE TORUS T2 55 

exist a, b, c e (0,1), a + b + c = 1 such that 

J2 (fln - a)2 + (K - bf + (cn - c)2 < oo (2.4.2) 

Proof. N is a factor of type Hi if and only if there is an TZ^—invariant ergodic 

probability measure i/ ^ /J on X, equivalently, if and only if there exists an IZ^ 

extremal invariant measure v equivalent to JJL, on X. By [W], the ergodic invariant 

measures are in bijection with the extremal traces on AT , and by [Pr], these are 

restrictions of symmetric states on A (see Definition 1.2.10). Hence, if ./V is a factor 

of type Hi, there exists a measure v, on Y[{®> 1> 2}, v ^ \i such that v = <g>v0, with 

^o(O) = a, ^o(l) = b, ^o(2) = c and abc ^ 0. By Kakutani's Theorem, ([HS], Theorem 

22.36), we have 

y ] (an - «)2 + (bn ~ bf + (cn - cf < oo. 

Conversely, if (2.4.2) holds, the conclusion follows again by Kakutani's Theorem. 

• 

Notice that in this situation, [BP2], gives only necessary and sufficient conditions 

for iV to be of type Hi. 

When iV is properly infinite, we will use the computation of Connes' invariant T 

to determine if ./V is of type IIoo or III. 

Proposi t ion 2.4.2. If ipn(-) = tr(hn-) where hn are as in (2.4-1), and N is properly 

infinite, then t e T(N) if and only if there exist s,u G [0, 2n) such that 

y ] anbn(l- cos (t log — - s ) ) + anCn{l- cos (t log —-it)) + bncn{l- cos (t log ^ - s + u 

(2.4.3) 

Proof. We recall that af = <g)Ad h%. For s, t, u fixed, we have af o a(—s, —u) = (g)Ad 

vn, where 

vn = 
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By Theorem 1.2.5, we have that (8)Ad vn defines an inner automorphism if and only 

if J2(l ~ Wn{vn)\) < oo. We have, 

1 - \<pn{vn)\ = 1 - \<pn(vn)\ = 1 - |< t + 1 + b«+1e~is + < i + 1e- l" | 

= 1 — \an cos(t log an) + ian sin(£ log an) + bn cos(t log bn — s)+ 

+ibn sin(£ log bn — s) + cn cos(£ log cn — u) + icn sin(t logcn — u)\ 

= (an + bn + cn) - \ancos(tlogan) + iansinologan) + bncos(tlogbn - s) + 

+ibn sin(£ log bn — s) + cn cos(t log cn — u) + icn sin(t log cn — u) \ 

= (an + bn + cn) - {[an cos(£ log a„) + bn cos(t log 6n - s) + cn cos(t log cn - u)}2 + 

[an sin(t log an) + bn sin(t log bn - s) + cn sin(t log cn-u)} } 2 < oo 

Then the series 

^ (an + n̂ + cre) - [a2
n + b2

n + c2
n + 2anbn cos(t log — -s) + 

c b i 

+2cnan( t log—-w) + 2bncn cos (£ log — - s + u)]* 

is convergent if and only if the following one is convergent 

2_] anbn(l — cos(tlog — — s))+ancn(l — cos(tlog — — w))+6ncn(l —cos(tlog — — s+u)) 
dn dn Cn 

Therefore, we have that ®Ad vn is inner if and only if 

V^an6n(l—cos(£log ——s))+ancn(l—cos(tlog ——u))+bncn(l— cos(tlog ——s+u)) < oo 
(ln &n Cn 

Now, if the sum (2.4.3) is finite then 

^ a? 

n = l 

\ 

}dtp-is 

c^e~iu 

= veM 

; 



2.4. THE STANDARD ACTION OF THE TORUS T2 57 

As by definition v G N, we have that af =Ad v o a(s,u). Hence, by Proposition 

2.1.8, t G T(N). 

Conversely, if t G T(N) then again by Proposition 2.1.8, there exist s, u G [0,2n) 

and v G U(N) such that erf (x) =Ad voa(s, u)(x) for all x G M. Hence crfoa(—s, —u) 

is an inner automorphism and therefore the sum (2.4.3) is finite. • 

Proposition 2.4.3. Let (an)n^i and (6n)n^i sequences of nonnegative real numbers. 

Suppose that lim an = 0, ^ an = oo and lim bn = b ^ 0. Then 3 t G R suc/i #ia£ /or 
n—>oo n—»oo 

am/s G [0, 2vr), X^an&ntl - c o s ( ^ l o g ^ - s)) = °°-

Proof. Let ?/>(•) = <g>tr(kn-) be the faithful diagonal state onf l = ®M2(C) given by 

kn = diag(-^fc-, ^ - ^ - ) - Let P := TT^{B)" and Pa = Q (here a is the action of the 

1-dimensional torus on B). As, V "" • b\ = oo, 0 is a factor by Theorem 2.2.1. 

By Theorem 2.2.2, Q is a factor of type III because 

Y ~^-r(l - — ^ V ) f — ^ T - - c V = oo for all c G (0,1). 
^>an + bn an + bn \an + bn J 

Therefore, by Proposition 2.2.3, there exists t ^ T(N). This means that there exists 

t G R such that for every s G [0, 2ir) we have ]£ ( a
a ^ ) 2 ( l - cos(tlog ^ - s)) = oo, 

or, equivalently, J2 anbn(l — cos(tlog ^ — s)) = oo. D 

Corollary 2.4.4. Le£ <£>„(•) = tr(hn-) where hn as in (2.4-1)- If (an,bn,cn)n^i has 
oo 

a subsequence (ank,bnk,cnk)k^i such that ank —> 0, ^ anfc = oo and either bnk (or 
fe=i 

cnjJ converges to a nonzero number, then N is of type HI. If N is of type 11^ and 

has a subsequence {ank,bnk,cnk)k^i with ank —> 0 and either bnk (or 
oo 

cnk) converges to a nonzero number, then Yl ank < oo. 

fc=i 

Proof. By Proposition 2.4.3 there exists t G R such that for every s G [0,27r), 

Yl ankbnk{^ — cos(£log - ^ — s)) = oo and then there exists i G l such the sum (2.4.3) 

is infinite for every s. Hence T(N) ^ R. By Theorem 1.2.4, N is of type III. • 

Remark: the role of an, bn and cn can clearly be interchanged. 
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Proposition 2.4.5. If ipn(-) = tr(hn-) is as in (2.4-1) and (an,bn,cn)n^i has two 

distinct limit points (a1, ft1, c1) and (a2, b2, c2) with axb% ^ 0 for i = 1, 2 and ^- ^ -^ 

#ien AT is o/ type III. 

Proof. By assumption, let (ank,bnk,Cnk)k^i and (anj,bnj, Cn^)m be two subsequences 

of (a„, bn, cn)n^i converging to (a1, 61, c1) and (a2, 62, c2) with a ^ ^ 0, i = 1, 2. 

If AT = M T is semifinite, then T(AT) = R and therefore for every t G R, 

there exists s 6 [0, 27r) such that ^ a n 6 n ( l — cos(t log ^ — s)) < oo. Therefore, 

lim cos(t log -^- — s) = cosft log \ — s) = 0 and lim cosft log - ^ — s) = cosft log K — 

s) = 0. Then s - t log £ G 2vrZ and s - t log § G 2TTZ. Let £ G M = T(N) such that 

* ^ 2^fti • As we saw before, there exists s G [0, 2ir) such that s — tlog p- G 27rZ and 
a 1 ^ 

. 2 
s — t log fj G 27rZ. It results that t G 27rfu which is a contradiction. Hence, Â  is of 

type III. 

Remark: the role of an, bn and cn can clearly be interchanged. 

• 

Lemma 2.4.6. Let (on)n^i and (bn)n^i be sequences of nonnegative real numbers 

such that lim an = a and lim bn = b with ab ^ 0. If t ^ 0, i/ien £/ie series 
n—»oo n—>oo 

^ an6n(l _ cos(t log ^ — t log -)) and J^ anbn(anb — fona)2 are either both convergent 

or both divergent. 

Proof. The lemma results from: 

a n fe n ( l - cos ( i log^ - t l o g * ) ) 2 s i n 2 ( | l o g ^ ) 
lim v : Is™ t^li = i i m

 V2 &a"bJ 

n^oo anbn(bna - anb)2 n^oo a2&2(j^§ - l )2 

t2 ^ 2 ( I log^f ) / l og^ \ 2
 t

2 

lim 
n-oo2a262 ( i W ^ ) 2 \ 2 n 2 - i ; 2a2fe2 

We recall that the conditions for N to be a factor are: 

J ^ a n ( l - a n ) = oo, J ^ 6 n ( l - 6 n ) = oo, ^ c n ( l - c n ) = oo 

a 

file:///2n2-i
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Proposition 2.4.7. With the above notation, T(N) = M., i.e., N is semifinite if and 

only if there is a unique (a, b, c) £ (0, l ) 3 with a + b + c = 1 and 

^ anbn(anb - bna)2 + ^ ancn(anc - cna)2 + ^ bncn(cnb - bnc)2 < oo (2.4.4) 

Proof. Suppose first that N is a factor of type 11^. To have a geometric picture 

we can see the sequence (an, bn, c„)n^i inside the triangle determined by the vertices 

A(1,0,0), B(0,1,0), C(0,0,1). We denote by (AB) the interior of the line segment 

determined by A and B and similarly, for (AC) and (BC). We call (AB), (AC) and 

(BC) edges. By Proposition 2.4.5, the sequence (an,bn,cn)n^i has at most a limit 

point in the interior of the triangle ABC and it has at most a limit point on each 

edge. 

Case I. Assume first that the sequence (an, bn, cn)n^i has a limit point (o, 6, c) 

in the interior of the triangle (ABC), (i.e., abc ^ 0). By Proposition 2.4.5, if 

(m, n, 0) is a limit point on (AB), then m = ^ and n = ^ . Similarly, if (0, / , g) 

is a limit point on (AC), we obtain that / = -^- and g = ^ , and if (0,q,r) 

is a limit point on (BC), q = ^ and r = ^ . Therefore if (a,b,c) is a limit 

point inside (ABC), then, the possible limit points are: (1, 0, 0), (0,1, 0), (0,0,1), 

(^5 , A > ° ) ' ( ^ ' 0 ' 7&) ' (°> ifc> frfe)' (a ' fe 'c)- W e d i v i d e t h e s e t o f n o n n e § a t i v e in­
tegers in mutually disjoint sets E\, E2,..., E7 which are either infinite or empty, and 

such that 

(an, bn, cn) —* (1, 0,0); (an, bn, cn) —> (0,1,0); 

(an, bn, Cn) —-> (0, 0,1); (an, bn, cn) —-> ( ——, ——, 0 ) ; 
neE3 neE4 \a + b a + b J 

( a c \ b e 

—— , o , — — J ; (an,bn,cn) —» ( o , T — , 7 — — ) ; 
a + c a + cj n<EE6 b + c b + c 

(an,bn,cn) —> (a,b,c) 
neE7 

For ie {1,2, . . .7} and ^ ^ 0 let 

Ri := ^2anbn(anb- bna)2 + ^ a n c n ( a n c - cna)2 + ^ bncn(cnb - bncf 
Ei Ei Ei 
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If Ei 7̂  0, as N is of type IL^, by Corollary 2.4.4, we must have £ fen < oo 

and ^2 cn < oo. This is enough to ensure that Ri < oo. Similarly, if E2 or £"3 are 
neEi 

nonempty we obtain that R2 < oc and R3 < 00. 

According to our assumption, £7 ^ 0. Let t € M. As T(Ar) = E, there exists 

s e [0, 2-7r) and w G [0, 2%) such that (2.4.3) holds. We show now that R-? is finite. 

Based on £ a „ 6 n ( l — cos(tlog ^ — s)) < 00, we have cos^ log^ — s) —>• 0. Hence1, 

s = tlog^ (mod 27r) and the sum becomes ^anbn(l — cos(tlog|1L — tlog^)) < 00. 

By Lemma 2.4.6, ^2anbn(anb — bna)2 < 00. As (2.4.3) holds, we also must have 
E7 

Y^ dn
cn{^ — cos(log — — u)) < 00. This implies that u = tlog - (mod 2it) and again 

by Lemma 2.4.6, J2ancn(anc — cna)2 < 00. Also, £&nc„(l — cos(£log ^ — s + «)) = 
E7 E7 

J2bnCn(l ~ COs(tlogb£ - t\0g± + t l o g f ) ) = £ bnCn(l - COs(t log ^ - £ log *)) < OO 

By Lemma 2.4.6 we obtain ^]6„cn(5„c — cnb)2 < 00. Consequently, Ry is finite. 

For s and w determined above we have to show now that for i £ {4, 5,6}, Ri are 

finite whenever Et is nonempty. 

If £4 7̂  0, then we must have £ an^n(l — cos(t log — — £ log -)), and by Lemma 
EA 

2.4.6, X)arA(an^T6 - ^^Tft)2 < °° a n d therefore £a„6n(a„6 - bna)2 < 00. Also, as 
EA E4 

T(N) = K, by Corollary 2.4.4, £ cn < 00 and therefore £ bncn(bnc — cnb)2 < 00 and 

£ a n c „ ( a n c — cna)2 < 00. Consequently, R4 is finite. Similarly if E5 or .E6 are non 
EA. 

void we have R$ < 00 and i?6 < 00. 

Therefore, as all Rt are finite we have that the sum (2.4.4) is finite. 

For uniqueness, suppose that it exists (p, q, r) <G (0, l)3 , p + q + r = 1 such that 

Y] anbn(anq - bnp)2 + ^ anCn{anr - cnp)2 + J ^ bncn(cnq - bnr)2 < 00 

Let ( 
anfci ^nfc) c„fc)fc î be a subsequence of (an, 6„, cn)n^i that converges to (a, 6, c). We 

must have lim (ankq — bnkp)2 = aq — bp = 0 and therefore % = -• Similarly -c = —. 

This is enough to conclude that (a,b,c) = (m,n,p). Hf t G E by t (mod 2-7r) we denote the unique real number s G [0,2ir) such that s — t G 2-TTZ 
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Case 2. Let us assume now that there is no limit point in the interior of the 

triangle ABC. Then: 

Claim I. On at least two edges there exist a limit point of the sequence (an, bn, cn)n^i 

Proof. Assume the opposite, i.e., there is at most one edge on which it exists a limit 

point of the sequence (an, bn, cn)„^i. Let us assume that this point is on (AB). Then, 

as we already assumed that there is no limit point in the interior of the triangle, 

the only possible limit points are (1, 0, 0), (0,1, 0), (0, 0,1), (p, q, 0). We divide N* = 

N \ {0} in mutually disjoint sets E\, E2, £3, E4 which are either infinite or empty, and 

such that: 

(a„, bn, cn) —-> (1, 0, 0); (an, bn, cn) —• (0,1, 0); 
n€E\ neE2 

(an, bn, cn) —> (0,0,1); (an, bn, cn) —• (p, q, 0); 
n£E3 n&EA 

Case a. If E3 = 0 then by Corollary 2.4.4 we get that ^ cn < 00 and 
neEiUE2l)E4 

therefore ^2cn(l — cn) < CXD, which contradicts the conditions for factoriality. 

Case b. If E3 ^ 0 then again by Corollary 2.4.4 we have that ^2 an + bn < 00 
n£E3 

and Yl cn < 00 and therefore ^ cn(an + bn) = Yl cn(l — cn) < 00 which is a 
n£EiUE2UE4 n€N neN 

contradiction. D 

So, if we don't have a limit point in the interior of (ABC), without loss of 

generality, we can assume that there is one limit point on (AB) and another one 

on (AC). We denote these points by (m, n, 0) and (g, 0, r) and take (a, b, c) the point 

situated at the intersection of the lines determined by these points and their opposite 

vertices in our triangle. It is also possible to have a limit point on (BC). If such a 

point exists, we denote it by (0, / , g) and we have: 

Claim II. With the above notations ^ = -. 
9 c 

Proof. From the way we denned (a,b,c) we must have - = — and - = -. Let 

(an , bnk, cnk)n>i be a subsequence of (an, bn, cn)n>1 converging to (m, n, 0). We have 
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that Ylankbnk{^ — cos(£log-^ — sj) < oo and necessary s = t log- (mod 2n). Sim-

ilarly w = tlog^ (mod 27r). Let (anj, bnj, cnj)n>1 be a subsequence of {an,bn,cn)n>1 

converging to (0, / , g). But then Yl bnj cnj (1 - cos(t log ^- - s + u)) = £ 6nj. c%. (1 -

cos(tlog -p- — tlog £ + tlog ^)) < oo. Hence limcos(£log ^ ^ ) = cos(£log £f) = 1 for 

all t in M. Therefore we must have - = - . D 

In other words, (0, f,g) = (0, ^ , ^ ) . From the way (a, 6, c) is defined, in terms 

of a and b, the other two limit points on the edges can be written as (^b;, ^h;, 0) and 

Therefore the possible limit points are (1,0,0), (0,1, 0), (0, 0,1), ( ^ , ^ , 0 ) , 

(^b>0) a+c)> (^' b+c' 6+3)• We divide again the set of non negative integers in mu­

tually disjoint sets, E\, E2,..., E6 which are infinite or empty, and such that: 

(an, bn, cn) —• (1, 0, 0); (a„, bn, cn) —• (0,1, 0); 
neE% n£E2 

(on , bn, Cn) —> (0, 0 ,1) ; (an , bn, cn) — • ( — — , — — , 0 
neE3 neEi \a + b a + b 

, . ( a
 n

 C \ / i \ m b c 

[On, bn, Cn) —> — , 0, — ; (On, bn, Cn) —> (0, ——, —— ) 
neE5 \a + c a + cj neE6 b + c b + c 

For i £ {1,2,... ,6}, Ri will denote the same sums as in Case 1. If Ei 7̂  0, i = 1, 2, 3 

then, as in Case 1, we obtain that Ri < 00, i = 1, 2, 3. 

According to our assumption, £4 and E5 are non void. 

Let t £ R. As T(N) = R, there exists s £ [0, 2vr) and u £ [0, 2TT) such that 

(2.4.3) is finite. We must have J2anbn(l — cos(tlog^n- — s)) < 00. This implies that 

s = t log^ (mod 27r) and by Lemma 2.4.6, ^2anbn(anb - bna)2 < 00. As T(N) = R, 
E4 

by Corollary 2.4.4, ^ cn < 00 and therefore R± is finite. 
E4 

We must also have ^ a n c n ( l — cos(£log^ — u)) < 00. This implies that u = 
E5 

t log^ (mod 27r) and by Lemma 2.4.6, ^ancn(anc — cna)2 < 00. By Corollary 2.4.4, 
E5 

Y^bn < 00. Therefore i?5 is finite. 
If E6 / 0 we must have V bncn( l-cos(t log ^-s+u)) = Y] bncn( 1-cos(t log ^ -

E6 E6 

tlog^ +t\og%)) = X]^nC„(lcos(Hog^- - tlog*)2 < 00 and, by Lemma 2.4.6, we 
Ee 
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have ^bncn(bnc — cnb)2 < oo. On the other hand, we must have ^ a „ < oo and we 
E6 E6 

conclude that R6 is finite. 

For the uniqueness we proceed as in Case I. 

We prove now the converse. Hence, we assume that the sum (2.4.4) is finite. 

Suppose that we have a limit point (p, q, 0) with pq ^ 0. Then it exists a sub­

sequence (ank,bnk,Cnk) —>• {p,q,r). As J2 ankbnk(ankb - bnka) < oo, we must have 

lim(ankb - bnka) = pb - qa = 0 and consequently (p, q, 0) = ( ^ , ^ , 0 ) . Simi­

larly, if (0,q,r) is a limit point, (0, g, r) = ( 0 , ^ , ^ ) , if (p,0,r) is a limit point 

then (p, 0, r) = ( ^ , 0 , ^ ) and if (p,q,r) with pqr ^ 0 is a limit point then 

(p, q, r) = (a, b, c). Therefore the possible limit points are: (1, 0, 0), (0,1, 0), (0, 0,1), 

(s+5> +̂6' °)' te' °' ^ ) ' (°' bVo 6^)' (a' 6' c)- A § a i n w e d i v i d e t h e s e t o f n o n ne§" 
ative integers in mutually disjoint sets, E\, E2,... ,E7 which are either infinite or 

empty, and such that: 

(an, bn, Cn) —> (1, 0, 0); (an, 6n, c„) —• (0,1, 0); 
neEi n£E2 

(an,bn,cn) -» (0,0,1); (an, bn, cn) —-* ( — — , — - r , 0 ) ; 
neE3 n^E4 \a + b a + b J 

( a r, C A / L \ /r> ^ C \ 
(an, 6n, cn) —-+ —•—, 0, —•— ; (an, bn, cn) —-> (0, ——, — — ) ; 

n€£% \a + C a + Cj nGE6 b + C b + C 

(an,bn,cn) —> (a,b,c) 
neEy 

Let t e R. Let s := t log J (mod 2TT) and it := t log f (mod 27r). For z G {1, 2 , . . . , 7}, 

if Ei ^ 0, let 

Si := ^ a n 6 n ( l -cos(£log — - s)) +a„c n ( l -cos(ilog — - u)) 
r ^n On 

+bncn(l - cos(tlog— — s + u)) 

We will show that for t,s,u as above all Si are finite. 

If Ei ^ 0 we must have ^ anbn(anb — bna)2 < oo. Because an(anb — bna)2 —> b2 

El neEr 

we have ^ 6n < oo. Similarly, J^cn < oo. Therefore ^ a«frn < oo> X) a«cn < °° 
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and ^2 bncn < oo and consequently Si is finite. Similarly, S2 and S3 are finite if 

E2 7̂  0, respectively E3 ^ 0. 

If EA ^ 0, then ^anbn(anb - bna)2 < 00. Then, J ] a n 6 „ ( o n ^ - bn-^-b)
2 < 00 

and by Lemma 2.4.6, we have ^anbn(l - cos( t log^ - Hog-)) < 00. By (2.4.4), 
EA n a 

- 3 
^ancn(anc — cna)2 < 00 and because an(anc — cna)2 —> , °M3c > 0 we have 

^2cn < 00. Consequently, X]ancn a n d X) ^nc« a r e n n i te . Therefore S4 is finite. 
£ 4 E4, E4, 

If £"5 7̂  0, then Y^anCn(anc - cna)2 < 00. Then ^ ancn(an-^ - cn-£-)2 < 00 

and by Lemma 2.4.6 we have Yl ancn(l — cos(ilog ^ — tlog -)) < 00. We have also 
E5 

that ^2bn < 00, and we obtain that S5 < 00. 
E5 

Similarly, SQ and SV are finite if i?6 respectively E7 are nonempty. Therefore the 

sum (2.4.3) is finite. This shows that t G T(N). As this is true for all i 6 1 , we 

obtain that T(N) = M and therefore iV is of type 11^. 

D 
We summarize the results of this section in the following: 

Theorem 2.4.8. Let M = n^A)" = ®(M3(C), ipn), where if = ®yn, </>„(•) = tr(hn-) 

with hn as in (2.4.1), N=Ma. 

Then N is factor if and only if 

] P an( l - an) = 00, ] P M 1 ~ bn) = 00 and ^ cn(l - cn) = 00. 

If N is a factor then: 

(i) N is type II\ if and only if there exist a,b,c G (0,1), a + b + c = 1 such that 

^2(an - a)2 + (cn - c)2 + (6n - b)2 < 00 

If N is not of type II\ then 

(ii) N is type 11^ if and only if there exist a, b, c G (0,1), a + b + c = 1 such that 

^ anbn(anb - bna)2 + ^ ancn(anc - cna)2 + ] P bncn(cnb - bnc)2 < 00 

fm^ N is a factor of type III otherwise. 
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For the standard action of the (k-l)-dimensional torus we have the following 

result: 

Theorem 2.4.9. Let A = ®Mfe(C) be the k°°-UHF algebra. On A we consider a faith­

ful diagonal product state ip = ®(pn, fn(-) = tr(hn-) where hn = diag(a^, o^, ...a^_1). 

