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ABSTRACT

This thesis is concerned with the analysis of finite stochastic
automata. A geometri'-'cconcept is introduced which regards a
transition matrix as a mapping of theA state -probability ~distributions.
The range of the mapping is a polyhedral convex set determined
by points which are row vectors of the matrix. Interesting proper-
ties of such points in a convex polyhedron are inve stigated. Serial
combinations of finite -stochastic automata are studied and methods
of decomposing them serially are given. Parallel combinatiors of
finite stochastic automata are also studied. Sufficient and necessary
vconditions that a finite stochastic automaton admits parallel decom-
position are formulated and proirgd. Based on the same geometric
concept, implication of definite stochastic automata is studied

and decision procedures are given.
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CHAPTER 1

INTRODUCTION

The theory of finite automata has been well developed in the
past decade. Much work has been done in generalizing finite
automata to include the nondeterministic case. The purpose of
pursuing such a generalization is not just for mathematical interest.
As systems are going more and more complicated, the probab111ty of
failure of a system due to noise in transmission, disturbance in the
system, imperfect maintenance, and other factors becomes of
great concern. Actual systems are thus probabilistic and the study
of probabilistic systems will have practical application: in est1matmg
and improving the reliability of a system. Udagawa and Inagak1
[ 44, 45] have shown how the reliability of a sequential cir cuit
can be accurately estimated and improved through the study of
probabilistic systems. Others [ 3,4,5,11) have shown how proba-
bilistic systems can be used as mathematical models for the
synthesis of learning systems. Stochastic automata with reinforce-~
menf scheme have been used by Varshavskii and Vorontsova, Fu,
McMurtry, and McLaren [14,15,46 ] for the design of optirhal and

adaptive controllers.

The first paper dealing with a11 aspects of probabilistic
systemé was written by Rabin [39]. In his paper, Rabin generahzed
the concept of finite automata developed by Kleene, Rabin, and

Scott [ 27, 40]. A probabilistic automaton (p.a.) is defined as a
system with a finite set of states and a transition probab111t»y '

table. The system may receive mput from an input alphabet
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If the system is in a certain state when a certain input is applied,
the system can go to any one of the states of the system with a
certain probability. By introducing a threshold value, called
cut-point, for determining the acceptance or rejection by the
system to any tape of input symbols, Rabin has proved that
deterministic automata are included in probabilistic automata.
Several interesting properties about probabilistic automata such as
the number of states and the problem of stability have been investi~
gated. The work of Rabin has been well extended by Paz [36].
Another approach was made by Carlyle [6,7,8 Jin generalizing
finite automata in the sense of Moore [ 31]. A Carlyle's stochastic
sequential machine is essentially characterized by a family of matri-
ces each one of which indicates the state to state transition probabi- -
lities for a certain input sequence and a certain output sequence. '
Equivalence among machines was thus defined and reduced forms
for stochastic sequential machines can be obtained. Another
attempt in generalizing deterministic automata was made by Bacon
[1] in the problem of decomposition. Decompo sition theorems
similar to those found by Hartmanis [ 24] in the deterministic
case have been found and proved. Page [ 32] studied several
equivalence relations among sequential machines and therewith

obtained the behavioral equivalence between deterministic machines

and probabilistic¢ pachines.

In the literature, the definition of a probabilistic system
varies from one paper to another. The essential feature common
to all different definitions is the probabilistic nature of the state
transitionswhich can be denoted by a state - tran sition matrix. This

is the sole object of our investigation. Thus in Chapter II, we shall
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define a stochastic automaton éé a probabilistic automaton with
final states undefined or a stochastic sequential machine with
output undefined. [tis seen that a stochastic automaton so defined
possesses the common factors to all probabilistic machines of
different models and can thus be transformed to any one of them.
Starting from deterministic computation channels, the concept

of finite stochastic automata is introduced through discussions on

their relationships with related subjects.

Chapter III then introduces the geometricconcept which
we shall use as our tool in attacking the problem of analysis of
stochastic automata. The traﬁsition matrix of a stochastic automaton
is regarded as a mapping of the state-probability-distribution.

The range of the mapping is a polyhedral convex set,determined

by points that are row vectors of the transition matrix. As the
transition matrix is stochastic, all points in the range of the
mapping are contained in a convex polyhedron. In order to reveal
certain characteristics of a transition matrix, certain properties
of points in the range of the mapping are inve stigated. Definitions
of parallelism and projectivity  are introduced. Dimension of the
rangé of a mapping is discussed. The whole chapter thus provides

the mathematical background for the rest of our investigations.

Based on tﬁe geémetric concept discussed in Chapter III,
Chapter IV discusses the problems of serial combination and serial
decomposition of finite stochastic automata. Methods for decompo-
sing a transition matrix into two matrices in series are given.
Theorems assurring the validity of the methods are proved.

However, as serial decomposition of finite stochastic automata has



little practical application, more weight is put on the problem of

serial combinations.

Chapter V deals with the problems of parallel combination
and parallel decompo sition of finite stochastic automata. Geometry
meanings to the points in the range of the mapping of the combined
matrix are discussed in detail. The necessary and sufficient
conditions that a finite stochastic automaton admits a parallel
decomposition are formulated and proved. Methods of te sting and

decomposing, together with an illustrating example, are given.

A special class of finite stochastic automata called definite
stochastic automata is discussed in Chapter VL Similar to
deterministic automata, definite stochastic automata are defined
as finite stochastic automata which have a certain fixed state
probability distribution after a definite number of input symbols
are applied and irrespective of the initial di stribution. The geometric
implication of the transition matrix of this kind of automata is
discussed. Decision procedures and illustrating example are
" given. ‘

The last Chapter of the thesis is a brief conclusion and

remarks on the whole work.
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CHAPTER 11

FINITE STOCHASTIC AUTOMATA

2.1 Motivation

Any system which receives signals from an external source and
which gives out signals is analytically an information transformer
where the incoming information is carried by the input symbols to the’
system and the outgoing information is carried by the output symbols
from the system. If the system is a communication channel, informa-
tion is to be retained. If the system is a computation channel, infor-
mation is usually to be reduced. In the later case, the transformation
of information is governed by a transition function which can be expli-
citly expressed by a transition table. If the system has memory, part
or all of the information received is stored in the system. The infor-
mation to be transformed is now not only that from the external
source but also that stored in the system. In case the system is
noisy or the transformation of information is not deterministic but
rather governed by certain fixed probability while the external input
is still deterministic, the information stored in the system can not
be surw,i.e. at any time instant, what we are sure of is not a
certain state symbol but a certain states probability distribution.

Such is the case of a stochastic automaton. In the following, we are
going to describe the stochastic automata through discussion of their

relations with related subjects.

2.2 Combinational networks, automata, and sequential machines.

In all the following discussions, all systems are assumed to
be discrete. Starting from the simplest case, consider a computation

channel which is noiseless and memory-free. We denote an input symbol



to the system as CIi , the set of all input symbols as = ,while an
output symbol «f the system is denoted as z , and the set of all
output symbols ias Z. The input symbol Gi.. ‘s in fact a vector.
The number of components is equal to the at.mber of input
variables. Thus Oi is a certair} ordered vaiuition of the input
variables. Similarly, Zj is a certain ordere:l valuation of the
output variables. The system transforms the information carried
by cri to the information carried by zj. Cr we may say that the
system is a mapping which maps an element o, in Z onto an
element zj in Z. Such a system can be realized by a combina-
tional network. In this sense, we define a combinational network

as:

Definition 2. 1:

A combinational network is a discrete system
C=<Z, M, Z>

where
> . a finite set of input symbols

7 +. a finite set of output symbols

M a mapping

z M -7,

Such a system is diagramtically shown in Fig. 2.1,

z Z
p— Y S s———

Fig. 2.1 Diagramatic representation of a

combinational network.



Explicitly, C can be expressed by an output function table.
For illustration, suppose the information input to a combinational

network C1 is carried by binary variables X XZ’ and X

1’ 3’
and the output information by the binary variables f1 and fz.

Let the values of each binary variable be 0 and 1. Then

z = {01, Oys Ogs T4y Ogs Opy Oqn Og }
where o, = o0 0 0

o, = o o 1

0, = o 1 O

Oy = o 1 1

Oy = 1 0 O

06 = 1 o 1

07 = 1 1 0

08 = 1 1 1

The fir st component of ci is the value of Xl’ the second, that of

XZ’ and the third, that of X3. Similarly,
Z = {Zl’ Z, Z3s z4]
where
z1 = 0 0
z2 = 0 L
= i
z3 0
= 1 1
%4




The fir st and second components of z, are the values of fl‘ and fz,

respectively. If the mapping M is such that

M(oi) = M(c3) = M(o4) = z1

M(cz) = M(cs) =z,

M(o 8)= Zzg

M(o M(O'7) = z

6 =
then the output function table will be that shown in Table 2. 1;

4 2

Table 2.1 Output function table of C1

X, X X hH %
O'1 0 0 0 0 0 z1
02 0 0 | 0 1 z,
0'3 0 i 0 0 0 z1
0'4 0 1 1 0 0 z1
0‘5 1 0 0 0 1 z,
0‘6 1 0 1 1 1 z4
0‘7 | i 0 i 1 z,
0‘8 1 i 1 1 0 23

If the system has memory, then the information to be transformed
will be those of the external source together with those stored in the
system. Let the information stored in the system be carried by the

symbol 8,5 called state. The set of all such symbols is S. I all



of the information transformed by the syste:n is stored in the
system, then the mapping M will be

(xS ' —M =5,

Such is the case of a Moore model sequential rmachine.

Definition 2. 2:

A Moore model sequential machine {31 jis a system /\41

M1 = < Z ? S’ . M) O H Z >
where =, Z are as in Definition 2. 1

S : a finite set of internal states

M : a mapping

(Zx9S) ——M"'" S;

M(Gi, Sj) = 8 Oie =z sj s skES

O: a mapping

S —=—>7Z;

O(s.)=1z. , s. €S , z. € Z.
i ) 1 J

A diagramatic expression of a Moore model sequential machine

is shown in Fig. 2.2, where D is the unit delay.

p
ﬁ Z
M > 0 =

Pl

Fig. 2.2 Diagramatic representation of a Moore model

sequential machine.
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If neither all the information transforrmed by the system are
stored in the system nor all of thein are used as output, then we

have a sequential machine of tne Mealy type.

Definition 2. 3:

A Mealy model sequentizl machine [29] s a syster M,

MZ = < z ’ s’ M’ O ) Z >
where x, S, M, and Z are as in Defin.tion 2.2

(ZxS)——-—C-)——72.

~

A Mealy model sequential machine is shown

in Fig. 2. 3.

z Z

— O —>

P

M [r—e——1

N2

f-'D—W P

Fig. 2.3 Diagramatic ropresentation of.a Mealy model

sequential machine .

Definition 2. 4: (Rabin and Scott)

A finite automaton is a system M3

M3=<Z, S, M,so,F>

where =, S, and M are as in Definition 2.2

so + initial state

F : subset of S, called final states.
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Thus except the emphasis of initial state, a finite automator /\43
is a special Moore model sequential machine having a Z which
contains only two elements; one associates with all states in F, and

the other, with all states not in F.

From the above definitions, we see that the common part in all
systems with memory is the triple < =z, S, M >.
This is the essential and most interesting part of a discrete system.
As machines of different models can be transformed from one to
another easily , we may assume, without lost of generality, that

the output of a system with feedback depends on the internal state of

the system.

2.3 Deterministic machines and stochastic automata

All the systems described in the previous section are said to be
deterministic because at any time instant t, the probability that an
input symbol Oi is applied to the system, the probability that the systemn
is in state sj , and the probability that the transition M((T_1 , Sj) = sk
‘takes place are all assumed to be either 1 or 0. If all probabilities

are not restricted tobe 1or 0, then the output will be probabilistic.

Consider the case that the applying of the input Gi is determinis=~
tic, .but the system is probabilistic, i.e. the probability that the tran-
sition M(o i sj ) = sk takes place is neither 1 nor 0, butis a
certain value between them. In such a case, given an input symbol ;
while it isin S¢ate sj' the occurrence of next state is governed
by a fixed probability distribution. Therefore, after a time of unit
delay, the occurrence of next state is not deterministic, and what
we can be sure of is a probability distribution over all the states of the

system. Denote such a state-probability-distribution as W, and the set
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of all wi s as W. Then we may define a finite stochastic automaton

as:

Definition 2.5:

A finite stochastic automaton is a system Q

Q =<z, S, W W, M >
where =, S are as in Definition 2.2

wo o initial state-probability=-distribution

w set of all state-probability-distributicns
M : a mapping

M
(Z x W) > W.

The mapping M in the above definition is characterized by a

set of matrices {Ac 1. Gi € = , where every row of the matrix A0
i i
is a stochastic row vector, i.e., every component is non-negative and

all components sum up to unity. The entry a4 (Oi) of a matrix Aoi is

the probability that when the system is at staf:e sj and an external

input symbol Ui is applied, the next state will be Sy If at time t,

the state-probability~distribution is Wj’ and an input symbol oi is

applied, then the next state -probability -distribution will be W, s where
wk=M( o‘i,wj)'= Wj' AO.i

Let Mg, be a mapping characterized by the matrix A; . Then M is

i i
a set of mappings

M={Moi/0i€2}.
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Let any length of sequence of the input symbols be called a

tape. Let

x = 0 02 Ggeees o, (2.1)

be such a tape. For a finite stochastic automaton Q defined in
Definition 2.5, starting from an initial state -probability-distribution
W the state-probability-distribution after a tape x in Eq. (2.1)

is applied will be

. A_. A i eeeisesaceneneese A5 = . .
wo 0.1 o, Gn w0 Ax

The "finite stochastic automaton so defined possesses the
essential feature of a probabilistic system. Any model of ‘probabi -
listic machine can be regarded as a finite stochastic automaton
with certain specific features, For instance, a probabilistic combi-
national network is a finite stochastic automaton without memory.
In this case, the set S of Definition 2.5 is the output of the

probabilistic network and

z M > W.

Definition 2. 6:

A finite stochastic automaton without memory is a finite

stochastic automaton 2 where the mapping M is

= M > W.

For specific purpose, a deterministic output Z together with
specific output function O may be added to a finite stochastic
automaton. As in the deterministic case, Z. may depend on the

input and the state -probability~distribution or on the later only, i.e.
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(Zx W) ——> Z

0

or v ———> Z.

