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ABSTRACT

General complemented Barach algebras have been stu-
died by B.J. Tomiuk [ Canadian J. of Math. Vol. 14 (1962),

651 - 659 ], and recently he and F.E. Alexander have cont-
ributed to the study of complemented Bk-algebras [ Trans.
AMS 1969 ] - In this thesis we extend their work to comple-
mented Banach*—algebras and show their relation to annihi-
lator and dual Banach*-algebras.

If A is a semi-simple ccemplemented Banach¥*-algebra in
which x%x =0 implies x = 0 , then A is an A%-zlgebra
which is a dense subalgebra of a dual B¥-algebra ¢{ ; ¢( is
uniquely determined up to *-isomorphism. We give several cha-
racterizations of duality for A*-algebras, some of which
are expressed in terms of complementors. We show, in parti-
cular that if A 1is a dense 2-sided ideal of a B*-algebra,
then A is dual if and only if it is complemented. Every
complemented completely continuous Ak-algebra is dual.

Let A Dbe an A%*-algebra Eontained in a B*-algebra JC )
and let p , 9 be complementors on JU and A respectively.
Using the properties of continuous complementors on: B*-algebras,
we obtain conditions on (U , A and the complementors p and
q such that : (a) The mapping’ I'—~>'cl(I)p/f\ A on the clo- .
sed right ideals I of A 1is a complementor on A (called the
complementor on A induced by p). (b) The mapping R ——
cl(R M\ 2)?) on the closed right ideals R of 4( is a comple-
mentor on ({ (called the complementor on (( induced by q).

Finally we discuss an example of a complemented A*-algebra.
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INTRODUCTION

In this thesis, we are concerned with the study of
complemented Banach*-algebras, and their relation to anni-
hilator and dual Banach*-algebras.

The contents of the thesis may briefly be discribed as
follows. In Chapter I, we assemble together some basic defi-
nitions and results which are used throughout the work. In

Chapter II, we study complemented Banach¥-algebras in which

I

x¥*x = 0 implies x = 0 . We show ﬁhat if A is such an
algebra then every closed 2-sided ideal of A is a *-ideal.
Using this fact we obtain a structure theorem (Theorem(2.2.5))
for A which states that if A 1is semi-simple then A can
be expressed as a topological direct sum of minimal closed
2-sided ideals each of which is a simple complemented Banach®-
algebra. Since a simple Banach*-algebra in which x%*x =0
implies x = 0 admits a faithful *-representation on a Hil-
bert space, it follows that, if A is semi-simple, then an
auxiliary norm can be introduced in A making A into an
Ax-algebra, moreover A is a dense subalgebra of a’dual
B¥*-algebra ¢JU , which is determined uniquely up to *-iso-
morphism (Theorem(2.2.5)).

Chapter IIT is devoted to the discussion of annihi-
lator and dual Banach*-algebras. A Banach¥*-algebra A 1is
said to have the weak (6k) property if for every minimal left

ideal I of A there gxists a constant k > 0 such that

- v -
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é||>r“2 <L k||x#x|| for all x '€ I . This concept is in-
troduced in this chapter, where we also show its relation to
annihilator properties in Banach®*-algebras. It follows that

if A 1is an A*-algebra which is a dense subalgebra of a dual

| B¥-algebra 0C , thenm A has the weak (Gk) property if and

only if, for every minimal self—adjoint idempotent e in A,
;Ae = f{e . The condition Ae = ({e holds for every dual A%-
éialgebra which is a dense 2-sided ideal of a'B*—algebra. Thus,
. if A is such an algebra, then A has the weak (@k) property.
A semi-simple Banachi¥-algebra is an annihilator algebra in
 which x%x = 0 implies x = O if and only if it has a dense
socle and the weak (Bk) propgrty. Using this result we obtain
 the following lemma ( Lemma(3.2.1) ) which leads us to several
| characterizations of duality in A*-algebras : Let A be an
% annihilator A%-algebra, I a closed right ideal of A and (T
the completion of A in an auxiliary norm I.l . Then (U is
. dual, whose socle (§ coincides with the socle of A
i cl(I)ET‘C: I and cl(I)/\ A= rA(QA(I)).'With the help of
this lemma  we show, for example, that if A is an annihila-
tor A%-glgebra then A is dual if and only if xx* & 1 imp-
' lies x € I for all closed right ideais I of A and x ¢
A . Another result in this direction which we obtain by
using this lemma is Theorem(4.1.1).

In Chapter IV, we investigate complemented A*-algebras.
We show that a semi-simple complemented Banach®*-algebra witn
weak (Bk) property is a dual A%-algebra (Theorcem(4.1.1)). Se-

veral characterizations of duality for A*-algebras are given

in terms of complementors. We show, in partcular, that if A




is a dense 2-sided ideal of a B*—éigebra then A is dual

if and only if it.is complemented (Theorem(lL.1.4)). Every
complemented completely continuous A%-glgebra is dual. Let

% A be a complemented A%-algebra with a right complementor p.
An idempotent e in A is said to be a p-projection if
(en)? = (1 - e)d . If e is a minimal idempotent with this
property, we say that e 1s a minimal p-projection (see
Chapter II). It follows that a complemented A¥-algebra is

dual if and only if every non-zero right ideal contains a
minimal p-projection.

Let A Dbe a complemented A*—algebra which is a dense 2-
sided ideal of the algebra of all completely continuous linear
operators on a complex Hilbert space H. Then A is a Z-sided
ideal of the algebra of all continuous linear operators on H
(Theorem(4.1.7)). Using this fact and properties of continuous
and uniformly continuous complementors (Definition(4.2.1)), we
are thus led to the study of induced complementors. More pre-
cisely, let A be an A%*-algebra which is a dense subalgebra
of a B¥-algebra (7 , and let p be & complementor on 0( and
q a complementor on A . We find conditions on (T , A and
.the complementors p and q such that : (a) The mapping
I — c1(I)?/\ A on the closed the complementor on A indu-
ced by p ). (b) The mapping R—~ cl((R/ﬁ\A)q) on the closed
right ideals R of (U is a complementor on 0t (called the

cbmplementor on 0 induced by gq). Finally we discuss an ex-

ample of a complemented A*-algebra.
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Chapter T

Preliminaries

81. Notation and terminology

Let A be a complex Banach algebra and let Lr be

the set of all closed right ideals of A. Following [14 ]

>

we shall say that A is a right complemented Banach algebra

if there exists a mapping p : R-— RP of 1, into itself

r
having the following properties:
(Cy) R+RP =4 (R & L.);
(c,) RN R =(0) (R e L);
(Cy) (RP)P = R (R € 1); |
(c,) if R D Ry, then Rig_ RZ (R, , B, € L,).

The mapping p is called a right complementor on A.

Analogously we define a léft comblemented Banach algebra

and a left complementor. Thus a complex Banach algebra is

left (right) complemented if and only if it has a left
(right) complementor defined on it. A left and right .comp-

lemented Banach algebra is called bicomplemented. We shall

restrict our attention to right complemented Banach algebras.
Therefore, unless otherwise mentioned, a complementor on a
Banach algebra will always mean a right complementor and g
complemented Banach algebra will always mean a right comp-
lemented Banach algebra. All Banach algebras and Banach

spaces under consideration are over the complex field C.




For any set S in a Banach algebra A , let  f(S) =

= {x€ A :xS = (0)} and r(8) = {xehn:sx-= (O)} . Then
As) (r(S)) is called the left (right) annihilator of S in

A . It is clear that (S) and r(S) are closed ieft and »
righﬁ ideals respectively. If B 1is a subalgebra of A and S
is a subset of B, the left( right ) annihilator of S in B
will be denoted by QB(S) (r.(S)). A Banach algebra A is called

B
an ‘annihilator algebra if {((4) = r(4) = (0), and if for every

{
proper closed right ideal i and every proper cldsed left ideal
J, 1) =(0) and r(Jd) = (0). If, in addition, r(L(I)) =1
and {(r(J)) = J, then A is called a dual algebra.

A Banach algebra A is said to be semi-simple if the
Jacobson radical is zero [ 11, P.55 ] . A 1is called simple if
it is semi-simple and if (0) and A are the only closed
2-sided ideals of A . An idempotent e in a Bznach algebra
A is said to be minimal if elAe is a division alggbra. In
case A 1is semi-simple, this is equivaleﬁp to saying that
Ae ( eA ) is a minimal left (right) ideal of A .

A Banach algebra with an involution x —=-x* 1is called
a Banach¥*-algebra. A Banach¥*-algebra A is called a Bk-algebra
if the norm and the involution satisfy the condition
| || | =||x]|2 , x €A . If A is a Banach¥-algebra on
which there is defined a second norm l.l which satisfies,

in addition to the multiplicative condition l Xy | <
2

.‘x| |y l , the B%-algebra condition [ x [ = [ XHX ‘ ,
is called an A¥-algebra. The second norm is called an
auxiliary norm . Let A be an A%-algebra. Then A is semi-

simple , the involution in A is continuous with respect




the given norm ||.|| and the auxiliary norm ].| , and
] £ 5|L[| for a real constant 5 (ef. [11, P.187] ).

Let { I,: A€A}be a family of left (right) ideals of
an algebré A . Then the smallest left (right) ideal of A
which contains every IA is called the sum of the ideals IA
and will be denoted by E:XIA , Z;IA evidently consists of
all finite sum of elements from the ideals IA' If A is a
Lopological algebra, then the closure of Z&lk is called
their topological sum. If each IA is closed and intersects
the topological sum of the remaining ideals in the zero ele-
ment then the topological sum is called a direct topologi-
cal sunm.

Let H Dbe a Hilbert space with inner product ( , ).
If x and y are elements of H then x¥y will denote the
operator on H defined by the relation (xgy)(h) = (h,y)x
for all h € H. Let L(H) be the algebra of all continuous
linear operators on H into itself with the wusuwal operator
bound norm.LC(H) will denote the subaigebra of L(H) con-
sisting of all compact operators on H.

Let {‘AA_:,1671} be a family of Banach algebras AA’
and let (§AA)0 be the set of all functions f defined on A
such that f(n) & Ay for each A€A and such that, for arbi-
trary & > 0, the set {j\: “f())]]g 5}- is finite. It is
easy to see that (;gAA)O is closed under the usual opera-
tions of addition, multiplication, and multiplication by
scalars for functions : (f + g)(A) = £(A) + g(A) , (fg)(A) =
=f(A)g(A) and (©f)(\) =ctf(A) for all f,g € (§Aj\)o>




S

AE€A and oL scalars. (%EAA) is a Banach algebra under
: o

the norm [|f]] = sup [ I£(N)] : AEA}. If each A, is a B¥-

algebra, then (E;Ak)o is also a B¥-algebra under the above

norm || T]] and the involution f-—= £* given by (£%)(A) =
= £(A\)*\, where %  is the involution on A, . (g;_k)o
is called the B¥-{03)-sum of A, . If, in addition, A, are

dval, then (gSAA)O is also dval [ 6, Lemma 2.4 .

Let A be a dual Bi-algebra and {I,} the family of
all minimal closed 2-sided ideals of A. Since T is isomet-
rically *-isomorphic to LC(%Q, for some Hilbert space Q&’(KéA))
we see that A is isometrically *-isomorphic to (%ELC(QQ)O
[6, Lemma 2.3].

Let X be a topological space and S a subset of
X . Then c1(S) will denote the closure of S in A. The

norm in a B¥-algebra will usually be denoted by l.,.

82. Some lemmas

In this section we shall state several lemmas which
will be used throughout the thesis.

TLemma(l.2.1): Let A be a Banach algebra and p a’mapping of

L. into itself having properties (03) and (Ch)' If

-{RA_:,REV\} is a family of closed right ideals of A , then
PP = 7

Proof: [ 1] Since, for each )€A, RY 5332, we have

A
P .
( Q) R})P o By and hence ( Q) BDY 5 JIR . Thus
( Q RR)PD cl(%%"RA). But cl(A))_'C’R/\) D Ry for each A€ -
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Hence (cl(> 1 Rx))p - A Rkp and consequently
cl(> 3 RA‘) D | 6:\ R‘Kp)p . Therefore (6\\ Rj\p)p = cl(2] R\)\).

Lemna(l.2.2) : Let A be a simple Banach algebra and let

ey ,62 " be minimal idempotents of A . Then the algebra
eTAe2 is isomorphic to the complex field C if ezel # 0

and is a one-dimensional zero algebra over C if eyey = 0.

