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Abstract

The main goal of this thesis is to present the theory of Locally Nilpotent Derivations
and to show how it can be used to investigate the structure of the polynomial ring
in two variables k[ X, Y] over a field k of characteristic zero. The thesis gives a com-
plete proof of Rentschler’s Theorem, which describes all locally nilpotent derivations
of k[X,Y]. Then we present Rentschler’s proof of Jung’s Theorem, which partially
describes the group of automorphisms of k[X,Y]. Finally, we present the proof of the
Structure Theorem for the group of automorphisms of k[X,Y].
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Introduction

Throughout this thesis the word ring means a commutative ring with a unity.

A derivation of a ring B is a map D : B — B satisfying D(a+b) = D(a) + D(b)
and D(ab) = D(a)b+ aD(b) for all a,b € B.

A derivation D of a ring B is said to be locally nilpotent if:

for each b € B, there exists n € N such that D"(b) = 0.

Let k be a field. Given the ring B = k[X, Y], the polynomial ring in two variables

over k, two problems may be stated:

(1) Describe the structure of the group of automorphisms of the k-algebra k[ X, Y].

(2) Assuming that k has characteristic zero, describe all locally nilpotent derivations
of k[X,Y].

Problem (1) has been solved by Jung in 1942 and by van der Kulk in 1953. Problem
(2) was solved by Rentschler in 1968. The objective of this thesis is to present these
solutions, using the book of Freudenburg [6] as our main reference.

Let k be a field and n > 1, and let k[X},..., X,] be the polynomial ring in n
variables. The automorphism group of the k-algebra k[ X7, ..., X,,] is denoted GA,,(k),
and is called the general affine group in dimension n. Let Af,(k) be the set of
¢ € GA,, (k) given by

O(X;) = ay,; X1+ +an; X, +b;  for1<j<n,

where by,...,b, € k and (a;;) € GL,(k) and BA,,(k) be the set of ¢ € GA, (k) given
by
A(X;) = a; X + f; for 1 <i <n,
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where aq,...,a, € k*, fi € k, and f; € k[X;,..., X;_1] for all i such that 1 < i < n.
Then Af, (k) and BA,,(k) are subgroups of GA,, (k). The elements of Af, (k) are called
the affine automorphisms and those of BA,, (k) the triangular automorphisms; Af,, (k)
and BA, (k) are sometimes called the affine subgroup and the triangular subgroup
of GA,,(k). The subgroup of GA, (k) generated by Af, (k) UBA, (k) is called the
tame subgroup of GA,(k), and the elements of that subgroup are called the tame
automorphisms of k[Xy,..., X,]. An automorphism that is not tame is said to be

wild. Tt is natural to ask:
Is it the case that all automorphisms of k[X1,. .., X,,] are tame?

In 1942 Jung showed in his paper [9] that GAs(k) = (Afy(k) U BAy(k)) in the
particular case where k is of characteristic zero; in other words, he showed that all
automorphisms of k[X,Y] are tame. In 1953 van der Kulk showed in [10] that this
result is also true when k is of positive characteristic. The same article of van der
Kulk also contains a Structure Theorem for GAy(k) (Theorem 3.4.4 of this thesis),
which asserts that each element of this group has a unique factorization of a certain
kind. This result of van der Kulk completely describes the structure of the group
GAL (k).

It is interesting to note that the results of Jung and van der Kulk cannot be
extended in higher dimension. As we will see in the last chapter, there exist wild
automorphisms of k[X,Y, Z] and it is an open problem to describe the structure of
GA3(k).

The following theorem, proved by Rentschler in [18] in 1968, gives a complete
solution to the Problem (2) stated above:

Rentschler’s Theorem. Let B = k[X,Y| where k is a field of charac-
teristic zero, and let D : B — B be a locally nilpotent deriwation. Then
there exist a tame automorphism « of B and a polynomial f(X) € k[X]
such that co Doa™ = f(X)4-.

Rentschler also showed that his Theorem implies Jung’s Theorem as a corollary,

and this will be our approach for proving Jung’s Theorem in this thesis.



Let us discuss locally nilpotent derivations in general, to give some perspective
on Problem (2). We write LND(B) for the set of locally nilpotent derivations of a
ring B.

It was known before Rentschler’s article that locally nilpotent derivations are
closely related to group actions on algebraic varieties. More precisely, if X C C”
is an affine algebraic variety and A(X) is its affine coordinate ring (i.e., A(X) =
C[Xy, ..., X,|/I(X) where I(X) C C[Xy,...,X,] is the ideal of X), then studying
the locally nilpotent derivations of the ring A(X) is equivalent to studying the actions
of the algebraic group G, = (C, +) on the algebraic variety X. In particular, studying
the locally nilpotent derivations of C[X,Y] is equivalent to studying the actions of
G, on the algebraic variety C2. This is actually the reason why Rentschler proved
the above Theorem: his article [18] gives a complete description of all actions of G,
on C?, and he obtained that result as a consequence of his description of the locally
nilpotent derivations of C[X,Y].

Given an algebra B over a field k of characteristic zero, locally nilpotent derivations
may be used for investigating the automorphisms of B. Indeed, it can be shown that
for each D € LND(B) the map

exp(D): B — B
b — Y, LDMb)

is an automorphism of B as a k-algebra. In the case where B = k[Xy,..., X,], it is
conjectured that GA, (k) = (Af,(k) U {exp(D)| D € LND(B)} ), and it is believed
that in order to understand GAn(k) it will be necessary to first understand LND(B).
Locally nilpotent derivations are also very useful for defining invariants of rings.
For instance, if B is a ring then ML(B) = [\ p¢ xp s ker(D) is a subring of B which
is called the Makar-Limanov invariant of B. The ring invariants defined in terms of
locally nilpotent derivations are currently the subject of much research activity.
These are some of the reasons why locally nilpotent derivations are now regarded
as an important tool for investigating the structure of commutative rings. The aim of
the thesis is to present the basic theory of locally nilpotent derivations, and to show

how that theory can be used to investigate the ring k[X, Y.



This thesis is organised as follows:

Chapter 1 gathers some preliminaries on several topics: basic algebra, polynomial
rings and systems of variables, transcendence degree, degree functions and graded
rings.

Chapter 2 is about Locally Nilpotent Derivations. We first give some basic facts
from this theory, and prove the Slice Theorem. At the end of this chapter we present
the technique of homogenization of derivations, which has a particular importance
for the proof of Rentschler’s Theorem.

Chapter 3 focuses on the polynomial ring k[X, Y], and in particular on the above
problems (1) and (2). We give a complete proof of Rentschler’s Theorem, and deduce
Jung’s Theorem as a corollary. Our proof of Jung’s Theorem is based on the one given
in [6], which is essentially the one given by Rentschler. As we already mentioned, van
der Kulk showed that Jung’s Theorem is valid over an arbitrary field. However our
proof is only valid in characteristic zero.

We also give a complete proof of the Structure Theorem for GAy(k) (our proof
is for the case chark = 0). This, however, turned out to be more complicated than
expected. We were planning to follow the proof given in [6], but there is a step
in that argument that we could not understand. Namely, on page 90 of [6], one
considers an arbitrary x € GAy(k) and a factorization k = ch; - - - hy, satisfying certain
requirements, and one has to show that such a factorization of k is unique. On line
—T7 of that page, it is claimed that it is enough to prove the special case “x = identity”
of that statement; no justification is given for that claim, and we don’t see why it is
true. The case “x = identity” is correctly proved in [6], but as far as we can see, this
does not prove the Theorem. Resolving this issue added several pages to the proof,
so finally our proof of the Structure Theorem is quite different from that given in [6].

Chapter 4 gives some remarks on the locally nilpotent derivations and the auto-
morphisms of the polynomial ring in three variables. More precisely we observe that
Rentschler’s Theorem is not true in dimension 3 and that some elements of GA3(k)

are wild.

References. Our main references are Freudenburg’s book [6], Daigle’s lecture notes



[3], and the articles of Jung [9], van der Kulk [10] and Rentschler [18].

Since this thesis is of an expository nature, all results contained in it are known,
and in principle each result should come with a reference. We do that whenever
possible, but there remains a certain number of results for which we are unable to
find suitable references. Typically, these are simple results known to the experts, but
whose proofs are not published or hard to locate. An example of that is the sequence

of results (1.2.7, 1.2.9, 1.2.19, 1.2.20 and 1.2.22) on polynomial rings.



Chapter 1
Preliminaries

In this chapter, we recall some basic notions which will be used later in this thesis;

most of these results can be found in any textbook of commutative algebra.

1.1 Basic definitions

In this thesis, the word ring has the following meaning;:

Definition 1.1.1. A ring is a set B with two binary operations (addition and mul-

tiplication) satisfying:
1. (B,+) is an abelian group.
2. Multiplication is commutative, associative and distributive over addition:
xy =yx, for all x,y € B

(xy)z = x(yz), forall z,y,z € B

x(y+z2) =xy+axz, foral zy,z€ B.
3. Multiplication has an identity element, denoted 1 or 1p:

rl =z =1z, forall z € B.
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Definition 1.1.2. A unit of a ring B is an element x € B satisfying xy = 1 for some
y € B. The symbol B* denotes the set of all units of B.

A ring which has only one element is called a zero ring. It is well known that a

ring B is a zero ring if and only if 15 = 0p.

Definition 1.1.3. 1. An integral domain (or simply a domain) is a nonzero ring

B such that, for all z,y € B, the condition zy = 0 implies x = 0 or y = 0.
2. A field is a nonzero ring F' such that each element of '\ {0} is a unit.

Definition 1.1.4. A subring of a ring B is a subgroup of (B, +) which is closed under
the multiplication of B and which contains 1, the identity of B.

Definition 1.1.5. Let A and B be rings. A ring homomorphism from A to B is a
set map ¢ : A — B satisfying ¢(14) = 15 and:

Sﬁ(al + CL2) = @(@1) + 90(02) and ‘P(G1G2) = @(01)80(@2) for all ai,as € A.

For any ring B there exists exactly one ring homomorphism from Z to B. This

unique homomorphism 7 : Z — B is defined by:

.

1+1+---+1 ifn>0
—_—

Foreachn €Z, nn)=nlp=<¢ —(1+1+---+1) ifn<0

In|

{ 0 if n=0.
Note that ker n is an ideal of Z. So there exists a unique nonnegative integer p > 0

such that kern = (p).

Definition 1.1.6. The nonnegative integer p defined above is called the characteris-
tic of B.

It is easy to see that if B is a domain, its characteristic is either zero or a prime

number.
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Definition 1.1.7. Let B be a domain.

1. An element p of B is said to be irreducible if p ¢ B* U {0} and if the condition
p = xy (with 2,y € B) implies that {x,y} N B> # ().

2. An element p of B is said to be prime if p ¢ B* U {0} and if the condition p|zy
(with ,y € B) implies that p|z or p|y.

3. Two elements a and b are said to be associates in B, if a = ub for some u € B*.
The following result is Proposition 10 of the Section 8.3 of [4].
Proposition 1.1.8. In a domain B, every prime element is irreducible.

Proof. Let p be prime such that p = zy in B. Then p divides z or y (since p is prime).
Assume without loss of generality that p divides x, then x = up for some p € B. This
implies that * = up = pxy; so x(1 — yu) = 0. Since B is a domain and x # 0, we
thus have yu = 1, that is y € B*. Thus p is irreducible. O

Remark 1.1.9. The converse is not necessarily true.

Definition 1.1.10. A unique factorization domain (UFD) is a domain B such that
each element of B\ (B* U {0}) is a product of prime elements.

Ezample 1.1.11. 1. The ring Z of integers is a UFD.
2. A field is trivially a UFD.

3. If Ais a UFD, then the polynomial ring A[X}, -+, X,] is a UFD.
The following well known result is Proposition 12 of Section 8.3 of [4] but the

approach here is quite different.

Proposition 1.1.12. If B is a UFD, then an element of B 1is irreducible if and only
iof it is prime.

Proof. We have already shown in Proposition 1.1.8 that every prime element is ir-
reducible in a domain. Now assume that p is an irreducible element in B, then
p € B\ (B*U{0}) and since B is a UFD p can be written as p = ¢1¢2 - - - ¢»; where
all the ¢; for ¢ = 1,--- ,r are prime. But p is irreducible, this forces r = 1. Hence

p = ¢1 and then p is prime. ]
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Definition 1.1.13. Let A be a ring. An A-module is a a pair (M, ), where M is an
abelian group (written additively) and p is a mapping of A x M into M such that, if

we write ax for p(a,z) (a € A, x € M), the following axioms are satisfied:
1. a(z +vy) = ax + ay,
2. (a+b)x = azx + bz,
3. (ab)x = a(bx),
4. lx =x (a,be A; z,y e M).

A submodule of an A-module M is a subgroup N of M satisfying ax € N for all
a€ A xveN.

We shall assume that the reader is familiar with the basic concepts of the theory

of modules.

Definition 1.1.14. Let A be a ring. An A-algebra is a pair (B, f), where B is a ring

and f: A — B is a ring homomorphism.

Example 1.1.15. 1. Suppose A is a subring of a ring B. Then the inclusion map
i : A — B is a ring homomorphism, so (B,i) is an A-algebra. One says B is

an A-algebra without mentioning 7.
2. Let A be a ring. The zero ring is an A-algebra.

3. Let A be a ring and n € Z,. Then the polynomial ring A[X;,---,X,] is an
A-algebra with the inclusion homomorphism i : A — A[X;, -+, X,].

Remark 1.1.16. 1. If kis a field and (B, f) is a k-algebra such that B # 0, then
f is injective. So k can be canonically identified with its image in B. Thus
a nonzero k-algebra (where k is a field) is effectively a ring containing k as a

subring.

2. For any ring A, there exists a unique ring homomorphism Z — A. Thus every
ring is automatically a Z-algebra. Moreover, if A is of characteristic 0, then A

is a ring containing Z as a subring.



CHAPTER 1. PRELIMINARIES 10

3. Let (B, f) be an A-algebra. Given a € A and b € B, we can define a product
ab = f(a)b. This product confers to B a structure of A-module.

Definition 1.1.17. Let (B, f) and (C,g) be two A-algebras. An A-algebra homo-
morphism (or simply an A-homomorphism) h : B — C'is a ring homomorphism
which satisfies h o f = g. If this is the case, then h : B — (' is a homomorphism of

A-modules.
Remark 1.1.18. Let A be a ring.

1. Let C be a subring of two rings B and D. Then it is easy to check that a ring
homomorphism ¢ : B — D is a C-algebra homomorphism if and only if it
satisfies p(c) = c for all ¢ € C.

2. If B is an A-algebra, then the identity map B — B is an A-homomorphism.
3. A composition of A-homomorphisms is an A-homomorphism.

4. If ¢ : B — (' is a bijective A-homomorphism, then ¢! : C — B is an
A-homomorphism. In that case we say that ¢ is an isomorphism of A-algebras,

or simply an A-isomorphism.

Definition 1.1.19. Let A be a ring and (B, f) an A-algebra. A subalgebra R of B
is a subring R of B satisfying f(A) C R.

Remark 1.1.20. Let A be a ring.

1. If R is a subalgebra of an A-algebra B, then R is also an A-algebra and the

inclusion R — B is an A-homomorphism.

2. If B is an A-algebra then an arbitrary intersection of subalgebras of B is a

subalgebra of B.

3. Given (B, f) and (C,g) two A-algebras and an A-homomorphism h: B — C,
we have h(B) is a subalgebra of C.
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Definition 1.1.21. Let A be a ring, (B, f) an A-algebra and S a subset of B. The
subalgebra of B generated by S is defined to be the intersection of all subalgebras R
of B satisfying S C R. It is denoted by A[S].

Remark 1.1.22. Let A be a ring, (B, f) an A-algebra and S a subset of B.

1. The subalgebra A[S] of (B, f) is the intersection of all the subrings R of B
satisfying f(A) U S C R. In the case where A is a subring of B, A[S] is the
smallest subring of B containing AU S.

2. The subalgebra A[S] of (B, f) is the smallest subalgebra of B that contains S.

3. If S is a finite set, say S = {f1, -, fn}, we write A[f1, -, f,] instead of
A[{fla 7fn}]

4. If S = 0, then Af] = f(A).

1.2 Basic properties of polynomial rings

In this section we recall some basic results about polynomial rings which will be very

useful later in this thesis.

Definition 1.2.1. Given a ring A and n € Z,, we write A[Xy,---,X,] for the
polynomial ring in n variables over A. We assume that the reader is familiar with

this ring. Note the following:

1. Each element P of A[Xy, -, X,] is a formal expression
P = Z jy 5, XI - X3 where aj, .. j, € Aforall (ji, - ,j,) € N"
(j1,~--,jn)€N"

and a;, ... j, = 0 for all (ji,---,J,) except possibly finitely many of them. Note

that a polynomial is a formal sum, not a function.

2. The element aj, .. j, X7'--- X/ of this formal sum is called a monomial term of
p.
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3. If a;,..;, # 0, then the exponent j; of X, is called the degree in X; of the
monomial ajh...JHX{l o+ XJn. The sum j = j1 +jo+ - -+ jn is called the degree
of this monomial. A polynomial is called homogeneous if all its monomials with

nonzero coefficients a;, ... ;. have the same degree.

4. The degree of a nonzero polynomial is the largest degree of any of its nonzero

monomial terms. The degree of the zero polynomial is —oo.

5. If P is a polynomial in n variables, the sum of all the monomials in P of degree

m is called the homogeneous component of P of degree m (m € N).

Remark 1.2.2. o If P £ 0 is of degree n, then P may be written as the sum
Py+ P, +---+ P, where P,, is the homogeneous component of P of degree m,

for 0 < m < n (where some P,, may be zero).

e Note that A[Xy, -, X,] can be defined inductively by
A[le U 7Xn] = A[Xh o 7Xn—1HXn]~

This means that we can consider polynomials in n variables with coefficients in
A, simply as polynomials in one variable (say X,), but now with coefficients

that are themselves polynomials in n — 1 variables.

e The degree of a polynomial (as defined in part (4) of Definition 1.2.1) is an
element of NU {—o0}.

e When A is a domain we have A[X,--- . X,|* = A*.
Definition 1.2.3. Let A be a ring and B an A-algebra.

a. Given P =3, . a;,..;, X} - Xjr € A[Xy,---, X;] and (by,---,b,) € B",
we define P(by,--- ,b,) € B by:

P(by, -+ b)) = Y ag, g, b b
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b. Given b = (by,--- ,b,) € B", we define the map

evy: A Xy, , X, — B
P<X17'” 7Xn) ’—>P<b17 7bn)7

which we call “evaluation at b”.

The following is the universal property of the polynomial algebra. It implies,
among other things, that ev, is a homomorphism of A-algebras. The proof of the

universal property can be found in standard algebra textbooks.

Theorem 1.2.4. Let A be a ring, n > 1 and A[Xy,--- , X, the polynomial ring in n
variables over A. Then for any choice of an A-algebra (B, f) and of an n-tuple b =
(by,- -+ ,b,) € B", there exists a unique A-homomorphism ¢ : A[Xy,---,X,| — B
satisfying o(X;) = b; foralli=1,--- n.

Moreover, the following hold:
a. p=evy
b. Imp = Alby, -+ by = {P(by, - ,bn) | P € A[Xy, -, X,]}

Definition 1.2.5. Let A be a subring of a ring B. An element b € B is said to be
algebraic over A if there exists a nonzero polynomial P € A[T] such that P(b) = 0.
Otherwise b is transcendental over A. If P can be chosen to be monic over A then b
is said to be integral over A.

We say that B is algebraic over A if each element of B is algebraic over A.

We say that A is algebraically closed in B if each element of B\ A is transcendental
over A.

We say that A is integrally closed in B if no element of B\ A is integral over A.
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Definition 1.2.6. Let B be an algebra over a ring A. An element f = (fi,---, f.) €
B™ is said to be algebraically dependent over A if there exists P € A[Xy,---, X,,]\{0}
such that P(f1,---, fn) = 0. Otherwise f = (f1,---, fn) is said to be algebraically

independent over A.

Notation. Let B be an algebra over a ring A and let n € N. We write
B = Al
as an abbreviation for the sentence:
B is A-isomorphic to the polynomial algebra A[Xq,. .., X,].
Note that the conditions By = A" and By = A" do NOT imply that B, = Bs.

