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Abstract

In the present thesis a numb’é of investigations on population inversions in He I and

C IIl in recombining plasmas are reported. Model %alculations for‘laser action in He I
are carried out using Collisional-Radiative model, when helium plasma is rapldly cooled
by expansion. In this model 61 excited levels of He I are considered, and e‘{mtatxon, de-
excitation, lc:nmatlon and three-body recombination by.electronic collision, spontaneous
transition and radiative recon;.bination have been included. The best avzxxilat?le r'ate coef-
ficients for the processcslinvolved are utilized. The quasi-steady state approxima:tion is
used ;n calculating the population deﬁsities of 62 discrete levels of He I. Populat/icfn;l inver-
sions have been found to occur in many of transmonsﬁoﬂf He I. We have concentrated our
attention on transitions between levels with n < 4 which give rise to emission lines irthe
visible region of the spectrum and show large population inversion. Results are presented
for four transitions: 3 1S—2 P (A7281), 3 !D—2 IlP (A6678), 4 'S—2 1P (15047) and 4

'D—2 'P (A\4922). Available-observational evidence for possible laser action in the He I

AAT281, G678 lines in Wolf~Rayet and emission line stars is summarized and discussed.

A similar model calculation for laser action in C III is carried out. A total of 59 statés
) (32' C I are consi‘dered‘in the Collisional~Radiative model. All the elementary processes
mentioned above are included, in addition, we include the dielectronic recombination.
Accurate oscillator strengths for the allowed electric dipole transitions between 40 lowest
terms in C II required in thé calculdtions have been calculated. The method of calculation
and the results of these oscillator strengths are given and compared with previous results
and experimental values, rwhere available. Also, a modified ionization equilibrium model

for carbon, applicable to high and low electron densities, is used to calculate the relative

concentrations of various ions. Appreciable populatlon inversion is found to occur only in
1i
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two lines 2s3p 3P° — 2335 38 (A4650) and 2p3p 3S—2p3s 3p° (A5263) in'the visible region.

"The results are ‘presented in the form of n,~T, digram. The relevance of thege results in

resolving thé‘“pioblem of intensity anomalies in the spectra of Wolf-Rayet stars is pointed
out. /

Ext'én'dingl the model calculation for He I, the sudden cooling assum.;;tion is ren;ovcd
and the plasma is allowed to expand in finite time. The initial-'population densities of ex-
cited states of He I are calculated using steady-state assumption. The differentia] cquations
for the population relaxation, electron density, ions densities and electron temperature are
solved joinﬂy using Runge-Kutta-Gill method. The varia.tions-—c;f population densities with
time are presented and discussed. The effe:t"of initial conditions of the helium plasma on
the population invers‘ion is studied. A similar model is applied to carbon plasma. The
evolution of the densities of the levels of C III are investigated in detail. The calculation
is carried out for three sets of initial conditions to study the dependence of the population

inversion in C III ion on the initial plasma parameters.

Results of a theoretical -model are presented, which describes a stationary He ] pla-sma
brought into contact w1th cool and dense hydrogen gas. The model includes elastic collision
interaction and the detalled kinetic e'\cc1ted levels of helium and hydrogen atom. Atom-
atom collision processes are included. The quasi-steady sta.te approximation is used only
for levels 7 lying above certain level i* which is greater or equal to il inHeland3inH L
Effective electron cooling is found to occur in a short time. It is found that the population
inversions which occur between levels of hydrogen atom are realized only in the quasi-steady
state following the tra.ns:ent phase, while those in hehum are rea.l;zed in the transient phase.
The calculatlons have shown that the magnitude of the population inversion which occurs

between levels of helium is much greater than that obtained previously by expansion.

iv
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Chapter 1

Introduction

A) An overview of the previous work

For some time past there has been considerable interest in using the plasma as an
amplifying medium of radiation and a large number of schemes by \vhfch this might be
achieved have been proposed. Gudzenko and Shelepin (1963, 1965) were the first to point
out the bossibility of radiation amplification in a rapidl_;,f cooled (recombining) pl;sma.
This scheme is capable of generating intense laser action and it is known as the plasma
laser or recombination laser. The work of Gudzenko and Shelepin has been amplified and
extended by Gudzenko et al. (1966, 1967). Reviews of the subject have been published -
by Gudzenko et al. {1974, 1975) . Short reviews have beer\l given by Otsuka (1980) and
Bunkin et al. (1981). Laser using recombination plasma has the following advantages over
lasers using other media: ‘

1- broad range of frequencies (from infrared to soft X-rays) capable of being amplified in
different types of plasma.
2- the possibility of obtaining in princi;ﬁle.a high efficiency.

Production of an efficient amplifying medium is the result of the simultaneous action of
two mechanisms, one of which fills the upper working level of the atom (ion), the other of
which empties the lower level. Several methods of cooling the plasma h.a,vg been suggested.
ng) of these which are of importance in astrophysics are considered in this work and these.
the following:

(1) Rapid expansion into a vacuum

Cooling of the free electrons by rapid expansion into vacuum was ﬁrs\t investigated by
Gudzenko et al. (1966) in magnetized and unmagnetized plasma. A moving plasma with

rapidly changing density and temperature is a medium in which substantial electronic
1



nonequilibrium phenomena is realized, A rapid recombination that occurs with sharp
~ reduction of th_e temperature of the free electrons in a plasma which initially. exhibits a high
degreé of ionization, can lead to overpopulate the upper levels. The populations in the lower
leveld are depopulated by radiative or collisional processes; the nonequilibrium situation
that is obtained in th:s way, if one achieves sufficiently rapid coohng of the free clectrons,
can lead to strong populatlon Inversion, thus making it possible to use ;.}-us plasma as lasing
medium. The significance of using the rapid expansion into a vacuum of a plasma stream is

primarily to cool the medium rapialy and thereby create the recombirmiation conditions. In

addition, since the decaer of different parts of an expanding‘plasma takes place at different
\

times, the recombination process unfolds in ﬁime and the radiating medium is carried
out of the active zone. Thus, it is possible to obtaip continuous high power lasing in a
plasma stream ﬂowin‘g constantly out of*a nozzle or of a star. Experimental evidence of
opulation inversion due to the rapid expansion into vacuum of highly ionized hydrogen

or hydrogenic plasma has been given by Gol’dfarb et al. (1966), Gol'dfarb et al. (1909),
Hoffmann and Bohn (1972), Irons and Peacock (1974), Dewhurst et al. (1976}, Dixon et
al. (1978), Korukhov_et al (1982), and of helium by Goldfarb et al. (1969), Zhinzhikov
et al. (1978), Hara et al. (1985). Theoretical studies on plasma dynamic laser have been
carried out by Kuznetsov et al. (1965), Gudzenko et.aEI: (1970), Bowen and Park (1971),

Stupitskii et al. (1972), and Reshetnyak and Shelepin (1973). The numerical calculations

of Bowen and Park (1971) and Stupitskii et al.’ (1972), respectively, have demonstrated ,

the possibility of obtaining a population inversion on a neutral nitrogen line (A1745 A)
and on Xenon atomic lines (7p—+35d, 4f—3d). Reshetnyak and Shelepin (1973) showed the
possiBiIity of obtaining a population inversion in a lithjum transition (10792 A), and it
helium transition (21120 ). Calculations by Varshni and Lam (1976) showed population
inversion in a He II line (A4686) under stellar conditions, and Millette and Varshni (1950)

have shown several transitions in C IV, N V, and O VI ions to have inverted population

t]
-



under similar conditions.

(2) Contact with a neutral gas —

> Rapid cooling of the free electrons by collisions with a cool gas can be achieved in a high
Egﬁsity plasma. The advantage of this.method is fha.t the charge particle density does not
decrease as in an expanding plasma, and thus there is the‘possibility of obtaining higher
gain and VUYV laser. Theoretical calculations have shown that inverted population can be
realized in a high density plasma interactiné with a cool gas (Gudzenko a.nd Yakovlenko,
1970; Gudzenko et al., 1975; Wagli\and Bohn, 1980; Furukane and Oda, 1984). Population

inversion between low-lying levels of He II was observed by Sato et al. (1977), and Sato

(1977), in a stationary plasma interacting with a neutral gas.

There are several physical situations in which a plasma expands ina a vacuum or a low
density gas, and where laser action may be important to different degrees. Some important

examples of such physical situations are as follows:

a) Rapid mass loss from Wolf~-Rayet stars. «

(c

Explosion of an atomic bomb or hydrogen bomb in outer space.

b ]

(a)

(b) Novae and supernovae.
)

(

d) When a laser pulse strikes the surface of a solid target.

)
(e) Electrical explosion of thin wires in vacuum (Tyulina 1965).
)

(f) When high—energy meteorites strike the surface of a planet that has no atmosphere.

In principle, any analysis of the prospects for recombining plasma is closely associated
with a discussion of relaxation processes involving a large number of discrete electronic
levels. For 2 given clectron temperature and density, the population densities of a large
number of excited states and ions densities are required. The population densities of
discrete electronic levels in non~LTE plasmas must be obtained from the rate coefficients
of the individual collisional and radiative processes occuring within the plasma. Several

8



models which take into account some or most useful of these processes have been proposed;

. of these, the most useful and general is the Collisional-Radiative {CR) model (Bates et

al.,
L

2.

1962a,b). This model is based on the following assumptions:

The free electrons have a Maxwellian velocity distribution.

Iénization is by electron collision froni aq'{bound level (in complex composition plasma,
one mt‘mt, of course, include the ioxbliza.tion\by heavy particles collision) and is partially

balanced by three-body recombination into any level.

Transitions between any pair of bound levels are induced by electron collisions (heavy

particles collisions must be included in the case of complex composition plasma).

. Radiation is emitt%d when an electron in an upper bound level makes a spontancous

transition to a lower level and when a free electron recombines into a bound level.
The plasma is optically thin, such that all radiation emitted within the plasma escapes
without being absorbed; this a.sfl:mption is less realistic since some degree of radiation
reabsorption is likely to occur in the plasma (especially in high density plasma). In
some cases, one can use the effective probability of the radiative transition, in order to
allow for radiation absorption ( Bates et al., 1962b; Gordiets ét al., 1968a,b; Drawin,
1969, 1970; Drawin and Emard, 1970, 1972, 1973, 1974).

With these assumptions, an infinite number of the coupled equations which describe

the population densities of all the discrete levels are obtained. To avoid dealing with

impossibly large number of coupled equations, it can be reduced to a limited number by

the fact that because with increasing quantum number the level spacing become closer, the

probability of collisional processes becomes greater while at the sa.rtffe time the probability

of radiative processes becomes smaller. Thus to any desired accuracy there is always some

level above which the effect of the radiative processes may be neglectéd. - Under these

circumstances, the population &ensity of these upper levels obeys the Saha-Boltzmann

distribution law. Further there is a cutoﬁ’4’m the number of excited states because of
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the reduced ionization limit in a plasma. The principal quantum number, n,, at which

summations may be curtailed is given by (Griem, 1974)
. ' : s

ng = (:42}22,1:1/(.\E"l)1/2 — {1-1)

Here z = 1 for neutral atoms, z = 2 for singly charged ions, etc. and Eg is the ioniza\tion

energy of hydrogen, and

282

AET = (1-2)
Pp

with pp being the Debye radius.
This model was first propééed and applied to hydrogen-like ions by Bates et al. (1962a,
b). These authors considered a plasma containing hydrogen ions, bare nuclei,. and electrons,
not necessarily in a steady state and showed that the population densities of the excited
bound levels of hydrogenic ions come into equilibrium effectively instantaneously with the
rélé,tively slowly varying ground level population. Thus, the rate equation can be set equal
_ to zero for all levels other than the ground state. 'This approximation is known as the
El;aéi—steady state (QSS) approximation. Following‘ Bates et al, the popula.tion densities

of hydrogenic ions in the ground level N;*™ and bare nuclei N™*! are described by the

equation

—————

dN-t-m dNm+l ) .
ranials Aiiz = acrRN™'n, — ScrN{™n. (1-3)

The two coefficients acp and Scg are the CR recombination and ionization coefficients,
respectively. They may be regarded as net recombination and ionization rates. In steady-

state plasma this equation reduces to (N;™ » N;™)

Nm+1/N+m5= Scr/ocr (1-4)



Numerical solutions for hydrogen and hydrogen-like ions have been obtained by Bates
et al. (1962a,b) and by McWhirter and Hearn (1963) and they list representative sets of
values of the various coefficients. . -

Since then, much work has been done on and with the CR model using the QSS approx-
imation. Hydrogen and hydrogen-like ions, being simple systems have been extensively
~ investigated. Theoretical studies have been carried out by Bates and Kingston (1963),
Gordiets et al. (1968,‘1968;3.), Bohn (1971, 1974., i978), Fujimoto et al..(1972), Skorupski
and Suckewer (1974, 1974a), Pert and Ramsden (1974) Reshetnyak and Shelepin (1975),
Pert (1976, 1979), Luk’yanov (1977), Tallents (1977, 1978), Otsuka (1978), Furukane et al.
(1979), Furukane and Yamamoto (1980), Pert and Tallents (1981), Furukane et al. (1982,
1983), Boiko et al. (1982), and Oda and Furukane {1983).

' Experimental observations of population inversion in hydrogen have been made in
hydrogen by Hoffmann and Bohn (1972), Suckewer et al. (1976), Lukya.nov‘et. al. (1978),
Hara et al. (1980, 1980a), Trebes et al. (1981), and Miyake et al. (1983), in He II by
Suckewer et al. (1976),Sato et al. (1977), and Hara et al. (1982), in C VI by Irc:;s and
Peacock (1974), Dewhurst et al. (1976), Dixon et al. (1978), Key et al. (1979), and Jacoby
et al. (1981), and in O VII by Korukhov et al. (1982). Suckewer et al. (1986) (Milchberg
et al., 1985; Suckewer, 1985) have observed gain in plasma for the C VI A812 line. The
model has been applied to other atoms also. Work on helium atom has been summ&ﬁied

in Chapter 2. The model was first applied to lithium by Gordiets et al. (1968b), and to

cesium by Norcross and Stone (1968) ’

An alternative theoretical approach which does not invoke the quasi-steady state ap-
proximation is to seek the solution of the time—dependent relaxation equations. This ap-
proach has the advantage that one can then study the temporal evolution of the plasma by
integrating the relaxation equations numerically (Gordiets, Gudzenko and Shelepin 1968b;

Limbaugh and Mason, 1971). On the other hand this approach has the disadvantage that
6
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the integration consumes much computing time, because the system of equations is stiff, so
that the integration step-length has to be kept very small. Also, the number of differential

equations involved is large, one equation being required for each of the bound states.

Jones and Ali (1975, 1977, 1978) (Ali and Jones, 1976) have carried out calculations
on hydrogen and hydrogen-like ions from a detailed t:ime-dependent numerica] model.
Starting with complelgely stripped ibns, the plasma is a.llowed to recombineﬁa.nd the time
histories of the excited states are followed. .

In the laboratory, there is a serious limitation in the production of short-wavelength
lasers. As the wavelength decreases, it becomes increasingly difficult to device suitable
mirrors for multiple passes. The reflectivity of such mirrors which are possiif»le is ~ 10%
(Sobel’man and Vinogradov, 1985). For wavelength < 400 A, in soft X-rays, Iésing can be
achieved only by amplified spontaneous emission (ASE) i.e. single pass lasers. In stellar
sources, ordinariiy, one can only consider single pass lasers. Thus both for stellar sources
(at any wavelength} and laboratory sources at short wavelengths one has to consider the
best conditions for ASE. The intensity of the laser radiation is proportional to e?‘, where
g is the gain coefficient and £ is the length. The main difference between laboratory and
astronomical plasmas is physical size. This difference in size means that the demands on
g are different in the twlb cases. In astronomical sources, £ is very la}ge, thus even a very
small value of ¢ can lead to an intense line, but in laboratory sourc:la's, the small value of £
means that ¢ must be very large for the production of an intense line.

The plasma laser is also of importance for military applications. One of the possibilities
which is being explored in the X-ray laser program of the Strategic Defense Initiative (SDI)
research, is essentially based on laser action in a recombining plasma. (Robinson 1984,
Eder et al. 1985; Richardson 1985; Hagelstein et al. 1985; Smith 1985).

According to two short reports that appeared in 1981 (Robinson, 1981; Walbridge,

1981) an X-ray laser action has been demonstrated for the first time in experiments con-
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ducted in the Nevada desert. The device pumped by X-rays from a small nuclear bomkb,
produced a nanosecond long pulse of several hundred terawatts at ‘14 A. Obvious potential
military applications cover any other details of this experiment by total secrecy. Estimates
by a Russian group (Bunkin et al., 1981) have shown that it is possible to achieve a quasi-
steady state amplification in the 10-20 A range in a recombination plasma of an element

with Z =~ 30 (for example, the 6 — 5 transition in Zinc yields A = 14.2 A).
" B) This thesis .

In the present thesis a number of investigations are reported with the aim of finding

i
appropriate transitions in He I and C III in which population inversion may occur in a
" recombining plasma. Whereever possible the results obtained are compared with astro-

physical observations or laboratory experimental results.

In Chapter 2, the population densities of the discrete levels of He I in optically thin
plasma cooled by adiabatic expansion are calculated with the Collisional-Radiative model.
Population inversion of varying degrees is found to occur in several transition. Results for

four such transitions which lie in the visible region of the spectrum, and for which laser

action is possible, are presented in the form of n.-T, diagram. The evidence available on :

Wolf-Rayet spectra for two of the lines AA7281, 6678 is summarized and the behaviour of

these lines is compared with the expectations of the model calculations.

In Chapter 3, the assumption of sudden cooling which was used in chapter 2 is removed
and the helium plasma is allowed to e.xpar;d in vacuum in a finite time. The evolution of
the pop}lla.tion densities is investigated in detail. The dependence of population inversion
on the initi\a{conditions is studied.

We wanted investigate population inversion in C III levels. For this purpose a great

many cross—sections are needed. It was found that for many of the transitions which

would enter into the calculation, no theoretical as experimental data were available. Con-

RN
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sequently a substantial project on the calculation of oscillator strengths of C IIT Atra.r_lsitions
was undertaken. Calculation of oscillator strength for all allowed electric dipole transition
between the 40 lowest terms in C IIf ion is dkescribed in Chapter 4. Configuration interac-
tion wavefunction are used. The results are used in subsequent chapters.
SR

Model calculations for laser action in C III, similar to these in chapter 2, are presented
in chapter 5. Two transitions are found to show appreciable population inversion. The
results are presented in the form of n.-T, diagram. The behaviour of these lines are
compared with that in the spectra of Wolf-Rayet stars. In chapter 6, a model similar to

that presented in chapter 3 is applied to carbon plasma expanding in vacuum, and the

* population densities of the levels of C III are studied in detail.

) .

Finally in chapter 7, the processes leading to the population inversion are investigated
in a recombining plasma when a stationary helium plasma is brought into contact with a
dense and cool hydrogen gas. The population densities for the levels of He I and H I are
calculated using the rate equ'a.tio'ns on the basis of a Collisional-Radiative model and the
energy equations of electrons and neutral particles. -
Two papers, based on chapters 2 and 4, have been published:
1. Y. P. Varshni and R. M. Nasser: La.ser‘ Action.in Stellar Envelopes, Astrophys. Space
Sci. 125, 341 (1986).
2. R.M. Nasserand Y. P. Ya.rshni:‘ Oscillator strengths for C III linés, Astron. Astrophys.

Suppl. 60, 325 (1985).



Chapter 2 - \

\ o
Laser action in stellar envelopes. He I

A) Introduction

Several types of stars (e.g., Wolf-Rayet, Of) are known to undergo mass loss, and if the
mass loss is rapid enough, it can lead to rapid cooling. In the astrophysical context, the

. . N . .
term laser action actually means amplified spontaneous emission as there are no mirrors.

Varshni and Lam (1976) presented calculations on popl;lation inversion and laser action
in He II in the context of stellar envelopes. In this chapter model calculations for laser
action in certain transitions of He I, using the CR model, are reported. First we summa.ri—z;
the work which has been done on population densities and populaticz inversion in He I in
laboratory plasma. |

An early discussion of the possibility of producing population inversion in helium is due
to Gordiets et al. {1968b). Theoretical calculations on population densities of He I levels
under different conditions have been made by Johnson (1967), Drawin (1969), Brocklehurst

| (1972),Limbaugh and Mason (1971), Drawin et al. (1973), Filippov and Yevstigneyev
(1975), Hess and Burrell (1979), Fujimoto (1979), and Ilmas and Nugis (1982).

The experiments of Goldfarb et al. 11969) on axisymmetric supersonic jets of a helium
plasma revealed a deviation from an equilibrium energy distribution of He atoms at the
end of the nozzle of 2 plasmatron and showed that a poﬁllla.tion inversion of levels with
principai quantum numbers n = 4 and 3 occurs at some finite distance from the nozzle.

Johnson (1967) and Johnson and Hinnov (1969) give the results on the measurement
of population densities of excited states of neutral helium in afterglow discharges. Thé
data show population inversion between certain levels with n = 4 and 3 and also between

certain levels with n = 5 and 3. 10
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Zhinzhikov et al. (1978) have studied the population inversion in He I levels with n = 4
and 3 in the supersonic expansion of helium plasma from circular and plane nozzles into
a low density medium. In an axisymmetric jet the population inversion occurred at some

finite distance from the nozzle; in plane jets the inversion occurred immediately beyond

the slit nozzle. The experimental results were compared with theoretical calculations; the

experimental results confirm the operation of a recombination mechanism.
Recently Hara et al. (1985) have observed population inversions in a freely expanding
helium plasma. Experimental results showed that population inversions for n = 3 — 4 and

3 — 5 levels of He singlet system are larger than the triplet system.

.-

B} The Theoretical Model

We consider what happens when th_e plasma in the outer layers of a star rapidly
expands. To focus our discussion we cor;sider Wolf-Rayet stars. The atmospheres of these
stars depart seriously from a condition of local thermodynamic equilibrium (LTE). We

-~
consider the state of plasma at the base of the extended atmosphere of a Wolf-Rayet

star, roughly where its ‘photosphere’ would lie. We make the reasonable assumption

that the conditions there will also correspond to non-LTE. Hence to obtain the relative

-concentrations of He, Het, and He*" at a particular electron density (n.) and electr

temperature (7.) we use the non-LTE method of House (1964) ( see Appendix A ). It
is well known that Wolf-Rayet stars are undergoing a high-speed mass loss. We assume
that this plasma expands adiabatically, for which the plasma density N and T, are related
by TN'"7=const. We assume v = 5/3; for the actual plasma the value will be slightly
smaller. The flow is supersonic and to a first approximation, the plasma is assumed to
be ‘frozen’ during the rapid fall of temperature, for which a factor of 5 is assumed. (The

same factor for the fall in the temperature has been used by/gudzenko
11



et al., 1966, and Varshni and Lam, 1976.) Rapid recombinations will occur in this cooled
plasma. The populations of the atomic levels can be calculated from the CR model. The

time development of the population density N; of a level 1 is described by the differential

equation -
7 Q
ﬁ:’i';yn‘ e
. dN: o0 i-1
Ni= =7 = —neNibi - ""N"Z Cij - N Z Ay

: 5# j=1

+ne ) NiCji+ ) NjAj+{Bi+ ainc}n.N*™, (2-1)
IE F=i+1

where i and j symbolically represent energy states available to the bound electron. The

meanings of other symbols in Equation (2-1) as follows:

N+™ = the density of the next ionization stage,
"n. = electron density,

C;; = rate coefficient for excitation (i < j) or de-excitation (i > j) from

level ¢ to 5 by electronic collision,

A;; = Einstein coefficient for radiative transition from level 1 to 7,
S; = rate coefficient for ionization from level ¢ by electron collisibn,
o; = that for three-body rec;ombina.tion 1:0 level 1,
B; = that for radiative recombination.
Other atomic processes are possible to occur in the plasma, but since they occur less
frequently or they a.re‘ not effective at the temperatures and densities considered in this

calculation, they are not included in the CR model. For example: proton-atom, atom-

atom collision, photoionization, dielectronic recombination.

There is such an equation for each and every discrete level i = 1, 2, 3, -++,00. Thus,

we obtain an infinite number of coupled differential equations describing the population
12



densitits of all the discrete levels.

The normalized population density of level { is defined by

where NE is the Saha equilibrium population density of level s,

NE = Zin NT™ (2-3)

and

e
Z; = {w;/2wt}(hE/20m kT,) 3/2 ezp(x;/kTe), (2-4)
where w; and w™ are the statistical weight and the partition function of the ion, respectively,
x; is the ionization potential of the level 1, and the other symbols have the uéual meaning.

Dividing eq.(2-1) by N,E and using eq.(2-2), the set of equations (2-1) becomes

»

N' oo 11
,b,-E—-—;:‘_‘.-:— neSi+n¢ZC€j+ZAij i
N£ ! mha g —
J# j=1
ad Z; 1 | -
+ E {C';J-n, -+ E‘:Aji}pj + Z{Q'-iﬂ'c + ﬁi}a (2"5)

j=i+1 ,
with ¢ = 1,2,3,-- -, 00. To solve this set of equations, the following assumptions are used.
First, for all levels 1 located above a sufficiently high lying level, r, the population density
is assumed to be given by the-Saha-Boltzmann equilibrium equation instead of Mq.
(2-1). Thus, in this case, we have p;», = 1. The infinite set of equations (2-5) thus become
_a finite set of r coupled equations which can be solved for p;, 1 = 1,2,---,r. The infinite

sums appearing in Eq. (2-5) can be cut off at a sufficiently high-lying level s > r above

which the rate coefficients involving these states contribute little to the infinite sums of
13



Eq. (2-5). Second, the time derivative, Eq. (2-5), can be put equal to zero for all the levels
t<r eixcept the ground state (1'S) without causing significant error: This leads to coupled
linear equations for the levels 2< ¢ < r instead of the coupled differential equations. Using

these assumptions, Equation (2-5) reduces to

a 1—1 r
. . Zy
pi=—|neSitne Yy Coi+ Y Ay pit E {Cijne + "Z%AJ;}PJ'
. o =1 joitl i

° Z; 1 .
+ 2 {Cune + FAst + S {ane + 8y =0, (i=23,-1) (26
I>r t !

