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ABSTRACT

Solutions based on three-dimensional elasticity and shell
and boundary layer theories have been obtained in the past for axially
compressed cylinders. Comparative study based on different methods of
solution for the problem of axially compressed cylinders has been carried
out. This thesis also contains a discussion on the range of validity of
various types of solutions.

Three-dimensional elasticity solution is based on Multiple
Fourier method. Stresses and displacements are expressed in terms of
Galerkin Vector function which satisfies the biharmonic equation. Satis-
faction of boundary conditions reduces the problem to an infinite system
of linear simultaneous equations. An approximate numerical solution is
obtained by the method of reduction, Shell and boundary layer solution
is obtained by asymptotic integration of the equations of three-dimensional
theory of elasticity. The solution is superimposed over the elementary
solution, Major contribution to stresses and displacements is from the
elementary and interior solutions, Boundary layer solution is found to
be predominant in the narrow edge zones only,

The longitudinal stress and the radial displacement at the outer
surface, given by the two solutions, are compared with the experimental
results, Three-dimensional elasticity solution gives better results for
thick and short cylinders while for thin and long cylinders, shell and
boundary layer solution should be preferred.
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CHAPTER 1
INTRODUCTION

The study of hollow circular cylinders has been of considerable
interest and great practical importance because of their numerous uses in
the industry, Depending on its applications, a hollow cylinder could be
loaded over the curved surfaces or over its ends. Solutions to the problems
of solid cylinders under various types of loading could be found in the
literature and are based on the three- dimensional theory of elast icity,

Some of these solutions have been extended to the problems of hollow
cylinders, Shell theory has dlso been used for problems dealing with hollow
cylinders. No work has been done on the range of validity of these solutions.
Also, only a very small number of research papers deal with the comparison of
the solutions based on these theories. :Sensenig [15] has compared the

shell theory with the three dimensional’ theory of elasticity for isotropic

shells, In his paper, it has been shown that a solution based on the
shell theory is an approx1mat10n to the three-dimensional theory of elasticity
in the reglons away from the edge of the shell provided the displacement
gradlents, strains,- loading and thickness are sufficiently small. This has
been done with the help of certain mathematical theorems, But no conclusions
have been drawn regarding the applicétion of the two theories. In this thesis,
numerical results of the solutions based on these theories have been compared
with each other. A detailed study of the applicability of these results along
with the recommendations regarding the choice of the method of analysis is

also presented. For the present study, a hollow circular cylinder under
axi-symmetric compression has been considered, Experiments have also

been conducted on the cylinders and the experimental data obtained provides
further justification to the conclusions about the transition limits. The
loading and the boundary conditions for the cylinder are those produced by

the ordlnary testing machines. The hollow cylinder is subjected to

compressive loads at its ends which are fixed but are allowed a relative

axial displacement. The curved surfaces are free from traction. The condition
of nonexpansion of the ends in the radial direction gives rise to nonuniformity
in the stress distribution at the ends. The loading at the end is considered

in the statically equivalent sense,



The study of solid cylinders was first presented in the
ninteenth century by Pochhammer, Chree and Steklov. A complete history
of the associated problems is given in refrence [8]. A detailed study
of solid cylinders under practical systems of loading was reported by
Filon [3] in 1902. The paper also deals with the problem of axi-symmetric
compression of a solid cylinder by expressing the displacements in terms
of Fourier-Bessel series., This method was improved by Picket [11] in 1944,
who introduced the Multiple Fourier Method in solving the problem. In the
Multiple Fourier Method, two or more series of particular solutions are
chosen, Each of these series is selected so as to give a Fourier-series
for one component of stress or of displacement at a boundary, Valov [17]
and Blair and Veeder [2] have solved the problems of finite solid c}linders
in'terms of displacement functions. The problems of finite hollow cylinders
can also be solved by similar considerations. The solutions, however,
involve great deal of labor and computational difficulties. Solution
to the problem of axi-symmetric compression of hollow cylinders using
Multiple Fourier method was given by Widera and Mirza [18]. This solution,
based on three-dimensional theory of elasticity, gives stresses and
displacements in terms of the component of Galerkin Vector Function which
satisfies the biharmonic equation. Three particular solutions to the
biharmonic equation are superimposed to give Galerkin Vector Function.
A Fourier analysis is undertaken for satisfying the boundary conditions to
yield the desired series expressions at the boundaries and also to eliminate
the contributions from the other series. With this analysis, the problem
is feduced to the solution of an infinite system of linear simultaneous
equations. A numerical solution to this problem has been obtained in this
work. The problems of finite hollow cylinders have also been considered by
Shibahara and Oda [16]. Tﬁey have considered various types of loadings on
the curved surfaces and the ends of the cylinders and claim that these
problems have never been investigated before. It is interesting to note
that they have chosen similar types of series expressions for the Galerkin
Vector Function as in [18]. .

Theory of shells was introduced by Love in 1888 and was improved
later on by Galerkin, Lur'e, Gol'denweizer, Vliasov etc. Johnson and

Reissner [S5], in 1957, founded a theory of thin elastic cylindrical shells




in which the solution is obtained by asymptotic integration of the

equations of three-dimensional theory of elasticity. The solution is given
in terms of a dimensionless parameter, The first terms in these expressions
represent the thin shell theory. The second and higher order terms give
thickness corrections. This solution was given for a semi-infinite thin
cylindrical shell. Reiss [12] showed that the solution obtained from the
thin shell theory of Johnson and Reissner represents the exact solution in
the regions away from the edge,i.e., in the "interior'" of the shell. This
solution called the interior solution is not valid for the narrow edge zone
recognized as boundary layer., A boundary layer is defined as the region

in which the expressions for the interior of the cylinder deviate very
rapidly from the exact solution. Reiss obtained the expressions for the
boundary layer stresses and displacements by asymptotic expansion of the
equations of three-dimensional theory of elasticity. Widera and Wu [19],
solved the problem of axi-symmetric compression of hollow cylinders by
superimposing the shell and boundary layer solutions on the elementary solutio&
The method of solution differs slightly from that given by Reiss, Reference )
[12] gives.the boundary layer solution from asymptotic integration of the
equilibrium and éompatibility equations of three-dimensional theory of
7e1asticity while in [19], they are obtained from equilibrium equations

and Hooke's law. The shell and boundary solutions are obtained by considering
the cylinder to be very long. The solution in [19] is given for orthotropic
cylinders and the expressions for the boundary layer cannot be used for
isotropic cylinders. Boundary layer stresses and displacements for
isotropic cylinders are dealt in this thesis,
A comparison of the solutions from these theories can be

made by plotting the stresses and displacements from the numerical results.
This results in a very large number of graphs, as such only a few have

been included in this thesis. The variation of the longitudinal stress

and the radial displacement along the outer curved surface of the cylinder
obtained from experiments and theory have been plotted.

The approximate elasticity solution is obtained from Prokopov!s

solution for solid cylinders [8]. Only first terms of the series expansions
are considered, The radial stress is assumed to have a very small value at

the curved surfaces and the longitudinal stress is uniform at the ends,




[

These two assumptions restrict the use of the solutions only to the regions
away from the ends and the curved surfaces. This solution has been
attempted with a view to get a very simple solution to the complex problem
of axi-symmetric compression of hollow cylinders, This has been achieved
by reducing the number of boundary conditions and introducing certain

approximations. This solution is a slight improvement on the elementary

. solution,



CHAPTER II
FUNDAMENTAL RELATIONS AND GENERAL FORMULATION

I1-1 We consider the axi-symmetric deformations of a hollow circular
cylinder subjected to the compressive edge loads P. In terms of the ¢ylindri-
cal coordinates, the cylinder is defined as an elastic body bounded by
the co-axial surfaces r=a,b and the planes z=ic, Thus the cylinder under
consideration is of constant thickness b-a,

In the shell and boundary layer analysis of the cylinder, mid-
surface radius of the cylinder is defined as 2y and thickness as 2h, Thus
the cylinder is bounded by the co-axial surfaces r=a1ih.

II-2 Fundamental Relations

Equilibrium of the cylinder is governed by the following ‘
fundamental equations in the cylindrical coordinates.

(2) Equilibrium Equations: With no body forces, equations of

equilibrium for the cylinder can be written in the following form.

F0a)+&(rta)-%=0

S (rtn)+2(ra)=0 @.1)

(b) Strain-Displacement Equations: Considering small displacements,

strain-displacement relationships are as below.

™
-
]
Qv
e

O
i
Yy @
N =l

m

D

n
IQJ -1l$:

2.2)

~
(Y]
-]
+
eqe;
Nis



(c) Constitutive Equations: The stress-strain relations can be
written from generalised Hooke's law.

€ = t|n-v(nre)]
% gle-v@ag)]
md Y = Gl Trz o @3

(d) Compatibility Equations: Using strain-displacement relations
along with the equilibrium and constitutive equations, compatibility

conditions can be obtained.

V' -2 (g-g)+ iy L-0
V203+rz.(0?-05)+,;'7-;—§?:o

Vi 11 2950

Vz'fyz -2 izt T a?zai =0 | 2.4)



and the stress invariant,
B=0G+aqy+q

In terms of a function ¢ = ¢(r,z), stresses and displacements in the

three-dimensional elasticity solution can be written as under.

G =%[vv-& ]

G = %[vva%gj b

T =% [(29)-2] ¢ N
Trzz_"aa;' [("U)Vz‘gaziz]qJ

w=-2'—G—[Z(|—v)v2~aQZ‘;]q> @.5)

Here, ¢ is a component of Galerkin's Vector.
Stresses defined by eqs.(2.5) satisfy eqs. (2.1)-(2.3) provided

the function ¢ is a biharmonic function,i.e.,

§7;2§72 d) =0 (2.6)



(e) Additional Equations: For the approximate elasticity solution,
explained later in chapter III, displacements are expressed in terms of

P.F.Papkovich functions so that equilibrium equations are satisfied [8].

wzo((Pl—EaE[rd)'+Z(b2_+¢o] 2.7)

where;

ot = 4(1-v)

and functions ¢0, ¢1 and ¢2 are such that

Vi, = 0

- 2 . ."
- Od: . 1 o [ oo O _ L=1.2 2.
"oar T 5 Tt gpi=0 (2) e

II1-3 Boundary Conditions

Boundary conditions for the three-dimensional elasticity and
shell and boundary layer solutions are written separately., This is
?ﬂﬁ necessary as the co-ordinates are shifted to the mid-surface in the
- shell and boundary layer case, while for the elasticity solution, origin
is midway along the axis of the cylinder.

(a) Three Dimensional Elasticity Solution: The curved surfaces
are tractionfree and ends have a constant axial displacement and are not
allowed to displace in the radial direction. ’

Thus,

U;:'Crz': at Y:O)\D

U:O,‘ W= 3k at Z=+0 ' 2.9)




Here the constant. k is chosen such that,

b
f G| 2nrdr = _p (2.10)

a Z=C

(b) Shell and Boundary Layer Solution: Boundary conditions for
the shell and boundary layer solution can be written as in (a).

Or=Tz=0 =0 +h

W=z , U=0 at z- 4 | (2.11)

Here, K is a constant which is chosen so that,
0.+h

f O'Z(C,V) 2T rdr =-p (2.12)
a-h

II-4
After formulating the boundary value problem, the three

solutions are now introduced.

