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Abstract 
 

In Finance, the use of Automated Trading Systems (ATS) on markets is growing every year and the trades 

generated by an algorithm now account for most of orders that arrive at stock exchanges (Kissell, 2020). 

Historically, these systems were based on advanced statistical methods and signal processing designed to extract 

trading signals from financial data. The recent success of Machine Learning has attracted the interest of the 

financial community. Reinforcement Learning is a subcategory of machine learning and has been broadly applied 

by investors and researchers in building trading systems (Kissell, 2020). In this thesis, we address the issue that 

deep reinforcement learning may be susceptible to sampling errors and over-fitting and propose a robust deep 

reinforcement learning method that integrates techniques from reinforcement learning and robust optimization. 

We back-test and compare the performance of the developed algorithm, Robust DDPG, with UBAH (Uniform 

Buy and Hold) benchmark and other RL algorithms and show that the robust algorithm of this research can reduce 

the downside risk of an investment strategy significantly and can ensure a safer path for the investor’s portfolio 

value.  

 

 

 

 

 

 



1 
 

 

1. Introduction 

1.1 Background 

In Portfolio Management or Financial Investing, a general goal is to dynamically allocate a set of assets to 

maximize the return of the portfolio over time and minimize risk simultaneously. This research develops an 

automated trading system that ensures robustness against uncertainty in the parameters estimated from the 

financial market. The system is built upon combination of modern machine learning techniques and robust 

optimization methodology. 

For investors, it is essential to be able to invest in a portfolio that can satisfy their preset goals by building an 

optimal portfolio initially and subsequently rebalancing it optimally (Almahdi & Yang, 2017). Recently, Machine 

Learning and Artificial Intelligence technology, in particular, Deep Reinforcement Learning (DRL) (a branch of 

machine Learning that seeks to find an optimal strategy for a sequential decision problem by directly interacting 

with the environment) approaches have shed new light on potential methods to optimize a portfolio. Using DRL 

we can fully automate investment strategies that require an intelligent machine to take into account the risk and 

return of a financial asset over time to make profitable investment decisions. Although there have been rapid 

improvements in the DRL algorithm, uncertainty in the parameters learned by machines from sample data (in a 

real-world problem) could cause major problems to decision-makers not only in finance but also in other practical 

areas where the cost of failure is significant including healthcare, robotics, self-driving cars, etc. Thus, the highly 

volatile nature of the financial market still requires robust approaches to mitigate the impact of estimation error 

on an investment strategy that may lead to a substantial loss of capital. This research is one of the firsts to develop 

a robust learning framework for DRL trading strategies using optimization algorithms. We deploy Robust 

Optimization and Actor-Critic algorithms, a popular algorithm for Policy Optimization of a Reinforcement 

Learning agent, to immunize the learning process of the artificial agent from the adversarial impact of sampling 

errors. 
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The main advantage of using DRL in portfolio management is that it bypasses the difficulty of pricing forecasts 

and focuses directly on optimizing the final portfolio performance, thereby closely aligning the machine learning 

problem with the objectives of the investor (Fischer, 2018).  

In Robust Optimization, Markov decision processes (MDP) provides a mathematical framework used for 

modeling decision-making problems where the outcomes are partly random and partly controllable. They capture 

several attractive features that are important in decision making under uncertainty: they control risk in sequential 

decision making via a state transition probability matrix, while taking into account the possibility of information 

gathering and using this information to apply recourse during the multistage decision process (Puterman, 1994) 

(Bertsekas & Tsitsiklis, 1996), (Feinberg & Shwartz, 2002).  

Moreover, by providing a robust mathematical model of portfolio management for the DRL algorithm we take 

into account the need of investors who constantly seek for more stable performances, making the software 

portfolio manager suitable for real-time investments strategies. 

1.2 Literature Review 

Mathematical models designed to solve the allocation problem of a financial portfolio gained a lot of attention 

after the introduction of the Modern Portfolio Theory (MPT) by (Markowitz, 1952).  It considers rational investors 

and models the problem keeping the mean-variance analysis framework in perspective, where the variance of the 

portfolio is minimized with a fixed value for the expected return on the entire portfolio. The framework also 

assumes a market without any taxes or transaction costs, and where short selling is disallowed but assets are 

infinitely divisible and can be traded with any non-negative fractions. (Tobin & Hester, 1967) presents the 

inclusion of risk-free assets in the traditional Markowitz formulation by the development of the Separation 

theorem which states that in the presence of a risk-free asset, the optimal risky portfolio can be obtained without 

any knowledge of the investor’s preferences, whereas, Sharpe’s Capital Asset Pricing Model (CAPM) (Sharpe, 

1964) takes into account the asset’s sensitivity to non-diversifiable risk while it is being added to an already 

existing well-diversified portfolio. It considers the importance of the covariance structure of the returns, the 

variance of the portfolio and the market premium (i.e. the difference between the expected return on the asset 

from the market and the risk-free rate of return on the asset). The model assumes that the investors are rational 

and risk-averse, are broadly diversified across a range of investments, and that they cannot influence the prices 
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of the assets. Assumptions regarding trade or transaction costs, short-selling and trades with non-negative 

fractions do apply from the traditional Markowitz’s framework. 

 

More recently, Ross’s Arbitrage Pricing Theory (APT) (Ross, 1976) models the expected return of a financial 

asset as a linear function of various macro-economic factors (where, sensitivity to changes in each factor is 

represented by the factor-specific beta coefficients of the regression model). Assumptions regarding trade or 

transaction costs, short-selling and trades with non-negative fractions do apply from the traditional Markowitz’s 

framework. In (Uryasev, 2000), Conditional-Value-at-Risk (CVaR) is proposed as a risk measure of the portfolio, 

and therefore optimization would be on top of that metric. The CVaR is derived from the weighted average of 

“extreme” losses in the tail of the distribution of possible returns, in addition to the cutoff point of the Value at 

Risk (VaR). One of the advantages of CVaR is that it can be minimized efficiently using LP (Linear 

Programming) techniques. In studies of financial calculus, considering the equity markets in perspective, 

Fernholz’s Stochastic Portfolio Theory (Fernholz, 2002) and (Karatzas & Fernholz, 2008) discusses a descriptive 

theory that provides a framework for analysing portfolio behaviour and equity market structure that has both 

theoretical and practical applications. It provides insights into questions of market behaviour and arbitrage 

principle. It is used to construct portfolios with controlled behaviour under certain conditions and provides 

methods for managing the performance of the portfolio. Stochastic optimization methods tend to appear as 

solution approaches to portfolio optimization problem modeled with reference to the Stochastic Portfolio Theory 

as mentioned above. Stochastic-search based optimization using local search procedures refers to introducing 

randomness in to the search process to accelerate progress towards leading to the optimal local solution. 

Challenges in such a methodology are with regard to handling constraints. (Crama & Schyns, 2003) provides a 

simulated annealing-based approach to complex portfolio selection problems by a systematic inclusion of 

constraints. (Ardia, Boudt, Carl, Mullen, Peterson, 2010) and (Krink & Paterlini, 2011) provide differential 

evolution based stochastic-search heuristic methods for multi-objective portfolio optimization problem with 

realistic constraints. (Hu, Liu, Zhang, Lijun Su, 2015) studied the application of evolutionary computation in the 

discovery of rules in algorithmic trading for shares; (Ertenlice, Kalayci, 2018) conducted a swarm intelligence 

research for portfolio optimization, discussing algorithms and applications. Numerous other portfolio 

optimization models from conventional numerical methods of analytic and non-analytical approximations to 
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stochastic programming, evolutionary computations and swarm intelligence using population based algorithmic 

developments, and, machine learning based computationally guided mechanisms have been proposed to address 

practical issues such as transaction costs, risk measurement, among others, to enhance the performance of 

portfolio management in a real-life setting. Further literature presented in this section, intends to broadly highlight 

machine learning approaches to the portfolio optimization problem. 

In the past decade, machine learning algorithms have arisen as important tools to help find the patterns and predict 

future movements of assets using supervised learning techniques. (Khaidem, Saha, Roy Dey, 2016) predicts the 

direction of stock market prices using random forests (RF) and shows that the model is robust in predicting the 

future direction of stock movement. (Akhavan Niaki & Hoseinzade, 2013) forecast the daily direction of Standard 

& Poor's 500 (S&P 500) index using an artificial neural network (ANN) and shows ANN could significantly 

improve the trading profit as compared with the buy-and-hold strategy. (Tsantekidis, Passalis, Tefas, Kanniainen, 

Gabbouj, Iosifidis, 2017) show that the convolutional neural network (CNN) is better suited to predict the price 

movements of stocks than multilayer neural networks and support vector machines. The main idea behind this 

(supervised) approach is to train a predictive model, a neural network, or a random forest or support vector 

machines, on historical data to forecast the asset’s price change. These forecasts are fed into a trading module to 

derive the actual trading action, e.g., to buy the financial asset in case the forecast surpasses a certain threshold. 

A major disadvantage of the price-prediction-based algorithms is that they highly depend on the degree of 

prediction accuracy. Unfortunately, future market prices are difficult to predict. Furthermore, converting price 

predictions into actions requires additional layers of logic. If this layer is hand-coded, then the whole approach is 

not fully automated, and thus is not very extensible or adaptable. For example, it is difficult for a prediction-based 

network to consider transaction costs as a risk factor (Jiang, Xu, Liang, 2017). 

