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ABSTRACT

A review of analog multipliers is given, and a description
;tith the experimental work done on a square-law multiplier has bsen
inclﬁded in this thesis. The dsscribed square-law multiplier can be
used with the system that utilizes the correlaticn principle in
measuring noise from electrical elements (e.g. p-n junctions). The
multiplier has an accuracy of the order of 1%, a bandwidth of the
order of 1 Mc, a drift in the vicinity of 10 mv in eight hours, and

an input rangs of about one volt peak to peak.
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INTRODUCTION

This work is a continuation of the work of W. Samaroo
(Samaroo, 1961) in which measurements. of eurrent noise in p-n junctions
at low temperatures have been made. The sensitivity of the equipment, at
that time, was not satisfactory and it has been decided to iry a dif-
ferent approash to noiss measurements. The chosen method makes uss of
the fact that two uneorrelated noise signals give & product zero on
the average. This fact makes it possible, in principls, to eliminate
the unwanted backgrownd noise of the amplifiers used in the measurements.

To obtain ths product of two signals, & multiplier is required.
A square law multiplier that accepts only a fixed polarity input
i.e. one-quadrant operation was chosen and an experimental work was
carried out in order that the multiplier can accept signals of arbit-

rary polarity i.e. four-quadrant operation.

Analog multipliers wers reviewsd also to check if other
multipliers can be used with the chosen method of noise measurement.
A classification of multipliers is given to emable the person to

chooss the best fitted multiplier for & specifie application.
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SECTION 1

METHODS OF NOISE MEASUREMENTS

. There seem to be four distinet methods of nolse measurement.
The most direct method is that of amplifying the nolse to a level at .
which it can be read on an indicator such as CRO, thermo-couple meter,
etc. In the second method the unknown noise, after being amplified,
is directly compared with a reference voltage (preferably noise) by
alternately .connecting the unknown and the standard noise sources to the
input of the amplifier through a switching device. The use of &
switohing device in this method is one of its drawbacks. This is be-
cause of the variation in the contact potential of the switeh (Garrison
& Lawson, 1949) and instabilitles and losses of the switch (Allred, 1962).
The third method of noise measurement is to double the amplified un-
known noise voltage by adding & known magnitude of some other waveform,
usually noise (Bell, 1960; Freeman, 19583 van der Ziel, 195k). The
fourtﬁ method can be stated ;a follows: If the sum and difference of
an unknown and of a known variable noise source are separately amplified,
multiplied together, and integrated, then under null conditions at the
output the magnitude of the reference signal gives a direct measure of
the investigated noise. This method, in prineciple, eliminates the
uncorrelated background noise of the amplifiers and the need of & switch-

ing device at the input (Fink, 19593 Allred, 1962).

wby + ylt) K, (2 + g+t )
x{t) At :
y(t)
. 1 -
= = ")
Junction ﬂt) =y4(t)

K,,(x\h -y )+ h:_((-))
Figure 1 - Noise measurement system - Lth method




Analysis of the Fourth Method.

vFigure 1 shows a block diagram of the system used in the
last method used in noise measurement. The analysis of such system 1s
based on the assumption that all components are ideal and the quantities
involved have a guassian probability distribution with a zero mean.
The function of ths junction shown in figure 1 is to give the sum and
the d:‘.f.‘férence of the unknown noise and the lmown noise, that are
applied to the input of amplifier 1 and amplifier 2, respestively. The

output of amplifier 1 is

Ay = K1 [x(0) + 3() # m(t) ]

where nj(t) is the background noise of the amplifier referred to its
input, K3 is the amplifier gain. The output of the amplifier 2 is

Ay = Kp | x(t) = (%) +‘n2(t)]

where na(t) is the background noise of the amplifier 2 referrsd to its
input, K2 is the amplifier gain. The output of the multiplier is

Az = K3KoKy [x(t)+y(t)+n1(t)] [x(t)—y(£)+nz(t)1 . (1-a)

where Ky is the multiplication constant. The output of the integrator

is then

AjAp = KiKoKy I-_Jir(t)1 + x(t)ny(t) - ‘y(t)z* - »y(t)nl(t) +

x(t)n2(t) + nm1(t)n2(t) ¢ y(t)na(t)] (2)

If the quantities x(t), y(t), ni(t) and na(t) are independsnt of each




other, then equation 2 becomes

Ahp = KKKy (x(8) - y()9) . - (3-a)

This is true since the covariance of two independent (uncorrelated)
variables is zero (e.g. Davenport and Root, 1958). For the null con-
ditions at the output, the following relationship must be satisfied

x(t)2 = y(t)2 (k=a)
Since y(t)2 is known. then x(t)2 is determined.

A most important part of the system, described above, is the
multiplier. This is because the multiplication operation, when followed
by integration, will eliminate the uncorrelated noise. Moreover, the
accuracy of noise measurement depends essentially upon the accuracy of
the multiplier. The error in noise measurement, for instance, is 22
when a multiplier such as that deseribed in Seection 3 is used assuming
the mﬁsalance due to the rate of change of transconductance, C, is 1%

and if the amplifier's background noise is sero (Appendix 1).

To be used in the fourth method of noise measurement , the
multiplier should have the following properties:
1~ In order to obtain the high sensitivity requiréd in noise measura-
ment at low temperatures, the multiplier should have a broad bandwidth
since the mean-squari' value of noise voltages is proportional to the
bandwidth in which it is measured.
2~ The multiplier should aceept inputs with either positive or negatlve
polarity and give the product with its correct sign i.e. it should be of

the four-quadrant type.




SECTION 2

REVIEW OF ANALOG MULTIPLIERS

Tt is noted that & multiplier is required in the ayatem
deseribed in Section 1 (figure 1). It is stated, also, that the multiplier
should possess special properties -~ broad bandwidth and four-quadrant
operation. A review of analog multipliers is reéuired to determine
what multiplier fulfills the required properties in order that it can

be used with noise measuring equipment.

Servo Multiplier

The simplest form of & servo multiplier consists of a motor
driving the sliders (arms) of two identical potentiometers (figure 2).

Figure 2 - Servo wultiplier

One of the inputs x is compared with a voltage from the feedback
potentiometer (follow-up) and the difference in voltage drives the motor
in such a direection as to make the difference tend to zero. This input
x is then used to determine the servo shaft position on the two potentio-
meters. The second input y is applied across the multiplier potentio-
meter. The signal at the output of the multiplier potentiometer is
proporticnal to the product of the two inputs. This can be shown by
recognizing that the arms of the two potentiometers rotate through the
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same angle & and then the following relation holds

B=%=

i1

(5)

in

The accuracy of such multiplier can be made to approach 0.01% by using
identical potentiometers with 0.01% linearity. The bandwidth of this
type is limited by the use of electro-mechanical parts. Its accuracy
depends on the gain of the servo amplifier and the similarity of the
potentiométqra used. It is a four-quadrant type, simple, reliabls, and
can be adjusted very easily. Because of the low frequency response, it
is not used for applications whers high frequency response is required.

Time-Sharing Multiplier

It is hard to obtain two identical potentiometers for the
gservo multiplier. Thus instead of using two potentiometers, a single
potentiometer can be switched back and forth between the K and the y
signals (figure 2). The switching is performed by commutator-type
switches or by synchronous vibrator. The potentiometer output for each
switch position is applied to an RC filter. The RC filters ars used to
keep the voltages between successive samplings constant and to filter
out the high-frequency ripple dus to ewitching. The bandwidth and the
aceuracy of such multiplier is similar to that of the servo multiplier

which uses two potenticmeters.

Step Multiplier

The operation of stsp multiplier, in principle, is similar
to that of the servo multiplier deseribed above. Figure 3 shows a
block diagram of the multiplier. The upper part is similar to the
follow-up aysterq in the servo multiplier, while the lower part is similar

to the multiplier potentiometer of the servo multiplier. The variable




conductance G will be made proportional to the input signal x by the use
of the reversible binary counter through relays. The counter itself is
controlled by a gate circuit. When the output of amplifier 1 is zero (this
will occur when x is proportional to G), the total current at the input

of amplifier 1 is gero. In other words,
Ga (x-a-K)g/K (6)

where X is one of the input signals, K is a constant voltage, g is ths
input conductance, and G is the variable input conductance. The output

of amplifier 3, when equation 6 is achieved, is

Z = =y(G-g)/e

s -y%%&-g]- -yx/k (7)

Thus, the final output is proportional to the product of the input
signals. A detailed description of such a multiplier is given by
Goldberg (Goldberg, 1951). A discussion and analysis of errors of this
multiplier can be found in Maslov's paper (Maslov, 1960). The multiplier
has a high accuracy and low frequency response. The frequency response
can be improved by using high speed switching devices. The frequency
response of such multiplier is limited by the speed of the relays used
end the repitition rate of tﬁe pulse generator. The accuracy is limited
by the contact resistance of the relays. ' The step multiplier is accurate

and has a narrow bandwidth, but it is not available commercially.
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Figure 3 - Block dlagram of a step multiplier

Strain-Ga_g_e Multiplier

The prineciple of operation of this multiplier is similar to
that of the servo type. The multiplier consists of four strain gages
arranged with ordinary resistors to form two bridges (figure L).
Bridge 1 functions as.ths follow-up potentiometer whils Bridge 2
corresponds to the multiplier potentiometer of a servo multiplier.

The center points of the gages are attached to a movable armature that
can be displaced from the position of equilibrium by a moving coil
placed in a strong magnetiec field. When the armature has moved, the
gages are equally dis}laced and the output is proportional to the
_product of ths two inputs. The bandwidth of the multiplier is limited
because of the mechanical link in its feedback loop. Since it is dif=-
ficult to find a set of strain gages with identical charasteristiecs,
the' fifference in their characteristics limits the accuracy of the




multiplier:... The accuracy of such multipller is about 2% for a band-

width of 300 cps (Csajkomski, 1956). | L\W‘j

BRrinGE)
MAGNET - —wa talke I Zo %3
e >
Anp, | , MDY E < AMENT
p Ty
BRidcEd [TV
5TQ“'N . W

K

Figure L - Strain gage multiplier

Thermistor Multiplier

A thermistor or thermally sensitive resistor is a ncalinsar
element that changes itis resistance with the change of temperature.
The change of temperature can be accomplished either by passing a current
through it or changing the outside temperatwre.

