",

[

uOttawa

L’Umversité canadienne
Canada’s university



N

FACULTE DES ETUDES SUPERIEURES I FACULTY OF GRADUATE AND

ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

L Univeraite canadiennc
Cdnada 5 UrHVCrSHy

Caroline El-Chaar
AUTEUR DE LA THESE / AUTHOR OF THESIS

M Sc (Mathematics)
GRADE / DEGREE

Department of Mathematics and Statistics
FACULTE ECOLE DEPARTEMENT / FACULTY SCHOOL DEPARTMENT

The Onsager Algebra

TITRE DE LA THESE / TITLE OF THESIS

E Neher
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

A Savage
CO DIRECTEUR (CO DIRECTRICE) DE LA THESE / THESIS CO SUPERVISOR

M Racine Y Billing

Gary W Slater

Le Doyen de la Faculte des etudes superieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies



The Onsager Algebra

Caroline El-Chaar

Thesis submitted to the Faculty of Graduate and Postdoctoral Studies
In partial fulfilment of the requirements for the degree of Master of Science in

Mathematics !

Department of Mathematics and Statistics
Faculty of Science

University of Ottawa

© Caroline El-Chaar, Ottawa, Canada, 2010

!The M Sc progiam 1s a jomnt piogiam with Caileton University, administered by the Ottawa-
Caileton Institute of Mathematics and Statistics



Library and Archives Bibliothéque et

* Canada Archives Canada
Published Heritage Direction du
Branch Patrimoine de I'édition

395 Wellington Street
Ottawa ON K1A ON4

395, rue Wellington
Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-73779-8
Our file Notre référence
ISBN: 978-0-494-73779-8
NOTICE: AVIS:

The author has granted a non-
exclusive license allowing Library and
Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

The author retains copyright
ownership and moral rights in this
thesis. Neither the thesis nor
substantial extracts from it may be
printed or otherwise reproduced
without the author’s permission.

L’auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'internet, préter,
distribuer et vendre des théses partout dans le
monde, a des fins commerciales ou autres, sur
support microforme, papier, électronique et/ou
autres formats.

L'auteur conserve la propriété du droit d’auteur
et des droits moraux qui protége cette thése. Ni
la thése ni des extraits substantiels de celle-ci
ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

In compliance with the Canadian
Privacy Act some supporting forms
may have been removed from this
thesis.

While these forms may be included
in the document page count, their
removal does not represent any loss
of content from the thesis.

Canada

Conformément a la loi canadienne sur la
protection de la vie privée, quelques
formulaires secondaires ont été enlevés de
cette thése.

Bien que ces formulaires aient inclus dans
la pagination, il n'y aura aucun contenu
manquant.



Abstract

In this thesis, four realizations of the Onsager algebra are explored. We begin with its
original definition as introduced by Lars Onsager. We then examine how the Onsager
algebra can be presented as a Lie algebra with two generators and two relations. The
third realization of the Onsager algebra consists of viewing it as an equivariant map
algebra which then gives us the tools to classify its closed ideals. Finally, we examine
the Onsager algebra as a subalgebra of the tetrahedron algebra. Using this fourth

realization, we explicitly describe all its ideals.

i



Résumé

Dans cette these, quatre réalisations de 1’algébre d’Onsager sont explorées. Nous
commengons avec sa définition d’origine introduite par Lars Onsager. Ensuite, nous
examinons comment 1’algebre d’Onsager peut étre présentée comme une algebre de
Lie engendrée par deux générateurs avec deux relations. La troisieme réalisation de
I’algebre d’Onsager consiste ’examiner sous la forme d’'une algebre d’applications
équivariantes ce qui nous permet ensuite de classifier ses idéaux fermés. Finalement,
nous examinons l’algebre d’Onsager comme une sous-algebre de ’algebre tétraedre.
En exploitant cette quatrieme réalisation, nous décrivons explicitement tous les idéaux

de 'algebre d’Onsager.
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Chapter 1

Introduction

1.1 Outline

The purpose of this thesis 1s to explore various realizations of an algebra which took
on the name of Nobel Prize winning Norwegian-American physical chemist and theo-
retical physicist Lars Onsager (1903-1976) Four realizations of the Onsager algebra
will be studied, following the order in which they were discovered

We begin, in this chapter by chronologically going over the key events pertinent
to this thesis including the birth of the Onsager algebra and 1its original definition,
[Ons44] In Chapter 2, we examine how the Onsager algebra can be presented as a
Lie algebra with two generators and two relations This 1s done with the help of the
works [DG82], [Per89], [Dav9l] and [Roa91]

In Chapter 3, we consider the realization of the Onsager algebra as an equivariant
map algebra (a Lie algebra of regular maps equivariant under a group action) Using
this correspondence one can then describe the closed 1deals of the Onsager algebra
Thus 1s done 1n reference to the works [DR00a] and [DROOD]

Finally, in Chapter 4, we examine the tetrahedron algebra and 1its realization as

a map algebra and show that the Onsager algebra 1s 1somorphic to a subalgebra of
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the tetrahedron algebra. Using this realization, we can then explicitly describe all
ideals of the Onsager algebra. This is done with the help of the works [HT07] and
[E1d07].

The literature presents these results while omitting many steps and details.
Therefore, the goal of this thesis is to fill in these gaps in order to have complete

and concise arguments to support them.

1.2 Background

Throughout this thesis, unless otherwise specified, it is assumed that & is an arbitrary
field of characteristic zero, ¢ is an indeterminate and all tensor products are over k.
Furthermore. we will denote the set of natural numbers, {0,1,2,...}, by N and the
set of positive natural numbers, {1,2,...}, by N;.

In this section, we give a quick review of some basic definitions that will be used

throughout the thesis. More details can be found in [Hum78] and [EWO06].

Definition 1.2.1 (Lie Algebra). A Lie algebra over k is a vector space L, together

with a bilinear map, the Lie bracket,
LXL—>L7 (I,y)H[x7y]’
satisfying the following properties:

[z,2z] =0, forallze L, (1.2.1)

[z, [y, z]] + [y, [z, 2] + [, [z,y]] =0, forall z,y,2z¢€ L. (J.I)

The Lie bracket [z,y] is often referred to as the commutator of x and y. Condition

(J.1.) is known as the Jacob: identity .

Let gi(L) denote the set of endomorphisms of the vector space L. This is also a

vector space over k and becomes a Lie algebra, known as the general linear algebra,
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if we define the Lie bracket by
[a:,y]:acoy—yox, fOI'.’E,yEg[(L),
where o denotes the composition of maps.

Definition 1.2.2 (Lie Algebra Homomorphism). Let L; and Ly be Lie algebras over
k. The map ¢ : Ly — L, is said to be a Lie algebra homomorphism if ¢ is a linear
map and satisfies o([z,y]) = [¢(z), ¢(y)] for all z, y € L. If ¢ is also bijective, it is

said to be an wsomorphism.

An important homomorphism is the adjoint homomorphism. If L is a Lie algebra,

it is defined as the map
ad : L — gl(L)
such that (ad,)(y) := [z,y] for z, y € L.

Definition 1.2.3 (Lie Subalgebra). Given a Lie algebra L, a Lie subalgebra of L is

a vector subspace K C L such that [z,y] € K for all z,y € K.
Remark 1.2.4. Lie subalgebras are easily seen to be Lie algebras in their own right.

Definition 1.2.5 (Ideal). An ideal of a Lie algebra L is a subspace I of L such that
[z,yl € [forallz € L and y € I.

An important example of an ideal of a Lie algebra L is the center of L, defined
by
Z(L) € {z e L|[z,y] =0 forall y € L}.

Definition 1.2.6 (Closed Ideal). A (non-trivial) ideal [ of a Lie algebra L is called

closed (in the sense of Date and Roan) if Z(7) def

{z € L|[z,L] C I} = I or equiva-

lently L/I has a trivial center.

Remark 1.2.7. Note that I is always included in Z([I).
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Definition 1.2.8 (Derived Series / Solvable). The derwed series of a Lie algebra L

is the series of ideals
LW =[L,L] and LW = [L*-V L*D] for k> 2.
The Lie algebra L is said to be solvable if for some m > 1 we have L™ = 0.

Definition 1.2.9 (Lower Central Series / Nilpotent). The lower central series of a

Lie algebra L is the series of ideals
L'=[L,L] and LF=[L L} fork>2.

The Lie algebra L is said to be nupotent if for some m > 1 we have L™ = 0.

1.3 Timeline

The Onsager algebra appeared for the first time in Onsager’s solution of the two-
dimensional Ising model in a zero magnetic field [Ons44], which is a landmark in the
theory of exactly solved models in statistical mechanics. In [Ons44], Onsager deter-
mined that the so-called transfer matrix associated to this model was proportional
to exp(Ap) exp(A1), where Ay and A; are non-commuting matrices. By analyzing
the structure of the algebra generated by Ay and A; in detail, Onsager derived a Lie
algebra (denoted O) with basis {4,,,G; | m € Z,l € N, } and antisymmetric product

given by:
[Al,Am] = 2Gl—m7 > m, (131)
[Gla Am] = Am+l - Am,], (132)
[G), G = 0. (1.3.3)

Note that the fact that this is a Lie algebra is not obvious. In Lemma 2.1.3. we show

that this is indeed the case.
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Remark 1.3.1. In the above definition, the notation is slightly nonstandard. The el-

Am CLin most references,

ements A,,, G in our definition correspond to the elements <,

including [Ons44]. This adjustment is made for notational purposes.

Onsager’s work on the two-dimensional Ising model was soon after simplified by
using Clifford algebras [KO49] and fermion techniques [SML64]. These new methods
of solving the two-dimensional Ising model did not involve the Onsager algebra. This
caused the Onsager algebra to lose prominence in the literature until the early 1980s,
at which point it began to re-emerge in various papers but in a not so apparent
manner. Namely, in Dolan and Grady’s 1982 paper [DG82] on the role of self-duality
in producing integrability, the Onsager algebra appeared implicitly. The essence of
the main result of [DG82] was that when we have a pair of dual operators A, B

satisfying what we will refer to as the Dolan-Grady relation
[A, [A’ [Av Bm = 4["4’ B]’

then there exists an infinite set of conserved commuting self-dual charges. Perk made
the connection between the Dolan-Grady algebra (generated by A and B) and the
Onsager algebra when he considered the chiral Potts model in [Per89], which con-
tains the two-dimensional Ising model as a special case. He observed that Dolan and
Grady’s construction was identical with that of Onsager, but in a different notation.
Davies then, after receiving some inspiration from the work of von Gehlen and Ritten-
berg [vGR85], aimed to prove that the Onsager algebra and the related Dolan-Grady
relation did not need self-duality. He managed to do so in [Dav91] by taking the one
Dolan-Grady relation
[4, (A, [A, B]l) = 4[A, B]

and replacing it by the two relations

[A7 [Aa [A>Bm :4[‘473]7 [B7[B: [BaA”] :4[B’A]'



1.3. Timeline 6

Doing this eliminated the need for the self-duality condition. He then gave a math-
ematical treatment of the Onsager algebra using only these two relations. In the
same yeat, Roan took it upon himself to attempt to add rigour to Davies’ arguments
from the mathematical point of view. In the first section of his paper [Roa91], Roan
followed Davies’ arguments to derive the important relations between generators of
the Onsager algebra from the Dolan-Grady relations. In Chapter 2 of this thesis, we
will follow their procedure and add some additional arguments in order to demon-
strate that the Onsager algebra and the Dolan-Grady algebra are in fact isomorphic.
Following this result, the literature uses the two realizations interchangeably as the
definition of the Onsager algebra.

We then fast forward to Date and Roan’s work [DR00a, DROOb] in which they
studied the Onsager algebra from the ideal theoretic point of view. They managed to
obtain a complete classification of closed ideals and the structure of quotient algebras.
They did so by first showing that the Onsager algebra can be seen as a subalgebra
of an sly-loop algebra fixed by the Chevalley involution. In Chapter 3 of this thesis,
we will imitate their procedure to show that the Onsager algebra can be described
as an equivariant map algebra, a realization which is then used to classify its closed
ideals. Another motivation for looking at the Onsager algebra as an equivariant map
algebra is examined in [NSS09]. In this paper. Neher, Savage and Senesi provided
a complete classification of the irreducible finite-dimensional representations of an
arbitrary equivariant map algebra. They applied their results to the Onsager algebra,
to recover a classification of its irreducible finite-dimensional representations. Further
motivation for looking at the Onsager algebra as an equivariant map algebra is that
one can attempt to describe its indecomposable representations in hopes of potentially
generalizing the result to an arbitrary equivariant map algebra.

In 2007, Hartwig and Terwilliger continued to investigate the relationship be-
tween the Onsager algebra and sly-loop algebras in their joint work [HTO07], except

they worked with a three-point sly-loop algebra. Their main result showed that this
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three-point loop algebra is isomorphic to the tetrahedron algebra. X, hence giving
it a presentation via generators and relations. Their second main result was that X
can be decomposed into a direct sum of three subalgebras (not ideals), each of which
turn out to be isomorphic to the Onsager algebra. In the same year, Elduque began
his paper [Eld07] by reviewing their work and presenting it in a simplified way. The
rest of Elduque’s paper consisted of solving some of the problems suggested at the
end of [HT07], one of which was to describe the ideals of the tetrahedron algebra.
Elduque managed to describe these explicitly along with the ideals of the Onsager
algebra. In the fourth chapter of this thesis, we will add some arguments to the works
of Hartwig, Terwiliger and Elduque in order to present a complete proof of the fact
that the Onsager algebra is isomorphic to a subalgebra of the tetrahedron algebra.
Using this realization of the Onsager algebra. we then proceed to explicitly describing

all its ideals.



Chapter 2

Dolan-Grady Relations

2.1 The Onsager Algebra

We begin this chapter by recalling the original definition of the Onsager algebra.

Definition 2.1.1 (The Onsager algebra). The Onsager algebra, denoted O, is the
(nonassociative) algebra over k with a basis {A4,,,G; | m € Z,l € N, } and antisym-

metric product given by:

[Ar, Al = 2Gi_m, l>m, (1.3.1)
[Gl’ Am] = Am+l - Amfl; (132)
G}, G = 0. (1.3.3)

Remark 2.1.2. Note that it follows from (1.3.1) that G_,, = —G,, (m € Z).
Lemma 2.1.3. The Onsager algebra is a Lie algebra.

Proof. All there is to verify here is that our product indeed satisfies the Jacobi identity

(J.1.). We have four cases to consider, the first being trivial:

[Gl) [Gm: GnH + [GWH [Gna GZH + [Gnv [Gla Gm]] =0 + 0 + 0= O;
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for any [,m,n € N,. Next we consider the three remaining cases.

[As, [Am; Anl] + [Am, [An, All] + [An, [Ar, Ar]]
= 2[14[, Gm—n] + Q[Am, Gn_[] + Z[An, Gl—m] by (131)
= 2Al—m+n - 2Al+mfn + 2Amfn+l - 2Am+n—l + 2An71+m - 2An+l—m by (132)

=0,

for any I, m,n € Z. Also,

[Al’ [Am’ Gn]] + [Ama [Gﬂa Al]] + [Gn; [Al; Am“
= 2[141, A, — Am+n] + Q[Am, An+l — Al—n] + Q[Gn, G1“m] by (131), (132)

= 2Gl—m+n — 2Gl—m-n + 2Gm—n—l sl 2Gm—l+n by (131), (133)
= 2Gl—m+n - 2Gl-—m-—n + 2Gl—m—n — QG]_m+n bV Remark 2.1.2
= O7

for any I, m € Z and n € N;. Finally,

[As, Gy Gi]l + (G, (G, All] + G, [Al G|
— 0+ [Gony At — Arn] + [Coos At — Am] by (1.3.1), (1.3.3)
= NAmintt — Anpiem + A — Apiion

At — Arn A Amiin — A by (1.3.2)

=0,

for any [ € Z and m,n € N . ]
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2.2 The Dolan-Grady Algebra

As discussed in the introduction, a presentation of the Onsager algebra as a Lie
algebra generated by two generators and two relations came to be implicitly in the
work of Dolan and Grady. In this chapter, we will consider their algebra defined as

follows.

Definition 2.2.1 (The Dolan-Grady algebra). Let O.A be the Lie algebra over k

with generators A. B and relations

4,4, [A, B)]] = 4]A, B], (2.2.1)
B, [B, B, A]]] = 4]B, A]. (2.2.2)

Relations (2.2.1) and (2.2.2) will be referred to as the Dolan-Grady relations.
The goal is to prove the following proposition.

Proposition 2.2.2. The Onsager algebra, O, 1s 1somorphic to the Dolan-Grady al-
gebra, OA.

