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Abstract

Semiconductor lasers are the main sources of light in fiber optic transmissions. They
have a very wide bandwidth which makes them very attractive as components in broadband
communication systems. This wide bandwidth permits subcarrier multiplexing to be used
which is attractive for multichannel(TV) distribution on fibers. However, nonlinearities of
the laser introduce distortion in the optical output which considerably degrades the system
performance especially in the case of anslog signal transmission. In this thesis a theoretical
model of laser nonlinearity is analysed and the intermodulation noise is calculated. The
large-signal-model of the laser rate equations is used in the analysis. An output-to-input
approach is used to obtain 2 general system equation for the laser and then Volterra series
expansion is applied to the system equation to obtain system transfer functions. First, the
nth-order Volterra transfer functions, Ga(w, ....,u4), from output to input are calculated.
Then, based on harmonic balance the forward Volterra transfer functions, £ (w, ...., wy), are
calculated from Ga(ux, ....,uh), and these F,(wy,....,u,), are used to model the frequency
dependent form input-to-output nonlinearities of the laser. The theoretical models for second
harmonic(2H.D), third harmonic (3H.D) and third-order intermodulation(/ M D) distortions
are expressed in terms of signal frequency, optical modulation depth and laser parameters.
Using the Mircea-Sinnreich equations, intermodulation spectra are computed. Harmonic
distortions and third-order intermodulation distortion for various carrier {C) levels have
been computed and variations of 2HD/C, 3HD/C and IMD/C with frequency and D.C.
bias are shown graphically. This system analysis are compared with previously published
{15], [16], [17] results and experiments and a good agreement is found.
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Chapter 1
INTRODUCTION

1.1 Introduction

Subcarrier multiplexing (SCM) is an important approach to the design of broadband
optical communication systems. Significant progress has been made recently in the research
on high capacity SCM systems [1], [2], (3], [4], [5]. This technology is greatly facilitated
by the development of optoelectronic devices, specially by the development of high-speed
semiconductor laser diodes [5]. Recently laser bandwidths ui) to 22 GHz for Febry-perot
lasers and 13 GHz for distributed feedback(DFB) lasers have been obtained[l]. This large
bandwidth of the laser is very suited in broadband fiber optic transmission. Fiber has a
very low loss of about 0.5 dB/km [6], [7] and single-mode fiber technology offers & very high
transmission bandwidth at reasonable cost. Today’s fiber construction and installation tech-
nology is mature [8]. All these attractive features make SCM very popular for multichannel
transmission. Experimentally, 120 frequency-modulated video channels, and 20 100-Mb/sec
FSK digital video channels have been transmitted with single-mode fiber [1].

In SCM 2 large number of modulated microwave carriers are combined in the frequency
domain in the transmitter. The composite signal is then used to intensity modulate the light
from a high-speed laser dicde. The light signal is transmitted over a span of fiber and at the
receiving end the signal is detected with a high-speed photodiode. The resulting electrical
signel is then amplified and the baseband signal is recovered with conventional microwave



techniques. This transmission technique is called subcarrier multiplexing because the pri-
mary carrier is the optical carrier at 10'* Hz while the multiplexed microwave carriers at

1-10 GHz are the subcarriers{l]. Fig 1 shows the block diagram representation of a SCM

svstem.

The mair advantage of SCM is the possibility of offering different services without syn-
chronization or co-ordination (since every service is carried by different RF carriers) and
the simplicity [5]. Another advantage is that by using commercizally available components
and low-frequency well-developed microwave technology, 2 baseband signal and microwave
signals can be readily multiplexed and demultiplexed. '

Amp—-
Amplified signal
V0~ =
Fiber
Laser Photodiode

Fig. 1. Block diagram of a subcarrier multiplexing system

Today’s telephone companies are using fiber-based transmission extensively for long dis-
tance and interoffice trunk lines [9] and this technology is becoming more and more popular
in other fields of communications. Both analog and digital signals can be simultaneously



transmitted in SCM system. There are 2 large number of applications where analog fiber
optic transmission scheme is suitable. Among these, one of the most common applications
is the analog transmission of video signals through fiber{2], [8], [10], [11]. The multichan-
nel AM-VSB signal, used in present CATV system, can be upgraded (more chanrnels) using
fiber-based SCM transmission.

The principal componenté of a fiber optic system for either analog or digital signals
are the optical source(laser, LED), the optical channel(fiber) and the optical receiver{ pho-
todetector). To achieve a reliable and secure communication it is necessary that all these
components within the transmission system are compatible so that their individual perfor-
mance, as far as possible, enbhances rather than degrades the overall system performance.
Single-mode fiber is free from intermodal dispersion and can be considered as reliable optical

channel,

In the point-to-point optical link from transmitter to receiver there are a few noise sources
that limit the system performance. These are relative intensity noise of the laser, shot noise of
photodetector and thermal noise from the electronic preamplifier. All these noise components
can be measured at the output of 2 preamplifier with current gain G. The signal power per
ohm of load resistance at the output of preamplifier is[2]

4
Py = (LY

Where I, is the received photocurrent and m is the optical modulation depth. Relative
intensity noise (RIN) of the laser has been discussed extensively in the literature {3}, [4], [8],
[22]. The intensity fluctuations are caused by statistical nature of photon generation and
electron-hole recombination within the laser cavity. RIN is defined [3] as the ratio of the
square of intensity fluctuations Ag to the square of the average light intensity Q, as:

<Ag >
RIN = ———
Q32
RIN is proportional to the transmitted power and since it experiences the same link

attenuation as does the signal, the carrier-to-noise ratio due to RIN is constant[8]. Noise

9



spectral density due to RIN in A*/Hz is given by[2]

Srn(f) = {(nGLV(RIN)F

Where 7 is the coupling loss between the laser and the detector. The second source of noise
is the shot noise. It originates in the photodetector during the photon-electron conversion
process. It is proportional to the received optical power. Therefore, a 1-dB change in received
optical power results in a 1-dB change in the CNR[8]. The noise spectral density due to shot

noise is[2]
S.(f) = 2eL,G?

Where e is the electronic charge and I, is the detected photocurrent. The third source of
noise is the thermal noise from the preamplifier. It can be described by an equivalent input
noise current ir (typically 10 pA/(Hz)}) and the spectral density due to ir isf2]

Sr(f) = (irG)?

49
a8 -
ar J
<€ o
25

&l -

C/N (dB)

43

42

40 4

Fig. 2. Carrier-to-noise ratio (due to RIN, shot and thermal noise) as a function of fiber
. loss in 2 CATV system.[8]
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Thermal noise is independent of received optical power and depends on the load resis-
tance and the noise figure of the amplifier. Therefore, for 2 given load resistor and at 2 given
temperature it is constant. This results, for a 1-dB change in received optical power, in a
2-dB change in CNR[8]. The plot showing the CNR as a function of fiber loss[§] is shown in
Fig 2. '

In addition to the above noise sources, in SCM systems, another dominant source of
degradation is the nonlinearity of the laser diode, the optical source. Although in many
communication applications where analog signals are transmitted, certain levels of ampi-
tude and phase distortion can be tolerated, this is not the case in SCM systems where a high
degree of linearity is required in order to minimize interference between individual channels
caused by the generation of intermodulation products. One of the main considerations of
analog fiber-optic TV transmission is the signal quality(high SNR) and therefore, linearity
of laser light-current characteristic is very important. To obtain high SNR a large signal
modulation of the laser is necessary. However, ronlinearities of the laser introduce distor-
tions in the output ight which, in turn, create harmonic and intermodulation noise affecting
the system performance seriously when signal level is high. For lasers with relatively lin-
ear light-current characteristics, nonlinear distortion is very little when modulated at low
frequencies (below a few tens of MHz). However, as the modulation frequency increases,
harmonic distortion increases very rapidly with frequency and the second and third har-
monic distortions can no longer be ignored. In multichannel transmission the other factor
of concern is the intermodulation noise. Therefore, laser nonlinearities are subject to much
work in order to understand how they originate, how they depend on laser parameters and
how their effects can be modeled to predict system performance. The goal of our work is to

analyze the nonlinearity of semiconductor lasers.

11



1.2 Organization of the Thesis

Chapter 2 of this thesis introduces the laser diode and its behavior. Here we begin
ow discussion with the optical sources used in fiber optic communication and give an in-
troductory discussion on the laser diode and its operation. A few other topics relating to
the laser like optical feedback in the laser cavity and laser osciilation, laser input-output
characteristic, the injection laser and its suitability in fiber optic communication and the
effect of temperature are 2lso discussed in this chapter.

In chapter 3, we focus our discussion on the transient behavior of semiconductor lasers.
Starting with the well-known rate equations of the laser, we then discuss the dyramic re-
sponse of the laser. Following that, an output-to-input approach is developed which gives a
very general system equation, which in turn, is helpful in deriving the various order output-
to-input transfer functions of the laser. To reduce the complexity of analysis and for finding
2 simpl analytical model for the nonlinearity of the laser, we then develope a simplified
analytical technique which is based on a few assumptions.

An introductory discussion with the Volterra series is given in chapter 4. Here it has been
shown how Volterra series can be useful for the analysis of nonlinear systems. The output-
to-input Volterra transfer functions, G,, are calculated in the following section and then the
calculation of forward Volterra transfer functions, H,,, with the technique inverse-method,
are shown.

In chapter 5, we focus on the nonlinearity problem of the laser diodes and we discuss the
different aspects of the nonlinear behavior of semiconductor lasers. Then with Volterra series
and Volterra transfer functions we develop the models for harmonic and intermodulation
distortions. Intermodulation distortion based on simplified analysis is also developed in this
chapter which, in turn, gives a clear idea of how it differs from previous model. Following
that, we discuss the intermodulation spectra of the laser. In this chapter we show the
system results which are calculated based on computer program. The comparison of our
results with previously published theoretical, simulation and experimental results are also

12



shown graphically.
Chapter 6 summarizes 2ll the aspects and results of the thesis and gives suggestions for

further research.

1.3 Review of Related Work

With the increasing interest and need for broadband fiber optic transmission, laser non-
linearities have been subject of work from the very beginning. Researchers have studied this
problem experimentally. Simulation based on large-signal-model rate equations and theo-
retical analysis bave also been done. In this section we will discuss some previous literature
which are quite related to our work.

Earlier investigators showed that in the light-current characteristic of the laser there are
kinks [13] which affect the emission characteristic of the laser. In the vicinity of a kink, the
optical power can even decrease as the current increases. Laser with kinks has characteristic
as shown in Fig 3. Kinks result from a number of reasons such as lack of carrier confinement,

r'
D laser with laser
° no ki /wi:hldnks
—>-
| h R
th

Fig. 3. Laser characteristic with and without kinks. P, is the optical output power, 1 is
the drive current and I, is the threshold current.
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wide active region, defects within the crystal structure, mode hopping, etc. The efect of
kinks can be reduced or eliminated by reducing the strip width of the laser. This provides
optical confinement in the horizontal plane and therefore improves linearity. Further im-
provement in the research made it possible that, kinks can be eliminated from the emission
characteristics of laser. But there are still instabilities present when the leser is modulated.
In 1980, Kristian Stubkjaer and Magnus Danielsen{13] investigated the harmonic distortions
of GaAlAs laser diode for various structures. The nth harmonic distortion(R.s) is the mag-
nitude of frequency component appeared in the cutput of a system at a frequency nf which
is n times the input frequency f. Their experiment shows that relative second harmonic and
third harmonic distortion(Rzs/y, Rag/s) reack minimum levels of -38 and -50 dB respectively
for a laser with strip width of 20 um and distortion incresses slowly at higher bias current.
Measurements of Ryy/y and Ray/; for lasers with stripe widths from 2.6 to 20um indicated a
correlation between minimum harmoric distortion and strip widths. The best results were
obtained for the strip widths less than 6 um. For these lasers, the minimum levels for R. 111
were about -50 dB and those for Ry were -60 to -70 dB for output signals of 4 mW.
However, in our work we did not deal with device structure and size, instead we tried to find
a theoretical model for the nonlinearities of the laser.

Distortions properties were also investigated [13] for transverse junction lasers, whose
build-in carrier confinement should improve the intensity of emitted light. For an output
signal of 4 mW and with modulation frequency of 60 MHz, the lowest values for R; 177 and
Ragys were found in the range of -52 to -60 dB and -60 to -70 dB, respectively [13]. It is
true that feedback to the laser from an external cavity{ e.g., fibers, mirrors, connectors, etc.)
induces instabilities. The authors showed that second harmonic distortion is more sensitive
to feedback than third harmonic distortion. They have also investigated the intermodulation
distortion and compared the second- and third-order products with second and third har-
monics and showed that when biased well above threshold and modulated at frequencies far
below the relaxation oscillation frequency, the lasers behave as simple nonlinearities without

14



memory and concluded that measurements of harmonic distortion are sufficient for charac-
terization of the laser nonlinearities and more complicated measurements of inter. odulation
products (intermodulation products are the frequency components appeared at the output
of a nonlinear system because of the interference between different carriers) can be avoided.
However, in multichannel transmission where the information tearing signals from differ-
ent channais are transmitted by a number of well separated carriers, the intermodulation
products can not be avoided.

In 1884, K. Y. Lau and A. Yariv [14] investigated the intermodulation(IM) distortion in
2 directly modulated semiconductor injection laser. They have shown that for multichannel
transmission the second and third harmoric distortions genersted by the signals in the chan-
nel are of little concern. The relevant quantity of concern is the third-order intermodulation
product of the laser transmitter. Because when the input to the device are a number of carri-
ers with different frequencies, the device nonlinearity introduces frequency components at the
output which are the sum and difference of input frequencies. These frequency comporents
fall within the bandwidth of the transmitted chennels and thus undesirable. Lau and Yariv
have studied the IM characteristics of high-speed laser diodes and conducted an experiment
by modulating the lasers with two sinusoidal signals 20 MHz apart and observed the various
sum, difference and harmonic frequencies. It was found that (1) at low frequencies (a few
hundred MHz) all the lasers tested exhibit very low IM products of below -60 dB (relative
to the signal amplitude) even at an optical modulation depth(OMD) of approaching 100
percent, (2) the second harmonic of the modulation signals increase roughly as the square
of the OMD while the IMD product increase as the cube of the OMD. As we will see in
chapter 5, our results are in excellent agreements with the above two conclusions.

The first detailed theoretical analysis for the laser nonlinear distortion has been done by
T.E.Darcie et. al. [25] in 1985. They have extended the analysis of ref [14] to include the
additiona! distortion terms and damping due to gein compression of the active region. They
presented a theory for the prediction of nonlinear distortion of the laser and also measured
the distortions for a variety of lasers and observed that for & given relaxation oscillation

15



frequency . (it is the frequency at which a resonance peak appears in the transfer function)
and optical modulation depth(OM D), all the lasers measured generate approximately the
szme levels of distortions. We have performed 2 similar theoretical analvsis for the laser
nonlinearity using a Volterra series approach. Since we will use Darcie’s expressions for
comparison with our results later, we like to write them here. These expressions for the
second barmonic, the third harmonic and the thirti-order intermodulation distortion are

given by

2HD _ Vi
C OMDf"g("f;) (1.1)
3HD _3 (B +34) o
< =3 OMD ey -2
IMD 1 LAY - 3PP + (R
T =3OMDY PIAPTY (-3
and
o) = HY - 1+ (s (14)

where ¢ is the gain compression damping coefficient, 7, is the photon lifetime and g is
the optical gain coefficient, 2HD, 3HD and IM D are the second harmonic, third harmonic
and two tone third-order intermodulation distortions, respectively. C is the amplitude of

fundamental carrier. f, is the carrier frequency. We will again discuss these terms later
when we discuss the rate equations of the laser.

In 1986, A. Czylwik [17] performed similar nonlinearity analysis applying Volterra series
to the rate equations. We will discuss his analysis in the comparison later in chapter 5.

16



To obtain a better understanding of the device nonlinearities, W.I.Way {16] has per-
formed a simulation and experimental work based on the large-signal-model rate equations,
in 1987. He used a high-speed GaAlAs single-mode laser diode (Ortel SL-620) and measured
the two-tone intermodulation products. The results show that the JMD product is lower
when the laser is biased at 2 high current level(~ 2.51,1) and is higher when the laser is bi-
ased at 2 low current level(=¢ 1.251,;). We will also show Way’s simulation and experimental
results later (in chapter 5) for comparison.

Our colleague P. Neusy [35] has conducted similar analysis with computer simulation. He
carried out his simulation by developing 2 computer model of the laser and using software
simulator package BOSS.

Nonlinear systems with memory (e.g., semiconductor laser) can not be solved by linear
system analysis techniques. For such systems Volterra series expansion is very appropriate
because it includes both system nonlinearity and its memory property. The Volterra kernels
can be derived from the system equation and the nonlinearities can be calculated analytically.
However, there is & strict limitation in the practical application of Volterra series. The
systems with weak nonlinearities can be analyzed using Volterra series so that only a few
Volterra kernels need to be considered. For strong nonlinear systems, calculation of highef-
order Volterra kernels becomes almost impossible. In the case of semiconductor laser only
weak nonlinearity exists and therefore, Volterra series analysis is an attractive approach.