E 2R XY

DicR
% | AMP.

THERY ISTOR,

CLEMENTS

Figure S « Thermistor multiplier
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The principle of opsration of this multiplier is similar to that of
the servo multiplier (figure 5). At the output voltage of the ‘thermistor

is

KR
v a.ﬁzn;; ‘ (8)

and this is approximated to

2Tt it R DRy (9)

Where Ry is the thermistor resistance, R is the series resistance con-
nected to the thermistor, V is the output voltage of the thermistor, and
K is the constant voltage applied. The thermistor resistance Ry has the

following relationship with the controlling voltage E
Rt = AG-GE (10)

where A and C are constants. The controlling voltage in this par-
ticular case lis

E = g(*¥Eh) | (1)

where g is the gain of the difference amplifier and x is one of the

input signals. Inserting equation 1l into 10, one obtains

Ry = A e~ce(x=KRt/R) (12)
Equation 12 can be approximated to

Ry z A [L - og(x-kRt/R) | (13)

assuming the power of the exponential is small. Dividing both sides of
equation 13 by g and neglecting terms which are proportional to é (since

g> 1), equation 13 becomes




AC(x ~ KRt/R) = O ()
In othsr words

x = KRt/R (15)
The output voltage 3 is

2oy = By ()

assuming R ) Rt. Inserting the value of Rt, found from equation 15,

in equation 16 the output Z will be

xRS | |
and this is proportional to the product of the input signals. The accuracy
of susch multiplier is limited by the difference in the characteristics of
the thermistor. The bandwidth is limited by the thermistor transfer-
heat lag. A reported multiplier has the accuracy of about 2% for a

bandwidth of 1.5 cps (Czajkowski, 1956).

Controlled Nonlinsar Resistance Multiplier

The basic element of this multiplier is a controlle& non-
linear semiconductor resistance (CNSR), such as black silieon earbide,
with three pairs of electrodes located in three mutually-perpendicular
planes. The CNSR has two pairs of controlled electrodes a and a!,
b and b! and one pair of controlling electrodes m and m'. The conductances

between the eontrolled electrodes Ga, Cb are proportional i.e.
Ga/Gb = Rb/Ra = of = constant (18)

Figure 6 shows a block diagram of a multiplier with CNSR as the basic
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element and utilizing equation 18. One of the input signals x is applied
to one of the controlled pair of elsctrodes and & negative constant
voltage ~K is applied to the other p{air of the controlled electrodes, while
a=¢ voltage M is applied to th:z:*]‘:;gmodes. At the inputs of the Rkigh

gain amplifiers A-1 & A-2 one obtains the following relations,

respectively:

K 4 ~K o 1
wrf-m- ° (39)
m-B-B7° (20)

the output 2 = %{‘.ﬂ (21)
where kz KR3/Rl and o< = Ro/R2

The a~c controlling voltage M is used to filter out the eurrent noise
caused by the non ideal characteristics of the CNSR element. The
frequency of t;h_e a-c controlling voltage should be high as compared to
the frequency of the input signal. The frequsncy of the controlling
voltage (which is limited by the capacitance of the CNSR) determines the
bandwidth of the multiplier. For 500 cps as the controlling voltage
frequency, the accuracy of the multiplier is of ﬁhe order of .5%
(Kudryavtsev and Lipman, 1962). This multiplier is simple and in-

expensive. Temperature variations do not affect its performance.

a Ro

R.
KA AAA— y

‘ CNS
-‘K 'l [ ]

: L4 L S e
QA

% /

-, R< g "= l@i’ l 2‘7‘3

Figure 6 - Block diagram of CNSR multiplier




13

The accuracy of the multiplier is.limited by the differences in the
characteristics of two perpendicular pairs of the gontrolled electrods
of the CNSR.

Heated Metal Film Resistor Multiplier

The resistance of some of the netals, in form of wires e.g.
platinum wire, is a linear function of the voltage across it in the
temperature range of 50 - 200°C. A heated metal film resistor has been
used a8 an arm in a bridge to give the multiplication of the two input

variables across its diagonal (figure 7).
HEATED METAL FILM

RESISTOR
L 9
‘W'—-wvv—
Iy R Rz R » R,
-5 > Rd Rd>» Ry
| Rs Rg

Figure 7 « Multiplier with a heated
metal resistor

This dependence can be expressed as follows—-
By =k + kjx (22)

where R{ is the resistance of a metal wire, x is the input voltage, and
k and ky are constants. The output voltage across the diagonal resis-
tance Rd will be proﬁortiona.l to the product of the two inputs assuming
that the current Iy applied to the bridge is small enough not to heat
and thus vary the resistance Rj and the voltage x lies within the limits
of the linear portion of the volt-ohm characteristic of the heated




1,

resistor. The heated resistor used is a platinum wire and the reported
accuracy of the multiplier is of the order of .5% while the tempera-
ture error i.e.;cﬁnearity of the resistance with temperature, does not
exceed .2%. The variation of the frequency of the two input voltages
from 20 to 200 ke/s does not affect the pérfomanca of the multiplier
(Zotov and Popov, 1962). The input x does not start from zero thué #
bizsing voltage is necessary. The accuracy of.' the multiﬁlier is limited
by the nonlinear relationship b;tweon the resistance of the metal and
one of the variables. The bandwidth is limited by the capacitances
associated with the bridge and the heat-ﬁranafer lag of the heated metal

film resistor.

Photoresistor Multiplier

The operation of the photoresistor multiplier is similar to
that of a servo multiplier. The function of the photo sensitive resis-
tors ig the same as that of the follow-up potentiometer in the servo

type multiplier. Figure 8 shows a diagram of such a multiplier.

SOURCES GF
LIGHT
% AUP J
Swnamnea——g
PHOTO - %
ResisToAS , Eoﬂ *y

Figure 8 - Principle of photoresistor multiplier

The variable y controls the value of the resistance of the
photoresistors through optical coupling betwsen the photoresistors and
the pair of modulator glow-tubes, while the other variable x is applied
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across the photoresistors. The output 2z is thus equal to the product
of the two variables. This is true if the resistance of the photo-

resistor varies linearly with the variable y.

The bandwidth of such multiplier is restricted by the time
lag with which the resistance follows the variations in light intensity.
While accuracy is limited due to the dependence of the resistance of
the photoresistor not only on the light intensity, but also, to a very
slight extent, on the voltage across it. A multiplier using the above
principle is reported to have 0.1% accuracy and a frequency raxige from
0 to 100 cps (Rademakers and Verhagen, 1959).

Amplitude-Separation Multiplier

* E‘ ‘X-X..’ k kSX’XQ‘ M = _:_‘.
; K
B ““ﬁ - Xy
Conv
ERTER

o] i Lol ] 2oy
K £}

Figure 9 - Block diagram of amplitude-
separation multiplier

In the amplitude-separation multiplier, one variable x is
divided into two parts, x #nd (x-x1), by converting x into a transfer
coefficient for the elements o and o, 3 this is done in such a way that
o = o= %‘L (figure 9). The conversion is achieved by using servo
systems wit.h step variations of the transfer coefficients. The quantity
(x=x;) is amp].i.f‘i:ed by a factor k and then multiplied by ﬁ.in the mul-

tiplying device M. The result is divided by k and entered as one input
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to the summing amplifier-2. The other variable y is multiplied bye<p
and then applied to the summing amplifier-2. The output of the summing
amplifier-2 is proportional to the product of the two input variables.

The static accuracy of such multiplier is reduced because the
error in the output is k times smaller than the error of the multiplier
M. The accuracy is of the order of .92% and the bandwidth is of the
order of 100 cps. (Maslov, 19603 Fistner, 1959). The accuracy and the
bandwidth are determined by the accuracy of the component multipliers.

Frequency-Separation Multiplier

"{-:X-;
* R
* 21 e
K J = J
[ —— «._.,é A
Conv, 2 : 2} ;_z:‘_:‘v
y 1 » - a’,a% - pr
B St 3,‘/'(
-K
LA K|S
, )33 /K
-—..COON d‘a%

Figure 10 - A block diagram of frequency-
separation multiplier

In this multiplier, the input variables x and y are divided
into two components: a low frequency and a high frequency (i.s.
X = Xox 1Y = ;4; )« Under these conditions the product at the output

of the multiplier can be written as
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Z (55 + 57 + 55 + )/
: (23)
- = ~
- (Xy + %7 + A
The first two terms, in the above expression vary slowly and thus net-
works with controlled transfer coefficient can be used to produce them.

Iﬁ figure 10, converters (COhv. 1 an& Conv, 2) respond only to low-
frequency compcnents of a signal while the high-frcquency components
represent the error of the servo system. The slements «;, oy 3003 ané
X4 are similar to those used in 'Amplitude-Separation' type. To obtain
the third term X¥, a multiplier M with a bandwidth that handles such
high frequency signals (e.g. thyrite multiplier). This maltiplier has a
static accuracy of the order of .02¢ and a bandwidth of the order of
10kc/s (Maslov, 1960). The accuracy and bandwidth of this multiplier are
limited by the accuracy of the component multipliers,

Controlled Superconductor Multiplier

In this multiplier the multiplication of two variables is
achieved by using controlled superconductors (Chirlian and Marsocci, 1962).
A superconductor is "any material which is capable of exhibiting super-
conductivity; and superconductivity is a property of a material whieh is
characterized by zero electrical resistivity and, ideally, zero permeability".
Figure 11 shows a circult that can be used for the multiplication of two

variables.
to . Ra = Rg# ki. lOl
SUPERCONDUCTOR 1'10
|
- Ry Ro=ke, o2

Figure 1l - Circuit for multiplication of two
variables using superconductors
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" In the eircuit, it is assumed that the resistance of the gate,
Rg, is a linear function of the control current, i. This is achieved by
a proper shaping of the magnetic field of the control element in the

Ve
region of the gateri’