Previous successful attempts to provide fully automated schemes for the algorithmic trading problem, without 

predicting future prices, use a reinforcement learning (RL) approach. These include (Moody & Saffell, 2001) who 

proposed the idea of recurrent reinforcement Learning (RRL) ("Recurrent" means that previous output is fed into 

the model as a part of input for direct reinforcement) and demonstrates how direct reinforcement (which finds the 

optimal policy by directly maximizing the state value function) can be used to optimize risk-adjusted investment 

returns while accounting for the effects of transaction costs, (Dempster & Leemans, 2006) demonstrate that RRL 

trading systems can be embedded in a multi-layered risk management system and improve agent performance, 
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(Cumming, 2006) apply RL to build trading systems on intraday FX data and (Deng, Bao, Kong, Ren, Dai, 2017) 

show how deep learning techniques can be levered to extract higher-level features from the state and proposed an 

extension to backpropagation through time to efficiently train the agent. These RL algorithms output discrete 

trading signals on an asset. Being limited to single-asset trading, they do not apply to general portfolio 

management problems, where trading agents manage multiple assets. 

Recently, Google DeepMind has devised a solid algorithm to tackle the continuous action space problem. 

Building off the prior work of (Silver, Lever, Heess, Degris , Wierstra, Riedmiller, 2014) on Deterministic Policy 

Gradients method that uses off policy data and target at modeling and optimizing the policy directly, they have 

produced a policy-gradient actor-critic algorithm called Deep Deterministic Policy Gradients (DDPG) (Lillicrap, 

Hunt, Pritzel, Heess, Erez, Tassa, Silver, Wierstra, 2015) also use an Actor-Critic method (read more in section 

4.2). The continuous output in these actor-critic algorithms is achieved by a neural network approximating action 

policy function, and a second network is trained as the reward (value) function estimator. 

Using the idea behind DDPG, (Jiang, Xu, Liang, 2017) proposes an actor-only RL framework designed for 

portfolio management to simultaneously manage a multi-asset portfolio by taking into consideration market risks 

and the transaction costs associated with buying and selling assets in a stock exchange.   

Despite these achievements, they do not study the issue of sampling errors and over-fitting and how to mitigate 

the adverse impact of it. While the literature mainly focuses on actor-only and citric-only approaches we exploit 

the structure of actor-critic algorithm is more suited to for incorporating robustness to the agent’s policy while 

maximizing the final return of a portfolio (we discuss more about RL methods in Section 3). 

In robust control of a sequential decision-making problem, to address the issue of uncertainty in the transition 

matrix of MDPs, (Shapiro & Kleywegt, 2002) proposed a Bayesian approach that requires a perfect knowledge 

of the whole prior distribution on the transition matrix, making it difficult to apply in practice. (Nilim & El Ghaoui, 

2005) considers a robust control problem for Markov decision processes, where uncertainty in the transition 

matrices is described in terms of possibly nonconvex sets. They show that where perfect duality holds for this 

problem it can be solved using the “robust dynamic programming” algorithm. They prove that the complexity of 

the robust recursion is almost the same as that of the classical recursion.  
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1.3 Research Question  

Recognizing the lack of risk management practices in RL algorithms (where learning is just based on a sample 

training set) and recognizing their importance in the portfolio management problem where sampling error and 

uncertainty in asset prices may lead to wrong decisions by the RL trading agent and causing a significant capital 

loss, we propose this research question: 

• “How can a RL trading agent maximize portfolio return while immunizing the learning process of 

portfolio management from the adversarial impact due to sampling errors?” 

1.4 Contribution and Outline of the thesis 

In this thesis, we propose a robust extension to the state-of-the-art DDPG (Deep Deterministic Policy Gradient) 

algorithm with direct application to portfolio management. Then, we build a robust automated trading agent in 

Python programming language for deploying the developed algorithm, Robust DDPG, to trade with real-time 

price data. After evaluating the agent on several back-test experiments, we show that the new software agent not 

only offers a safer path for the investor’s portfolio value during the trading period and reduce the riskiness of the 

investment strategy, It also can provide a higher rate of return comparing to DDPG algorithm (Table 3). The 

robust software portfolio manager of this research could be utilized by big investment companies such as hedge 

funds and investment banks as a more secure and discreet framework - that is inherently more robust to 

unpredictable and new events in the market - to utilize Artificial Intelligence (AI) technology for the investment 

strategies. It can also be used by anyone interested in investing and gaining profits by using an algorithmic trading 

system.  

The rest of this thesis is organized as follows. In section 2, we provide the mathematical formulation of portfolio 

management. In section 3, the general Markov Decision Processes (MDP) formulation and a description of RL 

methods is provided. After that, a state-of-the-art reinforcement learning algorithm is utilized to provide the 

optimal solution and a robust optimal solution for the problem in section 4. At the end of section 4, the pseudocode 

for the new enhanced algorithm, Robust DDPG (Robust Deep Deterministic Policy Gradient) is explained. In 

section 5, we demonstrate results that the models have achieved so far in back-test experiments and compare their 

investment performance with each other and the benchmark using statistical tests. Finally, in section 6, the final 

conclusion of this thesis and potential future studies on this topic are discussed. 
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2. Portfolio Management Problem 

In this section, a mathematical formulation of portfolio management is provided. We provide the MDP model of 

the portfolio management problem in section 4.1. After that, the proposed robust RL method is demonstrated in 

detail. 

2.1  Problem formulation 

We would like to manage a portfolio by distributing our investment into a number of stocks based on the market 

situation. We define N to be the number of stocks we would like to invest in. At the initial time of trading (𝑡 =

 0), the total investment volume is assumed to be 1 dollar. The close price is the last price anyone paid for a 

security during the business hours. We define the close/open relative price vector as 

𝑦𝑡 = [1,
𝑣1,𝑡,𝑐𝑙𝑜𝑠𝑒

𝑣1,𝑡−1,𝑐𝑙𝑜𝑠𝑒
,

𝑣2,𝑡,𝑐𝑙𝑜𝑠𝑒

𝑣2,𝑡−1,𝑐𝑙𝑜𝑠𝑒
, ⋯ ,

𝑣𝑁,𝑡,𝑐𝑙𝑜𝑠𝑒

𝑣𝑁,𝑡−1,𝑐𝑙𝑜𝑠𝑒
] 

, where 
𝑣𝑖,𝑡,𝑐𝑙𝑜𝑠𝑒

𝑣𝑖,𝑡−1,𝑐𝑙𝑜𝑠𝑒
  is the relative price ratio of stock i at time t. Note that, the first element of 𝑦𝑡  represents the 

relative price of cash, which is always 1. We define the portfolio weight vector as 

𝑤𝑡 = [𝑤0,𝑡 , 𝑤1,𝑡 ,⋯ , 𝑤𝑁,𝑡]  , 

where 𝑤𝑖,𝑡 represents the fraction of investment in stock i at time t and so 

∑  

𝑁

𝑖=0

𝑤𝑖,𝑡 = 1 

Note that 𝑤0,𝑡 represents the dollar amount at hand. Then the profit after time T is 

𝑝𝑇 = ∏ 

𝑇

𝑡=1

𝑦𝑡 ⋅ 𝑤𝑡−1  , 

(2) 

(4) 

(1) 

(3) 
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where ⋅ is the inner product of the vectors. In a typical portfolio management problem, the initial portfolio weight 

vector 𝑤0 is chosen to be the first basis vector in the Euclidean space, so 𝑤0 = [1,0,⋯ ,0]. Note that the portfolio 

vector at the beginning of period t is 𝑤𝑡−1. 

In a real-world scenario, buying or selling assets in a market is not free. The cost is normally in the form of a 

commission fee. In order to take into account the transaction cost, a trading cost factor 𝜂 is considered and the 

trading cost of each trade 𝜂𝑡 is calculated in equation (6). Due to price movement in the market, at the end of the 

same period, the weights evolve into 

 

𝑤𝑡
′ =

𝑦𝑡 ⊙ 𝑤𝑡−1

𝑦𝑡 ⋅ 𝑤𝑡−1

 

 

             𝜂𝑡 = 𝜂 ∑ |𝑤𝑡,𝑖
′ − 𝑤𝑡,𝑖|

𝑁
𝑖=0  , 

where ⊙ is the element-wise product of the vectors. Denoting 𝑝𝑡−1 as the portfolio value at the beginning of 

period t and 𝑝′
𝑡
 at the end, now the equation 4 becomes: 

𝑝𝑇 =  ∏
𝑝 

𝑡

𝑝𝑡−1

𝑇

𝑡=1

= ∏
(1 − 𝜂𝑡)𝑝

′
𝑡

𝑝𝑡−1

𝑇

𝑡=1

= ∏  

𝑇

𝑡=1

(1 − 𝜂𝑡)𝑦𝑡 ⋅ 𝑤𝑡−1 

The job of a portfolio manager is to maximize 𝑝𝑇  by choosing portfolio weight vector w at each time t based on 

historical stock information. In section 4.1, the logarithm of the final wealth (equation 7) is used for the reward 

function in the MDP setting, instead of 𝑝𝑇  itself. Note that we are utilizing the log function for the reward so 

because of the Jensen's inequality by using a concave utility function the trading agent would be risk-averse 

(Johnson, 2007). Figure 1 is an illustration of the effect of the trading cost.  