Theoretical analysis is very important in the design of communication systems. However,
in the previous perturbation techniquef14],[15] the details of the analysis were nat given. The
gain compression term € was not included in Lau and Yariv’s[14] work which is an important
laser parameter for nonlinearity analysis. Also their results are not clear dimensionally.
Although Darcie[15] used the same rate equations as we did (which include the parameter
€), he just gave the expressions for 2HD, 3HD and IM D without explaining any analytical
steps. Czylwik’s [17] analysis is based on the rate equations which do mot contain the

17



important gaia compression parameter ¢ and intermodulation distortion was not considered
in that analysis. Therefore, for the system designers it is not possible to follow through
any theoretical method of analysing the system performance until now. In this thesis we
give 2 detailed analytical method and derive Volterra transfer functions for the laser. These
transfer functions are used throughout the analysis. Once the transfer functions are known,
these can be used by any system designer to analyze the overall system performance. But

in the time domain perturbation analysis either the Volterra kernels or the Volterra transfer
functions are not specified.
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Chapter 2
THE LASER

In this chapter we give an introductory discussion on light sources, mainly the laser diode.
This is for the understanding of the laser operation, light generating mechanism in the laser,
its necessity and use in broadband fiber optic transmission. All the contents of this chapter
are taken from the literature [18], [19], [20] and [21].

2.1 An Introduction to the Laser Diode

The optical source is often considered to be the active component in an optical fiber com-
munication. Its function is to convert electrical e:iergy in the form of current into optical
energy in the form of light in an efficient manner so that the optical output can be effectively
coupled into the optical fiber. There are three types of light source available which are

(a) wideband ‘continuous spectra’ sources (incandescent lamps), 7
(b) monochromatic incoherent sources (light emitting diodes or LEDs), and

(c) monochromatic coherent sources (lasers).

In a coberent source, the optical energy produced in the cavity has spatial coherence
which means the emitted photons are in pkase and the optical output beam is highly direc-
tional. In the incoherent LED the emitted photons have random phases, the output radiation
has a broad spectral width and the radiation is not as directed. In the early stages of optical
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fiber communication the most powerful narrowband coherent light sources were necessary
due to severe attenuation and dispersion in the fibers. Therefore, gas lasers (helium-neon)
were utilized initially. However, the development of the semiconductor injection laser and
the LED, together with the substantial improvement in the properties of cptical fiber, makes
_ these two devices very attractive as light source in fiber optic communications. The major

requirements for an optical source are

(1) A size and configuration compatible with launching light into an optical fiber.

(2) Emit light at wavelengths where the fiber has low losses and low dispersion and where
the detectors are efficient.

(3) Very narrow spectral bandwidth (linewidth) in order to minimize dispersion in the fiber.
(4) Linear to minimize distortion.

(5) Couple sufficient optical power to overcome attenuation in the fiber plus additional losses
and leave adequate power to drive the detector.

(6) Must be capable of maintaining a stable output.

Te a large extent the semiconductor lasers and the LEDs fulfill these major requirements.
LEDs are generally low power devices and are able to couple lower optical power into the
fiber {(of the order of microwatt) and they have smaller modulation bandwidth than laser.
Unlike the LEDs, the laser has & high gain due to stimulated emission and more output
power(several mW) can be coupled to the fiber. In the early stage of optical communication,
light sources were designed to operate between 0.8 and 0.9 um. These early systems, utilized
muitimode step index fibers, LED or lasers. Because of smaller bandwidtk and low coupling
power, the LED was not suitable for long distance wideband transmission. The semiconduc-
tor lasers became more populé.r because of their superior performance (bandwidth, power
and transmission distance). After the recent devvlopment of single-mode ﬁbers', which offer
extremely low dispersion, single-mode laser diodes became very important as optical sources.
These single-mode systems are suited to extra wideband, very long-haul applications and are
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currently used for long distance telecommunications. On the other hand, LED has many

spatial modes which cannot be readily focused and coupled into single-mode fiber.

In 1962, the first GaAs semiconductor laser operating at low temperature was reported|[19].
These devices are based on pn junctions of 2 single semiconductor, and therefere, were called
homojunction lasers. At present the injection laser diodes are used extensively as single-mode
light source and tend to find more use as a device in single-mode fiber systems. Most semicon-
ductor lasers use the double heterostructure design, in which the active region is sandwiched
between two adjoining semiconductor materials with different band-gap energies. This de-
sign serves to confine the electorns to a narrow region and achiev.s a high carrier density.
They bave adequate output power for 2 wide range of applications and their optical power
output can be directly modulated by varying the input current to the device. The light
emitting rsgion consists of a pn junction constructed of direct-band-gap III-V semiconduc-

tor materials.

To achieve efficient generation of light from semiconductor, firstly a suitable energy level
is necessary so that electrons can be excited from some initial energy state to some higher
energy state. Secondly the excitation mechanism for elevating the electrons to higher energy
state should be efficient. The excited electrons must eventually return to their initial energy
levels. In doing so, they lose energy which appear as quanta of light called photons.
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2.2 Absorption and Emission of Radiation

The interaction of light with matter takes place in discrete particles czlled photons. The
quancum theory says that the electron in atoms exists only in certain discrete energy states
such that absorption and emission of light causes them to make a transition from one discrete
energy state to another. The frequency of absorbed or emitted radiation f is related to the
difference in energy E between the higher energy state E» and the ground energy state E,

by the expression:

E=E - E =hf

where h = 6.626X 10~ Joule-sec is Planck’s constant. Laser action is the result of three
key processes which are photon absorption, spontaneous emission and stimulated emission.
These three processes can be represented by the simple two-state energy diagram of Fig 4.
Normally the system is in the ground state. When a photon of energy E: — E, is incident
on the system, an electron in state E; can absorb the photon energy and be excited to state
E. Since this is an unstable state, the electron shortly returns to the ground state thereby
emitting a photon of energy hf. When the atom is initially in the higher energy state Ea
and makes a transition to lower energy state F;, the emission can occur in two ways:

(2) by spontaneous emission in which the atom returns to the lower state in an entirely
random manner, (b) by stimulated emission when a photon having an energy equal to the
energy difference between the two states (£, — E,) interacts with the electron in the upper
energy state, the electron is immediately stimulated to drop to the ground state and give off
a photon of energy hf. This photon is in phase with the incident photon.

The random nature of the spontaneous emission process in semiconductors results in
incoherent radiation. This is the basic mechanism for light generation in LED. However, it
is the stimulated emission which gives the laser its special properties as an optical source.
In fact, coherent radiation is obtained with the laser.
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Fig. 4. The en state diagram showing the three key transition processes involved in
laser action, %;?absorption, (b) spontaneous emission and (c) stimulated emission, the
incident photons are shown on the left of each disgram and the emitted photons are
shown on the right, the black dot indicates the state of electron before and after a
transition takes place[18].
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In thermal equilibrium the density of the excited electrons is very small. Most photons
incident on the system will therefore be absorbed, so that stirmulated emission is essentially
regligible. Stimulated emission exceeds absorption only if the population of the excited state
is greater than the population of the ground state. This condition is known as populetion
tnversion. Since this is not an equilibrium condition, population inversior is achieved by
various “pumping” techniques. In the case of a semiconductor laser, population inversion is
accomplished by injecting electrons into the material at the device contacts to &l the lower
energy states of the conduction band.

2.3 Optical Feedback and Laser Oscillation

Stimulated emission in semiconductor lasers arises from optical transitions between distri-
butions of energy states in the valance and conduction bands. When 2 photon collides with
an electron in the excited energy state, this causes the stimulated emission of a second pho-
ton and then these photons release two more. Continuation of this process effectively creates

avalanche muitiplication, and the electromagnetic waves associated with these photons are

L
Amplifying k¢ Opdcal
medium B output
Mirror Mirror
Fig. 5. The semiconductor laser diode structure with reflecting mirrors at two ends of
the cavity(18].

in phase and thus amplified coherent emission is obtained. To achieve this action it is neces-
sary to contain photons within the laser medium and maintain the condition for coherence.
This is accomplished by forming mirrors at either end of the amplifying medium. This is
shown in Fig 5. The optical cavity formed is analogous to an oscillator as it provides feedback
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of the photons by reflection at the mirrors at both ends of the cavity. Hence the optical sig-
nal is fed back many times whilst receiving amplification as it passes through the medium.
Although the amplification of the signal from a single pass through the medium is quite
small, after multiple passes the net gain can be large. Furthermore, if one of the mirrors is
made partially transmitting, useful radiation may escape from the cavity. A stable output is
obtained when the optical gain is exactly matched by the losses in the amplifying medium.
The major losses result from factors such as absorption and scattering in the medium and

at the mirrors ete.

Cavity ends are clesved

acie {
Optical confine-
ment layers size
mm T 0.1-0.2um
optical otput

to be coupled
into fiber

Fig. 6. Fabry-Perot resonator cavity for a laser diode[21).

This radiation in the laser diode is generated within a Fabry-Perot resonator cavity as
shown in Fig 6. The sizes of this cavity are approximately 250-500 zm long, 5-15 um wide and
0.1-0.2 pm thick. These dimensions are commercially referred to as the longitudinal, lateral
and transverse dimensions of the cavity. The two reflecting mirrors are directed toward each
other to enclose the cavity. The mirror facets are constructed by making two parallel cleaves
along natural cleavage planes of the semiconductor crystal. In distributed feedback (DFB)
lasers, the cleaved facets are not required for optical feedback. The fabrication of this device
is similar to the Fabry-Perot types, except that the lasing action is obtained from Bragg

25



reflectors (gratings) or periodic variations of the refractive index.

2.4 Semiconductor Injection Laser

For optical fiber communication, the light sources used almost extensively are semicon-
ductor lasers. This is because stimulated emission is encouraged in the semiconductor which
gives the injection laser several major advantages over other lasers. However, lasers come in
many forms with dimensions ranging from the size of 2 grain of salt to one that will occupy
an entire room[21]. The lasing medium can be a gas, a liquid, a crystal or & semiconductor.

The main advantages of semiconductor injection lasers are:

(2) High radiance due to the amplifying effect of stimulated emission. Injection lasers will
generally supply milliwatts of optical output power.

(b) Narrow linewidth of the order of 1 nm or less which is useful in minimizing the effects of
material dispersion in the fiber.

(¢) Modulation capabilities which at present extended up into the several gigahertz range
and will be improved upon.

(d) Good spatial coherence which allows the output to be focused by a lens into a spot which
has greater intensity than the dispersed unfocused emission.

(e) Its size and configuration is very suitable to lunch optical output into the fiber effertively.

These advantages, of the injection laser led to the development of the device in the
1970s. These early devices used basic homojunction structure which had 2 high threshold
current density due to their lack of carrier confinement and proved inefficient light sources.
Later, improved carrier confinement and thus lower threshold current densities were achieved
. using heterojunction structures. The double heterojunction injection laser fabricated from
a lattice matched III-V alloy provided both carrier and optical confinement on both sides
of the pn junction giving the injection laser a greatly enhanced performance. This enables
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these devices with the appropriate heat sinking to be operated in 2 continuous wave (CW)
mode.

The optical output versus current characteristic for a2 semiconductor injection laser is
shown in Fig 7. In the region below threshold (I.s) the optical output is very low which is
due to the spontaneous emission in the cavity. However, above the threshold, the light output
increases substantially for small increases in current through the device. This corresponds
to the region of stimulated emission when the device is acting as an amplifier of light. The
threshold current 4 is conveniently defined by extrapolation of lasing region of the power-
current curve as shqwn in Fig 7. At high power outputs the slope of the curve decreases

because of junction heating.

Laser A
optical
output
Spontaneous Stimulated
emission emission
region region
I
4 -
It
current
Fig. 7. Optical output (power) versus current characteristic for 2 semiconductor injection

laser diode.
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2.4.1 Efficiency

The operational efficiency of the semiconductor lasers are defined in a number of ways. A
useful definition is that of differential quantum efficiency np which is the ratio of the increase
in photon output rate for a given number of injected electrons. This is defined by

_ dR./hf
T dlfe 1)

Where F, is the optical power emitted from the device, I is the current, e is the electronic

charge and hf is the photon energy. np gives 2 measure of the rate of change of the optical
output power with current and hence defines the slope of the output characteristic. For a

CW semiconductor laser it is usually in the range 40-60 percent[18].

The internal efficiency is defined as

_ number of ph;.atons produced in the laser cavity
k= number of injected electrons
This is in the range 50-100 percent. It is related to the external differential quantum efficiency
by the relation

(2.2

1
1+ (2aL/In(1/R1R2))]
The total quantum efficiency 77 is defined as

total number of output photons
total number of injected electrons

= /A }// ik (2.4)

D = ] (2.3)

m‘=

In the region above threshold ny is related to np as
I
nr=np(l-F (2.5)
2.5 Effects of Temperature

In the application of laser diodes an important factor of consideration is the temperature
dependence of the threshold current I4(T). This parameter increases with temperature in
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all types of semiconductor lasers because of various complex temperature-dependent fac-
tors. The complexity of these factors prevents the formulation of 2 single equation holding
for all devices and temperature ranges. However, the temperature variation of I,; can be

approximated by the empirical relation
In(T) = LT/ (2.6)

where T, is 2 measure of the relative temperature intensitivity and I. is 2 constant. For 2
conventional stripe-geometry laser diode T, is typically 120 to 165°C in the vicinity of room
temperature. A typical curve is shown in Fig 8. Smaller dependence of I,; on temperature
has been obtained for GaAlAs quantum-well beterostructure lasers[21]. For these lasers 7,
can be as high as 437°C. Variation of lasing threshold can also change as the laser ages. If
a constant optical output power is to be maintained as the temperature of the laser changes
or the laser ages, it is necessary to adjust the dc bias current .

4
T To T3 T4
Optical
ouput
inmwy
_Z
——— e it

Diode Currert (mA)

Fig. 8. Temperature dependent bebavior of the laser optical output power as a function
of bias current.



Chapter 3

LASER TRANSIENT
PHENOMENA

In the previous chapter we have described the laser diode. The actual analysis for the
modeling of laser nonlinear distortion starts from this ~hapter. Since the rate equations of
the laser are the basis of our analysis we will start our discussion with them.

3.1 The Rate Equations

The transient behavior of the semiconductor laser is completely characterized by the
coupled single-mode rate equations. These are appropriate for laser diodes under the fol-
lowing assumptions(22]:(a) the laser is operating in a single-mode above threshold, (b) an
ideal cavity with homogeneous population inversion and (c) the gain coefficient is a linear
function of the injected carrier density N above a minimal value N,. A large-signal-model of
these equations was first introduced by Tucker([23], who has introduced a parameter ¢, which
is called the optical-field-dependent gain compression term. These equations are

dN I, N
TV AW N1 eQ)Q (3.1)
% =Tg(N - N,)(1 ~eQ)Q - % + 1‘.3% (3-2)



where N is the electron density averaged over the volume of active region, I, is the current
injected to the active region, V* is the volume of the active region times electronic charge,
Tsp is the spontaneous recombination lifetime of the carriers, g is the optical gain coefficient,
Q is the photon density, I is the optical confinernent factor given by the ratio of the volume
of the active region to the model volume, 7, is the pheton lifetime, 3 is the probability that
a photon is emitted spontaneously into the lasing mode.

The term & in equation (3.1) is the rate of change of carrier density, the terms on the
right-band side are the rate of carrier injection into the active region, carrier decrease due
to spontaneous emission and carrier decrease due to stimulated emission, respectively. In
equation (3.2) the term on the left-hand side is the rate of change of photon density. The
first term on the right-hand side is the rate increase due to stimulated photon emission, the
second term is the rate of loss of photon by radiation and absorption and the last term is
the fractional increase of photon due to spontaneous emission into the lesing mode. The
combined phenomena of current injection and photon emission as described by the above
equations can be schematically represented by Fig 9 [24]. The term gN(1 — eQ)Q is the
stimulated emission and the term gN, (1 — eQ)Q is the stimulated absorption.

The parameter I is less than unity which means that not all the emitted photons are
confined to the active region, a fraction are lost in the cavity. N, is the minimum electron
density at which ¢ = 0 and above which stimulated emission starts ie., g > 0. Therefore,
for lasing action it is necessary that N > N,. For undoped GeaAs, 2 nominal current density
of 4000 A/cm>-pm is needed to obtain a lasing optical gain coefficient greater than zero at
300°K and an approximate estimate of N, can be cbtained by the relation{15]

LT

o= (3.3)
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Fig. 9. Changes in electron and photon populetion in the light generation of a laser
diode as given by the rate equations [24% .

