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Abstract

Adaptive filters constitute an important part of signal processing. They are widely used
in many applications where signal statistics are unknown to the users. Oae of the most
popular adaptive methods is known as the least mean-squared (LMS) algorithm. It is
well known for its hardware simplicity and its cost effectiveness. However, the LMS
adaptive algorithm does not operate well in non-ideal environments. Leakage in the
updated equation of the LMS algorithm was proven to overcome many such problems.
This algorithm is known as the leaky LMS (LLMS). The LLMS is very robust to drifting
phenomena and overflow in registers; problems that occur in the digital implementation of
adaptive algorithms. In many applications, an inherent delay in the feedback error path is
cncountered. This delay has a definite effect on the performance of the LLMS algorithm.
In this thesis, we study the performance of LLMS in the presence of delay (LDLMS).
This algorithm is basically the LLMS with a delay incorporated in the coefficient updated
equation. A new general stability bound is derived for the LDLMS, from which bounds
of convergence of LMS, LLMS, and delayed LMS{DLMS) can be obtained. Stability
bounds, convergence behavior, and excess mean squared error for this new algorithm
are investigated. Theoretical resuits are first derived and later verified by simulations.
It will be shown that introducing leakage in the DLMS algorithm gives a compromise

performance. Finally, examples of applications of the LDLMS algorithm are provided.
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Chapter 1

Introduction

Adaptive filters are an important part of signal processing. They are gencrally
defined as filters whose characteristics can be modified to achieve desired objectives and
accomplish this modification or adaptation automatically without user intervention. Due
to the uncertainty about the input signal characteristics, the designer then turns to an
adaptive filter which can learn the signal characteristics when first turned on and can later
track changes in these characteristics. There is a continuously growing need for adaptive
signal processing in areas such as prediction, system identification, beamforming, ctc,

Many aspects of the adaptive filtering concepts are generally governed by the nature
of the applications themselves. Adaptive techniques have generally been classified under
two main categories. In one category, the cost function to be optimized in a running sum

of squared errors is given by
n-]
J(n)=min Y €¥i), N-1<n<L-1, (1.1)
Ctn) =N

where e;(n) denotes the error computed at time iteration i, N is the filter length, L
is the length of the input data, and C(n) is the tap-weight vector. This cost function
uses all the available data from ¢ = N — 1 to i = L — 1. Figure 1.1 shows a system
identification model. This category of adaptive algorithms contains the whole class of
Recursive Least Squares(RLS) algorithms, which includes Kalman algorithms, and Fast

Transversal Filters algorithms [16], [17].
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Figure 1 1: System identification model using an adaptive filter.

In the other category, the cost function to be optimized is a statistical measure of

the squared error, known as the mean squared-error(MSE). This cost function is given by
J(n) = min < ¢*(n) > (1.2)
C(n)

where e(n) is the scaled error computed at time n and < . > denotes statistical ex-
pectation.  This category contains the whole class of gradient algorithms, which in-
cludes the least mean-squared (LMS) algorithm [18], [2], sign-LMS algorithm, normalized
LLMS(NLMS) algorithm, in addition to other recently developed adaptation schemcs, all
of which are LMS variants (2], (19}, {20], [21]. The RLS class of algorithms offers faster
convergence compared to the gradient-search type algorithms but usually at the cost of
higher complexity and/or more numerical difficulties. In practice, they are vseful in ap-
plications which neer. fast convergence. The LMS variants are relatively low in their
computational requirements, work adequately in a variety of signal environments, and are
the basis for many existing adaptive processors, such as adaptive equalizers and echo can-
cellers. Figure 1.2 shows the details of an FIR-based system identification model where

the LMS algorithm is used to update the filter coefficients.
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(a) system identification using the LMS algorithm
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(b) update structure of the LMS algorithm

Figure 1.2: (a)System identification using the LMS algorithm. (b) LMS adaptive struc-
ture.



1.1 Problem Statement

In several applications of adaptive filters such as equalization of data transmission,

system identification and adaptive differential pulse coded modulation (ADPCM), the

convergence and stability of the stochastic gradient search algorithms such as LMS, can

be problematic under non-ideal situations. Under such situations, the adaptive filter taps

may drift away from their optimum settings and thus do not converge. In the following,

we summarize the conditions under which adaptive algorithms may show unsatisfactory

results (18], [22], [23].

L.

o

3.

Insufficient spectral excitation: The tap weights divergence of the adaptive algo-

rithms are related to the inadequacy of excitation in the input process in its fre-
quency bands.Therefore, due to this insufficient input energy, the adaptive filter
will not be able to estimate the system response to these particular frequencies.

Consequently, some or all of the filter taps will diverge or drift.

Finite Precision Effects: In a digital implementation, adaptive algorithm quantities

are quantized to a certain finite precision. Quantization noise that results from
this implementation may lead to deviations of the adaptive filter performance from
what otherwise might have been expected. These deviations can be considcrably
greater than the least significant bit magnitude of the digital implemented quantities
because of the continuous accurnulation of the quantization errors with time. Then,

register overflow occurs, and leads to an unacceptable filter performance.

Stalling or biasing: This is another condition where LMS-based algorithms are

proven to not perform well. The stalling phenomenon happens because the gra-
dient estimate is not sufficiently noisy to make the necessary adjustments to the
adaptive tap-weights. Hence, the adaptation process stops. This stalling or lock
up situation may arise in imperfect implementations. In a such case, stalling is not
desirable as it biases the tap-weight filter possibly leading to longer convergence.

A method to prevent stalling phenomenon is to insert dither at the input of the



quantizer that feeds the tap-weight accumulator. This technique is used to force

the gradient quantization error to be sufficiently noisy so the algorithm adaptation

continues.

As a solution to the above problems, leakage terms are used in the sequential adaptation
of the LMS algorithm. Leakage can be used to prevent the occurrence of coefficient drift,
overfliow in a limited precision environment, etc, by providing a compromise between
minimizing the MSE and containing the energy in the adaptive filter impulse response.

A cost function similar to Eq. (1.2) is minimized and is given by
J(n) = rcl:l(ll')l < e¥(n) + uCn)"Cn) > (1.3)

where 4 is a positive control parameter (leakage).

Unfortunately, in some real time applications, the Leaky LMS{LLMS) adaptation
scheme can be performed only after a delay. This delay comes from the fact that the
desired signal and thus the error signal are available only after several symbol intervals.
Such condition can be encountered in numerous cases e.g. in systolic array implementatior:
[24] where the filter output is generated after a delay that equals the number of filter
taps. It can also be found in decision directed adaptive equalization where the Viterbi
algorithm is used [25]. This delay can have detrimental effects upon the regular LMS
algorithm stability as shown in (3]. In this thesis, we study the effect of the delay upon
the performance of the Leaky LMS algorithm in stationary environments. We will refer to
this algorithm as the leaky delayed LMS (LDLMS) algorithm. The structure and feedback
model for tap adjustments for LDLMS are shown in Figure 1.3.

In this simplified adaptive structure, the delay parameter is shown explicitly and it
accounts for different situations where a delay can arise. So, the adaptation steps will be
performed using inputs delayed by D symbols. Stability bounds, convergence behavior,
and excess MSE for this new algorithm are to be investigated. Theoretical results are
first derived and later verified by simulations. It will be shown that leakage combined

with delay can provide compromise performance. Finally, examples of applications of the

LDLMS algorithm are provided.
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Figure 1.3: Structure of LLMS algorithm with delayed adjustments. (D denotes the delay

parameter).
1.2 Thesis Presentation

This thesis is presented in five chapters. Chapter 1 includes the introduction of the
problem and the suggested solutions. Chapter 2 reviews the LMS, LLMS, and the delayed
LMS(DLMS) algorithm as well as other DLMS variants such as the normalized LMS
algorithm with feedback delay. Mathematical analysis of these algorithms are provided.
The LDLMS algorithm is introduced in Chapter 3. The effects of the delay, leakage, and
the step size on the stability bounds of the LDLMS adaptive algorithm will be examined
using the root loci techniques. Steady state excess MSE of the algorithm is derived and
hence tighter bounds on the step size are found. These stability bounds are in terms of

delay, leakage, and eigenvalue distribution. The stability bound is general in the sense



that other stability bounds of the LMS, LLMS, and DLMS algorithms can be casily
derived. The derived bounds account for different types of input probability distribution
functions. This is due to adaptive algorithms which react differently under different input
distribution functions. In Chapter 4, we discuss LDLMS applications where a system
identification problem is considered. In such applications, the LDLMS algorithm will
prove to be a good means to remedy different situation problems such as drift problem.
Finally, in Chapter 5, we include some conclusions and discussions about this work. Some

suggestions for further research in the analysis and applications of the LDLMS algorithm

will be provided.



Chapter 2

Review of the Least Mean-Squared
Algorithms

The interest of adaptive filters continues to grow and many algorithin variants find
real time applications in many areas. The least mean-squared adaptive algorithm has
been widely used in adaptive filtering applications [13) because it requires less hardware
and is therefore less costly. For instance, the Leaky LMS algorithm is used in fractionally
spaced equalizers [8) and the delayed LMS algorithm is also used in multiprocessor
implementations [34], [35].

In the following, we will review the basics of the LMS algorithm as well as the
leaky LMS algorithm as a way of improving performance in non-ideal input cases. This
review, as applied to a system identification problem, covers stability bound, convergence
speed, and steady state excess MSE of the adaptive algorithm. The effect of the delay
on the LMS algorithm will also be investigated. Some applications of these algorithms
will be given as examples. Stability properties of the normalized LMS(NLMS) algorithm
with feedback delay is also summarized. An exact analysis of delayed NLMS required

no approximations and only an assumption of mixing conditions on the input signal is

applied.



2.1 The Least Mean-Squared Algorithms

The least mean-squared(LMS) elgorithm is a stochastic gradient version of the well
known steepest descent (SD) optimization technique, driven with a fixed step size.

Let V(n) designate the value of the gradient vector at time n and let C(n) designate

the value of the tap-weight vector at time n. According to the SD approach, the valuc of

the tap-weight vector at time n 4 1 is updated by using the simple recursive relation:
1 N
Cln+1)=C(n)+ Eﬁ[—V(n)] (2.1)
where the tap-weight vector is defined as

CTm) = [a(n),ce(n),...,cn(n)] (2.2)

where 3 is the step size parameter. We consider the system model shown in Figure 1.2.
Assuming that the tap-input vector X(n) and the desired d(n) are jointly stationary
random processes, then the MSE J(n), given by

Ja) = <[dr)-y@)*>
= <e(n)?> (2.3)

is a quadratic function of the tap-weights. Equation (2.3) now can be written as

J(n) = o2 = 2CT(n)P + CT(n)HC(n) (2.4)
where:
03 =< d*(n) > : the variance of the desired response d(n)
P=<d(n)X(n) > : cross-correlation vector between d(n) and X(n)

H =< XT(n)X(n) > : correlation matrix of the tap-input X (n).

To get the optimum value C,y, for the tap-weight vector, we differentiate (2.4) with

respect to the weight vector C'(n) and equate it to zero. Thus, we obtain

_ ¥
Vi = 36m)

= —2P+2CT H=0
= Cou=H'P. (2.5)



If we substitute the above equation into equation (2.4), then the minimum MSE is found

to be
Jmin=a§—PH_lPo (2.6)

Practically, it is not possible to make exact measurements of the gradient vector at each
instant, therefore the gradient vector must be estimated from the available data. The
same holds for #. The LMS algorithm thus uses the estimated H and P. The simplest
way of estimating A and P, is to use instantaneous estimates that are based on sample
values of the tap input vector and the desired response. These estimates are given as

follows:

Am) = X(n)XT(n)

Pln) = X(n)d(n). (2.7)
where the input vector is defined as

X(n)T = [z(n),z(n—1),...,z(n = N + 1)] (2.8)
So, the estimated gradient is
V(n) = —2X(n)d(n)+2X(n)X" (n)C(n)

= —2¢e(n)X(n) (2.9)

Substituting equation (2.1) into equation (2.9), the updated tap-weight vector becomes

C(n + 1) = C(n) + BX (n)e(n), (2.10)
where

e(n) = d(n) — XT(n)C(n) (2.11)

The procedure described for the derivation of the LMS algorithm may be viewed as
an approximation of the SD algorithm using instantaneous estimates of the correlation
matrix f7(n) and the cross-correlation vector P(n). The LMS gradient is an unbiased

estimate of the the SD gradient. In other words,

lim < C(n) >= Copt. (2.12)
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Throughout this work, several fundamental assumptions are used to make the anal-

ysis of the LMS algorithm mathematically tractable. These assumptions are:
1. The input process is statistically independent of all previous samples
< X(n)XT(k)> =0, k=0,1,...,n—1.
2. The input process at sample time n is statistically independent of all previous sam-
ples of the desired signal d(k),
< X(n)dk)> =0, £k=0,1,...,n-1
In view of point 1 and 2 of the above assumptions, the tap-weight vector C(n + 1) is
independent of X (n+1) and d(n+1). However, from the LMS update equation, C(n+ 1)

depends on the previous samples of the input and the desired signals. Also, C(n + 1)

depends on the initial starting value C(0) of the adjustment process.

2.1.1 Average Tap-Weight Vector of the LMS Algorithm
Let’s define the tap-weight error vector of the LMS algorithm as follows:
e(n) = C(n) — Copt, (2.13)

where Cop, is the optimum Wiener solution.
Using (2.10) and (2.13) and the fundamental assumptions stated earlier, the time pro-

gression of the tap-weight error can be rewritten as [13]
<e(n+1)>= (- BH) < e(n) >, (2.14)

where < €(n) > is the average tap-weight error vector. We use the fact that H is symmetric
and it can be represented in the form of H = VAV. A is the diagonal eigenvalue matrix
of f; and since H is positive definite; Vis the orthonormal matrix whose i*® column is

the eigenvector V; of H associated with A;. So, applying this coordinate transformation to

11



(2.14), we deduce that a necessary and a sufficient condition of convergence of < e(n) >

to zero when n — oo is

0<fB< -—2—, (2.15)

Amax
where Aoz is the largest eigenvalue of the correlation matrix H. Under this condition,

the LMS algorithm is said to be convergent in the mean.

2.1.2 Average Mean-Squared Error of the LMS Algorithm

Another approach to derive a bound on the step size to guarantee stability of the LMS
algorithm based on the average MSE < e?(n) > is utilized. The MSE in equation (2.4) is

written in terms of the tap-weight error vector €(n) as follows:
J(n) = Jmin + €(n)T He(n) (2.16)

The first term of the above equation is the minimum MSE when C(n) approaches its
optimal value C,p;. The second term results from the noisy estimates of the gradient and

it is known as the excess MSE. The excess MSE is defined as

Je::(n) = J(n’) - Jmi
= e(n)T He(n). (2.17)

If the elements of the vector X (n) are independent and have identical even distributions
with variance o2, the kurtosis v, for zero mean variable z is defined as

<zi>
vz = pESY (2.18)

then Eq. (2.17) can be rewritten as [27):
Jz(n + 1) = mde(n) +h, (2.19)

where m and h are defined as:

m= 1-2002+ %N +v,—1)
h= Jm‘-n(ﬁai)zN.

