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Pne static caaracteristics of skew sandwich panels
; are studied bv the finite element method using skew elements
naving three and five degrees of freedom per node. The
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slements used in this thesis are developed on the

i Reissner's simplified sandwich model.

D
[

Various parametric studies were conducted in
attempt to define the range of validity of the resultis.
Wnerever possible results obtained from the present investi-
gation are compared with those available in the technical

literature.

A computer program utilizing the Finite Element
technique is developed to generate the stiffness matrix of
skew sandwich plate element. The boundary conditions are

taken as, fixed, free or simply-su orted edge constraint.
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subjected to uniformly dlotrlbuted loads. Also point loads

could be handled with very. little modificationvof the -

program,. In soume cases, the resulting fo old symmetry

allows extraction of one-quarter of the plate for purposes

5

of analysis, while in other cases this is not possible.
The results obtained from this numerical analysis
are shown to be in good agreement with other precise

analyses, such as differential equation method, which
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involve much more computational effort than is required oy
the present method.
Tt is seen that the method outlined here, provides

= workable and accurate means of treating skew sandwich

plate problems of arbitrary boundary conditions.
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CHAPTER I

INTRODUCTION

sandwich plates are a type of three layer
construction, consisting of two thin sheets of high
strength material between which a thicker layer of
comparatively soft and light material is sandwiched.
The two thin sheets are called face-sheets and the
middle layer is called the ccre material. The core is
considered to have Such a small load carrying capacity
in the plane of the plate as compared to that of the
face layers that all the face-parallel core stresses
may be neglected. The face layers are considered
sufficiently thin.to neglect the variation of the

normal stresses over their thickness.

The noted advantages of light weight and high
resistance'to local buckling of sandwich material méke:
it a suitable material for aerospace applications.

For example, skew sandwich plates are often used for
skins or partitions for military missiles. Because

of its strength and stiffness characteristics, sandwich
construction offers great interest and enthusiasm among

builders, engineers and theoreticians to explore the



possibilities of its optimum utility. The mathematical

analysis of sandwich plates has commanded a considerable
? attention among the pioneers interested in elasticity
and its related fields of study. Many refined analyses
have been put forward which are of great interest}to
the theoretical analysts. 1In practice, in order to ﬁake
use of such theories, a great deal of simplifications
are required before the design engineer can handle them
effectively. Examples of this are described in the
paper by Donnell [1] and the book by Plantema [2].
However, it is to be pointed out that, even with such
simplificétions, only a few problems wiﬁh simplified
boundary conditions could be solved analytically and

that most such solutions require the use of a trigo-

¢ nometric series expansion. For the solution of moxre

complex problems involving sandwich plates it has been

necessaxy to use a numerical method such as finite

differences.
The finite difference method has been employed

for solving the problems of elasticity including plates

and shells for over sixty years. In the past decade,'

however, the finite element method was developed,

originally in the aircraft industry in response to the

vide a refined . -
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complex air frame configurations. The pioneering efforts
of the aeronautical structural engineers, backed by the
needs of the industry and facilitated by the availability
of automatic digital computers in such establishments,
resulted in the outcome of the finite element method,
which could be applied equally well to problems of
structural mechanics. This method has been and is

being applied with success to many of the problems of
elasticity which were previously solvable only with

-y

considerable computational difficulty. P

The basic concept of the finite element method
is that every structure may be cénsidered as an assemblage
of a finite number 6f individual components or elements.
The finite character of inte£connecting of the elastic
structure makes the analysis possible by solution of
simultaneous equations, and this is the characteristic
feature which distinguishes a structural system from

the problems of structural mechanics.

A natural extension of structural analysis by
the finite element method is the use of a system of
two or three-dimensional eleﬁents to represent an elastic
continuum. For example, assemblages of two-dimensional
elements can be used to represent plates in bending of
arbitrary forms. Using such elements, the idealization

of the structure is obtained by dividing the continuum
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i

into segments of appropriate sizes and shapes, all the
material properties being retained in the individual

elements.

The finite element method was originally
developed as an extension of the matrix displacement
method in structural analysis. In this method the
approximation employed, i.e. dividing the continuum
into a finite number of interconnected elements is of
a physical nature. 1In other words, a modified structural
system is substituted for the actual continuum and there
is no approximation in the mathematical analysis of the
substltute system. “This is the feature which distinguishes
the finite element approach from the finite dlfference
method in which the governing differential equations
«of the actual physical system are solved by approximate
mathematlcal procedures. At a most recent studv, a
researcher [JJ has shown that the f1n1t° element is a
systematic approach for setting up finite difference

equations in plate bending analysis.

It is of interest to note that a number of
finite element analyses have been published in recent
years especially for rectangular sandwich plates [9]

[10] [11] [12). However, for the analysis of skew




sanGwich plates, very little information is available
at present. The only work available is that of Kennédy
[4] which presents the analysis and results of clamped
skew sandwich plates with isotropic cores, using a

trigonometric series solution.

The present investigation is devoted to the
study of a variety of skew sandwich plate problems with
clamped, simply supported and free boundary conditions.
Different ratios of bending and shearing stiffnesses
are considered using two distinct linear finite elements.
Solutions of the above problems are compared between
these two finite elements and other available solutions.
Although the structures to be investigated in this thesis
are limited to skewed sandwich plates the technigque is

applicable to plates and shells in general.

In the representation of a real structure by
finite elements, the number of elements required in order
to carry out a fairly detailed stress'énalysis may also
be large enough to seriously challenge the capacities .
of even the big computers. This problem would become
more critical when we use a refined element having more
degrees of freedom. A utility computer program was
written to generate the stiffness matrices and . solve
the equilibrium equations. A listing of this program

is included for reference in the Appendix VI.



CHAPTER IT

‘. REVIEW OF : LITERATURE

2.1 Review of previous work on the analysis of sandwich

plates

Bending theory of sandwich panels has been
investigated by several authors. Williams et al [3Q
in a paper published in 1940, derived a simple approximate
formula concerning wrinkling of sandwich construction by
using - energy ~  principles. This early theory accounts
for the‘transverse shear effect in the core by assuming
that a linear element initially straight and normal to
the middle plane of the.core will remain straight after
deformation but will deviate from the normal to the
deformed middle plane by an amount represented by a
parameter. This assumption has further been used by

March [24] in his analysis of sandwich plates.

Mérch [24) in a paperxr published in 1948, used
the energy method to study the behavior of a flat
rectangular sandwich panel. His paper is devoted to
determining approximately the effect of the shear
deformation of the core on two types of problems (i)
Buckling under compressive end load and (ii) centre

deflection of clamped rectangular panels under uniform




transverse loads. As an approximation, all the displace-
ments in the core and faces are expressed in term of

the normal displacement of the panels and its derivatives
and the problem is solved by assuming functions for

this displacement that satisfy the boundéry conditions.
He also obtained the solution of isotropic problems

where the facings are stressed beyond the proportional
limit.

In the same year. Taylor [22] derived a system
of differential equations governing the small deflectioﬁs
of sandwich plates by introducing the concept of separate
deflections. The solution of these differential equations
physically means that the total deflection W can be split
up into a partial deflection Wy due to bending and a |
partial deflection Wy due to shear. The solution for a
square plate with clamped edges.under uniform load was 'k
presented ih‘his work. - :

The basic differential equations for the finite
deflection of isotropic sandwich plates were developed
by Reissner [32] in 1948. 1In his work, the development
of the bending theory for sandwich plates is based upon
several fundamental assumptions concerning the behavior
of the faces and the core. These assumptions are as

follows:



(1) The thickness of the faces is very small
in comparison with the thickness of the core and the
stresses in the faces parallel to their planes are dis-
tributed uniformly over the thickness of the face layers.

(2) The values of the elastic constants Eg,

Gf for the face layers are large cémpared with the values

of the elastic constants Ec' G for the core layer so

c
that the face-parallel stresses in the core layer and
their effect on the deformation of the composite plate
are negligible.

., On the basis of these assumptions, Reissner
treated the sandwich plate as a combination of two
plates without bending stiffness (faces layer) and a
third plate (core layer) of fering resistance only to
transverse shear stresses. With these assumptions a
system of eguations has been derived £o describe the .
behavior of the sandwich plate under bendinq loads. "~ In
this study, he found that the transverse normal stress
in the core is negl;gibly small qompared with the
transverse shear stresses and that the range of defleq—
tions for which the linear theory is adequate decreases
as the core is made softer relative tc the faces.

In 1948, Libove and Botdorf [33] developed

both the energy expression and the differential equation



for sandwich plates on the basis of Reissner's simpli-
fiéd model. Boundary conditions cofresponding to simply
supported, clamped and elastically restrained edges weré
considered. When he developed the differential equations,
the deflection due to shear and the orthotropic strech-
ing properties of the skins and core were taken into
considération. Three sixth order differential equations
were obtained.

In 1950, Hoff [34] used the Principle of Minimum
Potential Energy and obtained a similar set of differen-
tial egquations.

In 1951, Eringen [35] generalized the varia-
tional approach used by Hoff and obtained four partial
differential equations for the bending and buckling of
rectangular, flat sandwich plate haviné homogeneous cores
and identical isotropic faces subjected to various types
of 10adin§ and boundary conditions. Various effects
previously omitted have been incorporated into the analy-
sis. The three dimensional stress distribution in the
core is taken into account and thus the bending rigidity
and the flattening of the core are not neglected. Also
the faces which are customarily assumedvto be thin, have
bending rigidity.

In 1951, Yen et. al [23] used a Fourier series



to solve the governing differential equations proposed
by Hoff and get some numerical results for the maximum
deflection of a simply supported rectangular sandwich
plate. Both £he upper bound and lower bound solutions
were presented in his work.

In 1952, a simple order-of-magnitude analy51s
has been used by Gerard [36] in order to secure a formal
basis for the various assumptions used in connection
with sandwich construction. 1In his paper the complete
equilibrium and stress-strain relations for the faces
and core of an isotropic sandwich plate are considered
by examining the orders of magnitude of the‘stresses and
displacements in terms of the thickness of the sandwich.
His analysis procedure is similar to that used by
Goodiex [39] in the development of homogeneous thin-
plate theoxry. By use of this procedure, a set of 51mp11—
fied streSSestrain relations is obtained for sandwich_ -
plate, which are equivalent to results obtained previously.

Cook [37} in a paper published in 1966, presents
.quantitative information reqgarding the validity of certain
approximations applicabie to sandwich plate analysis such
as (1) neglectlng face-parallel stresses in the core,

(2) neglecting the bending stlffness of the fac1ngs, (3)

using approximate expressions for strains in the core.



In his paper energy expressions are developed for each
approximate theory. Results given by the approximate
theories are compared with results given by a more
general theory for several values of geometric .and '
elastic properties.

with tﬁe advent ef digital computet, numerical
analysis based on the aboﬁe mentioned theories‘beceme'
possible. In the last twenty years, most of the work
of sandwich plate analysis are concentrated in the'field
of numerical approximate analysis.

In 1967, Kan et. al [25] used the method of
successive approximation and obtained an approximate
solution for the governing differential equations
proposed by Riessner."He use the cehtre deflection
ratio as a perturbation parameter. The solution is
based. upon the smallness of centre deflectien ratio
for the case of uniformly loaded, clemped rectangular

.

sandwich plates considering large deflections. -”‘-
Martin [ll] in a report published in 1967
set forth the first investigation of’ the problem of
thin plates as well as sandwich structures using a
triangular sandwich element. Martin's element was

formed by combining the stiffness matrices for two

CST (constant strain triangle) elements representing



the skins and three CSHR(constant shear) elements
representing the core. He used this element to solve
the homogeneous thin plate problem and obtained some
nunerical results for the maximum deflection of a
rectangular plate under a uniformly distributed
loading.

Monfortan, et. al [10] in a paper published
in 1968, used the finite element technigue to solve
the problem of the sandwich plates. The assumed dis-
placement pattern was represented by the sum of products
of one-dimensional first order Hermit-Interpolation
polynoﬁials and undetermined nodal coefficients. Eighty
degrees of freedom per element were used in order to
obtain an accurate representation of the elemental
strain energy. Accurate results were obtained even
for a coarse element grid.

In the particular area of skew . sandwich plate:
the first and only céntribution was made iﬁ 1969 by
Kennedy [4], who investigated the problem of a clamped
skew sandwich plate subjected to uniformly distributed
loads. He traced Taylor's work and derived thé differen-—
tial equations by introducing partial deflections_due

to bending and shear separately. The basic assumptions

of this analysis were identical to that proposed by
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Reissner in the previcusly discussed paper. In his work,
fair agrcement with an error not exceeding 10% was ohtained
between the theory ard sxperimental results in the small
deflection 1ange.

Fox most approximate methods ericountered in pfactice,
such. as the series solutior method and the strain energy
approach it is not easy to find general type of solutlons
due to complexity of geometry, loading, material prope?ties
and boundary conditions. Most of these difficulties havec been
overcome by the present method. In finite element method, we
can obtain results up to needed accuracy. and it is found
that very close results to the exact solutioh could be
obtained by that method. he present work may be regarded
as an extension of reference [9] , which used similar
displacement functions to generate the stiffness matrix
for vibration analysis of sandwich plates. The element
used in this thesis is more general than the aforemen—

.tloned element in that it can apply Lo both rectangular:“

or skew sandWLCn plates SUbjeCu to varloua boundary

conditions.

2.2 MNumerical methods of structural analysis

To analyze a complex structure such as sandwich
plate construction, many authors use t+he differential
equation method. This method gives accurate results

but solution can be obtained only for some simplified
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boundary conditions. For general boundary conditions,
+he solutions are very complicated. Sometimes, exact
solutions are not possible to obtain even for the most
simple boundary conditions. It is for these reasons
that oumerical approaches are essential to efiect a
solution. What foliows is a brief description of
several of the numerical methods which may be used to
anelyze sandwich plate problems.

(a) Ritz Method : Ritz method is one of the

energy methods and has found particular aopllcatnon in
the analysis of very complex probleme.' This meehod

is based on the annCLPle +hat the total enexgy is a .
minimom when the loaded system is in : stable equ111~
brium. In applying this method to the investigation

of bending of plates, a'deflection function which.
satlsfle* the boundary conditions of the structure is
aSSumed. The undetermlned parameters of thevassumed,7
functlon can be determlned from the mlnllelng condl—
tion of the system. In this method the. dlfferentlal
eguations are not used and need not be known. In
general, this will save a conSlderable amount of
mathematical work. However, some difficulty 1is alWays'
encountered if the plate is not symmetric. For example,

for a plate with one side simply supported and the other



side clamped, the choice of a complete deflection func-
tion to meet the geometric boundary conditions is indeed
difficult.

(b) Fourier Series Method : When the govern-

ing differential equation of the problem is known; the
rest of the work is reduced to solving the differential
equation and a rigorous solution would involve adjusting
certain constants to take care of the boundary conditions.
Fourier series have found application in the solution of
many structural problems because it can reprééent'dis—
continuous functions. Kennedy [4] has presented solutions
for clamped sandwich and homogeneous plates ‘usihg this
method. |

(c) Perturbation Method : This method is often

used to solve the large'deflectionlproblems. Kan,-et.Aal
[25} has successfully solved the sandwich plate_?rqblém’
using this techniqué. ,This-method ié'baééaﬁbﬁ?fhg{éﬁéii4$’
ness of the central deflection of the plate. Then.the
nonlinear partial differential equationsgoverniﬁQ the_'
probleﬁ are reduced to a seguence of linear or Qerturbed
equations and the undetermined coefficients in the assumed
displacement function can be.evaiuated by eguating terms
with corresponding powers of variables in the equation.

The drawback of this method is that it is extremely



iaborious and requires considerable computation.

(a) Collocation Method : This method is one

of the easiest numerical method. The method is based
on error distribution principies and may bz regarded as
an improvement of the purturbation technigue. This
technique has been applied successfully by Waiter [38]
to the analysis to rectangular plate with large deflec—
tions. Application of this method to other boundary

value problems may be feasible.

(e) Finite Difference Method : This method
is based on the replacement of the differential equations
by the corresponding finite difference equations.
Application of thie technique yvields a set linear
simultaneous equations from which the deflection, slope‘
and curvatures of the grld points can be evaluated.
Tnls method has found w1de appllcatlon in structural
analysis. Experlments have demonstrated that flnltefﬁ
‘dlfference equations are not easy to set up with odd
meshes, irregular boundaries and certain types of bound—
ary conditions such as free edges.

(£) Finite Element Method : In the 1ast ten

years, this method has widely been used to solve various‘
structural problems. However, this method is mnot

intended to replace other methods but rather to supple-
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ment them. As stated earlier, the finite element and
finite difference method are not entirely unrelated.

The relative merits of these approximate methods can

be observed from the numerical results. Zienkiewicz

[ 6] showed that the finite element method gives better
results than finite difference of an equivalent mesh
size. The ease of changing grid spacing and of com-
bining different kinds of element to form the whole
structure in the finite element method can be a dis-—
tinct advantage. Due to t+his advantage, it was tried
for complex structural problems such as stiffened

plates and sandwich plates w;th great success- A majox
Aisadvantage in this method is that more eguations must
be solved for a given grid pattern than those for finite
difference models. Datails of this method will be given

in’ﬁhe_nextwghépter.
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CHAPTER IIT

METHOD OF ANALYSIS

3.1 General

In this chapter two linear finite elements for
the analysis of skew sandwich plates are presented. The
required stiffness and consistent load matrices are
derived from the direct stiffness method using the dis-
olacement-strain-stress procedure. TwO displacement models
are used incorporating an element having three and five
degrees of freesdo:m per node. These two stiffness matrices
are generated in subroutines independently.