Proof : Since A is simple, elAe2 # (0) and the socle is

dense in A ( see [11, Lemma(2.1.12) | ). Hence there exists an
element of the form ex in A, where e is a minimal idempotent,
such that elexe2 + 0. Sinpe ele is.isomorphic to C and,by [11,Lem- ‘

ma(2.l.8)],elAe2 = eleAe?ce2,it follows that e A62 is a

1
one-dimensional algebra over C . Hence if z = e ve, &

elAe2 and z # 0 , then every w € elAe2 is of the form

W=z (f)\éC).Now,ife2el-7l'O,then Z27£O.
. 2 _ | =
In fact, if 2z° = 0, then (Aelyez)(elyezA) (Aez)(elA)

= (0) and in particular e2el = 0 ; a contradiction. Hence

22 =Az , 9\74 O . Let f = —\,}tz . Then f is an idempotent
and every w & elAe2 ‘can be expressed uniquely as w =0{f,

oL € C. It is now easy to verify that e, Ae is isomorphic -

1772
to C . If ezel = 0 , then clearly elAe2 is a one-dimen-~
sional zero algebra over C.
Lemma(1.2.3) : Let 0C be a B*-algebra under the norm , . ,,

and let A be a dense 2-sided ideal of (( which is a
Baltlach algebra under the norm ” | I . Then there exists

a constant k such that || xy I I < k”x” |y | and
[|vx|] £ kHylHyl for all x & A and all y & ot -




_6__

Proof: [7] Let x € A. We first show that the mapping

'TX : y-%-xy from U into A is continuous. Let fyn}

> 0 and

be a sequence in §{ such that lyn -y
||xyn - z” —> 0 for some 2z ¢ A . Then, by [11, Corollary
(4.1.16) 1, |xy, - z|—>0 . Since |xy =~ xy|-—=0,
xy = 2z . Hence the mapping TX is closed and so, by the
Closed Graph Theoremn, Tx is continuous. Therefore there

exists a constant c, (depending on x ) such that

nyll £ CXIIXlIIYI for all y € ({ . Similarly, we can

show that, for each y & (U , the linear mapping T&

X —»~Xxy on A into A is continuous and hence there

exists a constant c& (depending on y ) such that ]]xy]lé_

£ cylix|]|y|] for all x & A . Hence ||Txyl| 5;c§ Iyl

for all ||x]]= 1 . Therefore, by the Principle of Uniform
Boundedness, sup{]lTXII: [1x]]= l‘} £ ky for some cons-
tant k; , where ]]TX|]= sup {][Txy]] oyl <l } .

Thus ||xy|| £ kq ||x]]|y]| for all x € A,y € 0. Simi-

larly, we can show that there exists a constant k., such

2
that |[|yx]|] £ Koo |]%]] Iyl for all x € A, ¥y € (C
Then k = max(kl , k2) clearly satisfies the ihequalities
in the lemma.

Lemma (1.2.4) : Let A be a semi-simple Banach algebra which

is a dense 2-sided ideal of a semi-simple Banach algebra (T .
Then the minimal left(right) ideals of A and ¢J{ are identical.
Proof: Since A 1is a dense 2-sided ideal of J{ , it is

easy to see that A and (U have the same minimal idempo-

~tents. Now evefy minimal left ideal of A (resp. of (( )




5

is of the form Ae (resp. Jle ) [11, Lemma (2.1.5)] .
Clearly Ae C Ole . Since A is a 2-sided ideal of JU ,
Gle C Ae and therefore Ae =((e

Lemma (1.2.5): Let A be a dual B¥-algebra and B a maxi-
mal. commutative -subalgebra of A . Then every self-adjoint
idempotent e & B is minimal in B if and only
if it is minimal in A .

Proof: By [8, Theorem 1] , B is a dual B*-algebra .
Suppose that e 1is a minimal self-adjoint idempotent in B.
Tt is easy to show that there exists a minimal self-adjoint
idempotent f in B such that ef = fe = 0. Therefore, by
Zorn's Lemma, there exists a maximal orthogonal family

{ ex} of minimle self-adjoint idempotents in B containing
e. Tt is clear that { e,} 1is actually maximal in B . By
[7, Theorem 16], for all x €& B, we have x =3Ixey, =

= %gfxd%i , where jk{é-C . Therefore (eae)x = x(eae)

for all a € A, x € B . Thus, by the maximality of B,
eae € B and so eae =) e for some A €C . Hence ele =
= Ce and therefore e is minimal in A . The converse of
the lemma is clear since if e.'é B is a minimal idem-
potent in A , then eBe C:veAe = Ce.

Lemma (1.2.6) : Let A be a semi-simple Banach algebra

with a dense socle. If I is a minimal right ideal of A ,
then the closed 2-sided ideal generated by I is a minimal

closed 2-sided ideal of A .

Proof : The proof of this lemma is the same as that given

in [ 2, Theorem 5 ] .




Chapter IT

Complemented Banach algebras

§ 1 . Annihilator complemented Banach algebras

In this section, as well as in the rest of the thesis,
a complemented Banach algebra will always mean a right comple-
mented Banach algebra.

Lemma(2.1.1) : Let A be a complemented Banach algebra

amd M a modular closed right ideal. Then there exists a uni-

que idempotent e & A such that M = (i - e)A and Mp = eA.

g;ggg : [1] let u be a left idemtity modulo M and write

u=d+e with d € M, e & MP . Let Ax & M . Since

x —ex = (L -u)x +dx €& M fh\ MP , x = ex ; in particular

e = e° . Since ey =y +dy - (1L - u)y €. M M\ MP , for all

y &€ M, eM= (0) . Therefore M = (1 - e)A aﬁd MP = el .

Wé show that e is unique. Suppose there is an idempotent f

with fA =M and (1L -f)A=M. Then £ & QM) = Ae ,

and so f = fe . Since e, f € R° ,fe-e € R/ R® = (0)
~and so fe =e . Therefore e =fe =f .

Let A be a complemented Banach algebra with a comp-

lementor p . We shall call an idempotent e in A a

p-projection if (eA)p = (1L - e)A. If, moreover e 1is a minimal

idempotent, we shall say that e is a minimal p-projection. (In

[]J+] , a p-projection is called a left projection. ) We see
g from Lemma(2.1.1) that if I is a modular closed right ideal
then there existé a p-projection e such that I = (1 - e)A .

Lemma(2.1.2) : Let A be a semi-simple annihilator comp-
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i lemented Banach algebra with a complementor p . Then every
non-zero right ideal I contains a minimal p»projéction.
EMoreover, if I 1is a closed non-zero right ideal and {ed}
%

is the family of all minimal p-projections in I , then

LT = cl(D | eyh)

%Proof : By [:lh, Corollary'Theorem 1 ] , I contains a mini-

%mal right ideal R . Since rP is a maximal closed right

P

‘Eideal, by ['2, Theorem 1 ] , B is modular, The existence

%of a minimal p-projection in I now follows from Lemma(2.1.1).
i To prove the second part of the lemma, suppose that I %

1# cl(ziz;quJ , let J = cl(jz:;%xA) . Then there exists

x € 1 suchpthat X & J . Write x =% X, with xlé J
and X, € J° . Then 0 # Xp =X - X & I and 50

I /M TP # (0) . Hence there exists a minimal p-projection

e in I /M JgP (C I which does not belong to J ; a contra-

' diction. Therefore Ia= J . .

Combining Lemmas (2.2.2) and (1.2.1) , we have the

' following result

 Corollary(2.1.3) : Let A be an annihilator semi-simple

complemented Banach algebra. Then every closed right ideal
of A 1s the intersection of maximal modular right ideals
containing it.

 Theorem(2.1.4) : Let A be a semi-simple complemented Ba-

nach algebra with a complementor p . Then the following
;statements are equivalent
(i) A 1is an annihilator algebra .

(ii) Every non-zero right ideal contains a minimal p-projection.
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(iii) Every maximal closed right ideal is modular.

(iv) Every maximal closed right ideal has a non-zero left
. annihilator.
% Proof : (i) ==> (ii) . TFollows from Lemma(2.1.2).

(i1) == (iii). Let M be a maximal closed right ideal of
A. Since M is a minimal right ideal of A and contains

a minimal p-projection e , P = elA. Thus M = (1 - e)A

and sov M is modular. |

(iii) ==3 (iv) . Let M be a maximal closed right ideal

of A . Then M is modular and so, by Lemma(2.1.1),

M= (1L - e)A , for some idempotent e . Clearly e € f(M)
and so £(M) # (0)

(iv) == (i). Let I Dbe a proper closed.right-ideal of A.

Then, by [14, Corollary Theorem 1 ] , TP

.contains a minimal
right ideal R . Since RP is a maximal closed right ideal,
Q(RP) # (0) . Since R® o T, A(I) # (0) . By [1k, Theo-
rem 8 J , A is an annihilator algebra..This completes the

proof of the theorem.

Theorem(2.1.5) : Let A be a semi-simple annihilator comp-

lemented Banach algebra. Then every closed 2-sided ideal of A
is a semi-simple annihilator complemented Banach algebra.
Proof : Let M be a closed 2-sided ideal of A . By [l4,
Lemma 1 ] , MP = Q(M) = r(M) . Hence every closed left
(right) ideal of M is a closed left (right) ideal of A
and so M is semi-simple. Again, by [lh, Lemma 1 ], the
mapping pM“;. I‘fmﬁ-IpM = Iplﬁ)'M on the closed right
" ideals of .M is a (right) complementor on M . If I is




P

Proof: Since x%x =0 dimplies x =0
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a meximal closed 2-sided ideél of M, then IpM is a mini-~
mal right ideal of M and hence a minimal right ideal of

A . Thus (IpM)p is a maximal closed right ideal of A and
therefore modular. But, by Lemma(2.1.1) ) (IpM)P =

= { X - ex %X € A} , where e 1is an idempotent in IpM .

Hence, since I = (IpM)p/\ M , it follows that I =

= { X - ex ! x & M;} yi.e. T is modular. The}efore M is

an annihilator algebra by Theorem (2.1.4).

82. Semi-simple complemented Banach*-algebras

Lemma (2.2.1) : Let A be a semi-simple complemented Ba-

nach*-algebra. Then the involution in A is continuous
and A is a bicomplemented algebra.
Proof: By [14, Lemma 5] , the socle of A is dense in A
and therefore, by [11, Corollary (2.5.8) ] , A has a unique
norm topology. Hence x —~ x* 1is continuous. Let p Dbe the
given right complementor on A. Then the mapping q : J —
g3 = ((J3%)°)* on the closed Yeft ideals dJ of A is a
left complementor on A .

Throughout the rest of this section, unless otherwise
mentioned, A will be a complemented Banach¥-algebra with a
complementor p ,in which x%x = 0 dimplies x =0 .

Lemma (2.2.2) : Every closed 2-sided ideal I of A is

a complemented Banach¥*-algebra.
, QA) = 0 and
therefore,by [1lh, Lemma 1] , I is a complemented algebra,

and Q(I) =r(I) = 1P . Tt remains to show that TIF = I.
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Let x ¢ I and y ¢ IP. Since I /) I¥ = (0), (x¥y)%(xty) =
(y*xx*)y = 0 . Therefore x%y = 0 and so x¥% € ‘Q(Ip) =
= IPP = T ror all x ¢ I. Hence I* =1.

Theorem (2.2.3) : (Structure Theorem) Let A be semi-

simple. Then A 1is the direct topological sum of its mini-
mal closed 2~sided ideals, each of which is a simple comp-
lemented Banach¥*-algebra.

‘Proof: Follows from [14, Theorem L] and Lemma (2.2.2).

Lemma (2.2.4): Let A be simple. Then there exists a faith-

ful *-representation of A on a Hilbert space H such that
the image of A' of A in L(H) is a dense subalgebra of
LC(H) ; A is an A%*-algebra.

Proof : By [l4, Theorem l] , A contains a minimal left
ideal I , and , by [11, Lemma (4.10.1)] , we can write

I = Ae with e a (unique) self-adjoint minimal idempotent.
The proof of [11, Theorem (4.10.3)] shows that the scalar-
valued function (x,y) defined by (x,y)e = y¥ is an inner
product on I with respect to which the left regular repre-
sentation of A on I 1is a *-representation; moreover,

every operator Tg 1 a-—>ax (x-€ I) 4is bounded relative

e

to the inner product norm |[x |, = (x,x)%. Since A is simple,

|

this representation is faithful. Let H be the Hilbert space
completion of I under the norm |x|, - Since Tz is
bounded relative to |X|o , TZ can be uniquely extended to
an operator Ta ¢ L(H). Hence a —T, is a faithful *-

representation of A in L(H) and, by [11, Theorem(4.10.5) ],

the image A' of A in L(H) contains every operator of
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the form g®h , where g, h ¢ I . For each vy € A, let
|y| = ITyl , where ITy[ denotes the operator bound of Ty
with ‘r‘espect to the norm |x Io on H . Then A is an As-
algebra with an auxiliary norm given by |- | - Let cl(Ar)
be the closure of A' in L(H) . We show that cl(A?) =

= LC(H) . By [ll,u, Lemmna 5] , the socle 6#‘ of A is
dense in A with respect to Ik Ir {e, } is the family
of all minimal idempotents in A , then every x € (3 is

of the form x = te..t e, x o, where x; ¢ A

edlxl o,

(i =1,...,n). Hence, by Lemma (1.2.2), T; is an operator

of finite rank on I for all x ¢ (37 . Thus the extension

Tx of T;: to H 1is an operator of finite rank on H .

Let y ¢ A .Then, for every § > O, there exists x € G

such that ||x - y||<g- By [11, Corollary (4.1.16) ],

| T, - Tyl = |x - v« 6“}( -y <BE& - Since TXG LC(H),

we have Ty & LC(H), and consequently A' (C LC(H). It

remains to show that LC(H) C cl(A'). Let x, v € H and

& > 0 . Then there exist g, h € I such that [x - g,o<g

and |y - h| <& Then [x®y - e® h| < |[x®Y - x@h| +

+|x@h - E®h| £ x|y - Bl +[n ]l - 8], g

£ ¢ (Jx[, +[h]) - Since g@h € A' , xQy ¢ cl(Ar).

Thus cl(A') contains all operators of finite rank on H

and therefore LC(H) ¢ cl(A') . This completes the proof.
Let A be a Banach¥-algebra. Following [7 ], we shall

say that A has (ﬁ() property if there exists a constant

'k such that Hx[F_é_ k[pe*x ||  for all x ¢ A .

