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ABSTRACT

The classification and study of the structure of switching functions
and their realizations have received considerable attention in the past
ten years. They were studied under various names such as the coordi-
nate representation ( 13), the discrete Fourier transform (3), the Rade -
macher -Walsh expansion (7, 16) and the orthogonal expansion (2) of
the functions. A concise survey on this field is presented in the first
part of this work. The last part of the work is to apply these theories

for the testing and realizing method of threshold functions.

The (n+1) Chow parameters can uniquely characterize a th-
reshold function of n variables. If we extend the number of Chow para-
meters to 2" with each representing the number of vertices in certain
subcube, which is represented by a Boolean product of uncomplemented
variables only, and if we arrange them in grouns with each group having
subcubes of the same dimension, then an augmented vector can be con-
structed. Such a vector will uniquely characterize the corresponding
function and this can be developed for testing and realization of thres-

hold functions.

Without loss of generalities, we confine us to positive prime func-
tions. A set of positive weights jg first assigned to the variables. Their
magnitudes will be in descending order. The components in the second
group of the augmented vector corre sponding to the number of vertices
in the (n-2) - subcubes are listed in a table. In the table, each row and
each column should be in descending order. Otherwise, the given func-
tion is not a threshold function. By comparing the entries in different
rows and columns, a set of inequalities concerning the weights can be
derived. This set of inequalities can be further reduced by considering
the relating components of the augmented vector corresponding to those
subcubes with dimensions less than (n-2). At length, the inequalities can

be solved, resulting in a minimal integral realization.
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CHAPTER |

INTRODUCTION

In the rapid development of the electronic digital computer and other
modern digital devices, switching circuits are playing an increasingly
important role. Traditionally, the basic building blocks used for physical
realization of these circuits are the conventional AND, OR, NAND, NOR
and other gates. There exists a well -developed boolean switching theory
for this concern. However,in the late 1950's several variations of a new
type of circuits called ''threshold gates '' were developed, and ever since

considerable attention has been drawn on these gates.

A threshold gate allows it s inputs to have different weights, and an
output is obtained from the gate only when the sum of the weighted invout
attains or exceeds a given value called the ''threshold''. Thus. the th-
reshold gate performs a much more sophisticated decision process than
the conventional gates. In other words, the threshold gate is logically
more powerful, and;\:}ewer number of gates };z/needed to realize a given
switching function. 'f‘his leads to the reductions in the number of gates.
the number of interconnections, and therefore in the total cost of the over-

all circuits.

The present work is concerned, first with the orthogonal expansion
of switching functions. Next, the augmented Chow-vector for a switching
function is defined and its properties are studied. Finally, a testing and

realizing method for threshold functions is derived by using such a vector.

In Chapter 2, the orthogonal expansion and threshold functions are de -~
fined. Special notations which will be used throughout this work are intro-

duced.

In Chapter 3, a survey on the Rademacher Walsh functions is made and

various properties relating to these functions are presented.
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In Chapter 4, a short study on the characteristic parameters as well
as the invariance operations is furnished. The augmented Chow-vector

is defined and its relations with the spectrum by Dertouzos are worked

out.

In Chapter5, a testing and realizing method for threshold functions
is introduced. An algorithm for this method is provided. Several exam-

ples are worked out for illustration.

In Chapter 6, certain conclusions are drawn.
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CHAPTER 2
ORTHOGONAL EXPANSION AND THRESHOLD FUNCTIONS

2. 1. Introduction

This chapter is to introduce certain special notations as well as to
summarize the principal definitions and concepts which form the back-
ground for this work. A basic under standing of switching theory and
reasonable knowledge of threshold functions are required. We begin
with the derivation of orthogonal expansion of switching functions and
then give the definition of a threshold function. Furthermore, we also
define compound-weight thre shold functions and threshold functions of

higher orders.

2.2. Orthogonal Expansion of Switching Functions

For the purpose of this work, a switching function may have its range
and the domain of its arguments or variables from either the set (0, 1) or
the set (-1, 1). In order to avoid ambiguity we denote them differently
as follows:

F(X): A sw, f. whose range is (0, 1) and the domain of its argument is (0, 1)

F(Y): A sw., f. whose range is (0, 1) and the domain of its argument is (-1, {)

G(X): A sw. f. whose range is (-1, 1) and the domain of its argument is (0, 1)
A

G(Y): sw. f. whose range is (-1, 1) and the domain of its argument is (-1, 1)

In other words, X Fe€(0,1). but y; G€(~1,1). Itis rot difficult to see that

a linear transformation relating X, to Y, and F to G exists, such that

{
v, =2x -1 ; x =5 (y; +1)
1
and G =2F -1 : F=:(G+1) (2.2-1)

Moreover, we will find it convwenient to introduce a specific notation

FQ(X) for evaluating F at a particular vertex X, where ais the decimal

S ~— ]
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number equivalent to the binary representation formed by the n variables

in this order xnxn " xl.’ IfY is used instead of X, then a is the corres-
ponding decimal numberAby'simply replacing each occurrence of -1 with 0,

Therefore, F(X) evaluated at x3 =1, x2 = 0, x1
=F5(X), and F(Y) evaluated at Yq = i, Y, = -1, Yy = -11is F(y3=1, y2=-1,

=1is F(x3=1, x2=0, xi=1)

y1=-1) = F4(Y). It is quite obvious that 0 <aqa <2™ - 1. We will also write
x or vy, a to indicate the value of the variable xi or y, when a is the
i

i,a s
subscript of F. For example, x =1, 0 1 -1,

1,5 ¥2,5 Yy 47" Yy 47

We want to point out that the operations are the normal additions
and multiplications when we deal with A and G; but they might be either
normal or Boolean operations when X, and F are operated.

Now G(Y) can be expressed into a series of orthogonal functions ¢i's
as follows: n

G(Y)= = a0 (2.2-2)

where ai is an integer,
And we define a set of orthogonal functions (¢ i Yfori=0, {, 2,..

e e eea Zn-l, such that

2R .

aZ)= 0¢j;a ¢k, a =2 sjk (2.2-3)
and zn-i n

iZ;o ¢i,j ¢1,k=2 6jk (2. 2~4)

where 6. is the Kronecker delta function, thatis
Jk ;
5. =1 1 for j=k
jk 0 for j#k
It is well known that the following set of functions called Rademachker-

Walsh functions is a set of orthogonal functions satisfying both Equations

(2.2-3) and (2.2-4)

¢O =1 a constant
P17y
279,
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3 YYy
8,=V, (2. 2-5)
P5 = Y3y
Bg = VsV,

¢2n_1 = ynyn_i...... yi

For a particular vertex Y , there exists a corresponding decimal
a

number o,. Thus 2n 1

G _(¥) =i ‘=zo a4 . (2.2-6)

Multiply A aby Equation (2. 2~6) and sum over q.
2

2" 2™.1 2724
= G (Y)¢ = Z = a. ¢. [0}
a=0 a k,a a=0i=0 1 "i,a k,a
21 2.
= Z a. Z @. [0}
i=01a=0 i,a "k,a
Zn*i n n'
=.Zi 312 <‘3_ik=Zak
i=0
N P-4
a =2 az: 0Ga(Y) ¢k’a (2.2-7)

where k = 0, 1, 2,----~-2n-1and¢ =1,
0,a

Substituting Eq. (2. 2=5) into Eq. (2.2-7), we have

o 2™
ag = 2 Z GulY)
a=20
n 2"-1
= 2" ,2=8
aL1 2 = Ga(Y) Yi,o. (2.2=-8)
a=0
2"
= 2 e o0 0o v 9
a0 aZ;O GalY) Yn, aYn-i,a yi,a
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Thus, we conclude that any switching function can be expanded as a
sum of orthogonal functions and their products as shown below:
2"-1

Z a.g.
i=o0 * 17

G(Y)

= + + + +-0-aoo+
2o YTV TRV, 2R 1YnYn-1

where a.ihas the value as in Eq. (2. 2-8) for 0 <i <21 .

. .y1 (2. 2-9)

And we define the a-wector of a switching function as the ordered set
of the coefficients for its orthogonal expansion:

—>

2 =(ag a,,eeeerapy ) (2.2-10)

1 21

There is a relation between the coefficients and the carresponding
product of the orthogonal functions. Express the subscriptd a's as a binary
number and use only those position numbers of the bits which are 1 for the
subscript of y. The position number is in descending order from left to
right beginning with n, For example, (6)10= (110)2 therefore 2 is the co-
efficient for Y3,
Dertouzos(3) has matched the subscripts for the coefficients and the

functions, also reordered the coefficients to form his augmented b-vector,

or the spectrum.

-
A:(biab "'bn;bo/biz,b 'Ov/"'/b ) (2.2"11)

2’ 13° 12*+°n

-n
= + +- oo + + 4 200 + .00
and G)= 2 “(by*h,y, V0127172 Piae-en¥1¥2 " V)
(2.2-12)
We can easily find that ai's and bi's are related as follows:
n
2 a0='bo=<@£(Yz>
n —
2 a.i— b1~<GO.(Y)Y1’ (1>

n
= = Y
2 aZ bZ <Ga( )YZ,O,>
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n n
2%a =2 =b_,=b, =<G (Y
%37 % Fayy, T2 P12 <, 1Y4,d52,0”

n

_.n - n =
2a,s2 a’(100)2—1b3"<3:’a(Y)y3,a> (2.2-13)

n n

237 2 2ton),” Pa” Pysm<G Yy Y5 >

n n

2 = =b = e
2, 72 1100 1)," P20 +en Gy V20 Ve, 0

LGN AT S B FEE o, Wi

where the summing operation< >Sover all the vertices introduced
by Dertouzos is defined as:
21
<Ga(Y)>= zZ G (Y) (2.2-14)
a =0

2.3. Single Threshold Functions

A number of different but equivalent definitions for single threshold

functions are used by different authors. Since they differ substantially

&, AATAE BRI

in form, we give the most common one and then modify it slightly,

Definition 2. 3-1 A switching function of n variables Fa(X) is a single
threshold function iff there exists a set of real numbers Wi’ \wz, c e, wn
1 -

% called the weights forming the weight vector (w) and a real number T called

the threshold such that

N Twx, =2T iff Fo(X) =1

4 . ii,a

i= 1

B (2- 3_1)
: n

¢ Z w.x, <T iff F (X) =0

i . ii,a a

i=|i

If we now let wo= =T and let X5 4" 1 for all a, then we can restate
E 2 @

é Definition 2, 3-1 as follows :
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Definition 2, 3-2. A switching function of n variables F (X) is a single
a

threshold function iff there exists a set of real numbers WO, wi, seeeeW

n
such that

n

Z w.x, =20 iff F (X)=1
. ii,a a
i=0

n (2. 3-2)

Z  w.X, <0 iff F (X) =0
;=0 L isa a

2.4. Compound-Weight Threshold Functions and Threshold Functions of
Higher Order

Among all switching functions, the percentage of single threshold
functions diminishes and approaches zero as the number of variables
increases. Thus an extension cf the realization of switching functions
other than that for single threshold functions is necessary. Spann(16) w~ '(1_
has allowed an extensicn of the type of summation involved/\and intro-
duced the compound weights w_,

