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i © Abstract

. S
' S
- - - . +* . r.
We seck a positive definite Jacobi symmetric matrix A, such that the gen-

eralized eigenvalue ﬁrdblmn
) . |
Az = ABz - (0.1)

holds for some z # 0, where the eigenvalues of (0. 1) are distinct and B is
a real nonsingular diagonal indefinite matrix: In particular we discuss the
2 by 2 and the 3 by 3 cases.

We also present a proof for thc\}udn-uniqucncss of the solution of this prob-

»

lem in the above cases _ - -
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Intro duction

Y o~
Inverse eigenvalue problems have alwdys played a very important role in
physics, geophysics and arise often in applied mathematics and thev are
treated by many authors; consult [14] for continuous problems and [9], [10]
[5] for the matrix versions. ‘
Among the most common inverse eige.nvz}lue problems we find thé following
* which are closely related to the spectral theory of symmetric matrices. Let
A be a symmetric mﬁtrixf : ’
a) “Find a real diagonal matrix V such that the sl;_ectrum of A+V is given.
b) Find a diagonal matrix D such that the spectrum of AD is given (here
A is assumed to be positive definite).
The first problem is called the inverse ;zdditive ergenvelue problem, while
the se‘:':ond one the multiplic'&tive eigetivalue problem . The additive problem
*is dealt with in {9] and the multipliqati‘ve problem in [10]. Both problems
(2) and (b) are extended to the complex case that;, when A is a complex
hermitian matrix, in (2) see [11] for (2) and [5] for (b).

The two problems are the discrete analogs of the following inverse eigen-



value problems. The simplest formulation is : N

a') find a potential g(z) such that the operator l( 4) =~y + ¢(z)y with
appropnate boundary conditions, possesses a prescribed spectrum.

b) find a density P(z) such that the operator —y " [p(z) with appropriate

boundary conditions, possesses a prescribed spectrum.

’/b—\
] .
5

The ,other matrix vcx?on is the following inverse generalized eigenvalue

problem of

Az = ABzx (0.2)

where AT = 4 € R**" and BT =B ¢ Rrxn,
When B I, the identity matrix, [§] gave the construction of a Jacobi

matrix A from data satisfying (0. 2).

For A a tridiagonal symmetric matrix and B diagonal (0. 2) can be written
as a three-term recurrence relation with appropriate boundary conditions
(phapter?.). For a given B positive definite and a given spcctra.l function
7(A) (2], that is, the spectrum of (0. 2), and the normalization constants
(2.13),7[2] gave the construction of a tridiagonal symmetric matrix A satis-
fying (0. 2) and-the solution is then unique. )

The intent of this work is to consider the indefinite case i. e, w1th B an
' indefinite diagonal matrix v«%a seek a positive definite Jacobi symmetric ma-
trix A satisfring (0. 2). In this thesis we restrict ourselves to the 2 by 2
and the ~ 3 cases. We will show in chapters 3 and 4 that the solution is

generally Lot unique and we chtain a finite nnmber of different matrices A

[+



cach satisfying (0. 2).

The introductory chapterl provides a survey of preliminary results on sym-
metric matrices and introduces the basic concept of the generalized matrix
eigenvalue problem (0. 2). Chapter2 is devoted to a special type of recur-.
rence relation, but many of the results are more familiar in the context of
orthogonal polynomials.

In chapters 3 and 4 the construction of the solution for the 2 by 2 and tile

3 by 3 cases respectively is described.



Chapter 1
Preliminaries

There is a very extensive literature dealing with the subject of real sym-
metric matrices, see (3], [7], [17].

The purpose of this opening chapter is to gu:x'c some preliminary results con-
cerning real syrhmetri_c ﬁatﬁces and the symmetric generalized eigenvalue

problem.

In section 1 we give some definitions and notations. In scction 2 we give
some results on the positive definiteness of real quadratic forms and their
corresponding matrices, while in section 3 we shall study the reduction of

real symmetic matrices to canonical forms.

In section 4 we shall be considering the generalized eigenvalue problem
Ar = ABJ
when AT = 4 € R**® and BT = B € R**2,

4



1.1 Definitions and Notations

R™*" denotes the vector space of all n by n real matrices 4 € R™*" <=

-
a1 ... Qg

A =(ay) =

€p1 ... GQpy

We denote also by 47 = (a;;) the transpos: of A. For 4 € R*** we have

3

det(4) = I (=1 ay;det( ;)
=1
where 4;; is an (n — 1)by(n — 1) matrix obtained by deleting the first row
and 7 —th column of 4. Useful properties of the determinant include

for A, B € R**"

o (i) det(AB) = det(A)det(B)

o (i7) det(AT) = det(4)

o (117) det(A) # 0 <= T nonsingular
There are two important subspaces associated with a matrix 4 € RAXE,
The range of A is defined by
R(A) ={y € R" such that y = Az, for cach z € R"}

5



and the null space of 4 by

N(A) = {z € R" such that Az = 0}

» The rank of a matrix 4 is defined by

;
rank(4) = dim(R(A4)). .

It can be shown that rank(4) = rank(AT), and thus, the rank of a matrix .

cquals the maximal number of indépendent rows or columns.

For 4 € R™*", dim(N(4))+rank(4) = n, and the following are equivalent:

-

-

e (i) A is nonsingular
o (i1) N(4) =0

o (iii) rank(d) = n

We say that 4 is
diagonal if a;; = 0 whenever ¢ # j
tridiagonal ~ if a;; = 0'whenever |i ~ j[ > 1

A special notation is convenient for diagonal matrices, if 4 € R**" and we

N

write:

A =diag(ay,..., o)
w
then A = (a;;) is diagonal and @; = a; for i = 1,...,n.

There wie several important types of square matrices. We say that 4 €

6



RoXn ig -
symmetric i AT=4 ) _ 4
positive definite if 2TAz>0,0#z¢ R" and A = AT

' 'nonnegative definite if zT4z >0,z € R" and A = AT e

. ¢ indefinite - if (zTAz)(yT4y) <0, for some z,y € R™ -
orthogonal if ATA=1, ‘ .
positive - if g >0foralliand j
non-negative if a; 20foralliandj

diagonally dominant if [ag] > Ty lai;| for all 4.

An eigenvector z of a matrix A is a nonzero vector satisfying the equation

..-l.’c = /\.’L‘

wheré A is called the eigenvalue of A.
Definition
Two matrices A, B are said to be similar if there exists a nonsingular ma-
trix D, such that B = D-1AD.
Similar matrices represent the same linear operator but refer to different
basis systems. This is equiv:;lent to saying that every linear operator in
an n- dimensional vector space corresponds to a certain class of similar
matrices. It is important to note that the eige:_}valués of a matrix remain
j im:'a.rfa.nt under similarity transformations, bn the other hand, the eigevec-
tors are transformed in accordance with the new basis.

To every symmetric matrix A belongs a corrésponding quadratic form

¥

=1



n .
(dz, 2) = Y a7z, T =(21,...,2).
1,7=1

The quadratic form i§ called positive (negative) definite if for every = # 0

(Az, 2)= Y a;z2; >0 (< 0).

1i=1
The corresponding matrix is termed positive (negative) definite.
It
(Az, z) >0, (£0)

we say that the quadratic form and A are positive (negative) semidefinite.

1.2 Necessary and Sufficient Conditions for

the Positive Definiteness

This section examines necessary and sufficient conditions for the positive

definiteness of a given real symmetric matrix, i. ., (a given rcal quadratic

form). First we state some results concerning necessary conditions.