Corollary 1.2.7. Let B be an algebra over a ring A. If f = (f1,---, f.) € B" is
algebraically independent over A then A[fi,--- , f.] = Al

Proof. The universal property 1.2.4 implies that evy : A[Xy, -+, X,,| — A[f1, -, fa]
is a surjective A-homomorphism. If P € ker(evy) then P(fi,..., f,) = evy(P) = 0,
so P = 0 since f is algebraically independent over A. Therefore ker(ev;) = 0 and so

evy is an A-isomorphism. O

The converse of Corollary 1.2.7 is true, but is more difficult to prove. We will

prove it in Proposition 1.2.22.

Ezample 1.2.8. 1. Let B = C[X,Y, Z]; the element X?Y3+1 of B is transcendental
over C, so Corollary 1.2.7 implies that C[X2Y? 4 1] = Clll.

2. Let B=C[X,Y,Z] and (X?,Y3 Z?) € B Since (X2, Y3, Z?) is algebraically
independent over C, Corollary 1.2.7 implies that C[X?, Y3, Z?] = CBl,

Proposition 1.2.9. For an algebra B over a ring A, the following conditions are

equivalent:

a. B= Al
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b. There exist fi,--- , fn € B such that (f1, -+, fn) is algebraically independent
over A and A[f1, -, fu] = B.

Proof. b) = a) is Corollary 1.2.7.
a) = b) The condition B = Al implies that there exists an A-isomorphism ¢ :
AlXy, -, Xp] — B. Set fi = ¢(X1),- -+, fn = &(X,,). Since ¢ is an A-homomorphism
that sends X; to f; for all i = 1,...,n, we must have Im(¢) = A[f, -, fu] by part
(b) of Theorem 1.2.4. As ¢ is surjective, B = Im(¢) = A[f1, -, ful-

Note that ¢ = ev; by part (a) of Theorem 1.2.4. If P € A[X,,---,X,] is such
that P(f1,---, fn) = 0 then ¢(P) =evy(P) = P(f1,---, fn) =0, so P =0 since ¢ is
injective. Thus (f1,---, f,) is algebraically independent over A. O

Definition 1.2.10. A ring B is Noetherian if it satisfies the following equivalent

conditions:

(i) Every infinite ascending sequence Iy C I; C Iy C --- of ideals of B stabilizes;

that is there exists a nonnegative integer n such that I, = I,,11 = [0 = ---.
(ii) Every non empty collection of ideals of B has a maximal element.

(iii) Every ideal of B is finitely generated.

Example 1.2.11. Every field is a Noetherian ring.

The following basic results on Noetherian rings (1.2.12-1.2.15) can be found in
Chapter 7 of [1].
Theorem 1.2.12 (Hilbert’s Basis Theorem). If A is a Noetherian ring then so is the
polynomial ring A[X].
Corollary 1.2.13. If A is a Noetherian ring, then so is the polynomial ring in n

variables A[Xy, -, X, for every n > 1.

Lemma 1.2.14. If A is a Noetherian ring and A — B is a surjective ring homomor-

phism then B is a Noetherian ring.

Lemma 1.2.15. Any finitely generated algebra over a Noetherian ring is itself a

Noetherian ring.
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The following result is Exercise 10, Section 2, Chapter 1 of [11].

Lemma 1.2.16. Let B be a Noetherian ring and ¢ : B — B a ring homomorphism.

If p is surjective then o is bijective.

Definition 1.2.17. Let A be a ring, n € Z, and B = A[X4, -, X,] a polynomial
ring in n variables over A. A system of variables in B is an n-tuple (fi,--- , f,) € B"
satisfying B = A[f1, -, [l

Ezample 1.2.18. Let B = C[X,Y, Z].
1. (X,Y,Z) is a system of variables in B.
2. Since C[X,Y,Z + X?Y] = B, (X,Y,Z + X?Y) is a system of variables in B.

3. We have C[X,Y,Z, XY + Z% = B but (X,Y,Z, XY + Z?) is not a system of

variables in B (because such a system must be a triple by definition).

Proposition 1.2.19. Let A be a ring and B = A[Xy,--- , X,|. Let (f1, -, f.) € B"

be a system of variables in B. Then:
i. (fi,--+, fn) is algebraically independent over A.

ii. There exists an A-automorphism ® : B — B such that ®(X;) = f; for all

1=1,...,n.

Proof. We have A[fy, -, f,] = B since f = (f1,---, f) is a system of variables in
B. Consider the A-homomorphism evy : A[Xy, -+, X,] — A[Xy, -+, X,]. Then
Im(evy) = Alf1, -, fu] = B, so evy is surjective.

To prove the Proposition, it’s enough to prove that condition (i) is true. Indeed,
if (f1,...,fn) is algebraically independent over A then ker(evy) = 0, so ev is an
A-automorphism, so ® = ev; satisfies condition (ii).

So let us prove that f = (f1,..., f.) is algebraically independent over A. We first
prove this in the case where A is Noetherian. Then A[X7, -, X,,] is Noetherian by
Corollary 1.2.13 and evy : A[Xy, -+, X,] = A[Xy, -+, X,] is surjective, so Lemma
1.2.16 implies that ev is an A-automorphism. Therefore ker(evy) = {0} and so f is

algebraically independent over A.
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We now drop the assumption that A is Noetherian. By contradiction, assume that
(f1,--., fn) is algebraically dependent over A. Then there exists Q € A[Ty,...,T,]\
{0} such that Q(f1,..., fn) = 0 (where A[T},...,T,] is a polynomial ring in n vari-
ables over A). Since A[fi,..., f.] = B, there also exist Py,..., P, € A[Ty,...,T,]
such that X; = P;(f1,...,fn) for i = 1,...,n. Choose a finite subset S of A such
that all coefficients of Q, Py, ..., P,, fi,..., f, belong to S.

Consider the minimal subring R of A. Since R is isomorphic to Z or to Z/mZ for
some m > 0, R is a Noetherian ring. Since S is finite, the subring Ay = R[S] of A is
a finitely generated algebra over R, so Ay is Noetherian by Lemma 1.2.15. Note that
fi,oo oy fn € Al X, .., X and Q, Py, ..., P, € Ao[Th,...,T,]. Foreachi=1,...,n
we have

Xi=PF(fi,..., fa) € Aolf1,. .., ful-

It follows that Ag[f1, ..., fu] = Ao[X1,. .., Xn], 80 (f1,..., fn) is & system of variables
of Ag[Xi,...,X,]. Since Aq is Noetherian, the first part of the proof implies that
(f1,..., fn)is algebraically independent over Ay. But Q € Ay[T1,...,T,]\{0} satisfies
Q(f1,-..,fn) =0, so we have a contradiction. O]

Corollary 1.2.20. Let A be a ring and let (f1,---, fn) be a system of variables of
A[Xq, -+, Xy]. Then for each A-algebra B and each (by,--- ,b,) € B", there exists
a unique A-homomorphism ® : A[Xy,---,X,| — B such that ®(f;) = b; for all

1=1,...,n.
Proof. Write f = (f1,..., fn). By Theorem 1.2.4, there exist unique A-homomorphisms
U:AXy, -, X, — B and ¢: A[Xy, -, X, — A[Xy, -, X

such that U(X;) = b; and ¢(X;) = f; for i = 1,--- ,n. By the same result we have
¢ = evy and Im(¢) = A[f1,..., fu], so ¢ is surjective (note that A[Xy,---, X,] =
Alfi,-- -, fa] since fis a system of variables of A[X,--- | X,]). By Proposition 1.2.19,
f is algebraically independent over A, and this implies that ker(¢) = ker(evy) = 0, so

¢ is an A-automorphism of A[Xy, ..., X,]. Thus we obtain the following commutative
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diagram.

AlXy, - Xy ——=B
Yog
A[le" aXn]

Set ® = Wo ¢!, then clearly ®(f;) =b; foralli =1,--- n.

If " : A[Xy,---,X,] — B is any A-homomorphism satisfying ®'(f;) = b; for
all 7, then ® o ¢ sends X; to b; for all i, so &’ o ¢ = ¥ by uniqueness of W. Then
®’' = Uo ¢! = @, proving uniqueness. m

Ezample 1.2.21. The triple (X,Y, Z + X?Y) is a system of variables in Z[X,Y, Z], R
1
is a Z-algebra and (\/5, 7 \/5) € R3. So Corollary 1.2.20 implies that there exists a
1
unique Z-homomorphism ® : Z[X,Y, Z] — R such that ®(X) = /2, (V) = = and
O(Z+ X2%Y) = /3.

Proposition 1.2.22. Let B be an algebra over a ring A, let (f1, -+, f.) € B™ and
consider the subalgebra A[f1, -, fu] of B. The following are equivalent:

2. (f1, -+, fn) is algebraically independent over A.

Proof. 2) = 1) is Corollary 1.2.7.
1) = 2). Since A[f1,---, f.] = APl there exists an A-isomorphism

O Alfr - ful — AlXG e X,

Set g; = ®(f;), i=1,--- ,n. We have g; € A[Xy,---,X,] for all i, so Algy,--- , gn] C
A[Xy, -+, X,]; let us prove that equality holds. Let @ € A[Xy,---,X,]. Since
® is surjective there exists & € A[fy, -, fu] such that ®(§) = Q. We have £ =
P(fi,--+, fn) for some P € A[X;,---,X,], so

Q=o(&) =2(P(fr,-, fu) = Plg1,- -+ ,9n) € Algr, -+, gnl-

So Algr, -+ ,gn] = A[X1, -+, X, hence g = (g1, -+ , gn) is a system of variables. By
Proposition 1.2.19, (g1, - , gn) is algebraically independent over A.
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If He A[Xy,---,X,] is such that H(fy,---, f,) =0, then

H(gi, -y 90) = H(®(f1),. .., (fn)) = P(H(f1, -+, fa)) =0,

so H = 0 because (g1, - ,gn) is algebraically independent over A. This shows that
(fi,---, fn) is algebraically independent over A, so (1) = (2). ]

We generalize the notion of a system of variables (compare with Definition 1.2.17):

Definition 1.2.23. Let A be a ring and B = A™. By a system of variables in B, we
mean an n-tuple (fi,..., f,) € B" satistying B = A[f1,..., fa]-

Remark 1.2.24. Let A be a ring and B = A,

1. There exists a system of variables in B. Indeed, there exists an A-isomorphism
¢ A[Xy, ..., X,] = B; then (¢(X1),...,0(X,)) is a system of variables in B.

2. If (f1,..., fn) is a system of variables in B, then (fi,..., fn) is algebraically
independent over A. Indeed, this follows from Proposition 1.2.22.

1.3 Degree functions and factorially closed subrings
Definition 1.3.1. Let B be a ring. A Z-valued degree function on B is a set map
deg: B — Z U {—o0}
satisfying the following conditions for all f, g € B:
1. deg(f) = —oc if and only if f = 0;
2. deg(fg) = deg(f) + deg(g);

3. deg(f + g) < max{deg f,deg g}.

An N-valued degree function on B is a set map deg : B — N U {—oc} that satisfies
the above conditions 1 — 3 for all f,g € B.

By a degree function, we mean either a Z-valued or an N-valued degree function.
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Ezxample 1.3.2. Let B = A[Xy,---,X,] be the polynomial ring in n variables over
a ring A. Given f € B, let deg(f) denote the usual degree of f as a polynomial
in Xj,---,X, (as defined in Definition 1.2.1), and recall that deg(0) = —oo by
convention. This defines a set map deg : B — N U {—oc}, f +—— deg(f). Tt is
well known that if A is an integral domain then this map deg: B — NU{—o00} is a
degree function in the sense of Definition 1.3.1. If A is not an integral domain then
we have deg(fg) < deg(f)+ deg(g) for all f, g € B, but equality does not necessarily

hold, so the map deg is not necessarily a degree function.
The following lemma is Exercise 4.2 of |3].

Lemma 1.3.3. If B is a nonzero ring that admits a degree function, then B is an

integral domain.

Proof. Let deg : B — M U {—o00} be a degree function (where M is either Z or N).
Let f,g € B\ {0}. Then deg(f),deg(g) € M and deg(fg) = deg(f) + deg(g) € M,
so deg(fg) # —o0, so fg # 0. O

Ezample 1.3.4. Let B = A[X,Y] = AP be a polynomial ring in two variables over a
domain A. Consider the two systems of variables f; = (X,Y), fo = (X + Y% Y) in
B and the element P = X + Y? of B. If we denote by deg;, and degy, the degree

functions associated to the systems of variables f; and f5 respectively, then we have
degy, (P) = 2 and deg, (P) = 1.

The following result is Exercise 4.5 of [3].

Lemma 1.3.5. Let ¢ : B — B’ be an injective ring homomorphism. If d : B —»

NU{—o0} is a degree function, then doy : B — NU{—o00} is also a degree function.
Proof. Straightforward. O

Lemma 1.3.6. Let A be a domain and B = A"\, Then each system of variables
f={(f1, ..., fn) in B determines an N-valued degree function

deg; : B — NU{—o0}

that has the following property:
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(%) for each b € B, deg;(b) is equal to the degree of the unique polynomial
P(Xy,...,X,) € A[Xq,...,X,] that satisfies b= P(f1,..., fn)-

Proof. Let f = (f1,..., fa) be a system of variables in B (i.e., B = A[f1,..., f.]). Let
A[Xq,...,X,] be the polynomial ring in n variables and consider the A-homomorphism
evy: A[Xy,...,X,] = B. Since B = Alfi,..., fu], evyis surjective. Since (f1,..., fn)
is algebraically independent over A, ev; is injective. So we may consider the A-
isomorphism ¢ = (ev;)™!': B — A[Xy,...,X,]. Let d: A[Xy,...,X,] > NU{—oc}
be the standard degree function on A[X, ..., X,] (i.e., d(g) = degree of g as a poly-

nomial in X7,..., X,) and define
deg; =do¢: B — NU{~oo}.

By Lemma 1.3.5, deg; is a degree function on B. For each b € B, ¢(b) is equal to the
unique polynomial P(Xq,...,X,) € A[Xy,...,X,] that satisfies b = P(f1,..., fn).
So deg; satisfies condition (). O

Definition 1.3.7. Let A C B be domains. We say that A is factorially closed in B
if:
Ve,y € B\ {0}, xzye€ A= z,yc A

Ezxample 1.3.8. Let B[X] be the polynomial ring in one variable over an integral
domain B. Then B is factorially closed in B[X].

The next result gives an important property of N-valued degree functions. Note
that Z-valued degree functions do not have the analogous property.
The following is Lemma 5.2 of [3].

Lemma 1.3.9. Let B be a domain with a degree function deg : B — N U {—oc}.
Then the set {x € B| degx < 0} is a factorially closed subring of B.

Proof. Clearly this set is a subring of B and for x,y € B\ {0} such that deg(zy) < 0,
we have deg(z) < 0 and deg(y) < 0, since deg(zy) = deg(z) + deg(y) and the degree

function has values in N U {—o0}. O
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Lemma 1.3.10. If A and B are two domains such that B = A" then A is factorially

closed in B.

Proof. Let X = (Xy,---,X,) be a system of variables in B. By Lemma 1.3.6, X
determine a degree function deg : B — N U {—o00} (in the sense of Definition 1.2.1)
such that { P € B| deg(P) <0} = A. By Lemma 1.3.9 we have that A is factorially
closed in B. []

Ezample 1.3.11. Let B = k[X,Y] = k@ where k is a field and A = k[X?] be a
subring of B. Then we have B # Al In fact assume that B = A then A must be
factorially closed in B. But X € B\ {0} and X ¢ A while XX = X? € A, s0 A is
not factorially closed in B. Hence B # Alll.

The following proposition can be found in [3] as Exercise 5.7.

Proposition 1.3.12. Given A and B two domains such that A C B, we have:

A is factorially closed in B = A 1is algebraically closed in B

= A is integrally closed in B.

Proof. Assume that A is factorially closed in B and consider b € B algebraic over A.
Let f € A[T]\ {0} of minimal degree such that f(b) = 0. If b = 0 then b € A. Now
assume that b # 0 and f(T) = > ,a 1" € A[T), a, #0 (n > 1).

f(b) =0= ap+ab+ay’+ - +a,b" =0
—> a1b+ agh® + -+ a,b" = —ag
— bg(b) € A,

where g(T) = a; + ayT + -+ + a,T""! € A[T] is nonzero because a, # 0. Since
deg(g) < deg(f), we have g(b) # 0 and hence b € A (because A is factorially closed
in B and bg(b) € A). Hence A is algebraically closed in B.

Assume now that A is algebraically closed in B, and let C' be the set of integral
elements of B over A. We show that A = C. For all a € A, we have f(X)=X —a €
A[X]\ {0}, and f(a) = 0, so A C C. Moreover, if ¢ € C' then f(c) = 0 for some
nonzero monic f € A[T] so ¢ is algebraic over A and hence ¢ € A, showing that
C C A. Thus A = C and so A is integrally closed in B. m
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Lemma 1.3.13. Let A be a domain and f € B = A[Xy,---,X,] = AP Ifdeg(f) =

d > 1 then f is transcendental over A.

Proof. By Lemma 1.3.10, A is factorially closed in B. So A is algebraically closed in
B by Proposition 1.3.12. Since f € B\ A, f is transcendental over A. m

Definition 1.3.14. A field L is said to be algebraically closed if every nonconstant
polynomial in L[X] splits in L[X].

Proposition 1.3.15. Let B = k™, where k is an algebraically closed field. Given
f € B\ k and A= k[f] a subring of B, the following are equivalent:

(1) A is factorially closed in B.

(13) For all N € k, f — X is irreducible in B.

Proof. (i) = (ii) Note that f is transcendental over k¥ and hence A = k[f] = k!
by Corollary 1.2.7. So f is a system of variables in A and, by Lemma 1.3.6, we may
consider the degree function deg, : A — N U {—o0} associated to f (that is, if
w € A then deg;(w) is the degree of w as a polynomial in f). Assume that f—X = gh
where g,h € B\ {0}. Since f — X € A, then we must have g,h € A since A is
factorially closed in B; but f — X\ = gh = deg;(f — \) = deg;(g) + deg;(h) that is
1 = deg;(g) + deg;(h), so deg;(g) = 0 or deg;(h) = 0 and thus g € k* or h € k*.
Therefore f — X is irreducible in B.

(i1) = (i) Let g,h € B\ {0} such that gh € A = k[f]. Then there is P(t) € k[t]
such that gh = P(f).

If deg,(P) < 1, then we have P(t) € k* and so gh = P(f) € k*. Thus g,h € k*
since by Lemma 1.3.10, k is factorially closed in B; therefore g, h € A.

Now if m = deg,(P) > 1, then P(t) = I, (t — \;) where A € k* and \; € k, i €
{1,---,m}, since k is a algebraically closed field. Thus gh = P(f) = A", (f — \);
since f — \; is irreducible in B for all 4, g and h are subproducts of A1, (f — ;) and
hence g,h € A. O]

Ezample 1.3.16. 1. Let B = k[X,Y] = kPl where k is an algebraically closed field.
We have f = XY +1 € B\ k but f —1 is not irreducible in B. Thus k[f] is

not factorially closed in B.
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2. B=C[X,Y]=CPland f = X?2+Y? € B\ {0}. We have C[f] is not factorially

closed since f is not irreducible in B.

3. Let B = k[X,Y] = klZ where k is an algebraically closed field; we have k[X? +
Y3] is factorially closed in B since for all A € k, X? — Y3 — X is irreducible in
B.

The following lemma can be found in |3] as Exercise 5.4.

Lemma 1.3.17. Let A be factorially closed subring in a domain B. The following
hold:

1. A* = B*.

2. An element of A is irreducible in A if and only if it is irreducible in B.
3. If an element of A is prime in B then it is prime in A.

4. If B is a UFD then so is A.

Proof. 1. Since A is a subring of B we have A* C B*. Now let x € B*, we have
x # 0 and there is y € B\ {0} such that xy = 15. Morever 15 € A since A is
a subring of B. Thus we have z,y € A, and so x € A*. Hence B* C A* and
thus A* = B*.