1JI * o 0 0 m
as specified in Egs. (2. 3-1) arnd (2, 3-2).

in addition to the linear weights

Consider a summation of the following form:

-n N n
g =2 ( = w. Y, + Z Wy, oy, et w v, V ceeV )
a i=0 it i>i= 1 ij 1,0.}‘],0. 12...n71,a’2,a n,a
-n n n
=2 (w,+ = = w v v v )
i=1 ij>ij_1>"> i121 1112"1_j ijaa i, 1j,a(2.3-3)

Comparing the above summation (2, 3-3) with the orthogonal expansion
(2.2-12), we will find that if we let each weight Wy equal the corresponding
element bk of the spectrum vector, then Eqgs. (2. 3-3) and (2. 2~12) will
be equal to each other. Hence, it is clear that every switching function
has a compound weight realization of the form

g, =20 iff G(1 = 1

g, <O iff G = - (2. 3-4)

-

:r‘
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However, the realization by simply using bk for w, is not always

optimal. Ir this respect, there remains the problem 1c:f finding realiza-
tions which are optimal according to some measures. One measure of
optimality might be the number of non-zero weights needed to realize a
function. Another measure, which was used by Krishnan {11) as the
definition of threshold order, might be the largest number of subscripts

on a non-zero weight,

Definition 2.4-1. A switching function which can be realized by a ¢=-

function of degree r is called a rth order threshold function, where the

@ - function of degree r is defined as

n n
3(X)=2"" Zw.x  + T w, .x  Z Feerrrnrn.
a i =0 11 11,a i >i o= 1112 11,0. 12,0.
1 2 1
n
+ = w, . . . ceeX )
i >i i 1112...1r ijpai,a isa
r r-1i 1
r n
=2-n(W0+ = = w, . . X, X, .o X, )
N T SRt T S B L A

It has been proved that any switching function of n variables can be
realized as a threshold function of order r, where r<n, (11) In fact,
when r = n, the ¢ -function coincides with the above mentioned summa-

tion (2. 3-3),
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CHAPTER 3
RADEMACHER WALSH FUNCTIONS

3.1. Introduction

Any switching function has a unique orthogonal expansion. The
coefficients (or spectra) specify the switching function. The relation
between the switching function and the spectra is an orthogonal one
and can be expressed in a neat and ordered matrix form. This is the so
called Walsh matrix. We shall first derive :he Walsh matrix, then

define the various forms. Lastly, we shall inve stigate its properties.

3.2, Boolean and Real Vectors

It is well known that a switching function can be expressed uniquely
by a disjunctive canonical form, as a Boolean sum of disjoint minterms
2"
F(X,x,.......x)= z a_m,(X,,X,.....-X) (302"1)
1 2 n . i i 2 n
i=0
where Z is the Boclean sum, m.(xi, XZ" eee+X ) the minterm and
i n

o, €(0, 1) the coefficients for i=0, 1, I L B

Definition 3.2-1. A boolean vector of a switching function F denoted as

BF 1s an ordered set of the 2 -coefficients when the switching function

is expressed in the disjunctive cancnical form, All its components

belong to the set (0, 1),

Exam 3. 2-1

Fl(xi’ X, x3) = x, + X,¥q = Zm(1,3,5,6,7)

B_ =(0,1,0,1,0,1,1,1)
Fy

isemremn
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For a switching function of n variables its Boolean vector has a
. . n . .
dimension of 2, It is obvious that the Boolean vectors have the follow=

ing properties:

f g f g f
= = n A\
A) Bng BfVBg (aOVao,aiVo.l,-.......aZ"__1 0.2%1_1)
f f f
= = g A g A e
B) B, =BAB, (g Aag, o Aafiiiiiiiiagn  ha B )
C) B0=0=(O, 0, ...... 0) a 2™- vector
B1=I=(1, 1, .eeeeaa )
D) B-=B
)Bf
E) B =B ©B = (o @ o5, of ® o8 n@g)
£ g £ . ao ags o as ._....az___1 G'Z.n-i

where V, N are used for Boolean addition and multiplication;

@ for exclusive-or operation.

Definition 3. 2-2. A real vector of a switching function F denoted as

RF is defined as

R_=2 - ]
F BF L

The real vector has the same dimensiosn as the boolean vector but
its components belong to the set (-1, 1). Actually, the real vector is /2

‘e

an isomorphism to its corresponding Boslean vector.

Example 3. 2-2.

For the same functicn in EX. 3. 2-1,

Ro=(-1, 1, -1, 1, -1, 1, 1, 1)

A set of properties for the real vectors sirmilar to that of the
Boolean vectors will be shown as follows. Oncz again, for the switching
function as well as the Becolean vectors we deal with either the Boclean

operations, such as \, A, , @, cr rormal additions or multiplications;

£
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but for real vectors only normal additions and multiplications will be

used. Since Boolean algebra is nothing but a subset of the algebra for

the real numbers, the Boolean operztions can be changed to nor':‘:-.ali

G e s e b T R L h e T S e i «;‘:. SRR AR e U BV

operations.
1
I =T - + - +
A') R, Vg (R, Rg Rng I)
P . = -1 = \% -
roof Rf Vg 2 Bf Ve I Z(Bf Bg) I
=2(B,+B -BB)-1
g ( f g £ g)
E =2 [1(R + 1) + lr o+ I) Yr, + I) 1(R +D]-1
: 2t 2 g 27f 2 g
- 1 1 1 1
=R_+1+ + == - =R_ =~ =R «=I =]
3 R, +1I Rg I-3 Rng 5R, 2Rg 5I-1
% -1(R +R -R_R +1)
} 2 f g fg
'3
‘8
i B') R YR +R +RR -1
9 fAg 2og ' Rg TRER,
E Proof: R = 2B ~1=2(B, AB ) ~1
} fAg fAg f g
q =2BB -1
I g
1 1
; =2=(R_+I)~(R +1I)~1I
\.‘,’f 2 f 2 g
= = +R +RR =1
2R g fg )
: C)YR_=2B_=-1I=-1 2" t
;‘ 0 0 = -1 3 - vector
2 ‘
13 :
o = - = - = §
. R =2B, -I=2I-1I=1 ;
! - = -
| D) Rs R,
ﬁ Proof: Rz. = dBf -I= dBf - I
=2(I-B) -1
|
=] w 2 = + i) = «-R
3R+ D) f
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: =2 -1=2(B -
Proof Rf@g Bf&-)g I ( f61-)Bg) I

=2[BB +BB -(BB (BB )]-
[fgfg(fg)(fg)]l
=2(BB +BB ) -

Z(Bfg Bfg) I
=2[(I-Bf)BgTBf(I-Bg)]-I

= + - B -
2(B, B, ~2B, g

(R, +I)+(R +I)-(R_+I)(R +I)-I
f g f g

-RR =-R R
ng g f

3.3. Rademacher and Walsh Functions

n
Definition 3. 3-1. Denote the 2 linear switching functions of n vari-

ables byl ;1 1., ..... e, 1 1 1 _,...... 3 1 __”nanddeﬁne

0 n’ 12’ “13

For all these l-functions it is not difficult to find their correspond-
ing real vectors by first writing out the binary representations for n var-~-
iables and then applying the proparty E') of the previous section. The
total set of the 2" vectors forms an orthogoral system wkich is called a
Walsh system. Among these vectors only tke first (n+1) vectors are in-
dependent and the rest of them can be genrerated by direct multiplication.
These (n+1) independent vectors form another system called Rademacher

system. Thus the Rademacher system is a subsystem of the Walsh sy stem,

For n=3 ' 1021 112==xi®x2
11=.\x:1 113=x1®x3
12=x2 12‘3=x2®x3
13:x3 1123=x1®x2®x

Jme

By
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Decimal
Number X, X, %X,
0 0 0 O
1 0 0 1
2 0o 1 O
4 3 o 1 1
g;i 4 1 0 O
! 5 1 0 1
5 6 1 1 0
2
2 7 1t 1 1
. R, =(L4,1,1,1,14,1,1)
1 0
% Rli =('1s 1: '13 19 -1: 15 '19 1)
% R, =(-{, -1, 1,1, -1, -1, 1, 1)
3 1,
E R, =(-1, -1, -1, =1, 1, 1, 1, 1)
?% 3
3 R R =R, R, =(-1, 1, t, =1, =1, 1, 1, 1)
112 11 @12 11 1‘2
=R = -R =(-t, 1, -1, 1, 1, -1, 1, -1)
1.1113 l1 G’13 11R13
R =R =-R_ R, =(-1, ~t, 1,1, 1, 1, -1, ~1)
s 1,91 12 15
R =R = R, R, =(-t, 1,14, -1, 1, -1, -1, 1)
1
Yoz 13,9, Tl i
3.4, Walsh Matrix and Its Various Forms
3 The fundamental Walsh matrix or simpiy Walsh matrix is formed

by the real vectors of the l-functions as the rows. Since the rezl vector
. . . n n -
R is of dimensicn 2 and there are exactly 2 such vectors, the Walsh

n ;
matrix [W] is thus a square matrix of the order 2, Furthermore, ail

the row (or column) vectors of the mazatrix are mutually orthogonal,

Actually, the Walsh matrix is a subclass of Hadarmard matrizes (6),

who se orders might be one, two or a multiple of four,




R R, (0) R (1)..........R1 (2™-1)
0 0 0 0

{ Ry (0) Ry () .evuniies Ry (27-1)
1 1 1

R, _ R, (0 Ry (1) .eeiienuun R (2%-1)
n n n n - e

R, R, (0 Ry (D) evueennst R (27-1)
12 12 12 12

L] . ©C 8 0000 e
. . . 4 e a8 00 000 .
- . . ® 9o 000 000 L]
. . . ® e cd 0000
. . . o8 sa0 000 -

& Ry (0) Ry (1) ...evnnn. Ry (2% -1)
12..n/ 12..n 12..n 12..n )

‘.
R B T T AL € R ‘f';::‘;‘_;‘g}“' A e e e L LR

N

Somtimes for certain purposes, it is more convenient to ordex
; these real vectors in a different way. One of the most natural way s
t3 ‘
% is the decimal order of binary represertation, Write out a truth tabls
lgi for the n variables. Let the ith function be Eo=1, . . Sx, Ox.
i i i1 ool 3 j
E 12 n "1 2
@..... @ xj ,» where iiiZ' cees in is the binary representation of i,
é‘ or the ith row of the truth table. Thus

if i =1

x, = { "k i1, . L

J 0 ifi =0 _Ork-i, 2, e e veessaell
i Therefore, we reorder the l-functions in the fellowing way:
e =h =1
& By 0..... © 0

By TRo ot Th

1. = h =1

h2 }0. ce..010 T2
Eﬁ By =ho .01 T2
Pa TR 1007 s

: Bafq=n =1
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modified Walsh matrix and denoted as EN']

The matrix formed by the real vectors of h-functions is called the

r R h (Rh (©) R (1)...... R (2"-1)
0 ) 0 "o
R R (0) R (1)...... R, (2"-1)
h, by b, hy
(wi]= . = . e e . (3.4-3)
R R, (0) R (1)...... R .(2“-1)
h.n h_n h_n h_.n
(21 L 2™ 271 2-1)

If we introduce the factor 2

n/2

s we have the normalized Walsh

matrix. To distinguish the Walsh matrix from its normalized form,
we attached a subscript N to the normalized matrix. Thus
[WN 1= Z-n/ZE W
and [wy 1= 220 i ] (3.4-4)

Hender son(7) has shown that a Walsh matrix can be converted
directly from the fundamental form to its modified form, and vice
versa, by means of a permutation matrix, which has only a single 1
in 'each row and each column. Moreover, because of the orthogonality
of the Walsh matrix, the two permutation matrices are also orthogonal

to each other, Therefore, we have

[W']=[TFM][W]=[TMF]t[W] 5. o5y
[w 1=[r7,. Mw 1= [Ty 1,0W]
where [ TFM Jand [ TMF ] both are permutation matrices,

and the subscript t denotes the transpose of a matrix,

3.5. The Properties of Walsh Matrix

Theorem . 5-1 The normalized fundamental and modified Walsh matriceg

are orthogonal.

