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Abstract

Nanophotonics is the study and technological application of the interaction of electromag-
netic waves (light) and matter at the nanometer scale. The field’s extensive research focuses
on generating, detecting, and controlling light using nanoscale features such as nanopar-
ticles, waveguides, resonators, nanoantennas, and more. Exploration in the field is highly
dependent on computational methods, which simulate how light will interact with mat-
ter in specific situations. However, as nanophotonics advances, so must the computational
techniques. In this thesis, I present my work in various numerical studies in nanophotonics,
sorted into three categories; plasmonics, inverse design, and deep learning. In plasmonics,
I have developed methods for solving advanced material models (including nonlinearities)
for small metallic and epsilon-near-zero features and validated them with other theoretical
and experimental results. For inverse design, I introduce new methods for designing op-
tical pulse shapes and metalenses for focusing high-harmonic generation. Finally, I used
deep learning to model plasmonic colour generation from structured metal surfaces and to
predict plasmonic nanoparticle multipolar responses.
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A toast to Heaviside

James Clerk Maxwell is widely regarded as the father of electromagnetic theory because
of his work integrating the discoveries of many before him, including Ampere, Faraday,
Neumann, and Lenz, to name a famous few. However, in his 1865 publication A dynamical
theory of the electromagnetic field [1], Maxwell published 20 equations, unrecognizable to
the modern reader. Thus, I believe the title of father must be shared with a name rarely
taught to students in an electromagnetism course.

Indeed, the four famous equations were introduced to the world through an (at the
time) relatively unknown contributor to The Electrician, a London-based weekly trade
journal. It was Oliver Heaviside who, through a series of publications beginning in 1884,
introduced the world to Maxwell’s equations in vector form [2], as we know them today
(written here in modern notation, including magnetic conduction current and magnetic
charge 1)

VDt = p. ()
V- B(r,t) = pm, (2)
-V x E(r,t) = G(r,t) + aa—]?, (3)
V x H(r,t) :J(r,t)—i—%—]t). (4)

Maxwell is a rock star, but only because Heaviside was an excellent producer. After a
decade of studying physics, I still get excited when I see Maxwell’s equations listed at the

'Heaviside acknowledged that there are probably no magnetic charge/conduction currents, however,
insisted on their presence in the equations for completeness and symmetry [3]. T present them here as an
homage.
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beginning of a paper; now, that’s art.

With this knowledge, I now owe Heaviside a debt of gratitude. My fascination with
computational nanophotonics and electromagnetism generally hinges on the fact that it’s
just four memorable equations. If you can write software to solve these equations, you can
simulate light and its interactions. With such power, it’s hard not to become impassioned.

X1v



Chapter 1

Introduction

Photonics is a branch of optics interested in generating, detecting, and manipulating
light [1]. This definition is broad, and the field may even seem broader from within. Pho-
tonics is more colloquially seen as the practical application of optics, using light for various
applications, including microscopy, spectroscopy, holography, fibre optics communications,
lasers and photon sources, optical computing, photovoltaics (solar energy), medicine, vir-
tual and augmented reality, to name a humble few. The name photonics is a not-so-
uncommon misnomer in physics, as photons are not always involved. Much of photonics
research and development assumes the wave nature of light, which pre-dates quantum me-
chanics, as is the case in most of this thesis.

A new branch of photonics research has grown in popularity over the last few decades
as fabrication and imaging technologies have matured enough to explore light-matter in-
teraction at extreme scales. Nanophotonics is the study of photonics at the nanoscale,
interested in the interaction of light with material structures whose length scales are less
than the wavelength of optical light (A ~ 500 nanometers). Using scanning probe tech-
niques, optical tweezers, high-resolution electron microscopes and lithography tools, fo-
cused ion-beam milling systems and more, we can measure, fabricate, and manipulate
nanometer-scale structures with unprecedented precision [5]. However, interest in nano-
optics has been around for a while. As described in the upcoming sections, many pioneer-
ing works of nanophotonics, especially regarding thin-film optics, plasmonics, and quantum
confinement research, were conducted as far back as the 1960s. Moreover, principles un-
derlying nanophotonics, such as the scattering of light waves from particles and near-field
microscopy, date back to 1908 (Mie) [6], and 1928 (Synge) [5] respectively.



As discovered by Ernst Abbe in 1873 and Rayleigh in 1879, an upper bound is set
on the resolution of any optical system due to diffraction; this is the so-called diffraction
limit, which is typically given as the wavelength divided by 2 (though this value varies
depending on how it is derived and depending on the numerical aperture of the system).
As light travels through space, it loses information through evanescent waves. As a result,
we lose information regarding the smallest features of the light source, details whose sizes
are below the diffraction limit. A similar limit exists for focusing light as well.

Thus, some of the primary interests of nanophotonics are the generation, detection, and
focusing of light at the nanoscale. Enhancing these processes involves light confinement,
achieved via dielectric waveguides (wires for light), resonators, surface plasmons (electron
waves on a metal surface), localized surface plasmons (electron waves on a metal nanos-
tructure surface), nanoscale apertures (nano-holes), to name a few avenues. Waveguides,
for example, guide light using the principle of total internal reflection, similar to how a
copper wire guides an electronic current. Waveguides thus enable the creation of circuits
to perform computations with light (i.e. photonic neural networks). As another example,
surface plasmons confine electromagnetic energy into nanoscale regions at the interface
between metals and dielectrics. The intensity of the confined field is usually much stronger
than the incident electric field resulting in electromagnetic hotspots that enhance the ef-
ficiency of optical processes like absorption and emission. Plasmonics becomes useful for
quantum emitters and detectors (e.g. fluorescent molecules and quantum dots), which are
much more likely to emit/absorb photons if placed in the hotspot of a suitable plasmonic
nanostructure.

In nanophotonics, the wavelength of light and the features it interacts with have com-
parable length scales. Because of this similarity in length scale, the geometry of a nanopho-
tonic system, the distribution of materials that make up the system, determines how the
light will respond to it. For example, in the case of a dielectric ring resonator, the circum-
ference determines the resonant wavelengths. The resonance requires constructive inter-
ference of the wave in the ring, and thus resonant wavelengths must be the circumference
divided by an integer, as in a whispering gallery. As another example, photonic crystals
consist of a periodic arrangement of nanostructures whose collective scattering properties
prevent the transmission of frequency bands of light (analogous to electronic band gaps
in semiconductors) and can be used as mirrors to confine light to nanoscale geometries.
The shape, size, and distribution of the meta-atoms (nanostructures) that make up the
photonic crystal determine which frequency bands are effectively confined. The strong
geometric dependence of nanophotonic systems is the driving force behind a new branch of



study called inverse design, which seeks the optimal geometry of an optical system given
the desired objective. Instead of using human intuition to design optical systems from sim-
ple components (e.g. a ring resonator), inverse design uses advanced algorithms (including
artificial intelligence) to design compact, non-intuitive nanophotonic devices that perform
the desired function.

Plasmonic particles (small metal particles) also have geometry-dependent optical reso-
nances such that the light will be much more confined to the particle surface at the resonant
wavelengths. The resonant wavelengths depend on the shape and size of the particle. If
a particle’s size is increased by a small amount, its resonant wavelength is also expected
to increase. A spectacular demonstration of this physics is plasmonic colouring, where
metal nanostructures generate colours by absorbing selected wavelengths of white light.
The colour generated depends on the geometry of the nanostructures involved. Thus, plas-
monic colours are tuneable; we can design plasmonic systems to generate a desired colour.
An example of this technology is the Roman Lycurgus cup (created around the 4th century
CE), made up of glass infused with gold and silver nanoparticles giving it a dichroic effect;
the glass colour appears red if the light transmits from within the glass and green if the
light reflects from the glass. Likely without knowing it, the Romans had found an early
application of nanophotonics.

The ability to control light at the nanoscale has many applications. As discussed earlier,
the diffraction limit restricts the resolution of far-field microscopy (the classic lens-based
systems). Nanophotonics has enabled the detection of optical near-fields using plasmonic
metal tips, thus capturing fields and features that would be lost to propagation. On a
larger scale, by arranging nanoscale features cleverly on a flat surface, we get metasurfaces
- flat optical devices (< 1000 nm thick) that can behave as bulk optical devices such as
lenses and gratings but in a much more compact form factor (i.e. metalenses and meta-
gratings). Nanophotonic computing is also promising to replace electronic computers for
simple tasks. Using integrated photonic circuits which confine light to waveguides, light
travels through a series of on-chip photonic elements (couplers, resonators, modulators,
etc.) that solve a mathematical problem. Nanophotonics also lends itself well to applica-
tions in sensing. Along with geometry, nanophotonic systems, especially resonant ones, are
sensitive to changes in the ambient refractive index and can thus be used to sense changes
in analyte concentrations.

Evident from this discussion is the necessity of sophisticated computational methods in
nanophotonics. In much of computational nanophotonics (including this thesis), sophisti-
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cated full-wave electromagnetic simulations are required. These simulations directly solve
Maxwell’s equations without simplification for arbitrary nanophotonic systems, enabling
the exploration of non-trivial geometries. For example, the scattering properties of non-
spheroidal particles generally do not have a simple solution. Full wave simulations enable
researchers to simulate electromagnetic waves interacting with anything resolvable on the
computation mesh (the discrete solution points). These simulations also enable inverse
design, as they allow for Maxwell’s equations to be solved for such non-intuitive struc-
tures and, thus, the extraction of the electromagnetic gradients. As a final example of the
use of computational nanophotonics, simulations are useful in determining the geometric
composition of sub-diffraction-limited systems. The diffraction limit hinders the optical
characterization of nanoscale objects, but reverse-engineering the far-field spectral data
using simulations can present invaluable insight.

One of the most (if not the most) used Maxwell’s equation solver is the finite-difference
time-domain (FDTD) method which solves the equations on a rectangular grid at discrete
points in time using the data from the previous timestep. FDTD’s rectangular grid and
time-stepping nature make its implementation on large-scale computing platforms rela-
tively simple and ease the investigation of complex material models, which can be solved
on the same grid with the same time-stepping algorithm in parallel. The FDTD method
is thus the primary computational tool in this thesis.

These paragraphs have given a glimpse into the world of nanophotonics with a less
intensive light before exploring the work conducted in my graduate studies. As is evident
above, there is a lot to explore in this diverse and growing field, and I have been lucky in
the past several years to have been able to touch many different aspects of nanophotonics
from a theoretical and computational perspective. I wish to write all I have learned, but
not all projects made it through the investigation phase and thus are omitted. The follow-
ing sections introduce the subjects behind the research presented in later chapters.

The outline of the thesis is as follows. In the remainder of Chapter 1, we introduce
the topics covered in the thesis by dividing them into three categories, plasmonics, inverse
design, and deep learning, and review the relevant literature in each. After each topic
review, I briefly discuss my work and its relevance in the context of the literature. Chapter
2 provides an overview of the essential methods underlying the thesis work, including
an introduction to the finite-difference time-domain method, computational modelling for
linear and nonlinear optical materials, inverse design methods, and deep learning. This
chapter is meant to provide a detailed basis for the work covered in the subsequent chapters
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and provides resources for readers interested in replicating the subject material. Chapters 3
through 7 constitute the body of the thesis, each containing a self-authored, peer-reviewed
and published article. Each chapter begins with a high-level introduction to the paper, the
inspiration/story behind the work, and a brief discussion of possible future work. Chapter
8 contains unpublished work that, although not formally peer-reviewed, has been presented
at conferences. Finally, concluding remarks are provided in Chapter 9.

1.1 Nonlinear and nonlocal plasmonics

1.1.1 Introduction to Plasmonics

When light of a given frequency is incident on a metallic nanostructure (embedded in a
dielectric), the free electrons oscillate back and forth at the same frequency due to the
force caused by the electric field. This process is illustrated in Figure 1.1, where on top, we
illustrate the time evolution of the charge distribution in a circular gold particle irradiated
by an electric field Ey(t). At the peak of a half cycle, a net negative charge forms at the
structure’s surface (blue shading), and on the opposing surface, a net positive charge is
induced (red shading). In the next half cycle, these surface charges switch. This charge
oscillation results in a (primarily) dipolar scattered field. The buildup of free charges at the
structure’s interface can result in near-fields that are much more intense than the incident
field; these electromagnetic hot spots are illustrated in the inset of Figure 1.1.

The coherent oscillation of electrons at the metal-dielectric interface (more accurately
between a material with a negative permittivity and a material with a positive permittiv-
ity [0]) is called a surface plasmon [7]. A localized surface plasmon (LSP) refers to a surface
plasmon occurring on the surface of a localized structure (a nanostructure) as illustrated
in Figure 1.1. Although surface plasmons need not be localized, the plasmonics work pre-
sented in this thesis focuses on LSPs which can be excited directly with light, as opposed
to planar surface plasmons, which require momentum-matching to be optically excited [7].

LSPs are resonant phenomena, and the local field enhancement is maximized at the
LSP resonance (LSPR) frequency which depends on the nanostructure’s shape, size, ma-
terial, and ambient medium (see chapter 12.1.1 of Ref. [5] for an intuitive explanation).
For this reason, plasmonic particles are typically referred to as tuneable as we can design
them to resonate at a desired frequency via their shape/size [3,9] or by changing the envi-
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Figure 1.1: Top figure: Circular gold nanoparticle in a time-varying electromagnetic field.
The force between the free charges in the gold particle and the electric field causes the
negative electrons to gather on one surface, creating a net positive charge on the other.
The charge oscillates at the same frequency as the field resulting in a dipolar emission
pattern. Inset: The charge accumulation at the particle interface can lead to large field
enhancements (electromagnetic hot spots) at the particle interface, especially when the
frequency matches the localized surface plasmon resonance.



ronment [10, 11].

The strong near-fields generated at the interface of plasmonic nanostructures near their
LSPR have seen applications in several fields (see Ref. [12] for a comprehensive review).
Of significant interest to this thesis are applications in nonlinear optics where plasmonic
structures are used primarily in two ways, 1.) to enhance external nonlinear optical pro-
cesses, and 2.) to generate optical nonlinearities [13].

1.1.2 Nonlinear plasmonics

Nonlinear optical processes are inherently weak and require intense optical fields to pro-
duce measurable effects. In the perturbative nonlinear optical description (for sufficiently

weak fields), the n'® order nonlinearly generated field strength E™  scales with the nth

nonlin
power of the incident electric field strength, fﬁzﬂm ~ (Eine)". By adding plasmonic par-
ticles to a weak nonlinear medium, we can generate strong fields E},,; inside the nonlinear
medium, thus enhancing the nonlinear generation in the hotspots of the particles. It is
typical to expect the LSPR hotspot to have ~ 10x the intensity of the incident beam,
(Enot)?> ~ 10(Eip.)?. In the perturbative description, the n'® - order nonlinear intensity
(generated in the hotspot) would be expected to be ~ 10" times stronger than without the

plasmonic particle present, (E™ )2~ (Epot)®™ ~ 10™(Ejpe)*™.

nonlin,hot

In 1981, Chen et al. demonstrated this nonlinear enhancement by measuring second
harmonic generation (SHG) from smooth and rough (nanostructured) metal films. The
nanostructured films generated an SHG signal up to four orders of magnitude higher than
the smooth films [11]. More recently, Vampa et al. used gold monopole nanoantennas to
enhance high harmonic generation (HHG) from silicon surfaces [15]. Although the detected
signal was enhanced by a factor of only 5 - 10 compared to non-nanostructured silicon, they
claim that the HHG emission density is 3 — 4 orders of magnitude greater in the plasmonic
hotspots than elsewhere on the surface.

On the other hand, metals exhibit strong optical nonlinearities; thus, metal particles are
commonly used as the source of optical nonlinearities with a self-enhancement effect [16].
Furthermore, for odd-order nonlinearities, the bulk nonlinear susceptibility of metals is
much larger than traditional nonlinear crystals [17]. As for even-order nonlinearities, they
are said to be absent in centrosymmetric media (like plasmonic metals); however, due to
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symmetry breaking at the surface of metallic nanostructures, and non-dipolar contribu-
tions to the bulk nonlinear optical response, strong even-ordered nonlinearities can also be
generated from metals [18]. Furthermore, nonlinear emission from plasmonic nanoparti-
cles can be self-enhanced by designing particles to be asymmetric [19-21], maximizing the
surface area [22], and engineering the LSPR to coincide with the pump and (or) nonlinear
wavelengths [23, 21].

That said, to design nonlinear plasmonic systems, we have to be able to model them.
For this, we turn to the hydrodynamic plasma model, where the free electron system in
a metal is treated as a continuous fluid. The hydrodynamic description of free electrons
dates back to the work of Felix Bloch in 1933 [25] and was used by Rufus Ritchie in his
theoretical prediction of surface plasmons in 1957 [26]. The model was finally applied to
theoretically study SHG from metal surfaces in 1980 [1%]. Since then it has become the
standard classical model for simulating free electron nonlinearities in metals [13,27-30].

Chapter 4 uses the hydrodynamic plasma model to validate the experimental and theo-
retical study of SHG emission from metasurfaces of asymmetric gold nano-prisms on glass.
To the best of our knowledge, this paper shows the first-ever quantitative comparison be-
tween the numerical solution of the hydrodynamic model and experimental measurements,
with remarkable agreement. Finally, in Chapter 5, we derive a model for the optical
properties of epsilon-near-zero (ENZ) conductive oxide films. These materials have metal-
lic optical properties; however, their high doping concentration results in the electronic
temperature dependence of the permittivity, which changes rapidly under ultrafast pulse
irradiation. The near-zero permittivity of the conductive oxide film enhances this nonlin-
earity when TM-polarized light is incident on the film due to the interface conditions of
Maxwell’s equations. This permittivity shift can change the ENZ medium from behaving as
a reflective metal to a transparent dielectric. These so-called time-varying materials drive
the novel field of time-varying/active photonics and the popular concept of time crystals.

1.1.3 Nonlocal plasmonics

Not only has it found use in nonlinear plasmonics, but the hydrodynamic plasma model is
also applied to linear optics in the case of extreme nanoscale plasmonics (i.e. for structures
with size < 10 nm). On such scales, we can no longer assume that the charge is restricted
to the surface (as a surface charge density) but must account for charge-smearing effects



near the surface (as a volume charge density). As a result, the optical response of elec-
trons in such small structures depends on the electromagnetic field distribution rather than
the local field; our classical plasmonic material models need to be revised at such scales.
Models that only account for the local field use the local response approximation (LRA),
analogous to the dipole approximation. Plasmonics with extreme nanoscale features is thus
the realm of nonlocal plasmonics [37] due to the nonlocal response of the free electrons.

This sub-field of plasmonics began with the prediction of optically-excited longitudinal
plasmon resonances in thin metallic films in the late 1960s [38] and experimental realization
in the early 1970s [39,40]. In these studies, the primary characteristic noticed is the exis-
tence of optically excited resonances above the plasma frequency, attributed to longitudinal
modes in the thin films. These optically excited longitudinal modes are not supported in
the LRA, where charges are restricted to the film surface resulting in a strictly transverse
electric field. Another late 1960s discovery involved the seeming change in the refractive
index of small silver spheres attributed to the change in electron mean-free path in such
small particles [11]. In 1973, Ruppin theoretically studied the optical properties of small
plasma spheres (an extension of Mie scattering theory [0,412]) by allowing for longitudinal
modes inside the bulk, again demonstrating the existence of longitudinal resonances above
the plasma frequency [13,11]. Part of the discovery of Ref. [11] was further validated in
the 1990s when it was shown that LSP resonances of small plasmonic particles blueshifted
and the linewidths increased with decreasing particle size [15,16], an effect that has been
further demonstrated in the 2000s using optical and electron energy loss spectroscopic
measurements [17,18]. This blueshift and increasing linewidth with decreasing particle
size are inconsistent with our classical understanding since particles whose sizes fall within
the quasistatic limit (i.e. the particle size is much smaller than the wavelength) have size-
independent resonance frequencies.

These discoveries all point to an unaccounted-for effect in our classical modelling of
plasmonics when it comes to the extreme nanoscale. Longitudinal modes mean a non-zero
volume charge density inside the bulk. Indeed, most of the nonlocal plasmonic discoveries
are accounted for by the existence of the electron pressure of the hydrodynamic model,
which depends on the volumetric charge density distribution. Initially, this was dealt
with by introducing nonlocal permittivity functions which account for spatial dispersion
as introduced by Hopfield and Thomas in 1963 [38,19-53] or through the solution of the
hydrodynamic model for simple systems [54-50].

The early-2000s saw an emergence of interest in nonlocal plasmonics, mainly due to



increased capabilities in fabrication technology and the ability to numerically simulate plas-
monic systems with unprecedented resolution; we can solve the hydrodynamic model in
plasmonic nanostructures with small enough features to host nonlocal effects. For example,
in 2009, McMahon et al. were able to observe nonlocal plasmonic effects in 2D cylinder
and triangular nanowires using the hydrodynamic plasma model in FDTD [57], extending
this to 3D the next year [58,59]. Several numerical studies followed this foray [17, 60-60]
where Maxwell’s equations and the hydrodynamic model are solved primarily using finite
element methods. The papers using the hydrodynamic model were able to show the hall-
marks of nonlocal plasmonics, including the blue shift of the LSPR [17] and longitudinal
resonances [00]. However, the increased resonance linewidth was not accounted for beyond
phenomenological corrections to the damping coefficient [11].

That was until the development of the Generalized Nonlocal Optical Response (GNOR)
model by Mortensen et al. in 2014 [67]. This model was derived from the hydrodynamic
model but accounts for diffusion dynamics of the induced charge density and electronic
pressure and demonstrates the effects of nonlocality, including the increased resonance
linewidth. Since then, the model was applied to study plasmonic particle ensembles [65],
plasmonic enhancement of quantum emitters [69, 70], hybrid plasmonic-quantum dot sys-
tems [71], plasmonic lasers [72], Forster resonance energy transfer in the vicinity of metallic
nanospheres [73], and highly confined gap plasmon modes [74], to name a few examples.
However, until 2021, this model had yet to be implemented in FDTD.

Furthermore, the FDTD implementation of the hydrodynamic plasma model by McMa-
hon et al. (mentioned above) was based on an erroneous mathematical approximation
which caused spurious resonances both above and below the plasma frequency [60]. In-
deed, until our 2021 paper [75] nobody had reported a correct FDTD implementation of
the nonlocal hydrodynamic model, nor the GNOR model due to the computational load
involved for 3D structures. Moreover, as electronic smearing occurs within a Fermi wave-
length of the surface (~ 0.5 nm for plasmonic metals), significantly high resolutions are
required to resolve these effects. Thus, these simulations require prohibitive amounts of
memory and time [70].

The uOttawa Computational Nanophotonics research group specializes in large-scale
electrodynamics simulations due to our state-of-the-art FDTD software capable of scaling
linearly on thousands of CPUs [77]. Our FDTD implementation of the nonlocal hydrody-
namic and GNOR models is the subject of Chapter 4 of this thesis.
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1.2 Inverse design in nanophotonics

Typically in nanophotonics, designs for systems (i.e. metasurface unit cells, photonic crys-
tal cavities, nanostructure geometry, etc.) are conceived using intuition-based design, or
forward design. In this strategy, a potential device is typically composed of highly sym-
metric structures with known optical responses. A small number of parameters are tuned
to achieve the desired functionality. This forward design method is simple in principle but
limited in scope. Indeed, there is no reason the optimal device comprises simple, human-
chosen components. Recently we have seen an interest in expanding the feasible design
space using computational methods. Some of these methods seek to find a design that
maximizes an objective function, allowing an optimization algorithm to perform the de-
sign process. We refer to these objective-first methods as inverse design. In forward design,
the human designer is restricted to their imagination and time; how many arrangements
of how many shapes can be tested in a reasonable amount of time? In inverse design, we
are limited only by the methods we use and the restrictions we place on the problem; are
we using a gradient-based or evolutionary approach, how do we parameterize our design,
and what feature scales are permitted?

In nanophotonics, with its strong geometric dependence, we deeply understand the in-
terest in inverse methods for geometric design. By allowing a computer to optimize the
sub-wavelength geometry of a nanophotonic system, we can achieve unprecedented control
over the confinement and flow of electromagnetic waves using previously unimaginable de-
vices.

We, therefore, see it applied even in the nascent years of modern nanophotonics research
(the late 90s), seemingly as a continuation of the use of optimization algorithms to optimize
diffractive optics [78-82]. To the best of my knowledge the first nanophotonics application
of inverse design was in 1998 by Spiihler et al. who used an evolutionary algorithm to
design a spot-size converter (a.k.a a fibre-waveguide coupler) [33]. They discretized their
design region (along the waveguide direction) into equal segments (of length L ~ 3 pum)
and optimized the width of the silica waveguide in each. These segments naturally allowed
for a grating-like structure with a compact form factor. A year later, Cox et al. used a
gradient descent algorithm to maximize photonic bandgaps in 2D photonic crystals using
an early form of density optimization [34,85]. Felici et al. used a similar approach as
Spiihler to design waveguide tapers (i.e. discretizing the taper in the propagation direction
and tuning the width of each segment), using numerical finite differences and gradient de-
scent and applying regularization to reduce the solution space to only stable solutions [36].
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As a final example of early nanophotonics inverse design, in 2005, Preble et al. used an
evolutionary algorithm to design 2D photonic crystals with large photonic bandgaps [37]
by tuning the individual pixels of a 32x32 square grid. This method of grid-based devices
foreshadowed the current state-of-the-art inverse design — adjoint topology optimization.

In topology optimization, device design determines the optimum binary distribution
of matter to accomplish a desired task. For example, consider designing a bike frame by
determining the optimal distribution of aluminum and air that minimizes weight and air
resistance. In nanophotonics, this typically means finding a binary permittivity distri-
bution €(r) = [g1 or &5] to optimize some electromagnetic quantity. Adjoint sensitivity
analysis (colloquially referred to as the adjoint method) provides a way to calculate how
sensitive an objective function is to a perturbation de(r). This sensitivity (the gradient
of the objective function) provides a map to guide the optimization algorithm. In most
implementations, £(r) is initially allowed to take on any value between e; and ey and is
gradually forced towards a binary distribution during the optimization process. Chapter
2.3 of this thesis covers the mathematics and details behind adjoint topology optimization.

Adjoint topology optimization was introduced to nanophotonics in 2004 through the
works of Jensen, Sigmund et al., where the adjoint method is used to maximize transmission
through photonic crystal waveguide bends [33,89]. In the same year, Burger et al. wrote a
review on inverse methods for photonic crystals, and they introduced the idea of level set
optimization for photonic crystals [90]. The level set method is a special adjoint topology
optimization method that parameterizes the binary permittivity distribution e(r) = [¢1 or
£59] as a continuous function known as the level set function L(r). The function is positive for
one medium L(r) > 0 = ¢(r) = £1, and negative for the other L(r) < 0 = ¢(r) = &9,
and thus interfaces are the zeros of the function L(rnterface) = 0 [91,92]. The gradient of
the objective function with respect to the level set function is calculated using the adjoint
method and used to optimize the level set function. The benefit of such a method is that
the distribution e(r) remains binary while being optimized.

Jensen, Sigmund et al. continued their work with adjoint topology optimization, using
it to inverse design a low-loss photonic crystal waveguide T-junction, introducing the con-
cept of filtering to avoid fine feature sizes [93]. In addition, the co-authors of Ref. [90] used
the level set method to inverse design 2D band structures with unforeseen bandgaps [94].
At the same time, Jiao et al. also presented an adjoint-based approach for designing pho-
tonic crystal structures, using Wannier basis functions to expand their fields, and thus
providing an efficient, semi-analytical method for extracting the gradient of the objective
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function with respect to perturbations in the photonic crystal structure [95,96]. A review
of early adjoint-based design works in nanophotonics is found in Ref. [97].

The early 2010s saw inverse design applications in integrated silicon photonic circuits.
These devices require the use of vectorial full-wave simulations to determine the objective
functions as well as the sensitivities. In the case of these waveguide-fed devices, objective
functions can (usually) be parameterized by the mode coefficients, and thus the adjoint
method is well suited.

In 2013 Lu and Vuckovi¢ introduced their generalized inverse design method, using a
mixed procedure of continuous topology optimization followed by further tuning via a level-
set approach [98]. They used a finite-difference frequency-domain electromagnetic solver to
evaluate the electromagnetic problem at each optimization iteration. They demonstrated
their method by designing many on-chip mode and wavelength-splitting devices. In the
next two years, they were successful in designing and fabricating a demultiplexing grating
coupler [99], an on-chip wavelength demultiplexer [100], and a 3-channel wavelength mul-
tiplexer [101]. Also in 2013, Lalau-Keraly et al. demonstrated level-set optimization using
Lumerical FDTD, the first demonstration of this type of inverse design using a commercial
FDTD solver (to the best of my knowledge) [102]. They demonstrated this by designing
a Y-branch silicon waveguide splitter, an example used by Lumerical to this day [103].
Finally, Shen et al. used topology optimization to inverse design and fabricate the (at the
time) smallest polarization beam splitter [10].

Inverse design has recently been applied to designing metasurfaces and flat optics. For
example, in 2017, Sell et al. demonstrated the use of adjoint topology optimization on
multi-functional, periodic dielectric metasurfaces [105, 106]. In the following year, Pes-
tourie et al. demonstrated the inverse design of aperiodic metasurfaces using a series of
approximations that simplify the forward problem to a fast semi-analytic procedure [107].
Backer generalized this procedure to cascaded meta-optic systems using Fourier optics
to propagate light between each metasurface [103]. Finally, in 2022, Skarda et al. used
a GPU-parallelized transition matrix method to design millimetre—sized, nanophotonic
metasurfaces [109)].

Inspired by some of the later publications, I slowly learned how the adjoint method
worked and the intricacies involved throughout my graduate studies, implementing the
approach in our in-house FDTD software. In my final years of study, I found potential
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applications to inverse design in my research. In Chapter 6, we apply the adjoint method
to the problem of designing optical pulse shapes for propagation through time-varying
media. These materials’ transmission /reflection properties depend on the temporal shape
of the incident optical pulse. Thus computational design can be applied to maximize the
transmittance (for example) through such materials via pulse shaping. To the best of our
knowledge, this is the first time the adjoint method has been applied to design pulse shapes.
Finally, in Chapter 9.2, I show my unfinished work in a project that seeks to inverse design
metalenses that focus light generated by solid-state HHG. We consider three approaches;
using finite differences to approximate sensitivities, using automatic differentiation in the
simulations for the automatic extraction of sensitivities, and using the adjoint method with
a slight extension to account for the optical nonlinearity.

1.3 Deep learning for nanophotonics

The last decade has witnessed a paradigm shift in the computational sciences. Machine
learning is the field of study devoted to understanding and developing algorithms that
learn from data [110]. These algorithms seem mystical from a user perspective, but they
are simply mathematical manipulations of the input data, resulting in some output. For
example, the image of a dog (an array of numbers representing the colour of each pixel) can
be fed into such an algorithm, which will apply algebraic manipulations to the image and
output the label “dog.” This extraordinary ability to find complex relationships between
input-output data makes (supervised) machine learning an excellent tool for advanced
curve fitting, which remains one of the simplest and ubiquitous applications of machine
learning in modern physics research. That said, the creativity of researchers is boundless
when applying new tools to their problems, and machine learning and its underlying ma-
chinery are no exceptions.

Machine learning covers a vast landscape of methods, from simple linear regression to
self-learning agents. In general, however, machine learning involves gradually adjusting
the fitting parameters of a model to reduce an error function. In this way, the computer
gradually learns the data — the algorithm finds the parameters that minimize the differ-
ence between the output and the original data. The word learn is being used loosely here.
However, the term becomes slightly less loose when we focus on algorithms that attempt
to model the brain or, at least, neural connections.
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Deep learning is a subfield of machine learning where the model is a multi-layered
(deep) artificial neural network. These networks are mathematical models based on bio-
logical neurons and their connections. Numerical data is fed into the network, and each
artificial neuron performs a nonlinear operation on the data it receives, passing it on to
the next artificial neuron in the net. The output of the network is thus the sum of many
nonlinear manipulations on the data. The learning process involves tuning the parameters
in each artificial neuron to match the network’s output to a desired result.

The use of artificial neural networks in photonics dates back to the 1990s during the
second surge of Al research (the first surge peaking in the 1960s, and the third surge is
occurring now), where researchers applied it to tasks such as fitting effective permittivity

of microstrip lines [111], spectroscopic data reduction, correction and interpretation [112],
modelling and optimization of microwave integrated circuit components [113,111], and di-
rection finding for phased arrays [ 15], to name a few.

The most recent surge in Al research started in the early 2000s, with the maturing of
computational technologies and advanced algorithms that made training deeper networks
more efficient [116]. At this time, the importance of the DNN depth became realized;
deeper networks are generally more accurate than their shallower counterparts. Simple
networks worked for microwave photonics due to the abundance of available data (the
physics is well known, and computational methods were quite mature) and the ability to
decompose device models into a handful of variables [117]. As a result, shallow networks
provided a flexible curve—fitting tool to replace less-efficient computations.

On the other hand, nanophotonics was in its infancy. The growth of nanophotonics
theory depended on the growth of computational power due to the complex nature of
light-matter interaction at the nanoscale. At the nanoscale, devices feature high disper-
sion and sub-wavelength features, and the computational power required to model these
devices accurately only came in the early 2000s. Therefore, we expect networks required to
model such complex systems to be deeper and more extensive than those used in the 1990s.

It took two decades for computational power to reach the level where we could train
DNNs with millions of fitting parameters compounded by the development of robust paral-
lel computing architectures in modern graphics processing units (GPUs), enabling orders of
magnitude speed-up in computations. Finally, Al was open to the broader scientific com-
munity via open-source code packages enabling high-level development of DNNs without
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knowing the low-level computational details. For example, most of these packages have
backpropagation and optimization algorithms built in, so the user only needs to define
the network architecture and call a function to train it. These packages include (but are
certainly not limited to) Tensorflow (2015), Pytorch (2016), Keras (2015), OpenNN (date
unknown) and Scikit Learn (2010 — though DNN support came later).

With the metaphorical stars aligning, DNN applications to nanophotonics research be-
gan exploding around 2018. One ground-breaking piece came from Malkiel et al. who
demonstrated a bidirectional DNN trained to, in one way, predict the reflection spectrum
of a metasurface composed of H-shaped metallic nanostructures and, in the other way,
generate an H-shaped metallic particle for a desired reflection spectrum [l 18]. Another
example comes from Liu et al., who tackled the inverse design uniqueness problem by
training an inverse design network using a pre-trained forward network. They applied
their architecture to thin film stacks wherein the transmittance of a stack can be predicted
(forward), or the film-stack parameters can be generated for a desired transmittance spec-
trum (inverse) [119]. Ma et al. also used bidirectional networks trained to predict the
spectral response of chiral plasmonic metasurfaces under irradiation from three circular
polarization states and solved the inverse problem [120].

As a final example of high-impact contributions from 2018, Peurifoy et al. used
neural networks to predict the scattering cross-section spectrum of multilayer dielectric
nanospheres [121]. As one might expect, given the trend, the inverse problem is also
solved; however, this time, not by more neural networks. DNNs are differentiable; we can
calculate the gradient of the network’s output with respect to all the fitting parameters.
Similarly, the derivative of the neural network’s output can be backpropagated to the neu-
ral network’s input layer, an underrated revelation. This is the gradient of the output
of the DNN with respect to the input. Given this gradient, one can use gradient-based
optimization algorithms to optimize the width of the dielectric layers given a desired spec-
trum. This paper is specifically highlighted here because (to the best of my knowledge)
it is the first paper using an automatic differentiation scheme for inverse design, although
not explicitly mentioned.

A common theme in these papers is the size, depth, and complexity of the networks
presented in these publications. These vast networks further illustrate the complex rela-
tionships in light-matter interaction at the nanoscale. The amount of data required to
train the network accurately is tremendous, requiring thousands to tens of thousands of
simulations to generate the necessary data.
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These early papers predicted two of the main applications of DNNs in nanophoton-
ics even to this day, simulation replacement and inverse design. Even now, 3D full-wave
simulations can take hours or days, whereas a pre-trained DNN typically produces results
within a second. Furthermore, conventional inverse design algorithms can require hundreds
or thousands of simulations to converge on a result that is not guaranteed to be a global
optimum nor to provide desired performance. Although DNNs do not provide these guar-
antees, the data-based approach makes it more likely (we are not traversing the parameter
space blind), and failure to produce a desirable result takes orders of magnitude less time
to realize.

In 2019, Sajedian et al. published two papers illustrating the motion of the DNN-
nanophotonics field toward more complicated deep-learning algorithms [122, 123]. In Ref.
[122], deep Q-learning (reinforcement learning) was used to optimize the geometry of sili-
con nanodisks on a Si3N4 substrate to produce a desired colour when illuminated by white
light. At the time, deep Q-learning had become a popular topic in deep learning commu-
nities because of its ability to self-learn (the DNN learns what steps to take to accomplish
a task). It was commonly applied to train bots to beat video games. In Ref. [123], the
authors used convolutional neural networks to predict the absorption spectrum of silver
plasmonic particles on glass. This time, instead of parameterizing the system into a hand-
ful of values, an image of the nanoparticle was fed to the network, with the output vector
being the spectrum.

In this thesis, I present two projects that harness deep learning for nanophotonic de-
sign. In Chapter 8, we train DNNs to predict reflected colour from random plasmonic
metasurfaces and solve the inverse problem. This work, published in 2019, was part of the
initial AI boom in nanophotonics research, where DNNs were used to make predictions
on a parameterized dataset. In Chapter 9.1, we take this further and train convolutional
neural networks to predict the multipole scattering coefficients of plasmonic particles from
pictures of their geometric cross-sections. This work remains unpublished outside of con-
ference publications [124].
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Chapter 2

Methods

This chapter covers the methods used to accomplish the work in this thesis. These include
the FDTD method, plasmonic material models and their implementation in FDTD, the
hydrodynamic plasma model and its solution, inverse design, adjoint sensitivity analysis,
and deep learning. References are provided to fill in details that are not relevant and
thus not included in the text. Furthermore, the subsequent chapters each include unique
method details, and they may be excluded here.

2.1 The FDTD method

In 1966, Kane Yee revolutionized the study of electromagnetism through his famous Nu-
merical Solution of Initial Boundary Value Problems Involving Maxwell’s FEquations in
Isotropic Media [125]. The algorithm he introduced is now called the finite-difference
time-domain (FDTD) method and was the first numerical solver of Maxwell’s equations in
the time domain. I specify time-domain as the method of moments was introduced in the
same year [120].

FDTD enabled the ability to solve Maxwell’s equations for arbitrary systems within
computational limits. Unfortunately, these limits were quite restricting, as remarked by Yee
himself, who kept the examples to 2D. As a result, FDTD-related publications remained
sparse until the mid-1980s to early 1990s [127]; the acronym itself only being introduced
in 1980 by arguably the fun step-father (or favourite uncle) of FDTD, Alan Taflove [125].
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In 1995, Taflove published the first edition of the most comprehensive text on the FDTD
method, revising it every five years. In the third edition (2005), Taflove introduces an in-
vited chapter on hardware acceleration for FDTD, indicating a turning point for FDTD
use in photonics (see chapter 20 of Ref. [129]). As discussed by the author, at this time in
history, personal computing (PC) technology had reached a point where FDTD software
packages were being written for them rather than supercomputers, with this chapter ad-
vising relatively low-cost acceleration solutions. This transition to PCs coincides with the
founding of electromagnetic software companies like Lumerical (founded 2003) and Opti-
wave (incorporated 2005), offering their own FDTD software.

FDTD remains one of the most widely used tools for full-wave electromagnetic simu-
lations primarily due to its ease of implementation and use. The ability to directly access
the electric and magnetic fields at a given point in space and time presents the user with a
playground of data. Typical uses of the software include Fourier transforming the fields to
the frequency domain to extract spectral response data, compiling the field data into time-
domain movies for visualizing the optical processes in real time, propagating fields using
Green’s functions to predict far-field radiation patterns, experimenting with complex mate-
rial models, and even determining objective function gradients in the case of inverse design.

The limitations of FDTD today are the same faced by Yee, only at a much different
scale. With rapid computing power and memory capacity advancements, 3D simulations of
realistic optical systems are now possible on mediocre PC hardware, and 3D nanophotonic
scattering problems are now solvable on the laptops carried by most university students
(with limited resolution).

Furthermore, FDTD lends itself well to high-performance computing. Its rectangular
grid and the fact that only nearest-neighbour points are required to evolve the fields means
that it can be parallelized on distributed-memory systems (such as compute clusters) with
relative ease [77]. The explicit, grid-based nature of the method also lends itself well to
shared-memory systems like graphics processing units (GPUs) [130].

The near future of the FDTD method (and other such PDE solvers) is one of new
platforms, both hardware and software. For example, new programming libraries such as
TensorFlow [131], and JAX [132] allow users to run numerical calculations on different
processor types (including central, graphics and tensor processing units - CPUs, GPUs, and
TPUs) with only minor adjustments to the code, enabling hardware acceleration of code
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without the prohibitive overhead. Such platforms are beginning to enable advanced func-
tionality, including just-in-time compilation (JIT), where functions written in high-level
interpreter languages (like Python) can be compiled at runtime, and automatic differenti-
ation, where the gradient of an arbitrary function with respect to its inputs is provided to
the user with a simple function call. These resources allow researchers to write simulation
software in high-level languages (e.g. Python, Julia) with their stereotypical accessibil-
ity and rich, open-source feature sets without risking speed and scalability. Automatic
differentiation is a significant development for scientific computing and machine learning,
allowing coders to optimize systems using gradient-based methods without explicitly calcu-
lating the gradients or relying on finite-difference approximations. Although the memory
requirements present limitations at the moment, an automatic-differentiated full-wave elec-
tromagnetics solver may be in the future of inverse design.

On the other hand, the advancement in hardware accelerators, such as GPUs and
TPUs, hints at chip-level acceleration. Simply put, electronic (and photonic) chips are
being developed for specified tasks (such as matrix multiplication in TPUs) that enable
them to perform computations at speeds that are orders of magnitude faster than CPUs
in PCs. This is the promise of Tidy3D [133], a new competitor in the computational elec-
tromagnetism market, which advertises its use of “emerging computing chips” to perform
simulations much faster than other (CPU-based) solvers. This technology promises to en-

able the simulation and design of complete meta-optical devices (and possibly photonic
circuits) in FDTD [134].

2.1.1 The FDTD algorithm

Now that the FDTD method has been introduced, in this section, we will derive the FDTD
algorithm, a numerical method for solving Maxwell’s equations, given by

V -D(r,t) = pe (2.1)
V- -B(r,t)=0
V x E(r,t) = —88—]? (2.3)

oD

V X H(I‘,t) = J(I‘,t) + WJ

(2.4)
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where D is the electric displacement field, p. is the free electron charge density, B is the
magnetic flux density, E is the electric field, H is the magnetic field, and J is the free
electron current density. In this text, we use D = ¢gE + P, where P is the bound-charge
polarization density and ¢( is the permittivity of free space. We also assume the absence
of magnetic materials so that B = poH, where pg is the permeability of free space, so
Maxwell’s equations become,

V- -E(r,t)+V-P = p,

V- -H(r,t) =0
oH
V x E(I‘,t) = —ILLOE (27)
oE 0P
H = R — 2.
V x H(r,t) = J(r,t) + &g 5 + o (2.8)

The FDTD method uses the finite difference method to solve the latter two equa-
tions (the so-called curl equations). Simply put, the finite difference method approximates
derivatives using a difference equation,

0F  flto+80/2) — flto = At/
ot At ’

(2.9)

where At is generally chosen to be as large as reasonably (or physically) possible while still
accurately representing the derivative. Notice that the derivative is evaluated at ¢t = t,
but the function f is evaluated at half-steps £A¢/2 on either side of ty; this is called a
centred difference with second-order accuracy as the error scales with At2.

Yee’s algorithm allows for both E and H to be solved using central differences (with
second-order accuracy) where the fields are updated at discrete timesteps, using a leap-frog
scheme; the electric field and magnetic fields are solved at offset-times. The electric field is
solved at integer-multiples of the timestep; E(t) = E(nAt) where n is an integer, and At is
the discrete timestep chosen for the calculation (the choice of which is discussed later). The
magnetic field is solved at half-integer multiples of the timestep; H(t) = H((n + 1/2)At).

In order to keep the notation simplified, from now on, we will replace time with the
timestep; for example, E(nAt) is labelled as E". Using the central finite difference scheme,
we rewrite Maxwell’s curl equations as
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(2.10)

V x HHY2 _ gntt/2 — (2.11)
where we can see the benefit of the leap-frog (half-step) scheme. On the right side of
both equations are time derivatives of a field, and on the left side, we have the curl of
the opposite field at the center time. Rearranging, we achieve the time part of the Yee
algorithm,

At
H"/2 = H" 1?2 - V¥V x E" (2.12)
Ho
At At 1
E"t = E"+ =V x H'HY/2 - Zgntl/2 . prtl _pny, (2.13)
€0 €0 €0

The leap-frog scheme is illustrated in Figure 2.1a. At timestep n, we first solve the
magnetic field H""'/2 using the electric field from the previous timestep, E". Next, we
solve the electric field E"*! using the magnetic field H**/2, the current density J**/2, and
polarization density P"*! fields. The treatment of P and J"*'/2 field will be discussed
later.

Like in time, space must also be discretized using whole and half steps so that no two
E or H field components are collocated. Again, use index notation (for example, the point
(1+1/2, j, k) represents the real-space location ((z +1/2)Ax, jAy, kAz) where, as with the
timestep At, the Az, Ay, and Az are the space step-sizes in the x, y, and z directions.

Although the convention differs for different FDTD codes, we will use the following
simple pattern here. The location of an electric field polarization component is offset by a
half step in the polarization direction. For example, E, is offset by 1/2Axz. The opposite is
true for the magnetic fields. For example, H, is offset by half steps in y and z, but remains
at integer steps of Ax. The polarization and current density fields are usually collocated
with the electric field. This is summarized in the table of Figure 2.1b.