Attention is also foeussed on how the sﬁep—by—
step technique, the so-called "direct stiffness" epproach
can be used to form the stiffness matrix for the skew
sandwich element which has proved to be useful to solve
sandwich plate problems. Some emphaeis is placedfbh"%ﬁem7ﬂ°
techniques of joining the skin and the core, so that it
can be used most appropriately to represent the sandwich
element. Various modifications of flexural and shearing

rigidities are also discussed.

3.2 The General Assumptions Used in This Investigation

In the traditional simplified analysis of sand-

wich plates it is generally assumed that bending is resisted
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entirely by the pair of skins while the core resists only
the transverse shear. This means that the skins are in
a state of‘plane stress and that the transverse shear
stresses are constant through the thickness of the core.
These assumptions are easily satisfied by a finite element
jdealization. The following assumptions are made in the
derivation of stiffness matrices.

1. Hooke's law holds, i.e. the plate is made
of perfectly elastic material.

2. The facings and the core are isotropic*and
homogeneous. This assumption is reasonable for most of
the sandwich structure of honeycomb or corrugated type
when.the cell size is small compared with the character-
istic dimension under consideration. |

3. .The displacements are small, so that the
linear (small deflection) theory is~valid.

4.'”he two. facxngs of equal thlckness havef“r
neé;igible bending rlgldlty. Thls aseumntlon 1mplles
that the strain in the faces is almost constant across
the depth of the face and hence the flexural strain
energy of the faces is usually negllglble when the
thickness of the faces is small in comparison with the
thickness of the core. It also implies that the-trans~
verse shear is entirely carried by the core.
althougn most sandwich core mot@rzals are only orthotropic in
nature; However, dus to the as sumpition that normal strains in
the vertical direction are negllvlblo(assumnuion 5, PZO) the

entire sandwich plate can be assumed as 1sotronlc ‘without
appreciaoble error.



5. Transverse normal stréinvis negligible. This
~assumption generally means that the transverse contrac-
tion of the plate is small, neglecting this effect does
not alter appreciably the accuracy of the bending analy-
sis. This assumption is usually ap?lied in the classical
theory of plate analysis [5] .

6. The core is made of very low density material
in comparison with the face material (EC<<Ef) therefore
the core stresses parallel to the face plates are very
small and hence can be neglected, it implies that bend-
ing moments are resisted only by the faces.

7. Plane-section remains plane during deforma-
tion. This assumption implies that linear strain state
exists across the depth of the core. Due to considerable
shear straih in the transverse direction, the noxrmal of
the middle plane before bending is not remaining normal
to the middle plane after bending. ‘This assumptibﬁi»~
further implies that sandwich plate analysis is a three-
dimensionai problem which cannot be treated as a two-
dimensional problem such as classical thin plate'analysis.

3. The bond between facing and core is assumed
perfect. This assumption is- achieved by the displace-

ment functions of t+the faces and core.

3.3 Assumed Displacement Fields
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3.3.1 Three and Five Degrees of Freedom rlements

The accuracy of the finite element solution for
solving structural problems depends mainly on the proper
selection of the assumed displacement field. If the
displacement functions are not properiy selected, the
results obtained may not converge to the correct answersQ
Now the question arises as to which criteria éhe assumed
displacement functions must satisfy in order for the dis-
placements, strains and stresses to converge towards the
correct values when the element mesh size is decreased.
Two well-known criteria proposedvby Zienkiewicz [6]
are : |

1. The displacement function must be chosen such
that the next to highest derivative occurring in the strain
energy expression must be continuoué.

2. Rigid body motion must be adequately repre-
sented.

Based on some authors [7] [ 8] a further desir-
able property of a plate-bending element is conformity
which means the slopes ére continuous between elements
aslwell as the transverse displacement. Although the need
for conformity is a matter of some dispute, it would
perhaps be fair to say that conformity is a sufficient

but not a necessary condition that ensures convergence
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of the finite element approximation to the true solution.

a) Three degrees of freedom per node

The equilibrium equations of skewed sandwich
construction are a set of>second order differential equa-
tions. The related minimum potential energy function
requires only the first derivatives in the unknown dis-
placement fields to be evaluated. This means that con-
tinuity of the displacement fields is only required in
the finite element method. Based on these requirements,
an element of three degrees of freedom per node has
been developed. The components of diSplacement at a

node arxe given by :
= [ u, v, W)
The displacement function is assumed as '

u = a; + 0285 + asn + auin
v = a5 + Gg& t oyn + 0gln

W= as + Q108 + ar1n * c128n

b) Five degrees of freadom per node

Although the element (three degrees of freedom
per node) described above give good results in many cases,
experience [9]'with this element has demonstrated the
need for a more refined element. The improved element can

be obtained by two different approaches, either'increasing
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the number of nodes for each element or increasing the
number of kinematic degrees of freedom at each node. In
most cases the second approach has a decided topological
advantage in that the connectivity of the element assembl-
age is greatly simplified. This type of_element will be
studied in some detail in the present work. Using both
the displacement derivatives as well as displacements as
nodal degrees of freedom, the displacement vector at a

node is given by :
{ad }T = [ur v, w, 9w/d&, Bw/an]

where the assumed displacement field for u and v are the
same as for the three degrees of freedom given before,

except w has been taken to be a twelve term vector, thus

2 2
w = dot G105 + a1in ¥ a126 + oa13&n + sl

3 2 2 3
+ 0158 + o16& M + ay17En  + c1sN

: 3 3
+ aj9f n + 208N

Itlhas been shown by K. M. Ahmed [9] that the
use of more terms in the vertical displacement will
achieve a more reasonable representation for the shear
properties of the core and the convergence to the correct
solution is rapid. For these reasons elements having
five degrees of freedom per node are used and results are

compared with those obtained from elements having only
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three degrees of freedom per node.

3.3.2 Displacement Distribution for a Parallelogram

Sandwich Element

In order to study the continuity of displace=
ments across element boundaries, the displacement fields
u, v, w, are calculated in terms of the nodal co-
ordinates as shown in Fig. 2 for both the three and fivé
degrees of freedom elements.

a) Element containing three degrees of freedom

per node
The expressions of displacement fields in terms

of the nddal displacements are obtained, as follows s
a=u + (2 - wm)Ela + (us- ui)n/b
+ (usy —up - us + m)&/an/b
v =vy + (va- V1)E/a + (vs = va)n/b. -
(3 - 3)
+ (Vvy = V2 V3 't vy)YE/a n/b
w=w; + (wp — wi)&/a + (ws- wi)n/b

+ (wy - Wp - w3 — wi)&/an/b

T> ensure the continuity of u, Vv and w across
an interface we must have u, Vv and w uniquely defined by
+he values along such an interface. The following

expressions are obtained.
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Along the faces 1 - 3 (¢ = 0) and 2 - 4 (§ = a),
the following displacement fields are obtained, respectively .

as
u=u; + (uz- w)n/b
v =vy + (vs- vl)n/b (3 - 4a)
w=w, + (w3— wi)n/b
u = u; + (uy— uz)n/b
v = vy + (vy~- v2)n/b (3 - 4b)
w = wy t+ (wy— w2 )n/b

Along the faces 1 - 2 (n=0) and 3 - 4 (n = 0)

t+he following expressions are obtained respectively as 3
u=u + (u2- wm)&/b
v = v1 + {(va2— v1)E&/b (3 - 5a)
w=w1 + (wo— w1)&/b
u = us + (us— us)&/b
v = v; + (vy— v3)E/b (3 - 5b)
w = ws + (ws— w3)&/b

From the above expressions, ve found that the
displacement functions depend linearly on nodal dis-
placements and that the continuity of element displace-

ments are maintained for the three degrees of freedom
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element.
b) Element containing five degrees of freedom
per node
The displacement fields with regard to u, Vv
are the same as in equations (3 - 3), (3 - 4) and (3 - 5).

the only difference being the expansion of the displace-
ment w which will given here.
The expressions of displacement fields in terms

" of the nodal displacements are obtained as :

a

2 . 2
w=wil-50- -2 La-p-a =& - 2P}

- & - I - & - My2
tug B -2 @ Lpow, Q-2 A -7

2 .
cwt-29 B a-priga-pa-2p)

(B & on o fENgq o_omy2y oo
Wgé{g (1 2) (1 b)} + wnz{a-(l ) oo

5 .

g - B & Prwia -6 - R

WE

3 _ & _ SE\N : _ Ey2n _ ‘ - &
+ -é-(l -é-) (1 2g)b}+ Wga{g(l a) b Wna{n(_l a)

} (3 - 6a)

v ey

nyn - - e D
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The displacement w and the normal slope across

-an interface have been defined as follows :

Along the faces 1 - 3 (& = 0) and 2 - 4 (£ = a),
the following expressions for w and 3w/3% are obtained
respectively as :

;= ~ 32 31 2, n;
w = w;(1 “gat 3) + wnl(n 5 T 52 )
3 2 3 2 3
+ Wy (g n, ey - w (F - Fe)
W _ -n , 3n2 _ 2n° _n -n , 2n*_ _n’
e w1 (g5 ab? 3p) T ng(l p) * Wnl( 2 T ab ab2)
n _ 3n* , 2n’ no_2n*, 0% -n , 3n?
rua(p - 3 4w G- rp) Tt o
_2ndy n? _ __3 _ 3n?, 2n’ n
35'3) ‘\7 (ab 2)+ “‘73( ab?_ ab3 ) + W£3b
: 2 3
L U 1
v G5 T b (3 - 7a)
- . 3n? 2n _2n*, _n’
w = WZ (l = b2 + ) + an(n b + b2)
3n% _ 2n?) _ n?*_n?
+ wy (552 B3 Y (5 2)
oW _ -n , 3n2 _ 2n° -n o, o2n® ol gy (A
—a—g = Wi (-é—b— -+ ab2 aba) -+ an( ab bz) Wa (ab
3n2 , 2 - n n _2n* . n?
~@b2 T 5%3 ) Wgz(l pl t v - * ab?)
+ ¥ (_v + .3212 21].3 ) + w (n) - (D._z_ —- D—3_2 )
T4 lzb T ab? ab? Ey D Ny & ab

O 3n? 2n? n? _ n’ 3 - 7b

+wilgp ~ 3p2 ¥ Epe) t Vn, (5B 2) ( )
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Similarly, along the faces 1 -2 (n=0) and
3 - 4 (n = b), the following expressions for w and 9w/9n

are obtained respectively as :

-2

2 2 3
w = wi(l - —52+ gés) + Wil (¢ - Eé %2 ) + Wz(géz
3 2 . 3
- 28] - w B %)
oW _ -& _ 2 ~ :é _Ey2
I W1{-5-5+—5-52(3 )}+WE1{ b(l a) }+WT11
Q-5 +wé{—a%-— (3 - -—E?-)-—Z} + { (1 - 5)
£ - oe. E2_ &, .. (Br4 - E
R CRE ] S N
£ £, . 2 B Eye
+ walg - ~AS —3)} + wgs{b(l = 3
(3 - 8a)
2 3 2 3
W= Wy —gz‘ ——g‘a) - Wgu(g - —g-z) + wi(l - §_§_2 + '2—2‘3)
25,. g?
) - 2 28 - =E _E. &
% Wl{‘é’% + %—52(3 - —-é')} + ng{—g(l a'2}+ W2 lgn
28, &2 g2 _ & B2 _ 2&
- (3 - -'E)B—a‘z}‘*' Wgz{gﬁ'(l a—) T+ Wu{ba2(3 a)
(&2 _ & Ey b wo{_ & - &
- 3—} - W {5—5(1 g)} + wm(a) Fowalgg(l - 3
- ¢& - £ - £
(1L - ——)} + w 3{5(1 g)z} Wﬂs(a 1)



the defleactions are +ths same along a common edge
between ajzcent elements. Similarly from eguations(
and (3—7) it can be shown that the slopes are not the
'same along the edge. Therefore it can be deduced

that continuity of element displaéements is also
maintained but continuity of normal slopes is violated

for the five degrees of freedom element. As we men- .
tioned before, the latter condition need not be satis-
fied for convergence criteria [6] ; moreover, it can
be seen that the normal slopes of the interface are
independent of the normal slopes of the nodes on a
parallel edge of an element under consideration. The
normal slope is defined with respect to the skew co-
ordinate £ and n; it need not necessarily be perpendi-

cular to the boundaries.
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3.4. Formation of the stiffness matrix for the skin

- element

Because of the unique behavior of sandwich
plates as described above it is convenient to build
each individual sandwich plate element using a set of
sub-elements, two of which represent the opposite skins
and the remainder of which répresent the core, some
elements previously developed for plane stress [13]
and [14] may be used to represent the skin of sandwich.
A parallelogram plane stress element is especially
useful in skew sandwich plate analysis, although its
use is obviously more restricted than the triangular
one in other problems. On the other hand, the fact
that the parallelogram element has four nodes permits
the introduction of an extra parameter in the displace-
ment function and permits a more accurate representa-

tion of a Varying'stress field.

a) Strain-displacement Relationship

The parallelogram element with nodes at the

corners is as illustrated in Fig. 3. This subelement

is used to represent the membrane displacements of the

face,
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where v and u; are used to represent the membrane
displacements at node i in the directions Y and X res-
pectively.

The displacement functions are taken as

U = o) + 02& + asn + 0u€n
(3 - 9)

i

Vv = o5 + 0s& + O7N + Oan

The coefficients ( a;, Gz,*°°=*-0g ) Were
expressed in terms of the displacements u,.Vv at“the four'
nodes. Therefore the element has eight degrees of
freedom. Evaluating equation (3 - 9) at each nodal

point in turn, the nodal displacement-generalized

displacement relationship may be constructed as
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u, ] "L o o o o o o o]a
| v, o o o0 o0 1 o0 0 0} o0z
u, 1 a 0 O O 0 0 0fjoas
Vo 0 0 0 0 1 a 0 0 oy
= (3 - 10)
u; i b 0 O 0O 0 0 O0fias
Vs o o ¢ O0 1 b 0 O0f]las
Uy 1 a b ab O 0 0 0 o7
| v | Lo o 0o 0 1 a b ab_ | o)

In matrix notation

Hagl = [Af]{uf}
where'{Af}is the vector of element nodal disp’ ements,
{af} is considered as a vector of generalized co-oxdinates
of the element.

The strain in the element with respect to

the rectangular coordinate system are defined as :

_ du
€x X
oV _
— 9V (3 - 11
€y 5y )
_ 2w, 3V
Yxy ~ 3y * 3%

The strain in the skew co~-ordinate system
are obtained from those in the rectangular system as

follows.



Fig.

The associated coordinate axes are shown in

3. The rectangular x, y axes and the skew &, n

axes are related as follows.

ox

X = £ + ncosé
y = nsiné
E = x - ycoto

n = ycosecg)

By changing variables,

du _ du 3§ | 3u
X 9& 9x an
3y 9& 3y  on
du _ du 3¢ , du
dy 90 9y on
dv _ dv 3§ , 3V
X 9 ox on

From equations

28 _
ox 1
an _
0xX 0,

Equations (3 -

du _ 3du

X 9&

oV oV
—— DI e ..___..+
5y cot¢ 5E
ou ou
— TZ = ___-+
5y coto 5

av

ox

an

o9x

an

oy

an

oy

an

90X

(3"‘12)1
98 _ _
Y cot¢
oo coseco
oY _

13) becomes,

cosecd

cosecd

———rs

2t
u

(3 - 12)
(3 - 13)
(3 - 14)
(3 - 15)
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Substituting equations (3 - 15) into equations

(3 - 11), the following relationship will be obtained,

i 1T T au
€x 1 0 0 0 1 3E
c bu
y | = 0 0 -~-cot¢$ cscé{ |an (3 - 16)
av
ny L_—cotq) cscd 1 0 a&
[ 97 ]
In matrix notation,
{exy} = [Hf]{egn}
where’{egn} can be obtained by appropriate differentia-
tions of equations (3 - 9).
- [ o]
au i ]
3 O 1 0n O O O O o
u
v Oy
3 O 0 0 0 0 1 0 n
Os
v o 0 0 0 0 0 1 E
Al - - s
G 7
| e

In matrix notation,

The vector of generalized coordinates of the
element'{af} will be obtained by rearranging equations

(3 - 10),
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-1
{agh =[ag] {ag} (3 - 18)
where
.
i 0 60 0 o0 0 0 O
-1 1
= 0o 3 0 0 6 0 O
-1 1
= 0o 0o 0 g 0 o o
1 1 1 1
= 0 F ¢ wm ° ;O
[Af]“l=
o 1 o OO o0 0 0 ©

...l.' l
0 Py 0 3 0 0 0 0
-1 1
0 5 0 0 0 5 0 0
1 -1 -1 1
Lo.azozgo:—;soas

Tf these equations (3 T 18), (3 - 17) are
substituted into equation (3 - 16) , the following strain-—
displacement relationship is obtained. 1In matrix

notation,

e

{exy}=.[HJ [B] [a) {ag (3 - 19)

b) Stress-strain relationship

I+ has been assumed that the material is elastic

homogeneous and isotropic, the stress-strain relationships
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for plane stress with Poisson's ratio v, are given by [15]

- _ -

GX 1 v
= F -y 2
Oy /(1 -v%)|v 1
T 0 0
X
| *Y] -

In matrix notation,

Oxy = [Df].{exy}

0

— -

1/2(1~-v)

(3 - 20)

where [Df] is the elastic coefficient matrix of the faces.