In order to have the tools to prove this, a set of elements in OA satisfying
Onsager’s relations is needed.

Let Ay = A and A; = B. Let (G; be the commutator

1
G1 - 5[141,140] (223)

and define A,,, G, (m € Z) in OA by

Am+1 - Am,1 = [Gl,Am], (224)

Gy = %[Am,Ao]. (2.2.5)

In particular, we note that Gy = 2[Ag, Ao] = 0.

1
2
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Theorem 2.2.3. ([Roa91. Theorem 1|) The A,, and G,, as defined above satisfy

Onsager’s relations; 1.e.,
)

[Al, Am] = 2Gp,

(Gr, Am] = Ami1 — Am,

G, Gr] = 0.
Remark 2.2.4. We have used the same notation, i.e.,A,, and G, as in the definition
of the Onsager algebra. This follows the standard practice in the literature. It will be
clear from the context in which algebra we are working. In particular, in Section 2.3
and Section 2.4 we will always be working in the Dolan-Grady algebra. Of course, after

Proposition 2.2.2 has been proven, the distinction between A,, € O and A,, € OA

becomes irrelevant.

The proof of Theorem 2.2.3 consists of a series of lemmas and is quite tedious.
Hence, Section 2.3 is dedicated to its proof. Once it is proven, the theorem can then

be utilized to prove Proposition 2.2.2 in the last section of this chapter.

2.3 The Dolan-Grady Algebra and Onsager’s Re-
lations

Theorem 2.2.3 is proven using a series of lemmas. One begins by showing that (1.3.1)
implies (1.3.2) and (1.3.3). It then only remains to show that (1.3.1) is satisfied. To
do so, we aim to prove that the commutators [A;, A,,] depend only on the difference

[ —m of the indices. Having this, along with (2.2.5), we can conclude (1.3.1).
Proposition 2.3.1. Relation (1.3.1) implies the followrng relations:
1
An+1 - A—n—l = —E[Ao, [Al, A,n]], n Z 0, (231)

1
An+1 — A,n+1 = 5[/41, [A(),An”, n Z 1. (232)
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In order to prove this, one requires the following lemma:
Lemma 2.3.2. ([Roa91, Lemma 2]) Let n > 1.

(i) If [Ao, An] = [A_n, Ao, then (2.3.1), < (2.8.2)a.

(’L’L) ]f [Al,An+1] = [A_n+1,A1], then (231)R—1 = (232)n+1

Notation: Note that the notation (2.3.1),, above refers to the relation (2.3.1) for

n = m (and similarly for (2.3.2),,).

Proof. Let n > 1.

(i) Assume [Ag, A,] = [A_,, Ao] and apply 5 ada, to get
1 1
-2—[141, [AO’ An” = Q[Ala [A—m AOH
By the Jacobi identity, we have that
[A17 [A—’rh AOH = [A—n) [Ala AO” - [AO) [Ala A—n]]

It then follows that

1 1 1
S1AL, (Ao, Aul] = S1A-, [A1, Ad]l = Ao, [A1, A
1
= [A -, G1] = 5140, [41, AL, by (2.2.3)
1
= —(A,nJrl — A,nfl) - —2'[140, [Al,A_n”. by (224)
So we have that
1 1
5[/417 [AOa An” + A—n+1 = A—n—l - §[A07 [Ala A—nH' (233)

Since

(2.3.1),, < A,.1 = RHS of (2.3.3)
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<= A,+1 = LHS of (2.3.3)

< (2.3.2),,

it allows us to conclude that (2.3.1),, © (2.3.2),.

(ii) Assume [A, Ayi1] = [A_p41, A1) and apply 3 ada, to get
1o, 1A, Al = Ao, (A1, Au]
= 2 Ao (A Azunl] = 5ldo, [Ar, Aval]
By the Jacobi identity, we have that
[Ao, [A1, Anii]] = [Ar, [Ao, Ania]] + [Ansa, [Ar, Ad]]-
It then follows that
1 1 1
—5 A0, [An, Apn]l = 5[4y, [Ao, Ana]] + 5[ A, [As, Ao]]
= S1s, (Ao, Angal] + (A1, G
= 514w Ao, A = (A = 4n)
So we have that
A+ 510, (A1, A-ial] = Az = 5 (Ao, An ]
Next we recall that

1
(231)n—1 . An — A_n - —5[140, [AI; A—n+1”;
1

(232)n+1 : An+2 - A_n = 5

[Ah [AO’ AnJrlH'

Hence it follows that

(2.3.1), 1 <= A_, = LHS of (2.3.4)
<= A_, = RHS of (2.3.4)

— (2.3.2)p41-

This then allows us to conclude that (2.3.1),,1 < (2.3.2),41-

by (2.2.3)

by (2.2.4)

(2.3.4)
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Proof of Proposition 2.3.1 First we note that

(Ao, An] = 2G_ by (1.3.1)
[A_n, Ag) = 2G_, by (1.3.1)
- [AOaAn] = [A—naAO]'

It then follows from Lemma 2.3.2(i) that (2.3.1), < (2.3.2),. Furthermore, it also
follows that (2.3.3) holds. Similarly,

[AlaAn+1] = ZG_n by (131)
[A_n+1, Al] - 2G_n by (131)
— [AI;ATL—H] = [A—n+1>A1]'

So it follows that (2.3.4) holds.
Now we can use all of this to prove our proposition. From above, we know that
it is enough to prove (2.3.1),, and then (2.3.2),, will follow. To do so we proceed by

induction.

Base Cases: The following shows (2.3.1)0:

A — Ay = [Gh, Ay by (2.2.4)
_ —;-[[Al,Ao],Ao] by (2.2.3)
_ %[AO, (A Aol

When it comes to showing (2.3.1),, we note that it is not only equivalent but also

simpler to prove (2.3.2);.

Ay — Ay =[Gy, Ay by (2.2.4)
= %[[AlaAO]aAl] by (2.2.3)

= 3140 1o, A1l
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Induction Hypothesis: Assume (2.3.1),, holds for 0 <m <n — 1.
Inductwe Step: Prove for m = n. From (2.3.3) and (2.3.4), it follows that

A=A — %[Ao, (A1, Al = Any — Ay — %[Ao, [A1, A_nys]]
= —‘21‘[/40, (AL, Al =Ani — A+ A — Apr — ‘;‘[Ao, [A1, A_(n_2)]]
& — L0 A1 ALl = Ay = Aoy 4 Aoy = Ay = Ay — Aoy
& =50, (A1, AL = Ani = A
< (2.3.1),.
Observe that the n — 2 case of the induction hypothesis was used above. O

Lemma 2.3.3. ([Roa91, Lemma 3]) Relation (1.3.1) wmplies relations (1.5.2) and
(1.3.9).

Proof. We begin by showing that (1.3.1) implies (1.3.2). Recall that Proposition 2.3.1
tells us that (1.3.1) implies (2.3.1) and (2.3.2). The following shows that (1.3.2) is

satisfied for m = O:

1
(G, Ag) = 5[[141,141—1],140] by (1.3.1)
1
= -5[140; [A1, A_-)]]
= Al - A~l by (231)171

The following shows that (1.3.2) is satisfied for m = 1:

1
[Gi, ] = S[[A, Ao), Ad] by (1.3.1)
1
= 5[/11, [/10,/11]]
= Ay — Ay by (2.3.2);.

From (1.3.1) we have that [A;, Ag] = 2G,. We then apply ad¢,, to get:

2[Gm7 Gl] = [Gmu [Al; AO” (2.3.5)
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Furthermore, by the Jacobi identity, we have the following
Q[va Gl] = [[Gm’ Al]a AO] + [Alu [Gm7 AO” (236)
For m = 1, we have

Q[Gl, Gl] = HGb Al]> AO] + [Al’ [Gla AO]]

= [Aprl — A]_l, Ao] + [Al, A1 - A_l] by (224)
= 2Gl+1 — 2G1_1 + QGl_l — 2G1+1 by (131)
= 0.

Hence showing that (1.3.3) is satisfied for [ = 1 or m = 1. Next, we note that for any
m € Z, it follows from (2.2.4) that

Am+2 = A, + adGl Am+1-

We claim that

Ami = (gi(ade,)) (An) + ((ade,)) (Amsr) forl >0, meZ, (2.3.7)
where
( (
1 if l =0, 0 if 1l =0.
9(z) =140 ifl=1, M(z)=41 ifl=1,
kxgl_l(a:) + glAg(a:) if 1 > 2, k.Zhlfl(.'ll‘) + hlfz(iﬂ) if { > 2.

To prove this claim, we proceed by induction on [ € N. First, we consider the base

cases:

I =0, Am = (QO(adGl))(Am) + (ho(adGl))(Am+1)ﬂ
I=1, A1 = (gi1(ade,)) (Am) + (ha(ade,)) (Ami).

Assume (2.3.7) holds for | > 2. We proceed to show it for [ + 1.

Amyii1 = Ay + (G, Amd] by (2.2.4)
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= (g1-1(ade,))(An) + (o1 (ade,)) (Amea)

+[G1, (gu(ada,)) (Am) + (lu(ade,)) (Ami1)]
= ((91—1 + $91)(ad01))(14m) + ((hl~1 + :rhl)(adgl))(AmH)
= (gr1(ade,)) (Am) + (hisa(ade, ) (Amaa).

Hence proving our claim. (2.3.7), which we can now use as follows:

[Gla Am] = [Gla (gm(a'dG1))A0 + (hm(adGl))Al]

= (9m(ade,)) (G, Ao] + (hm(adg, )G, Al since [G1,G)] =0
= (gm(ade,)) (A1 — A_) + (hm(adg,)) (A — A1) by above
= ((gm(ade,)) A+ (hm(ada,)) A1) — ((gm(ade,)) A=y + (hm(adg,)) Ar-))
=Am— Ao

Hence, we have (1.3.2).
The next step is to prove that (1.3.1) and (1.3.2) imply (1.3.3). From (2.3.6)

above, we have that

Q[Gm’ Gl] = [[Gm;Al]aAO] =+ [Ala [GmaAOH

= [Am—H — Al—m; Ao] + [Al, Am - A-m] by (132)
= 2Gl+m - 2Gl_m + 2Gl—m - 2Gl+m by (1.3.1)
={.

Hence, we have (1.3.3). So we have proven that
(i) (1.3.1) implies (1.3.2), and
(i) (1.3.1) and (1.3.2) imply (1.3.3).

So finally, we conclude that the relation (1.3.1) implies relations (1.3.2) and (1.3.3).
g
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Lemma 2.3.4. ([Dav9l. Lemma 1]) A_;. Aq. Ay, and A, defined by relations (2.2.4)
and (2.2.5) satisfy

[A_1, Ao] = [Ag, A1] = [A4, Ag] (2.3.8)

of and only of Ay and Ay satisfy the Dolan-Grady relations (2.2.1) and (2.2.2) unth
Ay = A and A, = B.

Proof. We begin by assuming (2.3.8) and showing that Ay and A satisfy the relations
(2.2.1) and (2.2.2) with Ag = A and A, = B.

[Ao, A_1] = [Ag, A1 — [G1, Ao]] by (2.2.4)
= [Ao, A1] + [Ao, [A0, G1]]

1
= [Ao, 4] — 5[140, [Ao, [Ao, Ai]]] by (2.2.5).
Since [A(), A_l] = —[A(), Al], it follows that [Ao, [Ao, [Ao,Al]” = 4[140, Al] Similarly,

[Al,AQ] = [A1,Ao] + [Al, [Gl,A1H by (224)

= (A1, Ao] — 5[A1, [Ar, [Ar, Agl]] by (2.2.5).

1
2
Since [A1, As] = [Ao, A1], it follows that [Aj, [A1, [A1, Ao]]] = 4][A1, Ao]. Next, we

prove the other direction by assuming that Ag and A, satisfy the relations (2.2.1)
and (2.2.2) with Ay = A and A, = B.

AQ = Ao + [Gl,Al] by (224)
1
= AO + 5[[1417 AO]) Al] by (225)
1
= AO - 5[‘417 [AhAOH'

By applying ad4, we get

(A1, A2] = [ A1, Ao] = 3 (A, (41,14, Ao
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= [A1, Ao] — 2[A1, Ao by (2.2.2)
= [Ao, Aq.
Similarly, we have that
A_1 = A1 — [Gl,Ao] by (224)
1
- A1 — 5[[141, AQ], Ao] by (225)

1
= A, - Q[AU) [Ao, Ad]].
By applying ad 4, we get

[Ao, A1) = [Ao, Ay] — %[Ao, [Ao, [Ao, Ai]]]
= [A(),Al] — 2[140, Al]
= [Ay, Ao

Equivalently, [A_1, Ag] = [Ao, 41]. O

Lemma 2.3.5. ([Dav9l, Lemma 4], [Roa91, Lemma 4]) If Ay and Ay satisfy the
Dolan-Grady relations (2.2.1) and (2.2.2), then

[A_2, Ap) = [A_1, A1] = [Ao, A2 = [A4, A3]. (2.3.9)
Proof. From (2.3.8) we have that
[A_1, Ao = [Ao, Ai] = [A1, As].
Apply adg, to each of the commutators to get

(G1, [A1, Ag]] = [[Gh, A_], Ao] + [A-1, [Gh, Ao]] by (J.I)
= [Ao — Ay, Ag] + [A 1, A1 — A 4] by (2.2.4)
= [Ag, A2] + [A 1, A4],
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[G1, [Ao, A1]] = [[G1, Ao], A1 + [Ao, [G1, Ad] by (J.I1.)
= [A1 — A1, A + [Ao, As — Ao by (2.2.4)
= [A1, A1} + [Ao, As),

[G1, [Ar, Ad]] = [[G1, A1), Ad] + [A4, [Gh, As]] by (J.1.)
= [As — Ao, Ao] + [A1, A3 — A4 by (2.2.4)
= [Ay, Ao] + [A4, As).

Hence it follows that

[AO,A_Q] + [A_l, Al] = [Al,A_l] + [A(),AQ] = [Ag, A()] + [Al,Ag]. (2310)

Next. we apply ad4, ada, on [A1, Ao to get
[Ab [AO, [Ala AO]]] = [[Ala AO]'} [Ali AU” + [A(), [Ab [Ab AO]” by (‘]I)
= Q[Ah [AOa Gl]] = 2[A07 [Ala Gl]] by (223)

& [A1, [Gh, Ao]] = [Ao, [Gh, Ad]]
<~ [Al, A1 — A_l] = [Ao,AQ - Ao] by (224)

~ [A-l,Al] = [AOaAQ]

& [Ag, A_y] + [Ag, A2) = 0.

From (2.3.10) we then have that
[Ao, A_o] + [A_1, Ar] = [A1, A ] + [Ag, Ag] = [Ag, Ag] + [A1, A3] = 0.
Hence we can conclude the desired result,

[A_a, Ao] = [A_1, A1) = [Ap, Ag) = [Ay, A3
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Corollary 2.3.6. If Ay and A, satisfy the Dolan-Grady relations (2.2.1) and (2.2.2),
then (2.3.1), and (2.8.2), are satisfied for n € {0,1,2}.

Proof. We begin by showing that (2.3.1), is satisfied as follows:

Ao, [As, Adll = ~3[[As, A, A by (J.1)
= [G1, A by (2.2.3)
=A - A, by (2.2.4).

Note that we clearly have [Ag, Ag] = 0 = [Ao, Ao]. Thus by Lemma 2.3.2(i) we have
that (2.3.2)g holds. Similarly, since from (2.3.8) we have [A;, As] = [A, A1], it follows
from Lemma 2.3.2(ii) that (2.3.2), is also satisfied. Furthermore, from (2.3.9) we have
that [Ag, As] = [A_a, Ag]. Hence Lemma 2 3.2 tells us that (2.3.1), is satisfied. Next
we show that (2.3.2); is satisfied:

%[Al, [Ao, A1]] = %[[AlaAo],Al] by (J.1)
=[Gy, A by (2.2.3)
~ Ay — A by (2.2.4).