The reason behind the choice of the polarization component offsets becomes obvious
when we replace the curls of Eq. 2.12 with centred finite differences as written in Eqs. 2.14
to 2.16 for all magnetic field components,
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Figure 2.1: Summary of the FDTD algorithm. a) The leap-frog update scheme where
the electric (blue z) and magnetic fields (red circles) are solved at integer and half-integer
timesteps, respectively. b) Table summarizing the locations of the vector field components
on the FDTD staggered grid. ¢) y—z cross-section of the FDTD grid illustrating the electric
field components and locations (green and blue arrows) required for the H, magnetic field
component (red circle). Grid lines are placed at every half-step in each direction.

H Y2065 +1/2, k+1/2) = H' V(6,5 +1/2,k + 1/2)

Ho Ay
B+ 12,k 1) — B +1/2,k)

A ] (2.14)

n+1/2/; . _ n—1/2/: .
Hy V2 (i +1/2, 4,k +1/2) = H7VP(i+ 1/2, 5,k +1/2)

AL ER(i4+1/2,5,k+1) — Br(i+1/2,5,k)
Ho Az

Ax

(2.15)
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HIPV2(i4+1/2,5 4+ 1/2,k) = H7V2(i 4+ 1/2,5 + 1/2, k)
At Ep(i+ 1+ 1/2,k) = Ey(ij +1/2,k)

Ho Az

CErMi+1/2,5+1,k) — ENi+1/2,5,k)
Ay

(2.16)

It is clear now why the staggered grid is chosen; it allows us to calculate the curls using
central differences as with the time derivatives. The H, field update Eq. 2.14 is illustrated
in Figure 2.1c where the red circle represents the location of H,(i,j+1/2,k+1/2) and the
green/blue arrows represent the E,/FE, electric field components and the directions they
point (based on their sign in Eq. 2.14). The FDTD mesh demonstrates the curl operation
as the arrows in Figure 2.1c rotate around the update location. The choice of the magnetic
field locations also has the same benefit for the electric field update equations,

By i+ 1/2,5,k) = Ep(i+1/2,5, k)
LA HI VP 41)2,5 +1/2,k) — HEVP (04172, 5 — 1/2,k)
o Ay

CHP+ 12,5,k +1/2) = HY T 041/2,5,k - 1/2)
Az

1
— i+ 1/2,, /9] = [P+ 1/2,,k) = PR+ 1/2,5,R)] (2.17)
0
nd1/- - o ni: .
Ey i, g+ 1/2,k) = E) (1,5 +1/2,k)
A H G 120k 41/2) = B 412,k - 1/2)
0 Az
) H;LJrl/Q(i +1/2,j+1/2,k) — Hg+1/2(i —1/2,5+1/2,k)
Ax

L [Py (i, g+ 1/2,k) — Py(i,j +1/2,k)] (2.18)

— IR+ 1/2,.k) | — =
o, +1/2,k) =
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These update equations and the boundary conditions are the essential elements of a
working FDTD simulation (although, without a wave source or monitors, it will not be
beneficial). The boundary conditions are usually chosen to be Dirichlet (ie. E=H =0
at the boundaries), complemented by PMLs to minimize reflections from the simulation
boundaries, or periodic (i.e. E(near boundary)= E(far boundary)). For further informa-
tion on PMLs and periodic boundary conditions, see Chapters 7 and 13, respectively, of
Ref. [129]. For information on the implementation of wave sources in FDTD, a thorough
discussion is provided in Chapter 5 of Ref. [129]. Finally, FDTD monitors are usually
implemented as discrete Fourier transform (DFT) monitors. The usual implementation
uses a running Fourier transform, where, in the monitor regions, the transform-integral
over time is evaluated (as a discrete sum) in conjunction with the simulation rather than
storing the fields as a function of time (which would require far more memory).

Prior to the simulation, all fields are allocated and set to zero. As described before, the
fields are then updated in the order H — J — P — E using the above update equations
(and the models required for J and P as discussed in the next section).

The step-size Ax,y, z is commonly set using intuition; however, a few practicalities
need to be considered. In FDTD, the dispersion relation of a wave travelling in a uniform
medium depends on the step size [129]. Tt converges to the physical dispersion relation as
Ax,y,z — 0. A rule of thumb to reasonably reduce numerical dispersion is to set the step
size less than the minimum wavelength of interest divided by twenty, Az, y, z < A/20, which
is on the order of 20 nm for optical simulations. Especially in the case of nanophotonics,
the step size should also be small enough to resolve the relevant features of the simulated
system. For example, in Chapter 4, metal nanoparticles of sizes < 10 nm are simulated,
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unresolved with a step size of 20 nm. A similar rule of thumb may be Ax,y,z < a/20,
where a is the smallest feature size. That said, even smaller step sizes are required for
accurate plasmonic simulations [77].

The timestep size At has a strict upper-bound set by the stability criteria,

At < ! : (2.20)

1 1 1
Cmaa:\/Ax2 + Ay2 + Az2

where ¢4, is the maximum speed of light in the system (which can be assumed as the
speed of light in vacuum ¢p). In the case of a cubic grid (Az = Ay = Az), this condition
becomes At < Ax/(v/3c).

2.1.2 High Performance Computing

A significant drawback of the FDTD method is that the computational cost scales on the
fourth order of the step size since the number of computations per iteration scales with the
space step sizes, and the number of iterations scales with the timestep, AzAyAzAt ~ Az*.
If the step size is halved, the computational load is 2* = 16 times larger. Unfortunately,
the poor scalability frequently results in practitioners using step sizes that disobey the
aforementioned rules of thumb and result in less-accurate simulations. Fortunately, FDTD
lends itself well to high-performance computing (HPC). HPC refers to using non-standard
computing hardware to speed up calculations, such as supercomputers or GPUs for nu-
merical simulations. In the works published in this thesis, two high-performance FDTD
codes were used - one for supercomputers and the other for a GPU. In this section, I will
briefly highlight how both enhance FDTD performance.

The primary simulation software used in this thesis is our in-house 3D-FDTD software
built for supercomputers using a domain decomposition approach wherein the simulation
space is divided among N processors, which solve Maxwell’s equations only in their re-
spective subspaces. Because FDTD uses a rectangular mesh and field updates require only
nearest neighbour cells, it lends itself well to domain-decomposition schemes. In the ab-
sence of overhead and bottlenecks, this should reduce the computation time by a factor
of 1/N, which is called linear scaling when achieved. It also solves the memory problem
for extensive calculations, as each processor only needs to maintain the memory for fields
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in its subdomain. However, electromagnetic field data must be exchanged between sub-
domains at each simulation timestep, made easier by the nearest neighbour scheme. For
example, the magnetic field solved at the edge of subspace 1 requires the electric field
from the adjacent edge of subspace 2. This data communication between processors is
the purview of the Message Passing Interface (MPI), a standardized means of exchanging
data between these processors. It consists of a helpful set of routines for communication
and coordination between processors for coders who wish to harness the power of large,
multiprocessor systems. For example, an MPI command sends an electric field array from
one subdomain to an adjacent one. Other commands enable combining data from across
multiple subdomains, which in our case, helps combine electric field data spanning several
subdomains for electric field plots or other post-processing purposes.

The domain decomposition scheme used in our 3D-FDTD code is the subject of detailed
discussion in Chapter 3. This discussion is in the context of the nonlocal plasmonic model,
which demands more communication between processors than the standard (local) FDTD
method.

A secondary code was developed during my graduate research, built to run on a GPU.
A GPU also uses parallelization; instead of on subdomains, it is cell-by-cell. A GPU
has thousands of cores available for parallel computation and is a shared-memory system
wherein all cores have access to the same, limited memory. Beneficially, this means no
interprocess communication protocols are required (on the single-GPU level). A GPU is
well suited for repetitive, explicit calculations as it can launch thousands of threads to solve
each calculation instance in parallel. That said, a single GPU thread is much slower than
a CPU thread, so high performance requires liberal use of the GPU cores. For example,
in the FDTD code, the electric and magnetic field update for all points in the mesh (Eq.
2.13) are calculated in parallel instead of looping through the domain as on a CPU.

This FDTD program was written in C' and used the CUDA platform for GPU program-
ming. This program was instrumental in validating the nonlocal Drude and hydrodynamic
plasma models before implementation in the main MPI-based code, a much more tedious
endeavour. Implementing material models on the GPU code is no more challenging than
on a single-CPU code, and the results are obtained in shorter times for small test systems.
For this reason, this code was also used for initial testing of other features, such as Bloch
boundary conditions (used in Chapter 5), multipole decomposition (used in Chapter 9.1),
and the adjoint method, before implementation in the main code. Finally, we make liberal
use of this program to calculate the multipoles from the randomly generated plasmonic
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nanoparticles as training data for a convolutional deep neural network in Chapter 9.1.

2.2 Material Models

Maxwell’s equations describe the propagation of electromagnetic fields and the interaction
of these fields with matter. These interactions are accounted for via the polarization field
P for bound/valence electrons and the current density J for free/conduction electrons.
This is a matter of convention as the free-electron current is commonly described using a
polarization field via J = 0P /dt. This, however, is an approximation.

Indeed, the full current density, if derived microscopically, is described by a multipole
expansion [135,130],

oP 0

Jtotal = Jfree +
where P represents the macroscopic polarization density, (), s represents the macroscopic
quadrupole density tensor, and M is the macroscopic magnetization density. Higher order
terms (octupole, hexadecapole, etc.) can also be derived.

The multipole expansion was highlighted here to point out that the response of a
charge distribution to an external field, J;y is in general nonlocal — it depends on the
distribution (space derivative) of Q4 g, M and higher order multipole terms. It is common
and reasonable to make the “dipole approximation” where only the first two terms of Eq.
2.21 are kept, leaving us with the approximation that began this discussion,

Jtotal - Jfree + aa_]:, (222)

The dipole approximation assumes that the field deviates negligibly over atomic length
scales, which is generally reasonable since the wavelengths of light of interest are much
larger than the molecules (atoms) that make up optical materials. This approximation
has proven accurate in modelling structures with sizes much larger than the atomic length
scales but seems to break down for structures < 10 nm in size, as discussed in Chapter 3.
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Figure 2.2: Real (blue) and imaginary (red) components of the frequency-dependent per-
mittivity of bulk gold. In computational nanophotonics, this strong dispersion is simulated
using material models. The numerical data is collected from the database of Ref. [137],
but originates from Ref. [138].

Optical media are generally dispersive; their permittivity is frequency-dependent &(w)
and complex. For example, we plot the relative permittivity of gold [137,138] in Figure
2.2 over the visible spectrum. Note that the negative real component of the permittivity
enables the plasmonic behaviour of gold [5]. To account for this complex material disper-
sion in the time domain, we must use Fourier-transformable mathematical models from
the frequency domain (Figure 2.2) to the time domain.

In this section, we introduce three material models integral to theoretical and com-
putational electromagnetism; 1.) the Drude model, 2.) the Lorentz model, and 3.) the
N-critical points model. The Drude model is commonly used to model the response of
free (conduction) electrons to an external field, whereas the latter two are commonly used
for bound (valence) electrons. These models are considered local or dipole models as the
material response (J and P) is dependent only on the strength of the local electric field,
P(r,t) ~ x(r)E(r,t) rather than the formal P(r,t) ~ [ x(r — r')E(r/, t)dr’.

2.2.1 The Drude Model

The Drude model can be formally derived from the Boltzmann transport equation via a
few approximations (see the supplementary information of Chapter 5) and from the Hamil-
tonian for an inhomogeneous electron gas [139]. Here then, we will derive the model from
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physical arguments.

The goal is to describe the motion of free electrons in a time-varying electromagnetic
field. We can derive the velocity v of a free electron with effective mass m* from Newton’s
second law,

Fext . aV
m* Ot

(2.23)

The external force F.,; needs to account for the effects of the electromagnetic field (the
Lorentz force), and the effect of collisions (including electron—electron, electron—ion, and
electron — impurity). The collisions can be roughly accounted for via an average collision
rate . Physically, this represents the fact that the velocity of the electron (in the absence
of an electromagnetic field) should drop to zero on time scales on the order of ~ 1/~. This
is a simple but effective model of a collision.

With the above considerations, Newton’s second law becomes,

e ov
E— = — 2.24

where e = |e| is the magnitude of the charge of an electron, and E is the local electric field
(including the incident and scattered fields). Note that we have ignored the magnetic field
component of the Lorentz force, as it is negligible for low-intensity light (in the linear optics
regime). Also notice what happens when E — 0; a decaying function describes the velocity
field, v ~ exp(—~t) which, as previously mentioned, decays to zero on the order of t ~ 1/~.

To convert this to a macroscopic optical model, we must account for the motion of
the free electron ensemble. To do this, we use the current density, which is related to the
velocity field via J = —env where n is the number density of the free electrons. Note
that this relation ignores the effects of free carrier diffusion, a reasonable approximation
on macroscopic scales where the free carriers are restricted to metal-dielectric interfaces.
However, Chapter 3 discusses the generalized nonlocal optical response (GNOR) model for
extremely small plasmonic particles, which accounts for this diffusion since the free carrier
density is no longer negligible.

Our equation of motion becomes,
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3J+ J_62n
ot 0T

E. (2.25)

*

Finally, we use the definition of the plasma frequency (derived in Refs. [5,
wy = e*n/(m*eo) to achieve the well-known time domain Drude model,

0J
5t 1 = e, (2.26)
or using the polarization field,
0°P oP 9
W + ’75 = €0wa. (2.27)

Both Egs. 2.26 and 2.27 can be solved numerically in a time-domain electromagnetic
simulator. This is covered in Section 2.2.5.

A significant and, to some, confusing approximation was made in the step between
Eq. 2.24 and Eq. 2.25 when we transitioned from a single electron to the ensemble. We
have claimed that the motion of a single electron is unaffected by the motion of the ’sea’
of electrons around it (ignoring the ad-hoc collision term). However, one might expect
that additional considerations are required for the high electron densities of noble metals
n ~ 10% m3.

The reason we can ignore interaction is due to charge-screening effects. The electric
potential ¢ of a single charge in a plasma is highest in its local environment but de-
cays exponentially ¢(r) ~ exp(—|r|/Arr) where App is the Thomas-Fermi wavelength (see
Chapter 12.1.3 of Ref. [5]). The potential of a given electron will not be felt by charges
at distances |r| > App. For noble metals like gold, Aypp ~ 0.6 A is smaller than the mean
distance between electrons as defined by the electron density 7,,e0n ~ 1.6 A Tt is because
of this that we can ignore the effects of electron-electron interactions in our model.

Finally, a Fourier transform can convert the Drude model to the frequency domain.
However, since the model is linear, an equivalent and simpler method involves assuming
the fields are monochromatic; E(t) = E(w)e ™!, and P(t) = P(w)e ™' Plugging these
into Eq. 2.27 gives us
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Figure 2.3: Real (blue) and imaginary (red) components of the gold permittivity spectrum
(solid lines) with a Drude model fit to this data (circles) where the fitting parameters are
Eoo = 7.79, w, = 1.33e16 rad/s, and I' = 1.14el4 rad/s.

2

w
P = _—¢g—P E 2.28
(@) =~ B(w). (229)
which provides an expression for the susceptibility,
2
w
rude(w) = ———2— 2.29
Xbruale) = =t (2.29)
from which the permittivity can be derived,
2
w
rude —Coo T —r 2.30
€ Drud, ((,d) € wz +Z7w7 ( )

where we have introduced a final parameter, €, the high-frequency permittivity. In theory,
we expect €., = 1; however, this and the following models are very simple and generally
require extra tuning.

In Figure 2.3, we fit experimental data for gold (from Figure 2.2) to Eq. 2.30 to ex-
tract values for the plasma frequency wy,, the damping coefficient v, and the high-frequency
permittivity £,,. These values (provided in the caption) can be used in Eqs. 2.26 or 2.27
to simulate real materials in FDTD. Fitting for this section and the following was accom-
plished by minimizing the difference between the model and authentic permittivity spectra
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using a gradient-based minimizer [112] with automatic differentiation [132] providing the
gradient.

From Figure 2.3, we can see that the Drude model accurately represents the permittivity
of gold for wavelengths A > 600 nm. This bandwidth is the intraband regime since the
conduction electrons dominate the optical response, and there are no interband transitions.
However, in the higher frequencies (lower wavelengths), electrons in the valence band may
absorb a photon and join the conduction band. The Drude model does not account for
this resonant behaviour; thus, we must look to resonator models next.

2.2.2 The Lorentz Model

Wherein the Drude model represents the motion of free electrons, the Lorentz model rep-
resents the motion of bound electrons. The derivation covered in many student-level texts
(see Refs. [136,143,14141], for example) is usually based on a harmonic-oscillator model where
the bound electron cloud of the atom is the oscillator, attached to a stationary object (the
nucleus) by a restoring force (the Coulomb force). However, in this section, we will adapt
the Drude model using simple physical arguments again.

First, we will return to the model for the velocity of the electron in a time-varying field
(Eq. 2.24) and replace the velocity v with the derivative of the electron’s position 0x/0t
to get,

e ox 0%

—E-T—=— 2.31
m ot~ o (2:31)

where we differentiate between the free electron v and m* and the bound electron I' and m;.

From a classical mechanics point of view, the essential difference between the free and
bound electrons is the presence of a restoring force due to a non-negligible force between
the nucleus and the bound electrons. As bound electrons respond resonantly, the restoring
force is Frestoring/ My = —ougx(t) where wy is the resonance frequency of an electron reso-
nance (interband transitions).

The equation of motion then becomes,

32X+ ox
ot ot oom

(2.32)



This is the equation of a damped, driven harmonic oscillator.

Again, we must convert from the single electron — atom picture to that of a collection
of atomic dipoles. We do this by first recognizing that the dipole moment of a single
electron-ion system is p(t) = —ex(t), and thus the polarization density P is the number
density of atomic dipoles multiplied by the dipole moment of a single electronic dipole,
P = fNp = —feNx(t) where N is the molecular/atomic number density, and f is the
number of electrons in each molecule/atom with the same resonance frequency. We again
use Coulomb screening to justify ignorance of electron-electron interaction. The Lorentz
model for the bound electron polarization density is,

E. (2.33)

Eq. 2.33 is solved numerically in FDTD programs — typically to simulate dispersion in
dielectrics or to model the bound electron subsystem in conductors and semiconductors.
Using the same harmonic approximation as in the previous section, we can obtain the
frequency-dependent susceptibility function,

e?N f

mi wi —w? —ilw

X Lorentz (W) - (2 34)

Of course, molecules and atoms contain multiple electronic resonances, each at frequen-
cies wp, with linewidth I';, shared by f; electrons. In general,

XLorentz<w> = N Z fj (235)

my — wi —w? —ilw

As with the Drude model, the parameters in the Lorentz model can be fit to experi-
mental data and can then be used in an FDTD program to simulate the dispersive material
accurately. It is helpful to define a frequency Q? = 2N f;/(g0m}) to reduce the number of
fitting parameters.

In Figure 2.4, we fit the low-wavelength permittivity spectrum to a single-resonance
model, which we can see captures some of the activity occurring in the low wavelength re-
gions A < 500 nm, thus called the interband regime. The interband transition corresponds
to a wavelength of A =~ 500 nm, which our model captures. A single Lorentz resonance is
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Figure 2.4: Real (blue) and imaginary (red) components of the gold permittivity spectrum
(solid lines) with a Lorentz model fit to this data (circles) where the fitting parameters are
foo = 1, Q = 4.69¢16 rad/s, wy = 4.14e16 rad/s, and I' = 1el6 rad/s.

insufficient; however, in the next section, we will combine two to better fit the interband
transition regime.

2.2.3 The Drude-Lorentz model

As shown in the previous two sections (Figures 2.3 and 2.4), the optical response of con-
ductors and semiconductors have contributions from both free and bound electrons. For
such materials, it is most common to use a combined Drude — Lorentz model, where,

¥ a
= . 2.36
) =~ Y (2:36)

Finally, the relative permittivity becomes,

@) “> vy 9 (2.37)

We can treat this model in the time domain using the two PDEs introduced in the
previous sections. Combining the Drude, Lorentz, and Maxwell’s curl equations, we can
self-consistently simulate the interaction of light with a non-magnetic, linear, dispersive
material,

35



EGold

— Real
—601 —— Imaginary

200 400 600 800 1000 1200
Wavelength (nm)

Figure 2.5: Real (blue) and imaginary (red) components of the gold permittivity spectrum
(solid lines) with a combined Drude + 2 Lorentz model where the fitting parameters are
given by, 5, = 0.174, w, = 1.33el6 rad/s, v = 5.36el3 rad/s, ©; = 5.13el6 rad/s,
wo, = 2.48el6 rad/s, I'y = 3.97e¢l6 rad/s, Qy = 1.06el6 rad/s, wy, = 5.84elb rad/s,
Iy = 4.24el5 rad/s.

S+ Ty P (1) = coE(D), (2.38)
8;];,3 + vagtD = eqw2E(t), (2.39)
aoaoo% V xH-— 8;% _ a];ff’ (2.40)
uo%—lf ~ _VxE, (2.41)

where we have separated the polarization density into the Drude and multiple Lorentz
components, P =Pp + > ;Pr;, and incorporate o directly into Maxwell’s equation.

In Figure 2.5, we fit experimental data from Figure 2.2 to Eq. 2.37 with two Lorentz
terms to extract the fitting parameters. The value of these parameters (provided in the
caption) can then be used in Eqgs. 2.38 and 2.39 to accuratly simulate gold in FDTD.

From Figure 2.5, we can see that the Drude + 2 Lorentz model accurately represents
the permittivity of gold over the bandwidth of interest, thus illustrating how we must
account for both inter and intra-band contributions in plasmonic metals.
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2.2.4 The critical points model

The previous section dealt with the derivation of the Lorentz model for bound-electron
dispersion. Although the Lorentz model is physically well-grounded, when applied to
highly-dispersive materials (with many intraband transitions to account for), its lack of
flexibility becomes a problem. This section presents a model better suited for highly-
dispersive materials (e.g. plasmonic materials) called the critical points model. Introduced
as a more efficient way to describe the dielectric response of Silicon-based compounds,
the critical points model has no physical basis besides the Lorentz-like form [I115]. How-
ever, it has been shown to provide a more accurate fit than a general (N-term) Lorentz
model, especially for plasmonic materials, when combined with the Drude model [116-119].

This model was originally derived in the frequency domain and is given by,

i o—it;
— 3" 4,0, 2.42
xer(w) ; J J(Qj—w—irj+9j+w+irj> (242)

where each term of the sum is called a critical point. This function allows for much more
flexible fitting when compared to the Lorentz model, and it respects the Kramers-Kronig
relations [145].

The application of this model to the time domain requires the Fourier transform of the
following equation,

ei¢j e_id)]'
P, = g0A;$; E(w). 2.4
() = cod, ]<Qj_w_irj+9j+w+irj> (@) (2.3

To do this, we first combine the two terms,

() — o [ $4cos(@;) — Ijsin(¢;) + iwsin(¢;)
PJ (w) - 250AJQJ ( Q? — w2 1’*3 _ inrj >E(w)7 (244)

and rearrange,
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We convert this to the time domain by using the Fourier transform rules —iw LK 0/0t

and —w? 5 92 /Ot%, which gives us the following time-domain model,

0°P; OP;
aﬁ] + 2@6—; (2 +T35)P;(t)

= 2€0Aij (Q] COS(¢j) — Fj sm(@))E(t) — 2€0Aij Sln<¢j)%_]? (246)

The primary change offered by the critical points model in comparison to the Lorentz
model is the time derivative of the electric field on the RHS. Note that there is no physical
explanation for this additional term aside from an apparent ad-hoc higher-order correction,

. ~ OE
+ W5, Py(t) = eoQE(t) + Cjﬁ, (2.47)

O*P; ~ 0P,
.2
ot2 T ot

where C} is the correction constant, and the hatted quantities are Lorentz model parame-
ters (calculated via comparison of Eqs. 2.46 and 2.47). Furthermore, Cj is only non-zero
when ¢; is non-zero. Eq. 2.42 is a Lorentz model with an extra fitting parameter that
physically manifests as a correction to the driving/restoring force.

For gold, we use a Drude + 2 critical points model whose permittivity can be con-
structed by replacing the Lorentz term in Eq. 2.37 with Eq. 2.42 where j € [1,2]. As in
previous sections, we fit the Gold permittivity data to the Drude + 2 critical points model
plotted in Figure 2.6, and the fitting parameters are provided in the caption. The mean
absolute error between the model fit and the experimental data is 2x less than from the
Drude + 2 Lorentz model in Figure 2.5.

2.2.5 Numerical Solution of Drude and Lorentz models

This section shows how the Drude and Lorentz models are solved in our FDTD simulators.
Note that there are a few methods for solving material models in FDTD (see Chapter 9
of Ref. [129]). However, we use the explicit auxiliary differential equation (ADE) method,
which uses finite differences to solve the time-domain differential equations.
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Figure 2.6: Real (blue) and imaginary (red) components of the gold permittivity spectrum
(solid lines) with a Drude + 2 critical points model fit to this data (circles) where the
fitting parameters are e, = 0.005, w, = 1.31el6 rad/s, 7 = 1.40el4 rad/s, 2 = 1.34el6
rad/s, Ay = 0.45, 'y = 0.0 rad/s, Qs = 3.95e15 rad/s, Ay = 3.16, 'y = 1.76e15 rad/s.

Recall that the polarization density fields P, Pp, are collocated in space and time
with the local electric field E. The polarization fields are thus updated at the integer n+ 1
timesteps. Applying finite differences to the Lorentz model gives us,

A S N S
A LT e TP =B (2.48)

where we ignore the L subscript for simplicity of notation. This equation is solved for
P?H, thus providing an explicit, second-order, update equation for the bound electron
polarization density field,

T, 1 9 T, 1
prtl <—] —> _ Pﬂ(— — W2 ) pr-l (—] _ —> O2E". 2.4
i \oar T Ar i\ape ~9) T \gar ~ Aap) T (2.49)

Similarly, the Drude model update equation can be derived by setting ng = 0 and
changing the notation,

1 ) 5 1
Pn-l-l(i _) — PTL (_) Pn—l (_ _ _) 2En. 2
D \5a; T A D\ ap) TED \oar ~ Ap) T (2.50)

These, combined with the electric and magnetic field update equations (Eqgs. 2.12 and
2.13), provide the complete algorithm for simulating dispersive materials in FDTD. As
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mentioned previously, the solution order is H**/2 — P"™*! — E"*!. Tt is necessary to
store the P"* and P" field arrays. The P"~! array can be overwritten by P™*!.

The main downside of this naive but effective implementation is that it is not necessarily
numerically stable, as discussed in Ref. [150]. An implementation that is stable within the
FDTD stability limit involves weighted centred averaging where non-derivative terms are
replaced by A" = (A" + 2A™ + A" !)/4. The Lorentz model in finite difference form,

Eq. 2.48, becomes,

n+1 n n—1

n+l _ pn—1 2
APJ' P’ Wy,
At? !

+ (P + 2P + P

r
+ SA? 1

8092 1 1
= TJ(E"+ +2E"+E"Y). (251)
The right-hand side shows that we now require E"™!, seemingly making our algorithm
implicit. However, through some algebra, we can work around it. We first derive our
update equation for P7+!,

T, 1w 2w
n+1 J n

At At? 4 At? 2
T 1 wg 8092-
pr-l (—J _ —J) SO (B 4 9B 4 EMY), (2,52
R At At? 4+4( TR ), (252)
which can be refactored as,
P = Co Pl + C P + Co (B + 2E" + E"1), (2.53)

where the C; ; parameters are trivial to derive by comparing Eq. 2.52 to Eq. 2.53. Next,
we substitute the RHS of Eq. 2.53 into Eq. 2.13,

n+1 n
WT—E g
t

Co P+ CPI !+ Gy (B +2E" + E"') — P
+) A . (2.54)

J

V x H" 2 = ge,
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and solve for E"*!,

B (2 Y %) w2 %)

J J

By (%) LV x HY? 4 ZP;(Ait - %J) -y py (%{) (2.55)
J

J J

In this case, the solution order changes H**/2 — E""! — P"!. Note that the above
can be applied to the Drude model as well by setting wy = 0, I' = v, and 0 — w, in the
calculation of the C; ; terms.

2.2.6 Numerical solution of the critical points model

Eq. 2.47 can be discretized for a finite difference solution,

n+1 n n—1
At?

~ PPt G5
J J ] n+1 n n—1
+rj—2 - + (P +2PT + P )

~

En+1 - En—l

_ 809? n+1 n n—1
_T(E +2E" +E"Y) + C; A (2.56)

and solved for P?“,

A~ o~ ~ o~

T, 1 W2 2 W T 1 @
Pn+1<_J il _J> —p" <_ — _J> Pﬂ—l(_J - — —J)
i \aar T ae T i\az~ 2 )75 oA " A~ 1

~

e (B8 Gy (0B g (2 Gy

As with the Drude and Lorentz models, we can simplify this by introducing constant
factors,

P! = Co P + CyPy ! + Co B!+ Gy B + Cy B (2.58)
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This model is updated in the same way as the weighted centred averaged Drude and
Lorentz models in the previous section, where the RHS of Eq. 2.58 is substituted into the
electric-field update Eq. 2.13.

For plasmonic materials, the critical points model is solved instead of a Lorentz model
(for bound electrons), along with the Drude model, known as the Drude + N critical points
model. In Ref. [118], a table of numerical values are provided for the fitting parameters
of the Drude + 2 critical points (D2CP) model for silver, gold, aluminum, and chromium.
The D2CP model complemented with the table of Ref. [118] is used in our in-house FDTD
program — the primary tool behind all of the work in this thesis.

2.2.7 Hydrodynamic plasma model

In the previous sections, we introduced three linear models that utilize the dipole (local
response) approximation. However, more advanced models depend also on the distribution
of the local electric field, thus including higher-order multipoles. This section introduces
one such model, the hydrodynamic plasma model. This model treats the free-electron
subsystem as a compressible fluid, the velocity field v of which obeys Euler’s fluid equations
for ideal (non-viscous) flow [151],

ov 1

e +(v-V)v=a-— ;Vp, (2.59)
9 LT () =0 (2.60)
ot Y= '

where a is the external acceleration (usually due to gravity g in fluid dynamics), p is the
fluid density and p is the fluid pressure. The first equation is Newton’s second law applied
to continuous matter, and the second is the continuity equation for the conservation of
mass.

I will briefly discuss the meaning of the left side of Eq. 2.59. In continuous media,
the total time derivative of a quantity c is called the material time derivative, dc/dt =
Oc/0t + (v - V)c where the second term is called the advective rate of change of c¢. It
results from the fact that we are describing how the fluid particles (the electrons, in our
case) experience the change in c¢. As the fluid particles are moving, they observe ¢(x,t) to
change according to the chain rule as dc(x,t)/dt = Oc/0t + (0x/0t - c/0x) where 0x /0t
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is the velocity of the fluid particle making the measurement.

As an example, the velocity field of a river at an exact point xy might not show any
local acceleration 0v/0t|x, = 0 as measured from a stationary position. However, if we
measure the velocity field at different positions around x,, we may find that the velocity
field is not constant, Vv|y, # 0. Thus, a water molecule passing through x, will experience
a change in velocity due to its change in position, despite 0v/0t|x, = 0 remaining true.
This is the advective rate of change, and when applied to the velocity field (v - V)v, the
advective rate is also called the convective rate of change.

The applicability of this equation to the free electrons is not necessarily obvious; how-
ever, it can be derived from the Boltzmann transport equation and the Hamiltonian for
an incompressible electron gas [139, 152] and has proven itself to reproduce experimental
observations accurately [13] including in Chapter 4. It can predict a myriad of nonlinear
effects from plasmonic systems, namely harmonic generation.

To apply this model to plasmonic (electromagnetic) systems, we must first convert the
velocity field to a current density via J = —env where n is the free electron number density.
The mass density p is converted to a number density n = p/m* where m* is the effective
electron mass. The acceleration term is proportional to the Lorentz force, and a resistance
term accounts for damping,

e
a=—

(E _Hoy H> +1 (2.61)

m* ne en

Finally, the pressure is taken to be the electron degeneracy pressure (a.k.a the Fermi
pressure), p = 2/5ngEr(n/ng)*? where Ep is the Fermi energy, and ng = n(r,t — —o0)
is the equilibrium electron number density, assumed to be constant. Although this as-
sumption has been challenged for small particles [153, 151], we maintain it in our software
to avoid pre-calculation of ng(r) which typically results in sub-step-size (sub-nanometer)
features.

With these adaptations, Euler’s equations become,
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ne Ho EenvE (.
m*<E—nJ H) + - (no) Vi, (2.62)
on 1
o - 9.
5 eV J= (2.63)

where vp = /2FEpr/m* is the Fermi velocity.

This is the full hydrodynamic model, which can be solved directly using finite dif-
ferences, as discussed later. However, some approximations can be made to reduce the
computational complexity, especially in cases where specific nonlinear effects are being
targeted.

From here, I will use the fact that n(r,t) = ng + n(r,t) where n < ng, to apply a
first-order expansion to the 1/n terms,

oJ J 1 J
- —|1=-— - —1=-— ——|1-2
875 +7J €Ny |: no] (v J) €Ng |: no} (J V)J 67’LO [ n0:| (J V)
2 2
_ oty enoy g enotnlve [1 v 2—] V. (2.64)
m* m* 3 3ng

Although closed-form solutions for the hydrodynamic model do not exist, we can treat
it using a perturbative approach in this form. Here, the current density field and electron
density perturbations are given by,

J=M + X004, (2.65)
n=Ap+ XN+, (2.66)

where A is the perturbation strength. For now, we will assume that the electric and
magnetic fields are only first-order E = AE; and H = AH;. Plugging this into Eq. 2.64

and separating into terms of the same power of A, we calculate the first two perturbation
orders to be,

44
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W + 1 = €OW§E1, (267)
0J 1 e? e
Gt (VI (3 V) = LB, - L2y« H. (2.68)

The first-order solution is the Drude model, discussed in Section 2.2.1. Note that for the
sake of this discussion, we are assuming that V7 is negligible — a generally true statement
in bulk media, except in cases of minimal feature sizes and within atomic layers of metal-
dielectric interfaces. Accounting for the pressure term, V), is the subject of Chapter 3. In
Chapter 4, we use Eqs. 2.67 and 2.68 to quantify SHG from gold nanoantennas. Eq. 2.67
can be solved for J; via the Fourier transform,

By (w). (2.69)

Tl =2

The nonlinearity in Eq. 2.68 prevents a simple Fourier-based solution. However, a
solution for Jy(2w) is possible if we assume the primary driving fields are monochromatic,
Ei(t) = Ej(w)e ™! (same for n;, J;, and H;). We will use the fact that the continuity
equation now tells us that n; = —1/(iwe)V - J;. The second-order equation can be solved
with the ansatz Jy(t) = Jo(2w)e 2+,

e 1 e
(V-J)E +—[(V-I)J + (T, - V)T - %Jl % H,. (2.70)

J2(2w)(—2zw+7) = _iwm* eno

Using Eq. 2.67, Hy = 1/(iwug)V x E;, and the vector identity E; x (V x E;) =
1/2V(E; - E;) — (Eq - V)E; we find after some algebra that,

2 .
Epew 24w — 7y
Jo(2w) = P ENE, 22—
2(2) iw(—2iw + v)(—iw + ) (V-E1) 1[—iw+7]
gy,
+ (Ey V)El[_iw+7] 2V(E1 E))|. (2.71)

This equation is the first-order approximation of the steady-state, second-harmonic
generation in a free-electron metal. It is commonly stated that centrosymmetric crystals
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cannot generate even-order harmonics, but this is true only in the dipole approximation.
Eq. 2.71 shows the three primary bulk contributions to second harmonic generation in
metals (as confirmed in Ref. [16]). In the brackets (RHS), the first term represents the
interaction of the charge density field with the electric field. The second term is the ad-
vection term from earlier. The third term represents the ponderomotive force. None of
these terms exists within the dipole approximation as they depend on the field distribution.
Each term in the brackets of Eq. 2.71 can be decomposed into electric quadrupole and
magnetic dipole terms [135].

2.2.8 Numerical solution of the hydrodynamic plasma model

In this section, we derive the update equations for the hydrodynamic plasma model given
by Eq. 2.62 and supplemented by either Gauss’s Law (Eq. 2.1) or the continuity equation
(Eq. 2.63). The current density formulation is used here rather than the polarization
density as in the implementations for the previous linear models to avoid the addition of
unnecessary time derivatives. Our general electric field update Eq. 2.13 shows that the
current density is at half timesteps as with the magnetic field. The current density vector
components are collocated in space with the electric field components. Using the finite
difference approximation on the time derivative in Eq. 2.62 gives,

Jn+1/2 . Jn—1/2 J» 1 J»
Jn o . J?’l o J’Vl . J’Vl _ J’Vl . n
At 7 en” (V-J7) en”( V) e(n")Q( vin
n,2 2 n\ 2/3
=P (B - Loy xmn) + E(D) Ve, 272)
m* nte 3 ng

where all terms are centred at timestep n. Here, we require current density terms centred
at timestep n. This is typically calculated by taking the first-order approximation, J" =
1/2(J"FY/2 4 J7=1/2); however, this is not possible here due to the nonlinear terms. The
simplest approach is to take the zeroth order approximation J” & J"~1/2, Although simple,
this breaks the second-order accuracy of the FDTD method; however, this may not be a
significant issue if using small step sizes. Another approach is to take a double finite
difference step so that all terms are centred at n — 1/2,

o3 Jn+1/2 . Jn73/2
Ot ln—1y2 2At ’

(2.73)
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which can be explicitly updated.

That said, the nonlinear plasmonics work presented in this thesis is restricted to second-
order nonlinearities for which a better scheme can be utilized based on Eqgs. 2.67 and 2.68.
All fields are split into linear and second-order (nonlinear) components, including the
electric, magnetic, and polarization fields. Maxwell’s equations and the associated models
become,

50V . E1 + V- P1 = —€mn (274)
V-H =0 (2.75)
OH
VXxE; = — Mo @tl (276)
oE, 0P,
VxH; =1J — 2.77
R TR Y (2:77)
0J
-4y = cow B, (2.78)
ot
and
V-Hy,=0 (2.80)
OH,
E, = — 2.81
V x 2 o ot ( )
0E, 0Py
H, = —_— 4+ —= )
VxH;=Jy+ ¢ 5 + 5 (2.82)
oJ 1
e = (V- 30T+ (31 V)T + e By + ME1 . —J1 «H,, (2.83)
0

where we ignore the effects of the electron pressure and the second-order charge perturba-
tion (e.g. M2 = 0). Although not explicitly displayed, P; and Py can be calculated using a
Lorentz or critical points model. In Chapter 4, we use the two critical points model for gold.

Numerically we can solve all of these equations explicitly. The linear current den-
sity JnH/ ? s updated by numerically solving Eq. 2.78 using finite-differences and linear
interpolation,
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_ 21N
A7 v 5 = gow, B, (2.84)
which is rearranged into an update equation,
J”“/Q(i + 1) = J"‘W(i - 1) + eqw?EY. (2.85)
! At 2 ! At 2 Pt
This equation is clearly explicit as E} and J ?_1/ ? will be known from the prior timestep.
The second-order nonlinear current density J ;H/ ? is also updated by numerically solv-

ing Eq. 2.83 using finite-differences where,

n+1/2 1 Y\ _ qn-1/2 1 Y 21 n
(R g) = (a o g) et

+ e_no[(v SIDIT+ T V)T + WEI - W']l x HY, (2.86)
where J} and HY are evaluated using linear interpolation. Some spatial derivatives require
a double-step finite difference (as in Eq. 2.73) to maintain a centred difference scheme.
Finally, n{ can be updated by numerical differentiation of Gauss’s law Eq. 2.74, which is
evaluated at the center of the Yee grid,

L e Arx
Ay Az

1
—-V-P7, (2.87)
e
where the finite difference scheme is repeated for V - P7.

From here, an explicit update scheme is possible. First H?H/ * and H;H/ * are updated

via Eq. 2.12. Next, J?Hﬂ is updated via Eq. 2.85, followed by J;H/Q with Eq. 2.86.
Finally E*! and E5*! can be evaluated via Eq. 2.13 with P"™' and P5*! being updated
by their respective update equations.
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2.3 Inverse Design

This section will introduce the methods used in this thesis for nanophotonic inverse de-
sign. In inverse design, we wish to minimize/maximize some objective function that is an
arbitrary function of the electric and magnetic fields F'(E, H) by tuning a set of parame-
ters p = [p1, ..., Ps, -, Pnv]. For example, suppose we wish to maximize the transmittance
through a metasurface at a specific frequency w. We may define F' as the energy flux
through a transmission plane, F' = [ Re(1/2E*(w) x H(w)) - 1dA, and p as a vector con-
sisting of the positions and sizes of nanostructures on a metasurface.

In a gradient-based design approach, the optimization procedure is guided by the gra-
dient Vo F' = [0F/0p,...,0F/0p;, ...,0F /Opy], whose calculation becomes the primary
objective. Once calculated, a gradient-guided optimizer such as gradient descent, ADAM,
method of moving asymptotes, etc., can evolve p through many iterations. For example,
using gradient descent, a new value of p can be evaluated via p"® = p”™* — YV I, where
v is a scalar step size. The gradient-based optimization procedure for nanophotonics is
generally simple. First, an initial condition is chosen to start the optimization procedure
p™. Next a calculation/experiment is run to evaluate F'(E,H, p) and V,F. Finally, the
optimizer generates p"*", and the procedure repeats until a stopping criterion is reached.

There are three primary methods for obtaining the electromagnetic gradients, 1.) finite
difference approximation, 2.) automatic differentiation, and 3.) adjoint sensitivity analysis.
All three methods were applied in the research period and will be reviewed in the following.

For problems where the number of tuneable parameters, N, is small, using a finite-
difference approximation may be the most economical and simple solution for obtaining
the gradient. The gradient is obtained by multiple evaluations of the objective function
F' for different perturbations of p. A centred difference (see Eq. 2.9) would require 2N
evaluations to obtain the full gradient, one for each p; + ¢; and p; — d; where ¢; is the
finite-difference stepsize chosen for element i. However, in cases where an evaluation of
F is computationally expensive (i.e., requiring full-wave simulations), one may wish to
sacrifice accuracy for a smaller evaluation number as provided by a forward (or backward)
difference approximation,

Af _ fpi+8) — f(p)
Op; - 0; 7

(2.88)
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which requires only N + 1 evaluations since f(p;) is only calculated once. For example,
finding the ideal spacing and size of nanostructures on a periodic metasurface is well-suited
for a finite-difference form of gradient-based optimization.

For problems with a medium or large N, but where evaluating F' is relatively inex-
pensive (i.e. for semi-analytic problems such as Fourier-propagation or transfer-matrix
methods), automatic differentiation may be considered. Automatic differentiation is a
set of techniques that enable the evaluation of gradients of arbitrary programming func-
tions. Although popularly applied to machine learning and deep learning for optimizing
fitting parameters, the applicability of autodiff extends into any computational optimiza-
tion problem. For example, in photonics, a common design problem is the optimization of
thin film stacks, whose optical properties are evaluated using the transfer-matrix method.
The input of a transfer-matrix method function is the data concerning each layer’s refrac-
tive index and thickness, and the output is the transmittance and reflectance. Suppose the
program is written using an automatic differentiation framework (for example, the JAX
python module [132]). In that case, the gradient of the transmittance with respect to the
stack properties is provided to the user via a function (called grad in JAX) which evaluates
the gradient in the backend. This dramatically simplifies design processes where compact
models are available to describe the system. Even in more general design problems where
full-wave simulations are mandatory, autodiff can be applied to subproblems, such as eval-
uating the gradient of filtering functions in topology optimization as discussed in Chapter
2.3.2 and used in Chapter 6 to include filter functions that control the optical pulse width
and bandwidth in the pulse-shape inverse design workflow.

Finally, for generalized inverse design, we wish the optimizer to design the permittivity
distribution e(r) to minimize or maximize F. In this case, p = £(r) and N becomes
quite large, and evaluating F' is expensive as it requires full-wave calculations. These
optimization problems are called topology optimization as the final device is a solid structure
with holes etched in. Topology optimization has been applied to several nanophotonics
problems; however, today, it is commonly applied to design integrated photonic circuit
components, including mode or demultiplexing splitters and combiners, which demand
unintuitive geometries for the correct interferometric effect. For these problems, we turn
to adjoint sensitivity analysis.
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2.3.1 Adjoint sensitivity analysis for topology optimization

In this section, we derive the adjoint method for inverse design in nanophotonics where our
design variables p are the permittivity at discrete locations in space, p; = e(r;). Although
not used in any published works, a significant amount of time was spent implementing the
adjoint method in the MPI and GPU - parallelized FDTD programs. A plan to extend this
method to the inverse design of metalenses for focusing high-harmonic generated photons
is discussed in Chapter 8.2. Furthermore, in Chapter 6, we use adjoint sensitivity analy-
sis to optimize pulse shapes for interaction with time-varying nanophotonic devices. The
content of this section is an excellent primer to understanding the underlying math and is
the inspiration behind the work of Chapter 6.

To optimize the objective function F' by tuning the permittivity distribution &(r), we
must find how sensitive F' is to £(r;) for all positions r; in the design region. We can do
this using calculus,

i _or o or o
de(r;) OE Oe(r;)) OH Oe(r;)’

(2.89)

where it’s assumed that F' has no explicit dependence on £(r;). Since the functional form
of F'is known (defined for the desired application), the vectors 0F/0E and 0F/0H are
trivially calculated, although, in some implementations, autodiff is used for better user
experience [155]. Evaluation of the vectors OE/Je(r;) and OH/0e(r;) requires Maxwell’s
equations.

Maxwell’s curl equations in the frequency domain for inhomogeneous, linear, non-
magnetic, isotropic systems can be written in the matrix form,

“ T el 18 = 1) 290)

where I is the identity operator, and all other terms have been explained in previous sec-
tions. Here we define J as a source current unrelated to the material dispersion or loss.