 

 

 

(7) 

(6) 

𝑦𝑡+1 𝑦𝑡  
𝜂 

… 

t+1 Period 

t+1 

t Period 

t 
t-1 

𝑝𝑡−1 

𝑤𝑡−1 

𝑝′
𝑡 

𝑤′𝑡 

𝑝𝑡 

𝑤𝑡 

𝑝𝑡+1 

𝑤′𝑡+1 

Time 

Figure 1.  Transaction cost effect on portfolio value during time 

(5) 

http://en.wikipedia.org/wiki/Jensen%27s_inequality
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2.2 The challenge of solving portfolio management problem 

The Portfolio management problem gets particularly difficult to solve when there is a need to consider multiple 

assets or use a longer price history of assets. In such cases, techniques such as dynamic programming (DP) will 

suffer from curse of dimensionality and are computationally intractable. Thus, in this thesis, we used DRL to 

overcome these challenges and make a robust DRL framework for portfolio management.  

3. Reinforcement Learning 

Reinforcement Learning (RL) is a general class of algorithms in the field of machine learning that allows an agent 

to learn how to behave in a stochastic and possibly unknown environment, where the only feedback consists of a 

scalar reward signal. In order to maximize the long-run reward, the agent must learn which actions are the most 

profitable by trial-and-error. Therefore, RL algorithms can be seen as computational methods to solve Markov 

decision processes by directly interacting with the environment (financial market in this case), for which a model 

may or may not be available (not available in this case). 

 

Figure 2. Reinforcement Learning 

3.1 General MDP formulation 

• Markov Property: for finite-state MDPs, the Markov property requires that “the future is independent 

of the past given the present”. Therefore, the state 𝑠𝑡 is Markov if and only if: 

Pr{𝑠𝑡+1 | 𝑠𝑡} = Pr{𝑠𝑡+1 | 𝑠1, … 𝑠𝑡}  (8) 
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An RL problem that inherits the Markov property is called a Markov Decision Process. MDP is a stochastic 

dynamical system that consists of the following elements: 

• Agent: An RL agent is the entity which we are training to make correct decisions. 

• Environment: The environment is the surrounding with which the agent interacts. The agent cannot 

manipulate the environment; it can only control its own actions  

• State: 𝑠𝑡  ∈ 𝑆 , the state defines the current situation (observation) of the agent. 

• Action: 𝑎𝑡  ∈ 𝐴 The choice that the agent makes at the current time step. We know the set of actions 

(decisions) that the agent can perform in advance. 

• Policy: 𝜋 A policy is the thought process behind picking an action. It is a function that maps the states 

to the actions. If the policy is deterministic, then we have:  

 

𝜋 ∶ 𝑆 → 𝐴 

 

𝑎𝑡 =  𝜋(𝑠𝑡) 

 

• State transition probabilities: the probability of moving from one state of a system into another state. 
 

𝑃𝑠𝑠′
𝑎 = Pr{𝑠𝑡+1 = 𝑠′ | 𝑠𝑡 = 𝑠,  𝑎𝑡 = 𝑎} 

 

In MDPs, the agent and the environment interact continually. At each step the agent selects an action based on its 

policy to maximize the expected sum of all future rewards and the environment responds to the action and presents 

the new state to the agent. In an RL problem, we seek to maximize the expected return where the return, 𝑅𝑡 , is a 

summation of all the discounted rewards received by the agent from time step t onwards 

𝑅𝑡 = 𝑟𝑡+1 + 𝛾𝑟𝑡+1 + 𝛾2𝑟𝑡+2 + ⋯ = ∑ 𝛾𝑘

∞

𝑘=0

𝑟𝑡+1+𝑘 , 

(9) 

(10) 

(11) 

(12) 
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Where the discount factor 𝛾 is a value (that can be chosen) between 0 and 1. For MDPs, we can define state-

value function 𝑉𝜋(𝑠) that estimates the expected return starting from a specific state. 

𝑉𝜋(𝑠) = 𝐸𝜋[𝑅𝑡|𝑆𝑡 = 𝑠] =  𝐸𝜋[∑ 𝛾𝑘

∞

𝑘=0

𝑟𝑡+1+𝑘|𝑆𝑡 = 𝑠]   

similarly, we can define action-value function 𝑄𝜋(s, a) that estimates the expected return starting from a 

specific state and taking a specific action in that state.  

𝑄𝜋(s, a) =  𝐸𝜋[𝑅𝑡|𝑆𝑡 = 𝑠 , 𝐴𝑡 = 𝑎] =  𝐸𝜋[∑ 𝛾𝑘

∞

𝑘=0

𝑟𝑡+1+𝑘|𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎]   

 The Bellman equation decomposes the value function into two parts, the immediate reward plus the discounted 

future values and it gives a standard representation for value functions. 

𝑉𝜋(𝑠) = 𝐸𝜋[𝑅𝑡|𝑆𝑡 = 𝑠] =  𝐸𝜋[ ∑ 𝛾𝑘∞
𝑘=0 𝑟𝑡+1+𝑘|𝑆𝑡 = 𝑠] =  𝐸𝜋[ 𝑟𝑡+1 + 𝛾 ∑ 𝛾𝑘∞

𝑘=𝟏 𝑟𝑡+1+𝑘|𝑆𝑡 = 𝑠]

=  𝑟𝑡+1 + 𝛾𝐸𝜋[ ∑ 𝛾𝑘∞
𝑘=𝟏 𝑟𝑡+1+𝑘|𝑆𝑡 = 𝑠] =  𝑟𝑡+1 + 𝛾 𝑉𝝅

 (𝑠′) 

• Bellman Equation for action-value function can similarly be written as:  

 

𝑄𝜋(𝑠, 𝑎) =  𝑟𝑡+1 + 𝛾 𝑄𝝅
 (𝑠′, 𝑎′) , 

 

Where 𝑠′ denotes the next state. In an MDP environment, there are many different value functions according to 

different policies. The optimal Value function is one which yields maximum value compared to all other value 

function. The Bellman Optimality Equation expresses that the value of a state under an optimal policy must be 

equal to the expected return from the best action in that state.  

𝑉∗(𝑠) = 𝑚𝑎𝑥𝑎 𝑄𝜋∗
(𝑠, 𝑎) = 𝑚𝑎𝑥𝑎𝐸[𝑟𝑡+1 + 𝛾 𝑉 

∗(𝑠′) | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎] 

𝑄∗(𝑠, 𝑎) =  𝐸[𝑟𝑡+1 + 𝛾 𝑚𝑎𝑥𝑎′ 𝑄
∗ 

(𝑠′, 𝑎′) | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎] 

 

3.2 Methods 

RL approaches branch into these major categories: 

(13) 

(14) 

(15) 

(17) 

(16) 
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• Critic-only approach: The idea of this approach is to learn the Q value function. During the decision-

making process, the agent observes the current state of the environment and selects the action with the 

best outcome according to the estimated value function.  

𝑄∗(𝑠𝑡 , 𝑎𝑡) =  E[𝑟𝑡+1  +  𝛾 𝑚𝑎𝑥𝑎𝑡+1
𝑄∗(𝑠𝑡+1, 𝑎𝑡+1) |𝑠𝑡 = 𝑠𝑡 , 𝑎𝑡 = 𝑎𝑡 ] 

        so, the optimal policy 𝜋∗ then simply becomes  

𝜋∗(𝑠𝑡)  = 𝑎𝑟𝑔𝑚𝑎𝑥  𝑄
∗(𝑠𝑡 , 𝑎𝑡)  

• Actor-only approach: In this approach, the agent observes the state of the environment and acts directly, 

i.e., without computing and comparing the expected outcomes of different actions. The agent hence 

learns a direct mapping (a policy) from states to actions. In essence, actor-only method updates the 

probability distribution of actions so that actions with higher expected reward have a higher probability 

value of being chosen for an observed state.  The key advantage of this approach is the continuous action 

space of the agent (e.g., to obtain fine-grained portfolio weights) and the typically faster convergence of 

the learning process. To achieve this, a policy is specified by a set of parameters θ, so  

𝑎𝑡 =  𝜋θ(𝑠𝑡) 

 

Because, by definition, the reward function 𝑟 evaluates the performance of 𝜋θ in the training periods, 

policy parameters are continuously updated along the gradient direction of the reward function with a 

learning rate α. Here the objective function parameterized by 𝜃 is defined, 

𝑍(𝜃) = max  𝐸[∑ 𝑟𝑡+1|𝜋𝜃] =  ∑ 𝑃(𝑠𝑡 , 𝑎𝑡|𝜏)𝑟𝑡+1

𝑇−1

𝑡=0

𝑇−1

𝑡=0

 

 

𝜕𝑍(𝜃)

𝜕𝜃
+ 𝜃 =  𝜃  , 

Where 𝑃(𝑠𝑡 , 𝑎𝑡|𝜏) is the probability of occurrence of 𝑠𝑡 , 𝑎𝑡 in the trajectory 𝜏. A trajectory 𝜏 is a sequence 

of states and actions in the agent’s environment: 𝜏 = (𝑠0, 𝑎0, 𝑠1, 𝑎1, 𝑠2, 𝑎2, … ). 

• Actor-Critic approach: The actor-critic approach forms the third category and aims at combining the 

advantages of the actor-only and the critic-only approach. The key idea is to simultaneously use an actor, 

(19) 

(22) 

(20) 

(18) 

(21) 
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who determines the agent's action given the current state of the environment, and a critic, who judges 

the selected action. Simply speaking, the actor learns to choose the action which is considered best by 

the critic and the critic learns to improve its judgment. 

 

Figure 3. Actor-Critic Algorithm 

• Q-Learning (TD control): is one of the classical solutions to the MDPs that use a tabular method to 

characterize the value functions and finds the optimal policy by iteratively updating Q-table. This method is 

an off-policy reinforcement learning algorithm (it figures out the optimal policy regardless of the agent's 

motivation) that seeks to find the best action to take given the current state. In this method, the states were 

discretized into a fixed number of bins with equal length to overcome the curse of dimensionality in dynamic 

programming methods. After initializing Q-table with arbitrary values, at each training step, the Q-table will 

be updated by the following rule and actions will be taken by an 𝜖-greedy policy (where epsilon refers to the 

probability of choosing to explore, exploits most of the time with a small chance of exploring). 