PN i dngioe
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Proof: Let [A] = [W'][W'Jt, then it is well known that any element of [A]

2"t
. : n
357 kfo Rhi(k) R, (k) fori, j=0,1,-+ 2 =1

where aij is the Kronecker delta function
-n
1w 1] = 1 1
[WN][ NJt 2 [wrllw Jt

=2""[A]
= [1] an identity matrix

Thus, [WN'] is orthogonal,
Let [C] = [WN][WNJt, then
[cl-= z“n[wJ[w]t
= Z-n[TMF][W'][W’]t[TMF]t
[TMF] 2 [I][TMF]t

Ty [Ty ,pd,

2"1'1

L

]

where [TMF], a permutation matrix, has a single 1 in each

row and each column. Assume that in [TMFJ’ tij= 1, hence ttii in [TMF]t

must also be equal to 1 and the rest of ith row in [T F] as well as the

M

jth column in [T ]t are all zeroes. Thus, any element in [C]

MF

=Tt th =6,
™ 5 %5 P %

_[wNJ [WNJt=[cJ= (1]

Thus, [WN] is orthogonal,
Q. E. D.

Theorem 3. 5-2 Let [Wn'] denote a modified Walsh matrix with n varie-

ables for n =0, 1, 2,-+<+¢+, Then
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and we define [WO'] = [1], a matrix with a single element 1.

Proof : - Let us denote the number of variables by using a superscript,
For example, h::l is the ith h-function of n variables. The subscript

of a h-function is only a binary representation with the leftmost bit
i

having the highe st weight, Therefore, for a positive integer i<2™” s

the functions h[ilm1 and h?will have the same form and the variable x,

will not appear in either function. For instances, hz1 =%, h1 =X
3 . . .
h6 = x3€)x2 5 h6 = x3®x2 . However, they are in different spaces, cne is

in the n-space and the other in (n-1)}space, The dimensions of the real

vectors R; and R;:-i are respectively 2™ and Zn-i. Because hri1 is inde-
i i
pendent of xn » therefore, the first half and the last half of the real
vector Rr;l are equal., Thus for 0<i <2n-1’ Rr; is equal to the coaca-
s 1
-1
tenation of Rr;l with itself, This forms the following equation:
i
n n-1 n=1 n~1
R = Ssi < W H=-
h.(Rh.’Rh,) for 0 si <2 (3.5-1)
i i i
. n-1 . . . . R !
Asfori 22 , the variable x will definitely appear in hi .
Letk =i~ Zn-l, then we can express h? as follows:

b =x ©0” =1 01n”  for 2°7 g <2®, andk =i-22"1 (3.5-2)
i n k n k

By applying the property E') of Section 3. 2., we have

P = _RjP.RE for 2% e i<2® andx = i-2""1 (3,543

h, 1
i n hk
Furthermore, since lr:‘ =X it is quite obvious that

RY =(-t,-t, 0 oomt, 1, 1, e ) = (I, ) 550y
n
Next, the range of k can be found to be 0s<k <2n-1. Thus,

Eq. (3.5-1) is also valid for Ri . Substituting Eq. (3.5-4) into Eq.

(3.5-3) we have
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CHAPTER 4-

CHARACTERISTIC PARAMETERS

. 1. Introduction

We start this chapter with the introduction of Chow parameters and
wind it up with the augmented Chow-vector, In between, the Dertouzos'
vector as well as the spectrum of a switching function is introduced.
There exists a one-to-one correspondence for a given switching function
between the Chow parameters and the Dertouzos' vector, also the aug -

mented Chow-vector and the spectrum, These relations are worked out

entirely.

Without the invariance operations, which préserve the single thres-
hold realizability of functions, the usefulness of characteristic parameters
will be largely diminished, However, these operations have already been
thoroughly discussed by many others., For the sake of completeness, we
provide here, in the form of a table, a summary of the results regarding

characteristic parameters.

4.2. Chow Paramecters

A set of (n+1) parameters, which are named Chow parameters after
its contributor. have the potential of characterizing uniquely the thres-
hold functions of n variables. These parameters were first derived by
Chow in 1961 (1), and studicd by Coleman(2), Winder(17). Kaszerman(10),

Dertouzos(3) and many others,

Before going to the definition of Chow parameters, we will first intro-
duce some notations. Let I be a switching function of n variables. The
measure of F', written m(I"), is the number of true vertices inT . Obviously,
it will never be negative. Since there are a total of 2" vertices for n var -
iables 5nd ™ 4+ I con<titutes the universal set of the entire vert’ces, we have

m{I")+(TF) = 2" (4.2-1)
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By the reduced function of F along a variable Xi’ written Fx s we

s XX, 1, x, t..,x).
1 2 i-1, i+1 n

It is well known that F can be decomposed to reduced functions along

mean the function of (n-1) arguments F(x

any one of its variables as follows:

F=xF +xF_ (4.2-2)
1 X, 1 XX,

i
Hence, it is trivial that

m(F) = m(F ) + m(F- ) (4. 2-3)
Xi Xi

and m(F ) +m(F )=2""" (4. 2-4)
xX, x

i i

Definition 4.2-1. The (nt+1) Chow parameters are defined as:

€ = m(¥F) =<Fa(X)>

c, = m(in) =<xi a FQ(X)> fori=1,2,"%n (4. 2-5)

b4

Definition 4.2-2. Two switching functions F and H are said to be

equipollent, iff they have the same Chow parameters.
We conclude the results of Chow's work by the following theorem:

Theorem 4, 2-1, Let two switching functions F and H be equipollent.

(1) If either F or H is a threshold function, then F = H
(2) If either F or H is not a threshold function, then the other isalso
not a threshold function.

(3) If F and H are distinct, then they are not threshold functions,

We call a variable x. nonessential to a function F when the function
F of n variables can be expressed as ore of the following forms:
(1) F = XiH
(2) F = xiH
(3) F = xi +H
(4 F==% +H

i
where H is a function of (r~1) variables and is independarnt
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It has been shown by Elgot (4) that F is realizable iff H is realizable.
Considering the Chow parameters for the above four cases, it can be
easily shown that if one of the parameters <, is equal to O, o Zn-1 or
c:o--Zn-1 then the corresponding variable x is nonessential. In what
follows, we will be interested in theee switching functions of essential

variables only.

4, 3, Dertouzos'! Characteristic Vector

-
Definition 4. 3~1 Dertouzos' characteristic vector b of a switching func-

tion G(Y) of n variables is defined as:

—>
b _(bO’bi’ bZ’ bn)
where b0 =<GQ(Y)>
bi=<'Ga(Y)yi,a> fori=1, 2,+c---- n. (4. 3-1)

Comparing this defirition with the one for Chow parameters as in
Def. 4.2-1, we will see that they are quite similar to each other. The
only difference lies in that the Chow parameters are defined on a con-
figuration of 0 and 1, whereas the Dertouzos' vector is on 1 and -1. Thus

the relation between them can be obtained by applying Eq. (2. 2-1).

b, =<G_(Y)>
=<(2Fa(X) -1H)>
= 2<F (X)> - 2"
=2c -2" (4. 3-2)

or ¢, = %(2“ + ) (4. 3-23)
and b, =<'GQ(Y)Yi,a>
=<(2F, () - 1) (2%, - 1>

=<4F -2F (X)-2 +1
< a(x)xi,a a( ) xi,a >

- 4 X x - ZX - ZF X 2
"<P ( ) .’ _, ( )>+

de, =22 e 42"
i 0

4c -2c (4. 3-3)
i 0]

f




w«a@m“

or c, =

= 7(b +bi+2n). (4. 3-3a)

0

N

4.4. The Augmented C - Vector

As mentioned in Chapter 2, Dertouzos has augmented his b-vector
from (n+1) elements to 2"elements and called it the spectrum of the func-

tion. The elements of a spectrum were defined by Eq. (2. 2-12).

Similarly, we can augment the Chow parameters to a total num-
ber of Zn. And, if we order them in the same manner as the Dertouzos'
spectrum, then a vector of 2" elements is formed. We name such a vec~
tor Chow vector or simply c-vector. Therefore, we have

..c /c

—c>=(c'c C_s. » € _s...C [+ ]c )
0’ "t* "2 n' 127 13 (n=1)n 12--+n

where the first (n+1) ci's for i=0 to n are Chow parameters
defined as Eq. (4.2-5), and

S i =1—n('Fx X, )=<Fo.(x)xi ,axi s a
1 iy i 2

2 i
. . = =F (X
c, m(Fx — ) < a( )xi x

X
. s i_sa ji_,a
123 i 2 is 1 2 3

c, . . =m(F ) =<F (X)x, x, ...x, >
12...1k xi Xi . Xi a 11’0- 12,‘1 1k’0-

Ci i_,,.1 =m(Fx, X, ...X, )=<FQ(X)Xi ,o.xi ,o."'Xi ,o.>
112 ln i 2 n

(4. 4-1)
Starting from Eq. (2.2~12) and applying Eq. (2.2-1), we can obtain

the relation between Ci : . and b, . . s fork=2, 3,«0¢- Tia

12...1k 1112...1k
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b,y =<G(YV)y, vy. >

11 2 1:0» lzsa
=<(2F‘u(X)-1)(2xi o 1)(2xi Ja” 1)>
i 2
=<8F (X)x. x, - 4x, X, -4F (X)x. -4F (X)x,
a 1190- 12’0- 11’0. 12’0- a li,u a 12:
+2xi ,a+2xi ’a+2Fa(X)-1>
i 2
=8c. , ~4.2%%4c -ac. +2-22°1ip.mt 50 LR
111‘2 1i 12 0
=8c, ., -4(c, +c, )+2c
1112 11 1.2 0
or ¢ . =2"3(b. . +b. +b. +b0+2n)
R Mo Y
b, . . =<G(Y)y, _v. .
111213 a 11,a 12,11 13,0-
=<(2Fa(X)-1)(2xi ’a-i)(in ’GL-1)(2x]_L ’a-1)>
| 2 3
=<16F (X)x. o5 ' g-8x_ A -8F (X)
a 11’ 1290- 13, 119 12! 13,0- a