3.2 Dynamic Response

The dynamic behavior of the semiconductor laser is very critical especially when it is
used in wideband optical fiber communications. This dynamic behavior is illustrated in Fig
10. When the laser is turned on with a current pulse, a transient occurs because of time
required for the electron and photon populations to come into equilibrium(18]. This results
in 2 switch-on delay often followed by a high frequency (of the order of 10 GHz) damped
oscillations known as relaxation oscillations. This oscillation characteristic depends on the
diode current, the spontaneous carrier lifetime, photon lifetime, gain nonlinearities, device
structure and due to some other reasons. The switch on delay ty may last for 0.5 nsec and
the relaxation oscillation for perhaps twice that period. At data rates above 100 Mbits/sec
this behavior can produce a serious deterioration in the pulse shape[18]. The switch on delay
may be reduced by biasing the laser near threshold.
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Fig. 10.  (a) Simple diode circuit with a registor in series with the diode, (b) Transient
behavior of an injection laser showing the switch on delay and relaxation oscillations[18).




However, the damping of the relexation oscillations is less near threshold. Since lasers
with strong damping have superior distortion characteristics, high resonance frequencies are
desirable[15]. This can be achieved by biesing the laser well above threshold. As we will see
later, a resonant condition appears in the system transfer function at some driving frequency
which corresponds to the relaxation oscillation frequency and this resonance peak moves to
higher frequencies as the bias level is increased. From the small signal analysis, the relaxation
oscillation frequency f, can be expressed by[25]

o ()t (3.4

(-]
P
where Q, is the steady state photon density.

3.3 Output-to-Input Approach

In the analysis of laser nonlinear distortion it is very difficult to accurately solve the rate
equations for the output(photon density Q) as a function of the input(current I,). However,
an output-to-input approach can be applied to solve the rate equations which, in turn, helps
in finding an accurate theoretical nonlinear model for the laser. In this approach we may
consider the input s a function of the output. We assume the output photon density (Q)
to be known and we can determine the carrier density (V) as a function of output(Q) using
equation (3.2). Then the input current required to obtain this output can be determined
from equation (3.1). With the procedure described above, the following equation can be
obtained from equations (3.1) and (3.2) [26]. The derivation is shown in Appendix A.

I _ N, 1 [% + % - %l
F = _+[_+g(1-eQ)Q][r (1"€Q)Q+m]
+ 5l + - 25y - e+ ) (35)



The advantage of this approach is that the Volterra transfer functions from output-to-
input can be easily calculated 2nd an accurate nonlinear system model can be obtained from

the transfer functions.

For the analysis let the steady-state value of photon density be Q, and d.c. bies current be
f,. Then Q and I, can be expressed as the sum of steady-state and time varying quantities.
Therefore,
Q= Q. +4q(?)
and

L=1I+i)

In equation (3.5) the denominator terms are very complicated. To reduce this complexity
and for the interest of analysis we expand these terms with Taylor series. This expansion
gives an equation (Appendix-B) where the drive current i(t) of the laser is expressed in terms
of photon density g(t). Thus,

i(t) = A+ {Dg(t) + E¢'(t) + F"()} — {L*(t) + Mq(t)d'(2)
+Ng(t)d"(t) + Ng(2)} + {Rg*(t) + S¢* (t)¢' ()
+2Gq(t)q*(t) + G (t)g"(t)} - ........ F e (3.6)

Where A, D, E, F, L, M, N, R, S and G are expressed in terms of the laser parameters
and steady state photon density. In equation (3.6), i(t) is the sum of d.c. component, linear
terms, second-order terms, third-order terms and so on. ¢’(t) and ¢”(t) represents the first
and second derivatives of g(t), respectively. Here, the drive current is expressed in terms of
the powers of photon density. From the equation it is seen that the second- through higher-
order terms contain derivatives. This means that distortion is dependent on frequency. In
our analysis we have considered terms up to the third-order.



3.3.1 Simplified Analysis

Equation (3.5) gives an accurate analysis of the device performance. However, the
analysis is greatly simplified and we can obtain almost the same result if we make 2 few
assumptions. The spontaneous emission factor 8 is 2 very small quantity and it has a very
insignificant contribution to the photon density. This term can be omitted. The carrier
lifetime is of the order of nsec which is almost 10° times bigger than the photon lifetime.
Our apalysis showed that if we set 7, = co and 8 = 0 it has a little effect in the distortion
calculation in comparison with the exact analysis. However, we must consider the effect of
threshold current (%: can not be ignored, but it can be considered equals {;h) The following

equation results from (3.5) after these assumptions have been made.

Lols 149, Q 4 (G +5) (3.7)
V' " Tdt Tr dtTg(l —eQ)Q )

If we compare equation (3.5) and (3.7) we see that equation (3.7) is much simpler to

analyze. From (3.7) the steady state photon density is

- I‘r,(I, - Iu,)

Q=22

(3.8)

In a similar manner as equation (3.5) we have expanded equation (3.7) by Taylor series
and derived the equation for laser drive current i(t) (Appexdix B, equation (B.20)) which is

i(t) = A+ {Dig(t) + Bid(t) + A¢"(t)} - {Mia(t)d' (t) + Mg(t)e"(t)
Mg (®)} + {$16(t)g'(t) + 2Ga0(t)e*(t) + G (" ()} — . + .. (3.9)

The cbnsta.nts Ay, Dv, By, By, My, My, S, and G; are expressed, in a similar way as in
the case of equation (3.6), in terms of the laser parameters and steady state photon density.
Equations (3.6) and (3.9) are similar except in (3.9) R =0, L = 0. The set of constants A,
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D, E, F, ... in equation (3.6)}{which are giver by equation (B.13)) are replaced with the set
of constants 4,, Dy, Ey, F1, ... in equation(3.9) { which are given by equation (B.21)).
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Chapter 4
VOLTERRA SERIES

4.1 An Introduction to Volterra Series

The Voiterra series is a power series with memory which expresses the output of a nonlinear
system in “powers” of the input. This series is particularly useful in calculating distortions
in communication systems. Wiener, first in 1942, had introduced this series into nonlinear
circuit analysis. He bad analyzed the response of a series RLC circuit with a nonlinear
resistor to 2 white Gaussian excitation. After then many reports and papers have dealt with
this subject. Some researchers have used Volterra series for analyzing transistor distortions
[27], nonlinear differential equations and integrodifferential equations [28], distortions in
satellite links [29], etc. Since the laser dynamic behavior is characterized by the set of
coupled rate equations (differential equations) therefore, we can apply Volterra series to the
rate equations for the analysis of laser nonlinear behavior. If y(t) is the output function of a
nonlinear system and z{t) is the input function then the relation between output and input
can be expressed in terms of the Volterra series in the form[30]

o« 1 n
y(t) = ngl i f_: ./_:. Gn(u1---2un) Ez(t — w)duy...du, 4.1)
in which forn =1,2,3,...

9a(w1.-.2) = 0 for any u; <0, j=1,2,......n
This functional form was studied by the mathematician Vito Volterra and in recognition

of his mathematical contributions, the series is called the Volterra series and the function
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gn{u1...2,) is called the nth-order Volterr;z kernel of the system. For example, g;(u,) is the
first-order Volterra kernel, g-(u1,u2) is the second-order Volterra kernel 2nd so on. g;(u;) is
the familiar impulse response of a linear system. The higher-ordér kernels can be viewed as
kigher-order impulse responses which serve to characterize the various-orders of nonlinearity
[31]. If we bave a linear time invariant system then the output input relation can 2lso be
expressed by the first order kernel g;(x;). In that case the second- through higher-order

kernels are zero.

The n-dimensional Fourier transform of g, (u;...u) Is

GalWry ooy ) = j_: f_: G (Ut ) eI mrbbemi) gy (4.2)

which is very important in our analysis. In the above equation w; = 27f; and G, is zero
because Volterra series starts with n = 1. G;(w,) is the familiar transfer function of the
linear system. Thus the transfer function of the nth-order Volterra kernel, Gnlthy ereess Wn),
Is seen to be analogous to an nth-order transfer function and is called the nth-order Volterra
transfer function(30].

G,
x() G2 y(®
B
Gn

Fig. 11. Volterra series representation of a nonlinear system.
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A nonlinear system, whose input-output relation is characterized by the Volterra series,
can also be represented by transfer functions 2s shown in Fig 11. If the system is linear only
the linear transfer function G;(wy) exists, all other G,’s for n=2 and higher are essentially
zero. In the figure, y(t) is the sum of outputs from all the boxes. Since G; is the linear
transfer function, therefore, nonlinearities come from 2ll other G.s for n = 2 and higher.

In order to have a better understanding, we can also express equation (4.1) with the
operator notation as [31]

y(t) = B1fz(t)] + Bz[z(t)] + Bs[z(t)] + ... + Ba[z(t)] + ... (4.3)
Y() = 3 (8) + ¥2(t) + v3(8) + verere + Y () + .o (4.4)
where
Balz(t)] = % [ [ ntnea)ztt = )zt = )., (4.5)
and
Yn(t) = By[z(t)] (4.6)

Bn is known as the nth order Volterra operator. For n = 1 we have 1, (t) = B, [z(t)] and for
z(t) = ™1, the response is

w®) = [ aimet-ay

= e"‘"“F g (uy )e ¥ gy,
= Gi(wn)e™ (4.7)

Thus, 3 (t) is the output of the upper box in Fig 11.

4.2 Output-to-Input Volterra Transfer Functions

So far we have discussed the Volterra series. Now, for the characterization of 2 nonlinear
system by Volterra series we need to know either the Volterra kernels or the Volterra transfer
functions of the system. Such kernels or transfer functions can be obtained from system
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equations. For‘the case of the laser we have 2 set of rate equations. Therefore, we can apply
Volterra series to the leser rate equations. But direct application of this series to the rate
equations is very dificult because of the pattern of equations. This also can be seen from
equation (3.6) which is derived from the rate equations. If we compare equation (3.6) with
the Volterra equation (4.1) we can see that equation (3.6) does not fall under the normal
form of Volterra equation. Although the kernels can be obtained from equation (3.6), the
calculation in the time domair is very difficult. However, in the frequency domain the nth-
order Volterra transfer functions, G., can be obtained easily from the system equation {3.6)
by the harmonic-input method [31]. This method relies on the fact that a harmonic input
must result in 2 harmonic output when (4.1) holds. Thus, when the input to the system z(t)

is the sum of sinusoids
Z(t) = &t f It L IRt 4 4 P (4.8)
where w; = 2z f;, for £ = 1,2,....,n, G, is defined by [30]
Ga(wi,mwn) = [Coefficient of the elert—tunlkt
term in the expansion of y(t)] (4.9
Tke above method enables us to compute the transfer functions of the system. Now in
our system equation (3.6), #(t) corresponds to the output y(t) of (4.1) and ¢{t) corresponds to
the input z(). For the calculation of linear transfer function Gy{w;) we assume the photon
density be a single sinusoid i.e. g(t) = e/*. Substituting this value of g(t) in (3.6) we obtain
G; (&Jx) as
Gi(wn) = [Coefficient of the & term in the ezpansion of i(t)] (4.10)

When we set g(t) as the sum of two sinusoids at frequencies w; and w. Le. g(t) = eirt 4 givnt
we obtain the second order transfer function Ga{w,w.) which is the coefficient of ei(wr+walt
in the expansion of i(t). Similarly with g(t) = e3¢ +- e/t + st and taking the coefficient of
eilr+watn)t we get the third order transfer function Ga(wy, we, ws). These G’s are (Appendix
C)
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Gi(wn) = —Fui + jEw; + D (4.11)
Gg(wl,w'z) = ..N(Ul - ’-dg)z —jM(w; + w-_-) - 25 (412)
Gawr, w2, w3) = —2G(w; + w2 + ws)? + 725(w; + wa + ws) + 6R (4.13)

In the similar way we can compute the higher-order transfer functions. However, the labor
of computing higher-order terms increases rapidly as n increases. Fortunately, in the study
of communrication systems it is often possible to neglect terms higher than the third-order.
Actually the input to the laser is the current and the output is the light which is the photon
density ¢(t). But in equation (3.6) and hence, in the calculation of G’s we have assumed
the photon density ¢(t) as the input to the system and i(t) as the output. Therefore, the
transfer functions calculated above are the output-to-input transfer functions of the laser.

4.3 Forward Transfer Functions

In actual system modeling we require the input-to-output forward Volterra transfer func-
tions of the system. Such transfer functions, which we call H,(w,,-...,twn), can be obtained
from G, (w,....,w,) using the nth-order inverse and the harmonic-balance method[31]. This
method says, when the inverse &, is connected in tandem with G, results in a system in
which the first-order Volterra kernel is a unit impulse and the second- through the nth-order

kernels are zero[31]. We now consider Fig 12 for the calculation of linear transfer function
Hy(w).

i(t) q.®
q(t) - G, B H |—» )

' Fig. 12. Two linear systems connected in tandem, H, is the inverse of G,.

-



The input-output relation of the system G; can be written as
i(w1) = Gilwn)g(wn)
The output of the system H, is

a{wr) = Hi(w)i(en)
= H(w1)G1(w)g(wn) ) (4.14)

If H(w;} is the inverse of Gy(w;) then according to the inverse theory we should have
@i(w1) = g{wy) [31). This condition is satisfied only when

H(un)G(wn) =1

From which the linear H is

Hy(wn) = (4.15)

1
&G (wl)
Now, we determine the second-order forward transfer function H(un,ws). We consider Fig

13 which is the combination of two second order-systems connected in tandem.

— G; —> H,
a(t) B(t) c(t)
—

— G, > H,

Fig. 13. Two second-order systems connected in tandem

The first system consisting of output-to-input transfer functions G,, G» and the second

system consists of the forward transfer functions H; and H,, where H; is the seéond-order

43



forward transfer function. Let the input to the whole system be the sum of two sinusoids
ie.,

a(t) = &t 4 =t (4.16)

The output of the first system be therefore,
b(t) = G1(wn1)e™* + Gy (un)e** + G2 (wy, wn et ter): (4.17)
And the total output of the entire system is

C(t) = H1 (w;)G;(wI)ej““‘ + Hl(CU‘_')Gl (wg)e"“" -+ H]_ (w1 4 wg)Gg(wl,wg)ej(“’"*""’)‘
+H2(U1,QJ2)G1 (wl)G1 (wz)ej(m+w1‘ + Ha(wy,wy + w?)Gl(wl)G2(wl’w2)eﬂ2m ezt
Ha(w2, w1 + w2) Gy (w2) Galwn, wa)elta+2ea)t (4.18)

If Q represents the total system then c(t) = Q[a(t)] which is equal to zero according
to the inverse theory[31]. Now using this relation and equating the coefficients of eil«1+w)t
from both sides of equation (4.18) we have

Hy (wn + w2)Galwn, we) + Ha(wy, ws)G (uh)Gr{wn) =0 (4.19)
Therefore,
_ Ga(w,ws)
) = ~ G )G o o) (4:20)

In a similar manrer as above we can calculate H,. For this we consider the Fig 14. The
input to the system is the sum of three sinusoids i.e., a,(t) = 1% 4 e3¢ 4 iat. The steps
are as follows,

bi(t) = Gilwn)e™ + Gy(w2)e™®* + Gy (ws)el™™ + Gywy, wp)edr+enlt
Gafwn, ws)e 12 4 Gy(n, wa)e ) 1 Gy(wn, wn, wn)eirrten)t (4.21)

The output ¢, (t) is zero. Equating the coefficients of eflr+r+s)t from ¢, (£) we get



L \ = —\
b, ®

—_ G3 » Hj

a,(®

Fig. 14. Two third-order systems connected in tandem

Hy(wr + w2 + w3)Ga(wy, o, wi) + Halwr, ws + ws) Gy (6 )Ga(wo, ws)
+Hz(wz, wr + w3)Gr (w2)Galwn, wa) + Ha(ws, w1 + w2)Gh (ws) Galwy, we)
+Hy(wr, s, w3)Gr (1 )Gr (w2) Ga (ws) = 0 (4.22)

Using equations (4.15) and (4.20) the above equation becomes

Gslwn,wnws) — Gi(wi)Ga(ws, wa)Ga(wn, wa + ws)
Gi{wr +un+wy)  Gilwr + ws +ws)Gh(wh)Gy (e + ws)
__G1(w2)Ga(wr,ws)Galwnn +ws)  Gi(ws)Galwr, wn)Galws, wr +wy)

Gilun +wa + w3)Gy(w2)Ga(wn +ws)  Gylwy +uwhn + w3)G1 (w3) G (wy + w,)
+Hs(un, we, w3)Gr(un)Gh (w2)Gr{ws) = 0 (4.23)

Therefore,

1
Giln + 2+ )G len) G ) ) L2 r6)
Ga(w2,ws) G, wa +ws) _ Galwr, ws)Galuwn, wi + ws)
G (w2 +ws) Gi(wy + wy)
_ Ga(w1, w,)Ga(ws, wn +wz)] -
G {ws + wr)

H3(wh s, &}3) =

(4.24j
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Thus, the first three forward Volterra transfer functions are calculated from the output-
to-input transfer functions using the inverse technique. As we can see in the above analysis,
all these H’s are expressed in terms of G’s and since the G's are expressible in terms of the

laser parameters therefore, H’s are expressed in terms of laser parameters.