 

𝑄𝑡(𝑠, 𝑎) = 𝑄𝑡−1(𝑠, 𝑎) + 𝛼[𝑟(𝑠, 𝑎) + 𝛾𝑚𝑎𝑥
𝑎′

𝑄(𝑠′, 𝑎′) − 𝑄𝑡−1(𝑠, 𝑎)] 

𝜋∗(𝑠) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑎 𝑄𝜋(𝑠, 𝑎) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑎 𝐸[𝑟𝑡+1 + 𝛾 𝑉 
𝜋(𝑠𝑡+1) | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎], (24) 

(23) 
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where 𝛼 is the learning rate and the term [𝑟(𝑠, 𝑎) + 𝛾𝑚𝑎𝑥
𝑎′

𝑄(𝑠′, 𝑎′) − 𝑄𝑡−1(𝑠, 𝑎)] is known as TD error. 

This research explores the potential advantages of an actor-critic method to learn financial markets. Building off 

a novel actor-critic method called Deep Deterministic Policy Gradient (DDPG) robust setting for the algorithm 

was devised which is discussed in section 4 of this thesis. 

 

3.3 Deep Reinforcement Learning 

Deep reinforcement learning combines neural networks with a reinforcement learning architecture that enables 

software-defined agents to learn the best actions possible in virtual environment in order to attain their goals. That 

is, it unites function approximation and target optimization, mapping state-action pairs to expected rewards. 

Neural networks are a collection of software ‘neurons’ arranged in layers, connected together in a way that allows 

communication between neurons. Each neuron has its own set of parameters 𝜗. At each iteration, the neuron 

calculates a weighted average of the values of the input vector 𝑥 and adds bias 𝑏, 

𝑧 =  𝜗𝑇 ∙ 𝑥 + 𝑏  

 

𝑂̂ = 𝑓(𝑧) 

Then the result of this calculation is passed through a non-linear activation function 𝑓 (e.g. RELU) to calculate 𝑂̂ 

which will be the input to the successor neurons. Finally, at each iteration, after passing the input data through all 

of the units of the neural network, network parameters will be adjusted by the gradient descent algorithm along 

the gradient direction of the loss function. 

In this thesis, a neural network was deployed to build a deep actor-critic structure for value function (𝑄 (s, 𝑎)) 

approximation and policy parameterization (𝜇θ) specifically, for the portfolio management task. The base 

structure for actor and critic networks is inspired by actor-critic agents of the original paper that introduced DDPG 

(Lillicrap, Hunt, Pritzel, Heess, Erez, Tassa, Silver, Wierstra, 2015). The actor and critic each have a reference 

neural network with similar structure to regularize the agent’s learning process and increase its stability. Adam 

(Kingma & Ba, 2014) which is a gradient descent optimization algorithm is used to learn and update the neural 

network parameters (weights). The neural networks use the rectified non-linear functions (RELU) (Glorot & 

(25) 

(26) 
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Bordes & Bengio, 2011) for all hidden layers. Two different species of the devised actor-critic framework are 

used to investigate the performance of two different types of advanced deep networks to solve the problem. One 

uses Convolutional layers (CNN) (see Figure 4 for more details) and the other uses a Long Short-Term Memory 

(LSTM) layer with 32 hidden units at their core. These are followed by two Fully Connected layers with 64 units 

of neurons for each. In the actor network, a Softmax layer outputs the next period’s action (assets weights) which 

will be fed to the critic network in the last fully-connected layer and the output of the critic’ network will be a 

scalar value representing 𝑄𝜋(s𝑡 , a𝑡).  

This research deploys the following deep neural networks in a reinforcement learning setting and investigates 

their performance in learning the portfolio management task.  

• Fully Connected Neural Networks: consists of a series of fully connected layers that connect every 

neuron in one layer to every neuron in the next.  

• Convolutional Neural Networks (CNN or ConvNets): Basically, they are regularized (less prone to 

overfitting) versions of fully connected networks and take advantage of the hierarchical pattern in data 

and assemble more complex patterns using smaller and simpler patterns. 

• Long Short-Term Memory (LSTM) Networks: Unlike standard feedforward neural networks, LSTM 

has feedback connections. It can not only process single data points (such as images), but also entire 

sequences of data (such as speech or video). A LSTM unit is composed of a cell, an input gate, an output 

gate and a forget gate. The cell remembers values over arbitrary time intervals and the 

three gates regulate the flow of information into and out of the cell.  

https://en.wikipedia.org/wiki/Feedforward_neural_network
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Figure 4. Abstract view of the policy (actor) network in the CNN-based actor-critic agent 

 

Figure 5. Abstract view of the critic network in the CNN-based actor-critic agent 

LSTM networks are well-suited for time-series data because of their robustness to lags of unknown duration 

between important events in the input data, but convolutional layers although mainly used for high-dimensional 

image type data, have also shown good performance in time-series problems and even outperformed LSTM based 
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networks (Jiang, Xu, Liang, 2017). We believe they can find suitable deep features of the n-dimensional input 

time-series prices using convolution and pooling operations hence, enhancing the trading strategy. 

Using deep learning as a function approximator for the agent’s policy function enables the agent to use not only 

open, high, low, close prices of the stocks as input features to the deep networks but also other features such as 

trading volumes of each asset, textual news about the stocks and other alternative data. But for experimental 

purposes, just one feature is considered as the input to the policy network which is explained in next section of 

this thesis. Some advantages of using the proposed actor-critic network structure are its scalability with portfolio 

size and various inputs such as numerical (e.g., stock price, technical indicators, …) or categorical (e.g., tweeter, 

news, …) data because of using deep learning structure as well as flexibility to asset collection desirable in any 

portfolio management problem. Note that, text data must first be encoded as numbers using text encoding 

techniques (e.g., one-hot encoding, word embedding, …) to be used as input. 

4. Methodology 

4.1 Formulation of Portfolio Management based on Bellman equation (Q-value) 

• States and Action 

State 𝑠𝑡 is the observation up to time t. As time goes by, the impact of historical data decreases. Thus, only the 

historical close prices in a within fixed window length 𝑊 is considered. We define 

𝑠𝑡 = [𝑣1,𝑡

→
, 𝑣2,𝑡

→
, ⋯ , 𝑣𝑁,𝑡

→
] , 

where 

𝑣𝑖,𝑡

→
=

[
 
 
 
 
 
 
 
 

 

𝑣𝑖,𝑡−𝑊+1

𝑣𝑖,𝑡−𝑊

 
𝑣𝑖,𝑡−𝑊

𝑣𝑖,𝑡−𝑊+1 
⋮
 

𝑣𝑖,𝑡

𝑣𝑖,𝑡−1

 

]
 
 
 
 
 
 
 
 

  , 

(27) 

(28) 
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where 𝑊 is historical fixed window length And N is the number of stocks. Simply this means that the state 𝑠𝑡 

captures all the relevant information from the history.  

The action 𝑎𝑡 is just a portfolio weight vector 𝑤𝑡 . Note that this action, unlike typical actions considered in MDP 

which take only finite values, can take any value within an interval, making this problem closer to an actual 

scenario. 

• State Tensor 

The state tensor (a mathematical object analogous to but more general than a vector, represented by an array of 

components that are functions of the coordinates of a space) of historic price data is fed into the neural network 

to generate the output of a portfolio weight vector. This section describes the structure of the input tensor and its 

normalization scheme. All missing data are filled with the previously available close price. 

The input to the neural networks at the end of period t is a tensor, Ψ𝑡, of rank 3 with shape (N+1, w, f) where N 

is the number of preselected non-cash assets, w is the size of the input periods before t, and f is the feature number. 

Since the final portfolio value is determined by the relative price ratio of each period t (equation 7), instead of 

using the absolute open, high, low, and close price values of each period as input features to the neural networks, 

the following normalization technique is utilized:  

 

Ψ𝑡 = 𝑠𝑡 = 
 

 ℂ × [(𝑣0,𝑡

→

− 1), (𝑣1,𝑡

→

− 1) , … , (𝑣𝑁,𝑡

→

− 1)] 

 

, where ℂ is a scale factor (in the experiments, ℂ is set to 100) and 𝑣𝑖,𝑡

→
 is the historical fixed window length of 

relative (close) price ratio (equation 28). 

• State Transitions 

The underlying state evolution is determined by the market as the result of the stochastic nature of the financial 

asset’s price process. The agent sees the observation state, which is the price of the stocks. Note, state transition 

probabilities themselves are uncertain, and in Section 4.2 we seek a robust decision (with respect to the estimated 

value function) for it to enable the agent to learn to eliminate the adverse risk of uncertainty accordingly. 