Theorem (2.2.5): Let A be semi-simple. Then A is an A%-
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algebra which is a dense subalgebra of a dual B*-algebra (i(;
0C is uniquely determined up to *-isomorphism. A is a
dense 2-sided ideal of ¢ if and only if the norm [|x||; =
= supﬂjxle: l|y|l= 1} on A satisfies the (@k) property.
Proof : By Theorem (2.2.3) , A is the direct topological
sum of {?%l :5\6/\}' , the family of all minimal closed
?-sided ideals I, of A . By Lemma (2.2.4), each I, may
be considered as a dense subalgebra of LC(QK) for some

Hilbert space H, . Let (U = (%CLC(HK)) Since (U can be

o
considered as the topological direct sum of LC(QK), A can
be identified as a subalgebra of O . Hence A 1is an A%
algebra with the guxiliary norm given by the norm l.l on
A . Considering A as a subalgebra of A, Lemma(2.2.4)
implies that LC(%K) ( cl(A) for all A . This shows
that OC C cl(A) and therefore A is dense in (U

Since the socle of A is dense in A , by [ 7, Theorem 3 ],

A has a unique auxiliary norm topology..Hence OU is uniquely

determined up to *-isomerphism. The last part of the theorem

- follows from [7, Theorem 18 ] .

Let A be a Banach*-algebra. The intersecktion of the
kernals of all topologically irreducible *-representations of
A on Hilbert space is called ﬁhe *%-radical of A and is
genoted by RN 1r RV = (0), A is said to be *-
semi-simple ( see [11, P. 2107 )

Theorem(2.2.6) : The (Jacobson) radical R and the *-

radical ﬁth of A coincide.
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Proof : By [1l, Theorem(.,.10) | 52(*);35{. We

:::)
may assume that J/?_ # A ; for if R = A , then R =§)\( =

= A . By [1k, Theorem 2 | , and Theorem(2.2.2), RP
is a semi-simple right complemented Banach¥*-algebra; clear-

ly, x%x = 0 dimplies x =0 for all x €& RP. Hence,

by Theorem(2.2.5), _)’Qp is an A%-aglgebra. It is easy to

show that the natural homomorphism x —>= x' °~ ( where
xt =x +R ) is a *-isomorphism of ﬁp onto A/,’Q.
Therefore A/-)? is an A%-algebra and, by [ll, Corol-
lary(4.8.12) ] , A/R is *-semi-simple. Hence

e
33

.RP )/.‘R = (0) and so R('*) =R .




Chapter IIT

Annihilator and dual Banach¥*-algebras

81. Annihilator and weak (ﬁk) properties in Banach¥*-algebras.

If A is a Banach¥*-algebra in which x%x = 0 implies
x = 0 , then, by [11, Lemma(4.10.1)] , every minimal left
ideal I of A 1is of the form I = Ae, where e 1is a mini-
mal self-adjoint idempotent. A similar result holds for mini-
mal right ideals. It follows from the proof of [11, Theorem
(4.10.5)] that the scalar-valued function (x,y) defined by
(x,y)e = vy (x,y € I) is an inner product on I . Hence

L
|x ], = (x,x)® 1is a norm on I . Since this inner product will
be used on several occasions in the rest of the thesis, to

avoid repeating ourselves in the future, we will adopt the fol-

lowing notation : The bracket ( , ) will always denote the inner

product on the minimal left ideal I defined by (x,y)e = y¥x
(x,y € I) and |.|, the inner product norm on I given by
Ix[o = (x,x)% for all x € I . |

It is easy to see that if A 1is a B*—élgebra, then the

norm

'lo coincides with the given norm on every minimal
left ideal of A .

Definition(3.1.1): A Banach*-algebra A is said to have weak

(@k) property if, for every minimal left ideal I of A ,
there exists a constant k (depending on I ) such that
1x[[F £ klbox]| 5 for all x € I.

Theorem(3.1.2): Let A be an A*-algebra which is a dense sub-

algebra of a dual B¥-algebra (U . Then A has weak (5k)
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property if and only if, for'evefy minimal self-adjoint
idempotent e in A, Ae = ((e
Proof: Suppose Ae = (le for every minimal self-adjoint idem-
potent” e in A , and let I be any minimal left ideal of A.
Since I.IS 6 ”.Il, the identity map i of I with norm{|.”
onto I with norm l.| is continuous. As I is a.Banach
space under both norms, thHe Open Mapping Theorem ;hows that
the inverse map of i is also continuous. Hence there exists
a constant ol such that Hx”;’:o(]x] , for a1l x e I.
Therefore ‘|.‘{ and |.| “are equivalent on I and hence,
since |x|2 = IX*XAl (x € 0T ), there exists a constant k
such that ||x|f ¢ Kpox|| , for all x ¢ I . Thus A
has weak (5k) property.

Conversely, suppose that A has weak (ﬁk) property,
and let e be a minimal self-adjoint idempotent inA,Let I=Ae,
Jd=0(e . Since A 1is dense in {7 and ehAe is one-dimen-
sional, edle = ele , and hence e 1is a minimal idempotent
of 0T . Consequently J is a minimal ieft ideal of U ,
and clearly J = cl(I), the closure of I in JU . Since A
has weak (Qk) property, [11, Theorem(h.lo.é)]' shows that
the inner product norm [xlo is equivalent to the given
norm on I . But the inner product norm l.|0; on dJ is
equal to the norm [.| on J . Hence | .| and Il.][ are
equivalent on I , so that I is closed in |.|. Since I
is dense in J , we have I =J , ie., Ae =((e .

Corollarij.l.B): Let A be an A%-algebra which is a dense

2-sided ideal of a dual B*-algebra ({ . Then A has weak
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‘(ﬁk) property.
Proof: Follows from Lemma(l.2.4) and Theorem(3.1.2).

Lemma(3.1.4): ILet A be a Banach%-algebra with socle CS‘

such that a(Q = (0) implies a =0 . If A has weak (6&)
property, then x%x = 0 implies x = 0 . |
Proof: By [11, Corollary(2.5.8)], A has a unique norm to-
pology and hence the involution is continuous: Lét X €& A Dbe
such that x%x = 0, and let I be any minimal left ideal of
A. Then, for each a¢I ,(xa)*{xa)= a%xixa = O‘. Hence, by
the weak (P, ) property of A , [lxa|!= O which gives

xa = 0 and therefore xI = (0) . As I 1is an arbitrary mi-
nimal left ideal of A , it follows that x( = (0) and

consequently x = 0 .

Lemma(3.1.5): Let A be a semi-simple Banach algebra. If

the socle of A is dense in A , then, for every proper
closed 2-sided ideal I of A , A(I) =r(I) # (0) .Moreover,
evéry closed left (right) ideal of the algebra I is also a
closed left (right) ideal of A . '

Proof: If A is simple, the lemma is clearly true. Now,
suppose that A is not simple. By [ll, Lemma (2.1.5) ] s
each minimal right ideal of A is of the form éA for some
minimal idempotent e in A . Let I Dbe a proper closed
2-sided ideal of A . Since the socle is dense in A , there
exists a minimal idempotent e & A such that e é% I . Let
J = cl(AeA) . By Lemma(1.2.6) , J is a minimal closed

2-sided ideal of A . Since e & I , I /\J = (0) and so
| J C 2AI) which shows .£(I) # (0) . By the proof of [11,
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Lemma(2.8.10)j], we have  "f(I) = r(I) and, if R =

cl(I + {(I)) , then A(R) = (0) . Since every proper closed
2-sided ideal of A has a non—zéro annihilator, we must have
R = A-. The last part of the lemma follows now from the

proof of [11, Lemma(2.8.11) ].

Theorem(3.1.6): Let A be a semi-simple Banach*-algebra. Then

the following statements are equivalent
(i) A is an annihilator algebra in which x*x = 0 implies
x=0.
(ii) A has weak (5k) property and the socle 65" of A is
dense in A .
Proof: (i) = (ii) . Suppose (i) holds. By | 2, Theoremk ],
the socle GB' of A 1is dense in A and therefore the invo-
lution is contiuous. Let I be a minimal left.ideal of A.
By [11, Lemma(4.10.1)] , we may write T = Ae , where e is
a minimal self'~adjoint idempotent. Let J = cl(AeA). Then J
is a minimal closed 2-sided ideal of A with J* = g and
therefore a simple annihilator Banach*—élgebra; moreover, I
1s a minimal left ideal of J . Hence, by the proof of [ll,
Theorem(4.10.16)] , I 1is complete under the inner product
norm r'[o and so, by [11, Theorem(h.lo.é)] , there exists
a constant k (depending on I ) such that ]]xlﬁ:é k“x*xl]
for all x ¢ I . Thus A has weak (§k) property.
(ii) = (i) . Suppose (ii) holds. Since A = cl(GT) , the
involution in A is continuous. By Lemma(3.1.4), x%x = O
implies x =0 - Assume first that A is simple, and let I

be a minimal left ideal of A . Since A has weak (?k)
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property , the inner product norm ,.lo is equivalent to the
given normon I and hence I is a Hilbert space under the
inner product ( , ). Now, by the proof of [ 11, Theorem.
(4.10.5) ], the left regular representation x —>=T, of A
on I is a faithful *-representation on the Hilbert space I
and the image A' of A Dby this representation contains the
set F of all operators of finite rank on I . Since, by
Lemma(l.2.2), the elements of the socle éive rise to operators
of finite rank on I and, since A = cl(@y)_, F is dense in
A' relative to the norm [|+|| . Hence,by [ll, Theorem
(2.8.23) ], A* is an annihilator algebra and therefore A

is an annihilator algebra; in fact A is an annihilator
Ask-aglgebra. ‘

Now, suppose that A is not simple. Let I be a minimal left
ideal of A and let J be the closed 2-sided ideal generated
by I . By Lemma(l.2.6) , J is a minimal closed 2-sided
ideal of A. Since x%*x =0 implies x =0 , I = Ae , where

e 1is a self-adjoint idempotent, and heﬁce,-since J =

cl(AehA) , we have 7 =g ( by the continuity of the invo-
lution in - A ). Moreover, since A,='cl(€;), Lemma(3.1.5)
shows that every closed left (right) ideal of J is a closed
left ( right) ideal of A . Since e g J , it follows that

J is a simpie Banach*-algebra with a socle (by [ 1l. Lem-
ma(2.1.12) ] ) which must necessarily be dense in J . There-
fore J 1is an annihilator algebra and consequently A is

an annihilator algebra by [11,'Theorem(2.8.29) ].
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82. Dual A*-glgebras

In this section, we shall give several characteriza-
tionsof duality in A*-algebras.

Lemma(3.2.1): Let A Dbe an annihilator Ak-algebra, I a

closed right ideal of A and ([ the completion of A in an
auxiliary norm [. ] . Then the following statements are true:
(i) 0T is a dual B#¥-algebra which is uniquely deéermined
up to *-isomorphism.

(i1) A and (U have the same socle.

(iii) 1 O is the socle of A , then cL(I)O  I.

(1v) Mel(1)) = o1 (4, (1))

(v} el(I) N A =r,(L(1)).

(where c¢1(S) (resp. cl,(S)) denotes the closure of the

set S in (U (resp. in A4 ), J(S) (resp. IA(S)) the

left annihilator of S in (47 (resp. in. A). )
Proof: (i). By [2, Theorem 4], Qis dense in A and so,
by [7, Theorem 3] , A has a unique auxiliary norm. There-
foré the B¥*-algebra (J{ is uniquely detefmined up to *-iso-
morphism. Let J be a minimal left ideal of A . Then J =

= Ae , where e is a minimal selfjadjoint idempotent in A.
Since, by Theorem(j.l.6), A has weak (@k) propegty, by
Theorem(3.1.2), J is also a minimal left ideal of Oo( and
J=(0le . It follows that the socle of J{ exists and contains
O and, since (O is dense in A , we have O( = c1((Q)

Thus the socle of (J{ is dense in (7 and so g7 is dual by

[6, Theorem 2.1.] . This proves (i).

(ii). By the proof of (i) and [11, Lemma(4.10.1) ] , it clearly
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suffices to show that every minimal self-adjoint idempotent
of (U belongs to A . Let f be a minimal self-adjoint
idempotent in ({ and let {eok} be the family of all minimal
self-adjoint idempotents in A . Let M = cl(((f{C) and
My = cl((ley () for all oL . Since (3  is dense in O ,
MY, # (0) for at least one oL , say Ay By.the minima-
lity of M and Mﬁb , we have M = Mio . Let N = cl,(Aey A)
and let H be the Hilbert space Aqio with the inner product
( , ) . (By the weak (ﬁk) property, the norms Vl.l and ll.n
are equivalent on H ). Since N is a simple annihilator A%¥-
algebra, its left regular representation on H contains all
operators of finite rank, and, since Aeyo = Gtedo , M is
*-isomorphic to LC(H) . Hence f é N C A, and the proof
of (ii) is complete. ‘

(iii). Since every x £ cl(I)E; is of the form x =

n
= > Xjyse; » where x; € cl(I) , y; €5 and ey

a miniégi idempotent (i =1, 2,...,n), it suffices to show
that, for x &€ cl(I) , y €O , and a ﬁinimal idempotent e ,
we have xye € I . Now Ae = (J{le and the two norms | -] and
|| - || are equivalent on Ae (by the weak (@k) pﬁoperty in A).
Hence ” xye I! 55; c [x , ,’ye ;, , for some con-
stant ¢ . Let ['xn} be a sequence in I such that [xn - x‘
—~ 0 as n-— o . Since |[xnye - xye‘]fg c|x - x| Hye'h
|Ixnye - xye’,~—e» 0 as n-—»=~ 0 ,which shows that

xye € I . Hence c1(1)0 C 1.

