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Abstract

In this thesis, we discuss statistical quality control. A new nonparametric multivariate
cusum based on Voronoi rank is proposed. We can reasonably predict on-target run
lengths and the off-target run lengths are as short as any competing nonparametric

procedure.
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Chapter 1

Introduction

Approximately 1.7 million years ago, our ancestors began manufacturing tools. Up
until the Middle Ages, the manufacturing technique remained artisanal; every item
was one of a kind. After the industrial revolution, quality control became a major
concern in industry when parts became interchangeable. Quality improvement tools
have been introduced which helped reduce problems in the production and distribu-
tion of manufactured goods. Improvement of quality did not extend only to products,
but also included the process used for making products.

Statistical methods now play an important role in quality control. The concept
had its greatest development during the 20th century. Statistical Process Control
(SPC) was introduced by Walter Shewhart at Bell labs in the early 1920s. The work
ensures reliability of telephone communication devices. He described “common cause”
and “special cause” variation. Common cause variation cannot be eliminated easily
from the process without fundamental changes. Attempts to remove this common
cause variation were time consuming, costly, and wasteful. On the other hand, special
cause variation is a difference in an outcome of a process that must be removed from
the process to improve quality. The purpose of statistical process control is to detect
special cause variation.

Statistical Process Control is an effective method of using statistical techniques

to measure and analyze process variation. SPC monitors manufacturing processes in

1



2 1. INTRODUCTION

order to keep the process close to a specified target. SPC is also a tool for improving
product quality through the reduction of variability. When special causes of variation
have been eliminated a process is said to be in a state of statistical control (in-control).
If there are changes in the distribution over time, the process is said to be out-of-

control.

1.1 Statistical Process Control chart

A primary tool used for SPC is the control chart, a graphical representation of the
quality statistic for the manufacturing process. Shewhart [31] created the basis for the
control chart and invented the concept of a state of statistical control. As the interest
of statistical process control increased, many charts were proposed by researchers.
These charts have been shown to be useful in monitoring many industrial processes.

All control charts have two basic components:

(1) a descriptive statistic based on performance data is plotted over time.

(2) control lines define the limits of special cause variations.

The descriptive statistic is calculated from the samples. When the plotted statis-
tic falls outside the control lines, an out-of-control signal is generated. When a signal
is observed, engineers are expected to correct the manufacturing process.

There are two different phases in control charting practice. In Phase I, the focus
is to test historical data in order to establish whether the process is in control or not.
The use of control charts in Phase [ is to determine appropriate control limits to use
in Phase II. In Phase II, the aim is to monitor production data in order to decide
whether the process is in control or not. Much work, process understanding, and
process improvement is often required in the transition from Phase I to Phase II [36].
Most of the research on control charts is on Phase I performance. In the article, we

only consider Phase II quality control charts.
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A quality control procedure needs to meet certain statistical criteria. The number
of samples until the signal occurs is called a run length. The run length is a random
number, it can vary from run to run. The most common measure of control chart
is the average run length (ARL). If the process is in control, the ARL should be
large. If the process is out-of-control, the ARL should be small. The in-control ARL
and out-of-control ARL distribution provides a comprehensive understanding of the

control chart’s performance.

1.2 Overview of the thesis

Many different control charts have been proposed by researchers. We will review
the univariate parametric, univariate nonparametric, multivariate parametric and
multivariate nonparametric charts in Chapter two.

A new multivariate nonparametric chart called Voronoi Cusum is developed in
Chapter Three. Our chart is based on Voronoi tessellation, which was first formally
introduced by R. Descartes (1850) in the 17th century. Simulations are conducted
and the results show the new chart has better performance than existing multivariate
nonparametric methods. Another advantage is that the chart is easily applied to high

dimensional data.
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Chapter 2

Statistical Process Control Charts

2.1 Univariate Parametric Process Control Charts

2.1.1 The Shewhart X Control Charts

The control chart was introduced by Walter Shewhart [31] in 1931. This chart has
proven to be a simple and effective means of understanding data. Figure 2.1 gives a
typical Shewhart X-chart. The control statistic X is computed from a small sample of
production data. The central line on the chart represents the average of the summary
statistics when the process is in the state of control or perhaps some nominal value.
The upper and lower control limits labeled as UCL and LCL, indicates the range of
variation for the summary statistics when the process is in coutrol. The control limits
are usually set as three standard errors of the target. As long as the points stay inside
the control limits, the process is deemed in-control. An out-of-control signal is given
if X falls outside of control limits. This procedure has 1o memory, and so although
it is very effective for detecting isolated special causes that lead to large shifts in the

data, it is not very effective in detecting more moderate persistent shifts [12].
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Figure 2.1: Shewhart X Chart.

2.1.2 Cumulative Sum Charts

A very effective alternative to the Shewhart X chart is the Cumulative Sum Chart
(or Cusum). Page [27] introduced the idea in 1954, although not in the form used
now. The Cusum has been well studied and developed by many statisticians. It has
been shown to be more effective than the X-chart for detecting small shifts in the
mean of the process.

The Cusum chart works as follows: suppose that the sample size is m and T; is
the average of the jth sample. If yq is the target value for the mean of the process,

define the cumulative sum by

Cn = Z(Tj - NO)
j=1

(', is called the cumulative sum up to the nth sample. If the process in control,
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the C,, should remain close to zero.

There are two general methods to detect the shift: the V-mask control scheme
and the Decision Interval. The historical tool is the V-mask, the name comes from
its shape. A typical V-mask is given in Figure 2.2. The mask looks like the letter V
lying on its side. If all the Cusum C,, lie within the arms of V-mask, the process is
deenied in control. However, if any of C), is outside of the arms, it implies the process

is out of control. For more detail on the V-mask, see [12].

45
44
35+
3+

— CUSUM

=
~ 25¢
n —— Vmask - uopey

e I MASK - lOWEr

+ }
« o o
Samples

81+
91 4

L

v
—
P

1
12 +
22 +
3z +

Figure 2.2: Cusumn V-Mask.

The Decision Interval is more popular and is used in this thesis. We need to
define the Cusum as follows;

Let T; denote the average of a small sample of quality measurements then
C'() = 0

Cy = max(0,C, . +T; — g — k).
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A signal occurs if
C,>h
In the equation, &k is called the reference value and is chosen to produce an
optimal response to a shift of a specified size § [12]. The paramneter h is called the
decision interval. If the Cusum C, exceeds h, the process is deemed out-of-control.
The in-control ARL depends on the values of k& and h. The table with values of k& and
i and in-control ARL for Cusum of standardized normal data is provided in Section

3.

2.1.3 Exponentially Weighted Average Control Charts

Another type of primnary control chart is called the Exponentially Weighted Average
Control (or EWMA) Chart. An average of the recent data is used to smooth the
noise in the data to generate a better estimate of the process mean than that obtained
from the most recent observation [26]. The smoothing factor is denoted by A, where
A € [0,1]. The mean T; represents the average value of the samples at time ¢. The

exponentially weighted moving average is defined by:
¢
Zy=> A1=NZi+ (1-))Z
i=0

with the first value Zj in this sum generally being set to the mean of former observa-
tions. The smoothing factor A is chosen by the user to determine the weighted average
of all previous data. The EWMA chart is good in detecting the smaller shift (from

0.54 to 20). However it is not very efficient in detecting large shifts in the process.

2.2 Univariate Nonparametric Process Control

Charts

Nonparametric control charts are designed for data that does not follow the normal

density or any other specific parametric distribution assumption. Chakraborti [5]
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gave the following definition for thie nonparametric coutrol chart: if the in-control
run length distribution is the same for every continuous distribution, then the chart
is called nonparanmetric or distribution-free. Chakraborti [5] also discussed the ad-
vantages of nonparametric control charts: (i) their simplicity; (ii) the lack of a need
to assume a particular distribution for the underlying process; (iii) an in-control
run length distribution that is the same for all continuous distributions; (iv) their
greater robustness and insensitivity to outliers; (v) their greater efficiency in detect-
ing changes when the true distribution is markedly non-normal, particularly with
heavier tails; (vi) the lack of a need to estimate the variance to set up charts for the

location parameter.

2.2.1 Sequential Rank Cusum

McDonald [24] proposed the univariate Cusum procedure based on sequential ranks.
For a sequence of independent identically distributed random variables X, ..., X,,

the sequential ranks are defined as follows [24],

i—1
Ri=1+) I(Xi~X,)
k=1

I(-}) is the indicator function

1 f Xy —X; <0
()=

0 otherwise,

The statistic U; is defined as

R,
Uy = —
(i+1)
U; is independent of U; for j # ¢ and is uniformly distributed on
1 2 i
i+ 1+ i U

Based on the U;, the Cusum procedure can be constructed as follows

Ty=0, T,=max{To,+U, —kO0}, =123,...
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where & > 0 (the reference value) and h > 0 (the signal value). The procedure signals
an out-of-control alarm when T; > h.