Since (2.3.8) tells us that [Ag, A1] = [A_1, Ag), it follows from Lemma 2.3.2(i) that
(2.3.1); is also satisfied. O

Lemma 2.3.7. ([Roa91, Lemma 4], [Dav9l, Lemma 5}) If Ay and Ay satisfy the
Dolan-Grady relations (2.2.1) and (2.2.2), then

[A_g,Ao] = [Aﬁg,Al] = [AvleQ] = [Ao,Ag] = [Al,A4]. (2311)

Proof. We begin by showing that [A_s, A)] = [A_1, A3) = [Ao, A3]. To do so we will
need to develop two equations by using (2.3.9). First of all, from (2.3.9) we have that
[A_1, Ay] = [Ap, A5). To it we apply adg, to get

[Gl; [A"b AlH = [G17 [A()a AZ”
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& [[Gh, A1), Al + [Aoy, [G1, Ay = [[G1, Ao), Az + [Ao, [G1, Ad)) by (J.I)
& [Ao— As, A] + [A_1, Ay — Ag) = [A1 — A1, Ao] + [Ao, As — A1) by (2.2.4)
& 2[Ag, A1) — [A_a, Ay + 2[A_1, As] — [ALy, Ag) = [Ar, Az + [Aog, As]

& 2040, Ar] = [A_s, Ay + 2[A_1, As) — [Ag, A)] = [Ao, Ar] + [Ao, A5] by (2.3.8).

Which is equivalent to our first desired equation
2[A_1, Ay] = [A s, A1] + [Ao, A3]. (2.3.12)
Next, consider the relation [A_s, Ag] = [A_1, Ai1] (from (2.3.9)) and apply ad 4, ada,:
[Ao, [A1, [As, Ao]]] = [Ao, [A1, [A-y, Ai]]]- (2.3.13)

For computational simplicity let us consider each side of (2.3.13) separately and then

look at the equality.

LHS of (2.3.13) = [Aq, [41, [A_s, Ao]]]

= [Ao, [[A1, A_s], Ag] + [A_a, [A1, Ag]l] by (J.1.)
= [Ao, —[Ao, [A1, As]] + 2[A_s, G4 by (2.2.3)
= [Ao, 2(As — A_3) — 2[Gy, A_s]] by (2.3.1)s
= [Ag, 245 — 2A_3 — 2(A_; — A_3)] by (2.2.4)
= 2[A, Az — A_1]

- 2[/10, Ag] + 2[/1_1, Ao]
= 2[A0,A3] —+ Q[Ao,Al] by (238),

RHS of (2.3.13) = [Ao, [Ay, [A_1, A1]]
= [Ao, [[A1, A1}, Ay]] by (J.L)
= [[Ao, [A1, A_1]], Ar] + [[A1, A-i], [Ao, Ad] by (J.1)
— 9y — Ay, A] + 2(Gh, [A1, A 1)) by (2.3.1); and (2.2.3)
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= 9[Ay, Ao) + 2[A_s, Ay] + 2[[G1, A1), A1) + 2[AL, [G1, A_y]] by (J.1)
— 2[Ay, Ay] + 2[A_y, Ay] + 2[As — Ag, A1) + 2[A, Ay — A_y] by (2.2.4)
= 2[Ay, Ag) + 2[A_y, A)] + 2[As, A_1] + 2[A_y, Ag] + 2[A1, Ag] + 2[A_s, Ad]
= 2[Ag, A1] + 4[A 5, A1) + 2[As, A_1] + 2[Ag, Ay] — 2[Ap, A1) by (2.3.8)
= 2[Ag, A1] + 4[A_2, A1] + 2[A2, A_4].

Next we consider the equality of LHS and RHS of (2.3.13)
2[Ao, As] + 2[Ao, A1] = 2[Ao, A1] + 4[A 2, A1) + 2[A2, A1),
which is equivalent to our second desired equation
2[A_s, A1] = [Ao, As] + [A_1, Aq]. (2.3.14)
Next we combine (2.3.12) and (2.3.14) by utilizing their common term [A, Asz].

Q[A_l,AQ] - [A_Q,Al] - Q[A_Q,Al] - [A—laAQ]y
— [A_l,AQ] = [A_Q,Al].

So we obtain one of the equalities of (2.3.11). Now if we replace this result in (2.3.12)

we get

Q[A,Q,Al] = [A_Q,Al] + [Ao,Ag]
> [A g, Ay] = [Ag, A3].

Hence, so far we have succeeded in proving that [A 5, A1] = [A_1, Aq] = [Ao, A3).
Next, we aim to prove that [Ag, As] = [A_3, Ag]. To do so first we note that

[G1, [A_1,A]] = [[Gh, A, A] + [AL, [Gh, A4 by (J.1.)
= [Ag — A_a, A] + [A 1, A2 — A by (2.2.4)
= [Ao, A1] — [A_, Ay] + [AZ1, Ag) — [AL4, Ao
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= [Ag, A1] — [A—2, A1] + [A_3, A1] — [Ao, A1] by (2.3.8) & above.
So,
[G1,[A_1, AL]] =0. (2.3.15)
Furthermore, we note that

[Ao, [G1, [Ao, [A_1, A]]]]

= [[Ao, G1], [Ao, [A-1, A1]]] + [Gh, [Ao, [Ao, [A-1, Ad]]] by (J.1)
= [[[Ao, G1], Ao], [A—1, Av]] + [Ao, [[Ao, G1], [A-1, Au]]

— [G1, [Ao, [Ao, [A1, AL]]] by (J.1)
= — [[Ao, [Ao, G1l], [A-1, Ar]] + [Ao, [[Ao, Ga], [A-1, Adll]

+ 2[G, [Ag, As — A_2]] by (2.3.1);

= %[[Ao’ [Ao, [Ao, A]]], [A-1, Ad]] + [Ao, [Gy, [Ao, [Ar, A1 ]]]]

+ [Aq, [Ao, [G1, [A—1, A1]]]] + 2[G1, [Ao, Aa] + [A_2, A by (2.2.3)
= 2[[Ao, A1, [Ay, Av]] = [Ag, [Gy, [Ao, [A-1, Ad]]]]

4G, (A, Al by (2.2.1), (2.3.9), (2.3.15)
= — 4G4, [A-1, A1]] — [Ao, [G1, [Ao, [A-1, A1]]]] by (2.2.3),(2.3.15)
= — [Ao,[Gy, [Ao, [A1, Al]]] by (2.3.15).

Hence, we have that [Ag, [G1, [Ao, [A_1, A1]]]] = 0. But we note that

0 = [Ay, [G1, [Ao, [A-1, Au]]]] = —[Aq, [G1, [Ao, [A1, A-1]]]
= 2[Ag, [Gy, A — A )] by (2.3.1);
= 2[Ao, [G1, As]] — 2[Av, [G1, A_3]]
— 9[Ao, As — Ar] — 2[Ag, A 1 — A 3] by (2.2.4)
= 2[Ao, As] — 2[Ao, Ar] + 2[A_1, Ao] — 2[A_s, Ao]
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= 2[140, Ag] — 2[140, Al] + 2[140, Al] - 2[14._3, Ao] by (238)
= 2[4y, As] — 2[A_3, Ag).

So we have that

2[Ag, A3] — 2[A_3, Agl =0
(== [Ao,Ag] = [A_g,Ao].

To sum up, so far we have that [A_3, Ag] = [A_s, A1] = [A_1, As] = [Ao, A3]. Finally,
we seek to prove that [A;, Ag] = [A_2, A1] in order to complete the proof of our lemma.
We proceed by a similar argument used above to get that [Ag, As] = [A_3, Ao]. So

first we note that

[G1, [Ao, As]] = [[Gh, Ao, As] + [Ao, [G1, As] by (J.I.)
= [A1 — A_y, Ag] + [Ag, A3 — Ay by (2.2.4)
= [A1, Ay) — [A_1, As] + [Ao, As] — [Ao, A1)
= [Ao, A1] — [Ao, As] + [Ag, As] — [Ao, A1] by (2.3.8) & above.

So,
Gy, [Ag, As]] = 0. (2.3.16)
Furthermore, we note that
[A1,[G1, [Ar, [Ao, Ao]]]]
= [[A1, G1], [A1, [Ao, Ao]] + [Gh, [Ay, [Ay, [Ao, Ao]]]] by (J.I)

= - [[Al’ [Ah GlH> [AU’ AQ” + [Ala [[Alu Gl]; [AO; AZ]”
+2[G1, [Ar, Az — A_4]] by (J.1), (2.3.2),
= — %[[Al, [Ar, [A1, Aol]], [Ao, Az]] + [Ad, [A1, (G, [Ao, As]]]]

— [A4, [G1, [A, [Ao, A2)])] + 2[Gh, [A1, As] — [Ar, Ay]] by (J.1), (2.2.3)
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= — 2[[A}, Ag], [Ao, A2]] — [Ay, G, [A1, [Aog, As]]]]

+ 2[G1, [Ao, Az] + [Ag, Ag]] by (2.2.2), (2.3.16), (2.3.9)

= —[G1,[A0, A2]] — [A1, (G, [Ar, [Ao, A2]]]] + 4[Gh, [Ag, A2]] by (2.2.3)

= — [A1,[G1, [A1, [Ag, A]]]] by (2.3.16).
Hence, we have that [A}, [G, [A1, [Ao, A2]]]] = 0. But we note that

0= [Al’ [Gla [Ah [A07 AZHH = Q[Alu [Gla Az — A—l” by (232)2

= 2[Ay, [G1, As]] — 2[Ay, [G1, A1)

= 2[Ay, Ay — Ay] — 2[A1, Ay — ALy by (2.2.4)
= 2[Ay, Ad) — 2[A1, As] — 2[Ay, Ag] + 2[A1, A,

= 2[A;, As] + 2[4y, As)] by (2.3.8)

So we have that

2[A1,A4] + 2[141, A_Q] - 0
— [A17A4] = [A_Q,Al].

This completes the proof of our lemma. O

Lemma 2.3.8. ([Roa9l, Lemma 5] [Dav9l, Theorem 1]) If Ay and A, satisfy the
Dolan-Grady relations (2.2.1) and (2.2.2), then every adyjacent pair A, Ani1 satis-

fies the relations

[Am; [Am; [Am; Am+1”] = 4[Am7 Am+1]7 (2317)
[Aerlv [Aerla [Am+1; Amm = 4[Am+17 Am]a (2‘3‘18)
and [Amy1, An] = 2Gy for all m (in particular, the commutators [A,, 1, Al are

independent of m).

Proof. We proceed by induction on m. We first consider the base casesm € {—1,0,1}.

The case m = 0 is simply the assumed Dolan-Grady relations (2.2.1) and (2.2.2).
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Next, consider the case m = 1. From (2.3.9). we have that [Ay, A;] = [A;, A3]. Apply
adg, to get that

(G, [Ao, A2]] =[G, [Ay, As]]

< [[Gy, Ao), As] + [Ao, [Gh, A3]] = [[G1, A1), A3] + [A4, [G1, A3]] by (J.I.)
o [Ar = Ay, Ao+ [Ao, As — Ay] = [As — Ag, As] + [y, Ay — As] by (2.2.4)
& 2[A1, As) — [A_y, Ag] + 2[Ag, A3} — [Ao, A1] = [As, As] + [A1, A4

& 2y, Ar] + 2[4, As] — [Ao, Ar] = [As, Ag] + 2[Ag, A5] by (2.3.8), (2.3.11)
& [Ag, A1] = [Ag, A3).

Hence we have the additional relation
[A()) Al] = [A27 A3] (2319)

with which we now have the tools needed to show that (2.3.17) and (2.3.18) are

satisfied for m = 1.

[A1, [A1, [Ar, As]]] = [A1, [Ad, [Ao, Ad]]] by (2.3.8)
= —[Ay, [A1, [A1, Ad]]]

= —4[Ay, A by (2.2.2)

= 4[Ay, A4]

— 4[Ay, A by (2.3.8),
[A2, [A2, [A2, Ai]]] = [Az, [As, [A1, Al]] by (2.3.8)

= [Ag, [[A2, A1), Ao] + [A1, [AQ,AO”] by (J.I1.)

= [Ay, [[A1, Ao], Ao]] + [Az, [A1, [A2, Ao]]] by (2.3.8)

= _[A27 [AOa [Ah AO]” - [AQ; [AIJ [A07 AQH]
=2[A2, A1 — A 1] — 2[Ay, A3 — A_] by Corollary 2.3.6,
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(231)0 and (232)2
= 2[142, Al] - 2[142714_1] — 2[/12, Ag] + Q[AQ, A_l]

= 2[142,141] - 2[140,141] by (2319)
= 2[A2,A1] — Q[Al,AQ] by (238)
= 4[142,141].

Furthermore, note that

4[142,141] = 4[A1,A0] by (238)
= 8G, by (2.2.3)
— [AQ,Al] = 2G,.

Next, we consider the case m = —1. From (2.3.9), we have that [A_5, Ag] = [A_, 41].

Apply adg, to get that

[G1, [A2, Ao]] = [G1, [A-1, Ad]]

& [[G1, Aza], Ag] + [A_, [Gh, Ao]] = [[Gh, Aa], Au] + [A-y, [Gh, Ad]

(A1~ A_s, Ag) + Az, A1 — A1) = [Ag — A s, A] + [A_1, As — Ay] by (2.2.4)
& 2[4, Aol — [A_s, Ao) + 2[A_s, A1] — [A_s, A_y] = [Ao, A1] + [A_1, A2

& 2 Ag, Ar] + [Ao, As] — [A_s, A 1] = [Ao, Ad] + [Ao, A3] by (2.3.8) and (2.3.11)
& [Ag, A1) = [A_2, A_4].

Hence we have the additional relation
[Ao, A] = [Az, AL4] (2.3.20)

with which we now have the tools needed to show that (2.3.17) and (2.3.18) are

satisfied for m = —1.

[Ao, [Ao, [Ao, A1]]] = [Ao, [Ao, [Ar, Ad]]] by (2.3.8)
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= —[Ay, [Ao, [Ao, A1]]]
— _4[A, Ai] by (2.2.1)
— 4[A,, A
_ 4[Ag, A by (2.3.8),
[A-1, [A_1, [A_1,Aoll] = [A-y, [Ay, [Ag, Av]]] by (2.3.8)
= [A_1, [[A-1, Ao, Au]] + [A-y, [Ao, [A-1, Ad]]] by (J.I)
= [A_y, [[Ao, Ar], Au]] + [A-y, [Ao, [A-1, Ad]]] by (2.3.8)

= —[A_1, [A1, [Ao, Al]] = [A-1, [Ao, [A1, A4 ]]]

= —2[A_1, Ay — Ao] + 2[A_1, Ay — A9] by Corollary 2.3.6,
(2.3.1); and (2.3.2),

— 9[A_1, Ag) + 2[A s, Ao) + 2[A_y, As] — 2[A_1, A_y]

= 2[4, A1) — 2[A_1, A_,] by (2.3.8)
= 2[Ag, A1] — 2]Ay, A by (2.3.20)
= 4[Ag, A{]

= 4[A_y, A by (2.3.8).

Furthermore, note that
4[Ap, A_1] = 4[Ay, AJ] by (2.3.8)
= 8G, by (2.2.3)
— [A(), A_1] = 2G1
as desired. In the general case, let us consider when m is positive. We assume that

(2.3.17), (2.3.18) and [A,;1, A,] = 2G, are satisfied for 1 < n < m and show that

they are also satisfied for n = m. To do so we define A} (k € Z) and G as follows:

AIO - 14Tn,17
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Al = A,
! 1 7 !
Gl = §[A17A0]7
A = Ao + G A
By the induction hypothesis, the pair A,,,_1, A, satisfies (2.3.17), (2.3.18) and [A,,, Apm_1]

= 2G,;. Hence, so does the pair Aj, A]. Case m = 1 then tells that the pair A}, A}
also satisfies (2.3.17), (2.3.18) and [A}, A}] = 2G). But note that

1
G, = E[All’ Af] by definition
1
= i{Am’ A1) by definition
=G, by the induction hypothesis,
A=A, by definition,
A, = A + [GY, Al by definition
= A1+ (G, AL by definition and above
== Am_1 + Am+1 - Am_1 by (224)
= Am,+1-

Therefore the pair A,,, An41 satisfies (2.3.17), (2.3.18) and [A;,11, Am] = 2G;. By
induction, this proves our lemma for the case of m positive. The proof for m negative
is the same as for when it is positive but our induction hypothesis will be for —1 >

n > m = —k where k is any positive integer. O

Lemma 2.3.9. ([Roa91, Lemma 6] [Dav91, Theorem 2]) If Ay and A, satisfy the
Dolan-Grady relations (2.2.1) and (2.2.2), then for N € N, and all values I, m

satisfyingm =0,...,. N, m — 1l = N, we have

[Ai, A] = [Arr, A (2.3.21)
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(i.e., the commutators [A;, Anm] depend only on the difference | — m of the indices).

Proof. We proceed by induction on N.

Base Cases: 1t is simply a matter of noting that case N = 1 follows from (2.3.8),
case N = 2 follows from (2.3.9) and case N = 3 follows from (2.3.11).