(iv). It is clear that ¢c1(I) is a closed right ideal of JT.

Let {E?} be the set of all minimal self-adjoint idempotents
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in cl(I)). Since eg &€ @ C A, e € Lel(T))/ N\ =
,QA(I) for all B . Now, by [7, Lemma 6 ], cl(zﬁﬁ(eﬁ) =
L(c1(1)) and so cl1f ,QA(I)) D) cl(ZﬁAe@) =
cL(2 (3 0leg) = R(el(I)) . But ,(I) (C A(c1(T)). Hence
cl( £,(I)) = flecl(T)) .

(v). By the duality of ¢{ and (iv) , we have

I

I

I

v, (4 (1)) = e (L(I)) N A = r(2(cl(I)))NA = cl(I)/ VA .

This completes the proof of the lemma.

From Theorem(2.2.5) and Lemma(é.Z.l) we see that if
A is either a complemented or an annihilator A%-algebra,
then A can be imbeded as a dense subalgebra in a unique
(up to *-isomorphism) B¥-algebra (T . From now on we shall

refer to O0( as the completion of A .

| Theorem(3.2.2) : Let A be an annihilator A%-algebra. Then

the following statements are equivalent:

(i) A is dual.

- (ii) | x belongs to the closure of xA for all x & A.

| (iii)  For every closed right ideal I of A and x & A,
xx*¥ & I implies x € I . |

 Proof : (i) Ty (ii). This is [11, Corollary(2‘.8.3) ] .
(i) T/ (iii). Suppose (ii) holds .Let {( be the comple-
tion of A and let cl1(S) (resp. clA(S)') denotes the closure
of the set S in (( (resp. A ). Since the socle & of A
is dense in A clA(x@) = clA(xA) for all x & A . If
xx*¥ & I, then xx* (& cl(I) and therefore, by [ 11,
Corollary(4.9.3) ]i, x & cl(I) /A . Applying Lemma(3.2.1)

» (1ii), we obtain x clA(x ) ClA(Cl(I) ) I.




(iii) =—> (i). Suppose (iii) hbldS, and let I be a closed
right ideal of A. By Lemma(é.Z.l) (v), cl(I) N\ A=r(HI)).
Let x € cl(I) N A . Since xx* € olA(xA) » X € cly(xA) =
e1,(x0) C clA(cl(I)G) C T by Lemma(3.2.1) (iii)),

dwhich shows that x € I , and hence cl(I) /AN A C I . There-
fore I =cl(I)MNA=r(L(I)). Since the involution is con-
itinuous, it follows that A is dual. .

'Theorem(3.2.3): Let A Dbe an A%-aglgebra. Then A 1is dual

if and only if the following conditions are satisfied:

(i) every closed right ideal I of A 1is the intersection

of maximal modular right ideals containing it ;

(ii) for every maximal modular right ideal M , we have

2(m) # (0) .
Proof: Suppose A is dual and let OCU be the Comﬁletion of A.
By Lemma(é.Z.l), OC is dual and hence complemented ( [1.,
| Theorem 3.6 ] ). Let I Dbe a closed right ideal of A and
let R = cl(I) , the closure of I in (U . By Corollary
(2.1.5), R = Q Ny , where {N,} is- the family of all maxi-
mal modular right ideals of (7 containing R . By Lemma
| (2.1.1) , Ny = { x - ggx : x € (T },‘where e, 1s a minimal
idempotent in (U for all ! . By Lemma(3.2.1) (iif, 6, 1is
also a minimal idempotent of A . Hence M, =N,/ A is a
| maximal modular right ideal of A , and I C My for all«
From the proof of Theorem(é.2.2), I =R/ A and hence, since
RAA= () (NNA) = [YM, , we obtain T = [} M, . This

proves (i) . (ii) is clearly true.

Conversely, suppose (i) and (ii) hold. Then clearly A
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is an annihilator algebra. Therefore, by [2, Theoren I] ,

every maximal closed right ideal M of A is of the form

M={x-ex :x€&A ]}, where e is a minimal idempotent. By

Lemma(3r2.l) (i1), N= {x -ex : x € 0C ) is a maximal closed

right ideal of ({ ,and clearly N =cl(M) and M= N/AA .

Now let I be a closed right ideal of A and { My} , the

family of maximal closed right ideals containing I . Let

Ny = cl(M,) . It is easy to see that cl(I) = QD N, and that

cl(I) N A = {D (NN A) = QM =T. It follows now from

Lemma(3.2.1) (v) and the continunity of the involution that

A is dual.

Theorem(é.z.ql: Let A be an A%-algebra which is a dense

subalgebra of a dual B*-algebra 0C . Then A 1is dual if and
only if the following conditions are satisfied :
(i) A and ({ have the same self-adjoint minimal idempotents;
(i1) c1(I)/Y A # A for every proper closed right ideal I ofA;
(iii) for every closed right ideal I of A and x € A,
xx*% € I dimplies x € I .
Proof': (We use the notation of Lemma(3.2.1)) Suppose that
A is dual. (i) follows from Lemma(é.Q.l). Let I be a pro-
per closed right ideal of A . By .éhe proof of Tﬁeorem(é.Z.Z),
I =cl(I)/)A+ A . This proves (ii). (iii) follows from
Theorem(3.2.2).

Conversely suppose that (i),(ii) and (iii) hold. Let
T be a proper closed right ideal of A . By (ii) ¢l (I) is
a proper closed right ideal of 0C . Let [eﬁ} be the set
of all minimal idempotents in  {(c1(I)) . Then { e@}- C
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Clcl(I)) NA = _ﬁA(I) . By the proof of Lemma(3.2.1) (iv),
we have c1( {,(I)) = [Q(c1(I)) which shows that fLA(I) # (0).
By the continunity of the involution in A , A is an anni-
hilator-algebra. Thus (iii) and Theorem(3.2.2) shows that

A \is dual.

Lemma(3.2.5): Let A be an annihilator A*-algebra which is

a dense subalgebra of a Bk-algebra { . A commutagive e
éubalgebra B of U is maximal in (( if and only if (3 is
of the form c¢l(B), where B is a maximal commutative -
subalgebra of A .
Proof: By Lemma(3.2.1), (U is dual. Let B be a maximal com-
mutative *-subalgebra of A and (3 = c1(B)., We show that
(B is a maximal commutative *-subalgebra of (U . In fact,
let M be a maximal commutative *-subalgebra of~ 0C con-
taining (3 . By [ 8, Theorem 1] , M is.dual. Let e be a
self-adjoint minimal idempotent of M . By Lemma(l.2.5) , e
is minimal in (T and so e € A (Lemma(3.2.1)). Since
BC M, e commutes with B and therefofe, by the maxima-
lity of B, e € B. Let x,z € B and y &€ M, then
(exy)z = z(exy) . Now, by the proof of Lemma(3.2.1), e(( =
= eA , hence exy &€ A and the maximality of B ‘gives
exy € B . Hence eB is a closed right ideal of M and so
eB = eM . Since the socle of M is dense in M , B is dense
in M and hence 3 = cl(B) =M .

Conversely, let B be a.maximal commutative *-subal-
gebra of (C and let B =8B/NA . By [8, Theorem l] , (3

is dual. We show that c¢l(B) =(8 and B is a maximal com-

mutative *-subalgebra of A . In fact, let e be a self-




- 27 -

adjoint minimal idempotent of ‘(3 . Lemma(l.2.5) shows that

e is minimal in-0( and hence in A and consequéntly

, egl =
=el . Hence e®B C ANPB =B and since the socle of 03 is

e ¢ (3 NA=B. But, by the proof of Lemma(3.2.1)

dense in B , it follows that cl1(B) =@ . Let N be any
commutative *-subalgebra of A containing B . Thep cl(N) D
¢l(B) =@ and so, by the maximality of (3 , cl(N) =03

Thus N C c¢l(N)NA= B NA =3B which shows that B is
maximal in A and the proof is complete. “

Theorem(3.2.6): Let A be an A%-glgebra which is a dense

subalgebra of a B¥*-algebra C . Then A is dual if and only
if the following conditions are satisfied

(i) every maximal commutative *-subalgebra &3 of (U is
of the form c¢l(B) , where B 1is a maximal commufative e
subalgebra of A ;

(ii) for every maximal commutative *-subalgebra B of A

b

B and B = c1(B) have the same socle (O such that cl(0) =8 ;
(iii). c1(I) N A # A for every proper-cldsed right ideal I
of A ;
(iv) for every closed right ideal I of A and x € A,
xx* € I implies x € I .
Proof: Suppose that A is dual. Then OU is dual. (i) and
(ii) follows from the proof of Lemma(3.2.5) and (iii) and
(iv) are given by Theorem(3.2.4).

Conversely suppose (i), (ii), (iii) and (iv) hold. By
(i) and (ii) , every maximal commutative *-subalgebra (B of

(T is dual and so (O dis dual ( [8, Theorem 1] ). Let e
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be a self-adjoint minimal ideﬁpotent of 0T and let (3 be a
maximal commutative *-subalgebra of ({ containing e . By
Lemma(l.2.5), e is minimal in {3 and therefore by (ii),

e & A. Thus A and (( have the same self-adjoint minimal

idempotents and hence, by Theorem(3.2.4), A is dual.

Theorem(3.2.7): Let A be an A%-algebra which is a dense
2-sided ideal of a B¥%-algebra ({ . Then A is dual if and
only if the following conditions are satisfied _

(i) every maximal commutative *-subalgebra B of A is dual,
(ii) every maximal commutative *-subalgebra (D of 0C is
of the form (3 = cl(B) , where B is a maximal commutative
*-subalgebra of A ;

(iii) for every closed right ideal I of A and x € A,
xx* € I dimplies x &€ I .

Proof : Suppose that A 1is dual. Then every maximal commu-
tative *-subalgebra of A is dual by [:7, Theorem 19‘],
whence (i). (ii) and (iii) follow from Lgmma(3.2.5) and
Theorem(3.2.2) respectively.

Conversely, suppose that conditions (i), (ii) and (iii)
hold in A . By (i) and (ii) and Lemma(3.2.1), every maximal
commutative *-subalgebra Ei'of gC is dual and hence (( 1is
dual by [8, Theorem l] . Let x € A . Since xx¥* € clA(xA),
the closure of xA in A ,by (iii), x ¢ cl,(xA) and there-
fore, by [ 7, Lemma 8 1, A is dual.

Theorem(3.2.8): Let A be a dual A*-algebra which is a dense

subalgebra of a B¥-algebra (( . Then A is a 2-sided ideal
of 0C if and only if there exists a maximal orthogonal family

of self-adjoint minimal idempotents { qi}' in A such that

I
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. Xyg, exists in the norm || .|| for all x ¢A and y € ((.

Proof: Since, by Lemma(3.2.1), 0(ey = Ag, for all ol
xye, € A (x € A,y ¢ (U ) . Suppose that g;xyeo,\
exists in the norm ||. || for all x & A,y € ({ . By
[ 7, Theorem 16'] y 2.Xyey = Xy , "where the summation is
taken in the norm [.T~ and so xy € A . Since A = A* ,

A is a R-sided ideal of (U . The converse of the theorem

follows from [ 7, Theorem 16 j .

83. w.c.c. A¥.algebras

Definition(3.3.1): A Banach algebra A is said to be weakly
completely continuous (w.c.c) if the left- and right- mul-
tiplication operators of every element in A are weakly
completely continuous on A . |

Lemma(3.3.2): The set B of all w.c.c. elements of a Banach

algebra A is a closed 2-sided ideal of A .

Proof; [10] We may assume that B # (0) . It is well-

known that the set of all weakly compl‘eteiy continuous opera-

tors on A 1is closed in the uniform topology (4 Corollary,

p. 485, Linear operators, Part I, by N. Dunford and‘ J. Schwartz)

Thus B 1is closed. Let x .6 A and y &€ B . We show that

xy € B . For each continuous linear functional f on A ,

let g be a linear functional on A given by g(a) =

= f(xa) for all a & A“. Then g 1is continuous on A . Let
{ zn} be a bounded sequence in A . Since y €& B,

there exists a subsequence { Z, } such that yz, conver-

ges weakly to an element u € A . Thus f(xyzn - xu) =
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= gly - u)—= 0 as nk'*;}' o0 and so xy € B .

an
Similarly we can show yx € B.

Theorem(3.3.3) : An annihilator A¥*-algebra A is w.c.c.