(a) Three-Dimensional Elasticity Solution: The problem has been
solved by the Multiple Fourier Method. Solution is taken to consist
of a number of particular solutions in the form of Fourier-Bessel series
with proper consideration to the boundary conditions. Thus, function ¢
is taken as [18],

¢:¢l + P2 + Py
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- s
b, = mz' -O(—:‘[o(mz cosh o, 2 —(l+o(mcianh O(mC)

xsinh O(m%] X I:Em Jc-><°<m r) + Y(:(O(m r)}

by= 3 20BZ [A,p, 1 T(ipyr)+ By 3, (ipar)

+G, ;3,,rHI'(L§,,r)+DnL H;(iphr)J 215N

Here, J represents Bessel function of the first kind, Y, Bessel function
of the second kind and H!, Hankel function of the first kind,

With ¢ given by eqs.(2.13), expressions for stresses and
‘ displacements can be written from eqs.(2.5) and probiem is .solved by the
L satisfaction of boundary conditions (2.9) and (2.10).

(b) Approximate Elasticity Solution: A particular solution of

eqs. (2.8) is used to give approximate values of stresses and displacements
E,}f which are in turn superimposed over the values obtained from the elementary
- solution,

Functions ¢, ¢,, and ¢, are taken as, [8]

CP = b g(r) cos pz
¢, f(ry cos p z
and 492

1

"

@ | (2.14)
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Here, g(r) and f(r) are functions of r and are obtained by substituting
egqs.(2.14) in to eqs.(2.8). Thus the expréssions for displacements and

stresses can be obtained from eqs.(2.7) and stress-displacement relations.

(c) Shell and Boundary Layer Solution: The state of stress is obtained
by the superimposition of two solutions. First one is the elementary
solution. In this solution, the cylinder is uniformly loaded on its ends and

all the stresses other than the longitudinal stress are zero, i.e.,

(',_I 1 1 ' 1. £
r‘o—é:‘trzzo O£=-KE‘
I I
?U:-Kl u = k"l)r (2.15)
c T
Here, the superscript I refers to the elementary solution and,
I .
v }( - _fig____
4T aht
In the second solution, the cylinder is considered to be semi-infinite
in terms of a new dimensionless variable,
' (2.16)
zZ, = Z:C

, L1
and origin of the co-ordinate system is shifted to z=-c. Here, L,is

a small but as yet undetermined length scale in the axial direction,

Thus for the second solution, following boundary conditions are

defined,
I T 1
W =0 9 U= - u .at ZZ':()
S%:esses ( or displacements)—s-( as ZZ\‘ﬁ>C*3 (2.17)
o+

I
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The second solution is achieved by the asymptotic integration of eqs.(2.1)

to (2.3). Additional non-dimensional coordinates, displacements and -

stresses are introduced as follows.

- 228
U =%("U2)O‘U}
) = %(l—vz)o*vz
Sp=a A
0= 0 4,
To= 0 4
T,Z':O“/)rz

._ﬁ_.(l—vz) UIZ = ?\[/)Z - "U/)g - ‘U/Sy]

(1-v*) R Y S

(2.19)




[(I+?\P) Ar] = - 'LZL\- [(l+hP) /Srzjl+?\/$9 (2.20)

Here,
hal 0, P U __O, (2.21)

. ]
( ) denotes differentiation with respect to p and ( ) differentiation

with respect to z For sufficiently small values of A, the stress and

1'
displacement components can be expanded in a power series in A*, Two possible

choices relating A and u are [12],
L
; =2 :
(i) U =n ‘ (2.22)

(ii) W=7 L (2.23)

First choice together with system (2.20) is used to determine the stresses
and displacements in the interior of the cylinder and is termed the Inerior
Problem. The second choice with the same system gives the boundary layer

system discussed in the next chapter.




CHAPTER III
THEORETICAL SOLUTIONS

ITI-1 Three-Dimensional Elasticity Solution

Theoretically, the three-dimensional elasticity solution of the
problem is an exact solution because the stresses and displacements are
expressed by series and should become exact in the limit as more and more

terms are used.

For the axi-symmetric compression of hollow cylinders, displacements

and stresses are obtained by using the expressions for ¢ given by (2.13).

ZGuz cosﬁn [A ;3an ijnr)-t- BnLJ',(Lﬁn) «\

'n=|

- CpiBar Hy (B4r) <D, H'.(Lﬁnr)] |

00 .
| .
+ 2 o [O(mZ sinh Ny Z = A, C tanhO(MC.CoshO(mZ}

X [Em 3y () + Fon ¥, (O(m")J (3.1)a

261 =-(1-2v)6Lz + 5 %;%[An [-40-2) T(ipyy)

+}.|3nr U_(L{Sn)")} + B Jo(l,ﬁnr) +C, {4—0,7)) L H (Lﬁnr)
+B,r H| (Lﬁ%r)} +D, i Hy ( Lﬁnr)]
"%—0'(’_”‘ [CXMZ CDSh O(MZ-(3"47.) +‘D(mc tanl—\o(m()

x Sihh o(mz] x[EmJ’o (S ) + Fn Yo@(m V)J | (3.1)b

14
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T = -6l + n§| coslan[An{("zv)JZ(Lﬁnr)

= LBor Ji(ign)} - B, {%(Lﬁnm Iig,r) }
Bnr
-Ch {@-zv) L H;(Lpnr)ﬂanrH:(L@nr)}

- D, {L H (iBar) - H, (Lﬁnr) ]

~+ %‘ 2v cosh umZ[Em:)B("(m'") +Fa Yo td"‘r)J

X [Em{ Jo (G ) - %é&;ﬂ i {n@(mr) 'YFE“O“(EQ}J)

(3.1)c

Q
Gp=-6vL+ ccsisnz[ A,(i-2v) J Jo(ipr) + B, LJ[-ZE Ji(CBnt)
n

B,r

) - ]
4-}';_; [?_v cosh oz [ Em Jo (dmr} + b Yo(o(mr>}

+ {o(mz sinh BmZ -Bme Lanh Ay C cosh o(mZ}
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X JE, Ji (Gmr) oy Y.(O(mr)}} | (3.1)d
{m Gl T ™ Ol T |

Jg, = —(1-p) 6L +n§:‘cos ﬁnZ[An{~2(2-v)CX>(bpnr)

+ B TP + B T (1) + Cof2@)iH ()
' P K (480} + Dy B (ipur)]

o0
+ rﬁvfu [-—O<,,,Z Sinholnz + (2= 2 4o, tcmho{,ﬁc)

xcosh o, Z:’ X [Em Jo (dmr)*'ﬁ_n Y, (o(m}“):l (3.1)e

FCrzz hz

SinB,z [An{z (!—Zv) LI(éﬁnr) ~Bnt Jo(é'pnr)}

= Bn i T {Bar)+ C,,{zo-v) H, (Lp,,r)-npnr H;(cpqr)}
+ Dy H (i) |

(2
+MZ=' [o<mz cosho(mz+(—l+2v_o(mctanham<:)

X snnhdm‘ZJx[EmJ(dmr)+ Fon Y,(o(mr)J (3.1)f
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The unknown constants An’ Bn, Cn’ Dn’ Em’ Fm’ @ Bn and L are evaluated

from the satisfaction of boundary conditions (2.9) and (2.10).

Equations (3.2) given below, are obtained in [18] by satisfying

the boundary conditions (2.9) and (2.10). A part of eq.(3.2) has been

derived in appendix 1 as the expressions for N1 and N2 were found to be
incorrect in ref.[18].

Cos[gnc =0

T, (etmb) Yi(otn) = T (otn ) Y (cub) =0

_ P
6 (1-v) (50

£y 3 (cnb) + F ¥ (ctnb) =0

An[2() LT (inb) -Bob T(iBob)]-B, 0 T,(if,0)
+Cn[z(|--v)Hj (£Bnb) +(Bab Hl((;lanb)J+ D, H(: Prb)=0

An [ 2(1-0) LT (4y0) -Ba0 %(Lﬁnaﬂ - B4 J(B0)
“Cy | 20-9)H, (£pa0) + B0 He ((Bn0) ]+ Dy H: (ifrd) - o

(3.2)a

(3.2)b

(3.2)c

(3.2)d

(3.2)e

(3.2)f
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| A (-22) (iub) - L 3, (i) ]

. T (L nb) _ i ; | L
_Bn{JQ(Lﬁnb)-rL_é;_E__} Cn{(l 2%) L Ho (Bpb)
o 1600 Dy c1 ) ]
+Z 4 B, cosholnt - Sinh Bnc

m=i Bn + Ol | (}U {EmJO@‘MOHTm%(O{mr)}
. O( 2

o [ {J(o( b) - MJ {Y(amb) N

_ Y(qmb)}:) tzvl_sm[an

(3.2)g

C[ A“{(I—Zv) Ty (Lfana) - LB, Jj(tpna)}
~ Bn{Jo('L{BnO) + 4 J'ﬁ(:,%m)} ~

Ch{(l—Zv) b H'D(Lﬁn@
+ B0 H: (iﬁana)} {LH ("Pn ) MH

Bn O
. Z 4B, cosh o(mc SinhoimC.

>, e thay (D{Em%@(ma)#mn(ama)}
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2

E;m_— [ { J (O(ma J;(l(:(or'na)} + l'—m {Yo(o(ma)
_ Y, (ctma) }J) — 12vL sinp.c .20
A O B,

o‘( [o( ¢ cosholye ~(3-4v+dl,c tqnho(mc)smhotmc]
X [:E:hw qu + F;n qu;:]
+Z sm@ C [ —4(1)ipy |, 2 iBn }'N3 |
ﬁiwnﬁ (Bn+aim)? N
+ ‘Bn s N ] [Lp" N3]+Cn[ 4+(1-2)Pn
Brovely Batl Bi+ot

L . 2Py Bn —
FRE < -_E—_N] : lND'O
(Bnrotm}} YRz e D, aesa N

(3.2)i
122, 2 2 J,(oAm0)
FQ| =3 {;l) \J; (%x"’§> -a c’<?*nﬂ%);; -£§T??Zé%i2;3

x {sz; (o(m b) Yo (o(mb)“ag% (O(ma) Yo(dma)} (3.3)a



2Q

N, =L{I§J‘(o< b)Y, (o (dhnb) ~ 0™ T, (,0) Yo(o(mcﬂ}

J(O(ma b Y Ay (3.3)b
2Y(o(mu){ T (enb) - a)}

Ny= b T (i, 5)[3 (Z""E)) Yolcnb) = T (on)

-Q J< Pﬂ)[ié‘jma) Y("( a) - Jy (dma)~ (3.3)c

Ny = -bH(ip) ig’f) Yo (0tnb) - J(dmb)

(3.3)d

09 g v a1

‘ 2 y i ) iﬂb> - nwb )
Ns= b J,(iB,b) _%%(T) To(otmb) = Ty (o ) |

RGP i?ﬁ(&ff) o) ~Jo (on ) | (e

T (Amb) h ]
N6: bLH (‘“W’) [:YT( g Y ) JO(O(M >j

-Ot (,H (L Q)[ng;) (o(ma>—Jo(o(m0>J b33 f
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Roots of eqs.(3.2) a and b give the values of Bn and o« for values of
n and m=0,00. Equations (3.2)d-i form an infinite system of equations with
an infinite number of unknowns. This system can be solved by reducing
it to a finite system with finite number of unknowns. The number of unknowns
should decide the final accuracy of the solution. Once all the constants
are determined, the problem is completely solved.

III-2 Approximate Elasticity Solution

It will be seen in chapter VI that the three-dimensional elasticity
" solution does not exactly satisfy the conditions at ends of the cylinder.
Similarly, cylindrical surfaces are not completely stress free. The radial
stress has a small residual value( for explanation refer section VI-1 a),
Besides this, convergence of the series is not guaranteed and the solution

involves lengthy computations and hence time, All these problems lead

one to think of a solution which may not exactly satisfy some of the

boundary conditions but still be very simple and sufficiently accurate.

For the approximate solution, given in this section, it is \

assumed thatf@éngitudinal stress'is uniform at the ends and radial stress
instead of}béing zero at the curved surfaces varies as an even function of
z and has a small magnitude. The second assumption though questionable,
makes the solution very simple, : : ,

The solution is obtained by super-imposing a particular solution

on elementary solution. The elementary solution is given as,

0?=05=’Crz—_-o
o =-_P
= Z T (lb%-qz)
U= IIr
E
W= 92

= (3.4)
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For the particular solution, eqs(2.7) are used along with

eqs(2.14). This yields following expressions for the displacements.