Analyzing the circﬁit in figure 11, ‘one ‘obtains:
101 = 12 (Ro + kij)/2Ro (24-a)
152 = ip (Ro - kij)/2Ro | - (2h=b)

where 112 is the current flowing into the superconductor, ij is the input

current, and Ro and k are constants. The output current is

i, = Nkijip /Ro S . (25)
where N is the turns ratio of the output tranéformer. ‘

No information is given concerning specifications of the
multiplier. The advantages in using superconductors are the great
reduetion in size and weight, and the increased reliability of the system
(Chirlian and Marsocci, 1962);' The disadvantages of superconductors are
the need of liquid Helium enviromment for their operaticn and current
signals as their inputs. Accuracy of this multiplier is limited by the
nbnl:lnear relationship between the controlling current and the resistance
of the gate. Bandwidth is limited by the inductance of the magnetic coll.
1- Gate is defined as an output elemeni of a superconductive device in
which current in one or more input circuits magnetically control the
superconducting-to-normal transition in one or more output circuits,
provided the current in each output circuit is less than its eritical

value. For the IRE Definitions of Superconductive Electronics Terms
consult: IRE Proc., Vol. 50, No. L, pphSl-2 (April, 1962).
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Double Amplitude Modulation Multiplier (AM -~ AM)

In this multiplier one input signal “x“ is amplitude modulated
'by a carrier applied to Amplitude Modulator 1. The output of Modulator 1
vis then applied to Amplitude Modulator 2 tc act as a carrier, and the
moduiating signal is the other input y. Ths butput of Modulator 2 is
applied to a balanced demodulator whose.other input is the same earrier
used in modulation. The output of the demodulator is proportional to

the product of the two inputs. Figure 12 is a black diagram of double

amplitude modulation multiplier. The modulators and the demodulator can

be of the diode bridge balanced type as shown in figure 13.

XraL

OScC. ‘l &
% MODULA- MoDuLA- pamop- Zot Xy

~»™ roR - |“""'_"1 TOR-2 ULATLR,
b ¥
Figure 12 - Dual amplitude modulation multiplier
| MODLLATING
INPUT
PusiH-PuLL MeDULATED

ouUTPUT
INPUT CARRIER,

Figure 13 =~ Diode bridge balanced modulator

The accuracy of this type is limited because of its dependence on the
linearity of modulators and thus the carrier voltage should be high

compared to the modulating signal. The accuracy of a multiplier is:
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reported to be £ .5% and a bandwidth of 30 Kc/s for both input channels,
(Meyer and Fuller, 1954). Another multiplier is reported to have an
accuracy of «3% and bandwidth of the order of 1l0Kc/s (Iukaszewicz, 1955).
The bandwidth is limited .by the frequency of the carrier.

Fhase - Amplitude Modulation Multiplier (PM - AM)

in this multiplier the phase or the position of a carrier
signal is made proportional to one input and its amplitude is proportional
to the other. The phase-amplitude modulated carrier is then applied to
a phase sensitive detector (balanced detector) followed by a filter
(figure 14). The filtered output will be proportional to the product of
the input quantities.

¥ [BACANCED Bo0 Kefs Kay sin wt
Mmoo, _ FILTER MODWATING
t ¥ NPT
Cenwt Bess Wt 5 2way
—
. Fute
A sin Wt
.i - |  :::ﬂonceq SooKe/s) F‘ = 5:“2, Aoo Kels
2 FILTER | 1,2 sin wet

Figure 1 - A block diagram of a phase-amplitude
modulation multiplier

Meyer and Fuller (1954) described such multiplier (figure 1l) with its
limits and errors. In this multiplier, the two inputs are applied to
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balanced modulators (of the diode bridge balanced modulator type). The
carrier frequency used was 300 Kc/s. The output of Balanced Modulator 1
is filtered through the 300 Kc/s narrow band filter and then applied to
& phase sensitive deteector. The output of Balanced Modulator 2 is
f£iltered through the 300 Ke/s narrow band filter, and added to the same

carrier frequency but with a 90° phase shift. The summed output is
Beoswgt + Kijxsinwgt & Beos(wot + K3x/B) for \lemax/B l I<q (26)

This output is applied to the other input of the balanced demodulator

which is followed by a low pass filter. The dc component at the output is
X/1,

de output m 2= | Koysin (84 K1X/B) d &
33 | K2 )
cLY %

= X2Y gin St & KaKexy/B 7, for |K1xm/a l <q (27)
w

The multiplier accuracy is dependent on the trigonometric
approximations, the stability of the carrier frequency and the linearity
of the balanced modulator. The maximum phase modulation is limited to
8° due to the above menticned approximations. Accuracy of a few per cent
was obtained and the half power bandwidth of the output with réspect to
either input was made 30 KC/s (Meyer and Fuller, 195L4). Another multip-
lier is reported to have »an accuracy of the order of .2¢ and a bandwidth
of the order of 500 ops (Kraicer, 1963). The bandwidth is limited by the
frequsncy of the carr;.er and the bandwidth of modulators, demodulator, and

the low pass filter.

FM - AM Multiplder

In this multiplier one of the variables is made to econtrol the
carrier amplitude through an amptitude modulator while the other variable

affects the carrier frequency through a frequency modulator. The
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frequency-»amplitudevmodulated carrier is then applied to a demodulator
(sensitive to frequency deviations and amplitude of the carrier: Fif
discriminator). The output of the FM discriminator is proportional to
the product of the input variables. Figure 15 shows a block diagram of
such m-ul'bip].ier. The frequency modulator can be of the reactamce tube
type and the FM discriminator is of the Fostprxcieeley type, except that
the in-bhase reference signal is obtained before the balanced modulator,
(Price, 1951).

3
* ¥ Zolxy
— FM . o AM o] PHAse

MoD. Osc M0D. E '3':1%5&&4-——"

Figure 15 - FM~AM multiplier in block diagram

Figure 16 shows a circuit of a Foster-Seeley phase discriminator used in

!

be

Figurs 16 - The Foster-Seelsy phase discriminator

The performance of the discriminator determines the limits of
acouracy of the multiplier. The accuraey.of such system can be improved
by the use of feedback in the modulators of the multiplier. The
accuracy of multiplier using FM-AM principle, is of the order 1-2% with
a bandwidth of 10Kc/s, (Price, 1951). The bandwidth is limited by the
frequency of the carrier and the bandwidth of modulators and - the
discriminator.




Time-Divigion Multiplier

(Variable Mark/Space or Time-Pulse)

The operation of this multiplier consists of detemmining the
average values of a train of pulses where the smplitude is proportional
to oné of the input variables and the ratio of the pulse width to the
pulse repetition period is proportional to the other. The conventional
time-division multiplier is given in figure 17. A triangular wave is
used to trigger a discriminator when the voltage reaches thc unknown
value x. The time required for the triangular wave to reach this
value controls the width of the rectangular pulse at the diseriminator's
output. The resulting wave is then amplitude modulated by the y input.
The output of the amplitude modulator is averaged by a filter; its out~
put is proportional to the product of the two inputs.

h
%
TRIANG ~ TiMme A M Z%ij
—lﬂ
e MO D. ™ mon. [P FLTER —>

Figure 17 -« Block diagram of conventicnal
time-division m}lltiplier
The time modulator consists of a diseriminator that ean be triggered by
a triangular wavefori® when its value reaches the magnitude of an input
variable (figure 18-3).: The simplest circuit of such a discriminator is
the monostable multi-vibrator (figure 18-b). The timing waveform is
formed by chapging the capacitor C through the resistor Rs The width of

the output pulse is proportional to the input variabla.
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Figure 18 - (a, b, ¢) Three methods of time modulation

Figure 18—c shows another way of obtaining time modulation by using a
phantastron. The magnitude of the input to the 'catching' diode will
control the duration of the pulse at the output. Detailed study of
such circuits can be found in many references (e.g. Chance, 1949;
Millman and Taub, 1956).

The main difficulties in the conventional type of time-
division multiplier are in obtaining a wave whose width would be linearly
proportional to one variable and amplitude to the other variable. High
accuracy can be obtained by the use of a feedback system and high speed
switches (Goldberg, 1952; Morrill and Baum, 1952). A block diagram of
a feedback t:lme—divisién multiplier is given in figure 19. Transistor
switches are used in the time-division multipliers because they are more
precise than the vacuum tube switches and the zero drift of the
multiplier is considerably improved (Kettsl and Schneider, 1961; Barber,
1963). Time-division multiplier with vacuum tube switches can have 029
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accuracy for 3 cps bandwidth'(Sternberg, 1955). Another time~division
multiplier, which employs tansistor switches, is reported to have a
bandwidth of 10Ke/s for both inputs, Wwhile zero drifts of .1% and
linearities of «25% (Barber, 1963). Another multiplier using high speed
switching transistors is reported to have a bandwidth of 200 Ke/s with
an accuracy of 1% (Barber, 1963). The bandwidih of the time~division
multiplier can be extended by using high speed switching transistors.
Thus it is apparent that the frequency response of such multipliers is
limited mostly by the speed of the switching transistors, while its
accuracy is limited by the instabilit.y and accuracy of the switches and
the nonlinear relationship between the duration of the pulse and one of

the variables.
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Figure .19 = Feedback time-division
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Sampling Analog Multiplier

In this multiplier, one of the inputs x is compared (by a com-
paratof) to the output of a linear passive network, the input of which is
a sampled constant voltage V (figure 20). At the instant when the inputs
will be equal at the comparator, the output quantity of an identical
linear circuit with the signal y as its input and being sampled as the
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oonstant voltage V, will be proportional to the product of the input
signals. The linear circuits can be RC networks with identical responses.

SWTCH |
v P tttand COMPARA- %
] M e > 1oe, [
]
SAPLING
Pusr |
i
L Y T | P ZA XY
SWITGHW 2 2w TR B

Figure 20 -~ Amplitude comparator Multiplier

The sampling pulse frequency for the control of the switches 1 & 2 should
be Righ as compared to the frequency of the input signals. This is be-
cause, during the sampling interval the outputs of the two linear
eircuits have to be comstant. A multiplier, using RC linear circuits,
has an acouracy of 1% at 400 cps bandwidth, (Tomovic, 1958). This
multiplier is simple and not expensive because it uses standard elements
and does not require many nonlinear elements. Its accuracy is :_Limited
by the instability of the sampling pulse, accuracy of the comparator and
the nonidentical characteristics of the two linear passive networks.