Induction Hypothesis (1.H.): Assume that for 3 < M < N — 1 and for all [ and
m such that m =0,..., M and m — ! = M, we have that [4;, An] = [A111, Amt1)-

Before proceeding to the inductive step, we will show that here the relations

1
An+l - A—-n—-l = _§[A07 [AluA-n”7 n Z Ou (231)

1
An—l—l - A—n+1 = §[A17 [A[])An”) n Z ]-; (232)

are satisfied as we will need to use these properties in our proof below. To do so,
we again proceed by induction. The base cases (n = 0,1,2) are true in general, as
proven in Corollary 2.3.6. Next, we assume (2.3.1),, and (2.3.2),, are satisfied for
2 <n < N —1 and proceed to prove the case n = N. We begin by noting that the

induction hypothesis for our first induction tells us that for 1 <n < N — 1,

[A_,, Ag) = [A1-n, Ai] by (ILH.) forl = —n, m =0
= [Ay_n, A2] by (ILH.) forl=1~n,m=1
= [A_y, An_i] by (LH.) forl= -2, m=n—2
= [Ap, A,] by (ILH.) fori=—-1,m=n—1.

So by Lemma 2.3.2, we have that (2.3.1),, < (2.3.2),. Hence it is sufficient to prove

(2.3.1),,, the proof of which is as follows:

(Ao, (A1, A, = 5 (Ao, A A—i] — L[As, [0, AL by (J.1)

1
2
=[G1,A-,] — %[Al, [Ao, A—n]] by (2.2.3)

1
2
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= [G1, Aal + 1A, (4o, A since [A_, Ao = [Ay, A,]
= G, AL+ 314 A, A+ 5 A0, (A1, Al by (1.1
= (G, AL + (G, A + %[Ag, [A_ni2, A1) by (2.2.3) and (L)
= At = A+ A — Ay — %[AO, Ar A
by (2.2.4)
=A_ 1A 1+A 1 — A+ A1 —A_,;1 Dby induction
=An1 — A1
Hence, by induction, we have that (2.3.1),, and (2.3.2),, are satisfied for 0 < n < N
and can now return to proving our lemma.

Inductive Step: First, consider the case when M = N — 1. So for all [ and m
such that m =0,..., (N —1) and m—{ = N —1, we have that [A;, A.] = [Ai+1, Amia]-
Act on both sides of the equation by adg;,:

LHS =[Gy, [Al, An]]
= [[G1, A, Am] + [A}, [G1, A by (J.I1.)
= [Aj;1 — A_1, A + [A A1 — An—] by (2.2.4)
= [Aviy, Am] = [Aimy, Am] + [A, Ama] = [Ar, A
= [A}, A1) — [Ai=1, A by (LH.) for M = N — 2,
RHS =[Gy, [Avy1, Ami1]]
= ([Gh, A1), A1) + [Ai1, [Gry Amsa]] by (J.1.)
= [A112 — A, Amia] + [Ar1, Az — A by (2.2.4)
= [Avya, Apa] = [A, Apa] + [Avir, Ava] — [Arir, Ani
= [Aj11, Ami2) — A Amid] by (LH.) for M = N — 2.

Hence,

[Alu Aerl] - [Al—luAm] = [Al+17Am+2] - [AlJAm+1]
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= [Aim1, Am] = 2[A), Apia] — [Air, Ao,
If we let I’ =1 — 1, then we obtain the following N equations
[Ar, An] = 2[Avi1, Am] = [Avsa, Apaa),
where m =0,...,(N — 1) and m — I’ = N. This is equivalent to
[Am-n, Am] = 2[Am 11N, Amia] = [Amio-n, A2l

for m = 0,...,(N — 1). For notational simplicity. let X,,, = [An_n, Ann]. So. since

m=0,...,(N —1), we have N + 2 variables along with the N equations,
X = 2Xms1 + Xz = 0. (2.3.22)

Observe that the coefficient matrix of the linear system is in row-echelon form. For

example, for N = 4 we get

121000
012100
00121 0|
000121
Hence, in general, we can determine X,,..., Xx 1 as a linear combination of Xy

and Xy.1. We postpone the proof that there exists one more independent equation
which will allow us to take Xy 1 as independent variable and Xy, ..., Xy as dependent

variables. Rather, we suppose for a moment that
X, =a,Xnp1 for0<j<N,a,ck. (2.3.23)
It follows from (2.3.22) that

Xm - 2Xm+l + X'm+2 = O

& amXnt1 — 2011 XNl + @2 X v =0
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& (am — 2am41 + Qpi2) Xy = 0.
Thus, for all m =0,..., N — 1, we have that
A, — 20m41 + Qo = 0. (2.3.24)
Using these relations, one can prove the claim that
an—q=1(g+1l)ay — ¢, for 1 <g<N.

To do so. we proceed by induction on gq.

Base Cases: For ¢ = 1 and g = 2 we have that

an_1 = 2(1]\/ — aN+1 anN_o9 = 204]\/,1 —ayn by (2324)
:20,]\/—1, ZQ(ZGN—I)—CI,N
= 3aN — 2.

Induction Hypothesis (I.H.): Assume an_q = (¢+ 1)ay —gqfor 1 <g< N —1.
Inductiwe Step: By our induction hypothesis we have that

aN_(N-2) = (N — l)aN — (N — 2) and AN_(N-1) = NaN — (N — 1)

Using this we can show the ¢ = N case as follows:

aN_N = dg = 2a1 — a9 by (2324)
— 2(Nay — (N — 1)) — (N — Day — (N — 2)) by LH.

So this proves our claim and gives us the relations between our variables as follows:

XN+1 = XN+17
Xy =anXny1, and

XN q=((g+Dany —q)Xny1, forl<qg<N.
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Then, once we have our additional independent equation, we will be able to figure
out the value of ay.

To find one more independent equation, we must consider the even and odd N
cases separately. Let us begin with the even case, N = 2m, and consider the (/N — 1)
case which tells us that [A_s,, 10, A1] = [A_m41, Am]. We act on both sides of this

relation by ad4, ad4, to get

LHS = [Al, [A(); [A—2m+2a Al]”
= — [Al, [A(), [Al, A—2m+2]“
= 2[A1, Aom-1 — A-ami] by (2.3.1)2m-2

= 2[A1, A1) + 2[A_2my1, ALl

RHS = [A1, [Ag, [A-ns1, Ap]]]

= [A1, [[Ao, Aemi1], Aml] + [A1; [A—m i1, [Ao, An]]] by (J.I)
= [[A1, [Ao, Ama]], Am] + [[A0, Ao, [Ar, Aml] + [[A1, A_rm 1], [Ao, An]

+ [Aomit, [As, [Ao, An]] by (J.1.)
= [[[A1, Ao}, A—my1], Am] + [[Ao, [Ar, Ammia]], Am] + [[Am, Ar, [Ag, Ao 4]

+ [[Am, Ao, [A1, A1) + 2[A i1, Apr — A_a] by (J.1) & (2.3.2),,
= 9[[G1, Acmsi)y Am] — 2[Am — Ay Am] + 0

F0+2[A nit, Amit — A mii] by LH., (2.2.3) and (2.3.1),,_
=2[A_myi2— A, A + 2[4, An] + 2[A i, Ana] by (2.2.4)

= 2[A—m+2; Am] + 2[A7m+1> Am+1];

LHS = RHS
S 2[A1, Ao 1] + 2[A amy1, A1l = 2[A iz, A + 2[A i1, A
S [Ar, Ao ] + [Aomyr, ALl = [A 2, A + [A i1, Ama]
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S [Aomi, ALl = [A i1, Ami] by LH. for N — 2
< [Ang, Al] = [A_%H,A%H] since N = 2m
& [Ay, Al = [Axyy_y, Ay ]

& X =Xny,

<:>X1—X%+1:0.

So we have our additional independent equation which allows us to take Xy, as

independent variable and can now determine the value of ay in the even case.

Xy~ Xy, =0
@(NaN—(N—l))XNH—(g—aN—%[——Fl) Xni1=0
@((N——];)aN—N+g+l-—l)XNH:O
@iV—aN—ﬂzo
2 2
S ay =1

Hence, we have that an_, = (g + 1)1 —g=1for all 1 < g < N, leading us to the

conclusion that

X0:X1:...:XN_1:XN:XN+1

= [AAN,A()] = [Al—N,Al] =...= [Ao,AN] = [Al,AN+1].

So we have the result for even N.
Next, we consider the odd case, N = 2m + 1. This case requires a little more
work in order to find our additional equation. First, by induction hypothesis, we have

that [A_om, Ao] = [A—m, Am]. If we act on both sides by ad 4, ad4,, we obtain

LHS = [AOa [Al, [A—Qm, Aom
= [Ao, [[A1, A2m], Ao]] + [Ao, [A—2m, [A1, Ad)]] by (J.L)
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= — [Ao, [Ao, [A1, A_am]]] — 2[A0, [G1, A_am]] by (2.2.3)
= 2[A(),A2m+1 - A_Qm_l] — 2[A0, A_2m+1 - A_Qm_l] by (231)2m and (224)

= 2[Ag, Aom 1] + 2[A_2my1, Aol

RHS = [Ao, [A1, [A—m, Aul]]
= [Ag, [[A1, A_p], Anl] + [Ao, [A—m, [A1, Al]] by (J.1)
= [[Ao, [A1, A_]], Al + [[Ar, A-ia], [Ao, A + [[Ao, A-i], [Ar, A]]
+ (A, [Ao, [A1, A by (J1)
= = 2[Ami1 = A1, An] + [[A1, Ao, [Ao, Anl] + [[Ao, A-il, [A1, A]]
+ (A, [[Ao, A1), Al + [Aem, [A1, [Ao, An]]] by (2.3.1),, and (J.L)
= 2[Am, Ams1] + 2[A 1, Am] + [[A1, A_], [Ag, Am]] + [Ao, Al, [A1, Al
— 2[A_, [Gr, Aml] + 2[A s, At — A ] by (2.2.3) and (2.3.2),,
= 2[Am, Am1] + 2[Acm—1, Am] + [[A1, A_n], [Ao, Am]] + [Aos A—ma], [A1, Auml]
— A, Amis — Ama] + 2ACm, Ay — Al by (2.2.4)
= 2Am, Amit] + 2[Ac o1, Am] + [[A1, A_p), [Ao, An]] + [[Ao, A], [A1, Am]]
+2[A ;A1) — 2[4, A i
= 2A_mo1, Am] + 2[A_m, Ap ] + [[A1, A—), [Ao, Am]] + [[Ao, A—w], [A1, Ap]]-

So from LHS = RHS, we get that
2[Ao, Aom+1] + 2[A_ami1, Ao] = 2[A -1, An] + 2[A 1, A
+ HA17 A—m]> [AO) Am“ + [[AO) A—m]7 [Ala Am“

Then, we note that by the induction hypothesis we get [A_ 9,11, Ao] = [A_m, Am_1].

Hence we get the first equation we will be working with:

2[Ao, Aom+1] = 2[Am—1, Am) + [[A1, A—m], [Ao, Anl] + [[Ao, A, [A1, An]].
(2.3.25)
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Next, again by induction hypothesis, we have that [A_g,, 11, A1] = [A_n, An). I we
act on both sides by ad 4, ad,, then we have that
LHS = [Ay, [Ao, [A-2m+1, A1]]
= —[A1, [Ao, [A1, Aom 1]
= 2[Ay, Ao — A_on] by (2.3.1)om_1
= 2[A1, Ao — 2[A1, Ao,

RHS = [A4, [Ao, [A_i, Anl]]
= [Ay, [[Ao, A, An]] + [A1, [A_m, [Ag, Ap]] by (J.1.)
= [[A1, [Ao, A_r]], Am] + [[Ao, A_], [Ar, An]] + [[A1, Aol [Ao, Ara]]
+ [A_, [A1, [Ag, Anl]] by (J.1.)
= [[[41, Ao], A_]; Am] + [[Ao, [Ar, A_n]], A] + [[Ao, A-a], [Ar, Ar]]
(A A, Aoy An]] + 20A s Avss — Aoii] by (J1), (2.3.2),,
= 2[|G1, A, Am] = 2[Ami1 — Aoy, A + [[Ao, A=), [Ar, An]
+ 1A, Ao, [Aos Avl] + 2[A s Amea] — 2{A ) Arsa] by (2.2.3), (2.3.1)mn
= A i1, Al + 2 A, A 1] = 2 A1, Ane] + 2/A v, Al
+ [[Ao, A_n], [A1, An]] + [[A1, A_m], [Ao, Al + 2[A i, A1) — 2[A_, A ]
=2[A i1, An] + 2[A i, A1) + [[Ao, A, [Ar, Anl] + [[A1, A, [Ao, Al

So from LHS = RHS, we have that

2[A1, Agm] — 2[A1, A-om] = 2[A mr1, Am] + 2[A m, Amii]
+ [[Ala A—m]v [A07 Am]] + [[AO: A,m], [Alv AmH

Then, we note that by induction hypothesis we have that [A1, As] = [Ami1, Aml-

Hence we get the second equation we will be working with:

A A_gm, Ar] = 2[A_m, Apst] + [[ A1y A, [Ao, Am]] + [Aoy Al [A1, Al (2.3.26)
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We then combine (2.3.25) and (2.3.26) to get our additional independent equation

[AOaA2m+l] - [A~2m,/41} = [A—m—la Am] - [A—m;Am+1]

2

& [Ag, An] — [A1n, A)] = [A__IQ_N,AN_l - [A%,A%} since N = 2m + 1
S [Av_n: An] = [A1-n, A1] — [AM_N,A ] + [ANH N,AN_2+1_] —0

<:>XN—X1—XNT—1 +X%=O.

We can now determine the value of ay in the odd case.

o (1= () (S2) ) ave
(e (52 (52

2—-2N—(N+3)+(N+1) 2N -2+ N+1-N+1
<~ any + XN+1:O
2 2
N N
@;aN—§:0 since Xn.1 #0
< ay = 1.

Hence, we have that ay_, = (g+ 1)1 —g=1for all 1 < g < N, leading us to the

conclusion that

X0:X1 :‘--:XN—l :XN:XN+1
< [A_N,Ao] = [AléN,Al] =...= [A07AN] = [Al,AN + 1]

So we have the result for odd N. and this completes the proof of our lemma. O
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Corollary 2.3.10. If Ay and A, satisfy the Dolan-Grady relations (2.2 1) and (2.2.2).
then (1.3.1), ve., [A;, Am] = 2G|, 15 satisfied. Furthermore, 1t follows that G_,, =
—Gm.

Proof. 1t follows from Lemma 2.3.9 that the commutators [4;, A,,] depend only on
the difference | — m of the indices. Furthermore, recall from (2.2.5) that we defined

[An, Ao] = 2G,,. We can then use this to generalize to the case [A;, A,] as follows:

[A}, Am] = [Ai—1, Am—1] by Lemma 2.3.9
= [Ai_ i1, Al by Lemma 2.3.9
= [Ai—m, Ao by Lemma 2.3.9
=2G_p, by (2.2.5).

Hence (1.3.1) is satisfied. Furthermore, it follows that

G, = %[A_m,AO] by (2.2.5)
= —%[AO’A—m]
= —%[Am,AO] by Lemma 2.3.9
- G, by (2.2.5).

O

So, we have shown that (1.3.1) is satisfied. Furthermore, it follows from Lemma
2.3.3 that (1.3.2) and 1.3.3) are also satisfied. This proves Theorem 2.2.3. This

theorem is then utilized to show our Proposition 2.2.2 in the next section.
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2.4 Alternate Presentation of the Onsager Algebra

In this section, we utilize Theorem 2.2.3 in order to show Proposition 2.2.2 which

states that Onsager’s algebra, O, is isomorphic to the Dolan-Grady algebra, OA.

Proof of Proposition 2.2.2. Consider the map ¢ : OA — O given by

A Ay, B A (2.4.1)
It follows from
[Ao, [Ao, [Ao, Au]]] = —[Ao, [Ao, 2G1]]
= 2[Ay, [G1, Ag]]
= 2[Ao, Ar — A_4]

= 2([Ao, A1] — [Ao, A_1])
= —8G,
= 4[140,141],

[A1, [A1, [Ar, Aol]] = [Ay, (A4, 2GH]]

= —2[Ay, [Gy, A1]]

= —2[A;, Ay — Ay

= —2([41, Az] — [A1, Ad])

= 8G,

= 4[4y, A},
that Ap, A, satisfy relations (2.2.1) and (2.2.2), hence proving the existence of a
homomorphism as defined in (2.4.1). This homomorphism is unique since A and B
generate OA.