Let F be a subset of S.
F = 8; 8: g e e s 00 00 e 00 0 e v s 0 e ’ 3 .
( 4 12 iy )

F
Let ’l be a column vector with components }ZF , where
i

TF= {(1) 5 € (igs dprevnnernnn T

i otherwise.

Define U, a subsetof W, as

U={wi/wi€W, Wi"l >N}

where A 1is a real number, 0s\ < 1.

Let the initial state-probability-distribution W be assumed to be

concentrated in one state s, andlet Z= {1,01}.

Define the output function as:
1 if w. €U
o w,) = {
0 otherwise

Then we have a probabilistic automaton with cut-point \ as

defined by Rabin [39] and Paz [36]. In this case, a tape xis said

to be accepted by the probabilistic automaton if and only if
. A = 1.
Otw_. A_)

In other case, let the output function () be defined as

ots) = =

where Zi is a real number and is called the output from state s,.
i
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Then we have a probabilistic sequential machine /Wp as defined by

‘Page [32] .

Evidently, machines which are deterministic, are a sub-class
of machines. which are probabilistic. As pointed out by Rabin [39],
every set of tapes definable by a deterministic automaton is definable

by some probabilistic automata. However, the coverse is not true.

Rabin and Paz both have given examples [39 ,36] showing that there

exist events which are definable by probabilistic automata but not

definable by deterministic automata.

The behavioral equivalences between probabilistic machines
and deterministic machines has been shown by Page [32]. According

to Page, the expected value of output for an input tape x of a

probabilistic sequential machine .Mp is defined as
EMp(x)=wo. Ax. z for x in %
where Z is a column vector whose ith component is z,.
3 ® n
and = = U X

n=o0
while =° denotes the empty tape. The reduction relation is
pty tap E

thus defined as

. - E .
X, >RE x.j iff EM (xi xk) Y, (xJ xk)
P P
for all x € =% and
for all w € W.

‘

Defintion 2.6 (Page)

(x) is the resgnse of Mp to input tape x. If Mp is
|
deterministic, M (x) is the state of /V/ after an input of x.

If M ijs stochastic, rp M (x) is a random variable taking on values

wh1ch are states with distribution w . Ax
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Theorem 2.1 (Pagg):

The reduction relation RE defined by a probabilistic sequential

machine Mp has finite rank if and only if there exists a finite deter-

ministic machine M'P with a deterministic output O |, such

Mp

o, (rp, (x)=E _ (x), ¥ x €z
MP P MP

The deterministic machine Jf 'p stated in Theorem 2.1 is a

that

finité sequential machine with deterministic state transition while

with each state of M'p’ there is an expected value of output which is
equal to that of one equivalence class of RE This concept of expecta~
tion equivalence can be generalized to N-moment equivalence where an
N-moment reduction relation RN is defined. The equivalent deter-
ministic machiﬁe in this case will have deterministic state transition
with each state connected to a random device which gives the same
expectation and N-1 moments as those of one congruence class of RN

of the probabilistic machine.

tochastic automata and Markov chains.

A stochastic automaton defined by Definition 2.5 can be analyzed
with the aid of the theory of Markov chains. For as can be seen, a
stochastic automaton £ with Z containing only a single element is
nothing but a Markov chain. If = is nbt a single element set and
that the transition matrix is different for different input, then £ is a
non-L. mogeneous Markov chain. Udagawa and Inagaki [ 44] have
shown that a stochastic automaton  with output set Z can be
expressed as a simple Markov chain if the following assumptions
are made.

1. the input is a simple Markov chain;

2. the output has no effect on the Markov process of the input;

3. the output at time t = V depends only on the input and

state at time t=V .
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4. the state at time t = V+ 1 depends only on the input, state,

and output at time t = V.

Let the input symbol, the state symbol, and the output symbol
combined together be called a total state symbol. A stochastic
automaton with output Z is thus a transformation of fhe set of all
total states to the set itself. This transformation is characterized
by 2 Markov chain. By assigning an additional state S ? called
erroneous state, to the set S of a finite stochastic automaton Q,
the Markov chain obtained above is changed to a Markov chain with an
absorbing state. Using such a chain, Udagawa and Inagaki have shown

that the reliability of a sequential machine can be thus accurately

evaluated.
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CHAPTER III

PROPERTIES OENPOINTS IN A SIMPLEX

The purpose of this chapter is to. provide a mathematical back-
ground for the inve stigation in all the following chapters. As men-
tioned in the previous chapter, any probabilistic system can be
regarded as an information transformer. The transformation of
information is characterized by a transition matrix which is sto-

" chastic and can be regarded as a polyhedral convex set determined
by points which are row vectors of the matrix. The transition matrix
is thus characterized by such points. Inve s'tigation of the properties
of such points would thus reveal the properties of the transition

matrix, and in turn, those of a finite stochastic automaton.

3.1 »~>implex

In this section, for reference purposes, we are going to intro-

duce some terminology and definitions, although most of them are
well-known.
n
A vector in an n-dimensional affine space § isalsoa point

in the same space. Two points P, and P, determine a line Py Py -

Any point p on the line P, P, can be expressed as
= . + - = .
p=ap to,ps oyt =t

A convex set is a set containing points such that if points

Py and P, are in the set, then the whole segment PP, is in the set G.

An extreme point of a polyhedral convex set G is the intersection

of (n-1) bounding hyperplanes of G where (n-1) is the dimension of G.

Let di’ dz, e 'dk be points of G. If any point pin G can be written
. k .
=aq,d, +..... + =1, a, 2 0f 111, 3.1
p=o d1 + o dk’ 51 a, 1 a, or alli ( )
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Then we call di's, the determining points of G. And we denote G

as G = [di’ dy,. .. ,dk] . I all di's are extreme points of G and
k = n where (n-1) is the dimension of G, then the expression of pin
Eq. (3.1) is unique. Clearly, for a convex set G any set of determi-
ning points contains the set of all extreme points, but the point set
determined by both of them are the same G. A well known theorem

about a convex set G is worth mentioning here.

Theorem 3.1: (Kemeny, Mirkil, Snell and Thompson) [26]

Let G be a bounded polyhedral convex set. Then

(1) Every point in G can be written as a convex combination

of extreme points of G.

(2) Every point p that is a convex combination of the

extreme points of G belongs to G.

Theorem 3.1 is still valid if we replace the term "extreme
points" in the theorem with "determining points". The relationship
between extreme points and determining points is that the extreme
points are not necessary linearly independent. Let dl’ ..... , dn be
points in s". They are called linearly independent if the vectors

..... o’d"'d
n .

d -d4,, d,-d are linearly independent. Let

2 1 3 1’ 1

dl’ ..... , dn be linearly independent. The convex set determined
by these points is called a simplex of vertices dl’ ...... s dn'

Every point in the simplex can be expressed as a convex combination

of the vertices of the simplex. Conversely, every point thatis a

convex combination of the vertices of the simplex belongs to the simplex.
A face of a simplex G isa simplex determined by vertices which

are a subset of the vertices of G. A simplicial complex isa

collection K of simplexes such that
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a). every face of any simplex belongingtoK'is inK : and

b). if Gi’ G2 are simplexes ,G1€ K, then G1 n Cv‘2

is a common face of G1 and GZ.
If K is finite, then it is called a finite simplicial complex. The
union of point sets of all simplexes of a finite simplicial complex

is called the polyhedron of K .

3.2 Points in a simplex

Let V be a collection of vertices where the number of vertices
is n and each vertex is a point in an n-dimensional space. Assume
that these n points are not contained in any (n-2)-dimensional
hyperplane. .Denote the simplex determined by these n
vertices as AV . A point p in A'V can thus be uniquely expressed
as a convex combination of these n points. Let dl’dz’ ..... , dn be

these n points, then

n
= ceees T , .= 1, . 2 0.
P a1d1+u2d2+ andn iZa 1 a 0

Written in another way, we have

p=(o,1, CPUREREE , an). (3.2)
Let v be a vector such that its ith component is either 0 or a i
of Eq. (3.2), fori=1, ....,n.Let T be a set of such vectors.
Let Vi = (Bii, BiZ’ ee s 3 in)
o= (B.,sB., ... , B.
Y ( i1’ 2 Jn)

be any two elements of T . Define a binary operation "@" as :
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Vi ® Vj = (E“@ le, 8129 sz, ..... P Bin@ Bjn)
where Bik® Bjk = Bik if Bjk = 0
Bjk if Bik =0
0 otherwise

then I' is a group with operator "@ ", and with the element
O = (0,0,..... , 0)

as the identity. The generating elements of the group I' are those
elements which takes only one component of p as its only non-zero
component.

Let i"j,j=0, 1, 2,..... , D
be the subset of T containing elements which have j non-zero com-

ponents, then
Fi ﬂrJ= @ for i # j

u T, =T
i S
and all Tj's with even subscript form a subgroup of I'. Thus for

any point p in Ay, there associates a group . The number
of elements of I' depends on the number of non-zero components

of p. If p has r non-zero components, then

#(T) =2,
where #(I‘ denotes the number of elements of T.

since every elemenéé of T .is a vector, each oue excépt the
O element can be normalized to have unity sum. This normalization
in fact is a mapping MN which maps [ into a point set N in AV ,
by defining MN (O) = &
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where 6 is not existing in A and will be called an imaginary point.

Every element of N is called an image of p.

Let M._ (T)y=N, , i=0,1,2,..... , n.
N i i

We call Ni the set of all images of p in all (i ~ 1) - dimensional faces

of Ay . Clearly
(e}
{pl

N

o}

!

N
r

if p has r non-zero components.

Thus for any point p in IlVA , there corresponds an image (may be 6)
of p in every j-dimensional faces of Ay, forj = 0,1,2,..... , n~ 2.
Similarly for a point set G contained in AV there corresponds an
image set of G in every j-dimensional faces of AV ,for j=0,1,2,..

., n=2.

Denote the image of a point p. in the kth j-dimensional face
of AV as Py - Two points p and q are identical if and only if
pjk = qjk for all j and k .

If p and q are not identical, then they are distinct .

3.3 Projectivity and parallelism

Definition 3. 1:

A line in a simplex . My s said to be "projective”
to a j-dimensional face of I\Vif each polnt in the line segment
within AV has either the same image or 6 in the face.

Note that the relation "projective” so defined is not commutative.
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In the sequel, assume that J and K are subsetsof V,

i.e. V J

0

VEJ_K

and that J has j points and K has k points. Denote the face of A\

determined by points of J as AJ' Denote the image of a point p

in /\J as Py and that of another point q as q.. Then we have

Lemma 3.1:

A ’ A ’ b4 ? i
Let Ay 3 8 p, q pJ‘and aj be as defined above, then

the line determined by P and q is projective AJ if

or Py = 8
or q; = 8 .

This is evidently seen by Definition 3.1 and Eq. (3.2).

Definition 3.2:

A hyperplane in 2 simplex AV is said to be projective to
a j-dimensional face of A v if every line in the hyperplane is

projebtive to the face.

Lemma 3.2:

Let a point in AJ be Py and let the simplex formed by P;
and all points of J be denoted as A(TUp y where J is the

complement of J in Vv, then A is projective to AT'

(T Upy

r
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Proof:

Every point in A( Tu p can be expressed as a convex com-

bination of points in (T UpJ). Thus for any point in A(EU p.) if
’ J

the coefficient of Ps is 0, then the image of this point in AJ is P -

Therefore by Definitions 3.1 and 3.2 A = is projective to
(JU py)

Ay - . Q.E.D.
Corollary 3. 1:

If JNK = ¢
or JNK-= {d&} where d& is an element of V,
then !\J and AK are projective to each other.

A point p in AV- can be expressed as a convex combination

of its images in the faces of A v If

K., ¢ V, for i€ L where U K. =V
t : i € L

and Ki N Kj=¢, for i # j, i, JEL

Let py be the image of p in AK ,
i i

then p = =z a, p s 0 <q.. =1, Z a.=1,
ieL K ' ! i €

and this expression is unique.

Lemma 3. 3:

If a point p in AV has an image Py in AJ, then p 1is con-

tained in A(-E-U PJ)
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Proof:

p can be expressed as a convex combination of Py and p T
where p 5 is the image of p in AJ—‘. But p j can be expressed
as a convex combination of elements of J. Thus p can be
expressed as a convex combination of elements ( JU pj), By

Theorem 3.1, p isin A = . .E.
) | 4 (JUPJ) Q.E.D.

Lemma 3.4:

If a hyperplane H in Av is projective to AJ and to AK’
then H is projective to A(J NK) if JNK # ¢ .

Proof:
This is obvious since if H is projective to AJ, H will be

projective to all faces of 1\J .

Lemma 3.5:

If a hyperplane H is AV is projective to AJ and to AK’
and the images of H in l\J and AK are not 0, then His
projective to A(J UK)’ if JNK # ¢ and the imageof Hin A(JﬂK)

is not ©.

Proof:
Let the image of H in A(J U K) be H(J UK)’ then H(j UK)

is projective to AJ and to AK' Every point of H(JUK) can be
expressed as a convex combination of the vertices of (JUK).

Since AV is determined by n points and those n points are

. assumed before not to be contained in an (n-2)-dimensional hyperplane,
the expression of points of I-I(J UK) in terms of vertices of (J UK) is

unique. Because H is projective to AJ, every point of

(J UK)
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H(JUK) will have image 6, or a certain point, say Py in AJ.

Similarly, every point of H(J UK) will have image 6, or a certain
Py in AK' By assumptivon, H(J UK) is not 9, Py > the image of

. . _— R .
P; in A(JQK)’ 1s'not @ . Similarly, Py ¢ the image of Pk in

, is not &. Since H(JUK) is prd]jective to .AJ and to AK’

is projective to A(J’ﬂK)' Thus ka =
" Now for those points in H(JUK) which have image 8in A 5

A(J NK)

by Lemma 3. 4, H(J'UK)

pK.'
J
(AK), their images in AK(AJ) must be 8 also, for otherwise let q
b f th ints, i i i
e any of these points, if q has image q. (qJ) # 0in AK( AJ),
since q has image 6 in AJ (AK), Qe (qJ) will have image 6 in

A s h . 3 - 3 -

(7 NK) thus qK (qJ) is distinct to pK (pJ) which has image
. A . T » . * 3 . -

ij (ka) in (7 NK) his is contradictory to the assumption that

H is projective to AK (AJ) .