X p.<

1 a i Q
1? 10

43, b a+4x,
1190- 12’ 1

+4F (X)x,
a i,

-ZFQ(X)+ 1>

n=-3

= 16ci i i -8.2
1'2"3
442072 4. 02

ne=
~-22
0

1i
[
o
[¢]

-8F (X)x x,
a

+4F (X)x, -2x, -2x, -2x,
a a i i,,a

~2c¢ +2n

] -8F (X)x, X, +
1 a 1 a a 1., 1.0

1’ 3’ 2 3

X. + 4x, X, +4F (X)x,
yQ 1.0 1_s0 1 _,a a i

1 3 2 3 e

330- 1, 1290- 13,0-

- 8c, i - 8c, i - 8c. s +4-2
Y520 M3 1Y

+4c, +4c, +dc, —2-207l 5.0t
1 2 13

. +c. . tc, . Y+4(c, +c. +tc. )~2c
1 i i i 0

1,1 1

13 23 1 2 3

+b, . +b. ., +b. +b. +b +b _+27)
i1 i 1 i i i 0

2 13 23 1 2 3
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And this relation can be generalized for all k's from 1 up to n, such as:

k
b, i i = 2k+1 c. i i -Zk =
Mty M2 R (k1) Bj(k=2)> -+ - it 21
k
c. . ; k-t =
B2t k- 1) ik=2)>j(k=3)> > j1=1
k
c. . : Forret b (-1) 2 (4. 4-2)
1. eyt o sl
jtj2 (k=2)
k k
c. . =27k 5 = b, . .
1.1 _...1 . . . 1.,1, ..01,
12 k m=1 jm>j(m-1)>--->j1=1 “j1j2 jm
+b0+2n} (4. 4-2a)

Thus we show that the augmented c-vector can be converted to the

spectrum and vice versa.,

Example 4. 4-1.

Given a switching function of five variable s, whose spectrum is

A= (2522, 10, 10, 6, 2; -2, -2, 2, -2, 2, -2, 2,.~2, 2, -2, ~10, -6,
-2, -6, -2, 2, 6, 2, -2, -2; 2, -2, 2, 2, =2; 2 )J
'mue corresponding c-vector calculated by applying Eq. (4. 3-2a) ard
Eq. (4.4-23) is

S =(17; 14, 11, 11, 10, 9; 8, 8, 8, 7, 7, 6, 6, 6, 6, 5: 4, 4, 4, 4, 4,
4, 4, 4, 3, 3;2, 2, 2,2, 2;1).

Due to the fact that the c-vector is defined on the configuration of
0 and 1, it is much easier to compute the ci's than the b's for a given
switching function, especially for the case of fewer variables .

There are three systematic ways of computing the c-vector of a
switching function. The first one is to obtain the total 2 =1 reduced
functions and calculate the number of true vertices in each of them plus
the one in the function itself. This method is good and straightforward
for those functions that have five variables or less. Besides, itis

restricted to manual computation only.
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The second method was first iatroduced by Golomb(5), and later
modified by Dertouzos{3). It was called overlays method by Dertouzos.
The details of this method can be found in the literature. The configura-
tion of 1 and ~1 were used by Dertouzos. Since the configuration of
0 and 1is used inthe c-vector, a simpler procedure will be expected.

This method is also designed for manual evaluation only.

The third method will be called the matrix method. The matrix is a
square matrix of order 2. The first column of the matrix contains only
one's, the next n columns consist of the truth table of n variables, and
the rest are formed by column multiplications of the n columns in the
truth table. The multiplications shall be taken successively in ascending
order, for instance, two at a time, three at a time up to n at a time. The
column multiplication is defined as multiplicaticns between the corres-
ponding entries in different columns. Now, express a switching function
of n variables as a Boolean vector of 2" elements and let it be a row vec-
tor. Thus, by premultiplying the matrix by the Boolean vector of the func-
tion, we will get the c-vector for the corresponding function. Compared
to the two previously mentioned methods, this one is more systematic and

easier for programming, especially in the case of larger number of variables.

Assigning the job of finding the c-vector for a given function to a com-
puter, the input data should contain n, the number of variables of the
function,and the Boolean vector of the function. By specifying n, the com-
puter can generate the matrix automatically., T :sides, the number n can
be used for computing 2" and thus defire the d nension of the Boolean vec-
tor for read-in purpose. Once the matrix is e ablished and the given
function is in the required format as a Boolea vector, the computer can

execute matrix multiplication and give the res' 't right away.

Example 4, 4-2.

Given a switching function F of 4 variables, find the corresponding

c-~-vector.
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§ Fo=xy (o Ty txy) +xpx,

] = Zm (3,5,7,9,11, 13,14, 15)

f B, =(0,0,0,1,0,1,0,1,0,1,0,1,0,1,1,1)
. ﬂooooooooooooooo\
: 1000100000000000
1001000000000000
2 1001100000100000
1010000000000000
1010100001000000
% 1011000040000000
1011100011100100
* c=[000101010101014111]|1100000000000000
g 1100100100000000
1 1101001000000000
: 1101101100100010
, 1110010000000000
i 1110110101001000
‘r 1111011040010000
{ CERERREREEERREREY
: =(8; 5,5,5,7;3,3,4,3,4,4;2,2,2,2;1)

4.5. Invariance Operations and Positive Prime Functions

g By invariance operations, we usually refer to those operations
: that transform a given switching function in a canonical form to all its

variant forms of the same family, and vice versa. In this work, the
family will be the one of single threshold realizable switching functions.
Alternatively speaking, invariance operations are those operations that

preserve single threshold realizability.

There are altogether five invariance operations, namely, the com-

i plementation of input variables, the permutation of variables, the

d




complementation of the function, dualization of the function and the
equidualization. Their properties as well as the effects on the

characteristic vectors have been discussed thoroughly by Dertouzos(3).

We will omit the details and provide only a summary by Table 4, 5-1

shown in the next page.

In Table 4.5-1, we list only the corresponding change in the

spectrum of the switching function., It can be seen that the changes

LR R

are simple for any one of the operations. There does exist a corres-

§ ponding change in the augmented c-vector of the switching function

i for each operation due to the fact that there is a one-to-one corres-
pondence between the spectrum and the augmented c-vector. However,

the relation will be more complicated than the one for the spectrum.

P T o ATy & R A

Thus, so far as invariance operations are concerned, we have to use the

eriait

spectrum of a function as a springboard.

8 L

T

Definition 4. 5-1.

CAERE T TR

A Boolean function F of n variables is said to be prime if the
following inequalities hold: |

ne-2 .
> > ¢ v 00 e > 1
2 ch/Z < c, = cnz

This definition was first used by Chow in his famous work(1) for
threshold functions. Since the aforementioned invariance operations
preserve the realizability of a single threshold function, therefore,

any non-prime function of no non-essential variables can be trans-

formed to a prime function by appropriate invariance operations

o a e R s kr Lo A M d £ i e Sl

without losing its realizability.

However, the weighte of all prime functions defined above will have

negative values as far as single threshold realization is concerred.
4 Because of the convenience in dealing with positive numbers rather than

the negatives, we will modify the definition as follows:
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Definition 4.5-2. '
f
3 A Boolean function of n variables is said to be positive prime if :
|
th e following inequalities hold:

: n-1 n-2

3 > > SDeesecee = = b= 2 =2

: 2 ¢, 2c, € .y 2¢, co/ R

Actually, the prime function and the positive prime function are

interchangeable by one of the invariance operations --- the comple-

mentation of functions. Thus, we can also conclude that any non-

* positive -prime functions of no non-essential variables can be trans-

formed to a positive prime function by appropriate invariance opera- :
; tions and preserving the single threshold realizability. ’
3
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CHAPTER 5

A TESTING AND REALIZING METHOD FOR THRESHOLD
FUNCTIONS BY USING AUGMENTED C-VECTOR

5.1, Introduction

The problem of testing and realizing threshold functions is a
practical requirement for logical design with threshold elements.
For a switching function of 6 variables or less, the problem can be
solved simply by first calculating the Chow parameters and then
apdying table-look-up techniques on the existing table(17) for solu-
tions. There does exist such a table for 7 or 8 variables. However,
due to the fact that the number of threshold functions increases
rapidly, the table-look-up will be cumber some and thus lose its

original merit of simplicity.

For a function of larger number of variables, the normal pi-oce-
dure is to generate a system of linear inequalities by the definition of
a threshold function, then reduce it, and finally solve it., Our method
is based on the same principles. However, the augmented c-vector
provides a powerful tool to help set up the reduced set of inequali-~
ties. The general methods for solving a set of inequalities have been

summarized in detail by Hu(9).

In the first 5 sections of this chapter we will make a brief discus-
sion on the relating properties of threshold functions. The testing
and realizing method is developed in the subsequent sections. Examples

are provided for illustration.

5.2. Properties of Threshold Functions

Unateness, monotonicity and asummability are the three important

properties of a threshold function. They have already been studied
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extensively by many authors working in this field. It becomes a
necessity to investigate them for testing and realizing of threshold
functions. Thus, before going to develop a new testing and realizing
method we will give a brief summary on these properties. Only those

properties relevant to our testing and realizing method are covered.

Definition 5, 2-1, A switching function F of n variables is said to be

unate iff F has an irredundant normal disjointive form (abbreviated
INDF ) in which none of the variables appears both in complemented

and uncomplemented form.,

Example 5.2-1.

(A) F(xi, xz, x3) = x1 + x2x3 is a unate function.

(B) F(xi, Xy Xas x4) =x %, + X, %, + X x, is not a unate function.

Since all threshold functions are unate functions, the set of all
threshold function forms a proper subset of unate functions. Alter-~
natively speaking, unateness is a necessary condition for threshold
functions. Due to the fact that the unateness of a given switching
function is relatively easy to detect, it turns out to be the first step

for the testing of a threshold function.

Definition 5. 2-2. A switching function ¥ of n variables is said to be

k-monotonic, iff the reduced functions of F expanded along any i
variables for 1< i<k, are comparable, and it is said to be comple~

tely monotonic iff k = n.

Example 5, 2-2,




'Z e
F =x, F- =x, +x implies F < F.
]
)
3 F =x +x_, F. =x implies F. cF
}{3 x3‘ i 2 Xq i X, X,
‘ff These conclude that F is 1-monotonic.
; Fx x =1, F 2 =1, F. = 0, F. £ = x3 implies
: 1%2 *1%2 *1%2 *1%2
F. CF._ cCcF _ cF
*1%2 *1%2 %1% X%
v; F =1, F =1, F. =x_, F_ - =x_, implies
x1x3 x123 x1x3 2 j'x3 2
F.- CF. cF _ cF _
3 ¥1¥3  *1¥3 XF3 o X%y
i
b F =x,, F - =x,, F- =1, F. = =x implies
i x*3 1 x¥5 1 x2%3 X%y
]
F . GF L CSF- - CF.
¥y Ft3T ¥p¥z ¥p%3
i The se conclude that F is 2-monotonic.
Fogxx "0 F L o=1, F - =1 F_.--=1,
17273 *172%3 *1%2%3 *1%2%3
F;cxx=0’ F-X-=0, F--X=1, Fo _ . =0 implies
19273 *17%2%5 *1%2%3 *1%2%3
i F- . . CF_ - CF- XCF_-XC_:_F__EF =
f FpFRXT FFpE3 T EyFp¥3  XEpE3T X EET X X%,
i SF X X% cF X_X
! XyF¥3 T ¥ ¥p¥*s
!
Therefore, F is complete monotonic.
i
1
4 (B) F = x1X2 +x3x4
= = i i - C
z FX x5 + XX, F}‘c XXy implies Fx Fx
| 1 1 1 i
F =x,+x_x F_, =x.x implies F. CF
i -
; X, i 3 4 X, 34 X, x,
.Q
3 F o= - . . _ cF
« X %, + X, Fi X%, implies Fx x
} 3 3 3 3
i
i@ = + .= i 3 - CF
!" Fx X%, tx Fx x1 2 implies Fx <
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These show that F is 1-monotonic.