Theorem 1.1 A positive definite matriz must have nonvanishing positive

diagonal elements [17. p.16]. \\,_



K

A matrix with one or more vanishing or negative diagonal elements cannot-

be positive definite.

Theorem 1.2 The clements of a positive definite matriz 4 = (a;;) must

-

Sulfill the relation . o~

2 oy ;=L g
a;; < aiiy; for all i ;.

[17. p.16]

Theorem 1.3 The largest element in 2bsolute value of a positive definite

matriz A must lie on the dicgonal.

Proof

The converse statement, that the_largest element in absolute value of a

positive definite matrix lies outside the diagonal, is contradictory to Theo-

reml.2. s

L

Theorem 1.4 If for a given symmetric matrizc A = (a;;)-with positive

n
dicgonal elements, its elements fulfill the conditions
- 9

aiowe > (2 ;) Y lawsl), ik, 4, k=1,2,...,n

i=1.i%5 j=1#k
then A is positive definite {17. p.120]. \

™~
.

9
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" From the relation (1. 7) in the third section it follows that

. D -
Theorem 1.5 A necessary and sufficient condition that 4 be postitve def-

inate 1s that all the eigenvalues of A be positive [9. p.54).

Although this result (Theorem 1.5) is of theoretical value, it is relatively
difficult to verify. The reason why it is not useful in applications is that the
numerical determination of the eigenvalues of a matrix of large dimension is

a very difficult matter and any direct attémpt based upon a straight forward

ion of the determinant |4 — I is surely destined for failure because

of the eXtgaordinarily large number of terms appearing in the expansion of

the determipant. A determinant of order n has n! terms in its complete

J -
cxpansion, forexample 20! = 2,433 x 10'°, so it is clear thf direct methods

" cannot be applied. For this purpose we give the following theorem

Theo‘rem 1.6 A necessary and sufficient set of conditions that A be posi-

tive definite is that the following relations hold:

Dy >0, k=1,2,....n. (1.1)
A \H
where
Dy = |ay;), Li=12...,k (1.2)

For the proof see [3. pp.74-75), [6. p.306).

We see that we can represent a quadratic form as a sum of squares by the

following theorem

10



Theorem 1.7 Provided that pe Dy is equal to zero, we may write
e e 1

T e =3(D/Deyi De=1
k=1 - .
-,
where

n
Yo = Tp-+ E ck;z;, K=1,2,...,n~1
j=kal
In = In

The c;; are rational functions of the a;; [3. p.75].

Also, as a corollary of theorem 1.7 we have the
Corollary In a positive definite quadratic form (Az, z) = 2?,;‘:1 QLT

all the principal minors of the coefficient matrix are positive:

ta ... 1 .. .
A o 'p >0 (1€ <i2<...<,€n, p=1,2,...,n).

\ 112 ... Ip - "

NOTE: If the successive principal minors are non-negative i. e.,

D20, D;20, ...,D, >0 , (1.3)

it does not follow that (Az, z) is positive semi-definite. For, the form

2 2
anzy + 2a122122 + axr;

Hn

with

an=a;2=0, azzx <0

11
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satisfy (1. 3) but it is not positive semi-definite. However we have the

~ following result by which we end this section

Theorem 1.8 A quadratic form (Az, z) = 3=y QiTiT; 18 positive semi-
definite if and only if all the principzl minors of :'ts‘cocﬁficient matriz are

non-negative:

2 f2 ... 1, ) . _ )
A 20 1€ <i2<...<i,<n, r=12,...,n).
i 2 ... ' '
[6. p.807] Y

Q

1.3 Reduction of Symmetric Matrices to Canon-

ical Forms

First let us give two fundamental results of symmetric matrices upon which
R
the entire analysis of them hinges

Theorem 1.9 The cigenvalues of a symmetric matriz A are real

l?rq of
If X satisfes

wr

3
Az =!\2\ for some z# 0
|

then :

(Az, z) = Xz, z)

12

e



Taking imaginary parts, we see that
) Im(A)(z, z) =0
co Y
Since = # 0, this implies that
Im(A)=0

- which complﬁteﬁ‘ the proof.

Theorem 1.10 The eigenvectors associated with distinct eigenvalues of a

symmeiric matriz A are orthogonal

" Proof

From

A # g, we ¢btain

.(y; Az) = My, z) \

(z, 4y) = u(z, y)

Since
(z, Ay) 7 (Az, y) = (y, Az)

subtraction yields

0=\ =z, v)

13
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whence (z, y)\= 0. This result has a great importance. In fact, its gen-
eralization to more general operators is one of the cornerstones of classical

analysis. .- v

1 — Reduction to Diagonal Form : —Distinct Eigenvalues

Assume that A has distinct eigenvalues Aj,...,A,. Let z,,...,z, be the

associated eigenvectors, normalized by the condition that

(z;, z)=1 i=1,2,...,n. !

We form the matrix T by using z; as columns,i. e.,

T = (21, 2a,. ... 2,). ” (1)
Then T7 is the matrix obta‘im:d using the z; as rows
- .. -
. T — I2
SEN

Since ((zi, z;)) = (&), we see that T is an orthogonal matrix. The product
= '
AT has the form

AT = (Alzla ey )\nxn)-

It follows that

TTAT (Ailzir 25))

= (Aby;)

= diag(M,---, )

14



Thus multiplying on the right by T and on the left by T7, and using the
fact that 777 = I, we obtain the important result ‘

AN ... 0
A=T] : N (1.5)
0 An |

In the following we use the notation
A= e ] (1.6)

_ So.far we have only established the result for the case where the ); are
all distinct. This result is true in the general case [3. chapterd], that is, a
general symmetri;: matrix can be reduced to diagonal form by means of an
orthogonal transformation.

We state this result in the following theorem

Theorem 1?1'1 If A€ R™*" 1s symmetric, then there ezists an orthogonal
matriz T such thet '

TTAT = diag(Xy,..., )

2 — Reduction of Quadratic Form to Canonical Form :

We consider an arbitrary real quadratic form -

‘_\\_’- '(A:C, SB). = i Q;;T;T;

=1

15
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where AT = 4 € R™*". Therefore (theorem 1.11) there exists a real or-

thogonal matrix T such that
A=TTAT = (M),

where A, ..., A, are the cigenvalues of A.
Setting z = Ty we have ;

>

(Az, z) = (ATy, Ty) = (TTATy, v) = (Ay, v), |
or,

(Az, z) = Xn:A;y?. _ (_1.7)

=1

Since T is orthogonal we see that £ = Ty implies that

TT2 =TTTy = y.

’

Hence to cach value of & corresponds preeisely one valuc of ¥ and conversely.

Theorem 1.12 Every real quadratic form (Az, z) = 2 Tim1 @i TiT; where
AT = 4 € R™", can be reduced to the canonical form (1.7) by an orthogonal

transformation, where A;,..., A, are the eigenvalues of A.

e

3 — Reduction to Tridiagonal Form :

In the calculation of the eigenvalues and eigenvectors of real symmetric ma-
trices, several methods have been considered based upon an initial reduction

of the matrix to tridiagonal form using orthogqnal transformations. One

16



of the advantages of this initial reduction is.that a tridiagonal form readily
vields a Sturm sequence of polynomials terminating with the characteristic

polynomial of the matrix [7. §-2], We have

Theorem 1.13 Given a symmeIriTSnairiz A € R™*", then there exists an

orthogonal matriz U such thet H
T=UTAU

is tridiagonal.