When the process is in control, the ARL depends on the value of & and h and
does not depend on the on-target distribution F. For a given reference value k, one
can fix the ARL by the corresponding signal level h.

In order to study the relationship between A, h and ARL, consider the hypotheses

in the following,

Hy : U; ~ uniform on [0,1] and independent
H :U~GoF™', where F~N(00%, G~ N(uo,o%.

then
1 1

N
reject Hy if Z‘D_I(Ui) > ~In—~
i=1 B
where « is the type I error probability. For a process in coutrol, the U;’s are approx-
imately independent uniforms U;.

The associated lower arm of the V-mask is determined by

k= E, h = 1 In 1
2 [T

Note that ®~1(U;) is approximately a standard normal distribution if the pro-
cess Is in control. To determine h, one should specify the on-target ARL with the
appropriate reference value k. Table 2.1 represents the optimal choice of h and k for
a cusum based on sequential ranks.

If the procedure is in control, the U; is approximately uniform on [0, 1]. After the
change, U; is dependent and not uniform but the first few are alimost independent with
approximate distribution GF*™!, where F* is the limit of the empirical distributions
F" caleulated from the observation {X;} [24].

MecDonald [24] mentioned a censoring problem for nonparametric procedures. In

the first case, the simple case where a false alarm does not imply any recalibration.
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Table 2.1: Optimal choice of h and A for the sequential rank cusum for different

on-target ARL and g

i ARLo, k h

2.0 1000 0.7993 0.456
1.0 1000  0.6428 1.382
0.5 1000  0.5706 2.507
0.1 1000 0.5143 5.710
2.0 500 0.7993  0.395
1.0 500 0.6425 1.2031
0.5 200 0.5706  2.125
0.1 500 0.5143  4.455
2.0 100 0.7993 0.276
1.0 100 0.6428 0.798
0.5 100 0.5706  1.306
0.1 100 0.5143 2.181

The sampling distribution is uncensored; restart the cusumn at 0 and keep the empir-
ical distribution. In the second case, a false alarm does imply the recalibration. The
sampling distribution is censored and restart the calculation of the cusum and the
empirical distribution. There are two more different methods in the analysis of the
change point. The worst-case analysis assumes that when cusum is 0 the change point
has occured. The steady-state analysis suggests that the location of the cusum at
the change point is distributed like the long-run distribution of the on-target cusumn.
Based on the above scenarios, four different simulations of sequential rank cusums

are given in [24].

1. No recalibration after false alarms with the worst-case analysis.

2. Recalibration after false alarms with the steady-state analysis.
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3. The worst case analysis of the optimal parametric cusum.

4. The steady-state analysis of the optimal parametric cusum.

The sequential rank cusum does very well in all four cases.

2.3 Multivariate Parametric Process Control

Charts

A single variable is not enough to describe quality in the modern manufacturing
plant. One product contains many different properties and one needs to monitor them
simultaneously. For example, in the semiconductor industry, each chip is subject to
a large nummber of quality measurements.

Jackson [10] pointed that any multivariate process control procedure should fulfill
four conditions: a) an answer to the question: “Is the process in control?” must be
available; b) an overall probability for the event “Procedure diagnoses an out-of-
control state erroneously” must be specified; ¢) the relationships among the variables
should be taken into account; d) an answer to the question: “If the process is out-of-
control, what is the problem?” should be available. Many scholars have developed
multivariate statistical process control charts. Woodall and Montgomery [37] state
that the multivariate process control chart is one of the most rapidly developing areas
of statistical process control chart. Unless explicitly stated otherwise, all control

charts in this section follow a multivariate normal distribution.

2.3.1 Hotelling 7%

Hotelling [14] is the first statistician to study multivariate quality control. Hotelling’s
T? control chart is optimal for detecting a change in the process mean when the
distribution is multivariate normal. Let X; be the p-dimensional ohservations where

i =1,2,3,...,m. The average of the sample is X and the target vector is po. If S71
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is the inverse of the sample covariance matrix, then the statistic T2 is the following
T? = m(X — o)’ S™HX — po)

The Upper Control Limit (UCL) is x2 ,, where p is the number of variables and « is
the upper « percentage point of the chi-square distribution.
An extension of the subgroup procedure is more useful in practice. Set observa-

tions into & subgroups, each of size n, then compute a statistic 72 as follows

T2 = ’Il(.’l_ii b /L())Sp_l(f?i - ,LLQ),'i = 1, 2, . ,k.

38

where S, = S/k is the pooled covariance matrix obtained by averaging the k subgroup
of covariance matrix.
The Upper Coutrol Limit (UCL) is given by

plk—1)n-1) _,
]\(Tl - 1) +1-—-p pk(n—-1)+1—p

where p is the number of variables, n is the size of the subgroup, and & is the number

UCL ~

of subgroups in the sample.

The main advantage of the Hotelling’s T? is that the calculations are simple. It
was recognized as a major tool to analyze multivariate statistics quality procedures.
Most statistical software has a package that implements Hotelling’s 72. Mason and
Young [22] show the basic steps for the implementation of multivariate statistical
process control using the Hotelling’s T2.

However, Hotelling’s 72 only uses the current sample information. It is very hard
to detect a small shift in the mean vector. CUSUM and EWMA charts have already
been proven to be more powerful in detecting a change point in the univariate case.
Scholars also extended them to multivariate statistics quality control. NMCUSUM and

MEWNMA control charts have been developed to overcome the problem.

2.3.2 Multivariate Cumulative Sum Control Chart

Woodall and Ncube [38] proposed extending the univariate CUSUM procedure to the

multivariate case. Their idea is that the sample vector is a collection of unconnected
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univariate data. The CUSUM analysis is based on the individual component. It
is used to detect p-dimension mean vector shift, operate p one-sided or two-sided
CUSUM charts simultaneously and evaluate the collection.

Let X, = (X1, Xon, .-, X;m)T, n = 1,2,..., be p-variate independent normal
random vectors. For an MCUSUM method either a one-sided or two-sided CUSUM
procedure is applied to each random variable Xj;,,7 = 1,...,p. The one-sided CUSUM

statistics are the following
Sin = max{0,S;,_1 + Xin — ki}

Sio=0 and k; >0

The run length of a one-sided CUSUM procedure for the ith variable is ARL(i)=min{n :

Sin 2 hi}, where h; > 0. The two-sided CUSUM procedure also uses the statistics
T;;'" = min{ovn,n—l + Xin — kz}

Tip=0

The run length of a two-sided CUSUM procedure is ARL(i)=min{ n : S;,, > h; or
Tin < —hi}.

The reference value k; depends individually on the ith variable which is consid-
ered to be out of control. Woodall and Ncube [38] pointed out ARL performance in
a MCUSUM procedure is in relation to independent and dependent quality charac-
teristics.

Healy [13] shows that the CUSUM procedure is related to the sequential prob-
ability ratio test. Let X; be the ith observation from the multivariate normal with

mean vector pg and covariance matrix X. Define the noncentrality parameter A

A= (i - fo) Sy — 110))'?

where iy is the out-of-control mean vector.
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The one-sided CUSUM for detecting a positive shift in the mean of multivariate
normal is
S; = max{S;_| + a,'(Xi — 1p) — 0.5X,0}
where

o (i~ to) L
a = 3

When S; > h, the CUSUM generates an out-of-control signal. The variable o' X;
is a linear combination of normal random variables, so @ X; is also normal. Then
(L,(Xi — pp) has a standard univariate normal distribution when X; has mean equal to
tto; and when X; has mean equal to i, (L'(Xi —tg) has a univariate normal distribution
with mean A and variance 1 [13]. The multivariate CUSUM procedure reduces to a
univariate normal procedure. The variables I and Sy for a univariate normal CUSUM
can also be applied to Healy’s multivariate CUSUM. The ARL performance does not
change as p increases and it is the same as a one-sided univariate normal CUSUM.
Crosier [7] presented two multivariate CUSUM quality-control procedures. The

first method is called a COT scheme. The CUSUM is given by

S, = max{0,5,_1+ T, — k}

where T,, = \/(Xn — o) X — po), So = 0 and k& > 0. X, is the nth observa-
tion and yy is the on target mean of a multivariate normal distribution with known
covariance matrix 3. The procedure will signal if S;, > h. The optimal value of k is
the square root of the dimension.