Let AT the fixed point algebra under the standard action of the (k-1)-dimensional 

torus, given in the beginning of this subsection and N — ir Tk-i(AT ). 

Then, by [APJ, N is factor if and only if Y^=i { S a n ( l — ^2ali) f = °° for 

every K C {0 ,1 , . . . k — 1}. In this case: 
fc-i 

(i) N is of type II\ if and only if there exist a0, a1,..., ak~l in (0,1) with J^ a, = 1 
i=0 

such that 

Z)(< - aT < °° 
/ / N is not of type Hi then 

fc-i 
fiz,) TV is of type 11^ if and only if there exist a0, a1, ...afc-1 in (0,1) Mt/» J^ a, = 1 

i=0 

oo 

n=l i,j 

(Hi) N is of type III otherwise. 

We will see now that any ITPFI3 factor can be obtained as the fixed point factor 

under the standard action of T2. 

Theorem 2.4.10. Let A = ®M3(C) and let ip = ®pn where ipn(-) = tr(hn-) be 

a faithful product state where h2n =diag (0%, a", a^), tr (hn) = 1, and h2n+i = 

diag{\, | , | ) . Then nv(A
T )" is isomorphic with an ITPFI3 factor and therefore any 

ITPFI3 can be obtained in this way. 

Proof. Let X = Y\{0,1, 2}. On X we consider the product measure r? = ®r]n where 

V2n{i) = 5, V2n+i(i) = a™ for all i G {0,1,2} and for all n ^ 1. We can identify 

(X, 77) with (Xi x X2, fj,xv) where X\ = X2 = Y\{0,1, 2} and the measures \i = ®/xn 
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and v = ®vn are given by iin{i) = a™, vn{i) = \ for n ^ 1 and i G {0,1,2}. The 

equivalence relation TZoo on X is given by: 

xlZooV if a n d only if there exists n ^ 1 such that Xj = y, for i > n and 

card{i; 1 ^ i ^ n, Xi = k} = card{i; 1 ^ i ^ n, yt = k} for A; G {0,1,2}. 

Also, 72-00 can be seen as an equivalence relation on X\ x l 2 , denoted also by TZ^. 

For (x, y) G Xx x X2, with x = (xux2,...) and y = (yu y2,...), 

(x, y)TZoo(x', y') if and only if there exists n G N such that x, = x ,̂ y* = y[ for i > n 

and card{i; 1 ^ i ^ n, Xj = A;} + card{z; 1 ^ i ^ n,yi = k} 

= card{i; 1 < i ^ n, x\ = A;} + card{i; 1 ^ i < n,y[ = k) for k G {0,1,2}. 

Then, (see Section 2.4), 

TTV(AT2)" ~ W*(X! x X2,/x x i / , ^ ) . 

The Lebesgue measure on R is denoted by A. With these notations, we consider 

also the equivalence relation T̂-oo on X\ x X2 x R, given by: 

(x, y, s)TZoo(x', y', t) if and only if 

(x,j/)ftoo(z/,S/') and t = s-log5((x',y'),(x,y)). 

We also consider the following equivalence relation on X2, denoted by Sot,: 

ySooV' if and only if there exists n £ N such that y^ = y[ for i > n and 

card{z; 1 ^ i < n, t/j = k} = card{z; 1 ^ i ^ n, ?/• = /c} for fc G {0,1, 2}. 

As î  is tSoo-invariant, we have that 

(x, y, t)7?.00(x, y', t) for all x, £ and all (y, y') G S^ 

On Xi we consider the following equivalence relations 

xTny if and only if Xi = t/j, for alH > n 
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and 

xTy if and only if there exists n such that xTny 

Let now T be the following equivalence relation (Xi x R , / i x A ) 

n „i 
~ T T x'-

(x, s)T(x', t) if there exists n such that xTnx' and t = s—log I I —1 = s—log 8(x', x). 
i ax-

Let / G L°°(Xi x X2 x R, v x yu, x X)Roo
: the space of all essentially bounded 

functions defined on (Xi x I 2 x l , / j x i / x A ) , invariant under R^. We can assume 

that / is bounded and invariant, ([Zl] ,p.21), as any invariant function is equal almost 

everywhere with an invariant bounded function. Because v is <Soo-invariant, we have 

f(x, y, t) = f(x, y', t) for all (x, y, t ) 6 l i x X 2 x R, yS^y'. 

As by [AP], <Soo is z/-ergodic we have that for all (x, t), y i—• f(x, y, t), is constant v-a.e. 

on X2. We denote this value by f(x,t). Hence, we have a function f: X\ x R —• R. 

Fix (x,t) G Xi x R with x = (xx ,x2 , . . . ) € Xi. Let (y,f) e l i x l where y = 
m o* ~ 

(j/i, 2/2, •• • J/m, Zm+i, • • • ) e ^ i and t' := t - log [ ] ^r-- In other words (x, t)T(y, t'). 
i = i ^ 

Let us denote by Ci the cylinder set C(yi,..., ym) C X2. As 2 ^ /(x, 2;, t) is 

constant z -̂a.e 2, there exists A\ C X2, v{A\) = 0 such that / (x, z,£) = f(x,t) for all 

z G C1 — A1. Let C2 be the cylinder set C(xi,..., xm) C X2. Similarly, as f(y, z, t') = 

£{z,t') for u-a.e. z G X2, there exists also ^42 C X2 i/(-A2) — 0 such that f(y,z,t') = 

f{y,t') for all z G C2 — A2. Let 0 be a Borel isomorphism on X2 that affects only 

the first m coordinates and such that (j){C\) = C2 i.e., <fi(yi, y2,..., ym, ym+\,...) = 

(xi, x 2 , . . . , xm, j/m+i,...) when y G C\. As z (̂A2) = 0, we also have that v(<j)~l{A2)) = 

0. Therefore v(Cx -Ax- 4>~l(A2)) > 0. Let z E Cx - Ax - 4>-1(A2). Then <j>{z) G 

C2 — A2. We denote ^(2) by z. It also exists cr a partial Borel automorphism, a on 

Xi x X2 with Graph(a) G 7?-oo such that a(x, z) — (y, z). We have /(x, 2;, i) = f(x, £), 

/ ( j / , i , f )= f ( j / , t , ) and 

r / / - w w dflX UOa . ™ at. ±, 
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We have: 

f(x,t) = f(x,z,t) = f(y,z,t') = f(y,t') 

which proves that (x, t) \—> f(x, t) is T invariant. The function f is bounded and 

measurable, as £{x,y) = f f(x,y,t)du(y). 

Therefore L°°(X1xX2xR,/ixvx A)^°° can be identified with L°°(Xi x R , p x A)^. 

Moreover the action of R by translation on L°°{Xi x X 2 x l , / i X i / x A)^°° corresponds 

to the action of R on L°°(X1 x l , / i X A) r. In other words, the space X\ x X2 xR/T^oo 

on which M acts by translation is identified with the space Xi x R / T on which R 

acts by translation. This means that the associated flow of (IZoojXi x X2, n x v) is 

identified with the space X2 x R / T on which R acts by translation and therefore, by 

Theorem 1.2.19, 

W*(XX xX2,txx v, TZ^) ~ W*(XU^ T). 

The last one is an ITPFI factor. Therefore, we conclude that 7r¥,(^4r )" is isomorphic 

to an ITPFI factor. 

• 
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2.5 Other Examples 

Let G be a compact group and TV : G —> U(Mk{<C)) a diagonal unitary representation 

of G. Let a = Ad ir(g) be the xerox action of n on A = ®Mfc(C) and 9? = ®</?n a 

faithful diagonal product state on A. Let us denote N = irva(AG)". Then a induces 

an action denoted also by a on M = nv(A)" and N ~ (7r(/,(J4)")a. On the other hand, 

AG ~ C*(X, 1Z) where X = PJ{0,l , . . . , /c — 1} and 1Z is an AF equivalence relation 

on X. Consequently Â  ~ W*(X, /i,TZ) with \i = ®[in the product measure on X 

induced by tp given by fin(i — 1) = c/?n(e^) for 1 ^ i ^ k and for all n. In order to find 

conditions for N to be a factor and to determine its type we proceed as follows: 

(1) We find conditions for 1Z to be />ergodic, 

(2) We determine the ^-invariant ergodic measures on X to find necessary and 

sufficient conditions for N to be of type Hi, 

(3) If A" is not a factor of type Hi, we use Connes' invariant T to determine when Â  

is of type IIoo or type III. We have that A" is of type 11.x, if and only if T(N) = M 

and N is of type III if and only if T(N) ^ R. 

In Section 2.4 we analyzed the fixed point algebra under the standard action of 

the 2-torus. Before considering another example we give a sufficient condition for 

factoriality. 

We give a better characterization of a C*-subalgebra of a C*-algebra C*(X,TZ), 

associated to an etale equivalence relation 1Z that contains C(X), than the one pre­

sented in Section 1.1.4. In Section 1.1.4, we see that such a C*-subalgebra is of the 

form A(S), for a unique (open) subequivalence relation S of 1Z. We show that any C*-

subalgebra of the form A{S) with S open subequivalence relation of 1Z is isomorphic 

with C*(X,S), and therefore we have the following result: 

Theorem 2.5.1. For each subequivalence relations of1Z, A(S) is a C*-subalgebra of 

C*(X,1Z) containing C(X). Conversely, each C* — subalgebra of C*(X, 1Z) contain-
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ing C(X) is of the form A(S) for a unique subequivalence S. The correspondence 

S i—> A(S) is an inclusion preserving bijection between the collection of subequiva­

lence relations of TZ and C* — subalgebras of C*(X,TZ) containing C(X). Moreover, 

C*(X,S) ~ A(S), i.e., any C*-subalgebra ofC*(X,TZ) containingC(X) is isomorphic 

to C*(X,S), for a unique subequivalence relation S of 71. 

Proof. Let [i be a a—finite measure on X with supp(/i) = X. We denote by Ind^/i 

respectively Ind5// the representations induced by /i for the equivalence relations TZ 

resp. S (see Section 1.1.4). The corresponding measures on TZ resp. <S are denoted by 

U-JZ resp. vs and it is clear that us is V-R. restricted to S. We can identify L2(S, us) with 

a subspace of H = L2(TZ, UR), denoted by H0 (by identifying a function defined on <S 

with a function defined on TZ which is zero on TZ \ S). We denote by -K the restriction 

to H0, of the representation IndTC/x of CC(S). But then, n can be regarded as Ind \x. 

We can identify C*(X,S) with the norm closure of ir(Cc(S)) in B(H0). On the other 

hand, by Remark 1.1.2, CC(S) is dense in A(S), we can identify A(S) with the norm-

closure of Indw//(CC(S)) in B(H). Let N be the von Neumann algebra, acting on 

H, obtained as the weak closure of A(S) and let e be the orthogonal projection from 

H to H0 which is e(f) = f\s, for all / e H. We show that e £ N' and z(e) = 1 

and therefore we have Ne ~ N with Ne acting on Ho. The isomorphism from iV to 

iVe is given by x i—> exe. As this correspondence is norm preserving we must have 

| | / n d ^ ( / ) | | = ||7r(/)|| for all / G CC(S). Therefore, we obtain A(S) ^ C;(X,S). 

We prove now that e £ N' and z(e) — 1. The fact that e 6 N' is clear because iV 

leaves H0 invariant. The weak closure of lndn^i(Cc(TZ)) in B(H) is W*(X,/i,TZ). We 

denote it by M. We have L°°(X,n) C N C M and L°°(X,ii) is maximal abelian in 

M. Consequently, L°°(X, /x) is maximal abelian in iV and therefore Z(N) is contained 

in L°°(X, jj). Hence, we can identify z(e) with a function \A ^ L°°(X, fi). Let B C X, 

n(B) < oo. Then XAHB = z(e)e(xB) = C{XB) = Xs- As this is true for all B with 

l-t(B) < oo, we have n(Ac) = 0 and therefore z(e) = 1. D 

Proposition 2.5.2. / /A is t/te k°°-UHF algebra and G is a compact group acting on 
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A by a diagonal xerox action induced by a representation -K of G on U(Mk(C)), then 

AG is a C*-subalgebra of AT 

Proof. First we see that the fixed point algebra AT can be obtained also by acting 

on A with the following action of the k-dimensional torus Tk: 

a:Tk -* Aut(A); a{tx, • • •, tk) := ®kd 7ftli...,tfc, where 

7rtl,.,tfc := diag(e t t\ elt\ eil\ • • •, eitfc); U € [0, 2TT). 

Clearly, 7r(G) is a subgroup of the k-dimensional torus and therefore, AT C AG. 

Moreover, both of these two C*-algebras contain C(X). O 

With the above notations, we recall that ipG (resp <pT ) denote the restriction 

of a a product diagonal state p> = ®xpn on A to AG (resp. AT ) . 

Proposi t ion 2.5.3. If <pT is a factor state then >pG is also a factor state. 

Proof. We have A7""1 ~ C*r{X, TZ^) and AG ~ C;(X, TZ). Here X = n { 0 , 1 , . •., k -

1} and 7̂ -00 is the equivalence relation on X given by: 

xlZocy if and only if there exists n ^ 1 such that Xi = yi for i > n and 

card{i; 1 ^ i ^ n; xi = j } = card{i; 1 ^ i < n; yi = j} for 0 ̂  j ^ k — 1. 

The equivalence relation relation is induced by the action of the group S^ of finite 

permutations acting on X. By Theorem 2.5.1, TZ D TZ^. Let /̂  = ®/xn the product 

measure on X induced by ip given by \in{i — 1) = pn(e
ki) for i G { 1 , . . . k} and n ^ 1. 

On the other hand, T T ^ - I (A^'1) ~ W*(X, //, ft) and K^G(AG) ~ W*(X, /x, TZ). But 

H/*(X, /i, 7?.) is a factor if and only if V,^ is /i-ergodic. Consequently, as TZoo C TZ, TZ 

is also yU-ergodic, W*(X, TZ, n) is a factor or equivalently, pG is a factor state. • 

If n = ®nn is the product measure on X induced by the state ip, then, by [AP], 

7̂ -00 is //-ergodic if and only if 

J2 ( S ^ M 1 ~ X A ( * ) ) ) = °°-
n=l \ J € J iGJ / 
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for all J C { 0 , 1 , . . . , k — 1}. Therefore with the above notations, we have a sufficient 

condition for factoriality. 

For any given xerox action induced by a diagonal representation TT of a compact group 

G we can classify in types the GNS representation of the fixed point algebra. The 

technique can be used in general, as explained in the beginning of this section. We 

already used these techniques in Section 2.4, where we studied the standard action of 

the 2-dimensional torus. We will consider here a different example. The xerox action 

considered is also different from the type of actions studied in [BP2]. 

Let us consider now A — ®M3(C) and a : T —> Aut(A) the xerox action given 

by: 

1 

a(t) = <g>Ad 0 it 

Let Aa be the fixed point algebra under this action. 

Let 7T : SU(2) -»• Af3(C) given by 

7T 
a b 

—b a 
= 

1 

0 

0 

0 

a 

-b 

0 

b 

a 

In fact, the xerox action a considered above is the restriction to the maximal torus T 

of SU{2) of the xerox action on A induced by the above representation n of SU(2). 

As usual, we have Aa ~ A(X,F) ~ C*(X,1Z), where T is a countable group 

of homeomorphisms on X = [1(0; 1)2} which generates the equivalence relation 1Z 

given by: 

xTZy if and only if there exists n ^ 1 such that Xj = Hi, for i ^ n + 1 and (2.5.1) 

- (card {xi = 0; i = 1 ^ n} — card {yi = 0; 1 ^ i ^ n}) = card {|/j = 1; 1 ^ i ^ n} — 

—card {xi = 1; 1 ^ i < n} = card {?/i = 2; 1 < i < n} — card {XJ = 2; 1 ^ i ^ n} . 
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Figure 2.5: The Bratteli diagram of Aa 

As in Section 2.2, we can identify 1Z with the tail equivalence on the Bratteli diagram 

of Aa, (i.e., 1Z is isomorphic to the tail equivalence on the Bratteli diagram) as in 

Figure 2.5 (the first 3 levels of the diagram). 

On A we consider the product state: 

ip = ®tr (/&„•) where hn = diag(an, bn, cn), where an, bn, cn > 0 and tr(hn) = 1. 

(2.5.2) 

The state ip induces a product measure \i = ®[in on X, where \in are probability 

measures on {0,1,2} with /un(0) = an, nn{l) = bn, //„(2) = cn for all n > 0. We 

have that iripa(A
a)" ~ W*(X,/x,72.). With the usual notation (see, Section 2.1), 

M = ®(Mfc(C), pn) = ir^A)" and Â  = (nv(A)")a = Ma ~ ^ . . (A 0)" . We prove first 

the following lemma: 

Lemma 2.5.4. Let X = Y\{0,1, 2}, /i = ®jin with fin(0) = an, /un(l) = an, /in(2) = 

cn. Then 1Z defined in (2.5.1) is \x-ergodic if and only if ^2 cin{\ — an) = oo. 
n = l 

cc 

Proof. Assume that ^ ] an(l — an) = oo. 
n = l 

file:///x-ergodic
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Case 1. First, let us also assume, that ^ c n < oo. We consider the set A = 
oo 

{x € X; xn = 0 or 1}. As J2 cn < oo, we have FJ (1 — cn) > 0 and therefore /J,(A) > 0. 
n = l 

We denote by 71(A) and T(A) the saturation of A with respect to 71 and T, where 

T is the tail equivalence on X. 

First, we show that any x in T(A) which has infinitely many 0's and l's is in 

1Z(A). Indeed, let us take x E T(A); then x has finitely many 2's. Assume that the 

number of 2's is equal to k. Since x has infinitely many l's, we replace the k 2's and 

k l's with 2k zeros; we obtain & y £ A, which is 71—equivalent to x. Hence, x is in 

71(A). 

Since the set of paths which have only finitely many 0's or finitely many l's has 

measure zero, 7Z(A) = T(A) up to a set of measure zero. On the other hand, by 

Kolmogorov's zero-one law /i(T(A)) = 1 and so n(7Z(A)) = 1. 

On A we consider the following equivalence relation, denoted by S^: 

xSooy if and only if there exists n ^ 1 such that : 

n n 

Xi = yu for i > n and ^ x{ = ^ y{. 
i = l i = l 

Let us consider the product probability measure v = ®un on A, with vn(i) = 

jzrVn(i), i e {0,1}. As £ c n < oo we have £ i/„(0)(l-i/n(0)) = £ TM^ = °° and 
L ^n {I— Cn) 

therefore, by [AP], Soo is i^-ergodic. On the other hand, as FJ(1 — c„) < oo, ^ ^ [I\A, 

and therefore H\A is <Soo-ergodic. 

Let / be a ^-invariant measurable function on X. We want to show that / is 

constant on X, //-a.e. Clearly, / restricted to A is <Soo-invariant. Hence / restricted 

to A is constant /j,—a.e and therefore the restriction of / to A C X is constant \i—a.e. 

But then / is [i— a.e. constant on 71(A). As seen, n(7Z(A)) = 1. Hence, / is constant 

[i—a.e. on X. We conclude that 7£ is //-ergodic. 

Case 2. Assume £ ( 1 — cn) < oo. Then, £ 6n < oo and we prove the ergodicity as 

in the previous case, by replacing cn with bn. 

Case 3. Assume £ a n ( l — an) = oo, £ c n ( l — cn) < oo and both sets / := 
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{n; cn < 1/2} and Ic are infinite. This situation corresponds to the case when cn 

has both 0 and 1 as limits points. As ^ c n ( l — cn) < oo, we have ^ cn < oo. 
nel 

But J^ (1 — cn) = Yl (an + bn) < oo. Hence, J2 anf>n < oo and consequently 
nelc n€lc nelc 

X anbn — °° (otherwise ^ a „ ( l — an) would be finite). 
n€l 

Let X1 = J] {°> !> 2>. x 2 = EI {°> !> 2}> /*i = ® A*n and ^2 = (£) AV We can 
n e / nelc n&I nelc 

identify X with X\ x X2, /i with /ii x /x2 and via this identification we can see 1Z 

as an equivalence relation on X\ x X2. Let T2 be the tail equivalence on (X2l[i2) 

and let T î the equivalence relation given by (2.5.1) but on the space (Xi,^). First, 

from Case 1, L°°(Xi, H\)ni, the space of all essentially bounded functions on (Xi, fix) 

invariant under 1Z\ reduces to scalars. Using similar arguments to those in the proof 

of the Theorem 2.4.10 we have 

L°°(X1 x X2,^ x w)n ~ L°°(X2)/z2)T 

By the Kolmogorov's zero-one law, L°°(X2, \i2)
r reduces to scalars and hence we 

conclude that L°°(Xi x X2, fJ-i x [i2)
n reduces to scalars. 

From cases 1, 2 and 3, we conclude that if ^ an(l — an) = 00 and ^ cn(l — cn) < 

00 then 1Z is /i-ergodic. Similarly, we can prove ergodicity if ^ a „ ( l — an) = 00 and 

X > n ( l - 6 n ) < 00. 

Assume now that Y2 an(l — an) = 00, ^ bn(l — bn) = oo and ^ cn(l—cn) = 00. In 

this case we know that IZoo is /1— ergodic, (TZoo is the equivalence relation considered 

in Section 2.4). As TZ^ C 1Z we obtain that 1Z is /i—ergodic. 

For the converse, let us assume that ^ a „ ( l — an) < 00. Let B = {x G X;xn = 

1 or :rn = 2 for all n ^ 1} and C = {x G X; xi = 0, xn = 1 or xn — 2 for all n ^ 2}. 

Then 1Z(A) and 11(B) are disjoint invariant sets of positive measure. Therefore 1Z is 

not //-ergodic. • 

Proposition 2.5.5. N ~ W*(X, /i, 7?-) is a factor if and only if ^ an(l — an) = 00. 

Proof. The proof follows from Lemma 2.5.4 and Theorem 1.2.17. • 
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In the same way we did for the standard xerox action of the 2-torus, we can 

determine the type of the factor obtained. Since the measure /J, is non atomic, the 

factor N is either of type II or of type III. 

Proposi t ion 2.5.6. With the above notation, N is type II\ if and only if it exists 

x G (0,1) such that 

Y^ K - af + (K - bf + (cn - c)2 < oo (2.5.3) 

where a = j ^ , b = j ^ , and c = j ^ . 

Proof. N is a factor of type Hi if and only if there is a 1Z—invariant ergodic probability 

measure v ^ \x on X, equivalently, if and only if there exists a 7?.-extremal invariant 

measure v equivalent to /u, on X. By [W], extremal invariant measures are in bijection 

with the extremal traces on Aa. By [Pr], diagonal extremal traces are restrictions of 

symmetric states (see Definition 1.2.10) and therefore any invariant ergodic measure 

should be of the form v = ®I>Q, with u0(0) = a, fo(l) = b, ^o(2) = c and abc ̂  0. 

Such a measure is ^-invariant if and only if a2 = be. As a + b + c = 1, if we denote 

- by x, we have a = -—^—r, b = , , x, t and c = , , * 1. By Kakutani's Theorem such 
a J ' l+x+x l+x+i 1+x+t 
a measure is equivalent to [i if and only if (2.5.3) holds. 

As a remark, this proposition can also be proved using [H2]. • 

When N is properly infinite, we use the computation of Connes' invariant T to 

determine whether N is of type 11^ or III. First, we assume that ^2 a «( l — an) = °°! 

^2 M 1 -bn) = oc and Y, c«(l - cn) = oo. 