Its bandwidt.h is limited by the repetition rate of the sampling pulse

i.e. by the speed of switches.

Triangular-Wave (Amplitude Selection) Multiplier

This multiplier is based on the relation

kxy = average (\x+y+c '- ,x-yw‘) » (28)
where x and y are ‘the input variabies C is the magnitude of the triagular-

wave signal k is a constant.
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The above equation is valid if | xey|¢]c| and the trisngular-
wave frequency is &t least ten times higher than the highest frequency of.
x or y (Meyers and Davis, 1956). Figure 21 shows a block diagram of a
triangular-wave multiplier.

—a) FuTeR e 52

Figure 21 - Block diagram of a
triangular-wave multiplier

The diodes after amplifiers 3 and 4 are used to give the absolute
values of x4y4C and x-y+4G, respectively. A carrier of the triangular
wavefo;m is used because lits amplitude varies linearly with time and
because its high harmonies have, for example, smaller amplitude's than
those of a saw-tooth wave. The output of the filter (figure 21) is thus
exactly proportional to the product of the two inputs. The multiplier has

an accuracy higher than .1% at 1000 cps bandwidth.

Other multipliers that use triangular-wave signals and are based
on similar concepts can be found in many papers (Fifer, 1961; Harma.nn_.ét al
1961; Pfeiffer, 1959). The multiplier accuracy is limited by the quality
of the triangular-wave generator. The bandwidth is limited by the repeti-
tion rate of the triangular-wave and the bandwidth of the absolute-value

device.
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Probability Multiplier

This multiplier is based upon the following: The probability
of simultaneous occurence of several independent events is equal to the
product of the probabilities of oecurence of each event. Thus if the
widt;hé of the pulses of - thres time-modulators, for example s are propor-
tional to the inputs x, y and 2, then the time interval during which the
three pulses coincide will be proporticnal to the product xyz (figure 22).
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Figure 22 - Coincidenece multiplier

The advantages of this system are the following: More than two variables
can be multiplied at the same time, and pulse amplitude modulation is
avoided because only cbnstant magnitudes are used. The multiplier is a
one-quadrant type since the probability of an event does not assume
negative values, .No special components are necessary fof the multiplier.
Also, no critical adjustment is required. The reported accuracy is in the

range 1 - 2% for a bandwidth of 500 cps (Czajkowski, 1956). The accuracy




29

of the multiplier is limited by the nonlinear relationship between the
durations of a train of pulses and a variable. Its bandwidth is limited

by the bandwidth of the coincidence detector.

Squafe-Beam Multiplier

In this multiplier, a specially designed cathode ray tube is
used.” The beam generated from the cathode is & square one, and it is
deflected horizontally by the x input signal and vertically by the y
input signal. Then the beam is collected, after deflection, by four
square collector plates, The current from each plate flows into a load

resistor R (figure 23)

ﬂ
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Figure 23 - coliector plates with the output circuit
of a square~beam multiplier

and it is directly proporticnal to the area in which the beam is col-~

lected'. The currents collected from the four plates are as follows

Iy = (L% )(1e¥o) = J((TP4L(%o %30 )4%0¥0)) (29-a)
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30
Tz & J(LI=%o)(I4¥0) = J((12=L({Xo=o)=Xo¥o)) (29-b)
I3 = J(I~xo)(Im¥o) = J((12=L{Xo#y0)4Xo¥o)) (29-c)
Ty = J(Iexg)(I=3o) = J((LP+L(xomyo),¥0)) (29~d)

where Ij 8 the current from plate 1 , L =1, 2, 3 and L, J is the current
density, 2L is the width of the beam and xo, yo dwe Cartesian coordinates
of the center of the beam.

The sum of the currents Ip and I), when subkracted from the sum of the
currents I; and I3, gives a current proportional to the product Xo¥Vo o

If the deflection sensitivity of each pair of the deflection plates is
linearly proportional to the input signals, then the output XoyoWill be
proportional to xy. The accuracy of the multiplier depends upon the
wmiformity of the intensity of the beanm on the square plates and upon the
deflection characteristics of the fields in the CRT. A multiplier,

based on the square-beam principle, is reported to have an accuracy in the
range ~5-7% and to handle high frequency signal inputs (Samerville, 1950).
It is a four-quadrant type but it is not available canmercially. The
bandwidth is limited by the stray capacitance at the output circuit of the

CRT,

Circular=Beam Multiplier

This multiplier, as the square-beam type, uses a specially
designed cathode ray fﬁbe except that the generated large-diameter beam is
circular (Angelo, 1952). This circular beam, after being deflected by
the input signals, is collected by four quadrant plates as shown in
figurel 2i. The plates are electrically isolated from each other. Referring

to the same figuré, the currents in areas a,b, and ¢ will be cancelled by
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the swrrents in a', b'!, and ¢' respectively. the net current, which is
shown as a shaded area, will be proportional to xoye, where x, and y, are
the displacements of the beam from the center of the target. If the
deflecting system is linear, then the output xpy, is proportional to the
producf. of the x and y deflecting voltages. This multiplier is reported
to have an accuracy of 2% and bandwidth of 70:c/s, (Angelo, 1952 and 1954).

Figure 2); - Circular-beam collector plates

The bandwidth of the multiplier is limited, as in the square-beam type,
by the stray capacitances at the output eircuit of the CRT. The accuracy
is limited by the nonuniformity of the beam density at the collecting
plates, the deflection characteristics of the fields in the CRT .

Crogsed-Fields Multiplier

The crossed~fields multiplier uses a well-known law in é].ectro-
magnetic theory, that is, a force is proportional to the vector product of
the magnetic field intensity and the wvelocity of electrons. In mathematical

terms, it is expressed as

F-e (Vx5 - (30)
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where ¥ is the force acting upon an electron of charge e, subject to a
magnetic field B, and V is the electron velocity. The force is perpen-
dicular to the directions of V and B. The multiplier uses a cathode ray
tube where one input signal is applied across the first deflecting system
and the other input signal, after being converted to a proportional
current, is applied to a magnetic coil wouiid around ths second deflecting
system (figure 25). The beam deflection is detected by a photo-electric
cell placed in front of a half-masked screen. The output of the photo=
electric cell is applied to the second deflecting system, through an
amplifier, to nullify the vertical defleétion of the beam. The voltage
across the second plate deflecting system is proportional to the product
of the input signals. The multiplier is a four-quadrant type. Its
accuracy depends on the deflection characteristics of the fields in the CRT
and the bandwidth is 1imi§gd.by the inductive effects of the magnetic
channel. A multiplier, usang this principle, is reported to have an
accuracy of the order of .5% and bandwidﬁh of the order of 3000 cps
(MacNee; 1949). |
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Figure 25 - Crossed-fields multiplier
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Hyperbolic-Field Multiplier

This type is a modification of the crossed-fields multiplier.
In the cathode ray tube, used in this multiplier, an electrostatic field

and not a magnetic, is utilized for the beam deflection (figure 27).

The input sigmal X is applied to the first pair of deflecting
plates. The beam enters the sscond system, having a vertical deflection
proportional to X. The second system is composed of four hyperbolic
plates where the opposite plates are electrically conxiected. The other
input signal Y acts on them in such a way that the electrostatic field is

e = kIxy (31)

where (x,y) are the perpendicuiar distances marked on the figure 26.

When the beam enters the second system with coordinates (x=o0,y) the force
acting upon it in the horizontal directiqn is proportiorial to the product
of the two inputs. At the output of the tube, there is a detection system
camposed of two plates separated by a narrow opening. The deflection of the
beam from one side to another causes a difference in the current flowing
into them. The output of this detector is applied to & differential amplifier
whose output is applied to a third pair of plates in such a way as to keep
the beam centered vertically in the opening between the detector plates.

If the system is in equilibrium; the ocutput of the amplifier gives the
required output which is proportional to the product of the two input

quantities.

The accuracy of this multiplier is reported to be 0.5% and its
bandwidth is of the order of 200Kc/s (Tomovic, 1958). It is four-quadrant

type but not available commereially. The accuracy is limited by the
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deflection characteristics of the fields in the CRT. The bandwidth is

limited by the stray capacitances at the output eircuit of the CRT.

3

Figure 26 = Hyperbolic field
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Figure 27 - Hyperbolic electrostatic field~-multiplier
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Hall-Effect Multiplier

E. H. Hall, In 1879, found that if a current was transmitted
through a metal slab at right angles to a maznetic field, a voltage
appeared in the direction perpendicular to that of the current and the
field (figuve 28). In mathematical terms, the induced voltage in the

9:

—/v” A

Figure 28 - Hall-effect

glab is
Vy = R 'IIBZ/‘& (32)

where Vy is Hall voltage in the y direction,R is Hall constant =1 / L
(charge on carrier x concentration of carriers )llx is the control current
in the x direction, By is the magnetic flux density in the g direction, and
t is the thickness of the slab.

If Iy and By are made proportional to the two input variables,
they Vy will be proportional to the product of the two inputs, and thus
multiplication usifxg Hall element is achieved (Glinski and Landolt, 1961).
The Hall element is usually a semiconductor because of its high Hall~
voltage‘ V,. This is due to the low concentration of electrons in suech

y
naterials. Many materials had been used as a Hall-element but indium
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arsenide is more often used because it has the lowest temperature co-
efficient and low resistivity compared to other semiconductors such as
sllicon, germanium yand indium antimonide. Current amplifiers are required
in Hall-effect multipliers to change the input voltages to current signals,
which will give riss to the controlling current and the magnetic field.
Figure 29 shows a block diagram of a Hall-effeest multiplier. Rp and Rj
are used for adjustment. R; is used to minimize Hall leads' loop error and
Ry is used to reduce null voltage error. The Hall-effeet element itself
has no frequency response limitation but the magnetic channel limits the
multiplier bandwidth becauss of the inductance associated with the Hall-

element. Air-cored coils can be used to increase its frequency response.