Further results on the tridiagonalization consult [7. S-2], [7. 9-1], [17. 4-3)].

4 — Simultancous Reduction to Diagonal Form :

One can ask whether or not we can simultaneously reduce two real symmet- -
ric matrices A, B to diagonal form . The answer is given in the following

theorem

Theorem 1.14 A necessary and sufficient condition that there exist an

orthogonal matriz T such that

TTAT = diag(My,..., A), TTBT = diag(jey,.. ., pn) (1.8)

3 that A and B commute.

For the proof see (3. pp.56-57].
In theorem 1.13 we used an orthogonal transformation to reduce simultane-

ously the two matrices A and B to diagonal form. In many cases however

17



it 1s sufficient to reduce 4 and B simultaneously to diagonal form using
a nonsingular matrix. We state the result in the following theorem [3.

pp-58-59).
Theorem 1.15 Given two symmetric matrices, A end B, with A positive
definite, there ezists o nonsingular matriz T such that

TTAT =1 (1.9)

TTBT=diag(p1,...,¢zﬂ). (1.10)

1.4 The Generalized Symmetric Eigenvalue -

Problem

Let A and B be two n by n matrices. The set of all matrices of the form
A—AB with A € C is said to be a pencil. The eigenvalues of the pencil arc

the elements of the set
AA, By={A e C| det(4 - AB) =0}

If A € A(4, B) and

(1.11)

then z 1s referred to as

In this section we briefly give some of the mathematical properties of the

generalized eigenvalue /roblem (1. 11).

18



The important case is when A and B are symmetric with one of them pos-
itive definite.

The first thing we may observe about the generalized eigenvalue problem
is that there are n eigenvalues if and only if rank(B) = n [7. p.252]. If B
is rank deficient then A(A, B) may be ﬁnite; empty, or infinite.

Examplies:

. 1 2 0 '

(ilfA= , B= then A(4, B) = {-1/3}.
2 3 00 '

3 10 10 :

() If4= , B= then M4, B)=C.
00 00

10 01
() IfAdA= . B= then A(4, B) = ¢.
00 1090
Note that if 0 # X € A(4, B) then 1/A € A(B, 4).
When 4 and B are symmetric and one of them is positive definite, say B,

the matrix equation Az = ABz has been extensively studied (see, e.g. {7.
8-6]).

The generalized symmetric eigenvalue ijroblem can be reduced to a special -

eigenvalue problem

i
A

Dz =M\ : (1.12)

where D = B! 4 provided that one of the matrices, say B is nonéingtﬂar.
The eigenvectors of the special eigenvalue problem are exactly the same

as those of the generalized eigenvalue problem. D is no longer symmetric,

I3
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despite the symmetry of .-'\, B and B-1, W’e.l.lave
D=B""4 and DT = (B A)T = 4T(B-)\T = 4B"". (1.13)

So it is clear that the matrix D is symunetric if and only if A and B~ or A
and B commute; in fact o
if AB = BA then A = BAB™ and B~ = AB~" so that D = DT by (1.
13), and, conversely, if D = D7 then AB = BA.
In the case where A and Bo not commute,- the symmetry is lost. From

(1. 12-13) we derive the determinant of A. Since

det(D) = det(B~'A) = M Aa. ..\, (Ai € A(4, B)
and

)

det(B™*4) = det(B~1)d.t(A) ='(dctB)‘1dct(.;1)

we obtain

det(A) = det(BY\ g ... M, (1.14)

A Y
In the special case where B is diagonal, say B = diag(ay,@s,...,a,), then

we have for later use the following result
detA =X ... \a;... Qn. (1.15)

In the rest of this section we assume that AT = 4 is positive definite and
B =BT,



We note that if A = 0 is not an eigenvalue of (1. 11), it is therefore possiiale,

and it will turn out to.be useful to write the problem (1. 11) in the form
"Br'= pAr, (1.16)

where p =1/ ATt 1s possible that this problem has the eigenvalue u = 0 if
Bhasa nontri\jal/hull space. In this case, we simply say that X = oo is an

~ eigenvalue of (1 11), and the following theorems hold

Theorem 1.16 Every eigenvalue of the problem (1. 16), and hence also of
the problem (1. 11), is real.

proof

If (1. 16) is satisfied then

(Bz, z) = p(Az, z).

Taking imaginary parts, we see that

—_ : Im(p)(Az, z) = 0.
Since z # 0 and A positive deﬁnite, this implies that

a2
-

Im(u) =0,

which completes the proof.

-



.

Theorem 1.17 Let uy, po be two different ecigenvalues of the problemn (1.
16) and let z,, .;52 be the corresponding eigenvectors. Then (Azy, z2) =0,

that i3, T, and x, are orthogonal in this sense.

proof
We have
BII = ;51.4:1:1
Bry = paAz:
50 that
(JB:Ch T2) = Az, z2)
(Bza, 71) = po(Aza, z1).
Moreover
(B.Tl, Ig) = (131, BIQ) = (BIQ, :r;)
and

(Azq, z2) = (21, Az2) = (Azg, 4).

~Thersfore we obtain

(11 = pa)(Azs, 2) = 0.

[Se)
[



Since py # pe, this implies (Azy, z2) = 0, which completes the proof.
If none of the two matrices is positive definite then the eigenvalues of (1.

11) may be complex. For example the eigenvalue problem '

01 Iy
1 01| 2

whose cocfficient matrices are real and symmetric, has the eigenvalues A =

=1,

0 ""‘1 Ta

-3 1 0 [-’EIJ -—/J

For further results on the number of non-real eigenvalues of (1. 11)

see [12]. We end this section with the following theorem

Theorem 1.18 Let AT = 4 € R™" be positive definite and BT = B &

R™*™ then by theorem 1.14 there ezist an orthogonal metriz T such that

TTAT =1

and

:TTBT =diag(pry. .., ptn)-

Moreover

Azr; = ABz; fori=1,2,...,n where X =1/p,. '



s

Chapter 2
Orthogonal .polynorhials

The study of orthogonal polynomials is a subject closely related to miany
important branches of analysis. They furnish comparatively general and
instructive illustrations of certain situations in differential and integral’
equations. Here we discuss certain special orthogonal polynomials, which
are taken with respect to an indefinite-weight function 7(2). We shall be

dealing with the three-term recurrence relations with an "indefinite-weight

function.”

Though, in section 1 we define the Sturm-Liouville difference eciuations
with an indefinite weight-function, and write it in matrix notation in the
form, AY = ABY, where A = A7, tridiagonal and B diagonal real ma-
trices. In section 2 we give some results of the type of Green’s theorem

or Lagrange identity for differential equations. In section 3 we (éstablish

S
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some orthogonality properties while ig section 4 we try to give a very brief
survey of results on the Riemann-Stieltjes integral, and we end in section 5

by defining the spectral function.

"2.1 Sturm Liouville Difference Equations With
an Indefinite Weight

——

We consider here the boundary pgeblems of Sturm-Liouville type associated

with the recurrence formula

Crliny1 = (aﬂ.A - bn)yn = Cn—1ln-1 (2‘1)

w1_1ére boyn =0,1,...,m—1,is an arbitrary finite sequence of real numbers,
and @, ¢, are real scalars such that, a, # 0,¢, >0, n=-1,0,1,...,m—1.