The solution of r — 1 linear simultaneous equation, in term of local ground state population

density, may be written as follows

pi=rD+rlp for2<icr, (1)

(0

r;’ is the contribution from the continuum towards p; , and rEl)pl is the contribution from
the ground state towards p;. Substituting Equation (2-7) into Equation (2-6), we have two
set of r — 1 equations for r‘(-o) and ,.EI) with 2 < ¢ < r. The solutions r‘(-o) and r‘(-l) obtained

from these two sets of equations give the population density;

Zi

0)
N; = Z,-r‘( N+mn¢ + A

r . (2-8)

The atomic data used in the calculations are summarized in the next section.

C) Atomic Data
(a) Energy levels.

The excitation energy of each level is based on Martin {1973). All of the levels having .

a principal quantum number n < 8 are treated as individual levels except for the levels
- 14



having the orbital angular momentum £ > 4, which for the same n, are grouped together to
form a single level. For the le\.rels with n > 8 all of the S,P,D,- - - levels are grouped together
in one level , which was a;)proxima.ted by a hydrogenic level having a statistical weight
twice that of hydrogen. The upper limit of the levels, r and s in CR model calculation
are taken as n, = 15 and n, = 22, respectively. Therefore we have 69 distinct levels; in the

main system, and the total number of levels whose population densities is calculated is 62.

The labelling, energies and weight factors for these levels are given in Table 2-1.

*

(b) Radiative Transitions. The rates of spontaneous radiative transitions are deter-
mined by Einstein coefficients A,z n¢r. Einstein coefficients were calculated using the for-

mula (Menzel and Pekeris, 1935)

87('282&)“:5:

Antp = Vi o Frit nts (2-9)

medwey

-

where wpipr and wy, are the statistical weights of the level n' and n, respectively, vpg g
the frequency of the photon emitted as result of the transition and fnit ne 1s the absorption
oscillator strength for the transition, and the other symbols have their usual meaning.

When the angular .mdmentum states £ or £ are grouped together then,

2,22 Tl T
8mwe‘y Zt,- ZJ wn'l‘fn't’,nt

L
me? Zt,- Wnt

Angitanits ) = ) : (2-10)

Oscillator strengths for all the allowed transitions between the states n!S, n*P, n!D, .

n3S, n°P, and n®D, n < 8 were taken from Kono and Hattori (1984). These authors used
variatiox_'xal wave function and they estimate the accuracy of their results to be better than
1% for most of the transitions and better than 0.1% for about a third of the transitions.
The error estimate is based on numerical convergence as the number of expansion terms
in the wave function is increased.

15
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TABLE 2-1. Energy levels of He ]E_used in the model.

\Level State Energy % Level State Energy %
No. (i) " Ei(em™1) No. (i) E;{em™1)

1 118 0.0 1 32 63D 195260.49 15
2 2°S 159856.07 3 33 é'D 195260.86 5

3 21§ 166277.55 1 34 63F 195262.49 21
4 2P 169086.94 9 35 81F 195262.50 7

5 21p 171135.00 3 36 813, 195262.85 ‘80

-8 338 183236.89 3 37 81P 195273.04 3

7 3!S 184864.55 1 38 7°8 195868.35 3

8 3°P 185564.68 9 39 718 195979.04 1

) 3°D 186101.65 15 40 73P 196027.40 9
10 3'D 186105.07 5 41 7D 196069.73 15
11 3P 186209.47 3 42 7D 196070.22 5
12 438 190298.21 3 43 7°F 196071.27 21
13 418 190940.33 1 44 7F 196071.28 7
14 4£P 191217.13 9 45 i 196072 132
15 D 10144459 | 15 | 46 7P 19607924 | 3
16 4D 191446.56 5 47 8% 196461.42 3
17 £F 191451.98 21 48 8's 196534.88 1
18 AlF 191451.99 7 49 3°P 196566.82 9
19 4'p 191492.82 3 50 83D © 196595.18 15
20 5°8 193347.09 3 51 8D 196595.54 5
21 58 193683.63 1 52 8oF 196596.17 21
22 5P 193800.80 9 53 8'F 196596.17 7
23 5°D 193917.24 15 54 gLl 196597 192
24 5'D 193918.39 5 55 8'P 196601.51 3
25 5°F 193921.18 21 56 9 196955 324
26 5'F 193921.19 7 57 10 197213 400
27 5431, 193922 36 58 11 197403 484
28 51P 193942.57 3 59 12 197548 576
29"~ 6°S 194936.23 3 60 13 197661 676
30 8!8 195115.00 1 61 14 197750 784
31 6°P 195192.91 9 62 15 197822 900
L J
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For the allowed transitions between the states n13D and n!3F, we used the Coulomb
approximation method proposed by Bates and Damgaard (1949} to calculate the oscillator
strength (see Appendix B). It is based on the fact that for most tra.;lsitions, the main
contribution to the radial matrix element comes from a region in which the deviation of
the potential of an atom or ion from its a.syml.)totic Coulomb form is so small that the
deviation can altogether be neglectéd and the potential replaced by its asymptotic Coulomb
form. T_his method gives satisfactory results for transitions in He I (Batefs and Damgaard,
1949). For transitions between unresolved levels and between resolved and unresolved

levels, hydrogenic formula was used to calculate the oscillator strength ( Kramers, 1923).

22 1 1\%/ 1 ,
fn')n =3\/§wa (-T—LE - F) (nanw) gI(n ;n) + - (2-11)
where wy, is the statistical weight of the level n', and gr(n',n) is the bound-bound Kramers-

_ Gaunt factor. Analytic form for gr(n’,n) has been given by Menzel and Pekeris (1935),

1

ortnn) = ACZIELAII | T g
where . )
Afn,n)) = [2F1 (—n +1,—-n;1; (—Ef”—:;;i)r - [gFl (—n’ +1,—-m1; (n;f%_z)r

and the ¢ /| are hypergeometric funcltions.
For the optically forbidden transition, 1'S — 2°P, the calculated transition probability
by Garstang (1967) \%'hﬁdopted, while experimental values are used for 1!S — 218 {van
Dyck et al., 1970) and_t"—o—r;llS — 2°8 (Moos et al., 1973). |
(¢) Collisional ezcitation and de-excitation rate coefficients.

The rate coefficient for collisional excitation of the n'¢' — nf transition by electron

impact is given by
17



Cnata.ﬂg = /Gnrtl.ng(t)) v f(u) dv (2-14)
z . v

where v is the velocity and f(v) the velocity distribution of the incident electrons. Using

the Maxwellian velocity distribution

dn, ' | 4v? m? _ .
w0 = e T (2-15)

and expressing Equations (2-14) and (2-15) in terms of the kinetic energy £ of the incident

electron, we obtain

3/2
1 2 . ~-E
cuese= 7z (i) [roentm) Bt ap (216

with threshold energy units U = E/E,p ,,¢, Equation (2-16) becomes

Covtrnt = | — Entnt [T () =550 g gy (2-17)
n't'nt = amk3 T3/2 . n't!,nt ¢ . "

where E,p ne is the threshold energy for the excitation of the n'¢/ — n¢ transition in

.Rydberg.

A Vel:y large number of excitation cross sections is required in this work. Unfortu-
nately, the available data are but a-very small fractign of the required cross sections. Most
of the available data from theoretical calculations and experimental work are on the exci-
tation from the ground state and IO\;V i_ying excited states. For all of the cross sections for
which data exist the best experimental and theoretical data were-ﬁtted to semi-empirical

2
formulas,

For allowed transitions between low-lying levels, the modified form of the Drawin

formula (1963, 1964, 1967) proposed by Millette and Varshni (1980) was used:

fn’l‘,nl U-— 45
Oprpr ne(U) = 41!‘(1.5(::}32 . iTE In(1.2580), (2-18)
ntt!nt
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Jnene is the absorption oscillator strength, o, 8 and ¢ are the fitting parameters which

depend on the transition. This formula was fitted to the following cross sections:

1‘;%—-» 2'P and 1'S — 3'P: Experimental cross sections of 15.7‘:festervc?ld et al. (1979).
1S - 4'P: Experimental cross sections of Donaldson et al. (1972).

1'S — 5'P: Experimental cross sections of Moustafa Moussa et al. (1969).

9'S —+ 2P and 2°8 — 2%P: Theoretical cross sections of Burk et al. (1969).

2'S — 3'P: Theoretical cross sections- of Flannery and McCann (1975).

2'S — 4!P: Theoretical cross sections bf Flannery et al. (1974).

2°8 — §°P,2%S — 4°P and 2°S — 53P: Theoretical cross sections of Ton-That et al. (1977).

We used the least squares method in fitting these data to Equation (2-18). The sum of

the square of the relative differences between the actual and the fit values of the cross

sections is minimized with respect to the fit parameters. The resulting minimization

conditions are non-linear equations in the parameters o, B, and ¢ for Equation (2-18).
These equations are solved by an iterative procedure. The fitting parameters o, § and ¢

of the above allowed transitions are given in Table 2-2.

For the remaining allowed transitions with An <3, the excitation cross sections were

calculated from the semi-classical impact parameter theory {IP) developed by Seaton

(1962) for neutrals and later extended to ions by Burgess (1964a). The cross section is

defined as:

Un’t',nl = anlll’nt(R) 2n RdR - . A (2-19)

~where Py n¢(R) is the probability that the incident (perturbing) electron with impact pa-

rameter B will induce in the emitter a transition from the state n'¢' to nf. The integration
is extended over all impact parameters. In this formalism, the Py 14(R) are symmetrized

to ensure reciprocity [Puryr ne(Rup) = Pripne(Rne)| at low energies and adjusted to corre-
19 '
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spond with lthe Born approximation at high energies.

At small impact parameters, the integral in Equation (2-19) diverges vitiating the
pertt_lrbation treatment. Therefore, it is necessary to introduce a cutoff parameter R,,
of the order of atomic dimensions, independent of perturber energy but subject to tfhe
constraint Pup n4(R,) < 1. This procedure yields good results in the weak coupling case
(Davis and Roberts, 1968), i.e. when the interaction matrix element Ryrp ne in small,
When the interaction causes strong'coupling, a new cutoff R; > R, and weakly dependent
on perturber energy is chosen so that Py y(R < Ry} = %

The cross section in the weak coupling case is given by (Roberts and Davis, 1968)

87 [ h \? Ruypny
(¥ — L 6 2'20
-’ Tn'tiint 3 (Zﬂ'm) v? Y(g‘, a) ( )
where
—_ - - "
. 60 = I‘U" - Ufl 027“32 (2-21)
|1 1| 2mee? (2-22)
¢= vy Vr h
and
Sntgt ne
Rprprne = —= (2-23)
wﬂ'l’

-

Rnly;ng is the dipole matrix element connecting state n'¢' and né, wyrp is the statistical
weight of the state n'¢’, Sprp,ne is the line strength, z is the initial charge number of ion

(z = 0 for neutral, =1 for He II etc.). ¢ is a symmetrizing parameter which accounts

approximately for the back reaction, the function Y (¢, 6,) is given by Burgess (1964a),

Y{s, 6) = exp(m¢) K¢ + 6) KL (s + 6) (s + 6) (2-21)
The initial and final velocities, v; and vy, are related by the energy conservation con-

dition, [i.e. %mv? = Imv} — AE, where AFE is the energy separation between levels n'¢
20
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and nf |, and set R, equal to the average mean radius of the state n/¢' or n¢, whichever is

the smaller. It is taken as

_Bn —g(e+1)

R 2-25
° 2(z + 1) (2:25)
" for resolved étate, and for unresolved state it is taken as
_5n? 41 (2-26)
T 4(z+1)

where n' is the effective principal quantum number. R, is measured in atomic units.

For those cases where strong coupling app{;es, the cross section is obtained from:

A\ 1 |8, 1/ h \? ,
Onitint = 7 (%) 77 lan;e,nzY(s‘., bi) + 2Ry + 5 (z—ma) vV Ry (2-27)

where R; is the strong collision cutoff in atomic units. The cutof R is chosen so that:

4rlet vV
2
Yo (=2 vvsRy )

where the function X(¢, ;) is given by Burgess and Summers (1976),

8
an’t’,nt 3 X(S', 51) =1 ' v (2-29)

X(5:6) = ens) (407 (Ko +0) + (- oKl +0) (20

I{;; and Kff are modified Bessel functions of the second kind and the prime denotes a-

derivative with respect to the argument.
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TABLE 2-2. Fit parameters for the'cross sections of the allowed transitions (Eq. 2-18) of
He 1.

Transition o B $

1s? 1S— 1s2p P 0.948 0.812 0.882
1s? 1S— 1s3p !P 1.00 0.891 : 0.961
1s? 18— 1s4p !P 1.030 0.901 0.880
1s* 1S— 1s5p 'P 1.05 0.870 1.00
1s2s 1S— 1s2p 1P’ 0.30 6.380 0.65
1s2s 15— 1s3p 1P 0.27 0.800 0.903
1s2s 15— 1s4p 'P 0.28 0.800 - 079
1525 35— 1s2p °P 0.27 6.710 0.570
1s2s °S— 1s3p 3P 0.21 1.00 0.294
1s2s 35— 1s4p *P 0.20 1.150 0.380
1523 35—+ 1s5p 3P ~0.20 1.17 0.430

’

TABLE 2-3. Fit parameters for the cross sections of the forbidden transitions (Eq. 2-32) without
change in spin of He I.

Transition a ¢
1s® 1S— 1825 1S 0.130 0.80
1s® !S— 1333 1S 0.32 0.82
15 18— 1345 1S 0.330 0.85
1s? 15— 1353 1§ 0.31 0.86
1s? 1S— 1s3d 'D _ @JTZ 0.24
132 1S— 1s4d 'D 0.26 v 0.86
15?2 18— 1a5d 1D 0.290 0.88
1s® 1S— 1sdf 'F \ 0.92x 103 1.00
1s® 1S— 1s5f !F R 0.15x 1073 1.00
1828 18— 1s3s 1S - 0.57 0.71
1s2s 1S— 1s3d !D 1.62 0.66
1523 3S— 1133 28 0.51 0.68
1323 3S— 1s4s 38 0.32 0.66
1523 38— 1353 2§ 0.27 0.68
1523 38— 1s3d 3D 1.15 0.72
1323 38— 1s4d 3D 0.81 0.6
1523 3S— 1s5d D 0.70 0.64
1525 35— 1347 3F 0.12 0.50
1825 ?S— 1s5f{ 3F 0.80x 102 0.50
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In practice, both the weak and strong coupling cross sections are evaluated for a
particular trar;sition and the smaller of the two is adopted.

For transitions with An > 3, we used the the effective Gaunt factor or g approximation )
devloped by Van Regemorter (1962) for calculating the cross sections—In-this-approxima-
tion, the cross section for excitation of an ion or atom from state n'é’ to state né is given

¥

by the simple expression

87 1 faeme ) )
Ontt'nt = AE Eﬁfn—t— §(E) (in units of wa?) (2-31)

E and Eprp n¢ are the incident electron energy and the energy separation between levels
n'€, and n#, respectively, and fup n¢ is the absorption oscillator strength for the transition.

g is the effective Gaunt factor ( Van Regemorter, 1962, gives a simple expressions for §).

For optically forbidden transitions without change in spin, we used the modified form

of Drawin, proposed by Millette and Varshni (1980):

a U-—-¢
Erzl.'t',nl vz’

Onterne(U) = dmal(n' [n)? (2-32)

‘where the symbols have their usual meaning. This formula was fitted to the following cross

sections:

/11:S>—+ 2!S: Experimental cross sections of Rice et al. (1972).
11s — 3!S,1!'S — 3'D,1'S — 4!D and 1*S — 5!D: Experimental cross sections of
Moustafa Moussa et al.(1969).
118 — 418: E}fperimental cross sections of Van Rann et al. (1971).
1'S — 5!S: Experimental cross sections of Pochat et al. (1972).
2'S — 3'S and 2!S — 3!D: Theoretical cross sectidns of Flannery and McCann (1975).

23S — 338: Theoretical cross sections of Khayrallah et al. (1978).
23
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2’5 — 33D, 2%5 — 435,238 — 4°D, 235 — 43F, 235 — 535,235 — 5%D and 2_3'5 — 5%F:
Theoretical ffross sections of Ton-That et al. (1977).

11S — 4!F: Theoretical cross sections of Van den Bos (1969).

1S — 5!F: Theoretical cross sections of Moiseiwitsch and Smith (1968).

The fitting parameters « and ¢ for above transitions are given in Table 2-3.

For other ?ptically forbidden tra.nsitio?m without change in spin b;atween levels with n <
8 cross sections were calculated using the symmetrized binary encounter theory (Burgess,
1964a,b). The basic idea of the binary—encounter -collision theory is that excitation of
atoms by electrons is described approximately as a collision&l;;etween two free electrons.
In thé derivation of cross section formulas it is further assumed that the atomic electrons
initially have an isotropic velocity direction distribution with one constant magnitude of
the velocity. This theory has been developed by Thomson (1912) and Gryzinski (1959).
Mathematical corrections and dis.cussions of the theory are given by Stabler (19.64) and
Vriens (1964a,b).

Burgess (1964a,b) introdu;:ed a new model with a symmetrical treatment of the two
intera.ctiI:g electrons; the binary encounter may be treated as a quantum mecha.nical colli-
sion between identical particles with proper symmetrization and treatment of interference
between direct and exchange scattering. The initial and final atomic states are treated
classically in terms of an orbiting electron with definite initial and final kinetic energy, the

change in kinetic energy being related to the angle of scattering. Burgess also allowed for

the acceleration of the incident electron in the same way as Thomas (1927), the kinetic

energy of the incident electron before the binary encounter being set equal to By + Ep + U,

where E; is the initial kinetic energy of the incident electron, E- is the initial kinetic energy
of the atomic elecfron, and U is the ionization energy. In this way, Burgess showed that

cross sections for direct and exchange excitation could be calculated, together with the ef-
24 - ’
\



P

fect. of interference between direct and exchange scattering. Vriens (1966) obtained simpler
formulas for the cross section than those Burgess has given, using the same transformations

in Burgess’s collision model,
o(e1,62) = (04 + ez + Oint) F (2 —33)

where oy is the cross section for direct excitation,

. .
e 1 1 2E; (1 1
=T i _ i 2-34
d Ey+E+U [5‘1 €2 T %3 (5% 5%)] ( )
o,z 13 the cross section for exchange excitation, K

- ret 1 _ 1
C=HE1+E2+U Eis+U—¢ E+U-—¢g
2E, 1 1
- - 2-35
+ 3 ((E1+U—Ez)2 (E1+U—El)2)] ( )

Oint gives the inﬂuer\ie of interference between direct and exchange scattering:

i

ret 1 (By +U —e1)en
Tt TR B, -UE4+U ln[sl(El—f-U—sg)] . (2-36)
F is the focussing factor, which was introduced by Burgess {1964a,b) to account for

electron—positive ion collision, and is given by

F =1+ (ze*/ EiF) (2-37)

where F is the mean radius and z is the charge number of the ion.
[

Equations (2-34)-(2-36) are valid for E; > &3, while &3 should be replaced by E; for
o
€1 € E; £ e2. The appropriate classical energy band specified by £; and £, is not well

4
defined; in this calculations £; has been taken as the excitation energy of -thé’{ransition
25 .
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n'¢ — nf and 3 as the excitation energy to the next higher level with the same L or S

(Cﬁcciatore and Capitelli, 1976).

For optically forbidden transitions with change in spin, we used the following semi-

empirical formula:

' 1 Us—¢ B8
O ne = dmwad(n'/n)? (a + ) 2-38
n't' nt o( / ) Eg't',nt Uk T ’ . ( )
where the symbols have their usual meaning. k = 5 in all cases except for 2'S — 23P, 235 —

2!P and 23S — 2!S transitions, for which & was taken equal to 3. This formula was fitted

to the following cross sections :

1!'S — 23P: Experimental cross sections of Jobe and St-.Iohn.(1967).

118 — 238: Theoretical cross sections of Lin de Barros et al.(1975).

118 — 338,118 — 435,1!s — 538,1'S — 3%P,1'S — 43P 1!S — 5%P,1!S — 33D.and
1S — 43D: Experimental cross sectijions of Moustafa Moussa et al.(1969).

285 — 2'P,2%8 — 2'S and 2'S — 2°P: Theoretical cross sections of Burk et al. (1969).

The fitting parameters ¢, 3 and ¢ of the above transitions are given in Table 2-4.

We calculated the rate coefficient for other forbidden transitions with change in spin
between n < 8, using the expression given by Summers (1977). He deduced this expres-
sion from symmetrized classical binary encounter theory (Burgess, 1964a,b; Vriens 1966;
Bu{gess a.ﬁd Percival 1968). Transitions with change in spin occur via the exchange part
in which the incident electron is captured and the bound escapes. In such collisions, the
binary encounter between the incident and the target electrons must be energetic, since, for
exchange an energy greater than that of the ionization energy must be tra.nsf?rred between

the two electrons. Consequently classical theory is likely to be.a reasonable approximation

for such a collision. The rate coefficient for an energy transfer in the range €; to &, is given

by

- 26
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o o~ Iy 3/2 'e“l%p(sz) - e'ﬁx‘-'p(el) for 1,62 >0
g(er — €2) = 8y/maca’ (E:") c—ﬁ%-'p(q) - ple1) fore; < 0,69 >0 (2-39)
[
p(es) — ple1) for 1,62 <0
where

g +1) BEI (%) - (g -1) BBI () -5 fore 0

2+ ﬁr) EEI (r'%‘) — (1+45) for e = 0 (2-40)

ple) =

In these formula EEI(z) = e*Ey(z), where E (z) is the exponential integral. Summers

defined the classical energy band specified by £, and e; as

1 1 .
o1~ = 2l (G2 - s a7ay) (241)

where [ is the ionization of hydrogen, z is the initial charge number -of.ion, and n’* is the
effective principal quantum numbers.

Using these formula into different spin systefns is a matter of some uncertainty
(Burgess, 1964b). Summers (1977) introduced an approximate way to correct for the
change in s.pin, he considered that the fractions of the finally bound electron leaving the

. — ®
spin system unchanged or changed will gg.‘pro'portional to the overlap of the final state

wave function with LS coupled eigenstates, assuming no phase correlation. Thus, Summers

obtained the following expression e
5 Wag tor |2
Covne= 75 —= |inl| aler—e)  for  s#d (2-42)
Wp .
where )

2 B p"ilfnil%';ﬁl: dr
{Z'E(2£ﬂ+1) ;0 IPu’drPnl"P dr}
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1

(1/r) Pye is the bound radial wave function, and wy is the statistical weight of the parent

- L] - * - Uy
ion. Hydrogenic wave function are used in evaluating n:f .

The rate coefficients for de—excitation of a hound electron from state né to n'é¢’ by

electron impact are calculated from the principle of detailed balance (Drawin, 1963)

wnltl

Cl’ltln’y = eEﬂ."-:.”tlkT. Gn’t’,nl ' (2—44)

Wt

where Ejip o4 18 the energy separation of levels n'¢’ and né, wyy and wy, are the statistical

weights of the states n’¢ and né, respectively.

(d) Ionization and three-body recombination rate coefficients.
The rate coefficient of the ionization by electron impact is obtained by integrating the

>

cross s?ction over the free electron velocity distribution, f(v):

—~

St = f Onelv) v £() do. (2-45)

Using Equation (2-11), we obtain

[ 2 n, [ -y
S,,g-—Z $(—kT—c)3/—2/; O'ng(U)Ue kT, dU, (2-46)

where I, is the ionization potential, and the other symbols have their usual meaning.
Experimental cross section data are available only for 1'S (Rapp et al., 1965) and 23S
(Dixon et al., 1976) levels, and the theoretical cross sections for 218 (Ton-That et al., 1977).
These were fitted to the semi-empirical formula (Drawin, 1967):
E U-1

g one(U) = 2.6671.'a2a—2
°"E, U? )

The numerical value of { for ionization from the ground state is given by Drawin

In (1.2580), (2-47)

(1967), for n > 1,}(= 1, « and § are ﬁ.ttiflg parameters, and the other symbols have their
28



usual meaning. The cross sections for other levels were calculated using this formula with

a =1, and # determined from the foIIowing expression (Drawin, 1967)

Zepr— 1
=1+ - 2-48
A Zcff-}-z ( )

z.rs denots the effective charge number of the nucleus acting on the electron.
The rate for three-body recombination of a free electron into state nf of an atom or

ion is obtained from the principle of detailed balance

ha ’ Wpt

I,,g/kT.
kT2 2u; € ot (2-49)

App =

where I;; is the ionization potential, u; is the partition function of the ion before recom-

bination, and wy; is the statistical weight of state nf.

(¢) Radiative recombination.