The ARL’s of COT schemes depend on the mean vector and covariance matrix,
because the statistic is based on the square root of Hotelling’s T2. The COT schemes
have several advantages compared to multivariate Shewhart charts: 1) the COT
schemes easily detects the shift in the process mean; 2) the COT schemes contains
the fast initial respounse feature; 3) quick detection of off-target conditions is achieved
just by starting with Sy equal to h/2; 4) the COT combines the property of CUSUM

ancd multivariate Shewhart charts simultancously.



16 2. STATISTICAL PROCESS CONTROL CHARTS

The second procedure is developed by Crosier [7]: the vector-based CUSUM
scheme is extended by replacing the scalar quantities of the univariate CUSUM by a
vector. The multivariate CUSUM schemes is expressed as follows:

Cn = [(Sn—l + )(n - ,“'O)’E_I(Sn—l + ‘Yn - N())]I/Q-
then
S, =0 for C,, <k
Sp = (Sp-1+ Xpn —po)(1 =k/C,) for C, >k
where we define Sy = 0 and k > 0; when [S,%715,]1/2 > h, the multivariate CUSUM

schemes will generate a signal.

Table 2.2: ARL for Bivariate Cusum Schemes with £ = .5,1 and 1.5 [7].
h=550 h=299 h=1387
A k=05 k=1 k=15

0 200 200 200
D 28.8 48 78.7
1.0 9.35 11.0 18.4
L.5 5.94 2.08 7.14
2.0 4.20 3.48 3.72
2.5 3.26 2.51 2.36
3.0 2.78 2.08 1.69

Table 2.2 compares the ARL performance of Crosier's multivariate CUSUM for
choices of & = 0.5,1 and 1.5. From the table, it shows that the choice of & = A/2
minimize the ARL. There are details of a method for selecting the interval value h in
[7].

The ARL of COT schemes and multivariate CUSUM schemes depends on the
noncentrality parameter A. Both COT schemes and multivariate CUSUM schemes
detect small shifts in the mean vector faster than multivariate Shewhart charts. Be-

cause multivariate CUSUM scheines allow observations in opposite directions from
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the target mean to cancel each other, multivariate CUSUM gives faster detection
than COT schemes.

Crosier[7] also compared the multivariate CUSUM schemes to the Woodall and
Ncube method. For the same value of A, the ARL’s of the Woodall and Ncube method
are usually larger than the vector-based CUSUM schemes. The difference between the
two procedures is proportional to the standard error of the ARL of the vector-based
CUSUM schemes.

A CUSUM procedure (MC2) similar to COT schemes is proposed by Pignatiello
and Runger [28]. Define S, as

Sp = max{0, S, 1 + T — k}

and

T = (X — /LO)IZ—I(fYn = Ho)

where Sy = 0 and k is chosen to be p + 0.5)\2. Note that p is the number of variables
and A? is the measure of the distance from s, to . The process is out of control if
S, exceeds an upper control limit A.

Pignatiello and Runger [28] provided the other version of the multivariate CUSUM

(MC1) chart. The cumulative sums are:

J=t—n;+1
and
MC; = max{0, (S;27'S)"? — kn;}
ny+1 if A[Ci_l >0
n; =

1 otherwise,
with MCy = 0 and & = 0.5A. An out-of-control signal will be generated when
MC; > h,

From the simulation in [28], MC1 shows superior perforniance for detecting a
; 24

variety of shifts in the mean. The ARL performance of the MC1 scheme depends only
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on the noncentrality parameter. The reference value & is chosen to be the average of
the distance from the on-target state to the off-target state. For alternate choices of

k, the performance of off-target will change.

2.3.3 Multivariate Exponentially Weighted Moving Average
Control Chart

Like the MCUSUM, the MEWMA chart can also be extended from the univariate
version to a multivariate process. Lowry, Woodall, Champ and Rigdom [20] presented

the multivariate case of EWMA’'s
Zi = RX; + (I—‘ R)Zi_l

where Zy = 0 and R = diag(ry,ra,...,7,), 0 <r; <1,j=12,...,p. The MEWMA

gives an out-of-control signal when
2 ‘-1

where h is the in-control limit, and ¥, is the covariance matrix of Z;.

Sz =Y var[R(I- R} X]]

j=1

If ry =ry=---=r, then the MEWMA vector can be modified via
Zi=rX;+(1 =17,
and then ¥7 is given by
=2l = (1=1)*]/(2~r)

For the derivation of the covariance matrix for Z;, see [20]. The MEWDMA chart is
equivalent to Hotelling’s T? when r = 1.
The ARL of the NIEWNMA chart depends only on the noncentrality parameter. If

the unequal weighted parameter r is applied, the ARL of performance ouly depends
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on the direction of the shift. Smaller values of r are more powerful in detecting small
shifts in the mean vector. This is analogous to the univariate case. The optimal value
of r does not change too much as the number of variables changes. The value of h
is obtained from simulation. Lowry [20] verifies that the logarithm of the in-control
ARL is very close to a linear function of h.

In [20], they compare the ARL performance of Hotelling’s T2, Crosier’s vector-
based CUSUM [7], Pignatiello and Runger’s multivariate CUSUM(MC1) [28] and
the MEWMA chart with covariance matrix X7 . Table 2.3, 2.4 and 2.5 show ARL
comparisons for p=2, 3 and 10.

There are two implicit assumptions in the ARL comparisons of these multivariate
control charts. First, it is assumed that any shift from the in-control mean is to be
detected as quickly as possible. Second, it is assumed that the ARL is a function of
the noncentrality parameter A.

From the tables, the on-target ARL is designed to be around 200. The compari-
son shows that Hotelling’s T2 has poor performance in detecting the shift of the meaﬁ
unless the shift is large (A > 2). The MEWMA chart is more effective in detecting
the shift than the other three procedures.

In reality, most of the multivariate data does not follow the multivariate nor-
mal distribution. When the sample size is sufficiently large, the sample mean X is
approximately multivariate normal. Researchers want to explore the performance of
non-normality on the existing statistics quality control chart. Stoumbos and Sulli-
van [33] investigate whether the MEWMA chart can be designed to have excellent
performance in cases where normality does not hold.

Let X, Xo, ... be a sequence of p-variate process observations. The mean vector
of a process ohservation is X and the constant covariance matrix is ©y. The on-target
mean is 1o, the noncentrality parameter A is defined in Section 2.2. The accuinulation

vector has a different format compared to the original MEWMA chart. We have

Zi=7r(Xi— o) + (1 = r)Zi
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Table 2.3: ARL Comparisons for p=2.
T? Crosier MC1  MEWMA
A h=106 h=550 h=475 h=8.79
E=.50 k=.50 r=.10

0 200 200 203 200
5 116 28.8 31.3 25.3
1.0 42.0 9.35 9.28 7.76
1.5 15.8 5.94 5.23 4.07
2.0 6.9 4.2 3.69 2.59
2.5 3.5 3.26 291 1.89
3.0 2.2 2.78 2.40 1.50

where 7 is called the smoothing parameter and 0 < r < 1. The initial value of Z; is

0. Then the control statistic of T2 is same as in MEWMA,
T} = 7,337,

where the covariance matrix Xz is as follows

— 7‘
27

Xz Yx

The MEWMA chart generates a signal when T? > h. A large value of r makes the
MEWMA chart detect a large shift effectively and the chart is effective at detecting
a small shift when r is small. For a shift size, there is a unique optimal r value
for the corresponding MEWMA chart. When r = 1, the MEWNMIA chart reduces to
Hotelling’s T? chart. For the choice of control limit A, Stoumbos and Sullivan [33]
made simulations based on 100000 replications. Table 2.6 presents the h value for
in-control ARL = 200 under p-variate normality.

Stoumbos and Sullivan [33] applied the MEWMA chart on nwltivariate t and
multivariate gamma distribution, with the number of variables p equal to 2, 5 and

10. For multivariate t distribution, the degrees of freedom used were v = 3, 20,40
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Table 2.4: ARL Comparisons for p=3.
T? Crosier  MC1 MEWMA
A h=1285 h=688 h=548 h=1097
k=.50 k=.50 r=.10

0 200 200 203 202
;) 130 32.7 33.5 28.5
1.0 52.6 11.2 10.1 8.64
1.5 20.5 6.69 5.66 4.47
2.0 8.8 4.7 4.00 2.84
2.5 4.4 3.83 3.17 2.08
3.0 2.6 3.17 2.63 1.62

and 100; and for multivariate gamma distribution, the shape parameters used were
o =1,16,256,1024 with scale parameter 3 = 1.

For bivariate observations, using r in the range of [0.022,0.046] gives ARL per-
formance for the bivariate t and gamma distributions similar to that for the bivariate
normal. For applications in excess of 5 dimensions, a value of r simaller than 0.02 is
similar to multivariate normal data. The choice of r value is critical for the MWEMA
chart to detect a shift in a variety of distributions.