If we introduce the boundary conditions
Y-1=0, ym =0 (2.2)

(2. 1-2) defines an eigenvalue problem. It is clear that if .we construct a

typrcal solution, that is to say, a sequence , satisfying (241) and the first

boundary condition (2. 2), we have to impose at least y, % 0 since otherwise
by (2.1), 11 = 0,92 = 0,..., and the sequence vanishes identically. So fixing
the initial conditions

y-1(A) = 0,y0(A) = 1/c_y > 0, (2.3)

- +

b2
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the values of yy(A), y2(A),..., can b-e found successively from (2. 1). For
n 2 0, it X obvious that y,(A) is a polynomial of degree precisely n. The

second boundary condition (2. 2) is satisfied if

The roots of this equation, the eigenvalues, are thus the zeros of a polyné-

mial of degree m. For if (2. 3) holds, the sequence
y-1(A), vo(N), 1 (A), o um(A) - (2.5)

satisfies the conditions (2. 1), (2. 2) of the boundary problem, without

vanishing identically. A solution of (2. 1-2) is therefore an m-vector Y'(A),

}-(A) = [yo(’\)v yl(’\) sy ym—l(’\)]! (26)

where y_1(A) = y(A) = 0.

From (2. 1) and (2. 2) we have

n = 0, Coy1-+ boyo = QoAYo
-n.= 1, ayz+ by +coye = ardy
n = m-1, (Cm-wm T Oomo1Ym-1 + Cmo2Ymez = Gmo1AYmoy

subject to i

Y1 = Uyym = 0.



This is equivalent to

- T\

bo co O 0 0 w | [a 0 0
Cp bl %] 0 0 (75 0 ay 0 0...
0 ¢ &6 ... © 0 Ya \ 0 0 a O
Do 0 0
0 0 Cm=n Ym=2 ] 0 0
L 00 Cm-2 bm_y J L Ym=-1 | N 0 O
1. €.,
1Y = ABY
where
[ b co -0 o 0 | (a0 0 0
Co bl C1 t] 0 0 ai 0
‘4 — -4.7. _ 0 ¢ Op 0 0 , B=l 0 0 an
¢ 0
9 0 Crnm2 0 0
[0 0 Cmez bmor | (0 0

are m X m real matrices with

? = [yO, Y1, - ?ym—l]T-

Conversely, if we have

AY = ABY

with 4 = AT, tridiagonal, and B is diagonal m x m real matrices, we can

write (2. T) of the form (2. 1). Then o = 0 is equivalent to det( A~AB) = 0,

27

0 0
0
0
0 0
A 0
0 amer |
0 0
0
~0
0 0
Gm-2~ 0
0  am_y
4
(2.7)




"that is ; the zeros of y,,(}) arekhe eigenvalues of the geriera.lized eigenvalue
problem, AY = ABY’, for some Y # 0. '

Concerning the separation properties of y, in the case where, a, > 0,¢n > 0, -

see [2. 4-3].

=~

- ~

2.2 Lagrange - Type- Identity

We prove here, for later use, some results on Green'’s theorem, or Lagrange
pI ) -

identity for recurrence relations.

We consider the orthogonality only in the finite discrete case; these results
may be used to establish the reality of the spectrum. The orthogonality of

the eigenvectors is considered first.

Theorem 2.1 For 0 < n < m.

i n+l ‘\ Yn+1
(= ) S e W) = | OVl | (o)

ya(N)  yn(p)

LY
)

Proof. By induction. We write (2. 1) for the two arguments A, g In full

giving

(D) = (anh = ba)a(N) = amatics (V)

Calntr(f) = (anp — bn)yn(f") = Cn1¥Yn-1(8)- ’ (2.9)
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Multiplying respectively by y.(x), ya(}) and subtracting we have
4 .

e {Uns1(N)yn () =nat1()¥n(A)} = an( A=) yn(A)yn()+camt {¥a(A)gna () = yn()ymcs (V)]
' T (210

Putting n =0, and relcalling that y_1(A) = y_1() = 0, we derive (2. 8) for

n = 0. Induction over n then yields (2. 8) from (2. 10), in the general case.

Using L'Hopital’s rule, we deduce two special cases obtained by dividing

(2. 8) by (A — p) and ma;king ¢ — A for fixed A. We obtain,

~ s
Theorem 2.2 For 0 <n < m, _
n . (A Yngr(A
Yefy NP =cal|’ T’( ) ven(d) (2.11)
r=0 ya(A)  wal(A)
for real A.
The other special case is: -
Theorem 2.3 For 0 £ n < m, and complez A,
: n , pr1(A) Ynpr (X
S ey (N = {2ifmA} e, | #(A) v “E ) 2.12)
r=0 yn(A)  wa(A)

-

This results immediately on putting u = X in (2. §).

Definition We call p, the normaiization constant associated with the

eigenvalue A, where

m=-1

Pr = Z ap{yp(’\r)}z- (2.13)

p=o
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In the following sections, we assume that the normalization constants are

different from zero forr =0,1,...,m —1.

2.3 Orthogonality _ )

We derive here two types of orthogonality; first the orthogonality of the
cigenvectors, that is to say, of certain sequences of the form (2. 5), and
secondly a dual orthogonality, which has a great importance, since in fact,

it establishes that the polynomials y,. arc orthogonal in the usual sensc.

We denote by Ag; M. .. Am—i, the roots of (2. 4), and we assume that these

zeros are all real and distinct. the first type of orthogonality is given by:

Theorem 2.4 The sequences

yO(Ar);yI(Ar);---;ym—l(’\r)a r= 0511"':m - 17 (214)

are orthogonal according to

m—1

Z apyp(}‘r)yp()‘s) = prbs, (2.15)
p=0
where
m—1
’ pr =2 @ {U(A)} = Cmo1¥mo1 (A )um(Ar) (2.16)
p=0

®and é,, denotes the Kronecker 4.
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Proof. Forr # s, wetake A=A ,pu=A,,andn=m—11in (2. 8), to find

mes | aA) (M)
(hr = 20) 3 a3 )p(A) = cms |
2, ey Umet(h) Uma (M)

The determinant on the right vanishes since y,(A) = 0if A = A,, ),, there-

fore
m—1

Z ap¥yp(Ar)yp(A,) =0

p=0
since A, # A,.

. Forr=s,put, A=A, andn=m—1,in (2. 11), to find

m=l ” ":n()‘r) ym()‘r)

VY B0 = | T (2.17)
S Ymer (M) Ymer(Ar)

= Cmo1¥m-1{Ar)¥m (M) (2.18)

Since 'y (A) = 0, note also that y,, (1) # 0 since 2ll the roots of yn(A) are
distinct and therefore, simple by assumption. The normalization constants
pr are essentially the reciprocal of the Christoffel n;umbers; sce [19. 3. 4 7-8]

in the case where p, > 0.

The dual orthogona.lil;}:, which is a consequence of (2. 13), is

Theorem 2.5 For0<p;,g<m-—-1.

m-1

v 2 wAn)y(An)pt = ay oo (2.19)

r=0

Proof It follows from the orthogenality property (2. 15) that the m

-vectors Yor = Yo(Ar)i - 3 Ymoir = Ym—1(A), for r = 0;1;...;m — 1, are
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lincarly independent. Thus an arbitrary vector ug,u;,...,Um-1, May be

expressed in the form

m=1 .
Uy = Z Celnrfr s n=01,...,m~-1. (2.20)
r=0 . v

where p, arc the normalization constants , and the Fourler coefficients v,

are to be found. Multiplying by anynp, Suxnna.ing over n, and usi}’lg (2. 13)

we get 4
m=1 m=1 m=1
_ . -1
2 GnlnYnn = 2 Gnllnp 2 Urlinel;
n=0 n=0 r=0
m-=1 m—1
-1
= > uprl Y Onlnplns
=0 \n\=0 ,
= .
TS
Thercfore, substituting for v, in (2. 20) we have
s
m-—1 m=1
- -1
Un = Z YnrPr z Qqlq¥er
r=0 q=0"
m=1 m=1
_ . -1
= Z Ugly I YnrYarPy - (2.21)
q=0 r=0

Here the u, are arbitrary, and we may derive (2 19) from (2. 21) by com-
paring the coefficients of the u,. (2. 19) establishes that the polynomials y,

are orthogonal with respect to the distribution of weights p7?! at the points
Ar.
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2.4 The Riemann—StieItjes Integral

Before we state the definition of this integral and some of its properties we

give the definition of functions of bounded variation.