Proposit ion 2.5.7. If ipn{-) = tr(hn-) with hn as in (2.5.2) and N properly infinite, 

then t <E T(N) if and only if there exists s G [0, 2iv) such that 

^2anbn(l-cos(tlog^-s))+ancn(l-cos(t\og^+s))+bncn(l-cos(tlog^-2s)) < oo 

(2.5.4) 

Proof. The proof is similar to the proof of Proposition 2.4.2. • 
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Proposi t ion 2.5.8. If ipn{-) = tr(hn-) is as in (2.5.2) and (an,bn,cn)n^i has two 

distinct limit points (a1, b1, c1) and (a2, b2, c2) with albl ^ 0 for i = 1, 2 and \ 7̂  ^ , 

Proof. Similar to the proof of Proposition 2.4.5. • 

Proposi t ion 2.5.9. Let (pn(-) = tr(hn-) with hn as in (2.5.2). If (an, bn, cn)n^i has 
00 

a subsequence (ank,bnk,cnk)k^i such that ank —> 0, J2 ank = °° and either bnk (or 
fe=i 

cnk) converges to a nonzero number, then N is of type III. If N is of type 11^ and 

(an,bn,cn)n^i has a subsequence {ank,bnk,cnk)k^i with ank —> 0 and either bnk (or 
00 

cnk) converges to a nonzero number, then ^2 ank < 00. 
fe=i 

Proof. The proof is similar to the proof for Corollary 2.4.4. • 

Proposit ion 2.5.10. With the above notation, T(N) = R, i.e., N is semifinite, if 

and only if there exists a unique x > 0 such that: 

^a„6 n ( a n f r - bnaf + ^2ancn(anc - cna)2 + 'Y^bncn(cnb - bncf < 00 (2.5.5) 

where a = 1_ l_
l,i, b = . * 1 , and c = . * 1 

i + x + i ' 1+3;+-7 l+x+i 

Proof. Assume that N is of type IIoo, i.e., (2.5.5) holds. To have a geometric picture, 

as in the proof of Proposition 2.4.7, we can see the sequence (an, bn,cn)n-^i inside 

the triangle determined by the vertices A(l, 0, 0), B(0,1,0), C(0, 0,1). We denote by 

(AB) the interior of the line segment determined by A and B and similarly for (AC) 

and (BC). We call (AB), (AC) and (BC) edges. By Proposition 2.5.8 the sequence 

(an, bn, cn)n^i has at most a limit point in the interior of the triangle ABC and it has 

at most a limit point on each edge. 

First, let us assume that the sequence (an, bn, cn)n^i does not have a limit point 

in the interior of the triangle ABC. Then: 

Claim I. On at least two edges there exists a limit point of the sequence 
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Proof. The same proof as for Claim I, Proposition 2.4.7. D 

Hence, if the sequence (an,bn,cn)n^i does not have a limit point in the interior 

of (ABC), it has one limit point on at least two edges. We will assume that there is 

one limit point on (AB) and another one on (AC). The other possible cases follow in 

the same way. We denote these points by (m, n, 0) and (g, 0, r) and take (a, b, c) the 

point situated at the intersection of the lines determined by these points and their 

opposite vertices in the triangle. By definition, let x = -. It is also possible to have 

a limit point on (BC). If such a point exists we denote it by (0, / , g) and we have: 

Claim II. With the above notations ^ = x2. 

We have that ^an fe^n fc(l — cos^ log -^ — s)) < oo and necessary s must be equal 

Proof. Let (ank, bnklcnk)n>i be a subsequence of (an, bn, cn)n>i converging to (m, n, 0). 
bn 

Ik 

to tlog - (mod ir). If (ani, bni, cn.)n^i is a subsequence converging to (q, 0, r) then we 

must have Ŷ  an.cn (1 — cos(£log — + s)) < oo with s defined above. It follows that 

cos(ilog —) = 1 for alH G M and therefore r = -. 

L e t {Q-nj , 0nj , Cn. 

)n>i be a subsequence of (an, bn, cn)n^i converging to (0, / , g). 

But then J2 bnjcnj (1 - cos(t log ^- - 2s)) = ]T bnjcnj (1 - cos(t log-^-t logx2) < oo. 
bn 3 f ° 

Hence limcosfflog n j
2) = cos(£log-^) = 1 for all t in E. Therefore, we must have 

f- = x2. D 
9 

In other words, (0, f,g) = (0, TTT^, TT-J) and in terms of x, the other two limit 
1+x2 ' 1+x2 

1 

points on the edges can be written as (73—, TV-, 0) a n d (TTT> 0J TTT)- Therefore, if the 
x x 

sequence (an, bn, cn)n^i does not have a limit point in the interior of the triangle ABC, 

there exists x > 0 such that the possible limit points are: (1, 0, 0), (0,1, 0), (0, 0,1), 
J- 2 

(l^> rh, 0), (TTT, 0, £*T) , (0, ifjff. 1^2 )• Also, from the way we defined (a, b, c), (the 
X X 

point situated at the intersection of the line determined by (0,0,1) and (m,n,0) with the 

line determined by (0,1,0) and (q,0,r)) in terms of x, (a, b, c) = (j^rpT, J^T, T ^ T ) -

If there exists a limit point (a, b, c) in the interior of the triangle ABC, by Propo­

sition 2.5.8 we can not have another limit point in the interior of the triangle and 
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we can have at most one limit point on (AB), (AC) or (BC). On the other hand 

we can conclude, using similar arguments as in the proof of Claim II above, that 

if we define x = -, then - = - and - = x2. As a + b + c = 1, we have that 
a ' a x e ' 

a(l + x + -) = 1 and we obtain that a = , , 1, t , b = -—2—r, and c = -—X—T. By 

Proposition 2.5.8, we can conclude that the only possible limit points of the sequence 

K , bn, c W are (1,0, 0), (0,1, 0), (0, 0,1), ( -L , ^ , 0), ( ^ 0, I | x ) , (0, ^ , ^ ) 
x x 

and (i , 1, i , , x, i, TTJEZX)- The rest of the proof follows in the same way as the proof 
x-\-X-j-x 1+3?+ ^ i-\-X-\- x 

of Proposition 2.4.7 D 

Theorem 2.5.11. Let M = nv(A)" = ®(M3(C),y?n), where ip = ®ipn, ipn(-) = 

tr(hn-) with hn as in (2.5.2), and N=Ma. 7 / ]Ta n ( l — an) = oo, ~Y^bn{l — bn) = oo 

and J^ cn(l — cn) = ex) £/ien N is a factor. In this case we have: 

(i) N is type II\ if and only if there exists x > 0 such that: 

] T ( a n ~ a)2 + (cn - c)2 + {bn - b)2 < oo, 

where a = j ^ , b = j ^ , and c = j ^ . 

If N is not of type II\ then: 

(ii) N is type 11^ if and only if there exists x > 0 such that: 

^ anbn(anb - bna)2 + ^ ancn(anc - cnaf + ^ bncn(cnb - bnc)2 < oo 

where a = TTZTT, b = - f - j , and c = 
i+x+£' l+x+i 1+x+i' 

(in) N is a factor of type III otherwise. 

As previously seen, for N to be factor we need ^ a „ ( l — an) = oo but we can 

have J2 M 1 -bn)<oooiJ2 cn(l - cn) < oo. 

If ^2 bn{\ — bn) = ^2 bnan + bncn < oo, then we must have Yl anCn = oo, because 

J^a n ( l — an) = oo. In this case, from Proposition 2.5.5 we obtain that t e T(N) if 

and only if 

\ J a n c n ( l — cos(tlog — — 2s)) < oo 

for some s G [0, 27r). Therefore, in these conditions, we have: 
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Proposition 2.5.12. iV is of type II^ if and only if 

/ J Q"n,Cn anc — cna) < oo 

for a unique pair (a, c) with a + c = 1. Otherwise, N is of type III. 

Proof. The proof is an immediate consequence of Proposition 2.2.3. • 
Similarly, if J^ cn(l — cn) < oo, then we must have J ] anbn = oo and the following 

holds: 

Proposition 2.5.13. N is of type 11^ if and only if 

y~] anbn (anb - bna)2 < oo, 

for a unique pair (a, b) with a + b = 1. Otherwise, N is of type III. 

We end this section with another example. As the proof is similar to the case 

studied above we omit details. 

Example 2.5.1. Let us consider (5 : T —> Aut(A), where A = ®M3(C) given by: 

P(t) = ®Ad 

The restriction of (p to the fixed point algebra under this action denoted by (//, 

is a factor state if an only if J2 an(l — o>n) — ° ° -

First, 71̂ /3 ( ^ y is a factor of type II\ if and only if there exists (a,b,c) with 

abc T^O, b = c, a + b + c = I, such that 

^ (an - a)2 + (bn - bf + (cn - cf < oo. 

Assume that the factor obtained is not of type Hi. To distinguish between type //oo 

and type / / / we have again two possibilities. If at least two of the following sums 
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^ a n 5 „ , Yl ancn and ^2bncn are infinite, (note that J^a n ( l — an) = oo and so, the 

restriction of the state to the fixed point algebra is a factor state), then ^^(A^)" is 

of type I loo if and only if there exists a unique (a, 6, c) e (0, l)3 , with b = c, afcc ^ 0, 

a + 6 + c = 1 such that: 

c) + ancn (anc - cna) < oo, 

and of type III otherwise. 

If only one of the above sums is finite, then, since ^ a n ( l — an) = oo, we can 

have Yl anbn = oo or ]P ancn = oo. If only Y anbn = oo then we obtain factor of type 

I loo if and only if 

^ anbn (anb - bnaf < oo 

for a unique pair (a, b) with a + b = 1 and a factor of type 77/ otherwise. 

If only ]T) anCn = oo then we obtain a factor of type 11^ if and only if 

^ ancn (anc - cna)2 < oo 

for a unique pair (a, c) with a + c = 1 and a factor of type III otherwise. 



Chapter 3 

Fixed Point Factors of Type III 

In this chapter we classify the factors of type III obtained as fixed point algebras under 

xerox actions induced by diagonal representations of compact groups G, in subtypes 

III\ with 0 ^ A < 1 (in Chapter II we were capable only to make distinction between 

type Hi, I loo and type / / / ) . For this, following Araki-Woods and Baker-Giordano 

we construct a ratio set in terms of the entries of the density matrices of the product 

state. 

3.1 Ratio Set 

In [BG], Baker-Giordano extended Araki-Woods definition of the ratio set, [AW], to 

the factors obtained as fixed point algebras under the standard xerox action of the 

1-dimensional torus on ITPFI2 factors. In definition 3.1.1, we extend this definition 

to factors obtained as fixed point algebras under xerox actions induced by diagonal 

representations of compact groups. 

In this chapter, G is a compact group acting on A — ®Mfc(C), the /c°°-UHF 

algebra, by a xerox action a, induced by a diagonal unitary representation TT of G on 

Mfc(C), (p = ®tr{hn-) is a faithful diagonal product state on A (see Definition 2.1.10), 

M = TTV(A)" = <g>(Mfc(C), <pn) and N = TTV{A)" ~ irvc{AG)" (see Section 2.1). 

82 
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We denote the matrix units (in the canonical base) of the kth term in the tensor 

product by t\p i, j <G {1, 2 , . . . , k}. 

Let / = {ii,i2,...in} Q N with card(Z) = n, M(I) = <g>?Mfc(C) ~ Mfcn(C), 

and an = ®"= 1 Ad ir(g) the product action on M(I). Then M(I)an is a unital 

subalgebra of M(I), that we can write Mmn(C) © Mmn(C) © ... © Mmn ^ (C), where 

A;(n) ^ 1. Notice that the decomposition of M(I)an depends only on the length 

n of I and m" + m^ + • • • + rri%,n-> = kn. Let (p(I) denote the state ®iG/y?j on 

M(I) and Sp(ip(I)) denote the set of eigenvalues of the density matrix of (p(I). Let 

E(I) be the set of (minimal) projections of M(I) of the form ex ® • • • ® en with 
ej e {eU' e^2 • • • efcfc}- According to the decomposition of M(7)a™, we have that E(I) = 

E{Iml) U E(Imn) U • • • U £(/m2n) and Sp(<p(I)) = 7m» U 7m» U • • • U 7m™(n). Let A be 

the function that associates to each minimal projection e G E(I) the corresponding 

eigenvalue A(e) in Sp(ip(I)) (in fact A(e) = <f(e)). 

Keeping the above notation we now give the definition of the ratio set that 

extends Araki-Woods' definition of the ratio set for ITPFI factors, ([AW], Definition 

3.2) and Baker-Giordano's definition, [BG], of the ratio set for fixed point factors 

under the standard action of the torus. 

Definition 3.1.1. The asymptotic ratio set of N, denoted by r^N, (p), is the set of all 

x € [0, oo) for which there exists a sequence of disjoint subsets In of N, each In having 

length cn, mutually disjoint subsets K^,K2 C E(In) and bijections tpn : K\ —> K^ 

satisfying: 
oo 

(1) £ KK) = oo, where \{K\) = £ A(e), 
r»=l eetfA 

(2) tjjn{Kl
n n E{m?)) CK2

nC\ E{mc-) for all 1 < i ^ k(cn), 

(3) lim sup | x - % ^ | = 0 . 

Such a sequence, (/„, K\, K%, ipn) is called an x-sequence. 

We can also generalize the notion of maximal partial bijection defined by Connes 

([C], Theorem 3.6.1), as follows: 
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Definition 3.1.2. Let V be a compact of (0,1). A partial bijection (I, Kl, K2, •0) 

is said to be V maximal if ^(e) ^ ^ ^or a ^ e ^ Kl and if there exists no partial 

bijection (I, Kl , K2 , ip/) such that Kl is strictly included in Kl , ^ (e) = ^(e) for 

all e G if1 and ^ ^ G K for all e € AT17. 
A(e) 

Lemma 3.1.1. Let 0 < x < 1. If' x G 5"(iV), then x G r^N,^). 

Proof. To prove the lemma it is enough to show that for any compact neighborhood 

V C (0,1) of x, for any finite set I0 C N and any 5 > 0 there is a partial bijection 

(/, Kl, K2, ij)) such that / n 70 = 0, ^ ^ G F , e G AT1 and \{Kl) + \(K2) >l-6. 
oo 

We have that N ~ W*(X,fx,T) where X = Y[{0,1, ...,k - 1} and T = u r n is 
n = l 

a countable group (r can be obtained by applying Stratila-Voiculescu procedure of 

diagonalization, Theorem 1.1.8). We can identify a projection e\iix ® • • • ® e™ i in 

A'' with the characteristic function XE(k1k2...k„) °f the cylinder E(kik2 • •. kn) = {x G 

X\xi = ki,..., xn = kn}, where kj = ij — 1 for 1 ^ j ; ^ n. By [C], Corollary 3.3.4, we 

have that S(N) = r(T,X,fi) where r(T,X,/j) is Krieger ratio set. If x G r(T,X,(j,), 

then it is easy to see that x G r(T, Xi,/J,I), where Xx = \\ {0,1,..., k — 1}, T = u r n , 
n€N- / 0 

T is acting on X, resp. on Xi and each Tn affects only the first n coordinates. Hence, 

it's enough to proof the assertion when I0 = 0. In fact it is enough to prove that if 

V is a compact neighborhood of x and (In, K^,K2,ipn) is a sequence of V-maximal 

partial bijections such that : 
(1) U 4 = N, 

(2) In C /n + 1 , for all n G N, 

(3) (J„+i, A^+1, A^+1, "0n+i), extends the partial bijection (In, K\, K%, ipn) and the 

identical bijection of E(In+i — /„), 

then Cn = X(K^) + X(K2) —> 1 when n —• oo. We should remark first that such a 

family exists; as x is in the Krieger ratio set, we can choose (Iu Kl, K\, ipi), and we 

continue by induction. One has K\ x E(In+i — In) C K^+l. Therefore Cn < Cn+\ for 
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all n. Assume that Cn ^ C < 1 for all n. We will prove that we get a contradiction. 

Let pn = Yl, e a n d Qn — 1—Pn- Of course pn and qn are projections of M(In). The 
eeKiUKZ 

sequence p'n = pn ® lM(N-in) is an increasing sequence of projections with <p(p'n) = 

\{Kl
n) + \{Kl) = Cn^C. Therefore, q' = f\(l - p'n) + 0. 

Let A C X be the measurable set corresponding to q'. One has (J>(A) = (p(q') > 0. 

Let e > 0 be such that ( I - £ , I + £) C F . As x E Ŝ AO = r(T,X,fi), there exists 

B a , fi(B) >0,g ET such that gB C A and 

-(y) -x < e 
d/j, 

for all y E -B. Let An be the measurable set corresponding to the projection qn <8) 

^-M(N-in)- Each ^4n is a union of elementary cylinders of length \In\ and we have 

A = C\An. We can find n such that g E IVn|. As B C A C i „ and An is a 

union of elementary cylinders of length In, there exists an elementary cylinder E\ 

contained in An such that n(B n £ i ) > 0. But then fi(gB n £2) > 0 with £ 2 = gE\. 

Hence 0 < n(gB n £'2) ^ f-t{An n £'2) and consequently, as an elementary cylinder 

is contained in An or not, it follows that £2 <= An. Therefore the projections e\ 

and e2 corresponding to £1 and £ 2 are not in K\ U K\. As for any y E B we have 

| - ^ ( y ) —x| < e and the derivative -4J2 is constant on cylinders of length \In\ (because 

g E T\In\) we have that \^-{y)-x\ < e for all y E Ev Hence, x-e < ^f-(y) <x + e 

on £1 and therefore, by integration, we get 

(x - e)^(£i) < n(E2) = / dp o g(y) < (x + e)//(£i) 

Consequently, \jnA — x\ < £, which contradicts the V-maximality of (In, K\, K%, tpn)-

D 

We recall now the Araki-Woods' definition ([AW], Definition 6.1) of the ratio set 

for arbitrary factors. 

Definition 3.1.3. For an arbitrary factor P, let r^P) denote the set of all x ^ 0 

such that P ~ P ® Rx if x E [0,1] and P ~ P ® Rx/X if x E [1, 00] (see also Example 

1.2.1). 



86 3. FIXED POINT FACTORS OF TYPE III 

For the sake of completeness, we include the proof of the following lemma: 

Lemma 3.1.2. [BG] Let P and Q be two von Neumann algebras and let a : G —> 

Aut(Q) be a continuous action of a compact group. Then (P <S> Q)l®a ~ P ® Qa 

Proof. We can see P acting on a Hilbert space H and Q acting on a Hilbert space K. 

Then both (P <S> Q)l®a and P ® Qa are von Neumann algebras acting on the same 

Hilbert space H <g> K and we have to prove that (P <g> Q)x®a = P ®QQ. Clearly, 

P ®Qa C (P ® Q)ma. We only need to show that P ® Qa is a-weakly dense in 

(P <8> Q)l®a. Let x £ (P® Q)l®a. It exists yn = X>n,ro <8> qn,m (for all n, the sums 
m 

have finitely many terms), such that yn —>• x in the a-weak topology. For all g £ G 

we also have that 

(1 <g> OLg)(yn) = ^2,Pn,m ® CXg{qn,m) ~* (1 ® <*g)(x) = X. 

m 

in the cr-weak topology. Hence, 

(1 ® ag)(yn)dg-> x 
>G 

in the <r-weak topology, where dg is the Haar measure on G. We have 

/ (1 <g> ag)(yn)dg = Y]pn,m ® / otg(qn,m)dg 
JG m JG 

Let rn>m := JGag(qn)rn)dg. Then rni7n £ Qa. Hence, P ® Qa is cr-weakly dense in 

(P <g> Q)l®a. We conclude that (P ® Q) 1 0 a = P <g> Qa . D 

Lemma 3.1.3. Let 0 < x < 1. / / i £ ^ ( iV , <p), t/ien N ~ N ® Rx. 

Proof. Let (£m)m^i be a sequence with J^ em < oo. As in [AW], Lemma 3.3, there 

exists an x-sequence (Jm, Kx
m, K^,ipm)m>i with |1 - \(K^) - X(K^)\ < em, for all 

m ^ 1. Let M = 0 (Mfc(C), ipn) and a : G —> Aut(M) be the xerox action. One has: 

M=(<8>(M(/n),<^(/„)))®( <8> (Mfc(C),^m)). 

Let cn = \In\. Then, we have that M(In) ~ MfcCn(C) and ®c
r?=1n(g) ~ 7rn(p). 
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Let Mi denote ® (M(In), <p(In)) with the corresponding action a\ = (g) Ad nn(g) 

and M2 = (^) (Mfc(C), < m̂) with the corresponding action a2 = 0 Ad 7r(g). 

We have: 

Ma = (Mi <g> M2)ai®a2 

Let pn = S e- We have that pn G M(In) and if p := <g) pn 6 Mi then p / 0 

because ^ en < oo. By construction cti(p) = p. Let p = p ® 1 G Mi eg) M2. Clearly, 

p £ M a = JV. 

For n ^ 1, let cpPn be the state on M(In)Pn given by 

With a" = Ad pn^n{g)Pn-, one has 

(Mi)p ~ <g> (M( / n ) P n , ^ p J and ai ~ ® a\. 

For each n ^ 1, let / " = ^ e and f% — Y2 e. They are orthogonal projections of 

M(In)p* with / " + /21 = Pn- Let a;n be the partial isometry of M(In)p* such that 

u;*c<;n = / f and u;nu;* = f£. Let now An be the type I2 subfactor of M(In)Pn generated 

by u>n. With this, 

M(In)Pn ~An® {A'n n Mn} ~ M2(C) <g> M„ 

where Mn = M\Ki\(C). As An C M(In)p*, via this isomorphism, the action splits in 

1 <g) an. Hence we can write a" ~ 1 ® an 

To construct un, let i^(fc) = K\ n £(m£"), i^(fc) = K^ n £ « " ) for 1 < fc < 

k(cn). We can denote the matrix units of M(In)Pn by e™- with 1 ^ i, j ^ 2 | i ^ | in 

such a way that {e; e G K^} is in bijection with {e"j, 1 ^ i ^ |-^„|} and {e; e G K%} is 

in bijection with {eft, \K^\ + 1 ^ i ^ 2 | i ^ | } . We can see then, the bijection ipn as a 

bijection from {1, 2 , . . . , \K}\} onto {|i^| + 1,2,..., 2|A^|}. Accordingly, each K*(k) 

corresponds to a subset £„(&) of {i, 1 ^ i ^ |-^„|}} and each K%(k) corresponds 

to a subset L\(k) of {\K\\ + 1, 2 , . . . , 2|A^|}. Then, we can write K\ as the set 
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{e™ ,{s, ,~;1 ^ i ^ | ^ | } - With the above identifications, let /"(/c) = Yl e]jj 

and mk) = £ en
M)My Then fx = ®k™f?(k) and /2 = e ^ t f ^ ) . If 

jei£(fc) 
w n ( f c ) = E eVn(.?)j w e P u t Un = © £ r ) a ; « ( f c ) -

j6Li(fc) 

As before, let {e"j} be the elements of K\ and for 1 ^ i ^ |A^| let A" = A(e^) be 

the elements of X(K^) and -0n(A") := A(,0n(e^)). Let </?n be the state on Mn given by 

the density matrix ,L-,diag(A", A2,...., A ^ i ) . Let Xx be the Power state on M2(C), 

i.e., xx has the density matrix diag(^^, j?h)- Identifying M(In)Pn and M2(C) ® Mn 

(as we saw before) we get that the density matrices of (pPn and Xx ® ̂ n are given by 
1 

<P(PnY 
1 

;i+^(/r)' 
We want to show now that ®{Mn{In)Pn, ipPn) and <g>((Mk, Xk) ® (Mn, <pn)) are unitary 

equivalent. 

Indeed, 

i i 1 ]K»\ 

'<him = —-X——^-—T(EA"+^(A") |^(A")1) 
^U?n)2(l + z W ( / i ) 2 ~i 

¥>(p n ) 2 ( l + a;)2<p(/1
n)2 ^ Aj. 