But F < =x2+x4, F }.{=x2, Fix=x’ F;c;c =0
*1%3 *1%3 1*3 4 173
F z and F-. 5 2are not comparable
*173 *1%3

.. F is not 2-monotonic.

It can be seen that monotonicity is another necessary condition for
threshold functions. And it is a more restrictive one than unateness.
In fact, 1-monotonicity is equivalent to unateness. As shown in the
examples, we check k~monotonicity in an ascending order of k. This
also implies that the unateness is the first step for testing threshold
functions. Besides, it is well known that an [n/2] - monotonic switching
function F of n variables is completely monotonic, where [n/2]is the
greatest integer<n/2. Thus, for complete monotonicity we have to check
k-monotonicity starting fromk=1 up to [n/2]only. Next, we wish to
state two important theorems which will be used frequently in the follow-
ing testing and realizing method. The proofs for them can be found in

Sheng's book(15).

Theorem 5.2-1. Let F be a 2-monotonic switching function of n vari-

ables, Fx z and F - < be two reduced functions of F expanded-along

two arbitr]alky variable ng and x , and cj, c, be the coressponding Chow

k k

parameters for these two variables. Then

in CF"X iff C. >Ck
ik *5 K J

F . =F_ iff e o= oc
5k Tk .

Theorem 5.2-2. The reduced functions of a threshold function of n

variables, expanded along any one subset of variables can be realized

by the same weight vector.
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Definition 5.2-3. A switching function F of n variables is said to be

asummable, iff for some integers j 22, it'is impossible to have j vertices

.,
distinct, to fulfill the following condition:

""T'Xj}inFandj vertices {Y ,* """ Yj}in l‘=, not necessarily

J J
z X, = Z Y, ¢
i=1 i=

A summability, which is derived from the concept of disjoint convex
hulls, is a necessary and sufficient condition for threshold functions.

However, it is hard to apply.

5. 3. Some Aspects of Set Theory

A set is a collection of objects which have common and distinguishing
properties. The objects of the set will be called its elements. If all
elements of a set M are at the same time the elements of N, then M is
called a subset of N denoted as M € N. Among all the sets there exists
*a greatest set S called space or universe, which contains all the sets.

In other words, all the sets will be subsets of the space S. For example,
-a switching function F of n variables can be considered as a set of
true vertices in the n-space S . This space has vaertices formed by

all kinds of combinations of the n variables. The reduced function F
X,
i

of F is a function of (n-1) variables and thus a set of true vertices in the

(n-1)-space. However, we can consider FF as a function of n variables
X,
i
independent of the wvariable x,. Similarly, the function xi can be consi-
i
dered as a function of n variables irdependent of the rest (n-1) variables.

In order to have the reduced function being a set in the n-space as the

function F, we shall take the inter section of x, and Fx » Where both of
i .

. i
them are considered as functions of n variables; that is’sets in n-spaces
Then, all these prdducts or intersections such as x, Fx s }'{i F}_{ » and

: i i
X, ... X, ik felX F _ are subsets of the set F. The
i, 1j 1 k

m Koo X Koo R
1 jo1 m

' - e E
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set that contains no elements will be called empty set or null set denoted

by @. Naturally, itis a subset of any other sets.

Now let us consider any two arbitrary sets M and N, and define the
different kinds of set operations. (1) If M is a subset of N, and N is a
a subset of M, then they are said to be equal denoted as M =N. (2) The

union M UN is a set whose elements belong to at least one of the sets

. .-
b Sait s ) n i 18 o s e e diakn e TR i i RS e S L

M and N. (3) The intersection MNN is a set whose elements are com-
mon to M and N. (4) M and N are said to be mutually exclusive (or
disjoint ) if they have no commcn elements, i.e., if their intersection

is empty. (5) The éomplement M of a set M is defined as the set con-

e LR R T R R e i b A D ar s

sisting of all elements of the space S that are not in M. (6) The dif-

ference M- N is a set consisting of the elements of M that are not in

N. Thus,

S N,

M-N=MN = M- MN

WL TR T

! Theorem 5.3-1. IfM., M_,..... M and N, N_,..... N all are

i 1 2 m i 2

i

i' the sets in the space S, then the following identity holds.

! —_—— —

i M ... N..N =M ..M - *MM...M N

: MMy M NN, a 1M, m_ . m i

s i =1 1

1

i n n

3 + Z M,...M_N N - =

1 > 21 R T BT S G

M- -M_N N N 4 £ (-1)%

n

= M,...M_N N
> > > =21 t t

e k-1 ! 1 k

P +(_1)nM1...MmN1...Nn (5.3-1)

Proof: Let MIMZ' ..M _ be replaced by M and we will prove this theorem
—_— m

by inle:ction.

75 P NI S
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Forn=1 MN =M-MN

1 1
For n=2 MN N_=(M-MN )N_=(M-~-MN )=-(M-MN )N
° Ny = ¢ YN, = )¢ N,
2
=M- £ MN, +MN,N
. i i
11—1 1

Assume that the theorem is true for n, we are going to prove that

it is also true for (n+1).

n n
MNN...NN ,=[M- £ MN, + X MN N -.....
12 n nt+i . i . s i, i
i, =1 1 i_>i = 1 2
1 2
K n
+(-1) = MN, N +::-«-
.o - i i
lk Lk_1 >11_1 i k

; i
.  5i

{ L1 1 1 12 11 1 2

1 z MNi NL +oo4(-1) MN,

[ >1i > > P4

I‘ i lk_i 11 1 1 k 1

; n n

% N -[MN  , -( T MN, )N _+( = MN, N, )
| ° S U R U U R TR
f 1 1

N - +(-1) = MN N, )N

\i n.+1 1 > >i 21 11 lk l’1+1
k

+oo 4+(-1)"MN,/N_...N

b 172 n n+i

a+1 n+1 .

: =M- £ MN, + = MN, N, - +(-1)

i L 1 L

: 1 = 1 >1 21

11 1 1 12 11 1 2

’ n ot n+i

= MN N, + +(-1) MN N
i . i n+1i
! i > >i 2t 1 k 1

| k
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Therefore, we conclude that Eq. (5. 3-1) is valid for all n.

Q. E. D.

5.4. Weight Vectors of Threshold Functions

As defined in Chapter 2,a weight vector for a threshold function of

n variables is a set of n real numbers which meets the requirement of

_>
Eq. (2. 3-1). We w«ill call a ‘weight vector w= (Wi’ w‘2 e W ) non-~
negative iff w, 20 for i =1,2," """ n. It is said to be canonical iff
i
wi 2 w2 2 2 Wn 2 0. Furthermore, it is said to be integral iff all

its elements are integers. The aim of realizing a threshold function
is to find such a weight vector together with a threshold under certain
criterion. The most commonly used criterion is to minimize the
summation cver the absolute values of all the elements of a weight
vector and the threshold , If the weight vector for a certain threshold
function is integral and a minimum under the above—mentioned‘cri-
teria, then such a vector plus the threshold will be called minimal-
integral realization for the threshold function. In the following section
we are going to develop a testing and realizing method for obtaining

such a realization.

Chow(1) has shown that the weight vector of a threshold function
is strongly related to the Chow parameters. We will restate his results

in a theorem without proof.

Theorem 5.4-1.

9
Let F be a threshold function of n variables, w = (WI’ WZ’ e Wn )
be its weight vector, and CO’ Ci’ cz, ..... cn be the corresponding Chow
parameters. Then, for i,j, = 1,2, .- c-onandi#j

(1) if ¢, < c¢./2, then w, <0
i 0 i
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(2) if c, >c./2, then w, >0
i 0 i

(3) if c, = ¢y /2, then F is not dependent on x,
i

(4) if c, < c_, then w, <w, and
i j i Jj
(5) if ci = cj, then it is admissable that w, = wj »

Since we are interested in minimal-integral realization of a
threshold function, an extended relation between the weights will be
found useful under this constraint. For the following theorem,we will
establish equality relations instead of inequality ones between the
weights. And by this theorem the number of inequalities as well as
the number of unknowns will be reduced, thus the problem for realizing

a threshold function will be simplified.

-
Theorem 5.4-2. Let F be a threshold function of n variables, w={ Wl,

w wn) be its minimal-integral weight vector, andc,, c_, ...c

2’-0- 1 2 n

be the corresponding Chow parameters. If Ci= Cj+ 1, fori, j=1, 2,"**n

and i #j, then w, = wj+ 1.

Proof: Since c, = Cj+ 1, thatis ci> Cj’ therefore by Theorem 5. 4-1. we

.

have w,>w,.
1)

According to the definition of Chow parameters, all the ci's are

nonnegative integers. Thus, if c:i = cj +1, there will not exist any ck such
that Ci> ck> cj. By Theorem 5.4-1., this implies that there will not

have such inequalities as w_>wk>wj.
i

Therefore, for a minimal-integral realization the difference

between w, and wj should be a minimum and an integer, that is 1. This
i

proves that W, = Wj + 1.
Q. E. D.

T
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5.5 The Incremental Weights

For a positive prime function of n variables its. weight vector can
be ordered as the following according to Theorem 5. 4-1,

> e >
w1 w2 zwn 0

If we introduce the incremental weights which are defined as the

differences between sucessive weights as shown below.

Aw1 = w,omw,
AWZ = WZ - w3
(5.5-1)
A.Wn-Z - Wn-Z B Wn-i
AWn-l - Y-t ~ ¥n

then, we can express all the weights in term of the incremental

weights and the minimum weight w as follows:
n

= A 4+ A oo oo +
W1 W1+AW2 w3 Awn-i wn
= AW + AW _ 4t e e o a0 e +
w2 Aw_ + Aw3 + Awn-l wn
(5.5-2)
= Aw + A
Yn-2 n-2 Wa-t+ ¥,
= +
Vot TAY 1 Y,
w = W
n n

Now, if we are going to solve a set of inequalities about the
weights, we can first replace them by the incremental and the minimum
weights and then solve for these new variables instead. Normally, the
change of variables will lead to a simpler set of inequalities and thus

more easily solved. This will be seen in the following sections.