U= i(o(—l) fery —{ Vf”(r) + b ar(")}J Cospz

W = rr)f(r) +bg(r)]f35in[32 |

The components of the strain tensor are

[ b 0-{rfm g ] cospa

‘. - Q(r_—l_ £y _{ f)r(,,) + ré 9:r(r)} Cospz
€, = [r ftry + b 9(r)J PZ CoSBZ (3.5)

Volumetric dilation is given by

e = (O(-?-) ’: {)r(k) + ?’ {(r)_—ICogﬁ,Z (3.6)
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Expressions for stresses can now be obtained from the constitutive
equations (2,3);eqs (3.5) and (3.6).

Thus,

g, = 26[(5-2v) {)r(r)—{pzr + 1':5_")} f(r)

+2.g 0 -bp g cos pz
0;9 =26 [ (3—r2V) ftry -(1-2v) £r(r) ) % %0)_,1 “Ospe

0 =26 [ {22 4B} +2v £r<r> +p2590ﬂ Cos iz

T,, =26 [r (N -(1-2)fn) + b 9,,,(”] p sin pz

Functions f(r) and g(r) are shown in appendix 2 to have the following
form,

fcry = A L(gr) + BK,(Br)
9(r) = C L(pr) + D K.(pr)
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Here In(x) and Kn(x) are modified Bessel functions of the first and

second kinds and of order n. The unknown constants A, B, C and D are

evaluated from the satisfaction of boundary conditions.

If new constants Al’ Bl’ C1 and D1 are defined as

A, = 2GA
B, = 2GB
C, = 2GC
D =26D,

displacements and stresses can be written in the form given below.

2GU = [A,.{Af("-v) L(Br)-pr Io.(pr)} +E’n{4('"”> K(Br)

+pr (B} ~C pLL (BT D pb k()] cospe

2610 = [T L(B)+Bur K(1) +G b L(pr) + D ok ]
x fasi'npz
d; = [ Al{(a—?_v)pl,( BY) -<ﬂ'r_'l’) +ﬁlv) I,(ﬁ")}
-8 {(3-2)pko(pr) + (402 g ) K,(fgr)}
+ G {BE 1 (pn)fb l’o(ﬁv)} -D, [iii’ K.(szbko(ﬁf)ﬂcospz
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G = [ A 22 1(an) -(-29) pL(pr)]

B { X2 k(Br) - (-29p k(pr)
"G ERL(R) - BB K (pr)] cospa

[AL FrLe) - 2 Lpo) - 8 Br ki
-Zv,SKOUSr)} +C,le: Io(ﬁr)+bl sz Ko(pr)J Cos pz

Tz = [Afrp 1061 - 'v)rmr)} B P Ke(pr)
+2(1-v) K,(‘Br)} +C,Fb1,(‘5r)—i0|}3b K (ﬁr)] B SinBz

(3.7)

From the two assumptions made in this solution, boundary conditions for

the stresses are,

=0 at Z= xC

T -
%= R

cos]sz at F=a.b
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Cos IBC, =0

A[6-2) T () - {22, g [ 1(pb)]
ey [(3 2v) B Ko(Bb) + {40-7)) Eb ) K (F*’)]
" [F’I(f’*‘@ B bL (FE)] [ B K (B)+f b Ky ;gb] b,

A, [(3-1v) B L(pa) - {.‘.’f_(lél)) 4 pza} I,(pa)]
B [(a-23) k(o) + {402 o i (pa)]
,_C[;%IF)Q F’bl PO] [Bb Pa ﬁlsk ﬁaj] fo

A LB b L(pb)- 20-v) I(pb)] “B[BbKo(Bb)4a()k,(pb)]
G| BbI(pb)] - D[ BbK( ;sb)J
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A[Ba L(pa)- )- 2(1-) L(p2)]-B] Baki(pe)+2().

+c,[|3 bI,([SO)} - D.[ﬁ b K'(lz’aﬂ

Equations (3.8)b-e form a set of linear simultaneous equations which

solved for Al’ Bl’ C1

III-3 Shell and Boundary Layer Solution

As a consequence of relations (2,22) and (2.23), non-dimens-

parameter z, is redefined for the interior and boundary layer solutio-

separately as, [19]

, o Z+C
AR (Y7}

and 7 - 2 +C )
9 = h (3.

In order to distinguish these solutions from each other, variable )

is replaced by { for the interior case and by n for the boundary lave

case.

Asymptotic expansions for stress and displacement components:

#

for the two cases are written as power series in

A(Za >P5>‘) Ng; /)U')(gg?) [761]‘2

¥(2,p52) ~ 2 o5 S

"S(an()g'?\) ~ LZZ t(i)(y].)?) [?\—i]b

and D, and thus the solution is completely know:
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'U'( Z,5%; ?\) i ‘éb)(ﬂ P [ ?\%']b (3.11)

Functions s(i)(g,b) and vti)(z,p) are called the interior stress and
displacement coefficients while the coefficients t(i)(n,p) and w(i)(n,p)
are associated with the boundary layer solution.

On substituting (3.10) in to (2.20), equating the coefficients
of )\o, JF, )\', A’i, and )‘z on both sides of the equation and integrating in a
step by step manner, first two non-zero systems are obtained. For the
purpose of brevity, functions s( )(E p), Vv ( )(E p) etc., are written
as S(O) and vi ) while middle surface stresses and displacements S( )(E),

0 0
vio)(g) etc., are written in the following as S§ ) and V£ ).

First System:

(o) (0)
oo V;
]
Q) ) ©)
SR A
© ©) ) ©).
o = Ve[V -V
©) () o o
<$ZZ = + Tb;l - Tb?
0y ) ' 3 "
rz = Syz = ['DVr(O)+ z( ] + r(0)£2
(l) ( ! 2 it v
A7 2 ¥ L0 ©) Wo2 (93
r r+L- v +"UV +V :IP"I“]Z _ZE-V_E
6
(3.12)

Second System:

U'(:Qz v(?-)_ :’—J—-[{V(O)MVZ’G)I} P.;\/:(O) 2]

Nlo
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: ! ’ "
® " @) ] 52
Uz:\/z'\{() P ~vv4'_-—7)—VZ sz)'
2-v 9 o3
|-y r e
(2) @ @ “ . O
Az”Vr*V VreZ s e 2 sl
" (o)‘” E
o EAS AN LA
: )
(2) ) (2) (1) )
i = v ~ -—— L
Q% /59 V, o+ V vV ? * S\ [l—v SYZ-v Z
] (o) ( @ 43
5 ] VAVARE J P £
. P+ vVt VY :
&) ®3) @) y! @ 2
) -
A= Sp s [VV V[PV &

@ ) (2)
5= 5 [v") _rzy ¢®l

-

@) oW g () @'
[V —EV)—3vV+,ZJ . IvS _S_-

m ’

+[ - Vo (242) v v 2wy +12;) Srz JP

0" o] ot @Y o5 |
+[.V; -V J.—%*—V, g% (3.13)
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In the above expressions, superscripts over the middle surface displacement
and stress terms indicate the relative orders of magnitude. These expressions
are written for isotropic cylinders and are similar to those obtained
in [5]. In refrence [5], stress and displacement components are expanded
in terms of A and are for orthotropic cylinders. This accounts for the
difference in orders of various quantities.

A similar procedure for the boundary layer solution yields

the first system as,

) . 2y (2)
te = (2) | 92+ o]

(o) . '
-tr = R [(‘-'U) bd,(r?_) + V wf)]

©) @) @)
t; = § W, + VR Wy

©) (2) '
o = T W, +vR w(l)

¥
(2)" @ 9 @
Swy' +(1F)w, + Rv*’(":glj)J :) =0
- v () Y _ (2)/0
(_’f) W, +R(t-v)wr +[Rv+('_:i1/) 5, =0
(3.14)
Here,
R - (1-v?)
-V - 2p*
S =1+ VR
-y
T =7+ VR
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Equations (3.12)a-d are identical to those of the conventional thin
shell theory and eqs.(3.12)e-f, (3.13) and (3.14) provide thickness
corrections,

Boundary conditions (2.17) and (2.18) are to be satisfied by
the interior and boundary layer solutions together,

Thus, for E=n=0

(0)
V. (o) = - #
Vlo)(o) = 0

(2)
W, (0 Q) = 0

(2) o
W (0,p) = - v [ V(%o ) + V(‘)(o)} p
= V(O)( ) ] : (3.15)

Without any loss of generality, middle surface displacements V(z) and
V( ) which are arbitrary functions of &, can be taken as zero at the

end £=0.
(2 )]
So, _
° V. (o) =0 VZ (o) =0

Solutions of systems (3.12), (3.13) and'(3.14) subjected to boundary

conditions (3.15) are now considered.

)

(3.16)

(a) Solution of the Interior Problem: Agsyication of boundary
conditions (2.11) to eqs. (3.12) yields the following results [19],

6" 4 __(o) (3.17)
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where,
V-2 (cos¥g+ sinyg) g’
r l-v*
Z(')_ Y?(fll 5 cos Y% P
and Y4= 3(-v3y (3.18)

s .

In a similar manner, satisfaction of condition (2,11) by eqs. (3,13) yields

the expressions for the middle surface displacements and stresses.

] )
@) 3) ©)
V ‘V: + ‘V; = Eiv,‘bi
@, v, | 0" o
(3) @)™ (o)
, 5-20)(1+V)

(3.19)

On eliminating Vgs)'from eqs. (3.19)a and b, a fourth order differential
equation for Vﬁz),is obtained, In writing eq.(3.20), rigid body displace-
% ments are omitted and from physical conditions V, decreases exponentially
along &.

lI

V(+47( V = 3(A,- vB)V | (3.20)
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where,

_ 24-14v-39p%14v°

v 30(1-v)
B. = 2-3y-2°
Y 6(-v)

A general solution of eq.(3.20) can be written in the following form,

(2)
Vi o= (AZ CosY¥s +B, s'lnX§>+_%*% cos¥E éﬂf

Expression for v£3) can be obtained by integrating eq.(3.19)a twice with

respect to § and setting the constant of integration to zero in order

to admit only decay type solution. Final expressions for Vf‘z) and v£3) “\
can be written so as to satisfy.condition (3.16). '

_V.(z) C, S (o)m

v 249%™y W

Vi (3) B C V(o)’ C.C (o)”
Z ( v 24y* > r +24\‘?- vr- (3.21)

2
Here, Cv = %i (Av_v Bv)

Middle surface displacements given by eqs.(3.18) and (3.21)
can be substituted in to eqs.(3.17)a,c and (3.19)c,d to give middle
surface stresses for the two systems. Thus, the systems given by

eqs, (3.12) and (3.13) are completely solved and the interior problem
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for first two non zero systems is given as,

)
U= v, s v

r Y
1 @ 2
IZZ:z 17 ;\ + 1] Ax

G 2
m_ £ @ 3
(3,22)

(b) Solution of the Boundary Layer Problem: Boundary layer stresses

for the first non zero system are expressed by eqgs.(3.14)a-d in terms of

the displacements wz(z)(n,p) and wﬁz)(n,p). The contribution of the
boundary layer solution is preédominant in the narrow edge zones only.
It is, therefore, expected that these solutions are very rapidly decaying
along n,
' Solution oflthe system (3.14) is assumed to be in the form of

an infinite series,
(2) ) n % _ﬁ;:'7
Wz (M,P) = nZ:I a, U, (P,ﬁn) e

(2)
o (YI,P)J Za u ( @) ‘F’"V

(3.23)

L
Where a and Bn are the complex coefficients to be determined from the

boundary conditions. System (3.14)a-d can now be written as,




Nn=l
©) 2 n * ¥
2(0,6) =3 g Ty (p,pr)
(e = n * B,
(,0) =2 a, Ty(p,p) ™"
! (3.24)
Here,
n * ™
Ty= "B SU -vR U,
n .
T, = R[(l—))) Uy =By u,”]
[lg. :('“71/) [ u? - Bn u;‘]
T?:\3=’?>: T u,” +VR 'u.g o (3.25)

B
In the above u? and ug are the short forms of functions u?(p,Bn) and

*
ug(p,sn). Substitution of egs.(3.23) in to (3.14)e,f gives the following
equations,

2 _ _ V3 o
SRy U+ U -(Rv +L2) B U =0

v -V x* : ™ - % h
. 2 Pn Uz‘*'(“‘))Ruz“(Rv*‘p—:)Bn U’ =o
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These equations can be written as,

[ N 2 *2 R
ul A" U g p =0

LI P R
AR Uy -B Pn W =o (3.26)
2
v
where, A* _ I+ %
i
2

*x;_ __L__
A= 3%

-~V

B* Rv+|7—
N,
2.