Definition Let o be a function defined on a finite real interval [a, b]. If
{z,} is a partition of [a, 8], and if there exists a positive number B such

that ¥
n=1

2 lofzrn) = o(z.)| < B. (2.22)

Ak = M

For all partitions of [a, b], then ¢ is said to be of bounded veriation on
la, b]. The least common upper bound of all such sums is called the total
variation of o over [a, b] and is denoted by V,(a, b) or var{a(':c);a.,b}
or if there is no danger of misunderstanding by V,. Note that V. is a
nonegative real number with V,(a, b} = 0 if and only if ¢ is constant. For
more information about functions of Bounded variation see [1, chépter 6]

and (13, pp.156-157].

Definition For a pair of functions f,o defined on-a finite interval [a, b]

and for any partition {z,} of [a, ] with

a=zp< 2 <..., <z, =b (2.23)
we fornr the sum
r=n=-—-1
S= > fl&)o(zr1) = a(z,)) (2.24)
r=0

where & € [z,, T,41]. If as n — o0, and maz|z,;; — z,| — 0, the sum

S tends to 2 unique limit for all partitions {z,} satisfying (2. 24) and for

N 33
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)
all choices of the &, € [z, T,41], the limit is called the Stzeltjes integral of

f wzth respect to o, written

fn ! f(2)do(z) (2.25)

If o is a step-function, the Stieltjes integral reduces to a sum (1, p.148].

b3

Theorem 2.6 If f,.i.s continuous in the finite intervel [a, b and o is of

bounded variation over [e, b/, then the integral

[ #()do(z) -

exists [1, p.159).

Theorem 2.7 Under the conditions of theorem (2. 6), we have [2, p.421]
b
| [ #(@)do(2)] < mazl f(@)Var{o(2),a,b},

where the mazimum is taken over o, b/

Integrals over infinite interval$ are understood in the improper Sense so

that, for finite a

[ #@de@) = fim [ fie)dota)

if the limit exists, and likewise

[_o:o f(z)deo(z) = ﬂl_i__'l_noo jj f(z)de(z).

For more on the existence and other properties of the Stieltjes integral

consult [2, Appendix Ij, [1, chapter 7], [13, Appendix I].
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2.5 The Spectral Function

We define this function on .the real axis, as a step-function, having jumps
of amount 1/p, at the eigenvalues A, (points of the spectrum), and being
constant in between the eigeﬁva.lucs, where p, is the normalization constant
defined by (2. 13). More precisely we set

.

rN)= 3 1pn, (2.26)

Xr<d -
forall A € R.
7(A) is called the spectral function . This function unifies the eigenvalues A,
and the normalization constants p, into a single concent. Thus the spectral
function 7(A) is a real-valued step function which, in this thesis, is not

monotone since p, can take real negative and positive values.

When expressed in terms of the spectral function, the dual orthogonality

(2. 19) assumes the form

L 0Mn(dr0) = a5, 0<pg<m—-1.  (227)

(2. 27) is simply the Stieltjes integral of the functions u,(A\)y,(A) for 0 <
p,g £ m — 1 with respect to the spectral function 7()\), sometimes also

called the distribution function.
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Chapter 3
The Real 2 by 2 Case

The problem of solving the generalized matrix problem
AY = ABY (3.1)

has been extensively investigated using a veriety of techniques sec [7, $-6]

(18], [16].

-

We wish to consider a type of problem assdciated with this equation which
has not been investigated to any extent - the inverse problem. Instead of
assurning that the matrix A4 is known and trying to find the solution, that
is, the eigenvalues and the corresponding eigenvectors , we shall suppose
that the eigenvalues of (3. 1) and the matrix B are known along with other
conditions which we have to seek for them to try to determine the matrix A.

We restrict ourselvesto the 2 by 2 real case, with B a nonsingular matrix
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of the form -

B = -

where either a4 or a; is ncéa.tive, but not both,i. e, B is indefinite, and we

look for a matrix A of the form

bo o
Cp bI

such that

o (1) (3. 1) holds for somé ¥ £ 0;
L

o C:) A symmetric Jacobi positive definite matrix

In section 1 we will prove a lemma on the existence of the solution of the
inverse problem, and in section 2 we give our main result by constructing

the solution and determining the total number of such solutions.

3.1 Necessary Condition for t~he Existence

of a Solution

In this section we shall give a basic tool by proving a necessary condition

for the existence of the solution. As shown in section 2.1, (3. 1) can be
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- written in the form (2. 1-2) by taicing m=2

coyn = (@) = bo)yo
QY2 = (01/\ - 61)311 = Colo
subject to ya =0. . (3.2)

Since seeking for A is the same as reconstructing the boundary problem (3.
2), it is obvious that the knowldege of the eigenvalues only is insufficient
[2,1.7]. We get a problem which is soluble if we give not only the eigenval-
ues {A,,r = 0,'1.} (the zeros of 3.} but also the normalization constants p,
where p, is defined in (2. 13) or (2. 15), with m = 2. From the definition (2.
26), given A, and p, is equivalent to sayinE that we are given the spectral
function 7(A).

Now the question is: What is the necessary condition which A, and p, must
satisfy in order for the inverse problem to have a solution 7 That 1s, when
can we find a symmetric positive definite Jacobi matrix A ?. The answer
1s given by the lemma below which also holds true in the general case
i.e., A= AT, and B diagonal m by m real matrices .

Lemma

Given B = diag(ap,a,...,am1) € ™™, M4, B) = {do,dnr-vrs o)
-the spectrum of (3. 1), and the corresponding normalization constants
pr.m = 0,1,...,m — 1, defined by (2. 13).. A necessary condition for the
existence of a positive c:leﬁnite symmetric Jacobi matrix A which solves the

inverse problem is that

signl; = signp;, (Mip: > 0), 1=0,1,...,m-=1. (3.3)
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Proof .
Suppose on the contrary i. e., there exist 0 < ip < m~1 such that sign);, #
signp;,. Then by (3. 1) we have
AY; = \,BY, (3.4)
for some Yi,, where Y, = (0(Aip),- - - s Ymo1(Mi,))T. (3. 4) implies that
Y;AY, = \YiBY, . (3.5)
and, on the other hand Y7 BY;, =T ar{y.(A;,)}* = pj,, so that

0 < Y AY: = Aipi, < 0.

This contradiction ‘completes the proof.

We end this section with the following definition.

Definition
The scalars
oo | 5
= j Ndr()), i=0,1,..., (3.6)
are called moments.
Remark
Note that (3. 6) is equivalent to v
m=1 )
P-j=z/\i/f9r 7=01,.... (37)
r=0 .
Hence by the above lemma the odd moments are all positive, indeed
m~-1 m=1
M2yl = Z: )‘;fk+1/pr = Z: ’\kar/pr >0
r=0 r=0
fork=o,1,....
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3.2 Construction of a Solution

e
In this section we determine the matrix

b <o ]
co by _|
satisfying Ci, and Ca and therefore (3. 2).