46



Chapter 5

NONLINEAR DISTORTION

9.1 Nonlinearity in Semiconductor Lasers

As we have discussed before, the large bandwidth of the laser makes it very attractive
for broadband distribution. But it is considered to be a major source of degradation in the
fiber-optic system. The two sources of degradations ere nonlinearity and noise. In analog
multichanne! transmission one of the main considerations is the signal quality i.e., high
Signal-to-Noise ratio (SNR). Therefore, linearity of the laser light-current characteristic is
very important because nonlinearity of the laser introduces distortion in the optical output
which has a serious effect in the system performance. When 2 high signal level is used to
modulate the laser, the generation of harmoric and intermodulation distortion becomes more

serious. Therefore, analysis of nonlinearity is very iraportant.
In communication systems it is the usual practice to characterize the nonlinearity in terms

of memoryless approximations. However, in the cascaf the laser such an approximation can
not be used to analyze the nonlinearity because the laser input-output involves memory.
Therefore, 2 more accurate model for the device characteristics must be considered. In this
respect, Volterra series can be used to model the frequency-dependent nonlinear behavior of
the laser.

The relative intensity noise (RIN) of the laser causes intensity fluctuations of the output
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light which arises due to the stochastic nature of the photon-generating process in the laser
cavity. It is dependent on the d.c. bias of the laser. RIN may be calculated from the
rate equations including the Langevin noise terms[1], [12] using the techniques of this thesis.
However, in our work we have considered only the first source of degradation, the nonl inearity.
This nonlinearity can be seen from the rate equations where the stimulated emission term,
9(N = N,)(1 = €Q)Q, is the nonlinear coupling of electron and photon densities. It may be

more clear to observe the nonlinearity if we recall equation (3.5)

L _ N, {d—q + % rf.::r.,
+— {[ at Q I‘BN Q9+ —]} &1

where the relation between input current I, and output light Q is clearly nonlinear.

In the analog application of the laser, a time varying electrical signal is used to modulate
directlly a laser diode about a bias current point as shown in Fig 15. Without any input
signal, the optical power output is P, and when a signal a(t) is applied, the optical output
power P(t) is

P(t) = P,[1 + ra(t)) (5.2)

Here r is the electrical modulation depth which is defined by[21]

(5.3)

I is the pesk amplitude of the signal about bias current point, I, is the bias current
and Iy, is the threshold current of the device. To prevent excessive distortion in the output
signal, the modulation must be confined to the linear-region of the curve. If I is greater than
(L, = L), which means if r is greater than 100 percent, the lower portion of the curve



P(t)

= & (1)
B e Diode current(mA)
-t— I, -—--D

-

Fig. 15. Schematic of amplitude modulaticn range for analog modulation of laser diode.
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Optical output(mW)
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Fig. 16. Clipping in the optical output of a laser diode.



gets cut-off and severe distortion will result because of clipping. This is shown in Fig
16. In multichannel transmission, the composite signal is the sum of the signals from all
the channels. When 2ll these signals add, the phases are random and careful attention is
necessary so that the resulting signal amplitude ncver becomes greater than (7, — Ii). In
that case a suitable bias current operating point should be chosen. In other words, the
modulation depth should be adjusted so that no clipping results.

5.2 Harmonic and Intermodulation Distortions

In analog applications any device nonlinearities create frequency components in the
output signal that were not present in the input signal. Two important nonlinear effects are
harmonic and intermodulation distortions. When the signal input to 2 nonlinear device (e.g.
laser) is a simple sinusoid

i(t) = I cosuwt (5-4)

the output will be of the form
q(t) = Q, + C coswt + 2H D cos2uwt + 3HD cos3wt + .... (5.5

That is, the output signal will consist of 2 component at the input frequency w plus spurious
components at zero frequency, at the second harmonic frequency 2w, at the third harmonic
frequency 3w and so on. @, is the dc. component, C, 2HD, 3H D etc. are the magnitudes of
fundamental, second harmonic distortion, third harmonic distortion etc. respectively. This
effect is known as harmonic distortion. The amount of nth-order distortion in decibels is
given by

nth — order harmonic distortion = 20 log nHD

(5.6)

When the input signal to the device consists of more thar one sinusoid, then in addition to
the harmonic distortions, the sum and difference frequencies give rise to the intermodulation
distortions(/M D). To see the effect of JMD let the input to the device be sum of two



sinusoids with equzal amplitudes
i(t) = I coswyt + I cosuwit (5.7)
The output signal will then be[21]

q(t) =Y Bmacos(mun + nuwn)t (5.8)

wherem and n =90,1,-1,2,-2,3,-3,....

This signal includes all the harmonics of w; and w plus cross-product terms such as ws —wy,
W+, w2 — 2wy, wa + 2wy, ete. The sum of the absolute values of the coefficients m and
n determinés the order of the intermodulation distortion[21]. For example, the second-order
intermodulation products are at uy +w» and wy — we with amplitude By, the third-order
intermodulation products exe at 2wy — ., 2wy + wa, 2 — iy and 2wa +wy with amplitudes
B>, and By, and so on. Harmonic distortion are present wherever either m 20 and n = 0

or whenm=0and n#0.

In general, the odd-order intermodulation products having m = (n+1)or (n-1) (such
as 2un ~w, 2w —wy, 3un — 2, etc.) are the most troublesome since they may fall within the
bandwidth of the channel. Of these only the third-order terms are usually important since
the amplitudes of the higher-order terms tend to be insignificant. In the case of the laser we
are interested in calculating the second harmonic distortion, the third harmonic distortion
and the third-order intermodulation distortion at 2w; — w,. For this, we consider the input
current to the laser is the same as equation (5.7). Instead of Bs;, we call the third-order
intermodulation distortion JMD. Then we can model the output of the laser by

q(t) = Qo+ C cosunt+2HD cos2unt + 3HD cos3unt + IMD cos(2wy, —un)t + ....

(5.9)

where 2D and 3HD are the second harmoric and third hermonic distortions accumu-

lated a2t 2w, and 3w, respectively due to the carrier at w; (i.e., due to the input I cosw,t).
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IMD is the magnitude of the intermodulation distortion accumulated at 2wy — wa due to
the interaction of both the input frequencies within the nonlinear device. In order to see the
effect of these distortions on the system performance we need to express all these C, 2HD,
3HD and IMD in terms of laser parameters. Therefore, we can proceed for the detailed

calculation.

9.3 Analysis of Harmonic Distortions

The calculation of Volterra transfer functions for the laser was discussed in the previous
chapter. Here, for the calculation of distortion we can use these transfer functions. With a
sinusoidal signal i(t) = I coswt as the input to the laser and using the linear forward Volterra
transfer function H,(w) we have calculated the response of the linear system in Appendix D
which is

0:(t) = I1H (w)lcosfwt + 6(w)] (5.10)

Comparing this with the Iinear term, C coswt, on the right-hand side of equation (5.9),
which is the resporse of the linear system, we have

C = I|1Hy(w)] (5.11)

If we observe equation (5.10), we can draw a few conclusions. For 2 sinusoidal input with
frequency w the response of a linear system als is 2 sinusoid with frequency w. However, the
output sinusoid is shifted in phase by an amount §(w) and changed in amplitude by a factor
| H1(w)] which is called the system gein. This gain is also a function of input frequency w.
Recalling equations (4.11) and (4.15) we find

1

W)l = |(=Fu? + jEw + D)]

(5.12)
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Fig. 17. A simple third order system representing the Laser.

Now, wé like to see how the system gain varies with frequency and bias current. For
this we will use 2 GaAlAs single-mode, Ortel SL-620, laser diode. The parameters of this
device as given by Way [16] are listed in Table 5.1. We have plotted equation (5.12) for three
different bias currents in Fig 18. In the plot, however, we have

Description Parameters Values Units
| Threshold current at room temp. I 21 mA
Volume of active region times electronic charge v’ 1.44 X10~= | m’-coulomb
Photon lifetime Tp 2 psec
Spontaneous recombination lifetime of electron Top 3.72 . nsec
transparent carrier density N, 4.6 X10% m™>
Optical gain coefficient g 1 X101 m*° [sec
Optical confinement coefficient T 0.646 unitless
Spontaneous emission coefficient B 10— unitless
Gain compression parameter € 3.8 X10= m’
Lasing wavelength A 0.835 um

Table 5.1: Parameters for an Ortel SL-629 laser diode.

b




rormalized the gain with respect to D, which is 2 constant and is independent of frequency.
rom the figure we can see the effect of bias current on the frequency response. At lower
bias current there is a sharp resonance pezk and this peak broadens and weakens as the bias

current increases. At bias current of 36.75 mA this peak has zlmost disappeared.

Frequency response (dB)

f in GHz

Fig. 18. Calculated frquency response, |Hy{w)], for different bias current levels.

In the large-signal-model rate equations as given in equations (3.1) and (3.2) the term
€ is the gain compression term. To see the effect of gain compression on laser frequency
response we have plotted H)(w) for two different bias currents which are shown in Fig 19
and Fig 20. In both cases it is seen that if the gain compression is neglected i.e. ¢ =0, the
resonance peak height raises to a very high value (15 dB for bias = 26.25 mA and 19 dB for
bias = 31.5 mA). Such gain characteristics are not found in practice. We have also shown the
Gain curve using Darcie’s[15] expression (1.4) for € = 3.8X10~%. Although there is 2 slight
difference observed between our theoretical curve and Darcie’s curve, our analysis gives the
exact gain characteristic for the device. Darcie’s expression is based or some assumptions
and if we make these assumptions as discussed in section 3.3.1 and neglect the small product
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Fig. 19. Frequency response, |H;(w)|, for d.c. bias=26.25 mA.
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Gain in dB
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Fig. 20. Frequency response, |H;(w)|, for d.c. bias=31.5 mA.



term €Q,, there is no difference between the two curves. In equation (5.11), C is the intensity
of the optical carrier, [ is the amplitude of input current. Thus, the amplitude of the optical

carrier is the magnitude of the lnput current times the system linear transfer function.

3.3.1 Second Harmonic Distortion

Let us now consider the output ¢z(t) of the system H. in Fig 17. Here H- is the second-
order Volterra transfer functicn as calculated for the laser in chapter 4. The output of the
system is (detailed caiculation is given in Appendix D)

@) = gRe[Hg(w,w)ejM]-i-gRe[Hz(w, —w)] (5.13)

The response of the second-order system to a sinusoidal signal of input frequency w
is, therefore, 2 sinusoid of frequency 2w plus a constant term at zero frequency which we
neglect. The first term in equation (5.13) is the sinusoid with amplitude -{‘-:-IH;»(QJ, w)|. The
value of the constant is given by the second term in equation (5.13). However, in the
calculation of harmonic distortion we are interested only on the first term which is the
second harmonic term. Comparing this with equation (5.9) we find the magnitude of second

harmonic distortion

20D = %__H,(u, )| (5.14)

It is seen from the above equation that, the second harmonic distortion is completely
dependent on signal frequency and proportional to the square of the input signal amplitude.
If we now take the ratio of equation (5.14) to equation (5.11), it will give the distortion
relative to the fundamental carrier amplitude. Thus,

2D _  |Hy(w,w)|
¢ 418, (w)]

The optical modulation depth (OMD) is defined [15] as the ratio of the pesk light
intensity C of the carrier to the steady state value Q,. In terms of the electrical quantities

I (5.15)

o7



and the laser transfer function this can be expressed as follows. We will denote OM D by

m. Therefore,

<
Q.
I{H, (w)]
(o — I )| H1 (0)]

Where, I, and Iy, are the bias and threshold currents of the device. Since H's are already

(5.16)

expressed in terms of output-to-input transfer functions Gs therefore, using equations (4.13),
(4.20) and (5.16) equation (5.15) can be expressed in terms of Gs as

2HD _ m(l, — I4)|Ga(w,w)|
c 4|G1{0)G, (2w)]

(5.17)

In chapter 4 we have expressed all these Gs in terms of the laser parameters. Thus,
distortion is expressed in terms of the laser parameters, carrier frequency and optical mod-
ulation depth. We have plotted the distortion at bias current of 36.75 mA for the laser of
Table 5.1 in Fig 21. Here an optical modulation depth of 0.4 is considered. For the purpose
of comparison we took the second harmonic distortion expression given by equation {1.1)
and plotted it in the same graph. An excellent agreement is observed between our result
and Darcie’s result. Darcie[15] had compared his result with the experimental result where
he had found 2 close agreement. Thus, our theoretical model (5.17) for the second harmonic
distortion agrees with experimental result.

We have also plotted equation (5.17) based on the simplified analysis discussed in section
3.3.1 and with the parameters given in equation (B.21). Excellent agreement is observed
between this curve and exact analysis curve. The transfer-function-based model of equation
(5-17) can be easily converted to device-parameter-based model of equation (1.1) using sim-
plified analysis technique. This means that our assumptions for the simplified analysis are
quite reasonable.
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Fig. 21. Variation of second harmonic distortion with frequency for m =0.4 and
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W.1L.Way of reference [16] has performed bis simulation for the same laser using the
software package SPICE. In Fig 22 we have plotted the second harmonic distortion as a
function of bias current. Way’s results are also shown in the same plot. The agreement is

very good.

5.3.2 Third Harmonic Distortion

Now we consider the output gs(t) of the system H; in Fig 17. The calculation is done in
Appendix D and the response is given by

I . I :
@) = (-2—4)Re[H3(w,w,w)e73""]+(3)Re[H3(w,w, —uw)elt] (5.18)

The response ¢;(t) consists of a third harmonic and a first harmonic of *he input frequency w.
The amplitude and phase of the third harmonic is seen to be determined by the third order
Volterra transfer function H; at a point where all of its arguments are equal to w. Similarly,
the first harmonic is also determined by the third order transfer function at a point where
two of its arguments are equal to w and one is equal to {—w). The magnitude of the third

harmonic term is (&)} Ha(w, w,w)| which we called 3HD in equation (5.9). Thus,
3HD = ;3—4|H3(w, w,w)] (5.19)

Therefore, the third harmonic distortion is dependent on the carrier frequency and pro-
portional to the third power of the input signal amplitude. Taking the ratio of equations
(5.19) to (5.11) we can obtain the relative third harmonic distortion

3HD _  |Hi(w,w,w)]

5 = m—ﬂ (5.20)

Using the definition of OM D as given in (5.16) we can write

8HD _ mP(l, - In)*|Hs(w,w,w)|
c - 24| H, ()P

FEAOIE (5.21)
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We know that H,(0) is just the inverse of G,(0) and Hj; is expressed in terms of Gs in

equation (4.24). With these relations the above equation becomes,

3HD - m’(I, - Ig;)z
c 24|G1 (0)F|Gr (3w)]

Gz(w, U)G‘.‘.(wa ?.Lu‘)
G1(2w)

[Ga(w,w,w) — 3

1 5.29)

In this way we have expressed the distortion in terms of carrier frequency, OM D and the
inser output-to-input transfer function, Gs. For a bias current of 36.75 mA_ and an optical
modulation depth of 0.4, we have plotted 3H D as a function of frequency in Fig 23. In the
same graph we have also shown Darcie’s|3] results obtained from the expression (1.2). Here
agein an excellent agreement is observed between the two results. If we analyze the 2HD
and 3H D graphs in Fig 21 and Fig 23 a few conclusions can be drawn. In the low frequency
region, distortion increases as the frequency increases. But after a certain frequency range
both second harmonic- and third harmonic distortion reach a steady state value which is
almost independent of frequency. This means that for a fixed OMD, in the high frequency
region harmonic distortion is dependeat only on the laser parameters. The variation of 35D
with d.c. bias is shown in Fig 24.

Simplification of equation (5.22) using the perameters giver irn equation (B.21) of Ap-
pendix B gives simple expression for 3HD as
34D _ 3 ,H(E&) +3(&1P + ()1
C 2 |G (2w)G! (3w)]
In which G'(w) =1 - :‘—é + jiw. The term (s‘;"—‘_,‘;-)2 is smaller ther the other term in the
numerator and it can be omitted. Therefore, equation (5.23) coincides with equation (1.2).
To see the effect of gain compression, ¢, on distortion we have plotted 2H D for three values

(5.23)

of ¢ in Fig 25. It is seen that distortion decreases as ¢ increases. Therefore, for superior
distortion characteristics higher values of ¢ is desired. However, device gain is compressed
more with higher values of e. Fig 26 shows the variation of 2HD with optical modulation
depth. Here the curves are plotted for three values of m. Clea:ly, distortion increases with
increasing values of m as it showed.
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5.3.3 A Comparison With A. Czylwik’s [17] Analysis

Andreas Czylwik [17] analyzed nonlinearities of semicorductor laser applving Volterra se-
ries to the single-mode rate equations. He used Volterra series directly 1o solve the equations
and carried out the analysis in the frequency domain using Fourier transform. Although he
was able to derive the Volterra kernels for the laser, the laser parameters such as ¢. the gain
compression (extremely important in the nonlinearity analysis), I, the optical confinement
coefficient were not considered in his analysis. Moreover he did not deal with the inter-
muodulation distortion, another important factor in the subcarrier multiplexing multichannel
transmission systems. Although he expressed the harmonic distortions in terms of transfer
functions, the results remained unsimplified, computation is not simple and the effects of
optical modulation depth, relaxation oscillation frequency and laser parameters on distortion
are not clear from the dis*ortion expressions.