B =
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5.6. Establishing Inequalities by Using the Augmented C-Vector

Let F be a switching function of n variables. Expanding F along any

one of the variables, say xk , we have

1
; F=xk F +>';k F-
X x
1 k1 i k1
or x F- =F -x F
k1 xki k1 xk1

This relation can be applied successively for two or more variables.

For two variables,

= SR AR e i e L i et B L e s S R e Gogi

x, ¥ =x (x F +x F - )

i 11 xi i k1 X, xk k1 X. xk

i 1 RE R 15y

x. F - = -

x1lxk 1% Xy xi.1 (Fx, Xk 1Fx X, )

1y 1 SRR

and x, F- =F-x F_ =x (x F- +x F- = )

i k k, x k k., x, x xk X

i k -

53 1 7k, 1 Tk, 172 Tk Tk, 2 xki >

i x x F- - =F.-x F -x x F-

i k, k. x, x k, x k, 'k X

5 k *x

: t 2 Tk Tk, ' t 2 %k "k,

i =F F F F

i =EeE Fy o oo | BN )

f x x

:’i i k1 2 ‘kZ i k1 kz

£

' =F -x F - x F X

: k, x k., x k, k., x x

! v

1k, 2 "k, 1 2 “ki 1,

Similarly, for three variables,

i xiixizxkin_ X, ;{k N xizxiz (Fx, x, xkin x xk ) -

12 ) o2 %y

I : % F - - = F - - F

; xlixkixk‘2 x, %, x11 ( « xkin_ x, sz x %,

! 1 2 e eI | y %2
+ x F )

St ey
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k}ﬁ(k 3 =FP-x F -~-x F -x F +x x F

k, k, x x X
1 72 73 k1 k2 k3
To generalize this relat1on for any number of variables less th;.n n,

AV on 'JJV' S (J{N&K."" u’L— V'\
we will obtain the .s;.m:,la::. result as-in-Theorem-5,3~1-

s
x_...x.x ...x. F - - =% ...X (F -
11 i, k1 ks xi ...xi xk ...Xk 11 i, xi ...x:.l mi=1
J 1 55 s by 3
)
X F + = X X
K mi X11 'xijxk , m2>mizt Kt Kme
- + (-
Fx X xk xk ( 1) % 1 Xk
1 Y *m1 “m2 s
i
Fx, ... X, xk ...xk ) (5.6-1)
e 1j 1 s

It is quite obvious but very important that all the subscripts of the
oolean variables shall be distinct.
Extending the relation in Eq. (4. 4-1) to the complemented form of
variables, we can denote c, . = - = m(F - - ) =
11...1, 1. . s xi...ixk...xk
. 1 j o1 s
F B e . X b i 1 i i
< a(X)xii’ RERES , L a X a>’ where a is the decimal index of
a vertex as defined in Chapter 2 and m( F - - ) denotes
X eeeX X oK
i i.
1 J 1 s
the number of vertices in the (n-j-s) -variables reduced function
F - - . However, we can treat the reduced function as
1 j ot s
a function of n variables in which x, , x, ,-+*x and xk st X

1ot 1 1 s

are non-essential variables. By this reasoning, we have

1
¢
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c _ - =m(F - - )
i i k . X, e X
R R s i 1J,xk1 k_
= X - F (X)
<xi , xi.,axk s Xk sa o.( )>

1 j 1 s

=<x, o % L a%k e Tk Lo B e, e

i 1 1 j 1
-k F < Z z + Zxx ...
A T T " i
1 j ot s
sl < % ! F -
x',axk ,a® AR S R SOl S i*,a)>
Jj 1 s i i, k
1 j 1 s
_< i,a i.,axk ,a 'xk,o.Fx X, X, ...% ,a>
1 1 S i i. k k
1 j s
(5.6-2)
where Zx1<x1”>_ck>'€k =X, '”Xi.ik ...ik , and
1 j 1 s 1 j 1 s
- -, 'sare the corresponding reduced functions, It is
X¥ o x¥xx |, X
i— i,k k
i j 1 S

not difficult to see that each term of the summation is a disjoint set
with the setx, ...x. x ...X

0. k .
i, 1,] k1 <

Now, if we sum up Eq. (5.6-1) over the total space of 2" vertices

and substitute Eq. (5. 6-2) into it, then we will have,

] ik R =m(F>' X, X z )
1 J1 s i 1J k1 ks
s
=m(F )~ Z m(F )
X, ...X =1 X, X, X
1 : i 1 j mi
s
+ = m(]:"X . x x ) +
2 >mliz=1 11 1J mi kmz
s
+(~1)y m(F € %, - xk)
i 1j { <
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S S
= c, .~ = c. N + = c. .
Lol mi=t Yo HRmy m2>mi =1 Lk 1 me
..o+ (=1)%¢ )
civik ... K
SR O s (5.6~3)

From the results we have derived so far, we can see that the c~vector
of a given switching function contains all the information about the func-
tion and thus we might conclude that the c-vector completely characterizes
the function. Before establishing the inequalities between the weights
assigned to each variable of the function, we are going to prove a lemma

and a theorem.

Lemma 5.6-1, If F - - is one of the reduced functio.'ns
X, ...%X, X ...X .
i

1 Yohu ts

of a switching function F of n variables, where s<n, and if (u.s , 1

+1° "s+42’

.. un) is a false (true) vertex of Fx. Cx I ...x , then the vertex
i i jH s
1 j »
vV =(1,1,-*-1, 0,0,---0, u ***y }is a false (true) vertex
u r (s :rj) s+1 n

of F, where ui's € (0, 1).

Proof: The function F can be expanded as follows,

F=x ...x x ...x, F - - + ZxF L x*
i 174, DR SRR R i i
g J 1 5 Y+t s
i s

where Zxi* X¥ =X, ...X., X, ...%, and F | . are

! s M oY s Koo ¥y

J 1 s

the corresponding reduced functions.
If(u se-.,1 )is a true vertex of F - . , then
s+1 n Xi"'xi X, ...xi
1 ! s

it is quite obvious to see that

F(V =1, i.e., V 1is a true vertex of F.
u u
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If (u , .,u_ )is a false vertex of F - - , then
s+1 n X, 00X, x, el X,
i 1j i+t i
for the vertex V. Zx¥* ,..x¥* = x, ...x X%X. ...%X, =0, This implies
: u i i i i, 71, i
1 s i j i+t s

that each term in the summation is equal to zero. Thus,

F(V )=0, i.e., Vu is a false vertex of F.
u

Q. E. D.

Theorem 5,6-1. For a threshold function F of n variable s, if

C. -
1,...

1

ii .1 >0 i
i i s 1 j i+t s?

Het

Proof: Since F is a threshold function, all its reduced functions

expanded along the same variables are comparable.

“i,.. .01 i >9....04 i
R S FULE R RREE LT FP LR
F ~ - > F~- -
xi"'xixi cee % XXX, R
1 i+t s 1Y T+ s
Let (u s+++u ) be a true veriex of F - - N
s+1 n xi ...xi Xi ...xi
1 i i s
F- - Then, bv lemm2 5, 6=1, (i, 1;,+--1,0,0,++0,
" A, ..-Xixl_ T T (s‘—{j)
1 j i+t s,
; 3 r ; (0. 0. T
uS+1’ % ) is a true vertex of I while (&g§—9’ 1_’1%“/’ us+1, : 'un)
(s - 1}
is a false vertex of ¥,
Thus, if (w, , W, , ««w. , W, 5 - --wn; T ) is the weight threshold

i
vector of the fur}ctionZF, thensby thsé+éefinition of a threshold function
(Def. 2. 3-1), we have

w, t*°" +w + Z uw, =T
1 Yjod=s# U7
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n
w, + c +w, + Z uw, <« T
1j+1 s i=st ' 7!
w, o tw, ot two o ow, + w, + * tw,
i i 1, i, i, i
1 2 h] j+1 jt2 s

5.7. A Testing and Realizing Method for Threshold Functions

A testing and realizing method for threshold functions will be
developed in this section. Without losing any geﬁeralit.y due to
the invariance operations, we will assume that all the switching
functions to be tested are positive prime functions. By using ariy one
of the methods we stated in Section 4. 4, the augmented c-vector of the
function can be calculated. According to the definition of a positive
prime function, we will find the following ordering existentbetween the

fir st (n+1) elements of the c-vector:

n-1 2

n-
- 1 >r DA S e e e s e 2 2
2 12c1 Zcz > ch_1 <, ZCO/Z 2

(5.7-1)
Now, let us consider the n reduced functions of F, namely, Fx s
Fx s F 3, ..... FX . Take any one of these reduced functions, saiy
| Fx,’ and relate the rE]how parameters for Fx to the elements of c-
veltor for F. In order to distinguish one frém the other, we will

use a superscript i plus the brackets for the Chow parameters of FX

Thus by Definition 4.2-5 and Eq.(4. 4-1), we have *

c (1) =m(F )=c.
0 xi i

5.7=-2
(i) ( )

= = F = . f j#i: i,j=1,2--.n
cj m[( Fx )x.] m( , ) Ci_] or j#i; i,

x-
i i
It is known that if F is a threshold function, then all it s reduced

functions are threshold functions, Furthermore, by theorem 5.2-2

we can conclude that if F is a positive prime threshold function, then

=1
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all its reduced functions are also positive prime threshold functions.

Thus we have the following ordering for Fx .
i
(1) (1) (1) (1) (B _ (i)
..... > R - iy g
¢ zc, 2 €124 2 c. = c0/2 (5.7-3)
By applying Eq. (5.7 -2), we have
..... S e 2> -
i1 % %2 = ® Ci(i-1) = Sy(it1) *Cin = /2 (5.7-4)

A testing table can now be established. The table will have n rows
starting fromone upto n and (n+1) columns starting from 1 upto (n+1).
The (nH)th column of the table will be the halves of the c. 's, whereas

i

the entry in the ith row and jth column will be cij for i # j as shown in

Table 5. 7-1.

column
row 1 2 3 rence it (n-1) n n+1
no.
1 c c c c —i
N €i2 1377 %4577 S4n-1)  “tn S1n+1)" 2.
2 c - c c c c c *c—-z
21 23°7°7 728 77T T2(n-1)  2n  2(n+t) 2
3 c c -——— c : c C ——C—3
31 32 et C3t S3n-1) 3 S3(nt1) 2
€3
* it %2 %3 T “i(n-1) Sin Si(nt+1)" 2
| Sh-1
(R =1 e iyt Sn-1)2 “(n-1)3"" n=1)i"" 77 S(a-1)a S(n-1)(n+1) 2
[l c’ ' ~Cn
“ “n1 “n2 a3 """ %pi n(n~1) - Cn_(r1+1)—2

Table 5.7-1
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Due to the fact that Cij is equal to Cji’ and that we have cij for j>1

only in the c-vector, therefore, we will eliminate the left lower half of

the table, Thus, the table will have n rows starting from 1, and n columns

starting from 2. Such a table is shown in table 5. 7-2.

olrllJ.gnn
* 2 c e I e e -
row 3 1 (n~1) n (n+1)
no.
€1
t €12 €437 i “q(n-1)  Stn Si(n+1) ';
)
2 — €237 21 2(n-1)  S2n 2(mt)” 3
€3
3 —————- - c -'O'l C c C Pt ——enes
3i 3n-1) 3n 3(n+1)
e
1 - - —-—— s s e cl(n-l) cin ci(n+1)= ?2.._
C
e - {n-1)
(n-1) “(n-1)n (n-1Xn+1)" 5
cl’l
" - T T — — “a(nt+t) 3
Table 5. 7-2.