2. =) Let p € A be an irreducible element in A. We have p ¢ B*U{0} (by part
(1)). Moreover assume that p = ab in B, then a,b € A (since A is factorially
closed in B and p € A), thus a € A* = B* or b € A* = B* (since p is
irreducible in A). Therefore p is irreducible in B.
<) Now assume that p € A is irreducible in B, we have p ¢ A* U {0} (by 1).
Let a,b € A such that p = ab we have a € B* = A* or b € B* = A* (since p

is irreducible in B). Hence p is irreducible in A.

3. Let p € A such that p is prime in B. Then p € A\ (A% U {0}) (by part (1)).
Given a,b € A such that plab in A, we have p|a or p|b in B (since p is prime in

B). We may assume that p|a in B. Then there exists € B such that pr = a.
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Since A is factorially closed in B it follows that z € A, so p|a in A. This shows
that p is prime in A.

Let a € A\ (A*U{0}). Then a € B\ (B* U{0}), so we have a = p1ps - pm
where p;, i = 1,--- ,m are prime elements in B. But all p; are in A (since A is
factorially closed) and so they must be prime in A (by part (3)). Therefore A
is a UFD.

[l

1.4 Z-graded rings

Definition 1.4.1. A Z-graded ring is a ring B together with a direct sum decomposi-
tion B = @®yez By, where all the B, are subgroups of (B, +) satisfying B, B, € Bpin

for all n,m € Z. The decomposition B = ®,,czB,, is called a Z-grading of B.

Remark 1.4.2. Let B = &,¢2B, be a Z-graded ring.

1.

An element of B is homogeneous if it belongs to U,cz B,,.

. If f € B is homogeneous and f # 0, then there is a unique d € Z such that

f € By. In this situation we say that f is homogeneous of degree d.

. The element 0 is homogeneous of degree —oc.

. An element f of B is of the form f =" _, f,, where f, € B, for all n € Z,

and f, = 0 for all n except possibly finitely many of them. So f is a finite sum

of homogeneous elements and this decomposition is unique.

Ezample 1.4.3. Take B = k[X] where k is a field.
We define

B _ span { X"} ={aX"|a €k} ifn>0
R if n < 0.

Clearly B = ®,¢czB,, so k[X] is a Z-graded ring.
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Ezample 1.4.4. Let k be a field and consider the polynomial ring B = k[ X1, -+, X,,].
Let w = (w1, ,wy) € Z", and for each d € Z define

By = span, { X{* X5% -+ X

(1, -+ ,en) € N" and eqwy + -+ + epw, = d} .

In fact B is a k-vector space and each By is a subspace of B. Clearly B =
k[X1, -+, X, = ®aezBg and By, Bg, C Bg 14, for all di,ds € Z. So the n-tuple
w determines a Z-grading of B. In this grading, if an element f is homogeneous of
degree d, then we write deg,(f) = d.

The Z-grading defined above is such that deg,(X;) = w;, ¢ = 1,--- ,n and is
called an w-grading of k[Xy,---,X,]. When w = (1,--- 1), the grading is called
the standard Z-grading of B. A polynomial that is homogeneous with respect to the

standard Z-grading is called a standard homogeneous polynomial.

Ezxample 1.4.5. Let B = k[X,Y] where £k is a field, and let w = (2, —3). Then we have
the w-grading B = ®,,¢zB,,, where B, = span, { X'Y7 | 2i — 35 = n}. The elements
X?%Y and X?Y +X°Y? are homogeneous of degree 1; the element XY is homogeneous
of degree —1.

Lemma 1.4.6. Let B = ®,czB, be a Z-graded ring. The following hold:
(Z) 1 € By
(i) The subgroup By is a subring of B.

Proof. We have 1p € B, then 15 =), _, fn, where f,, € B,,. Thus for every g,, € By,
(m € Z), we have g, = gm-1p = >, c7 fugm and fogm € Bypin. Consequently
fugm = 0 for all n # 0. It follows that if n # 0 then f,g = 0 for all g € B. In
particular for g = 1, we have f,, = 0 for any n # 0. Hence 1 = f, € By. Moreover,
By is a subgroup of (B, +), 1p € By and ByBy C By, so By is a subring and then (i7)

is shown. O
Definition 1.4.7. Let B = ®4c7 B4 be a Z-graded ring.

a) Let f =3 ,., fa be an element of B (where f; € By for all d € Z). The set
supp(f) ={d € Z| f; # 0} is finite and is called the support of f.
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b) We define the set map

deg: B — Z U {—o0}
Fos max(supp(f)) if f # 0
—00 if f=0.
Remark 1.4.8. Let B be a Z-graded ring.

a) The map deg: B — Z U {—o0} defined in Definition 1.4.7 satisfies:

(i) deg(f) = —c0 <= [ =0

(i) deg(fg) < deg(f) +deg(g) V f,g€ B

(iii) deg(f +g) < max{deg f,degg} V f,g € B

(iv) If deg(f) # deg(g), then deg(f + g) = max{deg(f), deg(g)}-

b) Assume that B is a domain. Then equality holds in a-ii) and consequently the

map deg : B — ZU{—o0} is a degree function in the sense of Definition 1.3.1.
We call it the degree function determined by the grading.

Proposition 1.4.9. Let B be a Z-graded domain and let f,g € B\ {0}. If fg is

homogeneous, then f and g are homogeneous.
Proof. For f € B\ {0}, set m(f) = min(supp(f)) and define the map:

L:B\{0} — N
[ deg(f) —m(f).

Since B is domain, we have m(fg) = m(f)+m(g) and consequently L(fg) = L(f)+
L(g). Now observe that an element f € B\{0} is homogeneous if and only if L(f) = 0.

Thus since fg is homogeneous, we have:

L(fg) =0= L(f) + L(g) =

0
— L(f) = L(g) = 0.

Therefore f and g are homogeneous. O]
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1.5 Rings of fractions and transcendence degree

Definition 1.5.1. Let A be a ring. A subset S of A is said to be multiplicatively

closed if 14 € S and S is closed under multiplication.

FEzample 1.5.2. e Given a € A, the subset S = {a"},>0 of A is multiplicatively

closed.

e If p is a prime ideal of a ring A, the subset S = A\ p of A is multiplicatively

closed.

If S is a multiplicatively closed subset of a ring A then we can form the ring S—'A,
called the ring of fractions of A with respect to S. If M is an A-module then we
can form the S~!A-module S~'M, called a module of fractions. We assume that the

reader is familiar with the basic properties of S~1A4 and S~'M.

Notation. Let A be a ring and S a multiplicatively closed subset of A.
e Ifa € Aand S ={a"},>o, then we write A, for S~'A.
e If p is a prime ideal of A and S = A\ p, we write A, for S~1A.

Remark 1.5.3. Given a ring A and a multiplicatively closed subset S of A, the
following hold:

(a) S~'A is the zero ring if and only if 0 € S.

(b) Let A, B be two rings such that A C B, and let S a multiplicatively closed
subset of A. Then we have S™'A C S~'B. Moreover, if M C N are A-modules
then S~™'M C SIN.

The following proposition is the first Remark of the Chapter 3 of [1].
Proposition 1.5.4. If A is a domain and S = A\ {0}, then S™'A is a field.

Proof. Clearly by Remark 1.5.3, S™'A # 0. Furthermore for all a/s € S7'A\ {0} we
have a # 0 so s/a € ST'A. Thus (a/s)(s/a) =1/1 =1g-14 and S~'A is a field. [



CHAPTER 1. PRELIMINARIES 29

Definition 1.5.5. Let A be a domain. The field S~ A defined in the previous propo-
sition is called the field of fractions of A. It is denoted by Frac A.

Remark 1.5.6. If A is a domain of characteristic zero, then Q C Frac A.

Theorem 1.5.7. Let A be a domain and k a field. If p: A — k is a ring monomor-

phism, then there is a unique homomorphism ¢ : Frac(A) — k such that o(t) = ¢(t)
for allt € A C Frac(A).

A—"—k
=
Frac(A)
Proof. This is Theorem 1.17 of [2]. O

Remark 1.5.8. Let A be a domain and k a field containing A. Then we have
Frac(A) C k. The field Frac(A) is the smallest subfield of k£ containing A.

Lemma 1.5.9. Let A, B and C' be domains, and let ¢ : A — B be a ring monomor-
phism. There exists a unique ring homomorphism v, : Frac A — Frac B which
satisfies p.(t) = (t) whenever t € A C FracA. That is the following diagram
commutes:

A—*"—B

.

Frac A —— Frac B

Moreover this construction has the following properties:

o Ifp:A— B and 0 : B — C are monomorphisms between integral domains,
then (6 0 @), = 6, o p,.

e For any integral domain B, the identity homomorphism id : B — B induces
the identity homomorphism id, : Frac B — Frac B.

A—* . p_ % (¢ B—14 .p

NS N T

Frac A —— Frac B —— Frac C Frac B ——Frac B
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Proof. This follows from Theorem 1.17 of [2]. O
Notation. If k is a field, k™ = Frac(k")) = field of fractions of k.

Definition 1.5.10. Let A be a ring. A sequence (M;, f;); where M; is an A-module

and f; an A-linear map, defined as:

fi fis1

=M, ——M;—— My —— -

is said to be ezact at M; if Im(f;) = ker(f;11). Such a sequence is said to be ezact if
it is exact at each M.

In particular the sequence:

0 M’

is exact if and only if it is exact at M’, M and M", if and only if f is injective, g is
surjective and Im(f) = ker(g). The last sequence, when it is exact, is called a short

exact sequence.
The following result is Proposition 3.3 of Chapter 3 of [1].

Proposition 1.5.11. Let A be a ring, f : M' — M and g : M — M" two

A-module homomorphisms. Given S a multiplicatively closed subset of A, we have:

(a) The map S™f : ST'M' — S™*M, m/s —— f(m)/s is a well defined S~ A-
module homomorphism. Moreover, S~ (go f) = (S71g) o (S71f).

(b) The operation S~ is exact: If M Lo M2 M" s eract at M, then
-1 —1
S 2L 510 2L SN is exact at STVM.

Proof. a) is straightforward.

Now by assumption in b) we have go f = 0, hence S~'go S~ f = S71(0) = 0; thus
Im(S™'f) C ker(S™'g). Let m/s € ker(S™'g), we have g(m)/s = 0 in S~'M; hence
there exists ¢t € S such that tg(m) = 0 in M". But tg(m) = g(tm), since g is an A-
module homomorphism. Thus tm € ker(g) = Im(f), therefore there exists m’ € M’
such that tm = f(m’).

Hence in S™'M, we have m/s = f(m/)/st = (S~ f)(m'/st) € Im(S71f).

Thus ker(S~'g) C Im(S~!f). Therefore b) is shown. O
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Definition 1.5.12. Let L, K be two fields such that K C L. Then we say that K is
a subfield of L or L is an extension (field) of K.

1. A subset {s1,---,s,} of L (where n > 1 and sq,---,s, are distinct) is alge-
braically independent over K if there is no P € K[Xy,---,X,] \ {0} such that
P(s1,-++,8,) = 0. An arbitrary subset S of L is called algebraically indepen-
dent if every finite subset of S is algebraically independent. A subset S of L is
algebraically dependent over K if it is not algebraically independent.

2. A field L is said to be an algebraic closure of a subfield K when it is algebraically

closed and algebraic over K.

3. If S is a subset of L, we define K(S) to be the intersection of all subfields of L
that contain K U S. Then K(S) is a field such that K C K(S) C L. The field
K(S) is the smallest subfield of L containing K and the subset S.

If S ={sy, - ,s,} C L, then it can be shown that K(sy,---,s,) is the set

M Where f(X17... ’Xn),g<X17... 7Xn) &
g(s1,++ , sn)
K[Xla"' 7Xn] and 9(517"' 7Sn) 7&0

of elements of the form

Remark 1.5.13. Let KX C L be a field extension.
(a) The empty set is algebraically independent over K.

(b) If b € L, then {b} is algebraically independent over K if and only if b is tran-

scendental over K.

Theorem 1.5.14. Let F C K C L be field extensions. If K is algebraic over F and

L s algebraic over K, then L is algebraic over F.
Proof. This is Theorem 20 in chapter 13 of [4]. O

Notation. Let K C L be a field extension. We denote by K the set of all elements of

L which are algebraic over K.

Proposition 1.5.15. Let K C L be a field extension. The subset K of L is a subfield
of L containing K and the extension K C K is algebraic.
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Proof. This is corollary 19 in chapter 13 of [4]. O

Definition 1.5.16. Let K C L be a field extension. A transcendence basis of K C L
is a subset S C L satisfying:
e S is algebraically independent over K;

e L is algebraic over K(S5).
Lemma 1.5.17. Let K C L be a field extension.

o A transcendence basis of K C L is a maximal subset (with respect to inclusion)

of L which is algebraically independent over K.

o [fS is a subset of L such that L is algebraic over K(S) and S is minimal among

subsets of L with this property, then S is a transcendence basis of L over K.
Proof. These are Proposition 9.12 and Lemma 9.9 of [13]. O
Theorem 1.5.18. Let K C L be a field extension.

1. There exists at least one transcendence basis of K C L.
2. Any two transcendence bases of K C L have the same cardinality.
Proof. These are shown in Theorem 19.14 and 19.15 of [14]. O

Definition 1.5.19. The transcendence degree of K C L is the cardinality of a tran-
scendence basis of K C Lj; it is denoted by trdeg (L).

Proposition 1.5.20. Let K C L C M be field extensions. Then we have
trdegy (M) = trdeg (L) + trdeg; (M).
Proof. This is Proposition 19.18 of [14]. O

Corollary 1.5.21. Let K C L C M be field extensions. Then we have
trdegy (M) < oo if and only if trdegy (L) < oo and trdeg; (M) < occ.

Proof. This follows from Proposition 19.18 of [14]. O
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Ezample 1.5.22.  (a) A field extension K C L is algebraic if and only if trdeg, (L) =

0 (the empty set is a transcendence basis).

(b) Let K[Xi,---,X,] be a polynomial ring over a field K, and consider L =
K(Xy,---,X,) the field of fractions of K[X7,--- , X,,]. The subset {X;,---,X,,} C

L is a transcendence basis of the field extension K C L, hence trdeg; K (X, -, X,)

n. Furthermore, K(X1,---,X,) = Frac(K[X,, -+, X,]) = Frac(KI") = K™,
hence trdeg, K™ = n.

Lemma 1.5.23. Consider the polynomial ring B = A[Xy,---,X,] where A is a
domain. Then Frac B = (Frac A)(Xy, -, X,,).

Proof.
We have B = A[X, -+, X,] C (Frac A)[ Xy, -, X,)]
C Frac((Frac A)[ Xy, -+, X,]) = (Frac A)(Xq, -+, X,).
Since (Frac A)(Xy,---,X,,) is a field that contains B, we have
B C Frac B C (Frac A)(Xy, -+, X,).

Since A C B we have Frac A C Frac B. Furthermore, since Frac A C Frac B and
Xy, , X, € Frac B, we have (Frac A)(Xy, -+, X,) C Frac B.
So Frac B = (Frac A)(Xy, -, X,,). O

Notation. Given A, B two domains such that A C B, we define trdeg,(B) to be equal
to the transcendence degree of Frac B over Frac A.

The following proposition can be found in [3] as Exercise 6.3.
Proposition 1.5.24. 1. Let A C B be domains. Then we have trdeg,(B) = 0 if
and only if B is algebraic over A.

2. Given a domain A and B = A" we have trdeg ,(B) = n.

3. Given three domains A, B and C' such that A C B C C, we have
trdeg,4(C) < oo if and only if both trdegy(B) < oo and trdegg(C) < oc.
Moreover if trdeg 4(C) < oo, then

trdeg 4 (C) = trdeg4(B) + trdegyz(C).
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Proof. 1. =) Assume that trdeg, B = 0, that is trdegp.,. Frac B = 0. Then
Frac B is algebraic over Frac A. Now since B C Frac B, then for all b € B,
there exists f € (Frac A)[X] \ {0} such that f(b) = 0. Set g(X) = sf(X),
where s = s9s1 -+ s,, n = deg(f) and the s; € A\ {0} are the denominators
of the coeflicients of f. Thus g(X) € A[X]\ {0}, and ¢(b) = 0; therefore B is
algebraic over A.
<) Let b/s € Frac B and consider the field extension Frac A C Frac B. Since
B is algebraic over A, we have b, s are algebraic over A and thus over Frac A.
So b, s € Frac A and since Frac A is a field by Proposition 1.5.15 we obtain that
b/s € Frac A. Thus b/s is algebraic over Frac A, then Frac B is algebraic over
Frac A. Therefore trdegp,,. 4 Frac B = 0; that is trdeg, B = 0.

2. Let us write B = A[X1, -+, X,]. By Lemma 1.5.23, Frac B = (Frac A)(Xy, -, X,,).
So by Example 1.5.22-b), we get trdegp,.. 4(Frac B) = n and hence
trdeg,(B) = n.

3. Since A C B C C, we have Frac A C Frac B C Frac C' by Remark 1.5.3-b); and
the result follows from Proposition 1.5.20.
O

Lemma 1.5.25. Let A, B and C' be three domains such that A C B C C. If B is

algebraic over A and C' s algebraic over B, then C' is algebraic over A.
Proof. Tt is a consequence of Proposition 1.5.24. n
The next corollary is Exercise 6.4 of [3].

Corollary 1.5.26. Let A C B be domains, such that A is algebraically closed in
B and trdegy(B) < oo. If A’ is a ring such that A C A" C B and trdegy(B) =
trdeg 4/(B), then A= A'.

Proof. By Proposition 1.5.24-3), we get trdeg, A’ = 0 and so A’ is algebraic over A.
Hence A’ = A since A is algebraically closed in B. O

The following two corollaries will be very useful later on in the text.
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Corollary 1.5.27. Given domains A C B, define A = {b € B| b is algebraic over A}.
Then A is a subring of B that contains A and A is algebraic over A.

Proof. By Proposition 1.5.15 the set Frac A = {z € Frac B| = is algebraic over Frac A}
is a subfield of Frac B that contains Frac A. We have the inclusions A C Frac A C
Frac A C FracB D B. Since B and Frac A are subrings of Frac B, it follows that
B N Frac A is a subring of Frac B. Tt is easy to see that A = B N FracA4, so A is
a subring of Frac B; since A C B, it is in fact a subring of B. By definition, every

element of A is algebraic over A, so A is algebraic over A. O

Corollary 1.5.28. Let A C B be domains and suppose that by, --- ,b, € B are such
that B = Aby, -+ ,b,]. If each b; is algebraic over A, then B is algebraic over A.

Proof. Define A = {b € B| b is algebraic over A}, then Corollary 1.5.27 implies that
A is a subring of B, A C A C B and A is algebraic over A. Since A C A and
by, - ,b, € A, we have A[by,---,b,] € A, so B = A and hence B is algebraic over
A. O



Chapter 2
Locally Nilpotent Derivations

In this chapter we introduce the theory of locally nilpotent derivations and we present

some results which we will use in the next chapter.

2.1 Derivations

Definition 2.1.1. Let B be a ring. A derivation of a ring Bisamap D : B — B
satisfying: For all f,g € B

D(f +9) = D(f) + D(9)

D(fg) = D(f)g + fD(g)-
Notation. The set of all derivations of a ring B is denoted by Der B.
Example 2.1.2. Let B be a ring.

1. The zero map B — B, x —— 0, is a derivation, called the the zero derivation.

2. Let B[t] be the polynomial ring in one variable over B. The map D : B[t] —
Bt] defined by:

D <i aiti> = iiaitil, where iaiti € BJt],
i=0 i=1

=0

d
is a derivation. It is denoted by pri B[t] — BIt].

36
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The next proposition is Exercise 1.7 of [3].

Proposition 2.1.3. Let B be a ring, D € Der B and fi,---, f, € B where n is a
positive integer. The following hold:

1. For all f € B, the map fD: B —s B,z —> fD(x) is a derivation.
2. D(fr+-+fa) =D(fi) +--+ D(fn)
3. For all f,g,h € B, D(fgh) = ghD(f) + fhD(g) + fgD(h). More generally,
D(fi---fu) = fo- - [uD(f1) + fifz- - faD(f2) + -+
+ fie fam2faD(fa1) + freo faaa D(fn).
4. For f € Band k>0, D(f*) =kf*'D(f).
Proof. Straightforward, 0

Corollary 2.1.4. The set Der B of all derivations of a ring B is a B-module.