Thus those pcints in H(J UK) which have image 6 in AJ have
image 6 in AK and those which have image p; in AJ have image
Py in AK . The first set of points contains only ® while the second
set of points contains only one element because all points in this set
have the same images p; and Py in AJ and AK respectively
which implies that they have the same images in every faces of
and are thus identical. Since H contains only one

A(JU K) (JUK)
point, H is projective to A(JUK) by Definitions 3.1 and 3.2.

Q.E.D.

Definition 3. 3:

If pinAV,

p = o,pJ'i' ? BipKi

snUxK, = ¢
i 1

then a is called the weight of p with respect to AJ.
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Definition 3. 4:

A hyperplane H in Ay is parallel to AJ if all its points

" have the same weight with respect to AJ.

Following this definition, some properties about points in AV
are immediately obtained which are given as T.emmas 3.6, 3.7, and

3. 8 without proof.

Lemma 3.6:

A, .
Let AJ, g 28 defined before, then 1\J and AK are parallel

to each other if and 6nly if JNK= ¢.

As a matter cf fact, AJ and AK in Lemma 3.6 are parallel

and projective to each other at the same time.

Lemma 3.7 :

If a hyperplane H in AV is parallel to AJ and to _/\K,

then H is parallel to A(JUK) if JNK = ¢ .

Lemma 3.8 :

If a hyperplane H in A Vis parallel to AJ and to AK’ then
H is parallel to ‘A(JUK) if JNK # ¢ and H is parallel to A(JﬂK)'

3.4 Dimensionof a hyperplane in 2 gimplex

In this section, we are going to formulate some re sults about
the dimension of a hyperplane which possesses the properties of
parallelism or projectiveness.

Lemma 3.9 :

If a hyperplane H in A—V is projective to AJ. then the

dimension of J is at mo st (n-}).
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Proof:

Suppose a point p in H has image Ps in AJ, then by
Definitions 3.1 and 3.2 and Lemma 3.3, H is contained in
A(TUPJ) and has dimension at most (n-j). Q E.D.

Lemma 3.10:

Let a hyperplane H in AV be projective to AJ, and to AK.

(1) ¥ JNK = o

then the dimension of H is at most (n=j-k + 1)

(2) I JNK # ¢, but H(mK) ¢ {01, |
then the dimension of H is at most [n - FIUK)],

where #(JUK) denotes the number of elements of (JUK).

Proof:

The truth of Part (1) is due to Lemma 3.9, and that of Part

(2) is due to Lemmas 3.5 and 3.9.

Corollary 3. 2:

If a hyperplane H in AV- is projective to AJ and to A.—f’

then the dimension of H is at most one.

Lemma 3.11:

If a hyperplane H in Ay is parallel to AJ, then the

dimension of H is at most (n-2).

Proof:

Since every point of H has the same weight with respect to’ AJ,
there exists a linear equation among the components of any point of
H other than the equation that all components of a point in AV sum up

to unity. This new equa.tion indeed indicates a hyperplane in AV with



dimension (n-2). H being contained in this hyperplane so its

dimension is at most equal to (n-2). Q.E.D.

Lemma 3.12 :

If a hyperplane H in A’V is parallel to AJ and to AK’
where J # K, JUK # V, then the dimension of H is at most
(n-3).

Proof:

Since J # K and H is parallel to AJ and to AK' by
Lemma 3.11, H must be contained in the intersection of two
(n-2) -dimensional hyperplanes are distinct. Therefore the

dimension of H is at most (n-3).

Proof:

Since J # K and H is parallel to AJ and to AK’ by
Lemma 3.11 H must be contained in the intersection of two
(n-2) -dimensional hyperplanes. And since JUK # V, these
two (n-2) -dimensional hyperplanes are distinct. Therefore the
dimension of H is at most (n-3).

Q.E.D.

Corollary 3. 3:

Lemma 3.12 if JNK # ¢ and H is also parallel to

A(JﬂK)’ then the dimension of “'H is at most (n-4).

3.5 Geometric interpretation of a transition matrix.

For a finite stochastic automaton defined in Defintion
2.5, corresponding to any input symbol . there is a state

transition matrix Ao . If the number of states of  is n, i.e.
i
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#(S) = n, Ac is as shown in Eq. (3. 3)
i
! ]
S1 sz ......... et e e s!
8, a.11 aiz'. et e e s e s a1n
sz a..21 azz .................... azn
. 08£a,.<1t, for
A= M
;i all i, j
n .
> a,, =1forall i
j=t 1
Sn a.ni anz e e e s e e e -ann
(3. 3)
Let w =(wﬂ, wiZ’ e e , win
W, =(W,,, W, reeeocasess , W,
J i j2 jn

be row vectors with n-components where Wk is the probability

that at the time 0. is applied, the automaton £ is in state Syc?

and Wj L is the probability that after o, is applied and the state

transition is completed, the automaton £ will be in state s, .

Clearly,

wj is the next state-probability-distribution.

W, is the present state-probability-distribution and

If an input symbol

o) i is applied to Q when the state -probability-distribution is

w., then
i

A0‘i can thus be regarded as a mapping Mc
i

M = .
op %3 7

where
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The domain of the mapping Mo. is a polyhedral convex set En;
the extreme points of En are unit vectors e, ez, ...... , € .
(An ith unit vector e, is a row vector where the ith component

is 1 and all other components 0.) Any w, in En may be written

as a convex combination of the extreme points of E namely,
n

w, =2 0 for k=1,2,...... , 0.

Let the range of the mapping Mo . be denoted as R0 .
i i

Theorem 3.2:

For a mapping Mo characterized by the stochastic matrix

Ao as in Eq. (3. 3), thelrange Rc of the mapping Mo is a
i i

i i
polyhedral convex set, and if the domain of MO‘ is En’ then En_:_b R, -
i i
Proof: '
From Eq. (3.3), any point w_ in Ro is
n ) n i n
= . = E) - - FEC B IR ) Z .
Vit W Aoi (2, Yix Pkt’ oy ik K2 ZVikPkn )
=w,y (a3 ey ) ¥V Hapqragpserrerrdp)*
...... + w.o (a RLIPYEREEER a
where
w, = (w X wiZ’ ..... , win)
is a point in En
Let ‘u.k=wik for k=1, 2,....... , 0}
and let
= (@, ,,8; oseeense , =1,2,..... , n; .
2, (akl’akz’ kn) for k 2 n (3.4)
+ aa

then wj = a1 a1 +cu,za.Z i 2n
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Since

'ﬁ'Mu

n
= Z w, =1
{ kT gy ik
and a. 2 0 for k=1,2,..... , n;

Rc is thus a polyhedral convex set with determining points a;, a,,.

By Theorem 3.1, a belongs to En' Similarly, every determining

i R . . .E.D.
point of o belongs to En Therefore En 2 Rc,i Q.E.D
The following example will illustrate the relation between

the domain and the range of a square matrix of order 3.

Example 3.1:

For a mapping Mc characterized by the transition matrix

A0 as shown in Eq. (3. 5)’; the domain E_ is the triangle determined

i
by the unit vectors e

3

1€ and €, and the range of the mapping
Mc is the triangle determined by three determining points a,2a,,

.’e

andla 3 where

e, = (1,0,0)
e2=(011’0)
e3=(0,0,1)
a1=(0.6,0.3,0.1)
a2=(0.2,0.5,0.3)
a_ = (0.3,0.3,0.4)
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| t |
s s s,
5, 0.6 0.3 0.1
A= 5, 0.2 0.5 0.3 (3. 5)

The fact that E:)AG is evidently seen and can be shown
i

as in Fig.3.1.

Fig.3.1 Range and domain of the mapping MU
i
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CHAPTER IV

SERIAL COMBINATION AND DECOMPOSITION
OF FINITE STOCHASTIC AUTOMATA

4.1 Multiplication of stochastic matrices.

For a stochastic matrix, we mean a matrix with real nonnegative
entries and with unity row sums for each row. Multiplication of sto-
chastic matrices results in another stochastic matrix, the set of sto-
chastic matrices is closed under the operation of multiplication.
Interesting properties related to the multiplication of a certain class
of square stochastic matrices have been found and applied to the ergodic
theorem of Markov chains [22,35,47]. Any stochastic matrix can be v
rg_garded as a mapping with a domain and a range as mentioned in
Section 3.5. In this section, we shall investigate, based on this concept,
certain properties related to the ranges of the product matrix and those
of its component matrices.

Let A be an nx? stochastic matrix and B be an 4xm stochastic
matriir.. Let the mappings corresponding to A and B be denoted as

M and M. respectively. The domain of M, is En’ where

A B A
En = [ei, LY ERRRE s en]. The.range of MA is RA’ RA= [ai,az,.
...... , an] , where a, is the ith *ow vector of A. The domain of MB
is E&, E’b= [ei, L IYRRRREY e{‘]. The range of MB is RB,
Ry = [bvbz’ ..... , b&] , where bi is the ith row vector of B. Let

C be the product of A and B, i.e.

C =A"'B.
Then C is an nxm stochastic matrix. The corresponding mapping of C
is denoted as Mc. The domain of MC is En’ while the range of MC

is R RC = [Ci’ Cos wrnces cn], where c, js the ith row vector of C.-

C’
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be as defined above.

| Let A, B, C, RA’ RB’ and RC
C=A"'B,
then RB =) Rc .
Proof:
Let
a1 a11 a12  eceeven aH‘
az a,z1 a‘?‘2 ........ a24‘
A = =
a'n ani a'nZ an’b
"
b1 b“ biz ........ bim
bz b21 b22 ........ me
B = =
by Py br2 b4m

If



2 4 4 4
Th = . b, Za, b.,. z
en 1:1311 il i:1a11 i2 i=1aiibim =1 i bi
4 4 4
= b, = I - JURE . =
i._.1aZi 1 #2142 i=21321bim i:IaZi bi
C= A-B =
L 4 2 4
| Za_. b, Sa.b.,.... Za_.b Za . b,
j=t1 ni it 4oy noi i2 j=q nioim j=1 M il
JoA 4
where bi = (bil’ biZ’ bi3’ e ee e , bim)

Thus every row vector of C is a conve

vectors of B, i.e. every determining point of RC

of the determining points of RB.

f R
ot ®c

R RC.

o
B —

As RC

and projectivity . of RB, i.e.

parallel (or projective) to a face l\J

On the other hand, as

R. = Mg (R,)

and as MB
the linearity of R A

Lemma 4.2:

Let B and C be stochastic matr

If A- B=C,

then A is stochastic if and only if

are contained in RB.

is always contained in RB ,

is affine because B is stochastic,

Therefore

if Rj3

> R

RB" o

Re

% combination of the row

is a convex combination

is in a simplex

A Va.nd is

By Theorem 3.1 all determining points

Q. E.D.

RC preserves the parallelism

-

of AV’ then so will be "RC.

will preserve

jces, and A be a matrix.
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Proof:

If A is stochastic, then by Lemma 4.1, RB o) RC .

On the other hand, since A« B = C, every row of A can be
regarded as the coordinates of a determining point of Rc with

respect to the determining points of RB . If RB 2 R every

Ci
determining point of RC is in RB, and by Theorem 3.1, it can
be expressed as a convex combination of the determining points of
RB. Thus A is stochastic since every row of it is stochastic.

Q.E.D.

Theorem 4. 1.

Let B and C be stochastic matrices. Let RB and RC, the
ranges of mappings B and C respectively, be in the same space,

i.e. B and C have same number of columns. Let b, ..bmiandc . .,Cc_ . be
. Mj© Mj’ “m]j

the maximum and minimum components of the jth column vectors of B

and C respectively.

Rp2 B¢
=
then ij ch
b % c . (forall j.

m) mj

Proof:

Let c, be any determining point of RC. Since RB = RC s
c, can be expressed as a convex combination of the determining points
of R_, i.e. there exists a stochastic row vector d with number of

components equal to the number of rows of B such that

d -B = c,
i

"Let c,j be the. jth component of c, and b be the jth column vector
i
of B. Then we have

d-bJ = c,.
ij
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Let bJM

all components by ij and bmj respectively, then

i : j
and brn be the vectors obtained from b’ by replacing

J
. = b
d* by Mj
a-bv =b_..
m mj

Since all components of b are non-negative

o gg.8 s g-b
d'b  Sd-b d - by,

< <
thus bmj Cij ij .

This is true for all i.
Since cij is the ith row and j~th column entry of the stochastic matrix

C, we have

bm. < C i

J ) (4. 1)
>

ij 2 ch

For the same reason, Eq. (4. 1)is true for all j. Q.E. D.

The multiplication of matrices does not commute in general
except in some special cases. We now define a special kind of symp-~

metric matrix called totally symmetric matrix as follows:

Definition 4. 1:

A totally symmetric matrix A is a symmetric matrix

such that
a.. = a for i=j
1)
a.. = B for it
1)

and a > B.
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Any symmetric matrix is naturally a square matrix.

The inverse of a totally symmetric matrix is still totally
symmetric. Thus for any order n, the set of all totally symmetric
matrices is a commutative group under the oper ation of multiplication

and with I as the identity.

Definition 4.2:

A totally symmetric affine matrix A is a totally symmetric

matrix such that Z) ai. = 1 for all i.
i

Since the inverse of an affine matrix is affine, for any order
n, the set of all totally symmetric affine matrices is a commutative

group under the operation of multiplication and with 1 as the identity.

Definition 4. 3:

A totally symmetric stochastic matrix, A isa totally symmetric

affine matrix such that 0 = aij < {1 for all i,j.

Physically, a totally symmetric stochastic matrix could be the
case of a symmetric noisy communication channel.
With I as the identity, for any order n, the set of all totally

symmetric stochastic matrices is a commutative monoid under the

operation of multiplication .

Some interesting properties of a square stochastic matrix have

been found by Hajnal and Wolfowitz [22,47] .

Definition 4.4 (Hajnal) :

A scrambling matrix is a square stochastic matrix A = {aij}

such that for any two rows a, and aj of A, both aik> 0 and

a. > 0 atleastfor one k.
ik
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Lemma 4.3 (Hajnal):

If A and B are stochastic matrices and either of them is a

scrambling matrix, so is C = A- B.

A square stochastic matrix A is called indecomposable and
a-periodic (SIA) if
C = l1lim A"

exists and all rows of C are the same. Two stochastic matrices

are said to be of the same type if they have zero elements and

positive elements in the same places.

Lemma 4.4 (Wolfowitz):

If A is an SIA matrix and A-B and A are of the same type,

then A is a scrambling matrix.

Lemma 4.5 (Wolfowitz):

, A, be square stochastic matrices of the

Let Ai’ AZ"""

same order.