Our approach of Volterra series analysis is quite different. We used, first, an output-to-
input approach to the rate equations and expressed the drive current i(t) of the laser as a
function of photon density ¢(t). By doing this we eliminated the carrier density n(t) from
the rate equations which reduces the number of parameters in the distortion calculation. We
calculated the output-to-input transfer functions from the system equation using harmonic
input method [30]. Using inverse technique [31], we then calculated the forward transfer
functions from output-to-input transfer functions.

The presence of gain compression term ¢ in the rate equations increases, extremely,
the complexity of the analysis. Therefore, direct solution of the rate equations is very
difficult. However, the output-to-input approach reduces such complexities in the analysis.
After simplification, the distortion expressions of our analysis become simple, the number of
parameters is greatly reduced and the computation is also simpler.

We have compared our analysis with Czylwik’s [17] results for H,(w), 2HD and 3HD
using our exact equations (5.12), (5.17) and (5.22) and the laser parameters as given in 7).



An excellent agreement is observed between the resuits. In this comparison we have used

the more accurate value of @, as obtained from

N, 1 o LBN,
L = ViE+Ge 2y
‘ap

' e’ o Tap

)]

where,
a=TI(gQ, + 5 _ €gQ?)
Tsp

because the laser[17] characteristic is very much sensitive to Q,. However, in this thesis, we
have used Q, as given by equation (3.8) for simplicity, which was recommanded by Tucker
[25] and was also used by Darcie [15].

5.4 Analysis of Intermodulation Noise

In analog multichannel transmission the generation of intermodulation noise originating
from the interference between different channels causes serious signal degradation. In sim-
ulation or in experiment, it is very easy to observe the effect of intermodulation products
in the frequency plot or on the spectrum analyzer. But in theory it is extremely difficult to
analyze the IMD effect for more then two input carriers and for bigher-order products. We
start our analysis with two input (to the laser) carriers at frequencies w; and w» of equal
amplitudes and observe the two tone third-order intermodulation products at frequencies

(2&)1 —w;_») and (2w2 —u;). Let
i(t) = Icosunt+ I cosunt (5.24)

With (5.24) as the input, we have calculated intermodulation distortions using Volterra
series and Volterra transfer functions. Two-tone JMD is a third-order effect and the quan-
tities that give these distortion terms are shown in Appendix E. From equation (E.12)

P 5 .
a's (t) = ?Relﬂa(wl,wh —“&)C’(%-w:)t] + %S-Re[Ha(—whwz,wz)eJ(M-m )t]

(5.25)



In the 2bove equation, &, (2} is the (fraccional) outpuz of the lower box H; in Fig 17 for
the input (5.24). The first term on the righ: hand side is 2 sinusoid with frequency (2op —
w») and amplitude %H&(w;,w;,—w:) and the second term is also a sinusoid of frequency
(2w2 — wy) and its amplitude is %—H3(—whw:,h.'2). Although we do not have anv input
sinusoid of frequency (2w — w2) or (2w — wy), such frequency components appeared in the
output signal because of interference of two carriers. In fact, there are many other frequency
components appear in the output signal. Since we are interested only in the third-order M D
therefore, we will consider only the above two components. Both of them are third-order
intermodulation products. Now, if we compare the above equation with equation (5.9), we

can write the magnitude of the intermodulation distortion at frequency (% —wa) as

3
IMD = T|Hy(wr,u,-2) (5.26)

In a similar way as 2H D aad 3H D, we can express the intermodulation distortion relative
to the fundamental amplitude. For the purpose of calculation we consider /M D at W =

was = w. Therefore,

IMD  m*(l, — L,)?| Hs(w,w, —w)]

= : 5.27
= SEAGR | #,(0)] (5.27)
In terms of Gs this can be written as follows.
207 _ 7.32
IMD _ m :EI, In) n (5.28)
C 8|G1(0)PIG1 (w)Gr (2w)]

where,

n = G;,(w, w, —U)Gl (0)61(213) - 2G;.(w, —'W)Gg(w, 0)61 (2&))
~Ga(w, w)Gsz(~w, 2w)G:(0) (5.29)

Therefore, two-tone third-order relative JM D is also proportional to the square of OMD.
We have plotted equation (3.28) in Fig 27 for a bias of 36.75 mA and m = 04. Here
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also distoriion increeses with increasing frequency and it reaches a constant level a: higher
frequencies. Darcie’s{15] IMD equation (1.3), we also plotied in the same graph where
he has 2 null at 3 GHz. This is because of the fact that in the calculation of JMW D from
(1.3), the contribution from imaginary part is very small which does not give the accurate
device performance for lasers with large . However, we have found that the imaginary
part contributes a significant amount to the calculation of JMD. Here our JMD model
disagrees with Darcie’s model. In order to see this difference more directly we have made
a few reasonable assumptions. Starting with the simplified analysis as discussed in section
3.3.1 (Parameters as given in Appendix B equation (B.21)), we went through the detailed
calcelations in Appendix F and finally we expressed intermodulation distortion directly in
terms of laser parameters. Thus,

t w Y2 oy
IMD 1 M) - 32)PY + () 5.30
c 2 IGL(w)G1(2w)] '
=30
] g x 8% B : R :‘:—g X
-40 - ™ P
- x AA
8 _cn a 4
- S50 P
B )
Q..., -60 % a
a 1=
g -70 % Equation (5.28)
x & Darcte[15]
-80-a =  Equation (5.30}
B BOSS simul
=90 1 1 T M 1 4 v H M
0] 2 4 6 8
f in GHz

Fig. 27. Two-tone third order IMD at m = 0.4 and bias=36.75 mA.
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Fig. 28. Variation of JMD with bias current at f =4 GHz.

where,

b

€
G;(w)-l—--;+3§w

*

which gives almost the same result as (5.28). This differs from equation (1.3) in that m is
the modulation depth per carrier and :—‘__}1‘, is replaced with gj. This term in the numerator
is the contribution from the imaginary part of 7, of equation (3.29), and is completely
dependent on device gain g and gain compression €. Therefore, in addition to the optical
modulation depth m and relaxation oscillation frequency w,, the parameters g and ¢ are
necessary for the characterization of JMD. Equation (5.30) is also plotted in Fig 27 where
it coincides with the exact analysis curve. The data points obtaired with BOSS simulation
model of the laser {35] developed by our colleegue P. Neusy are also shown in the same
plot. Our theoretical TM D along with Way’s simulated and measured results is shown in
Fig 28 where our results are closely matched with way’s results except 2 7~9 dB difference
in the lower bias region. Significant difference between Darcie’s results and measured results
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can be observed as the bias level increases. Using a smaller value of gain compression
(¢ = 8.0X10™%), we calculated IM D with equation (5.30) and also with Darcie’s equation
(1.3). This is plotted in Fig 29. No difference is seen between the graphs which means that
both the M D models coincide for devices with small e. However, our JM D model is more
general and is true for all devices with any value of e. Fig 30 is a plot showing the variation

of JMD with modulation depth m.

In Fig 29 the two peaks (one at %, one at w,) and the null at 3 GHz are significant.
The two peaks are related to the gain compression term €. A laser with uniform electron
distribution (¢ = 0) has zero diffusior damping and a high gain at the resonance frequency
w,. In equation (5.30), when ¢ = 0, the denomirator |G {w)G}(2w)| has two nulls one at
% and the other at w,, the numerator has a null at % and a null at zero frequency. At
high frequencies, the numerator term increases with frequency. The combined effect of the
numerator and the derominator results a JMD as shown in Fig 29. For small values of ¢,
IM D shows similar peaks and nulls. With increasing values of ¢ the nulls of the numerator
and the denominator terms decrease. At higher € thsé nulls vanish.

20
. o,
]
-30 - -+ . .’D.G'n'eba
3 a® =
8 o
S -0 . *o
[3) [
)
8 . :
= s @ equation(530)
Equation(l.3)
‘so i | v T v T "
0 2 4 6 8
fin GHz

Fig. 29. IMD for e = 8.0X10~*, m = 0.4 and bias=36.75 mA.
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Fig. 30. Variation of IMD with modulation depth, ¢ = 3.8X10~% and bias=36.75 mA.

For Ortel SL-620 laser, the value of ¢ is very high (¢ = 3.8X10~%) and the actual intermod-

ulation characteristic is as shown in Fig 27 without any null.

5.5 Imtermodulation Spectra

The Mircea-Sinnreich equation expresses the power spectrum of output of 2 system in
terms of the power spectrum of input. If S,(w) and S;(w) are the spectrums of photon
density and cusrent respectively then the Mircea-Sinareich equation for the two-sided power

spectrum can be written asf30}
Siw) = <qlt) > 5(w)
1 2
+SH)EL ) + 5 [ Silen)HBalw,un, —on)dia]
s [ Sien)Sio = wn) | Balun,0 — wn) Py
5. [ So)sedSi - o —wn) -
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[Ha(w, w2, w0 — wy — w2)|*dwiduws (5.31)

where < g(t) > is the average value of ¢(t) and §(w) is 2 unit impulse function. In the
above equation we have considered terms up to the third order. H;, H. and H, are the
linear, second- and third-order forward transfer functions, respectively. Since H’s are known
therefore, laser output spectra can be determined when the input spectra is known. In the
right-hand side of the equation, there exists the d.c. term, the linear, second-order and
third-order terms. We write the equation again as

Se(w) = Sg,(w) + 5 (W) + Sz (w) + Sy (w) (5.32)
where
1 a -
Se (W) = Si(W)| Hy (w) + 3 E Si(wn ) Ha(w, wn, —wi Yduy [* (5.33)

is the fundamental output spectrum. In equation (5.33) the term 3 12, Siwn) Ha(w, wy, —w )y
appeared in addition to the term H;(w) is because of the contribution from the third-order
system Hj which is, in fact; extremely small compared to H;(w). If we neglect this term the
output-input spectral relation becomes

Sa (@) = |H(w)PSi{w) (5.34)

which is well known for any linear system. It is shown ir the Fig 31 below.

: Sq D=1 H, ®1% 50
S (ﬂ HI (ﬂ q] i 1

Fig. 31. Input-Output spectral relationship of a linear system.
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From (3.31) and (5.32)

1 - -
Saw) = i'/::S,-(ul)S;(w—w,)lH—_.(wI,w—wl)I'dul (5.35)

Using equations (4.11), (4.12) and (4.20) one can write

(2L - Nw2)2 -+ (Mw)z - S,' (wl) S.‘(&J —_ 5'-’1) '
2AG@)P o G @) IGilw — o)

(2L = Nw?)® + (Mw)? o ,

B 2|Gi(w)]? /:: Sax (wl)sqx (w = wn)dwn

_ (2L = Nu?P + (Mw)? « S [ -
- 2IGI (w)lg [Sh (CJ) S‘h (“J)] (336)

Il

Sea (w)

Similarly, with little assumption it can be shown that

_ (6R—2Gw*)? + (2Sw)? o
Solw) = 6]G1(w)? _/;: _/:: Sa (@1)Sq (‘-'J'.')Sq; (w—wy — wh)dw,duwn
(6R — 2Guw?)? + (25w)? -
BIGI(QJ) [2 [qu (w) * S’h (w) * Sq: (w)] (0‘3‘)

The terms S, (w) and S (w) appeared in the output, in equation (5.32), are due to the
system nonlinearity. S, (w) is seen to be proportional to the convolution of the fundamental
output spectrum S, (w) with itself and S,,(w) is proportional to the double convolution of
Sq (w) with itself. If we calculate each of these terms separately we can predict the amount
of distortion introduced in the output of the system.

Let the injection current to the laser be
M
i) =L, + In Y cos(wit + 6;) (5.38)
k=1

where I, is the modulating current amplitude from each carrier (assuming all carriers
with same amplitude), N, is the total number of channels, w; and 8, are the carrier frequency

and phase of the kth channel respectively. Using laser d.c. and threshold currents and OMD
one can express I, as

— Mo = In)IGi ()]

b G, (O)] (5.39)
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If all the carrier amplitudes are the same, then the total power 1s given by[34] P. = M, I—Eﬂ-
and the two sided power spectrum is S;(w) = £;. Where §f is the difference between
the upper and the lower frequency limits of the spectrum. Sinc: the fundamental output
spectrum can be obtained from S;(w) using equation (5.34) therefore,
MmP(L, = In)?

4651G1(0)?

Se(w) = (5.40)

Equations (5.36) and (£.37) are tke general equations which can be used in any system
with different modulation schemes like AM, FM, QAM etc. for the calculation of distortion
when the power spectrum &, (w) is known. The amplitude modulated vestigial-sideband
(AM-VSB) signal format is very attractive for multichannel TV distribution because of the
bandwidth efficiency although it requires a high signal-to-noise ratio [4],[8], [11]. A 40 dB
SNR is generally considered to correspond to a good quality of signal. Today's CATV
system uses AM-VSB format of signal transmission and the N, channels are transmitted
in the frequency bard ranging from 50 MHz to 500 MHz [8], [10]. A 6 MHz bandwidck is
ﬁsuaJIy allocated for each channel. One common way to messure second- and third-order

effects is to consider input tones of equal amplitudes and assume the input spectrum is flat

8.
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Fig. 32. FDM cartiers of equal amplitudes from N; TV-channels
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Fig. 33. Two-sided power spectrum of CATV system.
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We wrote a computer program (program ‘spectra’ in Appendix) that calculates the relative

(to the fundamental) second order- and third order distortions i: f:; and f:: ::; The inputs

to the nrogram are the laser parameters, optical modulation depth, number of channels and
the frequency limits of the bounded spectrum S, (w). Laser parameters D, E, F, L, M,
N, R, S, and G are defined in Appendex B and can be caleulated using Table 5.1. We
calculated these parameters with 2 bias current of 36.75 mA. The number of channels N,
optical modulation depth m and the lower and upper frequency range f; and f» (depending on
the spectrum) can be varied in the main program. We considered the 50-500 MHz spectrum
of Fig. 33 and 75 channels considering a channel spacing of 6 MHz. The power ratio of
%’f{:—; and _‘:—:—% are shown in Fig 34 and Fig 35 respectively. As we can see, distortion
increases with increasing frequency and optical modulation depth. Keeping the OMD low,
2 superior distortion performance can be achieved. If we observe the above plots we see that
even in the high frequency range the SNR is more than 40 dB ie., with this particular laser
a good quality of signal can be achieved, although there are some otker sources of noise from

transmitting end to the receiving end.
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Chapter 6

CONCLUSIONS

6.1 Discussion

In this thesis, the norlinear models for semiconductor laser have been investigated. While
the large bandwidth of the lasers are attractive for broadband distribution on fibers, signal
degradation resulting from laser nonlinearity limits their use for multichanne! transmission
in subcarrie: multiplexing system. Harmonic and intermodulation distortions of the laser are
twe important parameters in determining the performance of wideband optical communica-
tions. In this thesis, we have made an attempt to analyze the nonlinearity of semiconductor
lasers. Such ar analysis helps to understand how the nonlinearity originates and how their
effect can be reduced to improve device performance.

‘Since, the single-mode rate equations completely describe the characteristic of the laser
diode through current injection, sportaneous emission and stimulated emission terms, we
have started our analysis with the classic rate equaticos. The large-signal-model of rate
equations contains a gain compression parameter, €, which is very important in the nonlin-
earity anslysis. In the analysis, an output-to-input approach was used where the injected
current i(t) to the laser was expressed as a function of photon density g(t) and Volterra
series was applied to the rate equations. With the use of harmonic input method, as rec-



ommended in [30], the Volterra transfer functions from outpuz-to-input were frst calenlated
for the laser. Then forward transfer functions were calculated from outpui-to-input trans-
fer functions. Using these transfer functions and Volterra series the nonlinearizy has been
analvzed. Theoretical nonlinear models for harmonic ard intermodulation. distortions have
been developed in terms of laser parameters, optical modulation depth and carrier frequency.
Variations of distortion level with frequency and bias were shown graphically. Comparison
of results with previous theoretical, simalation and experimental results were shown. An
excellent agreement was found for the second and third harmonic distortion between our
resulis and previous Darcie’s[15] as well as Czylwik’s [17] results. For the intermodulation
distortion, we obtained a new model which corrects Darcie’s equation (1.3). Comparison of
two models show that Darcie’s model for M D is true for those devices which have small
gain compression coeﬁcieﬁt. However, our JM D model is very general and is true for all
devices with any value of e. The advantage of our approach is that it offers a more general
analysis framework and an accurate rapid evaluation of the device performance. The output-
to-input Volterra transfer functions play an important role throughout the analysis. Once
these transfer functions are known, they can be used to analyze the system performance
using the technique of this thesis. In the previous perturbation analysis, the analytical ap-
proach and also the Volterra kernels (for the laser) are unknown. The analytical technique

of this thesis offers a valuable tool for the performance analysis of future broadband optical
cofnmunications.