Next, consider the subalgebra N generated by Ay and A;. We claim that from

the relations (1.3.1) and (1.3.2) it follows that NV is the algebra O. This can be proven

by induction on [ € N as follows.
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Base Case: Consider the case when [ = 1. From [A;, Ag] = 2G;, it follows that
G1 € N. Furthermore, since [G,, Ag] = A1 — A_, it follows that A_, = A; — (4; —
A_;) e N.

Induction Hypothesis: Assume that for all l < n (n € N), A, A_;, G; and G_,
are included in V.

Inductive Step: Consider when [ = n. It follows from
[An—la A—l] = 2Gn = -2G_, and [Gla An—l} = An - An—2

that G,, G_, and A, = (A, — A,_2) + A,_» are included in N. Furthermore, from
(G, Ao) = A, — A_,,, it follows that A_, = A, — (A, — A_,) € N.
So this confirms that N is in fact the Lie algebra O since it contains its basis,

{An,G/ | m € Z,l € N,}. Hence, ( is surjective. It remains to show that ( is

injective.
Let Ay = A and A, = B. Let {Z;l,a\m,l € 7} be defined as follows
Gi = 5[4, &) (242)
At = A1 = (G, A, (2.4.3)
G = 5l A (244)

Theorem 2.2.3 then tells us that A, and G,, satisfy the relations (1.3.1), (1.3.2) and
(1.3.3).

Clearly, we have that OA C span{zzljn,a}. Furthermore, one notices that AT,,
and a can be written in terms of Z; = Aand A, = B by recursively applying the
definitions of A,, and G, above (2.4.3) and (2.4.4), so span{;ljn,a} C OA. Hence
span{g;,a} = 0A.

Next, we claim that C(/T:n) = A, and C(a) = (. To prove this we proceed by
induction on [ € N.

Base Cases:
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I=1 (A1) = ¢(B) = Ay,

(@) = L), (D)) = 5l Ad] = G,

¢(GL) =—((G) = -G =G,

C(AZ)) = (A1 — [Gy, Ad]) = C(A1) = [¢(Gh), ¢(A)]
=((B)—[G, A=A — A1 +A,=A_,.

Induction Hypothesis: Assume C(Z;) = A,, C(Z\_/n) = A_,, C(@;) = G, and
C((f}'\_/n) =G_,for0<n<l

Inductwe Step: Prove for n = [.

CA) = C(A, +[Gr, AT
= (A1) + [C(G), ¢(Amy)
= A2+ [G1, A1) by induction hypothesis
=Aio+A—-A=A,

(@) = 51¢(A C(Au)]
= %[Al, Ag) by above and by induction hypothesis
-a,

C(AZ) = (A = [Gr, Ad))

= (A1) = [¢(G1), ¢(Ao)]
= A, — [G), Aj] by above and induction hypothesis
=A-A+A,=A,

¢(G) = —(¢(G) = -G =G,

This proves our claim. Since {A,,,G, | m € Z,l € N, } is a basis of O, it follows that

( is injective. Hence ( is an isomorphism. Ll

We conclude this chapter by noting that following the result of Proposition 2.2.2,
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Definition 2.1.1 and Definition 2.2.1 are used interchangeably in the literature to define
the Onsager algebra.



Chapter 3

The Onsager Algebra as an
Equivariant Map Algebra

3.1 Equivariant Map Algebras

Let X be an algebraic variety and let g be an finite-dimensional Lie algebra, both
defined over an algebraically closed field of characteristic zero k¥ and equipped with

the action of a finite group I' by automorphisms.

Definition 3.1.1. A regular map between affine varieties is a mapping which is given

locally by polynomials.

Definition 3.1.2 (Map Algebra). The map algebra associated to X and g, denoted
M (X, g), is the Lie algebra of regular maps from X to g with bracket defined as

(8, Ymx. () = [B(z), v(2)]q,
forz € X and 8,7 € M(X,g).

Definition 3.1.3 (Equivariant Map). A map f : Y — Z between the varieties Y

and Z is said to be equivariant under the action of a group I if
flg-z)=g- f(z),

45
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forany z € Y and g € T.

Definition 3.1.4 (Equivariant Map Algebra). The equiwvariant map algebra associ-
ated to X, g and T, denoted 9 = M (X, g)', is the algebra of maps equivariant with
respect to the action of I, that is

M(X,9)" ={a e M(X,g) | alg-2) =g alz) Ve € X,g €T},

Denoting by Ax the coordinate ring of X, Lemma 3.4 from [NSS09] shows that
an equivariant map algebra can also be realized as the fixed point Lie algebra 9t =
(8® Ax)".

In this chapter. we will consider the case where X = Speck[t,t™!] = k\{0} (so,
Ax = k[t,t7']). g = sl and T = {1, o} where o acts as an involution on X and g.
In Section 3.2, we will consider the case where a acts as the Chevalley involution
and show that this equivariant map algebra, (k[t,t7!] ® sl5)T, is isomorphic to the
Onsager algebra, O. In Section 3.3, we will use this correspondence to describe the
closed ideals of O. And finally, in Section 3.4, we will consider an alternate involution
that appears in the literature and show that the equivariant map algebra obtained
is isomorphic to the one defined with the Chevalley involution (and hence is also

isomorphic to the Onsager algebra).

3.2 Realization of the Onsager Algebra

Recall the standard basis of sl;,

0 1
€= 7f: ’h’: 7
00

— o
o O
o —

=
—

satistying the relations [e, f] = h, [h,€e] = 2¢, and [h, f] = —2f. Let £ = L(sl) =
k[t,t '] ® sl denote the sly-loop algebra with bracket given by

[P®T,q®yY| =pg®[z,y] (3.2.1)
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for p,q € k[t,t7'] and z,y € sl,.

Definition 3.2.1 (Chevalley Involution). The Chevalley involution on sly is defined

by u—um=(9})u(?}) for u € sly, hence by

e=f f:=e h:=—h (3.2.2)

The Chevalley involution is an involution, defined as an automorphism of order 2.
(In this thesis, we will not use the more general concept of a Chevalley involution
associated to a Chevalley system, [Bou75, Section 2.4]).

The Chevalley involution on sl; induces an involution on the loop algebra L, also

called the Cheuvalley involution and denoted w:
wiplt)®x) =pt ") ®7Z, forp(t) € klt,t™'],z € sls. (3.2.3)

Let £ denote the Lie subalgebra of £ fixed by the Chevalley involution, thus
LY = (k[t,t7'] @ slo)T with T = {1,w}.

Proposition 3.2.2. The follounng elements form a basis of L¥:

g =0t —-tH@h=—c_, leNy, (3.2.4)
by =" Qe+t f, meZ. (3.2.5)

Proof. First note that {e — [, h,e + [} forms a basis of sl and {{’ +{* |+ € N} U
{# —t77 | j € N, } forms a basis of k[t,t7']. It follows that

E+t)e—f),E+1")h (' +t7)® (e + f),
-t f),F -t7)h ¥ —t7)&+f)

ieN;y e N,

forms a basis of k[t,t '] ® sl, = L.
It is simple to notice that, for i € N and j € N, under the action of the Chevalley

involution,

a,=l"+t")® €+ f),
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o= —-t"7)®h,

d, =t —t7)® (e~ f),

are eigenvectors associated to the eigenvalue 1 and (¢ —t7)® (e+ f), (#* +t ) Qh

and (' +t7") ® (e — f) are eigenvectors associated to eigenvalue —1. Hence
{a, |1 e N}U{c,,d, | €N, }

is a basis of £“. Since a, = b, +b_, and d, = b, — b_,, it follows that
{a|leN }uU{b, | meZ}

is a spanning set of £¥. As it is clearly linearly independent, it is in fact a basis of

LY. g

To simplify notation, from now on we will omit the tensors. Hence our basis will

simply be denoted by

=t —t"h=—c, le Ny,

by = t™e + ™, me 7.

Theorem 3.2.3. The basis of L% from Proposition 8.2.2 satisfies the following rela-

tions:
(1) (b1, bm] = c1om,
(1) e1, brn] = 2(bmii — bm-1),
(i) [et,cm] =0,
forl e N and m € Z.
Proof. (i)

(b, b = [tle +t ' f, tme+t7f]
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= [tle,t ™™ f] + [t7f, t7e]
=t""h — 7 h
=¢"mh — ¢t~ =mp

= Cl—m-

[, bm] = [t'h — t 7', t e + 7™ f]
= [t'h, t"e] + [t'h,t " f] 4+ [—t T h,t"e] + [t Th,t ™ f]
= ottme — 2! f —ogmle 4 27l
=2((t"me + =M ) — (17 le 4 =m0 f))

= 2(byym — bmy).
(i)
[ctyem] = [t'h — t 7R, t™h — t™™h) = 0.
O

Lemma 3.2.4. The Onsager algebra is isomorphic to the Lie subalgebra of L fized
by the Chevalley involution; i.e., O = L¥,
Proof. Consider the k-linear map v : O — L dcfined by

1
A, — by, G — icl (3.2.6)

for m € Z and | € N_. It follows from Theorem 3.2.3 that

AN AAD] = ] = e =2 (510 )

= 29(Gr-m) = ¥(2G1_1)
= ’7([A17Am])a
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Hence, v as defined in (3.2.6) is a homomorphism. Since {4,,,G||m € Z,l € N, }
forms a basis of O and {bm,3¢;lm € Z,1 € N.} forms a basis of £¥, (3.2.6) defines
a bijection between O and L£¥. This brings us to the conclusion that v defines an

isomorphism: i.e., O = L%, O
Corollary 3.2.5. by =e + f and by = te + t~'f generate L~ as a Lie algebra.

Proof. Consider the isomorphisms v from Lemma 3.2.4 and ¢ from Proposition 2.2.2:
0A— O — L~

Ar— Ay — by,

Bi—)Al P—>b1.

Since A, B generate OA, then (yo ()(A) = by and (yo {)(B) = by generate L¥. O

3.3 Closed Ideals of the Onsager Algebra

By cxploiting the rcalization of the Onsager algebra as a fixed subalgebra of the
sly-loop algebra, one can classify its closed ideals.
We begin by noting that an element X of the sly-loop algebra L is an element of

£ (and hence of the Onsager algebra) if it satisfies the criterion developed below.
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If X € L then, for some p(t), q(t), r(t) € k[t,t7].
X =p(t)e+q(t)f +r(t)h.
We apply the Chevalley involution to get

w(X) =p(t™)f +at™ e —r(tH)h.

So,
q(t) = p(t™),
Xel's ( (
r(t) = —r(t™).
Hence giving us the criterion:
XeLY & X=ptle+pt " )f+rt)h withr(t)+r(t ") =0. (3.3.1)

Lemma 3.3.1. A polynomal r(t) € k[t,t™!] such that r(t) + r(t™') = 0 can be
uniquely written wn the form r(t) = ri(t) — r (') with r(t) € k[t], 7(0) = 0, w.e.,

Proof. Let r(t) € k[t,t7']. By allowing zero coefficients,

n

r(t) = Z at’

1=—"n

for some n € Z7. Then

n

r(t) = —r(t™) e Y at'=) —at”

& Z (a, +a_)l'=0
<a,=—a ,fori€[—n,n|

In particular, note that ap = 0. Now, if we define

n

'r+(t> = Z aztz;

=1
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then

r(t) =re(t)+ Y at =7 () = Y atT =1 (t) — i (t7h).

=—n

d

Definition 3.3.2 (Reciprocal Polynomial). Let P(t) be a non-trivial monic polyno-
mial in k[t]. P(t) is called a reciprocal polynomal if P(t) = £t*P(t~!), where d is the
degree of P(t).

The reason for this terminology is the following. If we write P(t) = ag + a1t +
s 4 ag 97 + agt? with ag = 1, then P(t) is reciprocal if and only if a, = aq_, for
0 <1 < d. For example, 1 is the only reciprocal polynomial of degree 0 and ¢+ 1 and
t — 1 are the only reciprocal polynomial of degree 1. The reciprocal polynomials of

degree 2 are the polynomials 2 — 1 and t* + a;t + 1.

Remark 3.3.3. If P(¢) is a reciprocal polynomial of degree d, then P(¢)k[t,t7!] =
P(t~Y)k[t,t7] since t¢ is a unit in k[¢,¢71].

Definition 3.3.4 (Divisible). ([DR00b]) Let P(¢) be a non-trivial polynomial in
k[t]. An element X of £“ is said to be dunsible by P(t), denoted P(t) | X, if
X = P(t)a with o € L. The notation P(¢) | X1, Xa, ..., X, will denote the fact that
X1, Xs,...,X, are divisible by P(t).

Define Ip(t) = {X e L” ’ P(L) ’ X}
— {P(acLl|acL)

= {p(t)e +p(t ) f +r(t)h € L | p(t),p(t™"),r(t) € P(t)k[t,t "]}
Lemma 3.3.5. Ipg) s an wdeal of L.

Proof. It is clear that Ip(y is a subspace of £¥. Next, consider an arbitrary X =

P(t)a € Ipyy. Since £¥ is a subalgebra of £, then [X,Y] € £ for any Y € L.
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Furthermore, for any Y € L.
(X, Y] =[P(t)a,Y] = P(t)]e, Y]

is divisible by P(t). Hence, [X,Y] € Ipg for any Y € L and so Ip( is indeed an
ideal of £v. O

Remark 3.3.6. Lemma 3.3.5 is also clear from the description of Ipy = LY N P(t)L
and the fact that P(¢)L is an ideal of L.

Remark 3.3.7. If P(t) is a reciprocal polynomial then, by Remark 3.3.3,
Ipy = {p(t)e + p(t™")f + r(t)h € L~ | p(t),r(t) € P(t)k[t,t™"]}.

Lemma 3.3.8. If P(t) and Q(t) are two reciprocal polynomaals. then Ipyy N Igy) =

Lem(P(t),Qt))- where lem denotes the least common multiple in k[t].
Proof. Let R(t) = lem(P(t),Q(t)). Let X € Ipy). Then

Rt) | X
= Q(t) | X and P(t) | X

= Xe Ip(t) N IQ(t).
Thus, ]R(t) C Ip(t) N IQ(t). Let Y = p(t)e —|—p(_1)f + T(t)h € ]p(t) M IQ(t). Then

P(t) [ p(t),r(t) and Q(¢) | p(t),7(t)
= p(t),r(t) € P()k[t,t "] NQ()k[t,t 7] = R(t)k[t, t ]
=Y € ]R(t)-

Thus, ]p(t) M IQ(t) - ]R(t)' ]

In particular, if Q(t) | P(t) then it follows from Lemma 3.3.8 that Ipy) C Igq.

Hence, in this case, there is a canonical projection

LY Ipy — LY [ 1)-
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Lemma 3.3.9. ([DR0O0Ob, Lemma 1]) Let P,(t), 1 < j < J, be pawrunse relatively
prime reciprocal polynomaals and P(t) := H;]=1 P,(t). Then the canonical projections

quve mise to an 1somorphism of Lie algebras:

J
L2/ Ipwy — [[£°/1p,0),

=1

where the Lie algebra on the right hand side s the direct product algebra.

Proof. We begin by showing that

N = 1 20),

where (Q(t)) denotes the ideal of k[t] generated by a polynomial Q(t) € k[t]. We
proceed by induction on J. The J = 1 case is trivial. In the case of J = 2, since

Pi(t) and P»(t) are relatively prime, we have that

(P1(8)) N (Pa(t)) = (lem(Pi(t), Pa(t)))

= (A(t)R(1)).
Next, we assume that
) =170

for K < J and proceed to showing the case K = J. Let A = Pi(t) and B =
HJJZQ P,(t). By induction hypothesis, we have that (B) = ﬂ]JZQ(PJ(t)) It is known
that since A = P;(t) and P,(t) for 2 <y < J are relatively prime, then A and B are

also relatively prime. Hence we have that

(P, (1) = (4) N (B) = (lem(4, B)) = (AB) = ([] A, (1)),

7=1
which proves our claim. With this, we note that injectivity simply follows from
Lemma 3.3.8 and the fact that P(t) := szle(t) where P)(t), 1 < j < J, are

pairwise relatively prime reciprocal polynomials. So, it remains to show surjectivity.
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For X, = p,(t)e +p,t 1) f +q,(t)h € L*, for 1 < 5 < J, let N be a positive
integer such that t"p,(t) and tVgq,(¢) are all polynomials in ¢.