We shall make the following assumptions: Given the matrix

dp 0

0 ay

and the couples (Ao, po), (A1, p1) and also the moments u;, for j = 0,1, 2.
defined in (3. 6) such that. |

HI) 00AOA1 >0
Hg) )\ip,' > 0, for: = 0,1, a;nd AOAl < 0_ |

B =

Hi) a1 8182 > 0, where A; for i = 0, 1, 2is given as folluws:

AQ = 1

Dy = o

TAY:

ll
£
h
—
" &
- o
T ®
3 e
| VS

The solution may be derived in two steps, the first of which consists in

constructing the two polynomials yo(A), y1(A).

\

Theorem 3.1 Let 7()) be the step function defined in (2. 26) and assume
that Hy, Hy, H3 hold. Then there ezist two real polynomials Yo(A), 11(A) of
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degrees 0 and 1, respectively, such that the coefficients of Am (n=0, 1) are

determined up to a change of sign.

proof :
The proof is by “orthogonalization”. We look for yo()) and y1(A) of the
form: -
w(A) = k 5
-
n(Ad) = E{d+ae}; (3.8)

where ko # 0, ky # 0. First, consider the solution of (2. 27) with p # ¢. For

these it is necessary and sufficient that

»
\\

3 [~ MNdr(3) =0 ¢=0,1,....p—1. (3.9)

s

For p=1, ¢ =0, we have

I~ war) = 0

‘ f °; kr{) + ayo}dr()) = 0.

-
Since k; # 0,

i+ arouo =0"

so that
Q10 =—l /,uo. (310)

For p=¢=1jp (2. 27) we have

[ tmOPer() = ap?
[ B 420100 + a2 }dr(A) = o
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- Lo
these imply that
k= pofar(papo — i) . (311)
which is positive by Hj.

For p=¢=01in (2. 27) we have

[ 0P () = a5
/ i k2dr(A) = a3t
so that
k2 = 1/agus (3.12)

which is pos'itivc by H,.

Now since we have found Yo.y1 we arc able to find the numbers eg. by. b,

1. ¢, the matrix A.

Theorem 3.2 Under the same assumptions as in theorem 8.1, there cz-
it o, bo, by such that the boundary problem (8. 2) has 7(A) as its spectral

function, and the matriz A is positive definite.

Proof

(3. 2) gives “_
cotn(A) = (aod — bo)yo(A),

where yp and y; are known by theorem 3.1, and thus also ¢g, by by comparing

coefficicnts. More precisely, since
Co(kl)t -+ klal'o) = (ao)\ -_— bo)ko
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we can choose

co = Qohy/ky (3.13)
and .
by = —agayo.
By (3. 10) .
p bo = aop1/ o ‘ (3.14)

. To get by, first let us find ¢,. Since the eigenvalues of (3. 2) are the zeros
of y2(A), then, without loss of genegality, y2()) can be written as
. b !

4 . v2(A) = (A= A)(A _"\1)
= ‘_A'Z - ()\0 + ’\1)'\ -+ AQAl.

Thus, again by (3. 2) we have
C1(A2 — (Ao + M)A+ 22 = (@A = b))k A + ko o) = coko

and so we can choose

¢y = ak,
and
by 5 a1((Ao + M) + an)
or,
b +]
b= ar((Xo + A1) — p1/ o). (3.15)

We have thus obtained all the entries of A:

a ) aoko/k
4= 0#1/#0 0 0/ 1 (3.16) it

aoko/k1  a1((Xo + A1) — p1/po)
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It is left only to check that the matrix 4 is positive definite. By (1. 1) it
suffices to prove that D; > 0 for z = 1, 2. But

D = app/po >0
by H;, H2 and the remark (see (3.7)) above. Also
Dy = det(4)
which can be com.putcd directly from (3. 16) or simply by (1. 32):

D: = det(4)

il

= /\oAldCt(B)

= (Igalz\oAl > 0.

since AgA; < 0 and B is indefinite i._c., agay < 0.

The solution above is not unique. .In fact we will prove that we can find
two positive definite symmeiric Jacobi matrices satisfying (3. 2} and not
more than 2 mairices. To see this we rewrite (3. 2) with A = Ag, A;, and
recall that y2(Xo) = y2(A1) = 0. Rewriting (3. 1) with A = X, A; and the
corresponding eigenvectors Yo = [yo(Xo), 11(%0)]7s Y1 = [1o(A1), (M7,
respectively where yo(A), 1(A) are given in (3. 8), that is,

AYy = XBY,
AY; = \MBY; (3.17)

(3. 17) holds if and only if
boko + coky(Ao + a10) = aoroko
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coko -+ biky (Ao + ayp) = a1 Aok (Ao + @y0)
boko + cok1(Ar + aip) = agAiko
Coko -+ blkl(Al + 0’1_0) = (11/\11:1(/\1 -+ Ctl'o) (3.18)

If we write ag = Ao+ aij0 and a; = A, + a0 then (3. 18) holds if and only
i

bokg + cokiap = agAoko

coko=+ hikron = a3 dokyog

boko + cokrcy = aphyko | “

Coko'!'blkla‘l = GIAII\?]_O:I. (319)

This is a linear system of 4 equations and 3 unknowns, which we write in

mairix notation in the form

- - - ——

klaa .k‘cj' .0 ] { agAoko
Co
ko . 0‘ k;ao bo - 'al)\gklao . (320)
k1a1 ko 0 5 ao/\lko
ko 0 k1a1 ] 1 | a1A1k1a1 i
or DX = C where i X
klag ko 0
D= ko 0 klao ’
’ krog ko 0 i

kg 0 k1a1 J



and

agz\gkg
a1 Aokravg

ao;\lko

] al/\lle_

Again we write {3. 20) in the form

o o o 9+

TR
kB 0
kray ko

[ ko O

kO
kiag ko
ko kg

| ko O
kiao/ ko

—(kra0)* /o

~kioyap/ ko

kIQ’I - klag ot

| 0 :  aplikg ]
kiag al)\ok;a-o
0 . aghike
krog @ ayhikyon |
i @ aydokiap ]
0 :  aghoke
0 & aghike
kla.l T oaitMkjan |
arAgky o/ ko
agAoko — ayAo(kiao)? ko
apArke — aydokiagag/ ko

a;Alklal il 3] Aok],a'o
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(1 0 kraro/ ko : a3 doks ao /K

01 ~(kao/kof* aoho = @y Ao(ky i/ ko)?

0 0 Kao(ao—ai}/ko = aoko(Ar — Ao} + (a0 — o )az Aok2ao/ ko
(00 k(o — ag) SR arkr(Ara; — Agag) ]

Solving DX = C is equivalent to solving MX = N where,

0 krag/ kg

1 —(krao/ko)?

0 Klao(ao — a)/ko
0 k1(e — ag)

M

T
o oo —

and . i
[ ayAokrag/ko

agAo — ﬁh/‘\c(i’ﬁ'ch:/ko)2

(ngg(/\l - Ag) =+ (Q’o -_Ql)alAckfao/ko

N =

i a1k (Aren — Aoa) |
In order to have a consistent svstem we must have Bfa~ &/v = 0, where
Q@ = Mgz, 7 = my3, and 3, §, are the third and the fourth components of the
vector N. We have 8/a = a;)g ~ aokg/ao_kf and §/v = ay(Ao + A1 + )

so that

8/v~FBle = a1 + ano) + aokf/ack? (3.21)
= ai(—p1/po + M) + ar(gapo - #3)/ to(poro — #1)3.22)
= 0% a1/p5pi(dopo — 1) = 0, ‘ (3.23)
coo.
AN



where we used (3. 10-11-12) in deriving (3. 22) and (3. 7) for (3. 23).