Substituting for'{cxy} from equation (3 - 19)

gives,

o) =[] [8)[a]

(3 =~ 21)

where [Df],[:HJ, [B] and [A]—{Ere.as given previously.

c) Element properties and necessary transformation

The element stiffness matrix,[KfJ may now be

computed bv applying the prlnc1ple of virtual work ther___

simplest procedure is to impose an arbltrary(v1rtual) nodal

displacement’{Kf} and to equate the external and internal

work doné by the various forces and stresses during that

displacement.

The work done by the .nodal forces is equal to

the sum of the products of the individual force components

and corresponding displacements, i.e. in matrix language,



Y} {s} (3 - 22)

where {S} is the nodal forces.
Similarly, the internal work per unit volume
done by the stresses can be obtained from equations (3 - 19)

and (3 - 21),

T .7 T T

ey, ) {og,} dxdydz ={a.} [a [ 8] [u]) [p1[H]
[B][a '] axayaz {Ag

Equating the external work with the total interﬁal

work obtained by integrating over +the volume of the element

we have,

T w T T ,
(@) (s} = (B [27) Jffte] (=l =)
-1
axayaz[a {Ad3 - 24)
. The virtual displacements {Ef} are guite arbitrary

and in particular may be taken to be represented by a unit

matrix, thus equation (3 - 24) can be written,

| 1T T T 1
(sy =[ a1 fffte] [ 8] [og][n][]axdvaz [2] {ad
(3 - 25)
which is the force-displacement relationship for the element,

thus the element stiffness matrix becomes,

ke = a1 T{ff[B ]T[ H]T[ p.][ 1 ][ B)axdyaz [p;]—l

(3 - 26)
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The stiffness matrix involves integrals over
the volume of the element, the integration indicated in
equation. (3 - 26) can not be carried out directly since
the matrix[jB] is in terms of &, n. A Jacobian [16] is

used to transform the integration to the variables &, n.

The Jacobian is a determinant defined as,

RS X
3E an
J = (3 - 27)
oy Y
& on
which, from equation (3 - 12) is equal to,
1 cos¢
J = = sing (3 - 28)
0 sing

If taking t_ as constant within the element,

+the stiffness matrix becomes,
[x,] = stno[a 2] fo f o () [8] [o[H]["]
agan[a"1] (3 - 29)
which can be further reduced to,
. 1T 1 |
[Kf] = sing[a ") [Re)[ 2 ] | (3 - 30)

where [Rf]is the generalised stifiness matrix.




Performing the necessary integration and matrix
multiplications we obtain the generalised stiffness

matrix, which is completely defined in the Appendix I.

3.5 Formation of the stiffness matrix for the core element

The sandwich core which separates the skins is
considered to be relatively thick, and it has been assumed
that,

(1) The core is incompressible in the trans-
verse direction.

(2) The transverse shear stresses is constant
throughout the depth of the core.

(3) The displacement u and v at any given point
on the core vary linearly across the depth.

Based on these assumptions, two elements are
developed as follows :

(a) Element with three degrees of freedom

per node
The subelement which is used for the core of
the sandwich plate has essentially a tri-linear dis-
placement assumption, the u and v displaqement are assumed
to be symmetric about the midplane and the w displacement
is assumed to vary only with X and y, thus only 4 nodes
are needed, Fig.(3a) shows the nodal arrangement for this

subelement.



by,

The displacement functions are taken to be,

u-= ( oy + azg + azn + asén )¢
v=( os + agf + ayn + 0sgdn )g (3 - 31)
w= oy + 0108 + a11n ¥ aiz2&n

Thus the nodal displacements may be represented

T.

‘{Ac} = {u, Vi Wi Uz V2 W2 U3z V3 W3 us Vi Wiy }

(3 - 32)
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Following the scheme used in section 3-4, for
the plane stress element, the nodal displacements{A}in

terms of the displacement parametersja}can be expressed

as :
T
[wr vi w1 uz V2 W2 Us V3 Ws Us Vi W) =[Ac]
T
[al Op O3 Oy Os Og Gy Og O9 Q1o C11 alZ]
(3 - 33)
where,
1;- o o o o0 o ©0 0 O 0 0 0]
t
0] 0 0 0 5 0 0 0 0 0 0 0
0 0 0 0 0] 0 0 0 1 0 0 0
t at
= —F 0
5 5 0 0 0 0 0 0 0 0 0
t at
0 0 0 0 5 3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 a 0 0
(2] = e bt o o 0 0
= 0 -5 0 0 0 0 0
t bt
0 0 0 0 5 0 5 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 b 0
+ at bt abt
5 3 "3 5 0 0 0 0 0 0 0 0
+ at bt abt
0 0 0 0 5 "3 =5 5 0 0 0 0
0 0 0 0 0 0 0 0 1 a b ab
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The strains in the elemeant

{Cayat = . -

As shown in Fig.

are

Q

<

N
+

(3a) .,

|
+

(3 - 34)

-

the rectangular x, Y, 2,

axes and the orthogonal system £, n, T axes are related

represented as :

as :

x = & + ncos¢

y = nsing

z=% (3 - 35)
or g = x - ycot¢

n = ycoseco

r = z

Performing the necessary differentiations of
ecuation (3 -~ 35). The strains in the element can be
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- 1 - 115 1
u
€4 1 0 0 0 0 0 0 0 0 3E
ou

€ 0 0 0 -cotd cscd O 0 0 0 9
Y 2u
3¢
A
EZ 0 0 0 0 0 0 0 0 1 -a—g
= v
on .,
Txy -cot¢ csc¢o¢ O 1 0 0 0 0 0 av
or
aw
Tyz 0 0 0 0 0 1 =-cot9 csce O 9&
v
on
T 0 0 1 0 0 0 1 0 0 oW
ZX : 11357
5 4 L z
L .

(3 - 36)

In matrix notation,

eyt = [H fegg

where'{egng} can be obtained by equation (3 - 31)
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au-\ i -l —
28 1o gz onz 0 0 0 0 0 0 0 O o ]
%l;- O 0 r& 0 0 0 0O 0 0 0 O @2
a3
9uy 'y ¢ pn&n 0 0 O 0 O O 0 O
C oy
%%' o 0 0 00 ¢ ong 0 0 0 ol (%
o
Vilo 0 0 0 0 O gz 0 0 0 O (3 - 37)
e z £C o
g-‘é 6 0 0 0 1 £ nEn 0 0 0 0jf 1%®
CGo
ow
Ml jo 0o 0o 0 0 00 0 0 1 0 n|lg.
-g-‘% o 0 0 0 0 0 0 0 0 0 1 g%
L_0L12
ow -
¥ fooo 000 0 0 0 0 0 0]

In matrix notation,

{e, .} =[Bc]'-{oz}

Eng
The vector {a} can be obtained by-rearrangiﬁg

equation (3 - 33)
'{oL}=[A—l] {a} ’
c c c (3 - 38)

where,
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2 .
£ 0o o o o 0 O o o ©o0 O O
-2 2
2 o0 0 gz 0 0 0 ¢ 0 O 0 ©
-2 2
2 o 0o 0 0 0 g 0 o o0 0 O
2 -2 -2 2
abt 0 0 abt 0 0 abt 0 0 abt 0 0
0 -2,5 o o o0 o0 ©O0 O0O 0 ©0 0 0
-2 2
0 2 o 0 g 0 0 o o o0 0 0
-1
[2c7)= o 2 o o 0 0 0 = o 0 0 O
bt bt
2 -2 -2 2
0 % 0 0 %&£ ° O e O 0 sz O
o o 1 o 0 o0 O O O0O 0 0 0
o o X o o %X o o o o o0 O
a a
-1 1 «
o o 2 o 0o 0 0 0 0o 0 0
1 -1 -1 1
0 0z 0 0z O 0xm 0 0w
L -
Substituting for {Exyz} from equation (3 - 36)
gives,

(epput = (81 D8] [ag7) fack - 39)

where [ Hc] ,[ Bc] ,[ A;l] are defined previously.




The elasticity matrix [ Dc] for the isotropic

sandwich core relating the six stress components to the
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strain components can be defined as [lﬂ .

In matrix notation,

‘{nyz} =[ch].{€xyz}

Applying the principle of virtual work for the

Gx 1
v

oy 1-v
v

Oz 1~v

____E(@d-v)
(I+v) (1-2v)

Txy 0

Tyz 0

sz i 0

L o

£
X
Sym. ey
>
z
1-2v T
2(1-v) Xy
1-2v
0 3 Tyz
1-2v
0 0 2(1-v) Tox

core element a similar relationships as given by equation

(3 - 24) can be obtained.

core element becomes :

The stiffness matrix for the
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1. T T T —1
(x] = (a4 f / / (51" [1]" [p][n] (5] axayaz(al)
(3 - 41)

Since the matrix [BC] is in terms of &, n, C.
A Jacobian is again used to transform the integration

to the variables &, n, z. It is defined as

dxdydz = |J(£, n, z)} d&dndg (3 - 42)
where,
ax ax ax
o0& an 9L
- |%x 9y 3y
2z 3z 2z
9g an d¢
From equation (3 - 35) which is equal to,
|7CE, n, )] = sind (3 - 43)

Now, the stiffness matrix becomes, |

‘ 1. T t/2{b | a T T
[—Kc] = Zs:an) [Ac ] 0 0 0 [Bc] [Hc] [Dc] [Hc] I.-Bc]
aganaz[a_ '] (3 - 44)
which can be reduced to,
~1, T -1 |
[k,] = 2sin¢[A "] [r] [2,7] (3 - 45)

where [Rc] is the generalised stiffness matrix for the
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sandwich core. The matrix[:Rc] is defined in the

Appendix IT.

(b) . Element with five degrees of freedom

per node
Tt has been shown by K.M. Ahmed [9] that the
use of more terms in the transverse displacement will
yield better results. Therefore an element having five
degrees of freedom per node is developed here. The
displacement vector for such an element has been taken
to consist of the displacement as in equation (3 - 32),

except that %ﬂ, %% are taken as an additional nodal

degrees of freedom. The assumed displacement field is,
u = (a, + 028 + asn + ayén)
v = (as + agE + ayn + ogin)
w = (ag + 0108 + cr1n + a128% + a13é&n
+ a1sn? + o1sEd + a16E2N + 01 7EN?
+ ayen’® + 01953Hl+ 020&n?)
(3 - 46)

Using these functions the required matrices
appearing in equation (3 - 45) are derived in the

Appendix III.
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3.6. Formation of the stiffness matrix for the parallelo;”

gram sandwich element.

The sandwich element was formed by combining
the stiffness matrices for two subelements representing
the skins and a subelement representing the core. The
condition for assembly of skin and core element is that
they must have equal number of degrees of freedom at
their common nodes. However, the skin element developed
has two degrees of freedom per node. SO in order to
make it compatible for assembly the 8 x 8 stiffness
matrix for the skin element is expanded to a 12 X 12
and 20 x 20 stiffness matrix for the three and the five
degrees of freedom elements respectively.  The expanded
stiffness matrix will include zero in the corresponding
rows and columns for degrees of freedom not considered
in the skin element. |

In order to combine these stiffness matrices;
we have to redefine the combined nodal forces and dis-
placements. Foxr tﬁe three degrees of freedom element,
the equilibrium equations which relate the element nodal

forces to the subelement nodal fordes at node 2% may be

written as :



+h
|

N

th

) %8 xls xtc
£, =2 +
ye = 2E50s T foac (3 - 47)
le = ﬁzlc
In matrix form,
. . (2f ]
£, 1 0o 1 0 o xls
x 2f
vi&s
£ = _ :
0 o 1 o0 1 o0 £opc (3 - 48)
£ Lc
£ 0 o 0 o0 0 1 Y
z - - £
2 i i zlc

| T
or
d fz} [zg) {flsc}
As mentioned earlier the bond between facing
and core is assumed perfect the compatibility egquations

which relate the element nodal displacement to sub-—

element at node & may be written as :

-~ - - -

Uy 1 0 0

Vos 0 1 0 _ug

up = 1 0 0 vy (3 - 49)
Ve 0 1 0 Lw%

Yoo | 0 0 1_

or {dzsc}‘=[1&3 {dz}
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where the subscript % refers to node &, the subscripts
s and c¢ refer to the skin and the core subelements
respectively.

Using matrices of the type [LQJ the similarity
transform matrix [L] used for forming the element stiff-

ness matrix may be constructed as,

rEKS -0 i
(8x8) . (8x12)
T :
[K] = [L] SRR LR LR |7
(12x12)  (12x20) : (20x12)
ot . - X

(12x8) :  {12x12)

(3 - 50)

where [K] represents the stiffness matrix for the
sandwich element(three degrees of freedom/node), [Ks]
and [K,] represent the stiffness matrices of the skin

and core respectively.

The transform matrix [L] for three degrees

of freedom per node is given here as :
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_ 1 0000000100000000000
01000000010000000000D0
00000600000100000000DO
00100000000100000000
000100000000210000000
0000000000000L000O0O00D

[1] = (3 - 51)
00001000000000L100000O
000001000000000210000
0000000000000 00O0ZLO000
00000010000000000100
00000001000000000010
00000000000000000001

The formation of the stiffness matrix for the
second element(five degrees of freedom per node)'follows
much the same procedure as for the first element (three
degrees of  freedom per node) . Thevtransfofm-matfixh[ﬂ]-;-'
for the element with five degrees of freedom per node is

given in Appendix IV.

3.7. Formation of the stiffness matrix for the structure.

The dominant reason why the finite element method
has been accepted so quickly and applied so extensively

in engineering practice is its complete generality, a
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single basic computer program may be employed in the
analysis of structural systems ranging from simple
plane trusses to elastic solids of arbitrary geometry.
The only change necessary will be the substitution of
some of the appropriate element subroutines, because
the procedure of formation of the stiffness matrix is
general for any type of element and structure. Some
basic procedure will be presented here.

h

If the forces acting at the jt node of the

ith element are'{f;} and the displacements at the same

node are’{d§} then for an element with four nodes j, k,

2 and m,
il f .1 i i i | _
{f i= fj £ £y fnl} (3 52)
and {dl}= {d% ar &, ar } (3 - 53)

The stiffness matrix may be written as :
N

el yxt oot (3 ~ 54)
J T pep Jnon

where K%m is the matrix which represents the forces at

node j due to unit deformations at node m.

Now considering the entire structure with M

h

. . T
nodes and I elements. It is seen that for the J node,

the vector of nodal displacements in global co-ordinates,
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r is related to the applied nodal load Rj by the stiff-

hess matrix K as :
M-
R. = ¥ K. «r (3 - 55)
J n=1 ¢ n

Equilibrium of the jth

node requires that the
summation of the element nodal loads for the element
nodes which coincide with node j of the structure be

equal to the load applied at the jth node or
L

R, = 5 f£% (3 ~ 58)
L, M
2' R
or R. = % 5 K.n dﬁ- (3 - 57)
3 g=1n=1

As the displacements of node j are common to
adjacent elements, therefore,

L

r, = dn (3 - 58)
Thus L M Z I
R. = % y Ki «r . (3 - 59)

S N

Comparing this expression with equation
(3 - 55), the following relationships can be obtained,
— L [}
K., = L KL, (3 - 60)
J g=1 ‘

The stiffness matrix XK for the complete struc-

ture are built up simply by adding the stiffness of the
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elements adjacent to the node in question, using equation

(3 -.60).

3.8. Details for joining skin element to core element.

In most theories of sandwich plate analysis two
assunptions are made which affect the distribution of
stresses. The first assumption is that the transverse
shear stresses of the face plates are negligible. The
second is that the flexural rigidity of the sandwich is
due entirely to the coupled plane stress rigidities of
the skins. As a results of these assumptions, the stress
condition of the core and faces would be violated. 1In
order to improve the representation of these sandwich .
elements, some modifications are necessary. As can be
seen later, each modification will get a physical meaning
in the core-face bond. |

Five possible representation of the core-face
bond are discussed here. A numerical study of thesé”fi§e
cases will be made in Chapter IV.

(1) Skin subelement attached to the nodes of
the unmodified core subelement : The shear stress condi-
tion at face-core bond would be violated in this case.

(2) Skin subelement attached to the nodes of
the core subelement which is modified by increasing the

thickness : In this case, the shear stress at face-core



bond is improved, but the sandwich plate becomes stiffer,

because it can carry more shear stress by the thickened
core and the shear deflection will also be reduced.

(3) Skin subelement attached to the nodes
which are extensions of the core subelement : The shear
stress will be carried by the original core. It does not
provide continuity through the thickness of the sandwich
plate. The flexural rigidity and the shear rigidity of
the sandwich plate will be considered separately.

(4) Skin subelement attached to the nodes of 1
the thickened core subelement whose shear modulus has
been reduced : This would improve the results of case
2. J. A. Maple [12] has suggested that the shear modulus
of core should be modified for the thickened core. In
other words, the shear rigidity will be suitably adjusted.

(5) This case is similar to case 4, K. M. Ahmad
. [9] has suggested a different modlflcatlon for. the. shear
.modulus, he assumed that the shear stress in the core will
vary parabolically.

The different valuesbof shear moduli and flexural
rigidities are presented in table (1) . Comparison of
the above modifications with an "axact" solution has been
made for two different boundary conditions of the sgndwich

plate (as presented in table (6)). The deflection at the




centre of the plate for case (4) is found to be the
closest to the "exact" solution and hence it can be
concluded that of the five approaches cited above this

arrangement yields the best results.

3.9. The consistent load vector.

The consistent load vector is obtained by
calculating the virtual work done by the applied loads
qu(E, n)., qv(E, n) and qw(g, n) in the u, v and w
directions respectively.

The present analysis is made only for a
lateral uniformly distributed load of intensity qo'and
with no loads in the u and v directions; hence the work
done in these directions is zero.