(29) 
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• Reward Function 

The logarithm of equation 7 is chosen as the reward function and is denoted by r. Due to the properties of 

logarithms, not only do we use a risk-averse objective for the agent (as discussed in section 2.1), but also have a 

specific reward at each step for the agent’s actions during the training phase instead of having reward 0 at each 

timestamp and 𝑝𝑇  at the end, thus enabling the policy to be trained more efficiently. As the agent does not have 

control over the choices of the initial investment, 𝑝0, and the length of the whole portfolio management process, 

𝑇, this job is equivalent to maximizing the average logarithmic cumulated return 𝑟: 

 

𝑟𝑡+1𝑠
𝑎 = [𝑟𝑡+1|𝑠𝑡 = 𝑠, 𝑎𝑡 = 𝑎] 

 

𝑟 =
1

𝑇
𝑙𝑜𝑔

𝑝𝑇

𝑝0

=
1

𝑇
𝑙𝑜𝑔 ∏  

𝑇+1

𝑡=1

(1 − 𝜂𝑡) 𝑦𝑡 ⋅ 𝑤𝑡−1 =
1

𝑇
∑  

𝑇

𝑡=1

𝑙𝑜𝑔(𝜂𝑡𝑦𝑡 ⋅ 𝑤𝑡−1) 

Where 𝜂𝑡 is calculated using equation 6. In the experiments, 𝜂𝑡 is set to 0.0025. 

• Other Components of MDP 

Before delving into the RL solution, other important components of the MDP model of portfolio management are 

explained below. 

• Policy 𝜇: maps states to actions taken by the agent. The policy can hence be understood as the agent’s 

rules for how to choose actions. So, for a deterministic policy we have 

 

𝑎𝑡 =  𝜇(𝑠𝑡) 

 

• Value Function 𝑄𝜇(s𝑡 , a𝑡): maps states and actions to the total (discounted) reward the agent can 

expect from a given state until the end of the episode in the training phase under policy 𝜇.  So, 

 

𝑄𝜇(s, 𝑎) =  𝐸𝜇[𝑟𝑡|𝑠𝑡 = 𝑠 , 𝑎𝑡 = 𝑎] =  𝐸𝜇[ ∑ 𝛾𝑘

𝑇−𝑡−1

𝑘=0

𝑟𝑡+1+𝑘|𝑠𝑡 = 𝑠, 𝑎𝑡 = 𝑎] 

(31) 

(30) 

(33) 

(32) 
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• The Bellman Equation: 

𝑄 (s𝑡 , a𝑡) = 𝑟𝑖 + 𝛾𝐸[𝑄 (𝑠𝑖+1, 𝜇
 (𝑠𝑖+1|𝜃

𝜇 
)|𝜃𝑄 

)] , 

 Where the i index refers to the i’th sample in the batch training data. 

• The State Transition Probability 𝚸𝒔𝒔′  : 

Ρ𝑠𝑠′ = Pr{𝑠𝑡+1 = 𝑠′ | 𝑠𝑡 = 𝑠 } 

The artificial portfolio manager interacts with the simulated market environment for a fixed number of steps. At 

each step of the episode the agent picks an action 𝑎𝑡 based on policy 𝜇(𝑠𝑡) to maximize the value 

function 𝑄𝜇(s𝑡 , a𝑡) and make a transition to the next state. Note that in this implementation we assume the actions 

taken by the agent does not affect the state transition. Then the agent’s policy will be updated based on the 

observed reward in each step. We can also define all state transitions in terms of a State Transition Matrix P, 

where each row tells us the transition probabilities from one state to all possible successor states. Sum of each 

row is equal to 1. 

 

P =  [
P11 ⋯ P1𝑑

⋮ ⋱ ⋮
P𝑑1 ⋯ P𝑑𝑑

] 

 

, where 𝑑 is the number of different states. Note, since we do not know the state transition probabilities, we use 

the Empirical Transition Matrix Ρ̂  that is estimated just from the training data by using an unsupervised binning 

method. We will discuss how we obtain the empirical transition matrix in detail in section 4.2.1.  

 

4.2 Robust DDPG 

In this section, first we explain the Deep Deterministic Policy Gradient (DDPG) algorithm in depth. Then, the 

robust MDP model of portfolio management and Robust Deep Deterministic Policy Gradient (Robust DDPG) are 

demonstrated in detail.    

Deep Deterministic Policy Gradient (DDPG) is a policy gradient algorithm that uses a stochastic behavior policy 

(𝜇𝜃𝑄( 𝑠𝑡, 𝑎𝑡) = 𝑃(𝑎𝑡 = 𝑎| 𝑠𝑡 = 𝑠)) for good exploration but learns a deterministic policy (𝑎𝑡+1 = 𝜇
𝜃𝜇 (𝑠𝑡)). 

(35) 

(36) 

(34) 
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Policy gradient algorithms utilize a form of policy iteration: they evaluate the policy and then follow the policy 

gradient to maximize performance. Since DDPG is off-policy (concurrently learns 𝜃𝑄  and 𝜃𝜇 
) and uses a 

deterministic policy, this allows for the use of the Deterministic Policy Gradient theorem which will be derived 

shortly. 

Before delving into the DDPG algorithm learning process, it is worthwhile to explain a novel technique used by 

the DDPG algorithm in the training phase so called Experience Replay. If the network learned only from 

consecutive samples of experience as they occurred sequentially in the environment, the samples would be highly 

correlated and would therefore lead to inefficient learning. In this technique, we store the experiences of the agent 

during training, and then randomly sample experiences to use for learning in order to break up the temporal 

correlations within different training episodes. Exploration is done via adding noise to the action itself, in the 

DDPG paper (Lillicrap, Hunt, Pritzel, Heess, Erez, Tassa, Silver, Wierstra, 2015), the authors use Ornstein-

Uhlenbeck Process to add noise to the action output (Uhlenbeck & Ornstein, 1930). The Ornstein-Uhlenbeck 

Process generates noise that is correlated with the previous noise, as to prevent the noise from canceling out the 

overall dynamics. 

DDPG’s structure primarily uses two neural networks, one for the actor and one for the critic. These networks 

compute action predictions for the current state and generate a temporal-difference (TD) error signal at each time 

step (Temporal difference (TD) learning refers to a class of model-free reinforcement learning methods which 

learn by bootstrapping1 from the current estimate of the value function. These methods sample from the 

environment, like Monte Carlo methods, and perform updates based on current estimates, like dynamic 

programming methods (Bellman recursion). The input of the actor network is the current state, and the output is 

a single real value representing an action chosen from a continuous action space. The critic’s output is simply the 

estimated Q-value of the current state and of the action given by the actor 𝑄 (s𝑡 , a𝑡). The deterministic policy 

gradient theorem provides the update rule for the weights of the actor network (see Theorem 1). The Critic loss is 

a simple TD-error where we use target networks 𝑄′ to compute Q-value for the next state. We need 

to minimize this loss. It was recently discovered that using a set of target networks (The target networks are 

delayed networks compared to main networks. The weights of targets are updated periodically based on the main 

 
1 In general, bootstrapping in RL means estimating something based on another estimation. 

https://en.wikipedia.org/wiki/Model-free_(reinforcement_learning)
https://en.wikipedia.org/wiki/Reinforcement_learning
https://en.wikipedia.org/wiki/Bootstrapping_(statistics)
https://en.wikipedia.org/wiki/Monte_Carlo_method
https://en.wikipedia.org/wiki/Dynamic_programming
https://en.wikipedia.org/wiki/Dynamic_programming
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networks) to generate the targets for TD error computation regularizes your learning algorithm and increases 

stability. Accordingly, here are the equations for the TD target 𝑦𝑖  and the loss function for the critic network 

𝑦𝑖 = 𝑟𝑖 + 𝛾𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

) 

 

𝐿 =
1

𝑏
∑(𝑦𝑖 − 𝑄(𝑠𝑖 , 𝑎𝑖|𝜃

𝑄)2)

𝑏

𝑖

 

Here, a batch of size b has been sampled from the experience replay buffer, with the i index referring to the i’th 

sample. The target for the TD error computation, 𝑦𝑖  , is computed from the sum of the immediate reward and the 

outputs of the target actor and critic networks, having weights 𝜃𝜇′
and 𝜃𝑄′

 respectively. Then, the critic loss can 

be computed w.r.t. the output 𝑄(𝑠𝑖 , 𝑎𝑖|𝜃
𝑄)  of the critic network for the i’th sample. 

(Silver, Lever, Heess, Degris, Wierstra, Riedmiller, 2014) proved that the stochastic policy gradient ∇𝜃𝜇𝜇, which 

is the gradient of the policy’s performance, is equivalent to the deterministic policy gradient, which is given by: 

∇𝜃𝜇𝜇 ≈ 𝔼𝜇′[∇𝑎𝑄(𝑠, 𝑎|𝜃𝑄)|𝑠=𝑠𝑡,𝑎=𝜇(𝑠𝑡)∇𝜃𝜇𝜇(𝑠|𝜃𝜇)|𝑠=𝑠𝑡] 

Note that policy term in the expectation is not a distribution over actions. 

Theorem 1. (Deterministic Policy Gradient Theorem). Suppose the Markov Decision Process satisfies the 

appropriate conditions (see more (Silver, Lever, Heess, Degris, Wierstra, Riedmiller, 2014)). These imply 

that ∇𝜃𝜇𝜇(𝑠|𝜃𝜇) and ∇𝑎𝑄(𝑠, 𝑎|𝜃𝑄) exist and that the deterministic policy gradient exists. Then, 

 

∇𝜃𝜇𝜇 ≈ ∫ 
𝑆

ℎ𝜇′
(𝑠𝑡)∇𝑎𝑄(𝑠, 𝑎|𝜃𝑄)|𝑠=𝑠𝑡,𝑎=𝜇(𝑠𝑡)∇𝜃𝜇𝜇(𝑠|𝜃𝜇)|𝑠=𝑠𝑡𝑑𝑠 

= 𝔼𝜇′[∇𝑎𝑄(𝑠, 𝑎|𝜃𝑄)|𝑠=𝑠𝑡,𝑎=𝜇(𝑠𝑡)∇𝜃𝜇𝜇(𝑠|𝜃𝜇)|𝑠=𝑠𝑡] 

 

Proof. For a greedy stochastic policy 𝜇(𝑎|𝑠, 𝜃) over a continuous action space, a global maximization step is 

required at every time step. Rather, we employ a deterministic policy 𝜇(𝑠|𝜃) and update the policy parameters 

by moving them in the direction of the gradient of the action-value function. We take an expectation to average 

(39) 

(37) 

(38) 

(40) 



23 
 

over the suggested directions of improvement from each state w.r.t. the state distribution under the target 

policy 𝜇′ given by ℎ𝜇′
(𝑠). 

