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Abstract

In this thesis, we introduce EPOSIC channels, a class of SU(2) -covariant quantum
channels. For each of them, we give a Stinespring representation, a Kraus represen-
tation, its Choi matrix, a complementary channel, and its dual map. We show that
these channels are the extreme points of all SU(2) -irreducibly covariant channels. As
an application of these channels to the theory of quantum information, we study the
minimal output entropy of EPOSIC channels, and show that a large class of these
channels is a potential example of violating the well-known problem, the additivity
problem. We determine the cases where their minimal output entropy is not zero, and
obtain some partial results on the fulfillment of their entanglement breaking property.
We find a bound of the minimal output entropy of the tensor product of two SU(2)
-irreducibly covariant channels. We also get an example of a positive map that is not

completely positive.

il



Résumé

Dans cette these, nous introduisons une classe de canaux quantiques, les canaux
EPOSIC. Pour chacun d’entre eux, nous donnons leur représentation de Stinespring,
leur décomposition de Kraus, leur matrice de Choi, leur canal complémentaire, et
I’application duale. Nous montrons que ces canaux sont les points extrémaux de tous
les canaux irréductibles SU(2)-covariants. En guise d’application de ces canaux a la
théorie de I'information quantique, nous étudions I'entropie minimale de sortie des
canaux EPOSIC, et montrons que beaucoup de ces canaux constituent des exemples
potentiels de violation du célebre probleme d’additivité de I’entropie minimale de
sortie. Nous déterminons les canaux pour lesquels ’entropie minimale de sortie est
non nulle, et nous obtenons des résultats partiels pour la propriété de ’entanglement
breaking’ (cassage d’intrication). Nous trouvons une borne sur l’entropie minimale
de sortie du produit tensoriel de deux canaux irréductibles SU(2)-covariants. Nous
obtenons aussi un nouvel exemple d’application positive qui n’est pas completement

positive.
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Introduction

According to Moore’s law, the power of computers can be doubled for the same cost
each two years [27, p.4]. Scientists believe that Moore’s law might not apply by
the 2020s, due to size difficulties. As a result, a lot of research efforts have been
directed toward computing at the atomic level, where the classical laws don’t apply,
and the need for quantum laws appears. That was the birth of quantum information
theory, which generalizes the classical one. Here is Holevo’s description of quantum

information theory in his address to the ICM in 2006 [17],

The problem of data transmission and storage by quantum informa-
tion carriers received increasing attention during past decade, owing to the
burst of activity in the field of quantum information and computation. At
present we are witnessing emergence of theoretical and experimental foun-
dations of the quantum information science. It represents a new exciting
research field addressing a number of fundamental issues in both quantum
physics and in information and computer sciences. On the other hand, it

provides a rich source of well-motivated mathematical problems.

In analogy to classical information theory, the quantum information one studies the
protocols of quantum transmissions for quantum information. A quantum channel (a
channel) is any method used to transfer the information from one or more quantum
systems to other quantum systems. This transmission of information is not always

accurate; the channel itself as well as the environment create noise which can cause
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information loss, and limit the efficiency of the quantum channel. The classical ca-
pacity of the channel is the maximum number of bits that can reliably be sent using
the channel [35]. A fundamental problem in quantum information theory is to de-
termine the classical capacity of a quantum channel. The additivity conjecture in
quantum information is that the classical capacity of a quantum channel is additive,
i.e, running two channels in parallel will not increase their total classical capacity.
A fundamental result of quantum information theory, The quantum coding theorem
[18, 32], shows that the additivity of the classical capacity can be inferred from the
additivity of another quantity, known as the Holevo bound or the Holevo capacity. In
2000, C. King and M. Ruskai [25] introduced the notion of minimal output entropy,
and P. Shor [36] (2004) showed that several conjectures in quantum information the-
ory are all equivalent. In particular, the Holevo capacity is additive if and only if the
minimal output entropy is. In 2008, Hastings [11] was able to show the existence of
a counter-example to the additivity of the minimal output entropy, using a random
construction. However, no explicit example was given.

In this thesis, we present an example of a new class of quantum channels, study their
properties, and their minimal output entropy. The thesis consists of two parts. In
Part I, we introduce the new channels, and study their properties. In Chapter 1, we
review the basic definitions and state all the related propositions and lemmas from
representation theory. In Chapter 2, we review the irreducible representations of
the group SU(2), and define an SU(2)-equivariant isometry. Chapter 3 contains all
needed background results from quantum information theory. Chapter 4 is devoted to
introducing and characterizing the new class of quantum channels, EPOSIC channels
(the Extreme Points Of SU(2)-Irreducibly Covariant channels), to compute Kraus
operators for them, and to find their Choi matrices. The chapter ends by giving an
example of a positive map that is not completely positive, using EPOSIC channels. In
Chapter 5, we study the SU(2)-irreducibly covariant channels, and show that EPOSIC

channels are the extreme points of this set. Part II consist of three chapters, chapter 6
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contains the definitions and all needed results about the minimal output entropy and
the entanglement breaking property for a quantum channel (E.B.T). It also explains
their relation to the additivity of classical capacity of quantum channel. In chapter 7,
we study the minimal output entropy, and E.B.T property of the EPOSIC channels.
Chapter 8 studies the minimal output entropy of the tensor product of two SU(2)-

irreducibly covariant channels.



Contributions

In this section, we list the contributions of the thesis. We hope that our results will
be a significant addition to the field of operator algebra and quantum information

theory. Our main contributions can be summarized as follows:

1. Constructing EPOSIC channels (Proposition 4.1.1), a new class of quantum
channels that form the extreme points of all SU(2)-irreducibly covariant chan-

nels (Corollary 5.1.5).

2. Giving a full description of the EPOSIC channel, by obtaining a Stinespring
representation, a Kraus representation, the Choi matrix of the EPOSIC chan-
nel (Definition 4.2.1, and Proposition 4.3.5), computing a channel complemen-
tary to EPOSIC channel, and computing its dual map (Proposition 4.4.4, and
Proposition 4.5.6).

3. Showing that any SU(2)-irreducibly covariant channel is an orthogonal direct

sum of operators (Corollary 5.2.4).

4. For an SU(2)-irreducible subspace H, we give explicit formulae for the pro-
jections of End(H) into its SU(2)-irreducible invariant subspaces (Proposition

2.4.2).

5. Proving that any completely positive SU(2)-irreducibly equivariant map is a
multiple of an SU(2)-covariant channel (Corollary 5.1.6).
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6. Obtaining an example of a positive, non-completely positive map (Proposition

4.6.3, and Proposition 4.6.5).

7. As applications in quantum information theory, we were able to

(a) Determine the EPOSIC channels with zero minimal output entropy (Propo-
sition 7.1.1, and Corollary 7.1.7).

(b) Find a lower bound of the minimal output entropy of some of SU(2)-

irreducibly covariant channels (Proposition 7.2.13).

(c) Examine the entanglement breaking property of EPOSIC channel (Section
7.3).

(d) Obtain an upper bound on the minimal output entropy for the tensor

product of two SU(2)-irreducibly covariant channels (Corollary 8.2.4).



Part 1

The Extreme Points of
SU(2)-Irreducibly Covariant

Quantum Channels



Chapter 1

Preliminaries in Representation

Theory

The construction and study of the channels we present in this thesis depend heavily
on the representations of the group SU(2). The present chapter contains background
definitions and results from representation theory that are needed for the thesis. For
more details, we refer the reader to [3], [9], [13], [29], [33] and [38]. The definition of
Hilbert spaces, and all related basic mathematical results are in Appendix A. In this

thesis, we assume all vector spaces to be complex vector spaces of finite dimension.

1.1 Representations of compact groups

Definition 1.1.1. A topological group is a set G which has both the structure of a

group and a topological space, such that the group operations (z,y) — xy and x — !

are continuous. A compact group is a topological group whose topology is compact.
Examples 1.1.2.

1. Any finite group endowed with the discrete topology is a compact group.
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2. The unit circle under complex multiplication, and with the usual topology is an

infinite compact group.

3. The real numbers R under the usual addition +, and with the usual topology

is a non-compact topological group.

4. Let H be a finite dimensional complex vector space. The set of all invertible
linear maps A : H — H forms a group under composition, called the general

linear group, denoted by GL(H).

5. For n € N, let M, (C) denote the set of n x n-complex matrices. The subsets

Un)={T eM,(C):TT* =1,} and SL(n) ={T € M, (C) : det(T) = 1},
form subgroups of GL(n,C), called the unitary group and the special linear
group, respectively. The unitary group U(n), and its subgroup, the special
unitary group SU(n) = U(n) N SL(n), are compact topological groups.

Following [30, p.13, 128] and [37, p.21], we have:
Definition 1.1.3. Let G be a group, and H be a vector space.

1. A representation of G in H is a group homomorphism 7y : G — GL(H).

If H is a Hilbert space, and 7y(g) s a unitary operator for each g € G, we say

Ty 1S a unitary representation.

2. If G s a topological group, and H is a Banach space, then a continuous repre-

sentation of G is a representation w, such that the map
GxH-—H

(97 h) — 7TH(!])(h), he H

1S continuous.
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The space H is called the representation space of w. If H is finite dimensional,
we say the representation is finite dimensional. The dimension of H is called the

degree of the representation [37, p.21].

Notation 1.1.4. We denote a representation 7, of a group G in a Hilbert space H

by (H, 7 )q. If the group G is clear from context then we may omit the subscript G.
Examples 1.1.5.

1. Let G be a group, and H be a vector space. The trivial representation of G
is the map 7, : G — End(H) defined by taking any element g € G to the
identity map on H.

2. For a locally compact group G there exist a left invariant (Haar) measure p on
G, where L*(G,dp) = {f : G — C: [|f°du < oo} is a Hilbert space. The
left reqular representation of G in L*(G,du) [30, p.132], is a unitary faithful

representation of G.

3. Let n € N. By representing the vectors in C" as n x 1 matrices, the groups
U(n) and SU(n) have representations in C™ given by matrix multiplication.
These representations are called the standard representations of U(n) and SU(n)

respectively [3, p.69].

Example 1.1.6. Let (H, ;) be a representation of a group G. The following are
representations of G in H, where H denotes the conjugate space of H (see Appendix

A for definition of H).
1. %y : G — GL(H) by 79 = 7, for g € G.
2. Ty : G — GL(H) by Tu(9) = Taly), for g € G.

The representations 7, and 7, are called the contragredient, and the conjugate

representation of 7, respectively. They coincide when 7, is unitary.
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Definition 1.1.7. Let (H, ) be a representation of a group G. Then

1. A subspace W of H is called G -invariant if w,(q)(W) C W for each g € G.
The restriction of my to a G-invariant subspace is called a subrepresentation of

7TH‘

2. The space H 1s G-irreducible if it has no proper nonzero G-invariant subspaces.

In this case, the representation m, s called an irreducible representation.
We restrict the use of the symbol p to irreducible representations.
Examples 1.1.8.
1. Any irreducible representation of an abelian group is one dimensional [8, p.71].

2. For n € N, let §,, be the symmetric group of {1,2,...,n}. The irreducible

representations of S,, are in one-to-one correspondence with the partitions of n

[9, p.44-54].

3. For m,n € N, let P(m,n) be the space of homogenous polynomials of degree m
in n variables * = (z1, %3, ...,x,) over C. The group GL(n,C) has a represen-

tation in P(m,n) given by

m(9)(f(x)) = f(zg)

for f € P(m,n) and g € GL(n,C), where xg denotes matrix multiplication.

For Hilbert spaces H and K, let End(H, K) denote the vector space of linear
maps from H to K. If H and K are finite-dimensional, then End(H, K) is a Hilbert
space endowed with the Hilbert-Schmidt inner product given by (A[B), e =

tr(A*B) for A, B € End(H, K). As usual, we write End(H) for End(H, H), and I,
for the identity map on H.
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Proposition 1.1.9. Let (H,7,;) and (K, 7x) be two representations of a group G.

The map
Tux : G — End(End(H, K))
g — Tl ATu(g™)
defines a representation of G in End(H,K). The representation my , is unitary if

both . and T are.

Proof:
It is straightforward to show that 7, x is a group homomorphism, given that m

and 7, are. For A, B € End(H, K), we have:
(Al k9 B) ey = tr(A (@) Brg(g ) = tr(Tu(e- ) ATk (9)B)

=tr ((T‘-H,K(gil)A)* B) = <7TH,K(971)A |B>

End(H,K)

By the uniqueness of the adjoint map, we have

(ﬂ—H,K(g))* = 7rH,K(!i_l)

Remark 1.1.10. If (H,7,) and (K, 7x) are two representations of a group G, then
unless specified otherwise, the representation of G on End(H, K') will be taken to be

the one as given in Proposition 1.1.9.

1.2 (G-equivariant maps

In this section, we provide all needed information about G-equivariant maps. The
first subsection contains the definitions and propositions. The second one presents a

list of examples of G-equivariant maps that are required for the thesis.
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1.2.1 Basic definitions and results

Definition 1.2.1. /29, p.13] Let (H,7y) and (K, ) be two representations of a

group G. A linear map o : H — K s said to be G-equivariant if

Tr(g)X = QT (g)
forall g € G.

The set of G-equivariant maps forms a vector space, denoted End(H, K)“, and
called the space of intertwining operators. The space End(H, H)% is abbreviated to
End(H)®. Following [3, p.67], we have

Definition 1.2.2. Let (H,my) and (K,m.) be two representations of a group G.
We say that the two representations are G-equivalent if there exists a G-equivariant
isomorphism o : H — K. In such a case, the spaces H and K are called G-

equivalent, or G-isomorphic.
Proposition 1.2.3. Let G be a compact group. Then

1. Fvery representation of G in a Hilbert space is equivalent to a unitary represen-

tation [30, p.15].

2. Fvery representation of G in a Hilbert space is equivalent to a direct sum of

irreducible representations [37, p.155-157], and [3, p.68].

3. Every irreducible representation of G in a Banach space is finite-dimensional
[30, p.46].

Henceforth, we assume all vector spaces to be complex vector spaces of finite

dimension.

Proposition 1.2.4. Let (H,my) and (K,7) be two unitary representations of a

group G. The map ® : End(H) — End(K) is G-equivariant if and only if

O (749 AT (9) = T (9)P(A)Tr(9)
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for all A€ End(H) and g € G.

Proposition 1.2.5. For i = 1,2, let (H;,my,) and (K;,mx,) be representations of a
group G, and ®; : End(H;) — End(K;) be G-equivariant maps. The tensor product
and the direct sum of ®1 and Py are G-equivariant maps with respect to the actions
on the tensor product and the direct sum respectively. If ®1 and ®o are composable

then their composition is also G-equivariant.

See Appendix A for definitions of the tensor product, the direct sum of two maps,

and the actions defined on their representation spaces.

Definition 1.2.6. Let H and K be Hilbert spaces, and o € End(H, K). Conjugation
by o is the linear map

Ady, : End(H) — End(K)
A+— aAa®

where o is the conjugate map of a.

Proposition 1.2.7. Let (H,m;) and (K,7) be two unitary representations of a

group G, and o : H — K be a G-equivariant map. Then
1. The image under o of a G-invariant subspace of H is G-invariant.
2. The conjugate of a is G-equivariant.
3. Congugation by a is G-equivariant.

4. If a is an injective map then the image under o of any G-irreducible subspace

of H is G-irreducible.

Notation 1.2.8. For a subspace W of a Hilbert space H, let ¢y, denote the inclusion
map of W, and ¢, denote the orthogonal projection onto W.
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Both maps are elements in End(H) (redefine ¢, to be the identity map on W
and the zero on the orthogonal complement of ). With this definition, the inclusion

map ty is the conjugate of gy, .

Remark 1.2.9. If (H, ) is a unitary representation of a group G then the orthog-
onal complement of any G-invariant subspace is also G-invariant. For more details,

see [37, p.24], and [8, p.70].

Lemma 1.2.10. Let (H, ) be a representation of a group G. The subspace W of

H is G-invariant if and only if qw (resp. uw) is a G-equivariant map.

Proof:
Suppose that W is G-invariant, and g € G . Since any element h € H can be

written as  + y such that x € W and y € W+, then by the remark above, we have

Q@) = qw (Tu@)(2) + Tu9)(y)) = Tae)(T) = Tu(9)gw (h)

i.e. q is G-equivariant. On other hand, if ¢ is G-equivariant then for w € W and

g € G, we have:
7TH(9)<w) = 7TH(Q)QW(W) = QWWH(Q)('LU) e W.

Since ty = ¢, the equivalent follows for ¢y, . |

Remark 1.2.11. Let H be a Hilbert space. If W is a subspace of H, given by the
orthogonal projection gy, then End(1V) is isomorphic to a subspace of End(H), given
by the projection Ad,,, . It follows that if (H, 7, ) is a representation of a group G with

a G-invariant subspace W then End(W) is G-isomorphic to a G-invariant subspace

of End(H).

The following proposition is one of the main pillars in the study of group repre-
sentations. It is stated and proved in [9, p.7] for finite groups, but the method of the

proof is valid in the general case.
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Proposition 1.2.12. (Schur’s Lemma) Let (Hy,p,) and (Hs,p,) be two irreducible
representations of a group G. If a : Hi — Hy is a G-equivariant map then either
a =0 orais a G-isomorphism. In case of p, = p, and Hy = Hs then « is a multiple

of the identity.

Corollary 1.2.13. Let (H,m) be a unitary representation of a group G. Any two

non isomorphic G-irreducible subspaces of H are mutually orthogonal.

Proof:

Let W7 and W5 be two G-invariant irreducible subspaces of H. By Lemma
1.2.10, the associated orthogonal projections gy, and gy, are G-equivariant, hence
so is the map qw, ¢y, = qw,tw, : Wo — Wj. By Schur’s Lemma 1.2.12, the map

qw, Ty, = Qw, qw, is either the zero map or an isomorphism. i

The proof of the next lemma is given in [9, p.7] for the case of finite groups (see
also [13, p.333 (21.40)]). However, the same statement and proof are valid for the
finite dimensional representation of compact group. Recall that we assumed that all

vector spaces are finite dimensional.

Lemma 1.2.14. Let (H, ) be a representation of a compact group G. There exists

a decomposition

H=UM"®..oU%

where U; are G-irreducible distinct subspaces. The decomposition of H into a direct

sum of the k factors is unique, as are the U; occur and their multiplicities a;.

Definition 1.2.15. The number a; in Lemma 1.2.14, is called the multiplicity of the

subspace U;.

Corollary 1.2.16. Let (H, ) be a representation of a compact group G. If @U; and
i=1

@DV, are two decompositions of H into G-irreducible subspaces of distinct dimensions

j=1



1. Preliminaries in Representation Theory 16

then m = n, and for each 1 < 1 < n, there exists a permutation o € S, such that

Ui — Vo’(i) .

Proof:
Fix 1 <7 <n, by Lemma 1.2.14, m = n, and there exists a permutation o € S,
such that U; ~ V, ;. Since all V; have distinct dimensions then by Schur’s Lemma,

the subspaces U; and V; are orthogonal for each j # o(i). Hence

1
| DVi| =Vewr
J#o(4)
Since U; and V,(;) have the same dimension then U; = V). |

Proposition 1.2.17. Let (H,7w,) be a representation of a group G, such that H =
@PW,, where W; are G-irreducible subspaces of H of multiplicity one. The space
i=1

End(H)% is a commutative algebra, that is spanned by the G-equivariant projections

on {W; : 1 <i<m}.

Proof:

Let ¢; : H — W, be the orthogonal projection onto the G-invariant subspace
W;, and vy : Wy — H be the inclusion map of W,. By Lemma 1.2.10, the maps g¢;
and 1, are G-equivariant. Hence, for T € End(H)%, the map ¢, Tt; : W; — W, is
a G-equivariant map, intertwining the G-irreducible representations W, and W;. As

the multiplicity of each W; is one, by Schur’s Lemma 1.2.12, we have

0 S#1
/\ZL 5=t

QSTLZ' =

where [; is the identity map on W;. As for h € H, we can write h = wy +ws + ... +w,,

where w; = ¢;(h), hence

T(h) =T (w +ws + ... + w,,)
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= \wi + Aws + ... + A w,,
= Mq1(h) + Aagz(h) + ... + A (R)
= i)\i%(h)-
To see that End(H)® is corr;mutative, let T} and Ty are two elements in End(H ),

such that 77 = Y Ng and Ty = > usqs. Since {g; : 1 < i < m} are mutually
s=1

=1

orthogonal projections, then

TTy =) Y mstlids = »_imiditli
i=1

i=1 =1

- Z“i’\iqi - Zzﬂs%%(h =15T.
i=1

s=1 i=1

Proposition 1.2.18. Let (H,7y), (K, 7x) and (E, ) be unitary representations of
a group G, and o : H — K ® E be a G-equivariant map. The map

T:FE — End(H,K)
ur— (I @u*)
is G-equivariant, where u* denote the linear form on E given by u*(2) = (u|z) .

Proof:
Let g € G, and u € F arbitrary elements. As 7y (g) ® u* = Ty (g)({x ® u*) (check

on x ® y), we have
T (me(9) (1) = (Ix @ u'Th9) @ = (Ix @ u'Th(9) ((Tx(9) @ Tr(g)) AT (9))

= (Tx(9) @U™) amy(g) = Ti(9) ([x @ U") amyy(9) = T ()T (w)775,(9)

i.e. T is G-equivariant. |
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Corollary 1.2.19. Let (H,7y), (K, ), and (E,7y) be representations of a group
G such that 7y is wrreducible, and let o : H — K ® E be a G-equivariant isometry.

If {e; : 1 <j <dgy} is an orthonormal basis for E, then the set
{T; = (]K®e;f)a :1<j<dz} CEnd(H, K)

satisfies

<Tj1 |TJ2> = d_H5

End(H,K)  dp J1J2

for 1 < ji1, 52 < dp.

Proof: Consider the G-equivariant map T : F — End(H, K), defined in Propo-
sition 1.2.18. By Schur’s Lemma 1.2.12, the map T*T : E — E is a multiple of the
identity on E. Thus, there exist A € C such that

(TW) [T() grasr.iy = W|TT (W) = (u[Av),

for any u,v € E. Since
T(ej,) =Tj,,and T(e;,) =T, for 0 <71, <dp.
then
(T30 [T5) pacariey = (T(€3) 1T(32) ) gpagan i

=A <€j1 ’€j2>E = )‘53

139

dg
As T = (]K®e;f) «, the map « is equal to > T; ®e;. Let {f; : 1 <7 <dy} be an

j=1
orthonormal basis of H, then

2

%zimmwzi

ST (f) e

dg dg dg

=SS LI = IR = 3N = de

=1 j=1 j=1

; _ dn
1.e./\—dE. |
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1.2.2 Examples of G-equivariant maps

In this subsection, we provide examples, and standard constructions of G-equivariant
maps. Recall that if (H,7,) and (K, 7,) are representations of a group G, then
Ty @ T is a representation of G in the space H ® K. The new representation is
defined naturally by linearly extending 7, ® Tx(9)(h ® k) = 7u(9) (h) @ Tx(9) (k) for
g € G, and h,k € H, K. For two matrices A = (a;;) and B = (by), the Kronecker
product of A and B is defined to be A ® B = (Aby,).

I. The partial trace:
Definition 1.2.20. Let H and K be Hilbert spaces. The linear map
Try: End(H® K) — End(K)

A® B+—tr(A)B

defined for A® BEEnd(H ® K), and extended by linearity is called the partial trace

over H.

In similar way, we define the partial trace over K by taking the trace over the

second component of A ® B.

Lemma 1.2.21. Let (H,my) and (K, 7x) be two unitary representations of a group

G. The partial trace over H is a G-equivariant map.

Proof:
Let g € G, and A; ® Ay € End(H ® K). Then

Try (Tue) @ Ti(9) (A1 ®@ Az) (T5(9) @ Tr(9))

=Truy(Tu(9)A1T(9) ® Ti(9)AaTy(9))
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= (T (9) A1 (9)) T i (9) Ao Ty (9)

= tr(A1)Tx(9) AT (9) = Tr(@)TTa (AL ® A2) Ty (9)

II. The flipping map (swap map):

Our second example of G-equivariant maps is defined on the tensor product of two

vector spaces H and K. It is called the flipping map (swap map), and denoted by
flipy.
Definition 1.2.22. Let H and K be Hilbert spaces. We define the linear map

fliph HRK — K®H

e
hk— k®Qh

on the set {h @k :h € H k € K} and then extended linearly.

Lemma 1.2.23. Let (H,7y) and (K, ) be two representations of a group G. The

map flip? is a unitary G-equivariant map satisfying (flip)* = flip¥ and
Tr(flipih A fliph) = Tri(A)
for A€ End(H ® K).

Proof:
Let g€ G. For h® k € H® K, we have

(Ti(9) @ Tu(9) flipi(h @ k) = (Tx(9) @ Tu(9) (k @ h)
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= (o) (k) @ Tu()(h) = flipi(7u@)(h) @ Tx(a)(k))
= flipl (Tu(g) ® Tk(9) (h @ k)

G-equivariance follows by linearity. Since for (h® k) € H ® K, |h @ k|| = ||k ® A/,
flip™ is a unitary map such that (flip”)* = (flip™)™" = flip¥.
To prove the second assertion, let By € End(H) and B, € End(K). By direct

computations on arbitrary element k ® h, we have

Hence,

TTK(fllpg (Bl X BQ) (fllpg)*> = tT(BQ)Bl = T’T’K(Bl X Bg)

The result follows by linearity. |

I11. The map Vec:

Recall that {zy* : © € K,y € H} forms a set of generators of End(H, K), where
y* denotes the linear form on H given by y*(z) = (y|z),,, and xzy* denotes the map
xy*(z) = (y|z), = for any z € H. The following is a reformulation of the definition

of the map wvec in [41, p.23].

Definition 1.2.24. Let H and K be Hilbert spaces, let Vec : End(H, K) — K @ H
be the linear map defined on the elements xy* of End(H, K) via

W= TRy
extended linearly.

The map Vec represents any element in End(H, K) as a vector in the tensor

product space K ® H.
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Lemma 1.2.25. Let (H,7y) and (K, 7x) be two representations of a group G. By

considering the conjugate representation on H, the map
Vec : End(H,K) — K ® H
s a G-equivariant unitary map.

Proof:

Let {e; : 1 <i<dy} and {e; : 1 < j < dx} be orthonormal bases for H and K
respectively, hence the set {£;; = eie;-* 01 <i<dy,1<j<d}is an orthonormal
basis for End(H, K). For g € G and E;; € End(H, K), we have

Vec(my(9) Eijmy(9) = Vec (7TK(9)€z‘ (WH(Q)QS')*) = Tx(9)€i & Tu(9)€]

= (T @Tw) 9)(e; ® 6;) = (mx @ Ty) (9)Vec(E;;).

The G-equivariant follows by linearity of the map Vec. Clearly Vec is a linear bijection

which is unitary since

{(AlB) = (Vec(A4) [Vee(B)) o

End(H,K) ®H

for A, B € End(H, K). |

IV. The Choi-Jamiolkowski map:

The following is an equivalent definition of the Choi-Jamiolkowski map in [41, p.49];

we show this equivalence in Lemma 1.2.30.

Definition 1.2.26. Let H and K be Hilbert spaces. The linear map
C : End(End(H), End(K)) — End(K ® H)

AB* —s A® B



1. Preliminaries in Representation Theory 23

defined for A € End(K) and B € End(H) and extended linearly is called the Choi-
Jamiolkowski map. The map B* : End(H) — C is given by B*X = (B|X)
for X € End(H).