A multiplier described by Kovateh and Meserve, 1961, in which
the Hall channel has a bandwidth of 25 Ke/s (this limit is due to the
driving amplifier bandwidth) while the mggnetic channel has a bandwidth
of 1.3 Ke/s. Its static accuracy is of the order of % .84 for the Hall
chamnel and ¥ 2.8% for the magnetic channel. The linearity of multipli-
cation is of the order ¥ 0.34. 'Ihe.accm-acy of the multiplier is limited
by the instability of the Hall-element with the temperature changes, the
existence of a null voltage error, and the Hall leads' loop error.
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Figure 29 « Hall-effect multiplier
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Dynamometer Multlplier

The operation of this multiplier is based on the following
principle:

The torque created by two crossed magnetic fields is propor-
tional.to the product of the currents creating the fields. Two opposing

dynamometers are used to bulld the multiplier (figure 30).
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Figure 30 - Dynamometer multiplier

Voltage signals cannot be applied directly to the dynamometer inputs and
thus they should be converted to current signals. It is four-quadrant
type and has an accuracy in the range .1 to 1¥. The speed of response of
such multiplier is limited to about 100 cps because of the inertia af the
moving coil and the inductance associated with the circuit, while the
accuracy 1is limited by the accuré.cy of the detecting system, and the

accuracy of the law that governs the torque created by the crossed fields.

Logaritimic Multiplier .

The relation to obtain multiplication through logaritmms is

Xy = antilog, (logyx + loggy) (33)

Therefore, this ki'ri’d of multiplier can be constructed with two logarithmic
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units, one anti-logaritimic functicn generator and an adder. Figure 31 a,b
shows a block diagram of a multiplier based on the logarithmic principle.
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Figure 31 (a,b) = Block diagram of a logarithmic multiplier.

In (b), the antilogarithmic function generator is obtained by the use of a
logarithmic function gemerator in the feedback loop of & high-grain

amplifier.

The logarithmic function can be generated by electronic means such as:
(1) Biased diodes (operated in their linear region) are used to approximate

the logarithmic function (Soroka, 195L)
z ok log x . (3k)

whers x is the input variable, z is the output quantity, k is i2 : constant,
and a is the base of the logarithm.

The base of the logaritim can be any positive real mmber, but it is
normally 10 or & = 2.718

(2) Diodes (Semicénductors and Vacuum tubes), or triodes operated near
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the cut off region have an exponential current-voltage characteristics and
can be utilized to generate the logaritimic function. The diode plate

current, for example, is related to the voltage across it by
:LP - OBW (35)

where ip is the diods cwrrent, V is the voltage across the diode, and
ip andeX .are : constants.

Taking the logarithm of each side, one obtains
Inip=1nds +«V  or V= In(ipy/iy) (36)

To change the current ip into voltage, a large series resistor is con-

nected to the diode as shown in figure 32-a.

“ 4#1‘ &
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Vi Vi
it
Rd %
3 ) }
(@) (b)
Figure 32-a « Logarithmic function b = Logarithmic function
generator without compensation generator with compensation

The current flowing into the circuit is
i = Vi/(R 4 Rd)

where Vi is the input voltage, R is the series resistance, and Rd is the
diode resistance.
If R) Rd, then the current i will be approximated to

i1=wuk
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Thug the output voltage Vo is
Vo -}( ln(i/io) = %‘ln %‘; (37)

which has a logarithmic relation with the input. The above circuit has a
poor stability because of its temperature ciependence. To make it more
stable, two diocdes are used in opposite arms of a bridge, as shown in
figurs 32-b.

(3) The exponential current-voltage characteristics of the input of a
grounded-base junction transistor is utilized to obtain the logarithmie

function (Deb and Sen, 1961).

The antilogarithmic function can be generated by making use of
the exponential current-voltage characteristics of diodes or triode in the
cut-off region, and by using biased diodes to approximate the antilogarith-
mic function by linear approximations. Another method of generating the
antilogarithmic function is to use a pentode as an inverted triode (Snowden
and Page, 1950). In an inverted triode, the plate and grid are interchanged
to give input and output respectively. A cireuit utilizing 6SK7 tube and

connected as an inverted triode is ghown in figure 33.

Figure 33 - Tube 6SK7 used as an inverted triode to
generate the antllogarithmic function

In this circuit

log ki = k; eg4 ‘or ki = antilog k; eg (38)
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where i is the grid current, eg is the input voltage,and K and K3 are . :
constants.

In order to avoid the use of antilogarithmic unit in the multiplier circuit,
& high gain d-c amplifier with a logarithmic function generator in its

feedback loop is employed (figure 3l).

Vi + V-G Vo
> A >
- v
€iLOG N
GEN. -

Figure 3l - Antilogaritimic function generator using
logarithmic function generator

The output of the amplifier A is
Vo = ~(Vi-e2)A , (39)

where Vy is the input voltage, e2 is the output voltage of the logarithmic
function generator, and A is the amplifier gain.
But By = loggVo, and substituting this value in the amplifier's output

expression, one has

Vo = =(Vy +logaVo)A or  =V1 + logaVo = @0 if A ) Vo
Then V3 = loggVo or Vo = antilog,Vy (Lo)

Since logaritims of only positive values can be determined, logarithmie
multipliers are limited to oixe-quadrant operation, however, they can be
converted to four-quadrant type by adding two biasing voltages at the in-
put so that the input signal is always positive. The multiplier has a
mediun accuracy 3—5% and a bandwidth of 200 Ke/s (Czajkowski, 1956). It

needs a frequent calibration. The accuracy of such a multiplier is
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limited by the acouracy of logaritimic function generators, while its
bandwidth is limited by the capacitances associated with logarithmic
function generators. Also, it is of interest to know that the error of

this multiplier is proportional to the product of the input qualities,

Square-Law Multiplier

This multiplier uses the well-known expression to obtain the

product of two variables:

xy = [(x4)2 ~(x-9)2] (1)

A difference amplifier and two identical squaring devices would be re-
quired to construct such multiplier.

The basic wnit of thia multiplier is a squaring device. There
exist many schemes such as the following to obtain the squaring function
device:

(1) A photoformer can be used to generate the square of an input quantity
by inserting a parabolic mask in front of its screen. A photo-elegtric
cell is used to pick up the output voltage of the cathode ray tube and
then applied to an amplifier, the output of which is applied to the second
pair of deflecting plates in the photoformer (figure 35). The output of
the amplifier is proportional to the square of the input variable. The
unit is bulky and expensive,

.
Y= A* g J Ane

S S

Figure 35 - Photoformer as a square function generator
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(2) Beam deflection tubes such as QK-329 (figure 36) with square-law
characteristics can be used as a gquaring device.

PLATE
ozmtcrmq-——-’(r‘? . pEPFLECTING
PLnTe 1! / PLATE
CATHOOC

Figure 36 - QK-329 Tube
The output current of QK-329 is
1o = ig + K(eg - €4)2 (k2)

where e; 1s the input voltage, and X, i,, and e, are constants.

The input voltage e; can have any palarity. Such a symmetrical squaring
device has a high frequency response extending to the VHF region (Miller
et al, 1955). ‘

(3) The plate current of triodes or pentodes, can be expressed in terms
of the input grid voltage as follows

ip = ap + a) eg + ageg? + ajeg3 (L3)

where ip is the plate current, eg is grid voltage, and a,, 8], eoo are
constants. The third order term can be neglected with = 1¥ error if the
operation i.e. the input signal range of the tube is limited. In 5670

tube, using one triode,. the plate current is
ip = 348 + 3.075 eg + 975 eg2 + .05 eg3 ma (Ecc = ~3V, Eb = 150V)

and the third order term can be neglected with 1% error if eg is limited
to 0.8 volts. For the pentode GL-6565, the plate current is
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1p = 3068 + 3-018 eg + ‘7&5 eg2 + 0057 333
(Ecy = =2V, Ec2 = 4150V, Eb & 4250V)

The third order term will introduce 1% error if eg is limited to 0.7 volts.
The above relationship in pentodes was employed in a multiplier which
gave an accuracy of 2% with a bandwidth of 20 Ke/s (Holmes and Dukes, 195L).

The plate current-grid voltage relationship can be employed to
obtain a square law unit. If two vacuum Atubes, such as triodes, are used
in a push-pull cireuit, then the odd powers in the plate current expres~-
sion are elim:l.natgd and the square of the input voltage will appear at
the output assuming that the fourth order term of the plate current
expression is quite small, (figure 37). The frequency of such a circuit
is limited because of the Miller effect if triodes are used.

Figure 37 - Push-pull squaring eircuit

(4) The non-linear characteristics of diodes can be used to generate
squaring functions. The following is a short description of diode circuits
that can be used to obtain such a squaring function:

a- The logarithmic relationship between the low-level voltage and the
resist#nce of a diode (e.g. selenium rectifier) is used to give the square=

law characteriatiéé. For a low voltage applied to a diode, it is found
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that the following relationship holds
R = Ae™0V | (bL)

where R is the diocde resistance, V is the applied voltage, and b and a are
conaté.nts.
Figure 38 shows a squaring cireuit utiliging this relationship. If R1<<R, |

then the current i; is

al=ve"A o i1 I (1 4v) for emall values of v.

The voltage developed across R; is

11R1 = R1(V + bv2)/A (Ls)

The additional term R3V can be eliminated from equation L5 by connecting
two series resistors, Ry and R3, across the selenium rectifier circuit and

adjusting the resistors Rz and R3 such that

R A®
R3 * Ry

Thus the output voltage is given by
Vo = RbV2/A (L6)

The frequency response of such circuit is limited because of the capacitive
effect of the rectifier.
b~ The diode current-voltage characteristics can be used to give the

product of two input quantities. The plate current of a diode is
iaA(e* «1) (L7)

where 1 is the current through the diods, V is the impressed voltage across
it, and¥and A are diode conatants.
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A ‘L\ R Ry
N R =
_*__ -'vvv»—L-vvw— =

= R, Ry

Figure 38 = A squaring device using
selenium rectifier

Four diodes are arranged in a form of a ring (figure 39) to give an output
proportional to the product of the input signals. A multiplier using the
diode ring arrangement has 1-2% accuracy and bandwidth of more than 1 Mc/s
(Wilcox, 1959). The multiplier is not seneitive to the temperature changes R
but its input range is limited (up to 250 mv). It is simple and inexpensive.
Analysis of the same multiplier is given by Freudberg, 1962.