𝜃𝑘+1
𝜇

= 𝜃𝑘
𝜇

+ 𝛼𝔼𝜇′𝑘[∇𝜃𝑄(𝑠, 𝜇(𝑠|𝜃𝑘
𝜇
)|𝜃𝑘

𝑄)] 

By applying the chain rule,  

𝜃𝑘+1
𝜇

= 𝜃𝑘
𝜇

+ 𝛼𝔼𝜇′𝑘[∇𝑎𝑄(𝑠, 𝑎|𝜃𝑘
𝑄)|𝑎=𝜇(𝑠|𝜃𝑘

𝜇
)∇𝜃𝜇(𝑠|𝜃𝑘

𝜇
)] 

Now, the expectation in the right-hand side is exactly what we were looking for. 

Algorithm 1 DDPG Algorithm 

 

 

Now we consider a robust control problem for the MDP model of the portfolio management problem (section 

2.1) then we solve for the optimal solution using a robust dynamic programming algorithm and present our 

modified Q update for DDPG algorithm. 

(41) 

Randomly initialize critic network 𝑄(𝑠𝑖, 𝑎𝑖|𝜃
𝑄) and actor 𝜇 (𝑠 |𝜃

𝜇 
) with weights 𝜃𝑄 and 𝜃𝜇 

. 

Initialize target network 𝑄′ and 𝜇′ with weights 𝜃𝑄′
← 𝜃𝑄, 𝜃𝜇′ 

← 𝜃𝜇 
 

Initialize replay buffer R  

for episode = 1, M do 

Initialize a random process ℵ for action exploration 

Receive initial observation state 𝑠1   

for t = 1, T do 

Select action 𝑎𝑡 = 𝜇 (𝑠𝑡 |𝜃
𝜇 

) + ℵ𝑡 according to the current policy and exploration noise 

Execute action 𝑎𝑡 and observe reward 𝑟𝑡 and observe new state 𝑠𝑡+1 

Store transition (𝑠𝑡 , 𝑎𝑡 , 𝑟𝑡 , 𝑠𝑡+1 ) in R 

Sample a random batch of b transitions (𝑠𝑡 , 𝑎𝑡 , 𝑟𝑡 , 𝑠𝑡+1 ) from R 

Set 𝑦𝑖(𝑠) = 𝑟𝑖(𝑠) +  𝛾𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

) 

Update critic by minimizing the loss: 𝐿 =
1

𝑏
∑  𝑖 (𝑦𝑖 − 𝑄(𝑠𝑖 , 𝑎𝑖|𝜃

𝑄)2) 

Update the actor policy using the sampled policy gradient: 

∇𝜃𝜇  𝐽 ≈  
1

𝑏
 ∑ ∇𝑎𝑄(𝑠 , 𝑎 |𝜃

𝑄)|𝑠= 𝑠𝑖 ,𝑎= 𝜇(𝑠𝑖)
∇𝜃𝜇𝜇 (𝑠 |𝜃

𝜇 
)|𝑠𝑖

𝑖

 

Update the target networks: 

𝜃𝑄′
← 𝜏𝜃𝑄′

+ (1 − 𝜏) 𝜃𝑄 
 

𝜃𝜇′
← 𝜏𝜃𝜇′

+ (1 − 𝜏) 𝜃𝜇 
 

end for 

end for 
   

(42) 
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The estimation errors in MDPs when finding the optimal decisions utilizing real-world data may have a huge 

impact on the solution, which is often quite sensitive to changes in the state transition probabilities (Nilim & El 

Ghaoui, 2005). Therefore, this thesis addresses the issue of uncertainty at a higher level and seek robust decisions 

assuming uncertain state transition probabilities.  

Since the initial parameters for citric before any updates are random biased values, TD target is a biased estimate 

during training and could be misleading, especially when training the agent on a sample data for a limited time 

horizon. For instance, sampling errors and the uncertainty in estimated parameters could lead to sub optimal 

investment policies that increase the risk of losing capital. In such cases, we would like a robust estimation from 

the critic of the deployed actor-critic algorithm. To mitigate uncertainty in transition matrix rows, we assume 

uncertainty set ℘  for all the rows in the transition matrix and apply the robust recursion in the critic’s TD target. 

So, 

 

𝑦𝑖(𝑠) = 𝑟𝑖(𝑠) +  𝛾 𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)]  , 

 

where 

𝑃 = Ρ̂ 
 
(𝑠𝑖+1|𝑠𝑖) , ℘ ≔ {𝑃 |𝑑(𝑃, Ρ̂ 

 
(𝑠𝑖+1|𝑠𝑖) ) ≤  𝛿} 

 

where the uncertainty set ℘ is assumed to have the rectangular uncertainty property. For the proof of optimality 

of the recursion above, we encourage the reader to read (Nilim & El Ghaoui, 2005). Each step of the robust 

algorithm involves the solution of an optimization problem, 

 

𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)] 

 

, where the empirical transition matrix Ρ̂, and a likelihood constraint of the form  

 

∑Ρ̂(𝑗) log 𝑝(𝑗) ≥  𝛽

𝑗

 , 𝑝 𝜖 Δ𝑛   , 

(44) 

(43) 

(45) 

(46) 
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, where 

𝛽 <  𝛽𝑚𝑎𝑥   and  𝛽𝑚𝑎𝑥 = ∑ Ρ̂(𝑗) log Ρ̂(𝑗)

𝑗

 

were utilized to describe the uncertainty on each transition matrix (Lehmann & Casella, 1998) (Poor, 1998) (Nilim 

& El Ghaoui, 2005) and to find the solution to the equation 45 referred to as the “inner problem”. The variable 𝑝  

corresponds to a particular row of a specific transition matrix and Δ𝑛 is defined as the probability simplex in ℝ𝑛. 

𝛽𝑚𝑎𝑥  denotes the maximal value of the likelihood function appearing in the uncertainty set 

 

 ℘ (𝛽 ) ∶=   {𝑝 𝜖 Δ𝑛 ∶  ∑ Ρ̂ (𝑗) log 𝑝 (𝑗) ≥ 𝛽 }𝑗  . 

 

(note that we have dropped the row subscript 𝑘 in the lower bound 𝛽𝑘, the empirical frequencies vector Ρ𝑘̂ and 

the uncertainty set ℘𝑘) 

We are now all set up to solve for  

 

𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)],  ∑ Ρ̂(𝑗) log 𝑝(𝑗) ≥  𝛽𝑗  , 𝑝 𝜖 Δ𝑛 

 

In experiments, 𝛽 is heuristically set to 𝛽 =  𝛽𝑚𝑎𝑥 − 0.1 and fed into the optimization module in each iteration 

of the training phase. Finally, we use CVXPY optimization module in python to solve the optimization problem 

in equation 49.  

4.2.1 Uncertainty sets and off-line calibration 

Since we do not know the state transition probabilities in stock price data to apply the robust dynamic 

programming technique discussed above, we use the Empirical Transition Matrix Ρ̂  that is estimated just from 

the training data. Before training begins, an unsupervised binning method (equal-width discretization) is used 

upon the state tensor (that we already discussed in section 4.1) with a bin size of 𝑥𝑖 for asset 𝑖 to find the 

frequencies of traveling from a specific state to all other possible states. So 

 

(47) 

(48) 

(49) 
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𝑥𝑖  
= 

𝑚𝑎𝑥 (𝑣𝑖) − 𝑚𝑖𝑛 (𝑣𝑖)

𝑀
   , 

 

where 𝑀 is the number of bins that each state variable will be discretized into, with interval boundaries as { 

𝑚𝑖𝑛 (𝑣𝑖) + 𝑥𝑖  , 𝑚𝑖𝑛 (𝑣𝑖) + 2𝑥𝑖 , …, 𝑚𝑖𝑛 (𝑣𝑖) + 𝑀𝑥𝑖}. 

 

• Ellipsoidal models 

We also consider another uncertainty model called Ellipsoidal models that arise when second-order 

approximations are made to the log-likelihood function arising in the likelihood model. To ensure the rectangular 

uncertainty property, similar to (Nilim & El Ghaoui, 2005) we first form the projections on the space. These 

assume a similar shape, that of an ellipsoid intersected with the transition probability simplex, specifically, 

 ℘ (𝛽 ) ∶=   {𝑝 𝜖 Δ𝑛 ∶  ∑
(𝑝 (𝑗)− Ρ̂ (𝑗))

2

Ρ̂ (𝑗)
≥ 𝑘2

 }𝑗  , 

where 𝑘2
 ∶= 2( 𝛽𝑚𝑎𝑥  − 𝛽 ). We refer to the above model as the constrained ellipsoidal model. In the 

constrained likelihood case, the inner problem assumes the form 

𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)],  ∑
(𝑝 (𝑗)− Ρ̂ (𝑗))

2

Ρ̂ (𝑗)
≥ 𝑘2

 𝑗  , 𝑝 𝜖 Δ𝑛 

 

4.2.2 Modified Q Update 

We introduce the degree of the investor’s robustness as λ ∈ [0,1] which basically is the degree that the RL agent 

should be updated by the gradient of the robust value iteration (equation 20). Finally by replacing the TD target 

with 

𝑦𝑖(𝑠) = 𝑟𝑖(𝑠) +  𝛾 ((λ(𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)) + ((1 − λ)𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
))|𝜃𝑄′

)] 

 

we try to immunize the learning of the portfolio management from the downside risk of the investment strategy. 