End(H)

Lemma 1.2.27. Let (H,7y) and (K, m) be two representations of a group G. The
natural isomorphism T : End(K)® End(H) — End(K ® H) defined by taking A® B
to T(A® B)(k® h) = A(k) ® B(h) and extending linearly is a G-equivariant map.

Recall that for finite-dimensional Hilbert spaces H and K, the spaces

End(End(H), End(K)), End(K)® End(H)*, End(K)® End(H), and End(K @ H)

are all algebraically isomorphic. The spaces End(H) and End(H) are equal. See
Appendix A, for more details.

Remark 1.2.28. The Choi-Jamiolkowski map is the composition of the maps

Vec : End(End(H), End(K)) — End(K) ® End(H) = End(K) ® End(H)

with the natural isomorphism T : End(K) ® End(H) — End(K ® H), defined in
Lemma 1.2.27.

By Lemma 1.2.25, and the remark above, we have:

Corollary 1.2.29. Let (H,7y) and (K, my) be two representations of a group G. The

Choi-Jamiolkowski map is unitarily G-equivariant.

The Choi-Jamiolkowski map assigns to each ® € End(End(H),End(K)) a
unique matrix C(®) € End(K ® H), called the Choi matrix of ®. The next lemma

shows the equivalency of Definition 1.2.26, and the original definition of Choi-Jamiolkowski

map in [23, p.276], and [41, p.49].

Lemma 1.2.30. Let H and K be Hilbert spaces. For ® € End(End(H), End(K)),
the Choi matriz of ® is given by

C(®) =) ®(E;) ® B

where {E;; : 0 <1,j <dy} is the standard orthonormal basis for End(H).
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Proof:
It suffices to show the equality for & = AB*, where A € End(K) and B €
End(H).

d
Let B = Z)\klEkh then
k,l

d d

ij

dy

=AQ® ZAZ]EZJ =A®> NEy

ij ij

= A® B =C(AB)

Next we determine the conditions on the Choi matrix of a linear map that are

equivalent to G-equivariance. The idea of the proof is taken from [7, p.5].

Lemma 1.2.31. Let H and K be Hilbert spaces. For ® € End(End(H), End(K)),
ax € End(K), and oy € End(H) we have:

1. C(Ady, 0o ®) = (ax @ Iz)C(P) (ax @ Ix)*.
2. C(®oAd,,)=Ux@ay) C(P)(Ix@y).

Proof:
Let {E;; : 0 <i,j < dy} be the standard orthonormal basis for End(H). By

Lemma 1.2.30, we have

(ax ® I7)C(®)(ax @ I)* = (ax @ Ix) (Z@ ) © Ew> (ax ® Ix)*
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= Z(&K ® Ix) (P(Eij) ® Eyj) (ax @ Ix)"
= Z (OzK(I)(Eij)OJ;) 0%y (IﬁEZ]]%)
= (Ad, 0 ®(Ej;)) ® Eyj = C(Ady,, 0 @)

establishing the first equality. For the second equality, let A € End(K) and B €
End(H), it suffices to show that the equality holds for ® = AB*. Let D € End(H),

we have:
AB" 0 Adoy, (D) = AB™ (ayDay) = A(B| anDay) gy,
= tr(ayDaj,B*)A = tr(D(aj,Bay)")A
= AlagBa, | D)y, = Alag Bag)™(D)
that is,
AB* o Ad,,, = A(a;,Bay)”
consequently,

C(AB* o Ad,,,) = C(A(a;,Bay)*) = A® af,Bay

= [ Al ® aBay = (I ®ay)* (A® B) (I ® ay)

= (Ix @ ay) C(AB*) (I @ ay).

Recall that for a group G, and a Hilbert space H, the set End(H)¢ denotes the

set of G-equivariant maps on H.

Proposition 1.2.32. Let (H,my) and (K, ) be two unitary representations of a
group G. A linear map ® : End(H) — End(K) is G-equivariant if and only if
C(®) € End(K @ H).



1. Preliminaries in Representation Theory 26

Proof:
By injectivity of the Choi-Jamiolkowski map, ® is G-equivariant if and only if

C(Adﬂ.K(g) o) CI)) = C(CI) o AdﬂH(g)) Vg eG
By Lemma 1.2.31, this holds if and only if
(i (9) @ Ii(9)) C(P)(Ti(9) @ Tr(9))" = (Tx(9) @ Tra(9)"C(P) (L e (9) @ T (9)) Vge G

= (Tx(9) @Tu(9)C(P) = C(P)(Tx(9) ®Tu(g) VgeG

— C(®) € End(K @ H)“.



Chapter 2

Representations of SU(2)

According to the Clebsch-Gordan Decomposition [3, p.87], if H and K are two SU(2)-
irreducible subspaces, then the SU(2)-space K ® E is isomorphic to @Hi where H;
is SU(2)-irreducible subspace with multiplicity one. For each i, the Zinclusion map
a; : Hi — K ® E is SU(2)-equivariant. Our main goal in this chapter is to find
an explicit formula for the map ;. In the first section, we review the irreducible
representations of SU(2), and for an SU(2)-irreducible space H, we find an SU(2)-
equivariant unitary map from H onto H. In Section 2.2, we state the Clebsch-
Gordan expansion theorem. We get our main result of this chapter in Section 2.3,
by constructing an SU(2)-equivariant isometry defined on the representation space
of the SU(2)-irreducible representation. We end this chapter with an application of
our results, in Section 2.4. The proofs of some Lemmas and corollaries in this chapter

are purely technical calculations, and are deferred to Appendix B.

The main results of this chapter:

e Constructing an SU(2)-equivariant unitary map between any SU (2)-irreducible

space, and its corresponding conjugate space (Proposition 2.1.6).

27
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e Constructing an SU(2)-equivariant isometry defined on the representation space

of the SU(2)-irreducible representation (Proposition 2.3.3, and Proposition 2.3.5).

e For an SU(2)-irreducible subspace H, we give explicit formulae for the pro-
jections of End(H) into its SU(2)-irreducible invariant subspaces (Proposition

2.4.2).

2.1 The irreducible representations of SU(2)

For m € N, let P, denote the space of homogeneous polynomials, with complex
coefficients, of degree m in the two variables z1, 5. It is a complex vector space of
dimension m + 1 with a basis {a;g:cg@—z 0<: < m}. By convention, we denote by

P_, the zero vector space. Recall that

a

b
SU(2) = ca,be Claf* +p)* =1

-b a
Definition 2.1.1. For m € N, define p,, : SU(2) — End(P,,) by
(Pm(@) f) (@ra2) = fl@ra2)9) = f(azy — Bﬂiz, bxy + axs)
for f € P, and g € SU(2).

The next proposition summarizes results in [3, p. 85-86], [38, p.181], and [39,
p.276-279).

Proposition 2.1.2.

1. For m € N, p,, is a unitary representation of SU(2) with respect to the inner

product on P, given by

(ziay, xfx?’k>Pm = (m—1)! 0y
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2. The set {p,, - m € N} constitutes the full list of the irreducible representations
of SU(2).

To facilitate the computations, we choose the orthonormal basis for P,, given

: m o ol .l m—l . <] < U 1 . : L
by the polynomials {fl a,,riry 1 0<1< m} where a,, —m7 this basis is
called canonical [39, p.280]. Throughout this thesis, we utilize the following definition

and notation:

Definition 2.1.3. For m € N, the set {f": 0 <1 <m} is called the standard basis
for the SU(2)-irreducible space P,,. The corresponding standard basis for End(P,,) is

{Bp=frfr 1<k <m+1}.
Remarks 2.1.4. Let g = { ool } € SU(2). For m € N, we have

1. The map p,.(¢9) is given on the standard basis for P,, by
P (f") = ap,(azy — bws)' (bry + azs)™
In particular, for g, = [ ) (1) } € SU(2), we have

Prm(90) (flm) = (’1)1 —i

and

pu(os) (S") = (1) " f70,

2. The map p,,(9) belongs to both End(P,,) and End(P,,). For if g € SU(2) then

ge SU(2), and p,,(g is a unitary map on P,. Thus p,.(9) = p,.@ is a unitary

m*

map on P,,, where P, is the conjugate space for P,

The element { 01 (1) } plays a special role in constructing an SU(2)-equivariant

unitary map from P,, onto P,,; we will denote this element by g,.
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Definition 2.1.5. For m € N, define the endomorphisms
1.0, :P,— P, byO,, (i)\lf[”) = i/\l - f", where - is the multiplication in
P,. o o
2. J, P, — P, by J,. = ©,,.Pm(90)-
Proposition 2.1.6. For m € N,
1. ©,, is a unitary map that satisfies p,.(9)0.,, = ©,.pm(@ for any g € SU(2).

2. J,, is an SU(2)-equivariant unitary map from P,, onto P,,.

Proof:
The map ©,, takes the orthonormal basis {f" : 0 < [ < m} for P, to itself; as it

is a basis for P,,, hence ©,, is a unitary map. Let g € SU(2), by Remark 2.1.4,
0, 0 p@(f") = ©,, (al,(@r1 — bas) (bzy + axs)™ )

—al (@2, — b.ay) (boy + a.xy)™!

= Pu(@ (0, (f")) = Pmle) © ©,.(f").

For the second statement, as J,, is a composition of two unitary maps, it is unitary.
Since

9%y =79, Vg€ SU(2)
we have,

Jmpm(g) = @mpm(go)pm(g) - Gmpm(g)pm(g())

= P (9)0,,0m(90) = Prn(9) S -
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Remark 2.1.7. For m € N and 0 <[ < m, we have:
Jm(fzm) = (=D'J o J:;(fzm) = (=Dt
where f is the basis element for P,,.

For m,n € N, we fixed our choice for a basis for P, ® P, to be
{frefr:0<1<m,0<j<n}
where writing the basis in this form means that we choose the order to be in the form

{7 RS, [IRFS, - @I @S TR oo SR @ ST oy JTRL TS SR TY

In this thesis, we call this basis the standard basis for P,, ® P,. Recall the flip map
in Definition 1.2.22. By direct computations on the elements of the standard basis

for P,, ® P,, we obtain

Proposition 2.1.8. For m,n € N, the map
flipy(J,, ®Ip,): P,®@ P, — P,® P,,
is an SU(2)-equivariant isomorphism, that satisfies

flipp(J,, ® Ip,) = (Ip, ® J,.) flipp"

2.2 Clebsch-Gordan expansion

For m,n € N, let p,, and p, be the irreducible representations of SU(2) with cor-
responding SU(2)-spaces P, and P,. One can construct a new representation of
SU(2) by taking the tensor product of the two representations, which is not neces-
sarily irreducible. In this section, we build polynomial operators on the SU(2)-space
P, ® P,. To obtain a concrete representation of P,, ® P,, let x = (x1,2z3), y = (y1, y2),
P, := P, (z), and P, := P,(y). We embed the tensor product P, (z) ® P,(y) into
Clz,y] as follows:
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Define the map : P, (x) x P,(y) — Clz,y] by (f(z),9(y)) — f(x)g(y). It is a
bilinear map, hence extends to a linear 7' : P, (z) ® P,(y) — Clz, y] taking

f(x) ®g(y) to f(x)g(y). Let P, ., denote the vector space of polynomials in xz and y
of bi-degree (m,n) (homogeneous polynomials of degree m in x = (x1, z3) and of

degree n in y = (y1,¥2)). The space P,,, has a basis consisting of

m,n

1
{xiay yiys " = T(frof):0<s<m,0<t<n}

m AN
alay

Since the map T takes a basis for P,, ® P, to a basis in P, ,, it is an isomorphism.

m,n?

Henceforth, we will use P, ,, as a concrete representation of P, ® P,.

Remark 2.2.1. Using the identification between P, ® P, and P,, ,, above, and Remark
2.1.4, we have

Pm() @ puio) [ (,y) = f(azy — bao, bry + ax2, ayr — bya, byr + ayo)

where f(x,y) = f(z1,72,91,%2) € P,, ® P,, and g € SU(2).

0 0 0

) Bag? Byr? 8—y2] is a non-commutative algebra of poly-

Recall that Cx1, z2, y1, Y2, 8%1
nomial differential operators which acts on Clzy, x2,y1, y2]. The multiplication is the

composition of operators.

Definition 2.2.2. For m,n € N, define the following maps on P, ® P,

Amy:Pm®Pn—>Pm+l®Pnfl

) (s 2) fe)

Ayx:Pm®Pn—>mel®P’ﬂ+1

Py — (5 + o) f(a,9)
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ny:Pm®Pn—>Pm+1®Pn+l

f(z,y) — (21y2 — y122) f(2,y)

Qpy: P, ®P, — P, ,®P,_,
Py — (s = s ) Flay)
for f(w,y) € P, @ P,.

The statement of the next lemma is mentioned in [29, p.47]. The proof is purely

computational, and is provided in Appendix B.

Lemma 2.2.3. The operators Ay, Ay, I'yy, and Qyy are SU(2)-equivariant, and
satisfy
ALy =ADya,  Toy =y

Theorem 2.2.4. (Clebsch-Gordan expansion)[29, p.46]. Let m,n € N. For a
polynomial f(z,y) € P, ® P,, we have

ny

min{m,n}

F@y)= D cunn DAL AN (f(2,y))

h=0
where the coefficients ¢, , 5, are determined by induction as follows: ¢, 00 = 1. For

n>1and 0 <h < min{m,n}.

1
mtDn Cm+ln—1h h=0

_ 1
Cmnh =N GnxDn [Cm—1n—1h—1 F Cm+1n—1h] 0<h<n

1
(m+1)n Cm—1,n—1,h—1 h=n
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2.3 An SU(2)-equivariant isometry on the repre-
sentation space of SU(2)

In this section, we use Lemma 2.2.3 and Theorem 2.2.4 to define an SU (2)-equivariant
isometry au,,p on the SU(2)-irreducible space P, .., where m,n,h € N with
0 < h < min{m,n}. We also give the matrix coefficients of ., with respect

to the standard basis for P, ..

2.3.1 The isometry o,

The proof of the next proposition is in [3, p.87].

Proposition 2.3.1. (Clebsch-Gordan decomposition) For m,n € N, let p,, and
p. be the irreducible representations of SU(2) with corresponding SU(2)-spaces P,
and P,. Then

min{m,n}

P @ P, = @ Pmtn—2n

min{m,n}

Consequently, the SU(2)-space P, & P, is isomorphic to @@ Py on-
h=0
Definition 2.3.2. For m,n,h € N with 0 < h < min {m,n}, let
Okt Py o — P,QP,
be the linear map defined by
U (f(21,%2)) = femmn Ty A" (f (21, 22))
where f(xq,x2) is homogeneous polynomial in x1, s of degree m +n — 2h.

By Lemma 2.2.3, and the fact that a composition of two G-equivariant maps is

G-equivariant, we have:
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Proposition 2.3.3. For m,n,h € N with 0 < h < min{m,n}, the map o, is an

SU(2)-equivariant map.
As a result of Theorem 2.2.4, and Lemma 2.2.3, we get
Lemma 2.3.4. Let m,n,h € N with 0 < h < min{m, n}.
1. The conjugate map of Q. 1S given by

Oé;kn’n,h : Pm ® Pn — Pm+n72h

a:n,n,h (9(z1, T2, Y1, Y2)) = v Cm,n,h A:TELy_hQZy(g(xIJ T, Y1, Ya))

where g(x1,xe,y1,Y2) 1S a homogeneous polynomial of degree m in x1,xy, and

homogeneous of degree n in yi,ys.
min{m,n}
* —
2. Z am,n,hamm’h - IPm®Pn'
h=0

Proposition 2.3.5. For m,n,h € N with 0 < h < min{m,n}, the map au, ., is an

1sometry.

Proof:
For 0 < h,s < min{m,n}, the map a3, . @mns © Pnin-2s —> Pmin_2n is an

SU (2)-equivariant map. By Schur’s Lemma 1.2.12; we have

0 1 h#s
O‘:n,n,ham,n,s = i (2.3.1)
)\[Pm+n72h Zf h=s

for some non-negative integer A. It remains to show that A = 1. By Lemma 2.3.4,
min{m,n}

the map > Qmn,sQn s 18 the identity map on the space P, ® P,. Thus, for any
s=0
0 < h < min{m,n}, we have

min{m,n} min{m,n}
* _ % _ % * _ * *
Ynh = Cmnh [Pm®Pn = Ok § Amn,sOmns = E : X, hOmn,sOm n s
s=0 s=0
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By Equation (2.3.1) above, we get

*

ok * _ *
a am,n,h&mm,ham,n,h = A

m,n,h — m,n,h
Since Ampp 7 0 (Qmapn (@] 7*") #0), and ||, 4|| = [|vmnnll, then
y, o 7 0 which gives A = 1. i

Corollary 2.3.6. Let m,n € N. The SU(2)-space
min{m,n}

P’m ® Pn - @ WWL+7L72}1/
h=0

where AW, 1_on =~ Prinon,0 < h < min{m,n}} are mutually orthogonal SU(2)-

*

subspaces, such that W, ... ., is the range of the orthogonal projection Qm,n,h Oy -

This decomposition into SU(2)-irreducible subspaces is unique up to permutation.

Proof:

*

Let 0 < h < min{m,n}. By Proposition 2.3.5, the map amnn0;,, ) is an

orthogonal projection. Let W, ., = am,n,ha;7n7h(Pm®Pn). By surjectivity of o, . 1.,
the equivariance of ,, 1, and the irreducibility of P, ., ,,, the subspace W,,., ., =
Qo h(Pryn_on) 18 an SU(2)-irreducible subspace of P, ® P, that is isomorphic to
P, .. .. The mutual orthogonality of the subspaces W, ., ., follows by Corollary
1.2.13. Hence

min{m,n}

@ Wm+n—2h g Pm ® Pn
h=0
min{m,n}

By comparing the dimensions, we get the equality P, ® P, = @ W,.,._on. The
h=0
uniqueness follows by Corollary 1.2.16. |

A similar result can be stated for the space P,®P,. We need the following
lemma, whose proof is straightforward using Proposition 2.1.6. Recall that P, is an

SU(2)-irreducible space under the contragredient representation g,.
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Lemma 2.3.7. Let m,n € N.

1. The map I, ® J, : P, @ P, — P, ® P, is an SU (2)-equivariant unitary

isomorphism whose inverse is Ip, & J*.

2. The map Nmpn = (Ip, @ J,) Cmnn is an SU(2)-equivariant isometry from

P, ..o into P, ® P,.

Corollary 2.3.8. Let m,n € N. The SU(2)-space

min{m,n}

P.oP, = EB Vi on
h=0

where {V,n_on =~ Porn_on, 0 < h < min{m,n}} are mutually orthogonal SU(2)-
subspaces, such that V,,., ., is the range of the orthogonal projection Nmn nMy, np-

This decomposition into SU(2)-irreducible subspaces is unique up to permutation.

2.3.2 The matrix coefficients of o, 1

In this section, we give the matrix coefficients of the isometry a, ., with respect
to the standard basis for P, ., ,,. The proof of Lemma 2.3.11 below is a direct
computation, and is deferred to Appendix B. To simplify our notation, we state the

following definition.

Definition 2.3.9. For a subset A of a space X, the indicator function x4 : X —
{0,1} is defined by
1 if z€A
xa(z) =
0 if z¢A
For the rest of the thesis, we will systematically use the following notation without

further mention. For quick reference, Appendix C contains the list of notation and

equation that are used in the thesis.

Notation 2.3.10. Form,n,h,i,j € Nwith0 <h < min{m,n}, 0 <i < m+n—2h,

and 0 < 5 < n, we define
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o B(i) :={j:max{0,—m +i+ h} < j<min{i + h, n}}.

Lemma 2.3.11. Let m,n,h € N with 0 < h < min{m,n}, and r = m + n — 2h.

Then

min{i+s, n—h+s}

1 mnn (f7) = 22 > Bt f e fr

s=0 j=max{s,—m+ith+s}

min{h,j,m—1}

% m n m,n,h r .
2. Qb (fz ® fj ) = ( > 5z+j—h,s,j) fzﬂeh " Xjo.r (+5=h)

s=max{0,h—1l,h+j—n}

where

h\ (n—h m—h
mnh s (s) (jfs) (ifj+s) Cm,n,p7! Ml !
P = P RS G O

and {fF 0 <t <k} is the standard basis for P, where k € {m,n,r}.

Remark 2.3.12. The vectors f;" and f/,,_,, in Lemma 2.3.11, are indeed elements

of the basis for P,,, and P, respectively. This follows since
max{s,—m+i+h+s} <j<min{i+s, n—h+ s}

implies
0 <max{0,i —n+h} <l; <min{i+h,m} <m

min{h,j,m—1}

and the sum > f’jﬁ’a& ;  is nonempty if and only if

s=max{0,h—1l,h+j—n}

max{0,h —l,h + j — n} <min{h,j,m — 1}
which implies 0 <[4+ j57—-h <.

The following corollary gives more compact forms of the formulae in Lemma

2.3.11.
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Corollary 2.3.13. For m,n,h € N with 0 < h < min{m,n}, let r = m + n — 2h.
The values of the maps cuypp and ay, ., on the elements of the standard bases for

P, and P, ® P, are given by

amnh Ze(mnh)fl ®fn

JEB(4)
and
mnh (fl ®f ) l+] h(m"h)fl+J h XOT](Z+J h)
. min{h,j,j+m—t—h} h
J _ m,mn,
where €} (mn.n = > Bisi -
s=max{0,j—t,j+h—n}

Proof:

For the first equality, let
A={(s,7) :0<s<h, max{s,—m+i+h+s} <j<min{i+s, n—h+s}} and
A;={s:(s,j) € A} then
A=Uf(s,4) 55 € 43}

where the index j ranges from max{0,—m +i+ h} at s = 0 to min{i + h, n} at
s =h.
e
Aj={s:(s,j) € A} ={s:0<s<h,j—min{i, n —h} <s <j—max{0,—m+i+ h}}
= {s: max{0,j — min{i, n — h}} < s < min{h,j — max{0,—m +i+ h}}}
={s: max{0,j — ¢, +h—n} <s<min{h,j,j+m —i—h}

By Lemma 2.3.11, we have

min{i+h, n}
§ : m,n, h n __ 2 : § : m,n, h n
Oém n, h /Bz S,] l ® f] - 6275"] l ® fj
(s,)€A j=max{0,—m+it+h} SEA;
min{i+h,n} min{h,j,j+m—i—h}

k] 7h m n j m n
= ) Yoo B ef;= ) denn

j=max{0,—m+i+h} s=max{0,j—%,j+h—n} ]GB(Z)
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The second equality follows by Lemma 2.3.11. |

For the rest of the thesis, when m, n, h are clear from context, we will abbreviate

Eg(nL,n,h) tO gz
Remarks 2.3.14. Let m,n,h € N, with 0 < h < min{m,n}, and r = m +n — 2h.

1. For 0 <17 <r, we have

(a) The set B(i) is non-empty, as max{0, —m + i + h} < min{i + h, n}.
(b) B(r —1i) =n— B(i).

2. If B™™"(i) denotes the set B(i) associated to au, 5, and B™™"(i) denotes the

set B(i) associated to ay, m p, then

j€Bri(i) if and only if 1 € Bn(i)

3. The map a5 can be written as

Qmn,h = Z Z el (f[;; ® f7"> IS

1=0 jeB(i)

4. The map 7y, in Lemma 2.3.7 is given on the basis elements for P, by

Tim,n,h (f:) = Z (—1)j55<m7n7h) fl?; ® fr?—j

JEB(3)

The following corollary, whose proof is in Appendix B, contains basic relations

for the coefficients €.

Corollary 2.3.15. For m,n,h € N with 0 < h < min{m,n}, let r = m +n — 2h.

The matriz coefficients €] := &lwm.unm of the isometry . npn satisfy

1. el =nrem? for 0<i<r andje€ B(i).
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)

7 ] 7h >
9. gith — Bﬁf;ﬂ for i<n—h.

3. 5?—5722h ﬁf’ﬂh#o for n—h<i<r.
el = gt = Cap gt £0 0 for j € B(0).

5. 5025%’%’}‘7&0 for 0<i<m—h.

)

j _ amnan j _ ommn,0
6. €mmm = Bi;, and €;mn0) = /Bi,o,j :

Corollary 2.3.16. Let m,n,h € N with 0 < h < min{m,n}, and r = m +n — 2h.

1. The coefficient ¢y p in the Clebsch-Gordan expansion (Theorem 2.2.4), is given

by
((m—h)!)?

(e
e <§<m> <:>)

Consequently,

000 (£
2. For0<i<r,andj€ B(i), we have

J _ h _lij
gi (mznvh) - (_1) E/L (n’m7h)

Proof:
By Corollary 2.3.13, we have apmnn(f7) = ZBQ"; e g since { £ @ £

h 2
.. h
are orthonormal set, and ay, ,, p, is isometry, then 1 =) < o ) . As
i=0

h
m,n,h __ J j) rl m! n!
(1)

Cmn m ny\
R (m—h) (h—j) (])
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the first statement follows. For the second one, by using the formula for 5{ in Corollary

2.3.13, we have

min{h,l;;,l;;—i—h+n} min{h,i—j+h,n—j5}
lij n,m,h n,m,h
J — PLAAS LA 311y
€, (n,m,h) = E /B’i,t,lij - § : 6i7t7lij
t:max{O,lijfi,lij+h7'm} t=max{0,h—j,i+2h—j—m}

By Remarks 2.3.14 (2), and since grmh - — (kg for any 0 < s < h, we have

i,h—s,l;; 1,8,]

min{h,i—j+h,n—j5} min{h,j,j—i+m—h}

lij - § : nm,h § : n,m,h
Ei (n,m,h) = /Bi,t,lij - /Biyhfszlij

t=max{0,h—j,i+2h—j—m} s=max{0,j—1,j+h—n}

min{h,j,j—i+m—h}

= > "t = e ).

s=max{0,j—1,j+h—n}

2.4 An application: The algebra End(P,) as a di-
rect sum of orthogonal SU(2)-subspaces

In this section, following [29, p.580], we express the algebra End(P,) as a direct sum
of mutually orthogonal SU(2)-subspaces, and find explicit formulae for the projec-
tions on these subspaces. We also give a general method to decompose a matrix
A € End(P,,) into an orthogonal direct sum of matrices, and compute the first two
matrices in this decomposition.

The following proposition is a direct result of Corollary 1.2.16, Lemma 1.2.25,
and Corollary 2.3.8.

Proposition 2.4.1. Let m € N. The algebra End(P,,) can be written uniquely as an

orthogonal direct sum of SU(2)-irreducible subspaces. i.e.

End(P,) = @Ux
t=0
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where {Us; : 0 <t < m} is a set of SU(2)-irreducible subspaces each of them is iso-

morphic to Py for some 0 <t < m.

The next proposition gives formulae for the projections of End(P,,) onto the sub-
spaces {Uy : 0 <t < m}. Recall that by Corollary 2.3.8, the map 7 m.m—tM m.m—t
is the projection of P, ® P,, onto the SU(2)-invariant subspace that is isomorphic to
Py.

Proposition 2.4.2. Let m € N, and éUzt be the decomposition of End(P,,) into a

t=0

direct sum of SU(2)-irreducible subspaces. For each 0 <t <m, the map

Vec*nm,m,m_tn;7m7m_tVec
is the SU(2)-equivariant orthogonal projection of End(P,,) onto Usy.