^ i — r(<p(f?)(l + x*{x-en)*)) 
(P(pn)2(l+X)2(p(f?)2 

V = ^7TTdia«W,A;,....,A|if4l,^(AJ),...,fc(A15t,|) 

ip(pn)2(l+X2) 

^ i r ( l + X2(x - £ n ) 2 ) ) 

1 1 £ 
> 1 T(l + X-£n)^ (1__2_) 

Therefore we have 

^-^ *-^ l + x 
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By [AW], Lemma 2.13, we obtain that ®(Mn(In)Pn, ipPn) and ®{{Mk,Xk) ® (Mn, <pn)) 

are unitary equivalent. 

As we already saw before, a\ ~ l ® 5 n . Consequently, a\\— ® a" ~ ® ( l®5 n) . 

Therefore 

®{Mn(In)Pn,pPn) ~ (®(M2(C),X*)) ® {®(Mn,(pn)) ~RX® (®(Mn,(pn)), 

«! ~ 1 ® (®an) = 1 <g) 5 where 5 := ®an 

Then, if M2 := {®{Mn, (pn)) ® M2 and a2 := a ® a2, 

Mp = (Mi)p ®M2~RX® (®(Mn, $n)) ®M2 = Rx® M2, 

a = QL\ ® a2 ~ 1 ® (5 ® a2) = 1 ® a2 

We have 

Np = (Ma)p = (Mp)
a ~ (Rx ® Mi)1®** ~RX® M2

52 

and therefore 

N ~NP~ RX®M2 ~ Rx ® Rx ® M2 ~ Rx ® Np ~ Rx ® N 

Hence the lemma is proved. 

• 

Proposition 3.1.4. Let N be as above. Then r^N, <p) n (0,1) = S(N) D (0,1). 

Proof. By Lemma 3.1.6, we have (0,1)nroo(iV,^) C (0,l)nroo{N). By [C], Theorem 

3.6.1, we then have that (0, l)nr0O(Ar) = (0, l)nS(N). By Lemma 3.1.3, we conclude 

that (0,1) n roo(N,<p) = (0,1) r\S(N). n 

Following Definition 1.2.13, we have: 

Theorem 3.1.5. If N is of type III then: 

(i) N is of type III0 if and only if (0,1) fl roc(N, ip) = 0; 
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(ii) N is of type III\ for some A G (0,1) if and only if (0,1) fl r0O(Ar, ip) = {A™, 

n > 0}; 

(Hi) N is of type III\ if and only if (0,1) D r^N, ip) = (0,1). 

3.2 Examples 

In these examples if A = ®M3(C) then AT denotes the fixed point algebra under 

the xerox action induced by the standard representation of T2 on M3(C) as defined 

in Section 2.4. If A = ®M2(C) then AT denotes the fixed point algebra under the 

standard xerox action of 1-dimensional torus considered in Section 2.2. 

Example 3.2.1. If hn = diag( ^ ^ 2 , 1+A
A

+A2, 1 + A + A 2) , we consider on A = ®MZ(C) 

the product tp = ®(pn, with <pn{') — tr(/in-). Then ir^ T2 (A
T )" is a factor of type II\ 

and 71̂1 p (A13)" is a factor of type III\ where (3 is the action considered in Section 

2.5. 

Example 3.2.2. If hn = d i a g ( ^ , ^ , ^ ) , </>(•) = ®tr{hn-) we consider tp = ®ipn 

the product state on A = (S>M3(C) with ipn(-) = tx(hn-). Then 7r̂ | T2(A
T )" is a 

factor of type IIIi. 

We give now some examples where we see also that in the case of inclusions of 

factors M D N of infinite index we can have M of type III\ and N of type III\ with 

0 < A < 1 or we can have M of type IIIX with 0 < A < 1 and N of type III0. This 

is different to the situation of inclusions of finite index, [PhL]. 

Example 3.2.3. Consider the sequence: 

- 1 1 nk nk cyk nk+1 nk+1 ofc-t-2 
1, 1 , . . . , Z , Z , . . . , Z , Z , . . . , Z , Z , . . . 

where 2k appears n^ times, and the nk are chosen large enough to ensure that 

00 

y ^ q n = 00 
n = l 
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where an = -^ on the k-th. block. On A = ®M3(C) we consider the product state 

ip = (g)<pn with (pn{-) — tr(/in-) and 

1 a ban 

h2n = diag(— ——, — —r-,^-. T^— 
1 + a + ban 1 + a + ban 1 + a + ban 

h2n+i = diag( , , ) 
a + o + 1 a + o + 1 a + o + 1 

Then M = 7rv(^4)" is a factor of type i7i"i because log a and log b are rationally 

independent. By Proposition 2.4.8, TV is of type III and, by Remark 1.2.24 (b), 

N = TIV{AT2)" is a factor of type III0 because T(N) ^ { f ? , n ^ 0 , fc e Z}. 

Example 3.2.4. In the same conditions and the same notations as in Example 3.2.3, 

with the difference that this time b = a2 we have that M = -KV{A)" is type IIh and 
e 

N = ir<n(AT )" is type III0. If we define an = - ^ on the k-th block, then M is of 

type II Ia and N is of type IIIQ-

Example 3.2.5. On A = ®M3(C) we consider the product state ip = ®(pn where 

ipn(-) = ti(hn-) and 

h2n = d i a g ( . ' i -i- \ -L. ' i i \ • — ) 1 + X + fi 1 + A + yu, 1 + A + // 
1 aX c?[i 

h2n+i = diag( 1 + aX + a2/d' 1 + aX + a2fi' 1 + aX + a2/i 

We assume that log A and log/j, rationally independent. Then M = TT^{A)" is a factor 

of type IIIi and iV = 71^(AT )" is a factor of type IIIa. Indeed we can see that a is 

in the ratio set, T(N) = { ^ , k £ Z} and therefore TV is of type IIIa. 

Example 3.2.6. On A = ®M2(C) we consider the product state <p = ®ipn with 

(pn(-) = tr(hn-) and 

h2n = d i a g (rb'TT^ 
h2n+l = d iag(TTv TTA^ 

We assume also that log A and log/j rationally independent. Then M = irv(A)" is of 

type IIIi and iV = 7rip(A
T)" is of type / / / A - This is true because A is in the ratio set 

and also T(N) = { g ^ , k e Z}. 



Chapter 4 

Non-diagonal Actions of Xerox 

Type 

Let G be a compact group and n a unitary representation of G on Mfc(C), k ^ 2, 

such that the matrices 7r(g) are not necessarily diagonal. Let a : G —> Aut (A) be 

the xerox action induced by 7r on the A;°°-UHF algebra A = (g)Mfc(C) and AG be the 

fixed point subalgebra of A. Let also ip be a faithful diagonal state on A and ipG be 

the restriction of (p to AG. We study the GNS representation of (AG, ipG). 

4.1 Induced Covariant Representations 

and Imprimitivity Systems 

In this section we recall some definitions and some results from [AHKT]. We need 

them later on, in order to study xerox actions induced by representation of compact 

groups, not necessarily diagonal. In this section A is a C*-algebra, a : G —> Aut (A) 

is continuous action of a compact group G and y? is a state on A. 

Definition 4.1.1. If A is a C*-algebra and <p is a state on A, then the subgroup 

Gv := {g EG; <p o ag = (p(a)} 

92 
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of G, is called the stabilizer of ip. We note that G^ is a closed subgroup of G. 

The action of G^ on A is canonically implemented in the GNS representation 

(TT<P, Hp,^) of A by the unitary representation Uv of Gv on Hv given by: 

Uv(g)irv(a)€v = ^ ( ^ ( a ) ) ^ 

To the pair (A, G^) we have associated the covariant representation {ir^, U^, H^}. 

We also can associate a covariant representation {7r~, U~, H~} to the pair (A, G). The 

Hilbert space H~ consists of all f/^-valued square integrable functions £ on G such 

that 

S(hg) = Uv(h)£(g), heGv,geG 

and the inner product in H~ is given by: 

fov) = f (£(g),v(g))dg 
JG 

The representation (7r~, £/~) is given by 

{7r~(a)f }(tf) = irv(aig(a))€(g), a e A, g eG 

{U~(g)Z}(h) = S(hg), g,heG. 

We also define a vector £~ in H~ by 

Definition 4.1.2. The covariant representation {n~, £/~, i/~} defined above is called 

the induced covariant representation associated to {n^, U^, H^} and we write 

{vr~, U~, H~} = Ind{Trv, Uv, Hv}. 

We further introduce operators 6(f), f e L0O(G¥,\G), as follows: 

0(f)Z(g) = f(g)tt9), 9eG, f e L^(G^\G) 

where g = G^g G GV\G. It then follows that 9 is a a-weakly continuous faithful 

representation of L°°(GV\G) on if~. 
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Definition 4.1.3. The range B of 6 is called the imprimitivity system of the induc­

tion. 

Let us consider also the state ui on A, given by: 

u = ipo agdg 
JG 

where dg is the normalized Haar measure dg of G. The action of G on A is canonically 

implemented in the GNS representation (TT^, H^,^) of A by the unitary representa­

tion Uu on H^ given by: 

UMnu(a)^, = v r ^ a ^ a ) ) ^ . (4.1.1) 

We want to describe the relation between {7^, Hw, £w} and {ir^, U^, Hv}-

The proofs for the following two results are as in Theorem III.2.1 and Corollary 

III.2.3, [AHKT]. For the sake of completeness, we include them here. 

Theorem 4.1.1. Let A be a C*-algebra, a an action of a compact group G and AG 

the fixed point algebra under this action. Let if a state on A and u be as in (4-1.1). 

Let 

{TT~, E/~, H~} = Ind K , Uv, Hv} 
CT{^ J G 

Assume further that the imprimitivity system of induction B, is contained in 7r~(j4)'n 

7r~(A)". Then 

in the sense that there exists a unitary W : Hw —» H~ which intertwines {71 ,̂ U^} 

and {-7r~, U~}. 

Proof. We notice that by construction, B C TV~(A)'. 

Let 

{TT~, U~,H~}= Ind {it,,,, UV,H9) 
Cr̂ > J G 

It then follows that 

(7r~(a)f~,f~) = (ir<p o ag(a)Zv\Zv)dg = / <p o ag(a)dg = u(a), aeA 
JG JG 
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Hence the map: 

extends to an isometry of Hw into if~, which we shall denote by W. We want to 

show that W is onto. For each operator A G U^G^)' we put 

A~£(0) = ^ ( s ) , £ e # ~ , 5 e G (4.1.2) 

It is then known, [Ma] (see also [Ta], vol. II) that the mapping A G U^iG^)' \—> A~ G 

B(H~) gives rise to an isomorphism of U^iG^)' onto U~{G)' n 5'. Since the range of 

W is invariant under U~(G) and 7r~(A), and 5 , is contained in ir~(A)' D7r~(A)", it is 

also invariant under 5, so that the projection of i7~ onto WHU must be of the form 

P~ for some projection P <G U^G^)'. But {(W£)(<7);£ G JF/^} contains ^ o ag{A)^tp 

for all g G G and is thus dense in H^ so that P must be the identity 1. Hence 

we conclude that W is an isometry of Hw onto if~ which intertwines {71 ,̂ C/̂ } and 

{7r~, C/~}. This completes the proof. • 

We will now identify the covariant representations (KW, UUJ.H^,^) with the in­

duced covariant representation (ir~, U~, i/~,£~). We define 

M~=TT~(A)", M = TT^A)" 

a;(A) = U~(g)AU~(g)*, AeM, geG 

a*(A) = U^g)AU^g)\ AeM, g G G„ 

Theorem 4.1.2. ([AHKTJ, Corollary 3.2.3) In the same conditions as in Theorem 

4-1-4, we have 

(i) {M~,G, a~} ^ Ind {M, G^^a^} where the definition of Ind {M, G^, av} is 

recalled in the proof. 

(ii) M~G ^ M°v under the correspondence given by (4.1.2). 

(in) Tr^AG-)" = 7vv(A
Gy. 
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Proof. Let {M ,G,a }= Ind{M,Glf,ot-p}. By definition, M is the subalgebra of 

M <g> L°°(G) = L°°(G, dg, M) consisting of all elements such that 

x(hg) = a%(x(g)), h G Gv, geG 

The action a~ of G on M~ is defined by 

a~{x){k) = x{kg), k,geG 

For each A = %~ (a), a E A, let 

^ ) = K 0 « J } ( I I ) 9^G 

It follows that A(-) belongs to M~ and the correspondence: A <->• A(-) is a normal 

isomorphism. Identifying A and A(-), M~ is regarded as a von Neumann subalgebra 

of M~, globally invariant under a~ and containing B, so that ([Tak], Proposition 

10.4) yields that M~ must be obtained from a von Neumann subalgebra N of M as 

M~ = {x G M~ : x(#) G iV, p G G}. This means, however, that AT contains ^ ( A ) . 

Thus N = M and so M~ = M~. This completes the proof of (i). We now prove (ii). 

By definition 

M~G = M~nU~(G)' MG* = MnUv(Gv)' 

Since, M~ contains the system B, of imprimitivity in its center, M~G is contained 

in B' n U~(G)'. Hence M~G corresponds to a von Neumann subalgebra of U^G^)' 

under the correspondence (4.1.2). Under the identification of M~ with M~, the 

correspondence (4.1.2) means that 

AeUip(Glf>)'~A~ = A®l 

Thus the subalgebra of U^G^)' corresponding to M~G must be MGf. In order to 

prove that TT^A0^)" = TTV(AG)" it suffices to check that the images of these von 

Neumann algebras under the isomorphism (4.1.2) coincide. We just showed that the 

image of ix^A0*)" = MGv is M~G. On the other hand, since the image of TXV(AG) is 

TT~(AG), the image of nv(A
G)" is ir~(AG)" = M~G. U 
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4.2 Mixing States and Pairs of States on C*-algebras 

In this section we define the notion of mixing for a state and for a pair of states on a 

C*-algebra A and we prove some elementary facts. 

Definition 4.2.1. Let A be a C*-algebra and (crn)n^i a sequence of automorphisms 

of A. 

(1) a state p is (pointwise) mixing with respect to (crn)n^i if f° r all a,b,c G A: 

lim p(ban(a)c) = p(bc)p(a) 
n—>oo 

(2) a pair (ip,p) of states on A (pointwise) mixing with respect to (crn)n^1 if for all 

a, b, c G A 

lim Tp(ban(a)c) = ip(bc)p(a) 
n—>oo 

Lemma 4.2.1. Le£ A be a C* -algebra, a : G —> Au£(^4) an action of a compact group 

G on A, (crn)n^i a sequence of automorphisms of A commuting with the action a and 

p a state on A, mixing with respect to (crn)n^1. If a,b G A, then, the family {/n}n>i 

of continuous functions /„ : G —> C given by fn(g) = p(ag(aan(b))) is equicontinuous 

and uniformly bounded. 

Proof. It is enough to prove the equicontinuity at e, the neutral element of G. Let 

e > 0. As a is a continuous action, there exists a neighborhood V of e such that 

||a9(a) — a\\ < r̂nnr and ||o!9(b) — 6|| < jirar f° r aU 9 £ V. For g £ V we have: 

\fn{g) ~ fn{e)\ = |p(as(a0n(6)) - apn(6))| ^ ||as(ayn(6)) - agn(b)\\ 

^ ||a9(a)aff(^n(6)) - as(a)pn(6)|| + \\ag(a)gn(b) - agn(b)\\ 

< \\<xg{a>)(<Xg(9n(b)) - 9n(b))\\ + \\{ag(a) - a)gn(b)\\ 

< \\ag(a)\\\\9n(otg(b) - 6 ) | | + | |a f l(a)-a) | | | |0n 

< h\\\\a9(b)-b\\ + \\b\\\\ag(a)-a\\^e 

Therefore {/n}n^i is equicontinuous at e and consequently on G. As \fn(g)\ ^ | |° | 

for all g G G and n ^ 1, we also have that {fn}n^i is uniformly bounded. • 
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Let us denote by A (resp. g) the left (resp. right) regular representation of G on 

L2(G) (and by restriction, on C(G)). Recall that for / e L2(G)), 

m)f}(g) = fih-'g), [g(h)f](g) = f(gh) 

for h, g E G. If if is a closed subgroup of G, let K\G denote the homogeneous 

space of right cosets Kg, g G G. The canonical surjection n : G —• K\G induces an 

identification 

/ G C(K\G) H-> / o 7T G A(K) = {fe C(G), \(k)f = f for all k G K}. 

We now have the following lemma, proved in [AHKT]. 

Lemma 4.2.2. ([AHKT], Lemma A.l) The following correspondences establish a 

bijection between the closed subgroups K of G and the C*-subalgebras A of C(G) 

globally invariant under all right translations (i.e., with g(g)f G A for all f G A and 

geG): 

K h-> A(K) = C(K\G) = {f e C(G), X(k)f = f for all k e K) 

A^K = {keG; f(kg) = f{g) for all f e A and geG} 

This bijection associates to the normal subgroups of G those globally right translation 

invariant C*-subalgebras of C(G) which are also globally left translation invariant. 

Lemma 4.2.3. Let A a be C*-algebra, a : G —> Aut(G) an action of a compact group 

G on A and (crn)n^i a sequence of automorphisms of A commuting with a. Let also p 

be a state on A, mixing with respect to (<rn)„^i. If CP(G) denotes { J £ G H > /„(<?) = 

p(ag(a));a € A}, then 

CjG) = C(Gp\G) = A(Gp), 

where Gp is the stabilizer of p in G. 

Proof. Let a, 6 G A and let c be a complex number. Since f£ + f£ = fa+b an<^ 
cfa = fcai Cp(G) is a linear subspace of C(G). Since fp

a, = f£, CP(G) is closed under 

complex conjugation. 
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For all g G G, Jim Cn(f>)(g) = fp
a{g)fP

b{g)- As by Lemma 4.2.1, {/a^(b); n G N} 

is an equicontinuous and uniformly bounded sequence, fp
aa ,h~. converges uniformly 

t 0 fa • fb ( b y t h e Arzela-Ascoli Theorem). Hence fp
a • fh G CP(G), and CP(G) is a 

C*-subalgebra of C{G). For h, g G G, we have g(h){f§) = / ^ ( a ) . Hence C„(G) is 

globally right invariant. As 

{k G G; f(kg) = f(g), Vg G G, f G C^GO} 

= {A; G G;/£(*#) = /£(<?),V<? G G,Va G A} 

= {k G G;p(a / i(ag(a))) = p(ag(a)), Vg G G, Va G A} 

is equal to the stabilizer of p, by Lemma 4.2.2, we have: 

CpjG)=A(Gp) = C(Gp\G). 

• 

Lemma 4.2.4. Le£ A a be C*-algebra, a : G —»• Aui(G) an action of a compact group 

G on A, (crn)n^i a sequence of automorphisms of A commuting with the action a and 

(ip, p) a pair of states on A mixing with respect to (ovOn^i- Then 

fl>(cn(a)) —• Kip(p(a)l) weakly 

where -K^ is the GNS-representation of (A,tp). 

Proof. For a, 6, c G A, we have : 

lim (^(o-n(a))n^(b)^ \TV^(C)^) = lim ip(c*an(a)b) = xj)(c*b)p(a) 

= P(a)(^(^)^kv(c)^) 

Hence n^(an(a)) —>• ir^(p(a)l) weakly. • 
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4.3 Non-diagonal Actions of Xerox Type 

On A = ®Mfc(C) we act by a xerox action ag = ®Ad n(g), induced by a representa­

tion 7r of a compact group G. The representation n is not necessarily diagonal. 

Definition 4.3.1. Let S^ = L)Sn be the group of finite permutations of N* = 

{1,2, . . .} . Each a e S^ induces an automorphism on A = ®Mfc(C), given by: 

a(xx <g> x2 ® • • • <8> xn ® ••) = xa(i) <g> xa{2) 

If an G Soo is the permutation given by 

x a(n) 

Vn{i) 

n + i i f l ^ z ^ n 

i — n if n < z ^ 2n 

i if i > 2n 

then the corresponding automorphism induced on A is also denoted an. We obtain a 

sequence (<rn)n^1 of automorphisms of A which commute with the action a. 

In this section (crn)n^i denotes the sequence of automorphisms defined above. 

Lemma 4.3.1. Letip = <S)ipn a faithful diagonal product state on A = ®M/C(C) and let 

(hn)n^\ be the corresponding sequence of density diagonal matrices. We assume that 

{hn)n^i converges to h. Let p be the homogeneous state on A given by p = ®tr(h-). 

Then: 

(i) p is pointwise mixing w.r.t (an)n-^i, i.e., lim p(ban(a)c) = p(bc)p(a), for all 

a,b,c G A. 

(ii) the pair of states (ip, p) is mixing w.r.t (o-n)n^i, i-e., lim tp(ban(a)c) = ip(bc)p(a), 

for all a,b,c G A. 

Proof. We prove only the last part of statement (ii) as all the other claims follow by 

similar arguments. 
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We can assume that ||a||, ||6||, ||c|| < 1. Let e > 0 be given. Then there exist 
m 

m £ N and a', b', d G (g) Mk(C) <g>l<g>---®l<g>--- such that 
i= l 

\\a - a'||, ||6 - 6'||, ||c - c'|| < e/7 and ||a'||, ||b'||, ||c'|| < 1. 

For n ^ m, we have : 

|M&<7„(a)c - ^ n (a ' )c ' ) | | ^ U(b(gn{a) - gn(a'))c)\\ + ||V((6 - 6')^(a')c)|| + 

+ U(b'gn(a')(c-c'))\\ 

< ll^lll|a-a'|| | |c|| + ||(6-6,)lll|a'lll|c|| + | |^ | | | |a , | | | |c-c / | | 
3 

< e/7 + e/7 + e/7= -e\\ 

Similarly, 

\p(a)iP(bc)-p(a')iP(b'c')\\<^£ 

As lim hn = /i, we have 
n^oo 

Um^(6^n(a')c ,) = /9(a,)V(6V). 
n—>oo 

Hence there exists M > m such that for n ^ M, 

| ^ ( ^ n ( a ' ) c ' ) - p ( a ' ) ^ ( f c V ) | < | . 

Consequently, for any n > M we have 

| |^(6pn(a)c-p(a^(6c)) | | < ||^(6^n(a)c - b'gn(a')c')\\ + 

U(b'gn(a')c') - p(a')iP(b'c'))\\ + \\p{a)^{bc) - p(a')^(b'c')\\ < e 

and the claim is proved. • 

Let A = ®M/t(C) be the fc°°-UHF algebra and ip = ®cpn be a product state on 

A. If J C N let us define 

B = <g> Mfc(C), C = (8) Mfe(C) 

^ = ® <Pn, V= ® </V 
nGJ nSJ c 

We then have the following result whose proof is straightforward: 
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Lemma 4.3.2. With the above notation we have: 

(i) there exists a canonical isomorphism (3 : A —> B ®C such that (ip ® rj) o f3 = ip 

(2) if (1:^, Hv, £v) and (n^gr!, H^^,^^) denote the GNS representations of(A,(p) 

and (B <g> C, 4> ® n), then f3 induces a unitary U : H^ —»• H^v, defined by 

U-K<p{a)£,v = 7r^®7/(/5(a))^7/ for all a € A. 

We consider also the following subgroup of G: 

Go := {g € G; n(g) is a diagonal matrix} 

Let <p = ®tpn a faithful product state on A and let (hn)n^i be the corresponding 

sequence of density matrices. 

Prom now on, we suppose that the sequence (hn)n^i has a subsequence (hnk)k^i 

convergent to h, and h has distinct entries (notice that (hn)n^i has at least a limit 

point, but it is possible that the limit point does not have distinct entries). 

Let J = {ni < n2 < •. • < nk < ...} and Jc = {mi < m2 < • • • < mk < ...}. By 

Lemma 4.3.2, we have A = B ® C, ip = p® ip. We remark that the stabilizers G^, 

Gp and G^ are all equal to Go-

Lemma 4.3.3. With the above notation, the imprimitivity system B of the induction 

{TT~,U~, H~} = Ind^^^U^.H^} is contained in the centre of IT""(A)". 