The radiative recombination rate coefficient is obtained from the photoionization cross
2
section by applying the principle of detailed balancing. The rate coefficient is then given

by

1./2 —3/2%nt Lok, [ 2 - B -
ﬁnt=c—2 ;(kae) :_—8"‘ : (hv)* one(v) e % d(hv) (2-50)

1 In( .

where w; is the statistical weight of the parent ion, and the other symbols have their usual
meaning. Using threshold energy units, Equation (2-50) becomes
ﬂe‘;
_ 1 /2 —3/2Wnt L kT i3 [ pr2 —iny
ﬂng = 6—2 ;(kae) —c'd—" [ Int U Ung(U) € k7. d(U) (2-51)
) 1

The tables by Marr and West (1976) give the recommended experimental photoioniza-

tion cross sections from the ground state, and the theoretical cross sections of Jacobs(1973)
29



have been used for the levels 218, 23S, 2!P and 23P. These cross sections were fitted to a

demi-empiric-a.l formula suggested by Millette and Varshni (1980), -

C a a a
ang(U)=m[1+~a}-+b—%+...+U—?‘ , (2-52)

where C and ai, k = 1,...,m are fitting parameters given in Table 2-5, and U is the
energy of the incident photon in threshold unit.

Hydrogenic approximation was adopted to’calculate the photoionization cross sections
for other levels; the cross section beiﬂg given by

02° g11(n,v)

any(v) = 2.815 x 10% = (2-53)

-

where grr{n,v) is the Gaunt-factor, it can be approximated by the expression (Seaton,

1959)

0.1728(U, —1)  0.0496(U7 + 3Un + 1) N

n2/3(U, + 1)23 (Un + 1)473 (2-54)

grr(n,v) =1+

where U, is the threshold energy of the state né.
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TABLE 2-4. Fit parameters for the cross sections of the forbidden transitions (Eq. 2-38)

with change in spin of He I.

Transition a B ¢
15?2 18— 152538 1.190 0.65x10-2 1.00
1s? !S— 1335 38 0.82 0.67x10~2 1.00
152 18— 1s4s 35 0.740 0.30x10~2 0.80
1s? 1S— 1s5s 3§ 0.60 0.40%x10-2 "1.00
1s? 15— 1s2p 3P 0.440 oo =0.120x10"3 0.77
1s? 1S— 1s3p 3P 1.17 0.26%*2 1.00
\ 157 *S— lsdp °P 1.100 0.460%10-2 1.00
182 !S— 1s5p °P 1.13 0.460x 10~2 1.00
1s? !S-s 1s3d °D 0.15 0.530x 102 1.00
1s® 15— 1sdd °D 0.14 0.40%10~2 1.00
1523 'S— 1s2p 3P 0.03 0.0 1.00
1s2s 95— 1s2p P 0.024 0.0 0.98
1s2s 35— 1325 1§ 0.10 0.0 1.00

'ABLE 2-5. Fit parameters for the photoionization cross sections (Eq. 2-52) of He I.

State p m c a; as aa a4
1s? 18 0.0 4 0.0386 -35.88 366.44 -205.89 69.64
1s2s5 1S 0.5 1 -0.99 -9.91

1s2s 38 2.0 1 12.28 -0.58

1s2p 'P 1.0 2 0.14 -20.68 119.91

1s2s 3P 0.5 2 0.13 -18.19 122.99
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D) Results and Discussion

The initial density of helium atoms Lefore expansion was taken to be 1 x 10 cm=3 |
Calculations were carried out for the population densities of 62 levels of He I for a grid of
n. and T, values.

Populatiorp inversion of varying degrees was found to occur for a great many transitions,
including several between n = 4 and n = 3, for appropriate values of n, and T,. However,
most of them either fall in the infra-red region or else the population inversion is not very
large. Two transitions which show large population inversion and which fall in the visible
region are 3'S— 2'P°(17281), and 3'D— 21P°(A6678). To show the pattern of the results,
we also include the next member of these two serieses, 4!S— 2'P°(A5047), and 4!D—
_ 21P°(A4922). We present the results for these four transitions.- The population inversion

is often measured in terms of P, where P is given by

P = Ni/wg — N¢fw;, . (2-55)

where N; and Ny are the\a._‘tomic populations of the lower and upper levels, and w; and w;
are the respective statistical weights. P is sometime called the ‘overpopulation density’
(Oda and Furukane, 1983). P is related to the fractional gain per unit distance, « , at the

centre of a Doppler-broadened line by the following expression (cf. Willett, 1974)

_ In2 1/2 wr A P)\g 9256
\T) e | m (2:56)

where A, is the centre wavelength of the transition, and Av is the linewidth. & describes

the intensity of a plane wave at ), according to



where { is the length over which gain occurs.

In Figures 2-1 to 2-4 we show the variaiion of P with n,. for somé typical values of
T, for the four transitions under consideration. From such plots, contours of equal P
on a ne, T, diagraﬁn were made and the results are shown in Figures 2-5 to 2-8. It will
be noticed that in all the four cases, strong population inversion occurs only in a small
region. The magnitude of maximum population inversion for A5048 and \4922 is seen
to be much smaller than ‘that for A7281 and A6678. Thus the latter two lines are the
most promising lines for undergoing laser ‘action by the rapid coolihg through expansion
mechanism. Further it will be noticed (Figures 2-5 and 2.-7) that there is a considerable
overlap in the regions of maximum population inversion for the two lines. If we assume
Av to be the same for both the transitions, the gain factor « is p’roporitl;ional to wi Ag PAZ,
For a point common to the maximum pd;ﬁﬁlation inversion regions for the two lines, we(
have P(6678) = 3 x 10° crn~3and P(7281) =~ 1 x 108 cm~—2. With these values we find that
a(6678) [ (7281) =~ 4.4, Thus, though P(6678) is less than P(7281), the A6678 line would
be much stronger than A7281. It is of some interest to note (Figures 2- 6 and 2-8) that for
A5048 and A4921 also there is considerable overlap in the regions of maximum population
inversion. Here we wish to emphasize that the calculations that we have presented are for
a simple model and strong laser action, in lines other than ‘/\6678 and A7281 is feasible
through other mechanisms, for instance, by interaction with an ambient gas ( Gudzenko
et al. 1974, 1975; Otsuka, 1980). We then turn our attention to t-he observational evidence

lconcerning these four lines in the spectra of Wolf-Rayet and allied objects.

Emission bands at 4922 and 667l8 A have been known for many years (Plaskett, 1924;
Payne, 1933) in Wolf-Rayet spectra. Swings (1942) observed the spectra of several Wolf-

Rayet stars; he lists the wavelengths for {wo of these. Swings and Jose (1950) observed

the spectra of seven Wolf-Rayet sta%‘s in the range AA6500 — 8800. Smith (1953) observed
A% -
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a large number of southern Wolf-Rayet stars, some in ‘the range A4000 — A6800, and some
in°A3600 — A6800. He lists the wavelengths and intensities of lines for a few of these stars.
The results of Swings (1942), Swings and Jose (1950), and Smith (1955) with respect to
the four lines under consideration are summarized in Table 2-6.

Andrillat (1957) carried out an extensive investigation of the spectra of WR stars in
the'red aﬁd near infra-red regions. Her study covers the following categories of stars: four
WC6 type, three WC7 type, one planetary nucleus of WCT type, two planetary nuclei of
WC8 type, eight WN5 type, six WN6 type, two WNT type; and one WNS8 type. e |
AB678 is present in many of these, but A7281 appears to be absent.

For HD 192103, WC7, Underhill (1959) summarizes as follows: “The first three mem-
bers of the 2'P-n!D series, AA6678,4921 and 4388 appear in emission. There is some
eviilence for the leading member of the 2!'P-n'S series, \5047, in emission...”. In HD
192163, WN6, Underhill (1959) found that A6678, 24922 and A4388 may be present weakly
in emission.

For HD 191769, WN6, Underhill (1967) states: “The leading member, AG678, blends

with He II A6683; A4922 may be present but the present spectra are inadequate here.”

Cohen et al. (1975) have published the spectra of two WC9 stars in the range AA5650 —
7350 and another two WC9 stars in the range AA5650 — 6770. He I A6678 is of medium
strength; A7281 appears to be quite weak. |

Bromage and Nandy (1973) have obtained the spectrum of a WN5 star, Cyg OB2 No.
WR2, in the wavelength range 5650 to 6850 A. The micro- densitometer tracing shows a

strong He I A6678, with a width of 1350 km 51,
From the foregoing summary, we find that there are three stars, HD 143414, HD 50896,
and Cyg OB2 WR2, which show unusually strong A6678. The relative intensities of the

four lines, that we are considering, amongst themselves and in relation to other He I
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- lines in other s_lfa.rs (for which data are summarized above) do not seem to show a strong
departure from the laboratory values and we shall not consider these stars further. There
is one possible complication in the strength of the A6678 line which we consider. He II
AG683 line lies close to it and it might be thought that it may contribute to the intensity
of the observed line. The line He II A6683 arises from n = 13 to n = 5 and its Ag: value
is 1.464 x 10° sec™Y (for comparison, Ay; = 1.438 x 108 sec™! for A4686); thus this line
is expected to be rather weak. Its contribution to the observed line can be estimated by
looking at the intensity of other He II lines with comparable Agi values. There is another
line which arises from n = 13 and which falls in the visible region, He II A4025.6 (n=13to
n = 4) and has Ag; = 1.710 x 10° sec~!. Unfortunately this line also falls at the position of

. a He I line, A4026.2. However, by looking at the intensity of other He I lines, the observed
intensity of the A4026 line can be appropriately apportioned between He. I 14026.2 a.nd.
He II A4025.6. Thus by scrutinizing the intensity of He I and He II lines, we find that the
contribution of He II A6683 to the observed line in each of the three stars is quite small.
We are thus led to conclude that very likely laser action is responsible for the unusual.
strength of He I A6678 in these three stars. The lines are broad which would indicate that

the gominant mechanism for the population inversion is rapid cooling through expansion.

e note here that all the four lines, AA4921, 5048,6678 and 7281 are known to occur in
novae and nova-like stars with good strength (Andrillat, 1964; Meinel et al., 1975). Next

we consider two other interesting objects, the emission lines in which are relatively narrow.

The spectrum of the remarkable emission line star CPD-56°8032 in the red and infrared
has been described by Thackeray (1977). His Table II shows a remarkable thing : He I
A6678 has an intensity of 9, while He 17281 Vil‘as an intensity of 10. This indicates evidence
of population inversion in the transition resp;nsible for. A7281. For this reason we discuss

this object in some detail. CPD-56°8032 was discovered by Bidelman et al. (1968).
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Cowley and Hiltner (1969) have described the spectrum of this star as unique. They have
identified lines on their Cerro Tololo spectra from 3712 to 4714 A. The spectrum contains
a continuum, strong, s}ightly broadened C II emission lines and fainter emission lines from
ions such as He I, C III, O II, O III, Si IIT and Si IV, many of the latter group having P
Cygni profiles. The blue hydrogen emission lines are sharp and extremeiy weak and (O
I1] is present. Webster and Glass (1974) have compared the object with M4-18, He 2-113
and V348 Sgr. Their discussion indicates that these four objects; belong to a class, with
low excitation surronding nebulae, infra-red radiation from dust grains and characteristic
spectra dominated by C II emission lines. They appear to form a cool extension to the
carbon sequence of Wolf-Rayet stars, the ionization level in the stellar atmosphere is lower
than in stars classified as WC9. The emiséion lines in CPD-56° 8032 are relatively narrow

(~ 24).

Downes (1984) has observed an emission line star, MWC 84= KPD. 0415+5552, .which
has strong He I emission lines. The tracing shows A6678 to be a ;trong line, much stronger
than A4921 (by a factor of 15 or s0). Approximate vizual estimates (made from the tracing)
of the relative intensities of He I lines in this star are given in following in the parenthesis:
A4388 (0.2), 4471 (0.5), A4713 (0.5), A921 (0.5}, A5015 (1.5), A5876 (10), \6678 (10). Thic
relative i\ntensities of these lines in the laboratory are 3, 7,4,4,6,11, and 6 respectively
(Moore, 1945). The relative strength of the line A6678 is seen to be ‘rnuch stronger in this
star than in the laboratory, and it appears highly likely that this is due to population

inversion. Downes’s tracing extends only up to about 7000 A. It would be of interest to

investigate this star at longer wavelengths and to examine the behaviour of A7281.

As mentioned earlier the emission lines in these two objects are relatively narrow. The
available evidence indicates that the expansion mechanism for cooling of the ejected plasma

is not expected to be very effective, but rather it is the second mechanism referred to i
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the Introduction which appears to be responsible for the laser action in the A7281 line -
in CPD-56°8032 and that in the line A6678 in MWC 84. Both experimental (Silfvast et
. al, 1979; Dixon and Elton, 1977; Dixon et al., 19"?8) and theoretical results (Wagli and
Bohn, 1980) show that expansion of a plasma into an ambient gas can lead to poﬁulation

_inversion.

b
{

VN
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TABLE 2-6. Relative intensities of the four lines in stars. A blank spot indicates that this
region was not observed; ‘abs.’ stands for absent.

+

Relative int.ens;ty

f/’
Star /
24922 A5048 / 26678 AT281
] /
7
Swings(1942) . ’ - /-/ :}h
, 4 f
HD 151932(WNT) abs. /" abs
HD 164270(WC8) 2 - abs.
Swings and Jose (1950)
™~ HD 184738(WC8s) 3 present
HD 164270(WC8) - 4 2
HD 168206(WCT) abs. abs.
HD 192103(WCT) 3 17
HD 151932( WN6+) 3
HD 192163(WN6) 8 27
'HD 193077(WN5) \ 2-3
Smith(1955) y
HD 136488(WC8) 2 abs. 6
HD_119078( WC7) abs. abs, W, = 20
HD 97152(WCT) -abs. abs. present
HD 115473(WC8) abs. abs. abs.
HD 96548(WN8) Wy =63 W, = 2.5% Wi ~ 12
HD 92740(WNT7) abs. abs. weak
- HD 143414(WN6) ? abs. W, = 25
HD 50896( WN5+) abs. abs. Wy =212

¢ blended with a N II line.
b

/
/

unusually strong as compared to other He I lines.
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Chapter 3
; L] *
Population Inversions in a Freely Expanding Helium Plasma.

N

A) Introduction

In this chapter we shall remove the assumption of a sudden cooling which was used in
chapter 2. Instead we now adopt a more realistic picture and allow the plasma to expand

in a finite time and we investigate in detail the evolution of the population densities of

levels of He atoms.

There has been very little previous work on the evolution of population densities of He
[ levels with time. Limbaugh and Mason (1971) solved numefically the set of differential
equations desc;fbing the time-dependent decay of a singly ionized optically thin monatomic

gas for constant temperature-constant—pressure helium afterglows (no expansion). The

s
i

initial condition was a Boltzmann distribution from the 235 state throughout the higher
states. Times for the plasma to reach the quasi-steady state (QSS) ranged from t = 10~8

sec for high-density plasmas to ¢ = 10™* sec for low—density p'laismas.

B) Theoretical Model.

In general, to analyze the process of creating an inversion ‘as a plasma expands, it is

necessary to solve jointly the equations for the population relaxation, electron temperature

and gas-dynamics. : ¢

We consider a spherically symmetric plasma consisting of neutral helium atoms, elec-
trons, and helium ions of various charges (Het, He*+) expanding in a vacuum. The motion

of these components can be specified by a common hydrodynamic velocity V' which is ap-

proximately
47



A -t

1 7 oo -
== (Z NVi+ 3 N*’“V+m) (3-1)
=1 m

where V; and V., are the mean macroscopic velocity of atom in level { and of ion of
Al

ionization stage m, respectively, and N is the total density of the heavy particles,

r)
[
N=3) N+ Y N*t™, (3-2)
i=1 m '
In writing Eqs. (3-1) and (3-2), we have made.the usual assumption that all the ions
are in the ground state. We now require equations for the components that describe the
change of state of the plasma. If the rate of j)roduction per unit volume of particles of

species a is T, these equation can be written in the form (Braginskii, 1965; Gudzenko et

al., 1970}
%—T + d1v (NV) =0, (3-3)
for He I
ON;
—aE—+d1v(NV)=I‘ (¢=1,2,--+, ) (3-4)
for Het and He*™ _
Ntm
S N v (V™) = T, (3-5)
and for electrons |
On, N+2,+2 +1 g+l
’E--i-dl\" ZI‘ — Mg a*—N S), (3-6)

where

I'i=-n.N;8; — n.N; EC‘J ; Z‘A‘J
I

+ e ZN Cji + Z NiAji +{B: + a,nc}n,N+m L (3)
j#i —t-zz ‘



R A

ar

Tim = ne| NHm=1)g+(m-1) _ N’+m( gtm a+m) + NH(m+1) a+(m+1)] (3-8)

the symbol S*™ denote the electron collisional rate coefficient for ﬁhe process N*™ —
NHm+) and o™ denote the total recombination rate coefficient for the'process Nt™ —
N*T(m=1) We have here further assumed that the jonization stage m is coupled only to
adjacent stages, (m—1) and (m+ 1), i.e., multiplet jonization and recombination processes
are neglected. |

From the momentum~§ra.nsport equations (Braginskii, 1965; Gudzenko et al., 1968;
Golant et al., 1977}, the equations for the transport. of internal energy, or the heat—balance

can be written as (Gudzenko et al., 1970) \

“ . ‘/1'
3 aT‘-{-VVT T.div V. + di —ETiI‘--i-Q- -Q (3-9)
zne . T . « -[»-: Ned AV VYV, Ve = 2 e e i tnel AT
SN (E 4 vvr) + TS N, div?, + divg = Q (3-10)
2 En - a 1 a 1IVq = AT,

where T is the temperature of the heavy particles (we assume that all the components
of the plasma are at same temperature, Ty, = T+ = Tye+s = T, but the electron
temperature can be different.), g. and g are the heat fluxes carried by the electronic and
heavy componenty, Q,-,,;; denotes the rate of increase of the the(rma.l energy due to the
inelastic collisions and Q ar denotes that due to the elastic collisions.

In order to simplify the problem, we have used the following assumption: the gas
density decreases as a power— law function of the time, that the mean velocities of .a.ll
componer;;:s are the same, and that the velocity field is such that the densities and temper-

atures depend only on time (Gudzenko et al., 1970). Thus, the system of partial differential
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equations (3-3 to 3-10) can be converted to ordinary differential equations., We can then

write

d

%+NdivV:0 - (3-11)
d ¢

divV = —%% (3-12).

The relaxation equations £3r the electronic level populations are:

N;dN
o Tl

Py FF, (t= 1,2,"',1’) (3-13)
For all the levels 1 located above r which is a sufficiently high lying level, the population

[ ] s
. density is assumed to be given by the Saha-Boltzmann equilibrium equation.

The rate of change of electron density n, with time can be written as

dre __ Zr:r- — ng(N*2at? - Highy g Rl (3-14)
dt s N dt’
1=
and the time derivatives of the densities of He+ and He™? are
!
AN*!  NtL4N /
_ av o (3-15
A Nt Nt2AN
=2 . 3-16
e | @ TN @ T (3-16)
The heat-balance equations are
3 dT,, . n.dN 3, <«
P Tcﬁ"ﬁ' + Qinet — QAT + ETe Z":I‘i (3-17)
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. : EN—JE T——-— + QarT- | (3-18)

v

In most treatments of the expansion of a plasma, usually the late, inertial stage of the
expansion is corlsidered when the rate of expansion is practically constant and the plasma
"density falls with the passage of time proportionally as 1/t (Kuznetsov and Raizer, 1965).
Such an cﬁcpression, however; cannot be used for the early stages for the expansion. "The

initial density at t = O clearly has to be finite. Hence we have used the following expression,

the plasma density decreases with time in spherical expansion according to the relation

N(t):Na( 8 )3. (319)

t+p

wiftre § is a parameter. Expression (3-19) can be derived by assuming that the plasma is’
‘ formed initially (¢ = 0) in a sphere of certain radius and then it expands with a constant
velocity. Expression (3-19) goes smoothly to N(t) o 1/¢3 as t becomes large compared to

B. Thus, for a given func_:tion of N, we can write

dNN; 3

W = I“- — mN,— (3'20)
; dne _ __ir__n (N+2at? — N+lgtl) - 3 n (3-21)
dt - 1 [ t—*" ﬁ -3 ]
dN+1 3 . ¢
panai +ﬁNJrl + T41, . (3-22)
.
dN*E 3

= — JV+2 + T+2. (3-23)

dt t+ 57

and >
_ T, /2 T\v 2 (Qinet — QaT) '
dt __x*)+ﬁTc+nc ; I‘,+§ Te (3-24)
= J )



dT 2 9

Qar
dt t+ 8

N (3-25)

The energy transfer rate due to inelastic collisions, Qyy., is expressed as

r 1i-1

Qinet =~ D Y (Ej — E;)(C;N; — CijNy) —

=2 j=1

respectively.

Heat is evolved in the gas of heavy particles as a result of elastic collisions (Petschek

and Byron, 1957; Bates and Kingston, 1964):

v | o
Qar = 2mene(T. — T) > 1\_}% Y(3-27)
k 7

where m, is the electron mass, and v, is the frequency of the elastic collision between

electrons and heavy particles (of mass My), which is estimated from

k
o= T [ )0(0)0" o | (3-25)
37, ‘

In the above equation f(v] is the distribution function and o, the cross section for the
electron-k-species encounters, and N* is the density of the k£ species. Using the Coulomnb
cross section for the electron—ion encounters, the electron-ion collision frequency is of the

form (Bates and Kingston, 1964; Kruger and Mitchner, 1967)
- 52
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8/« \V? Nkt 973 1
uﬂ--_-.-g(z) (2Te)3/2m[mcee]. (3-29)

An effective scattering cross section for the electron—atom encounters is taken to be

constant over the likely range of the electron temperature (Golant et al, 1977). The
2 ! -

eIect{on—atom col}h%érequency is given by

' 8T, 1/2 )
Vea = Ny (mn ) Tegy (3'30)
¢

where N, is the .density of atoms. For the case of the helium atom o, is expressed as, for
T, < 3 eV (Nishida, 1975) -~

Oea = (0.946 log T, + 2.99) X 1071® ¢m? (T, in K) (3-31)

~

At high energies, the cross section is a decreasing function of the energy. Thus for
helium, in the region 3 eV< T;\<50 eV it decreases a.ppro;dm’a.tely as 1/v; in this case the

collision frequency is velocity independent, and is given by (Golant et al., 1977)
-~

Ves = T X 1078 N,. (3-32)

We note here that in writing the energy equation the following assumptions were made
for the transfer of energy between electron and atom (ion) due to collisional and radiative
processes: p

{1) In the excitation process

. He(1) + ¢ — He(j) + e,

the kinetic energy of the excited atom does not change before and after the collision. All

the energy correspond to the de-excitation process is regarded as the inverse reaction
= 53
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in the excitation process. In the ionization process
He(i) + e — He' + e +e,

the kinetic energy of the excited atom is transferred to the ion without loss. The
corresponding energy reaction of the ‘three-body recombination process is rega.rded._a's;

the inverse reaction of the ionization process.

(2) The excitation or ionization energy is supplied by the electron in the collision between

>
electron and atom.

(3) The excess -energy released in the inelastic radiative recombination process is carried

off by the photon.
C) Numerical Calculations

As initjal conditions of our numerical calculations, we assume that the helium plasma
is in lopization equilibrium, and that the plasma parameters have been constant for a
sufficiently long time. Under such conditions, steady state conditions will prevail and

population densities of the levels will be given by the steady state solution (McWhirter

and Hearn, 1963)

oo i—1
N; = & = —n NiS; — n N; é:“c;—,- - N; El A
7t 1=

[3,5] 0o
+ned NiCr+ 3 NjAj+{fi + ain}n,N*™ =0, (3-33)
s, =ik
with 1 =1,2,..-,00. Dividing Eq. (3-33) by N;E and using Eq. (2-2), the set of equations

(3-33) becomes

oo i—1 t
- ncSi+neZCs'j+zAij pi _ ¢
J#i i=1
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Z; .
+ § {Cijn. + A,‘}pJ + {a,n, +ﬁ,} 0. ~ ({=1,2,---,00) (3-34)
F=i+1 )

As mentioned previously in section B of Chapter 2, there exists a high-lying quantum

state r above which the discrete levels are in LTE. The popula.hion density of these levels

L

is then given by

v Pidy =1 : (3'35)

The infinite set of Eq. (3-34) then becomes

i—1

Z;
— | n.S; + ng ZC’,J + ZA;J pi + Z {Cijn. + AJs}-"J
J?é’ J-—-l _!+1

+ E{c*,,n,c JA,,} + {a,nc +83=0. (i=1,2,3,---,r) (3-36)
i>r

Thus the population density of the levels can be obtained by solving these simultaneous

equations. Then the plasma expands in a vacuum. We have made the calculations for the

initial plasma parameters shown in Table 3-1 (8.617 eV=100,000 K and 6.9 eV=80,000 K).

For this calculation, singlet and triplet states were maintained separate through princi-

pal quantum number 5, except for the levels having the orbital angular momentum £ > 3,

which for the same n, were grouped together. All substate were summed together for

each of the levels 6-10. The labelling of the various states, as used in this model, and

the energies are given in Table 3-2, All the atomic data needed in these calculations are

summarized in Chapter 2.
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TABLE 3-1. Initial plasma parameters. A}i’tﬁtion_al subscript 0 indicates initial-viluc:

Te, Tso N, : B
. g
a 8.617 eV 6.9eV : 1 x 1017 em™3 ‘}1 x 10~ %sec.
b 8.617 6.9 1 x 101° 1x 1078
c 8.617 6.9 © T 1x 10! - 1x107%
d 4.309 2.6 - 1 x-10%7 1x10°°
e 4300 2.6 1 x 10! | 1x 10~8
F © 4.300 2.6 A1 x 108 1 x 1075
g 8617 6.9 C1x107 1% 1077
h 8.617 6.9 1 x 1015 1x 1077
i 4.309 2.6 1 x 10Y7 1x10°7

Unforf.una.tely these calculations are very time consuming since the set of equations
(3-20) required very small time step~(smaller than the relaxation time of the excited state
r). Thus, it would be desirable to use a:i";ssumption to reduce the.number of equations
in (3-20). In the present calculations, the number of levels included in the system of |
differential equa;tions was ‘reduced by using the following assumption: The quasi-steady

state (QSS)L‘assumption is made for the level ¢ > ¢*, the level :* is determined from the

condition (Gudzenko et al., 1975),

ng/N; > 1+ 3m,,/t ' (3-37)

(¥]

where 75, is the characteristic time for changes in free electron density, which is estimated

from

_-



TABLE 3-2. Energy levels of He I used in the model.