Proof:
By Lemma 1.2.25, and Lemma 2.3.7, the map

Ve N, m,m—t T m.m—t Vee : End(P,)) — P,, @ P, — End(Pu)

is an SU(2)-equivariant orthogonal projection. Since the map Vec is unitary SU(2)-

equivariant, and the space

P,®P, = @Vm
t=0

with Vy, = nm,m,m,tnam’m%(Pm@ﬁm) ~ P, (Corollary 2.3.8), then Vec™ 1, m m—i".m.m—t VeC
is a projection onto a subspace isomorphic to P;. The result follows by the unique-

ness of the decomposition of End(P,,). i

Corollary 2.4.3. Letm € N, and A € End(P,,). The matriz of A can be decomposed

into a direct sum of mutually orthogonal matrices (Ag, As, .....Asy,), where

Agr = VeC N mm—tMm mom—t VEC(A).
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Namely,
A = > Ay where Ag € Uy, and End(P,,) = éUQt.
t=0 t=0

In the rest of this section, we find a general formula to compute the decompo-
sition of a matrix A € End(FP,,) into a direct sum of mutually orthogonal matrices
{A,,,0 <t <m}. By Corollary 2.4.3, A,, is obtained by applying the two following

steps :

1. Computing the vectors vy, Vec(A) € P, for each 0 <t < m.

= n:n,m,m—t
2. Computing the mutually orthogonal matrices Ay := Ay, = Ve Nm mm—t(Var).

For a better explanation of this idea, we find the decomposition for a general
matrix A € End(P,). Recall that 9y, mm—rt = (I, ® Jo) Cmmm—t, and that by
Remark 2.1.7, we have T (fm) = ()i fm JE(fm) = (cym-tfm

m—17 m—1

a11 aig

Example 2.4.4. Let A = € End(P,). The matrix A is decomposed
Q21 QA22
into (Ap, As) where
a11+a22 0 a11—a22 a
Ay = 2 and Ay = 2 2
0 ey ay - EFH

Since

(Ao |A2>End(P1) = tr(Agdz) =0

then Ay and Ay are mutually orthogonal.
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Proof:
Fix the basis for End(P,) in the following order {f}fX", fLf2, fLf5, fLfE ). Let
1
A=Y aungo(fi f))- By Corollary 2.4.3, for any t € {0,1}, we have

,j=0

1
* * 1p1*
Ao = E :a(i+1)(j+1)Vec 771,1,1—t771,1,1—tvec(f7; fj ).

i,j=0

o (Caset=0:

Let 5{ = 55(1,1,1). Using Corollary 2.3.13, and Remark 2.1.7, we have:
7716,1,1V€C<f1'1f}*) = nik,l,l(fil ® fjl) = 0‘?1,1<]P1 ® JP)(fi ® f;)

=aj 1 (ff @ o= fiy) = e [0

= (-'e, 70y fy

but
Vec™n11(fy) = Vee™(Ip, @ Ji)an1a(f7)
1
= Vec"(Ip, ® J1)(D>_esfi. @ f)
s=0
= Vec" (D “-pesfi. @ fl)
s=0
=S e = T e
s=0

then,

VeC*U1,1,1UT,1,1V€C(filf;*) = (-1tg, 76 Vec m a1 (fy)
= (e o (e fL T —efofy)

= OIS R,
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Hence,

1

Ag = Vec n111m7 1,1 Vec(4) = (5 /1 fio+ ﬁf(}lfol*)Za(i+1)(j+1)(_1)17j€17j5ij

i,j=0
= (\%fllff + \%folfol*)(_géan + £0a22)
:(\/%fffll* fff )( a11+\/a22)

__ aii1+tag2
tan ).

o (Caset=1":

Let 5{ = 6{(1,1,0), using Corollary 2.3.13, and Remark 2.1.7, we have
TIT,l,oVGC(filfjl*) = Uik,l,o(fil ® fjl) = O‘T,l,o(Iﬂ ® JI)(f] ® fjl)

= 0‘?1,0(]21 ® (_1)17jf117j)

= ( )1 ]511 ]]+1 12_]'.;_1 . X[fl,l](i_j"'l)
SO
maoVec(fofs ) =—clff,  miaoVeclfofi ) =2ofs
and

Uf,l,ovec(fllfol*> =—&f;, 77;"170Vec(f11f11*) = e\ f].

Asfor 0 <1 <2,

min{l,1}

Ve ni10(f?) = Vec'(Ip, ® J)ar10(f7) = Vec"(Ip, @ ) > &ifl, @ )

s=max{0,l—1}

min{l,1} min{l,1}

:VeC*( Z S‘L:lfl s®fl s) - Z Selfl sf —s

s=max{0,l—1} s=max{0,l—1}

and
— 1 — o_ 1 __ 1
—1—82, and 61—75—51,

we have:
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L. Vec ny1omi o Vec(fifi )= (1) fify — Vel fifl = Lfify — LFLfE
2. Vec o 1o Vee(fi )= (e9)* fif = fifl
3. Vec nioniyoVee(f1 11 )= (D) fLf = fLAF.
4. Vec*m}lvonflyo\/ec(fffll*): (8(1))2 SIfE — el fifl = %fllfll* - %folf(}

Thus

Ay = an(GGAS =31+ anfify +anfifl +an GRS =31 1)

a11—a22

The same idea in the example above is used to find the decomposition of any
matrix A in End(P,,) for m € N. By linearity, it is enough to compute the decom-
position of f [g*, the basis element for End(P,). This decomposition is given in
Corollary 2.4.8 below. We begin with the following lemmas which generalize the steps

in the example above.

Lemma 2.4.5. Let m € N, and f" " be an element of the standard basis of

i2
End(P,). Then

i? {Z = (@t(vﬁ))ogtgm
where

o o Py — Uy, gwven by or = Vec Ny mm—t, and

— —ig o™ i2 2t .
® Vg = (=)™ 1251‘1—i2+t(mvm,mft)fi1,¢2+t * Xt (i1—i2)
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Proof:
By Corollary 2.4.3,

m prm* _ * * m fm*
i1Jdie T (V@C nm,m,m—tnm,m,m—tvec( i1 J 12 ))Ogtgm
* .
Let Vot = n;kn,m,mftvec<fi7¥ ir; ) S PQt' Smce n;kn,m,mft - Oé:(n,m,mft (IPm ® ‘]:1)7 then by

Corollary 2.3.13, and Remark 2.1.7, we have

m—ig

iy 2t .
Vg = (=)™ 1251‘17i2+t(m‘m’m7t)fil—i2+t * X[=t4 (1 —iz2)

The result now follows. |

Lemma 2.4.6. Let m € N and 0 < t < m. Let v, : Poy — Uy be the map

Uy = Ve Nmmm—t. For each i such that 0 < i < 2t, we have

min{i+m—¢t,m}

()= D v mmmnfl o i

j=max{0,i—t}

Proof:
By Remarks 2.3.14 (4),

min{i+m—t,m}

nm,m,m—t(fft) = Z (fl)jﬁf (m»mvm*t)f::(mfj)ft ® f:;j

j=max{0,i—t}
SO

min{i+m—t,m}

V() = Ve mmm—(f7) = Z (_1)jgg(m’m’m_t)f::(mfj)ftf:nnij

j=max{0,i—t}

Remark 2.4.7. If in the last lemma ¢ = ¢, then the matrix ¢ ( f?') will be a diagonal
matrix given by

m
Z(*l)j’fg (momam—t) [ fo

Jj=0
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Corollary 2.4.8. Let m € N. For 0 < iy,12 < m, we have

i Jis (CQt( ir Jiy ))ogtgm

where {Cgt( o i”;*), 0<t< m} 1 a set of mutually orthogonal matrices given by

min{m+iy —ig,m}

; *
§ m—ig J m m . . .
( 1)m 12"’38” 12+t(m’m’m7t)€i1—i2+t(m’m’m7t)fi1—i2+(m—j)fm—j X[ft,t](zl_zZ)
j=max{0,i] iz}

In particular,

m
= E (—)m =€) mmm €] (mam.m—n ff
j=0 0<t<m

Proof:

For any s, let e , ., :==¢] .  onmm-n. By Lemma 2.4.5, and Lemma 2.4.6, we

have
le (OQt( it i ))ogtgm

where Cy(f77 fir )= Vec Nm mm—t(var) is a matrix corresponds to a unique vector

m—ig 2t . . .
Vot = (=)™~ 12811 ig+td ig—ig+t X(—t,4(t1—172)

Applying the formula in Remark 2.3.14 (4), we get

CQt( ZL ZZL*) |:( 1)7” 125? Zﬁvec*nm,m,mft(ffltfi2+t):| : X[ft,t](il—iQ)

min{m+ij —ig,m}

_ E 4jom— i9 J m* . .
- ( 1)'m 12 ]67,1 22+t€7,1 22+t 11 22+m j)fm 7 X[ft,t]('bl 7’2)

j=max{0,i] —ig}
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Example 2.4.9. Let m € N, and A € End(P,,). If (Ax)i,<,, is the decomposition

of A into mutually orthogonal matrices, then

to= A,

Proof:
Let A= a“lﬂ)(iﬁl)f{ff{;*. Using Corollary 2.4.3, we have

i1,i2=0

* k * * m m*
AO = Vec nm,m,mnm7m7mveC(A) = E a(i1+1)(i2+1)vec Um,m,mnm,m,mvec( i1 J 4o )

i1,i9=0

= Z a(i1+1)(¢2+1)00(f;? g )

i1,i9=0

By Corollary 2.4.8, for 0 < 41,15 < m, we have

m
C'O( Z-’f i’; ) = [g (1)m—i2+jggl—12(m,m,m)sé(m,m,mf;”_jf;”_j] < iyiy

J7=0

thus

m m
AO = E a/(i+1)(i+1) E (71)m7i+j€(:n_l(m,m,m)gé(m,m,m)f;nijfsij
=0 j=0

as

m—1 _ m—1 1 J _ ;
€6 mmm) = (=) o and Egtmmm) = (—1)) Zma, We have

— 1 m m*
AO = g Qiy1)(i+1) ( E m+1 fm,jfm,j
i=0 §=0

v

I

7|

tH
~

=

=
~

o

Corollary 2.4.10. Let m € N, A € End(P,,), and (Agt)ogtgm is the decomposition
of A into mutually orthogonal matrices. If tr(A) # 0, then for each 1 <t <m

tT’(AQt) =0
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To continue in finding formulae for {As,0 < t < m}, we apply the same algo-
rithm in the example above. Due to the complicated computations that are needed
to find Co(fi"fi") for general ¢, we only compute the matrix A, (at ¢t = 1) in the
decomposition of A. Before doing so, we need a computational lemma whose proof is

in Appendix B.
Lemma 2.4.11. Let m € N\ {0}, and 5{ = ag(m,m,Wl). The following identities hold

1. &) =y % for 0<j<m-—1.

8. = (it s for 1< j<m.

The following proposition is a direct result of Corollary 2.4.8, and Lemma 2.4.11.
Note that if £ fz" & {frfi", fi o, fra fi ) then [ip — io| > 1 and Co(fr f7) will

12

be a zero matrix.

Proposition 2.4.12. Let m € N. Then

m

L Co(fr ) = miratids 2m = 29)I7 S, for 0<i<m.

2. Co(fy i) = Sy Z\/j+ D for 0<i<m—1.

m+1)(m+2) m—j7

m 64/ (i+1)(m—1) - .
3. Co(frfs )—m(m+1)m+2)2\/ m—j+1)fr o fr, for 0<i<m-—1

4. Cy( i 17;*> is a zero matriz for any iy Jiy ¢ {fmfm I ﬁrl? 1+1fm }-
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Example 2.4.13. Let m € N and, A = i Ay ypen S f € End(P,). Let

i1,i9=0
(A2t)<i<m e the decomposition of A into mutually orthogonal matrices as in Corol-

lary 2.4.3. Then
AQ = (bkj)1gk,zgm+1

where
s bjjzwf)’fﬁg—%zau( —2i 4 2), for1<j<m+1.
6+4/j(m—3j+1) mtl -
® 0jj+1 = m(m—+1) TiH_z Zaz i+1 ( -1+ 1), and

m+1
Syatm=itl) Zazﬂz ilm—i+1) for 1 < j <m.

bj‘HJ m( m+1 (m+2)

e b =0 elsewhere.

i.e. A, has the form

bir b1 0 0 O 0
biz b bz 0 0 0
0 bg2 baz baa O 0
0 0 byz byg Dbys 0
0 0 0 by 0bss 0
I
L0 0 0 0 0 burn buriwn |

where bj;, b5 41,0541 ; are given above.
Proof:
By Corollary 2.4.3, the matrix

m

— * * m rm™ . m rm*
Ay = E :a(il+1)<iz+1)vec nm,m,mflnm,m,mflvec( i1 Jia ) = E :a(i1+1)(i2+1)02(fi1 in )

i1,i2=0 i1,i2=0



2. Representations of SU(2) 53

As in Proposition 2.4.12 (4),

02( 7,7; )_O fOI‘ zm ¢ {fmfm fzm ﬁ-l? H—lfm }

we have

m

m—1
Ay = Zai+1,i+1 (frfr) + Z iy Co (7 ) + Zai+2,z’+102(f¢"i1f¢m*)

=0 1=0

Using Proposition 2.4.12 (1,2,3), we get:

m+1 /m+1 m m - - - -
m—2j+2)(m—2i+2) \ rm  pm* 6/i(m—i+1)\/5(m—5+1) \ . et
Z <Za“ mTiL+1)(m+2) ) j—1 j—1+zl <Zlaivi+1 m(m+1)(m+2) ) j—lfj
Jj= 1=

Jj=1 %

mn m 64/i(m—i+1)y/j(m—j+1) m fm*
+2 (;aiﬂl v m(m+1)\({n+2 ) fj i

j=1

m+1
Remark 2.4.14. Since ) (m — 2j +2) =0, then

Jj=1

b AL s 2j49) (m—2it2) el (m—2i+2) .
tr(Az2) = > | X2 i m(mi1) (m+2) Z it (g 1) (m+ 2) Z (m—2j+2)=0

j=1 \li=1

which is compatible with Corollary 2.4.10.



Chapter 3

Introduction to Quantum Channels

This chapter contains the required definitions and propositions from both operator al-
gebra and the quantum information theory needed to model our examples of quantum

channels. Most of this preliminary information is taken from [16], [27], and [41].

3.1 Positive and completely positive maps

Definition 3.1.1. Let H and K be Hilbert spaces. A linear map ® : End(H) —
End(K) is said to be

e positive if ®(A) > 0 for any positive matriz A € End(H).
e n-positive if ® ® I, is positive, where
d® I, : End(H) @M, (C) — End(K) @ M, (C)
1s the linear map, such that
dP®I1,(A®B)=?(A)® B
for A € End(H) and B € M,(C).

e completely positive if it is n-positive for all n > 1.

o4
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It follows from the definition that any completely positive map is positive; how-
ever the converse is not true. The following contains an example of a positive map

that is not completely positive.
Examples 3.1.2.

1. Let H be a Hilbert space. The identity map Ig,uun) : End(H) — End(H) is

completely positive.
2. Any x—homomorphism is completely positive.

3. The transpose map T : M, (C) — M, (C) defined by taking A — A’

is an example of a positive map that is not completely positive 28, p.5].
For the proof of the following proposition, see Proposition A.2.3 in Appendix A.

Proposition 3.1.3. Let H and K be Hilbert spaces, and let ® : End(H) — End(K)

be a linear map. If ® is n-positive, then it is k-positive for all 1 < k < n.

Theorem 3.1.4. [28, p.35]. Let K be a Hilbert space, and n € N. A linear map

¢ : M, (C) — End(K) is completely positive if and only if it is n-positive.

The next theorem, known as the Choi theorem [5, 28, p.35], shows that the

complete positivity of @ is reflected in its Choi matrix (Lemma 1.2.30).

Theorem 3.1.5. Let H and K be Hilbert spaces. A linear map ® : End(H) —
End(K) is completely positive if and only if C(®) is a positive element in End(K®H).

Definition 3.1.6. Let H and K be Hilbert spaces. A linear map ® : End(H) —
End(K) is said to be trace-preserving if tr(®(A)) = tr(A) for any A € End(H),

where tr denotes the unnormalized trace on End(H).
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3.2 Quantum channels

3.2.1 Quantum systems and quantum states

A quantum system is pair consisting of the arena, where the operations take
place and where the data can be stored, and a state describing this arena known as a
quantum state [27, p.80]. Such a quantum system is represented mathematically by a
complex Hilbert space known as the state space, and a density operator on H known

as the state of H. A formal definition of state is the following:
Definition 3.2.1. Let H be a Hilbert space.

1. A state of H is a density operator o € End(H), i.e, a positive operator in
End(H) that has trace one.

2. A state that is a rank one projection is called a pure state. An impure state is

called a mixed state.
3. The mazimally mized state of H is the state ﬁIH.

The set of all states of H is denoted by D(H), and P(H) denotes the subset of
all pure states of H.

Remark 3.2.2. In operator algebras, the state has a different definition correspond-

ing to the one above, see [10, Ch.6 (6.3 and 6.7)],

Example 3.2.3. The simplest quantum system has a two-dimensional state space.
It is called the qubit, and represented mathematically by C?. The state e;e} = [ ; 2 }
is an example of a pure state of C2. An impure state of C? is %{ (1) ‘; } .

Remarks 3.2.4.
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1. The state o € D(H) is pure if and only if ¢ can be written in the form ww* for
some unit vector w in H. The fact that w is a unit vector corresponds to the

condition tr(p) = 1 (1 = tr(ww*) = ||w||*).

2. As proved in Section 3.1.2 in [41, p.29], the set of quantum states of a finite-
dimensional Hilbert space H is a compact convex set whose extreme points are

the pure states.

A quantum system that is made up of two or more other quantum systems is
called a composite system. The state space of a composite system is the tensor product
of the state spaces of the components, and the joint state of the total system is the
tensor product of the states of the component [27, p.102]. That is, if o; € D(H;)
for each 1 <7 < m, then 91 ® 02 ® .... ® 9, € D(H; ® Hy ® ... ® H,,). The state
01 ® 0o X .... ® o, represents the case where the quantum systems H; are mutually
independent. If the state of H; ® Hy ® ... ® H,, can not be expressed as a product
state, then {H;} are called correlated.

Definition 3.2.5. Let H;, 1 < i <'m be Hilbert spaces, and o; € D(H;).

1. The state p1 ® 02 @ .... ® o, is called a product state of the composite system
H®H®..Q H,.

2. A separable state is a convex combination of product states of HHQ Hy®...Q H,,.

3. A non-separable state is called an entangled state. A composite system that has

an entangled state is called an entangled system.

Definition 3.2.6. A bipartite quantum system is a composite system that consists
of two quantum systems. A state on bipartite system is called a bipartite state. If
o is a state of Hy ® H, then o™ = Try, (o) and o™ = Try (o) are states of the
subsystems Hy and Hy respectively. The states o™ and 02 are called the reduced

density operators of o.
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Example 3.2.7.

0

o O
o o o
o O =

= ww* where w = \%(61 ®e1+eg®ey) is an example of

1 0 0 1

The state % {

a pure entangled state on the composite system C? ® C2. This is called a Bell state.

Definition 3.2.8. Let (H,7y) be a representation of a group G. A G-equivariant

state of H is a state of H which is a G-equivariant map.

If D(H)% denotes the G-equivariant states of H, then
D(H)® = End(H)“ N D(H)

Example 3.2.9. [40] Let H be Hilbert space of dimension n. Let G = {U ® U :
U € U(n)} where U(n) is the set of all unitary operators on H. A Werner state is

an n x n-dimensional bipartite quantum state that is G-equivariant.

3.2.2 Quantum channels, definition and examples

Sending information from one quantum system to another requires transforma-
tions of the states. In quantum mechanics, a quantum channel (a channel) is defined
to be any method that is used to transfer states between two quantum systems. A

mathematical definition of the quantum channel is the following:

Definition 3.2.10. Let H and K be Hilbert spaces. A quantum channel ® : End(H) —

End(K) is a linear completely positive trace-preserving map.

We denote the set of all quantum channels from End(H) to End(K) by QC(H, K).

The requirement that ® is completely positive is justified in the introduction of [19].

Examples 3.2.11. Let H be a Hilbert space.
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1. For a unitary operator U on H, the map ® : End(H) — End(H) defined by
®(A) = UAU* for any A € End(H) is a quantum channel. Such a channel
is called a unitary conjugation channel or briefly a unitary channel. A convex
combination of unitary channels on H is called a random unitary channel. It
is in the form ®(A) = zd:piUZ-AUi* where {p; : 1 < i < d} is a probability
distribution, and U; is a flznlitary operator on H for each i. The identity map on

End(H) is a special case of the unitary channel.
2. A depolarizing channel is defined for 0 < A <1 by
Oy : End(H) — End(H)
Ar— AL+ (1- 1A
where dj; is the dimension of H, and [, is the identity map on H.

e For A =1, the map ®, is called the completely depolarizing channel.

e If K is a Hilbert space, the generalized completely depolarizing channel is

the linear map ® : End(H) — End(K) defined by ®(A) = tz(?)IK for

any A € End(H), where I is the identity matrix on K, and dj is the

dimension of the space K.

—1 1
3. For dg—1 S A S dntl’ let

®, : End(H) — End(H)

OA(A) = ALAT, 4+ (1 - M)A

where A! denotes the transpose matrix of A. The map ®, is a quantum channel.

This channel is called the transpose depolarizing channel.

4. The partial trace, in Definition 1.2.20, is a quantum channel.
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We refer the reader to [12, p.123-129], for the proofs that the examples given

above are channels. The following proposition is straightforward.

Proposition 3.2.12. The tensor product of quantum channels, the composition of
composable quantum channels, and convez linear combinations of quantum channels

are quantum channels.

Proposition 3.2.13. Let H and K be Hilbert spaces. For any o € End(H, K), the
map Ad, 1s a linear completely positive map; it is a channel if and only if o is an

1sometry.

Proof:
For A € End(H) such that A > 0, there exist B € End(H) such that A = BB*.
As
Ad,(A) = aAa* = aBB*a* = aB (aB)" >0

the map Ad,, is positive. Let n € N, as End(H) ® M, (C) ~ End(H ® C"), and
Ady ® I, = Ad s,
it follows that Ad, ® I,, is positive. If « is an isometry, then
tr(Ad,(A)) = tr(aAa™) = tr(A)

so Ad, is trace preserving. i

Definition 3.2.14. [12, p.125].(Unital channel) Let H and K be Hilbert spaces. A
quantum channel ® : End(H) — End(K) is said to be unital if

B Ly) = 71

Example 3.2.15. The random unitary channel, and the depolarizing channel are

unital channels.
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3.2.3 Characterization of quantum channels

In this section, we give many equivalent representations of the quantum channel.

Definition 3.2.16. Let H and K be Hilbert spaces, and ® : End(H) — End(K)
be a quantum channel. A Stinespring representation (dilation) of ® is a pair (E, «)
consisting of a Hilbert space E (an environment space), and an isometry o : H —»
K ® E such that ®(A) = Try(aAa*®) for any A € End(H). The map Try denotes

the partial trace over E.

Remark 3.2.17. In operator algebra, a Stinespring representation exists for any
completely positive map, see [28, p.43]. In the case of quantum channels, the partial
trace appears as a consequence of being a trace-preserving map. The author in [16,
p.107-109] explains the link between the two representations in both operator algebra

and quantum information theory.

Definition 3.2.18. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be

a completely positive map. A Kraus representation of ® is a set of operators
{T;:1<j<k}CEndH, K)

that satisfies
k
D(A) = YT AT
=1

J

The operators {T; : 1 < j < k} are called Kraus operators. If ® is a quantum channel,
then a Kraus representation {T; : 1 < j < k} of ® is required to satisfy the additional

condition
k
-ZlT;Tj =1,.
j:

The next proposition gives relationships among the different representations of

a quantum channel and its Choi matrix.
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Proposition 3.2.19. Let H and K be Hilbert spaces, and let ® : End(H) —

End(K) be a quantum channel.
1. If (E,«) is a Stinespring representation of ®, and {e; : 1 < j < dp} is an
orthonormal basis for E, then the maps {T; : H — K, 1 < j < d} defined by
Tj = (Ix ®@ €))a
yield a Kraus representation of ®.

2. If {T; : 1 < j <k} is a family of Kraus operators of ®, then

(a) The space E = C¥, and the map o = ZT ® e;, where {e; : 1 < j < k}
18 an orthonormal basis element for Ck form a Stinespring representation
of P.

(b) The Choi matriz of ® is given by C(P) = ZV@C( ) Vec(T})*.

Proof:
dp
Let T; = (Ix ® €})a, and A € End(H). Since ) (Ix ® €¢})B(Ix ® ¢;) =
(Ix ®@tr)(B) for any B € End(K ® E), then "

ZT AT = Z ® e})aAa™(Ix @ e;)

j=1

= (Ix ®tr) (aAa”) = Try(aAa™) = ®(A)

and
dp dp
ST =Y 'l @)l @ €)a
i=1 =1
®Ze” (I @ Ip)a = I,
For the proof of the second statement, see [41, p.51-p.54]. |

The following theorem summarizes the results in [41, p.51-54].
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Theorem 3.2.20. Let H and K be Hilbert spaces, and ® : End(H) — End(K)

be a linear map. The following are equivalent:
1. ® is a quantum channel.

2. The Choi matrix C(®) is a positive element in End(K ® H) that satisfies
Tre(C(P)) = Ix.

3. ® has a Stinespring representation (E, a).
4. ® has a Stinespring representation (F, «) such that dim(FE) = rank(C(®)).
5. @ has a Kraus representation.

6. ® has a Kraus representation {7, Ty, ... Ty} of ® where k = rank(C(®)).

As a corollary to the equivalence between (1) and (2) in the theorem above, we

have:

Corollary 3.2.21. Let H and K be Hilbert spaces. The set of all quantum channel
¢ : End(H) — End(K) can be identified with a proper subset of all the states of
K ® H. Namely, the set {0 € D(K @ H) : Try(o) = ilﬁ}. This identification is

given by iC’, where C' is the Choi-Jamiolkowski map.

Remark 3.2.22. For any quantum channel a Stinespring representation is never
unique. In [15], Holevo shows that if (F, a) and (E’, o’) are two Stinespring represen-
tations of ® : End(H) — End(K), then there exists a partial isometry J : E — E’
such that o/ = (I[x ® J)a and o = (I, ® J*)a/. Stinespring representations with
minimal dimensionality of the space E are called minimal dilations. The next corol-
lary shows that the Stinespring representation with an environment space satisfies

dim(E) = rank(C(®)) is a minimal dilation.

By Proposition 3.2.19, and Theorem 3.2.20, we have:
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Corollary 3.2.23. Let H and K be Hilbert spaces, and ® : End(H) — End(K)
be a quantum channel. The rank of the Choi matriz of ® gives an achievable lower
bound for both the number of any Kraus operators of ®, and of the dimension of any

environment space.

Proof:
Let {T1,T5,....T}} be Kraus operators of ®. By Proposition 3.2.19, we have:

rank(C(®)) = rank <Zvec vec(T, *> < Zmnk vec(T;)vec(T;)") =k

By Theorem 3.2.20 (6), this bound is achievable. Let («, E') be a Stinespring repre-
sentation of ®. By Proposition 3.2.19 (1), there exist a set of Kraus operators which
has dg elements. Thus, rank(C(®)) < dz. By Theorem 3.2.20 (4), this bound is

achievable. |

3.3 (G-covariant quantum channels

In this section, we restrict our study to a class of quantum channels that are also

G-equivariant maps with respect to a given group G.