12



The kurtosis, v, which is defined above by v, = é’;;’; is different for each distribu-
tion process. Its maximal value, vz = oo, is for obtained for the Cauchy distribution and
its minimal value, vz = 1, is obtained for binary symmetric distribution [27]. However,
for the Gaussian distribution function, v, = 3. The kurtosis v, is included in the above
equation since for each density distribution function, the stability bounds of the adaptive
algorithms are different. If the filter converges, we get the steady state excess MSE as

Jminﬁa:N 9
2—ﬁ0§(N+V¢—-1). (2.20)

The values of the step size 8 for which the denominator of (2.20) is zero denotes the

Jez(00) =

stability bounds of the adaptive algorithm on the mean-squared sense. Thus, the upper

bound on the step size is

2
9
AN+ (221)

The derivation of the two above expressions can be found in [27)].

0<B<

The step size B, the number of taps N, and the eigenvalues of the input autocorre-
lation matrix H are the major parameters that affect the response of the LMS adaptive
algorithm. For a small value of 3, slow convergence of both C(n) towards its optimum
and the MSE J(n) towards its Jmin result. Moreover, a small amount of J.=(co0) results.
The opposite can be concluded when the step size § is large.

The eigenvalue spread of H affects the convergence speed of < e?(n) >. For cigen-
value spread, the LMS algorithm slows down its convergence and a large number of
iterations is required [13]. In addition, the convergence of < ¢(n) > is much more affected
by the eigenvalue spread than < €2(n) >.

The convergence properties of (2.21) depend on the number of taps, which is not
the case in (2.15). So, the convergence conditions of < e?(n) > is much tighter than the

one imposed by equation (2.15). It can be seen from (2.15) and (2.21) that
Amaz < G2(N + vg — 1). (2.22)

Therefore, there are values of § for which < e(n) > converges but < e?(n) > docs not. By

choosing B from equation (2.21), convergence condition of ¢(n) > will be automatically

13



satisfied. When both quantities converge, < ¢(n) > converges much faster than < e?(n) >.
The stability bound in equation (2.21) is more practical than in equation (2.15) since for

most applications cases N will be the dominating factor.

2.2 Leakage in Adaptive Algorithms

Introducing leakage in adaptive algorithms has been proven to be useful in numerous
applications such as channel equalizers and ADPCM codecs for telephone transmission.
For example, it is introduced in ADPCM systems to improve the robustness of the adap-
tation to transmission errors. It has also been shown to be robust in counteracting many
problems such as overflow in finite-precision implementation, weak excitation of input
signals and other stability problems. It is known that leakag: ‘s used in the least mean
squared algorithms (LMS) and its variants and in the least squares algorithms such as
fast Kalman and FTF algorithms. The latter case will not be reviewed in this thesis and
a discussion on it can be found in [22]. In this section, we first give a review of the LLMS

algorithm theory and then illustrate some of its applications.

2.2.1 The Leaky LMS Algorithm

Some or all the tap weights can reach unacceptable values when the LMS algorithm is
used under non-ideal situations. Either of the following cost functions has been minimized

as a way to control the large tap build-up [8):

J=J+ulC|? (2.23)
L=J+ulC| (2.24)
where J is the MSE, u is positive real number much smaller than one, and || . || denotes

the norm of a vector. As it can be seen from equations (2.23) and (2.24), J; and Jp
attribute quadratic and magnitude penalties, respectively to the magnitude of the tap.

In a manner similar to the commonly used estimated gradient algorithms, the update

14



equation of the LLMS is constructed so as to minimize the incremented instantaneous

square error, < e(n}?+uC(n)TC(n) >. Then, the resultant update equation is given by
C(n +1) = C(n) + Be(n)X (n) — BuC(n), (2.25)

where C(n) is the tap-weight vector, X(n) is the input vector, e(n) is the error output,
B and u are the step size and the leakage parameters, respectively. For p = 0, (2.25)
corresponds to the regular LMS. The operation of this algorithm is evident, the coefficient
vector is multiplied by a constant slightly less than unity at each iteration before adding
the correction term. When the coefficient vector is wandering in the direction of an
eigenvector corresponding to a small eigenvalue, the leakage limits the size of the vector

over time. The LLMS may be also written in different forms as follows:

C{n + 1) = yC(n) + Be(n)X(n) (2.26)

or

C(n+1) =C(n) + Be(n)X (n) — ¢C(n), (2.27)

where ¢ and «y are given by:

{ ¢ = Bu
vy=1-¢

Equations (2.26) and (2.27) are in fact the same, as only the leakage parameter in
the updated equation is differently stated. An adaptive scheme of the LLMS algorithm
using (2.27) was shown in Figure 1.3 with D =0.

The effect of the leakage can be evaluated directly by using the orthonormal matrix
V, thus the rotated tap-weight vector becomes C'(n) = VC(n). The update cquation for

the rotated coefficients vector is given by:

Clln+1) = (1-pup)C'(n) - B(—P +AC'(m)
= (1-uBI—BAYC'(n) + BP
= (/- B(u! +A))C'(n) + BP, (2.28)
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where P = VP is the rotated cross-correlation vector and A is the eigenvaive matrix of

H. In equation (2.28), the following term can be modified to

I = Buf +A) =1 - BAnew, (2.29)
where Anew = gl + A. In this case, equation (2.28) can be rewritten as

C'tn+1) = (I = BAncw)C'(n) + BP'. (2.30)
If we use the coordinate transformation introduced before, we obtain

Hpew = pl + H. (2.31)

From above, we see that the effect of leakage is to modify the eigenvalues and the corre-
lation input matrix,

If we subtract the true optimum weight vector C,p: from equation (2.25) and solve
for the steady state tap-weight error vector, we find

N-1 T
<efo)> = Y p WP

) h (232)

i=0

The effect of the presence of the leakage in An.y is to eliminate the catastrophic
effects that can accompany small or zero eigenvalues. Equation (2.32) represents the
penalty which comes from minimizing the modified gradient algorithm instead of the true
gradient J. The magnitude of < €(co) > in (2.32) can be made reasonably small by the
proper choice of p. An expression of the LLMS steady state excess MSE for a binary
input signal was derived in {8]. The expression is given here by

ﬁ/\mazNagjmin + P'ZPH-IP

Jf:: =
=(00) 2avg + (1 = Bhavg) = B(AmazNoZ + 1?)

(2.33)

where:
Aavg is the average value of the autocorrelation matrix H,
Ap is the maximum eigenvalue of H, and

o2 is the variance of the input data.
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The above equation shows that for a small value of u, the effect of leakage on the
minimum MSE becomes minimal. The bias on the true optimum tap-weight vector can
be controlled by the leakage value. To summarize, the introduction of the leakage leads

to the following desirable situations.

o All eigenvalues of the updated equation are positive even if some of the input eigen-

values are zero.

¢ The positivity of all eigenvalues implies a unique solution and bounded time con-

stants.

o The overall algorithm will always converge with finite time constants. lts time

constant is bounded by

T ~z 1
1

Bu + BA
< Elﬁ (2.34)

while for the case of the LMS algorithm, the time constant is bounded by

Tmar ~ m (2.35)

2.3 Digital Implementation of the LLMS Algorithm

In finite-precision implementation of adaptive algorithms, a bias on the true optimum
tap-weight vector C,p, results. The effects of the resulting bias on the performance of the
LLMS salgorithm can be well visualized from the steady state tap-weight error and the
steady state excess MSE.

Let’s denote this bias by the quantization noise vector q. The vector q has a mag-
nitude g which is less than half of the uniform quantization interval. It will be shown

that the implementation of the LMS algorithm without leakage can produce degradation
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offects such as overflow in registers when some of the eigenvalues of the input autocor-
relation matrix are very small or negligible. When implementing the LLMS, overflow in
registers or drifting phenomena can be prevented.

The adjustment tap-weight algorithm with the digital bias q is given by:
C(n+1) = C(n) - Ble(n) X, + q)]. (2.36)
The mean tap-weight error vector is given in (8] by
<¢(n) >= H™'q whenn — o0 (2.37)

If we consider the it* eigenvalue A; and ith eigenvector V; of H we get

N=1 V-T .
<e(n)>= ——‘7\-—' when n — co (2.38)
=0 M

If a small eigenvalue ); has eigenvector V; which is not orthogonal to q, the steady state
tap error in (2.38) can be quite significant.

The effect of q on the steady state MSE can be examined by considering the size of
the residual MSE

Jez(n) =< e(n)THe(n) > . (2.39)

Following a similar procedure in [7] and using the fundamental standard assumptions,
the steady state excess MSE can be described as

ﬁ}‘mu(N){angin + qz}

Jez(00) = Dhavy — Prmaz(V)a2

(2.40)

where o2 is the input power and Apa: is the largest eigenvalue of H. As it can be seen,
the cffect of the bias q on Jez(00) is negligible. However, 2 build-up in one or more of the
tap-weights can result.

On the other hand, when using the LLMS algorithm,
C(n +1) = C(n) + Be(n)Xa + q) — BuC(n), (2.41)
adjustments are made to minimize the following minimum MSE,

J =CT(n)RC(n) - 2CT(n)P + 1, (2.42)
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where R = H + pl. Obviously, both R and H have the same eigenvectors. However, the

eigenvalues of R are (A + p). In this case, the optimum tap-weight vector is a function

of u and is given by
C,=(H+ul)"'P (2.43)

In a manner similar to the computation of (2.38), the steady state tap-weight crror

vector can be computed and is given by

N yTPV,
Z}t A
M+ p)

We can see the first right hand term of the above equation is similar to equation (2.38)

< €(co) >= Z A (2.44)

except the eigenvalues have now been modified to guarantee no negligible or nonzero
eigenvalues. The second term is proportional to p and it results from the minimization

of the modified MSE.

The steady state excess MSE in (2.41) is now derived with the presence of leaknge

in quite a similar manner and is given by

)= BAmaz(N)02 Jmin + q7q + 28pq” P + u*PTH'P

Jez(00 2 havg — Pz ()2

(2.45)

We note that the leakage parameter in equation (2.45) does not introduce consid-
erable degradation if it is chosen in the order of a smallest eigenvalue Apmin. In this case
J.z(00) can be almost unaffected by u. Also, by proper control of the leakage value in
(2.44), the second term can be made to be very small. Thus a compromise has to be

obtained between these two quantities in (2.44) and (2.45).
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2.4 Application of the Leaky LMS Algorithm to
Digitally Implemented Fractionally Spaced Equal-
izers.

One of the applications of the LLMS algorithm is in the Fractional Spaced Equalizer
(FSE). These equelizers are nonrecursive adaptive transversal filters whose tap weights
are spaced a fraction of a symbol time apart. They provide significant performance for
modem under severe linear distortions [33]. For instance, FSE is very effective over the
conventiona! synchronous equalizer in compensating for a channel with poor envelope
delay characteristics. However, when FSE is digitally implemented, it was observed that
after a period of time, some of the taps would become very large. Consequently, some
of the registers which compute the partial sums of the equalizer output will overflow and
hence lead to stability problems. This build-up in the tap-weight results from the ill-
conditioning of the channel correlation matrix which influences the rate of convergence of
cqualizer taps to those optimum values. Moreover, the contours of equal new squared error
in the FSE are ellipses while their eccentricity depends on the eigenvalue distribution. In
[33], it is shown that for infinitely long FSE equalizers, half the eigenvalues are zero. The
operation of the FSE equalizers can be stabilized by using the LLMS adaptive algorithm
instead of the conventional estimated gradient algorithm (LMS).

Section 2.3 is useful in explaining the FSE performance in term of its final taap-
weight optimum settings and its equalized MSE. In (2.37), if we assume one tap equalizer,
< e(n) > will be directly proportional to the bias and definitely no build up occurs.

The equalized MSE can be examined by looking at equation (2.40). In the case of
the LMS algorithm, it can be easily seen that the effect of q on J,. is negligible though
there can be, on the average, a build-up of one or more tap-weights.

On the other hand, When the FSE is operated by the LLMS, the average tap-weight
error vector is given by (2.44) while the final excess MSE is now identical to equation

( 2.45). From these two expressions, we can see how the eigenvalues have been modified
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to avoid any catastrophic results that can occur from vanishing small eigenvalues. Leakage
has to be chosen sufficiently large to properly control the magnitude of the first term of
equation (2.44) and sufficiently small to not increase < ¢(c0) > through the second term
in (2.44).

Finally, effective control of tap-drifting for FSE was tested in laboratory experiments
by using the LLMS algorithm and its performance was reported successfully in [8]. The
range of u that gave better performance was between 2-7 and 2-'° with the step size 8
of 271!, It was observed that leakage values less 27 introduce negligible degradation in

the FSE performance.

2.5 Delayed Least Mean-Squared Algorithm

In many applications of adaptive filtering, a delay in the coefficient update is imposed
on the LMS algorithm. This is due to the error feedback which may not be available
till several symbols later. For example, in data echo cancellation the far-end data signal
slows down the adaptation convergence. To speed up the adaptation convergence, the
data signal is removed from the cancellation error in decision-directive fashion {32]. This is
illustrated in Figure 2.1. Since the receiver decision circuit includes delay, a compensating
delay is incorporated in the other inputs to the echo cancellor. Thus the adaptation
scheme operates on a delayed basis. Another example is in situations where high sampling
rates or large number of filter taps are needed. The computational demand imposed on
a single processor becomes prohibitive, implementations using multiple processors are
required. However, a critical limitation on the throughput of possible implementation is
imposed by the feedback error of the LMS. By inserting delay in the LMS algorithm, the
resulting delayed LMS(DLMS) algorithm has been shown to guarantee stable convergence
properties assuming an appropriate step size is selected [3]. In the following sections, we
review the theory of DLMS algorithm and its performance in terms of convergence and

stability bounds as given in [4]. Other approaches and DLMS variants will be also
included.
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Figure 2.1: Baseband adaptive reference echo canceller with delay
2.5.1 System Equation of DLMS Algorithm
The LMS with a delay is described by the following equations:
C(n) = C(n-1)+fe(n— D)X (n~ D) (2.46)
where the feedback error and the estimated signal are given by

e(n— D)

d(n - D) - y(n - D) (2.47)
y(n-D) = XT(n-D)C(n-D~1). (2.48)

The delay incorporated in (2.46) does not alter the criterion for optimality which results
from the minimization of the MSE < e*(n) >. The < . > denotes ensemble averaging

over the statistics of the signal as previously defined.