The MEWDMA chart’s performance is very similar to its performance under the
multivariate normal, regardless of (i) the distribution of the process data, (ii) the size
of the subgroups, (iii) the inaguitude of the shift in g, (iv) the direction of the shift

in 0 [33].
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Table 2.5: ARL Comparisons for p=10.
T? Crosier MC1 MEWMA
A h=106 h=550 h=475 h=28.79
k=.50 k=.50 r=.10

0 200 200 202 201
.5 162 43.2 43.9 44.3
1.0 92.8 18.6 12.6 12.8
1.5 44.7 11.8 7.66 6.28
2.0 20.6 8.79 5.66 3.96
2.5 9.9 3.26 4.55 2.79
3.0 5.2 2.78 3.84 2.14

2.4 Multivariate Nonparametric Process Control

Charts

2.4.1 Data Depth

For most multivariate data sets from the statistical experiment we do not know if they
follow a certain distribution. Applying the charts mentioned above may fail to detect
the real change in the process. The use of nonparametric analysis becomes attractive
in the context of quality control. Multivariate nonparametric process control has
been studied by many researchers recently. One approach is to try to transform the
sample distribution to a multivariate normal and then apply the existing methods.
However, it is often hard to find the transformation. Data depth plays an important
role in nonparametric methods for multivariate statistics.

Liu [17] investigated the basic properties of the simplicial depth and developed
three multivariate nonparametric control charts. Burr [3] proposed a revised definition

of simplicial depth. Based on the simplicial depth, Messaoud [25] used the tNEWMA
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Table 2.6: h value for in-control ARL = 200 under p-variate Normality.

r p=1 p=2 p=3 p=5 p=10

1.0 7.8825 10.5966 12.8335 16.7447 25.1763
0.4641 7.6756 10.4021 12.6437 16.5496 24.9774
0.2154  7.0300 9.7373 11.9583 15.8310 24.1644

0.1 6.0218 8.6345 10.7748 14.5397 22.6501

0.04641 4.7840 7.1971 9.1990 12.7507 20.4592
0.02154 3.4645 5.5498 73170 10.5173 17.5800
0.01 2.2484 3.8722 53035 7.9511 13.9680
0.004641 1.3049 2.4019 3.4137 5.3398  9.9079
0.002154 0.6905 1.3349 1.9503  3.1509  6.0950
0.001 0.3425 0.6842 1.0174 1.6716  3.3252

Control chart to detect the multivariate sequence change.

A data depth is a measure of how deep or how central a given point 2 € R?is with
respect to a multivariate distribution F' [19]. Let X = {X,..., X,,} be a random
sample from F'. There are several definitions of data depth, such as Mahalanobis’s
depth, Simplicial depth, Tukey’s depth, and Majority depth.

1. Mahalanobis’s depth (M, D) [21]: Let d(x, up) be the Mahalanobis distance
between « and pup (the mean of F); that is, d(«x, up) = (z — up) L5 (x — pr). We
define

MyD(F;x) = [+ d(z, pup)] "
and its sample version is

— — —

M,D(F;zx)=[1+ (¢ —X) S} — X))t

where Xy and S are the covariance matrix and the sample covariance matrix respec-

tively, and X is the sample mean.



24 2. STATISTICAL PROCESS CONTROL CHARTS

2. Tukey’s depth (T'D) [34]: For a point x, the Tukey’s depth at & is defined as
TD(F;x)= il}llf{F(H) : H is a closed half space containing x}.

The sample version of TD(F;z) is defined by replacing F' by F,,, where F,, is the
empirical distribution of the sample X;,...,X,,. When p = 1, TD(F;z) = min
{F(x),1—=F(x—)}.

3. Majority depth (Af; D) of x w.r.t. F is defined to be [32]

M;D(F;x) = Pr{x is in a major side determined by (Xi,..., Xy}

A major side is the half-space bounded by the hyperplane containing (X, ..., Xy)
which has probability greater than or equal to 0.5. The sample version is M; D(F,,;; ).
Note that when d = 1, M;D(F;x) = 1/2 + min{F(z),1 — F(z—)}.

Simplicial depth was introduced by Liu [16], and its basic properties were inves-

tigated.

Definition 2.4.1 Simplicial Data Depth
Given a multivariate distribution G in R, and Y1,. .., Y4 are independent observa-

tions from G. The simplicial data depth of y w.r.t to G is defined as
SDc(y) = Fa{y € SY1,..., Yan]}
where S[Y1,..., Y] is the simplex whose vertices are Y1,..., Y.

The sample simplicial depth of y is defined as follows:
m O\
$Dg,,(y) = ((H 1) > My €S YD),
()

which measures how deep y within the data cloud {Y1,...,Y,,}. Here [is the indicator

function and (x) runs over all possible subsets of Yy, ..., Yy, of size d + 1.

Lemma 2.4.2 (Liu [18])

As m — 20, SDg, () converges to SDe(+) uniformly.
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We illustrate the simplicial data depth for d = 2. In the bivariate case, a simplex

is a triangle. The sample simplicial data depth of y w.r.t {Y],..., Y, }is defined as

—1
m
SDGm(y) = <3> Z[(y SPA ()/ins/iz» ia))'

(%)
where A represent the triangle with the vertices Y;,,Y;,, Y, and (%) runs over all

possible triangles of the data cloud of {Y,...,Y,,}.

1y

Figure 2.3: Computation of bivariate simplicial data depth.

Figure 2.3 shows the simplicial data depth of y; wrt S = A, B,C is 1 and the
simplicial data depth of y, is 0. Let

raly) = P{SDa(Y) < SDa(y)}-
The empirical estimate of rg(y) is
r(;'m(y) = n{}/I«IASD(:rvt(};) < SD(7111,(y)7i = 17 LA rn’}/””

Proposition 2.4.3 (Liu, Singh and Teng[19], Proposition 1)
Assume that F = G, X ~ F and Y\,...)Y,, ~ G . Let U[0,1] denote the uniform
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distribution on the unit interval [0, 1], and let the notation —L stand for the conver-
gence in law. If SDg(X) has a continuous distribution, then
(1) ra(X) ~ U[0,1], and

(2) as m — oo, rg, (X) =L U0, 1] along almost all Y1, ..., Y, sequences.

Proof: (1) By definition,

ra(t) = P{SDg(Y) < SDg(x)}
= Fypu(vy(SDg(x))
Therefore, we conclude that
ra(X) = Fspgv)(SDc(X))

~ U0, 1]

(2) First,

ren.(2) = W{Yi|SDg,, (Yi) < SDg, (x),i=1,...,m}/m

1 m

= - E (D¢, (V)—SD ()<0)
=1

Now define

re(e) = #H{YilSDe(Y:) < SDg(x),i=1,...,m}/m

m

1
= — LiSD (V) —SDm
m; {$Da(Yi)—=SDe:(2)<0}

where [ is the indictor function. By Glivenko-Cantelli, rf.(x) — ro(x)
uniformly in & when m — oc.

Since,

SDg,, (Yi) = SDg,, () <0

< SDg, (Yi) — SDg, (r) + SD¢(r) — SDg(x) <0

& —SDg(x) < SDa, () — SDe(e) — SDex,. (V)

& SDa(Y;) = SDaw) < SDg, (&) — SDex) +SDa(Y,) = SDe.. (V)
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On the other hand, as mm — 0o, SDg,, () converges to SD¢(-) uniformly
l)y lemma 2.4.2. Therefore, [{SD(:,,I(Y})—SDG,”(-L')<0} = I{S[)(;(Y})~Sl)(;(.v)<0}
as m — oo. Hence rq, (v) — r&(e) — re(e) ~ U0, 1].

Q.E.D.

Burr, Rafalin and Souvaine proposed a modification to compute the revised sim-

plicial data depth [3].

Definition 2.4.4 Revised Simplicial Data Depth [3]

Given a data set S = {X,,...,X,,}, the simplicial depth of v is the average of the
fraction of closed simplices containing x and the fraction of open simplices containing
x, that is

SDprs(x) = %( " )_ Z {I(x € S[X;,, Xi,, Xi,])

d+1 1<t < <igy 1 <m
+1(x € int(S[X;,, Xi,, Xis]) }-
where int(S[X;,, X,,, Xi,]) refers to the open relative interior of S[X,,, X,,, Xi,|. Equiv-
alently, the formula can be changed as, SDg(x) = p(x)+1/(20(x)), where p(x) is the
number of simplices with data points as vertices which contain x in their open inte-
rior, and o(x) is the number of simplices with data points as vertices which contain

X in their boundary.

2.4.2 Control Charts Based on Data Depth

Data depth helps to reduce multivariate measurement to a univariate index. Many
researchers have developed nonparametric statistical control charts based on it. Liu
proposed three control charts: the r chart, ) chart and S chart based on simplicial
depth which can be viewed as analogues of the X chart, X chart, and CUSUM chart
[17].