Proof: TLet ({ be the completion of A in the norm |. | .
Then (({ is dual and hence w.c.c. by [7, Theorem 8jI . Let
e be a minimal idempotent in A . By Lemma(3.2.1), we have

eA = e({ and from its proof that |[|ex||< c]|e|||x| for all

x & (C , where c¢ is a constant (depending on e). Let

y & A and let {yn} be any bounded sequence in A . Since

0( is w.c.c. and {‘yn] is bounded in |.| , there exists a

subsequence {y' } such that { VA% }‘ converges weakly to
Ty Ny

an element z ¢ (U . For each continuous linear functional

f on A, let g be a linear functional on ({ given by

glx) = flex) (x € ¢U) . Since |glx)| =|f(ex)] £
<l gf] Hex]] £ C]|f||,|e|l|x | , where |lf|| denotes
the norm of f with respect to II.|| , it follows that g

is continuous on ({ . Now ez & A and ‘f(eyynk - ez) =
= g(yynk -z) — 0 as n —>= oG , and so ey is a w.c.c.
element of A . This shows that every element of 65- is a
w.c.c. element of A. Since QS is dense in A and the set
of all w.c.c. elements of A 1is a closed 2-sided ideal of

A (Lemma(3.3.2)), A is w.c.c.

Theorem(3.3.4): Let A be an A%-aglgebra which is a dense
2-sided ideal of a Bk-algebra ({ . Then A 1is an annihila-
tor algebra if and only if A is w.c.c. and A2 is dense

. in A,




- 31 -

Proof : If A is an annihilator algebra, Theorem(é.é.j)
shows that A is w.c.c., and , since A2 contaiﬁs the
socle of A , A2 is dense in A . Conversely, suppose that
A is w.c.c. and A® is dense in A . Then, by [7, Lem-
mas 9 and 10 ], 0( is w.c.c. and hence , by Corollary(é.l.é),
A  has weak (@k) property. Let (O be the socle of A and
let {'qi} be a maximal orthogonal family of minimal self-
édjoint idempotents in ({ . Then, for all x, y € A , vie
have xy = é;qixy , the summation being taken relative to
the norm |[.|| . (see |7, proof of Theorem 16 | ). Thus
we have that, xy €& clA(CT) , (the closure of O in A ),

which shows that clA(CY) = ¢l (A®) = A . This completes

A
the proof of the theorem.




Chapter IV

Complemented A*-algebras

8l. Complementors and duality in A%*-algebras

In this section we shall give several characteriza-
tions of dvality in A*-algebra in terms of complementors.
Throughout this section, wé shall use the notation of Lem- -
ma(j.z.l).

Theorem(4.1.1): Let A be a semi~simple complemented

Banach*-algebra with weak (Bk) property. Then A is a dual
A*k-glgebra.

Proof: By [ 14, Lemma 5 ] and Theorem(2.2.5) and Theorem
(5.1.6) , A 1s an annihilator A%-algebra. Let ({ be the
completion of A and let I be a closed right ideal of A .
We claim that c¢1(I) /) A =TI . Let J =cl(I)/)A . Then J
is a closed right ideal of A , and clearly I C J . Let

{ qx} be the family of all minimal p-projections con-
tained in I . By Lemma(2.1.2), I =. ClA( %;i%{A), and
hence c1(I) =cl( JZeA) . If I #J, then IP /0 J 4

# (0) and so, by Lemma(2.1.2), there exists a minimal o
projection £ € IP/) J . Since ex € I and f € IP,

we have ¢ f =qux =0 for all & , which shows that

fcl(I) = (0) . But this is a contradiction since f & cl(I)

and f is an idempotent # 0. Hence J =1 and .tonsequen-
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tly, by Lemma(3.2.1), I = ji(rA
continuity of the involution, we obtain that A is dual.

(I)).vApplying now the

Corollarv(4.1.2) : An annihilator complemented A%*-algebra

is dual.
Proof : Followsfrom Theorems(3.1.6) and (4.1.1).

From Theorem(2.1.4) and Corollary(a.l.Z),‘we %ave the
following result

Theorem(4.1.3) :+ Let A be a complemented A*—aigebra. Then

the following statements are equivalent
(1) A is dual.

(ii) Every non-zero right ideal contains a minimal p-projec-

(iii) Every maximal closed right ideal is modulér.
(iv) Every maximal closed right ideal has a non-zero left
annihilator. |

A B#¥-algebra is dual if and only if it is complemen-
ted ( [l, Theorem 3.6 ] ). . In next theofem, we shall show
that similar result holds for an A%-algebra which is a dense
2-sided ideal of a B#-algebra. We shall often use, with-
out explicitly mentioning, the following fact abou% dual B~
algebra : If A 1is a dual B¥-algebra, then the mapping
R —> {(R)* on the set of all closed right ideals R of
A is a complementor on A ( see [ 14, P. 652 ] ).

Theorem(4.1.4) : Let A Dbe an A*-algebra which is a dense

2-sided ideal of a B%-algebra (U . Then A is dual if and

only if A is complemented.
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Proof : Suppose A is complemented. Then, by Theorem
(2.2.5), (OC is dual and therefore, by Corollary(é.l.é),

A has weak (Bk) property. Theorem(4.l.1) now shows that A
is dual.

Conversely, suppose A is dual. Let I be a closed
right ideal of A and let R = cl1(I) ; R 1is a closed right
ideal of (gt . Let {e&} (resp. {e(;} ) be a maximal
orthogonal family of minimal self-adjoint idempotents contai-
ned in R ( resp. in  2(R)* ). From [7, Lemma 6 ] ,
R?Cl(§ eo(()“[) and ,Q(R)*=cl(§ eao‘(, ) . Since {GB}C
C 9wy, {6(3} is orthogonal to | e[x.} . Let
{ex} = {ed}‘ U {e@} . If a is an element of J( such
that ae, = O for all y , then a(R + LR)*) =a(f( =
= (0) , which gives a = 0 . Thus {el} is a maximal
orthogonal family of minimal self-adjoint idempotents in (C.
Since A is a dense 2-sided ideal of A , by Lemma(l.2.4) ,
each ey & A and therefore | ex} _ is also a maximal
orthogonal family of minimal self-adjoint idempoétents in
A; clearly { e} C R A=1I and {eﬁ} C QRN A =
= /QA(I)* ( see proof of Theorem(3.2.2) ). Let x € A . By
[ 7, Theorem 16 | , Z%Lx , }%‘eﬁx and §exx are

L

all summaeble relative to |[|. || , and x = Zexx .
4

Since I and ,QA(I) are closed in A Z%(x € I

ats
S

0.4
and Zeﬁx c ,QA(I) . Now OU =R @ /Q(R)* so that
B 4
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x =% + x  with xl & R and Xy - J(R)™ . But, by
: R R
[ 7, Lcmma 6 ] Xy 21§ %, and X, ;iwsiﬁx2 , where
ot b
the summations are taken relative to l[. II Hence
g,x = %Xxl and e@x = e(_,)x2 for all o, 6 k Therefore
— I - T . o
2%A e X 2L~3%<X1 and so  x, ) L e & I ; similarly
o ol
Xy = Z:je)x - L4(I)" . Hence A =1 + Q)" . 1
B .
x € I N QA(I)* , then x%x = 0 and so x = 0 . Hence
I /Y Q,(1)% = (0) ; moreover
Q4 QA(I)K)* = QA(PA(I*))* = I™ =1,
Also, if Il D) 12 , then QA(IZ)” D) _ia(ll) . There-

ats
“«

fore, the mapping I *“*%‘_QA(I)‘
on A and the proof is complete.

Theorem(L.1.5)

is a right complementor

Let A Dbe an annihilator A*-algebra

which is a dense subalgebra of a B¥%-algebra ({ . Then the

following statements are equvalent
(1) A

(ii)

is duvual.

There exists a complementor p

(#) I cl(cl(I)p

holds for every closed right ideal I
(1) > (ii)

0T is dual and hence the mapping p

Proof :

of A .

R

on (( such that

[ AP /M,

Suppose (i) holds. By Lemma(3.2.1),
— {(R)*

is a
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complementor on (0T . Therefore using the duality of A
and the fact that  Q(cl(I)) /) A= L,(I) and
cl(I ) /) A =ry(I*) , we can easily show that

I= cl(cl(I)® /N A )P /) A

( In fact, cl(I)® /) A= Lca(1)* /M & =r(c(I)*)NA
rA(I*) and so '

(ii) —=7r (i) . Now suppose (ii) holds. Then ¢1(I) C_
C ci(el(I)® /) A )P and hence

I C () /M & C cile(mP /M a) PN A=1I,

which shows that I = cl(I) /) A . But, by Lemma(3 2.1),
cl(I) /) A= rA(_QA(I)) . Therefore I = rA(,QA(I)) and

so, by the continunity of the involution, A is dual.This
completes the proof of the theorem.

Theorem(L.1.6) : Let A be an A%-algebra which is a

dense 2-sided ideal of a B#*-algebra (0C . Then A is dual
if and only if there exists a complementor p on (¢
satisfying condition (#) of Theorem(4.1.5).

Proof : If A 1is dual, the existence of the complementor

p with the required property follows from Theorem(4.1.5).
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Conversely, suppose that p 1is such a complementor on gC .
Then (J( 1is duai, and clearly A and 0C have the same socle
G . From.condition (#) we have that clA(Cj) = A , and from
Corollary(3.1.3) that A has weak (@k) property. Hence, by
Theorem(3.1.6) , A is an annihilator algebra and therefore
dual by Theorem(a.l.s). |

Remark : Let A be as in Theorem(4.1.5) or as in Theorem
(4L,.1.6). It is easy to show that if there exists a complementor
p on g{ such that (#) holds for p , then (#) holds for
every complementor q on og( . For if p is such a
complementor on (U , then A is dual. Let R = (c1(1))"

and {’qx} the family of all minimal self-adjoint idempotents
contained in R . By [ 7, Lemma 6] , R = cl( 2:2&%1(7L)
Since, by Lemma(3.2.1), e, 0( C R M A for all ol ,

R (C cl(R /) A) which gives R = cl(R /) A) . Thus, by the

_duality of A , we have
cl( c1(I ) f\ A q/r\ A= ci(R f\lA )q/ﬁ)A =
=rIN\A=cl(I) N A=

+

Theorem(4.1.7) 3 Every complemented A%*-algebra A which is

a dense 2-sided ideal of LC(H) is a 2-sided ideal of L(H).
Proof : By Theorem(4.l.L) , A is dual. Let x € A,

y & L(H) and let { %x}‘ be a maximal orthogonal family

of minimal self-adjoint idempotents in A . By [:7, Theorem 16],

= EEEQ%KX , the summation being taken with respect to ]l.ll,
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and therefore only a countable number of e X 71 0 ; denote

those e, for which e.X # 0 by eo(l s 2(2 s eeeean Clearly

Ve . c A (i=1,2, ...... ). For any two positive integers
i .

m, n (m £ n ), Lemma(l.2.3) shows that

1520 - 57, v || -

: — 0 n

|l Li=m_+l %41)( Zi=m+l e‘xiX) <
s klyz__m+l s =, o

. n .
5 k|y|!lzl=m.{l e°<j_x |‘

' where k is a constant. Therefore {, Z ye, X } is a
l i -

. Cauchy sequence in A and so there exists an element =z & A

~ such that 2z = ZOO ye, x . Since x-= Zoo 6y X ,'

i=1 i i=1 i
we have yx = Zoo ye, X where both of the summations
i=1 i
 being taken relative to | . | , and so yx =z € A . Since

A =A% and (xy )% =y - A, xy & A. This completes
the proof. '

Definition(4.1.8) ; A Banach algebra A is said to be comp-

letely continuous ( c.c. ) if the left- and right- multip-

lication operators of every element of A are completely
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continuous on A .

Theorem(4.1.9) : A complemented c.c. A%-algebra is dual.

Proof :° By Theorem(2.2.3) , A is the direct topological
sum of all its minimal closed R-sided ideals I, , each of
which is a simple c.c. complemented A%*-algebra. Since each
;1 is finite dimensional (see [:7, P.23 1 ), it is dual.
Therefore, by [ 11, Theorem(2.8.9);} , A is an annihilator

algebra and so by Corollary(k.l1.2) A is dual.

§2. Continuous complementors on LC(H)

Let A Dbe a B¥*-algebra with a complementor p and £
a minimal idempotent in A . Since A 1is dﬁal and every maxi-
mal closed right ideal of A is modular, by Lemﬁa(Z.l.l),
there exists a unique minimal p-projection . e in A such
that fA = el .
Definition(a.Z.l) : Let A Dbe a B¥-algebra with a comple-

mentor p . Let E denote the set of all-self—adjoint mini-
mal idempotents f and *Ep the set of all minimal p-pro-
jections of A . For each f & E , let P(f) be the unique
element of Ep such that P(f)A = fA . The compleﬁentor P
is said to be continuous if P is continuous in thé relative
topologies of E and Ep induced by ?he given norm on A.
Remark : [ 1] Since, by [11, Lemma(k.10.1) ] , every mini-
mal right ideal of A is of the form fA with unique

. f ¢ E , it follows that P maps E onto Ep.
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In the rest of the section, H will denote a fixed
complex Hilbert space with inner product (, ), and A the

algebra "LC(H)

I Notation : For every closed subspace S of H let

j/(s) = { a € A :a(H) C S } . For every closed right

ideal R of A let ;ﬁ(R) be the smallest closed subspace

of H that contains the range a(H) of each operator a
in R.

Lemma(L.2.2) : TFor every closed right ideal R of A,

- ging to T . Since ETrl =T

R = aa‘( S(R)) ; and for every closed subspace S of H,

JHs) is a closed right ideal and S = S(}s)) .