The optimum coefficient vector Cope which minimizes the MSE is exactly the same

as the one in LMS algorithm and is given by
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Cope = H7'P, ‘ (2.49)

where H and P have been defined previously in section 2.1,

As before it is assumed that X(n), e(n), and ex(n) are statistically independent.

The MSE can be expressed as

J(n) = Jmin + Jez(n — 1) (2.50)
where Jmin = 03 — PTH™!P and the excess MSE at time n is defined as

Jz(n—1) = <ef(n-1DHI(n-1) >, (2.51)

where ¢(n) = C(n) — Copt.

2.5.2 Error Convergence and Stability Bounds of DLMS Al-

gorithm

The steady state excess MSE was obtained as in [4]

2~ (aM +2D)o2B + D(D + 1)oif® — ID(D + 1)(2D + 1)o8f" + ...
(2.52)

Jez(00) =

where:

N is the filter length, and « is the ratio of root mean square A.m, of the eigenvalues
of the autocorrelation matrix H to the average eigenvalue A,y,. The delay is a positive
integer value and denoted by D and M = N 4 1, — 1, where v, is previously defined
in (2.18). The denominator of (2.52) has an infinite number of terms. However, in the
region of stability, the step size is normally small. Hence, higher order terms dccay fast.
The stability bound on the step size is found by equating the denominator of (2.52) to

zero and is given by

g(b) = 2 — (M +2D)b+ D(D + 1)¥ — D(D + 1)(%(2.0 PP 4...=0, (253)
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where b = fo2. A: b increases from zero to a value bmaz, g(b) decreases monotonically
from g(0) = 2 to g(bmaz) where Jez(00) at by,r blows up.
For applications where fD << 1, g(b) can be approximated as

a1(b) =2 — (aM +2D)b. (2.54)

The steady state excess MSE is now given by

=] . 2.
Jex(00) & 5 {aM +2D) (2:55)
In this case, the upper bound on the step size can be easily found as

b = 2

meE T oM +2D
or
2
(2.56)

Brmaz = 235 M + 2D)
However, for relatively large values D, the second order term has to be retained. Thus,

g(b) is reduced to
0(b) = 2 — (aM +2D)b + D(D + 1)8. (2.57)

The steady state excess MSE becomes

N Jmin@Nb
Jex(00) = 5 (aM +2D)b + D(D + 1) (2.58)

So, the maximurm step size which constitutes the upper bound is described by

,  _aM+2D- oM +2D? ~8D(D + 1)
mes 2D(D +1)
or

_ oM +2D - JaM +2D*-8D(D + 1)
mas 022D(D + 1)

(2.59)

The 3™ order term may have to be included depending on how BD approaches unity.

Then, numerical methods have to be employed to solve the following equation,

g3(b) ~ 2 — (aM +2D)b+ D(D + 1)b* - %D(D +1)(2D + 1)8°. (2.60)
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Figure 2.2: Stability bounds of the DLMS algorithm for different values of M (a = 1);

1

Figure from [4].

The stability bounds for different filter lengths are depicted in Figure 2.2 (here o and
assumed 1 and 3, respectively).

It is shown in [4] that when ;%— is small, all approximations gy(b), g2(b), and g3(b)
are close. However, when D gets bigger, the 61{b) approximation becomes unacceptable.
Nevertheless, in practice, Db <« 1 is usually chosen to avoid large excess mean-squarcd
error.

The convergence behavior of DLMS depends on the roots of its characteristic equa-
tion given in [4]. Unlike the regular LMS algorithm, the roots of the characteristic
cquation of the DLMS system are not necessarily real. So, the decrease of the MSE is
not necessarily monotonic. When D increases, the complex root becomes more appurent
and the oscillatory behavior of the DLMS starts to appear especially during initial pe-
riods. Eventually the performance of the DLMS algorithm will be sufficiently degraded.
Small delay introduces only a slight degradation in the convergence speed and the steady
state misadjustment when an appropriate step size is used. However, the delay in up-

dating the filter coefficients can have major effects in nonstationary environment tracking
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capabilities.

2.6 Coefficient Convergence of the DLMS Algorithm

Another approach to derive the stability bound of the DLMS algorithm based on its
cocflicient convergence was considered by Peter Kabal in [6]. The derived expression is a
necessary and sufficient condition for the stability and convergence of the coefficients of the
DLMS algorithm. The model of DLMS algorithm considered was an adaptive equalizer
with decision directive mode as shown in Figure 2.3. The tap-weight adjustment algorithm

is identical to (2.46). The rotated tap-weight error vector W(n) of the DLMS can be
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given using the coordinate transformation techniques on the tap-weight error vector e(n).
By taking the Z-transform of the i** tap-coefficient error w;(n), we obtain

D41,,,(0)
Z (2.61)
.Z'D'*'1 - ZD + ﬁA,

Wilz) =

where w(® is the rotated tap-weight error at instant n = 0. The poles of W;(z) have to

be within unit circle so that the stability criteria can be fulfilled. In other words, the

characteristic polynomial which is defined by
Fi(2) = 2P% — 2P 4 g (2.62)

has to have all the roots for each i lie within unit circle. Determining the location of the

roots of Fi(z) and solving for 3, the range values of the step size for which the adjustment,

algorithm is stable and converges is

2 . T
0<f< -’\—jsm [m] . (263)

The stability bound has to be satisfied for each i. So, for all modes of the adaptive filter,

the necessary and sufficient condition of convergence of all the tap-weights on the mean

is given by

0<fB< Aj‘msin [2(2;+ 1)] , (2.64)
where Anmgc is the largest eigenvalue of the correlation matrix H. The condition on the
convergence of DLMS algorithm can be reduced to that of the LMS by putting D = 0.

As it can be seen, a tradeoff between the rate of convergence and stability exists

in (2.64). For small values of the step size, the system has an exponential response with

time constant given by,

T=In

2.65
- (2.65)

where 7 is the dominant real root within unit circle and which satisfies the following

equation

BAmaz =72(1 — 1) (2.66)
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However, for larger D, more than one root begin to appear. If the magnitude of the
complex roots dominates, then the system response becomes oscillatory and degradation

of the DLMS performance starts to appear.

2.7 Normalized LMS algorithm with a Feedback De-
lay

The convergence properties of the standard normalized LMS (NLMS) algorithm are
well established and understood in [30, 31]. The NLMS algorithm ensures that the step
size does not become too large thus stability is guaranteed. The time-dependent step size
B(n) is defined by B(n) = “7(23"1, where 7 is the normalized step size chosen between 0
and 2. The NLMS is then given by the

Cln+1)=C(n) + "eTI(%}wST([TQ_)' (2.67)
We should mention that the input normalization does not prevent the algorithm from
drifting. Also, the inclusion of || X (n)||? increases the computational complexity.

In a situation where a delay is introduced in the update equation of the NLMS
algorithm, the norm of the weight error vector can increase or decrease at any given time
update. For this reason, stability and convergence criteria of the NLMS algorithm have
been examined anew. It was shown in [28] that for any delay, D, the gain parameter, 5,
can be selected to be sufficiently small so that exponential convergence of the tap-weight
error vector €(n) is guaranteed. The mixing condition on the input is assumed so that
the exponential convergence of the delayed NLMS(NDLMS) algorithm is imposed. We

will start by defining the mixing concept and then deriving the stability bounds of the
NDLMS algorithm.

2.7.1 Mixing Condition

When the mixing condition to the inputs is applied for the NLMS algorithm, station-

arity or periodicity property on the input signal are not necessary requirements for the
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study of the convergence and stability bounds of the algorithm. The input can be either
stochastic or deterministic. The mixing condition is said to be satisfied if [29] there cxists

some integer X and some g > 0 such that

n+K—RX ﬂXT'
’\min(}-];{ mzn ._”(_;_{)("'TI(;Z) _>. [ (268)

for all integer values of n. The Apin stands for the smallest eigenvalue of the autocorre-

lation matrix and is given by

nt+K-1
Amin = Smallest eigenvalue of % 3 XEXT3). (2.69)
i=n

2.7.2 The NDLMS algorithm

The NDLMS algorithm becomes

e(n~ D)X (n - D)
XD 210

The above algorithm is & variant of the DLMS in which a squared norm of the input

Cln+1)=Cln) +7

samples scales down the DLMS correction term.
If we introduce the tap-weight error vector, ¢(n), in (2.70) gives as

X(n-D)XT(n- D)

en+1) = en)—1n TX(n - D[ e(n — D)
d(n — D) — XT(n — D)Copt
X = D) &)

The stability condition of NDLMS algorithm is investigated via the homogeneous part of
(2.71), i.e.

X(n—D)XT(n- D)
[X(n — D)J?
The proof of the exponential convergence for the NDLMS follows a similar procedure used
for the NLMS under mixing input by Wess and Mitra [29]. They showed that ¢(n) of

NLMS algorithm satisfies the following:

é(n+1)=¢(n)—7n

£(n— D) (2.72)

et KOF < (1= g sl 273
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The factor multiplying [|e(n)||* in (2.73) has to be less than one so that an appropriate
value for n can be found. This value will guarantee the convergence of the NLMS algo-
rithm. In [29], a term is added to the (2.73) that accounts for the presence of the delay
in the updated equation of NLMS algorithm. Thus, (2.73) can be rewritten as

le(n + K)|| < 6Y (2.74)

where

5 \J‘“ 207K (2 - 1)
24+ 2K —-1)+72K(K -1)

and Y denotes an upper bound on the finite set of vectors e(n—2D), e(n—2D+1),... ,e(n+
K).
From that, i should be chosen small enough to insure that § < 1. The final result is

+7°KD (2.75)

obtained for :
) <8 , n+K<i<n+2K+2D-1 (2.76)

In other words, given any set of K + 2D consecutive vectors, which have some bound Y,
the next X + 2D vectors will have bound §Y. The next set vectors will be bounded by
§2Y, and so on. Therefore, this will prove the exponential convergence of €(n) to zero.
This analysis did not require any approximation but it only used the assumption of mixing

condition on the input process.

2.8 Conclusion

In this chapter, a theoretical review of the convergence and stability bounds of the LMS
algorithm as well as of its variants, the LLMS algorithm, the DLMS algorithm, and the
NDLMS algorithm, were provided. The leakage algorithm has been shown to be robust to
the drift problem and it was successfully used in different applications as channel equalizer
and echo cancellations. The value of leakage had to be much smaller than one not to affect
optimum values. It was also shown that in certain applications a delay is incorporated

in the updated LMS algorithm. This delay may result from various situations including
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hardware time-processing, parallel implementation of LMS algorithms and in decision
directed adaptive equalization. The stability bounds of DLMS were reviewed and shown
to be much tighter than in the LMS case. The accuracy of the approximation orders of
the stability bounds on the step size depends mainly on the ratio % ratio. The NDLMS
algorithm with the mixing condition on the input signal was reviewed and its stability
bound was derived without any approximation. It was shown that the step size has to be

chosen sufficiently small to guarantee the criteria imposed on the input process.
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Chapter 3

The Leaky Delayed Least
Mean-Squared Algorithm

The leakage LMS(LLMS)algorithm was shown to provide improved performance com-
pared to the standard LMS for various applications [8]. In Chapter 2, use of leakage in
the LMS to prevent filter coefficient drifting was discussed [10] along with application in
fractionally spaced adaptive equalizers(FSE) for telephone data modems [5]. The inher-
ent delay in updating the coefficients is still 2 problem for the LLMS. In this chapter, a
study of the effects of delay on the performance of the LLMS algorithm is provided. The
leaky delayed LMS(LDLMS) algorithm is studied in a system identification set up and
the expression for the steady state excess MSE is derived for a stationary input process.
Bounds on step size are also computed as a function of the leakage parameter u. The
formula derived for the excess steady state MSE is in fact a general expression from which
the bounds on step size of LMS, DLMS, and LLMS can be obtained. The analytical re-
sults for derived step size bounds are checked by computer simulations. Effects of step
size, leakage, filter length, and delay on the steady state excess MSE and on convergence
speed are also investigated in detail. It was shown in (3] that as the delay in DLMS

increases, the convergence speed slows down for the standard LMS. A similar result is
obtained for the LDLMS algorithm.
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3.1 System Model of The LDLMS Algorithm

As was shown in Chapter 2, the LLMS algorithm is derived based on minimizing the

augmented instantaneous square error, e(n)?+uC(n)TC(n). Then, the resulting updated

equation is given by
C(n) = C(n—1) + Be(n)X(n) — uC(n - 1), ' (3.1)

where C(n) is the tap vector, X(n) is the input vector, e(n) is the error output, § and p

denote the step size and the leakage parameter, respectively.
In some situations, an inherent delay in the feedback error of equation (3.3) is a

problem for the LLMS algorithm. This is referred to as leaky delayed LMS(LDLMS)

algorithm and is given by
C(r)=C(n-1)+fe(n— D)X(n— D) — BuC(n-1) (3.2)

In this adaptive version in which the delay is involved, the stability bound and
convergence criterion of equation (3.2)must be examined anew. The analysis reduces to

the previously derived ones for the LLMS algorithm.
The LDLMS algorithm in (3.2) may also be written in different forms as follows:

C(n)= 4C(n— 1)+ Be(n-D)X(n—1)
C(n)= C(n-1)+fe(n—D)X(n—-D)—aC(n-1) (3.3)

These algorithms are in fact the same but only the leakage parameter is differently

stated. Form (3.3) of LDLMS is considered here, The estimated filter output is given by
y(n) = XT(n)C(n-1) (3.4)
and the estimated error is given by
e(n) = d(n) - y(n) (3.5)
The input is considered to be stationary and is denoted by

XT(n) = [z(n),z(n - 1),...,z(n — N +1)]
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and the tap-weight vector is denoted by

CT(n) = [CO(n)ncl(n)$ tee ,CN—I(n)]
The quantities d(n), 8, and u are already defined. Transpose operation for vectors and
matrices is denoted by T. Now, we define the rotated coefficient error vector e(n) and
rotated input data vector U(n) as
H=VAVT
W(n) = VT(C(n) = Cope) = Ve(n)
Un) = VT X (n)
R, =VTCop (3.6)
where V is an orthonormal matrix with columns which are the eigenvectors of H, and A
is & diagonal matrix with the diagonal elements corresponding to the eigenvalues of H.
A= diag()\o, /\l, ey AN—I)
The following fundamental assumptions will be used throughout the derivations.

1. C(n) as given by ( 3.3) depends on X (0), X(1),...,X(n—D),...,X(n—1), but it
is independent of X (n).

2. Each sample of the input vector is statistically independent of all the previous

samples. i.e. < X(n)X(k)T >=0,k=0ton 1.

3. Each sample of the vector X(n) is statistically independent of all previous samples

of the desired vector, d(k) i.e. < X(r)d(k) >=0,k=0ton—1.