- Level State Energy g5 Level State Energy gi
No. (7) Ei{em™) No. (7) Ei(em™1)
1 1's 0.0 1 20 5%8 193347.09 3
2 23S 159856.07 | 3 21 518 193663.63 1
3 218 166277.55 1 22 53P. 193800.80 9
1 23p 169086.94 | 9 23 5D 193917.24 15
5 2P 171135.00 | 3 24 5D 193918.39 5
6 338 183236.89 3 25 5%F 193921.18 . | 21
7 3!s 184864.55 | 1 2% 5'F 193921.19 7
8 3%p 185564.68 | 9 27 5131, 193922 36
9 3°D 186101.65 15 28 51p 193942.57 3
10 3D 186105.07 | 5 29 6 195251 144
11 3'p 186200.47 | 3 30 7 196070 196
12 438 190298.21 | 3 31 8 196595 256
13 48 190940.33 | 1 32 9 196955 324
14 43P 191217.13 | o9 33 10 197213 400
15 43D 191444.59 15 34 11 197403 484
16 4D 191446.56 | 5 35 12 197548 576
17 43F 191451.98 21 36 13 197661 676
18 4IF 191451.99 7 37 14 197750 784
19 41P 191492.82 3 38 15 197822 900
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1 dn.|™!

. di

Th, =

(3-38)

Thus, the set of equations 3-20 will consist of $* equations instead of r equations. The

kinetics of the levels ¢ > ¢* are coupled to the system of differential equations, Eqs.(3-20)

to (3-25).

The applicability of this approximation can be examined, quantitatively, by comparing

the decay time for the levels to return to QSS following a plasma perturbation and the

expansion time. The level ¢ return to its steady state value will take place in a time of

order (McWhirter and Hearr, 1963)

-1

Tq o~ [S,' + Z C,'J'] n, + E Ay . (3—39)
i#7 j<i
7; is the relaxation time of level 7. The relaxation time for some levels, for electron density

and electron temperature at different times during the expansion for case g are given in
Table 3-3. It is apparent from this table that the characteristic relaxation time of thel
individual excited states is very small (compared to the expansion time) and less than the
characteristic time for the changes in the free electron density. However, as the electron
density and temperature drop the characteristic time of the metastable states become
comparable to 7,,. Thus it is reasonable to assume that the plasma during the transient
phase can be viewed as progressing from one QSS to next with the population den;ities for

the levels adjuéting themselves to the QSS distribution at the current conditions ‘almost

instantaneously’.

It is found from the numerical results of the cases considered, that only the ground
state didn’t satisfy the condition (3-37) at early time of the expansion, and continues to

do so as the electron density drops. At a certain electron density the metastable states
58
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start not obeying the condition. The use of this condition has reduced the computer time

by more than 70%.

Integration of the equations was performed by using the Runge-Kutta~Gill method.

The time step At was set to be one -hundredth of the relaxation time for the population

density of the’level 1*. To see the effect of At on the numerical calculations, we repeated

the calculations for some cases using At equal to one thousandth of the relaxation time

for the level ¢*, and found that the two results agree, rea.so‘nably well.

TABLE 3-3. Relaxation time in seconds.

~

t (sec) T, (eV) 7y, T T2 73 710 T25

1.0E-10 8.617 3.4E-8 2.7E-9 3.9E-12 2.18E-12 7.1E-13 1.6E-14
5.26-9  8.054 3.5E-8 3.6E-9 4.3E-12 2.4E-12 7.8E—13 2.7E-14
7.3E-9 7.735 3.6E-8 4.4E-9 4.6E-12 2.5E-12 8.3E-13 3.8E-14
1.3E-8  7.02 3.7E-8 7.0E-9 5.4FE-12 2.9E-12 9.5E-13 6.3E-14
2.0E-8 6.17 4.0E-8 1.3E-8 6.6E-12 3.5E-12 1.1E-12 7.4E-14
34E-8  5.00 4.4E-8 6.6E-8 [ 9.5E-12 4.8E-12 1.8E-12 1.0E-13
46E-8 420  52BE-8  1.4E-7 1.3E-11  6.2E12  2.3E-12 1.3E-13
6.5E-8  3.30 5.5E-8 . 8.6E-7 1.9E-11 8.9E-12 3.4E-12 1.8E-13
8.2E-8  2.70 7.0E-8 4.7E-6 2.8E-11 1.2E-11 4.TE-12 2.4E-13
28E-7 0.603 1.2E-7 1.0E+47 9.6E-10 1.7E-10 5.1E-11 3.6E-12
4.7E-7  0.273 1.8E-7 9.5E+25 2.5E-8 1.2E-9 1.7-'E-10 1.9E-11
6.6E-T  0.166 2.4E-7  9.9E+59 T.4E-7 6.0E-9 3.9E-10 6.8E-11
8.5E-T 0.13 3.0E-7 o0 8.3E-5 1.6E-8 7.5E-10 1.6E-10

The quantity following E is the power of 10 by which the preceding number must be multiplied.
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D) Results and Discussion

Figures 3-1 to 3-3 show the electron temperature T. as a function of time t, in a
plasma which expands in a vacuum. The electron temperature shows very little change
for t « G, it starts decreasing at ¢ ~ £/5 and aecrease becomes quite rapid at ¢t ~ 8. The
rate of decrease of T, \;ith t is seen to depend on the initial value of n.. As the initial
electron density is decreased, the rate of decrease of T, with ¢t becomes greater. ;l‘his can

be explained as follows: the three-body recombination is more important at high densitics

4

than at low densities, and it is well known that a portion of the energy freed in thrce-body.
recombination heats the electron gas (Kuznetzo_v and Raizer, 1965; Zel’dovich and Raizer,
1966). In all cases at first the rate of change of T, with ¢, |dTe/dt|, increasg$ with time
(called s.ta.gé a), reaches a maximum, and then it decreases (called stage b). Fig. 3-4 shows

the electron density as a function of time in the cases a, d, and ¢.

Population inversion was found to occur for a great many transitions in the infra-red
and visible regions. Figs. 3-5 to 3-10 show the population densities for the levels 21p,.
3'S, 3'D, and 4!S (Fig. 3-10 includes 4!D level also) as a function of time. Initially the
population densities of these levels decrease with time until stage b is reached. In the
stage b there is a rapid increase due to the increase in }:‘he recombination flux which. is
however followed by a rapid decrease due to reduction in tﬁe recombination flux and by
reduction in the density of the plasma as it expands. We couldn’t show the behaviour
of the population densities Beyond t ~1x104 s because of the electron temperature
becoming lower than the limit of our computer program, the exponential factor in the
rate coefficients becomes either very large or very small, but in scme cases the population
density shows a rapid decrease before the limiting T is reached, for example: see 3!S in
Fig. 3-5 and all the levels in Fig. 3-6, 3-8, and 3-9. The population density of the level

2!'P decreases more rapidly than other levels mainly because 2'P has a shorter radiative
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lifetime, and the electrons recombine with the upper levels much faster than the decay
of 3'S, 3'D, and '4'S (and 4'D in Fig. 3-10) levels to 2!P by emissicc The population
inversions in the lines 3'5— 2'P (A7281), 3'D— 2'P (16678} and 4'S— 2'P (15047) begin

at an early stage of the expansion, except in cases with high initial electron density, and

. recach maximum when the recombination flux increase (at the region where the population

densities increase), and then decrease as the electron density and temperature become low.
The degree of the population inversion between 2'P and other levels vary with the initial
conditions. From Fig. 3-5 and Fig. 3-7 we see, if T, increased with ne, constant, the

inverted population drops.

The population densities for the levels 2l P, 4'D, 51S, and 5'D as a function of time are

pfi‘zsented in Figs. 3-11 and 3-12. The popglation densities for these levels show similar

behaviour to that described above. Lar population inversions occur between 2!P and

- other levels at the time where the ré:ombina.tion increases and also the degree of the

population inversion depends on the initial conditions.

Fig. 3-13 shows the population densities of the levels 3!P, 31D, 5'D, and 5'F as a
function of time. The behaviour of the population densities for these levels are similar
to those described above. Large population inversions in the lines 5!F—3'D(A12790) and

5!D~ 3'P(112968) are obtained at the time where the rate of recombination is maximum.

The population densities versus time for the levels 38, 33D, 4°P, and 5P are presented
in Fig. 3-14. The population density for the lével 33S stays higher than that for the Ievels.
43P and 53P till t ~ 5 x 10~% s, and, after that, rapidly decreases while t-he population
densities for the upper levéls continue to increas;a due to the recombination flux. Finally, the
population inversions in the transitions 43P — 338, -a.nd 5°P—» 3%S appear after t ~ 5x 1075
s, and t &= 7 X 107° s, respectively, and one expects a rapid decrease in the population |

inversions after a short time as the recombination flux start to decrease due to the drop in
61 .



ksl

| density. The population density for 33D_drops faster than that for 33S. This is because the

radiative liftime of 33D 1eve1 is shorter than that of 33S level. The ;)opula.tion inversion in
the line 43P—>'33D (A19548) apl-aears after ¢ = 2 x 1075 s,

The po_pﬁla.tion densities for the levels 3°P, 43D, 5%S, and 5°D versus time are presented

in Fig. 3-15. The p0pullation iﬁversion in the line 43D-— 33p (A17007) appears at t =

3 X107 5, and in transitions 535— 3%P, and 53D— 33P it appears at £ &~ 8 x 10~ 5.s.

In Fig. 3-16 we present the population densities as a function of tinfe for the levels
23P, 33P, 43S, and 43D. The popuiation density for the 33P level shows a behaviour similar
to that fo; 338 in Fig. 3—14‘. It stayls high till £ =~ 6 x 1077 s, and then starts to drop. At
this time population inversions between 43S, 43D and 33P appear and reach maximum at
t~2x107%s.

The 2P level is much more populated than all other excited states (except the
metastable states 2!'S and 238), this is because the radiative decay of this level is small rel-
ative to other low-lying levels and it can radiate only to 23S. For this reason the behaviour-
of the population density for 23P is different than that for those described above. It is
similar to the behaviour of the population density for the ground state and the metastable
states 2°S and 218; the population density shows rapid increase at early time of the expan-
sion while the other levels shows arop in the population densities, and, after then m’ake a
sudden drop at t:he time where the recombination flux increases to maximum, at this time
there is possible population inversion. Fig. 3-16 shows a population inversiori between 4%S
and 23P states for a short time. In order to show the evolution of the population inversion
clearly, we plot population inversion between 43S and 23P versus time in Fig. 3-17. IL.\
is clear that the population inversion takes place in a very short time and only when the
speed of the expansion is very rapid with high initial electron temperature and density.

Thus under these conditions there is a possible population inversion in the line 4%S—» 2°p
62
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(AdT14).

The variation of the inverted population with n., and T, showed that it depends very
strongly on these parameters of the plasma. Thus, there is an optimum initial electron
temp:cra.ture and density at which the inverted population attains its maximum value.
Therefore, from this result it is clear that the radiative and/or collisional depopula.g'xon of
the lower working level can work efficiently, and used for lasing in large helium i;lasma.
volumes. In the astrophysical context, we can use this mechanism to éxplain, to some
e:\cten.t, the unusually strong emission lines in nova outbrusts, in which a dilsturbance\ in
the energy ‘balance of therstar leads to release of a large amount of energy and a shock

wave is propagated from the central layers to the periphery. This shock wave separates

from the star and emits a gas cloud into space.

63



T (eV)

Time (sec.)
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Chapter 4

Oscillatdy strengths of C III lines.

A

A) Introduction.

There have been a numberlof previous theoretical calcula‘tions on the oscillator strength
- of C III transitions, both allowed and forbidden (Pfennig et al., 1965; Steele and Trefltz,
1966; Nussbaumei‘, 1972; Nicolaides et al., 1973; Hummer and Norcoss, 1974; Hibbert,
1974, 1976, 1979; Glass and Hibbert, 1978; Nussbaumer and Storey, 1978; Laughlin et
al., 1978; Glass, 1979, 1981, 1982; Zuplyauskis, 1980; Markiewicz et al., 1981; Cowan et
al., 1982). It is generallﬂy considered that the best results are expected from conf{guration
interaction wavefunctions. However, most of the calculations using such wavefunctions are
confined to a few transitions between low lying levels, the largest number-of transitions
—24- have been calculated by Huﬁlmerﬂand Norcoss (1974). Glass (1981) has calculated
the oscillator strengths of all the transitions between states.having the principal quantum
number n = 4 for the triplet system.

Accurate oscillator strength is needed also in calculating the cross sections. For clectric
dipole transitions, approximate collision cross séctions can be obtained from the radiative
tr-ansition probabilities by using the impact parameter method. Caution is, of course,
necessary in those cases where the oscglflé.tor strength is very small due to cancellation
effects; the dipole term. may then no Iopger be the dominant contribution to the cross

section. In this chapter we report the calculated valu®s of oscillator strengths for all

allowed transitions between the 40 lowest terms of C III ion, which is needed in this work.

B) Method of calculation.

"

The atomic structure model used in the present calculation is the one described by

Burke et al. (1972). We used the general program CIV3 ( Hibbert, 1975 ) to generate the
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‘ hd - - - - - a
configuration- interaction,(CI} wave functions. To summarize briefly, the radial functions

used in the calculations were determined in-an LS-coupled representation of the atomic

states. The atomic state wave functions are represented by the CI expansion

N
Y(LS) =) a;®i(e; LS) : (4-1)

)

where L and S are th.e. total orbital and spin momenta, N is the total number of configura-

tional wave functions, and ; specifies the angular momentum coupling scheme of the tth

configuration. Each configuration wave funcilom is defined with respect to its subshells:

@i(e; LS) = { (1s)* (e 51 L4)(26)**(c S; L) -+ ;.S L} (4-2)

so that associated with each subshell, of occupancy J;, is a set of quantum numbers (aest)

~defining seniority, spin and orbital angular moments. The radial part of the orbital is

written in Roothaan—form

k

Pog(r) = Ciuerlint exp(—gjner) ' (4-3)
i=1

and k > n — £, so that the orthonormality condition

o0
f Pot(r) Ppg(r) dr = bppe L+1<n' <n , (4-4)
0

can be satisfied.

For &k = n — £ the coefficients {Cjnt} are uniquely determined by the orthonormality
condition (4-4) for a given choice of {Iint, ¢jne}. For k > n — £ some of the coefficients
{Cjne} can be treated as variational parameters.

The eigenvalues of the Hamiltonian matrix with element < Q;|H|®; >, where H is

the non-relativistic Hamiltonian operator, form upper bounds to the corresponding exact
82 .
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energies, and the coefficient ‘{a,-} in'(4:1) are given.by the components of Fhé associateg
eigenvectors. A different choice of {¢jne} would lead to different eigenvalues. Bcc'nuéc of the
upper bound plroperty, it is possible to i:reaf an eigenvalue as a function to be minimizc(i

with respect to the orbital exponent {¢;,,} (Hibbert, 1974). The value of {I;,,} have been
: \ ‘ . ‘

taken to Sa.tisfy

+ Ilnl ={+1
Ij+1'n¢ = I +1, 7>1. (4-5)

If only one configuration is retained in the expansion (4-1), this process yields an ap-

-

proximate solution of Hartree—-Fock (HF) equations and the cor}esponding orbitals will be
the HF orbitals. If further configurations are retained in the expansion involving additional

orbitals then usually these orbitals will be nonphysical. Such orbitals are usually referred

-« -to as pseudo-orbitals {Weiss, 1967, 1972; Burke and Robb, 1975) and are distinguished by

putting a bar over them. ) '

‘ The 1s, 25 and 2p radial functions were taken as the HF\function of the 1s* 252p 1P?

[l

state (Tatewaki et al.,, 1971). The 3p radial function were taken from the 1s? 2s3p 3P°

state optimizing on the second lowest state 3P? eigenvalue of the two configurations wave

function:

S

1s® 2s2p, 1s? 2s3p (1-6)

-

The 3s radial function were taken from 1s® 2s3s !S state optimizing on the third lowest

1S eigenvalues of the four configurations wave function:

— .

1s? 257, 1s* 2p?, Is* 235, 157 2p2p L R



From 1s? 2s3d 'D state optimizing on the second lowest !D eigenvalue of the three

-

configurations wave function:

1s% 2p%,  1s® 2s3d, 1s® 2p3p : (4-8)

we obtained the 3d function. The 4s and 4d functions were taken from 1s? 2sds !S and
1s* 2s4d 'D states optimizing on the fourth lowest 'S and third lowest 1D eigenvalues

)

respectively of the configurations wave functions:
§
1s? 252, 1s? 2p?, 1132 2s53s, 1s® 2sds, 1s? 2p3p and
1s® 2p®,  1s® 2s3d, 1s® 2s4d, ~1is? 2p3p. (4-9)

The 4’p radial function was taken from the 1s? 2s4p *P? state optimizing on the fourth

lowest 3P° eigenvalue of the four configurations wave function:

1s* 2s2p, 1s® 2s3p, 1s% 2p3s, 1s® 2s4p (4-10)

-The 4f radial function was taken from the 1s* 2s4f 1F° state optimizing on the lowest

L

1F° eigenvalue of the two configurations wave function:

1s? 2s4f, 1s® 2p3d | (4-11)

The 5s and 5d radial functions were taken from the 1s? 2s5s 'S and 1s2 2554 !D states

optimizing on the fifth lowest !S and ! D eigenvalues respectively of the configurations wave

functions:

-

1s? 25%,  1s? 2p2, 1s® 2s3s, 1s° 2545, 1s% 2s5s, 1s® 2p3p and

1s* 2p%, 1s® 2s3d, 1s® 2s4d, 1s? 2p3p, 1s® 2s5d. (4-12)
84 .
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From the 1s? 2s5p 3P° state optimizing on the fifth lowest *P° eigenvalue of the five

HL;
ey

T kg

configurations wave function:

1s? 252p, 1s® 2s3p, 1s® 2p3s, 1s? 2sdp, 1s® 2s5p (-14.13)

 we obtained the 5p radial function. The 5f radial function was taken from the‘\iég 2551

179 state optimizing on the third lowest 1F° eigenvalue of the three configurations wave

;

function:

1s® 2s4f, 1s® 2p3d, 1s® 2s5f. - (4-14)

The 5g radial function was taken from the 1s? 235g 3G state. In Table 4-1 we peresent

- the orbital exponents used in the calculation. We calculate correlation orbital upton =26

level. ' o

C) Results.

Using the radial functions determined in the pr.evious section, CI wave functions (4-
1) were determined by including, .for each symmetry, all possible configurations formed
from these orbitals with constraint th’a.t.,the 1s shell remain fully occupied and not more
tha;l one electron in the 4f, 5f, 67, Sé, 67 shells. These CI wave functions were used in
evaluated energy lsvels, and oscillator strengths for all allowed transitions between the
2snt (n <5, £<4);2p*; 2p3¢ (£ < 2) states.
a) Energy levels

The energy of the 40 lower states in the C III ion were calculated using the common
set of orbital exponents given in Table 4-1, with the pseudo-orbitals 63, 67, 6d, GF, 6y
optimized on the lower state (and on second lower state in some cases) of the series 1s*

" 2¢n€ L, n < 5. For example, the orbital exponents of 63, 6p, 67, and 67 were
85
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6ptimizcd on the ground .sta.te and.th;e orbital exponent of 64 were optimized on 2p? !S
state in calculating the energies of 1s? 252 18, .1s? 2p? 1S,l‘lhs2 253s 15, 15.2.2543 15, 1s?
2555 'IS and 1s? 2p3p 1S States. The wave functions settled on consisted of following:

" 38 conﬁgu;;ions for the 15%2¢né' 1S series, . o T .

34 conﬁgllra.tions for the 1s22¢nf! 1po series, - :

40 configurations for the 1s22¢nf' D series, ] ) | LT

25 configurations for the 1s22¢né’ 1F° series,

14 configurations for the 1s%2s5g ! G state,

30 configurations for the 1s?2¢né' 3S series,

34 configurations for the 15%2¢n#’ 3P series,

. - 32 configurations for the lszzénﬂ' D series,

25 configurations for the 1s?2¢né' 3F° series, -

1(% configurations for the 1;52255g 3G state,

12 configurations for the 1s%2p? 3P¢ state, g
where n < 5and 0 < ¢ < 1. The energies and the dominant structure of the S, P, D,
F and G singlet and triplet levels up to and including n = 5 along with the observed
energy levels are summallized in Table 4-2, the complete wave functions a;e not given -

only those configurations with weight coefficient greater than 0.05 for any stéte are listed.

Agreement with the observed data (Moore, 1970; Bashkin and Stoner, 1975) is very good,

within 1.5%.
b) Oscillator strengths

The length and velocity forms of the electric dipole oscillator-strengths, for transitions

-

" between initial and final states with normalized wave functions-¥; and ¥ 7 and energies E;

and E.respectively, are given
86 -
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f'_3(2L + 1) 25 +1 z|<¢ft|,§fp|‘1’f>l - (4-15)
_2_ (E/,-E 3 -
f"-—§(2L.+1(2S+ ZR‘I"ZVPI‘I’IH (4-16)

where the inner summation is over the N electrons apd the quter summatlon is over the

) .ML, Mg degenera.c1es of each state. , ' -

i

/"

——

Oscillator strengths for all allowed electric dipole transitions among the 40 lowest terms
in C III were calculated. Both the length and velocity forms of the oscillator strength were

used. The proéra.m CIV3 assumes that the two states of a transition use the same set of
N : .

radial functions. Generally §ome of the 6¢ functions were optimized on the energy of one

- of the states, while the remaining ones were optimized on the energy of the other state in

the transition. For example, in the 1s22sn#’ I,Se — 1s22¢n¢’ 1P° transitions, the 63 function
was optimized on the ground state and 63, 6d, 671, 6\5‘; were optimized on the lower state
in the series 1s*2¢n¢' 1P°, that is 1s? 2s2p 'P°. Similarly for the 1s22p2 18¢ —1522¢n¢’ 1p°
é‘ransitions, the 63, 6p, 6d were optimized on the lower state of the series 1s2¢n¢ 1P,
which is 1s*2s2p *P°, This balancing of the effect of correlation orbital is necessary for a

reasonably good evalution of the energy difference between the tw[; states in a transition.

"The energies shown in Table 4-2 and the energies of the states involved in the transition

calculated using the commeon correlation orbitals are in agreement to within a few units
in the last digit. Generally, the calculated AE (the energy difference of the two states in

a transition) and the experimental AF are in good agreement, except in such cases where

the two states are very close to each other.

All configurations included in the energy calculations were also included in the oscillator

strength calculations the result of wh1ch are given in Tables 4-3 to 4-9, Theoretical AL
87



q

>

voTﬁes were ‘used in the calculation of oscillator st_rengths. The transition wavelengths
(Moore -1970; Bashkin and Stoner, 1975) are also shown in the second column of Tables
3-4 to 4-9, Some of the results are compared with those of available CI calculatxons
and of other approaches to ab initio multlconﬁgoratlon calcula.tions and with available

cxoerimcntal data in Table 4-10.
Generally speaking, our results are in satisfactory agreement with those of previous
CI calculations (Nussbaumer, 1972; Hummer and Norcross, 1974; Hibbert, 1974, 1976

Nussbaumer and Storey, 1978; Glass/?i 1981, 1982). Our results are quite close to those
q
t

of Glass (1979). As Table 4-10 shows theke are several transitions for which experimental

values are available. The agreement between our values and these experimental values is

quite reasonable.

Where there is disagreement between the length and velocity forms of the oscillator

strength (f; and f,), it seems that this discrepa:ncy partly comes from neglecting inner—

shell. correlation (the velocity value could change by up to 10% by including the inner-
shell effects, Hibbert, 1974) and partly from the lack of convergence in the outer shells.
Moreover, it was At}o‘und that as more configurations were included in the caluclation, the
oscillator strength (particularly the leogth form) changed slightly mainly as a result of the
change in the theoretical AE; only in some cases the cumulative or concellation eﬁ”ecte

were important eﬁough, so that the changes become sometime very large, especially for

small oscillator strengths. ' K
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“TABLE 4-1. Radial orbital parameters.

Orbital Line tint Orbital Lne e
1s 1 5.132 3p 2 1,922
1 8.510 3 1.007
2 2.012
5 4.738 4p 2 1.698
2 1,571 3 0,995
'-. 4 0.733
2 1 5.132 :
1 8.519 ﬁ | 2 0.584
2 2.012 3 0.077
2 1738 (1 4 0.747
2 1,571 5 0.559
3s 1 4.200 3d 3 1.079
2 1.847
3 1.158 4d 3 1.000
- ' 4 0.706
ds 1 4.826
2 0.798 5d 3 0.953
3 1.004 4 0.760
4 0.904 5 0.534
55 1 4.328 4f 4 0.690
2 0.523
3 1.686 5 4 0.732
4 1,199 5 0.561
5 0.605
- I 5 0.603
2p 2 1.475
S 2 _.3.194
- 2 1.831
2 9.485 /\
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TABLE 4-2. Energy levels and configuration interz}ction.

.