By the Chinese remainder theorem, there exist polynomials p(t), G(t) € k[t] such
that the following relations hold in &[t]:

pt) = tVp,(t), 4(t) =tVg(t) (mod P,(t)) Vj.
Define the element X of £“ by
X = p(t)e +pt™")f + q(t)h,

where
N’ 2\ tV

Note that p(t) — p,(t) and q(t) — ¢,(t) are divisible by P,(t) for all j:

=2 a0 = 5 (52 - ) e ki)

o) -, =2 (1)
= 2B ) (mod B, (2)
_o,

0 o0 =5 (5~ ) - 00
= 5 (58 - e 1) - o) tmoa (1)
=2 (@)~ () -4
= 5 () +0,(0) ~ 4,0
-0

Hence, p(t) — p,(t) and ¢(t) — g,(t) are in Ip ;) and X = X; (mod Ip,)) for all j.
O
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Lemma 3.3.10. ([DROOb. Lemma 2]) Let P(t) be a reciprocal polynomual and write
Pit)= (-t +0)5P(t) L,K>0  P*(£l)#0.

Denote P(t) = (t — 1)2/2(t 4 1)K/ P*(1), where [r) stands for the wntegral part of

a rational number v. Then

Z(Ipw) = {p(te+p(t™) [ +a(t)h € £ | P(t) | p(t), P(t) | a(t)}-

As a consequence, Ipyy 15 closed of and only if the zero-multiplicities of P(t) att = £1

are even.
Proof. Let X = p(t)e +p(t ') f + q(t)h € L~. Then

X e Z(Ipy) © [X, L] C Ipy
< P(t) | [X, L£Y]

S P | [ X, e+ f], [ X, te +t7f] by Corollary 3.2.5.

Note that

(X, e+ f] = [pit)e+pt™")f + q(t)h,e + f]
= 2q(t)e — 2q(t)f + (p(t) — p(t™"))h

=2q(t)e+2q(t ") f + (p(t) —p(t"))h  since g(t) + q(t™") =0,

[X,te +t ' f] = [p(t)e + p(t™)f + q(t)h, te + 7" f]
= t"'p(t)h — tp(t " Hh + 2tq(t)e — 2t 'q(t) f
= 2tq(t)e + 2t q(t™!) f + (¢ 'p(t) — tp(t ™))
since q(t) + q(t™') = 0.

By furthermore noting that

trp(t) — tp(t™") = —(t — ¢t Hp(t) + t{p(t) — p(t71)),
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we have that

PR | [X,e+ f],[X, te+t71f]

& P(t) [ q(t), (t =t ")p(t), p(t) — p(t™).

Thus the claim of the lemma is equivalent to showing that

P(t) | (t =t )p(t), p(t) —p(t™") & P(1) | p(0).

Let p(t) be an element of k[t,t™!] such that P(¢) | (t—¢"H)p(t), p(t) —p(t~'). We note
that from P(t) | (t — ¢t~Y)p(t) it follows that there exists an « € kl[t,t7!] such that
(t —t7")p(t) = aP(t). Then, since (t —t~') =t~'(¢ — 1)(¢ + 1), we have that

(t—tHp(t) = alt — D+ 1D)EP*(t)
St t—1)(t+ Dp(t) = alt — DX+ DHEP*(1)

& p(t) = at(t — )Mt + )P ().
Hence, we have that

P(t) [ (t—¢p(t) & P(t) | p(t), &= 1" p(t), ¢+1)%" [ p().

Next we note that in the trivial case when L = K = 0, we simply have P(t) = P*(t) =
P(t) and P(t) | p(t) follows directly.

Next, consider the case when L > 0. From (¢ — 1)L7! | p(¢), it follows that
there exists h(t) € k[t,t7!] such that p(t) = h(t)(t — 1)£71. Furthermore, since
(7L = DI = (=) E(¢ — 1)1, we have that

p(t) —p(t™") = A1)t~ DT = AN = D
= (L= D (h(t) = RETH (=0

Since (t — )X | (p(t) — p(t71)), it follows that (¢t — 1) | (R(¢) — At~ 1) (=) 1), ie.,
h(1)(1 — (—=1)*1) = 0. Note that if L is even, then we have that 2h(1) = 0, i.e.,
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h(1) = 0. Tt follows that (¢ — 1) | h(t) and so that (¢ — 1)* | p(¢). On the other hand,

if L is odd, we do not get any additional information. To summarize, we have that
(t— D" p(t) for L even,
(t— 1D p(t)  for L odd,
which is equivalent to (t — 1)25/2 | p(t). If K = 0, then we can conclude that

P(t) | p(t). So, consider the case when K > 0. From (¢ + 1)K~ | p(t), it follows that
there exists g(t) € k[t,t~!] such that p(t) = g(t)(t + 1)X~1. We then have that

p(t) —p(t™") = g@)(t + 1)t — gt + 1!

= (t+ 1) (g(t) — gt F)

Since (t+1)% | p(t) —p(t1), it follows that (t+1) | (g(t)—g(t~ 1)t K) ie., g(=1)(1—
(—=1)!=K) = 0. Note that if L is even, then we have that 2g(—1) = 0, i.e., g(—1) = 0.
It follows that (¢ + 1) | g(¢) and so that (¢t + 1)¥ | p(t). On the other hand, if L is

odd, we do not get any additional information. To summarize, we have that

t+1)% | p(t) for K even,

(t+ 151 pt) for K odd,

which is equivalent to (¢ + 1)25/2 | p(t). We can then conclude that, in all possible

cases, one has that P(t) | p(t). It remains to show that

P | p(t) = PO | (¢~ Hp(), p(8) —p(L7).

If P(t) | p(t), then there exists an B(t) € k[t,t!] such that

p(t) = BOP()
= O = 1+ 172 P )
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BE)P(t) L, K even,
_ Bt)(t+1)""P(t) L even, K odd,

Bt — 1)~ P(t) K even, L odd,

(Bt~ 1)t +1)7'P(t) LK odd.

Since t — t~t = ¢71(¢t — 1)(¢t + 1) it follows that

(ﬂ(t)t“l(t —1)(t+1)P(t) L,K even,
Ot (t - 1)P(t L even, K odd,
P O ELE
Bt 1t + 1) P(t) K even, L odd,
| Bt P(2) L, K odd,

which allows us to conclude that P(t) | (t — t7')p(t). Furthermore, with the same

case breakdown as above, we have that

(8t)P@) - B P,

B(t)(t+1)7P(E) — A + 1) PR,

Bt — 1) P(E) — B (! — 1) P,

B - )+ )P - A - D)7 + )P,

Since P(t) is a reciprocal polynomial, we have that P(t) = £t?P(¢~!) where d is the
degree of P(t). Without loss of generality, we can assume that P(t7!) = t7¢P(t). It

follows that the cases become

(ﬂ “d) P(t)a

(B =BT+ 1)) P,
B -1 =B = 1)) P(t),
(B¢

BR)E— DM+ 1) =B - D)+ )T P(1),

p(t) — p(t™") = ¢

\
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and hence we have that P(t) | (p(t) — p(t™*)). Finally. we can conclude that

X € Z(Ipy) & X €{plt)e+p(t™")f +q(t)h e L | P(t)|p(t), P(t) | ¢(t)}.
0

Lemma 3.3.11. ([DR0O0b, Lemma 3]) Let I be an wdeal in L¥ and r(t) be an element
of k[t,t71].

(1) If r(t)e + r(t) f s an element wn I, then (p(t) — p(t™1))h € I for any p(t) €
r(t)kt, t7.

(1) For a closed ideal I and an wnteger 1, one has

Ert)—t7r@""NWhel (3 =0,-1) = p(te+pttHfel
for any p(t) € r(t)k[t,t7"]
rite+rt)f el = r{t Ne+rt)f el
= thrtle+trtTHf el
< (Fr(t) —tr{tH))h el (j=0,-1).
Proof. Let I be an ideal in £ and 7(t) be an element of k[t,¢™!]. Note that r(¢) can
be written as r(t) = )_  ant", for a, € k such that a, = 0 when |n| > 0.
(i) Assume r(t)e+r(¢t™1)f € I and let p(t) € r(t)k[t,t7']. So, p(t) can be written

as r(t) = >, dit'r(t), for d; € k such that d; = 0 when |I| > 0. Denote p,(t) := t'r(t)
and so p( ) = >, dipi(t). We note that if (p;(t) — p(t*))h € I, for any | € Z, then

Zdl (m(t) —pt™)he I,
& Z dipi(t)h Z dip(t™ )k € 1,

= (p(t) —p(t"")h e I.
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Hence, it is sufficient to show the claim (i) for p(t) = t™r(t) for arbitrary m € Z.

With this notation and (3.2.5), we have that
re+r(tH)fecl & Zan(t"e+ tT"flel & Zanbn €l

This implies that, for all m € Z,

[Z b, b_m} el
= Y anlba,bom] €1
= Z AnCmyn € 1 by Theorem 3.2.3

& Y et — el by (3.2.4)

& (thant" — t_mZant_”) hel
s (™) —tT"r@t)hel
& (p(t) —p(t~")hel

(ii) Now, let I be a closed ideal (i.e., I = Z(I)) and | € Z. Assume (#r(t) —
t=r(t~'))h € I for j = 0,—1. By recalling that r(t) = ), a,t", we have that this is

equivalent to
Zan(t”" —t7 T h = Zancﬁn el,
n n

for 3 = 0,—1. By Theorem 3.2.3, we have that

Zancn = {Z anbn,bo} and Zancn_l = {Z anbn,bl} .

It then follows from Corollary 3.2.5 that

{Z anb,,,ﬁw] cl.

n
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Hence, we have that
> anb, € Z(1) = 1.
This is equivalent to
Zan(t"e +t"flel

= r(te+rit)fel since r(t) = Zant".

From (i) we now get that (p(t) —p(t™"))h € I for all p(¢) € r(t)k[t,t7]. In particular,
by considering the cases when p(t) = t™™r(t) for m € Z,7 = 0,41, we have that
(t™Hr(t) —t~™Ir(t™"))h € I for j = 0,%1. This is equivalent to 3 a,(t™7*" —
IR =3 anCman—j € I for 5 = 0,41. By Theorem 3.2.3, we have that

5 AnCm4n = E anbm+na bO = |~ § anb—m—na b0:| )
n L n J n

§ AnCmin—1 = § Anbmin, b1,

n . uJ

E AnCmin+1 = | — § anb—m—ru bl:l -

n L n

From this and Corollary 3.2.5, it follows that

[Z anbmm,ﬁ“} C1I and {Z anb_mAn,E‘”} CI.

Hence, we have that

— Y anbmin € Z(I) =1 and Y apb o, € Z(I) =1.
This is equivalent to
=) a,t™e+t )Y antTm e — M) €

= (t"r)e+trt ), (Tt e+t r(t) f) € 1.
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Hence, for p(t) = t™r(t) (m € Z arbitrary), we have that
p(t* e+ p(tF)f el

Then the same argument as in (i) allows us to conclude that p(t*')e + p(tF})f € I
for all p(t) € r(t)k[t, t71].
The equivalent relations in the second part of (ii) simply follow from the preceding

ones of the lemma. O

Theorem 3.3.12. ([DROOb, Theorem 2|) Let I be an ideal wn LY. Then I 1s closed
of and only of I = Ipyy for a reciprocal polynomual P(t) whose zeros at t = 1 are of

even multiplhcity.

Proof. 1f I = Ip) for a reciprocal polynomial P(t) whose zeros at t = £1 are of even
multiplicity, then we have already proven in Lemma 3.3.10 that I is closed.

Next, let I be a closed ideal. Denote
Ti={r(t) € klt,t™"] | r(t)e +r(t™)f € I},

By Lemma 3.3.11(ii), I is an ideal in k[t,¢~!] invariant under the involution 7(t) —
r(¢7'). Let P(t) be the unique monic polynomial which generates the ideal T N k[t]
of the polynomial ring k[t]. Note that if d is the degree of P(t), then it follows
from Lemma 3.3.11(ii) that t?P(¢!) also generates I N k[t]. Hence, we must have
that P(t) = £t¢P(t!), i.e., P(t) is a reciprocal polynomial and we have that I =
P()k[t, t7Y).

The aim is to show that I = Ipy). Once this is proven, the result will again
follow directly from Lemma 3.3.10. We begin by showing the inclusion Ip) C I. Let
X =p(t)e+pt ") f +qlt)h € Ipy. Then p(t) € P(t)k[t,t™1] = I by definition of
Ip@) and so p(t)e + p(t™) f € I. Furthermore, since g(t) € P(¢)k[t,t™'] = I, it then
follows that

la(t)h, bo] = [q(t)h, e + f] = 2q(t)e + 29(t7") f € 1,
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[q(t)h,b1] = [q(t)h, te +t71f] = 2tq(t)e + 2t q(t ") f € 1.

Hence, from Corollary 3.2.5, we have that ¢q(¢)h € Z(I) = I. Finally, since p(t)e +
p(t™')f € I and g(t)h € I, we have that X € I and can conclude that Ipy) C 1.
So, it remains to show that I C Ip(;. Assume, on the contrary, that there exists

an X € I\Ipg and write

X =ptle+pt™)f +qt)h,  q(t) = qi(t) — g (t7"),

where p(t) € k[t,t7!] and ¢, (t) € k[t]. Note that if the degree of q,(t) is greater than
that of P(t), then by the division algorithm there exist g _(¢), h(t) € k[t] such that

q+(t) = h(£)P(t) +7, (1),

where the degree of g, (t) is less than that of P(t). Since P(t) is reciprocal, this

implies that

g(t) = h(t)P(t) +q, () —RtT)P(t™") =g, (¢7)
= (h(t) £ Rt O)P() +7,(t) — . (1),

where d is the degree of P(t). Since we are considering elements X = p(t)e+p(t™1)f+
q(t)h ¢ Ipg it follows that, without loss of generality, we may assume that the
polynomial ¢, (¢) is of degree less than that of P(t). Furthermore, since ¢(t) =
q.(t) — q.(t71), we may also assume that g.(0) = 0.

Let A be the set of elements X as above, i.e.,

A= p(the+pt™)f +q(t)h € I\Ipg g(t) = g () — ¢, (1) for g (1) ii;[tJ,

deg(qy(8)) < deg(P(t)), ¢4.(0) = 0.
Note that the polynomials p(¢) and ¢(t) defining elements such as X in A are
not divisible by P(t). Indeed if ¢(t) were divisible by P(t), then ¢(t)h € Ip(), and
hence we would have that p(t)e + p(t™")f € I\Ipw. So p(t) € T = P(t)k[t,t7'], ie.,
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p(t) would be divisible by P(t). But this would mean that X € Ip, a contradiction.

Hence, we have that g(t) is not divisible by P(t). Furthermore, it now follows that

[(X,e+ f]=[p(t)e+p(t™")f + q(t)h, e + f] = 2q(t)e +2q(t ") f + (p(t) — p(t~"))h

is in I\Ip( because g(t) is not divisible by P(t). If p(t) were divisible by P(t), then
(p(t) — p(t™"))h € Ipg), hence we would have that 2¢(t)e + 2¢(¢t™")f € I\Ipw. So
q(t) € I = P(t)k[t,t7'], i.e., q(t) would be divisible by P(t), a contradiction. We have
now shown that both ¢(¢) and p(t) are not divisible by P(%).

Next, let X be an element of A with degree of ¢, (t) being maximal. Since Xel,

we have that the following are also elements of I

(X, e+ f] = 2q(t)e +2q(t™") f + v(t)h,

([X,e+ fl,te+t7'f] = 2tw(t)e — 2t w(t) f + 2(t " q(t) — tq(t))A,

where v(t) = p(t) — p(t™!). Recall that p(t) and q(¢) are not divisible by P(t).
Furthermore, we claim that v(¢) is also not divisible by P(t). To show this, we
assume the contrary, i.e., that P(t) [ v(t). In this case, we have that v(t)h € Ip) and

SO
2q(t)e +2q(t™1) f € I\Ipy.

It then follows that q(t) € T = P(t)k[t,t™}], i.e., q(t) is divisible by P(t). This is a
contradiction. Hence allowing us to conclude that v(t) is indeed not divisible by P(#).

Moreover, note that if §(¢) := tq.(t)+t"q, (¢) € k[t], then one has that t~1q(t) —
tq(t71) = q(t) — G(t=1). The degree of the polynomial G(t), and that of §(t) — ¢(0), is
greater than the degree of ¢, (¢). Hence, 2tv(t)e — 2t7 v (t) f +2(t q(t) —tq(t))h ¢ A
and so t71q(t) —tq(t 1) is divisible by P(t). Furthermore, it follows that P(t) | tv(t).
This implies that there exists f(¢) € k[t] such that
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Since P(0) # 0, we have that t does not divide P(t). Hence, ¢t must divide f(t). i.e.,
f(t) = tg(¢) for some g(t) € k[t]. So, we have that

which is equivalent to

But this implies that P(t) | v(t), a contradiction. Hence, we have that I = Ip
and Lemma 3.3.10 then allows us to conclude that the zero-multiplicities of P(t) at

t = £1 are even. O

3.4 Alternate Involution

The purpose of this section is to show that the Onsager algebra is also isomorphic to
the Lie subalgebra of £ = sl, ® k[t,t!] fixed by a slightly different involution which
appears in the literature, for example in [UI96]. This involution is mainly used when
one is looking to define the sl,-analogue of the Onsager algebra.