¥ Ry 2

(-wR

Equations (3,26) are now solved to yield a fourth order differential

R
equation in u,.

2.0
u:"+ ZPn U *‘?n , B ¥7))

This is a simplified form of the equation obtained in [19] and
is for isotropic cylinders only. Solution of the equation in [19] is for
orthotropic cylinders and cannot be used for an 1sotrop1c case, Thus, solution

of the equation (3.27) will now be obtained,
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Equation [3.27] will have two repeated roots and hence the solution

can be taken in the following form,

'« (Ayr08,) cosglp + (Car D) Sing

Here AZ’ BZ’ C2 and D2 are as yet unknown constants. Substitution

of u? in to eq.(3.26)a, results in the expression for the function ug.

U; =(U-pD,) cospnp+(V-9C,) sinp’;@

-
il
—
‘f’
4;
\\__//

<
I
—~
Lﬂ
wﬂ
R\
+
)
~

. n n . .
For convenience, u; and u, are separated in to symmetric and

anti-symmetric parts [6]. Thus, the symmetric and anti-symmetric parts

of u? and_ug are obtained in-the following form,

U'= A, COsBp +pD, Sin g, ¢
u'; =V SmP*nP -P D, COSP’:,(J | (3.28)
u”.. C, smpngD + PB Cosﬁ‘n |

U COSP,,? -P B, sm(anp | (3.29)
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In order to have the cylindrical surfaces tractionfree, boundary conditions

are,
(0)
te (m,21) =0
(©)
trz(Y],il) =0 (3.30)

Substitution of eqs.(3.28) and (3.29) in to eqs. (3.14)a,b and use of

*
conditions (3.30) yields the characteristic equations for B, ( see app. 3).

. * -
Sin ZF)n + an =0

sSin lﬁ: _ZF): =0 (3,31) \

Final expressions for u? and ug for symmetric and anti-symmetric solutions

respectively have beén derived.in appendix 3 and are given below,

_ (34

P + kn) Sin [5,“ P - PCos{ng 5.32)

un - kn COS By, P+ P Sin B
u,

ul“ = B Smﬁnz? + P CoSPn, P

n - , . '
4, = (%g- P ) 0P +P SIny, P (3.33)

b —._2(1=v) <0SPBni +Rm SinBn)
" Py COSPn
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P _ 2 (1-V) SinPn2 - Pna COSPpa
n Baz Sin sz

B, and B, are roots of eqs.(3.31)a,b respectively.

nl
Complex constants a are now evaluated from the displacement
boundary conditions (3.15)c,d. For this, principle of variation of

energy due to complex stress field is applied [19,20].

o] [ { t00-o] 5 Pl

-l
H ) . 0o
+Re_j‘[wr<o,«>>-_{-£-:;z P+ 2 W)+ V(o) ) 9
1l
() A
=~V (9) f’} 87?;(0,?) dp =0

A simple substitution shows that a  must satisfy the following system

of equations[19].

o0
Z an Cln = b (3.34)

n=i m

where,

@) —_
and ‘Dm — J‘ wr (O)P) r-C';-n d? . (3.35)

't‘f
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and E_) indicates the complex conjugate of ( ).
Equations (3.35) have been evaluated in appendix 4 and % and bm

are expressed in the following form.

an = Xwn * Ymn

_ _4v 2 5 |
and bm_ - _ "1)2 Y I (3.36)

Here,

_n_w[ _5<_ &ﬁ {(Zv Ko ) (ki

[3m.+Pm)
Kn
(o '75'277)} N

3'“ Bo—Pni)
P - By {(21} um' (k )

.z + S (ﬁmzﬂ-ﬁnz) { + B Bm - i
(- P"‘Y_)} Si hﬁﬂpﬁ ., (Zv PP ’) ( t: Bt ﬁn)
Pn 2 + Sin(r{mz’ﬁnﬂ{_ 2iB B
( ﬁmz*'[%n'z_ = (ﬁ?“-l+f3n,_>z >} -E;nz' ‘an (Z +PM Pm9
+ ' ) + "‘_2 Pn _ ya
(Pn E"’-’F’“’) P (E'“_"'B”l | +(Fr'nz-f5n’~)2>

C (_fg—rm*-ﬁn\) _ B B 2
o5 Bovsn) f-(20-Tofom) oo (For )

[ ?’m> ﬁm(ﬁm Fm + |

+
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R e B

(‘_os(f3>m:p_+ Bna)
ﬁmz‘\' Pna

"‘”(N

{(2v+[om}3m2) +[i'>m1 Pn - Bfnz+l3nz

COS ( Pma- ﬁm)

sz"F’nz { 21”_*: Pma) ﬁmz <Pn mz Pnz }]

YW\r): (Iﬂ))[ 5'%(_ +‘;f\m {<km‘5m'+l 2v>(355ilv wh
" +F’>n> P [(3;:,+kn> (% ﬁm"‘f“‘“' ﬁm'*fﬁ"g}
N Sigr:..g-héfml{“(m%*"“)( T B - ﬁn'>
() )

. SINPma 'an) _ ..
é—“z:ﬁm. {(Pmﬁmz H—ZV)( nZ.J “Fat Pmiﬁﬁnl )

) .E’“_C e “Pr) (ﬁ;ﬁ‘gﬂ) - (|5m7_2+ E )}
) [ Bet+) (52 - )
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N cc%i%;;?’m){ (kmleH 2v> Bm) (3 4v+kn
m"" ni

2 } cos( Bmi-Bni) {-(T{mﬁm + I-Z‘\))
Eﬂﬂsm) BMI F’m

f 34y 2 + Cos(ﬁﬁﬁn”)
+BE.( + ko - —= =
2 Pr Pri - Pni Pm2*+Pm

. {_< Pm FDmg, -|+2?)*' ﬁmlz ( 3[3:'21 ‘ Pn " E_;)ﬁz+ﬁ>n1 5:}

o s b S e
i AR T R T N

’ cos(ﬁ:-ﬁ@) - 3-4v
N Bna— Pn2 {(Rnﬁnz ) ﬁmz( Pn2 h

=

I, = sm[%mz[{meimz ~(I- zv)} ﬁm ﬁmz))

B {5 iy} o g R P

- (I- 1\))} ﬁmz{(ﬁm) - Enz}]
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System (3.34) can be solved for a by the method of reduction
and hence first non zero system for the boundary layer solution is

completely given by eqs.(3.23) and (3.24).




CHAPTER 1V
COMPUTATIONS

IV-1 Non-Dimensionalization

In this chapter, all the expressions obtained in chapter III
are first non-dimensionalized in order to make computations and comparison
easier,

The following non-dimensional quantities are introduced.

O %

a a

u W

b C
' A | |
Aq= &ﬂ ) ang)-_ﬂ s Ch=

Em Fm

g a

Cn
O_
O_

All the expressions are written in terms of non-dimensional geometric

r 2 2 c
parameters ¢, = § and 5

(a) Three-Dimensional Elasticity Solution: Equations (3.1)

on non-dimensionalization and simplification can be written as follows.

44
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(4,1)b

! 0 | '
O, = -6l « > CosBn [An {(\-Z‘U) L(pnL B

I(Fg4)] -Bo [TBn f £)- 1

{
"'ﬁn’g-

Qlo™

By
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o)) e

x{ E:Y, Jo(o(,:mg)df rm' Yc(dm L } {otm £< smh( 1?)

Fanh(o(m B) Cogh(o(mz CJ [E
mt

+ le M] | (4,1)d
Am

ol=
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et
Eih

s

! 2 ! b - ! z C hd'zc .
“Dn‘fc‘K.(PnTZ'a]*"Z[O‘mETDCOS(mz-g,)

m=i

i -.~::,.4 G

o il
SRS e
Ro%s ESrET:

| | . . (
+<—I + 2V - oy %.Tanhdm ’CE) sinh Om € %>]

x [E,,‘1 T(cmE) + F Y.(o(ln-{;)] | .
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Similarly expressions (3.2) are rewritten in the following form.

COS ,3,: =0 | (42
J‘(O(’:\> Yl(O(rln %> - Ja(ur'n %) Y, (O(,,',> =0 (4.2)b
L = 6(:-D) ' | | (4.2)c
E:n (%) + Fr;l Y‘(O(n'\) =0 @

A (=200 L (B 8) - B L ()] +8, T (B &)
* [ F (0K (Fa £ £ 2 Ku( B k)
B0 [+ 2k (pn)] =0 4230

An[-201-2) T,(Bnd) -Bn & I(PM}B L(fn%)

+ h[ * (1-) |/ (5n c>+ﬁn% = Ko( ﬁn %>]
D[~ 2 K(pn g)] =0 o wnt

Ao [6-29) T(Pn )+ Bn 2 L(Bn b))
"B:(, [ IO(%%) I(IJnc)J C [(l 2'V> 2 Ko f3n C)

—[S“EEK(F% )JD[K 0y 2K(E>n )]
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X | 4p, cosh(dpn $) sin[s'n{J N
% 5l fne) e (my | o (o)
(- Loag) ) 6o §) sl
| 2 1\2 \ c a2 d
nE)*(Ba) ) G )+ (Br)  Om
$ ¥ [4plnc:osh(o<$n%)smrs:, { Y, (o))

("t:»%,zi-(ﬁ,'q)z
(o ) >+3a;%1) 2 Y.(of.:nJ
<v BnE)+Pr) ) [FmE)*(Rn)  m }

- 2 v SlnEJn (4.2)g \
- B ,
Ao (-29) T (F ) +pn & T(Pn 2)]
B[ 1o(pn2) - ZLEE) - [(-29) Z k(3 )

By 2
B2 (F0)] - D) [ 2kl 8) 2 )

Pn 2
) 4g5'n COSI’)(O(;,,"B) anB:q T o(' a
"2l (30 ) (B’ [308)

& = 2 2
fn € )i< B) /() e(Br)" olm &




50

+ Fm [4% COS"'(O(M'B S‘V\Bn { Y (o‘

b )"+ (pn)’

. ('U (0( 2 > (m‘E)Z Y,‘(dm
GO @) B (p) dn g
_2v sian |
(0-») Bn

3

S {40-7))5?,% . 2 (Pn ¢)
vy n ﬁ;]% (dr;)l"’(P‘n %)2 /'Lu (E’n ) )

(B %)7_ B = [ smfin
e z'N +Z B
(o) 5(pnt)* > na " M)

. sin 4(|—v>ﬁnc _2(pn)’
Z C [{ C(O(m) "'(?n 2) J

Bn &

(ﬁ’nc, Nl}+ = '[Slth
(O‘m (l) 6 nZ;I:Dn + (B )

. E N, {9 cosho(m {3 4pacly & C lanhar,, ¢

A

. sinh (n %) ] )
o

SH’\['\ O(m ’E):l N l: C,osho(m-— -{5 Ay +4
O
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(4. 3)

(b) Approximate Elasticity Solution: Non-dimensional expressions
for the approximate elasticity solution are written from egs.(3.7)
A and (3.8).