State

E(cale) | B (expt.) configuration interaction
(V) | (V) _ '
(1s?) 25* 'S | 0.0 0.0 -0.961(25%)+4-0.27(2p?) +0.052(2s3s)
2s2p 3P° | 6.555 6.499 0.996(2s2p)+0.05(2s3p)_
..2s2p 'P° | 12.879 | 12.691 [ 0.989(252p)-0.1(2p3d) +0.09(2p6d) _
2p* 3P | 17.179 | 17.049 | 0.998(2p?)" ' .
2p? 'D [ 18.149 | 18.087 | 0.98(2p*)-0.14(253d)-0.05(254d) -+0.09(2s6d)
2p? 'S | 22.982 | 22.631 0.27(2s%)+0.945(2p?)-+0.14(2s3s) +0.05(3d6d)
~ | -0.05(6d2)
" 253535 | 20.602 | 29.536 | 0.98(2535)+0.06(2545)+0.16(2p3p)
2535 'S | 30.770 | 30.647 | -0.137(2p?)+0.95(2535)-0.08(2s4s) +0.21(2p3p)
+0.05(2p4p)-0.11(3s%)
2s3p ‘P | 32.109 | 32.105 | 0.95(2s3p)+0.28(2p3s)+0.08(2p3d) -0.06(353p)
2s3p °P° | 32.260 | 32.202 | 0.98(2s3p)++0.07(2p3s)--0.1(2p3d) -0.09(3s3p)
-0.05(2s2p)
2s34°D | 33.541 | 33.479 | -0.98(253d)-0.13(2p3p)-+0.08(3s3d) -+0.05(2p6f)
2s3d 'D | 34.421 | 34.281 0.12(2p?)-+0.97(2s3d)-0.11(2s4d) +0.09(2p3p)
-0.05(255d)-0.09(353d)-0.05 (3p6p)
2p3s °P° | 38.224 | 38.224 | 0.07(2s3p)-0.98(2p3s)+0.12(2p3d) +0.09(3s3p)
2545 %S | 38.419 38.370 -0.09?2535)+0.97(2s4s)+0.ig(2p3p) +0.08(2p4p)
-0.09(3s4s) . .
2p3s 'P° | 38.530 38.438& 0.22(253p)-0.73(2p35)-0.§5(254p) -0.11(2s5p)
'{\_ -0.1(3s3p)+0.07({2s6p) .
2545 'S | 38.664 | 38.650 | -0.96(2s45)--0.09(2555)-0.21(2p3p) +0.08(2p4p)
+0.09(3s4s)-0.05(4sg).. '
2s4p °P° | 39.453 | 39.404 | -0.98(2s54p)-0.12(2p3d) +0.09(3sdp)
254d °D | 39.898 | 39.855 0.9(2s4d}+0.4(2p3p)+0.05(2s5d) -0.09(3s4d)
+0.06(2p4p)
90
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TABLE 4-2. (Continued)

State E (cale.) | E (expt.) configuration interaction
-~ {eV) (eV)
2s4f 5F° | 39.963 | 39.925 0.9(254f)-0.4(2p3d)-0.09(3s4) +0.17(2s5¢)
o +0.05(2s6¢)
2s4f 'F° | 40.048 | 40.012 -0.95(254f)+0.25(2p3d)-0.16(2s5() +0.09(3s4f)
2s4p 'P° | 40.148 39.975 -'0.12(23313_) +0.57(2p3s)-0.76(é54p) +O.12(~‘{55p)
-0.10(2p3d)-0.14(2p4s)+0.07(3s3p)+0.09(3s4p)
+0.11(2s6p)
2p3p°D | 40162 | 40.063 -0.12(253d)-0.42(2s4d) +0.895(2p3p)
254D | 40.217 | 40199 | 0.07(2p?)+0.1(253d)+0.98(2s4d) -0.09(2p4)
2p3p %S | 40.704 | 40.579 0.14(2535)+0.19(2s4s)-0.15(255s) -0.95(2p3p) |
+0.06(2s6s)+0.05(2p6p)
2p3p 'D | 41.434 | 41.303 -0.08(2s3d) +0.05(2s4d)+0.97(2p3p) -0.08(255d)
+0.06(2s6d)-0.09(2p4p)-0.05(2p5p) +0.14(3p%)
2p3d 3F° | 41.430 | 41.337 0.43(2s4f)-+0.88(2p3d) +0.07(3p3d) -0.17(2s5f)
-0.07(2s6£)-0.06(2p6d)
2555 1S | 42.065 | 41.972 ofg(zsss)-o.og(Zs.ss)+o.4(:ip3p) -0.09(3s5s)
25555 | 42,152 | 42.149 -0.06(2s45)-0.98(2s55) +0.07(2s6s) +0.15(2p3p)
) +0.09(3555) ‘
2p3d 3P° | 42336 | 42.171 -0.09(2s3p) +0.09(2p3s)-0.11(2s4p) +0.58(2s5p)
+0.79(2p3d)+0.07(3p3d)-0.056(3s5p)
2p3d *Fe | 42.496 | 42.327 -0.3(254f)-0.72(2p3d)+0.61(255f) +0.06(2p4d)
| -0.09(3p3d) +0.09(2s6f)-0.05(3s5f)
2s5p 'P° | 42.565 | 42.561  |.-0.13(2p3s)+0.92(255p)-+0.33(2p3d) -0.09(3s5p) |
+0.11(2p4s) |
2s5p 3P° ) 42.826 | 42.681 253p

0.06(2s3p)-0.06(2p3s)+0.05(2s4p) +0.81(2s5p)

-0.57(2p3d)-0.05(3p3d)-0.07(3s5p) +0.06(2p4s)
0.052(3p4d)
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. TABLE 4-2, (Continued)
State E (cal;:j) E (expt.) configuration interaction
(eV) (V) '
a \
2s5d °D | 42.850 42.838 0.06(2s4d)-0.99(2s5d)-0.095(3s5d)
2p3p 'S | 42.978 42.790 0.16(2s3s)+0:15(2s4s) +0.44(2s5s) + 0.23(2s65)
-0.77(2p3p)+0.24(2p4p)+0.11(2p5p)-0.11 (3p?)
2s5g °G | 42.980 42.972 -0.99(2s5g)+0.1(3s5g)+0.05(2p4f)
P 2s5d D | 42.996 42.982 -0.08(2p3p)-0.99(255d)-0.09(3s5d) .
2s5¢ G | 43.182 - 42.972 -0.99(2s5g)+0.10(3s5¢g) +0.05(2p4f)
2péd tPe | 43.345 42.990 -0.08(2s2p)+0.09(2s3p)-0.05(2p3s) + 0.08(2s4p)
+0.27(2s5p)-0.92(2p3d}-0.11(3p3d)+-0.16(2p4d)
+0.06(2p4s)+0.08(2p5d)-0.11(2p6d)
2s5f °F° |- 43.069 43.044 -0.08(2s4f)+0.23(2p3d)+0.97(2s5f) -0.09(3s5f)
2s5f 'Fo | 43.442 43.255 -0.6(2p3d)-0.75(2s5f)+0.11(2p4d) -0.08(3p3d)
+0.09(2s6f) +0.07(3s5f)

92




n

- TABLE 4-3. Absorption oscillator strengths for the transitions between 15°2¢n8' 1S and 1s? 26m’
1P° states (n, m <6 and 0 < £ < 1). o o

N
Transition » (A) fi fu
(15%) 252 18-2s2p 1P° 977.03 0.772 0.769
—253p 1Po 386.20 0.222 0.223"
- —2p3s 1P° 322.57 0.0425 0.040

—2s4p 1Po 310.17 0.0320 E 0.0356

~2s5p 1Pe 291.33 0.0422 0.0436
—2p3d 1Pe 288.42 0.0064 0.0067
2p? 182s3p P° 1308.70 0.0272 0.0237
—2p3s 1Po 784.39  — 0.1120 0.1190
—2sdp 1P° 714.88 0.0686 0.0663
—2s5p 1P° 622.13 0.0530 0.0546
—2p3d 'Pe 609.04 . 0.9300 0.8740
2535 1S—2s3p 1Pe 8500.32 0.3270 0.3720
: —2p3s 1P° 1591.44 10.6860 0.6210
—2s4p tPe 1329.19 0.0380 0.0480
—2s5p 1P° 1040.72 0.0028 0.0013

—2p3d 1P 1004.60 0.0539 0.0442
2s4s 1S—2s4p 1Pe 9358.37 0.8410 0.8400
—2s5p 1Pe 3170.02 0.0950 0.0840
_.2p3d 1Pe 2857.01 0.0142 0.0098
2s5s 1S—2s5p 1P° 21081 1.1690 0.9700
2s2p 'P° —2p? 1§ 1247.40 0.1670 0.1770
—253s 'S 690.53 0.0208 0.0214
—2545 1S 477.62 0.0032 0.0033
—2555 1S 423.44 3.1E-4 3.3E-4
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TABLE 4-3. (Continued)

Transition A (A) i/ fu
)
. 2s2p 'P° ~2p3p 1S . 411.96 0.0051" 0.0049
253p 1P? —2sds 'S 1894.90 0.1010 0.1013
2555 1S 1256.22 0.0211 0.0207
2p3s 1P° —2s4s 'S  8065.90 0.0156 ©0.0072
o -mssss 3506.78 | 24B3 4.5E-3
—2p3p 1S 2849.10 0.0642 0.0850
2sdp 'P° 2855 1§ 6205.56 0.2530 . 0.2360
~253p 1S 4407 9.8E-4 1.3E-3
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TABLE 4-4. Absorption oscillator strengths for the transitions-between 1s22fnf 3S and 1s® 26md’
SP? states (n, m< 6and 0 < £< 1).

Transition ) (A) fi fo
_ £
(1s%) 253s 38—2s3p 3P° 4649 0.700 0.690
—2p3s °Pe 1428 0.3210 0.3190
—2s4p 1P° 1257 0.0630 0.0670
¢ —2p3d 3pe 1005 0.0168 0.0166 |
—2s5p 3P° 943 0.0104 0.0116
2s4s 3S-+2sdp 3P° 11981 1.0530 1.0630
—~2p3d 3Pe 3260 0.0303 0.0312
—255p 3P° 2874 0.0471 0.0484
2p3p 3S—2p3d Pe 7788 0.4740 0.3800
—~2s5p 3P° 5898 0.0190 0.0280
2s5s 35—2p3d 3Pe 5.49E5 0.1600 0.2100
—2s5p 3P° 23256 1.1420 1.0310
2s2p *P° —253s 38 538 10.0504 0.0525
_2sds °S 389 0.0112 0.0128
~2p3p 8 364 0.0085 0.0086
—2555 95 348.44 1.4E-3 1.6E-3
253p 3P° —2s4s 28 | 2010 0.1390 0.1370
~2p3p 38 1480 0.0213 © 0.0194
. —2s5s3S 1247 0.0112 0.0110
2p3s 3P° —2s4s 38 85167 2.4E-4 1.7E-4
—~2p3p 3S 5263 0.0678 0.0661
—~255s 28 3157 3.7E-3 4.1E-3
2s4p *P° —2p3p 3§ 10550 0.0202 0.0138
| —2s5s 3§ 4517 0.1720 0.1640
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'TABLE 4-5. Absorption oscillator strengths for the transitions between 152 2én#' !'P° and 1s? 2¢mé’ .
1D states (n, m <6and 0 < £< 1), — -

Transition x (A) fi fo
(15%).2s2p 'P° —2P2 1D 2296.90 0.178 0.179
_253d 1D 574.28 0.526 0.521
~254d 1D 450.70 0.169 0.169
—~2p3p D 433.3¢ 0.110 0.109
~2s5d 1D 409.30 0.0647 0.0618
253p ‘Po —2s3d 1D 5696.00 “0.359 0.342
—2s4d 'D 1531.80 | 0.207 0.211
T —2p3p 'D 1347.95 - 0.0294 " 0.0284
—2s5d 'D 1139.90 0.1142 ©0.1140
2p3s 'P° —2s4d 1D 7037.25 0.463 0.470
—2p3p 1D ‘ 4325.70 0.414 " 0.408
—2s5d 1D 2727.56 LTE8 4.2E-3
2s4p 'Pe —2s54d 1D ~1.033E5 0.0161 0.0208
~2p3p 1D 9331.01 . 0.0549 0.0818
—2s5d *D__ | 4122.05 0.478 0.530
2s5p 'P° —2s5d 1D 29409 0.723 0.337
2p? 1D —2s3p 1Pe 884.53 0.0271 0.0271
—2p3s LPe 609.28 0.0508 0.0527
—2s4p !Pe 566.48 0.0164 0.0190
—2s5p 1Pe 506.63 4.2F-4 2.7E-4
2s3d D —2p3s 'Pe 2982.20 0.0720 0.0782
—25dp LP° 2177.00 0.0201 0.0114
—2s5p 1Pe 1497.56 0.0495 0.0228
2s4d ‘D —2s5p 1P° 5249.60 0.124 0.078
2p3p 'D —2s5p !P° 9859.41 0.0165 0.0066
—2p3d !P° 7353.96 0.027 0.012




TABLE 4-6. Absorption oscillator strengths for the transitions between 1s* 2éng 3P° and 1s® 2¢mé'

5D states (n, m<6and 0< £< 1).

rd

] Transition 2 (A) fi fu \
(1s?) 2s2p *P° —253d 2D 460 0.559 0.555 K ‘
—2s4d °D 372 0.153 0.151
—2p3p 3D 369 5.5E-4 3.8E-4
_2s5d D 341 0.052 0.055
2s3p 2P —2s3d 3D 9710 0.192 0.203
—254d °D 1621 0.550 0.540
—~2p3p °D 1577 0.0111 0.0105
~2s5d 3D 1167 0.108 0.114
2p3s *Pe —2s4d °D 7601 0.054 0.057
—2p3p 3D 6740 0.211 0.228
—255d 3D 2689 5.1E-4 1.4E-4
2s4p 3P° —2s4d °D . 27495 0.256 0.265
—2p3p *D 18811 0.115 0.106
—2s5d 3D 3609 0.319 0.319
2p3d °P° —2s5d 3D 18584 0.375 0.284
2s5p *P° —2s5d 3D 79177 0.113 0.126
2s3d 3D —2p3s 3P° 2613 2.9E-3 3.1E-3
—2s4p 3Pe 2092 0.0452 0.0480
—2p3d °P° 1427 0.0596 0.0614
—2s5p 3P° 1347 9.9E-3 6.7E-3
254d °D —2p3d *P° 5349 0.0272 0.030
—2s5p 3Po 4385 0.0348 0.0388
2p3p 3D —2p3d 3P° 5880 0.0368 0.0270
—2s5p °P° 4759 5.8E-4 8.4E-4
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TABLE 4-7. Absorption oscillator strengths for the transitions between 1s? 2n# 1D and 1s2 2¢m¢'

1F° states (n, m<6and 0 < £< 1) “\
Transition x (A) fi — - f
(1s7) 2p? 'D—2s4f ‘Fo 565.53 0.079 0.0794
| —2p3d 1F° 511.53 0.374 0.369
| —255f 1Fo 492.65 0206 0.199
253d 1D —+2sdf 1F° 2163.00 0.784 0.752
~2p3d 1Fo 1541.12 0.0516 0.0646
—255f 1F° 138165 0.468 0.468
254d 'D —2p3d 1F° 5826.42 0.568 0.497
—285f 1Fe 4056.06 0.403 ©0.396
2p3p *D —2p3d !Fe 12117 0.158 0.127
_.2s5f 1T 6350.76 0.0s71 0.0527
2s5d 'D —2s5f 1Fe 45420 ' | 0.375 . 0.060
2s4f 'T'° —2p3p D 9597.81 1.2E-3 1.4E-3
—2s5d D 4173.09 1.4E-3 -~ 2.0BE-2
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- TABLE 4-8. Absorption oscillator strengths for the transitions between 132 28n# 3D and 1s* 2¢m¢’

3F° states (n, m<6and0<£L1).

Transition

> (A)

i o
(1s%) 2s53d 3D—2s4f 8F° 1923 - 0.596 0.576
—2p3d 3Fe 1577 0.249 0.254
1 ' —+255f 30 1296 - 0.253 0.253
2s4d °D —2s4f 3Fe 1.648E5 0.022 0.087
—2p3d 3Fe 8346 0.391 0.401
—2s5f 3F° 3887 0.385 0.368
~2s5d 3D —2s5f 3F° 60314 0.435 0.198
2s4f 3F° —2s5d *D 4257 4.3E-4 0.017
¢2p3d 3F° ~2s5d 3D 8276 0.091 0.030
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TABLE 4-9. Absorption oscillator strengths for the transitions between 1s22¢n¢’ 18fe ,1s? 2s5g

L3G states and 1s? 2p? 3P, 1s22¢m#' 3P0 states (n,m<6and0X£<1).

——

'ul‘ransition v X (A) fi fo
(
(1s?) 2sdf ‘Fe —2s5g 1G 4187.0 1.183 1.168
2s4f °F° —2s5g °G 4069 1.048 1.042
2p3d 1F° 255 1 G 19200 0.240 0.224
2p3d F° —2s5g °G 4069 0.326 0.291
. 255g G —2s5f 1F° 43847 0.127 0.070_

2s5g °G —2s5f 3F° 1.737E5 . 0.090 0.030
2s2p 3Pe —2p? 3P 1176 0.280 0.282

2p® 9P—2s3p 3P° 818 2.2E-4 1.7E-3
—2p3s 3Pe 585 0.135 - 0.135

—2s4p °Pe 555 4.3E-3 5.3E-3

~2p3d 3Pe 493 0.096 0.0923

—2s5p 3Pe 484 0.0134 0.0134
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TABLE 4-10. Comparison of oscillator strengths With other calculations and with e.xpefi—
mental values. The first line against each transition gives f; and the second, f,.

Transition e ft fe e i il 1° 1 (exp)
2a? 15—2s2p 1P° 0.777 1:114 0.709 0.760 0.756 0.776* 0.768 _0.65"
0.784 0.542 0.780 0.784* 0.850
—2s3p 'P°  0.222 0.1634 0.230 - 0213 0.220 0.208%
0.223 0.1826 \ . 0.217
—2p3s 1P°  0,0425 ~0.038
. 0:0400 T
2s2p 3P° —2p% 3P 0.280 0.2999 0.297 0.271 0.276" 0.7% 0.,28", 0.224".
. 0.282 0.2255 0.275* 0.301
—233s 38 0.0504  0.0386 0.047 0.048 0.0525 0.054 " 0.045"
0.0525  0.0458 0.0541 0.055 '
—283d °D  0.559 ,0.521 0.523 0.591 0.554 0.556 0.459"
0.555 0.475 0.551 0.548
232p !P° —2p? D 0.178 0.207 0.165 0.182 0.184* 0.188 Q18%, 0.187,
0.179 0.155 0.185* 0.245 0.14%, 0.19
—2p? 18 0.167 0.230 0.173 0.176 0.166* 0.172 0.13™, 0.17
0.177 0.163 0.188* 0.171
\ —283s 18 0.0208 0.0155 = 0.0237 0.020 0.039"
0.0214 0.020
—283d 'D  0.526 0.458 0.711 0.633 0.5%0 0.588"
0.521 0.482 0.603
2p? 3P—2a3p ¥P° 2.2E-4 7.8E-4 3.0E4 1.3E4
. 1.7E-4 1.5E-4
2p? 'D—2s3p P 0.0271 0.0682 X, 0049 ; 0.044 00258 .
0.0271 - 0.028
2p* 18—2s3p 'P° 0.0272 0.0786 0.038 0.024
0.0237 0.015
2335 3S —283p 3P°  0.700 0.814 0.730 0.724 0.717 0.712 0.72", 0.644"
0.690 0.719 0.728 0.710
2s3s 13 —2s3p 1P°  0.327 0.291 0:320 0.328
- 0.372 ’ ; ) 0.320
283p 'P° —283d 'D  0.359 0.345 ~ 0328 ' 0.325
0.342 C L : 0.235
233p °P° —283d 3D  0.192 0.221 0.218 0.179, 0.183 0.183
' 0.203 0.264 0.199 0.200

.%This work; "Pfennig et al. (1965); Nussbaumer (1972); “Nicolaides et al. (1973); *Hummer and Norcross
(1974); / Hibbert (1974, 1976); ?Glass (1979, 1981); *Buchet-Poulizac and Buchet (1973); *Curnutte et al.
(1968); “Pinnigton and Lin (1969); *Bergstrom et al (1969); 'Pegg et al (1970); ™Martinson and Bickel
(1970); "Poulizac et al. (1971);  Bromander (1971).
* The theoretical AE: were used in calculating these oscilator strengths while in the others, experimental

AF were used.



Chapter 5

Laser action in stellar envelopes. C I
A) Introduétion

The C II ion is of considerable astrophysical importance. Emission lines due to C HI
are observed in spectra of Wolf-Rayet and Of stars. Especially in the Wolf{-Rayet spectra,
some C III emission lines occur with great intensity. The mechanism of the great intensity
of some of these emission lines and of the variations thereof is not understood. The C III
ion has the configuration 1s%2s? and thus in some respects is similar to He I in that both
systems have outer s? configuration.

In chapter 2 strong populai;ion inversions in some He I transitions, when helium plasma
is rz;pidly cooled by expansion wé;e reported, It was shown that laser aci:;c;n is feasible in
the atmospheres of stars which are undergoing mass loss. It was thus of interest to carry
out similar calculations concerning possible laser action in the emission lines of the C III
ion. There are two C III lines, A4650 and A5696, which occur with great intensity in some
Wolf@\a}y‘gt stars. The great intensity of the A5696 line has been a mystery for nﬁany years.

Thus it was of interest to investigate if laser action is responsible for the intensity of this

&.Q line. To the. best of our knowledge, there has been no previous investigation on population

. inversion in C III in a recombining plasma.

The rgodel that we adopt for investigating laser action in C III in stellar atmospheres
is basically the same as the one used for He I in'chapter 2. We consider what happens
when a mass of the plasma in the photosphere of a star expands adiabatically. Under
adiabatic expansion conditions, (he density N and the temperature T, of a gas are related
by T.N'~7 =constant. But we use a different model for calculating the relative concen-

trations of C, C*, C*2, .., etc. at a particular electron density and electron temperature.
{102 — >
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A number of ionization balance calculations have been carried out by different authors
taking into account the following processes:

(a) ionization by electron collision including autoionization;

(b) radiative recombination;

(c) dielectronic recombination;

(d) collisional-radiative processes.

Authors who have carried out these calculations are Tucker and Gould (1966), Jordan
(1969, 1970), Burgess and Summers (1969), Beigman et al. (1971), Summers (1972, 1974),
Nussbaumer and Storey (1975), Jacobs et al. (1976). In the next section we will present
the method used in calculating the relative concentration of the various stages of jonization
of carbon, which similar to the calculation done by Jordan (1969). Our model is applicable
to a density higher than the density considered in Jordan’s calculation. The atomic data

used in the CR model described in ché.pte—; 2 are summarized in sections B and C.

B) Ionization equilibrium

“ To calculate the relative concentrations of different carbon ions, a steady state model
(House, 1964; Jordan, 1969; McWhirter, 1978) was used. The relative population of two
successive stages of ionization of a monatomic non-LTE plasma is found by equating the
rate of ionization from, and recombination to, a given stage of ionization. Thus in the

]
steady state

NtH(m+1)  gtm

+m T . im
N ot

(5-1)

where N*™ is the density of a m times charged atom (ion), S*™ is the total rate coefficient
for ionization from m to (m+1), and of}" is the total rate coefficient for recombination from

(m+-1) to m. The model is based on the following assumptions: 1}.Each stage of ionization
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of element X consists-of only a ground state and a continuum. 2) The monatomic plasma
is optically thin. The relative concentration ;)f ion with .charge +m, Nt™ /N, where N is
the total number ;lensity of the element\, is calculated from the values of N+(m+1) JNT™,
The rate coefficients S*™ and off7* used in the calculation were obtained as follows.

s

(a) Collisional ionszation

XM ogem - XM Loy e ' (5-2)

For neutral and singly ionized Carbon, collisional ionization rate was obtained from

the formula given by Lotz (1968, 1969, 1970):

-1 9 _z o co -y
- iy~ %% | (B f R L [ <’ ]
§=067x10 Z (kT)3/2 (kT) z (B JRT) + 5 ;| (53

F;/kT B
P; is the binding energy of electrons in the j—th subshell, ¢; is the number of equivalent
electrons in the j—th subshell, a;, b;, and ¢; are individual constants given by Lotz (1968).

The values of the parameters P;, ¢;, aj, b;, and ¢; used in the calculation. of Equation

(5-3} are listed in Table 5-1.

TABLE 5-1. The parameters used in Equation (5-3).

-

Species Confi. q1 q2 P]_ — Pg ay az bl bg c1 ’ cs
Cl 2972p? 2 2 1126 16.59 35 40 07 07 04 05
cl 28°2p 1 2 24.4 309 42 44 04 04 06 06

The ionization rate coefficients of the ground state for Carbon ions with m > 2 were

calculated using the semi-empirical formula proposed by Burgess and Chidichimo {1983).
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This allows for inner-shell excitation and autoionization effects. (In some cases autoion-
ization can increase the total ionization rate by a substantial factor in certain ions, cf.
Goldberg et al., 1965). The procedure of including the autoionization effect was first

suggested by Burgess et al. (1977). The formula is as follows:

+m -A -8 § Iy o2 IJ 1 4
S = 21715 x 107°C Q'J T 'E EI(IJ/kT) w (.)-‘1)
; g -
J

— -

where the summation is over shells (or subshells) j of the initial ion, ¢; is the effective
number of electrons in j, I; is the effective ionization energy of ; (this may differ from the
frue ionization energy because of auto-ionization effects), Iy is the ionization energy of

hydrogen, Fi(z) is the first exponential integral, and

w = [In (1 + kT/I;)|P/O+T/L) ~(5-5)

with 8 given by

1 { [100z + 91]1/?
— ﬂ-z{[m] ‘5}- 59

where 2 is the initial charge number of ion.