Therefore the system is consistent and thus the solution exists. Solving the

equation M X = N we derive -
Cp = GOkO/kl (324)
bo = aopi/po (3.25)
by = ai(Ao+ A — g1/ o) (3.26)

Thus we can find at most two matrices, one with ¢cg > 0 and thc. other with

¢ < 0 since ko, k; are determined up to a change of sign (theorem 3.1). We
"now give an cxample.

Example

Given

20
0 -1

and A(A, B) = {-3, 1} and py = =2, p; =1 then

Fo=1/po+1/py = —1/2+1=1/2

tr=2Ao/po+M/p1=3/2+1=5/2

p2=A/po+ A fpy = =9/2+1=-7/2
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therefore Hy, H., H, are satisfied and so

10 8
."11 -
S T

and

which are positive definite since
D1 = 10, .Dg = dCf(.‘i,‘) =6

and each satisfy (3. 1) with ¥ = [yo(z\); y1(A))7, where

o yo()) = £1 and

o () = £1/4() = 3).
~

®
For example, the eigenvectors corresponding to 4;z = ABz are given by
z =[1, =2]T and z = [1, 1)7 corresponding, réspectively, to the generalized

eigenvalues —3 and 1. s
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Chapter 4

The Real- 3 by 3 Case

. . . . . . i
In this chapter we consider again the inverse generalized cigenvalue problem

in the 3 by 3 case of the equation

Az = ABz. (4.1)

tions are given for the problem to have a
solution. . .
'In this chzipter it is shown that all the principles used in 2 by 2 case carry
over to the 3 by 3 real case; so we obtain results that are similar to those
obtained in the 2 by 2 real case. Throughout this chapter we shall be

working with a fixed nonsingular indefinite diagonal real 3 by 3 matrix B.



Let

[£14) 0 0
B=|0 a 0
0 0 a»

be nonsingular indefinite and A(4, B) = A, A1, Az the spectrum of (4. 1)
be given. One seeks a real symmetric matrix A of the form

bo ¢ O

@ b g

UC1 b:

such that:

-

e C)) (£ 1) bolds for some z # 0;

/

o (o) A is a symmetric Jacobi positive definite matrix
/

\quggtion 1 we formulate preliminary existence lemmas for the solution

of the inverse problem, while in section 2 we give the construction of the
- solution. In section 2 we also give the proof of the maximum number of

matrices (different solutions) we can find, and give a numerical example.



P

4.1 Necessary Conditions for Existence of a

Solution
t

In addition to the lemma proved in chapter 3 we try to give another nce-
essary condition concerning the eigenvalues of (4. ‘1.) and thosc of B for
the inverse problem to have a solution. We note that since rank(B) = 3
and the eigenvalucs"of A — AB are distinct by assumption, then their cor-
responding eigenvectors are lincarly independent.. We denote by x4, z0, 25
the eigenvectors of (4. 1) corresponding to Ay, A2, A respectively.
<
Lemma 4.1 If B is indefinite and all ) € A4, B) of (4. 1) are positive

then A 1s not positive definite.

Proof
'Suppose on the contrary, 1. e., A is positive definite. Then

(Az, z) = A(Ba:l,' z)>0, for z#0 (4.2)

an eigenvector of (4. 1). Since B is indefinite then there exist » # O such

that
(Bz, z) <. (4.3}

By (4.2), (Bz, z) >0 for every eigenvector of (4. 1) and there exist real
scalars ¢;, 1 = 1,2,3 not all zero such that

=T+ T2 + ez
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=y

D

(B2, 2) = (B(Lew), o)

=1

3
ZC?(B:C,', I,‘) >0

=1

in contradiction with (4. 3). Thus A is not positive definite. In other words
the above lemma says that there exists at least one negative cigenvalue in
A(4, B) in order for the generalized inverse problem to have a positive

definite solution matrix A.

Lemma 4.2 If B is indcﬁﬁite and ell A € M A, B) of (4. 1) are negative
then A 13 not positive definite.

Proof
If A is positive definite then by the above argument

(.41:; z)=AMBz, 2)>0, for z5#0 (4.4)

an eigenvector of (4. 1). Then (Bz, z) < 0, for every eigen\;ector of (4. 1).

Since for every = # 0 we can write

3
.
=3 Gz, ' »
=1

where ¢;, 7=1,2,3 are real scalars not all zero, we have

(Bz, z)=3_¢*(Bzi, z:) <0 \‘s

i=1 o’

whernce

(Bz, 2) <0 for all z#0.
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Therefore B is négative definite, which leads to a contradiction. Thus A
is not positive definite. This lemma tells us that there exists at least one
pégi'{t-iw'e eigenvalue in A(4, B) in order for our problem to have a solution. -
Now by the two above lemmas, (1. 13) and (1 1) we have the following

important result:

Lemma 4.3 Let B be en indefinite diagonal § by § real matriz and let
M4, B), the spectrum of (4. 1), be given. A necessary condition for the
ezisience of a positive definite symmetric Jacobi matriz 4 which solves the
invcﬁse problem is that the number of negative eigenvalues of (4. 1) equal

the number of negative eigenvalues of B.

As in chapter 3, by section 2.1, (4. 1) can be written in the form (2. 1-2)

by taking m = 3, viz.,

coyr = (aoA — bo)yo
ay: = (amh=— bl)yl = Colo
c2ya = (@A =bi)ya — a1y
subject toy; =0 (4.5)
J



4.2 Construction of a Solution

Throughout this section we seek a matrix A of the form

bp ¢co O
G b o

0 ¢ b
satisfying C;, C., and therefore '(4. 5). We will repcat the same procedure
as in 2 by 2 case. In the following we assume:
Hy) aoDod;, >0 _
" H.) Lemma 4.3 and (3. 3) hold
H)) a1 D; >0 ot
I:?.,) a28:4; > 0,

where we define A; for : = 0,1, 2, 3 as follows:

Ag = 1

Ay = po

ADs = dﬂt Ho
H1 p2

% Ho H1 H2
Az = det| py pp ps

H2 H3 Ha

Under these assumptions, there exists at least one positive definite symmet-

ric Jacobi matrix A which solves the inverse problem. The proof is given
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in the two following theorems.

Theorem 4.4 Let 7(A) be the step function defined in (2. 26} and as-
sume that El, E:, .E?g, H, hold#ﬂ_iign there ezist three real polynomials
Yo(A), y1(A), y2(A) of degrees 0, 1\ and 2, respectively, and such that the
coc_ﬁ‘icicnt.s of A" (n = 0, 1, 2) are determined up to ¢ change of sign.

Again the proof is by “orthogonalization”. We seck polynomials of the

form:
s

yo(A) ﬂ= . ko

yi(A) = ki{A+aof )
2, - ¥
y’.’()‘) = A'.‘.{/\ + 0‘2‘1/\ -+ Cl’g_o}, (4_6)

where k; # 0, 2=0,1,2. First consider the solution of (2. 27) with p# q; -

for this it is necessary and sufficient that

f Y (\Ndr(A) =0, g¢=0,1,...,p—1. (4.7)
—-co

For;:’: 2, and ¢ = 0,1 we have

- N =0 -
-/ Z 12(\)Adr(2) = 0.