Let 4 be the number of different types of all SIA matrices

k

of the same order as the Ai's, then all words in the Ai's of length

> 4 + 1 are scrambling matrices.

4.2 Serial combination of finite stochastic automata.

In this section, we shall inve stigate cases when systems are
formed by combining subsystems which are operating serially.
By serial combination of two automata, we mean the case that one
of the automata is operating after the other, in other words, one

automaton is taking the output of the other as its input.
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Assume that for any automaton, feeding other automaton has
no effect on the operation of the automaton itself. Let 91 and 92
be two stochastic automata combined in serie§ as shown in Fig. 4.1.

The output of 91 is Si. It may be used as output of the combined

system as well as the input of QZ' They are denoted as Z1 and 22

in Fig. 4.1, Z 2 and 21 may be the same or totally different,

or one might contain the other, or both might have some part the

same and some part different of each other. In all cases ZZ t ¢
while Z1 may. Besides 22 ’ '
the second automaton QZ’ as shown in Fig. 4.1.

there might be another input 23 to

Figure 4.1 Serial combination of Qi and s'zz

For simplicity, in the following, we assume that 21 and 23
are empty, i.e. there are no output and input from and to the

combined system between 91 and QZ.

A. Consider different cases for different models of Q1 and
92 which are connected as shown in Fig. 4.2. In all cases, let

= = zZ. .
S1 Z)z, and 5, pifor all si(:.S1 and all pie 2
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Fig. 4.2 A simple case of serial combination of
91 and QZ .
(a) Both 91 and Qz are stochastic automata without memory:
Let 3'21 = < 21, Sl’ Wi’ M1 >
Q, © < Ez, SZ’ WZ’ M2 > (4. 2)
= S = = =
¥ HK=Z)=a, HS) Az, = 4, K8, =m,

then I\/I1 and MZ are characterized by stochastic matrices
A and B respectively. The order of A is nx?t , and that of
B is 4xm. The combined system QC is still a stochastic

automaton without memory.

QC = < Zi’ SZ’ WZ’ Mc>

where Mc is characterized by a stochastic matrix C which is
’che‘product of A and B. As mentioned in Section 4.1, RC

will preserve the parallel and projective properties of RB. Thus
while 91 is operating independently in Qc , the output of ’Qc
retains the properties of that of QZ. For instance, if for Qz, the

ratio of probabilities of occurrence over a subset of SZ is fixed

irrespective of the input, then this will be true for Qc. Or, if for QZ,
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the sum of the probabilities of occurrence over a subset of S‘2
is fixed irrespective of the input, then this will be true for Qc also.
In general, SZC operates simply as QZ with a stochastic input

which is generated by Qi'

(b) 91 is a stochastic automaton while QZ is a stochastic

automaton without memory:

Let 91 = < 21’ Si’ W Wi,M1> ('4.3)

while QZ be as defined in Eq. (4.2).

Let  #(5,) = #(Z) = ¢ .

Any element Ac of the set of stochastic matrices {AG },
k i

o, € = characterizing M1 in Eq. (4. 3) is a square matrix

1 ]
of order 4 . Starting from Ww_, the initial state probability
distribution of 91, the output probability distribution of

SZC after an input tape
is applied is

Let c = w.A_ . B.
The combined system QC is thus a stochastic automaton without
feedback, i.e. there is no feedback of information in the system,

however, the system ha¥. infinite memory of the input.

QC = < Zl’ Szf wz

where 21 and SZ are as in Eq. (4. 3) and Eq. (4. 2) respecti-

, M >
C

vely, and Mc is such a mapping:

z > W,

* .
Mc(x) = ¢y for all x621
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If #’(21) = 1, then , is a Markov chain, The input Z

1 2
to 92 is now a Markov process generated by Qi' In this
case, S'Zc is simply 8'22 with a Markov process input.
(c) 92 is a stochastic automaton while 91 is a stochastic
automaton without memory:
Let 91 = < Zl ’ Sl’ Wl’ M1 >
= < '
s‘zz EZ ’ SZ’ U, WZ’ M2 > (4. 4)

where u is the initial state-probability distribution of QZ.

Let the stochastic matrix characterizing M1 of Eq. (4.4) be A;
and the set of square stochastic matrices characterizing M‘2
of Eq. (4.4) be {Bp 1, pie z, . Let
: i
#(Z) =0, #(S) = #(Z) = 4, and &5 =m

Then the order of A is nx#4 and that of Bp is m
i

Let B

B
Pa

be an 4 - components column vector where the ith component is

€ .
Bpi, for pi EZ
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8.11 aiz. e o s 0 0 o s 31&
A = 221 Y IR 224
anl anz » & o @ @ ¢ O 0 o @ an&

where the ith row vector corresponds to the transition probability of Qi

when o, is applied, for o, € 21

P a, B B
1 i pi o4
Let Za, . B B
i 1 pi . 0'2
A -B-= = .
where
= . .1Za . . B | B
B% z1aji Bpi ni Pi Con
I
for all j.

Thus the combined system QC is a stochastic automaton.

Q = < Z

c 1’ Y w

2’ 2’ Mc z

where 21 , SZ’ u s W2 are as in Eq. (4.4). Mc is a set éf mappings
characterized by a set of stochastic matrices [Bo.}’ o, € 21 .
Since Zl is finite, {BG.} is finite. Starting from w s the state

probability distribution of" SZC after an input tape

x = 0,0, 00-- o,
is applied
uw-B_-B .....B =u_ B

o g4 g, o o x
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(d) Both Ql and QZ are stochastic automata:

Let Q

) < 21, Si’ W Wi’ M1 >

< Z._,
2 ZSZ o 2

Q ,u, W_, M, > (4. 5)

2

Then Qc is a stochastic automaton with infinite memory
of the input.
Let *(Sl) =*(ZZ) =4, #(21) =n, and #(Sz)= m.

M1 in Eq. (4.5) is thus characterized by {Acr 1, 01621,
which is a set of square stochastic matrices oflorder 4; and

M2 is characterized by {Bp 1, pi € ZZ, which is a set of
i
square stochastic matrices of order m,. Starting from W s

for any input tape x to Ql’ the state-probability-distribu-
tion of , after x is applied is W Ax . The state tran-

1
sition matrix of Qz after a tape x is applied to Q ' will be

' = . . = . A, .
Bx’ Bx W Ax Bpi w . A B

where B is an 4 -components column vector with Bp
. J
as its jth component, for B € {B 1.
Pj Py

Therefore

= <
Qc: Ei’ SZ 2’

where 21 , Sz, v and Wz are as in Eq. (4.5) and Mc is

,u, W, M >
(o] Cc

characterized by the set of square stochastic matrices {Bx},

ES E3
x € 21 . As Z, is infinite, {Bx} is infinite. Let
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u_ denote the state=-probability-distribution of Q@ starting
c

from s and after an input tape x is applied. I

1 -2’
then u =u«B_.B
b 4 o] 0'1‘ 0102
In general,
*
uxci =u_- Bxci’ for all x €2, andallo, €z, .

B. Now consider Qi and Q. feeding each other as shown in

2
Fig. 4.3

|
\
|
| Ei o S1 22 o S2 \
== —y %
' ‘.
| .3
D K T )
i i :
L : —=
__________________ R (o4

Figure 4.3 Serial combination of szi and QZ feeding

each other.
We shall assume that
#(S,) = #(Z,) = m,
S. = P.s for all sie 51 and all piG Zz;
o= Iy #(8) = HE) =

s. = O, for all s, € S and all 0, € Z, .
J 2 j 1

i
™

and that S
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In Fig. 4.3, S, is directly feeding QZ, but S2 is

1

feeding back to 91 through some sort of delay such that it would

allow the transformation of information in 91 and szz to be

completed before any changing of Ei can take place. Parallel to

Part (A), we discuss different cases for different models of Qi

and Q. as follows. .

(a')

(b')

2
Both 521 and Qz are finite stochastic automata without memory:
Let szl = < Ei’ Si’ Wi’ M1>
(4. 6)
QZ = < 22, Sz, Wz, M2>
where M, W and M, W
21 —_— 1 ZZ————> 2

M. is thus characterized by a stochastic matrix A of order
nxm and MZ is characterized by a stochastic matrix B of
order mxn. The combined system Qc is a Markov chain with
transition matrix C of order n, where

C=A-B.

91 is a finite stochastic automaton and Qz is a finite stochastic

automaton without memory:

Let
Q, be as defined in Eq. (4.6) and
8'21 = < 21, Si’ W s Wi’ M1> (4.7)
where M1 is characterized by a set of square stochastic

matrices {Ac }, o, € 21. The order of each matrix of

{A } is m. 1 | et the state-probability-distribution of @ at
04
time t be w(t), wit) € W1 : and that of 92 at time t be u(t),

u(t) € WZ
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Let A
o,
i
A
ag.
i
A =
A
o
n
The state transition matrix of 3'21 at time t will be A(t),
A(t) = u(t) - A . (4. 8)

After a unit time of operation, the next state-probability~dis-

tribution of (21 will be w(t+1),

w(t+1) = w(t) © A(t). _ (4.9)
The next state-probability~-distribution of QZ will be u(t+i),
u(t+1) = w(t+1) - B
From Eq. (4.8) and Eq. (4.9), we have
u(t+1) =w(t) - u(t) -4 - B

wit) - A_ 1’"" where [w(t) A
w(t) - AG‘2 w(t) - Ac2
=u(t) - . B=u(t)* C(t). C(t)= ’
w(t). A w(t) « A
O'n n

is a- square stochastic matrix of order n.
Thus the combined system QC is a time-varylng Markov chain,
i.e. the transition matrix is a function of time.

Q = <S8, ulo), W,, M (t)>
c c

2 2’
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where SZ' and- W_ is as in Eq. (4. 6),u(0) is the initial pro-

bability distributiozn over SZ' u(o) € WZ’ and Mc(t) is a
time ~varying function which is characterized by a time-varying
square stochastic matrix C(t). At time t, the next state-
-probability-distribution of @ is given by

u(t+1) = u(t) - C(t).

Qi is a finite stochastic automaton without memory while QZ

_is a finite stochastic automaton:

Let 2, as in Eq. (4.6) and

Q = <Z., S

5 X u, W, M,> (4. 10)

2’ 2 2
where u, is the initial state -probability—distribution, uoE Wz,

and M. is the mapping characterized by a set of square

2
stochastic matrices {Bp‘} , P €T, .
i
MZ W
b e .
(22 x WZ) 2

Let B be a column vector whose ith componeht is Bp.’ for
p; € Z‘z , i=1,2,....., M. As the mapping M1 oflsz1 is
characterized by the stochastic matrix A of order nxm.
Thus A-B is an n-component - column vector whose ith

component is Bo wﬁ_ere

and a, ig the ith row vector of A corresponding to the
transition pfobabiiities when oi appears at the input lead
of 91 .

Let the state-probability-distribution of 91 at time t be
w(t), and that of 92 be u(t). At time t, the state transition

matrix of QZ is

B(t) = w(t)-B
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The next state-probability-distribution of QZ will be
u(t+1) = u(t) * B(t) = u(t) - w(t) . B

But w(t) = u(t): A,
Thus u(t+1) = u(t) - u(t) - A- B
where A: ' is independeﬁt of time.

Let c(t) = u(t)* A" B.

Then we have

u(t+1) = u(t) - C(t)
where C(t) is a time-varying square stochastic matrix of order
n. The combined system QC is thus a time-varying Markov

chain.

Q_C = <SZ’ u(o), WZ' Mc(t) >

where u(o) is the initial state -probability-distribution of QC,

and M (t) is characterized by C(t).
c

(d') Both szl and QZ are finite stochastic automata:

Let Qi be as defined in Eq. (4.7) and SZZ be as defined in

Eq. (4.10). Since both 91 and .Qz are stochastic automata,

operation will take place only after a change of input occurs.
Yo :

Let A
o

i
Ag

2

A = : o, €2y

A
o

n




-52 -

B
P

m

Let the state-probability-distributions of Ql and QZ at time t
be w(t) and u(t) respectively. The state transition matrix of
Ql at time t is A(t),

Alt) = ult) ‘A .

The state transition matrix of QZ will be B(t),

w(t). A(t) - B
B(t).

B(t)

Let C(t)

Then u(t+1) = u(t) - B(t) = u(t) - C(t).

Thus the combined system Qc is a time varying Markov chain.
91 = < Sz, u(o), WZ’ Mc(t) >

where Mc(t) is characferized by a time-varying square stochastic

matrix C(t) which is of order n.

4.3 Serial decomposition of stochastic matrix

Any stochastic matrix can be decomposed into two stochastic
matrices combined by multiplication.

Example 4.2:

Let it be required to find two stochastic matrices A and B
such that

A B = C,
where C is given as in Eq. (4. 11)
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'z 12
3 9 9
cC = 1 1 1 (4.11)
4 2 4
11 1
2 6 3
We notice that the domain of Mc is '
E;= legsepeg]
and the range of Mc is
R, = [egs cp cg)
where c, = (2/3 1/9 2/9)
c, = (1/4 1/2 1/4)
Cy = (1/2 1/6 1/3) .
To find RB, _note that by Theorem 3.2 and Lemma 4. 2,
E3 2 RB 2 Rc
Thus RB must contain Rc in order that A be stochastic. Suppose

we choose

RB = [bi, bz: b3]

'b1 = (5/6 1/18 2/18)
b, = (1/4 1/2 1/4)
b, = (1/4 0 3/4) .

The transition matrix A can be obtained by finding out the bary-

centric coordinates of Cy» CZ’ and Cy in RB. Since the order
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of C is 3, these coordinatesof c , c,, andc with respect to

3
vertices bl’ bz, and b3 can be found geometrically to be
a, = (5/7 1/7 1/7)
a, = (O 1 0 )
a, = ( 3/7 2/7 2/7) .
Thus
5 L 1 5 4 L
7 7 7 6 18 9
_ -y L L
A= 0 1 0 B=17 > Y
3z 2 1 5 .3
7 7 7 | 4 4
and £*B = C.