The above assumptions are used to facilitate mathematical treatment of the LDLMS
algorithm. In fact, the fundamental assumptions are not strictly true. Since during
adaptation, the error e(n} and hence the tap-weight vector ¢(n) behave in random manner.
Therefore, the mean and variance of C(n) and the mean squared-error MSE depend on
time n. Nevertheless, experience has shown that when the step size is small enough,
analysis of the adaptive algorithm behavior based on the fundamental assumptions agree

closely with the empirical evaluation of the algorithm behavior {13, 27].
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3.2 Coefficient Convergence of LMS, LLMS, DLMS,
LDLMS Based on Root Locus Approach

The root locus is a technique widely employed in determining the stability of systems.
In this section, we use this technique to study the stability behavior of LDLMS algorithm
as well as LMS, LLMS, and DLMS algorithms. The recursion equation describing the
coefficient update is obtained for all these four algorithms. This is then used to determine
the poles of the recursion coefficient update equation of the system. The behavior of these

poles as the step-size is increased is used to study the convergence and stability of these

algorithms.

3.2.1 LMS Algorithm

The update equation of the LMS algorithm is rewritten
C(n) =C(n—-1) + Be(n)X(n). (3.7
If we subtract C,p, from both sides of (3.7) we obtain the following:
€(n) = e(n — 1) + Be(n)X(n) (3.8)
The estimated error can be formulated as
e(n) =d(n) - XT(n)C(n— 1) (3.9)

Thus, by substituting (3.9) into (3.8), taking the expectation along both sides, and
defining egpe(n) = d(n) — XT(n)Cop, we find,

<e&ln) >=<en—1) > +8 < eu(r)X(n) > = < X(n)XT(n)e(n — 1) > .

(3.10)
Now using the fundamental assumptions and (3.6), the above equation reduces to

<Wn)>=<W(n-1)>-fA<W(n-1)>, (3.11)
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where W(n) and A are as defined in (3.6). Let’s denote the Z-transform of the it* tap-
error vector by Wi(z). Then, taking the Z transform of both sides of the last equation,

we obtain
2Wi(z) = Wi(2) — BAWi(2) + 2W3(0)
or
Wi(z) = %%T (3.12)

The denominator of ( 3.12) is called the characteristic polynomial and is denoted by F;(2),

ie
Fi(z)=z—1+ . (3.13)

As it can be seen from (3.13) , one real root exists which lies on the real axis of the root

locus circle. Here, the root is in terms of step size and eigenvalues. Let’s denote

z = & (3.14)
A = fA. (3.15)

Now, ( 3.13) can be written as the following

F(z)=z2—-14+4A (3.16)
By using (3.15) and (3.16), the following is obtained:

e®— 14 A, =0. (3.17)
This can be expanded into a real part and an imaginary part as follows:

cos() —1+ 40, =0 (3.18)
sin(¢) =0 (3.19)

The values of ¢ satisfying the latter equations define the points at which the root lies on

the unit circle, i.e.

¢=0, 7. (3.20)
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For A; = 0, this root lies on the unit circle at ¢ = 0. As A; increases, this root moves
toward the negative axis of the unit circle. (see Figure 3.1).

The expression for the stability bound of the LMS algorithm can be deduced here by
substituting (3.20) into (3.18) and it is given by

0<B< z (3.21)

i
This bound is identical to the one in [13] here obtained in a different way. A tighter

upper bound can be found by considering the maximal eigenvalue, Amaz 50 we have,

0<f8< -—2—— (3.22)

maz

From (3.17), we see if A; = 0, the 1** mode of the adaptive filter would not be stable.
Therefore, a pole is located on the unit circle at ¢ = 0. Then, the LMS tap-weight filters
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may all not converge. =~
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Figure 3.1: Root locus of the LMS characteristic polynomial. Veriation of the real part

vs the imaginary part of Fi(z) root as A; changes from zero to its upper bound.
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3.2,2 LLMS Algorithm

The updated equation of the LLMS algorithm (2.25) is restated here,

C(n) = (1-Au)C(n—1)+ Be(n)X(n)
= 4C(n— 1)+ Be(n)X (n), (3.23)

where v = 1 — Bu and p is the leakage parameter. This notation is preferred to simplify
the mathematical analysis of LLMS stability bounds. If we subtract Cop from both sides

of (3.23) and using (3.9) along with the fundamental assumptions, we obtain
<Wn)>=7<Wn-1)>-BA<W(n-1)> +R(l-") (3.24)

where R, is the rotated optimum weight defined in (3.6). This difference equation consists
of two parts. The two right hand terms are part of the natural response of the system while
in the second part, the last term R,(1 — ) constitutes the forced response on the system.
The behavior of the system can be well understood by studying its natural response or
the homogeneous part of (3.24). The remaining terms contribute to a bias on the true

optimum weights Cope. Thus, the homogeneous part of equation (3.24) is given by
<Wn)>=y<Wh-1)>-BA<W(hn-1)> (3.25)

Taking the Z-transform the ** tap coefficient error, we found

() = 20 _
As before, the denominator of the above equation is described by
R(z) =27 + Ai. (3.27)

This equation is solved for different values of the leakage factor 7. Whenever A; = 0, we
always have z = . This root corresponds to a bias term that exists in the nonexciting
mode of adaptive filter. This is the situation where one or more eigenvalues of the auto-
correlation input matrix is zero. As A; increases from zero, the root on the positive axis

moves toward the negative axis. In this case, a pole on the unit circle is pulled inside the
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unit circle by amount of 1 — «. Thus, leakage ensures stability of the adaptive filter by
preventing poles from drifting outside the unit circle. Figures 3.2- 3.3 show the root locus
of the LLMS for different leakage values.
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Figure 3.2: Root locus of the LLMS characteristic polynomial: Variation of the real part

vs the imaginary part of Fi(z) root as A; changes from zero to its upper bound:y = 0.9,

3.2.3 DLMS Algorithm

‘The DLMS algorithm was reviewed in Chapter 2. Its rotated tap-weight error vector can
be given by

<Wn)>=<W(n-1)>-FA<WHn-D-1)>. (3.28)

In this case, the DLMS algorithm has the Z transform of the tap-weight crror [6]

D41
2w (0) .
ZD+1 - 2D+ A, (3-29)

Wi(z) =
and its characteristic equation is given by

Fi(z) = 2041 _ D A;. (3.30)
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Figure 3.3: Root locus of the LLMS characteristic polynomial: Variation of the real part
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The system is stable if all the roots of Fi(z) lie inside the unit circle. Then, bounds
on A; corresponding to the positions of these roots which lie inside the unit have to be
found. Employing numerical methods to solve the above polynomial, Figures 3.4 and 3.3
show that for A;=0, D roots lie at the origin of the root locus and one rout lies on the unit
circle. As A; increases, the root at z = 1 and one of the cther roots move toward each
other on the real axis to meet at z = DL_H and then they break away to form a complex
conjugate pair, which then cross the unit circle at ¢ = 7D47- However, the remaining
roots move radially to the real axis from the origin of the system axis.

We note that if A; is zero for a fixed value of 8, this mode of the adaptive filter will not

converge and may be unstable. The stability bound on the mear: coefficient is given in
(6] by

2 T
0<f8< /\mmsm(2(2D+l))' (3.31)

This bound guarantees the stability of the algorithm, although the tap-weight may diverge

if one or more eigenvalues are zero.
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Figure 3.4: Root locus of the DLMS characteristic polynomial: Variation of the real part
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3.2.4 LDLMS Algorithm

The LDLMS algorithm is rewritten in terms of the rotated tap-weight error vector here
<W(n) >=7<W(n~-1)>—-BA< W(n—D—1)>+R(1 =), (3:32)

where R, is defined as before. The above equation is identical to the LLMS algorithm
except for the presence of the delay that shows up in the correction term of the update
equation. Considering only the homogeneous part of (3.32), the Z-transform of the 7**

tap error vector is given by

2w *1(0)

Wi(z) = e S W (3.33)
and its characteristic function is described by
Fi(z) = 207 — 422 + A, (3.34)

The last equation is similar to Fj(z) of the DLMS but exact expression of the upper
stability bound of the LDLMS cannot be found. Because of the presence of the leakage
coefficient, numerical methods are to be utilized to solve for Fi(z). From Figures 3.6-
Figure 3.9, we note that the root at z = 1 in DLMS case is now at z = v instead. This
is an important fenture of the leakage which tries to push the root (pole) inside the unit
circle.

Now, when A, gets larger, the two roots that move toward each other split to form a
complex conjugate pair much quicker than in the case of DLMS, depending on how much
leakage is introduced in the algorithm. In addition, for the DLMS algorithm, if A; =0
cither for very small or negligible eigenvalues J;, this i** mode of the adaptive filter will
not be stable. However, with presence of leakage <, null eigenvalues do not destabilize
the system. This shows the robustness of the LDLMS algorithm compared to the LMS

algorithm with delayed coefficients.
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3.3 Error Convergence of the Leaky Delayed LMS
Algorithm

Here, the residual square error of the leaky delayed LMS (LDLMS) is examined by

using the following instantaneous modified cost function:
J(n) = Jmin + Jez() (3.35)

where Jmin is the minimum MSE of the LMS algorithm. An expression for the steady-

state excess MSE J,.(0o0) is computed in the following manner. The excess MSE of the

LDLMS algorithm is given by

Jez(n) =< €(n)T He(n) > (3.36)

where
E(‘R) = Cn - Copg (337)

is the tap-error vector.

If we express (3.3) in terms of €(n) and then use the transformation techniques in cqua-

tion (3.6) along with the fundamental assumpticns, the following equations are obtained,
Wn = (1 = Bu)Waot + Beopr(n — D)Un—p — BUn-pUT_pWyp-1 - BuR,  (3.38)
Jez(n — 1) =< WT_ AW, _, >, (3.39)

where eg(n — D) is the instantaneous error when the adaptive tap-weights are at their

optimum settings and it is given by:
emp!n — D) =d(n — D) - y(n - D), (3.40)

and R, = VTC, and V is the eigenvector matrix of the input autocorrelation matiix /.

U(n) i. the rotated input vector.

Now, by substituting (3.38) into (3.39), we obtain

Jez(n) = < WTAW, >
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= (1-fp)® < WL AWt > +82 < €5, (n — DYUn_pAUn-p >
+ 8% < Wy_pUppUZL_pAUn_pUL_pWa_p_1 >
+B2U2RTAR, — (1 — Bp)B < WT_p_\Un_pUZ_pAW,_; >
+820 < WT_p_Un-pUTpAR > —Bp(l — Bu) < RIAW,., >
+B(1 = Br) < eopt(n = DYUTAWoey > =21 < eop(n — D)Us_pAR, >
B < egp(n — DYUT_pAUn-pUT pWop-1 >
+ BPUPRTAR, — (1 - Bu)B < W \Un_pUZ_pAWn_p_y >
—Bu(1 — Bp) < W,_AR] >
+8(1 = Bu) < W Aeopi(n — DYUn—p > —*p < Rj Aeope(n — DYUn-p >

—ﬁz < W:_D_lun-D n_DAeopt(n - D)Un—D > (3'41)

Note that with the assumptions that X(n), €(n), and e (n) are statistically independent,
U(n), W(n), and eqp(n) are also statistically independent. At the optimum tap settings,
the error signal is uncorrelated with the current input vector. Thus, (3.41) can be
simplified as follows:

1. The first term of the above equation is obviously equal to
< W AW,y >= Jx(n — 1) (3.42)

2. By using the fundamental assumptions on the inputs, the 2" term in (3.41) can be
reduced to the following:
N-1
< e2y(n— DWIAU, >=< el (n~D)>< Y Mui(n--D)>
i=0

N-1
i=0
= Jmian\gm, = m,'“CINO'; (343)

where tr{ H?} is the sum of the diagonal elements of H? and A, is the root mean-squared

eige: value given by

2 1=
Nems = SN (3.44)

i=0
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3. For the 3" term, it can be simplified as follows:

N-1
< Un_pUT_pAUn_pUL_p >=< Un_p 3_ Aul(n— DYUT_p > (3.45)

i=0
For simplicity, a single element of this matrix is considered. So, it follows

< Nil uk(n — D)um(n — D)Ajui(n — D) >
i=0

[ N-1
= bim | Y. Ai<up(n—D)<ul(n-D)>+A <ui(n- D) >]
| i=0,i¥k

[ N-1

= 8im | 3. M<ul(n—D)><u(n-D)>+A <ui(n-D)>
| i=0,i#k

FN=1

= bkm |D. M <ui(n—D)><ul(n—D)>+M<ui(n-D)> -\ < up(n - D) >2]

L i=0

= Sim -NZ—I M < ud(n— D) >< ud(n— D) > +(ve(k) = 1)Ae < ui(n — D) >2]

L, i=0

r N-1
= b [ X0+ (0s(8) — 1]

L i=0

where 8y, is the Kronecker delta function and v,(k) is the kuriosis which is defined by

ve(k) = ﬁ';";; To make the mathematical analysis tractable, v;(k) is assumed constant
k

for different values of & which is 2 valid assumption in most practical cases (27}, Now we

express (3.46) in matrix form as follows:

< W o \UnpUT_pAU,_pUY_ ;Wo_p-y >

= NXpy < W p  AWnpoy > +(ve = 1) < Wilp (A*Wopi > (3.47)

The first t2rm on the right side in (3.47) is equal to NAZ_,J.z(n — D — 1). However, the

rms

sccond term can be approximated as follows:
(e —1) < WT p (AW, _p_1 >
= (v — 1) < WL, \A2AW, _p_; >
R Afm(ug ~1) < WT_D_IAW,,_D_I >

= vz = DA Jez(n =D —1). (3.48)
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This approximation is valid only when the eigenvalues of A? are uniform. Nevertheless,
experiments showed that this condition will not affect the results when it is violated [4].

T hus, adding up all these terms, we find

< W,z‘_D_lUﬂ_DUT_DAU _DUT_DW D=1 &

=NX L Jex(n - D~ 1)+ X2, (ve — 1)Jex(n— D -- 1)

=aMadJz(n—-D~1) (3.49)
where M =N+ v —1land a= -'}\%::: and the average eigenvalue A,y is given by

Aave = — i 3.50

g = 7 3 (350

4. The fourth term of equation ( 3.41) is a constant and it can be simplified to
B2u*RTAR, = B*u*PTH-'P. {3.51)

The above term is very small because of the product term (Bu)2.