For a set of virtual nodal displacements {A},

the work done by the equivalent nodal forces is,

T

W, = {&} [s.] (3 - 61)

The work done by the uniform load is,

_ T
Wu = ffqo Wo dxdy

= sin¢qofbfa_W(E, T azan (3 - 62)
(@) Q

Equating work done by the equivalent nodal forces to

that done by the uniform load, we get



' bpra _ T T
~ [s.1= sind)qoff [277] [ ]agan (3 - 63)
: oJo
1.7 T

where [A""] and [L] will be defined in Appendix V.

Performing the necessary integration and
matrix multiplications for equation (3 - 63), the load
vector will be obtained as follows :

Elements with three degrees of freedom per

node,
[s,] = sing q  ab {%, %, %, ¥} (3 - 64)
Elements with five degrees of freedom per node,

[s,] = sin¢ q ab {1/%, a/24, b/zu, 1/, —a/2ur
b/2u, 1/us @f2u, -b/24, 1/u, —a 2y,
~p/2}T

(3 - 65)

It is seen that in the first element, the'tpﬁél‘.
VdiSfributed iéading on ﬁhe-element iébiumpéa iﬁéé ébﬁceh—
trated lateral forces acting at the nodal points, but in
the second element, the distributed loading is represented
by concentrated lateral forces as well as concentrated
couples at the nodal points. In other words, the load
representation in the second element is much better than
the first one. It is one of the factors which will:. .

influence the accuracy of a finite element approximation.
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3.10. Rotation of co-ordinates
) The boundary conditions for skewed plates
would be applied in two different ways. The first way
is to express the boundary conditions in terms of
derivatives of the global co-ordinate system. This

is done by the use of Lagrangian Multiplier which are
unknowns attached to the additional equations. These
additional equations, called constraint equations for
all points lying on the boundary can be solved by the
minimization of potential energy subject to the con-
straints. The disadvantage of this approach is that

the stiffness matrix will no longer be banded after we
provide the constraint equations to the system, so that
the whole stiffness matrix has to be stored in the
domputer memory.

An alternative procedure is to rotate the
éé—brdihate sysfem for those points lying dn'theQSkéwédﬁ“
boundaries so that the generalized displacements become
normal and tangential components to the skew boundary.
The boundary condition can then be applied directly by
eliminating those displacements from the equation of
the problem.

Referring again to Fig. (3af, it can be seen

that the component of displacement parallel to edge is,
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vp = ucos¢ + vsing (3 - 66)
The component normal to edge is
up = usin¢ - vcos¢ (3 - 67)

The transformation matrix relating the rect-
angular co-ordinate system and orthogonal co-ordinate

system is of the form,

- -1 -
[u] sing cos¢ 0 up]
] .
(v| = -Ccosg sing 0 vp (3 - 68a)
|
v 0 0 1 \74
EI EA
for three degrees of freedom element.
and,
[ u] ] sin¢ cosd 0 ¢] 0 1 —upd
v ~cos$ sing 0 0 0 vp
wi = 0 0 1 0 0 4
oW _ . i 9w
3F 0 0 0 sing gos¢ i 3D
ow oW
_— 0 0 0 1 e
tar\ L 0 J _an_J
(3 - 68b)

for five degrees of freedom element.

or in general terms,

{ar = [o] {a} (3 - 69)
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A similar expression may be written for the

forces at the nodes of the Boundaries in the forﬁ,
{£} = [Q] {£} (3 - 70)

where {E} and{aj are the generalized forces and dis-
placements respectively in an orthogonal co-ordinate
system.

The general stiffness equation for structural

systems is given as,

{£f} = [K]{a} (3 - 71)

substituting from equations (3 - 69) and (3 =70)

(o] {F} = [K][Q]{a}

or {1 = []7t [x][o]{a} (3 - 72)
The stiffness matrix in orthogonal co-ordinate

system become,
~ T . I P
®7= o] [x][e] T @ ETy

Tt should be noted that because of the parti-
cular properties of the angular transformation matrix
[@] , the inverse [Q]—l is also equal to the transpose
[Q]T. This property allows the general stiffness matrix
of equation (3 - 73) to be obtained without the necessity
of inverting matrix [Q].

The advantages of this approach is that the
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transformation matrix for the complete structure need
not be obtained. The co-ordinate system for those
points lying on the skew boundary are rotated before
the elements are assembled,.so that the stiffness
matrix for the complete structure retains its banded
form, and the computer storage requirement are con-—

siderably reduced.

3.11. Boundary conditions.

As mentioned earlier, the assumed displace-
ment function must represent rigid body motion. Clearly,
it is impossible to solve this system without subs-
titution of a minimum number of prescribed displace-
ments of prevent rigid body movements of the structure,
because the displacements cannot be uniquely determined
by the forces in such a situation. The application of
boundary conditions for skew sandwich plates con51der1ng
it as a displacement model is slightly different from
those derived for the classical plate theory. It 1is
necessary to satisfy the kinematic boundary conditidns
only. This is by virtue of the principle of minimum
potential energy. For example if af a particular point
the force is known to be zero thén the corresponding
displacement must be free. This is the guiding principle

~in the derivation of boundary conditions in the finite



- 66 -~

element method.

For the most commén type of clamped edge
support assumed in classical plate theory[ 4] , the
boundary conditions in terms of deflections, can be
expressed in the partial deflections Wb and WS. If

the bending stiffness of the faces themselves is
neglected, the first derivative of Ws will no longer
vanish at the edges. It is assumed that at the edge,

. the face may undergo a discontinuity of its slope.

With regard to the finite element analysis presented
here, it should be observed that boundary conditions never
apply to the partial deflections themselves but only

to their sum WT(WT =Wy, + Ws)vor to their derivatives.
Therefore, the first derivative of WT may or may not

be zero at the edges. These two different assumptions
will be investigated in present wdrk. The fi:st .
assumption Qill be referred to asr"The'fﬁliy diéﬁpéd“':
edge" while the second as "The reduced clamped edge".
In reality the stress condition at and near the clamped
edge is rather complicated becéuse of the local effect,
and the actual condition will fall between these two
bounds.

| various types of edge support commonly assumed

in sandwich construction will be mentioned here, and the
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corresponding displacement boundary conditions are also
given :
(a) The boundary conditions: for the clamped sandwich
plate are :

(i) no deflection normal to the plate, i.e.
paraliel to the z-axis;

(ii) no displacement of the face plates along
the lines of support;

(iii) no displacement of the face plates
normal the edge.
The imposed displacement boundary conditions are :

(1) For fully clamped edge

%5 =v =w. =w =0 along £direction
TE % T Y £~ " g%

= =v =w_.=w =0 alon direction
w up o £ N gn

(2) For reduced clamped edge

= =v =w,_ =20 alon direction
w u, b £ gt

w=u_ =v_=w_=20 along ndirection
P P n

(b} The boundary conditions for a simply—supported
panel are :
(i) no deflection normal to the plate;
(ii) no bending moments about the lines of

support;
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(iili) no displacement of the face plates along

the lines of support.
The imposed displacement boundary conditions are :

w = up = Wg = 0 along & direction

w = vp =w, = 0 along n direction

(c) The boundary conditions for the free edge are :
(i) no bending moment about the edge;
(ii) no twisting moment along the edge;
(iii) no shearing force at the edge.
This means that no displacement boundary conditions are

Pregcribed along the edges.

3.12. Soclution of equilibrium equation.

One of the important aspects of the finite
element method is the choice of a suitable method for
solving the simultaneous equations which for prac;igal .
lbrobléﬁs mayucéﬁtainAéevéral hundred equations. Tﬁe |
choice of technique depends upon the size of problem
envisaged and upon the type cf computer available.

There are three distinct steps in the solutionb
of the stiffness system of equations. First, the co-
efficients in the stiffness matrix are evaluated for
each element and some technique is used to store the’

structure stiffness matrix in the computer. Second,
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the known displacement boundary conditions are imposed.
Finally, the equations are solved for the unknown dis-
placements by any one of several methods. These three
steps are illustrated in table (2).
Storage of an entire matrix reguires N2
spaces, where N is the number of equations. Thus, even
with the very large computers available today the user
is limited to solving approximately two-hundred equations
without using the tape or disk storage unit [17] .
Fortunately the matrices encountered in struc-—
tural engineering problems have some special charac-
teristic which would allow programing to effect an effi-
cient and economic usage of storage. For the problems
examined herein, the stiffness matrix is symmetrical
and banded. Advantage is taken of this fact and only
the coefficients in the upper or lower band-width ﬁeed
be stored in either a rectaﬁgular oxr colﬁmn‘array.
These methods of storage lead not only to a‘saving of
space in the computer, but also to a reduction in the
time reguired for solutions as many multiplications,
additions, and subtractions of zero quantities were
eliminated.

The bandwidth of the stiffness matrix for

the structure is influenced by the number of degrees
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of freedom of each element, and by the nodal point
numbering on the model [20]1. It'is, of course, advan-
tageous to keep the band as narrow as possible. This
is obtained by a numbering system whereby the differences
between nodal point numbers of adjacent points are kept
as low as possible.

In forming the structure stiffness matrix
two different methods are commonly used. In one, the
matrix is partitioned and only the terms corrésponding
to the actual degrees of freedom are used to solve for
the unknown displacement. That is, the terms related
to the known restraints are not included in the stiff-
ness matrix. The number of eguations to be solved is
equal to the total number of degrees of freedom minus
the number of imposed restraints.

The other method forms the structure stiff-
. ness matrix without regard to the known -boundary con-, -
ditions. The boundary conditions are iﬁposed in such
way when a particular displacement is known the corres-
ponding row and column is zeroed and unity is placed
in the leading'diagonal. The correspondihg term in
load vector is suitably modified to account for known
displacement. ‘In this case, the number of egations to

be solved is equal to the total number of degrees of
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freedom of structure. However, the number of restraints
in many problems such as plates and shells is small in
comparison to the total number of degrees of freedom.
Thus only a few extra equations are manipulated. Also,
it can avoid reorganization of ccmputer storage and the
band size is not affected.

The final step in the solution of the systemn
of eguations is to find unknown displacements, many
standard rountines are now available to solve large
systems of equations. Two kinds of methods of solution
are freguently used for the solution of the simultaneous
equations : (a) Indirect method, such as Gauss-Seidel
method, Successive relaxation method, in which a succes-
sive approximation technique is used to converge on the
true solution, (b) Direct methods, such as Gaussian
elimination mefhod, Cholesky method, in whichan- exact
solution is sought. As mentioned in Refe:ences_[lsj |
and [}9j ’ néimethod.héé been found that ié faster and ~
more accurate than Gaussian elimination for system in’
which the matrix of coefficients'is denée. The same
conclusiom, will hold for a dense system banded along
the main diagonal [17] . Most of the probiems investi-
gated in this thesiswere solved by Gaussian elimination.

Several of these same problems were also solved using
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the Cholesky method, and the results of both method

were identical to five or more places of accuracy.
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FORMATION OF STIFFNESS
MATRIX FOR _ELEMENTS

) i
THREE DEGREES OF FIVE DEGREES OF

FREEDOMlPER NODE FREEDOM PER NODE
1

|

FORM STRUCTURE STIFEF-
NESS MATRIX

1L ]
STORE THE WHOLE ADVANTAGE TAKEN OF SYM-
SQUARE MATRIX METRY AND BAND FORM

) ! |

ADD CONSTRAINT| |IMPOSE DISPLACEMENT FORM STIFFNESS MATRIX
EQUATIONS BOUNDARY CONDITION TAKING INTO ACCOUNT
THE DISPLACEMENT B.C.

SOLVE FOR THE UN-
KNOWN DISPLACEMENT

MATRIX INA DIRECT TNDIRECT

VERSION METHODS METHODS
GAUSSIAN CHOLESKL CAUSST| [SUCCESSIVE|
ELIMINATION METHOD SETIDEL! |RELAXATION

(No zero term (Nonsingular,
on diagonal) positive definite
and symmetrical)

|

STRESS]

FORMATION AND SOLUTION OF STIFFNESS MATRIX

TABLE 2




CHAPTER IV

NUMERICAL RESULTS AND DISCUSSIONS

4.1 Introduction

The principle objective of this study is to

develop two elements for the analysis of skew_and -7
rectangulaxr sandwich plates under various boundaxy
conditions. The aim of the numerical results presented
herein is to provide information which.may lead to |
better understanding of the static behavior of sandwich
construction. The advantages and disadvantages of the
two elements are also discussed based on the numarical

results cbtained.

The parameters that were varied in this study
include skin thickness, shear stiffness, flexural
rigidity, aspect ratio, Poisson's ratio and skew angles.
The usefulhess\of‘thiswtype'of inVestigatidﬁ'ié'Eof' h
indicate which parameters are important and hence a

reasonable assumption can be deduced.

The intention of the present work is not to
provide a complete record of the variation of deflection
and .stresses ofusandwichjplaﬁ§519ue;toLthe:large,,

number of parameters. The solutions presented are ‘'of
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limited number and the conclusions drawnvtherefrom are
generally of gqualitative nature. A more complete

study of the effects of the various parameters involved
would require a greater number of results than are

included here.

Most of the result obtained in this investi-
gation for the behavior of sandwich plates make use of
the first element, (i.e. a skew element with three
degrees of freedom per node). The reason is that this_
less precise element seems to produce results which are
fairly comparable with those obtained by the more
precise.element. Furthermore the more precise element
takes relatively much more éomputer storage and time.
From the economical point of view, the first element
appears to be more useful for all practical engineering'

applications.

Many approaches for modifications of the
core-face bond were presented in the previous chapter.

Accordingly all computations were carried out following

these approaches as shown in cases 1, 2, 3, 4 and 5 (Table 6)

However case 4 following Maple's modification [12]
was found to be the closest, and so it was used to
present the results hereafter. It should also be noted

that all results presented here were computed using a

SN s rrs
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12 by 12 grid.

4.2 Convergence and accuracy

The evaluation of a particular finite element

| must be based on consideration of all the factors that
influence the results obtained with that element. The

two main aspects to be considered are the accuracy of

tﬁe final answers and the time and labour involved in
obtaining the results. It is important to note that

the basic need is to obtain answers accurate to as many
significant figures as may be required in the applications
of the results. Based on the previous work on finite
elenent study [26], thelerror in the results obtained
using a finite element approximation may be conveniently
separated into two types: the discretization errox and-
the rounding off ‘error,. The.
associated'with the_accuracylwith.which the npmbers

are manipulated in the computations. The discretization

"error which occurs irrespective of the accuracy -of the

numarical calculations, is a conseguence of approximating

a continuum which has an infinite number of degrees of

freedom with a model having a finite number OI degrees

of freedom.

‘rounding off error is . the error -

€ 7 IS T AINCT
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The discretization error may approach zero
as a limit when the element size tends to zero. In
other words the approximate solution is said to
converge to the exact solution. The convergence proof
is based on the theorem of minimum potential energy-.

For further details see ref.[ 30].

In this section, the deflection of the centre
of the plates is used as a measure of the quality of
the approximation for each type of element. Table (7)
through (9) present the results of the convergence
study with various boundary conditions. It can be
observed that the convergence of the solution in each
case is quite satisfactory. The maximum deviation is
only 4% with a 200 percent increase in the number of
elements. The only exceptional case is using the
first element (three degrees of freedom per node) to
analyse very hard core sandwich material which is out
of the limit of the traditional sandwich naterial
specifications. This will be discussed in more-details

in section 4.4.

For the case of skew shape sandwich plate
analysis, the rate of convergence is still guite fast

for both elements. Results given in mable (5) shows
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the convergence character of these two element with
various skew angles. It has been found that the
results change very little with even a 150 percent
increase in the ngmber of elements. For high skew
angles the convergence of the solutions are as good

as low skew angles for both elements .

4.3 Comparisions of results

The purpose of these comparisons 1is twofold.
The first purpose is to investigate the accuracy of the
finite elements used in this work when it is applied
to skew or rectangular shape sandwich plates, and the
second purpose is to jllustrate the relative merits in
using iiffereht.ielements for different boundary
conditions. Establishing the accuracy'of this method
is sometimes difficult, because no exact solutions
exist for sandwich plates with skew or other irregular

plate boundaries.

(2) Rectangular gandwich Plates

In order to assess the accuracy of this method
some values are obtained for.rectangular sandwich plafe
with three different boundary conditions, clamped, simply
supported and\cantilevered. Table (7) shows the ce?tral

deflection of a clamped sandwich plate subjected to a



uniform load. Two sets of data are discussed, one is
for soft core material (Problem 1) and the other is
for hard core material (Problem 2). Results obtained
in first problem show good agreement with Taylor [22],
but it is not so close with results obtained by March
[24] with a maximum deviation of up to 11%, since his
results are based upon. crude approximations'[Zj .

For the second problem (hard core sandwich material)

the results obtained by the second element {five degrees
of freedom per node) show close agreement with a
difference of only 2.5% when compared with existing
values [?5} and [10] . But the agreement is not close
with the first element (three degrees of freedom pexr
node). This discrepancy can be explained byrthe.fact
tﬂet éhe first eleﬁent which use less terms in the
lateral displacement function does not achieve a
reasonable representation of the shear propert;es of

the cdre.

sandwich plates under uniform loads, the results from
Yen {23] and Plantema [2} are compzred to those computed
by the present two types of elements in Tavle (8). It
shows an excellent agreement between the presen
and the existing values. The maximun discrepancy in

these comparisons does not exceed 1%, Table (9) shows



the maximum deflection of a cantilevered sandwich plate
subjected to a concentrated load at the free end. The
existing values are solved by the sandwich beam eguation

of Plantema[:z] as well as the sandwich plate equation of
Reissner [21}. The maximum discrepancy in these -comparisons
with the first and second elemen£ does not exceed 3% and

2% respectively.‘

(b) gkewed Sandwich Plates

Relatively little data exist on skewed sandwich
plates. Therefore comparison can only made to that of
Kennedy Lé] whose analysis is based on Fourier series for
the deflection of plate and po that of Mbnforton+ who uséd

the finite element analysis.