Eq. 2.90 can also be thought of in a numerical sense, assuming a finite-difference ap-
proach. In this interpretation, we imagine our spatial grid discretized using the FDTD
scheme where the simulation domain contains N3 = N, x Ny x N, cells, where N, is
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the number of Yee cells in the a-direction. To maintain the matrix formulation, the
spatial grid is flattened so that all functions of space are flattened to a vector, f(r) —
[f(ro), f(r1), f(r2), ..., f(rns)] " where rg is the 8 grid point in the 3D grid. Thus, [E, H]"
is a vector of length 6N3, iweoI and iwpol are constant diagonal matrices of size 3N3 x 3N3,
Vx is a 3 x 3 block matrix, consisting of N3 x N3 finite difference matrices, and &(r,w) is
a 3N3 x 3N? matrix with the permittivity values flattened (as before) along the diagonal
three times (for each E field component).

To simplify the notation, we will use the more compact form, Ax = b where A is the
matrix in Eq. 2.90, x is the electromagnetic field vector and b is the source current vector.

Continuing with the adjoint formulation, we differentiate Eq. 2.90 with respect to e(r;),

0A ox db
o A = 291
Oe(r;) X+ Oe(r;)  Oe(r;)’ (291)
where typically the current source is external to the device, and thus,
ax o4 (2.92)

de(r;))  0e(r;)

Although b is independent of ¢, in Chapter 6, we deal with the case where the source b
depends on the tuneable parameters p.

Next, we left - multiply both sides by an adjoint vector y,

Jx 0A
T, X __ T 94
y A@e(ri) y ag(ri)x’ (2.93)

and we define a new vector equation that at first seems arbitrary,

OF OF
T —_— — —
y A= [8E’ 8H} (294)
When the RHS of Eq. 2.94 is plugged into the LHS of Eq. 2.93 we get
yTa % :[3_F3_F}. Ox _OF OE  OF OH _ dF (2.95)
de(r;) OE’OHl 0e(r;) OE 0e(r;) OH 0e(r;)  de(r;)’ ’

o2



where we used x = [E, H|”. Finally, we see that the RHS of Eq. 2.93 becomes the gradient,

dF + 0A
- _ 2.96
de(ry) 7 0e(ry) (2.96)
The arbitrary Eq. 2.94 can be transposed to yield,
OF OFT
Ay = |55 5m) (2.97)

where we used the fact that AT = A (which can be shown by analysis of the curl operators),
and therefore, y = [E*Y, H*¥]T is another solution to Maxwell’s equation where the source
is given by the derivative of the objective function [0F/OE,0F/0H]|",

iwepe(r,w)l  Vx | [E*¥]  [0F/OE (2.99)
—Vx iwpel| |HY | — |OF/OH| " '

The derivatives [0F/OE, 0F/OH]" are evaluated using the solution of Ax = b. There-
fore, the location where the objective function is evaluated becomes the location of the
source in the adjoint calculation. For this reason, it is sometimes called the backwards
simulation.

From Eq. 2.96, the gradient finally becomes,

dF

=07 = —iweoB™Y - Ef"5(r — 1;), (2.99)

where we used the fact 9A/0z(r;) is only non-zero at the point r; in the upper-left block
of the matrix. We also added a superscript to E to clarify that it is the electric field from
the forward calculation.

By solving Maxwell’s equations twice for the same system (with different sources), we
can find the gradient of our objective function with respect to the permittivity every-
where. This seemingly simple trick of algebra and calculus has become a powerful tool in
nanophotonics research and development.
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2.3.2 Adjoint topology optimization implementation

Before optimizing, one needs to set up the simulation’s layout and details, including where
the sources, design region and objective function are located. We also need to choose the
permittivities of the final design. Typically, these designs are binary, where we want our
final permittivity distribution to be £(r) = £, or 2. However, to get to this point, we will
allow the permittivity distribution to be continuously deformed during the optimization
procedure, e(r) € |1, €3]

To do this, we parameterize the permittivity distribution using a density function p(r) €
[0, 1] where,

e(r) =e1(1 — p(r)) + e2p(r). (2.100)

Since we are now optimizing for p(r), we can use the chain rule to derive our new
gradient from Eqgs. 2.99 and 2.100,

dF - dF de(r)
dp(r)  de(r) dp(r)
Filters are typically used to decrease the likelihood of feature sizes that are too small in

order to ensure that devices are fabricable. One simple filter is the Gaussian convolution
filter, where,

= —iweg(ey — &1)E(r) - B/ (r). (2.101)

a?

1 r—r/|?
Pfittered(T) = ol /| | p(r) exp <—¥) dr’, (2.102)
r—r’|<2a

=y’

. . . . . 2 .
where a is the desired minimum feature size and C' = f|r7r,| <9 exp( a—2|>dr’ is a nor-

malization factor. Note that this is generally written as a volume integral; however, in most
applications of nanophotonic inverse design, design is done in 2D, with the third dimension
having no variation within the devices. For example, a metalens who focuses light along
the z-direction only needs to be designed in the x — y plane so that p(z,y,2) = p(z,y),
V2 € [Zmin, Zmaz] Where z,;, is the bottom of the metalens design region (the substrate),
and z,,, is the top of the design region (the lens-air interface).

Other feature size filter examples include the Helmholtz-type partial differential equa-
tion filter [156] where pfiereq is the solution of a PDE with the unfiltered p(r) being the
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PDE source, or the FFT filter where p(r) has its high spatial frequencies removed [157].
All these filters are smooth (theoretically) and thus differentiable in their domain. The
derivative 0pfiyered(r)/0p(r’) (for two different positions) is calculable, which is necessary
for calculating the gradient,

dF dF de(r’ ; !
- / : e(r) s tiered () 111 (2.103)
dp(r) design space d€(r ) dpfilte'red(r ) ap(r)

These filters act as smoothing filters which push p(r) away from a binary structure.
Thus, a thresholding function is usually applied to force p(r) towards a binary distribution.
A Heaviside function is a naive choice as it would push intermediate values of p(r) to 0 or
1, but its trivial derivative inhibits gradient-based optimization. A commonly-used smooth
Heaviside function is [155, 158]

_ tanh(8n) + tanh(B(pfirerea — 1))

Pihreshold(T) = tanh(B7) + tanh(B(1 — 1)) (2.104)

where 5 € [1,00) controls the steepness of the step, and n € [0, 1] controls the threshold
value. In the limit 8 — oo, the thresholded field becomes binary, pipresnoa(r) = 0 or 1.
The common strategy is to set n ~ 0.5 as constant and slowly increase 3 throughout the
optimization procedure (say every ~ 20 iterations) from a small scalar (say Bt ~ 2) to a
large scalar (say Bgop ~ 10°) using a logarithmic scale. After including thresholding, the
gradient becomes

e dr'. (2.105)

dF / dF de(r’) Opthreshold(r") Opfiterea(r’)
design space de(r’) dpthreShOZd(r/> apfiltered<r/) ap(r)

Additional filters can be used for various reasons as long as their gradients are accounted
for via the chain rule.

Note that the first two derivatives 25— are calculated using Eq. 2.101. The
d&(l‘) 8pthreshold(r)

filter derivatives can be tricky, and it is now common practice to use automatic differen-
tiation [155]. In this case, a global filter function can be programmed using an automatic
differentiation programming library, and the full filter gradient is calculated in the back-
end, enabling generalized filtering schemes without requiring tedious math, assuming all
elements are differentiable.
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Figure 2.7 summarizes the adjoint topology inverse design method in 11 steps. The
main optimization loop is highlighted in green and the pre- and post-processing in blue.

Note that the gradient descent algorithm is simple to implement, especially when test-
ing and debugging the algorithm. However, there are minimization algorithms that are
much better suited to photonic topology optimization, including the method of moving

asymptotes (MMA) [158] and the limited-memory Broyden—Fletcher—Goldfarb—Shanno al-
gorithm (L-BFGS) [159] which are available in open-source libraries such as NLopt [160)]
and Scipy [112].

The source of the adjoint simulation is given by the derivative of the objective function
with respect to the electromagnetic field of the forward simulation, [0F/0E,0F/0H]. In
the frequency domain, these are complex numbers. For example, a simple objective function
may be the z-component of the electric field amplitude at some position rp. We want to
maximize

F=|E.(rp,w)l (2.106)

Since E,(rp,w) is a complex number, the derivative is also complex 0F /0E, = EX(rp,w).
In the frequency domain, this is not a problem. However, care must be taken in time-
domain simulations (where the fields are Fourier transformed), where it is best to represent
the complex number as,

OF

o5 = Filrr,w) = [EX(r,w)| exp(io), (2:107)

where ¢ is the phase of Ef(rp,w). Thus the time-domain source can be any function with
amplitude |E*(rp,w)| and phase-delay ¢. For example,

JU(t) = |EX(rp,w)| cos(wt — ), (2.108)

is a naive choice. As a better choice, one may find an envelope function A(t), such that,

JU(t) = |EX(rp,w)|A(t) cos(wt — @), (2.109)

Fourier transforms to Eq. 2.107.
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1)  Setup simulation, objective function F(E, H), and initialize design p(r) € [0,1],

a. typically, p(r) = 0.5
b. eg., F(E H)~|E|?

2)  Apply filters,
a. where, e(r) = & + penresnota(Pritcerea(P()) ) * (€2 — &)

3)  Run forward simulation and store E(w) and H(w) in the objective function region, and
store E(w) in the design region

4)  Calculate objective function F(E, H) and the adjoint simulation source,

. [aF aF
a. where, b = [—.—
AE'3H

5)  Run adjoint simulation and store E®%J () in the design region

6) Evaluate electromagnetic gradient,

dF de(r) : i
: h —_—— — e VEMi () - E
a. where, Zm—— iweg (g, — &) (r) - E(r),

7)  Evaluate filter gradient,

a. where, dpreshold {pﬁ,m.m (p[r'}) )fap{r) is evaluated using automatic
differentiation

8) Update density distribution
a. This depends on your choice of optimizer, but a simple gradient step would thus be,
Prew (@) = p(r) + ¥ “Ffdp(r) where y is scalar determining the size

of the gradient step

9)  If necessary, increase f§ and return to step 2.
a. with p(r) = ppew (1)

10) If converged (max iteration reached or convergence criterion), finish binarizing,

{s. if e(r) <2y +e3)
=l Epinary\F) =

£ if &(r) = %(51 +£3)

11) Test final device, and post-processing

Figure 2.7: Algorithm for nanophotonic inverse design. The main optimization loop is
highlighted in green, and pre and post-processing are highlighted in blue.
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For broadband objective functions, F(E(w;),..., E(wy), H(w:), ..., H(war)), more care
must be taken. Although using a sum of Gaussians (each centred at the discrete frequencies,
w;) is tempting, each Gaussian must be narrow-band to avoid spectral overlap, forcing
longer simulation times. In Ref. [155], a novel method is introduced for calculating a
short pulse for Jo%(t) for cases where the objective function contains multiple, discrete
frequencies.

2.4 Deep Learning

Deep learning is a subfield of machine learning where deep (multi-layered) artificial neu-
ral networks are used to make predictions based on data. This section will summarize
the mathematics underlying deep learning and deep neural networks (DNNs) and briefly
explain how they are trained.

Figure 2.8 illustrates an artificial neural network consisting of a sequence of algebraic
manipulations summarized here before using math. First, the input numerical data is fed
into the input layer (green dots) — in this case, we expect only two input values. Next,
the numbers are sent to the first (in this case, only) hidden layer (blue dots), where they
are linearly combined, and the activation function is applied. The weights for the linear
combination are different for each hidden layer node. The nonlinear activation function
imitates the action potential in real neurons; they only transfer an electronic signal if the
given stimulus is above a certain threshold, thus explaining why the hidden layer nodes are
commonly referred to as artificial neurons. The resulting number from each node of the
first hidden layer is sent next to each node of the second hidden layer, where they are again
linearly combined and acted on by the activation function. Finally, numbers from the last
hidden layer are linearly combined and sent to the output layer (purple dot), the final re-
sult. Note that a neural network is considered deep when it has more than one hidden layer.

In the following, we will discuss the mathematics behind DNNs, starting from the

data input from which we wish to make a prediction. The input layer of the network
g) © .

receives a vector of numerical data x(© LTy ] where the superscript denotes

the layer (the input is the 0" layer). Each Value x§°’ is con81dered a node of the input layer.

The vector x(© is sent to each node in the first hidden layer. The i node of the first

hidden layer will perform a linear combination of the values of x(®
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Input Layer  Hidden Layer I Hidden Layer2  Output Layer

Figure 2.8: A simple neural network illustrating the three primary layers; the input layer
receives numerical data, the hidden layers operate on the data, and the output layer com-
bines the data from the last hidden layer and returns the value(s) to the user.

1]]’

20 =plM 4 Z w2 (2.110)

where the parameters w( are the weights of the first hidden layer, and b( ) are the biases.
This equation can be ertten as a matrix-algebra problem,

2z = b 4 WO (2.111)

where the bolded terms are vectors and W) is the matrix containing the values ng). At
the output of the hidden layer, the activation function is applied

xW = fou(2W), (2.112)

and x(!) becomes the input for the next layer. The math behind an individual neuron in a
hidden layer is summarized in Figure 2.9. This sequence of manipulations continues until
the output layer,

y (out) fact(b(out + W (out) (out 1)) (2113)

which is generally a vector but, in simple cases, may be a scalar. For example, vector out-
puts are commonly used in classification problems where the length of y©*) is the number
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_ _(n)_(m-1) (n) (n—-1)
=Wi0%o +wyix;

(n) (n-1) m)
twi,x; + b; L]

= fact (Zin))

Figure 2.9: Artificial neurons in a hidden layer and the math it performs.

t)

of classes, and the value of yi(ou represents the probability of that x(© is the i** class.

For example, x(®) may be a picture of an animal, and ygi?) is the probability that x(© is
a picture of a dog. In photonics applications, vector outputs may represent the spectral
response of a device characterized by the values in x(©,

It is the activation function that provides nonlinearity to the neural network. Indeed,
without the activation function (or if f,,(z) = x), a neural network becomes a linear
regression algorithm, regardless of the number of hidden layers. There are many candi-
date activation functions to choose from, and common ones include the sigmoid and tanh
functions which behave like continuous, differentiable step functions, providing an accu-
rate model of the activation potential. However, for regression problems where we expect
output values to be continuous, the rectified linear unit (ReLLU) function, a thresholded
linear function, is commonly applied (or one of its many variations).
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2.4.1 How does the machine learn

The previous section overviewed how a DNN works in the forward direction. However, the
true underlying complexity involves how DNNs learn. There are many strategies for train-
ing networks, each based on collecting large amounts of data to feed through the network.
Here will only discuss supervised learning which assumes the data is separated into inputs
and outputs. In the image classification example, the inputs may be pictures of animals,
and the outputs are labels of the animal type. Alternatively, in the spectral example, the
input is the device parameters, and the output is the spectrum.

Training a DNN involves tuning the weights W™ and biases b™ to minimize the
absolute difference between the DNN output and the true output from the dataset. The
difference is given by an error function E(y®®). As with activation functions, there are
many error functions to choose from, but a common example is a mean-squared error,

out) Z ’y Out) ddataset) 27 (2114)

where yéwt) is the output vector of the DNN when given the d** input data point xgo), and

Eldamset) is the expected output from the dataset.

Thus training a DNN becomes an optimization problem; minimize E(y°u) using the
weights W™ and biases b™. Now it is worth pointing out that a DNN is completely
differentiable with respect to the weights and biases. In other words,

OE  dE Oyl
aw™  dylu) g,

7/7] /L?]

(2.115)

is calculable through repeated use of the chain rule. First dy(©“)/ 8w(°“t can be easily

computed via direct differentiation of Eq. 2.113. Next, the Jacobian dy O“t)/ ox(ou=1) can
also be evaluated by differentiation of Eq. 2.113, allowing for the calculation of

OFE 8y(out) ax(outfl)

aw(oyt—l) - Ox(out—1) ) aw(oyt—l)’ (2'116)
1,7 ij
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(out)

where 9x©=1 /9w %~V can also be computed in the same way as dy(©) / ow;;

)

This process of compounding chain rules is called backpropagation, which can be applied
to find the sensitivity of E(y©*)) with respect to all weights W and biases b for all
hidden layers n.

This requirement for backpropagation inspired the development of auto-differentiation
programming libraries. Using autodiff, users can calculate E(y©*") using a forward-pass
of the network, and the gradients, 0F/ 8w§3) and 0E/ 8b§n) are evaluated in the backend
and are fed to a gradient-based optimization algorithm to optimally tune the weights and
biases to best model the dataset. Automatic differentiation is usually accomplished by
storing the computation graph of the forward-pass calculation and then applying the chain
rule in a backward-pass of the same graph. Thus, in the view of automatic differentiation,
optimizing parameterized problems can be treated as training a neural network where the
tuneable parameters become the fitting parameters of the network.
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Chapter 3

Parallel FDTD Modeling of
Nonlocality in Plasmonics

In this chapter, we apply the content of Chapters 1.1, 2.1, and 2.2 to the problem of
computational plasmonics at the extreme nanoscale, with features of sizes < 10 nm. I
am the lead author of the work presented in this chapter, published in the journal IFEFE
Transactions on Antennas and Propagation in July 2021.

My first project as a graduate student, the initial goal was to implement the hydro-
dynamic plasma model in our in-house FDTD software, built with plasmonic simulations
in mind [77]. In the meantime, we found that a proper treatment of linear, nonlocal
plasmonics was lacking in the literature, and the project was steered in that direction.
This lack of implementation is clearly explained in Ref. [76]; the memory and computa-
tional requirements are unwieldy because the resolution must be fine enough to resolve
the electron perturbations near the structure surface. Our 3D-FDTD software was de-
signed for distributed computing systems, and its computation time scales linearly with
resources [75,77], providing the ideal tool for this investigation.

In this chapter, we derive the nonlocal Drude model and the generalized nonlocal optical
response (GNOR) model in the time domain. We then derive auxiliary differential equa-
tions for the free-electron polarization fields and update equations for the FDTD solver.
We dedicate a section to how the FDTD program is parallelized using the Message Pass-
ing Interface (MPI) and how this is adapted for nonlocal modelling. With the essential
ingredients in place, the FDTD implementations of the nonlocal Drude and GNOR models
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are tested against nonlocal Mie theory (including longitudinal modes) for light scattering
from nanometer-scale particles with exquisite accuracy and experimental results from the
literature.

As an unforeseen bonus, the model (necessarily) reduces staircasing artifacts at the
metal-dielectric interface that plagues FDTD simulations of plasmonic particles (even at
high resolutions). Without the electronic pressure term in the Drude model, the charge
can build up infinitely in stair-casing regions with sharp corners, resulting in artificial
hotspots that distort the near fields. The electronic pressure ensures such charge build-up
is reduced (in agreement with the Pauli exclusion principle), and the fields reflect this
charge-smoothing effect.

Although remaining unexplored, this model was believed to explain the finding of blue-
coloured structured gold metasurfaces; however, exploration of this was limited, and the
project fell through. Studying the effects of nonlocality on plasmonic colouring remains a
potential future application of this work. Similarly, we find that in FDTD, convergence
issues arise if two metallic structures are placed too close to each other. Nonlocality may
present the solution to this problem via the near-field smoothing effect; however, this also
needs to be explored.

Supporting media in the form of time-domain movies is provided with this article and
can be found in a zip folder at ieeexplore.ieee.org/document/9301363/media.
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Parallel FDTD Modeling of Nonlocality in
Plasmonics

Joshua Baxter

Abstract— As nanofabrication techniques become more pre-
cise, with ever smaller feature sizes, the ability to model nonlocal
effects in pl becomes incr ly important. Although
nonlocal models based on hydrodynamics have been imple-
mented using various ational electr tics techni
the finite-difference time-domain (FDTD) version has remained
elusive. Here, we present a comprehensive FDTD implementation
of nonlocal hydrodynamics, including parallel computing. As a
subnanometer step size is required to resolve nonlocal effects,
a parallel implementation makes the computational cost of
nonlocal FDTD more affordable. We first validate our algorithms
for small spherical metallic particles, and find that nonlocality
smears out staircasing artifacts at metal surfaces, increasing
the accuracy over local models. We find this also for a larger
nanostructure with sharp extrusions. The large size of this
simulation, where nonlocal effects are clearly present, highlights
the importance and impact of a parallel implementation in FDTD.

Index Terms— Finite-difference time-domain (FDTD), gener-
alized nonlocal optical response (GNOR), hydrodynamic plasma
model, nonlocality, parallel computing, plasmonics.

[. INTRODUCTION

ABRICATING objects with nanoscale precision is pos-

sible due to significant progress in nanofabrication tech-
niques over the last few decades [1]. As a result, plasmonic
nanostructures and metamaterials [2] are having tremendous
impact on many fields including biosensing [3], quantum
cryptography [4], nonlinear optics [5], photovoltaics [6], light
emitting devices [7], and precision medicine [8].

Numerical modeling in plasmonics is typically based on
optical models for bulk permittivity. These models—such as
the Drude model for free-electron response, and the Lorentz
and critical points models for bound electron response [9],
[10]—are based on the local response approximation (LRA),
which assumes that the induced polarization or current at a
given location depends only on the electromagnetic field at
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that same location. While appropriate for many applications,
the Drude model is insufficient for modeling plasmonic struc-
tures smaller than 10 nm [11]-[14], as well as those containing
sharp features or nanoscale gaps [15], [16]. The charge density
near the surface of plasmonic objects is spread over a finite
thickness on the order of a few angstroms [16], [17], and thus
for small features, cannot be treated as localized at the surface,
as is implicit in LRA models.

The hydrodynamic plasma model treats the conduction
band electrons as a free electron gas [5], [12], [16]-[18],
accounting for free-electron fluctuations via a pressure term.
Unlike the Drude model, it does not make an LRA and thus
nonlocality is incorporated. It has been found to correctly
predict the expected spread of charge density near plasmonic
surfaces as well as predict the blueshift in plasmon resonance
with decreasing particle size [13], [17], [19]. More recently,
the effects of electron diffusion were incorporated within a
generalized nonlocal optical response (GNOR) model, cor-
rectly predicting a broadened line shape that was observed
experimentally [20].

Nonlocal hydrodynamic models have been implemented
using several computational electromagnetic methods includ-
ing the finite element method [21], the discontinuous Galerkin
time-domain (DGTD) method [22], and the boundary element
method [23]. Due to their inhomogeneous mesh, finite element
methods, including DGTD, offer computationally efficient
calculations for systems containing sharp features, or com-
plex geometry, especially when compared to finite difference
methods. This has been demonstrated for dielectric resonator
simulations [24]. However, the complexity of implementation
of such methods, and a dearth of reliable open source code,
may present a hurdle for researchers in the field.

A finite-difference time-domain (FDTD) implementation of
nonlocal plasmonic models would be advantageous due to the
widespread use of FDTD in the photonics community, its rel-
ative ease of implementation, the availability of reliable open
source codes [25], its broadband capabilities, its ability to pro-
duce time-domain movies, and its near-linear scalability when
run on many processors [26]. Few attempts have been made
[27]-[29], however none of them consider high-performance
computing and parallel implementations, nor include electron
diffusion. In addition, one uses an erroneous approximation,
and another deals with terahertz plasmonics. A correct and
comprehensive FDTD implementation for plasmonics within
and near the visible regime has remained unreported.

In this article, we present a parallel FDTD implementa-
tion of nonlocal hydrodynamics, including a GNOR imple-
mentation. A parallel implementation in FDTD is especially

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/
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important for simulating nonlocality, as the grid cell size needs
to be smaller than the Fermi wavelength A ~ 0.5 nm to
capture the spread of electron density [30]. This can require a
large amount of memory and can present a prohibitive compu-
tational load. High-performance computing represents a viable
solution. The FDTD rectangular-meshing scheme, where a
field update at one location requires fields only in adjacent
Yee-cells [31], lends itself well to parallel computing; indeed,
message passing interface (MPI)-based FDTD solvers are well
reported for LRA models [26]. Furthermore, high-performance
computing is becoming more accessible with cloud computing,
computing consortiums, increased high-performance comput-
ing investments, and new, higher-level parallel programming
languages such as Chapel [32].

The structure of this article is as follows. We review
nonlocal hydrodynamics in Section II, including the most
common version without electron diffusion, as well as GNOR,
which does include electron diffusion. In Section III, we derive
from the nonlocal models FDTD update equations for the
polarization field via the auxiliary differential equation (ADE)
method. In Section IV, we discuss the implementation of the
nonlocal FDTD update equations for parallel computing within
an MPI framework. In Section V, we test our implemen-
tations by simulating the optical response of small metallic
nanospheres and comparing our results to analytic solutions
and experimental results. We find an unexpected benefit of
nonlocal versus LRA modeling: a marked decrease in stair-
casing artifacts at the metal boundary. Due to the rectangular
discretization inherent in most FDTD approaches, fields can
build up in an unphysical manner at plasmonic surfaces, and
this can be particularly problematic in applications that rely on
plasmonic near-field enhancement [33]. The incorporation of
nonlocality significantly decreases this unphysical field build-
up. In Section VI, we simulate the response from a spherical
nanoparticle-containing sharp extrusions as a demonstration of
a large-scale simulation that requires both parallel computing
and nonlocal modeling. We find that despite the nanoparticle
being larger, the sharp extrusions exhibit plasmonic features
not accessible to the LRA. Finally, in Section VII, we give
concluding remarks.

II. HYDRODYNAMIC MODELS FOR NONLOCALITY

The most general response of a linear optical material to
incident radiation is described by
D(r,w) = eo/s(r, r', 0)E(r', w)dr (1)
where the dielectric function of the material, &(r, r’, ), is non-
local when the displacement field D at one location depends on
the electric field E at other locations. In many applications, it is
appropriate to use a LRA, wherein ¢(r, r', w) = o(r —r')e(w).
In plasmonic modeling, the interaction of the electric field and
the free electron plasma is typically described by the Drude
model, which employs the LRA, where the dielectric function
reduces to [9]
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where w,, is the plasma frequency, y is a collisional damping
rate, and 7 is the imaginary unit.

The hydrodynamic plasma model [17] goes beyond the
LRA, more accurately describing spatial-temporal free elec-
tron dynamics via

ov

+

1

or

0G|[n]

on
where v is the velocity field of the free electron plasma, E
and B are the electric and magnetic fields, and n is the free
electron density. The energy functional G[n] considers the
internal kinetic energy of the electron gas and is usually taken
to be the Thomas—Fermi functional, giving
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—n
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where h is Planck’s constant. As we are only considering
the linear nonlocal response in this article, we neglect the
nonlinear terms (magnetic-Lorentz and convection) in (3)
giving
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ot
where 8% = (1/3 v%) and v is the Fermi velocity. The free
electron density fluctuations are accounted for in the last term
of (5). This is often referred to as the pressure term, and is
responsible for the known blue shift in the surface plasmon
resonance with decreasing particle size [13], [17]. Along with
this formula for the velocity field, we require the continuity
equation given by

e
_E-—
m

(%)

on
Pl V. (nv).
From here, we consider two approaches. The first is the
most widely used and assumes a current density given by
J = —env. As we use a polarization field formulation in this
article, we set J = (0Py/0t), where we have defined Py, to
be the (nonlocal) free electron polarization field. The velocity
field is thus v = —(1/ne) (6Py./0t), and (6) becomes

(6)

)

1
n=no+ -V Py
e
where ng is the equilibrium free electron density. From (5),
we then obtain
Py
ot?

0Py,
ot

where w, = \/(e?ng/meg). We call (8) the “nonlocal Drude
model" because it consists of the classical LRA Drude model
plus one additional term that gives rise to nonlocality (i.e.,
the term proportional to 5%).

The model represented by (8) differs from those used
in the three previous nonlocal FDTD works. In Ref. [27],
the gradient-divergence term was simplified to a Laplacian,
and this resulted in spurious, nonphysical resonances [18].
In Ref. [23], a current density formulation is used. A benefit
to using a polarization field formulation is that it gives ready
access to the free electron density via Gauss’s Law, as we
demonstrate in Section V. In Ref. [29], the thermal kinetic

= 20w E + f*V(V - Pyy) ®)
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energy is used instead of the Fermi energy in the pressure
term. Because we are interested in plasmonics within and
near the visible regime with noble metals, we need to use
the Fermi energy since Er ~ 215 KT at room temperature.
It is worth noting that Ref. [34] introduces an explicit scheme
to solve (3) via FDTD for nonlinear plasmonics without the
Thomas—Fermi functional, which is the only nonlocal term
that is relevant for linear simulations.

The second approach we consider includes electron dif-
fusion, which was also found to play an important role in
the optical response of small metallic particles [20]. This
has been described by the GNOR model, where diffusion is
considered by modifying the expression for the velocity field
via v = (—=1/en)((0Pg/0t) + DV(V - Pg)), where D is the
diffusion coefficient and where we have denoted the GNOR
free electron polarization field by Pg.

Using in (5) and (6) the GNOR definition for the velocity
field, we obtain the following time-domain nonlocal-ditfusive
hydrodynamics model for the polarization field, which we
hereafter refer to as the “GNOR" model:

%P

5 TV

ot ot
where 7 = f% + Dy. GNOR correctly predicts both the
blueshift in the plasmon resonance frequency as well as the
broadening of the absorption peak with decreasing particle
size. The broadening is the result of the diffusion coefficient,
but it is worth noting that this effect can be introduced
through other models. For example, one can increase the
Drude damping coefficient phenomenologically as a function
of nanoparticle size to account for electron scattering from the
particle surface [35]. One may also introduce a stress tensor
term into the hydrodynamic model [36]. In this article, we will
consider only the nonlocal Drude and GNOR models (both of
which are thoroughly reviewed in Ref. [17]).

It is from (8) and (9) that we derive in Section III, our
FDTD update equations for implementing the two different
models of the free electron response of plasmonic material,
one accounting for nonlocality only (8), and the other nonlo-
cality with diffusion (9).

To properly model the optical response of many plasmonic
materials, one must also include the contribution of inter-
band transitions through bound electrons. We employ the
LRA-based N-critical points model that assumes a suscepti-

bility of the form
N
A,Q 10
+z ! ”(prwfir,,+£2p+w+irp) 10
p=1

where &., is the infinite frequency permittivity, and
Ap,Q,, T, and ¢, are fitting parameters. This model can
be readily transformed to the time-domain for FDTD imple-
mentation, as described in detail in Ref. [37].

oPg
,

0
=00} E19(V - Pe)+D V(Y -Pg) (9)

ser(®) = (60 — 1)
eiqﬁ,, g’id’l'

I1I. UPDATE EQUATIONS FOR NONLOCAL FDTD

We derive in this section the FDTD update equations
for the time-domain nonlocal Drude and GNOR models
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TABLE I

YEE CELL POSITIONS OF THE ELECTRIC, MAGNETIC,
AND POLARIZATION FIELDS

Electric M: ic Polarization|
Ey,Hy, Pr i+1/2, j, k i, j+1/2, k+172 i+1/2, j, k
Ey,Hy, Py i, j+1/2, k i+172, j, k+172 i, j+1/2, k
E., H.,P. i, j, k+1/2 i+172, j+1/2, k i, j, k+1/2

[(8) and (9), respectively], using the ADE method. We
also present the update equations for the N-critical points
model (10) to account for interband transitions which is
derived elsewhere [37].

We discretize our domain via the Yee cell [31] where
the electric fields are collocated with the polarization fields
in time and space; the Yee cell positions of the electric,
magnetic, and polarization fields used in this article are listed
in Table I. We denote the free-electron polarization field by
P, (which signifies either Py, or Pg), and the bound electron
polarization field by Pcp.

The FDTD update algorithm at time = nAt¢, where At is
the time step size, consists of updating (in order) the:

1) magnetic field H'*'/2 = £, (H"~'/2, E"),

2) electric field B = f(E", P, PLp, H'H/2),

3) bound charge polarization P"f*,;l = f3(E"*, Pip),

4) free charge polarization P’}Jr = fo(E", P),
via update equations fi, f», f3, and fi, whose form and
required inputs depend on the model from which they are
derived. The equation f; is the magnetic field update derived
through discretization of the Maxwell-Faraday equation [38];
we do not derive this here because in plasmonic simulations it
is typically unchanged from the vacuum equation. In what
follows, we present the electric field update equation f>
(derived from the Maxwell-Ampere law), the bound charge
polarization update equation f3 [derived from (10)], and the
free charge polarization update f; (derived from (8) for the
nonlocal Drude model, and (9) for the GNOR model). Though
we present f for two nonlocal models, one must choose which
to use—they cannot be used simultaneously.

We start by deriving f14 from the nonlocal Drude model.
Using central differencing, we discretize (8) centered at time
nAt, to obtain

P 2P Py
At?

Pn+l_Pn—l
+y NL NL

A =eow B+ 47V (V- Py ).

(1)

Furthermore, using weighted central averaging as discussed
in Ref. [33], we set E" = (E"~! 4+ 2E" + E"*')/4 to obtain

Pyl = D\Py, + DoPy;! + Ds(E'™! +2E" + E'H)

+DyV(V-PL,)  (12)
where
2
D =—— 13
= DA (13)
L ! (14)
2T D, \2Ar T AR

67



BAXTER et al.: PARALLEL FDTD MODELING OF NONLOCALITY IN PLASMONICS

2
Eor
Dy =—1L 15
5= 1D, (15)
ﬂZ
Dyi = 16
NL= D (16)
pu=(" 41 a7
1= \2ar T A2)

As the x, y, and z components of V(V - P},) must be
collocated with the x, y, and z components of Py, we have
opPy

_ o (P oP  OP
T ox\ox oy oz )|,

P;‘+3/2,j,k _ 2Ri+]/2’j’k + P;'—I/Z.j.k

(VP [H
i+1/2,j,k

~

+P;+I,]+I/2.k -~ P;+I,]—I/2.k -~ P;'”']/Z"" n P:y,]-l/z,k
AxAy
+P;+I,j,k+]/’2 _ pitlikel2 _ phiketl2  pijk=1/2
AxAz
(18a)
V(Y Py
o (0P, P, oP)\|MTVA
= — +—+
oy \ 0x aJy 0z y
i,j+3/2,k i, j+1/2,k ij—1/2,k
N P)_l*/ —2P)~/+]/ + P)_l 1/
Ay?
+P;+1/2,j+l,k _ pitl2 Lk _ pitl/2gk | pi=l/2ik
AxAy
+Pzr,j+1,k+1/2 _ piHkSl2  pliketl2 | pijk=1/2
AyAz
(18b)
V(V Py [
_ (0P 0P, 0P bRk
T oz\ox oy o0z )|,
N PpiikE2 g phiktl/2 | plik-12
a2 e
+P;+1/2,j,1\'+1 _ P;—I/Z.j.lH»l _ P;+1/2’j’k + P;—I/Z.j.k
AxAz
+P){,j+l/2,k+l _ P}l;,j—l,/Z,kJrl _ Py{,/+1/2,k + P;,i—1/2,k

AyAz
(18c)

where, for brevity, the components of Py, are written as P,
fora=x,y,z

For the GNOR model, the f; update equation includes
(12)—(18) (with B2 replaced by #) along with a suitable
discretization for the last term of (9), the only term that does
not appear in the nonlocal Drude model. As this term cannot be
achieved via central differencing, we use an alternate second
order backward finite difference scheme given in Table 3 of
Ref. [39]

" n—1 n—2
gV(V~P’&) ~ 3V(V-P;) —4V(V-P; )+ V(V - P )'
ot 2At

(19)
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The GNOR f; update then becomes
Pt = D\PL + DoPy! + Ds(E' +2E" + E'Y)
+ DG V(V - P%)
+ D2 (3V(V - PL) —4V(V-PL) + V(V - P5?)

(20)
where
n
Dg = — 21
6=, 2n
Doy = —2 22)
2= 2ADy

The f; update equation for the bound charge polarization
field is derived from the critical points model (10) in Ref. [37].
We state it here

P =C1yPlp ,+Coy Pl +C3 B + Cy B 4 Cs B!
(23)
where
12 Q+172
Cip=—+|-"—--"2-7" 24
' CF(AtZ 2 24)
1 (T 1 Q412
Cop=—2- —__2" » 25
2p C,,(At INE 4 25
Cyp  €0A,Q,sing,
Cyp = —L PP TP 26
T 2A1C, 26)
£0A ,Q,(Q, cosgp, —I', sin
C4p: 04p P( P ‘1’1) P ¢p) 27
c,
Cyp  €0A,Q,sing,
Csp = —L 4 2P P2 7P 28
T 2A1C, @8
PRV Q) +T; 29)
r=ataet 2

where p denotes the pth critical point.
Next we turn to the f» update equation for E"*!'. Ampere’s
law is discretized in time to give

En+1 _E" P;+l _ P’;
At At

5 P, — Py )

DI

p=1

€0€00

=V x 2 (30

For the nonlocal Drude model we set Py = Py, and
plug (12) into (30) to obtain

N
EH! £0800 + D3 + Z C3p
p=1
= At(V x H'''72)
N
+| €0600 — 2D5 + ZC4,, E"
p=1
N
| D3 +D.Csp |E = (D = DPy,
p=1
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N

=2 (Cip = )P, — D!
p=1
N

=2 CPe,
p=1

— Dy V(V - Py)). (31

For the GNOR model we set Py = Pg, and plug (20)
into (30) to obtain

N
E"! &06c0 + D3 + Z Csp

p=I1

N
= ALV x ') + [ 606 — 2D35 + D Cy | E”
p=1
N
— D3+ZC5P E'!

p=1

N
—(Dy = DPG = > (Crp — Py, — DIPE!
p=1
N
- z C2/7PE:{F — D 1V(V-Pg)
p=1
—D2(3V(V - Py) —4V(V-PL) + V(V - P57)).
(32)

For the GNOR update, to avoid recalculation of V(VP’{I ),
and V(V - P”G’z), we store them in arrays; therefore GNOR
requires additional memory.

The update equations derived above must be implemented
in all cells in which the plasmonic material exists. However,
care needs to be taken if the nonlocal material extends to
the boundary of the simulation domain. Terminating a non-
local material with a perfectly matched layer (PML) may
result in instability and convergence issues. Within a total
field/scattered field (TF/SF) framework—which is applicable
to many plasmonic nanostructure scattering problems—this
can be overcome by using the nonlocal model only in the total
field region. If TF/SF cannot be used, such as for geometries
that include a plasmonic substrate, one may use the LRA
Drude model in the PML region, and the nonlocal models
everywhere else.

Finally, we would like to highlight that since the polariza-
tion fields are nonlocal, an additional boundary condition is
required at the interface between the plasmonic and external
media. In the FDTD implementation, material boundary con-
ditions are implicitly imposed by not applying the plasmonic
material update equations outside of the plasmonic material.
Thus, the free electron density necessarily vanishes just outside
the material boundaries. This implies that Py - n = 0 at
the material boundary, where n is the unit vector normal to
the boundary; however, the tangential component of P, does
not vanish at the material boundary [18]. We have confirmed
numerically that our code implementation indeed implicitly
imposes this additional boundary condition.
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TABLE IT
SUBDOMAIN UPDATE SCHEME FOR DIFFERENT FIELD COMPONENTS

Component x dimension y dimension z dimension
Ey and Py 0— N, —1 1— Ny 1— N,
Ey and Py 1— Ng 0—= Ny —1 1= N.
E. and P, 1= Ng 1= Ny 0—N.—1
Hy 1— No 00— Ny —1 0— N, —1
Hy 0— Ny —1 1= Ny 0—N:—1
H, 0—= N, —1 0—=Ny—1 1= N.

IV. PARALLEL IMPLEMENTATION OF NONLOCAL FDTD

In this section, we describe a parallel FDTD scheme using
the MPI framework. Nonlocal simulations require a lot of
memory since the step-size Ax needs to be smaller than
the Fermi wavelength. In turn, significant computation time
is required because the Courant-Friedrichs-Lewy condition
restricts the time-step At according to Ax. Parallel computing
thus becomes essential.

The simulation domain is decomposed into n, xny xn, MPI
processes where n, is the number of MPI processes in the d
direction, with d = x, y, z. Each MPI process is identified by
a vector (m,, m,, m,) which gives its relative spatial position
within the simulation domain, where 0 < my, < ny.

Each process performs field updates within its own sub-
domain (i.e., its section of the simulation domain) defined
according to a local grid with (N, +1) x (N, 4+ 1) x (N, + 1)
points. The vector (i, j, k) identifies an individual grid cell
within the local grid, where i ranges from 0 to N,, j from
0 to Ny, and k from O to N,, inclusively. The electric and
magnetic field components at (i, j, k) correspond to different
locations in physical space within the grid cell, according to
the Yee cell shown in Table I. For example, E,(i, j, k) refers
to Ex(iAx + Ax/2, jAy, kAz), whereas E\(i, j, k) refers to
E,(iAx, jAy + Ay/2,kAz).

The use of domain decomposition requires that data from
the boundaries of subdomains be transferred to other subdo-
mains at each time step. For subsequent updates to be executed
efficiently, an overlap of information is required between
adjacent subdomains. For example, the cells (Ny, j, k) in sub-
domain (m,,m,,m,) represents the same physical locations
as the cells (0, j,k) in subdomain (m, + 1,m,,m,). The
update scheme we describe below guarantees that the update
equations for a given field component at a given physical
location are only applied once.

The components of the magnetic and electric fields in a
subdomain are updated via fi and f>, respectively, however,
each is updated for different ranges of indices (i, j, k) as
summarized in Table II. The notation 0 — N; means we
update from index O to index N, inclusively. Bound and
free charge polarization fields are updated via f3 and fj,
respectively, for the same ranges of indices as for the electric
field, as listed in Table II. To understand this visually, the field
update regions for the x and y components of all fields within
a single subdomain are illustrated in Fig. 1.

While the components of the magnetic, electric, and
bound charge polarization fields in a subdomain all require
(Ny +1) x (Ny + 1) x (N, + 1) values to be stored, the free
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E and P field updates H field updates

N, @k N, OH.
s Oe.p, w Ox,
y
ENN\IE i\
0 Ny 0 Ny

Fig. 1. 2-D representation of the field update regions within a subdomain for
the electric/polarization fields (left) and the magnetic fields (right). Different
colors are chosen to represent the different field components. The hatched
regions indicate where both field components are updated.

Setup Simulation

for x,y,z in Sub Domain:
if Plasmonic Area:
Calculate V(V - P}') Update H™+1/2
Calculate E™+! 1

Update CPML:
pate ,H.Sl Exchange H"t1/2
Update E™*1 and P™*1

i

Calculate P}** and PE3*
n-1 _ pn
Update P, = Pf
else:
Calculate E™+1
Calculate CPMLs

Exchange E"*! and P}*!

n _ pn+l
Py =Py

if GNOR: ‘ Update previous iteration fields ‘

V(v-PE2)=v(v.PEY)
V(v-PE 1) =v(V-PY)

Postprocessing

Fig. 2. FDTD algorithm for the nonlocal Drude and GNOR models in an
MPI framework.

charge polarization fields requires (N, + 2) x (N, + 2) x
(N, + 2). This is because the free charge polarization field
updates via (18) requires information from additional cells.
For example, to update P, y. (0, j,k) via (18a), we need
Py ni(—1, j,k); in general, we need an extra cell in each
dimension to store the —1 index. However, we do not
calculate updates at this index, as (—1, j, k) in subdomain
(m,,my, m,) obtain their values from a transfer of data from
cells (Ny — 1, j, k) in subdomain (my — 1, my, my).

‘We now discuss the flow of the FDTD algorithm for both the
nonlocal Drude and GNOR models, including what data needs
to be communicated, and when. This is summarized in Fig. 2,
and we go through each step in detail in the following.

The first update to execute after the setup of the simulation
is that of the magnetic field via f;. Once this has been
completed in each subdomain, a subset of the magnetic field
values at the subdomain boundaries must be communicated
to adjacent subdomains. The necessary communications for
H, are given in the first row of Table III; those for the
other components of H can be obtained from this table by
an ordered permutation of x — y — z. The intersubdomain
communications in the x and y directions are illustrated in the
top part of Fig. 3. Note that the data transfers of the magnetic
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Process Process
(my,my +1) (e +1L,my, +1)
Ny Ny [
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Process »z > Process
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x
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° t &
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° t 4,

® H,

Process my Process m,+1

Fig. 3. 2-D representation of magnetic and electric field data transfers
between adjacent subdomains. The different colors represent the different field
components as indicated. The inset illustrates all field component transfers
along x, and their relative positions in the Yee cell.

fields are all made in the “backward” direction. The inset
in Fig. 3 details all data transfers along x and their relative
Yee cell positions. For example, H,(0, j, k) updated locally
in subdomain (m, + 1,my,m,) is passed to H,(Ny, j, k) in
subdomain (m, my, m;).

After the magnetic field data transfer, the electric field is
updated in each subdomain via f>, after which the bound and
free charge polarization fields are updated in each subdomain
via f3 and f4, respectively. Subsequently, a subset of their
values at the subdomain boundaries needs to be communicated
to adjacent subdomains. The necessary communications for
E, are given in the second row of Table III; again, those for
the other components are obtained by an ordered permutation
of x — y — z The intersubdomain communications for the
electric field in the x and y directions are also illustrated in the
top part of Fig. 3, with further detail given in the inset. Unlike
the magnetic field data transfers, those for the electric field are
made in the “forward” direction. For example, E,(Ny, j, k)
updated in subdomain (m.,m,,m,), is passed to E,(0, j, k)
in subdomain (m, + 1, m,, m,). Note that only the E and H
components tangential to the direction of the data transfer need
to be exchanged.