5. The fifth term of the main equation can also be reduced as

< W p \UncpUl pAW1 > = < WT ,  APWo >

N-1
= Y MN<wln—Dwn-D-1)>. (3.52)
=0

This term is upper and lower bounded by

Amin € WactAWo_po) > < < WT 5 (A Wos) > € Aoz < WaoiAWaopoy >
(3.53)
where M\nin 8nd Ama, are the smallest and biggest eigenvalues of A. However, in practice,
usually no information is available about these two quantities. The lower bound of (3.53)
is loose because the smallest eigenvalue Anm;n can drastically reduce the magnitude of
< Wno1AW,—p_ >. However, if we assume that < w;(n— 1)wi(n— D —1) > is relatively

uniform for all 7, then a reasonable approximation on this bound can be made by

< W p \Un-pUT [ AW,y >
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= < WL, AW, >
~ Agyg < W p (AW, >
= Aavgtp,p(n — 1) (3.54)
where ap p(n — 1) is denoted by the following;
app{n—1) = <WIp_ AW, >. (3.55)

6. Furthermore, the 8%, 9%, and 10t terms are zero since < egpe(n — D) >= 0.
7. Identical terms of the main equation can be simplified in the same way as before.

Finally, The overall equation (3.41) now can be written a3

Jex(n) = (1~ Bu)Jez(n = 1) + fPodmnNot + aMoif?J(n — D — 1)
+6°u® PTH™'P — 28(1 - Bu)o2ap,pln — 1)
+28%u0* < R*¥W,o_p_| > —2Bu(1 — Bu)o < RTW,_, > (3.56)

3.4 Steady State Excess MSE of LDLMS Algorithm

In order to solve (3.56), the relationship between app(n — 1) and J.-(n) has to
be found. The derivation of equation (3.56) as function of the excess MSE is done in

Appendix A. After substitution of this term in equation (3.56), we have

Jee(n) = (1= Bp)*Jeeln — 1) + FadmnNod + aMaifJu(n - D - 1)
+8%*PTH™'P — 28(1 ~ Bu)o2Jex(n — D — 1)
+28% 0y < RiWyp_y > —28u(1 — Bu)o? < RIW,_, >
+26%(1 - Bp)o; ZD‘; Jez(n =D —j—1)

=

)
2831 - "oty Y Je(n-D-j-i-1)
j=li=Dmj+1
D b D
+26'(1-Bp)azy. Y. Y Juln-D-j-i-s—1)
j=li=C—j+1s=Dmi+l
D D D D
=281 =-Buo’y. 3. Y Y Jafn-D-j-—i-s—-r-1)

J=li=D-j+l=D=it-lr=D—s~1
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-BuciD...

(3.57)

Considering the steady state excess MSE at time n when the algorithm converges, we can

assume that at the steady state,
ch(n) ~ Jc::(n - 1) RS Je:(oo)' (3~58)

Solving for J.z(c0), An approximation result of the steady state excess MSE is obtained

in the following:

BJminaNot + B2 PTH-'P + 2BuciPTe

Jez(00) =
1

202 + p) — B(2u0? + aMad + 2 + 204D) + o2B2(2uD + 02D(D + 1))

BotD(D + 1)(s + 12D + 1)2) + *o2D(D + 1) [(2D + L)u + (BEAZEH].

where ¢ is the tap-weight error vector when the algorithm converges. This steady state
excess MSE depends on the leakage parameter. A bias term on the true optimum weights
appenrs in the rumerator. This accounts for a tradeoff that has to exist between damping

the undriven adaptive tap weights and increasing the residual output error power.

3.5 Stability Bounds of LDLMS Algorithm

The denominator of equation (3.59) has an infinite number of terms. However, in the
region of stability, the step size is normall; small. Hence, terms of higher power order
dccay quickly. The stability bound on the step size is found by determining 3 that makes

this denominator equal to zero. i.e. solving for the roots of the following polynomial:

SB) = 202+ u) — B(2uc? + aMa? + u? + 202D) + 026*(2uD + o2 D(D + 1))
_BaSD(D + 1)(u + %(213 +1)o2)

(D +2)(3D +1)
CIDI

+8'63D(D + 1) [(21) +Du+
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~ 2(02 + p) — B(2u02 + aMal + u? + 264D) + 628*(2uD + 02 D(D + 1))
1
~B%02D(D +1)(p + 3(2D + 1)a?)

(D +2)(3D + 1)
6

As f3 increases from zero to a value Sa;, S{8) decreases monotonically from S(0)=2(o2 +
1) t0 S(Bmaz) = 0 where Joz(00) at Frma: blows up.
For applications where 8D << 1, S(8) can be approximated as

+8%3D(D +1) [(20 + Du+ (3.60)

S(8) = 2(02 + p) — B(2u0? + aMo? + 12 + 203D). (3.61)

In this case, the upper bound on the step size can be easily found

2(02 + )

Pmaz = 2uo? + aMold + p? + 204D (362)
and the steaqy state excess MSE is then given by
, 4 2 pT pr-1 2 pT
Jua(o0) = BJminaNog + Bu*PTH-1P + 28uc2PT¢ (3.63)

2(02 + p) — B(2uo2 + aMol + u2 + 204 D)

However, for moderately large values of D, the second order term has to be retained. i.c.,

5(8) = 2(c2 + ) — B(2n02 + aMal + u? + 204D)
+0282(2uD + a2D(D +1)). (3.64)

The other terms with higher power order are neglected. So, the maximum step size

which constitutes the upper bound is now given by:

5 A — JAZ — 44,4,
nax =

o (3.65)

where

Ay = 2uD+2D(D+1)
Ay = 2uocl+aMol+p?+20iD
Ay = 2(o% +p), (3.66)
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and equation (3.59) can be approximated to

Jox( ) ~ ﬁJmiﬂaNa'; +ﬁM2PTH_1P+2ﬁ[LU5PTE
@\ = 9(02 + p) — B(2po? + aMat + 42 + 203D) + 0337 (2uD + 02D(D + 1))
1
~BeSD(D + 1)(p+ 3(2D + 1)a2)’

(3.67)

For larger values of 8D, if the term with 3™ power order has to be included, numerical
methods have to be employed to solve the polynomial as in equation (3.60). From Figures
3.10- 3.17 which show the approximated stability bounds for different filter lengths &V, we

deduce the following:

o As arule of thumb, the 1%, 2" 3™ and 4** power order approximation in the above
figures can be selected to determine step size bound when 2 < 0.5. On the other

hand, when 0.5 € 2; < 1, either 3™ or 4* approximation has to be chosen.

e As -a% ratio exceeds one, all approximations fail to get an upper bound for the step
size. Thus, a higher order power approximation has to be found. Nevertheless, for

practical purposes, a—?,,,- <« 1, otherwise degradation of the DLMS algorithm begins

to appear.

e Looking at Figures 3.10- 3.17, we can see that increasing the order of approxima-
tion to the 5** and 6** power order and so on, approximsiion curves will converge
afterwards i.e. 3" and 4** are between 1% and 2™ ;5** and 6% will be between 3™

and 4%,

The cffect of the leakage on the approximated stability bound can be summarized as

follows:

¢ The approximations made for the derivation of the steady state excess MSE and
the stability bounds of the LDLMS algorithm are only accurate for smaller leakage

values. In fact, in most applications of leakage algorithms, a small value of pu is
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employed. Larger values of leakage introduce a degradation on the performance of

the algorithm, which may not be acceptable.

e For n ... .ero values of leakage, the step size is slightly larger than in the case of

zero leakage p. Therefore, even with this increase in the stability bound, the MSE
of the LDLMS algorithm is stable.

Figures 3.10- 3.17 show that all the approximations of the stability bound of the LDLMS
are not accurate for higher delays. This comes from the approximations made on the
derivation of the system equation ( 3.57). We note that the bounds of fourth order power
term and the third order power term are better than the first and second order ones. The

latters are of acceptable accuracy, good only for small value of the ratio %.
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Figure 3.10: Stability bounds (Nf8o3) vs Delay with u = 0 and N = 40: Accuracy
approximation of the LDLMS stability bounds on the step size.
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Figure 3.11: Stability bounds (Nfo2) vs Delay with s = 0.05 and N = 40: Accuracy
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Figure 3.13: Stability bounds (NBo?) vs Delay with u = 0.5 and N = 40: Accuracy
approximatior. of the LDLMS stability bounds on the step Lize.
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Figure 3.14: Stability bounds (No2) vs Delay with g = 0.0 and N = 100: Accuracy

approximation of the LDLMS stability bounds on the step size.
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Figure 3.15: Stability bounds (Nfg?) vs Delay with u = 0.05 and N = 100: Accuracy
approximation of the LDLMS3 stability bounds on the step size.
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Figure 3.16: Stability bounds {(N8¢2) vs Delay with g = 0.1 and N = 100: Accuracy
approximation of the LDLMS stability bounds on the step size.
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Figure 3.17: Stability bounds (NfB02) vs Delay with u = 0.5 and N = 100: Accuracy
approximation of the LDLMS stability bounds on the step size.

3.6 Stability Bounds of LMS, LLMS, and DLMS Al-

gorithms

The derived expression J.:(0o) is general it the sense that steady state excess MSE
of other well known algorithms can be obtained s special cases of (3.59). In the fol-
lowing sections, it will be shown that by proper substitution of leakage and dclay in
equation (3.59), expressions for the steady state excess MSE for LMS, LLMS, DLMS are
obteined. The performance of all those algorithms is compared with that of the LDLMS.

3.6.1 LMS Algorithm

Let both 4 =0 and D =0, (3.59) can be reduced to the stead state excess MSE of the
LMS algorithm and is given by:

BJminaNag
2 - faci(N + v, - 1)

[1¢

Jez(00)

(3.68)
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The upper bound on the step size is given directly from the denominator of the previous

equation as
202
z ) 3.69
0<h< AN +m-1 (3.69)
or
202

z 3.70
0<h< aoiM ( )

These two expressions are identical to the ones derived by W. Gardner in {27]. This
maximum permissible step-size for the estimated gradient LMS algorithm is reduced by
a factor of the order of M, which is a function of the number of tap-weights /V and the
kurtosis v, of the input signal. It is worth showing the effects of i, on the steady state
excess MSE and the upper bound of the step size Bmar. From Figure 3.21, we note that
as v, increases the upper bound of the LMS algorithm decreases. Hence, the steady state
excess MSE decrease with the increase of v,. This decrease of Je.(00) and Bmax of the
LMS is not noticeable for a larger filter order.

If we compare this bound with the following one,

0<f<—, (3.71)

A!'l‘l.ll.‘.l:

We sce that the bound in (3.69) is much tighter than (3.71). Also, it is more practical
than (3.71) since in most cases Amqz is not known and if it wes, it would be very costly
to compute. The convergence of the MSE based on (3.69) automatically ensures the

convergence of the tap-weight filters.

3.6.2 LLMS algorithm

Ilere the steady state excess MSE of the LLMS algorithm is derived in the general case
as well as the the stability bounds on the step size as a function of the leakage parameter.
Then, we compare the derived expressions with those of LDLMS algorithm.

To derive the steady state excess MSE of the LLMS, we utilize a similar approach
as in the case of the LULMS. Thus, J.-(n) is given as,

Jez(n) =< e(n)T He(n) > (3.72)
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where the tap-error is denoted by

€n = C‘n - Capt (3.73)

By using the transformation techniques, equations (3.3) and (3.72) can be rewritten as:
W = (1 — Bu)Wai + Beopt(n)Un — BUUT Waoy — BuRo (3.74)
Jez(n) =< WTAW, > (3.75)

where e,pe(n) is the instantaneous error when the tap-weights reach their optimum set-

tings. Now, J..(n) can be expressed as

Jez(n) = < WTAW, >

(1 - Bu)? < WL AW,y > +8° < el (n)UT AU, >

+ 2 < W\ UUT AU UTW ooy >

+B°1*RAR, — (1 — Bu}f < WL UnUT AW,y >

+6%u < WI_ U UTAR, > —Bu(l — Bu) < RTAW,_, >

+8(1 — Bu) < eqp(n)UTAW,y > =21 < equ(n)UT AR, >

—B? < equ(n)UTAULUTW,,_, >

4+ B2 uPRIAR, — (1 - Bu)b < W UUTAW,, >

—Bu(l — Bu) < W AR] >

+B(1 — Bu) < WL Aeope(n)Un > —8p < R Aeop(n)Us >

—B% < W\ UUT Aeope(n)Un > (3.76)

1. The first term of equation (3.76) is obviously equal to

< W:-IAWn—-l >= Jz:(n - l). (3_77)
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2. The 2™ term in equation (3.76) can be reduced tc the following expression:

< 2, (R)UTAU, >=< e3,(n) >< El hud(n) >
= Jmin NI, = JminaN ol = (3.78)
where A, is already defined.
3. The 3™ term becomes:
< U UTAULUT >=< U,,i Ad(n)UT > . (3.79)

i=l
If we consider only a single element of this matrix, which is given by

N
< 3" ur(n)um(n)Awd(n) >

i=1

= 8im [< iui(n) >< ui(n) > +(vz — 1A < ui(n) >?

i=l

= bkm [(i M)Ak + vz — I)Ai] (3.80)

Therefore, the 3™ term can be eventually reduced to
< WT U UTAUUTW,_, >
= NX_, < WL AW, | > +(v; - 1) < WL AW, > (3.81)

The first term of equation (3.81) is equal to NA2,,Jez(n — 1). In addition, an approxi-

Ty

mation is applied to the second term as follows:

(v = 1) < W AW, >

= (= 1) < WL A2AWT(n-1)>

=M (-1 <WLAWT(n-1)>

= (vz — 1)A2, Jez(n = 1). (3.82)
Thus, summing all these terms, we find

= NA o Jez(n — 1) + A2 (v — 1)Jex(n — 1)
= aMai.(n 1) (3.83)
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where @, Mgy, and v; are previously defined.

4. The fourth term of equation (3.76) is a constant and it can be simplified to
RTAR,= PTH-'P (3.84)
5. The fifth term of the main equation is also reduced as
<WI UUTAW,1 > = <WI AW, >

— N <wi(n- Yustn—1) > . (3.85)

i=0

A approximation on this bound is made and it is given by

<WI U LUTAW, .y >= < WL AW, >

6. The 8, 9%, and 10% terms are zero since < e (n) >= 0.

7. Finally, identical terms of the main equation are simplified in the same way as before,

The overall equation is now written by grouping all the simplified terms,

Jer(n) = (1= Bp)ez(n — 1) + FPadminNot + aMc2F2Jur(n — 1)
+2RPTH P — 2802 Jez(n — 1) + 28%u0? < RTW,_, >
~2Bu(1 = Bu)ol < RIWy_, > (3.87)

We consider the steady state excess MSE when the algorithm converges, and assuming at

the steady state
Jez(n) = Jez(n — 1) = -+ = Joz(00), (3.88)

we obtain the following result of the steady state excess MSE:

, 4 2ptrr—1 2T
Jez(00) = W"‘“‘azN 9z + B ";H P +2Buo "¢ (3.89)
2(02 + u) — B(o2p + oM + u?)
and the stability bound on the step size is given by
2(a2 + p)
o2u+ aciM + p?