Fig. (4a) and Fig. (4b) gives a graphical

comparison between the present results and other existing

-—-—-—.——-.—-——..._._...._.—.—.._—_._—.—.—.—-—.—.—.—.._.__._.—.-—-——.—-—-—.—-.———-—-—--——-.—-—-—._—__....___.

gince carrying out +his work, it has been found that
the similar research work is being carried out by
Monforton['2ﬂ3. in his work, two finite element
formulations are presented. . In the first element
(the L-H approach) , the membrance displacements of
the faces are represented in terms of bi-linear
functions and the transverse displacement 1s
represented in terms of bi-cubic functions. In the
second element (the H-H approach) all displacements
are represented in terms of bi-cubic functions, The
writer has been able to obtain two sets of unpublished
data by private communications. The comparison has
made the present results more reliable. ’
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values for the central deflection of a clamped skew
sandwich plate under uniform loading. It shows that
Monforton's results are in close agreement with results
obtained by the second element (Five degrees of freedom
per node with fully clamped edge) while Kennedy's
results shows good agreement with the value obtained

by first element (Three degrees of freedom per node)

for soft core sandwich material. The average difference
of the results obtained from the first element and the
second element (first assumption and second assumption),
when compared with Kennedy's are 2%, 7% and 2.5% |
respectively and with Monforton's results are 5%, 1.5%
and 4.5% respectively. For hard core sandwich material,
Monforton's results are still in close agreement with
value obtained by the second element (with fully clamped
edge) in the present in&estigation. The Maximum

.discrepancy in these values does not exceed 4%,;,;&ﬁ4h.§;ﬁ:

Tn order to provide further comparisons of

results between the two finite element solutions, various
properties of sandwich plate material were chosen for
investigation. Table (3) and (4) gives the centre
deflection and moment of a clamped sandwich plate with

various skew angles, aspect ratios and core rigidities.
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Tt is worth noting that finite element solutions are
in general smaller than the ‘exact values if such
exact values can be determined. This can be explained
by the fact that the minimum total potential energy
principle will always underestimate the true strain
energy, thus résulting in a stiffer model than the

actual structure.

The examination of the data given in Tabbe (3),
(4) and (5), shows that the results for skew sandwich
plate obtained by first element (three degrees of freedom
per node) and second element (five degrees of freedonm
per node with reduced‘clamped edge) are closer to Kennedy's
results than those obtained by using the‘second element
(five degrees of freedom per node with fully clamped edge) .
This is opposite to that shown for the rectangular sandwich
plates. A more accurate conclusion is that the behavior
65 the elements depend_6n4how the bopndaryﬂcondiﬁion Qf 
clamped edge is défined. It is noted that there is’a‘,
"difference in boundary conditions proposedkby Kenﬁedy
and the present study. Kennedy separated.the total
deflection into two parts as bending deflection'(wb) and
shear deflection (ws). In addition to fqrcing the total
deflection (wt = W, + ws) equal to zero; he also let the

first derivative of Wi equal to zero along the boundaries.
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[

These boundary conditions are similar to the boundary
conditions we are applying in using the first element
tthree degrees of freedom per node) and second element
(five degrees of freedom per node with reduced clamped
edge) . But in our second element (five degrees of
freedom per node with fully clamped edge), we set the
first derivative of Yo (wT = Wy + ws) to zero along

the boundaries. This assumption is based on Monforton's
definition of clamped edge support, which is different
from previous proposal . This implies a more restrained
clamped edge condition, and therefore yields a smaller

central deflection value.

4.4 Effect of varying the shear rigidity of the core

In traditional sandwich plate analysis, the
core is considered to be very soft as compared to
that of the face layers and the core stresses parallel
to the face are negligible. This assumption has been
uséd in mAny previous analysis.and are known to
represent actual sandwich construction very well. Possible
sources of error naturally arise from this assumption
when the core material becomes.rather stiff. It is worthy
to ascertain the range of applicability of the p;eseht
finite element analysis in terms of the ratio of core |

stiffness to the modulus of elasticity of the skin.: In
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otnher words, the limitation of the present sandwich

elements analysis for various core and skin rigidities.

In order to investigate this problem, the
influence of the shear rigidity of the core on the
deflection and stresses of the~sandwich piate has-
to be determined. Table (10) to (13) and Fig. (11)
to (16) show the éffect of varying shear rigidity of
the core on the deflection and moment in various
boundary conditions. From the results obtained in
these tables and figures, it is observed that when
the shear rigidity is less than 10000 psi. the shear | (
flexibility of the core has significant effect in -
increasing the centre deflecéion. However, when the
shear rigidity is greater than 10000 psi;, the

additional deflection due to shear is negligible. It

.means that when the rigidity of the core is much

greater than 10000 psi. a general éomposite plate‘
theory should.be'used. Data shown in Tables (lZ)and 
(13) and Fig. (13) to (16) give a clear picture of
showing the influence of the shear rigidity on the
moment, when the shear modulus is greatex than 10000
psi. the skin resist less and less of the bending
moment and the core is resisting more and more momant.

This implies that the traditional assumption of
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% simplified sandwich plate theory "rhe bending is resisted

é entirely by the skin." is not valid after this limit.

Fig. (18) and (19) are two typical plots of the maximum

‘centre moment and edge moment respectively. These

figures show that when shear rigidity of the core 1is
greater than 10000 psi., the moment resisted by the
skins are markedly reduced. It can be @educéd that a
composite plate theory analysis will get a more

reasonable result when shear modulus of the core is

appreciably greater than 104 psi..

The shear rigidity of the sandwich éore does
not only influence the accuracy of the resﬁlts foxr
deflection and moment, but also influences the convefgence
characteristics of the sandwich element. It is inter-— -
esting to observe the effect which shear rigidity has
upon the property of convergence. Some idea of the~’
effects of shear rigidity on the rate of convérgencg;.ll'
can pe obtained from tables (16) to (19) . Thesé elements
exhibit better convergence characteristics in flexible
cores than in stiffer ones. FOX example, Ifxom the central
deflaction values of a clamped sandwich plate with a
skew angle of 45° degrees as given in Table (18), we
see that for a shear modulus of 500 psi., the elemeyt

yields a constant value in 8x8 grids. But it gives 2

PR
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percents difference from the “"best" solution in the

same mesh size when the shear modulus is increased to
5000 psi..

4.5 Effect of core thickness/skin thickness ratio

This method has been cérried out based on the

traditional sandwich plate theory. One of the assumptions

of . the traditional sandwich plate theory is that "The

flexural rigidity of the faces about their own middle

surface is negligible®, i.e. the strain in the faces is

constant across the depth of the face. Hence the

transverse shear of the faces is equal to 2z&ro and all

shear force are resisted by the core. Based on this .

assumption, we are using a-ﬂﬁydimensional'plane stress -

element to represent the faces. This assumption is

valid only when the thickness of the faces is small in

 comparison with the thickness of the core. Such two

dimensional representation could lead to large errors

when the thickness of the faces becomes large in

comparison with the thickness of the core.

Tn order to determine the validity of the elements

develop=d in the last chapter, the same elements are applied

+o the solution of a rectangular sandwich plate with simply

supported boundaries. The variation of central deflection
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* In 0r0®31t study, the

and moment with the thickness of the skin are shown in
Table (20).. From this table, it can be seen that when
the thickness of the skin is less than 0.05 in., the
thickness of the skin has the effect of decreasing the
deflection. However, when the thickness of the skin

is greater than 0.05 in., the influence of the thickness
of skin in reducing deflection is rather insignificant.
This can be explained by the fact that if the facings
are relatively thick, the shear load will be carried

to a considerable extent by the facings, the additional
deflection due to the shear of the sandwich core is
negligible. Therefore, the conclusion is that plane
stress element should not be used to represent the
faces when they are relatively thick in comparison

with the thickness of the core.

Fig. (17) is a typical plot of the deflection
aga1nst the thlckness, the ratlo oF thlckness t /t
marked in the correspondlng pOSltlonS, the value suggested
by .ref. [9] is drawn on this figure. It seems that the

limit suggested by ref. [Qj.is reasonable.

.6 Effect of Poisson's ratio

T+ is interesting to observe the effect which

Poisson's ratio has upon the moments or stresses. In
*
Fig. (23) and (24) the Poisson's ratio was varied in
tace and core materials have
the same Poisson's ratios

?
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order to establish its effect on the centre and edge
moment with different skew angles for clamped ééndwich
plates. Similar results are given in Fig. (25) for

the simply supported sandwich plate. Its has been

found that the influencé of Poisson’s ratio onkthe
cehtral moment are the same for both boundary conditions.

Fig. (23) and (24) show that moments of sandwich plates

vary . linearly with Poisson's ratio for the uniformly

loading condition, so that the moments for any given

Poisson's ratio can be evaluated directly.

From Fig. (23) it is observed that the

variation of Poisson's ratio from 0. to 0.3 has got

more or less the same effect on both moments Mx and

M for low skew angles and when the skew anéle increases,
it has got more significant effect on M than onvMy.

For example, when the skew angle is zero, the variation
of P01sson s ratlo in the above mentwonad rapce 1ncreses
both Mé and My to an exten+ of about 34° and when the |

-

. o . .‘ . ]
skew angle is 60 , 1ts effect on M 1S more significant

than on M, as can be seen from an increase in the value

of M_ to an extent of more than 60% whereas the incrz=ase
for MY is only 18%. However, the effect of Poisson's
ratio is not significant on the values or edge’ monents

as can be seen for a skew angle of zero, the cnange in



B N T e B e

R

- 89 -

edge moment is only 2% (Fig(24)).

Therefore, it can.be concluded that Poisson's

ratio is an important factor in stress analysis and
without due consideration, could lead to severe under-—-

estimation of the moments and stresses.

4.7 Effect of aspect ratio

Kennedy [4] studied the effect of the aspect
ratio upon the moments for clamped skew sandwich panels,
and found that both the maximum centre and edge moment
decrease with increase in the aspect ratio. Same effects
can also be found in other boundary conditions such as
simply supported or cantilevered sanwich skewed plates.
The results of deflection and moment with aspect ratio
1, 1.5 and 2.0 are presented for three bbundary conditions
in Fig. (20) to (22) and Table (14) to (15). It is

found that they decerase with increase in aspect ratio

. in various boundary conditions. The central moment din< 7

¥ direction appears to decrease more rapidly than the

moment in y direction in clamped and simply supported

boundary conditions, but the effect of the aspect ratio

upon the twisting moment is insignificant in both cases.

4.8 Effect of skew angles

Some idea of the effects of skew upon the



...90...

deflection can be obtained from this investigation.
Fig. (5) to (7) show the manner in which the central
deflection of the plate varies for different skew
angles with the clamped boundary conditions. Fig. (8)
ta (10) show the corresponding effects for the simply

supported skew sandwich plate.

Under a uniformly distributed load the
central deflection dereases as the angle of skew
increases. The rate of decrease being very nearly

constant for high skew angles. For cores with a

high shearing rigidity, the tendency for the centre
deflection to decrease with an increase in the skew

angle is greatly reduced.

The variation of plate moment with the apgle
of skew is shown in Fig. (13) and (14) for the clamped
and simply supported sandwich skew plates respectively.
Fromiﬁhe figures, it can be observed that bothlthe;'
maﬁimum centre moment and edge moment are considerably
reduced with an increase in the angle of skew. Thus,
the effect of skew upon the moment appears to be

independent of the rigidity of the core.

The analysis of cantilever skew sandwich plates

presents more difficulty than that of rectangulaxr
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sandwich cantilever plates due in part to the erratic
behavior of the stresses between the fixed and
trailing edges. For exampie, it is possible for
unbounded stresses to occur at an obtuse corner [28].

A graded mesh was therefore suggested in calculating
the deflection and stresses for skew shape cantilevered
plates[28]. Alfhough this could easily be accommodated
it has not been attempted here; Table (10) and (11)
show the effect of skew upon the deflection‘fof a
cantilevered sandwich plate subjected to a uniformly
distributed load. ‘It can be seen that the déflection
at point 1 (see Fig. (26)) decrease and the‘deflecﬁion
at point 2 increase up to 150 degrees,ékew'and decrease
again as the skew angle increases. Thiskvariation_of
cornexr deflectiohs with skew angle is Similar to' the
results obtained for a homogeneous cantilevered skew

pldte by Dawe [281.

For skew sandwich cantilevered plate under
uniformly distributed loads, the variation of the
maximun edge momentiwith &arious angles of skew and
core rigidities are shown in Table (12) and (13). It
can be seen from these tables that the maximum eége

moment always occurs at the obtuse corner. It is



interesting to note that the value of the maximum edgé
moment increases to a maximum value for an angle of
skew approaching 30° and then decreases again as the

skew angle increases further.
4.9 Stress

The displacement models which are used in
this investigation lead’to continuous displacements in
u, v, and w. Since the elements used in this
investigation do not possess the property of continuous
slope along the boundary, therefore discéntinuities in

moment value would also exist from one element boundary

to another at a particularvnode point. It is reasonable

to assume that the results will not give an accurate
representation of the stresses at all points. From

fhe data obtained in this investigation, it was found
that the change in momen£ at the boundaries of the
elements is insignificant for-the~téctangular’shaped”n'
element. The change in moment for skewed shape_élement
is larger’and'ingréases with sharper skew angles. It
further implies that the present elements are more
powerful to solve the rectangular shaped plate than the
skew shaped plate, but further conclusive information

cannot be drawn concerning this problem, due to the

A
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absence of reliable analytical data.

- In obtaining a value for the moment at a node
point, Zienkiewicz [6] states that an average of the
stress in adjacent element at internal nodes will
closely approximate the true stresses. However this
process will not lead to an exact representation of
stresses on the boundaries. In this investigation,

this averaging method was used to calculate the mbment.
It has been found that good agreement is obtained for
the central moment when compafed with existing results
[4], but the maximum difference of edge moments is up
to 30%. This further implies, that averaging for

stress is not effective along boundaries to get good
approximations. .Referipgﬂio:refx;ﬂﬁﬂ_,_a weighting>off
“ éYefég¢S“near~$héfﬁa033f0fﬁ$heistfﬁé%uréfcan¥£urthef be
used for refinement, but it seems preferable, simply to

‘use a finer mesh subdivision at the boundaries.
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TABLE 12

MAY. EDGED MOMENT OF TEE RHOMBIC CANTILEVERED SANDWICH PLATE

UNDER A UNIFORMLY DISTRIBUTED LOADING

E, = 107 1b./in? v =0.32 Cc=1" a=40" A = 1.
tS = 0.025" qg=1 1b./in
Skew
0° 15° 30° 45° 60°
G lb-in/in  1b-in/in 1b-in/in  lb-in/in _1lb-in/in
500. 874.286 1174.860 1317.770 1202.150  780.971
1000. 849.243  1192.220 1392.250 1338.380  965.244
5000.  736.309 1117.860 1399.160 1453.550 1183.020
10000. 665.430 1031.300 1318.970 1400.550 1163.440
100000. 341.622 505.377 650.205 713.451  620.122
TABLE 13

MAX. EDGED MOMENT OF THE RHOMBIC CANTILEVERED SANDWICH PLATE

UNDER A UNIFORMLY DISTRIBUTED LOADING

B = 107 1b/in® v =0.  C=1" a=40" Ag=1.
 -£;”; 0.025" g =1 1b/in® o T
Skew 0° 15° 30° 45° 60°
Sc lb-in/in  1b-in/in  1b-in/in _ 1lb-in/in 1b-in/in
500. 233.038  970.006  1069.120 951.380 - 587.104
1000. 290.991  1002.170  1146.220 1075.480  746.745
'5000. 106.496  1017.440  1225.430 1233.560  977.140
10000. 679.172  980.038 - 1192.350 1220.250  988.66
100000. 400.416  533.343 637.151 671.306  579.59
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TABLE 18

THE CENTRAIL DEFLECTION OF A CLAMPED SKEW SANDWICH PLATE FOR

VARTOUS SHEAR STIFFNESS OF CORE
7

B, = 10 psi. v = 0.32 t, = 0.025" = 1" a = 40"
a_=a/b=1. 8= Skew angle = 45°
Mesh G_=500. G_=1000. G =2000. G =3000. G =4000. G_=50090.
C C C (o] C
2x2 0.1500 0.0750 0.0375 0.0250 0.0187 0.0150
4x4 0.1415 0.0732 0.0389 0.0274 0.0216 0.0180
8x8 0.1406 0.0736 0.0399 0.0287 0.0230 0.0195
12x12 0.1406 0.0738 0.0403 0.0290 0.0234 0.0199
TABIE 19

THE CENTRAL DEFLECTION OF A SIMPLY SUPPORTED SKEW SANDWICH

PLATE FOR VARIOUS SHEAR STIFFNESS OF CORE
—_— 7 3 —— = [~ - 7 — "
Ef = 10" psi. v = 0.32 ts 0.025 c 1 a 40
As-=_a/b'= i. - 8 =’Skew angle = 45°
Mesh Gc=500. Gc=1000. Gc=2000. Gc=3000. Gc=4000. GC=5v00.
2x2 0.1594 0.0842 0.0463 0.0335 0.0269 0.0228
4x 4 0.1530 0.0846 0.0501 0.0383 0.0323 0.0286
8x38 0.1537  0.0867  0.0530  0.0417  0.0359 G.0323
12x12 0.1545 0.0875% '0.0541 0.0428 0.0371 0.0336
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Centre Deflection for Skewed Sandwich Plates Under Uniformly

Distributed Loading

60. LS. - 30. 15. 0.
SKEW ANGLE © IN DEGREES

Fig. 5 Variation of Centre Deflection with Shsar Modulus of

Core and Skew Angle for Clamped Skew Sandwich Plates

(A = 1.)
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Fig. 6 Variation of Centre Deflection with Shear Modulus of Core
and Skew Angle for Clamped Skew Sandwich Plates(AS=1.5)
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CHAPTER v

CONCLUSTIONS

5.1 Further comments on present work

The application of the finite element méthod
to the analysis of skew sandwich plates is presenfed in
this study. Two displacement models were used to solve
the problem. The solutions by using both elements
were shown to agree with the solution of the associated
differential equation. However, from a préctical view-
point, significant differences occur only when the
sandwich core material are so stiff as to fall beyond

the range of most sandwich construction designs.