By Eq. (5.7-3) we can see that the entries of Table 5, 7-2 are

always non-increasing from left to right as well as from top to bottom.

c,. 2c¢ if i £k and jsm (5.7-5)

ij km

for i, k=1,2,"""n; j, m=2,3, " "(nt+l)

For a given switching function F of n variables, we can assign a

weight vector —v‘?=(w1, w s Wn) and a threshold T. According to

20t

e =
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the definition for a threshold function, there will be 2" inequalities cor-
responding to the 2" vertices. Within the 2" inequalities, there exist -
many redundant ones. Thus, the natural way of finding the weights and
the threshold is to reduce the number of inequalities as much as possible
before going to wlve them. Since we assume that the given function is posi-
tive prime, the ordering of (5.7-1) holds. And by Theorem 5, 4-~1

we have a similar ordering for the weights,

In order to set up a reduced set of inequalities from the te sting
table for finding the weights, we classify the inequalities into trivial
and non-trivial ones, and further to critic,:al non-trivial and non-critical
non-trivial ones. We call an inequality trivial if the relation
(5.7-5) holds. Thus by non-trivial inequalities we mean those inequali-

ties that satisfy the following relations:

c..>c for either i<k, j>m (5.7-7)
i) km
or i>k, j<m

Geometrically speaking, the left hand side and the right hand side
(abbreviated LHS and RHS) of the non-trivial inequality shall not be
in the same row or the same column of the testing table. Furthermore,
the RHS must be in the right upper side of the testing table relative to

the LLHS,

Consider the following two non-~trivial inequalities

< i “km (5.7-8)
171
c., . >c¢ (5.7-8a)
12_]2 km
i i j, <j_, th LT~ . . os .
If i < i, and 3y _]2 en by (5.7~5) we have Ci1J1 > Clsz
Thus (5.7-8a) implies (5.7-8), In other words, the relation
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specified by (5. 7-8)is covered by the one specified by (5. 7-8a).
We call such an inequality as in Eq. (5.7-8a) a critical non-trivial one.

Similarly, if we have two non-trivial inequalities as shown below :

c >c, .
km 1131 (5.7-9)
c >c. (5.7-9a)
km 12J2
where iis i2 and jlsjz still holds. Then contrary to the pre-
vious results we have (5.7-9) being the critical non~trivial inequa-
lity instead of (5. 7-9a).

In conclusion, if an inequality is critical and non-trivial, then it
shall first of all satisfy (5.7-7) and it shall not be covered or im-

plied by any other inequalities.

5.8. An Algorithm for Obtaining All the Critical Non-Trivial Inequa-~

ties in the Testing Table

The algorithm given below is quite straightforward and self-ex-
planatory. One thing we want to point out is that all ‘the entries except
those of the (n+1)th column in Table 5.7-2 are positive integers. Due
to the fact that we are making comparison on the number of vertices
in specific sets, the entries of the (n+1)th column have to be modified,
either to drop the fractional part or to round it up. This algorithm
is designed to establish critical non=~trivial inequalities. For the case
that an entry of the (n+1)th column is greater than some of the other
columns, we shall drop the fractional part of this entry, while in the
less than case we shall round it up. And, it is not difficult to realize
that these fractional part to be modified are always equal to é— There-
fore, by using the notation [ ]which means taking the integral part of,

it will be very easy to execute such adjustments.

Step I Read in the given switching function of n variables. Find its

augmented c-vector and store.
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. 1
Step II Set c(i, n+1) = [ e (i) Jfori=1, 2, ---, n. Combine this with
those elements having two arguments in the augmented c-vector

to form the testing table.

Step III Check the entries of each row and each column in the testing
table. If all of them are in non-increasing order, then go to

Step IV, otherwise stop the program for the reason that F is

not a threshold function.

Step IV Set up two groups for appropriate LHS's : one for the case

LHS > RHS called G-group, other for the case LHS <RHS call-
ed L-group. Scan each row in the testing table except the first
and the last rows up to the nth column. The first entry of each
row will 'automatically be in the L=-group while the last entry

of the scanning (i.e., the entry in the nth column) will be in

the G-group. When scanning along each row, if there is a change

in the values of two adjacent entries put the former in the G-

group and the latter in the L-group.

Step V Divide the elements in the L-group into subgroups according to
| their values. If there is only one element in the subgroup, leave
it as it is. If there are more than one elements in a certain
subgroup, then compare the column numbers of the elements in
this subgroup. If they are all different,leave them as they are, If some

of them are equal, then eliminate those elements with greater

row numbers,

Step VI Compare each element in the L-group with its upper right coun-
terpart in the testing table (i.e., the entry in the next column
but previous row).

A, If the element is less than its counterpart, then search for

the rightmost entry in the same row as the counterpart that

o -
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still preserves the relation. This will be the corresponding

RHS of the inequality for that element as the LHS.

B. If the element is greater than or equal to its counterpart,
then search upwards in the same column as the counterpart
until an entry is found such that the entry is greater than the
element and thus become the corresponding RHS; otherwise

abandon this element from the group.

Step VII Do the same as Step V for the G-group except that instead of
keeping the element in the subgroup with the least row number

restore the one with the greatest row number for each column.

Step VIII Set c (1, n+1)=[-§-c(i)+é—]f0ri=1, 2, cean n.

Step IX Compare each element in the G-group with its upper right count~
erpart in the testing table,

A, If the element is greater than its counterpart, then search
for the upmost entry in the same colurﬁn as the counterpart
that still preserves the relation. This entry will be the
corresponding RHS of the inequality for this element as the
LHS.

B. If the element is less than or equal to its counterpart, then
search rightwards in the same row as the counterpart
until an entry is found such that this entry is greater than
the element and thus become the corresponding RHS; other-
wise abandon this element from the group.

An example is given below for illustrating this algorithm.

Example 5. 8-1. Given a switching function of 7 variables

F—x {x(x+x+x+x

3 5 6+x7)~!—x3( +xx )+x(x +x

67

)+x x}

eX7) T Xgxgx, ]

+x {x (x4+x +x )+x (x +x

5 6™7

+ +x_) + + +
x3{x4[x5(x6 x7) x6x7] x5x6x7} X X X X
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Step I The corresponding augmented c-vector is

T =(78; 52, 51, 50, 47, 47, 45, 44; 31, 31, 29, 29, 28, 28, 30,
29, 29, 28, 27, 28, 28, 28, 27, 28, 26, 26, 26, 26, 26;
16, 16, 16, 16, 15, 16, 16, 16, 15, 16, 16, 15, 15, 15,
15, 16, 16, 15, 15, 16, 16, 15, 16, 15, 15, 15, 15, 15,

15, 15, 15, 15, 15, 15, 15; 8, 8, ++++8; 4, 4, " 4;
35 -2
2,2, ++* 2;1) '

Step II c(i, 8) = 26, c(2, 8) =25, c(3, 8) =25, c(4, 8) =23, c(5, 8)
=23, c(6, 8) =22, c(7, 8) =22
The testing table will be:

column 8
no- 2 3 4 5 6 7
row for for
no. L-group |G-group
1 31 31 29 29 28 28 26 26
2 30 29 29 28 27 25 26
3 28 28 28 27 25 25
4 28 26 26 23 24
5 26 26 23 24
6 26 22 23
7 22 22

Step III Each column and each row in the testing table are non-increas-

ing. Go to Step IV.
Step IV G: c(2, 3), c(2, 5), c(2, 6), c(2, 7), c(3, 6), c(3,7),
c(4, 5), c(4, 7), c(5, 7), c(6, 7}

L: c(2, 3), c(2, 4), c(2,6), c(2,7), c(3, 4), c(3,7),
c(4, 5), c(4, 6), c(5, 6), c(6, 7)
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Step V  Subgroups: L1 L‘2 L3 L4 L5 1

Values : 30 29 28 27 26

Entries : c(2,3) c{2,4) c(2,6) c(2,7) c(4,6)
c(3,4) <3773~ €{5,6)-

c(4,5) c(6,7)
Step VI (1) c(3,4)<c(2,5)
(2) C(4:6)<C(3s7)
Step VII Subgroups: G1 G2 G3 G4 GS
Values : 30 29 28 27 26
i
| Entries : c(2,3) c(2,5) -c{26) -ct2;7)- <{4-F)
| c(3,6)  c(3,7) <{577}
c(4,5) c(6,7)

Step VIII We include this step in the testing table shown in Step II.

Step IX (1) c(2,3)>c(1,4)
(2) c(2,5)>(1,6)
'l (3) c(3,6)>c(2,7)
(4) c(4,5)>c(3,7)
(5) c(3,7)>c(1,8)
(6) c(6,7)>c(3,8)
' 5.9. From the Critical Non-Trivial Inequalities to Inequalities of the
Weights

In the last section we have-developed an algorithm to set up a set
of critical non-trivial inequalities from the testing table. Each of the

inequalities has one of the following forms.

!i




Ciiiz > Ck1k2 (5.9-1)
c. . 1
bTRP) > Eck (5.9-2)
%Ck 7% 4 (5.9-3)
172 ’
Since they are critical and non-trivial, from (5,9-1) we have

. . : < - < . )
either that 11 >k1 and i, k‘2 or that i, k1 and 12 > k2 However,

without losing any generality we can assume that i1 >k1 and iz < kz.
And from (5,9-2) and (5.9-3) we have i , iZ >k. Now let us con-

sider the following :

c - = = Ct 3 = cC -cC, . - cC + ¢
C iRk - = .. . Dk . . K
21.11212 111kk i i ii k i i ii k

2712 172 121 17272 1212
) (cklkZ ) Ciikikz ] CleikZ ) CiliZkikZ)
) (clilz ) Ck1kz) ' (Ciikikz ) 1112k1) '
(Cizklkz N Ciiizkz)
=D1+D2+D3 | (5.9-4)
Since i1 >k1 and i2<k2, we have D2 .being negative and D3 being

positive. In other words, the differences D2 and D3 are compensating

with each other. Furthermore, the magnitudes of those c,'s in D_ and
i

2
D3 are about the half of the ci’s in D1. Therefore, if (5.9-1) holds,
i.e. D1 is positive, then (5.9-4) is most likely to be positive.