0<fg<

(3.90)
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This is identical to the equation derived for the LDLMS algorithm for zero delay (3.59).
The effect of v, on the LLMS stability bound and on the steady state excess MSE
are the same as for the ones of the LMS algorithm. However, for the case of the LLMS,

an increase in the residual error results, i.e.,

Jc:(z.LMS) (00) = Jﬂ-‘u.us; (c0) + (Com,. - opt)TR(cop:,. — Copt) (3.91)

where Cop, is the optimum tap-weight vector of the LLMS as a function of x. The
tolerable range of the final residual error of the LLMS depends upon applications.

3.6.3 DLMS Algorithm

The steady state excess MSE is deduced from (3.59) by putting x equal zero. So, we
obtain,
ngnaNﬁO‘g
2= (aM +2D)o2f + D(D + 1)ai2 — 1D(D + 1)(2D + 1)e83° + ...
(3.92)

Jez(00) =

The stability bound for the DLMS algorithm is a function of the delay and is solved
numerically. The excess MSE obtained here, as a special case of LDLMS with zero leakage,
is exactly the same as in [4]. The bounds on the step size are then found using numerical
methods. From this equation, we can see that only a small increase in the steady state
excess error results, when -2 « 1. The coefficient of the higher powers of 8 in (3.57)
(. > 4) for zero leakage do not have closed form expressions as in the case of powers
of lower than 4 and would require that the summations be computed explicitly. These
high power terms are to be unnecesss=y because the contributions from the lower power
terms in expression (3.57) are dominant. In our derivation for the LDLMS algarithm,
a 4** power order term of f is derived and included in the expression (3.59) while in
cquation (3.92) [4] does not have this term. So, sur derivation is more complete since it
includes an additional term.

It is worth examining the effects of delay on the the steady state excess MSE.

Figure 3.18 shows a slight increase in the excess error when the delay increases. We note
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also that Jez(00) is slightly smaller for a Gaussian distribution than for binary symmetrical

distribution. This shows that adaptive algorithms perform differently under distinct input
probability density functions.

0.34

0.32

0.30

0.28

0.26

Normalized steady stale excess MSE

0.24

Delay D

Figure 3.18: Effects of delay on the steady state excess MSE of the DLMS algorithm. the
steady state excess MSE is normalized to %f—n(f—:l N=40,a=1, 8 =001 and =1,

3.7 Comparison of the MSE Convergence Behavior

of LMS, LLMS, DLMS, and LDLMS Algorithms

The excess MSE of the LMS algorithm can be given from equation (3.88) for zero
leakage (u = 0) as:

Jez(n) = (1 = 26+ ab®M)Joz(n = 1) + JpmineNB?, (3.93)

whereb=cZ8and M = N + 4, - 1. Considering only the homogeneous part of (3.93),
the characteristic equation can be given by

Je(2) = (1—2b+ 5 M)z, (2)

or
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1-(1—2b4 M)z =0, (3.94)

where z is the Z-transform. The stebility and convergence of the algorithm can be ex-

plained by considering the roots of (3.94). There is only one real root given by
z=1-2b+bM. (3.95)

The variation of the root magnitude of (3.95) versus the step size b determines the MSE
convergence speed. When the step size b is within its upper bound, the system is stable.
Also, the convergence of the MSE does not exhibit any oscillations and it decays monot-
ically. Figure 3.19 shows root magnitude of (3.95) versus step size b for the case of the
LMS algorithm. From that Figure, the root magnitude has a minimum in the middle of

the interval. This indicates that if b equals half its upper bound, the MSE has the fastest

speed of convergence.

1.00 .
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&
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E 095p i
z M=22
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y=1.0
a=1.0
ogo A 1 1 3 1 A 1 i
V.00 002 004 0.06 008 0.10

Step size P

Figure 3.19: Roct magnitude vs step size for the LMS characteristic equation: M=22,

In the case of the DLMS, the characteristic equation can be derived to study the

MSE convergence speed. We can assume that for %- « 1, equation (3.57) for zero leakage
can be reduced to
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D
—2802Jez(n =D = 1) + 262035  Jux(n =D —j - 1)

=1
(3.96)
The characteristic equation (3.96 ) is given by
D 4
1- |z7' + aMb?z~P7t — 252701 4 2p? > z~D=i-1
j=1
2=l _ y=D-1
= 1- [Z—l + b(aMb -24 2b—'1—_zT-)Z—D—l]
2P+ 2P 4 2P 4 2b%m D _2p?t — paMb~2) =0 (3.97)

As we can see, this equation has real roots and complex roots. For convergence of the
algorithm, we find a dominant positive real root of (3.97) which is larger than the other
complex roots. Hence, any oscillatirns in the DLMS MSE convergence are small. In
addition, The D7.MS MSE convergen.= dves not decay monotonically as in the casc of
the LMS algorithm because of the presen.-: of complex roots. As D increases, the complex
roots start to be very important and the cor.+crgence behavior of the DLMS MSE becomes
oscillatory. Eventually, this will lead to a degr=iation of performance.

In the case of the LLMS and the LDLMS, tie system equations (3.57) and (3.87)
have more constant terms than in the case of LMS and DLMS. This comes from the fact
that leakage introduces an excess amount of error in the final steady state MSE as it was
previously discussed. The above discussions about LMS and DLMS algorithm can be as
well applied to LLMS and LDLMS respectively.

The effects of leakage in LMS is to speed-up the MSE convergence. This can be

described by the homogeneous part of the approximated system equation (3.87) for small

values of ieakage:
Joz(n) = ¥2Jez(n = 1) + aMbB oz (n — 1) — 298Jez(n — 1) (3.98)
The characteristic equation of (3.98) is given by

1= (4% = 2by + obPM)z"' = 0, (3.99)



where for simplicity we denoted the leakage by 4 = (1 — Bu). The variation of the root
magnitude of (3.99) versus b is depicted in Figure 3.20. We see the root magnitude
of (3.99} has a minimum value which is smaller than in the LMS case. This means that

the LLMS MSE converges much faster the LMS MSE depending on the amount of leakage

-.
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Figure 3.20: Root magnitude vs step size for the LLMS characteristic equation: M = 22,
G = 0.90.

The same ~onclusions above can be stated for the DLMS and LDLMS algorithms. In
the LDLMS algorithm, leakage speeds up the MSE convergence. Because of the existence
of complex roots in the DLMS characteristic equation, leakage reduces the oscillatory
behavior of the DLMS MSE. In the other hand, the large amount of leakage in the

algorithm wil! lead to performance degradation of the MSE.
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3.8 Optimum Step Size for Maximum Rate of Con-
vergence of LDLMS

In many situations, a fast convergence of the error is desirable. In this case, a step
size that speeds up convergence has to be found. For system equations with lower step
size magnitude, the optimum value that results in fast convergence speed can be easily

found. However, because the system equation has a complicated form, an optimization

procedure has to be used to find the optimum step size Bopt.-

Because of this mathematical difficulty, the system equation (3.59) is considered
with only second order degree of step size. This in fact offers a flexibility for choosing an
appropriate optimum step size with appropriate leakage and delay values.

Let’s consider the system equation (3.57). For values of D < 1, all the approximations
in Figures 3.10- 3.17 are the same, so the system equation can be approximated as:

Jez(n) = (1= Bp)Je(n — 1) + fPadminNot + aMaifPJ.(n— D~ 1) +

BPuPTH™'P + 26%u08 < RTWa_p_y > —2Bu(1 — Bu)o? < RIW,_, >
D
~26(1 = fu)ozJez(n — D = 1) + 26°(1 = Bu)ol 3" Jealn ~ D = j = 1)
J=1

(3.100)

Before finding the optimum step size, the following assumptions are employed to simplify

the analysis:

* The algorithm is far from the optimum. The quantities Jmin and Jz(n) are gen-
erally unknown. However, during early stages of MSE convergence, the following

assumption can be used,
Jez(n), Jez(n = 1}, Jex(n — D = 1),...,> Jrnin.

e When the step size is small enough, we can assume during early stages of MSE

convergence that the excess MSEs are assumed to be approximately equal,

Jez(n) ® Jez(n = D) = Jez(n =D = 1) = ... = Joo(n — 2D - 1)
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o The fourth, fifth, ard sixth terms are assumed to be small compared to other terms

since the step size and leakage values are small.

Differentiating (3.100) with respect to 3, we get :

ana(n) = 2u(1 — Bp) (—28p)Jex(n = 1) + 2aMoifJez(n— D -- 1)

—2(1 — Bu)oJez(n — D — 1) + 2Bpo2Jez(n— D — 1)

D D
+4f%04(1 = Bu) Y Jeax(n— D —j—1) = 28°p03 Y Jex(n =D —j — 1)

i=1 i=1

(3.101)

After a few simplifications, (3.101) becomes
12 (1~ oiD)BL, + (aMaol — 2p + 202 + 203 D) o — 02 = 0. (3.102)

This second order equation can be solved. The optimum step size versus leakage parameter
u is plotted in Figure 3.22- 3.23 for different kurtosis values v,. It can be seen that for
inputs with large kurtosis vz = 3, Sy is smaller than in the case of inputs v = 1. Also,

we sec that the optimum step size changes slightly with leakage for both cases.

3.9 Theoretical and Experimental Bounds of LDLMS

The analytical results of the stability bounds of the LDLMS algorithm presented here
have been verified by computer simulations, where an adaptive transversal echo canceller
has been implemented. The echo signal is generated as the output of a 6 order low pass
infinite impulse response (IIR) filter with white Gaussian noise as input. The order of the
adaptive filter was 40 taps. The echo impulse response of the IIR filter used is depicted
in Figure 3.24. Experimental results for the derived stability bounds are obtained by
increasing the step size 8 until the algorithm diverges. Figures 3.26- 3.25 show the
theoretical bounds obtained from (3.60) and experimental bounds are quite clo:=. Wor

smaller values of lzukage pu, sinunlation results are fairly close to the analytical ones.
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Figure 3.24: Infinite Impulse response(IIR) filter used in simulation for verification of the

theoretical stability bounds of the LDLMS algorithm.
3.10, Computational Complexity of the LDLMS

The number of multiplications and additions needed to perform one iteration of the
adaptive algorithms is used as a measure of computational complexity. In practical im-
plementation of the adaptive algorithms, the step size is chosen to be a power of two
so that the update of each term of C(n) can be done by shifting the correction term to
accomplish the 8 multiplicatior. In this case, the LMS, DLMS, LLMS, and LDLMS re-
quire /V real multiplications and N — 1 additions to update C(n) for each iteration, where
N is the length of the filter impulse response. On the other hand, tflé values of leakage
parameter like the step size are generally restricted to power of two in order to prevent
& full multiplication. The factor (1 — Bu) in either LLMS or LDLMS may lead to the
introduction of a round-off noise, thus an increase of one bit in the coefficient wordlength

may result [14].
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3.11 Discussion

The convergence and stability bounds of the LDLMS algorithm are examined. For the
stability bound based on the convergence of the filter coefficients, it was shown how leakage
prevents tzp-weight drift by ensuring that the poles of the system equation stay within
the unit circle. The introduction of the appropriate leakage can be used to guarantee the
stability of the algorithm. However, the forced response term in the system equation of
the LDLMS algorithm imposes a constraint on the required performance. A bias in the
optimum weight setting is added. This amount of bias can be controlled by a careful
design of leakage and it depends on the particular application.

The stability bound of the LDLMS based on the error convergence has also been
derived. It has been shown that the residual output error power expression has a conpli-
cated form because of the presence of the leakage parameter. However, for smaller values
of leakage, the term including the leakage may be neglected since in many applications
[5], [8],and [14], small values of leakage are chosen and proven to be very effective for a
required performance.

The convergence properties of< e?(n) > and < W{(n) >were seen to be different.
The convergence speed of < e(n)? > depends mainly on the number of taps while that of
< W, > does not. For most practical cases, the filter length will be the dominating factor.
Thus, there xists values of step size, 3, for which < W,, > converges while < ¢(n)? >
diverges. Thus, if both quantities converge, < W, > will generally converge faster than
< e(n)? >. Hence, the stability bound of < e(n)? > implies a much tighter upper bound
on the step size than the one on < W(n) >.

The stability bound on the step size is a function of delay, leakage, and other terms.
An optimized value of leakage for a specific application can be found directly either by
using the Figures 3.10- 3.17 c¢r solving the polynomial S(8) numerically. Usually, the
ratio % < 1, so only - s to the 4** order terms of S(f) are sufficient since other high order
terms do not contribute considerably.

The stability bound is derived based on the convergence of < €*(n) >, which is
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tighter than the one based on coefficient convergence. The results so far derived and
discussed do not have to be restricted only to system identification. They can be easily

extended to various applications such as decision feedback equalizers [27].

3.12 Conclusion

An approximation of the stability bound on the step size of the LDLMS algorithm
was provided by (3.57). The bounds are in terms of the number of taps, the input power
signal, the input kurtosis distribution, the leakage parameter, the eigenvalue spread, and
the delay. The stability bound of the adaptive tap-weight has also been investigated by
the root locus technique and it has been shown how leskage prevents the poles of the
characteristic equation of the LDLMS algorithm from drifting out of the unit circle. In
addition, step size that results in fast convergence speed was derived for different values
of leakage parameter. It was shown that the orders of the approximation of the stability
bounds are fairly good as long as the ratio % is very close to one. The steady state excess
MSE and the stability bounds derived are general expressions in the sense that expressions
of other well known algorithms (LMS, DLMS, LLMS) can be deduced by substitutions
of leaknge and/or delay =0. The bound on the step size for error convergence has been

verified by simulations and shown to be fairly close to the derived one.
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Chapter 4

Applications of the Leaky Delayed
LMS Algorithm

The LDLMS algorithm is used in a large variety of applications. In this chapter,
we consider only a system identification model. The task here is to identify an unknown
system by adaptively adjusting the tap-weights C(n). These tap-weights should eventually
converge to the unknown systern parameters.

Three examples of the LDLMS algorithm applications are given. In the first ex-
ample, a signal with little energy content over part of its frequency band is used as an
input. Because of such an input, the parameter estimates of the adaptive filter, when
using the LMS or the DLMS algorithms, drift away from the desired values despite the
bounded inputs and bounded estimation errors. On the other hand, employing the LLMS
algorithm, the tap weights will be bounded and the drifting phenomena has been shown
to disappear. This drifting phenomena is well explained in [13] and [22]. The drifting
type that is devoted in this chapter is due to the lack of the persistent excitation on the
input process. The persistent excitations are obeyed if the mean of the input process
is finite and the input correlation H is positive definite. In other words, the frequency
spectrum of the input process has to cover all the frequency rang of the unknown channel
2 be identified.