Since k, # 0 we have
ay = #3}:0 — {24 (4.8)
’ By — H2to
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and

For p=1, ¢ =0 we have

since k; # 0, we have

Forp=¢=2, (2-1) gives -

I

k3 a{l[./oo (A% + @1 X + o) dr (M)}
o —00

which is positive by H,.
For p=¢ =1, we have

ko=
&7 =

which is positive by I'f';;
For p =-qr—: 0 we get

b_'y' I‘jl.

_ Hi—mps
Q2= .
K1 T Ha2po

A

[ myar) =9

y .

Q1o =~ -Fl/#o

© a2 + pacay + pacag))™?

‘11-1[/:2(/\ +o10)dr(A)]

Ho

‘21(#0!_\...1" - #21)

= o'l ar(\

= 1/aouo >0

(4.9)

{410)

(4.11)

(4.12)

(4.13)

Now since we have found the three polynomials we are able to determine

the matrix A. ,

-
-

1
~1
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Theorem 4.5 Under the same assumplions as in theorem .4 there exist

Co, €1, bo, by, ba such that the boundary problem (4. 5) has (1) as its spectral
function.

Proof

\
Since yo and y, arc known, so are ¢g and b from (4. 5) for we can choose

Cg = Goko/!ﬁ . . (414)
and
bo = =gt
By (4. 10) we have
bo = 00#1/#0- (4-15)
To find c;, we consider the expansion N
n+1
A@nyn(A) = D Ynsyr(A)  forl<n<m-—2. (4.16)
r=0 .

It is not difficult to determine v, , and see that Ynn41, Yan-1 have the form
Cny Cn-1, respectively, and v,, =0, 7 <n —1.
So we may use the Fourier process to determine the ¥, ,, since

n+l

JIRZCISENEL RS S PERCV LY
Thus by (2. 27), we have
| Yrr = Qn@y _/_o:o a\yn()\)y,()x)df()\) ) (4.17)
hence Ynn41 = Cns Ynm—1 = Ca—1 Where |
tn = s [ MOV (419)
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Now from (4. 18) we see that

Mn(A) = (Bn/ ki1 Jya(X) + lower powers of A

and so by the orthogonality (4 7) we deduce that
L A0 (Ndr () =(kafbiss) [ e NFdr(A). . (4.20)
—o0 -0
whence (4. 18), (4. 19), and (2. 27) give
o= ankn/lippy  1<n<m=2 (4.20)

It remains only to prové that 4., = 0, for » < n — 1. This results immedi-
ately fromi (4. 17), since Ay,(}) is then of lower degree than y,(A), and so
orthogonal to it by (4. 7). '

| Since m = 3 by (4. 20), we have
c; = a1k1/k2. (4.21)

For n = 0, (4. 18) and hence (4. 20) are still in foz"-ce,l'that is, ¢p can be
obtained from (4. 18).
Furthermore, since ¢; is known, by (4. 3) and (4. 21), we see by comparing

the coeflicients that we can choose -

arkfasg + aoky -

b = = , 4.22
' Kfoap . . ( )

where a2 and a; ¢ are defined in (4. §) and (4. ?.0), respectively. It.is left
only to determine b2; to do this let us first find ¢;. The method of finding
¢2 1s to be modified to that used in finding ¢, and ¢;. We have to determine

29 ~



ya(A) and ¢2, ba such that y3(A) has {Ag, A1, A2}, the points of the spectrum

of (4. 1) as its zeros, and such that

eas(N) = (@2h = b)in(A) — (). (4.23)

We define in this case

v(A) = _(A = 20)(A = A} A = A2)
= NemMta)-o, (4.24)

so that yz(A) will have the correct zerus, where To = Ao Az, 01 = AoAl +
AQAQ + }\1/\2, Ta = /\0 + /\1 + ;\:.. '

There still holds an identity

»

3
Aazi 2(’\) = Z ‘fﬁyr(’\)v v (42‘3)
=q

where v, 1s now to be determined by comparing the coefficiens in (4. 25).

© This shows that 723 = ¢»; more preciscly,

Ca = agkg. . (4.26)

From (4. 23-25) we may choose

- - -
azks3cq — arkiay o

P (a2
Therefore: .
| aop1/ po acko/k1 0
A=l akofly -2fgatel o, (4.28)
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Finally, we have to prove that A is positive definite. By (1. 1) it suffices to*
prove that
D; >0, 1=1,2,3.

By H, and (3. 3),
Dy = aopy [0 > 0

':_IOFI/,UO agko/ Ry \

D, = 2
2 Ealk ark?an gtagks
ap 0/ 1 kfa:_o

Hifz — ,u;f
= Qguay————™.
‘ Hafio = ji]

Since

x

H1pg—ps = ngopl)\o)\l()\1—Ao)2+P§P0921\0/\2()\0—/\2)24‘!’3#’1P:/\11\2(/\1—/\2)2 > 0,

by (3. 3), tizen by H, and Ha, Da > 0.

- Note that D3 = det(4), which can be computed directly frorﬁ (4. 27) or

simply by (1. 13):

Dy = apaya:0;

-T: aoalangAll\z >0
by lemma (4. 3).

The same argument used in chapter3 in order to calculate the number of

different positive definite symmetric Jacobi matrices works here, but since
5

it is too te } ical in the 3 by 3 case, it will be easier to use the following
N ‘
proof.
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Since the polynomials yo(A), v1(}), v2(A), ya()) are uniquely determined
apart from constant facters “%,”, n = 0,1, 2 which are determined up to a
change of sign and all the diagonal entries of A do not depend on the sign
cof “k,7, n = 0,1,2, the number of matrices depends only on the different
¢is, 1 = 0,1 that we have. Hence, tdhcrc cxist at most four different positive
definite symmetric Jacobi matrices 4; satisfving (4. 1), 1. e.,
Ay withe>0and e, >0
As withegg>0and e; <0
Az withgg<Oand ¢, >0
Ar with ¢g < 0 and ¢; < 0.
Example
Let

B =diag(l,-1,1/2).

A4, B)={2,5,-1}, po = 1/2, pr = 1 and p» = =2. Then by (3.6) we have

Ho = 5/2
" pmo= 19/2
2 = 65/2
~u3 = 283/2
ps = 1313/2
1] ~

so that Hy, H,, Ha, H, are satisfied. Thus by (4. 27) we obtain

R NI P



(195 6/5 o
At o= | 6/5 836/95 ~3V5
0 =3v5 11/2

19/5 =6/5 O

A2 = | —6/5 836/95 35
0 3v/5 11/2

19/5 6/5 0

A = | 6/5 836/95 35
0 356 1172

19/5 —6/5 0
A = | —6/5° 836/95 —3\/3
0 =3v5 1172

which are all positive definite since

Di = 38

D = 32

Dy = det(4;)
=5

for i =1,2,83.4, and satisfy (4.1) with ¥ = (0(A)y 11 (A), y2(A))T, where

w(d) = £V2/V5

-~
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‘y(A) = £V5/3v2{) —19/5)
y2(A) = £1/9v2{)* +35) - 32}.

For example, the gigenvectors corresponding to Az = ABz are givenby z =
(\/5/\/:! _3/\/]3? -\/§)T7 = (\/5/‘/57 ‘/if’\/gv \/§)T a‘nd = (‘/‘j/\/':-_)! —4\/33 _2\/5)'1'

corresponding to the gencralized cigenvalues 2, 5 and -1, respectively.
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