Proof : [1] . Let R be a closed right ideal of A . Since
A is dual, by [ 7, Lemma(2.8.24) ] , R = }’(;B(R)) . Let

S be a closed subspace of H . We show that }(S) is a
closed right ideal of A . Clearly f(S) is a right ideal

of A . Let P Dbe the orthogonal projection on S ,

T & cl(}(S)) and {Tn} a sequence in //(S) conver-.

n for all -n , we obtain

T = ET , which shows that T(H) (C S and hence T € /(8).
Therefore j’(S) is a closed right jdeal of A . ‘Clearly
J(Fs)) C s.I1f m € 8, then mom & #(s) and
so m € S(JF(8)) wnich shows that S (C J(}(8))
Hence J(}(S))=S'. |

Remark : [ 1 ] Lemma(4.2.2) shows that R — S(R) de-

fines a one-to-one correspondence between the closed right

ideals of A and the closed subspaces of H . Moreover if
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p is a complementor on A , S —> sP' = 4 ﬂ(S)p) de-
fines a complementor on the closed subspaces S of H in
the sense of [é, Theorem 1 ] . In fact, let x , vy & H,
{|¥y||=1 and let T =x@y . Wite T=T) +T, with

‘Tl & g'(S) and T, & j’(S)p . Then Ty € ,J(‘;j"(S))=
= S and, since ‘%(S)p = g?(sp') » Ty & gf(jﬂ(sp')) = Sp’.
Since x = Ty = le + sz , H= S + Sp' . Clearly

(sP')pt =5, sP' /) s=(0). If s, 1D S, , then

Slp' ' S2p’ . We shall say S — Sp' is the complemen-
tor on the closed subspaces of H induced by the .-comple-~
mentor p on A .

Conversely every complementor S ——> Sp' on the closed
subspaces S of H induces a complementor p on A given
by the relation RP = }l(AJ(R)p') for evefy closed right
ideal R of A . In fact, let P be the projection on ,Q(R)
along J(R)pT and P!' be the projection on J(R)P?
along J(R) . By [13, Theorem 4.8 - D ]°, P and P' are
in L(H) . Since J®) + J®R)P =H, P+P' =1, the
identity ‘operator on H . Let a &€ A . Clearly Pa &
J(S8@®) =R and P'a € j(J(R)P’)=Rp. Sihce
| 4 =Pa +P'a, A=R+RP. It is clear that RPP =R ,

D) R2, then R

and RNARP = (0) . If R P R2P . There-

1 1
fore R—— RP is a complementor on A .
Notation : For any non-zero element x & H , [x] will

denote the subspace of H spanned by x , e, the unique

minimal p—projection'in the minimal right ideal ;2( [x ])
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and f_ the orthogonal projection %£Q§T . By [1, Lem-
J

ma 5.1 | , e, = XY for some non-zero y & H .

Definition(4.2.3) : Let T be a semi-linear mapping of

1 H onto itself ( i.e. , for all x, y € H and ol € C,
T(x +y) =Tx + Ty and T(dx) = o'Tx , where: ¢l — !
is an automorphism on C ) . T is called a p-representing

operator if it has the following properties

= x®Tx for all non-zero x & H ;

(1) eX x,Tx

(ii) (xo, Tx

o) =1 for all non-gzero X, € H.

If the dimension of H is at least three, then, by
[1, Tﬁeorem 5.3 ] , there exists a p-representing operator
T for each complementor p on A . If, moreover, p is
- continuous then T is a continuous positivé linear operator
on H with continuous inverse which is unique to within a
multiplicative positive constant. (see [-l, Theorem 6.4
' and Lemma 6.9 j ) . Thus, in the rest of this section, we
assume that the dimension of H is at least three. p will
denote a given complementor on A arid T a p-representing
operator of p . Since T is one-one and onto , T_l exists.
As before, the mapping S — Sp' will denote the complemen-

| tor on H induced by p .

: !
Theorem(k4.2.4) : The mapping q' : 8 —s% =

= T( [T—l(S):]p') (= T(J [ QKT_l(S))p ]) ) is a complemen-

tor on the set of all closed subspaces S of H .
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Proof : We show that T~l(S) and 52" are closed subspa-
ces of H . In fact, this is clear if H is finite dimen-
sional ( [13, Theorem 3.12 ~ B |). If H is infinite dimen-
i sional, then , by [ 1, Theorem 6.8 ] , p is continuous and
so, by [jl: Theorem 6.4 ] , T and T_l are continuous. Hence
T—l(S) and Sq' are closed. For each x & H , write

lx=y+z with y & T—l(S) and z €& [T~l(S)_-]p’ .

b
Then x =Ty + Tz with Ty & S and Tz & s which

-

' ' -1
shows S +8% =H.1If x € s /\s? , then T x €

T (s) M [T"l(s)]p' = (0) and so x =0 . Hence S /\s% =
= (0) . Clearly (s2')2' =S and if 8, T S, , then
Slq' - qu' . Therefore qt' 1is a complemgntor on H and
this completes the proof.

| By the remark following Lemma(4.2.2), the mapping
kq : '}18) -~e—é}(T( [T_l(S):]p')) is a complementor on A
such that gq induces q' on H . Therefore p and g
coincide if and only if p' and q' coincide.

Corollary(4.2.5) : p' and q' (or p and q ) coincide

if and only if T(S)p' = T(Sp') for all closed subspaces S
of H.
| Proof : Let M = T(S) . By the argument in the proof of
Theorem(4.2,4) , M 1s a closed subspace of H . Since each
closed subspace M of H is of this form, p!' and q!

: . ? ]
coincide if and only if MP' =mM2' | or T(S)P = T(SP')
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Lemma(h.2.6) :  T(sP') = 7(8)P' for all S ( H if and
only if T([x ]P') = (*[x ])P' for all x € H.

Proof : - Suppose T([ x JP") = (T[] x ])p’ for all x € H.
We show that sP' = N\ {[v]P :v € s } oo Let

M= /) {[pr' ry € 8} . 8ince [y] (C P

s= (U [v] C MP' | which shows S ™ M . Since

' < [y]® ,forall y € s, s CC M and so
Sp' = M . Therefore |

rs)® = (Y {[w]P :v € s } =
M {r([y Py € s} =
o N\ [v]® iy € s Fr=1s®) .

The converse of the lemma is clear and this completes the

I

| proof .

Corollary(h.2.7) : Let q' be the complementor on H given

in Theorem(4.2.4). p! and q' (or p ‘and q ) coincide
?

if and only if T([ x ]p') = (T[x ])? forall x € H.

Prgof : Follows from Corollary(4.2.5) and Lemma(L.2.6).

4

Lemma(4.2.8) : Let p be a continuous complementor on A ,

and T a p-representing operator. For each non-zero element

x € A, we have T(lg(exA)) = JkeiA) and T(J(1 - eX)A) =
= J((1 - e})A)

Proef Since p 1is continuous, by ['1, Theorem 6.4 ] , T

is a positive continuous linear operator on H . For each




h & H , we have
. xR Tx - (h, Tx = {Th, x =
Tlegh) = T(ERR n) = {Rf e = {

= _I.X X ' = a0
(Tx, x Th exfh

| Since T(AS(eXA)) and £Y(e;A) are one dimensional subspaces
of H and A(H) =H , it is easy to see that T(ﬁg(exA)) =
= J(eXn) . For all a € A, h € H, we have

als

(1 - e )(ah) = (L - &

x F)(p(T7 ah))) = T(L - e ) XRYLy

Xy, v
where y = T~l(ah) . Thus, by the continunity of T ,
T(.F((1 - QX)A)) D) S - e'< A) . Similarly we can show
T(gg((l - eX)A)) - ,3 (1 - ex JA) and so they -are equal.
This completes the proof.
Corollary(k.2.9) : [Tx:]p' = XB((l - eTX)A) and

([x P") = S - ea) . |
Proof : Since }( [x ]) = exr, [ x ]p‘ = kS((l - e, JA) .
Similarly we have [Tx:]p' = 15((1 - ep JA) . By Lemma(§.2.8),

(] x ]p = (1 - e“)A)

Theorem(h.Z.lO) : Let p be a continuous complementor on

A and q!' the complementor on H given in Theorem(h.z.h).
Then the following statements are equivalent

(1) p' and q' coincide.

ale
EAS

(ii) e, = ep, for all non-zero x & H.
(iii) T =ol 1 , scalar multiple of the identity operator on
H with o« > 0 .
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(iv) RP = {(R)* for all closed right ideal R of A .
Proof : (i) Z::i> (ii). Suppose (i) holds. Let x be a
non-zero element in H . Since, by Corollary(4.2.7),

T( [x;]p') = [Tx] P' | Lemma(4.2.2) and Corollary(L.2.9)
give

(1) (L -ef)A=(1-ep)A.

Tx

Since _J((1 - eX)A)p' = AJ(eXA) , Lemma(4.2.8) shows that

T((H(1 - e JAP") = S(efr) . By Corollary(4.2.5) and
Lemma (4.2.8) and (1), we have

? . 1

Bleg, A) = H(1 - e =TS0 - e 07 ) = JeFn)

Tx
Since e; and ep, are idempotents, by (1) and Lemma(2.1.1),
°x ~ eTx

(ii) T——> (iii). Suppose (ii) holds, and let x # O ;

clearly Tx # O . Since e: = eqpy , Ve have Tx®x =

= k(x)(TxéaTgx) , where k(x) = (sz TXX) is a positive-va-
J

lued function of x . Thus Tx®(x - k(x)sz) = 0 . Since
Tx # 0 , x = k(x)T?% . We show that k(x) is a constant. For
' all x, y & H , we have

x +y = k(x + y)(TZX + T2y) ,
x +y = k(x)T% + k(y)T?%

If x, y are linearlyirdependent, by [:l, Lemma 5.1 ] s sz s
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sz are also .so, and hence k(x) = k(y) = k(x + y) . In parti-
cular, for a fixed x € H, k(olx,) = k(x') for all non-
zero scalars ol &€ C and all non-zero x' & [xo']’L ,

1 the orthogonal complement of [xo:l in H . Let k(0) =

= k(xo) . Since every x & H cariLbe written in the form

x =olx  +x' with x! & [xO] and X & C , we

have

2

k(x)T2x = x = ol xo*+ x! = k(olx,)T?(dx,) + k(x')T"(x")

]

k(xo)(TZ(olxo +x')) = k(xO)sz

Therefore k 1s a positive constant and so x = kT%x . Thus
T2 = k1 . Since T° has a unique positive self-adjoint

1 p
square root and T is positive, T = ( T2 )2 = kP = 1 ,

1
where X =k2 > 0.

(iii) —=> (iv) . Suppose (iii) holds. By [l, Corollary

6.10 :I ) we may assume that T = 1 . We use the notation of

[ 1, Lemma 6.12_'] . Since T =1, <x, ‘y> = (x, Ty) =
RE

= (x, y) , and so, by [ 1, Corollary 4.3 1, Y = A2(R) =
= Q(R)* ,for all closed right ideals R of A . -
(iv) ——> (ii). Suppose (iv) holds. Then, by [l. Corol-

i

lary l-;.h ] , X

- x®x . -
< =&y Let f IR Since ,8(fo)

(x, x
= J(e.A) , f.A=e A . Since f_ and e_ are self-adjoint,
X X X b e X

by [:ll, Lemma(4.10.1) ], £, = e, which gives Tx = kx ,

for some constant k (depending on x ) . Hence eny = ey
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for all non-zero x & H .

(i1) ——>» (i). Suppose (ii) holds. By Corollary(k.2.7),
it suffices to show T([ x ]p') = [ Tx ]p'

, for all non-

zero x & H . By Corollary(4.2.9), we have
([x ]p') = J@a - e JA) = ;ﬁ((l - e
= [=]"

This completes the proof of the theorem.

A =

83. Complementors on B¥%-algebras

In this section, we shall prove two results which will
be used in the next section.
Let A be a Banach algebra with a complementor p ,

and I a closed right ideal of A . Let PI deonte the

- projection on I along IP . Since IP = {x €4 : PI(x) = O},
by [ 13, Theorem 4.8 - D 7, Pr is continuous.
Theorem(4.3.1) : Let A be a B¥-algebra with a complemen-

tor p and let {‘ Ip e A }- be the set of all
minimal right ideals of A. The follswing statemeﬂ%s are
equivalent

(1) { le | 1 e € Ep 1 is bounded, where E, denotes
the set of all minimal p-projections in A .

(ii) { IPI E B € A } is bounded, where | P

B

denotes the operator bound of P

I |
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(iii) There exists a constant k such that k [al + azl S

. b
> Iai'[(l—l,.?)forall a1€ Is,azél'6
( B € A )
i Proof : (i) —=> (ii). Suppose sup{[e]: e € Ep}éc,
where ¢ 1is a constant. Let I be a minimal right ideal of

A . Then there exists an e & Ep such that I = eA , and
TP = (1 -e)A.Tet a € A. Since a =ea + (1.~ e)a ,

p =
7t |
{ l PI , :

p

(ii) —/=> (4iii). Suppose sup’{ IPI@I :ﬁéA} <k,

|ea| £ c|a| and so IPII < ¢ . Thus
8 GA} is bounded.

where k 1is a constant. Then, for all a; & Iﬁ ,
3, & Ig and all B ,

< klval+a2|.

Similarly we can show that | a, l S k I a, + a2[.

(iii)::> (i). Suppose (iii) holds. Let a —> Ta be

| the left regular representation of A . Since A has an ap-

proximate identity, I Ta, = | a I for all a & A , where
: I Tal denotes the operator bound of T . Let e € Ep .