The performance of the LLMS in controlling the drifting phenomena is examined
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here for the more realistic situation including the effect of the delay.

In the second example, we consider the situation when the input signal to the adap-
tive filter or the gradient estimates of the gradient adaptive algorithm, ex— p Xx-p, vanishes
(i.e. equals zero). Then, coefficients of the adaptive filter utilizing the DLMS algorithrm
are locked-up. This phenomena is known as stalling or lock-up situation and it is encoun-
tered in several applications of adaptive algorithms [5]. This stalling phenomena happens
when the DLMS algorithm stops updating. Introducing the LDLMS, the leakage factor
reduces the magnitude of the adaptive weights in a recursive fashion, and then the locked-
up tap-weights leak to zero. Again, the LDLMS performance is studied to see the effect
of leakage on controlling the stalling phenomenon.

The last example is to examine the tracking capability performance of the LMS and
DLMS algorithms under a time-varying system. In this nonstationary environment, the
effect of delay on the algorithm misadjustment is examined for various step size values
with or without leakage. Then, a comparison of the stability and the LMS, LLMS, DLMS,
and LDLMS algorithm misadjustments is investigated through simulation. Finally, we end

this chapter with discussion and conclusions.

4.1 Adaptive algorithm with Spectral Deficiency In-
puts

Parameter drift is encountered in several practical applications of adaptive algorithms
[22] and [36]. The drifting considered in this chapter is due to the lack of the persistent
excitation in the input process. The persistent excitations are obeyed if the mean of the
input process is finite and the input correlation H is positive definite. In other words,

the frequency spectrum of the input process has to cover all the frequency range of the

unknown channel to be identified.
Simulations are used to illustrate this phenomenon. First, a weak spectral signal
is used as input to the system identification block. The DLMS algorithm is used to

identify the unknown system parameters. Since the signal is spectrally poor, weights do
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not converge. In contrast, utilizing the LDLMS algorithm, all the weights are stabilized
and they converge faster depending on the amount of leakage which is introduced. As a
penalty for using leakage , biases are introduced on the final values of the tap-weights. In

other words, the final optimura tap-weights st atisfy

lim C(n) — Copt # 0 (4.1)

n—00

Thus, leakage should be kept as small as possible to avoid large biases while stopping the
tap-weight drifting.

The drift phenomena may happen with or without the delay. Small or negligible
eigenvalues may cause the drifting problem. To explain the existence of the drifting
problem for the LDLMS algorithm, we consider the case of the LLMS algorithm and what
we conclude can be identically applied to the case of the LDLMS. The LLMS equation is

written here as a function of input correlation matrix H and cross-correlation vector P:
C(n) = (v - BH)C(n—-1) + BP (4.2)

where v = (1—Bu). The expression for the tap-weight error vector is derived in Appendix
B and is given by

N- n
é(n) Zl(q BM)"VTE(0) Vi + (v 1)2 1_(7 %A:))c. (4.3)
k=0

The last equation shows that the error €(n) follows a trajectory which is the sum of
all the modes of the adaptive algorithm plus an offset term that depends on the leakage
factor v. When v = 1, this corresponds to the LMS. Convergence here depends mainly on
the step size. In the case of LDLMS, that depends on the bound of the step size already
derived. As 3 increases, e(n) and the final mean-squared error increase.

On the other hand,}y — BA«| depends on the eigenvalue of the input autocorrelation

matrix. The convergence speed of ¢(n) is also based on that quantity. In the LMS case,

cquation (B.7) becomes as

Ni(l — BM) Vi (0 Vi (4.4)

k=0
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The value of the right hand term of (4.4) is larger for small or negligible Ax and the sum of
these terms for all the modes of the adaptive filter may get to be very large. Corsequently,
e(n) starts to drift far away from zero. With leakage, however, ¢(n) can be made smaller
so unique optimum values can be reached. Since this term will decay faster depending on
the amount of leakage, convergence speed will increase.

There is, however, a tradeoff inherent in using leakage in the persistent excitation.
A small bias due to leakage requires v close to one, but eliminating drifting requires a
small v. A compromise is required since the same leakage is used to every component of
the algorithm. An alternative way is to apply leakage only to regions of the input process
where drift can occur. However, this way requires more knowledge of the input process
than is usually known to the user.

The models used for the simulation are shown in Figure 4.1. Model#1 shows a
system identification block with a stationary input process. The input noise is zero mean
white Gaussian. However, in Model#2, the zero mean white noise input is first filtercd by
a low pass filter and then passed through the same system identification as in Model#1.
The pre-channel filter is included in system Model#2 (FIR1) and the unknown system
parameters (FIR2) used in both models are finite duration impulse responses. The FIR1
is a pre-filter with 12 taps while the FIR2 is of length 22. Their impulse and and frequency
responses are shown in Figure 4.2. The adaptive filter has the same order as FIR2. The
filter coefficients of FIR1 and FIR2 are given in Appendix C.

Simulation results for Model#1 and Model#2 are presented in the following figures.
Figures 4.3- 4.5 show the convergence of the adaptive tap-weights of the DLMS and
LDLMS using Model#1 and #2. Here, we have chosen only tap-weight#5,8, 9, 10, 11,
and 12 of the adaptive filter for illustrative purposes. Other filter tap-weights behave the
same way and similar conclusions can be drawn. From those figures, we can see that the
tap-weights in Model#1 converge to the optimum after a few hundreds of iterations. This
corresponds to the stable situation of DLMS (Model#1). However, results show when
using Model #2, the DLMS filter coefficients drift away from their optimum settings.

They exhibit instability as they do not settle down to constant values. This situation is
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due mainly to poor excitation of the input signal. When we introduce the LDLMS, all the
tap-weights converge to steady state settings and do not exhibit any kind of instability as
can be shown from the figures. Figures 4.3 through Figures 4.5, small values of leakage
are used and they were able to drive the filter coefficients to stability. Convergence and
stability of the filter coefficients were guaranteed with x4 = 0.08. A smaller value p = 0.04
can still guarantee the convergence of the LDLMS and it it introduces less bias on the
estimated parameters. Therefore, an optimized g is required to provide compromize
between stability and bias.

As it can be seen from the figures, the drifting coefficients do not converge even
after a number of iterations orders of magnitude higher than needed for convergence in
Model#1. The learning curves of the LDLMS and DLMS are depicted in Figure 4.6 where
effects of leakage on the final steady state-excess MSE are shown.

The drifting problem also exists in the regular LMS algorithm. To see that, we
applied the LMS and LLMS algorithms to the Model #1 and Model#2. The simulation
results for these two algorithms are shown in Figure 4.7 to Figure 4.9 for taps# 1-6.
When applying LMS algorithm to Model#1, no stability problems are encountered since
this sitvation corresponds to the ideal input conditions. The instability behavior of the
LMS can be noticed when it is applied to Model#2. In contrast, when using the LLMS
algorithm, stability can be monitored by the use of a proper leakage value as it is depicted
in Figures 4.7 - 4.9.

4.2 Stalling Situation in the Delayed LMS Algo-

rithm

Another type of applications where leakage is used to improve the system performance
is when the input signal vanishes or the gradient estimate [e(k — D)X (k — D)] equals
zero, the filter coefficients lock-up(i.e.stop adapting). Then, it might be preferable to
have the filter weights return to zero [2]. The accumulated quantization noise that results

from finite-precision representations of the system parameters may act as an input with
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no corresponding stimulus. This may drag the DLMS algorithm to undesirable results.
Leakage in the DLMS algorithm will eventually prevent stalling from happening. This can
be simply shown as follows. The LDLMS was defined in equation (3.3) and is rewritten

here for convenience:

C(n) = (1 - pB)C(n—1) + Pe(n — D)X (n — D). (4.5)
If we let Be(n — D)X (n — D) = 0, we have the following:

Cln)=(1-puB)Cn-1) (4.6) -
After [ iterations, equation (4.6) can be written as

Cln+l)=(1-pfCn-1) (4.7)
If we let { grows without limit and since (1 — u@) is slightly less than one,

lan; Cn+l)=0 (4.8)

To illustrate this first order effect of this term, examples are shown in Figures 4.10- 4.11,
where the input is white Gaussian noise. In this figure, we see that before using leakage,
the tap-weight ¢,(n) is locked-up to a constant value when the input is very small or zero.
This value is not the optimum but it results when the second term of (4.5) vanishes. After
using the leakage u, the locked-up coefficients go or leak to zero.

A step size 8 is selected from the stability bound derived earlier. The effect of
zero and non-zero leakage on the coefficient convergence of the DLMS algorithm is shown
for the average tap-weight < ¢;(n) >. The gradient term in the update equation of
the LDLMS algorithm wes made very small to cause the stalling of the filter cocfficients
(locked up coefficients). In this example, the optimum value of ¢;(n) cannot be reached
for both zero or non-zero leakage value. However, whenever the gradient value in the

update equation becomes significant, ¢)(n) reconverges to its optimum value.
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4.3 Application of the LDLMS algorithm in Non-
stationary Environment

Adaptive filtering in nonstationary environments represent a mejor aree in adaptive
techniques. Both cost of implementation and performance determine the choice of an
adaptive algorithm for a given application. The LMS algorithm is the usual choice for
providing a good balance between cost and performance. The tracking performance of
the LMS algorithm under time-varying systems was studied in [1] and [9].

The DLMS algorithm, however, does not perform as LMS because of the inherent
delay incorporated in the LMS update equation. The DLMS algorithm was found to
fail under nonstationary environments [2] and [4] relatively for large delays. In the
following examples, the DLMS tracking capability is investigated for a particular type of
2 time-varying system identification shown in Figure 4.12. A performance measure defined
here as the time-average misadjustment of the algorithms is employed for comparing the
LLMS, LLMS, DLMS, and LDLMS algorithms. It will be shown that leakage in both
LMS and DLMS algorithms reduces the final excess MSE in nonstationary environments
particularly when the step size is close to its upper bound. Moreover, leakage enhances
the stability of the adaptive algorithm.

In nonstationary environments, the optimum tap-weight vector Cope(n) changes from
one iteration to the next. So, the adaptive algorithm always tries to track continuously
the moving position of the minimum point of its error performance surface. Also, the
input correlation matrix H is fixed since it is assumed that the inputs are stationary.
However, the desired signal d(n) is made nonstationary thus the cross-correlation vector
of the tap-inputs P(n) assumes time varying form. The tap-weight error vector noise
and tap-weight error vector lag result from this nonstationary situation. These account
for two misadjustments due to lag of tracking and the second is due to the gradient
noise. The former is inversely proportional to the step size 8 while the latter is directly
proporiional to 8. Therefore, the optimum choice of 8 results when the sum of these

two misadjustments is minimum ([9]. The total misadjustment can be described by the

93



following expression:

Total Misadjustment = <(Cr) - C*(n));rfn(C(n) —C'(n)) > (4.9)

where C*(n) i< the tap-weight of the unknown system.

c2
noise : ,/ \ noise N
{ ' 1
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¢
) - additive white noise
Unknown time-variable

)

-3 z2-1

system C’Yn) L
input data +
— D)
x(n) / error T
G2 Adaptive filter C(n) f

X

y(n)

/

Figure 4.12: The unknown time-varying system identification model

4.3.1 Description of the Simulation Parameters

The task here involves identifying an unknown time-variable system. This unknown
system and the adaptive filter both have the same filter length. The time-average mis-
adjustment was measured for various step size values. An ensemble of 300 statistically
independent input samples of the input z(r) and the noise n.(n) with both unit vari-
ance white Gaussian noise was averaged over. The time-average excess MSE J..(n) was
averaged over different time samples after the initial transients had died away. The N

tap-weight unknown parameters undergo an independent Gauss-Markov process and each
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of the N tap-weight sequence is held fixed throughout the ensemble of excitation of the

input and the noise. The first order Markov time series is given by:
C*(n + 1) = aC*(n) + Ny(n). (4.10)

where the parameter a denotes the degree of nonstationarity (DNS) of the time-varying
system and N,(n) is the N x 1 vector input noise sequences with each variance ¢2. Each
noise sequence of N,(n) is statistically independent Gaussian noise. The simulations are

carried under different signal to noise ratio (SNR), which is defined here as

2_2
Nozo;
2

SNR = , (4.11)

where o2 is the variance of the ¢i(n), i = 0, N -1 sequences, which fluctuate independently
of each other according to the first order-Markov process given in (4.10). Jmin is in general
the minimum mean-squared error of the adaptive algorithm when Copi(n) = C*(n). The

desired signal d(n) is written as
d(n) = C*T(n) X (n) + ne(n). (4.12)

When Cope(n) = C*(n), ecp(n) = ne(n), and hence < eopt(n) >= Jmin = o2,. The steady
state variance of C*(n) is related to the variance of the low pass filtered input noise o
as it is shown in Figure 4.12 by

2

o
=2
l1—2a

(4.13)

4.3.2 Simulation Results

The effect of the delay upon the performance measure of the LMS algorithm is shown
in Figures 4.13 and 4.14. We see that DLMS fails to behave as LMS algorithm and it
has very high time-average misadjustment above step size § = 0.04. Because of the delay
incorporated in the LMS algorithm, instability of the MSE appear above § = 0.04, giving
very large time-average misadjustments. These values are not shown in the figures. The

time-average misadjustment with SNR=10 in Figure 4.14 is higher than in the case of
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Figure 4.13: Time-average misadjustment vs step size. Comparison of time-average mis-

adjustment between LMS and DLMS algorithms for SNR=1.

SNR=1.0 shown in Figure 4.13. Large values of the filter length NV will also give larger
time-average misadjustments than in the previous case for N = §.

On the other hand, the use of leakage in DLMS improves the stability of the MSE
and then improves the performance measure as it is depicted in Figures 4.15- 4.16.
Furthermore, in Figure 4.15, the step size now can be extended up to 8 = 0.1 for the case
of delay D = 2, Beyond this value, a very high misadjustment occurs.

To further reduce the final misadjustment, larger values of le~'tage u should be em-
ployed. In this case, the performance measure is improved considerubly and the algorithm
is more stable than before. This is well illustrated in Figure 4.16 and 4.17.

The time-average misadjustment as a function of leakage is shown in Figure 4.18 and
Figure 4.19 for LLMS and LDLMS algorithms. For step size value 8 = 0.1, the LMS and
DLMS algorithms have large misadjustments. However, it can be shown in Figures 4.18
and 4.19 that as leakage increases, the system becomes more and more stable and the final
misadjustments become smaller. Leakage can make the DLMS algorithm as well as the
LMS algorithm robust and it improves the steady state misadjustments in nonstationary

environments. In other words, with leakage in the algorithms, trackability of the unknown
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system parameters can be improved since the leakage effectively makes the system forget

the past optimum.
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Figure 4.14: Time-average misadjustment vs step size. Comparison of time-average mis-

adjustment between LMS and DLMS algorithms for SNR=10.
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Figure 4.15: LDLMS time-average misadjustment vs step size for SNR=1 with p = 0.3.
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Figure 4.16: LDLMS time-average misadjustment vs step size for SNR=1 with p = 1.0.