In general, FDTD updates for LRA polarization models only
require the collocated electric and polarization field values so
that the polarization field values need not be communicated to
other subdomains. Thus, no communication is necessary for
the bound charge polarization field Pcp. This is not true for
the nonlocal models. The necessary communications for the x
component of Py are given in the third row of Table III and
visualized in the top part Fig. 4. The communication for the y
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Process Process
(mye,my, +1) (me +1,my, +1)
1 15
Ny L Ny L] [ A send
[ P, receive
BB,
Process 5 1 Process
(mymy) P | (my + 1,my)|
0 + 0 1+
-10 | I Ny -10 | I N,
Process Process
(my,my —1) (my, +1,my — 1)
x
= P
,,,,,,,,,, % p,
P,

Process \fx_jrccess

my my+l

Fig. 4. 2-D representation of the data transfers between adjacent subdomains
for the x component of the free charge polarization field. The j = —1 row
in the y-direction is not shown or required for Py, but would be required for
Py. The blue shade represents regions where P, is locally calculated and sent
to adjacent processes, and the purple represents regions where Py is received
from adjacent processes. The inset illustrates all free charge polarization field
component transfers along x, and their relative positions in the Yee cell.

and z field components are obtained from Table III again via an
ordered permutation of x — y — z. The inset of Fig. 4 shows
the data transfers along x for all field components. Note that
there are now four data transfers for every Py component—
three “forward” and one “backward”—due to the increased
data required for updates via (18). Thus, the inclusion of
nonlocality doubles the number of communications required
at each time-step. This has an effect on performance and
scalability and is discussed further in Section V.

It is worth noting that MPI is not the only solution for
parallel computing as new higher-level languages are being
introduced for this purpose. Chapel, a language produced by
Cray [32], allows for algorithm implementation on a distrib-
uted system without the challenges of MPI. For example, [40]
presents a finite difference implementation of Poisson’s equa-
tion in Chapel. One may also use a shared memory implemen-
tation where the memory is shared amongst the processes (or
threads) and therefore no data need be communicated. This can
be implemented via OpenMP [41] for multithreading on CPUs
or via CUDA [42] or OpenCL [43] on graphics processing
units (GPUs). Indeed, GPU-FDTD implementations are well
reported in literature [44]. Since GPUs can launch thousands
of parallel threads that all have access to shared memory,
a GPU-based implementation of nonlocal FDTD requires no
special treatment beyond what was presented in Section III.
While GPUs do suffer from memory constraints, they can still
be useful for smaller nonlocal plasmonic simulations.
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TABLE IIT
DATA TRANSFER PROTOCOL FOR THE x-COMPONENT OF THE FIELDS

H || Transfer y = O plane backward to adjacent y = N, plane
Transfer z = 0 plane backward to adjacent z = N plane
E. Transfer y = Ny plane forward to adjacent y = O plane
Transfer z = N plane forward to adjacent z = 0 plane
Pg z|| Transfer z = 0 plane backward to adjacent x = N, plane
Transfer z = N, — 1 plane forward to adjacent z = —1 plane
Transfer y = Ny plane forward to adjacent y = O plane
Transfer z = N, plane forward to adjacent z = 0 plane
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Fig. 5. Absorption cross sections for silver spheres of diameter 4 nm

(blue), 6 nm (green), and 10 nm (red) using (a) nonlocal Drude FDTD (filled
circles) and (b) GNOR FDTD (filled circles). The solid lines represent the
nonlocal Mie theory solutions (a) without diffusion and (b) with diffusion.
The dashed lines in both plots represent the LRA Mie theory solutions and
the x’s represent the LRA FDTD solutions.

V. NONLOCAL FDTD APPLIED TO SMALL SPHERES

In this section, we test and validate our FDTD implementa-
tions of the nonlocal models by using them to simulate the
optical response of small silver nanospheres. We compare
our results to: 1) analytic solutions based on Mie theory,
2) LRA FDTD plasmonic simulations that employ the LRA
Drude model for free-electron response, and 3) experimental
results from the literature. Not only do our nonlocal FDTD
simulations agree well with analytic and experimental results,
but we also find an unexpected benefit over the LRA approach:
a pronounced reduction of staircasing artifacts.

In Fig. 5, we plot the absorption efficiencies for silver
nanospheres in vacuum for three different diameters—4 nm
(blue), 6 nm (green) and 10 nm (red)—and different free
charge polarization models. To model silver, we use the fitting
parameters reported in [45] for w, and y in (8) and (9),
and for all critical points model parameters in (10). We set
ﬁz = 1/31)% where vy = 1.39- 10° m/s [46].

The FDTD domain is a 200 cell x 200 cell x
200 cell box truncated by a convolutional perfectly matched
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layer (CPML) [38] consisting of 20 additional cells at each
boundary. We use a uniform step-size of Ax = Ay = Az =
0.04, 0.06, and 0.1 nm for the 4, 6, and 10 nm particles, respec-
tively, which equates to D/100, where D is the diameter of the
sphere. For the particle sizes of interest here, this guarantees
both that the step-size is less than the Fermi wavelength, and
that the spherical shape is sufficiently resolved. Convergence
tests confirmed that these step-sizes were sufficient. The total
number of iterations varies with step-size and therefore particle
size. For a 10 nm diameter particle, 3 - 10° iterations are used
to reach convergence; this is scaled appropriately for the other
particle sizes.

In Fig. 5(a), we compare our nonlocal Drude FDTD cal-
culations (filled circles) with LRA FDTD calculations (x’s),
classical (LRA) Mie theory solutions (dashed lines), and with
nonlocal Mie theory solutions (solid lines). Nonlocal Mie
theory [47]-[49] is a modified version of Mie theory [50] that
allows for longitudinal modes, which permits a nonzero free
charge density within the nanoparticle. It has been success-
fully validated with experimental results for small particles
larger than several nanometers. For example, a quasistatic
version predicted absorption peaks that agree quantitatively
with experiment for particle diameters down to 10 nm with a
further qualitative agreement down to 2 nm [19].

We find in Fig. 5(a) excellent agreement between nonlocal
Drude FDTD and nonlocal Mie theory, with less than 2%
mean error for all three particle sizes. Doubling the FDTD
step-size increases the mean error for the 10 nm particle case
to 6.4%. Halving the step-size decreases it to 1.3%. Thus,
reasonable convergence is reached with reasonable simulation
domain sizes. As expected, we see an increasing blue-shift
in the absorption peak with decreasing nanoparticle size with
respect to the LRA model.

In Fig. 5(b) we compare our GNOR-FDTD calculations
(filled circles) with LRA FDTD calculations (x’s), LRA Mie
theory solutions (dashed lines), and nonlocal diffusive Mie
theory solutions (solid lines), where diffusion is accounted
for by substituting > with 2 + Dy — iDw in nonlocal
Mie theory [17]. The free electron diffusion coefficient in
silver is taken as D = 3.61 x 107* m?/s [17]. We again
see excellent agreement, with less than 1.6% mean error in
GNOR-FDTD relative to nonlocal diffusive Mie theory for
all three particle sizes. As expected the resonance positions
predicted by the nonlocal Drude FDTD in Fig. 5(a) and GNOR
FDTD in Fig. 5(b) are the same, with an increased linewidth
for GNOR FDTD.

For the simulations of Fig. 5, we also tracked the CPU
time. For the 4 nm sphere simulations (256 cores) we report
155, 166, and 135 thousand time steps per hour for the LRA,
nonlocal Drude, and GNOR FDTD simulations, respectively.
Similarly, we report 278, 102, and 91 thousand time steps
per hour for the 6 nm sphere (128 cores) and 200, 63,
and 47 thousand time steps per hour for the 10 nm sphere
(64 cores). Note that the supercomputer used for these sim-
ulations was comprised of cores that were not all the same
speed, which may explain why the time step rate of the
4 nm LRA FDTD simulation is proportionally lower than
it should be. In general, the LRA model is faster than the
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Fig. 6. Electric field amplitude distribution of a 4 nm diameter silver sphere
in vacuum at A = 343 nm using (a) LRA FDTD and (b) nonlocal Drude
FDTD.
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Fig. 7. Close-up of the electric field amplitude distribution of a 4 nm diameter
silver sphere in vacuum at A = 425 nm. Staircasing artifacts are much more
prominent in (a) for LRA FDTD than in (b) for nonlocal Drude FDTD.

nonlocal models and GNOR is slower than the nonlocal Drude
model.

We now turn to examine the near-field and free electron
density distributions produced by nonlocal Drude FDTD,
comparing to those produced by LRA FDTD. In Fig. 6 we
show the electric field amplitude distribution for the simu-
lations of the 4 nm diameter silver nanoparticle produced
by (a) LRA FDTD and (b) nonlocal Drude FDTD, for
the wavelength corresponding to the peak of the (nonlocal)
absorption spectrum (4 = 343 nm). Shown are cuts in the
xz-plane through the center of the particle, where the incident
plane wave is z-polarized and propagates along the y-axis.
The field amplitudes are normalized, corresponding to an input
field of 1 V/m. For higher quality images, we used a halved
step size of Ax = D/200. LRA FDTD produces a constant
electric field within the sphere, as expected, while nonlocal
Drude FDTD produces a field gradient due to the nonzero
free charge distribution.

We see in Fig. 6 a significant difference in the appearance
of the fields at the particle boundary. While the effects of
staircasing in LRA FDTD are clearly visible at the edges
of the sphere in Fig. 6(a), they appear smoothed out for
nonlocal Drude FDTD in Fig. 6(b). This is even more evident
in Fig. 7 which shows the normalized electric field amplitude
distribution produced by (a) LRA FDTD and (b) nonlocal
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Fig. 8. Free electron density within a 4 nm diameter silver sphere in vacuum
at 4 = 343 nm using (a) LRA FDTD and (b) nonlocal Drude FDTD.

Drude FDTD at A 425 nm, a wavelength where the
absorption efficiency and near fields for both approaches are
almost identical, except for dramatic differences at the sphere
boundary. The staircasing-induced boundary artifacts seen for
LRA FDTD are clearly reduced with nonlocal Drude FDTD.
Interestingly, a smoothing effect in the presence of rough
boundaries has been observed in nonlocal plasmonic FEM
calculations [51]. In our case, however, the “roughness” is
not due to a true physical boundary, but rather one that is
artificially imposed on the structure due to the rectangular grid.

Artifacts at the particle boundary are especially problematic
for calculations that involve fields just outside the particle,
such as, for example, determining the plasmonic near field
enhancement of fluorescence, or engineering the spontaneous
emission lifetime of fluorophosphores [52]. This could also be
important for calculations of plasmonics-enhanced nonlinear
optics, where enhanced near fields close to plasmonic bound-
aries can be harnessed to not only enhance nonlinear optical
processes by orders of magnitude, but also shape nonlinear
optical fields [53]-[55]. With nonlocal FDTD, the reduc-
tion of staircasing artifacts would result in more reliable
calculations.

In Fig. 8, we plot the free electron density distribution
corresponding to the 4 nm silver particle simulations of Fig. 6.
Shown are cuts in the xz plane through the center of the
sphere for 2 = 343 nm, as produced by (a) LRA FDTD
and (b) nonlocal Drude FDTD. As expected, nonlocal Drude
FDTD allows for the spread of the charge distribution near
the particle boundary, which we see is on the order of the
Fermi wavelength for silver, A = 0.5 nm. In contrast, for
LRA FDTD the charge is bound to the surface.

We present in the Supplementary Information (SI)
time-domain movies for the 4 nm silver sphere simula-
tions corresponding to Figs. 6-8 where the incident plane
wave pulse function is a normalized raised cosine f(1) =
[(1 = coS(@max?))/2]°, Where @y = 1.26 - 10'° rad/s is
the maximum frequency of interest (corresponding to 4 =
150 nm). Included in the SI are movies of the electric field
amplitude dynamics for nonlocal Drude FDTD in the xz and
yz planes, moviel, and movie2, respectively, where both planes
cut through the center of the particle. The comparable movies
for LRA FDTD are movie3 and movie4. The nonlocal FDTD
movies show a radially propagating wave inside the sphere
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whereas the LRA FDTD movies do not; in the latter, the field
is almost always constant across the sphere (as expected). Fur-
thermore, while staircasing artifacts in the LRA FDTD movies
are quite pronounced, they are hardly visible in the nonlocal
Drude FDTD movies. The corresponding free electron density
movie for nonlocal Drude FDTD is movie5. Since the free
electron density does not need to be tracked within the LRA
FDTD implementation, and all charge is strictly localized to
the surface, we do not include a time-domain movie for this
case.

We now turn to further validate our FDTD implementations
by comparing our simulated results to those of the experiment.
In Ref. [13], electron energy loss spectroscopy measurements
are presented for silver nanosphere diameters ranging from 2
to 24 nm on a carbon film (3 nm) and compared to Mie the-
ory calculations that use size-dependent permittivities derived
quantum mechanically. Using GNOR FDTD, we calculate
the absorption spectra of silver nanospheres in a n = 1.3
dielectric background (as used in the calculations of Ref. [13])
with diameters ranging from 2 to 24 nm, and plot these
in Fig. 9(a). Using the versatility inherent in FDTD, it is
quite straightforward to include the effects of the carbon film,
unlike what was done with Mie theory. We plot in Fig. 9(b)
the absorption spectra of silver nanospheres on a 3 nm film
of carbon (n = 2 according to Ref. [13]), where agreement
with the experimental results was obtained only when a thin
dielectric shell (radius of silver sphere/10, n 1.5) around
the silver particles was included, which could indicate that an
oxide layer had formed. Thus, such FDTD simulations can
be useful in helping determine the actual composition of the
materials under experimental investigation.

We find the same trend as presented in Ref. [13], showing
that GNOR FDTD is consistent with experimental measure-
ments and calculations using quantum-based permittivities,
with quantitative agreement down to 10 nm diameter, and
qualitative agreement to 2 nm. As discussed in [17], for
diameters less than 10 nm, the nonlocal model predicts a
resonance shift that is not as large as determined by exper-
imental measurements, which is consistent with our results.
This may be due to more complicated phenomena occurring
in silver, such as inhomogeneous equilibrium electron density,
or spill-out effects, that are not included in the GNOR model
we have implemented.

Finally, we turn to a discussion of computational resources
and scalability. To give an example, for the 10, 6, and 4 nm
sphere simulations presented in Fig. 5, we used 64, 128, and
256 cores, respectively, on the Graham cluster operated by
Compute Canada [56]. Recall that the workload is heavier for
the smallest particle since our step size Ax (and thus time
step size) is proportional to sphere diameter, and thus more
iterations in time are required to reach convergence for the
smallest particles.

In general, when running simulations on a large number
of cores, as we do for this article, it is imperative to investi-
gate the implementation’s scalability, that is, the performance
enhancement obtained by increasing the number of CPUs.
In the ideal case, the scaling is linear, meaning when one
doubles the number of processes, the computation time is
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Fig. 9.  Contour plot of the absorption cross section of silver spheres
(a) embedded in an n = 1.3 homogeneous dielectric background and (b) on a
3 nm carbon film with a thin n = 1.5 dielectric shell, as a function of incident
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Fig. 10.  Scalability of the nonlocal Drude FDTD (blue line) compared to
that of LRA FDTD (red line). Plotted is the number of FDTD time iterations
computed per hour versus the number of processes used.

halved; this is often not achieved due to overhead, including
interprocessor communications.

In Fig. 10, we plot the number of FDTD time iterations
calculated per hour as a function of the number of processes
used in the nonlocal Drude FDTD (blue line) and LRA FDTD
(red line) simulations. The simulation set up is the same as for
Fig. 5, where we vary the number of processes while keeping
the total number of cells constant. For < 128 processes,
the scalability of nonlocal Drude FDTD is nearly linear and
comparable to LRA FDTD. While the scalability of LRA
FDTD remains mostly linear for a larger number of processes,
that of nonlocal Drude FDTD does not, likely due to the
doubled interprocess communication required, as discussed
in Section IV. As one increases the number of processes
while maintaining the same domain size, the subdomain
surface-to-volume ratio increases, and therefore the inter-
process communication time eventually becomes comparable

3991

Fig. 11.  Cross section in the xz plane of the star-shaped silver nanoparticle,
consisting of a sphere with 40 nm diameter and triangular nanoprism extru-
sions extending 5 nm from the sphere surface. The incident plane wave used
to illuminate this structure is z-polarized and propagates along the y axis.

to the computation time within a time step. Thus, if we were
to consider a larger domain size, we expect the near-linear
scalability to extend to larger process numbers.

VI. NONLOCAL FDTD APPLIED TO LARGER,
COMPLEX NANOPARTICLES

In this section, we demonstrate the benefit of our parallel
FDTD implementation even further, by considering a much
larger plasmonic structure containing small, sharp features.
Such a structure would still be expected to exhibit nonlocal
effects, and thus simulating it via FDTD would still require a
small grid cell size, small enough to resolve electron dynamics
within the sharp features. We consider as an example a
structure inspired by the star-shaped nanoparticles synthesized
for Ref. [57], which are spherical particles around 50 nm in
diameter with small 5 nm extrusions from their surfaces that
come to a sharp tip.

The structure we simulate is a silver nanosphere with
triangular nanoprisms extruding from the equator in the xz
plane, perpendicular to the incident plane wave propagation
axis, as illustrated in Fig. 11. The sphere is 40 nm in diameter
and the nanoprisms are embedded into the sphere so that the
effective prism length is 5 nm. The tips of the nanoprisms
are rounded with a radius of 1 nm. The FDTD step-size is
uniform with Ax = 0.1 nm and the domain size is 600 x 600
x 600 Yee cells (not including CPMLs). The simulations are
run for 4 - 103 iterations over 1000 processes (10 x 10 x 10).

The absorption spectrum of this particle is shown in Fig. 12,
calculated using both LRA FDTD (red) and nonlocal Drude
FDTD (blue). There are two resonances attributed to the
star-shaped particle. The peaks near 355 nm correspond to
the plasmonic resonance of the sphere, and these completely
overlap for the two models. This is expected, as nonlocal
effects should be negligible for particles larger than 20 nm.
The peaks near 575 nm, however, correspond to the resonance
of the nanoprisms, specifically the ones aligned parallel to
the incident field polarization. Here, we do see that nonlocal
effects become important, as the peak wavelength predicted
by nonlocal Drude FDTD is 10 nm blue-shifted from that
predicted by LRA FDTD.
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Fig. 13.  Electric field amplitude distribution of a star-shaped nanoparticle in
vacuum at 4 = 320 nm using (a) LRA FDTD and (b) nonlocal Drude FDTD.

Additional differences between the two models manifest
in the field amplitude distributions for wavelengths below
the interband transition wavelength 1;5 =~ 330 nm. The
electric field amplitude distributions at A 320 nm are
shown in Fig. 13 for (a) LRA FDTD and (b) nonlocal Drude
FDTD. Standing waves inside the vertical triangles, with a
wavevector in the z-direction, are visible in Fig. 13(b) for
nonlocal Drude FDTD. This is a longitudinal mode [18] and is
expected since its wavelength lies below the epsilon-near-zero
wavelength, which in silver is approximately equal to A;p.
In the LRA, these modes cannot be excited by an incident
transverse wave, and we see in Fig. 13(a) that they are not.
However, with nonlocality, such excitation can occur [18] due
to the additional material boundary conditions, discussed in
Section III.

These standing waves become more pronounced for isolated
nanotriangles as shown in Fig. 14(b) where nonlocal Drude
FDTD was used, whereas they are absent in Fig. 14(a), where
LRA FDTD was used. The standing waves found for nonlocal
FDTD are damped by interband transitions for wavelengths
below 300 nm.

We now turn to examine the effect of staircasing for the
star-shaped nanoparticle. We show in Fig. 15 a zoomed-in view
of the electric field amplitude distribution at 1 = 475 nm,
a wavelength where there is more contrast at the particle
boundary than for the wavelength considered in Fig. 13.
Despite a very fine mesh of Ax = 0.1 nm, one can clearly see
staircasing artifacts in the electric field amplitude distribution
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Fig. 15. Close up of the electric field distribution of the star-shaped particle
at A = 475 nm. The staircasing artifacts are much more prominent in (a) for
LRA FDTD than in (b) for nonlocal Drude FDTD.

for LRA FDTD in Fig. 13(a). These are notably reduced
in Fig. 13(b), where nonlocal Drude FDTD was used.

This reduction in staircasing artifacts is further illustrated by
the time-domain movies of the star-shaped nanoparticle sim-
ulations presented in the SI. These depict the time evolution
of the electric field amplitude and free electron density in the
xz- and yz-planes through the center of the particle, where the
incident plane wave is polarized in z and propagates along y.
The electric field evolution movies for nonlocal Drude FDTD
are movie6 and movie7, while those for the corresponding
free electron density evolution are movie8 and movie9. The
electric field evolution movies for LRA FDTD are moviel0O
and moviel I.

VII. CONCLUSION

We have introduced a parallel FDTD implementation
for modeling nonlocality in plasmonics. We used an ADE
approach to model nonlocality with and without electron
diffusion and described in detail how to use the MPI frame-
work for parallel computation via domain decomposition.
After validating our implementation via comparisons with
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analytical and experimental results for small nanospheres,
we demonstrated the robustness of our parallel implementation
for larger particles with sharp nanoscale features. We find
that the inclusion of nonlocality within FDTD significantly
reduces staircasing artifacts that can plague standard plas-
monic FDTD modeling based on the LRA. This suggests
that beyond its importance for modeling nonlocality, nonlocal
FDTD might be advantageous for calculations that require
precise values for the fields at plasmonic boundaries. This
includes, for example, determining plasmonic fluorescence
enhancement, plasmonics-mediated fluorescent lifetime engi-
neering, and plasmonics enhanced nonlinear optics.
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Chapter 4

Hyperpolarizability of Plasmonic
Meta-Atoms in Metasurfaces

In this chapter, we apply the theory included in Chapters 1.1, 2.1, and 2.2 to the problem
of simulating nonlinear optics generated from plasmonic nanoparticles. As a collaborative
effort, I am the second author of this work, published in ACS Nano Letters in January 2021.

The work presented in this chapter focuses on the derivation of a simple model for
the second-harmonic hyperpolarizability 5()(2w) of plasmonic particles. The usefulness
of such a model lies in the ability to predict the nonlinear emission from a collection of
these particles forming a nonlinear plasmonic metasurface, as demonstrated in the article.
The model is applied to the case of plasmonic triangular prisms, chosen due to their sim-
ple yet non-symmetric shapes (along the long axis), ideal for second harmonic generation.
Validation is performed via three tests; 1.) experimental measurements, 2.) hydrodynamic-
FDTD simulations, and 3.) nonlinear scattering theory. The four sets of data are found
to be in quantitative agreement after a free parameter a in the 5)(2w) model is derived.

Although we were approached for hydrodynamic FDTD simulations, my work extended
to fine-tuning the model and deriving the aforementioned free parameter a. For this project,
I had to implement the hydrodynamic plasma model in our in-house 3D-FDTD program,
a continuation of the work presented in Chapter 3. The hydrodynamic model was imple-
mented using both a perturbative and non-perturbative method (introduced in Chapter
2.2). These methods produced equivalent numerical results at the second harmonic; how-
ever, the perturbed model allowed for the separation of linear and nonlinear fields, which
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was found to be advantageous in producing results for this work.

The physical derivation and meaning of the free parameter are found by recognizing
that the first and second-order components of a perturbative expansion in the voltage
across the particle should be similar when the induced surface charge g;,4 is high-enough,
V(Ging) =~ v 4 aV(2)(qmd) ~ 2V A reasonable guess for this critical induced surface
charge is the equilibrium free electron charge found at the surface. In other words, we
assume V) ~ aV(Q)(qeq) when the induced surface charge density is equal to the equilib-
rium free electron density ¢;nq = ¢eq- This assumption provides a value for a such that the
hyperpolarizability model agrees quantitatively with the results of the validation tests.

The model derived in this work assumes a dipolar nonlinear optical response which
further assumes that the wavelength is much larger than the particle, a truth at the fun-
damental wavelength. However, at the second harmonic, this is only partially accurate.
It was found later that the second harmonic radiation from one such triangle contains
significant quadrupolar components. Future work for this project may investigate how the
simple dipole models can be adapted for higher-order multipoles. For example, perhaps
the decomposition of the second harmonic current density into terms dependent on VE
in Chapter 2.2 may be used to derive a quadrupole response model for the nanoparticles.
Furthermore, the model parameters (the resistance, inductance and capacitance) used in
this work were roughly approximated using physical arguments. However, as found in
Ref. [161], a more rigorous treatment can be applied to calculating these parameters in the
future.

Supplementary information for this manuscript is available at https://pubs.acs.org/
doi/abs/10.1021/acs.nanolett.0c02991; however, I do not contribute to the content
within, and it will not be included here.
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ABSTRACT: Plasmonic metasurfaces are promising as enablers of nanoscale nonlinear optics
and flat nonlinear optical components. Nonlinear optical responses of such metasurfaces are
determined by the nonlinear optical properties of individual plasmonic meta-atoms.
Unfortunately, no simple methods exist to determine the nonlinear optical properties
(hyperpolarizabilities) of the meta-atoms hindering the design of nonlinear metasurfaces.
Here, we develop the equivalent RLC circuit (resistor, inductor, capacitor) model of such meta-
atoms to estimate their second-order nonlinear optical properties, that is, the first-order
hyperpolarizability in the optical spectral range. In parallel, we extract from second-harmonic
generation experiments the first-order hyperpolarizabilities of individual meta-atoms consisting of
asymmetrically shaped (elongated) plasmonic nanoprisms, verified with detailed calculations
using both nonlinear hydrodynamic-FDTD and nonlinear scattering theory. All three approaches,
analytical, experimental, and computational, yield results that agree very well. Our empirical RLC

model can thus be used as a simple tool to enable an efficient design of nonlinear plasmonic metasurfaces.
KEYWORDS: Plasmonics, Meta-atoms, Nonlinear Optics, Hyperpolarizability, Anharmonic RLC oscillator

hotonic metamaterials are artificial structures exhibiting
optical properties that in natural materials are either very
weak or entirely lacking. Among these properties are phase
mismatched light-propagation, optical magnetism, strong
chirality, and epsilon-near-zero behavior.'™ There is a growing
interest in understanding and harnessing the nonlinear optical
responses of metasurfaces.””'* Many photonic applications
including frequency conversion, THz generation, photon-pair
generation, ultrashort-pulse generation, frequency-comb gen-
eration, and all-optical switching'*™"” rely on nonlinear optics
occurring in large bulky devices where one must contend with
phase mismatching. In contrast, the small footprint of
metasurfaces virtually guarantees phase matching, and more-
over, the nonlinear emission can be precisely controlled.”>*%>'
Plasmonic metasurfaces have recently emerged as a
promising candidate for enabling nanoscale nonlinear optics.’
The optical responses of plasmonic meta-atoms serving as unit
cells of metasurfaces are dictated by the collective movement
of the conduction electrons giving rise to localized surface
plasmons (LSPs). Therefore, it is imperative to investigate the
conduction electron dynamics and the nonlinear response of
the constituting meta-atoms. Such investigations can be
performed, for example, by using the hydrodynamic plasma
model””™** and the nonlinear scattering theory.Z(’ However,
relying on computational tools is not always convenient due to
their complexity and the large amount of computational
resources they often require.
Linear and nonlinear optical responses of plasmonic meta-
atoms can also be predicted by equivalent RLC circuit
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(resistor, inductor, capacitor) theory.”” ' This approach has
correctly described the nonlinear and magnetic responses of
split-ring resonators operating at microwave ("reequencies.z'2
Nevertheless, it remained unclear whether the RLC approach
could describe conduction electron dynamics in plasmonic
meta-atoms adequately enough to accurately predict their
nonlinear responses at optical wavelengths as well. In this
Letter, we derive the first-order hyperpolarizability of
individual plasmonic meta-atoms by adapting the equivalent
RLC model that we find can, indeed, be used to predict
collective second-order nonlinear responses of large meta-
surfaces. First, we derive an expression for the first-order
hyperpolarizability with an unknown nonlinear coeflicient a
that represents the strength of the nonlinear charge oscillation
in an individual meta-atom. Our goal is to determine the value
of a through physical arguments and to validate our approach
through rigorous experiments and numerical calculations.
Next, we describe our second-harmonic generation (SHG)
experiments, where we measured SHG emission from
metasurfaces consisting of randomly arranged gold elongated
nanoprisms. From these measurements, we extract the
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Figure 1. An artist’s depiction of (a) an equivalent RLC circuit diagram for the investigated nanoprisms, and (b) metasurface consisting of a

random array of elongated gold nanoprisms.

spectrum of their first-order hyperpolarizability. This result is
then validated by two sets of finite-difference time domain
(FDTD) calculations. In the first, the material nonlinearities
are directly implemented within the code via a nonlinear
hydrodynamic plasma model. The second is based on
nonlinear scattering theory where the experimentally deter-
mined second-order nonlinear permittivity of gold is used.

Finally, we present a simple empirical derivation for the
unknown RLC-model nonlinear coefficient a, which we then
use to perform an order-of-magnitude estimate of the first-
order hyperpolarizability. Our intuitive physical interpretation
of a is such that the RLC circuit model we present can be
extended to describe metasurfaces with different meta-atoms
without requiring a priori experimental validation. This simple
analytical tool, capable of predicting the hyperpolarizabilities of
meta-atoms based on their shapes, dimensions, and material
compositions, will prove indispensable in the realization of
metasurfaces with tailored nonlinear optical responses.

Because of its resonant nature, a plasmonic meta-atom
behaves as an RLC circuit, illustrated in Figure la, whose
dynamics can be described via*

LT +RI + Ve(q) = E(t) ©))
where T is the free charge current, L is the distributed
inductance, R is the distributed resistance, and V. is the
induced voltage due to the effective capacitance C of the
circuit. We use a tilde to represent time-varying quantities and
an overdot to represent time derivatives.

The free charges of a rodlike plasmonic meta-atom, in the
presence of an incident field E,,. = E, exp(—iot) polarized
along its length I, will accumulate at a facet resulting in a charge
separation and an effective capacitance C. The incident field
drives the RLC circuit by creating an electromotive force,
which in the dipole approximation, takes the form & = E,l
The dynamics of the free charge is described by the current g =
1, where +q is the induced charge at opposing facets of the
nanostructure. We assume that the nonlinearity is sufficiently
weak, allowing us to write the nonlinear voltage as>?

V(@) = (7 + ag’)/C ©)

where a quantifies the strength of the nonlinearity. Note that
the nonlinear perturbation we assumed here is valid at least up
to ~10 GW/cm? incident field intensities.> Inserting these
expressions into eq 1, we obtain

§ + 2§ + 057 + awgq* = CoglE,, ®)
where @, = 1/+/LC is the resonance frequency of the circuit
and y = R/2L is the free-electron damping constant of

52

metals.*> This model accounts for the dispersive nature of
metals by implicitly considering a Drude model with y in eq 3
and @, in eq 10b which are given for gold in Methods.** The
RLC model is valid in the same wavelength ranges as the
Drude model. Typically for plasmonics, this is when the pump
wavelength is in the infrared.

When the excitation wavelengths are close to the LSP
resonance of the meta-atom, the conduction electron dynamics
are well described using the RLC approach.”® A steady-state
solution to eq 3 is found by implementing perturbation
theory™*

2 672
aC wyl 2

D*(w)D(2w) ™

—i2wt

2
Cayl B et _

9= D(w) inc

()
where D(@') = (0 — @ — 2iyw'). We write the total
induced dipole moment as p = gl, and recall that the dipole
moment can be expressed in the frequency domain as™

2
P = €aEy, + €fE (%)

where a is the linear polarizability and f is the first-order
hyperpolarizability of the meta-atom. Combining eqs 4 and 5,
we obtain

212
a(w) = _ Gl
€D(w) (62)
_ CwdP
o @) =~ @) (6b)

As the lengths of the meta-atoms can be a significant fraction
of the exciting wavelength, higher-order multipoles can be
excited, and one must consider this possibility in general,
especially for nonlinear emission at shorter wavelengths.*
However, in this study our goal is to create a model that gives
an order of magnitude estimate of SHG emission, and we
therefore consider only the electric dipole term. The
hyperpolarizability in eq 6b can be considered an “effective”
hyperpolarizability that helps us to achieve this goal. In what
follows, we use experimentally and computationally derived
hyperpolarizability spectra to determine a quantitative value for
the nonlinear coefficient a.

We first need to consider a geometry for our meta-atom.
SHG is a coherent second-order nonlinear process, and
therefore, ver?r sensitive to the symmetry of the object under
investigz«tion.’4 In fact, centrosymmetric-shaped structures
exhibit very weak electric-dipole SHG responses®® (see also
Figure S1 in Supporting Information Section S1). Nanostruc-
tures with low symmetry, such as split-ring resonators, L-
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Figure 2. (a) Representative scanning electron micrograph of a fabricated gold nanoprism. (b) Schematic of the nonlinear SHG experimental setup
(details in ref 36).

shapes, or nanoprisms exhibit a stronger second-order (a) Exp.
response, and consequently are especially interesting in studies
of even-order nonlinear optical effects.**** We therefore study
elongated triangular nanoprisms due to their low symmetry
and simple geometrical shapes.

=
o
=)

Transmittance
o
O
©

N o . — 145 nm — 167 nm
We now determine the hyperpolarizability through experi- 156 nm 178 nm
ments. Four metasurfaces containing gold nanoprisms with 0.96
widths of w = 100 nm, thicknesses of h = 20 nm, and lengths of 900 1000 1100 1200 1300
1= 145, 156, 167, and 178 nm were fabricated on a fused silica Pump Wavelength (nm)
substrate using electron beam lithography, thermal evapo-
ration, and a standard metal lift-off procedure.‘9 In order to (b) FDTD
minimize interparticle coupling effects occurring in periodic 8 1.00 |
40—46 - . 2 — S —
arrays, each metasurface consisted of 10000 identical, K /_///_
randomly positioned nanoprisms (oriented in the same € 0.08
direction) del'posn*.e('i into an area of 200 X 200 um®* This e 145 nm 167 nm
allowed us to investigate ensemble responses that have spectrzl = 156 nm 178 nm
features identical to the responses of individual meta-atoms. 0.96
The arrangement is schematically represented in Figure 1b, 900 1000 1100 1200 1300
while a representative scanning electron micrograph of an Pump Wavelength (nm)
individual nanoprism is shown in Figure 2a. Alternatively, 6.00
1nfilv1dual m4e8ta—at0ms could be investigated by using nonlinear _ 7 (o) Exp. — 145nm  — 167nm
MICroscopy. g —— 156 nm 178 nm
The transmission spectra of the four metasurfaces are shown 5 6.00
in Figure 3a. To verify successful fabrication of the H
metasurfaces, we compared the measured spectra with those g 4.00
obtained from FDTD (see Methods) [see Figure 3b]. In order z AR 00 os ]

for the simulated nanoprism to closely resemble the actual
fabricated meta-atoms, we rounded its corners with a circle of 500 525 550 575 600 625 650
15 nm radius. The LSP resonances of simulated nanoprisms for Second Harmonic Wavelength (nm)
=145, 156, 167, and 178 nm peaked at 1030, 1080, 1120, and

1170 nm, respectively, which are in good agreement with the 750 (d) Hydro-FDTD __ 145000 — 167nm
measurements. E . — 156nm 178nm

We performed SHG experiments using the setup shown in 5
Figure 2b (described in detail elsewhere™). A laser beam 55.00
originating from an optical parametric oscillator (Chameleon $ 250
Compact) was used to illuminate the sample metasurfaces. The z ’ S
optical parametric oscillator was pumped with a Ti:sapphire 0.00 e
laser (Chameleon Vision II), generating 200 fs long pulses with 500 525 550 575 600 625 650
a repetition rate of 82 MHz. The average power of the signal Second Harmonic Wavelength (nm)
beam was kept at 8 mW to avoid potential sample damage via Figure 3. Measured (a) and calculated (b) transmission spectra of
accumulative heating. The SHG emission from the meta- random arrays of elongated gold nanoprisms of different lengths [
surfaces was detected as a function of fundamental wavelength along the direction of the light polarization (I = 14S, 156, 167, and
ranging from 1000—1300 nm using a power-calibrated 178 nm). Measured (c) and calculated (d) SHG emission intensity as

photomultiplier tube [see Figure 3c]. The input-beam a function of second-harmonic wavelength for the same four

polarization was set to be linear and aligned with the long metasurfaces.
axes of the nanoprisms.
We verified the calibration of our setup to provide order-of-
magnitude estimates for the first-order hyperpolarizabilities /3. mm-thick Y-cut quartz crystal and using the model described
This was achieved by measuring SHG emission from a 0.5 in ref 49 to estimate the second-order susceptibility 2 value
53 https://dx.doi.org/10.1021/acs.nanolett.0c02991
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Figure 4. (a) Experimentally extracted values of § for the investigated nanoprism samples. Corresponding values of f, predicted by (b)
hydrodynamic-FDTD, (c) nonlinear scattering theory, and (d) the introduced nonlinear RLC model.

for the quartz crystal. Our estimate (;()(CQ( =

excellent agreement with the literature.”

To estimate the values of f# for the nanoprisms from the
experimental data, we calculated the macroscopic 7 using the
same approach as we used for quartz.*” We estimated the
meta-atom number density of the metasurfaces to be n =
10 000/(200 m X 200 ym X 20 nm) = 1.25 X 10" m™, then
linked the detected SHG intensities to the hyperpolarizabilities
using the relation f = 7P/n. The extracted values of f as a
function of the incident fundamental wavelength are plotted
for the four investigated nanoprisms in Figure 4a.

Next we wish to determine the hyperpolarizability using
numerical computations via the hydrodynamic plasma
model.>>™>* This was used in conjunction with the two-
critical-points model®® for gold in an in-house 3D-FDTD
code.”' As the metasurface contains randomly positioned
nanoprisms, periodic boundary conditions could not be used
to simplify the calculation. Further, the metasurfaces were too
large for a single FDTD simulation. We therefore developed a
new method for quantitative approximation of the power. First,
we calculated the nonlinear scattered power in the forward
direction of a single nanoprism resulting from a Gaussian pulse
with duration and peak intensity as in the experiments. For
each nanoprism in the random metasurface, the forward-
scattered power was scaled to the laser field incident on that
particular nanoprism. The individual powers from all nano-
prisms in the metasurface were then incoherently summed.
The calculated second-harmonic power spectrum, shown in
Figure 3d shows excellent quantitative agreement with
experimental measurements.

To estimate 8 using the hydrodynamic plasma model, we
first calculate the nonlinear scattered power from a single
nanoprism by integrating the nonlinear scattering spectrum
from a single pulse and multiplying it by the repetition rate of
the laser. If the nonlinear scattered power Py, was purely from
a dipole, we can approximate the magnitude of nonlinear
dipole moment Ipl by Ipl* = 122Py /(nc3Zek3),>> where ¢, is the
speed of light in vacuum, k, is the vacuum wavenumber, Z, is

0.53 pm/V) is in
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the vacuum impedance, and n is the refractive index of the
surrounding medium. We calculate  using eq 5 and plot it in
Figure 4b. One can see excellent quantitative and qualitative
agreement between the simulation and experimental results.

Finally we use another numerical approach based on the
nonlinear scattering theory"s’54 to determine the nonlinear
coefficient a. Though not as rigorous as the hydrodynamic
plasma model, it is a simpler and more computationally
efficient technique for calculating nonlinear emission from
nanostructures. Because the SHG emission was detected only
in one direction, and the detector was in the far-field, we were
able to use the Lorentz reciprocity theorem.”®>® First, we
obtained the local field distributions for both the fundamental
and SHG wavelengths of interest via linear simulations. The
excitation field was assumed to be a normally incident plane
wave polarized along the long axis of the nanoprism. The
dimensions of the simulated nanoprism were matched with the
experimental values, and the sharp corners of the meta-atoms
were again rounded.

Then we calculated the generated nonlinear source polar-
ization present on the surface of the meta-atom, where we used
the experimentally extracted local nonlinear susceptibility
values for gold.56 The local field was transformed into the
surface coordinate system by reconstructing the surface of the
meta-atom by using a Delaunay triangulation mesh and
performing subsequent field interpolation onto that surface.
Once the nonlinear surface polarization was calculated, we
used the Lorentz reciprocity theorem to predict the emitted
SHG field from the meta-atom (in the forward direction) by
calculating the mode overlap integral between the SHG source
polarization and the local field distribution at the SHG
wavelength.%’57 The last step was to use eq S to calculate f.
The values of f are plotted in Figure 4c and agree in resonance
position and in the order-of-magnitude values with the
experimental and hydrodynamic plasma model results.

Now that we have obtained agreement for the values of f
from the experimental data and the two numerical approaches,
we can estimate the value of the nonlinear coefficient a
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required for the RLC model from eq 6b. We find that a ~ 10'*
C™!, and plot eq 6b, our RLC model prediction, in Figure 4d.

While we are confident in the order of magnitude of g, it was
quite labor intensive to obtain. We now present a physically
intuitive explanation for the order of magnitude of a that we
have obtained. In the discussion surrounding Miller’s rule
presented by Boyd,34 it is argued that for a bulk material, the
linear and nonlinear restoring forces felt by an electron are
comparable in magnitude when the charge displacement is
approximately equal to the interatomic spacing d. This is then
used to estimate the strength of the nonlinear restoring force.

In contrast, the polarization of a meta-atom results from an
accumulation of free charge on the surface. The charge buildup
occurs at the facet within a thin layer with thickness on the
order of the Fermi wavelength (4; & 0.5 nm for gold). In the
absence of external fields, the density of free electrons in this
layer would be ny, the equilibrium free electron density, and
thus there is no excess charge at the surface.

In the presence of an external field, it is reasonable to
assume that at most two electrons (with different spins) can
reside within A of each other. This would lead to a surface
charge density of

o~ Eengly 7

where the sign depends on which side of the meta-atom is
being considered. Under this condition one would expect the
linear and nonlinear responses to be comparable, in a similar
spirit to ref 34; in fact, Az % d, the interatomic spacing in gold.
From eq 2, the linear and nonlinear terms of V. are equal
when § = ag*, giving a = 1/§, where § = 6A and A is the surface
area containing ¢ on one side of the meta-atom.

For the nanoprisms considered in this paper, our simulations
showed that the region over which there is significant charge
density covers a perimeter of approximately 100 nm both at
the tip end and at the base end. Given the height of the
nanoprism is 20 nm, we obtain

a=—1 —11x10%C?

engAdg ®)
where 1y = 5.9 X 10*® m™ in gold. This is remarkably close to
what the detailed simulations and measurements predict.

It is also worth mentioning that from the RLC model we can
obtain the ratio

BQw, ) _ agy
(w)a(2w) e O]

which is, in essence, a form of Miller’s rule for meta-atoms. It is
frequency independent and only depends on the geometry of
the particle. This is similar to the anharmonic oscillator model
of ref 34 where the ratios of the susceptibility functions are also
only dependent on the effective mass and the number density
of the electrons.

From Figure 4, we see that all four approaches yield values
of § within the same order of magnitude ~1073° m*/V. This
agreement is very encouraging because it has been notoriously
difficult to make quantitative predictions of nonlinear optical
processes occurring in plasmonic materials.”*® The simpler
methods (RLC and nonlinear scattering theory), though
predicting the correct spectral peak positions, are missing
some features that are visible in the experimental results and
hydrodynamic calculation, such as the oscillations at longer
wavelengths. These features are believed to be caused by a

secondary resonance of the nanoprisms and interband
transitions in gold.

Despite the great amount of previous work on nonlinear
metasurfaces, only a handful of investigations have provided
order-of-magnitude estimates of meta-atom’s hyperpolarizabil-
ities.”>**~" Our values of hyperpolarizability are 2—3 orders
of magnitude smaller than previous estimates of somewhat
similar meta-atoms; this discrepancy is not unexpected,
because the experimental setups, the wavelength ranges
considered, and the investigated meta-atoms have all been
different. While we investigated the coherent SHG emission,
earlier investigations measured incoherent hyper-Rayleigh
scattering (HRS) signals, and estimated the values of
indirectly by comparing the HRS signals from meta-atoms with
HRS signals measured from known solvents. Furthermore, the
earlier HRS experiments performed at shorter excitation
wavelengths than what we considered. Because the interband
transitions of gold start playing a role at wavelengths shorter
than 550 nm,” these earlier-extracted hyperpolarizability
values may have contained an additional contribution arising
from the interband transitions.*

Our results also demonstrate the usefulness of the nonlinear
RLC approach. Although simple and intuitive, it describes the
dynamics of conduction electrons adequately enough to
predict the strength of nonlinear optical responses of
plasmonic meta-atoms. Nonlinear RLC model had earlier
been found to accurately describe nonlinear responses of
metamaterials at the microwave wave:lengths.32 We show here
that it can be adapted for optical wavelengths as well. This
model can also be applied to meta-atoms of any other
geometry made of any other plasmonic material, which will be
demonstrated in an upcoming publication.

To conclude, we have derived a nonlinear equivalent RLC
circuit model that can be used to quickly and accurately predict
the nonlinear optical responses of meta-atoms in the visible
and near-IR spectral ranges. We fabricated four metasurfaces
consisting of randomly positioned gold nanoprisms and
characterized their second-harmonic generation emissions.
We compared the experimental results with the predictions
based on the hydrodynamic plasma model, nonlinear scattering
theory, and our nonlinear RLC model. All of the results were
found to be in good agreement. Our RLC approach provides
new insights into understanding the nonlinear responses of
meta-atoms and opens new possibilities for a%glication-

6,38,63—66

. . . . 3
oriented efficient nonlinear metasurface design.

H METHODS

Parameters for the Nonlinear RLC Model. In order to
find the expressions for the capacitance C and inductance L for
an elongated nanoprism [shown in Figure la], we first
calculated the capacitance C and inductance L of a rectangular
nanobar from its geometrical dimensions using the following
formulas

C = mege, (10a)
1 )
L= L' log il + /:70
2 h @, wh
2 (10b)

In eq 10a, the capacitance C can be defined as the electric
charge divided by the potential difference between the two
facets of a rectangular nanobar (similar to ref 28 for a
plasmonic cylindrical nanorod).
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To keep similarity with the formula for C given in ref 28, we
assumed 7, ~ 107 nm in eq 10a as a constant parameter
mimicking the radius of a cylinder encircling the nanobar.
However, due to the geometrical difference between the
cylinder and rectangular nanobar, we slightly modified eq 10b
for the inductance L to match the LSPR spectral position with
the simulation and experimental linear transmission data.