Definition 3.3.1. Let (H, ) and (K, my) be two unitary representations of a group
G. A quantum channel ® : End(H) — End(K) is G-covariant if

O (74 (9) AT () = Tic(9)P(A) T (9)

for each A € End(H) and g € G. If both my and 7 are irreducible representations,

then ® s called G-irreducibly covariant.

We denote the set of all G-covariant channels from End(H) to End(K) by
QC(H,K)“.



3. Introduction to Quantum Channels 65

Examples 3.3.2. Let (H, ) and (K, ) be two unitary representations of a group
G.

1. The partial trace over H (Definition 1.2.20), is an example of a G-covariant
channel from End(H ® K) to End(K). It is a quantum channel [12, p.124],
with a Stinespring representation (H, I ), and Kraus operators {1} = I ®e] :
1 <j<dy}, where {e; : 1 < j <d,} is an orthonormal basis for H. By Lemma

1.2.21, it is a G-equivariant map.

2. The map @ : End(H® K) — End(K ® H) defined by ®(A) = flip A (flip)*
is a unitary conjugation, G-covariant quantum channel. Recall that by Lemma

1.2.23, the map flipi is a G-equivariant map.

3. The generalized completely depolarizing channel (defined in Example 3.2.11) is

a G-covariant channel.

Proposition 3.3.3. Let G be a group. The tensor product of G-covariant channels,

and the composition of G-covariant channels are again G-covariant channels.

By the convexity of both the set of quantum channels [41, p.49], and the space

of G-equivariant maps, we have :

Proposition 3.3.4. Let (H,7,) and (K, mx) be two representations of a group G.
The set QC(H, K)¢ of G-covariant channels is a convex set.

As by Example 3.3.2, and Proposition 1.2.7, the partial trace, and the conjugation

map are G-equivariant, the proof of the following proposition is straightforward.

Proposition 3.3.5. Let (H,my), (K,7x), and (E,7y) be representations of a group
G. Let ® : End(H) — End(K) be a quantum channel given by a Stinespring

representation (E,«). If a : H — K ® E is G-equivariant, then ® is G-covariant.
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Recall that if H and K are vector spaces, and W is subspace of H, then the
restriction of a linear map ® : End(H) — End(K) on End(W), denoted by & |[W,
is the map ® o Ad,,, : End(W) — End(K), where ¢, is the inclusion map of W in
H.

Proposition 3.3.6. Let (H,7y) and (K, my) be representations of a group G. Let
W be a G-invariant subspace of H, and ® : End(H) — End(K) be G-covariant

channel. The restriction of ® on End(W) is a G-covariant channel.

Proof:

Let ¢y be the inclusion map of W. By Lemma 1.2.10, and Proposition 1.2.7 (3),
the map Ad,,, : End(W) — End(H) is G-equivariant. By Proposition 3.2.13, it is
a channel. As the composition of two G-covariant channels is G-covariant, the result

follows. |

Remark 3.3.7. If (E,«) is a Stinespring representation of ®, then (E,a o y) is a
Stinespring representation of ® |IW. Hence, the proof of the proposition above can be

done using Proposition 3.3.5.
Proposition 3.3.8. Let (H,my,) be a representation of a group G such that H =

PW,, where W; are G-invariant subspaces of H. Let {¢; : 1 < i < m} be the
i=1

o_rthogonal projections of H on W;. The map

o : End(H) — éEnd(Wz)

Ar— iinqf
i=1

1s a unital G-covariant channel.
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Proof:
By Lemma 1.2.10, {¢; : 1 < i < m} is a set of G-equivariant maps, so by

Proposition 1.2.7 and Proposition 3.2.13, the conjugation map
Ady, - End(H) — End(W;)
Av— q;Aq;

is a G-equivariant completely positive map; thus so is ®. As (¢f¢;);-, is a partition

of Iy, and (g;q});", is a partition of I By the map & is trace-preserving and unital.

i=1
|

The next proposition is taken from [7, p.6]; we provide a proof for completeness.

Proposition 3.3.9. Let (H,7m,) and (K,my) be two unitary representations of a

group G, and ® : End(H) — End(K) be a linear map. Then

1. ® is a G-covariant channel if and only if

iC’(<I>) € End(K ® H)°n {g €DK H): Try(o) = lIH}

dy dH

2. If my s irreducible, then ® is a G-covariant channel if and only if

Leow) e pik o me.

dy
Proof:

By Corollary 1.2.29, the map iC is a bijective map. Hence
iC(AﬂB) = t(C(A)ﬂC(B))

for any A, B C End(End(H), End(K)). The first statement follows from this, Propo-
sition 1.2.32, and Corollary 3.2.21. For the second statement, assume 7, is an irre-

ducible representation of G. By (1), it is enough to show that

mmK®Hﬁm@eDm®ﬁyﬂﬂ@:$&}:mK®ﬁﬁ
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Since

End(K © H)¢ N {g e D(K @ H) : Trylo) = ﬁfﬁ} C DK © H)®
always holds, then we only have to prove the other inclusion.
Let o € D(K ® H). For g € G, we have

0= (Tx(9) @ Tu(9) 0 (Tr(a) @ Fula)”

As the partial trace is G-equivariant, we get

Tri(0) =Tri (Tx(9) @ Tu(9) 0 (Tx(9) @ Tu(9)) = Tule) Tri (0) Tulg)"

So, Try(p) is intertwining the irreducible representation 7. By Schur’s Lemma
1.2.12, TTKQ = A, for some scalar A\. Taking the trace of both sides, we have
A = ——. Thus

o€ End(K @ H)C N {Q e D(K®@H): Trelo) = ifﬁ}

Lemma 3.3.10. Let (H,my) and (K, 7y) be two unitary representations of a group
G, and ® : End(H) — End(K) be a G-covariant channel. If {T; : 1 < j < n} are
Kraus operators of ®, then for each g € G, {mx@)Tjmue)* : 1 < j < n} are Kraus

operators of P.

Proof:

Let g € G. As 7y and 7 are unitary representations, then
Z (7TK Q)T Ta( )*)* 7TK(9)T]'7TH(9 = Tx(9) (ZT T) = Iy
For A € End(H), we have

ZWK(Q)T Tu(g)*A (7TK Q)T Tr(g ) ZWK )T T (9) * AT (9) T Tr(9)”

j=1
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= Tx(9) (ZTﬂH(m*A?rH(g)T;) Tr(9)*
j=1
= T ()P (T3 ()" AT (9)) T ()
= Tr(@Tk(9) P(A) Tk (@) Tx(9)" = P(A)
the result follows by Definition 3.2.18. i



Chapter 4

EPOSIC Channels

The present chapter introduces EPOSIC channels, examples of SU(2)-covariant
channels. We define these channels in the first section using Stinespring representa-
tion, and study them in the rest of this chapter. In Section 4.2, we obtain Kraus
representation of the EPOSIC channel, and compute its Choi matrix in Section 4.3.
In the next two sections, we compute a complementary channel, and the dual map of
the EPOSIC channel. We end this chapter with an application to operator algebra

by getting an example of a positive map that is not completely positive.

The main results of this chapter:

e Constructing EPOSIC channels (Proposition 4.1.1).

e Obtaining a Kraus representation, and the Choi matrix of the EPOSIC channel
(Definition 4.2.1, and Proposition 4.3.5).

e Computing a complementary channel, and the dual map of the EPOSIC channel
(Proposition 4.4.4, and Proposition 4.5.6).

70
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e Obtaining an example of a positive, non-completely positive map (Proposition

4.6.3, and Proposition 4.6.5).

4.1 EPOSIC channels

Recall the SU(2)-equivariant isometry auunp : Poyn_on — P,®P, that was
given in Proposition 2.3.5. According to Definition 3.2.16, and Proposition 3.3.5, this
isometry induces an SU(2)-covariant quantum channel ®,,, 5 : End(P, ., »,) —

End(P,), that has a Stinespring representation (P,, an.p)-

Proposition 4.1.1. For m,n,h € N with 0 < h < min{m,n}, let r = m +n — 2h
and & p be as in Definition 2.3.2. The map Ppypp 2 End(P,) — End(P,,) defined
for A € End(P,) by

Dy nn(A) =Trp, (QmpnAay, . b)

m,n,h

is an SU(2)-irreducibly covariant channel.

Definition 4.1.2. Let r,m € N, and
E(r,m)={(n,h) eN*:r =m+n—2h, 0<h <min{m,n}}

For (n,h) € E(r,m), we call the quantum channel @, : End(P.) — End(P,,),
defined in Proposition 4.1.1, an EPOSIC channel.

For r,m € N, we denote by EC(r,m) the set of all EPOSIC channels from
End(P,) into End(P,,), and abbreviate EC(m, m) to EC(m). As we show in Section
5.1, the set EC(r,m) constitutes the set of extreme points of all SU(2)-irreducibly
covariant channels from End(P,) into End(P,,), justifying the nomenclature EPOSIC.

Lemma 4.1.3. Let r,m € N. Then

E(r,m)={(r+m—2l,m—1) € N*: 0 <[ <min{r,m}}
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Proof:

Let B={(r+m—2l,m—1)eN?: 0<1[<min{r,m}}. Suppose that
(r+m—2l,m —1) € B for some 0 < [ < min{r,m}. Set n, = r +m — 2l and
ho = m — [. The pair (n,, h,) satisfies r = ny + m — 2h, and 0 < hg < min{m, ng}
(note that hg < ho+(r—1)=m—I+r—1=m+r—2l = ny). According to Definition
4.1.2, (r+m—2l,m —1) = (ng, ho) € E(r,m).

Conversely, assume (n,h) € E(r,m). Set [, = m — h, then 0 < [, < m,
n=r—m+2h=r+m—2l, and l, < ly+(n—h) = (m—h)+(n—h)=m+n—2h =r.

Hence, 0 < I, < min{r,m}, and (n,h) = (r + m —2l,,m —1,) € B. |

Consequently, we have:

Proposition 4.1.4. Let r,me N. The set of all EPOSIC channels from End(P,) to
End(P,) is
EC(r,m) ={®,,sm-oim : 0 <1 <min{r,m}}

Remark 4.1.5. In [14, p.42], using Schur’s Lemma, it is shown that any G-irreducibly
covariant channel is unital, see Definition 3.2.14. It follows that the EPOSIC channels

are unital.

4.2 Kraus representations of EPOSIC channels

In this section, we obtain a Kraus representation for the EPOSIC channel ®,, ,, 1.
We exhibit some of their properties, and show that the obtained Kraus operators has

a symmetric relation.

Definition 4.2.1. Let m,n,h € N with 0 < h < min{m,n}, and au, be the

isometry giwen in Definition 2.3.2. For 0 < j < mn, letT; : P,,, ., — P, be the
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map defined by
Tj = (IPm ® f;*)am,n,h

where {f7: 0 < j < n} denotes the standard basis for P,.

In the definition above, we identify the two spaces P,, ® C and P,, through the
unitary map u ® A — Au. By Proposition 3.2.19, the set {7; : 0 < j < n} is a
Kraus representation of ®,,, . We call these Kraus operators, the EPOSIC Kraus
operators.

By direct computations using Corollary 2.3.13 and the definition above, one can

obtain the matrix coefficients of the EPOSIC Kraus operator as follows.

Proposition 4.2.2. Let m,n,h € N with 0 < h < min{m,n}, and r = m+n—2h. If
{T; : 0 < j <n} are the EPOSIC Kraus operators of @, , n, then for each 0 < j <n,

efm if je€B()

0 otherwise

Ti(fi) =
where €/ and B(i) are given in Notation 2.3.10, and {f*: 0 < s < k} is the standard
basis for P, for k € {m,r}.

Remarks 4.2.3. With the notation of 2.3.10, we have

j € B(i) <= max{0,j — h} < <min{r,m —h + j}
< max{0,h — j} <l;; <min{r — j + h,m}
Hence,

1. According to the definition of 7; above, we have

rank(T;) = dim(Col(T;)) < |{i: j € B(i)}| = min{m, m+j —h, r,r — j+ h}
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2. The Kraus operator Tj can be written as

min{r,m+j—h}
_ J m ’I”*
1; = E i fz,-jfi
i=max{0,j—h}
3. The Kraus operator Tj can also be written as

min{r—j+h,m}
R _] m T'*
TJ - E , €l+j7h fl fl+j7h
l=max{0,h—j3}
4. The adjoint map of T} is given by

min{r—j+h,m}
* J ™ m*
r—rj - § €l+j—hfl+j—hfl
l=max{0,h—j;}
5. Every T} has a vector representation in P,, ® P, given by

min{r,m—h+j}

VeeTy)= Y & finof

i=max{0,7—h}

Equivalently,

min{r—j+h,m}
Vec(T;) = Z S (ol A
l=max{0,h—j3}

The next proposition follows directly from Corollary 1.2.19.

Proposition 4.2.4. Let m,n,h € N with 0 < h < min{m,n}, and r = m +n — 2h.
If {T; : 0 < j < n} are the EPOSIC Kraus operators of @, 1, then

<TJ'1 |T32> =

End(H,K)  n+1 " J1J2

for each 0 < ji, 52 < m.

Recall by Remark 2.1.4 (1) that for gy = [ co }E SU(2), we have

m

Pmloo) (f") = (-1) ' fr,
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Proposition 4.2.5. Let m,n,h € N with 0 < h < min{m,n}, r = m +n — 2h, and
{T; : 0 < j <n} be the EPOSIC Kraus operators of @p, pnp. For each 0 < j <mn, we
have

(a0 L7 (a0) = (<1) T,
Proof:

Fix j € N, such that 0 < j < n. For each 0 < i < r, we have one of the following

cases:
o If j € B(i), since m — l;; = l(,_i)(n—j) then by Corollary 2.3.15 (1), we have:

Pl Ti(f7) = o elf, = ot eife

n—j)

= (0™ T (f1) = 0T pr(90) (f7)

o If j ¢ B(i), then n — j ¢ n— B(i) = B(r —i) . So, both T3(f) and T, ;(f’ )

r—1

are zero. This implies that the identity also holds in this case.

It is worth noticing that even though ® is a G-covariant channel, Kraus operators
of ® are not necessarily G-equivariant. The relation in Proposition 4.2.5 can be
translated into a symmetric relation among the vectors representing the operators T}
and T,,_; in P, ® P,. Recall that by Lemma 1.2.25, the map Vec is SU(2)-equivariant;

thus applying the map Vec on both side of the equation in Proposition 4.2.5, we have:
Vee(T,, ;) = (=17 (Pmig0) ® firlan) Vee(T}) (4.2.1)

Proposition 4.2.6. Let m,n,h € N with 0 < h < min{m,n}, and r = m + n — 2h.
The EPOSIC Kraus operators {T; : 0 < j < n}, and the maps J,,J. (Definition
2.1.5) satisfy

flippr (1. @ J7) (Vee(T, ;) = (i Vec(T;)

for each 0 < j <n.
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Proof:
By Equation 4.2.1, we have

Vee(T, ;) = (=1 (pm(90) @ Prigo)) Vec(T)

Thus,

fliper (Jn @ J7) (Vee(T,,—)) = flipg (Jo @ J7) (<17 (puntao) @ prtan)) Vee(T}))

min{r—j+h,m}

= (—1)jflipi:” (Joo @ J7) (Pinl90) @ Prign)) ( Z E:{Jrjfh " ® fl:jh>

l=max{0,h—j}

min{r—j+h,m}

=y Y cvrel L Sliphr (L@ ) (Fr® f )

l=max{0,h—j}

min{r—j+h,m}

= (—1)7 Z (- )m51+] hflipim ((flm ® fl:jfh))

l=max{0,h—j3}

min{r—j+h,m}

- (_1)j+m Z l+J (fl+J h ® fl ) = )mﬂvec(irj*)'

l=max{0,h—j3}

The following corollary to Proposition 4.2.2 gives the matrix coefficients of the

EPOSIC channel ®,, ,, , with respect to the standard basis of P,,,, .

Corollary 4.2.7. Let m,n,h € N with 0 < h < min{m,n}, let r = m +n — 2h. For
0 S i17i2 S r,

(I)m,n,h< irl 7;): Z 21 'Lgfl”]flzzj

JeB(i1)NB(iz)
For m € N, and 0 < i < m, the set B(7) associated to the map a0 is equal to
{0}. It follows from this and Corollary 4.2.7, that the channel ®,, ¢ is the identity
map on End(P,,). We also have:
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Corollary 4.2.8. Let m,n,h € N with 0 < h < min{m,n}, and r = m +n — 2h. If
Dy, denotes the set of all diagonal operators in End(P,), then
(I)m,n,h<Dr) g Dm

Corollary 4.2.9. Let m,n,h € N with 0 < h < min{m,n}, r = m +n — 2h, and
0 <i < r. The sets of non-zero eigenvalues of Ppnn(f7.f7), Ponn(fIf7), and
of ®pmn(fTfT7) coincide. They are all given by {(Ez(m,n,h))Z 1j € B(z)}

Proof:
By Corollary 4.2.7, the set {(/(mnn)?:j € B(i)} contains all nonzero eigenval-

r £r* _ o 1
ues of @, , 1 (f7 fI). Let go = ( o ) As
prigo) (f) = (' f]_,
the equivariance of the channel ®,, ,, 5 gives

q)m,n,h<f:7¢f:ji> = mnh(pr QO)f f (pr (90) ) ) = Pm(g0) mnh(foT )(,Om 90))

S0, ®pnn(fr . f,) and @, . n(f7f7) are unitarily conjugate, and have the same

eigenvalues. For the last one, let
o Bmmh(i) = {j : max{0,—m +i+h} < j < min{i + h, n}}, the set B(7)
associated with oy, , 5, and
e Bmm(i) = {l: max{0,—n + ¢+ h} <1 < min{i + h, m}}, the set B(i) associ-
ated with ay, ;. p.-
Asl e B»™"(i) if and only if i — [+ h € B™™"(i), we have
{(lnmm)? : 1 € B™™"(i)} = {(e mmn)? : i—I+h € B™™"(i)}
= (& ) § € BT
= {(&;" mmm)*: j € B™"(i)}

Corollary 2.3.16 (2) finishes the proof. i
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4.3 The Choi matrix of the EPOSIC channel

In this section, we show that the Choi matrix of ®,, ,, ; is a multiple of the projection
of P, ® P, onto the SU(2)-subspace isomorphic to the environment space P,. The

following proposition is a special case of Proposition 1.2.17, where H = P,, ® P,.

Proposition 4.3.1. Let p,, and p, be the irreducible representations of SU(2) in P,
and P, respectively. Then End(P, @ P,)3V® is an abelian algebra generated by the
projections on the SU(2)-subspaces of P, ® P,.

Recall by Corollary 2.3.8, that the space P,, ® P, decomposes into an orthogonal
direct sum of SU(2)-irreducible subspaces V., 5, 0 < [ < min{m,r}. For each
0 < I < min{m,r}, the map n,.,, : Poirow — P, ® P, is an isometry whose
image is V,.,,_s. The maps ¢,... = N0, where 0 < [ < min{m,r} are the
mutually orthogonal projections onto the subspaces V,,,,_,,. These projections satisfy
min{m,r}

Z qm,'r,l = [Pm®?r °
1=0

Since @, ., is an SU(2)-covariant channel, by Proposition 4.3.1, and Proposition

1.2.32, we obtain:

Corollary 4.3.2. Let m,n,h € N with 0 < h < min{m,n}, and r = m + n — 2h.
With the notation above, the Choi matric of ®p, . p is a linear combination of {q,,.,. :

0 <! <min{m,r}}.

Remark 4.3.3. For m,n,h € N with 0 < h < min{m,n}, we have:

min{m,m+n—2h}

Pm ® Pm+n72h ~ @ Pn+2(m7h7l)

1=0

= -Pn+2(m7h) 69 Pn+2(m7h71) @ """ @ P’n @ @ Pn+2(m7h7min{m,m+n72h})

It follows that if r = m + n — 2h, then the set {¢,,,, : 0 < < min{m,r}} contains

Qv = Nem—nT ., Which is the projection on a subspace isomorphic to P,.

The following lemma will be used in the proof of Proposition 4.3.5.
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Lemma 4.3.4. Let m,n,h € N with 0 < h < min{m,n}, and r = m +n — 2h. The

operator C(Pop.h)omrm-n 15 NONZETO.

Proof:

Let {f* : 0 < s < k} be the standard basis for P, where k € {r,n,m}. It is
enough to show that C(Ppnn) (Mmrm-_n(fr)) # 0. By Lemma 1.2.30 and Corollary
4.2.7, we have:

C(Pmnn) Zcbmnh (L) e fif, = Z DDA 0 AN o

1,12=0 i1,i2—0 JEB(41)NB(32)

By Lemma 2.3.7 and Corollary 2.3.13, we have:

Um,r,m—h(f(?) - (IPm &® Jr) am,r,m—h(fg) = (‘[Pm ® Jr) ( Z 56<m”“’m*h)fl7:t ® ftr>

te B(0)

= Z (—1)t€6(m,r,m—h)fl7;lt ® f:,t = Z )‘tf::f(tquh) ® f:—t

teB(0) teB(0)

where \; > 0 (Corollary 2.3.15 (4)).

Hence, we get:

C( @) (o (7)) Z Yl S effy (Z A n ®f:t)

i1,i2=0 JE€B(i1)NB(ig) te B(0)

- ZT Z Z)\ﬁ” Ciy ( liyj lt;*1> f;:—(wh) (fufw)fr ¢

i1,i9=0 JE€B(i1)NB(iz) teB(0)

But for 0 < iy,iy <7, j € B(i1) N B(iy) and ¢t € B(0), we have:

fﬂ.1 ®f[1 Zf iQZT—t,j:n

lzln

fl fz fm (t+h)®f7,1f22 f'r t

1J° “igg

0 otherwise
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Since n € B(iy) if and only if n — h <'i; < r, we have

C(®m7n7h> (nmrm h Z Z )‘tgzl r—t 11—n+h ® f:l

i1j=n—h teB(0)

Assume that

0= C((I)mm,h) (TIm rm— h(fo Z Z )‘tgzl r—t Jij—nth ® fzrl

i1=n—h teB(0)

By the linear independence of {f" ® f7:0<1<m,0<i <r}, we would have

Z)\t&?“ er,=0 for n—h<i <r

te B(0)

Since by Corollary 2.3.15 (3),
er, 70 for n—h<i; <r

we would have > \er , = 0.

teB(0)

But by Corollary 2.3.15 (3), we have

er, = (-0 with 6, >0 fort € B(0)={t:0<t<m—h}.

r—t

Therefore,
m—h
Z At€:7t = (*1)hz)\t0t 7é 0
teB(0) t=0

which is a contradiction. |
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Proposition 4.3.5. Let m,n,h € N with 0 < h < min{m,n}, and r = m + n — 2h.
The Choi matriz of the EPOSIC channel @, ,, 1, is given by

+1
C((bm,n,h) = T_lqm,r,m—h

n+

where G, is the projection of P, ® P, onto the SU(2)-subspace of dimension
n+ 1.

Proof:
By Corollary 4.3.2, the Choi matrix

min{m,r}

C((I)m,n,h) = Z )‘lQm,r,l
=0

where {Gmr1 = Nt 0 < U < min{m,r}} are the mutually orthogonal projec-
tions onto {V,,.,_,0 <1 <min{m,r}}. Consequently,

min{m,r}

rank(C(Pmnn)) = Z rank(gmr)

1=0,X;#0

By Lemma 4.3.4, we have A,,_, # 0, hence
rank(C(Pmnn)) > rank(qmrm-n) = dim(V,) =n+1
Since by Corollary 3.2.23, rank(C(®pnn)) < n+ 1,we have
C(Prmnh) = A nomrm
Taking the trace of both sides of the equation, we get

r+1=tr(C(Punn)) = A ntT(Gurmn) = Anan+1

r+1
n+1"° I

le )\'mfh -
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Remark 4.3.6. The above proposition establishes a one-to-one correspondence be-
tween EC(r,m), and the projections on the SU(2)-subspaces of P, ® P,. This cor-

respondence is given by

r+1
¢m,m+r72l,m7l m—4r—20+1 Qm,r,l

Consequently, we have:

Corollary 4.3.7. Forr,m € N, there are exactly min{r, m}+1 elements in EC(r,m).

4.4 A channel complementary to the EPOSIC chan-

nel

Let us first recall the notion of complementary channels given in [15]. Given
three Hilbert spaces H,K and E, and a linear isometry o : H — K ® E, the maps
Avr— Trg(aAa®) and Ar— Trg(aAa®)  where A € End(H)

define two quantum channels
¢ : End(H) — End(K), and ¥ : End(H) — End(FE)

The maps ¢ and U are called mutually complementary. By Theorem 3.2.20,
to any quantum channel, one can associate a complementary channel. However, as
the Stinespring representation (dilation) is not unique, there can be many candidates
for “the” complementary channel. In [15], Holevo shows that if (E,«a) and (E', )
are two Stinespring representations of ® : End(H) — End(K), then there exists a
partial isometry J : B — E’ such that o/ = ([, ®J)a and o = (I, ®@J*)’. It follows
that if U, and W, are complementary channels of ®, then they are equivalent in the
sense that there exist a partial isometry J : E — E’ such that ¥,(A) = J*V(A)J
and Yy (A) = JUL(A)J* for any A € End(H). Moreover, if ¥ is a complementary

channel of @, then a complementary of ¥ is isometric to ® [15, p.96].
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Definition 4.4.1. Let H and K be Hilbert spaces, ® : End(H) — End(K) be a
quantum channel, and (E,«) be a Stinespring representation of ®. The map WV :
End(H) — End(E) sending A — Tri(aAa”®) is called a complementary channel
of ®.

It follows from [15, p.96], and [16, p.125].

Proposition 4.4.2. Let (H,m;) and (K,7) be two unitary representations of a
group G. If ® : End(H) — End(K) is a G-covariant channel, then any channel

complementary to ® is G-covariant.

The rest of this section is devoted to giving a formula for channel complementary

to EPOSIC channel. The next proposition is needed for the main result of this section.

Proposition 4.4.3. Let m,n,h € N with 0 < h < min{m,n}. Then

flipgzlam,n,h - (*Uhan,m,h
where Quy, pnp ts the isometry in Definition 2.5.2.

Proof:
Let 1 = m +n —2h, and {f* : 0 < s < k} be the standard basis of P,,

ke {r,m,n}. For0<i<r, let
B (i) = {j : max{0,—m + i+ h} < j < min{i + h, n}}

and

B™™"(i) ={j : max{0,—n+i+ h} < j < min{i + h, m}}

Since j € B™™"(4) if and only if l;; = ¢ — j + h € B™™"(i), we have by Corollary
2.3.16 (2),

. r y n m l n m
fl/lpzlz:o‘mm,h(fi) = Z gg(m’"’h) fj ® flij = (_l)h Z 52,” (n,m,h) fj ® flij

jeBm’n’h(i) lijEBn’m’h(i)
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Let [ = liju then

flipzlz;nam,n,h(fir) = (-1" Z 52‘(””’“’” fin—l+h ® f"

1eB™ b ()

= (" Z 8§<n,m,h> fl’; ® f"= (—1)h05n,m,h(fir)

1eB™Mh ()

Recall that EPOSIC channel ®,,,; has a Stinespring representation given by
(P,, tmnp) such that appp t Poiyoon — P, ® P,.

Proposition 4.4.4. Let m,n,h € N with 0 < h < min{m,n}. The channel @, is

a channel complementary to ®p, 1.

Proof:
By Proposition 4.4.3, and Lemma 1.2.23, we have:

Trp,, (Oém,n,hAOéfn,n,h) =Trp, (flipﬁn’”an,m,hAa:mﬁ (flipjj:)*)

= TT'pm (an,m,hAa:L7m7h) = (I)n,m,h(A)-

Recall that by Proposition 2.1.6, for any m € N, the map J,, : P,, — P,, is unitary.