 

 

(51) 

(52) 

(53) 

(50) 
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4.2.3 Algorithm 

 

Algorithm 2 Robust DDPG Algorithm 

 

 

4.3 Implementations Details 

We used TensorFlow and CVXPY libraries in python to develop and train the models described in this thesis. 

After training of each model, the training parameters of each model will be saved into TensorFlow checkpoints 

files and stored in a local directory for future use. When evaluating the models, the models will be loaded from 

the checkpoint files and tested on the unobserved data where we calculated the performance metrics for each 

model by analyzing its portfolio value and saved them into a result table. After evaluating all the models, the 

descriptive statistic of the performance metrics values saved in the result table is calculated and further analysis 

to compare the performance of the models is conducted upon that table that will be discussed in the next section. 

4.4 Limitations 

Before discussing the experiments and drawing any conclusion we would like to mention some challenges of this 

work 

Randomly initialize critic network 𝑄(𝑠𝑖, 𝑎𝑖|𝜃
𝑄) and actor 𝜇 (𝑠 |𝜃

𝜇 
) with weights 𝜃𝑄 and 𝜃𝜇 

. 

Initialize target network 𝑄′ and 𝜇′ with weights 𝜃𝑄′
← 𝜃𝑄, 𝜃𝜇′ 

← 𝜃𝜇 
 

Initialize replay buffer R  

Estimate empirical transition matrix Ρ̂ ,  𝑃 =  Ρ̂𝑖(𝑠𝑖+1|𝑠𝑖) 

for episode = 1, M do 

Initialize a random process ℵ for action exploration 

Receive initial observation state 𝑠1   

for t = 1, T do 

Select action 𝑎𝑡 = 𝜇 (𝑠𝑡 |𝜃
𝜇 

) + ℵ𝑡 according to the current policy and exploration noise 

Execute action 𝑎𝑡 and observe reward 𝑟𝑡  and observe new state 𝑠𝑡+1 

Store transition (𝑠𝑡 , 𝑎𝑡 , 𝑟𝑡 , 𝑠𝑡+1 ) in R 

Sample a random batch of b transitions (𝑠𝑡 , 𝑎𝑡 , 𝑟𝑡 , 𝑠𝑡+1 ) from R 

Robust optimization and solving for  𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
))|𝜃𝑄′

) 

Set 𝑦𝑖(𝑠) = 𝑟𝑖(𝑠) +  𝛾 ((λ(𝑄′(𝑠𝑖+1, 𝜇
′(𝑠𝑖+1|𝜃

𝜇′
)|𝜃𝑄′

)) + ((1 − λ)𝑚𝑖𝑛𝑃∈ ℘𝐸𝑃[𝑄
′(𝑠𝑖+1, 𝜇

′(𝑠𝑖+1|𝜃
𝜇′

))|𝜃𝑄′
)] 

Update critic by minimizing the loss: 𝐿 =
1

𝑏
∑  𝑖 (𝑦𝑖 − 𝑄(𝑠𝑖 , 𝑎𝑖|𝜃

𝑄)2) 

Update the actor policy using the sampled policy gradient: 

∇𝜃𝜇 𝐽 ≈  
1

𝑏
 ∑∇𝑎𝑄(𝑠 , 𝑎 |𝜃

𝑄)|𝑠= 𝑠𝑖 ,𝑎= 𝜇(𝑠𝑖)∇𝜃𝜇𝜇 (𝑠 |𝜃
𝜇 
)|𝑠𝑖

𝑖

 

Update the target networks: 

𝜃𝑄′
← 𝜏𝜃𝑄′

+ (1 − 𝜏) 𝜃𝑄 
 

𝜃𝜇′
← 𝜏𝜃𝜇′

+ (1 − 𝜏) 𝜃𝜇 
 

end for 

end for 
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• We assume that the liquidity of all the assets that are being traded in the system is high enough that, each 

trade can be carried out immediately at the last price when an order is placed. 

• We assume that the capital invested by the RL agent is insignificant, so it has no influence on the market. 

• By increasing the number of assets in the portfolio, the size of the state’s variable becomes larger and many 

of the transition probabilities in each row of the transition matrix may go to zero, thus estimating the empirical 

state transition matrix becomes less sensible. 

In a real-world trading environment, if the trading volume in a market is high enough, these two assumptions are 

near to reality. In the experiments, we choose up to 3 assets in each portfolio, however, in the real-life scenario 

the size of the portfolio highly depends on the investor’s type. Individuals typically have less than 10 assets in 

their portfolios and institutional investors could choose a portfolio of around a hundred assets. Also, it is worth 

mentioning that in order to efficiently and practically use this system and to reduce the training computations time 

of the algorithm in algorithmic trading setting one should have access to strong processing power e.g., GPU2 

computing power. 

 

5. Experimental Results 

For these experiments, we use price data of the listed stocks in NASDAQ100 from the US equity market which 

is being explored by algorithmic trading and High-Frequency-Trading (HFT) strategies intensively. In Section 

5.1 we discuss how we train the portfolio management agents, DDPG and Robust DDPG, and validate the training 

phase just before using them for portfolio selection in the testing date range with real market data (back-testing) 

as described in section 5.2. In the next section, we provide the conclusion of the experiments by comparing the 

performances of the agents with each other and the Uniform Buy and Hold (UBAH) benchmark, one of the most 

fundamental investment strategies commonly used to compare against when designing new methods, in 

eliminating the downside risk of their investment and maximizing their final portfolio using commonly used 

performance measures.  

 
2 GPU computing is the use of a GPU (graphics processing unit) as a co-processor to accelerate CPUs for general-purpose scientific and 

engineering computing. 
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• Maximum Drawdown (MDD) (Atiya & Magdon-Ismail, 2004): MDD is the biggest loss from a peak 

to a trough, and is written mathematically as 

𝑀𝐷𝐷 = max
𝜉>𝑡

 

𝑡

𝑝𝑡 − 𝑝𝜉

𝑝𝑡

   

 ,99th percentile Drawdown (99DD), 95th percentile Drawdown (95DD) and 90th percentile Drawdown (90DD) 

were calculated to highlight the downwards deviation of the portfolio selection strategy. Total Time Under Water 

(TTDUW) is calculated which shows how many days in total the portfolio value is in the drawdown state and 

Maximum Time Under Water (MDUW) measures investment strategy’s riskiness by calculating the maximum 

distance in time, from a previous peak to a new peak. In other words, it calculates how long it takes an investor 

to recover its money at the start of the maximum drawdown period and it is derived from the calculation of the 

MDD. These metrics evaluate the riskiness of the investment models in this thesis. In terms of the profitability, 

we considered the following metrics: 

• Sharpe Ratio (SR) (Sharpe, 1964, 1994): is a risk adjusted mean return, defined as the average of the 

risk-free return by its deviation, and mathematically 

 

𝑆 =  
𝐸𝑡[𝑃𝑅𝑡 − 𝑃𝑅𝐹]

√var
𝑡

(𝑃𝑅𝑡 − 𝑃𝑅𝐹)
  

where 𝑃𝑅𝑡 =
𝑝𝑡

𝑝𝑡−1
  are periodic returns, and 𝑃𝑅𝐹 is the rate of return of a risk-free asset. In these experiments the 

risk-free asset is money. Because the quoted currency is also money, the risk-free return is zero, 𝑃𝑅𝐹 = 0, here. 

And finally, final Portfolio Value (fPV) (equation 7) that measures profitability of the portfolio management agent 

during the back-testing. All price data is downloaded from Kaggle’s official website3. The codes are in Python 

Programming Language and deep learning models are made using the TensorFlow library and its higher-level 

APIs in python. 

 
3 https://www.kaggle.com/ 

(55) 

(54) 
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5.1 Training and Validation 

First, the portfolio management agent was trained for a fixed number of episodes and after validating, the optimal 

number of training episodes was chosen. Agents trade and learn for a fixed number of time-ordered steps. Before 

training begins, a random start date is chosen for all episodes and a batch of time-ordered steps are extracted from 

training data accordingly. Because the data sets are time-series, batches starting with different start dates are 

considered valid and distinctive, even if they have overlapping intervals. 

One of the advantages of this setting is that it can significantly increase the amount of training data, enabling the 

agent to identify and avoid spurious correlations in training data points thus decreasing the chance of over-fitting. 

By selecting a constant random seed when choosing the start dates for agents’ training episodes fairness in 

evaluating and validating the trained algorithms is insured. 

Another advantage of the proposed setting for training the portfolio management agent is that it enables validation 

of the training process by using the accumulated rewards and average maximum value of the q-value function of 

each episode’s 𝑄 (s𝑡 , a𝑡). TensorBoard (Tensorflow’s visualization toolkit) is deployed to analyze these two 

metrics during the validation phase to find the optimal number of training episodes for the DRL agent. By this 

validation approach we have more control over the hyper-parameter sensitivity of the DRL models and can reduce 

the generalization error of the models.  