Thus we have,
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1 1 i
=(c. . ===c }+(c, . ~2=c, )+2(=c, . ~c. . )
k k
1112 2 k 11k 2 'k 2 i, 1112
= LIS 1 ! - _
D1 D‘2 ~|—D3 (5.9-5)
It is quite obvious to see that D2 positive but D3' is negative.
They are compensating with each other. Thus, whsther (5.9-5) is

positive or not depends largely upon the sign of D Thereiore, if

1
L
{5.9-2) holds, it is most likely to have
C. . = 2Ce =
Lk il
and w, +w, >w

oot

On the other hand, if Eq. (5.9-3) holds, it is most likely to have

k

Therefore, after a set of critical non-trivial irequalities was es-
tablished, we have to further check by 5.9-4) and (5. 9-5).
some of them turn out to be equalities rather than inegualities as be-
fore, then the corresponding inequalities shall be elimirated from the

set. Otherwise, these inequalities will lead to inequalities amiong the

weights, In other words, ths set of critical non-trivial inequalities can
be transformed or further reduced to a set of inequzlities among the
weights, This set of inequalities combined with the set of inequalities
obtaired directly fror the Chow parameters are sufficient to solve for
minimal integral weights wkzich will realize the given thresheld func-
tion. Generally, the number of irsguzlities in this reduced set will be
quite small, To solve suczh a sat of inequalities will be very sirnple and

straightforward. This will be seen in the fullowirg exampies.

Once the minimal integral weights for a given threshold function

are found, it is not difficult to fin? the threshold for thLis furcticn., One




{
"
-~

i

of the simplest ways is to find a minimum weighted truth vertex of the
given function and then the summation of the weights of this vertex will i

become the thresholdl.

Examplé 5.9-1. As given in Example 5. 8-1 find the inequalities of

the weights and transform them in terms of incremental and minimum

weights.

Among the set of critical non-trivial inequalities obtained in Exam-
ple 5. 8-1 , three of them become equalities when Fqgs. (5.9-4) and (5.9-5)
are applied, thus they shall be climinated from the set. The remaining

five are shown below.

- < i i + < +
€4637 < 1137 implies Wy tw, S w o tw,
s=>C i ies + > +
C>3713 Coayy implies w, Wy > W, w4

CorTr " Cxp . .
2516 2516  implies wotw. >WwW, +w

2 5 1 6

371 371 implies \)&/34’\1&/7>v<.r1

c, .= >C673 implies w +w7>w3

6

If the incremental weights are introduced, we have,

AW3>AW6 (5.9-6)
Aw_ A w . (5.9-7)
3 1
AWS>AW1 (5.9-8)
VJ7>A\'\71+A\V2 (5.9-9)
X - + -
w7 >A\/3+Aw4 AWS (5.9-10)

b1 Ik
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5.10. Procedure for the Testing and Realizing Method

Besides the set of inequalities obtained in the last sections ‘there exists
another set of inequalitics which can be obtained by comparing the Chow
parametefs and applying Threoms 5.4-1 and 5.4-2. Combining these two
sets of inequalities together, then we can seck for a solution under the con-

straint of minimal integral wecights.

The solution of the set of inequalities is based on Fan's principle of
bounding solutions. The detailed explanation of the application of Fan's
principle is given by Mu (9), and will notbe discussed here. This method
introduced by Hu is quite general but not practicable unless the number of

variables of the given function is very small.

Another general method of solving the set of inequalities is by succes-~

-
sive elimination of the unknowns w_, Aw s sz. In the process of
n

n-1

elimination certain incqualities will turn out to be redundant and can be

-

deleted. Finally, therc will be a set of inequalities involving only one un-

known Awl. A value can be assigned to A\v1 to satisfy this set of inequali-

ties. By going backwards, values can be assigned to sz, <, Awn 1 W

successively. The disadvantage of this method is the huge number of opera-

tions involved. The detailed procedure of this method is given in Hu (9) and

will not be discussed here either.

Now, the procedure for the testing and rcalizing method can be stated

as follows:
I. Find the augmentdd c-vector of the given function of n variables.

II. Check the function whether it is positive prime. By comparing the Chow
paramecters and by applying Theorems 5.4-1 and 5.4-2, obtain a set

of inequalities or, cqualitics between the successive weights in




N
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either one of the following three forms. Then, transform these

inequalities or equalities in terms of incremental weights.

Wi+1 <Wi implies Awi>0
W e =wi implies Awi =0
wi=wH_1 +1 implies Awi= 1
III. Set up the testing table as defined in Section 5. 7. If there exist

any contradictions, then the given function is not a threshold

function.

IV, Apply the algorithm specified in Section 5. 8. and obtain a set of

critical non-trivial inequalities.

‘ V. (A) I the inequality obtained by Step IV is in the form Cij >Ckm
check whether ¢, .= ->c-= . If itis not true, eliminate
. ijkm ijkm

this inequality from the set.
1
(B) If the inequality obtained by Step IV is is the form cij >—2- )
; or c, . < --1-c check whether it is consistent for ¢, .~ and c~ =~ _.
i ij 2 'k ijk ij
If it is false, eliminate this inequality from the set.

VI. Transform all the inequalities obtained from Step V. into inequa-

lities relating the incremental and minimum weights.

VII. Combine the set of inequalities and equalities obtained from Step
II with those from Step VI. If there exists contradiction between
the inequalities, then the given function is not a threshold function.
Solve these inequalities using the constraint of minimal integral

weights.

VIII. Find a minimum weighted truth vertex of the given function and
: compute the threshold. Then, the given function can be realized

by this threshold and the weights obtained in Step VII.

Example 5.10-1. Find the minimal integral realization for the function

, given in Ex. 5. 8-1,

RS &




I. This step was completed in Ex. 5. 8-1,
II. Comparing the Chow parameters of the function, we have
Awi =1 (5.10-1)
Aw2= 1 (5.10=2)
Aw3>0 (5.10-3)
A =0 5.10-4
w, ( )
Aw5 >0 (5.10-5)
A W6 =1 (5.10-6)
w7 >0 (5.10-7)
III. IV, V. VI. these steps were completed in Ex. 5.9-1.
VII. Substituting (5.10-1), (5.10-2), (5.10-4), (5.10~6) into
(5.9-6) up to (5.9-10) we have
A w3 > 1 (5.10-8)
>
AN w3 i
A w5 > 1 (5.10-9)
w, > 2 (5.10-10)
w, >Aw3+Aw5 (5.10-11)
These inequalities combined with {5.10-3), (5.10-5), (5.10-7)
can be easily solved and the solutions are A W3 =2, A w5 = 2, W7 = 5,

-
Thus, the weight vector that will realize the given function is W=

(12, 11, 10, 8, 8, 6, 5).

VIII. The minimum weighted truth vertex is X X, 3x4x5x6x7. Thus,

T = + + + =8+8+6+5 =27
W4 w5 W6 w7 2

Example 5. 10-2. Given the following switching function of 8 variables,
test whether it is a threshold function; if it is, then find the minimal

integral realization for this function.

S




F=x (x_+x_+x +x_+x

1 > 3 4 5 6+x7)+x2(x3+x +x +x6)+x3(x +x

4 75 4 "5

+
+:-:6x7 x6x8)+x

+ + + +
4(x5x6+x5x7 x5x8 xéx7 x6x8) x5x6x7

I. < = ( 225; 126, 124, 123, 122, 121, 120, 116, 114; 64, 64, 64, 64,
64, 64, 63, 64, 64, 64, 64, 62, 62, 64, 64, 63, 62, 62, 63,
63, 62, 62, 62, 62, 61, 62, 61, 58; 32, 32, -~ -, 32, 31, 32,

35
32, 32,° ", 32, 31, 32, 32, ~°-, 32, 31, 32, 31,31, 31; 16,
R 5
teé, 16,\;", 16; 8, 8, -, 8;4, 4, -, 42,2, "', 2;1)
69 56 28 g

1
II. i — = . < < cese &
I Since 3 cO 112.5 C8 c7< c1,

prime, and

the given function is positive

Aw, >0 (5.10-12)
Aw, =1 (5.10-13)
Aw,=1 (5.10-14)
Aw, =1 - (5.10-15)
Aw =1 (5.10-16)
Aw, >0 | (5.10-17)
Aw, >0 (5.10-18)

wg >0 . (5.10-19)

III. The Testing table

T EN T e e

i

colgmn |, 3 4 5 6 7 8 9
"ho. L-)fg(i'%up G-fé);oup

] 64 64 64 64 64 64 63 63 63
2 64 64 64 64 62 62 62 62
3 64 64 63 62 62 61 62
4 63 63 62 62 61 61
5 62 62 61 60 61
6 62 61 60 60
7 58 58 58

8 - 57 57

ey
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IV. The set of critical non~trivial inequalities obtained by applying the

algorithm in Section 5. 8. is shown below:

<
€36 =17

58 2 2 (5.10-20)

| - -
582 582 ©(5.10-21)

A

P
©2618 7 2818
- -
€4637~ 31827
VI. Aw, < Aw +Aw

6 1 2

A <Aw +A
s WaT oW

w8 < AWZ+AW3+AW4

(5.10-22)

3 <
| W8 A w6
| A

AN W6+ AN W7 > W1

>
A w6 A w2 + A w3
VII. Substitute - - (5.10~13) up to (5. 10-16) into the inequalities ir

Step VI., and eliminate those inequalities which are repeated and

trivial.

o

nrrse T




prmem

VIII. One of the minimum weighted truth vertex is x
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w., < Aw,
o] C

A W6+AW7 >AW1

Aw6>2

Combining these inequalities with

(5.10-12), (5.10-17),

(5.10-18) and (5. 10~19) we can solve them easily and obtain the

following solutions:

Aw1=3
A =3
Ve
Aw_ =1
7
=2
¥

Therefore, the minimal-integral weight vector for the function is

%= (13, 10, 9, 8, 7, 6, 3, 2)

Thus,
T

I
€
+
(3
I
—
w
+
W
i
_
o

X

1%2%3%4%5%¢* 77 s,
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CHAPTER 6
CONCLUSIONS

In this thesis, we have investigated a number of topics concerning
orthogonal expansion and the realizability of threshold functions. All
the work has been done by using the characteristic vectors such as
Chow parameters, augmented Chow-vector, etc, rather than using the
switching function itself. The author believes that these vectors pro-~
vide a fertile area for further work on the basic properties of threshold

functions. The followings are sorne remarks referringto certain chapters.

In Chapter 3 we have investigated the Rademacher Waist furctions
and the Walsh matrix. All the properties of a Walsh matrix are mathe-
matically sound and beautiful in form. Besides, the generation of such a
matrix in modified form is quite easy znd straighforward. However,
its practical uses have not been fuily developed up to the time being.
Further work on the practical uses of the Walsh matrix might be
worthy.

In Chapter 4 we have investigated the Chow pararneters as well as Der-

touzos' vector, and have extended the ideas to forming vur auvgmented
Chow-vector. Since the Chow parameters can uniquely characterize a
threshold furction, the augmented Chow=vector will characterize ary
given switching furction, Thus, certain specific properties of a switch~
ing function will also be involved ir it augmented Chow-vector., It
might happen that some implicit properties in the function will turn out
to be explicit in it s augmented Chow-vectcr. We also suggest this topic

for further stuady.

In Chapter 5 we have wecrked out a methed for testing and realizing

of threshold functions. Although the mathod is based on the same
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principles as many others by first establishing a reduced set of linear
inequalities and eventually solving them for integral weights and thres-

hold, it has the following advantages:

(1) Itis simple and straightforward, thus it is easy to understand and

to apply.
(2) It can be applied to switching functions of any number of variables.

(3) Although the procedure seems to be lengthy, it is programmable
and can be manipulated by computers. Therefore, this method will

save both labour and time.
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