In eq 10b, the self-inductance is given by

Hy 4
Ly = — log —
self o g h (1 1)

the kinetic inductance is given by

Hol
ijnetic =

2
,

v (12)

€ is the vacuum permittivity (8.85 X 107> F/m), the relative
permittivity of glass is €, & 3.9, y, is the vacuum permeability
(1257 x 107 H/m), w, = 13.8 X 10" rad/s is the plasma
frequency for gold in the optical regime,”” and ¢, = 3 X 10° m/
s is the speed of light in vacuum.

Simulations. Linear FDTD Simulations. Linear FDTD
simulations were performed to calculate the linear transmission
spectra of the metasurface using an in-house FDTD solver.”"
The spectra were calculated by subtracting the absorption and
backscattering cross sections of all the meta-atoms on the
metasurface from the total area of the metasurface. The
transmission spectrum is then T = (Apeasurfice — (Abackoscatt +
Aups))/Ametasurtace The cross-sectional data is calculated from a
single meta-atom and scaled by the number of meta-atoms on
the metasurface. A standard total-field/scattered-field layout is
used to calculate the cross sections and the simulation domain
is truncated by convolutionaly perfectly matched layers. The
linear Drude +2 critical points model®” is used for the optical
properties of gold and accounts for contributions from the
conduction electrons and interband transitions. A broadband
raised cosine pulse®’ is used as a source excitation.

Hydrodynamic FDTD Simulations. Hydrodynamic FDTD
calculations were conducted using the same in-house FDTD
solver. The simulation setup is identical to that used in the
linear transmission spectra, except that the hydrodynamic
model (solved via centered finite differences) replaces the
Drude model (in the Drude +2 critical points model), and the
source excitation is replaced with a 200 fs Gaussian pulse
centered at wavelengths ranging from 1000 to 1300 nm. All
simulations using the in-house FDTD solver were run on the
Graham cluster operated by Compute Canada.®®

Nonlinear Scattering Theory. The nonlinear response of a
meta-atom was estimated also by using calculations based on
the nonlinear scattering theory and the Lorentz reciprocity
theorem.”**” The strength of the SHG emission in the
direction of interest was evaluated by calculating a mode
overlap integral over the fundamental excitation and SHG
emission modes. The relevant field profiles for the fundamental
and SHG fields were calculated using the Lumerical FDTD
software, and the mode overlap integrals were calculated
numerically using Matlab. In the FDTD simulations the optical
constant of gold was taken from ref 67. The fields on the
surface of the meta-atom were estimated by using Delaunay
triangulation, and only the surface contributions were
consi_c}ered when calculating the nonlinear response of the
gold.™®

Fabrication. We used 2 cm X 2 cm fused silica chips as
substrates. The chips were coated with bilayer electron-beam
resist, consisting of 50 nm thick PMMA with a molecular
weight of 495 k as the bottom layer and 25 nm thick PMMA
with a molecular weight of 950 k as the top resist layer. The
plasmonic nanostructures were then patterned using 30 kV
Raith electron-beam lithography system (CRPuO, uOttawa)
with a dose of 550 ﬂC/sz. The patterned resist was then
developed for 2 min in 3:1 MIBK/IPA (methyl isobutyl
ketone/isopropyl alcohol), followed by depositing a 20 nm
layer of gold by electron-beam evaporation and, finally, a lift-off
by immersion in acetone. A computer-aided layout of a
randomly arranged elongated nanoprism array that was used to
create the resist mask and a schematic of the fabrication
process flow are shown in Figure S2 and Figure S3,
respectively, in Supporting Information Sections S2 and S3.
More details are described in ref 39.

Characterization. Linear Characterization. Linear trans-
mission spectra of the samples were measured using a
collimated tungsten-halogen light source (experimental setup
is shown in Figure S4 in the Supporting Information Section
S4). The incident polarization was controlled using a
broadband linear polarizing filter. The entire sample was
illuminated, and the transmission from a single device was
measured by first using a lens to image the sample plane into
an intermediate image plane. The transmission from the
correct device was then selected by a translating a variable
aperture in this image plane, and by using a second lens to
guide the transmitted light into the spectrometer.

Nonlinear Characterization. Signal beam from an optical
parametric oscillator (Chameleon Compact) was used to
illuminate the sample metasurfaces using a spectral SHG setup
described in Supporting Information Section SS (shown in
Figure SS). The optical parametric oscillator was pumped
using a Ti:sapphire laser (Chameleon Vision II) generating
200 fs long pulses with a repetition rate of 82 MHz. The
average power of the signal beam was kept at 8 mW to avoid
potential sample damage via accumulative heating. The SHG
emission from the metasurfaces was detected as a function of
the fundamental wavelength ranging between 1000 and 1300
nm using a power-calibrated photomultiplier tube (see Figure
SS in the Supporting Information Section SS). The input beam
polarization was set to be linear and aligned with the long axes
of the nanoprisms.
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Chapter 5

Dynamic nanophotonics in
epsilon-near-zero conductive oxide
films and metasurfaces: a
quantitative, nonlinear,
computational model

In this chapter, we apply the knowledge introduced in Chapters 1.1, 2.1, and 2.2 to the
problem of modelling the spatiotemporal nonlinear optical response of transparent con-
ducting oxides. Another collaborative effort, I am the first author of this work which
was published in Advanced Photonics Research in January 2023. Our work in Chapter 4
attracted the attention of our collaborator, Prof. Israel De Leon, who was interested in
self-consistently modelling epsilon-near-zero (ENZ) nonlinearities in transparent conduct-
ing oxides, namely indium tin oxide (ITO).

Due to its high doping concentration, I'TO’s optical properties depend highly on the
conduction electrons’ temperature (the electronic energy distribution). It exhibits strong,
ultrafast permittivity perturbations when optically excited at high intensities, especially
in the bandwidth where its permittivity is near zero. ITO is thus an intriguing material
in the realm of time-varying photonics, a new and explosive field of research interested
in light wave propagation through materials with time-varying permittivities. However,
a self-consistent model would require the coupled solution of the material’s electron tem-
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perature, the conduction electron dynamics, and the electromagnetic propagation. Our
high-performance code and electromagnetic modelling expertise matched perfectly with
the research background of our collaborators.

The theory underlying the model is rigorously derived in the thesis of our co-author
Luis Cortés Herrera [162], who also inspired the use of the Runge-Kutta method for solving
the two-temperature model. My contribution involved implementing the model into the
FDTD software and the subsequent fine-tuning, testing and validation. For example, I
was able to show that the effects of athermal electrons were negligible, greatly simplifying
the model and number of free parameters (see the supplemental information). Further-
more, using the simulations, we tune the model by accounting for increased collisions at
high temperatures and adjusting the electron-phonon coupling rate to match experimental
pump-probe measurements.

Our results agree remarkably with previously published experimental results, especially
when determining the angle and wavelength dependence of the nonlinearity in ITO thin
films. We also validated our model in the time domain by comparing our results to pub-
lished experiments demonstrating frequency translation in ITO; frequency translation (or
time-refraction) occurs when the frequency of light changes in a time-varying optical ma-
terial.

The time-varying nature of I'TO’s optical properties inspired a question regarding tai-
lored pulses for traversing time-varying media. Evidently, the work of this chapter inspired
the work of Chapter 6, using inverse design to design pulse shapes to maximize transmit-
tance through time-varying media. An idea of a future project involves demonstrating
pulse shaping in an I'TO-based metasurface, which can further enhance the strength of the
permittivity change. This model may also be applied to many projects involving active
photonics; ITO can be used to enhance modulators, optical switches, and all-optical beam-
steering, and this model may be the tool to investigate.

Supplementary information is included in this chapter as the content within is self-
written and derived. Furthermore, supporting media in the form of time-domain movies
is provided with this article and can be found in a zip folder at https://onlinelibrary.
wiley.com/doi/full/10.1002/adpr.202200280.

90


https://onlinelibrary.wiley.com/doi/full/10.1002/adpr.202200280
https://onlinelibrary.wiley.com/doi/full/10.1002/adpr.202200280

RESEARCH ARTICLE

ADVANCED
PHOTONICS
RESEARCH

www.adpr-journal.com

Dynamic Nanophotonics in Epsilon-Near-Zero Conductive
Oxide Films and Metasurfaces: A Quantitative, Nonlinear,

Computational Model

Joshua Baxter, Adriana Pérez-Casanova, Luis Cortes-Herrera, Antonio Cala Lesina,

Israel De Leon, and Lora Ramunno*

The promise of dynamic nanophotonic technologies relies on the confinement
and spatiotemporal control of light at the nanoscale. Confinement via plas-
monics, dielectric resonators, and waveguides can be complemented with
materials whose optical properties can be controlled using nonlinear effects.
Transparent conducting oxides (TCOs) exhibit strong optical nonlinearities in their
near-zero permittivity spectral region, on the femtosecond timescale. Harnessing
full spatiotemporal control over the nonlinear response requires a deeper
understanding of the process. To achieve this, a self-consistent multiphysics time-
domain model for the nonlinear optical response of TCOs is developed and
implemented into a 3D finite-difference time-domain code. Simulations are
compared and tuned against recently published experimental results for intense
laser irradiation of thin indium tin oxide (ITO) films, achieving good quantitative
agreement; the time-domain dynamics of the nonlinear response and the phe-
nomenon of time-refraction are also explored. Finally, by simulating intense laser
irradiation of a plasmonic particle on an ITO film, the applicability of the approach
to time-varying metasurfaces is demonstrated. As expected, significant
enhancement of the nonlinear response of an ITO-based metasurface over bare
ITO thin films is found. This work thus enables quantitative nanophotonics design
with conductive oxides in their epsilon-near-zero region.

1. Introduction

The nonlinear optical response of materials
enables a broad range of capabilities within
nanophotonics and plasmonic devices,
such as refractive index tuning and fre-
quency conversion.'*) These capabilities
are of utmost importance for applications
such as all optical data processing,”
optical ~switching,*” active photonic
metasurfaces,”® and dynamically reconfigur-
able nanophotonic systems.”'!! However,
the efficiency and scalability of nonlinear
optical devices is typically limited by the
weak nonlinear response of most natural
materials. This results in bulky devices that
require long interaction lengths and/or large
optical intensities, making it difficult to scale
up and integrate nonlinear optical processes
in photonic devices with a small footprint.

There has been much effort toward
the development and understanding of
materials with a large nonlinear optical
response.'***! In particular, natural and
artificial materials that exhibit a vanishingly
small electric permittivity at optical fre-

quencies, known as epsilon-near-zero (ENZ) materials, promise
to be an efficient platform for enhancing nonlinear optical
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interactions."***)  Enhanced nonlinear processes such as

intensity-dependent  refractive index?****) and harmonic
generation?*~*! have been observed in both thin-film and nano-
structured ENZ materials. A widely studied subset of ENZ mate-
rials includes transparent conductive oxides (TCOs), which are
degenerately doped semiconductors such as indium tin oxide
(ITO) and aluminum-doped zinc oxide (AZO). Their enhanced
nonlinear response,222232027] the modification of their linear
optical properties through doping,*” and their suitability for
nanoscale integration through complementary metal-oxide—
semiconductor (CMOS) fabrication®" have positioned these
materials as a promising option for enabling nonlinear nanopho-
tonic and nanoplasmonic devices. Furthermore, their ultrafast
response times make them an intriguing platform for active
nanophotonics.

The nonlinear optical response of TCOs has been extensively
studied in their ENZ spectral ranges,”>?*) where a large nonlin-
ear response has been experimentally observed. This is attributed
to intraband transitions occurring in the nonparabolic region of
the conduction band of these materials.****! For the case of ITO,
different models accounting for the temperature dependence of
the plasma frequency,?*?'?*%] the effect of free-carrier
scattering,*® other carrier kinetics effects,*”) and nonlocality®®>!
have been proposed. However, the temporal nature of the
nonlinearity is either not accounted for or, when it has been con-
sidered, the modeling of the transient response of electron
dynamics is separate from the electrodynamics modeling of opti-
cal propagation.?®?! Currently, no model can account for the
temporal dynamics of the electron distribution and the optical
properties simultaneously and self-consistently as the incident
pulse propagates through and interacts with the material. This
poses a limitation to understanding the nonlinear response of
complex time-varying nanophotonic structures that include
ENZ materials and limits their design.

In this work, a self-consistent multiphysics numerical model
is presented that accounts for the temporal modification of the
optical properties and electron distribution in TCO-based ENZ
materials, as well as fully accounting for electrodynamic propa-
gation. We use a two-temperature model (TTM) to describe the
electron excitation and thermalization and account for its effect
on the material’s optical properties with a temperature-depen-
dent plasma frequency. The implementation of this numerical
model in a finite-difference time-domain (FDTD) electrodynam-
ics solver provides access to local optical properties in the time
domain. This enables the simulation of the material’s nonlinear
optical response in space and time and the design and optimiza-
tion of complex nonlinear time-varying photonic structures
incorporating TCO-based ENZ materials. We validate this model
against several experimental measurements, make predictions,
and gain insight into several phenomena including the temporal
dynamics of the intensity-dependent refractive index, time refrac-
tion in transmission and reflection, and the nonlinear response
of plasmonic metasurfaces interacting with TCO-based ENZ
media.

The structure of the article is as follows. We introduce our
spatiotemporal, multiphysics material model for the optical
nonlinearity of TCOs in Section 2 and provide an intuitive expla-
nation of the physical processes behind the time-varying optical
properties. In Section 3, we refine and validate our model by
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reproducing experimental results from experiments published
in ref. [20], exploring the effect of the pump pulse’s central wave-
length, incident angle, and intensity on the nonlinear optical
response of ITO thin films. Comparisons between the simulation
results and experimental data demonstrate quantitative agree-
ment. In Section 4, we investigate the time-domain nature of
the nonlinearity and compare our findings to pump-probe experi-
ments published in ref. [20]. There, we also present movies of our
simulations that show how the time-dependent, nonlinear
response of the ENZ material modifies the propagation of the
electric field amplitude. In Section 5, we use our computational
approach to demonstrate time refraction, the change in the cen-
tral frequency of a pulse while propagating through a medium
with time-varying permittivity.*”) Our results predict a larger fre-
quency shift for reflected light than for transmitted light; only the
latter has been measured in experiment.””’ In Section 6, we sim-
ulate an ITO-based time-varying plasmonic metasurface, demon-
strating the versatility and power of the FDTD implementation of
our model. We find that the presence of the plasmonic particle
enhances the effective refractive index change by a factor of 5
over a bare ITO thin film. Finally, in Section 7, we conclude
our work.

2. Model for TCO Time-Varying Nonlinear Optical
Response

TCOs are wide-bandgap, degenerate semiconductors that
possess a metallic optical response in the NIR due to an abun-
dance of free electrons in the conduction band. Therefore, the
frequency-domain permittivity of TCOs is well described in
the NIR spectral range by the Drude model.*”)

2
[0

e M

"+ yw

e(w) =€ —
where @, = /Ne? /ggm* is the plasma frequency, y is the damp-
ing coefficient, ¢, is the high-frequency permittivity, @ is the
angular frequency of the electromagnetic field, m* is the effective
mass of the conduction electrons, ¢ is the charge of an electron, N
is the free electron density, and ¢ is the permittivity of free space.
According to Equation (1), the wavelength at which the real part
of the permittivity equals zero (the zero-crossing wavelength) is
given by Azc = 27,/€,c/w,, and this identifies the ENZ region.

The properties of the conduction electrons are dictated by the
conduction-electron energy band. Typically, the parabolic band
approximation can be applied, such that m* does not change
upon interaction with light. This is generally not the case in
TCOs exposed to intense, ultrafast laser pulses. Due to their high
doping concentration (and thus high carrier density), a correction
term is required in the dispersion relation!*!!

22

L + CE? @
2myg
where E is the electron energy, 7k is the magnitude of the crystal
momentum, A is the reduced Planck’s constant, my is the
effective mass at the conduction band minimum, and Cis a non-
parabolicity factor. This nonparabolic band structure results in a
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plasma frequency that depends on conduction band electron
temperature, T.. An expression for w,(T.) is derived in
Section S1, Supporting Information, where we use the semiclas-
sical Boltzmann equation in the relaxation-time approximation,
assuming an isotropic conduction band. The resulting formula is

2 *\ 3/2 oo
S <%) / dE (E + CE?)¥?
Jo

3mgeon® \ h?
_ e (E Te)
OF

w}(Te) =
()
X (14 2CE)™! (

where fp, = [exp((E — p)/kgT.) + 1]! is the Fermi-Dirac dis-
tribution, y is the chemical potential (discussed later), and kg is
the Boltzmann constant. This temperature dependence of the
plasma frequency is a consequence of the energy dependence
of the electronic effective mass in the conduction band.** An
alternate derivation of Equation (3) is given in ref. [33], resulting
in the same equation.

In Figure 1, we plot both the plasma frequency (evaluated via
numerical integration of Equation (3)) and the resulting real
component of the Drude permittivity (Equation (1)) as a function
of electron temperature (T) for several wavelengths, using
parameters given in Section 3. The plasma frequency decreases
monotonically with T, leading to a dramatic increase in the rela-
tive permittivity. For wavelengths between 1200 and 1300 nm,
room-temperature (300 K) ITO is an ENZ material. In fact, for
A> 1240 nm, room-temperature ITO behaves as a metal since
Re(e) <0, but as the ITO heats, Re(e) becomes positive, and it
transitions to a dielectric. We discuss the dynamics of this
metal-to-dielectric transition further in Section 4.

Before introducing our model for the electron thermalization
dynamics, we first qualitatively describe the effect on the conduc-
tion band electron distribution upon irradiation by an intense
pulse with a center angular frequency of @pump. As with other
degenerate semiconductors, the Fermi energy Er is dependent
on the doping concentration, though it typically lies in the con-
duction band. Defining the zero-energy level to be at the

25 3.0

A = 1200 nm
2.0 ~ @'

1.5

A28

‘ r2.6
increases to

A=1300nm | 24

Real relative permittivity, Re(s)
Plasma frequency, w, (10'°rad/s)

1.0
0.5 N r2.2
00l Tea_ f20
1.8
-0.5 T T T
0 5000 10000 15000 20000

T.(K)

Figure 1. Left vertical axis: Real component of the relative permittivity of
ITO plotted as a function of the conduction band electron temperature for
wavelengths ranging from 1200 nm (top solid curve) to 1300 nm (bottom
solid curve), calculated using Equation (1). The parameters used for this
plot are given in Section 3. Right vertical axis: Plasma frequency plotted as
a function of electron temperature (dashed line), calculated via numerical
integration of Equation (3).
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conduction band edge, the Fermi level of ITO is on the order
of 1€V inside the conduction band. As illustrated in Figure 2,
when a pump pulse is incident on TCOs initially in equilibrium
at an ambient temperature T, conduction band electrons with
energies E between Ep — A@pump and Er are excited above the
Fermi level, leading to an athermal (nonequilibrium) distribution
of electrons (Figure 2b) that is perturbed from the original
Fermi-Dirac distribution (Figure 2a).1*?! Subsequent electron—
electron scattering results in the athermal energy being rapidly
redistributed in the electron gas, resulting in a heated Fermi dis-
tribution with temperature T.; > T, (Figure 2c).

Now we turn to deriving our quantitative model. The thermal-
ized electron and lattice subsystems are treated using an
extended TTM!*>**] given by
aU(t, 1) U(t,1)

B U@
ot Tee(Te) Tep(Te’ Tl)

+ P(r,t) (4a)

Ce<Te)M = —gep(Te, T1)(Te(t,1) — Ty(t,1)) + TU((Z—I)

ot

N

(4b)

AT)(t,1)

G(T) =3, = Bep(Te: T)(Te(ts1) = Tu(t1)) +

U(t,r)
Tep ( Te, Tl)
(40)

where T, is the lattice temperature, C. is the electron heat
capacity, C; is the lattice heat capacity, g, is the electron—phonon
coupling coefficient, 7. is the electron—electron scattering time,
Tep is the electron—phonon scattering time, and P is the electro-
magnetic power absorbed by the conduction electrons. In
Equation (4), the electron and lattice subsystems are treated
separately, and energy is exchanged between the electron and
lattice subsystems via electron—phonon coupling g.,. This ver-
sion is referred to as the extended TTM since it accounts for the
athermal electron energy density Ufr,f) (Jm ), a scalar field
which acts as a thermal energy source to the conduction
electrons.

Due to the relatively low Fermi energy of ITO, the electron—
electron scattering time 7. is on the order of a few femtoseconds
(becoming subfemtosecond for a hot electron gas) as we describe
in Section S2, Supporting Information. This is advantageous in
active nanophotonics as it means that the material response is
ultrafast and limited mainly by the exciting pulse width.
Because time scales of interest are typically on the order of hun-
dreds of femtoseconds (much larger than z.), the effect of
including U in our modeling is negligible. For simplicity we thus
use a simplified version of the TTM.

Cot D g (T T)(T0) ~ Ti(01) + Pl (52)
cm) D g (T )T~ Ti(em) (b

The parameters C,, C;, and g, are all temperature dependent;
expressions for calculating them are given in Section S3,
Supporting Information, along with a method for calculating
the temperature-dependent chemical potential .
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Figure 2. Qualitative illustration of the electron distribution thermalization process. a) Initially the conduction electrons are in thermal equilibrium at
temperature T, and their energy distribution is described by a Fermi-Dirac distribution f 5 (E, Te ). b) The pump pulse acts by exciting electrons below
the Fermi level in the range from (E¢ — hwpump) to E¢ (red shading) to states above the Fermi level, from E¢ to (E¢ + Awpump) (blue shading). This can be
described as a perturbation added to the Fermi-Dirac distribution 8f (E). c) Through electron—electron collisions, the distribution thermalizes to a hot

Fermi-Dirac distribution with temperature Ty > T, .

In order to complete our model, Maxwell’s equations are
solved in the time domain concurrently with the time-varying,
temperature-dependent Drude model via

oH
Ho—y =~V xE (©)
E =VxH- 7
€50 %= X ] 7)
9
T+ eB(TE ®

where E is the electric field, H is the magnetic field, and J is the
conduction electron current density that accounts for intraband
transitions. For constant w,, Equation (8) is equivalent to the
standard Drude model (Equation (1)). As there are no interband
transitions in the NIR for ITO, we use constant permittivity to
describe the effects of the bound electrons that are absorbed into
€0, though this can be easily generalized.

The TTM and electrodynamics equations are coupled via two
terms: 1) the absorbed power P =] - E, given by Poynting’s the-
orem, and used as the source in Equation (5a), and 2) the plasma
frequency w,(T.), calculated via Equation (3) and (5), and used as
the source of the nonlinearity in the electrodynamics equations.
Solved together, Equation (3), (5), (9)—(8) describe the spatiotem-
poral, thermally driven optical nonlinearity in TCOs.

We focus the implementation of our numerical model to
account for the third-order nonlinearity responsible for the
temperature-dependent permittivity. A more accurate treatment,
especially for geometries with length scales on the order of 10 nm
or less, would involve including hydrodynamic terms in
Equation (8) and a nonlinear model for the bound electrons
as in refs. [38,39]. These extra terms would broaden the function-
ality of our model by taking into account even-ordered nonlinear-
ities such as second-harmonic generation. After some numerical
experiments using our existing hydrodynamics solver,** we
found that including hydrodynamic terms has very little effect
on the permittivity change when solved in conjunction with
the TTM. In fact the hydrodynamic terms are nonlocal, adding
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an unnecessary computational load,!*”! and thus we chose to
ignore these terms for the present work.

We use an in-house parallel 3D FDTD code!**¢! to solve
Equation (9)-(8). In the same code, we also solve the TTM
(Equation (5)) using the Runge-Kutta method.*”! At each step
in the FDTD simulation, the electric field, magnetic field, current
density, and the electron and lattice temperatures are updated
self-consistently.

3. Model Validation and Refinement in ITO
Thin Films

To validate the model presented in the previous section, we com-
pare it against experimental results obtained by femtosecond
laser irradiation of ITO thin films. Our choice of ITO is due
to the wide availability of experimental studies on its nonlinear
optical response under various scenarios and the string of recent
interest on this material as an ENZ medium. Indeed, our model
can be applied to any highly doped semiconductor with an ultra-
fast thermalization time, as long as the model parameters are
known.

Despite the many experimental studies in recent
years,[#20-21:32353738] que to the sensitivity of ITO’s optical prop-
erties to manufacturing specifications, we focus first on repro-
ducing the results of the article by Alam, De Leon, and
Boyd,” in which the intensity-dependent complex refractive
index of an ITO thin film in the ENZ spectral region is investi-
gated using several tests. First, the authors measure the effect of
the pump central wavelength and incident angle on the nonlinear
refractive index of ITO. Second, they show how the reflection,
transmission, and absorption shift as a function of the pump
intensity. Third, they measure the time-domain dynamics of
the nonlinearity via pump-probe measurements of the transmis-
sion. We use our model to reproduce the first two of these tests in
this section and tackle the third (time-domain dynamics) in the
next section. Through these comparisons, we are able to further
refine our model to most accurately match this particular set of
experimental data. We also perform an optimization procedure
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Figure 3. a) Simulations of a 310 nm-thick ITO film illuminated by an intense p-polarized light pulse with varying angle of incidence 6,; the polarization
direction is indicated by the red arrow. b,c) the real part of the nonlinear refractive index (n;) and the nonlinear absorption constant (f) as a function of 6;,c
and the central wavelength of the incident light pulse, respectively. d) Intensity-dependent transmission (T), reflection (R), and absorptance (A) obtained
for 0inc =30° and a central wavelength of 1240 nm. For all cases, the pulse duration is 150 fs.

to determine optimal pulse parameters for maximizing the
nonlinearity.

We consider the structure shown in Figure 3a. It consists of a
310 nm-thick ITO layer on a glass substrate, bounded by air on
top, as in Ref. [20]. The structure is illuminated from the air side
with p-polarized light incident at angle 6;,.. To model the 1D
thin-film geometry (along y), we apply Bloch periodic boundary
conditions to the x and z directions of our 3D simulation domain
enabling us to use oblique-incident pulses.*®*) We use the
room-temperature Drude model parameters for ITO reported
in Ref. [20], given by w, = 2z x 473 THz, y = 0.0468 w,, and
£, = 3.8055, resulting in a zero-crossing wavelength of
Azc = 1237 nm.

Ref. [20] quantifies the nonlinear response by assuming it
is Kerr-like with an intensity-dependent refractive index
n=ny+ ml. The real part of the effective nonlinear index,
Re(n,), and the effective nonlinear attenuation constant,
B = (4r/1) Im(ny), are extracted via z-scan measurements.
It was observed that the maximum Re(n;) and minimum g
are found when the pump wavelength is centered at 1240 nm
and the angle of incidence is 60° with respect to the ITO surface
normal.

Treating the thermal nonlinearity described in Section 2 as
Kerr-like is a rough approximation for two primary reasons:
1) there is no reason to assume that higher odd-order terms
do not contribute to the nonlinearity and 2) the nonlinearity is
not instantaneous. Although our numerical implementation
allows us to calculate the nonlinear polarization (or current den-
sity) field using more formal definitions, to compare with the

Adv. Photonics Res. 2023, 2200280 2200280 (5 of 12)

experimental results, we calculate an effective n, from the simu-
lation data. Though there are several ways to go about this, we use
the following computationally efficient method. We calculate the
mean conduction electron temperature (T,) within the ITO over
space and time. This is used to obtain an effective plasma
frequency and thus, by applying Equation (1), an effective,
temperature-dependent, refractive index n(T,) = Re(y/€), which
differs from the room-temperature refractive index no by

An = n(T,) — ng. We then extract an effective n, using

Ny, =

©

~| %l

where T is the time-averaged pulse intensity. The true refractive
index n(r, t) will vary in space and time during pulse irradiation
and therefore An(r,t) = n(r,t) — ny also varies in space and
time. While the time and space dependence of n, is not mea-
sured in Ref. [20], we do explicitly calculate An(r,t) in
Section 6 and Section S4, Supporting Information.

We carry out a 2D parameter sweep of pump incident angle (in
10° increments) and center wavelength (in 50 nm increments)
and plot the effective n, and f§ values in Figure 3b,c, respectively.
Our results indicate that n, is maximized at a wavelength of
1250 nm and an angle of 60°, in agreement with the experimental
results. Further, our values of n,=0.16 cmz/GW and
f=—13000cm/GW are in reasonable quantitative agreement
with the values obtained in Ref. [20], which are
1, =0.11cm* GW ! and f=—7500cm GW .
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Next, we determine the effect of the incident pulse intensity on
the reflectance, transmittance, and absorptance for a central
pump wavelength of 1240 nm and an incident angle of 30° as
in Ref. [20]. We show the results of our calculations in
Figure 3d where we see an increase in the transmittance from
T=0.13 to T=0.4 as the intensity increases from 0 to
250 GW cm 2 and a corresponding decrease in the reflectance
from R=0.19 to R=10.02. Our results agree quantitatively with
the experimental measurements,?” which show an increase in
the transmittance from T=0.12 to T= 0.4 and a corresponding
decrease in reflectance from R=0.2 to R=0.04 for the same
intensity range.

A feature of note in Figure 3d is the saturation of the nonline-
arity for high intensities. For simulations in which we assume
that the Drude damping coefficient y is temperature indepen-
dent, this saturation occurs for intensities larger than
250 GW cm 2. In order to produce Figure 3d, and reach agree-
ment with experiments, we needed to consider a model wherein
the damping coefficient increases with temperature. As a first-
order approximation, we use

) =n(1+ 1) (10
0

where 7, is the low-intensity Drude damping coefficient and
To=15000K is a fitting parameter with units of temperature.
The increase in the Drude damping coefficient is reasonable
because we would indeed expect a decrease in electron mobility
due to an increase in electron—phonon, electron-impurity, and
grain boundary collisions. This effect was also found experimen-
tally in Ref. [35], where an almost-linear relationship was found
between an effective y and the pulse intensity (and thus, indirectly
temperature), by fitting the measured spectra to the Drude model.
The fact that y depends on the temperature highlights the benefit
of time-domain modeling as we can extract simple, yet effective
models for optical parameters that otherwise would require semi-
classical or quantum mechanical calculations.

Finally, we optimize properties of the pump pulse (center
wavelength, incident angle, and linear chirp for a given intensity)

(a) Probe
Pump

(x,y) plane ~ Oinc

ITO

\
/

Glass

St0nm l\ !

www.adpr-journal.com

in order to maximize the change in the refractive index An(r, t).
Using a Nelder Mead algorithm, we find that for lower intensi-
ties, An is largest when the center wavelength is tuned to the
ENZ wavelength. Interestingly, for higher intensities, a larger
center wavelength is required to maximize An. For all intensities,
the optimal incident angle is 0;,c = 30° and the linear chirp has
negligible effect. These results are presented and further
explained in Section S4, Supporting Information.

4. Analysis of Time-Domain Dynamics

In the previous section, we used spectral results to validate our
model. However, part of the interest in ITO’s strong nonlinearity
stems from its ultrafast response time, limited mainly by the
pulse width (since the athermal relaxation time is small), allow-
ing precise control of the instantaneous refractive index.
Thus, we are particularly interested in modeling the time-varying
optical response of ITO.

Degenerate pump-probe measurements in ITO thin films
have shown that the rise time is less than 200 fs for a 150 fs laser
pulse and the fall time was ~360 fs.’) Here we present corre-
sponding pump-probe simulations using a two-step numerical
process. A primary FDTD-TTM simulation computes the tem-
perature fields as a function of space and time as the material
is excited by a pump pulse. These temperature fields are stored
and subsequently used in separate probe simulations, where it is
assumed that the probe intensity is low enough that it has no
effect on the time- and space-varying temperature field.

We plot the transmission at 1=1240nm as a function of
probe pulse delay in Figure 4, which shows a rise time of
170 fs and a fall time of 385 fs. As in Ref. [20] these are defined
as the time it takes for the transmittance to rise (fall) from 10%
(90%) to 90% (10%) of its maximum change. In order to obtain
Figure 4, we needed to adapt a model for the electron—phonon
coupling strength g., that was originally derived for metals
(Equation S34, Supporting Information) and contains a free
parameter. Since the fall time of the optical response is controlled
by gep, We compared numerical calculations to the experimental

G
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Figure 4. Degenerate pump—probe simulations. a) The simulated structure is the same as that in Figure 3a. It is illuminated with an intense p-polarized
light pulse (pump) at incidence angle 6, = 30°; a weak normally-incident light pulse with the same wavelength (probe) is used to detect changes in
transmittance. Both pump and probe pulses have a duration of 150 fs and central wavelength of 1240 nm. The polarization direction of the beams is
indicated by the red arrows. b) Transmittance of the probe pulse as a function of pump-probe delay obtained from the FDTD-TMM model.
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results to obtain the free parameter; this is presented in Section
S$3, Supporting Information.

In Figure 5a, we show the corresponding effective refractive
index of the ITO film as a function of time, which is extracted
using an effective medium theory where we consider the thin
film to be an effective (uniform) medium.® We see that the real
part of the refractive index increases by ~0.5 and the imaginary
part decreases by ~0.2. Such a dramatic refractive index change
suggests a transition from metallic (Re[¢] <0) to dielectric

(a) 06
0.4
N |
4 0.2
0.0
0.2 Imaginary
T T T T T T
0 250 500 750 1000 1250
Time (fs)
(b) Air ITO Glass

Metallic

y axis (um)

Figure 5. a) Change in the effective refractive index of a 310 nm ITO film
for the same simulation as Figure 4. b) Snapshot of electric field amplitude
early in the pulse when the ITO film is metallic and c) later in the pulse
when the ITO has become dielectric. The incident pulse propagates from
vacuum (left) through the ITO film into the glass substrate (right).
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(Re[e] < 0) behavior in the epsilon-near-zero region, which also
explains the large increase in transmittance in Figure 4.

We illustrate this further in Figure 5b,c, which shows snap-
shots of the electric field amplitude during the simulation of a
150 fs pump-pulse incident on an ITO film on glass. We see
in Figure 5b that, early in the simulation, a large amount of
the incident light is reflected, as evidenced by the interference pat-
terns, indicating that ITO behaves like a metal. Figure 5¢ shows
the electric field amplitude later in the same pulse where the ITO
layer is hotter and there is much less reflection (no discernible
interference pattern), indicating that ITO behaves as a dielectric.

Our results show that the coupled FDTD-TTM model for ITO
agrees remarkably well with experiments, indicating the strength
of the FDTD implementation. Because our modeling is in the
time domain, we can track the nonlinear dynamics as a function
of both space and time. In the Supporting Information, we pres-
ent 10 sets of movies showing the evolution of the pump electric
field amplitude for different incident angles, center wavelengths,
and intensities. Also included are the corresponding videos of the
electronic temperature field evolution. These are briefly dis-
cussed in Section S5, Supporting Information.

Here we highlight one example set of movies. Movie 1 shows
the electric field amplitude evolution of a 250 GW cm ™ intensity
pump, centered at 1240 nm, incident at 30°, and Movie 1-T shows
the corresponding electronic temperature field evolution. In
Movie 1, we see that at low temperatures (before the pump peak),
the ITO film exhibits metallic properties as it reflects much of the
incident pulse and absorbs much of the transmitted light, result-
ing in an evanescent wave in the ITO layer. Indeed, the angle of
transmission in the ITO is small due to the low refractive index.
As the pulse grows in intensity (and T, increases), we see the skin
depth of the ITO increase (Im(An) < 0), the angle of transmis-
sion in the ITO increase (Re(An)>0), and a corresponding
increase in transmission into the glass substrate. At this point
ITO behaves like a dielectric. Finally, near the end of the pulse,
we see the interference pattern in vacuum diminish significantly
due to decreased reflectance.

5. Time Refraction in ITO Thin Films

In the previous sections, we refined and validated our model
using experimental measurements published in Ref. [20]. We
demonstrated how intense optical pulses can actively change
the refractive index of ITO. However, the reverse is also true.
A recent publication cleverly investigated the elusive time-
domain response of ITO by harnessing a little-known optical
effect known as adiabatic frequency translation or more colloqui-
ally, time refraction.””

Adiabatic frequency translation occurs as the result of a wave
traveling through a medium with time-varying permittivity.**”
The center frequency of an optical pulse leaving the time-varying
medium is shifted from that of the incident pulse. Its colloquial title
is inspired by space refraction where the wavevector changes due to
spatial variations of the permittivity. Here, the frequency (i.e., pho-
ton energy) changes due to temporal variations in the permittivity.

It was recently demonstrated experimentally that ITO
produces measurable frequency translation when pumped with
a high-intensity pulse.’”) Degenerate pump-probe experiments,
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with a pulse width of 120fs, were used to demonstrate time
refraction in a 620 nm film of ITO bounded on either side by
glass. By changing the pump-probe delay, they demonstrated
a time-dependent shift in the probe’s center frequency. Using
our self-consistent modeling approach, we observe the experi-
mental adiabatic frequency shifting in transmission of Ref. [2].
Moreover, we predict a stronger effect in reflection, where we
find that, for certain pump-probe delays, two distinct reflected
pulses are created.

We show in Figure 6b,c the probe pulse transmission and
reflection spectra, respectively, as a function of pump-probe delay
for three different pump intensities, where we find that the
reflection spectra show a much more pronounced frequency
translation. For all pump simulations, we used the same excita-
tion conditions reported in Ref. [2], that is, the pump field is

@) Pump  Probe

(vy)plane — \dinc

www.adpr-journal.com

p-polarized with an incidence angle of 15°. Normal incidence
was used for the broadband, probe simulations.

We found that the probe pulse must be down chirped to show
pronounced frequency translation in our simulations. An
unchirped 120 fs pulse was found to contain too few frequency
components to show appreciable translation. Requiring chirp is
not explicitly mentioned in the main article of Ref. [2]. However,
in the accompanying Supplementary Material, the frequency-
resolved optical gating (FROG) measurement of their pulse is
plotted and is shown to be greatly down chirped. In our numeri-
cal experiments, we find that a chirp parameter (as defined in
Ref. [51]) of a = —1.5 (where the negative indicates a down chirp)
best replicates the experimental data. We believe this insight
presents the chirp as a new degree of freedom to explore in
future works.

620 nm
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Figure 6. Frequency translation results obtained through pump-probe simulations as a function of frequency shift (x-axis) and pump-probe delay (y-axis)
for three pump intensities as indicated. a) The material structure consists of a 620 nm film of ITO bounded on both sides by glass. The pump field is
p-polarized with an incidence angle of 6;,c =15°. b) Transmission and c) reflection spectra for varying pump-probe delay.
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As the reflected light was not measured in the experiments,
our calculation that shows enhanced frequency translation in
reflection over transmitted light represents a novel prediction.
We see that the reflection spectrum is composed of two distinct
peaks for some values of pump-probe delay. To explore this fur-
ther, we plot in Figure 7 the time domain reflected (blue) and
transmitted (red) electric fields for a pump-probe delay of
25fs and an incident pump intensity of 268 GW cm % (right
panel of Figure 6¢). Such pump intensity has been used in experi-
ments without material breakdown.?*?] We observe that the
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Figure 7. a) Time-domain reflected (blue) and transmitted (red) electric
field from the simulations of the right panels of Figure 6b,c, with a pump-
probe delay of 25fs and an incident pulse intensity of 268 GW cm 2.
b) Spectral evolution over time corresponding to the reflected fields of
(a), calculated via a windowed Fourier transform of width 33 fs; the time
axis in the plot represents the center of each time window. c) Spectra at the
two times indicated by the vertical dotted lines in plot (b).
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reflected field is composed of two distinct envelopes in time,
unlike the transmitted field.

Taking a windowed Fourier transform of the reflected time-
domain field centered at different times, we obtain an effective
spectrum as a function of time, and we plot its evolution as a
contour plot in Figure 7b. We see that the spectral content of each
distinct time-domain lobe is different. In Figure 7c, we plot the
spectra at the times corresponding to the peaks of the two lobes
(indicated by the vertical dotted lines in Figure 7b); we see that
the two spectra are indeed shifted.

The shift itself is not surprising, since we used a chirped pulse
in the simulation as described earlier. Indeed, when we repeated
this simulation for the low-intensity limit where a constant
temperature and thus constant plasma frequency is maintained
(not shown), we also see a shift but in a single lobe. As the peak
instantaneous wavelength shifts from 1300 to 1200 nm, the real
part of the relative permittivity at the peak instantaneous
wavelength increases from ~—0.2 to +0.4 as it crosses through
the ENZ region; this is seen in Figure 1 for the case of low
temperature.

The two-lobe reflected pulse only occurs for high intensity, as a
direct consequence of the nonlinearity. As the temperature
increases, the plasma frequency decreases, causing a correspond-
ing increase of the relative permittivity up to a value of 2 or more.
During the intense pulse irradiation, the effective index of ITO
briefly comes to match that of the surrounding medium (SiO,),
leading to a null in reflection that does not occur in transmission.

In sum, the ability of this model to quantitatively replicate
experimental results in the time and frequency domain gives
us confidence in its accuracy and the novel phenomena it pre-
dicts. This allows us to explore even more complex scenarios,
to which we now turn.

6. Time-Varying Plasmonic Metasurface on ITO

In the previous sections, we refined and validated our model
using experimental measurements published in Refs. [2,20]
using both spectral and time-domain results. It was found that
the pump’s wavelength and angle of incidence have a strong
effect on the magnitude of the refractive index change.
Intuitively, one might suppose that the strength of the nonlinear
optical response can be further increased by enhancing the near
fields within ITO films by including nanostructures. Plasmonic
nanoparticles have been used to enhance optical processes of all
sorts, including, nonlinear optical effects.*” As our model is
built into FDTD, we are not restricted to simulations of the sim-
ple planar geometries presented above, but we can simulate the
refractive index shift in ITO in the presence of nanostructuring,
including nearby plasmonic particles, where the 3D spatial
structure and dispersion of the plasmonic material are taken into
account self consistently.

As an illustrative example, we consider the plasmonic meta-
surface depicted in Figure 8a. It consists of a squared array of
gold rectangular nanoparticles on a 310 nm-thick layer of ITO
on glass. The array is characterized by a 600 nm x 600 nm unit
cell. The rectangular nanoparticle has a length of 500 nm, width
of 300 nm, and thickness of 40 nm. This geometry was chosen
because it has a very large absorption peak of A = 0.9 within the
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Figure 8. Intensity-dependent refractive index and intensity-dependent transmission/reflection of a plasmonic metasurface on ITO. a) The simulated
structure is an array of gold rectangular nanoparticles on top of an ITO/glass system with the same properties as in Figure 3a. The structure is illuminated
with a p-polarized optical field incident at an angle of 6;,c = 30°. The inset shows a 3D time-domain snapshot of the temperature field in the ITO film at the
peak of the laser pulse, within a unit cell of the plasmonic particle array. b,c) The change in refractive index and the change in reflectance and transmit-

tance, obtained using the FDTD-TMM model, respectively.

wavelength range of interest; this peak occurs at 4 =1350nm.
We use Bloch boundary conditions in our FDTD simulations,
where a plane wave that is linearly polarized along the length
of the particle is incident on an infinitely periodic metasurface
at an angle of 30°. As in Section S4, Supporting Information,
we use a 2GW cm ™2 pump pulse for ease of comparison to
our results there. We save 3D temperature field snapshots within
the ITO at various times during the pump pulse simulation—the
one at the pump pulse peak is shown in the inset of Figure 8a.
For each temperature field snapshot, we perform separate probe
simulations. From the resulting probe reflection and transmis-
sion coefficient spectra, we use effective medium theory®” to
extract the effective refractive index of the metasurface as a
function of wavelength and pump pulse simulation time.

We plot in Figure 8D the effective index change of the metasur-
face as a function of pump simulation time at 2 = 1350 nm. We
find that the maximum value of An is five times larger than for
the bare ITO thin film (Section S4, Figure S4b, Supporting
Information) irradiated at the same incident pump intensity.
In Figure 8c we plot the corresponding change in reflectance
and transmittance, AR and AT, respectively. We find that the
transmittance decreases during the pulse irradiation (AT < 0),
in contrast to the increase that was demonstrated for bare
ITO thin films (AT>0) previously (Figure 4 and S4c,
Supporting Information). In addition to this change in sign,
the magnitude of AT is also two times larger than in
Figure S4c, Supporting Information. The large enhancement
in AT here is due to the plasmonic particle that creates

Adv. Photonics Res. 2023, 2200280 2200280 (10 of 12)

electromagnetic hotspots when excited near the localized surface
plasmon resonance. As their names imply, these hotspots are
regions of enhanced Joule heating, leading to a stronger nonlin-
earity being induced in the ITO film (see Figure 8a). By compar-
ing Figure 8c and S4c, Supporting Information, we also observe a
longer transient nonlinear response when the plasmonic particle
is present. This occurs because the decay time of the plasmon
resonance is longer than the decay time of the ITO nonlinear
response.

Effective medium theory does not only output an effective
refractive index n=,/eg but also an effective admittance
Y = \/e/u. Typically, for sufficiently small feature sizes, we
expect these values to be equal as long as the material is nonmag-
netic (¢ = 1). We have verified that this indeed remains true for
bare ITO films considered in the previous sections. However,
this is not the case for the metasurface investigated in this
section, where applying effective medium theory suggests an
effective magnetic response of the metasurface. In fact, we
can see this effect in Figure 8 where we see an increased imagi-
nary component of the effective index (Figure 8b) coupled with a
decrease in the absorptance (Figure 8c); this can only occur if
pu # 1. This effective magnetic behavior is due to complex
response of the plasmonic particle, and will fundamentally
change the ENZ behavior, because we must now take y into
account. This will be investigated in future work.

Previous experimental work has investigated ultrafast irradia-
tion of ITO-based time-varying plasmonic metasurfaces.*!!
There, it was also found that the transmittance decreases during

© 2022 The Authors. Advanced Photonics Research published by Wiley-VCH GmbH
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pulse irradiation for the metasurface but increases (with a
smaller line-width) for a bare ITO film. This further validates
the results of this (and the previous) section. The magnitudes
of AT and An here are not directly comparable to those of
Ref. [21], as their ITO sample was different (with different film
thicknesses and optical properties), and they applied a different
pump intensity. However, the enhancement of An when a plas-
monic particle is present versus a bare ITO film is comparable.