The following corollary to Proposition 4.4.3 will be used in the next section.

Corollary 4.4.5. For m,n,h € N with 0 < h < min{m,n},

FUpE™ (T ® T 0 = (= 1) D
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Proof:
By Lemma 2.3.7, we have

FUpe™(Jo @ I Mg = flippr (], @ J5)(Ip, @ J,)mnn

= fllpi;n(c]m ® IPn)Qm,n,h

By Proposition 2.1.8, and Proposition 4.4.3, we get
lepi:L”(Jm & J:)nm,n,h - (IPn & Jm)flipgxam,n,h

= (*1)}1(]}3” & Jm)an,m,h - (*1)h7]n,m,h-

4.5 Duals of EPOSIC channels

In this section, we give a formula for the dual map of ®,,, ,, 5, and investigate when
this map is a channel. We begin by recalling the definition, and some properties of

the dual map of a linear map.

Definition 4.5.1. Let H and K be Hilbert spaces, and ® : End(H) — End(K)
be a linear map. The dual map of ® is the unique map ®* : End(K) — End(H)
satisfying

(B[®(A)) = (®°(B)|4)

End(K) End(H)

for any A € End(H) and B € End(K), where (-|-)
Hilbert-Schmidt inner products on End(H) and End(K), respectively.

and (-]-) are the

End(H) End(K)

The proofs of the following propositions are given in Appendix A.
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Proposition 4.5.2. Let H and K be Hilbert spaces, and ® : End(H) — End(K)

be a linear map. Then

1. ®* is completely positive if and only if ® is completely positive.
2. ®* is trace-preserving if and only if ®(1y) = I.

Proposition 4.5.3. Let (H,my) and (K,mx) be two unitary representations of a
group G. A linear map ® : End(H) — End(K) is G-equivariant if and only if ®*

is G-equivariant.

Proposition 4.5.4. Let H and K be Hilbert spaces, and ® : End(H) — End(K)
be a completely positive map. If {T; : 1 < i < d} are Kraus operators of ®, then
{T; : 1 <1 <d} are Kraus operators of ®*.

The rest of this section is devoted to finding the dual map of the EPOSIC channel.

As the Choi-Jamiolkowski map is unitary (Corollary 1.2.29), we obtain a relation

between ®,,,, 5, and @}, by examining their Choi matrices, C(®,,n5) € End(P, @
P,), and O(®* .)€ End(P,® P,,).

m,n,h

Proposition 4.5.5. For m,n,h € N with 0 < h < min{m,n}, let r = m +n — 2h
and T, =flippr (J,, @ J*). Then

C<q);<nn h) 7:n,r0<q)m,n,h)7:f

T

Proof:
Let {7} : 0 < j < n} be the EPOSIC Kraus operators of ®,,, 4, then {T7: 0 <
j < n} are Kraus operators for ®*

4.2.6, we have

By Propositions 3.2.19 2(b), and Proposition

m,n,h"

C(®pnn) ZV@C (T7) (Vee (T7))" Z’ﬁn Vee(T,_;) (T, Vec(T,_,))"

j=0

:ifn,yeca’w) (Ve T,_)) T2, =T, (ZV@C ) (Vec(T, ))*)
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= 7;” (ZV@C Vec T; )) ) 7:,” 7;”0( mn,h)f:,w

Proposition 4.5.6. Let m,n,h € N with 0 < h < min{m,n}. Then

% m+n—2h+1
(I)m nh — (I)m+n—2h,n,n—h

m+1

Proof:
Let r = m 4+ n — 2h. By Corollary 1.2.29, it suffices to show that

(@

m,n,h

) = ol C(q)r,n,nfh)

m+1

By Proposition 4.5.5, this is equivalent to show

In,ro((pm,n,h>7:,ir = L C<q)'r,n,n—h)

m+1

By Proposition 4.3.5, it suffices to show that

7— 7—*
m,er,r,'m—h m,r qr,m,m—h

where ¢, ,.m_n, and g, .._, are the projections on the SU(2)-irreducible subspaces of

P, ® P, and P. ® P,, respectively. By Corollary 2.3.8, and Corollary 4.4.5, one has
T?l,er,r,mth:’r - Tn,rnm,T,mfhn:nmymfhmyr

- lep ( ® J*) Nmr;m—h (lep (Jm ® J:) nm,r,m—h)*

—_— * —
= Mrmm—hThmm—h = Qrmm—n-

By Proposition 4.5.6, we have

Corollary 4.5.7. The dual map of @, 5 15 @ quantum channel if and only if n = 2h.

In this case @y, o, 4, 15 equal to o op -
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4.6 A positive map that is not completely positive

By Proposition 4.1.4, for m € N~ {0}, the set of EPOSIC channels from End(P,) to
End(P,) is given by

EO(L m) = {(I)m,m—i—l,ma (I)m,m—l,m—l}

Below {f;, f!} is the standard basis for P, given by f,(z1,x2) = x5 and f}(z1,25) =

xI.
Lemma 4.6.1. Let h € P, with |h|| = 1. Then
1. There exists g, € SU(2) such that py(gn) (f)) = h.

2. If & : End(P,) — End(P,) is an SU(2)-equivariant map, then the matrices
O(hh*) and ®(fLfLY) have the same eigenvalues.

Proof:
Assume that h is a unit element in P,; then A can be written as u,f, + u, f; for
. 2 2 Uy Uy
some gy, u; € C that satisfy |ue|” + |u,|” = 1. Let g5 = € SU(2). By
—Up U

Remark 2.1.4 (1), we have
(Prton) [y ) @ra2) = fo (T — Ty o, Uy Ty + Ugo)

= U1 + U2 = U fy (21,22) + Uy f (1,22)
— h(:):l,afg).

For the second statement, by (1), we have

A = poan) S LY P (an)

So, by the equivariance property of ®, we have

O(hh*) = (i) fL 1Y pram) = pran®(FLF5)ptan)
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which gives the result.

By direct computations using the formula for &/ in Corollary 2.3.13, and by

Corollary 4.2.7, one can show:

Lemma 4.6.2. Let m € N~ {0}. Then

2(m 1) m m
1' ®m,m+17m(f01f01 ) Z(m(-f—l (‘1:-‘,—2 f"L ]fm 7"

m—1
* 2(7+1 m m*
2‘ (Dm,m—l,m—l(f(}fol ) = ngi;:_i) m—j—1J m—j—1"

=0

Proposition 4.6.3. For m € N\ {0} and o € R, the linear map
Dmi1m — @ Prm—1m—1: End(P,) — End(P,,)
1s positive if and only if o < mLJrQ

Proof:

Let A be a positive matrix in End(P,). By the spectral theorem, there exist an
orthonormal basis {e1, es} for P,, and non-negative numbers A, Ay such that

2
A= i;)\ieief.

To show that ® := @, 11.m =Py m—1,m—1 1s positive, it suffices to show the positivity
of ®(e;e;). By Lemma 4.6.1, this is equivalent to the positivity of ®(f!f1").
By Lemma 4.6.2, we have that

qD(folfol*) = (I)m,m—i-l,m(folf()l*) - Oéq)m,m—l,m—l(folfol*) Z 0

if and only if

Em 2m=g D) . 2(7+1)
—0 (m+1)(m+2) fm*]fmfg az():m(m+l) fmfjflfm j—1 =
J= j=
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if and only if

2 L s 2(m—j) 204D | m*
m__"_2f'mf Z|: -« m—j—1J m—j— 120

mA1)(m+2) m(m-+1)
Thus
D(fLFT) >0<:>a<m1n{m:0§j§m—l}.
Since the map f(t) = (t+1 is decreasing for 0 <t < m — 1, then
mln{—(m"irgl(ﬁl) 0<j<m—-1} =
Consequently, ®(f; f3") > 0 if and only if o < 5. i

The following lemma follows by direct computation, using the formula for €/ in

Corollary 2.3.13.

Lemma 4.6.4. For m € N~ {0}, we have

8(1)(m,1,0) = Si(m,l,o) =

_m_ N S
m+17 m+1

and

0 _ /_1 1 _ m
Eplm,1,1) = e Ep(m,1,1) = m+l

Proposition 4.6.5. Let m € N~ {0}. For a > 0, the map

(I)m,m+1,m -« (I)m,mfl,mfl
18 not completely positive.

Proof:
Let @ := @, ii1.m — @Ppym—1,m—1. By Theorem 3.1.5, it is enough to show that
—22 js an eigenvalue of C/(®).

By Proposition 4.3.5,

2 *
C(q)m,m—f—l,m) — ma2 77m,1,077m,1,o
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and

C((I)mm 1,m— 1) 77m1177m11

Let v = /m(fy" ® fy) + f" @ f!, then
C(Prmi1m) (V) = 225 oMo (VT @ f3) + [ @ f})
= ag o [(—VME 10 + ) mr0) f77]
= 2 o [ T fm“} (Lemma 4.6.4)
= m+277m10 [0 x fr+]=0.
Similarly,
C(Pomm—1,m-1) (V) = hma st (VMU @ f3) + [ @ f)

= mL_FQT’m 1,1 [(_\/mg(l)(m,l,l) + gg(m,l,l))f(;n_l]
2 (il )77m11( 1) (Lemma 4.6.4)

= m(\/i
= I\ el fr, 0 L
§=0
= M (A e [l el @ f)
= (e fi+vmfe® f)= g

So, we have

2«

C(P)(v) = C(Pmm+1,m)(v) — aC (P m—1,m-1)(v) = =720

Hence, —20‘ is a negative eigenvalue of C'(®) for any o > 0. i

Combining the result of Proposition 3.1.3, and 4.6.3 and Theorem 3.1.4, we

obtain:

Theorem 4.6.6. Let m € N~ {0}. For o > 0, the map
(I)m,m+1,m — (I)m,mfl,mfl

is not n-positive for any n > 1.



Chapter 5

SU(2)-Irreducibly Covariant

Channels

Here, we study SU(2)-irreducibly covariant channels. In the first section, we use
results from Section 4.3 to show that the EPOSIC channels EC(r,m) form a spanning
set of the set of all SU(2)-irreducibly equivariant maps End(End(P,), End(P,,))%"®.
We also show that they are the extreme points of the set of all SU(2)-irreducibly
covariant channels QC(P,, P,,)5Y® . In Section 5.2, we decompose SU (2)-irreducibly
covariant channels as orthogonal direct sums of operators between isomorphic SU(2)-

irreducible subspaces of End(P,) and End(P,,) respectively.

The main results of this chapter:

e The EPOSIC channels EC(r, m) constitute the extreme points of the SU(2)-
irreducibly covariant channels QC(P., P,,)%Y®) (Corollary 5.1.5).

e Any completely positive SU(2)-irreducibly equivariant map is a multiple of an

SU (2)-covariant channel (Corollary 5.1.6).

92
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e Any SU(2)-irreducibly covariant channel is an orthogonal direct sum of opera-

tors (Corollary 5.2.4).

5.1 Extreme points of SU(2)-irreducibly covariant
channels

Recall that for r,m € N, the set EC(r,m) i8 { P, ,om-21.m-1» 0 <1 < min{r,m}}, and
QC(P., P,,)’Y® is the set of SU(2)-irreducibly covariant channels from End(P.) to
End(P,,). In this section, we show that EC(r,m) consist of all the extreme points of
QC(P,., P,)5V®,

Recall also that End(End(P.), End(P,))*"® denotes the vector space of the
SU (2)-equivariant maps from End(P,) to End(P,,).

Proposition 5.1.1. Let r,m € N. The set EC(r,m) is a spanning set of

End(End(P.), End(P,))*"®

Proof:

By Proposition 4.3.1, and Proposition 4.3.5, we have

min{'r',m}

End(P, ® P,)*"® =< 3" Ngmmi: M eC

=0

min{r,m}

= Z /‘LZC(¢m,m+r72l,mfl) : /’Ll S C
1=0

= Span {C (®) : & € EC(r,m)}

The result now follows from Corollary 1.2.29 and Proposition 1.2.32. i
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Proposition 5.1.2. Let r,m € N. The set QC(P,, P,.)Y? is the convex hull of
EC(r,m).

Proof:
Let ® € QC(P,, P,)°Y®. Since ® is an SU(2)-equivariant map, then by Propo-
sition 5.1.1, we have

min{r,m}

@ - Z )\l¢m,m+r—2l,m—l Al E C
=0

min{r,m}
It remains to show that 0 < \; and > A\ = 1. By Remark 4.3.6, we have
=0
min{r,m}

C<(I)> = Lqum,r,l

m—+r—20+1
=0

where {¢y.,1,0 <1 < min{r,m}} are mutually orthogonal projections of P,,® P,. By
the orthogonality of the projections {gm,,;,0 <! < min{r,m}}, and the positivity of
C(®), we have A > 0 for 0 <[ < min{m,r}.

As @ and D,, ;... are trace preserving, by choosing any state o € D(P,), we have

min{r,m} min{r,m}

L= 1r(0) = r(®(0) = 3 (B pra(0) = 3 N

Since EC(r,m) C QC(P,, P,,)°Y® the result follows. 1

Proposition 5.1.3. Let r,m € N. Any element in QC(P,, P,.)Y? is uniquely writ-

ten as a conver combination of elements of EC(r,m).

Proof:
By Proposition 5.1.2, we need only to prove the uniqueness. Let ¥ € QC(P,, P,,)5V®
such that

min{r,m} min{r,m}

Yo Adi=U= )
1=0 =0
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where &, =&, ... ».._,. By Proposition 4.3.5, and the orthogonality of
{Qm,r,h 0 S l S min{m, T'}}

we have

r+1

r+1
)\lQ’m,r,l - QW,r,lC(\I]) - /J/lqm,r,l
m+r—20+1 m4r—20+1

T‘hllS7 )\l = M. I

The following definition is a special case of the definition of the extreme sets

given in [31, p.70].

Definition 5.1.4. Let K be a subset of a vector space X, and x € K. we say that
x 18 an extreme point of K if x is not an internal point of a line interval whose end
points are in K. Analytically, the condition can be expressed as follows:
ifyeK,ze K,0<t<1,andz=ty+ (1 —1t)z, thenz =y = z.

i.e. x can not be written as a proper convex combination of elements of K other than

itself.

Corollary 5.1.5. Let r,m € N. The set EC(r,m) forms all the extreme points of
QC(P., P,)°Y®,

Proof:
As EC(r,m) C QC(P., P,)5Y® by Proposition 5.1.3, we have EC(r,m) are
extreme points of QC(P,, P,.))%Y®. On the other direction, if ® is an extreme point

of QC(P,, P,,L)SU(Q), then it can not be written as a linear combination of elements of

QC(P,, P,)%Y® other than itself. Hence, ® must be in EC(r,m). i

As EC(r,m) is a spanning set of both End(End(P,), End(P,,))%"®, and
QC(P., P,)°Y? we have the following corollary:
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Corollary 5.1.6. Let r,m € N. Any completely positive SU(2)-equivariant linear
map ® : End(P,) — End(P,,) is a multiple of an SU(2)-irreducibly covariant chan-

nel.

Proof:
By Proposition 5.1.1, we have

min{r,m}

q) - E )\l¢m,7‘+m—2l,m—l
=0

for some \; € C. Since ® is completely positive, the coefficients \; are non-negative
min{r,m}

(otherwise, C'(®) = > m++§z+1)‘lqmml will have a negative eigenvalue).
=0

min{r,m}

Let A = Z )\l'
1=0

If A\ =0 then \;, =0 for all 0 < [ < min{r,m}, and & = 0 is a multiple of any
SU (2)-irreducibly covariant channel. If A # 0, then

min{m,r}

A
\Il == Z Xl¢m,m+r72l,mfl

=0

is a convex combination of EPOSIC channels. Thus, by Proposition 5.1.2, ¥ is an

SU (2)-irreducibly covariant channel, and ® = AW. i

Remark 5.1.7. For ® € QC(P., P,,)°Y® the dual map of ® can be computed using
Proposition 5.1.2, and Proposition 4.5.6. It also follows (by Corollary 4.5.7) that the
map ®* is a quantum channel if and only if ® € QC(P,,)V®?,

Recall that QC(P,,)%V®) the set of all SU(2)-covariant channels from End(P,,) —
End(P,,), is the convex hull of EC(m) = {®y0ns : 0 < h < m}. Let o denote the

composition of two channels, then

Proposition 5.1.8. The set (QC’(Pm)SU@),o) is an abelian monoid. It is closed

under involution, in fact every element is self-adjoint.
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Proof:

As the composition of two G-covariant channels is again G-covariant, the com-
position of linear maps is an associative binary operation on QC(P,,)’Y®, with the
identity map being the identity element. By Proposition 4.3.1, it is abelian. Since
the dual map of @, 91, is Py 2n,n (Corollary 4.5.7), then by Proposition 5.1.3 every

element is self adjoint, so QC(P,,)*Y® is closed under involution. |

We complete this section with two examples of SU(2)-irreducibly covariant chan-

nels written as convex combinations of EPOSIC channels.

Example I: The generalized completely depolarizing channel

Recall that the generalized completely depolarizing channel is defined for Hilbert
spaces H and K by
®: End(H) — End(K)

tr(A)
A— ?[K

where [ is the identity matrix on K, and dy is the dimension of the space K. Recall
also that it is a G-covariant channel, see Example 3.3.2. For r,m € N, we denote the

generalized completely depolarizing channel from End(P,) to End(P,,) by U, .

Proposition 5.1.9. Let r,m € N. Then

min{r,m}

\Ijnm(A) - Z % (pm,r«l»'mfﬂ,'mfl(A)‘

1=0

for any A € End(P.).
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Proof:
By Corollary 5.1.2, there exist {\; : 0 <[ < min{r,m}} such that

min{r,m}
OS)\[SL Z)\lzl,and

1=0

min{r,m}

E )\l ®m,r+mf2l,mfl
=0

Applying the Choi-Jamiolkowski map on both sides, by Proposition 4.3.5, we get

min{r,m}

E _r+1
)\l r+m—20+1 q'm e

On the other hand, by Lemma 1.2.30,

T(Liqig 1
O(‘Ijr,m) = Zt Brvy) I ® Elllz = Z_éiliZ [Pm ® Eiﬂ'z

) m+1 . m+1
11,2 11,22

L 1
- Z_]Pm ® Biyiy = m—HIPm ® ZEim = m—ﬂ]pm ® Ip,

1 i1

Thus

min{r,m}

r+1 (m+1)
Z A it Gt = 1p, @ Ip,
By the orthogonality of {qm,,.,l :0 <1 <min{r,m}}, we have
)\S %qmr‘s = ers ([Pm ® [Pr) = Qm,r,s

for 0 < s < min{r, m}. Taking the trace of both sides, we get A\, = % i

Example II: The maps ¢,,,_,,0%,.,..1»,.y and ®,,,_,, 0

m,m+1,m

Recall (by Proposition 4.1.4) that for m € N~ {0},
EC(l,m) = {(I)m,m+1,m7 (bm,mfl,mfl}? and EC(m, 1) - {(I)1,m+1,1> q)1,m71,0}

Lemma 5.1.10. For m € N~ {0}, and 0 <i < m, we have
(I)l,m—LO(fimf;l*) = - zfo ; + %fffll*

where {f:0 <i < m} is the standard basis for P,,.
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Proof:
To simplify the notation, let 5{ = 53(1,77171,0) for any j € B(i). For 1 <i<m—1,

by direct computation, we have

82—1 — #’ 5; — mﬂ;z
We also have ¢} =1, and e' = 1.
Thus, by Corollary 4.2.7,
(€ fofo =0

©r o7 = Y DA = (G2 4 DT 1<i<m—1

JEB(3)

e i=m
’ *
fif i=0
= Apr e mep 1<i<m-1
i i=m

_L'fl 1*+m7if1 1*
T mJ1J1 m oJo *

Proposition 5.1.11. For m € N~ {0}, we have

®l,m—l,0 o @m,m+1,m - @1,2,1
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and

_ m—1 m+1
®17m71,0 o (bm,mfl,mfl ~ 2m (bl,Q,l + 2m ¢1,0,0

Proof:

By Proposition 5.1.2, both maps ®,,,_10 0 ®,.i1m, and @, 100 P iy

are convex combination of elements in EC(1,1) = {®121,P100}. So, there exist

0 < p1,p2 <1 such that

(I)l,m—1,o o (I)m,m+1,m - plq)l,Q,l + (1 - pl)q)l,0,0
and
D100 Pt = P2Pio1 + (1= p2) P10

To find p; and py, we evaluate the expressions above at f!f!". By Lemma 4.6.2, and

Lemma 5.1.10, we have

(m+1)(m+2)
j=0

(I)1m 100(I)mm+1m(fof0 ): 1m1,0< Smogil) f:: Jf:nn ]>

= (Pl,m—l,o (ZO m+11)4(_71n+2 fmfm )

- ZW 1,m—1,0 (fz fz )

S 2(i+1) m—i * i *
=3 [t L]

= rheeT [Z — i+ i+ 1) S ]
=0

(2

m(m-+1)(m—+2 * m(m-+1)(m—+2 *
_m(m+12)(m+2)|: ( +6)( 2 gy i +3)( 2 11}

= sfofs + 3L
On the other hand, direct computations using Corollary 4.2.7, gives

pl(I)l,Q,l(folfol*) + (1 —P1)(I)1,0,0(f01f§*) = %folfol* + %%fllfll* + A =p)fifs
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Thus p, = 1. In similar way, by Lemma 4.6.2, we have

m—1
1 1% _ 2(j+1) m m*
él,m—l,Oo(bm,m—l,'m—l(fo fo ) - ¢1,m—1,0 ( m(m+1) m—j—1J m—j—1

=0

m—1
—= @1777171,0 < ni((?;lll)) fszzm*>
=0

m—1
- 2(m—1) m rm*
o Zm(m—i—l) q)l,meo (fz fz )
i=0
m—1 ]
= > [ ]

:mQ(iH)[ (m—0)2fL f) —I-Z —sz]

= iy | P f;f;* mimt ) g1 )

.

= 2m+1f0 01* + 5= f1
On the other hand
PProa(fafa )+ (L= p)@roo(fofi ) = B + 2205+ A —po)fofa

which implies that p, = 2=t i

m

5.2 SU(2)-irreducibly covariant channel as direct

sum of operators

In this section, we use the decomposition of End(P,) and End(P,,) in Proposition
2.4.1, to write any SU(2)-irreducibly covariant channel as an orthogonal direct sum
of operators. Recall that if Hy, Ho, ...... H,, is a family of complex Hilbert spaces, then
their orthogonal direct sum, denoted by Gn}Hi is {(h1, hay..ccc hy) = hy € H;}

=1
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Definition 5.2.1. Let H = @W (resp. K = @V) be the orthogonal direct sum of
Hilbert spaces H; (resp. K; )for 1 <i<n, and {¢i W, — Vi,1 <i<n}bea
collection of linear maps. The orthogonal direct sum of {¢; : W; — Vi, 1 < i < n},
denoted by égbi 1s the map ® : H — K defined by

q)((hh h27 ------ ’ hn)) = (¢1 (hl) 7¢2 (h2) yrereee ) an (hn))

The proof of the next theorem is provided in the Appendix B.

Theorem 5.2.2. Let G be a group and H = @Wt (resp. K = @V ), where
{Wy: 1<t <r} (resp. {Vi:1<s<m})are nonequlvalent G- 1rreduc1ble spaces.

Suppose there exists k£ € N such that

1. Foreach 1 <t <k, W; ~V, via a G-equivariant isomorphism

v Wy — Vi

2. For each t > k the subspace W; is not equivalent to any of the Vj, for any

1 <s<m.

Then, for any G-equivariant map ® : H — K, there exist Ay, Ao, ..., A\x such
that ® is the orthogonal direct sum of the operators {\i); : 1 <t < k}

ie.,
k
® = P
t=1
Reminder:

Recall by Proposition 2.4.1 and Proposition 2.4.2, that for m € N, the algebra

End(P,,) decomposes into mutually orthogonal subspaces {Us; : 0 <t < m} where
U2t = vecjnnm,m,m—tn:n,m,m—tvecm(End(Pm)) = VeCfnTIm,m,m—t(P%)

and where each matrix Ay in Uy corresponds to a unique vector vy in Poy.
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Lemma 5.2.3. Let r,m € N. Let End(P,) = @U% (resp. End(P,) = @Ués)
be the decomposition of End(P,) (resp. End(Pm)) mto SU (2)-irreducible mvarmnt

subspaces. For any 0 <t < min{m,r}, the map
Veczlnm,m,m—tn:,r,rftvecr

defines an SU(2)-isomorphism 1y : Uy — Ul,. Moreover, both matrices Ay € Uy,

and 19 (Agy)€ Us, correspond to the same vector in Py.

Proof:
Let 0 <t < rand 0 < s < m, by Proposition 2.4.2, the SU(2)-irreducible
subspaces Uy and Uj, are given via the equations Uy = Vec!n,.,,—+(Ps), and Uj, =

Vec! N m.m—s(Pas) respectively. For each 0 <t < min{m, r}, the map
th = vec;nm,m,m—tn:,r,rftvecr : U2t — Uét

is a nonzero SU(2)-equivariant map (note that 0y, .. .. Mmmm—t = Ipy= MMt
80 1),y 18 onto and My, mm—¢ 7 0. Hence, the map 7, mm—i1;,,_; is nonzero). By
Schur’s Lemma 1.2.12, the map 19, is isomorphism. To show the second statement,
pick Ay € Uy then vy = 1), Vec,(Az) is the vector in Py corresponding to Ay,
and

1/}21?(14215) - Vec;nm,m,m—t'r];r,rftvecr(AZt) = Vec;nm,m,m—t<v2t)

is the matrix in U}, C End(F,,) corresponding to vs;. i

Recall by Corollary 2.4.3 that any A € End(P,) can be decomposed into an
orthogonal direct sum of matrices. Namely A = (Ao, Aa, ....As,) where Ay € Uy By

Theorem 5.2.2 and Lemma 5.2.3, we have

Corollary 5.2.4. Let r,m € N. Let & : End(P.) — End(P,) be an SU(2)-
equivariant map. The map P can be written as an orthogonal direct sum of op-

erators. More precisely, there exist {\y : 0 < t < min{m,r}}, and operators
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{or = Vec, M mm—tMpr_iVee, : 0 <t < min{m,r}} such that

min{m,r}

O (Ag+ Ay + ...+ Agp) = Z Agithar(Agy)
=0

for Ao+ As + ... + Ao € End(P,).

Remark 5.2.5. By Lemma 5.2.3, the matrix 15;(As;) in Corollary 5.2.4 is computed
using the map Vecm*77,,17,,%,,1,m;f’mﬂf\/ecr independently from the definition of the map
®, and depends only on m,r. i.e. all the information about the map ® will be encoded

in the set of the numbers {A\y; : 0 < ¢ < min{r,m}}.