The factor w has a significant effect only for ions of low charge and for very small values

of kT/I;. Values of ¢;, I; and mean experimental values (C) of C are given by Burgess et
al. (1983).

(b) Recombination - -

Three recombination processes have been taken into account,

(/) Radiative recombination:

- exHmED) e, T Ly (5-7)
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For temperature T, < 6 x 10° K, the radiative recombination rate via continuum has

been calculated using the well known formula of Elwert (1952) given by

+ 14 Ig\'"* I,
m - .
Crad.c. _ 5.16 x 10 f (ch) ' }}; nn.Gy (Im/AT)g , (5_-3)
where
G1{X) = Xmexp(X;) By (Xm), a (5-9)

n is the prinéipal quantum number of ground state of lower stage of ionization, I, is the

ionization potential of ion of charge +m in eV, Iy is the ionization potential of hydrogen,
3 .

E\(z) is the first exponential integral, f; = 0.8, ¢ = 3, and all other symbols have their

usual meaning. For }'1igher temperatures, the formula given by Burgess and Seaton {1964)

was used:

- ot = 1.3 x 107%(m + 1)2 1L/ 3 T (5-10)

rad.c.

where the symbols have the same meaning as before.
Radiative decay from bound levels above a certain level n; (thermal limit) to those

below is equivalent to recombination. The level n; is given by Griem (1964)

1/17 2
ne & 1.26 x 1022(14/17) 7 (2/17) [—kT—‘] { 2 1n ] (5-11)

exp | ———|,

7% P\ 1703k T,
where Z is the effective charge. Then, assuming that the level above n¢ are hydrogenic, the
rate for radiative recombination via bound levels can be calculated using the hydrogenic

rate derived by Wilson (1967)

et = 12X 107%(m + AT 0 exp (X0 /kTL), (5-12)



where x; is the excitation energy {in eV) of the level n;, and is given by -

g dm o :
X = 6x 10728 k;‘c n:. (5-13)
" The total radiative recombination rate is
+m _
ararg arad c. + C!rud b.l.* : (5_1'1)

+m

where ay. and af;g“ are the radiative recombination via continuum and bound levels

]

respectively.
N .

(11) Dielectronic recombination:

XHmH) 4 o Xi™ — XF™ 4 ho, (5-15)
where a and b represent an autoionizing state and a true bound state of the next lower
ionization stage, respectively.

For temperature in the range 10° to 4x10* K the dielectronic recombination coefficients

of C, C*,and C*? are calculated using the formula given by Nussbaumer and Storey (1983,

1984):
- v
ajh =1071 (% +b+ct+ dzz) %% exp(~f /1), (5-16)
where
{

t = T,[K|/10000 X, (5-17)
a, b,c,d,and f are fitting parameters.

For temperature greater than 6 x 10* K anfi for other Carbon ions, we used the ex-

pression given by Landini and Monsignori Fossi (1971)
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Wy
o =2 x 1077 (m + 2)% f1,0v/W; exp(—10.6 x 10° 2= 7 =),  (5-18)

[

where W) is the excitation potential (in eV) of the first allowed level of the recombining

on, and

o= fi=n, (5-19)
JI -
n being the number of electrons in the outer shell of the recombining ion.
i11) Three-body recombination:

It is the inverse of process (5-1). The rate coefficients are calculated from the condition

of detailed balancing

+m N+m +m
Xihree = (N+(m+1)> S (5-20)
where 7™ is the collisional ionization rate coefficient (Eq. 5-2), and (N*+™/N*(m+1)) js

given by the Saha-Boltzmann equation:

+m 2 3/2
N —( h k) ne Um exp(fn/kT.), (5-21)

N+(m+1) =\ 27rm, Tf/?‘ 2Um+
U is the partition function, and all other symbols have their usual meaning.

The total recombination rate is given by

+m __ T 0o
Ctat = Grag +oadm + ol . (5-22)
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'C) Atomic data
(a) Energy levels.

" The energy levels needed in the calculation have been taken from Bas'_hkin and Stoner
(1975). All the levels in the configuration 1s*2sn having principal quantum number n < 5,
+ and the levels in the configuration 1s?2pné having n < 3 are treated as individual levels

- except for the levels having orbital angular momentum £ > 2 in the configuration 1s*2pnt.

These latter levels with same n are treated as a single level. The levels n'3§, nldpo,

nl'aD, ... in configuration 1s?2snf with n > 6 are grouped together in one level. The

e
Lo
W

o

levels with n > 3 in the configuration 1s*2pn are not included in the calculation because |

most of these levels lie above the ionization limit (éutoionization states). In the CR model
calculation, the upper limits of the levels r and s considered are n, = 15 and ny = 25;
the total number of levels whose population density is calculated is 49. The levels with

16 < n < 25 are assumed to be in LTE. The labels, energies and weight factors for thesc

Iev’els are givéh in Table 5-2.

(b) Transition probabilities.

Spontaneous transition probabilities between resolved levels were calculated using

Equation (2-9). For unresolved levels, we used Equation (2-10) in calculating the transition

probabilities.

_Oscillator strengths for all the allowed transition; between the states with n < 5 have
been calculated using conﬁguration interaction method, which is expected to give the best
theoretical results. The method 6f calculating the oscillator strength and the results have
" been given in chapter 4. For transitions between resolved and unresolved states, and

o

betvieen unresolved states, Equation (2-11) was used to calculate the oscillator strength.
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TABLE 5-2, Energy levels of C III used in the model.

. Level State Energy & Level State Energy g.
No.(1) Ei(em™1) No.(1) Ei(cm™1)
1 253 18 0.0 | 1 31 2s5p %P | 344236.29 | 9
2 2s2p 3P 52390.75 9 32 2p3p 1S | 345005.43 | 1
3 252p 1P 102352.04 | 3 | 33 - 2s5d °D | 345496.72 | 15
4 2p? 3P 13745440 | 9 34 2s5g °G | 346579.00 | 27
5. 2p? 1D 145876.13 | 5 35 2s5g 'G | 346579.00 | 90
6 2p? 1S 182519.88 | 1 36 2s5d D | 346658.34

7 253s 28 238213.00 | 3 37 2p3d ‘P | 346712.73
8 253s 1S 247170.26 | 1 38 2s5f 3F 347154.00 | 21

9 2s3p 'P 258931.29 | 3 39 2s5f 1F 348860.00 | 7
10 2s3p P 259711.22 | 9 40 6 358732 144
11 2s3d 2D 270011.93 | 15 | 41 7 366027 196
12 253d *D 276482.86 | 5 42 8 370778 256
13 2p3s 3P 308248.91 | 9 43 9 374027 324
14 254s 38 309457.17 | 3 | . 44 10 376350 400
15 | 2p3stP 310006.32 | 3 45 11 378068 484
16 2sds 1S 31172151 | 1 46 12 379382 576
17 2sdp 2P 317796.51 | 9 47 13 380397 676
18 2p3p 'P 319720.35 | 3 48 14 381202 784
19 2s4d 2D 321426.74 | 15 | 49 15 381851 900
20 2s4f IF 322012.00 | 21 | 50 16 382383 1024
21 2s4p P 322404.20 | 3 51 17 382824 1156
22 2s4f 'F 322702.00 | 9 52 18 383103 " 1206
23 2s4d *D | 32421249 | 5 53 19 . 383505 1444
24 2p3p 38 327278.27 | 3 54 20 383772 1600
25— —2p3p 3P 329907.47 | 9 55 21 384002 1764
26 | 2p3L 3L | 332821 68 | 56 22 384201 1936
27 2555 1S 338514.33 | 1 57 23 384374 2116
28 2555 38 339934.72 | 3 58 24 384526 2304
29 2p3d 3P 340127.53 | 9 59 25 384661 - 2500
30 2s5p ‘P 343258.03 | 3
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The theoretical transition probabilities of Nussbaumer (1972) and Nussbaumer and
Storey (1978) were adopted for the following optically forbidden transitions: 2s 154252p
3pe, 2s2p 3p° —2p? D, 2s2p 'P° —2p® 3P, 25 1§2p? 3p, 25 15—2p? 1D,
2p? 1D—2p? !S. '

*

(¢c) Collisional ezcitation and de-ezcitation rate coefficients.
The excitation rate coefficients for transition between bound levels were computed
from the respectivé cross sections by integrating the cross section over Maxwellian energy

distribution (Eq. 2-15). For most of the cross sections for low lying levels the best available

theoretical data were fitted to semi-empirical formulas.

Equation (2-18) was fitted to the following allowed transitions:

2s® 1§— 2s2p P9, 2s2p 1P° — 2p? 1§, and 252p 1P% — 2p? . 1D: Theoretical cross sections

of Berrington et al. (1981, 1985).

25 18—2s3p 1P°, 252 1S—2s4p 1P°, and 25 1S—2s5p !P?: Theoretical cross sections of

Ganas and Green (1979).

The fitting parameters ¢, 8, and ¢ for the above transitions are given in Table 5-3.
For the allowed transition 2s2p 3P° —2p? 3P, the cross sections werejé‘a.lculatgd using the

semi~empirical formula given by Merts et al. (1980):

9,8 o, (5-23)

Q(U)=Ca+?j' U2

where Q(U) is the collision strength, and is related to the cross section by

Q(U) = (28 + 1)(2L + 1) Eo(E), (5-24)

C’o‘, C1, Cs, and Cj are fitting parameters, and U = E/Epp qe. The fitting parameters

for this transition were taken from Merts et al. (1980).
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TABLE 5-3. Fit parameters for the cross section (Eq. 2-18) of the allowed transitions of

C III.

Transition a B8 . ¢
252 18— 2s2p ‘P 1.697 1.419 0.040
2s? 15— 2s3p 'P 0.770 0.962 0.10
257 1S— 2s4p ‘P 0.958 1.332 0.10
2s? 1S 2s5p 1P 1.164 3.766 0.10
252p ‘P— 2p? 1§ 1.131- 2.00 0.70
2s2p 'P- 2p? 1D 2.140 3.50 . 1.00

-

TABLE 5-4. Tit parameters for the cross section (Eqs. 2-32 and 2-38) of the forbidden
transitions of C III. '

Transition a B T k
2s? 1S— 2p? 1S 3.2x107* | -0.74x10~? 0.32 3
252 1S— 2p? 1D 0.201 -5.52x10"2 0.10 3
252 15 2545 18 , 0.886 1.27x102 0.61 3
' 257 1S 2855 1§ 1.48 -1.57x 102 0.62 3
25 18— 2s54d !'D 1.195 5.45x10~2 0.77 3
257 18— 2s5d D 1.404 4.58x10~2 0.64 3
2p? 1D— 2p2 1§ 0.021 0.210x 102 1.00 3
25° 15— 2p* 3P 0.91x10-? 0.12x1072 1.00 5
- 2% 1S— 2s2p °P 0.480 0.82x10-2 0.76 5
2s2p 3P° — 2p? 1§ 0.017 0.05x10-2 0.87 5
2s2p 3Pe — 2p? 1D 0.149 1.04x10-2 1.00 5
2p° 3P, 2p? 1§ 0.021 0.04x10-2 1.00 5
2p? 3P— 2p? D 0.035 0.00 1.00 5

112



C——

29

For the remaining allowed transitions, the semi-classical IP method (Eqs. 2-20 and
2-27T) was used for calcuflating the'cross section of transitions with An < 3. For transitions

with An > 3, we used Equation (2-31) for calculating the cross sections.

Equation (2-32) was fitted to the following cross sections for optically forbidden tran-

sitions without change in spin:

2s® 15—2s4s 18, 25 1S—2s5s 1S, 252 15—2s4d !D, and 2s? 15—2s5d 'D: Theoretical

cross sections of Ganas and Green (1979).

2s? 15—2p? 1§, 2p® 1D—2p? 18, and 2s? 1S—2p? D: Theoretical cross sections of

Berrington et al. (1981, 1985). -

The parameters e, 8, ¢, and k are given in Table 5-4. The collision strengths of the

transitions 25 1S— 2535 S and 2s? !S—+253d !D were calculated using Equation (5-23)
with the ﬁt".t.ing parameters as given by Merts et al. (1980).' For other optically forbidden

transitions without change in spin between levels with n < 5, cross sections were calculated
“ .

using Equation (2-33).

Equation (2-38) was fitted to the following cross sections of optically forbidden transi-
tion with change in spin: | '

2s° 18—252p 3P?, 257 1S—2p? 3P, 2s2p 3P° —2p? 1D, 2s2p 3P° —2p? 1§, 2p? Sp—op? 1D,
and 2p? 3P—2p? 1S : Theoretical cross sections of Berrington et al. (1981, 1984).

The parameters a, 8, ¢, and k are given in Table 5-4. Equation (5-23) was used in

calculating the collision strengths of the following transitions: 2s® !S— 2s3s 38, 2s? 15—

2s3p °P?, 257 1S—2s3d °D, 2s2p 3P° —2s2p 1P?, and 2s2p !P° —2p? 3P. The parameters

L J

Co, Ci1, and Cy are given by Merts et al. (1980), C3 = 0 for forbidden transitions.

For other forbidden transitions with change in spin between n < 5, we have used

Equation'(2-42) to calculate the rate coefficients. The de-excitation rate coefficients are
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obtained from the pr‘inciple of detailed balance, Equation (2-44).

1k .

(d) Jonization and three-body recombination rate coefficients.

Equation (5-4) was used to calculate the ionization rate coefficient of the ground state
2s* 1S. Burgess and Chidichimo (1983) have obained the value of parameter C in the
Equation (5-4) from the experimental dataof Woodruff et al. (1978).

For the other resolved levels, Drawin formula (Eq. 2-47) was used to calculate the
lonization cross section with « = 1 and § determined from Equation (2-48), and the
hydrogenic approximation was used for unresolved levels. The ionization rate coefficients
for these levels were calculated using Equation (2-46). The three—body recombination rate

coefficients are obtained from.the principle of detailed balance (Eq. 2-49).

(e) Radiative recombination.

Hidalgo (1968) has computed photoionization cross sections for the lowest three C III

“n .
levels 2s® 'S, 252p ®P?, and 2s2p 1P°, and Sakhibullin and Willis (1978) have calculated
the photoionization cross sections for the levels 2sns 135, 2snp 13P°, 2snd. 13D, n < 9,

using the Quantum Defect Method. These cross sections were fitted to Equation (2-52),

and the fitting parameters C, p, a1, a2,..., apm, are given in Table 5-5. Hydrogenic
approximation was adopted to calculate the photoionization cross sections for other levels. _

The radiative recombination rate coefficient was obtained from Equation (2-51).

(f) Dielectronic recombination.

Nussbaumer and Storey (1984) have calculated the effective dielectronic recombination
coeflicients for selected lines and ground and metastable states of C III ion, and fitted to

a convenient function of temperature in the range 10° to 6 x 10* K (Eq. 5-16).
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TABLE 5-5. Fit parameters for the photoionization cross sections (Eq. 2-52) of C IIL.

115

étate P m c oy a3 a3 G4 ag Gy
2's 0.5 | 3 -6,14E-2 -9.95 -24.21 13.43 N
3's 0.0 3 2.27E.3 -28.13 9.82E2 | -2.42E2 |
4's 0.0 8 -3.83E-4 34.87 -7.0E3 64.20 1.84E3 1.18E3 LABD |
5's 0.0 8 -6.70E-4 -11.15 -3.9E3 2.6E3 1.50E3 -3.55E3 LoEs |
3°s | os 3 -4.07E-2 | -17.60 -17.02 11.61 7 [
| 4°s 0.5 4 -1.73E-2 -34.43 -1.4E2 1.59E2 -58.99 ]
| s°s 0.0 | 4 -2.95E-4 -1.2E2 1.2E4 -6.4E23 1.91E3 |
2'F | 0.0 4 1.73E-3 -12.90 2.8E2 1.17E3 -2.9E2 | | |
3'p | o0 4 1.34E-2 -20.11 2.5E2 5.459 -37.10 | | |
4'P | 0.0 6 9.18E-3 -48.52 9.7E2 -7.2E2 4.74E2 | -2.35E2 | 58.44 |
§'P | 0.0 6 3.94E-3 -62.21 1.7E3 -1.2E3 2.11E3 | -2.70E3 | 1.2E3 |
| 2°p | 00 | 4 8.10E-3 -4.701 1.14E2 1.8E2 -44.96 | | |
| a°p | o0 4 -6.93E.2 -5.29 -40.68 29.12 -28.16 | | |
| P | 0.0 | s 5.23E-3 -38.9 | 5.76E2 9.4E2 -1.1E3 | 4.0Ez | |
| s°p | os | 4 3.59E-3 -82.4 3.61E3 -3.29E3 1.42E3 | | {
| 3'D | 0.0 | o 4.63E-6 1.8E3 -3.9E4 3.1E5 -2.8E5 | 1386 | -8.7Es |
| 4D | 00 | s -1.12E-3 | -42.33 7.03E2 -5.4E3 4.04E2 | 7.189E2 | |
| s'D | 0w | e ~5.78E-4 -37.02 1.79E3 -2.24E4 7.5E3 | 7.7E3 | -5.6E3 |
| 3°p | o0 | s 3.44E-3 8.93 1.06E2 6.8E2 2.7E2 | -1.3E2 | |
| D | o0 | e -1.37E-3 -33.01 5.5E2 -5.4E3 1.50E3 | 6.12E3 | -3.0E3 |
’ 5°D 0.0 ‘ 3 -4.14E-3 -29.36 3.0E2 -3.9E3 2.13E3 ‘ l ‘
N
\



Since the rémge of ternperature we are interested in falls within the applicable range of
the equation proposed by Nussbaumer and Storey (1984), we used this equation to calcu-
late the dielectronic recombination coefficients, and included them in the CR calculation

by adding them to radiative recombination coefficients. Thus, 8, in Eciua.tion (2-6) will

represent both processes: ‘ ¢
ﬁn = ﬁ;ad. + ﬁ,‘f"".

The dielectronic recombination coefficients for the levels other than those calculated
by Nussbaumer and Storey were set equal to zero. This will not cause an error because -
most of the remaining levels belong to the first series (configuration 1s?2snf), where the
contributions from direct radiative recombination are more important than dielectronic

recombination in the temperature range considered (Nussbaumer and Storey, 1983).

D) Results and discussion

The initial density of carbon atoms before expansion was taken to be 1x10'% ¢m =3, this
very roughly represents the density of carbon in normal stellar atmospheres, calculations
were carried out for popuﬁxtion densities 59 levels of C III for a grid of n, and 7. values.
Before we come to the results we wish to make a cautionary remark. The results are
‘based on the cross sections for various atomic processes, the overall accuracy of these cross
sections for C III is less than those for He I. For many of the cross sectidns there are no

experimental data and in several cases there may be large uncertainty in the theoretical

cross sections. In view of this the results given below are less secure than those given in

Chapter 2.
Most of our search for population inversions was concentrated towards transitions

which give lines in the visible region. Appreciable population inversion was found for only

two transitions: 2s3p P —2s3s 38 (14650), and 2p3p 35—2p3s 3P° (AN5273,5254, 5244)
., ‘ 116 ’



(weighted average is A5263). Overpopulation density, P has already been defined in chapter
2. In Figures 5-1 and 5-2, we show the variation of P with n. for some typical-values of
T, for thé aforesaid two transitions. From such plots, COIltOIlI:S of equal P on a n., T.
diagram were made and the results are shown in Figures 5-3 and 5-4. The peak value of

. P for,A4650 is about 5 x 10° em™3, and that for A5263, about 7 x 10* em™3,

There are two C III lines in the visible regi'on which appear strongly in Wolf-Rayet
sp;ectra (WC sequence). These are A4650 (Beals, 1930; Swings, 1942; Smith, 1955) and
A5696 (Beals, 1934; Smith, 1955). As these two lines are sometimes unusually strong in

WC spectra, the possibility arises that laser action may be responsible,.

There is no definite data én the value of the electron density in Wolf~Rayet atmo-
spheres. The best available estimate (Varshni, 1978) is 4 x 10" ¢m™2 but it could be
higher. Corresponding to this value of the electron density, the maximum value of P for
A4650 is = 5 x 10%cm™3 and that for 15263 is ~ 5 x 103cm™3 ( both at T, ~ 15000

K ). If we assume these values for P and A\ = 40 A, then the gain per unit length’

—

@(A4650) = 5.1 x 1071 cm™! and «()5263) = 2.08 x 10~ ¢m~!. Thus we find that under
the above conditions, A5263 is expected to be quite wea.k in comparison with A4650. We
may note here that under ordinary conditions (i.e. without laser action ), the laboratory
intensity of the A4650 line is much gr;aa.ter than that of 15263. In Woll-Rayet spectra, a
strong emission line is observed at A4650 but it is a blend of C III A4649 and C IV MGF)Ok
(wWhich is a strong line in the C IV spectrum); A5263 has been detected (Swings, 1942) but
it is quite weak. The available evidence on the two lines A4650 and A5263 from Wolf—Rziy'et{F

spectra is consistent with both possibilities, i.e., presence or absence of laser action.

In Table 5-6 we show the relative intensities of the lines A4650 and A5696 in a few

Wolf-Rayet stars. It will be noticed that while in the laboratory the A5696 line is weaker
117 -



than A4650, in some Wolf-Rayet stars the reverse is the case. We have noted earlier that
in WR spectra A4650 is a blend of C I1I A4649 and C IV A4650, thus we expect that A4650
should be very m‘th%:h stronger than A5696. The unusual strength of A5696 indicates that

some special excitation mechanism is at work.

In the simple model that we have investigated, we do not find any population inversion
for A5696 in the QSS regime. If the expanding plasma interacts with a gas, it is possible
that atom-atom interactions and charge- exchange processes may lead ta laser action in

this line.
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TABLE 5-6. Equivalent widths (in arbitrary units) of A«650 and A5696 in a few Wolf-Rayet
stars. '

Relative intensity

Star
A4650 A5096

Beals(1934):
HD 184738 8600 24875
HD 192103 34600 15220
HD 193793 - 18500 4359

Smith(1955)
HD 164270(WCS) 87 | 160
HD 119078(WCT) 475 450
HD 115473(WC8) >1300 . 65.5

Laboratory intensity 57 . 8
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Figure 5—1. P as a function of n_ for A4650.
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Chapter 6

Population Inversions in CIII in a Freely Expanding Carbon Plasma.

A) Introduction

In this chapter the behaviour of the pop.ula.tion densities of the levels of C III ion in
. [ree expansion of carbon plasma are studied to pursue the possibility of using this plﬁ;ma
as a IM medium. -Population inversions in the transitions in the visible and ultraviolet
region are reported. In addition, the possibility of using these results in explaining the

obsur%.'ed intensity of the line A2297 in the spectra of nebular stage nova is pointed out.
B) Basic equations

‘The model calculation is similar to that described in chapter 3. We consider a spher-
ically symmetric carbon plasma expanding in vacuum. Using the same assumptions as

those in chapter 3, the relaxation equations for the electronic level populations of C III ion

are given by

o

dN; 3 .
i N (i=1,2---,1), (6-1)

i ‘T itg
and the rate of change of electron density in the uniformly expanding carbon plasma is

given by

r
dfzc = = Z I“- — nc(-&'\r+4a+4 + 1V+2(1+2 -%-f\‘r_i-la-*_l _ N+3S+3 _ 1V+IS+1) _ - ﬁ
=1 X

The time derivatives of the densities of C°, C*!, C*3 C** are given by

dN? 3 '
—=———_N%T -
dt tr g O (6-3)
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praiaiarr LA STE
dN+3 3

dt __f+ﬁN+3+r+3,
dNT1 3 .

& = Trapt Tl

where T4, is given by

AV

Tim = nc[N+(m—1)S+(m-1) - N+m(S+m + a+m) + N+(m+l)a+(m+1j]

Tt~

and the heat balance equations are

ch 2 T. . Z(Qincl_QAT)
e __Z Ze T2
dt t+;3T‘+ c; it3 e

ar _ 2 .. 2Qar

dt t4 4 3 N

(6-1)

{6-6)

(6-8)

(6-9)

The rate of increase of the thermal energy Q;,.; of the electron, can be calculated from

Eq. (3-26). The energy transfer rate due to elastic collisions, @Qar, is calculated using

equation {3-27), and the collision frequency for electron-ion and ion~ion estimated from

the following expressions (Golant, et al., 1977):
For electron—ion collisions

at T, < 10 eV,

4mei N* 3 1
! Uckzm—(23+§lnTc—§lnne)
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at T > 10 eV,

4ret N* 1
Vep 73 'm—zva—'(Z‘i + In Tc - 5 In n,) - (6—-11)

e

where v is the relative velocity and N* is the density of the & specie.

C) Numerical calculations

We assume that the carbon plasma is in ionization equilibrium whose electron and
heavy particles temperature, electron density, and total heavy pasticles density are
Teo, Tao, neo, and Ny and then it is allowed to expand in a vacuum. At ¢ = 0, the

population densities for the electronic levels of C III ion were calculated using the steady

state assumption,

dN;
dt

=0 (t=1,2,3,--+,7), (6-12)
and we used the ionization equilibrium model described in section (B) of chapter 3 to

calculate the initial relative concentrations of various stage of ionization of carbon at n.g

and T.9. We have made the calculation for three sets of initial temperature and density

which are summarized in Table 6-1.

TABLE 6-1. Initial plasma parameters.