Given a stochastic matrix C of order nxm, there are infinite
ways of decomposing it into two, combined by multiplication. The
method of finding A and B such that

A-B = C
is to choose an RB containing RC' This will guarantee that the
matrix A is stochastic. For B to be stochastic, RB must be

contained ih Em. The lower bound of the number of determining

points of R._ depends on the dimension of RC' If all the deter~-

B
mining points of RC are linearly independent, then the lower bound
of the number of determining points of RB is the number of deter-
mining points of RC. In general, if the dimension of RC is 4,

then the bound is 4 + 1. For instance, if the dimension of RC is 1
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then each of the n determining points of R, can be expressed as a

C
convex combination of two extreme points in m-dimensional space.
Thus C can be decomposed into two stochastic matrices A and B,

where A is of order nx2 and B is of order 2xm, and

A B =C,
If the dimension of RC is less than m-~1, then it is possible
to choose RB such that it is parallel or projective to some faces

of Em, or we might choose R, such that it is parallel or projective

A
to some faces of E&, where 4 is the number of determining points
of RB. However, if the dimension of Rc is equal to m-1, then it
is impossible to have any RB which will be projective or parallel

to any face of Em, or any R, which will be parallel or projective

A
to any face of E{’ . (Excluding the trivial case that any set of points

in E_ 1is projective to any vertex of Em )

The number of determining points of RB has no upper bound.

So far as the condition
E_D2Rp2 R,

is fulfilled, the choice of R is arbitrary. The assurance that RB

contains RC can not be obtfined geometrically for high dimensional
space. The method used in Example 4.2 is valid up to 3-dimensional .
space. When Rc is in a space of dimension higher than 3, itis

impossible to draw a RB containing RC and measure the barycentric

coordinates geometrically. Therefore, another method is needed.
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Theorem 4.2:

Let =
e G [di, R RRREE , dn]
be -a polyhedral convex set.
- 1
Let A =
e O —1 (d1 +d2+ +di-1 +di+1+ ..... +dn)
d{ = adi-Bo?, a >0, 20, a-8=1 (4.12)
d G' = d,, d,,..... , , d!,
an [ay. 4, d_g % Yy » 4]
Then G' 2 G.
Proof:
From Eq. (4.12)
d = 1 dar + g on
i a 1 a i
B B B
= d, + + ..., +
m-Da 4 T (EDe % 1) a %i-1
i B B
+ — ' —————  d,,, T eees
a di (n-1)a di+1 * +(n-1)a dn
= ey d1+a2d2+ ..... +o.i1 di+ ..... +aindn (4.13)
n
and = a,,:-@-+—1-=8+1= 1, 0< a. s 1, forallj.
j ij a a a i)

By Theorem 3.1, di is contained in G'. Since every determining

point of G is contained in G,
Q.E.D.

G' o G.

Theorem 4.2 provides us an easy way to construct a convex

set containing a given set G. Note that in constructing G' to be con-
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taining G, -5/{ in Eq. (4.12) can be replaced by any other single

i"l’ di+1,-coo’ dn].

G here corresponds to RC in Example 4.2, and G' corresponds

point contained in G/i\= (" a,..... , d

to RB. The matrix A is easily found to be composed of row
vectors el, ez, LIRRRE ai, tieey € n where ai is determined by
Eq. (4.13) to be

T aiZ""" ain)

a, = (a.i

The above procedures of replacing a determining point of a
polyhedral convex set G can be repeatedly applied on other determi-
ning points so that finally we shall have matrix A where none of |

its determining point is a unit vector.

Example 4. 3:

Given a stochastic matrix

2

°© o o9
W o = e

0.
0.
0.
0.

1 0.5 0.1

Assume it is required to find two stochastic matrices A and B
such that
A B= C.

From C, we have



where

Now we construct

Since

Choose

Then

Thus

where

and
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<y (0.2, 0.3, 0.4,
c, (0.5, 0.2, 0.2,
c, (0. 3, 40.2, 0.1
C4 (0-1: 0-5s 0-11
RB :
© i +
T3 2 €3
0.4
(0.3, 0.3, =3
: _ a=
¢y = ac, - Bog
a 10/99 B = 1/9
1.7 11.6
H — ————
C1 ( 9 ’ 0. 3’ 27
Ry = [b,, by, by, b,
1
b1 <ty
b2 c 2
by = €3
by = ¢4
0.1 0.1 0.1
0.9 3 3 3
0 1 0 0
0 0 1 0
o o 0ot
B = C.

0.1)
0.1)
0. 4)

0. 3)
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5 1
. , _ 5 .
Choosing cl 7 %" 7%
- 1 1 1
= - ! — —
where /2 3 c1+ 3 c3 + 3 c4l
62,2 0.5 16 9.7
1 = —— — — ———
we have ¢, o8’ 3 81’ 162 )
i 0 0 0 c'1
0.2 0.2 0.2 ,
3 08 3 3 €2
A_= B =
2 0 0 | ) 2 ¢ 3
0 0 0 1 <
4
and A2 B2 = B1 .
Now we decompose B2
. 9 2 =
! — [ —
Choosing c'y 7 ©3 7 © A
p= _1. 1 l 1 l
Where 0/3\ 3 01 + 3 (:2 + 3 c4
h . ( 172 10.4 100.9 803.3 )
we have ¢'3 567 ' 63 ° 1701 1701
1 0 0 0 c'
0 1 0 0 c'2
A1 2 2 1 2 | P7|
27 27 9 27 3
0 0 0 i C 4
and A3 ‘ B3 = B2

Finally we decompose B3 :



9 { -
i ! = _— - -
Choosing c¢', 8 C4 3 oz\
- 1
= — ! [
Where oﬁ\ 3 (c ' + ¢ 2 + c'3)
We have ¢ ( 1850.5 810.7 3425  25468.7 )
' 4 27216 ° 1512 ° 40824° 81648
| 0 0 1
t
0 c'
0 1 0 0 c'z
Ay T o o0 1t o0 By e
3
._1;._ _1_ ___1 _8__. C'4
27 27 27 9
S—
and A4- B4 = B3 .
Thus C = A1 . B1
= A Ay 2
= . A
Ay By 3" B3
= . A - .
Ay Ay 3 Ay By
= A - B
where 54946,04 201.52 190.72 222.72
6561 6561 6561 6561
A= A-A-A-A=|162.4 1766.2 119.2 139.2
1 7273 4 |72187 2187 2187 2187
6 56 569 48
729 729 729 729
t B L 8
27 27 27 9
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Py ¢’y
> €'
B= b3 N B4= 0’3
by 'y

A special way of decomposing a stochastic matrix would be
to decompose it into two such that the first one is a totally summetric

one. The following theorem affords us an immediate solution of such

a decomposition.

Theorem 4. 3:

¥ G = [di, dz,.....,dn]
- 1
o = _H(d1+d2+.........+ dn)
d. = ad,-BEd>o,szo,a-s=1,foraui (4.14)
i i
— 1 1 t
and G' = [di, d'yyeeecen s dn]
then G' 2> G
Proof: From (4. 14)
n n —
‘6"=l- Ed',=l- z o.d,--l-(n.B.o)
n j=1 1 n i=1 i n
=a6’-8’5=(a—8)'o'='6’
1 B -—
= - '+_
By(4.14)di - di p (<)
_—_Ldl. +P_‘5|
a 1 a n
1, . B L. %
= - + = (= d'
adi u(n i=1 1)
= B da +—B—- a ., +..... +(1-+-B-)d'.+....+——d'
an 1 an 2 an’ 1 an n
n
= Z i d'j
p=t Y
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n
and Ea..=§—.n+l=—s—+l=8+1=1
.. 1) an a a a a
j=1
0 < a,,. =1, for all j.

By Theoreme 3.1, di is contained in G'.

Since every determining point of G is contained in G',
G' > G Q.E.D.

For special stochastic matrix like totally symmetric one,
the decomposition is rather simple. It is readily seen that for a
totally symmetric stochastic matrix C, it is always possible to
cecompose C into two totally symmetric ones, combining by multipli-
cation. i.e. C = A. B.
where B varies from C to I and A varies from I to C.

And it is not difficult to find a totally symmetric stochastic matrix

D such that C = D2

Another question about the serial decomposition of stochastic
.matrices is that given C and B, isit possible to find a stochastic
matrix A such that

A. B=C.

The answer to this question is negative if RB c RC' It is possible

if and only if R-B > RC.

Lemma 4.6:

Let B and C be non-singular stochastic matrices of the
same order. If RB 2 RC’ then there exists unique stochastic
matrices A1 and A2 such that

Al-B=C

B-A2=C

while A1 and A2 are similar.
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Proof:

In the first case, since RB contains RC’ it is always possible

to express every determining point of R(., in terms of a convex

v

combination of the determining points of RB. The array of coefficient
of such a combination of determining point of Rc will be the required

transition matrix A Because B and C are non=-singular, all

1‘
determining point of RB are linearly independent, and the expression
of coordinates of each determining point of RC with respect to the

extreme points of R_ is unique. In the second case, given RC and a

B
transition matrix B, it is always possible to construct a polyhedral
convex set RA containing RC such that the array of coordinates of

every determining point of RC with respect to the determining points

of R is B. Since B and C are non-singular, R is unique.
Ay Ay
Further, as
A1 B = C (4. 15)
B ° A2= C .
= -1 . = .
AZ = B C C A1 C
Let A1 *C = C1
Thus A, = c . C, (4. 16)

B and C being non-singular, they must be square matrices.
As Eq. (4.15) exists, Ai’ B and C all must be square matrices of the
same order. Now consider

cl.c=L
Let the order of C be n. Then the range of the mapping MI is En'
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-1
C~ " can thus be regarded as a transformation which transforms

every determining point of RC into thatof E .
n

i.e. M'C__1 (<:i)=<—':i R fori=1,2, ........, N
M'C"i is affine as C-1 is affine. Thus
M R = .
C-—l ( C) En
From Eq. (4.16)
M! (R.) = R, .
c-1Cy A,
As Al‘ C = Ci’

from Lemma 4.1

RC_:_> RC1'
Therefore

R = M' ,(R o M (R.) = E,

AZ c 1 Cl - C-i C n

and A2 is stochastic.
Since Ai- B=C

B - AZ= C,

Ai' B = B- A2

-1
A‘2 =B A1 B.

B being non-singular by assumption, A1 and AZ are therefore

similar. Q.E.D.

4.4 Serial decbmpo sition of finite stochastic automata.

As any stochastic matrix can be decomposed into two combined
by multiplication. Any finite stochastic automaton without memory
can be decomposed into two combined in serial. i.e. if

Q =<z, S, W, M >
c c c c c
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is a stochastic automaton without memory, where M is characterized
c
by a stochastic matrix C, then QC can be decomposed into 91 and

QZ combined in serial. Here,

= <
Qi 21, Si’ Wi’ M1 >
= <
QZ 22, Sz, Wz, M.2 >
where =, = Z
1 c
Z, = 5
SZ. = Sc
W, = W

Let the stochastic matrices characterizing M1 and M2 be A and

B respectively. Then

A+ B = C.
All properties related to the decomposition of stochastic matrix
discussed in the previous section is applicable to the decompo sition
of stochastic automaton without memory as such an automaton is

totally characterized by 2 single stochastic matrix.
If QC is a Markov chain, i.e.

Q =<5, w,W,M > (4.17)
C C o] C C

where -Mc is characterized by a stochastic matrix C, then
QC can be decomposed into two stochastic automata without memory

8'21 and QZ as in Fig. 4.3. Let the stochastic matrices characterizing

the mappings of 91 and Qz be A and B respectively.

Then A' B=C.
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Starting from W the state-probability-distribution of Q after
c
n transitions will be

w-C"=w . (& B)"
(o] (o]

If C is totally symmetric, A and B can be chosen to be
totally symmetric also. In this case, A and B are commutative.

Then
=(a-B)* = A". B".
Qc can thus be decomposed into Ql and QZ combined in serial

where Qi is a Markov chain and 522 is a time-variant stochastic

automaton without memory. i.e.

Q <S,w,W, 6 M >
¢’ o c

1 1

&2,

where S ot W and W are as in Eq. (4.17), 1i.s characterized by

< ZZ’ Sc, Wc, MZ(t) >

A, and M (t) is a time -var1ant function characterized by B Let the
input to 92 at time t be denoted as wi( t) which is a probability
distribution over the elements of ZZ while 22 = Sc . Let the

output of @, be denoted as wj(t) which is a state=-probability~-distribu-

2
tion over S
c
Then wj(t) = wi(t) ‘B
€ .
where Wi(t) , wj(t) Wc

If Q is a stochastic automaton where the mapping MC is

charactenzed by a set of transition matrices {C } . Each Cc
0i

can be decomposed into Ac and B combined by multiplication. t
i
Namely C_ = Ac ¢ B, for all i.

g. .
1 1
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Thus C = A "B+ A_- B.
0.0, cg. C.
1) 1 J
If every element of {Co } is totally symmetric, then A;I s and B
can be chosen to be totalIIy symmetric also. Therefore .ch can be

decomposed into 91 and 92 combined in serial where 91 is a

stochastic automaton with set of transition matrices { Ac },
i
and 92 is a time-variant stochastic automaton without memory.

The mapping of QZ is characterized by B , where t is
numerically equal to the length of the tape applied to Qc
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CHAPTER V

PARALLEL COMBINATION AND DECOMPOSITION
OF FINITE STOCHASTIC ACTOMATA

5.1 Cross product of stochastic matrices.

Definition 5. 1

The cross product of two matrices A - {a_j} and B = {b,j}
i i

is defined as

C=AxB = {aij»- B} .

It is seen that if both A and B are scalars, then C is the
scalar product of A and B. I A(B)is scaiar while B(A) is a
matrix, then C is a matrix which is B(A) multiplied By 2 scalar.

In general, if A is anr x n matrix and B an 4xm matrix, then C
is a matrix of order (r- 4 ) x (n .m). For illustration we introduce

following example where both A and B are vectors.

Example 5.1:

If A= |a, 22| | B = | by Pyp e
then G = A xB= |a,; B 2,0
=laywby 23 Pp 24 Pi3 2Py P %o bl:l
If A=y 242
By
B =1b,
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then C = Ax B = 'an . B a, B
244 Py 212 Py
24+ Py 2+ Pyp
241+ Py3 22" Py3

Any stochastic matrix can be regarded as a mapping. Let A
and B be stochastic matrices of orders rxn and 4xm respectively.

The mapping associated with A is MA and that with B is M

B
The range of MA is RA which is contained in En while the range
of M_ is R_ which is containedin E_. I

B B : m

AxB = C

C then is a matrix which is also stochastic. Associated with C,
there is mapping MC' The range of MC which is contained in E(n- m)’ <
The properties of parallelism and projectiveness of RA (or RB) will
be preserved in RC' Namely, if RA (RB) is projective to a j-dimen-
sional face of En (Em), then Rc will be projective to m(n) disjoint
faces of E(n° rn-)each with dimension j. And if RA(RB) is parallel
to a j-dimensional face of En(Em), then RC will be parallel to a
face of E( - where the dimension of the face is(j+1): m(or n)-1 .

n- y

By Lemma 3. 10, the dimension of RC in the first case is at most

n- m~-j- m(or n) =1. And the dimension of RC jin the second case is

at most n. m-2 by Lemma 3.11.