Consider the involution on sl; defined by
E:=—f fi=—e hi=—h (3.4.1)
This induces the involution o on £ = sl ® k[t, ¢ '],
clz@pt) =7@pt '), forp(t)€klt,t ),z € sl,. (3.4.2)

In order to show that the subalgebra of £ fixed by w, £, is isomorphic to the
subalgebra of £ fixed by o, L7, one can refer to [NSS09, Lemma 3.3]. But the latter
is stated in the language of schemes. hence for our purposes we will mimic the result

in the context of Lie algebras as follows.

Lemma 3.4.1. Let 7 : L — L be defined by u @t — AuA ' @t~! for u € sly and
A=(}9) (t=+v-1). Then
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(1) w=T1or7!,

(1) T wntertwines o and w; ve., for any x € L, 7(o(z)) = w(r(x)),
(vr) LY = L7 as Lie algebras.

Proof.

(i) Begin by noting that 7' (u ® t) = A7 'uA® ¢t  and A™' = 1 (§9) = (3*9).

Furthermore, we have that

o1 (€) = T0(A7eA) = Ta(A7e) = %TU(E) = —%AfA_1 =Af = f=wle),

ot f) = 10(ATfA) = —%Ta(f) = 17'(6) = %AeA’]L = —A(ie) = e = w(f),

2

ror=\(h) = ro(A-hA) = %Ta(ih) — ro(h) = —(h) = —ARA~! = —h = w(h),

Tar  (t) = 1ot = 7(t) = t7! = w(t).
Therefore To77! = w, as desired.
(ii) Let = be an arbitrary element of £. Then
w(t(z)) = Tor Y (1(z)) = T0(2).
Therefore, 7 indeed intertwines w and o.

(iii) If z € L7 (i.e., o(z) = z), then it follows from (ii) that
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e, 77(y) € L°.

Hence 7 yields the desired automorphism and it follows that £¥ = L7(= O) as

Lie algebras.

a

Remark 3.4.2. We include some remarks which put the lemma above in a broader

context.

(i)

(iii)

Observe that the Chevalley involution w is given by w(u) = Int (9 }) where, for
any g € GLo, the map Int(g) : slo — sy is the inner automorphism defined by
Int(g)(u) = gug™" (Thus g = (9}) for the Chevalley involution).

For any g € GL,, the map
Int (9(9§)g™") = Int(g)wInt(g™") = Int(g)w Int(g)™"
is therefore another involution of sly. For example, if g = (3*Y) then we get
g3 =D =7)

and

ie., Int(? ") = o as defined in (3.4.2).

The automorphism Int(g), g € GLgy, of sl lifts to an automorphism INT(g) of
L =sly ®k[t,t7}] by

INT(g)(u® p(1)) = (Int(g)(u)) ® p(L ™).

If o is an involution of sy, g € GLy and ¢’ = Int(g)o Int(g~!), then the corre-

sponding involution of £,

u®p(t) = o(w) ®p(t™") and u@p(t) — o'(u) ®p(t™)
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are intertwined by INT(g), i.e., ¢/ = INT(g)ocINT(g7!) (we use o and o’ to

denote the corresponding involutions of £ = sly ® k[t,t7']). As a corollary,

L7 =L,

4 ~d

It is known that Aut sl = {Int(g) | ¢ € GL2}. Suppose o € Aut sl; is an
involution. Then ¢ = Int(g) for some g € GL,. Thus

u = 0*(u) = Int(g*)(u) = g*ug ™,

(3.4.3)

for all u € sly. Let g> = (¢4) and u = (7 ). So, it follows from (3.4.3) that
g*u = ug?
a b j m j m a b
=4 =
c d [ —j I —j c d
aj +bl am —bjy ja+mc jb+ md
cj+dl em—dj la—jc lb—jd
From this we have that
bl = cm, (3.4.4)
am = 2bj + dm, (3.4.5)
dl = —2cy + al. (3.4.6)
So, we have that (3.4.4), (3.4.5) and (3.4.6) arc satisfied for all u = (] ) € sl,.

In particular, if we consider when m = 0 and I = 1, it follows that b = 0. On
the other hand, if we consider when m = 1 and [ = 0, then we have that ¢ = 0.

And finally, since b = ¢ = 0, (3.4.5) and (3.4.6) then allow us to conclude that

a = d. Hence, the equation (3.4.3) implies that g° = afy = (49) for some

a € k. One can use this to classify all involutions of sls.



Chapter 4

Subalgebra of the Tetrahedron
Algebra

Throughout this chapter, we return to k being an arbitrary field of characteristic zero.

The content of this chapter consists of discussing the so-called tetrahedron alge-
bra and its relationship with the Onsager algebra. This proves to be useful because
of the relationship between the tetrahedron algebra and the so-called three-point
sly-loop algebra. Hence, we begin by considering the latter relationship in the first
section and then move on to exploring the link between the tetrahedron algebra and
the Onsager algebra. Finally, using this, we will describe all the ideals of the Onsager

algebra.

4.1 The Tetrahedron Algebra

In order to study the relationship between the tetrahedron algebra and the so-called

three-point sl loop algcbra, we first clearly require some definitions.

Definition 4.1.1 (Tetrahedron Algebra). The tetrahedron algebra, denoted X ([HT07,

70
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Definition 1.1]), is the Lie algebra over k with generators

{Xy,li,5 €{0,1,2,3},i # j} (4.1.1)
and the relations
X, +X,, =0 fori#yj, (4.1.2)
[Xoy, Xk] = 2(X,, + X,x) for mutually distinct ¢, 7, k, (4.1.3)
[X}u, [X}n, [Xh“ X]k“] = 4[X}n,X]k] for mutually distinct h,i,j, k. (414)

Definition 4.1.2 (Three-point sl; Loop Algebra). The three-pownt sly loop algebra is
the Lie algebra over k consisting of the k-vector space sly ® k[t, ¢, (1 —¢)~!] and Lie
bracket

[z®a,y®b =[z,y] ®ab
for z,y € sly and a,b € k[t, ¢, (1—¢)7!]. Note that k[t,¢", (1—¢)~'] is the subalgebra

of the field of rational functions k(t), generated by ¢, t~* and (1 —¢)™'.

In [HTO7, Theorem 11.5] and [Eld07, Corollary 2.9}, it is shown that X and
sly ® k[t,t7*, (1 — t)~'] are isomorphic as Lie algebras under the homomorphism 1)

defined by

P( X)) =21, YPXp)=y®t+zQ(t—1),
Y(Xaz) =y®1, (X)) =20t +z® (' -1),

p(Xn) =281  YPXp)=z0!"+y® (1" —1).
where ¢/ = 1 -t~ ¢" = (1 —t)"" and

-1 2 -1 0 1 0
x=2e—h= , y=—2f—-h= , 2=h=
0 1 -2 1 0 -1
is a basis of sl,. Since this basis satisfies [z,y] = 2(z + y), [y, 2] = 2(y + z) and

[z, 2] = 2(z + z), we call z,y, z the equitable basis for sly ([BTO07]).
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When proving that ¢ is an isomorphism, Elduque considers the following ele-

ments of sly @ k[t, 71, (1 —t)7}],

1 ]' ' 1"

= (X + X)) = 2281 +20 " +y® (' - 1)), (4.1.5)
1 1
1 1 ! /

w = P(Xo+ Xag) = (y@ 1+ 281t +20 (' — 1)), (4.1.7)

which are proven to generate sly ® k[t, ¢!, (1 — t)7!] as a Lie algebra over k. Simple

computations show that ug, ui, us satisfy the following relations:
[ug, ui] = —ust, [, us] = —ugt’, [ug, ug] = —uqt”. (4.1.8)

Furthermore, one can prove that {ug,u;,us} is a basis of sly ® k[t, 71, (1 —¢)71] as a
module over k[t,t=!, (1 —¢)71].

With this, we can proceed to discuss the relationship between the tetrahedron
algebra and the Onsager algebra in section 4.2. The results will then be used to
describe all the ideals, in particular the closed ideals of the Onsager algebra in section

4.3. But first, let us note a relation between the tetrahedron algebra and sis.

Note 4.1.3. In [HT07, Corollary 12.4], it is shown that for mutually distinct h,%,7 €
{0,1,2,3} the elements Xj,, X,;, X,, form an ‘equitable’ basis for a subalgebra of
X that is isomorphic to sly. Note that the relation (4.1.3) is an indication of this

isomorphism.

4.2 The Tetrahedron Algebra and a Realization of
the Onsager Algebra

Lemma 4.2.1. For mutually distinct h,1,7,k € {0,1,2,3}, there exists a unique Lie

algebra homomorphism

p: O — K,
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Ar— th

B+—— Xjk'
Proof. By definition of the tetrahedron algebra,
[Xhza [Xh’L) [XhUX]k]H = 4[Xhl’ X]k]’

i.e., the elements Xj,, X, satisfy the Dolan-Grady relations (2.2.1) and (2.2.2) which,
as seen in Chapter 2, define the Onsager algebra. This proves the existence of such a

homomorphism. This homomorphism is unique since A and B generate O. d

Lemma 4.2.2. Let O4 be the linear span of {A,| m € Z} and Og be the linear
span of {Gi| 1 € Ni}; hence O = Qs ® Og. If J 18 a nontrunal wdeal of O, then J
wntersects O 4 nontrinally, 1e., JN Oy # {0}.

Proof. Let J be a nontrivial ideal of O and let 0 # z € J. Since O = O4 & Og (by

linear independence of {4,,,G; | m € Z,l € N, }), x can be written as:

=) cndn+ Y diGy (4.2.1)

mEZ neN
where only finitely many c,, and d,, are non-zero.

If ¢, = 0 for all m € Z, we can write z in the form:

T = ZdnGn

n<N
where dy # 0 and d,, = 0 for all n > N. Since J is an ideal of O, it follows that
[, Ag] € J. Hence,

[z, Ag] =

Y d,Ga, Ag

n<N

= Z dn [Gna AO]

n<N

= 3" du(An — A) € J\{0}.

n<N
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So this allows us to state that any nontrivial ideal J contains an element of the form
(4.2.1), where there exists at least one m such that ¢, # 0. It then follows that there
exists an M € N such that cp # 0 and ¢,, = 0 for {m| > M. In sum, 0 # z € J can
be written as
T= Y CmAn+ Y G, cm # 0.
[ml<M n<N

Again, since J is an ideal of O, it follows that |G}, z] € J. Hence,

[Gl,.’I}] = |Gy, Z CmAm + Z ¢, Gr,

m|<M n|<N

= ) enlGr A+ Y G, Gyl

[m|<M Inl<N

= > cmlGL A €.

m| <M

Thus, it follows that J intersects O4 nontrivially, i.e., J N O4 # {0}. O

Lemma 4.2.3. ([Eld07, Lemma 2.8]) Fux mutually distinct h,i,5,k € {0,1,2,3}.

The Lie algebra homomorphism
¢: 0 —sh@Kk[t,t™" (1 —1)7"]
determaned by ¢(A) = ¥(Xp,) and ¢(B) = (X,x) 15 mgective.

Proof. Without loss of generality, it is sufficient to prove the lemma for (h,1,j, k)
= (1,2,0,3). Notice that it follows from relation (1.3.2) that adg, |0, : Oa — Oa4
and ad 4, |0, : Oc — O are injective.

Note that if ¢ is not injective. then its kernel, K, would be a nontrivial ideal of
O. From Lemma 4.2.2, we know that K N Oy4 # 0, thus ker(¢|p,) is nontrivial; i.e.,
®|lo, is not injective. Hence, in order to show that ¢ is injective, it suffices to show

that ¢|o, is injective. So, since

{(adg,)™ (Ao + A1), (adg, )" (Ag — A1) | m > 0}
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Is a basis of Q4, it remains to show that
{¢((adg,)™(Ag + A1), #(adg, )" (Ao — A1) | m > 0}

is linearly independent in sl ® k[t,t™1, (1 —¢)7'].

From (4.1.7), we note that

dust =y ®@t+zQtt+zQt(t' —1)
=yRt+z(1—t Nt+zt(l—t"—1)
=y®t+ze(t-1)-z11,

and from (4.1.6),

du; =21 4+yRt+2Q(t—1).

Hence, we have that

and
¢(B) = (Xo3) =y @t + 2 (t — 1) = 2(us + ust).

Furthermore, using (4.1.8) and recalling that Ag = A and A; = B, it follows that

B(G1) = 5011, Adl) = S[8(AV), $(A0)] = 3[(Xos), (X12)]
1

(2(uy + ugt), 2(u1 — ust)] = 2[uy + ugt, uy — ust]

i

2
2(uptt’ + uptt') = dugtt’ = dup(t — 1),
(b(A[) + A1> == 2(u1 — UQL) + 2(’LL1 + ’LLQL) == 4u1,

#(Ao — A1)

I

2(U1 — UQt) - 2(’&1 + Ugt) = —4U2t.

So, we want to check if

{(aduo(t—l)>m(u1)1 (aduo(i~1))m(u2t) \ m > O}
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is linearly independent over k. Since

[’LL()(t — 1),%1] = _UQt(t — ].),
[ug(t — 1), uat] = ust"(t — 1)t
=u (1 -~ —¢t)t

= u1t>

it follows that

(adugr—1))2™ (1) = wy (£t — 1))™ = uy (2™ + (lower terms in ¢)),
(adug 1)) > ™ (u1) = —ua(t(t — 1)) = —up(>™2 + (lower terms in t)),
(adug(—1))* ™ (uat) = —ust(t(t — 1))™ = —us(t*™"! + (lower terms in t)),

(aduo(r-1))*™" " (uat) = wit(t(t = 1))™ = w (¢*"*! + (lower terms in ¢)),

and these elements are linearly independent over k. This leads to the conclusion that

¢ as defined in the lemma is indeed injective. O

Proposition 4.2.4. For mutually distinct h,i,j,k € {0,1,2,3} the subalgebra of &

generated by Xp,, X,i 15 1somorphic to O.

Proof. Let €) denote the subalgebra of X generated by Xj,. X,,. It follows from
Lemma 4.2.3 that the epimorphism O —  such that A — X, and B — X, is
injective. Hence, O = Q. O

Remark 4.2.5. In [HT07, Proposition 7.8], it is shown that X = Q & Q' © Q" =
O ® O & O where Q (respectively €V, ") denotes the subalgebra of & generated by
Xi2 and X3 (respectively by X3 and X1, and by X3; and Xgs).

In [EldO7, Prop. 2.6(i)]. it is shown that ¥(Q) = up(t — 1)k[t] ® u1k[t] © uatk|t].
Hence. if

vog = up(t — 1), v1 =uy; and vy = ust,
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the Onsager algebra O can be identified with vok[t] v, k[t] Dvok[t] where vy, v, and vy
freely generate O as a k[t]-algebra and, by (4.1.8), its k[t]-linear Lie bracket satisfies

the following relations:
[vg, v1] = —wva(t — 1), [v1, V2] = —wy, [vg, vg| = v1t. (4.2.2)
Proposition 4.2.6. O is generated, as a Lie algebra over k, by vy, v1 and vs.

Proof. Consider the subalgebra V of O generated by vy, v; and vy. Note that for any

n €N,
(advg)Z(UOtn) = (aduQ)(vlt"H) _ Uotnﬂ cVv

Furthermore, [va, v9t"] = vit"™! € V and [vy,vpt"] = v2t"(t — 1) € V. Hence, all
generators of the k-vector space, v,k[t] for ¢« € {0,1,2}, are included in V and, since

O is identified with vok[t] ® vik[t] © va2k[t], it follows that O = V. d

Remark 4.2.7 (Tetrahedron algebra in figures). Note that the structure of the tetra-
hedron algebra can be summarized in the following figure which the reader will easily

recognize as a tetrahedron.

Figure 4.1: Tetrahedron algebra in figures.
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Here one notes that the relation (4.1.2) is illustrated by the fact that the labels on
each edge add up to zero. Remark 4.1.3 is illustrated by the fact that the labels of
every three edges, forming a face of the tetrahedron, are elements of an equitable basis
of a subalgebra isomorphic to sls. And finally the labels of every two non-adjacent
edges generate a subalgebra isomorphic to the Onsager algebra (hence illustrating

Proposition 4.2 4).