A L S B s 1 it TR, Lo R e e By e e R e T — e e
R MBS R T G i e i T R R S T R S Rl S Y G L it e e S Lo S o o L0
Ty e T L R I A e e LT e T A R R R S e R LA AT . T TR
2 B R T = R A SRy R RN TG BT A IR AN AT f e T R S ST Lo E R (Rt RN S S < R e ]

-
(.



53

- —0lJ -
n.\mul ol -0 f ), m
o — —— -
S = w5 = 0 == e
— - SO = oy
0 —— o — — ! — iy
-0)0 — y Qmul .ml_ nD.bl ~ Al A a0 .
—— N == ol -olu - w0 _ ~
—~ |0 )0 ° o - o . Q. oo
) o _ — 7 —0 (a0 I X —
o —0)|J T A [o] Il -K.l
-0 - B ol = o~ Y X —
oo S &5 o= LS o
N Oy ~— —
- S z.o_c e \w} 1 -l M — o &
X ~— ) - o 7.~.
“ a o L Tdluye =2 . e L
) BI lﬁ. ) (\ . - B.l — - Dnl |b—fu P S
! + Py ! A ~ -ojv + 9 ~o
o e, ID_(V N + — a0 — H Y
ol oM Ty L0 o o~ cq W . o
— M wae T D ~
L2 T el —_ &L o9 o “eQ — X
~ = — - i o -ln S ~—
"o - X . =~ z.mn_,.. o0 P b__c < M
— —90JJ h...\ I = »8  OjY rl{ll 2...r_ Mo} [V o o
m +}0 IB_PTO lﬁ_ 4.0 < < T | oo I{\ — -
L — — IRL a0 + ./\J\.IIL el IAI —
o < 5 -G T 9 g Ly o
J J Q U + + _
+ i _.IL: + 1 1" n
ITB (¢Z l.rlwﬁ»




54

(4.4)
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(4.5)

The constants Al’ B1 etc., are non-dimensionalized in the same manner
as A_, Bn etc., in ‘the previous section,” Quantity Py is divided by o

to make it non-dimensional and has been taken as 4% of o for computations.

(c) Shell and Boundary.lLayer Solution: Expressions for the shell

and boundary layer solution are written in terms of the non-dimensional

quantities p, B , A, £, and n. For the purpose of comparison, these

quantities are expressed in terms of the geomatric parameters mentioned

in Ivﬁlga).
" Thus,

I”_“'%

5 "3

pot

B

‘ 2
- ¢

A= —

l+_b_
Z

- _ c =+

§= 2(3} <
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In terms of these parameters, non-dimensional displacements for the

jinterior solution can be obtained from egs.(2.19)b,c.

Qa
2.6d =(1-v) (‘;F) v,

2GwW = (t-v) __(l +_2..'~”.._). -V, (4.7

Similar expressions can be obtained for the boundary layer solution by
replacing v, and v, with w( )(p B ) and w( )(p,B ) respectively in

eqs(4.7).

IV-2 Computational Procedure

The three-dimensional elasticity solution is computed in
three steps. The first step finds the roots of eq.(4. 2)a. Variation
of the function given by left hand side of eq.(4.2)a with a& was obtained
in order to make an estimate of roots. Finally, roots were calculated by
using Mueller's Iteration Method of Successive Bisections and Inverse
Parabolic Interpolations.

In the second step, the unknown constants A' Bﬁ, C' D'
E' and F' were calculated by solving the infinite system (4. 2)d—1. For
thls, method of reduction [2] was used which consists of truncating the
infinite system after a finite number of equations and a finite number
of unknowns N, A computer program was written which, depending on the
value of N, calculates the elements of the square matrix of order 6N formed
by the coefficients of A' B' etc. The system is then solved by using

a standard program for solv1ng the system of linear simultaneous equations.

‘Third step calculates the stresses and and displacements at different points
on the cylinder, Standard programs from the Scientific Subroutine

Package were used for the computations of Bessel functions, Mueller's

iteration method and solution of system of equations.
! In the shell and boundary layer solution, results of the

elementary, the interior and the boundary layer solutions were obtained



u

PRI O S ARSI Y

57

separately, They were then added to give the complete solution. From the
symmetry conditions, boundary layer solution'at other end of the cylinder
can easily be obtained. Appropriate contributions resulting from the
change of co-ordinates ére also incorporated in the interior solution,

It is sufficient to calculate the results for half the portion of the
cylinder because of symmetry about the mid-plane.

In the approximate elasticity solution, constants Al, Bi etc.,
are calculated in a subroutine with the main program which calculates the
stresses and displacements.

For all the solutions, stresses and displacements were calculated
at five points along the thickness as well as the longitudinal axis of
hollow cylirders. Variation of the longitudinal stress in the boundary
layer case was calculated near the edge zones in order to obtain a correlation
between cylinder parameters and boundary layer thickness. Cylinders with
different thicknesses and lengths were considered, Ratio of the internal
and external radii was given the values %3 %3 %3 %3 %-and %-and half length ;
to external radius was taken as 1, 2 and 3, Computations were carried out
on IBM ComﬁUter (360/65) in FORTRAN 'IV language using double precision for

increased accuracy.
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CHAPTER V
EXPERIMENTATION

V-1 Experimentation in this project consists of measuring the
longitudinal and tangential strains on the outer cylindrical surface
of the cylinders. Testing was carried out on the Tinius Olson Universal
Testing Machine (Model Super L), A self aligning ball-mounted table
was used at the base of the cylinders to apply the compressive load.
Resistance type strain gages were used along with the digital strain

" indicator for measurement of strains. Brief descriptions of strain gages,
their installation, strain gage indicator and detailed experimental procedure

are given in the following sections.,

V-2
(a) Wire Resistance Strain Gages: A change in the length of a wire
or strain induced in'a resistance strain gage changes its resistance -

-as expressed by the formula given below.

(specific resistance) (length)
(area of cross-section)

Resistance =

Thus if the strain gage wire is taken as one of the arms of an initially
balanced wheatstone bridge, application of strain will cause an imbalance
in the bridge and its output (current or voltage) will be directly
proportional to the strain [10]. Bonded wire resistance strain gages
are used for the purpose of strain measurement and are identified by the
gage factor and the resistance df the wire, The gage factor k of a
strain gage i§ defined as, '

AR/R
k= 2tA

Hére, R is the gage resistance and AR the resistance variation caused

by a variation A% in a gage Tength of &, For most of the materials,
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taking Poisson's ratio equal to 0.3, the gage factor is given as,

. . k= Aefp
. k "6+A2/.2

where, (Ap/p)/(A%/2) is the specific change in the resistivity p of the

SR
R

wire. The constantan-copper-nickel alloy wires are widely used for strain

G

gages as they have a stable gage factor. Variation in the ambient temperature
= would give a false indication of strain and thus has to be compensated.

e This is accomplished either by putting two active gages in the Wheatstone
bridge thus giving twice the output or by putting an active and a dummy gage
in the bridge circuit. The term "active gage'" is used for the gage which

is subjected to strains while the '"dummy gage' remains unstrained.

In order to find the principal stresses or strains at a point
under biaxial system of stresses, three independent strain measurements in
three different directions are necessary. But if the directions of the
principal stresses are known as in our case, two strain gages mounted at
right angles to each other along these lines are sufficient to give the \

complete state of stress. The strain gages used for the experimentation

in this project were SR-4 strain gages with a wire resistance of 120£0.2 ohms.

and gage factor equal to 2.06%1%.

(b) Digital Strain indicator: It is a portable unit and can be
operated on battery or AC supﬁly of 115 volts. Main controls of this
instrument shown in fig.l'are described below,

(i) Rebalance Knob and Strain Counter: It is used to bring the
null meter to zero position while making strain measurements, Strain is
réad on the digital strain counter. The rebalance knob has a range of
10,000 micro-inch/inch.

(ii) Range Extender: This knob changes the sign of strain for
tension or compression readings. It also extends the range of the rebalance
knob in steps of 10,000 micro-inch/inch up to a maximum of 50,000 micro-inch/inch.

(iii) Bridge Selector Switch: When this switch is on full bridge,

external bridge is completed by two active and two compensating strain gages
For quarter and half bridge operations, this switch puts the internal dummy

half bridge in to circuit. In quarter bridge operation, temperature compen-

sation is done by means of an internal dummy gage of the indicator.
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(iv) Balance Control: This control is meant for adjusting the initial
unbalance in a gage circuit. It is locked after adjusting the gage circuit.
(v) Gage Factor Dial: It is a ten turn locking control to set
the appropriate gage factor. This control can be varied from 0,1 to 10,0,
(vi) Null Meter: It is a zero center galvanometer used to determine
instrument balance by adjusting the balance and rebalance knobs.
(vii) Sensitivity Control: This control varies the sensitivity
of the null meter. When turned fully, the null meter has a sensitivity of
approximately 40 micro-inch/inch full scale in either direction.
The strain gage indicator was used along with switch and balance
unit which facilitates in the systematic reading of multiple gages. This
is doneé by means of a selector knob provided in this unit, This unit can

be used for full,half and quarter bridge operations,

V-3 Preparation of Cylinders and End Plates

Cylinders for experimentation were cut from mild steel seamless
mechanical tubing. The cylinders were machined at the ends so that they are
parallel to each other and normal to the longitudinal axis. The end
plates for the cylinders were cut from a half inch thick cold-rolled
mild steel plate. Tapered circular grooves 1/16 1nch.deep were machined on
one side of each plate so that the ends of the cylinders fit in to the
grooves, Figure 2 shows a plate with the groove for one set of cylinders.

i  This arrangement restricts the ends of the cylinders from expanding side-
'Ways. The cylinder and end plate assembly was checked for parallelism and

in all the cases it was found to be within £0,0015 inch.

V-4 Strain Gage Installation

(a) Surface Preparation: Prior to mounting the gages, it is essential
that the surface should be smooth and clean. For this purpose, the portions
of the cylinder where strain gages were to be mounted were rubbed with
medium and smooth silicon carbide papers. Beginning with a coarse paper
of 180 grit, smoothening was done by 400 grit paper. Very light lines
along which the strain gages were to be mounted were marked on the cylinder,
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The surface of the cylinder was wetted by the GC-4 Neutralizer and cleaned
by means of a gauze pad. Application of the neutralizer and cleaning was
repeated several times until the pad showed no trace of color or dirt. Duri

the process of cleaning, Chlorothene Degreaser was also sprayed,

(b) Strain Gage Bonding: The gages were placed on a cleaned surface wit!.
the foil side up. A piece of cellophane tape sufficiently long (4" to 5'")
for convenient handling was placed over the gage. The alignment marks
located near the gage foils were extended onto the cellophane tape by using
a ball point pen. The tape-and-gage assembly was then placed over the prepa:
surface of the cylinder in such a manner that the alignment marks on the
assembly coincided with the lines marked over the surface of the cylinder.
The tape was stuck on the cylinder by using a single wiping motion to
avoid wrinkles., The free end of the tape was then lifted by means of
tweezers causing the strain gage also to be lifted. The surface, where
the strain gage was to be mounted and the back side of the gage were painted
with a smooth coat of GA-1 Adhesive by means of the wooden end of a swab.
The gage was then pressed .in to its position by means of a gauze pad using
wiping motion., The gage was kept pressed for about a minute and then the
tape was removed carefully; The gage was again pressed by the gauze pad
using thumb pressure for four to five minutes to allow for curing of the
adhesive. The resistance between the strain gage tab and ground was checked
by an. Avometer and should be infinity while the resistance of the gage wire
should be nearly 120 ohms., Strain gages were mounted only on half the
lgngth of the cylinder along a straight line. Depending on the space availab
strain gageé were installed at two or three points identified with numbers

1, 2 and 3 as shown in figure 3,

(c) Lead Wire Attachment: A piece of Mylar tape, supplied with the
Strain Gage Application Kit was placed over the gage exposing only the
strain gage solder tabs. The tabs were cleaned by the neutralizer and
were tinned by placing the solder on the tab and heating with a clean
soldering tip. The lead wire to be soldered to the gage was stripped and
tinned separately. The wire was then placed over the tinned tabs by means of
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tweezers and heated by the soldering tip so that they were connected
together taking care that the solder does not flow over the surface of
the cylinder, In order to insure that the naked portion of the lead
wire does not come in to contact with the surface of the cylinder, a

piece of insulating tape was placed under the wire.