T2
AlLL DIODES ARE

INT2

FOR MuT#LICATION
. OMNE Srourd KAVE
! TV & 0.8

W v T Ye, << |
b~ ' l
@y ot Y N

Figure 39 = Diode ring multiplier

c- In tsmperature " hmited dlodes, the plate current is proportional
to the square of the heater ourrent. A squaring circuit with such a
. diode is not stable because of its temperature dependence and thus cannot
be used as a part of a stable multiplier.

d= Dielectric diodes, such as cadmiun sulphide s have been used in
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square~law multipliers (Cluley, 1962). The diode current is proportional
to the square of the input voltage. In mathematical form, the diode

current is
I ak(V = Vo) for VS Vo (L8)

where V is the diode voltage, Vo is the constant threshold voltage, and
kis a constaxit.
This squaring device has a high frequency response but limited by the
capacitive shunting effects.

e~ Biased diode (vacuum tubes or solid state) circuits can be used to
generate a parabolic function by approximating it with linear segments. This
i= on the assumption that diode characteristics are linear. This method
gives the most accurate and stable type of squaring devices since it is in-
dependent of the tube or nonlinear element charasteristics. Higher accuracies .
can be achieved in such a squaring method, by using more diodes to
approximate the parabolic function. Moreover, sharp corners in the ap-
pmxhaﬁd squaring function can be rounded by superimposing a high
frequency signal on the input signal which will cause the diode .to conduct

earlier (Schneider, 1957; Smith and Wood, 1959).

(5) A varistor (a passive element with a resistance that vary inversely
with the voltage across it) is used with a series resistor to generate the
squaring function of the input signal. The voltage across the series
resistor is the square of the input signal (figure LO).

\f V;tzsrok 3‘
| i

Figure 40 - Varistor as a squaring device
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When a voltage V) is applied to the eircuit, the current flowing into it is

i« Vy/(RL ¢+R) | (L9)

where 1 is the current flowing into the circuit, V; is the voltage applied
to thé circuit, R is the resistance of the varistor, and Rj is a series

resistor.
The ocurrent will be approximated to Vi/R if R 3> Rj.

The output joltage is

Vo-iR1=§;R1 but Rat k/V1

and thus

Vo = 12 Ry/k (50)

This squaring device 1s limited in its frequency response becauss of the
varistor capacitive shunting effect which is a function of the frequency
(Bruck, 1962).

(6) The voltage current characteristics of a thyrite (a.silicon carbide

ceramic material with nonlinear resistance characteristics) has the form
IsA VR (51)

where I is the current through the thyrite, V is the voltage across it, and
n and A are constants.

The. value of the constant n ranges betwsen 2.9 - 3.37 (Fifer, 1961). To
obtain the square law relationship between input and optput quantities, a
resistor of proper value Ro should be connected in series with the thyrite

as shown in figure Ll-a.
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THYR e

' r-{>-*‘*—

\I‘ Vg THYR T

1 i _ .
(a) = (b

Figure Lla - Squaring device using thyrite
b - Symmetrical squaring device utilizing an
abgolute valus circuit
To obtain a symmetrical squaring device, an absolute-value circuit is
connected ahead of the thyrite circuite as shown in figure 4l-b. The
frequency response is limited by the capacitive shunting effects. Com=
pensating for the capacitive effect and detecting the absolute value of the

current instead of the voltage, its frequency response can be extended
(Gul'ko, 1960).

Figure 42 shows a block diagram of a square-law multiplier.

Lil‘ pavic€

Y ' . SQUaRING,
'-—'—‘1 / bEvICE ‘

Figure L2 - Square-law multiplier

Zx Xy

The multiplier in its simplestvfom is one-quadrant type but it can be of

four-quadrant type if symmetrical squaring devices are employed (Haley and

Secott, 1960), A square-law multiplier with biased diodes is reported to
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have 0.5% and has a phase shift at the ocutput of less than 1° at Me/s
(Bruck, 1962). The accuracy of the square~law multiplier is limited by
the degree of approximation to a parabola, while bandwidth is limited by

the capacitance associated with parabolic function generator.

Vacuum Tube Multipliers

In some multigrid tubes such as a tetrode, the plate current is
proportional to the prodﬁct of the input signals. The variables are
appiied to the two grids of the tetrode as shown in figure 43-a. In
figure }3-b, input variables are applied to the grids of two tetrodes con-
nected in series, and the output at the plate of the upper tetrode is
7proportional to the product of the input quantities. The accuracy of such
multipliers is low. It 1s of the order of 5% and a bandwidth of 200 Ke/s
(Czajkowski, 1956). The range of operation of such multipliers is limited.
The accuracy of the multiplier is limited by the instability of the
characteristic of the tubes used. The bandwidth is limited by the band=-
width of the amplifiers.

l' Ry (by

o
Figure 43 (a,b) - Vacuum tube characteristics multiplier
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Mechanical Multipliers

Mechanical multipliers are used when inputs are shaft rotations
or displacements. They can be of a square or logarithm type, where
squaring of* logarithmic cams are used. Other types are based on the
principle of similar triangles, or on the following integraticn principle
in which the product is

XY - xdy+fydx ’ (52)

where integration is performed by the use of ball-disc integrators or
induction tachometer generator, since the output of the latter is propor-
tional to the product of one of its input variables by the time derivative
of the second variable. A detailed study of such multipliers can be
found in Svoboda, 1948; or Sorcka, 1954. The accuracy of such multipliers
can be of the order of .0l%, and it is limited by the accuracy of the
mechanical units employed in the multiplier. The bandwidth is limited to

low frequencies, because of the inertia of the mechanical components used.
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CONCLUSION (SECTION - 2)

From the review of analog multipliers, it is obvious that wide
varieties of methods had been employed to obtain the product of two or
more variables. Depending on the methods used, the multipliers have
extremely varied features. Thus it seems impractical to classify them
with respect to types. A classification with respect to their accuracy and
bandwidth seems to be of greater aid to any user. This classification
is presented in Table 1.
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Table 1 Clasgsification of Multipliers According
to Accuracy and Bandwidth
Upper limit )
of band-
width 1 10 100 1000 10k 105 105 107
(cps)
Aceuracy
Frequency-
Step Servo Amplitude-~ Separation
0,01~0.033 Time~division{| Separation of Channels
Mechanical of Channels Square-law
(Biased Diodes
Ampli tude~
: Selaction
0.033~-0,01 Time~division |{rriangular-
wave )
Strain gage
. Fhoto-resistor| Fhagse-Amplit- | Hall-effect Square-law
0.10-0.33 ude Modulation) Time-division (Biased
: Sampling AM - AH - Diodes)
Dynamometer Controlled Square-~law Amplitude- Hyperbolic- Square-law
0.33=1.0 Variable- Nonlinear (Thyrite) Seleetion field (Biased
gain Resistance (Triangular Time-division | Diodes)
-wave ) .
_ AM - AM
Thermistor Probability Crossed- Circular~beam [Logaritimic | Square-law
1.0-3.3 fields Square-bean (Diode
T Fhage-Amplit~ Ring)
: ude Modulation
M - AY
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“SECTION 3

FOUR~QUADRANT SQUARE-IAW MULTIPLIER

From the review of analog multipliers presented in Seetion 2
and 'the requirements of the mi:ltiplier to be used with the noise measure-
ment method -ii, it appeared that thera are some multipliers that ean be
used with noise measuring equipment described in Seetion 1. Expénsive
and complex multipliers were disregarded and the only favourable
multiplier was the square-law multiplier. One type of the square-law
multiplier was the most favourable to the present application especially
as it has a broad bandwidth. It uses vacuum triodes connected in cascode
and operates in one—quadrant. This section deals with this multiplier.

Original Circuit

The original circuit of the multiplier (figure Ll) was designed
to ope}ate as a one-quadrant type (Grosvenor, 1959). It had the following

specifications:
Input impedance 100 kilohms
OCutput Amplitude 6 volts peak to peak for 3 volts
(approx.) at each input :

Output impedance 1000 ohms

Bandwidth 3.5 Mc/s

Balance The output, when one input is zero,
ig less than 1% of the maximum
linear output.

In the multiplier, the parabolic relationship between the plate
current and the .grid voltage of a cascode amplifer (figure U45) is
utilized. The plate current, in a cascode circuit, can be given as

i =8 + beg + cep? + ded + - --
p g g

where 1 is the ‘plate current, e, is the grid voltage, a,b,... are constants







For a 'tebied cascode using- 5670 tubs, the plate' current was

» ip = 3.1‘2 + 2.232 + -5832 ‘f 00789g3
(Ecl = ~2v, Ec2 = +#150v, Eb = +250v)

Tl'ije.last term in the above expression can be neglected with % 1% erroi- ',
if eg does not exceed ¥ 0.7v. In such case, the ecascode circuit can be
used to obtain the parabolic relationehip required for the operation of
the multiplier. Moreover, the cascode circuit is used in the multiplier
for the following reasons (Grosvenor, 1959):

1= In order to vary effectively the plate voltage without changing
the plate load. If the upper grid bias of a cascode is changed, the plate
voltage will vary and thus the slope of the transconductance gm will vary
accordingly. ’

2~ The cascode provides :a high effective plate impedance, which is
desirable in the add circuit that is employed in the multiplier circuit.:

3~ The caacoda circult provides isolation between the input and
outx;ut. The grounded grid triode also has this isolating property but
it differs froam the cascode in having a low input impedance.

Modified Circuit

The original eircuit was designed to accept negative-going
signals only because it was a part of a correlator which accepts a
wi-directional video signals. It has been modified to accept signals
of arbitrary polarii;y i.e. four quadrant operation (figure L46). The
modifications consisted of the following:
a- The removal of the clipping dlodes at the inputs.
| b~ The removal of all RC coupled stages after the cascode amplifiers,

‘used as differential amplifiers. This was done bacause the d-c signals
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~-250V

Figure -~ j6 The Schematic of the multiplier
(The modified circuit)
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were required at the output of the present multiplier.