We also present movies showing the time evolution of the
electric field amplitude and temperature field of the plasmonic
metasurface on ITO while being irradiated by an oblique inci-
dence pump pulse. In Movie 11, we see the incident pulse excit-
ing the plasmonic particle and creating electromagnetic hotspots
at the particle edges. These result in electronic temperature hot-
spots, as shown in Movie 11-T and in the inset of Figure 8a.
As the pump pulse peaks, we start to see strong interference
between the incident and reflected pulse in the vacuum region
due to the increased reflectance (as also indicated by the AR plot
in Figure 8c). There is very little decrease in the transmittance to
balance the reflectance (AT plot in Figure 8c). That, in Movie 11,
is evident by the increased penetration of the field into the ITO
film, suggesting an increased skin depth during intense field
irradiation.

7. Conclusion

We introduced a self-consistent, multiphysics, spatiotemporal
numerical model for the intensity-dependent, time-varying
refractive index of TCO-based ENZ materials. The nonlinear
optical response of TCOs is described by Drude-like permittivity
where the plasma frequency is dependent upon the conduction
band electron temperature. A TTM describing the electron tem-
perature distribution in time and space as induced by irradiation
with an ultrafast intense laser pulse was implemented directly
into a 3D FDTD electrodynamics solver. Our method captures
the full nonlinear spatiotemporal optical response of TCO-based
ENZ materials, including those within complex geometries
containing, for example, plasmonic nanostructures in close
proximity. We validated our implementation via comparisons
with experimental results for a bare ITO film, where we obtained
quantitative agreement, as well as an ITO film decorated with
plasmonic nanoantennas. We also used our model to demon-
strate time refraction wherein the time-varying permittivity of
the ITO film results in a shifting of the central frequency of
an optical pulse. We show that the reflected light is predicted
to have a larger and more noticeable frequency change than
the transmitted light. The ability to model and understand the
complex nonlinear response of TCOs will be instrumental for
designing sophisticated nonlinear nanophotonic devices with
femtosecond-scale response times, such as ultrafast reconfigur-
able metasurfaces for active switching, modulation or beam
manipulation.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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Supplemental Information

Section 1: Temperature dependence of plasma frequency

In this section, we derive a model for the temperature dependence of the plasma frequency. We begin with the Boltzmann
transport equation, which describes the time evolution of the conduction band non-equilibrium distribution function f(r,k,t),
where r and k are the three-dimensional position vector and wave-vector respectively, and where f(r,k,t)drdk/4n® is the
number of conduction electrons in phase space from r to r+dr and k to k+dk. As we will see, our final result is equivalent
to that given by Ref. [1].

In equilibrium, f(r,k,t) is given by the Fermi-Dirac distribution frp and thus deviations from equilibrium are quantified

by the athermal distribution

of(r,k,t) = f(r,k,t) = frp, 1)
whose dynamics in an external force F are described by the semi-classical Boltzmann transport equation [2],
asf a5 f 1of _ (0sf
3t + Vi Bx +F ﬁak < at )collisirms7 (2)

where vy, = h0E/dk is the group velocity of a Bloch electron in the conduction band (where E is its energy), and where
the last term describes the effects of electronic collisions. For the latter, we use the relaxation-time approximation

of

af
it =—— 3
( ot )(:ollisions T ( )
where 7 is the inverse scattering rate. To simplify the equation further, we will assume that df/0k = 0fpp/0k in the
third term on the left hand side of Eq. 2.
We take the external force to be F = —¢E , where E is the local electric field. Since the optical wavelength is much larger
than the lattice spacing, we disregard the bpatlal variation of § f. Further, using, f e = hvk agF D and setting v = 1/7,
Eq. 2 becomes
asf 8f FD
A, = —if, 4
5t 35 Y8 f (4)
which in the frequency domain gives
(—iw+7)of =eE - vy aggD. (5)
We calculate the current density J by integrating evk over all k states weighted by df(k)/(47?) [2]
__¢c [ 3 OfrpY, . 1
J= 47r3/dk5f(k)ka 47r3/dkvkE WD (it 44) 7, ()
from which we identify the conductivity tensor
1 e? : dfrp
- = | &k , 7
7 —iw + 7y 473 VTR @

where vivy is a dyadic tensor defined by (vivi)ij = (Vi)i(Vk);, where i and j refer to Cartesian coordinates.
Under the assumption of an isotropic band structure, vi = h~ 'V E is parallel to k and therefore, in spherical coordinates
vk = (sin 6 cos ¢, sin 0 sin ¢, cos 0) vy, where vy, is the magnitude of the velocity vector, thus giving

sin? @ cos? ¢ sin?@cos¢sing sinfcosfsing
Vivk = | sin?fcosgsing  sin?fsin®¢  sinfcosfsing | v = M(, d)vi. (8)
sinfcosfcos¢p  sinfcosfsin P cos? @

Rewriting the integral in Eq. 7 in spherical coordinates, we obtain

27
9frp
I 2,2
o=— 7zw+'y47r~"/ A M 0, d))sln@d@dqﬁ/dkk %pp - (9)

By integrating over 6 and ¢, we find that the non-diagonal terms vanish, and the diagonal terms are all equal to %ﬂ', thus
confirming that the conductivity is isotropic, given by

_ 1 e? 2 zapr
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Changing the integration variable from momentum magnitude k to energy F, using Eq. 2 in the main text, we obtain

1 e?  /2mg3/2 3/2 ~19fFD
‘Tﬂ&n—owz(?) /dE (B +CE2(1+260) 1 HE2, (11)
Comparing Eq. 11 to the form of the Drude model conductivity
2
o= — éowp ) (12)
—iw + 7y
we find that the plasma frequency is then, as given by Eq. 3 in the main text,
2 K\ 3/2 ) 7]
2 _ € 2mg 3/2 ~19fFD
= s (52) / 4 (B + CBY(1+250) 20FP. (13)

Eq. 13 is also derived in Ref. [1] using a different method, but with the same conclusion. When C' = 0, this expression
becomes the traditional expression for the plasma frequency,
, €n

= . 14
“p eomg (14)

For ITO the non-parabolicity factor was found to be C = 0.4191 (eV ') [3] and the effective mass was found to be m} =
0.4m, (4], where m, is the free-electron mass.

Section 2: Validation for Neglecting the Athermal Electron Distribution

In this section, we justify why the athermal electrons do not need to be accounted for explicitly in the two-temperature
model for ITO (Eq. 4) that we introduced in the main text. Our theoretical analysis follows Ref. [5], and we find that
since the Fermi energy of ITO and the photon energy of our laser pulses are approximately the same, Ep =~ hwpuise = 1
eV, the thermalization time is negligible compared to the pump pulse duration, and therefore we can neglect the ather-
mal electrons in our model. This is not the case for materials with higher Fermi energies, like gold, to which the extended
TTM is commonly applied (for example see Refs. [6, 7, 5]).

Recall that the electron distribution function can be written as a sum of the thermal frp(7.,t) and athermal § f(E,t)
components as in Eq. 1. The athermal electrons are the result of the ultrafast pulse perturbing the conduction electrons
out of thermal equilibrium. As the pulse irradiates the sample, the electronic distribution deviates further from a thermal
distribution. The electrons eventually become thermalized via collisions resulting in a Fermi-Dirac distribution at an in-
creased temperature. The thermalization process is thus described by 0 f(E,t) — 0 and fpp(Te,0,t = 0) = frp(Teq >
Te0,t).

We begin by assuming that the lifetime of an excited electron (of energy F) in a degenerate system due to both elastic and
inelastic electron-electron collisions is given by Fermi-liquid theory under the random-phase approximation as [5, 8]

128 Er 215 Ep 2
_Wz\/gwp(E—Ep) - w,,(E—EF) ' (15)
where w,, is the plasma frequency. In the relaxation time approximation, we have
dof of wp (B — Erp)?
- xlf e 1
ot T 0 7.5 EZ (16)
and therefore (E— By
_ — e e SV
SF(E,t) = 6f(E.t=0)exp [ e (17)

where 0f(E,t = 0) is the initial athermal distribution. Here we assume that the perturbation § f(E,¢ = 0) is instanta-
neous which, physically, is not the case. The perturbation will occur gradually as the pulse propagates through the sample.
However, this assumption should not affect the conclusion of the following analysis, as we are only interested in how long it
takes for conduction electrons to thermalize (on average).

The initial distribution is described by the simplified model described in the main text (see discussion accompanying Fig.
2), where electrons below the Fermi energy (Ep — Epump — Er) are excited above the Fermi energy (Er — Er + Epump)
and is thus given by [7]

3f(E,t =0) = A(frp(E = Epump)[1 = fro(E)] = fro(B)[1 = fro(E + Epump)]), (18)
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Figure S1: Initial athermal electron distribution as a function of energy (above conduction band minimum) given by Eq.
18.

— s(t)
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Figure S2: Athermal electron energy density source function S(t) for ITO. The blue line is the numerical integration of Eq.
22 and the yellow line is an exponential fit with to = 4.2 fs.

where A is a constant amplitude which depends on the optical fluence of the pump pulse, and where we use T. o = 300
K for the evaluation of fpp(FE) which, as we will see, gives an upper bound for the athermal decay time. This function is
plotted in Fig. S1 for Er = Epymp = 1.0 eV and A = 1.0. We also plot frp + 0 f(t = 0) in Fig. 2b of the main text.

The energy density stored in the initial athermal distribution is given by

o0
U= / D(BE)§f(E,t = 0)E dE, (19)
0
where D(E) is the density of states, which for non-parabolic bands can be derived using Eq. 2, and is given by [4]
_ 1 2mgy32 211/2
D(E) = 272(7) (E +CE?)'?(1 + 2CE). (20)

Energy lost from the athermal electrons will be passed primarily to the thermal electron subsystem with (time-dependent)
temperature T, and therefore we write Eq. ba of the main text as

T, oU
CEW —_G(Te_Tl)‘l'Ey (21)
where the last term is the energy source of the thermalized electrons which will henceforth be denoted by
s = _ 3/ D(E)Sf(E,t = 0)E dE. (22)
ot ot )

We numerically integrate Eq. 22 (using Eq. 18), which we plot in Fig. S2 where the blue line is the numerical integration,
and the yellow line is an exponential fit with decay constant ¢y = 4.2 fs. This means that the athermal electrons decay
with an effective decay time of approximately 4 fs and therefore the characteristic time of this process is negligible when
compared to pulse duration (on the order of 100 fs).

As the thermalized electronic temperature 7, increases, the thermalization time decreases even further. This is because
there are more available high-energy states into which the athermal electrons can thermalize. In fact, for temperatures in
the thousands of Kelvins, the thermalization time becomes sub-femtosecond.
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Figure S3: Athermal electron energy density source function S(t) for gold. The blue line is the numerical integration of Eq.
22 and the yellow line is an exponential fit with ¢y = 30 fs.

For reference, we repeat this calculation for gold with a room temperature Fermi energy of 5.53 eV and a plasma frequency
of w, ~ 1.3 x 10'% rad/s using the same pulse energy of 1 eV. S(t), for this case, is plotted in Fig S3 (blue) along with

an exponential fit (yellow). Here we find the decay constant of the exponential fit to be ty = 30 fs, which is comparable to
typical ultrafast pulse widths of interest. Therefore, for gold (and indeed any other materials with Ep >> Epyumyp), the
athermal electron distribution must be considered.

Section 3: Temperature Dependent Parameters of the Two Temperature Model

In this section we give the formulas used for calculating the temperature-dependent parameters used in the two-temperature
model Egs. 5, including the heat capacities and the electron-phonon coupling coefficient.

The electron heat capacity C. is calculated using [9]

> Ofrp(E,p, Te

cur) = [~ BT pipyp a, (23)
o oT,

where D(E) is the density of states given in Eq. 20, and p is the chemical potential (that will be discussed later). The lat-

tice heat capacity is assumed constant at C; = 2.54 x 105 Jm™>K! due to the small change in lattice temperature during

the simulation [10].

The electron-phonon coupling coefficient is calculated using [11, 10]

Aeprhkp [ 0 E,pTe
gep(Te) — M/ D%E)M

D(EF) —oo aTe dE7 (24)

where A, is the product of the electron-phonon mass enhancement parameter and the second moment of the phonon spec-
trum. As with Ref. [10], we take this to be a free parameter with A., = 5.25 x 1074 eV2.

In the above formulas, we specify the dependence of the Fermi-Dirac distribution on the chemical potential j, which is also
a temperature-dependent quantity. Numerically, its value can be extracted using the fact that the conduction band elec-
tron density is independent of temperature (in the absence of interband transitions), i.e., n(T.) = n(T, = 0) with

oo
n(T.) = frp(E,T.)D(E) dE, (25)
0
and
Ep
n(T, = 0) = (E) dE, (26)
0
where Ef is the Fermi energy (Ep &~ 1 eV for ITO). Thus we extract p(T.) by minimizing the function |n(u(T.)) — n(T. =
0)| using a minimization algorithm.

Eqgs. 23, 24, and 13 can be integrated numerically. For our application, we fit these functions of T, to fifth-order, single-
variable polynomials and use those in the TTM-FDTD code.
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Figure S4: a) Optimization of refractive index change by tuning pump pulse wavelength and incident angle using Nelder-
Mead. The horizontal axis is the optimization iteration, and the vertical axis is the maximum change in the refractive
index. The insets show how the central wavelength of the pump pulse and its angle of incidence (with respect to the inter-
face normal) evolve during the optimization process. b) Complex refractive index change and c) reflectance and transmit-
tance change as a function of time for the optimized pump pulse.

Section 4: Optimizing pump parameters for maximum index change

The main text was dedicated to validating and refining our hybrid TTM-FDTD approach. In doing so, we found that the
properties of the incident excitation have a large effect on the response of ITO, a fact that is not necessarily surprising, but
one that can be harnessed. In this section we use a Nelder-Mead optimizer to find the maximum change in refractive in-
dex, max[An(r,t)]*, using three of the pump’s parameters: incident angle, central wavelength, and linear chirp parameter.
Through previous trials, we find that by increasing the pulse width and laser intensity, we also increase the nonlinearity
since this results in a larger energy density being deposited into the ITO. We therefore keep these values constant with a
peak intensity of Iyum, = 2 GW/cm? and a full-width at half-maximum pulse width of 7,um, = 150 fs.

The optimization results are found in Fig. S4a, where the main plot shows the evolution of max[An] as the optimization
progresses, and the insets show the progression of the wavelength (red line) and angle (green line). The optimization algo-
rithm was run several times with different initial conditions so we are confident that we have found a global maximum. We
find that the maximum change in the refractive index is on the order of 0.02 and occurs when \g = 1228 nm, 6;,. = 35 de-
grees, and with negligible chirp (not shown). We found that the chirp of the pulse had very little effect on the nonlinearity.

The results in Fig. S4b shows the time dependence of the optical response of the ITO film. We see that the real part of
the refractive index increases and the imaginary part decreases by approximately 0.02. In Fig. S4c we plot the correspond-
ing change in reflectance and transmittance, AR and AT, respectively, as functions of time where we see that the trans-
mittance increases during the pulse irradiation. This is not surprising as it is expected there would be less overall absorp-
tion in the ITO layer.

We repeated this optimization for higher pulse intensities (up to 110 GW/cm?). The results are summarized in Fig. S5,
where we show (a) the optimal central wavelength, (b) incident angle, and (c¢) the maximum of An as functions of pump
intensity. As expected, we see an increase in the maximum of An with increasing intensity. We also see that the optimal
incident angle remains relatively constant with a slight decrease with increasing intensity. Interestingly, we see an increase
in the optimal wavelength with increasing intensity, which can be easily explained. As shown in Fig. 1 of the main text,
as the temperature is increased, the ENZ wavelength red-shifts. Therefore, in order for the pump pulse to remain in the
ENZ spectral range, and thus to maximize the nonlinearity, we must tune our pulse to higher wavelengths for increased
intensities.

Section 5: Time-domain movies

In Section 4 of the main text, we discuss the time-domain results of our model, and we introduce movies that can be found
in the Supplementary Materials. We describe Moviel and Moviel-T in detail in Section 4, and we will briefly describe the
others here.

Mowie2, Movie3, and Movie/ are also for a 1240 nm pulse, incident at 30 degrees, for intensities of 150, 50, and 10 GW /cm?,
respectively. In Movie2 and Movie3, we see the aforementioned decreasing skin depth and change in transmission angle (in
the ITO layer), however the reflectance remains high enough that the interference pattern is observed long after the pulse
peak. In Movie4 there is no perceivable change in the optical response due to the low pump intensity.

“Note that An presented in Fig. S4a and nga presented in Fig. 3 of the main text are different values. The nonlinear refractive index no is a
space and time average of An and is normalized by the intensity of the pump in the ITO layer, whereas An(r,t) is the instantaneous change of
the refractive index.
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Figure S5: The a) center wavelength, b) incident angle and c) resultant change in the refractive index of the optimized
pump pulses found via Nelder Mead optimization, plotted here as a function of peak electric field intensity of the pulse.
The pulses were modulated Gaussians with a pulse width of 150 fs.

Mowie5 to Movie8 have the same intensity and incident angle as Moviel, but with central wavelengths of 1160, 1200, 1280,
and 1320 nm, respectively. We see the same effects as mentioned previously (angle shift and change in skin depth), how-
ever, we observe that the initial transmission angles are all different, which is because the initial permitivities are all dif-
ferent for the different wavelengths (as illustrated in Fig. 1 of the main text). From these videos, we cannot observe a per-
ceptible difference in the strength of the nonlinearity, however, we know from spectral results (see Fig. 3 of the main text)
that they do exist.

Finally, Movie9 and Moviel0 have the same intensity and center wavelength as Moviel but with incident angles of 0 and
60 degrees, respectively. In Movie9, we see negligible change in the optical response as expected from Fig. 3 of the main
text (for 0 degrees). In Moviel0, the reflectance is strong throughout the simulation due to the large incident angle. How-
ever a perceptible shift in the transmitted angle in the ITO is visible.
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Chapter 6

Inverse Design of pulse shapes

In this chapter, we apply the knowledge introduced in Chapters 1.2, 2.1, and 2.3 to the
problem of inverse designing optical pulse shapes for time-varying nanophotonic systems.
This project is not a collaboration but a completely novel idea inspired by the results of
Chapter 5 and was published in Optics Express in June 2023.

Research into time-varying photonics has blown up in recent years due to the discov-
eries of both natural and metamaterials with high optical nonlinearities that present large
permittivity modulations. Energy is not necessarily conserved in these materials because
time-translational symmetry is broken, and effects such as gain and reciprocity-breaking
are possible. However, to maximize these effects, we need to enhance the light-matter
interaction involved, which is typically accomplished by structuring the optical material;
however, in this work, we chose a different approach.

The optical response of static optical materials (those with a non-time-varying permit-
tivity) is independent of the pulse shape of the probing light source. The incident pulse
can be broken down into frequency components and solved exactly for each. However, for
a material whose permittivity rapidly changes in time (for example, ITO from Chapter 5),
the incident pulse will experience different permittivities as it propagates, and thus the
pulse shape becomes important.

Around the time of working on Chapter 5, I was also working on implementing adjoint
topology optimization (see Chapter 2.3) into our in-house FDTD program. We realized
the adjoint method could also be applied to pulse optimization; the gradient calculation
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includes the source current of Maxwell’s equations. Thus we can use the adjoint method
to calculate the gradient of an objective function (say, the transmittance) with respect to
the source itself. This concept is abstract until we parameterize the source, which we do
in two ways,

1. dividing the source pulse into discrete timesteps and the gradient is with respect to
the value of the pulse at each step, and

2. decomposing the source pulse into its frequency components, and the gradient is with
respect to the phase of each frequency component.

Once the gradient is obtained, gradient-based optimization can be applied to obtain a
pulse that maximizes the objective. Simply by shaping the optical pulse, we show that it
is possible to achieve gain in these time-varying systems; the shaped pulse gains energy
from the system.

In this paper, we apply the pulse shaping method to toy model examples of thin films
with a sinusoidal modulation and a realistic example of ITO (using the model of Chap-
ter 5). Future work may include pulse shaping to enhance other optical nonlinearities,
including the Kerr effect and high-harmonic generation, or with non-thin film systems like
nonlinear metasurfaces. Finally, this work shows that a dual space-time inverse design
scheme is possible where the geometry and pulse shape can be co-optimized; however, this
has yet to be implemented.

Supplemental materials are included with this article in the form of additional informa-
tion, which will follow the main article and Python scripts to replicate each example, which
can be found in a zip folder at https://opticapublishing.figshare.com/articles/
software/Code_zip/21905262.
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Abstract: Recent advancements in materials and metamaterials with strong, time-varying,
nonlinear optical responses have spurred a surge of interest in time-varying photonics. This opens
the door to novel optical phenomena including reciprocity breaking, frequency translation, and
amplification that can be further optimized by improving the light-matter interaction. Although
there has been recent interest in applying topology-based inverse design to this problem, we
propose a novel approach in this article. We introduce a method for the inverse design of
optical pulse shapes to enhance their interaction with time-varying media. We validate our
objective-first approach by maximizing the transmittance of optical pulses of equal intensity
through time-varying media. Through this approach, we achieve large, broadband enhancements
in pulse energy transmission, including gain, without altering the incident pulse energy. As a
final test, we maximize pulse transmission through thin films of indium tin oxide, a time-varying
medium when strongly pumped in its ENZ band. Our work presents a new degree of freedom for
the exploration, application, and design of time-varying systems and we hope it inspires further
research in this direction.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Until recently, nanophotonics research has been mainly focused on the spatial confinement of light
via plasmonics, dielectric resonators, and waveguides. The space of possible devices is virtually
infinite, inspiring novel techniques to explore this parameter space in non-intuitive ways. One
such method is adjoint sensitivity analysis, which has gained recent interest with the successful
design of integrated optical devices including wavelength demultiplexers [1], demultiplexing
grating couplers [2], y-splitters [3], and reflectors/resonators [4]. As these methods become
more accessible via open-source libraries [5,6], textbooks [7], and tutorials [8], we should expect
non-intuitive device design to become the norm in nanophotonics. Adjoint sensitivity analysis
has been developed for the design of two- and three-dimensional geometries, however, there is a
fourth dimension that has yet to be exploited: time.

In recent years, a new branch of photonics has emerged that investigates wave propagation
through time-varying media [9—-12] driven by developments and promises of 4D metamate-
rials [13—15], and recent discoveries of materials with optically-driven, ultrafast permittivity
modulations [16—18]. Time-varying materials have been shown to host unique physical effects
including frequency translation [19], reciprocity/time-reversal symmetry breaking [14] and have
applications in optical isolation [20], all-optical switching [21], and beam steering [22], to name
a few.

The design of modulation patterns has been the focus of many recent articles where typically
analytic methods are proposed to calculate the scattering of light in unbounded, temporally
structured (modulated) media. These methods are used to design homogeneous time-domain

#485902 https://doi.org/10.1364/OE.485902
Journal © 2023 Received 17 Jan 2023; revised 21 Apr 2023; accepted 22 Apr 2023; published 22 Jun 2023
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structures such as temporal tapers/anti-reflection filters [23-25], analogue filters [26], differentia-
tors [26-28], vortex beam generators [27], and amplifiers [25]. These papers demonstrate control
over the propagation of light without the requirement of geometric structuring.

Furthermore, there is interest in applying inverse design techniques for geometric optimization
in time-varying photonic media [29]. Indeed, as derived in this article, it is possible to inverse
design time-varying photonic devices using time-domain adjoint sensitivity analysis [30-32] with
minor adjustments. These exciting works and prospect are focused on tuning the 4D properties
of the medium through which light is propagating. This is only half of the story when it comes to
controlling light - matter interaction; we can also control the light.

In static, linear materials, the shape of the incident pulse is irrelevant to the device output as
it can always be decomposed into its Fourier components. In time-varying media, this is no
longer the case. As a trivial example, two identical pulses delayed with respect to each-other
(a simple form of pulse shaping) and incident onto a time-varying thin film may experience
different refractive indices and thus each pulse will have a different transmittance/reflectance
spectrum, despite being spectrally equivalent. As a less trivial example, one may conceive of a
pulse chirped so that its central frequency in the time-varying film will follow the transmittance
peak. In the same way one may tailor the modulation signal for a desired effect, we can also
tailor the pulse shape of the incident light.

In this paper, we introduce a new paradigm in inverse design to optimize the shape of light
pulses based on a new application of adjoint sensitivity analysis. We present protocols for the
inverse design of the shapes of pulses incident on time-varying optical materials that can be
used, for example, to enhance or minimize the amount of light that is transmitted through such a
time-varying medium. This is done via two approaches: 1) optimizing the pulse in time, where
the field of the pulse at each (discretized) time-step is tuned, and 2) optimizing the pulse in
frequency, where the phase of each (discretized) frequency component is tuned as in 4f pulse
shaping. The first approach allows for the full exploration of parameter space in time, presenting
us with non-intuitive pulse shapes that are not restricted to the frequency spectrum of the initial
pulse shape. The second approach conserves the frequency spectrum of the initial pulse. In
Section 2, we present the adjoint sensitivity analysis for time-varying materials, We outline how
they are implemented for pulse shaping in time (Section 3) and in frequency (Section 4), where
we test both approaches through a series of toy-model examples and analyze the behaviour of
the optimized pulse. Finally, in Section 5, we apply these two methods to the realistic example
of light propagation through a thin film of indium tin oxide (ITO), a material synonymous
with time-varying photonics due to its high refractive index perturbations when excited near its
epsilon-near-zero (ENZ) band [16,17].

2. Adjoint method for time-varying materials

To optimize any sort of design, be it spatial or temporal, it is useful to calculate the gradient of the
objective function F with respect to the tunable parameters. Once this gradient is known, there
are many iterative, gradient-based optimization algorithms that can be used for the design process.
Adjoint sensitivity analysis provides a very convenient method for obtaining this gradient with
just two simulations, for an arbitrarily large number of tuning parameters, and accordingly has
been investigated extensively for topology optimization of static optical systems.

Since we wish to shape pulses incident on time-varying optical materials, we employ a
time-domain adjoint sensitivity analysis, wherein the objective function F is defined as the
integral over a time-dependent objective function ¢, which in general depends on a set of M
tunable parameters p = [po, - - ., Pi- - -, Pu], as well as the time- and space-varying electric (E)
and magnetic (H) fields, and possibly additional auxiliary fields [32]. The gradient of F is then
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described by [7]

dF _[dF  dF  dF

d/Tm
Cooe L oL [y e, ar, M
dp ~ Ldpo™ " dp; dpM] o) ' )

where T, is the maximum simulation time, and the fields are assumed to be zero before ¢ = 0 and
after t = T,,,. The functional form of ¢ is known and set according to what we desire to optimize.

In the Supplement 1 (SI) Section A we outline an adjoint sensitivity analysis for two classes of
time-varying materials, one that can be described by a "dispersionless" time-varying permittivity
&(t) (SI Section A.1), and another that can be described by time-varying dispersive models for
the current density or polarization fields (SI Section A.2). For the latter case, we derive explicitly
the equations for the Drude model with a time-varying plasma frequency w,(t).

Our aim is to tune the time signal of the source current Js(7) in order to maximize some
quantity (e.g. the transmittance), rather than tuning the geometric topology. This is done via
two simulations: a forward simulation that is a direct solution of Maxwell’s equations with a
current source J,(¢), and an adjoint simulation that is a solution to an adapted form of Maxwell’s
equations with a current source (see Eq. S13)

g _ Y
J? I = _ﬁ(Tm -1 2)
placed at the spatial location where the objective function is defined. Note that dei is time-reversed
for reasons made clear in its derivation.

For both time-varying permittivity and time-varying dispersion, we have a prescription for
calculating the full gradient F/dp with only two simulations. The steps involved are

(1) compute the forward problem (Eq. S10 or S18) to find the forward fields, and evaluate the
external current density source of the adjoint problem (Eq. (2)),

(2) compute the adjoint problem (Eq. S12 or S19) to find the adjoint fields, with minor
modifications made to the simulation software if this is not the same as the forward
problem,

(3) compute the gradient (Eq. S14 or S20) using the time-reversed adjoint fields and the residue
vector calculated from the forward fields (Eq. S15 or S21).

Our pulse shaping inverse design methods are implemented in a one-dimensional (1D) finite -
difference time - domain (FDTD) code [33], an example of which can be found in Code 1 (Ref.
[34]). The python scripts for all examples of Sections 3 — 5 are also made available in Ref. [34]
with titles corresponding to the section numbers.

We consider 1D examples for the sake of simplicity in introducing this method, and for simple
interpretation of the code we are making available. In fact, 2D and 3D implementations of this
method are entirely possible, depending upon the spatial extent of the objective function. However,
1D is also useful in itself because much current work in active nanophotonic has involved planar
geometries like thin-films [16,35] and metasurfaces [11,17], which can be described using bulk
(for thin-films) or effective [36,37] (for metasurfaces) refractive indices. This enables the problem
to be scaled to 1D wherein our provided pulse shaping code can be directly applied.

In our code, we take the propagation direction to be along y, and our incident current density
J to be linearly polarized in the x-direction. We define our instantaneous objective function ¥ (7)
as the square of the x-component of E at a single location y;,, at least a few wavelengths away
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from the thin film. We then set the objective function as

1 T
F=— / EXVrans, D, 3)
0

2
which is proportional to the transmitted pulse energy, and the factor of 2 is included for future
convenience.
The source current of the adjoint simulation is thus applied only at the single location Yy,
and using Eq. (2) we find it is given by

J.vadj(t) = —Ex(Virans> T — 1), (C)]

where E(Virans, t) is stored from the forward simulation. In order to accomplish pulse shaping,
we allow the external source of our forward simulation, Jy(), to vary with respect to a set of
tuning parameters, p;. Assuming Jy() is applied at a single point ys, the gradient of the objective
function (see Eqs. S14 or S20) becomes

F T X S
oF _ 7/ E(y, Ty — 22D gy, ®)
Opi 0 Op;

In the sections that follow, we introduce two strategies for parameterizing J(f). In Section 3
we take the set p; to be the actual time-domain values of the (normalized) pulse signal at discrete
times #;. In Section 4 we take p; to be a phase factor applied to the i frequency component of
the pulse, such as would be introduced in a 4f pulse shaping setup.

3. Pulse shaping in time

In this section, we optimize our objective function by directly tuning the pulse shape as a function
of time. We take the values of the pulse at each discretized moment in time #; as our tuning
parameters p; though other methods are possible (for example, restricting the pulse to a particular
functional form with the fitting parameters as the p;). To conserve energy of the pulse throughout
the optimization process, however, the pulse must be normalized at each optimization step. Our
external current density source is then taken as

1w =129, ©
P

. . - _ T
where p(7) is the unitless pulse shape that we are optimizing, and p*> = 1/T}, fo PA(ndt =~
1/Ny Zﬁi’o pf is an energy normalization factor, where Nz is the maximum number of time steps
in the simulation. Our optimization parameters are then p; = p(#;) for discrete values of time ¢;.
The current density amplitude is Jo, which is chosen such that f J(t)de = 1.

Asssuming fixed geometrical topology, and a source located at y; in our 1D forward simulation,

the gradient according to Eq. (5) becomes

oF

Opi

2
=B, Ty -2 [1 - . @
pL Nrp?

This expression gives us the sensitivity of the objective function F (proportional to the

transmitted pulse energy) with respect to p; (the incident pulse at each time step). With this

gradient we can now tune each p;, and thus the incident pulse shape, in order to maximize the F'
and thus the transmitted pulse energy.

Though we have ensured that the incident pulse energy remains constant, we have made no

restrictions on its frequency components or bandwidth. In fact, tuning the pulse using this

114



Research Article Vol. 31, No. 14/3 Jul 2023/ Optics Express 22675

Optics EXPRESS

gradient can and will result in the creation of new frequency components. While this is not
so useful for optimizing a given pulse source with a given bandwidth (a scenario we return
to in Section 4), it could be useful for exploring, for example, what kind of source with what
bandwidth would be ideal for a given geometry and material response. It also presents some
physically interesting results that we will describe below.

In the following, we use our pulse shaping method to maximize the transmitted pulse energy
through time-varying dielectric (Section 3.1), and metallic (Section 3.2) thin films. We will
restrict ourselves to test-models commonly used in time-varying photonics: sinusoidal varying
permittivities [9,38,39], including with frequency dispersion. In SI Section B, for completeness,
we demonstrate the effect of pulse shaping when tested on static (time-invariant) thin films where
it is found that the pulse changes frequency to match the transmittance resonances of the thin
films. In Section 5 we will demonstrate our method on a physical example, ITO pumped by high
intensity light in its ENZ spectral region.

3.1. Test case 1: time-varying permittivity

As the first test case, we consider a 200 nm dispersionless thin film, with a slowly-varying
sinusoidal modulation of the permittivity &(¢), as plotted in Fig. 1(a) (dashed green line — right
axis) alongside the initial pulse (solid blue line — left axis) that is taken to be a modulated
Gaussian with a central wavelength of 1y = 2 pm and duration 7 = 13 fs. The optimized pulse
after 60 iterations is plotted in Fig. 1(b) (red line - left axis). Note that in Figs. 1(a) and (b), only
a portion of the pulses are shown for a small window of time in the larger simulation.
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Fig. 1. a) Initial Gaussian input pulse, with duration 13.3 fs centered at 2 gm (blue line -
left vertical axis) and the time-varying permittivity (green, dashed line - right vertical axis).
b) Input pulse after optimization (red line - left vertical axis) and its instantaneous peak
wavelength as a function of time (black line - right vertical axis). ¢) Transmission spectrum
of the initial (blue line) and optimized (red line) pulses. d) Spectrum of the initial (blue line)
and optimized (red line) pulses.

Also plotted in Fig. 1(b) is the instantaneous peak wavelength of the optimized pulse as a
function of time, calculated via windowed Fourier transforms (black line — right axis). It is
clear that the optimized pulse is chirped in such a way that the instantaneous peak wavelength
is following the time-varying permittivity of the thin-film, which would consequently have a
time-varying transmission resonance.

The transmitted energy spectra for the initial (blue line) and optimized (red line) pulses are
plotted in Fig. 1(c), where we see that the transmitted pulse after optimization has a peak that is 3x
higher than the initial pulse. The enhancement of the transmitted pulse energy after optimization
(and thus the objective function F) is found by taking the ratio of the integral over the initial
and optimized spectra, and is found to be larger than 2.5%. In Fig. 1(d) we plot the spectra of
the initial (blue line) and optimized (red line) pulses where we see that the optimized pulse is
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blue shifted, and the bandwidth is reduced. The spectrum is no longer a Gaussian, but includes
additional frequency components. Note that the values on the left-hand axis for Figs. 1(c) and
1(d) are plotted such that they have the same units, that is, J,(1) is scaled to have the same units
as the electric field. This remains true in future sections, and makes physical interpretation
easier. Indeed, comparing Fig. 1(c) and Fig. 1(d), we find that the new pulse is almost completely
transmitted, whereas the initial pulse is highly attenuated.

3.2. Test case 2: time-varying plasma frequency

For our second test case, we consider a 200 nm Drude metal thin film with a rapid sinusoidal
time-dependent plasma frequency w,(f) ~ sin(2wyt), where wy is the central frequency of the
initial pulse corresponding to Ao = 2 um. The initial pulse is plotted in Fig. 2(a) for a cropped
time window, and is the same initial pulse shape as used in the previous section. The green dotted
line shows the time-varying plasma frequency. After applying our optimization algorithm to the
initial pulse in this time-varying medium, we obtain the optimized pulse shown in red in Fig. 2(b)
(in the same cropped time window as for panel a). In Fig. 2(c) we plot the transmission spectrum
of the initial (blue line) and optimized (red line) pulses; the inset shows the same in log scale.
The transmitted pulse energy from the optimized pulse has increased by a factor of 4.5 over that
of the initial, unshaped pulse. Finally in Fig. 2(d) we plot the pulse spectrum of the initial and
optimized pulses, again with a log scaled-inset.
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Fig. 2. a) Initial Gaussian input pulse with duration 13.3 fs centered at 2 um (blue line -
left vertical axis) and the time-varying plasma frequency (green, dashed line - right vertical
axis). b) Input pulse after optimization (red line - left vertical axis) and the time- varying
plasma frequency, shown again here for convenience (green, dashed line - right vertical axis).
¢) Transmission spectrum of the initial (blue line) and optimized (red line) pulses. The inset
shows a log plot at the lower wavelengths, demonstrating the generated odd harmonic orders,
whose locations are indicated with black vertical lines. d) Spectrum of the initial (blue line)
and the optimized (red line) pulses. The inset shows a log plot at the lower wavelengths,
demonstrating the odd harmonic components in the optimized pulse only.

The first effect of optimization on the input pulse is the increased pulse duration (see Fig. 2(b))
and corresponding decrease in bandwidth near the central wavelength (see Fig. 2(d)) illustrating
that transmittance enhancement only occurs within a narrow bandwidth as further demonstrated
in SI Section C. The second effect is the appearance in Fig. 2(b) of higher frequency components
that modulate the pulse in time, that appear to sync with the modulated plasma frequency. From
the optimized pulse spectrum in Fig. 2(d) we see that these are odd harmonics. Indeed, it can be
shown that odd harmonics are generated because the plasma frequency oscillates at 2wq and are
a demonstration of Floquet harmonics [38]. Since these harmonics are transmitted out of the
thin film (see the inset in Fig. 2(c)), and because the thin film has a high transmittance at low
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wavelengths (a property of the Drude model), it is not a surprise that our optimization algorithm
added these harmonics to our pulse (see Fig. 2(d)).

As mentioned in Section 3.3, the scale of the vertical axes of Figs. 2(c) and (d) are in the
same units, and we can see that the optimized transmitted pulse has experienced significant
amplification. Indeed, due to the time-varying nature of these films, the energy of the input pulse
need not be conserved, and gain is an expected consequence. It can be shown that parametric
amplification occurs in periodic time-varying systems (time crystals) with a modulation frequency
Wmod = 2wo, Where wy is the frequency of light [9,38,40] due to the coherent sum of the forward
scattered waves from the time- boundaries. As such, the phase relationship between the optical
pulse and the sinusoidal modulation is critical to amplification as demonstrated in SI Section C.
In SI Section D, we show via Poynting’s theorem that gain is accounted for by negative energy
lost to the free electron system (J - E) and that the total energy of the system is conserved.

Our pulse shaping method was able to find an optimized pulse that achieves broadband gain
upon transmission through this time-varying Drude-metal. After integrating over both the initial
and optimized transmission spectra, we find there is ~ 2X more energy being transmitted in the
optimized pulse.

4. Pulse shaping in frequency

In this section we will introduce and demonstrate pulse shaping in frequency, wherein the phase
of the frequency components is optimized, as would be in a phase-based 4f pulse shaper. Unlike
the pulse shaping in time method of the previous section, this method does not generate new
frequency components so would be ideal for optimizing a pre-existing laboratory pulse of a set
bandwidth. This method is naturally energy preserving, and the frequency spectrum remains
the same for all possible pulse shapes (up to potentially small numerical errors arising from the
discretization of the Fourier transform). If one were to consider amplitude-based pulse shaping
(which would also be possible with our formalism, but that we do not consider here) then, of
course, energy would not be conserved.

Consider a current density J,(¢) that would represent the input to a 4f pulse shaper. The j*
frequency component w; of this current source is found via a discrete Fourier transform of Jy(),

j.r(wj) = Z js(tn) exp(iwjtn)- ®)

As in 4f pulse shaping, we allow each term in this sum to experience a distinct phase shift.
We take these phase shifts p; = ¢(w;) = ¢; to be the tunable parameters in our optimization
algorithm. We set the shaped pulse in time, and thus the source of our forward problems (Eqs.
S10 or S18) to be

Js(ta) = % ZL(wj) exp(—iwjt, + ig;) + c.c. )
J

where c.c. means complex conjugate, which we have added to ensure J,(t,) is real-valued. The
gradient of the objective function F with respect to the tuning parameters p; = ¢; (Eq. (5)) now
becomes

9F & -

o = =AY By, T — t)ImlT(w;) exp(—iajty + igy)] (10)

9¢
where N7 is the number of time iterations of our simulations. As in Section 3, we set the time
step Ar = ;41 — t; Vi as uniform. As before, only two simulations are required to calculate the
gradient, which allows us to optimize F with respect to the phase shifts ¢;, and thereby tune the
incident pulse.

n=1
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In the following subsections, we will use our pulse shaping in frequency method to maximize
the transmitted energy through time-varying dielectric and metallic thin films, similar to the
previous section.

4.1. Test case 1: Time-varying permittivity

Here we test our pulse shaping in frequency method on a similar problem to that considered in
Section 3.3, a 200 nm dispersionless thin film with a slowly-varying sinusoidal modulation &(r)
as plotted in Fig. 3(a) (green, dashed line — right axis) alongside the initial pulse (solid blue line —
left axis). The initial pulse is identical to that used in Section 3.1. We use a numerical discrete
Fourier transform to construct the pulse in the frequency domain via Eq. (8) with 300 discrete
frequencies sampled evenly between 0.5wg and 2wy, where wy is the pulse center frequency.
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Fig. 3. a) Initial Gaussian input pulse with duration 13.3 fs centered at 2 ym (blue line - left
vertical axis) and the time-varying permittivity oscillations (green, dashed line - right vertical
axis). b) Optimized input pulse. c) Left vertical axis: transmission spectrum of the initial
(blue line) and optimized (red line) pulses. Right vertical axis: normalized transmittance of
the initial (blue, dashed line) and optimized (red, dashed line) pulses.

The optimized pulse after 60 iterations is plotted in Fig. 3(b). The main effect of the
optimization is to create a delay such that the majority of the pulse has been shifted to where the
permittivity is lowest (around 125 fs) as the instantaneous transmittance would be highest at this
permittivity minima. In fact, near the minima of the permittivity where & ~ 9, the thin film has a
resonance around A ~ 2400 nm. As the permittivity increases, the resonance wavelength will
further redshift from the bandwidth of the pulse (which, recall, is centred at 2 ym). Indeed, the
best course of action for the optimizer was to move the pulse to a lower permittivity, where the
resonance overlaps with the pulse bandwidth.

In Fig. 3(c) we plot the transmitted intensity (left vertical axis — solid lines) and the normalized
transmittance (ratio of transmitted to input intensity, right vertical axis — dashed lines) for the initial
(blue line) and optimized (red line) pulses. We have achieved more than 2.4 X enhancement of the
transmitted intensity at the peak wavelength, and 2.2x enhancement in transmitted energy (that is,
integrated across the spectrum). Here we see further evidence for our physical interpretation of
the action of the optimization on the pulse. We see that enhancement in transmittance (comparing
the dashed red and blue lines) is highly biased towards the higher (resonant) wavelengths. A
notable feature is the presence of gain at around 2320 nm. This is most likely due to frequency
translation owing to the time-varying permittivity [41]. This frequency translation causes the
pulse frequency components to shift while traversing a time-varying material. In spectral regions
of high transmittance, frequency translation can result in a transmittance > 1.
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From this simple model we can see that by selectively delaying the frequency components of
the pulse, we can achieve a broadband transmittance enhancement across the spectrum of the
pulse without changing the amplitude of the pulse spectral components.

4.2. Test case 2: time-varying plasma frequency

In this example, we use a similar setup as in Section 3.2. We use the same initial pulse (plotted in
Fig. 4(a), blue line) incident on a 200 nm Drude-metal film with the same time-varying plasma
frequency as before (plotted in Figs. 4(a) and (b), green dashed line)
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Fig. 4. a) Initial Gaussian input pulse with duration 13.3 fs centered at 2 um (blue line -
left vertical axis) and the time-varying plasma frequency (green, dashed line - right vertical
axis). b) Input pulse after optimization and time-varying plasma frequency shown again
for convenience (green dashed line - right vertical axis). ¢) Left vertical axis: transmission
spectrum of the initial (blue line) and optimized (red line) pulses. Right vertical axis:
normalized transmittance of the initial (blue, dashed line) and optimized (red, dashed line)
pulses.

The optimized pulse after 30 iterations is plotted in Fig. 4(b). We see the optimized pulse
(red line) is largely unchanged, but slightly delayed relative to the initial pulse (Fig. 4(a), blue
line). This delay works to align the pulse sub-cycle peaks with the plasma frequency troughs
(green-dashed line in Figs. 4(a) and (b)) near the middle of the pulse. The optimized pulse is also
stretched in time.

In Fig. 4(c) we plot the transmission spectrum (left vertical axis — solid lines) and the normalized
transmittance (right vertical axis — dashed lines) of the initial (blue line) and optimized (red line)
pulses. As in Section 3.2, we see that our new pulse has again achieved gain due to parametric
amplification. We achieve a 3.5x increase in the transmitted energy (that is, integrated across the
transmission spectrum). Once again we show how pulse shaping can be used to achieve broadband
gain via transmission through time-varying media, only this time through the controlled delay of
the pulse frequency components.

5. Pulse shaping for a strongly pumped, ENZ material

In the previous section, we explored our pulse shaping inverse design processes by maximizing
the energy transmitted through time-varying materials based on toy-models. In this section, we
will demonstrate both our time and frequency pulse shaping methods for a realistic time-varying
medium by maximizing the transmitted energy of a probe pulse through a pumped ITO thin film.

The permittivity of ITO is highly dependent on the temperature of the conduction band
electrons, and as such, it is a time-varying material under ultrafast pulse irradiation, especially
near its ENZ band [16,17,19,42]. Because it exhibits strong, and fast permittivity perturbations,
ITO is a material of high interest in the field of active nanophotonics. Its nonlinear optical
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properties are well studied and can be modelled using a self-consistent multiphysics model that
couples electrodynamics and thermodynamics introduced in Ref. [35].