Assuine that the observations Yy, ..., Y, and Xy,..., X, our main concern is a

possible shift in the mean X;'s. Compute rq(Xy),. .., rq(X,) if Y1,..., Y, are from
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the distribution G (or r¢,, (X)), ..., 7q,. (X)), if Y, ..., Y, are available but not G).

The r chart is a plot of r(X;)’s (or r¢, (X;)’s) against observation i (i = 1,...,n)
with control limit h. When re(X;) (or rq, (X)) falls below h, the process is out-of-
control.

Proposition 2.4.3 indicates that rq(X) ~ U[0,1] if F = G and the expected
value of r¢(X) is 0.5. If the number of observations is large, the expected value of
ra,, (X) is 0.5 almost surely for all sequences Y,...,Y,,. Let h = a, where « is the

significance level for the following hypotheses

H()ZF:G

H,, : there is a location shift from G to F

Note that F' is the off-target distribution.
The Q chart is similar to the X chart and plots the average of r¢(X;)’s (or
ra,, (X;)’s). Let the subgroup size is ¢, and define the average of ro(X;)’s and

ra,.(X;)’s the following
1 q
QG Fy) = EZTG()Q)
i=1

1 q
Q(Gﬂl, EI) = ;l_ Z TGm(JYi)
i=1

The chart plots Q(G, F)), ..., Q(G, F}") or (Q(Gm, F}), ..., Q(Gn, F})), and the pro-
cess is out of control when Q(G, Fy) (or Q(G,, Fy)) is less than h. The choice of h
depends on the size of ¢. When ¢ is large, h should be 0.5 — z,(12¢)~"/? for plotting
Q(G,F,)’s and 0.5 — 2o/ 5[(F) + ((—ll)] for plotting Q(G,,, F,)’s. 1If ¢ is quite small,
h is exactly (q'a)/?/q. The details about the design of h, see [17].

The third chart proposed by Liu [17] is the S chart, which is similar to the idea

of the CUSUM chart. It plots the values S,,(G) and S, (G,,) defined by

n

5.(6) = 3 %) - |

i=1
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n

5.(G) = 3 [ran) -3

i=1
Proposition 2.4.5 (Liu[l7], Proposition 3.4)

(1) [LZ_\%(ﬁ —L N(0,1) as n — oo, and

9) V125, (Gm) LN o
(2) YD) —"N(0,1), as min(m,n) — oo.

Proposition 2.4.5 implies that the control limit h for S, (G) is —(24(n/12)"/?) and
for $,(G ) is —=(za/n2[(1/m) + (1/n)]/12).

Messaoud [25] introduced the rM EW M A chart which is based on the sequential

rank of simplicial data depth. Let X,,...,X; be independent random observation
from the control process, RS = (X;_n41,...,X;) denotes a reference sample which
includes the m most recent observations from the process at time t. The simplicial
data depth SD(RS, X;), i =t —m+ 1,...,t, is calculated w.r.t. RS.

Let R; represent the sequential rank of SD(RS. X,;) among SD(RS, X;_u41),- - .,
SD(RS, X;). It is defined by

t
Ri=1+ Y ISD(RS X,) > SD(RS, X))

i=t—-m+1
where [is the indicator function. When in control, R} is uniformly distributed on the

1,2,...,mn. Hackl and Ledolter [11] proposed the standardized sequential rank R™

2 m—+1
R;”':——<R;‘—m+ )
m 2

which is uniformly distributed on {,—;— -1, 7?7 ~1,...,1- #} with ptgin = 0 and variance
2, [
= 7, when the process is in control.

(TR;” =

The control statistic T; of tMEWMA chart is computed in the following way:
T = min{B, (1 = \)T,_, + A\R}"}

where 0 < A <1 is a smoothing parameter and B > 0 is a reflecting boundary. The
process generates an out-of-control signal when T < h, where h < 0 is a lower control

limit.
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The choices of the combinations of A, h, B and m ensures the performance meets
statistical criteria. Crowder [8] proposed the integral equation to approximate the
in-control ARL. Let L(u) be the ARL of IMEWMA chart. Then the integral equation

is given by [25]

B—(1-\ B
L{u) =1+ L(B)Pr (q > ___(—/\—)u) +/ L{(1 — MNu+ Xq)dF(q)
h
where Ty = u and F(q) is the cumulative distribution of ¢ = R}*, and R]* are

uniformly distributed on the m points {1/m — 1,3/m —1,...,1 — 1/m}.

With a sufficiently large reference sample size, the INMEWMA is able to detect
the change quickly. The relationship between the smoothing parameter A and the
reference sample size m also affects the performance of rMEWMA chart.

A numerical illustrative example of IMEWMA is given in [25]. Table 2.7 shows 20
observations from the bivariate normal distribution with mean vector z = (0,0)" and
covariance matrix equal to identity matrix. The smoothing parameters are A = 0.2,
h = —0.435 and B = h. The first ten observations are used as the reference samples.

All the nonparametric control charts in the above are based on the simplicial
depth, therefore the computation of the simplicial depth is the requirement for these
charts. For the simplicial computation in R?, Rousseeuw and Ruts [30] pointed out
an effective algorithm for calculating simplicial depth which has a time complexity
O (nlogn), where n is the number of observations. When the dimension increases
to 3, Cheng and Ouyang [6] showed an O(n?) time algorithm. If the dimension is
larger than 3, there are no known algorithms faster than the definition of simplicial
depth because computing the simplicial depth for R? (d > 4) is a time-consuming
job. Because of the difficulty of computing the simplicial depth, the nonparametric

control charts based on simplicial depth are restricted to the bivariate case.

2.4.3 A Rank-Based Multivariate CUSUM

Qiu and Hawkins proposed a multivariate distribution free CUSUM procedure which

is based on the cross-sectional antiranks of the measurements [29]. Let X(i) =
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(X1(7), Xa(i), ... Xp(4))" denote a p~dimensional observation at the ith time point in
the process. When the process is in-control and its mean vector is p = (uy, ..., j1,) =
(0. When the process is out of control, the mean vector p has a shift from 0. The null

hypothesis involved in multivariate process control is,
HO:/LIZ/L‘Z:"’:#p:O-
which is equivalent to the combination of the following two hypotheses:

Hél):,ul:;tgzw-:,up

H® i

Define the antirank vector A(i) = (A1(i), A2(i), ... A,(¢)), where A(7) is a permu-
tation of (1,2,...,p)" such that X4, (i) < Xa,i)(1) < -+ < Xa,0)(4) are the order
statistics of {X;(1),j = 1,2,...,p}. For 1 < j < p, define the indicator function
§1(2)

&,(i) =
0  otherwise,
and £,(i) = (€1.1(), E12(1), ..., &1,). Under HSY for j =1,2,...,p, E(& () = g1 -

The probability distribution of A,(i) is {g1;,7 = 1,2,...,p}. When the mean vector
is shifted, the corresponding distribution of A(¢) is denoted by {g7;,7 = 1,2,..., p}.
The CUSUM procedure is the following
4

Sy(ll) = 0

S =0 if C, < ky

S = (S + &(m)(C = k1) /C
\‘5‘1(1,2) = (S,(;i)l + f]l)(C"n, - kl)/Cn. lf Cn > Ifl
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and
Co = (S, =S+ (&(n) — )

diag((S, 1 +gu) ™ (S + a1, 7Y)

x {(Sn 1 Sn—l) + (El(n) - gl)]a

X

where g1 = (g1.1, 912, -+ > J1p)s S(gl) = S((,z) =0, and &k, > 0. Define

= (S — 5@)diag(1/S! 1 L1753 (S — 52))

n.p

Then

Un > hl

signals a shift, where h; is a control limit.
The parameter k; is chosen from the interval
[0 max ——E]#L gL )
=l g,
If k, is chosen outside the interval, the in-control ARL could not be achieved. The
control limit Ay is determined by simulation. For explanatory details about k; and

hy, see [29].
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Table 2.7: Illustrative example of rIMEWMA chart
1 £ L2 SD(RS, 4Yt) Q; ;n E

1 013 -0.09
2 167 0.73
3  1.00 -1.28
4 -240 -0.68
5 -0.04 0.89
6 -0.02 -1.30
7 -0.67 0.18
8 083 -0.55
9 -0.64 0.01
10 -0.67 -0.83 0.250 8§ 0.5 0.100

11 0.61 -0.37 0.317 10 0.9 0.260
12 -0.29 -0.92 0.317 10 0.9 0.388
13 -0.58 0.06 0.342 10 09 0435

14 0.05 -0.75 0.292 9 0.7 0435
15 -0.14 1.48 0.150 3 -0.5 0.248
16 -0.21 -0.26 0.375 10 0.9 0.378
17 -0.14 -2.54 0.150 3 -0.5 0.203
18 0.58 -0.04 0.150 3.5 -0.4 0.082
19 -0.23 0.72 0.250 8 0.5 0.166

20 1.58 -0.39 0.150 25 -0.6 0.013
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Chapter 3

Voronoi Rank Cusum

3.1 Voronoi Diagram

Descartes was the first scholar to introduce the idea of the Voronoi diagram. Back
in the 17th century, he claimed that the solar system consists of vertices. He showed
a decomnposition of space into convex regions; however, he did not give a mathemat-
ical definition of these regions. The Russian mathematician Voronoi was the first
who formally introduced the concept. Voronoi [39] defined the Voronoi diagram by
specifying that any two point sites in the two-dimensional plane be connected if their
Voronoi regions have a boundary in common. He extended the study of the structure
to the n-dimensional case in 1908. The structure has been called a Voronoi diagram
or Voronoi tesselation. Delaunay [9] conceived of the same structure and used it for

the study of quadratic forms.