6.2 Further Suggestions

The single-mode rate equations describe the characteristics of the laser in the active
region. Therefore, our analysis provides 2 solution that gives nonlinear behavior in the active
region. However, in subcarrier multiplexing systems intermodulation products originate from
two distinct nonlinear effects[3]. Thie first is the intrinsic nonlinearities cause by the mixing
of electrons anci photons in the laser cavity. Such effects are described by the rate equations
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znd therefore our analysis provides solution for intrinsic nornlinearities.

Tke other source of nonlinearity is the leakage curren: of the semiconductor laser diode[10]
which causes sublinearity of the light-current characteristics. Such norlinearities, which are
not described by the rate equations, introduce second and third order distortions in the
optical output. Applying the techniques, as we used in this thesis, such nonlinearities can
be modeled.

Experimental work has to be performed for the measurement two tone intermodulation

distortion using devices with gain compression ranging from very small to very large.

Our work can also be extended to solve multimode rate equations of the laser for nonlinear

distortion.



Appendix A

Output-to-Input Equation

We recall the rate equations from section(3.1)

=-VT’-;_Q(N_N°)(1_€Q)Q

Z =T -1 - @~ 2ol

(A1)

(A.2)

From equation (A.2) we can express the carrier density N as a2 function of photon density

Q. Therefore,

dQ

R +2+T91-QRN,
T T1-QR+Z

Now we add and subtract the term r%‘:% in the numerator.

2424 {Tg(1 - Q)QN, + 125} e

% = (030~ €@+ 2}V - To1 - )N, -

N= Tol— Q)@+ Z
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_QQ

= (A3
I‘:-:r(T - eQ)Q + 2 /
From equation (A.1) we can write,
I. N-N,+N\, d.V
= gV - N1 -+ 2

p

Substituting equation (A.5) for N we obtain the current I, as 2 function of photon density

Q as

IL. _ N, .1 €+ 2 -]
v = Z+[?r:"g(l"‘Q)Q][rgu-eQ)m-ﬂl
d . dQ  Q PﬂN (
ro i+ QQ+: 1} (4.6)
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Appendix B

Derivation of Equation (3.6)

We recall equation (A.6) from Appendix A

I, [F +Z -2
v = E+ [—+9(1-€Q)Q]

lI‘g(l—eQ)Q+r—"]
Q I',BN
+5liG ™

]/[1‘ (l-eQ)Q+ ]} (B.1)

L _ N = 9(1 — <Q)Q

VT im0 B T - e
[;‘Q'F“Q‘—w]*'i[ §+% PBN"M]
a 7 Tap dt'Tg(1 — eQ)Q + =
Now, in the denominator of the second term within the first squared bracket, the term
containing beta is very small which is due to the insignificant contribution of spontaneous

emission into the lasing mode. If we neglect this term then the above equation reduces to

(B2)

L N, = 1, dQ I‘ﬁN d, R+2-0k
I [rg(l-eQ)Q+“B+f][7¢?+_ ] dt[I'g(l eQ)Q+f“’]

(B.3)

We have mentioned before, Q and I, can be expressed as the sum of steady state and time
varying quantities, Q = Q, + ¢(t) and I, = I, + i(t). Now,
Tl -eQ)Q+ 12 = T(s@-eo@®+ £

Er
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.~ 3.
= TgQ, + gq(t) — €g{Q, + ¢(£)}* + :l

o - 3
= I'(9Q, + 99 — €9Q; — 2¢9Q.q — €gg” + =)

= T(9Q, + 2 — Q%) + (g — 29Q,)g ~ Tega®
= a+bg(t) +cg(t)
= all+ {24() + SF)) (8.4

Where, we have defined
a=T(Q + 2 — cgQ)
Top
b="T(g - 2¢9Q,)
c=-Teg (B.3)

Now,
1 1
To(1-eQQ+ 2 ol + {2g(t) + <7 @)}

In the above equation the denominator terms containing g{t) are very complicated. Here,

(B.6)

we expand these terms with Taylor series for analysis. Thus

T -Q+E - (Ze+ ;qz)'i'(;q'*' ;92) —Ge+ P+ -]
I # ¢ 2c B, L
== '%—29'*'(;-;;)‘12'!'(:;—3)4
1
=5 =)+ 647 (2) +va™(2) (8.7
Where,
¥ ¢
b=F-=
2 B
T=Z=-= (B.8)
As Q, is the d.c component therefore, 2= 5%-(‘51. Now using equation (B.7) equation (B.3)
becomes
L+ilt) N, 1 1.1 b 2. sudg Qo+g TBN,
7 ™ +[r+%(a I+ 0+ )ll7 + T ]

83



Qo I8N, b
dt[dq =4 _ ]( ~ =+ 6¢° + ")
‘P "P
- b 8. v Q, . ¢ T3\,
- [ a‘,, a-r,,q.r.,, r,,gj‘dt = T Top
. dq Q ., ¢ T8N, bdg 0n. 39 . . odg.
-[dﬁ.—,*f, m g TG T3

+(G = e+ 0 + o)l + 2%

(B.9)

From the above equation considering terms upto third order(i.e. terms upto third power

of ¢(t)) we get

I, + i(t N, o _IBNoy (L 1.1
Lrid —+(—+—)dq+(— Iyl d L)L,
Q7T T ‘ap ‘sp ip
Qo rﬁN b » b dq 9 3
a’r,,, T Te ") @ Ty a’f,,,th - T,p‘c'pq
0, Q TNy o, 6 ,dg . 7 ,Q DaNoy s b da,
1_” T T )q"*‘gq dt+‘r,,(‘r_, )q -z d_t)
by b Qe TBNeds o da " iy
a*r, " dt’ el Tep )dt+ QQ( P+ i
Qo I‘ﬁN dq Qo _ BNy 2dg laf’ &q
+29( = "l +3v n i
b d?q dcq 1 dg b dg 6 .dg
—— Ez—--!-aq’dtz + Pzt-— EQE + ;Pq P (B.10)
€ _ N L 1 Q. TBN, . 1dq
72 V'+(I‘+crr,,) Ty Tap )+adt"
1.1 5Q BN, 1.dg
+(I‘+ o a?‘r G Ty ar,,)dt
+ 1 1 b, bI"ﬂN,) N ﬂ),
I',  atpt, &®nT aPng? a*dt
b 20 | 20TBN, 20Q., dg b d’g
(azf.,+azfp+ T T )th e dt*
b Q.
(g~ r22 4 TBeyiz | gy &y
T TpTap 73,



N, . &
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9 . TBN,
o 20 TN s (5
f,ptp Tapip Tsp

From which we write,

i(t) = A+ {Dg(t) + Eq'(t) + Fq"(t)} — {Lg*(t) + Mq(t)d'(¢)
+Ng(t)g"(t) + Ng™()} + {Rg*(t) + S ()d'(2)
+264(8)4%(2) + GEE)G" (1)} = o +

—

=+

........ (B.12

cters and steady state photon density as follows(a,b and ¢ are as defined in equation (B.3)

and ¢ and T are as defined in equation (B:S)).

e L, 11 .,Q, TBN,
A—V[g V'+(f+a_r;)€_ ™ )
DoVl 4L _ % BN,

- o
I'p anty mpn 6372

Eovily L _3Q BN, 1

ot e T
r=Z
a
ey O Q. , 6TBN,
L=v [021',,1', TopTp * Tfp ]
_ b 2 20BN, 26Q,
M_V'[a’r., +a"‘-r,, + e T !
bV’
N==
ToT>  TopTp T2,
S V:[ 4 + 30 + 37Q. - 37rﬁNo]
w» Tp Tp Tep
G=Ve8

(B.13)
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)
where the coefficients A, D, E,F,L, M, N, R, S, G all are expressed in terms of laser param-



B.1 Simplified Calculation

We recall equation (3.7)

L-Is_1dQ Q  d, (2+9) ,
v T Th & Tu-wn (B4

Substituting Q = Q, +¢(t), 2 = £ I = I +i(t) we have,

L-lutit) _ 1dg Q.+g ]+g[ i ] (B.13)
Z & o dt'Tg(l ~ €Q, — €g)(Q, + q)

For a typical device Q, is of the order of 10 m~2 and ¢ is of the order of 10-=*. These
parameters give a value for ¢Q,, which is very small(~ 0.05) compared to 1. We have neglected
the term Q.. Therefore,

Io—Ith'i'i(t) - dq Qo+Q]+ [ Q+Qﬁ ]
Rz = tla’t dt'Tg(1 - eq)(Qo+q)
= ldq+Qo+q __[ %3 + 1 ]
Fdt  Trn  dtTg(l-eq)(Qo+9) Tgn(l-eg)
(B.16)
Using Taylor series we expand above equation as follows
Ia""I‘u;’-i-i(t) — ]]:-‘:ig Q;\:;Q_'_ [if]r 0 ——{1+¢q+ (eg)* + (eg)® + ...} -
{1-—+(Qi)=-(—)3 et = )]
[ {1+69+(€q)2+(eq)3+ H
_ ldq Qo+q 1 dg dg dg dg
= l‘dt r‘rp +PQ, [€—+2€2th+3€3qzz—a
2€qdq+g:tq+ ]+rg1Q ﬁg[l-i-eq+(eq)2 ga 5:
( )’+ ]+——-[€—+252 4 3e“q’-itﬁ+...] (B.17)
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() _ Qo _L-ln 1dg g 1 dq[(_i)dq: 2 2

v T T, T v Tdt Tr T &
dg  ,a28, 1 &g (~g) fq (€-5+3) &g

a T T E e, ‘e T o @
+5 - [e% + 2e=q% + 3e3g2%} (B.18)
@_&_t&‘.‘.ldg.!_i la‘"q edq]
v Pr, v’ r dt , gQ, dt" g", dt
+—[ (e— ){( ) +q }+—P—]
2 -
Heg @5t e g - o
d’q «dq
+5§)<I2E + 'I"}T,q‘E]
- Qo I — Iy 1 d"‘q 1 € dq _g_
R +rgQaF+f(1+gr)dt+r
o d&* 2¢*
(e?ng ){( )2 g} + re. qdq Qg(e Q-
¢ dq dg
—-eQ, + 1){41(3)2 =i+t o q’ (B.19)

We neglect the terms €Q, and (¢Q.)? . Also, we consider (1 + 7;) = 7= (because 7 18
10 to 20 times bigger than 1).

Therefore,
" - Ic'i-, R [rglcg, ;1;5 * I‘;,cdg ¥ rf-,]
lm, (G +eZh -2
I Tl dt)’ r;Q,q’dzq I.3;: dt] (B.20)
Now we write,
4 = 1'"(1"1',, B & ;'I"‘)
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D1 - I.,—Tp
eV’
B = fom
VI
F, =
' TeQ,
VI
M = T9Q?
26V’
M= - PQTP
VI
G = TgQ3
s, = eV
Lo,

We can now write the equation for laser drive current as

Wt) = A+ {Dig(®) + Brd(t) + Fig"(8)} — {Mig(t)'(2) + Nag(t)g"(t)
M)} + {9 (0) + 26906 @) + Gr P (B)g" ()} — ... + ..

(B.21)

(B.22)



Appendix C

Calculation of Output-to-Input
Transfer functions

We recall equation (3.6)

i(t) = A+{Dq(t) + E¢'(t) + Fq"(t)} — {La*(t) + Ma(t)d'(2)
+Ng(t)q"(t) + Ng®(2)} + {Rg*(2) + S (t)q'(2)
+2Gq(t)q?(t) + Gg*(D)g" ()} — -on..n.. + e (C.1)

For the calculatiun of linear transfer function G;(w;) let g(t) = e/**. We substitute this
value of ¢(t) in equation (C.1). Therefore,

i(t) = A+ De™ + jun Ee™t + (juw,)?Fe1t — Lei2nt — 4 (C.2)
Taking the coefficients of e”* we obtzin Gy («y). Thus
Gi{wn) = D + jun B — wiF (C.3)

Setting g(t) = e™3* + e/2* in equation (C.1) and taking the coefficients of el@1+wa)t e get
the second order transfer function Ga(w1,wz). From equation (C.1) we can see that, when
we expand the right hand side with g(t) = /1t 4 izt peither the linear terms (a(®), 4'(2),
¢"()) give any term of the form e?“1*+2)¢ nor the terms containing third power of g(t). The
only terms of interest are the second order terms. Therefore,

89



i(t) = A+D(" +&) + .. - (e + &)
~M(E* + &) (jun e + june™t) — N(&* + &) (—uie™ ! — wle™)
—N(une™* + juae™)? + R(e™* + &) + . (C4)

The coefficients of ef{«r++2)¢ are

Ga(wn,w2) = —2L — M(jun + jws) = N(=w? = w2 — 2wywn)
= —=2L—jM(w, +uws) + N(w; +wa)? (C.5)
Similarly substituting g(2) = e/1* + e/2¢ + &#3* in equation (C.1) and taking the coefficients

of gikatwateadt we obtain the third order transfer function Ga(wy, we,ws). Note that only the
terms containing third power of g(t) are of interest. Thus,

i) = A+ = e+ R{E™ 4 ginbenlt | geilrtentan) L 3
+5[e7%2¢ @823 . 2t 4 Qeilintunlt y ggilntenlt | geilintunle] .
[fun €™t + junelet + june™] + 2G[eM ¢ + et + | [~wient — iei2at
+G[e.fzwlt + e.i%t + e)‘%t + 26.1'(014"02)! + 235(“:'1'0:)! + 2ej(wa+u;]£] .
[~e2eirt — o2t - et _ 4 (C6)

Therefore,

Ga(wn,we,ws) = 6R+ jS(2uwn + 2w + 2uws) + 2G(—2uw iy ~ 2wty — 2wy n)
+G (=2 = 23 ~ 2u3)

= 6R+ j25(uwy +uwn +us) — 2G(wy + ws + ws)® (C.7)
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Appendix D

Calculation of ¢(¢)’s

D.1 Calculation of ¢(t)

The input to the laser is a single sinusoid

i(t) = Icoswt

I, t I -3t

= Ee"" +‘§8

= d()+a() (D-1)
Where

() = %a‘m (D.2)
and

. I _.

W) = 3¢ awt (D.3)

We recall the Volterra series from chapter 4. Since we will write the series for the
laser therefore, instead of z(t) and y(¢) we will write the input and output as i(t) and g(t)
respectively which are the current and photon density. As we are interested for the input to
output nornlinearities, we will use, &, (u1, ..., %a), the forward kernel in place of g, (u;, -.., un)-
Therefore,

q(t)=g e hn(u,...u,,)ll:"[li(t—u,)dul...dun (D.4)

: 9



For n = 1 we get the first order quantity

a1 (t)

ﬁ j: h1 (u;)l(t - ul)d‘ul

= Ba1fi(?)]
= Bifia(t) +4(¢)]

= Bifi(t)] + Biis(t)]

B; is the first order Volterra operator. Now,

Bl [ic (t)]

= [; h; (ﬂl)ic(t - u;)dul
_ F hl (ul)éejw(g—a;)du:
= %e"" h]_ (‘ul) e'j""“ du1

= ‘;-Hl (w)e""‘

(D.5)

(D-6)

Where H,(w) is the Fourier transform of the linear kernel k, (u;) which is, in fact, the
linear Volterra transfer function of the system. It is seen that when the input to the linear
system is %, (t) = 1e’*, the output is just the transfer function times the input. Similarly,

B, [4(2)]

= /: h.; (u; }ib (t - U1 )du;
= ./Q hy (ul)le‘-""’(““' Yduy
-0 2
I _. .
= 5 —yurt [; h1 (u;)e""" A d‘u.;

= éH 1 (—h)) e"""’

Substituting equations (D.6) and (D.7) to equation (D.5) we get

a ()

I
3
2(3)Re{ B w)e™}

I H, (w)|cos(wt + (w)]

Hy(w)e™ + éHI (—w)et
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In equation (D.8) 'Re’ means “the real part of” and we have used the polar form of
transfer function

Hi(w) = |H(w)|e?) (D.9)

D.2 Caiculation of gs(t)
For n = 2 the Volterra series can be written from (D.4) as
@) = % S halaes,waite = it = v
= Bz[i(t)]
= Ba[i(t) +4(2)]
(D.10)

Where B2 is the second order Volterra operator. Since it is not linear therefore, B fa(t) +

i(t)] can not be written as the linear combination of Ba[i,(t)] and Ba[is(t)]. However it can

be written as[5]

Bzlia(t) + %(2)] = B2 (t)] + B2{aa(t), (8)} + B2{is(t), 2a()} + B2[is(t)]  (D.11)

in that
Bafial®), (0} = g [ [ halor, ualialt — )it — ua)dundy (D.12)
Now,
Bolis®] = g [ [ ol ualialt = w)ielt — woldusd
= 3 -{; L tatw,w)et-et=aigu,au,
= % j2ut j: f_: ho (11, up)e™ " e~ gy sy
= % H(w, w)ei®* (D.13)
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where Ha(w,w) is the two dimentional Fourier transfcrm of the second order Volterra
vernel ha(u;,us). Similarly

. 1 . .
Bali®)] = 3 j: f_: ha (g, w2 )i (t — 11 )i (t — w2)duy dss
= l . E jQ jm ha(ul, va)e‘-""’f"“i)e'5”(='“=)du1dug