Proof. Tt is easy to show that (Der B, +) is an abelian group. Moreover, by Proposi-
tion 2.1.3 we can define the map B x Der B — Der B, (f, D) — fD which satisfies
the axioms of Definition 1.1.13. Hence Der B is a B-module. O

Definition 2.1.5. Given, D € Der B, the set ker D = {b € B| D(b) = 0} is called
the kernel of D. Tt can also be called the ring of constants of D and be denoted BP.

The proposition below can be found in [3] as Exercise 1.5.
Proposition 2.1.6. Let B be a ring and D € Der B. Then ker D 1is a subring of B.

Proof. We have D(1) = D(1?) = 2D(1) = D(1) = 0. Moreover D(1 — 1) = D(1) +
D(—1), but D(0) = D(0+40) = 2D(0) = D(0) = 0; hence D(—1) = —D(1) = 0.
Thus 1 € ker D and —1 € ker D. Now given z,y € ker D it is easy to see that

x+1y € ker D and xy € ker D. Therefore ker D is a subring of B. O

Ezample 2.1.7. Let k be a field. Consider the polynomial ring k[t] and the derivation
d

D = p7e When k is of positive characteristic p we have ker D = kl[t?], otherwise

ker D = k.
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Remark 2.1.8. The only derivation D : Z — Z is the zero derivation; this is

because ker D is a subring of Z and the only subring of Z is Z.

Definition 2.1.9. Let A, B be two rings such that A C B. An A-derivation of B is
a derivation D : B — B satisfying D(a) = 0 for all a € A.

The set of all A-derivations of a ring B is denoted by Dery(B). It is clear that
Der4(B) is a B-submodule of Der(B).

The lemma below is Exercise 3.1 of [3].
Lemma 2.1.10. Let B be a Q-algebra. Then we have Der(B) = Derg(B).

Proof. If B =0 the result is trivial. Assume that B # 0 and hence that Q C B. Let
D € Der(B). Since ker D is a subring of B we have Z Cker D. If n € Z and n > 0
then

1 1 1 1
0=D1) =D -+ 1y =uD <_) D(_) _
n n n n
—_——
n times
Since Z C ker D and % € ker D for all n > 0, we have Q C ker D. O

The next result is Exercise 1.10 of [3].

Proposition 2.1.11. Let A be a ring and B = A[t] = AN, If Dy, Dy € Dery(B)
satisfy Dy(t) = Ds(t), then Dy = Ds.

Proof. Since Der4(B) is a B-submodule of Der B and Dy, Dy € Dery(B), we have
Dy — D, € Der(B) and so ker(D;— Dy) is a subring of B. Moreover A C ker(D;—Dy)
and t € ker(D;— D). Hence A[t] C ker(Dy—D,), which implies that D;— Dy = 0. [

Ezample 2.1.12. Let A be a ring and B = A[X;,---,X,] = A", For all j ¢
{1,---,n}, define %:B—>Bby

E: R in | — 21 e XLy byl yin
3X CLll""Ln‘X'l e Xn - Z]all"'ZnXl Xj—l X] Xj+1 Xn )
7 \4

i 11, tn
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where Z Qiyoiy X0 Xin € B,
Then 5% € DerA(B) This derivation is called the partial derivative with respect to
X;. Also by definition of 53— we have:

uin

P 1, ifi=j
0X; 0, ifisj.

The following is Lemma 1.12 of [3].
Lemma 2.1.13. Let A be a ring and B = A[ Xy, -, X,)].

1. Given any f1,--- , fn € B there exists a unique D € Der4(B) satisfying D(X;) =
fiforalli=1,---,n

2. The set Dery(B) is a free B-module with basis {a%, s 6)6(n}.

Proof. 1. Since Deru(B) is a B-submodule of Der(B) and {%, e ,%} are el-
ements of Dery(B) it follows that ) ., fiaixi € Dery(B). Set D=3%"", fiai)w
then clearly D(X;) = f; for all i € {1,--- ;n}. Let D' € Ders(B) be such that
D'(X;) = f; for all i. Set Dy = D — D', then Dy € Dery(B), hence ker Dy
is a subring of B, X; € ker D, for all i € {1,--- ,n} and A C ker(Dy). So
B C ker(Dy), hence Dy =0, that is D = D'.

2. Note that {%Xl, e ,%} is a finite subset of Ders(B). Let D € Dery(B) and
set a; = D(X;) € B; by part (1), D = Y"1 1a18X Hence {aX e ,%} is a
generating set for the module Der4(B).

Suppose that ay,---,a, € B are such that » . 1“28)( = 0. Evaluating at

each X;, j=1,---,n, we get a; = 0 for all j. So {8X1,~~ ,m} is linearly
independent over B and hence is a basis of Dery(B). So Dery(B) is free.
[

Remark 2.1.14. e Given rings A C B, the B-module Der4(B) is not necessarily
free. The previous result tell us that it is free when B is a polynomial ring over
A.
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e When B = A" where A is a ring, each system of variables v=(Uy, - ,Up,) of

. . . 8 ‘
B determines a system of A-derivation 307 8U . The derivation W is the

unique element of Der4(B) satisfying gU = ¢;;. For instance let B = Am and
consider the two systems of variables v = (X Y) and fy = (X, X?-Y) = (X,V).
Relatively to the first system of variables, we have 2 aX = 0 and relatively to the

second we have 2% = 8()(;)( V) — 2X. So 8} # 8%, and therefore distinct

systems of variables may induce distinct bases (in Lemma 2.1.13 (2)).

The following useful result is Exercise 1.14 of [3].
Lemma 2.1.15. Let B be a ring and D € Der B.

1. Consider a polynomial f(T) =" a;T" € B[T] (a; € B) and b € B. Then

D(f(v)) = fP)(b) + f'(b)D(b)
where fPNT) =" D(a;)T" € B[T] and f/(T) =Y ia; T .

2. Consider a polynomial f(Ty,---,T,) € B[Ty,--- ,T,] and by,--- ,b, € B. Then

n

D(f(by,-++ b)) = FPN by, ba) + > fru(by, - ba) D(b2),

i=1

where fr, = g; [Ty, ,T,).

Proof. 1. We have

= D(Z a;b")

(ap + aib + agb® + -+ + a,b")
(ag) + D(ay)b+ - -+ D(ay)b™ + ayD(b) + ayD(b*) + - - - + a, D(b")

D
D

= Z (a;)b" + a1 D(b) + 2a3bD(b) + - - - + na,b™* D(b)
=0

= fP(b) + f'(6) D(b).
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2. Let us first consider a monomial g(Ty,---,T,) = aT}*---Ti» € B[Ty,--- ,T,]
(where a € B and iy, ,i, € N). Then

D(g(br,- - ,by)) = D(ab -~ by)

= D(a)bi! -- bZ"+Zab“ DI DO b
= D(a)b}! -- bln+ZzJ b 0T b D(by)

D)(bb T 7bn) + ZgTj(bla to 7bn>D(b])

Since a general polynomial f(Ty,---,T,) € B[Ty,---,T,] is a finite sum of
monomials such as g(T1, - - -, T,,), it follows that D(f(by,- - ,bn)) = fP)(by, - ,by)+
Z;L:l sz’(bh U 7bn>D(bi)'

]

Corollary 2.1.16. Let A C B be rings, let D € Dera(B) and let s € B be such that
D(s) = 1. Then for any f(T) € A[T] and j € N,

DI(f(s)) = f9(s)

where DI = Do --- oD and fO(T) = (&) (f(T)) € A[T].

Proof. By induction on j and using Lemma 2.1.15-1). [

Ezample 2.1.17. Let B=7[X,Y] =7 and D = 8% +Y8iX € Der B. Let us prove
that ker(D) = Z[2X —Y?]. In fact let D : Q[X,Y] — Q[X, Y] be the extension of D
to Q[X, Y], we first show that ker(D) = Q[2X —Y?]. Clearly Q[X,Y]| = Q2X Y2 Y]
and Q[2X — Y?] C ker D. Let h € ker(D) \ {0}, then h € Q[X,Y] = Q[2X — Y?)Y]
and D(h) = 0. Hence there is a nonzero polynomial F' € Q[U, V] such that h =
F(2X —Y?Y). Furthermore,

D(h) =0= D(F(2X —Y2Y)) =0
= Fp(2X — Y2 Y)D2X - Y?) + Fy(2X — Y2 Y)D(Y) =0 by Lemma 2.1.15.
= Fy(2X — Y2 Y) =0, because D(2X — Y?) =0 and D(Y) = 1.
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Since (2X — Y?Y) is algebraically independent over Q, it follows that Fy (U, V) =0
and then F(U,V) = T(U), T(U) € Q[U]. So h = T(2X — Y?) € Q[2X — Y?] and
ker(D) = Q[2X — Y?]. Moreover, ker D = Z[X,Y|Nker(D) = Z[X, Y] N Q[2X — Y?].
Cleatly Z[2X — Y?] C Z[X,Y] N Q[2X — Y. Given P € Z[X,Y] N Q[2X — Y?]

we have P(X|Y) =ag+a1(2X —Y?) + -+ + a,(2X — Y?)", where ¢; € Q.

Since P(X,Y) € Z[X,Y], then

P0,Y) €Z)Y]| = ap — a1 Y* + aY* + - + (=1)"a,Y*" € Z[Y].

Hence a; € Z and so P(X,Y) € Z[2X —Y?|; thus Z[X,Y]NQ[2X —Y?] C Z[2X —Y?].
Therefore Z[2X — Y?) = Z[X, Y] N Q[2X — Y?|, we thus have ker D = Z[2X — Y?].

The following useful result is Lemma 1.17 of [3].

Proposition 2.1.18. If B is a domain of characteristic zero and D € Der(B), then
ker D 1is algebraically closed in B.

Proof. Consider b € B such that b is algebraic over ker D. Set A = ker D and let
f € A[T] be a nonzero polynomial of minimal degree such that f(b) = 0. Note that
deg(f) > 1. Then we have,

0= D(f(b)) = fP () + f'(b)D(b) = f'(b)D(D).

Since deg(f) > 1 and B is a domain of characteristic zero, we have f' # 0. As f’ is
a nonzero polynomial and deg(f’) < deg(f), then f'(b) # 0 by minimality of deg(f),
and so D(b) = 0 (since B is a domain). Therefore b algebraic over ker D implies that
b € ker D; that is ker D is algebraically closed in B. O]

Remark 2.1.19. If B is a ring of characteristic p > 1, it is easy to observe that
for D € Der(B) a nonzero derivation, ker D is not algebraically closed in B. In fact
for all x € B, we have D(zF) = pz?~'D(z) = 0 so 2P € ker D. Set A = ker D and
take z € B\ A, consider the polynomial P(X) = X? — 2P; P(X) € A[X] \ {0} (since
2P € A) and P(z) = 0. Hence z is algebraic over A = ker D. Therefore ker D is not
algebraically closed in B.
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Lemma 2.1.20. Let B = A[Xy, -+, X,] where A is a ring and f = (f1,--+, [n) @

system of variables in B. Then

df1 df1
e
M; = : : € M,,(B) is invertible.
Ofn Ofn
X, 90X,

Proof. We have A[f] = A[X1, -+, X,], so X; € A[f] for each i € {1,--- ,n}. Hence
there is P;(Uy,--- ,U,) € A[Uy,---,U,] such that X; = Pi(f) = Pi(f1,--, fn) for

eachi € {1,---,n}. Moreover, ¢;; = X, e = > et 90, (f1, ,fn)axj
of1
0X;
op; .
(by Lemma 2.1.15). Set Qi = —(f1, -+, fn) € B, thus 6;; = (Qi1, -+ , Qin) :
oU,
O fn
0X;
which is the (7, j)-element of the matrix
o of

Qu - Qun 0X, X,
in e an afn e afn
0X, 0X,

So this matrix product is equal to I,. Thus det(My) € B*, and so My is invertible. [
Remark 2.1.21. When A is domain, det(My) € A* = B*.
The next proposition is Exercise 1.15 of [3].

Proposition 2.1.22. Let B be a ring, D € Der(B) and let S be a multiplicative
subset of B and S™'B the ring of fractions of B. The map S™'D : S™'B — S~'B
defined by

sD(b) — bD(s)

52

(S™'D)(b/s) = for allb € B and s € S.

is a derivation of ST!B.
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Proof. First we need t% shovx(; that the map S™'D is well defined. Lebt bi,bs € B abnd
s1, 52 € S be such that — = = in S~ B, we have to show that S~'D(=) = S~'D(=)
52

S1 S9 S1
in S7'B. ; ;
Recall that: — = —= in S~!B = (b1sg — basi)u = 0 for some u € S.
S1 S92

We have

(51D (b1) — b1 D(s1))s5 — (52D(b2) — by D(s2))s7
= 5155D(b1) — s3b1D(s1) — 5755 D(by) + 57ba D(52)
= 5155D(b1) — 8501 D(s1) — 5359 D(by) + 57 D(53) + 8189ba D(51) — 8189b2D(51) + 515201 D(85)
— 515201 D(s2)
= $182(89D(b1) + b1 D(s2) — $1D(bg) — baD(s1)) — bysa(s1D(s2) + s2D(s1))
+ bas1(s1D(s2) + s2D(s1))
= $152(D(b1s2) — D(s1b2)) — bisa(D(s152)) + basi(D(s152))
= 5152(D(b152) — D(s1b2)) + D(s182)(basy — bys2)
= $189D(b15g — $1ba) + D(s182)(bas1 — bysa).

Now u € S = u? € S and we have:

((SlD(bl)-le(Sl))Sg—(SQD(b2>—b2D(SQ))S%)U2 = 8182D(6182—Slbg)u2+D(8182)(ngl—blsg)u2.
But (b231 — blsg)u =0= (b281 — blsg)UQ =0 and

(b281 — blsg)u =0= D((ngl — blSQ)U) =0
- D(Sle - ngl)U + (b281 - b251>D(U) =0

= D(s9b; — bys;)u* = 0 (by multiplying by u both terms of the equality).

Therefore ((s1D(by) — by D(s1))s2 — (s2D(by) — by D(s3))s?)u? = 0. That is

$1D(b1) —2 le(Sl) _ SQD(bg) —2 bQD(SQ) o S_IB,

81 83

So S7'D is well defined, now we show that it is a derivation. Let 1,25 € S7'B.
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Then there exist by,by € B and s € S such that z; = b?l and zo = bf Then

S D(a1) + 5 Dlwy) = S~ D(b) 5 D(b) _ Dlbs —hDs | Diba)s —baDs

D(by)s —byDs 4+ D(by)s — byDs  D(by + by)s — (by + b2) Ds

52 52

b b
— S_lD(%> = S7ID(x; + x0),

and

STID(x1) - 23+ 2187 D(x5) = S7ID ( ) <S> < > (bj)

D(bl)S — leS @ i ﬁ D(bg)S — bQDS ( b1 S — leS)bQS i bls(D(bg)S — bQDS)

52 S S 52 g4 54

(D(bl>b2 + le(bQ))S2 - 2b1b28D8 . D<b1b2>82 - b1b2D<S ) — g D(blbg)

54 g4 52

== S 1D<b1 . b—2) = SilD<LL’11’2).

S S

O

Remark 2.1.23. Let B be a ring, D € Der(B), S be a multiplicative subset of B
and S™!B the ring of fractions of B.

1. Proposition 2.1.22 allows us to define a map
Der(B) — Der(S™'B), D+ S™'D.

By this we say that every derivation of B can be extended to a derivation of
S™1B.

2. If B is a domain and 0 ¢ S, then the canonical homomorphism B — S™'B
is injective and we may consider that B C S™'B. Then we have ker(D) =
ker(S™'D) N B.

3. In the special case where S is included in ker D, the definition of S~ D simplifies

as follows: D
STID(b/s) = D) forallbe B and s € S.
s
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Ezample 2.1.24. Let B = C[X,Y] = C2 and S = B\ {0}. Then S7'B = C(X,Y)
is the field of rational functions in two variables over C. Consider the C-derivation
: CIX,Y] — C[X,Y] and its extension to a derivation of C(X,Y),

0X
S—li :C(X,Y) — C(X,Y)
ox .
XY ., 0 XY Y3 — X?Y
Then for = ya € CLXY) we have 575+ (X2 ¥ y2> TR

Definition 2.1.25. Let B = A" where A is a ring and v = (X1, --- , X,,) a system
of variables of B. Given f = (fi,-, fo_1) € B"!, we define the map A; :B— B

v _ 8(f17 afn—l;g)
by Af(g) = det ( DX X))

of the determinant function it is not difficult to show that A} € Ders(B) and that
Alfr, -, faa] C ker(A}).

We say that A} is a Jacobian derivation.

), for all ¢ € B. By using some basic properties

Remark 2.1.26. Let B = AP and v = (X,Y) a system of variables of B, we have
0 0

AL =2 and AL = -2
x =gy ad Ay = 5%

2.2 Locally nilpotent derivations

Given a ring B, D € Der(B) and n > 0, we denote by D™ : B — B the composition
of D with itself n times; also we define D° : B — B to be the identity map (even in

the case where D = 0). Note that D" is usually not a derivation when n # 1.

Definition 2.2.1. Given a ring B and D € Der B, we define
Nil(D) = {x € B| 3n € N such that D"(z) = 0}.
Clearly ker D C Nil(D) C B.

The following Lemma is known as the Leibnitz Rule and can be found in [3] as

Exercise 1.19.
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Lemma 2.2.2. Let B be a ring and D € Der(B). For all z,y € B and n € N we

have:
n

D) =3 (1) D)D)

=0
Proof. By induction on n; for n = 0 the result is trivial. Now we consider n € N such
that D"(zy) = Y1 (1) D"(z) D(y) is true and we show that

D™ (zy) = nZH (n i 1) D" (@) D' (y).

- 1
=0

We have:

D" (ay) = D(D"(ay) — D(Z (7)o wr)
=3 (orwpe =3 (1) wow

_ zn: (”) D" () Di(y) + ni (n) D" (x) D™ (y) + D" (y)

1

(n i 1) D" (z)Di(y) — " (@ . 1) D@D )

7 -
=1

Re (7;) D" i(2) D (y) + 2D (y)

=0

=3 (M) a0 - S (" prwni

! i=0
where the second equality is true by assumption and the fifth follows from ("jl) =
() + () O
The next proposition is Exercise 1.21 of [3].

Proposition 2.2.3. If B is a ring and D € Der(B), then Nil(D) is a subring of B.

Proof. Clearly 1 belongs to Nil(D). Now let z,y € Nil(D); there exist m,n € N such
that D"(z) = 0 and D™(y) = 0. Take | = m+n+1, it is easy to check by the lemma
above that D'(zy) = 0 and D'(z — y) = 0. Hence Nil(D) is a subring of B. O
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Definition 2.2.4. Let B be any ring. A derivation D : B — B is locally nilpotent
if it satisfies Nil(D) = B, that is if Vb € B 3n € N such that D"(b) = 0.
The set of all locally nilpotent derivations of a ring B is denoted by LND(B).

Example 2.2.5. e Let A be aring and B = A[Xy,---,X,] = A", Then 3(2( €

LND(B) for each i = 1,--- ,n. '

e Let B = C[T] = Cl, we know that d/dT € Derc(B) and for each P(T) € B,
D= P<T)diT € Derc(B). In particular in the case where P(T) € C we have
D € LND(B).

Definition 2.2.6. Let Abe aringand B = A[Xy, -+, X,,]. Aderivation D : B — B
is triangular if D(A) = {0} and:

Vi D(X;) € A[Xy, -+, X;-1]; in particular D(X;) € A.

) )
Ezample 2.2.7. Let B = C[X,Y, Z] = CPl, the element D = XQa—Y + (X2 + YS)a—Z

of Derc(B) is a triangular derivation.

Remark 2.2.8. Let D be a derivation and f € B, if D(f) € Nil(D) then f € Nil(D).
Moreover, if D is triangular it is in particular an A-derivation, thus A C ker(D) and
so A C Nil(D).

The next result is Lemma 2.6 of [3].

Lemma 2.2.9. Let A be a ring and B = A[X1, -+, X,,| = A", Then every triangular

derivation of B s a locally nilpotent derivation.