The rest of this section is devoted to computing the numbers {Ay; : 0 < ¢ < min{r, m}}
in Corollary 5.2.4 for the EPOSIC channel ®,, . As @y, n(A2) = Aorthor(Ase) for
any 0 < t < min{r,m}, we can find \y; by evaluating both sides of ®,,,, ,(Asx) =
Aoih9;(Age) at some basic element of P,,. The big challenge is making a good choice
for the matrix Ay, the one that minimizes the computations. By Remark 2.4.7, the
matrix Ay that corresponds to the vector f7* is a diagonal matrix. Hoping for a good

choice, we choose this matrix to compute Ay;. This matrix is given by the formula

Ay = Y (-1l e 1[I

j=0
Proposition 5.2.6. Let m,n,h € N with 0 < h < min{m,n}. Let ®,,, be the
associated EPOSIC channel, and r = m +n — 2h. For 0 < t < min{m,r}, the

coefficient oy is given by

Proof:
Pick f}* € Py. By Remark 2.4.7, the matrix in End(P,) that corresponds to f?
1s

A2t: E (—1)jgg(r,r,r—t)f:7jf:7j

Jj=0
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By Corollary 4.2.7,
(8::§+h(7n,n,h))2 6” /lf T‘—j+h€B(T—j)
O (FLF)(f5) =
0 else
. 2 .
(5:j§.+h(m,n,h>) o if  j>m—h
0 else
Thus
(I)m,n,h(AQt)(f(:n) - Z(—l)jgi(TaTaT—t)(I)m,mh(f:_jf:ij)(f(;m)
j=0
= Z (—l)jg'Z(r,r,r—t) (8::§+h(m,n,h))2 f(’;n
j=m—h
By Remark 2.4.7, and Lemma 5.2.3, the matrix
Yor(Ant) = Y (-Vi&lmmm-n frr_ fr,
=0
As by Corollary 5.2.4,
(I)m,n,h(A%) == )\Qtw2t<A2t)
we get
Z (—l)jg‘tj(r,r,r—t) (8::§+h(m,n,h))2
Aoy =
(—l)mgln(m,m,m—t)
|

For m € N, and 0 <t < m, we have

gzn(m,m,mft) - (—1)m7tm!

Thus, the formula above for Ay; can simplified:
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Corollary 5.2.7. Assuming the same hypothesis as in Proposition 5.2.6, the coeffi-

cient Ay, 1S given by

T

Z (71)t+j€‘z(r,r,rft) (6T7J:+h(m,n,h)) 2

r—j
j=m—h
Aoy =

m! vV Cm,m,mft

Next we compute the coefficients \o; for some EPOSIC channels of small dimen-

sions such as EC(0,m), EC(m,0), EC(1,m), and EC(m,1). Before doing so, some

computational lemmas are needed, and can be proved easily using the equations in

Corollary 2.3.16 and the identity Yk = 22+,
k=1

Lemma 5.2.8. Let ¢ be as defined in Theorem 2.2.4. For m € N, we have

_ 1 _ 1 _ 2
Cm,m,m = m!(m+1)! Co,m,0 = (m!)Q Cm,m+1,m = m!(m+2)!
— 2 — 1 — _(m+1)
Cmm—1,m-1 = [ Dimr) Lm=10 = Gitm—1n1  Clm+11 = GiGnya)
C - 3 c _ _(m+1) c _ 1
m,m,m—1 " (;1)I(m+2)! Lm+1L1 = mi(m+2)! Lm=10 = ni(m—1)!

Lemma 5.2.9. Let m € N. then

; o m—i [ m—j+1 .
1. gjo(m,m,m) - (—1)] m;—l—l7 Em_;+1(1,m+1,1) - — % fOl" 0 S ] S m.

2. If m > 1, then

(a) €n"Iam-10 = \/% for 1 <j<m.

(b) €)mm-1,m—1) = (=1)J ﬁg”ﬂﬁi) for0<j<m-—1.

Example 5.2.10. Let m € N.

1. For the channel ®,, ,,, , : End(F,) — End(P,,) the coeflicient is Ay = \/m;i—i-l

2. For the channel @, : End(P,)) — End(P,) the coefficient is A\g = v/m + 1.
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Proof:
o 2
EO(O,O,O) <£6n(m,m,m))

1. By Corollary 5.2.7, we have \g = W e

As )00 =1, and €] (mmm) = %, then by Lemma 5.2.8, we get

m'(m+1)' o 1
(m+1)!  — /m+1

Ao =

2. By Corollary 5.2.7, we have

Ao ==
=
1/ €0,0,0
. —1)J .
As gjommm) = (mil, entomon=1and ¢, =1 then

Example 5.2.11. Let m € N.

1. For the channel ®,, 11, @ End(P)) — End(P,) the coefficients are Ag

2 _ 2m
\/ m+1 and Ay = = /5Ty

2. For the channel @, ,,,_1m—1 : End(P,) — End(P,) the coefficients are \g

>  [2(mr2)
\ gt and A = /5000

Proof:

For each of the channel ®,, 11, and @, 1—1.m—1, We compute {Ag; : t =

0,1}.
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1. By Corollary 5.2.7, we have

1

Z( 1 t+J€J(1,1,1 t)( m- J+ (m,m+1,m))2

7j=0
Aoy =

For t =0,1. Thus

Z( 350(1,1,1) (

m! vV Cm,m,mft

11 2
(m,m+1,m))

7=0
Ao =
\/ m m,m
and
1 ' )
Z(—l)j“&“{(l,l,o) ( ” JH' (m,m+1,m))
i=0
Ay =2
m! V Cm,m,mfl
m—j+1 — m,m+1,m _ m 23'(m ]+1
For 0 < 5 <1, we have 7" I e tmy = Py = (1) (2] , and
) 1y )
gaany = (\/5) , el = 75 thus
V3 3 jl(m—j+1)
2 3 5l (m—j+1)!
Ay = — 220 _ N2mt2m! 5
0= (m+2)!m! \femmm — (m+2)m! \femmm m+1
and
1
V2 3 (1)l (m—j+1)!
;0( — V2 (=m)m! _ om
3(mi1)(m+i2)

_ j
)\2 T m(mA2)! SCm,m,m—1

2. Similarly, we have

1

j=1

Z( )t+7<€](1,1,1 t)(

m!(m+2)! \/Cm.mm—1

(mm 1,m— 1))2

1 m
(-1)ttle; a0 (80

m! vV Cm,m,mft

71(m,m71,m71))

Thus

m! \ Cm,m,m—t
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—el (5 —1 )2
Ay = oL (&G " (mm—1,m-1) _ V2 _ 5
0 m! ,/C (mA1D)!\/Cmm,m m+1
and
1 m—1
Ay — €,(1,1,0) (60 (m,m 1,m71)) _ NG _ 2(m+2)
? m! /Cor 1 (m+D)Y/Cmmm—1 3m(m+1)
|

Example 5.2.12. Let m € N.

1. For the channel ®4,,411 :

,/mT“ and Ay = —

2. For the channel ®;,, 10 :

/m+1 and )\ — m+1 m—|—2)

m(m+1)
6(m+2) *

End(P,) — End(P;) the coefficients are \g =

End(P,,) — End(P;) the coefficients are \g =

Proof:
1. As
m . ) 2
Z(*l)t"'jg‘z(m,m,mft) (52:;+1(1,m+1,1))
i=0
Aoy = *
VCi11-1t
we have
Zm ]+1 \/5 Zom_.j—"l \/i m—+1 1
2
(m+2) \/m+11 /11,1 (m+2) vm+1 (m+2) vVm+1 et
and

m

Z(—l)j+15{ (m,m,m—1) (5: ;+

2
1(1,m+1,1>)
(=1t (m—j+1) j

j=0
Ay = -

V€10

m+2 gl(mmm 1)

= V2!
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__\/_Z (m—j+1)(m—2j)

(m—+2 \/m(m+l) (m+2)

(see Lemma 2.4.11).

That is

However

S (m— i+ D) (m —2§) = S (m% + m) — (3m + 2)j + 252

j=0 =0

=(m*+m)(m+1)— (3m+ Q)ij + 22672

= (m*+m)(m+1)— (3m + Q)Em:j + QZm:jQ

= (m2 +m)(m+1)— (3m+ 2>m(m+1) +9 (m+12}(2m+1)

_ m(m+1)(m+2)
6
Thus Ay = — /2.
2. As
E( 1t+J€j(mmm t)( (lm 10))2
Aot = =
AVCi1,1—¢

then

s j . 2
D (1) € (mamm) (SZ:§<1,m—Lo>)

_g=1 _ 1 S s m+1
Ao = = (m+1)mZ] = 2

Cii11 j=1

1 ] m—j
(—1)7H1ET (mym,m—1) <€m_;(1,m_1,0))

v Ci1,1,0

1

1

Ay =1
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- % (71)J+1j6'{(m,m,m71)
j=1

-1 6 L .
=\ g 2 (m = 29)

ji=

(see Lemma 2.4.11(2)),

As
2_i(m=2j)=m) j=2) j’
j=1 j=1 j=1
o m(m+1) m(m+1)(2m+1) _ —m(m+1)(m+2)
=m—5— =2 6 = 6
we get,

Ny = / (m+16)7$1m+2)
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The Minimal Output Entropy and
The Entanglement Breaking
Property of EPOSIC Channels
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Chapter 6

The Minimal Output Entropy and
The Entanglement Breaking
Property of Quantum Channels

6.1 The minimal output entropy of quantum chan-

nels

The existence of noise in all information processing systems affects the transmission of
information over a quantum channel. A well-known measure of a channel performance
is the Minimal Output Entropy (MOE). In this section, we give the definition of
minimal output entropy, and exhibit some of its properties.

Recall that if H is a Hilbert space, then D(H) denotes the set of all states of H,
ie.

D(H)={o€ End(H): 0> 0,tr(o) =1}

Definition 6.1.1. Let H be a Hilbert space. The von Neumann entropy is a map

113
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defined on the state space of H as following
S:DH)—R

S(e) = —tr(elogz0)
where o € D(H).

Remark 6.1.2. For a state g, the von Neumann entropy S(g) = > — A;logy A;

where {);}, are the eigenvalues of p. By convention, 0log, 0 = 0.

Recall that a pure state ¢ of H is a rank one projection in End(H). i.e.

0 = ww*for some unit vector w € H.
Theorem 6.1.3. [27, Thm.11.8, Thm.11.10, Sec.11.3.5]

1. The von Neumann entropy is a concave non-negative function, which is zero if

and only if the state is pure.

2. In a d dimensional Hilbert space H, the von Neumann entropy for a state of H

is at most log, d. It is log, d if and only if the state is the maximal mixed state
14
7.

Lemma 6.1.4. [27, p.514] Let H and K be Hilbert spaces. For o1 @09 € D(H® K),
we have

S(O’l (29 0'2) = S(O‘l) + S(O’Q)

Definition 6.1.5. (The Minimal Output Entropy) Let H and K be Hilbert spaces,
and ® : End(H) — End(K) be a quantum channel. The minimal output entropy
(MOE), is defined by

Smin(®) = min{S(P(0)) : pisapure state}

where S is the von Neumann entropy.
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Remark 6.1.6. In the definition of minimal output entropy [24, 25|, the minimum
is taken over all the states in H. However, by the concavity of von Neumann entropy,

the minimal output entropy will be achieved on a pure state.

Notation 6.1.7. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be
a quantum channel with Kraus operators {7} : 1 < j < n}. For a pure state o = ww*

of H, let Up , denote the set {u; =Tjw : 1 < j <n}.

Remark 6.1.8. With the notation of 6.1.7, for a channel ® : End(H) — End(K),

and a pure state o = ww* of H, we have
n " n
(ww”) = Y Thw; (Tjw)" = > ujuj
7=1 j=1
is a state of K. Hence, the set U , must contain a nonzero vector.
The following lemma can be proved easily by contradiction.

Lemma 6.1.9. Let H be a Hilbert space, and u,v are non zero vectors of H. If u

and v are linearly independent, then uu* and vv*are linearly independent in End(H).

Proposition 6.1.10. Let H and K be Hilbert spaces, and ® : End(H) — End(K)

be a quantum channel. Then

1. Spmin(®) = 0 if and only if there exist a pure state ¢ of H such that ®(p) is a

pure state.

2. If for each pure state o of H, the set Ug, contains at least two linearly inde-

pendent vectors, then Sy, (P) # 0.

Proof:

By continuity of the von Neumann entropy, and compactness of the set of states
[41, p.29], the minimum entropy is achieved. Thus, if S, (®) = 0 then there is a
state o such that S(®(p)) = 0. By Theorem 6.1.3, ®(p) is a pure state. The other
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direction follows from the definition of S,,;,(®). To show the second statement, let
be a pure state. Since the set Us , has at least two linearly independent vectors, then
by Lemma 6.1.9, ®(¢) = > ujuj has rank at least two. Hence, ®(p) is not pure for

quUg

any pure state p. The result follows from this and the first statement. |

Recall the definition of separable and entangled states, given in Definition 3.2.5.
Proposition 6.1.11. Let H, K and E be Hilbert spaces.

1. Ifa: H— K® E is an isometry, then the state apa* € D(K ® E) is a pure

state for any pure state p € D(H).

2. Any separable pure state p € D(K ® E) is a product of pure states.

i.e. 301 € P(K) and 092 € P(E) such that o = 01 ® 0.

Proof:

Let o be a pure state. It straightforward to show that apa* is a state, we also

have (aga*)2 = apa*apa* = apa*, and (apa*)” = apa*. Thus apa* is a projection,
moreover rank(aoa®) < min{rank(a),rank(o), rank(a*)} < rank(o) = 1. Since
there is no state with rank zero, the state apa® must have rank one.
For the second statement, assume that o is a pure state such that o = > Aok, a
convex combination of product states g. Since any pure state is an extrel;ne point
in the set of the states [41, p.29], o = g for each k. That is ¢ = 01 ® oy for some
o1 € D(K) and 03 € D(FE). By Theorem 6.1.3, and Lemma 6.1.4, we have

0= 5(0) = S(o1) + S(02)

hence S(o1) = S(02) = 0, and both oy, and o, are pure.
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Corollary 6.1.12. Let H,K and E be Hilbert spaces, and ® : End(H) — End(K)
be a quantum channel with Stinespring representation (E,«). If ® has nonzero min-
imal output entropy then for any pure state o € D(H), the state apa* € D(K @ E)

18 entangled.

Proof:

Let o be a pure state, and assume to the contrary that apa™ is a separable state.
By Proposition 6.1.11, there exist pure states o1 € P(K), 0o € P(F) such that
apa* = 01 ® 0. Consequently, ®(o) = Try(apa®) = Try(o; ® 09) = 01 is pure. By
Proposition 6.1.10, we get S, (®) = 0. |

6.2 The entanglement breaking property of quan-
tum channels

A property of quantum channels that has been studied, and used to classify them is
the elimination of entanglement between the input states of composite systems, see
Definition 3.2.5. Channels having this property are called Entanglement Breaking.
Here is a description by P. Shor [34] of the entanglement breaking channels.

“ Entanglement breaking channels are channels which destroy entangle-
ment with other quantum systems. That is, when the input state is en-
tangled between the input space H;, and another quantum system H,. ,

the output of the channel is no longer entangled with the system H,.; .”

Recall that by Definition 3.2.5, the separable state in a composite system is a

convex combination of product states.

Definition 6.2.1. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be
a completely positive map. We say ® is entanglement breaking if ® ® I,(o) is always
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separable for any o € D(H ® C"), and for any n € N. An entanglement breaking

trace preserving map is abbreviated as E.B.T.

One checks easily (see [20, Thm.3|) that the set of entanglement breaking chan-
nels is a convex set. For a completely positive map @, it is evident that the state
® ® I,(p) is separable for any separable state g, so ® will be entanglement breaking
if ® ® I, maps any entangled state to a separable one. The next proposition is due

to [20, Thm.4], see also [16, Pro.6.22, Pro.6.32].

Proposition 6.2.2. Let H and K be Hilbert spaces. If ® : End(H) — End(K) is

a completely positive map, then the following statements are equivalent
1. ® s entanglement breaking;

dg
2. & ® I,,(uu*) is separable, where u = ﬁ;ei ®e;, and {e; 1 1 <i <dy} is an

orthonormal basis for H;
3. ® can be written in operator sum form using only Kraus operators of rank one.

Recall the definition of the Choi-Jamiolkowski map, given in 1.2.26. By Lemma
dg
1.2.30, we have & ® I,,(uu*) = %C(fb), where u = \/%T{izzlei ® e;.

Corollary 6.2.3. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be a
completely positive map. The map ® is entanglement breaking if and only if tC’(CI))
is separable, where C(®) is the Choi matriz of ®.

The proof of the next lemma requires knowledge of the entanglement distillation,
and its relation with separability, see [22], and the introduction in [4]. Assuming this,

the next lemma follows from [21, Thm.1].

Lemma 6.2.4. Let H and K be Hilbert spaces. For o € D(H® K), let o, = Tri(0),
and o = Try(0) be the reduced density operators of o on the subsystems H and K
respectively. If rank(p) < max{rank(oy),rank(ox)}, then o is not separable.
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The next proposition follows from Lemma 6.2.4, and Corollary 6.2.3. Recall that
if ® is a quantum channel ®, then by Theorem 3.2.20, we have Tr,(C(®)) = Ix.

Proposition 6.2.5. Let H and K be Hilbert spaces of dimension dy; and dy respec-
tively. Let ® : End(H) — End(K) be a quantum channel with Choi matriz C'(®). If
rank (C(®)) < max{dy, rank(Trz(C(®)))} then ® is not E.B.T

The following statement, which is generalization of Theorem 6 of [20], is a corol-

lary of both Proposition 6.2.5, and Corollary 3.2.23.

Corollary 6.2.6. Let H and K be Hilbert spaces of dimension dy; and dy respectively.
If & : End(H) — End(K) is a quantum channel, which can be written using Kraus
operators fewer than max{dy,rank(Trg(C(P))} then ® is not E.B.T.

Recall by Proposition 4.5.4 that if {T; : 1 < i < d} are Kraus operators of a
completely positive map ®, then {7 : 1 < i < d} are Kraus operators of its dual

map P*.

Proposition 6.2.7. Let H and K be Hilbert spaces, and ® : End(H) — End(K)
be a completely positive map. The map ® is entanglement breaking if and only if its

dual map ®* is entanglement breaking.

Proof:

Assume that ® is entanglement breaking, so by Proposition 6.2.2, there exist
Kraus operators {7 : 1 < j < k} of ® such that rank(T;) = 1for all 1 < j < k.
Since T; = wv* <= T} = vu*, then By Proposition 4.5.4, the map ®* has Kraus op-
erators {1} : 1 <14 < d} such that rank(T}) = 1. Hence, it is entanglement breaking.

By exchanging the role of ® and ®*, the result follows. i
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6.3 The additivity of the classical capacity of quan-

tum channels

In this section, we justify the importance of studying the minimal output en-
tropy, and the E.B.T property for a quantum channel. This section can be skipped
with no impact on the rest of the thesis. The channel’s capacity is defined to be the
maximal rate of reliable communication through a channel [27, p.547]. In [2] Bennett
and Shor classified three distinct capacities of a quantum channel. One of the impor-
tant open questions is that of determining the capability of the channel to transmit
classical information, which is known as the classical capacity of the channel. The
Holevo capacity (product state capacity) is defined to be the classical capacity for
the channel with the restriction that there are no entangled input states are allowed
across many uses of the channel, see [27, p.554]. A fundamental result of quantum
information theory, “The quantum coding theorem” [18], and [32], implies that the

classical capacity of a quantum channel ® is given by

Xn
lim —Q:X (@7

nooo T
where €, denotes the Holevo capacity.

In their attempts to increase the capacity of quantum channels, scientists studied
whether running two channels in parallel will increase the total classical capacity of
the two channels. Failing to do so, the capacity is called additive. In general, we have

the following definition:

Definition 6.3.1. Let Q : {® : O is a quantum channel } — R be a map defined

on the set of quantum channels. Then @ is said to be additive if

Q(P1 ® ;) = Q(P1) + Q(P2)

for all quantum channels ®; and P,.
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If the Holevo capacity is additive, then for the independent use for many copies
of a quantum channel ®, we have €, (®®") = n - €, (P). This implies the coincidence
between the classical capacity and Holevo capacity, and consequently implies the
additivity of the classical capacity. The following proposition is an outstanding result

of P. Shor in [36].

Proposition 6.3.2. The Holevo capacity €, is additive if and only if the minimal

output entropy Smin is additive.

A conjecture that lasted many years was that the Holevo capacity is additive.
Much research effort was directed to prove this conjecture, and for some special
classes of quantum channels the additivity of minimal output entropy was proved.
For example, tensoring the identity with any channel [1], the unital qubit channel
[24], the depolarizing quantum channel [26], the phase damping channels [26], and
the entanglement breaking channels [34]. However, an outstanding paper in 2008
by Hastings [11] disproved this conjecture. By giving a randomized construction of
channels that violate the additivity of the minimal output entropy, he was able to
show the existence of a channel ® such that Spi,(® @ @) # Spmin(P) + Spin(P).
Since then, the efforts redirected towards constructing an explicit example for the

non-additivity of the minimal output entropy.

Proposition 6.3.3. [17] For an independent use of quantum channels, the minimal
output entropy is sub-additive. That is, if 1, Py are two quantum channels that are

used independently, then
Simin(P1 @ P2) < Snin (P1) + Spnin(P2)

The following proposition summarizes some results in both [15, p.95] and [34].

It presents special cases where the additivity of MOE holds.
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Proposition 6.3.4. Let ® be a quantum channel such that Sy, (®) = 0 or ® is an
E.B.T channel. Then, for any arbitrary channel ¥V, we have



Chapter 7

The Minimal Output Entropy and
The Entanglement Breaking
Property of EPOSIC Channels

The main results of this chapter:

e Proving that the minimal output entropy of EPOSIC channel is zero if only and
only if the index h in ®,,,,; is zero (Proposition 7.1.1, and Corollary 7.1.7).

o Computing Syin(Pp,1,1) for m € N (Corollary 7.2.6).

e Finding a lower bound of the minimal output entropy of an element in QC(P,, P,,)5Y®

(Proposition 7.2.13).

e Examining the E.B.T property of EPOSIC channels (Section 7.3).
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7.1 The minimal output entropy of EPOSIC chan-
nel

In this section, we determine the EPOSIC channels with zero minimal output entropy.
Recall that for m € N, the channel ®,, 0 is the identity channel on End(P,,), and
the channel ®g,,0 : End(P,) — End(P,) is given by ®¢,,0(A) = tr(A). As both
takes a pure state to a pure state, both have a zero minimal output entropy. More

generally, we have the following proposition:

Proposition 7.1.1. For m,n € N, the channel ®,,, o has zero minimal output en-

tropy.

Proof:
By Corollary 4.2.7, we have

0

P[5 137) =) (Ehonnn0)® i fi = fi fi

7
j=0

where r = m+n, and {f*: 0 <1 < k} is the standard basis for P,, k € N. The result

follows by Proposition 6.1.10. i

Next, we show that the minimal output entropy of ®,,, ,, 5, is not zero if h > 0. The
following lemma can be proved by direct computation using the formula in Corollary

2.3.13.

min{h,j,j+m—i—h}

J _ E m,n,h
62 (mn.h) = /Bi,S,j

s=max{0,j—i,j+h—n}

Lemma 7.1.2. For m,n,h € N with 0 < h < min{m,n} and j € B(i), let & =

Sg(m,n,h) and r = m 4+ n — 2h, then we have:
1. ) #0, for 0<i<m—h;

2. ™40, for m—h<i<r;
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3. et £0, for 0 <i<n-—h;
4. €l #0, for n—h <i<r.

Lemma 7.1.3. Let m,n,h € N with 0 < h < min{m,n}, and r = m +n — 2h. For

any 0 <1 < m+n—2h, we have
max{0, —m + i + h} < min{i + h, n}.

Proof:
Let

0 if  0<i<m—~h
j1 = max{0,—m + i+ h} =
i—m+h if m—-h<i<r

and

, o ith if 0<i<n—h
Jjo=min{i + h, n} =
n if m—h<i<r

If j; =0, then j; < h < jo. Otherwise,

j1=1—(m—"h) <min{i, r —m+ h} = min{i, n — h} < min{i + h, n} = jo

Recall the definition of B(i) = {j : max{0,—m + ¢+ h} < j < min{i + h, n}}
in Notation 2.3.10.

Corollary 7.1.4. For m,n,h € N with 0 < h < min{m,n}, let r = m+n — 2h. For

each 0 < i <r, there exist ji, jo € B(i) such that j; < ja, and

5{1 # 0, el £0

)
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Proof:
Let j; = max{0, —m +i+ h} and j, = min{i + h, n}. Both j;, j» € B(i), and by
Lemma 7.1.3 we have j; < j5. By Lemma 7.1.2, both 5‘21 # 0 and 5{2 # 0. i

Recall by Remark 4.2.3 that EPOSIC Kraus operators of ®,,,,;, are given by

min{r,m+j—h}

= Y e

i=max{0,j—h}

for 0 < j < n. Recall also by Notation 6.1.7, that for a quantum channel ® with
Kraus operators {7} : 1 < j < n}, and for a pure state p = ww* of H, the set Uy,
denotes the vectors {u; = Tjw : 1 < j < n}. The proof of the following lemma is via
direct computation.

Lemma 7.1.5. Let m,n,h € N with 0 < h < min{m,n}, r = m +n — 2h, and
{T; : 0 < j < n} be the EPOSIC Kraus operators of @, pp. For w = m+f%wifj €

i=0

P, .. ., we have
min{r,m—h+j;}

— E : oJ fm
Tjw - Wi&; i—j+h

i=max{0,j—h}
Proposition 7.1.6. Let m,n,h € N with 0 < h < min{m,n}, and P, be the
associated EPOSIC channel. For any pure state ¢ € End(P,., o), the set Us,, . , o

contains at least two linearly independent vectors.

Proof:
Let 7 = m 4+ n — 2h and p be any pure state in End(P,). By Remark 3.2.4,

0 = ww* for some unit vector w € P,. i.e

r

T
w = Zwif;, Z |U}Z|2 =1
=0

1=0
Pick ¢; minimal so that w;, # 0. By Corollary 7.1.4, there exist j; < j» € B(iy) such
that &' # 0 and 5ff # 0. Since j € B(i1) <= max{0, j—h} <i; <min{r,m—h+j},

1
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then by Lemma 7.1.5, we have

min{r,m—h+j1}

. = . — . jl m
uh - lew - E wZEi fi—j1+h 7é O

i=max{0,j1 —h}

and
min{r,m—h+jo} '
wj, = Tjw = Z wigffzjﬁh #0
i=max{0,jo—h}
If Us,, ,no=1u; :0<j <n} doesn’t contain two linearly independent vectors, then
there exist a # 0 such that u;, = aw;,. In particular, comparing the coefficients of
o ens We Obtain

J2 __ J1
0 # wy, g7 = qw;,&;,

for some iy, where i; — jo + h =iy — j1 + h. i.e. ia =i — (jo — j1) < i1 and w;, # 0,

contradicting the minimality of ;. i

The following corollary follows directly from the last proposition and Proposition

6.1.10.

Corollary 7.1.7. Let m,n,he N with 0 S h < min{m,n}. Then Spin(Pmnn) is

NONZEro.
By the last corollary and Corollary 6.1.12, we have:

Corollary 7.1.8. Let m,n,he N with 0 S h < min{m,n}. For any pure state o €

D(P, . s), the state Ui h Oy, 1y € D(P, ® P,) is a pure entangled.

7.2 Examples and special cases

In this section, we give a systematic method to compute the minimal output entropy
of @, ., for m,n € N, and compute S,in(Pp1.1). We also give a bound for S, (P),

where ¢ : End(P,) — End(P,,) is an SU(2)-irreducibly covariant channel.
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7.2.1 The minimal output entropy of ®,,;

Lemma 7.2.1. Let K be a finite dimensional Hilbert space, and A € End(K) such

that A = Y ujui. If {u; : 1 < j < n} are linearly independent vectors in K, then
j=1

there exist a basis for K such that the matriz represents A is in the form

(uifur) (uifuz) o (urfun) 0 oo 0
(ugfur) (ugluz) -+ (uzlup) 0 --- 0
(un [ur)  (un uz) (Un lun) 0 --- 0
0 0 0 0O --- 0
0 0 0 0 --- 0

A matrixz in a such form is called Gram matrix.