Definition 3.1.1 Let a given set S consist of n = 3 points, such as a,b,c,... in
d-dimensional Euclidean space E®. The points of S are called sites. The Voronoi
dicgram of S splits E* into regions with one region for cach site. Each of the points
in a region corresponding to a given site s € S are closer to the site s than any other

site in s’ € S,
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Let d(a,b) denote the Euclidean distance between two points ¢ = (a;,ay) and

b= (blﬂbz).

d(a,b) = /(a1 — b))% + (ag — by)?

The line segment from a to b is represented by ab and the closure of a set A will be

denoted by A. The mathematical definition of Voronoi diagram is the following;

Definition 3.1.2 Voronoi Diagram (Aurenhammer and Klein [2])
Fora, b € S let
B(a,b) = {z|d(a,z) = d(b, x)}
be the bisector of a and b. B(a,b) is the perpendicular line through the center of the

line segment ab. It separates the halfplane
D(a,b) = {z|d(a,z) < d(b,z)}
containing a from the halfplane D(b,a) containing b. We call

VR(a,S)= () Dla,b)
beS,bta

the Voronoi region of a with respect to S. Finally, the Voronoi diagram of S is defined
by

V(s)= |J VR(a,S)NVR(Q,S).

a,beS,a#b

Each Voronoi region V R(a, S) is the intersection of n — 1 open halfplanes con-
taining the site a. Therefore, different Voronoi regions are disjoint. The common
boundary of two Voronoi regions is called a Voronoi edge.

Figure 3.1 shows a two-dimensional Voronoi diagram. There is another way of
defining the Voronoi diagram V(S). It illustrates that the Voronoi regions form a
decomposition of the plane.

Let . represent an arbitrary point in the plane. At ., we make a circle C' centered
at x and its radius grows starting from 0. At some stage, the expanding radius will

hit other points from the set S.
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Voronol mosaic

HeS
Figure 3.1: A sample Voronoi diagram.

Lemma 3.1.3 (Aurenhammer and Klein [2])

If the circle C' expanding from x hits exactly one point a, then x belongs to
VR(a,S). If C hits exactly two points, a and b, then x is an interior point of a Voronoi
edge separating the regions of a and b. If C hits three or more points simultaneously,

then x 1s a Voronot vertexr adjacent to those regions whose sites have been hit.

Given a new poiut p, which point in a points set S is the closest to p? This
problem can be solved by forming the Voronoi diagram for the set S. The point p
will fall in the Voronoi region corresponding to the site in S nearest to p, i.e. the
point s € S satisfying d(p,s) = min{d(p, s');s" € S} where d(p,s) is the Euclidean
distance.

The Voronoi diagram and its geometric dual have proved to be one of the most

important data structures in Computational Geometry. the Voronoi diagram and its



38 3. VORONOI RANK CUSUM

applications has been used in a variety of fields, including biology, crystallography,
geology, metallurgy, mesh generation, curve and surface reconstruction, meteorol-
ogy, mathematics, robotics, geography, and marketing. We use the properties of the

Voronoi diagram to develop the Voronoi Cusum in the next section.

3.2 Voronoi Cusum

The Voronoi tesselation of n points in R denoted by X1, Xs,..., X, is a set of n
regions G1, G, ..., G, where region G; denotes the set points closest to arrival i; i.e.
to X;. If a new point X, 4, falls in G, let RfLH == 1. More generally if the point X
in region Gy, is the r** closest point to X4, let R,(Ql = k. In other words the ranks
{R,(Zil,r = 1,...,c} are the indices of the ¢ points of Xj,..., X, closest to X, ;.
Also define U,Jrl = Rn+1/(rz +1).

Conditioned on the {X; :i € {1,...,n}} the distribution of U,LH, r=1,...,cof
course depends on the volume of the {G; : i € {1,...,n}} and on the distribution of
the X's but, via simulation, we observe the variables are asymptotically independent
and uniform. We prove the following Lemma for r = 1. We conjecture it is true for

r>1.

Lemma 3.2.1 (Mao, McDonald and Zarepour [23])
Let X; be a sequence of independent identically distributed random variables with
continwous bounded density for the continuous components.

C
<tur=1,...,c{Xi:ie{l,...,n}) = Htr in distribution.

r=1

lim P(U")

n+l
n—oo +

Proof:

Let f denote the density of i.i.d. observations X, Xy, -+, X,,.

PN, <t{X;:ie{l,...,n}) = Z v)d.r.

i<{nt]
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Clearly E [, f(x)dx = 1/n by symmetry. It suffices to prove that

2

E(Y ( A (.’L‘)({,;L‘—I—ll) 0.

i<[nt]
as n — 00.

First of all, as n — oo, E (maxlgign fGi f (.lr)d.zr) — 0. For any € there exists
an L such that f(*L,L]d f(z)dz > 1 —e. Now divide [-L, L] into a grid with grid
lengths § so L = ko giving a total of k% blocks By,... Bi. Pick § sufficiently small
that fBi f(z)dz < € for each i. Almost surely there exists an N such that for n > N
at least one point of Xy, Xy, -+, X, lies in each block. Now consider the Voronoi cell
G, around the point X;. Suppose X; has (2d+ 1)? contiguous blocks surrounding the
point X; (including the block B; containing X;). View this as a cube made of d blocks
above B; and d blocks below B; in each dimension. G; is contained in the union of
these (2d+ 1)? contiguous blocks because the boundary of the associated cube cannot
be in GG;. This is so because the distance of X; from this boundary is at least dé.
However any point on this boundary is no more than v/dé from some point X ; in the

block touching this boundary so the boundary is closer to X; than X;. Consequently

flz)dz < Z / f(2)dz < e(2d + 1)¢

G ie(2d+1)d contiguous blocks B

and this is arbitrarily small. If X is near the boundary of this cube or even outside
the cube then G is contained in at most (2d + 1)4 blocks plus the complement of the
cube so at worst _f(;l f(2)dz < e((2d + 1)? + 1). Either way ]G f(z)d= is arbitrarily
small for n large so we conclude the max)<;<, -fGi flx)dx | 0 alinost surely and

E (ma‘xlggn JG f(;l:)d;l:) = o(n).

Now consider the swun

Z( i f(x)d.l,-):) < o ( / | f(.:r)d-v> (z1 (/ .f(.v)d-lf)>

= umx/ flo)de
Ja

)
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"o |

the cube
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e V| &
- ¢ B e e S
) - !
. q -
Laee )
5

Figure 3.2: Showing the Voronoi region G; is in the cube for d = 2.

2
Hence, by symmetry, E (f( (lr) =F (maxl Ja, £ (IL) /nso E (fp (lr) =
o(n)/n.

Again, by symmetry,

0 = ( (] s m--))
- E( A f(tv)(l(v—%)zﬁn(n—1) ( REE —1)( Flo)de —%)

Hence,

( o >dr—%)( I >dv—}l)=2(nl_l> ( . >(fr~%>2.
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Finally,
2
</ flx)de — —)
i<{ nt] Gi
1\? 1 1
_ ( v)dr ——) + Y E (/ fle)de — —> ( flo)de - —>
n . L . mn led n
1<[nt] Li<[nt],i#f 1 3

([ =Y s s 2) ([ o)

_ <[ 4 il [;Iﬂ 5 >E< 2 f(g:)dw_r_ll)z
) (W] N %) (E ( a f(:lv)d:c)2 + (%)2>

= 2 ([nt] + [nt]((in_t]l—; 1)) 0(:) = o(n).

This gives our result for r = 1.