T Tuo N, _ g
a 8.617 eV 6.9 eV 1x 10" ¢m™3 1x 1075 sec.
b 8.617 6.9 1 x 10% 1x 1077
¢ 4.309 2.6  1x 10 "1x 107

The excitation model of the C III ion is the same as the one used in chapter 3. All

the levels in the configuration 1s°2sné h:a.vinqg6 principal quantum number n < 5, and the
12
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levels in the configuration 1s22pné having n < 3 are treated as individual levels except for
the levels having orbital angular momentum £ > 2 in the configuration 1s°2pnf. These
latter leVelé with same n are treated as a single level. The levels n!:38, nl3pe nld3p . in
configuration 1s*2sné with n > 6 are grouped together in one level. The levels with n > 3
in the configuration 1s?2pné are not included in the calculation because most of these levels
Iie; above the lonization limit (autoionigation states). The labelling of the various states

and the energies are given in Table 3-2. All the rate coefficients needed in this calculation

are described in section {C) of chapter 3.

Numerical results obtained from the set of differential equations (6-1) to (6-8) are given
as a function of time. The qua.si—stea&ly state assumption is made for all levels satisfying the

condition (3-37). In three cases studied in this chapter, we found that at early time of the

. expansion large number of levels in C III ion do not satisfy the condition (3-37) as the time

approach (8 the number of such levels decrease and at ¢ ~ B only the ground state 2s* 1§

and the metastable state 2s2p 3P? do not satisfy condition (3-37). The relaxation time

. of some levels, the relaxation time of electron density and electron temperature as these

quantities vary with time for case ¢ are presented in Table 6-2. It is clear from the table
that the use of condition (3-37) will give reasonable results but with some uncertainty
because of the large relaxation time of the excited states (compared to helium excited
states). Also the accuracy of these results depends on the accuracy of the atomic data
used. Unfortunately the approximations used give cross sections and rate coefficients with
some uncertainty, thus, we expect that there is large uncertainty in the result at high
electron densities, where the collision processes by electron impact are important, but the

results are expected to improve as the density drops, where the population is governed by

radiative decay.
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TABLE 6-2. Relaxation Time in seconds.

t (sec) T.(eV) m 5| T2 T10 . T 736

1.0E-12 4.308 3.3E-8 1.2E-8 1.4E-8 2.99E-10 1.58E-10 8.9E-11
1.0E-10 4.28 3.3E-8 1.2E-8 1.4E—8 3.0E-10 1.59E-10 9.0E-11
1.0E-9 4.00 3.4E-8 1.3E-8 1.5E-8 3.1E-10 1.62E-10 9.5E-11
5.0E-9 3.20 3.5E-8 2.0E-8 1.7E-8 3.6E-10 1.8E-10 1.1E-ld N
1.0E-8 2.7 3.7E-8 2.9E-8 1.9E-8 4.0E-10 1.9E-10 1.3E-10
51E-8 1.70 5.0E-8 2.4E-7 4.0E-8 7.8E-10 4.2E-10 4.1E-10

1.0E-7 1.39 6.5E-8 1.1E-6 8.5E-8 9.4E-10 59E-10 5.0E-10

$OE-7 081  2.3E7  7.28-4 2.5E-6  9.0E-9 9.9E-10 9.8E-10
1.0E-6  0.58 3.6E-7  6.0E-2 7.4E-6  1.1E-8 1.138-9  1.1E-9
2.2E-6  0.43 54E-7 23E+1 59E5  1.2E-8 1.3E-9  1.9E-9

The quantity following E is the power of 10 by which the preceding number must be multiplied.

Integration of the equations was performed by using the Runge-Kutta —Gill method.

The time step At was set to be less than one tenth of the relaxation time of the level i*.

D) Results and Discussion )

The w}a.ria.tion of T, with time for the three cases is shown in Fig. 6-1. It will be
noticed that the variation is quite si@lu to that found for helium plasma in Chapter
3. The electron temperature shows very little change for t << 8. The onset of the rapid
decrease depends on individual cases. In all the three cases |dT./dt incrt'aases with time at
first, reaches a maximum and then it decreases. Fig. 6-2 shows the electron density as a

* function of the time for the three cases. 128



Figs. 6-3 to 6-17 show the population densities vs. time for many of the levels of C
III. As was the case in dhapter 3, because of the liﬁtations of the computer program, in
this case we could not go beyond T, < 0.4 eV. One important difference with the results
obtained for helium may be noted here. At least to the time that we have followed the

three cases, there is no upturn in the population density of any of these levels.

We note here that even in the initial steady state we found that there was population
inversion for some of the transitions . These transitions are as follows‘ : 2s3p SP° —2s3s
38 (A4650) (Fig. 6-3), 2sdp P° —2s3d 3D (Azoéz) (Fig. 6-6), and 2s5f 3F° —2s4d 3D
(13885) (Fig. 6-8), 2s5s 1S—2p3s 1P (A3507) (Fig. 6-11).

A great many transitions in the visible and ultraviolet region show.a large population
inversion in all cases considered. We describe population inversion between levels for
case a as a representa.tive case, the only difference between the cases is the degree of the

population inversion and the time at which the population inversion occurs.

Fig. 6-3 shows the population densities for the levels 2p* 3P, 2s2s 33, 2s3p 3P°, 2sdp
3P ag a function of time. It can be noticed that the population density of the level 2p® 3p
decreases more r;a.pidly than that of 2s3p 3P?, population inversion in the transition 2s3p
Spe —2p? 3P (A818) appears at ¢ ~ 6 x 107® 5 and increases subsequently, with the
maximum of order 2 x 107 cm~3 obtained at T, ~ 1.4 x 10* K, and n, ~ 1.2 x 101 cm™3.
Fig. 6-3 shows there is a strong population inversion in tﬁe transition 2s3P 3P° —2s3s 38
(A4650). The formation of the inversion is due to the probability of the collision decay of
the upper working level being smaller then that of the corresponding lower level. Also,
Fig. 6-3 shows there is a small population inversion in the transition 2sdp 3P° — 233s S

(A1256) with imum of order 3 x 10* cm™ for ¢ > 2 x 1078 5. The correspdnding plots

for the cases b "a.nd ¢ are shown in Figs. ?:_ag and 6-5, respectively. These figures show

]



cleé.rly that the degree of the population inversion depends on the initial conditions, with

smaller initial electron temperature, the magnitude of population invelision is greater.

The population densities for the levels 2s3d 3D, 2s4p 3P°, and 2s4f 3F° as a functionl
of time are preseélted in Fig. 6-6. Strong population inversion between the levels 2s4p *P°
and 233d 3D with maximum of order 3 x 10% ¢cm™2 obtained at n, ~ 2.3 x 1014 ¢m ™3, and
T, ~ 1.6 x 10* K, and exists even at larger electron densities (n, > 10'®}. Fig. 6-6 show
large population inversion in the transition 2s4f Siﬁ""_l—r253d 3D (A1923) with maximum of
ordexh"; 1 x 10% cm™3 is obtained. The corresponding plots for the case ¢ are presented in
Fig. 6-7.

The 2s4d 3D, 2s5p 3P°, 2p3d 3P°, and 2s5f 3F° population densities as a function
of time are presented in Fig. 6-8. This figure shows large population inversion in the
transition 2s5f 3F° —2s4d 3D (A3885) with maximum of order 1.3 x 10° cm™3 obtained at
n. =~ 2.6 x 10'* cm™2 and T, = 2.1 x 10* K. Large population inversion in the transitions

"2s5p IP° —2s4d 3D (A\4383) and 2p3d 3P° —2sdd 3D (A5353) with maximum of order
9 x 10° em™3 is obtained at ¢ ~ 9 x 10~ 7s and vanishes at ¢ ~1X 1075 5. The populé.tion
inversions in the last twd transitions depend strongly on the accuracy of the cross sections
involved. The formation of the population inversion in these cases is due to the large
probabilities of the cbllision decay of the lower level 2s4d 3D and as the electron density

decreases the inversion vanishes.

Fig 6-9 show the population densities for the levels 2s3d D, 2s4s 3S, 2s4p 3P°, and
2s5f 3F° as a function of time. Population inversion in the transition 2s5f 3F° —2s3d
3D (A1296) appears at ¢ ~ 3 x 10~7 s and reaches maximum of order 1 x 10% cm™3 at

ne ~ 4 x 104 cm™3 |, and T, ~ 2.3 x 10* K. Strong population inversion occurs in the

transition 2sd4p *P° —2s4s 3S (AllQBij -a.‘t'tig 2 x‘IO'G, and increases subsequently, with
\\‘ ‘

e J—
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the maximum at n.~ 2 x 10*4 ¢cm™3, and T, ~ 1.9 x 104 K.

In Fig. 6-10 we present the population densities for the levels 2p3s 3P° and 2p3p 38
as a function of time. Strong population inver:.si"cin in the line 2p3p 3S—2p3s 3P° (A5253)
appears at ¢t = 4 % 10~ 7s and reaches maximum at ¢ ~ 6 X 10 %s. The electron density and
temperature at the maximum of inversion are 4 x 104 cm™3 and 2.5 x 10* K, respectively.
_ Fig. 6-11 shows the population densities for the levels 2p3s !P°, 2s3p 'P°, 2s4p 'P°, and
2s5s 1S. It can be noticed that the transition 2s5s !S-—» 2p3s 1P° (A3507) shows large
population inversion, with maximum ef order 1 x 10°. Population inversion in the lines
2353 15—2s3p 1P (A1256) a..ud 2s5s 1S—2s4p 1P°(\6205) appear at ¢t ~ 1.8 x 10™%s, with
maximum of order 7 X 10* cm™* at n, ~ 3 x 103 cm™3, T, ~ 8000 K. The corresponding

<

plots for case ¢ are shown in Fig. 6-12. -

Fig 6-13 shows the population densities for the levels 2s3d 1D, 2s4p 'P°, and 2s4f 'F°
as a function of time. Population inversion in the lines 2s4p 'P° —2s3d !D (A2177) and
2s4f 1F° —2s3d 1D (A2162) appear after ¢ ~ 2x 10~%3, and maximum of order 1 x 10° cm™?
occurs at n, ~ 5.x 10* cm™3, and T ~ 2 x 10* K. Population densities as a function of
time for the levels 2s4d 1D, 2s4f 1F°, and 2s5f *F° are presented .in Fig. 6-14. In the initial
stages the population density for the level 2s5f 1F° increases as the plasma expands, while
the population densities for the Ieveis 2s4d 'D and 2s4f 'F° decrease, at t =~ 3 x 1077 s
population inversion i)etween 235f 1F° and 2s4d 'D appears, with maximum of order 2 x 10°
cm~3 obtained at n, ~ 3 x 10" cm™ and T, ~ 2 x 10* K. Fig 6-15 shows the population
densities for the levels 2p3s 1P° 2s3p 1P, and 2545 1S as a function of time. The transition
2s4s 18—2p3s 1P° (A58_303) shows strong population inversion, with maximum of order
- 2x107 _cm'3 obtained at n, > 3 x 108 cm_‘a. population inversion in the transition 2s4s

15—,233p 'P° (A1894) appears at ¢t ~ 10~% isuid reaches maximum of order 7 x 10° cm™3 .



The electron density and temperatire at the maximum of inversion are 2.5 X 10" cm™3,

and 2 x 10* K, respectively. - \\

The population densities of the levels 2a2p YP° and 2p? !D as a function of time are
presented in Fig. 6-17. Population inversion between these levels appears at ¢ & 1.5 X 10:;
s, and at t &~ 2 x 105 5 reaches itsﬂ maximum which is of order 5 x 108 cm™3 . The electron

density and temperature at the maximum are 6.7 x 10*® cm~2 and 10300 K, respectively.

The nebular stage spectra of many ﬁovas (e:g_. Cygni ’1978, AG Peg) show A2297 in
emission. Observations of Cygni 1978 at nebular stage with the IUE satellite have been
published by Stickland et al. (1981). The nebular stage spectra showed emision lines of: He
I: CHO, Il and IV; N II, ITI, IV and V; \’O I, ITI, IV and V; and Mg II. By analogy with the
interpretation of solar transition region spectra, pairs of lines in the same ion were atk first |
used to determine the temperature of formation of the lines. Thus , the lines C IIT A2297
and C II1|A1909, both assumed to be collisionally excited, yield temperatures in the range
(4 — 5) x 10* K in the C III region of the nova shell (Stickland et al., 1981). Subsequent
work has shown that these temperatures are too large. Important clues are provided by
observations of C III 2297 in the spectra of planetary nebulae (Harrington et al., 1981)
for which the electron temperatures are known to be of order 10* K. At such temperatures
the rate of collisional excitation is several orders of magnitude too slow to account for the
observed A2297 intensity (Nussbauifier and Storey, 1983). The reéult presented in Fig.6-17
show clearly that the population density of 2p? !D is more than that of 2s2p !P° even at
low electron density and temperature. This suggests that the observed intensity of A2297
can be explainéd easily by the mechanism présented in this chapter. In order to shﬁw the
evolution of the population inversion clearly, we plot the population inversion P(A2297)

(P define in Eq. 2-55) as a function of timfsén Fig. 6-18. The corrsponding plot for the



case c is shown in Fig. 6-19. ‘

The variation of the inverted population with initial conditions shows a behaviour
similar to tha.f; found in previous chapter. The present calculations show that it is possible
' in' practice to produce a laser on the basis of a highly—~ionized carbon plasma expanding
in vacuum. The results of the calculations show that the mechanism of recombination

in an expanding plasma is quite effective for producing population inversion for certain

trazmitions in C III.
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Chapter 7 o

Population inversion in a plasma interacting with an-atomic gas.

1 : \ ¥

X

A) Introduction

The population inversion in the infra—red, visible, and ultra—-vxolet reglons in an ex-
pa.ndmg plasma.- has already been demonstrated in the preyious chapters In this chapter,
we will examine the cooliﬁ‘g rate and the population inversion which occurs in a recom-
bining plasma when a stationary plasma is brought into contact with a neutral gas. The
geometry that w; shall consider is essentially that of the TPD-I plasma machine of the In-
stitute of Plasma Physics, Nagoya Un‘iversity -(Otsuka. et al., 1975; Otsuka, 1980). Plasma
flows along the axis of a cylindrical conlﬁguration and a neutral gas enters from the side
(perpendicular to the axis) to mteract with the plasma. Since the charged particle density
in the column does not decrease along the axis as in an expanding plasma, there is the
possibility of obtaining a higher gain and a VU\& lasing. Experimental and theoretical
investigations have been reported for generating pc’ii;ula.tion inversion in the TPD-I recom-
bining plasma. Sato et al. (1977) observedl population inversion between low lying levels of
He II in the TPD-I recombmmg pla.sma. column which was mtera.ctm,g with neutral helium

gas _without any expansion, and ‘Maezawa and Sato (1980) observe(} population inversion

. between low lying levels of H atom as well as those of neutral He in tlk TPD-I recombining

plasma when a stationary He plasma is brought into contact with neutral hydrogen gas.

Furukane and Oda (1984) have investigated the processes leading to population inversion

in a recombining hydrogen plasma which is interacting with a cool and dense neutral hy-

drogen gas by using the rate equations on the basis of CR model and the energy equations

for electrons, ions and neutral particles.

We present numerical results calculated for the center axis of a helium plasma inter-
153
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acting with cool and dense hydrogen gas. .

B) Theoretical Model

We consider a simplified model of a recombining plasma by mixing a low temperature
and high density gas of hydrggen with a cylindrical helium plasma of high electron tem-
pera.ture'. Let the plasma flow along the z axis be constant with a speed of v,. We consider

( a coordinate fixed to the flow, i.e. ‘-f; = 3%- + voga;.

The relaxation equations for the electronic level population of He I are given by

dN- oo o0
—p = ~neNiSi = NiN{'S] — N{IN: ) Cly —neNi Y Gy
j#i J#
-1 0 ) ]
- Ny Z Ai;Aij + ne Z N;Csi + NE E NJ'C?'- + E N;AiiAj
=1 P J#i F=i+1
+{AB; + aine + ENFn NT™ =T, (1=1,2,---,r) (7-1)

and for electronic level population of the hydrogen are given by

—== —n NISH —n NEY CH-NFY Ajall 4+ n. Y NECH
i i=1 g

15
+ Z Nf{AﬁAﬁ +{A:8F + r;lzf"ne}nc,j\,fﬂ'+ =X, (f=1,2,---,8) (7-2)
J=i+1

The explanation of superscriptsis as follows

No superscript: He atom alone or transitions in He atom due to electronic collisions.
Superscript O: transitions in He atom due to collisions with H atoms.

Superscript H: H atom alone or transitions in H atom dué to electronic collisions.

N‘-H is the density of the hydrogen atom in level i, N¥" is the density of the singly joriized

hydrogen, A;; and A; are the escape factors, C?J- is the rate coefficient for excitation (i < j)
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or &e—excitation‘(:' > 7) from level i to j by atomic collisions, S? is the rate coefficient
for ionization from level 1 by atomic collisions, of is the rate coefficient for recombination
by atomic collisions, Cg and Cg are the rate coefficients for excitation and de-excitation
by electronic collisions of hydrogen, réspectivly. S,EH is the hydrogenic rate coefficient for
jonization from level § by electronic collisions, Aff is the Einstein coefficient folr radiative
transition from level j to level 1 of hydrogen, ﬁff and aff are the hydrogenic rate coefficient
for radiative recombination three-body rfacombination from level 1, respectively.

The rate of change of electron density n. with time is given by

dn,

r 4 :
==Y Ti— 3 TF —n(N*a?? - NH5H) (7-3)

B =1 1=1
where ST™ i3 the rate coefficient for ionization from m to m + 1 and ™™ is the rate

coefficient for recombination of ion mto m — 1.

The time derivatives of the densities of He II, He IIl and H II are

dN*!
5 = Ih (7-4),
dN+2
] 7 L (1-5),
dNH? )
=g = TH* (7-6),
where /
Tim = n,[N+(m_1)S+(m_1] _ N+m(s+m + a+m) + N+(m+1)a+(m+l)] (7-7)
and

I‘H+ = nE[NHSH - NH+C!H+]

155 ’ (7-8)



,',-/-7
Y
_ v
The following energy equation was used (Furukane and Oda, 1984) ]
d. 3
I Enka) Qfnet + QaT, (7-9)

where k represents the species (electron, helium atom, hydrogen atom) under consideration.

Using Eq. (7-3), the heat~balance equation for electron can be writfen as follows:

aT. 3 dn.c

3
Ny = Qinet + QE1 — Qar. — QaTy — _Te (7-10)
The heat—balance equations for helium and hydrogen atoms are
dT,
Nﬂ dt = QaT, + Qmel . . (7'11)
dT,
—Nf df = QATH (7-12)

where 7; and Ty are the temperature of the heavy particles in the helium plasma and of
the neutral hydrogen atoms, respectively. Qinei, Qﬁd, and Qf,,; represent the heat pro-
duced by the inelastic collision between electron—helium, electron-hydrogen and helinm-—

hydrogen, respectively. These quantities were calculated using the following expressions:

r s—1

r

Qinet = — E Z E E (CpN CIJN EE{S:'N{
1=2 5=1 i=1

r *
+n N*! Z Eioy. (7-13)
1=1
g i—] 1 Q2
Qiu=->_ Z: 2% PonW(CfINF - CHENEY - — T~ —2sHNH
=3 j=1 =1

+n NE' Z —-—n_zcxH (7-14)

=1
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=2 =1 1=1

4 FnNH E E;of. (7-15)
i<l

where n; is the principal quantum number of‘ level ¢. Qar, and Qar, are the rate of
increaEse in the thermal energy due to the elastic collisions between electron-helium and
electron—hyc%rogen, respectively. These rates were calculated using Eq. (3-27).

As initial conditions of the numerical calculations, we assume that the helium plasma is
in a stationary state whose glectron and hea.vf particles temperature and electron Ldensity
are T;o, Ta'o, and n. and ij; is brought into contad; with neutral hydrogen a.toms,whi»c"ﬁ
are in the ground ;;taie at an initial atom~temperature of Tygq. At ¢t = 0, the population
derisities of the helium a.to/ms were calculated using the steady-state assumption. The
calculation was made for t{he following initial condition: T.p = 10° K, Ty = 6 x 10* K,
Tro = 108 K, neg = 10" cm™3, Nyp = 10" cm3, NI = 1017 ¢m~3

Numerical results obtained from the set of equations (7-1) to (7-6) and (7-10) to (7-12)
are given as a function of time. The quasi-steady state assumption is made for all trhe
levels ¢ > 5 in hydrogen atom and for all levels 1 > 1* in helium atom. The level * is
determined so as to satisfy the following conditions: (1) + > 11, and (2) the relaxation
time for /V; with ¢ > ¢* 4+ 1 is less than one hundredth of an apparent relaxation time for

the electron energy estimated from Eq. (7-9) (Furukane and Oda, 1984), that is

3 3 -
EncTc/ (_Qincl - Q;’Hnél - Z: QAT; + ETc dne/dt) (7“16)
k
Runge-Kutta~Gill method was used in solving the set of differential equations. The

time step At was set to be one tenth of the relaxation t%e for the population density of

1:z%.
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C) Collisional-Radiative model rate coefficients

The level system used for helium in this calculation is the same as that used in chapter
3. For hydrogen, the maximum principal quantum number for the CR is chosen to be
15 following Varshni and Lam (1976). The inelastic collisional and radiative processes
considered here are as follows:
(a) He(z) +e = He(s) + ¢
(b) He(s) +e= Het +e+e b
(
(

) H
c) He(y) — He( i) + hiyy
d) H +c~+He()+hV,

()
£)

H

H(:) +e= H(j) +e
H(i) +e= H* +-e+e¢

H

(

(g) H(y) — H) + Ay

(h) HY + e — H(3) + hy;

(i) He(s)+H; = He" + e+H,

(j) He(f)+H; = He(s)+H,

where H, denotes a hydrogen atom in ground state. For reaction prc;cesses (a) to (d) we

used the same rate coefficients as in chapter 2 section {C). Escape factors used in this

calculations were taken from Hegde and Ghosh (1977), and they are:
A(2'P — 1!5) = 0.0013, A(3'P — 1'S) = 0.01, A(4'P — 1!8) = 0.07

A(5'P — 1'8) = 0.2, A(6'P — 1!8) = 0.5

all other A;; and A; assumed equal to one.

For reaction processes {e) to (j) we have used the following cross sections and rate

i

coefficients:
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1) Spontaneous transition probability

We consider the spontaneous transition of an electron in a hydrogen from an upper
state J to a lo;ver state 5. Within the electric dipole approximation, it can be evaluated
exactly using eq. (2-9). The absorption oscillator strength needed in calculating the
transition probability were obtained from eq. (2-11). For the escape factors, the forllowing
values were used (Drawin and Emard, 1974):

- .

Agy = 0.0064, A3y = 0.022, Ay = 0.076, Agy = 0.18,

Agy = 0.36, Ay = 0.60, Ag; = 0.80
all other A;; and A; assumed equal to one.
2) Collisional fonization and three—body recombination

The cross section for ionization of hydrogen atom from state i by electron impact lwas
calculated using the semi-empirical expression proposed by Drawin (1967), whid}‘ gives a
good fit to the available experimental data, and which is proportional to In E/E for large
values of the free electron kinetic energy E as required by quantum mechanics (Massey

and Burhop, 1952, p.140).

The cross section of hydrogen is written as

I 2
0:{(U) = 2.66ma® (-}i’-) ¢

) ,__,_UL; L In(1.256,0) (7-17)

where Iy is the ionization energy of the' hydrogen atom in its ground state, I; is the
ionization energy of the hydrogen atom in state i,-U = E/I; is the kinetic energy of
the incident electron in units of the threshold energy for ionization from state t, ¢ is
the effective number of electrons in ¢, and f; is a correction factor of order unity. Using

I; = Z%[n? (Rydbergs), and § = 1, eq.” (7-17) becomes
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’i")4 g-1 1n(1'.:9.5 7)) (7-18)

G((U) = 2.6.6770.3 (E g‘—UT

The rate coefficients were obtained by integrating the cfbés section over Maxwellian
‘velocity distribution of the free electrons. The fate coefficient for the recombination of
;a. free electron in .an atomic state i with subsequent absorption of the excess energy by

a neighbouring electron is obtained by the principle of detailed ba.lla.ncing from the rate
coefficient for the inverse process of ionization by electron impact. The rate coefﬁcignts
are related by the expression (Drawin, ..1963)

'
\

Wy 3 rf,_
;= S; 7-19
YT 2uy 2amkT) it (7-19)

where . is the partition function of the ion before recombination, and S; is the ionization

rate coefficient from level 3.

3) Collisional ezeitation and de-excitation

~

The cross section for excitation of an atomic electron from a lower state ¢ to an upper
state j by electron impact can be evaluated with a semi-empirical expression proposed by

Drawin (1967):

o 0) = tne? (2 1565(0) (7-20)

where E;; is the excitation energy of the { — j transition, U = E/E;; is the free electron

kinetic energy in units of the threshold energy for excitation of the ¢ — j transition, fi;
is the absorption oscillator strength of the ¢ — j transition, and G;;(U) is an appropriate
function giving the correct asymptotic behavior of the cross section.

Drawin proposed the following expression for G;;(U} in Eq. (7-20):
160
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U-1
UT .