The results of this investigation can be

applied to sandwich plate of constant thickness and

.equal.skin With‘skewwandvrectangular shape5jjfor;agygi;f:¢

type of boundaries and loaded by any system of static

loads.

Four major advantages have been found when

this work was carried out:

(1) The choice of displacement function

for complex geometric boundary conditions is not




...135...

difficult, because it is not dependent upon the boundary

conditions at ths nodes.

(2) In this method the partial differential
equations of the problem are not used and need not be

known, thus avoiding a higher mathematical analysis.

(3) This method provides the solution of skew
and rectangular sandwich plates with general types of

edge conditions.

(4) Some advantages may be taken in solving
the simultaneous equations of representing stiffness
matrics which possess symmetrical and banded properties.
This usﬁally will save considerable computer storage

and time.
Two major disadvantages can be noted:

(1) ILarge numbers of simultaneous equations
have to be solved in this work especially when,tﬁeTmo;e,_u-
refined element is used. This may lead to a ééiiéué
problem with regard to storage, computation time and
accuracy.

(2) Showing convergence and finding erroxr

bounds are difficult matters in this method. The dual

analysis sometimes can only check whether true



convergence OCCuUrs.

Tt should be further mentioned here that
choice of element type influences the mathematical
character of the problem to some extent. Elements
bhaving many degrees of freedom produce a large element
stiffness matrix and thus increase the size of the
stiffness matrix for the structure, compared with
elements with fewer degrees of freedoms. If the
elements having the higher number of degrees of
freedom require a reduced number of hodalvpoints for
the same accuracy then this increase of size of the
structure stiffness matrix may not be critical. >If_
this is not the case, the invereion of the stiffnees
matrix may'cause coneiderably more time end computer
core for the more.refined element. Based on the
data analysis in this investigatieﬁ; it can be seen
_ that ‘the "s1mole element"'(THree degreee of free&oms
per node) seems to produce results which are nearWJ
as good’ as the more complicated element (Flve degrees
of freedoms per node) for skew sandw1ch plate analy51s.
From results obtained in this study, 1t.1s apparent
that fairly- acecurate results can. be obtained by
meane of the less precise element“ It ip therefore

suggested thet fon practical de31gﬂ ournoses, the
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less precise element should Dbe used

time and storage.

5.2 Conclusions

The main conclusion which can be drawn from

thHis investigation may be summarized as follows:

(1) For rectangular sandwich plate analysis,
the use of more terms in the displacement function will
produce better results on general types of edge

conditions.

(2) For skew sandwich plate analyéis, the
first element (Three degrees of freedom per node) ; seeﬁ
- to produce_results which were as good as the seéond’
element (Five degrees of freedom per node) , but the
computer storage and time are considerably reduced in
the firstkglement.. It implies that the first.element"

'*'haskmore;practical usage in design work.: =
(3) For very stiff cores, more reliable

results willpbe obtained from a general'composite plate

theory since these elements are not applicable.

(4) The finite elements used seem to have
better convergence characteristics in soft core sandwich

plates than hard coxre sandwich plates.



(5) 1If the facings are relatively thick in
:comparison with the core, the shear load will be carried
to a considerable extent by the faces. Reliable results
can be obtained by the elements used in this investiga-— |
tion when the thickness of the.faces is small, i.e.

<
t_/t, S 1/20.

(6) In clamped skew sandwich plates the
central deflection decreases as the skew angle increa-
ses. This is due to the increased rigidity of the
plate at the obtuse corners. But this'effecf diﬁinishes

with decreasing flexibility of the core.

(7) Both the mazximum centre and edge moment
decrease with increase in the aspect ratio. In the case
of clamped and simply supported skew sandwich pletes,"
the central moment in x direction seemsbto decreasevmore
rapldly than the noment in y dlrectlon. The effect of
.plat aspect ?atao upon the tW1st1ng momert apnears ta

be insignificant in both cases.

(8) For skew cantilevered sandwich plate
analysis, significant concentrated moments at the obtuse
corner can be expected. This velue increases and
decreases agein as the skew angle increases. . The pitch

shifts to higher skew with decreasing flexibility of

the core.



(9) Increase in the Poisson's ratio auéments
the central moment, but this effect diminishes with an
increase inthe skew angles. Variation of Poisson's
ratio with moment has been found to be linear for
clamped and simply supported skewed sandwich plafes

subject to a uniformly distributed load.,

(10) In general, the stress obtained by
this method appears to be less accurate near the bound-—

aries than it is elsewhere -in ' the plate.

&

(11) For skew sandwich plate analysis, the
two finite element models yield results which closely
agree with existing values by other investigators , Hence
it is believed that a reliable method of solution +0
skewed sandwich plates subjected to various boundary

conditions has been found.
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The matrix |'Rf] = };b}Ca [ﬁqE{qﬁﬂEﬂkddi d7lappearing in

eqn.(3—30) is a symmetric matrix. The elements in the lower

part are defined as,

r(1,1) = 0.

R{(2,1) = 0.

gr(3,1) = 0.

R(4,1) = 0.

nr(5,1) = 0.

®(6,1) = 0.

®(7,1) = 0.

»{8,1) = 0.

r(2,2) = (1+31)ab
R(3,2) =-(z,)ab
R(%,2) = (ab”)/2 + (ab")/2 * 7, - (a"0)/2 * 2,
r(5,2) = 0.

R(6,2) = (~z, - 7.5 )ab
r{7,2) = z5ab

2 L2 2
= ~ab Z&/Q - ab 23/2 + a sz/Q

oo
—~
w0

-
e
S

!

R(3,3) = abz,

2 2 /
r{%4,3) = -ab zo/Q + a bz7,2
R(5,3) = 0.
R(6,3) = abzg

0.

)

—

~3

-

i

~—r
i



where
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ab 26/2
= . o
ab3/3 + ab’zl/j - a”b‘zn/ + a bz7/7
0.
—ab zﬁ/Q - ab'23/2 + a b36/2
a
ab“zs/Z

3 2.2
—ab’zﬁ/) - ab’z /3 + a2b°z /4 + azb“z6/4

0.
(Zi/ZS -+ zs)ab
—(zg/zs)ab

2 2 p2)
ah (31/28)/2 + ab 28/2 - a b(zg/zs)/2

_(27/z8)ab

2 2
-ah (z2/28)/2 + a b(z7/z8)/2
abj(zi/zg)/S + ab328/3 - a b (29/79)/~ + a b(z /ZS)/j

(£7) cot?
(.i%i ) cscﬁ cotﬁ
1-v ,

-—-2—- ) CO'D;Z‘
veotd

vesep

( 1 Yescs

(5% Yoso™$
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Note: Each element mentioned above should be multiplied
by a factor, Efts

(1-v?)

ﬂ
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/2
he matrix l -/ / / T ‘T DHBAY d'fld—g

It is a symmetric matrix, only its lower triangle is given

here,
r(1,1) = t/2 ° ab~3%§%§7
R(2,1) = a™/2 * /2 " b 5%%%57
-~ . 2 L] . 1"‘2
7(3,1) = a * v7/2 * /2 ETT:%T

2 : -2
R(4,1) = a°/2  b/2 * 42 2%1i3)

. 2 . » 1-—2‘7
r(12,1)=a " b /2 * t/2 ST
r(2,2) = 1/3(4/2) ab + 1/3(3/2)° ab cotd gzéxgw +a ©g/2

1-2v

:Il—v

~1/3(4/2)%ab coth csof siam + A /2 . b

2

/2 . t/2

,‘_:J
7~
(W3
-
N
p—

]

1-2v

"_2,"( 1-v,5
R(%4,2) = b /2 . 1/5 . (+/2)". a + D /2 . 1/3 .v(t/g, _fIQICQu}éﬂ

1-2v 2 N3 ' 1-2v
E(i:ﬁ;) - b. /2 . 1/3 . ('{:/2; cotf cscg .m

3 Je 2 1-2
+a’f3 . 0/2 . (t/ Y5 571 z)
: 1-2r
r(6,2) = -1/3 . (t/2) ES cnté-fE; _1/3 . (+/2)° ab cot 6 5T 5%

v

7(7,2) = 1/3 . (£/2)° ab cseh 7=
2 14 v ‘ 2 - / -
2(8,2) = ~a. b2/2 . 1/5 . (£/2)7 cotd 7= - v /2 . 1/3 . (6/2)

oth  A-2v \':; v
a coth ;(1\v + a / b . 1/3% . (t/2) cscd T



r(10,2)=

n(12,2)=

R(3,3)

n(y -\ =

2 . b . t/2

2/2 .k . 1/3

. (1-2v)/2(1-v)

L v/2 L (4/2) . (1-2v)/2(1-v)

. (£/2)7 ese®$ . (1-2v)/2(1-v)

5. (8/2)° (1-2v)/2(1-)

. (4/2)° cscd .

cotd csch .

(1-2v)/2(1-v)

+a’/2 . b3/3 . (¢/2) . (1-2v)/2(1-v)

1/3 . (£/2)° . csef . (1-2v)/2(1-v) . ab

a. v°/2 . 1/3 . (£/2)° esch . (1-2v)/2(1-v)
a . bo/2 . t/2 . (1-2v)/2(1~v)

a . b/3 . ¢/2 . (1-2v)/2(1-v)

a.b/3.1/3.
cotgﬁ .
[ed o) bé CSCé
csc p . (1-2v)/2(1-v) + a /3 .

(+/2)% + a . b5 . 1/3 . (4/2)°

(1~2v)/2(1—v) ~ 2., a%2 . v/2 . 1/5 . (t/g)3
1-2v)/2(1~v) + 1/3 . b . 1/5 . (+/2)°
v /3 . /2 . (1-2v)/2(1-v)

b”/? . 1/3 . (t/O)j cotd . v/(1-v) - a . 2/2 .
1/3 . (+/2)° cotd . (1-°v)/°(1—v) +1/2 . a%b . 1/3 |
(1/2)3 osed o v/ (imv) e
v2/0 . 1/5 . (4/2)° esch . v/(1-v)
e 1/5 . v . 1/5 . (8/2)3cotd . v/(1-v) - 1/3 . Va
1/3 . (+/2)° cotd . (1-2v)/2(1-v)
22/2 . ve/a . (v/2) . (1-2v}/2(i~v)
ab . t/2 . (1-2v)/2(1-v)
b2/2 . v/2 . (1-2v)/2(1-v)



R( 8,5)
r(10,5)
®(11,5)

Rr(12,5)

rR(6 ,6)

Rr({10,6)
Rr{11,6)

r(12,6)

R(? »7)

7(10,7)
n(11,7)

r(12,7)

Il

il

it
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o2/2 . v/2 . v/ . (1-2v)/2(1-v)

~ab . t/2 . cotd . (1-2v)/2(i-v)

ah . /2 . esed . (1-2v)/2(1-v)

ca . B3/2 . t/2 . cotd . (3-2v)/2(1-v) + a>/2 . b .
t/2 . escp . (1-2v)/2(1-v)

ah .1/3 . (t/Q)S . cotgé +ab . 1/3 . (t/2)3
(1-2v)/2(1~v) + 1/3 . a’b . /2 . (1-2v)/2(1~v)

_ab . 1/3 . (£/2)7 cotd csch + a°/2 . b/ . t/2
(1-2v)/2(1~v)

a. b2/2 . 1/3 . (t/fz)3 cotQé +a . hg/Q . 1/5 . (t/2}3
(i-2v)/2(1~v) - a2/2 . b . 1/3. (+/2)° cotdescd

®Los/2 . (1-v)/2(1-v)

+1/5 a0 . 1/2 . b
- a2/2 . b . t/2 cotd (1-2vYy/2(1-v)
22/2 . b . /2 . csed .(1-2v)/2(1-v)
-a2b2/4 . /2 . cotd . (1-2v)/2(1-v) + a3/3 . b, t/2

cseh . (1-2v)/2(1~v)

ab . 1/3 . (£/2)° csc®d +a . 1/35 . 7 . t/2 . §1;21%
y- -V

= 2]
“12/2 . a . 1/5 . (8/2)7. cotd esch + aT/2 . b . 1/3
(1/2)7csc?f + a2/2 o b/5 . /2 . (1-2v)/2(1-v)

—a . b2/2 . /2., cotd . (1-2v)/2(1-v)

1)

a . b /2 . t/2 . cscé . (1-2v)/2(1-v)
2 2,
ca . D)3 . /2 . cotd . (1-2v)/2(1-v) + a7/2 . BT/

t/2 . esch . (1-2v)/2(1-v)
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33 . 1/35 . (/3)7

R(8,8) =b/5 . 1/3 . (+/3)° . a . cot’™ +a .
. (1-2v)/2(1-v) - a2/% . v2/2 . 1/5 . (£/2)7. cotp esch
- 1/2 . a> . b9/2 . 1/5 . (t/js)3 . cotd cscp + a3/3 . b
1/5 . (£/2)° esc’g + a0/3 . bO/35 . (1-2v)/2(1-v) . /2
r{10,8) = —a2/2 . b2/2 . t/2 . cotd . (1-2v)/2(1-v)

r(11,8) = a2/2 . b2/2 esed . (1-2v)/2{1-v) . t/2

o s .
—a /2 . 1/3 . b . t/2 . cotd . (L-2v)/2(1—%) + 1/3

/

r(12,8)
a . bp',/f/l . esed . (1-2v)/2(1-v) . t/2

r{10,10)= ab . t/2 . cotQA . (1-2v)/2(i~v) + ab . t/2 . (1-2v)/2(1-v)

7(11,10)= -ab . /2 cotd cscf . (1-2v)/2(1-v)

R(12,10)= a . n2/2 . /2 . cot’d . (1-2v)/2(1~v) + a . 32/2 . b/2
(1-2v)/2(1~v) - a2/2 . b . t/2 cotd esch . (1-2v)/2(1-v)

r(11,11)= ab . t/2 csc9§ . (1-2v)/2(1-v)

R(12,11)= ~a . b2/2 . /2 . cotd csch . (1-2v)/2(1~v) + a°/2
b . t/2 . cscf . (1-2v)/2(1-v)

R(12,12)= a . ¥2/3 . /2 . cot’d . (1-29)/2(1~v) + 2 . B/3 b2
(1-2v)/2(1~v) + 27/5 . h’}'t/é‘.;bgcgg.;M(1;é§)7é(1;§){'"

-2, a2/2 . b2/2 . t/2 . coth eschd . (1-2v)/2(1-v)

Note: Bach element mentioned above should be multiplied by a

factor, B(i-v)/(1+v)(1-2v).
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The element stiffness matrix ['Kc (20,20)] for five deqrces of

freedom is given hy eqn.('j'—l}fi)

T
[%] =2 sing [277](n ][]

Siunce Rc is a symmetric matrix, only its lower triangle is

given here,

=
P
[
-
Y
~
I

=1t/2 . ab . (1-2v)/2(1-v)

R( 2,1 ) =a%/2 .42 .b . (1-2v)/2(1-v)

R( 3,1 ) =a . b2/2 /2 . (1-2v)/2(1-v)
2 &,1 ) = a / . y/2 . /2 . (1-2v)/2(1-v)
R{(10,1 ) =a . b . t/2 . (1-2v)/2(1-v)

a® . b . /2 . (1-2v)/2(1~v)

=a.b /2. t/2. (1-2v)/2(1-v)

j2s}
—
[IKS
]
-~
T3
p g
H
o o

a3 b . t/2 . (1-2v)/2(1-v)
= a2 . b%/2 . /2 . (1-2v)/2(i-v)
a L V/3 . /2 . (1-29)/2(17)

= &) ;~b2/.;:*£/ . (1—9v3/9(1-v)

a . b4/4 . t/2 . (1~2v)/2(1-v) _

cab . 1/3 . (/23 +ab . 1/3 . (8/2)° cot’d
(1-2v)/2(1~v) + a/3 . b . t/2 . (1-2v)/2(1-v)

R( 5,2 ) = -1/3 . (£/2)° . ab cotf escd . (1-2v)/2(1~v)

+a2/a . vo/2 . b2 . (1-2v)/2(1-v)

R( 5,2 ) =a. v/, 1/5. (/2)7 +a . v/2 . 1/5 . (5/2)°

cotd . (1-2v)/2(1-v) = a2/2 . b . 1/3 . (/2)°

cotd csed . (1-2v)/2(1-v) + 1/3 . a° . ¥/2 . t/2

. (1-2v)/2(1-v)

o
~~
WY
~J
s e -
g g \/:'\/ g g S’
_
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R( 6,2 ) ==ab . 1/5 . (t/‘?:\)’S . cotp . v/(1-v) - ab . 1/3 .
(-t/:z)3 cotd . (1-2v)/2(1-v)

-

R( 7,2 ) =ab . 1/5 . {(+/2)7 . cscd . v/{i-v)

(8,2 ) = -a . b2/2 . 1/5 . (t/2)3 . cotd . v/(1-v) - a .
n2/2 . 1/5 . (8/2)7 L cotd . (1-2%)/2(1~v)
+ a / . b 1/3 . (t/?)) csed . v/(l—v)

‘)

~—~
-

-

j—
i

2 .h . t/2 . (1-2v)/2(1~v)
=2/5.a .b. /2. (3-2v)/2(1-v)
= a /2 . b“/g . t/2 . (1-2v)/2{(1~v)
/% .8t . b . t/2 . (1-29)/2(1-v)

pbe)
—~
Jury
1
\)
R ™ A N e N R N
!