Moreover, if RA is projective to a j=dimensional face of En
and RB is projective to a k-dimensional face of Em’ ‘then RC will
be projective to three sets of faces of E(n . m} The first set contains

(m-k-1) elements each with dimension j, the second set contains (n=j=-1)

elements each with dimension Kk, and the last set contains only one
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element with dimension j:-kH. All these faces of E( _are
n - my)

disjoint. I RA is parallel to a j-dimensional face of E  and
n
R_ is parallel to a k~dimensional face of Em’ then R will be

B
parallel to three faces of E each face with dimension

(n . ‘n)
m.(j+1)-1, n. (k+1)-1, and ] ktk+j respectively. In case RA
(RB) is a single point set, RC will be projective (parallel) to
m disjoint (n-1)~dimensional faces of E(n ' and will be parallel

(projective) to n disjoint (m=~1)~dimensional faces of E(n m)’

5.2 Parallel combination of finite stochastic automata.

By parallel combination of two automata, we mean two

automata operating independently as shown in Fig. 5.1

21 | : S1
o T
| .

Zp | | 52
%
; —— |
L __kg

C

Figure 5.1 Parallel combination of Qi and QZ .

In Fig. 5.1, the inputs 21 and ZZ may come from the
same source. They may be the same or totally different. Or they
may have some parts common and some parts different to each
other, or one may contain the other. In the following discussion,

we assume that they are totally different, i.e. Zi n 22 = @.
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To the combined system QC, the input is Ec, the output is S ,
c

where
ZC = EixZZ ’ and Sc=SIXS2'
Explicitly, if
21 = {0'1, 029 v 00 ey on}
22 {pll pz’ . 2 pm}
then ZC = 21x22 = {ll'i I PYERREE ) 1I!n.m}
h =
where wk Oi pj
and ik ={li-1) ¢ .

This index relationship is applicable to Sc also.

Now we consider different cases for different models of Ql

and ., connected as in Fig. 5.2.

2
(a) Both 91 and QZ are finite stochastic automata without memory:
Let Qi = < 21, Si’ Wi’ M1 >
Q, = <Zp 5 W M2
where M1 and M2 are characterized by the stochastic matrices

A and B respectively. The combined system QC is also a

stochastic automaton without memory.

Q =< ZT,S,w,M >
C Cc C [ C

where EC = 21 x ZZ

Sc = Slx Sz,
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Wc is the set of probability distribution over S , and M
c c
is a mapping,

w
c c

P
which is characterized by a stochastic matrix C, and

C=A x B.
(b) €, is a stochastic automaton while QZ is a stochastic automaton

1
without memory:

<
Let 91 Zl, Sl, wo, Wi’ M1 >

w,, M, > (5.1)

SZ’ S 2 2

QZ = <22,

where M1 is characterized by a set of square stochastic matrices
{AO'.} » O, € 21; and M2 is characterized by a stochastic matrix
B. ! Let b, be the jth row vector of B corresponding to transition
probabilities of QZ when p.j is applied, where ;:wj € 22 .

Starting from W if o, is applied to Ql and pj is applied to QZ’

then the output state -probability~distribution is given by W A0 x bj'
i

Thus the combined system Qc is a stochastic automaton which stores

only a part of the information transformed by the system.

Q =<Z,S,S,w,W,M,W,M>
[ c c i o) i 1 c c

where
Ec = 21 X ZZ
Sc = S1 X SZ’
w ,S,, M, aad W _ are asinEq. (5.1 W_ is the set of probability
o’ 1 1 1 c

distributions over Sc; and Mc is a mapping,

M W
(Z xW)—=—» ¢
C C

which is characterized by a set of stochastic matrices {qu } kaZC .
k
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For q;k=cip., c.€Z

(c) QZ is a finite stochastic automaton while 821 is a finite
stochastic automaton without memory:
Similar to (b).

(d) Both 91 and . are finite stochastic automata:

2
Let 91 = < 21, Si, wo, Wl’ M1 >
= <
QZ ZZ’ SZ’ u_s WZ’ M2>

where M1 is characterized by a set of square stochastic

matrices {Ac }, o, € 21 ; and MZ is characterized by a

set of square stochastic matrices {Bp }, pi € 22 .
i

The combined system QC is a stochastic automaton.

Q = <=,S,v, W, M >

c c c o c c
where Zc=21x22

SC=Sle2

v = wW_X u

o o o

Wc is the set of probability distributions over SC; and MC

is a mapping,

Mc
(ZC X Wc) > W

C

which is characterized by a set of square stochastic matrices

{C‘l’k}, wke zc.

= 0, P.» 0 €= pEE

cC, = A; x B
wk
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i

In case when #(Z ) #(Z y=1, i e. Ql and QZ are finite
Markov chains w1th trans1t1on matrices A and B re spectively,
then QC is also a finite Markov chain with transition matrix

C, and C = AxB.

5.3 Parallel decomposition of a stochastic matrix

" Let A v be a simplex as defined in Section 3.2
Let w be a aniform parition over V. Denote each block of
™ as Ki' Then
u K =V
i€L
KiﬂKj=¢, for i # ) where i, j € L.

Definition 5. 1:

A component of 2 point p and a component of another point

q are said to be eguxvalent if they are numerically equal.

Definition 5.2:

Let K KJ A and AK he as defined before.’ A point

p in A is saxd to be 1somorph'i]c to a point q in A if corres~

ponding to a component of P, there exists an equivalent component

of q, and vice versa.

Definition 5. 3: _
Let w and A be as defined before A point p in AV is

said to be symmetnc w1th resgect to n if pK is isomorphic

to p, for all 4i,j € L. t

J
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If a point p in AV is symmetric with respect to w, then

p can be expressed as a convex combination of all its images p_'s.

Since all these images are isomorphic, we may put those equivalent
components into an equivalent class. Thus we have a new uniform
partition § over V. & so obtained will be called the induced

partition of w. Clearly,

v 6=0 [12]
and #F(m) . #H(5) = (V).

Definition 5. 4:

A point set G in AV is said to be symmetric with respect
to if every pointin G is symmetric with respect to « and

has the same induced partition of .

Lemma 5.1:

Let G, w, 6, be as defined above. If G is symmetric with

respect to w, then G is also symmetric with respect to §, the induced

partition of .
Proof:
Let a block of w be Ki’ for i € L. For any point p in G,

p can be expressed as

p=i§Lai. Px .- where Z a, = 1, a, =20 for all i (5.2)

i i€L
A block Jj of & is formed by collecting from each block Ki
of w an element which has the same numerical value Bj as a
component of pKi. The components of p corresponding to Jj will be

(a,-

. . i = r. 5.3
i Bj, a, Bj, ........ ;e Bj), if #(L) T ( )
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So Py - in AJ is
J j

(91,02, ceeeeeenay ar)

which is independent of j. Thus p is symmetric with respect to
§ . Evidently, for all points of G, w .is an induced partition
of §. Therefore, by Definition 5.4, G is symmetric with respect

to &. Q.E.D.

From Lemma 5.1, we knowthat w and & are in fact exist

in pair.

Definition 5.5:

Let AV’ m, p and G be as defined before. G is said to

be symmetrically projective with respect tow if G is symmetric

with respect to m and projective to all faces of Avwhere each

face is determined by vertices contained in each block of =

Definition 5.6:

Let AV’ G, V as defined before, if 7 is a uniform partition

of V, then G is said to be parallel with respect to if Gis

parallel to AK , for alli € L, where Ki is a block of w, and
i

U Ki = V.

i€L

Lemma 5.2:

Let AV, G, V, and m as defined before, if G is symmetri-
cally projective with re spective to w, then G is parallel with respect

to & , the induced partition of .
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Proof:

As G is symmetric with respect to = , following the
proof of Lemma 5.1, for a point p in G, Eq. (5.2) and Eq. (5.3)

hold ..

i.e. p= Z a,. . P Z a =1, a, 20forall i
je1, & Ki ! JeL b i

and the components of p corresponding to a certain block Jj

of & will be
(0.1‘ Bj, az : Bj’ ------------- 3 aro Bj )
where T =_=H‘(L)
and Bj is a component of Py - Similarly, for any other point
i
q€ G

Q= Z Y, Q> =z y. =1, ., 20 for alli
e POK yen ? ki

and the components of q corresponding to the block Jj of & will
be / \
(Yi B 3 YZ- Bj, ........... N YI‘ . BJ )
Since G is symmetrically projective with re spect to m,
Pg A , for all i
i i
and B. = B!.
J J
The weight of p with respect to 1'\J will be equal to
j
r r
> a8, =8, a =8
i=1 1 J J i=1 1 J
and that of q will be equal to
r r
= vy.. B! = B! =vy. =B'". =8
i=1 Vi J o i=t i J J
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Thus any point in G has the same weight with respect to AJ

G is therefore parallel to A, . Similarly, G is parallel to J

faces of Avwhere each face it determined by vertices contained in

one block of &§. By Defintiin 5. 6, G is parallel with respec to 6 .

Q. E.D.

Now for a stochastic matrix C of order nxm, the range of

the mapping MC associated with C is RC’ which is contained

in Em

Let Vrr‘l= {ei,ez, ........ , e_}.

Let m be a uniform partition over Vm' Then we have

Lemma 5. 3:

Let C, Vm be as defined above. C can be decomposed into
two stochastic matrices A and B combined in parallel if there
exists a uniform partition w over Vm such that RC is symmetri-
cally projective with respect to w.

Proof:

Let Ki’ for i € L, be a blockof w.

U K = V_.

ieL ! m
As Rc is symmetrically projective with respectto w, RC has the
same image Cp in each face AK .  Any determining point ; of

i i e s .
R _ can be expressed as a convex ~ombination of c¢' s, for i € L.

. = = a,.- (5.4)
CJ i€ * CKi
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Let ¢ in AK be denoted as bi’ for alli € L. As Rc is symmetric

with relspect to m,

b, =B, =b for alli, j € L.
Let (L) = r.

Thus cj in Eq. (5.4) can be expressed as

Cj‘ = a.j1 a,jz ........ ajr xb
where b is a row vector,
Therefore C = {aij} xb = A x B
where A = {aij } is an nxr stochastic matrix and B =bis an 1x(m/r)

stochastic matrix. Q.E.D.

If in Lemma 5. 3, there exists a uniform partition m ' over

the set of determining points of RC such that in each block of

w' , all points of Rc are the same, then

C= AxB,
and A is a stochastic matrix of order 4xr where 4 is the number

of blocks of ', while B is a stochastic matrix of order (n/4) x(m/r)

where all rows are the same.

Lemma 5. 4:

Let C, Vm’ and m as defined in LLemma 5,3, If there exists two

uniform partitions ' and &', w' -+ &' =0, over the set of determining

points of RC such that points in each block of &' are symmetrically

projective with respect to w while those in each block of =' are

symmetrically projective with re spect to & , the induced partition of m,

then C can be decomposed into two stochastic matrices A and B

combined by cross product.
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The truth of the above Lemma could be proved following the

same line as in the proof of Theorem 5.1 in the next section.

5.4 Parallel decomposition of finite stochastic automata.

Bacon has proved [1] that a theory similar to Hartmanis'
decomposition theory [24] exists for parallel decomposition of
stochastic automata. In this section, we shall approach the problem
from the geometry concept which we have developed in this thesis.

Let QC be a stochastic automaton without memory,

Q =<z, S, W,M?>
c c c c c
I #( Zc) =n
#(s ) = m,
c
then M_, is characterized by a stochastic matrix C of order nxm .

C
If C can be decomposed into two stochastic matrices A and B

combined by cross product, where the order of A is 4x r and that

of B is (n/%)x (m/r), then Qc can be decomposed into two

stochastic automata without memory combined in parallel. Let

91 and QZ be these two automata.

Q = <Zp 5y Wy

< >
2 EZ’ SZ’ WZ’ MZ

are characterized by A and B respectively, and

M1>

o)
I

2
#(z) =4
#(51) =T
#H(=,) = o/t
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I Qc is a Markov chain,

Q = <S,
c Sc W s Wc’ MC >
then MC is characterized by a square stochastic matrix C which is
the transition matrix of the Markov chain., I
s, = o
C will be a square stochastic matrix of order n shown as Eq. (5.5).
t !
8, By e : s'n
s c c [
' 1" , PURBEEREEEEEREE S
s, ©x Cop = rrrrrreies S50
C = . . . : (5.5)
9 P A € n
where s. €8S , for i=1, 2, ..... , n
i c
s! € 8 , for i=1, 2, ..... , n
i c :
and S'C is the set of next states of C.
Regard each next state s'i as apoint in AS" . Assume all points

in S'C are linearly independent. Then RC’ the cra.nge of the mapping

M ., is contained in AS" . Let s represent the ith determining point
¢

of RC' Then SC is the set of determining points of RC . Let w bea

uniform partition over Sé and w' be a uniform partition over Sc'

m is said to be eguivé,lent to w' if for si, Sj € Sc and

Si'. , s'j E,S;, si and s'. contained in the same block of = implies
that si and sj are in the same block of ', and vice versa. Again

let m be a uniform partition over st. If R is symmeti'ic with
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respect to v, then by Lemma 5,1, we have an induced partion & .
Next, we can have the equivalent partitions of #m and 6 over SC.
Let them be w' and &' re spectively. If &' and 7' are such that
points in each block of 6' are symmetrically projective with
respect to m while those in each block of w' are symmetrically

projective with respect to 6 then w is said to be reflexive in C.

Theorem 5.1:

Let S' be the set of next states of a transition matrix C..

C admits parallel decomposition if and only if there exists a uniform

partition w over SL: such that w is reflexive in C.

Proof:
Necessity: b
1
bZ
Let A={a_. ]} B-= {bJ} =| .| where b, is a r-component row vector.
11 1
b
T

Let the orders of A and E be 4 and r respectively.