(d) Gage Checkout: Prior to experimentation, the gage installation
was checked out to insure that the gage was properly bonded. The strain
gage was connected to the strain indicator and the null meter was balanced
to read zero. A drift of the indicator in excess of 10 micro-inch/inch
in five minutes was taken as an indication of a poor bond provided the
environmental temperature did not change. The bonding of the gage was also
tested by pressing the gage grid slightly with the eraser end of a pencil.
For a well bonded gage, the indicator should show some deflection on
application of the load and return to the zero position on release of

pressure.

V-5  EXPERIMENTAL PROCEDURE

A self aligning ball mounted table was placed over the lower
platen of the Tinius Olson machine in such a manner that it exactly covered
one of the refrence circles marked over the platen. One of the end
plates was placed over this table such that the centers of the table and the
circular groove on the end plate were coincident. The cylinder was then
placed in the groove and the other end plate was put over it, All the
strain gages were connected to the switch and balance unit coupled to
the strain indicator. Connections were made for quarter bridge operation
using internal dummy. Figure 4 illustrates these connections with only
one active gage on channel 10 of the switch and balance unit. The pointer
on the load scale of the testing machine was adjusted to zero. One of the
gages was put in to circuit by means of the selector switch on the switch
and balance unit. The null meter on the strain indicator was balanced to
sero and initial reading on the digital counter was noted down, The cylinder

was loaded by turning the 'LOAD' handle of the machine in clockwise direction
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and the rate of loading was so adjusted that the pointer on the load scale
moved very slowly. The maximum load to be applied on the cylinder was
calculated to give an average compressive stress of nearly 2000 psi. Readings
of the indicator were taken at half and full or maximum load by rebalancing
the null meter, After crossing the maximum load, the 'LOAD' handle was
turned in the opposite direction so that the pointer started retracing back
showing a reduction in the load. Readings of the indicator were again

noted at half and full loads. The cylinder was unloaded by operating the
'UNLOAD' handle. The procedure was repeated by putting all the gages one

by one in the circuit. Similar sets of readings were obtained by rotating

the upper end plate thrice at right angles.

V-6  REDUCTION OF STRAIN DATA

The two strains measured at a point on the cylinder represent the
longitudinal and transverse strains, The strain gages were mounted along
the principal stress directions i,e., in the directions of the longitudinal

stress c and the circumferential stress g As the curved surfaces are

stressfree and also because of symmetry, these two stresses are the principal

stresses, These stresses can be calculated from the observed strains €, and

e. using Hooke's law.

0

05=‘F‘ (€ ."“7/€z) (5.1)

The radial displacement can be computed from the transverse strain as
given below,
U= Teg
In order to compare these results with those obtained from
the two theories, equations (5.1) and (5.2) are non-dimensionalized to

give experimental results in the form

=F (€z+ Vée)
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Go=F (& +v¢€,)

2 G'U'z Q € (5.3)
Here,

A is the area of cross-section of the cylinder and P is the load applied on
it. Young's Modulus (E) was taken as 30,000,000 psi., while v was assumed to be
as 0,3 for mild steel.




, CHAPTER VI
DISCUSSION OF RESULTS AND CONCLUSIONS

VI-1 The numerical results for the different solutions were obtained by
using maximum possible accuracy in the computer. It is observed that some
:of the boundary conditions are not exactly satisfied. The results are

discussed in details for each of the solutions in the following paragraphs.

(a) Three Dimensional Elasticity Solution: The results show that
there is a residual stress o, at the curved surfaces r=a,b. This has also
been observed by Picket[11] and Sharma [15] in the study of solid cylinders.
- This is because of the contradiction in the boundary requirements at the
curved surfaces and the plane ends z=#c [11]. According to condition 2.9),
the radial displacement is zero everywhere at the ends. So the radial and

the tangential strains should be zero,
|
e (% -6 -ve) =0
4 :
3 (05 - Var - vo-z) =0 (6.1)

These equations can be solved to give the radial and the tangential stresses

at the ends.

— vV
Therefore, (j; = FT__(IE
Op = 2
6= 5 a, (6.2)

It is evident from the above expressions that the radial stress does mnot
satisfy the boundary condition (2.9)a at the ends z=tc. This deviation

of 0. from the mathematical model could be the cause of residual stresses

at the curved surfaces in the regions other than the ends also. The results
for the variation of the stresses 0 and gy at the ends are in full agree-
ment with eqs.(6.2). This is true for all the cylinders considered in this
analysis and Table 1 illustrates the results of three representative cases

only.
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In order to study the convergence of the solutions, maximum
possible number of terms, as permitted by the limitations of the computer,
were used, It was observed that the solutions give absurd results on
using a larger number of terms in the series. Stresses were found to become
tensile in nature as more and more terms were used in the series. These
effects were predominant at the ends where stresses were found to have
very large magnitudes in comparison to the average stress d. However, .
with a larger number of terms used in the series, a slow convergence was
observed near the middle of the cylinders. For the thickest and the
shortest cylinder considered in this analysis, as many as 15 terms were
used in the series. An explanation of what has been mentioned above
can be obtained from the analysis of the infinite system of equations

(4.2)c-h. This system can be written in the following form.

ZCLle\ +b (L-‘Z ) (6.3)

According to the theory of infinite system of linear simultaneous equations,
in the limits, the approximate solution obtained by using the method of
reduction converges to the solution of the infinite system provided the
system is regular and free terms of which are bounded in a certain manner,
An infinite system of the form (6.3) is called regular if the sum of the
absolute magnltudes of coefficients of each row is less than unity [7]1,
Z lei k| <! (t=1,25) 6.8
For a convergent system, the free terms are bounded in the form, _
' “3‘ [""Zlctkl] (L—I - (6.5)
where the constant Q,> 0.
A rigorous analysis of the infinite system (4.2)c-h could be
done by the method used by Blair and Veeder [2]. The system of equations
(4,2)c-h can be reduced to two equations by elimination, each equation
representing an infinite system of the form (6.3). They can be checked
for regularity by substituting aSymptotic expansions for Bessel functions
and taking the limits i and k + «. This type of theoretical analysis
is too complicated and has not been done here. Instead, a numerical
procedure was adopted to check the regularity of the infinite system. In
the method of reduction, assuming that there are N terms in the series, the

system (4.2)c-h reduces to a finite system of 6 by N equations and can
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be represented by equation (6.3) except that k varies from 1 to N. The
problem is then to find the sum of the modulii of off-diagonal elements in
each row of the matrix of coefficients, For a régular system, condition
(6.4) must be satisfied for sufficiently high values of N, Only one
cylinder with §-= %-and §r= 1 was checked and N was taken as 15. It was
found that condition (6.4) was satisfied by only seven out of nipety
rows, It can easily be shown that if (6.4) is not satisfied, condition
(6.5) also does not hold good. So the system (4.2)c-h is not regular and
hence the convergence of its solution is not guaranteed. This conclusion
explains why absurd results were obtained by taking more number of terms.
. Better results could be expected by taking first two or three terms in
the series, For the present study, the value of N was taken as three to
solve the system (4.2)c-h and the results were found to be reasonable
except at the ends in some cases, Slight variations in the axial displace-
ment at the ends are due to the reasons explained above and also due
to the errors introduced in computing Bessel functions and the roots
of eqn.(4.2)a, These errors though very small initially may be magnified
in subsequent computations. Because of one or all the reasons mentioned ‘
above, conditioﬁ (2.10) on longitudinal stress is satisfied approxi- A

mately,

(b) Shell and Boundary Layer Solution: The axial displacement
instead of being constant is tound to vary at the ends. These deviations
are caused again by the contradictions in the boundary conditions at the
ends and by the érrors introduced during computations. According to
condition (2.17)a, the interior stress coefficient \f;)(o) should be zero thus
giving condition (3.15)b. Along with this, the middle surface displacement
Cﬁko) should a%so be zero, From (3.17)b, it is seen that the double
derivative Vz(o)is zero. These two conditions lead to different conclusions
as evident from expression (3.18)b, The latter condition is fulfilled
because with this, ‘the boundary condition for the radial stress is satisfied.
Small values of radial displacement at the ends can be due to slight

errors in computations in the interior and the boundary layer solutions.
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VI-2 BOUNDARY LAYER SOLUTION

The solution suggested in [19] for orthotropic cylinders cannot
be used for isotropic cylinders. A similar procedure was adopted to
obtain the boundary layer solution for isotropic cylinders. The infinite
system (3.34) was solved by reducing it to a 10 by 10 system. The complex
constants a_ obtained from the solution of this system are given in
Table 3, Matrix zmn of system (3.34) is found to be a hermitian matrix
as expected and the system is regular. Thus the solution should be
convergent, Use of first ten terms shows an indication of convergence.
More number of terms could not be used to get a better convergence because
only ten roots (Table 2) of eqs.(3.31), lying in the first quadrant are ~
available [4, 13]. It is seen that boundary layer solutibn is effective
only in thé,narrow edge zones and decays very rapidly along the length.
Variation of the longitudinal stress near the end was plotted and it
was found that boundary layer solution gives very small stresses at
the outer and middle curved surfaces . The longitudinal stress at the inner
surface is 54.9% of the average stress ¢ at the ends. These variations
are given in figsﬁﬁ§77 . Boundary layer thickness § is obtained from
the variation of 1ongitﬁdina1 stress along the inner curved surface, For this
purpose, boundary layer effect is considered up to the point where the
longitudinal stress is one percent of the average stress o. A straight
line relation between § and thickness of the cylinder is observed while
length does not have any effect on boundary layer thickness. These results
are represented in figs.8 and 9. For thin cylinders, the stress has
a larger magnitude at the ends but its effect is carried over a shorter
distance from the ends as compared to .the thick cylinders for which the
stress has a smaller magﬁitude. Only first non-zero system is considered
as each higher system would involve lengthy derivations similar to the
first one given in section III-3 (b). It is evident that the contribution

of higher order systems is small.