Proof:
Let {1, Unya, ...y, } be a basis for the orthogonal subspace on span{u; : 1 <
j<n}andU = {ul,u2, vy Uy Uy g1 udk} . The set U forms a basis for K. For each

ur € U, we have

n

> (U Jug ) uy if 1<k<n

Auy, = Zu]u;‘ (ug) = J=1
=1 0 if k>n
The result follows by writing the matrix for A with respect to the basis U. i

Corollary 7.2.2. Let m,n € N with n < m, and o be a pure state of P,_,.. The

matriz representing L, ,.n(0) is in the form of a Gram matrix.
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Proof:
Let {7} : 0 < j < n} be the EPOSIC Kraus operators of ®,,,,,, : End(P,,_,) —
End(P,), and ¢ = ww* where w is a unit vector in P,_,. By Remark 6.1.8,

(I)m,n,n(g) = q)m,n,n(ww*) = Zuju;
=0

where u; = Tjw . By Lemma 7.1.5,

m—j

m—n
._,_E:,J’m _E J m
u] - Tjw - w;g; i—j+n wk+j*n€k+j—nfk
i=0

k=n—j

where &/ = &/ (mnm. As the coefficients & m.n.m are nonzero (Corollary 2.3.15 (6)), it
is clear that the set {u; : 0 < j < n} is linearly independent. The result follows by
Lemma 7.2.1. |

Theoretically, we are now able to compute the minimal output entropy for @, ,, ,
by computing the eigenvalues of the Gram matrix of ®,,, ,(¢) for any pure state g,
see Definition 6.1.5, and Remark 6.1.2. Due to the complicated computations, we
only find the minimal output entropy of ®,,1:. Recall that for m € N~ {0}, the
channel ®,,11 : End(P, ) — End(P,) has only two EPOSIC Kraus operators
{Tv, T}, where T : P, ., — P,,, j = 1,2 as given in Definition 4.2.1. Let o = ww*
be a pure state in End(P,,_,), and uy = Tow, u; = Tyw. By Corollary 7.2.2, there is

exist a basis for P,, such that the matrix ®,,;1(0) is given by

<U0 |U0> <U() |U1> 0 0
<U1 ]u0> <U1 ‘U1> 0 0
0 0 0 - 0
0 0 0 - 0

Using the same notation above, we have
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Proposition 7.2.3. Let m € N\ {0} and ww* be a pure state in End(P,,_,). The
eigenvalues of @, 1 1(ww*) are {0, A\, Ay}, where

1+V1I—4R

Al2 9

with B = [Juo||” [Jur||* — |{uo |us )|

The proof of the following lemma is purely computational, and is provided in

Appendix B.

Lemma 7.2.4. Let m € N~ {0}. Using the above notations, the minimal value of

2 2 2 .
ol ™ [lua ™ = Cuo fua )™ s Gy

Remark 7.2.5. Using Cauchy Schwartz inequality and Lemma 7.2.4, we have

0 <1—-4R <1 holds for any m > 1 which affirms that A, ; are non-negative numbers.

By concavity of von Neumann entropy [27, p.516] and [41, Prop.13.4], we have
that the von Neumann entropy of @,,,(ww*) achieves its minimum when the dif-
ference between A\; and A, is maximal, this is when R is minimal. Consequently, by

Remark 6.1.2, we get:

Corollary 7.2.6. Let m € N~ {0}. Then

1 1 m m
Smin<q>m,1,1) = —[ log, + log,
m+1 m+1 m+1 m

]

+1

with the minimal output entropy achieved at the state o = fr=' fr=1",

7.2.2 Lower bound of the minimal output entropy of an ele-
ment in QC’(Pl,Pm)SU@)

Recall that the set QC(P,, P,,)°Y® consists of all SU(2)-irreducibly covariant chan-
nels ® : End(P,) — End(P,), and it is the convex hull of the EPOSIC channels



7. The Minimal Output Entropy and The Entanglement Breaking Property of
EPOSIC Channels 131

EC(1,m) (Proposition 5.1.2). In this subsection, we find a lower bound of the min-
imal output entropy for these channels assuming m > 5. We begin by recalling
some results from Chapter 4. The following lemma is a reformulation of the result in

Lemma 4.6.1.

Lemma 7.2.7. Let me N and ® : End(P,) — End(P,)) be an SU(2)-equivariant
map. For a unit vector w in P,, the states ®(ww*) and ®(f1fY) have the same

eigenvalues.

Corollary 7.2.8. Let m € N and ® : End(P,) — End(P,,) be an SU(2)-covariant

channel. Then
Smin(®) = S(®(f1 /3))
By Lemma 4.6.2, we have

Example 7.2.9. Let m € N~ {0}. Then

m—+1 9
L SninBrnirsn) = = Gz 108 Gy

m

2. Smin(q)m,m—l,m—l) Zm (m+1) 10g2 m(m+1)

Jj=1

Proposition 7.2.10. Let m € N\ {0}, and ® : End(P,) — End(P,,) be an SU(2)-

covariant channel. There exists 0 < p < 1 such that the eigenvalues of ®(fLfL)

are
(N = 285+ s (1-p), 0< i <m}.
Proof:
Since ® € QC(P,, P,.)V®, then by Proposition 5.1.2, there exists 0 < p < 1
such that

¢ = pq)m,m—i—l,m + (1 - p)q)m,m—l,m—l

By linearity of ®, and by Lemma 4.6.2, we have

C(fofo ) = PPmmrrm(fo /i) + (1= D) Prm-rimr (fo fo)
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— m m 2p(m +1) 2(1 m m*
= SRl 0 [ + ] Fe

m

2 : 2p(m—j+1) 2(1—p)j fm fm
(m+1)(m+2) mm+1 m—jJ m—j

j=0

By the above proposition, Corollary 7.2.8, and Remark 6.1.2, we have

Corollary 7.2.11. Letm € N, and ® : End(P,) — End(P,,) be an SU(2)-covariant

channel. There exists 0 < p <1 such that

Sinin(®) = —ZO)\j log, A
iz

_ 2(m—j+1)
where Aj = (m+1)(Jm+2)p + m(m+1) (1-p).
Remark 7.2.12. The map —z Inz is increasing on |0, %], and its integral % — 9”21%

is an increasing map on [0, 1]. Recall that by convention, 01In0 = 0.

Proposition 7.2.13. Let m € N such that m > 5, and ® : End(P,) — End(P,,) be

an SU(2)-covariant channel. Then

Smm(q)) > 1 (m_2)2

= An2 m2(m+1)2
Proof:
By Corollary 7.2.11,
Smin(P) = ﬁi% In A;
i=0

where
A = Gt ? + e (1-1).
Let f(x) = —wlnz, g(x) = [ f(z)de = 5 =P gy = 20 and y; = 2l
As
xj < (mi(f)L(tilm =25 and y; < #’11) = 25, For m > 5, we have

0 < min{a;,y;} < pr;+ (1 —py; < max{wy,y;} < 25 <5 <
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Thus, by Remark 7.2.12,

S (min{z;,y;}) < f (pr; + (1 —p)y;)

As min{z;,y;} = y; if and only if j < 2, and f (pz; + (1 —p)y;) > 0 for any j, we

have
1]
In2 -+ Spin (P Zf prj+ (L =p)y;) = Y f(pr; + (1 - p)y;)

L%J _0
> Zof(min{xjaya Zf <m(m+1 ) Zf <m(m+1 )

As for z € [0, | Z]], we have 0 <

m(r2n,$+1) < %' Then for j S [07 L%JL we have

J

(i) = [ 1 (i) e = [ 1 () e

J

Consequently,
%]
102+ Sy (@ Z / ) do = / f () de.
] 0
To compute the right hand side, let u = ( +1 then
) e

/ <m(7275+1)> dr = % / (—ulnu)du = g(%) — ¢(0)

O\L‘:\_S

but
o o — m— In mmT_Q
9(tt) = 9Gdss) = 9(Ges) = Gagrn)” {% ~ lafmn) “))}
2
Since =55 ) <1, then g(m=2.) > m’&‘fl» . Thus
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7.3 The entanglement breaking property of EPOSIC
channels

The present section examines the E.B.T property of EPOSIC channel. The E.B.T

property of a quantum channel was reviewed in Section 6.2.
Proposition 7.3.1. For m € N, the channel @, p, , and ®g 0 are E.B.T channels.

Proof:

Let {T; : 0 < j < m} be the EPOSIC Kraus operator of ®,,,,,,. By Remark
4.2.3 (1), we have rank(7T;) <1 (since r = 0). Thus, ®,, y,m can be written in Kraus
representation using only rank one operators. By Proposition 6.2.2, @, ,, , is E.B.T.
We also have ®g 0 = (m + 1)@}, ., is an E.B.T channel (see Proposition 6.2.7, and

Proposition 4.5.6). i

Since the set of entanglement breaking maps is a convex set [20, Th.3] then by

Proposition 5.1.2, we have:

Corollary 7.3.2. For m € N, let ® : End(P,) — End(P,,) and ¥V : End(P,,) —
End(P,) be SU(2)-covariant channels. The maps ® and V are E.B.T channels.

The following proposition determines some special cases where the EPOSIC chan-
nels are not E.B.T. Recall that the EPOSIC channel ®,,,, has exactly (n + 1)
EPOSIC Kraus operators (Definition 4.2.1).

Proposition 7.3.3. Let m,n,h € N with 0 < h < min{m,n}. If m > min{n,2h}
then @, @ End(P,,, ) — End(P,) is not E.B.T. In particular, ®,, . is not
E.B.T for any 0 < h <m.

Proof:
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Assume that m > min{n, 2h}. If n > 2h, then dim(P,,,,_.,) > dim(P,,). Hence
n+1l<m+1<dim(P, ) =max{dim(P, ., o), rank(T'r’ﬁme% (C(Prmnn)))}

The result follows by Corollary 6.2.6, and the fact that ®,,, 5 has (n + 1) EPOSIC
Kraus operators. If n < 2h, then n > 2(n—h). Since m+n —2h > min{n, 2(n— h)},

then by Proposition 4.5.6, and the first case, we get that the channel

_ m+n—2h+1 5%
(I)m+n72h,n,n7h - m—Hq)m,n,h

is not E.B.T. The result follows by Proposition 6.2.7. i



Chapter 8

The Minimal Output Entropy of
the Tensor Product of
SU(2)-Irreducibly Covariant

Channels

There are very few tools that can be used to understand the minimal output entropy
of the tensor product of two channels in general. In this chapter, we restrict ourselves
to the SU(2)-irreducibly covariant channels, and obtain a bound on the minimal

output entropy for the tensor product of two of such channels.

The main results of this chapter:

e Obtaining a bound on the minimal output entropy for the tensor product of

two SU(2)-irreducibly covariant channels (Corollary 8.2.4).

136
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8.1 The tensor product of SU(2)-irreducibly co-
variant channels.

For i = 1,2, let H;, K; be Hilbert spaces, and ®; € End (End(H;), End(K;)). Recall
that ®; ® @9, the tensor product of ®; and P, is the endomorphism from End(H; ®
Hs) to End(K; ® K3) such that

D R Dy (A ® Ay) = D1(A;) @ Py(Ar)
for A; € End(H;), i =1,2.

Notation 8.1.1. Let H be Hilbert space such that H = @Wl, and W; are subspaces
=1
of H. Let P be the set of the corresponding orthogonal prOJectlons {g; : 1 <i<m}.

In this chapter, Ey will denote the map Ey : End(H) — @End( ;) defined by

=1

= 4Aq
=1

For i =1,2, and r;,m; € N, let P, (resp. P, ) be the SU(2)-irreducible Hilbert
min{ry,ro}
space of dimension r;+1 (resp. m;+1). Let P, ® P, = & Vj (resp. P, ®P,,, =
k=0
min{mq,mq}

@ W) be the decomposition of P, ® P,, (resp. P,,, ® P,,,) into a direct sum of
=0
S(2)-irreducible subspaces. By Proposition 1.2.5, Proposition 3.3.6, and Proposition
3.3.8, we have

Proposition 8.1.2. With the notation above, if ®; : End(P,,) — End(P,.),i=1,2

are SU(2)-covariant channels, then
1. For 0 < k < min{ry, o}, the restriction of &, ® ®y to End(Vy)
Q1 ® Og |End(vi) : End(Vy,) — End(P,, ® P,,)

is an SU(2)-covariant channel.
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2.If P = {q : 0 <1 < min{my,ma}} is the set of orthogonal projections of
P, ®P,, on the SU(2)-irreducible subspaces Wi, then the map

min{mq,mg}

By (@1 ® O3 |End(vi)) : End(Vy) — €@ End(W))

=0

is an SU(2)-covariant channel.

Proposition 8.1.3. Let Ey ($1 @ @3 |End(vy)) be the channel given in Proposition
8.1.2. For each 0 < k < min{ry,rs}, we have:

min{my,ma}

E‘n (q)l ® Pgy |End(Vk)) = Z /\k,ﬂ/Jk,z
1=0

where for 0 <1 < min{my, ma}, the map ., : End(Vy) — End(W)) is an SU(2)-
irreducibly covariant channel, and {\,, : 0 <1 < min{my,ms}} are non-negative real

min(my,mg}

numbers with >, A, = 1.
=0

Proof:
The map
¢ (P @ Po|Endy)) qf - End(Vy) — End(W))

is a completely positive SU(2)-irreducibly equivariant map (note that this map-
ping is not necessarily trace preserving). By Corollary 5.1.6, it is a multiple of
an SU(2)-irreducibly covariant channel, i.e. there exist SU(2)-covariant channel

Uiy End(Vy) — End(W)), and a non-negative number \j; such that

qi (q)l ® Dy |End(Vk)) ql* = )\k,lqu)k,l

Consequently,

min{my,mg}

qu ((I)l & (I)z ‘End(Vk)) = Z q (Cbl & (I)Q |End(Vk)) q;k

1=0

min{mq,mg}

- Z )\k,lwk,l
1=0
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By taking the trace of both sides for any state o, we get that

min{my,mg}

> =1
=0

8.2 Bound for the minimal output entropy of the
tensor product of two SU(2)-irreducibly covari-
ant channels.

Recall the definition of von Neumann entropy, and the minimal output entropy given

in Section 6.1. Recall also if W is a subspace of a Hilbert space H, then End(W)

A0
isomorphic to a subspace of End(H) via the map A — , see also Remark

0 0
1.2.11.

Lemma 8.2.1. Let H and K be Hilbert spaces, and W be a subspace of H. Let
¢ : End(H) — End(K) be a quantum channel. Then

Smin(®) < Smin (P [End(W))

Proof:
Let 0 € End(W) be a pure state, p can be considered as a pure state in End(H).
Thus,

Smin(®) = min{S(¢) : ¢ € P(H)} <min{S(¢) : ¢ € P(W)} = Spin(® [End(W))
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The following result is proved in [12, p.226].

Lemma 8.2.2. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be a
unital quantum channel. Then S(o) < S(®(0)) for o € D(H), where S is the von

Neumann entropy.

Proposition 8.2.3. Let H, K and L be Hilbert spaces. Let ® : End(H) — End(K)
be a quantum channel, and V : End(K) — End(L) be a unital quantum channel.

Then S(®(0)) < S(¥(P(p))) for o € D(H). Consequently
Snin(P) < Spin (W o D).

Recall by Corollary 2.3.6 that for r;,m; € N, ¢ = 1,2, the space P, ® P,, =
min{ry,rg} min{my,mg}

Vi (resp. P, ®P,, = @ W, ), where Vi (resp. W) is an SU(2)-
k=0 =0
irreducible space isomorphic to P, ,,, on(resp P, ..., ). Keeping these notations,

we have

Corollary 8.2.4. Let @, : End(P,,) — End(P,,,) and ®, : End(P,,) — End(P,,,)

be SU(2)-covariant channels. For each 0 < k < min{ry,r}, we have

min{mq,mg}
Smin(q)l X CI)Q) S Smm < Z Ak,l¢k,l)
=0

where {,, : End(Vy) — End(W;),0 < 1 < min{my,ms}} are SU(2)-irreducibly

min(my,mo}

covariant channels, and \,, are non-negative real numbers with > A, = 1.
=0

Proof:
Pick k such that 0 < k < min{ry, 72}, let V; be the SU(2)-irreducible subspace
of P, ® P,, of dimension 7 + 7, — 2k. By Lemma 8.2.1,

T2

szn(q)l ® @2) S szn(q)l X CI>2 |End(Vk))
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Let B = {¢ : 0 <1 < min{my, my}} be the SU(2)-equivariant projections of P, ®
P, onto the subspaces W;. By Proposition 3.3.8, the map Ey : End(P,, ® P,,) —
D End(W;) defined by
- min{my ms}

Eq(A) = l:Zl @ Aq;

is a unital channel, so by Proposition 8.2.3, and Proposition 8.1.3, we have

min{mq,m9}
Smin(q)l ® (I)Q) S szn(E‘B<(I)l ® (I)2 |E”d(Vk))> = Smin < Z )\k,lwk,l>
=0
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Appendix A

Background Results in Operator
Algebras

A.1 Background definitions and lemmas

As in the rest of the thesis, we assume all vector spaces to be complex vector spaces
of finite dimension.
Definition A.1.1. [31, p.4] Let H be a vector space. A norm on H is a map
Il - H — [0, 00)
such that

L lz+yll < |zl + llyl| for all vectors x,y in H.
2. ||ax|| = |a|||z|| if x in H and « is a scalar.
3. |lz|| > 0 if © # 0 where x in H.
A vector space that equipped with a norm is called a normed space.

Definition A.1.2. Let H be a vector space. An inner (scalar) product on H is a

map (-|-) : H x H — C, which is
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1. linear in the second argument,
ie. (x|\y) =XNzly) and (x|y+2) = (x|y) + (x|z), for all x,y,z in H and
all scalars \ € C.

2. conjugate symmetric,

i.e. (xly) = (yl|x), for all x,y in H.

3. positive definite, i.e. (x|r) >0 and (x|x) =0 if and only if x =0 for all x in
H.

A vector space H with an inner product is called an inner product space.

Remark A.1.3. In the definition above, we follow the definition that most physicists

use, as given in [10, p.1].

Lemma A.1.4. Let H be a vector space. An inner product on H induces a norm on

H, given by ||x|| = v/{x|x) forz € H.

Definition A.1.5. A Hilbert space is an inner product space that is complete as a

normed space (with respect to the norm induced by its inner product).

Definition A.1.6. Let H be a vector space. The conjugate space H is the vector
space with the same underlying abelian group as H, and with scalar multiplication

(A, 0) — Av = .

If H is a Hilbert space, then H is also a Hilbert space endowed with the inner
product defined by (hy |ha) = (ha |h1),,.

Notation A.1.7. For a Hilbert space H, let H* denote the vector space of all linear
forms on H. The space H* is called the dual space of H.

Theorem A.1.8. [6, p.40] Let H be a Hilbert space. The map

T:H — H*
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h— f: H—C
z— (hlx),
is isometric anti-isomorphism from H to H*.

For vector spaces H and K, let End(H, K) denote the vector space of linear
maps from H to K. We write End(H) for End(H, H) and I, for the identity map
on H.

Definition A.1.9. Let H be a Hilbert space, and {ey, e, ...e,} be an orthonormal
basis of H. The un-normalized trace on End(H), is the linear map tr : End(H) — C
defined by

() =Y {ei [ Tes),,

i=1

The definition of the trace does not depend on the choice of the basis.

Lemma A.1.10. Let H be a Hilbert space. For T € End(H), we have

tr(T*) = tr(T) = tr(T).

For Hilbert spaces H and K, the space End(H, K) endowed with the Hilbert-

Schmidt inner product given by (A |B) =tr(A*B) for A,B € End(H,K) is a

End(H,K)

Hilbert space.

Remark A.1.11. For T € End(H,K), u € H and A € C, we have

T(Au) =T(A\u) = AT (u) = N\.T(u)

Hence, the map T is also linear regarded as a map from H to K. We use T to denote

T when it is regarded as a map of H to K.

Proposition A.1.12. Let H and K be Hilbert spaces. The Hilbert spaces End(H, K)
and End(H, K) are equal, and the Hilbert Schmidt inner product on them is the same.
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Definition A.1.13. For Hilbert spaces H, K and T € End(H, K), the adjoint of T
is the unique linear map T* € End(K, H) such that

(y|Tz), = (T"yl|z), Vr € H, Yy € K.

Definition A.1.14. [10, p.6-8/Let H be a Hilbert space, and T € End(H). The
operatorT is called Hermitian (self adjoint) if T = T*. A positive operator T (denoted
by T > 0), is a Hermitian operator with non-negative eigenvalues. An orthogonal
projection T is a positive operator with an eigenvalues belongs to {0,1}. i.e. T? =

T =T*. Finally, T is a unitary operator if T satisfy T'T* =T*T = I.

Lemma A.1.15. [10, p.6] Let H be a Hilbert space, and T € End(H). The following

are equivalent:

1. T 1is a positive operator.
2. T =.885* for some S € End(H).
3. (Tw|w), >0 for any w e H.

Lemma A.1.16. Let K be a Hilbert space. For T € End(K) and 0 # w € K, we
have

(T |ww*>End(K) = (Tw|w), .
Proof:
Let {f; : 1 <i < dx} be an orthonormal basis for K with f; = ”Z—” We hence

have:
dg
(T |ww™) g0y = tr(T7ww™) = ;(fl T ww* f;) .

= (f[Trww" fi), = <ﬁ ’T*“’“’* (ﬁ) >K
= (W |T"w), = (Twlw),.
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Proposition A.1.17. Let K be a Hilbert space, and T' € End(K). The operator T

is positive if and only if (T |X') > 0 for all positive X .

End(K)

Proof:
If T"and X are positive, then T' = T1 T}, X = X; X for some T}, X; € End(K),

and

(T X) = (T 1X0XY) ey = tr (DTY X0 XT) = tr (T7X0)" 17 X4) 20.

End(K) —

For the other direction, assume that (T |X) > 0 for all positive X. As ww* is

End(K)

positive for any w € K, we have

>0

End(K) =

(Twhw), = (T [ww*)

and T is positive. |

Definition A.1.18. Let H be a Hilbert space, and Wy, Wy be subspaces of H. We
say the spaces Wy and Wy are mutually orthogonal if (uy | ug),, = 0 for every u; € Wi

and uy € Ws.

Recall that if Hy, Ho, ....., H, Hilbert spaces, their (external) direct sum denoted
by @H;, is the {(hy, ho,......;hy,) : h; € H;}. Tt is a Hilbert space with the inner
i=1

n

> (hi | ki),

=1

Definition A.1.19. Let H be a Hilbert space, and Hy, H, ....., H, be subspaces of H,

product given by ((hy, ha, ..., hy) | (K1, ko, ooy ki)

such that H = Hy +Hy+----- + H,, and H;N | > H; | = {0}, then H is called the
i#]
(internal) direct sum of {H; : 1 <1 <n}. If Hy, Ho, ....., H, are mutually orthogonal

subspaces of H, then H is called the orthogonal direct sum of {H; : 1 <i <n}.

If Hi, H,, ....., H, are subspaces of a Hilbert space H, satisfying the conditions in
Definition A.1.19, we identify the internal direct sum of {H; : 1 < i < n} with their
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n
external direct sum @@ H; via

=1

h:h1+h2+"'+hn(—>(h17h'27"'7hn)

Definition A.1.20. Fori = 1,2, let H; and K; be Hilbert spaces, and ¢; € End(H;, K;).
Then ¢1 @ ¢o : Hy & Hy — K1 & Ky is the endomorphism given by

$1 @ P2 (hy, ha) = (¢1 (M) , @2 (h2))
for (h1,hy) € Hi @ H,.

Let H and K be two vector spaces, consider the free vector space L = C(H x K).
By identifying H x K as a subset of L, one considers in L the subspace N generated
by the elements of the form

(Athy + Aghy, paky + poka) — Apa(ha, k1) — Apa(ha, ko) — Aapin (o, k1) — Aotz (ho, ko)

The tensor product of H and K, denoted by H ® K is defined to be the quotient
vector space L/N. For h € H and k € K, the element h ® k denotes the element of
H ® K represented by the element (h, k) of L/N. The tensor product of H and K

can be abstractly characterized as following:

Definition A.1.21. Let H and K be two vector spaces. The tensor product of H
and K is a vector space H ® K with a bilinear map © : H x K — H ® K which is
universal in the following sense, if U : H x K — V is bilinear map into some vector
space V', then there exists a unique linear map T : H®Q K — V such that To© = V.
We denote ©(h, k) by h ® k, so the map T is characterized by T'(h ® k) = V(h, k).
The space H ® C is identified with H via the unitary map h @ A — Ah.

Proposition A.1.22. Let H and K be two vector spaces. If {e1,ea,....en} and
{f1, fa, ...fm} are bases for H and K respectively, then {e;®f; : 1 <i<n,1 <j<m}
forms a basis for H® K. In particular dim(H ® K) = dim(H) - dim(K).
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Example A.1.23.
1. C"eCr ~C™.
2. For vector spaces H and K, we have End(H,K) ~ K ® H*.

According to the example above, the space End(H, K) is generated by {xy* :

x € K,y € H}, where y* denotes the linear form on H given by y*(z) = (y|z),,, and

H’

xy* denotes the map zy*(2) = (y|z), = for any z € H.

Proposition A.1.24. Fori = 1,2, let H; and K; be vector spaces. If S € End(Hy, Hy)
and T € End(Ky, K3), then there exists a unique linear map denoted S @ T from
H, ® K; to Hy ® Ky characterized by S @ T(h @ k) = S(h) @ T'(k). If S and T are

isomorphisms, then S ® T is an isomorphism with inverse S™' @ T~ 1.

Proposition A.1.25. For ¢ = 1,2, let H; and K, be vector spaces. There exist a
linear isomorphism T : End(Hy, Hy) ® End(Ky, Ky) — End(H, ® K, Hy ® K5)
given by

T(A® B)(h1, k1) = A(h1) ® B(ky)

for A® B € End(Hy, Hy) ® End(K;, Ks), and extending linearly.
Lemma A.1.26. Let H and K be inner product spaces whose inner products are
gwen by (-|-),, and (-|-),. respectively. There exists a unique inner product on H® K

such that (hy ® ky |hy ® ko), .= (hy|ha), (k1 |k2),. If H and K are Hilbert spaces,
then H ® K is a Hilbert space.

For the following proposition see [3, p.69, p.74].

Proposition A.1.27. Let (H,7y) and (K, 7x) be two representations of a group G.
The tensor product my ® w, (resp. the direct sum 7, ® 7, ) defines a representation

of Gin HR K (resp. H® K) given by

g Tglg) ® Tk(g)
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(resp. g+ Tulg) @ Tx(g))

A.2 Positive and completely positive maps

Definition A.2.1. Let H and K be two Hilbert spaces. A linear map ® : End(H) —
End(K) is

e positive if P(A) > 0 for any positive A € End(H).

e n-positive if P ® I, is a positive map, where ® ® I,, denotes the linear map from

End(H) @ M, into End(K) @ M,,, such that
PRI, (A®B)=9(A)® B
for all A € End(H) and B € M,,.
e completely positive if it is n-positive for each n > 1.