5.1.  Pump simulation

Our goal will be to optimize a probe pulse incident on an ITO thin film after the film has been
irradiated by an ultrafast intense light pulse, which we call the pump pulse. This pump pulse
creates a time-varying medium through a temperature dependent plasma frequency, that we
simulate by implementing the model of Ref. [35] into a 1D-FDTD solver (with the code provided
in Ref. [34]). We simulate a modulated Gaussian pump pulse with peak intensity lpeqr = 13.3
TW/cm?, pulse duration 7 = 100 fs, and center wavelength Ay = 1.23 um incident on a 320 nm
thin film of ITO. This center wavelength corresponds to the ENZ wavelength of the ITO film. We
store the time and spatially dependent plasma frequency w,(r, t) at each time-step and position in
a text file for future use; this could be cumbersome for 2 and 3D geometries if a large number of
points are required. We plot w,(r, ) in Fig. 7 where the vertical axis represents the depth in the
ITO film (where r = y¥), and the horizontal axis represents time (which is cropped to highlight
the important time window). The unpumped ITO film has a plasma frequency everywhere of
w, = 2.97 x 10'5 rad/s. Upon irradiation with the pump pulse, the plasma frequency in the ITO
decreases as the excited conduction electrons occupy higher energy levels [16,35,43]. In Fig. 5,
the plasma frequency drops to half of its initial value through most of the ITO layer in the period
of ~ 200 fs and it’s return to equilibrium will take several picoseconds (not shown in figure).
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Fig. 5. Colour contour plot of the space (vertical axis) and time (horizontal axis)-varying
plasma frequency wp(y, ) which is extracted from the multiphysics modelling of an ITO
thin film under high intensity pulse irradiation [35].

With the spatiotemporal plasma frequency of the pumped ITO film stored, and the time-varying
medium thus defined, we can now apply our time and frequency pulse shaping techniques to
maximize the transmitted energy of a probe pulse incident on the pumped ITO film. We turn to
this in the next two subsections.

5.2.  Probe optimization: pulse shaping in time

In this subsection, we will use our pulse shaping in time method to optimize the transmitted
energy of the probe pulse incident on the pumped ITO film. The initial probe pulse is a Gaussian
centered at 1o = 2 um with pulse duration 7 = 67 fs. It is plotted in Fig. 6(a) (blue line)
alongside the space-averaged plasma frequency from Fig. 5 for reference (dashed, green line).
The optimized pulse after 300 iterations is plotted in Fig. 6(b).

Additional filtering was required to keep the pulse spectrum in the near-infrared as the optimizer
prefers to introduce frequency components as high as possible to capitalize on the high-frequency
transparency of metals. Prior to the forward simulation, the (pre-filtered) pulse p(7) is band-pass
filtered via fast-Fourier transforms. As in Section 3, the pulse is normalized to ensure no energy
is added or removed from the filtered pulse J,(¢). This filtering procedure is differentiable via
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Fig. 6. a) Initial Gaussian probe pulse with duration 67 fs centered at 2 um (blue line) and,
b) optimized probe pulse (red line). In a) we overlay the spatially-averaged plasma frequency
(dashed green line). ¢) Transmission spectrum of the initial (blue line) and optimized (red
line) pulses. d) Spectrum of the initial (blue line) and optimized (red line) pulses.

automatic differentiation [44]. The derivative a;;l(’) in Eq. (5) now accounts for the band-pass

filtering and normalization, where p; is the i timestep of the pre-filtered pulse p(7) that we are
optimizing. Although not necessary, automatic differentiation can also be applied to the pulse
normalization of Section 3.

The major effect of the optimization is to shift the pulse in time, such that most of the
energy is near the minimum of the plasma frequency. As the plasma frequency decreases, the
imaginary component of the permittivity Im(g(w)) also decreases for w>w,, thus reducing the
loss, and the real component Re(e(w)) increases. The film exhibits dielectric behaviour, and it
is understandable why the optimizer chose to delay the pulse as it did, and reduce the center
wavelength. Furthermore, as plotted in Fig. 6(c), the optimized pulse is centered at A g = 1177
nm corresponding to a transmittance maximum for a thin film with a static plasma frequency of
wp, =1.5X% 10" rad/s. The transmitted spectra are plotted in Fig. 6(d) where the energy of the
optimized pulse is 92% transmitted, 5.5x higher than the initial pulse.
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Fig. 7. a) Initial Gaussian probe pulse with duration 67 fs centered at 2 ym (blue line) and,
b) optimized probe pulse (red line). In a) we overlay the spatially-averaged plasma frequency
(dashed green line) for comparison. c) Left vertical axis: transmission spectrum of the
initial pulse (blue line) and the optimized pulse (red line). Right vertical axis: Normalized
transmittance of the initial (blue, dashed line) and optimized (red, dashed line) pulses.
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5.3.  Probe optimization: pulse shaping in frequency

Like in the previous section, here we are optimizing the transmitted energy of the probe pulse
traversing the pumped ITO film simulated in Section 5.1, only this time using our pulse shaping
in frequency method. The initial probe pulse is again a Gaussian centered at 1o = 2 um with
duration 7 = 67 fs, as plotted in Fig. 7(a) (blue line) along with the space-averaged plasma
frequency from the pump simulation (dashed, green line) calculated from Fig. 5.

After 30 iterations of pulse shaping, we obtain the optimized pulse plotted in Fig. 7(b). Once
again, we see the pulse being time-shifted such that it overlaps in time with the plasma frequency
minimum. In Fig. 7(c) we plot the transmitted field intensity (left vertical axis — solid lines)
and the normalized transmittance (right vertical axis — dashed lines) of the initial (blue line)
and optimized (red line) pulses. The transmitted energy is increased by a factor of 4x after
optimization.

6. Conclusion

‘We have introduced a method for the inverse design of optical pulse shapes for time-varying
nanophotonic systems, opening a new paradigm for control over light-matter interaction. We
derive the sensitivity of an objective function to the pulse shape in two ways. First, we introduce
pulse shaping in time, where the gradient of the objective function with respect to the pulse
amplitude at a given time can be extracted using two FDTD simulations, allowing for pulses of
arbitrary frequency components (but same pulse energy) to be designed. Second, we develop
pulse shaping in frequency, where the phase of discrete frequencies in the pulse are tuned,
replicating a 4f pulse shaping setup. We demonstrate these methods in time varying materials,
including the optimization of a probe pulse in intensely irradiated ITO thin films. This is an
unconventional approach to computational-design in nanophotonics, but one that is likely to be
important in the near-future given the current interest in active nanophotonics.
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Inverse design of optical pulse shapes
for time-varying photonics:
supplemental document

JOSHUA BAXTER, AND LORA RAMUNNO

In this document we derive adjoint sensitivity analysis in the time-domain and apply it to time-
varying photonic systems with and without dispersion. The final two sections are demonstrations
of our pulse shaping in time method applied to static materials.

A. Adjoint method in the time domain
In this section, we provide a derivation of the adjoint method in the time domain for completeness,
following Ref. [1]. We begin with Maxwell’s equations, which can be written as,

Ax+Bx=s (S1)

where A and B are the system matrices, x is the electromagnetic field vector, and s is the source
vector. In order to obtain the gradient, we differentiate Eq. S1 with respect to some tunable
parameter p;,

o o8 o s
ap; dp;  Ip; op;  opi

In order to scalarize this equation, we left-multiply by an adjoint electromagnetic field x,4; vector
(to be specified later),

(52)

T, 0X T 50X

_ T R.
XadjA gy, T %aaiB 3, = XaaRio (53)
where we have introduced the residue vector
A
s oA oB s
api  9pi Ipi
Finally, we time-integrate Eq. S3 over the simulation (f = 0 to t = Ty,),
T, ox T,
.T T T

/0 (X A+ xyB) 0 dt = /0 XLy Rdt. (S5)

making the assumption that x and x,4; are negligible outside this time window. The bracketed
expression within the left-hand integrand resembles the left hand side Maxwell’s equation S1,
but here for the adjoint field. Taking the transpose of the bracketed term, and setting it equal to
91/ 9x, we obtain

. )
— ATsggj+ BTxgg = ETf (S6)
then Eq. S5 becomes
Tn 9\ T x Tn 7
/0 (35) a—pidt—/o XL Rod. S7)

From Eq. 57, we see that the integrand on the left hand side is simply the chain-rule expansion of
9 /9dp; and thus we have our gradient of the objective function defined in Eq. 1 of the main text,

OF 9 [Tu T
371:3771'/0 tp(x,t)dt:/o XagiRidt. (s8)

We can calculate R; using forward simulation data obtained by simulating S1. The adjoint field
is calculated using the time reversal of Eq. S6

b}
AT+ BT x5 = a—f(T,,, —t), (89)
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which ensures the sign of each term has the same sign as Eq. S1. Note that if A and B are
time-varying they must also be time-reversed.

Eq. S9 is the general formula for the adjoint simulations. For most static, optical modelling, A is
diagonal and B is symmetric, and thus the adjoint simulator is identical to the forward simulator
with a different source. However, for more complicated problems (as we shall see in the following
subsections), the matrices are not symmetric and the simulation software must be adapted.

A.1. Time-varying permittivity
Let us consider a non-magnetic medium with a permittivity that can vary in both space and time
but is otherwise dispersionless. In this case, Maxwell’s equations (Eq. S1) can be written as

E
+
H

Implicit in this algebraic notation is the assumption that Eq. S10 will be solved on a discretized
spatial grid with, say, N cells. Then the electric (E) and magnetic (H) fields are themselves column
vectors of length 3N, where the factor of 3 comes from the three components of E and H; the
matrix elements (ie. ege(t), €9é(t), —po, 0, and —V x) are themselves 3N x 3N sub-matrices. Since
we are considering non-magnetic materials, the —9 sub-matrix is diagonal, with each diagonal
element having the value of the (negative of the) permeability of free space. The permittivity
sub-matrix ege( t) need not be diagonal, but in our examples below we assume isotropic materials,
so it is taken as diagonal. The sub-matrix V x is of the form

E
H

]

ot

eoé(t) —Vx
—-Vx 0

goe(t) 0
0 —Ho

Jsm] , s10)
M;(t)

0 —0/0z 9/dy | |Ex
VxE=|9/dz 0  —d/ox| |Ey|, (S11)
—-9/dy 9/dx 0 E.

where each partial derivative is a N x N finite difference matrix. The ¢pé(t) sub-matrix arises
naturally in Maxwell’s equations for a time-dependent permittivity.

The quantities that define the input pulse are J; and Mg, the time-dependent external current
density and magnetization sources, respectively, that are both represented as column vectors of
length 3N. It is the shape of J; and/or M that we seek to tune in order to maximize our objective.
Note that in the following, we will assume the external source is non-magnetic, so we set Ms = 0.

The corresponding adjoint matrix equation (Eq. S9) is given by

ee(Ty—t) 0 | o | B —eoé(Tu—1) —Vx| B4 | [-J2%() 1)
0 —pp | O |Hodi —Vx 0 | [\ o |’

where the external source is taken to be

di 9
LT o1
Here we have assumed that ¢ depends only on E. Since we choose the functional form of ¢ (E),
we can derive an analytic expression for di/dE as a function of E, where E is to be calculated
from Eq. 510 (the forward simulation). For general objective functions, ¢ could also be a function
of H and thus the adjoint problem may also contain a magnetic source M?d’ = %(Tm —t),
though we do not consider this here. Recent implementations of adjoint sensitivity analysis use
automatic differentiation to calculate 9/ 9E and 0/ oH for user-defined objective functions [2, 3].

For the case where ¢ is not time-varying, ¢ = 0, and the adjoint problem defined by Eq. S12 is

identical to the forward problem of Eq. S10, the only difference being the external current density
source in the adjoint simulation is given by S13. However, in time-varying materials, the adjoint
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problem is not the same as the forward one, as ¢(t) is time-reversed and ¢ is time-reversed and
changes sign. This requires a small but straightforward change to the simulation software.

Once the forward and adjoint problems are computed, one can use the forward and adjoint
fields to compute the gradient, Eq. S8 via

37]37/%
ap; o

where the integrand is the scalar product of the time-reversed adjoint fields and the residue vector

a0 a [0 o E(t)| | o |-Js(b)
R = <3Pi { 0 Ho] )at [H(t) " <ap" ) [Hm} +api [ 0 } .
(S15)

Note that this formalism allows for simultaneous optimization of both input pulse shape
and topology (the latter being somewhat computationally expensive in the time-domain). For
topology optimization, where we tune € over many spatial grid cells, only the first term is required
for a static ¢, but both the first and second terms are required for a time-dependent e. However,
for the optimization of pulse shape for a given topology, we need only consider the third term.
As this is our interest here, we thus set

Ri(1) = 2 {]S(t)} , (S16)

Eudj(Tm - t)
H (T, — t)

} “R;(H)dt, (S14)

—epé(t) Vx
Vx 0

T | o

so that no forward fields are required to obtain the residue, unlike for topology optimization.
However, the adjoint fields (in particular, the electric adjoint field) are required at the spatial
locations from which the source J(t) is injected.

In time-domain topology optimization, the time-domain fields must be kept at all spatial loca-
tions over which topology optimization is to occur, typically resulting in large memory and I/O
requirements that can present a limitation, especially for simulations involving long time-domain
signals. The time-domain fields are required for the calculation of the first two terms of the
residue in Eq. 515, and are in general over a 3D volume [4].

For pulse shaping, in contrast, fields are not required for the residue R;(t) calculation. Rather,
R;(t) only depends on the external source, which can be further parameterized and is known
analytically. Thus, the only field data that absolutely needs to be kept from the forward simulation
are the fields at the locations at which the objective function is defined. If this happens to be only
a single or few points, then the memory and I/O requirements are, in fact, modest. If the objective
function is defined over a significant number of points, then memory and I/O requirements
may again start to present a limitation, though not as severely as for 3D time-domain topology
optimization; typically objective functions are defined on at most a 2D sub-space, such as a
transmission plane.

A.2. Time-varying dispersion

Materials with time-varying optical properties can also be described by dispersive models, such
as the Drude and Lorentz models, and many others [5, 6], described by auxiliary differential
equations for additional vector fields, such as the current density or polarization fields. While our
general method can apply to many such time-domain dispersive models, we consider explicitly
here only the Drude model given by

9J 2
=, T 7] —eow

5 T —eowp
where J is the free electron current density inside the medium, v is the Drude damping coefficient,

and wy is the plasma frequency. By allowing the plasma-frequency to be time-varying (see, for

(HE=0, (817)
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example, Ref. [7]), we are allowing for the material to have a time-varying dispersion.

For our forward simulation, Eq. S17 is solved numerically in the time-domain along with
Maxwell’s equations (Eq. S1):

ge 0 0 E 0 -Vx 1| |E =Js(t)

)
0 —po O [H|+| —Vx o o||H|=| 0o |, (518)
0 0 1 J —ewi(t) 0 | [J 0

The topology is defined not only in € (which we take to be static here, but it need not be), but
also in the sub-matrices arising from the Drude model (bottom row of the two system matrices),
which vanish outside the dispersive medium. In other words, the Drude model is not solved
outside the dispersive medium.

The time-domain dispersive adjoint system equation (from Eq. S9) is

e 0 0 R E“di 0 ~Vx  @}(Ty - t)/wgo Ed] 7]Zdj(t)
0 —po Of 5 [HY|+| —Vx 0 0 HY | = 0o |
0o 0 1 Jedi —sowgu 0 v yedi 0

where, as before, ﬁ"f =— %(Tm — t) and where we defined the quantity wy to be a reference

plasma frequency, for example, taken at the beginning of the forward simulation wy(t = 0); note
that we used this quantity to define J%4 such that it has units of current density.

For static dispersion, the adjoint problem in Eq. S19 is very similar to the forward problem in
Eq. S18; its implications in topology optimization have been recently investigated [4]. For time-
varying dispersion, the second system matrix of the adjoint problem in Eq. S19 is fundamentally
different than that of the forward problem of Eq. S18. As in the previous section, performing the
adjoint simulation requires a small modification in the simulation software. The time-varying
plasma frequency of the forward simulation must also be time-reversed in the adjoint simulation.

Once the forward and adjoint problems are computed, one can use the forward and adjoint
fields to compute the gradient of the objective function via

EY (T —t)
AF [T )
o = /O HG(Ty— ) | - Ri(t)at, (S520)
I”dj(Tm - t)/(gl]w%o)

where the integrand is the scalar product between the time-reversed adjoint fields and the residue
vector, now given by

5 ge 0 0 5 E(t) 5 0 Vx -1 E(t) 5
R,‘(f) = - (TPX 0 —up O )& H(t) + TPX V x 0 0 > H(f) + 87}71
o o 17 D w2 0 7]’ Lo
(S21)

Again, for pulse shape optimization, only the third term is considered, so the residue is given by
Eq. S16. This means that, again, no forward fields are required; E*/ is required only at the spatial
locations where J(t) is non-zero.
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Fig. S1. a) Initial Gaussian input pulse with duration 13 fs centered at 2 ym. b) Optimized
pulse after 90 iterations. c) Log plot of pulse spectrum for the initial Gaussian pulse (blue line
- left vertical axis), and the optimized pulse (red line - left vertical axis), overlayed with the
transmittance spectrum of the dielectric thin film (green dashed line - right vertical axis).

B. Pulse shaping in static materials

In this section we apply our pulse shaping in time method from Section 3 to maximize the
transmitted energy through static dielectric and metallic thin films.

B.1. Test case 1: Static, dispersionless thin film

As a test case, we consider a 200 nm dielectric thin film with static permittivity ¢ = 10.25. As
plotted in Fig. Sla, our initial pulse is a Gaussian with a central wavelength of Ay = 2 ym and
pulse duration T = 13 fs. The center wavelength is purposefully chosen to be in a spectral range
of low transmittance through the dielectric film. The evolution of the objective function during
the optimization is plotted in Fig. S2, showing a 2.6 x enhancement in transmitted energy after
only 90 iterations of our pulse shaping algorithm.

The optimized pulse is plotted in Fig. S1b, and has a much larger pulse width than the initial
pulse (only a portion of the pulse is shown here, in the same time window as the initial pulse in
Fig. Sla). In Fig. Slc, the spectrum of the initial pulse (solid blue line), and optimized pulse (solid
red line) are plotted corresponding to the left-vertical axis, with the transmittance spectrum of
the dielectric thin film (dashed green line) corresponding to the right-vertical axis. Here we can
see that, indeed, the spectrum of the initial pulse is in a bandwidth of low transmittance. The
pulse shaping algorithm added frequency components centered at the Fabry-Perot resonances
of the thin film, thus achieving the goal of increasing the transmitted energy without increasing
the pulse energy. The large width of the optimized pulse is due to the optimizer keeping the
bandwidth narrow within each resonance to ensure a higher transmission.

B.2. Test case 2: Static, Drude-metal thin film

As a second test case, we will demonstrate pulse shapingin time with a 200nm metallic thin film
with an optical response described by the Drude model (Eq. S17), where w, = 3 x 10'° rad/s is
the static plasma frequency, y = 2 x 10' rad/s, and with a background permittivity of e = 4. As
plotted in Fig. S3a, our initial pulse is a Gaussian with a central wavelength of Ag = 2 ym and
duration T = 13 fs. Once again, the center wavelength is purposefully chosen to be in a spectral
range of low transmittance through the metal film. After 40 iterations of pulse shaping in time,
we achieve a transmitted energy that is 12x higher than for the initial pulse. The optimized pulse
is plotted in Fig. S3b.

Fig. S3c shows a log plot of the frequency spectra of the initial pulse (solid blue line) and the
optimized pulse (solid red line), which correspond to the left-vertical axis. The green, dashed line
(right axis) is the transmittance of the thin, metallic film. We again see that the new pulse has
gained frequency components at the Fabry-Perot resonances of the thin film.
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ergy. The optimizer had little to gain from further compressing the bandwidth.

C. Effect of pulse bandwidth and phase on amplification

In Section 3.2 of the main text we show how a shaped pulse experiences gain when the modulation
frequency is twice that of the incident pulse. In this section we show that the pulse bandwidth
found by the optimizer aligns with the amplification bandwidth of the system, and we show how
the phase relationship between the pulse and modulation plays an important role in amplification.

We determined the amplification bandwidth by optimizing the pulse shape for several different
initial pulses with increasing bandwidths as plotted in Fig. S4a for the system described in Section
3.2 of the main text. The optimized pulse spectra plotted in Fig. S4b are all found within the same
bandwidth 4150 nm of the center wavelength, indicating the amplification bandwidth. While
narrower bandwidth initial pulses result in narrower bandwidth optimized pulses, the larger
bandwidth initial pulses get significantly narrower, eventually converging to a fixed bandwidth.
Despite the variance in optimized pulse bandwidth, the final objective function (the normalized
transmitted pulse energy) is negligibly affected by the initial bandwidth, as plotted in Fig. S5.

This confirms that all pulses plotted in Fig. S4b have approximately the same energy gain and
thus lie within the amplification bandwidth.

Next, we investigate the phase relationship between the input pulse and the sinusoidal per-
mittivity modulation for the system described Section 3.2 of the main text. We run several
simulations, each with a different phase ¢ of the modulation signal w(t) ~ sin(2wp + ¢), which
is varied from 0 to 271. We used the same initial and optimized pulses as for Section 3.2, where
the optimized pulse was calculated for a permittivity modulation phase of zero. The effect of ¢
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Fig. S7. Rate of energy transferred from the optical pulse to the free electron system for the ini-
tial (blue line) and optimized (red line) pulses. Clearly the optimized pulse gains more energy
from the free electrons than it gives. The opposite is observed for the initial pulse.

on the final objective function (transmitted pulse energy) is plotted in Fig. S6 for both the initial
pulse (blue line) and optimized pulse (red line). The results show that, for both the initial and
optimized incident pulses, there is a periodic relationship between the modulation phase and the
transmitted energy. Notably, the optimized pulse reaches a higher maximum gain (at a phase
shift of zero, where it was optimized) than the on-phase un-optimized pulse, which shows its
maximum gain at a phase shift of around 2.2 radians. The major effect of pulse shaping here is to
correct the phase, but clearly the pulse shaping had a more complicated effect as the maximum
gain of the optimized pulse has increased.

D. Energy conservation in pulse amplification

In this section we confirm that energy in the system of Section 3.2 of the main text is conserved.
In a dispersionless time-varying system with permittivity &(t), energy gained by the pulse (or
increased loss) can be attributed to an additional term found in Poynting’s theorem proportional
to de(t) /ot [8].

In our case, we found it more convenient to assess energy conservation by studying the J - E
term in Poynting’s theorem as both the current density and electric field are immediately available
to us from the FDTD simulations. This quantity describes the rate at which fields do work on
the charges in a volume, that is, the rate of electromagnetic energy density absorbed by the free
electrons that constitute the current J at time t and at position x. By integrating over the volume,
we get the rate of energy absorbed by the electrons at a given time,

waps = [ J0x) - E(x, . 2

In a lossy system, this is expected to be positive. We plot this quantity in Fig. S7 for the initial
(blue line) and optimized (red line) pulses. We can see that the initial pulse finds itself losing
energy to the free electrons for most of its existence (wys (t) > 0), whereas the optimized pulse
is shaped in such a way that the pulse is gaining energy from the free electrons for most of its
existence (wgps(t) < 0). This agrees with our amplification result.

To demonstrate energy conservation, we must show that the energy of the reflected, transmitted,
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and absorbed fields are equal to the energy of the optical pulse. We accomplish this in the
frequency domain by Fourier transforming both the electric and current density fields. The total
absorbed power (in the frequency domain) is given by [9],

Wops = %/ Re(J* (x, w) - E(x, w))dx, (S23)

where the * represents the complex conjugate. The total reflected and transmitted power are
given by the frequency-domain Poynting vector, which simplifies to

1
We/T = Z—0|E(W'XR/T)\2r (S24)

where the subscript R/ T represents reflected / transmitted waves. The incident energy spectrum
is calculated similarly. We plot these energy spectra in Fig. S8 for the initial (top plot) and
optimized (bottom plot) pulses. First of all, in both situations it is clear that energy is conserved,
Wr + Wr + Wyps = Wiye. Secondly, we can see now that the energy gain is fully accounted for in
the negative absorbed energy (energy given to the pulse by free electrons).
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Chapter 7

Plasmonic colours predicted by deep
learning

In this chapter, we apply the content introduced in Chapters 1.3 and 2.4 to the problem of
predicting colours reflected from pulsed laser-generated plasmonic metasurfaces using deep
learning. The inverse problem is also solved using deep learning to predict the conditions
required to generate a specific colour. This paper was spawned by the work of Dr. Jean-
Michel Guay (third author), who used pulsed laser ablation and re-deposition to generate
plasmonic colours on noble metal surfaces [163, 164].

As an undergraduate, my first research position was assisting the research of (at the
time) Ph.D. candidate Jean-Michel Guay investigating laser-induced plasmonic colours on
blank silver coins. The colours are the result of plasmonic particle distributions that were
induced by laser irradiation. Much of the work was done in the labs of the Royal Cana-
dian Mint, where we measured the gamut of available colours by sweeping the pulsed laser
settings (discussed in the article). The colours were measured via a colour meter which
quantifies the lightness, chroma, and hue (LCH). As the colours were reproducible, this
data was stored in a spreadsheet as a reference.

The reproducibility of the colours led Jean-Michel to collaborate with the Computa-
tional Nanophotonics group, which conducted a numerical study that mapped the nanopar-
ticle distributions to the resulting colours. Therefore, from my undergraduate work, I was
familiar with two related sets of complex data that can be used to train a supervised learn-
ing system; the experimental set relating laser settings to colour and the computational

136



set relating nanoparticle geometries to colour.

At the SOSCIP Impact Conference in May 2017, the idea of a machine learning-related
project was discussed in a conversation with (now) Prof. Antonio Cald Lesina. SOSCIP,
being a computing consortium, hosted many speakers presenting work applying machine
learning to solve scientific problems. Although the memory is vague, it was here that the
idea for this project was conceived. It would take several months for me to realize the
ease of coding neural networks with frameworks like TensorFlow. Around the beginning of
my graduate studies (2018 - 2019), the subject of deep learning was exploding in the field
of nanophotonics, with the general theme centring around predicting the optical response
of parameterized nanophotonic/plasmonic systems and solving the inverse problem using
deep neural networks.

By the end of 2018, I had run a study on the prediction of colours from both datasets
using various machine learning techniques, demonstrating that neural networks were vastly
more accurate than other popular methods (such as linear/polynomial regression, K-
nearest-neighbors, etc). Inspired by other papers at the time, I became interested in
solving the inverse problem. I was unaware of numerical optimization and opted for a
more ad-hoc approach, as outlined in the article. In hindsight, there are much more robust
techniques for solving the inverse problem.

This paper piqued the interest of Dr. Sergey Gaponenko, whose research interests
involve plasmonics applications to enhance optical processes such as luminescence, scat-
tering, and optical nonlinearities. As mentioned in Ref. [12], he was interested in applying
deep learning to predict the enhancement factors in complex plasmonic systems, citing this
paper. The enhancement of photo-luminescence, for example, in the presence of plasmonic
particles, depends on the enhancement of both the local electric field and the local den-
sity of photon states. These enhancement factors depend on many parameters, including
the ambient environment, proximity of the emitter and plasmonic structure, etc. Further-
more, beyond simple systems like spherical plasmonic particles, or planar metallic surfaces,
the calculation of the enhancement factors requires numerical calculations. A deep learn-
ing model can be a pseudo-model to predict plasmonic enhancement factors for complex
systems such as plasmonic dimers and trimers. The collaboration was cut short due to
circumstances on our collaborator’s end.
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Received: 12 March 2019 Picosecond laser pulses have been used as a surface colouring technique for noble metals, where the
Accepted: 17 May 2019 . colours result from plasmonic resonances in the metallic nanoparticles created and redeposited on the
Published online: 30 May 2019 . surface by ablation and deposition processes. This technology provides two datasets which we use
© totrain artificial neural networks, data from the experiment itself (laser parameters vs. colours) and
data from the corresponding numerical simulations (geometric parameters vs. colours). We apply deep
learning to predict the colour in both cases. We also propose a method for the solution of the inverse
problem - wherein the geometric parameters and the laser parameters are predicted from colour - using
an iterative multivariable inverse design method.

Deep learning (DL) refers to a sub-field of Machine Learning and Artificial Intelligence where multi-layered
artificial neural networks, or deep neural networks (DNNs), are used for high accuracy predictions and classifica-
tions. Deep learning has been used in speech recognition, image classification, vision, and pattern extraction, to
name a few examples'. Its application in photonics is recent. For example, DL has been used to classify scanning
electron microscope (SEM) images of nanostructures?, to increase the resolution of microscopy?, and for the
design of nanophotonic structures*!°. DL models can be used to find patterns in complicated datasets and are
particularly useful when large pre-calculated or pre-measured datasets are available for training. Both simula-
tions and experiments in nanophotonics can provide the large datasets required for DL. For example, geometric
parameter sweeps are used in plasmonics to optimize the design of nanostructures, while parameters are tuned in
experiments to produce the best nanofabrication results. The exploration of the parameter space based on trials
is time-consuming. Using data from parameter sweeps, one can train a DL model to predict the experimental or
simulation outcome for a new set of input parameters, thus avoiding the need to run many trials of the actual
experiment or computation. Further, in an industrial setting where the environment is not well controlled, envi-
ronmental parameters can be tracked and can become additional inputs of a deep learning application.

An application which may benefit from DL is the plasmonic colouration of metal surfaces via laser machin-
ing. By controlling different laser parameters such as scanning speed, hatch spacing, burst number, etc.,
laser-machined surfaces (Fig. 1(a)) with a large range of colours (Fig. 1(b)) were created'"'?. Finite-difference
time-domain (FDTD) simulations were performed based on the geometries inspired by the experimental SEM
images and the measured nanoparticle distributions, and these simulations were able to explain experimental
trends. This includes finding that the colour transition from blue to yellow occurs when the inter-particle spacing
for nanoparticles of radius R = 35nm is progressively increased. The nanoparticle distribution is modelled as a
periodic hexagonal lattice of single-sized nanoparticles embedded into a metal surface (Fig. 1(c)), and the out-
put of the simulation is a reflection spectrum from which the colour is rendered to the Red-Green-Blue (RGB)
colour scale’? (Fig. 1(d)). Both experiments and simulations contain challenges which can be addressed by DL.
On the experimental side, the colours generated by a new set of laser parameters must be determined empirically
through trial and error. On the computational side, the requirement for accuracy means that a large-scale FDTD
simulation has to be run in order to find the colour corresponding to a new set of geometric parameters, and this
is time-consuming.

In this paper we apply DL to the direct prediction of new colours using both the experimental and simulation
data. We predict colours from laser parameters by leveraging the dataset linking laser parameters to real, phys-
ical colours. We also predict colours from nanoparticle geometries by using the dataset linking the simulation
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Figure 1. (a) High-magnification SEM image of a laser-machined silver surface. (b) Colour palette obtained
by the laser-machining of silver surfaces'!. (c) Simplified model of the silver surface used in FDTD simulations
(where the blue box is the unit cell). (d) Simulated reflectance spectra as a function of inter-nanoparticle
distance. (a,b) Are used and modified (stretched and removed labels from b) with permission under the
Creative Commons Attribution 4.0 International License (https://creativecommons.org/licenses/by/4.0/).

geometries to computed colours. We then apply DNNs to aid in the solution of the inverse design problem,
whereby inputting colours, the model returns appropriate geometric or laser parameters. In solving the inverse
design problem, we use an iterative multivariable inverse design method in which the inverse solution is found
by iteratively solving for individual outputs. To the best of our knowledge, this is the first time this method has
been reported. Traditional optimization and inverse design techniques (e.g. genetic algorithms or gradient-based
methods) have been applied to photonics applications'®. These methods would be time consuming for the
large-scale simulations, and costly to implement in the lab. This is why we highlight the importance of using the
data that has already been accumulated to train efficient DL models.

Direct Prediction of Colours

Using simulation data. In this section we use DNNss for the prediction of colours from nanoparticle geom-
etries using the FDTD dataset. The FDTD simulations were run to calculate the reflectance spectra from sin-
gle-sized silver nanoparticle distributions embedded into flat silver surfaces.

Statistical analysis of SEM images of laser-coloured silver surfaces show a bimodal distribution of nanoparticle
sizes, which are referred to as medium nanoparticles (10 < R,, < 75nm) with an average radius of ~35nm, and
small nanoparticles (R, < 10nm)'"'2. Simulations have shown that the effect of the small nanoparticles averages
out, thus they do not contribute significantly to the colours observed in experiments'"'2. Indeed, the experimental
palette (see Fig. 1(b)) can be reproduced with single-sized nanoparticles of radius 35 nm (see Fig. 1(d)). For this
reason, we use the single-sized nanoparticle data for this study.

The particles are arranged in a hexagonal lattice in the x-z plane as shown in Fig. 2, where only a unit cell is
simulated and periodic boundaries are placed in the x- and z- directions. We excited the system with a broadband
plane wave pulsed signal which allows us to capture the full visible spectrum (broadband simulation) with a single
run of the code. The incoming pulse was z-polarized and propagated in the y-direction, which is truncated by
Convolutional Perfectly Matched Layers (CPMLs). Simulations are run with particle radii R ranging from 5nm to
100 nm. The embedding depth R,,,;, represents the percentage of the radius embedded into the silver surface, and
it ranges from 30 to 100%, where an embedding of 100% means that we simulate a hemisphere. The inter-particle
spacing D,, describes the center-to-center spacing between the nanoparticles. To remove correlation between
spacing and radius, we also define an edge-to-edge spacing D,, = D, — 2R which ranges from 5nm to 80 nm. The
simulation domain was discretized using a uniform space step and a cubic Yee cell'® (dx = dy = dz). We used a
space-step of dx=0.125nm for R=5 to 10 nm, dx=0.25nm for R=15 to 20nm, dx=0.5nm for R=25 to 45nm
and dx=1nm for R =50 to 100 nm. The total number of Yee cells depends on the space step and geometry but is
on the order of 10°. We run convergence tests to ensure sufficient accuracy'®. The optical parameters of silver were
modelled by the Drude + 2 Critical Points model'”'®. To simulate the metal substrate as a half plane, we used a
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Figure 2. Layout of the nanoparticle geometry in the x-z plane. The blue tinted box is the unit cell used in the
FDTD simulations.

100 nm thick silver layer, at the end of which there was zero transmittance; this layer was terminated by a CPML.
The length of the y-dimension was chosen such that the reflectance is computed in the far-field region, which is
at least 100 nm from the top of the nanoparticles. The reflectance spectra were computed over the optical wave-
length range of 350-750 nm and were converted to RGB values. Simulations were performed using an in-house
3D-FDTD parallel code'® running on the IBM BlueGene/Q supercomputer (64 k cores)'” operated by SOSCIP at
Scinet, University of Toronto, Canada.

For the direct prediction DL application, the input is the simulation geometries which are parameterized by
nanoparticle radius R, embedding depth R,,;, and edge-to-edge nanoparticle spacing D,,. The output is one of the
colour values R, G, or B. Our total simulation dataset consists of 770 datapoints.

To optimize the use of DL, we need first to find the most ideal DNN architecture: the number hidden layers
(HLs) and the number of nodes in each HL that best models our dataset. N-fold Cross Validation (CV)¥ is a pro-
cess where the data is separated into N subsets. A DNN is trained using N-1 of the subsets. The Nth subset is used
for testing and the error is recorded. This process is repeated N times so that each subset is used for testing. The
error of a given DNN architecture is the average error from the N DNNs on the test sets.

Ten-fold CV is applied to DNNs with HL number ranging from 1 to 10, and nodes per HL ranging from 4 to
72. We simplify this process by only making DNNs with equal numbers of nodes per HL. Seeing as each DNN
outputs only one value (be it R, G, or B), this process is repeated for each colour component. To find an ideal DNN
architecture we decided to find one with a minimum sum of normalized Mean Square Errors (MSEs):

min Ryse + Buse + Guse
min(Ryg;)  min(Byge)  min(Gygp) (1)

where Rysp, Gy and By are the mean squared error for the R, G and B values respectively. We also want a
DNN that uses a minimal number of HLs and nodes, in order to avoid over-fitting and long training times.

Because of the large number of DNNs trained in the CV process, we made use of the SOSCIP GPU cluster?!
where we could train 4 DNNs consecutively on a single node consisting of 4 GPUs. The DNN codes were written
using TensorFlow?? and the weights of the DNNs were optimized using an Adam Optimizer?.

Figure 3 shows the normalized MSE sum as a function of nodes per HL for all of HLs considered. We see
that the error plateaus for five or more HLs, after 40 nodes per HL. Beyond this point, the DNNs all have similar
accuracies. Because of this, the five HL DNN with 40 nodes per HL, as sketched in Fig. 4(a), was chosen to model
the simulation dataset.

A node in a hidden layer will receive as inputs the outputs from a previous layer, as shown in Fig. 4(b). The
node performs a linear transformation on the inputs:

FxY) = b](n) " Z ai(,;')xi(n_l) o
where a" is the weight of the j** node in the n hidden layer applied to the i** input, and b(™ is the bias of the j*

node in the n" hidden layer. The output of this node is given by the rectified linear activation function:
x;") = max(f(x""1), 0) 3)
The training process involves adjusting the weights u,.(".” and the biases b" to minimize the error on the train-

ing set. This DNN was trained using 90% of the available data. The remaining randomly selected 10% not used in
the training process was used for testing.
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Figure 3. Weighted sum of the MSE for different DNN architectures for the simulation dataset.
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Figure 4. (a) Sketch of the DNN used on the simulation dataset. (b) The j hidden layer node of the n" hidden
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Figure 5(a) shows a palette of some of the colours used in the test set, where the calculated colours from the
FDTD simulations are shown on the left and the DNN predicted colours are shown on the right for the same
geometric parameters. To the right of the colour pair in Fig. 5(a) we report the corresponding AE value®* which is
dimensionless and provides a quantitative measure of the difference between the two colours:

AE = (L — LY + (a, — ay) + (b — by )

where L;, a;, and b; (i=1, 2) are the colour coordinates in an alternate colour space, calculated from the RGB val-
ues'?. For reference, a AE of 1 is the threshold of a colour difference that is just perceptible to the human eye, and
6-7 (as a subjective threshold) is often deemed acceptable in commercial practice. In the test set of 77 colours,
only 8 surpass a AE of 7. For example, the penultimate block in Fig. 5(a) yields AE=7.73, yet the colour differ-
ence is only somewhat noticeable. The mean AE of the entire test set is 2.61. The colour palette and corresponding
AE demonstrate the predictive accuracy of our model.

Figure 5(b) compares the RGB values of FDTD vs DNN for the entire test set. Each circle represents a single
datapoint, where the x-axis is the R, G, or B value of the FDTD calculation, and the y-axis is the corresponding
R, G, or B value predicted by the DNN. The colour of the circle is either red, green or blue, corresponding to
which RGB component that datapoint represents. The ideal linear model (y = x) is also displayed for convenience
as a solid line. The mean percent error on the test set for R, G, and B are 0.48%, 0.67%, and 3.31% respectively,
showing that the DNN chosen predicts all three value with very good accuracy. The larger error for the blue is
likely due to the relative lack of representation of low blue values in the dataset. The DNN was not given enough
training data with blue values below 0.6 where we clearly see the most error in Fig. 5(b). We can see from the plot
that numerical values are well predicted from the model.
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Figure 5. FDTD simulation colours vs. DNN prediction. (a) Comparison between FDTD simulation colours
(left) and DNN predicted colours (right) on the test set with corresponding AE values. (b) Comparison between
RGB values from the simulation results (x-axis) and the DNN predictions (y-axis) along with the ideal linear
model (y=x). The colour of each circle represents whether the point represents an R (red), G (green), or B
(blue) datapoint.

It is worth noting that this model can only be used for interpolation and very small extrapolations. Large
extrapolations can lead to nonphysical results. Over the range spanned by our data, this model can predict the
colours with high accuracy (less than 4% error) without having to run additional simulations.

Using laser machining data. In this section we repeat the above analysis for the laser parameter dataset.
This dataset consisted originally of 10 laser parameters and 1841 datapoints. We eliminated 6 laser parameters due
to lack of variation and effect on colour, which left 4 laser parameters under consideration: laser scanning speed,
hatch spacing, number of laser pulses per burst, and laser fluence. Physically these parameters affect the total
accumulated fluence on the metal surface. This was found empirically to be the key factor in colour production,
so that different laser parameters with the same total accumulated fluence produced very similar colours'. While
eliminating laser parameters, we also removed the corresponding datapoints to ensure that the training process
was not affected. The number of datapoints in our updated set is 1745.

We use the process outlined in the previous section to find the ideal DNN for this dataset. We choose our
model to be a DNN with 3 HLs and 60 nodes per hidden layer.

We split our data randomly into two sets: 90% for training and 10% for testing. We again display a comparison
between some of the DNN predicted colours and those measured in the lab in Fig. 6(a) along with the AE for the
test set. The error is higher for this dataset in comparison to the simulation dataset. There is a much more compli-
cated relationship between laser parameters and the RGB of the resulting colour. Despite this, the DNN has found
enough relationships to be able to predict a colour within a given range of the measured colours, resulting in a
mean AE of 5.27 for the test set, where 41 of the 175 test datapoints are greater than 7. We can see a few of these
in Fig. 6(a), as the second, third, fifth, and last blocks from the top. The first and third, although having high AE
values, are still subjectively well predicted. The last block however is the result of a large difference (greater than
0.1) in the R, G and B values. Large errors like these are rare but should be expected in a large test set such as this,
where there will likely be points that are not well represented in the training data. This means that the DNN is not
as well trained in these regions of parameter space. In Fig. 6(b) we display the comparison of RGB values for the
entire test set. The mean percent error for R, G and B are 4.29%, 4.88%, and 5.47% respectively. We see that this
DNN predicts each colour reasonably well. However we point out that care should be taken when applying DL to
the prediction of subjective results — here, even a small error can change the colour perceptively.

Implicit parameters like temperature or humidity deviations in a laboratory environment may also affect the
colour, in addition to the explicit parameters such as laser settings considered here. In commercial setting, the
time of day may be relevant due to workplace traffic or machinery vibrations. The relationship between these
implicit effects and the resulting colour is very complicated. Though not tracked in our work, these are all param-
eters that can used as additional inputs into a deep learning model.

Inverse Design Prediction from Colours

Using simulation data. In this section we solve the inverse problem: we find the simulation geometries
that are required to produce given colours, where the RGB values are now the inputs. Solving the inverse prob-
lem is not a trivial task as the solution may not be unique. Multiple geometries may produce the same colour so
a DNN cannot be directly trained to predict geometric parameters from a given colour. Methods to get around
the uniqueness problem have been suggested, including (1) training the inputs using back-propagation with the
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Figure 6. Laser parameter colours vs. DNN prediction. (a) Comparison between the measured colours (left)
and DNN predicted colours (right) with corresponding AE values. (b) Comparison between RGB values from
the experimental measurements (x-axis) and the DNN predictions (y-axis) along with the ideal linear model
(y=x). The colour of each circle represents whether the point represents an R (red), G (green), or B (blue)
datapoint.

weights of the DNN fixed’, (2) training the inverse DNN using the direct DNN®', and (3) applying reinforcement
learning’. Here we introduce a more straightforward iterative multivariable inverse design approach, which to our
knowledge remains unreported.

Our approach involves training n neural networks; {DNN,, DNN,, ..., DNN,}, where 7 is the number of out-
puts (in this case our geometric parameters), given by {O;, O,, ..., O,}. DNN| is trained to calculate output O,
from the desired inputs (in this case the RGB values) and the remainder of the outputs {O,, ..., O,}. This means
that the remainder of the outputs act as inputs for DNN, alongside the desired RGB values. DNN, is trained to
calculate O, using the desired inputs and the remainder of the outputs {O,, Os, ..., O,}, and so on.

Once all n DNNs are trained, we can calculate the set of outputs in an iterative procedure. We first calculate O,
using the DNN, with the desired inputs and the remaining outputs (which can be initialized as random numbers
or the mean values of the dataset). Next we calculate O, _, using DNN,,_, with the desired inputs and the remain-
ing outputs including the updated O,. This is repeated for all outputs. This process can be repeated until the values
of the outputs have relaxed to a final value. This method is very simple in implementation since it requires no
special treatment of the DNNs unlike inverse design methods suggested in previous studies’'°.

In the case of our simulation geometry, n= 3. DNN, is trained to predict the particle spacing from R, G, B,
radius, and embedding. DNN, predicts the embedding from R, G, B, radius, and spacing. DNN; predicts the
radius from R, G, B, embedding, and spacing. After training these three DNNs, we can then calculate the three
geometric parameters using the iterative procedure outlined in Fig. 7(a).

First the radius and embedding are set as the mean radius and mean embedding of the dataset, providing a
good starting place for the parameter search. We then calculate the spacing using our spacing DNN. The calcu-
lated spacing value and mean radius value are used to predict the embedding. This embedding and the spacing
are then used to calculate the radius. We then repeat these steps until the geometric parameters relax to their final
values. This generally this takes 10-20 iterations, however, this may vary depending on the colours themselves.
If the colours are not well represented in the training data, the number of iterations will increase. As sketched in
Fig. 7(b), we use 5 HLs with 40 nodes per hidden layer for our backwards DNNs.

A sample colour palette of our test dataset is shown in Fig. 8(a) where on the left we display a set of desired
colours, and on the right we display the colours generated by the output geometric parameters. We see an agree-
ment between the input colour, and that generated by our iterative method. We also see AE values within the
same range as the direct prediction with a mean of 2.83. The comparison between input and output RGB values
are given in Fig. 8(b) where the percent error between the input and output colours are 0.83%, 1.34%, and 2.12%
for R, G and B respectively. The slight increase in error between the direct and inverse prediction is expected
due to error accumulation between the backward DNNs used to calculate the geometries and the forward DNN
used for testing the geometries. The geometries output by the relaxation are not guaranteed to provide the closest
possible colour to the input. They depend on the initial inputs (O, and O, in Fig. 7). Multiple initialized inputs
can be used to find multiple possible geometries, and the one which has the least error between input and output
colours should be used.