Q.E.D

IN

To extend the above proof to r = 2 for instance we would first have to look at
the region T; of points inside region G; where X; is the second closest point among
{X,,....X,}. By symmetry ET; = 1/(N(N — 1)) where N is defined in the proof of
lemma. We can then proceed as above. We won’t pursue this because there is a bigger
issue; the sequence U,(Lr); r=1,...,cindexed by n is not asymptotically independent.
To see why notice that if R =i and R = J for some n then if for some m > n,
RY = again then there is a good chance that ng) = j again.

Score the approximate uniforms U” +1 into approximate normals N,(L 2 . by NT(L:L)I =
(D”l(U,(L:L)I) r=1,...,¢) where ® is the cumulative distribution of a standard normal.
Then define

(1
My, = (Nn+)1 ot Nr(L:Zl)/C

By experiment, ¢ = min{9, [\/n]} is a good choice. Then add the new point to

the tessillation at the center of the new rvegion G, . We don’t actually calculate the
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Voronoi region since we only compare distances from the new point to the X, ..., X,.
If the sequence of points Xy, Xo, ..., X,, X,4( is Li.d. then the M5 | is approximately

n

a standard normal. We can use the M’s to construct a standard normal Cuswmn:
AfC .
Chy1 = max{0,C, + My | — k}

The procedure will signal an alarm if C), . > h.

Taking the average MS | over ¢ neighbours instead of just one has an advantage.
We found we get much better power because at first the off-target points are rather
sparse among the on-target points. Averaging makes sure the off-target points nearby
are properly weighted. There is however an issue when n is fairly small. In the on-
target situation the Cusum is actually sinaller than that formed by real i.i.d. standard
normals and the average on-target run length is longer (not a bad thing). However
the procedure has longer off-target run lengths for change points less than 30 or so.
To see why notice that C)q is necessarily zero even in an off-target situation! The
reason is that the nine closest points are necessarily in the regions {1,2,...,9} so
M}, = 0. For small values of n the {Uﬂ1 :r = 1,...,c} are not approximately
i.i.d. uniforms. Moreover the sequence of M will not be independent since they tend
to incorporate the same U’s. The problem occurs when we want the on-target run
length to be 200 or less.

We give a numerical example to illustrate how the Voronoi rank works. In Figure
3.1, G;,Gs,...,G s represents the Voronoi regions of points X, Xs,..., X in R2.
A new point X7 arrives and falls into region G5, so R(117) = 15. From the above
algorithm, ¢ = 4 and R? = 6, RY =5, R\) = 14. Define U} = 15/17, U!? =
6/17, U f;) = 5/17 and Ul(;) = 14/17; and transform the approximate uniforms into
approximate normal Nl(;) = 1.1868, Nl(g) = —0.3774, Nf:;) = —0.5414 and Nl(;) =
0.9289. Finally, we construct M. = (1.1868 — 0.3774 — 0.5414 + 0.9289)/4 = 0.3001

to apply in the normal Cusum procedure.
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3.3 Simulation

In this seetion, simnulations are conducted in order to assess the application of the
proposed Voronoi Cusum Chart. All the multivariate control charts compared in this
section are assumed to have a group size of 1.

Table 3.1 gives the reference value & and the signal level h to fix the on-target
run length of our algorithm to 200, 500 and 1000. The h value is determined by
simulation based on 100000 replications. The simulation data are generated from the

. . . . . . / . .
bivariate normal distribution with mean = (0,0) and covariance matrix 1.

Table 3.1: k and h required to set the run length of our procedure

ARL &k h h*

200 05 3.15 3.5
500 0.5 4.276 4.375
1000 0.5 5.11 5.071

One can compare with hA* which is the corresponding signal level for a normal
Cusuin obtained from Table 3.2 in [12]. We see that as the run length increases, h
increases beyond h*. This is due to the sequential dependence of the M¢ as men-
tioned above. Hence, while M is approximately normal, the sequence of M are
not asymptotically independent. Hence we can’t expect our Cusum to be close to a
Cusum of i.i.d. normals. Nevertheless the reference value k& and signal level h given
in Table 3.1 do fix the on-target run length as desired in any dimension.

One might wonder why this procedure should have good off-target behaviour.
First of all the above lemma shows that when on target the distribution of the U;’s is
close to uniform even conditionally so an off-target condition will cause a departure
fromn uniform. Intuitively one sees that off-target observations will tend to fall to-
gether and will have larger Rl("), r=1,...,c values since they are more recent. Hence

the My, will tend to be larger after the change point. Our procedure is therefore

n
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rather like a sign test. It follows that our procedure is not as powerful as the non-
parametric Cusum given in [24] which is essentially based on likelihoods. In [24] one
sequentially ranks the one dimensional observations. Let E™ denote the empirical
distribution of X, X5,..., X,. Then the sequential rank of observation X, is given
by Rui1 = nF"(X,41). The procedure in [24] rescales these sequential ranks into
Upi1 = Rnp/(n+ 1). Notice that for ¢ € [0, 1],

n ~

FnX, <t Xl ].,...,
(X)X € L))

— P(F(X)) <t)=t

PUp <tl{X;:ie{1,...,n}) = P(

since F™ converges almost surely to F' by the Glivenko-Cantelli theorem. The fact
that U, 4, is asymptotically uniform even conditioned on the X, ..., X, is what makes
the procedure so robust. The same is true for the multivariate procedure proposed
here.

Table 3.2 gives the performance results for our algorithm for observations from a
bivariate normal distribution with on-target mean po = (0,0)" and covariance matrix

I and off-target mean ps = (4,6) and covariance matrix I. Here, A is given by A =

\/(Nl — 115) T (11 — ps). The estimate is based on 3000 replications. Simulations
are done with reference values k and the signal level h for the on-target run length to
200, 500 and 1000. The lines § = 0 in Table 3.2 give the average on-target run length.
In all off-target cases we first simulated 30 on-target observations before switching to
the off-target distribution. Switching after 100 on-target observations yields about
the same average off-target run length.

The on-target run lengths are very close to their targets set at 200, 500 and 1000.
We also notice that the off-target run lengths are a lot larger than those of parametric
procedures when the off-target shift ¢ is small like 0.5. This is to be expected because
our procedure is esseutially like a sign test which is certainly much less powerful than
a parametric ¢ test.

In Table 3.3 we redo the simulation in Table 3.2 the average on-target run lengths

with reference values k and signal level /i for the on-target run length are 200, 500 and
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Table 3.2: Average On-target and Off-target Run Lengths:

normals. d = 2.

Observations are bivariate

ARLo, k  h 5 A ARL
200 05 315 0 0 199.85
05 315 05 07071 50.27
0.5 3.15 07071 1 2881
0.5 3.15 08660 1.2247 19.99
05 315 1 14142 1623
500 05 4276 0 0 499.54
0.5 4.276 0.5 0.7071 98.27
0.5 4.276 0.7071 1  38.68
0.5 4.276 0.8660 1.2247 25.82
05 4276 1 14142 20.15
1000 05 511 0 0 995.35
05 511 05 07071 19545
0.5 511 07071 1 5275
0.5 511 0.8660 1.2247 30.23
0.5 511 1 14142 22.28

1000. We tabulate the standard deviations as well and find they are essentially equal

to the average run length as they should be because the run lengths are approximately

geometrically distributed. Again estimates are based on 3000 replications.

In Table 3.4 the on-target distribution is a 10-dimensional multinormal distri-

bution with a mean gy = (0,0,0,0,0,0,0,0, (),())' and covariance matrix I while the

off-target mean ps = (9,9, ...,0) and covariance matrix I. Again the reference values

k and h are chosen from Table 3.1 to fix the on-target average run length as 200, 500

and 1000. The off-target average run length of the Voronoi Cusum is determined by

simulation. ARLg, is the on-target average run length. The simulation is based on
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Table 3.3: On-Target Average Run Lengths and Standard Deviations: Observations

are bivariate normals. d = 2.

k h  ARL SD(ARL)

0.5 3.15 199.85 197.91
0.5 4.276 499.54 513.23
0.5 5.11  995.35 987.55

3000 replications. We see the on-target run length of our procedure is close to our
predicted run length and the off-target run length is short (although not of course as

short as the parametric cusum gives!).

Table 3.4: Multinormal to Multinormal Off-Target Average Run Length: Observa-

tions are normals. d = 10.
ARLp, k h

A  ARL

=g

200 05 315 0 0 200.79
05 315 1 316 8.44

500 0.5 4.276 0  489.92
0.5 4.276 3.16  9.77

1000 0.5 5.11 0 0  990.88
05 o511 1 316 10.66

- O

In Table 3.5 we consider a 3-dimensional distribution where one component is
discrete. The the first two components of the on-target observations are standard
normals while the third one is Binomial (10,.1). The first two components of the
off-target vector are are standard normals while the third one is Binomial (10,.3).
For reference values A and h chosen so the target average run length is 500 and
off target average run length are determined numerically. The estimation is based
on 3000 replications. Again we see the on-target run length of our procedure is as

predicted and the off-target run length is fairly short. On the other hand a parametric
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procedure doesn’t work at all in this case.