If 4.r =n
and C=AxDB,
! P seesoerene s'
then . sl SZ n
s1 a11 B aiZ'B ............ ain B
.......... .B
s2 a21. B azz. B .. azn
C = (5. 6)
............ a B
Sn ani B anZ'B nn
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Let
= t t 1 .
T ( si SZ’ et Sr ? s'r+1’ s;+2’ ----- ? S'Zr’ -----
- 1 1
¢ ? S(&-i).'r'l'i, s(&-i)'r'i'Z’ ----- ’S(‘Lfr) ) (5. 7)

Then from Eq. (5.6), we see that RC is symmetric with respect to

™ as RC has the same image RB in each face AK of I\s i where each
i c

face AK‘ is determined by vertices in each block of w.
i
The induced partition &' of will be

- ! 1 1 ..
8 (8'» 8L qs oo S(d=t)r+t’ "2 2

Let the equivalent partitions of = and & be 7' and &' re spectively.
From Eq. (5.6), we see that points in each block of &' are symr;ietri-
cally projective with respect to m because they have the same image
bj’ for a certain j, in each face AK, . Similarly, we see that points
jn each block of w' are symmetricafly projective with re spect to 6.

Thus w is reflexive in C.

Sufficiency: Assume a uniform partion T over S'c exist while
w is reflexive in C. Assume T has 4 blocks and each block has
r elements. Rearrange C 80 that the next states are in sequence
according to w. i.e. rearrange the order of the next states sO that
Eq. (5.7) holds. |
Now partition Sc according to ', the equivalent partition of .

Denote the subset of RC determined by points contained in one block
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of w' as Gi' Clearly

As wis reflexive in G, Gi is symmetrically projective with respect

to 6. Thus in Eq. (5.8)
al = al for all g,h = 12 r
ok hk g, s eee e )
and forallk =1,2, ..... , L.
Thus Eq. (5.8) can be denoted as
i i i i i i
Gi = a, ¥ B a, X = YR a, ¥ B (5.9)

n
121 G = B¢
Since RC is symmetric with respect to m, Gi will have the form as
i1 i i i1 i i i i i i
ayy (byoBypseeeaby) aiz“’u’%z""bir)'“'am(bu’biz""bir)
i i i i i i i i i i i
221 (b21’b22""’b2r) azz(b?.i’bzz""bzr)""az&(bzi’bzz" LI
i o.i Wi i ioi i i ioi i i
b _,.., b
.ari(bri" rZ""brr arZ(bri’ rZ""brr) arLbri r2’ rr)
(5. 8)
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where
i i i
b11 b12 ........ . b1r
i i i
b21 bZZ e 8 85 ¢ 0 v @ v bzr
B' =
i i i
brl er .......... brr

Now partition S according to &', the equivalent partion of 6.

Denote the subset of RC determined by points contained in one block

of & as Gj . Then Gj will have the form
1 1 .1 { gt 1 t 1 ,1 1
ajl(bji,bjz,...,bjr) al (in, 52 ...,bjr) ..... ajébji,bjz,...,bjr)
b2 2 L2 2 2.2 .2 2
b, . ,b ) & e b, ... b,
(in’ j2’ ’bjr) a; (in j2’ Jr) aﬂ( j1’j2 Jr)
& 4 4 A L L 4 S AR / 4
AU " TP bY ,boy... b,
(bJ“ j2’ e b o) % (b JZ ‘ Jr) J‘&( j1’j2 Jl‘)

As 7 is reflexive in G, Gj is symmetrically projective with respect

to w. Thus

bE = b = b, ~forall ghb h=1,2,.0..-

jk ko)
and for all k = 1,2,..... , T . (5.10)
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Since Eq. (5.10) is true for all j=1,2,..... , T
we have
h
g8 - B = B for all g, h=1,2, ..... ,
Thus Eq. (5.9) becomes
_ i N T i
Gi a1 x B az x B .. 0000 a.L x B
and C becomes
1 .
a . x B az x B ...000.. al x B
2 2 2 1 | 1
a x B B ....c00- -
N az X aLx B a1 az.. a&
az az az
C = _ i - 2 4 % B
) ) ) PR
ale asz ........ a*’x B a1 az.. a&
= A x B. Q.E. D.

Corollary 5.1:

A Markov chain can be decomposed into two operating in

parallel if its

Corollary 5.2:

Let
c

Q
c

where MC

is chara.cterized b

<Z,S,W,W,
¢’ ¢ o c

y a set of transition matrices {CU

transition matrix admits a parallel decompo sition.

Q be a finite stochastic automaton,

M >
fol

3

i
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for o, € Zc . Then Qc can be decomposed into two finite stochastic
automata operating in parallel if there exists a partition w over S'C
such that w is reflexive in Co.’ for all o, € Ec . '

The conditions for parallell decomposition of a transition matrix
C stated in Theorem 5.1 are quite similar to those found by Bacon [1].
The existance of another partition T other than = such that 7. 7= 0
in his case is indeed, in our case, in the property of w stated in
Lemma 5.1. The conditions that m and T are independent and both
have the substitution property (S. P.) in his case are all inhere . in our
case, in the property that w is reflexive in C. Thus instead of looking
for partition w and T which have the S.P. we are looking for a parti-
tion w to which RC is symmetric with respect. We think that such a
m is easier to be detected from the transition matrix C. We give the
following algorithm to justify our claim.
Algorithm for detecting a partition = with properties stated in Theorem 5.1:
(a) Suppose we are given a transition matrix C with n states.

Take a column vector s'1 from C.

(b) Take another column vector 53, (j=2,3 ...., n) from C,

Take the ratio s} / sj componentwise.

(c) Find a uniform partition & of the components of s'1 / sJ!' such
that in each block all components have the same ratio. (an O
appearing in the ratio means optional. i.e. it may take any
real number.)

If € = 0 is the only partition of such kind, go to (4d).
If there exists more than one such £ , test each one whether it

is reflexive in C.
If any one succeeds, then that is the partition we are looking for.

If all fail, then go to (d).
(d) If j = n, thenno w exists.

If j <n, put j=j+1, gobackto (b).
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As can be seen, the above process greatly reduces the number
of possible partitions to be tested. The reason that the partition w is
imbedded in s'1 / sj is that if m exists, then & exists, then at least
for one j, s! and sj will be in one block of m or in one block of & .

1

If s'1 and 55 are in one block of m, since w is reflexive in C, the

partition § of fs'1 / sJ! is the partition 6. If s'1 and sj are in one

block of &, then & is w.

Algorithm for decomposing C ‘according to a partition m which is

reflexive in C.

(2) Obtain the induced partition & of .

(b) Partition the next states of C according to m(8), and parﬁtion the
present stateof C according to ' (8'), the equiiralent partition
of w (9).

(c) Obtain a submatrix from C by picking any one block of ' (6')
from the present states and a block of = (8 from the next states.

(d) Normalize each row vector of the matrix obtained in (c).

This is the matrix B (A).

The cross product of the matrices A and B obtained in the

above process is equivalent to C.

Example 5.1:

Suppose we are given a transition matrix C as shown in Eq. (5.9),

and that itis required to find out two transition matrices A and B

such that

A x B = C.



s! s! Sl sl sl Sl sl sl SI

1 2 3 4 5 6 7 8 9

8y .02 .05 .21 . 04 .03 . 06 .10 .35 .14
5, . 04 .05 .07 .08 .01 .02 .10 .35 .28
83 .15 .05 .18 . 06 .30 .12 .02 .03 .09
8y .08 . 20 .15 .02 .12 .03 .05 .25 .10
8g .03 . 01 .42 . 06 . 06 .12 .02 .07 .21
8¢ .12 . 04 . 30 .03 .24 . 06 .01 .05 .15
8, .16 .20 .05 . 04 .04 .0t .05 .25 .20
g .20 .25 .03 .08 .05 .02 .10 .15 .12
59 .10 .25 .09 .04 .15 . 06 .10 .15 .. 06
(5.11)

Firstly, we construct s'1 / s'z which is

2/5
4/5
3/1
. 2/5
sl/s2 o1
3/1
4/5
4/5
2/5
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The partition & is then obtained, which is

g = (51’ 841 Bg 3 Sp1 Sqs Sgi S31 S50 S¢ ).

Let w' = £ and test win C. We find that R

is symmetric with

C
respect to w, for
s s’y 8'9 ’ s’y s‘7 s'y s'3 s'5 5'6
5, L2(.1 .2 .7) .5¢(1 .2 .7 .3(7 .2)
sz' .4 (.1 .2 .T7) .5 (.1 2 .T) LA(LT .2)
8, .3(.5 .2 .3) .1(5 .2 .3) .6(3 .2)
s, |-2(¢ .1 .5) .5(.4 .1 .5) .3(.5 .4 .1)
C = 8g .3 (.1 .2 .T) I A | .2 . 6 (.7 .Z')
8¢ .3(.4 .t .5) .1(.4 .1 .5 .6(5 .4 .1)
5. .4(.4 .1 .5) .5(4 .t .5 .1(5 1)
8g .4(.5 .2 .3) .5(5 .2 .3 .t(.3 .2)
8g .2(.5 .2 .3) .5(5 .2 .3 .3¢(.3 .2)
(5.12)
The induced partition 6 is
6 = (S'i’ sé, s'5 H s;, sé, sll : s!j, s'8, sc') ),
Thus
§'= (s, 8, 85 3 5y 5S¢0 573 53 g 59 )
w' o= (Sl’ 540 89 8,5 841 Sg ; 84 Sp s6)
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From Eq. (5.12), we find that points in each block of §' are
symmetrically projective with respect to m while those in each
block q 7 are symmetrically projective with respect to 5 .

Thus = is reflexive in C,

Now take the block s!, sll ,s"; from the columns of C

and the block si, s from the rows of C. Normalizing each

4" %9
row of this submatrix of C, we obtain

.2 .7
B = .4 .1 .5
.5 .2 .3
- - . ' e —
Similarly, by taking s'l, s'2 s5 and si, SZ’ 55 from the

columns and rows of C respectively, we obtain

.5 3
A = .4 5 1
1 .6

And A x B will be equivalent to C.
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CHAPTER VI

DEFINITE STOCHASTIC AUTOMATA

6.1. Definition

The notion of a definite event was first introduced by Kleene
in 1956 [27]. The theory of definite automata was then developed
by Rabin and Scott [40], and by Perles et al [38]. Adopting their
definition, a finite sequence of symbols on a certain alphabet is
called a tape, and a set of tapes is called a definite event if for some
integer k, two tapes coinciding on the last k équares are either
both in the set or both not in the set. Automata are used for classi-
fying tapes. An automaton defining a definite event is called a de -
finite event is called a definite automaton. The notion-of definite-
ness has been applied by Paz [37] to stochastic matrices where
a finite set of stochastic matrices of the same order is called a

definite set of matrices of order k, if there exists an integer k

such that for a n = k, any product of n matrices from the set is
a matrix with all rows the same. Such a matrix is called a stable

matrix by Paz and Reichaw [359.

Definition 6.1:

A definite stochastic automaton is a finite stochastic automaton
where the set of stochastic matrices { Ao- } characterizing the
mapping M is a definite set of order Kk, fér a certain integer k.

A definite stochastic finite automaton Q of order k so
defined will forget its past except for the last k intervals of time.
In other words, for x with length n 2 k, the state -probability -
distribution of the stochastic automaton will depend only on the last
k inputs and will be independent of the initial state -probability - '

distribution. The sta.te-proba.bility-distributions in the first k
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intervals of time might be different depends on different initial
state-probability-distribution when the input tape x begins to apply.
However, after a length of k symbols are :applied, € will‘lreach

a situation vwhere the state-probability-distribution can be predicted
if only'the last k input symbols are known. We call such a state-

probability~distribution a stable distribution. All other state-proba-

bility-distribution of © which are not independent of the initial

state -probability-distribution are called transient distribution. Thus

similar to the deterministic case where for a definite automaton of
order k, a destined state is reached following a sequence of transient
states of length k, for a definite stochastic automaton © of order k,

a stable distribution will be reached through a sequence of transient
dist;ibutiOns of length k. The number of stable distribution of

is at most equal to ( #(E))k. '

6.2 Conditions of many-to-one mapping.

If an input symbol Gi is applied to a stochastic automaton 2 ,

the state transition matrix of Q will be Ac,' As mentioned in
i
section 2.5, any transition matrix Ao is a mapping to the state-
probability-distributions. The range gf such a mapping is Rc
i

which is a polyhedral convex set determined by points which are
the row vectors of the matrix Aoi. If a tape x is applied, the
result is a successive mapping. The range of the resultant mapping
is Rx’ which is again a polyhedral convex set determined by points
which are row vectors of the matrix Ax' If Ax is stable, then
Rx is a single point set. Now the interesting problem is under

what conditions that Rx will be a single point set. From the

theory of Markov chain, we know that if Ao is regular, and if
i
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X=0,0,..... oi = oin , then Rx approaches to a limiting point
as n approaches to infinity. Since we are interested only in the
conditions that Rx is a single point set for definite length of x,
we consider fir st the situation when a stochastic matrix is multi-
plied by another stochastic matrix. Suppose A, B are stochastic

matrices and

A . B =C, (6. 1)

then C is stochastic also. From Lemma 4.1, we know that

Rg2 Rg -

Thus the dimension of RC is always not greater than that of RB.
In other words, if there exists a linear relationship among the
determining points of RB, then there exists at least one linear
relationship among the determining points of RC. Still, in

Eq. (6.1), we may think of B as a mapping MB which maps the

point set RA unto the point set RC' i.e.

A) = RC.

Let the ith row vector of A be ai and that of C be ci.

My (R

As defined before, a.1 is a determining point of RA and ci is a

determining point of RC' Thus if A and C have n rows.
MB (ai) = c fori=1, 2, ..... , n.

Since B is stochastic, MB is affine. Therefore, if a linear
relationship exists among the determining points of RA’ the -
same relationship will exist among the corresponding determining
points of RC' Hence, we have oaly to consider those linearly
independent points of RA in deciding whether or not RA can be

mapped by a mapping or a string of mappings into a single point set.
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P

If this is possible, the upper bound of the length of the string of
mappings is determined by the order of A. We qubte a theorem

from Paz B7] and omit the proof, as follows:

Theorem 6. 1: (Paz)

If a finite stochastic automaton Q is definite, and the number

of internal states of Q is n, then  is at most (n-1) - definite.

Lemma 6.1

¥ =(2,5, w W, M) is a definite stochastic automaton,
where M is characterized by {ACr }, o. € =, then none of the
. i

matrices in {Ac } is non-singular.
i
Proof:

If any matrix in {Ac }, say A is non-singular, by
i
the theory of matrix, the product of non-singular matrices is non~
singular, i.e. A0 2 is non-singular. Thus for any definite in-
J
teger k, A(J k js not stable. This is contradictery to the assumption

that Q 1is deiinite. Q.E.D.