R(16,2 ) = 2/5 . a0 . v°/2 . +/2 . (1-9v)/2(i~v)
7(17,2 ) = a2/2 . /3 . t/2 . (1-29)/2(1~v)
7(16,2 ) = 3/% . a® . b2 . 4/2 . (1-2v)/2(i-v)
R(20,2 ) = a2/2 . v /n . /2 . (1-2v)/2(1~v)
R( 3,5 ) =ab . 1/3 . (+/2)° . esc™d . (1-2v)}/2(i-v)
ta . b5 . w2 (1-2w)/2{1-v} | V
(5,5 ) = -a . 672 . 1/5 . (8/2)7 . cotd esed (1-2v)/2(1v)
+ a2/2'. . 1/3 . (~b/2)3 . Qscgﬁ . {1-2v)/2(1~v)
+ a2/ . B0/5 . /2 . (1-2v)/2(1=v)
(6,5 ) =ab . 1/3 . (£/2)° . esed . (1-2v)/2(1-v)
»( 8,3 ) =a. v/e . 1/5 . (+/2)° . csed . {1-2v)/2(i-v)
n(18,3 ) = a . /2 . /2 . (1-2v)/2(1-v)

7(12,3 ) = a® . b2/2 . t/2 . (1-2v)/2(i-v)



n(13,3 )
n{15,3 )
(16,5 )
rR(17,5 )
R(19,3 )
r(20,3 )

R A,h )

n( 6,4 )

R( 7ok )
r( 8,4 )

»(10,% )
r{12,4 )
R(13,% )
r{15,% )

r(16,%2 )

i

il

il

1t

i

il
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a . /3 . %2 . (1-2vi/2(1-v)

. 12} : :
a’ . b /2. /2 . (1-2v)/2(1-v)

a” . b3/3 .t/ . (1-2v)/2(1-v)

a . bi/h . t/2 . (1-2v)/2(1-v)

a3 . p3/5 . v/2 . (1-2v)/2(1-v)

a . v/5 . t/e . (1-2v)/2(1-v)

V513 (/2 . W/3 . /5. (/2)°
cot?d . (1-2v)/2(i—v) - a® . ¥7/2 . /3 . (£/2)°
cotd csed . (1-2v)/2(1-v) + S/3 b 15 (/2)°
osc?d . (1-2v)/2(1-v) + a /3 . B/3 . /2
(1-2v)/2(1-v)

e 20 1/5 . (8/2) cotd . v/(1v) — & . B/2
/5 . (6/2)7 . cotd . ( 1-2v)/2(1-v) + a2/2 . b . 1/3
(t/2) .oscd . (1-2v)/2(1-v) |
. 122 . 15 . (£/2)° esed . v/ (1-v)

e . B3/5 . 1/3 ¢ (8/2)° . cotp . v/(1-v) - a . b2/3

| 3 N 2, R0 aga
1/5 o (t/2)° cotd . (1-2v)/2(1-v) + 2 /2 %02 /3

(5/2) . esed . (1-2v)/2(3~v) + a/o . b?/z . 1/5 .
(5/2)° . eseh . v/(1-v)

a2/2 . v/ . t/2 . (1-2v)/2(1-v)
EMB.aS.b%@.'UQ.(LQﬂﬂKLw)

a /2 . b3/3 . t/2 . (1-2v)/2(1-v)

3/n . at. /2 . /2. (1-2v)/2(1-v)

2/3 . a. b/3 . t/2 . (1-2v)/2(1-v)
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i

R(17,%) = a2/2 . b*/% . t/2 . (1-2v)/2(1-v)

R(19,4) = 3/% . a* . b3 . t/2 . (1-2v)/2(2-v)

r(20,4) = a2/2 . b5/5 . t/2 . (1-2v)/2{1-v)

»( 5,5) = ab . t/2 . (1-2v)/2(1-v)

r( 6,5) = a2/2 b . t/2 . (1-2v)/2(1-v)

R( 7,5) = a . b2/2 . t/2 . (1-2v)/2(1-v)

R( 8,5) = a2/2 . b/2 . t/2 . (1-2v)/2(1~v)

R(10,5) = -ab . t/2 . cotf . (1~-2v)/2(1~v)

R(11,5) = ab . t/2 . esch . (1-2v)/2(1-v) -

r(12,5) = —a%h . t/2 . cotd . (1-2v)/2(1-v) |

r{13,5) = -a . b2/2 . t/2 cotd . (1-2v}/2(1-v) + 32/2 . b .kt/z

csep . {(1-2v)/2(1-v)

R(1%,5) = ab> . t/2 . cscd . (1-2v)/2(1~v)

- r(15,5) = ~adb . t/2 . coiﬁ . (1~2v)/2(1-v)

r(14,5) = a2 . vo/2 . /2 . cotd . (1-2v)/2(1~v} + a’f3 . b .

/2 . esep . (1-2v)/2(1-v) | o

ﬁ(i7;55 e a1/ . /2. cotd (1-2v)/2(1=v) + a° . b /2
t/2 . cscp . (1-2v)/2(1-v)

ah? .t/2 . csch . (1-9v)/2(1-v)

1.
. (1-ovi/e(i-v) + a /b . D

w
—~~
T
0}

J
S’
i

[=s}
——~
‘,—L
0
i
A

i

{
o

*

o

w0

}

(AW

ok
~

N

.

[¢]

o

Sl
-

t/2 . escd . {(1-~0v)/2(1-7}

o 2
r(20,5) = ~ a . b/ . /2 . coth . (1-ov)/2(1-v) + 3/2 . a .
=iy s = v

v3/3 . t/2 . esed . (1-2w)/a{1l-v)



r( 6,6)
r( 7,6)
r( 8,6)
r(10,6)
R(11,6)
r{12,6)
R(13,6)
r(1%,6)
r{15,6)
r(16,6)
'R(17,6)

Rr({18,6)

n(19,6)

n(20,6)

]

i

~ 160 -

ab . 1/3 . (+/2)7 . cot’d + ab-. 1/5 . (t/z)3
(1-2v)/2(1=v) + 1/3 . a° . b . t/2 . (1-2v)/2(1~v)
_ab . 1/5 . (£/2)7 . cotd cscp + a/2 . B/2 . /2
(1-2v)/2(1-v)

a.vX2 . 1/5. (4/2)7 . cotPbra. b /2. 1/3 .
(t/z)3 . (1-2v)/2(1-v) - a2/o . b. 1/3 . (v/2)°
coth csch + ad/3 . b2/2 . t/2 . (1-2v)/2(1-v)

—a2/2 . b . /2 . cotd . (1-2v)/2(1-v) |
a2/2 . b . /2 . esed . (1-2v)/2(1-v)

-2/3 . a2 . b . t/2 . cotd . (1-2v)/2{1-v)

- a2/2 . b2/2 . /2 . cotd . (1-2v)/2(1-v) <+ a3/3

b . t/2 . esed . (1-2v)/2(1-v)

a® . b2/2 . t/2 . escd . (1-2v)/2(1-v)

/6 . at . b . t/2 . cotd . (1-2v)/2(1-v)

-2/3% . 2 . b2/2 . /2 . cotd . (1-2v)/2(1-v)

+ a“/é . b . t/2 . esch . (1-2v)/2(1~v)
_a2/2 . b3/5'; t/é-.;oté .'(1;év)/2(14v)i;“é/3v; 3
22/2 . 4/2 . eseh . (3-2v)/2(1-v) |

3/2 . a2 . b3 . /2 . cse . (1-2v)/2(1-v)
3/ . At wo/2 . /2 . cotd . (1-2v)/2(1-v)
+a2/5 . b . t/2 . esed . (1-2v)/2(1-v)
~a2/2 . b/ . t/2 . cotp . (1-20)/2(1~7)

v ad . B3 . /2 . escd . (1-2v)/2(1-v)




r( 7,7)

R( 8,7)

R(10,7)

r(11,7)

Rr(12,7)

Rr(13,7)

R(1%,7)

R(15,7)

R(16,7)

2(17,7)

r(18,7)

R(19,7)

r{20,7)

i

il

il

]

it

it
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ab . 1/3 . (t/2)3 . cscgé + a . b3/3 . /2
(1-2v)/2(1-v)

ca . b2, i/3 . (t/f-:)3 . cotd escd + a2/2 . b

1/3 . (t/2)3 csczé + a2/2 . ’3/3 . /2

(1-2v)/2(1-v)

—a . b2/2 . /2 . cotd . (1-2v)/2(1-v)

a . b2/2 . /2 . oscf . (1-2v)/2(1-v)

a2 /2 . /2 . cotd . (1-2v)/2(1-v)

e . W5 . b2 . coth . (1-2v)/2(1-v) + &5/2 . B/2
/2 . csed . (1—2v)/2(1-v)

oa . B/3 . t/2 . csch . (1-2v)/2(1~v)

—a’ . bg/Q . t/2 . cotd . (1-2v)/2(1-v)

-a~ . h3/3 . /2. éotﬁ . (1-ov)/2(1-v) + a3/3 . b2/2
t/2 . escp . (1-2v)/2(i-v)

a . b4/4 . /2 . cotp . (1-2v)/2(i-v} + 2> . v/3
t/2 . eschd . (1-2v)/2(1-v).

3/h . abt . t/2 . cscp . (1-2v)/2{1-v)

—ad b3/3 . t/2 . cotd . (1-2v)/2(1-v) + a%/4 . B2
t/2 . csed . (1-2v)/2(1-v)

5]
—~a . b7/5 . /2 . cotd . (1-2v}/2{i-~v) + 3 a7 /2 .

- - o ”
a . w5 . /5 . (8/2)° . cot™d + a . v'/3 . 1/3
Id . 2 2 ~ -~
(+/2)7 . {(1-2v)/2(1—v) = a” . »7/2 . 1/5 . (+/2)°
- %5 9
cotfesed + 1/3 a2 b . /3 . (£/2)7 eseTB

. x \
wadfs . v /3. y/e . (1=2vr.e{i-v)



R(10,8) = -a>/2 . b2/2 . t/2 . cotd . (1-2v)/2(1-v)

" r(11,8) = a2/2 . b /2 . /2 . csed . (1-2v)/2(1-v)
R(12,8) = ~2/3 . a° . b2/2 . ©/2 . cotd (1-2v)/2(1~v)
2(15,8) = -a2/2 . /3 . /2 . cotd . (1-2v)/2(1-v) + a /3

b2/2 . t/2 . csef . (1-2v)/2(1-v)
n(14,8) = a2, b2/3 . /2 . csed . (1-2v)/2(1-v)
5(15,8) = =3/4 . a /2 . /2 . cotd . (1-2v)/2(1-v)
R(16,8) = -2/3 . 2> . b/3 . /2 . cotd . (1-2v)/2(1-v)
v/ . v e . /2 . esed . (1-2v)/2(1-v)
R(17,8 ) = —a>/2 . B/% . /2 . cotd . (1-2v)/2(i~v)
+9/3 . a0 . /5 . B/2 . esep (1-2v)/2(1~v)
R(18,8) = 3/2 . a> . /% . /2 . esep . (i-2v)/2(1-v)
wr(19,2) = -3/4 ., at 7/3 . /2 . cotd . (1-2v)/2(i~v)
+ aD/S . b“/Q . t/2 . csed . (1-2v)/2(1—v)
R(20,8) = —a2/2 . V)5 . /2 . cotp . (1-2v)/2(1~) + 2’

bi/h . /2 . esch .

+/2
(1-2v)/2(1-v)

(1-2v)/2(1—v)

. (1-0v)/2{1=v) + ab . t/2 -

il

" r(10,10)= ab . . cot”p

—~ah . t/2 . cotd cseh .

(1-2v)/2(1-v)

(1-2v)/2(1-v) + a%h . /2

rR(11,10)=
,10)= 2%b . t/2 . cotgﬁ .
(1~ov}/2(1-v)

R(13,10)= a . b2/2 . t/2

r(12

(1-2v)/2(1~v) + a . b2/2
/2

.-cotgﬁ .

t/2 . (1-ov)/2(i-v) - a2/2 . b . cotdesep .

{(1-2v)/2(1-v)



n(1%,10)=

r(15,10)=

R(16,10)=

n(17,10)=

n(18,10)=

R(19,10)=

r(20,10)=

n{11,11)=
n(12,11)=

r(13,11)=

R{1k,11)=
R{15,11)=

n(16,11)=

- 163 -

~ab” . t/2 . cotd esed . (1-2v)/2(1-v)
E t/2 . cotgﬁ . (1-ov)/2(1=v) + aob . /2
(1-2v)/2(1-v)

2 o /
a“ . b /2. t/2 . cotgp . (1-2v)/2(1-v) + a” .b2/2

]

8/2 . (1-2v)/2(1~v) - a2/3 . b { t/2 . cotd csch
(1-2v)/2(1-v)

a . bv/3 . /2. cot’d . (1-2v)/2(1-v) ¥ a . b/5 . t/2
cotd csef . (1-2v)/2{(1-v)

—abo . t/2 . cotf esch . (1-2v)/2(1-v)

3. b2/ . t/2 cot?h . (1-2v)/2{1—v) + 2’ b2/ . t/2
(1-2v)/2{1-v) - a4/4 . b . t/2 . cotd csch
(1-2v)/2{1-v)

a . B /E . /2. cot g . (1-2v)/2(1-v) + a . /L . t/2
(1-2v)/2(1-v) - a2/2 . b . t/2 . cotd céc#
(1-2v)/2(1-v)

ab . /2 cscod . (1-2v)/2(1-v)

—aQﬁ . {/2'.>cd{é csed . (1;9v3/2{i-v)

e . /2 . /2 . cotdesch . (1-2v)/2(1-v) + a2/2 , b
/2 . cscgﬁ . (1-2v)/2(1~v)

ab2 . t/2 . cscgﬁ . (1—2v)/2(1;v)

—db . t/2 . cotd escd . (1-2v)/2(1-v)

—a”. h2/2 . /2 . cotd cscd . (1-2v)/2(1-v) + a3/3 . b

t/2 . cscgﬁ . (1-2v)/2(1~v)



n(17,11)=

r(18,11)=

R(lgy 11):'

r(20,11)=

r{17,12})=

r(18,12)=

7(19,12)=

-a . b3/3 . t/2 . cotd esch . (1-2v)/2{(1-v) + a”, b2/2
t/2 . cse2d . (i-2v)/2(1-v)

atb . /2 . cscgé . (1=2v)/2(1-v)

—a3 . b2/2 . t/2 . cotfescd . (1—2v)/2(1—v) + ah/& . b
+/2 . esc g . (1-2v)/2(1~v)

ca . BE/h . t/2 . cotd esch . (1-2v)/2(1-v) + 3/9 a”
b3/3 /2 . cscgﬁ'. (1-2v)/2(1-v)

B3 . b . /2 . cot’d . (1-2v)/2(1-v) + %/3 . a7b
t/2 . (1-2v)/2(1-v)

(9}
2. b

]

/2 . t/2 cot"d . (1-2v)/2(1-v) L a2, /2
t/2 . (1-2v)/2(i~v) - 2/3 . aob . /2 . cotf csof
(1-2v)/2(1-v)

—a®p2 . /2 . cotd csch . (1-2v)/2(1-v)

6/ . a®b . /2 . cotgﬁ . (1~2v)/2(1-v) + 6/4% . b
t/e . {1-2v)/2(1-v) |

L/3 as. b2/2 . /2. cotzﬁ . (1—2v)/2(1—v) + /3 a3
'52/2';.{/2 . (i;gv)/Q(l;v)L;:% a%h o /2 . cotd esch
(1-2v)/2(1-v) | |

ag . b3/3 . /2 . cotgﬁ . (1—2v)/2(1—v) + a2. b3/3

8/2 . (1-2v)/2(1~v) - 4/3 ad. p2/2 . t/2 . cotd esch
(1-2v)/2(1-v) |

—-a2b3 . /2. cotd cscd . (1—2v}/2(1—v)

6 . a4/4 . b2/2 . /2. coteﬁ.. (1-2v)/2(1-v) :

v 6. ot . b2 . t/2 . (mav)/e(i-v) - 2 a2 /5

b . t/2 ..cotd cscd . (1-2v)/2(1-v)



R(13,13)=

R{1%,13)=

r(15,15)=

r(16,13)=

r(17,13)=

....'_1_65_

a2, bh/h . t/2 . cotgﬁ . (1-2v)/2(1-v) + a”, b“/& . t/2
(1-2v)/2(1-v) - 6 . a3/3 . b3/3 . t/2 . cotd cscp
(1-2v)/2(1-v)

a . b3/3 . /2 . cotgé . (1-ov)/2(d-v) + a . b3/3 . t/2
(1-2v)/2(1-v) = a> . B2/2 . £/2 . cotp escs
(1-2v)/2(1-v) + ad/3 . b . t/2 . esed (1-2v)/2(1~v)

2a . b /% . /2 . cotg csch . (1-2v)/2(1-v) + a2, b2/2
/2 . csczé . (1-av)/2(1—=v)

23, v2/2 . /2 . cot?d . (1-2v)/2(1-v) + 2 . b2/2

t/2 . (1-2v)/2(1-v) -3 3" . t/2 . cotd cscé

(1-2v)/2(1-v)

12}

2. w35 . /2 . cotp . (1-2v)/e(1-v) + 2 . v/3
o/2 . (1-ov)/2(1v) - a . v2/2 . /2 . cotd csch
(1-2v)/2(1-v) + aé/& . b . t/2. cscgﬁ . (1-2v)/2{1-v)
a . b4/4 . /2. cotgé . (1-2v)/2(1-v) + a . bh/Q . /2
(1;2v)/2(1~v) -3 . a2/2 . b3/3 . t/2 . cotd csch
(1-2v)/2(1-v) + 2 . a3/5 . Bo/2 . t/2 . cse’d
(1-2v)/2(1-v) |

~3 a . bg/& . t/2 . cotd cscd . (1-2v)/2(1-v)

3. a2/2 . v/3 . t/2 . cseld . (1-2v)/2(3-v)

23 b3/ . t/2 . cot B . (1-29)/2(0-v) + a3 . B/3
t/2 . (1-2v)/2(1-v) - at bg/Q . t/2 . cotf cscg

(1—2v}/2(1—v) + a5/5 . b . t/2. cscgé . (1—2v)/2(1~v)



r(20,13)=

R(1%4,14)=
}?.(1.5, 14):
R{16,14)=

r(17,14)=

r{18,14)=

2(19,14)=

n{20,14)=

R(15,15)=

Rr(16,15)=

R

~~

17,15)=

Rr{18,15)=
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(1-2v)/2(1-v) - 2" . b4/u . t/2 coté cscg
/2 . cscgﬁ .(1—2v)/2(1~v)

o
ha . B0/3 . /2 . escod . (1-2v)/2(1-v)

(1-2v)/2(1-v) + a’. h/3 .