' Since a = (1 - e)a +ea , by (iii), k|a | > | ea | which
shows Ie[=|Te|_<__k.Thus {|e|:e€ Ep}

is bounded. This completes the proof of the theorem.

Theorem(4.3.2) : Let A be a B¥%-algebra which has no mini-
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mal left ideals of dimension less than three. Let p be a

continuous complementor on A and let Ep be the set of

all minimal p-projections on A . Then p 1is uniformly
continuous if and only if the set { |e | e € E, } ois
bounded.

Proof : Suppqse p is uniformly continuous. By [ 1, Theorem

7.4 ] , there exists an involution *' in A for which

w? R .
RP = Q(R) , for every closed right ideal R of A , and

an equivalent norm | . |' on A satisfying the B¥-condi-
tion for %' . Since, by [ 1, Corollary k.l ], ex' =e and
hehce | e l' =1 , it follows that {‘ [e ] te £ Ep }

is bounded. .

Conversely, suppose sup { | e | e € Ep } 5; k ,
for some constant k > O . We use the notation of the proof
of [ 1, Theorem 7.4 ] . Let { ) } be the family of all
gk—representing ope?ators such that l l?x_lll =1 for all

A . Then the set { II @lll }' is bounded ; for if not, by

the proof of [.l. Theorem 7.4 ] , there would exists a se-

quence { Hln} - {Hﬂk} and elements X, ¥, € H‘An

(n=1,2, «veur. ) such that ] e. - e —> ©0 and
Yn *n
, f - f l —> 0 as n —> 00, which would contradict
¥n *n
the fact that ' e -e £ 2k . It follows now from

Vo Sxp |
the proof of [ 1,. Theorem 7.4 J that p is uniformly conti-

nuous. This completes the proof.
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84. Induced complementors

Throughout this section we shall use the notation

' introduced in Lemma(3.2.1).

Let A be an A*-algebra which is a dense subalgebra
of a Bk-algebra ({ . Let p be a complementor on 0T and
+q a complementor on A . In this section we are going to
give conditions on A , (( and the complementors p and
1q such that:

(a) The mapping I —> c1(I)P /) A on the closed right
' ideals I of A is a complementor on A .
:(b) The mapping R —> c1(R /\ A)? on the closed right

 ideals R of 0l 1is a complementor on (T

We shall say that the complementor q is indu-~
ced on A by p and the complementor p‘ is induced
on 0T by q .
iLemma(h.h.l) : Let A be a dual A*-algebra which is a

' dense 2-sided ideal of the B¥-algebra LC(H) .. Then, for
‘every complementor p on LC(H) , the mapping I —
(TP /Y A on the.closed right ideals I of A “is a
complementor on A .

Proof : Let p be a complementor on LC(H) and gq the
fmapping I — c1(I)P /"\ A . If the dimension of H 1is
finite, then A = LC(H) and therefore q = p ; so that

q 1is a complementor on A . Now suppose that the dimen-

lsion of H is infinite. Then, by [ 1, Theorem 6.8 | , p
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is continuous and hence, by [:l, Theorem 6.11 ] ,’there
exists an involution *' on LC(H) such that RP =

= Q(R)* | for every closed right ideal R of LC(H)
This means, by [-1, Corollary 6.14‘], that there exists a
positive operator Q (E L(H) with continuous %nverse Q"l
such that a*' = Qla*Q for all a & LC(H) . Now, from
Theorem(4.1.7) , we know that A is a 2-sided ideal of
L(H) . Hence a*' € A for all a € A and therefore

A is an A%-algebra under the involution 3! ( and an au-
xiliary norm | . l' equivalent to | . l ) . Since A
is dual, I — QA(I)*’ is a complementor on A ( see

proof of Theorem(4.l.4)) and we have

19 = c1(Z)P N\ A= Qe(T))*' ) A=

I

(Qeer(m)) M ™ = o™ .

Thus q 1s a complementor on A and this completes the

proof.

Theorem(4.4.2) : Let A be a dual A%*-algebra which is

a dense 2-sided ideal of a B¥-algebra ¢{U . Suppose that

0( has no minimal left ideals of dimension less than three.
. Then, for every uniformly continuous complementor p on
0C, the mapping I —> c1(I)? /) A on the closed right
ideals I of A is a complementor on A .

Proof : Let p Dbe a uniformly continuous complementor on

0C and let gq be the mapping I — c1(I)®? /7 A . Since
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A is dual, A is the direct topological sum of all its
minimal closed 2-sided ideals Ix (A EAN ). It is
‘easy to see that cl(Ij\) is a minimal closed 2-sided
3"‘-ideal of ¢ and hence *-isomorphic to LC(}EK) , for some

Hilbert space Hy (A& A ) . Clearly (( is *-isomor-

1

1

iphic to (ZLC(HJ&))O . In the rest of the proof we iden-
A

tify J( with (2 3LC(H,)), . For each A , let B, be

lthe complementor on LC(HA) induced by p . Then, by [1,

A
1 . . . . ,'<'
| fore each & gives rise to an involution ) on LC(HJ\)

Theorem 3.7 ] , each px is continuous on LC(H,) . There-

:vand a positive operator QJ\ & L(HJ-\) with continuous

3 -l ::’1 _ . .
inverse Q,  such that a A = Q. la:/’{ Q) for all aj &

'LC(HJL) ( see proof of Lemma(k.k.1) ) ; we may clearly take
I QJ\I =1, for all X . By the proof of |:l , Theorem

; 1 v
L q 5 % . . .
7.4 ] , a—> a = (aJ\';\) is an involution on (U under

?

' which (O( is a B%-algebra and RP = JQ(R)* , for all clo-
sed right ideals R of (( . We show that A is closed

under the involution *' . Let H= €D Hy , the Hilbert
' A

direct sum of H«\ and Q = ( QJL) . Then Q is a positive
. operator in L(H) with bounded inverse such that

o !
b3

2’ =qQta*Q for all a € (OC . (.see [l, proof of Theo-
rem 7.4 ] ). Let . { e, } be a maximal orthogonal family

of minimal self-adjoint idempotents in A . By the proof
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of Theorem(h.Ll.4h) , every x € A can be written as
X = EZK%ix , the summation being taken with respect to

3 Y &3O t 5
[, .!l . Let %xl , %Xz y e , be those %X s for which
jex 4 0 . Since e, belongs to some ?1 and Q%K =
) 1. he o e s it at
Q&%& C o (by Theorem(/..1.7) ), it follows that each

-y 11

. QeO(i G A and so -z—Jiz_l Q%(lx C._. A for n = , 2’ .....
(we identify A as a subalgebra of L(H) ). It follows now

—— 1
from the proof of Theorem(4.1.7) that { :ZJ Q %x x:}- is
i=1 i

)

a Cauchy sequence in A and that it converges to Qx ( in

o)

the norm . ), i.e. Qx = S Qe, x . Hence @Qx ¢ A
H ,, ’ ¢ --—lizl %él ‘ <

and so x*Q = (Qx)2< & A ; similarly Q"lx & A . Therefore

1

ats

x = QIx™Q € A, for all x ¢ A . Thus *' 4is an invo-
lution on A and therefore, since A is dual, I ——>

\': ' . V
£,(1)"  is a complementor on A. Now, applying the argu-
A

ment in the proof of Lemms(4.1.1), we obtain that
q p ’ :::'
= el (mP Y A= g
' which shows that q 1is a compiementor on A . This comple-
' tes tha proof.

 Corollary(h.h.3) : Let A , 0C and p be as in Theoren

N
(4.4.2) . Then there exists an involuticn % in A such




|

that I% = j%(I)*' for every closed right ideal I of A.

Notation : Let A be an algebra of operators on a normed
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space X . For every closed subspace S of X , let

ﬁA(S) = C a &€ A :a(X) C s ]- . For every closed
right ideal I of A , let ,ﬁA(I) be the smallest closed
;subspace of X that contains the range af{X) of each op-
erafor a in I .

{Lemma(4.L.L) : Let A Dbe a dual A%-algebra which is a den-

se subalgebra of LC(H) . Then, for every closed right ideal
I of A, I-= %lﬂ,gA(I)) and, for every closed subspa-
ce S of H, fA(S) is a closed right ideal of A and
5= A, fa(8)) .

Proof It is easy to see that A is simple. Let I be
a minimal left ideal of A . Then, by the weak (ﬁk) proper-
ty, I 1is a Hilbert space under the inner product norm

J . 'O . By the proof of Theorem(B.;.é) , A 1s a‘dense
subalgebra of LC(I) and contains the set of all operators
of finite rank on I . By Lemma(3.2.1), LC(H) and LC(I)
are *-isomorphic. It is easy to see that, under this iso-
:morphism, each minimal left ideal of LC(H) maps onto a
minimal left ideal of LC(I) and so the socle of LC(H)
maps onto the socle of LC(I) . Thus A contains the set

F  of all operators of finite rank on H . Since F 1is a
2-sided ideal of A and A isvsimple, cl,(F) = A . The

A .
proof can now be complete by using the argument (with obvi-
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ous modifications) given in the proof of Lemma(4.2}2).
Remark : Lemma(L.4.L) shows that I ——_"‘jA(I) defines

a one-to-one correspondense between the closed right ideals

dof A and the closed subspaces of A . Moreover, if q

, '
tis a complementor on A , then S—> s = XSA( }A(S)q)

fdefines a complementor on the closed subspaces S of

H . ( The proof of this remark is the same as that given

in the remark following Lemma(L.2.2) ).

subalgebra of LC(H) . Then, for every complementor gq on
A the mapping R —> cl((R /) A)?) on the closed right
ideals R of LC(H) is a complementor on LC(H)..

Proof : It is clear that A 1is simple. Let q be a comp-

lementor on A . Then, by the remark above,  the mapping

1
ES —> 3% = ‘SA( ;A(S)q) defines a complementor on the

closed subspace S of H . By the remark following Lem-

ma(4.2.2) the mapping S'———*'Sq' induces a cbmplementor

p on LC(H) given by the relation RP = ¢?(,8(R)%') , for
every closed right ideal R of LC(H) . It is easy to see
that cl(R /) A) =R . In fact, let Ol = LC(H) and let
{e&} be the family of all minimal self-adjoint idempo-
tents in R . Then, by [ 7, Lenma 6 ], R =cl(> ;e () -
But from Lemma(3.2.1) we have &,( (_ R /) A for

all oL , hence R =cl(R / \ A) . Similarly

Lemma (L.4.5) : Let A be a dual A*-algebra which is a dense
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RP = c1(RP /N A) . Now J(8) = f(S) /) A and by Len-
ma(4.2.2),

Therefore
R = FSmt) M-
) /g'(‘XA[?A(}B(RU]q) /M A=
= Jod N A= fA(’%A(.Iq)) _
=19 = (R /) A)°
Hence

RP = c1(RP /1) 4) = c1((R /Y a)Y)

so that R — cl((R /’\ M%) is a complementor on JT .
This completes the proof. A

Now let A . be a dual A*-algebra which is a dense sub-
algebra of a B#-algebra ({ , and let { I, : A E A}
be the family of all minimal closed 2-sided ideals of A .
Clearly each cl(%l) is a minimal closed 2-sided ideal of
(U and hence *-isomorphic to LC(HK) , for some Hilbert
space Hl.’ Suppose q is a complementor on A and, for
each QA € A, let q, be the complegentor on Iy in-
duced by q . Identifying ;3- as a subalgebra of 'LC(HK),
qg~ induces the complementor %K on LC(QA) ( Lenma




(4.,.5) ) . For each closed right ideal R}\ of LC(HA) .

‘ P
let P. °~ be the projection on R along R* . Then
RA A

PR is a bounded linear operator on LC(H?\) whose opera-

1 tarbound we denote by | P I . Let

and let
m=sup{rr37L P AE AL

m may be finite or infinite.

Lemma(L.L.6) : If I is a closed right ideal of A , then

ang\r- (ImI)q\}\,for every A € A
_E;Qg_f_: Since IﬂI‘KC I , we have 14 C | If\I

and hence I /) I_;\ C (T /M I )3\. Now, by Lemma
(1.2.1), cl(I + I.)k =13 N L hence

(I + T4 N I, =(Iq‘f\1l)q/‘\:[x—

q
= (/M A
Let (14 A m € 1, and x = 1i
et x € A L) . Then x 5 2 x im X,
= - ] q
where x_ =V, tz with Yy € I and 7 - I?n
: ‘ q
(n=1,2, «.... ) . Since, by [114-, Lemma 1 :] » L = ’Q(IJ\)

and since x%* €& I,, we obtain that

A
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ko= i ko= i b
xx* = lim  x,x lim yx* € I .

But, by Theorem (3.2.2), this means that x €& I and the-
. ‘ ‘ q
refore x € I /\TI, . Hence (I%/N\ I,) AT N I

q
and consequently ¢ m Ith = (I ﬂ I}\) A
Theorem(L.L.7) ¢ Let A be a dual A*-algebra which is a

dense subalgebra of a B¥*-algebra (( . Then, for every
complementor q on A for which m is finite, the mapping
p : R —> cl((R /) 4)%) on the closed right ideals R

of 0 is a complementor on ({( . If, moreover, (( has

no minimal left ideals of dimension less then three and p

k3 . 3 . . ' \"'
is continuous, then there exists an involution * on

NS '
b

0T such that RP = L(R)" .