Proof. Let D : B — B be a triangular derivation. We show by induction on ¢ that
AlXq, -, X;] CNiI(D), foralli=1,--- n.

Since D is triangular we have D(X;) € A C Nil(D), by the previous remark we have
X, € Nil(D). By Proposition 2.2.3 Nil(D) is a subring of B and A C Nil(D) imply
A[X;] € Nil(D).

Suppose now that i < n is such that A[Xy, -, X;] C Nil(D); we have to show that
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A[Xy, -+, Xipa] C©Nil(D). Since D(X;11) € A[Xy, -+, X;] C Nil(D) it follows that
X411 € Nil(D). Using the fact that Nil(D) is a subring we get A[Xy, -+, X;41] C
Nil(D). Therefore A[Xy,---,X;] € Nil(D), forall i = 1,--- ,n. In particular for
i =n, we have B C Nil(D) that is Nil(D) = B. Thus D is locally nilpotent. O

0 0
Ezample 2.2.10. Let B = C[X,Y] = C[Y, X] = C? and let D, = Ya—X, D, = Xa—y

be two derivations of B such that D; : C[Y, X] — C[Y, X] and D, : C[X,Y] —
C[X,Y]. The derivations D; and D, are triangular, hence Dy, D; € LND(B). How-

ever (Dy + D3)*(X) = X, hence D; + Dy ¢ LND(B). Also, ax € LND(B), but

0
XE)_X ¢ LND(B). This shows that the set LND(B) does not have any algebraic

structure; it is just a set.

The following Lemma is Exercise 2.9 of [3].
Lemma 2.2.11. Let B be a ring, D € LND(B) and A = ker D. The following hold:

1. If a € A, then (aD)" = a"D™ for all n € N.

2. If a € A, then aD € LND(B).

3. Let S C A be a multiplicatively closed subset of A. Then the map

S'D:S'B— S™'B, x/s+— D(x)/s,
is a locally nilpotent derivation of S™'B. Furthermore, ker(S™1D) = S71A.

Proof. 1. By induction on n.

2. It is a consequence of 1.

3. By Proposition 2.1.22 and part (3) of Remark 2.1.23, S7'D is well defined and
is an element of Der(S™'B). Let /s € S™'B (z € B, s € S); since Nil(D) = B
there exists m € N such that D" (z) = 0. Now we have

(S7'D)™(x/s) =S 'Do S_ll‘)ro -..0S'D(z/s) = D"™(x)/s =0/s =0in S'B.

m
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Thus S~'D € LND(S™!'B). Observe that if i : A — B is the inclusion map
then 0 — A - B -2 B is an exact sequence of A-modules and A-linear

maps. By Proposition 1.5.11 the sequence
0—51'ASds TP s 1B

is an exact sequence of S~!A-modules. Hence ker(S™1D) = Im(S~1) = S71A.

O
Definition 2.2.12. Let B be a ring. We define the set
KLND(B) = {ker D| D € LND(B), D # 0}.
E le 2.2.13. Let B = C[X,Y] WehaeiELND(B)adi;éOk 9 €
rample 2.2.13. = Y. V@X n@X , ker 5x
KLND(B). Since ker <8iX) = C[Y], we have C[Y] € KLND(B).

Similarly we have C[X] € KLND(B). More generally, if (U, V') is a system of variables
of B then C[U],C[V] € KLND(B).

Definition 2.2.14. Given a Q-algebra B and D € LND(B), we define the map

&p:B— B[T], br— %D”(b)T”.

neN

The map &p is called the exponential map associated to D.
The following theorem can be found in [3| as Theorem 3.3.

Theorem 2.2.15. Let B be a Q-algebra and D € LND(B). Then the map {p : B —
BI[T)] is an injective homomorphism of A-algebras, where A = ker(D).

Proof. Let evy : B[T| — B, f +— f(0). Then we have evyofp = idp, hence {p is
injective. It is clear that &p preserves addition and restricts to the identity map on
A, hence by Remark 1.1.18 it suffices to verify that {p(x)ép(y) = Ep(zy). By Lemma
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2.2.2 we have:

En(z)én(y) = (Z %mxm) (Z %D%y):fj) =) ( > %D%x)Dﬂ'(y)) ™

1€N i+j=n

:Z%< 3 ﬂDi(x)Df(y))T”

neN i+j=n
1 n n
= Z ED (xy)T
neN

= {p(zy).
Therefore £p is an injective A-homomorphism. O]
Remark 2.2.16. The A-homomorphism &p is the inclusion map if and only if D = 0.

Ezample 2.2.17. Let B = C[X,Y, Z] and B[T| = C[X,Y, Z,T|, and consider D =

X(‘)iY + Y@%’ D € LND(B). The map £p is an homomorphism of C-algebras and

1
we have: {p(X) =X, p(Y) =Y+ XT and Ep(2) =Z+ YT + EXTz.

Definition 2.2.18. Let B be a ring. Each element D € LND(B) determines a map
degp : B — N U {—00} defined as follows:

max{n € N| D"z 40} ifz#0
degp(z) =

—00 itz =0.
Note that ker D = {x € B| degp(z) < 0}.

Ezxample 2.2.19. Let A a domain of characteristic zero and B = A[t]. The derivative

d
D = i B — B is an element of the set LND(B); so D determines the map

degp : A[t] — N U {—o0}. The map deg, in this case is the usual t-degree.

The following proposition can be found in [3] as Proposition 4.8.

Proposition 2.2.20. If B be a domain of characteristic zero and D € LND(B), then

degp is a degree function.
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Proof. We begin by proving the special case where Q@ C B. In this case we may
consider the map &p : B — B[T], which is injective by Theorem 2.2.15, and the
function degy, : B[T] — N U {—o0o}, which is a degree function (since B[T] is a
domain). We have deg, ofp = degp, so by Lemma 1.3.5, deg, is a degree function.
In the general case we have Z C B and so Z C ker D. Let S = Z \ {0} and consider
STID:S7'B— S7!B, S7'D € LND(S™!'B) by Lemma 2.2.11. As Q C S™'B, the
first part of the proof implies that degg-1,, : S™'B — NU {00} is a degree function.
Now consider the following commutative diagrams:

degg-1p

S1p2-L g-1p S-1B NU {—oo}
I |
B B B

x
Note that the map B — S7!'B, =+ 1 is injective since B is a domain and 0 ¢ S.

So D is the restriction of S™'D and consequently deg, is the restriction of degg—1p;

it follows that degp, is a degree function. O
The next result is Corollary 5.3 of [3].

Proposition 2.2.21. Let B be a domain of characteristic zero and D € LND(B).
Then ker(D) is a factorially closed subring of B.

Proof. By Proposition 2.2.20 deg, is a degree function and ker D = {x € B| deg, z < 0};
since {z € B| degp x < 0} is factorially closed by Lemma 1.3.9, the result follows. [

The next corollary is Corollary 5.5 of [3].

Corollary 2.2.22. Let B be a domain of characteristic zero, D € LND(B) and
A =ker(D). The following hold:

1. A* = B*.
2. If k is any field included in B, then D is a k-derivation.
3. If B is a UFD then so is A.

Proof. By applying Proposition 2.2.21 and Lemma 1.3.17 we obtain the result. [
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Corollary 2.2.23. Let k be a field of characteristic zero and let B be a domain such
that k C B. Then we have k C A for each element A of KLND(B).

Proof. This follows from part (2) of Corollary 2.2.22. O

Ezample 2.2.24. Let B = C[X,Y] = CP and f = XY € B. If A is a factorially
closed subring of B satisfying f € A, then we have X, Y € A. Thus C[X,Y] C A and
so B = A. Therefore, if D € LND(B) and f € ker(D) then we have D = 0.

Consider Ay defined in Definition 2.1.25. Then A¢(X) = —X, so Ay is not locally
nilpotent. Since f € ker(Ay) and ker(Ay) # B, the above paragraph implies that
ker(Ay) is not factorially closed in B. Note, however, that ker(Ay) is algebraically
closed in B, by Proposition 2.1.18.

The next result can be found in [3] as Exercise 4.9.

Corollary 2.2.25. Let B be a domain of characteristic zero. If D € Der(B) is such
that D™ = 0 for some n > 0, then D = 0.

Proof. By contradiction, assume that D # 0. Since D™ = 0 for some n > 0, then
D € LND(B). By Proposition 2.2.20, deg, exists and is a degree function. Now since
D # 0 there exists some x € B such that degp,(x) > 1. Furthermore, deg,(z") =
ndegp(z) (because degy, is a degree function) and D™ = 0 imply D"(z™) = 0. Thus
max{k € N: D¥(2") # 0} < n; that is degp(2") < n. Hence we have ndeg,(r) < n,

a contradiction (since degp(z) > 1). Therefore we must have D = 0. O
The next useful result can be found in [6] as Principle 5.

Proposition 2.2.26. Let B be a domain of characteristic zero, D € LND(B) and
f,g€ B. If Df € gB and Dg € fB, then either f € ker(D) or g € ker(D).

Proof. Assume that Df # 0 and Dg # 0. Then deg,(f) > 1 and Df = gb for some
b€ B\ {0}. Thus degp(b) > 0 and deg,(Df) = degp(f) — 1 = degp(g) +degp(b) >
degp(g). By the same argument, we show that deg,(g) — 1 > degp(f). Adding
this two inequalities, we obtain that deg,(f) + degp(g) — 2 > degp(f) + degp(g), a
contradiction. Therefore either f € ker(D) or g € ker(D). O
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Corollary 2.2.27. Let B be a domain of characteristic zero, D € LND(B) and
feB. If Df € fB, then f € ker(D).

Proof. Take f = g in Proposition 2.2.26. [

Lemma 2.2.28. Let K/k be a field extension of characteristic zero and let B =
k[X,Y] and B = K[X,Y]. For each D € LND(B), there exists a unique § € LND(B)

that is an extension of D.

Proof. Since D : B — B is locally nilpotent, it is a k-derivation. So there exist f, g €
B such that D = faix +gaiy. Now we may define § € Derg(B) by 6 = fa% —l—ga%.
Then § is an extension of D and we have §"(X) = D"(X) and §"(Y') = D™(Y') for all
n €N, so X,Y € Nil(§). Since ¢ is a K-derivation we have K C Nil(§), so Nil(¢) = B

and 6 € LND(B). So there exists at least one § € LND(B) that extends D.

Suppose that 0,0, € LND(B) are extensions of D. Since 01, d5 are locally nilpo-

tent, they are K-derivations; so 9 —Jy € Derg(B). Moreover, 6;(X) = D(X) = §2(X)
and 6;(Y) = D(Y) =8(Y), so X, Y € ker(d; — d2) and hence §; — J, = 0. O

2.3 Slices and preslices

Definition 2.3.1. Let B be a ring and D € LND(B). A slice of D is an element
s € B satistying D(s) = 1.
Evample 2.3.2. Let B = C[X,Y, Z] = CB.

1. Clearly, X is a slice of 9 € LND(B).

0X
2. Define D € LND(B) by D(Z) = Y, D(Y) = X and D(X) = 0, that is D =
0 0
X—— +Y——=. Then given f € B, we have D(f) = fy X + fzY. Thus D(B) C

Y 07’
(X,Y)B and so D does not have a slice. (Here, (X,Y)B denotes the ideal of B

generated by X,Y.)

When a slice exists, the situation is very special. (The following result is Theorem
7.3 of [3].)
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Theorem 2.3.3. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B is
d
a slice of D, then B = A[s] = A and D = 7 Als| — Als].

s
Proof. Consider f(T) =31 a/T" € A[T]\ {0} where n >0, a; € A and a,, # 0. By
Corollary 2.1.16 we have D7(f(s)) = fU)(s) for all j > 0, where fU) denotes the j-th
derivative of f; so D"(f(s)) = nla, # 0 (because n! € Q* C B*) and in particular
f(s) # 0. So s is transcendental over A, that is As] = Al

We show that B = A[s]. Consider the homomorphism of A-algebras { : B — B
defined by § = ev_ ofp where {p : B — B[T] is defined in Definition 2.2.14 and

D7 .
ev_s : B[T] — B is defined in Definition 1.2.3. Hence {(z) = > 7%, ,('$)(—S)J.
J!
For each = € B,
s Ditl(g) > Di(z) .
D(g(a)) = 30 ==y + 30 S hi=sp (-1 =0,
=0 j=1

so £(B) C A; moreover for x € A C B we have z = {(x) € £(B) hence A C £(B) and
¢(B) = A.
By induction on degp(x) we show that Vo € B, x € A[s].

If degp(x) < 0 it is obvious. Now assume that degp(x) > 1 and that y € A[s] is

true for all y € B of degree degp(y) < degp(x).
Since x = &(x) + (x — &(x)) where {(x) € A and x — {(x) € sB, we have

r=a+2a's, for somea€ A and 2’ € B. (1)

This implies that D(z) = D(2')s + 2’ and it easily follows by induction that

Vm>1 D™(x)=D"(z')s +mD"™ ' (z). (

[\]
~

Since degp(xz) > 1 we have x ¢ A and 2’ # 0. Now the fact that D € LND(B)
implies that there is m > 1 such that D™ (') # 0 and D™ (z') = 0, so degp(z) =
m — 1. Then (2) gives D™(z) = mD™ (z') # 0 and D™ (x) = 0, so degp(z) = m
and so degp(z') = degp(z) — 1. By inductive hypothesis, we have 2’ € A[s]; then (1)
gives z € A[s]. So B = A[s] = Alll.

U
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Remark 2.3.4. Let B =Z[Y, X| = Z® and D = aiy + YaiX € Der(B). Note that
D is a nonzero triangular derivation (hence locally nilpotent derivation). We have
D(Y) =1 and we have shown in Example 2.1.17 that A = ker(D) = Z[2X —Y?]. We
claim that B is not a polynomial ring over A. In fact assume that B = A, then there
isa g € B (deg(g) > 0) such that B = Z[2X —Y? g]. Hence (2X —Y? g) is a system
of variables of Z[X,Y]; thus by Lemma 2.1.20 we must have 2(gy + Ygx) € {1, -1},
a contradiction. Therefore B # Al Thus the hypothesis that B is a Q-algebra in

Theorem 2.3.3 is not superfluous.
The following three corollaries are Corollary 7.4, 7.5 and 7.12 of [3].

Corollary 2.3.5. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B
satisfies Ds € AX, then B = A[s] = Alll.

Proof. Let a € A be such that aD(s) = 1. Then as is a slice of D; so by Theorem
2.3.3 B = Alas] = A[s| and s is transcendental over A (since as is and a € A*). O

Definition 2.3.6. Let B be a ring and D € LND(B). A preslice of D is an element
s of B satisfying D(s) # 0 and D?(s) = 0 (that is degp(s) = 1).

Lemma 2.3.7. Let B be a ring and D € LND(B) \ {0}. Then there exists a preslice
of D.

Proof. Since D # 0, there exists b € B such that D(b) # 0. Set m = deg(b) and
s = D™ 1(b). Then D(s) # 0 and D?*(s) = 0, so s is a preslice of D. O

Corollary 2.3.8. Let B be a domain of characteristic zero and A € KLND(B). Then
S™1B = (Frac A, where S = A\ {0}. In particular trdeg ,(B) = 1.

Proof. Let A € KLND(B), then we have A = ker(D) where D € LND(B) \ {0}. By
Lemma 2.3.7 there is x € B such that D(z) # 0 and D?*(x) = 0. Set a = D(z), we have
a€S, S 'D(x/a) =1and Q C S™'B (since B is of characteristic zero). Moreover,
by Lemma 2.2.11 we have S™'D € LND(S™!B) and ker(S™!'D) = S™'A = Frac(A).
We thus have by Theorem 2.3.3 S~!B = (Frac A)!!l. Furthermore, Frac(S™'B) =
Frac(B), hence 1 = trdegp,,(a) S~ B = trdegpy,q ) Frac(B) = trdeg,(B). O
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Corollary 2.3.9. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B
satisfies D(s) # 0 and D?*s = 0, then B, = Au[s] = (Ao)Y where o = D(s) € A\{0}.

Proof. Let S ={1,a,a? -}, then B, = S7!B and A, = S~'A. Consider
S™'D: B, — B,, then S7'D € LND(B,) and ker(S™'D) = A, (by Lemma 2.2.11).
As S7ID(s) = a € (A,)*, the result follows from Corollary 2.3.5. O

The next lemma is Exercise 7.6 of [3].

Lemma 2.3.10. Let B be a domain of characteristic zero. If A, A" € KLND(B) and
ACA, then A=A

Proof. We have A C A’ C B and A is algebraically closed in B by Proposition 2.1.18.
Corollary 2.3.8 implies trdeg, B = 1 = trdegy B, so by Corollary 1.5.26 we have
A=A [

The following lemma will be very helpful in the next chapter.

Lemma 2.3.11. Let k be a field of characteristic zero, B = k[X,Y] = k? and
D € LND(B). Then some nonconstant polynomial belongs to ker(D).

Proof. If D = 0 then ker(D) = B, so the claim is true.
If D # 0 then trdegy.,p)(B) = 1 by Corollary 2.3.8, so trdegy (ker D) = 1, so again

the claim is true. O

Ezample 2.3.12. Let k and B be like in Lemma 2.3.11. Consider D = X & + Y2,

it can be shown that ker(D) = k, hence D is not locally nilpotent.

Definition 2.3.13. Let B be a domain of characteristic zero. We say that B is rigid

if it satisfies the following equivalent conditions:
(i) LND(B) = {0}
(i) KLND(B) = 0.

The lemma below can be found in |3] as Exercise 7.8.
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Lemma 2.3.14. Let B be a domain of characteristic zero that is not rigid. If ko 1s
a field such that ko € B and trdeg, B =1, then B = kMY for some field k such that
ko Ck C B.

Proof. Since B is not rigid, there is D € LND(B) \ {0}. Set k = ker D, then k is
factorially closed in B and since ko is a field, we have kg C k C B (by Corollary
2.2.22-(2)). Furthermore Corollary 2.3.8 implies that trdeg, B = 1, so trdeg, k = 0,
that is k is algebraic over kg and thus k is a field (indeed, k is a domain and an
integral extension of the field kg, so k is a field by Proposition 5.7 of [1]). Since
D € LND\{0}, Lemma 2.3.7 implies that there exists s € B satisfying D(s) # 0 and
D?(s) = 0. Then we have D(s) € k*, so Corollary 2.3.5 implies that B = kl!l. O

Ezample 2.3.15. Let us prove that the subring B = C[T? T%] of C[T] = Cl is
rigid. We have B # C!. In fact 72 is an irreducible element of B, however it is
not prime in B because T?|(T% - T3) in B but T2 { T3 in B. Hence by Proposition
1.1.12 B is not an UFD, therefore B # CI. Furthermore, C C B C C[T] hence
1 = trdege(C[T]) = trdeggz(C[T]) + trdeg(B). Since T? € B, then T is algebraic
over B and by Corollary 1.5.28 C[T] is algebraic over B, so trdegz(C[T]) = 0. Hence
trdege(B) = 1. If B is not rigid, then by Lemma 2.3.14 there exists a field K such
that C C K C B and B = K1, thus trdege K = 0; since C is algebraically closed we
have K = C, a contradiction (because B # CI).

The following is an improved version of Lemma 2.2.11.

Corollary 2.3.16. Let B be a domain of characteristic zero, D € Der(B) \ {0} and
be B\ {0}, and let S be a multiplicatively closed subset of B such that 0 ¢ S.

1. We have bD € LND(B) if and only if D € LND(D) and b € ker(D).
2. We have S™'D € LND(S™!B) if and only if D € LND(B) and S C ker(D).

Proof. 1. <=) Lemma 2.2.11.
—) We know that ker(bD) = ker(D) is factorially closed in B (since bD €
LND(B)\{0}). Moreover there is z € B such that (bD)(z) # 0 and (bD)*(z) =
0 (bD has a preslice). Hence bD(x) = (bD)(x) € ker(bD)\ {0} and so b, D(x) €
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ker(D) since ker(D) is factorially closed. Moreover, b € ker(D) implies that
(bD)™ = b"D" for all n > 1, thus bD € LND(B) implies that D € LND(B).

2. <=) Lemma 2.2.11.