S
z [ | Ns5 1
€ 4| SNR=LO i
5 DN$§=0.996
‘-g‘ 3 H=1.5
E a D=2
g" 2 - ¢ D=4
$
<
O
E
I—

1 " 1 A i A 1 A |

0 A 2
v.00 0.02 0.04 0.06 0.08 0.10 0.12

Step size P

Figure 4.17: LDLMS time-average misadjustment vs step size for SNR=1 with p = 1.5.
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4.4 Conclusion

As an example of the application of LDLMS algorithm, the case of bandlimited input
signal is considered. It was seen that the adaptive tap-weights are driven and undamped
when the input fails to excite some or all the modes of the DLMS algorithm. Thus, the
autocorrelation matrix H associated with the input process has one or more negligible
or zero eigenvalues. The unsatbility of the DLMS filter coefficients in Model# 2 was
clearly shown. On the other hand, the use of the LDLMS algorithm lead to stability and
convergence of all filter coefficients. Two values of leakage were used and woth prevented
the filter coefficients to drift away and in undesirable manner from their optimum settings.
The LDLMS acts as injecting a small amount of white noise into the filter input to quieten
the coefficients. This is in fact a preferred method as compared to adding noise explicitly
to the input process. In practice, the generation of this extra noise to be added at the
input process of the adaptive filter may often be very difficult [22].

It was also shown that introduction of leakage speeds up convergence considerably,
as compared to the DLMS, towards a suboptimum, which is in most case close to the true
optimum. Despite the fact that the filter tap-weights diverge, the MSE, however, does
converge as long as the step size is within the derived stability bounds. The eigenvalues
of the input autocorrelation matrix determines the degree of penalty incurred in the cost
function J(n) used. For very small or negligible eigenvalues of H, the MSE converges to
a very small value or close to its Jmin.

A very small leakage is enough to counteract the undriven modes of the adaptive
filter. Consequently, this small value of leakage introduces only a very small degradation
on the steady state MSE.

Simulation examples for the case of the LMS and LLMS under both ideal and non-
ideal input conditions were also illustrated. It was seen that the same behavior in the case

of DLMS and LDLMS exist as well for the LMS and LLMS algorithms. Thus, previous
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conclusions can be similarly applied here. For the second example, leakage was employed
to avoid the stalling situation in the adaptive algorithms. This might be a desired case
when it is preferable to have the tap-weights return to zero instead.

In the third application, the LLMS and LDLMS algorithms have been shown to
perform better than the LMS and DLMS algorithms, respectively, in nonstationary envi-
ronments. The leakage bounds the norm of the tap-weight error vector ¢(n). Thercfore,
it stabilizes the system and reduces the steady state excess MSE of the algorithms cor-
siderably. In addition; it can be seen as a forgetting factor in the update equation of
the algorithms so only small amount of information is used to track the time-varying
parameters of the unknown system. The delay has detrimental effects upon the tracking
capability of the LMS, especially for large delay and the use of leakage can be bencficial

in improving stability and reducing the performance measure.
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Chapter 5

Summary and Conclusions

In this thesis, we introduced a thorough study and analysis of the leaky LMS al-
gorithm with delayed adjustment in stationary environment for a system identification
model. Stability and convergence of the leaky DLMS algorithm were examined in two dif-
ferent ways. In the first approach, stability analysis was based on the convergence of the
filter coefficient of the adaptive filter. The root locus technique was employed to illustrate
the behavior of the DLMS algorithm with and without leakage when subjected to unste-
bility. The Z-transform of the update equation of the leaky DLMS algorithm was taken
to investigate the locations of the poles. It has been seen how one or more eigenvalues can
cusily drive the DLMS algorithm’s poles outside the unit circle. Also, & step size which is
very close to its upperbound can lead to unstability problems. However, when leakage is
introduced in the DLMS and stability problems in both cases are prevented. It was seen
that a small value of the leakage in the DLMS algorithm is sufficient to counteract insta-
bility. Consequently, this amount of leakage introduces only a small value of bias on the
true optimum weight vector Cop. In addition, a comparison of stability bounds of other
well known algorithms namely LMS, leaky LMS, and delayed LMS algorithms was made.
The upper bound on the step size of the leaky DLMS algorithm was shown to be much
tighter than the other ones. Furthermore, the derived stability bounds of the LDLMS
on the mean sense was seen to depend on the eigenvalues of the input autocorrelation

matrix, leakage parameter, and the delay. The leaky DLMS characteristic equation has
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complex roots; which is not the case for the LMS and leaky LMS algorithms. As long as
the amplitude of the real root of the characteristic equation dominates, no degradation
on the performance of the algorithm appears. However, when the delay values become
too large, more complex roots start dominating and thus unacceptable degradation the
leaky DLMS algorithm results.

In the second case, the stability of the LDLMS algorithm was based on the conver-
gence of the mean square error. An approximation of the steady state excess mean-squared
error was obtained as a function of filter length, input signal power, eigenvalue distribu-
tion, leakage parameter, delay, and kurtosis as well as the step size. This is a general
expression from which the steady state excess MSE and the stability bounds of other well
known algorithms LMS, LLMS and DLMS can be obtained. Approximate stability bounds
were obtained as a function of the LDLMS step size. The accuracy of the approximation
was found to depend on the ratio ‘—ﬂ-. When % is very close to one, the accuracy of these
simple opproximations is not acceptable. Thus, high order approximations have to be
found by using & computer. The J.z(c0) was found to depend on the leakage parameter.
With appropriate leakage value, the J.x{00) can be made insensitive to u. Consequently
a small extra excess MSE can be tolerated.

The theoretical results were verified by computer simulations and close agreement
was obtained. The difference between these two results is first due to the gradient noise
since we are not using exact statistics of the inputs. Second, the difference also depends
on the assumptions and approximations made throughout the theoretical analysis of the
algorithm.

Several applications of the leaky DLMS algorithm were considered to study the
performance of the algorithm under non-ideal situations. First, an input with insufficient
spectral content was considered. Even though the step size was within the derived stubility
bound, the DLMS algorithm’s filter tap-weights drift away from the optimum settings.
On the other hand, inserting leakage in the DLMS update equation, all the tap-weights
are driven to their optimum with a small amount of bias. It was seen that the crror

converges despite of the weak input excitations. This is similar to the zero delay case.
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Other applications of the leaky DLMS algorithm were also introduced. In the ex-
ample of the stalling phenomenon, we showed that leakage returns the locked up adaptive
filter coefficients to zero, which is a situation that might be preferred in some applica~
tions. In the last application, the tracking capabilities of both LMS and DLMS algorithms
were examined under nonstationary environments with zero and non-zero leakage. It was
shown that leakage stabilizes the system and reduces the steady state MSE.

The analysis of the LDLMS algorithm so far presented in this thesis can be as well
applied to any applications of adaptive algorithms and is not restricted to the system
identification case.

Finally, few questions still need to be addressed.

e Performance of the DLMS algorithm when implemented with finite precision needs
to be studied. This topic is of special relevance here because the step size of the

DLMS algorithm is much smaller than the LMS algorithm.

e The same can be repeated for LDLMS to verify its ability to improve performance

under non-ideal situations ever when implemented in finite precision.

e Insome applications, the sign-error LMS algorithm with a feedback delay can also be
a good candidate to the DLMS. In that case, the effect of delay upon the performance

of the sign-error LMS algorithm should be examined.

e The usefuiness of leakage sign input/error LMS should be investigated with and
without delay.

e Comparison between these two algorithms should be made.
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Appendix A

Equation Derivation for the LDLMS
Algorithm

Here we derive an expression for ap p(n — 1) in terms of delays and leakage parameter.

First, for simplicity, let ¢ = u8, v = 1 — ¢, and b = Bo2. Then, we define
apx(m) =< W;‘AWm_k > (A.1)
With the use of equation (3.38), we can get

aD.k(m) = < W,Z:AWm._k)

= < (7WT—1 + BecWm_p-1Z, —DZ;I;..D - ¢'R)Awm—k >

&

vape(m—1) —b < WI_, | AWpok > —¢ < RTAWpi >

&

D
~ Yapo(m—~k)—b 3 P lapi(m—k)
j=D=-k+1
k
~¢ < RTAWpy > 3 97! (A.2)
i=t

Let k=D and m=n-—1, we get

D
app(n—1) = vPapo(n—D-1) b3 v lap;(n—D—1)

i=1
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D
—¢ < RTAW,py > > ¥t (A.3)

i=1
Let’s denoted %(v) by

D
Y1) = ¢< RIAWapo1 >3 7~ (A.4)

j=1

We note that for D=0, ago(n — 1} = Joz(n — 1). Now, iterating ( A.3) again, we find

D
GD.D(TL — 1) = 'yDaDp(n— D— 1) - be"'laD.o(n—D— j— 1)

j=1
D . D -
+b°'z:'r"'1 Z 72"109,0(11— D—j-4-1])
i=1 i=D—j4l

D D D

=y ST 4t YT ¥ lapp(n— D-j—i- s )
i=1  i=D—j+1  s=D-i+l
D D D D

o S S A S A S 4 lappe(n— D~ j—i-s—r=1)
=1

i= i=D-j+1 s=D—itl r=D-3-1

D D D
)+ BT~ B 3 4
j=1 j=1 i=D=j41

D D

D
U P A Y e

=1 i=D—j+1 s=D—i+1

(A.5)

We approximate the above expression for «v = 1 since this factor is between zero and one
and when raised to a power, it becomes very small. Also, we use this to enable us to get
closed forms for the sums in ( A.5). The justification of these approximations are well

verified by computer simulations. Consequently, Eq. (A.5) can be simplified as

D
app(n—=1) = Ja(n—-D—-1)=b> Jex(n-D—-j—1)
Jj=1

D D
+2y° > Juln—D-j-i-1)
j=li=D~j+1
D D D

B S Y Jaln-D-j—i-s—1)
j=li=D=j+1s=D=it1
D D D D

+#Y" Y Y Y Jen-D-j-i-s-r-1)

J=li=D=j+b=D=itlr=D—s-1

107



- FE O d T

AL

—oD < REAW,;_D_l > +b¢D2 < RIAWH_D_; >

2
—b2¢2—(-D2—-|-1-)— < RTAW,_poy >

DD +1)(2D + 1)

3
+b°¢ 5

< RTAWy poy > 4+ (A.6)

In practical applications of adaptive filtering, the term bD is very small(i.e. 6D « 1). In
this case, the first term of the last two lines of equation (A.6) is kept. The other terms of
these lines are discarded because they are very small when compared with the first term

of the same lines. Hence, (A.6) con be finally simplified as:

D
app(n—1) = Jez(n — D — 1)—b2Ja(n—D—j—1)
i=1

D D
+025° Y Ja(n-D-—j-—i-1)
i=li=D—j+1
D D D
-5 Y Y Jen-D-j-i-s-1)
j=2liz=D—j+1s=D—i41
D D

D D
+#Y ¥ Y Y Juln-D-j-i-s-r-1)

j=li=D=j+4ls=D—it+lr=D=3~1
—¢D < RTAW, _p_y > +--- (A7)
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Appendix B

Derivation of the Tap-Weight Error

Expression

If we consider the true statistics of the signal parameters, the L-LMS algorithm update

equation can be given as the following:
C(n) = (vI - BH)C(n— 1) + BP (B.1)

where for simplicity we denote ¥ = 1 — By, and H and P are the correlation and the

cross-correlation matrices, respectively. The tap-weight error vector is given by
e(n) =C(n) - C, (B.2)

With the substitution of the above equation into Eq. (B.1) and computing for €(n + 1),

we obtain
e(n+1) = (7= 1)Co + (4] - BH)e(n) (B.3)
Let's utilize an iterative procedure for the above equation:

(1) = (v—1GCo+ (v] - BH)e(0)

e2) = (v—1)Co+ (vl - BH)e(1)
= (v-1)Cs+ (v = BH)[(v - 1)Co + (vI — BH)e(0)]
= (v=1)Co+ (v = 1) - BH)C, + (+I — BH)?€(0)
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IR L e &= 8 el T

en) = (o — BHY(0) + (1) (o] — BHY'C,

i=0

A well-known following expression [13] is
N-1
(I -BH =3 (1-BN)" Vil
k=0
However, for the case of the L-LMS algorithm, we have
N-1
(v = BHY* = 3 (v = BM)" ViV
=0

Using the above equation in Eq. (B.4), we obtain

n—=1N—

e(n) = Z (v - BA) Vi ViTe(0) + (v — 1) Z Z (v- By ViVl Co

t=0 k=0

= Y- T+ (-1 S [Z (v mkr‘] VTG,

k=0 k=0 Li=0

= N—1 n
= S (v—BMNVTeO)Vit (v~ 1) E 1-— (‘Y BAk) c,

k=0 & 1—(y—B)

—
w
=N

~—

(B.5)

(B.6)

(B.7)

In order to have a clear view of the modified eigenvlaues in the above equation, we

substitute the parameter y into equation (B.7), then we reach the following expression:

— B+ M)

e(n) = Z (1= Bl + A" Vi e(O)Vi — 2

k=0
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Appendix C

Filter Coeflicients of the Finite
Impulse Responses FIR1 and FIR2

C.1 Filter coefficients of FIR1

FiR] has the following filter coefficients H:

H(1)= 7.8430180e03  H(7)=  3.7380980e-01
H(2)= -1.3320020e:02  H(8)=  1.8103030e-01
H(3)= -4.9285800e-02 H(9)= -3.9672850e-03
H(4)= -3.9672850e03  H(10)= -4.9285890e-02
H(5)= 1.8103030e-01  H(12)= 7.8430180e-03
H(6)= 3.7380980e-01

111



C.2 Filter coefficients of FIR2

FIR1 has the following filter coefficients H:

H(1)=
H(2)=
H(3)=
H(4)=
H(3)=
H(6)=
H(7)=
H(8)=
H(9)=
H(10)=
H(11)=

-6.6223140e-03
1.0650630e-02
-1.3122560e-03
-1.4953610e-02
3.0242920e-02
-1.7944340e-02
-2.5573730e-02
7.8857420e-02
-8.3587650e-02
-3.2531740e-02
5.6610110e-01

H(12)= 5.6610110e-01
H(13)= -3.2531740e-02
H(14)= -8.3587650e-02
H(15)= 7.8857420e-02
H(16)= -2.5573730e-02
H(17)= -1.7944340e-02
H(18)= 3.0242920e-02
H(19)= -1.4953610e-02
H(20)= -1.3122560e-03
H(21)= 1.0650630e-02
H(22)= -6.6223140e-03
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