A srA s
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VI-3 COMPARISON OF RESULTS

Longitudinal stress was chosen for comparison of three-dimensional
elasticity and shell and boundary layer solutions, Figures 10-27 show

the stress oz/o as a function of thickness of the cylinder at different
planes along the length according to the two solutions., There is an

appreciable difference in the variation of the stress at the ends as

Sl

obtained from the two solutions, Both the solutions show higher stress at

.;x.v-:E.;:;‘ ;3

%g at the outer surface, This is due to the reason that the end planes tend
T

zﬁ to become concave under loading but the presence of end plates and

£

I

their rigidity keeps them straight resulting in a higher stress at the

outer surface, The stress given by the three-~dimensional elasticity solution

at the ends has not been plotted for thin and short cylinders. The two

solutions give closer results in the regions away from the ends, The

distribution of the longitudinal stress is found to be almost uniform

near the middle of the cylinder and is in confirmation with Saint-Venant‘s

principle, For longer and thinner cylinders (b > 2 anci 3- ), both the \

solutions differ very slightly from each other, The varlatlon of the

near the middle of the cylinder is similar to that obtained by Picket [11]

in the.analysis of solid cylinders, The difference in the stress away

from the ends, given by the two solutions, is found to be more at the .

curved surfaces though it becomes smaller for longer and tﬁlnner cylinders,

Starting with a cylinder of parameters B-- l-and B = 1, the maximum difference
' in the values of the stress at the outer surface is 27% of the average stress

and reduces to 2,5% for a cylinder with parametergvé-and 1 respectively,

The variations of the radial and the axial displacements also
behave in a similar manner and are not presented here, The radial, the
tangential and the shear stresses have different variations but because of
their very small magnitudes in comparison to to the longitudinal stress,
they are not considered to be significant for the purpose of comparison,
Variations of the longitudinal stress and the radial displacement along the
outer curved surface are plotted in figs,28-41, The strain measurements
were carried out over half the portibn of the cylinders, Thus, the
experimental results given in tables 4-10, are plotted for that portion only,
The general trend of experimental points gives slightly higher estimation

of the longitudinal stress as compared to the theoretical curves.
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The experimental points for the radial displacement are slightly lower
than the theoretical points. Comparison is done on the basis of how
closely the experimental variation is to any of the two solutions and also
how close are the experimental points to the theoretical ones, On this basis,
it can be concluded that the three-dimensional theory gives better results
for thick and short cylinders. While, shell and boundary layer solution
should be preferred for thin and long cylinders. For a cylinder with
% =-% and §-=1, only two terms could be used for the series solution
in the three-dimensional elasticity case and the variation of the stress

"~ at the ends is found to be incorrect. Depending on the availability of the
méterial, experiments were carried out on nine cylinders with parameters

1 2 c

= 2. T g-and'é and ~ = 1{2 and 3. Results of only seven experiments are

;lotted as two4cases Sere found to give absurd results due to improperly
bonded or damaged gages. ' '

The approximate elasticity solution gives nearly uniform distri-
bution in the regions away from the ends. This solution is a slight
improvement on the elementary solution and can be used for thin and
long cylinders as the variation of thé stress is approximately similar
to that for the other two solutions. The purpose of introducing approxi-
mate élasticityvsolution was not to give another solution but it was an
éttehpt to;make_;he complicated problem easier by reducing the number of
boundary conditiéns or approximating them. This solution gives almost
negligible shear stress but the tangential and the radial stresses have

 the same orders of magnitude as those of the other two solutions in the

regions away from the ends. Thus the purpose of introducing this solution

is solved, Numerical results of the solution are given at the end.

VI-4 CONCLUSIONS
From the interpretation of theoretical and experimental results, .

following recommendations are made for the use of the three-dimensional

elasticity and shell and boundary layer solutions,

(a) For cylinders with radii ratios less' than or equal to %-and
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length to external diameter ratios less than 3, three-dimensional
elasticity solution will give closer results. For very thick cylinders,

this solution should be used.

(b) For cylinders with radii ratios more than %-anq length to
external diameter ratios more than or equal to 2, shell and boundary
layer solution should be used. For very thin cylinders, this solution

can be used for length to external diameter ratios of less than 2 also.

(c) Both the solutions give .similar results in the regions
away from the ends of the cylinders with parameters lying in between
the extremes defined in (a) aﬁd (b). But looking at the variations of
the stresses at the ends and also the time required in computations for

the two solutions, shell and boundary layer solution should be preferred.
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TABLE 1

VARIATION OF STRESSES AT THE ENDS z=ic IN THREE-DIMENSIONAL ELASTICITY SOLN.

CYLINDER

T o
b =z I 0
PARAMETERS o o o
a_ 1 ¢ _ 1
2az.g=1 3 -0. 75354 ~0.32295 -0.32295
% -1.24086 -0.53180 -0.53180
%— -0.96960 -0.41554 -0.41554
% -0.80095 -0.34326 -0.34326
1 -1.23048 -0.52735 -0.52735
a_1 ¢ _ 1
2.3, 8= 1 ~0.45280 -0.19406 -0.19406
% -1.08107 -0.46332 -0.46332
% -0.78863 ~0.33789 -0.33789
z ~0.87839 -0.37645 -0.37645
1 ~1.73285 -0.74265 ~0.74265
a_2 ¢_y 2 0.07270 0.03116 0.03116
5°3°b 3 ' 0 '
-i- -0.79336 -0.34001 -0.34001
% -0.85718 -0.36736 -0.36736
% ~1.11882 -0.47949 -0.47949
1

-2.07828 -0.89069 -0.89069
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TABLE 3

VALUES OF COMPLEX CONSTANTS a FOR SHELL AND BOUNDARY

LAYER SOLUTION

Re a
n

In a
n

W 00 N & N1 & 1 N =

[y
o

-0.10816669
0.83025747
0.85005298

-0.10111889
0.10548901

-0.10876987
0.11279480

-0.11624200
0,11236178

-0.77582778

D-01
D-04
D-03
D-02
D-02
D-02
D-02
D-02
D-02
D-03

-0,48493039
0.17807225
~0,98998716
0.64630990
-0,45604208
0.33304824
-0.24246797
0.16578505
-0,89953805
0.12208380
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TABLE 4
EXPERIMENTAL RESULTS
a _1 C_ £ . .
53 5= Area of cross-section=37 sq. in.
Maximum Load= 20,000 1bs. F= 0,01553533 Q=0.01087473
AVERAGE STRAIN o
POINT u-in. /in. STRESSES/o DISPLACE:!
€2 %o % % 2 Su
ob
2 -66.25 19.0 -0,94066423 -0.01359341  0.20661¢"
3 -64.875 22.0° -0.9'0532135 0.03912089 0.23924+:
TABLE 5
a EXPERIMENTAL RESULTS
%— = % -E: 2 Area of cross-section=3w sq. in.
" Maximum Load= 20,000 lbs. F= 0,01553533, Q=0.01087473
3 - AVERAGE STRAIN | .
DISPLACE:
%5 POINT yein. fin. STRESSES/o
"{ € € Y Y Gu
ﬁ z 8 z ) 2 5 b
%g 1 -61.0 16.25 -0.87192039  -0.03184742 0.17671:
!
2 -62.3 21.5 -0.87075524 0.04272215 0.23380:
3 -69.0 20.5 . -0.97639549 -0,00310706  0.222931
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TABLE 6
EXPERIMENTAL RESULTS
1
%-= 7 §-= 3 Area of cross-section=3m sq. in.

Maximum Load= 20,000 1bs., F= 0,01553533 Q=0.01087473

AVERAGE STRAIN

ey

EEAGRATRRE

5 P AR R

Sl E s b i

INT . . E
PO w-in. /in. STRESSES/o DISPLACEMENT
€ € (o] c "G u
Z ¢] il
2 ® 2‘6 b
"1 -70.0 1&.5 -1.0012520 -0.03883832 0.20118250
2 -73.75 21.5 A -1;04552770 -0.00970958 0.23380669
3 : -73.0 20.75 -1.03737166 -0.01786562 0.22565064
TABLE 7
\ EXPERIMENTAL RESULTS
.% = %- §-= 2 Area of cross-section= %-n sq. in.
Maximum Load= 8000 1bs. F= 0.01618264 Q= 0.01132784
'POINT AVERAGE STRAIN STRESSES/c DISPLACEMENT
u-in./in.
€ € c c Gu
yA e z ] 2 55
1 -68.75 12.0 -1.05025333 -0.13957527 0.13593408
2 -64.0 ' 19.0 -0.94344791 -0.00323652 0.21522896
3 -68.0 19.0 -1.00817847 -0.01585897 0.21522896
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TABLE 8
EXPERIMENTAL RESULTS

a_2 c

T°=3 5= 3 Area of cross-section= % T sq. in.

Maximum Load= 8000 1bs. F=0.,01618264 Q=0.01132784

AVERAGE STRAIN
I e

POINT y-in. /in. STRESSES /¢ DISPLACEMENT
P ®2 ®6 %2 % 2 82
ob
é 1 -72.5 13.5 -1.10770170 0.13350678 0.15292584
é 2 -70.75 20,25 -1,04661224 -0.01577807 0.22938876
E 3 -71.5 20.25 -1.058574922 -0,01941916 0.22938876
1 TABLE 9
i , EXPERIMENTAL RESULTS
g a_3 c_ ' 7 .
; 57 §° 2 Area of cross-section= 7 7 sq. in,
¥ Maximum Load= 11,000 1bs. F=0,01647687 Q=0,0115338
3 POINT AVERAGE STRAIN STRESSES/0 DISPLACEMENT
£ p-in./in.
& e € o o Gu
A ¢] Z ¢] 2 56
% 1 -73.0 13.5 -1.136080 -0,12234075 0.15570630
¢ 2 -70.25 20.25 -1.05740313 -0.01359341 0,23355945
é 3 -72.0 19.0 -1,09241648 -0.04283986 0.21914220
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TABLE 10
EXPERIMENTAL RESULTS

a_3 . : ' . 7 .
=7 S c 3 Area of cross-section= 7 7 sq. in.
Maximum Load= 11,000 1bs. F= 0.01647687 Q = 0,0115338
POINT AVERAGE STRAIN STRESSES/o DISPLACEMENTS
u-in./in.
€, €9 92 % 2 Su
. ob
1 -54.25 12.5 -0.83208193 0,06220018 0.14417250
2 -65.0 18.25 -0.98078568 0.02059608 0.21049185
3 -66.0 17.5 -1,00096985 0.03789680 0.20184150
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FIGS, 10,11 : DISTRIBUTION OF LONGITUDINAL STRESS

T N B T T e e P e T e e s e
A R R R S e S G A R e R e R R S i e R R e S R R A R e R s s B L S L
i : D T B R A R M S R RS AR




117

ek

]
[
(=)
L

\

\

2:-]-'. cgs
P 3 © -~

F RS R BRI R R R

Road]

al a

/ 0.5

\ / ' =——— Three-dimensional Elasticity Sol.

-0.4 NG R4 === Shell and Boundary Layer Sol.

]
S
3 r o

)=
of=
wjN

-0.6 \\ / - Three-dimensional Elasticity Sol.

S
SN —=—=Shell and Boundary Layer Sol.

1

1

wjN
e -

" r
b

5
kit
A
i
iy
Y
#
irq
ey
A
X

i

T

FIGS, 12,13: DISTRIBUTION OF LONGITUDINAL STRESS



ey

EXA S S R e

R e e B S P T S e o 0 i M TR A G et oe o e P e

aj a

1.8

lN

-lq6

."104

118

io.s

Three-dimensional Elasticity Sol.

Shell and Boundary Layer Sol.

1 _

N e

olm

1

-

0.5

Three-dimensional Elasticity Sol.

Shell and Boundary Layer Sol.

N =

ot

B

x
3

oof
[
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APPENDIX 1

Equation (3.2)i is obtained by setting w=+c, multiplying by

[J(umr) - i((g"’a)) Yo(o(ma)J rodr

and integrating with respect to r between the limits a and b.
Thus,

I’\

b
J [;,i, SIh B c C4(t U)J(L{Snl")-{.LF’) rJ, ( (,f)nr))
d

~

+ B, 3, (ipar) = Cal 4029 K1) o 1)
+ D L H, (c[snr)} -i O_('_ {o(mc cosha ¢
-( 3-4v+0l,c tanh o(‘mc) sinh o(mc} {EMJ,, 1)+ Fmﬂ(dmr)ﬂ"

SRS et <(§maJ Y(or)] T dr =0

> - O-"— [o(mc cosh oyC ~ (3-4v +0otC Fanh atyye) sinh o(mc]
m m

EmJ:o Am )+ Fin Yo (Kmb) [ | Ty (ot _Ji(ond rdy+
LEn tary o) [ () 20 v )

-0“—-'\0-

AT AT R Y A S 3 T N N A e AT T R R A S R A A s SN s L el S o o e oA T e ey s T R A T Sty mrpY o fans TR ERTIY = . T PRV 5
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J [Z sm&n [—4(:-7)):70(@;3”)”{5“ :r,(aphr)]
By To( ) + Co (409 L H, (i) +Rar H (i)
P M UW}} [ (Gt - iédmtu)) Y, (et r)] F oy =0

i IY\

Only first integral of the above expression is evaluated here as the
second integral has been evaluated correctly in [18].