=) The canonical homomorphism B — S™!B is injective, so we may con-
sider that B C S™!'B. Since D is the restriction of S™'D, we have D"(b) =
(STID)*(b) for all b € B and n € N, so S'D € LND(S™'B) implies D €
LND(B). Since S™'D € LND(S™!'B), part (1) of Corollary 2.2.22 implies that
(S7'B)* = ker(S™'D)*. Since S C (S7'B)*, we have S C ker(S~'D)* and
hence S C B Nker(S™'D) = ker(D).

[

0
Ezxample 2.3.17. Let B = C[X,Y] and D = ax € LND(B); consider S = B\ {0},
S7'B = C(X,Y) and S™'D € Der(S™'B). Since S ¢ ker(D), Corollary 2.3.16
implies that S~'D is not locally nilpotent. We can see this directly by noting that
+ €S 'Band (S7'D)"(+) #0 for all n > 1.

Notation. If A C B are rings, define LND4(B) = LND(B) N Dery(B).

The following proposition can be found in Principle 8 of [6].

Proposition 2.3.18. Given a domain A of characteristic zero and B = A[T] = Al',

we have LND4(B) = A - 4.

Proof. By Example 2.2.5 £ € LND(B), and it is easy to show that ker(-&) = A

(since we are in characteristic zero). Therefore by Corollary 2.3.16 part (1) we have
A- -4 C LND4(B). Conversely for all D € LND4(B) we have LND4(B) > D =

dT
D(T)-% (by the proof of Lemma 2.1.13), thus by part (1) of Corollary 2.3.16 we have
D(T) € ker D = A. Therefore LND4(B) C A- L. O

2.4 Degree and Homogenization of Derivations

Throughout this section, let B = @,z B, be a Z-graded domain and let deg : B —
Z U {—o0} be the degree function determined by the grading (see Remark 1.4.8).
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Definition 2.4.1. Let D € Der(B) and consider the nonempty subset

U = {deg(D(f)) — deg(f) | f € B\{0}}

of Z U {—oc}. If U has a greatest element, then we say that the degree of D exists
and we define deg(D) to be that element.

Note that deg(D) = —oco <= D = 0. Furthermore if deg(D) exists and D # 0 then
there is f € B\ ker(D) such that deg(D) = deg(D(f)) — deg(f).

Definition 2.4.2. Given D € Der(B), the defect function of D is the map

defp: B — Z U {—o00}

P { deg(D(f)) — deg(f)  if f #0
—00 it f=0.

The proofs of results from 2.4.3-2.4.15 follow the reasoning given in section 2.6 of
[17].

Lemma 2.4.3. Let D € Der(B).
(1) defp(fg) < max{defp(f),defp(g)} for all f,g € B.

(i3) If f1,..., fm € B are such that deg(zgl fi) = maxi<i<,, deg(fi),
then defp (3", fi) < maxi<i<, defp(fi).

Proof. (i) If f =0 or g = 0 the result is clear. Assume that f # 0 and g # 0. We

have

defp(fg) = deg(D(fg)) — deg(f9)
= deg(fD(g) + gD(f)) — (deg(f) + deg(g))
< max{deg(fD(g)),deg(gD(f))} — (deg(f) + deg(g))
= max{deg(f) + deg(D(g)),deg(g) + deg(D(f))} — (deg(f) + deg(yg))

In the case that

max{deg(f) + deg(D(g)), deg(g) + deg(D(f))} = deg(f) + deg(D(g)),



CHAPTER 2. LOCALLY NILPOTENT DERIVATIONS 61

we have defp(fg) < deg(D(g)) — deg(g) = defp(g).

Otherwise,
max{deg(f) + deg(D(g)), deg(g) + deg(D(f))} = deg(g) + deg(D(f)),

so defp(fg) < deg(D(f)) — deg(f) = defp(f).
Therefore defp(fg) < max{defp(f),defp(g)}.

(ii) Observe that

defD<Z fi) = deg(D(Z £)) - deg(Z )

= deg(Z D(f;)) — max {deg(f;)| 1 <i < m}

< max{deg(D(fi))| 1 <i<m} —max{deg(f;)| 1 <i<m}
< max {deg(D(f;)) — deg(f;) [ 1 <i <m}

= max {defp(f;)| 1 <i<m}.
[

Proposition 2.4.4. Let k be a field of characteristic zero. Assume that the Z-
graded domain B is a finitely generated k-algebra. Then deg(D) exists for every
D € Dery(B).

More precisely, if hy, ha,--- , h, are homogeneous elements of B which generate B as

a k-algebra, then
deg(D) = max {deg(D(h;)) —deg(h;) | 1 <i <n}.

Proof. 1t is clear that there exist homogeneous elements hq,--- ,h, € B such that
B = k[hy,--+ ,hy]. Let def = defp : B — Z U {—0o0} be the defect function of D
and K = max{def(hy),--- ,def(hy,)}. To prove the proposition, we have to show that
def(f) < K for all f € B\ {0}.

From Lemma 2.4.3 (i) we know that if fi,--- , fs € Bthendef(f; --- f5) < maxj<;<sdef(f;).

In particular, it is easy to show that def(h{' ---hé) < K for any ey, -+ ,e, € N.
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Furthermore def(AhS' - -+ hér) < K for any A € £* and ey, --- ,e, € N. In fact since
D is a k-derivation and A € £ we have def(\) = —oo. Thus

def(ARS' - - - hem) < max{def(\),def(h ---hir)} < K. (%)

Claim: If h € B is homogeneous, then def(h) < K.

Proof: If h = 0, then def(h) = —oo < K, so suppose h # 0 and h is homogeneous of
degree r. We can write h = Y 1" | f; where f; = NiA{" -+ him and Y07 e;; deg(hy) =7
for all 1 <4 < m. So deg(f;) = deg(h) for all 1 <7 < m and h = ", f; satisfies
the condition in Lemma 2.4.3 (ii). Then def(h) < max{def(f;),--- ,def(f,)}. But
def(f;) < K for all 1 <i < m by (x), so def(h) < K and the claim is proved.

Now let f € B\ {0}, then f = f; +---+ f,, where f; are homogeneous elements
of distinct degrees. Then deg(f) = deg(> ", fi) = max{deg(f;)| 1 <i <m} so by
Lemma 2.4.3 (ii) def(f) < max{def(f1),--,def(f,)}. But by the claim above we
have def(f;) < K for all 1 <i < m. So def(f) < K. O

Ezxample 2.4.5. Regard B = k[X,Y, Z] as a graded ring (with standard Z-grading)
and let D = X2 + Y32 We have D(X) =0, D(Y) = X and D(Z) = Y*. Thus

deg(D) = max{deg(DX) — deg(X), deg(DY') — deg(Y'),deg(DZ) — deg(Z)}
= max{—o00, deg(X) — deg(Y), deg(Y?) — deg(Z)}
= max{—o00,1 — 1,3 — 1}
=2

Definition 2.4.6. Let D € Der(B) and D # 0. If there exists d € Z such that
D(B;) C Bj.q for all i € Z, then d is unique and we say that D is homogeneous of
degree d. We adopt the convention that the zero derivation is homogeneous of degree

—0OQ.

Ezxample 2.4.7. Let B = k[X| = @nenBy, where the B, are defined as in Example

1.4.3. The derivation D = %, defined in Example 2.1.2, is homogeneous of degree
—1.
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Lemma 2.4.8. Let D € Der(B) be such that D is homogeneous of degree d, then
deg(D) ezists and deg(D) = d.

Proof. Trivial. O]

Definition 2.4.9. Let D € Der(B) be such that deg(D) exists. Define the homoge-
nization of D, D : B —» B, as follows:

If D=0, then D = 0.

If D+#0,let d=deg(D) € Z, and for all i € Z, define:

Di : Bz — Bz’er
fi — Piya(D(f3))

where P; : B — B; is the canonical projection for all j € Z.
Now given f € B, f = )., fi (where all the f; € B; are zero expect for finitely
many of them), we define
D(f)=>_Di(f).
i€z
Remark 2.4.10. If D € Der(B) is homogeneous, then D = D.
Proposition 2.4.11. Let D € Der(B). If deg(D) exists, then

(i) D: B — B is a homogeneous derivation of degree deg(D),

(1i) D=0<= D =0,

(i77) deg(D) = deg(D).

Proof. Assertion (7) is clear if D = 0, so assume that D # 0 and let d = deg(D) € Z.
We leave it to the reader to verify that D : B —» B is a derivation. It is clear
from the definition of D that D(BZ) C Biygforali e Z, soif D # 0 then D is
homogeneous of degree deg(D). So the proof of (i) will be complete once we show
that D # 0 (we show it in the proof of (ii)).
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(#7) If D = 0, then D = 0. Now assume that D # 0 and let us prove that D # 0,
Let d = deg(D) € Z. Then there is f € B\ {0} such that d = deg(D(f)) — deg(f).
Set deg(f) = n and write f = f, +>_,_, fi; we have

deg(D(f)) < max{deg(D(f,)),deg(d_ D(f:))}-

If max{deg(D(f,)),deg(>_,.,, D(fi))} = deg(D>_,.,, D(fi)), then there is an iy < n
such that deg(D(fi,)) > deg(D(f)) =n+d, so
d < deg(D(fi,)) —n < deg(D(fi,)) —io = deg(D(fi,)) — deg(fi,), a contradiction.
Thus max{deg(D(f,)),deg(>_,., fi)} = deg(D(fy)), which implies that deg(D(f,)) >
deg(D(f)) =n+d. As deg(D(f,)) < n+dis clear, we have deg(D(f,)) = d+n and
Pova(D(f)) £0.
Therefore D(f,) = Dy, (fn) = Pura(D(fn)) # 0 and so D # 0. This proved (iz), and
also completes the proof of (7).

(7ii) Follows from (i) and Lemma 2.4.8. O

Ezxample 2.4.12. Let B=k[X,Y, Z] and D = X% +Y38% be like in Example 2.4.5.
We have Dy(X) = Ppy5(DX) = P3(0) = 0, Dy(Y) = Pio(DY) = P5(X) = 0 and

Di(Z) = Pi4»(DZ) = Ps(Y?) = Y®. So D : B — B is the derivation Y3 2.

Lemma 2.4.13. Let D € Der(B)\ {0} be such that deg(D) exists. Set d = deg(D) €
7.

(i) D(Pjna(D™(f))) = Pitnina(D™(f)) for all f € B, n € N and all j >
deg(f).

(i7) If h € B; for some j, then for all n € N we have D™(h) = Pjynqa(D"(h)).

Proof. (i) For f € B, write fas f =3, fi=>_,_; fi + f;- For n =0 we have

D(f;) (since D° =idp),

= D;(f;)

= Pira(D(f5))

= P a(D(f)) (since for i < j we have deg(D(f;)) < j+ d).

D(P,(D°(£))) = D(F;(f))
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Now given n € N, set g = D"(f) and i = j + nd. Observe that
deg(D"(f)) < deg(f)+nd < j+nd. Then i > deg(g) and by the previous argument,

we get

D(Pjina(D™(f))) = D(P;(g))
= i+d(D(g))
= Py (nrna(D"H(f)).

(1) By induction on n. Let h € B; for some j € Z.
For n =0, D*(h) = D°(h) = h and Pj,q(D"(h)) = P;(h) = h.
Suppose D™(h) = Pj,q(D"™(h)) for some n € N. Then

D" (h) = D(D"(h)) = D(Pj1na(D"(h)))
= P (nr1ya(D"TH(R))

where the last equality follows from (i). Thus D"(h) = Pj,n.q(D"(h)) for all n €
N. O

Proposition 2.4.14. Let D € Der(B) be such that deg(D) exists. If D € LND(B)
then D € LND(B).

Proof. If D € LND(B) \ {0} then Lemma 2.4.13 (ii) implies that all homogeneous

elements of B belong to Nil(D), so Nil(D) = B. O

Proposition 2.4.15. Let D € Der(B) be such that deg(D) exists. If f=3_,_, fi €

ker(D), then f, € ker(D).

Proof. We may assume that D # 0. Let d = deg(D) then Lemma 2.4.13 (i) implies
that D(fn) = D(Pu(f)) = Para(D(f)) = 0. 0



Chapter 3

Locally Nilpotent Derivations and
Automorphisms of kX, Y]

In this chapter we present how the theory of locally nilpotent derivations can be used
to describe the structure of the polynomial ring k[X,Y]. We begin by giving some

useful results about polynomial rings over a field which will help us later in our work.

3.1 Some facts on polynomial rings

Lemma 3.1.1. Let B = k™ where k is a field. Then we have B* = k*. Furthermore,
if K s a field which is a subring of B, then K C k.

Proof. By Lemma 1.3.10, k is factorially closed in B. So B* = k> follows from
Lemma 1.3.17. Moreover, if K C B then K* C B* =k* so K C k. O

Proposition 3.1.2. Let A be a domain and U € A[X]. The following are equivalent:

(i1)) U=aX+0b, ac A", be A

Proof. ii) = i) Trivial.
i) = i1) We have X € A[U]; so there exists P = Y . a; 7" € A[T]\ {0} such that

66
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X = P(U). Let n = degp(P), m = degy(U) and observe that n > 0 and m > 0. It
is easy to see that degy (P(U)) = mn = degy (U) deg,(P). We thus have

X =P(U) = degp(P)degx(U) =1 = degy(U) =1 = deg,(P).

Therefore U = aX +b, a € A\ {0}, b € A. Furthermore, deg;(P) = 1 then
P(T)=¢cT'+d, ce€ A\{0},de€ A;s0X =PU) =cU+d = caX + bc + d.
Therefore ca = 1 and we thus have a € A*. O

Corollary 3.1.3. Let B = k[X,Y] and F be an element of B such that k[ X,Y] =
k[X,F|. Then we have F =aY +b, a€k\ {0} and b€ k[X].

Proof. Apply Proposition 3.1.2 to B = A]Y| = A[F], A = k[X]. ]

Lemma 3.1.4. Let k be an algebraically closed field and B = k[X,Y]. If g(X,Y)
15 a nonconstant standard homogeneous polynomaial, then g = LiLy--- Ly, where

Li = a;X +b;Y, a;,b; €k, (a;,b;) # (0,0) and N = deg(g).

Proof. Since g is standard homogeneous, it can be written as:
al X
X, V) =) b XYV =YVNP(=), where P(t) € k[t].
sxV) =3 (5>), where P() € k[t

Let M = deg(P(t)) then we have M < N and P(t) = M bit'. Moreover, k is
algebraically closed, so the polynomial P(t) € k[t] can be factored as

P(t) = c[[M2,(t—c), for some ¢ € k%, ¢; € k and so g(X,Y) = YNCHzM1(§ —¢) =
cYN-MTIM (X — ¢;Y) = L1Ly--- Ly, with L; = a;X + bY a;,b; € k, (a;,b;) #

(0,0). 0

Lemma 3.1.5. Let B = k[X,Y] = kP where k is a field. Then there are infinitely
many subrings A of B such that B = Al

Proof. In fact let m,n be two elements of N\ {0} such that n # m; assume without
loss of generality that 0 < m < n and consider the subrings A, = k[X + Y| and
A, = k[X +Y™] of B. Clearly we have that A,[Y] = B = A,,[Y].

Let us prove that A, # A,,. If A, = A,,, then X + Y™ € k[X + Y"] that is
X+Y™ = g(X+Y") where g(T') = >_;_, a;T" € k[T is a nonconstant polynomial and
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as # 0. Soevy)(X+Y™) =eviy)g(X+Y") thatis Y = ag+ a1 Y+ - - +a,Y",
a contradiction (since 0 < m < n). Hence A, # A,, for all n # m.

We show that Y is transcendental over A, for all n € N. By contradiction assume
Y is algebraic over A,. Then, by Corollary 1.5.28, B = A,[Y] is algebraic over A,
and consequently trdeg, (B) = 0. Since X + Y™ is transcendental over & by Lemma
1.3.13, we have A, = k[X + Y] = k[l and consequently trdeg,(A,) = 1. So

2 = trdeg,,(B) = trdeg;(A,) + trdeg, (B) =1+0=1,

a contradiction. So Y is transcendental over A,,.
Therefore B = A,[Y] = Al for all n € N; and so there is an infinite number of
subrings A of B such that B = Al O

Lemma 3.1.6. Let B = k™, where k is a field and let K be a field which is a subring
of B. If there is m € N such that B = K", then K = k and m = n.

Proof. Since K is a subring of B, by Lemma 3.1.1 we have K C k; and k is also a
subring of B. Since B = K™ we must also have k C K; hence K = k. Moreover

kM = B = KM = kM — trdeg, ™ = trdeg, k™ = n = m.

3.2 Preliminaries on automorphisms of k[X, Y]

The aim of this section is to present some particular subgroups of the group of k-
automorphism of k[X, Y] which we will use regularly throughout this chapter, namely
in Theorems 3.3.8, 3.4.1 and 3.4.4.

In this section k is an arbitrary field.

Let B = k[X,Y] and let Auty(B) be the set of all k-automorphisms of B. It is
well known that Aut,(B) is a group.

Definition 3.2.1. The group of k-automorphisms of B is called the general affine
group of dimension 2 and is denoted GAy(k).
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Remark 3.2.2. By Theorem 1.2.4, each element ¢ € GAy(k) is completely de-
termined by the pair (¢(X),¢(Y)) € B x B. It is customary to identify ¢ with
(p(X),¢(Y)) and to write simply ¢ = (p(X),(Y)). Then the rule for composing
elements of GAy(k) is:

(0(X), o(Y)) o (¢(X), 9 (Y)) = ((p 0 ) (X), (w0 ¢)(Y)).

For instance, consider the automorphisms ¢ = (Y, X + Y?) and ¢ = (Y, X). This
means that ¢ : B — B is the k-automorphism that satisfies p(X) =Y and p(Y) =
X +Y?, and that ¢ : B — B is the k-automorphism that satisfies ¢(X) =Y and
P(Y)=X. Then (po)(X)=¢(Y)=X+Y?and (poy))(Y)=p(X) =Y, so

YV, X +Y3o(Y,X)=(X+Y%Y),
and the reader can verify that
Y, X)o (Y, X +Y? = (X,Y + X?).

Lemma 3.2.3. Let ¢ : B — B be a k-homomorphism and let u = o(X) and
v=p(Y). Then we have ¢ € GAy(k) if and only if (u,v) is a system of variables of
B.

Proof. =) Let o = (u,v) € GAy(k), then the automorphism « : B — B satisfies
a(X) =w and o(Y) = v. By Theorem 1.2.4, Im(«) = k[u,v]. Since « is surjective,
B = k[u,v] so (u,v) is a system of variables of B.

<=) Assume that (u,v) is a system of variables of B. We know that there is an
unique k-homomorphism such that a(X) = v and (YY) = v. Then Im(«) = kfu, v]
by Theorem 1.2.4 and k[u,v] = B by hypothesis, so « is surjective and since B is

Noetherian « is an automorphism. O]

Affine linear subgroup

b

Given A = J € GLy(k) there exists a unique k-homomorphism ¢, : B — B
c

such that p4(X) = aX + ¢Y and p4(Y) = bX + dY. It is easy to verify that if
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I € GLy(k) is the identity matrix then ¢; is the identity map of B, and that if
A, B € GLg(k) then ¢4 0 op = pap. It follows that A — ¢4 is a group ho-
momorphism GLy(k) — GAy(k). The image of this homomorphism is denoted
GLy(k) ={pa| A € GLy(k)}.

Given (a,b) € k?, define the k-homomorphism @y : B — B by ¢ (X) =
X +aand pep(Y) =Y +b. It is clear that ¢ is the identity map of B and
that if (a,b), (c,d) € k? then Q1) © Pea) = Platebrd)- SO (a,b) — P is a group
homomorphism k? — GA,(k). Its image is denoted T = { () | (a,b) € k?}.

Definition 3.2.4. e The subgroup GLs(k) of GAy(k) is called the subgroup of

linear automorphisms.

e The subgroup (GL2(k)UT) of GAz(k) generated by GLo(k) and T is called the
affine linear subgroup. It is denoted by Afy(k).