Proof : We use the notation of the paragraph preceding
‘Lemma(4.L4.6). It is clear that O is *-isomorphic to
(§LC(HJ\))0 . In what‘ follows we identify J{ with

(Z’LC(H‘X))O . Let q be a complementor on A for which
l .

4

m is finite. Let R be a closed right ideal of (( and,
for each A€ A , let Ry =R /1) LC(Hy) . Then, by [1,
Lemma 7.1] , R = (; P?L)o . Define

' I b
R' = (}%L R /\LC.(H‘A‘)]“\)O ,

where is the complementor on LC(H,) induced b .
}\3?\ p A y q?&
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Clearly R' is a closed right ideal of 0C and
! P
R' /) LC(H,) =R A . Hence
; P

([ RN\ o) ] A, =

A

7

= (IR =R.

*.K (o]
. 1
Moreover, it is easy to see that R /\R = (0) and that

R")

if Rl and R2 are closed right ideals of (T ,'Rl C Ry,

t ' . v
then R2 _ Rl . Thus if we can show that R + R = gC,
it will follow that R —> R' is a complementor on JT

Let x = (x.,) & (U and write

A XN TV T2

‘2 :y?\é R_’/\

P
and 7 ¢ R:/\:)\ . Now ly\?\|= IPR\}\x)\l < mlx‘;\l (X € A

similarly | gxl < mlﬁ‘ (A € AOE Hence, since m is

finite, (&) & (ZRJ\)O = R and (zj\) & (ZR,Q\E\)O =
~R' . Thus R +R' = (T and consequently R —> R' is
a complementor on 0T . |

We show next that R' = c1((R M) A)q) = RP . Let
I =R ﬂ A . Since; by [l, Theorem 7.l] , we have

c1(19) = (23 [cl(Iq) N\ LC(H\K)])O , it suffices to show

P
that Ry A = e1(xy) N 1e(w) (A € A ) . Now, by the
duality of (( , we have cl(Iq) m A=1%  ( Lemma
.(3.2.1) ) and hence '
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[cr(rh) Mrem)] N 5 = [aa(x) N AINT
| q
=12 N Il=(1mﬁ)1 ,

where the last equality is given by Lemma(k.4.6) . There-

fore using the duality of Iy , we obtain

1(1%) /) 1o(H,) = c1( [ el (1) M Tet) TN
(x A ™) = e N aN IA)O‘J\) =

= cL((Ry /M Ii)qﬁ) . Rﬁl

il

To prove the second part of the theorem, by [l,
Theorem 7. 4] and Theorem(4.3. 2), it suffices to show that
{[el:eéE}lsbounded LeteEEp.Itis

clear that et C LC(H\X) for some X é A+ Therefore

P “l < m . Since each minimal right ideal of 0C is of
the form e0C , by Theorem(h 3 1), { |e e € Ep}

is bounded. This completes the proof of the theorem.
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85 Examples

As an immediate example of a complemented A*—algebra
we have an H%-algebra. ( see [14] ). We shall now give
another example.

et H be a Hilbert space and Tc(H) the trace class
operators on H with the trace norm || H . 7Tc(H) 1is an
A%-algebra which is a dense 2-sided ideal of LC(H) and,
as a Banach space, it is isometrically isomorphic to the con-
jugate space of LC(H) ( see [ 12, Theorem 3, P.47 ]).
Clearly Tc(H) contains all operators of finite rank as a
dense subset and hence is an annihilator aAlgebra, in fact
it is dual as we shall see. | .

Now let | Hy XE A } be a family of Hilbert
spaces Hj\ and let (Ei—'_\ '['C(H‘?\)):L denote the family

of all functions f defined on A such that £{N) €
Tc(Hy) for each 2. and such that YAl € oo

It fol;ows that kZTc(HA))l is a Banach algebra under
the norm | | f ”= > Hf(f)\)ll and the usual operators for
functions. (ZTC(H\K))l is cleafi.y a subalgebra of
(%LC(%\))O and an A%-algebra under the involution

£ —> £% , where £¥(A) = £(A\) A ( *j being the adjoint

operation in Tc(}{?\) (A€ AN) ).
Theorem(L.5.1) : As a Banach space (ZTC(HA))l is

jsometrically isomorphic to the conjugate space of




(}:ZIﬁ(ﬁx))o
Proof : Let A = (Z:ZTb(HA))l , 0C = (}E::LC(QK))O and

Y
let (¢ be the conjugate space of (T . Let f & A,
é gnd w;ite %K for £f(A) (A &€ A ) . By [ 12, Theorem

3, P.48 ] , each £, can be identified (isometrically)

with an element of LC(H&)' , the conjugate space of LC(HK).

Considering now QK as an element of LC(EK)' , define

the functional f  on (( by the relation

£'(x) = %{f}\(xl) (x=(x) € 0C) -

Since

BN NN R MR EN
< %Kp '%Al (Z:Z|[§X|l ) = ” £ | le‘ )

f' is a continuous linear functional on {{ and

H f'llfg ,l f|| , where llf'|| denotes the operator bound
of f£' . Since z:Zligkll << ©Q , only a denumeralbe num-
ber of ?K % 0 , denote those non-zero QK by ﬁxl, gb, “en

For given €& > 0, choose a positive integer N such

chas 37 |5 || < B . osince 5 € oG )

n
there exists an X ~ LC(H, ) such that X = 1 and
5 € T 9,1
— .—8—-— —4
g ) =g [I-5 =12 00

An
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;’XA:Q otherwise. Then |x| =1 and
gf'(x)=ZNf (x, ) > ZN Hf H - 8(Z'N L)
, ; n=l*;\n X5\n _— n=1 An n=1 n2
{ 00 N
> Tl I - T
2
> s ] - e
Since & 1is arbitrary, we have H £ < ” f'll and so
NI IERIENIP

, Let £ € (0C and let £, be the restriction of
£' to LO(H) (A € A ) ( We identify LO(H) as a
subalgebra of 0T ). Then each fa € LC(I—B\)' . Considering
now f& as an element of '\L'C(ij) , let f- be the mapping
on /\ such that f£(A) = fa € Te(Hy) . We show that

f € A.Let {A n=1,2, ceurs ,k}beafinitesub—
n
set of A . For given & > 0, choose x & LC(H, )
An An
such that X, = 1 and
KW ) |
£ (39\),\,.”f ”--8— (n =1, .o k)
An An = An n? ’ ’

Let x = (xy\),where Xy = x‘j‘ , when 3\=j\n (n=1,...,k),and Xp = 0
n

otherwise. Then




kg ;
>0 Ngll-epl 3 >

>anllg\ H"glt“‘“

IThus Zjlj Hf./’\ H S ”f’” and so lefj\” _-<_ “f'”
éTher‘efore f &€ A and Hfll lefy\[l =Hf'”

tabove argument). Since clearly £ —»f' is linear, it
follows that f ——f' is an isometric isomorphism of A

onto g

Theorem(h.5.2) (}ZZ'rc(@K))l is a dense 2-sided ideal

of (23 LC(H)) :

Proof : et A= (D lTc(Hy)); and C= (>3 1e(H)),

Since TC(H‘K) is dense in LC(HA) , considering LC(HQ\)

as a subalgebra of JU and ’t’c(ij) as a subalgebra of A ,

‘we have LC(H,) (C cl(A) . Hence 0C C c1(a) C ot

and so 0T = cl(A.) . Now, let x = (X‘K) € A and y = (y_x)é'
0C . Since ’tc(@k) is a 2-sided ideal of LC(QK).;

X % c (HQ\) for all A . By ]:12, Lemma 8, P.39:| ,

Tsnl] < Izl 5] na oo

|| xr|] = ggllmll < sgp |y | >;\:||x;\||> < &,

which gives xy € A . Similarly yx & A . Thus A 1is a
! dense 2-sided ideal of OT.

' Corollary(h.5.3) : (> 1Tc(H,)), has weak ( ) property.
> A1 B
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Proof : Follows from Theorem(L4.5.2) and Corollary(3.1.3).

4

Lemma (4.5.4) : Tc(H) is a dual A*-algebra, and the mapping
I — 1)

als
B

on the closed right ideals I 1is a complemen-

“tor on  Tc(H)

wéProof : Let A = Tc(H) and let I be a closed right ideal
éof A . We show that gA(‘gA(I)) =1. Clearly I (
;A(AfA(I)) . Let T € ﬂh(’éA(I)) and { Tn} a sequence

;of operators of finite rank on H such that [T - Tl,——é-o
n
as n —> 0 . Let P be the orthogonal projection on

| JA(I) . Since PT_ ~ is finite dimensional with range in

P

A
all n=1,2, ..... . Clearly PT =T . By [ 12, Lemma 8 ,

(r) , [ 11, Theorem({2.4.18) ] shows that PT & I for
n

%P. 39 ] we have
l[er, - o] = [[p, - 2| < [p|llz_- T[] ,

éso that }[PTn -T||] —— 0 as n —> 00 . Hence

?T € I and consequently yA(,JA(I))'= I ..Thus, by [ 11,
Lemma (2.8.24) ] , and the continuity of the involution, A

is dual. Let T € A . Then T =PT +P'T where P =1 - P,
;and, since PT € I and P'T & ,Q(I)>:< , we have

T+ QD) =4a. Tt is now easy to see that the mapping

I — I)" is a complementor on A .
kLemma(4.5.5) : Let I be a closed right ideal of

§(§§TC<H))l,and for each A &€ A , let

I= { X € Te(Hy) - X4 = x(A) for some x € I }.

.
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Then
(i) I, is a closed right ideal of Tc(H,) for each
A A

Ae A

(1i) I= (D4 L), -

(iii) HI) = (Z ’Q)&(IK))l , where 9\9\119\) denotes the
left annihilator of I,  in Te(Hy) for each A € A
Proof : (i) Let A = (ZTC(H:k))l . It is clear that “IK
is a subalgebra of TC(H_?L)' In what follows we identify
'Z’c(Hj\) as a subalgebra of A ( this is clearly possible ).

Let x, € I, and € Tc(H,) . Then there exists an

T
x & I such that x(a) = x4 - Since xy, € I and

J

(xyi)(J\) =KW X% - I, and so I)k is a right ideal

of TC(HK) . By the duality of TC(H:/\) ’
X, € cl(x}\“(c(Hl)) = cllx Te(Hy)) (C I . Hence
L, C .15 zg € cl(I;) , then z & I and

2, = 2 A) & I, and so I; 1is closed. Thus I is a

A
closed right ideal of Tc(Hy)

(ii) Clearly I _ (D | I,); - We also have (Zli)l C
I. Infact, let x= (x) € (2 (L) . 4s [[x][]=
= Z”xj\” < © , only a countable number of Xy £0 ;

> N
say X X e o Let x = g X, (n =1, 2,...).
'Al ? ‘KZ’ n i=1 ‘Xl ) )
Since xj\i & IJ\i (C_ I, we have x € I for all n and,
since

[Ix == 01 = 277 k1] —=©

X
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as n —> 0 it follows that x & I . Thus (ZI)\):LC

7

I and hence (Z“‘If\)l =1I.

i) x = (x) € MI) <= xI = (0) G
L ox(> (1), = (0) — u Iy = (0) < x, € QAL

ﬁ‘ x & (ZQ}\(I&))l . This completes the proof.

! Theorem(L.5.6) : The mapping I ——> ,Q(I)* on the closed

right ideals I is a complementor on (Z’ TC(H}L))I .
Proof : Let A = (ZTC(H]\))l and let I be a closed

- right ideal of A . By Lemma(4.5.5)(i),

I, = {x]\ € Telty) : xg = x(A) for some x €& I}

is a closed right ideal of Tec(Hy) (A € A) . Let
x = (xj\) € A . By Lemma(4.5.L4), X = % T oEn with
a € I, and zy - ‘QK(IK)* , where ’Q.K(Ij\) denotes the

 left annihilator of Iy in Tc(P‘IK) ; clearly

A
1
by [ 9, Theor'em] , (XJ,("X}\)E > (yJ\"’y)\) . Let

{ 9} -
SD), e } be an orthonomal basis of H Then

‘K .
b % A
[y ]| = §rj<<x3\ W2 PT, P

Z 2t T ep o = Hindl




g »
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and so IEZZ”¥x,| f; }:j'l%KII = |]x l’ . Similarly
IZ:Z’,%K,, < ’[x'] . Thus,by Lemma(L4.5.5),
(r) € (2010, =1 and (z) € (318,10 = QD)™

e
1

Since x = (%k) + (%K) , A=T+ f(1)" . Clearly
UDT /) T=(0) andir I, D I, , then ,_QYI}_)*C
Q(IZ)* . Since  {( Q(I)*)* =r(Q(1)) ~ ) I, it is easy

to show that I = Q(.Q(I)*)* ( see [l ] ) . Thus the map-

ping I —> Q(I)* 4is a complementor on A .

Corollarv(L.5.7) : ( E in(HA))l is dual.

Proof : Since I = {(L(I)*)* =r(L(I)), by the continuity

of the involution, ( E ;'TC(HK))l is dual.’

Corollgrv(4.5.8) : ( E ; ’[’c(Hj\)):L is w.c.c.

Proof : Follows from Corollary(4.5.7) and Theorem(3.3.3).

We do not know of an example of a complemented A¥*-
algebra which is not a dense 2-sided ideal of a B¥-aglgebra.
Also we do not know if every dual A%-algebra is complemented,

and conversely if every compleménted Ak-glgebra is dual.
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