First integral can be written in the following form.

1 J > "O“:n'q G(O(mc)[EmJo(de) T F‘mYo<O(mY>J

a

J,
X[Jo (Sher) - —Y—.%%)) Y, (o(k!f)] rdr

Here,

G(otme) = l:o(mc coshot,c -(3-4v+o,c fanh O(mc) Sl'hhdmc_]

gﬁ IT= o0 for . t( =f= m
I---21 G T (o) ]
oy ) i [Erlo) s )| [ 361 m)Y w)

*rder  for L(::IN\
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Using Lommel Integrals [9] along with eq,(3,8), this integral can be
written as,

- G(o(mc)[ En { g@,z(o(,,,b) - J (( nb) 7. (4,5) Y, (0, b):)

-3 (:%z(%a) :\r,((d"‘qi Jo (Im @) Y("‘m“D

3, (4 b
{(_—(d)Y(o(b)%Eof\mg Y. (oh D

= (3, (64 Y oty = o) Y (‘X’"“Dﬂ ~

Y, (o)

This, on rearranging the terms takes the following form,

I —_--a-'r—“G(O(mC)[EmN‘-‘—FmNz]

vhere,

= & { b Jo(clmb) - QZJ:‘(o(ma)}
_ Ji(cmQ)

) 15 3t X - 0"t Y (o)

Na= 4 {5 3008) Vo) - 0" T (ot V(e

S| )~ 0" V)]




APPENDIX 2

Equations (2,8) which are mentioned in chapter II are

If ¢ and ¢ are given by eqs.(2.14), then a simple substitution leads to ‘
the following differential equations. "

dlf(i’)' d ) 2
dv= ““‘lr"cl%L -(P +L) ) =0

+-L - B 90) = -
dr> ¢ 9 P 9 © SN

These are the Bessel equations and thier roots are given by the modified
Beesel functions of first and second kind.

Thus, the solutions can be written as,

ftry = A I(BD +B K (pr)
gr) = ¢ L(Br +D K,(pr)
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APPENDIX 3

Stress boundary conditions on the curved surfaces are

(0)

L, ( n,i‘l) =0
tf:.)(ﬂ,ii) =0

These conditions when substituted in to eqs.(3.14)a,b, give the following

expressions.
) '
R[(l-j)) (,Ol, <Yl;:tl) + U UJ‘ZZ)(Y),-_!;l)] =0

)20« wfne] -0

- These equations can be simplified as,

. . %
(1-) Ul (n, 1) -Bp w U (N,2) =0 W
n X n
U'(n,21) -Bn Uy (1,%1) =0 cz)
Expressions for u1 and ui are now substituted for symmetric and anti-

symmetric parts separately.

(a) Symmetric Part: Substituting eqs.(3.28) in to (1) and (2)

and simplifying, two expressions are obtained.

A, @: Cosﬁ: +D, [2 (t-v) cospﬁ@: Sin F’t\} =0 (3)
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s '—Aﬁ*Sin*+D -(1-27) s —— o
2 Pn Pn , ) Sml?,n +Fn Cospn =0 .

W
7
5
i
-
7
b4
@
i
#
b3
5
7
]
i3
i
¢
b
«"1
o
:

For a non-trivial solution of the system formed by eqs.(3) and (4),

determinant of the coefficient matrix should vanish. Thus,

,32 (o] PT, ’Z(HJ) (a4 ﬁxn* ‘34:) smP:

% . . *
- Bn smP: -(1-2v) smp’; * Pn C"SF’B

This determinant, on expansion gives the following characteristic

equation, ) \

. * . >
S IY\;ZFBH *.:ern =0

Roots of this equatioﬁ, from now on identified as Bqe have been calculated
by Robbins and Smith [13].

\ From eq. (3), we have,

A?: _ 2(1-v) cosBy + B Sinpy, _[(
D Co -
2 Pni COS P

Thus,

D(0.) = 5[l ceput ot 5of]

U (¢, Bn ) = D,,[(?T;ZL}’ +k) sin[sme-Pcoqsmﬂ
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- (c) Anti-Symmetric Part: Substitution of (3.29) in to egs. (1)
and (2) gives the following equations,

Bz ﬁ: Sth: + C?_[B: cos Pt' - 2.(|-'2)) Sin‘%‘n]= 0 (6)

B, ﬁ: Cos ‘5: ~ CZ[(I-ZV) CosP: +i3’,: Sinp:, J =0 (7)

Again, for a non-trivial solution, determinant of the coefficient matrix
of the above system should vanish. As a result, the following characteristic

equation is obtained.

R %
SInh Zﬁn —Zﬁnzo \

Roots of this equatioﬂ, written as an, have been calculated by Hillman
and Salzar [4].
From eq. (6), we have

B _ 2(1-v) Slinfsnl-pmcosgm ~
C2 Pnz SINPna P

Thus,

(P l3n [P 5‘”[3102\’ P cos ]”sm?]

3471

1

U (PBR )=

cos ,amf P sin me]




i
i
%
K
w
i
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b
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3
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In the symmetric and anti-symmetric solutions, constants C

2
and 02 are arbitrary and without any loss in generality they can be set

equal to unity.

Thus, the symmetric and anti-symmetric solutions can be written in
the forms given below respectively.

U?( P,ﬁn_) = ky, cos BoP + P sm‘smﬁ
Uz (P ) = (3522 +kr) SnBup- ¢ Cosp, P

Uy (sBn) = Py Sinfnaf + © COSPn P
T)

Uy Pﬁ) (2522 ) cospraf +Psinpmp
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APPENDIX 4

‘ Evaluat1on of zmn and bm

Substitution of u?, ug, S and R in egs, (3.25)a,c gives,

| ~CII “(|"U)[ ﬁm' ) Pm; COSPm; P - +Pm)]3mz Sum

~ B SN [5"\!? - Pma2 P CosF,mLfJ

To= ()] -{ kn B | B S +{ - Z22

Bracospuaf o pnC P STEnl]

In eq.(3,35)a, let,

Xn= | 0-9)] (29 Ko Bim) c05FmP~(29+Ffms) Sinfnsp

o P SWEmg-Pa P 05img] [o Co5prp P
+p, SIn Bnaf + P CoS me] ol%
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|

+
)J mFm L( cosF;mF cosp, ¢
=

H

+ P coSBm P smpm + by COS By P anﬁnz\’%c"sﬁm.? .

X cospn_,_f} ~(2v +E1”§ml) {Pﬂ sin"fs—mzf Cos By, P

* P SiINBn, P SN P + B, SiNBm2 P S1n Bnaf + PCoSRrf sinﬁ‘mf}
- B {kne SinpyP €05 o+ 0™ S SiNpni 0
. “Puf SBpP SOPBraf + F SINPmif CoSpra }
| ~Brma] ko P o5 Bna oS P+ COSPmaf CoSpf
Fhap <05 Pmaf S + 008 oo rﬂf’}] df

-~

Evaluating the integrals in the above expression and reai'ranging the

terms, we have,

o= ()] iR

X kp + | B ._Lff - =
< Pri® Pri ) P Prat Pry |+<E’Tnn+l3nn>{>}

“ N 5}?—(_F>mt-f3nﬂ_{ ( 2v—?ml_3-_m|>(kh - \_l )
B~ o P Pr
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S >}>

B, En':.*' ﬁm_

Bmi~Pni (%)'F"DL

(60 ) B

—22 A\, sin(Bma- ﬁnl){ 29+ pBma)
(PmZ*P“’) } Pma = fna P

2

. Cos(ﬁ_r-nwﬁm){ (2v-k, F"") [3ml (
By + P

o tctn) [ (- 0)+ P (o2}
( Bma +Bn2) + P Bma )t ml }
- Co%ﬁu'f Pna { (2 P P ) p F’"‘Z*F"Z)

co m2 5\0?- Y+ mx} n
+ gif fim_ )“ (2 P F)mz) F F |3m9. ﬁnl >}J

Also,

o = 9] [ R+ (292} S (i
—(m.v)} COS Bra p + Pt P COSBpf~Prnaf Smﬁmﬂx
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{( BF;:V +k ) SR, P - P cos By, P ( [?:':’ F") )
XCOSBy,, P+ f Sin Fm_f] dp

Evaluating and rearranging in a similar manner, Ymn takes the form

giveh below,

Ymn = (l—‘u)[ sinh(_é_m,ﬂ:’:n,) {(P_ B +1- 29 (3 gv

| Beny ¥ B ni
+ ki + B_'P> - B Gsﬁny +ky )es ) -
Lo R
(F o gimg) B ()
o) oy )| - S

{ Pmﬁm:.-l + ?-WJ) ﬁnz -y + E;; [3”1)

" Pma O%pif B ( = ﬁnz) - +(3:1+r3ng1) }
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* S"”Ei_m'rﬁnz) {(Emg;\z-HQv)( . "Pn.

Pma~ P2 no

B E}’ifﬁn) _E“C(% 22 -h) (7 Bor ﬁn)

f "(glmz}} e {-(Raf 129

3-4v

-Tgmn< P +kny +

)} . oS(Bm=Pn)

P o Tgr—v)_)‘(%nl

SRGAREDRACE S

Brm Pm

+ cos( Bmz+Pna)

| Bz +Pna

-Pb, + __Z COS( ﬁmz-ﬁm) { = = _
P Bm;_*'ﬁn).)} * —E;z‘ﬁnz (Pm m |

* 2) = Bma - ﬁl’ Pt m Pmm

{ (BrPrma-1+2v) + ﬁmz(gp"’;’l
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From the interior solutionm, wiz)(o,p) can be written as,

(2)
Wr (o,p) =—(Tv—v')( |+ -2 XZP> p

-2

Substituting TTz(p,Bn) and wﬁz)(o,p) in to eq.(3.35)b, expression for
bm is obtained.
Thus,

+

bm: —‘\)J [’{T(_mﬁl *’("27’)} P SmleP

|

[ B <(1-20)} P €03Pma + B 5
P ¢ cosPrat ] dp - 25 ¥ [ [-{Too

1-p*
2 — —_——
+ ("2")} P Sinpmf +{ PmPmz - (“27))}
2 —_— —_— 3 — % . =
x { Cos F’mz? + rz;m,P cosF;m,P-Fsm,_F smFng d?
Representing the two integrals in this expression by I1 and 12, we have,

by = IQ+I2_

These two integrals are now evaluated and.simplified in the following

lines.

1= [Tt} (55

2B { P2 (S0 5B )]
Pmi P Broy Bmi
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Substituting the expression for'i; and using eqn.(3.31)a, Il reduces

to the form given below,

I ===

B cos_fb_{m

Also,

x{ s'm—?:r:z:ﬁnz Cosﬁmz}:} ﬁ [ 2CoSBma
E—“ll , ma Bm2.

6 Sin ﬁmo _ 12 { S‘IHFB-:Q_‘ﬁmQ_COSﬁm)_} \
pmz ) Bmz Fn:

Separating sine and cosine terms, final expression for I2 is obtained.

L= Sin vaz[{ F’m Pma (‘ D’)} ( tB)

P2 Pmz

'sz( B %)} +Cosﬁ’z[%ni'
x{,;'mg;;z -<|-2V)} ?’{ = H
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