- 1: M -0 —oofh\uh )e':wuzerzdulduﬂ
- % Hy(—w, —w)e™ (D.14)
B2{ic(t)’ib(t)} = ‘217 _/.: _[: hz(ul,ug)-e’“ (t-m)I —Jw(huz)duzdu"
I?
) E-j:ftohz(ul‘uz)e M‘e’mduldU0
= i:-H (w, —w) (D.15)
Similarly,
I?
Ba{is(0).u(0)} = FH(-w,w) (D.16)

Adding equations (D.13) through (D.16) and using (D.10) and (D.11) w= obtain
r . X
a(t) = EHz(w, w)e®t & EHg(—w, —w)e ™I 4 %Hg(w, —w) + %Hg(—w, w)

8
(D17

The first two terms are the conjugates of each other, also the last two terms and therefore

we can write

Q‘-‘(t) = %[Hﬁ(w! w)ejm + {HQ(QJ, w)eibt}- + Hz(”: -&J) + {H2(wa —w)}-]

= 2§R3[H2(w, w)ei] 4 2§R3{Hg(w, —w)] : (D.18)
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D.3 Calculation of g;(t)

From (D.4) we can write forn =3
@(t) = % /@ F i ha(uy, uz, u3)i(t — 4;)i(t — ua)i(t ~ uz)du,du.dus
= Bafi(?)]
= Bs[ia(t) + #(2)]
(D.19)

Where By is the third order Volterra operator and its operation can be written as(3)]
B3lia(t) +%(t)] = Balia(t)] +3Ba{Z(t), i (t), 3s(8)} + 3Ba{i(2), is(2), is(2)}
+Bs[i:(2)] (D.20)
in which
Ba{ia(t), (), ()} = % S halan, e, ket = Yia(t = alis(t = s)ddiuzds
(D.21

o
o
€«
]
~~
(2 )
b’
[

(é)‘“% fb F f ha(w1, ug, ug)e™lt—m)gilt=ml giultowa) gy, g, duy

= (ésée’m/@ -/Q _[Q ha(u1, Up, ug)e 1234 gy, duy duy
' (D.22)

The integral on the right hand side is the third order kernel trar<form evaluated at
wy = wy = w3 = w. Therefore, _

Bafu®] = (3 giHslu,uw)e™ (D.23)

Similarly,

Bslit)] = (5)°- o Halmw, —u,—w)e ™ (D.24)
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It is seen that Bafi.(t)] and Ba[is(t)] are conjugates of each other and the sum of these two

gives
. 3 Is 1 . -
Bs[i.(t)] + Bafis(2)] = 2- (5)3 - ﬁRﬁ{Hs(W, w, w)e > (D.25)
Now, the second term of (D-20) is

@ i@s®) = 38 ey ) iwlimt2) g t=33)
3B3{i.(t), L(t), ()} = 3(2) i/ _wh3(u1,u=,u3)e""( e~ g r~limu
I, 1. : |
= 33 59 /_@ /_@ /_@ Ry, g, ug)e w1+ dy, dusduy

= (iI_;')H:i(wrw, _w)ejut . (D.26)
Similarly,
3B fa(t) BEBO} = (2)Hs(-w, —,)e™ (D.27)

Equatior (D.26) and (D.27) are conjugates of each other. Adding both we get

2(125)33[33 (w,w, —w)e™]
(D.28)

3B3 {ic (t)’ ic(t)a ib(t)} + 3B3 {ic (t)’ ib(t)’ ib(t)}

Adding equations (D.25) and (D.28) and using equations (D.19) and (D.20) we have the
response

@) = (%)Re[ﬂa(w, w, w)e ] 4+ (%)Rc[ﬂ}, (w, w, —w)e’ (D.29)
From (5.22)
3#D _ m* (1, — In)? _ 2G2(w,w)Ga(w, 2w)
¢ T AGOFGEN ) T g my )
m’(I, - Igh)z

= HCO)FIG. GG @ (D.30)
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Where,
£ = Gi(w,w,w)G{(2w) — 3Ga(w, w)Galw, 2u) (D.31)
From Appendix C using (C.3), (C.5) and (C.7) we can write

Gi(w,w,w)G1(2w) = (6R+ j6Sw = 18Gw*)(D + j2Ew — 4Fw*)
= 6RD + j6DSw — 18DGw* + j12REw — 12SEu?
—j36GEw® — 24RFw*® — j24SFuw?® + T2GFu? (D.32)

3G2(w,w)Ga(w, 2w) = 3(—2L ~ j2Mw + 4Nw?)(—2L — j3Mw + ONu®)
= 4L® — 26 NLw? + 10M Lw — j30M Nuw® — 6 M0 + 36N

(D.33)
Therefore,
§ = {(72GF - 108N*)w* — (18DG + 125E + 24RF — 78N L — 18M*)u*
+(6RD — 12L?) + j{(6DS + 12RE — 30M L)w
+(SOMN — 36GE — 245F)u?) (D.34)

Equation (D.30) along with (D.34) has been used in the computer program for the cal-
culation of numerical results.
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Appendix E

Calculation of IMD

The input to the laser are two equal amplitude sinusoids

i(t) = Icosunt+1I cosunt

= £'= I —jont {-: {-j..,,:
= 2&’“’ +2e +2e’“” +2e
= () +5(2) +i(t) + ()
Where,
3 I ...
L) = 3¢
I .
- = = —Junt
(1) 3¢
. F S
k(t) = 587“
and

] I e
i4(t) = 2e

(E.1)

(E2)

(E3)

(E4)

(E-9)

In 2 similar way as we have calculated in {D.8), the intensity of a single optical carrier

at the output of the laser is

C = IH (W)
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The two tone intermodulation product is a third order effect and therefore those terms
are of interest which give the product terms (2w; — wn) and (22 —uy) in the optical outpuz.
Only the third order Volterra operator B3 produces these quantities at the output' of the

system. We recall equation (D.19). For the input (E.1)

a(t) = % j_: ./:o f_: ha(u1, %2, u3)i(t — u1)i(t ~ u2)i(t — u3)duyduadus

= Bsfi(t)]

= Bsafia(t) + (2} + 1(2) + 1a(t)] (E.7)
Since Bj is a third order operator we can write its operation as

Balia(t) +%(8) +2c(2) + 4()] = Bafia(t)] + Bs[is(t)] + Balic(t)] + Balia(t)]
+3B3{i,(t), 2s(t), s ()} + 3B3{i.(t), 1. (). 1.(2)}
+3B3{ia(t), 24(t), 1a(t)} + 3Ba{ia(2), 1(2), is(t)}
+3Balia(t), 4a(t), e(t)] + 3Bs{ta(t), da(t), ia(t)}
+3Bs{is(2), %(2), 2:(2)} + 3B3{is(t), s(2), 2a(t)}
+3Bs{#(2), 2c(2), (t)} + 3Ba{a(t), ta(t), 1a(2)}
+3Ba{i(t), 1a(t), 22(2)} + 3B3{ic(t), (), 1a(2)}
+6B3{ia(t), is(2), 2(t)} + 6Ba{iai®), i(2), 1a(2)}
+6B3{1a(t), ic(t), ia(t)} + 6B3{is(t), ic(t), ia(t)}

Among these only the terms 3B3{% (), %(t), %2(t)} and 3B3{i(2), i(t),c(t)} produces
frequency components at (2u ~u»,) and the terms 3B3 {#(t), i (t), i.(t) } and 3Ba{i.(t), ia(2), 1a(2)}
produces frequency components at (2w; — u).

3B3{ia(t), ia(t), ia(t)} = 3(%)3'311 j_: j_'_: /_: ha(wy, up, uz)eir i) gien(t=wa) g=sealt=2s) oy gyl

99



Rt [ [ [ b
-

I"
= 16H3(w11uh _%)eJ(-ﬂ—‘-Q)t (E'S
Similarly
r =& =)t
3Ba{is(t), (), (t)} = TgHa(-—wr,—wn,wr)e” (E.9)
. - . r f2un—wn )t
3Ba{i(t), () ie®)} = TzHs(—wr,unwn)e (E.10)
3Ba{i ; i P == )t
3 \zd(t)i ‘Ld(t), Id(t)} HS(wl: —L2, -w2)e (E°11)
Adding (E.8) through (E.11) we have
&) = %[Hs(wx.ua,—uh)e"‘""“‘""-*-ffa(—wh =y, wn)e i)

+ Balmnonon) BT . Hfan, s, —ap)e =)

= £[2R={Hs(ua,uh, —wo)ei @A)t} 4 2 Rel Hy(—un, whp, wo)elPr=1)t}

I°
= —&[33(%-%"”2)3’(“"""]+£Rep-a( T ey

(E.12)
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Appendix F

Simplified Model for 1D

We recall equation (5.28)

7 = Gilw,w,~w)G1(0)G1(2w) — 2G2(w, ~w)Ga(w, 0)G, (2w)
—Ga(w, w)Ga(—w, 2w)G1(0) A (F.1)

Now,

Gi(w,w, ~w)G1(0)G1(2w) = (6R+ 725w — 2Gu?)(D + j2Ew — 4Fw?)
= 6RD?+ j(2D*Sw + 12RDEw — 4DGEw® — 8DFSu®)
—(2D*G + ADSE + 24RDF)u? + 8DFGw* (F.2)

2G2(w, —w)Ga(w,0)G1(2w) = 2(2L)(2L — Nw? + i Mw)(D + j2Ew — 4Fuw?)
= 8DL?— (4DNL +8MEL + 32FL*)uw? + 16 FLNw*
+35[(4DML +16EL*)w — (SNEL + 16FM L) (F.3)

Go(w, w)Ga(~w, 2w)G{0) = -(2L — 4Nw? + 72Mw)(2L — Nu? + jMw) - D
4DL? - (10DLN + 2DM*)w? + 4DN?*w* + §(6DMLw — 6DMNW®)

(F.4)
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n = [6RD*—~12DL*+ (14DLN — 2D°G — 4DSE — 24RDF +8MEL + 32FL* + 2DM?)u?
+(8DFG - 16FLN — 4DN*)w*] + j{(2D*S + 12RDE — 10DML — 16 EL*)w
+(8NEL — 4DGE — 8DFS + 16 FML + 6 DM N)w?]
(F.5)

This value of 7 has been used with equation (5.27) in numerical calculation. In the
simplified analysis instead of A, D, E, ... etc. the constants are 4;, Dy, By, ... with Ry =0
and L, =0 as given in Appendix B equation (B.21). Therefore,

n = —(2D§G1 +4D131.E; - 2D1M12)U2 + (8D1.F'1G; - 4D1Nf)w"
+i{2D{8 1w — (4D1Gi By + 8D RS, — 6D, My Ny )

oxg = —(2DfG1 +4D181E1 - szf)w: + (8D1F1G1 - 4D1N12)w4
v v V'3V V' V' deVR

-2 +4 -2 Jw
I*3TeQ3 ' T Lgrn Tgr, "I, T2g%r2

v v Vv

T7,T9Q.T9Q3  I7,I2g2Qa""
VS 4eVR. ., 4V,

gz * T * (S

The second term within the first squared bracket is smaller than the first term so that
we can neglect this term. Hence,

+[8

(F.7)

o = —( (F.8)

Ve 4vs
=) + (e
Sy * (Tano”
2V3(I, — Is)? 4VA(I, ~ Ip)?
el Pg?nQ%
Steady state value of photon density Q, is given by the relation

I'r (Io - Ith)
Q= _LW—

el —Ia)? = —( Jat (F.9)

Ju? + (

(F.10)
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Using this value of Q,

DY Fds] r [~ 2
allo~In) = ‘-[1{;; I‘g(I.,V my oy s [g——; r'-’gﬁ(;: g
= MY - 5 (F.11)
where w.2= Eﬂ‘:’v‘#l is the resonance frequency of the laser.
B = 2D}{Sw— (4D:G1Ey + 8D RS, — 6D My N, )us® (F.12)

The terms 8D, F1 S5, and 6D, M N; are extremely smaller than the term 4D,G, E; so,
we can neglect these two terms. Since at higher frequencies w?® is the dominant frequency
component, we will proceed cnly with this term and omit the term containing w. Therefore,

A = -(wIGIEl)w3

V'V eV,

= —4

T T9Q3Tgm,
4eVR

—_—— P F.13
Using (F.10),

4V~ In PV
@203 73(L, — T )®
a&vs v
= Jw

59 T9, — Inm
e, V' (P
b

ﬁl(Io - Itb)z =

— — . | p—

g I'n
Now, from equations (F.6), (F.11) and (F.14)

14
Al = AT - 3 -
Now, we recall equation (5.27), then we substitute (F.15) into that. It may be noted that
GI(Q) =D = r‘% Therefore,
IMD m3(I, — Ly)?|n|
C  SIGOPIGMG W)
Im*4D}[(2) - 3(&) - j57)l
803G ()G (2w)]

(F.14)

ews

Ig (F.15)

(F.16)
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From which we have the simplified model for intermodulation distortion

IMD _ lmg H(E) = 3(2)PP + ?5—?}21
¢ [EABIAED]
\Vhere’
Gl(w) = D +jE1w-F1w2
and
_ B R,
Gl = 1+JD1J Dlw
€ uw?
= l+j-w——
g
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Appendix G

Perturbation Analysis Technique of
Rate Equations

The perturbation aralysis of the rate equations has been indicated in the literature [3],
[7]. The starting procedure of such analysis is outlized below.

We recall the rate equations
dN I, N
7y —F-;—Q(N-No)(l—fQ)Q (G.1)
dQ _ Q. N .
7 =Tl - N1 - Q)@ — = +T8— (G.2)
The quantities I,, N and @ can be written as
I,=1%+1 (G.3)
N=n+m+n+ny+.. (G.4)
Q=t+a+a+a+.. (G.5)

Where i,, n, and g, are the d.c. quantities. The subscripts refer to the perturbation order
and the terms of interest are up to the third order. The zero order quantities are time

independent and others are time dependent. We can Substitute these to equations (G.1)
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and (G.2). First we expand the term g(N — N,)(1 — ¢Q)Q. Let

§ = g(N-N)1-€Q)Q (G.6)

£ = glno+tm+np+ms—N)(1—eg—eq — €2 —€05)(%+ @ + & + %)
= g(n,— N, +n, +n2 +13)(go + @1 + G2 + &5 — €73 — —2€0o02 — 260003
260001 — 261Gz — €G3 )
= g[N'gy(1 — €go) + {N'(1 — 26¢5)q: + ga(1 — €go)ru} + {N'(1 — 2eg0)g2 —
N'eg} + go(1 — €go)nz + (1 — 2ego )} + {N'(1 — 2eg0)gs — 2N'equg= +
2(1 — €o)mia + (1 — 26go)m2an + (1 — 2eg,)710; — €@t }] (G.7)

Where, N’ = n, — N,. Let us define A = gq,(1 — €g,) and B = g(1 — 2¢g,). Therefore,

£ = NA+{NBg+ An} +{N'Bg, — N'eg} + An> + Bruaqi}
+{N'Bgs — 2N'eq1¢2 + Ang + Brpqy + Bnigs — emgi ] (G.8) .

Using equation (G.6), equations (G.1) and (G.2) can be written as

dno+m+m+ng) bH+i netmtmnetms _¢

GJ9
= o — (G.9)
Aot @+ @+d) e Gttt a  pemetmtmtng (G-10)
dt T Tap
The steady state equations are
o T
=2 __ 11
O=gi-. A (G.11)
0=CNA-% gl (G.12)
T Tap
The first order equations are
dﬂ], _ t ™m "
F =V T, VBa - A (613



da _
O

The second order equations are

TN'Bg; +TAn, — & 1 T32%

i T an

d: ,
% = -2 — N'Bg; + geN'g? — An, — Bryg,
Tsp
y) 2 > L] )
% =T{N'Bg, — geN'g% + An, + Bn,q} — ?r— +T2

? Lid
The third order equations are

dn3 _ 73

— =~ — V'Bg+2N'eqq; - Any — Brogqy — Brug: + genyq;

p

dgs

— = [{N'Bg — 2N'eqiqz + Ang + Brogy + Bruge — gemgy } ~ 2418
‘p

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

Equations (G.13) and (G.14) can be used to solve the first order quantities n, and ¢,. Here,
i is the driving current. Similarly, equations (G.15) and (G.16) can be used to solve the

second order quantities and so on.
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program maind{input,cutputl;

var
a,b,c,d,e.f,g,h,i,OMD,Ith,Q,w,bl,cl,theta,gamma,dl:double;
et,f1,11,m1,nt, ri,s1,g1,f2,f3,wl,al:double;

hi, pl,p2,p3,p4,p5,k1,k2,k3,k4,kS,g4,r2,r3,r4.r5,r6:deuble;

begin

a:=1.44E-35; {a =V 7

b:=2e-12; {b = tau_phl

c:=3.72e~-9; {¢ = tau_spi

d:=4.6e+24; {d = Nol

e:r=le—12; {e = g
f:=0.646; {f = Gammal

g:=1e—03; {g = betal
:=3.8e-23; {h = epsilon?