Proof. By Lemma 4.2.4 we have 

lim 7r^077({o-„ <g> l}(a ® 1)) = lim n^Jan(a) ® 1) = 7u0„(p(a)l) 
n ^ o o n—+oo 

weakly. Let an := f3~l o {an ® 1} o (3. Then we have 

lim T T ^ / T 1 o {an ® 1} o pip-^a <g> 1))) = lim v r ^ / r V n W ® 1)) 

= lim U*K^(an(a) ® l)U = U*-K^m{p(a)l)U = 7rv(p(a)l) 
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weakly. Now, we have 

lim (TT O dn(p-l{a ® l))£\rj) = lim / (TVV O ag o an{(5-\a <g> l))^{g)\n{g))dg 
n—>oo n—>co J^ 

= lim {7Tvoanoag(p~1(a®l))^(g)\r](g))dg 

= [ poag(a)(£(g)\ri(g))dg= f f£(g)(£(g)\v(g))dg = W£)£\T}) 
JG JG 

where fg(g) = poag(a). Hence 0(fg) belongs to TT~(A)". Since {/£, a G A} = Cp(G) 

is dense in C(G0\G) by Lemma 4.2.3, 9 maps C(G0\G) into 7r~(A)". The a-weak 

continuity of 0 yields that B C 7r~(^4)". By its construction, 5 C IT~(A)'. Hence 

5C7r~(A)'n7r~(A)". D 

Theorem 4.3.4. If G is acting on A by a non-diagonal xerox action, ip = ®pn is 

a product state with corresponding sequence of density matrices (hn)n^i, and (hn)n^i 

has a limit point with distinct entries, then 7rip(A
G)" = ir^(AGv)" where irv is the GNS 

representation of (A, <p) 

Proof. Let {TT^, U^, H^} be the covariant representation of (A, G^) and (7r~, U~, H~) = 

Ind {7:^, Up, Hv}. By Lemma 4.3.4 the imprimitivity system B of Ind {71 ,̂ Uv, H^} 

is contained in the center of TT~(A)". The proof follows now from Theorem 4.1.4 and 

Theorem 4.1.2. We notice that Gv = G0. D 

Theorem 4.3.5. Suppose ip = ®tr{hn-) is a faithful diagonal product state on A = 

<8>Mfc(C), the sequence (hn)n^i of the density matrices has as limit point with distinct 

entries and G is a compact group acting on A by the xerox action ct(g) = Ad ir(g) with 

n a representation of G onU(Mk(C)) such that (pGlf = p\Ao^ is a factor state. Then 

<PG = P\AG is a factor state and 7iy?(^4G)" ~ TT aip(A
Glfi)". In addition, Gv = G0. 

Proof. By Theorem 4.3.4, we have that ir^A0)" = -Kv{AGip)". Let 7Ti be the restriction 

of 7r̂  to AGv acting on Hi which is the closed span of { ^ ( A ^ ) " ^ } = {nv(A
G)"^lfi}. 

Note that ^ G Hi is a cyclic vector for Hi and ^ is cyclic in Hi for AG so the 

restriction of 7Ti to AG is unitary equivalent to ir^a. Hence TT^G (AG)" is *-isomorphic to 
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TTI(AG)". Similarly n GV (AGV)" is *-isomorphic with TTI(AGV)". Since Hi is an invariant 

subspace of H for itv(A
G*) and K^A0)" = TTV(AG^)" we have TVI(AG)" = -Ki(AG*)" 

and consequently 7T^,G(AG)" ~ TT G<P(AG'P)". D 

Remarks . In [BP2], Baker and Powers considered: 

(1) standard representations on U(Mk(C)) of groups G, which are unitary groups 

of *-subalgebras of Mfc(C), 

(2) product states ip = ®fn on A = ®Mfc(C). 

If (ftp, Hp) is the GNS representation for (A, ip) and H is the subgroup of G de­

fined by H = {g e G; n^ ~ n^ o ag}, (here 7r ~ 7r O a„ means quasiequivalence of 

representations) they showed that irv(A
G)" = TIV{AH)". 

If if is a diagonal product state whose sequence of density matrices has a limit 

point with distinct entries and we consider a xerox action as in [PB2], then H coincides 

with GQ = {g E G,iv(g) diagonal }. The tools used by Powers and Baker allow us to 

conclude that we can have equality even when we impose weaker conditions for the 

sequence of density matrices of the product state. On the other hand, we considered 

arbitrary xerox actions (not only of the type considered in [BP2]). We showed that 

if the xerox action is induced by a representation it of a compact group G, and 

Go = {g 6 G;ir(g) is a diagonal matrix} then 7rlf(A
G)" = TT^{AG°)" whenever ir^, 

is the GNS representation for (A, f) with f faithful diagonal product state whose 

sequence of density matrices has a limit point with distinct entries. To find a smaller 

subgroup H of G such that n^A0)" = ivlf(A
H)" we don't need to consider a diagonal 

product state. We consider only diagonal states is motivated by the fact that in this 

way we can use the tools developed in Chapter II and Chapter III and by Theorem 

4.3.6 we can also determine the type of the factor obtained. 

In particular, if G is a compact connected Lie group with maximal torus T, 

f = ®fn is a product diagonal state and the sequence of density matrices (hn)n^i 

has a limit point with distinct entries, then n;ip(A
T)" = iripG(AG)". 
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4.4 Examples 

We present now some concrete situations. On A = <S>Ms(C) we consider the product 

state (p = ®Lpn (pn(-) = t r ( / v ) and hn = diag(an, bn, cn), an, bn, cn > 0 an+bn+cn = 1. 

Example 4.4.1. Let SU(2) = 

Let 7T : SU{2) -»• M3(C) given by 

a 6 

—b a 

TX 
a b 

—b a 

;a,beC, |a|2 + |6|2 = l 

1 0 0 

0 a b 

0 -b a 

We consider the fixed point algebra under the xerox action induced by this rep­

resentation and we denote it by Asu{-2\ The maximal torus of SU(2) is T the 1-

dimensional torus and the fixed point algebra under the restriction of the action to 

T is denoted by AT. In fact, the restriction of the action to the maximal torus is the 

xerox action induced by the representation ir\T : T —> M3(C) 

7r|T(t) 

This was studied in Section 2.5. If (an, bn, cn) has a limit point (a, b, c) with a, 6, c all 

distinct then SU{2)V = T and consequently, 

nv(A
T)" = ^(Asu^)". 

In fact, in this case the same conclusion holds if we only assume that (an, bn,cn) has 

a limit point (a, b, c) with b ̂  c. 

Example 4.4.2. We consider now ST/"^) acting on A by the xerox action induced 

by its standard representation on M3(C). The maximal torus of SU(3) is T2. If 

(on, 6n, c„) has a limit point (a, 6, c) with a, 6 and c mutually distinct, then SU^)^ = 
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{diag(—t — s,s,t)}. As Asu(-^f = A T 2 , where A T 2 is the fixed point algebra under 

the standard xerox action of the 2-torus studied in Section 2.4, we have 

^(AT2r = ^(Asui3)r. 



Chapter 5 

Approximate Transitivity 

We recall that if M = <g>(Mfc(C), <pn) is an ITPFIfc factor and a : G -> Aut(M) is a 

xerox action, then the fixed point algebra iV = Ma is an AFD von Neumann algebra. 

In Chapter II, we gave conditions for N to be a factor. In this chapter, we look 

for sufficient conditions for N to be (isomorphic to) an ITPFI. In [BG], Baker and 

Giordano give sufficient conditions for the fixed point factor N under the standard 

action of the 1-torus to be isomorphic to an ITPFI factor. They show that this is 

true if the sequence of density matrices of the product state ip = ®(pn has a limit 

point with no zero entries on the diagonal. They also prove that any bounded ITPFI 

can be obtained as fixed point factor under the standard action of the 1-dimensional 

torus. 

We generalize these results for the standard action of the 2-torus. Let M be an 

ITPFI3 factor and N be the subfactor of M obtained as the fixed point algebra under 

the standard action of T2. We show that N is isomorphic to an ITPFI factor if the 

sequence of density matrices of the product state has a limit point with nonzero entries 

on the diagonal. Using the same techniques as in [BG], we realize the inclusion N C M 

as W*(X, /i, TZoo) C W*(X, n, T) where X = FJ{0,1, 2} and T ^ is a subequivalence 

relation of tail equivalence X on X. As in the case of the 1-dimensional torus, IZoo is 

induced by an action of the group S^, of finite permutations acting on X (see Section 

2.2 and 2.4). In order to show that Â  is isomorphic to an ITPFI factor, we prove 

107 
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that the associated flow of Tl^ is approximately transitive. We have already shown 

in Sections 2.4 that any ITPFI3 can be obtained as such a fixed point factor. 

For the standard action of the 1-dimensional torus, if the sequence of density 

matrices does not have a limit point with nonzero entries, by imposing additional 

conditions we show that the fixed point factor is isomorphic to an ITPFI factor. 

To obtain this result, we realize again our factor as W*(X,fj,,TZoo), we compute the 

associated flow of TZoo and we show that it is AT. If the sequence of density matrices 

does not have a limit point with no zero entries and without additional conditions, it 

is still not known if the fixed point factor it is an ITPFI factor or not. 

In [GH], Giordano and Handelman show the existence of an action of Z2 on 

an unbounded ITPFI for which the fixed point algebra N is not an ITPFI factor. 

They prove it by showing that the flow of weights of N is not AT. We construct here 

examples of actions of Z„, n ^ 1 on unbounded ITPFI factors, whose fixed point 

algebra is isomorphic to an ITPFI factor. To obtain this result, we realize the fixed 

point factor as W*(X, fi, 1Z), with a subequivalence relation 1Z, of tail equivalence, we 

compute the associated flow of TZ and we prove that it is AT. The difference between 

our examples and the example built in [GH] consists in the choice of the density 

matrices of the product state. 

5.1 Fixed Point Factors Isomorphic to ITPFI Fac­

tors 

The first result of this section is the following: 

Theorem 5.1.1. Let A = ®M3(C) and let ip = ®tr(hn-) be a faithful diagonal product 

state on A. 

a) If the sequence (hn)n^i of density matrices is given by h2n =diag(aQ,ar{,a%) 

and h2n+i = diag(b0, b\, b2), then KV{AT )" is isomorphic to an ITPFI factor. 
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b) If the sequence {hn)n^\ of density matrices has a limit point h > 0 then the 

same result holds. 

As discussed in Section 2.4, 7Tlfi(A
T ) is isomorphic to W*(X, n, TZoo), where X = 

f |{0,1,2}, r\ = ®ryn is the product measure on X with rj2n(i) = h, V2n+i(i) = a? for 

all i e {0,1, 2} and n ^ 1 and the equivalence relation TZ^ is given by: 

xlZooy if and only if there exists n ^ 1 such that x^ = y^ for i > n and 

card{i; 1 ^ i ^ n, x^ = k] = card{i; 1 ^ i ^ n, yi = k} for k e {0,1,2}. 

By Theorem 1.2.20, Theorem 5.1.1 will follow from: 

Lemma 5.1.2. With the above notation, the associated flow of (X, fi, TZoo) is AT. 

Proof. We identify (X,r]) with (X1 x X2, n x ^) where Xx = X2 = 11(0,1,2} and 

the measures fi = ®jin and v = ®^n are given by nn{i) = a™, z/n(z) = 6j for n ^ 1 

and i 6 {0,1, 2}. Then, the equivalence relation TZoo can be seen as an equivalence 

relation on Xi x X2 denote also by TZoo and given by: 

for (x, y) G Xi x X2, with a; = (xi, x2 , . . . ) and y = (yu y2,...), 

(x, y)7Z00(x', y') if and only if there exists n € N such that £j = x't, yi = y\ for i > n 

and card{i; 1 ^ i ^ n,Xi — k} + cardji; 1 ^ i ^ n, i/j = k} 

= card{i; 1 < i ^ n,x- = &} + card{i; 1 ^ i ^ n,y\ = A;} for A; e {0,1,2}. 

The Lebesgue measure on R is denoted by A. With these notations, we consider 

also the equivalence relation TZoo on X\ x X2 x M, given by: 

(x,y,s)TZoo(x',y',t) if and only if (x, y)TZoo(x', y') and t = s-logS((x',y'),(x,y)). 

We also consider the following equivalence relation on X2, denoted by S^: 

ySooy' if a n d only if there exists n G N such that yi = y\ for i > n and 

cardji; 1 < i < n, yi = k} = card{i; 1 ^ i < n, y\ — k} for k e {0,1,2}. 
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As v is iSoo-invariant we have that 

(x, y, t)Hoc(x, y', t) for all x, t and all ySooy' 

On X\, we consider the following equivalence relations 

xTny if and only if Xj = ^ , for alH > n 

and 

xTy if and only if there exists n such that x7^t/ 

Let now T be the equivalence relation on (Xi x l , / i x A ) , given by: 

(x, s)T(y, t) if it exists m such that xTmy and t = s — log TT — TT -^-. 
i = l °Xi i = l &W 

Let / G L°°(Xi X I 2 X R , / J X I / X A)^00, the space of all essentially bounded functions 

defined on (Xx x X2 x R, /z x f x A), invariant under ^.QO. AS any invariant function 

is equal almost everywhere to an invariant bounded function, ([Zl], p.21), we can 

assume that / is bounded and invariant. Then we have 

f(x, y, t) = f(x, y', t) for all (x, y, t ) e l i x l 2 x R, yS^y'. 

As by [AP], Soo is z^-ergodic, we have that for all (x,t), y i—> f(x,y,t), is constant 

u-a.e. We denote this value by f(x,t). Hence, we have a function f : X\ x R —> 

R. Fix (a;,*) E Xx x R with x = (xx,x2,...) e Xv Let (y,t') e Xl x R where 

2/ = (j/i, J/2, • • • 2/m, £m+i , • • •) e ^ i a n d l' :== * - l o§ I ! ^r- EI f1- I n o t n e r words 

(x,t)T(j/,f). 

Let us denote by Ci the cylinder set C(y1,... ,ym) C X2. As z \-^ f(x,z,t) is 

constant for u-a.e z G X2, there exists ^4i C X2, v{Ai) = 0 such that f(x, z, t) — f(x, t) 

for all 2 € Ci — A]_. Let C2 be the cylinder set C(xi,...,xm) C X2. As above, 

f(y, z, t') = f(z, t') for u-a.e. 2 G X2 and there exists A2 C X2, ^(^42) = 0 such 

that f(y,z,t') = f(y,f) for all z € C2 — A2. There exists <f>, an automorphism 

of (X2,v) which affects only the first m coordinates such that (j){C\) = C2, i.e., 
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0(2/1,2/2, • • •, ym, Vm+i, • • •) = (xu x2, • • •, xm, ym+i,...) when y £ Cx- As v{A2) = 0, 

we also have that u{(tr1{A2)) = 0. Therefore v{C\ - Ax - 4>-l{A2)) > 0. Let 

z e Ci — Ai — <j)~l(A2). Then 4>{z) G C2 — A2. We denote <f>(z) by z. It also exists a 

partial Borel isomorphism a with Graph a C TZ^ and such that a(x, z) = (y, z). We 

have f(x,z,t) = f(z,t), f(y,z,f) = f(y,f) and 

Now, we have: 

f(x,t) = f(x,z,t) = f(y,z,t') = f(y,t>) 

which proves that (x,t) 1—• f(x,t) is T-invariant. The function f is bounded and 

measurable, as f(x,y) = f f(x,y,t)dv(y). 

Therefore L00{X1xX2xR^xuxX)^ can be identified with L°°(XixM,/ixA) f . 

Moreover the action of K. by translation on L°°(Xi x X2 x R, \i x v x X)Ro° corresponds 

to the action of R on Loa(Xl xK,/iX A) r . In other words, the space X\ x X2 x R/Roo 

on which R acts by translation is identified with the space X2 x R / T on which R acts 

by translation. This means that the associated flow of (Xi x X2,1Z(X)) is identified 

with the space X2 x R / T on which R acts by translation. On the other hand, T is 

generated by the following action of G = ©Z3 on (Xi x l , / i x A ) : 

gx,t-logH^fH^ 
j=l axi i=i °Vi 

where g = (gx, g2,... gm, 0,...) <E G and y{ = x{ + gt (mod 3). 

Therefore Xx x R / T = Xx x R/<x To show that the associated flow is AT, by 

[CW] p.206, it is enough, to prove that the action 7 of G x R on X\ x R given by: 

m % m , 

^s(x,t) = (y,t + s-logl[^l[-^), 
j = l ° ^ i = l °2/« 

where y = gx and g acts on the first m components, is AT. Let 

d(fi x A) o 7 g s 
LgM) = f°lg,. d(/j, x A) 
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We show first that if 

/ = XAx[0,c]i h = XBx[c,d] 

with d - c = e, A = C(0, 0 , . . . , 0) = {x E X; x{ = 0, for 1 ^ i ^ m} and B = 

C(yi,y2,-.-,ym)> there exist (g,s) E G x R and f3 > 0 such that (3 • LgtS(f) = h 

Indeed, first we can choose g E G such that XA°g = XB and g affects only the first m 

coordinates, i.e., gB = A. As the Radon-Nikodym derivative is constant on cylinder 

sets, and the Lebesgue measure is measure preserving, for x E B and t E R, we have 

m i m , m i 

We denote log ]T ^r II f- by k a n d Yl^r hY P'1- L e t u s t a k e s s u c h t h a t [0, e] = 

[c, rf] + s — k, i.e., s = —c + fc. We have that 

XAx[0,e] °lg,s = XBx[c,d\ 

Then we have 
rf/x x A o 7(ff, s) 

Let / , # be two functions in L :(X x M)+. Then there exist m sufficiently large and e 

sufficiently small such that / and g can be approximated by a finite linear combination 

with positive coefficients by a sum of functions of the form Xc(xl,x2,...,xm)x[a,b] with 

[a, b] intervals of length e. On the other hand, as seen before, any such a function 

is approximated by a function of the form (3 • £9)S(xc(o,o,...,o)x[o,e]) with (3 > 0 and 

(g, s) E G x R. Hence, / and g are approximated in L1-norm by a finite sum of 

functions of the form (3' • £g,s(xc(o,o,...,o)x[o,e]) with (3' > 0 and therefore the action 7 is 

approximately transitive. Consequently, the action of R by translation on the space 

Xi x X2 x R/Roo is AT. 

To prove b) we use a) and Kakutani's Theorem. • 

In general we have the following result: 
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Proposition 5.1.3. Let A = (g)Mfc(C) and let tp = ®<pn be a faithful diagonal product 

state on A. If the sequence (hn)n^i has a limit point with no zero entries and a is a 

xerox action induced by a diagonal representation of a compact group G, then TT^A")" 

is an ITPFI factor. 

We proceed now to prove the main result of this chapter. We consider the case 

of the standard action of the 1-dimensional torus T, on A = ®M2(C). Let (p be a 

faithful diagonal product state on A = ®M2(C) that does not have a limit point with 

no zero entries. We will show that irip(A
T)" can still be isomorphic to an ITPFI factor 

in this case. As we already mentioned, when the sequence of density matrices has 

a limit point with no zero entries Baker and Giordano [BG] showed that irv(A
T)" is 

isomorphic to an ITPFI factor. 

Let us recall the following definition: 

Definition 5.1.1. If 1Z is an equivalence relation on (X, /i), a measure v equivalent 

to \i is lacunary if there exists e > 0 such that log 8u(x, y) = 0 or | log 8v{x, y)\ > e for 

(x, y) &TZ (where 8V is the modulus with respect to v). 

Hamachi-Osikawa proved the following result that we reformulate using an equiv­

alence relation: 

Theorem 5.1.4. [HO] Let TZ be a countable equivalence relation of type III on a 

Lebesgue space (X, 05,//) and v a finite lacunary measure equivalent to /i. Consider 

on X the equivalence relation ~ : 

x ~ y if and only if xTZy and \og8(x,y) = 0, 

Then: 

(1) there exists a measurable positive function (f>(x) defined on the quotient space 

X/ ~ with 4>([x\) = min{log^(a;',a;); (x',x) € TZ, \og8(x',x) > 0} where [x] is an 

element of the partition Xj ~ containing x; 
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(2) there exists an ergodic automorphism U of Xj ~ such that U([x]) = [x1] if 

(x,x') £ 1Z satisfies log5(x',x) = 4>([x]); 

(3) the associated flow of 1Z is the flow built under the ceiling function </> with 

the base automorphism U. 

The following lemma will be used later: 

Lemma 5.1.5. ([HO], Lemma 2) Let p and q be positive numbers with p + q = 1, 

and 0 < e < 1. Then, if n and M are positive numbers with M2 < npqe/8, 

n-M 

E 
fc=0 

k+M n-k-M <e + l28M2/npqe2 

We start now to construct an example of a fixed point factor under the standard 

action of the 1-dimensional torus, isomorphic to an ITPFI factor. 

Let 0 < A < 1 and let (ln)n^i be an increasing sequence of positive integers and 

(An)nj>i a rapidly decreasing sequence of positive real numbers, each of them being a 

positive integer power of A such that 

n - l 

2 ^ J i | l o g A i | < |logA„| 

i=i 

and 

lim lnXn = (X). 
n—>oo 

We put l0 = 0 and for n ^ 0, let Ln := l0 + l\ + l2 H + In-

Let M = ®(M2(C),tr(a r)) with 

for Ln-i < i ^ Ln. On M we act by the standard action of the 1-dimensional torus 

(see Section 2.2) and we denote by N the fixed point algebra under this action. Our 

goal is to prove: 

Theorem 5.1.6. With the above notations N is isomorphic to an ITPFI factor. 
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As seen in Section 2.2, TV ~ W*(X,fj,,fl0O) where (X,/i) = 1{{{0,1},IM), with 
i>l 

Hi probability measure on {0,1} given by: 

1 ,„, A 
^(°) = TT^ W(l) = 

n 

1 + Xn " l v ' 1 + An' 

for Ln_i + 1 ^ i ^ Ln. Moreover, TZ^, is the equivalence relation induced by the ac­

tion of the group Soo, of finite permutations acting on X. The measure [i is lacunary 

because each An is a positive integer power of A. By [AW], M is of type III0 and as 

N ~ W*(X, /_i, T), we have r^X, /i, T) = {0,1}. By Proposition 2.2.3, N is of type 

III, and as r00(X, //,T^oo) Q roc(X, /j,,T) it results that r00{X^,'R00) = {0,1} and 

therefore Af is a factor of type III0. To show that W*(X,/j,,1Z00) is isomorphic to an 

ITPFI factor, we compute the associated flow of IZoo and show that it is approxima-

tively transitive. 

We will need the following technical results. 

Lemma 5.1.7. Let m ^ 1 and \cti\, |A| ^ k- If A?1 XT • • • K? = A fA2 2 • • • A^m then 
ai — Pi for all 1 ^ i ^ m. 

Proof. Let us assume that am ^ (3m. If A ^ A ^ - . - A ^ = A?1 A^2---A^. Conse­

quently, E ^ i « i l o g A i = I X i A l o S A i - Hence, |logAm| ^ \am - /3m\ • |logAm| ^ 

YlT=i \ai ~ @i\ ' U°§Ai| ^ 2^|logAj|. Contradiction. The lemma follows by induc­

tion. • 

Let Y = FJ { 0 , 1 , . . . , ln} with the product measure v = ®vn where 

yi 

We consider iv : X —• Y given by 

7 T ( x i , X 2 , . . . ) = ( 2 / 1 , 2 / 2 , - - - ) 

with yn — J2 Xi. In other words yn is the number of m, Ln-i + 1 ^ m ^ Ln 
i=Ln-i+l 

such that xm = 1. By [t/ij/2 • • • Un] we denote the elementary cylinder {z £ Y; Zi = 

yu 1 < % ^ n}. 
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Let us define on X the following subequivalence relation of T ^ , denoted by 1Z 

xTZy if and only if xTZ^y and S(x, y) = 1. 

Lemma 5.1.8. With the above notations, IT : X —• Y is a 1Z—factor map and 

therefore X/1Z can be identified with Y. 