4.3 Ideals of the Onsager Algebra

In this section, we utilize the relationship between the tetrahedron algebra and the
Onsager algebra to determine the ideals and in particular the closed ideals of the

latter. We first note that for any ideal J of k[t], OJ is an ideal of O.

Proposition 4.3.1. ([Eld07. Proposition 5.6]) Let I be an ideal of O and consider
the following subspace of klt]:

Jr = {p(t) € k[t] | 3 p1(¢), p2(t) € k[t], vop(t) + vip1(t) + vapa(t) € 1}. (4.3.1)

Then

(1) Ji 1s an wdeal of k[t].

(1) I hes between OJit(t — 1) and OJy, ve., OJit(t —1) C 1 C OJ;.
Proof. (i) Let p(L) € J;. So there exist pi(¢) and pa(l) € k[t] such that

x = vop(t) + vip1(t) + vapa(t) € 1.
But since
(ady,)*(z) = (ady, ) (vitp(t) + vopi(t)) = volp(t) + vitpi(t) € 1,

it follows that ¢p(t) € J;. Since J; is clearly a subspace, it follows that J; is an ideal
of k[t].
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(i) Let £ = wopo(t) + vip1(t) + vapa(t) € 1. From (4.3.1), py(t) € J;. Furthermore,

since

[, 7] = vitpo(t) + vopi(t) € T
and  [~vi, 7| = —vapo(t) (¢ — 1) + vopa(t) € I,

then p;(t) and po(t) also belong to J;. Hence z € vgJ; @ v1J; @ voJ; = OJ;, and so
1 COJ.

Moreover, since

[vo, [v1, 2] = vipo(t)t(t — 1) € 1,
[UQ’ [’Uo, [vla IBH] = UOPO(t>t(t - 1) € I,

[_U()v [U27 LL‘H = U2p0<t)t(t - 1) el,

it follows that OJt(t — 1) = voJt(t —1) DuJit(t — 1) @ va Jit(t — 1) C I, which leads
to the conclusion that OJst(t — 1) C 1 C OJ;. O

Next, consider the opposite direction. Given a non-zero ideal J = q(t)k[t] of k[t],

what are the possible forms for an ideal I of O with J = J;?

Proposition 4.3.2. ([E1d07, Proposition 5.8]) Let J = q(t)k[t] be a non-zero wdeal of
kft]. Then the wdeals I of O with J = J; are the subspaces

I=0Jtt—1)® S,
where S 1s of one of the following types (for w, = v,q(t),» = 0,1,2):

(1) S = ke(wot + wit) ® kd(wot — wyt) B kedywat B ke'(wo(t — 1) + wo(t — 1)) @
k' (wo(t—1) —wa(t — 1)) @ ke'd'ywi(t — 1) where €,8,v,€,0',7 are either O or
1, withe+ 6 #£0# €+ (as J = Jp).

1) S =8, = span{wgt, wit,wo(t — 1), wo(t — 1), wat + qwy(t — 1)}, wth 0 # n € k.
7

Proof. First, note that k[t] decomposes into the following direct sum of subspaces:
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k[t] = t(t — Dk[t] © (kt ® k(t — 1)).

Hence, O can be written as a direct sum of vector spaces
O = Ot(t — 1) ®span{v,t, vt — 1) | i = 0,1,2} (4.3.2)
and if J = q(¢)k[t] is a non-zero ideal of k[t], then
OJ = OJt(t — 1) ® span{v,q(t)t,v,q(t)(t — 1) |1 =0,1,2}. (4.3.3)
Furthermore, for any non-zero ideal J of kt],
Ot(t —1),0J] C OJit(t —1). (4.3.4)

So, there exist the following natural bijections:

{ideals I of O with OJt(t —1) C I C OJ}

!
{O-submodules of OJ/OJt(t — 1)}

!
{O/Ot(t — 1)-submodules of OJ/OJt(t — 1)},

where the term “O-submodule” (respectively, “O/Ot(t — 1)-submodule” ) means that
we consider the adjoint action of O (respectively, of O/Ot(t — 1)) on the ideals OJ
and OJt(t — 1) and then take the quotient representation.

Given an element x € O (respectively, x € OJ), let us denote by Z its class
modulo Ot(t — 1) (respectively, modulo OJt(t — 1)). Thus, from (4.3.2) and (4.3.3),
for a nonzero ideal J = q(t)k[t] of kt],

O/0t(t — 1) = @, (kvit @ kv, (t — 1)),

OJ/OJtt — 1) = @2, (kw,t © kw,(t — 1)),
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where w, = v,q(t), ¢ =0,1,2.

In order to determine the O/Ot(¢t — 1)-submodules of OJ/OJt(t — 1), one con-
siders the action of O/Ot(t — 1) on OJ/OJt(t — 1).

We begin by noting that since [v,t, w,(t—1)] = ¢t(t—1)[v,, w,] and [v,(t—1),w,t] =
(t — 1)t[v,, w,] belong to OJt(t — 1), then

[U_lt’ w, (t — D] = [v(t - 1),11)_]15] = 0.

It then remains to consider the action of v,¢ on w,t and the action of v,(t — 1)

on w,(t—1) for all 4,5 € {0,1,2}.
1 Bt
(a) (078, Wof) = (oo, ] = 0

(b) Wa w_—-Ot] = wlt3 = w_1t7 [v_()t; w—Zt] = _wlt

(c) [0of, wil] = wol? = wof, [o7F, Wal] = ot

2. vt —1),w,(t —1)]

(8) ot = 1), wa(t = 1)) = [0 = 1), wolt = D] = 0

(b) [or(t — D), walt — D)) = —wot — 1% = wolt — 1),
[ve(t — 1), w (t — 1)] = —wo(t — 1)

(¢) [vi(t — 1), wo(t — 1)] = wa(t — 1)3 = wa(t — 1),
[Uo(t - ].),’U}l(t - 1)] = —’lUQ(t - ].)

From the above computations, one notes that wot generates the O-submodule @12:0 kw,t
and that wi (¢ — 1) generates the O-submodule @12:0 kw,(t — 1). Furthermore, it fol-
lows that the eigenvalues of the action of vet on OJ/OJt(t — 1) are:

(i) 0, with eigenspace kwyt ® (@7, kw,(t — 1)),
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(i) 1, with eigenspace k(wgt + wit),
(iii) —1, with eigenspace k(wot — wit).

It also follows from the above computations that the eigenvalues of the action of

vi(t — 1) on OJ/OJt(t — 1) are:

(i) 0, with eigenspace kw,(t — 1) @ (D>, kw,1),

(ii) 1, with eigenspace k(wq(t — 1) + wa(t — 1)),

(i) —1, with eigenspace k{wg(t — 1) — wo(t — 1)).

At this point, it is important to note that ideals I of O with J = J; are subspaces
of the form I = OJt(t — 1) ® S for some S. Our goal is to explore the possibilities
for S. Since any O-submodule of OJ/OJt(t — 1) is the direct sum of its intersections

with the previous eigenspaces, only the following four cases can occur:

(1) kwst and kwy(t — 1) are both included in S.
(2) Either kwst or kwy (¢t — 1) is included in S, but not both.
(3) Neither kwst nor kwy(t — 1) are included in S.

(4) A linear combination of wyt and w,(t — 1) (excluding the three previous cases)

is included in S.

Note that since wsl generates the (J-submodule @?:0 kw;t, if kwyt C S then
k(wot + wyt) and k(wgt — wyt) are included in S. Similarly, if kw;(t — 1) C S then
k(wo(t — 1) + wy(t — 1)) and k(wo(t — 1) — we(t — 1)) are included in S.

Hence, in the case of (1), S = k{wot + wit) & k(wot — wit) B kwet & k(wo(t —
1) wp{t — 1)) ® k(wolt — 1) — wa(t — 1)) ® kwn (¢ — 1).
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Next, consider case (2) when kwyt C S. In this scenario. S = k(wot + wit) ©
k(wot — wyt) @ kwat ® ke (wo(t — 1) + wo(t — 1)) ® kd' (wo(t — 1) — wa(t — 1)) where €
and &' are either 0 or 1.

Clavm: € +6 #0

Assume € +4' = 0, i.e., ¢ = ¢ = 0. Hence, S = k(wot+uwt)Bk(wot —wit) Dkwot.
Consider an arbitrary p(t) € J = J;. Recall from (4.3.1) the definition

Jr = {p(t) € k[t] | 3 p1(t), p2(t) € k[t], vop(t) + vip1(t) + vopal(t) € I}.

It follows that p(¢) = g(¢)r(¢) for some r(t) € k[t] and that there exist p; (¢), p2(t) € k[t]
such that vop(t) + vip(t) + vapa(t) € I. Since wy = vq(t), we have that wgr(t) +
v1p1(t) +vapa(t) € I. This is only true if r(¢) is divisible by ¢; i.e., if and only if p(t) is
divisible by ¢. So, it follows that all elements of J are multiples of ¢, i.e., J = tq(t)k[¢].
But this contradicts the fact that J = ¢(¢)k[t]. Hence proving our claim.

On the other hand, when kw,(t — 1) C S, it follows that S = ke(wpt + wit) &
ké{wot —wit) B k(wo(t —1) +wo(t — 1)) ® k(wo(t — 1) —wa(t — 1)) ® kw1 {t — 1) where
e and ¢ are either 0 or 1. If e + & = 0, a similar argument as above would show that
J = (t — 1)q(t)k[t], which again contradicts J = ¢(¢)k[t]. Hence, in this scenario,
e+ 6 #0.

For the case (3) where neither kws,t nor kw, (t—1) are included in S, we have that
S = ke(wot+wit) Dkd(wot —wit) Dke' (wo(t—1) +we(t—1)) Bk (wo(t—1) —wa(t—1))
where ¢€,6,¢,0’" are either 0 or 1. We also note that, for the same arguments as in
case (2) above,  + ¢ # 0 # ¢+ 4. Cases (1) to (3) are then summarized in part (i)
of the proposition.

And finally, in case (4), we simply have that S = span{wot, w1, wo(t — 1), wo(t —
1), wot +nwy (¢t — 1)}, with 0 # n € k. This case is exactly part (ii) of the proposition.

O

In view of the equivalence between ideals I of @ with OJt(t—1) C I C OJ and
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O/Ot(t — 1)-submodules of OJ/OJt(t — 1), it is of interest to study the Lie algebra
O/Ott —1).

Lemma 4.3.3. The Lie algebra B = O/Ot(t — 1) = @7, (kvit ® kvy(t — 1)) is

solvable, but not nilpotent.

Proof. Consider the following cases for 7,7 € {0,1,2}:

1. [k, v;(t — 1)] = 0, since [vit,v,(t — 1)] = ¢t(t — 1)[v,, v5] € Ot(t — 1),
2. [vit, v,t] where i # j,

() [orF, 58] = [iok, o7F] = 0,

(b) [0f, 0] = vit® = i,

(¢) [val,v1t] = vot? = ot

3. [vi(t — 1),v,(t — 1)] where ¢ # j,

(a) [Uo(t — 1),U2(t — 1)] = [’Ug(t — 1),U0(t — 1)] = 0,

(b) [v1(t — 1), va(t — 1)] = —wp(t — 1)2 = vo(t — 1),

(C) [Ul(t — 1),’00(t - 1)] = ’Ug(t - 1)3 = Ug(t - 1)

Hence, BY) = [B, B] = ku\t © kuot @ kuo(t — 1) @ kvo(t — 1). Then, since

[U—1t7v_0t] = [’Uo(t - 1)7U2(t - 1)] = 0’
[v1l, v0l] = vat?(L — 1) = 0 = [uol, v £},

[vg(t — 1), v9(t — 1)] = —vit(t — 1)2 =0 = [va(t — 1), v0(t — 1)},

it follows that B® = 0 and hence B is solvable.
From above we have that B' = BWY = [B,B] = kvl @ kvl @ kvp(t — 1) @

kva(t — 1). Next, we want to determine B* = [B, B']. So we consider the following:

[vot, vt + vot + vp(t — 1) + va(t — 1)] = —wot2(t — 1) — vy 82(t — 1)
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=0,

[vo(t = 1), 01t + vot + vo(t — 1) + v2(t — 1)] = —wit(t — 1) = 0,

[1t, 01t +vpt + vt — 1) +vp(t — 1)] = vet2(t — 1) = 0,

[v1(t — 1), 01t +vot + vt — 1) + va(t — 1)] = vt — 1)3 —vp(t — 1)2

= ’Ug(t - 1) + Uo(t - 1),

[Uat, V1t + Vot + vp(t — 1) + va(t — 1)] = vot2 + vy 3

= vot + vit,

[02(t — 1), 01 + Ogf + vo(t — 1) + va(t — 1)] = vit(t — 1)2 = 0.

It then follows that B? = kvot ® kug(t — 1) @ kvit @ kus(t — 1) = B'. Hence B is not
nilpotent. ]

Proposition 4.3.4. ([E1d07, Proposition 5.10]) Let I be a closed ideal of O, wnith
0# J = Jr = q(t)k[t]. Then, with w, = v,k[t], i = 0,1,2, I 1s one of the follourng

rdeals:
(1) I =0Jt{t — 1)@ k{wot £ wit) ® k{wo(t — 1) £ ws(t — 1)).

() I=0Jt(t—1)® (D, kwt) ® k(wo(t — 1) £ wy(t — 1)).
In this case, I = OJt & k(wp + ws).

(1) I =0Jt(t - 1) ® k(wot + wit) ® (@?:0 kw,(t — 1)).
In this case, I = OJ(L — 1) ® k(wy + w).

(w) I =0J.

Proof. To prove that the closed ideals of O are those stated above, it is a matter of
sifting through all of the ideals with 0 # J = J; = q(t)k[t] as described in Proposition
4.3.2.


http://kw.it

4.3. Ideals of the Onsager Algebra 86

First, recall that O = Ot(t — 1) ® span{v;t,v;(t — 1)li = 0,1,2}. Hence, if
J = q(t)k[t] and w; = v;k[t], i = 0,1, 2, then

[wat, O = [wat, Ot(t — 1)] + k(wat, vot] + k{wat, vit] + k[wat, vo(t — 1)]
+ klwat, v1(t — 1))
= [’wgt, Ot(t - 1)] + kw1t3 + k’U)()t2 -+ kwth(t — 1) + k)’w()t(t — 1)

C OJt(t — 1) + kwit + kwpt

In the case of Proposition 4.3.2(ii), [wqt, O] C I. Hence wot € Z(I)\I and so I, in
this case, is not a closed ideal. This is also the case for I as in Proposition 4.3.2(i)
with (e=d=1and y=0) or (¢ =48 =1 and v =0).

After eliminating these cases from Proposition 4.3.2, we are left with the four
cases specified in the statement of the proposition above. In order to confirm that
these are in fact closed, consider z = vopo(t) +v1p1(t) + vapo(t) € Z(I) and its action

on vy, v; and vs:

[z, v0) = vap1 (D)(t — 1) + vipe(tit € I C OJ (4.3.5)
[.’L’,Ul] = —-’ngg(t)(t — 1) + ’Uopg(t)t clCOJ (436)
[, v9) = —v1po(8)(t — 1) —wepi(t)t € T C OJ (4.3.7)

It follows from (4.3.6) and (4.3.7) that py(t),p2(t) € J and (¢t — 1)po(L), tpo(t) € J.
Furthermore,
po(t) = tpo(t) — (L — L)po(t) € J.

Therefore, z € Z(I) and hence Z(I) C OJ. This confirms that I = OJ is a closed
ideal of O, proving (iv).
Next, consider cases (i)-(iii). From (4.3.6) and (4.3.7) it follows that

tlp(t)or ((=1) [pa(t)  and  t[pi(t) or (¢ = 1) [ pa(D).
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Furthermore, from

[[z,vl],vo] = —Ulpo(t)t(t - 1) el,

[z, va],v0] = —vapo(t)t(t — 1) € I,

it follows that vipg(t), vapo(t) € OJ and hence vopy(t) = [vapo(t),n1] € OJ. By
recalling that

OJ = OJt(t — 1) @ span{v,q(t)t, v,q(t)(t — 1)|s = 0, 1,2}.

we can conclude that z € I and so Z(I) = I, i.e., I as defined in (i)-(iii) are closed
ideals.

It remains to check the last statements in (ii) and (iii). Since Jt = Jt(t — 1) &
kq(t)t, it follows that OJt = OJt(t—1) @ (D>, kw,t). Furthermore. w,(t —1) +w, =
w,t and w,t € IN(OJt D k(wy +ws)). Tt follows directly that I = OJt ® k(wy + ws),
hence proving statement (ii). Similarly, using the fact that J(t — 1) = Jt(t — 1) &
kq(t)(t — 1), one can obtain the result stated in (iii). d
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