' Ewb
Y {SR o
»OWPUT

Figure 45 - A cascode circuit

e~ The OA2 regulator, used in the original eireuit to supply +150
volts was replaced by a voltage divider. This was done because a welle
regulated d-c power supplies are used in the present .circult and because
it was contributing noise at the output of the multiplier. (See Graph 1-A)

Multiplier Errors

An exact multiplication of two signals will be obtained at the
output if the multiplier is an ideal one. In practise errors will be
introduced because of the different characteristics of the cascode triodes.
The introduced errors can be found in the following ways

The output of the multiplier, assuming the third order errors to

be negligible, is

kxy slAxy = aa + b3(x4y) + c3(x+y)2 - E1+b1x+c1xamg+b2y+c2y2] (57)
u (a3~a1-ap) + (b3-by)x + (b3=b2)y ¢+ (c3-cl)x2 + (c3-c1)y2*2c3xy

where x and y are the input signals, Axy is the error in multiplication,

k is 2c3, and a_{, bj, ¢4 are the cascode constants (i = 1,2,3).
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Graph 1 - Drift With and Without 0A2 Regulator
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Thus the error at the output of the multiplier is
Dxy = (ag-a1-ap) + (b3=b1)x + (b3=bp)y + (e3~01)x2 + (c3=c2)y° (58)

Exsmining the above expression, one can see that the output error is a

cambination of the following errors:

(1) The constant error which is due to the different operating points of
the cascodss. It can be eliminated by the use of d-c compensating voltage.

(2) The linear term errors which are caused by the unbalance of the

transconductance of the cascodes.

(3) The square term errors which are due to different rate of change of

the transconductance of the same cascodes.

It is obvious from the error expression that the multiplier
circuit should have at least five controls: one control to balance the
d-c component, two controls to balance the linear errors which are propor-
tioﬁal to the input signals, and two othsr controls to balance the
errors which are ’proportional to the square of the input signals.

Additional errors will be introduced at the output. if the third
order term in the plate current expression could not be neglected. These

are
Axyz= (dg=dy)x3 + (d3=dp)y3 # 3d3 (x4y) xy (58-a)

The above errors do not contribute to the final result ¢f the noise
measuring system if the random inputs have gaussian probability distribui-
tions. (Appendix I). Moreover, the third order errors are negligible.

The output error is measured by shorting one input and applying a-c
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signal at the other input. Such error is termed"dynamic error® (amplitude
and phase shift error). The measured dynamic error of the present
multiplier is of the order of 1%. The "static error” cannot be measured
since capacitors are used in the input stages, and it is defined as the
ou't;put of the multiplier when both input quantities are constant.

Drift Problem

One of the desirable features of a good multiplier is the
freedom from drift. The drift occurs in this multiplier because of the
use of d-c amplifiers. But if RC coupling is used between amplifiers,
then drift will be eliminated.

Drift and noise in d-c amplifiers (vacuum tube type) can be
attributed to a variety of factors (Konigsberg, 1959):

(A) Drift and noise due to changes in the vacuum tubes characteristics
particularly those of the first stage of the amplifier. Among the
causes of such a drift are:

1- Random changes in the emission characteristics of the cathode
material.

2- Cathode temperature changes due to the changes in the heater
voltage. This causes changes in cathode emission and in the equivalent
plate impedance of the tube.

3~ Shock and vibration. The latter may cause displacement of grid
or cathode structurés or a change dén the cathode surface. Shock may cause
changes in heater resistance and therefore cathode temperature.

L~ Variations in electrode contact-potential (especially that of the
grid) due to cathode temperature or ambient temperature changes.

5~ Aging of the tubes.
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(B) Drift voltage due to changes in the plate supply voltage for the

smplifier.

(C) DRift voltage due to changeé in the temperature of components other
than the tubes (e.g. resistors) or due to unstable components (e.g.

faulty resistors).

(D) Drift voltage caused by changes in d-¢ leakage from adjacent high
voltage points to points in the amplifier circuit (but excluding the
input circult of the amplifier).

(E) Drift voltage due to spurious direct currents flowing within the

amplifier ground circuits.

(F) Noise voltages due tos

1~ Noise originating within the tubes and circuit resistors.

2- Coupling from stray electromagnetic sources to wiring within the
amplifier eircult, including the amplifier input oircuit.

3~ Coupling from stray electrostatic sources to points within the
amplifier circuit, but not including the amplifier input circuit.

L~ Ripple in the d-c supply voltages.

In the described circult, a well-regulated d-c power supply was
used. The voltage regulation of this supply did not exceed 0.1l volt for
any setting of the output voltage, with maximum load, and with % 10%
variations in the a:-c supply. A Sorensen a-c¢ regulator, type 1001 with
0.01% regulation was used to control the a-c line variations so that the

regulation of the d-c supply would not be affected by such variations.

However, with the above mentioned supplies, the drift in the

multiplier was still present. The components that caused the drift at
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the output of the multiplier were the following:
1~ The QA2 gas tube voltage regulator
2~ The carbon camposition resistors
" The 0A2 gas tube voltage regulator, as mentioned earlier in this
sec;tion, has been replaced by a voltage divider. The drift causédlby the

10 They

composition resistors was due to their instability and noise.
were replaced by wire-wound resistors which have high stability, precision
and are free fram noise. After having made these replacements the long-
term drift was investigated and it did not exceed 10 mv per eight hours
(Graph 1-B). Because of the poor high frequency characteristics of wire-
wound resisters due to the inductive effects and interwinding capacitance,
metal film resistors will be used in the circuit. Metal film resistors
have stabllity and low temperature coefficient comparable to those of the
wire-wound resistors (Table 2). In addition, metal film resistors have

a Kigh frequency characteristic. The resistance of the IRC moulded f£ilm
resistors MEC. RN70 for instance, does not vary with an increasing fréq-
uency up to 50 ie/s (see IRC Precision Film Resistors, Bulletin B-lba).
Such resistors are used in critical places in the circuit, e.g. plate
load. Table 3 gives a list of components used in the multiplier circuit.

To avoid excessive temperature changes, all resistors were derated to

about half of their power rating.

1 Composition resistors develop a noise voltage only when a direct
current is flowing. This type of noise is different from the inherent
thermal noise which is common to all resistors. Its magnitude can be as
high as ten times that of the thermal noise. This noise is a charac-~
teristic of the carbon composition resistors in particular. It depends
on the physical properties other than temperature and resistance value.
Its frequency distribution is not uniform. Film resistors have lower
noise amplitude than the composition resistors, whereas the wire-wound
resistors have the lowest.
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‘Taple 3 — List of Components Used in the Multiplier

Circuit
Reference Description Quantity
Rl Resistor: variable, wire-wound 2
, Soo * 102, 2w

R2 Same as Rl

R3 Resistor: variable, wire-wound 2
SOk * 102, 2w

Rh Same as R3

RS Resistor: variable, wire-wound 1
00K t 103, 2w

R6 Resistor: fixed, composition 2
W70k *10%, 1w

R7 Resistor: fixed, composition L
220 o = 108, w

R8 Resistor: fixed, metal film L
20 = 1%, 1w

R9 Resistor: fixed, metal film g
1002 = 1%, 1w

R10 Same as R9

R11 Same as R7

Rl12 Same as R9

R13 Same as R8

Rk Same as RS

R15 Same as R7

R16 Same as R9
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Table 3 (Continued)

Circuit
Reference Deseription Quantity

R17 Same as R8

R18 Same as RY

R19 —

R20 Same as R7

R21 Seme as R6

R22 Resistor: fixed, metal film 3
3o 21, Iw

R23 Resistor: fixed, metal film 2

1000 %1%, 1w

R2L Resistor: fixed, metal film h
100Kk X 1%, 1w

R25 Same as R2h

R26 Same as R2l

R27 Same as R2lL

R28 Same as R22

R29 Same as R23

R30 Same as R22

R31 Resistor: fixed, metal film 2
150Kn. * 1%, 1w

R32 Resistor: fixed, metal film 1l

120K . % 13, 1w

R33 ‘Same as R31




Table 3 (Continued)
| Circuit

Reference Description Quantity

R3L Resistor: fixed, metal film 1
10K * 1%, 1w

oL Capacitor: fixed, paper 2
1, 600v

c2 Same as Cl

c3 Capacitors fixed, paper 1
JSMF, 600V

cl Capacitor: fixed, mica 3
1000uMf, 200v

cs Same as ClL

c6-- Same as Ch

B Batterys dry 1l
6volts '

S1 Switch: SPST 1
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Experiments and Resulis

After the multiplier had been modified to operate in four-
quadrants, a model was built and tests were carried out to check its

performance.

After being balanced by the procedure outlined in Appendix II,
the multiplier wae tested. The tesis were made in two different methods.
In either of both methods the same signal (positive or negative) was
applied to the inputs of the multiplier. i.e. the multiplier was tested

as a squaring device.

The methods employed in testing the multiplier were:
1~ the application of a sinuscidel signals to both inputs and measurement
of the éutput signal. The frequency used for such test was 10Ke/s. Curve 1
of Graph 2 gives the plot of output against input of the multiplier.
2~ the application of a pulse or & square wave to hoth inputs and the
measurement of the pulse magnitude at the output. As a pulse 1s a sum-
mat.ion of a fundamental frequency and its higher harmonies, such a test
gives , although rough, a.n‘ over-all check for the multiplier performence.
Curve B of Graph 2 is 2 plot of the output versus input of ’t;he multiplier.
The employed pulse has a duration of 0.3 msec. with a repetition rate of

S msec.

Both curves A and B of Graph 2 are approximately the same and
thus it is logical ‘to assume that using pulse.signal, for testing, is a

rough check of the performance of the system.

Log-Log scalss are used to draw the curves A and B. From either

one of the curves, the equation of the multiplier, used as a squaring
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device, is a parcbolic. The equation is calculated from the linear curve

and 1t is
Z = 63x°nv (59)

where x is the input voltage in volts, and Z is the output voltage (in mv).
The equation} cou).d also be derived by using the methods described in
Appendix IIT and Appendix IV. The former gives the constant as 62.7 while

the latter gives it as 62.75.