Proof. Assume that xTZy. Then, there exists n ^ 1 such that Xi = yi for all i > Ln. 
n Lk 

Therefore log S(x,y) = J2 Yl (Vi ~ xi)^n = 0. Hence, by the previous lemma, 
fc=l i=Lk_1 + l 

Lk 

Y (Vi ~ xi) — 0 for all 1 ̂  k ^ n. In other words, if xlZy then ir(x) = ir(y). 
i = i k - i + l 

Let A C X be a 7£—invariant set. We will show that A may be arbitrarily closely 

approximated by taking a union of sets of the form Tv~1[yiy2---yn]- We observe first 

that a set of the form Ti~l[yiy2---yn} is a union of elementary cylinders in X of length 

Ln. Let 0 < e < 1. We can find n > 0 and a finite number of cylinders, C\, C2, • • • C/t 

all of length Ln such that if E = Cx U C2 U • • • U Ck then /x(AAE) < £2. Let F be the 

union of all cylinders C, of length Ln, contained in E such that ^ ,̂ L ^ > 1 — £ and let 

iJ the union of all cylinders C of length Lk, contained in E such that ^ ^ ' < 1 — £ 

or equivalently, ^ A ' > e. Hence ^ ,^,' > e, and therefore n{H) < \^{H \A)< 

±/z(£ \ A) < e. Hence, /J,(A/\F) < ^i(AAE) + / /(#) < e2 + e < 2e. Let C be a 

cylinder of length Ln included in ir~l\y\y2 • • • yn]
 s u c n that ^ (̂ L ' > 1 — e. Let C a 

cylinder of length Ln also included in 7r-1[?/it/2 • • • yn]- Hence, C — [x\X2 • • • £L„] and 
Lk Lk 

C = \z\Z2- • • ZLn] with Yl Xi = Yl Zi = yk tor 1 ^ k ^ n. Consequently there 
i>Lk-i i>Lk-i 

exists (f> £ [T̂ oo], which affects only the first n coordinates such that <f>(C) = C (4> 

is measure preserving on C). As A is ^-invariant, it follows that ^ ,̂ L ' > 1 — e. 

Therefore 
M(^_1[2/l?/2---yn]) 

whenever 7r_1[j/i2/2 . . . yn] contains a cylinder of length Ln of F . Let F' the union of 

all 7r_1[2/ij/2 • • • yn] that intersects F . We have that ^ (^,, ' > 1 — e and therefore 

/x(F' \ A) < e//(F') < £. We also have that fi(A \ F') < //(A \ F) < 2e and therefore 

file:///z/Z2-
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/i(AAF') < 3e. Hence any invariant set can be arbitrarily closely approximated by a 

union of elements of the form n~1[yiy2 • • • yn]- As // o 7r_1 = v, we also have that for 

A C Y, \x o IT"1 (A) = 0 if and only if v{A) = 0. Therefore n is a 7^-factor map that 

allows us to identify X/1Z with Y. • 

We compute now the associated flow for TZoo using Theorem 5.1.4. By Lemma 

5.1.8, we can identify X/7Z with Y. As \x is lacunary, we can define a function (f) on 

X b y : 

4>(x) = mm{log5(x',x); xTZ^y; \ogS(x',x) > 0}. 

Then 4> is bounded below by — log A and can be seen as a function on the quotient Y. 

By Theorem 5.1.4 we define an automorphism U onY by: U(ir(x)) = ir(x') if xTZoox' 

satisfies logS(x',x) = (f)(x). On (D,u x A), with D = {(y, t);Y e Y, 0 < t,<f>{z)} and 

A the Lebesgue measure, let Fs be the flow built under the ceiling function 4> with 

the base transformation U : Y —• Y, i.e., for s ^ 0: 

Fa{z,t)= { 

(z,t + s) 0^s + t<4>(z) 

(U{z),t + s-(f>(z)) <j>{z)^s + t<(P{U(z)) + (j)(z) (5.1.1) 

By Theorem 5.1.4,(3), the associated flow of "ftoo is the flow Fs, s eR. Then we have: 

Lemma 5.1.9. Let x,x' € X, xlZ^x', a := \og5(x',x), z = ir(x), z' = w(x') and 

0 < t < — log A (such that (z, t) and (z1, t) are in D). Then Fs(z, t) = (z1, t). 

Proof. Let us assume first that a > 0. Because the measure /j, is lacunary, there are 

only finitely many values of log 5(z, x) between 0 and a, and without loss of generality 

we can assume that there is only one which we denote by (3. Hence there exists y e X, 

logS(y,x) = (3. Let v := ir(y). But then U(z) = v and 4>(z) = j3. As 0 < t < —logA, 

(v,t) G D, by (5.1.1), we have F^z)(z,t) = (v,t). Also, 

log 5(x', x) = log 5(x', y) + log 6{y, x) 
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But log5(x',y) is in fact 4>{v) = <f>(U(z)) and F^v^(v,t) = (z',t). Therefore: 

<l>(z) + <l>(U{z)) = a 

and 

Fa(z,t) = Fm+<l>mz))(z,t) = F^ W ) (C/(2) , t ) = (U2(z),t) = (z',t). 

If s < 0, then — s > 0 and as above, F-S(z',t) = (z,t) and therefore Fs(z,t) = 

Fs(F.s(z,t)) = (z',t). D 

By definition of U, for any y EY, U(y) and y are cofinal. Therefore, we have: 

Remark 5.1.1. If 

y = (yi,y2,---ym,ym+i,---) 

and for some n 6 Z, [/"?/ = 2; with 

Z = ( Z i , £2) • • • i ^m> 2/m+l) • • •)) 

then 
duoUn

 = i/[^iz2 • • •, 3m] = -rj^fO 

ê  [̂2/12/2 • • • ym] iJ^Vi(yi) 

Lemma 5.1.10. Let x,x' £ X, xlZ^x', xt = x\ if i > Lk, y = TT(X), z = n(x') 
k 

0 < t < — tlogA and s = logS(x',x) (in fact \og5(x',x) = ~^2(zi — yi) log \). Then 
i=i 

Fa(y,t) = (z,t) and 

d(u x A) o Fs = v[zi, Z2,..., zk] 

d{v x A) ' %i,S/2,--.,2/fc]' 

Proof. We remark first that Zj = y± if z > k. It exists n e Z such that 2 = Un(y). As 

A is measure preserving we get: 

The lemma follows from Remark 5.1.1. • 
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Proposition 5.1.11. The flow Fs on D, defined in (5.1.1) is AT. 

Proof. We denote by [0]M the cylinder set {y £ Y; yi = 0,1 ^ i ^ M}. We show first 

that for small C a n d M > 0 X[o]Mx[o,c] c a n approximate in Lx-norm any function of 

the form X[a1a2-aM]x[o,(}- Let us assume that ( < | logA|. Let e > 0, let [aia2 • • • aM] 

be a cylinder of length M and n > M. Let also, 

M 

m 

i=l 

u[axa2 • • • aM] Vi(ai)v2(a2) • • • uM(aM) 

:= ax + a2 H \- aM, s := ̂  at log Aj - m log An, 

(3:= 

and 

v[0]M VI(0)V2(0)---VM(0) 

9 = X[ai-aM]x[0,C] 

/ = X[o]Mx[o,c]-

We have 

/3 • L_J(z, t)=(3- X[O]MX[O,C]((F_S(^ * ) ) d ( ^ A ^ f ' ( ^ *) 

n . . d{y x A) o F_s 
= /5-XFS([O]MX[O,C])(^^) ^ 7 ^ (2,*) 

Let z £ [0]M with zn ^ m and 2' with ^ = a^ if 0 ^ i ^ M, ^ = zn — m and 

^ = Zi otherwise. We can find x and x' such that xTZ^x', ir(x) = z, TT(X') = 2' and 

log<5(a/,x) = Y2i=iai^°sK ~ rnlog\n. Then, by Lemma 5.1.9, F3(z,t) = (z',t) and 

F-S(z', t) = (z, t). Also, if zn = k + m, with fc ̂  0, by Lemma 5.1.10, 

d(u x A) o F_s _ I/I(0)I/2(0) • • • uM(0) un[k + m] 

-{z , t) — d(fji x A) ' vi(ai)v2(a2) • • • % M */„[&] 

1 (1 + A,,)*" / J„ \ A*+ = r1 771 

n 

x k J Xkn \ k + m I (1 + An)1" 

Therefore, 

^ x A ) o F _ _ I/I(0)I/2(0) •••i/M(0) i/„[A; + m] 
d(fix\) ' J / i(ai) i /2(a2) • • • % ( S M ) ^ W 

Jfc / An \ k + m (1 + ^n)'" 
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whenever (z, t) G [aia2 • • • OM] H [zn = k] x [0, £] and 0 ^ k ^ ln — m Also, 

XFs([0]Mx[0,C]n[.zn=fc+m]) = X[a ia 2 -a m ]n [z„=fc ] 

Let A:= {z e [0}k : zn ^ m} x [0, C], A' := {^ G [0]M : zn < m} x [0, (\, B := {z e 

[axa2 • • • aM] : zn^ln-m}x [0, (] and B' := {z G [ai<z2 • • • aM] : zn > Zn - m} x [0, (]• 

Let Bk = [a1... aM] n [zn = A;] x [0, C] and 4fc = [0]M D [zn = k + m] x [0, £]. For 

0 ^ k ^ ln — m, we have: 

IXB* - £- s^x vu 1 

- 1 

XBk-0- XBJ 1 In \ (An + 1)'" / ** A ^ 

- I IXBJII • 
^ \ (An + 1)'» I k 

An* I fc + m / (A" + ! ) ' 

\fc+r A„ 

A* fe + m / (A" + 1 ) i 

J r 1 -
Zn \ (An + 1)'» / In \k+r, 

/xn 

A 

k + m j (An + 1) 

yk+m 

A„ 

k / (A« + ! ) ' " 

fc / (An + iy» \ fc + m / (A„ + l)'« 

Also, 

m—1 
(An)1 

| | / 3 £ - S X A ' | | I - ^l|X[o]Mn[2ne{o,i,...m-i}]x[o,c]lli - /^llX[oiMx[o,cilli 7 w-i , ^ y 
i=o ^ i + A ^ 

m—1 

Mli 
A 

and 

As (1 + A„)'» 

I IXB ' l l l — IIX[oia2-a M ]n[z„€{/„-m+l , . . .Z n }]x[0 ,C] l l l 

= llnll V An [ ln 

115111. 2^ fl + Xn)iu I 

oo when n —> oo, for n very large, 

m—1 

i=0 v 

At k 
(i + A„y» < e 
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i=ln—m+l \ 

We choose n large enough such that also 

E nrtw1 l<£ 

m2 < ZnAne/8(l + An)2, and 128m2(l + An)2//nA„ < s3. 

But A = U^=-o
m[0]Mn[^ = k+m] x [0, (] = Ul£TAk and 5 = \J^[aia2 • • • aM]n 

[zn = k] x [0, C] = U^J^Sfe. Applying Lemma 5.1.5 for /„, m, p = j ^ - and q = j ~ -

we have 

ln—m 

\XB - PL^SXA\\ < 2 ^ l|X[aia2-aM]n[zn=fc]x[0,C] - a-^-sX[0]Mn[zn=fc+m]x[0,C]l|l 

A*+m / Z„ \ A* 

k=0 

ln-m 

= H.E 
fc=0 

fc + m i (i + A„y« i fc / (i + A„y-

< Halite + 128m2(l + An)2/(nA„£
2) < ||^||x • 2ff 

As L_s is norm preserving, we conclude 

||/3L_SX[0]MX[0,C] -X[aoa i -a M ]x[0 ,C] l | l ^ l l / ^ - s X A ~ XB || 1 + \\XB/ 111 + ^ I I ^ - S X A / 111 

< ||5||1(2e + e + e) = 4||^||1£. 

On the other hand, if (x, u) G D and (x, it + t) G D then 

d(ux \)oFt 
—- r r — ( X , U ) = 1, 

a(i/ x A) 

as the Radon-Nikodym derivative with respect to the Lebesgue measure is 1. There­

fore, if there exists s G R and (3 > 0 such that /3£s(X[o]Mx[o,c]) c a n approximate 

X[a1a2...aM]x[o,c] then /?L_a_t(x[0p x [0,C]) approximate X[aia2...aM]Mx[t,t+c]- Conse­

quently there exists s G K and /3 > 0 such that /3Ls(x[o]Mx[o,<]) approximate in 

L1 norm X[a1a2...am]x[M-K] whenever [0^2 . . . a M ] x [t,t + C] C D. Let / , # G L\D)+. 

There exist M > 1 sufficiently large and C > 0 sufficiently small such that / and 

g are approximated in Ll norm by a finite sum of functions of the form c • XBX[O,C] 

with B cylinders of length M, [a, b] intervals of length e and c > 0. As seen before, 
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any function of the form X[a1a2...aM}x{t,t+c] c a n b e approximated by /3£s(x[o]MX[o,c]) for 

some s e R and j3 > 0. We conclude that / and g can be approximated by a sum 

of the form of j3' • LS(X[O]M) with s e R and /3' > 0. Therefore, the associated flow is 

approximately transitive. • 

Proof. (Theorem 5.1.6) As the associated flow of H is AT, by Theorem 1.2.20, N ~ 

W*(X, n, IZoo) is isomorphic to an ITPFI factor. • 

5.2 Fixed Point Subfactors of Unbounded ITPFI 

Factors 

As announced in the beginning of the chapter, we will show that there exist fixed 

point factors under actions of Zn on unbounded ITPFI that are isomorphic to ITPFI 

factors. 

Theorem 5.2.1. There exist subfactors of any integer index k ^ 2 of unbounded 

ITPFI that appear as fixed point algebras under action of some finite groups. 

Proof Consider rn and ln nonnegative integers increasing to infinity such that log rn — 

2 YH=I h 1°§ ri > 0 a n d vn are positive integer powers of A > 1 with A e Z for 

n ^ 1. We also choose ln such that ln = 0 (mod k) for n ^ 1. Let IQ = k. Let 

4̂ = ®k^oMkn{C) where k0 = k and kn = YALI
 rn if rc > 0. On this C*-algebra we 

act by the group action generated by the automorphism a = <g) Adun, where 

u0 = diag(l, a, a 2 , . . . , ak~l) 

and for n ^ 1, 

un — diag(7r.n, alr2 ,...,a ~~ Irk, Irk+\, GLITM , . . . , a ~ Ir2k,..., Irin-k+i,...,« ~ Iri„) 
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and a = e~*r. This automorphism produces an action of Z^ on A. We consider Aa 

the fixed point algebra under this action. On A we consider the faithful diagonal 

product state ip = <^xpn with <pn(') =tr(an-). We put a0 = \h and for n > 1 

otn(M) = —y-;l < « < r„, 

On(i, i) = - j - \ r\ + • • • + rt1 + 1 < i ^ rx
n + • • • + r£, 2 ^ j ^ ln 

fnl"n 

If M is the ITPFI obtained by performing GNS(A, <p) and N = GNS{Aa, <p\Aa) we 

have that N is a factor. This can be seen as in Section 2.3, or by showing that the 

action on M is outer and consequently, by [J2], TV is a subfactor of M of index k. We 

will see that N is isomorphic to an ITPFI factor. Let X = FJ {0,1, 2 . . . kn — 1} and 

\x = (g>/in, the product measure on X defined in the following way: 

IMi(i) = -r]i = 0,l,...k-l 

and for n > 0 

MnOO = —r-; 0 ^ i < rn - 1, 

A«n(i) = - f p ; r„ + • • • + rJ
n
 x ^ i < rn + • • • + r{ - 1; 2 ^ j ^ ln 

1 

5 
Let now F = FJ{0,1, . . . /„ - 1} and 7r : X - • F , 

7 r ( x ! , x 2 , . . . ) = (2/1,2/2, - - -) 

such that yi = X\ and for n ^ 2, yn = j — 1 if xn e {i : r„ + • • • + r^_1 ^ i ^ 
rn + • • • + rJ

n — 1} and 1 < j ^ ln — 1. We denote by 7£ the following equivalence 

relation on X: 

xTZy if and only if xTy and YJ 7r(2;)i _ ^(y)i = 0 (mod k) 

where T is the tail equivalence on X (Example 1.1.1 ). Then TV = W*(X,n, R). To 

see that N is an ITPFI we show that the associated flow is AT. We will follow the 

same idea as in Theorem 5.1.7 and that why this time we omit some details. The 
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base space can be identified with Y = Y[{®i 1> 2, •••In ~ 1} with the measure v = ®vn 

where vn(i) = -r- for 0 ^ i ^ ln — 1. The base transformation is defined as follows: 

U(it(x)) = TT(X') if xTLoox' satisfies \og5(x',x) = <\>{x). In fact if y — (yo,yi,y2,- • •) 

let N(y) = min{n ^ 1; yn > 0}. Then, U(y)i = k for 1 < i < n, U{y)n = yn - 1 and 

U(y)i = y% for i > n; U(y)o = z0 in such way that ZQ + U{y)\ ^ (- U(y)n differs from 

2/o +2/i H H j/n by an integer multiple of ft. We observe also that the automorphism 

U is measure preserving. The ceiling function, </> is givenm by 

(f>(x) = min{log<5(x',x); x7?.j/; log5(x',x) > 0}. 

and the associated flow is the flow Fs which is the flow built under the ceiling function 

(f) with the base transformation U : Y H-• Y. This flow which is also measure preserving 

is indeed AT. The fact that the flow is measure preserving makes the computations 

a lot easier than in Proposition 5.1.13. 

In order to prove that the flow is AT, as in the proof of Proposition 5.1.13, it is 

enough to show that / = X[oo...o]mx[o,c] with £ small, can approximate in L1-norm any 

function of the form X[a0a1...am]̂ x[o,c]) where [a0ai . . . am] = {y e Y, y{ = ah 0 ^ i ^ 

m}. Let us assume first that a0 + a\ + • • • am = 0 (mod k). If s = — Y1T=\ ai l°§ ri 

with 0 ^ a^ ̂  /j — 1 we have 

r PI \ I -^ I s\d(v X ^) ° F-S i \ 

L-sf{z,t) = X[oo-o]^x[o,c]{F-a{z,t))— ^ —(z , t ) 

We have that X[oo-o]mx[o,c](-F_s(z,£)) = X[a0a1...am]mx[o,(](z,t) and therefore we can 

approximate in L1 any function X[b0bi...bm]mx[o,C] w r t n ô + h H + 6m = 0 (mod k). 

We want to show now that we can approximate in L1 any function of the form 

X[doo-o]m x [0, C] with 1 ^ d < k — 1. Let p = k — d. We take a very large n 

and consider LpXo%rJ. Then, we have / ( F p i o g r J = XF_plogrn([oo...o]*x[o,c])- I f (*>*) E 

[00... 0]m x [0, C] and zn ^ ln — p — 1, then F_piogrn(z, t) = (z1, t) where 2- = z{ for 

i / {0, n}, z'n = zn+p and ZQ = d. 

Let A = {(z,t) G [00...0]mx[0,C];^n < / n - p - l } and A = [00... 0]mx [0, C]\A 

We have that / = XA + XA/ a n ( i XA ° Fpiogrn = X-Fplogrn(A)- We see that F„plogrn(A) 
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is equal to B = {(z, t) € [dOO ... 0]k x [0, (]; zn ^ p}. It follows that L_p\ogTnXA = Xs-

Let 5 / = [d00...0]m x [0,C] \B. Since \\XA/\\I = \\XBA\I = £ll/lli a n d L^n i s 

linear and norm preserving, we have 

2p 
\\Lplogrnf - X[d00...0]mx[0,C]lll ^ \\LplogrnXA ~ XB\\I + I I X A / | | I + I I X B / | | I ^ T ~ l l / I | l -

This shows that for all d £ {1 ,2 . . . , k — 1} we can obtain an approximation of 

X[doo...o]mx[o,c] a s good as we want. In the same way we showed that X[oo---o]mx[o,c] c a n 

approximate in Ll any function X[a0ai-am]x[o,c] with ao + a\ + • • • + am — 0 (mod 

k), we can show that X[doo...o]'nx[o,c] c a n approximate in Ll any function of the form 

X[a0ai"-am]x[o,<] with ao + a\ + • • • + am = d (mod k). In conclusion, the associated flow 

of H is AT and therefore, the factor iV is isomorphic with an ITPFI factor. • 

file:////xbA/i


Chapter 6 

Krieger's Property A 

In order to show that there exist groups not of product type, Krieger, [K2], introduced 

the so-called property A. He showed that any odometer of type III has this property 

and that property A is an invariant of orbit equivalence. Moreover, he built an 

example of a nonsingular ergodic transformation which does not have property A and 

therefore is not orbit equivalent to any odometer. 

Let us recall first Krieger's definition of property A. Let (X, B, ft) be a standard 

space and T a nonsingular ergodic transformation of (X, B, /j,). For A e 93, n(A) > 0, 

we denote by TA the induced automorphism given by: 

TA{x) =TrA{x), for 

where 

rA(x) = min{i £ N : Tl(x) G A}, for //-a.e x E A. 

We set: 
dv o T* (x) 

K,A,T{X) = {log A :iGZ}, for /i-a.e x £ A. 

For a cr-fmite measure u ~ /i, A £ 03 of positive measure and s, (, > 0, we set 

KV,T{A, s,0 = {xeA: (es~<, es+c) n AM, r(a;) ^ 0 } U 

{x E A : (-es+(, -e"-S) D AM>r(a;) ^ 0 } 
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We say that T has property A if there exists a measure v ~ \i and 77, C > 0 such that 

the following holds: every set A G B of positive measure contains a set B G # of 

positive measure such that 

lim sup .K^TC-^S , Q > V ' ^(B) 
s—>oo 

Suppose that 72. is a countable amenable equivalence relation on (X,B,/J,). If z/ is a 

measure on X, equivalent to /z, we denote by 5 the modulus of (72., X, v). For i e A , 

we define 

K,A,n(x) = {log<5(?/, x) : (x, y) E 1Z and 7/ G A} 

= {log \° (x) : 0 G [7e], (x, 0(x)) G 72. and 0(x) G A} 

For a cr-finite measure z/ ~ //, A G <B of positive measure and s, £ > 0, we set 

i ^ ( A , ^ ) = { i e A : (es-<, es+c) n A„,A,K(x) ^ 0 } U 

{x G A : (-es+<, -e s-«) n AM,TC(x) ^ 0 } 

Definition 6.0.1. Let (X, 03, /1) and 72 be as above. Then 72. has property A if there 

exists a measure v ~ fi and 77, £ > 0 such that: every set A G 03 of positive measure 

contains a set B G 03 of positive measure such that 

lim sup Kv,n{B, s,() > V v(B) 
s—>oo 

As the equivalence relation 72. is amenable, there exists an automorphism T, 

on (X,B,fi) such that T generates the equivalence relation 72 (see Theorem 1.2.18). 

With the above notations, we observe that in fact 

K,A,K(X) = K,AAX)
 a n d Ky,n{A s, C) = K„p{A, s, (). 

Therefore if we define property A for amenable equivalence relation, as above, it 

coincides with the definition given by Krieger. 

Then, Krieger's result, [K3], can be reformulated as follows: any tail equivalence 

of product type of type III has property A. In other words, if 72 is an amenable 

equivalence relation whose associated flow is AT, then 72. has property A. 
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In this section we will consider fixed point subfactors of bounded and unbounded 

ITPFI, which are the fixed point algebras under diagonal xerox actions of finite 

groups. By realizing the fixed point subfactor as W*(X,n,lZ), we will prove that 

IZ has property A. We remark that 1Z is a subequivalence relation of the tail equiv­

alence on X. As a consequence we will see that there are equivalence relations with 

property A, but whose associated flow is not AT. The equivalence relation 7Z will be 

the one coming from the example of the fixed point subfactor of index 2, not isomor­

phic to an ITPFI factor, built by Giordano and Handelman, [GH]. With this example 

we answer a question stated by Dooley and Hamachi in [DH]. 