Remark 3.2.5. 1. The elements of Afy(k) are of the form ¢ 0pg0---0p,, where
0i € GLy(K)UT fori=1,2,---  s. Therefore
Afg(k) = {(alX -+ b1Y + C1, CLQX -+ bQY + CQ) ‘ a;, bi, c € k’, a1b2 — agbl 7£ 0}

2. There exists a semi-commuting relation among elements of GLo(k) and T, given
by:

(X +e, Y4+ a) (X +01Y,a0X +0Y) = (a1 X +01Y, 00X +0Y) (X +¢, Y +),

where ¢ = a,c; + bicy and ¢ = aye; + bycs.

Subgroup of triangular automorphisms

Leta,c € k*,b € kand f(X) € k[X] C k[X, Y]; like above, define a k-homomorphism
T(ab,c,f(X)) such that T(a,b,c,f(X))(X) =aX + b and T(a,b,c,f(X))(Y) =cY + f(X) Given
a,c e k* b ekand f'(X) € k[X] we have

T(a’,b’,c’,f’(X)) @) T(a,b,c,f(X)) (X) - (IO/IX + (Lb’ + b

and
Tla o f/(X) © Tabe f(x)(Y) = Y + ef'(X) + f(d'X + V),
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50 T(a,b,c,f(X)) © T(a' b ,c/,f(X)) = T(aa’,ab/+b,cc’ ,cf (X)+f(a’ X+b))-

Hence T(qp.c r(x)) has 7(q-1 _q-1pc1—c-1f(a-1x—a1p)) as inverse, thus 7(gpc r(x)) is
bijective and 74 r(x)) € GAa(k).

Therefore, the set

BAs(k) = { Taperx) = (X +b,¢Y + f(X))| a,c € K, b€k, f € k[X]}
is a subgroup of GAy(k).

Definition 3.2.6. The subgroup of GAz(k) defined above is called the subgroup of
triangular automorphisms. It is denoted by BAy(k).

Remark 3.2.7. Observe that 7 C BAy(k) and that consequently the subgroup of
GA, (k) generated by GLo(k) and BAy(k) is equal to the subgroup generated by Afy (k)
and BAQ(k)

Subgroup of tame automorphisms

Definition 3.2.8. The tame subgroup of GAy(k) is the subgroup (GLo(k) UBAy(k))
generated by the subgroups of linear and triangular automorphisms. An automor-
phism is tame if it is of the form @1 0 g 0 -+ 0 p,, where @; € GLy (k) UBAy(k) for

1=1,2,---,s for some s.

3.3 Rentschler’s Theorem

From now-on, k& denotes a field of characteristic zero.

Proposition 3.3.1. Let o« : A — A be an automorphism of a ring A, let D €
LND(A), and consider the map § = aoDoa™': A — A. Then 6 € LND(A) and
ker(d) = a(ker D).

Proof. One can verify directly that ¢ is a derivation of A. Since D is locally nilpotent
and " = co D" o ! for all n € N, it follows that ¢ is locally nilpotent. For any

z € A we have

§(z) =0 a(D(a(2) =0« D(a ' (z)) =0 a'(z) €ker D < x € alker D),
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so ker(d) = a(ker(D)). O

Definition 3.3.2. Let B = A[X,,---,X,] = A" where A is a ring. An element
f € B is called a variable of B over A if B = A[f]"™'. (In other words, f is a
variable of B over A if there exist fy,---, f, € B such that B = k[f, fo, -+, ful.)

Proposition 3.3.3. Let k be a field of characteristic zero and B = k[X,Y]. If
D € LND(B) \ {0} and X € ker(D), then there exists f € k[X]\ {0} such that
D=f(X)=—.

FX)
Proof. From Corollary 2.2.23, D is a k-derivation and by Lemma 2.1.13 we have

0 0
D = h(X, Y)E)_X +9(X>Y)a—ya

where h(X,Y),g(X,Y) € B. Since D(X) = 0 we have h(X,Y) = 0, hence D =
0
9(X,Y)—— and g(X,Y) # 0 (since D # 0). It follows that ker D = k[X]. Then

oY
Corollary 2.3.16 (1) implies that g(X,Y) € ker D, so g(X,Y) = f(X) € k[X] and we
are done. O

Corollary 3.3.4. Let B = k[X,Y] where k is a field of characteristic zero, and
D € LND(B) \ {0}. If there exists f(X) € k[X]\ k (a nonconstant polynomial) such
that f(X) € ker(D), then D = h<X)8_Y’ where h € k[X] \ {0}.

Proof. Since f is a non constant polynomial we have f(X)— f(0) # 0 and by Corollary
2.2.23 D(a) =0, for all @ € k; hence D(f(X)—f(0)) = D(f(X))—D(f(0)) = 0. Thus
f(X)— f(0) = Xg(X) € ker(D), with g(X) # 0. The fact that ker(D) is factorially
closed implies that X € ker(D) and by Proposition 3.3.3, we have D = h(X)aiY. O
Remark 3.3.5. The above results (Proposition 3.3.3 and Corollary 3.3.4) remain
valid with X and Y interchanged.

The lemma below is a weak version of the Lemma 4.6 of [6].

Lemma 3.3.6. Let B = k[X,Y]| and w = (a,b) where k is a field of characteristic
zero, and a, b are relatively prime positive integers, and regard B as being endowed with
w-grading (see Example 1.4.4). Then if f € B is w-homogeneous with deg,, f = d and

ab divides d, then there exists a standard homogeneous polynomial g(S,T) € k[S,T|
such that f = g(X°,Y).
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Proof. If a = b = 1, there is nothing to prove. Assume that ab > 1 and let f =
> yenxn G X Y7 with da + jb = d. Since ab divides d we have { + L € Z, that
ia + bj

is € 7Z, so ia = kib, jb = koa (ki, ke € N). Thus b divides ¢ and a divides

ab
j (because a and b are relatively prime). Set [ = % and m = l, IlmeN, f=
a
d
> e Colma X Y™ = g(Xb V), with g(S,T) = >, e1mS'T™ and | +m = e
b ’ a
d
therefore g is a standard homogeneous polynomial with degree e O]
a

The next result is an important part of the proof of Theorem 4.1 in [6].

Lemma 3.3.7. Let B = k[X,Y] and let D € LND(B) \ {0} be such that D(X) # 0
and DY) # 0. If f is a nonconstant polynomial such that f € ker(D), then there
exists an N-grading of B relative to which the highest degree homogeneous component
f of f has the form f = d(X+cY")* or f = d(Y+d XY (¢,d,d,d € k* and r,s,t €
Zy).

Proof. Assume without loss of generality that f(0,0) = 0, if it is not the case we
replace f by f(X,Y) — f(0,0). Thus we can write f as f(X,Y) = P(X)+Q(Y) +
XYF(X,Y), where F € B, P(X) € Xk[X] and Q(Y) € Yk[Y].

If P=0, then f = YT(X,Y); since f # 0 and ker(D) is factorially closed, we
must have D(Y) = 0, a contradiction; hence P # 0 and by the same argument we
obtain that @ # 0.

Now let m = deg(P(X)) and n = deg(Q(Y)), and note that m > 1 and n > 1.
Set e = ged(m,n), a = g and b = %. Let w = (a,b) and let B be endowed
with the w-grading. Then we have deg,(P(X)) = am = bn = deg,(Q(Y)) and so
deg,(f) > am.

Let f and F denote the highest degree homogeneous components of f and F
respectively and D the homogenization of D. By Proposition 2.4.14, D € LND(B) \
{0} and by Proposition 2.4.15 D(f) = 0. Note that D # 0 by Proposition 2.4.11.

Assume that deg,(f) > am; then we must have f = XY F, F # 0. Since F # 0
and ker(D) is factorially closed we must have D(X) = 0 = D(Y) and so D = 0, a
contradiction. Thus deg_(f) < am and so deg,(f) = am. Therefore f can be written
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as f = uX™ +vY" + XYF, for some u,v € k. Furthermore, u # 0 and v # 0
since they are the highest degree coefficients of P and ) respectively. Assume that
D(X) =0, then D(f —uX™) =0 and so (vY"+ XY F) =Y (vY" '+ X F) € ker(D),
thus D(Y) = 0 (since vY™ ' + XE # 0). Therefore D = 0, a contradiction. Thus
D(X) # 0 and by the same argument one can show that D(Y) # 0. Since ab divides
am = deg,,(f) and ged(a,b) = 1, by Lemma 3.3.6, f(X,Y) = g(X’ Y*) where g is a
nonconstant standard homogeneous polynomial with deg(g) = % =e.

Let K denote the algebraic closure of k, then by Lemma 3.1(.14 g9(X,Y) factors in
K[X,Y] as a product of linear polynomials; hence we have f = [[°_,(c;: X" + d;Y®)
where all the ¢;,d; € K, (¢;,d;) # (0,0). In fact ¢;,d; € K*; if any ¢; is zero we will
have f = YH(X,Y), H € B, thus u must be zero, a contradiction; hence all the ¢;
are nonzero. By the same argument we can show that d; # 0.

Set B = K[X,Y] and let § € LND(B) be the unique extension of D (see Lemma
2.2.28). Now 6(f) = D(f) = 0 implies that f € ker(d); f can also be written as f =
CTI_, (X + L;Y®) where C = ¢icy--c. € K*, L; € K*. Hence X* + L;Y" € ker
for all i = 1,--- e (since kerd is factorially closed and each term of the product is
nonzero).

We claim that all the L, are equal. Indeed, assume that L; # L; for some 7 # j,
then (L; — L;)Y® € ker § which implies that 0 = §(Y) = D(Y), a contradiction. So all
the L; are equal to, say L. We thus have f = C(Xb + LY%)¢ with C, L € K*. Since
f(X,Y) € k[X,Y] by hypothesis, we have that f(X,Y) = C > i, ()(X")H(LY ) €
k[X,Y]. Recall that k is of characteristic zero, so Q C k. Thus for [ = 0, we obtain
that C' € k™ and for [ = 1 we have that CeL € k* which implies that L € k*. Thus
f=C(X"+ LY*)* with C, L € k*; and f € ker(D) implies X” + LY® € ker(D).

Now assume that a > 1 and b > 1; then

D(X*+ LY =0 = bX"'D(X) = —aLY* 'D(Y).

Hence D(X) € YB and D(Y) € XB, so Proposition 2.2.26 implies that D(X) = 0
or D(Y) = 0, a contradiction. Thus a =1 or b= 1.

Therefore f = C(X + LY®)¢ or f = C'(Y + L'X")¢ where C,C",L and L' € k*
a,b,e € Z,. O
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We now present Rentschler’s Theorem, which is an important result in the theory
of polynomial rings. Our proof follows the reasoning given in Theorem 4.1 of [6], but

our use of the integer || D|| clarifies the argument.

Theorem 3.3.8 (Rentschler’s Theorem). Let k be a field of characteristic zero. If
D € LND(k[X,Y]), then there exists f € k[X] and a tame automorphism o € GAy(k)
such that aDa™" = f(X)dy.

Proof. The result is trivial if D = 0, so assume throughout that D # 0. If DX = 0,
the result follows from Proposition 3.3.3.

If DY = 0, considering the tame automorphism o = (Y, X), we get a o D o
a1 (X) = 0 and the result follows from Proposition 3.3.3.

Define an equivalence relation ~ on the set LND \{0} as follows: given D, D" €
LND\{0}, we declare that D ~ D’ if there exists a tame automorphism « of B
satisfying D' = ao Do a™ .

For each D € LND(B)\ {0}, note that ker(D)\ k # 0 by Lemma 2.3.11 and define
the positive integer ||D|| = min {degy (f) + degy (f)| f € ker(D) \ k}.

Consider D € LND(B) \ {0} such that D(X) # 0 and D(Y") # 0. We may choose
f € ker(D) \ k such that || D|| = degx(f) + degy (f) and f(0,0) = 0.

By Lemma 3.3.7 there exists an N-grading of B such that we have f(X,Y) =
d(Y + cX")¢ or f(X,Y) = d(X + cY*)® where f is the highest degree homogeneous
component of f.

Suppose f(X,Y) = d(Y + ¢X?)¢, note that degy(f) = degy(f) and degy (f) =

degy (f). Define the triangular (hence tame) automorphism o = (X, Y —cX?). Clearly
a(f)(0,0) = 0. We claim:

degy(a(f)) < degx(f) and degy (a(f)) = degy (f). (3)

To prove this, we write f = f + f, where f = D itbi<be a XY (a;; € k) and f is as

before. Since a(f) = d(a(Y) + ¢(X"))¢ = dY*, we have

degx (a(f)) = 0 < be and degy (a(f)) = e. (4)
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For each term a;; X'Y7 of f we have al(a; X'Y7) = a; X'(Y —cX?), so degy (o(a;; XY 7)) =
i+ bj < be and degy (a(a;; X'Y7)) = j < e; s0

degy (a(f)) < be and degy (a(f)) < e. (5)

Combining (4) and (5), we obtain degy a(f) < be and degy (a(f)) = e, so (3) is

proved.

Set D' =« o Doa™'; we have D' € LND(B) \ {0} by Proposition 3.3.1, so D ~ D',

Again by Proposition 3.3.1 we have a(f) € ker(D’), so (3) implies that ||D’|| < || D||.
Similarly if f = d(X +cY )¢, consider the tame automorphism 8 = (X — V%, Y).

Note that « is tame, because f = (Y, X) o (X,Y — cX?) o (Y, X); and clearly

B(f£)(0,0) = 0. Arguing as in the first case, we obtain

degy (B(f)) < degy (f) and degx(8(f)) = degx(f).

Set D' = 3o Do 37} then (as in the first case) D' ~ D and ||D'|| < ||D]|.

We have shown the following:

If D € LND(B) \ {0} satisfies D(X) # 0 and D(Y') # 0, then there exists
D' € LND(B) \ {0} such that D" ~ D and ||D’|| < || D||.

Since this process of lowering ||D|| cannot continue indefinitely, there must exist
D" € LND(B) \ {0} such that D” ~ D and either D"(X) = 0 or D"(Y) = 0. If
D"(Y) =0, then (Y, X)o D" o (Y,X)" ! is equivalent to D" and maps X to 0, so in
fact there exists D” € LND(B) \ {0} such that D" ~ D and D"(X) = 0. Proposition
3.3.3 gives D" = h(X)0dy for some h(X) € k[X], so we are done. O

Corollary 3.3.9. Given B = kP2l and D € LND(B), there exist X,Y € B such that
B =k[X,Y] and D = f(X)aiY for some f(X) € k[X].

Proof. The case D = 0 is trivial.

We may assume that B = k[Z, T]; by Rentschler’s theorem there is a € GAy(k) such
that coDoa ! = f(Z>8iT’ f(Z) € k[Z]\{0}. Define X = a'(Z) and Y = o™ }(T),
and note that B = k[X,Y] by Lemma 3.2.3. Now ao D o a™*(Z) = 0 implies that
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a(D(X)) =0,s0 D(X) = 0 (since « is an automorphism). Therefore by Proposition
3.3.3 we have D = h(X)aiY for some h(X) € k[X]\ {0}. O

Remark 3.3.10. Let B = k%, where k is a field of characteristic zero.

(i) If D € LND(B) \ {0} and A = ker D, then Rentschler’s Theorem gives us that
A=kW and B = AWM.

(77) Rentschler’s Theorem implies also that if D is a locally nilpotent derivation of
B then D(v) = 0 for some variable v of B.

Corollary 3.3.11. Let B = k[X,Y] where k is a field of characteristic zero. If f is

a variable of B, then f satisfies one of the following conditions:
(a) f=aX +b, where a € k* and b € k.
(b) f=cY +d, where c € k* and d € k.

(¢) There exists an N-grading of B relative to which the highest degree homogeneous
component f of f has the form f = d(X+cY")* or f = d(Y+Jd XY (¢,d,d,d €
k* and r,s,t € Zy).

Proof. Since f is variable of B, there exists ¢ € B such that B = k[f, g]. Clearly
there exists D € LND(B) \ {0} such that D(f) = 0.

If D(X) = 0 then ker(D) = k[X]| (by Proposition 3.3.3), so f € k[X]. Since
(f,g) is a system of variables of B, Lemma 2.1.20 implies that f’(X)g—i € k>, hence
J/(X) € k* (since k is factorially closed in B). Therefore f = aX + b where a € k*
and b € k.

If D(Y) = 0 then using Remark 3.3.5 and arguing as above, we obtain that
f=cY +dwhere c € k¥ and d € k.

Assume that D(X) # 0 and D(Y) # 0. Since f is a nonconstant element of B

(because f is a variable) and f € ker(D) the result follows by Lemma 3.3.7. O
Definition 3.3.12. Let B = k[X,Y] = k2 where k is a field of characteristic zero
and f = 3, a;; XY/ € B, (a; € k). The support of f is the set: Supp(f) =
{(i,7) € NxN| a;; # 0}.



CHAPTER 3. DERIVATIONS AND AUTOMORPHISMS OF k[X,Y] 78

Remark 3.3.13. Let k be a field of characteristic zero, B = k[X,Y] and f a variable
of B. Set m = degy(f) and n = degy (f). Then Corollary 3.3.11 implies that the
following hold:

1. n|m or m|n.

2. If f is not of the form a X + b or aY +b with a € k™ and b € k, then the convex
hull in R? of the set Supp(f)U{(0,0)} is the triangle with vertices (0,0), (m, 0)
and (0,n).

Supp(f)

(0,0) (m,0)

3.4 Automorphism theorem

Observe first that the group GA; (k) is well understood. Indeed, every k-automorphism
¢ of k[X] = kU is of the form ¢(X) = aX + b, a € k*, b € k. This follows from
Proposition 3.1.2 and Remark 3.2.2.

The first step in understanding the group GAy(k) was accomplished by Jung in
1942 (see [9]), when he proved that if k is a field of characteristic zero then GAy(k)
is generated by its subgroups GLo(k) and BAy(k). In 1953, van der Kulk proved that
this is in fact true for k an arbitrary field. The proof that we present here is due to
Rentschler, and is valid only in characteristic zero. In fact we obtain Jung’s Theorem
as a corollary to Rentschler’s Theorem. Our proof is adapted from that of Theorem
4.8 of [6].

Theorem 3.4.1 (Jung’s Theorem). Let k be a field of characteristic zero. The
group GAs(k) of k-automorphisms of B = k[X,Y] is generated by its linear and
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triangular subgroups, GLo(k) and BAs(k). In other words, every automorphism of B

18 tame.

Proof. Let ¢ € GAy(k). Let u = ¢(X) and v = ¢(Y). Since B = k[u,v] = k2 the
partial derivatives 0, = % and 0, = % are defined and we have 9, € LND(B) and
ker(0,) = k[u]. Applying Rentschler’s Theorem to 0,, we obtain that there exists a
tame automorphism a of B such that a0 9, 0a™! = f(X)dy for some f(X) € k[X]
(where f(X) # 0 since 9, # 0). Moreover,

E[X] = ker(dy) = ker(f(X)dy) = ker(a 0 9, 0 a™ ') = alker(d,)) = alklu)),

so k[X] = k[a(u)] and consequently a(u) = aX + b for some a € k*, and b € k, by
Proposition 3.1.2. Now

E[X,Y] = kla(u), a(v)] = k[aX + b, a(v)] = k[ X, a(v)]

and the fact that k[X, a(v)] = k[X, Y] implies that a(v) = ¢Y 4+ ¢(X) for some ¢ € k*

and g(X) € k[X], by Proposition 3.1.2. Now the automorphism 6 = (X + b,cY +

1

g(X)) is triangular, hence tame, so a™" o 6 is tame. Now

(a7 0 0)(X) = a~"(aX +b) = a " (a(u) = u = §(X),

(a0 B)(Y) = a” (eY + (X)) = a~ (alv)) = v = ¢(Y),

soa tof = ¢, so ¢is tame.
]

As we already mentioned, van der Kulk proved in 1953 that Jung’s Theorem is in
fact true over an arbitrary field (see [10]). Let us state this as follows (where the last

equality is Remark 3.2.7):

Theorem 3.4.2 (van der Kulk). If k is a field then
GAs(k) = (GLa(k) UBAy(k)) = (Af2(k) U BAs(k)).