% 0
~a”b” . t/2 cotd csed . (1-2v)/2(1-v)

2

-2a% , b3/3 . t/2 . cotd escd . (1-2v)/2{1-v) +
a3/3 . b2/2 e, cscgﬁ (1-2v)/2{1-v)

. t/2

4

]

. cotd escd . (1-2v)/2(1-v) + 2 a® .

. osc2d . {1-2v)/2(1-v)
. csc2¢ . (1—2v)/2(1—v)

cotp csed . (1-2v)/2(1-v) +

. t/2

t/2

1S
¥

3. /2.
b2/2 . t/2 . cseod . (1-2v)/2(1-v)
-2a . b5/5 . t/2 . cotgescd . (1-2v)/2(1-v) + 3a> .
BE/h .4/2 . eseid . (1-2v)/2(1~v) |

0/5 a7 . b . t/2 . cot2h . (1-2v)/2(i~v) + 9/5 & b

t/2 . (1-2v)/2(1-v)

6/ 2% . vi/2 . t/2 . cot g (1-2v)/2(1-v) +6/8 ab>

t/2 . (1-2v)/2(1—v) - 3/5 adb . /2 . coté cscd
(1-2v}/2(1-v)
a’ . b3/3 . t/2 . cotgé . (1-2v)/2(1-v) + a2l . b5/3
/2 . (1-9v)/2(i-v) - 6/8 . 2> . +/2 . cotf cse

(1-2v)/2(1-v)

_a3w? . /2 cotd escd . (1-2v)/2(1-v)

. t/e . cctgﬁ . (1-2v)/2(1—v) + a . b5/5 . /2



®(19,15)=

r(20,15)=

R(16,16)=

r(17,:

,.:.
[9)Y
\./

r(18,16)=

R(19,16)= %

7(20,16)=

R{17,17)=

- :L67 -

9/1.0 adh>, t/2 . cotgﬁ . (1-2v)/20i-v) + 9/10 b
t/2 . (1-ov)/2(1-v) - % O /2 . cotp csed
(1-2v)/2(1-v)

al. E/’l . /2. cotgﬁ . (1-ov)/e(1-v) + ad . bé/4.
8/2 . (1-2v)/2(1~v) = 9 . a*/h . BO/3 . t/2 cotd
escp . (1-2v)/2(1-v)

5/9 adbo. t/2 . cot g . (1-2v)/2(1—v) =+ 4/9.a3b3 . t/2
(1-2v)/2(1-v) - at b2/2 . t/2 . cotg cscd
(1-2v)/2(1=v) + a /5 b . t/2 csn'ﬁ (3—9v)/“(1—v)
= aZ, bi/h . /2 . cot”ﬁ . (1-2v)/2(1~v) + a2, */4
/2 . (1-2v)/2(1—§) - 5/9 a 333 . +/2 . cotd esch

4 N 2
(1=29)/2(1~v) + % a* . b /2 . /2 cse p (1-29)/2(1~v)

N

' X :
=3a" . bi/ﬁ . t/2 . cotd cscﬁ . (1—2V)/2(1~v)

+ad. V)3 . 1/2 . escod . (1-2v)/2(1-v)

W =
a'p’ . t/2

o

2"h0 . /2 . cot d . (1-2v)/2(i-v) +
(1-2v)/2(1-v) - a° . v2/2 . /2 cotﬁpgcﬁ'(i—2?)/2(1iy)
ra%6 . v . b2, eseld . (1-2v)/2(1-v) R
a2, v2/5 . /2 . cot>d {1-2v)/2(1-v) + a® .b/5

6/2 . (1-2v)/2(1=v) -~ 7 a/3 . b/ . /2 . cotd esch
(1-2v)/2(1-v) + 5 a/h . ©/5 . ¥/2 . csc'B |
(1-2v)/2(1~v)

a . ¥/5 . t/2 . cot s (1_9v)/2(1—v} ra.b/5 . /2
(1-2v)/2(1-v) - a’ / . b L /2 . cotd esch

(1-ov)/2{1-v) + &/9 ahd, £/2 . csc g . (1-2v)/2(1~v)



- 168 -

n(18,17)= <5 a . /5 . t/2 . cotf csep . (1-0v)/2(1-v) + 3 a2
i L /2 . escod . (1-2v)/2(1-v)
R(19,17)= o3, Bk . /2 . cot®d . (1-2v)/2(1-v) + &7 . Bt /h
t/2 . (1-2v)/2(1~v) - 7/12 a2 . t/2 . cotf csch
1-2v)/2{1-v) + 2 a5/5 . 09/2 . /2. cscgﬁ
(1-2v)/2(1-v)
n(20,17)= a . b6/6 . /2. cotgﬁ . (1=2v)/2{1-v) + a . b6/6
t/2 . (1-2v)/2(1-v) - 5 a2/2 . b5/5 . t/2 . cotg
esed . (1-2v)/2(1—v) + 6 a°/3 . »E/h . /2
(1-2v)/2(1~-v) |
r(18,13)= 9 a . v2/5 . t/2 . cse’d . (1-2v)/2{1-v)
7(19,18)= -3 23 . b/n . /2 . cotd esch . (1-2v)/2(1-v)
3 a"*/z; LB/ . /2 . esetd . (1-2v)/2(1-v)
r({20,18)= -% ap® . /2 . cotd csch . (1-2v)/2(1-v) + 9/10
ap? . t/2 esc 24 . (1-2v)/2(1-v)
,19)= 9 /5 . /5 . t/2 cot’h . (1-01,—)/9(1_‘;) +927/5
/5 . /2 . (1-2v)/2(1=v) - a° . /2 . ©/2 cotp
ssed . (1-2v)/2(i-v) + al/7 . b . /2 csc g
(1-2v)/2(1-v)
Rr(20,19)= A3 D25 . /2. cotod . (1-2v)/2(1-v) + 2. /5
8/2 . (1-2v)/2(1-v) - 10/16 Jn L 4/2 . cotf esch
(1-2v)/2(1-v} + 3 a5/5 L v/5 . /2. cscgﬁ

(1-2v)/2(1i-v)
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(2] .
7(20,20)= a . b7/? . /2 . cotTd . (1-2v)/2(1-v) + a . b7/7 .
t/2 . (1-2v)/2(1-v) - 3 &% . B°/6 . ©/2 . cotd ecscd
(1-2vY/2(1—) + 3 a’, '!)5./5 .t/ cscgyf

(1-2v)/2(1-v)

Note; Bach of the elements should be multiplied by a factox

_B l—x_f\
(L+v )1 1:2?77 *
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The [A] Matrix for five degrees of freedom is given here as;

A

£ 0o 0 0 0 0 0 0 00 0 0 0 00 0 0 0 0 O
o 0 0 0 £ 0o 0 0 0 0 0 0 0 06 0 0 0 0 0 O
©o o o ¢ 0o 0 O 0 1 0 0 © 0 0 0 ¢ 0 0 0 O
C 0 0 9 0 0 0O ©0 0 1 0o 0 0 0 0 0 0 0 0 O
©o 0 ¢ 0 o 0 0O © 0 0 1 0 © 0 0 0 0 0 O O
2 0 o0 o ©o o 0 0 6 0 0 0 0 ©0 0 0 0 O
o o ¢ o 22 o o 0o 0o 0o 0o 0o 0o 0 06 0 0o 0 O
9 0 0 0 o0 0 0 1 a 0 a2 0 0 a 0 0 0 0 O
© o 0 0 0 © 0 G o0 1 0 2 0 0 3~ 0 0 0 0 'O
o 0 o 0 0 0 0 0 0 1 0 a 0 0 a2 0 0 a 0
P o2 6 0o 0 0 0 0 0 0 e ¢ 0 0 0 0 0 0 0
0 0 o £ o2 0 0o 0 0 0 0o 0 0o 0 0 8 0 0
6 o 0 0o o 0 0o 0 1 0 b 0 0 >0 0 0 B0 o0
© o 0 0 o 0 0 0 0.1 0 0 b 0 0 0 ¥ 0 0 B
5 0o o o o 0 0 0 0 0 1 0 0 2 0 0 0 7 0 0O
-;;1 5‘—3 337; 1233 © 0o o 0 0 0 0 0O O O 0 O 0 0 0 0
00 O —;f- 2 2 @ o 0 0 0o 0 0 0 0 0 0 0 0
s 0 0 0 6 0 0 0 1 a b alab 1 ad a’bab> b adbh ab’
O o o 06 06 0 O 0 0 1 @ 2 b o 3@2 oab b> 0 3a°h b
o 0 06 0 0 0 0 0 0 0 1 0 a 2 0 a°2b3 a 3’ab2J
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Tor Five degrees of freedom per node, similar expression of

stiffness matrix [K] ave aiven as,

i m (2 K.
lL; = [1] , “ex8

'Y EERE RN NN NN N N2

s ® ¢ 00

3x20 { Lé:‘

o N
20x8 . 20x20;

where [LT] is defined as,

o

<o O O

OOOOOOOOOOOHOOOOOOOO

ol
OO{‘OOOOC_‘D‘OOOOO

o 60 0 0O 0 0 © 0 OO0 o O R
0 0 O 00 O o0 0 0 0000000 6o Ko
cC 00 0 0 0 0 00 KOO0 00000 Q2
cC 0O 0O 0 0O 0 0 0 R 0000 0o o0 o0 oo
c O 0 0O M O 0000000000 00 e
5 0 O R O 00 0 C 00 o000 000 o0
cCc 00000000000 C o0 00 o0oR
6 0 0 0 0O 00 OO0 0000000 0RO
o o ® 0 0 0 0 00 0000000 0RO
o 00 00 0 0 0 0 o o0 090 O o 0o Rr O O ©
L >0 000000000000 Rr o000
©c 0o oo 00D 000000 R oo oo o
o o 0 0 0 00 00 0RO 0000 e 0 o0oo
o 5 00 0 0 0 00 kKOO OO0 oo 0O
O O 0 0O O 0 0 o = O o0 00 0 0 0 O o O
0 0o 00 0 0RO OO0 00600 00 oo
O ©® 0 0 O R O OO0 00O 0 Qoo 00 o o
©c 6 0o 0O Fr OO0 0O 0O 00O C oo o0 e oo
o 0O O M 0O Q000 eo 0o 000 Qoo o
O ok o000 OO0 000000009000
O O OO0 00O 00O o0 0000 Qo0
o o0 0 00000000000 Q00 0,

O 0 0 0O 0O 0 0 0 O o o o o - o O o O © O
O Cc 0 0 O o o o0 o0 0 o o o = O O O o O O
o 0 0O 0o 0 0 0 o0 O o o o [ T v R o)

o 0 o O © o o
o O 0 0o o o O

-
\
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. -1 3 . .
The matrices [A ] and [ﬂ appearing in egration

73 - 63) are defined as follows,

FOR THREE DEGREES OF FREEDOM PER NODE

[ ]=[1, &, n, &n]

1 0 0 0]
-1 Ly 0 0
- a a
[27] =
- -1 0 1 0
b b
1-1 -l 31
| a ab ab ab

FOR FIVE DEGREES OF FREEDOM PER NODE

[z] = [ &, n, Ez,En,nz,Es,Ezn,in"‘,na,isn,zne']

- : =
i+ o o OO 0o 0 0 o o0 0 0 O

o 1 0 o o0 O0 o ©0 ©O0 0 0 0O

©o o 1 o o0 0 0o o 0 0 0 O

-3 =2 4.3 L 99 0 0o 0 °"0"0

1 a a a - a

-1 -1 -1 1 1 1 1 -1

Lt 2 % ° 3 5 ¢ OO

2 =72 o 2 0 0o o = T 0 0 o0

2 'L 4, 2 L 9 0o o o o 0o O

; a a a a

3.2 -3 1 -3 -2 31

asa"oasasogsaboabab"

3., 2.3 o 273 o L3 o "k

: ab ab ab ab ab ab ab ab

2 1 -2 1

\ 5 0 5 o o o £ 0o g 0 0 0
-2_ -1 2_ -1 2 1 -2 1 4
255 0 5 w0 FHaw @ Db
=2 -1 2 L2 -1 -2 4 i
ab 0 ab ab 0 ab ab 0 ab ab ab
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General

- A general computer program had been written to
perform the analysis of the skewed sandwich plate described
previously. The program is written in Fortran IV language
for the (BM—-360 model 65 computer system.

The flow charts of the main program together
with the subroutine which is used to generate the element
stiffness matrix are presented in this section. This pro-~
gram can analyse +the sandwich plaﬁe with any number of
nodes and elements, any type of loading system and any
type of boundary conditions only with slight modifications.

The flow chart and the listing with the éomment
statements make this program self explanatory. A brief
description of the program is given below:

a) Input data

1. Geometrical dimension of the structure in terms-qf”:
1edéth bf-platé in 3 énd 'n airectidns, thiékﬁéééés 6f
the core and faces, skew angle of the plate.

2. Mechanical properties of the plate in terms of Young's
modulus of the faces, shear modulus of the core, Poisson's
ratios of the core and faces.

3. Number of points on the boundary, nodal boundary con-
ditions, and hode numbering system.

4. A subroutine BUILD is used to generate the force matrix
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for uniform loading condition. When the concentrated
loading is applied to the structure, the force matrix
should be read from cards.

b) oOutput data

1. The complete input data is printed as a check.

2. Displacements are printed at every grid'points of the
plate.

3. All stresses and moments are printed at every grid

points of ithe plate.
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FLOW CHART

Read number of elements and nodal points, Poisson's
ratio of core and faces, Young's modulus of core

and faces, Thickness of core and faces, Skew angle,
Node number of each element, The boundary condition

on the boundary, Dimension of the platse

Print check on input data

i

Generate the foree matrix for each element and

place it in the force matrix of the whole structure

|

Generate the element stiffness mafrix and place it
in the total element stiffness matrix, advantage

[taken of- symmetry and band form

No s elements

\\Qonsidered

Apply boundary and symmetry conditions

SN
;Conty

\\’/
~




\Cont,
L

|

!Solution of equilibrium equations for

ig}splacements

: i
[Print out the displacements vector

=

|
Compute the strain at any particular point

within the elementv
i

\t
Ccalculate the stresses and moment at this

point

b e ot o e M e tnareree b

A1
elements

No

considered

Yes

§ - . o . e
Pake an average of the stresses Or moments i

in adjacent element at any nodes l

Print out results
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FLOW CHART
(Generate the element stiffness matrix)

Transfer the information of elements properties
for computation of the sandwich element stiff-
ness matrix

u

Define the elements of the transform matrix
which are used for forming the sandwich element

B

/

Generate the matrix {Rcl which is the general-
ised stiffness matrix for the sandwich core

i

Generate the geometric matrix {ACI of sandwich

core

|t aviewimer scacca

Gompute the stiffness matrix for the core element

in the skew co-ordinate system [Ké}

Are any nodes

of the core element No

lying on the
boundary?

! Yeé

Generate the rotatioi matrix [Qé]

v.

/Gont’,

\

Jonves
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o
Cogﬁ/
| £

'Rotate the direction of displacement on the

iboundary points

i

Generate the geometric matrix LAf] of the

skins

Generate the matrix [Rf] which is.fhe
generalised stiffness matrix for the skins

‘ T U

§
i

\

Compute the stiffness matrix for the skin
element in the skew co-ordinste system{Kf}

3
-

et

Are any nodes e
,///of the skin element ™ No

lying on the

ey

Yes

meL

[Generate the rdtétio

trix [Q]

KR e 1t syt 4 e S

L o s e N e at vezemncsnne

|
]

[N )

Rotate the direction of displacement on the

boundary points . N

\(-:.:':'_'..'.’ =

Cont.l



i .‘\
H 1
. Cont.
‘ .

\\TMM

AX}

Combine skin stiffness and core stiffness to

form element stiffness matrix for skew sand- i}

wich plates

¥

Print out results

ationia

!

Return to the main program
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