In the second part of this chapter we construct a Bratteli diagram such that the 

corresponding tail equivalence relation on the path space does not have property A. 

6.1 Fixed Point Factors and Property A 

The first result of this section is: 

Theorem 6.1.1. Let M = ®(M2(C), ipn) be an ITPFI2 of type III, where <p = ®yn 

is a faithful diagonal product. Assume that ipn(-) = tr(diag(qn£, qn,i)-), 9n,i + <Zn,o = 1> 

Q.n,0i Qn,i > 0 and ^2qn,o • qn,i = °o. Let N be the fixed point factor under the xerox 

action o/Z2 , induced by the involutive automorphism of M: 

a = ®Ad 
1 0 

0 - 1 

Then N is a factor isomorphic to W*(X, fi, TV),where 1Z is a standard amenable equiv­

alence relation of type III on a measured space (X, fj) and TZ has property A. 

Proof. On X = \[ Xn = Y\{0,1} let // = <g> pn with pn(0) = qnfi, pn{l) = qnA. Let 

1Z be the following equivalence relation on X: 

n 

xlZy if there exists n ^ 1 such that X{ = yi for i ^ n + 1 and 2_.xi~yi = 0 (mod 2). 
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By Theorem 2.3.1, JV ~ W*(X,fi,Tl) and N is a factor. On the other hand, for 

almost all x G X let N(x) =min{i ^ 2 : Xi < 1}. We define, for a.e. x G X, T, as 

follows: 

T(xi, x2,..., xN{x), xN{x)+i,...) = ((Tx)i,0, 0 , . . . , 0, xN(x) + 1, xN(x)+1,...) 

where 

(Tx)i = x1 + N-l (mod 2) 

Then we can see that T is an automorphism of X and that T generates the equiv­

alence relation 7Z. We have W*(X,7Z,IJ) ~ W*(X,T,fi) and we will show that 71, 

or equivalently T, has property A. As M is of type III, N is also of type III (see for 

example [J2], p.6), and consequently, by Theorem 1.2.17, T and 1Z are of type III 

If T C N* is finite and A C fl ier ^ w e u s e ^ n e following notation: 

ZhA := {x G X; (xi)ier G A} 

We need the following auxiliary result: 

L e m m a 6.1.2. Let 1 < N < I. Consider E C {v G H?=I+1Xi}, u G II i=i^t and 

B C Zu such that /j,(B) > (1 - ^ M ^ u ) a n c ? M ^ E ) > {%• Let E° = {v £ E : 

H{B n Z„) > \n(Zu)n(Zv). TTien ^ o ) > \ii{ZE). 

Proof. Suppose by contradiction that \I{ZEQ) ^ ^fi(ZE). 

KZE-E°) > ^{ZE) 

We have: 

-v(Zu)ii(ZE_Eo) ^ n(Zu - B). 

Indeed, if v G E — E° then \i[Zv f l 5 ) ^ JH(ZU)/J,(ZV) and we have 

3 

ii(BnzE_Eo) < -fi(zu)n(zE_Eo). 

and therefore 

M^E-EO n (zu - 5)) ^ -JJL(ZU)H{ZE_EO) 
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Hence, 

H(ZU - B) ^ n{ZE__Eo n (Zu - B)) ^ -fi(Zu)n(ZE_Eo) ^ —-fi(Zu). 
4 izo 

Therefore, 

KZu)(l - ^) > KB) 

which is a contradiction. The lemma is proved. • 

We recall that Krieger, [K3] proved that any tail equivalence of product type (and 

type III) has property A. We generalize his proof and we show that TZ has property 

A. We define 

aP,j(x) '•= -logpj(xj)) j > 1. 

By [K3], if T, the tail equivalence on (X, /j,), is of type III there exist sequences 

b(i) > 0, c(i) G M and 0 < /3 < \ with the following properties 

sup6(i) = oo, (6.1.1) 

i 

li{x e X : |c(i) + ^2apj(x)\ < 6(z)} ^ 1 — 2/3, (6.1.2) 
j = i 

i 

f i{ ieX: c(i) + J2aPd(x) > K*)} > ft (6-1-3) 
i=i 
i 

n{x £ X : c(i) + ^ a p , i ( ^ ) ^ -&(*)} > f3- (6-L4) 

Hence there exist c(i),b(i), (3 as above. We define 

f := min{/3,1 - 2/?} 

By (6.1.1) we can choose a sequence i(k)keN such that 

lim b(i(k)) = oo (6.1.5) 
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and such that, as k goes to infinity, the random variables 

m 

converge in distribution with a limit measure to be denoted by A (by Helly's Selection 

Theorem, [B], Theorem 29.3). By (6.1.2), 

A ( [ - l , l ] ) ^ . (6.1.6) 

We choose p, \p\ ^ 1, such that: 

A ( " - i - " + i ) > i ("-7> 
Let A C X. There exists / G N and u e Ili=i xi s u c r i ^ a t for 

B = AHZU, we have /x(B) > (1 - ^)p{Zu). 

It follows that the random variables 

t(fc) 

b(i(k))-\C(i(k))+ Y, a^) 

also converges in distribution and the limit measure is again A. Let 

n n 

Li,n •= {v e Yl Xi '• v=z v1+iv1+2...vn, Y Vi = 0 (mod 2)} 
i=i+i i=i+i 

n n 

Ri,n •= {v e Yl Xi '• v = vi+iv1+2...vn, Y Vi = l (mod 2)} 
i=I+l i=I+l 

We have 

lim p(ZLlJ = lim n(ZRl<n) = \ (6.1.8) 
n—>oo n—>oo Z 

Indeed, since 
n 

IM^/,J - »(ZRlin)\ = Y[ (qii0 - qitl) 
i=I+l 



132 6. KRIEGER'S PROPERTY A 

n n 

and lim ^ (Quo + &,i) ~~ l*,o - <?i,il = 2 lim ^ max(<7i,o, <?u) = oo, (6.1.8) holds. 
» ^ ° ° ; = / + l n - + 0 0 i=7'+l 

We pick AT sufficiently large such that 

»(ZLI+1,N) > ̂  KzRi+i,N) > 4- (6.1-9) 

We define 
N N 

l og r := max | ^ ioSPi(xi) ~ E loSP<(^)l 

Let M > 1 such that eM~2 > log r. We can choose k G N such that 

6(i(fc)) > eM+1 , i(fc) > AT (6.1.10) 

and that 
i 

& ( * ( * ) ) > - 4 ^ m i n P j ( x ) (6.1.11) 

and such that with 

i(k) ilk) 

T = {ve f[Xt:{p- hb(i(k)) < c(t(fc)) - J2 l°SPi(Vi) ^(P+ bb(m)} 
2' 

i=I+l 3=1+1 

one has 

KZY) > \- (6.1.12) 

Let 
m m 

r_ = {ve Y[Xi: c(i(k)) - £ logp,-^) < -jb(i{k))}, 
i=I+l 3=1+1 

i(k) i(k) 

r+ = {ve J ] *i •• <^)) ~ E l°m(vj) > jb(i(k))} 
i=I+l 3=1+1 

Prom (6.1.3), (6.1.4) and (6.1.11) we have 

»{ZV_)>Z M^r+)M- (6.1.13) 

By Lemma 6.1.2, we can find 

v~ E T_ and v+ e r+, (6.1.14) 
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such that 

H(B HZv-)> ^(Zu)p(Zv-) (6.1.15) 

P(B n zv+) > -p(zu)p(zv+) 

Assume that p ^ 0. We define: 

i(k) i(k) 

V° = {vE t[ Xn ^ v3 - vj = 0 (mod 2)}, 

i(k) i(k) 

i = / + l j=I+l 

m 
®=<ve J ] Xi:(p--)b(i(k))-\ogr^ 

i=i+i 

m } 
^c(i(k))- J2 logpj(vj)^(p+-)b(i(k))+\ogr } . (6.1.16) 

j=i+i Z J 

We define 
i(k) 

s:=log\c(i(k))~ Yl 1°W(VJ)\- (6 - 1 - 1 7 ) 
3=1+1 

As v~ G T_ we have: 

es ^ ^b(i(k)) (6.1.18) 

and by (6.1.10) 

s > M (6.1.19) 

We want to show that there exists a set E° C \I> n V° such that p(ZEo) > ^ and 

3 
fi(B n Zv) > -p(Zu)p(Zv) for all v G E°. (6.1.20) 

We have that p(Zr) > | . There are two possibilities: 

Case I. If /u(Zrnyo) > ^ we define E := T n 1/°. 

Case II. Let us assume that p(ZTnvo) < -^. Then, by (6.1.12), p(Zrnvi) ^ | | . 
i(fe) 

Without loss of generality, we can assume that v~ is such that ^ vi = 0 (mod 2). 
i=7-|-l 

i(fc) 

(If Yl vi = 1 (mod 2) we can proceed in a similar way). 
i=i+i 
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Let 
N 

r0 = {veT,J2vi = ° (mod 2)}' 
i=I+l 

N 

r1 = {ver,^2 Vi = i (mod 2)}, 

and the canonical projections: 

i{k) 

i=I+l 

m 
7T2 : J ] X -

N 

* n x™ 
i=J+l 

«(fc) 

i=/+l i=JV+l 

We have: 

To C 7Ti(r0) X 7T2(r0) C LItn X 7T2(r0), 

Ti c ^ ( r o x 7r2(ri) c Rhn x TraCro. 

Let 

i(fc) i(fc) 

A0 = {i; G 7r2(r0); ] T Vi = 0 (mod 2)}, A1 = {v <= 7r2(r0); ] T ^ = 1 (mod 2)}, 
i=N+l i=N+l 

i(k) i(fc) 

5o = {«£ 7r2(ri); J ] ^ = 0 (mod 2)}, B1 = {v e ^(T,); ^ vt = 1 (mod 2)}. 
i=iV+l i=JV+l 

It follows that 

7r2(r0) = A0uA1 , 7r2(r1) = 5 0 u B 1 

and 

r n V1 C L/,JV x Ai U i?/iJV x B0-

We will show that: 

LhN x B0 U i2/iJV x ^ C ^ n K 0 . 

Let |/ e i2/,„ x 4 i / = VI+IVI+2 • • • VNVN+I • • • Vi(k) with yN+1yN+2 . . . &(*) G Ax. 

Hence, there exists z E T0, z = zI+i... zNzN+i... z^k) and z{ = y{ for i = N + 



6.1. FIXED POINT FACTORS AND PROPERTY A 135 

m 
l,...i(k). Therefore, | £ (loSPi(zi)-lo§Pi(Vi))\ = I Ei=/+i( logft(^)-l°gPi(?/j))l < 

t(fc) 

r. Hence, y G ̂ . As y E i?/,n x Ai, it follows that ^ (?/j — ̂  ) = 0 (mod 2). Hence 

ze^nv0. 
m 

Similarly, if y E L^n x BQ then y E V and Yl (yt -v{ ) = 0 (mod 2), i.e. y E^DV0. 

By (6.1.9), 
3£ 3 3 
— < /i(Z rnyi) < n{ZLl NxAoyjRlNxBl 

Therefore: 

//(ZAl)+^B0)>f 

Consequently, 

^{ZLlNXBQVJRINXAI) > — . 

In this case we define i? := L/iAr x B 0 U RIjN x A i C $ and we have just showed that 

Therefore, we can always find E C v]> n V° with H{ZE) > {$• By Lemma 6.1.2, 

//(Z^o) > 4 , £ ° C £ C ^ n y ° a n d /x(5 n Z„) > \n(Zu)n(Zv) for all t; G E°. 

m 
For v E E°, we have ^ ^ — ̂  = 0 (mod 2) and therefore there exists Sv E [R] 

such that: 

ov: zu n Zv-1—> z u n iJt, 

(5va;)j = Xj, j > i(k). 

By (6.1.15) and (6.1.20) we have 

n{B nzvn sv(B n zv-)) > ^{zu)n(zv), (6.1.21) 

for all v E E°. We want to prove that: 

B n zv nsv(Bn zv-) C ^ ( B , S , 3 ) (6.1.22) 
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for all v e E°. First we show that: 

|log( Y, ( l o g ^ ( ^ ) - l o g ^ ( U 7 ) ) ) - S | < 3 . (6.1.23) 
Kj^i(k) 

To prove (6.1.23), we have, by (6.1.18): 

i(k) i(k) 

Y l°EPj(vj) ~ logPj(uj) = c{i{k)) - Y l°EPj(vj) + e° 
j=i+i j=/+i 

^ (P + ^MKk)) + es + logr ^ es+2 + logr < es+3 

From (6.1.18) and the fact that p ^ 0 

i(k) i(k) 

Y (l°gPj(vJ) - lom(vi)) = c(i(k)) - Y lo&Pj(vi) +eS 

3=1+1 3=1+1 

1 2 1 
^ (P - 7;)HKk)) + es - logr > es - -es - logr > -es - logr > es~3 

So by (6.1.21), (6.1.22) we conclude that: 

p(Kn^(B,s,3)) > \p(Zu)~ > ̂ p(B) 

If p ^ 0 we proceed in a similar way v+ instead of v~. Hence 7Z has property A. • 

Remark 6.1.1. In [GH], it is shown that the flow of Ma is AT. Consequently, 71 

in the above theorem is orbit equivalent to a tail equivalent of product type and by 

[K3], 1Z has property A. Theorem 6.1.1 is a direct proof of this fact. 

Remark 6.1.2. Let M = <g>(M3(C), ipn) be an ITPFI3 of type III, where ip = ®pn is 

a faithful diagonal product. Assume that <fn(') — tr(diag(an, bn, cn)-), an + bn + cn = 1, 

Qn,Oi Qn,i > 0 and Yl Qn,o • Qn,i = cso. Let N be the fixed point factor under the xerox 

action of Z3, induced by the automorphism of M: 

a = ® Ad 

1 0 0 

0 e 0 

0 0 e2 
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where e = e 3 

Then N is a factor isomorphic to W*(X, [i, 7Z),where 1Z is a standard amenable 

equivalence relation of type III on a measured space (X, fi) and 1Z has property A. 

The proof follows the same idea as in the previous theorem and we need some 

techniques used in Section 2.3. In this case it is not known whether TV is an ITPFI 

factor, i.e., it is not known whether 1Z is of product type. 

We consider now the subfactor of index 2 not isomorphic to an ITPFI factor 

considered by Giordano and Handelman, [GH]. For n ^ 1 let kn = 1 + 5 n _ 1 and 

un = d iag(- l , 1 ,1 , . . . , 1) e Mfcn(C). Let M denote the ITPFI factor <8>(Affcn(C), <pn), 

where the density matrices are given by 

d i a g \2' 2 ^ = I ' 2 ^ 5 ^ ' " ' ' 2 ~ 5 ^ \ 

It is known that M is an unbounded ITPFI of type III(see [GSW] or [GH]). If a 

denotes the automorphism ®Ad un, then, by [GH], the fixed point subfactor N = Ma 

is not an ITPFI. 

Theorem 6.1.3. Let M and a as above. Then the fixed point subfactor N = M" 

can be realized as W*(X,fj,,TZ), where 1Z is a standard amenable equivalence relation 

of type III on (X, fi) and 1Z has property A. 

We have the following result, whose proof is straightforward. It follows from 

Theorem 6.1.4. 

Corollary 6.1.4. There exist amenable equivalence relations that have property A 

and their associated flow is not AT, or equivalently they are not orbit equivalent to a 

tail equivalence of product type. 

Proof, (of Theorem 6.1.3) For n > 0 let Xn = {0,1, • • -5n_1} and pn the measure on 

Xn given by 
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Let also Y = f l R 1} a n d 

TTU : Xn -> yn, 7rn(0) = 0, irn(i) = 1 if i ^ 0 

On X = r j Xn we consider the product measure \i — ®/xn and the equivalence relation 

1Z given by: 

n 

rc7?.?/ if there exists n > 0 such that Xj = yi iov i > n and % , 7Ti(xi)~7Ti(yi) — 0 (mod 2). 
i=i 

Let us define an automorphism T of (X, n) such that 7?. = TZT- For yu-a.e. x G X, let 

AT(x) =min{z ^ 2 : x̂  < 5l + 1} < oo. For a.e. i 6 l w e define T by 

T(xi, x2,..., xN(x), xN(x)+i,...) = ((Tx)i,Q,0,...,Q,xN(x) + l,xN(x)+l,...) 

where and we define T(x)i such that Tx an x are 1Z equivalent, i.e., 

n 

J2^i{(Tx)i) - itiixi) = 0 (mod 2) 
i= i 

Then it easy to see that T is a nonsingular transformation on X and T generates the 

equivalence relation 1Z. We have N ~ W*(X, /i, 1Z) = W*(X, n, T) and we will prove 

that 1Z has property A or equivalently, T has property A. As in the proof of Theorem 

6.1.1, T and 1Z are of type III. 

If T C N* is finite and A C FJier ^ w e u s e t n e following notation: 

ZA := {x G X; (xi) i e r G A} 

We need the following lemma, whose proof is similar to the proof of Lemma 6.1.2. 

Lemma 6.1.5. Let 1 < N < I. Consider E C {v G Tl"=I+1Xi}, u G Fj[=i ^ a n ^ 

B C Zu such that n(B) > (1 — Y ^ W ^ U )
 a n ^ n{ZE) > {$• 

Let E° = {veE: n(BD Zv) > ^{Zu)fi(Zv). Then n{ZEo) > \\i(ZE). 

We define 

apJ(x) :=-logpjixj), j ^ l . 
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To prove the theorem we follow the same idea as in Theorem 6.1.1. Let T be the 

tail equivalence on (X, p). As T is of type III, by [K3], there exist sequences b(i) > 0, 

c(i) E M and 0 < (3 < \ with the following properties 

sup6(i) = oo, (6.1.24) 

i 

p{xEX : \c{i) + J2ap,j{x)\ < b(i)} ^ 1-2(3, (6.1.25) 
j=i 

i 

p{x E X : c(i) + Y^av,j(x) > K*)} > ft (6.1.26) 

i 

p{x E X : c(i) + Y <hAx) ^ _K«)} > I3- (6.1.27) 
i=i 

We define 

f := min{/3,1 - 2(3} 

By (6.1.24) we can choose a sequence i(k)keN such that 

lim 6(i(fc)) = oo (6.1.28) 

and such that, as k goes to infinity, the random variables 

i(k) 

6(i(fc))-1(c(i(A;)) + ^ a p , J ) 

converge in distribution with a limit measure to be denoted by A (by Helly's Selection 

Theorem, [B], Theorem 29.3). By (6.1.25), 

A ( [ - l , l ] ) ^ £ . (6.1.29) 

We choose p, \p\ < 1, such that: 

A ( H ' ' 4 H (6-L3O) 

Let A C X. There exists I EN and u E Yli=l Xi such that for 

B = A n Zu, we have p(B) > (1 - JL)(j,(Zu). 
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It follows that the random variables 

i(k) 

b(t(k))-l(c(t(k))+ £ g 
3=1+1 

also converges in distribution and the limit measure is again A. 

Let M > 1 such that eM~2 > / log 5. We can choose fcGN such that 

b(i(k)) > eM+1, i(k) > N (6.1.31) 

and that 
i 

b(i(k)) > -4^2 mmpj(x) (6.1.32) 
j = i xeX] 

and such that with 
i(k) i(fc) 

r = {v € J] ^ : (P - 2 ) 6 ( i ( ^ } ) ^ C(i(fc)) - E logPi(«i) < (P + ^(m)} 
i=i+i j=i+i 

one has 

ti(Zr) > | . (6.1.33) 

Let 
i(fc) «(fc) 

r_ = {t; G n X, c(i(k)) - £ ^gPj{v3) < --&(«(*))}, 
i = J + l j = / + l 

i(fc) i(fc) 

r + = {*; e J ] Xz : C(i(fc)) - £ logft-fa) > -&(*(*:))} 
i = J + l j " = / + l 

from (6.1.26), (6.1.27) and (6.1.32) we have 

\i{Zv_)>Z »&+)>£. (6.1.34) 

By Lemma 6.1.7, we can find 

v~ e T_ and v+ E T+, (6.1.35) 

such that 

H(B nZv-)> -^{ZU)^{ZV-) (6.1.36) 
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n(Bnzv+) > -n(zu)n(zv+) 

Assume that p ^ 0. We define: 

i(k) i(k) 

v° = {ve H xr. J2 *il?i) - *frj) = ° (mod 2)}. 
j=I+l j=I+l 

i(k) i(k) 

V1 = {v € J ] x* : E *i(vi) - 7ri(v7) = 1 ( m o d 2)}> 
j=I+l j=I+l 

* = < V 

i(k) 

e J ] X4 : ( p - - ) & ( * ( * ) ) - l o g r < 
i=I+l 

i(fc) »(*0 1 

<c(i( fc)) - Y, logpj(vj)^{p+-)b(i(k)) + I\og5 

We define: 

As v G T_ we have: 

and by (6.1.31) 

m 
s := log |c(i(fc)) - J 2 logPj(^ 

3=1+1 

es > -Ab{i{k)) 

s> M 

(6.1.37) 

(6.1.38) 

(6.1.39) 

(6.1.40) 

We show that there exists a set E° C vf n V° such that n(ZEo) > ^ and 

fi{B n Z„) > -/i(Zu)//(Z„) for all v e £° . (6.1.41) 

We have that /x(Zr) > §• There are two possibilities: 

Case I. If id(ZrnVo) > ^ we define E := T D l/0. 

Case II. Let us assume that /i(Zrnyo) < ^ . Then, by (6.1.33), n(Zrnvi) ^ | | . 
W 

Without loss of generality, we can assume that v is such that Yl ^ ( ^ ) = 0 (mod 
i=i+i 

t(fc) 

2). If J^ 7Ti(̂ i ) = 1 (mod 2) we proceed in a similar way. 
i=I+l 
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We define the following sets: 

i(k) 

A°0 = {v G T;xI+1 = 0, ] T *i(vi) = 0 (mod 2)} 
i=I+2 

m 

A\ = {vZ T;nI+1{xI+1) = hJ2 n i ^ = ° ( m o d 2)> 
i=I+2 

m 
Al

Q = {ve r ; xI+1 = o,J2 n ^ = 1 (m o d 2)> 
i=I+2 

m 
A\ = {v e T;TVI+1(XI+1) = 1,^2 iri{vi) = 1 (mod 2)} 

i=I+2 

and 
i(fc) 

B\ = {x G J J X,; 3v G Al
Q such that xt = vi} Hi^ I + 2, and xI+x G {1, 2 , . . . 51}} 

i(fc) 

5 ° = {x G TT XJ; 3u G A° such that Xi = vi: H i ^ I + 2, and x/+i = 0} 

Then, 

r n V° = A°0 U A} and T D y 1 = Aj U A? 

As, /i(Zyinr) > 3 iE a n d ^ o u B\ 2 ^ U A? we also have: 

u(ZHo[lRi) ^ 3-— > — . 

Moreover, 

5° U B\ C * 

Indeed, let x G -Bj. Then, x/+i G {1, 2 , . . . 57} and it exists v E A\ such that :rj = Vi, 

H i ^ I + 2, and t>/+1 = 0. Hence 

m 1 1 
J ^ logpi(a;i)-logpi(i;i) = logpj+ i(xj+ i)-logp / + i(u/+ 1) = - l o g - + l o g ^ - — = - / l o g 5 

1=7+1 

i(k) 

and therefore, x G ^ . We also have that ]T ^j^j) ~ ^j^j ) = 0 (mod 2) and 
3=1+1 

therefore x G V°. Similarly, if x G B°0 then i G $ n y ° . Let E = B° U 5° . Therefore, 

£ C * n V° and / J ( Z S ) ^ ^ . 
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By Lemma 6.1.7, n(ZEo) > ^ , E° C E C * D V° and /x(£ D Z„) > §/i(Zu)p(Z„) 

for all v e £ ° . 
i(fc) 

For v e i?0 , as J^ 7TJ(VJ) — 'Ki{vi ) = 0 (mod 2) there exists Sv € [7?.] such that: 
1=7+1 

ov : Zu n Zv- i—• z u Pi Zj; 

(S^x), = Xj, j > i(k). 