In the same article, van der Kulk also proves a unique factorization theorem for

elements of GAy(k). Theorem 3.4.4, below, is equivalent to van der Kulk’s result.
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Definition 3.4.3. Let H be a subgroup of a group G such that H # G. By a system

of nontrivial left coset representatives of H in G, we mean a subset G C G satisfying:
1. GNH = 0;
2. for each left coset gH (where g € G) such that gH # H, we have [GNgH| = 1.

Theorem 3.4.4 (Structure theorem). Let k be a field and consider the subgroups
A = Afy(k), B=BAy(k) and C = AN B of GAy(k), that is

A= {(alX -+ bly —+ Cl,CLQX -+ bQY + CQ) ’ ai,bi,ci S k’, CleQ — Clgbl 7é 0}
B={(aX+b,cY + f(X))|acek, bek, fek[X]}
CzAﬂBz{(aX+b,cX+dY+e)]a,dek:x, b,c,eek}.

Define the sets A C A and B C B by
A={(tX+Y,X)|tek} and B={(X,Y +X*f(X))| f(X) € k[X],f#0}.

Then A (resp. B) is a system of non trivial left coset representatives of C in A (resp.
of Cin B). Moreover, ANB =0 and each ¢ € GAy(k) has a unique factorization of
the form

G =1x1TpC (6)

withn >0, c € C and x; € AU B for all i, where the x; alternate between A and B.

We now proceed to prove the Structure Theorem. Our proof makes use of Theorem
3.4.2, even though we only proved it for fields of characteristic zero. In fact the proof
shows that if & is any field for which GAy(k) = (Afy(k) UBAs(k)), then the Structure
Theorem is true over k.

Our initial plan was to reproduce the proof given in Freudenburg’s book [6], but
there is a step in that proof that we could not understand (see the introduction).
Resolving this issue resulted in the proof that we give below, and that is quite different
from that of [6].

There are several steps in the proof. We begin with:
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Lemma 3.4.5. Let A and B be subgroups of a group G satisfying G = (AU B),
AZ Band BZ A. Let C = ANDB, and let A C A (resp. B C B) be a system of
nontrivial left coset representatives of C' in A (resp. of C in B). Then ANB =)

and each g € G has a (not necessarily unique) factorization of the form
g =121 TyC (7)
withn >0, c € C and x; € AU B for all i, where the x; alternate between A and B.

Proof. Note that C' # A and C # B, since A ¢ B and B ¢ A. By Definition 3.4.3
we have A C A and B C B, thus ANB C AN B = C. Assume that AN B # 0.
Let g € AN B C C, then we have g € C. Definition 3.4.3-1) implies that g ¢ C, a
contradiction. Thus we must have AN B = 0.

Let g € G. If g € C then it is trivial that g factors as in (7) (take n = 0). Assume
now that g € G \ C. We shall now prove that ¢g can be factored as g = g192-- - gn
with n > 1, g; € AU B and g; ¢ C for all i, and where the g; alternate between A
and B.

Since g € G\ C and G = (AU B), g can be factored as

g=g1--gn, with g; € AU B for all i. (8)

Among all these factorizations (8) of g, choose one that minimizes n. Then we cannot
have consecutive factors g;_; and ¢; both in A or both in B, because then we could
replace g;_1 and g; by their product and obtain a shorter factorization (8) of g, which
would violate minimality of n. Similarly, if g; € C and ¢ > 1 (resp. i = 1) then
replacing g; 1 and g; (resp. ¢g; and g; 1) by their product would produce a shorter
factorization (8) of g, which is impossible. So we obtain that the g; alternate between
A and B and that g; ¢ C for all i.

Furthermore, for every element a € A\ C' we have a = zc for some = € A and
c € C. Also for every element b € B\ C' we have b = xc for some z € B and ¢ € C.

Observe that g; belongs to A\C or to B\ C. Assume now without loss of generality
that g € A\ C. Then g; = 21¢; with ; € A and ¢; € C. So

g=9192 9o = (T1¢1)g2 - - Gn = 1(C192)93 - Gn = 19593 * * * Gn
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where g = ¢190 € B\ C. Then ¢y, = xcy, where x5 € B and ¢y € C. Therefore
g = x1x204 - - - g, with g5 € A\ C. We can repeat inductively this process to get at
the end that ¢ = 125 - - - x,¢, where the x; € AU B alternate between A and B and
ceC. O

In what follows, k is any field and A, B are defined as in the Structure Theorem,

Le.,
A={(tX +Y,X)|tck} and B={(X,Y +X2f(X))| F(X) € k[X], f #0}.
We also define
U={(X+tYY)|tek™}, V={ ¥, X—-tY)|tek} and A=AUUUV.
Definition 3.4.6. Let ¢ = (F,G) € GAy(k).
e We define deg ¢ = max{deg(F'),deg(G)}.
o If deg(F) > deg(G), we say that ¢ is of type 1.

o If deg(F) < deg(G), we say that ¢ is of type 2.

Note that each element of GAy(k) is either of type 1 or of type 2. All elements of A
are of type 1 and all elements of B are of type 2.

Lemma 3.4.7. Let ¢ € GAy(k) and h € AUB. If ¢ and h are of distinct types, then
1. the type of ¢ o h is the same as that of h;
2. deg(¢poh) = degpdegh.

Proof. Observe first that AN B = () and the sets A, U and V are pairwise disjoint.
Since ¢ and h are of distinct types, it suffices to show the Lemma in the following

cases:
Case 1: ¢ = (F,G) isof type 1 and h = (X,Y + g(X)) € B. It is easy to show that
¢poh=(F,G+g(F)) = (PQ).

Since deg(F) > deg(G) and deg(g) > 1, we have deg(Q) = deg(g(F)) =
deg(g) deg(F) > deg(F) = deg(P), i.e., ¢ o h is of type 2 (the type of h)
and deg(¢ o h) = deg(Q) = deg(F) deg(g) = deg ¢ deg h.
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Case 2: ¢ = (F,G) is of type 2 (deg(¢) = deg(G)) and h = (tX + Y, X) € A. We have
boh=(tF+G,F) = (P,Q),

so deg(¢poh) = deg(G) = deg(P) (since deg(G) > deg(F)). Thus ¢ o h is of the
same type as h and deg(¢ o h) = deg(¢) deg h.

Case 3: ¢ = (F,G) is of type 2 and h = (X +tY,Y) € U. Likewise
¢poh=(F+iG G)=(PQ),

since t # 0 and deg(G) > deg(F'), we have deg(P) = deg(Q). Hence ¢ o h is of
the same type as h and deg(¢ o h) = deg(G) = deg(¢) = deg(¢) deg(h).

Case 4: ¢ = (F,G) is of type 2 and h = (Y, X —tY) € V. Thus

and so deg P > deg ) (since deg G > deg F'). Thus ¢ o h is of the same type as
h and deg(¢ o h) = deg(P) = deg(G) = deg(¢) = deg(¢) deg(h).

Lemma 3.4.8. Suppose that ¢ € GAy(k) satisfies
6=hio---oh,

where n > 0 and h; € AU B for all i, where the h; alternate between A and B. Then
deg ¢ =[], deg hi, and if n > 0 then ¢ has the same type as hy,.

Proof. If n = 0 then “¢ = hyo---oh,” should be interpreted as ¢ = id, and the empty
product [[i_, degh; is by convention equal to 1. Since deg(id) = 1, the Lemma is
true when n = 0. From now on we assume that n > 1. Let us prove by induction on

Jj that the following statement P(j) is true for all j = 1,...,n:

P(j): ¢; “hio-r0 h; has the same type as h;, and deg¢; = szl deg h;.
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It is obvious that P(1) is true. Suppose that 1 < j < n and that P(j — 1) is true;
let us prove that P(j) is true. By P(j — 1), ¢;_1 has the same type as h;_; and
deg ;1 = 3;11 deg h;. Since hj_; and h; have distinct types, it follows that ¢;_;
and h; have distinct types; this together with h; € AU B implies (by Lemma 3.4.7)
that ¢; = ¢;_1 o h; has the same type as h; and that

deg ¢; = deg ;1 deg h; = [[2_, deg h;.

So P(j) is true. By induction, this shows that P(1),..., P(n) are true.

Since P(n) is true, the Lemma is proved. ]
Remark 3.4.9.

1. If he Athen h™' eV C A

2. If h, h' are distinct elements of A then (')"'oh el C A.

3. If h € B then h™! € B.

4. If h, b/ are distinct elements of B then (h')"'oh € B.

Lemma 3.4.10. If hihy - - - hyc = hihh -~ - k) ¢/, where n,m € N, the h; and b alter-

nate between A and B and ¢, are elements of C, then we have n =m, h; = h, and

c=—c.

Proof. We show this by induction on [ = min(n,m) > 0. Let P(l) be the following

statement:

P(l): If min(m,n) = [ then the condition hy---h,c = h)---hl ¢ implies

that n =m, h; = b} for all 4, and ¢ = ¢’

We begin by showing that P(0) and P(1) are true.
Case 1: [ =0.

o If n =0 and m > 0, then we have ¢ =h}---h! c, so

—1 _ g /
cc - =hy---h,,.
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If m = 1, then we must have h} € C, a contradiction (since ANC = () and
BnC=0).
If m > 1, then by Lemma 3.4.8 we have 1 = II", deg(h}). Hence h} € A

for all 4, a contradiction (since h/ alternate between A and B).

e If n > 0 and m = 0 by applying the same argument above we obtain a

contradiction.

Hence we must have n = m = 0 and therefore ¢ = ¢, so P(0) is true.

Case 2: [ =1.

If hy = h} then hy---h,c = hYy---hl ¢, so the fact that P(0) is true implies
that n = m = 1 and ¢ = ¢/. This shows that P(1) is true whenever h; = hj.
We now assume that h; # b}, and we show that this leads to contradictions in

all possible cases. This will complete the proof that P(1) is true.

o If n=1and m > 1, then we have hyc =h}---hl c, so
cd P =hth - R

If hy € Aand b € B, then hy', b}, hl,--- k! alternate between A and B.
Thus we can apply the Lemma 3.4.8 and get that 1 = deg(hy ")IT, deg(h}).
Hence we have deg(h,) = 1 for all i and so h, € Aforalli=1,2,--- m,

a contradiction.

If hy € Band b € A, then hy', b}, hY,--- k! alternate between A and B.

Thus we can apply the Lemma 3.4.8, and obtain the same contradiction.

Hence hy and A} must both belong to the same set A or B.

If {hy,h} C A, then since hy # h! by assumption, we have h;'h} € A
by Remark 3.4.9; so (h{'h}), hb,--- , k! alternate between A and B. Thus
Lemma 3.4.8 implies 1 = deg(h; A1, deg(h;), and so deg(h}) = 1, a
contradiction.

Assume that {h;, h}} C B. Since hy # b by assumption, we have h; '} €
B by Remark 3.4.9. Then (h;'h}), kY, --- , h! alternate between A and B.

' m
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Lemma 3.4.8 implies 1 = deg(h; 'h))II, deg(h}), and so 1 = deg(h;'h}),
a contradiction.

e If n > 1 and m = 1 by applying the same argument above we obtain a

contradiction.

Hence we must have n = m = 1. We thus have hyc; = hic}, so
/-1 __ -1/
cc = h{ hy.

If h; and R} alternate between A and B, then hy' and k) alternate between
A and B. So by Lemma 3.4.8 we have 1 = deg(h;"') deg(h}) and thus h,
and h) are elements of A, a contradiction. Therefore hy and A} must belong
to the same set A or B.

Since hy and A are distinct, we have h;'h} € UUB by Remark 3.4.9 hence
c™! € U U B which is impossible since (U U B) N C = ().

These contradictions show that P(1) is true.

Let d > 1. Assume that P(l) is true for 0 <[ < d. We show that P(d) is true. So
assume that hy - - h,c = hy---hl ¢ with min(n, m) = d.

If hy = b} then hy---h,c = hb---hl ¢, so the fact that P(d — 1) is true implies
that n = m, ¢ = ¢ and h; = R for all . This shows that P(d) is true whenever
hy = h. We now assume that hy # h/, and we show that this leads to contradictions
in all possible cases. This will complete the proof of the Lemma.

We have

ot =ht hythMRL R (9)

Consider the case where (hy € B and h} € A) or (hy € A and b} € B).
Then the h; ' and A (in the right hand side of (9)) alternate between A and B so we
can apply Lemma 3.4.8. Equation (9) implies that

1= (H deg(hfl)> <H deg(%)) )

so hy, b} € A, a contradiction. Hence h; and h} must both belong to one of the sets

A or B.
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Assume that {hy, h}} C A. Since h; and b/ are distinct then h'h) € U C A (by
Remark 3.4.9). So

ht, ... byt (hiYRY), RY, ... b alternate between A and B. (10)

Hence we can apply Lemma 3.4.8 and obtain

1= (H degUlﬁ)) deg(hy 1Y) (H deg(%)) - (11)

Hence hy, hly € A, a contradiction. (Note that he and hl, exist since d > 2.)

Assume that {hy,h}} C B. Since hy and h} are distinct h{'h} € B (by Remark
3.4.9). Hence condition (10) is satisfied and we can apply Lemma 3.4.8 and obtain
that (11) is true in this case too. Hence deg(hy'h}) = 1, a contradiction.

These contradictions show that P(d) is true and complete the proof of the Lemma.
O

Proof of the Structure Theorem. We begin by verifying that the hypothesis of
Lemma 3.4.5 is satisfied. It is clear that A ¢ B and B ¢ A, and we have GAy(k) =
(AU B) by Theorem 3.4.2.

Let us show that A (resp. B) is a system of nontrivial left coset representatives of
Cin A (resp. of C'in B). Clearly AC A, BC B, ANC =0 and BNC = {. Given
a=(mX+bY +cr,aX +bY +¢) € A\Cand 5= (aX +b,cY + f(X)) € B\C,
we have by # 0, ¢ # 0 and f(X) = r + sX + X?%g(X), for some r,s € k and
g9(X) € k[X]\ {0}. It is not difficult to check that

a = (alble + Y, X)(blx + ¢y, b2X + (Gle — bgal)ble —+ Cg) (12)

and
B=(X,Y +c'X%(X))(aX +b,cY +7+s5X). (13)

We can now show that |ANaC| = 1. Set o/ = (a;b;* X +Y, X), and note that o/ € A.
We have ANaC = ANd'C (by Equation (12)). Clearly o/ € ANa’C. Assume that
there is some ¢ € C, ¢ # 1 such that o/c € A, hence we must have ¢ € U (defined just
before Definition 3.4.6), a contradiction. Therefore we have ANaC = ANd'C = {o'}
and so [ANaC| = 1.
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Likewise, using the same argument as above we can show that |[BN gC| = 1.

So A (resp. B) is a system of nontrivial left coset representatives of C'in A (resp.
of C'in B).

Therefore by Lemma 3.4.5, every g € GAy(k) has a factorization of the form

g =1 Tk,

with n >0, ¢ € C and z; € AU B for all i, where the x; alternate between A and B.
By Lemma 3.4.10, this factorization is unique. So we are done.
[

Remark 3.4.11. In group theory there is a notion of free product with amalgamation,
which we will not define here. It turns out that the above Structure Theorem is
equivalent to the statement that GAy(k) is the free product of Afy(k) and BAy(k)
with amalgamation along C' = Afy(k) N BAy(k), which is written as follows:

GAs(k) = Afo(k) %0 BAs(k).

According to [6], page 84, Nagata (in 1972) seems to be the first to have stated
and proved the Structure Theorem in terms of amalgamated free product, but the

statement had appeared without proof in a 1966 paper by Shafarevich.



Chapter 4

Some remarks on polynomial rings in

three variables

The preceding chapter gives a complete description of the locally nilpotent derivations
and automorphisms of £[X,Y]. In this very short chapter we make a few comments

on the same problems for k[X,Y Z].

4.1 Locally nilpotent derivations

In this section, k is a field of characteristic zero.

Given any n > 1, one can state:
Problem. Describe all locally nilpotent derivations of k.

The case n = 1 of this problem is trivial, and Rentschler’s Theorem completely
solves the case n = 2. However, the problem is open for all n > 3.

Our aim, in this section, is to explain why Rentschler’s Theorem cannot be ex-
tended to n = 3. More precisely, we will see that a certain consequence of Rentschler’s

Theorem is false in the case n = 3.
Definition 4.1.1. Let B = k"l and D € Dery(B).
1. The corank of D is the maximum integer ¢ such that there exists a system of

variables (X1, -, X,) of B satisfying {Xy,---, X;} C ker(D).

89
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2. The rank of D is defined by rank(D) = n — corank(D).

Observe in particular that, if B = k" and D € Der,(B),
rank(D) < n <= some variable of B belongs to ker(D).

As noted in Remark 3.3.10 (i7), Rentschler’s Theorem implies that every locally
nilpotent derivation of k2 has a variable in its kernel. So the following is a conse-

quence of Rentschler’s Theorem:
Corollary 4.1.2. Every locally nilpotent derivation of k12 has rank < 2.

It is interesting to ask if it the case that every locally nilpotent derivation of k™
has rank strictly less than n. For n > 3, the answer was not known until, in 1995,

Freudenburg produced the following example on B = k[X,Y, Z] having rank 3.

Theorem 4.1.3. Let B=k[X,Y,Z| =kBl, F=XZ-Y? and G = ZF?>+2X?YF +
X®. Define the k-derwation A : B — B, by A = Apq). Then A € LND(B),
ker A = k[F,G] and rank(A) = 3.

Proof. This is Theorem 5.19 of [6]. O

Remark 4.1.4. This explains the claim that we made at the beginning of this section:
Rentschler’s Theorem cannot be extended to n = 3, since one of its consequences

(corollary 4.1.2) is false when n = 3.

4.2 Automorphisms

Definition 4.2.1. Let B = k[X1,---, X,,] = k"l. The group of k-automorphisms of
B is called the general affine group of dimension n. It is denoted by GA,, (k).

According to Theorem 1.2.4, Remark 3.2.2 of Section 3.2 can be extended for the
case n > 2. Thus every element of ¢ € GA, (k) is completely determined by the

n'tuple (@(Xl)a T @(Xn))
As in Section 3.2, we define some subgroups of GA,, (k).
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Definition 4.2.2. Let A = (a;;) € GL,(k) and a = (ay,--- ,a,) € k™
1. The element of ¢ € GA,, (k) defined by (X)) = a1, X1+ -+ a,; X, (1 < i< n)
is denoted by ¢ 4.

The set
GL, (k) ={pa| A€ GL,(K)},

is a subgroup of GA,, (k) and is called the subgroup of linear automorphisms of

dimension n.

2. The element ¢ € GA, (k) defined by ¢(X;) = X; +a; (1 <14 <n) is denoted by
Pa-
The set
T ={¢a| ack},

is a subgroup of GA,, (k).

3. The subgroup (GL, (k) UT) of GA,(k), generated by GL, (k) and T, is called
the affine linear subgroup of dimension n. It is denoted by Af, (k).

Definition 4.2.3. Let BA, (k) be the subgroup of GA, (k) whose elements are the
automorphisms ¢ € GA,, (k) of the form

¢: (a1X1+f17"';aan+fn)7
where ay,...,a, € kX, fi € k, and f; € k[ Xy, -+, X;4] for 1 <i < n.

Definition 4.2.4. Let ¢ € GA, (k). One says that ¢ is a tame automorphism if ¢
belongs to the subgroup (GL, (k) UBA,(k)) = (Af, (k) UBA,(k)) of GA, (k). One

says that ¢ is wild if it is not tame.
Therefore the following can be stated:

Problem. Is GA, (k) = (GL,(k) UBA,(k))? In other words is every element of
GA,. (k) tame?
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Jung’s Theorem (Theorem 3.4.1), proved in 1942, tells us that the answer to this
question is yes if n = 2. The case n = 3 remained open until 2004.
In 1972, Nagata defined the following automorphism o of k[X,Y, Z] = kb

o(X)=X-2XZ+Y?Y — (XZ+Y??Z,
cY)=Y +(XZ+Y?)Z,
o(Z)=2

and conjectured:
Conjecture (Nagata, [15]). o is not tame!

In 2004, Shestakov and Umirbaev showed in [21] that Nagata’s conjecture was

true (assuming that k£ has characteristic zero). This also proved that
GA3(k) # (Af3(k) UBA;s(k)).

Therefore, not all automorphisms of k! are tame. It is still an open problem to

describe the structure of the group GAs(k).
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