Table 3.5: Two components are normal but the third is binomial. d = 3.

k h A/R\L()n fTR\L() ff

0.5 4.276 499.56 14.96

In Table 3.6 we compare the off-target run length for our procedure with the
multivariate EWMA Control Chart [33]. In the table, the d-variate t-distribution
with v degrees of freedom is represent by t4(v). We denote the independent d-variate
gamma distribution with shape parameter o and scale parameter 3 by Gammag(a, 3).
The values k& = 0.5 and h = 3.15 are from the Table 3.1 so the the on-target run
length is set to 200. From Table 3.6 we see the on-target run length is predicted fairly
accurately and certainly better than for the multivariate EWMA Control Chart. On
the other hand the off-target run lengths are certainly longer.

Table 3.7 gives the off-target run length comparison between our procedure and
the multivariate EWMA Control Chart [33]. In the table, a p-variate t-distribution
with v degrees of freedom is represent by t,(v). We denote the p-variate gamma
distribution with shape parameter «v and scale parameter 3 by Gamma,(a, 3). k =
0.5 and h = 4.276 are from the Table 3.1, the on-target run length is 500. The EWMA
Control chart parameters r = 0.10 and hy = 10.75 are found in [20]. Again we see the
on-target run length is set properly by our procedure but the EWMA control chart
is so far off it is pointless to compare off-target run lengths.

Table 3.8 gives the off-target run length comparison hetween our procedure and
thie nonparametric multivariate rMEWMA Control Chart described in [25]. In the
table, a bivariate normal distribution N, has an on-target mean ;o = (0,0) and
covariance matrix I. We denote the p-variate t-distribution with v degrees of freedomn
by t,(v) and the p-variate gamma distribution with shape parameter « and scale
parameter 3 by Gammay,(cy, 3). The on-target run length is 200, £ = 0.5 and h = 3.15

are from Table 3.1. The tWEWNMIA Control chart parameters r = 0.30 and m = 200
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are found in [25]. From table 3.8 we see our procedure detects a small shift in the

mean vector faster than the rMEWMA Control Chart.
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Table 3.6: Comparing Run Length to those of EMWA

ARLon, A ARL ARLgapwa
200 t2(3) 0 199.97 207.3
ta(3) 0.25149.96 73.0
t2(3) 0.5 9547  27.9
t2(3) 1 3558 114
t2(3) 3 7.52 3.6
200 t5(3) 0 196.09 173.51
t5(3) 0.25168.63  70.32
t5(3) 0.5 128.13 28.24
t5(3) 1 58.17 31.92
t5(3) 3 1041  3.63
200 tio(3) 0 194.31 155.53
t10(3) 0.25183.09  76.15
t10(3) 0.5 15228  28.3
ti0(3) 1 84.88  11.54
t10(3) 3 1487  3.74
200 Gammay(1,1) 0 200.06 198.7
Gammay(1,1) 0.25171.85  66.4
Gammaz(1,1) 0.5 138.38  26.9
Gammay(1,1) 1 31.33 11.4
Gammay(1,1) 3 5.01 3.6
200 Gammas(1,1) 0 204.26 173.48
Gammas(1,1) 0.25179.98  64.45
Gammas(1,1) 0.5 150.87  26.73
Gammas(1,1) 1 40.01 11.36
Gammas(1,1) 5.01 3.6

200

Gammayp(1,1)
Gammayg(1,1)0.
Gammayp(1,1) 0
Gammap(1,1)

(L

Gammayo(l,1

3

0 201.75 161.5

25183.61  61.38

D 166.63  26.54

1 53.48 11.33
4.98 3.6
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Table 3.7: Comparing run lengths for Bivariate-t and Gamma distributions with

EMWA

ARLop, A ARL ARLpypya

500 t2(3) 0 49562  245.31
t2(3) 0.25 402.58 232.29
t2(3) 0.5 265.35 185.52

t2(3) 1 58.93 33.73

t2(3) 3 8.77 1.93
500 Gammas(1,1) 0 498.85 253.57
Gammay(1,1) 0.25 470.69 184.94
Gammay(1,1) 0.5 351.35 78.54
Gammax(1,1) 1 46.21 11.68

Gammay(1,1) 3 5.56 1.35

'The EWMA chart does not work when the on-target run length is 500.
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Table 3.8: Comparing Run Length for Bivariate normal, t and Gamma distributions

with rMEMWA

ARLon A ARL ARL,ppawa

200 Ny 0 199.85 200.48
Ny 0.5 80.17 182.31

N, 1 2881 97.64

N, 1.5 14.55 92,97

N, 2 9.93 6.79

Ny 25  7.32 4.41

N, 3 615 3.60
200 t2(3) 0 199.97  202.48
t2(3) 0.5 9547 156.12

£2(3) 1 3558 56.45

t2(3) 1.5 19.14 10.16

t2(3) 2 1246 4.63

t2(3) 2.5 931 3.68

t2(3) 3 752 3.35

200 Gammas(1,1 0 200.06 202.85
1,1) 0.5 138.38 140.30
1,1 1 31.33 111.38

(1,1)
(1,1)
(1,1)
Gammay(1,1) 1.5 11.34 83.94
(1,1)
(1,1)
2(1,1)

Gammas
Gammay
Gammas(l,1 2 6.74 40.79
1) 25 544 11.50
1,1

_- =

Gammas,

Gamma 3 5.01 4.59
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Chapter 4

Conclusion

In the thesis, we provide a framework for statistical control charts and develop a
new distribution-free control chart called the Voronoi Cusum control chart. Two
important issues of the application of Voronoi Cusum control chart are discussed.
First, the control statistic is the average of ¢ neighbors’ Voronoi rauks, where ¢ =
min{9, [v/n]}. Second, the reference value k and the decision value h of Voronot
Cusum are generated from the simulation. A simulation study is conducted in order
to compare in-control and out-of-control performance of Voronoi Cusum control charts
with parametric MEMA control chart and nonparametric tMEWMA control chart.
Once the control chart generates a signal, it detects a shift change. The adjustment of
the process is based on the interpretation of out-of-control signals. The interpretation
of out-of-control signals from multivariate control charts can be quite difficult, and
this question has not been addressed in this thesis. Further research is needed in this

area.
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Appendix A: Cusum Code in Language R

# The on—traget distribution is Bivariate Normal with mu=(0,0)" and
# sigma=I. The on—target ARL sets to 200, the simulation is based on

# 100000 replications. The program is developed in language R.

library (MASS)

# Covariance Matrix
Sigma<— diag(2)

# On—target mean
mu—matrix (¢(0,0),2,1)
# off—target mean
mul<—matrix(c(1,1),2,1)
# Reference value
kvalue <—-0.5

# Total run length
total <—0

# Iteration number
counter <—(

# Decision interval

hvalue <-3.15

# Calculate the distance between two points
Edistance<—function (x1, x2)
temp <— x1 — x2

sum( temp * tewp)
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for(i in 1:100000) {

# initial the sample with three observations

Imatrix<—mvrnorm(n=3, mu, Sigma)

Tvalue<—0

# m counts the number of observations

n<—4

while ( Tvalue<hvalue)

{
# Generate the sample point
point <—(mvrnorm(n=1,mu; Sigma))
[length <—nrow(Imatrix)

Dmatrix<—matrix (0, Ilength ,1)

for(u in 1:Ilength)

{

Dmatrix [u]<—Edistance (point , Imatrix|u,])
}
# Find the nearest regions to the new sample point
backmatrix<—order (Dmatrix)
# Calculate the M value
V-0
if(m<81)
{
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Cregion<—floor (sqrt (m))
for(r in 1:Cregion)
{
McAHqnorm (( backmatrix [r]/( Ilength +1)),0,1)

}
Mc—M/ Cregion

else

for(r in 1:9)
{
Mc—Mypqnorm (( backmatrix [r]/(Ilength+1)),0,1)
}
MM/ 9
}
Imatrix<—rbind (Imatrix, point)
# Cusum procedure
if (m<81)
{
Cregion<—floor (sqrt (m))

cvalue<—Tvaluet+sqrt (Cregion )xNekvalue

else

cvalue<—Tvalue+3sM-kvalue

}

if (cvalue >0)

{
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Tvalue<—cvalue

}

if (cvalue <0)

{

Tvalue<-0

}

# Detect the change point and break the loop

if (Tvalue>hvalue || Tvalue==hvalue)

{

run<—n
break

}

=1

}

total=total+run
}
# Compute the ARL
ARI=total /100000
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