The bandwidth of the multiplier was measured by applying a
constant low frequency signal to one of its inputs, and a variable frequency
signal to the other input. The variable frequency was changed until the
magnitude of the output magnitude reached 0i707 of its amplitude at mid
frequence. At this point, the frequency was measured to give the band-
width of the multiplier. The bandwidth was about 1.2 ¥o/S.
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SECTION L
CONCLUSION

From the feview of analog multipliers, Section 2, one can

dedube the following:

Many different methods are used to realize the operation of
multiplication. Some of the multipliers give the product of an instan-
taneous value of the multiplied quantities, while others produce the product
of the sampled values of the input quantities (Celinski and Rimawi, 1963).

Table li gives a 'tree-like' distribution of multipliers.

The variety of multipliers and their characteristics makes it
necessary for a choice of a single multiplier to examine all existing
multipliers. Therefore, Table 1 was constructed where multipliers are
classified according to their accuracy and bandwidth in order to

facilitate this task.

The experiments have been carried out on a square-law multiplier
to convertj/'\?bo a four-quadrant type (see Section 3). The results have
shown that it can bs used in the noise measurements (see Section 1) since
it has an accuracy of 1f and a bandwidth of about 1 Mg/s. Moreover, its
long-term drift iﬁ about 10 mv in eight hours. Its input voltage is
limited to £ 1 volt (peak to peak) but it can be extended by using vacuum

tubes having a wide range of parabolic characteristics.

However, the analysis of the different multipliers has shown
that the multipliers other than the one described in Section 3, can be

used as well for the same purpose. For example, a square-law multiplier




3

using a diode ring, has a sufficient accuracy, bandwidth, and inexpensive.

Its limited input range of the order of 150 mv can be considered as its

drawback.




Analog Multipliers
4
1
bdmnmmubw (Sampling) Instantaneous
r- { T 1.
Doincidence Triangular Time Sampling
wava Division
_ “ 1 . ]
| !
Absolute Limiter Maximum-value  Nonlinear Time-VYarying Elsctron Control Dynamome ter
Value Devices Devices _ System { v
- 4 l " —
Logarithmic ‘Square~law Time-Varying Variable Hall-Effect Electron Beam
L b — Resistance Gain —
Mechahical Transient Solid State Vacum Biased
Response Devices Tubes Diodes . ) _ _ i _ _
Crossed Hyperbolic Circular Square
) 1 Fields Field Beam Beam
hdn : $ bia vachm my .
Mechanical Beam Photo~-Tormer Solid Vacuum Thyrite Biased
Deflection State Tubes Diodes -
Tube Devices
] | | ] L i J—
Controlled Controlled Photo- Wheatstone Strain Thermistor Step Servo -
Nonlinear Super~ resistor Bridge Gage
Resistance Conductors
Table )} -~ Distribution of Analog Multipliers
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APPENDIX I
FRRORS IN NOISE MEASUREMENT

The a.nalyais. of the operation of the fourth method used in
noise' measurements, described in .. "Section 1", was based on ideal
components. The following analysis will be based on the assumption of a
non-ideal multiplier with the other components left ideal. The multiplier
that is described in "Section 3", will be in error when a camplete balance
is not achieved. The error of such a multiplier, with the addition of the

third order term in the current-voltage relationship is

Axy = (b3=b1)x + (b3-bp)y + (c3=c1)x2 4 (e3-c2)y2 + (d3=dy)x3 ¢ (d3-dp)y3
+ 3dgxy (x+y)

where X,y are the inputs to the multiplier, bed, are the constants of the
cascodes used in the multiplier, and Axy is the error in the product.

If this error is introduced in the equations which are derived in "Section 17,
then the noise measurement will be inaccurate. This can be shown as follows:

Equation 1-a will be

Ahp = KiKaky [203(x(8)43(£)4my(8))(x(8)5(8)ima(£)) + (b3-by)(x()ay(t)4my(t))
+ (b3=bp)(x(t)=y(t)enp(t)) + (03-61)(1(t)+Y(t)¢n1(t))2+ (e3~cp)
(x(£)=y( £ }4mp(£))24 (d3=d3)(x(t)ey(¥)4ny(£))3 #(d3=dp)(x(t)-y(t)4np(t))3
# 3yl )ay( 3907 (8) ) (x(6)-3(£)ma(£) ) (x( 814y £ o (£)ox()-y(E ng( £))]

" (1+b)
where 2Kpe3 = Ky

Then the output of the integrator will be (after dropping the zero terms

such #s the mean of a ra.ndm quantity, covariance of uncorrelated quantities,

and the third mament of quantities that are assumed to have a gaussian

probability densities):
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Kifp = Kiigly [203(x(225(8)2) + (o3m01) (x(0)243(t)2n3(£)2)

. (2-b)
-o(c3~ca)(x(t)2¢y(t)2m2(t)2):.[ »
Fér null condiiions at the output, one has
x(8)2(20342c3-01-02) = y(4)2(203-2o34c1teg) + (c1-c3)(ny(£)2)
| (Li=b)

+ (cg=c3)np(t)2

If cg=co= c3 o Ac3, where Ac3 is the unbalance in the ¢ coefficients,

then equation Li-b becomes

;(—*52(203-2%3) = 2¢3y(£)2(2+ Deafey) + Lez(ni(t)2 + np(t)2)

or x(t)2 z y()2 (1+ %;.2)/(1. A::;) o De3(na(+)2ma(£)2) (L~e)

2c3 (1-A8c3/c3)

o De
assuming -333 << 1, and using the binomial theorem, equation l-c

approximately will be

A
x(t)2 = y(t)2(1e 3-5§3) + 3(n3(t)2mny(4)2) -?53 (k=d)

Then the fractional error in reading x(t)2 is
Ay o 2803, 380 (“.L_ﬂ;L._(t)z s ap(t)2)  (rma)
c3 c3 yit

To analyse this error expression let:

(1) 222, ana (OR = 70 LK O

then the error in measuring x(t)2 is 2%

(2) -Aa? = 1%, and nl(t)2 = nz(t)2 = y(t)2

then the error in measuring x(t)2 is 3%
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JAN
Thus for at least 1¥ error in a noise measurement, the -5-3-3 = +3% on the
assumption that the background noises of the amplifiers, referred to their
inputs, are equal to the measured known noise y and the other components

of the system are idesal.
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APPENDIX II
BALANCE PROCEDURE

In the plate current expression.
ip.&#begicﬁga

the constant (a) can be identified as the d-c plate current at the operating
point, constant (b) is the transconductance, and constant (c¢) is propor-
tional to the rate of change of the transconductance. Referring to figure
46 the balance ean be achieved in the following steps:

1~ The constant "a" is balanced by shorting both inputs of the
multiplier and adjusting Rg to have zero output.

2=~ The constant "BE" can be varied by varying the lower grid of the
cascode. Thus to make the constant "b"* equal for the .three cascodes, it
is necessary to adjust the lower grid bias of the cascodes. This is done
by applying a sinusoidal signal to the x input, shorting the other, and
vayxying R to minimige the fundamental part at the output. Then the pro-
cedure is reversed by applying the signal to the y input and yarying Rg to
minimize the fundamental part at the output.

3~ The constant "o" can be varied by adjusting the bias of the upper
grid of the cascode. Thus to make the constant "c" equal for the three
cascodes, it is necessary to adjust the upper grid bias of the cascodes.
A sinusoidal signal is applied to the x input while the y input is shorted.
Then R3 is adjusted to minimige the second harmonic at the output. Then
the same signal is applied to the y input and the x input is shorted. Now
R), is adjusted to minimize the second harmonic at the output.
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APPENDIX III

The principle of least squares, which was formulated by Legendre,
may be expressed as follows:

- The most probable value of any observed quantity is such that
the sum of the squares of the deviations of the observations from this
value is the lsast. The method is used to fit a formula or a curve to a
set of experimental data. The method is applled to the following specific
example s

If the plate current of a triode is piven by
ig = a ¢+ bv ¢ cv

where iz is the actual plate current, a,b,¢ are constants, and v is the
grid signal.,

Values of i and v are assumed to be given and it is required to give the
formula that gives the best fit of such experimental data. For the best

fit, the error due to fitting must be minimized:
e = B(1 - 1a)2 . III-a

where e is the error, i is the given current, and E is the mathematical
expsctation (or average) of the quantity involved. Expanding the right
hand side of the above equation and substituting for iz, the error will

become :

e=E [é2—21(8+bv+cv2) + (a+bv+ev2)é] I1I-b

To minimize the error 'e!', its partial derivatives with respect to a,b, and
¢ should be zero. The conditions obtained from such differentiation are

the following
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%—g = <E(21) + E(22) + EE(bv-ocva)] 20 I1I-1
-%g = -E(2iv) + E(2bv2) + E[2v(a-cw?)] = 0 _ III-2
38 = -5(2iv2) » B(2ev4) + Epv2(a-tm)] = 0 I11-3

The constant, a,b and ¢ can be found by solving simultaneously the equations

1,2, and 3. The constants are given by the following relations

a = E(i) -bE(v) =oE(v2), TIT
b =8v/A, III-5
and ¢ = De/A I1I-6
where

| 1 E(v) E(v2)
A. |Ew) B(w®) B(v3) III-7
E(v2) E(v3) E(vh)

1 E(v) E(1)
Ac - |5(v) E(?) E(iv) III-8
E(v2) E(v3) E(ive)

1 E(1) E(ve)
by = |E(v) E(iv) E(v3) III-9
E(v2) E(ive)  E(vh)
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APPENDIX IV
DIFFERENCE EQUATIONS TECHNIQUE

A mathematical formula can be found to fit an experimental data
by using the difference equations means. This can be illustrated by

treating the same example used in Appendix III.

The expression iz = a + bv + cv2 will be a good representation of
a given data of i and v, if the second difference of i, Az:l. is constant.

The second difference of current is equal
Brp = By - By 1v-1

where Ain=in+1"1n Iv-2
and iy , 1, i, are two consecutive readings of i.

Using the above defined differences, the constants a,b, and ¢ can be derived

from the following relations:

b= lAi/Avl | IV-3

Va0
¢ = 3( 221/MP) | V-l

a.i‘v"o ' Iv-5
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