Gij(U)=a In(1.2580) (7-21)

where o and 3 are adjustg:.ble parameters. Drawin suggests the values 1 and 2 for the

parameters o and 3, respectively.
-

+ The rate coefficient is obtained by integratiné the cross section over Maxwellian veloc-
ity distribution of the free electrons. The rate coefficient for de—excitation of an atomic
electron from an uppe:r state.j to a lower state i by electron impact is obtained by the
principle of detailed balancing from the rate coefficient for the inverse process of excitation

by electron impact. The rate coefficients are related by the expression (Drawin,1963)

H _ Y Eu/kT ~H
CJ‘ = w—;c ’/ CSJ (7-22)

(4) Radsiative recombination

The rate coeflicient for the radiative recombination is calculated from an approximation
proposed by Seaton (1959) for hydrogenic ions. Using the principle of detailed balancing,

the rate coefficient can be obtained from the photoionization cross—section:

P S /3 f " () oilv) e d(hv) (7-23)
BRI I T (kac)-sjz < 1
where o; is the photoionization cross section, I; = hRcZ?/ n?, and the other symbols have
their usual meaning. The photoionization cross section is given by
J 2%amal n; grr(ni,e)

W ==7 Z (1 +n2e)® (7-24)

where « is the fine-structure constant, grz(n;, €) is the Kramers—Gaunt factor; it is of order

unity, and
t, 161



v

hy = Zz( -n}i- + ¢€) Rydbergs (7-25}

1

with Z%e being the kinetic energy of the ejected electron.

From equations (7-23) to (7-25) we obtain

. .
B = %—@a‘cagzoglzm{(ﬂg) (7-26)
where .
I;. 157890 2
8; = o n._f (7-27)
o0 —&u
A gri(ni, e}e™ g

Ri(8;) = /0 Gre & - (T28)

and . |
u= n?e = ZZE/I,' ' (7'29)

is the kinetic energy of the ejected electron in the units of the threshold energy for pho-

toionization from state 1. Numerically,

B; = 5.197 x 10~ 267 *R,(6;) (7-30)

Putting the Kramers-Gaunt factor equal to unity in Eq. (7-28) gives rise to errors
as large as 20%. The accuracy of radiative recombination rate coefficient is improved by

using the asymptotic expansion of j;;(i, €) (Eq. 2-54). Substituting Eq. (2-54) in Eq.

(7-28), we get

-~

0.1728 0.0496 _2)

R(6s) = R (66) + 555~ R 0) -~ RO (0) + - (7-31)
where ..
(©) N ¢ c—e.'u . 5
R (.9,)_‘[0 —du (1-32)
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e

Wy [C (u-1) o ' N
!R‘- (8;) = /0 m € du (7*33)
and - _ .
(2) Cultiutl . |
!Rl- (9‘) = L (1-{-—“)7/‘3_ e " du ) (7-34)

These integrals can be expressed in terms of well-known functions:

ERS-O) (6:) = % By (6:) ' . (7-385)

O = =3+ (1+360:)%(1,4/3;6,) | (7-36)

2 (6;) = ——g_Lu'- 6;) + (1 +268; + gef)xpu, 5/3;60,) | (7-37)

P
where Ej(z} is the exponentié integral, and ¥(a,c;z) is the confluent hypergeometric

3

function (Abramowitz and Ste 1965).

(4) Ezeitation of level ¢ by collision with h r’v'y particles, and the inverse process

Drawin (1969) and Drawin et &l. (1971) proposed an expression to calculate the cross
sections for excitation of atom from lower level ¢ to upper level j by collisions with heavy
particles in the ground state. We used Drawin’s expression in calculating the cross sections

and rate coefficients for the reaction process (j). The cross sections were calculated using

the following expression:

. [y -
2
W —1 .
a?j = 4ra’ (;;H) :“ fij mzzcm - > (7-38)
i H . a e {1+ 2m, (W"-—l)}
m-.'*'ml :J

where m., mpyg, and m, are the masses of the 'electron, the hydrogen atom, and the

colliding particles in question, respectively. (In the case treated here mg = mg,.) W;; has
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5
% _the meaning of a reduced tré.nslatiohal energy of the colliding atoms in the center-of-mass
. system
, . W —_ E® - |E‘J| Ea — mavg ~
){ .- . 17 [Eul ? ) _'—2 .

. : e . ¥ .
The quantity f;; is the absorption oscillator strength for the transition s+ — 7. Integration
& R ,

over a Maxwellian velocity distribution yields for the excitation coefficient

- v
T, B
E I kT, \ ? m.m ' ¥
0 _- H . g £ 4 i ' 7-39
@ C . 327ra (E;'J) f,J (ﬂ'ma) mE (ma > mc) Y. (lmj) ( )
with wy; = Eij/kT,. Yo, (wy;) is a function deépending on the mass ratio 2m,/{m, + m,)

and can be approximated by

(=) = (“‘2) (1+(2m=/(iza+mc)x))e"p(‘¥" -.”.“*0’.

~ The zate coefficient for the de-excitation process is then simply given by

b
e 1 0 . | ‘
o . - Ci= -—exp(w,,) C v i/ (7'41)
. (8) Ionization by collisions with heavy particles and three-body recombination
For process (1): we calculate the cross section and rate coefficient using the following
[} ‘ - | - "' - L] ) *
expl"essionsA proposed by Drawin (1969}, Drawin et al. (1971)* . 4
7 I ‘ ' Wi '
- 21t i — 1
‘ of =:4rma (EH) :n"“ & — ’_I'_"m =~ (1-42)
1 H ’ ; 2 Pl
. ) _ i a ¢{1+-———‘—~m '_:m (W,'—-'l)}
where W;.= (E°— E;)/ E;, and &; is the number of energetically equivalent eleptrbns in shell
i. Integration over a Maxwellian velocity distribution yields for the ionization coefficient
; , 164 - . .
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. =3 \
. { 2 i
. p _JL 2 IH . kTa 3 MM, .
S; —T_321ra.o (_E‘) & (Wma) S T — ¥, (wy) (7-43)

Twhere w; = E/kT;, and the function \ilm_(z) is given byl eq. (7-23). The three-body

fecombination can be expressed in terms of the ionization coefficient
of = Wi (m,,"-i— mc)al2 h3 59
N MeMy (27rk)3/2 :1"6:1':11/2

2wt
where u; = E;/kT.. : .

D) Results and Discussion

Results for the electron, helium atom and hydrogen atom temperatures in a helium
plasma which is interacting with a neutral hydrogen gas are plotted iﬁ Fig. 7-1 as a
function of time: The electron temperature shows a rapid decrease with' time, it drops to

" about 0.12 egV in 1078 5. After the electron temperature reaches this value it sta.yé almost
constant. The temperature of the helium atom changes only slightly until t &~ 1078 s, then
it rapilily :decreases to about 0.13 €V. After that it’starts to drop very slowly to a relaxed
value of about 0.11 eV. The temperature of the hydrogen atoms stays almost constant

showing only a slow increase. The rapid drop in the Slectron temperature demonstrates

that a sufficient cooling in electron temperature can be achieired in such a plasma and

conditions fayorable for population inversion result, as will bé seen below. In Figs. 7-2
and 7-3 we show the time evolution of the electron energy transfer rate due to inelastic

collision in hydrogen and helium (Qm o and Qinet), respéctively.

The population dendities for the levels 1 (1= 2, 3, 4 and 5) in hydrogen atom and the

electron density as a function of time are presented in Fig. 7-4. The electron density

i
shows an increase at early time due to large 1omzatxorgrate (Fig. 7—2) till t R 10'6

an’chen falls due to}d.rop in the ionization rate and increase in the reccmbma.tlon rate.
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Initially the populé.tion densities of the levels 2, 3, 4 and 5 show a ra.pid increase due to
excitation of the hydrogen atoms in the ground state by electron impact, and then fall
due to drop in excitation rate (see Fig. 7-2). At ¢ ~ 1.5 X 107® the population densities
of these levels show_‘a sharp inc?ease due to increase in the recombination flux which is
however followed b}} a rapid decrease due to reduction in the recombination flux (see Fig.
7-?). Finally , the population inversion between the levels 4 and 3 appears after ¢ ~ 1075 s
and that between 5 and 3 appears after ¢ & 5 x 1075 s, the overpopulation density in these
'tran.isiltio are bE the order 10® and 107 cm™2 , respectively. Population inversion.between
levels 5 and 4{ppears after t =~ 16_4. The rate of change in the population densities of
the levels 1, N; = dN:-H/dt, (1= 2, 3 and 4) ve;'sus t are plo{:t;ad in Fig. 7-5. ‘The solid
curves represent the positive values of .l‘.)',-, while the dotted curves represent the negative
" values of N,-. In Fig. 7-6 the rate of change in the density of the electron and hydrogen ion,
@d in the population density of the ground state of hydrogen are plotted as a function

of time. The time during which n. > 0 and 5, < 0 correspond to the ionizing phase and

recombining phase of the plasma, respectively.

The population densities for the 1s* 1§, 23S, 2'S, 2%P, and 2!P levels in helium as a

. function of time are presented in Fig. 7-7. At early stage “lonizing phase” the popuia.tion
densities of these levels change only slightly t‘ill t = 1077 s, and after that the population
dens;Ki‘es of the_se levels start to incfsé.ase’ rapidly with time due to increase in the recombi-
_natio; rate (see Fig. 7-3). In the transient recombining phase the population densities of
_.these levels make a very sharp increase. It is seen from Fig. 7-7 that population inversion
between ground state and excited state or between two low-lying excited staté can occur
at the time where the popu_l-ation densities show the sharp increase. Unfortunately an the
case examined here no such population inversion occurs for an allowed transition -but it

+ .

can be noticed that the population density of the metastable state 23S becomes greater
‘ . 166 :
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than that of the ground state, a.nd;?’t{lxe population density .of 2!S becomes greater t'hv..n
that of the ground state for a very short time. Figs. 7-8 and 7-9 show the time evolution
of the rate of change in the population dénsities ‘of the above levels. The rate of change in
the density of the helium ions and the population density of the ground state versus ¢ aré :

" presented in{Fig. 7-10.

Population inversion was found to occur for a great many transitions between n= 5, 4
and 3 (n is the principal quantum number) in helium. But we do not find any population
hvemion in the lines 31S— 21P, 31D—¥ 21P, 41S— 2!P, and 4!D— élP. A comparison of
Figs. 7-7 and 7-12 shows that.the population density of the 21P level stays high. This

_is because the main mechanism of depopulating ;:hxs.' level is the sponta.neous radiation.
The radiative mechanism is extremely sensitive to reabsorption of radiation (Gordiets
et al., 1968b; Jones and Ali, 1978). In this calculation we allowed for reabsorption of the-
radiation b},r {;ﬁé'lines of the principal series {transitions to the ground state). Reabsorption
was taken into account approximately. Thus the allowance for reabsorption reduced the

rate of depopulating this level. We present and describe the result of some transitions in

helium which show population inversion.

“The population denéities for the 33S, 3°P and 3°D levels as a function of time 'are
presented'in Fig. 7-11, The popula.tion’ densities of these levels show similar behaviour
to that described above. Strong population invgmion between 3°P and 3}’S appear after
t ~ 10~ s and reaches its maximum, which is of the order of 2 x 107 cm™2 , shortly after it
appears. Population inversion between 33D and 3%P occurs but for a very short time. Fig.
7-12 shows the population densities for the levels 3!, 3'P and 3!D as a function of time.
Population inversion in the transition 3:P—3!S of order 107 cm™2 appears at the time
the plasma changes from the ionizing phase to the recombining one (transient recombining

phase). At the same time l;opulati'on inversion in the transition 3!P—3!D occurs with
187



maximum of order 10 ¢cm™2 and vanishes at ¢t ~ 1074 5. Fig. 7-13 shows the population
densities for the levels 333, 3% 3D, 43S and 43P as a function of time. Population inversions
occur in the lines 438—3%P, 43P—33S, and 43P—+3%D. The population inversion is of the
order of 5 x 108 cm~? at the maximum in these lines.

Froin Figs. 7-6 and 7-10 it will be noticed that the QSS, i.e. NlHe + NlH N —fl,, 1S
established after 3.5 x 1079 s. As shown in Fig 7-4, population inversion in hydrogen takes
piace after QSSl is established. In helium, the case is different, all the population inversion

[ ]
is foind to occur in the transient recombining phase, which occurs at ¢t = 1.5 x 10~¢ (Fig.

3
-

7-6). p
The theoretical results shown here and the experimental results (Maezawa and Sato,
11980) are in good agreement. For example: Maezawa and Sato (1980) found population

inversion of order 6 x 107 cm™3 between n=4 and 3 in hydrogen at T, ~ 0.07 eV, n, ~

2.1x10'3 em=3, NH* ~ 1.9x 1012 cm™3, NEH" © 2%10" cm™3. Our calculated population

3 3

inversion 3.45 x 10® cm™2 occurs at blas;na parameters T, = 0.1 eV, n, = 2 x 10!3 cm™ ,
NHY = 4 x 10"® cm™3, NH¢" = 1.26 x 10'2 cm™3. But in this calculation, we do not

find any population inversion between levels n= 3, 4 and level 2 in hydrogen where the

~
4

experimental results show there is pc&)ulation inversion. We think this discrepancy is
related to the accuracy of the escape factors used to allow for reabsorption of radiation by
the lines of the principal series.

From these results it is clear that the population inversion, which occurs in a recom-
bining plasma when a stationary helium plasma is brought into contact with a neutral gas,

shows a higher gain than that in an expanding plasma.
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Fig. 7—1. Electron and atomic temperature vs. time
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.. . . A . e v L
Population inversions in recombknlngﬁfw_?i@ere Anvesfigated in this work and the-

following results were obtained:

A. Sudden expansion plasmas: : ) A

I)He I - . _ “

We find that the He I A\7281,6678 lines arising from 3!S— 21P- and SlD—‘+“21P tran-
sitions respectively, display stforig population inversion. .

In astrophysical context,.the present investigation provides an understanding of the un-
usual strength of the He I AA7281, 6678 emiss-ion in the-Wolf—Rayet stiars, a.x'ld provides

~

a strong basis for believing that laser action is responsible for it.

oy C II

Appreciable population inversion was found for only two lines C III A4650, and AA
5273, 5254, 5244 arising from 2s3p *P° —2s3s 38 and 2p3p 3s->2p35“3P° transitions
respectively.

In Wolf-Rayet spectra, strong emission lines are observed at C III AA4650,5263. The
available evidence on these two lines from Wolf-Rayet spectra is consistent with both
possibilities, that is, presence or absence of laser action.

We do not find any population inversion for C IIT A5696 in the simple model that we

have investigated.

If the expanding plasma interacts with a gas, it is possible that heavy particle interac-

>

tion processes may lead to laser action in many other important lines, such as He I 24714

and C ITI A5695. Also improving the model by taken T. and N to be given functions of

time may lead to better understanding.
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" B.Free expansion plasmas (as a function of time}: -

»

"DHe I .

1) Population inversion was found to occur for 2 great miany transitions in He I in the
infra—red and visible regions. Therefore, from these results it is clear that the radiative
and/or collisional depopulation of the lower working levels can work efficiently, and
used for lIasing in large helium plasma volumes.

2) The results of this calculation demoifstra.te that the rate of relaxation of the ns levels
is lower than the correspondmg rate of the (n — 1)p levels, a.nd inverted popula.tmn‘

of the level pairs ns— (n — 1)p can occur (inverted popula.t)on of the level pairs ns—
(n—-2)p occurs but with lower magnitude}. Also, inverted Qopula.tmn of the level pairs
np— (n —1)d can occur. - '

3) The variation of the population inversion with n.o and Ted showed that it depends very
strongly on these parameters of the plasma. Thus, there is an optimum iliitial electron

temperature and density at which ti1e population inversion attains its ma.:iimum value.
II) CTII .

1) A great many transitions in C III in the visible and ultraviolet regions show a laige
population inversion. The present calculations show that it is possihle in practice to

produce a laser in ultraviolet region on the basis of a highly-ionized carbon plasma

expanding in vacuum.

2) ‘Population inversion was fopnd in some transitions in C III even in the initial steady
state.' These transitions are as follows: 2s3p 3P° —+2s33 35 (A4650), 2s4p *P° —2s3d
3D (A2092), ami 2s5f 3F° —2s4d 3D (\3885), 2558 1S—2p3s 1P° (A3507).

3) C I A2297 line; arising from 2p? 1P— 2s2p *P° has been observe;d in emission in

many novas at the nebular stage with intensity greater than the expected intensity. -
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~



The preserit investigation shows that the observed intensity can be explained by using

this theoretical model.

—

4) The degree of the pbpula.tion inversion depends on the initial conditions, with higher

-

initial electron temperature, the magnitude of population inversion in C III is lower.

C. Helium plasma interacting with hydrogen gas:

1) Under the initial conditions considered here, the QSS was established after ¢ ~ 2x 107°

" 8. In other words, the population densities )cha.nge rapidly in_time during the transient

—— -

recombining phase.
2) Population inversion in hydrogen cannot be expected in the transient recombining

phase, but is realized only in QSS: In helium, the case is different, all the population

——

inversion is found to occur in the transient recombining phase, “..rhich 6ccurs at ¢ ~
1.5 x 1079 s,

3) Fig 7-3 shows the importance of thel-' de-excitation processes in producing population
inversion in helium. The results of the. calculation show clearly that the population
inversion of the level pairs ns— (n — 1)p can result from a difference between the scale
times for the collisional decay of these_levels. -

4) The theoretical results shown here and the ea;perimental resuits (Maezawa and Sato,

1980) are in very good agreement.

A study of plasma which undergoes both cooling mechanisms simultaneously, that is,

expa.xision and interaction with a cool-and dense gas, is expected to provide a better and
direct understanding to the problem of intensity anomalies in the spectra of WQ]f—Réyet

and Of stars and novae. -
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... Appendix A
Ionization equilibrium of helium

-1

Tﬁe relative concentrations of He; He', and He*™* of monatomic non-LTE plasma un-
der statistical equilibrium are calculated approximately with the model of House (1964j.
Since the plasma is not in LTE, the individual physical processes contributing to the ioniza-
‘tion equilibrium must be cqnsiciered. House (1964) calculated the ionization equilibrium of
elements between hydrogen and iron, over a wide range c;f temperatures, including the pro-
cesses of collisiolna.l ionization, radiative and ollisional recombinalt.ion. The model is based
on the following a:;sumptions: (1) Ea.cl';\ss“tage of ionization of elerqent X consists of only a
ground state and a continuum. (2) The mon;.tomic plasma is optically ';hin. Furthermore,

the collisional excitation followed by auto—ionization and di—electronic recombination pro-

——

cesses are neglected, which under certain conditions, can restrict the applicability of the

model. R | | ' .

Let S™ represent the total rate coefficient for ionization from m-times ionized atom

.

of element X to m+ 1 and of ;" represent that for recombination of ion m4-1 to m. Then

- -

under statistical equilibrium, we have ‘

—r———

Nimgtm _ N+(m+1)a;|-ar‘n ) (A—l)

3 +

———

where N*™ and N+(m+1) are the density of ions m and m+1, resQrectiver. The collisional
ionization rate coefficient is calculated with the following simple approximated formula

(Allen, 1961):

.S*"‘ = 1.15 X IO_Sf%“—neﬁc"I"/kT “ (A—é)
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" where ¢, is the number of electron in the outer shell of ion m, Iy, is the ionization potential

b

of ion'm in €V~

‘ . 1.2 09
f=3.1————;§-, . (A-3)

Zm m
Zm is the core charée of ion m, and all other symbols haye their usual meaning. The three-

body réecombination rate coefficient is obtained from the condition of detailed balancing

-

-

- ok = (_N“’"‘ )«s+m (A-4)
: , three N+(m+1). ‘ -

~ where S*™ is the collisional ionization rate coefficient (Eq. A-2), and (N*™/N+(m+1)) j5

L2

given by the Saha-Boltzmann equation:

NHm B\ n Un -
. frrerd ol -5
N+m+D) (Zrmek) T2/* 2Um+1 e/ E1e) : o

U is the partition function. The radiative recombination rate coefficient has been calculated

' using the well known formula of Elwert (1952) given by

. . _ I 1/2 I ) |
o, =516 x 1071f) (ﬁ-) 7 nneGi(In/T)g (A-6)
where
G1(X) = Xm exp(X;) Ea(Xi), e

n is the principal quantum number of ground state of lower stage of ionization, I, is the
ionization potential of ion of charge +m in eV, Iy is the ionization potential of hydrogen,

E\(z) is the first exponential integra.l, fi = 0.8, g = 3. The values of f; and g come from

_Allen (1961). The total recombination rate is given by
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+m _ _+m +m -
Aot = Crgg, + Cihreet (A"'B)

The fraction of the atoms of element X that have been ionized m times is given by

N+m/—2m N+m'
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Appendix B

Oscillator strength calculation_

The absorption oscillator strength for the n'é' — n/@,tfa.nsifion is expres:sed in term of

the line strength S: e

2 m Em’.,n'l’
3K%e22(20' + 1

fn‘l’,nl = ) Sn’l’,nt (B'l)

Sarer.ne I8 in atomic units (ale?).

If LS—coupling is applicable, then the line strength can be separated as follows (Bates

and Damgaard, 1949): - : N

Sarer nt = ﬁ(M)ﬂ(ﬂ)O’ﬁ.t.,nl . (B-2)

where £(M) represents the strength of the multiplet@ﬂ(ﬂ) the relative strength of the
spectral line within the multiplet. The numerical values of these factor may be obtained
from tables given by Goldberg (1935, 1936), and White and Eliason (1933) or Russell
(1963). The line strengths are summed over J and j', and the following expressions are

obtained (Condon and Shortley, 1935):

*

Sﬂ't,ﬂt—'l = 2(28 + l)e(zﬂ _ l)agltiu_l (B-BJ

J Spene1 = 2(28 + 1)(€+ 1)(26 + 1)0kg ey (B-1)

The transition intergral ai,,_,,nz is related to the radial matrix element D?:,‘t, by

oo Tapme = ;ez—_I[mﬁfv]z (a3e?) (B-5)
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£ being the greater of the two azimuthal quantum numbers involved in the transition and

Rl = /:O Ri(r)Rs(r}rdr. | ' (B-6)

Ri(r)/r and Ry(r}/r are the normalized‘ radial wave functions of the valence electron in the
initial and final states e.*cpre;sed in atomic units, respectively., The calculation of Sy ne,
and hence of Frtet nts therefore requires only the eva.lua.tipn of aﬁ,l.m. Using the Coulomb
approximation (CA) proposed by Bates and Damgaard (1,?49), Ol e 15 evaluated as
follows: In the standard central field model the func£‘ions R, and Ry satisfy a differential

—_———

equation of the form i

&R ern) N\,

where V is the potential of the a.fom or ion and ¢ is the energy of the state. Replacing the
potential V' by its asymptotic Coulomb form z/r, z being the core charge of the ion. The

differential equation for R thus becomes

2 .
v dR_*_(Z_z_f(er':_l)_e)Rzo (B-8)

dr? r

A solution of this satisfying the boundary condition

R—0 as r— o0 (B-9)
can be written as (
W ., i1(2zr/N*
R n ,£+,J( / ) (B-IO)

- [n*2T(n* + £+ 1)T'(n* — £)/2]}/2

where n* is the effective principal quantum number defined by

n'=— o (B-11)



r

and Wp. o 1 is Whittaker function, a particular conflient hypergeometric functjon.

The asymptotic behavior of the Whittaker functior_x is ' -
B W,. ¢+1(2zr/n‘) ~ (3;1’1) —r/n () +§_j “‘} (B-12)
! ) t=1
where _
a = %{z(e +1) 2n(n* —1)] (B-13)
apy = ap— 1{ [E(ﬁ + 1) (ﬂ-' - t) (ﬂ.‘ —-t+ 1)]} (B-l‘l)

Combining Eqs. (B-11) and (B-12), we can then write

- R(r) = i Ctl(n‘,E)zllz(zr)“."t c-"/';' ' (B-15)
Ciln's ) = \/n* I (n* +Zt+ 1)I(n* — £) (ni)n ) (B-11)
S b= % f[l(z(e +1) = (n* = § +1)(n* ~ 7)) (B-18)

=

The radial matrix element given by Eq. (B-6) thus becomes

nltl—= ZECH n" Z’ C:(n 8)

) t'=0 t=0
o ]
¥ : / (zr)‘-'e—zr( oy ) d(zr) (B-19)
0 _ _
where
y=n"+n'“+1—t"!—'t." - (B-20)

The integral in Eq. (B-19) is evaluated using the formula (Spiegel, 1968)
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oo
f Xrem X dX = -11";—39 (B-21)
O a

“Thus Eq. (B-19) becomes

¢ 1 o~ . : n'* y+i
!R:ry = ; Z Z Ct:(nf-’ff)C:(n',E)I‘(y + 1) (m) (B-22)
=0 ¢t=0

Bates and Damgaard (1949) termin%a.te the sum in Eq. (B-22) by using a physical argument.
Ir{ the sum over the integral of Eq. (B-19), all the terms for which the powers of zr < 2 are
neglected because the main contribution from these terms comes from regions close to the
origin where Coulomb approximation does not necessarily hold and the use of asymptotic

expansions is not valid. We thus neglect those terms of Eq. (B-22) for which

t+t>n"+n"—1 (B-23)
The range of allowed values of £/ + ¢ is
0<t'+t<p . (B-24)

where p is the integer part of (r'* +n* —1). Using the following transformation (Rainville,

1960):
0 00 o ¢
SN A =3 a1, (B-25)
t=0 t'=0 t=0 =0
Equation (B-22) can be written .

' t
1_, P . "o
My = =F(n€,n') Y (1) N(n €, ntYT(" + 0t 2 1) (%ﬁ—) (B-26)
t=0

where

g ep L 2" 4 R
. F(n'*t,n*e) It 1T T = 0)
[2n‘/(n" -'i-n‘)]”"'*'l

L(n* + €+ 1)L (n* — €
191
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e

2

¢ Ty | -t
N(n"z',r;*z) = Zt”(Tt_')"'( ) Hq, n" ) Hq, (n*¢) (B-28)

t'=0

sog(n*y=(r" —i+ )" - - +1) (B-29)

gi{n*8) =(n* =g +1)(n" —7) - £(€+1) (B-SE))
\
N
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