 

Figure 5 TensorBoard for live validation: an CNN based agent during training 
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5.2 Experiment 1 Back-Test Results (Multiple-Stock Portfolio) 

To compare the performance of the Robust DDPG vs DDPG algorithm and UBAH (Uniform Buy And Hold) 

strategy, 5 years of daily price data (≈ 2013 𝑡𝑜 2018) of 30 stocks listed in NASDAQ100 were selected. A 

portfolio is randomly generated consisting of 3 assets and cash money, and training begins. We trained all the 

algorithms on 30 different portfolios. The date range for training for all agents is from 2012-08-15 to 2015-08-15 

and the testing date range is from 2015-08-16 to 2017-08-11. The degree of the investor’s robustness λ is set to 

0.55 for robust algorithms. The following is the probability density plots of the performance of the Robust DDPG 

model and DDPG algorithms. More detailed view of the results is depicted in the appendix section (Tables 3 to 

6) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Based on the results, both DDPG and robust DDPG outperformed the benchmark in all tests and on average final 

portfolio value of the robust DDPG models is 5 % bigger than DDPG models final portfolio value and its 

Figure 6  Performance measures probability density of the trading models - Experiment 1 
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approximately 4 times bigger than UBAH final portfolio value. While they both experienced a relatively low 

drawdown (decline in a fund) value, the preliminary results indicates that the Robust DDPG (likelihood model) 

can offer a safer path for the investor’s portfolio value during the trading period and on reduces the riskiness of 

the investment strategy by mitigating the mean values of the risk proxies compared to the rest of the models. 

Therefore, ensuring a faster recovery from the drawdown period compared to DDPG algorithm. Although Robust 

DDPG with ellipsoidal model constraint outperforms the benchmark significantly, the probability density plots 

indicate that robust DDPG model with likelihood constraint and the non-robust DDPG model show better 

performance than ellipsoidal ones in terms mitigating the riskiness of the investment and profitability. The 

following figures compares the performance of the Robust DDPG models LSTM-based and CNN-based vs DDPG 

models LSTM-based and CNN-based algorithms (Tables 7 to 12). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 7 Performance measures probability density of the trading models (LSTM & CNN) - Experiment 1 



33 
 

Robust DDPG_LSTM likelihood model is the winner algorithm in this experiment and has obtained the highest 

portfolio value on average (5-fold return) and it has the biggest chance of reducing the riskiness of the investment 

on average in terms of all of the risk proxies. 

5.3 Experiment 2 Back-Test Results (Single Stock Portfolio) 

In order to compare the performance of the RL algorithm with dynamic programming solutions and to not run 

into the “curse of dimensionality” in DP algorithms, trading models were simplified to trade a single stock against 

the quote asset where the historical price window size is just a day and the DP model actions are eleven discrete 

values as follow {0, 0.1, 0.2, …, 1}. For this experiment, 5 years of daily price data (≈2013 to 2018) of 32 stocks 

listed in NASDAQ100 were selected. A portfolio is randomly generated consisting of 1 asset and cash money 

and training begins. The following is the statistical summary of the performance of the Robust DDPG likelihood 

model, DDPG and Q-learning tabular (TD control) algorithms in managing a single stock portfolio. More detailed 

view of the results is depicted in the appendix section. (Tables 13 to 18) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 8 Probability density of performance measures - Experiment 2 
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The result of this experiment shows that the Robust DDPG and DDPG algorithm outperformed the benchmark 

and Q learning algorithm and showed almost identical final portfolio value on average. In Addition, Robust 

DDPG_LSTM likelihood model is outperforming all other algorithms in almost all risk proxies and Q-tabular 

learning algorithm have shown a poor performance comparing to the benchmark and the DRL algorithms which 

could emphasize the merits of using deep policy networks instead of the tabular methods. 

5.4  Hyperparameter Tuning 

In this section, we deploy Genetic algorithms to estimate the optimal degree of investor robustness (λ) and the 

size of the uncertainty set (β) in robust DDPG algorithms. Genetic algorithms represent one branch of the field of 

study called evolutionary computation, in that they imitate the biological processes of reproduction and natural 

selection to solve for the ‘fittest’ solutions (Goldberg, 1989). These algorithms are considered to be far more 

powerful and efficient than random search and exhaustive search algorithms, yet require no extra information 

about the given problem. Final portfolio value of the robust DDPG trading agent is considered for designing the 

‘fitness function’ in the genetic algorithms. Each generation is populated with 40 ‘chromosomes’. We run the 

optimization algorithm for 20 ‘new generations’ and ‘selects’ the best 10 chromosomes of each generation. 

Furthermore, The ‘mutation probability‘ and ‘gene mutation probability’ of the algorithm are set to 0.2 and 0.5 

respectively. Also, the range of the values that each gene could take is chosen beforehand and is fed to the 

optimization algorithm. Because running the optimization algorithm for all models is time-intensive, here we 

chose a random portfolio consist of 3 US stocks (['CMCSA', 'COST', 'CSX']) and compare the 

performance of the Robust CNN algorithm after and before choosing the best hyperparameters. 
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Figure 9 Portfolio value during time for the Robust DDPG_CNN model before and after hyperparameter tuning 

 

 

Table 1 Robust DDPG CNN after hyper-parameter optimization step where λ = 0 and β = -1 

 

 

Table 2  Robust DDPG CNN before hyper-parameter optimization step where λ = 0.55 and β = -2.4 

 

By tuning the robust model, we have seen a quicker and steadier growth for portfolio value as well as a significant 

improvement in almost all performance measures, specifically a 15 percent growth for the final portfolio value 

and 40 percent decline for maximum time under water. 

6. Conclusion and Future Works 

Based on the back-test results both DDPG and robust DDPG outperformed the benchmark in all tests and 

experienced a relatively low drawdown value. In the previous section, we have demonstrated that the resulting 

algorithm of this research, Robust DDPG, can offer a safer path for the investor’s portfolio value during the 
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trading period and reduce the riskiness of the investment strategy in terms of mean value of all chosen risk proxies. 

Therefore, ensuring a faster recovery from the drawdown period compared to the DDPG algorithm. Moreover, 

the Robust DDPG algorithm not only has shown successful performance in immunizing the investment strategy 

from the adversarial risks but also it is able to offer the same or bigger final portfolio value comparing to the 

DDPG algorithm. Thus, making this robust framework desirable for risk-averse investors. Comparing experiment 

1 & 2, Robust DDPG models, has a bigger advantage in performance measures values (especially final portfolio 

value) than DDPG in the multiple stock scenario where uncertainty and the estimation errors due to the sampling 

technique of the DDPG is higher. Suggesting that we should see more intense advantage in robust models’ 

performance compared to the non-robust ones because by increasing the portfolio size, estimation errors increase 

and mislead the learning process more than before. Furthermore, ellipsoidal models couldn’t provide a consistent 

improvement comparing to DDPG and Robust DDPG algorithm as they have lower values for final portfolio 

value and almost all risk proxies in our experiments. Robust DDPG_LSTM likelihood model has the most 

desirable performance in terms of both profitability and risk proxies and it’s the winner algorithm of this thesis 

and generally LSTM based agents had a better performance in both robust DDPG and DDPG algorithms 

compared to CNN agents in handling risk and final return of the investment making it more suitable for the 

portfolio management problem. Finally, using Genetic algorithm for tuning the optimal degree of investor 

robustness (λ) and the size of the uncertainty set (β) in robust DDPG algorithms had a significant impact on the 

robust model’s performance specifically the final portfolio value of the model, making it a promising technique 

to be used in a practical application for this algorithm. 

In future works, the investigation of the performance of the DDPG algorithm with different types of risk measures 

and a comparison in eliminating the risk of the trading actions of the software portfolio manager is also an 

interesting subject to the authors of this paper. Moreover, a comparison between the portfolio selection 

performances of the resulting algorithm with other portfolio management strategies, especially reinforcement 

learning ones could shed new insights about using RL for portfolio management.  
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Appendix 

• Experiment 1 Back-Test Results (Multiple-Stock Portfolio) Detailed View 

 

 

Table 3 Robust DDPG (both CNN and LSTM) Performance Statistics; Maximum Drawdown (MDD), 99th percentile Drawdown (99DD), 95th 

percentile Drawdown (95DD), 90th percentile Drawdown (90DD), Maximum Time Under Water (MDUW), Total Time Under Water (TTDUW) 

 

 

Table 4 DDPG (both CNN and LSTM) Performance Statistics 
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Table 5 Robust DDPG (both CNN and LSTM) (ELIPSOIDAL) Performance Statistic 

 

 

Table 6 Benchmark Performance Statistics 
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Table 7 Robust DDPG_LSTM Performance Statistics 

 

 

Table 8 Robust DDPG_CNN Performance Statistics 
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Table 9 DDPG_LSTM Performance Statistics 

 

 

Table 10 DDPG_CNN Performance Statistics 
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Table 11 Robust DDPG_LSTM (ELIPSOIDAL) Performance Statistics 

 

 

Table 12 Robust DDPG_CNN (ELIPSOIDAL) Performance Statistics 
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• Experiment 2 Back-Test Results (Single Stock Portfolio) Detailed View 

 

 

Table 13 DDPG_LSTM Performance Statistics (single stock portfolio) 

 

 

Table 14 DDPG_CNN Performance Statistics (single stock portfolio) 
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Table 15 robust DDPG_LSTM Performance Statistics (single stock portfolio) 

 

 

Table 16 robust DDPG_CNN Performance Statistics (single stock portfolio) 
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Table 17 Q-Tabular Learning Performance Statistics 

 

 

Table 18 Benchmark Performance Statistics (single stock portfolio) 
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