By (6.1.36) and (6.1.41) we have 

ti(B nzvn sv{B n zv-)) > -fi{zu)fi(zv), (6.1.42) 

for all v G E°. We want to prove that: 

Bnzvn sv{B n z r ) c K^(B, S,3) (6.1.43) 

for all v e E°. First we show that: 

I log( ^ (logpj(VJ) - l o g p j { v j ) ) ) - s \ < 3 . (6.1.44) 
Kj^i(k) 

To prove (6.1.44), we have, by (6.1.39): 

i(k) i(k) 

^2 logPj(vj) -logpjivj) = c(i(k)) - Y^ logpjiv^ + e3 

j=I+l j=I+l 

<(P + hb(i(k)) + es + I log 5 ^ es+2 + I log 5 < e s + 3 

From (6.1.16) and the fact that p > 0 

i(k) i{k) 

Yl (l°gPj(v7) - l°SPj(vj)) = cii(k)) - ^ logPj(Vj) +es 

j=I+l j=I+l 

>(P~ hKi(k)) + es - log r ^ es - \es - I log 5 > \es - I log 5 > e s" 3 

So by (6.1.42), (6.1.43) we conclude that: 

Ai(tf*,„(J3,a,3)) > ^ ( ^ n ) ~ ^ ~KB) 

If p ^ 0 we proceed in a similar way v+ instead of v~. Hence 1Z has property A. D 
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In general we strongly believe that the following result is true: 

Theorem 6.1.6. Let (kn)n^i be a sequence of integers kn ^ 2 and («n)n>i be a 

sequence of involutive diagonal unitaries in Mfcn(C) not equal to ±lfcn. 

Let M = (Mfcn(C),v?n) be an ITPFI of type III, where ip = ®(pn is faithful 

diagonal product state and a — ®Ad un € Aut (M). If N = Ma is the fixed point 

subalgebra under a, then N is a factor isomorphic to W*(X, fi,IZ), where H is a 

standard amenable equivalence relation of type III on a measured space (X, //) and IZ 

has property A. 
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6.2 An Example of a Factor not Isomorphic to an 

ITPFI Factor 

Recall that any AFD factor M with separable predual can be realized as W*(X, /i, TV) 

where: 

(i) X is the path space of a Bratteli diagram B; 

(ii) /i is a so-called AF-measure on X (see for example [GH], Section 6); 

(iii) TZ is the equivalence relation given by tail equivalence on X. 

In this section we construct a Bratteli diagram B = (V, E) and an AF-measure 

\x on X, such that TZ does not have Krieger's property A and therefore the factor 

W*(X,n,n) is not ITPFI. The proof follows the same idea as in [K2] and [DH]. 

Then we describe the associated flow of (X, /u, TZ) which is measure preserving and 

by Theorem 1.2.20, is not AT. 

Let us consider (rm)m^i an increasing sequence of positive integers with the 

following properties: 

l o g(ii^) l o g(nr-)< l o ste)'m S 4 

m—1 

Yl r) <rm, m^2 

We then have the following three relations that we will need: 
m— 1 

logrm > 2 ^ 1 o g r i , m ^ 2 (6.2.1) 

m—l 777—3 m—1 

y^ log n (log rm_2 - y~] log Tj) < l o g r m - 2 ^ 1 o g r j , m ^ 4 (6.2.2) 
7 = 1 j=l 2 = 1 

777 — 2 777—1 

logrm_! - ^ l o g r ; < logrm - ^ l o g r , , m ^ 3. (6.2.3) 
7 = 1 7 = 1 

We need the following technical results: 
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Lemma 6.2.1. Let m ^ 1 and on,& G {0 ,1 , -1} . If rf1 r%2 • • • r%» = rfVf • • • r, 

t/ien cti = Pi,..., am = (3m. 

Proof. If am T̂  /3m then 

m—1 m—1 m—1 

] P |aj - A| logn ^ |« m - /3m| log rm ^ log rm > 2 ] T logn ^ J ^ (a* - A| logn 
j=l i=l i=l 

which is a contradiction. The lemma follows by induction. • 

m— 1 m 

We define Im = [logrm — J2 l ° g n , ^ l o g n L for ra ̂  2. By (6.2.1), these 
i=l i=l 

intervals are mutually disjoint. 

Let 5 > 0 be any fixed real number and choose an integer N > 1 such that: 

N-l 

log rN - Y^ log n > e2S. (6.2.4) 
i=i 

We have: 

Proposition 6.2.2. Let S > 0 and N > 1 SI/C/J £/W (6.2.4) holds. For s > 0 
iV+l 

SUC/J £/ja£ es~5 > J^ logn and for m ^ 1 satisfying (es~s,es+s) fl JTO ^ 0 we Ziawe 
i=l 

(es-,5, ^+5^ n ^ = ĝ  fQr all • ^ m 

N+l 

Proof. Since es~s > Yl 1°S r i ; w e h a v e m̂ H (es-(5, es+<5) = 0 for m ̂  N + 1. 
i=i 

It is enough to prove that if m ̂  iV + 2 and if (es"5, es+<5) D Jm ^ 0 then (es~s, es+5) n 

7m+1 = 0 and (e*-5, es+<5) n Im-X = 0. 
m 

As (es~5, es+s) n Jm T̂  0, we have es~s < Yl logn. We first prove that logrm+1 — 
i=i 

s+<5 es—S 2 £ logn > es+d - es~d. By (6.2.1) and (6.2.2), we have: 
i=l 

m N-l 

es+S __ es-5 = es-8{e2S _ 1 } ^ ^ l o g r . { l o g r i v _ J2 logrj 

i=l i=l 

m 771—2 m 

< J ^ logn {log rm_x - J ^ l o g n } < logrm+i - 2 ] P l o g n -
i=l i=l i=l 
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Therefore: 

m m 

eS+s = eS+s _ e s s + es-s < |log rm+i _ 2 Y^ bg n} + J2 lo§ n 
i = l z=l 

m 

= log rm+1 - ^ log n 
i=i 

this proves Im+1 n (es_6,es+*) = 0. 

We prove that (es~s, es+5)Dlm^i = 0 by contradiction. Suppose that (es~5, es+s)H 

/m_i ^ 0. Then, 

rre—1 

es_<5 < J^logri 
i = i 

As (e8-15, es+<5) n 7m ^ 0, we also have 

m—1 

es+5 > logr m - J^ logr i . 

i=l 

By (6.2.2) and (6.2.3), it follows that 

s+5 l \-^m-l i m - 3 N-l 

25 es+d l o g r m - £ i = i logrj ^ ^ 

Contradiction with the choice of A\ • 

First we consider the set V = UVn with Vn = {(n, 0), (n, 1 ) , . . . , (n, n)} for all 

n ^ 0. Let ^ : N* —• V̂  \ {(n, 0); n ^ 0} the bijection defined by ip(m) = (n, k) where 

n and k are uniquely determined in such a way that 1 + 2 + • • • + n — 1 + k = m 

and 1 ^ k < n. We have ^(1) = (1,1), ^(2) = (2,1), ^(3) = (2,2), ^(4) = (3,1), 

•0(5) = (3,2) and so on. 

For n ^ 1 and 1 ^ k ^ n, we define \n^ '•= r ^ - i ^ ) . 

We build a Bratteli diagram in the following way: the set of vertices is given by 

V = LiVn, defined above. The set of edges is E = Un^iEn with En given by: 

En = {(n, k, k + 1, ij); 1 ^ j ^ Xn,k+i, 0 ^ k ^ n - 1} U {(n, fc, fc, 0); 0 < A; ^ n - 1}. 
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Figure 6.1: The Bratteli diagram 

For n ^ 1 and 0 < k ^ n — 1, i(n,k,k + l,ij) = (n — l,k), if 1 ^ ij < Anifc+i, 

i(n,k,k,Q) = (n — l,k), f(n,k,k + l,ij) = (n,k + 1) if 1 < ij ^ Anjfc+i and 

/(n, A;, k, 0) = (n, k). The path space of the Bratteli diagram will be: 

X = {((1,0, fci,ii), {2,kl,k2,i2),..., (n, A;n_i, A;n,z„)...); (m, fc 

where 0 ^ fc„ < n, kn = kn+x or kn + l = kn+i; in = 0ifkn = kn+i and 1 ^ in < Anjfcn+1 

if fcn + 1 = A:n+i (i and / are as in Subsection 1.1.5). When necessary, we denote 

a path i 6 l b y where xn e -Bn
 a n d /(^n) = *(^n+i)- The 

transition matrix from Vn_i to \4 is An = {a^ ,0 ^ i ^ n — 1, 0 ^ j < n} where 
an_1 'fc_1 = 1) a^_1'fc = \n,k for A; = 1 , . . . , n and all the other entries are equal to zero. 

This Bratteli diagram (the first 3 levels of the diagram are drawn in Figure 6.1) looks 

like the infinite Pascal triangle with the difference that from any vertex we have one 

edge going to the left and multiple edges going to the right. 

We consider the von Neumann algebra W*(X, /x, 1Z), with 1Z the tail equivalence 

on the path space X. On X we define a measure \x in the following way: for an 
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arbitrary cylinder 

C = [(1,0, hi, ii)(2, ki, k2, i2), • • •, (n, fcn_i, kn, in)], 

we define 

Ax(C) = l l 

2n n0klnk^k2 K-±kn' 
** U/1 Ujty * ' * UJJI 

We note that if A is the C*-algebra with the above Bratteli diagram, then A ~ 

C*(X, TV) and there exists a conditional expectation P : A —> C(X). If we see / i a s a 

state on C(X), then P o /i is a state on A denoted by y>. Hence if (71 ,̂ £^, Hv) is the 

GNS representation corresponding to (A,(p), then W*(.X", fi,7Z) ~ ^ ( A ) " . 

Lemma 6.2.3. If(x,y) G 7£ t/ien | \og6(y, x)\ G Um^i/m . 

Let (?/, x) G 7?.. Then, as x and y are tail equivalent, we can write 

x = (1, 0, ki,ii), (2, ki, k2, i2), • • •, (n, fcn_i, fcn, i„), (n + 1, kn, kn+1,in+i),... 

> " T U <"n)i \17' i J-) ""in "<n+l? ^n+1 J) • • • 

therefore, 
a?fcl a^lfc2 a^"-lfc" 

S(y^) = -^ 
n~jL n3l32 3n—\Kn 
Lt^ 0*2 tin 

As each a^ which appears in the above relation is in fact equal to 1 or to a certain r^1 it 

results that S(y, x) = r " 1 ^ 2 • • • r^m for some m, with a; G {0,1 — 1} for 1 ^ i ^ m and 

am ^ 0 (i.e. |am | = 1). Then, |log<%,x)| = \ax \ogrx +« 2 logr 2 H ha m logr m | ^ 

S i l i 1°S rm- On the other hand, | log 5(y, x) | ^ log rm — YlT=i 1°S r»- Therefore, there 

exists m such that | log5(x, j/)| G 7m. Hence, the lemma is proved. 

Lemma 6.2.4. Let Fn^ be the set of allx G X that cross the vertex (n, k) with k ^ 0. 

Then: 

Km = {x G X : 3y G X, (y,x)(E.1Z and c*i, a2,... ,am G {0,1, — 1} with am ^ 0 

such that 5{y, x) = r^r^2 • • • r°m} C F^ (m) 
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Proof. Let x G Km and (y,x) G TZ such that 5(y,x) = r"V2
2 • r^m with am ^ 0. 

As x = (xi, x2 , . . . ) and y = (yi, y2, •..) are tail equivalent, there exists n ^ 1 such 

that Xi = yi for i > n. On the other hand, before the edges of x and y coincide it is 

possible for the two paths to cross the same vertices. Let p such that f(xi) = f(yi), 

if i ^ p and i(xp) ^ i(yp) (i-e., starting with the vertex f(xp) — f(yp), x and y cross 

the same vertices). Clearly p ^ n and p > 1 (otherwise <*>(?/, a;) would be 1). We can 

write this in the following way: 

x = (1 ,0 , ki,ii), (2, ki, k2,12), • • •, (p, kp-i, kp, ip),(p + l, kp, kp+1,ip+1),... 

. . . , [n, kn-\, kn, in), [n + 1, kn, kn+i, ^n+ijj • • • 

y = (1,0, i i , Zi), (2, j i , j 2 , z2), • • •, (p, jp-i, kp, ip), (P +1, kp, kp+i, ip+i),... 

kn, <>n), \ n + 1) kn, fen+l, 

therefore, 
Ofci nk!k2 ^fcp-ifc 

(X^ Cfcf) ^ T J 

Ĉ l G2 ^p 

Each a^ which appears in the above relation is in fact equal to 1 or to a certain rt 

for 1 < i ^ %l)~l{p,kp). Also, the last term should be equal to a nonzero power of 

rip~1(p,k ) = ^p,kp (because a^'1 p = \Ptkp
 a n d a/"1 p = 1 or vice versa). Therefore, 

we can write 

S(y,x)= n ^ 
ip 1(p,kp) 

with /3j G {0,1, —1}. We assumed in the beginning that 

m 

i = l 

where am ^ 0. By Lemma 6.2.1, ip~1(p,kp) — m, i.e., (p,kp) = ip(m). Hence, we 
proved that if x G Km then x crosses the vertex ip(m) = (p, kp), i.e. x G F^m). D 

00 

We define a map 7r : X —• y where F = Jj {0,1} in the following way: 
n=l 

7r((l, fc0, fci, ii)(2, fcx, fc2, i2), • • • (n, fcn-i, &n, i n ) . . . ) = (fci - fc0, k2-kx,... kn-kn-i,...) 

Also, we define a measure (i = ®fin on Y by p,n(0) = p,n(l) = \. 
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i = l 

Lemma 6.2.5. We have lim /j,(Fj,(m\) = 0. 

n 

Proof. Let ip(m) = (n, k) and Antk = {y e Y, YlVi = k}- We have: 

KAn,k) = ^ 

A path x crosses the vertex (n, k) if and only if Yl ^(x)i = k ov, equivalently, if and 
i = i 

only if x G 7r (Ai.fc)- Therefore, 

1 / n 
M ^ ( m ) ) = fJ>(Fn,k) = l* ° 71" (A»,fc) = A(Ai,fc) = ^ 

2 * k 

Let: 

By Stirling's formula, we have lim an = 0. From the way the function ip was defined, 
n—>oo 

we conclude that lim F^tm) = 0. D 
m—>oo 

Before showing that 7?. does not have property A we show that 1Z is ergodic and 

of type III. 

Proof. We need the following lemma : 

Lemma 6.2.6. ([Ke], Lemma 17.2) IfY = Y\{®i 1} and on Y we have the product 

measure ft = ®jl with fin(0) = //n(0) = \ then for fi x fi almost all (z, w) G Y x Y, 
n n 

there exist infinitely many n > 1 such that ^ u>j = J^ ?/j. 
i=l i=l 

Proposition 6.2.7. The equivalence relation 1Z on X is ergodic. 

oo 

As seen before we have a map n from X onto Y = Y\{0,1} given by: 
n=\ 

7r((l, A;0, &i, n) , (2, fci, k2, i2), ••• ,(«, fcn_i, fc„, i n ) . . . ) = (ki-k0, k2-kx,... kn-kn^u ...) 

The measure jl = 0/i^ on Y is given by /t„(0) = p,n(l) = | . Two paths 

x=(xi,x2,...,xn,...) = ((1,0, A:i, ix), (2, fci, k2, i2),..., (n, fcn_i, fcn, i n ) . . . ) 
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V = (s/i13/2, • • • , yn, • • •) = ( ( 1 , 0 , hi, h), (2 , hi, h2, k), • • •, ( n , / i n _ i , / i n , ^ ) • • •) 

of X have an encounter (i.e., they intersect) if there exists n ^ 1 such that: 

/ \fl, Kji—i, Kn, In) ~ J y^i <"n— li ",n> ^nj> I.e., rCn ibn. 

n n 

This is equivalent to the fact that J2 Zi = ^2 wt, where z = ir(x) and w = ir(y). As 
i=l i=l 

/xo7T_1 = fi, by the previous lemma, for almost all (z, w) E YxY, there exist infinitely 
n n 

many n > 1 such that Ylzi — Yliwi- A.s p, = fj, o 7r_1, we conclude that almost all 
i= l i=l 

(x,y) E X x X have infinitely many encounters (there are infinitely many n such 

that f(xn) = f(yn))- Using similar arguments as in the proof of Proposition 2.3.4, we 

conclude that the equivalence relation 1Z is ergodic and consequently, W*(X, /1,7Z) is 

a factor. • 
Proposition 6.2.8. V, is of type III. 

Proof. Let Sn = K~l(zn = 0). We have ^(Sn) = ^(S^) = \. Suppose that we can find 

a cr-finite 1Z—invariant measure v ~ /i. Let f(x) = f^-{x). If 0 G [R], then 
d/i v 

d^°(t)(x) = f^ 
d\x f(<f>x) 

a.e. x G X and that if 

. d^ocj) 
log——(a;) G (- logr i . logr i ) , 

then 

log—- (x) = 0 

Now X may be decomposed into a countable number of disjoint subsets {x G 
_ i 1 

X : anrl
 2 < f(x) < anrl}. Hence, we can choose a > 0 such that the subset 

_ i 1 

A = {x 6 I : arj 2 < f(x) < arl} is of positive measure. 

For n > 0, we have either fj,(A D Sn) = 0 or /J,(A n ££) = 0. Indeed, suppose that 

H(A n Sn) > 0 and ^i(A n S£) > 0 for some n > 0. We note that if x G A and if 

0 G [R] satisfy 4>x E A then: 

d„ W ~ /(#) G (ri 'ri)' 
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and hence 

i£+(x) = i. 
a/j, 

By Proposition 6.2.7, 1Z is ergodic and therefore, we obtain an integer N ^ n, such 

that there exist 

C = [(1,0, h,ii), (2, ki, fc2,h), • • •, (N - 1, kN_2, kN-i,iN-i), (N, kN^, kN,iN)], 

D = [ ( l ,0 , j i , / i ) , (2 , J i , J 2 , ^ ) , - - . , (A r - l,JN-2,3N-l,lN-l),{N,jN-i,kN,lN)], 

and a partially denned invertible nonsingular map with Graph(£) C 7?., Dom £ C 

A n Sn n C and Im £ C A D 5° n D satisfying (£E)J = Xj, for i ^ AT + 1. As Dom 

£ C S^ and Im ^ C 5^ we have 

As pointed out above, -^(x) = 1, for all x e Dom £. But if x GDom(£), 

dlioj, _aT1ak
2
lk2 akr?-lkn ak

N
N~lkN 

d[i {X) ~ a°x
h a{lh ''' at~dn ''' <~ l f c j v ' 

This can be written as a product of rfl with 1 ^ i ^ f^-i^N^Ny By (6.2.5), in this 

product, the exponent of ?>-i(nj)i) is —1. This is in contradiction with Lemma 6.2.1, 

which tells us that if such a product is 1, all the exponents are equal to 0. 

Therefore A C Sn or A C S% up to a set of measure zero. It on — o^ and on — on 

then we can choose a 0 -1 sequence (kn)n^> such that A C S^n, for all n ^ 1. Then, 

H{A) ^ n{r\^=1Sn) = — - ^ O a s n ^ o o 

Contradiction with the fact that n{A) > 0. D 

Lemma 6.2.9. Let 8 > 0 and N > 1 such that (6.2.4) holds. Let s be such that 
N+l 

es-s > j2 logn, and let m ^ 1 be such that Im n (es~s,es+s) ^ 0. If x £ X and 

t/iere exists y £ X, (y,x) G 7?. sitc/i t/iai | log<5(?/, x)| € (es~s,es+5) then S(x,y) is of 

the form r^r^2 • • • r̂ "% with am ^ 0. 
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Proof. By Lemma 6.2.3, if | log<5(y, x)\ G (es~5,es+s) then \logS(y,x)\ is in some In, 

with n ^ 2. Hence, S(y, x) = r^r^2 • • • r^n, with j3n ̂  0. Therefore, by Lemma 6.2.2, 

n = in. • 

We show now that 71 does not have property A. To prove this we use the fact 

that if the Radon-Nikodym derivatives are in a certain interval (es~s, es+s), then they 

could be only in an interval Im (Lemma 6.2.9). 

Proposition 6.2.10. 7Z does not have property A and W*(X, \x, 1Z) is not isomorphic 

to any ITPFI factor. Equivalently, the automorphism T that generates 7Z is not of 

product type. 

Proof. Let 5 > 0. We choose N > 1 such that (6.2.4) holds. If s is large enough and 

if we take x satisfying 

iog^^(x)e(c-',e^) 
d/j, o 

d\x 

for some (f> G [71], then, by Lemma 6.2.3 there exists an integer m ^ 1 such that 

, dfiocj) 
log— \X) G Im, 

and hence Im D (es-<5, es+s) ^ 0. Moreover, by Lemma 6.2.9, m depends only on s 

and is uniquely determined by Im fl (es~s, es+s) ^ 0. We can write m = m(s) and 

then m(s) —• oo when s —> oo. We have: 

{x E X : 3(f) G [71] such that \log^-^(x)\ G {es~s, es+s)} 

C {x G X : 3(f) G [7?.] swc/i that |Zog—-—(x)| G /m(s)} 

C {x G X : 3(f) G [7?-] and a^, a 2 , . . . , «m(s) € { — 1, 0,1} with am(s) ^ 0 swc/z. t/iat 

du ~ m(s) ^X™^))-

Then, it follows: 

lim fi{x G X : 30 G [71] such thai | Z O 0 ^ ^ ( x ) | G (es"5, es+s)} 
s^oo dfl 

^ lim fi{x G X : 30 G [72.] and cti, a^, • • •, am G {—1, 0,1} with am ^ 0 such that 

\x) = rT--- Ct? } < lim M%W)) = 0 "A* ° V / \ a i am(s) -
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Therefore, 1Z does not have property A, and consequently the factor W*(X, fi,TZ) is 

not isomorphic with any ITPFI. • 

The Computation of the Associated Flow. Consider the associated flow of 

1Z. This flow gives us a nice example of a measure preserving flow which does not 

satisfy AT. First the measure /x is lacunary as already observed in the proof of Lemma 

6.2.8. As in Section 5.1, we will see the associated flow as a flow built under a ceiling 

function. 

Let's identify first the space Xj ~ where ~ is the equivalence relation on X 

defined by : x ~ y if and only if xlZy and 5(y,x) = 1. Then the quotient space is 

(Y, p,) defined previously, i.e. Y = Y\{0, 1} a n d A = ®An with fin(0) = jxn{l) = \ for 

all n ^ 1. 

Let 4>: X —• R , <f>(x) := y where: 

4>{x) = mm{\og8(x',x)\\og8(x',x) > 0} 

This may be regarded as a function on the quotient Y. We also define an automor­

phism U onY such that U[x] = [x'], if (x',x) G TZ satisfies \ogS(x',x) = 4>{x), where 

[x] is an element of the partition Xj ~ that contains x. Then, the associated flow 

is the flow Fs which is the suspension flow of U : Y *—> Y under the ceiling function 

<f>(y). More precisely, the flow is defined on the set 

D = {[z,t]: z EY,0^t < <f>(z)} C Y x R 

with the measure v x A (A is the Lebesgue measure) restricted on D, and Fs(z,i) is 

defined as in (5.1.1). 

In fact U has a very nice description, namely: 

C/(lm0n01---) = (0nlm10---)-

As Â  is not isomorphic to an ITPFI, the above flow with this nice base transformation, 

fails having AT-property. 
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The example constructed here appears naturally by starting with a Bratteli di­

agram. The two previous existing examples are due to Krieger [K2] and to Dooley-

Hamachi [DH]. Both of them are hard to visualize. The associated flow for Krieger's 

example is also more complicated and it was computed by Giordano, [G]. 
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