DOMD:=0.4;

Ith:=21e-03;

i:=36.75E-033 {i = Idc>

Q:=f*bx(i—-Ith)/a;

wi= f¥({ewqg+g/c—h*exqq); {w=al

bl:=fxex(1-2xh¥*q); {bil=b3

cl:=—h¥*ex*xf; {cl=c?}

theta:=blxbl/ (wiwkw)—Cl/(wkw);
gamma:=(2*bl¥cl-blxbl¥bl/w)/ (Wwkw¥w);
dl:=a%(1/(f¥*b)+1/ (wkcxb)=b1%q/ (Wkwrb*CI+blefRgRd/ (WEWHKCHCI ) ;
el:=a*(1/f+1/(wkc)—blxq/ (Wwkwkb) +bl#frged/ (Wwikwikc)+1/(wkb));
fl:=a/w;

li:=ax(bl/ (wktwikcrb)-thetaxq/{(c*xb)+thetaxfrgxd/(c*c));
miz=a®Cbl/ Cwiwici+28h1/ (Cwwith) +2xthetarfrgxrd/c-2xtheta*xq/b);
nl:=bl*a/w/w;

ri:=a®x(theta/(c*bh)+gammaxq/ (cxb)—gammaxfrgrd/(cHc));
sl:=a*(theta/c+3xtheta/b+3xgamma*xq/b—3xgammaxfxg*xd/c);
gl:=theta*a;

f3:=sqrit(exl/b)/2/(3.141392654);

f2:=1e+09; {f2 = frequencyl
repeat
wl:2=2%#3.141592654#12; {wl = angular freq.?>

{Calculation of Hi(w)}
pS:=sqrt(sqr (di—-flewis*wld+sgr(elnwl)d; {(pS = Gl (w2
al:=gqri(sqri(l-fl¥wi*wl/dl)+sqr(elxwl/dl));
H1:=20.0%1n(a13/1nC10.0);
{ OMD:=S5.6E-03%dl1/C((i-Ith)*pS);
{Calculation of 2HD/C2

pl:=sqrt(sqr (2¥]l1-4¥niswiiwl)+sqr (2¥mi*wid); {(pil = G2Cw,w)3
p4:=sqri(sqr(dli—4xflauliwld+sqr(2xelrwl)); {pd4 = G1 (2w
= 2HD/C3>

p2:=OMD*(i—-Ith)*pl/(4ndl*pd;; {p2
p3:=20#1n(p2)/1nC10}; .
‘{Calculation of 3HD/C3>

kl: = sqri(wi#*wl)*®(72xg1#fi-108#nl1*¥nl)-sqr(wil)*(12%si*el+18xdlxgl—

18#M1¥ml+ 24%#r 1#f1=-78¥N1#1 1) +E%r1udl—-12%11%11;

108




k2: = widwl#*wl®(0¥mi*nl-26%#gl*el-24%s1*#f1)+wln(Exdl*¥sl+12%r l*el
~Z0#m1*#11);
k3:1=sqrt (klxkl+k2#k2);
gd:=sqrt(sqr (d1-9%fisxwl*wl)d+sqr (Sxel*wl)); {ag4
k4.—sqr(OHD*{z—Ith))*k°/(24*d1*d1*p4*g4)- {kg
kS:=20%1n(kd4)/1n(10);
{Calculation of IMD/C3
r2:=6%r 1¥disdli- —12%d1%]l1¥]l1+wisdwi®(14%dl*nl1*]1-2%d1xd1%ql
~dxdixsleel— 24%rixdi*fl1+8%mlxel*]l 1+32%F1%] 1%] 1+2%d1*mi*ml)
FSqQr (widwl)* (B#di*flxgl-16%#f1*l1*nil-4xdi*ni*ni);
r3: oWl (2xdindl*sl+12%r 1xdl*el~ —~10%d1*m1*l 1—16%el#) 1#) 1) +wlkwl ®wls(
8*n1*ei*11—4*d1*q1*e1—8*d1*f1*51+16*f1*m1*11+6*d1*m1*n1)-
ré4:=sqrt (r2¥r2+r3%#r3);
rO:=sqr (OMD*(i-Ith))#r4/(Sxdlxdi1*d1#p4*pS);: {rS = IMD/C}
ré6:=20%1n¢rS>)/1n(10);
writeln(? f=r {2, 'value=’,r6);
1=f2+0,22+09;
until 2 >S5e+09;
end.

G(3w) >
3SHD/C32

nn
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program Darcie(input,outputl;
type real=double;
var
v, Tph, Tsp,No, g, gamma,beta,epsilon, Idc,0MD, Ith,Q, fr, fsreal;
91,k8,q92,93, HD2Z,HD3,ul,u2,ul,u4,uS,us,u7, IiMD:real;
begin
Va=1,44E-335;
Tph:=2e—12;
Tsp:=3.72e-9;
No:=4.6e+24;
g:=le—-12;
gammas:=0,.6465;
beta:=1e-03;
epsilon:=Be-24;
Idc:=36.75e-03;
OMD:=0.4;
Ith:=21e—03;
f:=1le+09;
repeat
G:=gamma*Tph*(Idc-Ith)/V;
fr:=sqrt(g*@/Tph) / (243, 14159265%);
9l:=sqrt (sqr (sqr (f/fr)—-1)+sqr (2%#3.141592654%epcilon*f/gl); {gl=g(f)>
k8:=20%1n{(gl1)/1nC10Q);
{ OMD:=5.6e-03/(Idc—-1Ith)/gl;>
{Calculation of 2HD/C} :
g2:=sqrt(sqr(sqr(Z*flfr)—1)+sqr(2*3.141592654*epsilon*2*f/g)); {g2=q(2f>>
g3:=sqrt (sqr (sqr (3*f/fr)—-1)+sqr (2#3. 1415926S4%epsi lon*3%f/g)); {g3=g(3f)>
u2: =OMD* f#f/ (frefreg2); {u2=2HD/C>
HDZ2:=20#1n{u2)/1nC10); .
{Calculation of 3HD/C)
ul:=sqr (sqr(f/fr)d)+0.Sxsqr(f/fr);
u3:=1.5#sqr (OMDI®ul/(g2%#q3); {u3=3HD/C>
HD3:=20%1n(u3)/1n(10);
{Calculation of IMD/C >
ud:=sqr(sqr(f/fr))-0.Sxsqr(f/fr);
uS5: =2%3. 141592654 fxfufepsilon/ (gefrefr);
ub:=sqrt (ud*rud+uS*uS); )
u7:=0,.5S#*sqr (OMDI*u6/ (gl*g2); {u7=IMD/C>
IMD:=20%1ncCu73/1n(10);
writeln(’f=*,f,’value=',IMD);
f:=f+0.2e+09;
until f>7e+09;
end.
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program Simplified(input,cutput?;
var
a,b,c,d,e,f,q,h,i,Ith,0MD,Q,d1l,el, fi,ql:double;
l1i,ml,nl,ri,sl,f2,wl,ul,uz, ud,us$, us,vl,v2,v2,vs, vd,vE,v7:double;
pPl,p2,p3,p4,pS,p6,wr,r2,r3,r4,r5,r6,r7,r8:double;
begin
ai{Vi:=1.44E-35;
b{Tpht:=2e~12;
diNol:=4.6e+24;
e{gi:=1le—-12;
f{gammal:=0.646;
gibeta’:=0;
hi{epsilonl:=Be-24;
Ith:=21e-03;
1i{idcl:=36.75e-03;
Q:=f#bx(i—-Ith)/a;
OMD:=0. 43
dlz:=a/f/b;
elz:=axh/f/e/b;
fls=a/(fxexl);
11:=03;
nis:=a/(frexq*xqd;
mlz:=—2%hxh*xa/(fxexb);
rl:=0;
sl:=3*hth*hea/ (f¥exb);
gl:=nl/q;
f2:=1E+09;
repeat
wis=2x3,141592654%12;
{Calculation of 22HD/C?
uS:=sqrt (sqr (di—-fl¥wl*ul)+sqri{wixeld); {uS:=6(fi>
{ OMD:=(5.6E=-03)%d1/(i-Ith)/uS; 2
ul:=sqrt (sqr (2¥l1-4nlswltwl d+4sqr (miewld);
u2:=sqrt (sqr (dl—4*fliwltwl)+sqr (2¥wixeld)d; Cu2=6(21) 3
u3:=0MD*(i-Ith)#ul/ (u2*dxdid;
ud:=20%1n(u3)/1n(10);
{Calculation of 3HD/C}
vii=sqQr (wiswl) % (724gl#fi1—-108%ni1¥nl)—(12#sitel+18%dl1¥gl+24nr 1%f]
=78%¥n1%]l 1-18¥Mmidml) *wilkwl+Eriedl-12%]1%]11;
v2: =wl#wl#wl#(90%m)¥nN1-36%glael-24%xsl#fl)+wl#(E¥dil#si+12%r 1%l ~30%¥mi*l1):
v3:=sqrt(visvi+v2avl);
v4:=sqrt (sqr (dl1-4#fléwliwl)+idxplieliwlrwl); {va=G(2f)>
vO:=sqrt(sor (di1-9%flawl wid+sqr (Sxwlteld); {v3=G(3f)
vBz=sqr (OMD*#(i=Ith})#v3/(24%dindlevanvd);
v7:=20%1n(v8)/1n(10);
{Calculation of IMD/C>
wr:=sqrt(ex2/b);
r2:=sqr (sqQr (w1 /wr3)—0.5%sqr (wl/wr);
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r2:zh*wlswlswl/(e*wr*wr);
ri3:=5qrt (r2%r2+r3%r3);
rq'zsqrt(sqr(1—w1*u1/wr/wr)+sqr(h*wl/e))'
6-=sqrt(sqr(1—4*w1*w1/wr/wr)+sqr(2*h*w1/e})'
r7:=0.S#sqr (OMD) #r4/(rS*rg);
r8:=20%1n(r7)/1n(l0);
writeln(’f=r , f2 ' '’value=’,r8);
f2: =f2+0.2e+09;

until f2>7E+09:;

end.
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Outline of the program ‘spectra’

This program calculates S (w) and S, (w) of equations (5.35) and 15.36) and then
takes the ratio gi‘%, %:-:% and expresses them in decibels (dB). First, the laser parameters
V, Tph () , Tsp (7sp), 8 Gamma (T'), beta (8), epsilon (¢), N,, I, I, are entered in the
program as inputs. Q is the steady state photon deasity as defined in equation (3.8). a.
b and c are the constants as defined in equation (B.5) and theta (8), gammal () are as
defined in equation (B.8). The other constants {defined laser parameters) D, E, F3 (F). L.
M, N, R, S and G4 (G) are as given in equation {B.13). For any particular laser, all the

parameters are fixed. The only parameter can be varied is the bias current I..

The number of chanrels N, optical modulation depth (OMD) and the lower and upper
frequency ranges f; and f; of the fundamental input spectrum are entered in the program
as inputs. The fundamental output spectrum of the laser, as defined in equation (5.39),
is 5, (w) = W, which we consider as %’} Where, K; = &(O‘V—%M,
G1{0) = D and 6f = fo — fi. The spectrum S, (w) (two sided) of Fig 31 is defined in
‘Function Sq’ of the program. If a different shape of the spectrum is used it has to be defined
properly in ‘Function Sq’. ‘Function convol?2’ calculates the convolution [S,, {(w) * S,, (w)] and
‘Function convol3’ calculates the convolution [Sg, (w) » S, (w) * S, (w)]- Since the two sided
spectrum S, (w) ranges from —f; to f;, the convolution [S,, (w) *» S, (w)] will range from
—2f> to 2f; and the double convolution [S,, (w) * S, (w) * S, (w)] will range from ~3f, to
3f2. These frequency ra.ngé are defined properly in appropriate ‘Function’s. For example,
the convolution [S;, (w) = Si, (w)] of the spectrum of Fig 31 ranges from -1000 MHz to 1000
MHz and in ‘Function convol2’ we have set the discreate frequency range f; from -1002 to
1002. Similarly, in ‘Function convol3’ we set the frequency range K, from -1502 to 1502.
For 2 spectrum with different frequency limits these ranges have to be changed. In both
‘Function convol2’ and ‘Function convol3’ T is the sampling interval which is needed for the
discreate approximation of the continuous convolution. :

Within thke ‘repeat’ loop in the main program we defined G1 which is |Gy(w)[?, the
output-to-input linear transfer function of the laser. a2 is the quantity |5, (w)| and b3 is the
quantity |Se,{w)|. 23 and b3 are the ratio gﬁ% and gi% respectively.
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program Spectratinput,cutput)y;

{ralculates intermcdulation spectral

var
v,Tph,Tsp,g,Gamma,beta.epsi1on,Na,Ith,Io,Q:double;
a,b,c,theta,gammal,D,E,F3,L.H,N,R,S,G4,N1,0ﬂb:double;
f1,fﬁ,df,Kl,f,u,Gl,GE,GS,al.a2,a3,a4,b1,b2,b3,b4:double;

Function Sq(f:double):double;

begin
if Cabs(f) >=50.0) and (abs(f) <=500.C) then Sq:=K1/(Z*df)
else
Sq: =03
end; -

Function convolZ(f:double):doubles;
const
T:integer = 4;
var
f4: double;
x: double;
begin
x:=03;
£f4:=-1000-T/2;
repeat
x:=x+5q(f4)#Sqlf-f3)*T;
fa4:=14+T;
until f4>1000+T/2;
convol2:=x;
end;

Function convol3(f:double):doubles;
const
T:integer = 4;
Var
kZ2:double;
x:double;
begin
x:=0; :
k2:==1500.0-T/2;
repeat
x:=X+ConNvol2(K2) #Sq(f-k2)I*T;
k2:=k22+T;
until k2>1500.0+7/2;
convol 3:=x;
end;

BESIN
V:=1.44E-35;
Tph:=2E-123;
Tsp:=3.72E-09;
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g:=1E-12;
Bamma:=0,E4€6;
beta:=1E-03Z;
epsilon:=3.8E-23;
No:=4.8E+23;

Ith:=21E-03; {Ith = Threshold current’
I10:=36.75SE-03; {Io = Laser bias current?’
2:=Gamma*xTph*(Io—Ith) /V; {@ = Steady stacte photon density?

a:=Gamma*{(g*D+beta/Tsp-epsilon¥gr*l);

b:=GCamma#g*(1-2xepsilon*xQ);

c:=—epsilon*xgxEamma;

theta:=b*b/ (a*a®xad-c/(a%a);

gammal:=(2xb¥c—-b*bxb/a)/ (a*xa*al; {gammal = defined const gammal}

D:=V#(1/(Gamma*Tph)+1/(a*Tspx*Tph) -b*(l/ (axaxTph*Tsp)+b*Sammarbeta*
No/(a®xa*xTsp*Tspl);

E:=Vx(1/Gamma+l1l/(a*Tsp)=b*0/ (axa*Tph)+brGammaxbeta*No/ (ara*Tsp)
+1/Ca*xTphl)d;

F3:=V/a; {F3 = defined const F32

L:=Vx(b/ (a*xaxTsp*Tph)-thetax*Q/ (Tsp*Tph)+theta*Gammaxbeta*Na/ (TspxTspld;

M:=Vx(bh/ (a*a*xTsp)+2#b/ (a®xaxTph) +2¥thetarGammaxbet asNo/Tsp—2¥theta®*Q/Tph);

N:=b*//(a*xa);

=Vx(theta/ (Tsp*Tph)+gammalxl/ (Tsp*Tph)—gammal *GammaxbetasNo/ (TsprTspi i :

S:=Vx(theta/Tsp+3xtheta/Tph+3xgammal *Q/Tph-3*xqammal *Gamma*beta*No/Tsp);

G4:=thetasV; {534 = defined canst G

writeln(’enter number of channels, OMD per carrier’);

readlnd(Ni, GMD>;

writeln(’lower and upper frequency limits of Sql(w) in MHz’);

readln(fl, f2); '

df:= f2-f1; .

K1l:=N1l¥*sqr (OMD#15.7S5e-03) / (2#D%D);

f:=50.0;

repeat
w2=2%#3. 141592654* f*#1e+06;
Gl:=sqr (D=wwkF3) +sqr (Ww*E); {Gl= sqr(G1(w))3>

:=sqQr (2#L —N¥*wiwd +sqr (M¥w) {G2= sqr(G2{(w,wd)>

G3: =sqr (GER-ZHGRWHW) +5qr (2#S*w) ; {G3=sqr (G3(wl, w2, w-wl=-w2)) 3}
al:=G2/(2xG51);
aZ:=al¥*convol2(f); {a2=5q2(w) >
aF+=a2/Sq(f); {a3 =5q2(w)/Sqllw)
ad4:=10#1nCa3)/1n(10);
bl:=G3/(6»51);
b2:=bixconvel3(f); : {b2 = Sq3(w)2
b3:=b2/Sq(ft); (b3 = SqQ3(w)/Sqi(w)

b4:=10#1nCb3)/1n(10);
writeln(Tat frequency =?,f ,’s3=',ad);

fz=f+50.0;

until f>500.0
END.
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