Before stating the next proposition, we introduce the following maps that are

needed for the proof.
Notation A.2.2. For k > 2,

e let ¢ denote the canonical inclusion of C*~! in C* ~ C*~! x C given by
LE - Ck_l — Ck

x +— (z,0)

for z € C*~!. The adjoint map of ¢ is the projection ¢; : C¥ — C*~! that
maps the first k — 1 component of x € C* to themselves, and the last one to

the zero.
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e For a Hilbert space H, let

— 0, denote the map I, ® 1, : H® CF-! — H ® CF.

— o7 denote the adjoint map of o, I, ® 1} : H® CF — H @ CF 1.

Proposition A.2.3. Let H and K be Hilbert spaces, and ® : End(H) — End(K)

be a linear map. For k > 2, if ® is k-positive, then it is (k — 1)-positive.

Proof:
Assume that ® is k-positive. By Proposition 3.2.13, using the same notation in
A.2.3, we have
Ady, - End(H) @ My — End(H) @ My,

Adg}} : End(K) QR M, — E?’Ld(K) ® M1

and

®® I : End(H) ® M), — End(K) ® My,

are positive maps, so is the maps composition Ady: o (® ® Iy) o Ad,,, : End(H) @
M1 — End(K) ® My _q which & ® I_4. |

Proposition A.2.4. Let H and K be Hilbert spaces, and ® : End(H) — End(K) be
a linear map. The map ® is positive if and only if (P(A) |B) >0 for A € End(H)

and B € End(K) such that A, B > 0.

End(K)

Proof:

Let A € End(H) and B € End(K) such that A, B > 0. Assume that & is
positive, then ®(A) > 0. Thus, there exist X,Y € End(K) such that ®(A4) = XX*
and B =YY". Hence,

(®(A)[B) = (XX YY)

End(K) ~

= (XXTYY") = tr(XTY)" X*Y) > 0.

End(K
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The other direction, follows by Proposition A.1.17. i

Recall (by Definition 4.5.1) that the dual of a linear map ® : End(H) —
End(K) is the unique map ®* : End(K) — End(H) such that
<B |(I)(A)>End(x) = <CI)*(B) |A>End(H)

for all A € End(H) and B € End(K).

Proposition A.2.5. Let H and K be Hilbert spaces, and ® : End(H) — End(K)

be a linear map. Then
1. ® is a positive map if and only if ®* is positive.
2. ® is completely positive if and only if ®* is completely positive.
3. ®* is trace preserving map if and only if (1) = Ix.

Proof:
The proof of (1) and (2) follows directly from Proposition A.2.4, as (P ® I,,)" =
¢* ® I, for each n. For (3), note that for any T € End(K), we have

tr(@4(T)) = (L |2*(T)) (®(L:)|T)

Bnd(H) End(K)
and
tr(T) = (L IT) gy
Hence, ®* is trace preserving if and only if (®(Iy) [T') .00 = Ik |T') pouc, for each
T € End(K). i.e. if and only if ®(1,;) = I,. i

Proposition A.2.6. Let (H,my) and (K,7y) be two unitary representations of a
group G. A linear map ® : End(H) — End(K) is G-equivariant if and only if ®*

18 G-equivariant.
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Proof:
Assume @ is G-equivariant. By Proposition 1.2.4,

O (7 (9) AT (9) = Ti(9P(A) T (9) Vg e G

1.e.
@ @) Ad"'H(Q) - Adﬂ'K(g) @) (D vg 6 G
hence
¢* O AdTrK(g) = Adﬂ'H(g) ) ¢* Vg E G
i.e

®* is G-equivariant.

As (®*)" = @, the other direction also holds. i

A.3 Covariant Stinespring dilation theorem

In this section, we state and give a proof of a special case of the covariant Stinespring
dilation theorem. The general case can be proved with some modification. The

following is a special case of the Stinespring dilation theorem [28, p.43-45].

Theorem A.3.1. Let H be finite dimensional Hilbert spaces, and ® : M, (C) —
End(H) be a completely positive map. Then there exists a Hilbert space K, a unital
s-homomorphism 7 : M, (C) — End(K), and a bounded operator V : H — K
with || ®(I,)|| = ||V||* such that

B(A) = V'n(A)V VA€M, (C)

Remark A.3.2. If G is a group and p : G — End(C™) a representation of G in
C" then Ad, : G — End(M,,) where Ad,(g) = Ad, is a representation of G in
M, (C).
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Following the proof’s steps of Stinespring dilation theorem in [28, p.43-45], we

give a proof of the following theorem :

Theorem A.3.3. (Covariant Stinespring dilation theorem ) Let n € N, H be a finite
dimensional Hilbert space, (H, p;) and (C™, p,) be two unitary representations of a
group G, and ® : M, (C) — End(H) be a completely positive G-equivariant map.

Then there exist
1. a finite dimensional Hilbert space IC with a unitary representation ¢ of G in IC,
2. a G-equivariant unital *—homomorphism = : M, (C) — End(K), and

3. a G-equivariant bounded operator V' : K — K such that

O(A) = V*r(A)V VA€M, (C)

Proof:

We follow the scheme of the proof given in [28, p.43-45]. On the algebraic tensor
product M,,(C)® H, we consider the pre-inner product (- |-) defined for A, B € M,,(C)
and z,y € H by (AQz|A®y) = (P(B*A)x|y), where (-|-), is the inner product
on H. As ®o Ad,, 5 = Ad,, g 0P, Yg € G, then for all A, B € M,,(C) and =,y € H,

we have
(Ady, () © (o) (A® @) |Ady, () © pu(9) (BOY))

= (Ad,, (4)(A) ® pute) (x) |Ad,, () (B) @ pule) (y))

= (P ((Ady,(5)(B))" Adp,(5)(A)) puo) (2) Ipuo) () ),
= (P (Ad,,()(B*A)) puto) () |puo) (v) ),

= (ou@® (B"A) (pu(®)" pu@) (2) |pu(9) (¥))

= (pu(® (B*A) () [puto) (v))
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=(®(B"A)(2)|y), = (Az|Boy).

Therefore, the map (- |-) is G -invariant under the action of p = Ad, ;) ® py. Thus,
the subspace (as checked in [28])

N={ueM,(C)® H: (ulv)=0VveM,(C)® H}

is G-invariant under p. Hence, the induced bilinear form on K = (M, (C) ® H) /N is

a G-invariant inner product with respect to the action of G on K given by
@(u+N) = pio)(u) + N.

For A € M, (C), the linear map 7(A) : M,, ® H — M,, ® H defined by

A) (ZAHX)ZE@') :ZAANX)%

satisfies

(Ad,y,m(A (Z A; @ ) (pm(A)p" @) (Z 4;® xz)
= por(4) (3 L0 Aipuo) @ piyo (1))
= P (Z AP @) Aipale) @ o (:vi))
= pulo) (AL @ Aipa@) P0) @ Putopyo (:)

= (Z P9 AP, (9)A; @ xz) =moAd,,,(A) <Z a; @ Iz) .

So, m is a G-equivariant map for the action Ad,,,, on M, (C) and Ad, on End(M,,®H )
with 0 = Ad,, () ® pu. As shown in [28, p.43-45] w(A) leaves N invariant and thus
extends to a bounded linear operator on K, which is G-equivariant. Then 7 : M,, —
End(K) is a unital *-homomorphism such that for each A € M, (C), g € G and
u+ N € K, we have

(Ado(ym(A)) (u+N) = (cwm(a)o’w) (u+N)
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= pom(A)p o (u) + N =m0 Ad,,,(A)(u) + N
=70 Ad,, ., (A)(u+N).

So, Ady,, om =mo Ad,, ., and 7 is G-equivariant for the actions Ad,, ., on M, (C)

and Ad, on End(K). The map V : H — K defined by V(z) = I, ® x + N satisfies
Vipuo)(x)) = In ® pulo(x) + N

= Ad,, (1) @ pu)(z) + N
= Ad,, ) @ pue)(l, @ z + N)
= o(y)V(z)

As shown in (28, p.43-45], or by direct computation

O(A) = V(AW

for each A € M, (C). i



Appendix B

Deferred Proofs

B.1 Deferred proofs in chapter 2

The proof of Lemma 2.2.3

Recall that for m,n € N, we identify the spaces P, ® P, and P,,,,, and by Remark
2.2.1, we have

Pm(9) @ pu(o) f(z,y) = flazy — by, bry + axs, ayr — 5@/2, by, + ays)

where f(z,y) == f(z1,22,y1,y2) € P,, ® P,, and g = [ o } € SU(2). Intuitively,
the action of SU(2) on any polynomial f(z,y) in P, ® P,, is by replacing z; by
axy — bxy, x5 by bxy + axs, y1 by ayy — bys and ys by by; + ays. The next lemma is

direct computations on the standard bases elements for P, , ® P, and P, ® P,_,

Lemma B.1.1. For m,n € N. Let M,, : P,_, ® P, — P, ® P,, and M,, :
P,® P, , — P, ® P, denote the multiplication by x; and y; respectively. Then

ox;
Recall the maps A, , Ay, , I'yy and €, in Definition 2.2.2.

< o )* = M, and (%Y = M, for each i = 1,2.
7 yZ T

157
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Lemma B.1.2. The operators Ay, , Ay, Ty and Qyy are SU(2)-equivariant, and

satisfy
AL, = Ay, [, = Quy

Proof:
Let x := (z1,22), vy = (y1,42), f(z,y) € P, ® P,, and g = [ . Z} eSU(2).
Using Remark 2.2.1, we get

o 0 0
- — _— 5 b_ m n 9
pv (Pm(9) @ pote) f(x,y)) oo (Pm(9) @ o) f (T, y)) + o (Pme) @ pute) f(z,y))

and

0 — 0 o
— = —ph— T
os (Pmle) ® P9 f(x,Y)) o (Pm(9) @ pule) f(x,y)) + aax2 (Pm(9) @ puto) f(x,y))

Hence,

0 o
Ay (prle) @ pato) f(z,y)) = no (Pme) @ puta)f (T, y)) + Yoy - (Pml9) @ pute) f(z,y))

— o _ 0
= (ay; — byg)g (Pmle) @ pu) f(x,y)) + (byr + a?ﬁ)g (Pm(9) @ P9 f(x,y))
1 2

15) 15)
(s @ o) (y%f (7.0 + 2 (5 y>>)
= (P19 @ Pri1(@) Dy (f(2,7)).
ie. Ay, is SU(2)-equivariant.

By Lemma B.1.1, we have

(Bay (f (@) 92, 9)) 5 on . = F@9) [Bye (9(2,9))) 1 om,

for g(z,y) € Py ® P,_y, then A} = A,, . By Proposition 1.2.7, the map A, is
also SU(2)-equivariant.

Similarly, we have:

(Prsr(@ @ Prii(@) Ty (f(2,9) = (Pns1(9) @ Prsa@) (212 — y172) f(2,Y))
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= [(azy — bxs)(bys + ayo) — (ayr — byz)(bxy + Gx2)] f(azy — bxs, bxy + axs, ay) —
bya, by + ays)

= (a@z1ys — bbways + bba1ys — at@wsyr) (Pulo) © pulo) f (21,22, Y1, Y2))

= (a@ + bb)(z1y2 — 22y1) (P (9) @ pulo) f (21,22, Y1, Y2))

= det(g)(z1y2 — 22y1) (Piml9) @ pu(e) f (7, y))

= Loy (Prlo) ® pu9)f(2,y))
Thus I'y, is SU(2)-equivariant. By Lemma B.1.1, we have

(Coy (f(2,9)) l9(z,9)) = ([, 9) [Qay (9(2,9))) 1, 0,

Pr4+1®Pp41

for g(z,y) € P, ® P,,,, which gives [, = Q. By Proposition 1.2.7, €, is
SU (2)-equivariant.

The proof of Lemma 2.3.11

Recall the isometry o, 5 in Definition 2.3.2.

Lemma B.1.3. Form,n,h € N with 0 < h < min{m,n}, let r = m+n —2h. Using

the standard basis for P, where k € {m,n,r}, we have:

h min{i+s,n—h+s} monh
1o (f7) =22 > Bisy T0 @ F7
s=0

j=max{s,—m-+i+h+s}

min{h,j,m—1}
) 7h T y y
( Z ﬁﬁjﬁh,s,j‘) fl+j7h if 0<Il+j—h<r

s=max{0,h—1l,h+j—n}

2. a:@,n,h (fzm & fjn) -

0 otherwise
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ATt m!onl

QG PR o
(5] )

where B = (=1) =D (T)

1,5,

Proof:
Recall that the standard basic element of P, is f* = aizix ™" where al =

As

n—h
n—h ot gn—h—t
n—h __ 0 0 _ n—h t, n—h—t
ALt = (ylﬁ‘{’yQa_m) = § (") 1Yz n—h—t
— Ty 0Ty

and

oy = (12 — )" Z( (") (2192)" > (2211)°

by the definition of a,, 5, we have:

For0<:<r
h n—h (t+5) (s+1) ot grht
§ § h $,.8 s), n—(s ) r—i
amnh( ) \/Cmnha 1) Lol Y axtx oxn et L2
s=0 t=0 1 2
But
il(r—i)! i—t, .m+t—h—i ; ;
t e mxl Tq —m+2+h§t§2
9 i 9 r—i __
t'ZC n—h— th -
ory Oy
0 otherwise

Thus, we can rewrite the above sum as

min{i, n—h}

O[m b ( ) ,—Cm - ha Z Z u(m’ n’ h, i, 87 t)xfll—(8+t)+ix;n+(5+t)—h—iyy-i‘s)yg—(s-‘rt)

s=0 t=max{0,—m-+i+h}

where U(m,n, h,i,s,t) = (-1)° (h) (n;h) . t)i!(’r—i)!

s —t)(m—h—i+t)!"

Changing the summation variable in the inner sum to j = s+t , we obtain

min{i+s, n—h+s}

Qmn,h ( ) = vV Cm,n,hQ Z Z (_1)8 (I;) (7;:?) (i,j+8)gi(!7(7::]?ii+j75) ‘T?j‘r;n_lij y{y;i*J

s=0j= max{s,—m+i+h+s}
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Finally, as —— = \/ 'l”l(? TZ”Z))',(" D' then
min{i+s, n—h+s} (h) (@fh) ('m‘fh)
i (f7) = mz 2. ST ey

§=0 j=max{s,—m+i+h+s}

min{i+s,n—h+s}

Y wrmen

s=0j= max{s,—m-+i+h+s}

In similar way, As
n—h

n—h—t t

n—h __ n—nh n—h—t 9 0
A901/ _E:(t)xl x n—h—t t
t=0 8y1 Y2

and
h s o ah—s o

: :( 1° —s s h—s s
3% oLy 0yy = OYy

then by Lemma 2.3.4, we have

O[:(n,n h (f & fn)

.n—h h h—s s n—h—t+s h—s+t
s(h n—h n—h—t 0 o 0 0
«/Cmnha a, 2 2(71) (S)( t )xl x%a h—s(zll)azs<x2 )377. h—t+s y{ah s+t Y2
t=0s=0 z7 2
h n—h h—s s n—h—t+s h—s+t
o _1)s (M) (n—h) gn—h—t .t O 1\.0 0 J 0
\/ h a’ s§0t:0( ) (g) ( t )xl T 890}11_3 ($1)82§ (:CZ )8 n h—t+s yl By h s+t Y2
but
3! (n—j)! s=t—mn+h+j
n—h—t+s . h—s+t
i h— yl ah y; 7 =
n— t+s s+t
oYy Yy
0 otherwise
and

1

n—j

n—j

I 'mllchrs (m=1)! xmflfs h—1<s<m-—I

(I—h+s)! (m—l—s)! "2

0 otherwise

Asfor 0 <t <n—hwehave h+j—n <s < j, then
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ahfs ! o3 1\ o™ h—t+s 8h s+t
(:131) (m )8nht+sy16h s-&-tygJ

Sl D s == max{h — 1, h+j —n} < s < min{j,m — 1}

0 otherwise
As for h+ 7 —n < s < j, the condition h — [ < s < m — [ is equivalent to
0<l+j7—h<r, wehave

o If [ and j satisfy 0 <[+ j —h <r , then

Hence

min{h,j,m—1}

j ' (n—7)(m— l —h l—j+h
G ([ F7) = fOmmn bty Y ()p(1) (1) gppm ot g I g

s=max{0,h—1l,h+j—n}

- min{%ﬂ} (L1)° (7;:?) (Z) (lTh_st) Cm,n,h 7! MmN qlti=hgtti=h pr=l=jth
= (m—h)! \/(m)(?)( )

s=max{0,h—1l,h+j—n} l l+]—h
min{h,j,m—1}
— /Bm»nyh f’!‘
o I+j—h,s,j I+j—h"
s=max{0,h—1l,h+j—n}

e Otherwise, oz, (f"® fr) =0

The proof of Corollary 2.3.15

Recall that

min{h,j,j+m—i—h}

J — E m,n,h
€; (m,n,h) = /Bi,s,j

s=max{0,j—t,j+h—n}

h\ (n—h m—~h
where ﬁmnh (_1)8 (s) (j—s) (i—j—l—s) Crum,pT! M! M

1,8, (m—h)! ( ) (z ]+h) ( )
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Corollary B.1.4. Form,n,h € N with 0 < h < min{m, n}, let r = m+n—2h.

matriz coefficients 5{ = Eg(m,n,h) of the isometry u, nn satisfy
1. &l = (-vre"7 for any 0 <i <7 and j € B(i).

)

2. etth = B for any i <mn — h.

% i,h,h+1i
, n ’ 7h 5 ,h
3. Forn—h<i<r, er=p""=nl|pw"#£0.
. j 9 ,h 1 El )h
4. For j € B(0), we have &) = 557" = (=1) | Bz | # 0.

5. For 0 <i<m—h we have £? = BIt0" # 0.

y y ] _ m,n,n .7 _ m7n70
. For j € B(i), we have gjmnm = 377" and &m0 = B¢

D

Proof:

(1) Let go = [ ° } By the SU(2)-equivariance of oy, 5, we have

1
0

(Pm(go) ® Pn(go))am,n,hp:(go)<f;> = am,n,h(fir)

for0<i<r.
As

b p:(go) (fzr) - (_1)“1‘]0:71'7
® 0,.(g9) (fzm> = (_1)lf::4 , and
e putoo) (f7) = 0 fr

using Corollary 2.3.13, the above equation can be written as

min{r—i+h,n} min{i+h,n}
h S m n _ ] m n
(_1) z : grfi fli(nfs) ® fnfs - z : 67, fl” ® f]
s=max{0,—m+r—i+h} j=max{0,—m+i+h}

Let t =n —s.
Since n — max{0, —m +r — i+ h} = min{i + h, n}, and

The
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n —min{r — i+ h, n} = max{0, —m + i + h}, we have:

min{i+h, n} min{i+h,n}
h n—t m n o __ ] m n
(=1) § S flit ® ft - § & flz‘j ® fj
t=max{0,—m+i+h} j=max{0,—m+i+h}

By the linearly independence of the vectors f @ f, the last equality implies that
(-1he"~7 = &/ for any j such that max{0, —m + i+ h} < j < min{i + h, n}.

The other statements follow by direct computations. |

The proof of Lemma 2.4.11

Lemma B.1.5. For m € N~ {0}.

mzl (mk_l)z _ m(m+1)(m+2)

m m\ m2
— (o) () 6

Proof:
m—1 (m—1)2 m—1 m m m
Zﬁ = LY (k+1)(m—k) = #Zk(m —k+ 1) =5 | Skim+1) - Sk
k=0 (k‘—l—l) (k‘) k=0 k=1 k=1 k=1
Since

Sk =" and S k% = MmtEAD the result follows.

k=1 k=1

Recall that B(i) := {j : max{0, —m + ¢+ h} < j < min{i + h, n}}.

Lemma B.1.6. Let m € N\ {0} and & := &/ (nmm-1). The following identities hold
1. € :(fl)j\/% for0<j<m-—1.

2. 531‘ = (-1)7 m(m — 2]) fOT’ 0< j <m.
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3. 832.:(71)1'—1 %—)J;fﬂ for1 <j<m.

Proof:
1. For j € B(0) ={j:0<j <m — 1}, using Lemma B.1.5, we have

min{m—1,5,7+1}
i _ m,m,m—1 m,m,m—1 _ mmmfl o . 6(j+1)(m—j)
€0 = Z Bo.s.j Zﬁo 5. Bos = VN (mr) (mt2)

s=max{0,j,j—1}

2. For j € B(1) ={j : 0 < j <m}, we have

m,m,m—1 ] — O

1,0,0

min{m—1,5}
j — m,m,m— 1 m,m,m—1 m,m,m—1 -
1= Z Bis 18] e ﬂl,m l<j<m-—1

s=max{0,,j—1}

m,m,m—1 j =m

1,m—1m

by Lemma B.1.5, we get:

mmm—1 __ Sm_
o 51,0,0 t= (m+1)(m+2)*
o BT A BLETT= 0 e (m — 20) forany 1< <m - 1.
o Bt = (—1)m! (m+f)r(nm+2)‘

In all cases, we have & = (~1)/ m(m —2j).

3. Similarly for j € B(2) = {j : 1 <j < m}, we have

min{m—1,5,j—1}
€j _ § : mmm 1 _ Bmmm 1 _ mmm 1 _ 1)i-1 6j(m—j+1)
2 2 18,3 § : 2,8,] ,J 1; — D m(m+1)(m+2) "

s=max{0,,j—2,j—1} s=,j—1
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B.2 Proofs in chapter 5

The proof of Theorem 5.2.2

Recall the definition of direct sum of operator in Definition 5.2.1.

Theorem B.2.1. Let G be a group. Let H = @W; where {WW; : 1 <t < r} are

nonequivalent G-irreducible spaces, and K = @V, where {V; : 1 < s < m} are
s=1
nonequivalent G-irreducible space. If there exist k € N, such that

1. Foreach 1 <t <k, W, ~V, via a G-equivariant isomorphism

Y Wy — Vi

2. For each t > k the subspace W, is not equivalent to any of the V, for any

1<s<m.

Then, for any G-equivariant map ® : H — K, there exist A\j, Ao, ......... , A such
that @ is the orthogonal direct sum of the operators {\); : 1 <t < k}

i.e. i
® = Py
t=1

Proof:

By the assumption in (1) and (2), and since the multiplicities of the subspaces W;
and V,, in H and K are one, we have W, 22 V, for any s # t. Let 4, 1, and ¢, gs denote
the inclusion maps, and the orthogonal projections of W; and V; respectively. As the

maps i, Ls,qt, ¢s are G-equivariant maps (Lemma 1.2.10), the maps composition
qs Py - Wy — Vg

is G-equivariant for any any 1 < s < m and 1 <t < r. By Schur’s Lemma 1.2.12,

the map ¢;Pt; is a zero map for s # t.
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If s = t, then by Schur’s Lemma a gain, the map 1; *q,®¢, : W, — W, is multiple of
the identity. i.e. wt’lqtfl)at = Ay, for some N\, € C. That is

P |Wt = At¢t

For uw € H = @W,, we have

t=1

CI)(U) = @(ul,u2, UT) U € Wt

Thus
D(u) = (Ah1(ur), Aapa(uz), ..., \etr(ur), 0, .., 0)

B.3 Proofs in Chapter 7

The proof of Lemma 7.2.4

Recall that for m € N N\ {0}, the EPOSIC Kraus channel ®,,,, : End(P,_,) —
End(P,,) has two Kraus operator {Tj, 71} (Definition 4.2.1). For a pure state o = ww*

in End(P,,_,), the set Ug = {up, u1} where u; = Tjw , j = 1,2, by Remark 6.1.8,

m,n,n,0
i

we have ®,, ,,(ww*) = > ujuj. The following lemma follows by direct computations

Jj=0
. j min{h,j,j+m—i—h} monh .
using the formula € m.nn = > B given in Corollary 2.3.13. Ttem (3)
. s=me:xx{0,j—i,j+h—n}
follows as ®,, ,, is trace preserving.

Lemma B.3.1. For m € N~ {0} and ef = 5z(m,1,1), we have

1og) = /2L el ==/ 22 and ()’ +(g))* =1, for0<I<m-—1.

2. (&) = () + =, and(g_,)* = (&) + =7, for1<l<m-—1.
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2 2
3. uoll” + [lw || =
Following the same notations in Proposition 7.2.3, we have

Lemma B.3.2. Let m € N~{0}. The minimal value of R = ||uo||” ||y ||* — | (uo |y )|

8 G
Proof:
m—1
Let w = Y w,f"' € P,_, be a unit vector. By Lemma 7.1.5, we have
=0
m m—1
=> & wi J" and uy = Y gw fi
=1 =0
Thus

m—1

{ug |uq ) Z&?l W16 w, = Zafflwl&?llwl,l = (vg |v1)

=1

where vy = Zsl o ffr, and vy = Za w,_ f

Using Lemma B.3.1, we obtain

2 X0 22N o 22, el el
||UU|| = Z (51—1) |wl| = Z (51—1) |wl| + m+1l metl
=1 =1

9 m—1 2 9 w 2
= izl + 5 (2 e ) hf? — 12

m—1
Note that |[w]* = 3 |w,|* =
=0

Thus
m—1 m
2 2, 12 2 2
looll* =~ () [wn]* = i3 = Z( D - [ =
1=0 =t
o 2 2
Similarly o ]| = [|wa||” — m+1 So

2 2 2 2 2 2
[ [un )" = [(vo [vi)[” < llvoll” o lI” = (lluoll” — 757) (luall” = 757)
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= Jluol* fuall* = 57 (luoll® + llurll®) + orye = ol lual* = 25
Thus
R = [Juol* [lur|I* = {uo [ur)* = 7205
and ﬁ is a lower bound for R. To verify that ﬁ is the minimal value of R,
compute R at w, = (1,0,...,0)" to get Ry, = (m’j:l)Q. |



Appendix C

List of Equations That Are Used in

The Computation

For m,n,h € N with 0 < h < min{m, n}, let r = m +n — 2h then

(m—h)1)”

® Counh = - <h>2
Ul ! T
rtmt k2T
)6 ()
° ﬁﬁ?h =(-1) (8 J(;f—h)?_ﬁs
] min{h,j,j+m—i—h} h
[} E‘Z(m,n,h) = Z ﬁ:;:?’ :

s=max{0,j—1,j+h—n}

e For 0 <i<r, B(i) ={j : max{0,—m +i+h} < j <min{i + h, n}}.

170
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1

i (m—1)

° {flm =al 22l 0<I< m} where a! =

hd Jm(fzm> = (_1)zf:nn71 and J;:l(flm) = (" i

min{m,n}

e PP, ~ @D P.inon-

o Qnn ()= X omnm fI2 @ f7.

JEB(4)

b nm,n,h - (]Pm ® Jn) am,n,h : Pm+n—2h —> Pm ® Fn'

ek if  0<Ii+j—h<r
°« rh ( fre f;) -

0 otherwise

b (I)m,n,h( 7,T1 1'7"2*) = Z 11 zgfl

JEB(i1)NB(i2)

fii,

i157 bigg "

hd C(q)m,n,h) = Z < Z 21 7,2 11Jfl12]> Z1742'
JEB(

11,82=0 i1)NB(i2)

L O(q)m,n,h) - :LiIIQM,T,m—h‘

r
Z ( 1)t+]6t('r'r'r t)( r ]+h(mnh))

m! VCem,mm—t

o S k="t and Y2 = mimEDEmED)
k=1 k=1
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k(m —k+ 1) _ m(m+16)(m+2) and i (/{3 + 1) _ m(m+1)(m+2)
S e—
1 k=1

NE

[ ]
k
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