Lemma 6.2

Let B bean 4 x m stochastic matrix where all the 4 row
vectors are linearly independent. Let { ai} be a finite set of
stochastic 4 -component row vectors, then points which are
linearly independent in the domain of MB will be linearly independent
in the range of MB .

Proof:

" The Lemma is obviously true for &4 = 1.
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Without loss of generality, suppose now 4 2 3 and that a,

az, and a3 are linearly independent. Let
MB(ai)=ci o, i=1,2,3.

If Cy» Cps and c, are linearly dependent, then there exist
a1c1+a2c2+03c3=0 (6.2)

where a,, a,, and a, are real and not all equal to zero.

Let bi = bil biz .......... bim
be the it;h row vector of B.
Let ai = a“ aiZ ceeee e ai{‘
= e, €., eeeieisienns , fori=1,2,3.
c, Cii ciZ Cim or i
From Eq. (6.2), we have
3
Z a.c¢.=0, for j=1,2, ...cc0unn. , M
. i i
i=1
: b f ji=1,2
= = a.. . . s or =1,2, iiieieenn , m
Here cij =y ik Kj J
i=1,2, 3
3 A
. .= 0, f j=1, 2,000, , m;
Thus iZ,:1 a, - kili LI ka or j
4 3
= (2 a ak). ka-O, forallj=1,2,....... m
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Since all bi's are linearly independent, Eq. (6. 3) will be true only

when

Mw

1 a, aik = 0, forallk = 1. 2,..... , 4 {6.4)

i
But Eq. (6.4) then means a,, a,, and a, are linearly dependent,

a contradiction to the assumption. Q.E.D.

Corollary 6. 1:

Let A be an n x % stochastic matr:x and B and ¢ x m sto-
chastic matrix. If all the row vectors oif I} are linearly independent,

then the rank of the product matrix (A . B) is that of A.

Lemma 6. 3:

If a square stochastic matrix B is of order n and rank n~-1,
then at mo st two points which are linearly independent in En will be

mapped by MB into a single point in En.

. Proof:

. Let A = a be a non-singular stochastic matrix

a
n

where each a, is an n-component row vector. Fr_om matrix

theory.

1

the rank of the product matrix (A - B)is n-1. Thus no

more than two rows of the matrix (A®3) will be equal. Q.E. D.
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Now back to Eq. (6.1), consider the conditions that linearly
independent points of R A will be mapped by MB into a single point
in RC . First of all, by the argument mentioned in the proof of
Lemma 6.1, the matrix B must be singular. Suppose again that B is

a square stochastic matrix of order n and the rank of B is n-1. Let

bl’ bz, ..... , bn be the row vectors of B, then there exists an
equation
n
a..b, =20
i=1 1 1

where o,i's are real and not all equal to zero. We then may have
n-1

b = X B.- 5, .
n i=1 1 1

Since B is stochastic,

n-1
2 B. = 1.
i=1 1
Let 01
e' = IZ B.. e,
n i=1 1 1
be called the image o e in the hyperplane En-i determined by
€ €5y crnnn s ey We then have:

Theorem 6. 2:

Let B, Wn as defined above and let L be a line segment in

En’ then all points in L will be mapped by MB into a single point

if and only if L and the line segment e er'1 are coplanar and

parallel.
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Proof:

The trivial cases are n =1, 2.

For n = 3, by assumption

b1 b1 1 0..... 0 b1
2 2 0 1 ..... 0 b2
B= |- = = » - T . B!
bn-i bn-l 0 0..... 1 bn-lh
n-1
bn A 121 Bi . bi B1 B2 ..... Bn-l

where T isannx(n~- 1) matrix
B'is an (n - 1) xn matrix, and

bi is an n-component row vector.

The mapping MB can thus be decomposed into MT and MB' as:

My = Mg, . Mg

where MB' is a mapping whigh will map a point in En-l into a
point in En while MT is an identity mapping for points in En-l

and will map a point in En into a point in En-l' As all the row
vectors of B' are linearly independent, by Lemma 6.2, points which
are linearly independentvin En-i will be still linearly independent
in En after having been mapped by MB" Thus in questioning
whether points in En will be mapped by MB into a single point in

E , all we need to consider is whether they are mapped by MT in-

to a single point in En-i'



- 100 -

We now prove the sufficiency: Take a point p in En-i’ in
the plane H determined by e é'n and p, draw a line segment
L parallel to e e'n. Let the intersection of e P and L be
—_— - . . .
) and that of e P and L be P,- Since enand p arein En-l’
PZ is in En-i' Similarly, P, isin En. Being on the line e, P
P, can be uniquely expressed as

pl =Y1en+Y2P’ Yl +Y2= 1'

Similarly, P, can be uniquely expressed as
P, = Yy e ty,p vty =L
Since _pl—p-;— is paralled to E:?:
Yy TV Y TYY
T

As T is stochastic, M_, is affine. Thus

Mo(py) = vy Myle) + YZMT{p)

]
Yy €, Ty, P

Py -
Still MT (pz) = Py’
as p, is in En-i - Py and P, being on L, thus
ML (L) = p,
and all points on L are mapped by MT into a single point. P,

in En-l .
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Now we prove the necessity :

Assume MT(L) = P,

where P, is in

P, draw a line

E In the plane H determined by e e'n, and

n-1’
segment L', contained in En’ passing through P,

and parallel to e €™ . From the same argument given in the proof
of sufficiency,
= =

Now L must coincide with L', for otherwise points on the plane

determined by

point P, in En

L and L' will be mapped by MT into a single

-1’ which implies that we shall have three linearly

independent points in En which would be mapped by MT into P,-

But this is impossible due to Lemma 6. 3.

Corollary 6.2:

Q.E.D.

If B is of order n and rank n-2, and
n-2
b = = a. . b,
n-1 i=t i i
n-2
b = = B. b
o  E
n-2
Let €' = Z a,. €,
n-1 . i i
i=1
n=-2
e' = = B. . e.
n i=1 i i

Let H be a plane segment in En, then all points in H will be

mapped by MB into a single point in En

to the lines

(=
n

if and only if H is parallel

e' and e
n n
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Corollary 6. 3:

Let B be of order n, rank n-m, and H be a hyperplane seg-
ment in En’ if MB(H) is a single point, then the dimension of H is

at most m.

Theorem 6. 3:

Let Q be a finite stochastic a.utomaton with n internal states.

If Q is definite and the highest rank of its transition matrix is (n-m),

then © is k definite, where k is an integer and k 2 =

Proof :
Obvious by Lemma 6.3 and Corollary 6. 3.

6.3. Decision Procedures

By Lemma 6.1, ifa stochastic automaton € is definite, then
every element of its set of stochastic transition matrices must be
singular. The most straightforward decision procedure is to form
the matrix products of all possible combinations of all elements of
the set {A } and see whether all these products are stable. If not,
then repeat tﬁe same procedure after increasing the number of
component matrices from two to three, and finally, to n-1, if n is
the number of the internal states of Q. This seems tedious for
larger n and large number of elements of = . A much simpler

testing procedure can be obtained by the following argument.

As shown in the proof of Theorem 6.2, any matrix A can be

decomposed into a matrix To multiplied by another matnx A'(j
i i
where all row vectors of A'o are linearly independent.
i
i.e. A = T . A (6.5)

0. o. o.
1 1 1
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The operationof " ' " (prime) on a matrix is defined as to

keep hold of those row vectors of the matrix which are linearly
independent and to strike out those row vectors which are linearly
dependent on the above linearly independent vectors. In the case
that a matrix is the product of two or more component matrices,
the operationof " ' " isto prime the first component matrix

whenever it has not been primed.

i.e. if A = A Y A s

b 4 01 0‘2 o‘rl
then A = (A_ . A_ ..... A )
X o} (0] g
1 2 n
= (A! A
cri cz ..... Ac )!
n
= (A'. _ ieesee.n A_ )
0-102 o-n
= (a Ay
0'1 ..... O'n-'1 O'n
= A
0'10'2 ..... O'n

The T -matrix in Eq.(6.5) is defined as a transformation which
will transform any matrix A'cr back to A0 . In general
i i
*
A=T.A',fora11x€22
x x x

Thus if A is of order n and rank m, A'x will beanmxn
matrix where all the m row vectors are linearly independent,

and Tx will be an n x m matrix. The ith row of Tx is an ith

unit vector if the ith row vector in Ax is taken as one of the
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linearly independent vectors of Ax . Ifin Ax" the kth row is taken
as linearly dependent vector which can be expressed as a linear
combination of other vectors which are linearly independent, then the
kth row of the matrix Tx is an m-component row vector where the
value in the jth component is the coefficient of the jth linearly inde-
pendent vector of Ax in the expression of the kth row vector. For
instance, if Ax is singular such that rows ai, az, ...... , a are

n-1
linearly independent, and

n-1
a = = B a
n i=t 1 !
then i 0o ..... 0
0 1 ..... 0
T =
X
0 0...... 1
1 BZ" Bn-l
and a1
22
At =
X
an-i

Clearly, if Ax is non-singular, then

A = A
X X

and Tx is the identity matrix I.
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For a set of matrices {Ao 1, oi € =, we define a set of

matrices called the Q-matrix a.s1

Qc. = Ao. . for all cri € =

1 1
Q - O

c.0.= Q" . T forall 0., 0, € Z

1) g, g. i J

1 J
and in general, if
X = 01 O'2 ..... Gn_1 0‘n
Q=Q . T
6 C_.....0 [0 e JRPUPRI (o} .

X 192 -1 2%3 n-1’n (6. 6)

where the T-matrix is as defined before, and as a matter of fact

is an inverse operation to the operation of " ' ",
i.e. QO_. = Tc_ . Q'c .
J J J
and Q =T . Q' .
x X X

Theorem 6. 4:

For any tape X, Ax is stable if and only if Qx is stable.

Proof:

Assume, without loss of generality, that

Since we are dealing with stochastic matrices, Ax is stable if and only

if A' is stable. Similarly, Qx is stable if and only if Q'x is stable.
x



But A'
x
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O ,.. c .
1 on-l 02 n 02 0r1 03 c’n
1 1
LI IR QG o_o Qo )'
n-1i n n
= Q! . Q! Q! Q! ]
to . o . Ll
01 n GZ C,n O3 0n 04 Gn
1
o« o 0 0 Qo O_ Q'o_ (6'7)
n-1 n n

Since a stable matrix multiplied by any matrix is still stable, A'X is
stable if Q'x is stable. On the other hand, since in Eq. (6.7), all
row vectors in every matrix following Q'x are linearly independent,

the rank of Q'U is not less than that of Q'c G ° In general, the
n n-1 n
rank of any matrix in Eq. (6.7) is not greater than that of any other

matrix in its right and not less than that of any other matrix in its

left. By Lemma 6.2, if Q' is not stable, A' is not stable. Q.E.D. ‘
x X -

Thus in order to check whether AX is stable, all we need to
do is check whether Q'x is stable. The advantage of introducing the

Q-matrices is that they are simpler in manipulation, for by Eq. (6.6)

Q = q . T
X 01."01'1"1 0-2'..0'[1"1 O'n
= Q! . T T
(3'1 ..Gn_z O'z .O'n_i 02 . Un
= Q T T e een T ,
o, 0, 0,9, 0,09,

and the T-matrices are much simpler than those A-matrices.
Given a stochastic automaton £ with a set of transition matrices

{ AO 1, Gi € X, the decision procedure for the definteness of Q is:
; .
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(i) Put k =1,

(ii) Construct Qx and Tx for all x € (Z"‘.)k, where =1 is = without the
Check whether all of the Q  are stable. empty element.
If yes, Q is definite.

If no, then

(iii) Check Wheth,er any of the matrix Tx is an‘identit’y matrix 1.
If yes, Q is not definite.
If no, check whether k = n - 1, where n is the number of
internal states of .

If yes, 2 is not definite.

If no, putk =k + 1, go back to (ii).

Example 6. 1:

Let = = {0,1}

Let a stochastic automaton  has a set of transition matrices {AO’Al}

where
.25 . 225 . 225 .3
. . . 45 .2
Ao - 1 25 4
.2 .2 .2 .4
.2 . 225 . 275 .3
.2 .3 .1 .4
A1 = | .35 .35 .2
.3 . 35 . 15 .2
.2 . 325 175 . .3

Following the decision procedure described above, firstly,

we have Q0 = A Q1 = A1

0,



= t =
QO TO.Q0

Q=T -Q4y~

Next we have

Q07 - To”
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1 0 0
0 1 0
0 0 1
1/2 1/4 1/4
1 0 0
0 1 0
0 0 1
1/2  1/4 1/4
.4 .3 .3
. .3 .5
.4 .3 .3
.4 .3 .3
. .5
.4 .3 .3
‘4 . .
.4
.4 .2
.4 .4 .2
'4
.4 .4

.25 .225 . 225
1 . 25 . 45
2 .2 .2
.2 .3 1
1 .35 . 35
3 . 35 .15
= Qg9
= Q0
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i 0
Thus T00 = ’1‘01=T10=T11 E 0 i
1 0
1 0
4 .3 3
= ! = 0 1 =
Now Q440 = Qg0 * oo ) s s
: 1 0
- 1 = 1 =
Q01 = o0 To1 T Yoo ' Too = 000
= ! . = ! . =
Q10° 2ot T10= oo Too = D000
= 1 = t =
Q011 Q ot ° T11 Q 00’ T00 Q000
1 0
.4
0 1
- ] = =
Q100 Q 10 ° TOO 4
1 0
= ' =
QlOl 10 TOi QiOO
= ! =
Q110 11 TiO 100
= 1 =
Qiil Q 11 T11 QiOO

3
Since all Qx’ for x €(2+) are stable,  is 3-definite.
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CHAPTER VII

CONCLUSION

We have introduced the concept of treating a stochastic
matrix of a finite stochastic automaton as a point set in a
convex polyhedron. Several properties that such a point set
might possess have been studied. The exploitation of convex
geometry is not just for mathematical interest. The geometric
induction pérformed in this thesis either leads to the solution of
decomposing a finite stochastic automaton or to the establishment
of the decision procedures of definite stochastic automata.
Practical methods have been obtained thereupon. The application
of the concept is by no means limited to the problem of decompo-
sition and decision of definiteness. Other aspects of finite
stochastic automata can be treated with the same concept. Better
insighl, unified viewpoint, simpler methods, and new interesting

properties might be obtained. All of these remain to be done.
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