In traditional optimization methods such as gradient based methods and genetic algorithms, solutions are
iteratively sought by trying to minimize an error function. Depending on the complexity of the problem, this
can require hundreds or thousands of iterations where at least one simulation must be run for each iteration,
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Figure 7. (a) Iterative multivariable inverse design algorithm for the prediction of geometric parameters
from colours. We input the desired R, G, B and initial (random or mean) values for the radius and embedding.
We then iterate through DNN calculations for spacing, embedding, radius until the last iteration. (b) DNN
calculation iteration procedure.
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Figure 8. Geometric parameter inverse DNN prediction. (a) Comparison between the input test colours
(left) and the colours produced by the output geometric parameters (right) with corresponding AE values. (b)
Comparison between input RGB values (x-axis) and the values produced by the output geometric parameters
(y-axis) along with the ideal linear model (y = x). The colour of each circle represents whether the point
represents an R (red), G (green), or B (blue) datapoint.

and all this to obtain only one optimized solution. The multivariable inverse design method also requires a
large number of simulations upfront for data acquisition, the number of which may be comparable to what is
required for an optimization method. However, once these data are used to train the DNNs, it is then possible
to obtain a large number of optimized solutions very rapidly. In this study, we seek to find many optimized
solutions satisfying different constraints using an existing simulation dataset. Thus using DNNs - which take
less than a second per prediction, versus hours on a super computer for a single simulation iteration - wins
over traditional optimization.
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Figure 9. Laser parameter inverse DNN prediction. (a) Comparison between the input test colours (left) and
the colours produced by the output laser parameters (right) with corresponding AE values. (b) Comparison
between input RGB values (x-axis) and the values produced by the output laser parameters (y-axis) along with
the ideal linear model (y = x). The colour of each circle represents whether the point represents an R (red), G
(green), or B (blue) datapoint.

Using laser machining data. The laser parameter dataset was obtained from the Royal Canadian Mint,
who uses this colouring technique to create artwork on silver!!. The colours for this artwork are chosen carefully
using a palette of known experimentally-obtained colours. The laser is then programmed with the corresponding
laser parameters to create this colour on the metal surface. This process is restricted to the list of known colours.
However, by using DNNGs to predict the laser parameters required to produce a given desired colour, this process
can be simplified and laser parameters can be predicted for colours that are not within the known list.

We use the iterative multivariable inverse design procedure introduced in the previous section with n=4 for
the four laser parameters that we want to predict (the same ones as used for Fig. 6). We train our four backward
DNNs with 90% of the data and test it with the other 10%. These DNNs have three HLs and 60 nodes per HL.
We use the direct prediction DNN to calculate the colour from the predicted laser parameters. We show some of
the colours output in Fig. 9(a) and display the numerical results in Fig. 9(b). The percent error between the input
and output colours are 5.50%, 4.57%, and 6.09% for R, G, and B, respectively, and the mean of AE is 6.31, which
remains less than our limit of 7. Numerically these errors are small and result in the linear pattern displayed in
Fig. 9(b). However, these errors are large enough that some colours are switched in the process. For example, the
fifth box from the top in the palette of Fig. 9(a) reveals a change from the desired grey to the output purple. Such
changes are caused by differences in the RGB values of the order of 0.07. These differences should be expected due
to the accumulation of error in experiment, the backward DNNG, and the forward DNN used to test the backward
DNNG . Despite the error in some of the colours, the majority of them are accurately predicted.

Conclusion

‘We have applied deep learning to plasmonic metal colouration through (1) direct prediction of colours and (2)
inverse prediction of parameters required for a desired colour, using both simulation and experimental data sets,
with good prediction accuracy. The direct prediction of colours from new parameters means that we increase the
palette of available colours without needing to run further simulations or experiments. The Royal Canadian Mint
has started using laser colouring on silver!'! where the appropriate colours are chosen manually from the data-
base. The inverse prediction can automate this process by finding the laser parameters (that are not necessarily in
the database) that best match the desired colour. This method allows for the fixing of certain input parameters,
like scanning speed or laser fluence. Fixing the scanning speed is of particular interest, as with higher scanning
speeds, a surface can be coloured in less time. The direct prediction can be expanded for industrial applications
where environments (temperature, humidity, vibrations, etc) are much less controlled. Environmental factors
can be taken into account in the training of the deep neural networks and therefore the output colour of a laser
machined surface can be predicted with higher accuracy. Finally, the relaxation technique we developed for the
inverse prediction has numerous potential applications in nanophotonics'“. Since it is much easier to implement
than advanced methods such as reinforcement learning, and faster than traditional optimization techniques like
gradient based methods, it is more accessible to those new to the field of deep learning.

Data Availability
The datasets generated and analyzed during the current study are available from the corresponding authors on
reasonable request.
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Chapter 8

Unfinished projects

The previous chapters address my contributions to published research. In this chapter, I
will briefly discuss works that were left unfinished, but the ideas within are original. For
that reason, these are important inclusions to this thesis. The first project concerns using
deep neural networks to predict the multipole coefficients of plasmonic nanostructures, and
the second project involves the inverse design of metalenses for solid-state high-harmonic
generation. The first project was entirely self-conceived; however, 1 took a supervisory
role for most of the work, where undergraduate honour students wrote much of the data
engineering and neural network code. The second project is a collaborative effort with
researchers from the National Research Council, whose expertise is in ultrafast optics and
high-harmonic generation.

8.1 Deep learning for the prediction of multipoles

8.1.1 Introduction

Artificial deep neural networks (DNNs) are useful for modelling complex systems. Once
trained, they can predict the outcome of complex experiments in less than a second. The
obvious application to nanophotonics is replacing large-scale numerical calculations that
can take hours to converge with compact, differentiable models that can be evaluated im-
mediately. However, replacing a full-wave simulator with a DNN is seemingly impossible
when accounting for some numerical approaches’ flexibility. For this reason, DNNs are
restricted to modelling specific situations; for example, optically characterizing relatively
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simple, parameterized systems as in Chapter 7 and other works [1 18-120, 122, 165-168].

Nevertheless, more advanced network architectures allow for the relaxation of parame-
terization. Convolutional neural networks (CNNs) were popularized a decade ago with the
success of AlexNet [169] and are now commonly used in most image-recognition applica-
tions. Although an image could be flattened and fed into a standard (dense) DNN; this is
inefficient as the number of input nodes (equal to the number of pixels in the image) can be
very large. This already is an unreasonably large network without considering the number
of hidden layers required. Convolutional networks use a system of convolution and pooling
layers to reduce the image data to a much smaller transient vector, which becomes the in-
put to a dense DNN which performs the regression/classification. Convolutional networks
have been applied to nanophotonics problems already to characterize the optical response
from input images [123, 170, 171], or for reducing large array-based datasets [172—171].

The ability of a CNN to process image data allows us to generalize the inputs of a
DNN from a vector to a matrix. The question behind this project is how to generalize the
output for nanophotonic problems. How close can we get a DNN to learning Maxwell’s
equations?

Artificial intelligence is not yet at a point where a single network can solve general
electromagnetic problems, and as such, it is up to us to formulate a general problem. We
turn to the multipole expansion, which provides a general solution to Maxwell’s equations
in a source-free, homogeneous, isotropic medium [136]. More specifically, it can describe the
electromagnetic field scattered from an arbitrary scatterer embedded in such an ambient
medium [175, 176]. Each term of the expansion contains two unknown scalar quantities,
and these scalars represent the entirety of the scatterer. If these scalars can be obtained
for the first several orders of the expansion, the scattered field can be reconstructed. This
project aims to use CNNs to predict the multipole coefficients from cross-sectional images
of 3D plasmonic nanoparticles.

8.1.2 Methods

The radiated electromagnetic field from an arbitrary charge distribution localized in an
otherwise source-free homogeneous medium can be described by the multipole expansion

[130],
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where r is assumed to be outside of the charge distribution (radiation zone), [ and |m| <
are the spherical harmonic degree and order respectively, a; /b, ., are the electric/magnetic
multipole coefficients for the (I,m) index set, k is the wavenumber, hl(l)(kr) is the spherical
Hankel function of the first kind, X;,,(¢, ¢) are the vector spherical harmonics, and Z is
the impedance of the ambient medium.

If the electric field is known, the multipole coefficients can be obtained by integrating
the radial component r-E and r-H of the scattered fields over a sphere of radius ry around
the charge distribution via,
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where Y%, is the complex conjugate of the scalar spherical harmonic function, and df2
is the differential solid angle. The total radiated field power can be calculated from the
multipole coefficients via

P=g5 > llaml® + [l (8.5)

l,m

Notice that to describe the radiation field fully, the problem boils down to finding the
set of multipole coefficients (ay, bim). If we assume the charge distribution is a plasmonic
nanostructure embedded in a dielectric medium, Eqgs. 8.1 and 8.2 describe the scattered
field from an irradiated plasmonic particle, and Eq. 8.5 is the scattered power. Therefore,
the plasmonic scattering problem can be solved if one can accurately predict the (.
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Figure 8.1: An example of a randomly generated nanoparticle from a Fourier series with
randomly generated weights and truncation index. In the out-of-plane direction y, the
particle has a uniform thickness of 40 nm. The incident electric field is polarized along z
and travels along y. The output of the simulation is the multipole spectrum a; () of the
particle.

bi.m) coefficients for the desired particle geometry.

With this in mind, we randomly generated a dataset of ~ 32000 gold nanoparticles
by parameterizing their in-plane z — z surface as a function describing the distance R(6)
from the origin to the surface of the particle as a function of angle as illustrated in Fig-
ure 8.1. The function R is chosen as a Fourier series so that R(0) = R(27) where the
truncation index N and the weights A, and B, are randomly generated. In the out-
of-plane (propagation) direction y, the particle is uniform with a constant thickness of 40
nm — thus enabling us to describe the geometry of each particle via a cross-sectional image.

Using our in-house GPU-parallelized FDTD program, simulations were run for each
particle. A z - linearly polarized plane wave is propagated along the y axis to irradiate the
particle. Electric and magnetic field data are collected at points forming a spherical shell
around the particle for 100 wavelengths ranging from 300 — 800 nm. In post-processing, we
extract a;,,, by, by numerically integrating Eqs. 8.3 and 8.4. As plasmonic particles are
dominated by their electric dipole (a;—1) and quadrupole (a;—2) responses, we thus truncate
our analysis to these two terms.
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Each data point is a 180 x 180 pixel image of the nanoparticle alongside a spectrum of
electric multipole coefficients. With this data, a CNN is trained to predict the multipole
coefficients from the nanoparticle image, where we make use of the Tensorflow Python
library [131].

A full CNN is illustrated in Figure 8.2. The input image is fed to a convolution layer,
where the input array is convoluted with a small filter array (typically a ~ 3 x 3 matrix)
called a kernel. The values of the convolution kernel arrays are optimized in the training
process alongside the weights and biases of the dense neural network layers. The kernel
is translated across the image pixel-by-pixel. At each pixel, the values of the surrounding
sub-array are multiplied by the values of the kernel and the results are summed, becoming
the corresponding pixel value of the output array. The kernel is then translated to the
next pixel of the image and the process repeated. As such, the size of the output array
is only reduced by a couple of pixels compared to the input image (depending on the
boundary conditions of the convolution operation). Furthermore, in a single convolution
layer, multiple kernels may be applied in parallel, generating multiple new arrays to be
passed to the next layer. In Figure 8.2, we illustrate two convolution layers: the first uses
three kernels and the second uses six. Following the convolution operation, an activation
function (typically the rectified linear unit - ReL.U) is applied for the nonlinearity.

The convolution operation introduces a lot of new data in the form of multiple output
arrays. Following the convolution-activation layer comes a pooling (or subsampling) layer,
where the convolved array is downscaled from an N x M array to ~ N/c x M/c by either
taking the average over each ¢ x ¢ subarray (mean-pooling) or by taking the maximum
value of each ¢ x ¢ subarray (max-pooling). In this case, the sub-arrays are fixed (not
translated pixel-by-pixel) so that the numerical data is reduced.

The process outlined above is usually repeated several times. After applying a sequence
of convolution-pooling layer pairs, the values of the resultant arrays are combined into a
flattened array (vector) whose numerical values capture the necessary features to distin-
guish it from another nanoparticle. This latent vector is the input to a dense DNN (as
covered in Chapter 2.4), which is trained to predict the spectrum of multipole coefficients.
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Figure 8.2: Diagram of a CNN, where an image is transformed by a sequence of convolu-
tional and pooling layers to a flattened vector. This becomes the input of a dense DNN
that predicts a vector of multipole coefficients for each wavelength. Red boxes represent
convolution kernels, and blue boxes represent the pooling sub-arrays.

8.1.3 Results

Although many CNN architectures were experimented with, the architecture we found
successful is illustrated in Figure 8.2. The image is fed into a convolution layer with a
3 x 3 filter, followed by a max-pooling layer with ¢ = 3. This is repeated a second time.
The output is then flattened and sent to a seven-hidden-layer dense DNN, each with 500
nodes. The output of the CNN is a vector of multipole values a;, m,(A) corresponding to
the (lp, mg) multipole spectrum.

In Figure 8.3, we plot six selected data points from the test data set of particles unseen
by the DNN during the training process. The line plot for each datapoint shows the
FDTD-calculated (blue line) and DNN-predicted (red crosses) a; ; spectrum. The contour
plot shows the corresponding nanoparticle cross-sections - the input to the CNN. Although
the predictions are not perfect, we can see that the DNN captures key spectral features,
such as the spectral dip evident in the last example. Some non-Fourier-based shapes were
tested, including rectangular prisms, to validate generalizability. In Figure 8.4, we compare
the DNN prediction (y-axis) of the entire test set (all wavelengths included) to the FDTD
calculations (x-axis) via a scatter plot, where in the absence of error, the points would lie
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Figure 8.3: Selected data points from the test set, unseen by the CNN in training. The
spectra show the magnitude of the first-order electric multipole (dipole) coefficient as cal-
culated by FDTD (blue line) and predicted by the DNN (red z’s). The adjacent image
shows the cross-section of the test particle.
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on the y = x line (red line).

8.1.4 Discussion

In the previous section, we demonstrated using CNNs to predict multipole scattering co-
efficients from plasmonic nanoparticles of arbitrary shape. The agreement between the
network’s predictions and the FDTD calculations validates the idea behind this work.
However, better agreement can be achieved with a more suitable network architecture,
a task that would require more time. For example, only a little work was done in ex-
perimenting with the number of convolutional layers and the hyperparameters underlying
these. That said, the project is being continued by a fellow graduate student in the Com-
putational Nanophotonics research team.

The long-term goal of this project took inspiration from Ref. [121], where inverse design
is accomplished by calculating the gradient of the DNN output with respect to the input
via backpropagation through the pre-trained DNN. This idea can be extended to CNNs
by their differentiability, and it may be possible to inverse-design nanoparticle geometries
for a specified multipole spectrum. Furthermore, using the multipole coefficients, one may
also use our CNN to predict the behaviour of plasmonic metasurfaces consisting of periodic
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arrangements of these particles and the subsequent inverse problem.

8.2 Inverse design of a metalens for high harmonic
generation

8.2.1 Introduction

High harmonic generation (HHG) is a process that occurs when a sufficiently intense laser

induces the generation of odd harmonics from atoms in a medium [I/1] and is the basis
for producing attosecond optical pulses. Originally discovered in rare gas atoms, HHG
was recently measured from solids [177, 178], thus opening the door to tailored HHG via

nanostructuring of the supporting medium. Like in nonlinear plasmonics, nanostructuring
can enhance the HHG process and control the far-field radiation of the harmonics [179,180].

For example, in Ref. [179], the diffraction pattern of HHG from nanostructured ZnO
showed that HHG forms much stronger in electromagnetic hotspots and that the emission
was spatially coherent. Furthermore, they showed that far-field control of HHG can be
achieved via local amplitude masking by fabricating an HHG Fresnel zone plate (FZP) to
focus the generated harmonics. As another example, in Ref. [180], a metasurface consisting
of periodically arranged silicon nanorods (hosting an electric dipolar bright mode) coupled
to silicon nanodisks (hosting a magnetic dipolar dark mode) is shown to enhance harmonic
signals by orders of magnitude compared to the unpatterned silicon. It even revealed har-
monic orders that were below the noise threshold for an unpatterned silicon surface.

It is thus not surprising that inverse design is being considered for the enhancement
and control of HHG, and this is the subject of this section. Specifically, we wanted to
design a metasurface to be etched onto an HHG-host medium to focus the resulting har-
monics. In this work, we assume the harmonics are generated at the interface of bulk MgO
and vacuum; however, no material models were used, and MgO /vacuum can be replaced
with any other dielectric media for this work. In the following, we outline three ideas
suggested /applied to this problem; automatic differentiation, parameterization/finite dif-
ferences, and adjoint sensitivity analysis.
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8.2.2 Methods

In order to design an HHG metalens, we first need to be able to simulate the generation
and propagation of HHG fields. It is beyond this project’s scope to derive/implement
a self-consistent optical model for solid-state HHG. However, we use a simple model to
convert the linear electric field to an approximate HHG field given by,

E. nnc(nw) < |E,(w)|? exp(in/ E, (w)) (8.6)

where E,(w) is the linear electric field assuming the incident field is z-polarized at fre-
quency w, n is the harmonic order, and ZF, is the phase of the linear field. This model is
meant to act as an effective amplitude/phase mask that is applied to fields at the interface
between the host medium and the ambient medium and provides us with a starting point
from which to solve the problem as a whole. In fact, any model that can convert the linear
electric field to the HHG field can be applied to the following methods.

Here we will outline the method used to calculate HHG emission from a metasurface.
We use a two-step process that includes FDTD and the angular spectrum method (ASM).
The ASM uses Fourier transforms to propagate electromagnetic fields and is very useful
for propagating electromagnetic field planes to the far field [5]. The FDTD simulation
calculates the linear electromagnetic fields from the metasurface under pulse irradiation.
A schematic illustration of the simulation setup is shown in Figure 8.5a where the host
medium is illustrated as grey, the ambient medium remains page colour, and the meta-
surface is shown to be concentric rings (although this is not necessary). As illustrated in
Figure 8.5b, a Gaussian beam pump source is introduced on an x — 2z plane inside the bulk
of the host medium. Planar discrete Fourier transform (DFT) monitors are placed on the
bottom and top of the etch as shown in Figure 8.5¢ and d, respectively. This field data
will be used to calculate the HHG fields.

After the FDTD simulation, we enter the ASM step. First, Eq. 8.6 converts the monitor
fields to the HHG fields. Note that this only applies to fields at the interface between the
host and ambient medium. In Figure 8.5e, we show a cross-sectional summary of the
simulation setup, where yellow z’s are used to show locations ignored in the propagation
steps. These ignored fields are set to zero before propagation. The lower HHG-field plane
is propagated a short distance to the top plane by applying a phase factor (green arrow in
Figure 8.5¢), and combined with the field on the top plane,
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Ez,DFT2(5E7 Y2, Z) = Ez,DFT2(JC, Y2, Z) + EZ,DFT1(33, Y1, Z)eiky(yryl)a (8-7)

where y; and y, are the locations of planar DF'T monitors 1 and 2, respectively, and E, prro
and E, ppr1 are the HHG fields at the monitors and are set to zero at the non-interface
locations. The propagated field E, ppr fills the blank spots in the top plane (yellow z’s),
combining with the HHG field at the top etch E, ppre. This short propagation step as-
sumes propagation is only along y and is valid if the propagation distance yo — ¥ is smaller
than the wavelength - note that this may need to be re-evaluated in the case of HHG and
the resulting small wavelengths.

Finally, the ASM propagates the second DFT plane to the focal plane in the far field.
First E, ppro(2,ya, 2) is Fourier transformed in the 2 and z dimensions,

EZ,DFT2(kx7 Y2, kz) = /ddeEz,DFT2(xa Y2, Z) exp{(ik:x:zc + i/fzz)}7 (8-8)

where k, and k, are the x and z spatial frequencies, respectively, of E. ppra(z, y2,2). In
the Fourier domain, we can propagate E, ppre to the far field using a propagation step,

A ~

Ez,FF(kza YFF, kz) = Ez,DFTQ(kan Y2, kz)eiky(yFF_y2)7 (89)

where ypp is the location of interest in the far field, and where £, is the y-component of
the propagating wavevector. As we are using monochromatic electric fields, the magnitude
of the wavevector k = w/c is fixed, and k, is dependent on k, and k.,

ky, = /K2 — k2 — k2. (8.10)

In practice, the propagator e*sWrr=%2) is an array of complex numbers. However, there
exist pairs of k, and k, for which k, will be imaginary, where k24 &2 > k2. If this inequality
is met, EAZ7 prr2(ke, Y2, k) will evanescently decay to zero in the far field. Thus, only values
of E, ppra(ke, y2, k) for which k2 + k2 < k2 need to be explicitly propagated. As an aside,
this means that only small spatial frequencies make it to the far field. Thus, information
regarding the smallest features (the highest spatial frequencies) is lost in propagation - this
is the cause of the diffraction limit mentioned in the introduction of this thesis.
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Finally, we must inverse Fourier transform this to the spatial domain to evaluate our
objective,

E.pp(x,yrp, 2) = /dkxdszz,FF<kxa yrr, k) exp{(—ik,x —ik,2)}. (8.11)

In practical application, the Fourier transforms are implemented using 2D fast Fourier
transforms (FFTs) and their inverses (IFFTs) that are available in many scientific com-
puting packages, namely auto differentiated libraries like JAX [132] and PyTorch [181],
the latter of which was applied in this work. Therefore, after the first (approximate)
propagation step, the far field E, pp(z,ypr, z) can be determined via,

E.rr(2,yrp,2) = IFFT(FFT(E, pp(z,ys, 2))etvWrr—v2)y), (8.12)

where, for completeness, it is worth noting that an FFT-shift and an inverse FF'T-shift func-
tion must be applied to F. (k., y, k) before and after (respectively) applying the propagator
eFvwrr=y2) These functions appropriately reorder the frequencies in the field arrays.

This workflow allows us to design a metalens by coupling full-wave simulations with
propagation methods. However, in our first approach, we make an approximation that
allows us to avoid lengthy full-wave simulations, thus simplifying the extraction of gradients
to guide optimization.

Automatic Differentiation

Initially, it was believed that such a metasurface would behave, essentially, as a phase mask
due to the relative size disparity between the incident wavelength (in the near-infrared)
and the height of the etch (on the order of 80 nm). The harmonics are formed at the
interface between the host and ambient mediums; thus, the phase would be roughly con-
stant across the unetched (Figure 8.5(c)) and etched (Figure 8.5(d)) interfaces. Under this
assumption, first, the metasurface phase and amplitude profile would be implanted (mul-
tiplied) onto the incident Gaussian beam, and next, the HHG field is calculated via Eq. 8.6.

This assumption allows us to bypass the FDTD simulation. Only the ASM is required
to propagate the HHG field to the focal plane in the far field. The ASM is computationally
efficient, and automatic differentiation was used as the inverse design procedure. The objec-
tive function is set to be the far-field intensity at the focus |E, pr (T foeus)|?, and the tuneable
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Figure 8.5: FDTD simulation setup for an HHG-focusing metalens used for inverse design;
a) is a model metalens where the grey matter is MgO, and the ambient medium is air, b) a
Gaussian source plane is placed inside the bulk MGO and light propagates along y and is
polarized in the z direction, c¢) a discrete Fourier transform (z — z) plane monitor is placed
at the bulk MgO-air interface, d) another plane monitor is placed at the top nanostructured
MgO-air interface, e) a y — z cross-section of the simulation setup where the green and
purple arrows represent the first and second propagation steps respectively, and the yellow
x’s represent non-interface regions where fields are set to zero before propagating.
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parameters for which the gradient is required are the pixels of the phase and (or) amplitude
profile of the metasurface. As in adjoint sensitivity analysis, the phase/amplitude profiles
would be allowed to vary continuously during the optimization. Using filtering techniques
outlined in Section 2.3.2, minimum feature sizes can be enforced, and the structure can be
pushed toward a binary material distribution. This method was promising; however, it was
later found that the phase plate approximation was not applicable, and the metasurface
imparts more than a phase profile on the incident wave as depicted in results presented in
Ref. [182]. As such, this method was abandoned; however, it remains feasible for designing
phase/amplitude plates and inspired the adjoint sensitivity analysis workflow.

Parameterization/finite differences

Our second idea for designing this metasurface was to parameterize the metasurface and
use finite differences to extract the gradient of the objective with respect to said param-
eters. The basis structures were concentric circular micro-rings as illustrated in Figure
8.5a, and the tuneable parameters are the radii and widths of each ring. The objective
function remains the same as the previous method. The gradient requires several function
evaluations (simulations); for a structure containing N rings, 2N + 1 FDTD simulations
(and subsequent propagation steps) are required to evaluate the gradient via finite differ-
ences. Each function evaluation is a 3D-FDTD simulation of a metasurface, a significant
bottleneck for this method that hindered its exploration. It is worth noting that the benefit
of such parameterized methods, despite their high-cost/low-return gradients, is that the
feature size and binary material structure are implicitly obeyed, and no additional filtering
is required.

Adjoint sensitivity analysis

As introduced in Chapter 2.3.1, the adjoint method can be used to calculate the gradient
of an objective function with respect to the permittivity distribution, enabling the design
of arbitrary geometries. Fortunately for our problem, the nonlinearity is applied externally
to the full-wave simulation. Thus, the adjoint algorithm presented in Section 2.3.1 can be
applied here, with some extra considerations.

Once again, we define our objective function to be F' = |E, pr(Tfocus)|? on the focal
plane as evaluated using the two-step FDTD-ASM method. From Eq. 2.89, we know that
the gradient is given by
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dF - OF OF,
de(r;)  OF, 0s(r;)’
where F, is the electric field data collected by the DFT monitors in Figure 8.5. The

function F' is used to encapsulate the nonlinear conversion E, ppe(r) = N(E.(r)) and
propagation E, pp (T focus) = P(E, puc(r)) steps so that

(8.13)

F(E.) = |E. rr(rfoeus)|* = |[P(N(E.)). (8.14)

The gradient 0F/OFE,(r) can be evaluated using automatic differentiation. Our work-
flow has two such gradients, one for each DFT plane monitor. Each gradient is a 2D array
of complex numbers that become the source amplitude of the adjoint FDTD simulation,
which solves Eq. 2.98. Translating the complex fields into a real signal for FDTD is dis-
cussed in Chapter 2.3.2. In the adjoint simulation, the source planes are located at the
DFT plane locations from Figure 8.5¢ and d. Additional 3D-DFT monitors are required in
both the forward and adjoint simulations to capture the electric field in the design region
for the objective function gradient with respect to the permittivity distribution (Eq. 2.99).
This gradient guides the optimizer to maximize F', enabling the autonomous design of an
HHG metalens.

This method was derived while writing this thesis, and the implementation and testing
remain future work. Note that the above steps can be applied to the design of a linear
metalens as well, where the nonlinear conversion is no longer required, and only a single
DFT monitor is required above the metalens in the forward simulation (and thus only
a single source plane in the adjoint simulation). Furthermore, a more proper treatment
would replace the scalar ASM with a vectorial ASM or a near-to-far-field transform (see
Chapter 8.5 of Ref. [129] for explicit instructions). The objective function would be the
Poynting flux at the focal point. Vectorial methods can also be implemented using an
automatic differentiation framework, and the above steps still apply.

8.2.3 Results

This section presents preliminary results for the automatic differentiation and finite-difference
methods. As mentioned above, the adjoint method was developed while writing this thesis
(after changing career paths), and its implementation still needs to be explored. Further-
more, a full exploration of the finite difference method has yet to be conducted for reasons
discussed in the respective section.
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Automatic Differentiation

For this inverse design method, the PyTorch [181] python library was used as it had the
necessary tools for automatic differentiation of the ASM. The processes of multiplying the
Gaussian beam profile by the amplitude and phase profiles of the metasurface, the HHG
conversion (Eq. 8.6), and the ASM propagation are written in a Python function, and the
gradient is calculated via backpropagation in the PyTorch backend. In this work, a custom
gradient descent algorithm is used to update the design; however, a better choice would be
an open-source module like the minimizer provided by the Scipy Optimize library [1412].

In this section, we present two examples of amplitude plate design and phase plate
design. For the amplitude plate designs, the final device is fully binarized and optimized
to maximize the device’s performance exactly at the seventh harmonic A ~ 114 nm of a
A = 800 nm incident beam - narrow-band device design. The phase plate designs were
allowed to remain continuous (non-binary). Although impossible to fabricate, it allowed
for interesting patterns. For the phase plates, the optimization is performed over a band-
width around the seventh harmonic by summing the individual objective functions (the
electric field intensity at each wavelength) and their respective gradients - broadband de-
vice design. The focal point for all examples remains constant at 60 microns from the
center of metasurface. The metasurface was designed to be 30 x 30 um? (despite the first
few figures, which are cropped) and discretized using 2000 x 2000 pixels. A 90° rotational
symmetry was also enforced to reduce the number of tuneable parameters. No feature-size
filtering was applied in this section, however the amplitude masks used a sigmoid-function
binary filter that was steepened approximately every 50 optimization iterations.

The first inverse-designed amplitude plate was initialized as a Fresnel zone plate (FZP)
tuned to focus the seventh harmonic A\ ~ 114 nm frequency component as illustrated
in Figure 8.6a where yellow regions are fully transmitting, and purple regions have zero
transmittance. The objective function is set to maximize the intensity of only the seventh
harmonic frequency component at the focal point, and the amplitude profile is allowed to
vary continuously between 0 and 1 during the optimization procedure. Every 50 (or so)
iterations, an increase in the binarization is enforced to push the continuous amplitude
profile toward a binary one, converging on Figure 8.6b. The resulting device resembles the
effective medium approximation of a continuous (non-binary) FZP profile. In Figure 8.6c,
the normalized intensity spectrum of the device in the focal plane is plotted for both the
initial condition (yellow line) and the inverse-designed device (blue line). The final device
has 3.7 times the intensity at the focal plane versus the FZP, but the focusing bandwidth
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Figure 8.6: Inverse design of an amplitude plate to maximize focusing at the seventh
harmonic A ~ 114 nm via automatic differentiation of the ASM. a) Initial condition of the
inverse design is chosen to be a Fresnel zone plate tuned for the seventh harmonic. Yellow
regions represent unity transmittance, and purple regions represent zero transmittance. b)
Final design optimized to maximize the seventh harmonic at the focal plane. c¢) Seventh
harmonic intensity spectrum at the focal point, normalized to the incident intensity for
the initial FZP (yellow line) and the inverse-designed device (blue line). d) Electric field
intensity at the focal plane.

is greatly reduced. In Figure 8.6d, we plot the seventh harmonic field intensity around the
focal plane, demonstrating a narrowed focal spot.

The second inverse-designed amplitude plate was initialized as a random grid of pixels
as illustrated in Figure 8.7a. For this example, the objective function is set to maximize
the intensity of only the seventh harmonic frequency component at the focal point and
minimize the intensity at the fundamental wavelength. The optimized design is illustrated
in Figure 8.7b. Despite the randomly generated initial condition, the resulting device re-
sembles the FZP profile as with the previous example. In Figure 8.7c, the normalized
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intensity spectrum of the device in the focal plane is plotted for both the initial FZP from
the previous example (yellow line) and the inverse-designed device (blue line). The final
device has approximately 2.8 times the intensity at the focal plane versus the FZP, with a
greatly reduced focusing bandwidth. The intensity at the focus is decreased from the pre-
vious device, but this is made up for by the 107¢ factor reduction in intensity at the focus
for the fundamental wavelength as shown in Figure 8.7d, which illustrates a log plot of the
focal intensity spectrum around the fundamental wavelength. Theoretically, this reduction
in the fundamental wavelength means the HHG emission could irradiate a sample without
the overwhelming source beam.

The first inverse-designed phase plate was initialized as a Fresnel zone plate (FZP)
tuned to focus the seventh harmonic A ~ 114 nm frequency component as illustrated in
Figure 8.8a where yellow regions induce a 7 phase shift on the incident beam, and purple
impart zero phase shift. The objective is to maximize the intensity of ~ 20 frequency
components within an 8 nm bandwidth of the seventh harmonic at the focal point. No
binarization scheme is applied this time, and the final device is shown in Figure 8.8b.
Unsurprisingly, the resulting device resembles a continuous (non-binary) FZP profile. In
Figure 8.8c, we plot the normalized intensity spectrum of the phase plates in the focal
plane for both the initial FZP (yellow line) and the inverse-designed device (blue line). At
the center frequency, the final device has 1.7 times the intensity at the focal plane versus
the FZP. Unlike the amplitude plates, the focusing is increased over the bandwidth of the
harmonic, so a broader wavelength range is available for focusing. In Figure 8.8d, we plot
the seventh harmonic field intensity around the focal plane, demonstrating a much broader
focal spot compared to Figure 8.6d.

The second inverse-designed phase plate was initialized as a random grid of pixels as
illustrated in Figure 8.9a. For this example, the objective function is set to maximize the
intensity around a bandwidth of the seventh harmonic at the focal point and minimize the
intensity for a bandwidth around the fundamental wavelength. The optimized design is
illustrated in Figure 8.9b, where the device does not directly resemble an FZP despite the
ring-based geometries that constitute it. In Figure 8.9¢, the normalized intensity spectrum
of the device in the focal plane is plotted for both the initial FZP from the previous example
(yellow line) and the inverse-designed device (blue line). The intensity focused by the final
device is reduced by a factor of 1.75 compared to the FZP. That said, the intensity at
the focus for the fundamental wavelength is reduced by 1072 as shown in Figure 8.9d,
illustrating a log plot of the focal intensity spectrum around the fundamental wavelength.
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Figure 8.7: Inverse design of an amplitude plate to maximize focusing at the seventh
harmonic A ~ 114 nm and minimize the fundamental A = 800 nm via automatic differ-
entiation of the ASM. a) Initial condition of the inverse design is chosen to be a random
grid of pixels ranging from fully transmitting (yellow) to total blocking (purple). b) Final
design optimized to maximize the seventh harmonic and minimize the fundamental at the
focal plane. c¢) Seventh harmonic intensity spectrum at the focal point, normalized to the
incident intensity for the FZP (yellow line) and the inverse-designed device (blue line).
d) Log plot of the fundamental intensity spectrum at the focal point, normalized to the
incident intensity for the FZP (yellow line) and the inverse-designed device (blue line).
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Figure 8.8: Broadband inverse design of a phase plate to maximize focusing around the
seventh harmonic A ~ 114 nm via automatic differentiation of the ASM. a) Initial condition
of the inverse design is chosen to be a Fresnel zone plate tuned for the seventh harmonic.
Yellow regions represent a 7 phase shift, and purple regions represent a zero phase shift.
b) Final design optimized to maximize several wavelengths around the seventh harmonic
at the focal plane. This device was not binarized. ¢) Seventh harmonic intensity spectrum
at the focal point, normalized to the incident intensity for the initial FZP (yellow line)
and the inverse-designed device (blue line). d) Electric field intensity at the focal plane,
demonstrating a large focal spot.
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Figure 8.9: Broadband inverse design of a phase plate to maximize focusing around the
seventh harmonic A ~ 114 nm and minimize around the fundamental A\ = 800 nm via
automatic differentiation of the ASM. a) Initial condition of the inverse design is chosen to
be a random grid of pixels ranging from 7 phase shift (yellow) to zero phase shift (purple).
b) Final design optimized to maximize several wavelengths around the seventh harmonic
and minimize the fundamental at the focal plane. ¢) Seventh harmonic intensity spectrum
at the focal point, normalized to the incident intensity for the FZP (yellow line) and the
inverse-designed device (blue line). d) Log plot of the fundamental intensity spectrum
at the focal point, normalized to the incident intensity for the FZP (yellow line) and the
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Parameterization/finite differences

In this section, we review what remains of the results of using finite difference gradients
to design a metalens for solid-state HHG. This method was plagued by software bugs that
caused our 3D-FDTD program to crash (seemingly) randomly during optimization. De-
spite my best efforts, the bug remained unsolved by the end of my research term. On top
of the bug, the simulations required for these metalenses were massive and costly. The
simulation size was 20x20x2 pum3, and the step sizes were Az, Ay, Az = 40,20, 40 nm.
The lateral step sizes were set to be larger than the propagation direction to allow for a
larger design while not sacrificing the numerical dispersion in the propagation direction.
The incident wavelength is 2um, and the seventh harmonic (propagated in the ASM step)
is thus ~ 286 nm. Since no automatic differentiation was required, the ASM was imple-
mented using the Scipy python module [1412] for this workflow.

Near the end of the term, one set of devices managed to optimize far enough to de-
clare convergence. The devices were never characterized, so only images of the devices
and the objective function evaluation were available at the time of writing this thesis.
These are summarized in Figure 8.10, where the optimized devices are illustrated in Fig-
ure 8.10a,c,e, and the corresponding objective function evolution are adjacently plotted in
Figure 8.10b,d,f. As evident from the figure, these devices have ten (a,b), six (c,d), and
four (e,f) rings. A similar plot exists for eight rings, but it resembles the results of the six
and ten-ring optimizations and converges on the same final objective.

Sadly these results are not very interesting upon closer inspection, as the final objectives
in Figure 8.10b and d are roughly equivalent, meaning that the four outer rings had negli-
gible effect. The result of losing two further rings has a small effect on the final objective
in Figure 8.10f. Inspecting the final devices, we see that the inner four rings converge on
the same location and thickness in all Figures 8.10a,c,e. It was found that closing the gaps
between the rings in Figure 8.10e resulted in the same objective function - a flat surface
was optimal for this set of initial conditions.

Writing this section months later, it is evident that a 2D exploration of this method
should have been studied prior to trying 3D simulations. More than a single gradient-
descent run is required for such a complex, nonlinear system like this. For example, at least
in 2D, a global optimizer or a brute-force grid search should be applied to this problem for
the global optimal ring positions rather than relying on initial conditions. That said, due
to the size of the metalens, a 3D global design search would likely require a long compute
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Figure 8.10: Inverse design of HHG metalens using finite difference gradients. a,c,e) Dia-
grams showing the optimal location and thickness of rings for 10, 6, and 4 rings, respec-
tively. b,d,f) The evolution of the objective function during the gradient descent process
for 10, 6, and 4 rings, respectively.
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time (on the order of weeks/months) or a new computing system and software [134] [133].
Furthermore, implementing symmetric and antisymmetric boundary conditions would have
reduced the simulation size by a factor of 4 and should be considered before trying a similar
design scheme in 3D.

Although similar time constraints apply to the adjoint-based approach, the loss of
parameterization and the ability to obtain the global gradient in two simulations would
benefit it over the finite difference approach. However, this should be done in 2D first.
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Chapter 9

Conclusion

In this thesis, we have delved into the exciting realm of computational nanophotonics,
exploring various aspects of this rapidly evolving field. Through the use of advanced com-
putational techniques, we have been able to investigate the behaviour of small plasmonic
features and the nonlinear optical properties of plasmonic metasurfaces, the multi-physical
and time-varying nature of epsilon-near-zero materials, the use of inverse design for optical
pulse shaping and metasurfaces for high-harmonic generation, as well as harnessing the
power of deep learning for predicting the optical response of plasmonic particles. The find-
ings presented in this work have not only expanded our understanding of nanophotonics
but also laid the groundwork for numerous future applications and advancements in this
domain.

One of the key areas focused on was the computational modelling of small plasmonic
features using nonlocal models in conjunction with the Finite-Difference Time-Domain
(FDTD) method. By incorporating nonlocal effects into our classical plasmonic models,
we are better able to capture patterns measured in experiments, such as the blue shifting
and broadening of plasmonic resonances for increasingly smaller particles. Furthermore,
nonlocality enables the smearing of the charge density near plasmonic interfaces, resulting
in diminished stair-casing artifacts that plague plasmonic FDTD simulations. The ap-
plication of nonlocal models is crucial in understanding the near-field enhancements and
scattering phenomena in these nanostructures.

Furthermore, our investigation into nonlinear plasmonics using the hydrodynamic plasma
model provided valuable insights into the nonlinear behaviour of plasmonic nanoprisms.
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The hydrodynamic plasma model allowed us to examine the nonlinear scattering from
triangular gold nanoprisms under intense optical excitation, validating a simpler phe-
nomenological model in conjunction with experiments and nonlinear scattering theory. The
qualitative and quantitative agreement between the hydrodynamic-FDTD simulations and
experiments is remarkable, even replicating spectral features unseen from nonlinear scat-
tering theory or the simple model, further cementing the hydrodynamic plasma model’s
validity in this domain. To add to this, an expression for the strength of the nonlinearity
was derived using the underlying physics. The hydrodynamic description of free electron
nonlinearities thus provides a compact yet accurate method for numerically simulating
nonlinear plasmonic behaviour. Within our high-performance FDTD software, this model
can be used for a myriad of numerical experiments inaccessible by commercial software
and standard computing hardware.

Our ability to simulate complex nanophotonic systems in the time domain enabled us
to explore the optical nonlinearity of degenerate semiconductors, namely indium tin oxide
(ITO) in its epsilon-near-zero (ENZ) frequency range, where the real part of the permittiv-
ity is close to zero. I'TO’s permittivity experiences a strong, ultrafast perturbation when
irradiated by intense ultrafast optical pulses, further enhanced in the ENZ bandwidth.
Due to ITO’s high doping concentration, this ultrafast nonlinearity is explained by ap-
plying a higher-order correction to the electronic dispersion relation to account for higher
energy states and, thus, an energy-dependent plasma frequency. The changing plasma fre-
quency explains the changing permittivity of this Drude-like material. Implementing the
material model for ITO in our FDTD software enabled us to simulate experiments that
were previously published in the literature with a high degree of agreement, including the
time-domain response of ITO’s nonlinearity and the quantitative strength of the nonlin-
earity, including the dependence on wavelength, incident pulse angle, and incident power.
Further numerical experiments demonstrated time refraction in ITO films, where the fre-
quency of light shifts due to the time-varying permittivity, and we predicted stronger time
refraction in the reflected light rather than transmitted light (recent experiments only mea-
sured transmission results). ITO’s ultrafast, strong nonlinearity has drawn interest from
the wider photonics community for applications in active photonic devices where ultrafast
modulation speeds are required, and numerical modelling is required for designing these
devices. It is our hope that the model we present and validate in our work will be used
by fellow researchers with a need for speed. Furthermore, this exploration opened us to
the world of time-varying photonics and an interesting question that could be solved using
inverse design.
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Our exploration of inverse design techniques demonstrated the ability to tailor light-
matter interactions for complex nanophotonic systems but in a unique way. This research
into implementing inverse design algorithms intersected with our work in time-varying pho-
tonic materials (i.e. ITO) when a question was posed: Can optical pulses be designed to
interact with time-varying materials? An answer to this question presented itself in the
form of the time-domain adjoint inverse design method, which enables us to determine
the sensitivity of electromagnetic quantities like the transmittance to the source current
density in Maxwell’s equations; we can calculate the derivative of the transmittance with
respect to the source signal. Using gradient descent, we demonstrated the ability of inverse
design to design light rather than matter in order to enhance light-matter interaction. We
demonstrate our pulse shaping method for toy-model systems, including time-varying di-
electrics and metals, and demonstrate optical amplification in some examples. Our math
also shows the ability of light-matter co-optimization, where the optical pulse and the ma-
terial distribution sensitivities can be extracted with the same simulations, which opens
the door to some interesting future work.

Furthermore, using inverse design techniques, including automatic differentiation and
adjoint sensitivity analysis, we were able to derive methods to design metasurfaces capable
of focusing solid-state high-harmonic generated light, the ability of which will enable the
future of ultrafast optics and attosecond physics. Although results are only available for
the automatic differentiation method, the derived adjoint method opens the door to future
work on this project. Furthermore, the ability to apply nonlinear transformations to linear
fields and extract the gradients using automatic differentiation may also hold promise for
other nonlinear photonics inverse design applications.

Perhaps one of the most intriguing aspects of the research presented here was the in-
tegration of deep learning in predicting the plasmonic response of particles. To start, we
leveraged the power of artificial neural networks to predict the colours produced from laser-
induced plasmonic metasurfaces, where the laser parameters and nanoparticle geometric
parameters are the inputs, and the outputs are the RGB value of the colour. Further-
more, keeping up with the trends of the times, we developed a deep learning approach for
the inverse problem - deriving laser parameters and nanoparticle geometric parameters for
a desired colour. This work enabled a collaborative effort for the prediction of lifetime
enhancement of plasmon-enhanced quantum emitters - a high-parameter system that is
perfect for deep learning. Although eventually abandoned, this project enabled me to gain
a much better understanding of light-matter interaction at the nanoscale.
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As a follow-up project to the plasmonic colour predictions, we also determined that
it was feasible to predict the radiative response of plasmonic particles using only their
cross-sectional images via their multipole coefficients. After training on a large dataset for
randomly shaped nanoparticles, we demonstrated that a convolutional neural network can
accurately model the system and predict a spectrum of multipole coefficients for an input
particle. Although further work needs to be done in optimizing the network architecture
and predicting multiple multipole coefficients at once, the work presented thus far shows
promise, and the project is being continued.

As we conclude this work, it is evident that computational nanophotonics is a vi-
brant and multifaceted field with tremendous potential for shaping the future of photonics
technologies. The insights gained from our research contribute to the fundamental under-
standing of light-matter interactions at the nanoscale and lay the foundation for a plethora
of applications, including but certainly not limited to near-field optics and microscopy,
metasurfaces and metamaterials, nanophotonic sensors, phased arrays and beam steering,
photonic modulators, ultrafast/attosecond technology, and photonic computing.

As we move forward, it is essential to continuously push the boundaries of compu-
tational nanophotonics using advancements in software and hardware technologies, such
as advanced scientific computing programming libraries and powerful parallel processing
units. Using software modules developed for artificial intelligence enables the automatic
extraction of design sensitivities and the use of multiple processor types with minimal
overhead. Similarly, the boom of artificial intelligence in the 21st century has inspired the
development of increasingly powerful graphics processing units, which present an unseen
level of computational parallizability and speed. The speed-up provided by these tools is
two-fold; they enable an increase in computational speed and also an increase in develop-
ment speed. Furthermore, these tools are becoming higher level; the barrier to entry is lower
than ever for those who wish to solve differential equations with hardware acceleration or
train a neural network. And as these tools become more user-friendly, inspiration abounds.

In conclusion, this exploration of computational nanophotonics has revealed a rich
tapestry of possibilities, promising not only exciting advances in the field but also the
potential to reshape the future of computational sciences more broadly.
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